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(Dé gom c6 01 trang) Thoi gian lam bai: 180 phiit, khong ké thoi gian phat dé

Céu 1. (5,0 diém) Cho sb thuc duong a. Xét day sb (x,,) xac dinh béi x; = a va
Xps1 = X5 —x2+1 véimoin = 1.

2n—1

2n

. 1 , . M re o Re A ~ ,
a)Khia = o ching minh rang v&i moi s6 nguyén duong n, ta cd: x,, =

b) Chirng minh ring day s6 (x,,) c6 giéi han hiru han khi va chi khi a < 1.

Céu 2. (6,0 diém)
a) Cho a, b, c, d 14 cac s6 nguyén duong thoa man
b>+b+1=ac va c>+c+1=bhd.
Chung minh rang: a + d + 2 = 4(b + ).
b) Tim tat ca cac da thire P(x) hé s thuc thoa mén
P(x?+3x+ 1) = P(x)? véimoix € R.

Ciu 3. (5,0 diém) Cho tam giac nhon, khong can ABC c6 cac dudng cao BE, CF. Puong
tron dudng kinh BE va dudng tron duong kinh CF cat nhau tai cac diém X, Y. Poan
thang BE cat dudng tron duong kinh CF tai diém N. Poan thiang CF cit dudng tron
duong kinh BE tai diém P. Cac duong thang XY va EF cit nhau tai M. Ching minh

rang
a) Cac duong thang BE, CF, XY dong quy.
b) MN = MP.

Céu 4. (4,0 diém) Ki hiéu S 1a tap hop 2024 s nguyén dwong dau tién. Hoi, co tt ca
bao nhiéu tap con khac rdng cua clia S, ma tong tat ca cac sd thudc mdi tap con déu chia
hét cho 256?

Ho va tén thi sinh: S6 bdo danh:

Chir ky CBCT1: Chit ky CBCT2:
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(HDC gom c6 06 trang)

I. Hréng din chung
1) Néu hoc sinh 1am bai khong theo cach néu trong dap an nhung ding, chinh xéc, chat
ché thi cho di s6 diém cua cau do.
2) Viéc chi tiét hoa (néu co) thang diém trong hudéng dan chim phai bao dam khong
1am sai léch huéng dan chdm va phai dugc théng nhat thuc hién trong t6 cham.

IL. Pap 4n va thang diém

Cau 1. (5,0 diém)

Cho sb thuc duong a. Xét diy sb (x,,) xac dinh boi x; = a va 5.0
Xpe1 =X —x24+1 véimoin > 1.
a)Khia = % : chirng minh rang vi mdi s6 nguyén duong n, ta c6: x,, > 2721;1.
b) Chimg minh rang day s6 (x,,) ¢6 gidi han hitu han khi va chi khi a < 1.
a) | Ta chimg minh bat dang thirc bang quy nap theo n. Do x; = %Vé X, = g > %
nén khang dinh ding véin = 1 van = 2. Gia st da dung téin > 2. Ta cd
- 2n—1 S 2
) *n =0 3
Xétham so f(x) = x3 — x? + 1 trén [0; +00), ta co f'(x) = x(3x — 2). Do
do f'(x) = 0 khi va chi khi x = 0 hoac x = % Do d6 ta ¢ bang bién thién
T —00 0 % +00 1,0
f(z) + 0 - 0 +
1 +00
f(z) / \ /
23
-0 27
Tir bang bién thién, ta suy ra f(x) dong bién trén (g, +00). Do @6, theo gia
thiét quy nap
Xni1 = f(xn)
2n—1
> 1,0
= ( 2n ) ’
_8n—4n®+4n—1
B 8n3
2n+1
=
2n+2
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Viy bt dang thtrc ding véi moin > 1.
Luwu y: Véi cach lam trén, néu trong budc quy nap khéi dau, hoc sinh khong
kiém tra x, > = thi trir 0,5 diém.

b) | V6ia = 1 thi (x,,) 1a ddy hing, do d6 c6 gidi han hiru han. 0,5
Vé6ia > 1:Tudang thic x,.; — 1 = x2(x,, — 1) v6imoin =1 (1) 1,0
tasuyrax, >1véimoin = 1.

TUdd xp4q — 2% = (0 — D*(n + 1D 20 (2)
ta suy ra (x,) la day tang. Néu (x,,) c6 gidi han hiru han, goi gidi han do 1a ¢
thi £ > 1. Matkhac £ = £3 — £+ 1 & (£ — 1)*( + 1) = 0, mau thuan.
Véi0 < a < 1:taséchimg minh (x,) c6 gidi han hitu han. That vay, tir 1,0
dang thure (2) va tir a > 0, ta suy ra (x,,) la tang. Mat khac, tur (1), ta suy ra
X, < 1v6imoin > 1. Vay (x,,) la ddy tang va bi chdn trén nén c6 gidi han
htru han.
Goi gi6i han day (x,) Ia €. Khi d6 £ > = va do do 0,5
= -{P+1eo({f-1D?*F+1)=0=1.
Céu 2. (6,0 diém)

a) Choa,b,c,d lacac $b nguyén duong thoa man 6,0

b2+b+1=ac va c?+c+1=hd.

Ching minh rang: a + d + 2 = 4(b + c).

b) Tim tat ca cac da thirc P(x) hé s6 thuc thoa man

P(x? 4+ 3x + 1) = P(x)? véimoix € R.
a) | Tir gid thiét suy ra b | ¢> + ¢+ 1vac | b? + b+ 1. Tirdo suy ra (b,c) = 1.
Taco b? + ¢ + b + ¢ + 1 cung chia hét cho b, ¢ nén chia hét cho bc.
2 2 /
bat k= % thi k 1a s0 nguyén duong. 0,5
, , 2 2
Xét S 1a tap tat ca cac cap s6 nguyén duong (x,y) thod man %j”“ =k
R& rang S khac tréng, vi (b,c) € S. Trong céc cap s6 thudc S, chon cap
(%9, ¥o) € S sao cho xy + y, nho nhat. Khong mat tinh tong quat gia sur x, =
Yo Xét phuong trinh 1,0
X24+yi+X+y,+1
Y0 % o ke X+ (L—ky)X+ye+yo+1=0 (3)
0
Do X = x, 1a nghiém cua (3) nén (3) con mdt nghi€ém x; nita. Theo dinh 1y
Viet xo + %1 = kYo — 1, nén x; la s6 nguyén. Mat khac, xox; = yé+y,+1
nén x; > 0. Vay x; 1a s0 nguyén duong.
Tur x, 1a nghiém cua (3), ta suy ra (xq,y0) €S. T dé x;, +y, = xo + yo hay
X1 = %xg.Taco xg < x; = Yovotl x0+1+xin0+2
0 0

Vay x; € {xg;x0 + 1, %0 + 2}. Khi x; = x,, taduge x5 =y +y,+ 1
diéu nay khong xay ra vi y§ < y& +y, + 1 < (y, + 1)% 1,0

Véix, = x5+ 1, taduoc xo + Xo —yo + ¥ +1
khong xay ra, vi vé trai 1a s6 chan, vé phai 1a s6 1&. Vay x; = x, + 2. Do d6
cac ddu bang phai xay ra, hay x, = 1. Tt d6 y, = 1. Suyra k = 5.
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Thanh thtt b2 + c> +b+c+ 1 =5bc. Tk b> + b + 1 = ac, ta dugc
ac+c*+c=5bcea+c+1=5b

Tuc?+c+1=bd, tadugc bd+b>+b=5bc©b+d+1=5¢c

Conglaitadugca+c+b+d+2=5b+5chaya+d+2=4(b+c).

0,5

b)

Gia str P(x) la da thitc thoa manP (x? + 3x + 1) = P(x)? voimoi x € R (4)
Néu P(x) la da thirc hang ¢, ¢ € R, thi ta co ¢ = ¢? hay ¢ € {0; 1}.

0,5

Ta xét P(x) khac hang s6. Thay x = —1 vao (4), ta dugc
Khi d6 P(=1) = P(—1)% nén P(—1) € {0,1}.

0,5

Truong hop 1. Néu P(—1) = 0 : Ta viét P(x) = (x + 1)*Q(x), trong d6 k
1a s6 nguyén duong, Q(x) 1a da thirc hé sé thyc khong nhan -1 1 nghiém.
Thay vao (4), ta dugc
(2 +3x+2)Q(x?2+3x+1) = (x + 1)2*Q(x)? v6imoix € R
& (x+ D*(x+2)kQ(x?+ 3x + 1) = (x + 1)#*Q(x)? vé6imoix € R
& (x+2)Q(x?*+3x+1) = (x + D*Q(x)? vé6imoix € R\ {—1}
& (x+2)Q(x?+3x+1) = (x+ 1)*Q(x)? véimoix € R,
Thay x = —1, tadugc Q(—1) = 0, vo li.

1,0

Truong hop 2. Néu P(—1) = 1: Taviét P(x) = 1 + (x + 1)*Q(x), trong
d6 k 1a s6 nguyén duong, Q(x) 1a da thirc hé s6 thyc khong nhan -1 13
nghiém. Thay vao (4), ta dugc

14+ (2 +3x+2)kQ(x? +3x+1) =1+ 2(x + D*Q(x) + (x + 1)?*Q(x)? Vx€ER.
e (x+DFx+2)%Q(x? +3x +1) =2(x + D*Qx) + (x + 1)?*Q(x)*> Vx ER.
e (x+2)Q(x?*+3x+1) =20(x) + (x + D*Q(x)? vx e R\ {—1}.
S (x+2)Q(x*+3x+1) =20(x) + (x + D*Q(x)? vx €R.
Thay x = —1, ta dugc Q(—1) = 0, vo li.
Vay chi ¢o6 hai da thic thod man la P(x) = 1 va P(x) = 0.

1,0

Luwu y: Trong truong hop 2, hoc sinh ¢6 thé viét twong ty dan toi mau thuln,
van dugc diém t61 da phan nay.

Cau 3. (5,0 diém)

Cho tam giac nhon, khong can ABC c6 cac duong cao BE, CF. Pudng tron duong
kinh BE va duong tron duong kinh CF cat nhau tai cac diém X, Y. Poan thang BE
cat duong tron duong kinh CF tai diém N. Poan thang CF cit duong tron duong
kinh BE tai diém P. Cac duong thang XY va EF cat nhau tai M. Chiing minh rang
a) Cac duong thang BE, CF, XY ddng quy.

b) MN = MP.

5.0

Trang 3/5




a) Ki hi¢u: (BE) va (CF) tuong tng la cac duong tron duong kinh BE, CF. 1,5
Goi H = BE N CF.
Do ti giac BCEF ndi tiép nén HB - HE = HC. HF.
Vay Py/se) = Pujcry, hay H nam trén truc dang phuong cia (BE) va| 0.5
(CF). 0,5
0,5
Ghi chi: hoc sinh ciing ¢6 thé trinh bay theo tAm dang phuong cta ba dudng
tron (BCEF), (BE), (CF).
b) Kéo dai BE cit (CF) tai diém thir hai E; ; kéo dai CF cat (BE) tai diém thir | 1,5
hai F,;. Goi 0,, 0, lan lugt 13 tim cta cac duong tron (BE), (CF). Kihiéu Ry, R,
twong ung la ban kinh ctua (BE), (CF).
A
. — 0,5
Theo tinh chat phwong tich HN - HE; = HF - HC = Py (cF) 0,5
Ma HB - HE = HC - HF nén HN - HE;, = HP - HF,. Do d6 N, P, E,, F,
ddng vién.
Mit khac, goi M’ 1a trung diém cua EF. Theo tinh chat duong trung binh, | 1,5
M’'0; || BF nén 4(M'0? — R?) = BF? — BEZ.
Tuong tw 4(M'0% — R%) = CE? — CF2. 0,5
Ma BE? + CE? = BF? + CF2.
Do do M'0f — R = M'03 — R hay Py /ey = Pu scry- 8,2

Suy ra M’ nam trén tryc dang phuong cua (BE), (CF), hay M " € XY, hay
M’ trung v6i M. Do d6 M 1a trung diém EF.
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Tir d6 theo tinh chit duong trung binh MO, L CF va MO, L BE. Suyra M
nam trén trung tryc cua NE;, PF;. Ma N, P, E;, F; dong vién, nén M la tdm cua
duong tron qua cac diém N, P, E;, F;. Vay MN = MP.

0,5

Céu 4. (4,0 diém)

Ki hiéu S 1a tap hop 2024 5O nguyén duong dau tién. Hoi, co tat ca bao nhiéu
tap con khac rdng cua cia S, ma tong tit ca cac sd thudc mdi tap con déu chia hét
cho 2567

4.0

Ta biét rang, mdi sé nguyén duong m déu dugc biéu dién mot cach duy nhat
dudidang: m=a,-25+a,_;- 251 +a,, 252+ -+ ay-2° trong d6 s 1a
m()tsétu’nhién va a; € {0; 1}V0im0ii—01 ,S,ag # 0.

Luu y rang 256 = 28. Vi mdi s0 nguyén duong m < 256, c6 ding mot tap
con cua tap S; = {2°,21, ..., 27} ma tong tit ca cac sb thudc tip con d6 bang m.

0,5

0,5

it S, = S\ S;. Mdi tp con X cua S déu biéu dién dugc duy nhat dudi dang
X = X; UX,, trong d6 X; 1a mdt tap con cua S; va X, la mdgt tap con cua S,.

Tir d6, mdi tap con T khac rong cua S thoa man yéu cau bai toan khi va chi khi
T =T, UT, voi T, la tap con khac rong cua S, va T, 1a mot tip con cla S; sao cho
néu tong cac sd trong tap T, ddng du véi r khi chia cho 256,1 < r < 256 thi tong
cac s6 thudc tap con Ty dong du véi 256 — r theo mod 256 (néu T; 14 rdng, ta quy
udc tong cac sb cua T, bang 0).

0,5
0,5

0,5

Theo nhan xét trén, m6i sty nhiénm = 256 — r,v4i 1 < r < 256, thi c6 diing
mot tap con cua 51 co tong bang m.
Thanh thir, sb tap con can tim ctia S bang sd tap con khac rdng cia S,.

0,5

Taco |S,| = |S| — |S,| = 2024 — 8 = 2016,
Do d6 so tap con khac rong cia S, bang 22°%¢ —1.
Vay s tdp con khic rong co tinh chat dé bai yéu cau bang 22016 — 1,

0,5
0,5
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