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PE CHINH THUC

(Dé thi gojm 1 trang)
Ciu 1. (4 diém )

(y+1)2+y y2+1:x+%

x+Nx=2x+5=1+22x-4y+2
Céu 2. (4 diém )

Cho tam giac ABC c6 AB=AC, cac diém D,E,F lan lugt nim trén cac canh BC,CA, AB sao cho
DE || AB,DF || AC . Puong tron ngoai tiép tam gidc ABC cét duong tron ngoai tiép tam gidc AEF tai

Giai h¢ phuong trinh ( X,y € ]R).

cac diém A4,G . Puong thang DE cat dudng tron ngoai tiép tam giac AEF tai diém H (H +=E ) Puong
thang qua G vudng goc véi GH cat duong tron ngoai tiép tam giac 4BC tai diém K (K # G) , duong
thang qua G vudng goc véi GC cat dudng tron ngoai tiép tam gidc AEF tai diém L(L * G) . Goi P,Q
lan luot 1a tim dudng tron ngoai tiép tam giac GDK,GDL . Chimg minh rang khi diém D thay dbi trén
canh BC thi:

a) Puodng tron ngoai tiép tam giac GEF luén di qua hai diém cb dinh.

b) Pudng tron ngoai tiép tam giac GPQ ludn di qua mot diém c6 dinh.

Ciu 3. (4 diém )
Tim tat ca cac s0 nguyén duong m,n va so nguyén to0 p thoa man

4m’ +m’ +40m =2(11p" -5).

Céu 4. (4 diém )
Cho 3 s thuc duong a,b,c. Ching minh rang:
a(la—2b+c) N b(b—2c+a) N c(c—2a+b) >0
ab+1 bc+1 ca+1

CAu 5. (4 diém)

Cho bang 6 vuong kich thude 100x100 ma mdi & duoc dién mot trong cac ky tu 4,B,C,D sao cho trén
mdi hang, mbi cot cta bang thi sé lugng ky tu timg loai dung bang 25.Ta goi hai 6 thudc cing hang
(khong nhat thiét ké nhau) nhung duoc dién khac ky tu 1a “ciip t6t”, con hinh chit nhat c6 cac canh song
song v6i canh hodc ndm trén canh ciia bang va bdn 6 vudng don vi & bdn goc cua nd duge dién du bén ky
tu 4,B,C,D 1a “bang tot”.

a) Hoi trong cac cach dién ¢ trén, ¢6 bao nhiéu cach dién ma mdi bang 6 vuéng 1x 4, 4x1 va 2x2 déu co
choadiacackytue 4,B,C,D ?

b) Chitng minh rang v6i moi cach dién théa man dé bai thi trén bang 6 vudng di cho:
i) Ludn c6 2 ¢t cua bang ma tir do co thé chon ra duoc 76 cap tdt.
ii) Luén c6 mot bang tot.
(Thi sinh khéng dwoc siv dung tai liéu va may tinh cam tay. Can bé coi thi khong gidi thich gi thém)
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Noi dung trinh bay

Piém

(y+1)2+y Y+ :x+% (1)

x+VxT=2x+5=14+22x—4y+2 (2)

Nguon: Chuyén Lam Son- Thanh Héa

Giai hé phuong trinh

4d

Piéu kién: 2x -4y +2>0.
Twr phuong trinh (1), ta co:
2x—4y+2=p"+142p.y’ +1+)°

2
<:>2x—4y+2:(«/y2+1+y) .

0,5

Thay vao phuong trinh (2) va chl y rang +/y* +1+y>0.

Luc nay ta duoc

x+\/x2—2x+5=1+2(\/y2+1+y)<:>x—1+ (x—1)2+4:2<\/y2+1+y)
PN 2nl (xz_lj 1=y +1+y 3)

1,0

2
bat MZXT_I.TfI(3) chota < u+ul +1=1/y  +1+y

(=2)uty) _,

Su—y+Jut+1-y’ +1=0 Su-—y+ =
\/ g \/u2+1+\/y2+1

ol u+y _0
s y){ +\/u2+1+\/y2+1] @

1,0

ey (ertea)e(eie)

\/u2+1+\/y2+1_ Vi #1144y +1

Do 1+ >0

Nén tir (4) cho ta u = y, hay xT_lzy:Mc:2y+1.

0,5

Thay vao phuong trinh (1) ta dugc

(y+1) +yy»* + :2y+§ <:>(«/y2+1+y)2=4

Sy +1+y=2(do /y’+1+y>0). Tim dugc y= 2

L X=—.

2

NGOV}

K&t luan: Hé c6 dung mot nghiém (x;y) 1a [%,%J

1,0




Cau2

Cho tam giac ABC c6 AB= AC, cac diém D,E,F lan lugt nim trén cac canh BC,CA, AB
sao cho DE || AB,DF || AC . Dudng tron ngoai tiép tam gidc ABC cat dudng tron ngoai tiép
tam giac AEF tai cac diém 4,G . Puong thang DE cat dudng tron ngoai tiép tam giac AEF
tai diém H (H =E ) DPuong thing qua G vudng goc véi GH cit duong tron ngoai tiép tam
giac ABC tai diém K (K # G) , dudong thang qua G vudng goc véi GC cat duong tron ngoai
tiép tam gidc AEF tai diém L(L+#G). Goi P,Q lan lugt 1a tim dudng tron ngoai tiép tam
gidc GDK,GDL . Ching minh rang khi diém D thay doi trén canh BC thi:

a) Puong tron ngoai tiép tam giac GEF ludn di qua hai diém c6 dinh.

b) Pudng tron ngoai tiép tam gidc GPQ ludn di qua mot diém cb dinh.
Ngudn: Chuyén Vinh Phiic

4,0

a) Goi O, O’ 1a tam dudng tron ngoai tiép tam giac ABC, AEF .Goi E' 1a diém di xtg véi
E qua duong thang A0 . Khi d6 EE'|| BC vi cing vudng goc voi AO suy ra tir giac BDEE’
13 hinh binh hanh suy ra DE = BE', két hop voi DE = AF ta dugc BF = AE

( C6 thé khong can dung diém E’, d& thdy tam giac BFD cAc tai F va c6 tir giac AEDF la hinh
binh hanh, nén ta c6 BF=DF=AE)

0,5

Suy ra AOAE'= AOBF = OF = OF . Két hop v6i OA 1a phan giac cua goc
EAF = 0e (AEF ) Vay dudng tron ngoai tiép tam giac GEF ludn di qua hai diém c6 dinh

1,0




A4,0.

b) Dé thay tam giac FBD can tai F suy ra FB=FD, GBF =%(7071 =%(7Fj4 = AFGB can tai

Fsuyra FB=FG. Tird6suy ra F la tim dudng tron ngoai tiép tam giac DGB. Ching minh
tuong tu ta dugc E 1a tim dudng tron ngoai tiép tam giac DGC.

1,0
Tir d6 EF la trung truc cia GD, két hop véi AG vudng goc voi GD suy ra EF/AG.
FHD = EAF = EDF => AFHD can tai F suy ra FH = FD = H €(GBD).
P la giao diém ciia duong thang qua O song song v6i GH va EF, Q 1a giao diém ciia duong
thang qua O’ song song vi GC va EF.
E 1a tam duong tron (GDC) va O 1a tim duong tron ngoai tiép (AGC) suy ra OE L GC, két
hop véi GC vudng goc vai GL suy ra GL song song OE. Do d6 OF L O'Q = QF = QO(I). 1,0
Tuong ty ta dugec PO = PF(2).
Mit khac OF = OF , két hop véi (1) va (2) ta dugc AQOE = APOF = OP = 00 = 00" la
trung truc ciia PQ, két hop voi 00’ 1a trung truc ciia GA nén tir giac AQPG 14 hinh thang can 0,5
hay no néi tiép suy ra (GPQ) ludn di qua diém A cb dinh.
Cau 3 | Tim cac s6 nguyén duong m,n va sd nguyén té p théa man
4m’ +m* +40m =2(11p" - 5). 4,0
Nguon: Chuyén Lé Hong Phong- Nam Pinh
2 _ n
PT< (4m+1)(m* +10)=22p 0,5
THI: n=1, tht truc tiép voi m=1,2,3,4,5 déu khong théa man
Voi m>5=4m+1>22,m° +10>22.Do dé 4m+1:p,m* +10:p : v Iy do 0,5
n=1.
TH2: n>1, tht truc tiép voi m=1,2,3,4,5 déu khong thoa man
Voi m>5=4m+1>22,m° +10>22.Do d6 4m+1:p,m* +10:p
Am+1=11% 1,0
Suyray P b(x,ye{O;l},x+yz1,a,beN*)
m +10=2.11".p
D& thdy Vme N* taco m* +10>4m+1
+) Néu b>a thi
11(m* +10) = 0mod(4m +1) = 11m’ = —110mod (4m + 1)
11.16m> =—1760mod(4m +1) = 11=-1760mod(4m +1) 1,0

(do16m’ =1mod (4m +1))
—1771=0mod (4m +1)




Ma
4m+1=1(mod4),1771=7.11.23

4m+1="77 m=19
=|4m+1=161 = | m=40
4m+1=253 m=63

Thir lai déu khong thoa méan

+)Néu b<a thi y=1,x=0

4m+1=p°
= b
m’+10=2.11.p

Do

{p|4m+l

p|m2+10:>p|4(m2+10)—m(4m+1)=40—m

p=7

:>p|(4m—160):>p|161:>{

0,5

+Néu p=23 thido 22.23" >23*=22>23"" :volydo a—bheN*
+Néu p=7 thido 22.7>7* =22>7""=a-b=1
Khi d6 ta co

{4m +1=7""

= =>m=12
m>+10=22.7"

Thay vao phuong trinh ban dau tim dugc n =3.

Vay (m,n,p) = (12,3,7) .

0,5

Cho 3 sb thuc duong a,b,c. Chimg minh rang:

ala—-2b+c) +b(b—2c+a) N c(c—2a+b)
ab+1 bc+1 ca+1
Ngudn: Chuyén Hoang Vin Thu-Hoa Binh

>0

4,0

a(a—2b+c) a’*+1+ac+1-2(ab+1) a’+1 ac+1
= = + -6
Z ab+1 Z ab+1 Z“ab+1 Z“ab+1

cyc cye cye cye

1,0

Ap dung bat dang thirc AM-GM cho 3 s ta co:

Zac+1 >33Hac+l ~3 (1)

ab+1 ab+1

cyc cye

1,0

Mit khac ap dung bat ddng thirc Cauchy-Swecharz ta co:
(a® +1)(b* +1) > (ab+1)?

1,0




Thiét 1ap cac bat dang thic tuong tu ta suy ra:

[[@+D@*+D) 2] @b+’ =

(JT@+)y’ = J@+1)’ =@ +)) = J(ab+1)

a’+1
= >1
1_‘[ab+l

cyc

Ap dung bat dang thic AM —GM ta lai ¢6

Za2+1>331—[a2+123(2)

Cycab+1_ ab+1

cyc 1,0
Tir (1) va (2) ta c6 diéu phai chirng minh
Déu ‘=" xay ra khi va chi khi a =b=c
Cau 5 | Cho bang 6 vuong kich thuéc 100100 ma mdi 6 duoc dién mot trong cac ky tu 4,B,C,D
sao cho trén mdi hang, mdi cot ctia bang thi sd luong ky tu ting loai diing bang 25.Ta goi hai
6 thudc cung hang (khong nhét thiét k& nhau) nhung duoc dién khac ky tu 1a “cip tét”, con
hinh chit nhat c6 cac canh song song vi canh cua bang va bdn dinh caa n6 duoce dién du bén
ky tu 4,B,C,D la “bang tot”.
a) Hoi trong cac cach dién & trén, co bao nhiéu cach dién ma mdi bang 6 vudng 1x4,4x1 va
2x2 déu c6 chtra du cac ky tu 4,B,C,D? 4,0
b) Chirng minh ring v6i moi cach dién théa man dé bai thi trén bang 6 vudng da cho:
i) Ludn c6 2 cft cia bang ma tur do co thé chon ra duoc 76 cap tdt.
ii) Luén c6 mot bang tot.
Ngudn: Chuyén Lao Cai
a) Khong mat tinh tong quat, gia st rang 4 6 dau tién cia cot 1 dugc dién 4, B,C,D.
Khi d6, 6 tht hai ciia cot 2 phai dién D vi n6 thudc hai hinh vuéng 2x2 di chua sin
A,B,C. Do d6, ta dién tiép duoc cot 2 theo thi tu 13 C, D, 4, B. Ct nhu thé, ta dién tiép
cho cot 3,4.
1,0
A|IC|A|C
B/ D/B|D
ClA|C|A
D|B|D|B
Tuy nhién, ta thiy cac hang khi d6 khong thoa mén vi chi chira hai loai ky tu. Vay nén 1.0
khong c6 cach dién nao théa méan diéu kién da néu. ’
b) i. Tdn tai hai cot.
Gia sir phan chimg rang mdi cip cot tiiy ¥ déu c6 it nhat 25 cap 6 cung ky tu.
1,0

C6 dinh ¢cot 1, xét 99 cot con lai. Goi T 1a s6 bd (a,b) trong d6 cot a>2 ¢6 6 thir b tir

trén xudng 1a cing ky tu. Theo gia st trén thi 7'>99.25.




Mit khac, theo gia thiét thi 7 =100-24 (tinh theo hang).

Suy ra 100-24>99-25, diéu vo 1y nay chimg t6 gia thiét phan ching 14 sai, ttc 14 luon
chon duoc hai cot thoa man dé bai.

ii. Ton tai bang tot.

Gia str phan chimg rang khong c6 2 hang, 2 cot nao cit nhau tao thanh hinh chir nhét
thoa man. Xét 2 ¢t da chon dugc ¢ trén, gia su da co6 cap (4, B),(4,C) thi s€ khong co
(C,D) va (B,D). Ta c6 hai kha nang:

- Néu ¢6 (4,D) thi khong c6 (B,C), khi d6 mdi cip trong 76 cip déu c6 ky tu 4;
trong khi s6 lan ky tu 4 xuat hién trén d6 t6i da 1a 50, v 1y.

- Néu c6 (B,C) thi khong c6 (4,D); khi do, trén 76 cap s€ co 76-2=152 s6 lan xuét
hién cua ki ty A, B, C, trong khi d6 sb 1an xuat hién ky tu A, B, C tdi da trong 76 cip
trén 1a 150, cling vo 1y.

Tu day ta c6 dpem.

1,0

Chii v khi chim:

1. Huéng dan chdm nay chi trinh bay so lugc bai giai. Bai lam cia hoc sinh phai chi tiét, 13p luan chat
chg, tinh toan chinh xac méi duge diém t6i da. Cac cach giai khac néu dung van cho diém. T4 chdm trao
dbi va théng nhét_chi tiét nhung khong duoc qua s6 diém danh cho cau, phan do.
2.Co thé chia diém thanh timg phan nhung khong duéi 0,5 diém va phai thong nhét trong ca to cham.
Diém toan bai 1a tong s6 diém cac phan da cham, khong lam tron diém. .
3. Moi van d¢é phat sinh trong qua trinh chdm phai duoc trao d6i théng nhat trong to chdm va ghi vao bién

HET




