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CHUYEN PE CUC TRI SO PHUC

1. MOT SO Vi DU MINH HOA

Vidy 1: [THPT Nguyén Khuyén] Xét s6 phitc z théa man 2|z - 1| + 3|z - i| <22, Ménh dé nao
duoi dday ding?

Ald>2. B. | <= ¢ Lep<2. D. 2 <|4|<2.
2 2 2 2
HUONG DAN GIAI

Cdach 1. Chon z=1.
Cadch 2.

242 2 20z-1|+ 3|z~ 1| =2(jz=1|+|z—i])+]z— 1| 22|z -1~ (z i) +|z
=2|i-1|+|z—1|=2v2 +|z- 12 22.

Dau " =" xay ra khi |z—i|=0 hay z=i3|z|:|i|=1.‘

Pt



Vidy2: [THPT Kim Lién-HN - 2017] Cho s6 phiic z théa man |z—2—3il =1. Tim gid tri I6n nhat
cia |z +1+1l.
A 6. B. V13 +1. C. \13+2. D. 4.
HUONG DAN GIAI

Dit w=Z+1+i.
Taco [z-2-3i| =1 [z-2-3]| =1 [F-2+3] =1 < [ +1+i-3+2i=1.
& |w-3+2i=1.

Ta c6: 1=[w—(3-2i)| > |w|[3-2i| < [w| <1413

:Max‘2+1+i‘=1+\/ﬁ.

Vidy 3: [THPT Hing Vuong-PT | Cho s6 phiic z théa man diéu kién |z—1|=|(1+1)z|. Pat

m = |z|, tim gid tri I6n nhdt cia m.
AL B.\2. C. 2-1. D. 2 +1.
HUONG DAN GIAI
yA

<V

bét z=x+1y véi x,yeR.
Taco [z-1=|(1+i)2] < |z=1|=[1+1] |-
<:>(x—1)2+y2 :2(x2+y2) s x+y*+2x-1=0.

= tap céc diém biéu dién z 13 dudng tron tam I(~1;0) vaban kinh R=+~/2.
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= Max|z|=OM, =0 +R=1++2.

Vidu4: [THPT chuyén Phan Boi Chiul Cho 6 phifc z théa min |z—2—3i|=1. Gid tri l6n nhat

cia ‘z+1+i‘ la.

A 4. B. 13 +1. c. J13+2. D. 6.
HUONG DAN GIAI
M2
M
H

Goi z=x+yi taco z—2—3i=x+yi—2—3i=x—2+(y—3)i.

Theo gia thiét (x —2)2 + ( y —3)2 =1 nén diém M biéu dién cho s6 phttc z nam trén duong

tron tam 1(2;3) ban kinh R=1.

Ta c6 ‘2+1+i‘:|x—yi+1+i|:‘x+1+(1—y)i‘:\/(x+1)2+(y—1)2 :

2

Goi M(x;y) va H(-1;1) thi HM =\/(x+1)2 +(y-1) .

Do M chay trén duong tron, H ¢d dinh nén MH 16n nhat khi M la giao ca HI véi duong

tron.

x=2+3t
Phuong trinh HI : { 340t giao cia HI va duong tron ting v6i ¢ thoa man:
y=o+

1 3 2 3 2
O’ +4t’ =1l t=+—— nén M| 2+—;3+— || M| 2——;3———|.
\13 en ( V13 \/13} [ \13 \/13}

Tinh 46 dai MH ta lay két qua HM =+/13+1.

Vidu5: [TT Hiéu Hoc Minh Chdul Cho s6 phiic z théa min z khong phdi sé thuc va w = e
+2z

la s6'thyc. Gid tri 16n nhat ciia biéu thiic P =|z+1-1| 1a.
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A 242, B. 242. C.8. D.\2.

HUONG DAN GIAI

Cach 1. Xét z =0 suy ra l=Z+g.GQi z=a+bi,b#0.
w z

1 2 2a 2
S —=z+—= +a|-b -1]i.
R z (112+b2 j (u2+b2 j

1 . 2 b=0
Vi — e R nén b£a2+b2 —1J:O®La2+b2:2 .

w
Suy ra tap hop diém biéu dién s8 phtic z trén mit phang Oxy 1a duong tron (C ) X +yt=2.

Xét diém A(-1;1) la diém biéu dién s3 phic z, =—1+i suy ra
P=MA=maxP=0A+r=22.

Vi r la ban kinh duong tron (C):x* +y° =2.

T @w(2+22)=z©zz—%z+2:0 (*) (*) la phwrong trinh bac hai véi hé

Cach2. w=

sO thuee [l € RJ . Vi z théa (*) nén z la nghiém phuong trinh (*) .Goi z,,z, 1a hai nghiém
w
cua (*) suyra z,.z, =2 = ‘zl.zz‘ =2 ‘zluzz‘ =2= ‘Z‘ =2. Suy ra

P:‘z+l—i‘£‘z‘+‘l—i‘=\/E+\/5=2\/5.Dé’ubfingxéyrakhi z=1-1.

2. PETULUYEN
PESO1
THOI GIAN LAM BAL: 60 PHUT
Caul: (S6 GD Can Tho-Dé 324-2018) Cho s6 phtrc z thoa man dong thoi hai diéu kién
‘Z —3—41" = \/g va biéu thitc M = ‘z+2‘2 —‘z—i‘z dat gia tri 16n nhat. Modun cua s6

phtic z—2—1 bang

A. 5. B.9. C. 25. D.5.

rvr [N



Cau2:  Chosd phtic z,,z, thoa man ‘21‘ = \/5 ,

Zz| =2 duoc bidu dién trong mit phang phtic

zZ,+2Z

1 2

l4n luot 1a cic diém M, N . Biét (OM, ﬁi) = %, tinh gid tri ctia biéu thirc

Z,-2

73 1

A. J/13. B. 1. c. Y2, D. ——.

2 V13

Cau3: (THTT - S6 484 - Thang 10 - 2017 - BTN) Cho s phtic z=a+bi (a,beR). Biét tap

2

hop cac diém A biéu dién hinh hoc s6 phtc z 1a duong tron (C ) co tam [ (4;3) va
ban kinh R=3.Ddt M la gia tri 16n nhat, m la gia tri nho nhét cia F=4a+3b-1.
Tinh gia tri M +m.

A . M+m=63. B. M+m=48. C. M+m=50. D.
M+m=41
1
Ciu4: (THPT Chuyén Lé Quy Pon - Q Tri - HKII) Cho s6 phttc z théaman z+—|=4. Tinh

z
gia tri 1on nhat cta |Z|
A. 2443, B. 4++/5. C. 4+4/3. D.2+45.

Cau 5: (THPT Chuyén Lé Quy Pon - Q Tri - HKII) Goi M va m 1a gia tri 16n nhat, nho nhat

cua modun s phitc z thoa man |z—1|=2 .Tinh M +m.
A. 3. B. 2. C. 4. D. 5.

Cau6:  [THPT Ha Huy Tap - 2017] Cho s6 phtic z thdéa man |z - 1| = lz - i| . Tim m6 dun nho

nhat ctia s6 phttcw =2z +2 —1.

A.&. B.2. C.32. D>
2 2 22

Cau7: [THPT TH Cao Nguyén - 2017] Cho cac s6 phttc z, =3i, z, =-1-3i, z, =m—2i.

Tap gia tri tham s6 m dé s6 phitc z, c6 médun nho nhat trong 3 sd phitc da cho la.
A. (—\/g,\/g) B. (—oo;_JE)u(JE;+oo).
C. [_\/E\/E} D. {_\/E\/g}

Cau 8: (Chuyén Quang Trung - Binh Phudc) Cho s6 phtic z thdéa man |z —2i| < |z - 4i| va

|z—3-3i|=1. Gia trj 16n nhat cta biéu thirc P =|z-2| la:
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Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

A 13 +1. B. V10 +1. C. 13, D. \10.

(Chuyén Quang Trung - Binh Phwéc) Trong tap hop cac s6 phitc, goi z,, z, langhiém
2017

ctia phuong trinh z° —z+ =0, vdi z, c6 thanh phan ao duwong. Cho s6 phitc z

thoa man |z —z,|=1. Gi4 tri nho nhat ctia P =z -z, Ia

A. 2016 1. B. —“20127_1 . C. —“20126_1. D. 2017 -1.

(THPT Chuyén Ha Long - Quang Ninh) Cho cac s6 phttc z, =-2+1i, z, =2+1 vasd
phtic z thay d6i thoa man ‘z—zl‘z +‘z —22‘2 =16.Goi M va m lan luot la gia tri 16n
nhat va gia tri nho nhat ctia |2|. Gi tri biéu thite M* —m7” bang
A. 15 B. 7 C. 11 D. 8

(Chuyén KHTN - Lan 3) Cho s phttc z thoa man |22 —3-4i|=10.Goi M va m lan
luot 12 gia trj 16n nhat va gia tri nho nhat ctia |z|. Khi d6 M —m bang.

A.5. B. 15. C. 10. D. 20.

(THPT Kinh Mén - Hai Duwong) Cho hai s6 phtic z,z, thoa man

|z, +5|=5, |z, +1-3i|= |z, —3—6i|. Gié tri nho nhat ctia |z, - z, | la:
A2 B. . cl D. 2
2 2 2 2

(THPT Thing Long - Ha Ngi - Lan 2) Cho z la sd phtc thay ddi thoa man
‘(1+i)z+2—i‘ =4 va M(x;y) la diém biéu dién cho z trong mat phang phtic. Tim

gia tri 1on nhat ctia biéu thic T = |x +y+ 3| .
A 4+2V2. B. 8. C. 4. D. 4/2.
(THPT Chuyén Quéc Hoc Hué - Lan 2) Cho s phitc z=x+1yi voi x,y €R thoa

man |z —1—i| >1 va ‘2—3—31" < \/g Goim, M Tan lugt la gia tri nho nhat va gia tri

, e , .|
16n nhat ctia biéu thtec P = x + Zy .Tinh ti s6 —.
m

A.

| \©

B.L. c.
2

| Ot
vl
|




-

Cau15: (S& GD va DT Can Tho) Cho s8 phtic z thoa man |z|=1. Gia tri 16n nhét cua bidu

thirc P=|1+z|+2|1—z| bang

A5, B. 61/5. C. 245. D. 45.
<+ DAP AN CHI TIET DE 5O 1
CAUL:
Loi giai
Chon D
bat z=x+yi, (Vx, yeR) :>‘z—3—4i‘=\/g <:>(x—3)2+(y—4)2 =5 (1)
Ta cé: M:‘z+2‘2—‘z—i‘2 :(x+2)2+y2—xz—(y—1)2 =4x+2y+3
:4(x—3)+2(y—4)+23S@\/(x—3)2+(y—4)2 +23=33.
D&u " =" xay ra khi chi khi x=3_4 kéthop voi (1) suy ra X=Yy=5=z=5+5 _
y—-4 2 x=1,y=3=z=1+3i
Thirlaitacé M, =33 < z=5+5i =|z—2—i|=5.
CAU2:
Loi giai
Chon B
P
y
N
M
o X

Dung hinh binh hanh OMPN trong mit phang phtic, khi d6 biéu dién cua :

Py



CAU 3:

CAU 4:

CAU 5:

vz =0 _ [lvs) =l el 2l feos(150) -1
‘21 —zz‘:MN

hqu:wqrﬂ@r—ﬂ;WJam@W)zl

Zl+Z2|_‘Zl+22‘ _

S —

Loi giai
Chen B.

Céch 1. Ta ¢6 phuong trinh duong tron (C): (x—4)” +(y—3)" =9.

Do diém A nim trén dudng tron (C) nén tacé (a—4) +(b-3) =9.

Mitkhac F=4a+3b-1=4(a-4)+3(b-3)+24 < F-24=4(a—4)+3(b-3).
Tacs [4(a-4)+3(b-3)] <(42+3%)|(a-4)"+(b-3) | =25.9-255.

= -15<4(a-4)+3(b-3)<15 < -15<F-24<15<9<F<39.

Khi d6 M =39, m=9.
Vay M+m=48.

Cach2.Tacdé F=4a+3b-1=a= F+1-3b

2
(a—4)" +(b-3) :9:(“1“%—4) +b?-6b+9=9
4
< 25b° —2(3F+3)b+F* +225=0
A'=(3F +3) ~25F 5625
A'20&-16F? +18F 562520 <9 < F<39.

Loi giai
Chon D
'h@z+%2M—%@4ﬂdj%:hﬁ2ﬂﬁ.
Loi giai
Chon C

e [N



CAU 6:

CAU7:

CAU 8&:

-

Goi z=x+yi duocbidu dién boi diém M (x;y). Khi dé6 OM =|z|.

2-1=2 o (x-1) +17 =2 < (x=1) +y>=4(1). Ching t6 M thudc dudng
tron (C) c6 phuong trinh (1), tam I(1;0), ban kinh R=2.

Yéu cau bai toan <> M &(C) sao cho OM 1én nhat, nho nhat.

Ta ¢4 OI=1 nén diém O nam trong duong tron = R-OI<OM<OI+R <
1<OM<3.

Dodé M=3vam=1.

Vay M+m=4.

Loi giai
Chon A

Giastr z=a+bi=>Z =a—bi . Khid6 |z—1|=|z-i| & |a—1+bi|=|a+(b-1)i].
= (a-1) +0* =@ +(b-1) < a-b=0.

Khidé w=2z+2-i=2(a+ai)+2-i=(2a+2)+i(a-1).

:>|w|:\/(2a+2)2 +(2a-1)" =/8a% +4a+5 2#.

Loi giai
Chon A
M Taco: |z,]=3, |2,| =10, |z,|=Vi? +4.

M Dé s6 phitc z, c6 mddun nho nhat trong 3 s6 phttc da cho thi

Jm?+4 <3< 5 <m<+l5.

Loi giai

e [N



Goi M(x;y) 1a diém biéu dién s8 phtic z ta co: |z —2i| < |z —4i|
=35 +(y—2)2 <x? +(y—4)2
< y<3;|z-3-3i=1 < diém M nim trén duong tron tim I(3;3) va ban kinh

bang 1. Biéu thitc P = |z - 2| =AM trong d6 A (2; O) , theo hinh vé thi gid tri 16n nhat

cia P =|z-2| dat dugc khi M(4;3) nén maxP = (4-2)" +(3-0)" =13

CAU9:
Loi giai
Chon A
Xét phuwong trinh z° —z + 2017 _
1 2016 .
z, =—+ i
Ta c6: A=-2016 <0 = phuwong trinh c6 hai nghiém phttc 2 2 .
1 2016 .
Z, ==~ i
2 2
Khi d6: z, —z, =iv2016
‘z—zz‘ :‘(z—zl)+(z1 —zz)‘ > ‘21 —zz‘—‘z—zl‘ < P>+2016-1.
Vay P =+2016—1.
CAU 10:
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CAU 11:

Loi giai
Chen D

Gia st z:x+yi(x,yeR).
Ta co: ‘z—zl‘z+‘z—zz‘2:16 <:>‘x+yi+2—i‘2+‘x+yi—2—i‘2:16
e+ (y-1) =4.

Suy ra tap hop diém biéu dién ctia s6 phtrc z 1a duong tron tam sd phitc [ (O ; 1) ban

kinh R=2.

Dodé m=1, M=3.

Vay M* -m* =8.

Loi giai

bit z=x+yi.

, . 3)
Ta c6: [2z-3-4i[=10 < =5 @(x—zj +(y-2) =25.

z—§—2i
2

Y 2 <X A 7 2 W BY \ \ A 3 7 7
Tap hop diém biéu dién s6 phtic thoa dé la duong tron tam [ (E ; 2} ,bankinh R=5.

Pt



m=10-R
Khi dé: =>M-m=2R=10.
M=I0+R

CAU 12:
Loi giai
Chon A
Giastr z, =a, +bji(a,,b, €R), z, =a, +b,i(a,,b, eR).
Ta c6
olz,+5/=5 <(a,+ 5)2 +b,> =25. Do d6, tap hop céc diém A biéu dién cho s8 phtc
z, 1a duong tron (C):(x+5) +y* =25 c6 tam la diém 1(~5;0) va bén kinh R=5.
© |z, +1-3i| = |z, ~3-6i] <= (a, +1) +(b,~3) =(a,~3) +(b, ~6)

< 8a, +6b, —35=0. Do d6 tap hop cac diém B biéu dién cho s8 phtic z, la duong
thang A:8x+6y—35=0.

Khi d¢, ta co6 |Z1 —Z2| =AB.

\8.(—5)+6.0—35\_5 5.

Suy ra |zl—z2 . =AB_ :d(I;A)—R = e 5
A .7 . 2 Y ? \ 5
Vay gid tri nho nhat ctia |z1 - zz| la >
CAU 13:
Loi giai
4 . . 1 3 . A ~ 47 A2 oA <X A
Ta cé ‘(1+1)z+2—1‘ =4 & Z+E_El = 2\/5. Vay quy tich diém biéu dién cho so

phtc z la dudng tron (C) tam I (—% %j ban kinh R =22 (1).

B . | x+y+3-T=0
,voi T >0 thitaco (2).

Bidu thiic T =|x+y+3
x+y+3+T=0

Pt



Khi d6 diém M la diém thudc duong tron (C ) va mot trong hai duwong thang trong
(2).

Diéu kién d& mot trong hai duwong thang trén cat duong tron (C ) la
4-7]

<8
2 . —0<T<8.Vay maxT=8.
ﬁ+4‘ -8<T<0
<242

72

>

IA

2

QI

CAU 14:

Loi giai

Goi A 1a diém biéu dién ctia s6 phtc z .

T gia thiét |Z -1 | >1 tacd A la cac di€m ndm bén ngoai hinh tron (Cl) co tam
I(1;1) bankinh R, =1.

Mat khac ‘Z -3- 31" < \/g tacd A 1a cdc diém ndm bén trong hinh tron (C ) ) co tam
J(3;3) bénkinh R, =+/5.

Talai cé: P=x+2y <> x+2y—P=0(A). Do d6 d& ton tai x,y thi (A) va phan

9-P
gach chéo phai c6 diém chung tuc la d(]; A) <o % <5

©|9-P|<5<4<P<14.Suyram=4;M=14=

M_7
m 2

CAU 15:
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Loi giai

Chon C
Goi sd phttc z=x+vyi, véi x,y€R.

Theo gia thiét, ta co |Z|=1<::>x2+y2 =1.Suyra -1<x<1.

Khi do, P=[1+2]+2[1-2| = [(x+1)" +? +2{(x-1) +y* =2x+2+22-2x.

Suy ra Pg\/(f+22)[(2x+2)+(2—2x)] hay P <245, véimoi ~1<x<1.

Vay P =25 khi 22x+2 =2-2x & x:—%, y=*2.

PE SO 2
THOI GIAN LAM BAI: 60 PHUT

Caul:  (THPT Chuyén Tién Giang - Lan 1) Biét s phtic z thoa man ‘Z -3- 4i‘ = /5 vabicu
thtee T = ‘z + 2‘2 —‘Z — i‘z dat gia tri 16n nhat. Tinh |Z| )

A.‘z‘:\/ﬁ. B.|z|:50. C.‘z‘:x/ﬁ. D. ‘2‘25\/5.

Ciu2: (Poan Tri Diing - Lin 7) Biét rang |z - 1| =2 . Tim gia tri 16n nhat cia module s6 phtic

w=z+2i?
A.5-2 B. 52 C.\2++5 D. 2++5
A : . X NV b o B SR
Cau 3: (THPT Quang Xwong 1 - Thanh Hoéa) Cho s phttc z thdéa man -|=—=.Timgia
z+3i] 2
trf 16n nhdt cua biéu thiic P =z +i|+2[z-4+7i.
A.8. B. 10. . 245. D. 45.

Cau4:  (Sé GD Bac Liéu - HKII - 2018 Xét 8 phttc z =a+bi(a,be R,b>0)thoaman |z|=1.

Tinh P=2a+4b" khi |z° —z+2| dat gia tri Ion nhit

A.P=4. B.P=2-+2. C.P=2. D.P=2+42.
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Cau5:  (THPT Qudc Oai - Ha Ni - HKII) Trong cac s6 phtic z thoa man |Z - i| = |E -2- 3i| .

Hay tim z c6 mddun nhoé nhat.

A.z=z+éi. B.z=—§—gi. C.z=—é+zi. D z=§—§i.

5 5 5 5 5 5 T 5

Cau6:  [TRAN HUNG PAO - NB] Trong cac s& phttc thoa man diéu kién |z + 31| =|z+2 1.

Tim s6 phttc c6 moédun nhé nhat?

A.z=1-2i. B.z:—l+gi. C.z:——zi. D.z=-1+2i
5 5 5

Cau7:  [LANG GIANG SO 1] Cho s8 phtic z thoa man |z—3|+|z+3|=8. Goi M, m lan

luot gid tri 16n nhét va nho nhat

z. Khi d6 M +m bang

A. 4-+7. B. 4+/7. C.7. D. 4++/5.
Cau 8: Cho s6 phttc z thoa man |z| <1.bat A= zi_l . Ménh dé nao sau day dung?
iz
AJA|<1. B.|A|21. C.|A|<1. D.|A|>1.

Cau 9: Cho s6 phtic z thoa man |z| =1. Tim gia tri 16n nhat M__ va gia tri nhé nhat M __
min
ctia biéu thitc M = ‘zz +z +1\ +‘z3 +1\.

A M,
C. M,

X

=5 M . =1. B.M__
=4, M__=1. D.M_,

X

=5 M_. =2.
=4 M =2.

X

Cau10: Cho s6 phuc z thoa |z| >2. Tim tich cta gia tri 16n nhat va nhé nhat cua biéu thic

p_|2ti
z
A.g. B.1. C.2. D.z.
4 3

Caull: Chosdphtic z théaman |z|=1. Tim gia tri 16n nhat ctia biéu thire P = [1+z|+3[1-2].

A. 34/15. B. 645 c. J20. D. 2420

Cau12:  Cho sd phirc z thoa man |z—1+2i|=2. Tim modun 16n nhat ctia s& phirc z.

Pt



A \9+445. B. \11+44/5 . C. \6+445 . D. v5+645 .

Cau13:  Chosdphtc z thoaman |(1-)z—6—2i/=+10 . Tim mbdun 16n nhat ciia s& phic z.

A 45 B. 34/5. C. 3. D. 3++/5

Cau14: Trong cac sO phtc thoa man diéu kién |Z -2 —4i| = |Z - 2i| . Tim médun nho nhét cua

sO phttc z +2i.

YNNG B. 3+/5. C. 32 D. 3+2

Cau15: Cho sO phuc z théoa man |Z -1+ 2i| = 3. Tim modun nho nhat cua s6 phttc z—1+1.

A. 4. B. 24/2. C.2. D. 2.
< DAP AN CHI TIET PE SO 2
CAUI:
Loi giai
Chon D
. . ., . 2 2
bat z=x+yi, theo gia thiét ‘2—3—41‘:\/g<:>(x—3) +(y—4) =5. (C)
Ngoai ra T:‘z+2‘2—‘z—i‘2 < 4x+2y+3-T=0 (A) dat gia tri 16n nhét.
23+T
RO rang (C) va (A) c6 diém chung do do | . |S\/§<:>13STS33.
2.5
Vi T dat gia tri lon nhatnén T =33 suy ra 4x+2y —30=0 <y =15—2x thay vao
(C) ta duoe 5x* ~50x+125=0 = x=5=y =5. Vay |2|=5v2.
CAU 2:

Loi giai
Chon D

Quy tich M (z) la duong tron tam 1(1,0) ban kinh R =2. Con [tw|=[z+2i| = MA

véi A(0,2).Khid6 |[w| =IA+R=2++5].

Pt



CAU 3:

CAU 4:

-

Loi giai

Goi z=x+vi véi x,y €R, goi M la diém trong mat phang toa d6 bidu dién s§
z-1| 1
3i| 2

2 |(x-1) +y* =¥ +(y+3) < (x—2) +(y-3) =20.

phtic z. Ta c6: <:>\/5‘Z—1‘=‘Z+3i‘ <:>\/5‘(x—1)+yi‘:‘x+(y+3)i‘

Nhu vay, tap hop diém M biéu dién s6 phitc z 1a duong tron ( C ) tam [ (2 ; 3) va
bén kinh R=24/5.

Goi A(0;-1), B(4;7) Tan luot 1a cac diém biéu dién cac s8 phic z, =—i, z, =4+7i.
D& théy A, B thudc duong tron (C). Vi AB=4+/5=2R nén AB 13 dudng kinh ctia
duong tron (C) = MA® + MB* = AB* =20.

T do:

P=[z+il+2fz=4+7i = |z +i]+2[z-4-7i

:MA+2MB£\/(12+22)(MA2+MB2) ~10.

. MB=2MA MA=2
Dau " =" xay ra khi ) ) = .
MA*+MB" =20 |MB=4
Vay maxP =10.
Loi giai
f=1= z=1
z
Dob>0= -1<a<l1
1 2 - -2 ) .
Tacd:|2 —z+2| =p-=+5| =|z-z+2z =2‘bz+(a—bz)2‘
z z

- 2\bi+a2 —b —Zabi‘ AB=26

Pt
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—2\b? —4ab? +1 =2\/1—a2—4u(1—a2)+1

—4a® —a? —4a+2
v3
2

. " . -1
Biéu thitc trén dat GTLN trén mién —1<a<1 khi a = Y = b= dob>0)

Vay P=2a+4b> =2

CAU5:
Loi giai
Chon D
Giast z=x+yi (x,ye]R):E:x—yi.
Ta cé |x+yi—i|:|x—yi—2—3i|<:>‘x+(y—1)i‘:‘(x—2)—(y+3)i‘
<:>x2+(y—1)2=(x—2)2+(y+3)2
<1-2y=13-4x+6y < 4x=12+8y <> x =2y +3.
2
| =ty = (2y+3) 47 =5y (5 b )90
Dodé |z| =x*+y* =(2y+3) +y* =5y +12y+9_(y\/§+\/gj tozo
D4u "=" xay ra @y:—é,khidé xzéjz:é—éi.
5 5 5 5
CAU6:
Loi giai
Chon C
Phuong phap ty luan

Gia sw z:x+yi(x,ye]R)
2

‘z+3i‘ =‘z+2—i‘ <:>‘x+(y+3)i‘:‘(x+2)+(y—1)i‘<:>x2+(y+3)2 =(x+2)2+(y—1)
S6y+9=4x+4-2y+1<4x-8y-4=0=x-2y-1=0=x=2y+1

2
‘z‘:,/x2+y2 =,/(2y+1)z+y2 =5y} +4y+1= 5(y+§j +%2§

Phuong phap trac nghiém
Giast z=x+yi (x,y € ]R)
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CAU7:

CAU s&:

-

‘z+3i‘=‘z+2—i‘<:>‘x+(y+3)i‘=‘(x+2)+(y—1)i‘<:>x2+(y+3)2 =(x+2)2+(y—1)

S6y+9=4x+4-2y+1<=4x-8y-4=0<=>x-2y-1=0
Vay tap hop céc diém biéu dién s§ phurc z thoa diéu kién |z +3i|=|z+2 -] la dudng
thang d:x—2y—1=0.
Phuong 4n A: z=1-2i c6 diém biéu dién (1;,—-2) ¢ d nén loai A.
7 1 2 . 7 «A? «A? X 1 2 A .
Phuwong an B: z=—=+=1i c6 diém biéu dién | ——; = | & d nén loai B.
55 5'5
Phuong 4n D: z =—1+2i c6 diém biéu dién (~1;2) ¢ d nén loai B.
. (1
Phuong an C: z=1—gi co diém biéu dién —,'—z ed
5 5 5 5
Loi giai
Chon B
Goi z=x+yi véi x;yeR.
Tacé 8=|z—3|+|z+3|2|z-3+z+3|=[2z| = |z|<4.
Do dé M=max|z|=4.

Ma

‘z—3‘+‘z+3‘:8<:>‘x—3+yi‘+‘x+3+yi‘:8<:>\/(x—3)2+y2 +\/(x+3)2+y2 =8.

Ap dung bt dang thitc Bunhiacopxki, ta cé

8=1.\/(x—3)2 +1 +1.\/(x+3)2 +1’ S\/(l2 +12)[(x—3)2 +1’ +(x+3)2 +y2}

<:>8S\/2(2x2+2y2 +18) < 2(2x” +2y” +18) > 64
Sty 27 o +y° ZﬁQ‘Z‘Zﬁ.
Do d6 Mzmin‘z‘zx/;.

Vay M+m=4+7.
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Loi giai
Chen A

Dat Coé a=a+1bi, (11, beR):azﬂaz <1 (do |z|£1)

Al 2z—i| [2a+(20-1)i] 40> +(2b+1)
‘ ‘_ 2+iz|_‘ 2-b+ai ‘_ (2—b)2+a2
‘ 4az+(2b+1)2
Ta ching minh —————<1.
(Z—b) +a’
. 4d+(2b+1) . ) s L,
That vay tac6 ——————<1<4a +(2b+1) S(Z—b) +a°<a +b° <1
(Z—b) +a’

Dé&u “=” xay rakhi a> +b”* =1.
Vay |A|<1.
CAU9:
Loi giai

Taco: M<|ef +[z|+1+]2[ +1=5, khi z=1=>M=5=M,_ =5.

ax

‘1—23‘ ‘1—23‘ ‘1+23‘ ‘1—z3+1+z3
Mt khac: M=—+‘1+z3‘2 + > =1, khi
|1-2] 2 2 2
z=-1=>M=1=>M_ =1.
CAU 10:
Loi giai
Chon A
Taco P= 1+i £1+LS§. Mat khac: 1+i 21—i21.
z [zl 2 z [zl 2

1 . .
Vay, gia tri nho nhét caa P la > xay ra khi z =-21; gia tri 16n nhat cia P bang % Xay

ra khi z=2i.
CAU 11:

Loi giai
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Goi z = x+yi; (xeR;yeR).Tacc’):

z|=1= ¥ +y* =1=y* =1-x* = xe[-1;1]

Ta c6: P:|1+z|+3|1—z|:\/(1+x)2+y2 +3\/(1—x)2+y2 = 2(1+x)+3,2(1-x).

Xét ham so f(x)z\/2(1+x)+3\/2(1—x); xe[—l;l]. Ham sd lién tuc trén [—1;1]
vavéi xe(-1;1) taco: f’(x)z\/2(11+x) _\/Z(i)—x) =O<:>x=—%e(—1;1)
Tacs: f(1)=2; f(-1)=6; f(—%j =220 =P, =2420.

CAU 12

Loi giai
Chon A
Goi z=x+yi; (xeR;yeR).Tact: [z-1+2] =2 (x—-1) +(y+2) =4.
bat x=1+2sint;y =-2+2cost; tE[O,‘Zﬂ'}.
Liac doé:
‘z‘z :(1+Zsint)2 +(—2+2cost‘)2 :9+(451nt—8cost):9+\/42 + 82 sin(t+a); (aeR)

E :9+4x/§sin(t+a):>ze[—\/9+4x/§;\/9+4\/g}
=z =\/9+4\/g dat dwoc khi z = 5+;\/g+_10+4\/gi.

5
CAU 13:

Loi giai
Chon B
Goi z =x+yi; (xe]R;yeR).
Ta co:
(1=1) 2621 =10 & (1= i) {2+ 2 =2 =10 e [z~ 2~ 4| =5 = (x~2)] +(y-4) =5.

—1

bat x:2+\/§sint;y:4+\/§cost; tE[O}Zﬂ':I.

Lic do:
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‘z‘z :(2+\/gsint)2 +(4+«/§cost)2 :25+(4\/gsint+8«/gcost)
=25+\/(4\/§)2+(8\/§)2 sin(t+a),' (ae]R)
= =25+20sin(t+a)=ze|V5;3V5 |

—z__ =35 dat duockhi z=23+6i.
CAU 14:

Loi giai
Chon C
Goi z = x+yi; (xe]R;yeR).
Ta co:

|z—2—4i|:|z—2i|c:>\/(x—2)2+(y—4)2 :\/x2+(y—2)2 Sxt+y-4=0cy=4-x

Taco: [z+2] =2 +(y+2) =2* +(6-x) =2x* ~12x+36 =2(x~3) +18>18
=|z+2i] =18=32 khi z=3+i.
CAU 15:
Loi giai
Chon C
Goi z=x+yi; (xeR;yeR)=z-1+i=(x-1)+(y+1)i. Tacd:
z-1+2i|=9 & (x-1) +(y+2) =9.
Dat x=1+3sint; y=-2+3cost; t[0;27 .

=|z=1+i =(3sint) +(-1+3cost) =10-6cost =2<|z-2i|<4=|z-1+i] =2

,khi z=1+1.
PE SO 3
THOI GIAN LAM BAI: 60 PHUT
n o 1 -m+i . . . oo
Cau: Cho s6 phttc z = ~, me R . Tim médun 16n nhét cta z.
l—m(m—Zz)
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Al B. 0. C D.2.

1
%
Cau 2: (Toan hoc tudi tré thang 1) Cho 2018 phttc z thod man ‘z —3—41" = \/g .Goi M va

m Tan luot la gia trj 16n nhat va gi4 tri nho nhét cta biéu thite P=|z+ 2\2 ~|z- if .Tinh

modun cua 2018 phitc w =M +mi .

A. |w|=+/1258. B. [t| =/1258.. C. [w|=2+/314. D.
‘w‘ = 2\/@.

Cau3:  (SGD BINH THUAN) Xét cac s& phiic z, =3—4i va z, =2+mi, (m € R).Gid trinho

A~ 2 A A 7 Z M
nhat cia mddun s6 phitc —+ bang?
1

A. B. 2. C. 3. D.%‘

TGN

Caud.  [SGD SOC TRANG] Cho s8 phitc z=a+bi (a,beR) thoa |z+4[+|z—4|=10 va
|z—6 16n nhét. Tinh S=a+b.
A.S=-3. B.S=5. C.S=-5. D.S=11.

Cau5: (S6 GD Kién Giang) Cho hai s6 phttc z,z, théoa man |z, +2-3i|=2 va

z, —1—21" =1. Tim gia tri 16n nhat cta P :|z1 —ZZ|.

A. P=3++34. B. P=3+410. C.P=6. D. P=3.
Cau6: (SO GD-BT PHU THQ) Cé bao nhiéu gié tri nguyén ctia m dé c6 dung 2 s8 phic z

thoa [z—(m—1)+i[=8 va [z-1+i|=[z-2+3i] .

A. 130. B. 66. C. 65. D. 131.

Cau7:  [NGUYEN TRAI] Cho s& phtic z thoa man: |z -2 —2i| =1.S6 phttc z—i c6 médun
nho nhat la:
A.5-1. B. /5 +1. c. 5-2. D. /5+2.
Caus8: [CHUYEN LUONG THE VINH] Cho s6 phitc z théa man
‘zz —22+5‘ :‘(z—1+2i)(z+3i—1)‘. Tinh minlw/!, véi w=z-2+2i.
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Amnhﬂaﬂzg. B. minlwl=2. C. minlwl=1. D.
. 1
minlwl==.
2

Cau 9: [CHUYEN SON LA]Cho s& phtc z thoa man diéu kién: ‘Z -1+ Zi‘ = \/g va
w=2z+1+i c6 mddun 16n nhat. S§ phitc z ¢6 mddun bang:
A. 245 B. 3v2. N D. 5\2.
Cau10: [CHU VAN AN - HN] Cho s8 phitc z théa man diéu kién |z—1|=+2 . Tim gi4 trj Ion
nhat cua T:|z+i|+|z—2—i|.
A. maxT:8\/E. B. maxT =4. C. maxT:4\/E. D. maxT =8.
Caull: (SGD Ba Ria - Viing Taw)Cho s& phitc 2z thoa man [z—2+3i|=+/5. Goi m, M Iin

4 \ ’ Y 2 .« A? 7 . 2 2 7
lwot 1a gid tri nho nhat va 16n nhat cta biéu thic P = ‘z + 1‘ - ‘Z — 2‘ .Tinh A=m+M

A. A=-3. B. A=-2. C. A=5. D. A=10.

Cau12: (THPT Ninh Giang - Hai Dwong) Cho cac s6 phtic z thoa man |Z - 3| = |Z +1 | . Tim

gia tri nho nhat cua P = |z| .

min : * " min : * 7 min 5

5
3410
min 5 .
Cau13: [CHUYEN SON LA - 2017] Cho s8 phuc z thoa man diéu kién: [z-1+2i|=+/5 va
w=2z+1+i c6 mddun 16n nhat. S§ phtec z c6 moédun bang:

A. 6. B. 32. C.52. D. 245.

Cau14: [THPT THAI PHIEN HP - 2017] Trong tip hop cic s8 phitc z thoa man:
z+2-1
z+1-1

A 2442, B.3+2. C.3-42. D.2-42.

= /2. Tim médun 16n nhét cta s§ phic z+i.
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Cau15: [THPT Ly Thuong Kiét - 2017] Trong mat phang véi hé toa dd Oxy, cho diém
A(4; 4)va M la diém bién dién s8 phtic z thoa man diéu kién |z 1| =|z+2—i|. Tim
toa d6 diém M d€ doan thing AM nho nhat.

A. M(-1; -1). B. M(-2; -4). C. M(1;5). D. M(2; 8).
< DAP AN CHI TIET PE SO 3

CAU L
Loi giai
Chon A
Ta co:
—m+1 m i L
Z_l—m(m—Zi)_m2+1+m2+1:>‘z‘_ - Sl:‘z‘max =1l<z=i; m=0.
CAU 2:
Loi giai
Chon B
Giastr z=a+bi (a,beR ).
234 =5 < (a-3) +(b-4) =501).
P=fz42f ~fz=if =(a+2) +0*~| @ +(b-1)" |- 404204302
Tir (1) va (2) taco 20a° +(64—8P)a+P*—22P+137 =0 (*).
Phuong trinh (*) ¢6 nghiém khi A'=-4P*+184P-1716>0
©13<P<33=|uw|=+1258.
CAU 3:
Loi giai
Chon A
z_2_2+mi_(2+mi)(3+4i)_6—4m+(3m+8)i_6_4m+3m+8i
z, 3-4i (3-4i)(3+4i) 25 25 25
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CAU 4:

CAU 5:

V4

2
Z

257

z| |z
Hogc dung cong thie: |2 = —2‘
AN
Loi giai
y
M
E A B !
-5\ —4 0 4 6

_\/36—48m+16m2+9m2+48m+64

Goi M(a;b) 1a diém biéu dién s8 phic z=a+bi (a,beR), A(-4;0), B(4;0),

C(6;0) Ian luot 1a diém biéu dién s§ phic z, =—4, z, =4, z, =6.

Khi dé ta co |z+4|+|z—4| =10 <& MA+ MB =10 suy ratap hop diém M la (E) nhan

A, B la cic tiéu diém, d6 dai truc1én 2a=10=a=>5, titucy 2c=8=c=4, b=3

S
= (E): 5t L

Ta tim gia tri 16n nhét ctia |z — 6] = MC, khi d6 MC,  =EF+FC=11,khidé M=E

véi E(-5;0), F(5;0) =>z=-5.Vay S=a+b=-5.

Loi giai
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HV

Goi M(x,;y,) la diém biéu dién s& phirc z,, N(x,;y, )la diém biéu dién s& phiic z,

S6 phitc z, thoa man |z1 +2—3i|:2 <::>(x1+2)2 +(y1 —3)2 =4 suyra M(xl;yl)

nam trén duwong tron tam I(—Z; 3) vaban kinh R =2.

SO phitc z, théa man 5—1—21" =1 <::>(x2 —1)2 —l—(y1 -|—2)2 =1 suyra N(x2;y2)
nam trén duong tron tim ](1; —2) vabankinh R, =1.

Ta c6 |z, —z,| = MN dat gié tri Ion nh&t bing R, +[[+R, =2++/34+1=3+/34.
CAU 6:
Loi giai

bét z=x+1y (x,yeIR)

Ta co: ‘Z —(m —1) + i‘ =2 < tap hop cac diém M biéu dién s6 phirc z 1a duong

tron tam I(m—1;-1) , bankinh R=8.

Ta c6: |z—1+i|=|z —2+3i| < tap hop céc diém M biéu dién s§ phtic z 1a duong
thang d:2x+8y—11=0 .

Yéu cau bai todn <> khoang cach tiv I dén d nhohon R < ‘Zm—Zl‘ <868

@2?1—4 68 <m<2?1+4\/&

VimeZ nén 22<m<43 = c6 66 gia tri thoa yéu cau bai toan.
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CAU7:

Loi giai

Yy A

Goi z=x+yi, x,yeR.

Tacd: [z-2-2i|=1<|(x-2)+(y-2)i|=1< (x-2)° +(y-2)* =1.

Tap hop céc diém trong mat phang Oxy bidu dién ctia s8 phtrc z 1a dwong tron (C) tam
[(2;2)vabankinh R=1.

2| = x> +(y—1)" =IM, véi 1(2;2) 1a tam dudng tron, M 1a diém chay trén duong
tron. Khoang cach nay ngan nhat khi M 1a giao diém ctia duong thang ndi hai diém
N(0;1) €Oy, 1(2;2) véi dudng tron (C).

IM_ =IN-R=+/5-1

CAUS:
Loi giai
Chon C
Ta c6
|22 —22+ 5| =|(z—1+2i)(z+3i —1)| & |(z—1+2i) (z—1-2i)| = |(z— 1+ 2i) (z+3i 1)
z—=1+2i=0

“l|(z-1-2i)|=|(z+3i-1)
Truonghop 1: z-1+42i=0 = w=—-1=|w|=1 (1).
Truong hop 2: |z—1—2i| =|z+3i—1|

Goi z=a+bi (véi a,beR) khi d6 ta duoc

=1+ (b-2)i]=|(a=1)+ (b+3)i] & (b-2) L

2
(b+3) <:>b:—E.
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CAU 9:

Suy ra w:z—2+2i:a—2+§i:>‘w‘: (a—2)2+32% (2)

T (1), (2) suy ra minlwl=1.

Loi giai
Chon B

Goi z=x+yi (x,yeR) :>z—1+2i=(x—1)+(y+2)i

Ta c6: |z—1+2i|:\/§<:>\/(x—1)2+(y+2)2 =5 (x-1) +(y+2) =5

Suy ra tap hop diém M (x ; y) biéu dién s8 phtic z thudc dwong tron (C ) tam
I(1;-2) ban kinh R=+/5 nhu hinh vé:

Dé thay O e(C), N(-1,-1)¢(C).

Theo dé ta c6: M (x; y) IS (C ) 1a diém biéu dién cho sOphtic z thoa man:

w=z+l+i=x+yi+1+i=(x+1)+(y+1)i

:|z+1+i|:\/(x+1)2+(y+1)2 :‘W‘

Suy ra |z +1+ i| dat gid tri 1on nhat < MN 16n nhat.
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Ma M,N €(C) nén MN1énnhatkhi MN la duong kinh duong tron (C).

& I 1a trung diém MN:>M(3;—3):>z=3—3i:>‘z‘=\/m=3\/5.

CAU 10:
Loi giai

Chen B

T =|z+i+[z—2-i]=|(z=1)+ (1+i)|+|(z=1) - (1+1)|.

Dat w=z-1.Taco |w|=1va T =|w+(1+i)[+|w—(1+i).

Dt w=2x+y..Khid6 [uwf =2=2*+1%.

T=|(x+1)+(y+1)d+|(x-1)+(y-1)i]

:1.\/(x+1)2 +(y+1) +1.\/(x—1)2 +(y-1)

S\/(lz+12)((x+1)2+(y+1)2+(x—1)2+(y—1)2) =\/2(2x2+2y2+4) —4

Vay maxT =4.

CAU 11:
Loi giai
Chon B.
Dit  z=x+iy (v, yeR) th [|z-2+3{=v5 &[x+iy-2+3i=+5
c>(x—2)2+(y+3)2=5.
P=‘z+i‘2—‘z—2‘2=‘x+iy+i‘2—‘x+iy—2‘2=x2+(y+1)2—(x—2)2—y2
=4x+2y-3.
Détx:2+\/§sint,y:—3+\/gcost,teR.
= P=4(2+5sint)+2(-3+5cost| -3 = 4/5sint + 25 cost - 1.

(P+1) = (4\/§sint+2x/gcost)2 <(80+20).1=-10<P+1<10=-11<P <9

Vay A=-11+9=-2.
CAU 12:
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CAU 13:

Goi z=a+bi, (a,be]R)
Ta co: P=‘z‘=\/a2+b2

Ma |z—3|:|z+i|

-

Loi giai

Hay |a+ib-3|=|a+ib+i| < |(a=3)+ib|=|a+(b+1)i] < (a-3) +0* =a*+(b+1)

<b=4-3a

Licds P=z|=\Ja +b* = \Ja> +(4-3a)’ =10a> —24a-+16

= fof - 22y 222
10 100

(85200
5 5
Loi giai
v
-1 W x
Lo
N1
e S

Goi z=x+yi (x,yeR) :>z—1+2i=(x—1)+(y+2)i.

Tacs: [z=1+21 =5 & (x=1) +(y+2) =5 & (x—1 +(y+2)' =5.

Pt



CAU 14:

Suy ra tap hop diém M (x; y) biéu dién s8 phtic z thudc duwong tron (C ) tam
I(1;-2) ban kinh R=+/5 nhu hinh v&.

Dé thdy O € (C), N(—l;—l) IS (C)
Theo d@ ta c6: M (x; ) € (C)1la diém bidu dién cho s phiic z thoa man:

w=z+l+i=x+yi+1+i=(x+1)+(y+1)i

:|z+1+i|:\/(x+1 (y+1 ‘MN‘
Suy ra |Z+1+ i| dat gia tri 1on nhat << MN 16n nhat.

Ma M,N €(C) nén MN16n nhatkhi MN la dudng kinh dudng tron (C) <1 la

trung diém MN = M (3;-3) =z =3-3i =[2| = /3% +(-3)" =3+2.

Loi giai
Chon A

bat z=x+yi, x,yeR.

z+2—1

NN 22| J_¢3‘x+2 —1ﬁ}:J§Kx+1)+(y—1ﬁL

‘z+1 1‘

z+1—1

e (x2) +(y-1) =v2y(x+1) +(y-1) .

o (x+2) +(y-1) =2 (x41) +(y-1) |- o2 +(y-1) =2,
Suyra (y—1) <2=y<1+42.

Taco: ¥ +(y-1) =2 = +(y+1) =2+4y
Sz =2+4y<2+4(1442)=6+412.

:ﬂz+ﬂ§ﬁ6+4¢§=2+d§.

Pt




CAU 15:

Cau 1.

Cau 2.

Cau 3.

Vay ‘z +1‘ =2++/2 1a mddun 16n nhat ctia s§ phttc z+1 .

Loi giai
Chon C

Goi z:x+yi,(x,yeR).
Ta co |z—1|:|z+2—i| <:>(x—1)2 +y :(x+2)2 +(y—1)2 <3x—-y+2=0.
Tap hop diém M(x,'y) biéu dién s6 phtrc z 1a duong thang (d):3x—y+2 =0.

Dé& doan AM nho nhat thi M 1a hinh chiéu ctia A trén d.

d' qua A vavuodng goc véi d c6 phueong trinh x+3y—-16=0. Toa d6 M la nghiém
x+3y-16=0 {le
=

ctua hé phuong trinh
3x-y+2=0

y=>5
Vay M(1; 5).
PESO 4
THOI GIAN LAM BALIL: 60 PHUT
[Cum 1 HCM - 2017] Cho s& phirc z théa diéu kién |2* +4|=|z(z+2i)|. Gid tri nho
nhat ctia |Z + i| bang ?
A.3. B. 4. C.1. D.2.

[SO GD-DT HA TINH L2 - 2017] Goi T 1a tap hop t4t ca cac s§ phic z thda man

z—i|22 va |z+1|<4.Goi z,, z, €T Ian luot la céc s§ phirc c6 md dun nho nhit va
16n nhét trong T . Khi d6 z, —z, bang:

A. 5. B. 4-1i. C.5-i. D. -5+i.
[THPT Chuyén Ha Tinh - 2017] Cho s6 phtic z thda man |z +3i|+|z —3i| =10. Goi
M,, M, lanluot la diém biu dién s8 phiic z c6 mddun 1én nhét va nho nhat. Goi M
la trung diém cta M\M,, M ( a;b) biéu dién s8 phtic w, tong |a| + |b| nhan gia tri nao

sau day?

Pt



A. B.5. C 4. D.

N | N
N | O

Cau4. [Sé Hai Duong - 2017] Cho s6 phttc z thoaman z.z =1. Tim gia tri nhé nhat ctia biéu
thtec: P :‘23 +32+E‘ ~|z+7.
15 13

A —. B. 3. C. —. D.
4 4

|

Ciu5  (S¢ Quing Binh - 2018)Cho cic s8 phic z, w théa man [=+/5,
w= (4 —3i)z +1-21 . Gia tri nho nhat cta |w| la:
A. 35 B. 45 C. 55 D. 615

Cau 6: (SGD VINH PHUC - 2018) Goi Z,, z, la cac nghiém phttc cia phirong trinh
z"—4z+13=0, véi z, c6 phan do duong. Biét s§ phtic z théa man

2|z—zl|S|z—z2

, phan thye nho nhiat cua z la

A. 6 B. -2 C.1 D. 9
Ciu7: [THPT Chuyén Thai Binh) Cho cic s6 phtc z, w thoa man |Z -5+3i | =3,
|iw +4+ 2i| = 2. Tim gia tri 16n nhat cta biéu thic T = |3iz + 2w| .
A. /554 +5 B. V578 +13 C. V578 +5 D. V554 +13
Cau8: (THPT THAI PHIEN-HAI PHONG) C6 tat ca bao nhiéu gid tri nguyén ctia m dé€ c6
dung hai s6 phtic z thoa man ‘z—(m—1)+i‘ =8 va ‘Z—1+i‘ =‘;—2+3i‘ .
A. 131. B. 63. C. 66. D. 130.
Cau9. (Toan Hoc Tudi Tré - Thang 12 - 2017) Tim gid tri 16n nhat ctia P = ‘zz - z‘ + ‘22 +z+ 1‘
véi z la s6 phtrc thoa man |z| =1.

A 3. B. 3. C.%. D.5.

Cau10. (TRUONG CHUYEN DAIHOC VINH) Trong cic s3 phitc z thoa man |z* +1|=2]¢]
goi z, va z, lan lwot la cac s6 phitc c6 mddun nho nhat va 16n nhat. Khi d6 modun
cua s6 phttc w=2z, +z, la
A.‘w‘:Z\/E. B.|w|=2. C.‘w‘zx/i. D.

‘w‘:1+x/5.
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Cau 11.

Cau 12:

Cau 13:

Cau 14:

Cau 15:

-

(THPT Lé Hong Phong - Nam DPinh) Cho s8 phttc z va w théa man z+w =3+4i

va |z—w|=9. Tim gié trj 16n nhat ctia biéu thire T = [2]+|w|.

A. maxT =+/176. B. maxT =14. C. maxT =4. D.

maxT =+/106.

(Chuyén Thai Binh) Cho s6 phttc z thoa man ‘(1+ i)z +2‘ +‘(1+ i)z—Z‘ =42 . Goi

2018

m=max|z|, n:min|z| va s0 phttc w =m+ni. Tinh ‘w‘
A 41009 B 51009 C 61009 D 21009
(THPT Dang Thuc Hw®a - Nghé An) Cho s6 phtc z thoa man
5|z —i| =|z+1-3i|+3]z—1+i|. Tim gié tri Ién nhat M cta |z—2+3i| ?

A.M:% B. M=1++/13 C. M=45 D. M=9

(THPT Chuyén Ha Tinh) Cho s0 phttc z thoa man |Z -1~ i| =1, s0 phttc w thoa man
|@—2-3i|=2. Tim gia tri nho nhét ctia |z —w]|.

A.\13-3 B. V17 -3 C. V17 +3 D. V13 +3
[THPT Lé Hong Phong-HCM] Cho s8 phtc z thoa |Z| =1.Goi m, M lan lugt la gia
tri nho nhdlt, gid tri 16n nhat cia biéu thite P =|z° +2° +62|-2|z* +1. Tinh M—m.

A m=-4,n=3. B.m=4,n=3 Cm=-4,n=4. D. m=4,
n=-4.

< PAP AN CHI TIET BE SO 4

CAUT1:

Loi giai
Chon C

Gidstt z=x+yi (x, ye]R).
‘zz+4‘:‘z(z+2i)‘<:>

c{z+2i0 (1)

=-2i=F (2)

22 _(zi)z‘ :‘z(z+2i)‘ = ‘(Z—Zi)(z+2i)‘ = ‘z(z+2i)‘
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(1) ©z=-2i.Suyra |z+i|=|-2i+i|=|-i|=1.

(2) <:>|x+yi—2i|=|x+yi|<:>,/x2+(y—2)2 = +y o+ —dy+d=x"+y’

<y=1.
Suy ra |z+i|=|x+yi+i|=w,x2+(y+1)2 =Vx’+4>2,vxeR.
Vay gia tri nho nhat caa |z+i| bang 1.

CAU 2:

Loi giai

bét z=x+yi khi dé ta co:
|z—i|22 |x+(y—1)i|22 x2+(y—1)224
& . & ) .
z+1<4 - |[(x+1)4ui <4 |(x+1) 417 <16
Vay T la phan mit phang gitta hai duong tron (C, ) tam I,(0;1) bankinh r, =2 va
duong tron (Cz) tam I, (—1;0) ban kinh 7, =4.

Dua vao hinh vé ta thdy z, =0—1i, z, =—5 1a hai s6 phttc ¢6 di€m biéu dién lan luot 1a

M, (0;-1), M(-5;0) c6 mé-dun nho nhat va 16n nhat. Do d6 z, —z, =—i—(-5)=5-1i.

CAU 3:

Loi giai
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Goi z=X+Yyi, (X,yeR).Theo gia thiét, ta co |Z+3i|+|z—3i|:10.

<:>‘x+(y+3)i‘+‘x+(y+3)i‘=10.

o\ +(y+3) ¥ +(y-3) =10 ().

Goi E(x;y), F,(0;-3) va F,(0;3).

Khi d6 (*) & MF, + MF, =10 > F;F, =6 nén tap hop céc diém E la duongelip (E)
c6 hai tiéu diém F, va F,.Va do dai truc lon béng 10.

Tacé ¢c=3;2b=10<=b=5 va a* =b*—c* =16.

2 2

Do d6, phwong trinh chinh téc ca (E) 1a =+ I _1,

16 25
Véay max|z|=OB=0B =5 khi z=45i 6 diém biéu diénla M, (0;£5).

va min|z| =0A=0A’=4 khi z=14 c6 diém biéu dién 1a M, (+4;0).
A * A7 2. \ 5
Toa d0 trung di€ém caa M M, la M(iZ;izj.

Vay |a|+|b|=2+

NG
N |\

CAU 4:

Loi giai
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CAU 5:

CAU 6:

Goi z=a+bi,véiabeR.

Taco: z+Z=2a; zZ =1 =1o|g=1.

z[zz+3+£J
z

—‘z+2‘:‘z2 +ZzE+Z2+1‘—‘z+E‘.

Khi d6 P:‘z3+3z+2‘—‘z+2‘: —‘Z-I—Z‘.

P:‘z‘.

=2

Z
Z2 +3+—2

z

2
P:‘(z+2)2+1‘—|z+2|:‘4a2+1‘—2|a|:4a2+1—2|a|:[2|a|—%j 223

3
Vay P =—.
y min 4

Loi giai
Chen B

Theo gia thiét ta c6 w :(4—3i)z+1—2i =z=

w—1+2i
4-3;

Mat khac ‘z‘ = \/g = ‘w4—_1+2i

=\/§<:>‘w—1+2i‘=5\/§.

Vay tap hop diém biéu dién s& phttc w la dwong tron tam [ (1 ; —2) va ban kinh 5\/5
Do d6 min|w|=R—-OI =4+/5.

Loi giai
Tacd z* —4z+13=0 < z, =2+3i hodc z, =2-3i.

Goi z=x+yi, véi x,y eR.
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Theo gia thit, 2|z -z,|<|z-z,| = 2\/(x—2)2 +(y-3) < \/(x—2)2 +(y+3)
o4 (x-2) +(y-3) |<(x-2) +(y+3) & (x-2)" +(y-5) <16.

Suy ra tap hop céc diém biéu dién s8 phitc z 1a mién trong cta hinh tron (C ) c6 tam

1(2;5), bankinh R =4, ké ca hinh tron d6.

yr

A AR
Do d6, phan thucnho nhatcaa z 1la x_, =-2.

n

CAU7:
Loi giai
Chon D
|z—5+3i|=3=[3iz—15i—9| =9 la dudng tron c6 tam 1(9;15) va R=9.
|iw +4+2i| =2 =|2w—8i +4| =4 1a dudng tron c6 tam J(4;-8) va R'=4.
T =[3iz + 2w| dat gid trj 16n nhat khi T = I + R+ R’ = /554 +13.

CAU 8:

Loi giai

-bat z=x+yi,véi x, yeR.

- Tir gia thiét |z—(m—1)+i|=8 = (x—(m-1)) +(y+1)" =64, do a6 tap hop cic

diém M biéu dién s8 phtic z 1a duong tron (T) o6 tam I(m—1;-1), ban kinh R=8

- Tir gia thidt |21+ =‘;—2+3i‘ = (x=1) +(y+1)" = (x-2)" +(-y+3)’

Pt



-

< 2x+8y—11=0 hay M nam trén dwong thang A:2x+8y—11=0.

- Yéu cau bai todn < A cit (T) tai 2 diém phan biét

[2(m-1)-8-11
2V17

- 21—126ﬁ e 21+126ﬁ

Vay c6 tat ca 66 gia tri cia m thoa man yéu cau bai toan.

=d(LA)<R < <8 & 2m-21<16y17

,do meZ nén me{-22;-21;..;42;43} .

CAU 9:

Loi giai
Chen C

Dt z:a+bi(a,be]R).Do |z|:1 nén a* +b* =1.
Str dung cong thire: |u.0| = [u/|0] ta c6: ‘zz —z‘:‘sz—l‘:‘z—l‘ :,/(a—l)z +b* =+2-2a.

‘22 +z+1‘=‘(a+bi)2 +u+bi+1‘ =‘a2 —p? +a+1+(2ab+b)i‘=\/(az—192+a+1)2+(2al9+b)2

=\/a2(2a+1)2 +b? (2a+1) =a+1] (vi @ +b? =1).
Vay P=‘2a+1‘+\/2—2u.
TH1: a<—l.
2
Suyra P=-2a-1+42-20=(2-24)+V2-20-3<4+2-3=3 (vi 0<+2-2a<2).

TH2: aZ—l.
2

2
Suyra P=2a+1+2-2a =—(2-2a)+~2-2a +3:—£\/2—2u—%J +3+1s%.

Xay ra khi azl.
16

CAU 10:

Loi giai

rvr [N



Dét z=a+bi (a,beR) thi ‘zz+1‘=2‘z‘ <:>‘(a+bi)2+1‘=2‘a+bi‘
<:>‘a2 - +1+2abi‘ =2‘a+bi‘ <:>(a2 -’ +1)2 +4a°b? =4(a2 +b2)
<:>a4+b4+1—2a2—6b2+2a2b2:0<:>(u2+b2—1)2—4b2 =0
c>(a2+b2—1—2b)(a2+b2—1+2b):0

a?+b*-1-2b=0
o
a>+b*-1+2b=0

THI: 2 +0° ~1-2b=0 < a* +(b-1) =2.
Khi 6 tap hop diéem M (a; b) biéu dién sd phttc z 1a duong tron c6 tam I, (O; 1) , ban
kinh R=+2, giao diém cua Ol (truc tung) véi dwong tron la M, (0,‘\/5 +1) va
M, (0;,1-+2)
=w=(V2+1)i+(1-V2)i > w=2i =[w|-2
TH2: a* +b* -1+2b=0 < a’ +(b+1)2 =2.
Khi d6 tap hop diém M (a;b) bidu dién s§ phtic z la dudng tron c6 tam I,(0;-1),
bén kinh R=4/2, giao diém cua Ol (truc tung) v6i duong tron la M, (O;\/E —1) va
M, (021
=w=(V2-1)i+(-1-V2)i > w=-2i = |u|-2.
CAU1L:
Loi giai

Dat z:x+yi(x,yeR).Do z+w=3+4i nén w:(3—x)+(4—y)i.

Pt



-

Mt khac |z - w| =9 nén

|z—w|:\/(2x—3)2 +(2y-4) = 4> +4y* —12x 16y +25=9

< 20 +2y" —6x -8y =28(1).Suy ra T =|z|+|w|=/x* + ¥’ +\/(3—x)2+(4—y)2 :

Ap dung bit ding thitc Bunyakovsky ta c6 T* < 2(2962 +2y° —6x -8y + 25) (2) .

D4u "=" xay ra khi /x* +1° :\/(3—x)2 +(4—y)2 .

Tir (1) va (2) tacs T? <2.(28+25) < —/106 < T <+/106 . Vay MaxT =+/106 .

CAU 12:
Loi giai
Chon C
Taco |(1+i)z+2+[(1+i)z-2|=4V2 |z +1-i|+|z-1+i|=4.
Goi M la diém bidu dién ctia s§ phic z, F,(~1;1) la diém bidu dién ctia s§ phirc
z,=-1+i va F,(1;,-1) la diém biéu dién ctia s§ phic z,=1—i. Khi d6 ta c6

MF, + MF, =4. Vay tap hop diém M biéu dién s6 phtic z 1a Elipnhan F, va F, lam

hai tiéu diém.
Tacd FE, =2c2c=242 < c=42.
Mat khac 2a=4<>a=2 suyra b:Jﬁ:@:\/}.
Do d6 Elip c6 d6 dai truclénla A/A, =2a=4, d6 dai trucbéla BB, =2b= 2\/5.
Mat khac O la trung diém cua AB nén m = maX|Z| =maxOM =0A, =a=2 va
n:min|z| =minOM = OB, —b=42.
Do dé w = 2+\/5i suy ra ‘w‘ = \/g = ‘w‘zols =6,
CAU13:
Loi giai

Goi A(O;l), B(—1;3),C(1;—1).Ta thay A la trung diém cua BC
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CAU 14:

CAU 15:

-

MB? + MC* BC?
2 4

BC?

= MA? = & MB? + MC? =2MA* + >

—2MA*+10.
Talaicd: 5|z —i|=|z+1-3i|+3[z—1+i]

& 5MA = MB+3MC </10A/MB> + MC*

= 25MA® <10(2MA’ +10) = MC <25

Ma |z-2+3i|=|(z=i)+(-2+4i)| <[z~ +]2—4]] <|z—i]+24/5 <445

z-i|=25

h—1 ,vOi z=a+bi;a beR.

4

D&u " =" xay ra khi { 1
-2

- l:z =2-3i (loai)'

z=-2+5i

Loi giai
ChenB

Goi M(x;y) biéu dién s6 phitc z=x+iy thi M thudc duong tron (C1) co tam
I,(1;1), bankinh R, =1.

N(x;y') biéu dién s§ phitc w=x"+iy’ thi N thudc duong tron (C,) c6 tam
I,(2;-3), ban kinh R, =2. Gia trj nho nhét cta |z—w| chinh la gia trj nhé nhat cia
doan MN .

Ta co Ez(l;—él) =11, zx/ﬁ >R, +R, :>(C1) va (Cz) 0 ngoai nhau.

—=MN__ =11 —R -R, =+17-3

mi

Loi giai
Chen A

. C = L2 A , = 1
Vi |z|=1 va z.z=‘z‘ néntacoé z =—.
z
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Cau1:

Cau 2:

Cau 3.

Cau 4:

Tu d6, P:‘z5 +z° +6z‘—2‘z4 +1‘ :‘sz“ +z* +6‘—2‘z4 +1‘ :‘24 +Z4+6‘—2‘z4 +1‘.

Dit z*' =x+iy, véi x,y e R. Do |z|=1 nén ‘24‘=1/x2+y2 =1va-1<x,y<1.

Khi d6 P =|x+iy+x—iy+6|-2|x +iy +1| =[2x+6| -2 (x+1)2 +y°

—2x+6-22x+2 =(\/2x+2—1)2 +3.

Dodd P>3.Laicd —1<x<1 =>0<2x+2<2 = -1<+/2x+2-1<1 =P <4.

Vay M =4 khi z* =+1 va m=3 khi z* :—%igi.Suyra M-m=1.

PESO5
THOI GIAN LAM BAI: 90 PHUT
(THPT Hau Loc 2 - Thanh Héa) Cho hai s6 phitc z,z, thoa man |z1 +1- i| =2 va
z, =iz, . Tim gia tri nhé nhat m cta biéu thikc |z1 - zz| ?

A m=+2-1. B. m=24/2. C.m=2. D.

m=22-2

(SGD Ha Nam - Nam) Xét cac sd0 phtc z=a+bi, (a,beR)théa man

1 .. ,
i 5 +3i| dat gia tri nho nhat

4(z—£)—15i=i(z+£—1)2. Tinh F = —q+4b khi

A.F=7. B. F=6. C. F=5. D. F=4.

(SO GD VA PT HUNG YEN NAM 2018) Xét s§ phitc z va s3 phtic lién hop ctia né
c6 diém biéu diénla M, M'. S8 phtic z(4+ 3i) va s& phirc lién hop ctiané c6 diém bigu
dién lan luwotla N, N'. Biét ré”mg M, M', N, N' 1abon dinh ctia hinh chit nhat. Tim
gia tri nho nhét ctia |z +4i - 5|.

L . c . D

A.E. B.E. \/3_4

CHUYEN VINH LAN 3-2018) Cho cac s& phitc w, z thoa man |w +i| ===

2
7
375 .

va
5

5w =(2+i)(z—4). Gia tri 16n nhét cta biéu thitc P =|z—1-2i|+|z-5-2i bang

rvr [N



A. 67 . B. 4+2/13. C. 253 D. 413 .

Cau5:  (THPT Chuyén Qudéc Hoc Hué) Cho z=x+yi véi x, y € R 1a s6 phtc thdéa man
didu kién ‘2 +2- 31“ <|z+i-2|<5.Goi M, m Iin luot Ia gid trj 16n nhat va gid tri
nho nhét ctia biéu thite P = x* +y* +8x+6y . Tinh M +m.

A.%—ZO\/E. B. 60—204/10. c.%uo@. D. 60+2+/10.

Cau 6: (THPT HAU LOC 2_THANH HOA) Cho cac s6 phuc z, z,, z, thoa man
[z, ~4-5i|=[z, ~1] va [z+4i| =[z—=8+4i|. Tinh M =|z, ~z,| khi P=|z-z|+|z-2,]
dat gid tri nho nhat.

A. 41, B. 6. C. 245, D. 8.

Cau 7: [SGD NINH BINH] Xét cac s§ phitc z=a+bi (4, beR) cé mddun bang 2 va phan
4o duong, Tinh gi4 tri biéu thite S=[ 5(a+b)+2]" khi biéu thiic
P= |2 + z| + 3|2 — Z| dat gia tri 16n nhat.

A.S=1. B. S=2%"%, C. §=2'"". D.S=0.

Cau8: (56 GD Thanh Ho#) Cho sd phtic z thoaman |(z+2)i+1|+|(2-2)i-1|=10.Goi M
, m Tan luot 1a gia tri 16n nhat va gia tri nho nhat cta |z| .Tinh tong S=M+m.
A.S=9. B.S=38. C. 5=2421. D.
S=221-1.

Cau9. (SO GD-PT HAU GIANG) Cho hai s8 phic z,z' thoa man |z+5/=5 va
|z' +1- 3i| = |z' -3- 6i| . Tim gia tri nho nhat cua |Z - z'| .

> c. \10. D. 3\/10.

A —. B.
2

| o

Cau10. (Chuyén Thai Nguyén) Tim s0 phtc z thoa man |z -1- i| =5 va biéu thuc
T =|z—7-9i|+2|z—8i| dat gia tri nho nhat.

A.z=5-2;i. B.z=1+61.
C.z=1+6i vaz=5-2i. D.z=4+5i.

Pt



Caull: [Pé thi thu-Lién truong Nghé An] Biét rang hai s§ phtc z,, z, thoa man
. . 1 ~ 7 4 A \ \ A 2 \ 2
|Z1 —3—41| =1va ‘zz -3-4i|= 5 SO phttc z c6 phan thyc 1a a4 va phéan ao la b thoa

man 3a—2b=12. Gié tri nhd nhat cia P =|z—z,|+|z—22,|+2 béng:

19945 79945

AP =—. B.P. =5-2V3. CP =—. D.
min 11 min \/_ min 13

P =5+25.
Cau12: (THPT Chuyén V6 Nguyén) Cho sg phutc z,, z, thoaman |zl| =12 va |22 -3-4i|=5
. Gia tri nho nhat cta |z, - z,| a:
A. 0. B. 2 C.7 D. 17
Cau13: (THPT Ninh Giang - Hai Duong) Cho cac s& phitc z théa man |z —4+3i|=2. Gia
st biéu thirc P = |z| dat gia tri 16n nhat, gia tri nho nhat khi z lan luogt béng
z, =a,+bi (al,b1 € R) va z, =a,+b,i (az,b2 € R). Tinh S=a, +a,
A. S=4. B. S=6. C. 5=8. D. 5=10.

Cau14: (THPT Ninh Giang - Hai Duong) Cho cac s6 phttc z thoa man
|2” +4|=|(z—2i)(z—1+2i)|. Tim gié tri nho nhét ctia P = |z+3-2i].

A.P_ . =4. B.P_ =2. C.P.z%. D. P =3.

min min min

Cau15: (THPT Ninh Giang - Hai Duong) Cho cac s6 phttc z thoa man
|z—1—i|+|z—8-3i|=+/53 . Tim gié tri 16n nhét cia P =|z+1+2i|.

A.P_ =53 B.P_ =", c. P =+/106. D.
Pmax = \/%

Cau16: (SGD - Quing Nam - Lin 1) Cho s3 phtic z thoa man |z|<2. Gia tri nho nhat ciia
biéu thirc P=2[z+1] +2‘z—1‘+‘z—;—4i‘ bing;:

A 4+243. B. 2+4/3. coar B D.2+ L.

V15 Ji5

rvr [




Cau17: (PTNK Co S&2- TPHCM) Néu z 1 s& phtic thoa ‘E‘ =|z+2i] thi gié tri nho nhét cia
|z—i|+|z—4| la
A.2. B. 3. C. 4. D.5.
Cau18: (THPT Viing Tau - BRVT) Cho s8 phitc z théa man |z+1-i|=|z—3i| va s8 phc

1 N oo
w =—. Tim gid tri 16n nhat cua |w| .

z
Al <5 g 2By 2B
max 7 max max 10
75
| =20
max 10

Cau19. [THPT Hoang Van Thu] Cho 2z, z, la hai nghiém cta phuwong trinh

|6—3i+iz|=|2z -6 -9i

5 ~ 8 .7 « 17 A~ » N
, thoa man ‘21 — 22‘ = g . Gia tri 16n nhat cta |z1 + zz| bang.

LS B. 4/2. C.5. p. 20

5 5
Cau 20: (THPT-Chuyén Ngit Ha Ngi) Cho hai s6 phic z,, z, thoa man |Z1 -3i+5/=2 va
liz, —1+2i| = 4. Tim gia tri 16n nhét cta bidu thire T =|2iz, +3z,|.

A. V313 +16. B. +/313. C. \/313 +8. D.

J313+245.

Ciu21: (Chuyén Vinh - Lan 1 - 2018) Gia stt z,,z, la hai trong s8 céc s6 phtic z thoa méan

‘iz+\/5—i‘=1 va |z1 —zz|:2.Gié1 tri 16n nhat cta |Z1|+|Zz| bang

A 4. B. 24/3. C. 3\2. D. 3.
Cau22:  (SGD VINH PHUC) Cho hai s8 phitc u, v thoa man 3[u—6i|+3|u—1-3i=5+10,
‘ZJ -1+ 21" = ‘Z_) + i‘ . Gi& tri nho nhat caa |u - U| la:

A.@ B.@ c. 10 D.@

Ciu23: (THPT Kim Lién-Ha N¢i) Xét cac s6 phtc c=a+bi (a,beR) thoa man
|[z=3-2i|=2.Tinh a+b khi [z+1-2i|+2|z -2 -5i| dat gia tri nho nhét.

A. 4-43. B. 2+4/3. C.3. D. 4+4/3 .
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Cau 24:

-

(THPT Son Tay - Ha No§i) Goi n la s6 cac s phiic z dong thoi thoa man
liz+1+2i[=3 vabidu thirc T =2|z+5+2i|+3|z—3i| dat gia tri I6n nhat. Goi M la
gia tri 1én nhat cua T . Gia trj tich cia M. la

A. 10421 B. 613 C. 5\21 D. 2413

% DAP AN CHI TIET PE SO 5

CAU1:

CAU 2:

Loi giai

bat z, =a+bi; a,beR =z, =-b+ai

=2z -z, :(a+b)+(b—a)i.

Nen |z, -z, =y[(a-+b) +(b-a) =v2.Jz
Talai 6 2=|z, +1-1| <[ +[1-1| = || ++2
=|z,|22-v2 .Suyra |z, -z,| = V2.7, |2 22 -2,
D&u "=" xay ra khi %=_£<0.

Vay m:min‘zl—22‘=2x/5—2.

Loi giai
Chon A

Ta cé

4(z—2)-15i=i(z+2-1) < 4(a+bi-a+bi)-15i =i(a+bi+a—bi-1)

<:>8b—15:(2a—1)2 suy ra b21§5.

z—%+3i :%\/(Za—1)2+(2b+6)2 :%x/Sb—15+4b2+24b+36 :%\/4b2+32b+21

rvr [N



CAU 3:

-

Xétham s& f(x)=4x" +32x+21 véi x > %

f'(x) =8x+32>0,Vx 2> % suy ra f(x) la ham s6 dong bién trén {%;erj nén

f(X)Zf(Ej:@.

8 16
Do d6 z—1+3i CL’;l’cgiél’crinhénhé{tb.%mgl @ khib=E;a=l.
2 2\ 16 8 2
Khid6 F=—a+4b=7.
Loi giai

Goi z=a+bi:>M(a;b),M’(a;—b).

Tacd: z(4+3i)=(a+Dbi)(4+3i) =4a—3b+(3a+4b)i
= N(4a—3b;3a+4b),N'(4a—3b;-3a—4b).

Vi MM’ va NN' cung vudng goc véi truc Ox nén M, M', N, N' labon dinh ctua
(2b)" =(6a+8b)’

< 4(3a—3b).0+(3a+3b).(-2b)=0
b#0,3a+4b#0

MM'=NN'

hinh chit nhat khi
{MN 1 MM’

a+b=0
& )
b=#0,3a+4b+#0

Khi do: [z-+4i—5|=|(a=5)+(b+4)i] = (a=5) +(b+4)" =\(a=5) +(4—a)’

=+2a° -18a+41 = 2 a—— +1 L
N
9 9
Vay gia tri nho nhat cua |z+41 5| la — khia=—=b=——.
J} 2 2

rvr [N



CAU 4:

CAU 5:

Loi giai

Goi z=x+yi, véi x,y €R.Khi d6 M(x;y) la diém biéu dién cho s8 phtic z .

Theo gia thiét, 5w =(2+i)(z—4) < 5(w+i)=(2+i)(z—4)+5i
< (2-i)(w+i)=z-3+2i

©|z-3+2i|=3.Suy ra M(x;y) thudc dudng tron (C):(x—3)" +(y+2)" =9.

Tacé P =|z—1-2i|+|z-5-2i|= MA+MB, véi A(1;2) va B(5;2).

21
1
. i
N
T ST 1
/\\ e !|
o A ~ o X
— —
/ 5%
] D\
[ .
N 1 \I
" '
2 7 N
% \\ \
\ N
W/
NN M
. A
\\\‘- ’/’/
N

Goi H la trung diém cua AB, ta c6 H(3; 2) va khi dé:

P=MA+MB s\/z(MA2 +MB?) hay P<4MH® + AB.

Mt khic, MH < KH v6i moi M € (C) nén P <4KH? + AB?

= J4(IH+R) + AB* =2/53.

M=K
Vay P =2+/53 khi {M hay z=3—5i va w= o1,

max

A=MB 5 5

Loi giai

Pt



Y%

- Theo bai ra: ‘2+2—3i‘£‘z+i—2‘£5
o \(x+2) +(~y-3) <y(x—2) +(y+1) <5

2x+y+2<0
(-2 +(y+1) <25

= tap hop diém biéu dién s8 phitc z 1a mién mat phang (T) thoa man
2x+y+2<0
(x—2) +(y+1) <25

- Goi A(Z; —6), B(—2;2) 1a cac giao diém ctia duong thang 2x+y+2 =0 va duong

tron (C'):(x-2)" +(y+1)" =25.

“Taco: P=x?+1? +8x+6y < (x+4) +(y+3) =P+25.

Goi (C) 1a dudng tron tam J(—4;-3), ban kinh R=+/P+25.

- Buong tron (C ) cat mién (T) khi va chi khi

JK<R<JA< I -IK<R<IA <2J10-5<25+P <35

& 40-20410 < P <20

= M =20 va m=40-203/10 .

Vay M+m=60-20410.

CAU 6:

Pt



Loi giai

Goi 1(4;5), J(1,0).
Goi A, B Tan luot la cac diém bidu dién s6 phitc Z,,2,.
Khi &6 A nam trén duong tron tim [ ban kinh R=1, B nam trén duong tron tam |
ban kinh R=1.
bat z=x+yi, x,yeR.Ta co:
[2-+4i =[z-8+4i
= |x—yi+4i|=|x+yi—8+4i|
<:>x2+(4—y)2:(x—8)2+(y+4)2
< 16x-16y—-64=0
S Ax—y—-4=0
Goi C la diém biéu dién s& phtic z thi C(A).
Tacé: P=|z—z,|+|z—z,|=CA+CB.
1-0-4
>1=R, d(],A)=¥=i>1=R.

P (1) V2

d(I,A):—‘4_5_4‘ -

1+ (-1)

(x,—y,—4)(x,—y,—4)=(4-5-4)(1-0—4) >0 = hai duwong tron khong ct A va

S

nam cung phia voi A.
Goi A, la diém d6i xing véi A qua A, suy ra A, nam trén duong tron tam I, ban

kinh R=1(v¢i I, la diém d&i xtiing v6i [ qua A). Taco (9;0).

Pt



A=A

Khi d6: P=CA+CB=CA,+CB>ABnén P_ < AB.__ @{B_B, :

Khi do: 171:%?] = A'(8;0); L B==1] = B'(2,0).

I
o | N

1

A(4:4)
B(2;0)

Nhwe vay: P khi A d6i xing A" qua A va B_B'<:>{ Vay

M=|z,~z,|= AB=420=25.

CAU 7:
Loi giai
Chon D
z:a+bi;|z|=2 oN?+? =2 oa®+b =4.
P=[2+2z|+3]2-Z| :\/(a+2)2+b2 +3\/(2—a)2+b2 =4a+8+3v8—4a.
Vaa+8+38—4a < (12 +3*)(8+4a+8-4a) =4J10.
D4&u dang thiic xay ra khi J4{11+8 2\/8;4{1 <:>9(4a+8):8—4a @a:—g.
Vc’yia:—§:b:§(do b>0).
5 5
8 6 8 6) "
Vay minP =44/10 <:>z=——+—i.Khidc’)S=[5(——+—j+2} =0.
5 5 5 5
CAU&:

Loi giai
Chon C

Giast z=a+bi, (a,beR) =z=a-bi.
Chia hai vé cho |1| ta duwoc: |z+2—i|+|§—2+i|:10.

Dat M(a;b), N(a;-b), A(-2;1), B(2;-1), C(2;1) = NB=MC.
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CAU 9:

X Y
Ta c6: MA+MC =10 :Me(E):2—5+E=1.

Elip nay c6 phuong trinh chinh thc v6i hé truc toa do IXY, 1 (O ; 1) la trung diém
AC.
2
X=x _x* (y=1)

Ap dung cong thikc d6i truc =—+
Y=y-1 25 21

Dt {a:5smt ,tE[O,‘27I):>‘Z‘2=OM2=612+b2

b—1:\/icost

= 25sin? t+(1+\/icost)2
=26+(—4C082t+2\/ZCOSt).

a=0

b:1+\/£'

‘Z‘max =1+x/ﬁ<:>cost=1<:>{

a=0
z =—1+\/i<:>cost=—1<:> .
‘ min {bzl—'\/i
:>M+m:2\/2_1.

Huéng dan giai
Chon A

Pt



CAU 10:

Goi M(x;y) la diém biéu dién ctia s§ phirc z=x+yi, N(x’;y') la diém biéu dién
ctia s8 phite z=x+/i .

Tacd |z+5) =5 [x+5+yi] =5 (x+5) +y? =5

Vay M thudc duong tron (C):(x+5) +1> =5

(x'=3)+(v-6)i

(¥ +1) +(y-3) =(¥~3) +(y-6) =8x'+6y'=35

Vay N thudc duong thang A:8x+6y =35

|z +1-3i =

z'=3-6i] < |(x'+1)+(y'-3)i|=

Dé thdy duong thang A khong cit (C ) va |z —-z'|=MN

Ap dung bat déng thirc tam giac, cho bo ba diém (I ,M,N ) ta co.

MN 2|IN - IM|=|IN - R|>|IN, - R| =|d(I,A) - R| =

N |1

8.(-5)+6.0-5 o
82 +6 -
D4u bang dat tai M =M,;N=N,.

Loi giai

Pt




AN

B

Tt gia thiét |z -1-i | =5 suy ra tap hop cdc diém M biéu dién s6 phirc z 1a duong tron (C)

tam I(1;1), bankinh R=5.
Xét céc diém A(7;9) va B(0;8). Ta thay IA=10=2.IM.

Goi K 1a diém trén tia IA sao cho IK = iIA = K= [§;3J

0 @2521, géc MIK chung = AIKM ~ AIMA (c.g.c)
IA IM 2
MK _IK 1 Ma-2MK.

= - =
MA IM 2

Lai c6: T =|z 7 —9i|+2|z~8i] = MA+2.MB = 2( MK + MB) > 2.BK =55

:>Tmin=5\/g<:>M:BKm(C), M nim giita B va K:>0<xM<§.

Ta c6: phuong trinh dwong thang BK 1a: 2x+y-8=0

2x+y—-8=0 {
<

(x-1) +(y-1) =25 {

Toa d¢ diém M la nghiém cuta hé: {

Vay z=1+6i la s0 phtic can tim.

CAU 11:

Huéng dan giai

Chon C

= M =(1;6).

Goi M,, M,, M lan luot la diém biéu dién cho s6 phtic z,, 2z,, z trén hé truc toa

@ Oxy . Khi d6 quf tich ctia diém M, la dudng tron (C, ) tam I(3;4), ban kinh

R=1;

quy tich ciia diém M, 1a dudng (C,) tron tam I(6;8), ban kinh R=1;

quy tich caa diém M 1a dwong thang d:3x—2y—12=0.
Bai toan trd thanh tim gia tri nho nhat caa MM, + MM, +2.
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CAU 12

YA

>
X

1
|
1
|
6

Goi (CB) co tam I, (—;—], R =1 la duong tron d6i xiing véi (Cz) qua d . Khi

d6 min (MM, + MM, +2) = min(MM, + MM, +2) véi M, €(C,).
Goi A, B Tan luot la giao diém ctia doan thang I A, véi (C1 ) , (C 5 ) Khi d6 vdi moi
diém M, €(C,), M, €(C,), Med tacé MM, + MM, +2> AB+2, dau "=" xay ra

khi M, =A, M, =B.Dodo Pmm:AB+2zlll3—2+2=Ill3=%.
Loi giai
Goi z, =x,+y,i va z, =x, +1,i, trong d6 x,, y,, x,, Y, € R; dong thoi M1(x1r'%)

va M, (x,;y,) Tan luot 1a diém biéu dién céc s8 phiic z,, z,.

X2 4yl =144

Theo gia thiét, ta co: {(xz _3)2 . (yz _4)2 s

Do d6 M, thudc duong tron (C,) <6 tam O(0;0) va ban kinh R =12, M, thuéc

duong tron (C, ) <6 tam 1(3;4) vabankinh R, =5.

O0e(C,)

OI=5<7=R -R, nén (Cz) chtra trong (C1)-

Mat khac, ta co {
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CAU 13:

CAU 14:

M

Khi d6 |z, —z,| = M|M, .Suyra |z, -z,| < (MM,) <MM,=R-2R,=2.

Loi giai
Chon C
Goi z=a+bi, (a,beR)

z-4+3i=2<

a+ib—4+3i]=2 < |a—4+(b+3)i|=2

<:>(u—4)2+(b+3)2=4

Khi d6 tap hop cac diém M (a;b) bidu dién s§ phirc z=a+bi thudc vao dudng tron
(C) c6 tam I(4;-3), R=2.Tacé Ol =+/3° +4* =5.

Suyralz| =OI+R=5+2=7, |z =|OI-R|=5-2=3.

Goi A la duong thang qua hai diém OI ta c6

phuong trinh cta (A) :3x+4y =0.Goi M va N Tan luot 1a hai giao diém cta (A)
va (C )

sao cho OM =3 va ON =7 khi do

@%ajm[ﬁ;—?j , 28 21,

55 !
7 28 21 152 95 S_?+%=8
ON=20I=N|=Z2,_2| |z, =—=-2i
5 5 5 5
Loi gidi
Chon D

Pt



Ta cd |2* +4|=|(z—2i)(z—1+2i) < |z-2i|(|z+2i|-|z-—1+2i]) =0
z—2i=0
<~ .
|2+ 21| =]z —1+2i]
Do d6 tap hop cac diém N bidu dién s8 phiic z trén mat phang toa d6 Oxy 1a diém
A(O;Z) va duong trung triee cia doan thrfmg BC vdi B(O; —2), C(l; —2) .

= 1
Taco BC = (1,' O) , M (E ;OJ la trung diém BC nén phuong trinh duong trung truec

caa BC la A:2x-1=0.

Dat D(-3;2), DA=3, d(D,A)=%.

Khi d6 P =|z+3-2i|= DN, véi N 1a diém biéu dién cho z.
Suy ra min P =min{DA,d(D,A)} =3.
CAU 15:
Loi giai
Chon C
Xét A(1;1),B(8;3) tacs AB=+/53
= céc diém biéu dién z 1a doan thang AB
P= |z +1+21 | =MM' véi M 1a diém biéu dién sd phtic z, M’ 1a diém biéu dién s&
phtc z'=-1-2i
Phuong trinh dwong thang AB: —2x+7y—5=0
Hinh chiéu vuéng géc cuia M’ 1én AB la M, = [—%,%J
Tacd A ndm gitta M, va B nén P = MM’ 1én nhat < MM, 16n nhat
SM=B=z=8+3i

=P =106 .

CAU 16:
Loi giai
Chon A

Goi z=x+yi, (x, y € R). Theo gia thiét, taco |z <2 < x* +1° <4.

Suyra 2<x, y<2.
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CAU 17:

CAU 18:

-

Khi d6, P:2‘2+1‘+2‘z—1‘+‘z—;—4i‘ =2(\/(x+1)2 +y° +\/(x—1)2 +y° +|y—2|j

<:>P:2(\/(x+1)2+y2 +\/(1—x)2+y2 +‘y—20 22(2 1+ +2—y).

Dédu “=" xay rakhi x=0.
Xét ham s6 f(y):z 1+y2 +2—y trén doan [—2; 2], ta co:

2y 1= 2y—,/1+y

): =0 _ L
y \/1+y2 \/1+y / NER

Ta c6 f{@] 2+4/3; f(-2)=4+2v5; f(2)=25.
Suy ra {r;l%f(y)=2+\/§ khi y:%.

Dodd P>2(2++3)=4+2y3.Vay P, =4+2/3 khi z=1.

NG

Loi giai
Chen D

Dat z=x+yi véi x, y R theo gia thiét [z =|z +2i| &y =-1. (d)

Vay tap hop cac diém biéu dién s§ phirc z 1a dudng thing (d).

Goi A(O;l), B(4;O) suy ra |z - i| + |z —4| = P la tong khoang cach tir diem M (x;—l)

dén hai diém A, B.

Thay ngay A(O;l) va B(4;O) nam cung phia véi (d) . Lay diém d6i xting voi A(O;l)

qua duong thang (d) ta duoc di€ém A’(O;—B) .

Do d6 khoang cach ngédn nhatla A'B=+/3+4% =5,

Loi giai

rvr [N



Dit z=a+bi (a,beR).

Y 2 V22 )2 __ Z
‘z+1—z‘—‘z 31‘<:>(a+1) +(b 1) a +(b 3) Sa 2b+2.

2 2
7 / 49 49 7
=\a?+b* =,|| 2b+= b* =,[5b* —=14b+—= = b—= — ,_
‘z‘ a +b \/{ +2j + 1 \/ ( ] 20 5

‘w‘zl 1 SZJE Déng thitc xay ra khi b—zva a—63
z| |4 5 10
Vay ‘w‘mng.
minlwl=1.
CAU19:
Loi giai
Chon D
Dat z=a+bi,a, beR.
Tacé |6-3i+iz|=[2z2-6-9i| < a* +b*> —6a-8b+24=0.
—(3+4i) =1
<:>(a—3)2+(b—4)21<:>‘z—(3+4i)‘1:>{‘21 (3--41) .
|z, —(3+4i) =1
’ o | hbh
Ta lai cé: 2“21—(3+4i)‘ +(zz—(3+4z))} ‘z z‘ +‘z +z —(6+81)‘ .
©2(1+1):%+ z,+2,—(6+8i) <:>‘zl+zz—(6+8i)‘2:g.
Tacé:‘zl+zz‘:‘zl+zz—(6+81) 6+81‘ ‘z +z,— 6+81‘ ‘6+81‘< +10—556.
CAU 20:

Loi giai

Pt



CAU 21:

CAU 22:

Tacd |z, —3i+5| =2 < |2iz, +6+10i| =4 (1);
(2).

Goi A la diém bidu dién s8 phtic 2iz,, B 1a diém biéu dién s& phitc —3z,. Tir (1) va

iz, ~1+2i| =4 & |(-3z,)-6-3 =12

(2) suy ra diém A nam trén duong tron tam I, (—6; —10) va ban kinh R, =4; diém

B ndm trén dwong tron tam 1, (6;3) vaban kinh R, =12.

Taco T=[2iz, +3z,|= AB< LI, +R +R, =y12* +13* +4+12=/313 +16.

Vay maxT =+/313+16.

Loi giai
Ta c6 ‘iz+x/§—i‘=1<:>‘z—(1+ix/5)‘ =1.Goi z, =1+ix2 c6 diém biéu dién 1a
1(1:42).

Goi A, BTan luot 1a cic diém biéu dién ctia z,,2,.- Vi |Z1 - zz| =2 nén [ la trung

diém cua AB.

Tacd [z, +]z,|=0A+OB < [2(0A* + OB?) = 40P + AB* =16 = 4.

Déu bang khi OA=OB.

Loi giai

Pt



CAU 23:

-

5V10 ¢

" Tacd: 3u—6i]+3u—1-3]=5v10 e [u—6il+ju~1-3i| ==

510

= MF, + MF, ==~=.

= u c6 diém biéu dién M thuc elip véi hai tiéu diém F, (0;6), F,(1;3), tim

510 510
3 6

1(% %j va dd dai truclon 1a 2a= =a=
FE,=(1-3)= EF, :3x+y-6=0.

= Ta co: ‘v—1+2i‘:

v+i|=[o—i] = NA=NB
= v ¢6 diém biéu dién N thudc duong thang d 1a trung truc ctia doan AB véi
A(1;-2), B(0;1).

@:(—1;3), K(%,—%J la trung diém ctia AB=d:x-3y—-2=0.

27
d(1,d)= 2 2 =3*/E
12+(—3)2 2

2410
a\zT.

Dé thdy FF, Ld :min‘u—v‘ :minMNz‘d(I,d)—

Loi giai
Chon D

Cich 1:
Dat z—3-2i=w véi w=x+yi (x,y€R).Theobairatacéd |w|=2< x*+y* =4.

Ta co

P=|z+1—2i|+2|z—2—5i|=|w+4|+2|w+1—3i|=\/(x+4)2+y2+2\/(x+1)2+(y—3)2

=M+2\/(x+1 +(y- 3) —2M+2\/x+1 +(y- 3)
:2(\/x2+y2+2x+1+\/(x+1)2+(y—3)2)=2(\/(x+1)2+]/2+\/(x+1)2+(y_3)2j

Pt



>2(|y|+|y-3)=2Jy+3-y|=6.

Pt x(:3—1 )>0 x=-1

=6 -y)20& )

y2 Z)y y=+3
x+y =4

Vay GTNN cta P 1abing 6 dat dugc khi z=2+(2+J§)i.

¥

Cach 2:

z-3-2i|=2=>MI=2=Me(I;2) véi I=(3;2).
P=|z+1-2i|+2|z-2-5i{|= MA+2MB véi A=(1;2), B=(2;5).
Ta ¢6 IM=2; IA=4. Chon K(2;2) thi IK=1. Do d6 ta 6 IAIK=IM’

IA IM
= =
IM IK

= AIAM va AIMK dbéng dang v6i nhau :%:%:2 =AM =2MK.

Tird6 P=MA+2MB =2(MK+MB) >2BK.

D&u bang xay ra khi va chi khi M, K, B thang hang va M thuoc doan thang BK .
Tir 6 tim duoe M =(2;2++3).

Cach 3:

rvr [N



Goi M (a;b) la diém biéu dién s8 phitc z=a+bi. Dit I =(3;2), A(-1;2) va B(2;5)

Ta xét bai toan: Tim diém M thudc dudng tron (C) c6 tam I, ban kinh R =2 sao cho

biéu thtec P = MA+2MB dat gia tri nho nhat.

Trudc tién, ta tim diém K (x; y) sao cho MA=2MK VM e (C)

Ta c6 MA = 2MK < MA? = 4MK? @(ﬁnﬁ)z :4(ﬁ+ﬁ<)2

& MI? +IA2 +2MIIA = 4(1\/112 +IK? + ZMR) o 2@@ —4ﬁ<) = 3R2 +4]K? — A
(*)-

IA—4IK =0

() i 1e(C) o S0

E4ﬁ<:6©{4(x_3)__4@{x‘2 |
4(y-2)=0 y=2

Thir tryc ti€p ta thay K(2;2) thoa man 3R* +4IK* —IA* =0.

Vi BI* =1°+3*=10> R* =4 nén B nimngoai (C).

Vi KI? =1< R* =4 nén K nam trong (C)

Tac6 MA+2MB=2MK+2MB=2(MK+MB)=>2KB.

D&u bang trong bat dang thiic trén xay ra khi va chi khi M thudc doan thang BK .
Do d6 MA +2MB nh¢ nhat khi va chi khi M 1a giao diém cta (C ) va doan thang BK.
Phuong trinh dwong thang BK:x=2.

Phuong trinh dwong tron (C) : (x —3)2 +(y —2)2 =4.

Pt



CAU 23:

x=2 =2
Toa d0 diéfm M 1a nghiém cua hé {(x—3)2+(y—2)2—4®{;:2+\/§ hoac

x=2
y=2-3
Thit lai thdy M(2;2 +3 ) thudc doan BK .

Vay a=2, b:2+\/§ :>a+b:4+\/5.

Loi giai
Chon A

Goi z=x+yi, véi x,y € R. Khi d6 M(x,'y) 1a diém biéu dién cho s6 phtic z .

Theo gid thiét, iz +1+2i[=3 & [z+2-i|=3 & (x+2) +(y-1)" =9.

Tacd T =2|z+5+2i|+3|z—3i| =2MA+3MB, véi A(-5;,-2) va B(0;3).

Nhan xétrang A, B, I thang hang va 2IA =3IB.

Cach 1:
Goi A la dwong trung triec cia AB, tacd A:x+y+5=0.
T=2MA+3MB <PA+PB.Dau“="xay rakhi M =P hoac M =Q.

x+y+5=0 e B ~
Giéihé{ y 9 @P( 82, 2;6} N Q( 8;\5;_%\5)

(x+2) +(y-1) = 2 2

rvr IR



Khi &6 M=maxT=5\/Z.

Vay M.n=10+/21.

Céch 2:

Tacé A, B, I thing hang va 2IA =3IB nén 2IA +3IB =0.
— 2MA® +3MB’ =2(M+E)2+3(A71+E)2 = 5MI? +2IA* +3IB* =105.
Do d6 T* =(J§.J§MA+J§.J§MB)2 <5(2MA® +3MB*) =525 hay T <5421

Khi d6 M =maxT =5+21 . Dau “=" xay rakhi M =P hoic M=Q.

Vay M.n=10+/21.

Py





