NGUYEN HAM - TICH PHAN

Bai 1. NGUYEN HAM

I. Ly thuyét
1. Nguyén hamj x)dx=F(x)+C
2. Tinh chat
- ([ rOde) =1 (x) va [ f(x)dx=f(x)+C
- [k (x)dx=k[ f(x)dx (k=0)
- _[[f () x]dx=I x)dxijg(x)dx
3. Bang nguyén ham
_[kdx:kx+C (k =const)
Xa+1 ua+l
Jx“dx: +C (a=-1) Iu“dx— +C
a+1 a+1
J‘idx:ln|x|+C I—dx:ln|u|+C
X u
jexdx:eX+C je“dx=e“+C
_[axdx—a +C jadx—a +C
Ina Ina
_[cosxdx_smx+C Icosudx_5|nu+C
'[sinxdx=—cosx+C Isinudx=—cosu+C
_[ —dx=tanx+C j —dx=tanu+C
cos® X cos’u
J' ——dx=-cotx+C j ——dx=-cotu+C
sin® x sin‘u
Jaz _y2 a’ ox xyai-x’ f ! —arcsin>+C
I a“—x dx:—arcsm—+ +C \/ﬂ a
dx a+Xx dx 1 X
JaZ—X2=2aI 1 X+C Ia2+xz=garctang+c
\/xziazdx=§\/x2ia2+Eln‘x+ x*+a?|+C dx =In‘x+\/x2+k‘+C
J 2 2 fm
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4. Cac phurong phap tim nguyén ham

a. Phuong phéap déi bién sd

Neuf x)dx =F (x)+C thi jf[u(x)u

x) |dx =F (u(x))+C

Dat t=u(x)=dt=u'(x)dx. Khi d6 jf(t)dt=F(t)+C=F[u(x)]+C

Cach dat bién:
Dang 1: Dat bién thuong

+[ f (ax+b)dx dat t=ax+b

f
+I E/{;)dx dat t:«/;
X
+ _[ f (x”*l).xdx dat t=x""
+_| f (sinx)cosxdx dat t=sinx

+I f (cosx)sinxdx dat t=cosx

Dang 2: Dat leong gidc:

JaZ +x?

1 X =atant
+ =
Jaz_i_xz X =acott
1
a’+x°

X =acost

2 2
—X B
a x=asint
=

a

Xz—a.2 X:_—t
n 1 — Sin
X a

2 2 =—

X -a cost

J f (tanx)dx dat t=tanx

(
J f (cotx)dx dat t=cotx
(

dx datt=Inx

+ |
J- de datt=e

Sau khi tim dwgc nguyén ham theo t thi ta thay nguoc lai vao f(x).

b. Phuong phap nguyén ham tirng phan
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Cho hai ham s u=u(x) va v=v(x) lién tuc va c6 dao ham trén doan [a;b] thi khi d6 ta c6
Iudv = uv—_[vdu
Cach lam: dat theo quy tic: “nhat loga — nhi da — thikc tam — leong t mi”

c. Dang nguyén ham htru ti

- Nguyén ham dang: Iax+ =§In|ax+b|+C

1
- Nguyén ham dang: Iax +bx+C (x1 " )In

- Nguyén ham dang: j%dx
e Néu Q(x) la tich cac nghiém don Q(X)=(x—x)(X—X,)...(x—x,) thi ta tach

j%dx:j(&+%+...+%) dx

2

X‘X1|+c v6i A>0
X=X,

e Né&u Q(x) latich cdc nghiém don va nghiém bdi gia stt nhu Q(X) =(Xx—%, )(X—X,)(x—x,)" thi ta

tach

J.lx)dx:f A + A + B + B, =+t B”*1H+ B, — dx
G(x) X=X X=X X=X (X=X) (x=%)  (x=X)

e Néu Q(X) la tich cdc nghiém don va mot tam thitc bac hai vo nghiém gia st

Bx+C
A=p -4 hi h d
(x=%)(x=%,)(X* + px+q),A= p>~4q <0 thi ta tac J. X = I( — 2+x2+px+quX

d. Dang nguyén ham vo ti

x=asint
- Nguyén ham dang R(x,+/a*- )d, {
X = acost

- Nguyén ham dang R(x,v/a’+x )dat X =atant

- Nguyén ham dang R X'\/Xi) dat COSt

dat x=acos2t

;/

(
(
(
- Nguyén ham dang R[x,
|

ax+b
- N ham d R xn/ dtt—n/
guyén ham dang cx+dJ cx+d
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- Nguyén ham dang R= ! datt= L

(ax+b)" Jax>+ px+y &b

e. Dang nguyén ham lugng gidc

- Nguyén ham de,mg_[sin” x.cosx"dx (m,neN)
e m,n chdn thi dung cong thitc ha bac
e mléthi dat u=sinx,nlé thi dat u=cosx

f. Mot s6 dang tich phan dac biét

- Chohams§ f (x)lién tuc 1a ham chn trén [-a;a] thita cd [ f(x)dx=2] f (x)dx

- Chohamsd f(x)lién tucla ham1é trén [-a;a] thi ta cd j x)dx=0.

—a

- Choham g f(x)lién tucla ham chn trén [-a;a] thita cd J. ; (Xi dx :I f (x)dx.
+ 0

T

f (cosx)dx.

o'—.wm

2
- Chohamsé f(x)lién tuc trén [ } thi ta c6 J (sinx)dx =
0
II. St dung mdy tinh cAm tay
~ (s d
BAm mdy tinh nhu sau: &( DA)|,.,—DB

1. Tich phan htru ti

® Dang j% trong d6 bac ctia P(x)=Q(x). Ta thuc hién phép chia da thic. Ap dung phurrong
phap 100
Ta gia stt Q(X)=(X—%)(X—X,)(X—%;) (nhiéu hay it hon cling lam tuong tu):

P(X)__A B C

o) % xex, + —v +R(x) trong d6 R(x) la biéu thitc du ctia phép chia.

_df_ P
A_dx (x—xz)(x—x3)Jx:x1
im _d Px
Tim 1B dx (x—xl)(x—xg)jx:x2
_df  P(x
C_dx (x—xl)(x—xz)]x:x3
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Tim R(X):i P(x) A B _C stt dung cach tach 100
dx{ (x=x)(Xx=%)(x=%) X=X X-X, X—X J|x=100
® Dang f(X)=(X_ZX)ErXb_ ) can tach dwa vé dang xf\xl + XE;XZ

aX +b
ST =5)]| o

g X =x, > A

Cach 1. Bam:

X =x,>B

Cach 2. Bam: — 20 (x _x)

(X _Xl)(x _Xz)
X =x, +0,0000001— A

X =X, +0,0000001— B
A:i ax+b
dx | x—Xx,

B:i[ax+bJ
dx | X—x

Ca ba cach trén néu tim nguyén ham déu cho dang: Aln|x—x|+BIn|x—x,|+C .

X =
Céch 3: BAm %

X=X,

X2 +2X+6
X} —7x*+14x -8

VD. Tach F(x)= thanh cdc phan thiic t6i gian

F(x)= X +2x+6 X +2x+6 A .. B . C
X -7 +14x-8  (x-1)(x-2)(x-4) x-1 x-2 x-3

XZ+2X +6
LD -2)(x ~4)]]

X =1hés6 A=3

Bam:

[F] Math &
T T AT b‘

L= I -
o LK1 (R 21::-:3

X =2héso B=-7
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[F| Math &
1T T AT T - t:‘

A opim—11 -2 0

dx
-7

X =4hés6 C=5

l"l_ET.Ll'r'ﬂla'tThW_‘t:-
Hpim—t (-2 0K
o
o
X2 +2X+6 3 7 5
Vay F(x)= = - +
8y FO)= e rsians %1 x=2 x_3
dx
VD. Tinh [—%%
J.1+§’/x+1

2
Dt t=3x+1= 3t%dt =dx = jft—tdt
+

2
Thuc hién phép chia bé“mg may tinh: t3t_1
+

2
Ta nham 14y hé s3 cao nhat ctia ti chia cho mau ta duwgc o 3t

Nhéap man hinh: X =100 ta duoc

E O] Math &
i_g}:
101

Ta d€'y vi bac tit chia bac mau ra bac nhat nén ta tach % dwoc hé so tie do la —3.

Stra man hinh:
E o] Math &
e
Tom OA+]
5
101
Ta duwoc i:i
101 t+1
2 2 2
Vay L RN i::i—3t+3ln|1+t|+c
t+1 1+t t+1 2
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_ 3(x+1)” 33 (x+1)

VD. Tinh nguyén ham I

3M+3In‘l+\/ﬁ‘+c

1+2sinx

dx

2sin X.cos> X + cos* x

SV 1+2sin x 1+2sin Xcos X 1+2sinxcosx 1
Ta bién dou_[ - 5 " dX=J. - 3 " dX=_[ ——— X
25In X.C0S” X +C0S™ X 251N XCO0S” X +CO0S~ X 2tanx+1 cos” x
+2tan x 2
2 1 tan® x+1+2tan x
COS_ X — x:j d(tanx)
2tan x+1 COoS“ X 2tan x+1

Ta thuc hién phép chia da thitc tit chia cho mau:

X2+2X +1

bat X =tanx=
2X +1

2

. A A 2 2 X 1
Ta chia bac cao nhat cuia tir cho mau ta duoc % ==X

Nhép man hinh: X =100

Math &
A R |

o]
1
Zh+1 -53{

Vi thuong cta phép chia la bac 1, ma hang tt chita bac 1 da la % X nén tiép theo ta sé duoc

150 3
201 4

Stra man hinh: X =100

E ] Math & ::-::.ﬂ+2::-::+1 Ii Math &
e s 3 N WG Ll o1 e o ST S
mwal TS ATg S .
S04
Tach — =1 1
804 4 2X +1
Vaytadu’octhu:ongla—X+§ l 1 ltanx+§ l#
2 42X +1 2 4 4 2tanx+1
1 3
SuyraJ. lanx+3:1 1 d(tan x) :—tan X+= tanx+—|n|2tanx+1|+C
2 4 4 2tanx+1 4 8
Ta thwc hién
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ax+b _a K
cx+d ¢ cox+d

@ Tach phan thtec

ax+b—9j(cx +d) CALC X =10 K
cX+d ¢

Nhap may tinh: (

Khidé;ja“bdx:j(L K jdx=%+|<c|n|cx+d|
cx+d c cx+d C

_2x+1
2x-1

VD. Tach F(x)

2x+1 K
=1+
2x-1 2x -1

Biim (;iJri—lj(Zx—l) X=10 =K =2

2X+1 2
= =1+
2x-1 2x-1

Vay F(x)

@ Tach phan thitc dang;:

IMdXZI A I A I B, I B, M B..1 _+ B, X
G(x) X=X X=X X=X (x-x) (X—Xs)n (x—xs)n

VD. Phan tich ham s& F(x)= ;2 thanh cac phan thic tdi gian
(x—-1)(x+1)
X A B C

+ +

Ta co 5 = >
(x-1)(x+1)" x=1 x+1 (x+1)

Ta sé tim dwoc A,C dé hon tim B

o X
Bam:

a

L) (x-) |
Tim A X =1 ta duoc A:%

X

bétim C tabdm ————
(x+1)"(x—-1)

(x+1)2

X =-1,00001 ta dwoc C :%
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P& tim B tabam: 2;(X+1)2
(x+1)"(x-1)

[F] Math &

= .
+ |-
iH+1]EiH—1]EH '

X =-1,00001 ta dwoc 0. S0000S sau d6 trir di %

[F] Math &

Ans-L Ars (el
E- 49998?5}{56 dem chia cho x+1 _I:I. 249998?5 Xé’p X1 _Tl Véy

Math &

B=—
4

Vay F(x)= (x—l)(x+1)2 = 4(X_1)_4(x+1)+2(x+1)2

Bai nay kha phtrc tap vi tim B khong duoc nhu binh thuong. Cac ban cht y theo ddi ki chd
tim B: khi duoc két qua nao thi trir cho phan nguyén ctia s6 d6. Rdi dem chia cho mau caa
phan thirc ta can tim hé s6.

VD. Téch F(x)=— . thanh cac phan thtc t6i gian
X —

1 A Bx+C
x*—1 x-1 x*+x+1

F(x)

Tim hé s6 A bAm d;:%
| x*-1
dx[ ]X:l
Tim Bx+C ta co:
1,
1 1 Bx+C §(x +x+1)+(Bx+C)(x—1) )
= +— = . :>—(x +x+1)+(Bx+C)(x—1)=l
-1 3(x-1) x*+x+1 x® -1 3
1—1 X2+ x+1
—Bx+C=—23 - Dén day d€ tim B,C ta vao h¢ @3 (2) nhap ham bén r x =i
X_
_ THPLR .. &, Wath &
a—1 _—
“5-3i
2
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1,2
Vay F(x)= =+ 3 3
x*-1 3(x-1) x*+x+1

1L Vi du
VD. Tim nguyén ham ctia ham s6 f (X) =x>—2x+1
A. F(x)=%x3—2x+x+c B. F(x)=%x3—x2+x+c

C. F(x)=2x-2+C D. F(x):%x3—2x2+x+c

Ta cé:j f (x)dx:j(x2 —2x+1)dx:.[xzdx+j—2xdx+_[1dx:§—x2+x+C . Chon B.

VD. Nguyén ham ctia ham s§ f (x)= % —% 1a

A Inx=Inx*+C B. Inx-2+C C. In|x|+l+C D. In|x|—l+C
X X X

Ta c6: jf(x)dx:j(i—%]dx:jidx—jédx:In|x|+%+c

VD. Nguyén ham ctia ham s3 f (x) = 5X1+1 a

A. %'”|5X+]4+C B. —InfSx+3+C C. %lln|5x+]4+c D. In[sx+1+C

Tacé:J' dx:lln|ax+b|+C

ax+h a

Ap dung: | 1 dx:lln|5x+]4+c
) 5x+1 5

VD. Tim nguyén ham cta f (x)=(3-x)"1a:

5 5
A 2B ¢ B B ¢
5 5
C. 4(3-x)'+C D. —4(3-x)’ +C
a+l
Ta co: Iu“dX: +C
a+1
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-(3-x)

Ap dung: j(B—X)4 dx = c +C
VD. Biét F(x) la mot nguyén ham cia ham s6 f (x)=— va thda man F(§j=0. Tinh
X =3Xx+2 2
F(3).
A. F(3)=In2 B. F(3)=2In2 C. F(3)=-2In2 D. F(3)=-In2
1 1 A B
T ,: f = = =
2 c: f(x) x> =3x+2 (x-1)(x-2) x—1+x—2
_ A+B= A=-1
Pong nhat thirc ta duoc A + B =(A+B)X (2A+B)= L N 0 &
Xx-1 x-2 (x=1)(x—-2) (x-1)(x-2) —2A-B=1 B=1

Ta cé —J-Xildx+.fﬁdx:—In|x—]4+ln|x—2|+C

f(gj=0<:>C=O.Véy f(3)=-In2.

Qua vi du trén ta luu y:

C6 thé nhé nhanh cdng thirc: J.(x— a)l(x—b)dx = bia In ;(:ZI +C hay tong quat hon cho truong
1 1 ax+b
h dx = C
op J.(ax+b)(cx+d) "“ad bc oxid|

VD. Xét | =IX3(4X4 —3)5 dx. Bang cach dit u = 4x* —3. Khang dinh nao sau dau dung?
5
A. |=1J‘u5du B. I=iju5du C. |=iju5du D. I=ju du
4 12 16

< 4 3 3 du \ 3( vt 2\ 1¢s

bat u=4x"-3 = du =16x"dx < x°dx = — thay vao | :_[x (4x —3) dx.ta duoc —Iu du.
16 16

VD. Gia str F(x)=(ax’ +bx+c)e” la mot nguyén ham ctia ham s8 f (x)=x’¢*. Tinh S=a+b-+c
A. S=1 B. S=0 C. S=5 D. S=2
Tacé F'(x)=(2ax+b)e" +e" (ax* +bx+c)=e"[ax’ +(2a+b)x+b+c]=e"x’

a=1 a=1
2a+b=0=<{b=-2
b+c=0 c=2
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Hodc mot cach khac: dwa vao ban chat cua nguyén ham tig phan ma ta co:

Tam ky hiéu nhw sau: u',u”,u™,... ladaohamlan1,2,3.... Ca u(X). V;,V,,V,,... la nguyén ham

lan 1,2,3... cua V(X).

Ta c6 duwogc: uv, —u'v, +u"v, —...+...

Apdung: u=x*=u'=2x,u"=2;v=¢" =V, =e*,v, =e*,v, =¢"

X% .e* —2xe* +2e* =¢e* (X2 —2x+2) vay ta cling da xac dinh duoc a,b,¢ nhanh chéng.

Vay S=a+b+c=1+2-2=1
Bam mady tinh nhu sau:

0] Math &

ﬂ':":' A
e 1

T4ch: 9802 =10000—200+2 = X* —2X+2 = F(X)—>1—2+2:1. Chon A.

VD. Tim nguyén ham ctia ham s6 f (X) = C0S 2X

A. %sin2x+C B. %sin2x+c

C. 2sin2x+C D. -2sin2x+C

Dat t:2x<:>dt:2dx<:>dx:% thay vao jcosxdx:Icost%:%sint+C
. 1.
Thay nguoc lai ta dugc Esm 2x+C

Ta ¢6 cong thirc nhanh: _[cos(ax+b)dx = ésin(ax+b)+C; Isin(ax+b)dx = —ésin(ax+b)+C
VD. Cho a,b la hai s6 thuee théa man F(x)=(acosx+bsinx)e* la nguyén ham ctia ham s&
f(x)=e"cosx.Tinh P=a+b

A. 2 B. 1 C. 4 D. 3

bay la dang nguyén ham ldp lai, vi khi ta nguyén ham hai lan sé quay lai dé bai ban dau.

(0 day c6 mot quy wdc nho la v,,v, la nguyén ham)

. |u=cosx u'=-sinx,u"=-cosx
ba =
dv =e"dx

v, =e*dx
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, ] . 1 1.
Ta co | =cosx.e* +sinxe* —|e*cosxdx < 21 =e*(cosx+sinx) < | =e*| =cosx—=sin x
2 2

Vay a:b:%:S:a+b:1

Ta c6 cong thirc giai nhanh:

ax

Ie""x cosbxdx = (acosbx+bsinbx)+C

a’+b?

ax

———(asinbx—bcosbx)+C

Ieax sinbxdx =
a +

VD. Biét I xe?dx = axe”™ +be” +C (a,beQ).Tinh ab

-1 E

A. ab=— B. ab= C. ab=
4 4
Dt U=X du = dx
a =
" |dv =e¥dx v:le2X
2
1
X 1 X 1 a=§
Ta co: —ezx——fezxdx:—ezx——e2X+C = —ab=-=
2° 2 2° 4 1
-
Bam mady tinh nhu sau:
[Fi] Math & [Fi] Math &
JiDDxEEHdH;EEDD 49,75
u . 192
49. 75 o
Téch:gzﬁzﬁ_lzi_lja_bz__l
4 4 4 2 1 8

f(x)

VD. Cho F(x)= 3_—)(13 1a mot nguyén ham ctia ham s8

X
f'(x)lnx.
Inx 1 In X
A, —+—+C A
x}  5x? x3
C. In_3x+i2+c D. _In_3x+_
X 3x X 5
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f(x 1 1
F(x):%:F:f(x)zg
1
Xét nguyon ham [ £/(x)inxdx dat |0 e M7
g1y " |dv=f(x)dx
v=f(x)
: B f(x) . In 1
If(x)lnxdx_lnx.f(x)—j " dx_F+§+C

VD. Cho F(x) la mét nguyén ham ciia ham s§ f (x)=e*+2x thoa man F(O)=§.Tim F(x).
X 2 3 X 2 1

A. F(x)=e"+X *3 B. F(x)=2e"+Xx -5
X 2 5 X 2 1

C. F(x)=e"+x +§ D. F(x)=e"+Xx +§

Ta co: j(ex +2x)dx=e*+2x* +C

F(O):§<:>e°+02+C:§<:>C: .Véy F(X):ex+x2+l
2 2 >

N |-

VD. Choham s§ y = f (x)théaman f'(x)=(x+1)e* va If(x)dx=(ax+b)eX+C voi a,beR.
Tinh a+b

A. 0 B. 3 C. 2 D. 1
Tacé F(x)=(ax+b)e*+C languyénham cua f(x)va f'(x)=(x+1)e"

bat = F"(x)= f'(x)

If '(x)dx:J’(x+1)ede:xeX +C=f(x)

_[f(x)dx=.[xexdx=(x—1)ex+c

Vay a=1b=-1=a+b=0

cr 20 +1 :
VD. Tim nguyén ham ctia ham s6 J % dx bang
x(x —1)
A e -Yic B. In|x¢+3+c C. In x—i2 +C D. In x+i2 +C
X X X X
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2x3+1 A Bx®

St dung ph hap tach =2, 2X_
tr dung phuong phap tac (X _1) T
[C] Math &
_ZES4l _ZHIHL .
HlES—1]
X =0,000001 -1 lhess A=—1

ZHS+1 5 .
HﬂH3—13(H -1)
X =1,0000001 2 LO000000S | he s5 =3

2x*+1 -1  3x?
Suy ra: =—+—
x(x —1) x x*-1

Khi d6: sz +1)d —j[_?l X33X_de— j dx+J' 1)

X’ -1
X

N +C

X

+C=lIn

:—In|x|+|n‘x3—Q+C:In

Bam may truc tiép:

o] Math &
dd
=l inl [x2-%{] )
1. 435:{'12
VD. Tim nguyén ham f (x) ciaham sd f'(x)= LXZ
(2+sinx)
LT B. —~ iC c. —* ic
(2+sinx) 2+C0S X 2 +sinx
2
Taco: [—oX _j +sinX)__ 1 ¢ ChonC
2+smx 2+smx 2+S|nx

VD. Gia st mOt nguyén ham ctia ham s§ f ( 1 ~ c6 dang av1-x° +
\/ \/_ (1+ X

Tinh a+b

A. -2 B 8 C. 2

w |
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Ta Céj

dx+_[

o (1+J’)

Tinh j dx dit t=1—x® = 2tdt = —3x%dx

X2

V1-x°
X xe2fdt=_2tic -2 F o A2

Iﬂdx— 3J.dt— 3t+C1—3 1-x :>A_3

{ ; X =
Tinh I&(1+&)Zd 2|

+C,=>B=-2

1
(LX) )= 1+J'

Vay a+b=—§

VD. Goi F(x) 1a mét nguyén ham ctia ham s§ f (x) =2, thoaman F(0)= % Tinh gi4 tri biéu

thiee T=F(0)+F(1)+F(2)+..+F(2017)
22017 +1 B T — 22017.2018 22017 —l 22018 —l

A. T =10009. ) C. T= D. T=
In2 In2 In2

X

Taco F( IZ dx= 2 +C
In2

. 1 2"

Ma F(0)=——=C=0=F(x)=
In2 In2
0 1 2017 2018 2018
T=F(0)+F(1)+F(2)+..4+F(2017) = 2 2,2 4tz
In2 In2 In2 In2 In2 -1 In2
Bam mdy: ta cling bién doi d€ ra dugc F(x)= |22
n

B&m: (s (oe.)

1? [F Math & Ly ::-: [F Math &

2] o i
IED[lniEZI w=pg- 1Nt
ta duoc adol 9, 4061 bam gan vao A, 1ay A trtr di
dap an da rat gon
[F] Math &
2184
1zl
U Chon D.

Hoang Van Binh




Bai 2. TICH PHAN
I. Ly thuyét
1. Tich phan

f(x)dx=F(b)-F(a)

D — T

2. Tinh chat

b b b
Tich phan ctia tdng thi bang tong cac tich phan: I[ f(x)£g(x)]dx= j f (X)dxijg (x)dx

b b
C6 thé dua hang s6 ra ngoai tich phan: jkf (x)dx =k J. f (x)dx

Tich phan tai mot diém bang 0: I f(x)dx=0

a

b c b
Chén diém ce(a;b) vao can ta c6: [ f(x)dx=[ f(x)dx+ [ f(x)dx

b b
Tinh bét bién cta tich phan: [ f (x)dx= [ f (t)dt =] (y)dy..

II. St dung mdy tinh cim tay
Stt dung chitc nang dé tinh tich phan.
III. Vi du
1. Tich phan dang ham
4

VD. Choham s§ f (x)c6 dao ham trén [1;4] va thoaman f(1)=1, I f'(x)dx=2.Gid tri f(4) la

1

A. 2 B. 3 C. 4 D. 1

9
VD. Choham s§ f(x) lién tuc trén R va F(x) languyén ham ctia f(x), biét _[ f(x)dx=9 va
0

F(0)=3. Tinh F(9)
Hoang Van Binh



A. -6 B. -12 C. 12 D. 6

Ta co I x)dx =F (b)—F(a) tir do ta c6 thé tinh duwoc mot yéu t6 khi biét hai yéu t& con lai.
9

[ f(x)dx=9=F(9)-F(0)<>F(9)=9-3=6.ChonD.

0

VD. Cho ham s8 f (x) lién tuc trén [-14], f(4)=2017, j x)dx = 2016. Tinh f (-1)

VD. Cho ham s& f (x) lién tuc trén [-1;2] va F(x) la nguyén ham cua f(x), biét I x)dx =1 va
F(-1)=-1. Tinh F(2)
A. 2 B. 0 C. 3 D. 1

Chon A.

VD. Choham s6 f(x) thoa man_[ x)dx =10. Tinh I—.[[Z 41 ( )]dx

A 1=32 B. 1=34 C. 1=36 D. 1=40

2 2 2 2 5
Tur | = [[2-41 (x)Jdx = [2dx—4[ f (x) = 2x| +4[ f (x)=—-6+40=34
5 5 5 5 2
Hoac
; K
Meo: [ f(x)dx=K = f (x)=——
€o _!: (x)dx =K = f (x) -

j 10

Ap dung: [ f (x)dx=10= f (x)=7
2

I:'Z[[2—4f X) Jox _j{z 4@}234

10 6 2 10
VD. Cho ham s f (x) théa man [ f(x)dx=7 va [ f(x)dx=3.Tinh I = [ f (x)dx+ [ f (x)dx
2 0 6

0

Hoang Van Binh



A. 1=10 B. 1=4 C. 1=7 D. I1=-4

b
Ap dung tinh chat I f(x)dx=

D ey O

b
f(x)dx+j f(x

Ta co:
lff(x)olx jf dx+[ dx+j X)dx < 7= ff( )dx+3+j dx<:>j dx+j x)dx = 4
0 0 0
VD. Cho _Z[f(x)dx:l, jf(t)dt:—4.T1’nhI:jf(y)dy.
-2 2 -2
A. -5 B. -3 C. 3 D. 5

f f(Y)dy=:fz f (y)dy+f f (y)dy:—j f(x)dx+f f(t)dt=-1-4=-5

VD. Tinh F'(0) ctia ham s F (0) = [ cos/tdt (x>0).
0

A. 0 B. -2 C. 2 D. 2
Dat y =/t < 2ydy =dt

y=0

t=0
Déi can tich phan: { , = {y _y

t=X

Ta dwoc: F J. cos~/tdt = J.Zy cos ydy

5 {u=2y {du:Zdy
bat = .
dv = cos ydy v=siny

=2xsinx+2cosx—2=F(x)
0

X
+2c0sy
0

Ta co: 2ysiny

—2.[sin ydy =2ysiny
0

0

Taco f'(x)=2xcosx— f(0)=0

VD. Cho ham s§ f (x)lién tuc trén R va thda man j x)dx = 2. Khang dinh nao sau day sai?

-2

2 3 2 6
A [ f(20)dx=1 B. [ f(x+1)=2 C. [f(2x)dx=2 D. %jf(x—z)dx:l
-1 -3 -1 0

Hoang Van Binh



I 2 1
Ta co: f(x)dx:2:>f(x):—:_
'[ 4+2 3
BaAm
[F] Math &
|
J—1§d:"'*'
Dép 4n A. 1
[F] Math &
31
J—SEHH
Dap an B E
[F] Math &
1|51
EJDSHH
bap an D ].

Chon C vi & cau A ta da loai duwoc C.

2
VD. Cho f(x) lién tuc trén [0;2] thoa man f (x)+2f(2—x)=2x Tinh j f (x)dx

AL B. 2 c. D. 2
3 3 3
Cach 1:

Twe f(x)+2f(2-x)= 2x<:>j dx+Zj 2—-x)dx = '[2xdx 4:>3'|. X)dx = 4<:>'|‘ =

Cach 2:

Chon x=1 thay vao f(x)+2f(2-x)=2x= f(1)+2f(1)=

<:>3f(1):2<:>f(1):§:'(2|;.f(1)d :Ed :g:j;f(x)dx:g

l f ~ 1 )
VD. Cho | 1+( ) ix—4 trong d6 y = f (x) 1a ham s6 chan trén [-11]. Khi d6 [ f (x)dx béng
-1

-1

A. 2 B. 16 C. 4 D. 8

Vi y = f (x) laham s8 chdn nén ta chon f (x)=x’. BAm mdy nhu sau:

Hoang Van Binh
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o} Math A ] Math &

|2, 2 |* w2

-1 142% N
S

] |

1
Ta thay tich phan sau gap doi tich phan trudc, suy ra J f(x)dx=4.2=8
-1

5 5
VD. Cho f(x) la ham s§ chn, lién tuc trén R va [[1+2f (x)]dx=15. Tinh I = [ f (x)dx
-5

0

A. 10 B.5 C.30 D. %

Ta cé: 'Sf[1+2f (x)]dx:il dx+2j f (x)dx:15:>j f(x) dx:5:>j). f (x) dx=5.2=10
0 0 0 0 -5

Bam may tinh:
6] Wath &
=
i S—J 1cx
0 }‘\'2
Z 10

VD. Cho ham s& y = f (x) lién tuc va nhan gid trj duong trén (0;+e) thoa man f (1)=1,

f(x)=f'(x)¥3x+1, véimoi x>0. Ménh dé nao sau day dung?

A. 4<f(5)<5 B. 2<f(5)<3 C. 3<f(5)<4 D. 1< f(5)<2

Tir f(x)= () V31 = —— :f'(x):j L dx:jfl(x)dx

ax+1 f(x) 7 {Bx+1 £(x)
@Id(ff((x);)) =§M+C <nf (x):EM+C o f(x)=e§ BLC
—4 2,4

Tac f(1)=1=C=—= f(5)=e’ *=3,79

Chon C.
Cach khac:

dx:>jf X)dx=_5[ ! dx=%
1 1

Frog =T =1
f(x) J3x+1 f(x) Bx+1

Hoang Van Binh



U 2 o -nf1 -4 9

VD. Cho ham s& f (x) thoa man l.x(f '(x)-2)dx = f (1). Tinh | :i f(x)dx

A 1=0 B. 1=-1 C. 1=1 D. |=2
Tur j;x(f '(x)-2)dx = f (1)<:>:[x.f '(x)dx—'(l[Zxdx: f (l)<:>j;x.f '(x)dx = f (1)+1

Xét ix.f (x)dx

O3 g e 19 =109, f 10

- f(l)—j. f(x)dx=f (1)+1:>j. f (x)dx=-1. Chon B

1

1
VD. Cho ham s3 y = f (x) théa man [(x+1) f'(x)dx=10 va 2f (1) f (0)=2. Tinh I = [ f (x)dx
0

0

A 1=-12 B. 1=8 C. |1=12 D. | =-8
1

Dit {:;Xfﬁl(x)dx:{j:‘ixx):(xﬂ) f(x) o_i f (x)dx =10

~2f(1)-f (o)_j £ (x)d=10=> [ f (x)cx=—8

2. Tich phan binh thuong

Sau khi tim nguyén ham bang cac phwong phap. Ta 4p dung cong thikc ctia tich phan dé tinh gia
tri tich phan.
Bam may truc ti€p (E.

3. Tich phan chong may tinh cam tay

Day 1a mot dang bai rat hay, tuy nhién kha ning ra cac bai toan vé ban chat tich phan van la dang
bai dwgc ra nhiéu hon. Céc cach thwong ap dung cho tich phan chdng may tinh cam tay: giai hé

phuong trinh bac nhat, Table, mi hda, ....

Hoang Van Binh



Vé nguyén tac co ban: can luu trudce tich phan vao bién nhé. Thuong thi cac an la s6 nguyén hodc

htru ti.
t4Inx+1 ) ,
VD. Cho | dx=aln?2+bIn2 (a,beZ). Tinh 4a+b.
X
2
A. 3 B. 9 C.7 D. 5
1
Gan J-4Inx+ldx=A
5 X
[F] Math &
Z41R K1 +1
|Zalntasy, .
1. 654053208

aln?2+bIn3=A

voi K la cac dap an.
da+b=K

Giai hé phuong trinh {

Lan luot thit véi cac ddp én, vi dé bai ndi a,b € Z nén mdy tinh bao sd nguyén méi nhan. Véi
K =9 ta duoc

b [F] Math [F] Math¥ [F] Math A
I[I'H’.FITL'- T 0.E531 |f55u] A= V=
g u | g
0. 4504530159 2 |

Vay a=2,b=1=4a+b=09.

1
VD. Cho [—2X _gx-ar->Inb (0<a<ll<b<3abeQ) Tinh tich ab
5 SIN X+ COS X 4
A = B. = c = D.
2 4 6 8
Gan tich phan vao A
_ [F] Math &
J'fl COS(H]
O SiniAI+COS (H;
0. 5653555765
x 1
7 A—=Inb
Tir [—2X _gy—ar+Zinb=a=—23 (it a theo b)
5 SIN X +COS X 4 r

Hoang Van Binh



1
A-=Inx
Vao Coiham cuatala y= — 4 do1<b<3nén tachon START 1 END 3 STEP 0,25

T
[Fi] Math [Fi] Math [Fi] Math
g LR LHD Start? End?!
fiR)=—=2—
1 a
[Fi] Math
atepn?
0.25
Ta thay tai 2
[Fi] Math
" Finl
y 1."15
5 o [l 5
Bl Z«.25i10.115E

Ta duwoc X:2,y:0,125:% hay b:2,a:%:>ab:%.

4
VD.Bié’tJ' de =aln2+bIn3+cln5 (a,b,ceZ). Tinh S=a+b+c.
3 X©+X
A. 6 B. -2 C. 2 D. 0
¢ dx
Gén [——=A.Khid6 A=aln2+bIn3+cin5=In2"+In3" +In5*
3 X©+X

Str dung tinh chat a=e" =Ine*ta cé: Ine* =In(2°3%5" ) < e* = 2°3’5°

Bam:

[F] Math &
ef
E 16 24
15 [tach 35" 2°.3%57° (St dung chttc nang FACT)

Vay a=4,b=c=-1=S=a+b+c=2

X+ x+1 b
VD. Biét | — 7 Ox=a+InZ véi ab 1a cac s§ nguyén. Tinh a—2b
3 X+
A -2 B. 5 C.2 D. 10

Gan tich phan vao A

Hoang Van Binh



[Sr2setgog
6. 405465105

Ta co: A:a+lngc>A—azlngceA‘a:EQZeA‘a=b

Str dung nhap ham s START -9, END 9, STEP 1

[F] Math
fna=2¢0"
Math
n by n F(id
6 o |
19 911« 1036 =

Vay a=8,b=3=a-2b=2. Chon C.

'”—de=aJE+b véi a,beZ. Tinh P=ab

N

A. P=4 B. P=-8 C. P=-4 D. P=8

VD. Biét

P e

Luu tich phan vao A

[F] Math &

€ 1m i)
J A o
0. 7025574586

Tacé A=ave+b= A-ae=b Strdung nhép ham s8 START - 9, END 9, STEP 1

flH1=fA-%le

Math

Math
by
-3
-g
=1

F
Finl

mm.J

Vay a=-2,b=4=P=ab=-8. ChonB

5 3
VD. Cho tich phan: 1 = [ 2

—————dx=aln2+bIn3+cIn5+dIn7 (ab,c,d eQ). Tim a,b,c,d.
2 X —5Xx"+4

Hoang Van Binh



(bai nay st dung trén mady tinh VINACAL vi mdy tinh casio khong xtt ly dwoc)

Luu tich phan vao A

5 HS E [Fi] Math &
Ll H'ﬂ-—E;E + i
0. 3015088199

Ta co e” =2%3°5°7¢

[F] Math &

Eﬁ

1.351897059

O day ta khong thé tich dwoc vé dang tich cac thira s6 nguyén t8. (vi diéu kién cho hitu ti nén s&

mii cia ta khong nguyén)
Ta st dung phuong phap nhap ham s6 F(X)=e™ - X (vi (a,b,c,d e Q)nén ta nhan cho
s0 nao do sé lam cho cac hé s6 cd thé phan tich dwgc ra thira sd nguyén t0)

_ 4287 _ . 4287 250047 _3°.7°

Tai X =6,F(X)= =6+ = ==
40960 40960 40960 25

:a:_—l?’,bzl,c=_—1,d:l,
6 6

2 (X " 2)2017
VD. Tinh tich phan | = IT

1

dx
X

32018 _ 22018 32018 _ 22018 32017 22018 32021 _ 22021

—_— B. —— C. - D. ——
2018 4036 4034 2017 4040

Meo: Bdim may s6 mi to nhu vay mdy sé khong xtr 1y duoc ta sé thu gon biéu thirc lai. bai toan

2(x+2)17

cua ta thu lai dwoc | = J. X

1 X
18 Hl8 18 18 17 18 21 521
A 372 g, > 2 c 3 2 p. 32
18 36 34 17 40
Bam tich phan
O] Math &
JE ix+zi117 d
1 x12
10754395, 47

Bam 4 dap an
Hoang Van Binh



] Math & ] Math &

z15_z13 515 _z13
15 B
21505796, 94 10754595, 47
31? 215 0] Math & 321 _221 m Math &
ECE 40
a78-019, 853 261456401, 3
Chon B.

4
VD. Cho | = [ x4/1+2xdx va u=+2x+1. Ménh d& ndo dusi dy sai?

0

1% (w0 1t 200
A. |:§!X (x —1)dx B. I:EJU (u —1)du
5 3 3 3
C ] T D I:J'uz(uz—l)du
ACEEN 1
2
Ta c6 u:\/2x+1c>u2:2x+1:>x:u —— = udu = dx
. {x=0—>u:1
Dai can:
X=4—>u=3

I =jx\/1+ 2xdx =iu2 ~Ldu =1i(u2 —1)u2du
2 2

0 1 1

4
Bam may: dau tién ta bam | = [ x1+2xdx

0

Math &

|2 FmT o
19, BEGEGEET

Sau d6 bam 4 dap an, thay dan an nao c6 cung két qua la ding

Loai cau A, vi chwa d6i bién.

L[%n20x2-1)
Pap an B 19, BeEEEEE T dung.

o XX+ b .. oo -
VD. Biét Igldx:aﬂng voi a,b la cac s6 nguyén. Tinh S=a-2b
s X+
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A S=-2 B. S=5

Tab@hd01jx +X+%R I(x+———jdx (;ﬁ+4nh+ﬂj

3 X+1

X2+ x+1
X+1

Bam may: Gan I

[T
0. 405465103
fuong) (7]

[ Math

fixI=f-1n[

(] o4
—

5

3

d—»A:>A:a+mg:>a:A—m9

S=2

:8+In§
2

D. S=10

] Math ]

start? End?

Math

atep?

Math

] Math
n Fril
-

E |
i

Ll

M. 1123

i [ta dwoc b=3,a=8

Vay a-2b=8-23=2

(2x—1-sinx)dx = n(z—%

VD. Két qua tich phan .

O v [N

A. a+2b=8 B. a+b=5

[F] Math¥

2 (2H-1-51nCA) b

[F Math

f[-'l';-;:_']:L

Table:

Hoang Van Binh

C. 2a-3b=2

Gén: -0, 1032952265 A:ﬁ(f_lj P

j—l (a,beZ). Khang dinh nao sau day sai?

D. a-b=2



[F] Math [F] Math [F] Math

atart? Erdd” Step?
-h 9 1
[Fi] Math

. by | Fixl

6l 2 |miie

g 315.0714 .

4 lota duoc b=2,a=4. Suy ra khang dinh B sai.
VDJﬁ&JHDHX:&@#b\@i&beZ.Tmhab
VX

A. ab=4 B. ab=-8 C. ab=-+4 D. ab=8

[F] Math &

€ 1m i)
Jian:":'}ﬁ
Gan 0. 025574586 A=ade+b=Db=A—ae

@:
[F] Math
fx)=F-rle
[F] Math [F] Math [F Math
start? Ercd? Sten?
-5 2 1
[F] Math
n Fiihl
| -3
y -
5 -1 12.3512
dla=-2b=4
Vay ab=-8.
VD. Biét jxslﬂ =aln(e’+1)+bIn2+c véi a,b,c la cdc s§ hiru ti. Tinh S =a+b+c.
1
A. S=1 B. S=-1 C. S=0 D. S=2
Gan
[F] Math &
|
-+
[ 2t
0. 2551095345
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e 1 e
Jl.x3+de:~1[

:(In x—%ln(x2 +1)J

=a+b+c=1

A B t1 f X t1 1%
ey L i e GO L

e

=_1In(e2+1)+iln 2+1
2 2

1

VD. Gid stt [€” (2x° +5x" —2x+4)dx = (ax’ +bx* +cx+d )e" +C . Khi d6 a+b+c+d bing
A. -2 B. 2 C. 3 D. 5

BAm nhu sau:

o7 e (20h || 4P BH2 -2 ) dig
E:EIDEI J;DD EEH I: s E"
]-I:":IEIEDE tach 1009803 = x> + x> —2x+3

Vay a+b+c+d =3. Chon C.

21 1 ., ,
$dx=aln2—9 voi a,b,ceZ, b toi gian. Tinh S=a+b+c
C

VD.Cho | =
!x(lnx+l) c

A. S=3 B. S=5 C. S=0 D. S=7

Gan tich phan vao A

[F] Math &

JE A LIEIES S
1ilntE1+11E€ "

0. 8862943611
:A:aInZ—E:E:aInZ—A.Ta
C C
[F] Math
" Fiil
2 |-
E | = 0. 5
Y 311, 1931 b 1
Ta thdy 0.5 taia=2:>E=§:>a=2,b=l,c:2:>a+b+c:5. Chon B.

3

1
VD. Cho | = [————dx=Ina+bnc, (a,b,ceQ). Tinh S=a+2b+c
o X +3X°+2
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A. 3 B. 2 C.0 D. -3

Gan tich phan vao A

[F Math &

o

e

0. 052559151785

Tacd A=Ina+blnc = e* =ac’

Vi a,b,c € Q nén ta chon ham nhu sau e* =a*c™. Ta nhan thém x vao mi vi khi d6 ta sé nhan

duoc két qua dep hon.

Vao
f I: ::{ :I =E|';'|::-:: [F] Math
[F] Math [F] Math [F] Math
sLart? End? =Lep?
-5 ] |
[F] Math [F] Math
. " | Fill . " | Fina
E E I.I!EIé E E I.IEEIé
Ta dwoc 1.125 2.5

Khi d6 a’c® =

| ©

:32.23:>a:3,b:_73,c:2:>8:a+2b+c:2

‘VD.ChoI::jJ?%¥T:Z:a 2x—1+bm(J2x—l+4)+C.Tﬁﬁ1a+b

A =2 B. -3 C.1 D. 2
Ta gan can cho nguyén ham:

dx
J2x-1+4

=a+bIn5-bln4=a+b(In5-In4)=A

N | e

e
0.5 JZrE=1 +4
V6i A= 0. 1074257959

Hoang Van Binh



bén day, ta ¢ thé chon phwong trinh a+b= DA roi giai hé hodc chon ti€p mot cap can nita thay
vao.

O day xin phép dua vao dap an va chon dap an nao cho rahé s§ a,b dep.

[F] Math [F] Math¥ [F] Math &

é[ﬁ} I:I.EEEII u.?ujg] A= =
1 1.9999999959 -3.'999999999

Vay a=1b=-4.Vay a+b=-3.

Bai 3. UNG DUNG TiCH PHAN
I. Ly thuyét
1. Tinh dién tich hinh phéng
Cho ham s6 y = f (x) lién tuc khong 4m trén doan [a;b]. Khi d6 dién tich cta hinh thang cong
b

gidihanboi y=f(x),y=0,x=a,x=b la _[f(x)dx

a

b
Dién tich S ctia hinh phang (D) gidihanboi y=f(x),y=0,x=a,x=b la § :ﬂf (X)‘dx

b
Dién tich S cta hinh phing (D) gi¢i hanboi y = f (x),y =g (x),x=a,x=b la S = [|f (x)—- g (x)|dx

Tinh f(x)=g(x) c6 cdcnghiém X, X,,X;,....€(a;b). Khi bai todn khéng cho céan thi can chinh la
hai nghiém x, va X, .

2. Tinh th€ tich vat tron xoay

Thé tich tron xoay tao boi mit phang tron xoay giéi han boi duong y= f (x),y=0,x=a,x=b

b
quay quanh truc Ox 1a V = 7Z'I f2(x)dx

Thé tich tron xoay tao boi mit phang tron xoay gidi han boi duong y = f (x),y=g(x),x=a,x=b

b
quay quanh truc Ox la V :n'Hfz(x)—gz(x)‘dx

3. Tinh quang duong

Hoang Van Binh



b
Cho phuong trinh van toc V = f (t) quang duwong la nguyén ham cua van toc S = J. f(t)dt

a

4. Mot s6 ting dung khac

R
Tinh dién tich chém cau cé ban kinh R va duong cao h : S=27 _[ VR? —h?

R-h
Thé tich hinh cau do hinh tron (C): x* +y* = R*khi quay quanh tryc Ox:
R

v :ﬂ_[ (RZ—Xz)dXIZET(RZ—XZ)dX
0

-R

B 47R?
3

2 2
Thé tich hinh elip (E): X; + yF =1 khi quay quanh truc Oy

2,,2 2

b b 2 2
vzﬂj(az_abg jdyzzﬂ;[az_abz jdy:‘”; b
b 0

I. Vidu

VD. Tinh dién tich hinh phang gi¢i han boi d6 thi ctia y=x*+2 va y=3x
B.

D.

ol W

.2
1
2

2 _ X_l PN ’ A ’ M ‘ 2 _1
X" =3Xx+2=0< N 2.D1ent1chcant1nhbang .”X —3X+2‘dx—€.
- 1

VD. Tinh dién tich hinh phang S gidi han boi y=x>—x va y=-x*+x

A s=31 B -2 c 5.8 D. 5=13
12 4 12
Xx=0 . .
X}—x=x-x’<|x=1 .Bam ”x3+x2—2dezi—2
X=-2 2

VD.Cho d6thi y=f (X) nhu hinh vé sau day. Dién tich S ctia hinh phéng (phan gach chéo) duoc
xac dinh boi

2

A. S:_Z[f(x)dx B. S:_l[f(x)dx+ff(x)dx
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1 1 -2 1
Dién tich ¢6 gid tri dwong nén S :—I f (X)dx+'[ f(x)dx= I f (X)dx+j f (x)dx Chon C.
-2 2 2

1
VD. Dién tich hinh phéng gidi han boi cac duong thrfmg y=x-1y=0,x=0,x=2 béng

C. 3

A2 B. L D. 2
2 2 2

v flos 7
Bam '(UX —].‘dx=§

VD. Dién tich hinh phéng gidi han boi cac duong thrfmg y=x"-3x+2 va y=x-1.

A s=2 B. 5=/ c s D. S=2
3 14 300

Phuong trinh hoanh do giao diém x° —3x+2=x-1<>x=1x=3
h 4
Tacd S= HXZ —4x+3‘dx =3 Chon A.
1
VD. Dién tich hinh phéang gi6i han boi cic duong y = ‘xz —1‘ va y=|x|+5la
A 3 B. 12 c I3 D. 14
6 3
PTHDGD: |x* 1| =|x+5 <> x =+3

3
Bam LHXZ —1‘—|x|—5‘ =§

|2 xz-1]-1x1-0 | 5
24,333331 54 24, 33333333
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VD. Goi S la dién tich hinh phang gi6i han boi parabol (P), tiép tuyén ctiia né tai A(L-1) va
duong thang x=2. Tinh dién tich S

A. S=1 B. 5=2 c. s=2 D. 5=t
3 3 3

\

Phuong trinh parabol y =x* (vi di qua (0.0),(3-1),(-1-1))
Phuong trinh tiép tuyén cua (P) tai A la y=-2x+1

Vay dién tich giéi han S = j\(—2x+1)—(—x2)}dx = I\—2x+1+ X*[dx = %

VD. Cho hinh phang gi¢i han boi cic duong y =xInx,y =0,x =€ quay xung quanh truc Ox tao

thanh khoi tron xoay c6 thé tich g(bee’ - 2) .Tim a,b
A. a=27,b=5 B. a=26,b=6 C. a=24,b=5 D. a=27;b=6

bK: x>0

Phuong trinh hoanh d6 giao diém xInx=0<x=1

Vv =7zJ'x2 Inzxdx:(5e3—2)% suyra a=27,b=5
1

VD. Thé tich khi tron xoay thu duoc khi quay hinh phang gi6i han boi cdc duong y =+/2-x,
y =X,y =0quanh truc Ox dugc tinh theo cong thitc nao sau day?

1 2 2
A. V:ﬂI(Z—x)dx+ﬂIx2dx B. V=7Z'I(2—X)dX
0 1 0
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1 2 1 2
C. V=7Z'IXdX+7Z'I\/2—XdX D. V:ﬂszdx+ﬂj(2—x)dx
0 1 0 1

X=42-Xx < x=1

Phuong trinh hoanh d¢ giao diém cua < x=0 ;

V2-x=0=x=2

1 2
Vay ta co: V = 7TI dex+7rf(2— x) dx
0 1

VD. Goi (H) 1a hinh phéng giéi han boi d6 thi ham s§ y = x* duong thang x=1 va truc hoanh.
Tinh thé tich V cta khéi tron xoay thu dwgc khi quay (H) quanh truc Ox.

A v=C B. V=i c.v=" D vl
3 3 5 5
[F] Math &
nf L1z Lo 1
Ta bam: EI[

VD. Goi H 1a hinh phéng gi6i han boi d6 thi ham s y = ,/4—)(2 , truc Ox va duong thang x=1.
—X

Tinh thé tich V cua khéi tron xoay thu dwogc khi quay hinh H quanh Ox

A Tnd B. tin? c. Epns D. 72
2 3 23 2 4 3

Ta c¢6 phuwong trinh hoanh d6 giao diém: ,f4 X >=0x=0
—X

1 2
Thé tich giéi han: V =;zj( X 2] dx="In2. Chon A.
(N 4—x 23

VD. Goi (H) 1a hinh phang gi6i han béi hai truc d6 thi, duwong thang x=1 va d6 thi ham s
y =1+ x°. Tinh thé tich khéi tron xoay do (H) sinh ra khi quay quanh truc Ox

A 2 B, 2 J D. 2z

—7 .
3 14 14
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Math A

m| 8113 oy

Bam may tinh: 1all Chon B

VD. Goi (H) la hinh phang gi6i han boi d6 thi ham s6 y =—/x+2,y=x+2,x=1. Tinh thé tich V
ctia vat thé tron xoay khi quay hinh phang H quanh truc hoanh.

Ay 2T B v C. V=0r D,y 557
2 2 6
y | Qo
y=x+2
Vi do thi y=—/x+2 nam dudi Ox nén bi am. Ta 1dy d6i xtng |
n O V S
X=-2
Phuong trinh hoanh d¢ giao diém: x+2—-Vx+2=0< {X L —z/ o -
- /\ |
Tacéd: V = n'[( X+ )dx+;r_[ (x+2)" dx x =27 . Chon D. \\
% 6 ~—_
®
VD. M6t ddm vi trung tai ngay thit t ¢6 s6 luong la N (t). Biét rang N ()= Toog V2 cdau
+ )
dam vi trung ¢ 250000 con. Hoi sau 10 ngay s lugng vi trung la bao nhiéu?
A. 258.959 con B. 253.584 con C. 257.167 con D. 264.334 con

Ta 6 s6 luong vi trimg bang s lwong ban dau cong véi s6 lugng da tang trong 10 ngay duoc tinh

4000 dt

nhu sau: 250000+ j

250000+ I;” L400C;
264334, 0758

Chon D.

VD. Trong mot dot xa 1ii, nha may thuy dién da xa 1a trong 40 phut véi lvu lwong nudc tai thoi
diém t gidy 1a v(t)=10t+500 (m*/s). Hoi sau khi xa 1ii trén thi hd tho4t duoc mot luong nudc la

bao nhiéu?

A. 5.104(m3) B. 4.106(m3) C. 3.107(m3) D. 6.106(m3)
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2400
Ta c6 luong nudce thoat ra la: _[ (10t +500) = 3.10" (ms)
0
VD. Mot 6 t6 dang chuyén dong voi van téc 15 m/s thi nguoi lai dap phanh. Ké tir thoi diém do6, 6
t6 chuyén dong cham dan véi van toc v(t) =-5t+15 (m/s). Trong d6 t 1a khoang thoi gian tinh
bang giay. Hai tir Itic bat dau dap phanh cho dén khi xe dirng han thi con di chuyén dwoc bao
nhiéu m?

A. 22,5m B. 45m C. 2,25m D. 45m

Quéng dudng 1a nguyén ham cta van tdc. Ta c6, tai thoi diém xe ditng han thi van toc bang 0, suy
3
ra t =3. Vay quang duong di dugc la J.(—St +15)dt =22,5m
0
VD. M6t manh vuon toan hoc c6 dang hinh chit nhat, chiéu dai la 16 m chiéu rong la 8 m. Cac
nha toan hoc dung hai duong parabol, mdi parabol cé dinh 1a trung diém ctia mot canh dai va di
qua hai dau mat caa canh dai d6i dién. Phan manh vuon ndm & mién trong dwgc gidi han boi hai
parabol dugc trong hoa hong. Biét chi phi trong hoa hong 1a 45.000 VND / m*. Hoi cdc nha toan
hoc phai chi bao nhiéu tién d€ trong hoa trén manh vueon dé6?

A. 3322000 VND B. 3476000 VND C. 2715000 VND D. 2159000 VND

Ta gan hé truc toa d¢ cho manh vieon nhu hinh vé.

Ta can phai xac dinh dugc phuong trinh hai duwong parabol sau d6 tinh dién tich r6i méi tim duoc

sO tién.
Cach viét phurong trinh parabol bang may tinh cim tay:
Ta sit dung chwong trinh thong ké (3] trong may tinh:
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D& bit dau st dung ta an g (3) &)

Ta viét phuwong trinh ctia parabol up truede. Nhin d6 thi ta thay, parabol tp di qua ba diém
(0;4),(8;4),(-8,—4)

STRT [F]

| "

Bam mady tinh (3] (3] Ta thdy c6 hai c6t x nhap hoanh d6 ba
diém parabol di qua va y nhap tung d¢ twong ting cta ba di€ém 6 cot x. Ta nhap nhw sau:

STAT

F
n
I 0 i!'
g -8 -4
3 ;| =4

Nhép xong r6i an nut AC.

Luu y: Phuong trinh parabol cua ta thuong la y = Ax® + Bx+C, nhung trong mdy tinh thi ngwoc
lai y=Cx’+Bx+A.Chtng ta sé hiéu theo may tinh.

An @R @D E
1:A FiE
S g
Sidz Ga o
dé tim cachéso C,B, A
STAT [F]
»
Chon 3=C = -1.8
STAT [F]
E
Chon 2=B= I
STAT [F]
A
Chon 1= A= 4

Vay phuong trinh parabol tp 1a y, = _El x> +4

Phuong trinh parabol ngtta c6 thé viét teong tu, tuy nhién do hai do thi d6i xing nhau qua

Ox:yzzéx2—4

DPén day ta ap dung bai toan tich phan tich dién tich gidi han boi hai d6 thi.
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Tim giao diém cua hai parabol:

ylzyz<:>yl—yz:0:>_Elx2+4—%x2+4:0<:>%Zx2+8:0<:>x:J_r4«/E

Ta tinh dién tich ntta trén sau d6 nhan 2 ta dwgc dién tich phan gidi han cta hai parabol

Math & [F] Math &

f"'lz | _%HE +4 | ] ANS>
a0, 16388933 60, 33977966
Ars=A5000

Math &

Sau d6 ta nhan vdi sd tién trong hoa 2715290, 04 iy

Vay s tién cac nha toan hoc phai tra la 2715000 VND. Chon C. \ -

VD. Ong B cé mot khu vueon gidi han boi mot dwong parabol va
mot duong théng. Néu dat hé truc toa do0 Oxy nhu hinh vé thi
parabol c6 phuong trinh y = x* va duong thang y=25.Ong B du
dinh dung mot manh vueon nho duoc chia tir khi vieon boi mot
duong thang di qua O va diém M trén parabol dé trong hoa. Hay

gitip 6ng B xac dinh diém M bang cach tinh d6 dai OM dé dién

14 ? \ 2 \ 9
tich manh vaeon nho la —.

A. OM =25 B. OM =15 C. OM =10

Goi H la diém c6 hoanh d¢ a la hinh chiéu ctia diém M 1én Ox. Suy ra phuong trinh

a a3

a 2 3
oM :y:tan%.x:ax. Ta co I(ax—xz)dx: ax X
OH 6

) 2 3

0

3

Ta ¢6 %:%©a=3:>OM ~3J10

VD. Nguoi ta dung mot céi léu vai (H) c6 dang chop luc gide cong déu nhu hinh vé. D4y la mot
hinh luc gidc c6 canh bang 3m. Chiéu cao SO=6m SO vuong goc day. Cac soi day ¢,,C,,C;,C,,Cs,Cq
ndm trén cac dwong hinh parabol cé truc d8i xting song song véi SO . Gia st giao tuyén ctia (H)
v6éi mot mit phang (P) vudng gbc véi ddy tai trung diém SO thi duoc luc gidc ¢6 canh bang 1 m.

Tinh thé tich phéan trong cua léu (H).
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A c. 18 )
B. 2% () D. 15 ()

Ta xét mot mat phang di qua SO va ¢,. Ta thdy ¢, di qua ba diém A(0;6),B(13),C(3;0)

:q:y:%xz—gx+6.Rﬁt x—>y:x:%—,f2y+%.Thé’t1’ch ctia léu:

563 (7 1) . 1353
V=———/2 o | gy =23
!4 2 YT YT
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VD. Mot chét diém dang chuyén dong véi van toc v, =15 m/s thi tdng tdc véi gia tdc
a(t)=t*+4t m/s’. Tinh quang duong chat diém d6 di dugc trong khoang thoi gian 3 gidy ké tur
ltc bat dau tang tdc.

A. 70,25m B. 68,25m C. 67,25m D. 69,75 m

3 3
:J'a(t)dt:%+2t2+c ma v, =15=C :>%+2t2 +15

Wt &
35 A2 o7+ 15
B&m B9, 75
VD. Cho ham s§ y = f (x). D6 thi ham s&
y = f (x) nhu hinh bén. Dt

h(x)=2f (x)—x*. Ménh dé nao dudi day

'v‘.v

Tacé h'(x)=2[ f'(x)-x]=h'(X)=0< f'(x)=x

Puong thang y=x di qua ba diém (-2,-2);(2;2);(4;4) trén do thi

Goi S, S, lan lwot 1a dién tich phan bén trén va bén dudi caa

duong thang y = x ¥y

S, >0©Ih )dx >0 h(2)~h(-2)>0< h(2)>h(-2)

S, <O<:>—_[h (x)dx <0« h(2)-h(4)>0< h(2)>h(4)

Ma S, >S, =h(2)-h(-2)>h(2)-h(4) < h(4)>h(-2) V.

Suy ra h(2)>h(4)>h(-2)
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VD. Mot vat chuyén dong trong 3 gio véi van toc v (km/h) phu thude
thoi gian t (h) cé d6 thi cua van tdc nhw hinh bén. Trong khoang thoi
gian 1 gio ké tir khi bat dau chuyén dong, d6 thi c6 mot phan 1a duong
parabol ¢ dinh 1a 1(2;9) va truc d&i xting song song véi truc tung,
khoang thoi gian con lai cua d6 thi la mot doan théng song song vai truc
hoanh. Tinh quang duwong s ma vat di chuyén duoc trong 3 gio d6 (két
qua lam tron dén hang phan tram).

A. s=23,25(km)
B. s=21,58(km)
C. s=15,50(km)
D. s=13,83(km)
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Phuong trinh parabol ctia chuyén dong la y = _75 X* +5X + 4

Taco v(1)= %l = phuong trinh dudng thang ctia chuyén dong 1a y = %l

1 3
Ta c6 quang duong vat chuyén ddng duoc tinh theo I (_75 X? +5X+ 4) dx + I 3Zldx =21,58(3)
1

0

Doc thém: cong thire Walliss

. (n—1)u
e

(1)

O N [Ny

2
cos" xdx = Isinn xdx = lé dung (1) , chdn dung (2).
0

n!l docla n Walliss va duoc hiéu dwa vao n chdn hay Ié.

VD. ot=1; 111=1; 21=2; 311=1.3; 411=2.4; 51=1.3.5

1011 247810 256

cos' xdx = = =
111 1.3.5.7.9.11 693

VD.

oty

9l r 63z

sin® xdx = — .= = ——
101 2 512

VD.

O v [N
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