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Cdcdang Todn vé quan hé vubng goc trong khdéng gian

A. MO’ PAU
I. Lori néi dau

Trong mon toan & trudng phd thong phan hinh hoc khong gian gitt mot vai tro, vi tri
hét sic quan trong. Ngoai viéc cung cap cho hoc sinh kién thirc, ki nang giai toan hinh hoc
khong gian, con rén luyén cho hoc sinh dirc tinh, pham chat cua con ngudi lao dong mai:
can than, chinh xac, c6 tinh ki luat, tinh phé phan, tinh sang tao, bdi dudng 6c thAm mi, tu
duy sang tao cho hoc sinh.

Tuy nhién trong qua trinh giang day t6i nhan thiy hoc sinh 16p 11 rét e ngai hoc mén
hinh hoc khong gian vi cic em nghi rang né triru tugng, thiéu tinh thyuc té. Chinh vi thé ma
¢ rat nhiéu hoc sinh hoc yéu mén hoc niy, vé phan gido vién ciing gip khong it kho khan
khi truyén dat noi dung kién thirc va phuong phép giai cac dang bai tap hinh hoc khong
gian.

Hinh hoc khong gian 13 mot phan rat quan trong trong ndi dung thi dai hoc cua Bo
gido duc, néu hoc sinh khong nim ky bai thi cac em s& gap nhiéu ling tung khi 1am hai cau
trong vé hinh hoc khong gian trong dé thi dai hoc.

Qua nhiéu nim giang day mon hoc nay toi ciing duc két dugc mot sé kinh nghiém
nham giup cac em tiép thu kién thic duoc tét hon, tir 46 ma chat luong giang day cling nhu
hoc tap cua hoc sinh ngay dugc nang 1én. Do day 1a phan noi dung kién thac maéi nén nhiéu
hoc sinh con chua quen véi tinh tu duy triru tuwong cua nd, nén téi nghién ctru ndi dung nay
nhim tim ra nhimg phuong phap truyén dat phi hop V6i hoc sinh, bén canh ciing nham théo
gd nhitng vuéng mic, khé khin ma hoc sinh thuong gap phai voi mong mudn nang dan chat
luong giang day ndi chung va mon hinh hoc khong gian noi riéng.

Tir Iy do trén t6i da khai thac, hé théng hoa cac kién thuc, tong hop cac phuong phap
thanh mot chuyén dé: “Cic dang Todn vé quan hé vuéng géc trong khéng gian”

II. Co’ s& ly thuyét
2.1. Cac dinh nghia

+) Binh nghia 1: Hai duong thang dugc goi 1a vudng goc voi nhau néu goc giira ching
bing 90°. a Lb < (a,b) =90°
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+) Binh nghia 2: Mot dudng thang duoc goi 12 vudng goc voi mit phang néu né vudng goc
Vi moi dudng thang nam trong mat phang d6. a L (o) © Vbc(a):aLlb

+) Binh nghia 3: Hai mat phang duoc goi 1a vudng goc véi nhau néu goc gitra ching bang

90°. (a) L(B) = ((@).(B))=90".

+) Pinh nghia 4: Goc giira hai duong thang a va b 1a goc giita hai dudng thang a’ va b’ cing
di qua mot diém va 1an lugt song song (hodc trang) v6i a va b.

+) Dinh nghia 5:

. Néu duong thiang a vudng goc voi mat phang () thi tanodi rang goc gitta duong thang a va
mit phang (o) bing 90°.

. Néu duong thing a khong vudng goc voi mat phang (o) thi goc gitta a va hinh chiéu a’ cua
no trén mat phang () goi la goc giira dudng thang a va mat phang (a).

+) Pinh nghia 6: Goc giita hai mat phang 1a goc giita hai dudng thang lan lugt vudng goc
Vi hai mat phang do.

+) Pinh nghia 7: Khoang cach tir diém M dén mit phang (a) (hodc dén duong thang A) 1a
khoang céch gitra hai diém M va H, trong d6 H 1a hinh chiéu vuéng goc ctia M trén mit
phang () (trén duong thiang A).

+) Pinh nghia 8: Khoang cach giita duong thang a dén mat phang (a) song song Voi a 1a
khoang cach tir mot diém nao d6 cua a dén miat phang («).

+) Pinh nghia 9: Khoang cach giita hai mit phing song song 1a khoang cach tir mot diém
bat ky cua mat phang nay d¢én mat phang kia.

+) Pinh nghia 10: Khoang céch gitta hai duong thang chéo nhau 1a d6 dai doan vuéng goc
chung cua hai duong thang d6.
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2.2. Cac dinh ly thuong dwgc sir dung

anb
Pinhly1: a,bc(P) ;=d_L(P)
dladLlb
ac(P)
Pinhly2: d L(P) }=d_La
vac (P)

dL(P
Dinh Iy 3: + (P) —=d'L(P)
d//d

RRU©
d L (P)

L AP
d'1(P)

}:>dJ_(Q)

D‘hl’4'dL(P)}:>(P)J_(Q)
R F=1(o)

(P) L(Q)
.. (P)n(Q)=A
Dinh Iy 5: d < (P) =d 1L (Q)

dLA

(P)N(Q)=4)
pinhly6: (P)L(R) =AL(R)

Q) L(R)
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B. NOI DUNG

I. Chitng minh dworng thang vuéng goéc véi mat phang, dworng thiang vudng goc
v@i dworng thing, mit phang vudng géc véi mit phang.

1.1. Dang 1: Chitng minh dwong thang vudng goc véi mit phing

1.1.1. Phwong phdp: Ta thuong van dung dinh Iy 1 dé chimg minh. Hodc sit dung dinh 1y 3,
dinhly 5, dinh 1y 6 trong mot s6 truong hop dac biét

1.1.2. Cédc vi du mau:

Vi du 1: Cho hinh chop S.ABC c6 d¢ay ABC la tam gidacvvudng tai C, SA L (ABC)
a) Chang minh rang: BC L (SAC)

b) Goi E 14 hinh chiéu vudng goc cua A trén SC. Chimng minh rang: AE L (SBC)

¢) Goi mp(P) di qua AE va vudng goc véi (SAB), cit SB tai D. Chiing minh rang:
SB 1 (P)

d) Puong thang DE cat BC tai F. Chung minh rang: AF L (SAB)

S

Giai: a) Ta co: BC L AC (gt) (1)

Mat khac, vi
SA 1 (ABC)
BC < (ABC)

}:SAJ_ BC (2)

Tir (1) va (2) suy ra: BC - (SAB)

b) Ta c6: AE L SC (3) (gt)

Theo a) BC L (SAB)= AE 1L BC (4)

Tu (3) va (4)suy ra: AE L (SBC)
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¢) Ta thay: (P)=(ADE)
Theo b) AE L (SBC)= BC L AE (b)

Trong mp(ADE) k¢ EH L AD,H € AD. Vi

(ADE) L (SAB)

(ADE)N(SAB)=AD ;= EH 1 (SAB)=SB 1 EH (6)
EH L AD

T (5) va (6) suy ra: SB L (ADE) hay SB L (P)

SA L (ABC)
d) Te

ir }:> AF 1 SA (7)
AF c (ABC)

Theo ¢) SB L (ADE) = AF L SB (8).Tu (7)va (8) suy ra: AF 1 (SAB)

Vi du 2: Cho hinh chép S.ABCD, day ABCD la hinh vudng, tam gidc SAB la tam giac déu,
(SAB) L (ABCD). Goi I, F lan lugt la trung diém cua AB va AD. Chang minh rang:
FC L (SID)

Giai: Ta co:

SI 1. AB

(SAB) L (ABCD) : = SI L (ABCD)
Sl c (SAB)

—SILCF (1)

Mat khac, xét hai tam giac vuong ADI va
DFC c6: AI=DF, AD=DC. Do d0,
AAID = ADFC tir d6 taco:

|, =F,
D,=C, !'=F+D,=90"
|, + D, =90°

= FHD =90°

Hay CF L ID (2)
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Tu (1) va (2) suy ra: FC L (SID)
1.2. Dang 2: Chitng minh hai dwdng thang vudng géc

1.2.1. Phuwong phdp: Ta thuong Su dung dinh ly 2 hodc la cdc cdach chimg minh vuéng géc
cé trong hinh hoc phang

1.2.2. Cic vi du mau:

Vi du 1: (D-2007) Cho hinh chop S.ABCD day ABCD 1a hinh thang vudng tai A va B,
SA 1L (ABCD), AD=2a,
AB=BC=a. Chitng minh rang:
tam gidc SCD wvudng

Giai: Ta co:
SA 1L (ABCD)

}:> SA L CD()
CD c (ABCD)

+ Goi I 1a trung diém cua AD. T
gidc ABCI 1a hinh vuong. Do do,

ACI = 45°(*). Mt khac, ACID

la tam giac vuong can tai I nén:

BCl =45° ().

Tr (*) va (**)suy ra: ACD =90° hay AC LCD (2)
T (1) va (2) suy ra: CD L (SAC) = CD L SC hay ASCD wvudng tai C

Vi du 2: (B-2007) Cho hinh chdp d¢éu S.ABCD day ABCD 14 hinh vuéng, E 1a diém dbi
xing cua D qua trung diém SA. Goi M, N lan luot I trung diém cta AE va BC. CMR:

MN L BD
E

Giai: Goi I, P lan luot 1a trung diém cua AB
va SA, O 1a giao diém cua AC va BD.

IN //AC

Ta co:
AC L BD

}:>BDJ_IN(1)
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IM / /BE
Mat khac, = IM //PO(*)
BE //PO

Ma PO L BD(**) (vi: BPD latam giac can tai P va O la trung diém ciia BD)
Tir (*) va (**)ta co: BD L IM(2)

Tir (1) va (2)tacé: BD L (IMN)= BD L MN

Cic diém cdn chit y khi gidi vi du 2:

+ Chon mp(IMN) v&i I 14 trung diém ctia AB (vi BD L AC nén chon mp chira MN va
vuong goéc voi BD 1a mp(IMN))

+ Sir dung cac gia thiét trung diém dé chung minh song song.

allb

+ Str dung dinh Iy: }:>b_LC
alc

Vi du 3: (A-2007) Cho hinh chép S.ABCD day ABCD 1a hinh vudng, tam giac SAD déu,
(SAD) L (ABCD). Goi M, N, P lan luot 14 trung diém ciia SB, BC va CD. Chting minh
rang: AM L BP

Giai: Goil la giao diém cua AN va BP, H
1a trung diém cua AD, K 1a giao diém cua
AN va BH.

Xét hai tam gidc vudbng ABN va BCP c6:
AB=BC, BN=CP. Suy ra,

AABN = ABCP

= BAN =CBP, ANB = BPC ma

BAN + ANB =90° = CBP + ANB = 90°
hay AN L BP (1)

SH L AD
Vi ASAD déu nén: (SAD) L (ABCD);=>SH L BP(*).
BP — (ABCD)
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Mat khac, tir giac ABNH 14 hinh chir nhat nén K 1a trung diém cua HB hay MK / /SH (**)
Tu (*) va (**)suy ra: BP L MH (2)

Tu (1), (2) suyra: BP L (AMN) = BP 1 AM

1.3. Dang 3: Chitng minh hai mit phing vuéng géc

1.3.1. Phwong phap: Sur dung dinh ly 3
1.3.2.Cdc vi du mau:

Vi du 1: Cho hinh chop S.ABCD déy ABCD
1a hinh thoi, SA=SC. Chttng minh rang:
(SBD) L (ABCD)

Giai:+ Taco: AC L BD (1) (gid thiét)

+ Mat khac, SO L AC (2) (SAC la tam gidc
cdn tai A va O la trung diém ciia AC nén SO
la dwong cao Cua tam giac)

+Tir (1) va (2) suy ra: AC L (SBD)ma
AC — (ABCD) nén (SBD) L (ABCD)

Vi du 2: (B-2006) Cho hinh chop S.ABCD c6 ddy ABCD 14 hinh chit nhat, AB=a,
AD=a+2, SAL (ABCD). Goi M 1a trung diém ctia AD, I 1a giao diém cua AC va BM.
Chiing minh rang: (SAC) L (SMB)

Giai:

+Ta c6: SAL(ABCD)=SA L BM (1).

+ Xét tam giac vuong ABM co:

tan AMB = % =/2 . Xét tam gidc vudng
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cot AIM = cot(180° — (AMB + CAD)) =
=—. Ta ¢6: =cot(AMB + CAD) =0

ACD c6: tanCAD = —
V2 0
= AIM =90

cp_
AD

Hay BM L AC (2).

+ T (1) va (2) suy ra: BM L (SAC) ma BM < (SAC) nén (SAC) L (SMB)

1.4. Bai tap:

Bai tap 1: Cho hinh chop S.ABC c6 day ABC la tam giac déu canh a. Goi I 1a trung diém
ctia BC, D 1a diém ddi xtng vsi A qua I, SD 1 (ABC),SD = #. Chiing minh rang:

a) (SBC) L (SAD)

b) (SAB) L (SAC)

Bai tap 2: Cho hinh ch6p SABCD, ¢6 ddy 1a hinh vudng tim O. SA | (ABCD). Goi H, 1,
K 1an lugt 12 hinh chi€u vudng géc clia A trén SB, SC, SD.

a) CMR: BC L (SAB), CD L (SAD), BD L (SAC).

b) CMR: AH, AK cuing vudng géc v6i SC. Tir d6 suy ra 3 dudng thing AH, Al, AK

cling nim trong mdt mit phang.
c) CMR: HK L (SAC). Tur d6 suy ra HK L Al
Bai tap 3: Cho ti di€én SABC c6 tam gidc ABC vudngtai B; SA L (ABC).
a) Ching minh: BC L (SAB).
b) Goi AH la dudng cao cia ASAB. Chitng minh: AH | SC.

Bai tap 4: Cho hinh chép SABCD, c6 ddy ABCD la hinh thoi tAim O. Bi€t: SA = SC, SB =
SD.

a) Chitng minh: SO 1L (ABCD).

10
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b) Goi I, J 1an lugt1a trung di€m ctia cdc canh BA, BC. CMR: 1IJ L (SBD).

Bai tap 5: Cho tit dién ABCD c6 ABC va DBC 1a 2 tam gidc déu. Goi I 1a trung dié€m
cua BC.

a) Chitng minh: BC L (AID).
b) V& dudng cao AH cia AAID. Chitng minh: AH | (BCD).

Bai tap 6: Cho tit dién OABC c6 OA, OB, OC d61i mot vudng géc v6i nhau. Goi H Ia hinh

chi€u vudng géc clia di€m O trén mp(ABC). Chiing minh ring:
a) BC L (OAH).
b) H 1a tryc tdm cda tam giac ABC.

1 1 1 1
+

©) 2 2 P
OH OA OB oC

d) Cac géc clia tam gidc ABC déu nhon.

Bai tap 7: Cho hinh chép SABCD, c6 ddy la hinh vudng canh a. Mat bén SAB la tam
gidc déu; SAD la tam gidc vudng cin dinh S. Goi I, J 1an lugt 1a trung di€m clia AB va
CD.

a) Tinh cac canh cia ASIJ va ching minh ring SI L (SCD), SJ L (SAB).
b) Goi H 1a hinh chi€u vudéng géc ctia S trén1J. CMR: SH L AC.
¢) Goi M 1a mot di€m thudce dudng thazlng CD sao cho: BM L SA. Tinh AM theo a.

Bai tap 8: Cho hinh chép SABCD c6 ddy la hinh vuéng canh a, mdt bén SAB la tam gidc
déu va SC =a+/2. Goi H va K 1an lugt 1a trung di€m clia cic canh AB va AD.

a) CMR: SH 1 (ABCD).

b) Chirng minh: AC L SK va CK L SD.

11
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Bai tap 9: Cho hinh chép SABCD, c6 day la hinh chir nhat c6 AB = a, BC = a~3, mit
bén SBC vudng tai B, mdt bén SCD vudngtai D c6 SD =a \/g

a) Chitng minh: SA L (ABCD) va tinh SA.

b) Pudng thing qua A va vudng géc vSi AC, cit cac dudng thing CB, CD lan lugt
tai I, J. Goi H 12 hinh chi€u clia A trén SC. Hiy xac dinh cac giao di€ém K, L ciia SB,
SD véi mp(HILJ). CMR: AK L (SBC), AL L (SCD).

c¢) Tinh dié€n tich t& gidc AKHL.

Bai tap 10: Goi I1a 1 di€m bat ki & trong dudng tron (O;R). CD la diy cung ctia (O) qua
I. Trén dudng thing vudng géc v6i mit phang chita dudng tron (O) tai I ta 14y diém S véi
OS =R. Goi E 12 di€m d8itam ciia D trén dudng tron (O). Chitng minh ring:

a) Tam gidc SDE vudngtai S.
b) SD L CE.
c) Tam gidc SCD vuodng.

Bai tip 11: Cho AMAB vudng tai M & trong mit phang (P). Trén dudng thing vudng géc
vdi (P) tai A talay 2 di€ém C, D & hai bén di€m A. Goi C' 1a hinh chi€u ctia C trén MD,
H 1a giao di€m clia AM va CC'.

a) Chitng minh: CC" L (MBD).
b) Goi K 12 hinh chi€uctia H trén AB. CMR: K Ia tryc tAim cia ABCD.

Bai tap 12: Cho tam gidc déu ABC, canh a. Goi D 1a di€m ddi xitng v6i A qua BC. Trén
dudng thing vudng géc vai mp(ABC) tai D 18y diém S sao cho SD = a /6 . Chitng minh
hai mit phing (SAB) va (SAC) vudng géc vdi nhau.

Bai tap 13: Cho hinh ti& dién ABCD c6 hai mat (ABC) va (ABD) cung vuéng géc véi day
(DBC). V& cédc dudng cao BE, DF ctia ABCD, dudngcao DK cia AACD.

a) Chitng minh: AB L (BCD).

12
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b) Chi'ng minh 2 mdt phﬁng (ABE) va (DFK) cung vuéng géc véi mp(ADC).

¢) Goi O va H lan lugt 1a tryc tAm cda 2 tam gidc BCD va ADC. CMR: OH L
(ADC).

Bai tap 14: Cho hinh ch6p SABCD, day ABCD la hinh vudéng, SA L (ABCD).
a) Chitng minh (SAC) L (SBD).
b) Goi BE, DF la hai dudng cao cia ASBD. CMR: (ACF) L (SBC), (AEF) L (SAC).

Bai tap 15: Cho hinh chép SABCD c6 ddy ABCD la hinh vuéng canh a, SA L (ABCD).

Goi M, N 1a 2 di€m lan lugt  trén 2 canh BC, DC sao cho BM = g, DN = %a. Ching

minh 2 mit phdng (SAM) va (SMN) vudng géc véi nhau.

Bai tap 16: Cho tam gidc ABC vudng tai A. V& BB’ va CC’' cung vudng géc vdi
mp(ABC).

a) Chifng minh (ABB’) L (ACC).

b) Goi AH, AK 1a cdc dudng cao cia AABC va AAB'C’. Chitng minh 2 mit phing
(BCC'B’) va (AB'C’) cling vudng géc vdi mit phing (AHK).

Bai tip 17: Cho tam gidc ABC vudng tai A c6 AB = c, AC = b. Goi (P) 12 mit phing qua
BC va vudng géc v6i mp(ABC); S 1a 1 di€m di dong trén (P) sao cho SABC 12 hinh chép

c6 2 mit bén SAB, SAC hgp vdi ddy ABC hai géc c¢6 sd do lan lugt 1a o va %—a. Goi

H, I, J 1an Iugtla hinh chi€u vudng géc clia S trén BC, AB, AC..
a) Chitng minh ring: SH? = HL.HJ.
b) Tim gi4 tri I6n nhi't cia SH va khi d6 hdy tim gi4 tri clia o.

Bai tap 18: Cho hinh tit di€én ABCD c6 AB=BC=a, AC=b,DB=DC =x,AD=y. Tim
hé thitclién hé gittaa, b, x, y dé:

a) Mit phing (ABC) L (BCD).

13
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b) Mit phing (ABC) L (ACD).

Bai tap 19: Cho hinh chép SABCD, diy ABCD la hinh vuéng canh a, SA 1 (ABCD); M
va N 14 hai di€m nim trén cic canh BC, CD. Piat BM = x, DN =y.

a) Ching minh ring diéu kién cin va di d€ hai mit phang (SAM) va (SMN) vudng
goéc véinhau la MN L (SAM). Tu d6 suy ra hé thicli€n hé gitra x va y.

b) Chitng minh ring diéu kién cin va di d€ géc giita hai mit phiang (SAM) va
(SAN) ¢6 s6 do biing 30°1a a(x + y) + V3 xy = a2/3.

Bai tap 20: Cho hinh chép S.ABCD c6 day ABCD Ia hinh thoi tam I canh a va ¢é géc A
bing 60°, canh SC = % va SC L (ABCD).
a) Ching minh (SBD) L (SAC).

b) Trong tam gidc SCA ké IK L SA tai K. Tinh d6 dai IK.

c) Ching minh BKD =90° va tir d6 suy ra (SAB) L (SAD).
II. Cac dang toan veé goc
2.1. Dang 1: Géc giirahai duwong thing
2.1.1. Phwong phdp xdc dinh géc giita hai dwong thing a va b chéo nhau

Cich 1: (a,p)=(a’,b’) trong d6a’, b’ 1a hai duong thang cit nhau va lan lugt song song Véi a
va b. Tt 13, chon ra hai dudng thang cét nhau va 1an luot song song voi a va b

Cach 2: (a,b)=(a,b’) trong do b’ 1a
duong thang cit duong thang a va song
song vai b. Tuc 1a chon trén a (hoac b)
mot diém A rdi tir d6 chon mot duong
thang qua A va song song véi b (hoic a)

*) Chu y: Cac dinh 1y hay su dung

2.1.2. Cic vi du mdu:
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Vi du 1: Cho hinh chdép S.ABCD c¢6 day la hinh thoi canh a, SA= a+/3,5A L BC. Tinh goc
gitta hai duong thang SD va BC?

. BC//AD 0
Giai: Ta c6: BC//AD va = SAD =90". Do d¢,
SA 1 BC

(SD, BC) = (SD, AD) = SDA.

Xét tam gidc VSAD wvudng tai A ta co: tan SDA = % =./3= SDA=60"

Viy goc giita hai duong thang SD va BC bang 60°

Vi du 2: Cho ti dién ABCD c6 AB=CD=2a. Goi M, N lan luot 13 trung diém cta BC va
AD, MN =a+/3. Tinh gbc giira hai duong thang AB va CD?

Giai: Goil la trung diém cua BD. Ta co:

IN //AC A
— (AB,CD) =(IM, IN).
IM //CD
2a

Xét tam gidc IMN co: N
IM = IN =a, MN =a+/3. Do d6,

2 _na2
cosmiN =22~ _ 1

2a 2 D
— MIN =120° B
Vay: (AB,CD)=180° —120° = 60° M

Cic diém can chit y khi gidgi vi du 2: C

+ Viéc tim goc giira hai duong thang AB va CD thong qua goc giira hai duong thang IM va
IN nhos vao gia thiét MN =a/3

MIN

+ Mot s6 em @ong nhat (IM, IN) = MIN 1a chua chinh xac ma (IM,IN) = .
180° — MIN

Dén day ta co thé giai quét theo hai huéng:

15
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- Chitng minh goc MIN >90°

- Tinh ra cy thé goc MIN rdi sau d6 dua vao gia tricua goc MIN dé két luan vé gia tri cua
goc giira hai duong thing AB va CD
Vi du 3: (A-2008) Cho hinh ling truy ABC.A’B’C’ ¢6 d06 dai canh bén bang 2a, day ABC la

tam giac vuong tai A, AB=a, AC = a+/3 . Hinh chiéu wvubng goc cua A’ 1én mp(ABC) 1a
trung diém ciia BC. Tinh cosin cua goc gitta hai dudng thang AA’ va B’C™?

Giai: Goi H 1a trung diém cua BC

Ta c6:

AA'l /BB’
B'C'//BD
=(BB',BD)

}:>(AA',B'C'):

Hay,
cos(AA',B'C") =cos(BB',BD) =

:‘cos HBB"

Xét tam giac A’B’H co
A'=90°,A'B'=a,
A'H =+ AA”- AH® =

\/ (BCY 5 HB'=vA'H?+ A'B? =2a.
- AA'—(—) — a3
2

BH’+BB”-HB” 1
2.BH.BB' 4

Do d6, cOSHBB' =
1 1 ) 1 1

Vay COS(AA'B C):‘cosHBB ‘:Z

Cic diém cdn chit y khi gidi vi du 3:

+ Ap dung céach 1 dé giai bai toan nay

16
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+ Piém miu chdt cua bai toan ndy 1a tim ra duoc d6 dai cua HB’ thong qua nhan xét A’H
vuong goéc voi mp(A’B’C’)

2.2. Dang 2: Goc giira dwong thang va mit phang
2.2.1.Phwong phdp xdc dinh géc giita dwong thing d va mdt phang (P)

+Tim | =d N (P)
+ Tim A thuoc d ké AH vuong goc véi (P)
+ (d,(P))=AlIH

2.2.2.Cdc vi du mau:

Vi du 1: Cho hinh chép S.ABCD c6 day ABCD 1a hinh vudéng canh a, (SAB) L (ABCD),
H 1a trung diém cua AB, SH=HC, SA=AB. Tinh goc giita dudng thang SC va mit phang
(ABCD)

Gidi:+Ta c6: AH =~ AB=2
2 2
SA=AB=a,

SH = HC =+/BH2 + BC? :%.

2
Vi SA2+AH2:5%=AH2 nén tam

giac SAH wubng tai Ahay SA L AB ma
(SAB) L (ABCD) . Do do,

SA 1 (ABCD) va AC 14 hinh chiéu
wvuong goc cua SC 1én mp(ABCD).

SA /2

+Ta co: (SC,(ABCD)) =SCA, tanSCA = oo Vay goc gitta duong thang SC va

, . 2
mat phang (ABCD) la goc co tang bang ER

17
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Vi du 2: Cho hinh chop S.ABCD day ABCD 1a hinh vuéng canh a, SA vuong goc voi mat
phang day, SA= a/6 . Tinh sin ca gbc gitra:

a) SC va (SAB)

b) AC va (SBC)
Giai:

a) Ta c6: BC L AB (gt) va SALBC (vi
SA L (ABCD))= BC L (SAB) do
d6: SB 14 hinh chiéu vuéng goc ciia SC
trén mp(SAB) = (SC,(SAB)) =BSC.

Ta co:
= sin(SC, (SAB)) =sin BSC =
BC a \/5

“sc SA? + AC? "4

b) + Trong mp(SAB) ké
AH L SB (H €SB). Theo a)
BC L (SAB) = AH 1 BC nén
AH L (SBC) hay CH la hinh chiéu vuéng goc cta AC trén mp(SBC)

— (AC,(SBC)) = ACH.

. e 1 1 1 7 6
+ Xét tam giac vuong SAB co: s=——+-—5=—5=>AH=a,/-
AH® AB® SA° 6a 7

+Vay sin(AC,(SBC)) =sin ACH = 7

2.3. Dang 3: Goc giira hai mit phing

2.3.1.Phwong phdp xdc dinh géc giira hai mat phang cdt nhau (P) va (Q)

+ Tim giao tuyén (P)N(Q)=A

+ Trong (P) tim a vuéng goc v4i A, trong (Q) tim b vudng goc voi A va a,b cit nhau tai |

+((P).(Q))=(ab)
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Chii y: Trong mét sé trieong hop néu chi yéu cdu tinh géc giira hai mat phang thi chiing ta
6 thé dp dung céng thirc hinh chiéu dé tinh.

Cong thirc hinh chiéu: Goi hinh (H) c6 dién tich S; hinh (H’) 1a hinh chiéu cua (H) trén mat
phang (o) co dién tich S”; ¢ 1a goc giita mat phang chira (H) va mp(a). Luc d6, ta c6 cong
thac sau: S'=S.cose

2.3.2. Cdc vi du mdu
Vi du 1: Cho hinh 13p phuong ABCD.A’B’C’D’ c6 canh bang a.

Tinh s6 do cua goc giita (BA’C) va (DA’C)

Giai:+Ké BH L A'C, (He AC)(1)

+ Mat khac, ta c6: BD L AC (gt),
AA' 1 (ABCD)= AA' 1L BD
= BD L (ACA)Y=BD 1L A'C(2)

Tu (1) va (2) suy ra:
A'C L (BDH)= A'C L DH. Do d9,
((BA'C),(DA'C)) = (HB, HD).

+ Xét tam giac vuong BCA’ co:
1 1 1 3

= =+ =
BH*> BC? BA? 2a’

= BH :a.\/2:> DH =a.\/Z
3 3

+ Ta ¢o:

2_ 2 CI
cosBHD:2|3|_I ZBD :—l:BHD:l.
2BH 2

Viay ((BA'C),(DA'C)) =60°

Vi du 2: Cho hinh lang tru dung
ABC.A’B’C’, day ABC la tam giac can
AB=AC=a, BAC =120°, BB’=a, 112
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trung diém cua CC’. Tinh cosin ctia goc gitta hai mp(ABC) va (AB’I).

Giai: + Ta thiy tam gidc ABC 1a hinh chiéu vuéng goc ctia tam giac AB’I 1én mat phang

(ABC). Goi ¢ la goc giita hai mat phang (ABC) va (AB’I). Theo cong thiic hinh chiéu ta co:
S

cosgp = —28¢

AB'l

+Ta ¢6: S g =%.AB.AC.Sir11200 =

a’\/3
.

Al =+/AC? +CI? :ﬁ, AB'=+AB? + BB? =ay/2, IB'=+/B'C?+IC? = anl_e’.

2

1 a’+/10

Suy ra: Tam gidc AB’l vudng tai Anén S,z =E.AB'.A| = ;{_
Vay COS(oz—SABC _ 2
SAB'l 10

2.4. Bai tap

Bai tap 1: (B-2008) Cho hinh chop S.ABCD c¢6 day ABCD 14 hinh vuéng canh bang 2a,
SA=a,SB =a+/3,(SAB) L (ABCD). Goi M, N Ian luot 1 trung diém ciia AB va BC. Tinh
cosin ciia goc gitra hai duong thang SM va DN?

2a\/§

Bai tap 2: Cho hinh chép déu S.ABC canh day bang a, canh bén bang — Tinh goc
gitra SA va mp(ABC)

Bai tap 3: Cho hinh chop S.ABC, SA_L (ABC)

a) Xac dinh goc gitra (ABC) va (SBC)

b) Gia str tam giac ABC wvudng tai B xac dinh goc gitta hai mp (ABC) va (SBC)

Bai tap 4: Cho hinh chép tir giac déu S. ABCD day ABCD 14 hinh vuéng canh a,
SA=SB=SC=SD=a. Tinh cosin cua goc gitra (SAB) va (SAD).
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Bai tap 5: Cho hinh chép SABCD, c6 ddy ABCD la hinh vuéng canh a, tim O; SO L
(ABCD). Goi M, N lan lugt la trung di€m cla cdc canh SA va BC. Biét
(MN,(ABCD)) =60°.

a) Tinh MN va SO.
b) Tinh géc gitta MN va (SBD).

Bai tap 6: Cho hinh chép SABCD, c6 ddy ABCD la hinh vuéng canh a; SA 1 (ABCD) va
SA =a+/6. Tinh géc gilta:

a) SC va (ABCD) b) SC va (SAB) c¢) SB va (SAC)d) AC va (SBC)

Bai tdp 7: Cho ling tru ABC.A'B'C’, c6 day 1a tam gidc déu canh a, AA’ 1 (ABC).
Pudng chéo BC' ciia miat bén BCC'B’ hgp v6i (ABB’A’) géc 30°.

a) Tinh AA’.
b) Goi N 1a trung di€m ctia canh BB'. Tinh géc giita MN va (BA'C).

Bai tap 8: Cho ling tru ABC.A'B'C’, ¢c6 ddy ABC la tam gidc vudng can tai A; AA’ L
(ABC). Poan ndi trung di€ém M clia AB va trung di€m N ctia B'C’ ¢6 d6 dai bing a, MN
hgp véiday géc a va mat bén BCC'B’ gbce B.

a) Tinh cac canh ddy va canh bén ctlia lang tru theo a va .
b) Chitng minh ring: cosa = \/EsinB.

Bai tap 9: Cho hinh chép SABC, c6 diy ABC la tam gidc vudng can véi BA = BC = a;
SA L (ABC) va SA =a. GoiE, F1an luot I trung di€m ctia cdc canh AB va AC.

a) Tinh géc gitta hai mit phing (SAC) va (SBC).
b) Tinh géc gitta 2 mit phiang (SEF) va (SBC).

Bai tap 10: Cho hinh chép SABCD, c6 ddy ABCD la ntta luc gidc déu ndi ti€p dudng
tron dudng kinh AB = 2a; SA L (ABCD) va SA =a+/3.
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a) Tinh géc gitra 2 mdt phazlng (SAD) va (SBO).

b) Tinh géc giita 2 mit phing (SBC) va (SCD).

Bai tap 11: Cho hinh vuéng ABCD canh a, SA 1 (ABCD) va SA = a+/3. Tinh g6c gitta

céc cip mit phing sau:

a) (SBC) va (ABC) b) (SBD) va (ABD) c) (SAB) va (SCD)
Bai tap 12: Cho hinh thoi ABCD canh a, tim O, OB = #; SA L (ABCD) va SO =
a6
3

a) Ching minh ASC vuéng.
b) Chitng minh hai mit phing (SAB) va (SAD) vudng géc.
c¢) Tinh géc giita hai mit phing (SBC) va (ABC).
III. Cac dang toan vé Khoang cach
3.1.Dang 1: Khoang cach tir mdt diém téi mot mit phing
3.1.1. Cdch xdc dinh khodng cdch tir diém M dén mp(P)
Cach 1:
+ Tim mp(Q) chira M va vudng goc vi mp(P) theo giao tuyén A
+ Tir M ha MH wuong goc véi A (H € A)
+ MH =d(M,(P))
Cach 2:
+ Ké A//(P). Ta co: d(M,(P))=d(A,(P))
+Chon N € A. Luc do, d(M,(P))=d(a,(P))=d(N,(P))
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Cach 3:
+Néu MN N (P)=1. Ta cé: d(M’(P)) _Mi
d(N.(P)
+ Tinh d(N,(P)) Va %

Chii y: DBiém N ¢ ddy ta phdi chon sao cho tim khodng cach tir N @én mat phang (P) dé hon
tim khodng cach tir M dén mp(P).

3.1.2. Cdc vi du mdu
*) Vi du cho cach 1:

Vi du 1: Cho hinh chép déu S.ABC, day ABC c6 canh bang a, mit bén tao voi day mot goc
o. Tinh d(A,(SBC)) theo a va a.

Giai: + Goi I 1a trung diém cua BC. S

SI L BC
+ Ta co: = BC L (SAl) va SIA=«
Al 1. BC
+Ke AH LSI (HeSl) ma Sl = (SAl) (SBC)
nén AH 1 (SBC). Do d6, d(A,(SBC)) = AH C

+ Mat khac, xét tam giac vuong AHI co: A

a3

AH = Al sina :T.sina

a3

Vi du 2: Cho hinh chép S.ABCD diy ABCD la
hinh vuoéng canh a, SA 1L (ABCD), SA=2a,
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a) Tinh d(A,(SBC))
b) Tinh d (A, (SBD))
Giai:a) K¢ AH LSB (HeSB) (1)

Ta c6: SAL(ABCD)=SA L BC (*) va AB_LBC (gt) (**). Tir (*) va (**) suy ra:
BC L (SAB)=BC L AH (2).

Tir (1) va (2)ta co: AH L (SBC) hay d(A,(SBC)) = AH

o L o1 1 1 5 2a
+ Mat khac, xét tam giac vuéng SAB co: s=——+t—5=—=>AH=—F.
AH? AB? SA’ 4a J5

2a

vay, d(A,(SBC))=—

gy, d(A(SBC)) 7

b) Goi O=AC N BD

K¢ AK L SB (K eSO) (1)

Ta c6: SA L (ABCD)=SA 1L BD (*) va AC LBD (gt) (**). Tur (*) va (**) suy ra:
BD 1 (SAC)=BC L AK (2).

Tir (1) va (2)ta co: AK L (SBD) hay d (A (SBD)) = AK

+ Mat khac, xét tam giac vudong SAO co: 1 > = 1 >+ 12 = 92 = AK =§.
AK® AO® SA° 4a 3

vy, d(A,(SBD»=2—j

Vi du 3: Cho hinh chép S.ABCD day ABCD
12 hinh vudng canh a, tam giac SAB déu,
(SAB) L (ABCD). Goi I, F lan luot 1a trung
diém ciia AB va AD. Tinh d(l,(SFC))

Giai: Goi K=FCnID
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+Ké IH LSK (HeK) (1)

(SAB) L (ABCD)
~ (SAB) n(ABCD) = AB
+ Ta co:
SI = (SAB)
SI 1 AB

— S| 1 (ABCD)

=Sl L FC (*)

+ Mat khac, Xét hai tam giac vuong AID va DFC c6: Al=DF, AD=DC. Suy ra,
AAID = ADFC = AID = DFC, ADI =DCF ma
AID + ADI =90° = DFC + ADI =90° hay FC L ID (**)

+ T (*)va (**)taco: FC L (SID)=IH L FC (2). Tir (1) va (2) suy ra: IH 1L (SFC)
hay d(I,(SFC))=IH

S|=a—‘/§,|D=aJ§, L 1 ﬂ:%:DK:ﬁ
e 2 2 'DKZ DCZ DF? a 5
:>|K=|D—DK:3an
10
1 1 1 32 3a4/2 3a4/2
Do d6, —— == 4= =% _|H= Vay, d(1,(SEC)) =
T T2 Tk T o2 g -V d(LGFC)=—¢

*) Vi du cho cach 2:

Vi du 1: (B-2011) Cho lang tru ABCD.A’B’C’D’, ABCD Ia hinh chit nhat,
AB =a, AD = a+/3. Hinh chiéu
vuong goc cua A’ trén (ABCD)
trung voi1 giao diem cua AC va
BD. Tinh d(B',(A'BD))

Giai: + Goi O 1a giao diém cua
AC va BD.

Vi B’C//A’D nén B’C//(A’BD).
Do do,
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d(B',(A'BD))=d(B'C,(A'BD)) =d(C,(A'BD)) + Trong mit phang (ABCD) ké
A'O L (ABCD)

CH L BD, (HeBD) (1). Mit khic,
—A'OLCH (2)

Tir (1) va (2) suy ra: CH L (A'BD) = d(B',(A'BD)) = CH

+ Xét tam giac vudbng BCD cd: 12: 12+ 12= 42:>CH:a—\/§.
CH BC° CD° 3a 4

A 1 1 a- 3

vay: d(B',(A'BD))=CH :T

Vi du 2: (A-2013) Cho hinh chép S.ABC c6 day ABC 1a tam giac vudng tai A, ABC =30°,
ASBC 14 tam giac déucanh a, (SBC) L (ABC). Tinh d(C,(SAB))

Giai: + Trong mit phiang (ABC) V& hinh

chit nhat ABDC. Goi M, 1, J lan luot 1a
trung diém cuia BC, CD va AB. Luc do,
CD//(SAB) hay

d(C,(SAB)) =d(CD,(SAB)) =d(I,(SAB))
+ Trong mat phang (SI) ké

IH1LSJ, (HeSJ) (1)

Mat khac, ta co:
1IJ 1L AB
SM 1 (ABC)= AB L SM

— AB L (SIJ)= AB L IH (2)

Tu (1) va (2)suy ra: IH L (SAB) hay
d(C,(SAB))=1IH

+ Xét tam giac SIJ co: Sy, =%|H.S\] =%SI\/|.IJ =IH = SM.1J . Véi:
N =AC=BC.sin30°:%, SM =a—23, SJ =/SMZ+MJ? = 3413_
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Do d6: IH

_SM.IJ_ ay39 a+/39
- 13 13

S .Vay d(C,(SAB)) =

*) Vi du cho cach 3:

Vi du 1: Cho hinh chép S.ABCD c6 day ABCD 1la hinh thang vuong tai A va D, AB=AD=a,
CD=2a, SD 1 (ABCD), SD=a.

a) Tinh d (D, (SBC))
b) Tinh d(A,(SBC))
Giai: GoiM la trung diém cia CD, E 1a giao diém ciia hai duong thang AD va BC.

a) Trong mit phang (SBD) k¢ DH L SB, (HeSB) (1).

+Vi BM =AD=%CD = Tam giac BCD

wvuong tai B hay BC L BD (*). Mt khac, vi
SD L (ABCD)=SD L BC (**). Tu (*)
va (**)ta co:

BC L (SBD)=BC L DH (2). Tir (1) va
(2) suy ra: DH L (SBC) hay
d(D,(SBC))=DH

+ Xét tam giac vuong SBD co:

12: 12+ 12: 3ZZ>DH:2aJ§
DH2 SD? BD? 2a 3 >
2a+/3

Vay, d(D,(SBC)) =

3

a3

— d(A,(SBC)) :%d(d,(SBC)) -2

1 g, Q(A(SBC) _ AE _AB 1
) Taco: (D(SBC) DE CD 2
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vy, d(A,(SBC»=%

Vi du 3: (D-2011) Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai B, BA=3a,
BC=4a, (SBC) L (ABC),SB =2a+/3,SBC =30°. Tinh d(B,(SAC))

Giai: + Trong mit phiang (SBC) k¢ SM L BC (M e BC); trong mit phang (ABC) keé
MN L AC (N € AC); trong mat phang (SMN) ké MH L. SN (N € SN). Suy ra,
MH L (SAC) = d(M,(SAC)) = MH

+ Ta c6: SM = SB.sin30° = a+/3, S
BM =SB.cos30°=3a=CM =a,
MN = ABCM =3—a. Xét tam gidc vudng
AC 5
SMN c¢o:
12: 12+ 12: 282:>MH: 3a
MH? SM? MN? 9a J28 C
3a B

= d(M,(SAC)) = 2%

V28 N

+ Mat khac, ta co:
d(B,(SAC)) BC _
d(M,(SAC)) MC

6a

7

= d(B,(SAC)) = 4.d(M, (SAC)) =
6a
vay d(B,(SAC)) = -2
y \/7
3.2.Dang 2: Khoang cach giira hai dwong thing chéo nhau
3.2.1. Cdch tinh khodng cdch giita hai dwong thing chéo nhau d va d’
Cach 1:

+ Xac dinh duong thang vudng goc chung cia d va d’
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+ Tinh do dai doan vuong goéc chung.
Cach 2:
+Tim mp(P) chira d’ va song song vai d
+Khi d6 d(d,d")=d(d,(P))=d(A,(P)) véi A 1a mot diém bt ky thusc d

Chii y: mp(P) c6 thé cé san hodc chiing ta phdi dung (Cdch dung: qua mét diém
B e d'dung duwong thang 4song song véi d, lic d6 mp(P)=(d’,4)).

3.2.2. Cdc vi du mdu
*) Vi du cho cach 1

Vi du 1: Cho t&r dién ABCD c6 AB=a, tat ca cic A
canh con lai bang 3a. Tinh d(AB,CD)

Giai:

+ Goi I, J lan luot 14 trung diém ctia CD va AB.

+ Vi ACD va ACD la cac tam giac déu nén:
CDLAI,CDLBI=CDL(AIB)=CD11J ()

Mat khac, AACD = AACD nén tam giac AIB B

can tai I. Do do, 1IJ L AB (2) |

+ Tu (1), (2) suy ra: IJ 1a duong vuong goc
chung ctia AB va CD. C

+ Ta ¢o:

e N =

2 2

a\/26
2

Vay d(AB,CD)=

Vi du 2: (A _2010) Cho hinh chép S.ABCD
c6 day ABCD la hinh vudng canh a. Goi M,




Cdcdang Todn vé quan hé vubng goc trong khdéng gian

N lan luot 1a trung diém cua AB va AD, H la giao diém ctua CN va DM,
SH L (ABCD),SH =a+/3. Tinh d(DM,SC)

Giai: + Trong mp(SCH) ké HK L SC(1), (K €SC).

SH L (ABCD)

+ Mt khac,
DM < (ABCD)

}:SH L DM (%)

Xét hai tam giac vuong AMD va DNC c6 AM=DN, AD=DC= AAMD =ADNC. Tu do6ta
AMD = DNC

c6: ADM = DCN = DNC + ADM =90° = NHD =90° hay DM L CN (**).
AMD + ADM =90°

Tu (*), **)suy ra: DM 1L (SCH) =DM L HK (2).

Tu (1), (2) suy ra: HK 1a doan vuong goc chung cua DM va SC.

2 2
+Ta cé: AHCDT ADCN = HC =2 - @ 23
CN  JcD?_DpN2 3
Xét tam giac vuong SHC ta co: 5 = L >+ ! 5 = 52 = HK = a15
HK HC< HS“ 3a S
Vay d(DM,SC) = HK = aJ51_5
*) Vi du cho cach 2
Vi du 1: Cho hinh lang tru ding ABC.A’B’C’, A C
4 . av2
day ABC la tam giac déucanh a, AA'= — 7Y
| Ve
Tinh d(AB,CB) X o
A
: : k7
Giai: + Goi |, J lan lugt 1a trung diém cta AB /7l v
va A’B’. / ¢, H
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o AB//(CA'B'):d(AB,CB')Zd(AB’(CA'B')):+Tron mp(CIJ) ke
aco':d(l,(CA'B')) g mp C

IH L CJ (1), (HeCJ)

Ta c6: A'B' L (IJ) (vi ABC. A’B’C’ 1a hinh lang tru dung) va IC L A'B" (vi AABC la tam
gidc déu)nén A'B'L(CIJ)=1IH LA'B' (2).

Tu (1), (2) suy ra: IH L (CA'B") hay d(AB,CB")=1IH

+ Xét tam giac vuong CIJ co: 1 = 1 + 1 = 4 +£:£:>|H:am

IH2 I1IC? 132 3a%2 a? 3a? 10

a+/30

Vay d(AB,CB")=IH =
ay d( ) 10

Vi du 2: Cho hinh chép tir giac déu S.ABCD c¢6 ddy ABCD 1a hinh vuéng canh a, canh bén
bing a+/2. Tinh d(AD,SB)

Giai: +Vi
AD//(SBC)=>d(AD,SB)=d(AB,(SBC))
+ Goi O 1a giao diém cua AC va BD. I, J
lan luot 14 trung diém ciia AD va BC.

+ Trong mp(SI) ké
IH1SJ,(HeSJ) ().

Theo gia thiét ta co:
SO 1 (ABCD)= SO L BC
IJ//AB=1J 1L BC

— IH L BC (2)
T (1), (2)suy ra: IH 1 (SBC) hay d(AD,SB)=IH

}: BC L (S1J)

1 1 I
+ Xét tam gl'élC SIJ co: SSIJ ZEIHSJ :ESOIJ =1H = S(S)JJ Voi: =a a,

SO =/sA? —AO? =a. S,SJ: SBZ—BJZ_—\/_ suy ra: 1H = SO _ 2aV21.

SJ 7
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2a+/21

7

Vay d(AD,SB)=IH =

Vi du 3: Cho hinh chép S.ABCD, c6 day ABCD 1a hinh vuéng canh a, tam giac SAD la tam
gidc déu, (SAD) vudng goc voi miat phang day. Tinh d (SA, BD)

Giai: + Qua A ké duong thang d song
song v&i BD. Goi O 1a giao diém cua
AC va BD; I, M lan luot 1a trung
diém cua AD va OD; N la giao diém
cuadva IM.

+ Ta co:
d(SA,BD) =d((SA,d),BD) =

—d(M,(SAd))

+ Trong mp(SMN) ké
MH L SN (1), (H<SN)

SI L AD

Theo gia thiét:
(SAD) L (ABCD)

}: SI L (ABCD) = SI L d (*) Mat khéc ta co6:

d//BD

BD LAO ;}=dLMN (**). Tu (*), **)suy ra: d L (SMN)=d L MH (2) . Tur (1),(2)
AO//MN

suy ra: MH L (SA,d).

+ Xét tam giac SMN c6: Sgy =%MH.SN :%SI.MN = MH = SIS'I\I\/IIN VO
S| :ﬂ,MN _p0=32 oy =512 N2 = AVI0
2 2 4 s
Do do, MH = >-MN _ aJl_S.vay
SN 5
1
d(SA,BD):a55

Vi du 4: (A-2011) Cho hinh chép S.ABC c6 déy ABC

, A
la tam giac vuong tai B, AB=BC=2a, hai mat phang
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(SAB) va (SAC) cing vudng goc voi mat phang (ABC). Goi M 1a trung diém ciia AB, mit
phang qua SM va song song v&i BC cét AC tai N, goc gitra hai mat phang (SBC) va (ABC)
bang 60°. Tinh d(AB,SN)

Giai: + Goi I 1a trung diém cua BC.

Do MN//BC nén N la trung diém ciia AC. Do d6, IN//AB hay d(AB,SN)=d(AB,(SNI)).

+ Trong mp(ABC) ké AJ LIN,(J €IN) (*)

Trong mp(SAJ) k¢ AH 1. SJ,(H €SJ) (1)

(SAB) L (ABC)

+ Theo giai thiét ta co:
(SAC) L (ABC)

}:> SA_L(ABC)=>SA L IN (**)

Tir (%), (**)tacé: IN L(SAJ)=IN L AH (2). Tix (1), (2) ta cé:
AH L (SIN) =>d(AB,SN) = AH .

+Ta c6: ((SBC),(ABC)) = SBA=60° = SA= AB.tan60° = 2a./3; AJ =Bl =a.

+ Xét tam giac vuong SAJ co: ! 7 = 12 + 12 = 132 = AH :a.,lg.
AH SA® AJ° 12a 13

a.A/156

13

Vay d(AB,SN)=AH =
3.3. Bai tap

. a3
Bai tap 1: Cho hinh chop S.ABCD, SA=a, cac canh con lai bang T\/_ Chtrng minh:
SA L SC. Tinh d(S,(ABCD))
Bai tap 2: (D-2009) Cho hinh lang try dimg ABC.A’B’C’, day ABC la tam giac vudng tai

B, AB=a, AA’=2a. Goi M la trung diém ctua A’C’, 114 giao diém cua AM va A’C. Tinh
d(A,(1BC))

Bai tap 3: Cho hinh chép SABC, SA=3a,SA L (ABC), AB =2a, ABC =120°. Tinh
d(A,(SBC))
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Bai tap 4: (D-2007) Cho hinh chép S.ABCD c6 day ABCD 14 hinh thang
ABC = BAD =90°, BA=BC=a, AD=2a, SA L (ABCD), SA=2a+/2. Goi H 14 hinh chiéu
ctia A trén SB. Chting minh rang tam giac SCD wvudng va tinh d (H,(SCD))

Bai tap 5: Cho hinh chop S.ABCD, c6 day ABCD 1a hinh thoi tam O canh a,
BCD =60°duong cao SO=a. Tinh d(AD, SB)

Bai tap 6: (D-2008) Cho hinh lang try ding ABC.A’B’C’ ¢6 day ABC 1a tam gidc vudng
can tai B, BA=BC=a, AA'=a+/2. Goi M I trung diém cia BC. Tinh d(AM,B'C)

Bai tap 7: (B-2007) Cho hinh chép tur gidc déu S.ABCD c6 ddy ABCD 1a hinh vudng canh
a, Eladiém ddi xang véi D qua trung diém cua SA. Goi M, N lan luot 13 trung diém cua

AE va BC. Chang minh rang: MN L BD. Tinh d(MN, AC)

Bai tap 8: Cho hinh ti dién OABC, trong d6 OA, OB, OC = a. Goi I 14 trung diém cida
BC. Hay dung va tinh d6 dai doan vudng géc chung clia cic cip dudng thing:

a) OA va BC. b) Al va OC.

Bai tap 9: Cho hinh chép SABCD, ddy ABCD la hinh vudéng tam O, canh a, SA L
(ABCD) va SA =a. Tinh khodng cich giita hai dudng thing:

a) SC va BD. b) AC va SD.

Bai tap 10: Cho t dién SABC c6 SA L (ABC). Goi H, K 1an ludt Ia tryc tim clia cic tam
giac ABC va SBC.

a) Chitng minh ba dudng thing AH, SK, Bc dong qui.
b) Ching minh SC L (BHK), HK L (SBC).
¢) Xac dinh dudng vuéng géc chung ctia BC va SA.

Bai tip 11: a) Cho t¥ dién ABCD. Chitng minh ring néu AC = BD, AD = BC thi dudng
vudng géc chung cia AB va CD la dudng ndi céc trung diém I, K ctia hai canh AB va
CD.
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b) Chitng minh ring néu dudng thing ndi cdc trung di€m I, K clia hai canh AB va
CD cua tid dién ABCD la dudng vudng géc chung cia AB va CD thi AC = BD, AD
= BC.

Bai tip 12: Cho hinh vuong ABCD canh bing a, I 13 trung di€m cda AB. Dung IS L

5

(ABCD) va IS = %. Goi M, N, P lan lugt 1a trung di€m cida cac canh BC, SD, SB. Hay

dung va tinh d6 dai doan vudng géc chung clia cic cip dudng thang:
a) NP va AC b) MN va AP.

Bai tap 13: Cho hinh chép SABCD, c6 SA 1 (ABCD) va SA = a6, ddy ABCD la nta
luc gidc déunoi ti€p trong dudng tron dudng kinh AD = 2a.

a) Tinh c4dc khodng cach tir A va B d€n mit phflng (SCD).
b) Tinh khodng c4ch tir dudng thing AD dén mit phing (SBC).

c¢) Tinh dién tich ctia thi€t dién cia hinh chép SABCD véi mit phing (P) song song

a3

v6i mp(SAD) va cdch (SAD) mot khodng bang R

Bai tap 14: Cho hinh ling tru ABC.A'B'C' c6 AA' L (ABC) va AA’' = a, ddy ABC la tam
gidc vudngtai A c6 BC =2a, AB = a+3.

a) Tinh khodng cich tir AA’ d¢n mit phing (BCC'B).
b) Tinh khoéng céch tir A d&€n (A'BC).

¢) Ching minh ring AB L (ACC'A’) va tinh khodng cich tir A’ d€n mit phing
(ABC)).

Bai tap 15: Cho hinh chép SABCD c6 ddy ABCD la hinh vu6éng canh a, SA L (ABCD)
va SA =2a.

a) Tinh khodng cach tir A d&n mp(SBC), tir C d€n mp(SBD).
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b) M, N 1an lugt 1a trung di€m ctia AB va AD. Chitng minh ring MN song song vdi
(SBD) va tinh khodng cdch tit MN dé€n (SBD).

c¢) Mit phing (P) qua BC cit cdc canh SA, SD theo thit ty tai E, F. Cho bi€t AD

a2

cach (P) mot khoang la — tinh khodng cach tir S d&€n mit phang (P) va dién tich

tir gidc BCFE.

Bai tip 16: Cho hai tia chéo nhau Ax, By hgp v6i nhau géc 60°, nhan AB = a 1am doan
vudng géc chung. Trén By 14y di€m C v6i BC = a. Goi D 1a hinh chi€u ctia C trén Ax.

a) Tinh AD va khodng céach tir C dé€n mp(ABD).
b) Tinh khoang cach gita AC va BD.
Bai tap 17: Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi canh a va BAD =60°. Goi

O 1a giao di€ém cia AC va BD. Pudng thing SO L (ABCD) va SO = %a. Goi E la trung

di€m cda BC, F 1 trung di€m ctia BE.
a) Chitng minh (SOF) L (SBC).

b) Tinh c4c khodng cachtir O va A d€n (SBC).
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C.KET LUAN
Qua d& tai nay, mot 1an nita chung ta c6 thé khang dinh V@ tdm quan trong cuia hinh hoc
khong gian di voi Toan hoc noéi chung va Toan hoc phd théng noi riéng. Viéc tiép thu tot
phan nay doi hoi ngudi hoc ¢6 tinh tudng tuong phong phu, ngoai ra gido vién can trang bi
cho cac em mot 16p cac dang toan va cach giai twong ng.

Trén day 1a mot sé kinh nghiém cua ban than duoc duc két trong qua trinh giang day, sé
c6 nhiéu thiéu s6t mong quy thay c6 dong gop y kién dé cho dé tai dugc hoan thién va di
vao ap dung.

Xin chan thanh cam on!
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