NHOM GIAO VIEN TOAN VIET NAM

Ky thi tét nghiép THPT mén Toan dot 2

PHAN TiCH MOT SO CAU TRONG PE THI TOT
NGHIEP THPT POT 2 NAM 2021

Ths NGUYEN MINH NHIEN
Phé truwéng phong GDTrH — GDTX, Sé GD&DT Bic Ninh

Budi thi mon Todn ky thi tot nghiép THPT dot 2 nam 2021 dién ra vao chiéu ngay
06/8/2021. Bai thi mon Todn gom 24 ma dé. Noi dung dé thi nam trong chwong trinh THPT,
chit yéu chwong trinh 16p 12, trong dé 38 ciu diu ¢ mirc d nhdn biét, thong hiéu dwgc ra
trong cdc md dé nham kiém tra kién thikc co ban cia I6p 11, 16p 12; trong cdc ma dé tir cdu 39
dén cdu 50 kiém tra kién thirc hoc sinh & mirc d¢ vin dung, vin dung cao da thé hién ro tinh
phdn hod bang cich sir dung téng hop cdc kién thirc trong chieong trinh THPT. So v6i dé thi
dot 1, deé thi dot 2 c6 nhiéu cdu quen thudc, mgt so cdu, dang bai dia xudt hién trong dé thi dot
1. Bé’tgo diéu kién cho quyj thily cd cung cdc em co tai lidu on tdp trong ndm hoc 2021-2022,
chiing toi xin Qiki t6i quy thidly 6 va cdc em bai viét “Phdn tich mdt s6 cdu trong dé thi tot
nghiép THPT dot 2 nam 2021".

Hy vong bai viét sé gitlp quyj thidy c6 c6 thém tai lidu tham khdo; cdc em hoc sinh nam
chic cdc kién thikc trong chwong trinh THPT; tiép cdn dwoc v6i cdc bai todn méi, hay va la.
Dic biét, rén luyén tot kij ning thi trdc nghiém mon Todn.
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Cau 40: Cho ham s6 y = f(z) lién tuc trén doan [— 1;6] va c6 d6 thi la duong gap khiac ABC
trong hinh bén. Biét F' 1a nguyén ham cta f thdaman r(—1) = —2.Gidtricta £ (5) + F(6) bing

C
A. 19. B. 17. C. 22. D. 18.
Loi giai
Chon B
Cach1
YA
A ]2 B

—

@

N

! (@
Y

)

B

C
Tacs #(6)+ #(5)~ 20 (1) = [ £(s)da+ [ 7(+)da
21 21
=S you TS amour — Sy = 25gpy T Sppp =21

= F(6)+F(5) =17.

Cach 2

o o Qnéﬁxe[—l;él]
Tu’dothltacohamsoy:f(x)z 9410 né’uxe[ﬁl'ﬁ]

j:f(x>dx = zf<x)dx+jf(x)dx - izdx+j(10—2x)dx ~ 11

6

ff(:z:)dx = j:f(a:)d:zz—i—z‘f(:z:)dx = j:2dx-|—jj‘(10—2x)dx =10

Do d6 21 = if(x)dx—l— if(a:)dx = F(6)+ F(5)—2F (—1).
= F(6)+F(5) =17

Day la bai todn ¢ mttc van dung, hoc sinh nam vitng dinh nghia tich
iée xac.dinh dién tich hinh phing &
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b
£ (x) trén [a:b]. Knids [ f(r)do = F(:z:)‘b — F(b)—F(a).
+Dién tich Scta ;inh phang gi6i han boi: D6 thi ham s§ y = f () lién tuc trén doan

b
[a;b] ; Truc hoanh; Hai duong thing z = a,z = b 1a S = f |f (a:)|dx
Viéc xudt hién cac yéu to F(—l),F(5),F(6) ta nghi dén jf(x)dx,f f(a:)d;z,‘
1

va Zf(:z)dx di dén ]‘f(:c)dx +zf<x>dx = F(6)+ F(5)—2F (-1)

Hoéc jf(a:)d:): + Q]f(x)d:c = F(6)+ F(5)—2F (-1).
BAI TAP le’ LUYEN R

4
Céu 1: Cho ham s6 f(2) lién tuc trén doan |- 1;4] nhu hinh vé bén.Tich phan f f(z)dz bang
—1

Ya

C.5. D. 3.

>
DO | o
!
|

Loi giai
Chon A

Cach 1: Xac dinh ham s8 f (ZE) trén ting doan, r6i tinh tich phéan ta co:
0

]f(a:)d:c:f(2x—|—2 x—|—f2d:c+]<—2x—|—4 :1:—|—](—x—|—2 :1:—|—](—1)dx

-1
4

ff(x)dx:g.

Cach 2: Ung dung dién tich hinh phang
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-1 F G
Goi cac dlémA(_LO)aB(O;2)7C(L2)1ZX270)7 (370)7F (3 _1)1G(470) .
o 1 1+22 (2+D1 5
Vayff( = Sous T S0sc0 — Sppre = 5124_( 9 ) _( 9 ) :E'

Céau 2: Choham s6 y = f(z) = az® 4+ b2” + cx + d (a,b,c,d € R,a= 0)
c6 do thi la (C) . Biét rang &6 thi (C ) di qua goc toa do va do thi ham s6
y = f'(®) cho boi hinh vé bén. Gia tri f(4) — f(2) 1a

A —2. B. 2.
c.2. D. 2.
3 3
Loi giai
Chon D
Tt d6 thi ham s6 y = f’( )suyra f’(a:):—(a:—l)2-|-4.
Vayf ff d:c—f[ (:1:—1)2+4}d:c:—§.

Cau 3: Chohamsd y = f ( ) xac dinh va lién tuc trén tap

: YA
s0 thuc. Mién hinh phang trong hinh vé dugc gidi han boi

d6 thihams6 y = f/ (x) va truc hoanh dong thoi 6 dién
1
\ 5 b
tich S=ua. Biét rang f 2:(;-|-1 q;:E va

f(3)= ¢ . Tinh L:ff(a;)d:v

A.a—b+ec B.a+b—c
C.—a+b—c D. —a—b+c
Loi giai
Chon A

bat t = 2x = dt = 2dx
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dt=b s [(e+1)f(z)de=b

D lu=z2+1 du = dx
[ i[vf<x>

1

f d:c(z)ff =2f (1)~ £(0) 0

0 0

3

a:Jf’(xﬂx—ff’(mﬁx@a:f(l)—f(0)+f(1)—f(3)@2f(1)—f(0):a+c

Dods [ f(z)dr =27 (1)~ 7(0)~b=a—b+e

Ciu 4: Chohams§ y = f () c6 dao ham lién tuc trén R. D6 thiham s6 y = f'(x ) nhw hinh bén

duéi. Biét dién tich hinh phang (H) bang % va f(— 1) = f( ) —% Tinh J = ]‘f'(2x)da:
|
AT=2 B.I=—. cr==. D.I=—.
24 13 13 26

Loi giai
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YA

A2 B. 2. c.2,
6 6 3
Loi giai
Chon B
Cach 1:

=Y

o | \©o

Dién tich hinh phang gi6i han béi mot parabol va mot dwong thang cé phwong song

2
song voi truc Ox dwgc cho bdi cong thirc: S = Eday.cao

[ x1 T\ oz

Ap dung cong thiic nay ta giai nhanh bai todn nay nhu sau:
vk
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O a=1.
Taco f(=1)+f(1)=[/ (=)= (B3)J+[S ()= (3)]= S+ (5, +5,+S,).
. 4 1 1 3
V6i S, =321=3, §,=212=1, 5, = (1+2).1=7.
Suy ra f(—l)+f(1)=%.
Cach 2:
Ta xac dinh biéu thtec ctia ham s8 y = f'(x). Tir hinh vé ta thay trén [-3,2] d6 thi gom 3
nhéanh:

© Nhanh parabol y =a,x* +bx+c, xac dinh trén [-3,-1] di qua 3 diém (-3,0), (-2,1) va

(-1,0).
o Nhanh duong thang y = a,x +b, xac dinh trén [-1,0] di qua 2 diém (-1,0) va (0,2).
© Nhanh duong thang y = a,x+ b, xac dinh trén [0,2] di qua 2 diém (0,2) va (2,0).
T day, giai cic hé phuong trinh twong tng ta suy ra biéu thitc ctia f(x) la:
—x>—4x-3 khi -3<x<-1
f'(x)=42x+2 khi -1<x<0 .
—x+2 khi 0<x<2
f(x) 1a modt nguyén ham ctia f'(x), do @6 biéu thiec cia f(x) c6 dang:
3

—%—2x2—3x+C1 khi -3<x<-1

f(x)=4x"+2x+C, khi -1<x<0 .
2

—%+2x+c3 khi 0<x<2

3
Vi f(-3)=0 nén ta co: —%—2(—3)2—3(—3)4'6'1 =0=C=0.

Do f lién tuctai x=-1 néntacé: lim f(x)= lim f(x), suy ra:
x—-1" x—>—1"

3
_%_z(_l)z_3(_1):(_1)2+2(_1)+c2@q:%.
Tuwong tu, f lién tuc tai x =0 nén ta cé:

2
02+2.0+1=—0—+2.O+C3 =3 -7
3 2 3

. 2 7 I’ 7| 31
Vay f(-1)+ /(1) =|(-1) +2(-1)+= [+| ——=+2.1+= |=—.
3 2 3 6
Cau 6: Choham G y = f(z). Hams8 y = f'(x) c6 d6 thi nhw hinh vé bén.
Biét rang dién tich hinh phéng gi6i han béi truc Oz va &6 thi ham s8y = ¢/ <x ) trén
doan[—Z : 1} va [1 ; 4] lan ot bang 9va 12. Cho f (1) — 3. Gid tri cta biéu thtc
—2)+ 7 (4)

bang
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=y

-2

Loi giai
Chon C

Ttr d6 thi ham s6 y = f’(x) = f’<x> < 0 trén mdi doan [—2 : 1] va [1 : 4].
Dién tich hinh phang gi6i han béi truc Oz véi d6 thi ham s§ y = #/ (a:) trén doan

2

1

Sl:i’f’(:p)‘dx:—_]Qf’(x)da::f(—2)—f(1)=12:>f(—z):9+f(1)=12.

Dién tich hinh phang gi6i han béi truc O d6 véi d6 thi ham s6 ¢y = (:1: ) trén doan
[1;4] la

4 4
S, = f f’(m)‘dx - —ff’(x)d:z: = f1)-f(4)=-9= f(4)=r(1)-12= 0.

1 1

Vay f(-2)+ f(4)=12-9 =3,
Céu 7: Cho dudng cong (C'): y = 8z — 272" va dudng thing § =m cat (C) tai hai diém phan

biét ndm trong gdc phan tw thit nhat cua hé truc toa dd O zy va chia thanh 2 mién ph:fmg ¢ dién
tich S,5, bang nhau. Ménh dé nao dudi day ding?

A.O<m<l. B.l<m<1. Q.1<m<§. D.§<m<2.
2 2 2 2
Y
y=m
0 =

Loi giai
Chon C
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16 giao diém 8T —27%° =m. Gia st nhu hi

— 3 —
giao diém 14 0 < a < b.Tacohe |50~ 270 =™ (1)-
8b —27b° = m

Goi F(a;) la mét nguyén ham cua ham sd f (x) =8z — 272" —m.

Khi @6 cac dién tich

5= J ok =~ leis = (0] Pl
5.~ Jlrops = J (oye = 05 i)

4
Theo gia thiét thi S, = 5, < F(b)— F(0) « 4" — 274b —mb = 0.
Suyrabzéém:g.
9 27
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Cau 41: Choham s8 f(z) = az’ + bz’ + c2*(a,b,c € R). Ham s8 Y = f'(Z) c6 @6 thi nhu trong
hinh bén. S6 nghiém thue phan biét ca phuong trinh 2f(2) =3 =0 1a

yl\

A. 4. B. 3. C. 2 D. 1.
Loi giai
Chon C
/
Goi hoanh d¢ giao diém ctia d6 thi ham s6 Y = f (517) voi truc hoanh la m,0,n voi

m < 0 < n.KhiddtacéBBT

Tt BBT suy ra duong thang y = g cit d6 thi ham s8 ¥ = [ (:1:) tai hai diém phan biét.

Do d6, phuong trinh 2f(2) —3 =0 c¢ hai nghiém thuc phan biét.
Nhan xét
Day la bai toan st dung su bién thién cua ham sd d€ giai bai toan vé twong giao gitta hai do

thihamso Y — f (33) vay=4g (m) (m latham s0). V4i dang toan nay ta can xac dinh duoc tinh

chat va su bién thién cua [ (33) thi c6 thé giai quyét bai toan. Diém quan trong nhat chinh la tim

cac diém cuec tri.
BAI TAP TU LUYEN
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y = f (x) nhu trong hinh vé. Héi phuwong trinh f (x) _ (0 cb tat

ca bao nhiéu nghiém biét f (a) >0> f (c) ? /\

A. 3. B. 1 4
C.2 D. 0 0 e a
Loi giai
Chon C
Tt gia thiét ta c6 BBT
T — a b C +Oc

!/

y 0 -

- 0 + 0 +
-I-OC\ +0ocC
/ /
| . \ (¢
fle

Ma ¢ (a> >0> f (c) nén phuong trinh f (a;) = 0 c0 hai nghiém phan biét.

Cau 2: Cho ham s f(x) =az’ + bz’ + cx +d voi a =0 cb cdc diém cyc tri z = 1;2 = 3. Tap
hop tat ca gia tri cua tham s6 m d€ phuong trinh f (;v) =f (m) c6 3 nghiém phan biét la
A. (f(l);f(3)). B. (0;4). C. (1;3). D. (0;4)" {1:3}
Loi giai
Chon D
Tir gia thiét ta c6 J’ (x) = 3a(x - 1) (:E - 3) = a(3x2 — 12z + 9)
:>f(x) :a(x3 —62° —|—9x) +d zag(x)—l—d véi g(x) = 2% — 622 + 9z.
Ham s6 y = g(a;) c6 cac diém cuc trila z = 1;2 = 3 nén d6
thi ¢6 diém udn 1(2;0) va g(0) = g(3),9(1) = g(4) Y,
Tact 1(s)= 1)  o(e) = o(m).
Nén phuong trinh f (x) =f (m) c6 3nghiém phan biét khi va 4
chi khi

010 =) <o) <o) = o(0) 1 / \/_.

0] 1 3
Cau 3: Cho ham s& f(x) = az' + bz’ + cz® + dz + m,. Ham s6 A
! x) c6 d6 thi nhw hinh vé bén dwdi:
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[\

_2
1

)
firy
]y

-3

Tap nghiém ctaa phuong trinh f (x) = 48ax + m ¢ sO phan ti la:
A. 1. B. 2. C. 3 D. 4.
Loi giai
Chon B
Tacd f'(z) = 4az® + 3ba’ + 2cx + d (1).
Dua vao do6 thi ta C(')f’(g:) =aq (:1: — 1)(4:1: + 5)(:1: + 3) =4az® +13ax” —2ax—15a (2)
vaa=0.
T (1) va (2) suyra b = ?a, ¢c = —a vad=—15a.
Khi dé:
f (CL’) = 48ax + m sax’ +b2’ +cr’ +dr =48ax

&a x4—|—?x3—:132—63x =0

z =20

z =3

<3 +137° — 327 —1892 =0 =

Vay tap nghiém ctia phwong trinh f (x) =48az +m la § = {0;3}.
Céu 4: Choham sGy = f(z) = ma' + na® + pa’ + gz + r, trong d6 M, n, p, ¢, r € R. Biét ham
s8 y=f'(z) c6 d6 thi nhu hinh bén dudi. S§ nghiém cua phuong trinh
f(a:)=16m+8n+4p+2q+r la

Ya

VAN :

Y

A.4. B.5. C.2. D.3.
Loi giai
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= 4mz® —16mz* — 4mx + 16m.

*Ma fl(x): 4mz® + 3nz® + 2px + ¢ . Suyra {p = —2m
q=16m

* Phuong trinh f(x) =16m +8n+4p +2q+r

@mx4—%mx3—2mx2+16mx+r:16m—%m—8m+32m+r

& m x4—§x3—2x2+16x+§ =0

T =2
=
7’ —Exz —Ea:—é: 0
3 3 3
Phuong trinh 2* — ?mz — %x —% = 0 ¢6 3 nghiém phén biét khac 2.

Vay phuong trinh f <:1;) = 16m + 8n + 4p + 2¢ + r c6 4 nghiém.
Céu 5: Cho ham s y = f(x) =az' + b2’ +cx’ +dz+ k Vi (a, b, ¢, d, k € R). Biét ham s6
y = f' (x) c6 d6 thi nhu hinh vé, dat cuc tri tai diém O (0; 0) va cit truc hoanh tai A (3; 0). Cé
bao nhiéu gid tri nguyén ctia m trén [—5; 5] dé phuong trinh f (—l‘2 +2r+ m) =k ¢6 bon

nghiém phan biét?

./
N w

P

H=

C. 5. D. 7.
Loi giai

A. 0.

I
[\

Chon B
Tl d6 thi ta thdy f’ (x) khong thé cé bac nhé hon bang 2, do d6 a = 0.

Ta suy ra f’(x) = azr’ (:1: — 3), d6 thi ctia né di qua A(2;1) nén

1
=—&Sa=——.
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4 3
X X

i
Tacéf(x)zk@—ﬁ+z+k=k(:> oy

— 224+ 2x4+m=0

Suyra f(—z*+2z+m|=Fk < .
Y f( ) —2’ 4+ 2r+m =4

Phuong trinh —2" +22+m =0 c6 hai nghiém phan biét khi
AN=1+m>0em>-1.

Phuong trinh —2° +2+m =4 c¢ hai nghiém phan biét khi

Al =1+m—4>0<m>3.

—x02—|—2x0+m =0

) =4=0.
—x, —|—2x0—|—m=4

Hai phuwong trinh néu nhu c6 nghiém chung z,, thi [

Do vay d€ phuong trinh f (—582 +2z+ ’m) =k c6 4nghiém phan biét thi

m > —1

s m > 3.
m > 3

Do m nguyénva m € [—5;5] nén m € {4;5}.Véy co 2 gid tri cua m .
Cau 6: Cho ham s6 y = f (.7,‘) c6 do thi y = f'(a;) cat truc hoanh tai ba diém c6 hoanh d6
a < b < ¢ nhu hinh vé. S6 nghiém thuc cua phuwong trinh f (a; — a) =f (c) la

YA
0,
a b c T
A.2. B. 0. C.3. D.1

Loi giai

Chon D

+) T do thi y = f! (x) ta c6 bang bién thién cua y = f (x)

z — 00 a b c —+00

y/ + 0 - g + 0 -
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+) T dd thi y = f'(x) ta co:

b ¢
5,<8, & [~r(ehe < [ (ehe o 7(o)- £(b) < F(e)— £(8) & 7o) < (o
+) S8 nghiénf cta phuong tr‘inh f <x — a) = f <c> la s6 giao diém cua d06 thi
y=1f (:1: - a)vé duong thang y = f (c) trong d6 duong thang y = f (c) la duong song
song hodc trung voi truc hoanh, cit truc tung tai di€ém c6 tung do b.’?mg f (c ) , con do thi
ham s8 y = f (2 — a) 6 dwoc 1 do tinh tién d6 thi ham s8 y = f () sang tréi theo
phuong cta truc hoanh (—a) don vi.
Tl ba diéu trén suy ra phuong trinh f (x — a) =f (c) c6 dung mot nghiém.
Cau 7: Cho ham s0 f(ac) =ax’ +bz' 4+ cx’ +dz® fex 47 (a,b,c,d,e,r € R). Ham s&
y = f'(z) 6 do thi nhw hinh bén. Phuong trinh f(z) = r c6 bao nhiéu nghiém?

Ya

4

-2\70 1\/2 g

C. 5. D. 4.
Loi giai

=
[

A. 2.

Chon B
Tacod y = f’(m) 1a ham s6 bac 4.
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z) cat Oz tai bdn diém A(—2;0), B{—1;
suy ra f’(x) Zk($2 —1)($2 —4), k>0.
Lai c6 diém E(O;4) thudc d6 thi ham s6 y = f’(m) =k=1.
Véyf’(x):$4—5x2+4.

Mat khac ff’(m)dm:f(m4—5x2+4)dx=%m5—§x3—l—4x—l—r
#f(x)z%x5—§m3+4x+r.

Cau8:Chohamso f(z) = az* + bz’ + cz®> +dz +m,.HamsO y = f'(z) c6 d6 thi nhw hinh vé
f ; y=1r

bén.
Y
f(@)
2
o \J
/ ,
1 ~ A \
Tap nghiém cta phwong trinh f (x) =f [5 c6 8 phan tr la
A. 5. B. 2. C. 4. D. 3.
Loi gii
Chon C
y
2 f'(x)

S
=7 1 2 xT

\&/

—_
Lo
N —

Goi S 1a dién tich hinh phéng gidi han boi d6 thi ham so (x), truc hoanh Oz va cac
duong thang * = —1; x =1.
S| 1a dién tich hinh phang giéi han béi d6 thi ham s& f/ (g;), truc hoanh Ox va cac

. 1
duong thang © = % =1

S, 1a dién tich hinh phang giéi han boi d6 thi ham s& f/ (), truc hoanh Oz va cac
duong thang x = 1; £ =2.
Dwra vao do thi ta co:
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S<S:>ff dx<f( (2))do = £(1)~ 1|

Trén khoang (—1; 1), ham sd f (x> dong bién nén f(— ) < f <f ( )

Ham s6 f (g;) c6 bang bién thién nhu sau:

1
Tl-o -1 3 2 +00
y 0+ 0 - 0 +
: (1)
fl= 1) f(2)

Vay phuong trinh f(x) =f [%] c6 tat ca 4 nghiém thuc.
Cau 9: Cho cidc ham s6 f(x) =mz' +nz’ + p2’ +qx +7; g(x)= ar’® + b2’ +cx+d
(m,n,p,q,r,a,b,c,d c R) thoa man f(()) = g(O). Cac ham sO = f’(x) va y = g/(:z:> c6 do

thi nhw hinh vé

Ty

a'x)

.
!
:

.
!
i
!
!
!
!
!
.
1vv
/1 noo2
P
P
P
P
P
P
Lo
‘
‘
!
!
‘

Goi 5 la tat ca cac nghiém clia phuong trinh f (2) =

g (x) . Khi 6 ménh dé nao sau day

dung?
A.S € —é;—l]. B.S € —2;—§]. C.se(o-1). D. S =2.
2 - 2 ’
Loi giai
Chon B

Quan sét do thi ham s8 y = f'(z) ta thdy m=0vaxét £(0)=g(0)= r=d = 0.

wr d6 thi c6
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T)— g'(m) = 4mz’ — 8mz® — 4mz + 8m (1)

Mat khac f’(x)—g’(a;)zmx3+3(n—a)a;2+2<p—b>x+q—c (2)
3(n—a)=—8m

T (1) va (2) chota 12(p—b) = —dm .

qg—c=8m

Xét phuong trinh f(x) =g (m) & ma' + nz’ + pr’ + gz = az’ + b2’ + cx

@x[mf —I—(n—a)ac2 —I—(p—b)x-l-q—c} =0

& T m3—8?mx2—2m+8m =0

z=0

& mo x3—§x2—2x—|—8 =0« 8 .
3 x3—§m2—2x—|—8=0

_z_ﬁ}
2

_Z_§}
2

Phuong trinh 2° — g 2’ — 2z + 8 = 0 6 ding 1 nghiém thucla 7, €
3

Vay phuong trinh f (x) =g (x) c6 tong cac nghiém S = 0 +z, = S e
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Ciu 42: C6 bao nhiéu sd nguyén duong Y sao cho ton tai s6 thuc T € (,5) théa man
Az —1)e" = y(e“ + 2y — 227 —3)?
A. 14. B. 11. C. 12. D. 10.

Loi giai
Chon C
Ta c6 4(z —1)e’ zy(ex +zy —22° —3) & Az —4—y)e' —y(xy—2x2 —3) =0.

Xét ham 8 f(z) = (47 —y — 4)e" — y(wy o — 3) ta 6

f(@) =4e" +(4a—y— e —y(y—4z) =€ (v —y) +y(y—43) =(¢" +) (s ).
fle)=0&a= % (do €' +y>0,Vxe(1;5),yeN*),

F(1) =—y(y+e—5); £(5) = —5¢* —y(e" —53) +16¢".

+ TH1: %z 5>x <y >20= f(r) <0,z e(15)

Suy ra f(x) nghich bién trén (1;5) hay f(a;) < f(l) :—y(y+e—5) <0,Vxe(1;5)_
Do dé6, phuong trinh [ (a:) = 0 v6 nghiém.

+ TH2: 0<%§1<x¢)0<y§4:>f’(:1:)>0.

Suyra f (a:) déng bién trén (1;5) hay f (1) <f (a;) <f (5)

Talaicé f(5) =€’ (16 —y) + y(53 —y) > 0,Vy < 4.

Do d¢, phuong trinh f (az) = 0 c6 nghiém khi va chi khi

<0 —ye+y—5H)<0<=et+y—5>0&y>b—e.
Do yENk vay < 4 nén y€{3;4}.

+ TH3: % € (1;5) © 4 < y < 20, ta c6 bang bién thién

w 1

/

¥y
4
Y - 0
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—yle+y—5)< 0,Vy € (4;20)-
Do d6, phuong trinh f (:c) = 0 c6 nghiém khi va chi khi
f(5)> 0 5y’ —y(e” —53) +16¢” > 0

2 2
53—e5—\/(e5—53) + 320¢° 53—e5+\/(e5—53) 1 320¢°
<y<
10 10

Doy €N vad <y <20nénye (56 :14}.

& (-333~) (~14,2).

Vay ¢6 12 gia tri nguyén ctia y thdéa man bai todn.
Nhan xét:

Day la dang todn da dwoc dé cap t6i trong dé thi Tt nghiép THPT ndm 2021 dot 1. Y
tuong van 1a huéng dén khao sat ham s8 f () trén (1;5). Nhung viéc giai n6 phai mét rat
nhiéu cong tinh toan (phai dung dén mdy tinh cam tay) vi cac biéu thitc cong kénh. Mot diém
khong hay ntta trong bai nay chinh la viéc ta c6 thé bién doi gia thiét vé phuong trinh bac hai
an yla xy2 —I—y(e”” — 27 —3) —4(x—1)e" =0.

Phuong trinh nay ludn c6 hai nghiém trai ddu nén tim duoc

—e" +22° +3 —I—\/(e’” — 227 —3)2 —|—16(x2 —:1;)69”

V= 4o - g(x)

Ham nay don diéu trén (1;5)

&
@

Y

T e---
8

Ot 1
Nén g(1) < y < g(5) tir d6 tim dwoc y € {3;4;...;14}.

Nhu vay, néu ban dau chi can thw

2
53—¢° + \/ (65 —_ 53) +320€°
10

—l=y=b—e~22r=5=y= (z14,2
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Céu 44: Xét cdc s6 phiic - va u thay doi thoa man |2| = |u| = 4 va [z —u| = 42 Gié tri nho
nhdtctia P = |z + 1+ [+ |w — 3 + 4i| bang
A.5-2V2. B.5—+/2. C. a1, D. 13,
Loi gii
Chon D

Cach 1.
Goi M, N, A(—1;—1),B(3;—4) lanluotla céc diém bi€u dién s8 phirc z,w, —1 — 7,3 — 4i. T

gia thiét ta c6 M, N € (0:4), MN = 4/2,P = MA+ NB.

y“ y“

Tacs Q(O,—90°) (A) =4 <_1;1)’ Q(0,90°) (A) -
+THL Q, (M)=N

Khidé,P = MA+ NB = NA + NB > AB = J41.
D&u bang xay ra khi va chi khi N = (O, 4) NAB.

+ TH2: Qo,goo) (M)=N

(
Khidé,P = MA+ NB = NA, + NB > AB = 13.
D4u bang xay ra khi va chikhi N = (0, 4) NAB.
Nhu vay, P = V13
Cach 2.
Goi M, N Tan luot 1a cac diém biéu dién s8 phtrc 2,w.
Tir gia thiét ta co6 OM = ON = 4, MN = 442 = AOMN vuéng can.
Do dé Qoﬁgoo (M ) = N hoadc Q(O’goo) (M ) = N hay w = 12 hoac w = —12

(0-)

+TH1: w = 12
P:|z+1+i|+|iz—3+4z’|:|z+1+z'|+|z+4+3z’|=|z—|—1+i|+|—z—4—3i
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z+1+1;|+|—1;z—3+4i|:|z+1+z'|+|—z+4+3z’|2‘1+i+4+3i‘=

Nhu vay, P = \/E .
Cach 3.

z—uz‘zélx/é (:}‘u—l‘:\/é,

bat w = uz(u¢ 0) ta co ‘UZ‘=4<=>‘U‘:1;

Khi d6
P:‘z—l—l—l—i‘—l—‘uz—?)—l—élz"=‘z—|—1+z"+‘u‘z—3;4i =\z+1+z‘\+—z+3u4i‘
Zl—l—z’—|—3_4i.

u

|u|=1 a>+b' =1 0 —

Bitu = +bifabcR)taduoe |u—1|=\/§<:> (a1)2+b2:2©[b=:t1
Véi u=1 thi 1+7;+3_i4i :\3—24:\/5.
3 ol 34 .
Véi u=—1 thi|l+7i+ — =‘5—|—z‘:\/ﬁ.

Nhuvay P = V13

NHAN XET:

Tt gia thiét ta ¢ thé chi ra M,N € (O, 4),MN = 4\/§,P = MA+ NB nhung viéc st dung
phép quay dé dwavé NA + NB va NA, + NB sé gay kho khan voi nhiéu thi sinh, dong thoi ¢6
thé méc 151 khi chon phuong an gid tri nho nhat 1 4 B = /41 . Mot tinh chat khac da duoc st
dung la
Néu Q(Oa) (M) = M véi m, M Tan luot bicu didn céc s& phtic 2,2’ thi 2/ = 2 (cosa + isin a)-
Véi bai todn nay, a = 90° vV a = —90° nén dan dén w = iz hodc w = —iz.

Khi d6, bai toan trd vé dang quen thudc: “Tim di€ém M thay d6i trén duong | sao cho MA + MB
nho nhat, véi A, B cho trude, AB cit [ tai mot diém thudc doan AB”.

Vi cach lam nhu vay ta di tdi 101 giai tht 3 va bai toén tdng quat nhu sau:

= mnlk,k € (0:4]. Tim

,VOia? + 02 < m*n? < ¢ +d°.

Xét cac s8 phirc » va w thay d6i thoa man |z| = m;|w| — n ;|nz —ma

gia tri nho nhat ctia P = |nz— a —bi|+ |mw —c—di

Loi giai

:L‘u—v‘ :\/%,k 6(0;4].”[“1mgié

Dit 2 = mu,w = nv (uv = 0) bai toan tré thanh ‘u‘ =1y

:‘mnu—a—bi‘—l—‘mnv—c—dz":mn U
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BAI TAP TU LUYEN
Cau 1: Cho - 14 8 phttc théa mén H = |z +2i]. Gié tri nho nhat cta |5 — 1+ 24] + [s + 1+ 3] la
A. 542 . B. 13 c.+29. D. 5.

Loi giai
Chon B

batz=a+b (a, bE]R).
=|e+2] & Va* +1° =,/a2+(b+2)2 e dh+4=0ob=—1
= 2z =a—1.Talaico

|z—1—|—2i|~|—|z+1+3i|: |a—1—|—z'|—|—|a—|—1+2i|: \/(1—a>2+12 +\/(1+a)2+22.
Ap dung BDT Mincdpxki:

\/(l—a)2—|—12+\/(1+a>2+22 2\/(1—a+1+a)2+(1+2)2 = J1+9=113.

Suy ra |z — 1+ 2i + |z + 1+ 3i] datGTNNlé\/Ekhi2(1—a):1—|—a(:>a,:%.

z

Ta co:

Cau 2: Trong cac s6 phttc 2, z, thoa man |z1 -3- 47;| = |z2 —-3- 4z'| =2 va |z1 — z2| = 1. Gia tri
nho nhét cia |z, —|z,| bing
A —10. B. —4—3V5. C. 5. D. —6—2v5.

Loi giai
Chon A

4
bat [zl iii(lz (a,b,c,d € R).Theod‘étacé: <<c—3>2 —|—<d—4>2 =14 (2)
, =
1

Khid6 o? 4 b — ¢ —d *= 6(a—c)+ 8(b—d).

Két hop str dung bat dang thirc Cauchy — Schwarz va st dung ta cé:
2 2

‘zl‘ —‘zz‘ =a’+b - —d" = 6(a—c)—|—8(b—d)

> —\/(62 +8)|(a—c) +(b- d)Ql = —10.
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( +
2
) ) (c=3) +(d—4) =4
Vay gid tri nho nhat cia |7, —|z,[ 1a —10 ki | ) )
(a—c) + b—d) =1
a—c_ b—d k<0
[ 6 8
2715 144412415
IS 10 40
L 33—4‘/E+ 176 + 12415
Ton tai 2 cap s6 phitc thoa man la: | ¢ i 10 40 :
97 + 415 144 — 12415
zZ, = —+ 7
< 10 40
33+ 4415 176 — 1215
Z, = + 1
| 10 40
Ciu 3: Xét cac sO phtic z, w thda man |z| =92, liw—2+ 5i| — 1. Gia trinho nhat ctia ‘22 —wz —4‘
bang
A4 B.2(\/2_—3). C.8 D.Z(\/2_—5).
Loi giai
Chon C
Cach 1:
Av
> 4
02
// ’ B \\\
ll \\
1 \
1 ‘: —
1 O 1 T
\\ Il
\\\N- _2—”,/
O~
o—4
—24 50

Ta c6: ‘iw—2—|—5z":1<:)‘z"-w—|— :1<:>‘w—|—5—|-27j‘:1.

1
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9 2
z —wz—‘z‘

= |z —wz—4‘=

=‘22—wz—z-2‘z‘z‘-‘z—E—w‘:2‘z—E—w
y
bat z = a + bi. Suy ra: z—7z =2bi. Vi |z|: 2 nén —4 <2h < 4.

Goi A, B Tan luot 1a diém biéu dién ctia w va 2bi. Suy ra:
+ A thudc duong tron (C) cotam J (—5;—2), ban kinh R =1.

+ B thudctruc Oy va —4 <z, <4.
Tt (¥) suy ra: T = 248 > 2MN = 2-4 = 8
Ddu “= " xayrakhivachikhi A = M (—4;-2) = w = —4 — 2i va

BEN(O;—Q)#ZM:—2@':b:—1:>z:a—i=>a2+1:4:>a::|:\/§

= 2= +V3—i.
Vay ‘zz—wz—zl‘ c6 gi4 tri nho nhét bing 8.
Cach 2:
bat z=a+bi, w=c+di (a, b, ¢, d € R). Ttx gia thiét, ta co:
@ +b" =4 a.b €[22
2 2 = .
(c+5) +(d+2) =1 |ee[-6:—4|.d € [-3—1]
Ta co:

2
T=‘z2—wz—4‘= zz—wz—‘z‘ :‘zQ—wz—z-z‘:‘sz—z—w‘:2‘z—z—w‘

- T:2‘2bz’—(c+dz’)‘:2\/(2b—d)2+c2 22\/6—2:2|c|22'4=8.

c=—4
Dau “= ” xay ra khi va chikhi {26 —d = 0

(c+5) +(d+2) =1

c=—4
Suy ra mot nghiém théamanla {d = —2.
b=-1

Vay 2 —wz — 4‘ c6 gia tri nho nhat bang 8.
Cau 4: Cho hai s§ phurc 2, 2, thoaman |z, — 3i+ 5| = 2 va |iz, — 1+ 24| = 4.Tim gié trj 16n nhét
cua biéu thiec 7 = |2iz1 + 3z2|
A. /313 B. /313 + 8. C. V313 +16. D. V313 +2v5.
Loi giai
Chon C

— 3i 4 5| = 2 & [2iz, + 6+ 10i] = 4(1)
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Goi A la diém bi€u dién s& phtc 2iz,, B la di€m biéu dién s6 phirc —3z,
T (1) va (2 ) suy ra diém A ndm trén duong tron tam [, (—6; — 10), bankinh R = 4,
diém B nam trén dudng tron tam 1, (6; 3), ban kinh R, =12

LN :
Taco T =iz, + 32| = AB< LI, + R + R, =12 +13" +4+12 =313 +16
Vay max T = 313 + 16.

Cau 5: Cho hai s6 phtic >, thoaman |z — 3\/5‘ ~ 2,

gid tri nho nhat khi z = 2, w = w,. Tinh 3, — w, |-

A 242 . B. 442 C.1. D. 62 .

Loi giai

'w—4\/§i

= 22 Biét réng |: — u| dat

Chon D

Ta co: +

z— 3\/5 ‘ = \/5 , suy ra tap hop diém biéu dién M biéu dién s& phtec - 1a duong
tron c6 tam 1 (3\/5;0), ban kinh = /2.
w — 4\/5@'

trdn ¢ tAm J(O;4J§),bénkinh R=2V2.

+ — 24/2, suy ra tap hop diém biéu dién N biéu dién s8 phitc » 1a duong

Ta co min|z— w| = min MN .

c I =52 IM = =2 NJ = R=22.
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Mait khac

IM + MN + NJ >1J = MN >1J—IM —NJ = MN25\/§—\/§—2\/§=2\/5.
Suy ra min MN = 2\/5 khi I, M, N, J thang hang va M, N nam gitta 1,J .
TacéFVz3I7\Zz>3I7\Z—FV=6.

Do do

32, )| = ‘3074—0_1'\7 = ‘3(5+W> —(51'+Fv)‘ = ‘20_1" =200 =232 = 62.

Cau 6: Cho hai s6 phttc 2,2, théa man |z1 —1+ z| =1 va 2z, = 2iz,. Tim gid tri nho nhat P_
cuia biéu thttc P = |2z1 — z2|.
A.Pmin:2_\/5' B.Pmin:8_\/5. C.Pmin:2_2\/5‘ D.]3mi11:4_2\/5'
Loi giai
Chon D

Tw z, = 2iz ta duge P = |2z1 _ z2| = |2z1 _ 2¢z1| :‘(Z—Zi)zl

=2 -2 ]| = 2@.‘4‘
Goi M (a; b) la diém biéu dién hinh hoc ctia s6 phtic z, .

Tir gia thist |5, 1+ i| = 1 taduoe|[a=1)+(b+1)i =1 & (a—1) +(b+1) =1.
Suy ra M thudc dwong tron (C) c6 thm I(l;—l) ban kinh R = 1.
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Gia st O cat duong tron (€) tai hai diém 4, B voi A nam gitta O va I.
Tac6 OM + MI > O < OM + MI > OA+ Al & OM > OA
Nén OM nho nhétbing OA khi M = A va OM = Ol — R =2 — 1.

Knids P, =2V2(V2 1) =4-22.

Cau 7: Cho s6 phtic : thay do6i théa man |z —gi = % Gia tri 16n nhat cua biéu thuc
3
P = |z—|—1|—|—|z—1|+ z—\/gi bang
4 8 16 32
A —. B. —. C. —=. D. ——.
V3 V3 V3 V3
Loi giai ,
Chon B

Goi M 1a diém bicu didn ctia -, A(—l ; 0),

B(l;O), C(O;\/g).

2
4
KhidéME(C):f—l— y—ﬁ] =— 0
3 3
A NEX 2 -
tam I |0; ; ,bankinh R = 2_va 4, B,
3
Ce (C), AABC la tam gidc déu.
Ta co:

P:|z+1|+|z—1|—|—‘z—\/§7j — MA+ MB + MC .

Gia st M thudc cung nhd AB. LAy E € MC saocho ME = MA.
Vi AMC = ABC =60° nén AAME 1a tam giac déu.

= AM = AF va MAFE = 60°
= CAE = BAM = ACAE = ABAM (c.g.c) = EC = MB.

z—\/gi
MA+ MB+ MC = ME+ EC+ MC =2MC .
P, < MC c6dodailénnhdt < MC la duong kinh ctia duong tron (C )

P, =2MC =22R = >

R

Dodc’):P:|z+1|+|z—1|+
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gitra cung nho BC', AC.
Viy P, = —.

Max \/g
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Céu 45: Trén tap hop céc s§ phtic, xét phuong trinh 2° —2az +b0" +2=0 (4,b la cc tham

s0 thuec). C6 bao nhiéu cap so thuc (a; b) sao cho phuong trinh d6 c6 hai nghiém 2, z, thoa

man z, —|—2i22 =3+ 31?2

A. 2 B. 1. C. 4 D. 3.
Loi giai
Chon D
9
Z =3 zl+z2:2a:2 a=—
THI: 2,2, € R, taco z, + 2iz, = 3+ 3i & 3= 2oy n
ZQZE z1z2=b2+2:§ b::I:—2

TH2: 2,2, £ R, dat 2, = w—l—yz’(:c,y € ]R>:> z, =z —yi

Tac 2, +2iz, = 3+ 3i & z+yi+2i(z — yi) = 3+ 3i = |

a=1 a=1
= &
b*=0 [b=0
Vay c6 3 cap s6 (a, b) thoa man.
NHAN XET
Day la dang toan tuong tu da duoc gap trong dé Tt nghiép THPT nam 2020, 16i phd bién khi
giai bai todn 1a xét thiéu trieong hop dan dén két qua la 1 va 2 cap.

T+2y=3 «le
=

BAI TAP TU LUYEN
Cau 1: Cho céc s6 thuee b, ¢ sao cho phuong trinh 2* + bz + ¢ = 0 c6 hai nghiém phtic Z,52,

thoa man |7, — 3+ 3i| = V2 va (2, +2i)(2,~2] 1a 56 thuian 0. Khi d6 b + ¢ bing:
A —1. B. 12. c.4 D. —12.
Loi giai
Chon C

TH1: 2,2, € R, khi d6 ‘z1—3—|—3i‘= /(z1_3)2+9 > /2 mau thuln vdi gia thiét.
TH2: 2,2, £ R, d4tz, =x+y =2z, =2 =x—Uy.

Ta co

5—3+3i[=\2 & (s=3) +(y+3) =2 (1)
(z1—|—2z')(z2—2):[x-l—(y—l-Q)iH(x—Q)—yi ::172—|—y2—2x+2y+{(m—2)(g/—|—2)—xy]i
la mot s8 thuén o khi va chikhi 2” +y* — 2z +2y =0 (2).

(:zc—3)2+(y+3)2=2:> r =2
2’ +y’ —2r+2y =0 y=—2

T (1) va (2) ta co

—2i; 2z, =2+2.
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CAu 2: C6 bao nhiéu gié trj duong ctia s8 thuee o sao cho phuong trinh 2° + \/gz +a*>—2a=0
c6 nghiém phtrc z, thoa ‘ZO‘ = \/5 ?
A. 3. B. 2. C. L D. 4.
Loi giai
Chon B
Phuong trinh 2* -I—\/gz—l—a,2 —20a=0(*)cd A = —4a”> 4+ 8a + 3.

Xét 2 treong hop:
THl:AZO@—4a2+8a+3ZO<:)2_2\/? 2+2\/?

<a<

(D).
Khi d6, phurtong trinh (*) c6 nghiém z, thi z, € R.

Theo dé bai: | |—\/_<:> K _\/_

=

*z, = ~J3 , thay vao phuong trinh (*) ta duoc o® — 20 <

Tz, = J3, thay vao phuong trinh (*) ta dwgc o — 2¢ + 6 = 0 (vO nghiém).
Két hop diéu kién a > 0 va diéu kién (1) suyra a = 2.
9 _
_2-47

a
TH2Z A <0< —44°+81+3<0< 2 (.
2+ 7

Khi d6, phuwong trinh (*) c6 nghiém phuc 2 thi 20 cling la mot nghiém ctia phuwong
trinh (¥).
a=-—1

, - 2
Tacozo.zo:a2—2a<:>|z0| =a¢’—20a= 0’ -20—-3=0& 5
a =

Két hop diéu kién a > 0 va diéu kién (2) suy ra @ = 3.
Vay ¢6 2 gid tri « duong thbamanla a =2; a = 3.
Cau 3: Trén tap s phtrc, xét phuong trinh 92* + 62 + 1 — m = 0 (m 1a tham sO thuec). TOng tat
ca cac gia tri caia m d€ phuong trinh ¢6 nghiém thoa man |z| =1la
A. 20. B. 12. C. 14. D. 8
Loi giai
Chon B
92 4 62+ 1-m =0 (. A'=9-9(1—m)=9m

2 =
TH1:A’20¢>m20.Khidé|z|=1(:>
2 =
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0 & m < 0.D3t z = a+bi(b=0)
Khi d9, -, z1a cac nghiém cua phwong trinh 92 + 62 + 1 —m = 0.

Tacé|z|:1<:>|z|2:1<:>z.2=1<:>1_Tm=1<:>m:—8.

Vay téng can tim bang 12.
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Cau 46: Cho hai ham s8 f(z)=az' + bz’ +cz* +2z va g(z) =ma’ + na’ —2x; voéi
a,b,c,m,n € R.Bi€thamso y = f(z) — g (x) c6 ba diém cuc tri — 1;2; 3. Dién tich hinh phang

giéi han boi hai duong ¥ = () va y = ¢(z) bing

A. ﬁ B. E C. % D. E
3 9 9 6
Loi giai
Chon B

Tir gia thi€t ham s6 4 (z) = f(z) — g (x)c6 bac 4 ¢d ba diém cuc trila —1;2;3. Do do

h'(x) = f'(z) - g'(a:) = daz’ + 3(b - m):l:2 + 2(0 - n)x +4 = 4a (ac + 1)(:1: - 2>($ — 3)
1 2

= h’(())=24a=4:>a:g=> h’(m)=§(x+1)(a:—2)<x—3).

Dién tich hinh phang giéi han béi hai duong Yy = f/(SL‘) va Y= g’(a:) bang

S = f[f(x }dx——f x—l—l :1:—2)(:1:—3)da::%.

NHAN XET

Day la dang toan twong tu da duoc gép trong dé THPT qudc gia nam 2018, diém mau chdt cua
bai toan la phan tich f'(z) — ¢ (:1;) = 4a (w + 1)(;1; — 2)(:1; - 3) dé tim o qua h'(O).
BAI TAP TU LUYEN
Cau 1: Cho cac ham s6 f (a:) = az’ + bz + ¢ va g(m) = mx +n cb d6 thi [an luot la duong cong
(C ) va duong thang d (nhu hinh vé). Biét AB = 5. Dién tich hinh phang gi6i han boi d6 thi (C )

va duong thang d (phan t&6 mau) la S = P (trong d6p,q € N'; (p;q) = 1). Khing dinh nao sau
q

day dung?
A.p—q¢=20. B. p>11¢q. C.pq:69. D.p+4¢=35.
Loi giai
Chon D

Ta céd A(0;c) € (C), B0;n)edva AB=5<c—n=5(c>n)

dd giao diém cua (C va d
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ai c6 hoanh d¢ giao diém cua (C') va dla 2=1va z=5
nén (*)cd dang a(z — 1)(z —5) =0

Pong nhat hé so ta duoc a =1

Dién tich hinh phang gi¢i han boi (C') va dla

5 5
S:f|(x—l)(:1:—5)|dx:f‘x2—6:1:+5‘d:1::3—32
1 1

Suyra p=32q=3=p+q=35.
Cau 2: Cho hai ham s6 f(:c) =az’ + bz’ +cx +d va g(ac) =mz+n
(a.b,c,d,m,n € R). Biét rdng d0 thi ham s8 y = f(z) va y = g(a)
cat nhau tai ba diém c6 hoanh do —1;2;3 (tham khao hinh vé phia
bén dudi); dong thoi dién tich S, = 45 (phan hinh phang t6 mau
xanh). Tinh dién tich S, (phan hinh phang t6 mau do).

7 7 128
A%:g B. 82:1—. C. SZZT.
7
D. S =-.
6
Loi giai
Chon A

Ta c6 phuong trinh hoanh d6 giao diém f(x):g(x)@) a<x+1)(x—2)(x—3): 0
2
Céo S, zfa(x+1)(x—2)(x—3)dx:45<:>%a:45(:)a:él.

-1

3
7
Vay S, =— [ 4z +1)(z —2)(z — 3)dz = —.
by 8=+ )2~z =
Cau 3: Hinh phang duoc td mau & trong hinh vé bén duoc gidi
han boi mot @6 thi ham s& bac 3 véi mot duong thang A cling
vé6i truc hoanh va truc tung. Dién tich hinh phang d6 bang

4
A4 B. —.
3
1
C. —. D. 2
3
Loi giai

Chon A

Ta c6 do thi ham s8 bacba y = az’ + bz’ +cx +d cé:
+ Giao véi 0y tai diém c6 tung dd bang
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+Di qua diém (—2;0) = -8a+4b—2c=-2= —4a+20—c=-1
+Co6 z =1 la diém cuec tri cia ham s6 nén la nghiém ctia phueong trinh
y'=0=>3a+2b+c=0

T dda=1b=0c=-3

Vay ham s8 bacba la: y = 2° — 3z +2
Ta c6 duong thang di qua hai diém (—2;0);(0;2) lay=z+2

Giao diém ctiahai do thila z = —2;2 = 0;2 = 2

2
Vay dién tich hinh phéng gidi han v6i hai do thi trén 1a: § = [ (42 —2°)dv = 4
0

1 .
Cau 4: Cho hai ham sd& f(SB) =az’ + b2’ +C$—§ va g(x) =dr’ +er+1 (a,b,c,d,e € R).Bié’tréng

d6 thi ham s6 y = f(z) va y = g(x) cit nhau tai 3 di€m c6 hoanh d¢ Ian luot 1a —3; —1; 1 (tham
khao hinh v&). Hinh phéang gi6i han boi 2 d6 thi da cho c6 dién tich bang
A

Yy

N o

A. 5 B. C.8 D. 4

Loi giai
Chon D
Tt giao diém hai d0 thi ta cd f(:r) -9 (x) =a (:r + 3)(m + 1)(m - 1).

Suy ra a(x—l—3)(x—|—1)(m—1):ax3 —I—(b—d)x2 +(C_d)x_g

A 3 1
Xét hé so tu do suy ra —3a,:—§:>a=§,

Do do /() - g(x) = (o +3)(z + 1)+ -1).

-1

Dién tich bang Sz%f(:c-i—i%)(x—kl)( )d:c:4.

x_l)dx_%i(x+3)(x+1)(x_1
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a,b,c,d €¢ R ¢4 d6 thi nhu hinh vé bén, trong dé duwong cong
dam hon 1a d thi ctia ham 6 y = f (). Dién tich hinh phing gici 4
han béi hai duwong cong y = f (:c)vé y=g (x) gan nhat voi két qua
nao dudi day?

A. 45. B. 4,25.
C. 3,63. D. 3,67 . ]
Loi giai O
Chon A /

Tie do thisuyra f(z) = a(z — 3)*2z Va fI) =4 =>a =1
= f(z) = (z - 3)'2

g(«) 12 ham s6 bac ba nén g(z) = m(z —=)*(z —3) va

) =4=m=-8=>g(x)= —8(33—%)2(33—3)

3

Vay S = j; ‘f(x) —g(:zc)‘.da: 22 =45
Cau 6: Cho hai ham s0 f(x) =ar’ +b2* +cx+1 va
g(x) =dz’ +ex—1 voi a; b; c; d; e 1a cdc s thuc. Biét rﬁmg do thi
ciahamsd y = f(a:) vay = g(x) cit nhau tai ba diém 4, B, C' ¢6
hoanh d6 Ian lwotla —1; 1; 2 (tham khao hinh vé). Hinh phfmg gidi
han bédi hai d6 thi da cho c6 dién tich béng

37 27 8
A —. B. —. C. —.

12 12 3

5

D. —.
12
Loi giai

Chon A
Ta co

fz)—g(z)= (a:c3 + bz’ +cm+1)_(dx2 +ea:—1)= az* + (b—d)a’ + (c—e)z + 2

Vi d6 thi ctia ham 8 y = f(z) va y = g(z) ct nhau tai ba diém A, B, C' c6 hoanh do
lan lwgtla —1; 1; 2 nén phuong trinh f (a:) = g(x) co banghiémla —1;1; 2.

Két hop voi diéu kién gia thiét suy ra f(z)— g(z) = a(z +1)(z — 1)(z - 2).

Dong nhét hé s6 tu do hai dang biéu thirc f(z) - g(z) ta duoc 2a=2=a=1.

Vay f(a:)—g(x) = (:c+1)(x—1)(:c—2)= b — 22" —x +2.

x3—2x2—x+2‘dx:£.
12

2
Dién tich hinh phéng can tim 1a: 5 = [
-1
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bo1 do thi cua hai ham so
Ac bon y = f(z) va y = g(z). Biét rang do thi ctia hai
ham s& nay cit nhau tai ding ba diém phan biét c6 hoanh do lan
lwotla —3;-1;2. Dién tich ctia hinh phéng (H ) (phan gach soc trén

hinh vé bén) gan nhat véi két qua nao dudi day?

A. 3,11 B. 2,45.
C. 3,21. D. 2,95
Loi giai
Chon A
Tai diém c6 hoanh d¢ z = —3 hai d6 thi ham sd nay tiép xtc vdi nhau.
2
C6 f@)—g(x) = alz+3] (z+1)(x—2),
. -3 (=3) 9 9 —1
M _ =2 |2l=ZL =a91l(2)=—=a=—.
210 -0 = [2 10 D=1 20
2 2
) B o ) 37133
Vivay S5, = _f3|f(x) - g(x)| = _f3 —2—0(56 + 3) (z4+1)(z —2)|dx = To00 3,11.
Ciu 8: Cho ham sG bacba y = f(z) vaham s6 bachai y = g(z) 1
c6 d6 thi nhu hinh vé. Biét rang phan dién tich S, giéi han |
boi d6 thi ctia hai ham s8 bang 4. Tinh phéan dién tich S, gidi
han boi hai d6 thi ham so. !
A. S, =4, B. S, =2. |
3 !
C. 32 =1. D. Sz 25 |
Loi giai y=g()
Chon A !
Duta vao do thi ctia hai ham s6 ta thay hai d6 thi cat 1 3;

nhau tai cac diém cé hoanh d6 [an lwotla —1, 1, 3 nén

f(x)—g(x)z a(x+1)(x—1)(x—3) va a>0.

[I
‘I

Mat khac dién tich ‘
1

Sl:4<:>fa(x+1)(x—1)(x—3)dx:4@a:4 y=f(z) ’“
-1

T do suy ra

3 3

S, = [ (9(@) — f@))de = — [ 4 + 1) (@ = 1)(w — 3)dz = 4

1 1
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h va lien tuc tren doan |—5; 3|. Biet ra

+8.,5, gioi han boi d6 thi ham s6 y — f(z) va duong thing y = g(x) = az® 4 bz + ¢ lanluot la

3
m,n,p. Tich phan [ f(2)dz bing
-5

A.m—n+ +E B.m—n+ +E C.m—n+ +% D. m—n+ —i—ﬁ
. b a5 B. p a5 . p 5 . b 5
Loi giai
Chon B
D06 thi ham y = g(m)di qua cac diém O(O;O),A(—Z;O),B(3;2> nén
—2
c=0 a_15 5 A
4a—2b=0 <:><b:i :>g(:c)=—m2—|——a:,
15

9@+3b:2 c=0

m—n+p= f[f(m)—g(x)]dx—l[g(a:)—f(a:)]dm—i—j{f(az)—g(m)]dx

3 3

=ff(x)dx—fg(:1:)dx.
:>1Zf(:1:)dx:m—n—l—p—i—:z‘g(az)dxzm—n—l—p—l—%
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Cau 49: Trong khéng gian Ozyz, cho mit cau (9): (z —3)° + (y —2)° + (2 +1)° =1. Cé bao
nhiéu diém M thuoc (S) sao cho tiép dién cua (S) tai M cat Oz,0Oy Tan luot tai cac diém

—

A(a;0;0), B(0;b;0) M a,b 1a cac sd nguyén duong va AMB = 90°?
A. 4. B. 3. C. 2 D. L.
Loi giai
Chon B
S cotam [ (3;2;—1) bankinh R = 1.
ViIM L (MAB) = IM 1 MA,IM 1 MB nén
MA® = [A* — IM? = (a—3)2 +4MB* =IB* — IM? = (b—2)2 +9.

Ta lai co A/]\/[\B = 90° nén

MA* + MB* = AB* & (a—3) +4+(b—2) +9=a’+V’ & 3a+2 =13.

Ma a,b € N nén c6 hai cip s6 (a;b) thoa man la (1;5),(3;2).
Nhan xét:

Ta co6 thé duya theo tinh chat (S) tiép xtic véi mit phang (O g;y) dé xay dung cac bai toan

twong tur va bai todn tong quat (Néu (S ) cit (Oxy) hodc (S) khong cat (Oacy) thi sao nhi?).
Bai todn tong qudt:
Trong khong gian Oxyz, cho mdt ciu (S): (x —Cl)2 +(y —5)2 +(z —i—C)2 =c (a,b € N*) C6 bao
nhiéu diém M thudc (S) sao cho tiép dién ciia (S) tai M cit Oz,0y lin lwot tai cdc dién

—_—

A(m;0:0),B(0;n;0) ma M, la cic s6' nguyén dwong va AMB = 90°?
Ttr cach giai nhu trén ta di dén phuong trinh am + bn = a® + b* (1)
Goi d = (a;b),a = a,d;b = bd thi (a;b,) = 1.Khi dé
(1)@ a,(:c—a)z b(b—y)@ a1d<x—a)= bld(b—y)<i) a,1<a:—a)= bl<b—y) (2)

—a
Khi do <x—a)3b1.Dét x—a:blt:>$:0/+b1t:>t>b—
1

b
Tir (2) ta lai co alblthl(b—y)@altzb—yéy:b—a1t>0$t<a—,
1

b

Nhu vay chi can xac dinh sd gid tri nguyén cta t € [— —] la xong.
a
1

ao
P
bl
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Cau 50: Cho ham s8 f(z) = ' —102° + 242 + (3 —m)z, v6i m la tham s8 thuc. Co bao

nhiéu gia tri nguyén ctia m dé& ham s6 g(x) =f (‘x‘) c6 dung 7 diém cyec tri?
A. 22. B. 21. C. 2. D. 24.
Loi giai
Chon B
Ham s6 g(x) = f(‘:z;
& 4z — 302’ + 48z + 3 = m ¢6 3 nghiém duong phan biét.
Xétham s8 h(z) = 42” — 302° + 48z + 3

) c6 diing 7 diém cuc tri < f'(2) =0 6 3nghiém dwong phan biét

z=1
Ta c6 h'(:c):12x2—60:c+48=0(:)' 4[.Tac()BBT

: |0 1 4 +0oC
y' + 0 - 0 +
—+oc
25
, / \ /
3
—29

TuBBTsuyra 3 < m < 25 = m € {4;5;...;24} = CO 21 gid tri m thoa man.
NHAN XET:
Day 1a dang toan quen thudc c6 xuat hién trong nhiéu dé thi. Ta ¢ thé xét bai toan tong
quat nhw sau: Choham sd y = f (1;) lién tuc trén R va c6 dao ham
f’(x): (x—xl)(a:—%)(x—xn)ji(x)
v6i f(z)> 0,z € R (hodc f (z) < 0,Yz € R)va 1, <z, <..<z,.
Hoi ham s6 ¢ = g(.’z:) = f(‘x + m‘) c6 bao nhiéu diém cuyc tri?
Loi giai
Ta cé
_I_
I = el ol ol i
+)Néu z <0 thi ‘x + m‘— z,>0,Vz e R,i= 1,n.Dod6, ham y = g(:v) chi c6 1 diém cuc
tl‘i laz=-m.
+)Néucd k ¢ {1;2;..;n} sao cho z, =0 thi
g'(m) = (a: + m)(‘x + m‘ — xl)(‘m + m‘ — a:k_l)(‘x + m‘ — ka)(‘x + m‘ — x")fl (‘x + m‘)
|:v+m|—xi >0VzeR,i<k.
|x—|—m|—:c], :0<:):1:::|:xj—m,véik+1<j§n.

Khi @6, ham g(a:) co 2<n —k) +1 di€m cyc trila —my £z, | —mi.. £ —m.
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ao cho z, <0 <z, thilam twong tw trér

co 2(n — k)+1 diém cuee tri la —’fn;:l:’l]‘kH —m;..;tr —m.

+Neéu z, > 0 lam tuong ty trén ta dugc ham ¢ (a:) c6 2n +1 diém cuc tri.

K&t luan: S6 cuc tri cua g (a;) phu thudc vao s6 gia tri z, (k =1 n) khong am ma khong phu

thudc vao m .
BAI TAP TU LUYEN
Cau1: Chohamsd y = f(x) =2 — (Zm - 1)902 + (2 - m):c + 2. Tim tat ca cac gia tri cha m d€ do

thi ham s6 y = f(ja|) c6 5 di€m cyc tri.

A-%<m<2- B-%§m§2- C-—g<m<2- D-—2<m<%

Loi giai
Chon A
Tap xdc dinh D = R . Ta ¢6 f’(w):3x2—2(2m—1)a:+<2—m)
Ycbt « f'(z) =0 c6 2 nghiém duong phan biét
A>0 |2m-1) =302-m)>0  [4m—m-5>0
S>0 &i2m—-1>0 <11 &S —<m<2.
P>0 2—-m>0 §<m<2 4

4 5 3

Cau 2: Cho ham s8 /(z) c6 dao ham f'(z)=(z+1) (¢ —m) (z+3] . C6 bao nhiéu gi4 trj
nguyén ctia tham sd » trong doan [—5; 5] dé€ s6 diém cuee tri cia ham s6 f (‘x‘) la 3?
A. 5. B. 3. C. 4. D. 2.

Loi giai
Chon A
Déham sd f (‘x‘) c6 3 diém cuc tri thi ham s6 f (;v) phai c6 hai diém cyc tri trdi ddu < m > 0.
Vim€Z vame|-55 nén m nhancacgidtr 1, 2, 3,4, 5.
Céu 3: Choham s y = f(z) xac dinh trén R va ham
s8 y=f(¢) c6 do thi nhw hinh bén. Dit
g(m) = f(‘x‘ + m) C6 bao nhiéu gia tri nguyén cua

y“

tham s m d&ham s8 g(z) c6 ding 7 diém cuc tri?

>

2. B.3.
1.

D. V6 s6. / /\

Loi giai .
-3 -1 {o1 2 5

Chon A \/ x

, fg;-|-m ,khiIIJZO
Ta c6 g(x)=f(|x|+m)= fE_x+31),khix<0

Dohams6 y = f (x) xac dinh trén R =Ham s6 ¢ (:v) xac dinh trén R

@
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Xtrng qua truc Oy.
Hamso y = ¢ (x) cd 7 diém cyc tri<oHam so y = ¢ (x) c6 3 diém cuc tri duong, 3 diém cuec tri

am va mot diém cyec trji bang (

=-3
\ A% . \ ~ / 4 ! x:—]‘
Duwa vao d6 thi ham s6 y = f (a:),taco: f (a:)zO@ .
T =
Xét trén khoang (O; —|—oo) , ta duocg(a:) = f(m + m)
+Ta cég’(w): f'(x—l—m)
r+m=-3 r=-m-—3
,( ) 0o a:—i—m:—l(:) r=—-m-—1
+ =
g\ r+m=2 r=-m-+2
T+m=25 T=-m-+5
+Nhan thdy -m -3 <-m—-1<-m+2<-m+5
™ S A b tod -m—1>0 g« ) m € 7
t ~ & — m<—1<=
eo yéu cau bai toan m—3<0 < me{—3;—2}

Céu4: Chohams8 y = f(z) lién tuc trén R va c6 do thi y = f'(z) nhu hinh v& bén. Hoi c6 bao

nhiéu gid tri nguyén cia » d€hamsd g(z)= f (‘x + m‘) c6 5 diém cuyec tri.

A
Y
N\ 5
-2 0] 1 \2 x

A. 3. B. 4. C.5. D. v0 s0.

Loi giai
Chon D
Ttr d6 thi ham s8 y = f/ (x) suy ra d6 thi ham s6 y = f (x) c6 ba diém cuec tri ¢6 hoanh dé 1a
z=-2, z=1, =2 trong &6 hai diém nam bén phai va mot diém nam bén trai truc tung, ma
ham s6 y = f(‘x‘) laham s& chdn = y = f(‘x‘) c6nam diém cuctri z = -2, v = —1, =0,

r=1vaz=2.
D6 thiham sd y = f (‘x + mD 1a anh ctia d6 thi ham s6 y = f (‘x‘) qua phép tinh tién theo véc to

—

—m ; 0] suy ra s6 di€ém cuc tri cia ching bang nhau véi moi gia tri ctia tham s6
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cue tri voi moi gid tri ctia tham sO m .
Cho ham y=f(z)

f’(a:) = (:L' - 1)3 ($2 + (4m — 5)3: +m’ —Tm+ 6),V$ € R. C6 bao nhiéu s6 nguyén » d€ ham sd

co dao ham

sO

g(:c) = f(‘x‘) c6 5 diém cuc tri?

A. 2. B. 3. C. 4. D. 5.
Loi giai

Chon B

Nhan xét:

+) £ =1 la nghiém bdi ba cua phuong trinh (a: - 1)3 =0.

+) Ham ¢ (x) = f (‘x‘) 12 ham ch&n nén db thi nhan truc Oy lam truc ddi xtng.

Do dé ham ¢(z) = f (‘x‘) c6 D diém cuc tri < Hamsd y = f (a:) chi c6 hai di€m cyec tri duong <
Phuong trinh z° + (4m - 5):v +m® — Tm + 6 = 0 c6 nghiém kép dwong khac 1 (*) hoac phwong
trinh z° + (4m — 5)x +m* —Tm + 6 = 0 ¢ hai nghiém trai dau khac 1 (* *)

A=(4m—5) —4(m? —Tm+6)=0
Giai (*) < _((4m_)5)( ) <:>m=3i\/g¢z.
0<T¢1 6
me(l;ﬁ)

m>—Tm+6<0
Giai (* *) ) & qm=1
1+(4m—5)+m ~Tm6=0 |

Ma m €Z nén m € {3;4;5}.
Vay c6 3 gia tri m nguyén thoa man yéu cau bai toan.
Cau 6: Cho ham s6 f(w) = (m — 1):1:3 —5z% + (m + 3)w + 3. Co tat ca bao nhiéu gia tri nguyén
cua tham s6 m d€ham s y = f (‘x‘) c6 dung 3 diém cuc tri?
A. 4. B. 3. C. 5. D. 1.
Loi giai
Chon A
Tap xacdinh: D = R,
f'(z)=3(m—1)2* =10z + (m + 3).
+) Treong hop 1: m =1
Khi d6 ham s6 tro thanh f(:c) = —52° + 4z + 3. Ham s0 c6 mot diém cuc dai la , = % khi d6

ham s6 y = f(‘x‘) c6 3 diém cuc tri: 5 — _%;x — 0;z = = nénnhan m=1.

oo

w

+) Truong hop 2: m = 1. Ham s6 y = f(x) = (m —1)x —5z” + (m —|—3)x + 3 ¢b 2 cuc tri thoa
0=z <u=,.
Khi d6 £=0 1a nghiém ctia phuong trinh: f’(m) =04 m=-3 khi m=-3 d6 thi ham s6

r)co2 cuctric x = 0;2 = _ 5.
6
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rc tri: £=0, loai m =—3.
xong hop 3: m =1 Ham sd yzf(x)z(m—l)a:3—5x2+(m+3)x+3 cd 2 cuec tri thoa
r, <0<z, Khi d6 phuong trinh [ (x) =0 ¢ 2 9nghiém trai dau
(m—l)(m+3)<0(:>—3<m<1.

Vay c6 4 gia tri nguyén cua tham sd n .
Cau 7: Xét cac sO thuwc ¢>b>a>0. Choham s6 y = f (a:) c6 dao ham lién tuc trén R va co

bang xét ddu ctia dao ham nhuw hinh vé. Pat g(z) = f (‘!L’g‘) S6 diém cyc tri ctia ham s6 y = g(z)

la
o | —oo 0 . b . o
y' - g + 0 - 0 - 0 +
A. 3. B. 7. C. 4. D. 5.
Loi giai
Chon D

Xét ham s6: h () = f(ﬁ).
Ta co h’(x): 3x2.f’(m3).

I

o
8
I

8
I

Duya vao bang xét dau ctia dao ham ta c4: A’ (a:) =0&

w
I
S
8
I
SEHT

I
o
8

Ta thay, ddu caia ham s& »’ (x) chinh 1a d&du ctia ham s8 f’ <x3) .

Mt khac ham s8 y = 2’ 1a ham dong bién trén R nén d&u ctia ham s6 (xf‘) trén mdi khoang
(mn) chinh 1a d&u ctia ham s& f/ (x) trén mdi khoang (m3; n3) :

Tir d6 ta c6 bang bién thién ctia ham s8 h (z):

0 0 Ja b Je +on

X

) 0  + o - o - o =
h(x) \ / \ /

h(z) khiz >0
h(—z) khi z <0

Cht y rang g(z) = { . Do d6 tir bang bién thién cua ham s8 i(z) ta suy ra duoc

bang bién thién ctia ham s ¢(z) nhu sau:

x -0 e b —fa 0 ia i Jo 4w

29 -0 - o0+

o NS
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