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LOI NOI PAU

O bat ki hinh thtic thi nao trong mét cudc thi nao thi ciing
c6 nhitng sai [am ma hoc sinh vdp phai va cling c¢é nhiing bai
toan kho 6 trong dé thi. Nam 2016 tré vé trude, véi hinh thie
thi ty luan thi cadc cau hoi khé thuong roi vao hinh hoc giai
tich trong mat phang, phuong trinh, bat phuong trinh, hé
phuong trinh va cac bai toan lién quan dén bat dang thuc, gia
tri I6n nhat, gia tri nho nhat cta biéu thiec. Va bit dAu nam
2017, B6 Gido duc va Bao tao doi tir hinh thikc thi tu ludn sang
hinh thtec thi tric nghiém khdch quan thi cting khong tranh
khoi 1a khéng ra nhitng cau hoi khé. Dic biét 1a nhitng 13i sai
co ban ctia hoc sinh, nhdm danh gid dting ning luc ctua hoc
sinh. Dya trén van dé do, chung t6i bién soan ra cudn sach
“Nhitng cdu hoi ndng cao rén luyén ki ndng gidi toan mon toan” voi
mong mudn gitup cho cac ban hoc sinh ¢é thém ngudn tw liéu
tham khao, trau doi kién thirc d€ ¢6 thé thi tot ki thi Trung hoc
Pho thong Qudc gia va dat duoc wdc mo vao ngdi truong Dai
hoc ma minh mong mudn.

Cudn sach nay gom c6 cac phan sau:

PHAN ©. PHAN TICH SAI LAM QUA NHUNG BAI
TOAN CU THE

PHAN II: TONG HOP CAU HOI NANG CAO

Chuyén dé 1: Khao sat ham s6 va cac bai toan lién quan
Chuyén dé 2: M - logarit



Chuyén dé 3: Tich phan

Chuyén dé 4: S6 phtic

Chuyén dé 5: Hinh hoc khong gian

Chuyén dé 6: Phuong phap toa do trong khong gian

PHAN III: MOT SO BAI TAP TU LUYEN

Cudn sach nay duwoc chung t6i bién soan dya trén cac bai
toan trong cdc dé thi thi trén ca nuwdc, tir cac nhéom hoc tap
trén facebook. Trong moi bai todn, chiing tdi ludn dua ra
nhitng hudng dan giai chi tiét. Thém vao d6, nhiing bai tap
nao cé kién thirc méi thi ching t6i cling c¢6 dua vao, tuy nhién
do thoi gian han hep nén chung t6i cling khong ¢ viét thém
ly thuyét duoc nhiéu. Ching t6i dwa nhing kién thirc moi,
nam ngoai sach gido khoa nham gitip cdc ban hoc sinh ¢
nhting kién thirc méi, van dung nhanh chéng vao cac cau hoi
nang cao. Qua do cling giap cac ban hoc sinh c6 cdi nhin méi
vé Toan hoc. Céc kién thitc méi nay nam ngoai chuong trinh
hoc ctia cac ban hoc sinh nén ¢6 thé rat bé ngd véi. Cac ban
hoc sinh ¢6 thé doc va tu chitng minh dé kiém chiing nhiing
kién thirc méi d6. Ngoai ra, chung tdi con thém nhirng bai
tap twong tu sau nhitng bai tdp hudng dan giai. Tuy nhién,
cting chi la mot chut it trong s6 nhitng bai tdp ma ching toi
c6 phan tich va huéng dan.

Vi ching t6i con la sinh vién nén con phai hoc trén ghé
nha treong. Do d6 thoi gian bién soan ctia ching toi cé han.
Vi vay, ndi dung ctia cudn sach nay c6 thé con cd nhiing
khuyét diém va chua dugc phong phti cho 1am. Véi tinh than
ham hoc hoi, ching t6i luon mong nhan dugc sw dong gop



ttt quy ban doc d€ mot ngay nao d6 cudn sach nay cé thé
hoan thién hon.

Cudi cung, chic cac ban hoc sinh ¢6 thé thi tot ki thi
Trung hoc Pho thdong Qudc gia.

Céc tac gia

Doan Van B¢ - Huynh Anh Kiét
(Sinh vién Truwong Dai hoc Sw pham Thanh phd” Ho Chi Minh)

Moi sy dong gop vui long gii ve:
Facebook: https://www.facebook.com/dvboo
Gmail: K40.101.183@hcmup.edu.vn

1 Hoc sinh mudn tép pdf day du vui 1ong nhén tin qua facebook hoéc
gmail. Vi mdt s6 li do nén khong dang ban day du.
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Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao

DPOAN VAN BO - HUYNH ANH KIET DVBO - HAK
PHAN I: PHAN TiCH SAI LAM QUA NHUNG
BAI TOAN CU THE

Cho ham s8 y = f(x). Ménh dé nao sau day dung?

A. f’(x) >0,Vxe (a;b) = f(x) dong bién trén (a;b).

B. f'(x)>0,Vxe [a; b] & f(x) dong bién trén doan [a;b]

C. f(x) dong bién trén  khoang  (a;b)

N f’(x) >0,Vx e (a;b).

D. f(x) nghich bién trén (a;b) = f’(x) >0,Vxe (a;b).
Giai:

V6i cau nay, chac han nhiéu hoc sinh hoang mang, khéng
biét chon dap 4n A hay C. Véi cau héi nhu thé nay, néu
khong nam vitng ly thuyét thi sé khong tra 16i dting cau nay.

Hoc sinh quen lam véi ham bac ba, trung phwong hay bac
hai trén bac nhat thi hoc sinh sé chon ngay dap an C. Boi vi
v6i ly luan ma hoc sinh hay lam bai tap la: “Ham s6"dong bién
trén (a;b) khi va chi khi f’(x) >0,Vxe (a;b) 7.

Sai Jam cta hoc sinh khi chon dap an C la ngd nhan
nhting kién thirc cta bai tdp ma hoc sinh hay lam.

Pap an D sai vinéu f'(x)<0,Vxe(a;b) thi f(x) nghich
bién trén khoang (a;b).

Dé4p an B sai vi néu ham s§ f'(x) c6 thé khong x4c dinh

tai 4, b nhung van dong bién trén [a; b:| . Vidu xét ham
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Phan tich sai lim — Tong hop nhiing cdu hoi nang cao
DVBO - HAK POAN VAN BO - HUYNH ANH KIET

1
flx =x,xe[0;1] o fl=—p.
()= xefon] =L
RG rang f'(x) khong xéac dinh tai x =0 nhung ham s
van dong bién trén [O; 1:| .
Dép an C sai vi thiéu f ’(x) =0 ton tai httu han diém. Mat
khac néu xét y= ax+b co y':ud;bcz:Ocnld—bc:O va
cxitd (cx+d)
suy ra ham phan thitc d6 1a ham hang. Dan dén khong théa
man vdi yéu cau.

Dap an A dung vi theo dinh ly SGK co ban 12 trang 6.

Cho ham s6 y = x_—; Xét cac ménh dé sau:
x —

(1) Ham s6 ludn nghich bién trén D =R\ {3} .
(2) D6 thi ham s6 ¢6 mot tiém can ding la x =1; mot tiém
can ngang la y =3.
(3) Ham s6 da cho khong ¢6 cuec tri.
(4) D6 thi ham s6 nhan giao diém I(3;1) cta hai duong
tiém can la tam ddi xing.
Chon cac ménh dé dung.
A.(1),(3), (4) B.(3), (4 C.(2),3)4) D.(1) 4
Gidi:
Sai [am thwong gap:
Tap xac dinh D =R\ {3} .
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Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
DOAN VAN BO - HUYNH ANH KIET DVBO - HAK

Ta co y’:_—22>0,VxeD.
(x-3)

= Ham s6 nghich bién trén R \ {3} hodc (—oo; 3) U (3,' +oo)

Suy ra (1) dung.

Tiém can ding x =3, tiém can ngang y =1. Suy ra (2) sai.

Ménh dé (3) dung.

Dbén day hoc sinh chon ngay dap an A. Ma dép an A sai.

Phdn tich sai ldm: Hoc sinh nhé dinh nghia dong bién
(nghich bién) trén khoang nhung lai khong biét dén rang
minh khong c6 hoc dinh nghia trén hai khoang hop nhau.
Hoc sinh ngd nhan rfang nghich bién trén (—00;3) va (3; +oo)
thi gop thanh (—w;3)U(3;+%) hodc R\{3} va dan dén néi
cau nay dung. Nhu vay, hoc sinh can phai nhé rd rang, chi
hoc dinh nghia dong bién (nghich bién ) trén khoang, doan,
ntta doan; khong cé trén nhitng khoang hop nhau.

Ménh dé (1) sai (giai thich o trén). Stra lai: Ham s nghich
bién trén (—00;3) va (3;+oo).

Ménh dé (2) sai.

Ménh dé (3) dang. Ham bac nhat trén bac nhat khong ¢
diém cuec tri.

Ménh dé (4) dung vi giao diém hai duwong tiém can caa
d6 thi ham s6 bac nhat trén bac nhat chinh la tam d6i xténg
cuia d6 thi ham so.

Vay dap an B.
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Phan tich sai lim — Tong hop nhiing cdu hoi nang cao
DVBO - HAK POAN VAN BO - HUYNH ANH KIET

Trong khong gian véi hé truc toa dd Oxyz, cho mit phang
(P):x+y+z-6=0 va mit cau (S):x°+y*+2z°=12. C6
bao nhiéu mit phang (Q) song song voi (P) va tiép xtc
véi (S).
A.0 B.1 C.2 D. v0 s0
Gidi:
Goi O (0; 0; 0) va R= 2\/5 [an lwot 1a tAm va ban kinh cua
mat cau (S)
Vi (Q)//(P) nén (Q):x+y+z+D=0 (%).
Vi (Q) tiép xtic véi (S) nén d(0;(Q))=R.
= % =23 (1)
Dén day hoc sinh két luan ngay 1a ¢6 2 mit phang.
Ngoai ra néu lam tiép thi |D|=6 < D =16 (2).

Hoc sinh cfing két luan c6 hai mat phang can tim.
Nhu vay, néu hoc sinh nao chon C thi sai.
Phdn tich sai ldim: Hoc sinh thay |A| =B véi B>0 thi sé

ton tai hai gia tri cia A thdéa man diéu d6 nén két luan lién.

Tuy nhién véi (2), hoc sinh ciing sai. Ldi sai ¢ (1) va (2) 1a hoc

sinh quén dit diéu kién ctia D & (*) nén dan dén khong loai

dép an. O (1) hoc sinh ngd ngay sé c6 hai gié tri D thoa man.
Do (Q)//(P) nén D=#—6.Vay dap an B.
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Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
POAN VAN BO - HUYNH ANH KIET DVBO - HAK

Cho ham s6 y = x* —2x* +2. Cuc dai cia ham s6 bang

A.0 B.1 C.2 D. -1
Gidi:
Tacd y' =4x"—4x; y'=0< re
x==1
Bang bién thién
X —o0 -1 0 1 +00

— + - +
+00 2 0
1 1
Nhin vao bang bién thién, thdy ngay dwoc cuc dai ctua
ham s6. Tuy nhién néu khéng hiéu rd cac khai niém vé van
dé nay thi s& mac sai [Am cau nay va phan van giita ddp 4n
A, C.

O dép an A, d¢ 1a diém cuc dai cht khong phai cuc dai
ctia ham sd.

Nhéc lai khéi niém: “Néu ham s6" y = f (x) dat cwc dai (cuc
tiéu) tai diém x, thi x, dwgc goi la diém cuc dai (cuc tiéu) ciia
ham so, f (xo) dwgc goi la gid tri cuc dai (cyc tiéu) cia ham so’
con goi tit la cue dai (cuc tiéw)”. Nam vitng khai niém nay thi
6 thé chon dap an cau nay dung.

Dodn Vin Bo - 0963196568 - Huynh Anh Kiét - 0909052307
Tai liéu 6n thi Trung hoc pho théng Quoc gia Trang 12



Phan tich sai lim — Tong hop nhiing cdu hoi nang cao
DVBO - HAK POAN VAN BO - HUYNH ANH KIET

. A 2cosx+3 R
Tim tham s6 m dé ham s6 y = —————— nghich bién trén
2cosx—m

khoang (0;%] ?

-3<m<1 m<-3
A. B.

m=2 m=2
C. m<-3 D. m>-3

Gidi:
Nhan thdy, ca t&t va mau déu cé cosx nén dung phuong
phép d6i bién d€ lam bai todn dé dang hon.
bat t=cosx, vdi x e O;z thite l;1 .
3 2
2t+3
2t—m

Khi d6 bai toan tré thanh tim m d€ ham sd y =
. v a1
nghich bién trén | —;1|.
2
AA A 14 . m
Diéu kién xac dinh t # o

—2(m+3)

Taco y' = (2t )2
—m

Ham s6 nghich bién trén (% ; 1) khi va chi khi

m>-3
, 1 -3<m<1
y<0Vte| =1|eom (1 =

2 EE E;l m=2
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Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
POAN VAN BO - HUYNH ANH KIET DVBO - HAK

Vi cach giai trén thi chon dap an A. Dap an A la dap an
sai. Nguyén nhan sai [am 1a do dau?
Phan tich sai ldm: Né&u dat t =cosx thi ham s8 ban dau

la ham hop cta cac ham y:f(t) = 22:+3

va t=cosx. Khi

d6 y' = f/t. Yéu cau bai toan tim m d€ ham s8 y=f(x)
. i~ N Vs R , T

nghich bién trén (O;EJ néen y'<0,Vxe (O;gj

< flt <0,Vxe (0; %) . Ma sau khi d6i bién nhu vay thi ta c6

t' <0,Vxe (O;%j. Nhu vay thi ta phai céd f/>0,Vte (%;1).

Chtt khong phai nhw i’ <0 nhuw cach giai & trén. Sai [am dan
dén sai la khong d€ y dén bién méi nd bién thién nhuw thé nao
dé ta cd bai toan mdi. Ngoai ra, nhiéu hoc sinh la quen nhiéu
dang toan ma yéu cau bai todn van giit nguyén nén dan dén
ngd nhan bai toan nay nhw vay. Bap an chinh xac dugc néu
& phan hai.

Caue.

Cho ham s§ y =|x|. Chon ménh dé dung.

A. Ham s6 khong c6 dao ham tai x =0 va cling khong dat
cuc tiéu tai x =0.

B. Ham s khong c6 dao ham tai x =0 nhung dat cuc tiéu
tai x=0.

C. Ham s0 c6 dao ham tai x =0 nén dat cyee tiéu tai x=0.
D. Ham s6 c6 dao ham tai x =0 nhung khong dat cuc tiéu
tai x=0.
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Phan tich sai lim — Tong hop nhiing cau hdi nang cao
DVBO - HAK POAN VAN BO - HUYNH ANH KIET

Gidi:
Chéc hén ¢ nhiéu hoc sinh chon dap an B vi
‘ ‘ 2y x {1,neux>0
y =|Xl = X P = =
’xZ

Hoc sinh két luan ngay ham s6 khong c6 dao ham tai
x =0 va cling két ludn ngay khong dat cuc tiéu tai x=0. Tai
sao lai nhu vay?

-1, neux <0

Phdn tich sai lim: Hoc sinh da ngd nhan ngay dinh ly
“Néu ham s6" y = f(x) dat cuee tri tai x, thi f’(xo): 0” la diéu

kién can va da dé ham sd c6 cuec tri. Nghia la dao ham tai
diém d6 ma khong bang 0 thi khong cé cue tri. Nguyén nhan
la khéng nam viing ly thuyét vé cuc tri. Déac biét 1a dinh ly
trén chi c6 mot chiéu, khong phai hai chiéu. Ttc 1a chiéu
nguoc lai ¢6 thé khdng dung.

Nhéc lai mét chit vé diéu kién da dé€ diém x, la diém cuc
tri cia ham s6: “ f '(x) doi ddu qua x, thi x, goi la diém cuc tri
ctia ham s6” hodc néu nhin vao d6 thi ham s6 thi “do thi ham
s0'doi chiéu qua diém x, thi x, goi la diém cuc tri”. Do d6, ham
s8 y = f(x) c6 th€ khong c6 dao ham tai x, nhung van c6 thé
dat cuc tri tai di€ém x,. Trong qua trinh hoc ly thuyét, ching
ta nén hoc that ki, hiéu tuwong tan ban chét caa dinh nghia
khai niém d6 dé tranh khoi méc phai nhitng sai [am khong
danh ké.

Nhu vay d6i véi ham s6 trén thi 16 rang y' d6i ddu qua
x=0 nén x =0 1a di€ém cuc tri. O cAu hoi nay thi x =0 chinh
l1a diém cuec tiéu ctia ham so.
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Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
POAN VAN BO - HUYNH ANH KIET DVBO - HAK

Cho s6 phtic z=a+bi, a,beR.Ménh dé nao sau day la
sai?
A. D36i véi sO phtic z, a la phan thue.
B.Diém M (a; b) trong hé truc toa d¢ Oxy duoc goi la diém
biéu dién s phtic z.
C. B6i vo6i s6 phtic z, bi 1a phan ao.
D. Déi vdi s6 phtic z, b la phan ao.
Gidi:
Da6i voi cau nay thi rat nhiéu hoc sinh bdi r6i trong viéc
chon dép an gitra C, D. C6 nhiéu hoc sinh sé chon dép an D.
Phdn tich sai ldm: Boi vi hoc sinh khong nhé hodc nhé
nham gitta cac phan thuc, phan ao cua sd phtec z. Hoc sinh
hay cho rang phan 4o chinh 1a bi. Nhac lai moét chat ly
thuyét: “Cho sd'phitc z=a+bi v6i a,be R thiadwoc goi la phiin
thuee, b diwege oi la phiin do con i dwgc goi la don vi do”.
Nhu vay thi phan do cta s6 phttc z khong co chira i. Vay
ménh dé C sai.
Phan tich titng ménh dé:
Ménh dé A, D dtng (theo phan tich ly thuyét ¢ trén).
Ménh dé B dting. Véi mdi s8 phiic c6 dang z=a+bi thi

M (z)=(a;b) duoc goi la diém biéu dién s& phitc z.

Ménh dé C sai (theo phan tich ly thuyét trén).

Luu 1j: V6i nhiing cau ly thuyét thi can phai nam viing ly
thuyét.
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Phan tich sai lim — Tong hop nhiing cdu hoi nang cao
DVBO - HAK POAN VAN BO - HUYNH ANH KIET

Cho s0 phttc z, =3+2i,z, =6+5i. Tim s6 phttc lién hop
ctia s6 phttc z =5z, +6z,.

A.51+40; B.51-40; C.48+37i D.48-37i

Giai:

Ta c6 z =5z, +62, =5(3+2i)+6(6+5i)=51+40i.

O day c6 18 nhiéu hoc sinh chon ngay dap 4n A.

Phan tich sai lim: Day 1a mot bai toan dé, nhung nhiéu
hoc sinh lai mat diém cau nay. Ly do hoc sinh doc dé khong
ki va hap tdp trong viéc chon dap an. Dé bai yéu cau la s
phtic lién hop ctia s6 phtic z chit khong phai s6 phtic z.

Tim tat cac cac gid tri caa tham s6 m d€ d6 thi ham so

- x+1 c6 dting mdt dudng tiém can dtn
Y x?+2mx+3m+4 & me g tiem ce &
=l m< -1

A. .
m=4 m>4
C.-1<m<4 D. me{—5;—1;4}
Gidi:
Sai Idam thwong gap:

Nhén thay ham s6 c6 bac tit nho hon bac mAu nén d9 thi
ham s6 c6 dung mot duong tiém can ding khi mau bang 0
c6 ding mot nghiém hay phwong trinh x* +2mx +3m+4=0
c6 nghiém kép

m=-1

SAN=m’-3m-4=0<
m=4
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Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
POAN VAN BO - HUYNH ANH KIET DVBO - HAK

Nhu vay hoc sinh chon ngay dép an A.

Phdn tich sai ldm: Hoc sinh da xét thiéu truong hop. Néu
mau cé hai nghiém phan biét va c6 mot nghiém la cta t thi
d6 thi ham s8 van cé dting mot tiém can ding.

Xét thém truong hop x°+2mx+3m+4=0 cd nghiém
x=-1thitacé m=-5.
Thit lai thi thdy m=-5 thda man yéu cau bai toan.

D6 thi ham s6 y = EESE khong c6 tiém can ngang khi
Jmx® +1
va chi khi
A. m<0 B. m=0 C. m<0 D. m>0
Giai:
C6 1€ nhiéu hoc sinh chon dap an C.
Phdn tich sai lim:
» Nguyén nhan th nhat: Hoc sinh quén xét truong
hop m=0. Néu m=0 thi d6 thi ham s6 y=x+1

cting khong cd tiém can ngang.

» Nguyén nhan tht hai: Khong hiéu rd ménh dé va
pht dinh sai. Vi ban dau hoc sinh ¢é thé tim m dé
d06 thi ham s6 c6 tiém can ngang trudce. Va giai tim
duoc diéu kién nhw sau: m>0. Phu dinh lai, &6
thi ham s6 khong c6 tiém can ngang khi va chi khi
m<0.Nhu vy, da phu dinh sai ménh dé.

Nhiing sai [am ctia hoc sinh da s0 roi vao xét thi€u treong
hop. Mit khéc, cling ¢é nhiéu hoc sinh ciing hay lam theo
kiéu phu dinh ménh dé va lam théng qua mot bai toan moi.
Nhung khi phu dinh lai ménh dé thi lai bi sai.
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Nhéc lai kién thtéc vé ménh dé pha dinh, hai ménh dé
tuong dwong;:

“Cho ménh dé P. Ménh dé khong phai P dwoc goi la ménh dé
phii dinh ciia P vi ki hiéu P . Ménh dé P vi ménh dé phii dinh P
la hai cdu khing dinh trdi ngwoc nhau. Néu P ding thi P sai,
néiu P sai thi P diing.

Cho hai mé¢nh dé P va Q. Ménh dé cé dang “P néu va chi néu
Q” dwgc goi o ménh dé twong dwong va ki hiéu P < Q.

Néu P < Q thi P (_3 va nguwoc lai.

Vi du: cho ham s6'y = ax® +bx* + cx +d v6i a=0.

Ta cé y'=3ax* +2bx+c c6 A'=b*—3ac.

Ham s6"c6 hai diém ciec tri khi va chi khi A’ >0. Ngwoc lai
ham s6'khong c6 cwc tri khi va chi khi A'<0.”

Phan tich dap an:
1
1+—
Ta co limyzlimx—ﬂzlim X 1
X—+0 X—>+o0 ,mx2 +1 X—>+00 1 \/;
X, [m+ —
X
1
1+—
lim y = lim BESN =lim X _ 1
X—>+00 X—»—00 /mxz + 1 X—>—00 1 \/;
X, [+ —
X

Nhu vay, d6 thi ham s6 ¢é tiém can ngang khi va chi khi
m>0.Phu dinh lai, d6 thi ham s6 khong c6 tiém can ngang
khi va chi khi m<0.

Vay chon déap an A.

Dodn Vin B) - 0963196568 — Huynh Anh Kiét - 0909052307
Trang 19 Tai liéu 6n thi Trung hoc pho théng Qudc gia



Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
POAN VAN BO - HUYNH ANH KIET DVBO - HAK

Tim tat ca gia tri cta tham s6 m dé do6 thi ham sd
X -2mx+m—4 ., N

y=— > c6 dung mot dwong tiém can va

X +2(m—2)x+m -4

do la tiém can ngang.

m>2

m=1 [mzl
D.
m=2

A . m>2 B. m<2 C. [
Giai:

Vi dang toan nay, hoc sinh nhéan thay d6 thi ham s6 luén

c6 mot duong tiém can ngang. Va néi rang d& d6 thi ham s

6 ding mot tiém cén ngang thi x*+2(m—-2)x+m’* -4=0

vO nghiém hay A'= (m—Z)2 —(mz —4) <0< m>2. Hoc sinh

sé chon dap an A.
Phdn tich sai ldm: Hoc sinh da xét thiéu truong hop. Néu

x*-2mx+m-4=0 ¢ hai nghiém x,x, va
x*+2(m—-2)x+m*—4=0 cling c6 hai nghiém x,,x, thi gia

tri ctia m tim duoc trong truong hop nay van xay ta. Hay néi

cich khac 1=——2" __ M=% yi he nay ta giai duoc
1 2(m-2) m’-4
2_ —
m=1.Khi d6 v6i m=1 ta c6 d6 thi ham s6 yzw
x°—2x-3

6 tiém can ngang la y =1. Do d6 thoa man yéu cau bai toan.
Nguyén nhan dan dén sai lam cling c6 thé 1a khong hiéu ro
ban chét cua van deé.
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Tim tat ca gia tri cia tham s6 m dé ham s

y= %(m2 —Zm)x3 +mx” +3x dong bién trén R .

m<0 m<0
D.
m=>3 [

A. m<0 B.1<m<3 C[

Giai:
Tap xac dinh D=R.
Tacd y :(m2 —Zm)x2 +2mx+3.
Ham s dong bién trén R
{mz —3(m2 —2m) <0 {—Zm2 —6m<0 [m <0
=3 =3 =3
mz=3

m*=2m>0 m* =2m >0

bén day, hoc sinh sé chon dap an C.
Phdn tich sai ldm: Hoc sinh quén xét truong hop

m* —2m=0.Ddi vdi bai toan tim m &€ ham s& don diéu cta
ham béac ba, hay trung phuong. Néu hé sd bac cao nhat ¢
chit tham s thi phai xét treong hop hé s8 d6 bang 0 trudc
xem c6 théa man yéu cau bai toan hay khong? Lbi sai nay rat
hay gap, hoc sinh hay quén. Nhu vay, dé€1lam dung dang toan
nay. Truong hop dau tién, ta thdy hé s6 bac cao nhat chira
tham s thi xét truong hop d6 dau tién.

Loi giai dung;:

Tap xac dinh D=R.

Tacd v =(m2 —Zm)x2 +2mx+3.
m=0

TH1: Néu m2—2m=0c>[ )
m=2
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Xét m=0 thi ¥y’ =3>0 (nhan, ham s6 dong bién trén R )
Xét m=2 thi y'=4x+3 (loai, vi v’ >0<:>x>—%, khong

phai dang voi moi x e R).
Xét m* —2m=0.
Ham s dong bién trén R
m2—3(m2—2m)30 -2m* —6m <0 {m<0
=3 =3 =3
m* —2m>0 m=3
Két hop 2 truong hop duoc dap an D.

Cho ham s8 y = x_—? c6 do thi (C). Goi giao diém cua d6
x —

m*=2m>0

thi ham s6 (C) v6i dudng thang d:y=—x+m la A, B. Tim

tat ca cac gia tri cia tham s6 m dé€ OAB la mot tam giac

thoa man L+L=1.
OA OB
m=0 m=0
. B. m=2 C. D. m=3
m=2 m=3

Phan tich 16i gidi: D3i v6i dang toan nay, chac han nhiéu
hoc sinh nghi dén twong giao ctua hai d6 thi ham s6. Nhu vay,
cong viéc dau tién la phuwong trinh hoanh d¢ giao diém, sau
d6 thu gon sé duwgc mot phuong trinh an x tham s6 m. Vi
bai trén thi d6 chinh la phuong trinh bac hai an x tham s6 m.
Chac han, nhiéu ban nghi dén dung vi-et, néu khong dung
dwoc thi sé khong lam duwoc bai nay va bd cudc. Bai toan nay
c6 meo giai la phai két hop vdi phuong trinh bac hai dé€ thu
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gon biéu thirc. Tr d6 tim duoc tham sd m (két hop vdi gia
thiét).
Giai:
Sai [am thuong gap:
Phuong trinh hoanh do giao diém cua (C) va d
x—2
x J—
Dé (C) cat d tai hai diém phan biét A, B khi va chi khi (1)
c6 hai nghiém phan biét x ,x, khac 1.
m* —4(m—-2)>0
&
1-m+m-2+#0

=—x+m(x#1) & x’ —mx+m-2=0,(x=1).(1)

om*—4dm+8>0<melR

G(,)iA(xl;—x1 +m),B(x2,—x2 +m).

OA = \/xf +(—x, + m)2 = \/2x12 —2mx, +m’
Do x, langhiém cua (1) nén
X2 —mx,+m-2=0<2x] —2mx, =4-2m
(day chinh la meo ma da ndi & trén)
Khi @6 OA =vm*-2m+4 .
OB= \/xj +(—x, +m)2 = \/2x§ —2mx, +m® =\m® —2m+4
Khi d6, theo gia thiét c6
2

Nm*=2m+4

bén day hoc sinh so sanh véi diéu kién thi sé chon dap
an A. Day la d4p an sai. Tai sao hoc sinh lai sai cau nay.

m=0

:1<:>m2—2m:O<:>[
m=2
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Phin tich sai lim: Hoc sinh doc dé bai khong ki va khi
lam ra gia tri cua tham s6 m thi két luan lién. Véi cau nay,
danh vao kha nang doc dé va nhan thitc ctia hoc sinh. Dé bai
yéu cau “OAB la tam gidc”. Nhw vay diém O khong thudc
va duong thang d hay m#=0. Suy ra loai dap én m=0. Va
chon B. Sai Jam cuia hoc sinh la doc dé hoc ki, doc luot va giai
ra két qua roi quén thw lai.

Loi giai dung;:

Phuong trinh hoanh d¢ giao diém cta (C ) vad
x—2
x-1
Dé& (C) cit d tai hai diém phan biét A, B khi va chi khi (1)

=—x+m,(x#1) &2’ —mx+m-2=0,(x=1).(1)

c6 hai nghiém phan biét x ,x, khac 1.

{m2—4(m—2)>0
o
1-m+m—-2+#0

om*—4m+8>0<=meR.

Mat khac OAB la tam gidcnén O ¢d hay m=0.
Gc_)iA(xl;—x1 +m),B(x2,—x2 +m).

OA = \/xf +(—x, +m)2 = \/fo —2mx, +m’
Do x, langhiém cua (1) nén
X2 —mx,+m-2=0<2x] —2mx, =4-2m
Khi @6 OA =\m*>-2m+4.
OB= \/xj +(—x, +m)2 = \/ij —2mx, +m® =~m® —2m+4
Theo gia thiét c6
2

Nm*=2m+4

m=0

:1<:>m2—2m:O<:>[
m=2
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Két hop diéu kién duoc m=2.
Vay chon déap an B.

S6 nghiém ctia phuwong trinh ctia phuong trinh sau

1
log, (x2 —1) =log, (x+1)2 +Elog2 (x—2)2 :

A.2 B.0 C.1 D.3
Giagi:
Sai Iam thwong gap:
Diéu kién
x*=1>0
<-1
(x-2)>0e |
, 1<x#2
(x+1) >0

Phuong trinh da cho twong dwong voi

log, (x2 —1) =log, (x+1)2 +log, (x—2)

< log, (x2 —1) =log, (x+1)2 (x-2)

=35 —1=(x+1)2(x—2)<:>x—1=(x+1)(x—2)
ox-2x-1=0ox=1+2

Két hgp diéu kién ta dwgc x =1+ \/5 . Chon dap an C.
Phin tich sai lim: Hoc sinh da ap dung cong thic

log, b* =klog b mot cach tw nhién ma khong dé'y dén diéu
kién ctia b, k. Nguyén nhan sai lam: Hoc sinh ng6 nhan cong
thire. Trong sach gido khoa phat biéu: “Cho O0<a=#1, b>0.
Khi d6 log, b" =klog b,k eR”. Chinh vi nguyén nhan nay

ma hoc sinh ap dung cong thirc ma khong dé'y dén diéu kién.
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Loi giai dung:
Diéu kién

x> =1>0

<=1
(x-2) >0 |
, T<x#2
(x+1) >0

Phwong trinh da cho twong duong voi

log, (x2 —1) =log, (x +1)2 +log, [x—2)|

< log, (x2 —1) =log, (x+1)2 |x—2]

=¥ —1=(x+1)2 x—2| e x-1=(x+1)]x-2| (1)

" Xétx-2>0x>2.
Khi d6 (1)< x—1=(x+1)(x-2) < x* —2x-1=0

<:>x=1¢\/§<:>x:1+\/§(x>2).

, {x<—1

= Xét .
1<x<?2

Khi d6 (1)<:>x—1=(x+1)(2—x)<:>x2=3<:>x=i\/§.

Vay phuong trinh da cho c6 ba nghiém.

Téap hop diém biéu dién s8 phitc z thoa man |z -2+ 3i|=7.

A. Duong thang B. Elip
C. Duong tron D. Hinh tron
Gidi:

Day la mot cau dé, tuy nhién lai lam cho hoc sinh ling
tang trong viéc chon dap an. Nguyén nhan chinh la khong
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nam viing kién thirc, dinh nghia vé duong tron, hinh tron.
D€ phan biét hai dinh nghia nay, sau day nhac lai mot chut
vé dinh nghia dwong tron, hinh tron. Nhic lai cic khéi niém
nay:

“Duwong tron: Duwong tron tam I ban kinh la R >0 la hinh gom
nhitng diéin cach déu diém 1 mt khoang bing R. Trong mdt phiang
toa Ao Oxy, dwong tron tam I (a;b) ban kinh R co phwong trinh
la (x—a)2 +(y—b)2 =R>.

Hinh tron: Hinh tron la tdp hop nhitng diém ndm trong va nam
trén dweong tron hay la tdp hop nhitng diém cich tdm mgt khodang
nhé hon hodc bang bin kinh. Trong mit phiang toa d6 Oxy, hinh
tron tdm 1 (a;b) bin kinh R 6 phwong trinh la
(x—a)2 +(y—b)2 <R

Gid stt z=x+yi;x,y € R. Khi do,

=2+ (y+3)i| =7 < (x-2) +(y+3) =49.

Nhu vay, véi ly thuyét nay ta sé chon dap an C.

Luu v: Cin phin biét rd dwong tron va hinh tron dé tranh sai
s6t va mit diém khong ding nhitng cdu nhw thé nay.

D& tim cyec tri cia ham s y =4x” —5x°, mot hoc sinh 1ap
luan ba budc sau:

Buée 1: Ham s6 ¢6 tap xac dinhla D=R.
Ta co
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' _ 3 _ ' _ 8 _ — X = 0
f(x)—ZOx (x 1),f(x)—0<:>x (x 1) 0 i

Bugc 2: Dao ham cdp 2 f"(x)=20x* (4x-3).
Suy ra f"(0)=0, f"(1)=20>0.
Buée 3: Tte cac két qua trén ta két luan:
» Ham s6 khong c6 cuec tri tai diém x=0.
» Ham sO dat cuc tiéu tai x=1
Vay ham s c6 mot diém cuc tiéu va dat tai x=1.
Hoi 1ap luén trén ding hay sai? Néu sai thi sai & buéc
nao?

A. Loi giai dung B. Sai 6 budc 1
C. Sai 0 budc 2 D. Sai & budce 3
Giai:

Bai nay cling c6 nhiéu hoc sinh lam sai. Ddc biét d6 ciing
1a cach 1am ctia mdt s8 hoc sinh va cho rang bai toan nay hoan
toan dung va chon dap an A.

Phén tich sai ldm: Sai [am vé mat luan ct: Do 4p dung

sai dinh ly. Tttc 1a hoc sinh da ngd nhan dinh ly sau ¢6 hai
chiéu:

“Gia sir ton tai khodng (a;b) chita diém x, sao cho (a;b) chiva
trong tdp xdc dinh cia ham 6"y = f(x) .Hams6" y = f(x) co dao
ham cdp mot trén (a; b) va c6 dao ham cdp hai tai x,. Khi dé

- Néu f'(x,)=0 oa f"(x,)>0 thi x, la diém cuc tiéu ciia

ham s0° f (x).
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-Néu f'(x,)=0 va f"(x,)<0 thi x, ladiéin cwc dgi ctia ham
s f(x)”.

Nhu vay, voi dinh ly nay chi daung khi f ”(xo) #0. Con
f" (xo) =0 thi khong thé két luan duoc x, c6 phaila diém cuc
tri hay khong ma phai lap bang bién thién.

Chohamsé y=f (x) xdac dinh, lién tuc trén R va cé bang

bién thién:

X —o0 0 1 +00
Y + |l - +
0 +00
4 / \ /
—o0 -1

Khang dinh nao sau day la khang dinh dung?

A. Ham s6 c6 dung mot diém cuec tri.

B. Ham s& 6 gid tri cuec tidéu bang 1.

C. Ham s& c6 gia tri 16n nhat bang 0 va nho nhat bang -1

D. Ham sO dat cyec dai tai x =0 va dat cuc tiéu tai x=1.

Giai:
Vi cau nay, chac khong han nhiéu hoc sinh sé& chon dép

an A. Hoc sinh sé loai dan dép an B, C, D va cudi cung chon
dap an A.
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Phdn tich sai lim: Hoc sinh nhin vao bang bién thién,

thdy tai x =0, y' khdng xac dinh. Méc dinh cho rang ham s3
sé khong dat cuc tri tai diém d6. Tai diém x=1, y' (1) =0 nén
ham s6 dat cuc tri tai x=1. Ttr d6 loai di dap an D. Chon
ngay dap an A. Dé khong nham 1an, can nhé nhanh nhu sau:
“y=f(x) dat cuc tri tai x, < f'(x) doi ddu tai x,”
Phan tich titng cau:
A sai vi ham s6 c6 hai diém cuee tri.
B sai vi ham s& c6 gia tri cuc tidéu bang 1 khi x=1.
C sai vi ham s6 khong co gia tri 1on nhat va nho nhat

trén R.
N A A 1N A COt X — 1 AN . AL A
Tim tham s6 m dé ham s6 y=———— dong bién trén
mcotx—1
khoang Z.212
472
m<0
A.m>1 B. C.m<1 D. m<0
O<m<1
Giai:
Sai lam dau tién ¢ cau 5. Bay gio, gia st hoc sinh biét doi
bién dang.
Sai 1dam thwong gip

bat t=cotx,te(0;1).
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Khi d6 bai toan tré thanh tim m d€ ham s6 y = tt;ll
m —
nghich bién trén (0;1).
m-—1
(mt - 1)2

Ham s8 nghich bién trén (0;1) khi va chi khi

Taco y' =

_ m<1
m=1<0 {O<m<1
= .

y'<0,vte(0;1)<1 1 0 )<:> {m<0

— 1
mg 0 O0<m<1

m<0

Chon dap an B.
Phdn tich sai ldm: Xét thiéu truong hop m=0. Khi dat
diéu kién cho mau, nghia la mt-1#0 ma hoc sinh twong

dwong voi t # 1 ma chwa biét m da khac 0 hay chua?
m

Céch giai dung (O phia sau).
Cho ham s6 y=f(x) xac dinh va
lién tuc trén doan [—2;2] va co do
thila dwong cong nhw hinh vé. Ham
sO dat cuc dai tai diém nao dwdi

day? -
A x=-2 '
B. x=-1
C.x=1
D. x=2
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Phdn tich sai ldm: Hoc sinh nhin vao d6 thi thdy ham s6
dat cyc dai tai dinh cua d6 thi ham s6. Nhung lai chiéu qua
truc tung va néi ham s6 dat cuc dai tai x =2, trong khi d¢, ta
phai chiéu xudng truc hoanh dwgc x=-1. Nhitng cau cho
diém trong dé thi THPT Qudc gia, hoc sinh can phai than
trong, dting hap tdp nhu cau nay dan dén mat diém.

Tim tat ca cac tiém can ding cta d6 thi ham sd

_2x-1-+x*+x+3

x> —5x+6
A.x=-3vax=-2 B. x=-3
C.x=3vax=2 D. x=3
Giai:

Sai lam thuong gdp:

Tap xac dinh D = R\{2;3}.

Hoc sinh két luan ngay, do thi ham s6 c6 hai tiém can
dingla x=2 va x=3. Chon dap an C.

Phdn tich sai ldm: Hoc sinh ngd nhan cac nghiém cta
mau bang 0 déu la cac tiém can ding ma khong hiéu dén
dinh nghia ctia tiém can ding. Hay hoc sinh 4&m anh cai cau:
“Mudn tim tiém cdn ditng, ta gidi phwong trinh mdu bang 0 va
ngd nhin luén nhw vidy ma khong kiém tra lai”. Nhic lai dinh
nghia tiém can dung cua d6 thi ham s6 y = f (x) :

“Duong thing x =a dwoc goi la dwong tiém cin dieng (tiém
cdn dirng) ctia do thi ham s6'y = f (x) néu thoa man mgt trong cdc

diéu kién sau:
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(1) lin}y=+oo (2) lin}yz—oo
(3) limy =+ (4) limy =—o0 ”

Nhu vay, khi giai phuwong trinh mau bang 0, ta can kiém
tra lai xem n6 c6 ding la tiém can ding hay khong bang dinh
nghia da noi trén.

Cho ham s8 y = f(x) c6 bang bién thién nhw sau:

X —o0 -1 0 1 +00
Y + 0 = + 0 -
2 3
—o0 11| -1 2
Ham s0 cé bao diém cuec tri?
A. 1l B.2 C.3 D.4
Gidi:

Vi cau nay, nhiéu hoc sinh chon cac dap an A, B, C.

Phén tich sai lam:

Sai lam thi nhét, hoc sinh chon dép an A vi nghi ham s&
dat cuc dai tai hai diém x =+1 nén xem no la mot cuec tri va
chon dap an A.

Sai lam thtt hai, hoc sinh chon ddp an C vi thdy y' doi ddu

qua x =0 thi ham s6 dat cuc tri tai x=0 va c6 thém 2 cuc tri
khacla x =+1. Nhic lai dinh nghia diém cuec tri:
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“Choham s6" y = f (x) xdc dinh va lién tuc trén khoang K va
diem x, eK.

Néu ton tai s6° h>0 sao cho f(x) < f(xo) voi  moi
xe(x,—h;x,+h) va x#x, thi ham s6'dat cyc dai tai diém x, .

Néu ton tai s6© h>0 sao cho f(x) > f(xo) voi Mol
xe (x0 —h;x, + h) va x # x, thi ham so'dat cuec tiéu tai diem x,.”

Nhu vay, v6i dinh nghia trén thi ham s§ y = f(x) phai
xac dinh va lién tuc tai di€ém x, . Khi nhin vao bang bién thién
thi thady x=0 la diém lam cho ham s6 khong xac dinh va
cting khong lién tuc. Vay x=0 khong phai la diém cuc tri
cua ham s8 y = f(x).

Ham s0 chi c6 hai diém cuyec trila x =+1. Chon B.

w2
Ji-1

Cho ham s y = . D6 thi ham s6 c6 tdng cdng bao

x> -1
nhién tiém can ding va tiém can ngang?
A.1 B.2 C.3 D.4

Gidi:
Hoc sinh 1.
Tacd ¥’ —1=0<x==1.
-1 x-1 1

-1 (x=1)(x+1)  Jr—1(x+1)

Két luan do thi ham s6 ¢6 2 tiém can dang x =+1.

Véi x=+1 thi y=
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Do bac ti nhd hon bac mau nén d6 thi ham s6 c6 mot tiém
canngangla y=0. Vay d0 thi cd tong cOng ba tiém can ding
va tiém can ngang. Chon C.

Hoc sinh 2

Piéu kién xac dinh x >1. Khi do,

x—1 1

(x—l)(x+1) \/le(xjtl)'

Ham s6 suy bién tai x=1 nén khong cé tiém can ding

x=1.Do x=-1 khong thudc tap xac dinh nén x =-1 khong
phai la tiém can ding.

BAc ttr nho hon bac mau nén cé tiém can ngang la y=0.
Chon A.

Phén tich sai ldm:

Vi cach giai cua hoc sinh 1, sai lam 6 chd, hoc sinh 1 quén
dat diéu kién xac dinh dé€ ham s6 c6 nghia. Chinh vi vay, hoc
sinh da khong tra 16i dugc duong thang x=-1 c6 phai la
tiém can ding hay khéng? Nhu vy, néu dat diéu kién xac
dinh cho ham s8 thi sé& kiém tra dugc rang gidi han (tir dinh
nghia tiém can dang) cé ton tai hay khong?

Vi cach giai cta hoc sinh thit 2, hoc sinh duing may tinh
dé tinh giéi han cua ham s6 khi x tién vé 1. Khi bAm may
tinh, chang han nhap x=1,0000001 (& day khong nhap
x=0,99999 diéu kién xac dinh ctia ham s6 1a x>1 nén chi
ton tai x —1") thi thay gia tri cia y chi la mot con s6 khong
du 16n d€ hoc sinh cé thé két luan rf?mg y — 0. Do do6 hoc

sinh loai di duwong thang x =1 khong phai la tiém can ding.
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Dan dén chon dép 4n A. Chic héan ciing cé hoc sinh bam
x=0,99999 3¢ kiém tra.

Loi giai dung

Tap xéc dinh D = (1; +oo) )

limy=limic—_1 =1im; =+00.

ol ol x2 21 xolt \/le(x + 1)

Suy ra x =1 la tiém can ding.

lim y = lim — -1 0.Suy ra y =0 la tiém can ngang.

X—>+00 X+ _1

Tap hop tat ca cac gia tri cia tham s m sao cho ham s&
2 2
x*+x+m N N
y= — dat cuc dai tai diém x =1 la:
X+

A. O B. {2} C. {2} D. {+2}

Gidi:

Tap xac dinh D=R\ {—1}.

2 2
(PR L —
TRy

Ham s6 dat cuc dai tai x=1
2
m
<1Y(l)=01-—=0=m=12.
v (1) 1

Taco y=x+

x+1

bén day, nhiéu hoc sinh chon ngay dap an D.
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Phdn tich sai lim: Sai vé mat lap lap luan: “Ham s6’ dat
cuc tritai x=x, thi f ’(xo) e day, chi c6 chiéu suy ra khong
c6 chiéu nguoc lai. Do dé ¢ budc i luan phai dung dau suy
ra. Sau khi giai xong thi thit lai xem c6 théa man hay khong?

Stra lai: Ham so dat cyec daitai x=1
2
=y/(1)=01-"-=0 m=+2. Bay gio, thr lai

Véi m=-2,taco y'=1-

Dung may tinh casio

5

(x + 1)
kiém tra xem x =1 c¢d phai la diém cuc dai.
. d 4 ~ 1 S .
Nhap —| 1- > . Néu 16n hon 0 thi loai, nho hon
dx|  (x+1)
x=1
khong thi nhan.

V6i m=-2 thiloai. Hoc sinh lai chon dap an C.

Phaén tich sai lim: Hoc sinh thuong hay nghi rang, bai
toan tim tham s& m ludn ludn ton tai gia tri m, khi ¢é hai gia
tri nhw trén. Néu cai nay khong ton tai thi gia tri con lai ton
tai. C& nhw thé, khéng chiu kiém tra hét lai cac gia tri.

4
(x+1)

Nhu vay, voi m=2 cling khong théa man.

Véi m=2, y'=1- giong vai treong hop m=-2

Dbén day thi hoc sinh lai phan van khong biét chon dap an
nao? A hay B? Hoc sinh thdy cac dap an C, D déu c6 ngodc
nhon nén nghi dap an dung la {@} . Vay chon B.
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Phdn tich sai ldm: Hoc sinh khong phan biét dwgc rd tap
hop. O day, tap hop cac gia tri ctia m 1a tap réng va ki hiéu la
& nén khong chon dap an A. Con dap an B, ki hiéu {@} la

tap hop chita phan t rong.
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PHAN 2: TONG HOP CAU HOI NANG CAO

Chuyén dé 1: KHAO SAT HAM SO VA CAC BAI
TOAN LIEN QUAN

_ 2cosx+3

Tim tham s6 m d€ ham s6 y = ————— nghich bién trén
2cosx—m
\ T
khoang (0;—) ?
3
N B B |™ <-3
L M> = J Py
= . D -3<m<1
ST lm>2
Gidi:

Cidch 1: Ham s xéc dinh khi cosx # % .

-2 sinx(2cosx—m)—(2cosx+3)(—2sinx)

o (Zc:osx—m)2
2(m+3)sinx

(2 COS X — m)2

D¢ ham s nghich bién trén (O;%j khi va chi khi
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y’<0,Vxe[0;%j<:> m<-3
(do m< -3 nén 2cosx—m=0 v6 nghiém)

Cach 2: Dat t =cosx,te (% ; 1) . Khi d6 bai toan tré thanh

fim m d&ham s 1 = 2> dong bién trén | ~;1].
2t—m 2
., —2(m+3)
Tacd y'=——-
(2t—m)

Ham s6 dong bién trén (% ; IJ khi va chi khi

, m<-3
'>0,Vte| ;1| oSm<-3
Y (2 J L 1;1
2 \2
N A INE TS A COtx—]- AN A A
Tim tham s6 m dé ham s6 y =————— dong bién trén
mcotx—1

khoang (%’%) ?

m<0
A. m>1 B. C. m<1 D. m<0
O<m<1

Giai:

(1 + cot’ x)(l —m)

Ciach1: Tacéd:y = ( . 1)2
mcotx —
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Ham s dong bién trén (% %] khi va chi khi

' T mcotx—1+#0,Vx e E;E

1-m>0
m=#tanx,Vx e Z;Z (1)
& 4 2
m<1
o aea 1 oA s o T
Giai diéu kien (1). Xét ham so f(x) =tanx,Vxe (Z,Ej .

D& thdy ham f dong bién trén khoang (% %) nén diéu
kién (1) terong duwong vdi m < f(%j =1.Vay m<1.
Cich 2: Dt t=cotx,te(0;1). Khi d6 bai todn tro thanh

11 nghich bién trén (0;1).

tim m d€ ham s6 y =
mt
TH1: Néu m=0 thi y=1-¢, hién nhién nghich bién trén
khoang (0;1).
TH2: Néu m#0
m—1
(mt - 1)2
Ham s8 nghich bién trén (0;1) khi va chi khi

Taco y' =
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O<m<l1

m-1<0 m<1
o
{m<0

y’<0,‘v’te(0;1)<:> 1 01<:> m<0
i CL | [
Vay m <1 thoa man yéu cau bai toan.

Caws.
f(x)+5
fz(x)+1

Biét cac ham s6 y = f(x) va y= dong bién trén
[R.Ménh dé nao sau day diung?

A !f(x)>—1+3\/§
| f(x)<-1-3V2
. [f(x)>—5+\/%
| f(x)<-5++/26
C. -5-26 < f(x)<-5+26
D. -1-3V2 < f(x)<-1+3v2

Phan tich 10i gigi: Day la dang toan tim ménh dé dang.
Thong thuwong cac cau hoi khac, chting ta di phan tich ting
ménh dé xem ménh dé nao dung, ménh dé nao sai. Ddi véi
bai nay thi khéc, chtiing ta khong thé loai dép an tryc tiép tir
cac dap an dwoc ma phai bién doi truc ti€p tir cac ham da
cho. Sau d6 4p dung gia thiét d€ c6 diéu can mong mudn.
Chuang ta da c6 cong cu dao ham dé d€ giai cac bai toan ham
sO dong bién, nghich bién ma khong can dung dén dinh
nghia nita. Nhu vay,

Buoc 1: Tinh f'(x) va
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!

y,:(f(x)+5] _m:f’(x)[—fz(x)—lof(x)+1]

f*(x)+1 [£2(x)+1]
5
Budc 2: Do ham s6 y = f(x) va y :% dong bién

nén c6 duoc diéu gi?
Bugc 3: Giai diéu do sé biét duoc ménh dé nao ding,

ménh dé nao sai.

Giai:
f'(x)[f2 (x)+1]—2f’(x)f(x)[f(x)+5]

[ (x)+1]
, f’(x)[—f2 (x)—lOf(x)+1]

[ (x)+1]

Dé hai ham s6 cung dong bién trén R thi
—f*(x)-10f(x)+120 = -5-26 < f(x) <-5++/26

Luu y: Thudt todn dang nay, con duwoc dp dung cho nhirng bai
sau nita, moi ban doc.

Dynano la mét nha ao thuat gia dai tai ngeoi Anh nhung
nguroi ta threong néi Dynano lam ma thuat chit khong phai
lam 4o thuat. B4t ki man trinh dién nao ctia anh chang tré
tuodi tai cao nay déu khién nguroi xem ha héc miéng kinh
ngac vi né vuot qua gidi han cua khoa hoc. Mot lan dén
NewYork anh ngau hting trinh dién kha nang bay lo ltng

Taco y'=

=Y
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trong khong trung ctia minh bang cach di chuyén tir toa
nha nay dén toan nha khac va trong qua trinh di chuyén
ddy c6 mot lan anh dap dat tai mot di€ém trong khoang
cach gitra hai toa nha (biét moi di chuyén cua anh déu la
duong thang). Biét toa nha ban dau Dynano dtng c6 chigu
cao la a (m), toa nha sau dé Dynano dén c6 chiéu cao la b
(m) (a < b) va khoang cach gitta hai toa nha la ¢ (m).Vi tri
dap dat cach cach toa nha th nhat mét doan 1a x (m). Hoi
x bang bao nhiéu dé quang duong di chuyén ctia Dynano
la bé nhat.

3ac ac
A x=—— B. x=
a+b 3(a+Db)
ac ac
C.x=— D. x=
a+b 2(a+b)
Giai:
D
C
A B

Gia st c6 mO hinh bai toan nhuw trén,
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Cdch 1: Ding kién thitc “Ung dung gid tri I6n nhdt - gid
tri nho nhdt ciia ham sé”. Nhuw vay, tmg vdi cach nay ta can
phai xac dinh duoc mot ham sd va tap xac dinh cua no.

AB=c;AC=a,BD=b; AM =x

Khi do

CM =+/a* +x2;MD:«/b2+(c—x)2 =¥ —2ex + b2 + 2

Khi d6 ta co TZMC+MD=\/JC2+612 +\/x2—2cx+b2 +c?
Véi 0<x<c, xét ham sO

T(x):\/x2 +a? A —2ex+ b2+

X x—c
T (x)= + )
() \/x2+a2 \/xz—20x+bz+c2
X x—c
T'(x)=0< + =0
( ) \/x2+a2 \/x2—2cx+bz+c2

& N —2ex + 1P+ =(c—x)\/x2 +a’

=% ((x—c)2 +192)=(c—x)2 (x2 +a2)

<:>b2x2=a2(x—c)2<:>bx=a(c—x)<:>x=£
a+b
Lap bang bién thién ta c6 ngay T(x) ox=X
min a+b

Cdch 2: Dung kién thitc hinh hoc dé gidi.
Goi D' la diém d6i xtng cua D qua AB.
Khi d6 MC+MD=MC+MD'>CD'".
Do d6 (MC+MD) =CD'.

min
Dau “=" xay rakhi MeCD'.
X a ac

Khi d¢, ap dung dinh ly Thales, ta c6 =—ox=
c—x b a+b
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f(x)+3

Cho cécham s6 y = f(x),y =g(x),y ZW' Hé s6 goc

cua cac tiép tuyén ctia cac do thi cac ham s6 da cho tai
diém c6 hoanh d x =1 bang nhau va khac 0. Khang dinh
nao dudi day la khing dinh dung.

A f()=-2 B. (1)<
c. f(1)>-3 D. f(1)2-1

Gidi:

Phan tich 101 giai: Xuat phat tit gia thiét: “Cho cac ham
sO va hé sd goc cuia cac tiép tuyén cua cac do6 thi cac ham s6
da cho tai diém c6 hoanh d6 x=1. Nhu vay, ching ta can
phai nhd hé s6 goc tiép tuyén ctia mot duong cong tai di€ém

M(x,,Y,) chinh la dao ham ctia ham s tai diém x,. Khong
con cac nao khac la phai lam budc nay dau tién va theo gia
thiét thi ba hé s6 goc nay bang nhau nén ta co:
1oy (D81 +1]-g (] f(1)+3]
f(1)=¢(1)= z
[s(1)+1]
Do f'(1)=g'(1)#0 nén diéu trén twong dwong voi:
_g()+£(1)-2

= [a()+1] =5(1)-£(1)-2
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O cac dap 4n, thdy bat ddng thiec déu chita f (1) khong
hé c6 g(l). Chting to rang, ta phai danh gia f (1) thong g(l)

1)=5*()-(1)-3=- s} 2] -2 10

Nhu vay, chon ngay duoc dap an A.

Luu 1j: Hoc sinh ciin phai nhé lam sao dé dwa tam thire bic hai
vé dang a(x—-x, )2 +b dé dé dang dinh gid bat ding thive. Ngoai
ra, néi nhé dén ham so parabol y = ax® +bx+c thi ta cé thé'lam

nhanh nhw sau:

+ Néua>O0 thi ham s6’dat GTNN liz—A khi x = b

4q 2a

*+ Néua<O0 thi ham s6’ dat GTLN la—A khi x = —i
4q 2a

Cho ham s6 y=x*-2x". Goi A la duong thang di qua
diém cuc dai ctia d6 thi ham sd da cho va c6 hé so goc la
m. Tap hop tat ca cac gia tri cua tham s6 m sao cho tong
khoang cach ttr hai diém cuc ti€u ctia d6 thi ham s da cho
dén A nho nhat la:

1
A.0 B-iE C.o D.£1

Phén tich dé bai: Khi doc dé xuat hién cac diém cuc tiéu
va cyc dai thi giai lién phuong trinh y’=0 (do day 1a ham
trung phuong). Két hop véi hinh dang d6 thi dé xac dinh
nhanh diém cuc ti€u va cuc dai. Sau d6 nhé t6i khoang cach
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tit mot diém toi mot duong trong mat phang hé truc toa do
Oxy. Két hop véi mot s§ bat dang thiic da hoc trong phd
thong két hop dé giai.
Giai:
Tacd y'=4x" —4x
x=0=y=0= A(0;0)
y'=0s|x=1=y=-1=B(1;-1)
x=-1=y=-1=C(-1;-1)
Do a=1>0 nén ta nhan thay A 1a diém cyc dai va diém
B, C 1a d&iém cuc tiéu.
Goi A 1a duong thang qua diém cuc dai va cd hé s6 géc
mla A:y—mx=0
Goi d,,d, Tan lwot la khoang cach tir diém B va C téi A
Ta cé:

-1 1 12 2
g ed, 2l e =\/(m2 ) +\/(m2+1)
2 +1 m?+1 m”+1 m” +1

<:>d1+d2:\/1+ —22m +\/1+ 2m_5

m* +1 m*+1
Ddu “=" xay ra khi va chi khi:

_ 2
12 142" 01— g
m-+1 m°+1 (m~+1)

sSdm’=(m’ +1) om’ =1l m==+1

Vay chon dép an D.
Mot cach khac:
Tk d =d, +d,, binh phuong hai vé duoc:
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NN
m*+1  m*+1  m’+1 m* +1
Do |m2—1|20 nén d>>2 hay d>+2.

“_yr

Va ciing c6 dwoc ddu “=" xay rakhi m* -1=0 <> m=+1.

Luu y: Ngoai ra con mot cach khac ntta: dung khao sat
ham s6 dé€ giai. Nhu vay, mot bai ¢6 nhiéu cach giai. Vi vay,
ddc gia doc sach can luu y diéu nay, dé ¢ thé cd lwa chon
cach pht hop cho viéc giai toan cia minh. Tuy nhién véi bai
trén, tac gia khong c6 nhiéu thoi gian d€ tim hiéu nhiéu cach
giai khac nhau.

Cho x, y 1a cac sd thuc thdéa man x+y=\/x—1+\/2y+2.
Goi M, m la Tan luot la gia tri 16n nhat va gia tri nho nhat
ctia bi€u thuc P:x2+y2+2(x+1)(y+1)+8\/m.
Tinh gia tri biéu thtec M +m

A. 44 B. 41 C.43 D. 42

Gidi:
Ta cé
P=x+y +2xy+2(x+y)+2+8J4—(x+y)
=(x+y)2+2(x+y)+8m+2
Dt t=x+y.Khidé P=+2t+8J4—t.
Mait khac ta co

t=x+y=\/x—1+\/§.1/y+1S\/§.1/x+y=\/§
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t>0 t>0
Dodd {#*<3t=:t<4d <0<t<3
t<4 0<t<3
Xéthams§ f(t)=1*+2t+8J4-t+2,t[0;3].
4
() =2t +2 - ——
7(0) 4t
2
"t)=0t+]l-——=0(t+1)V4-t =2
f(t) VRt GOA

(t+1) (4—t)=4 =+ +2P -7t=0c1=0.
Taco f(0)=18, f(25). Vay M =25,m =28 va M+m=43

Cho ham s8 f(x)=x+3ax’+3x+3 c6 do thi (C) va
g(x)=x"+3bx* +9x+5 ¢6 d0 thi (H), vdia, bla cdc tham

sO thwe. DO thi (C ),(H ) c6 chung it nhat 1 diém cyec tri.

Tim gi4 tri nho nhét ctia biu thite P =|d|+2[b|

A. 21 B. 26 +6
C. 3+5\3 D. 246

Phin tich dé todn: Phwong trinh f'(x)=0,g'(x)=0 c6 it

nhdt mot nghiém chung. Do phuong trinh f ’(x) =0,
g'(x)=0 bac hai nén néu c6 hai nghiém triing nhau thi
f(x)=kg'(x) voi keR,k=#0 diéu nay la vo ly vi hé s& tu
do trong phuong trinh f'(x)=0,¢'(x)=0 khong ti 1& véi
nhau. Vay cho hai phwong trinh f'(x)=0,¢'(x)=0 trtr nhau
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giai ra duwoc nghiém sau dd st dung cong thitc nghiém o
ting phuong trinh, sau d6 tim dugc lién hé 4,b thay vao P.
Giai
Ta co:
{f'(x) =3x% +6ax+3=0(1)

1
g'(x)=3x+6bx+9=0 a-b

:>6x(a—b):6:>x:a_b

Ap dung cong thiic nghiém cho phuong trinh (1)

_ —6ai\/?;6a2—36 I
THI1: x=—a++a* -1

Ta co

Y e S ST SN SN
" a+Na -1<b a+a_\/a2__ 2a++a -1

T do P= a‘+2‘b‘ ‘a‘

Xét

o) =50+ 2" =1, f (a) =5+ =

f(a)=0c5Va* -1="2a<a=—|—

:f{—\/%Jz—\/H:PZ\/ﬁ

Tuwong tw voi treong hop 2 cling sé ra P > J21
Chon cau A.
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Goi S la tap hop tat cac cac gia tri thye cua tham sé m dé
NA . \ ~ 1 14 . - A? .
do thi ham s8 y = §x3 —mx”* + (m2 —1)x c6 hai diém cuc tri

A, B sao cho nam khéc phia va cic déu duong thang
y=5x-9. Tinh tong cac phan tt cta S.
A.6 B.3 C. -6 D. 0

Phén tich 101 gigi: Day 1a ham s6 bac ba nén néu ham sd
c6 hai diém cuec tri thi hai diém cuyec tri d6 sé d6i xtiing qua
tam cua d6 thi ham s6, hay néi cach khac, hai diém cuc tri d6
sé doi xitng qua di€m udén ctia d6 thi ham s6. Nhw vay, dé€ do
thi ham s6 c6 hai diém cuc tri nam vé khac phia so véi duong
thang thi trung diém ctia doan thang ndi hai diém cuec tri.
Hay ndi cach khac, yéu cau bai toan chinh la tim tat ca cac
gid tri cta tham s8 m d€ diém udn thuoc va duong thang
d:y=5x-9.

Gidi:
Tacd y' =x*—2mx+m* —1.
Ham s6 c6 hai diém cuc tri khi va chikhi meR.
y'=2x-2my" =0 x=m.
3
Suy ra diém udn I(m;%—m} :

3
Ied@%—m=5m—9@m3—18m+9=o

m, =3
<:>(m—3)(m2+3m—9):0:>[m:+m3 e
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Vay m, +m, +m,=0.Chon D.
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Chuyén dé 2: MU - LOGARIT

Cho f(1)=1; f(m+n)=f(m)+f(n)+mn, VmneN*.
£(96)- f(69)—241 s

Gia tri cuia biéu thirc T =log 5 a:

A.4 B.3 C.6 D.9
Gidi:

Cho m=1,tacd f(n+1)=f(n)+f(1)+n=f(n)+n+1.

Véi n=1,tacéd f(2)=f(1)+2

Véi n=2,tacod f(3)=f(2)+3

Véi n=k thi f(k)=f(k-1)+k+1
Cong vé theo vé ta duoc
F(2)++ f(k)=F()+ f(2)+t f(k=1)+2+...+(k+1)

Suyra f(k)=f(1)+2+..+k=1+2+..+k= k(k2+1).

Vay ham can tim 1a f(n)= n(r+1) :

Tacé f(96) =¥ =4656; f(69) =%70 =2415.

Suy ra T =log 4656~ 2;“5 —24 log 1000 = 3.
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Cho ham s6 f(x)= i

. Hay tinh gia tri biéu thitc sau:

4" +2
P=f|sin*—— f| sin® 2 +...+ f| sin? LUV
2016 2016 2016
A7 g 30 o DI G g,
2 6 3
Giai:

Nhan xét: Néu a+b=1 thi f(a)+ f(b)=1. That vay,

4a 4!] 4a 41—11
a)+ f(b)= + = +
f() f() 4°+2 4"+2 4°+2 4742
4" 4 4" +2
= —+ = :1'
4" +2 4+24" 4"+2
. 210077[ .. 2 T 2

Ta 6 sin? —— +sin? ——" —sin? —*— + cos? —— =1.
2016 2016 2016 2016

. 2100772'):1'

Suy ra f(sin2 Fﬂw}r f(sm 016

Tuong ty ta cd f| sin’ 27 ), f| sin® 10067 1 _
2016 2016

2016 2016
Sau khi ta nhoém theo cap xong thi con

f (sin2 —Z(())ngj +f (sin2 1;)(;)?67[) =f (sin2 %) +f (sin2 %}

f[sin2 wj + f(sin2 wﬁj =1
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1
1 42 4 7
A3
42 42
7 3025

Vay P=503+ =

Cho ham s6 f(x) = llog—le . Tinh tong
og, X+

S=f(27)+ F(27 )+t £(22)+ £(2°)+ £(2')+-+ £(27)

A. 5=99 B. 5=100 C. §=200 D. S=198
Giai:
Vi dang toan nay, ta can ghép cac hai gia tri véi nhau va
tim ra quy luat ctia bai toan.

f(a)+f(b)— log,a N log, b

a log,a+1 log,b+1

_log, a(log,b+1)+log, b(log,a+1)

(log2 a+ 1)(log2 b+ 1)
_ 2log,alog,b+log,a+log,b

- log, alog,b+log,a+log,b+1
Nhu vay, ta can chon 4, b sao cho t& rut gon dugc mAu.
DGi véi cau 2, ta da chon tdng a+b =k. Tai sao lai nhu vay?
Vi a""=a"a". Con d6i véi bai nay thi chon ab=k vi
log bc=log b+log c (biéu thirc da cho c6 nghia).

Néu ab= i thi log, a+log, b=log, ab=1log, % =-2.
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Suy ra f(a)+f(b) _ 2log,alog,b-2 _
log, alog, b—1
V6 bai trén thi s& ghép f(27)+f(2") wi
2—100.298 — 2—2 — l
1
Khi @6

S:[f(2‘1°°)+f(298)}+[f(2‘99)+f(297)]+...+
k| f(27)+ £(2°) |2 242442198

99502

Xét cac s6 thure a, b thoa man a>b > 1. Biét rang biéu thirc

+, /loga % dat gid tri 16n nhat khi b=4". Khang

P=

log , a
dinh nao sau day dung?
A. ke(2;3) B. ke[%;Zj
3
C. ke(—l;O) D. ke(O;Ej

Phdn tich 1oi gigi: Day la bai toan tim gia tri 16n nhat cta
biéu thiic logarit. Nhu vay, ta 8 gang bién d6i sao cho vé
log. y va sau d6 doi bién, dua vé biéu thitc khong chira

logarit. Thong thuwong thi sé la mot biéu thirc mot an va sé
dan dén xét ham hodc ding nhitng bat dang thitc co ban nhu
bat dang thitc Cauchy hai s8, ba s6; bat dang thitc Cauchy —
Schwarz, bat dang thitc Bunhiacopxki...

Giai:
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Ta co

P=

f a

log —=1 b+1-log b
loguba+ 08,7, =log, ab+ og,
=1+log b+.1-log b

Dat t =log b.Khido P=1+t++1-t.
Do a2b>1nén log b>1 hay t>1.

Xét ham s

f(t)=1+t+\/ﬁ,t21; f’(t)=1 1 —2@_1.

EN AN
f'(t)=0<:>2\/1—t—1=0<:>t=%.

Lap bang thién ta duoc

9 3 3 :
maxP=Z<:>t=Z :>10gab:z<:>b:a4.Chc_>nD.

Goi x,,x, la hai nghiém cta phwong trinh

x*+2x+2
log, =—— =2 = —x*_3x-3.
523t x 12
Tinh gi4 tri biéu thiec T=x> +x; .
A. T=15 B. T=13 C.T=§ D.T=34—3

Phdn tich loi gidgi: Day la phuong trinh vira ¢ bi€u thirc
logarit vira c6 da thirc. Phuong phép giai c6 thé la danh gia,
ham s6 d€ giai. Gan day, phwong phap st dung don diéu cta
ham sd rat wa chudng.
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Nhac 1i thuyét “phuong phap ham s§ dé gidi phuong
trinh, bat phuwong trinh va hé phwong trinh”:
“Binh Ij 1: Néit ham s0° f (x) lién tuc va don diéu trén D thi

phwong trinh f (x) =0 c¢6 nhiéu nhat mot nghiém thugc D.

Dinh 1y 2: Néu f(x) liéen tuc, dong bién trén D; g(x) lién
tuc, nghich bién (hodc ham hﬁng) trén D va ngwoc lai thi phwong
trinh f (x) = g(x) co nhiéu nhit mot nghiém thugc D.

Dinh lyj 3: Néu f'(x)=0 cé mdt nghiém trén (a;b) thi
phutong trinh f(x)=0 cé nhiéu nhit hai nghiém trén (a;b). Tong
quit néi f")(x)=0 c6 n nghiém phin bigt trén (a;b) thi
f(nfl)(x) c6 nhiéu nhit n+1 nghiém trén (a;b).

Dinh ly 4 Néu f(x) dong bién trén (a;b) thi
f(u) < f(v) < u<v. Ngwoc lai, néu f(x) nghich bién trén
(a;b) thi f(u)< f(v)©u>v v6i moi u,ve(a;b).

Dinh 1y 5: Néiu f(x) lién tuc va don digu trén D thi
f(u)=f(v)<:>u=v,Vu,veD.”

Khi giai phwong trinh, bat phwong trinh va hé phuwong
trinh, diéu kién rat quan trong. Nhu vay, uu tién dau tién la
dat diéu kién xac dinh. Néu khong sau khi giai ra sé khong
biét nghiém nao nhén, nghiém nao loai.

Gidi:
Diéu kién xeR.
Phuong trinh teong duong véi
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logz(x2+2x+2)—log2(3x2+x+2)=x2—3x—3
<:>log22<x2+2x+2)+2(x2+2x+2)
:Iog2(3x2+x+2)+3x2+x+2
<:>f(2(x2+2x+2))=f(3x2+x+2)(1)
Xétham s§ f(t)=log,t+t, t>0.Nhan thdy ham sd nay
dong bién trén (0;+). Khi d6
(1) = 2(x* +2x+2) =32 +x+2

34417

2

SxP-3x-2=0x=

Vay T=x] +x; =13.

1
2

Cho ham s§  f(x)=e' "~ C 0 Bigt  ring

1
1+—2+

£(1)-£(2)-£(3)...f(2017) —en véim, nla chc s ty nhién

\ m AN .2 /4
va — t6i gian. Tinh m—n”.

n
A. m—n*=2018 B. m—n* =-2018
C.m-n*=1 D. m—n*=-1

Phdn tich 10i giai: Trong dé toan dit kién quan trong can
x0dy vao la ham s6 ban dau. Tap trung rut gon s6 ma dé xuat
hién duoc diéu gi d6 méi mé hon.

Phén tich mii ctia ham s6:
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1 1 20 P+ 20+ 1+ 47
1+—+ 5= 5
x (x+1) (x2 +x)

5 2
_x4+2x3+3x2+2x+1_(x +x+1)

(v 4] (v 12 (“ﬁ]

Ju—y
Ju—y

2y | il

Suy ra f(x):e =e *

=

11 11 11 1 1 m

f(1)~f(2)~f(3)---f(2017) e 12,7273 ,75 4, 007 018 _

2
=018 =M 208 21 _m
2018 n 2018 =

Chon dap an D

sm-n=-1

Cho ba s6 thuc a,b,c e (%, IJ . Tim gia tri nho nhat ctia biéu

thtec P =log, (b - %) +log, [c — %} +log, (a - %)

A.3 B. 6 C. 33 D. 1
Phén tich loi gidgi: Can cha y vao khoang ma ba s6 thuc

\\J 4 \ /4 Y Jl 7 ]‘
ndm trong do va cé bat dang thitc phu a . <a’.

Giai:
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Ta co: Vi a,b,ce (%,1} nén

1_., 1 2\ _
b-- <b* = log, (b—Zleoga (v*)=21log, b
Tuong tw sé duoc
1 1
log, (C_Zj >2log, (c);logc (Q_Zj >2log. (a)

Tie do
P> 2(logu b+log, c+log. c) > 2.3%/10ga blog, clog a =6

Dau bang xay ra khi a=b=c= % . Vay chon dap an B.

Cho hai s6 thyc a,b thda man a>0,0<b<2 . Tim gia tri

(2b)° L2

nho nhat cua biéu thtc P = - -
( 20 _ e ) 2b
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Détt:(zj.Khidé p=—t !
b t—l) 2

Do 0<b<2 nén %>1:>[%J >1.

t t

Xéthamsaf(t)z( st tLe>1
t—1
t+1 1
"(t)=- —, f'(t)=0 t=3.
A 13
Vay Pminzf(?))_Z'
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Chuyén dé 3: NGUYEN HAM - TiCH PHAN

Cho ham s6 y = f(x) lién tuc trén R va Jf dx 9 va

9
j f(x)dx=2. Tinh gia tri biéu thiic j { f(§j+ f(3x)}dx.
1 0
A. % B. -4 C.9 D. -9
Gidi:

Dethayjf )dx = jf dx+jf )dx=9+2=11.

Nhan xét nhu saut: jf(x)dx=jf(t)dt=jf(u)du=...
Ta co
3 x 3 x 3
I:j{f(—j+f(3x)}dx:If(—jdx+_[f(3x)dle1+Iz
0 3 0 3 0
Tinh I :
Dit t=§3dx:3dt.£)6icén ¥=0=t=0;x=3=¢=1.
1
Khi d6 I, =3[ f(t)dt =27 .
0
Tinh I, :

bat t:3x:>dx:%,d6’icén x=0=>t=0;x=3=>t=9.

Dodn Vin Bo - 0963196568 - Huynh Anh Kiét - 0909052307
Tai liéu 6n thi Trung hoc pho théng Quoc gia Trang 64



Phan tich sai lim — Tong hop nhiing cdu hoi nang cao
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1% 11 92
Khido I, =— t)dt=—.Vay [ =
) 3£f (t)at==. vay I ==

4
Cho ham s& f(x) thoa man jf( )dx =4, jf )dx=2.

Khi d¢6 gia tri ctia tong I f dx + I f dx bang
A.2 B.4 C. -2 D.6
Gidgi:
Phan tich 101 giai: Nhin thay ¢ dé bai va yéu cau cua bai
toan thi thdy ¢ cac can, 0, 2, 3, 4. Nhw vay, nghi dén cong

b c d b

thire chen can [ f(x)dx = [ f(x)dx+] f(x)dx+ [ f(x)dx. O
a a c d

day, ta chen bao nhiéu can Cﬁng duoc, tfly vao bai toan.

Tacojf )dx = jf dx+jf dx+jf

Suy ra
If(x)dx+:[f(x)dxzif(x)dx Ef( Jdx=4-2-2

Cho biét d6 thi ham s§ f(x)=ax" +bx* +¢ cat truc hoanh
tai bon diém phan biét. Goi S, 1a dién tich ctia hinh phang
gioi han boi truc hoanh va phan d6 thi ham s6 f (x) nam

dudi truc hoanh. Goi S, 1a dién tich ctia hinh phang giéi
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han boi truc hoanh va phan do thi ham s f(x) nam phia

trén truc hoanh. Cho biét 5b* = 36ac. Tinh ti s6 2—1 )

2

A.2 B. C. D.1

N | —

&

4
Giai:

Phuong trinh hoanh d6 giao diém ax* +bx* +c=0.

b*—4ac>0

DPé phuong trinh c6 bon nghiém < b >0
a

c
->0
a

2 2
Ta 6 A:b2—4ac:b2—5g 4;’ ~0,vb %0

Khi d6, goi x,,x,,x,,x, lan luot la bon nghiém cua

phuong trinh ¥y =0 va x, <x, <x, <x,. Khong mat tinh tong

quat, gid st a>0.
—b—%b

-b+= b
Khidé, v'=— 3 -0 3 =—5—b(b<0)

B My

Do d6 thi ham s6 f d01 xtrng qua truc tung nén ta co

Slzﬂf(x)‘dx+”f( ‘dx——2jf dx——2j(ax +bx? +c)dx

X3
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 2ax; 2b°x] 2ax>
5 3 3

S2:xﬂf( ‘dx ZIf dx ZJ.(ax +bx* +c)d

_2ax 2b%x 3
5

_— 34 2cx,

2ax> 2b3 2
a5x4 +——+2cx,

_% 25b> b 2b _5b _5b
5 364 \/ ' \/ 6a \/ 6a
2 2 2
5 __b i_Sb i :2/ b -5b” +36ac 0
6al 36a 18a 6a 36a

Vay S, =S5, hay %=1.

2

Suyra S,-S, =

Huong gidi khdc: Do dé bai dung véi moi a,b, ¢ thoa man
diéu kién nhu dé bai nén chi can chon g, b, ¢ don gian. Sau do6
giai bi toan trén treong hop don giai d6.Vi du:

Chon a=1Lb=-6;c=5.Ta cd 5b* =36ac.

=x'—6x+5; y=0& =
y Y x=%5"
Khi d6
1 4 &
5= [|F (e =75, = [ |r(eas Jlr(ofar=3
e 5
Vél}’g—l:1
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Tinh thé tich ctia vat thé nam gifta hai mt phang x =0 va
x =1, biét thiét dién ctia vat thé cat béi mat phang (P)
vudng goc voi truc Ox tai di€m 6 hoanh d6 x (0<x<1)
la mot hinh chit nhat ¢6 d6 dai Tan Tuot 1a x va In(x* +1).

In2-1 1

A. V= B.V=ln2-=

2 2

C. V=%ln2—1 D. V=ln2-1
Giai

Lyu 3j: Thé tich vat thé d6i véi nhitng dang toan nhu thé
b
nay la: V = [S(x)dx.
Ta c6 dién tich hinh chi* nhat S(x)=xln(x2+l).
1 1
1
Vay V =|S(x)dx=|xIn(x*+1)dx=In2-=.
ay !(x)x!xn(x+)xn 5

R&t nhiéu hoc sinh khong biét dén cdng thic nay hoac la
nhé nham sang cong thirc khac.

Trong trung tam cong vién céd mot khuon vién hinh elip ¢
do dai truclon b:?mg 16m, d6 dai truc nho br?mg 10m. Gitra
khuon vién la mot cdi dai phun nwdc hinh tron cé duong
kinh bang 8m, phan con lai ctia khuon vién nguoi ta tha
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ca. SO ca tha vao khuon vién d6 gan nhat véi s6 nao dudi
day, biét rf“mg mat d0 tha ca la 5 con trén 1m? mat nudec.
A. 378 B. 375 C.377 D. 376
Phén tich 101 giai: Bai toan yéu cau tha bao nhiéu con ca
vao khuodn vién thoa man mat d6 5 con trén 1m? ma khuodn
vién nudce 1a hinh elip. Tt trude t6i gio chua hé hoc cong thic
tinh dién tich caa hinh elip nén ta nghi dén tng dung tich
phan trong tinh dién tich hinh phang. Nhu vay phai lap
phuong trinh elip. Nhic lai kién thic viét phuong trinh elip.

2 2
Phuong trinh chinh tac caa elip 1a x—2+Z—2 =1. Trong do
a

2a, 2b Tan luot la d¢ dai truc 16n, truc bé. Nhan dang elip néu
dé cho MF, + ME, =2a véi F, (—C;O),F2 (c;O) thi tap hop diém

M la elip thoa man FF, =2c va b=+a*-c*.

Vi bai toan nay thi dién tich phan con lai d€ tha ca la
S, =S5,-5,, trong do S, la dién tich hinh elip, S, la dién tich
hinh tron ¢ gitta. Nhw vay, tinh s3 ca bang 5S_ 1a xong.

Gidi:

Phuong trinh chinh tac cua elip la 8_+% =1. Do truc
tung va truc hoanh chia elip thanh b&n phan bang nhau nén
ta chi can tinh cai phan ¢ goc phan tu th nhat r6i nhan bon
lén la xong.

5, 4[ 5{1——] _—j\/rdx

Dat x =8sint = dx =8costdt.
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D6i can x=0:>t=0,x=8:t=§.

Khi d6

8% —8%sin® t.8 cos tdt =160 | cos?® tdt

O V| Y

n

Il
N |Gt
| N

O'—.N\h\ o

80

(1+cos2t)dt =407

Dién tich hinh tron cé duong kinh bang 8m la: S, =167 .

Suyra S =S, —S, =24z vasd ca bang 247.5~ 377 (con).

Luu 1j: Cong thikc tinh dién tich cuia hinh elip khi biét do dai
truc I6n 2a va dj dai truc bén 2b la S = wab (Dung 1rng dung tich
phin dé chirng minh).

10
Cho f(x) lién tuc trén doan [0;10] thdéa man j f(x)dx =7,
0

6
J' f dx 3. Khi d6 gia tri caa biéu thirc
2

2
P=[f(x dx+jf )dx 1a:
0
A.10 B.4 C.3 D. -4

Phdn tich 10i giai : Bai toan dang nay chu yéu can thdy

duoc sy tach can ra hgp ly va két hop vdi phép cong trir nhan
chia d€ tim ra duoc gia tri biéu thirc ma dé yéu cau.

Giai
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Taco:
P:if(x)dx+lff(x)dx:Tf(x)dx—jf(x)dx:7—3:4

Vay chon dap an B

Xétham s8 y = f(x) lién tuc trén mién D = [a;b] c6 do thi

la mot dwong cong (C ) . Goi S la phan gidi han boi (C ) va
cac duong thing x=a;x=b. Nguoi ta chitng minh duoc
rang dién tich mit cong tron xoay tao thanh khi xoay S

quanh Ox bang S = 271j|1|f(x)|,/1 +(f’(x))2dx. Theo két qua

trén, tong dién tich bé mat ctia khdi tron xoay tao thanh
khi xoay phan hinh phang giéi han boi d6 thi ham s&

2— 2,
f(x) _2x “Inx va cac duwong thang x =1;x =e quanh Ox
2 4
A 2e 17z B. de 97[
64
4 2 4
c. 2 +16e +7 p. 29,
16 16

Phdn tich 10i giai: Day la mot cau ngureoi hdi mudn kiém
tra kha nang doc hiéu.

Giai:

Taco S= 27z:”f(x)|,/1+(f’(x))2dx.
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2 —_—
Trong d6 f(x)=2"11% vaqvablanluotlal e va
, 1
X)|=X——.
f(x)=x--

Thay vao va sit dung may tinh bo tii dé tinh bam may
duoc két qua sau d6 luu vao A sau d6 1ay A trix cho cac dap
an. (Da hudng dan & sach “Mdy tinh bé tii — Kij thudt va sai
lim")

4
Cho ham s6 y = JCZ—Zmzx2 +2. Tap hop tat ca cac gia tri

ctia tham sO thye m sao cho d6 thi cia ham s6 da cho c¢o
cuc dai va cuc tiéu, dong thoi duong thang ciing phuong
voi truc hoanh qua diém cyc dai tao véi d6 thi mot hinh

o

Phan tich 101 gidgi: Do hé s6 a=1>0 nén d6 thi cia ham

phang c6 dién tich bang f—g la

A O B. {1} C. {ﬂ}

2

sO sé cO 2 cuc tiéu va 1 cuc dai. Bai toan néu doc nhanh ludt
qua sé dé nghi bai thudc phan ham sd nhung that ra né la
thuoc phan tich phan. Nhan thdy rang phan can tinh dién
tich d6i xttng nhau qua truc Oy nén can tich mot bén va nhan
d6i lén sé c6 dugc phan dé yéu cau

Gidi

Tacd y'=x"—4m’x
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x=0=y=2=C(0;2)
y'=0s|x=2m=>y=2-4m" :>A(2m;2—4m4)
x=—2m=y=2-4m' :>B(—2m;2—4m4)

D€ phuong trinh ¢ 3 diém cuc tri thi m =0
Puong thang qua C va song song véi Ox c6 dang la: y =2

Giao diém cita (C) vad la E(2v2m;2); F(-2v2m;2)

Dién tich phén can tinh la

Zﬁm x4 Zﬁm x4
5=2j 2| w42 x=2j A e
0 4 0 4
22m (4 5 3 242m
=2 I = oma? x=2| - 1o :128\/57715
) 4 20 3 ), 15

1

NG

Theo gia thiét S = % nén m=—=. Chon cau C.

Cho ham s6 f (x) cO dao ham lién tuc trén [O; 1:| va thoa
1
man jx(f’(x)—2)dx = f(l)
0
1
Tinh gié tri biéu thirc I = [ f(x)
0

A.0 B.1 C -1 D. Khong tinh dwoc
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Phén tich 10i gidi: Nhan thdy rang, khong thé bién ddi

ngay ttr yéu cau bai toan duwgc. Do d6, ta xuat phat ttr gia

1
thiét. Va bién di sao cho c6 tich phan [ f(x)dx
0
Gidi:
Theo gia thiét

j‘x(f'(x)—Z)dx:f(1)<:>j)‘xf’(x)dx—j).Zxdx:f(l)

0
@jxf’(x)dx=f(1)+1 1)
0
Nhin vao phwong trinh sau khi bién ddi, tich phan
jxf’(x)dx th&y ham duéi du tich phan la tich cia hai ham
0
xva f '(x). Do d6 nghi dén phuong phap tich phan ting

1
phan dé ¢ jf(x)dx
0

Dt {u=x :{du=dx
' dv:f’(x)dx v:f(x)'

1) & xf (x)], jf 1)+1 < [ f(x)dx=-1.

0

Chon dép an C.
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Cho ham s§ f(x) lién tuc trén R va thoa man

f(—x) +2f(x) =cosx (1). Tinh tich phan I = Jz. f(x)dx.

W | =

Gidi:
Cdch 1: Thay x boi —x ta duoc,
f(x) +2f(—x) =cosx (2). Lay (2) —(1) dwoc f(—x) = f(x)

| N

Do dé f(x):%cosx.Véy I= cosxdx:%

f(x)dx =

e LR

1
3

NN
[SIE]

Cdch 2: Ly tich phan hai vé€ tt (1) duoc

4

(f(=x)+2f (x))dx = | cosax

T

2

—NV N

[SIE}

f(—x)dx+2j- f(x)dx =2

0
N | N

IN

z
2

0
—N

f(t)dt+2_2[f(x)dx:2<:> ff(x)dxz

I
WIN

SIS

z T
2 2
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Bai tdp tuong tu:
Bai 1. Bé minh hoa THPT Qudc gia 2017 — Lin 3

Cho ham s§ y = f(x) lién tuc trén doan [—3—”,3—”} va

thoa man f(x)+f(—x)= 2+2cos2x , Vxe{—%[;%[]Gié
3z

tri cua tich phan j f (x)dx bang?
3z

2

A. -6 B.0 C.2 D.6

Cho ham s6 c6 do thi (Cm) v6i m 1a tham soO thuc. Gia st

(Cm) cit truc Ox tai bon diém phan biét nhu hinh vé:

' ,(('u-)

Goi S,,S,,S, la dién tich cac mién gach chéo dwoc cho trén
hinh vé. Tim tham sd m dé S, +5, =S, .

A.m:—§ B.m=—E C.m=§ D.m=§
2 4 2
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Phan tich 10i gidi: Day 1a bai toan tim tham s& m va cac

dap an A, B, C, D c¢6 gia tri m cu thé. Nhu vay, d€ don gian,
ta thtr tieng dap an.

Giai:
+ Vi m:—E,tac() y:x4—3x2—§.
2 2
+ —
yzo@xzz?";@ (loai vi =3 ;/E<O).LoaiA.

+ Vi m:—E,tacé y:x4—3x2—§.
4 4

, 3+.14 , 3-414

y=0=x" = (loai vi x° =

<0). Loai B
2 2

+ Vi m:;ta cd y:x4—3x2+;. y=0(VN).

Loai C.

Nhu vay, chon dap an D.

Néu bai toan d6i dé. Véi gia tri m d6 va yéu cau tinh gia
tri bi€u thitc nao dé va nhiing bai toan lién quan khac thi véi
cach giai trén thi sé khong giai quyét duoc van dé khac. Vay
6 cach giai tdng quat nao cho dang toan nay.

Gia st (C, ) cat Ox tai bdn diém x, <x, <x, <x, va do

do6 thi ham s6 d6i xtng nhau qua Oy nén S =S, va

T‘y‘dx = T ‘}/‘ dx va 4p dung diéu nay.
0

X3

biéu kién dé€ (C,,) ct Ox tai 4 diém.

Dodn Vin B) - 0963196568 — Huynh Anh Kiét - 0909052307
Trang 77 Tai liéu 6n thi Trung hoc pho théng Qudc gia



Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
DOAN VAN BO - HUYNH ANH KIET DVBO - HAK

9—-4m >0
3>0 c>0<m<z

m>0
Vi diéu kién nay thi loai ngay dap an A, B, C va chon D.
Ti€p tuc giai bai toan nay d€ nguoi doc hiéu rd hon bai
nay.

Theo nhw nhan dinh trén thi

Hx“” - 3x? +m‘dx = Hx4 -3x +m‘dx

0 X3

= J‘(x4 —3x +m)dx = —I (x4 -3x +m)dx

0 Xy

Xy

=0

@T(x‘*—3x2+m)dx=0<:>(%5—x3+mx]
0 0

5
@%—xi’+mx4 =0 x; —5x; +5m=0 (1)

Mt khdc x, 1a nghiém caa x; —3x; +m =0 (2)
Lay (2)-(1) dwoc x; =2m.
Thay vao (2) va duoc 4m’ —6m+m=0<m :Z.

Binh ludn: Day 1a mét cau cho dép an khong hay. Vi néu
hoc sinh chi can lam dén nhitng budc kia thi c6 thé chon ngay
dap an ma khong can lam tiép.
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Chohamsé y = 1 c6 d6 thi ham s6 nhw hinh vé dudi day.
x

Goi S 1a dién tich ctia hinh phing dwoc giéi han boi cac

duong y = l,x =a,x =1 va truc hoanh. Goi S’ 1a dién tich
X

><Ir-—\

ctia hinh phang duwoc giéi han boi cac duong y=—,x=1,

x=b va truc hoanh. Trong d6 0<a<1l<b. b€ S=5" thi
khang dinh nao sau day ding?

2

A.ab=1 B. s +b*=1 C.a+b=ab D.a+b=e

\\

Giai:
1
Ta co S:Ildx:—lna, S'= d—x—lnb
u‘x 1 X

S=S<o-lhna=nb<=ab=1.

Dodn Vin B) - 0963196568 — Huynh Anh Kiét - 0909052307
Trang 79 Tai ligu 6n thi Trung hoc phd théng Quéc gia



Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
POAN VAN BO - HUYNH ANH KIET DVBO - HAK

Cho ham s8 y=8x—27x" ¢4 d6 thi (C) va dudng thing
A:y=c voi c>0. Trong goc phan tw thit nhat ctia hé truc
toa dg, goi S, va S, la dién tich ctia hai hinh phéng gdihan
boi (C) va tryc tung nhu hinh vé dudi déy. Biét rang ¢
théa man S =S,. Chon khing dinh dtng trong cach
khang dinh sau:

y=§ \\ —27x?

/_, S, \\ g

I’ \
/ \
‘l

() X
A.0<c<l B-§<c<2 C.1<c<1 D.1<c<E
2 2 2 2

Gidi:
D6 thi (C ) cit truc hoanh tai cic diém c6 hoanh do

2.6

x=0;x= +—
Nhu vay, trong géc phan tu thit nhat, d6 thi (C) cat truc

26
o

hoanh tai x=0 va x=

Dodn Vin Bo - 0963196568 - Huynh Anh Kiét - 0909052307
Tai liéu 6n thi Trung hoc pho théng Quoc gia Trang 80



Phan tich sai lim — Tong hop nhiing cau hdi nang cao
DVBO - HAK POAN VAN BO - HUYNH ANH KIET

Piém cuc dai cia ham so la x = % .Suyra y.,=17.

Do d6 0<c<1,7. Nhu vay c6 thé loai ngay dap an B.
Phuong trinh hoanh d giao diém 8x—27x =c(*).

Gia st (*) c6 hai nghiém x, <x,. Khi do:
X

S = j(c—8x+27x3)dx va
0

S, :T(Sx—27x3 —c)dx :—T(Z7x3 —8x+c)dx
S, =S, @T(27x3—8x+c)dx=0
0
o (z x* —4x* +cxj ;
4

:O<:>zx§—4x2+c:0
4

0
< 27x; —16x,+4c=0 (1)

Mt khac x, la nghiém cta phwong trinh (*) nén
27x; —8x,+c=0< 27x) =8x, —c (2). Thé vao (1)
—8x,+3c=0<x, :%.

3
Thé vao (2) duoc 27.(%) =2c<729¢* =1024 < c = % :

Vay ce (1;%} . Chon D.
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Cho hia duong tron (O1 ; 5) va (O2 ; 3) citnhau tai hai diém
A, B sao cho AB la duong kinh cua duong tron (OZ) . Goi
D 1a hinh phang gi6i han béi hai duwong (6 ngoai duong
tron 16n, phan dugc gach chéo nhu hinh vé). Quay quanh
D quay quanh truc 0,0, duwoc mot khdi tron xoay. Tinh
thé tich khdi tron xoay duoc tao thanh.

0:

09

A. 14z B. 68T” C. 40T7[ D. 36«

Phdn tich 10i gigi: Bai toan c6 nhiéu cach giai. Tuy vao
ddc gia thich giai theo cach nao. Sau day, xin gidi thiéu dén
hai cach:

Cach thit nhat: Ap dung cong thiic tinh thé tich chom cau.

khi d6 thé tich can tim la 1 Vv
2 (02/3)

—V_.Van dé cong thiic tinh

chom cau la gi?
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“Cho mdt khoi chom citu c6 ban kinh R va chiéu cao h. Khi dé

thé’tich khoi chém cau: V = zh* (R—%J.

Cho khoi ciu c6 ban kinh R.Thé tich khoi ciu: V = %ER3 7.

Céch 2: Ung dung tich phan vao tinh thé tich khéi tron
xoay. Vay van dé la can xay dung hé truc toa d¢. Chon hé
truc sao cho dé tinh nhat cé thé. Tuy vao mdi ngudi c6 mot
cach chon hé truc toa d¢ riéng.

Gidi:

Cach 1: Khi quay quanh truc O,0, duong tron tam O,
ban kinh béng 3. Ta dwgc mot khoi cau co ban kinh béng 3.

Khi d6 thé tich khoi cau la Vioos) = %72’33 =367 .

Khi quanh quanh truc O,0, thi cung nho AB tao thanh
mot khdi chém cau cé ban kinh bang 5. Va bay gio ta can xac
dinh dwoc chiéu cao ctia né. Dé thay h=5-0,0, .

Xét tam giac O,0,A vuodng tai O, co

0,0,=+5"-3*=4.Suyra h=1.

Vay V_=r 5—1 =E7z

3 3

Do dé V, 21872'—%72':4—3()7[. Chon C.

Cach 2: Xét hé truc toa do Oxy véi
0=0,,0,0,=0x,AB=0y. Khi d6 (0,), (0,) Ian luot
c6 phwong trinh la:
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(Ol):(x+4)2 +y* =25, (0,):x* +y* =9.
Thé tich can tim la:

V= nflo—2?ldx—rfl25 4| dy = 207
=y x_ﬂﬂ (e 4) | ==

Trong giai tich, v6i ham s6 y = f(x) lién tuc trén mién

D=[a;b] c6 dd thila mot dudng cong C. Ngudi ta c6 thé

N b 2
tinh 46 dai ctia C bing cong thire L= [ 1+ f(x)] dx. Ve

thong tin do, hay tinh do dai duong cong C cho bdi

X’ .
y =§—1nx trén [1;2].

A. E—lnz B. ﬂ—11’14
8 24
3 31
C.Z+1In2 D. —+In4
s 24

Phén tich 10i gidi: Dang toan doc hiéu b6 dé cia mot bai
toan. Va chi viéc 4p dung cong thirc sau do giai.

Giai:
cooox 1 gy
Tacéd y'=—-—.Khido,
4 x
2 2
1/1+y 1+ ——— 1 x—+l2= E+l .
2 16 «x 4 x
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L= I1+y’2dx I/ Zldx=|(| = dx
=(%+ln|x|j

Chon C.

=—+1n2
.8

Tinh tich phan imax{x,x?’} dx .
0

A.2 B.4 C. £ D. 17
4 4
Phan tich 1o gidi: Day la mot cau kha la. R6 rang day la
mot cu tinh tich phan. Tuy nhién ham dwdi day tich phan la
max cua cta hai ham. Vay c6 cach nao dé giai dang nay?

Nhac mot chat kién thitc vé phan nay?
“Cho hai ham f, g lién tuc trén K. Khi do

(1) max{f g} ﬂ%w
(2) mm{f g} —f+g |f &l

Nhu vay, voi bai toadn tinh gia tri t1ch phan ma ham dudi
ddu gia tri tich phan sé chuyén vé tinh tich phan véi ham
dwdi dau tich phan la ham tri tuyét d6i ma da biét cach giai.
Nghia la:

b e (x)+g(x)+|f(x)-g(x)

x),Qlx)tdx= dx
Jmax{f(x),g(x)}dr=] >

a a

Dodn Vin B) - 0963196568 — Huynh Anh Kiét - 0909052307
Trang 85 Tai liéu 6n thi Trung hoc pho théng Qudc gia



Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
DOAN VAN BO - HUYNH ANH KIET DVBO - HAK

j-min{f(X),g(x)}dxzj.f(x)+g(x)_‘f(x)_g(x)‘ dx

2
Ngoai ra, ta c6 thé 4p dung cach nay.
Buorc 1: Gidi phuong trinh f(x) —g(x) =0. Tir do6 tim cac
nghiém thoa a<x <x, <..<x <b
Budc 2: Xét ddu f(x)—g(x) trén cac khoang nghiém.
Buéc 3: Tach thanh cach tich phan va giai.

Cach 1:
j.max{x,af}alx:jJﬁHH_‘XB_x‘dx=j-xcixﬂgxg‘dx:1—7
0 0 2 0 | 4
Cach 2:
.3 x=0
Tacd x" =x<
x==1

Do xe[O;Z] nén x=0,x=1.
Lai c6 x’—x 4m trén khoang (0;1) duong trén khoang
(1;2) nén Ifg;al]x{x,xS} - x,rﬁrllg]x{x,f} =x°.

2 1 2 17
Vay J.max{x,xS}dx:J.xdx+ xXdx =—.
0 0 1 4
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Chuyén dé 4: SO PHUC

Cho s8 phtic z thoa man |z|=1. Tim gia tri I6n nhét cta
bi€u thite T =|z+1|+2|z-1].
A. 245 B.2JiI0o  C.35 D. 312

Phdn tich loi gigi: Cach giai thuan tay, dat z=x+yi;

x,y € R. Sau d6 bién d6i gia thiét va biéu thirc can ma dé bai
dé bai yéu cau. Ngoai ra, c6 thé dung bat dang thic. Nhac
lai:

“Bat ding thirc Bunhiacopxki: Vi hai b s6' (a;b),(x;y) thi
(ax+by)2 < (a2 +Z)2)(x2 +y2)”.
Giai:

Cich 1: Gia st z=x+yi;x,yeR.Khid6 x* +y* =1.

T:|x+yi+1|+2|x+yi—1|:\/(x+1)2+y2 +2\/(x—1)2+y2
—\2x+2 +22-2x
Xétham s8 f(x)=v2x+2+2v2-2x, xe[-1;1]

1 2
Tacd f/(x)= -
208 f(x) J2x+2 2-2x

f(x)=02-2x =2y2x+2 <:>x=—%
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f(_1)=4;f(—%j=2\/g; f(1)=2.Véy maxT =2+/5
Cach 2:
T=|z+1|+2|z—1|£\/(1+22)(|z+1|2+|z—1|2)

Ta c6 dang thitc |z1 +zz|2 +|Z1 -2z, |2 = 2(|z1 |2 +|z2 |2 )
Khi do ta o T<,[52(|2f +1) =245.

Vay maxT = 2\/3 .
Luu 1j: Hoc sinh phai nhé dang thitc binh hanh:

2 2 5 2 2
|z, +2,| +|z, —z,[ =2(|z| +|z,|

Cho z,,z, la hai s§ phitc thoa méan [2z—i|=[2+iz|, biét

|z1 —zz| =1. Tinh gia tri biéu thitc P = |zl +zz| .

e A

A.P="= B P=\2 cC P="- D. P=+3
Gidi:
Goi z=x+yi;x,y€R. Bién d6i [2z—i|=[2+iz| ta duoc
x*+y*=1.Goi A,B la diém biéu dién hai s& phtic z,,z, .
Khi d6 ta co [z, - 2, =|OA - OB| = |BA| = AB=1.

Suy ra tam giac OAB déu canh bang 1.
Goi M 1a trung diém AB.
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b5,

Ta co P=|z1+zz|:‘ﬁ+@‘=‘2W‘=

Cho céc s6 phttc z thod man |z—1|=2. Biét rang tap hop

céc diém biéu difn s§ phtc w=(1+iJ§)z+2 1a mot

dwong tron. Tinh ban kinh 7 cia duong tron do
A.r=16 B.r=4 C.r=25 D.r=9

Phdn tich 1oi gigi: Day la dang toan, cho s6 phtc z thoa
man diéu kién nao d6 va tim tap hop diém biéu dién s& phtic
w v6i biéu thire w thong qua z. D€ giai dang toan nay, ta can
rut nguoc lai z theo w va thé vao diéu kién cua z d€ tim diéu
kién ctia w. Mot s6 kién thic 4p dung trong bai toan nay:

77

“Cho z,,z, €C. Khi do

_1
z,
Giai:

. Thé vao diéu kién:

Ta cod w:(1+i\/§)z+2<:>z=1zii—\/_
‘w 3—1\/_‘
‘1+l\/_‘

w-3

1+z\/_

w—2
-1=2<
1+i\/§ ‘
‘w—3—i\/§‘
143

Luwu v: Cho z,,z, € C. Khi do |zlz2| =|zl|.|z2|.

o ~2&|w-3-i3|=4. Vay r=4.
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Trong cac s6 phtic z thoa man diéu kién |z—2—4i| =5.

Tim gia tri 16n nhat ctia P = |z| .

A. maxP:3\/g B. maxP=5
C. maxsz/g D. maxP:\/B
Giai:

Céich 1: Goi z=x+yi;x,y €R . Khi dé P= X’ +y* .
Tac6 |x+yi-2-4i| =5 < (x-2) +(y—4) =5.
Dat x=2+\/gsint,y:4+\/gcost,t6[0;27[:'.
Suy ra

P=\/(2+x/§sir11})2 +(4:+x/§cost)2

:\/25+4\/§sint+8\/gcost
Do —20£4\/§sint+8\/§cost£20 nén \/§£P£3\/§.
Vay maxP=3\/g.

"
—M
Cdch 2: Tx cach 1, ta ¢ ’ ra
tap hop diém M(z) l1a / |
duong tron tam 1(2;4) va £ ;
bén kinh R=+/5. 5 /
> ,_j_,-
.
A | : .
Vay et
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maxP=0M =0I+R
=22 +4> +5=35
Cdch 3: Ap dung cong thitc giai nhanh (da néi o tai liéu
cong thitc gidi nhanh):
Tacoé A=-2-4i, B=0; k=+/5.
T= |4 +|B2|- 4B+ 4B =245

Vay ‘2\/5—\/3‘3P32\/§+\/§ hay V5<P<35.

Néu dé bai hoi:

a. Tim min|7| thi min|z|=ON =0I-R=+/5 (cich 2).
(cach 1, 3 hién nhién ta c6 min|z|.

b. Tim s6 phtic c6 mddun nho nhat 16n nhat.

Ung véi cach 1 thi khong giai dwoc.

Ung voi cach 2: Phueong trinh dwong thang Ol la: y=2x.
Khi d6 toa d6 M, N la nghiém cua hé:

x=1
y=2x {y:2
{(x—2)2+(y—4)25<:> {xj

S6 phtic c6 mddun 16n nhét la z=3+6i. S6 phtrc c6
modun nho nhatla: z=1+2i.
Ung voi cach 3:

Dodn Vin B) - 0963196568 — Huynh Anh Kiét - 0909052307
Trang 91 Tai liéu 6n thi Trung hoc pho théng Qudc gia



Phdn tich sai ldm — Tong hop nhiing cau hoi ndng cao
POAN VAN BO - HUYNH ANH KIET DVBO - HAK

z-2-4i=+5

min|z| =...

|z-2-4i|=+5

max|z| =...

Ta giai hé { dé tim s6 phtic c6 médun nho

nhdt va { dé tim s0 phttc c6 moédun 16n nhat.

Trong cac sO0 phtc z théa man diéu kién
(1+7)z+1-7i| =+2. Tim gié trj 16n nhat cua [¢]-
A. 4 B.3 C.7 D.6

Gidi:

N

e

Cach 1: Ta c6 |(1+i)z+1—7i|=\/5<3‘z+1_—7,i
1+

< |z-3-4i|=1. Lac nay chuyén vé bai toan da giai ¢
trén.
A=-3-4i; B=0;k=1.

T=J|A%|+|B2|- 4B+ AB =5
Suy ra 4<P<6.Vay max|z|:6.

Cdch 2: Xét bai toan tong quat: “Trong cic s phirc z thoa

min |z—z,|=r. Tim gid tri l6n nhat v gid tri nho nhdt cia

7

P=|z—z2

bat r, :|z1 —zz|. Khi d6 maxP =1, +r,; minP:|r1—r2|.

Thuc chat day chinh 1a cong thirc giai nhanh & cach 1, chi
la biéu dién 6 dang khac dé nhé hon.
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Ttr cach bién d6i z, =3+4i; z,=0.Suyra r, =5.
Caue.
Trong céac s6 phtic z thoa méan diéu kién |z -2 - 4i| =|z - 2i.
Biét sO phiic z=x+yivéi x,y€R c6 mddun nho nhat.
Tinh gia tri bi€u thite P =x" +1°.

A.10 B. 8 C.16 D. 26
Gidi:

|z2—2-4i]=|z-2i| =[x -2+ (y—4)i| = |2+ (y-2)i]

= \/(x—Z)Z +(y—4)2 = \/x2 +(y—2)2 Sy=4-x

EENESEAENES +(4:—x)2 =+2x* -8x+16

=\2(x-2) +822V2
Vay P=8.
Luu 1j: Gap dang bai ma c6 tap cac diém biéu dién s8 phtic
z 1a mot duong thang ax+by+c=0 thi rat y theo x roi thé

vao yéu cau bai toan. Chang han nhu bai trén.

Cho s8 phtic z thoa man |z —4|+|z +4| =10 . Gid tri 16n nhét
va gia tri nho nhat cta |z| [an lwot la:
A.10va4 B.5va4 C.4va3 D.5va3
Gidi:
Goi z=x+y;x,yek.
Theo gia thiét ta co:
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|z—4|+|z+4|=10 = |z—4+yi|+|x+4+yi| =10
o (x=4) +y+\(x+4) +y* =10 (1)
Goi M(x;y),F (-4;0),F,(4,0) thi (1)< MF, + MF, =10.

Suy ra tap hop diém biéu dién s8 phtic z 1a elip véi
EF, =2¢; MF, + MF, = 2a

—a=5c=4=b=+a*-1*=3.
Phuong trinh chinh tac

2 2

cua elip 1a: 2=+ =1.
25 9

V€ hinh, ta thay

max|z| =0A=0A'"=5;
min|z|=OB=0B'=3.

Biét s& phic x+yi;x,y €R thoa man dong thoi hai diéu
kien [z—(3+4i) =5 va P=|z+2[ ~|z~i[ dat gid tri l6n

nhat. Tinh modun s6 phtic z.

A. 33 B. 50 c. J10 D. 52
Gidi:
Ta c6 |z—(3+4i)| =5 = (x-3) +(y-4) =5 ().
P:|z+2|2—|z—i|2:(x+2)2+y2—x2—(y—1)2
Suy ra 4x+2y+3-P=0 (2).
Céch 1: Tir (2) suy ra y:—2x+¥

Thé vao (1) ta duoc:
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2
(x-3) +(—2x+ P;”j =5

2
<:>5x2+2(8—P)x+4+ﬂ=0
4

b€ phuong trinh c6 nghiém khi va chi khi
: (P-11)
(8-P) -5 44— |20 13<P<33
Vay maxP =33.
N1 . . 33-8
Dau bang xay ra khi x:T=5:y=5

Suy ra z :5+5i:>|z| =5\2.
Cdch 2: Dé thdy (1) 1a phuong trinh duong thang. Khi do
ta tim P sao cho Ava duong tron (C) c6 diém chung

@d(I;A)SRQ%s\E@p&Pﬁm

<13<P<33.
Vay max P =33. Dau “=" xay ra khi
2 2 &
(x=3) +(y-4) =5 |y=5

Biét s& phiic x+yi;x,y € R thoa man dong thoi hai diéu
kién [z|=|z+4-3i va P=|z+1-i|+|z-2+3i dat gi4 tri

nho nhat. Tinh gia tri P=x+2y.
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Ap--8 pp-_B cp_t pp_ I8
10 0 5 5

Ta c6 |2| = |z +4-3i| < |v +yi| =[x+ 4-(y+3)i
<:>x2+y2:(x+4)2 (y+3) ©8x+6y+25=0(A)
‘x+1+ ‘+‘x 2+( y+3)‘

:\/(x+1) +(y-1) +\/(x—2) +(y+3)° = ME+MF
Trong d6 E=(-1;1); F(2,-3), M(x;y).
Khi d¢6 bai todn tro tinh tim A sao cho ME+ MF dat gia
tri nho nhat. Kiém tra dwoc E, F nam cung mot phia so véi A
Goi E’' la diém d6i xting ctia E qua A.
Suy ra EE' di qua E va vudng gbéc voi A co6 phuong trinh
la: 3x—4y+7=0.

Goi H la giao diém ctia EE’ v6i A suy ra H —2 v
25" 25
Suy ra E' —ﬁ 4 (H la trung diém EE').
257 25

Ta ¢c6 ME+MF = ME'+MF > E'F . Dau “=" xay ra khi va
chikhi M=EFNA.
Phuong trinh E'F di qua hai diém E',F la:
3lx+167y+439=0

67 119 61
vay M| -2, 22| suyra P=x+2y=-2".
4 [ 50° 50) A AET)
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Cho s6 phtec z thoa man |z| =1.Goi M va m lan luot la gia

tri 16n nhat va gia tri nho nhdt cua biéu thuc
P= |z+1|+|z2 —z+1| . Tinh gia tri cia M.m

1343 39 13
N B. 2 , D. =2
A= n C. 33 n

Gidi:
Gidstt z=x+yi; x,yeR.Khidé x* +y* =1.
P:|z+1|+|22—z+1|:|x+1+yi|+|x2—y2—x+1+y(2x—1)i|

:,/(x+1)2 +y° +\/(x2 -y? —x+1)2 +y° (2x—1)2

— \/m+\/(2x2 —x)2 +(1—x2)(2x—1)2

:m+1/(2x—1)2

Néu %stl thi P=+2x+2+2x-1.

Xétham 6 f(x)=+2x+2+2x-1 véi xe{%;l}.

()] 1
f(x)= 2x+2+2>0,Vxe(2,1j.
Suyramaxf(x)=f(1)=3,minf(x):f(%j:\/g.

Néu —1£x<% thi P=+2x+2+1-2x.

Xét ham so f(x)=\/2x+2 +1-2x véi xe{—l;%j.
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f’(x) B \/2;+ 2

Lap bang bién thién ta dwgc max f (x) =f (—Zj _18 .

(x)=0ex=—?
—2,f(x)—0<:>x— 3

Két hop ca 2 truong hop ta duoc:

133

maxP=%;minP=\/§.Suyra M.sz.

Céu 11. D minh hoa THPT Quéc gian 2017 ~Lin2
J10

Xét s8 phirc z thoa mén (1+2i)|z| =~_——2+i.Ménhdéna

duwdi day dang?
A.§<|z|<2 B. |z|>2 C.1<|z|<E D. |z|<1
2 2 2 2

Giai:

Ta c6 @—(1+21)|z|+2 z@ﬁ |z|+2+(2|z| 1)
z

O J+2+(2-1)i Y10 ; = J(+2) +(2H-1)

|| ,/z| 1<:>z| +|z| —2= O©|z| 1.
z

Cho cac s6 phuc z #0,z,#0 thoa man diéu kién
2
z

%,
L2,

V4

¢ 11 (1) Tinh gif trf bidu thite P=
%,

+z

1 2 2

2 1
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1
A P=— B. V2 C.2 D. 32
J2 2
Gidi:

(1) = 22,(z,+2,)+2,(2,+2,) = 2,2, © 2] +22,2,+22; =0
Nhan thdy day 1a phuong trinh dang cap va z, #0 nén

chia ca hai v€ cho z2.

2
@(iJ 2.5 402 o@{
ZZ ZZ

N

=(-1+1
1 ( +Z)22:>|Zl|=\/5|z2|

z =( 1—1')z2
Dods p-|| |2 AlL Bl 5, 132 qoip
2| |z |z [ 2 2

Cho hai s6 phtic u, v théa man diéu kién |u| = |v| =10 va
|31~ 40| =+/2017 . Tinh M = |4u+37|.
A. 2983  B.+2883  C.2893  D.24

Phdn tich 1oi gidi: Can cht y ¢ hé s0 ctia u va v. Vi gia

thiét cho 1a 3u—4v va hoila 4u+3v. Khi nhic téi médun sé
nhd téi can binh phwong va dac biét 1a thady ¢ ca u va v la
3*+4% =5
Taco | =zz.Djt N =[3u—40|. Khi d6
N? = (3u—40)(3u—40) = 9|uf +16[of ~12(uv+w0)

M? = (4u+30)(4u-+30) =16[u” +9[o[ +12(uo-+m0)
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Do d6 M?+N? =25 |uf* +[of'|=5000

= M =/5000 - N* =+/5000—2017 =+/2983 . Chon cau A

Luu vj: Kij thudt lién hop cuia s6'phikc rit qua trong. Bai trén
dp dung rat thanh cong va nhanh chong ra két qua. Néu ban doc
gidi theo cdch truyén thong dat z =x+yi thi sé rat ldu.

Néu hai s6 phtic z,,z, thoa man z,z, -1 va |z,|=|z,|=1

thi s6 phttc w = 215 phan o bang
1+zz,
A.0 B.1 C. -1 D.2

Phdn tich 10i gidi: Vibainay, c6 thé chon z ,z, théaman

yéu cau bai toan va tinh s6 phitc w theo z,z,. Tt 6 c6 duoc
két qua. Tuy nhién d€ hiéu rd van dé, ta can c6 mot 10i giai
hoan chinh cho bai nay. Bai nay st dung mot sO phan ly
thuyét nhu sau:
V74 Ar s
Cho so'phikc z,,z, .

(1 z,+2,=2,+2,  (zz=2z (3 1=2
Z, z,
(4) 7, =2, <>z, lasGthue  (5) |z|=1ez, =2~
Zl
Gidi:
. . , 1+
Cach 1: Chon z, =1,z, =i, taco w=T:1.
+i

Vay phén 4o ctia w bang 0.
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, N 1 1 . 2
Cach 2: Do |zl|:|zz|:1 nén z, ==,z, ==.Khi do,
1 ZZ
1 1
— 4+ = —
o 242, _ 2 %, _&5+% 3tz 7tz ~
1+z.z, 1+i i z,.z,+1 1+z3z, 1+zz,
Zl ZZ

Vay w 1a s6 thuc hay phan ao bang 0.

Cho s0 phtic z=a+bi thoa man diéu kién |22 +4| =2|z|.

D3t P=8(b*—a’)-12. Ménh dé nao dudi day diing?

A P=(|4-2) B. P= (|z|2 —4)2
C. P=(4-4) D. P= (|.z|2 —2)2
Gidi:

Gia thiét twvong duwong vé6i

|z2 +4|2 = 4|z|2 = (22 +4)(22 +4j — 427
227 +477 +47 +16 =42z

@(zé—z)z +4(z2 +22j+12=0
@—4(z2 +22j—12=(|z|2 —2)2

Dit z=a+bi thi 2> =& —b* +2abi, z = —b* —2abi .
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Suy ra z° vz =2(a2 —bz).

Suy ra P:8(b2 —a2):(|z|—2)2.

1
Z4+—
zZ

Cho s0 phtic z théa man =3. Tong gia tri lon nhat

va gia tri nho nhét cua |2].

A.0 B.3 C.2 D. 4
Giai:
1 17 1)(- 1
z+—=3&|z+— =9<:>(z+—j(z+=}=9
y4 z z zZ

(zz+1)(22+1) . .
N N =9 7%z +22+z2 +1=9|z|2
2.z

Sl +(z+2) ~2 +1=9]"
—\2
Ta co (z+z) >0 nén
O 2| ~2|o +1 e ~11[z +1<0

- 11—3\@ < 11+23J§ - —3+2\/ES|Z|S 3+;/E

Vay max|z| + min|z| =4/13.

Tong qudt héa: Cho a,b,c 1a cdc s6 thie dwong va sd phikc

az+2 =c.Khi dé

z

z khac 0 thda man
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—c+\/c +4ac | | c+\/c +4ab

Xét s8 phitc z thoa man 2|z-1/+3[z—i<2+2. Ménh dé
nao dudi day dung?

A< Bf<:  cl>2  D.2<g<2
2 2 2 2

Phan tich 10i gidi: Stt dung bat dang thikc |u + v| < |u| + |v| .

Gidi:

Cdch 1: Ta c6

22 22)z-1]+ 2|z~ i|+[z— ] 2 21+ 1| +|z~ ]

Suy ra |z—i|£0<:>z=i:>|z|=1. Chon D.

Cdch 2: S&t dung hinh hoc dé€ giai:

Gia st z=x+yi c6 diém biéu dién la M(x;y).

S6 phtic z—1 c6 diém biéu dién 1a A(x—l;y), z—1i cO
diém biéu dién 1a B(x;y—1). Khi d6

2|z-1]+3|z—i| <242 < 20A+30B <242 =2AB

Mait khac 20A +30B=20A+20B+0OB>2AB+0OB.
Do d6 2AB+0OB<2AB<0OB=0<B=0<z=1i

Xét sO phtrc z thdéa man |z+2—i|+|z—4—7i| =632 . Goim,

M Tan lwot 1a gia tri 16n nhat, gia tri nho nhat cua |z -1+ i|
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Tinh P=m+M

A P el B.p:M
o PeblE D.p:@

Gidi:
Goi M(x,'y) 1a diém biéu dién s6 phttc z=x+yi.
|z +2-i|+|z-4-7i]=632
c>\/(x+2)2+(y—1)2 +\/(x—4)2+(y—7)2 =632

Va T=|z=1+i]=y(x-1) +(y+1)

Cach 1:

bt F(-2;1),F, =(47), A(1;-1). Khi d6

MF, + MF, =632 va T=MA.

Mat khac ta c6 EF, :6«/5 . Do d6 diém M thudc vao
doan thang EF,.

Phuong trinh duong thang EF,:x—y+3=0.

Kiém tra duoc, hinh chiéu cta C lén duong thang FF,

thudc ngay vao doan thang FF,.
Ta c6 CF, =+13,CF, =73,d(C;EE,) = 5[
N, _ﬂvap_M
/ “min 2 - 2

Vay T = . Chon B.
Binh lugn: Néu hinh chiéu ciia diéim C lén dwong thang F.F,

nim ngoai doan thing EF, thi cich giai trén ¢ con dp dung dirgc
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khong? Hoc sinh cin lwu Y, néu hinh chiéu khong nam trén doan
EF, thi khi do gid tri [6n nhit va nhé nhat dat dwoc chinh tai hai
diém dau miit ciia dogn thing.

Cidch 2:

Ap dung bat dang thikc

\/xz +1° NP +b 2 \/(chta)2 +(y+b)2

g

~ : B
Dau “=" xay ra khi va chi khi —=
a

Ta co
652 = \(x+2) +(y=1) +(x=4) +(y-7)
2\/(x+2+4—x)2+(y—1+7—y)=6\/5
Do d6 “=" xay ra khi va chi khi
x+2 y—
4-x 7- y
Ttr d6 rat ra duwoc y=x+3. Thay vao T duoc:

T=(x=1) +(x+4) =27 +6x+19

Do diém x,y théa man biéu thixc

Je2f +(y=1) +(x-4) +(y=7) =62

Nén co ‘x+2‘+‘x—4‘ =6 dung véi moi x € [—2;4] .

<Sx-y+3=0

Nhu vay,
Xétham s6 y =2x"+6x+19 véi xe[-2;4].

Do d6 maxy =73, miny = § trén doan [—2;4]

5J_

Suy ra maxT = \/_mmT—
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Cdch 3: Ap dung bat dang thixc mddun |z1 + zz| < |Z1| +|zz|
va ddu bang xay ra khi va chi khi z, =0 hodc z, =0 hoéc ton
tai k>0, ke R saocho z =kz,.

Ta c6 [z+2~il+[z-4-7i|2|z+2~i+4-7i—2|=6+2.

Vay 4p dung ddu bang xay ra:

THI1: z=2—-i.Suyra T=413.

TH2: z=4+7i. Suy ra T=+73.

TH3: Ton tai s8 k>0 thoa |z+2—i|=k|z-4-7i|.

O day, chon k=1 va thdéa man. Tap hop cac diém biéu
dién cta z thoa man ‘z +2- i‘ = ‘z -4 —7i‘ chinh 1a duong

thang x—y+3=0 va quay vé cach 2.
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Chuyén dé 5: HINH HOC KHONG GIAN

Cho t& dién ABCD c6 AB=CD=a. Goi M, N Ian luot la

o n a3
trung diém cua AD, BC. Biet V,, ., = T' d(AB; CD) =a.
Xét cdc ménh dé sau:
(1). Géc (AB,CD) = 60° (2). MN = %
3 a3

(3) VMNCD = 7 (4) MN :T
C6 bao nhiéu ménh dé dung?

A. 1l B.2 C.3 D.4

Giai:

Bai toan phu: Cho tir di¢n ABCD. Goi d la khoang cdch giiva
hai dweong thing chéo AB va CD, a la géc giita hai dwong thing
d6. Khi dé thé’tich tir dién ABCD la:

Voen = %AB.CD.d. sing
Chitng minh:
Cach 1: Dung hinh hép _ B
AEBE. MDNC. Tt =

Vi (AEBF)//(MDNC) nén
chiéu cao cta hinh hop bang
khoang cach d gitta AB va CD. .

M D
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Ta cod

1V 1

AEBE.MDNC — g

1% S d

ABCD — A
3

= %%.MN.CD.sin ad= %AB.CD.d. sina

MDNC*

Cach 2: Dung hinh binh hanh ABCE. Khi do:
Vv =V A

A.BCD E.BCD

(do AE// (BCD)) (1)
1%

escp = Varep (2)

1

Viseo =3 Ssco 4(B,(CDE)) (3)

2
&

1

Seco =7 CECD.sin ECD = % ABCD.sina (4)

d(B,(CDE))=d(AB,CD) (do AB// (CDE)) (5)

T (2), (2), 3), (4), B)suyra V., =%AB.CD.d.sina.

Ve

Ap dung:
Taco V,pop = % AB.CDd.sina = %.a.a.a. sina

Suy ra Sina=73 hay a=60°.

Goi P la trung diém BD.Khi dé ta c6 MP=NP = %.

Va MP//AB va NP//CD.
Do d6 (AB;CD)=(MP,NP).
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TH1: G6c MPN =60°. Suy ra tam gidc MNP déu va

MN=2.
2

TH2: Géc MPN =120°.
Ap dung dinh 1y cosin cho tam giac MNP c6:

MN? = MP? + NP? —=2MP.NP.cos MPN = %az

Suy ra MN = w3 .

2

Cho hinh nén tron xoay (N ) c6 dinh S va day la hinh tron
tdm O béan kinh r ndm trén mat phing (P), duong cao

SO=h.biém O’ thay do6i trén doan SO sao cho SO'=x,
0 <x <h. Hinh tru tron xoay (T) c6 ddy tht nhat la hinh

tron tam O ban kinh 7', 0 <7’ <7 nam trén mat phang (P)
, day thtt hai la hinh tron tam O’ ban kinh r’ nam trén mat
phang (Q), (Q) vudng géc véi SO tai O ( dudng tron ddy
thit hai cua (T) 1a giao tuyén ctia (Q) v6i mat xung quanh
cua (N). Hay xac dinh gia tri ctia x d€ thé tich phan khong

gian nam phia trong (N ) nhung ndm phia ngoai ctia (T)

, dat gia tri nho nhat.
A.x:E B.x:E C.x:% D.x:E
2 3 3 4
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Phan tich 1oi gidi: Dé bai nay yéu cau nguoi giai phai biét
dugc cong thire tinh thé tich hinh nén va thé tich hinh tru
ngoai ra con phai doc hiéu dé mot cach chac chan.

5

Giai:

Nhdn xét: Thé tich can tim 1a sé bang phan thé tich nén
16n (dinh S day la dwong tron tam O ban kinh r) trit nén nho
(dinh S day 1a hinh tron tdm O’ ban kinh 7") trte thé tich hinh
tru.

Y =Visiop ™Vision) ™Yoo
S [ oI (h—x)zr”
3 3

A A \ 2 A~ 1 ’ ! 4
Thé tich cAn tim nhd nhat < A = gxm’ 2 +(h —x)ﬂr 2 16n

nhat do %h.m’z la khong doi.

!

Tacé 2=_=r=2
h r h
Do do
2.2
A:lxm’2+(h—x)m”2:7z.r’2 h—%x :ﬂx’; h—%x
3 3 h 3
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2.2 2.2 3.2
xXr 2 xXr 2x°r
Xét X)=rx h—-=x|=nx - , xe(0;h

x=0
x=h

Fla)= 2R 20T ;f'(x)=o:[

Do 0<x<h nén f'(x)>0.

Do ham dong bién trén (0;1) nén nhin dap an.

Chon cau C.

Cho mat phang (P) chtta hinh vuong ABCD. Trén duwong
thang vudng goc véi mat phang (P) tai A, 18y diém M. Trén
duong thang vudéng gdc véi mat phang (P) tai C, 14y diém
N (N cung phia M so véi mat phang (P)) . Goi I 1a trung
diém ctua MN. Thé tich tt dién MNBD ludn cé thé tinh
duoc bang cdng thikc nao sau day ?

A V= % ACS,, B. V= %.AC.SBDN
C. V-~ % BDS,, . D.V-= %.BD.SMBD

Phdn tich loi gidi:

Bai toan nay yéu cau can
chon chinh xac mat ddy la mat
nao. Néu chon duong cao 1a BD
sau d¢ tach khoi can tim thé tich
thanh hai khéi nho la
DOMN;BOMN thi sé dé dang
lic dau nhung 1am vao bé tac
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lic sau do dap an khong c6 S, Vay tai sao khong bat dau
tit AC thir xem nao ? Tai sao dé goi nhic diém I nhung van
chwa duoc stv dung ? Hay thtr tach khdi can tim thanh 2 khai
nho MIBD;NIBD vé y teong nd xem xem nhu trén nhung loi
thé o day la c6 day la IBD va trong dap an c6 IBD. biéu kho
0 hudng nay la duong cao.

Giai:
Goi I 1a trung diém MN, O la tam hinh vudng.
Ta co:
1 1
Vineo = Ve + Vo = gd(M,(IBD)) Sipp + gd(N,(IBD))'SIBD

Lai ¢ d(M,(IBD))=d(N,(IBD)) (do I la trung diém

MN).
Do AM//IO nén AM //(IBD)=d

(M;(IBD)) —

d

(Ay(IBD)) —

AO

2 1
Suyra V= 3 AO.S,, = 3 AC.S,,
Vay chon dép an A.

(Chua:

Cho hinh chép ti giac déu S.ABCD c6 canh day bang a,
canh bén hop véi day mot goc 60°. Goi M 1a diém déi
xtmg ctia C qua D, N 1a trung diém SC. Mt phang (BMN)

chia khoi chép S.ABCD thanh hai phan. Tinh ti s6 thé tich
gitra hai phan trén.
7

A. — B

2 c.l D.
5 7

w
Ul o

Giai:
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Cach x4c dinh thiét dién cia mat (BMN) nhw hinh vé.
Tacé6 E=SD(1MN nén E la trong tam tam giac SCM.
Do DF // BC nén F 1a trung diém BM.

5

Ta c6 (SD,(ABCD))=SDO =60".

Tinh dugc SO _i ,SF =+/SO* + OF? :_“‘2/;,
a6 1 N
T 5 d ,SAD :OH—— —_SF.AD =
aco (0( )> 27 asaD = 5 1
Lai c6 Vieen _ ME .MF.MD :1.
Vinge MN MB MC 6
5 5 1 1 5a3\/g
j— VBPDCNE = EVMNBC = ggd(M,(SAD))ESSBC = T
1 76
Vs apco = 55 OS5 5ep = 6
7613\/_ V. 7
= Vausren = Vs.asen = Virpene = 36 . Suy ra VSABF EN — =

BFDCNE

Cho khéi lap phuwong ABCD.A'B'C'D’ canh a. Cac diém E
va F lan luot 1a trung diém ctia C'B’ va C'D’. Mit phang
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(AEF) cat khdi lap phuong da cho thanh hai phan, goi V,
la thé tich khoi chita diém A’ va V, la thé tich khoi chita
diém C'.Khi d6 % la:

2

17
a2 B.1 c. =L D. 2
47 25 17

Phdn tich dé bai: D€ 1am nhiing dang bai can tao thanh

no6 1 thiét dién nhu bai tap xac dinh thiét dién 16p 11. Can kéo
dai mat thiét dién ra ngoai khoi chép dé€ két hgp mat khai
chop tao thanh 1 t¢ dién . Sau d6 str dung cong thiic ty s6 thé
tich trong t& dién dé thao tac.
Giai
Puong thang EF cat A'D’ va A'B’ tai N, M, AN cat DD’
tai P, AM cit BB’ tai Q khi d6 mit phén(AEF ) cit khéi lap

phuong lam hai phan riéng biét va xac dinh dwgc

V VAA 'OB'EFD'P’ V VABCDC 'QEFP
GOI V VABCDABC'D ’V VA.A]\/IN’V VPFDN ’V ‘/PFDN
Do tinh d6i xttng ctia hinh lap phuwong nénta céV, =V, .
Nhén thay :
3
V, =L AN AMAN =238 32 30
6 6 2 2 8
3
v.-lppprpn-la28_0
6 6322 7
3 3
Vv =v,-2v,= 2%y v oy, =278
72 72
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v
:>—1=2—5. Vay chon A.
V., 47

Cho hinh nén (N ) c6 dinh S, cé ddy la hinh tron (O) tam
O, ban kinh R. Nguoi ta cat (N ) bf‘:'mg mot mat phrfmg (P)
song song voi mdt day cua (N ), duoc thiét dién 1a duwong
tron (O’) tam O’ ban kinh 7, (P) cach mat day mot doan
bang h. Goi phan hinh nén gom giita (P) va mit day cua

2

hinh non 1a khéi (T) va c6 the tich 1a 22"

. Phan duong
sinh ctia hinh nén dugc gidi han boi mat (P ) va mat day

béng a va dwoc goi la canh bén ctia (T) . Tinh R theo a, b, h.

2 2
A.R__{ WK +d h P /—J

2

2,12 2
_—_ \/M+ o
2 3

2,12 2
C. R:l M+1’a2_h2
2 3
2 2
=

Phin tich 10i gidi: O day, chung ta c6 mot khai niém méi

d¢6 la hinh nén cut. D6 la phéan ctia khoi (T) . Hinh nén cut 1a
gi?
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“Khi cit hinh nén béi mot
mdt phang song song véi
ddy thi phin mgt phing
nam trong hinh noén la mot
hinh tron. Phin hinh non
niam gitka mdt phing noi
trén va mat day dwoc goi la
mot hinh nén cut.”

Trong sach giai tich 12
nang cao, c6 dé cap dén
cong thiic tinh thé tich
hinh chép cut:

“Goi B va B' Iin lwot la dién tich cua ddy 16m va day nho ciia
hinh chdp cut; h la chiéu cao ctia né (h chinh la khoang cach giiva
hai mét phing chita hai ddy; ciing bang khodng cdch tir mot diéin
biit ki cia ddy nay dén mdt phiang chiva dday kai. Khi d6 thé'tich khoi
chop cut:

1% :E(B+B’+ BB')
3
Ttr thé tich ctia khdi chép chut, ta c6 thé tinh dugc thé tich

khoi non cut.

“Goi R,r,h lin lwgt la ban kinh day 16n, ban kinh ddy nho ciia
hinh nén cut. Khi dé thé’tich khoi non cut:

V:%h(R2+r2+Rr)”.

Sau day, nhac mot sd kién thic lién qua téi hinh nén cut.
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“(1) Di¢n tich xung quanh ctia hinh non cut: S, = m(R+7)l.
(2) Diéc tich toan phin
Sy =S, +5,+5, = 7z(R2 +7? +(R+r)l)

Bai toan sé ap dung kién thirc trén dé giai va ap dung mot
s6 kién thirc lién quan khac. Chang han nhu: Dinh 1y Ta - 1ét.
Gidi:

Thé tich khéi (T) la:

2
v, =%h(R2 +7 +Rr):%h<:>R2 +72+Rr =b* (1)
Van dé bay gio, can biéu dién r theo a, b, h.
Mat khdc, hinh nén cut duoc sinh ra khi quay hinh thang

vuong OO'AB quay quanh truc OO nén ta ¢o
O'A=r,0B=R,00'=h,AB=a.

Goi H la hinh chiéu ctia A 1én OB. Khi d6 ta ¢6 OH=r
va HB=R-r. Xét tam gidc AHB vudng tai H nén

R—r:\/m.
Suyra r= R—\/m. Thé vao (1) dwoc
R2+(R—W)Z+R(R—\/m)—b2=0
& R4 R 2Ra® — 12 +a® — W+ R2—Ra® —h* —b* =0
< 3R?-3RVa* W +a* —h* —b? =0
A=9(a*—1*)-12(a> -h* —b*) = 121" -3(a* — 1"
Do do
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3Va—h? + . 1202 =3(a—h?
N (e
6
2 2 2

Chon dap 4n B ma khong can lam ti€p nghiém th 2.

Cho tit diéen ABCD c6 AD L (ABC), day ABC thdéa man

cotA+cotB+cotC _ BC N CA N AB

2 AB.AC BA.BC CACB
Goi H, K Ian lwot 1a hinh chiéu vudng goc ctia A 1én BD va
BC. Tinh th€ tich V ctia khoi cau ngoai ti€p khoi chop
A.BCHK.

diéu kién

4r
4 32 8 D.V=—+
T ) T ) T 3\/5

Phan tich 1oi gidi: Budc dau tién, xac dinh mat cau cua
tam hinh chép A.BCHK c6 hinh dang nhu thé nao? Hay ndi
cac khac no c6 dac diém gi ddc biét hay khong? Bai vi, dé bai

khong hé cho duong cao cta tit dién bang bao nhiéu, cho
nhiing gia thuyét nhw diéu kién ddy cua ABC va H, K Tan lwot
la hinh chiéu ctia A 1én DB, DC. Do d6, c6 phai ching ban
kinh cua mdt cau ngoai ti€p hinh chép d6 dwa vao gia thiét
ddy ABC. Mudn c6 dugc diéu nay thi can phai xac dinh duoc
mat cau do6 co tAm va ban kinh nhw thé nao?
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Tap hop tam cac mat cau ludn ludn chita mot duong tron
c8 dinh cho truedc 1a duwong thang d vudng géc véi mat phang
chita duwong tron tai tam cua no.

Nhu vay, dé xac dinh tdm mat cau chira hai hai duwong
tron cat nhau chinh 1a giao diém cua hai dwong thang lan
luot vudng géc véi hai mit phang chira duong tron do tai
tam cuia hai duong tron do.

Da4i vi bai toan nay thi da hoan toan xac dinh hai duong
tron ngoai tiép tam gidc AHB, AKC ctia hinh chép A.BCKH
boéi vi hai tam gidc d6 déu la tam gidc vuong. Nhu vay chi
can tir tdAm ctia hai duong tron d6, ké mot duong thang
vudng goc voi téi mat phang chita hai duong tron dé tai tim
ctia hai duong tron. Giao hai duong thang d6 thi duoc tam
mat cau.

“Goi E, F Iin lwot la trung diém ciia AC, AB. Ké cic dwong
thang d,d’ Tin lwot vudng géc véi AC,AB tgi E, F. Do
DA 1d,DA 1d (DA L(ABC)) nén d L(DAC), d' L(DAB).
Do d6 dva d' chinh la hai dwong thang ma ta da néi 6 trén. Goi I
la giao diém cia d,d" thi I chinh la tdm madt cdu chita hai dwong
tron ngoai tiép tam gidc AHC, AKC.

Thit vdy, trong mat phing (ABC ) ta c6 I la giao diém ciia hai
dwong trung triec hai canh cua mot tam gidc nén I la tdm dwong
tron ngoai tiép tam gidic ABC. Do d6 1A =1B=IC . Mt khdc, ta
c6 mét diém ndm trén truc cua dwong tron ngogi tiép thi déu cdch
diéu cdc diém trén dwong tron dé nén IA =IH =IB. Twong tu ta
c6 IA=IK=IC. Tt dé suy ra IA=IB=IC=IH=IK. Vidy I
chinh la tdm mdt cau ngoai tiép tir hinh chop A.BCKH wva bdn kinh
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bang 1A =R, ciing chinh la bdn kinh dwong tron ngogi tiép tam

giic ABC”.

bén luc nay, ta da hoan
toan xac dinh dwoc tam va
ban kinh. Van dé con lai la
tinh ban kinh. Chinh la dwa
vao gia thiét day ABC thoa
man diéu kién trén.

M6t so lién kién thitc lién
quan tdi hé thiec luvgng trong
tam gidc.

“Cho tam gidic ABC, goi
AH la dwong cao, R, v lan lwot
la ban kinh ngoqi tiép va ngi tiép
tam gidc, p la nwa chu vi. Ki

A

‘
L

hitu a=BC,b=AC,c= AB, dién tich 14 S

(1) Dinh ly cosin:

a’> =b*+c*—2bccos A
b* =a® +c* —2accosB

c? =a*+b*—2abcosC

(2) Dinh Iy sin:

a b

€ _9R

sinA sinB

sinC

(3) D4 dai dwong trung tuyén xudt phdt tir A (ki hiéu m_)
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2(b* +c*)-a*
2 )
‘ 4
2 2 2
, Z(a +c )—b
mb =
4
2(a*+b*)-c?
2 )
¢ 4

(4) Cdc cong thirc tinh dién tich tam gidc
S= lhua = 1hbb = 1hcc
2 2 2

=lbcsinA=lacsinB=1absinC i
2 2 2

- pr = lr=a)(p=)p o)

Ngoai ra, con mot s6 hé thirc lwong nang cao khac nhu:

“(1) Dinh ly tan:
A-B B-C C-A
tan—— tan ta
a-b_ 2 b—c_ 2 .c—a_
a+b A+B b+c B+C’'c+a C+A
tan tan tan
(2) Dinh Iy cotan:
2, 2 2 2, 2 12 2,12 2
cotA:u;cotB:u;cotC:a b —c
4S 4S 4S
2 2 2
Suy ra cotA+cotB+cotC=% 7

Viéc chitng minh cong thirc hé thirc lwong trong tam gidc
(nang cao) danh cho ban doc.
Sau do, ta sé 4p dung vao giai tim R.
Gidai:
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Viéc xac dinh tam va ban kinh da néu ¢ trén, & day khong
noi lai va vao thang van dé xac dinh ban kinh R.

Ap dung dinh ly cotang cho tam giac ABC ta co:
cot A+cotB+cotC  BC CA AB

= + +
2 AB.AC BA.BC CACB

AB*+ AC* + BC? BC CA AB
85, s AB.AC BA.BC CACB

- AB®>+ AC*+BC*> BC?+AC?+ AB’

85, 15c AB.AC.BC
< 8S, 5 =AB.AC.BC & S%IS'BCAB.AC.BC < R=2
Vay V=é7rR3 =32—ﬂ.

3 3

Luu 17: Hoc sinh chi hoc nhitng hé thitc livgong nhu trong
sach gido khoa 16p 10 (ca nang cao, 1an co ban) nén viéc giai
bai nay rat khé khan.

Cho hinh nén chira bdn mét cau cung béan kinh la 7, trong
dd c6 ba mat cau tiép xac voéi ddy, ti€p xuc véi nhau va
tiép xtic voi mdt xung quanh ctia hinh néon. Mat cau thi tw
tiép xtic v4i ca ba mat cau trén va ti€p xtic voi mat phang
xung quanh cta hinh nén. Tinh chiéu cao cta hinh nén.
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(1+\/§ 2*/_} B. {2+\/E 2‘/—j
[1+\/_+2*/_J D. r(1+\/_+2\/_J

Giai:

Goi I,,1,,1,,1, lan lwot la tdm cua madt cau va gia st [, 1a
tAm mat cau thit tw nhu dé.

Khi détaco I,I, =11, =11, =2r (doba mat cau tiép xtc
voinhau). Twong tw cing c6 1,1, =1,1, =11, =2r.

Do d6 bon diém I,,1,,1,,1, tao thanh t dién déu canh
bang 2r.

2r\/§
3

Goi hinh nén d6 sinh boi tam gidcSOA vudng tai O véi
SO la dwong cao, OA 1a ban kinh. Khi d6 SO di qua cac diém
I,,G.

Suy ra SO=SI, +1,G+GO . Dé thdy GO=r.

Goi G la trong tam tam giac 11,1, thi I G=

Bay gio can tinh SI,,I,G theo r.
Do I,G la duong cao cua t¢ dién déu I [ LI, nén
,G=\L1>-1G* = 27’\/_ .Nhuw vay dén day cé thé loai duoc

dap an A, B.
Goi C,D Tam luot la cac diém ti€p xic cua mdt cau
(Il,r),(14,r) ti€p xtic v6i hinh nén. Khi dé c6 dwoc 1,1, // CD.
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Do dé «I,1,G=£DSI, ma hai tam giacSDI, va I,1,G la
hai tam giac vudng nén ASDI, <> AI,GI, .

I I.D I.D

Suy ra L=4—:>SI4 ==—.L1, :r\/g.Zr:r\/g.
Li, IG I.G 2

Vay chon C.

Cho hinh choép ti gidc S.ABCD c6 day la ABCD la t giac
16i va goc tao boi (SAB),(SBC),(SCD),(SDA) véi mit day
[an lwotla 90°,60°,60°,60° . Biét r%ang tam gidc SAB vudng
can tai S c6 AB=a va chu vi t gidc ABCD la 9a .Tinh
thé tich hinh chép S.ABCD .

A. 23 B.a
C. a #

Phén tich dé todn: Do mait (SAB)tao véi ddy mot goc

vuong nén mat (SAB) vuong gbc voi ddy va do tam giac SAB

vuong can nén duong cao tit dinh S ctia tam gidc SAB cling
la chiéu cao khdi chép. Can nhé thém dién tich cia mot hinh
16n 6 thé tinh bang tdng cac hinh nhé cong lai.

Giai:
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Ké SH vudng goc voi
AB trong tam gidc SAB
(H thudc AB). Ttr phan
tich dé bai c6 duoc H 1a
chan duong cao cua
hinh chop S.ABCD.

Trong mat day, ké
HE vuong véi BC ¢ E,

HF vubdng goc voi CD &
F, HG vudng goc voi AD
0 G. Ttr d6 xac dinh dwoc LSEH = ZSFH = ZSGH = 60°..

Do tam gidc SAB vudong can 0 S va co AB=anén SH =%

Tt SH va £ZSEH = ZSFH = ZSGH =60° nén

J3

HE = HF = HG—”

Ta cod
P(ABCD):AB+BC+CD+DA:9a:>BC+CD+DA:8a

1 1 1 1a\/_

= —-HE.BC+—-HF.CD+—-HG.AD=—.——.8a
2 2 2 2’

w3 2\/5612

Do HE:HF:HG:T nen SABCD :T
The tich khéi chop 1a

1%

SABCD

1 1 a
:§SH'SABCD_§ E 3

Vay chon dap an D.
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Cho mit cau tdm O, ban kinh R. Xét mat phang (P) thay
d6i cat mit cau giao tuyén 1a duong tron (C). Hinh nén
(N) c6dinh S nam trén mat cau, c6 day la duong tron (€)
va cO chiéu caola h (h > R). Tinh h dé thé tich khoi non tao
boi (N) c6 gié tri 16n nhét.

4R 3R
A.h=RJ3 B.h=R2 Ch="3 D.h="3

Phaén tich 10i gidi: Nhan thay rang day 1a cAu tim 1 d& thé

tich khoi nén dat gia tri lon nhat. Xudt phat tir day, budc dau
can phai xac dinh duoc thé tich khoi nén nhu thé nao. Bai
toan dat ra, thé tich 16n nhat nén nghi dén do chinh la bai
toan tim cuyec tri. Phuwong phép dau tién nghi dén do6 chinh la
dung kién thtc gia tri 16n nhat nhé nhat cua ham s d€ tim
gia tri 16n nhat va nho nhat cta biéu thitc thé tich khoi non.
Muén lam duogc diéu nay thi can phai bién doi thé tich khoi
noén vé cung mot bién, lac do6 thi maéi c6 thé xét ham duoc.

Mot chat kién thire vé phan nay:

“(1) Thé tich khdi non cd ban kinh ddy r, chiéu cao h:

v=Lmom
3

(2) Cho mdt ciu S(O;R) v mdt phing (P), Qoi d la khodng

cich tir O t6i (P) oa H la hinh chiéu ciia O trén (P). Khi do
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= Néu d<R thi mit phang (P) cat mat ciu (S) theo giao
tuyén la dwong tron nam trén mat phing (P) co tam la H va co
ban kinh r=NR* —d* .

= Néu d=R thi mat phing (P) cat mgt cau tai duy nhat
mt diém la H.

= Néiu d>R thi mat phing (P) khong cit mit ciu (S).”

Giai:

Goi x 1a khoang céch tir tam O dén mat phang (P). Khi
dé h=R+x (do h> R) vaban kinh duong tron giao tuyén la
r=+R*—x*.

Thé tich khoi nén can tim la:

1 1
1% :57rrzh ZEﬂ(R2 —x2)(R+x)
=L r(R+x) (R-x)
3
Xét ham so f(x):(R+x)2 (R-x) véi 0<x<R.

f’(x) (R+x)(R x)—(R+x)2:(R+x)(R—3x)
Fx)=0e =2

Lap bang bién thién duoc V__ < x = ? .

Vay h=§+R=%.ChQnC.
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Cho khdi t dién c6 thé tich bang V. Goi V' 1a thé tich ctia
khoi da dién c6 cac dinh 1a cac trung diém caa cac canh
ctia khéi t&2 dién &3 cho, tinh i 56 % .
A Y L gVl Y 2 pV.>
vV 2 vV 4 vV 3 V 8
Phdn tich 10i gidi: Gia st hinh bai todn nhu hinh dwéi. Y
twong xuat phat ttr bai nay chinh la dung ti 1é thé tich. Tuy

nhién, néu dung ti 1€ thé tich nay thi né chi dting cho khdi t
dién. Nhu vay, can phai tim cach chia nho ra thanh cac t&
dién nho hon (t& hinh 16n). Tuy nhién, néu vé hinh roi thi
viéc chia nho thanh cdc tit dién nho hon thi s€ gap kho khan.
Do d6, ta nghi dén dung phan bu thi s& dé dang hon, nghia
laVvV=v-V \% % v

AMRQ ~ VBMNR YCNMR YV D.PQR®

Dé thdy thi cac thé tich ma thé
tich t& dién trir di déu dé dang
tinh theo V ban dau va né bang
%V . Vay, ap dung theo cach nay
thi sé nhanh hon.

Gidi:

Ta co

Vimor _AM AR AQ 111 1
Viwp AB AC'AD 222 8’
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Suyra V, MOR = % V. Twong tu cac thé tich con lai.

Vay V':V—%V :%V. Chon A.
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Chuyén dé 6: PHUONG PHAP TOA PO TRONG
KHONG GIAN

Trong khong gian véi hé truc toa do Oxyz, cho mat cau
(S,) **+y*+z2+2mx-2(m-1)y—mz+m-2=0. V6i
moi meR, mat cau (Sm) ludn di qua mét duong tron cd

dinh. Tim béan kinh cta duong tron ¢6 dinh do.
A.r=3 B. r=+2 C.r=+3 D.r=2

Phén tich loi giai: V6i nhitng dang bai nhu thé nay thi ta
thdy rang né rat gidng véi dang bai tim diém cd dinh ctia 6
thi ham s6 di qua. Trudc day giai nhitng dang bai d6 thi tim
cac diéu kién dé né dung véi moi tham s m. Ttc 1a dua vé

dang a,m" +a, ;m"" +..+a,=0(1), vdi céc a, chita cc an x,
y. Do d6 diéu kién d€ phuong trinh (1) nghiém dung véi moi
mthi g, =0, Vi, va tit d6 tim duwoc diém cd dinh. Véi dang bai
nay cling th€, ta sé dua vé dang cua phuong trinh (1). Nhu
vay, bai toan trén dwoc gidi nhw sau:

Gidi:
Gia st M(x,;y,;z,)€(C) 8 dinh. Khi d6 M €(S,,).
Hay x; +y; +2z +2mx, —2(m—1)y, —mz,+m-2=0

<:>m(2x0 -2y, —zo+1)+x§+y§+z§+2y0 -2=0
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2x, -2y, —z,—1=0
& { Yo7 Yo " %0 (do nghiém dung véi moi m)

x2+ys+z2+2y,-2=0

Khi d6, tap hop diém M la giao tuyén giita mat cau (S)

c6 phueong trinh la X’ +y2+z2+2y—220, tam I(O;—l;O),'
R=+/3 vamit phang (P):2x—2y—z—1=0.

Ta cod d([,(P)) =1,suyra r= \/3T1 = \/E Chon dép an B.

Trong khéng gian véi hé truc toa do Oxyz, cho diém
M (1; 2;4).Vié't phuong trinh mat phang (P) di qua M va
cat cac truc Ox, Oy, Oz vé phia dwong tai cac diém A, B, C
sao cho ti dién OABC dat gia tri nho nhat.

AT 2 B. 2+ Y 21
3 6 12 4 6 2
C.3x+y+z-9=0 D. x+2y+4z-21=0

Phdn tich 1oi gidgi: Day 1a dang toan vi€t phuong trinh
mat phang theo doan chan. Nhu vay, can goi cac diém
A(a;0;0); B(0;b;0); C(0;0;¢) (tlry theo dé bai c6 cac diéu
kién a, b, c). D&i v6i bai nay thi a,b,c¢ > 0. Khi d6 mat phang

Yy

o / X Z ~ \ A .
can tim c6 dang _+E+_=1' Do M thudc va (P) nén co
a c

1 + % A 1. PBay chinh 1a diéu kién cta bai toan. Tiép theo
a c

lai c6 thé tich ti dién OABC bang %OA.OB.OC = % .Khi @6

yéu cau bai toan twong duong vdi tim gia tri nhd nhat caa
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biéu thirc P =abc sao cho 1+%+é:1 va a,b,c>0.Dén day
a c

chuyén vé bai toan bat dang thitc ma da hoc trudc day.
Thong thuong dung bat dang thiic Cauchy.

Gidi:
Gia st A(a;0;0); B(0;b;0); C(0;0;c) v6i a,b,c>0. Khi
d6 mat phang (P) la

LA

a b ¢

Do M thudc (P) nén ta co 1+z+é=1.
a b c

Thé tich tt dién OABC la: V.

onpc = —=abc.

Theo bat déng thitc Cauchy

124

1==+= —>3 c>abC>216

:>VOABC_2;6—36 daubangxay rakh1:l % % %
Giai dwgc a=3;b=6;c=12.

Vay phuong trinh mit phéng can tim la:
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Trong khong gian véi hé truc toa do Oxyz, cho diém
M (1; 2; 3). Mat ph:fmg (P) diqua M va cit cac truc Ox, Oy,
9 N 4 N 1
OA*> OB* OcC?
gid tri nho nhat. Khi d6 vecto phap tuyén ctia mat phang

la:

Oz tai cac diém A, B, Csaocho T = dat

A. n=(18;9;6) B. n=(2;3;6)
C. n=(9;6;18) D. n=(3;2;6)

Gia st A(a;O;O); B(O;b;O); C(O;O,'c) voi a,b,c>0.
Khi d6 mat phang (P) la:

LA
a b c
R A ,1 23
Do M thudc (P) néntaco —+—+—=1 (*).
a b ¢
9 4 1
e
Theo bat dang thitc B.C.S:

1=1.§+z+3.1£ 1+1+9 2+i+l
3a b ¢ 9 a b

:Tzi,dé'ubéngxéyrakhi a_b_
91 9 2

I
~~

38 19

<
3
VR 19
Thé vao (*) ta dwoc t=?. Suy ra a=19;b=?;c=—

Vay phuong trinh mét phang can tim la:
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(P): 22+ 2Y 32 1 18v+9y +62-38 =0
19 38 19

Trong khong gian v6i hé truc toa do Oxyz, cho sau diém
A(a;O;O); B(O;b;O); C(O;O;c); A’=(a';0;0); B’=(O;b’;0);
C'= (O;O;c') théa man aad' =bb'=cc'#0; a=#a, bzl,
¢ #¢'. Khang dinh nao sau day la dting?

A. d(0;(ABC))=d(0;(A'BC'))

B VOABC VOABC

C.Chic6 4 diém A, A',B,C cung thudc mot mat cau.
D. Ton tai mat cau di qua 6 diém trén.

Giai:
7.0 1
Tacod Vi, = 6abc Voupe ==ab'c
V abc
Suy ra —245¢ = .
a'b'c’
OA'B'C’
A LA abc t°
Ttr diéu kién aa' =bb' =cc' =t = = .
11,0 1 r2 12 12
ab'c b"c
Tt d6 suy ra duoc V,,,. c6 thé khac V.. LoaiB.

Phuong trinh mit phang (ABC ) la:

E+%+E =1 hay bex+acy+abz—abc =0
a c

Phuong trinh mat phang (A'B'C ') la:

ﬁ! + % + 3, =1 hay b'cx+a'cy+a'b'z—a'b'c =0

a c
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‘abc‘
d(O;| ABC))=
(0:(45€) (@b +(bc)’ +(ca)’
4(0;(ABC)) = 2ve

Y@ +(pe) +(cay

Tuong tw loai A.

Gia s [ (x; y;z) la tam mat cau ngoai di qua 4 diém A,
A',B, C.Khi d6 ta co IA* =[A” =IB=IC
(x—a)2 +y’+2° :(x—a’)2 +y’+2°
& (x—a)2 +y’+z8 =x +(y—b)2 +2z°
(x—a) +y*+22 =2+ 7 +(z—c)
2ax+a’ =-2a'x+a"”

& 2ax+a’ =-2by+b°

2ax+a* =-2cz+c*

a+a b* +ad c? +aa
2 2b 2c
a+a b*+ad ¢ +ad
Suy ra [ ; ; .
2 2b 2c

Nhu vay ta da c6 4 diém cung thudc 1 mat cau.
Kiém tra xem B',C’ ¢ thudc mat cau trén khong?

B[+ 2+ aa' — b’ 2+ ¢ van' )
2 2b 2
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B = a+a 2+ b2+aa'_b, . c*+ad
2 2b 2c
(a+d 2+ b® —aa' . ¢’ +aa'
2 2b 2c

Suy ra IB=IB'= B’ thudc mat cau néi trén. Twong tw C’
Trong khong gian vdi hé truc toa do Oxyz, cho hinh chop
t gidc déu S.ABCD, biét S(3;2;4), B(1,2;3), D(3;0;3).
Goi I 1a tam mat cau ngoai tiép hinh chép S.ABCD. Mt
phang (a) chtta BI va song song vdi AC nhan vecto nao

sau day la vecto phap tuyén?

A. ;12(3,'4;—1) B. ;12(1;1;0)
C. n=(1-10) D. n=(3;54)

Goi H la tdm hinh vudng. Khi d6 H(2;1;3).
Ta c6 SH =(—1; —1;—1).

x=3+t
Phuong trinh duong thang SH 1a:dy =2+t
z=4+t

Ta co [ e SH nén I(3+t;2+t;4+t).

SI=(t;t;t), Bl =(t+2;t; +1).
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Do I la tam madt cau ngoai ti€p hinh choép tt giac déu

S.ABCDnén SI* = BI* & 3t* =(t+2) +£ +(t+1)’ @t:—%

Suy ra 1/71 =%§I=(7;—5;1).

Téi day, loai dwoc dap an B, C.
Do SH,BD c6 gi4 vudng géc véi AC nén
u, =| SH,BD |=-2(1;1;-2)

Suy ra n= [Z/TI,LT 9;-15; —12) )

2:| :(_
Vay VIPT la n=(3;5;4)

Trong khong gian Oxyz, cho diém A(a; 0,'0); B(O; b;O);
C(O;O;c) véia, b, c dwong thoa man a+b+c=4.Biéta, b,
c thay doi thi tam I mat cau ngoai tiép ti dién OABC thudc
mit phang (P) <8 dinh. Tinh khoang cach d tir diém
M(l; 1; —1) dén mat phéng (P) .

A.d=y3 B. d:ﬁ C. dzﬁ D.d=0
2 3
Phéin tich 1oi gidi: Dau tién phai tim duwoc tam cua mat
cau
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Gia st phuong trinh mat cau di qua 4 di€ém O(0;0;0);
A(a;O;O); B(O;b;O); C(O;O;c) c6 dang;:
(S):x* +y* +2° —2a'x—2b'y -2z =0

Tt d6 ta c6 hé

a=2
AE(S) a’—2a'a=0 2
Be(S) «4b* -20c=0< b':%
Ce(S) c>=2cc=0 L
2
abc) | Na* +b* +¢?
Suyral=|—;—;—| va Re ———.
222 2
Véi [ (x;y;z) bat ki la tam mat cau, ta ludn cod
a b c a+b+c
xzi;y:E;z:E:x+y+z= < x+y+z-2=0

Vay I ludn thudc mat phéng (P):x+y+z—2:0.
1e1-2) 3

AM(P)) = =3

Trong khong gian véi hé truc toa do Oxyz, cho ba diém
A(1,-2;1), B(0;2;-1), C(2;-3;1). Biém M thoa man
T = MA® - MB* + MC* dat gia tri nhé nhéat. Tinh gid tri ctia
biéu thite P =x3, +2y;, +3z3,

A. P=101 B. P=134 C.P=114 D. P=162
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Phan tich loi giai:
Gia st ta c6 diém I, khi do:

T=(ﬁ+ﬁ)2—(ﬁ+ﬁ)z+(ﬁ+f)z

= MI’+2MI(IA~IB+IC)+IA* ~IB* +IC’

Khi d¢, ta can chon diém I sao cho IA-IB+IC=0.

Nhu vay, T>IA* —IB*+IC* va dau bang “=" xay ra khi
M=I.

Tai sao lai chon diém I nhw vay? Li do ma chon don gian
la phai c6 duoc tich vo hudng Zﬁ(ﬁ ~IB+IC ) =0 ma diém
M can tim nén chi c6 thé chon diém I sao cho IA—IB+IC =0

Gia st I(x;y;z) thoa IA—IB+IC=0 nén 1(3;—7;3).

Vay diém M(3; —7;3) va P=134.

Luwu v: Khé khan cua bai nay la phdi nghi ra dwoc vi sao phai
chon diém I nhw vdy.

Trong khong gian v6i hé truc toa dd Oxyz, xét cac diém

A(0;0;1), B(m;0;0), C(0;1;0), D(1;1;1), véi m>0,n>0
théa man m+n=1.Biét rang khi m, n thay d6i, ton tai mot
mit cau tiép xtic vi mit phang (ABC) va di qua D. Tinh

béan kinh R ctia mét cau do.

V)

A. R=1 B.R:Q C.R== D.Rzﬁ

N
N

2
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Goi [ (a; b; c) va R Ian lwot la tAm va ban kinh mat cau cd

dinh. Khi 6, ta c6 1D =[(a=1) +(b-1) +(c=1)" =R ().
Phuong trinh mét phang (AB C ) la:
X Yy z

—+=+—==1 hay nx+my+mnz-mn=0
m n

. |na+mb+mnc—mn| |na+mb+mnc—mn
d(I;(ABC)) = T r—

<:>|na+mb+mnc—mn|=R(1—mn).

Voi n=1-m, tacd
<:>‘(1—m)a+mb+m(l—m)c—m(l—m)‘ =R(1—m(1—m))
<:>‘(1—c)m2 +(—a+b—c—1)m+a‘=R(1—m+m2) (1)
THI: (1)< (1-c)n +(-a+b—c—1)m+a=R(1-m+m’)

1-c=R a=R
S<i—a+b-c-1=—-R<<b=-R
a=R c=1-R

Khi do (*) < y2(R-1) +R* =R R=1.
TH1: Lam twong tw.

Trong khong gian v6i hé truc toa do Oxyz, cho mat phéng
(P): 3mx+5\1-m*y+4mz+20=0. Biét ring khi m thay
d6i trén doan [ -1;1] thi mt phang (P) ludn tiép xtic vdi
mot mat cau (S) cd dinh. Tim ban kinh mat cau doé.

A.R=y5 B.R=y3 C.R=2  D.R=4
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Giai:

Ta da biét mit phing (P): Ax+By+Cz+D=0 tiép xtic
voi mat cau (S) cO tAm I(a'b'c) va ban kinh R khi va chi khi
d(I;(P))=R hay A B Cet Dl p N véy, ta co:

VA? +B* +(C? '

Ta c6 VIPT 1= (3m; 51— ;4m) nén

| = Jom* +25(1-m?) +16m* =5
Do d6 ta can chon di€m I(a;b;c) sao cho
‘3ma+5m b+ dimz +2o‘ — k khong d6i.
Vay ta c6 0(0;0;0)
Khi &6 d(0;(P)) =% =4. Hay mit phéng (P) ti€p xtc
v6i mit cau (S) c6 tam O(0;0;0) va R=4.

Trong khong gian véi hé truc toa dd Oxyz, cho mit phang
(P): (1= )xc+2my +2(1+m* ) z+5m +4m+12=0. Biét
rdng khi m thay ddi thi mit phang (P) ludn tiép xtc voi
mot mat cau (S) cO dinh va tAm cta mat cau do6 thudc mat
phang (Q):2x-3y+z=0 . Tim ban kinh mit cau do.

A.Rz% B.R=y3 C.R=5 D.R=4

Giai:
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Véimdi I(x;y;z), ta co:
d(I;(P)): ‘(1—1112)x+2my+2(1+n12)z+5m2 +4m+12‘
\/(1—m2)2+4m2+4(1+m2)2
~ |m2 (—x+22+5)+2m(y+2)—x+22+12|
B \/g.(m2+1)

bé (P) ludn ti€p xuc voi mat (S) cO dinh thi d(I;(P)) =k

khong d6i. Nghia 1a tr va mau phai ti 1é véi nhau.

y+2=0 y=-2
Dodé y—x+2z+5 —x+2z+12<7 17
1 1 2

Do do I(—%;—Z;Zj. Mait khac Ie(Q) nén

—2.2—3.(—2)+z=0@z=11
2

Vay I = —z;—Z;ll va RzM
2 10

Trong khong gian véi hé toa do Oxyz, cho hai diém
A(6;-3;4); B(a;b;c). GoiM,N,P Ian luot la giao diém
cia duong thing AB véi cic mit phang toa do
(Oxy),(Oxz), (Oyz). Biét rang M,N,P nam trén doan AB
sao cho AM=MN=NP=PB. Tinh gia tri tong cua
a+b+c.

A. 11 B. 11 C.17 D. -17
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Giai:
Phwong trinh (Oxy) 1z=0, (Oyz) :x=0, (Oxz) :y=0
Gia st M(x,;9,;0), N(x;0:zy), P(0;,52,)-
Theo gia thiét ta c6 M la trung diém cua AN.
_o+x 3 4+2z,

Ty, TR0

=2x, =6+x;Y, =—%,’ZN =—4

3
Suy ra M(xM;—E;Oj,N(xN;O;—él).
Mat khéc ta c6 N 1a trung diém MP

Xy :%;Oz%;—élz%:ZxN =X,;Yp :%;zp =-8

Tt d6 suy ra duoc M(ZL;—%;OJ,N(Z;0;—4),P(0;%;—8J.
Lai c6 AB=2AN véi
AB=(a-6;b+3;c-4); AN =(—4;3;-8)

Suyra a=-2;b=3;c=-12.Vay a+b+c=-11.

Trong khong gian véi hé truc toa do Oxyz, cho t dién
ABCD c6nA(2;3;1),B(4;1,-2),C(6;3;7),D(1;,-2;2). Cac
mat phfmg chtta cac mat cua t& dién ABCD chia khong
gian Oxyz thanh s phan la:

A.9 B.12 C.15 D. 16

Giai:
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Ta c6 3 duong thang chia mit phang thanh 7 phan.

3 mat phang chia khéng gian thanh 8 phan, mt phang
thtt 4 cat 3 mat phang truede thanh 3 giao tuyén, 3 giao tuyén
nay chia mit phang thit 4 thanh 7 phan, mdi phan lai chia 1
phan ctia khong gian thanh 2 phan.

Vay 4 mit phang chia khong gian thanh 8+7 =15.

Trong khong gian véi hé truc toa do Oxyz, cho dwong
x+1 y-4 z-4
3 2 -

A(2;3;-4),B(4;6;-9) . Goi C, D la cac diém thay ddi trén

va cac diém

thang A

duwong théng A sao cho CD = \/ﬁ va mat cau ngi tiép ti
dién ABCD c6 thé tich 16n nhat. Khi d6 trung diém cua CD

A (79,64 102 p. (181 104 42
"135735" 35 ‘W57 57 5
c. |15 D. (2;2;3)

28 "14’ 28

Phan tich 10 gidi: Bai nay la mot bai kha la. Dé bai khong
dé cap dén duong cao cta ti dién. D€ lam dwgc bai nay can
nhd téi mot cong thitc da dwoc chitng minh ¢ trén la

v :%AB.CD.d(AB,CD).sin(AB,CD) (1) va mot cong thire

3V
dola r= % (2) (Cong thttc nay sé duoc chitng minh &
iy
cudi cau nay). Mot cong thirc ciing giap ich khong kém 1a
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1 N, . e
S ssc :E‘[AB, AC]‘ (3). Bai nay yéu cau hoc sinh nhéd nhiéu

cong thirc va can phai thao tac mot cdch nhanh va chinh xac.
Gidi:

Do C,D e A nén
C(-1+3t;4-2t;4—t);D(-1+3t,;4-2t,;4—t,)
AB=(2;3;-5); AC =(-3+3t,;1-2t,;8 - 1,);
AD=(-3+3t,;1-2t,;8~t,)
Ta co
CD?* =14=9(t,~t,) +4(t,~t,) +(t,~t,) =(t,~t,) =1
<t, =t +1 (dovai tro cta t ,t, nhu nhau)
V_16n nhat < r16n nhat
Tl cong thirc (1) thay V,,, khong doi.
Cong thirc s6 (2) thi r I16n nhat < Stp nho nhat.
Matkhac S, =S,,. +5,5p +Spcp +5
Do S,.;S

1_t2

BD BCD ADC

scos Sapc Khong doi nén can tim mincaa S,,. +S,,,

Supc+Sapp = %([AB’ AC]‘ + ‘[AB’ AD:”)

[AB,ACT = (29-13¢, ) +(1+13t, ) +(11-13t,)

[AB,AD]|= (2913, ) +(1+13t,  +(11-13t, )’

= \/(16—131‘1 ) +(14+13t ) +(2+13t,)
Voi t, =t +1.
Pit x=13t,. Khi d6
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£(x)=(29-x) +(14x) +(11-x)
(26 -x) +(14+x) +(2+)

= /3x2 —78x +963 + /32> + 456

f, (.X') _ 3x—-39 n 3x
J3x2—78x+963 /3% +456
13 1

f,(x):0<:>x=?:>t1=§.Véy 1(2;2;3).

Chitng minh Cong thitc s6 (2):
A

GoiI la tdm mdt cau ngi ti€p t& dién ABCD
Ta co:

VABCD = VIBCD + VIACD + VIABD + VIABC
1 1 1 1
= gr.SBCD + gr.SACD + gr.SABD + gr.SABC
1 1
= gr(sBCD + SABD + SACD + SABC) = gr'stp
— = 3VABCD
S

tp
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Mot cdch gidai khdc tham khdo tir gido vién khdc (Thay
V6 Quang Man)

Ha CH, DK vuodng goc voi AB. Cha y
V= lAB.CD.d(AB,CD).sin(AB, CD).
6

Twong tu cach xac dinh cac gia tri khong d6i va xac dinh
duoc thé tich t¢ dién ABCD 16n nhat < CH+DK nho nhat.

Dung hinh chit nhat CHKE.

Khi @6 ED = const,d (K ; ED) =const.

Dung tam gidc E’KD’ can tai E vaE'D'= ED. Dung tam
giac EKE” can tai K, khi d6 D’ la trung diém cua DE” va

DK+CH =DK+EK=DK+E'K>2KD'=D'K+EK

D&u bang xay ra khi KI 1 DE hay MP la doan vudng gdc

chung cua AB va CD. Suy ra M(2; 2;3) .Chon D

Trong khong gian Oxyz, cho mat cau (S) c6 phrong trinh

2 2 2 . x=1+t as 9
(x—l) +(y—2) +(z—3) =4 va d:qy=-mt ,véimla
z=(m-1)t
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tham s& thye . Gia st (P) va (P') 1a hai mt phang qua d,

tiép xuc vé6i (S) lan luot tai T va T". Khi m thay ddi, tinh

gia tri nho nhat ctia d6 dai doan thang TT’

AN up C.2 b, 211
5 3
Phén tich loi giai: Dé toan nay gay mot phan kho khan 6

phan suy nghi vé& hinh. Sau khi v& hinh dwoc thi can ¢§ gang
xac dinh cac gia tri khong d6i quy cac gid tri thay doi vé gia
tri khong doi.

Gidi:
Goi (1; 2; 3) , R=2 Tan lwot 1a tAm va ban kinh mét cau.
Goi E 1a diém nam trén duong d sao cho nam chung mét
phéng (OTT’) va thudc trung truc caa TT". Goi M la giao
diém cua TT va IE.
Dé dang chitng minh dwoc IE 1a trung tryc cta TT'. Tt

dé M la trung diém caa TT' . Lay D la hinh chiéu cua I trén
d.

Ta co:
2 2
o onr - o ITET _ 241 1T
IE IE
2 2
ST =165 1 g 1- 2
IE IE

TT' . <IE. . <E=D

Do Eed nén I(1+t,~—mt,-(m—1)t)
E:(t,-—mt—z;(m—l)t—3)
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d :IE=M,(A(1;O;O)ECI)

]
_\/4+9+(5m—2)2 _\/4+9+(5m—2)2
d)_\/1+m2+(m—1)2 N 2+2m-2m

i 25m* —20m+17
(Ld) =

<d,

2+2m* —2m
2_
Xét f(x)= 22X 2T oy pe R
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Vay chon dap an A

Trong khong gian véi hé truc toa d¢ Oxyz, cho cac diém
A (—1; 2;0), B(2; —3;2) . Goi (S) la mdt cau duwong kinh AB.

Ax, By 1a hai tiép tuyén ctia (S) va Ax L By.Goi M, N Ian
luot 1a diém di dong trén Ax,By sao cho duong thing
MNluén ti€p xtic v6i mit cau (S). Tinh gia tri cta
AM.BN .

A. AM.BN =19 B. AM.BN =18
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| c. AM.BN=38 D. AM.BN =48

Phén tich 15i gidi (Hinh ¢ dwéi): Nhic lai mot chut ly
thuyét vé tiép tuyén ctia mat cau:

“Néit diém A nam ngoai mat ciu S(O; R) thi qua A c6 v0 s6'
tiép tuyén voi mat ciu. Khi do:

(1) D¢ dai cic doan thing ndi A véi cic tiép diém déu bing
nhau.

(2) Tdp hop cic tiép diém la mot dwong tron nam trén mdt
ciu.”.

Nhu véy, d6i v6i bai nay, néu MN ti€p xtic véi () tai
diém C thi AM =MC;BN =NC. Khi d6 AM.BN = MC.NC
va AM+ BN =MN (chuyén hai doan théng roi rac vé doan
thang chung diém thi dé dang lam hon). Néu dé y thi ta c6
AM 1 BN,AM 1 AB nén AM L(ABN)= AM L AN . Nhu
vay dé tinh duoc tich AM.BN thi ap dung dinh ly Pythagore
cho tam gidc AMN la xong.

Gidi:

Goi I la tAm mit cau (S). MN ti€p xtc véi (S) tai C. Khi
d6 AM =MC,BN =NC.

Tacé AM L BN,AM 1 AB

= AM 1 (ABN)= AM L AN .

= MN? = AM” + AN? (dinh ly Pythagore trong AAMN))
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Mat khac, AN? = AB*>+BN? (do
BN la tiép tuyén nén BN L AB va
ap dung dinh ly Pythagore).

Do doé

MN? = AM? + AB* + BN? hay

(AM+BN) = AM? + BN*+ AB* " ’

AB?

M

< AB.BN =

Ta co
AB=(2;-5;2)= AB=+/38.
Vay AM.BN=19 (dép 4n A)

Trong khong gian véi hé truc toa dd Oxyz, cho hai mat cau
(S ) va §' ti€p xtc ngoai tai diém A(2; 1;1). Mobt tiét dién
chung ngoai ctia hai mit cau Ian luot ti€p xtic véi (S) tai

B(3; 1; —2) va tiép xuc voi (S’) tai C . Xac dinh toa d6 diém

C biét C ndm trén duong théng d:xT_lz%:il

A. (0;—1;1j B. c(z;l;—lj
33 3° 3

C. C(1;0;0) D. C(41;-1)
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Phin tich bai todn: Mot tinh chat ctt ¢ hinh hoc 16p 9
AB 1 AC . Néu nhé duogc tinh chat d¢ thi bai toan sé khong
con qua kho.

Giai:

Chting minh tinh chat da dé cap ¢ trén thong qua tinh
chdt 2 tiép tuyén cat nhau ciing 6 16p 9 thi o
ZADE = ZAFE=90° va EF,ED lan luot la duwong phan giac
cua 2 gbc ké bu LAEC, ZAEB nén ZDEF=90°. Tit d6 ADEF
la hinh ch nhatnén AB 1 AC

Ta co

A(2;1;1),B(3;1;,-2),C (3t + L;t;-t)
AB=(1,0;-3),AC=(3t-L;t-1;~t~1)
AB L AC & AB.AC=0

=C O;_—l;l
3°3

Chon cau A
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Trong khong gian véi hé truc toa do Oxyz, cho
A x-2 _y-1_z+3

2 2 -3
B(—2; —1;1). Goi C, D la hai diém phan biét di dong trén
duong thang A sao cho tAm mit ciu noi tiép it dién ABCD
luén nam trén tia Ox. Tinh d6 dai doan théng CD.

A.@ B. V17 c.@ D. V13

17 11

va hai diém A(1,-1-1),

Phan tich 16i gidi: Bai todn trén da c6 hai mgt phang hoan
toan xac dinh duoc la (ACD) va (BCD). Goi I la tam mat

cau tiép xtic voi tat ca cdc mat cua ti dién. Khi d6 dé dang
dp dung duoc diéu kién ti€p xtic d6i véi hai mat phang
(ACD) va (BCD). Két hop vdi di€m I thuc tia Ox nén sé
tim dwoc toa dO diém I va ban kinh mat cau do. Yéu cau bai
toan la tim do dai CD. Do d6 can xac dinh dwoc toa cac diém
C, D. Ta lai 4p dung diéu kién ti€p xtc d6i véi mat phang
(CAB) hay (DAB) d€ tim toa dd diém C, D. Nhic lai cach
viét phuong trinh mat phang chita duong thang A va qua
diém M khong thudc A:
X =x,+at
“Cho dwong thing A c6 phwong trinh {y = Yy, +bt; cho diém
z=2z,+ct

M (%, Y32y ) & A. Khi do cdc budc viet phiong trinh:

Budc 1: Ly diém A e A, tinh AM . Xdc dinh VTCP ciia A.
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Bubc 2: Tinh n=| AM,u|=(4;B;C). Diy chinl la VIPT

ctia mdt phing.

Budc 3: Viét phwong trinh mit phing qua M, nhin VIPT n
co dang A(x—xM)+B(y—yM)+C(x—xM):0 ”

Gidi:
Vi cach viét phuong trinh mat phang nhuw trén dwoc:

(ACD):2x+y+2z+1=0; (BCD):x+2y+2z+2=0.
Goi I(#;0;0)eOx . Khi d6

2t+1] |t+2] [t=1
—_——

d(I;(ACD))=d(1(BCD)) < 3 1

Do I thugc tia Ox nént>0. Do dé t=1.
Suy ra I1(1;0;0) va r=1.

Goi C(2t+2;2t+1;-3t-3)eA.
CA=(-2t-1,-2t-2;3t +2);
CB=(-2t-4;-2t-2;+3t +4).

Ta 6 n=| CA,CB | = (4t +4;5t +4;6t +6).
Phuong trinh mét phang (ABC) la:

(4t+4)(x—1)+(5t+4)(y+1)+(6t+6)(z+1)=0
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< (4t+4)x+(5t+4)y+(6t+6)z+7t+6=0.

|11t+10|

\/(41‘ +4) +(5t+4) +(6t+6)

=1

d(I;(ABC))=1<

11

6 5 9
Suy ra C(O,—l,O),D(— 111

1 1
2 2 2
Dods ch— |[L) +[6) (2] 317 .Chon C.
1) \11) "1 11

Trong khéng gian véi hé truc toa do Oxyz, cho diém
A(1;2;-3) va mit phang (P):2x+2y—-z+9=0. Dudng

j hodc nguoc lai.

thang d qua A c6 vecto chi phuong U= (3; 4; —4) cat (P) tai
diém B. Diém M thay ddi trong (P) sao cho M luén nhin

doan AB dwdi goc 90°. Khi do dai MB 16n nhét, duong
thang MB di qua diém nao trong cac diém dudi day?

A. H(-2;-1;3) B. I(-1,-2;3)
C. K(3;0;15) D. J(-3;2;7)
Phuong trinh dudng thingd: *— = ¥ 42 Z_+43.
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Do Bed nén B(3b+1;4b+2;-4b—3) ma Be(P) nén
b=-1.Suy ra B(-2;-2;1).

Goi A’ 1a hinh chiéu ctia A 1én mat phrfmg (P) .

x-1 y-2 z+3
2 2 -1

Khi d6 phuong trinh AA":
Va dé dang tim duoc toa do diém A'(—3; -2; —1).

Do M nhin AB dudi géc 90° nén MA® + MB* = AB”.

Mit khacta cd6 MA > AA’ (tinh chat canh goc vudng canh
huyén). Do d6 AB* = MA* + MB* > MB* + AA”.

Suy ra MB> < AB*> - AA” = A'B*.

Vay maxMB=A'B< M=A". Tt d6 viét dugc phuong
trinh va kiém tra xem diém nao thudc.

Trong khéng gian véi hé truc toa do Oxyz, cho diém
A(O; 0;4), diém M ndm trén mit phéng (Oxy) va M=0.
Goi D la hinh chiéu vudng goc ctia O 1én AM va E la trung
diém ctia OM. Biét duong thang DE ludn di qua tiép xtc
véi mot mat cau ¢d dinh. Tim ban kinh mét cau do.
A.R=2 B. R=1 C. R=4 D. R=+2

Phin tich loi gidi: Do cac diém A,D,M,E cung thudc

modt mit phiang (OAM) nén s& chuyén nhiing diém d6 vé

hinh hoc phang va chiing minh cac tinh chat d6 giong nhu
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trong hinh hoc phang triedc day da hoc. Ta c¢6 cac nhan dinh
sau:

* Tam gidc OAM
vuong tai O.

* O, Akhong d6i nén
goi I la trung diém OA thi
I cd dinh. Va D thudc mat
cau cd dinh duong tam I
va duong kinh OA.

* Tam giadc ODM
vuong tai D va E la trung  © E M
difm OM nén goc
ODE =DOE.

* Tam gidc OAD vudng tai D nén [A=10=ID=2
khong doi nén du dinh day chinh 1a ban kinh mat cau tiép
xuc voi DE. Nhu vay can phai chitng minh dwoc ID 1 DE.

Gidi:

Ban doc ty chitng minh cac nhan dinh 1, 2, 3 (theo thi te
trén. Bay gio chitng minh nhan dinh 4.

Ta c6 goc ODI =10D. Tt d6 suy ra

ZIDE = ZIDO+ ZODE = ZI0D+ #DOE = ZI0E = 90"

Suy ra ID L DE. Vay DE ludn tiép xtuc véi mdt cau cd
dinh tam I ban kinh bf?mg 2. Chon A.

Trong khong gian vdi hé truc toa d6 Oxyz, cho hai mat cau
(S,):x* +y* +2° +4x+2y+2=0

(S,): ¥ +y* +2* —2x—y-z=0
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Cat nhau theo giao tuyén la dudng tron (C) va ba diém
A(1;0;0), B(0;2;0), C(0;0;3).Hoi c6 tat ca bao nhiéu mit
cau tdm thudc mit phing chita duong tron (C) va tiép

xuc voi ba dwong duwong th:fmg AB, AC,BC.
A.1 B.2 C.4 D. vO sO

Phén tich 10i gidi: Nhu da biét, trong mat phang c6 4
duong tron ti€p xtc voi ba canh ciia mét tam giac. Va o day,
cling du doan rang sé c6 4 mit cau tiép xdc véi ba duong
thang d6.

Sau day, xin nhic mét s6 kién thirc vé van dé tap hop tam
cua mOt mat cau thdéa man diéu kién nao do.

Bdi todn 1. Tim tap hop tdm cdc méat cau ludn ludn chira
mot duong tron ¢6 dinh cho trude.

Giai. Gia sit duong tron cd dinh (C) tam I ban kinh 7 nam
trén mat phang (P ) . Xét duong thang d qua I va vudng goc
véi mat phang (P) Duong thing d duoc goi la truc cta
duong tron. Gia st O la tam cua mat cau (S) chtta duong
tron (C ) thi O cach déu moi diém cua (C ) Vi vay chéan
duong vudng géc ha tir O xudng mat phang (P) chinhla tam
I cta (C). Diéu d6 xay ra khi va chi khi diém Oed.
K&t ludn: Tap hop tdm cdc mat cau ludn ludn chira mot
duong tron ¢8 dinh cho trudc 1a duwong thing d vudng goc
v6i mat phang chita dueong tron tai tim ctia né.

Bai toan 2. Tim tap hop tam nhitng mat cau ludn cung
tiép xuc véi ba canh cua mot tam giac cho trude.
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Giai. Gia st tam gidc ABC cho truedc ndm trong mat phang
(P). Mat cau (S) tiép xtic v6i ba canh ctia tam gidc ABC sé
giao v6i mat phang (P) theo mot duong tron tiép xuc voiba
canh ctia tam giac ABC, chinh la duwong tron noi tiép tam giac
ABC. Theo bai toan 1, tap hop tam cac mat cau ludn ti€p xuc
v6i ba canh cua tam gidc ABC la truc duong tron ndi tiép
tam gidc ABC.

Nhu vay, muén kiém tra xem c6 bao nhiéu mét cau co
tam thudc mat phang (P) va tiép xuc vdi ba canh thi ta can
xéac dinh rang c6 bao nhiéu diém I véi I 1a tAm mat cau do.
Va ta can xac dinh t6i 4 truong hop. Vi véi mot tam giac, ¢6
t6i 4 duong tron tiép xuc véi ba canh ctia mot tam giac.

Giai:
v 2 XYy z

Mat phang (ABC) la I+E+§:1 < 6x+3y+2z-1=0.

Goi (P) mat phang chita duong tron giao tuyén ctia hai
mit cau (S,),(S,).

Khi d6, tap hop cac diém trén mat phang (P) théa man
hé:

= 6x+3y+2z=0.
Xyt +z2-2x-y-z=0 Y

{xz +yP+27 +4x+2y+z=0
Vay phuong trinh mét phang (P) 16x+3y+2z=0.

Dé thdy (P) songsong vdi (ABC). Nhu vy, tng v6i moi

duong tiép xutc véi ba canh cua tam gidc ABC thi ta tim dugc
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duy nhdt mot tam mat cau. Vay c6 4 mat cau thoa man yéu

cau bai toan. Chon C.

Trong khong gian véi hé truc toa do Oxyz, cho t& dién
ABCD c6 toa do cac dinh Ian luot1a A(6;-1;1), B(4;0;-2),
C(5;1;-1),D(3;2;—6). Céc diém P,Q di chuyén trong
khong gian théa man PA=QB,PB=QC,PC=0QD,
PD =QA. Biét rang mat phang trung truc cia PQ luon di

qua diém X cd dinh. Vay X sé ndm trong mat phéng nao
dudi day ?
A. x-3y-3z-9=0 B. 3x-y+3z-3=0
C. 3x-3y+z-6=0 D. 2x+2y—-6z+39=0
Vi Iy do dé lam sai dap dn nén chiing t6i da sira lai cic diém
A, B, C, D sao cho phit hgp véi ddp dn va co chiit thay déi dap dn.
Phan tich dé bai: Mat phang trung triec ctia PQ, diéu nay sé
giup lién twdng t6i trung diém cua doan PQ. Ngoai ra dé€ cd

thé lam duoc cau nay can nhé t6i PQ* =PQ’
Gidi
Goil la trung diém caa PQ .
Goi G la trong tam tt dién ABCD nén G(%;%;—ZJ.

Ta co:
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PA=QB,PB=QC,PC=0QD,PD=QA

—2 —2 —2 —2 —2 ——2 —2 —2
—PA =QB ;PB =QC ;PC =QD ;PD =QA
— PA —QA +PB —QB +PC -QC +PD -QD =0
— 2 AI.PQ+2BI.PQ+2CI.PQ+2DI.PQ =0
= 8IG.PQ=0=IG L PQ

Vay G la diém c6 dinh ma mat phéng trung truc PQ di
qua. Thay vao cac dap an thdy dép an A thoa.

Trong khong gian véi hé truc toa do Oxyz, cho phuong
trinh ba mit phang lan luot la: (P):x—2y+z-1=0,
(Q):x—2y+z+8=0; (R):x—2y+z-4=0. Mot duong
thang thay ddi cit ba mat phing (P),(Q).(R) Tan luot tai
ba diém A, B, C. Tim gid tri nhd nhét cua biéu thirc

T =AB>+ ey
AC
A. minT =723/3 B. minT = 5432
C. minT =108 D. minT = 723/1

Phén tich 1oi gidgi: Dé thay ba mit phang (P),(Q),(R)
song song v&i nhau. Mot duong thang d cat ca ba mét tai ba
diém A, B, C nén ta nghi dén mot kién thiée ct: “Pinh lij
Thales trong khdng gian”. Dinh ly phat biéu nhu sau:

“Ba mt phing doi mot song song chin ra trén hai cit tuyén
biit ki trén cdc dogn thing twong ing ti 1¢. Nghia la, néu ba mit
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phing doi mot song song (P),(Q),(R) cit cdc dwong thing a,a’
lan lwot tai A, B, Cva A',B',C’ thi AB = BC = cA 7,

A'B" B'C' CA

Nhan tién, nhac lai “Dinh lij Thales ddo”. Dinh 1y phat
biéu nhu sau:

“Gid st trén cdc dwong thing chéo nhau a va a' lin luot 13y
AB _ BC _ A . Khi dé,
A'B" B'C' CA
ba dwong thing AA',BB',CC' Tin luot nam trén ba mit phing

cicdiém A,B,C va A',B'C’ sao cho

song song, tirc la chiing song song véi cung mot mdt phang.”

Nhuw vay, véi kién thic trén, ta sé ap dung nhu thé nao?
Yéu cau bai todn, tim gia tri nho nhat cua biéu thirc. Ta sé
nghi dén viéc dung bat dang thiic d€ giai. Chang han nhuw
dung bat dang thitc Cauchy. Néu ap dung bat dang thitc nay
thi can phai dwa vé vé cung an 1a AB hodc AC. Do d¢, ap
dung dinh ly Thales d€ c6 thé biéu dién AB theo AC hoéc
nguoc lai. Néu vay, can phai xac dinh duong duong théng
d' cit ba mat phéng (P),(Q),(R) sao cho co duoc ti 1é.
Duong d6 chinh la duwong thang vudng goc voi ca ba mat
phéang d6. Vi sao lai vay? Do khoang cach giita hai mat phang
song song, ta c6 thé tinh duoc cac khoang cach chinh la doan
giao diém ctia hai mat phang véi duong thang vudng géc do.
Ttr d6 &ap dung dinh ly Thales duoc.

Gidi:

Gitt st d' cat ba mat phang (P),(Q),(R) lan lwot tai
A',B',C". Khi d6 theo dinh ly Thales c6

AB AC A'C’

hay AC=

=— AB.
A'B AC A'B’
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Lay M(0;0;1). Tix d6 6
1+8 9
A'B' =d(M, - -2
(M.(Q)) 1+4+1 6
1-4 3

A'C'=d(M;(R))= =

Ji+4+1 6

Suy ra AC:%AB. Va

T=AB? Jr%#ua2 +@—A32 216+ 216
AC AB AB AB
> 3?JAB2 216 216 _ =33/216% =108
AB AB

Trong khong gian vdi hé truc toa dd Oxyz, cho toa d6 diém
A(1,0;2),B(-2;0;5),C(0;-1;7) . Mot diém S di dong trén

duong thang d vuéng géc véi mit phang (ABC ) tai A. Goi
D,E Tan luot 1a hinh chiéu ctia A trén SB,SC. Biét r?mg khi
S di dong trén d thi duong thang DE ludn di qua 1 diém F
c6 dinh. Tinh khodng cach tt F dén mit phéang
(P):x+2y+2z-9=0

A.6 B.3 C.4 D.5

Phén tich bai todn: Do néu diém cd dinh thi nam trong

mat day vi day la mét da ¢6 dinh va DE hudng xudng nén
du doan F la giao diém cua ti€p tuyén tai A cia duong trong
tam tam giac ABC va BC.

Giai:
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Tac6: AB=(-3,0,3),AC =(~1,-1;5),BC=(2;-12).

Kiém tra duoc tam giac ABC vudng tai B

Chiing minh dwoc AD L (SBC); BC L(SAB),AF 1 (SAC)

Goi D' la giao di€ém cta EF va
SB. Do  BCLl(SAB) nén
BC L AD'(1)

Do SC L AE,AF 1.SC
= SC L (AEF)=SC L AD'(2)

Tt (1) va (2) suy ra duwgc D' la
hinh chiéu cta A 1én mat (S BC ) ma

D ciling 1a hinh chi€u ctia A 1én mat
(SBC) nén D tring D'. Vay da c6 dugc diém F.
x=-2+2t
Phuong trinh duong thang BC:{y =0t
z=5+2t

Do FeBC nén F(-2+2t;—t;5+2t)
Laico AF.AC=0 > (~1).(2t-3)+(~1)(~t)+5.(2t+3)=0
©t="2=F(-6;21) vad =3 .VaychonB.

Trong khong gian v6i hé truc toa do Oxyz, cho mat phéng
(P) :x—2y+2z—-3=0 va mat cau
(S):x? +y* +2> +2x -4y —2z+5=0.
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Gia sit diém M e (P) va N e (S) sao cho vecto MN cung
phuong vdi vecto 1= (1; 0; 1) va khoang cach gitta M va N
16n nhat. Tinh MN.

A. MN =3 B. MN =1+22
C. MN =32 D. MN =14

Phin tich 10i gidi: Nhan thay géc gitta mat phang (P) va

duong thang MN bang 45° khong ddi. Hay néi cach khéc,
goi H 1a hinh chiu cia N lén mit phang (P) thi géc
NH
sin 45"
dé dan dén MN 16n nhat khi va chi khi NH 16n nhat. NH 16n
nhadt khi va chi khi NH di qua tdm mat cau. Nhu vay, hoan

toan tinh dwoc NH va suy ra MN = NH 2 1a xong.

- NH+2 . Do

NMH =45° khong d6i. Khi d6 MN =

Mt cau (S) o6 tam I(-1;2;1) vaban kinh R=1.
Mt cau (S) c6 tam I(-1;2;1) va ban kinh R=1.
Ta c6 d(I,(P))=2.Suy ra NH=NI+d(I,(P))=3.

Vay MN = NH+2 =32
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Trong khong gian vdi hé truc toa dd Oxyz, cho toa do diém
x=0

A(0;0;2) va dudng thang A:qy=t . Goi M la mot diém
z=2

di dong trén truc hoanh, N 1a mot diém di dong trén A sao
cho OM+ AN =MN . Khi d6 MN ludn tiép xtc véi mot
cau cd dinh c6 ban kinh bang bao nhiéu?

A.Rzﬁ B. R—+ C. R=1 D_Rzﬂ
2 2 2

Phdn tich bai toan: Cach thic chon tam da néu ¢ cau 10,

chuyén dé nay.
Gidgi:
Goi M(m;0;0),N(0;n;2)
|| =N 1 7+ 4 ] = 2.
Xét diém 1(0;0;1).
Ta co:

MN = (—m; n;2),m = (O;n;l) = [W,N} = (—n; m; —mn)

\/m2n2 +m* +n?
Ja+m? +n?

bé va dap an thuc hién boi Thay Doan Tri Ding

=1

= d(I;MN)=
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PHAN III: MOT SO BAI TAP TU LUYEN

Bai 1. Trong khong gian v6i hé toa do Oxyz, cho hai diém A,
B lan luot ndm trén céc tia Ox, Oy. C6 bao nhiéu diém M
trong khong gian thoa man MA* + MB> < MO” .

A.1 B.2 C.5 D. V6 s0
Bai 2. Trong khong gian v6i hé toa do Oxyz, cho ba diém
A,B,C di dong trén cac tia Ox, Oy, Oz sao cho
L ! L = L . Biét rang mat phang (ABC ) ludn di
0OA OB oCc 2017
qua diém c6 dinh M(m; n;p) . Gia tri cua biéu thtec m+n—p
la:

A. 2017 B. 2016 C. 2015 D. 2018
Bai 3. Trong khong gian voi hé truc toa do Oxyz, cho mat
phéang (S):(x—l)2 +y° +(z+1)2 =861 va ba diém A(l;l;l),
B(-1;2;0), C(3;-1;2) . Goi diém M(a;b;c) thudc (S) sao

cho 2MA? —-7MB* +4MC? dat gia tri nho nhat. Khi d6 tong
gid tri a+b+c bang;

A.8 B.5 C.3 D. -5
Bai 4. Trong khong gian véi hé toa d6 Oxyz, cho dwong thang
d: X 11 % =Z;22 va cac diém  A(1;0;0),B(2;-1;2),
C (—1; 1; 3) . Goi (S) la mt cau c6 tim nam trén duong thang
d va cat mit phang (ABC ) theo giao tuyén la duwong tron c6

ban kinh nho nhat ? Chon dép 4n ding
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A.R,=2 B.R,=5 CR_=y3 D.R, =4
Bai 5. Trong khong gian véi hé toa do Oxyz, cho mat cau
(S) : (x—2)2 +(y+1)2 +(z—3)2 =9 va mat phang
(P) :2x+2y-z+16=0. Hai diém M, N di ddng trén (P) va
(P) . Do dai nho nhat ciia doan MN bang ?

A.2 B.3 C.4 D.5
Bai 6. Cho hinh nén tron xoay ¢ ti 1é ban kinh day va chiéu
cao la 3:4 noi ti€p mot hinh chop cho trude, dinh cua hinh
chép va hinh nén trung nhau. Goi V,,V, Ian luot 1a thé tich
cua khai chop va khoi non doé. Gia st ton tai mot khoi cau co
thé tich la V, sao cho hinh chép da cho ngoai tiép khéi cau
nay. Khi dé V, : V, : V, 1a bao nhiéu ? Biét réng dién tich toan

phén cta hinh chép 1a 37h* (h 1a chiéu cao ctia hinh ndn tron

xoay)
A.12:8:3 B. 12:8:5
C.16:8:3 D. 16:8:5

Bai 7. Cho lang tru ding ABC.A’B’C’ ¢6 day la tam giac déu
c6 canh 1a 5, chiéu cao bang 5 . Diém M thay d6i trén doan
AB’ sao cho mit phang qua M va vudng géc véi AB cat doan

BC’ tai N. X4c dinh ti sO AM

sao cho gid tri biéu thtc:

2 2

A];I + MN nhod nhat.

A7 B.2 c 2 D. L
9 7 16 16
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Bai 8. Cho hinh chép S.ABC c6 mat day la tam giac déu canh
a va hinh chiu ctia S 1én mat phing (ABC) la diém H nim

trong tam giac ABC sao cho
ZAHB = ZBHC = ZCHA =120°, ZCHA =90°. Biét tong dién
tich madt cau ngoai tiép cua 4&c hinh chdp

S.HAB,S.HBC,S.HCA la % za® .Tinh theo a thé tich khé&i chép

S.ABC.
3 3 3 3
AL B. L c. L D. L
2 6 3 4

Bai 9. Trén duong thang Ax vudng goc v6i mit phang chia
hinh vudéng ABCD c6 canhlaa vatam O . Ldy diém S di dong.
Goi H 1a hinh chiéu ctia A 1én canh SB.Goi O’ la diém d6i
xtng cta tam O qua cac canh AB. Biét khi S di dong trén Ax
thi duwong thang O’H luon tiép xtic véi mot mat cau ¢ dinh.
Tinh thé tich cua khai cau do.
2a°x N wa’ 23
. C. — D.
3 3 3 3

B
Bai 10. Trong khong gian véi hé truc toa do Oxyz , cho ¢6
A(4;0;0),B(0;0;m),C(2,4,0)(meR). Goi D la hinh chiéu
vudng goc ctia O 1én duong thang AB. Biét rang c6 mot mat
cau ludn ludn tiép xtc véi duong thang CD tai diém D. Tinh
ban kinh mat cau dé.
A3 B. 5 C. V7 D. 3

Bai 11. Trong khong gian voi hé truc toa do Oxyz , cho lang
tru dung ABC.A'B'C’ 6 A(a;0;0),B(-a;0;0), C(0;-1;0)

A.
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a,b>0
a+b=4"
duong thang B'C va AC' la:

B'(-a;0;b) voi { Khoang cach 16n nhdt gitta 2

2

A1 B.2 C.\2 D. >
Bai 12. Cho «cic s0 thuc abc thdéa man
|c|£1, a—b+c|£1, a+b+c|£1 . Tim tat ca ca gia tri thuc cta

tham s8 m d€ ham 3 f(x)=6x+ m<2ax3 +3bx* + 6cx) dong

bién trén [—1,1].

A. -1<m<1 B._—nggE
4 4

C.jSmgﬂ D._—lsms1
5 5 2 2

Bai 13. Trong khong gian hé toa dd Ouxyz, cho diém
A(4; —4; 2) va mat phéng(P) :2x—2y+z=0 .Goi M la di€ém
ndm trong (P),N la trung diém cua OM, H la hinh chiéu
vuong goc ctia O 1én AM. Biét rang khi M thay d6i thi duong
théng HN ludn tiép xtc véi mot mat cau ¢d dinh. Tinh ban R
cula mat cau do.

A.R=23 B.R=3 C.R=3J2 D.R=6

Bai 14. Trong khong gian hé toa do Oxyz, cho mit phang
(P):2x-2y+z+15=0 .Goi M la diém di dong trén (P),Nla
diém thudc tia OM, sao cho OM.ON =10. Héi khoang cach
tir N dén mit phing (P) c6 gié tri nho nhét 1a?

A. 4 B.5 C.2 D.3
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Bai 15. Trong khong gian hé toa d6 Oxyz, cho mét cau
(S):x* +y* +2* —2(m—-1)x+2(1-m)y+2z-5=0. Biét rang
khi m thay d6i thi mat cau (S) ludn chira mot dwog tron (C )
c6 dinh. Tim ban kinh r cua dwong tron (C )

A.T:\/; B.r:\/E C.r=1 D.r:\/g

Bai 16. Trong khong gian hé toa d0 Oxyz, cho hai diém
A(-1;2;0),B(2;-3;2). Goi (S)1a mat cau dwong kinh AB va
Ax la tiép tuyén ctia (S)tai A, By la ti€p tuyén cua (S) tai B
va Ax 1 By . Hai diém M,N lan luot di dong trén Ax,By sao
cho MN 1 ti€p tuyén ctia (S). Hoi tir dién AMBN c6 dién tich
toan phan nho nhatla ?

A. 1943 B. 19(& +J§)
C. 19(2+J§) D. 19(2+J€)

Bai 17. Trong khong gian hé toa d¢ Oxyz, cho hai diém
A(O; -3; O) , B(O; 0; 2)Vé hai diém CD di dong trén truc Ox sao
cho CD =+/13. Tinh thé tich khéi t& dién ABCD ?
A.V=\13 B.V=6/13 C. V=13 D.Vv=2J13
Bai 18. Trong khong gian hé toa d0 Oxyz, cho ba diém
5(0;0;3),A(-2;0;0),B(2;0;0)va cac di€ém C,D di dogn trén
mat Oxy sao cho ABCD la mot tit giac 16i c6 chu vi bang 36.
Céac mat (SAD),(SCD),(SBC) cling tao v6i mat phang Oxy
goc 60° . Tinh thé tich khoi chop S.ABCD.
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A. 183 B. 48 C. 163 D. 54
Bai 19. Trong khong gian hé toa d0 Ouxyz, cho ba diém
A(0;1;1),B(-1,-2;-3),C(1;0;-3). Goi D la diém di dong
trén mat cau (S) :x? +y?+27 —2x—2z-2=0 . Hoi gid tri I6n
nhat cua thé tich khoi tir dién ABCD 1a ?
A. % B. % C. @ D. @
3 3 3 3
Bai 20. Trong khong gian hé toa do Oxyz, cho hai duong
7 -1 —
thang d, :fzy—:z,d2 :x—lzz: z+2
2 -1 1 1 2
vuong goc d,, cit truc Oz tai A va cit d,tai B. Hoi do dai nho
nhat ctia doan AB ?

. Mt phang (P)

24
A 2031 B. — c. 23 p, Y30
5 5 5 5
Bai 21. Cho x,y la cac s6 thuc duwong thoa xy =4,x > %,y >1.
Tim gia tri nhé nhat ctia biéu thac
2 2
A= (log2 x) +(log2 y —1) .
A. 3 B. 1 C. -11 D.5
4 2
, 3"
Bai 22. Cho ham s6 f(x)= x € R). Tinh
)52 lres)
S= f(sin? 0°)+ f(sin® 1°)+...+ f(sin’ 89°)+ £ (sin® 90°)
A. L B. 45 C.46 D. %
2 2
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Bai 23. Trong khong gian véi hé toa do Oxyz, cho mat cau
(S):(x—Z)ZnL(y—l)z+(z—1)2 =4. Mt phang (P) cat mat
C‘éu(S)theo thiét dién la duong tron lon va cit cac truc
Ox,Oy,Oz Tan luot tai cac diém A(a; 0;0), B(O; b;O), C(O; 0;3)
(2,b>0). Tinh tong T =a+b khi thé tich t& dién OABC dat
gia tri nho nhat.

A. T=18 B. T=9 C.T=11 D. T=3
Bai 23. Cho parabol (P) c6 dinh

I (—1,'0) va cat duong thang d tai
A(-2;1), B(1;4) nhu hinh vé bén
canh. Tinh dién tich hinh phéng
gidi han parabol (P)Vé duong

thang d.
9 13 5 21

A.S=2 B.S=— C.5=2 D.S==-
2 2 6 2

Bai 25. Trong khong gian hé toa d6 Oxyz, cho mit phang
(P):x+2y+2z+18=0 .Goi M la diém di chuyén trén(P); N

1a diém ndm trén tia OM sao cho OM.ON =24 . Tim gia tri
nho nhat cia khoang cach tir di€m N dén mit phang(P).

A. mind(N,(P))=2 B. mind(N,(P))=0
C. mind(N,(P))=4 D. mind(N,(P))=6
Bai 26. Trong khong gian hé toa d0 Oxyz, cho mdt cau
(S):(x—2)2+(y—1)2+(z—1)2=9Vé M(x,;y,;z,)€(S) sao
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cho A=x +2y +2z, dat gia tri nhd nhat. Tim tdng

X, +Y, +z,.
A.2 B. -1 C. -2 D.1
Bai 27. Cho ham s0 y = my3x+1-10 . Biéu dién tap hop
33x+1+1-m

cac gid tri ciia tham s6 dé ham sd nghich bién trén khoang
(0; 5) thanh dang (—oo;a)u[b;+oo). Tinh tong S=a+b.

A S=-1 B. 5=8 C.5=-8 D.S=1
Bai 28. Bi€t tap nghiém bat phuong trinh

log, (\/x2 +x+2 +1)+3Iog5 (x* +x+3)<4 1a (a,b).

Tinh 2a+b?

A.3 B.0 C.2 D. -3
Bai 29. Cho khdi hinh hop cht nhat ABCD.A'B'C'D’. Goi M
1a trung diém cta BB’ mit phing (MDC’) chia khéi hinh
hop chir nhat thanh hai khoi da dién, mot khéi chita dinh C
va mot khai chira dinh A'. Goi V,,V, lan luot la thé tich hai

khoi da dién chita C va A’. Tinh ti sO L

NRCUNEA NN A
vV, 8 v, v,

=W I\J<

p. LT
17 v,
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