SO GIAO DUC VA PAO TAO  KY THI CHON PQI TUYEN HQC SINH GIOI THANH PHO

HA NOI DU THI HQC SINH GIOI QUOC GIA CAP THPT
HA NOI NAM HOQC 2024-2025
DE CHINH THUC Mén thi: TOAN

Ngay thi thir nhat: 11/10/2024
Thoi gian lam bai: 180 phat
Bai 1 (5,0 diém)
u

Cho day s6 (u, )m xic dinh bdi u, = -;- Vi u,,, = W.er eN'.
+Jdu, +

Chimg minh day sb (4fu, )m ¢6 gi6i han hiru han. Tim gi¢i han dé.

Bai 2 (5,0 diém)

Tim tit ca cip s6 nguyén 6 (p,q) sao cho tdn tai s6 nguyén duong » théa man n*¥ 4]
chia hét cho pq.
Bai 3 (6,0 diém)

Cho tam gidc nhon ABC (AB < AC) ¢6 dudng cao AD. Goi E la mét diém trén canh 4B
(E khic A va B). Dudng thing CE ciit dudng thing AD tai diém M. Goi X 1a mdt diém thay
ddi trén tia di cba tia ED va Y 1 diém d8i ximg véi X qua dudmg thing AD.

a) Chimg minh ba dudng thing AC,BM vi DY cing di qua mjt diém.

b) Goi P 1a giao diém thir hai ciia dudng tron ngogi tiép tam gidc BDX va dudng tron ngoai
tiép tam gidc CDY. Chimg minh P nim trén mét dudng thing c dinh.
Bai 4 (4,0 diém)

Cho tap hop A={1,2,3,4,5,6}. Goi S Ia tip hop tt ca sd tyr nhién c6 100 chir s duge thanh
lap tir céc chir s thudc tdp hgp 4, sao cho trong mdi s6 thudc S hai chir s k& nhau bat ki 12 hai
s6 ty nhién lién tiép. Tim s6 du khi chia sé phan tir cia S cho 4.

Hét

Can bg coi thi khong giai thich gi thém.

Ho BBl .o sunnnnimniacs s I R N
Ho, tén va chir ki ciia cén bd coi thi sb 1: Ho, tén va chix ki cia cén b coi thi s6 2:



SO GIAO DUC VA DAO TAO  KY THI CHON DQI TUYEN HQC SINH GIOI THANH PHO

HA NO1 DY THI HOC SINH GIOI QUOC GIA CAP THPT
BANOH NAM HOC 2024-2025
DE CHINH THUC Mén thi: TOAN

Ngay thi thir hai: 12/10/2024
Théi gian lim bai: 180 phit

Bai § (6.0 diém)
Xéthimsé f:R — R théa min

_f(x‘ -y-df(y)):(f(x))‘ -5y, Vr,yeR
a) Chimg minh VxeR, f(x)=0 x=0.
b) Chimg minh f(x)=x véi mgi sb thye x.

Bai 6 (7,0 diém)
Cho A(x) 1 mét da thirc véi h¢ sé thyc. Chimg minh t3n tai hai da thirc B(x) va C(x) véi

hé s6 thyc sao cho B(C(x))+C(B(x)) = A(x).

Bai 7 (7.0 diém)
Cho sb nguyén n>5 va tip hop S={2n’-n+l.2n’-n+2.....2n’+2n} gém 3n sd

nguyén lién tiép.
Chimg minh véi hai sé nguyén phiin biét a va b bit ki thujc khodng (752n), tdn ti sé

nguyén duong k va cdc phin tr ,,c;,...,€, (khong nhit thiét phin bi¢t) clia §' sao cho s 5.._;.‘;;‘

1 binh phuong ciia mdt sd nguyén.

SRS  / " p—

Cdn bg coi thi khéng gidi thich gi thém.

TR Y. o omtasick el S8 b0 danh: ... ceeecenemimrenreanerennns
Ho, 1én vi chix ki cta cdn bd coi thi sb 1; Ho, tén va chix ki cda cdn b coi thi sd 2:



LGOI GIAI DE CHON DOI TUYEN HA NOI
DU THI HOC SINH GIOI QUOC GIA
CAP THPT

V6 Québc Ba Can

Bai 1 (5.0 diém). Cho day sb (u dugc xdc dinh bdi uy = 5 VA U,y = —2—o
( Iem) y ( H)nzl ; . 1 2 n+1 24+ /414%4_3

véi moi s6 nguyén duong 7. Chiing minh rang day s6 ( ."/u,,)“>7 c6 gidi han htu han va
tim gidi han do. -

Lai giai. bat v, = i T gia thiét, ta c6 vy = 2 va v,41 = 2vu, + /3v2 + 4 v6i moi n
nguyén duong. Suy ra (v, — 2v,)> = 3v2 + 4, hay
v,2,+1 —4v,. v, + v,z, =4, VnelZ".

Trong dang thiic trén, thay 1 bdi n + 1 rdi dbi chiéu, ta dudc
2 2 . __uid 2
Vyio — 4Vp42Un41 + Upy1 = Uy — 4Vp41Vn + Uy

hay
(vn+2 = vn)(vn+2 —4v,14+v,) =0, Vne AR

Mt khac, dé thiy day (v,) ting ngit nén v,., — v, > 0, va vi thé ta c6
U,,_|_2 e 4U,,+] + vn = 0, VI’I S Z+.

Giai phuong trinh sai phén tuyén tinh cip hai, ta tim dugc cong thic tong quat ctia v, 1a

(2+v3)" - (2-v3)’

Vi 3 VneZ.
’ _ 3 4 . A A
Do d6 u, = G O voi moi n nguyén duong. Vi the
3 1 3
VUn = n n T = i
R R e ey
2+4/3
Doum('/§=1va1im"1—(2—~/5)"=1nennmnu M ST, 0
2+3 243 '
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Binh ludn. Ngoai cich lam trén, ta c6 thé chiing minh tryc tiép lim ";’lﬁ = 2— /3, sau d6 st
dung dinh ly Stolz
Inu, Inu,. . —Inu,

5 : 3 . Up41
limln (/u,) =1 = = lim1 =In(2—-+3),
im1In (%/u,) m— m 7 o1 —n im In i n( «/—)

ciing thu dudc két qua lim 2/u, = 2 — /3.

Bai 2 (5.0 diém). Tim tit c céc cip s nguyén tb (p, ¢) sao cho tdn tai sb nguyén duong
n thda man n!?~4| + 1 chia hét cho pq.

L&i giai. Hién nhién p # ¢. Khong mét tinh t6ng quat, gia stt p > ¢ (néi riéng, ta cé p 1a sd
nguyén t6 18). Xét cc trudng hdp sau.

Trudng hgp 1: ¢ = 2. Khidé, vi(2p —1)?»2 41 =0 (mod 2p) nénsébn = 2p — 1 thoa
man yéu cau.

Trudng hop 2: g [é. Dit p — g = 2k v6i k nguyén duong, va a = n*. Tir gia thiét, ta c6
a’ + 1 chia hét cho pg. Suyra p =g =1 (mod 4).

Pit p =29 + 1vaqg =2y + 1 vdia, b, x, y 1a cic sb nguyén duong,a > 2, b > 2, x 18
va y lé. Xét cac trudong hdp sau.

e Trudng hgp 2.1:a > bh. Tacé6n?4 = —1 (mod ¢) nén n>?~9 =1 (mod g). Ngoai
ra, theo dinh ly Fermat nho, ta ciing c6 n?~! = 1 (mod q).

Bay gid, goi  1a s6 nguyén duong nhé nhét sao cho n’ = 1 (mod ¢). Thé thi, tit két qua
trén, tacé ged(2(p —q), ¢ — 1) = gcd(2(p —1),9-1)= 2 ged(x, y) chia hét cho 7.
Tu dét = 2°z véi ¢ tu nhién, ¢ < b, z nguyén duong va z la udc ctia ged(x, y). Nhu vy
p—q =2°x—2"y = 2°(29bx — y) chia hét cho 2°z = t. Pit p —q = It v6i | nguyén
duong, tacé —1 =n~1 = (n") =1 (mod ¢).Suyra2 =0 (mod ¢), mau thun.

e Trudng hop 2.2: ¢ < b. Lap luan tuong tu v6i modulo p, ta cling thu dugec mau thuén.

Vay, cdc cip s6 (p, ¢) thda min yéu cau dé bai 1a (r, 2) va (2, r) v6i r 1a mot sé nguyén t6 1é
nao do. OJ

Bai 3 (6.0 dié}n). Cho tam giac nhon ABC (AB < AC), c6 dudng cao AD. Goi E la
mot diém trén canh AB (E khac A va B). Puong thang CE cit dudng thang AD tai diém
M. Goi X 1a mot di€ém thay d6i trén tia d6i clia tia ED va Y 1a diém déi xing vé6i diém X
qua dudng thang A D.

a) Ching minh ring ba duong thang AC, BM va DY clng di qua mot diém.

b) Goi P la giao diém thi hai ctia dudng tron ngoai tiép tam giac BDX va dudng
tron ngoai tiép tam giac CDY. Chiing minh rang di€ém P ludén nam trén mot dudng
thang cb dinh.
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Lai giai. a) Goi H la giao diém ciia hai dudng thang DY va AC. Qua diém A, ké dudng
thang song song véi duong thang XY, cit cic dudng thang DX va DY lan ludt tai F, G. D&
thAdy AF = AG. St dung dinh ly Thales, ta c6
HA DC EB AG DC DB _
HC DB EA DC DB AF
Tt d6, theo dinh ly Ceva déo, ta suy ra ba duong thang AD, BH, CF dong quy tai mot diém.
R6 rang diém dong quy la M. Vi thé, ba dudng thing AC, BM, DY dong quy tai diém H.

1

b) Khong mét tinh téng quat, ta xét thé hinh nhu hinh vé. Goi 7, J, K tuong ting 1a tim cla
dudng tron ngoai tiép cac tam giac BDX, XDY va CDY. Goi U la trung diém ctia doan thang
BC; va V la giao diém cia cac duong thaing AU, EH. Pata = BC, b = CA, c = AB,
AE = yc, AH = zbva ZEDH = 2x.

X 1A M_SAyu_%SACU_E N, 32
Deé thay 47 =S~ Awae —},.tudo
— VH— EV — y
DV = —DFE + —DH = DE + DH.
EH EH y+z y+z
Suy ra
(y+z)-ﬁ’/ ﬁ<=(z D_E>+y-DH)(R—J_I>)
—_— — — — — — —_— —
=z-DE-JK—z-DE-JI+y-DH-JK—-y-DH-JI

Mat khac, ta lai co
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va

e e DC DB D3 DB

IK = B — 2 = JI = 2 N
sin/DJK cosx 2cosx’ sin/ZIJD cosx 2cosx

Ta cting c6 chu y rang

BE 1 — AD 1—y)AD
DE = ——— -sin/ZEBD = ,( y)e . = (1-y) ,
sinZBDE sin(90° —x) ¢ COS X
CH . (1—-2)b AD (1—-2)AD
DH=—————-sin/DCH = — . = )
sin/CDH sin(90° —x) b CoS X

Tir cac két qua trén, ta tinh dudc

S " DC . .
DE - JK = DE - JK - cos(90° + 2x) = —DE-2 P -sinx = —DE - DC -sinx
cos X
(1-y)AD .
=——————.DC-sinx=—(1—y)-DC-AD -tanx,
cos X
S —3 . DB . :
DH-JI = DH -JI -cos(90° + 2x) = —DH - 3 -sin2x = —DH - DB - sinx
COS X
(1—2)AD .
=———.DB-sinx=—(1—2z)-DB-AD -tanx.
cos X
Do do
—_— —

(y+z)-DV-IK=—-z-(1—-y)-DC-AD -tanx + y-(l—2z)-DB-AD -tanx
= AD -tanx - [y(1 —z)DB — z(1 — y)DC].
DB HC EA 1—z y

St dung dinh ly Ceva, ta ¢6 5z - 57 - 55 = l,hay%-7-ﬁ = 1. Tt do suy ra

z(1—y)DC = y(1 — ) DB. Két hop vdi két qué trén, tacé (y +2) - DV - IK = 0. Suy ra
DV 1 IK.Ma DP 1 IK nénbadiém D, V, P thang hang. Mit khac, dé thdy DV la dudng
thang c6 dinh nén diém P ludn thudc dudng thang DV cb dinh. O

Bai 4 (4.0 diém). Chotap hop A = {1, 2, 3, 4, 5, 6}. Goi S 1a tap hop tht ca cdc sb tu
nhién ¢6 100 chit s6 dudc thanh 1ap tif cdc chit s6 thude tip A, sao cho trong mdi sb
thudc S, hai chii s6 ké nhau bat ky 1a hai s6 tu nhién lién tiép. Tim s du khi chia sb
phan tif ctia S cho 4.

Lai gidi. V6i mdi n nguyén duong, goi:

e C, la tap hop tit ca cic s tu nhién c6 n chit sé dudc tao thanh tif cac chii sé thudc tap A,
sao cho trong mdi s6 thudc C,, hai chit s6 ké nhau bét ky 1a hai s tu nhién lién tiép;

e R, latap hop tit ca cic s6 tu nhién cé n chil s6 dudc tao thanh tif cac chil s6 thudc tap A,
trong d6 chit s6 dau tién 1a 1, sao cho trong méi s6 thudc R, hai chit s6 ké nhau bat ky
12 hai sb tu nhién lién tiép;
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e D, la tap hop tit ca cdc sb tu nhién c6 n chit s6 dudce tao thanh tit cdc chit s6 thudc tap
A, trong d6 chit s6 dau tién 12 2, sao cho trong méi s6 thudc D, hai chit sé ké nhau bt
ky 1a hai s6 ty nhién lién tiép;

e T, la tap hop tit ca céc s6 tu nhién cé n chit s6 dudc tao thanh tif cac chil s6 thude tip A,
trong d6 chit s6 dau tién 1a 3, sao cho trong méi s6 thudc T}, hai chit sé ké nhau bat ky 1a
hai s6 tu nhién lién tiép;

e K, 1a tip hop tit ca cic s6 tu nhién c6 n chit s6 dudc tao thanh tit cdc chit s6 thudc tap A,
trong d6 chit sé dau tién 1a 4, sao cho trong méi s thudc K,,, hai chit sé ké nhau bat ky
12 hai s6 ty nhién lién tiép;

e A, la tp hop tt ca cac s6 ty nhién c6 n chif sé dudc tao thanh tit cic chit s6 thude tap A,
trong do chii s6 dau tién 1a 5, sao cho trong méi s6 thudc A, hai chit s6 ké nhau bat ky Ia
hai s6 tu nhién lién tiép;

e B, latap hop tit ca cic s6 t nhién c6 n chi sé dudc tao thanh tif cac chi s6 thudc tap A,

trong d6 chit s6 dau tién 1a 6 sao cho trong mbi s6 thudc B, hai chit s6 ké nhau bat ky la
hai s6 tu nhién lién tiép.

Taco Cn = Rn 6 Dn I Tn + Kn +An +’Bn- Di.it Chn = |Cn|~ Iy = |R11|~ dn = [Dn|~ Iy :\ ]Tn|~
k, = |K,|, a, = |A,| vab, = |B,|. Thé thic, =r, + d, + t, + k, + a, + b,. Yéu cau bai
todn tuong duong véi viéc tim s6 du khi chia ¢go cho 4.

Dé thﬁy ry = dl =1 = kl =da) = bl =1, 'ny1 = dm dn+l =In+bh,hy = dn + kn-
kni1 =ty +an, anyy =k, + b, vab,,, = a,. Ta tinh dudc ¢, = 6, c, = 10 vac; = 18.
Ngoai ra, ta cung co

Cni3=Tnp3tdni3ttnss + Kzt an3+bp3=rnpa+2(dna+ 2 +kna+an2) +bnyo
=Cpy2+dnp2ttayatkniatani s =cCnpo+rnp1+dn1+2t0 1 4+2Kk 1+ 1+ by
=cCnp2+2(rnp1tdnr a1 Hhknpr +ans1+bup1) — (g1 +dusr +an1+by 1)
=Cpy2+20n 11— (Fag1+dnp1 Hanp1+bng1) =Cnya+20n1—(dn+ o+ th +kn+ by +ay)
=Cpy2+2Cn41—Cp.

Nhu vay, tacé c; = 6, ¢, = 10, ¢c3 = 18 va ¢,13 = ¢py2 + 2€441 — ¢, VOi MOI 1 nguyén
duong. Tir day, bang tinh toan truc tiép, ta tim dudc diy sé du khi chia cac sé hang cia day (c,)
cho 4 tuan hoan theo chuky 7:2, 2,2, 0,2, 0, 0.

Vi 100 chia 7 du 2 nén tit két qua trén, ta thiy ¢ o chia 4 du 2. Vay, s6 cdc phan tii clia tap S
chia 4 du 2. O



LOI GIAI DE CHON DOI TUYEN HA NOI
DU THI HOC SINH GIOI QUOC GIA
CAP THPT

V6 Québc Ba Can

Bai 5 (6.0 diém). Tim tit ca cdc ham s6 f : R — R thoa man

f(x*—y—4f3) = (f®)* =5y, Vx,yeR. (1)

L&i giai. Vi (f(x))d' — 5y la mot ham bac nhét theo bién y, né ¢ thé nhan moi gi4 tri trén R.
Do d6, tit (1), ta suy ra f toan anh. Vi thé, ton tai s6 thuc a sao cho f(a) = 0.

Thay x bdi —x vao phuong trinh (1) roi dbi chiéu két qua thu dudc véi chinh phuong trinh (1),
ta dudc (f(x))J' = (f(—)c))4 v6i moi s6 thuc x. N6i riéng, bang cdch thay x = —a, ta dudc
f(—a) = 0. Bay gio, thay x = 0 va y = a vao phuong trinh (1), ta dudc

(f(0)* =5a = 0. 2)
Thay x = 0 va y = —a vao phuong trinh (1), ta cing c6
(f(0))* + 5a =0. (3)

Déi chiéu hai két qué (2) va (3), ta dudc ngay a = 0. Két qua nay ciing chiing té f(x) = 0
khi va chi khi x = 0.

4
Tiép theo, thay y = M vao phuong trinh (1) va st dung két qua trén, ta dudc

N4 i
) +4_/-((f<;)))=x4, Vi eR

4
2. /(‘) N 2, A 2 ~ 2, P
Thay y boi Q va su dung ket qua vua thu dudc 0 trén, ta dudc

[t =y = (F@)) = (FO))', VYx,yeR 4)

Thuc hién cic phép thay y = 0 va x = 0 vao phuong trinh (1), ta lan ludt thu dugc
Fh) = (f(0)) va f(=p)* = =(F ()" véi moi sb thc x, y. Tit ddy, dé thiy f(x) > 0 véi
moi s6 thyc x > 0 va f(x) = —f(—x) véi moi sd thuc x.

Phuong trinh (4) c6 thé dude viét lai thanh f(x* — y*) = f(x*) — f(y*), tir d6
fx=y)=f(x)-f(), V¥x,y=>0.
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Thay x bdi x 4+ y vao phuong trinh trén, ta dugc f(x + y) = f(x) + f(y) v6i moi x, y > 0.
Nhu vay f 1a mot ham cong tinh trén R.o. Ma f(x) > 0 v6i moi s6 thuc x > 0 nén ton tai
hfmg s6 k > 0sao cho f(x) = kx véi moi sb thuc x > 0. Pén day, v6i chu y f la ham 1é,
ta suy ra f(x) = kx v6i moi sd thuc x. Thay trd lai phuong trinh (1), ta dé dang tim dudc
k = 1. Vay, c6 duy nhat mot ham sb théa man yéu cau dé bai la f(x) = x.DD O

Bai 6 (7.0 diém). Cho A(x) 1a mot da thiic hé s6 thuc. Chiing minh ring ton tai hai da thiic
B(x) va C(x) véi hé sb thuc sao cho B(C(x)) + C(B(x)) = A(x) véi moi s6 thyc x.

L&i gidi. Xét B(x) = x va C(x) = %2, ta cé ngay B(C(x)) + C(B(x)) = A(x). O
Bai 7 (7.0 diém). Cho sé nguyén n > 5 va tip hop
S=0n -n+1,22— 542, ..., 2n*+ 2n)
gdm 3n s6 nguyén duong lién tiép. Chiing minh rang, véi hai s6 nguyén phan biét bat ky a

va b thudc khoang (1, 2n), ton tai s6 nguyén duong k va cic phanti ¢y, ¢s, ..., ¢k (khong
nhét thiét phan biét) ctia tap S sao cho “2-% ]a binh phuong ciia mot s6 nguyén.

Loi giai. Xét hai s6 nguyén duong a, b véin < a < b < 2n. Gia sit khong ton tai s6 nguyén
duong k va cdc phan tii ¢y, ¢y, . .., ¢ clia tap S théa man yéu cau dé bai. Xét cic trudng hop sau.
Trudng hop 1: 2n> —n + 1 < ab < 2n? + 2n. Trong trudng hop ndy, ta cé ab € S. Chon
k = 1vacy = ab thi 2+ = 11a s6 chinh phuong, mau thuan.

z
Trudng hop 2:ab < 2n> —n + 1. Chi y rang R +2" e ”+] = z"a Ls ;_’,'I : > 1 nén ton

tai s6 nguyén x; nho nhét sao cho 2"—"—+—1 <x < I +2" hay 2n’—n+1<ax; <2n*+42n,

—n+l - 2n? n+1 2n%4+2n < 2n%42n __ — DR
a  — 2n-l a — n+l
nén n < x; < 2n. Chiing minh twong ty, ton tai sé nguyén y; nhd nhit véin < y; < 2n sao

cho Cy) = by] € S.

tic ¢y = ax; € S. Ngoai ra, vi x| > "o

>nvax <

Chi y ring a(x; — 1) € S, do cich chon ctia x, vi thé a(x; — 1) < 2n> —n, suy ra

2nt 42
(a + 1)x, §2I1Z—I7+a+x1 <2)12—n +a+$

—n—1)(a—2
=2;12+2n+1+(a E a)(a ”)52112-1—211-1—1.

Mit khdc, hién nhién (@ + 1)x; > ax; > 2n°—n+1nén2n’—n+1 < (a+1)x; < 2n’>+2n,
tic c3 = (a + 1)x; € S. Ching minh tuong tu, taciing c6 ¢4 = (b + 1)y, € S.

Ta lai ¢6 chi y rang

ab + (n + 1)?
n+1
2n —n+ (n + 1)?
n+1

2n —1
:2112—1—211—{—1— " <2)12+2i1+1
n+1

@+ 1)b+1)=ab+14+a+b<ab+1+

52112—12+1+
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nén (@ + 1)(b+1) <2n>+2n.Néu(a+ 1)b+ 1) >2n*>— A1, thi ta chi viéc chon
=(a+1)(b+1),sécé C‘”C?f“‘s = x?y¥(a + 1)*>(b + 1)? la s6 chinh phuong, méau thuén.
Dodo (@ + 1Y+ 1)< 2n* —n + 1.

. C1CaCaC x2y2(a+1)%(b+1)? » 1R B o e K £ g8
Lic nay, v6i chu y ==23% = =L Do taco thé dua ve xét cap so (a+1,b+1)valai

lap luan tuong tu nhu’ cic budc & trén, ta 1an lugt chitng minh dudc (a +2)(h+2) < 2n’—n+1,
(@a+3)(b+3) <2n*>—n+1,...Dén mot lic nao dé, ta sé dudc
@+2n—1-b)(b+2n—1-b) <2n®>—n+1.

2n2n4l _ 1 1 - A - .
Suyrab—a >2n—1-5"==n—1— 5~ >n—2, mau thuan vi

b—a<Q@2n-1)—-(Mn-1)=n-2.

. PR 2 2n?— X i AL oA .
Trudng hop 3: ab > 2n% 4+2n. Chi y ring 220 2nntl _ 3n-l 5 30l o 4 pan t4n tai
g a a a 2n—1 )

" 5 " 5 . 2
$0 nguyén X, 16n nhat sao cho % < xp < 2 hay2n? —n 4+ 1 < ax, < 2n? + 2n,
2 . A Y- 2n%—n+1 2n%—n+1 X 2112+2n 2n%42n

= > < =
ticcy = ax; € S. N’goal ra, Vix; > 085 > S5 > nvaxy < SRR < S0 =2n
nénn < xp < 2n. Néu x, = 2n, thi taphaicéa = n + 1, maab > 2n* + 2n nén diéu nay sé
din dén b > 2n, mau thuin. Do d6 n < x, < 2n. Chiing minh tuong tu, ton tai s6 nguyén y,
16n nhit véin < y, < 2n saochocy = by, € S.

Chui y ring a(xy + 1) ¢ S, do cach chon clia xp, vi thé a(x; + 1) > 2n% + 2n + 1, suy ra

2 5 2n% + 2n
(a—1)x;>2n"+2n+1—-a—x,>2n"+2n+1-a— ——
a
a—n—1)a—2n
:2112—11—( ) ) 22)12—1‘1.
a

Mt khdc, hién nhién (@ — 1)xy < axy <2n*+2nnén2n*—n+1< (a—1)x, < 2n*>+2n,
tic c3 = (a — 1)x; € S. Ching minh tuong tu, tacling cé ¢4 = (b — 1)y, € S.

Ta lai c6 chi ¥ rang
ab 4+ (n + 1)2 nab —n*—n
n+1 n+1

(a-1DMb-1)=ab+1—(a+b)=>ab+1-

_n @n*+2n+1)—n*>—n
- n+1
nén (a—1)(b—1) > 2n*>—n+ 1. Néu (a — 1)(b — 1) < 2n* 4 2n, thi ta chi viéc chon
=(a—-1b-1),séco % = x3y3(a — 1)>(b — 1)* 1a s6 chinh phuong, mau thuén.
Do dé (a—1)(b—1) > 2n* 4 2n.

, 12(h—1)2
Lic nay, véi chu y Cl“’-‘*“ — ‘2‘(20("1)()11(’” )

lap luan tuong tu nhu cdc budc & trén, ta lan lugt chitng minh duge (@ —2)(b —2) > 2n% 4+ 2n,
(a—3)(b—3) > 2n?+ 2n, ... DPé mot lic nao do, ta sé dudc

(@—(@—-n-1)(b—(a—n—1))>2n*+2n.

=2n?

, tacé thé dua vé xét ciap s6 (@ — 1, b — 1) valai

2 A X \
Suyrab—a >—n—1+4 2 5% = n — 1, mau thuan vi

b—a<@2n—-1)—-m—-1)=n-2.

Tir mau thuin & cic trudng hop vira xét, ta thu dudc két qua can chiing minh. O
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