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10 DANG TICH PHAN HAY GAP TRONG CAC KI THI
PAI HOC - CAO PANG

Trong céc cac ki thi Pai Hoc — Cao Pang cau tich phan ludn mac dinh xudt hién trong dé thi mén Toén.
Tich phan khdng phdi la cau héi khé, day 1a mét bai toan “nhe nhang”, mang tinh chdt “cho diém”. Vi vdy
viéc mdt diém sé tré nén “vo duyén” véi nhitng ai da bo chit thoi gian doc tai liéu. O bai viét nho nay sé
cung cdp téi cac em cac dang tich phan thwong xuyén xuat hién trong cac Ki thi Pai Hoc - Cao Pang (va
dé thi ciing sé khdng nam ngoai cac dang nay). Véi cach gidi tong quat cho cac dang, cac vi du minh hoa di
kém, clng Véi lwong bai tdp da dang, phong phd. Mong rang sau khi doc tai liéu, viéc dirng triréc mét bai
toan tich phan sé khéng con 1a rao can doi véi cac em . Chlc cac em thanh cong !

Trong bai viét nay sé gidi thiéu téi cac em 8 phan: Trang
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I. SO PO CHUNG GIAI BAI TOAN TiCH PHAN

SO PO CHUNG GIAI BAI TOAN TICHPHAN

DOI BIEN
DANG HUU Ti
e s . JricH \/ l
1 » ! ;
TICH PHAN {‘\ = = > PAP SO Thank Ting
Iy f CONG THUC
/' NGUYEN HAM

Tinh TUNG PHAN
B]:*: Néu chira cé a hode cd b thi tim a.b béng viée gidi phicong trinh hagd: 1(x) = g(x)
BAI
Cho
y=S) g(x)= & |
v () {H) |f(x) g(:«:)‘fiﬁf s ) (j;|f(x)|dx
m |V TEW
XxX=a
x=b>a . b 5 e g( ¥) = _ ; _|
Vox_ﬂ'i‘f (x) &g (x)‘d T—}mchoanh(ar) 5 ?Z'jf (x)dx
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1. CAC CONG THUC NGUYEN HAM CAN NHO

Piéu kién tién quyét dé lam tot phan tich phan 1a ching ta phdi nhé va hiéu dwoc céch
van dung cac coéng thirc nguyén ham sau: (chi can hiéu 8 cdng thaic thi sé biét cach suy
lugn ra cac cong thuc con lai)

a+l
=X _ic ; j(ax+b)“dx=1M+C
+ a o+l
du_ 1 -~ 4du__ 1
Iu_z_ u+C’ ue (a—l)u“‘1+c

=—In|ax+b|+C
a

aX

Ina
1

[e*dx=e*+C; je""“bdx=aeaX+b +C

ja¥dx=—-+C; [e'du=e'+C

—>

1jsin xdx=—-cosx+C

jsin(ax+b)dx:—%cos(ax+b)+c
1jcosxdx sinx+C

[ cos(ax +b)dx :%sm(ax+b) +C

j =—cotx+C
sin?
- dx 1
jm— acot(ax+b)+C
| 9X__tanx+C
cos? X
- dx 1
du _ 1, Ju-a
N Iaz—uz_ 2alnu+a+C
x*—a? 2a |x+a

Trang 2
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I11. LOP TiCH PHAN HU'U TI VA TiCH PHAN LUQNG GIAC
1. LOP TiCH PHAN HUU TI

CACH TINH TICH PHAN HAM HU'U Ti | :?%dx 9

CACH TINH TiCH PHAN HAMHOU TI 7=[L 0 ¢

TH1:Bicecia f(x) < Biceia g(x) 2 &%)
g(x) = ax+b (1) =T "—d =—1n |ax+b| zi::
l °" -3 -
AT A4 4

1) :
= (b =g Quay vé (1)

| = |
L alx— xl)(’f x) alx—m) | x—x x-x)
i

I=| [ 4

/ > =
ac +hxte 3D LN =7 @)
a(x xﬂ.) " aG- %),
. A=0 Pat x+x =itant A &
g(x)=ax +bx+c Li=— [ ’I——[a’t——x =3
3’ ka,  Ja

Q) a- (r+x,.) +i . A

oia)
A=b—dac ASH 3
s +D 1 _€ D >
—[ (x= x) {3 L} [ dx Quay vé (1)

i)
s alx—xx—x) a lx—x x x |
£ Ax+B A=0 2 £ dfx— 3
I:_l : S Ax+ B _[A(x x_\)+C __l- ()

oty

ra| &y
ra| iy

)

> = —dx = e =3 1 4
ax” +bx+c [ a(x %)’ % al a(x— L) Lx—x (x L) J X Quay vé (1) va (4)
A<D ad +hx+o)+h | Gd(axd +hx+ : £
IH e PR s C)+n| =lnfad +bxte] +@)
: act +hx+e 2 ax +hx+e ax +bx+e =

B éi bién

\J giam bic :

£(x) c6 béc lém hon 2 Quay ve (1) hodc (2)
Tich, ghép (hoic déng nhit hé s6), nhin, chia

Chu thich: So dd trén duoc hiéu nhu sau :
Khi dtng trudc mot bai toan tich phan c¢é dang hitu ti trude tién ta quan tam tai bac cua tir sb va mau so.
*) Néu bac cua tir s6 nhé hon bac cua mau sb, khi do ta cha y toi bac dudi mau sd. Cy thé:
++) Néu bac dudi mau sé bang 1 ta cd ludn cdng thic trong bang nguyén ham va dua ra duge dap so.
++) Néu bac dudi mau sé bang 2 ta quan tdm téi A hay “tinh c6 nghiém” cia phuong trinh dudi mau.
+) Néu A >0 tire khi d6 ta s& phan tich dudi mau thanh tich va ding ki thuat tach ghép dé tach thanh
hai biéu thic c6 mau bac 1 (quay vé trudng hop mau sb co bac bang 1).
+) Néu A =0 tirc khi d6 ta s& phan tich dudi mau thanh hing dang thie va dung ki thuat tach ghép dé
dua tich phan vé dang d4 biét.
+) Néu A <0 tire khi d6 ta khong thé phan tich dudi mau sé thanh tich va hiang dang thirc dugc.
-) Néu trén tir 1a hang s6 khac 0 ta s& dung phuong phép lugng gidc hoa dé chuyén vé dang co ban
( theo cach ddi bién ¢ so db trén).
-) Néu trén tir c6 dang bac nhat ta s& chuyén vé bac 0 ( hing sé hay sb tu do) bang ki thuat vi phan
nhu cach trinh bay & so d6 va quay vé trudng hop trude dé (tir 1a hang s6 khac 0).
++) Néu bac caa mau sb 1on hon 2 ta s& tim cach giam bac bang phwong phap dbi bién hoic cac ki thuat:
Nhan, chia, tach ghep (d6ng nhat hé sd), vi phan...
*) Néu bac cua tir s6 1on hon hoic bang bac cia mau sb thi ta chuyén sang TH2 (truong hop 2).

Trang 3
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TH2:Baccia f(X) > Biccia g(x)
Ciach giaichung

S (x)

;_C"
I, = [h(x)dx : Tich phin co ban
&

() —— = j{h{ 1)+ ():|d‘f jh(‘f)d‘f+f aﬁ:=]1+}2
chia g(x) & (x) ( x) ’SF(Y)
» = [—"2 dx: Quay vé TH1
:=le
CHUY:
Viéc dong nhat hé sb dya theo cach phan tich sau:
f(x) _ A . A, .. A, . B,x+C, . B,x+C, - B,x+C,
(ax+b)"(cx* +dx+e)" (ax+b) (ax+b)’ (ax+b)" (X’ +dx+e) (o’ +dx+e) (cX’ + dx+e)"

Sau d6 quy dong bé mau, dung tinh chét “hai da thire bang nhau khi cac hé sé twong Gng cua chling bang
nhau” tir d6 tim duoc cac A,B;,C; (i=1,m; j=1n) hogc c6 thé diing cach chon x détim cac A,B;,C;

Cac vi du minh hea

2
Vidy L Tinntich phan 1= [~ % vsi: 1) k=

2) k=1 3) k=4
o X2 +2X+K ) )

N|w

Gidi: 1) Vi k :% th

2 2 2 2 2
I=J' dx 3:.[ 24dx :zj(2x+3)—(2x+l)dxzj-( 2 2 de:ln 2x+1 =In§
0x24ox4> oAXHBX+3 g (2x+D(2x+3) o\ 2x+1  2x+3 2x+ 3|, 7
2 2 2
2) Véi k=1thi: =] = dx N .2
5 X +2x+1 0(x+1) x+1l,
2 2
3) Vi k=4 thi : =
) £x2+2x+4 b[( +1)2+3
Pat x+1=+3tant Véite( —%) =— \/—(1+tan t)dt va x:0—2 thi tE—>§
% 2 % k3
Khi d6 |=j@'(1+t2a” t)dt_ij tzﬁqg =£,,
> 3.(tan“t+1) 3 3 5 18
B B
Vidu 2. Tinh cac tich phéan sau:
& [ dx 0 dx ¢ dx
) I,=[——— c) TR A S\ O S PR S
e )\ ;'.12x2+x—3 ) s £x2+6x+9 a v!;xz—2x+2
1 2 2
4x -5 3x+2 X—3
5) I d 6) I, = 7)1, =|———dx
) !.‘xz— - ) s Jl.4x2—4x+1 )1 J.lx2+2x+4
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2

{5

l

dx=§ln

21 _? dx T lf (2x+3)-2(x-1) |
2ol 2xtex-3 J(x- 1)(2x+3) 59 (x-1)(2x+3)
1 ( L jx_zm x-1|" _1,.1__In6
5 -1 2x+3 5 [2x+3|, 5 6 5
o _j- dx Zj dx 1
I x246x+9 0(x+3) x+3|0 12

1

4) | _j~ dx _J‘
X -2x42 (x—1)2+1

0

bat x-1=tant Vvoi te[—z;zj:dx=d—t2=(1+tan2t)dt va x:01thi t:-Z 0
2 2 cos“t 4

(L+tan®t)dt I

Khi do I4_J; tan®t+1

[_4x-5 1) +3(x -2 1
%) 15 = I - _J(X(:(FJF);)F(X(fZ)) —I(—Jr—jdx (In|x—2|+3|n|x+]1)‘0=4ln2

Chuy: Viéc phan tich 4x—5=x+1+3(x—2) c6 dugc la do ta di tim h¢ sb a,b thoa man
a+b=4 {azl

4x-5=a(x+1)+b(x—-2 4x-5=(a+b)x+a—2b khido =
(x+1)+b(x~2) & (a+b) {a—2b=—5 b=3
3 7
2 27(2)(_1)_,_7 2
6) I, = [t _gx= [ 2 2y = [ s _,_T 2Jolx
1 AXT—4x+1 T (2x=1) 1 2(2x-1)  2(2x-1)
2
= EIn|2x—]1—L = 3ins L
4 42x-1) ), 2 6
x—3 2;(2X+2) (2x+2) ¢ dx 1 .
=] x=[2- = j 4j—=—A 4B (%)
XS +2x+4 X +2x+4 X +2x+4 X +2x+4 2
2 2
+) Tinh A—J' (2x+2) :Id(); +2X+4)=In‘x2+2x+4u =2In2 (1)
o X +2x+4 X +2x+4 -1

2 2
+) Tinh B=
) J.lx2+2x+4 ~[(x+1) +3

Pit x+1=+/3tant Voi te(—%;%):dx \/_dt \/_(1+tan t)dt va x:-1—>2thi t: O—>§
443

In2——
3

3 .
Ix/—(1+tan t)dt @Idt:\@qszﬁn (2) . Thay (1) va (2) vao (*) ta duoc: I,
tan?t+1 g ° 3
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Vi du 3. Tinh cac tich phéan sau:

2453 2 1.4 3 2 _ 2 03 Ay2 _
1) | =J-2x —X +2x+4dx 2) |2=IX —2x2 —4X°+Xx 2dx 3) | =J-4x :1x +7X 2dx
1 2x-1 0 X*—2x-3 T AxT—4x+1
1 2 2 2
(x+1) 22X +x-1
4) |4_£de (D-2013) 5) |5_£mdx
Giai
2,03 2 2 3 2
1) |1=J'2X —X +2X+4dx=J'(x2+l+ jdx: X—+x+§In|2x—]1 =10, 53
b 2x-1 ) 2x—1 3 72 . 8 2
1,4 3 1 _ _
2) IZZJ-X 2x2 4X% + X — 2 —I(X X450 X+5 jdxzj X2_1_2(x+1) (x=3) dx
] X —2x-3 x* —2x-3 5 (x+1)(x-3)
1 2 1 X 1 2
=_|' xz—l—(———j dx=| =—x-2In|x-3[+In|x+1 || = 2In3-In2-=
5 Xx-3 x+1 3 . 3
2 3 2 2 _ 2
3 ISZJ-4X —ffx +7X_2dx=J.(x+ ?x 2 jdX:J- ", 3(2x-1)+1 1)+1 _J- 1 dx
T AXT—4x+1 1 4x° —4x+1 1 (2x—-1)? 2x 1 (2x—-1)?
2 2
= X—+§In|2x—]1— 1_ “1 33
22 22x-1)) 6 2
1
j“l) dx (D-2013)
0
Jl'x +1+2Xd I dx Idx+[ —_l[dXJrj'd(XZJrl)—(X+In(x2 +1))‘1 =1+In2
o AR O 0
s 1= ZHx Ly —I( T , 2@ere|
* x4 2x+4 X2+ 2x+4 ) X2+ 2X+4
2 2
zzjdx_ﬁ d(x +2x+4) j d [2x—§|n(x2+2x+4)J 16l =4-SIn3+6l (%)
0 27 X +2x+4 X*+2x+4 2 0 2

] © o dx
Tinh I=I 5 =j >
o X“+2x+4 O(x+1) +3

3=

EN
3

2
Pit x+1=+/3tant (Vi te(— =~/3(1+tan” t)dt

|\)|>~1

va x:0— 2 thi t:%—)%
(x+1) +3 3(1+tan*t)
\/§7Z . 3 \/§7r

F (2*) Thay (2*) vao (*) ta du'Q'C: |5 = 4—§In 3+T

w\hl

_ 1/3(1+ tan® tydt £

3(1+tan’t) 3

'—.w\hu
m\hu'—.w\hu

T z
6 6

Trang 6
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Vi du 4. Tinh cac tich phéan sau:
1 7 2 X2 _
dx (B-2012 2) I,=|——=dx dx
;[x“+3x +2 ( ) )1 ;[(3—2X4)2 J;x (x* +3x +2)
2 2 2
J- : 2X+3 dx 5) 1 _J- i X" -1 dx 3dx
L (X% +2X) (X% + 4% +3) 5 X —4x® +6xF —4x+1 1 X
1 2 0
8) I,

.!;(1 2) Jl.x 1+ X2 J.l(

3

1
- X dt
Gigi: 1) |, =|—————dx (B-2012) Dbatt=x>= dt =2xdx hay xdx =—
= ' £x4+3x2+2 2

1 2 1 1 _ 1
VA x:0>1th t:01 =1, =] 4X'X2X =1j . tat =1j2(t+1) t+2), =1j 2 1
o X #+3X°+2 29t +3t+2 25 (t+1)(t+2) 2y

t+2 t+1

1
=[|n|t+z|_1|n|t+qj _n3-3in2
2 i 2
L dt = -8x%dx < x’dx = Lt
2) Izzj—“dx bat t=3-2x" = 8 vax:0o1th t:351
I 3=2x") . 3t
xt=2_—
2
1 1 13_t 3
7 4 _
Khi 46 1, = [ i = [ ik = = —2—dt = [ L
Te—2x 1 3-2x) 8t 160 t
3 3
1 [i—ljdt:i(—§—lntj -
T\ ) et ), T 16

3) Iszj'%dx bat t=x2:dt=2xdx<:>xdx=ﬂ va x:15+2 thi t:1-2
1 X(X"+3X°+2) 2

Khi d6 |3:f ) .xdx=lj.idt
L X (X +3%%+2) 24 t(t* +3t+2)

Lac nay ta s& phan tich m thanh tong cac phan thirc c6 mau bac 1 bang phuong phap déng nhat
+3t+

A A 2 t-1 t-1 A B C

h¢ s6 . Cu thé: —; = — +
tt°+3t+2) tt+H(t+2) t t+1 t+2
St-1=At+D(t+2)+Bt(t+2)+Ct(t+1) (*)

Viéc tim A, B,C c6 thé Iam theo 2 cach :

1
A+B+C=0 A:_E
Cachl: (*) ot-1=(A+B+C)t’ +(3A+2B+C)t+2A khiddé {3A+2B+C=1<{B=2
2A=-1 C:_g
2

Trang 7
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Céch 2: +) Chon t=0 thi (¥) c6dang: —1=2A > A=—+
+) Chon t=-1thi (*)cddang: 2=-B<B=2
+) Chon t=-2 thi (*)c6dang: -3=2C < C =—§

2 2
2 2t t+1 2(t+2) ) 4

:j 2x+3 dx:j 2x+3
CI 200 +4Ax+3) 1 X(X+ 2)(x+1)(x+3)
Céch 1: (ddi bién)

it t=x"+3x = dt = (2x+3)dx va x:1—->2 thi t:4—-10

2 2x+3
dx=I 5 > X
1 (X°+3X) (X" +3x+2)

10

10
Khi d6 u:jL:lj EL N O
Jtt+2) 245\t t+2 2

4

t

1I 15
t+2

2 12

Céch 2: (tach ghép va sir dung ki thuit vi phan)

B I [ (¢ +3x+2) - (x* +3x)](2x+3)dx Zr

J-(2x+3)dx _i (2x +3)dx
(X* +3x)(X* +3x+2) L XP+3X 1 X+ 3X+2

1 j-d(x2+3x)_jd(x2+3x+2) _1 x? +3X 1 .15
2|9 X24+3x 7 X +3x+2 20 X +3x+2 2 12
-1 2_ 5 ,
5) I =I Z 3X 12 dx Chia ca tir va mau trong biéu thirc tich phan cho x* ta dugc:
% XD —4XT+6X7 —4x+1

a 1_% (1—de
I =j X

dx I 1
4x+6—7+— +—2 -4/ X+=|+6
X X X X

Céch 1: (dbi bién) Pat t=x+=- = X
X

2

va X:-2——1 thi t:—§—>—2

+i+2

2 _
t=x s

o -2 dt _ dt _ dt | =
Khido I, = J.(tz 2)—4t+6 J;tz A+ 4 J.(t 2) B | =

2
Cach 2: (thch ghép va sir dung ki thuit vi phan - danh cho nhiing ai c6 ki ning phan tich tot)

a (l—i)dx 1d(x+1—2j
X 1
5= 2 = 1
-2 1 1 i) 7_2
X+ -4 X+ +4 x+;—2 X+

Trang 8
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2 2
6) I, = =
6 J.x +x° ! (1+x)
Céch 1: (dbi bién)

Dat t=x2:>dt=2xdx<:>xdx=% va Xx:1—-2 thi t:1->4

Khi do 1, = f _lj J‘(t+1)—tdt:£j‘-{iz_ 1 }dtzlf{%_(hrl)—t}dt
x(1+x) 21t(t+1) 29 t2(t+1) 2917 t(t+1) 29[t t(t+1)

4
:1J‘|:i2_1+i:|dt:1 _1-+|n
29t t t+1 20t X
Cach 2: (Dung ki thuat tach ghép)

I_J-(1+x) X _J2~ 1 1 dx=j 1 (@+x)-x dx=f(i—l+ X jdx

XL+ x%) AR ((R'Q) ¢ X1+ x%) X x 14X

f( j jd(“x) {— 12—Inx+lln(1+x2)} 3 Ln2_3
1+x° 2X 2

1 1

t+1

31 5
S
t 8 2 8

1

f ~ Il+2x1 ‘lf 1 ], 1 1,1 1
1+ 2x)* 2 1+2x 1+ 2x)° 2| 2(1+2x) 41+ 2x) 18
0 0 0
2
-!.x 1+x2014
Dbt t =1+ x®* = dt = 2014x**dx < xz‘mdx:% va X:1—2 thi t:2—>1+2%%
2 2013 1+22014 1+22014
Khl dO I ZJ. 2014 dX2014 = 1 dt = 1 ( 1 _}]dt
L X (1+x ) 2014 5 (t-Dt 2014 t-1 t
_ 11T 2015102 In+ 2)
2014 | t |, 2014
° x2dx 3 . .
9) |9=J'—8 bitt=1-x=dt=-dxva x:-1—>0 thi t:1>2
_1(1_X)
2 2 2 2
Il )’ dt_Il 2t +1 dt—j(——3+16jdt:(—i7 %_isj _ 33
) AGEE R 7t 3t 5t°) 4480
2 XZ_l In2
Vi du 5. Tinh cac tich phan sau: 1) Ilzf —dx 2) I,= _|'\3/eX —1dx
1 X 0
Giai:
2 [x2_ tdt = xdx
1) 1 =_|' X3 1dx Pit t=Vx’-1=t? =x*-1=< Vacant:0—>+/3
1 X X =t"+1
2 2 NE] NE] 2
x“ =1 1xdx t.tdt t
=1, = [~ dx:j = [ == [t
T X 1 o (t°+1) 5 (1+1%)

Trang 9
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batt=tanu > dt= dL:
cos

= (L+tan?u)du vacan u:0 -2~
u

T

% 2 2 % 2 % 3

tan“u.(1+tan“u tan sin® .

:I ( - z)du =I g du j u cos2 udu =Ism2udu
5 (@+tan“u) v 1+tan“u + COS’ 0

57rx/§47r3\/_

6 8 24

3.
:J'—l cos2u du =(lu—lsin2uj
17 2 4

0
In2

3t’dt = e*dx
2) 1, = Ii"/e* ~1dx Patt=ve*-1=t® :ex—lz{ vacan t:0 —»1
0

e*=t*+1

41 t2+1

In2 In2 3 X l 1
o _J‘ 3o “dx I\/e —le"dx J‘ —3Itdt _3I( 1 jdt
0 0
Ta dung phuong phap dong nhat hé sé:
1 1 A Bt+C

3 - 2 - T2
t'+1 (t+D(@E"-t+1) t+1 t°-t+1

=1=A{"-t+1)+(Bt+C)(t+1)

A+B=0
&1=(A+Bt’ +(-A+B+C)t+A+C=1-A+B+C= OczA—% Bz—%ﬂlzé
A+C=1
(C6 thé chon t=0 va t =+1 dwocbapt3dn A B,C rdigigi tim duwoc A B,C (may tinh co thé gitp ))
o 1 t+2  1( 1 t-2
Vaytaco: ——= +t— == -
t"+1 3(t+1) 3(t°-t+1) 3\t+1 t°—-t+1

1 1 —(2'[—1)—1 1 LA —t+1) b dt
!( t+l t—t+1) ! t+l tz—t+1 _l( t+1) Itz—t+1 !tz—t+l
1 1
~J =3-In2-J (» vériJ:jt2

0 0

- (3t— In(t +1) +%In(t2 —t +1)j

dt g dt
-]

2
NE] du_\/§(1+tan u) 4

dt = =
2cos’ t 2
bat t_%zgtanUS 2 \/’ 2 VétO—)lthicﬁn U:—%_)%
(t—ij + v3 :§(1+tan2u)
2 2 4
¢ ) z 5
B R N I T2 Y e
z 2 3(1+tan®u) 3 7 3 . 9
N 6 K
Thay (2*) vao (*) tadugc : I, =3-In2- 2\?”
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Nhan xét: Trong cdc bai todn doi bién cac em sé nhan ra mér diéu (rdt quan trong trong phdn doi bién), khi
chiing ta doi bién thi buéc tiép theo la buée Vi phan cd 2 Vé. Sau khi lam xong diéu nay cac em sé biét ngay
la bai toan ching ta di cé diing hirong hay khong. Cu thé: Néu sau khi vi phan ta c6: f (t)dt = g(x)dx thi
Xay ra 2 kha nang:

+) Trong dé bai c6 chira g(x)dx (co thé phai thém buéc tach ghép, thém bér dé nhin thdy n6) va phan con
lgi cuia biéu thite duéi dau tich phan (néu c6) con chira bién X ma ta rit dwoc theo t. Khi dé xdc sudt ta di
theo huong nay dung la cao.

+) Trong dé bai khéng cé heong |g(X) dé ta chinh (Vi dx di mét minh lic nay “khong 6n”” phai c6 mat
g(X) di cing hay phai c6 g(x)dx thita méi chuyén diroc theo 'f (£)dt). Khi do cic em nén nghi téi Viéc tir
nhén thém vao (dé bai khéng cho thi ta ti cho) va chinh bang céch nhan véi heong tirong tmg & dudi mau sé
va phan phat sinh thém sau khi nhan cling véi biéu thitc tricde dé sé rit dwoc theo t (6 cd hai bai toan trén
ta d4 tw nhan cd tir va mau lan leot véi X va €*)

Bai luyén
1 1
. o A dx 1 1 4x+11 9
Tinh cactichphansau: 1) | = | ——— (Ps: =In= 2) l,=|————dx (DBs:In=
P ) ;[xz—x—Z ( 3 4) )1 ;[x2+5x+6 ( 2)
3 V3 3
9 x“dx 3
3) I, dx (Ds:3In4d—— ) l,=|——— (PBs: =—In2
) ;[x2+2x+ (Bs 4) ) L. ;!.x2+1 (Bs 2 )
1 1.2
1.3 X +3x+10 1 4
5) I bs: =In— 6) I, = dx (Ds:l+=In—
) ;[x“+4x T3 P ging) ) s ;[x2+2x g & (Ps+oing)
1
0 2
N, = o (bs: Sin3-1) 8) |8=j# (Ds: 1—ilns)
5 (¢ —4x+3)(X* —4x +4) 2 2 6 o X' =2x"+1 3
1 1
dx 7+In3 dx (9-2V3)r
9 ly=[—— (Psi- 10) 1. = [— % (pg OUZ2VS)7
)s ! Taeoa (PN ) ) ho ;[x“+4x2+3 (s =)
1 1 1 3
w2 dx (BsiS) 12)1,,= j - (B Z2) gy, = [ X (pe L3,
e 3) 8 b (x +1) 8 2 (x—4) 96 128
V6+4/10
1 2 1
dx 73 1+ x? x/—n 1+x* T
14) 1, =|—— (bs: —In2+— 15) | ;dx (bs: ——) 16)1 Ds:
) L, !Ms( . ) 15) 1, = !1 ( ) 16)1,= llx x (Bs: )
1 2 1
X°=2 3 2Xx+5 1.5
171, = bs: — 18) I, = X (Ps: =In—
o -!.x4+2x3+5x2+4x+4 (Bs 44) ) ho ;[(x2+3x+2)(x2+7x+12) (Ps 2 4)
2
1 V2 2
2x+1 3 X° =3 13
19)1,, = dx bs: In—= 20) I,,=| ————dx (bs: —I 3——I 2
b ;[x“+2x3+3x2+2x—3 (Bs:Ing) ) J;x(x4+3x2+2) ( )
1 1 2
Xdx 3 2X° +5x -2 1 3
201, = [— 2 (Ps:Z—2In2 22) 1, = dx (Ds: =+In—
Ma !(x2 1)(x 2 (PS5 2 ) 1z ;[x3+2x2—4x—8 (Bs: 5 +In)
2,3 5 3 2
X 4x -1 8 15 4x°—2%x° —x+1 15 2
—d °_ _ 2D_£
23) 1, = j (Ds: |n3 ) 24) 1, ! 208D dx (Ds: In )
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2. TICH PHAN LUQNG GIAC CO BAN
Trude khi di vao 10 dang tich phan hay gép trong céc ki thi Bai Hoc — Cao Pang cac em can nam
dwoc cach tinh cac tich phdn luong gidc co ban qua cac vi du sau:

Vi du 1. Tinh cac tich phan sau v6i k =15 (c6 40 cau tich phan trong vi du nay) :

- 5 7 -

A= J'sink xdx B= J'cosk xdx C= J'tank xdx D= _[cotk xdx
’ n
2 4 e g F— 3

E= dx F= dx G= dx H= dx
lsink X ;[cosk X ltank X lcotk X
3 B n

Giai:
*) Vol k=1 .Taco:

+) Alzjlsm xdx_—cosx|2 = +) B, = [ cos xdx =sin x|2 =

o'—.v\:\hl

21

:—|n|COSX||0% =—|n7=§|n2

ANy o'-—..l;\hl

2
0
¢ sinx % dcosx
Ianxdx X —I
o COSX

d?Inlen' fz—lnﬁzlan
sin x 7 2 2

+) D =

(@]
o
=
x
o
x
Il

o
>
I
BN —N N

+
—
Am

Il
‘H

WINC——N [N NN —o |y

@2,
S
=

2 Esinx 2 sinx
Cach 1: =|—dx= dx = | ————dx . L0c nay ta c6 2 cach trinh ba
= J; [ 1 [ ll—coszx y Y
3 3 3

Cachtrinh bay 1: Pat t =cosx = dt =—sinxdx va x:%e% thi t:%—)O

1 1 1 1

2 2 2 2
Khi d6 E, = [0 - j(l t)+(1“)dt=1j(i+i)dt:1|nﬂ ~Lin3

o1-t° 5 (1- t)(1+t) 22 (1-t)(L+t) 29\ 1+t 1-t 2 |1-t], 2
Cach trinh bay 2:

: : :

E - J- d cos x __EJ-( r 1 jdcosx=—llnl+cosx _Lin3
> (1—cosx)(1+cosx) 25\1+cosx 1-cosx 2 |1-cosx|z 2
3 3 3
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2 5sin? X 4 cos? X Ssintdx ,zcosndx  sdcoss 5 dsiny
2 2 - - 2 - 2 - 2 - 2 -
Cach 2: Elz_[ _1 dx=I 2 2dx=l 2x +l 2x =—J' x2+I x2
zSINX 7 2s8in—Ccos— 25 COS— 25 sin— T C0S— * Sin—
3 3 ) 3 2 3 2 3 2 3 2
2 2
= —Incosﬁ+lnsin5 =Intan1 =1In3
2 2| )= 2||=
3 3
T T T V4 X T
2 2 2 2 dtan - 5
Céch 3: E1=J. .1 dx=j ! dx=_|' ox =I 2 _ In|tanZ :llnS
x SINX = 2sin X cos~ T 2tan cos? > * tan> - B
3 3 2 3 2 2 3 2 *
51 % CosX 5 cosx 2L S
+) Flzj. dx=I > dx=J.+2dx ( tinh twong ty nhu E, - hodc doi bien hoac vi phan)
5 COSX 5 COS™ X 5 1—sIn® X
P s : ol
=£J' _dsmx - =EJ'( 1 + 1 )dsinx=lln 1+s!nx =1In3
279 (L-sinx)(1+sinx) 27\1+sinx 1-sinx 2 |1-sinx 2
0 0 0
3 3 3 Fn -
+) Gl=J'idx=jcotxdx=jﬂdx=jd?mx:In|sinx|;; =In\/_=lln2
- tan x . © sin X 2 sinx 5 2
6 6 B 6
3 3 5 3 -
+) lej'—l dx=Itanxdx=I—SmXdx=—J'dCOSX:—In|cosx|§ =—In£=1In2
° cot X < ¢ COS X 7 COSX n 2 2
) 4 4 4

*) Vol k=2 . Taco:

N

3 1( 1. ~
+) Azzj'sm xdx = (1—cost)dx=E X—Esm2x I
0

b
+) B, = J'cos2 xdx =
0

O N[N oy

(1+ cos 2x)dx =£(x +lsin 2x) -5
2 2 4

N |-

; 3 1 2 A4-r
+) C, =£'[an2 XdX:'!(COSZ X—ljdx:(tanx—x)|4 -

foot? ! S _4-m
+) D2=J'cot xdx=j sinzx_l dx=(—cotx—x)|7=—4

P :

b :
+) E =_|. _1 dx = —cot x|2 =£

2 Jsin?x 23

3

§
+) F2=I 12 dx =tan x(s :ﬁ

4 COS” X 3
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4 4 i1
+) Gzzltanzxd :1 cot de:l(sinzx_l)dx (—cotx— X);—\/_ 1—5
6 6 6
3 O 30 z g
+) szlcotzxdletan xdx=£(coszX—l)dx=(tanx—x),;=J§—1—E
4 4 4

*) Vol k=3 . Taco:

i T

3 2
(1—cos” x)d cosx = [— COSX + COZ XJ

0

:% (c6 thé dat t =cosx)

O |y

2 2
+) A= _[sin3 xdx = jsin2 X.sin xdx = —
0 0

T

2

T
2

P - . . sin® x
+) B cos® xdx jcos x.cosxdx=_|'(1—sm x)dsinx=| sin x— 3
0 0

o'—.m\a

=§ (c6 thé it t =sin x)

0

i i i i
tan x
+) C, = [ tan® xdx = [(tan x+tan® x—tan x) dx = [ [ tan x(L+tan® x) —tan x | dx = | —tan x | dx
0 0 0 4 | cos? x
i i 1 -~
tan x tan® x|* 11
=I >—dx jtanxdx jtanxd tanx—-C,=——| -C,==-=1In2
5 COS™ X 0 2 |, 2 2

. £ PR 1 Ry
( cac em co thé xem lai cach tinh C, =Eln2 da tinh o truéc do voik = 1)

2
+) D, = J'cot:" xdx =

(cotx+cot3 x—cotx)d

-b\hl'—.m\hl

3
[ cot x(1+cot” x) —cot x | dx J[ cotx —cotx}dx
3

n

cot? xE 1 1

dx —| cot xdx =

BINCE—NN BN ——— Y

cotxdcotx—D, =—

N

Llo

S | O

=

>< ><
.Mh\'-—.m\h\

M:\t—.m\:\
N

. L2 C 1 X s 2 o A
(cac em c6 the xem lai cach tinh D, =Eln 2 datinh ¢ trudc do voik =1)

3 3 FR
+) E3=J' _13 dx=J' s_|n4x dx = Ide bit t =cos x = dt = —sin xdx va t:£—>0
2 sin” x - sin” x J (1-cos® x)°
3 3 3
1 1
2 2
Khi d6 3=J. di 2_ﬁ£j[aﬁ¢)+(1 t” dt 17 a+¢) +(1-t)?*+2(1- t)(l+t) it
< (1-1%)%  4s (1-t)%.(1+t)° 40 (1-t)*.(1+1)?
1 1
: 1
EJ. ! 12+ 2 dtz—J. S+ 12+1+1 dt
44| (1-1)? (1+t) (1—t).(1+t) 451 (1-t)°  (@+t)" 1+t 1-t

3

TR e ¢
T 41—t 1+t |1—|
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g
+) FSZJ. 3
0

bat t =sin x = dt =cos xdx va x:0—>% thi t:0—>1

Khi do j }j W) +@-HFdt 1% L)+ (-t + 201 0.0
TLA-)? Al a-0nas? 4 1-t)%.(1+1)’

1

=£j[ S+ 12+ 2 }dtz—j[ S+ 12+1+1}dt
451 (1-t)° (1+1) (1—t).(1+t) 451 (1-t)°  (@+t)" 1+t 1-t

_1(1 ||u4| :_|3__
41—t 1+t |1—|

3

+) Gszj‘. 1 i Totsxd = [(cot x+cot® x—cot x) dx = [[ cot x(L+cot” x) —cot x | dx
5 G

N — |y
cn\hu'—..l;\:u

dsinx
sin x

[cotzx . J
=| - —In|smx|
2

; : : ;

Cotx  COSX cot x COS X

=_[ — dx=J' . dx—J'_—dx= J' cot xd cot x—
Lsin“x  sinx - J J
® s s s

o8 —n [y

k2
4

=1—£In2
2

T

6

3 3 3 z
1 3
+ = f— _
) Icotsxd jan xdx I(tanx+tan X —tan x)d J'[tan x(L+tan? x) — tan x}d
n n " n
3 - 3 3w z z
tanx  sinx tan x in x oS X
:J[ az _S_}dxzj az dX—IS dx Ianxdtanx J'd °
Jlcos®x cosx Jcos?x 4 COSX J ) Cosx
n 7 i Z z

2 3
_[fan X+In|cosx| =1—1|n2
2 B 2
*)Véi k=4 .Taco:
% % _ 2 % %
*) A“:J.Sin“XdX:I(%) dx = %J'(l 2¢0s 2x +cos” 2x ) dx =%J'(1—2c032x+—1+(;034xjdx
0 0 0 5

Il
I
O —y [N

L E—2c052x+£cos4x dx=l Ex—sin2x+lsin4x
4°\ 2 2 4\ 2 8
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+) B, = (1+2cos2x+cos’ 2x)dx = dx

7
cos® xdx J-(1+c052xj le
4

O v [ N
ot
O — 0| N

(1+Zcos 2X +MJ

1
4

2 ;
j( +2c032x+1cos4xjd 1[§x+sin2x+lsin4x)
5 2 4\ 2 8

-l>||—\

T

4
+) C, = jtan“ xdx
0

@
tan? x
(tan® x+tan* x—tan? x) dx = [ tan® x(L+ tan® x) —tan® x | dx = I{ —tanzx}dx
0

O'—.-b\-ﬂ

T

N

tan® x|+
3

o
><

Ot BN Ot n [y

O | =+
QD
315
x| X
o'-—.»\hl

tan? xdx = jtan xd tanx—-C, =

N

0

X A=T0 e b
(cac em c6 thé xem lai cach tinh szTﬂ da tinh ¢ truéc d6 voi k = 2)

T

AN e—n|y BN —r N

2
+) D, = J'cot“ xdx = [ (cot® x+cot* x—cot” x) dx = [[ cot® x(L+ cot® X) —cot’ x| dx =

t? x
{C_O — —cot’ x} dx
sin? x

MN'—aM\H
AN [N

n

2 % % 3 % B ~
= C.Otzxd jotzxdx J'otzxdcotx—Dzz—COt X —D2:1—4—”=3ﬂ 8
sin® X . : 3 |= 3 4 12
. 7

(cac em c6 thé xem lai cach tinh D, = A'_T” da tinh ¢ trude do voi k = 2)

21 211 p cot’x |2 1043
+) E, = dx = : dx =—|(1+cot”x).d cot x = —| cot x + =
) Ed lsin“x lsinzx sin® x l( ) [ 3 ). 27
3 3 3 3
5 5 5 3.\6
+) F4=_|' 14 dx:j L dx= J'1+tan x dtanx= tanx+tan X :10\/§
5 COS™ X + €os” X €os’ X 0 3 ) 27
S :
+) G, :Itan4 - dx j cot* xdx J'(cot2 X+ cot’ x—cot” x) dx='|'[cot2 X(L+cot® x) —cot? x | dx
: P :
4 cot? x 2 dcot’x . 4 4 4001
= —cot” x |dx = dx — | cot? xdx = —| cot? xd cot x— -1 |dx
ﬂsinzx lsinzx ;[ ,J: ! sin® x
5 6 5 5 5

cot® x
=3 +cot X+ X
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[EY
Q.
| |

tan* xdx

= [(tan® x+ tan* x—tan’ x) dx = [[ tan” x(1+ tan” x) —tan’ x| dx

+
N
T
S
Il
BN — |y
(@}
o
—
S
>

.M:u'—.w\:u
.Mhu'—.w\hu

JT

:j‘-tanzxd ian xdx = Itan xd tan X — i( ! —)dx
: : :

cos’® X

BN C— |y »m'-—.wm

w|y
oo
S|

N

*) Vol k=5.Tacé:

T T T

2 2 2
+) A= IsinS xdx = jsin“ X.sin xdx = I (1-cos’ x)%.sin xdx = —| (1- 2cos” x+ cos” x).d cos x
0 0 0

oty

Sl |
—| COSX——CO0S” X+—CO0S’ X
3 5

i (co thé dat t =cosx)
, 15

7T 7T 7T

cos® xdx = Icos X.COs xdx = I(l sin” x)*.cos xdx = I(l 2sin® x+ sin x).d sinx

+
~
9]
ol
o'—.v\:\hl

[- 2 - 3 1 - 5 Jz
=| sin x—=sin’ x+=sin° x
3 5

_E (c6 thé datt =sin x)
.15

1 1 i il a3
+) =Itan xdx I (tan® x + tan® x —tan® x) dx = I[tan X(L+tan® x) —tan® x | dx = I X _tan® x | dx
. < . 4| cos? x
FINEI i :
=Itanzxdx fan xdx = jtan xdtanx-C, = tan” X ngl—ii—ilmj:lm—l
5 COS™ X 5 4 0 4 \2 2 2 4

('cac em c6 thé xem lai cach tinh C, =%—%In 2 datinh ¢ trude do voik =3)

T

2
+) D, = J'cot5 xdx =

(cot3 X + cot® x — cot® x) dx

BN — |y
b\:\'—.v\:\h\

3 e
[ cot® x(1+cot® x) —cot® x| dx I{C_Ot X _cot® x} dx
3

=J'C_Ot2Xd I ot3xdx=—J.cot3xdcotx—D3=—C0t X —DS:——[———In2j=—In2——
® sin” x ° ’ 4 |z 4 (2 2 2 4
4 4 4

( cac em c6 thé xem lai cach tinh D, =%—%In 2 datinh ¢ trudce d6 voi k = 3)
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21 Esinx 2 sinx
+) E5=J. dXZJ. - dX=Ide
3 3 3

Dbat t =cos x = dt = —sin xdx va x:%%% thi t:%—>0 .Khido E, =

-~ laer

Tace 1 _1 [A+D)+@-0] 1 @+t +@-1)° +6(L-1).(L+1)
T @-t?)? 8 (1-t)’.(1+t)° 8 A-t)*.(1+t)°
1 1 6 Jyo1 103 [@-t)+@+t)]
8 (1-1)° (1+t) (1—t)2.(1+t)2 S8 (-t (L4t 27 (A-t)2.(1+t)?
_1 1 1 .3 (1+1)° + (1-t)* + 2(1—t).(L+1)
8| (1-t)° (1+t)3 2 1-t)2.(1+1)?

1 1 3 1,1 2

8| @1-t)° (1+t) 2\ (1-t)* @+t (@-t).@+1)

1{ 1 3[ 1 1 1 1 ﬂ
=— + + +

8| @1-t)° (1+t) (1-t)>  (@A+t)> 1+t 1-t

1
2
Suyra E5=£I 3 12+ 12+1+1 dt
87| @-t)° (1+t) 2\ (1-t)" (@+t)" 1+t 1-t

1
1 1 1 3( 1 |1+t 1.3
=— > = >+ +In =—+—1In3
8l 2(1-t)> 2@+t 2\1-t 1+t |1 t))]|, 12" 16
P % cosX & cosx . . s 1
+) F5=J' - dx=J' e dx=J' ———=0x Ditt=sinx=dt=cosxdx vat:0—>=
5 COS” X » COS” X » (A=sin x) 2
1
: ?oodt 1
Khi do F5=J' — =-—+—In3 (xem cachtinh E; ¢y trén)
, 1-t%)" 12
.3 S
+) HS:lcotSXd :}[ an® xdx ]J;(tan X-+tan® x—tan® x) dx J;[tan X(L+tan’ x) — tan® x| dx
1 1 1 1
lan’x 1 Ttan®x . ¢ 1 3
= - dx = dx — dx an® xd tan x— H,
;[Loszx cot® x lcoszx !cot3 1
n n 1 n
tyls
_n Xy o (1-tim2)-1+Lm2
z 2 2
4

( cac em c6 thé xem lai cach tinh H, :1—%In 2 datinh ¢ trudc d6 voik = 3)
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CHU Y:
1
cot® x

dx va

+) Sé& ¢ nhieu em thic mac 1a biéu thite duwéi dau tich phan J'tank xdx tiwong tu Voi J'
1
tan“ x ’
(tinh nguyén ham dwoc hiéu la tinh trén tdp xdc dinh cua ham). Nhung néu di tinh tich phdn xdc dinh thi sé

Icotk xdx twong tu Voi I dx. Néu di tinh nguyén ham (tich phdn bdt dinh') ching c6 sw giong nhau

T

4 4
co s khac biéz. Vi nhw tinh C, = Itan xdx va H, = Iitdx thi C, =1 nhuw cdch ching ta dalam. Con H,
. ! cotX

trong tinh hudng nay véi kién thizc todn so cap sé khong tinh dwoc Vi ham sé dudi dau tich phan khong xac
dinh véi cgn x=0.

+) Dé dua ra cong thirc tong quat cho cAc tich phan trén cac em sé tim hiéu rd hon ¢ muc VI trong phan
tich phan truy hoi.

Vi du 2. Tinh cac tich phén sau:

dx
1+ cosx

dx
2+ C0S X

dx
1+sin X

—n [N

1) 1,=

2) 1, =

2

3) 1, =

N

AN oy
WY O—— |y

4 1, = jsin 2xcos3xcos5xdx  5) I = j(1—23in2 X)(sin® x+cos® x)dx  6) I, = jsin3§cosgdx

0 0 0

Giai:
z z L. X b
2 2 2 - -
1= dx = o —=[—2 —tan3|" =1
5 1+COSX % 20082 X 0cost X 0
2 2
[ dx X OI)(:120|'[t2
2) I2=J. batt=tan-= " , Va x:0—>Z thi t:0>1
o 2+COS X 1- 2
COS X =——
1+t
2dt J3
1 1 _ _ 2
=1, = 1+t? 20t Pit t=+3tanu= dt_coszudu V3(L+ tanu)dy Va0
2 1-t* Jt°+3 6
02+1+t2 0 t? +3=3(1+tan’u)
5 2 5 G
Khi 6 1, ZJ-Z\/§(1+tem2 u)du _ 2\/§J-du= 2\/§u _ NEY:
s 3(1+tan“u) 39 3 | 9
. dx=12dt2
CHUY: KhidéttztanE: 't g
sinx=——>; cosx= _tz
1+t 1+t
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2 2 2
P P e e B (%Y
+ 1+sin x O(sinx+cosxj 023in2(x+”) 2 4

( hoac bién déi — = = _

T

(sin2xcos8x+ sin 2xcos 2x)dx

oty

N| -
Oty

4
4) 1, = Isin 2xc0s3xcos5xdx = = | sin 2x(cos8x+ cos 2x)dx=%
0

¢ 13
120

O e | N

L (sinle—sin6x+sin4x)dx=l —icoslox+lcos6x—1cos4x
4 4\ 10 6 4

0

i
I(l 2sin’ x) sin® x+ cos x)dx
0

1-2sin® X = cos 2X
TaCé: H) 6 HYJ 2 3 HY) 2 Th2 2 3 HY
sin® X+C€0s” X = (Sin” x+cos” x)” — 3sin” x.cos X(Sin“ X+ cos x)=1—zsm 2X

14 1( 1., \* 3
Khido | —J.COSZX 1——sm X dx_—J' 1——sm 2x |dsin2x==|sin2x—=sin"2x | ==
25 2 4 0
3 3 X X 3 3 X, .ox 1 4x 1
6) I6=J'3|n —cos—dx=2j.sm —dsin—==sin"—| = =
5 2 2 ’ 2 2 2 2, 4
Vi du 3. Tinh céc tich phan sau:
T 3z
i 3 ; _ 4
|, =[Sy Sl 2) 1, =] T dk voi k=13 3)1,= _
o 1+sin2x o(\/_smx+cosx) 5 2 +sinx—cos x
f 4 fd . . 4 sin® x
4) |4=‘[cos3 X.€0s 3xdx 5) IS:ICOSZX.(Sln Xsin 3x+ cos” x cos 3x)dx :I dx
A ; 2 sin® x+cos* x
Giai:
fcosx_sing. i :
1) Ilzj-cosx_smxdx Id(smx+cosx) _ 1 |4:1_£
o 1+sin2x (sin X +cos x)? S|nx+cosx|0 2
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3 : o
j SInX —dx véi k=1;3
0(fsmx+cosx)
Cach trinh bay 1:
. x . T T N3 . Vs 1 T
Ta co: I2=J' kdx=J' kdx=?j ax
) ) .
0(‘/§S'HX+COSX) ° 2 ﬁsinx+lcosx ’ Sin (X+6J
2 2
3 % C0s x+2 |dx 5 Zdsin| x+—
1 J' \/édX I 6 \/§J- dx 1 J-
T Ak+l - = Sk+l k+1
2 Osink‘l(x+g) 0 sin (x+gj 2 Osink‘l(x+gJ 2 0 sin (X+J
,T N ;
3 3 sm(x+ )
+) Voi k=3=1 1£§J. dx —i = _£Cot(x+_J+ 1 zi
03|n2(x+”) 165 S|n3(x+) 16 32sin [x+ﬂj 32
6 6 o
T T = 7[
N dx 13d3|n(x+6J B
+) V6i k=2 khidé | _8j 8] = B (1)
03in(x+”} 0 sinz(x+nj 8
6 6
z sm(x+”j z sm(x+”j
3 3 ~ 3 ~
*) Taco: A I ax =I 0 dx=j ) _
Osin| x+2 | Osin?| x+ = 01-cos?| x+ =
6 6 6
3 dcos(x+”j 3
6 1 1 1 T
=—_|. =—EJ. + dcos(x+gJ
0 1—cos(x+”) 1+cos(x+”j 0 1+cos( +”J 1—cos(x+”j
6 6 6
3 e (o ox 3
1 l+cos(x+6j 3dsm(x+6j 1
=—ZIn =In(\/§+2) () *)Tact:B=| =— =1 (3)
-

1—cos(x+”)
6 0

V3In (\@+ 2) -1
Thay (3); (2) vao (1) ta dugc: 1, = 5

5 dsm( j
+) Véi k=1= |2=£jd - j {ﬁx—lln
4 3 4 4

45 sm(x+ J
6

B

3
sin[x+£) ﬁ—ll 2
6 . 12 4
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sin“t S 2l sinkt sin®t

, R . 3 sin x L. —
Cach trinh bay 2: I —ax véi k=1;3
0(fsmx+cosx)
3 : 3 : 3
Ta co: I2=J' Sinx kdx=J' Sinx kdx=2—lkj' S X dx
. - V4
o(\/§smx+cosx) ° 2k ﬁsinwicosx sin (XJFG)
2 2
bit t=x+X=dt=dx va x:0> = thi t:Z 7%
6 3 6 2
T 7[ T
1 23|n(t—6) 1 Eésint—lcost 1
Khi do I2=—J'_—dt =—I 2 2
: :

Oy |y

(\@smt_ COStjdt

sint 12

olN

T@dt—idsmt :%(x/ét—ln|sint|)‘2 ﬁ—%l 2
21

dsint
sin’t

A :

+) Vi k=2= 1, 1J- \/g;;nt_c_oszt - _*@J. d cost ~
85\ sin“t sin“t 8 > (1—cost)(1+ cost)

B B

oy t—m|y

2 \/_In(x/_+2)

_ __|n|1+cost|
|1 cost| 85|nt
6

. 12 \@ cost 1 2 gt Edsint 1 1 2 3
HDVéi k=3I, =—|| ———|dt= 3 - =—| —/3cott+ =—
) 2 16;[[ sin®t sinStJ 16 \/_;[smzt !sin3t 16( V3 23in2t)n 32
5 s % 6
o o s o
3)I—j4' dx _j- dx _1]- dx 1 ]‘- dx
3 . - ~ -
7 J2+sinx—cosx \/E—ﬁcos(xﬂ[} 2 ”1—cos(x+”j Z\E”smz(XJr”j
4 4 4 4 4 4 2 8

3

B

d 54_2 3z
28 1 (x n)“ 2

—z——cot —+=| =—
X 7 27 2 8): 2
28

1
)

h\h\'—.h‘

1+c0s2X coS4X+CosS2X
' 2

41, = j cos® x.cos3xdx  Tacd: cos® x.cos3x = cos’ X.(COS X.COS 3X) =
0

= %(cos4x +C0S 2X + COS 2X.COS 4X + COS> 2x)

1 COS6X+c0s2X 1+cosdx c0S6X +3c0s4X +3c0s2x +1
:Z COS4X+ COS 2X + + =

2 2 8
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v/

8

=1, =EJ'(cos6x+300$4x+3c052x+1)dx :l(sm6x +33|n4x +35|n 2x +xj =
8 8 6 4 2

0
Chu y: Bai toan trén ta c6 thé co cach bién doi :
Xudt phat tir cong thizc nhan 3 cia cos: cos3x = 4¢0s® X —3¢0s X (sau dé nhdn cd 2 Vé Véi cos3x )

4 2
— €05° 3X = 4¢0s® X.c0$ 3X — 3C0S X.COS3X < % =4¢c0s> X.C0S 3X — 3(cos X2+ cos 2x)
COS6X+3c0s4x+3cos2x+1

= C0S® X.C0$3X = 5

T

4
5) I, = Icos 2x.(sin® xsin 3x + cos® x cos 3x)dx
0

Ta c6: sin® xsin 3x + cos® xcos3x = sin x(1—cos” X) sin 3x + cos x(1—sin® x) cos 3x
=(sin xsin 3x+cos x cos 3x) —sin xcos x(€os xsin 3x + sin x c0s 3x)
=C€0s2X—Ssin xcos X.sin 4x
= C0S 2X — 28iN X COS X.SiN 2X C0S 2X = COS 2X — Sin® 2X C0S 2X
= €0S 2X —sin’ 2x €0s 2X = €0s 2x(1-sin® 2x) = cos® 2x

T

% 4 4
Khi do: I, =Ic032x.cos3 2xdx:J.cos4 2xdx:j(1+COS4XJ =%J‘ (1+2cos4x+cos® 4x)dx
0 0 0

B

T

4
dx=1I(§+2cos4x+£cos8x)dx=l(§x+lsin4x+isin8xj
44\2 2 4 2 2 16

N

o
32

"
=%I(1+Zcos4x +—1+C058Xj
0

0

1—0052x)2 _1+c0s®2x—2c0s2X _ 2—sin” 2x— 2€0S 2X

. sin® x sin X_( 2 4 = 4
6) I6=I dx  Taco:
0

sin® X+ cos* x ) 1. 2—sin?2x
sm“x+cos“x=l—Esm2 2x=—""""

2
Khi d6 |e=1I2 sin® 2x — 2c052x | Z_I[ 2C0s 2x Jd zlx4_j c0322x T
0 2-sin” 2x 2-sin” 2x o 9 2-sin®2x 8
. 4 cos2x . . a . .. )
Tinh | =I_—2dx bat t =sin2x = dt = 2cos 2xdx <> cos2xdx=— va t:0 > 1, suyra:
v 2—sin” 2x 2
1 \/7+t 1
I j( 2 s j( L, 1 jdt L in(v2+1)
252-1" 425 (V2-t)(V2+t) T 4V20(V2et V2t Ny f—t "2
r 1
Vay I, == ———In(~2+1
1 =g =55 (V2 +)
Chu y: Bai toan trén ta cd thé ¢ cach bién doi :
sinx _sin® x+cos* x+sin’ x—cos* x 1 (Sin2X+0032X)(5i”2X—0032X)_1 €0S 2X
3 v - 2 9 T2 2 sin22x
sin” x+cos” X 2(sm X +CO0S x) 2 2(1_15"122)() 2 2-sin”2x

Trang 23



GV: THANH TUNG 0947141139 — 0925509968 http://www.facebook.com/giaidaptoancap3

2 Do
Vi du 4. Tinh cac tich phéan sau: 1) l:J'_L 2) IZ_IZSInXJrllCOSde
5 1+SIn X+ C0S X 3sin x+4cos x
7 0 3
3) | :J-43|r_1x+7cosx+6 dx ) '4:_[ 3|n_2x _dx 5) |5=_|. dx
2 4sin x+3cosx+5 % (2+sinx) ”sinx.sin(x+”)
2 6 6
Giai
X
1+tan’ 2
: gt = — X =— 2dx=1+2t dx:>dx=12dtt2
) =] ——"—— Pat t=tan2 =  2c08 "
< 1+5sin x+cos X 2 2
: 1-t?
SinX=——, COSX=—
t 1+t
2dt

1
va x:0—>%th‘| t:0>1 ,khido Ilzj'
0

Zj J't+1_ln|t+]4| In2

2t 1-t
(1+t2)[ 140 140

dx Ta phén tich: 2sin x+ cosx = A(3sin x+ 4cos x) + B(3cos x —4sin x)

s
B j‘- 2sin x+11cos x
5 3sin X+ 4cos X

& 2sinx+11cosx = (3A—4B)sin x+ (4A+3B)cos x

3A-4B=2 {A:Z

DPong nhat hé s ta duoc: =
4A+3B =11 B=1

Khido: I, =

. o =
2(3sin x+4095x)+(3005x 4sin X)dx= 2] dx+j d(3§|n X+ 4Cos X)
3sin x+4cos x ) 5 3Sin X+ 4c0s X

O [N

72

=(2x+ In|3sin x +4 cos x|)‘% L A
o 2 8

- dx Phén tich: sin x+7cos x+6 = A(4sin x+3c0s X +5) + B(4cos x—3sin x) + C
4sinx+3cosXx+5

ZJZ‘ SinX+7C0SX+6
0
< sinx+7cosx+6=(4A-3B)sin x+(3A+4B)cosx+5A+C
4A-3B =1
DPong nhit hé s6 ta dugc: {3A+4B=7< A=B=C=1
5A+C =6

Khi dé : | dx

Al

w

sinx+3cosx+5dx+i 4cosx—3sin x i
SinX+3C0SX+5 04sinx+3cosx+5 04smx+3cosx+5

Ot N [N O |y

> .
dx+Id(4S|n x+3cosx+5)+
0

: I=(x+ln|4sinx+3cosx+5|)‘5+I=£+Ing+l (*)
4sin x+3c0osx+5 0 2 8
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x 2dt
2 1 x| " e
Tinh |=j : dx Dt t=tan—= ,
o 4sin X +3Ccos X +5 2 , 2t 1-t
SiNX=——; COSX=—->
1+t 1+
2dt
\ T L 1+t L L 1[ 1
va x:0—>= thi t:0—>1 .Suyra | :J' SS - J' —j - == (2%
2 2t 1-t t2+4t+4 (t+2) T tr2l 6
04 —+3—5+5 ° 0 0
1+t 1+t
Thay (2*) vao (*) ta duoc: |, = Z i o +1
2 8 6
J- sin 2x
(2+smx)
Céach 1: (Phan tich, két hop ki thuat vi phan)
0 . 0 - 0
sin 2x 2C0S X(2+sin x)—4cos x COS X COS X
- de:j (2 sinx) d_zj' Sy gL
- (2+sinx) - (2+sinx) 2+smx - (2+5sinXx)
2 2 2
0
_ZJ-d(2+smx) IM 2In|2+sin x|+ 4_ =2Ih2-2
2+sin X (2+sinx)’ 2+sIiNX )| =
2 2
Céch 2: (Pdi bién)
bat t =2+sinx = dt =cosxdx va x:—%—>0th‘|t:1—>2
9 2sinx 22(t-2) 2 4 ’
Khido 1, = [ ————cosxdx == dt—j(———jdt—(ZlnM j =2In2-2
- (2+sinx) .t Lt )
2
3 3 3
5) 1,=] ax Cach1: 1, = | NG dx = \/_de
. . T i i
FsInXx.sing X+-—~ ssinx. —33inx+1cosx Esmx.( 3smx+cosx)
6 6 6 2 2 6
3 %d J3+cotx z
=2J' ox =—2J'Q=—2In‘\/§+cotxj:2ln§
Esinzx.(\/§+cotx) z (\/§+cotx) s 2
6 6
T - T .
1 3 sm(x+6—xJ sm( 6jcosx cos( 6Jsmx
Cach 2: I, = J' dx = 2] dx
. T . . T . . T
SIN— ~sin x.sin| X+— s sinx.sin| X+ —
HE G 3)

w|y

: stin[x+”) :
dsinx 6)|_oppl—_SINX

_ _oin|—SNX_| _5y8
sin X . T . T 2
sin| Xx+= sin| Xx+=

( 6) ( 6)
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CHU Y :

B
Khi gap tich phan | =J.%dx ma h(x),g(x) la cac ham bac nhat theo sin x va cosX thi ta c6 thé ding phuong
« IX
phéap dong nhat hé sé:
~ N(X) asinx+bcosx Acsin x+d CoSX ccosx—dsinx

g(x) csinx+dcosx csinx+dcosx  csinx+dcosx

B B A i B
IZAJ‘dx+BjCCF)SX ds'nxdx=Ajdx+Bjd(CS'anCOSX)
° csinx+d cos x csinx+d cosx

. Khi do:

(Ax+Bln]csin x+dcosx|)

» N(X) asinx+bcosx+e csinx+dcosx+h+B ccos x—dsin x N 1 Khi do:
g(x) csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h '
B
I—(AX+Bln|csmx+dcosx+h|)‘ +C.I, vatatinh | _I _ 2 bang hai cach:
csinx+dcosx+h
C1: Dung cdng thirc bién ddi luong giac dé chuyén vé cac cong thuc lugng giac trong bang nguyén ham .
_ 2
C2: bat t=tan— :dx— 2dt2 va sinx = th; COSX =——
2 1+t 1 1+t
Bai luyén
Tinh cac tich phan sau:
2 dx 28 4 dx 56 4 13 7
D=|—— (bss— 2) 1, = bs:— 3) I,=[tan® xdx (Ps:—=-=
) J:sinGX ( 15) )1 J:Tcos6x( 15) ) ;[ ( 15 4)
1 2
: :
4) 1 =I—_ (Pbs —I (2+\/_) —) 5 I, = J.smxsm2xsm3xdx (Pbs: —)
0\/§cosx—smx
: ., :
6) I6=j(siancos3x+23in2x)dx (BS:E_g) 7) I7=jcos2 x.cos4xdx (Ds:0)
0 0
2 dx 43 2.5in? xdx 1 2 sin xdx T
8, = |——— B— 91, = bs:=) 10)1,, = Pbs:—-1
e ;[sinzxcoszx ( )9 -!..1+cosx (Psi2) 10k ;[1+sinx (i)
6
4 dx 4 sinx—Cosx 3+2
1) 1, = Ds: 243 -2 12) 1 Ps:—In
) lsinzx cot x { ) ) ha £3|nx+cosx+3 x 7
6
2 geiny 3
13) |13=j4s_'”x Scosx+1 4 (Bs: L4ind) 14) 1, = | i ( Ps: i|n2)
o 4sinx+3cosx+5 6 8 i

T
COS X.COS (3 — XJ
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V. 10 DANG TiCH PHAN HAY GAP TRONG CAC KI THI
PAl HQC - CAO PANG

DANG 1: Ilzlf f(g(x),{‘/g(x)).g '(x)dx ()

CACH GIAI CHUNG

it =igm |8 Wde=m"dr I =[[(t"t)dt
(%) — = =

(g(x)=1") x|= bi) » [, = I h(t)dt : Tich phin co ban

o,
I "x,:l B, ?

Cac vi du minh hea

Vidu 1. Tinh cac tich phéan sau:
1 4 [ 4
1) Ilzj'x\/Z—xzdx (B - 2013) 2) Izzj‘ﬂdx 3) |3=Ide (D -2011)

o 1+~/2x+1 o N2X+1+2
/— 243 0
4y 1, —j“—”d 5) I, = j 2 (A - 2003) 6) I, = sti
(1+\/ ) B XXt +4 31 ¥/1-2x
2
47 3 2 1 2
x“dx dx X xdx
N l=|—— 8) I, =|———— 9 I, = dx 10) I, = |——F—
! '([1+3x4+1 ’ '[3/?+4\/§ ’ '!. x*+1 . '!.x+\/x2—1
2

Giai:
1

1)1, =jx\/2— x’dx (B -2013)
0

Pit t=+2-x2 = t? =2-x* < 2tdt =—2xdx <> xdx =-tdt va x:0—>1thi t:v/2>1
1 2 32 5

Khi d6 |1=—jt.tdt=jt2dt:t— _ 221

3 3

01, _j‘- J2x+1
o 1++v2x+1

= —J'—tdt j—dt—}(t—uijdt: E—t+|n(t+1) 3
t+1 2 1

1

1

dx Pit t=v2x+1=t*=2x+1=tdt=dx va x:0—4 thi t:1—>3

=2+In2
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4 _
4x-1 tdt=dx | .
3) I,= [—————dx (D-2011) Ditt=v2x+1=>t*=2x+1= va x:0—>4 thit:1-3
? l‘\/2x+1+2 2x =t2 -1

3 2 3 3 3 3
:>|3=I2(t b= 1tt_j 3tdt_ (Zt —4t+5—£jdt 28 4 5t-10n(t+2) _ 30 _10mn2
b t42 ) 142 t+2 3 1 '3 3
2 4 _ 2 4 _ 2 2
4) |4=jwdx=j X pyxidt dx:dede—ﬁ:mB *)
1x3(1+\/x—1) 1 x3(1+\/x—1) x3(1+\/x—l) 11+4/x-1 X
2
] dx 112 3
+)Tinh B=|—=—"| ==
) Jl.x3 2x’|11 8 M
Lox
+) Tinh A:j dx
11+vx-1
dx = 2tdt
Patt=+Jx-1=t? =x-1= , . vax:il-2thit:0->1
x=t"+1
12 . 3 42 11
A=j(t +1).2tdt 2jt +tdt_2j(t —t+2——jdt— o LY ot _2in +1) =——4In2 @)
! o t+1 t+1 3 2 3
. 5 . 97
Thay (1); (2) vao (*) ta duoc: 1, = §—4In2
23
dx
5 I,= [ ——— (A-2003)
’ éxx/x2+4
tdt = xdx
Datt=\/x2+4:>t2=x2+4:>{ 24 va x:/5—>2J3 thit:3>4
X° =t -
Khi o | Zf dx Zf xdx } tdt _} dt J-[(t+2)—(t—2)]dt
kx4 Exddxies 3E-DHL - 4~ (t-2)(t+2)
4 _2\4
_1 (L_Ljdtzlm(ﬁj )
45\t-2 t+2 4 \t+2)3 4 3
0 iy 5t“dt=—2dx:>dx=—§t“dt
6) I Patt=¥1-2x =>t°=1-2x= vacant:2 -1
= [ 1-t° |
- X =
2
1—t5( 2.4
1 J—=t dtj 2 1
2 5 3 t )2 1909
=1, = == (@ -t])dt=| ——— || =
° ! t I( ) [4 9]1 36
47 3
j dX bat t =Yx* +1=t* =x* +1= 3t%dt = 4x°dx <:>x3dx=%t2dt vacan t:l1— 2
O
2 .2 2 2 2
:>|7=§ ﬂij t-1 dt_§ ot [“ 224302
491+t 44 t+1 2 1 8 4 2
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2y dx = 6t°dt
)1, = J'—X
1 X2+ 44X I =" x=t

2 5 2.2 2 2 6 2
ST ~6[ td —6][t—1+ijdt:6(t__t+|n(t+1)j‘E=eﬁ§—6€§+3+eln£+l
et 1 t+1 2 1 2

va can t:1-5%2

Détt:?/;<:>x=t6:>{

Nhan xét:
Trong bai todn trén dong thoi xuat hién cin bdc 2 va cin bdc 3 nén chiing ta @ tim céch dai bién dé dong

thoi mdt cd hai can. Khi @6 chiing ta sé nghi t6i viée dat t = §/x hay x =t® (& ddy 6=BCNN (2:3)) .

b
Nhur vay khi gap | =.|‘ f (¥g(x),5/g(x))dx thi ta dat t=%/g(x) véi k 1a BCNN cia mvan.
\/7 1 1
dx = dx dx
e T
2 3 2 3
< 2 t
batt= /1+—:>t _1+—<:>x dt<:>xdx-— dt
t? -1 (t —1) 3 (t*-1)?

va Xx: E—>1th|t 3—>f . Khi d6:

9 Iy =

,\,\._\c_.._\
,\,\,_\v._,._\

(v2+1)
2

t-1
t+1ﬁ

w'—.ﬁ
—
(o8
—

e P e Y | e S o B
1 3pt-1 34 (t-1(t+1) 35(t-1 t+1 3 3

27
3 t 3%

Nhan xét: Néu dat t =+/x* —1=t? = x? —1= tdt = xdx nhung ta khéng chuyén duoc x theo t
Khi d6 ta nghi téi viéc nhan lién hep. Cu thé ta 6 loi gidi:

_fooxdx g X(X_m)dx —Zx X— X — x—zx2 x—zx x* —1dx
IlO_Jl.XJr\/xz—l_Jl.(x+\/x2—l)(x—\/xz—1)_'!‘ ( \/—1)d _J; ; -1[\/—10'

“1=L-1 @)
2

Tinh | = J. X/ X2 —1dx
1

Pat t='x’—1=>t*=x*-1l<tdt =xdx va x:1—2thi t:0—>+/3

:l—ﬁwvjtm——J_\f(a

Tir (1) va (2) :>|10=%—\E
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Vi du 2. Tinh cac tich phéan sau:

2 sin 2x 2 sin 2x +sinx
1)1, = dx (A - 2006) 2) 1, = [ZE2°T 4y (A — 2005)
' !..\/cos2 X +4sin’ x ! V1+3cosx
7 %
3) I,= j(sin X ++/1+ cos x)sin xdx 4) 1, = J'\G/l—cos3xsin x cos® xdx
0 0
Giai:

sin 2x

7
1)1, =
' I‘)‘\/COSZX+4Sin2X

dx

Dit t =/cos? X+ 4sin? x =/1+3sin? x =2 =1+ 3sin? x = 2tdt = 6in x cos xdx <> sin 2xdx =§tdt

vacan t:l1-2 =1, =— td—tz—J'd ‘

5. .
)1 —jwdx (A - 2005)

- s V1+3cosx

2tdt = —3sin xdx = sin xdx = —%tdt
Dit t=+1+3cosx =t* =1+3cosx = vat:2—1

2
COSX =

_2f2t¢
7

7 7
3) I,= J'(sin X ++/1+C0S x)sin xdx = J'sinz xdx + j\/1+cosxsin xdx=A+B (*)
0 0

0

2.! 2w

1 27

% ]
J- (2cosx+1)sin Xy — J-
0 V1+3cosx 5

7 21
+) Tinh A= J'sinz xdx =
0

7
+) Tinh B= I v/1+ cos x sin xdx Pit t =+1+c0s X = t? =1+ cos x = 2tdt = —sin xdx va can t:/2 51

—B= thtdt—th dt_zé

\/1524\/5—2 (@) Thay (1), (2) vao (*) ta duoc: I, == 4‘/; 2

7 7
(Cacemco thé trinh bay : |, = I sin? xdx + I\/l+ cosx sin xdx = J' 1-cos2x —dx- J.\/1+ cos xd (1+ cos x)
0 0

T _
A:£+4\/§ 2)
0 4 3
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7
41, = J' {/1-cos® x sin x cos® xdx
0

6t°dt = 3cos? xsin xdx = sin xcos? xdx = 2t>dt
Détt=\6/1—cos3x:>t6:1—cos3x:{ g vacan t:0 —1
cos® x=1-t

1 6

0 91

% 1 1 t7 t13
= j {/1-cos® x cos® xsin x cos® xdx = jt(l—tﬁ).2t5dt =2] (t° —t*)dt = [———]
0 0 0

7 13

Vi du 3. Tinh cac tich phéan sau:

E
1) |1=I\/1+3Inxlnxdx (B — 2004) 2) 1, = J- 3 2Inx
1 1 X 1+2Inx
I—1«/1+|n (x+1) _j"-x[x—ln(ex)]+lnx
(x+1). In(x+1) 1 x(1+\/x—lnx)
Giai:
T 2tdt=%:>%=§tdt
1) |l_jV TN Patt=vI+3inx =t =143l x> t2X1 X VA Can: t:1-> 2
1 Inx=-—
2 .2 2 5 132
:>|1=It.t 1.3tdt:3j(t“—t2)dt=g t_r)-_ e
)73 '3 9l 95 3 )1 135
dx
tdt = —
j 3 2Inx bit t=v1+2Inx =>t?=1+2Inx= X vacan t:1— 2
1 X 1+2Inx Snx=t? -1
2 _(+2 _ 2 3 2
:lzzjw.tdt:jm—tz)dt: a-L]e_2
bt ) 3)1 3

J-_l J1+In? (x+1

(x+1). In(x+1)

Pt t = 1+In*(x+1) = t° :1+In2(x+1):tdtzwdx va xie—1—e®—1thi t:v/2 52
X+

—1 2 2 L2 2
Khi d6 1, = J- J1+1In%(x+1) lln(X—i-l) J‘ Zt .tdt=j 2'[ dt = I( 21 jdt
o1 In*(x+1) X+1 ptt-1 ptt-1 50U t7-1
2 2 J2+1
=I[ 1 w} tzj[lg [i_iﬂdt_( ! 1}‘ B @_,n( I
5 27 (t-D)(t+D sl 2\t-1 t+1 2 |t+1))|,
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—In(ex)]+Inx

91, TX
1 (1+\/x—lnx)

Pat t =/x—Inx = t° =x—Inx:>2tdt=(l—ljdx=X—_ldx va x:1—->ethit:l—>+e-1
X X

dx

Khi dé |4=J-x(x—1—lnx)+lnx X—=Inx x-—

1 x(1+\/x—lnx) = '!.1+\/x Inx

Ve-1 1 2 2 Ve
=2 | [tz—t+1——jdt=2 ———+t-h+t| =
) 1 3 2

1d = j—ztdt— j—dt

2(e+2)Ve-1 3e+2 2 1+e-1
2

+t 3 3

1

Vi du 4. Tinh cac tich phén sau:

| _']-5 e?dx 21 _']-3 e*dx 3 _j- 1+ x)e* J-(x+ezx)\/x +e*
e L+ 41 : 02—\/1+xe 42 +4e™
Giai:
5 g2x 2tdt =e*dx
1) Ilzjjﬂ Déttzx/ex—1:>t2:ex—1:>{ 2 1 va x:In2—>In5thit:1-52
In2 ex_l eX:t +
=3 —I].S [ x £ i.(t2+1)'2tdt =2j.(t2+1)dt=2[£+tJ2_ 20
e’ — 1 t 1 3 1
In3 X
2) |2=je—OIX Pt t=+/e' +1=>t2 =e"+1=> 2tdt =e*dx V& X:0—In3 thi t:4/2 > 2
o (" +1)Ver+1
2 2 2
|2=I2§dt=2jd—f=—3 =2-1
Bttt tls
1 2x 2 2X
4) 1 =I(X+e WX +e dx Pat t=Vx*+e* = t*=x"+e” = tdt =(x+e*)dx vat:1—>+/1+e
o AX+de -1
1+e 1+62 2 1+62
Khido I, = E[.;[dtl_% J. 4t4t2 111 —%J. 1+—1 dt
. - d (2t-D(2t+1)

' 1462 -1 1, 6/1+€2-3

jl L

4 16 21+e? +1

N ~
2 1+1(L_ L jdtzl tesin 2t
4 47 2l2t-1 2t+1 474 |2+

1
. S A dx COS X
Vidub. Tinhtichphan: 1) I,=|——F—— 2) |, = | ——————=dx
' z').(ler3)\3/1+x3 J.co:s2x\/0052x
1
)= f— %
o (1+x° )\/1+x

Phan tich: Néu dat: t=31+x® =1t® =1+ x* = t%dt = x?dx
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: . o dx I x2dx
Vay dé chinh duogc vi phan ta phai bién doi | =_[ " = =I > e =
o (L+x )\/1+x o X“(1+Xx )\/1+x

nhung x* dudi miu s khong rat duoc theo t va gia nhu khong c6 x* dudi mau s song van co x2dx dé ta

o 1 A
chinh vi phan. Tur day ta nghi téi viéc dat x =1 nhung do can x =0 ta khong tim dugc can t twong tng
nén ta “khac phuc” bang cach tinh nguyén ham rdi sau d6 méi thé can
- - ’ ~ Y t
Giai: Tinh nguyén ham: | =I ax d

£)a§1tx=1 =dx=-— dt
@)L+ t t

=1 =—j
2 1 . 1
t 1+t—3 1+t—3
t*dt
hay | =—| ———— Diat: u=Jt’+1=u’ =t +1= u’du =t’dt
J‘(t3+1)\3/t3+1

2
:Iz—J'u du  du l

1

X X
——+C =l,=— =1
Cu o 0 T e bodhexd,
(c6 thé diing Ki thuat vi phan dé tinh : | Z_IL=_EI(I3 +1)_%d(t3 +1) = ! +C)
' (t° +1)\3/t3 +1 3 Yt +1
TN : iz L dx N s 1
CHU Y : Dang tong quét caa bai toan trén | :J' va ta giai bang cach dat X=—
> (a+bx")¥a+bx" t
COS X
2) |, =| ———F—=dx
) I COS 2X~/C0S 2X

Phan tich: Twong ty nhu y 1) néu bai toan nay ta dat t =+/cos2x thi s& khéng 6n
Nén trudc tién ta sé bién doi biéu thirc dudi dau tich phan. Cy thé ta 6 1oi giai nhu sau
COS X

Giai: +) Taco: I, =
22 cos2x/cos 2x

COS X
(1- 2sin? x)\/l 2sin® x

dx =

O =y [N
o-—.o»m

dx

H)batt=sinx=dt= cosxdxvat0—> =1

*

! (1-2t )\/1 2t2

+) Ta sé di tinh nguyén ham 1 = | at
(1-2t*)V1- 2t
9 1 du du udu 1 d(uc-2)
DattZ—DdtZ——:>|=— =— - 7
u u2 u2 1_2) 1_3 j(uz_z) [u2_2 ZI(UZ_Z) [u2_2
u’ u’
1 - 1 1 t
=—=|(u*-2) 2d(u®-2)= +C = +C= +
ZJ. 2 _ Y
Ju? =2 \/t12_2 J1-2t
1 £
Z dt t P L2
=1,= J'
0

(-20Wi-20 i-2¢|, 2
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B
CHU Y : +) Dang téng quéat cia (*) 1a |l :.[ 2
Y (a+bx")¥a+bx"

+) Dang tich phan trén cac em sé dwroc tim hiéu ki hon ¢ Dang 9.

S i s 1
va ta giai bang cach dat X:E :

Vi du 6. Tinh tich phén :
t x%dx & p dx

p dx
HL=[— 21, yl=[———— W=
) E[«/1+x«/§ ) '!.1+x+\/1+x ) '!.‘1+\/;+\/X+1 ) '!; X* +4x+3

Giai:
4 2
=jx—dx Dit t =1+ XX = t? =1+ x/x
0\/1+X\/;
o XX = —195 5 = (£ 1) = 3x%dx = 4t(E® —1)dt < x2dlx =gt(t2 _1)dt
3 3
va x:0—>4 thi t:1—>3 ,khido: I, =— Iw 4J(t2 ~Ddt = ———t -
31 3 ), 9
N
2) 1 —j
11+ X+ 1+x
Céch 1: (Nhan lién hep)
I—f f Lex—V1+X f1+x—\/1+x _lf 1, X
? 11+X+\/1+X 1(1+X) (1+X2) 1 2X 21 X
f X2
1(In|x|+x) —EJ' X gx=3, \/_——ll *)
2 L 29 X 4 2 2

V3 2
Tinh I=J' LHX dx  DPatt=+v1+x* = t? =1+x> = tdt = xdx va x:1—+/3 thi t:v/2 >2

|

V2

=2—x/§+ln(\/§+1)—%ln3 2%)
B3+42-3+In(3V2-3)

2

Thay (2*) vao (*) ta dugc: |, =

Céch 2:
t2 -1 t? +1

Pat t=x+V1+ X’ = t-x=V1+x* =t -2tx+x* =1+ x* = X = o =dx = > dt

va X:1>+/3 thi t:1++2 > 2++/3 , khi dé:
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1.1 1
= —_ _+__
Jptriiet T2 L teD) - 2,0, £+ M[Hl t? t(t+1)J
2++3 2+43
R i T | ) -
2 t+1 t© (t t+1 2 Jplt+l 17t

1442
1( l J
==| 2In{t+1-==In|t
J| Zhltrd={-mid)

CHU Y: Céc em c6 thé sir dung ki thuat dong nhat hé s dé bién doi :

_Z*If 1 41 _12*f t?+1 dt_12+jft2+(t+l) tdt_%j

2

" B2 -3+In(3V2-3)
2

A+C=1 A=-1
,dongnhat hésé: {A+B=0<.B=1
B=1 C=2

t?+1 A+E+ C (A+C)t*+(A+B)t+B
2t+) t t© t+1 t*(t+1)

t?+1 11 2

Khi d6 ta dugc: — = >
t°(t+1) t t° t+1

1
dx
L= ———
: ;[1+ X++/x+1

Bt t =X +Vx+1 =1 = 2x+ 1+ 2\/x(x+1) < 2\/x(x+1) =t* - (2x +1)

2_
= 4x* +4x =t* = 2(2x +Dt* +4x* +4x+1 < APx =t* - 2t° +1:>x=[t 2tlj

2 1 42 2 a\(+2
Suyra dx=2.t 1.t +21dt=(t 1)(; +1)dt va x:0—>1thi t:1>1+2
2t 2t 2t
12 2 \(42 1+f 2 2.3 12
Khi d6 ls—j 1 (t 1)(5 ), 1 i (t- 1)(3t 1 It t3+t Ly
t+1 2t 2 4 t 24 t
14++/2
11?5 11 1 1 1 1 3-42-In(v2 +1)
== | |[1-S+5 -5 |dt=2{ t-In|t|-=+=5 =
29 Uttt 2 to2t?)) 2
CHU Y:

Néu ta bién doi

1 I+x=x+1  1+/x=+/x+1 1 1 x+1) .,
= = ==| —+1-,/—— | vaap dung
I+X +Ux+1  (1+/X) = (x+1) 2% 2( Vx X

1
dé giai 1, = J‘L thi phép bién doi trén khong chinh xac do khong xac dinh tai can tai x=0 .
0 1+X +/x+1

batt=vx+1+x+3

N 21 X _ X
) !«/x2+4x+3 !J(x+1)(x+3)

:>dt—( 1 1 Jd VX+1+x+3 dx dx _ 2dt
24/x+1 2\/x+ 2 (x+1)(x+3) 2 (x+1)(x+3) \/(x+1)(x+3) t
2442
va x:0-1th t:1+4352+42 . Khidé: 1,=2 | P |t|” 22
1+ft +\/_
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Bai luyén

Tinh cac tich phan sau:

1 2
Xv/2-5xdx (Ds: —) 2) Izzjxgxll—xzdx (DSI%) 3) I, = szx/x3+1dx ( Ps: %)
0 0

m\'—"—.m\m

tox 4-22 2 x+1 11
4) 1, = dx (Cb-2012 bs: = dx (Bs:
) 1, Im ( ) ( =) j —dx (Bs: )
10 dX 6
6) I.=[———— (Ds:1+2In2 7, Ps: In> -+
) e !x—Z\/x—l { ) ) '!.2x+1+\/4x+1 ( 2 12)
Lox 11 A4—x2
8) I, = [———dx (A-2004) (Ps: ———4In2 9) 1,= [—"dx (Ps: —/3-2In(2-+/3
)8'!.1+\/x_—1( ) (Ps: ) )glx ( (2-3))
J3
X 1+ X2 . 1.3 B xadx 12
10) I, = !\/xz_ﬂdx (Ps:1) 11)1, = j—d (Bsii+2In2)  12)1y, = fﬁd (Ds.g)
2
txe © o2x=x° 11
13) 1, = dx (Ds——sf) 14) 1 dx (Ps: ==-2In2)
13 E[ ,—4—X 14 = I[l /— 6
. 1 1 46 T 3 3 3
15) 1. = [x = dx (Ps: V3-—) 16) I dx (Ps:=+>In
) s I [\/1+3x M_ij ( ) 16) I,;= {1 T (Bsigeging)
t X 4-2\2 L dx 2, \/_+1
17) I, = [——=dx (Ds: ) 18) I, = ( bs: )
! ‘([\/1+x4 9 . '!.x\/1+x
2 . 22-2
19 I, = Ps: 11+6In—= 20) 1 —————4dx (bs:
) I = jf ( 2 m!HM( )
xdx 17-9J3 dx 8—42
21) |21_j (Ds: ) 22) 1,, =j ( Ds: )
53X +1++/2x+1 9 -1\/1+ A+ 3
1
23) |23—_|. \/_ 2+2\/_) 28y 1, = J- sin2x+sinx dx (Ds: E—glng)
1(3+2x)\/5+6x+2x \/_7 5 1++/1+3cosx 27 3 2
2
ue 1 “31+1In%x.Inx 6v2 -3
25) IZS_I\/eT (Ds.ﬁln(2+\/§)) 26) |26=!fdx (Ps: =—)
2 Inx 76 ; In xdx 3-v2-In(+/2 +1
20) 1, = [ _dx  (Bs: ) 28) 1= | (Ps: (V2+1),
T Xv/1+1n x 15 1 x(1+|n X++/1+In” x) 4
1 3 2
20) 1,,= [ZH XM g (e -2 isainz)
2 3—/2x7 +x+1 3
€ 2 _ _
30) '302_'. X“+In x—xIn(ex) & (Ds: 7—-(3+2e)Vv3 € onn 2 )
1x(1+\/2—x+lnx) 3 J3-e+1
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DANG 2: |I;

CACH GIAI CHUNG

- —— Pat u=ksint (du = kcos tdf
—hv{ax‘+bx+c:\(ﬁr‘—u‘—} . _
T T:| \(R“—u‘ =kcost
re|——i—
12
L ) T 8 Tich
Pat u= J kosin tdt 6. phin
. 1 1 1 = 7
(2"‘*)-}-Jax +bx+c=\(u -k CGH?; cos t ——Jif = I h(1)dt : hegng
re0.2) [ 20| NP ke | 0 sdc
2) 2 ) co
= bidn
0 — Datu=ktans du_cus t
—1u'{c1x‘+bx+c:\(u‘+k‘ - >
(T ; k=
rel——;=| utkt =
L 272) cost

CHU Y:

B
*) Vi tich phan c6 dang | _ 9 i tac6 thé khong dung téi phuong phép trén. Cu thé ta bién déi:
\/x2 +k

Todx B (xeVXPs JE£K)dx  Ad(x+Etk K) _| Ftk B_
! X2 £k a(x+x/x +k)Vx* +k J‘(x+\/x +k) e )‘a

Hozc mot cach trinh bay khéc: Pat t = (x++/x* +k) (phuong phap dbi bién)

B
*) Vi tich phéan | =J' f (vax? +bx+c)dx ma vax? +bx+c = Ju—u? thi dit u=sin®t (hoic u =cos?t)

[ / de thi dat x = mcos 2t .
m3x X

B
*) Vi tich phan | = j

Cac vi du minh hea

2 2
Vi du . Tinh céc tich phan sau: 1) |1=Ix2\/4—x2dx 2) Izz_[
1
= 3
2 2 2 2 & 2
dx dx x“dx X
3) | = [——% 41, = 5) I, = 6) I = [ —2—dx
o e o By e | e
1 &
r dx 2 dx t1 [2-x 2 cos xdx
Nl =|—— 8) ly= =|= dx 10) I, = |[——
' '!.x\/1+3ln2x ’ '!. X—X° JI.X2 . !\/7+0052x
4
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Giai:
2 dx = 2costdt
1) 1, = [x*V4—x2dx bat x = 2sint véi te[ i ”} va x:052 thi t:0>2%
! ! \J4—x? =2cost 2

7 7 7 : T
=1, = _[ 4sin’t.2cost.2costdt = 4_[ sin® 2tdx =2I (1-cos4t)dt = Z[t—S'Tt )‘ A -
0 0 0

sintdt
2 x? - dx=
2) |2=_|‘4dx2 L x  Dat x=—1 Vi te{o;zju[nﬁ—”j = cos’t  vax:l2thit:0—2<
T X cost 2 2 > 3
X*—1l=tant
3 : Sa2e 3q_en2s 3 3 3 3
:>I2=Itant. smtdt1 :jsm tdtzjl cos tdt:I_t_IcostdtszStzdt I costdt
5 cost. » COst y Cost 5 Cost ¢ o l=-sin“t ¢
cos’ t
: : - :
=I( 1_ + 1_ jdsint—jcostdt: lIn 1+s!nt —sint =In(2+\/§)—£
o\Ll+sint  1-sint 5 2 |1-sint o 2
2
3) I, =
j\/x +2X+4 !J(x+1) +3
dx=i3;dt
Dit x+1=+/3tant (V6i te[—%;%}) =X cos™t & va x:0—2 thi t:£—>%
JX+1)?+3 =
" cost
: St Gt 3 ds : ol
3'3:f 3t :I dt :Icostzdt J- dsint ZEJ‘ 1_ N 1_ dsintzlln 1+S|_nt
J 3 Jcost Jcos’t S (@-sint)@+sint) 27\ 1+sint 1-sint 2 |1-sint|=
gCOS .—— s n s s 6
cost
—In@2+ f)—'"3
2
dx
Y= ==
VX -1
dX_sintdt
Cach 1: £)a§1tx=L Vi te O;Z ) 7r;3—7[ = cos’t  va x:+/2 > 2 thi t:£—>Z
cost 2 2 > 4 3
X*—1l=tant
Dot
Khido 1, = | sintdt__ | U B¢ giai tiép 1, ta co thé ddi bién hoc ding i thuat vi phan. Cu thé:
- cos“t.tant < cost
1 1

Céach 1.1: bat u=sint = du =costdt va t:z E thi x: £ V3
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z z W3 W3 3
tcostdt ¢ costdt % du % du 1%( 1 1
suyra 1, = [ thfl 'Zt_v[l 2zjl 1 _Ej(l_+1_)du
= COS z1-sin sl-u Q( —u)(+u) J\l-u 1+u
4 4 2 2 2
_L “—“ —In(2\/_+\/_ J3-2)
2 |1-u
3 3 3[(1-sint) +(1+sint)]costdt 3 3
Céch 1.2: J- costdt I _costdt _ =1J'[( )_( _)] 21 J-cost_dt +J-costdt
Jcos’t 4 (A-sint)(L+sint) 2+ (d-sint)(1+sint) 2|2 1+sint 5 1-sint
1 1 1 1 1
1| 3d@ssing Fd@-sint)| 1. [L+sint]
_= =i = In(2v2 +\/6-+/3-2
2 l 1+sint J 1-sint 1-sint||= ( VG=NE )
7
Cach 2:

2 2 _ 2 2
J- _J- (x++/x* =1)dx J-d(x+\/x 1)_In(x+ /—xz—l)‘ :In(2\/§+\/€—\/§—2)
BXHVX =IWX -1 7 (x+X -1) 2
Cach 3: (Cach trinh bay khéac cua Cach 2 )

Cach trinh bay 3.1:

2_
dx=t2t21dt
2
Détt=X+\/X2—1@\/xz—lzt—x:xz—lz(t—x)z<:>th ., -
2t > t2+1 t? -1
2t 2t

Va X:v2 52 thi t:1+42 52+/3 ,khidé:
t? -1
243 ——— ot? dt 2+fdt
L= | 2 1:J t_||t|
1+«/§ - 1+\/§
2t

0242 /6 —3-2)

Cach trinh bay 3.2:

/2
bit t=x+Vx* —1:dt_(l+ X de=x+ X _ldx= ¢ dx = dx =ﬂ
x> -1 X2 -1 X2 -1 NN
23 gt
va x:vV2 52 thi t:1442 52443 ,khido:1, = I T_I L,
1+\/§

P 22 +6 -3 -2)

{ T n} dx = costdt

- Dit x =sint Wite|-—;= | =

e 2"2 ] | Ji-sin“t = cost

7 Yha _

:>|5—Im jSinztdtz-‘.MdtZ(lx Slnzxj
0 cost > 5 .

s .
vacant.OaA

0 0
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dx = e dt
6) | —ﬁde Pat x =+/3tant véi t ( z ”j: cos't
* T B 722
0 V3+X J3+x%2 —\/3(1+tan t) = E \/_
[cost| ~ cost
Va2 tan? T4 qin?
3tan’t /3 sin“t
vacan t:0 -7/, =, = . dt=3 dt
A ° ! J3  cos’t J(;cose‘t
cost
i cin? 4 cin? 2
bat u=sint = du =costdt va can u:0—>£ :>I24=3IMdt=3jw=3j &32
cos"t oy (d=sin’t) o, (@=u?)
2 2_ u+l)—(u-1
Ma ta co: u22=u21+21: 21 += L [u+D—( )] +1 ! + 1 2—22
1-u?)? (U*-1)* u’-1 4 (U+1)*u-1)7 T (u-1% (u+1? u*-1

1 1{ 1 1 }
= += +
2 -1 4| (u-1)° U+’

V2 _
1 1 -2 3[lu=y_ 1 1 4 3, 2-42
o1 (=17 (u+1y lu+l u-1 u+1 2

6

3
4

“
[+

1, =
J1.x\/1+3ln X

dx
batt=Inx=dt=

1
va x:1—e thi t:0>1 .Khido I7=.[ dt
X 0

1+ 3t?
. dt:\fd—UZ
Cach 1: bat tthanu VGi UE(—%;E): 3COS; vat:0—1 thi u:0—>Z
3 V143t =——
cosu
3 3 3 13
S, = 1J- u 1 J-cosgdu ij- dsinu ( 1 1 jdsinu
3 cosu 33 cos“u 35 (=sinu)(L+sinu) 2\/— 1+smu 1-sinu
1 1+S|nu 1
= ——In(2+3
2\/_ 1-sinul|, /3 ( )

1
Cach2: 1, =I at
0

e e I[‘F]
(FJF g

——In(2+\/_)

Wl
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1
2 dx = 2sint costdt
8) I8=J' o - Dit x =sin’t VOIte[O ﬂ} J
1 X—X° —\/sm t(1-sin’*t) =sintcost
4

4

w94 o[ o[-
6

7%
, dx = —4sin 2tdt
1
9) |9=J‘7\/—X bat x =2cos 2t VC’”G[ J \/2 X \/2—20052t_ [4sin’t _ sint
' 2+x V2+2cos2t 4cos’t  cost
7 % %
VACHN 7 50 =1, = j—l SINT 4 in 2t 125"‘ t ;1 cos™ 2t t= | 1 it
6 4cos” 2t cost » COS 2t cos’ 2t 5 \ cos’ 2t
T
:(tanZt_t) %: 33-7x
2 0 6
2 cosxdx
10) I, = | —
) ho £\/7+0052x
Ta co: \7+00s2x =+/6+2c0s? X =+/8—2sin?x
. . cos xdx
Nén dit t =sinx = dt =costdt vacan t:0 -1 = |
° J.'\/8 2sin® x \/_I\/4 t?
dt =2cosudu
bit t = 2sinu véiu{—z Z} va can u:0—>%
V4 —4sin?u = 2cosu
J-ZCOSUdU ifdu=i%:\/§”
ho \/_ 2cosu 2 9 V2o 12
Bai luyén
Tinh céc tich phan sau:
® dx o 2014;;
1) |1=I— (Ps: In1++2)) 2) 1, j V20142 —x2dx ( Ds: )
0 \/3+ X2
3) I —dex (DBs: ﬁ—i) 4) | —IL(DS'@—Z—FZ)
Poia—x 3 t B 2x— X2 6
3 In§
X+1 \/§ Vs e" T
5) I, = (Psil-—+%) 6) I, = | ————=dx (Dbs: =)
I/(z X) 2 3 € ?[ [2ex _ g2 6
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DANG 3: |3:/f F(X).000dx (3*) Vvai f(x),g(X) la hai trong bén ham:

logarit (log), da thirc (da) (hoic ké ca phan thirc), lwong giac (Iwong) va mii (mii).

CACH GIAI CHUNG

1 u | 1(Nhat)—log ’
Thi | | {u=f(x) du = [ '(x)ds
~ Pat u tw | 2 2 (Nhi)—da dv=g(x)de ~ |v=|g(x)dx
e —s " |] !
dv TU L 3 (Tam)— lwon 8 5 ° ’
tien \l' g Iaz‘[uaﬁ'zw'b—‘[rdu
v = p
4 dv| 4(Tk)—mn

CHUY:

+) Nhu vay khi két hop hai trong ban ham trén cho ta mét bai toan. Vi vdy vé mat i thuyét ta c6 thé tqo ra
dwoc C? =6 bai toan cia Dang 3. Song trén thyc té, trong pham vi ki thi Bai Hoc — Cao Pang thi thieong
Xudt hién 4 dang 1a : (loga, da thirc); (da thirc, lwong giac); (da thirc, mi) va (lweng giac, mii) — dgng nay
chira xudt hién (ké tir Ki thi 3 chung).

+) Khi gap heong gidc va mii ta cé thé dat “u—dv” theo thiz tir “luwong giac — mi’ hodc ngieoc lai déu
dwroc va phai sir dung hai lan tich phan tirng phan. Ca hai lan tich phan ting phdn trong trueong hop nay
phdi thang nhdt theo cting ther te. Néu khong sé xdy ra hién nwong | = 1.

+) Khi su dung phwong phap tich phdn timg phan thi sé lan theec hién phy thuge vao béc cia ham logarit va
da thirc. Cy thé:

*) Néu trong biéu thic tich phan c¢6 log”, f (x) (hogc In" f(x))=> tich phan ting phan n lan.
*) Néu trong biéu thize tich phan cé da thirc bacn: f(x)=a x"+a X" +..+a,
(khdng c6 ham logarit) = tich phan ting phan n lan.
B
+) Néu | = If(x)eax*bdx ma f(x) cobdc n (n>2)(theo CHU Y trén ta phdi tinh tich phan tung phan

n lan) song trong trong hop ndy cd thé ¢ cach “khac phuc” (khdng phdi tinh tich phan ting phan) bang
viéc tach ghép va sir dung cong thizc: I[ f(xX)+ f '(x)]exdx = f (x)e* +C (trong bai cac em phai CM).

+) Cac em tham khdo thém ki thudt chon hé sé qua 5 cau tich phan ¢ Vi du 4.

+) Vé mat Y twong, viée ding phwong phap tich phdan timg phan 12 viéc ta chuyeén tir tich phdn ban dau
u= f(x)
dv = g(x)dx

jg(x)dx dé tinh. Vi vay pham vi &p dung phwong phdp nay khéng chi ding lai ¢ hai ham khac tén goi ma

B B
J'udv vé tich phan J'vdu don gian hon bang cdach dat { ma théng thuong thi f '(x) va

con stz dung cho ciing mét dang ham, nhiéu hon hai ham....
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Cac vi du minh hea

Vidu 1. Tinh cac tich phan sau:
3 1 1

1) 1,= j In(x? —x)dx (D-2004) 2)I,= j (e +x)e*dx (CP—-2009) 3) I,= j (x —2)e*dx (D — 2006)
2 0

e 2 2 2
4) 1, = [ In*xdx (D-2007)  5) I, = J'I?(—sxdx (D-2008) 6) |6=IXX—2_1|n xdx (A, Al-2013)
1 1 1

Gidi :
u=In(x*-x) |du=

3
1) 1= [In(¢ —x)dx (D-2004) Dt = X2 — X
) dv = dx V=X

3
3I1=xln(x2—x)E—J.2XX 11dx 3In6-2In2- J.(2+—jdx 3In6-2In2- (2x+|n|x—]4)E=3ln3—2
2

1
2)1, = j(e-“ +x)e*dx (CP - 2009)
0
1 1 1
Taco:l, = J‘(e‘2X +x)e'dx = Je‘xdx+jxexdx =A+B (%
0 0 0

e-1

[ = (1)
€

1 1
+) Tinh A= Ie‘xdx = —J'e‘xd (-x)=—-€"
0 0

1
+) Tinh B= I xe*dx
0

u=x du = dx 1
o - ~Je -1 @
dV=eXdX V:ex :
Thay (1), (2) vao (*) ta duoc: 1, = C=RE
e
1
3) 1, = [ (x—2)e*dx (D - 2006)
0
du = dx " )
U=x-2  9\a2X 1 L2 2 I
Dt Sy o 2O Ly 2o¢ e 5o
cv = e V:Eex 2 o 2% 2 4|, 4

4) 1, = J.x3 In? xdx (D —2007) (Vi ham Inx c6 dang bac 2 nén phai tirng phan 2 lan)
1

2Inx
u=inzx 4= ax x“Inx|" 1% f1 f
+) Dét{ , = A X =>1,= ——J'xslnxdx=e———| (1) Vi Izj.xslnxdx
dv =x X 4 | 24 4 2 1
4
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du—dx
u=Inx Ty “Inx© 1¢ S~ 4
+) Pat = L PN e )
dv = X x* 4 | 44 4 16 16
V="—
4
X 5e* -1
Thay (2) vao (1) taduqc:l4=?
2 In x u=inx fau=¥ Inx 1%dx 2 1[ 3-2In2
5) Iy = [—~dx (D -2008) Pat dx = S R e
) X dv=— 1 2x2) 29 x 8 4x?|, 16
S L
2.2 4 u=Inx du:%
X° — < X
6) I = Inxdx (A, A1-2013) bDat 2_ =
) s Jl. x? ( ) B dv=" Zldx=(1—i2jdx 1
X X V=X+—
X
2 2 2 2
:>I6=(x+lJlnx —I(x+lj.%=gln2—j(l+i2jdx=§In2—(x—lj =§In2—§
X L X) x 2 1 X 2 X)), 2 2

Vi du 2. Tinh cac tich phén sau:

3 e % S
1) |l=j3+—'”’2‘dx (B—2009) 2) |2=j(2x—§)|n xdx (D-2010) 3)I,= j%x (B - 2011)
1 (x+1) 1 X 5 COS™ X
% 3 1
&) 1,= [x@esin20de (0-2012)  5) I, = [F D gy (A AL-2012) 6 1, = [ xetox
0 1 X 0
Giai :
$3+Inx
I = dx (B -2009
)= [ ¢ )
3 3 3
Tacé:l1=J.3+—|n)2(dx=3j dX2+I Inxzdx=3A+B *
1 (x+1) L (x+1D)° 1 (x+D)
3 3 3
T A= o0l L]L g
T (x+D° 4 (x+1) x+1|l 4
3 |nx u=Inx du:ﬁ
+) Tinh B= dx bDat dx = X
: [y Hlav=—"0 1
(x+1)?  |v=——
X+1
3 3 2 28 3 3
x+1|l L X(x+1) 2 4 4 <\x x+1 4 x+1, 4

Thay (1), (2) vao (*) ta dugc: |, = %+%In 3-In2
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2) 1, =Je'(2x—§)ln xdx (D -2010)

Taco: | _J.(Zx——)lnxdx ijlnxdx 3j—dx 2A-3B ()

dx
; u=Inx du=7
+) Tinh A=J.xlnxdx bat = ,
] dv = xdx X
v=—o
2
2 € e? 2| 2 2 2
X In x __I dx=——X— _e” -1 e+l 1)
2 | 2 4 4 4
+) Tinh B= J-Inx
1 X
tInx [ X
C1: (Sur dung ki thuat vi phan) sz— = Iln xd(In X)— == (2)
1 X 1 1
dx el 1
C2: Datt—lnx:>dt——vacant 0-51=B= tdt =5 )
X
0
(thyc chat C2 l1a cach trinh bay khac cua Cl1)
u=Inx du—% ‘|
C3: Paty —dc= T X =B=In*y - jﬂdx 1-B=2B= 1<:>B—— @)
Ty lv=Inx 1 X
2 2 _
Thay (1), (2) véo (*) ta duoc: 1, =2 &+ 3 _€ =2
4 2 2
3) |3=jwd (B —2011)
EPU 3 3
Taco: 1, = [FX Mg [ B [XMAg_pp (9
o COS” X 5 COS"X 3 COS” X
3 dx A
+)A=I : =tanx|03=\/§ 1)
Ocos X
<sin x u=x du = dx
+) B= J.—d bat sinx , = sinx d(cosx) 1
cos? x dv=———dx v=J' > dx=—j S
COS” X COS” X COS“X  COSX
:>B=L J' dx —2—ﬁ—l Vvoi | = i bat t =sin x = dt = cos xdx vacént:0—>f%
Cos X|, cosx 3 5 COSX
74 74 By 3
dx cos xdx dt 1, ]t-1 2n
=1 = =— =—=In =-In(2-v3) = B="Z+In2-V3) (2
5 COSX Ojl sin® x b[tz—l 2 . ( ) 3 ( ) @

Thay (1), (2) vao (*) ta dugc: |, = \/§+2?”+ In(2—+/3)
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4) 1, = | x@+sin2x)dx (D -2012)

Ot~ |y

: N e
l, jx(1+sm2x)dx I xdx + I xsin2xdx=—{ +1=—+1
5 S ; 21, 32
n du:dx
. u=x
Tinh | = J.xsm2xdx bat . = COS 2X
5 dv = sin 2xdx =
2
xcos2x|™ 7 cos2x sin2x| % 1 7> 1 7°+8
=>1=- 4+J. dx=0+ 4 =7 =>l,=—+-=
2 1y 3 0 4 32 4 32
3 3 3 3 3
5) |5=dex (A, AL - 2012) j“'”(“l)dx j o, j”(“l)d S TS
1 X 1 l 1 Xl 3
3 1 u=In(x+1) du=£
Tinh I=J. n(x2+ )dx bat dx = x+1
1 dVZ—2 _ 1
X V———
3 3 - ? 3
ol ee In(x+1)| +J- dx _In2 J~(x+1) Xy In2 J-(__ (2 | x :In3—gln2
X 1 1x(x+1) 3 1 X(x+1) X x+1 3 x+1|[1 3
) , u=1+In(x+1) |du (1+—1]dx=iid
:|5=§+In3—§ln2 (Cac em c6 thé dat ludn: dx = 1 X+ X+ ...)
=7 "

1
6) I, = I x°e*dx
0

X

Nhan xét 1: Vé mat Ii thuyét bai ton ndy ta hoan toan c6 thé gidgi theo phwong phdp tich phan tirng phan.
Song ta phdi sir dung téi 5 lan tich phan ting phan (i bdc ciia da thire x° 125 — khé dai ). Llc nay ta sé ¢6

cach “khcfcphuc nhw sau’’:

Ta ludn c6 j [£()+ f'(x)dx = f (x)e* +C

That vay:

*)

[ f(e+C]'= f(x)e* + (e =[ f(x)+ f'(x)]e* (dpem)

(Vi vay dé ap dung (*) ching ta s& phai tach ghép x° vé dang trén)

Ap dung (*) ta dugc:

1 1
I =Ix5exdx = J‘[(x5 +5x%) =5(x" +4x%) +20(x* +3x*) —60(x* +2X) +120(x +1) —120] &"dx
0 0

1 1 1 1 1 1
= I(XS +5x*)e*dx — SJ (x* +4x%)e*dx + 20.[ (x* +3x%)e*dx — 60.[ (x* +2x)e*dx +120.|‘ (x +1)e*dx —120[ g*dx
0 0 0 0 0 0

(x* =5x* +20x° - 60x
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Nhan xét 2:
*) Nhur vdy qua bai toan trén ta thay viéc siz dung cdng thize (*) sé gilp giam bét thao tac ldp di ldp lai
phuong phdp tich phan timg phan (néu bdc ciia da thirc 16n) .
*) VA tir bai toan trén ching ta co thé duea ra dép sé tong qudt cho nhw sau:

B
| = J' x"e*dx = [x” X"t +n(n=1)x"? —...+ (=D""nix +(-1)" n!] el =

Vi du 3. Tinh cac tich phéan sau:

2 In(sin x z ‘ X
1) I1:I c(oszx) 2) 1, =Ism X.In(L+ cos x)dx %)) I3:Il+c032x X
T 0 0

T

6

e% 0
4 1, = jcosz(ln x)dx 5) |5—j

1 -1

2
i 6) I, :J'xe2X cos xdx
(x> +1)° 5
Giai :
gIn(sinx) 5 U =In(sinx) du = COSXdx cot xdx
1) I1=J' 5 bat dx = sin x
< C0S” X av=——
5 COS° X Vv =tanx
Khi d6 Ilztanxln(sinx)| J'dx J3In £—£In$ x|3 J3In £+£In2—€
3 —sin x
2 u =In(l+cosx du = dx
2) I2=I3|nx.ln(1+cosx)dx bat ( ):> 1+ cosx
5 dv = sin xdx V = —COS X
s 2
Khi d6 | =—cosxln(1+cosx)|E J'deﬂnZ—l *
0 ¢ l+cosx
2
=I cosX sinxdx Dat t =cosx = dt=-sin xdx va x:0—Z thit:2 1
5 L+COs X 2

ft=1. 1 2
Suyra | :ITdtzj'(l—Ejdt=(t—ln|t|)‘1 =1-In2 (2%
1 1

Thay (2*) vao (*) ta duoc: I, =2In2-1

z L4 U=X
¢ X 14 . du =dx
3) 1= 4dx=—j—dx bit dx =
o 1+cos2x 27 cos® x dv=—- v =tanXx
oS X
1 ¢ 1¢sinx 1 tdcosx 1 1
=== xtanx|4—_|'tanxdx S Y R MY L —In|cosx||4=£——ln2
2 2+ COSX 8 23 cosx 8
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% z
1° e2-1 1
= | cos(2In x)dx = +=1 (*
2! (2Inx) 51 )

NN

e

m\a

1+ cos(2|n X) 1+cos(2lnx) | l

'—. N\§

4 1, = Icos (In x)dx_

1
_. |u=cos(2Inx) du=—mdx

cos(2Inx)dx  bat = X

dv = dx

@D
PN

+) Tinh | =
V=X

e2

= | =xcos(2Inx)|; +2J' sin(2Inx)dx =—e2 —1+2J (1)

u=sin(2In x) du=wdx
= X

e
+) Tinh J = | sin(2Inx)dx Dat
) j (2Inx) a{dv=dx o

T

z e2
— J=xsin2Inx)|" -2 [ cos@x)dx=-21 (2)
1
1

T

3 ez +1

T (1) va(2) taduoc: | =—e2 -1-4l < | =— 2%)
*) vao (* : e?-1 e?2+1 2e?-3
Thay (2*) vao (*) ta duoc: I, = — "B
% Y2dx u=Xx du =dx
J.(X +1)° bat dv:Lﬂ: ZJ' xdx zljd(szrl):_ 1
1 (x> +1)° Z+1)° 23 (117 40 +1)°

0 0
1 dx 1 1
+—J.ﬁ=——+—| *
4_1(X +1) 16 4

X
=S ly=—res—s

4(x2 +1)%|
=(1+tan’t)dt va x:—-1—0 thi t:—%—)O

0
dt
Tinh |_j - Pat x =tant = dt =—;
Y (X +1) cos“t

sinztj0

¢ 1 1 7 1
J'cosztdt =—I(1+c052t)dt ==|t+ =—+— (2%
] 2 2 2 8 4

Khido | = f (L+tan®t)dt T
' (1+tan®t)? ”l+tan t
2

4

T

EN
I

Thay (2*) vao (*) ta duoc: |y =——
ay (2*) vao (*) ta dugc: 15 16 "
2
6) I, =J.xe2Xcos xdx

0
Nhan xét: Vi dudi dau tich phan xuat hién déng thoi ba ham ( da thirc , lwong gic, mii) nén ching ta s&
tinh tich phan tirng phan theo cum (quan niém lwong giac va mii 1a mot ham) . Trudc khi di

T

2
tinh 1, = J. xe’* cos xdx ta s& di tinh nguyén ham A= J' xe> cos xdx
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u=x du = dx
bat = y @)

dv = e cos 2xdx = _[ezx cos 2xdx = |

+) Tinh | = J'e2X cos 2xdx
du =—-2sin 2xdx

U =Cos 2X 2x 2
bit I 1, = | =L032X+J'ezxsin2xdx=w+\] (1)
dv =e“*dx V= > X 2 2
+) Tinh J = [ e**sin 2xdx
_ [u=sin2x du =2 cos 2xdx e?sin2x ¢ ,, e” cos 2x
bat = 1, =J =——je cos2xdx=———-1 (2)
dv = e*dx V=Ee X 2 2
- Zx -
Thay (2) véo (1)= c;st e’ s;n 2x_I o128 (sin2x+cos2x) 2%
2X (a3
Tu (%) va (2%) = A= Xe” (sin 2:+COS 2x) —%J.ezx(sin 2x+cos2x)dx (3%)
2X a3
Ma theo (2) : J'e2X sin2xdx = J = M—J‘e“ cos 2xdx = Jezx(sin 2X +C0s 2X)dx = e”sin2x ZX (4%)

Thay (4*) vao (3*) ta dugc:
xe™ (sin2x+c0s2x) 1 e”cos2x _ **(2xsin 2x+2xcos 2x — s 2X)
4 4 2 8

A= I xe?* cos xdx =

T

e (2xsin 2X + 2Xc0s 2X — CoS 2x)|E _eT(l-m)+1

2
Suyra I, = J. xe®* cos xdx =
0

8 A 8
Vi du 4. Tinh cac tich phén sau:
L LIn(4x* +8x+3 s
1) |1=IX|n(2+X2)dX 2) |2=J. ( - ) X 3) I :J~|n(SInX+ZCOSX)
! 5 (x+1) 0 COS” X
0 4
3x+1 1
= dx 5 I, =||1+—— |[In{x+~+/x —1)dx
¢ _Il4x3+28x2+65x+50 ) s ![ 2&} (s x-1)
Giai :
1
=Ix|n(2+x2)dx
0
Céch giai thir nhat (Céch giai “thong thudng™)
2X
du = dx
— 2 2 2 1
5 pgt (U@ 24X hids I1=X—In(2+x) j =—In3—| *)
dv = xdx x* 2 .2
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1 3

+) Tinh I=I2X 5 dx Détt=2+x2:dt=2xdx<:>xdx=% va x:0—»>1thit:2—->3
02+ X
1 2 3 3 3
Khi 6 |—j =2 AL (1—3j.dt=1(t—2|n|t|) “1ond oy
2+ X bt 2 290t 2 , 2 2
Thay (2%*) vao (*) ta dugc: I=£In3— 1—Ing =§In3—ln2—1
2 2 2 2 2
Céch giai tha hai (St dung “k7 thugt chen hé s6”)
2X
du=——dx
— 2 2 2 2
bat u_In(2+x)3 2+X , (c“rdﬁyv=jxdx=x—+c vatachon C=1 nén v=X—+1)
dv = xdx X2 2+X 2 2
V=—=+1=
2 2
2+ % - 3 x| 3 1
Khidé 1, = In(2+x*)| - [ xdx x=>In3-n2-2| =2In3-In2—-=
oY 2 2|, 2 2

CHU Y : Qua cdu tich phin d‘dg tien ¢ Vi du 4 cdc em duoc lam quen thém mot ki thudt chen hg §(5 cho
phuong phadp tich phdn tieng phan . K7 thudt nay dwoc hiéu nhw sau: Khi di tinh tich phan tieng phan,

u=f(x) du = f'(x)dx

=
dv = g(x)dx V=J'g(x)dx=G(x)+C
Va theo mgt ““th6i quen” thi chung ta thueng chon C = 0( Cach giai thir nhat cho 1, trong Vi du 4 di

& khau dat { véi C 1a hang sé bat ki (chon sé nao ciing duroc)

]
theo cach chon nay). Nhung doi khi viéc chon C =0 lgi lam cho tich phan J'vdu khong duoc “dep” cho

lam . Vi ta c6 quyén chon C 1a sé thuc bat ki nén ta sé chon hé sé C thich hop ma ¢ dé biéu thirc vdu 1a
don gian nhat. Cac em hdy theo ddi tiep Cach giai tha hai nay ¢ cac y tiép theo cua Vi du 4.

Jl. In(4x° +8x +3)

2) 1, = dx
2 (x+))?
Céch giai thir nhat (Céch giai “thong thudng™)
u=In(4x* +8x+3) du=28X—Jr8
5 4X° +8x+3
+) bat dx =
dv="——"03 1
(x+1) T 2(x+1)
Khi o 1, = ¢ +8§+3)| +4f dx BTN
2(x+1) L 3 (x+D)(@x*+8x+3) 8 2
1
+) Tinh I = j
0(x+1)(4x +8x+3)

1 3 1 A N B N C
(X+1)(4x* +8x+3) (X+1)(2x+1)(2x+3) x+1 2x+1 2x+3

Ta phén tich:
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< 1=A2x+D)(2x+3)+B(x+1)(2x+3)+C(x+1)(2x+1) (2%)
X A=-1
Chon x lan luot céc gia tri —ZI.;—E;—E thay vao (2*) ta dugc:
2 2 B=C=1

1
=—In2+llnE (3%
2 3

1
Khi d6 Izj( L + ! + 1 jdx:(—ln|x+ﬂ+lln‘4x2+8x+3‘j
oAX+1 2x+1 2x+3 2

0

Thay (3*) vao (2*) ta duoc: I, = —Ir;lS +|n73+4£—ln 2+%In%) = %InlS—gln?,—Mn 2

Céch giai tha hai (St dung “k7 thudt chen hé s6”)

8x+38
u=In(4x*+8x+3) |du=————dx
. 4x°+8x+3 dx -1 s
bit dx = , v=j ;= >+C vachonC =2)
dv=—o -1 4x° +8x+3 (x+1)° 2(x+1)
(x+1) V= s te= 2
2(x+1) 2(x+1)
2 1 1
Khi d6 I2=4X+—8Xj3|n(4x2+8x+3) —4J'£:Eln15—gln3—4ln|x+]“1=Eln15—§In3—4ln2
2(x+1) s oX+l1 8 2 ° 8 2

In(sin x+ 2cos x
(sinx+ 2c05X) .
COS~ X

3) I, =

O [N

Céch giai thir nhat (Cach giai “théng thuong”)

u = In(sin x+ 2cos x) COS X —2sin X
5 du=———dx
bat d dx = Sin X+ 2cos X
\V =
COSZX Vv =tanx

tan x(cos x — 2sin x) dx

r 4

= Is=tanxln(sinx+2005x)|1—j :
0

o Sinx+2cosx

Khi d6 viéc di tinh tich phan

tan x(cos x —2sin x A ,
_( ) dx sé tré nén phuc tap .
o Sinx+2cosx

a1y

Ldc nay can sy “Ién tiéng” cua ki thudt chon hé sé
Céch giai thir hai (Str dung “ki thudt chon hé s6”)

. CoS X —2sin x
u =In(sin x+ 2cos x) du=#dx
Pit dx N sinx+ co_sx
dv = Sin X +2¢os X
COSZX v=tanXx+2=—«+——
COS X
., sin X+ 2¢os X . 4 4c0sx—2sinx
Khi d6 1, =———— —In(sin x+2cos x) —J.—dx
COS X o % COS X

I T
=3In3—gln2—fdx—2jdcosx
0 0

COS X

=3In3—zln2—(x+2|n|cosx|)‘% = 3In3—§ln DL
2 0 2 4
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0 0
a1, :J' i 3);4—1 dXZJ. 3x+1 :
° 4X° +28x° +65x+50 % (x+2)(2x+5)
Céch giai thir nhat (Céch giai “thong thudng”)
Ta phén tich: Sx+1 = A + B + ¢ >
(Xx+2)(2x+5)° x+2 2x+5 (2x+5)
& 3x+1= A(2x+5)* + B(X+2)(2x+5) +C(x+2)
5=A Ao g
Lan luot ta chon x béng —2;—2;0 ta duoc: _§:_% <<:B =10
C=13

1=25A+10B+2C

Vay | =j. o 10, B |5 [2x+5| 13 0—5In§+E
T x+2 2x+5  (2x+5)? |x+2| 2(2x+5) || 6 15

Céch giai thir hai (St dung “k7 thudt chon hé s6”)

:3x+1 du = 5 :
5 X+2 (x+2)
bat =
(2x+5)° 2(2x+5) 2 2x+5
0 0 0
Khi d6 |4=3x+1| = dx _13 5( 12 jdx 13 x+2|" 13 v5in2
2x+5|, 3 (x+2)(2x+5) 15 J(x+2 2x+5 15 2x+5|, 15 6
4
1
5) 1, = [| 1+—— |In(x +~/x —1)dx
I
Céch giai thir nhat (Céch giai “thong thudng”)
Datt=x+\/§—1:>dt:(l+ijdx va x:1->4thi t:155
2Jx
dt
° u=Int |du=— 2
Khidé I, =[Intdt ~ Pat =M = Iy =tInt[] - [dt=5In5-t] = 5In5-4
d dv=dt | _. ol '

Céch giai tha hai (St dung “k7 thudt chen hé s6”)

u=In(x++vx-1 1+7
e ( ) due_ x4 2Jx+1
a = X +/x — 1 2\/—(x+\/_ )
dv= 1+T dx
2 v=x+x-1
Khi do I5=(x+x/§—1)ln(x+\/§—) IZ\/;HX 5In5—j(1+—jdx 5In5- x+f) =5In5-4
3 2
Vi du 5. Tinh céc tich phan sau: 1)1 —J' X +3X 2) | :J'( - ARG 7
5 (Xsin X+ cos x
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u=x+3 dx = dx
+) bat dv = xdx = J- xdx Jd(x —1) B 1
(x*-1)° (x*-1)° 29 (x*-1°  4(x*-1)7
Khi d6 1, = ﬁf32|+1f 1384 e
4017, 49 (F-17 1152 4
. t o dx .
+) Tinh |=J2'W Taco:
11 [+)-(x-9) _ 1 12 | T T S
(x* -1)° s (x+1)%.(x-1)° (x—l)2 (x+1)? (x+D(x-1 | 4| (x-1 (x+1? x+1 x-1

1 1 1 o1 1 x+]
D)7 (A1 x+l x—1| Al xo1 xe1 " x—q]

133 1(7 1, 2 175 1 2
+=|—+=In=|= In—

Khi do I——J‘{ j‘ +%In§ (2%)

Thay (2*) vao (*) ta dugcC: |, =—— —t+—
1152 4148 4 3) 1152 16 3
i i
)1, _J- x2dx j _xcosx N X dx
0(xsmx+cosx) 5 (Xsinx+cosx)® cosx
du:cosx+2xsmxdx
" cosx N COS” X
X COS X q _d(xsin x+cos x) V_J-d(xsinx+cosx)__ 1
(xsmx+cosx) (xsin x+cos x) (xsinx+cos x)? X SIN X+ COS X
% 4 3 4—
Khido 1, = +I d)i +tanx|4=— SN
(xsmx+cosx)cosx| 5 COS™ X 0 T+4 4+ 1
Nhén xét: Do (xsin X+C0sx)"=sin X+ XC0SX—Sin X = XCoS X
. . x? X COS X X
nén ta tach - = - >
(xsinx+cosx)® (Xsin X+ C0SX)"~ COSX
Vidu 6 Tinh cac tich phan sau:
2 1
1 i)
1) I, _jgiimlfldx 21, = [FX g 31, = j(l+x——jede j“ +e
1+cosx T X 1 X
2
Giai
2 ; x 2 X 2 smx
1) Il:j(lJrsmx)e dx=_[ je
1+cosx O1+cosx 1+cos x
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U sin X du = 08 x(l+cosx)+sin®x , 1+cosx . dx
bat 1+cosx = (1+ cos x)? (1+ cos x)? 1+Cos X
dv = e*dx x

v=e
2 AXai X i % 2
e’ sin x e’ sin X e
Suyra dx = —j
o 1+cosx l+cosx|, ¢l+c

X

0 0S X

7
o 1+ COs X

T

2
Thay (2*) vao (*) ta dugc: |, = j

dX+\/7 i e e

+C0S X 01+cosx

2 2 X 2
2) 1, =J.mexdx =J.%dx+'|.eX In xdx *)
1

X
dx
u=Inx du=— e 2"
Diat = x:>Iexlnxdx=exInxr—J'e—dx=e2In2—J.e—dx (2%)
dv =e”dx veet 1 LoaX X

2 _x 2 X
Thay (2*) vao (*) ta dugc: |, =J.e—dx+e2 In Z—Ie—dx= e’In2
1 X 1 X

P 1 >(+l 2 X-%—1 e 1 X-%—1
3) I3=!(1+x—;)e de:_!'e de+!(x—;je dx (%)
2 2

O P U
_ o u=|1-—le *dx
Dé’[ {ue — X2

dv = dx V=X

j'( je *dx —ez(zz_ﬁ)—j'[x—%jeﬁidx (2%)

Thay (2*) vao (*) ta duogc: I, = e(2 Je) I( Je s I( jex+1dx_e(22f)

N

1
:>Ie xdx = xe X

N[

2

L (x? +1)e¥ LI (L+x)* —2x |e* : :
4) I4=I%dx=1[( ) 5 ] dx:jexdx—Zj X 5 dx
o (1+Xx) @+x) 5 o (1+Xx)
1 X 1 x
J-(l—i-X 1e* dx=e—_1_2 J' e dx— J‘
(1+ x)? o 1+ X o (1+ x)
1 dx
u=—— du=- X Lo
bit 14X = (1+X) :>_|'1 =1 Il _2 J' ] dx (2%)
dV:ede V=ex + X +X| 0 +X) 0( + )
1 x 1 x
Thay (2*) vao (*) ta dugc: |, =e-1-2| ——1+ dx — dx |=
y (2*) vao (*) ta dug [ -([1+x) !(l+x) j

Nhan xét: Bon cau tich phan ¢ Vi du 6 déu co dic diém chung 1a tich phan xuat hién luong triét tiéu
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DANG 4: (4*1) hoac (4*2)

Trong d6 U=ax+b (a=0)

CACH GIAI CHUNG

Dy ? f(@)d
= [
(471) dt=wax [/ Y Tich phin
PN R e (N co bin
(4%2) x » I, = [ f(sint,cost)dt
I |"--"-'|:l i ity

Chu thich:

Néu dudi dau tich phin cé ham leong giac va ham mii ¢6 dang sinu va e¥ ma u=ax+b (nghia 7a u
khéng la ham bégc nhat hogc bdc khdng ) thi viée dau tién ta phai lam la doi bien t =u . Sau do dwa vé cac
tich phdn co ban.

Vi du minh hoa

Vidu Tinh céc tich phan sau:

z x-1
2 7 1 -
_ sinx _ _ 3 SIN®X\ _ €
1) 1, __!;(e +cosx)cosxdx(D—-2005) 2) I,= _([(cos x+e™ *).sin2xdx  3) I, = -([—xz +2X+1dx
4 eﬁ 1 ”7
4) 1, = [—=dx 5) Iszj‘&eﬁdx 6) I, = j sin/xdx
1 \/; 0
Nl = j CoS+/1— xdx 8) I, = .[ e *sin x cos® xdx 9) I, = .[sin 2xcos” (sin x)dx
2 0 0

4

: : :
Giai:1) I, = J'(es'nX +cosx)cosxdx (D—-2005) Taco: I, = _|'e5‘”X cos xdx + jcos2 xdx=A+B (¥
0 0 0

T 7T

2
+) Tinh B:J'coszxdx Imd (2x+ism2x)
0

T

(1)

Ala

3 .
. o 1
+) Tinh Azjes'”xcosxdx Pat t =sinx = dt=cosxdx vacant: 0 »1 :>A=Ie‘dt=e“ =e-1 (2)
0
0 0

Thay (1), (2) Va0 (*) ta duoc: |, =%+e—1

3 3
( Ta c6 thé st dung ki thuat vi phan dé tinh A: A= j ™™ cos xdx = j e d (sin x) = e
0 0

gze—l)
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7
2)1,= I(cos3x+eSin ¥).sin 2xdx
0
7 7 7 7
Taco:| —J'cos x3|n2xdx+Ie3'”XS|n2xdx chos xsmxdx+J.es'“sm2xdx 2A+B ()
72 11 1
+) Tinh A= J'cos xsinxdx BPat t=cosx = dt=-sinxdx vacant:1—-0 = A= _[tdt— O:E (9]
77 / SSXﬂ' 1
( Ta c6 thé sir dung Ki thuat vi phan dé tinh A: A= _[cos xsinxdx = A= Icos xd(cosx)— E ZZE)
0
+) Tinh B= Ies'” *.sin 2xdx bit t =sin? x = dt =2sin xcos xdx =sin2xdx vacan t: 0—1
1
t t|1 N * . 59—3
:B:Iedt:e‘oze—l @) Thay (1), (2) vao (*) ta dugc: IZZT
0
=
X+1 —
3 = [ —dx it t=2 o dt=—2dx= 2 acant:-1-0
o X“+2x+1 X+1 (x+1) X +2x+1
0 t 0 1
:|3=lje‘dt:e S
24, 2|-1" 2 20 2
46\/;
4) 1,=[==dx  Patt=x >t =x=dx=2tdt vacan t: 02
1 VX
Zet 2
= [=-2tdt = 2[ e'dt = 2¢'|2 = 2e? ~2
t
0 0
1
5) 1 = [v/xe™dx Pit t=+/x = t? =x = dx=2tdt vacan t: 0>1
0

! u=t du =dt r

_ [ +at = _talll _latdt —p_plll —_p_(pn_1) —

:IS_ltedt bat {dv=e‘dt:>{v=e‘ :>I5_te‘0 .gedt_e e‘o_e (e-1)=1
7

6) I, = J'sinﬁdx it t=1/x =1’ = x= dx =2tdt vacan t:0 7/

77 U=t — gt T % T
= | —2_[tsmtdt bat du=d = |6=—2tcost|A+2J'costdt =O+25int|A:2
dv= smtdt vV =—cost 0 ° 0

1

71, = J' cos+/1— xdx Pit t=+v1-x = t?> =1—x = 2tdt = —dx va can: t:%—)O

”2
1_7
4

JT

u=t du=dt
=1 —Icost( 2tdt) = thcostdt bat y .
du= costdt u=sint

2
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%
=1, 2{tsint|oé - J. sintdt =2(%+Cost|oéj:ﬂ_2
0

7

8) I, = IeSi”zxsin xcos® xdx  Pit t =sin® x = dt = 2sin xcos xdx vacan t: 0 —1

7 B 172 B 11
Iy = I cos’ x.e™ *.sin x cos xdx=EI (1-sin’t)e™ *.2sin xcosxdx=5j (1-t)e'dt
0 0

u=1-t du =—dt 4 t
bat = . :I8=E (1—t)et‘(1)+J'e‘dt =_£+e_
dv=e'dt v=e 2 0 2 2

%

9) Iy = J'sin 2xcos* (sin x)dx biat t =sin x= dt =cos xdx vacan t: 0 »1
0

1

e-2
2

0

% %
=y = _[sm 2x cos* (sin x)dx = ZI sin x.cos’ (sin x).cos xdx = 2_[t cos* tdt
du=dt
u=t
Pt { 1+ cos 4t

1+2cos2t + . .

_ 4
dv = cos tdt J.cos it = (1+c052t) dtz_[ 2 443, sin2t sindt
1
0

4 8 4 32
sm 2t sm 4t dt
16

2
=l,=2 3L+tsm2t+—sm4t
8 4

1 12+8sin 2+sin4  41-16cos2-cos4
0 12 64

_ 69+128sin2+16sin4+48cos 2 +3c0s 4
) 192

_12+8sin2+sin4 (3t® cos2t cos4t
12 8 4 64

DANG 5: IS:/f fe*)dx ()

(24

CACH GIAI CHUNG

t=e* Tich
_ x ic
\ Bﬁt f—E’ . phﬁn
(5%) - t=ae*+b —>
t=vae"+b bin
t=(ae*+b)"
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Cac vi du minh hea

Vidu 1. Tinh cac tich phéan sau:

3 In5 1
dx dx dx
DI = - 2I=—B—2006 ) L,=|——
) Ve -1 )1 IL Xy 2e7% ( ) ) s £e2x+5
1 2% 1 X In2 2x X
e e*dx (1+e) e +3e
4) 1, = | ——dx 5 I, =|—— 71 =
) !)‘1+e‘X )ls !;exjte‘X I ) ;[e“+3ex+2
Giai :
2 dx
jx (D - 2009)
e
Ditt=e*=dt=e*dx va x:1—>3 thi t:e > €®
Loedx G odt (1 1 A= 1|3 e’ +e+l
Khidé: 1, =[———= =j( ——jt—l >
e*(e -1 Jt(t-1) Jlt-1 t L], e
In5
dx
2)1l,=| — (B-2006
)1 Ia[sex+2e‘x—3( )
batt=e*=dt=e*dx va x:In3—>1In5thit:3—>5
In5 X 5 5
Khido: 1, = | e _j = | j( t 1 jolt:ng —in3
J e 123" t—3t+2 (- 1)(t 2) \t-2 t-1 t-1, 2
1
dx
L=——
)1 -([ezx+5
bit t=e?* = dt =2e*dx va x:0—>1thi t:1—¢e?
1 2% 92 62 2
Khido: 1, = [ 2701 (1——1 )dtziln—t VL
v e (e”+5) 29 t(t+5) 10 t+5 10 |t+5], 10 e"+5
1 e—2><
4) I4=£mdx bitt=e" = dt =—e*dx vacant:l—>%
Lereidx  f ot ¢t e+l 1
=1, = [ = ——dt= —dt—j(l——jdt_( —In|t+1|)‘ =In—=-=
l+e™ T t+1 yt+1 t+1 2 e
1 1 2><
5) 1, J' Xe o =j' dx Pat t=e¥ = dt=2e¥dx vacan t:1— e’
Oe 0
2
< dt L L e
= 5— Injt+1] ==I
29t41 2 .2 2

Trang 58




GV: THANH TUNG 0947141139 - 0925509968 http://www.facebook.com/giaidaptoancap3

dt =e*dx
6) I, —I(1+e) batt=1+e" = vacant:2 —»1+e
e =t-1
l+e 3 1+e _
:>I6=I(1+62X) ¢ dx:j t ~dt = J{t+2+3t—22}dt
. e > (t-1) > (t-1)
1ee 1re 2 e 3 2 a0
=J. t+2+3(t_—1);rl dtzj. t+2+i+ ! > dt= t—+2t+3|n|t—]1—i -
2 (t-1) 2 t-1 (t-1) 2 t-1 2e
2
In2 2x X
e’ +3e
N1, =
) £e2X+3ex+2
In2 X X 2
batt=e" = dt=e"dx vacint:1—-2 :>I7=I 2(6 +3)e dx:j 2t+3 dt *)
e +3e" +2 LU +3t+2
L 2t+3
_iz( T, 1k +3+2) | 3 dt Zd(t2+3t+2)+§j-( 11 jdt
T tP+3t+2 2l t? +3t+2 L (t+1)(t+2) T2 3te2 29\t+1 t+2
2
=(lln(t2+3t+2)+glnﬂj =3In3-4In2
2 2 t+2)),
. . TN N L t+3  t+3 A B
(Twr (*) cac em co thé dung phuong phap dong nhat hé so: 2+3t+2 t+1)(t+2) = t+1+ {42
=>t+3=A(t+2)+B(t+1) (2%)
Tatim A, B theo 2 cach: Cl: chont=-1=> A=2vachopnt=-2=B=-1
A+B=1 A=2
C2:(2*) «t+3=(A+B)t+2A+B < =
2A+B=3 B=-1
o 2
=l =|| ——-———=|dt=(2In{t+4-In{t+2|)) =3In3-4In2
T =G 2)f )
Vidu 2. T|’nh céc tich phén sau:
X? +e* +2x%" "> e?*dx In2e3x+2e
1) I,=|—————dx (A-2010 )l = | —= =
) I 1+ 2¢* ( ) " oot -1 I 2+(1+e)
In3 In3 x
dx
4) 1, = 5) I, 6) I, = [——
J.\/e +1 J.w/(e +1)° ° !..\/Ze“+2ex+1
Gidi :
J-x +e +2x% X (A= 2010)
1+ 2e*

Nhan xét: Vi biéu thirc didi dau tich phan co cd phan da thirc 1ién hé bai phép toan céng nén ta sé nghi 16i
viéc “triét tidu” nd bang cach cd ldp (tach) thanh hai tich phdn dé tinh.
1 1 1 _x 3t
X“(1+2e")+e” dx x 1
= L2y ey [°

=—| +1==+I
1+2¢” 1+2e* 3 3

0 0 0

0
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1

Tinh 1= [2% Pt t=142¢" = dt=2e'dx o e'dx =% VA x:0>1thi t:3-> 142
o 1+2¢* 2
+2e 1+2e
Khi do: l J. d—=1|n|t| =1|n 2+l :Il—l 1| cerd
25t 2 ' 2 3 3
1 X 1 X
(Céc ban c6 thé tinh | theo ki thuat vi phan: I=I ¢ dxx =£Id(1+23 )=1 nil+ —lln 2e+1)
ol+2e” 29 1+2e

CHU Y: Bai toan trén cac ban cd thé trinh bay theo cach ngin gon sau:

1 1 1 X 3 !
|1=IX (1+2e )+e ix J'xdx+lj'd(ze +x1) X In‘2e +1‘ l 1I 2e+1
5 0 1+2e 3 2 3

2)1, =
In2 ex -1

2tdt = e*dx
Déttleex—1:>t2:ex—1:>{ va x:In2 > In5thit:1—-2

e =t*+1
In5 X 2,2 2 3 2\
Khi do: |2=je—.e (et —zj(t2+t)dt=2[t—+t—] =
In2 VE e’ -1 1 t 1 3 2 N 3
In2 3)(
+2e*
3) I, =
o -([ 2+(1+e)3

Détt=(1+ex)3:dt=3(1+ex)2.exdx<:>ex(1+ex)2dx=% va x:0—1In2 thi t:8 27

27

In2 _xr.2x X In2 _x X\2 27
Khido: I, = | (&7 +2¢ +1)g, E dre )Xfilej ® Linjrg) =in2
5 2+(1+¢e7) 5 2+(1+¢e") t 3 s 3 10
3 2tdt =e*dx
41, = .[ PDitt=ve*+1=>t?=¢* +1= can t:/2 > 2
Je + ex=t2—l

In3 X 2 2
e dx J- 2tdt J- _| :2|n(J§+1)—In3

=1,=
Cee sl E-Dt st +1|ﬁ
In3 X 4 4
edx \ dt -3 . -2
5 l,= | ——= Dbatt=e*+1l=>dt=e'dx vacant:2 -4 = I, =|—==|t 2dt=— - R
e N |
1
dx
o)1= [ —&%
ovV2e +2e" +1
Nhéan xet:
Néu bai todn ndy ta dat t =~/2e** +2e* +1=>t> = 2e** +2e* +1=> tdt = (26> + €*)dx khi dé chiing ta phdi
1 2x X
2 N , s 2= 2
chinh lai tich phdn ( dé rit duoc theo tdt ) bang cach bien doi: | =I (27 +e')dx nhung ta

2 (267 +e" )26 +2e" +1
khéng rit dwoc biéu thirc (2% +e*) duwdi mdu so theo t duwoc . Nhu viy hwdng di nay khéng kha thi. Néu
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1
ta chuyén sang huéng khac bang cach dat t =e* thi |, =I

0

e

dt
L t2t + 2t +1
2e” +2e" +1=(1+€")’ +e* gia

e*dx 3
e*\/2e” +2¢* +1
thi sé kha dai va phuc tap. Nhung chiing ta hdly quan sat ki lgi biéu thirc :

néu lam tiép

nhu né cé dang u? +a? .
Piéu gid nhw nay goi y ching ta nhan thém e : e (2e* +2e* +1) =

khi do ta co loi giai bai todn nhu sau:

Ditt=(l+e*) = dt=—edx vacant:2 >1+e™*

2+2e7+e ¥ =(1+e*)*+1 . Va

L _J- e dx Zj- e dx j I 1 (t++/t? +1)dt
\/e‘zx(2e2X+2eX+1) o\/(1+e‘x)2+1 Lt \/t2+1 l+e_1(t+\/t2+1) J2+1
2 2
= d(tt +1)_In‘t+\/t2 1 =1n (2++/5)e
et (t+VE7+1) et e+1++/2e*+2e+1
s f(Inx
DANG 6: [l.=] ( TnX) o (6%) (TONG QUAT : | _j—f(lnu)dx)
CACH GIAI CHUNG
t=Inx Tich
=% a+bln™x co
t=(a+blnm x| Pam
CHU Y:
Néu trong bai c6 log, u tanén chuyén vé Inu bang cong thic: log, u =log, e.Iogeu::::—l;l
Cac vi du minh hea
Vidu 1. Tinh cac tich phéan sau:
t Inx tV1+3InxInx ¢ log:
1) I ={—% g (B-2010) 2) 1, =[2G (B-2004) 3) I, = 2
m!x(zﬂ i l ) )2! . ( SJFIH
|nm
3_x 1+Inx ‘
4) 1, = d 5 I, = 6) I. =
)4£9_X2X ) J. xIn x )GJl.xllnx
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Giai :
e I _%
1) Ilszzdx (B-2010) Piatt=2+Inx={ x vax:l-oethi t:2-53
X(2+1Inx)
1 Inx=t-2
3 3 3
:Ilzfgdtzj(l—%jdtz(lnugj =—E+In§
)t )t ., 3 2
2) 1, =[S gy (6 2004)
X
1
ot = 3% [ I gtdt
batt=v1+3Inx =t* =1+3Inx= 2X1:> X 24 va x:1—ethi t:152
Inx='_— Inx=1"
3
2 L2 2 5 13
3I2=It.t 1.3tdt=3j(t“—t2)dt=g L
J""3 8 9. ol5 3) 135
j log3 x
1 X 1+3In x
otdt = 1M X g In—de=td?t
bit t=v1+3In’x =>t*=1+3In*x=> t2X . =] X , va x:1—-eth t:152
In?x=-—= In? x =—
3
2t2—1
r Io elnx 2
J' 9, =3J. In“ x .|nXdX:]3.J~3td_t
1 xy1+3In% X In*27 J1+3In%x X In"2; t 3
2
t® 4
t°-1dt =——— =
oI’ I( D=5 32[3 jl 271n° 2
1In3—
4) 1, j 3= X (x Dtt_lnﬂ:dt: 6 2:3+X dx = GdX2 vacan t:0—>1In2
s 9- 3-X (B-x)° 3-x 9-x
In2 2In2 2
:>|4—1jtdt:t— -
6, 12| 12
1 J1+Inx 2tdt—%
5)|—_|' X Pitt=vl+Inx=>t*=1+Inx=> x vacant:v2 52
xIn x 2
Inx=t"-1
t-1

—4-2J2+2In(2+1)-In3

N7

5

V2

il

t
72t zj [t 2][ ]dt 2[ EIn

2

t+
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6) | —TL bit t—Inx:dt—%va X'1—>\/€th‘|t'0—>E
° 1 x/1-In?x ' X 2
1
2 dt = cosudu
:I6=J' dt bat voi t=sinu véiua[—ﬁ;z}: v(’élt:0—>£th‘|u:0—>Z
o V1-t° 2 2 1-t? =cosu 2 6
g g .
Khi d I6=J'COSUdu=Idu:u|0€——
. cosu
Vi du 2. Tinh cac tich phéan sau:
Je e? e
1) |1=_|. 3-2Inx ix 2) |2=J-In(lnx) I J-\/1+In xInx
1 Xv1+2In X s X 1
¢ In X1+ In? x tIn°x—2log, x y 2Inx-1
4) I4=_|'—dx 5) IS:J'—dx 6) | :J.
i X " xy/1+3In? x 1 X(8In? x— 8Inx+3)

Giai
_3-2Inx wt = 9X
1)1 —J' nx bat t=v1+2Inx =>t*=1+2Inx= X va can t:1—5+2
x\/1+2lnx 2
2Inx=t"-1
V2 2 N _
j—?’ ©=D i j(4—t2)dt= a-L _10y2-11
1 1 3 ), 3
Iln(lnx) Déttzlnx:dtz%vacant:l—ﬂ
X
dt
2 u=Int du=— 4
=1,=[Intdt Dt =% t =1, =t} - [dt=(tint-t) =2In2-1
dv =dt ! 1
1 v=t 1
e 2
3) ISZJ-\/1+In xlnxdx
X

N7
In x . V2 3 —
Pit t=v1+In?x =>t? =1+In*x=>tdt =——dx vacan t:1—>+>2 :Iszjt.tdtz% 221

X
j-lnx\/1+ln X 4y
1

2Inx Inx .
Pit t=3Y1+In’x =t =1+In% x = 3t’dt = dx < dx=§t2dt vacan t:1—32
X X

e \3/5 Q/E \3/5 2 .
:>I4=fx/31+|n2x.|nXdX= jt.§t2dt=§jt3dt:§t“ _692-3
1 x 12 29 8 8
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t1In®x—2log, x
5) I, = [ XZ2108, X gy
° J1.x\/1+3ln2x
21t = M X g = 10X e Lt
X

bit t=v1+3In’x =>t? =1+3In’ x = tzx .
3

vacant:l1—2

Inx =
-1 2
t1n®x—2log, x ¢ In®x—2log, e.In x tIn*x—2log, e Inx S 3 In2 1
=, = | ———2—dx= - dx = 2~ —dx = —tdt

’ ‘!x\/1+3ln2x ‘1[ xv1+3In? x ‘1[\/1+3In2x X t 3

2 3 2

:l [tz _1_i]dt:1 t__t_it i_i

91 In2 9 3 In2 )1 27 3In2

e 2Inx-1 ¥ 2Inx-1
6) 15 _.!.X(8|n2x—8ln x+3)dX_J1.x.[2(2In X—1)2+1]d

4(2|nx_1)dx<:> 2lnx_1dx=%va x:l—>e’thi t:1-9

Pitt=(2Inx-1)° =dt=
X X
C1fdt 1 P 1,19
Khido Ig==|—==In[2t+ 14 =53
T4+l 8

1

CACH GIAI CHUNG

(7*1) f‘-{t "‘:ta’i’f Tich
oac t=cotx
; > = [ f(t)dt P P‘“‘“

hoic >
(?*2) t | B, ban

CHUY:
B
+) Khi gap tich phan 1 = [—— f {tanx) __dx thi ta phan tich
® asin” x+bsin xcos x+ ccos” X
f(tan x) dx sau 5 dat t =tan x= dt =%
COS™ X

B
1=
? cos’ x(atan® X+ btan x+c)

By
=1 = j#dx (tich phan hizu ti - cac ban xem lai ¢ lop tich phan hizu t7')
o at"+bt+c
+) CAc ban 6 thé sir dung ki thudt vi phan néu biéu thire duwdi ddu tich phin “don gian

+) Cha y cdn [a; B] dé bién doi hop Iy vé (7+1) hogc (7*2).
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Cac vi du minh hea

Vidu 1. T|’nh céc tich phén sau:

% 3 i
tan* x tan® x -3 sin x(2—sin 2x)
1) I, = —d A —-2008 2) 1, = dx 3) I, = dx
) L I ( ) )1 JSinzx—SiI’IZX—3COSZX )15 -[, cos® x
4

dx

. . T
sin x.sin| X+
( 6)

sin xdx dx

sin x.cos® x

41, =

5) I, = 6) ls =

N —w |y

(sinx+cos x)3

BN — [N
BN —w |y

Giai :
L2

6 % 4 % 4
1) I_I—d (A-2008) I, = [ X gx— [ P X
5 COS” X—sin® X 5 €0s” X.(1-tan” x)

2

batt=tanx=dt = ox va x:0—>%th‘|t:0—>§

cos” X
V3 V3 V3
3 4 3 3
:|1=J. ! 2dtz—j(t2 21 Jdtz—J. t2+1+l(i—ij dt
b1t ) -1 ; 2(t-1 t+1
3
1 Jt-1 1043 1
=—|—+t+=In =—— —I 2+
[3 2 +1j 27 "ot ¥3)
2) | _? tan® x—3 .
¢ sin®* x—sin 2x—3cos’ x
74 3y
Ta co: IZ:I tan”x -3 dx .Patt=tanx=dt= va x:0—>%th‘|t:0—>1

cos? x.(tan? x — 2tan x— 3) ' cos” X
1 1 1
:>I2=.[ I 7t+3 dt .[ 2+w dt:j t+2+i+i dt
3" ) - ) (t+1)(t—3) ) -3 t+1

1

2
=[%+2t+6ln|t—3|+ln|t+]4j

=g+7ln2—6ln3

0

ENE

tan x
cos’

3) I,=

sin x(2- S|n2x)d j‘- 23inx_23in2xcosx dx = 2
cos® x ' | cos® x cos® x

§ (N
—nN

dx 2[ tan? xdx

4

2
—1jdx:2(tag X —tanx+x)

ENE
.l>

2
: g
=2 | tan xd(tan x) -2 =x-4
J; (tanx) J;(coszx
3 7
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% dx % dx % % dx
Hl=| =] =] =2[ —
gsinx.sin(x+gj ’;sinx.[\fsinx+;cosxj %smx( smx+cosx) %sm x.(\/§+cotx)
%d \/§+C0tx L
=—2J'g=—2ln‘\@+cotxi:ZIn§
T (\/§+COtX) s 2
6
5 3 sin xdx 2 sin xdx 2 sin xdx 2 dx
)Iszj ] 3:I } 3:.[.3 3:I.2 3
z(sinx+cosx)”  z[sinx(l+cotx)]” =sin’x(l+cotx) = sin®x(1+cotx)
4 4 4 4
Id(1+cotx) 1 [ s
(1+cotx) (1+cotx)2‘E 8
4
sin xdx sin xdx sin xdx

EEk
3

bat t=x+Z=dt=dx va x:2 52 thi t:Z 5>%  Khide:
4 4 2 2 4

%

( Taco thé tinh I, theo Cach 2 nhu sau : Iszj( _ 5 =
7 (Sin X+ cos x
N

AN —roly
BN — N

sin3(x+”J
4

sm(t j S z = 3
1 ¢ sint—cost 1l ¢ dt  tdsint| 1 1 4
I, = j dt=" [ dt=" | a —jd_s = =] —cott + _2\ 32
2f sin’t 4 sin°t 4| < sin“t o sin°t 2sin°t )= 8
2 2 2 2
6) | _-3[ dx _j‘- dx _j- 1 1 dx _j‘-1+tan2x dx
® Jsinxcos®x Jtanx.cos*x Jtanx cos’x cos’x ¥ tanx  cos’ X
7 P 7 7

va x:%—>% thi t:1— /3

Pjt t=tanx = dt =—;
COS™ X

3 2
Lt —j[1+tjdt :[|n|t|+t—]
T It 2

Nhan xét: +)Bay I, 1,1, do biéu thicc dui dau tich phan don gian, nén ta @ sir dung ki thudt vi phan,

V3

Khi do6 =1+%|n3

1

i
- R Y T I A sin xdx T SN,
+) O'tich phéan 1, néu doi lai de (doi lai can) 1, =J. thi cach lam dau tién bang viéc bien
2 (sin x+cosx)
Do :
2. sin xdx sin xdx A . L . A y
doi I5=J' - I = sé khong chinh xac vi sinx=0 tai x=0. Luc nay ta bién
2 (sin x+cosx o [ sinx(1+cotx)]
PR T FE. A
2. sin xdx sin xdx sin xdx tan xdx
doi theo cosx nhwsaulS:I - I 3=I 3 3=f > 3
2 (sin x+cosx o[cosx tan+1)] o cos’ x(tan+1)" 5 cos” x(tan+1)
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sin xdx s Sy D . , .
5 thicach bien doi theo cosX khi do ciing khong chinh xac.

Néu tiép tuc doi lai can ly=|——
(sm x+cosx)

O — [N

Song Céach 2 van phét huy tac dung . Ngoai ra ta con céch gidi khac (sé duwoc néi ki hon ¢ c&c 16p tich
phdn dac bigt).

Vi du 2. Tinh cac tich phén sau:

i 3 3 i :
D=3 dx ) l=| X g gl = dx
v (2—tan” x)".cos” x Ecosx.\/1+2coszx 7 9SIN XCOS™ X+ 2C0S X
4 6
i : 3 3
Gidi: 1) I, = | sin” X O L
+ (2—tan® x)°.cos® x 5 (2—tan” x)".cos” x
< ) 2tan x tan x dt
bitt=2-tanx = dt = ————dx < ——dx=—— va x: 02 thi t:2—1 . Khidoé:
COS” X COS” X 2 4
3 2 25 2 2
:J- tan 2x 5 tanzx dx=I23I.E=1I(%—%jdt=l(—%+}j 1
o (2—tan® x)° cos® x 2 29\t t 20 t° t), 8
3 tan x 3 tan x 3 tan x
2) 1, =] dx = | dx =] dx
> COS XA/1+ 2C0s? X ﬂ , 1 -+ OS2 X/3+ tan? X
2 2 COSX., [COS” X od? X+2 7

tant N
Dit t=v3+tan’x =t =3+tan’ x = tdt = o Z—>% thi t:2->+/6.
cos

NG

. tdt
Khi do: |2— = [dt= -2
2
4 sin x 4 sin x
3) Iy=[— - dx= | dx
= 5sin XC0Ss” X+ 2C0s X T3 cos’x ,cosx 1
z 5sin°x| 5 22—
sin®x  sinx sin®x

dx

zii:- dx
7 sin? X[SCot2 X+ 2cot x(1+ cot? x)}
6

sin® x(Zcot3 X+ 5cot® X+ 200tx)

o8 i [y

J3
batt=cotx=dt=— _d>2< vax: 22 thi t:+/3>1.Khido: | =_|.
sin” x 6 4 L 2t3+5t° +2t
Ta phan tich —; 12 = L =A+ B + ¢ <1=At+2)(2t +1) + Bt(2t +1) + Ct(t + 2)
2 +5t°+2t t(t+2)(2t+1) t t+2 2t+1

Lan luot chon x bang O;—2;—% ta duoc: A:%; B:% va C =—g , suy ra:

& N
I, = IF+ L 4 }dt=[1In|t|+lln|t+2|—Eln|2t+14j
L2t 6(t+2) 3(2t+1) 2 6 3 ,

Trang 67

=%In3+%ln(\/§+2)—§ln(2\/§+l)




GV: THANH TUNG 0947141139 — 0925509968 http://www.facebook.com/giaidaptoancap3

Bai luyén

Tinh céc tich phan sau:

; dx . 1-3-4/3 _% dx .
1)1 =£CO$X — (Bs: In=—==)  2) Iz_"[cosx.sin(XJrZJ (Ps:v2In2)
3 sin X d . & I4=§Sinzxd . 4238
!).(«/_S|nx+cosx) * (P 32) K JT; ®x x (P 15 )
k f
bANG &: =] 90+ 1(900)9' ) 5 (%)
. g(x)
CACH GIAI CHUNG
£ f(g(x) 2 f(e@) DM s 8 70,

jmcj g'(x)dx |-> =[——- ()cff—w
g(x a ElX

° a
r|e B,

=A4+7 L . .
A I.= A+71: Tich phan c¢o ban
A= | ket 1 :
« Trongbaithwong ke EO; +1: 42: ;:L‘*...}

o o

Cac vi du minh hea

: :
Vi dy 1. Tinh cAc tich phan sau: 1) I, = de (B-2003)  2) I, [ 22X g (B 2005)
< 1+sin2x o 1l+cosx
1
3) IS_J-X +e* +2x%e" ix (A —2010) a1, Ixsmx+(x+1)cosxd (A -2011)
1L e 5 Xsinx+cosx
Giai
SR :
1) |1=_|'1 2sin X dx (B-2003) Taco: =I COS_ZX dx Pat t=1+sin2x
o 1+sin2x o 1+sin 2x
2
:>dt=2c032xdx<:>0052xdx=% va x:0—>%th‘| t:1->2 :Ilzij'%z—l |t| =—In2

1
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cos’® x.sin x
1+cosx

2 2
= J. sin 2x.cos x dx (B-2005) Taco: I, = 2J. dx
0 0

1+cosx

bat t=1+cosx = dt =-sinxdx va x:0—>% thi t:2 51

1 _1)\2 2 2 2
:|2=2ju.(—dt) =2j(t—2+1jdt=2 Lo ateml | =—1+2in2
>t ! t 2 1
1 31
3) |3_jﬂd (A-2010) Cé:1,=[*— 224 Xr2e e, szdx+j efdx _ XLl
1+2¢* o 1+2¢ 1+2e* 3| 3

Tinh | =Iﬂ bit t=1+2eX:dt=2ede<:>exdx=% va x:0—>1thit:3—1+2e

1, 2e+1 1 1, 2e+1
== =>l,==+=In
3 2 3 3 2 3

T
:Jaxsmx+(x+1)cosxOIX (A-2011)
0

XSin X + €0S X
| _j‘-(xsinx+cosx)+xcosxdx_j‘- _ Xcosx dx—idx+|—x|z+l—”+l
! XSin X + C0S X 5 XSin X+ C0S X 0 4
. 4 XcosX g . \ T J2(x
+) Tinh 1 —J.4d bat t = xsin x+cosx = dt=xcosxdx va x:0—»— thi t:1»>— —+1
XSIn X+ COS X 4 2 \ 4

=1 =J;(_‘?J%:|FI|X|J2§(Z+lj =In[£[£+lj} =1 =£+In[£[£+l}}
X : 2 \ 4 ‘o4 2 \ 4

1

g X+1+(X2+1)|nxdx _j.ZX +1+ X +1)|nX

Vi du 2. Tinh cAc tich phan sau: 1) I, =J' T~
+xInx

1

dx

2+xInx

e 2 e e e
Giai: 1) I1:J-X+1+(x Jrl)lnxdx:J-x(l+x|nx)+1+|nde:J-(XJr 1+Inx JdXZJ.XdX-H *)

1 1+ xInx 1+ xInx 1 1+ xInx
f X’le e -1 L+Inx td@+xInx) e
+) -dex_—l_ > Q ) I_J.1+xlnx X = 1[ i =InfL+xInx| =In(e+1) (2
£
Thay (1), (2) vao (*) = I, = +In(e+1)

jAZX +1+(x +1 Inx jx (2+xInx)+1+Inx J( 1+Inx jdx
1 2+x|nx 2+xInx 1 2+xInx
© el n £+2

e e 4
=J.X3dX+J.M=[X—+In|2+XIn X|j
1 2+ XInx 4

1 1
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CHU Y: Néu biéu thire dudi ddu tich phéin don gicn, cac em c6 thé bé qua bude dsi bién bang ki thudt vi

. . tu' o fdu
phan. O 1, va |, ta da sidung: Izj—d In|u| =?
o u o u
3 : : 3 : :
Vi du 3. Tinh cic tich phan sau: 1) Il=J-(x+1)sm2x+xsmxdx 2) |2=J-x+23|n x.(cos>$+ 2xsmx)dx
5 1+2cosx 5 1+sinxsin3x
Giai :
3 : : e : 3 3
Zj(x+l)sm2x+xsmde:J-xsm X.(L+ 2cos x)+sin 2de ,[ sin de*f sin 2x dx=A+B (%)
) 1+2cosx 0 1+2cosx 0 o 1+2cosx
3 u=x du = dx
+) Tinh A:Ixsin xdx bat . S
0 dv=sinxdx  [v=-COSX
Khi d6 A_—xcosx|3 +Icosxdx_——+sm x|3 _ﬁ_ﬁ (1)
6 2 6
3 3
) Tinh B = ,[ sin 2x IZsm xcosx
01+2cosx 0 1+2(:osx

bat t=1+2cosx:>dt=—25inxdx<:>sinxdx=—% va can x:0—>% thit:3—>2

3
Khi do B= [~ a1 (1——jdt_ (t=tnjt)[ )
T2 20T 2727
\/§+1 z 1 3
Thay (1), (2) vao (*) ta dugc: |, = Sott & 11,3
y (1), (2) vao (*) JJoul > 5 25

X+ 2sin x.(cos x+ 2xsin X)dx

2) |2 = . "
1-+sin xsin3x

Ta co:

O 0 | N

X+ 258in X.(Cos X+ 2xsin X) = X.(4sin” X +1) +sin 2x

1-cos4x+1+c0s2x _ sin® 2x+cos” X _ (4sin® x+1)cos’ X
2 - 4 - 4

1+sin xsin3x :l—%(cos4x—cos 2x) =

5 ain? : 3 3 ,
Khi dé '224_‘. x.(4s!n2x+1)+5|2r12x _ J- I _ 2sm2x _dx|=4(A+ B) *)
o (4sin”x+1)cos” x cos’ x 2 (4sin® x+1)cos® x
o u=x du = dx
+) Tinh A= j X _dx  pa dx =
cos’® X dv=—- v =tanx
COS” X
. = 3 dcosx
Khi do A:xtanx|03— >z =—+j +In|cosx||3 ="~ _-In2 ()
+ COS X cos X \/§
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z x sin X cos X z
3 H 3 - 5 3
+) Tinh B:I : sin 2x dx=2J' cos” X I X4 tanx
+ (4sin® x+1)cos’ X 4sin® x+1 0032 0 1+5tan x
cos’ X
% 1+5tan X 3
ZEJ' )—Eln‘1+5tan2x‘szﬂln2 2)
59 (1+5tan’x) s 5
Thay (1) va (2) vao (*) ta duoc: I2:4(%—In2+—ln2j 4‘2—”—? 2

x% +sin? x—3cos? x —2sin x
X+ 2C0S X

P oty

X% +sin? x —sin x y
X + COS X

Vi du 4. Tinh cac tich phan sau: 1) I,

o

N
~
-

Il

dx

1+ %% In x
X+ X2 Inx

2X% + 1+ 2In x)x +In* x

wW
~
-

Il

dx

R D O —— |y

S
~
=

Il

(x2 +xIn x)2

@
=

X* —€0s% X+ €0s? X+ sin? x—sin x
X+ COS X

X% +sin? x—sin x

dx (X+ cos x)(x— cos x)+1—sin x
X+ COS X

X+ COS X

dx =

dx

[EEN
~
—
I

O v [ N

o'—.m\-ﬂ

T

£ 1-sinx
(x—cos x)dx + J';d
X + COS X

T

2
(x—cos x)dx + I%?::)

I
O V[N OV [ Y (= LN E]

2
2

X2 . 7l /s
=| —-sinx+In|x+cosx| | ==—-1+In=
2 8 2

0

x? +sin? x—3c0s? x—2sin x

i X? — 4¢0s% X+ sin? X+ cos? x— 2sin x
X+ 2C0S X

X+ 2C0S X

dx

N
~
N
Il
O o | N

(x—2cosx)(x+2cos x) +1—2sin x
X +2C0S X

dx

7T

(x—2cosx)dx + Ilzﬂd
X +2C0S X

T

2
(x—2cos x)dx+J.d§(X+;ZSXX)
0

Ol V[N OV [N OV [} O [N

2
2

2 2
= X——23inx+|n|x+2005x| - _oymZi
2 8 4

0
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_F1l+ X Inx _e(x+x2Inx)+1—x i
3) ly=|———0dx= > X
1 X+ X7 Inx T X+X7InXx 1 x+x Inx

e

. %_1 e ed[]--i-lnX) 1
:_[ 1+ X2 —X jdx = x—J.lx—:Ex—ln —+Inxj =e—In(e+1)
1l =+Inx 11 Z4lnx X ]
X X
2 | j2x2+(1+2Inx)x+In X _I(X +2xIn x+In* X)+X Xy .e[ (x+Inx) +x(x+1)OIX
o (x* +x|nx) 1 x2.(x+Inx)’ x2.(x+Inx)’
e e 1+* e e & 2
(x+Inx) 1 1 2e" -1
B[S S 1O Sl N ] CAlL) _(_+ ]: :
1| X x(x+Inx) 1| X (x+|nx L Xy x+|nx X Xx+Inx), e +e

(9%) (m,neZ)

CACH GIAI CHUNG

_ " =2kﬂr=sinx
m. n Khac tinh chan, le < Pat
1 =2k ——9 t= cosx
(9%) (mneZ) ke i 22t = sinx
m =2k + 1<

Pt
TH <} ey | = COSX

m, n cing tinh chan, 1é L )
2k< Habac hodacbdoi lugng giac
m o

batf = tanx (hodct = cotx)

(9*1) Pbat f=sinx Tich
hodc r—cnsx

hodc f ()t : | phan

9 1(92) —
(() *2) ban
CHU Y:

+) Cac em xem thém DANG 7 cho day dii céc truong hop. o
+) Neéu biéu thire dudi dau tich phan don gian, cac em co thé bo qua burde doi bien bang ki thudt vi phan.
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Cac vi du minh hea

Vidu 1. Tinh cac tich phéan sau:

T T

2 2
1) 1, = [ (cos* x~1)cos” xdx (A~ 2009) 2) I,=[sin’2xcos* xdx  3) I, = o
0 0

sin? xcos* x

BN — |y

n 3
COS™ X
—dx

4
4) | :jsian.(sin3xsin3x+cos3xcos3x)dx 5) I, = |—
K sin® x

0N ——o |

Giai :

T T

2 2
1) 1, =‘|.(cos3 x—1)cos® xdx (A - 2009) Tacd: I, = |cos’® xdx—jcos2 xdx=A-B
0 0

O o [N

2
2

+) Tinh B =|cos® xdx =

AN

(1+ cos 2x)dx =%(x +%sin ZXJ

N |-
O 0 | N

0

[N Ot=——no|N

2
+) Tinh Azj.cossxdx (6day m=0;n=5) Pat t=sinx = dt =cosxdx va x:0—>% thi t:0>1
0

T T

z z 1
2 2 1 1 5
Khi d6 : A=Icos4 xcosxdx=J.(1—sin2 X)? cosxdx=‘|.(1—t2)2 dtzj(t“—Zt2 +1)dt=[t——gt3 +tj =—
) ) ) ) 5 3 , 15
8 =7
= |, = S
15 4

T T

2 2
2) 1, =J'sin32xcos4 xdx =8J'sin3xcos7 xdx (oday m=3n=7)
0 0

bat t = cos x = dt = —sin xdx va x:0—>% thi t:0—>1

2 0 1 8 410
Khidé I, = BI (1—cos® x) cos’ xsin xdx = 8I (L-t)t (~dt) = 8I (t' —t*)dt = 8[%—;—0]
0 1 0

g~

0

3 dx 3 (sin® X + cos X) 3( 1 1 J 31 dx 3 dx
3) I;= = dx = + dx = . +4
) s lsin2 xcos* X ;[ sin® xcos” x JT. cos’ x  sin®xcos” x Jr.cos2 X COS” X lsin2 2X
P P 7 7 7
z z T
3 3 3 -
:J'(1+tan2 x).d (tan x)+2J' c_i(22>2<) :[tanx+tag X—2cot(2x)} 3 _ 8‘@ .
J J sin? 2x z
7 7 4
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4) 1, = | sin 2x.(sin® xsin 3x+ cos® x cos 3x)dx

o'—.b\hu

Ta co: sin® xsin3x +cos® xcos3x = sin x(1—cos® x)sin 3x + cos x(1-sin’ x) cos 3x
= (sin xsin 3x+€0os x 0 3x ) —sin X €os x(€os Xsin 3x+sin x cos 3x)
=c0s2x—sin xcosx.sin4x  (&p dung cdng thizc hiéu cia cos va tong cua sin )
=C0S 2X — 2SiN X COS X.SiN 2X C0S 2X = COS 2X —Sin’ 2X COS 2X
= €0S 2X —Sin® 2X€0s 2x = cos 2x(1-sin” 2x) = cos® 2x

o'—.b\hu

Khi d6: 1, = [ sin2xcos® 2xdx
3 : o 1¢,,. tH1 1
bit t=cos2x = dt=-2sin2xdx vacan t:1—->0 =1, :EIt dt:Eo:_
0
(Trong trudng hop ndy cac em c6 thé sir Iy nhanh bang ki thuat vi phan
4 cos' 2x|= 1
I, = |sin2xcos® 2xdx_—— cos® 2xd (cos 2x) = — 4 =—
! j (cos 2) == s )

Nhan xét :
Néu biéu thire duwedi ddu tich phdan don gian, cac ban ¢6 thé bé qua burde doi bién bang ki thudt vi phan.

5) 1, _J-cos X ix bat t=sinx = dt =cos xdx va X:%—)%thi t:%_>1

6

% E 1q 12 1 1
Khi do I5=_[COS X cos xdx I —sin’ Xcosxdx=j1 2t dt—j(%— Jd (—l—tj B
sin sin® x 1t t t 12
G G 2 2
Vi du 2. Tinh cac tich phén sau:
2 i
1) Il:J- S|nxd2x 2) 1 _Ism4x+0032x 3) I, J- 23|n de (B - 2003)
5 1+C0s” X SIN” X+ COS”™ X 0
2o 0 ¢
2) I4stm2xcosxdx (B-2005) 5) |5=I sm_2x : 6) IGZI CoS X ix
5 l+cosx _£(2+smx) 0cost C0S 2X
2
: s : :
7 '7:j 3_3|r21x+4coszx dx 8) I, = J-3|n4xdx :J-sm xcosx
5 3sin” x+4cos” X < 1+ cos® x < 1+ cos’ 2x

bat t =cos x = dt = —sin xdx = sin xdx =—dt vacan t:1—-0
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du
0 1 2
dt dt dt = =(@1+tan“u)du T
:>I1=—'[_2=J'—2 bat t=tanu= coszu( ) va can u:0——
11+ttt 1+t

1+t?> =1+tan®u

: :
1+tan“u)du /4
N L Y
. l+tan’u 4
% H N 6 3 in2
Sin 4x 4 €0s 2x ., |sin® x+cos® x=1——sin“ 2x
2) I2 Zjﬁdx Ta CO: 4
5 SIN° X+ C0s” X

Sin4x+cos 2x = (2sin 2x+1) cos 2x

1
S, - I(23|n2x+1)c032xd _4I (25|n2x+1)c052x
0

3 — dx Pat t=sin2x = dt=2cos2xdx va t:0—>1
1—>sin? 2x 4-3sin” 2x
4
26t
L 2t+l +2 6tdt t o|(3t2 ~4) 17(3t+2) - (3~ 2) 4t
e e S e R
. ( 3t 2)(ft+2)
=——In‘3t2 —1_[[ 1 Jdt— In \/ét 2 =ﬂln2—ln(2—\/§)
23(3t—2 J3t+2 3 ft+ 3
H H
3) I, :jl 2sin” Xd (B - 2003) Taco: I,= [ cos 2x
o 1+sin2 01+S|n2x

Cach 1 : biat t =sin2x :>dt=2c032xdx<:>c052xdx=ﬂ va x:0-Z thi t:0-1

1
:>|3=1j a | nfL+ t| =—In2
291+t
Céch 2 : (Theo gbc nhin cua DANG 8)
2
Pat t=1+sin2x va x:0—>%th‘| t:l1—-2 :>I3=%I I |t| =—In2

2.5in 2X COS X ‘. 2 .
41, J. dx (B-2005) Taco: I4_2I .sin xdx

s l+cosx COS X

Cach 1 :Pat t=cosx = dt =—sinxdx va x:0—>% thi t:150

¢ t? r 1 t? 1
=1, = 2[ —(dt) :ZJ(t—lJr—jdt:Z ——t+ht+] | =-1+2In2
11+t 5 t+1 2 0
Céach 2 : (Theo géc nhin caa DANG 8)

bat t=1+cosx = dt =—sinxdx va x:0—>% thi t:2 -1

1 _1)\2 2 2 2
1, = 2Iu.(—dt) :zj(t —2+1)dt =2[t——2t +In|t|j
)t 1 t 2 1
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> COS xdx

j'- sin 2x _]3 2sin x
' (2+sinx)?
2

bat t =2 +sin x = dt =cos xdx va x:—%—>0 thit:1—>2

2 2
Khi do | jz(t Z)dt_j(f 4Jdt_(2ln|t| j:ZInZ—Z
1 1
6) I _J- _cosx 4
» COS2X cost
) [ COS X [ COS X
+) Ta co: I6=J. dx = J' dx
3 C0S 2X~/C0S 2X o (1—2sin? x)\/l 2sin’ x

! (1-2t )\/1 2t2

+)bat t=sinx = dt =cos xdx va t: O—> =1 ™
X 2 A1 dt
+) Ta s€ di tinh nguyén ham | :J.
(1-2t*)V1- 2t
3 1 du du udu 1 d(u®-2)
Pitt="=dt=—— =1= = - ——==
u u? J 2 J — 2N -2 Zj(uz—Z)\/uz—Z

_ . =
uz(l—uzj -5 (
3
1 +C = ! +C

1 3
=—=|(u*-2) 2d(u*-2
SJ W -2)2d@*-2)= == N

t2

1

t P 2

1
2
!(1 ot )\/1 2 -20|, 2

]
- . dx
CHU Y : Dang tong quét cua (*) la |l :J.
» (a+bx")¥a+bx"

\ L 1
va ta giai bang cach dat X=¥ :

i F
k4] o dx=3A+4B (1)
5 3sin® x+ 4 ¢os” X 5 38iN° X+ 4.¢0s” X

w
O — v |

| _JZ- 3sin x + 4cos x
2 3sin® x+4cos’ X

P P :
*) Tinh A:J- _ sin x : dx=J' ;smx _dx J- sin x
v 38in° X+ 4.c0s” X 5 3(1—cos” x)+ 4cos” x ) 3+ cos’ x

bat t =cosx = dt =-sinxdx va x:0—>% thit:1—0

V3
L dt=——du =~/3(1+tan’u)du
KhidéA:jgdtt2 Pat t=+/3tanu = cos’ u ( ) vat:0—>1th‘|u:0—>%
0t 3+t2 =3(1+tan2u)
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% 1+tan u)du - 6
J' ) =—3J.du=£u _Nsm )
> 3(L+tan’u) 3 3| 18

(Viéctinh A= I;&dx cac em c6 thé dit cosx =~/3tanu , thuc chét 1a viéc gop 2 cach dat trén )

+C0S” X
] z COS X 2 COS X 2 cosx

*) Tinh B:I — > dx:j — — dx:j ——dx

v 3sin” X +4cos” X 5 38in” X+ 4(1-sin” x) o 4—sin® X

Pit t =sinx = dt = cos xdx VA x:0—>% thi t:0—1

e T L.
4t (t—2)(t+2) 4|t

1
2l _lins ()
Ht-2 142 2|, "2

Thay (2), (3) vao (1) taduoc: |, =3A+4B =%+ In3

Zsm4xdx ZZSiﬂZXCOSZXdX ZmZxcost
8) 1, = !; !.. 1+ cos2x !

2

1+ 3+ C0Ss2X

Céach 1 : biat t =cos2x = dt = —-2sin 2xdx c>sin2xdx=—%dt va x:0-Z thi t:10

St 1 tot r 3 L 4
= I, =4!m.£—5dtJ _2£mdt = 2![1—det =2(t-3Injt+3))| = 2-6In=

Cach 2 : (Theo géc nhin caa DANG 8)  Dat t=3+cos2x = dt = —2sin 2xdx < sin 2xdx = = dt

3 4
va x:052 thi t:453 :>I8=4.|‘§.[—ldtJ=ZI(1—§)dt=2(t—3|n|t|)‘4=2—6Ini
4 V2 Tt 3 3

% HP) % -2 . 2 B .
9) | :Ism xczosxdx zjsm x.smzxcosxdxzij @ costz.sm 2X
5 1+cos” 2x 5 1+cos” 2x 44 1+cos® 2x

dx
. . . dt . T s
biat t=c032x:>dt=—25|n2xdx<:>sm2xdx=—? va x:O—>E thi t:1—>-1

: 1h1-t dt 1% dt 1% tdt 1
Khido 1,== [~ & liag) e
1do 1, 4:'.114—'[2 2 8J.1+'[ 8:'.11—#'[2 8( ) *)

dt X N
batt=tanu=dt=———=(1+tan*u)du va t:-1—1thi u:-2 5%
cos’ u

4

(1+ tan®u)du
1+tan®u

>

I
—y N
e [N

du=u% T 1
| 5 ()

tdt —lj d1+t%) 1
29 1+¢°

ENE]

| =0 @

I
INE]

Thay (1), (2) vao (*) ta dugc: |, = %
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: . .
Vi du 3. Tinh céc tich phan sau: 1) Il:_"(XJFZCOSZX)Sln X ix 2) |2:J'(X+23"?X3 3)C05de
COS” X sin® x
7
Giai :
: —_ : : :
1) I1:j(x+2cos;x)S|nde:J-x |nx J-smde_J- S|21xdx_2J-dcosx_A_2|3 *)
5 COs” X + COS’ COS X 5 COS” X 5 COSX

0s? X dv = dx =
COS“ X  COSX

%xsmx u=x du = dx
+) Tinh A= I x  bat sinx , = sin x dcosx 1
) ¢ v J' X —J =

Suyra A=

cosx|,

_f”_l( t ¢ )dsinx_\/;n L p[Lesinxfe ‘/E”—|n(2+\/§)+%|n2 @)

4 27\1+sinx 1-sinx |1 smx||
3 .
+) Tinh B:jdcosx:—|n|cosx||Z:1|n2 2) . Thay (1), (2) vao (%) : 1, */_” In(2+\/_)+—ln2
y COSX ° 2
H . H 2 et
2) IZZJ-(X-i-ZSIr?XS 3)COSXdX=J.X_COSSXdX+j(Zsm)_( 33)COSXdX=A+B *)
J sin® x Jsin®x 9 sin® x
4 4 .
gxcosx u=Xx du = dx
+) Tinh A=J.de bat cosx , = COS X dsin x 1
> sin® x dv = ———dx v=J'_3dx=j_3 = —
" sin® x sin® x sin®x  2sin®x
x [z 1% dx 1 21
Suyra A=- +— =0-—cotx] == (1
y 2sin® x|z leinzx 2 2 @)
4 n 4
2 osine : ﬂ
+) Tinh B:j(zs'”x_ 33)C°Sde=j( 2 3 )dsinx (—i+ 3 ) =22-2 (2
J sin® x J\sin®x sin®x sinx  2sin® x
4 .
Thay (1) va (2) vao (¥) ta dugc: |, = 242 =
Bai luyén
Tinh cac tich phansau: 1) | —Jz.sing’xcos4 xdx (i) 2) | —iSingxdx (2)
' b 315 2 4 cos®x 4
3) 1 —j‘.sinzxcos“xdx (£+i) —ide (In= ) I = j(l+sm x)®.sin 2xdx (—)
o 64 48 * 4—C0s” X .
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DANG 10 : (10%)
CACH GIAI CHUNG
x| f" Tich
10% Pit df = (cosx Fsinx)dy z phan
—_— = x = 2 -
(10%) smxeosx=i o po B S _[ f@dt: o
2 ban
Cac vi du minh hea
Vidu 1. Tinh cac tich phén sau:
5 o T sin[x—j
= Scos2x—sindx, 2) 1,= = i, dx (B-2008)
5 2—Sin X —Cos X 5 SIN2Xx+2(1+sinx +cos x)

Giai :

(3—2sin 2x)(cos x+ sin x)(cos x— sin x) q
2—(sinx+cosXx)

1) | _i3c032x—sin4x0IX _j‘-(3—23in2x)costdX_
5 2—SinX—Cos X 5 2—sinX—Ccosx

Oty [N

dt = (cos x —sin x)dx

bat t=sinx+cosx =< ,
sin2x=t"-1

va x:0—>% thi t:1—+/2

3 V2
=1, = J'Mdt— jﬁdw j(2t2+4t+3+i)dt
-2 -2

1

213J_5

:(§t3+2t2+3t+6ln|t—2|j +6In(2—+/2)

" sm(x—J
== : dx (B - 2008)
5 SiN2x +2(1+sinX + cos X)

dt = (cos x —sin x)dx =—x/§sin(x—%jdx

bat t =sin x+cosx = va x:0—>%th‘|t:1—>x/§

sin2x =t -1
. LfLﬁf dt V2 1|2_4-3V2
P24 014204t 2 4 (t+D)? 2 't+1f1 4
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: o i
Vi dy 2. Tinh cc tich phan sau: 1) I, = [———S2X gy )1, = [N XHCOSX) 092X
3 2—/145in x—cos x 5 2(sinx —cos x —1) —sin 2x
Giai :
: 5
1) | ZJ- co_st :j (cos x —sin x)(cos x+sin x)d
4 2—~/1+5in x—cos x ¢ 2—+/1+sinx—cosx

. . sinx—cosx=t*-1 X .
Piat t=+1+sinx—cosx =t?>=1+sinX—-CoSX = . va x:0—>£th| t:0>1
(cos x +sin x)dx = 2tdt 4

L2 1omn2
3

L2
= 1= (;_t)tht -2

(t +2t+3+i2jdt 2[§+t +3t+6|n|t 2|j

CHU Y : Viéc dat t=\/1+sin X—COSX ¢ |, la ta d& gop 2 cong dogn dat t=sinx—cosx va u=~/1+t

| _j‘- 4(sin X + €OS X) — €0S 2X _i(smx+cosx)1 (sinx— cosx)]
_02(sinx—cosx—1)—sin2x _0 2(sin x—cos x—1) —sin 2x
dt = (sin x + cos x)dx
bit t=sinx—cosx=19 . 112 va x:0>Z thi t:-1—0
sin2x = 4
0 0 0 0 0
Suyra I, = detzjf_—mdtzjlzz_(zpﬂl)dt:j 12 dt_IZZ‘:—+4
-12(t—1)—1_t St +4t-5 Yt +4t-5 4 (t=1)(t+5) S t°+4t-5
2
0 0 2
=2j(i—ijdt—jw= 20| = in|t* + 4t - 5\ ~5In2-3In5
J\t=1 t+5 5 tT+4t-5 t+5 o
(Céc em c6 thé phantich o2 - 8=2 _ A B g ot—At+5)+B(t-1)
t“+4t-5 (t-1(t+5 t-1 t+5
X . A=1 -
Chon t lan luot bang 1;-5 ta dugc hay 28 2t _ 1 3 )
B=-3 t°+4t-5 t-1 t+5
T cos?| x+ %
C0S 2X t 8

Vi du 3. Tinh céc tich phan sau: 1) I, = dx 2) 1, = dx

O x|y

'[\/_+S|n 2X +C0S 2X

(1+sin 2x)cos(x—2)

Gidi: 1) | _i COS 2X dx—z (cosx—sin x)(cosx+sinx) j‘- COSX—SsinX dx
" 1= - -
0(1+sin2x)cos(x—Zj 0(sinx+cosx)2.smx+\/§COSX (sinx+cos x)’
4.d (sin x+cos X 0 : .
\/EJ. ( 2)=—. V2 | =2-1 (c&c em c6 thé dat t =sinx+cos x)
0 (sm x+cosx) smx+cosx‘0
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T cos?| x+ 2 T 1+cos| 2x+ 2
8 1 4
:J' : _—J' : dx
0\/§+sm2x+c052x 20 +5Sin 2x 4 c0s 2X
i T cos(2x+j

_1 J' dx +J' : 4 dx =£(A+B)

2 0\/§+sm2x+c032 0\/§+sm2x+0052x
3 3 3 z tanZ

4 A_j‘- dx 17 dx _ij‘- dx 1 tan(x—zy— 8

0 0 2cos (X—J 22 0 V2

V2 +5sin 2x +cos 2x _ﬁol-FCOS(ZX—ﬂ-) 2

NG

- T
cos(2x+ ) 1 COS(2X+4)
+) B= dx = dX
) J.\/_+sm2x+0032x J.[+fs|n(2X+ ]
4

Ta s chira B=0 theo cac cach sau :

Céach1: bat t=sin[2x+%j:> dt = 2cos(2x +%) dx <:>cos(2x +%) dx:%
va X: O—>Zth|t £—>% ,suyra B=0 (vit: £ £)
Céch 2: Détt:%—x:dtz—dt vat:z—>0,suyra
% 3r ,T T
7 cos(4—2tj 7 —cos(2t+4j
B:j dtzjf "/ _dt=—B=B=-B<B=0
°ﬁ+sin(§—2t)+cos(72[—2tj o V2+Cos2t+sint
- cos(2x+nj
, t 4 C0S 2X — sin 2x
Céach3: B= dx =— dx
!«/E+sin2x+c032x ﬁ‘([x/i+sin2x+0052x
J.d(\/_+SIn2X+COSZX)=i|n‘\/§+5in2X+COSZX‘4:O
\/_ V2 +sin 2x + cos 2x 0
tan
L 1 o1 2-2
Khido I, =—. = =
22 22 4
T 2tan£ T T T T
( Do 1=tanZ=— 8 o tan*Zi2taml-1=0tan’ =v2-1vi tan—>0)
1—tan? * 8 8 8 8
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V. UNG DUNG TICH PHAN
O phdn vimg dung tich phan ching ta sé di gidi quyét hai bai toan vé tinh dién tich hinh phang va tinh thé tich
khoi tron xoay . Pé lam tot duoc diéu nay cac em can lam diroc 2 viéc:

CONG VIEC 1: Biét céch tinh tich phan chira trj tuyat déi .

CACH TINH TICH PHAN CHUA TRI TUYET POI

]
Néu duai du tich phan ¢ diu tri tuyét doi | = J.| f (x)|dx thi tim cach pha tri tuyét déi bang cach di xét dau
cua f(X) trong doan [a;ﬂ]. Cu thé:
B1: Giai phuong trinh f (x) =0 = X, =? va chon cac X, €[a; 8] réi chuyén sang:
& + x!. _ =
B2: Lap bang xét diu: (Gia sir ta bang xét dau: : ' )

9]
N

9]
w

B 7 B
: Ta dya vao cong thuc I f (x)dx =I f (X)dx+_[ f (X)dx (a <y < B)détach:
a 7

a

I =j’.|f(x)|dx=T|f(x)|dx+T|f(x)|dx=]L f(x)dx—ji f (x)dx.

X

VI DU MINH HOA

Tinh céc tich phan sau:

1) |1=ﬂx2—x\dx (D - 2003) 2) Izzj'(|x+1|—|x|)dx 3) I, = j(|x+2|—|x 2|) dx
) 1, = [ (x+1-x]-[x+ 2] d 5) 1, = j% 6) I, = j,/ o

JT
T

1 3
EE =I\/4x2—4x+1dx 8) I, = j\/x3—2x2+xdx 9) I,= “sm x|dx  10) 1, = _f 1—sin 2xdx
0 0

0

2

T

2 3 2
11) 1, = | V1+sin xdx 12) 1,, = [Jtan® x+ cot? x— 20k o) e i
: : :
Giai
Giar: o
1) I, = [|x*—xdx (D-2003) Taxétddu f(x)=x"~x trén [0;2]:
0

( Pé xét ddu cua f (x) trude d6 cac em tim nghiém phuong trinh f(x) =0 ranhap dwoc x=0va x =1)

3 2 1 2

2 1 2 1 2
=1, =Hx2 —x‘dx=”x2 —x‘dx+ﬂx2 —x‘dx=—_[(x2 —x)dx+.[(x2 —x)dx=—(x——x—] +
0 0 1 0 1 3 2 0
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1
2) 1, = _[(|x +1/—|x|)dx  Tas& muon bang xét dau dé pha trj tuyét doi:

-2

x |2 -1 0 1
|x+1| —x-1 0 x+1 . x+1
R - - - | —

i = = 0 ¥

S -1 2x+1 ' 1

1 0 .
= 1, = [ ([x+1=[x)x+ [ ([x+2=|xf)obc+ [(|x+1 =[] )ax
-2 ’ J
-1 0 )
o,
-2 -1 o

5
3) I, = j(|x+2|—|x—2|)dx Ta s& muon bang xét dau dé phé tri tuyét dbi:
3

x | =3 -2 2 3
e+ -x-2 0 x+2 x+2
S | I — — 1 S
=2 -x+2 ' -x+2 0 x-2
S -

|x+2|—|x—2|I —4 2x [ 4
1

(Nghia 13 : v6i X €[-3;-2] thi |x+2|—|x—2|=-4; véi Xe[-2;2] thi [x+2|—|x—2|=2x...))
-2 2 5
= I3=I(|x+2|—|x—2|)dx+I(|x+2|—|x—2|)dx+j(|x+2|—|x—2|)dx
2 2

23
-2 2 5

= —4I dx+2j xdx+4jdx =—4x| . + xz‘: +4x =8
-3 -2 2

2

41, = J'(x+|1—x|—|x+ 2|) dx Ta s& muon bang xét dau dé pha tri tuyét dbi:
3

x -1 1 2

= 1-x 0 x-1

be+2) x+2 | x+2

x+|1—x|—|x+2|| -x-1 | x—3
:>I4:j.(x+|1—x|—|x+2|)dx+j.(x+|1—x|—|x+2|)dx

4 1

2

! 2
+(X——3xj
2
-1

:_j'l(_x—l)dx+j(x—3)dx=—(X—;—Xj |
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1

ot Xdx % |x|dx o L
Ta co: I5_£X4—X2—12_:I;X4—X2—12+E‘;X4—X2_12__—I1X X -12 I

_ 0 1 1 1
Pit t=x?=dt=2xdx va . 0 X! 3|5=1J' . dt +lj‘ . dt
t) 1 t|0 1 2t°-t-12 29t°-t-12
j j(”?’) (t-4)4 11( 1 ] 1 ft-4f 2,8
o1 —t— 127 (t+3)(t—4) 7To\t—-4 t+3 7 t+3|, 7 4

6) I, = Jl',/2—|x|dx
Ta co: |6=T\/2—|x|dx+i\/2—|x|dx=}\/2+xdx+j\/2—xdx=j(2+x);d(2+x)—j(2—x)§d(z—x)

12[1
3

=—(2+ x)ﬂ ——(2 x)\/_

Chuy : Cac em phai chizng minh néu muén six dung hai tlnh chat : (Pat x=—t )

+) Néu hamsé f(x) chan ( f(-x)= f(x) ) thi I f(x)dx = ij(x)dx

—-a

+) Néuhamsé f(x) lé (f(—x)=—f(x)) thi I f(x)dx=0

—-a

1
7) 1y = [N4x* —4x+1dx
0

1 1 0 - K + i
Taco: I, =I (2x-1 2dx:j|2x—]1dx — I |
0 0

1 1
1

= :Jl'|2x—]1dx:i|2x—]4dx+j'|2x_]4dx :j'(l_gx)dXJrj(ZX_l)dx:(X_Xz)‘j +(x2 _X)‘ll :%
0 0 1 0 1 ;
2 2

3
8) I, = J‘\/x3 —2x° + xdx
0

0 - 1 +
— |

— laa

3 3
Taco: I, :I X(X2 = 2x +1)dx =I|x—]4\/§dx
0 0

=1, =j'|x—14\/§dx+i|x—ﬂ\/§dx=j'(l—x)\/}dxwti(x—l)\/}dx:j‘[x; —ijdx-i-j.(xg _x;jdx
24/3+8

15

:(%X x—éxzﬁj: ( 2\/;—— \/_js
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JT 71'

NN

9) 1, = _Hsm x|dx = _Hsm x|dx+J.|5|n x| dx = J.sm xdx+J.sm xdx = cosx| cosx|0E =2

2

M’hl

7
2

10) 1, = j\/l—sin 2xdx
0

ol

Ta cod: vJ1-sin2x :\/sin2 X 4+€0s% X —25sin X oS X =1/(S|n X— cosx |S|nx coS x|

Véixe[0;z]= x LIPS {—1;31} . Dua vao duong tron don vi:
47| 44 w1
4 -
*) Vi x-Le —1;0 thi sin| x=Z |<0 hay sin x—2 <0 khi xe O;Z -
4 4 4 4 4 [N L g
*) Voi x—L e 0;3—7T thi sin| x== |>0 hay sin x—2|>0 khi xe Z;7z | ,T
4 4 4 4 4 —
%
I = jln(x——jdx+\/713|n(x——)dx \/_cos(x——j \/_cos(x—zjnzzx/z
0 ¢
11) 1, = j\/1+sin xdx
0
2
- ., X X . XX . X X . X X X 7
Taco: Vl+sinx =, [sin’ = +cos? = +2sin=cos— =, || sin=+cos—= | =|sin=+ cos—| =+/2]sin| =+ =
2 2 272 \/[ 2 2) 2 2 22
S U
1 T
Véi X»e[0;27z]:>5 [O; n]:> {7{5%} Dua vao duong tron don vi: T
2 2 4 |44 .|+

0
*) Vi 5+£€[ n} thi sm[ j>0 hay sm[x j>0 khi x.{o 3—”} T
2 4 2 4 2

FF‘
*) Vi %—i—%e{ Sﬂ}thl sm[)z( 4j<0haysm£)2( 4j<0 khix{%;zn} R |

"4
sl 3
\/EZ.Xﬂ'd \/EZE.Xﬂ'd 2\/5 X7Z'72\/§ X7Z'2ﬂ 4\/5
=1, = SIN| —+— [dX— SINf —4+— [OX =— CoS| —+— + CoS| —+— =
; I (2 4) I [2 4) (2 4J0 (2 4jsz
- 2

T

3
12) 1, = J'\/tan2 X+ cot® X — 2dx

6

|sin? x—cos x|_2|0052x|
| sinxcosx | "|sin2x|

Ta co: v/tan? x+cot? x— 2 = /(tan x —cot x)? =|tan x —cot x| =

Vi <2x< ?ﬁ . Dya vao duong tron don vi ta co: (hinh vé ¢ trang tiép theo)

o
IA
<
IA

w9y
U

w|y
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in2x>0 . 3
x) 2x6[1 1} i |SINex>0 oy 082X khlxo{ﬁ 1} » i3 =
3 2 cos2x >0 sin2x 6 4 3 =y 3
in2x>0
*) 2x ¢ [ﬁzl}thi SIN2X>0 g COS2X Okthe[Z 1} NER/SRN
2 3 cos2x<0 sin 2x 4 3 0 1
-1
: : :
N :2J~ c952x |X—ZI 0952xdx Id(sm 2X) Id(sm 2X) In|sm2x|| I 3 3 2Ini
° sin2x ° sin2x ° sin2x sin 2x J3
B 4 B
2 -1 2 -1 2
13) 1, = H2x—|x+]j|dx = I|2x+x+]4dx+f|2x—x—]4dx = I|3x+]4dx+j|x—]4dx
) -2 -1 -2 -1
-1 1 2 3 -1 1 1 1 2
=—I(3x+1)dx—.[(x—l)dx+J.(x—l)dx =—(—x2 +xj —(—xz —xj J{—xz —xj =6
2 -1 1 2 -2 2 -1 2 1
CONG VIEC 2 : pitinh dién tich hinh phing va tinh thé tich khéi tron xoay
CONG THUC TINH
Hinh phang giéi han boi cac duong :
b b
y=f(x S=.[|f(x)—g(x)|dx (2%) S=.|‘|f(x)|dx
y=9(x) M= °, -3 7, (néuy=g(x)=0)
x=a; x=b>a Vo =7 [[F200-g°(dx (3 Vo, =7 F2(x)dx
Chay:

1) Ta c6 thé 4p dung (2*) di vé6ibién y (cac ham sb s& duoc rit X theo Yy - coi x & ham cua biény)

2) Vi tryc Ox, Oy c0 vai tro nhu nhau nén thé tich khdi tron xoay khi quay hinh phang quanh truc Oy ciing
&p dung tuong tu (3*) (cac ham sb s& dugc rut x theo y - coi x la ham cua biény)

3) Chi &p dung (3*) khi trén [a;b] ham f (x), g(x) thudc cting phia so vai truc Ox (néu tinh thé tich quay
quanh tryc Ox ) va thudc cing phia so véi truc Oy (néu tinh thé tich quay quanh trucOy ). Néu khac
phia thi chiing ta phai lay d6i xtrng ciia mot ham nao d6 qua truc twong tng va quay vé viéc &p dung cho
hai ham cung phia (truong hop nay cac em s& it gap). ’

4) N€u trong bieu thirc (*) khong c6 x =a hogc khong c6 ca hai (x=a va x=b) thi cac em phi di viet
phuong trinh hoanh d6 giao diém: f(x) =g(x) (1) dé tim thém can . Gia sir phwong trinh (1) c6 nghiém

X=X V6i i=1n.Vi ham sb cac em hoc 14 cdc ham so cip nén viéc tim can ching ta s& lam nhu sau:
+) Néu chi co x=b thi: can thir nhat = min {x;b} ; can thir hai = max{x;;b}
(thuong b xuit hién ¢ 1 trong 2 can d6. Néu diéu nay khdng xay ra thi viéc cho dit kién x =b thura - duoc
hiéu 1a nguoi ra dé ¢o tinh hoac khdng hiéu © )
+) Néu khong cé ca x=a va x =b thi: can thir nhat =min {xi} : can tha hai = max{xi} va cac nghiém con
lai (néu c6) la cac diém dugc chén vao dé phé tri tuyét doi. , X
5) Néu viéc vé hinh don gian cac em nén lam diéu d6, dé viéc pha tri tuyét doi duoc dé dang
(o ludn gia tri tuyét ddi néu thay trén [a; ] phan f(x) niam phia trén g(x) (nghia 1a ham nao phia trén
s& liy dé trir ham phia dudi, dé dambao S >0va V >0)).
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CAC VI DU MINH HOA

Vi du 1.Tinh dién tich hinh phang giéi han boi cac duong :
2 2
1) y=|x®—4x+3 , y = x+3(A-2002). 2) y=.4-X vay="_ (B-2002).
) y=| |y ( ) ) y=4=7 =175 ¢ )

3) y= va hai truc toa d6 (D — 2002). 4) y=(e+1)x, y=@0+e")x (A-2007).
5) Parabol (P) : y=x*—4x+5 va hai tiép tuyén tai cac diém A(1;2), B(4;5) nam trén (P).
6) X*+y*=4va x*+y*+2x=0. 7) y=1—sin2§ . y=1+12_x va x=2
2 V3 2
Giai:

1) y=|x*-4x+3 , y=x+3(A-2002).  Phuong trinh hoang d giao diem:
X+32>0 X>-3
‘x2—4x+3‘=x+3<:> X*—4x+3=Xx+3 < {x2—5x=0
X* —4x+3=—(x+3) x*—3x+6=0 (vn)

C1: (Néu v& hinh)

=S =j'(x+3—‘x2 —4x+3‘)dx =j'[x+3—(x2 —4x+3)]dx
0 0

Jrji[x+3+(x2 —4x+3)]dx+j‘[x+3—(x2 —4x +3)]dx

O Ly

3 5
(—x? +5x)dx+J.(x2 -3x+ 6)dx+j(—x2 +5x)dx
1 3
" 3 ’ Y al
+| - +6x -Z
2 ) 3 2 5

x® 5x°
= ——+_
3 2 o 3

C2: (Khéng V& hinh):

= % (dth) i \l"\,. ., - /'-"n-h‘-;_\_ JI.-";I;"=|XJ—4-X—3

=5 =[ ||x‘ —dx+3|-(x+ 3}|dx
o
= i (o —4x+3) = (xc+ 3)|dx+i|—(x3 —dx+ 3)—(x+3)px+_f |t —4x+3— (x4 3)x
o 1 3

= Jl“x2 —5x‘dx+j“x2 —3x+6‘dx+]’“x2 —5x‘dx =J1‘(—x2 +5x)dx+j‘(x2 —3x+6)dx+]3‘(—x2 +5x)dx
0 1 3 0 1 3

x® Bx? ' ¥ 3x? ? x® 5x° ?
=+ 4] =——==_46x SRR
3 2 . 3 2 ) 3 2

3

= % (dvdt)
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x> NG
2 =./4—— vay= B - 2002).
)y \/ 2 y NG ( )

. x> X x> xt
Phuong trinh hoanh d¢ giao diém: 4—7 = S4-— T o xt=8cx=122

W2 4 3
5
4 /
Fd
% x2 3
P i
\\\ N 4.2 V= 4—%
\\. = _ a2l -
NPT 2t
\\/\ Sl 7
, oy
[ [ | C .z_...--""f'-w I ' | .
@ agE ¢ ' "2 4 1

2
Trén [—2\/2;2\/2]: ,/4—% 4J§
242 2 242 22
X 1
—=S=2 dx = | V16 —x dx— xX’dx=S ———8S
! (V 4 4\/2} I V2 ! N

242
*) Tinh: S, = J' V16—x’dx Dat x =4sint = dx = 4costdt va v16—x* =4cost véi t:0—>%

T T
= 16fcos tdt 8I (1+cos2t)dt = (8t +4sin 2t) |/ 2w+ 4
2y2 3|22
*) Tinh S, = I x2dx = 2 16V2
0 3 0 3

=>S=21+4—— L 16\/_—2 + (dvdt) ]

2\/5 3 2+ —3x-1

2y _ | ¥= x—1
3)y = —X=L U3 hai truc toa do (D - 2002). 1
X— L
_ o3t f —
Hinh phang giéi han bi : =5 (hinh anh phéc hoa: ! o 1 2 )
y=0; x=0 g
N \ A . 2 -3x-1

Phuong trinh hoanh d6 giao diém: =0 -3Xx-1=0=x=—

0

-3x -1 —-3x— L
=S= | d =
=y il
3 3
‘ 4
_ (3+Ede=—(3x+4ln|x—ﬂ)‘;=—1+4In— (dvdt)
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4) y=(e+1)x, y=@1+e")x (A-2007).
Xét phurong trinh hoanh do giao diém:

x=0 X=
(e+D)x=(1+e")x = x(e+1-1-e")=0< x(e—€") :Oc{ C{x
e
Vé6i 0< x<1=>e*<e'=e hay x(e—€*)>0

=S =h(e +)x -1+ e*)x‘dx =Jl"x(e—ex)

1 1 1
dx = j[X(e —e)]dx = ej xdx —I xe'dx=S,-S, (1)
0 0 0

oIt

1
*)Taco: S, = ej'xdx=e%
0

(@)

€
2

0

=S, =xe" zze—(e—l)zl (3)

. h u=X du = dx
*)Taco: S, =[xe"dx  Dit: -
0

1
1
§ —J‘exdx:e—eX
dv=e’dx 0 v

v=e"
Thay (2), (3) vao (1) ta dwoc dién tich hinh phang: S :%—1 (dvdt)

5) Parabol (P) : y=x®—4x+5 va hai tiép tuyén tai cac diém A(1;2), B(4;5) nam trén (P).

B(43)

Taco: y'=2x—4 .Ap dung cong thitc phuong trinh tiép tuyén: y = y'(x,)(X—X,) + Y,
Ta dugc phuong trinh tiép tuyén tai A(1;2), B(4;5) lan luot la: y=-2x+4 va y=4x-11

Vay phuong trinh giao diém cua hai tiép tuyén: —2x+4=4x-11< x :g
Khi d6 dién tich S duoc chia thanh hai mién dién tich boi diém chia x =g

S= [(xz—4x+5)—(—2x+4)}dx+j.[(x2—4x+5)—(4x—11)}dx

_e—_— oo

2
5 s > 4
2 4 2 4 35 3
= [0 = 2x+Dde-+] (¢ ~Bx+16)de = | (x -2 d (x—D)+ [ (x4 d (x—4) = &2 )
1 5 1 5 3 |1 3 |§ 4
2 2
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CHU Y:
Khi hinh phang duoc gii han bei 3 dwong cong: 'y = f(X); y=g(x) va y=h(x) thi cac em phdi tim

cach chia phan dién tich thanh cac phan ma ¢ d@é dwoc gidi han béi hai trong ba dwong cong va cdc dwong
thang x = a; x = b (nghia /a phan bién khéng ¢ ¢6 s xudt hién dong thoi ca 3 dwong cong trén).

6) X*+y° =4 va x*+y>+2x=0.

xteyl=4
S ”

Pt e
e e . |
A s
gk I X
"-:\—// — J"JI
L e bt

T

x4 4 2%=0 B

Taco: x*+y?=4:Laduongtrontdm O c6 R=2 (C))

va x>+ Y2 +2x=0< (x+1)* + y* =1: La duong tron tdm O'(-10) c6 R'=1 (C,)
Do tinh d4i xing cta hinh phang can tinh (nhu hinh v&) nén: S =2(S, +S,)
y=v4-x

y = v—x* - 2x =\/1—(x+1)2 ; x=0

*) Voi S, la dién tich gisi han boi: {

=S, = T (V4—x% =1 (x+1)?)dx

y=4-x*
y=0; x=0
Taditinh: | = [a?~u’du dat u=asint voi te| ~7/:7/ |
du = acostdt
:{mzakosq:acost
_a a’t a’sin2t

2
) 2 _at
=l=a jcos tdt = 5 j(1+c052t)dt_ 5 +

2
*) Vé6i S, la phan dién tich gii han bi: { =S, =I 4 x*dx
0

+C (%)
Ap dung (*) voi u = asint cic em s tinh dugc: S, =% VAS, =7 == 2[%+nj= 37 (dvdt)
CHU Y:

*) Thuc chdt néu sz dung kién thizc cap 1 (cac em I6p 5 @ biét cach tinh dién tich hinh tron)
Thitaséco: S=S,—S,=n2"-7.1* =37 (la cach gidi toi uu nhdt ciia bai toan nay)

*) Céch gidi trén chi chiing minh mér diéu 1a tich phan c6 thé tinh duroc dién tich trong ca tinh huong trén.
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7)y=[1- S|n23—x y=1+12—X va x=2 /
2 T 2 1 )‘f
3X 3X A |
1-sin?==| =cos’ == S
y= ‘ 2 2 e
Phuong trinh hoanh d¢ giao diém: cos® = X _qp 12X + =
Vs [
f—
M2 ta c6: 0<cos? X <1=0<1+ X <1~ L <x<0 T x=3
2 7 12 | :
Dua vao d6 thi ta duoc nghiém cua (*) 1a: x=0 T ;—
v 4 f
=S= _[ (1+12—X—cos2 %) j (12_x l— COS3dex T s
T 0 2 . |I." — =‘1—'_!,1.t1'T
. N =N
[6L 5_3|n3xj/__n 1_2iz+2 \_ /| \T/{x \_/
T 2 6 0 4 6 12 T x ."I 0 |E :{
12 2
Vi du 2.Tinh thé tich khdi tron xoay tao thanh khi quay hinh H gigi han béi :
1)y=2x-x*vay=0  quay quanh truc Ox.
2) y=xInx, y=0, x=e quay quanh truc Ox (B -2007).
3) y=2x+5, y=x"+2 quay quanh tryc OX.
Giai:
1) y=2x-x* va y=0 quay quanh truc OX.
Phuong trinh hoanh d¢ giao diém: 2x—x?=0 <:{ i
2 2 4 1.\ 167
Khi d6 V,, =7rf(2x—x2)2dx=7rj'(4x2 —4x° +x“)dx=7r(—x3 —x* +—x5j == (dvtt)
5 5 3 5 ., 15
2) y=xInx, y=0, x=e quay quanh truc Ox (B -2007).
x>0
Phuong trinh hoanh d¢ giao diém: xInx=0<<[x=0<x=1
x=1
2Inx
¢ ¢ u=In’x du= X o
Khi d6 V,, =7rJ. x*In® xdx=7z1 (*) . Tinh | :J.x2 In>xdx  Dat = ,
1 d dv = x2dx =X
3
dx
Cinx[ 2%, et 2 . ., u=Inx du=7
= 1= ——Ix Inxdx=—-—=J .Tinh J =J'x In xdx bat , . = s
3 |, 31 3 3 1 dv = x“dx ve X
3
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X In x| 1j'x2dx=es xge=2e‘°’+1 Khido | = € 22+l 5°-2 29
3 9 9 3 3 9 27

1 1 1

Suyra J =

T (5e3 - 2)
Thay (2*) vao (*) ta duoc:V,, = — (dwvtt).

3)y=2x+5, y=x*+2 quay quanh tryc OXx.
. x=-1
Xét phuong trinh hoanh do giao diém: x* +2=2x+5< x*-2x-3=0 c{ 3
X =
V6i x e[-1;3] thi 2x+52 x* +2 nén khi d6 ta co:

= 5756” (dvtt).

3
nj.[ 2x+5)’ x +2) }dx nJ' -X +20x+21)dx r ——+10x +21x
° 5

-1

Vidu3
1) Tinh dién tich hinh phang gisi han bai cac duong: y = x* In(x+1) ; y = Ini1 ; x=1
X+

2) Cho hinh phang H gidi han bai cac duong : y = (x—1)e* va hai truc toa do. Tinh thé tich khéi tron xoay
tao thanh khi quay hinh H quanh truc Ox.
(x=3)V/3—x

Jx1+v5-x '

tron xoay tao thanh khi quay hinh H quanh truc Ox.

3) Cho hinh phang H gigi han bai cac duong @y = X =2 va tryc tung. Tinh thé tich khi

Giai
1) Tinh dién tich hinh phang gidi han béi cic dwong: y = x* In(x+1) ; y = Ini1 ; x=1
X+
Xét phurong trinh hoanh d6 giao diém : x? In(x+1) = Ini1 S xIn(x+)+In(x+1) =0
X+
S +DIn(x+) =0 In(x+) =0 x+1=1<x=0

1
Vay dién tich hinh phang : S :J‘
0

len(x+1)—lnL
x+1

dx =hx2 In(x+1) + In(x +1)|dx =j(x2 +1) In(x +1)dx

du—ﬂ
u=In(x+1) x4+l
at =
dv = (x* +1)dx X3 x® +3x
V="—tX=

3 3

1 1.3
JLpx +3X =—I 2——J'(x —x+4——jdx
37 X X+1

3

Khido: S= [?-F x]ln(x+1)

3 2
“4no t X——X—+4x—4ln|x+]1 =§In2—§ (dvdt)
3 2 o 3 18

3 3
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2) Cho hinh phang H giéi han béi cdc dwong = y = (x—1)e* va hai truc toa dé. Tinh thé tich khai tron xoay
tao thanh khi quay hinh H quanh truc Ox.
+) Xét phuong trinh hoanh do giao diém ciia duong y = (x—1)e* va y =0 truc hoanh :
(x-1)e*=0=x-1=0<x=1
1
+) Khi dé :V,, = nj(x ~1)%eXdx =7l *)
0
U= (x—1) du =2(x-1)dx

2x = _ 2x
dv =e“"dx V_Ee

1
+) Tinh | =I(x—l)2ezxdx bit {
0

—Jl'(x —1)edx = —%— J @

0 0

(X 1)2 2x

Suyra | =
y 2

U=x—1 du =dx

2X = 2X
dv=e“dx V=Ee

1
+) Tinh J =I(x—1)e2xdx Dit {
0

ve2x [t 1 3
Suy ra J 2% —lj.ezxdx :l_lezx — 3-e (2)
2 ], 29 2 4 4
_ a2 2
Thay (2) vao (1) ta dugc: | =—%—3 4e _f 2 5 (2%)

2 J—
Thay (2*) vao (*) ta dugc: V,, = Q (dvtt)

N 2 g i [ (X—3)V3—X . N p 2 s e
3) Cho hinh phang H gidi han boi cac duwong 1 y =———"———=—— ; Xx=2 va truc tung. Tinh thé tich khoi
VX=1++/5-x

tron xoay teo thanh khi quay hinh H quanh truc Ox.

Phwong trinh hoanh d6 giao diém cua y = (_X_fir“ = ay=0Ia: (::fl\/ 35—_XX

(x—3)V3- } e f —6x+9)(3-%),
Vx=1++/5- 4+2\/—x +6X—5
2tdt = (—2x + 6)dx {(3— x)dx = tdt

Dt t=v-X*+6x-5 =1t =—x*+6x-5=1 | , =2 ,
X°—6x=-t"-5 X°—6X+9=4-t

va can x:2 >3 thit:/3 2

=0 x=3

Khido V,, =7 j{

2
Suyra:V, J'4 Idt—nj.ﬂdt
f4+2t
2 2
=£J.(2t—t2)dt=£(t2—£t3) :M
2 4. 2\ 3 ), 2
Vay V,, = @ (dvtt).
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VI. CAC LOP TiCH PHAN PAC BIET VA TICH PHAN TRUY HOI
1. CAC LOP TiCH PHAN PAC BIET

b
Sau ddy cdc em sé dwoc tim hiéu thém cac I6p tich phan déc biét c6 dang | = I f (x)dx trong do ban

than ham f (x) c6 nhiing tinh chdt “ddac biét” (cac em sé duwoc tim hiéu qua vi du mé dau va bon bai toan
hay gap sau day).

Cach giai chung:

Dit x=a+b—t vabién doi tao ra tinh phan xoay vong (tao ra 1) rdi giai phwong trinh bac nhat véi an | .

b b b
Chu y: Trong tich phan ta luon cé 1 = j f (x)dx =j f (t)dt =j f (u)du =...

a

Vi DU MO PAU

Tinh céc tich phan sau:

INE]

J- {/In(201-x) .
5 JIN(x +69) ++/In(101-x)

1)1, = Iln(1+tan X)dx

(\/cosx \/SIT) 4y I4=j'(x3—3x2+2)2015dx

-1

o'—.m\?—l

% sin? x
5) '5211+ex dx 6) I, =

-7

(sin® 2x-+ cos® 2x).In(1+tan x) dx (Moldova National MO — 2008)

Ot | N

Gidi

T

4
1)1, = Iln(1+tan x)dx
0

bat x=%—t = dx=-dt va x:0—>% thit:2 50

Khi d6 1, = [In|1+t Ocaty = Finf 1 12t g _ f ZIZIlttdt
e J'n +an—— = )J. 1+tant { +tant J;n—n(+an)]

I

4 4 7ln2
=|n2j j(1+tant)dt—tln2|4—l -1
0 0
Véy|1:n|n2_|1©2|l:7rln2<:> _ 7ln2

I, 3
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2:_[ /In01-x) X bat x=32-t= dx=-dt va x:12 — 20 thi t: 20 ->12
2 /In(x+69) +4/In(101- x)
Khi s |2=lf JIn[101-(32-1)] ) )ZI J/In(t +69)

5 In[(32-1) +69] +In[101- (32 -t)] » //IN(A01—t) +./In(t + 69)

~1,=8-1,

_Zf J/In(101-1) ‘I
2 JIn(t+69) ++/Into1—1)
Vay 1, =8-1,<2l,=8<1,=/4

R

12 _I\/|n(t+69)+\/ln(101_t) IRt

o'—.m\hl

(\/cosx }/sin x ) Dat x=%—t = dx=-dt va x:0—>%th‘|t:%—>0

0 2 2
Khi d6 I3=J'{f\>/cos(%—t)—i/sin(——tﬂ( dt) = J'(S/sint_45/cost)dt=_J'(,5/cost—\5/sint)dt=_
k3 0 0
Vay I, =-1, < 21,=0<1,=0
3
4) I4=J.(x3—3x2+2)2015 dx
-1

bat x=2-t = dx=-dt va x:-1—->3 thit:3—>-1

Khidé I, = f[(z—tf 3@ty +2] dt= T(—ﬁ +3t2 -2)"" dt = —T(ﬁ -3t +2)" dt=-1,
-1

-1 -1

Vay I, =1, 21,=0=1,=0

T a2
5) |5=J'S'n X dx bit x=—t =>dx=-dt va x:—7r >z thi t:z > -7

X
-7

Khi d6 1 ISIn(t)d_Ie S'ntd_j(1+e 1)s|ntOIt I 2t_smt dt
Jol+e” J1+¢

T

S =y }dtz[lt—lsinZt)
s 2 - l+e 2 4

—lg=nm—-1

—TT

Vay |5=7r—|5<:>2|5=7r<:>|5=%

6) 1. =|(sin®2x+cos® 2x).In(1+tan x)dx (Moldova National MO - 2008)
6

Ot | N

bat x:%—t —dx=-dt vda x:05Z thi t: 2 -0

% —
sin®| Z—2t |+cos®| Z—2t ||.In| 1+ tan ——t J. cos6 2t +sin® 2t).|n(l+1 tantjdt
2 2 0 l1+tant

(cos 2t +sin® Zt)

Khi do |, =

o'—.h\hl O | N

3
sm62t+cos6 2t).[In2—In(1+ cott)]dt
1+ tant { ) [ ]
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i
= [(sin® 2t +cos® 2t).In 2dt J. (sin® 2t+ cos® 2t) In(L+ cot t)dt

1 i
~in2[[1-sin?at |at -1, = n2[[1-3 220X gy,
4 S R

=In2.(§t+isin8tj )
8 64

0

571n2 571n2 572In2
-l <2l = &

o'—.b\hu

3
j[ += cosSt)dt -1,
0

Vay |, =

Bai toan 1: Hamsé f(x) lién tyc trén doan [—a;a], khi do : j f (x)dx = j[ f(x)+ f (=x)]dx
-a 0
Tur day ta co cac két qua quan trong sau:

*) Néu f(x) 1a ham sé I¢, khi do: j f(x)dx=0 ( Téng quat: Néu f(a+b—x)=—f(x) thi jf(x)dx 0) (1)
j f (x)dx = fo(x)dx (2)
*) Néu f(x) 1a ham s6 chin, khi do: { ®

jlffz) dx =£ f()dx (0O<b=l) (3)

Chuy:
+) Trong qué trinh lam bai cac em khong si dung ludn két qua (1), (2) va (3) ma cac hé thuc nay sé Xuat

hi¢n trong qué trinh giai (ching ta chwng m|nh ludn) bang viéc doi bien x =—t (Tong quat: x=a+b—t).

+) Trong tich phan ta ludn ¢6 | = j f (x)dx = j f (t)dt =j f (u)du =...

a

VI DU MINH HOA

X® COS X £ Xt
Vi du 1. Tinh cac tich phan sau: 1) I1=J'4d 2) I, = j—xdx
2, 1+2014
%1—sin Xsin 2x 2
3) I,= I—de 4) 1, = I cosxln(x+\/l+ X )dx
/ l+e -
2 2
Giai
105
1) Il_J-x cosgx i
Y 2+X
X° COS X

Nhan xét : Néu dya vao két qud ¢ Bai todn 1 ta cé dwoc ludn 1, =0 vi f(x)= 5 lé trén [-1:1].
+x°
Song khi trinh bay loi giai cdc em sé lam nhu sau:

Trang 96




GV: THANH TUNG 0947141139 - 0925509968 http://www.facebook.com/giaidaptoancap3

bat x=—t=dx=—-dt va x:-1—>1thit:1—>-1

1 _$\5 _ 1.5
Khi dé |1=j%dt:—jtzﬂitdtz—llzzll=o@|1=o
-1 -1
2 4
=J.—de bit x=—t=dx=-dt va x;—2—>2 thi t:2—>-2
°, 1+ 2014
Khido | _i (-t)* _j t* _T t*.2014' dt_2t4.(1+2014‘—1)
2 21+2014" b1y L 51+2014' 7 1+2014'
2014
_j. - 3 _EZ —ZLdt—%—l =2l —%Ql I
U 1+2014' 5, 41+2014' 5 ¢ 5 7% 5
2 1—sin xsin 2x 2 dx % sinxsin2x «
L e e
2 2 2
. 2 dx 2 e'dx 201 1 e’ 2 T
+) Tinh A= = =||=- de* =In == (1
) J;+eX Iﬂex(l+ex) J;(ex 1+exj 1+e| = 2 @)
2 2 2
2
+) Tinh B = J-smxsm2x dx bit x=-t=dx=—dt va -2 5% i 125 %
' 1+e” 2 2 2 2
2
sin(—t) sin(-2t) 2 gt smtstt 2 (L+€e' -Dsintsin 2t
Khidé B= | ————F—=dt= = dt
I 1+e™ I 1+e' ~[T 1+¢'
2 E 2
2 7 i 2
J'smtsm2tdt— detz—lf(cos&—cost)dt—B
a - 1+e 27
2 2 2
2
=—£(Esin3t—sintj —B:ﬂ—B
2\3 . 3

i
2

Vay B=§—B<:>ZB=§<:>B=§ (2) . Thay (1), (2) vao (*) ta duoc: |3=%+§

T

2
4 1, = J' cosxln(x+\/1+ X )dx bat x =-t = dx=—dt va x:—%a% thi t:%—)—%

2

2 2 2
Khido: I, = J.cos( t)In( t+x/1+t2)dt Icostln%dt ——J'costln(t+\/l+t )dt——
b b t+1+t? 7
2 2 2
=21,=0=1,=0
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Vi du 2. Tinh cac tich phéan sau:

1

A E @ 6 1
1) Ilzj-sm X + COS de ) sz'# 31, = J.cosxln(l dex
a 6" +1 (e +1)(x"—-4) 1+X
. :
Giai:
. I_Zsin6x+cosﬁxd Bt x = i — —dt VA cin thay dai: 7 .
) 1_,[T 6+l X at x =-t = dx =—dt va can thay 0"4”_4
4
1 = ? sin ( t)+cos (- t) % sin® t + cos® t ?6 (5|n t+ cos® t)d J/~ (6 +1- 1)(5|n t+ cos’ t)
1= 'y | ]
67" +1 6 +1 6 +1
- + ,7 }/+1 _,T + Y +
% :/
I (sin®t + cos® t)dt — j 3”1(?4010“(1 f(l—%SiHZZIJdt— j sin® x+ cos® x
7 7 T i
7 A 7
j(l—é 1-cosdt C§S4tjdt—llzj (§+g.cos4t)dt—l _(Z +3—325|n4tj 1, = i—g—ll
i 7 =2
. S5z S5n S5
Vay Il:ﬁ_h@ﬂl:ﬁ@'l:g_z
h dx 5 o
2) =[5 Pt x=—-t =dx=—dt vacan t:1--1
(e +1)(x"—-4)
e dt e*dx
3IZ:I(e-‘+1)(t2—4):I(e‘+1)(t 4)_J(e (e
-1 1 1
1
J' e +1-1 ZJ' j _l nlX=2 X— 2 -,
L (e +1)(x X -4 Y (e +1)(x 4 |x+2|_
1 X—2 1 1
hay |2=Z|n—_1—I2<:>2I2=—§In3:>I2=—ZIn3

1
X
3) I,=]cosxIn dx
) I (1+xj
2

bat x=-t = dx=-dt va x:—%—>l thi t:£—>—E

1 1

1
2 -1 2
Khido | _Icos( t)In(lHJdt_J‘costln( tj dtz—J'costln(l;tJdtz—l3
1-t | 1+t 1 1+t
2 2

2

Vay I, =-1, < 21,=0<1,=0
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b b
Bal toan 2: Ham s& f(x) lién tuc trén [a;b], khi d6 ta co: jf(x)dx:jf(am—x)dx *)

f(cosx)dx (2*%)

o'-—,l\)\ﬁ

3
Tir day ta co két qua sau: Ham s6 f (x) lién tuc trén doan[0;1], khi d6 : j f (sin x)dx =

Chu y: Trong qua trinh lam bai cac em khong diroc sir dung ludn cac két qua (*) va (2*) ma céc hé thirc
nay sé xuat hién trong qué trinh gidi (ching ta chizng minh lun) bang viée doi bién x =a+b—t.

VI DU MINH HOA

; o A 2 in" x : *x
Vi du 1. Tinh cac tich phéan sau: 1) Il_js—d 2) 1, =I_de
sin” x+cos" x 5 SiN X+ COS X

2 i
Giai: 1) Ilzj'de bit x=" _t=dx=—-dt va x:0>Z thi t:Z 50
5 Sin" X+ cos" x 2 2 2

T = .n T T T
F o (Z_tJ Z cos't 2 _sin"t
Khidé I, = | dt= [ ——=———dt=[|1- dt
(T NE cos"t+sin" t sin"t+cos"t
osin”| ——t|+cos"| ——t 0 0
2 2
PR S :
= [at- InsLtndt:qoz_h:Z_h
5 o Sin"t+cos™t 2
T T v
Vay L=—-l, o2l =—< |, ==
y 1 2 1 1 2 1 4

ChU V: Nl vdy tie 1, véi cach gan n mét gia tri cu thé ta tao ra duwoc vo sé bai toan kiéu nhu:

T T
sin®* x JZ- Jeos x . JZ- 2%sin x
0 0

O o | N

| = dx; ...
sin?4 x + cos2014 Jsin x ++/cos x 2%/sin x + 2°%/cos x
2
J. cos’ x dx Détx:ﬁ—t:dx=—dtvé x:0Zthi t:Z50
5 SIN X +COoS X 2 2
T 71- T T
_ 2 cos’ (2_tj 2 sin’t Zsin’t+ cos’ t—cos’t
Khido I, = | = —dt = | _ dt
s (7 n cost+sint sint+ cost
sin| ——t |+cos| ——t 0 0
2 2
2 7 o 2 2 _
I(l sintcost)dt - J'Lﬂdtzf(l—lsin Zt)dt— I, :(t+£0032tj -, _r-l
0 , Sint +cost 5 2 4 0 2
-1 -1 -1
Vay |2=”T—|2<:>2|2 ”Tcnz:”T
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7
Vi du 2. Tinh tich phan sau: J' ——tanz(sin x)}dx
< | cos’(cos x)

Giai:

7

I ——————tan’(sinx) [dx (*) Dat x="_t=dx=—dt va can t:%_)o
5 | COS (cosx) 2

72 1

=1= j . )—tanz(sin(%—t)) dt

o | cos (cos(% -t)

7 1 7 1
= _[ ——————tan®(cost) |[dt = J' ——————tan*(cosx) [dx (2*)
5 | cos”(sint) 5 | cos”(sinx)
. 7 1
Lay (*) cong voi (2*) taduge: 21 = I ———————tan®(sin x) + —————tan’(cos x) [dx
5 | cos*(cos x) cos“(sin x)
= I [1+tan2(cos X) —tan®(sin x) +1+ tan®(sin x)—tanz(cosx)}dx = 2J' dx = 2x|0/2 =7
0 0

Vay 2l == 1 =

(SR

b b
Bai toan 3: Ham sb f(x) liéntuc [a;b] va f(a+b—-x)= f(x), khido: Ixf (x)dx:aTerj f(x)dx (*)
Tur ddy ta co cac két qua quan trong sau: Néu f (x) lién tuc trén [0;1] thi:

) [ xfsin x)dx:ﬁj f (sin x)dx va dic bist véi o =0 thi jxf (sinx)dx:fjf(sinx)dx 1)

2r—-a 2r—-a

*) I xf (cos x)dx =7 I f (cos x)dx va dac biét voi a =0 thi I xf (cos x)dx = nI f(cosx)dx (2)
Chu y: Trong qua trinh Iam bai cac em khong duroc sir dung lubn cac két qua (%), (1) va (2) ma cac h¢ thirc
nay sé xudat hién trong qua trinh gigi (chling ta chizng minh ludn) bang viéc doi bién x =a+b—t.

VI DU MINH HOA

3
Tinh cac tich phan : 1) Ilzj.x(tanx+cotx)dx 2) 1, —IX(SInX+COSX+COS X)d 3) 1, I xsmx
E 5 1+cos® X 3+Cos X
6
Giai
3
1) I1=J.x.(tan X +cot x) dx Pat x=2 —t=dx=—dt va x: = > 2 thi t:2 2
J 2 6 3 3 76
s
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[%‘%a”(z“}c°t(%‘tﬂ‘“:

Khido |, =

[%—tj(cottﬂan t)dt

DN |y
O\ C— w0 | N

3 3 3 3
b T cost sint
—|(cott+tant)dt—|t. tant+cott —dt |-
21( ) ,J: ( ;[smt !cost
6 6 6 6
Sdsint 3 ol
dsint t sint|3
:ZJ. ; _J-dCOS _|1=£|n_ _|1=£|n3_|1
2|2 sint < cost 2 |cost|z 2
s s 6

Vay |, :%InS— 1, ©2I1:%In3© 1, =1|n3 *)

2) IZ_J-x(smx+cosx+cos x)d _Ixsmx+xcosx(1+cos x) ,[ xsmx x+Ixcosxdx=A+B *)
0 0

5 1+ cos’ x 1+ cos’ x 1+cos’ x
’ Xsin x y , -
+) Tinh A= J'lgd bat x=r-t=dx=-dt va x:0—>x thi t:7 >0
+C08°” X
T (7 —t)sin(zr -t t(r—t)sint Toosi Totsi TS
Khi d6 A=j(” Jsin(z )dt=j(” Jsint g _ [ gt [ = [ - A
1+cos® (7 —t) o l+cos’t c1+cos’t g 1l+cos’t 5 1+cos’t

Viy A_ET sint

' 201+cost

bit cost = tanu = —sintdt = dg = (L+cot’u)du < sintdt = —(1+cot’u)du va t:0 — x thi u:%e—%
cos’u

(1+cos’® u)du

T
Suyra A==—
y 2 - 1+cos’u

71_2
e

h\hl'—"h‘:'

i
Z_|'du=£u
27, 2

4

+) Tinh B= Ixcosxdx Bat{ =X {du=dx

= .
dv = cos xdx vV =sinx
Khi d6 B:xsinx|§—jsinxdx:0+cosx|g=—2 2)
0

2

Thay (1), (2) vao (*) ta dugc: |, = ”7—2

3) 1 _I xsmx bat x=2r-t=dx=-dt va x:0—> 27 thi t:27r -0
3+cosx
27 —t)sin(2 t (2 tsmt
Khi dé |3=_[ xsin x X=_[( m—t) m— I (2z—t)sint J- _sint_ J- _tsint
5 3+COSX 3+ cos( 27z t) +cost 3+ cost 3+ cost
27.d(3+cost z
=—27rj¥—lg=—27zln|3+cost||2 —1,=0-1,=—I,
o 3+cost 0

vay I, =—I, < 1,=00
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a+T T

Bal toan 4: Ham sé f(x) lién tuc trén R va tun hoan véi chu ki T, khi do : j f (x)dx = j f(x)dx (%)

a 0
nT T
Tirdé tasuyra j f (x)dx =n j f(x)dx  (2%)
0 0
Chirng minh: (Trong bai thi mudn sir dung tinh chat nay cac em can chirng minh nhu sau)
a+T 0 T a+T

Ta co: j f(x)dx:jf(x)dx+jf(x)dx+j f(x)dx (1)

Xeét tich phan: J' f(x)dx Dat x=t+T = dx=dtva x:T >a+T thit:0—>a
T

a+T 0 a+T

Khi d6 j f(x)dx:jf(t+T)dt=—Tf(t)dt:-jf(x)dx:if(x)dmj f(x)dx=0 (2)

T a

Thay (2) vao (1) ta duoc: j f (x)dx = jf(x)dx *)

Chuy: f(x) cochukilaT thi f(x+T)=f(x).

VI DU MINH HOA

20147 20147 1_ COS X
Tinh céc tich phan sau: 1) 1, = j v/1—cos 2xdx 2) 1, = J'
0 5 V1+cosx

Giai:

20147

1)1, = I V1-cos 2xdx Xétham f(x) =+/1-cos2x Vvéi xeR

0

Taco: f(x+7)=41-c0s2(x+7) =+1-cos2x = f (x)

a+T

.
Do d6 ap dung tinh chat I f (x)dx =j f (x)dx (*) (trong bai cac em phai Chirng minh ) ta dugc:
a 0

20147 4

20147

27 37
l, = I V1- cos 2xdx =I V1-cos 2xdx + j V1-cos2xdx +I V1-cos2xdx +...+ _f V1-cos 2xdx
0 0 T 27 20137

= J'\/l— cos 2xdx + J'\/l— cos 2xdx + J\/l— cos 2xdx + +I V11— cos 2xdx
0 0 0 0

=2014|+/1-cos2xdx =2014|+/2|sin x| dx =2014+/ 2| sin xdx = — 2014/ 2 cos X T o 40282
0
0 0 0

nT

ChU V: Céch trinh bay vira rdi ciing 14 cach ta di chitng minh J'

0

f(x)dx = nj f(x)dx (2%)

20147

2sin®
)1, =

1=COS X gy Huéng din:  f(x)= L-cosx
5 V1+cosx

va f(x+27)=f(x)

tan>
2

1+cosx 2c0s2

N N[
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2. TICH PHAN TRUY HOI

B
O phan nay cac em s& di tim hiéu cac dang tich phan truy hoi | =J' f (x,n)dx véi cac cau hoi hay gap la:

1. Thiét lap cong thic truy hdi 1, =g(l ., ) Voi k=1;n.

2. Chtng minh cong thirc truy hdi cho trudc.

3. Sau khi thiét lap dugc cong thic truy hoi yéu cau di tinh | @ng véi mot vai gia tri n nao do hoac tinh
gidi han ctia ham sb hogc day s6 co lién quan véi | .

CAC VI DU MINH HOA

T

2
Vidu 1. Xéttich phan 1 = Isin” xdx véi neN”
0

1. Tim mdi lién h¢ gitta 1, va 1 ,. 2. Tinh 1, va I,.
3. Tinh I, 4. Xétday s6 (u,) chobsi u, =(n+1)1 .1 . . Tim I|m u,
Giai:
1. Tim méi lién h¢ gitta 1 va I_,
g ﬂ' ﬂ' 71' 7;'
+) Tacc’):IM:js n"? xdx = jsm X.(1-cos® X)dx = jsm xdx — jsm x.cos’ xdx= | —fsm x.cos? xdx (1)
0 0

T T

2 2
+) Tinh Isin” X.c0s” XdX = J.sinn X.COS X.COS Xdx
0

- : - - -
dv =sin" x.cos x v:J'sm”x.cosxdx=J.smnx.dsmx=

n+l

sin™ x
n+1

du = —sin xdx
U = COS X
bat {

z L3

3 sin™! x|z 2 I I
Suyra J'sm”x.coszxdx=COSXSIn X| 2 Is n"*? xdx = 0+—12 = 12 (2)
n+1 |0 n+1s n+l n+1
‘ _ | 1. n+2
Thay (2) vo (1) taduge: 1, =1, =2 & 1, =1, + 02 & | ===l
2.Tinh I, va I, Taco | ="21 oy =My knide
n+1 n+2

z
2

g2
I5=—I3=ﬂg = I mxdx_—ﬁcosx
537' 159 15 o 15

96

2
.EI2 =Ejlsin2 xdx =22
4 0

dx = X —=sin2x
4 2

2 48
Trang 103
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sin xdx = —cos x|0 =

n

3.Tinh I,  Taco: Vei |, = -y h (%)
n+1

St |y OE=N|N
ov.—.m\hu

I, = |'sin® xdx mdx=(lx—lsin2xj ==
2 2" 4 .
4
|2=§|4
| —EI
+) V&i n chinhay n=2k (keN") . Apdung (*)taduoc: { * 5°
2k
2k—2:2k_1|2k
Nhan theo vé cac dang thuc ta duoc:
4.6..2k o7 46.2 35..(2k-1) 7
2 aE /al, Ay 2k —IZk g W= a=m o S
3.5..(2k-1) 4 35..(2k-1) 46.2k 4
3
I, ==1,
|, =21
+)Véinlehay n=2k-1 (keN") . Apdung (*)tadugc: < ° 4 °
21
2k-3 2k—2 2k-1

Nhan theo vé cac dang thuc ta duoc:
35.(kD | 35.(k-D) [ 24.(2k=0)
24.(2k-2) 24..(2k-2) 35..(2k-1)

4. Xét day s6 (u,) cho bsi u, =(n+1)1..1.,, . Tim limu,.

N—+o0

n+2

n+2 n+1

Taco: u =+l .1, = (n+1) =(n+2).1,,.0, =U,,

A T . . T T
Vay u,, =u, nénu, =u,, =..=u, =21I,. I2_21—=—: limu, = I|m—=E

4 Nn—>-+o0 N>+ P

NI

2
Chay: I, J.sm Xxdx = Icos xdx (xem lai Bai todn 2 ¢ 16p tich phan dac biét)
0

1
Vi du 2. Xéttich phan 1, = [(1—x )" dx véi neN' 1.Tinn I, 2. Tim |im%
0
Giai
1 — (1 _ y2\n — g2yl
1. Tinh 1, =[(1-x*)"dx. Dat U= (=) fdu=n{=x)T(=2x)dx
0 dv = dx V=X
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— X )n_l dx

xz)n_1 dx =2n{

Suyra

= an.[l—(l— x*)](1-

0

O e =

(1 —x )H dx —

(@-x) dx} =2n(1,, -1,)

ot

1 1 1
:znj[l—(l—xz)](l—xz)”'ldx=2n“(1—x2)"'1dx—j(l—xz)” dx |=2n(1,, - 1,)
0 0 0
Vay I, =2n(1,,—1,)e 1, = _2n_ NG
. n n-. n n 2n+1 n
Tir () taco: | = 2n |- 2n .2n—2 - 2n .2n—2mﬂ.|1= 4.6.8...2n L@
2n+1 2n+1 2n-1 2n+1 2n-1 5 5.7.9.2n+1)
h e\ 2
Mat khac: I, = |(1-x*)dx=| x—— || == (2
. 1 I (1-x%) [ 3]0 s @
Thay (2) véo (1) ta duoc: | = — 230820
3.5.7.9.2n+1)
2. Taco: In:Z—nln_1 n+l=Mln<:>ﬁ:M suyra lim =L I = lim 2n+2_
2n+1 2(n+1)+1 I, 2n+3 n—>-+0 I n%+w2n+3

T

4
Vidu 3. Xéttich phan I = J'tann xdx Vi neN”
0

Lo 1 . ;
1. Chang minhrang: I ., =——-1, 2. Tinh I, va I.
n+1
Giai:
, Lo 1
1. Chting minhrang: I ,=——--1,
n+1
i P i
Ta co: IM:jtan”+2 xdx:j[(tan”*zx+tan”x)—tan”x]dx I[tan X(1+tan” x) —tan" x}dx
0 0 0
% n % T n+l -
tan” x _fan X 1
=I s—ax— jan xdx = jtan xd tan x—I -, =1,
5 COS” X 5 n+l | n+1
Vay I, = (dpcm)
2. Tinh I, va I.
4 sin x 4d cosx =1
|, = tanxdx=I—dx=—I =—Injcosx|¢ ==In2
, 5 COS X » COSX 0 2
Ta co:

Ob\hl

Ot n |y O——i~[N

1
tan® xdx = I[coslzx_ljd = (tanx—x)|? =
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Ap dung cong thac truy hoi 1, L [,
n+1
JEEESIYE S G SR I VA A
4 \2 4 \2 2 2
Taco

1 1 (1 1 (1 4-7) 13 1z
ly==—l,==—| ==1, |==—| =- ==
5 5 \3 5 \3 4 ) 15 4

Vidu 4.

N i * : : N et -1
, Voi neN". Chang minhrang: I, =

1
1. Xét tich phan 1_ I
0

3
2. Xét tich phan 1, I(S x)"e*dx , voi neN". Chang minhrang: 1 =-3"+nl_
0

Giai:
1 _nx n-1__
1. Xét tich phan I, =Ie dx , V6i neN". Chang minh rang: | _° l_ln—l
v 1+e n-1
1 .nx 1 _(n-1)x le e*+1)dx 1 (n—1)><1 n-1
Taco | +1 = Ie dx+J~e " I (e ) =Ie(”1xdx ¢ _e
cl+e* ¢ 1+e' 4 1+e" 3 n—1|O n-1
n-1__
hay In—e ! l,, (dpcm)

3
2. Xét tich phan 1, =I(3—x)”exdx , V&i neN". Chung minhrang: 1, =-3"+nl_,
0

bt {u =(3—-x)" N {du =-n(3—x)""dx

dv =e*dx v=ege"

3
x|? n-1,x n
0Jrnj'(S—x) e’dx=-3"+nl_,
0

vay |, =-3"+nl_ , (dpcm).

1
Vidu5. Cho I, =j\/1—x.x”dx véi ne N, Biét (u,) laddy s cho bsi u, = ly hay tinh limu_ .
0

n+l

Khi do:

Uz x" du = nx"dx
iai: Da {

= 2
dv = v1- xdx V=J'\/l—xdx=—§(1—x)\/1—x

1 1 1
I, = —%(1—x)\/1— X.X" +§n._|' (1 —x)V1-x.x""dx :gn[f\/l— XXX —/1- x.x”dxj =§n(|n_1 -1,)
0 0 0

2 2n
Vay | =—=n(l . -1 )< @2n+3)l_ =2nl ., | =——1|
y n 3 (n—l n) ( )n n-1 n 2n+3 n-1
Suy ra |n+1:2n+2In@ l, _2n+2 :>Iimun=IimIn+1=Iim2n+2:1
2n+5 | 2n+5 2n+5

n+1
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VIl. DUNG TiCH PHAN PE CHUNG MINH PANG THUC Ck

PHUONG PHAP GIAI:

n
Buéc 1 : Khai trién (1+x)" = > Ckx* =C? +Cix+C2x* +...+CIX".
k=0

8 8
Buéc 2 : Ly tich phan hai vé vi can thich hop : _[(1+ x)"dx = J'(Cr? +Cax+CHC +...+ X" ) dx

b
( Néu mdi hé sb trong dang thac can chirng minh c6 chia b* —a* thi ta chon can tich phan 1a I ).
a

DAU HIEU NHAN BIET : Céc hé s trong dang thirc can chitng minh c6 dang phan sb, dong thai cac mau
SO thuong tang hoac giam di mot don vi.

CAC VI DU MINH HOA

Vi du 1: V6i neN. Chang minh rang:
2 2 3 & n+1 n+1 n+1 n+1
20°-12 Cr1]_i_20 -12 Cf+...+20 -12 C:=21 -13
3 n+1 n+1
2 3 n+1 n+l
2) 4C2+4—C§+4—an+...+4 C:=5 3
2 3 n+1 n+1
n+l
3) c§+1c;+1cj+...+ L C:z2 =3
2 3 n+1 n+1
3 n+l n+l _ 9n+l
Crf+6 1C§+...+6 1Cr:‘z7 2
3 n+1 n+1

1) 8CY +

2
4) 5Cr?+6 -1

Giai:

n+1 _ n+1 n+1 _ n+1
1) 8C° + 20 12 21 13

2 192 3 193
20°-12 Cﬁ + 20" 12 an +...+ Cl =
2 3 n+1 n+1

+) Taco: (1+x)" =C+Cix+C2x* +...+C'x"

20 20
+) Suy ra: I(1+ x)"dx = J(Cf +Cax+C2X +...+Cx" ) dx
12 12

20

n+1]20 2 3 n+1
=S (Cha i CSXJrCer—+C§X—+...+Cr:1 X
n+1 - 2 3 n+1
12
n+1_ n+1 2 _ 2 3 _ 3 n+1_ n+1
©u=802+20 12 C§+20 12 C§+...+uc:
n+1 2 3 n+1
2 _ 2 3 _ 3 n+1_ n+1 n+1_ n+1
Hay BCS + 20°-12 Ci + 20°-12 Cf +..+ 20 12 Cl = 21 13 (dpcm).
2 3 n+1 n+1
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2 3 n+l n+l
2) 4C2+4—C§+4—Cf+...+4 C:z5 !
2 3 n+1 n+1

+) Taco: (1+X)" =C+Cix+C2x* +...+C X"

+) Suy ra: j(1+ X)" dx =j(c;’ +Cax+C2xX +...+Cx" ) dx
0 0

4

nst |4 2 3 n+l
PR CSXJrCer—+C§X—+...+Cr:1 X
n+l | 2 3 n+1)
n+l 2 3 n+1
=2 1=4C§+4—C§+4—C5+...+4 o
n+1 2 3 n+1
2 3 n+1 n+l
Hay 4C? +4—Crf +4—an ot Cl= > (dpecm).
2 3 n+1 n+1
n+l
3) Cf+£C§+EC§+...+ L Cn”=2 L
2 3 n+1 n+1

+) Taco: 1+x)" =C2+Cix+C2x* +...+C'x"

+) Suy ra: j(1+ X)" dx =j(c;’ +Cax+C2X +...+CPx" ) dx
0 0

ni |t 2 3 n+1 \[*
Q& = Cr?x+Cﬁx—+Cn2X—+...+Cr:1 X
n+l | 2 3 n+1 .
n+l
2 1=Cr?+1C§+£Cf+...+icr§1
n+1 2 3 n+1
n+l
Hay Cf+£C§+EC§+...+ L Cn”=2 1 (dpcm).
2 3 n+1 n+1
2 3 n+l n+l _ Hn+l
4) SCf+6 1C§+6 1Cn2+...+6 1Cn"z7 2
3 n+1 n+1

+) Taco: 1+x)" =C+Cix+C2x* +...+C'x"
6 6

+) Suy ra: J'(1+ X)" dx =j(C;’ +Cax+C2X +...+Cx" ) dx
1 1

6 6

n+1l 2 3 n+l
o W Cfx+C§X—+CfX—+...+Cn” X
n+1l | 2 3 n+1 )
n+l_ n+1 2_ 3_ n+1_
!=5Cr?+6 1Cﬁ+6 1Cf+...+6 1Cr:‘
n+1 2 3 n+1
2_ 3_ n+1_ n+1_ n+1
Hay SCr?+6 1C§+6 1Cf+...+6 1C,§‘ _r=2 (dpcm).
3 n+1 n+1
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. .z . A p 221, 221, 2" -1
Vidu2 (B-2003) Cho n laso nguyén duong. Tinh tong: C_ + > C + C +.+

"3 n+1

o

Giai:
+) Tach: (L+x)"=CJ+Cix+C2x* +...+C'x"

+) Suy ra: JZ'(1+ X)" dx =j(c§ +Cax+C2X +...+Cx" ) dx
1 1

2

n+1 |2 2 3 n+l
o W CSX+C§X—+C5X—+...+C: X
n+1l | 2 3 n+1 )
n+l _ Hn+l 2 3 _ n+l _
o3 2 o F e 271, 2 Tl
n+1 2 3 n+1
2_ 3_ n+1_ n+1_ n+l
Vay Cf+2 1C§+2 1Cn2+...+2 1C:z3 2
3 n+1 n+1

Vi du 3 :Véi neN. Chang minh rang:
1, 1., 1 (1) 1

1) CS—EC;-FgCﬁ _ZC3+...+ 1C: =—1
n+ n+
1 1 1 1 22" —1
D=0 ==(CF £=C0 . p—0C2" = A - 2007
)2 2n 4 2n 6 2n 2n 2n 2n+1 ( )
1 2 4"

3) C§n+lC§n+EC§n+...+ Cl =
3 5 2n+1 2n+1

Giai:

1

1) cg_Ec;J L

—cnz——cn3+...+(_1) Ch= 1
3 4 n+1 n+1

+) Tachd: (1-x)"=C? -Cix+C2x* —C3x* +...+(-1)"C'x"

1 1
+) Suyra: [(1-x)"dx = [(CF —Chx+C2x* —=Cx’ +...+(-1)" /X" ) dx
0 0

1

(L-x)" X, o
A = Cx-Cr 42 —CP X+ 4 (-D)"C"
n+1 0 2 3 4 n+1 .
ot ct-leicr o e
n+1 2 3 4 n+1

Hay cg—icg+lcj—1c§+...+(_l) Ch= L (dpcm).
2 3 4 n+1 n+1
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1 1 1 1 e 21

2) =C; +=C3 +=C; +..+—CX "= A -2007

)2 2n 4 2n 6 2n 2n 2n 2n+1 ( )

) Tace: @L+x)" =Cy, +Cyx+Ca X2 +Co X% +..+CHX"H +Cox* (D)
C@=%)?=C0 —CL x+C2x*—C2 X¥ +...—COLLLCIN (2)

+) Liy (1) - (2) ta duoc: (1+X)*" = (1-X)*" = 2(Cj,x+C5x° +Cx° +...+ Co ix*"™)

- (1+X)*" —(1—x)*

_r1 3 3 5 5 2n-1,,2n-1
) =C, x+C, x*+C; xX° +...+C; X

L 2n 1 _ )20 1
+) Suy ra: @EX) 7 =@ gy (L x4 G2+ o4 C 8
2 2n 2n 2n 2n

0 0

1 1

E (1+ X)2n+1 + (1_ X)2n+1
2 2n+1

2 4 6 2n
= C;nX—+C§nX—+C§nX—+...+C§n"‘1 X
2 4 6 2n

|0 0

2n
o2 1=£C§n+1C23n+1025n+...+iC22:‘1
2n+1 2 4 6 2n

1 1 1 1 22" 1
Hay =C! +=C3 +=C +..+—C>'= dpcm).
y 2 2n 4 2n 6 2n 2n 2n 2n+1 (p )
3) C§n+EC§n+1C§n+...+ 1 Cl = 4
3 5 2n+1 2n+1

+) Tacd: (L+x)*" =Cy +C; Xx+C2 x* +...+C2Ix*"

1 1
+) Suy ra: I(1+ X)?"dx = J(Cfn +Ca X+ Ch X ...+ CI X" ) dx
] e

2n+1 |t 2 3 2n+1
(CLn.y i anx+C;nX—+C22nX—+...+C§n”X—
2n+1 | 2 3 2n+1)|
2n+l
o2 =20§n+gC§n+gC§n+...+ 2 ca
2n+1 3 5 2n+1
1 1 1 4"
Hay C? +=C2 +=C} +..+———C* =——— (dpcm).
y 2n 3 2n 5 2n 2n+1 2n 2n+1 ( p )
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VIIl. KINH NGHIEM GIAIl BAI TOAN TICH PHANDAI HQC

Qua 7 phin chiing ta dugc tim hiéu & trén, cac em s& nhan thay trong tich phan ta cé trong tay hai cdng cu chinh
dé giai quyét 1a DOl BIEN va TICH PHAN TUNG PHAN cting mét vai ki thuat ¢é lam cho hai cong cu trén
phét huy tac dung nhu: Tach tich phan (ding phwong phap dong nhat hé s6, thém bat...), ki thuat nhan, chia
dudi dau tich phan, ki thuat vi phan, dung cac cong thirc dé bién doi (cong thirc lwong giéc, hing dang
thirc...), st dung tich phan lién két ( quan sat dé tim tich phan lién két, sir dung can dé doi bién, st dung cac
dang thirc va tinh chin l¢ ciia ham s6...). Vi vay ching ta c6 thé tong két lai nhu sau

Khi dirng truwéc mét bai toén tich phan cac em sé c6 nhitng hwéng di -
TH1: Néu dudi diu tich phan co cin :
+) Huéng tu duy 1: Dat t bang cin ( d4 dung cho tat ca cac dé thi Pai Hoc — Cao Pang tir 2002 — 2013).
Néu khdng on hay chuyén sang:

i
+) Huéng tu duy thir 2: Véi tich phan | =J. f (vVax? +bx+c)dx ma vax®+bx+c tabién ddi vé dang:

a

. . X m m

*) Jm? —u? thi dat u=msint (u=mcost) *) JJu®—m? thi dit u=—t (u=_—t)
cos sin

*) JJu’+m?® thi dat u=mtant (u=mcott) *) Ju—u® thidat u=sin’t (u=cos’t)

m+ x
mF X

B
Vi tich phan | =j f( }dx thi dat x =mcos2t .
dx

- thi ta ¢ thé khéng dung toi phuong phéap trén. Cu thé ta bién doi:
X~ £k

B
CHU Y: Vi tich phan ¢ dang j

Lodx § (x+VExk)dx  fd(x+Vx k) —|B
[ - - =|n(x+m)\ -
UK (xR EKOVE K % (XX 1K) a
Néu van chua 6n hay chuyén sang :
+) Huéng tu duy thir 3: Nhan véi luong lién hop tuong wng roi quay vé 2 hudng tu duy dau.
TH2 : Néu dudi dau tich phan c6 ham luong giac va ham mi cé dang sinu va e ma u = ax+b (nghia 14
u khong la ham bac nhat hozc bac khong ) thi diéu dau tién 1a dit t =u . Sau d6 quay vé TH1 hozc TH3.
TH3: Néu duai dau tich phan xuat hién hai trong bon ham: log, da thuc ( ké ca phan thic), luong giac va mi
lién hé vai nhau boi phép nhén thi di theo :
+) Hudng tu duy 1:Str dung tich phan tirng phan theo thir ty uu tién “u—dv” 1a :
“log — da thirc — lugng giac - ma”
b b

(nghia 1 anh nao dung trude trong tha tyu thiy néu thi dat 1a u con anh dung sau 1a dv: judv = uv|2 - j vdu)

( Cac em c6 thé cd cach nhé “hai husc” theo thar ty “u—dv” Ia: “nhét log, nhi da, tam lugng, tir mi”

Néu van chua 6n thi chuyén sang:
+) Hudng tu duy 2: Sir dung ki thuat vi phan (du=u'dx (**)) va doi bién

Néu sir dung (**) :
+) theo chiéu thuan (tir Trai — Phai): c4c em phai di tinh dao PAO HAM.
+) theo chiéu nghich (tir Phai — Trai): c4c em phai di tinh NGUYEN HAM.
Céc em ¢6 thé nhé theo cach sau : “dwa vao vi phan thi tinh NGUYEN HAM, dua ra thi tinh DAO HAM”.
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B
TH4: Néu duéi dau tich phan c6 dang hitu ti: 1 = j_f (x) dx

5 9(x)

+) Hudng tur duy 1: Néu bac f (x) Ién hon hodc bang bac g(x) . Thi thuc hién phép chia chuyén | vé dang:

J.{h(x)+ r((x))de J'h(x)dx+j rix ))dx—l +1, . Véi |, tinh don gian va tinh 1, s& chuyén sang:

a

+) Hudng tu duy 2: Néu bac caa f (x) nho hon bac g(x) thi hdy di theo thir ty:

]
*) Hubng tu duy 2.1: Néu + ) i:l:Aj x__A
g(x) ax+b cax+b a
. . A Ak (ax® +bx+c)'+I
) Huong tr duy 2.2: Néu +00 = AXFBipien a6 | =[— Ax+B -] ( : ) dx
g(x) ax“+bx+c s ax’ +bx+c ax“+bx+c
:kjd(ax +bx+c) II dx —kln‘ ﬂ+“3
ax’ +bx+c ax” +bx+c a
e, A dx X p 2 . .
va di tinh |3=_[2— bang cach chuyén sang Hudng tu duy 2.3:
°ax” +bx+c
]
*) Hudng tu duy 2.3: Néu f(X): 5 A :IzAJ‘ZL thi:
g(x) ax“+bx+c cax” +bx+c
s ] _
*) Khandng 1 1= Af—— oA j( t 1 de:LmMﬁ:o
LA =X)(X=%) alG—x) (X=% X=X alp-%) |x-x|a
**) Kha nang 2: I—Aj A |ﬂ
a(x x) ak-x)e
dx \ dx =% _ k@t tant)ct
**) Kha néng 3: | =—j— thi dat x+x, =ktant= cos” t

2

2 (%) +k (X+%)? +K? =K?(L+tan’ t)
By 2 By _

AJ‘ k(1+tan“t) |t—AIdt= A(S,—a,)|B

= = )
a, k’(l+tan’t)  ka; ka

o

*) Hudng tu duy 2.4: Néu g(x) cd bac I6n hon 2 thi tim céch dua vé 3 hudng tu duy 2.1, 2.2, 2.3 bang cac

Ki thuat: +) Do bién hoic tach ghép, nhan, chia dé giam bic.
+) Dong nhat hé s6 theo thuat toén:
f(x) _ A A, A, . B,x+C, . B,x+C, - Bhx+C,
(ax+b)"(cx* +dx+e)" (ax+b) (ax+b)’ (ax+b)"  (cx’ +dx+e) (cx’ +dx+e) (cX’ + dx+e)’

Sau d6 quy dong bo mau sé rdi dung tinh chét “hai da thirc bang nhau khi cac hé sb tuong tng bing nhau”
tir d6 ta s& tim dugc cac A,B;,C; (i=1m; j=1n) hoac cd thé dung cach chon x détim céc A,B;,C
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B
H5: Néu dudi dau tich phan c6 dang lugng giac: | =_[ f (sin x,cos x)dx thi:

B
+) Hudng tu duy 1: Néu | = jsin’“ x.cos" xdx (m,n e Z) thi dya vao tinh chin, I¢ ¢& doi bién.Cu thé:

*) Néu m,n khac tinh chin I¢ thi cac em s& dat t theo anh mang mii chin. Cy thé :
**) m chan, n Ié thi dat t =sinx **) m I&, n chan thi dit t = cosx
*) Néu m,n cung tinh chin lé. Cy thé :
**¥) m,n déu lé thi dat t =sinx hoic t =cosx (kinh nghiém Ia nén dat theo anh mang mi 16n hon).
**) m,n déu chin thi dat t =tan x (hodc t=cotx) hoic ding cong thirc ha bac, bién doi lugng giac.
B
+) Huéng tu duy 2 : Néu | =I f(sin x).cosxdx thi dat t =sinx
B
va | =J. f (cos x).sin xdx thi dat t =cosx

h(x)

+) Hudng tu duy 3: Néu f (sin x,cos x) = ) trong do h(x), g(x) chua cac ham lugng giéc thi:
X

*) Hudng tu duy 3.1 : Y nghi dau tién hdy tinh g'(x) va néu phan tich duoc h(x) = u.g(x) +1(g(x)).g'(x)
B B B
thi khi d6 1 = [udx+ [r(g(x)).g'()dx=1,+1, vatinh I, = [r(g(x).g'(x)dx bng céc ddi bién: t=g(x)

( Huéng tu duy nay c6 thé &p dung vai h(x), g(x) chira cac ham khac nhu loga, da thirc, mii...)
Néu viéc phan tich h(x) gap kho khian ta chuyén t6i viéc lam “tha cong” qua Hudng tu duy 3.2

*) Hudng tu duy 3.2: Néu h(x), g(x) la cac ham bac nhat theo sin x va cosx thi ding phuong phap
ddng nhat hé s6. Cy thé :

h(x) _ asinx+bcosx _ Acsin X+ d cos x B ccos x—dsin x '

g(x) csinx+dcosx csin x+dcos x csinx+d cosx

j’-ccosx—dsinx

csinx +d cos x

**)

Khi do:

i i :
dx =AJ.dx+ BJ' d(csin x+d cosx) =(A.x+ BlIn|csinx+d cosx|)

csin x+d cos x

B
I=AJ.dX+B

P,
(24

a

h(x) asinx+bcosx+e csinx+dcosx+h ccos x—dsin x 1
*k =22 = - +B— +C— .
g(x) csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h

dx
csinx+dcosx+h

s
Khi do: | =(Ax+BlIn|csinx+d cosx+h|)‘ﬁ+C.|3 va ta tinh Isz_[

C1: Duing cong thic bién doi lwong giac dé chuyén vé céc cong thire lugng giac trong bang nguyén ham .
Néu khdng 6n hay chuyén sang :

bang hai cach:

3 X 2t . 1-t? . A
C2:bitt=tan— = dx=—> Va sinX=—,; COSX=" Sau d6 quay vé TH4
2 1+t 1+t 1+t
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f (cot x)

B
*) Hudng tu duy 3.3: Néu I_If(tanx)dx (hoac I—j

2 cos’

dx) thidat t=tanx (hodc t=cotx)

B B
Véi truong hop hay gap : | =_[ — f(_tan X)-dx — (hodcl =_[
asin x+bsin Xcos X + ¢ cos” X

a a

f (cot x).dx
asin? x+bsin xcos X+ ¢ cos® x

B B
| f (tan x) dx sau do dit t=tanx = dt =% = [ 1(®

=|———>—dt
cos® x(atan® x+btan x+c) cos’ X 5 at’+bt+c

thi bién ddi; | =

Sau d6 quay vé TH4
P dt = (cos x ¥ sin x)dx

*) Hu6ng tu duy 3.4: Néu | =_[ f (sin x £ cos x;sin xcos x)dx dat t=sinx£cosx =< t2 -1
sinxcosx =+

a

Sau d6 quay vé TH4

TH6: Khi gap tich phéan chi chira ham log hoac chi chira hdm md thi ta ¢d céc hudng di sau :

. % f(Inu)
*) Huéng tu duy 1: Néu ¢6 dang | :j—dx thi datt=1Inu
> u
(hoac dat t = g(Inu) nghia la dat t bang mot ham theo Inu ).
Inu

Néu dusi dau tich phan c6 mit log, u thi cac em nén chuyén vé Inu bang cong thic : log, u v
na

b
*) Hudng tu duy 2: Néu ¢6 dang | =I f(e*)dx thi dat t=e* (hoic t bang mot ham theo e*).

a

TH7: Néu dudi dau tich phan c6 dau tri tuyét doi | = “ f (x)|dx thi tim cach pha tri tuyét d6i bang cach di

xétdau cua f(x) trong doan [a;B]. Cuthé:
B1: Giai phuong trinh f(x) =0=> x =? va chon cic X, €[a; ] roi chuyén sang:
& + x!. _ =

B2: Lap bang xét dau: (Gia sir ta bang xét dau: — ' L)

B /4 B
B3: Ta dya vao cdng thic j f (X)dx = j f (x)dx + j f(x)dx (a <y < B)détach:

| = j | (x)[dx = j | ()[dx+ j | (x)[dx = j f (X)dx— j f (x)dx. Sau d6 chuyén vé& sau TH dau.

THS: Khi bai toan yéu cau tlnh dién tich hinh phing hoac thé tich vat thé tao ra khi quay hinh phang qua
truc Ox, Oy thi cac em can nhé kién thuc sau:
Hinh phang giéi han boi cac duong :

y = f(x) S=j|f(x)—g(x)|dx (2%) S=j|f(x)|dx
y=9(x) =>4 " - 0, (néu y =g(x)=0)
x=a; x=b>a |V, =x[|f20)-g’(M|dx (@)  |Vo, =7[F*(x)dx

Néu khdng dua vao hinh v& va can pha tri tuyét déi thi chuyén vé TH6 .
Trang 114



GV: THANH TUNG 0947141139 - 0925509968 http://www.facebook.com/giaidaptoancap3

M ic dil ciing @ rat ¢o gang song Vi kha neng va trong khodng thoi gian con han
ché, cling véi lirong bai gidi I6n nén trong bai viet khong tranh khdi sai xot. Rt mong
s gOp ¥ va XAy dueng tor phia ban doc, dé bai viét durot hodn thién hon.

Moi ¥ kién gbp y xin chuyén vao email: giaidaptoancap3@yahoo.com
Cac ban c6 thé tham khao cac bai viét khac khi ghé qua trang:
http://www.facebook.com/giaidaptoancap3

Hy vong bai viet nay sé gilp ich nhiéu cho ban doc .

CAM ON CAC BAN PA PQC TAI LIEU !
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