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ATEX bai TU DUY M3

1 Phuong phap vector.

Day 1a mot phuong phap rat manh dé xi 1y céc bai todn c6 yéu t& vudng goéc vi du nhu hinh hop chi nhat,
hinh 14p phuong, khéi ti dién déu. Trudc tién ta cAn phai tim hiéu cac kién thiic nén ting ctia phuong phap
nay.

1.1 Co s6 cua phuong phap vector.

1.1.1 Quy tic hinh hop.

) — — —
Néu ABCD.A'B'C'D' 13 hinh hop thi AC' — AB+AD+AA = @ + b + ¢

1.1.2  Quy tiic trong tam t dién.

G la trong tAm i dién ABCD khi va chi khi mot trong hai diéu kién sau xdy ra

1. GA+GB+GC+GD =0
2. MA+MB+MC+MD = 4MG.,vM

1.1.3 Quy tac df)ng phezlng.

LN LN A N L3 ~ — A 2 N 2 3 A A X N v
Diéu kién cin va di dé ba vector @, b, ¢ dong phang la co6 cac so m,n, p khong dong thoi bang 0 sao cho

— —
md+nb +p7: 0

1. Cho hai vector khong cung phuong kh1 d6 diéu kién can va di d€ ba vec to 7 b, déng phang la
c6 cac s6 m,n sao cho = m7—|—nb

2. Néu ba vector 7, b, ¢ E)hf)ng ddng phang thi méi vec to 7 déu c6 thé phan tich mot cach duy nhat
duidang d =m@ +nb +pe.

1.2 Cac dang toan va phuong phap giai.

2 DANG 1. Chitng minh déng thiic vector.

Phuong phap giai. St dung quy tic cong, quy tic trir ba diém, quy tic trung di€ém doan thing, trong
tAm tam gidc, trong tim td gidc, quy tac hinh binh hanh, quy tic hinh hdp,...d€ bién ddi vé nay thanh
vé kia.

Bai tap 1. 1. Cho hinh chép S.ABCD c6 didy ABCD 12 hinh chit nhat. Chiing minh ring

A"+ 56" =SB +5B°

IBTEX béi Tu Duy Mé @) Group. Coéng ddng tu duy mé TOAN Li


tuduymo.com

CAC BAI TOAN KHO VE QUAN HE VUONG GOC Website. tuduymo.com

2. (&9 ti dién ABCD, M va N lan ludt 1a cic diém thudc ciac canh AB va CD thda mén diéu kién
MA = —2@,]@ = —2]@; cac diém 1,J, K 1an luot thuoc AD, MN, BC sao cho

TA = kID,JM = kIN, KB = kKC

o 1 2
Chiing minh v6i moi diém O ta c6 (7} = 5(7}+ §07

& DANG 2. Ba vector dﬁng phgng va bon diém dﬁng phfmg.

» *? e ~ 2, . — P 2 s 2 LN A
Phuong phap giai. D€ chiing minh ba vector 7, b ,7 dong phang ta co6 thé thuc hi€én theo mot
trong cac cach sau
7

. . o - N A s 12
1. Chung minh gia cua ba vectord , b cung song song v6i mOt mat phang.

— —
2. Phantich @ =md +nb trong do d, b 1ahai vector khong cung phuong.

PE ching minh bén diém A,B,C,D dong phang ta c6 thé chiing minh ba vector @,R,E dong
phang. Ngoai ra c6 thé st dung két qua quen thudc sau. Piéu kién can va dd d€ diém D € (ABC) 1a
v6i moi diém O bat ki ta c6 OD = xOA + y(ﬁ +20C trong d6 x +y+z = 1 Tinh chat trén goi 12 tAm
ti cu trong khong gian.

Bai tap 2. 1. Cho td di§1> ABCD, cic diém M, N 1an luot 1a trung diém ctia AB,CD. Goi P,Q lan luct
13 céc diém théa man PA = kPD, 0B = kQC (k # 1). Ching minh M, N, P,Q déng phéng.

2. Cho uf dién ABCD, cic diém M.N xie dinh béi MA = xMC,NB = yND (x,y # 1). Tim diéu kién
gitta x va y dé€ ba vector zﬁ, @,MN ddng phang.

2 1 — 2
3. Cho hinh hop ABCD.A'B'C'D', M,N 1a cic diém théa MA — —Znﬁ), NA" = —51@. Ching minh
MN || (BC'D).

4. Cho ling tru tam giac ABC.A'B'C’. Goi M, N lan luot 12 trung diém ctia AA’,CC’ va G 1a trong tAm
ctia tam gidc A’B'C’. Ching minh (MGC') || (AB'N).

5. Cho hinh chép S.ABCD c6 ddy ABCD 1a mot hinh binh hanh . Goi B, D’ 1an ludt 1a trung diém ctia

/

. . SC
cédc canh SB,SD. Mit phang (AB'D’) cat SC tai C'. Tinh —

SC’
6. Cho hinh chép S.ABCD c¢6 ddy ABCD 1a mot hinh binh hanh. Goi K 1a trung diém ctia canh SC. Mit
. . . SB SD
phang qua AK cat cac canh SB, SD lan ludt tai M, N. Chtiing minh M + ST 3

7. Cho ti dién ABCD, trén céc canh AB,AC,AD lay cic diém K ,E , F.

Cic mit phang (BCF),(CDK) , (BDE) cit nhau tai M. Pudng thang AM cit (KEF) tai N va cat mit
2 NP MP
hang (BCD) tai P. Chu inh — =3—.
phang (BCD) tai P. Chiing min NA 3MA

8. Cho da gidc 16i A1Aj...A, (n > 2) ndm trong (P) va S 1a mot diém ndm ngoai (P). Mot mit phang
. 0 SA
(a)cat cac canhSA |, SA,, ..., SA, cua hinh chdp S.AjA;...A, tai cac diém By, By, .., B, sao cho S_Bl +
1
SB, SA,

5 Tt

= a. Ching minh ring mit phang (&) ludn di qua mot diém cb dinh.
SB; SB,,

BTEX bdi Tu Duy Mé © Group. Cong ddng tu duy mé TOAN Li


tuduymo.com

CAC BAI TOAN KHO VE QUAN HE VUONG GOC Website. tuduymo.com

25 DANG 3. Tinh d dai doan thang.

Phuong phap gidi. D€ tinh d6 dai cia mot doan thang theo phuong phap vector ta sit dung cd sé

A =d = d|=\3a°
Vi vy dé€ tinh do dai ctia doan MN ta thuc hién theo cac budc sau

N 2 % o
1. Chon ba vector khong dong phang @, b, socho do dai cia chung c6 thé tinh dugc va goc
gitta ching c6 thé tinh dudgc.

%
2. Phén tich MN = m@ +n b + pe Khi dé

M = [F78] < VIR =\ (w2 0B +p2)’

— |2 — —
— \/m2\7|2—|—n2‘ b ’ —|—p2\7|2—|—22mn|7| ‘ b ‘cos (7, b)
Bai tap 3. 1. Cho hinh hop ABCD.A’B'C'D’ ¢6 tht ca cdc mit déu 1a hinh thoi canh a va cic géc
BAA' = BAD = DAA’ = 60°.Tinh d6 dai duding chéo AC'.

2. Cho hinh hop ABCD.A’B'C'D’ ¢6 tét ca cac mit déu 1a hinh vudng canh a. Ly M thudc doan A’D, N
thudc doan BD v6i AM = DN = x (O <x< a\/i). Tinh MN theo a va x.

Bai tap 4. 1. Cho tf dién ABCD. Goi M, N lan ludt la trung diém ctia cac canh BC va AD, biét ring

a3

AB=CD =a,MN = — Tinh géc gitta hai dudng thang AB va CD.

2. Cho tif dién ABCD c6 tit ca cac canh bang m. Céac diém M, N lan luot 1a trung diém ctia AB va CD.
Tinh géc gita dudng thang MN vé6i cac dudng thang AB, BC va CD.

3. Cho tif dién déu ABCD canh a. Goi O 1a tAm dudng tron noai tiép tam giacBCD. Chiing minh AO_LCD.

4 \ o %
4. Cho ti dién ABCD c6 CD = §AB. Goi 1,J,K lan lugt 1a trung diém cua BC,AC,BD. Cho biét JK =
5 0 .
EAB. Tinh goc gitta duong thang CD vd6i cac duong thang 1J va AB.

5. Cho t dién ABCD ¢6 AB = AC = AD. Goi O 1a diém thdéa man OA = OB = OC = OD va G la trong
tam clia tam gidc ACD, goi E 1a trung di€ém clia BG va F la trung diém cta AE. Chiing minh OF
vudng goc v6i BG khi va chi khi OD vudng goc véi AC.

6. Cho ti dién ABCD c6 hai mit ABC va ABD 1a cic tam gidc déu

e Chiing minh ABLCD.

e Goi M,N,P,Q lan lut 1a trung di€ém céc canh AC, BC,BD, DA. Chiing minh MNPQ 12 hinh chit
nhit.

7. Cho hinh 1ap phuong ABCD.A'B'C'D’ canh a. Trén cac canh DC va BB’ 13y cac diém M va N sao cho
MD = NB = x (0 < x < a). Chling minh ring

e AC'LB'D'.
e AC'LMN.
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o P N ez .
. Cho tu dién ABCD. Goi E, F la cac diém thoa nam EA = kﬁ, ﬁ = kfz‘ con P, Q,R la cac di€ém xac

dinh boi PA = IPD, OF — IQF ,RB = IRC. Chiing minh ba diém P, Q, R thing hang.

. Cho tif dién ABCD. Goi I,J lan ludt la trung diém cta AB va CD, G 1a trung diém ctia 1J.

e Ching minh 27J = AC + BD.
e Ching minh G—fl)—i—G?%—(?'—kG?:ﬁ.
e Xéc dinh vi trf cia M dé )Aﬂ +MB +R+m‘ nh nhit.

Cho hinh hoép ABCD.A’B'C'D’. Xic dinh vi tri cac diém M, N lan lugt trén AC va DC’' sao cho MN ||
BD'. Tinh ti s6

BD'

Cho hinh hop ABCD.A'B'C'D’ c6 céc canh déu bing a va cic goéc BAD = 600,m — DAA =
120%2

e Tinh géc gilta cac cip dudng thang AB véi A’D; AC' véi B'D.
e Tinh dién tich cac td gidc A’B'CD va ACC'A’.
e Tinh géc giita dudng thang AC’ véi cic dudng thang AB,AD,AA’,

Chiing minh ring dién tich ctia tam gidc ABC dudc tinh theo cong thiic

S— %\/ AB2AC? — (ﬁ.ﬁ)z

£ 0 N — 1
Cho ti dién ABCD. Lay cac diem M, N, P, Q 1an lugt thudc AB, BC,CD, DA sao cho AM = 5%,@ =

%R,f@ _ %E,ﬁ _ kDC. Hiy xéc dinh k d€ M, N, P,Q ddng phéng.

Gia sit M, N, P 1a ba diém 1an ludt nam trén ba canh SA, SB, SC cda tii dién SABC. Goi I 1a giao diém
clia ba mit phing (BCM) , (CAN) , (ABP) va J 1a giao diém ctia ba mit phang (ANP) , (BPM) , (CMN).
. M NS PS JS
Chu inh S,7,J thang ha Aa—+—+—+1=—.
ng minh S, /, ang hang va VA + NB + PC + 77
Cho hinh chép S.ABC ¢6 SA = SB = SC = a,ASB = BSC = CSA = a.. Goi (B) la mit phing di qua A
va cic trung diém ctia SB, SC. Tinh dién tich thiét dién cta hinh chép cit bi mit phang ().

Cho hinh chép S.ABC, mit phang (&) cit cic tia SA, SB, SC,SG lan ludt tai cic diém A',B',C’,G', véi
G la trong tdm tam giac ABC. Ching minh SA + 5B + SC _ 356
e 8 eI e T sp T s T Us6r

Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. M6t mét phang (o) cit cac canh SA, SB, SC,SD
s SA  SC SB SD
lan lugt tai A’,B’,C’,D’. Chut inh — 4+ — = —+ —.

o oA, B ne M 5o T 5B T s
Cho hinh chép S.ABC ¢6 SA = a,SB = b,SC = c. Mot mit phang (&) ludn di qua trong tim clia tam
1 1

sB2 " sc
Cho ti dién ABCD, M 1a mot diém nam trong ti dién. Cac dudng thang AM,BM,CM,DM cit cic
mit (BCD),(CDA),(DAB),(ABC) lan luct tai A’, B',C’,D’. Miit phang () di qua M va song song
véi (BCD) 1an lugt cit A’B',A'C’,A’D’ tai cac diém B;,Cy,D;.Chiing minh M 1a trong tim ctia tam
giéc BICIDI .

gidc ABC, cit cac canh SA, SB, SC 1an luot tai A’, B',C’. Tim gi4 tri nho nhét clia e +
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20. Cho tit dién ABCD c¢6 BC = DA = a,CA = DB = b,AB = DC = c. Goi S la dién tich toan phan. Chiing
1 1 9

b2c? + c2a? S s2

o 1
minh rang o +
2 . 9, — — —
21. Ch_0>h‘1nh hop ABCD.A'B'C'D’ va cac diém M, N, P xac dinh bi MA = kMB' (k # 0) ,1@ =xNC', PC—
yPD' Hay tinh x,y theo k d€ ba diém M, N, P thang hang.

22. Cho hinh hép ABCD.A’B'C'D’. Mot dudng thang A cit cac dudng thang AA’, BC,C'D’ 1an lugt tai
M, N, P sao cho N_A)I = 2]\77. Tinh

Al
23. Cho hinh chép S.ABC ¢6 SA = SB = SC = a va BC = a+/2. Tinh géc giita hai dudng thang AB va SC.
24. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi, SA = AB va SALBC.

e Tinh géc giita hai dudng thang SD va BC.

e Goi 1,J 1an lugt 1a céc diém thudc SB va SD sao cho 1J || BD. Chiing minh géc gitta AC va 1J
khong phu thude vao vi tri cia I va J.

25. Cho hai tam giac cdn ABC va DBC c6 chung canh ddy BC nam trong hai mit phang khac nhau.
e Chiing minh AD_LBC.
> N 2 “ X . —
e Goi M,N la cac diém lan lugt thudc cac duong thang AB va DB thoa man diéu kién MA =
kﬁ,]@ = kﬁ. Tinh géc giita hai dudng thang MN va BC.
26. Cho hinh hop thoi ABCD.A'B'C'D’ c6 tit ca cac canh déu bang a va thoéa man diéu kién ABC =
B'BA = B'BC = 60°. Chitng minh AC_LB'D.

27. Cho ti dién ABCD. Goi M, N lan ludt 1a trung diém cac canh BC va AD. Cho biét AB = CD = 2a va
MN = a+/3. Tinh géc giita hai dudng thang AB va CD.

28. Cho tii dién déu ABCD c6 canh bang a. Goi M, N, P,Q,R lan luct 1a trung diém ctia AB,CD,AD,BC
va AC.
e Ching minh MN LRP,MN 1 RQ.
e Chiing minh ABLCD.

29. Cho it dién ABCD ¢6 AB = CD = a,AC = BD = b,AD = BC = c.
e Chiing minh cic doan nbi trung diém cac cip canh d6i thi vudng géc véi hai canh do.
e Tinh géc giita hai dudng thang AC va BD.

30. Cho hinh chop S.ABCD c6 ddy 1a hinh binh hanh v6i AB = a,AD = 2a. Tam giac SAB vudng can tai
A, M 12 mot diém trén canh AD( M khac A va D). Mit phang (o) di qua M va song song v6i (SAB)cit
BC,SC,SD lan lugt tai N, P, Q.

e Ching minh MNPQ la hinh thang vudng.
e Dat AM = x. Tinh dién tich cia MNPQ theo a va x?
Bai tap 5. [Cac bai toan kho]
1. Cho ti dién ABCD c6 G la trong tim tam gidc BCD. Mit phang (o) di qua trung di€ém I cta doan

thang AG va cit cac canh AB,AC,AD tai cic diém B',C’, D’ khac A. Goi hy, hg, he 1an lugt 1a khoing
céch tit A, B,C, D dén mit phing (). Chiing minh rang h3 + h2 + h% > 3h3.
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11.

12.

13.

. Cho hinh chép S.ABC c6 SA,SB,SC d6i mot vudng goc, I 1a tim ndi tiép tam gidc ABC. Mit phang

(P) thay d6i qua I, cit cac tia SA,SB,SC lan lugt tai A’,B’,C’. Biét ring SA = SB = v/2,5C = /7.
Tim gid tri nhd nhét cha thé tich khdi chép S.A'B'C’.

. Cho tif dién ABCD, goi R 12 ban kinh mit cau ngoai tiép tii dién. Gy, G, G3, G4 1an ludt 1a trong tim

cdc mit BCD,ACD,ABD, ABC. Chiing minh ring

16R
AG1+BGy,+CG3+ DGy < T

Cho tif dién déu ABCD canh a, hai diém M, N chay tuong tng trén doan AB va CD sao cho BM = DN.
Tim gi4 tri 16n nhat va gia tri nhdé nhit ctia MN.

. Cho hinh chép S.ABC ¢6 SA = 2a,SB = 3a,SC = 4a, BSA = SAC = 90°, BSC = 120°. Hai diém M,N

— ° - N N 5
thda man 3SM = 25B,SC — 2SN. Cho 2 diém E va F thay d6i, Ian lugt nim trén hai doan thing AB

va SC. TIm gi4 tri nhd nhit ctia F?
Cho hinh chép S.ABC ¢6 SA = 1,SB = 2,SC = 3. Goi G la trong tim tam gidc ABC. Mit phang ()
di qua trung diém I va SG cit cac canh SA,SB, SC 1an ludt tai M, N, P. Tinh gia tri nhd nhét cia biéu

1
thic T = .
T Tsv s,

Cho tam gidc ABC c6 dién tich bang 1. Goi M 1a mot diém bét ki trong khong gian. Tim gia tri nhé
nhét ctia biéu thiic T = MA.h, + MB.hy + MC.he, trong d6 hy, hy,, he 1an ludt 1a do dai dudng cao ké
tu dinh A, B, C.

. Cho tam gidgc ABC, M 1a diém trong tam gidc ABC. Cic dudng thang di qua M song song véi

AD,BD,CD tuong ting cit cic miat BCD,ACD,ABD lan luot tai A’,B’,C’. Tim diém M sao cho
S = MA' MB'.MC' dat gi tri nhé nhat.

. Trong khdng gian cho ba tia Ox, Oy, Oz khdng dong phang. Dit x/O\y = Oc,y/O\z = B,@ = v. Lay cic

diém A, B, C 1an lugt trén céc tia Ox, Oy, Oz sao cho OA = OB = OC = a > 0. Goi M 1a diém nam trén
doan BC sao cho BM = 2MC va I 1a trung diém ctia doan thang AM. Tinh d6 dai doan thang OI theo

. 3
a trong truong hop o = y = 60°, f = 90°. Chitng minh rang cos & + cos § +cosy > 5
Cho it dién ABCD c¢6 géc tam dién vudng tai A, AB = AC = AD = a. Tim diém M trong khong gian
dé T = /3MA + MB + MC + MD dat gia tri nhd nhét?

[Khé] Cho tii dién déu ABCD canh a. Céc diém P,Q di dong trong khong gian théa man diéu kién
PA = QB,PB = QC,PC = QD,PD = QA. Tim khoang céch 16n nhit tif A véi mit phang trung truc
cua PQ?

Cho hinh 1ap phuong ABCD.A’B'C'D’ canh bing a. Cac diém H,K lan lugt 1a trung di€ém ctia cic
canh AD,C'D’. Biém M thudc canh AB’, diém N thudc doan BC' sao cho dudng thang MN tao véi
miit phang (ABCD) mot géc biang 45°.

e Chitng minh rang AK L BH.

e Tim gi4 tri nho nhét ctia MN.
[Khé] Cho td dién ABCD c6 DA = a,DB = b, DC = ¢,AB = ¢',AC = b',BC = . Goi R 1a ban kinh
mit cau ngoai tiép ti dién. Chiing minh rang

R*>

@424 )~ (@41 1))
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[Khé] Cho tid dién ABCD c6 AB = DC,BC = DA,AC = BD, v6i M bt ki, ching minh rang MA +
MB+MC +MD > 4R, trong d6 R 12 ban kinh mit cau ngoai tiép td dién.

[Khé] Cho tit dién ABCD c6 trong tam G va ban kinh mit cau ngoai tiép bing R. Cac dudng thing
AG,BG,CG,DG lan lugt cit cac mit ciu ngoai tiép hinh chép tai A’,B’,C’,D’. Chiing minh ring
GA.GB.GC.GD < GA'.GB'.GC'.GD'.

Cho AB.A;B;C; 1a mét hinh ling tru tam gidc déu c6 tit ca cac canh bang a. Xét cac doan thang c6
hai du 1an lugt ndm trén 2 dudng chéo BCy va CA; clia 2 mit bén ling tru va song song v6i mit
phang (ABB;A). Tinh doan thang ngan nhit trong cic doan nhu thé.

Cho tif dién O.ABC c¢6 céc canh OA, OB, OC d6i mot vudng goc, P 1a mot diém thudc mién trong clia
PA? N PB? N PC?

OA?  OB?  0C?*

Cho ling tru ti gidc déu ABCD.AB;C1D; c6 chiéu cao bang nifa ddy. Vi M 12 mot diém trén canh
AB, tim gia tri 16n nhat ctia géc A MC;.

tam giac ABC. Tim gia tri nho nhit ctia biéu thic T =

Cho tif dién ABCD théa mian diéu kién AB = CD,BC = AD,AC = BD va mot diém X thay d6i trong
khong gian. Tim vi tri cia di€ém X sao cho tdng XA 4+ XB + XC + XD dat gi4 tri nhd nhét.

Cho hinh hop ABCD.A1BC1D; c6 tit c cac canh bﬁng 1, cac goc tai dinh A bﬁng 60°, goi M, N lan
lugt 1a cac diém trén cic doan thing AD1, BD sao cho AM = DN = x(0 < x < 1). Tim gi4 tri nhd nhét
ctia doan thang MN.

Cho mit phang (P) va dudng thang d cat mit phang (P) tai diém A tao v6i mit phang (P) géc 60°.
Goi B 1a mot diém trén dudng thang d khac A. Goi M 1a diém di dong trén mit phang (P). Tim gi4 tri
AM +AB

BM

nhd nhét ctia S =

2 Ung dung ctia phuong phap Vector trong mot s6 bai toan diic biét.

2.0.1 Géc tao béi hai canh bat ki ctia mét t& dién.

Cho tif dién ABCD, khi d6 géc gitta hai vector tao bsi cip canh dbi .ﬁ, C% dudc xac dinh bdi cong thiic

AD? + BC? — AC? — BD?
CcoS </@,@> = +

2.AB.CD
Loi giai.
AB.CD
cos (@,@) =
AB.CD
_>
. ‘@ (CA +XB> ~ —AB.AC.cosBAC+AB.AD.cos BAD
~ ABCD AB.CD
AB? +AC? — BC? AB? + AD? — BD?
_aBAC22 +AB.AD. *
_ 2AB.AC 2.AB.AD
AB.CD
_ AD?*+BC* — AC? — BD?
N 2.AB.CD
Nhu vdy ta c6 diéu phéi ching minh. O

Tir két qua nay ta c6 2 hé qua nhu sau.

BTEX bdi Tu Duy Mé Group. Cong ddng tu duy mé TOAN Li


tuduymo.com

CAC BAI TOAN KHO VE QUAN HE VUONG GOC Website. tuduymo.com

ek i s |AD? + BC? — AC? — BD? |
1. Neéu la goc gitta hai dudng thang thi cos (AB,CD) = S AB.CD .

2. Néu ta c6 AC? +BD? = AD?> + BD* < cos (AB,CD) = 0 < ABLCD.

2.0.2 Bé dé vé duong trung binh.

Néu doan MN 1a dudng trung binh cla cip canh dbi nhau AB va CD thi ta c6

R~ L (a4 8) - L (3¢ 3D)

1

2 2
Tt két qua ny ma ta suy ra dudc cac két qua sau

1. Céc cdp vector MN ,AD,I@ va cac cap vector MN ,@,ﬁ dong phang véi nhau.

2. Khi d6 do dai dudng trung binh dudc tinh theo cong thic
1 21
MN? = (E v 1@) -2 <AC2 + BD? +2AC.BD. cos (R,ﬁ))

3. Khi ta thay cong thiic 1 vao thi ta dudc

1
MN = 5\/AC2 +BD2+AD?+BC? — AB2 — CD?

4. Dac biét khi ti dién ABCD c¢6 AC = BD,AD = BC thi duong trung binh MN cua cap canh AB va CD
chinh 12 doan vudng goéc chung ctia AB va CD; khoang céch giita hai dudng thang AB va CD la

1
d(AB.CD) = MN = - VAC? + BD? + AD? + BC? — AB? — CD?

Cau 1. Cho ti dién ABCD c6 cac canh AB = BC = 8,AC = CD = 6,AD = BD = 7. Tinh goc gitia 2
vector zﬁ, C% va goc gitta 2 dudng thang AC, BD.

Loi giai.
Ap dung céc cong thiic 6 trén ta co

AD?+BC?—AC?—-BD?* 7?+82—-6%2—-7%2 7
1. cos(ﬁ,@>: + = i =

2.AB.CD 2.8.6 T 24
AB>+DC?—-AD?> —-BC?| |824+62—-7>—-8% 13
2. cos(AC,BD) = | | = | =_—.
2.AC.BD 2.6.7 84
Bai todn dudc giai quyét. O

Bai tap tuong tu.
1. Cho tit dién ABCD c6 AB=CD = 8,AC = 6,AD_1 BC. Tinh do dai canh BD?
2. Cho tii dién ABCD c¢6 AB = CD = 6,AC = 6,AD_1BC. Tim gia tri 16n nhét ctia biéu thiic AC +2BD?
3. Cho tt di€én ABCD ¢6 AB = BC = 6,AD =7,AC 1 BD. Tinh d0 dai canh CD?
4. Cho tii dién ABCD c6 AB = 6,CD = 8,AC_LBD. Tim gi4 tri 16n nhit ctia biéu thiic

S=AD+3BC
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Cau 2. Cho tu dién ABCD c6 AC = 8,BD = 6 va goc tao bdi 2 vector (R,EB) = 60°. Goi M va

N 1an ludt 12 trung diém ctia AB va CD, P va Q lan luot 1a trung diém ctia AD va BC. Hay tinh do dai
cac duong trung binh MN va PQ cua td dién ABCD?

Lai giai.
Ap dung cong thic 6 trén ta ¢

2
MN? = i(ﬁw@) _ % (AC2 + BD?+2AC.BD. cos (ﬁ,B_D)» — MN = /37

Tuong tu véi y sau, ta tinh dugc PQ = +/13. [
Bai tap tuong tu.
. Cho tit dién ABCD c6 AC = 8,BD = 6 va géc tao bdi 2 vector (R,ﬁ)) — o Goi M va N Tan lugt Ia
trung diém cta AB va CD. Biét ring MN = 4. Xac dinh géc o?

2. Cho ti dién ABCD c6 AC = 8,BD = 6. Goi M va N lan ludt 1a trung diém ctia AB va CD, P va Q lan
luot 1a trung diém ctia AD va BC. Hay xdc dinh gi4 tri 16n nhét ctia biéu thiic T = 3MN + 2PQ

3. Cho tit dién ABCD c6 ba dutng trung binh MN, PQ, RS théa man MN? + PQ? + RS? = 100. Tim gia
tri 16n nht ctia biéu thiic T = AB + BC + (AC +CD) /2 + (AD + BD) /3.

4. Cho t dién ABCD c6 céc cip canh d6i bang nhau AC = BD = 8,AD = BC, gbc tao bdi hai dudng
thang AC va BD 1a 60°. Khoang céch gitta hai dudng thang AB va CD bing bao nhiéu?

2.0.3 Ung dung trong mét so bai toan cuc tri.

Cau 1. Ti dién ABCD noi tiép trong mit cau (O,R). Goi mg, + my, +m. +my 1a do dai cic trong

tuyén vé tit A, B,C, D. Chiing minh ring R >

au
2
T (mg+mp+me+my).

Loi giai.
— N
Goi G la trong tam tu dién, ta c6 (ﬁ + (ﬁ + (?—i— Cﬁ = 0 va dong thai

3 3 3 3
GA = Zma,GB = Zmb,GC = ch,GD = Zmd

Ta co

4R* + OA? + OB* + OC? + OD? = 40G? + GA% + GB? + GC* + GD?
— —
1200 (GA+G?+@+GD)

= 40G? + GA? + GB? + GC? + GD?
= GA®> + GB*> + GC? + GD* < 4R?

9
= 4R% > 6 (ma* +mp* +me* +mg?)

Theo bt dang thiic Cauchy - Schwarz ta c6

(Mg + my, + me +my)?

B -

ma® +mp* +m2 +mg* >
Nhu viy ta c6 diéu phai ching minh. O
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Cau 2. Trong cic tii dién noi tiép hinh cau c6 ban kinh R = 1, tim tii dién c6 dién tich toan phan 16n
nhit.

Loi giai.
Trong moi tam gidc a, b, ¢, dién tich s thi a® 4+ b*> + ¢ > 41/38.
Ap dung 1an luct vao cac mit tf dién ABCD rdi cong lai thi dugc
2(AB® +AC* 4+ AD* 4 BC? + BD* +CD?) > 4V/3S,,,
Goi 0, G lan luot 1a tam va trong tim t& dién ABCD, ta c6
AB? + AC? + AD? 4+ BC* + BD* + CD?
2 2 2 2 2 2
_(0b-0k)"+ (0¢ 0k’ + (0B 0k)"+ (0 0h)" + (0B 0B)"+ (0B 0¢)
Nhu vay ta dugc

16R? — <§i+0?+ 07+07)) — 16R2— 160G% < 16R> — 160G> < 16R% = 16

L 8
D/o doqta thu dugc Sy, < %
Dau dang thuc xay ra khi va chi khi AB=BC =CD =AC =AD =BD va 0 =G.
Do dé ABCD 1a ti dién déu. ]
Cau 3. Cho 7,R lan lugt 13 ban kinh mit cau ndi tiép, ngoai tiép ctia mot ti dién c6 thé tich 1a V.
N 8v3
Ching minh rang 8R%r > 33V, tlt d6 suyraV < 2—\;_R3.

L&i giai.

Goi 0, G lan luot 1a tAm mit cau ngoai tiép va trong tAm tf dién ABCD.

Goi BC = a,AD = d',CA = b,BD = b',AB = ¢,CD = ¢'. Goi Sy, S}, Sc, Sq,S; 14n luct 1a dién tich cac mat
ddi dién vé6i cac dinh A, B,C, D va dién tich toan phan ctia tid dién. Ta c6

2
AB? = (0? _ @) —2R2 20408 = 2R — AB>

Mat khac ta lai c6

40G = OA + 0B + OC + 0D

Suy ra 160G? = 4R? + Z (2R2 —AB) voi Z (ZR2 —AB) 1a tong theo 6 canh, ta c6

16R* — (a2+b2+c2+a’2+b’2+c’2) >0=d>+ b+ +d> b7+ <16R?

Trong tam gidc ABC ta c6 a + b* +¢* > 45V/3.
Tuong tu cho cic S, Sy, S.roi cong lai ta dudc

2 <a2 Tl d? v +c’2> > 4V/3.8,,

3V
Do d6 8R* > 1/3S;,, ma S;, = — nén 8R?r > 3/3V.
r

£ R 2 1 <
Dau bang xay ra khi t dién ABCD déu Xét phép vi tu tdm G ti sO k = 3 thi ti dién ABCD bién thanh ti

dién c6 4 dinh 13 4 trong tAm A’B'C'D’ clia 4 mit va R = 3R’, vi R’ > r = R > 3r, nhu vy c6 diéu phai
ching minh. U
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Cau 4. Cho t dién AjArA3A4 c6 G la trong tim, goi (S) 12 mit cau ngoai tiép ti dién trén. Céc
dudng thang GA|GA,GA3GA4 cit (S) tai A|'Ay’As’A4’. Chiing minh ring

4
Ga S L i

Loi giai.
Goi O va R 1a tam va ban kinh ctia mit cau (S), ta c6
RZ—0G* ¢ 2 &1
GA,GA/ = R*> — 0G? = GA; = GA; = (R> - 0G
i 1 1 GA,‘/ 1_21 l ( ) z:ZI GA/i

Bit dang thiic trén tucng duong

el
f=3
Q
s
[\S}
D
X

N.
_
-
I
_

Ta co
— ——»
GA? = 0A7 + 0G* +204,0G = R* + 0G* +20G (GA; — GO

Tur day suy ra dudc

4
Y GA? =4(R? ZGA2

i=1

2
4 4
Va déng thdi 4 ) GA? > <Z GA,-) . Do dé ta c6

i=1 i=1

4

4 4
Z Zé@ZGAig(ﬁ—OGz)
=1 i=1 [

l i

A~

Toreo(£on) Lo«

i=1

4>|~

Bai toan dudc giai quyét. O

Cau 5. T dién ABCD c6 cic canh AB, BC,CA déu nhd hon DA, DB, DC. Tim gi4 tri 16n nhit va nho
nhit ctia PD, trong d6 P la diém thoa diéu kién PD> = PA% + PB? + PC?.

Loi giai.
Goi O la di€ém sao cho OA+OB+O% obD=10 (1)
Ta co

PD? = PA? 1 PB? 1 PC? & (@—ﬁ)ﬁ (0?—55>Z+ (07—@)2— (0?—073)2 —

= 20P —20P (@1>+0?+&?—0_D>>

= OD* — (0A* + OB* + 0C?)

& 20P? = OD* — (0A® + OB + OC?) )
Binh phuong 2 vé ctia (1), ta suy ra

20D* —2(0A* 4+ OB*+ OC?) = DA*> + DB* + DC* — (AB*> + BC* + CA?) 3)

Dit DA2 + DB+ DC? = x, A32 —|—BC2 + DA% =y,
Tur (2) va (3) suy ra OP? = e Y~ 0do gia thiét.
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vxX—)

Do d6 P thudc mit cau (O) thm O bén kinh =
3x—y
4

Tir (1) ta c6 OD? =
Puong thang OD cit (O) tai P, P»(DP; < DP,).

Ta c6 DP > DO — PO = DO — PO = DP;, d4u biang khi P = P, va DP < DO + PO = DO + PO = DP, diu
bang khi P = P. Vdy min PD = DP;, max PD = DP>. O

, suy ra D nam ngoai (O).

Cau 6. Tii dién ABCD gan déu. Tim diém M sao cho

dat gid tri nhé nhét.

Lai giai.
Goi G 1a trong tAm ctia td dién, vi ti dién gan déu nén G ciing 13 tAm mit cau ngoai tiép, do viy GA = GB =
GC = GD. Ta c6 bit dang thiic v6i n nguyén duong

b\ d\"
a"+b”>2(a+ ) ,c"+d”>2(”2r ) Va,b.c.d >0

2

Bit dang thiic trén tucng duong

n n n
S d S [(a—;b) +<c—|2—d) 1 }4(a—|—b1—c+d)

Liy a = MA% b = MB?,c = MC?,d = MD?,n = 1002, ta c6

f(M) > 47" (MA? + MB* + MC* + MD?)"
Mt khdc
MA? + MB® + MC? + MD? = (ﬁ+cﬁ>)2+ <m+@>2 + (m+ G7)2+ (ﬁﬂﬁ))z
— 4MG? 4 GA? + GB* + GC* 4 GD?
Ta c6 f(m) dat gia tri nhd nhét khi va chi khi

2 2 2 2 ;
{ (MA? + MB?+ MB® + MD*)min -

MA =MB=MC=MD

Vay f(M) nho nhét khi M trang trong tim G. O
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3 Tuyén tip cac bai toan trac nghiém khé.

Céc bai todn sau day chii yéu lay tir cac dé thi thit trén c4 nuc, bén canh d6 mot s6 bai c6 ngudn gbe tir cac
nhom toan hoc trén facebook.

Cau 1. Cho hinh tru tam gidc déu ABC.A’B'C’ biét AB = a, AA’ = 2a. Khoang céch d giita hai duong
thang AB' va A'C 1a

a3 V17 _2V5 _aV17
Loi giai.
A o
D bH B

Goi D 1a diém ddi xing v6i B qua A = A'D || AB'.

Suy ra AB' || (A'CD) = d(AB',A'C) = d(A, (A'CD)).

Ké AE vudng goc v6i CD(M € CD) = AE = AC - cos60° = g.

Ké AH vudng goc v6i A'E, suy ra AH 1 (A'CD) = d(A,(A'CD)) = AH.
Trong tam giac A’AE vudng tai A, ¢

1 1 N 1 - 1 1 + 1 oq 2417
_ = = a.
AH? ~ AA2 TAE? T &2 (242 (g)Z 17
2
Chon dap an O

Cau 2. Cho ling tru ding ABC.A'B'C’ ¢6 déy la tam gidc can, AB = AC = a, BAC = 120°. Miit phing
(AB'C’) tao v6i mit ddy géc 60°. Tinh khoang cach tir duong thang BC dén mit phang AB'C’ theo

a.
@ a3 av/s @ av'35 @ a7
4 14 - 21 4
L& giai.
Goi H 1a trung diém B'C' suy ra A’H | B'C’. Do d6 géc gitia (AB'C’) tao v6i mit day goc AHA' = 60°.
—— 3
AA'B'C 1a tam gidc can, A'B' = A'C' = a, BA'C' = 120° nén A'H = g suy ra AA’ = 2 -
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Ta ¢6 BC || (AB'C’) nén d[BC,(AB'C')] = d[B,(AB'C')] = d[A',(AB'C'))] vi A’ 1 C
A'B cit (AB'C’) tai trung diém ctia A’B. Goi I 1 hinh chiéu vudng géc ctia A’ T /,’/
1én AH, suy raA'l L (AB'C') (Vi B'C' L (AA'H)).
AA'-A'H 3 S
Taco Al = = a\/_. g
VAATLAH? 4 A
A //_ _ _7 C
B

Chon dap an @ O

Cau 3. Cho tit dién ABCD. Goi E, F 1an ludt 12 trung diém ctia AB, CD va G 1a trong tim ctia ti dién
ABCD. Cho AB = 2a, CD = 2b, EF = 2¢. V6i M 1a mot diém tuy ¥, tong MA? + MB? + MC? + MD?
bing

(A) 4MG? +2(a® + b?) + 4c2. AMG? 422,
(©) 4MG? +2b7. (D) 4MG? + 242,
Li giai.

Vi G la trong tAm ti dién nén G la trung diém cua EF = G?%—G? ~0.
Ta c6 GA + GB = 2GE vi GC+-GD = 2GF .

%
Suy ra GA-I-G?-I—(?-I—G?: 0.
bit P = MA? + MB? + MC? + MD>.

P = MA? + MB? + MC? + MD?
- <M—c§+cﬁ)2+ (ﬁmﬁ)ﬁ (ﬁﬂ?)ﬁ (M-é+G_15)2
— 4MG? +2MG <EK+5§+CTC)+@> + GA? + GB® + GC* + GD?
= 4AMG? + GA* + GB? + GC?* + GD>.

Xét tam giac ABG c6 GE 1a dudng trung tuyén
2 2 2 AB? 2 (2a)? 2 2
= GA”+ GB* =2GE —1—7226 +T =2c¢"+2a
Xét tam gidc CDG c6 GF 1a dudng trung tuyén
2 2 ) CD? 2, (2b) 2 o2
= GC“+GD” =2GF +T:2c +T=2c +2b
Suy ra P = 4MG? +2(a® + b?) +4c.
Chon dap an @ O

Cau 4. Cho hinh hop chit nhat ABCD.A'B'C'D’, biét AC = /3,CD' =2,D'A = /5. Géc giita hai
mit phang (ACD') va (A’B'C'D') 1a a, tan & bing

SE T e
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Dé thiy D 1a hinh chiéu vudng goc ctia D' trén (ABCD). Suy Al D
ra A ACD 1a hinh chiéu vudng géc ctia A ACD' trén miit phang : -
(ABCD). ¢ B 5 _ S
Do do6, cosox = ACD | ! I
Sacp' !
DA’ +DC?*=3 DA?> =2 e
Tacé { DC2+DD? =4 & {DC*=1 Atz D
DA%2+DD? =5 DD? =3
B —VC
1 2
Dién tich tam gidc ACD la Sycp = 3 -DA.DC = g
A A A . A . 13 V1l
Dung cong thuc He—rong ta tinh dugc dién tich tam giac ACD" 1a Spcpr = —
Suy ra cos ot = :>tan o= ! —1 ) = tan o 3v2
u = 1 / = == -
Y cos? o 2 2
Chon dap an . O

Cau 5. Cho hinh chép S.ABC c6 day ABC la tam giac vudng cén tai B, AB=a, SA L AB, SC | BC,
SB = 2a. Goi M, N lan lugt Ia trung di€ém SA, BC va « la géc giita MN véi (ABC). Tinh cos a.

@cosa:@. cosa:?. @cosa:@. @cosa:%\/g.

Loi giai.
Dung hinh binh hanh ABCD ma ABC vudng can tai B nén ABCD
la hinh vuong.

Ta co
AB 1 AD _|BC LCD
= AB | (SAD) = AB 1 SD va = BC L
AB 1 SA BC 1 SC

(SDC) = BC L SD. Vay SD L (ABCD).

Goi H 1a trung diém cia AD = MH | (ABCD).

Do d6 HN 1a hinh chiéu ctia ciia MN 1én mit phing (ABCD).
Viy géc gilta dudng thang MN véi (ABC) 1a géc MNH = a.
Xét tam giac vuong MNH co

HN HN V6

MN ~ VHN? +MH?> 3~

Vay o = arccos 3
Chon dap an O

Cau 6. Cho lang tru diing ABC.A’B'C’ ¢6 ddy ABC la tam gidc can dinh C, AB = AA’ = a va AC =
av/6

=3 Goi M 1a trung diém ctia BB'. Tinh khoang cich tlf diém C’ dén mit phang (MAC).

cosa =

av/37 av/35 av/35 av/'37
@7' 14' ©7' @14'

L&i giai.
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Goi Q =MCNBC'. Al B
Goi P va N 1an lugt 1a hinh chiéu ctia B va C’ 1én mit phang (MAC)
Ta co

BP  BQ BM_ = d (C',(MAC)) = 2d (B, (MAC)). l

CN QC cCC

Ké BH L AC. C6 (MAC) (BHM) = HM.

Tir B, ké BK L HM = d (B, (MA )):BK:a\ﬁ_S.

= d(C',(MAC)) = “‘/—

Chon dap an @ O

Cau 7. Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh a, canh bén SA vudng goéc véi mit
phang (ABC) va géc giita dudng thang SB véi mit phang ddy bang 60°. Khoang cach giita hai dudng
thang AC va SB bang

@ Tﬁ Vf © 2. ®) #

Lai giai.

Dung di€ém D sao cho ACBD la hinh binh hanh.

Khi d6, AC || BD = AC || (SBD).

Suy ra d (AC,SB) = d (AC, (SBD)) = d (A, (SBD)).

Ta c6 SA L (ABC) va SAN (ABC) A nén géc giita dudng thang SB
v6i mit phang (ABC) 1a SBA = 60°.

Tam giac SAB vudng tai A nén SA = AB tanSBA = av/3.

Vi tam gidc ABC déu nén ABD ciing 1a tam gidc déu.

. 3
Goi E la trung diém cta BD thi AE | BD va AE = %. A ¢
Tac6 SA L (ABC) nén SA | BD.
Suy ra BD 1 (SAE).
Dung AH | SE,H € SE.
Khi d6, BD 1. AH. Nhu thé AH | (SBD).
i
D E B

AE*-SA*>  aV15
Tam gidc SAE vudng tai A c6 AH la duong cao nén AH = 4 .

AE? + SA? 5

1
Vay d (AC,SB) = AH = “\2_5.
Chon dap an O

Cau 8. Cho ling tru tam gidc ABC.A'B'C’ ¢6 ddy ABC 1a tam giac déu canh a. Hinh chiéu vuong géc
ctia A’ trén mit phang (ABC) 1a trung diém O ctia canh AB. S6 do clia gc gifta dudng thang AA’ va
mit phang (A’B'C’) 1a 60°. Goi I 1a trung diém canh B'C’. Khoéng cich giita hai dudng thang CI va
AB' bing
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s1 e e e

L& giai.

Géc giita AA’ va mit phang (A'B'C’) 1a géc giita AA’ va mit phang (ABC) 1a géc A'AB = 60°. Goi M la
trung diém BC = CI | BM

= CI || (AB'M)

= d(CI,AB) = d(CI,AB'M) = d(C, (AB'M)) = d(B,(AB'M)) = 2-d(0, (AB'M)).

Goi E 1a trung diém AM, F 1a giao diém cta AB’ va A’ O.

Ké OH | EF tai H.

Ta c6 A (od

= AM 1 (OEF). /

AM | OE
AM | OF

OH | EF
OH | AM
= d(0,(AB'M)) = OH.

= OH L (ABM).

AAA'B déu (do A/AB = 60°, A’O | AB) nén A'O = \H
av3 A'o a3 4 N AL S D C

avVo  OF = K
> 70 3 6 SNV

BC a

OFE =—" =,

4 4 B
1 1 128 _aV7

*OH: _OE2 o T & 14

7
Vay d(CI,AB') = 20H = #

Chon dap an @ O

Cau 9. Cho hinh chép S.ABC c6 ddy ABC 1a tam gidc déu canh a, SA L (ABC), SA = a+/3. cosin
clia géc gitta hai mit phiang (SAB) va (SBC) la

1 -2 2 1
®-7 7 © % O

Lai giai.
Goi M la trung di€ém BC.
K& AK L SM tai K.

(BC L AM
Ta c6 = BC L (SAM) = (SBC) L (SAM).
BC L SA

Lai 6 AK L SM = (SBC) N (SAM)
Do d6 AK 1 (SBC) = AK | SB.Ké AH | SBtai H.
Suy ra SB | (AHK) = SB | HK.

(SAB)N (SBC) = SB
Tacé { AH L SB = ((SAB), (SBC)) = (AH,HK) = AHK.
HK 1 SB
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SA-AB _ SA-AB av/3

Xét ASAB c6 AH = = = .
SB VSA2+AB? 2
ap—ABY3 _av3
2 2
1 1 1 av'15
Xét ASAM ¢6 —— = = AK = :
© CAK2 T A2 T AP 5
— AK 2v/5 — — 5

Xét AAHK vuodng tai K c6 sinAHK = AH - %— = cosAHK = \/1 —sin’ AHK = g

5
Vay cos((SAB), (SBC)) — %
Chon dap an @ O

Cau 10. Cho hinh chép S.ABCD c6 day ABCD 1a ntta luc gidc déu noi tiép dudng tron dudng kinh
AB = 2a, SA = a+/3 va vudng géc véi mit phang (ABCD). Cosin clia géc giita hai mit phang (SAD)
va (SBC) bing

®% ® % ©% DRS

Loi giai.

Goi O 1a trung diém cta AB.

Vi ABCD 1a ntta luc gidc déu noi tiép dudng tron dudng kinh AB nén ta c6
OA=0B=0C=0D=a.KhidésuyraAD =BC =CD =a,BD | AD,
AC L BC.

Goi E 1a giao diém ctia AD va BC, H 12 hinh chiéu vudng géc ctia B trén
SE, taco

BD 1 SA
{ = BD | (SAE) = SE 1 BD.

BD 1 AD

= SE | (HBD) = HD 1 SE.
SE | BH

{SE 1 BD
[ )

Suy ra ((SAD), (SBC)) = (DH,BH).
Ta c6 AABE déu canh 2a, ASAE vuodng tai A nén SE = V/SA2 +AE? =\/3a2 +4a2 = a\/7.
DE - SA B az\/§ - a\/g

SE a1 VT
Tam gidc ABD vuong tai D, c6 AD = a, AB = 2a suy ra BD = a+/3. Tuong tu AC = a+/3.
Tam gidc SAC vuong tai S, c6 SC = VSA2+AC? = /342 + 3a% = a\/6.

Do ASAE «~ ADHE nén DH =

6-2 2a\/6
Trong tam gidc SBE, ¢6 SC-BE = BH - SE = BH = av/6-2a = a\/_.
av'1 V7

g . — HB*+HD?>-BD* 2

Trong tam giac HBD ¢6 cosBHD = = —.
2HD-BD /3 4
——— 2

Viéy cos((SAD), (SBC)) = cos(DH,BH) = cosBHD = e
Chon dap an (C) O

Cau 11. Cho hinh 1ap phuong ABCD.A’B'C'D’. Goi o 1a géc giita dudng thang AC’ va mit phang
(A’BCD) thi ta c6 khang dinh nao sau day 1a khang dinh ding.

@ o = 30°. o =90°. @tana:\/i. @ cotor = /2.
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L& giai.
Dé thiy AB' L (A'BCD') va C'D L (A'BCD). A B
Khi d6 17 13 hinh chiéu ctia AC’ 1én mit phang (A’BCD’). /
= (AC',(A'BCD')) = (AC',1J) = AOLI.

5 RN
Goi canh hinh 1ap phuong 13 a khi d6 Al = % Val0 = g NI X
. A — Al N
Xét AAOI vudng tai I = tanAOIl = — = \/i | N
10 L XTI
/1/4/ \\ /
D' c
Chon dap an @ O

Cau 12. Cho khéi chép S.ABCD c6 didy ABCD 1a hinh vudng canh a. Canh SA = a vuong géc véi
day. Goi M, N lan lugt 12 trung diém clia cdc canh BC,SD, a 1a géc gitta dudng thang MN va (SAC).
Gia tri tan o 1a

®L ® % ©% R4

L3i giai.

Goi H, K 1an lugt 1a trung diém ctia AD, SC. Khi d6 NK || MH.
Khi d6 MN C (MHNK) va giao tuyén ctia (MHNK) véi (SAC)
la OK (v6i O la tam cua hinh vuéng ABCD).

Goi E = MN N OK (trong mit phang (MHNK)), hay giao
diém ctiia MN véi (SAC) 1A E.

Goi / 1a trung diém OC, suy ra MI | OC. Lai ¢c6 SA | MI nén
MI L (SAC).

Khi d6 EI 1a hinh chiéu ctia MN 1én (SAC). Do d6 géc giita
MN véi (SAC) ciing chinh la géc gitta MN véi EI chinh la géc
MEI (vi tam giac MIE vudng tai [).

1 1 1 at  aVs
TacO ME = = -MN = —VMH? + NH? = —\[d® + — = ——,
aco > > + 7 ac + 1 1
1 2 3
vaMI=~-OB = ﬂ_ suy ra El = VME? — M = av3,
2 4 4
Vay tano mi Cl“_ﬁ —\/6
a an = = =
> EI o 3
Chon dap an @ ]

Cau 13. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a. Canh bén SA vudng goc véi
ddy va SA = a. Géc gitta hai mit phang (SBC) va (SCD) bing

(&) 30°. 90°. (C) 45°. (D) 60°.
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Loi giai.
Ve DE | SCtai E.
Vi cac tam giac SBC va SDC la cac tam giac vudng co cac canh
tuong ung bang nhau nén BE | SC va BE = DE.
1
ASBC vuodng tai B va BE la duong cao nén BEL— SE2 +
11 + 1 3
BC? 242 24
2 _ 2a®
= BE K
SC = (SCD)N (SBC)
Khi d6 < DE | SC,DE C (SCD)
BE 1 SC,BE C (SBC)
Vay ((SCD), (SBC)) = (DE, BE).
* Tinh DEB
., —- BE?>+DE?>-BD? | —
Ta co cosDEB = = —— = DEB = 120°.
2-BE-DE 2
Khi d6 (DE,BE) = 60°. Vay ((SCD), (SBC)) = 60°.
Chon dap an @ O
Cau 14.
Cho hinh 14p phuong ABCD.A’B'C'D’ ¢6 tam O. Goi I la D’ A’
tAm ctia hinh vuéng ABCD va M 1a diém thudc doan OI sao n
1 2 I \‘
cho MO = ~MI. Tinh c6sin cua goc tao bSi hai mdt phang "~ L B
(MC'D') va (MAB). SN g
@ 6v/85 785 @ 17\/ 6\/ 13 AN \?
85 85 S 65 ot
D : : \ \‘\\\ A
/,;_____:__l\_______:
e I
C B
Loi giéi
= ((MC'D'),(A'B'C'D")) )
bit D A
ﬂ ((MAB), (ABCD)) Qo ,
Khi d6, do (A'B'C'D’) || (ABCD) nén géc gitta hai mit phing at, !
(MC'D') va (MAB) bing |a — B|. > N B’
Goi P, Q lan luot 1a trung diém ctia AB va C'D’. N \i\ \ E
Goi I’ 1a tAm hinh vudng A’B'C'D’. \:\\\\ N
Ta gia st canh hinh lap phuong bang 6. Khi d6, E \\\\\':' 0
oI =3,'M=4= QM =>5. ! N
PI=3,IM =2 = PM = /13. LM
D;I. _____ JI__\_\_:_\__\_\_\_\_ A
/// [L___\\_\__QZ\_
el * P
C B
Ta co
cos & or _3 o= 4
~0M 5 _ sin@ = ¢
PI 3v13 2v/13
cosfp=—=—— sinfi = ——
PM 13 13
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Suy ra
1713
cos|ot — B| = |cosacos B +sinasin | = e

Chon dap an @ O

Cau 15. Cho hinh chép S.ABCD c6 ddy ABCD 1 hinh binh hanh c6 dién tich bing 2a%, AB = av/2,

BC = 2a. Goi M 1a trung diém ctia CD. Hai mit phang (SBD) va (SAM) cling vudng géc véi ddy.
Khoéng céch tir diém B dén mit phang (SAM) bing

@ 3av/10 4a+/10 @ 2av/10 @ 3av/10

5 15 5 ° 5

Lai giai.

Goi I 1a trong tam tam gidc ABD. Hai mit phing (SBD)
va (SAM) cung vudng géc véi day nén SI L (ABCD).
Goi H 1a hinh chiéu vuong géc ctia B 1én AM. Khi do
BH L (SAM) hay d[B, (SAM)] = BH.

— — 1
Ta c6 Supcp = AB - BC - sinABC < sinABC = \/_E’ suy
— 1
ra coOSABC = —.
V2
Ta co
— v 10
AM? = AD?> +DM? —2-AD-DM - cos ABC — aT
. 1
Ta o Spcm = Sapm = ZSABCD-
1 1 2av/10
Hay SABM: ESABCD:‘#:E'BH'AM suy raAM = as .
Chon dap an @ O

Cau 16. Cho hinh chép S.ABCD c6 ddy 1a hinh thoi canh a, SA = SB = SD = a, BAD = 60°. Géc
gilta dudng thang SA va mit phang (SCD) bing

A 30°. (B) 45°. (©) 60°. (D) 90°.
Lai giai.
Goi O la tam clia tam gidc ABD. Theo gia thiét ti dién SABD déu
6 3
nén SO L (ABCD) va SO = av6 o_aV3

3 3
Goi H 1a hinh chiéu ctia O trén SD va K 1a diém trén canh SC

sao cho CK = 2SK. Khi d6, do DO L CD nén CD L (SOD), suy

CK 2 CO
DO | OH 5 OH L D). Lai c6 — = - = — né
ra DO L O ,d0c1200 2(SC) ai 6 o =3 = nén
OK || SA va OK = SA = ?a Suy ra

sin(SA, (SCD)) = sin(OK, (SCD)) = sin OKH
OH SO-0D V2

0K  OKVSO*yoD® 2

Vay (SA, (SCD)) = 45°.
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Chon dap an O

Cau 17. Cho ling tru ding ABC.A’B'C’ ¢6 ddy ABC 1a tam gidc vudng tai A v6i AC = a+/3. Biét BC'

2 2 6
hgp v6i mat phang (AA’C'C) mot gc 30° va hgp véi méat phang ddy géc o sao cho sino = \/T_ Goi
M, N lan luot 1 trung diém canh BB’ va A’C’. Khoang cach giita MN va AC' 1a

wr e A e

Loi gidi.
Do ABC.A’B'C’ 1a ling tru diing nén C’BC 1a géc gitta BC' va miit phing
(ABC) = C'BC = a; Do BA L (AA’C'C) nén AC'B la gbc gitta BC' va
mit phang (AA'C'C) = AC'B = 30°.
Goi P 1a trung diém cta AA’, I = NCNAC'.
C6 (MNP) || (ABC')
= MN || (ABC') = d(MN,AC’") = d(MN, (ABC') = d(N, (ABC").

) d(N,(ABC')) NI NC' 1
CONCN(ABC) =1= ——+ = — ==

6 NC N (ABC') d(C,(ABC')) _ CI _ AC 2

1

= d(N,(ABC")) = 3 -d(C,(ABC)).
C6 BA L (AA'C'C) = (ABC') L (AA'C'C). Ké CH L AC' = CH L B
(ABC'). Vay CH 1a khoang céch tit C dén mit phang (ABC').

B/

CC' 4x
sinot /6
Xét AACC’ vudng tai C c6 AC' = VAC? +CC"? = \/3a? + x2.

ACT V3 _V6-V3@ 4

bat CC' = x(x > 0). Xét ABCC' ¢6 BC' =

Xét AABC’ vudng tai A ¢6 cos30° = 30T ™ &2 =3d°. .
) . C <o 1 1 1 1 1 2 av'6
Xét AACC’ vudng tai C c6 CH\I;_dLIOng cao nén CIZ = A2 + Ry + eyl = CH = —

1 6
Vay d(N, (ABC')) = SCH = “4 .
Chon dap an @ O

Cau 18. Cho hinh chép S.ABC c6 day 1a tam giac déu canh a. Hinh chiéu vuong géc ctia dinh S 1én
miit phang (ABC) la di€ém H trén canh AB sao cho HA = 2HB. Géc giita SC va mit phang (ABC)
bing 60°. Tinh khoang c4ch giita hai dudng thang SA va BC theo a.

o o e e

7

Ldi giai.
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Do SH L (ABC) = (SC,(ABC)) = (SC,HC) = SCH => SCH =
60°. Ta co
V7

HC = \/HB2 + BC2 —2HB - BC - c0s 60° = 3

va

V21
SH = HC'tan6OO = TCI.

Dung qua A dudng thang d song song véi BC; HE 1 d E € d,
HK 1 SE.K € SE.
= d(H,(SAE)) = HK.

N 2 —
Do tam gidc déu canh a nén AH = 3% HAE = 60°. Khi do:

HE — AH -sin60° = ?a

va
_ |HE*.HS* V7

HK = - .
HEZ+HS.  2./6"
Do do 7 /i3
d(B,(SAE)) BA 3 3 3 V7 2
= P2 2 . 4(B,(SAE)) = 2d(H,(SAE)) = 2 - Y La= Y2,
J(H.(SAE)) _HA 2 4(B(SAE)) = 3d(H,(SAE)) = 5 za = —g=a
fy)
Ma d(BC,SA) = d (B, (SAE)). Vay d(BC,SA) = Va2,
Chon dap an @ O

Cau 19. Cho hinh ling tru ding ABC.A'B'C’ ¢6 AB = 1, AC =2, AA’ = 3 va BAC = 120°. Goi M, N
1an ludt 1a cac diém trén canh BB, CC’ sao cho BM = 3B'M, CN = 2C’N. Tinh khoang cich tir diém
M dén mit phang (A’BN).

9138 93 9138 3v/138
@ 184 161/46 © 46 © 46
Loi giai.

Ta c6 BC? = AB? + AC? —2-AB-ACcos BAC = 12422 —2-1-2¢c0s 120° = 7. Suy ra BC = /7.
— AB*4+BCP—AC* 1247 -22 2 g

Ta ciing ¢6 cosABC = = = —,suyracosA’'B'C' = —.
g 2-AB-BC 217 VY NG
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DC'  C'N 3 3V7
Goi D=BNNB'C/, suy ra = =—,nén DB = —B'C' = i
DB’ BB 3 2 2
— 3V7 3V 2 43
Tir d6 ta c6 A’'D> = A’B> + B'D>—2-A’B'-B'DcosA’B'D = 1% + (%) 2.1 T\/_ == Suy ra
V43
A,D:T.
Ké BE | AADvaB'H | BE,suyra B'H 1 (A'BN). Do dé6d (B',(A'BN)) = B'H.
T cosA’B'C' = — = sinA’B'C’ = £
V7 V7
1 — 1 . 3V7 V3 33
Do d6 Sygp=—=-A'B-BD-sinA'BD=—--1-— .~ = ="~
0 dO d4’B'D ) S 2 2 \/7 4
5 3V3
B’E:zSA/B/D: ! :3\@.
A'D V43 V43
2
1_1+1_1+146B,H 27
g2 T RpIE2 R2 2732 7 54 —\/ 16
B'H? B'E? BB W3 3227 46
V43
3 [27 9138
T BM = 3B'M suy rad (M,(A'BN)) = ~d (B',(A'BN)) = > -B'H = 2V T8
Chon dap an @ O

Cau 20. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong, SAD la tam gidc déu va nam trong
mit phang vudng goc véi mat phang day. Biét rang dién tich mat cau ngoai tiép khdi chép S.ABCD la
47. Khoang cach gitta hai dudng thang SD va AC gan véi gid tri nao nhét sau day?

@ %dm. gdm. @ ;ldm. @ ;dm.

Loi giai.

Goi x > 0 la canh cia hinh vudéng ABCD va H la
trung diém canh AD. Do ASAD déu nén SH | AD.
Miit khac (SAD) L (ABCD) theo giao tuyén AD nén

SH L (ABCD). Ta c6 SH = )%g

Goi O = ACNBD va G la trong tam ASAD thi O, G
1an lugt 1a tAm ctia dudng tron ngoai tiép hinh vuong
ABCD va tam gic SAD, dong thoi dy,d; 1an lugt 1a
2 truc dudng tron ngoai tiép hinh vudng ABCD va
tam giac SAD (d; qua O va song song SH, d; qua G
va song song OH).

= I = d; Nd> 12 tAm mit cau ngoai tiép khdi chop
S.ABCD.

= R=SI=VSG?+GI>.

? 2 2v/21
TalaicéS:47rR2:>R:1:\/(i) +<f) =x="""dm.

V3
Dung hinh binh hanh ADEC.
Ké HK L EDva HP 1. SK = HP | (SED).
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Ta c6 AC || (SED).
= d(AC;SD) = d(AC; (SED)) = d(A; (SED)) = 2d(H; (SED)) = 2HP.
! Lo L hpe % dm.

Do ASHK vudng tai H nén =
HP? SH? KH?
Chon dap an O

Cau 21. Cho hinh chép S.ABCD c6 day 1a hinh vudng canh 2a, tam gidc SAB déu, géc gitta (SCD)
va (ABCD) bing 60°. Goi M 1a trung diém ctia canh AB. Biét hinh chiéu vudng géc clia dinh S trén
miit phang (ABCD) nam trong hinh vuéng ABCD. Tinh theo a kho4ng cich giita hai dudng thang SM
va AC.

ﬁ' 2a\3/B' © 2a\/§ @ 5a\/3

5 5 ° 3

L&i giai.

Goi H 1a hinh chiéu ctia S 1én (ABCD), vi SA = SB nén HA = HB. Do d6 H ndm trén dudng trung tryc ctia
AB, ma M 1a trung diém AB suy ra MH 12 trung truc cia AB. Goi N = MH N CD suy ra N 1a trung diém cuia
CD.
Xét ASMN ta c6 SM = a\/3,MN = 2a,SNM = 60°. Ap dung dinh Ii sin ta dudc
M M —_— —_—
WM sin(MSN) — 1= MSN =90°.
sin (M SN > sin (SNM )

Vay ASMH vudng tai S va SH 1a dudng cao. Suy ra

()
MH-MN:MS2:>MH:M52: ’ —3 2= MH=">.MN. (1)

MN 2a 4 4
Goi P 1a trung diém cta BC, suy ra MP | BD. 2)
Goi K 1a diém thuéc MP sao cho MK = Z -MP. 3)
Tu (1) va (3), ap dung dinh 1i Talet cho tam giac MNP, suy ra HK || PN || BD. 4)

Tit (2) va (4), suy ra HK 1 MP.
Goi I 1a hinh chiéu ctia H 1én SK, suy ra IH | (SMP). Ta lai c6

_a\/g

1
SH = HNan60° = ZMN -tan60° = == v HK = 3a

2V5
BTEX bdi Tu Duy Mé Group. Cong ddng tu duy mé TOAN Li
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ViAC || MP = AC || (SMP) nén

av/5

d(AC,SM) = d(AC, (SMP)) = d(O, (SMP)) = %d(H, (SMP)) = %m -

Chon dap an @ O

Cau 22. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi canh a, BD = a. Canh bén SA vudng goc
6 .
v6i mat day va SA = %. Tinh goc gitta hai mat phang (SBC) va (SCD).

@) 45°. 60°. (C) 90°. D) 120°.

Loi giai.

Trong mit phang (SBC) dung BM L SC (M € SC).

BD L (SAC) = BD L SC = SC L (BDM) = SC L DM.
Vay (SBC), (SCD) = BMD.

\/E

3a
V2

Trong tam giic SAB : SB> = SA> + AB> = SB =

Trong tam gidc SAC : SC* = SA? + AC? = SC =

Ap dung dinh 1y cosin trong tam gic SBC, ta co:

—  SC?+BC*-SB> V2  —

BCS = = — = BCS = 45° hay ABMC vub
cos 2SC.BC az ay vudng

cantai M. Suy ra DM = BM = —.
: y 2

Trong tam gidc BMD, ta ¢6 : BM? + DM? = BD? = ABMD vuéng can tai M hay BMD = 90°.

Vay (SBC), (SCD) = BMD = 90°.
Chon dap an (C) O

Cau 23. Cho hinh chop S ABCD c6 ddy ABCD la hinh vudng canh 4a. Goi H la diém thudc dudng
thang AB sao cho 3HA —|—fﬁ — 0. Hai mit phang (SAB) va (SHC) déu vudng géc v6i mit phang
day. Tinh khoang cich tit B dén mit phang (SHC).

Sa B o 12 Sa

12° ' 5° 6

Loi giai.
(SAB) L (ABCD)

Tacé { (SHC) L (ABCD) = SH L (ABCD)
(SAB)N (SHC) = SH

Ké BK | HC tai K.

Mit khéc BK 1| SH (do SH L (ABCD)).

Suy ra BK | (SHC) = d(B,(SHC)) =

Do3ﬁ+lﬁ: 0 nenHB—3HA:>HB—3a
Tacd

BH - BC B 3a-4a B 12a
VBH2Z+BC? V9a2+16a2 5
Chon dap an @ O

BK =
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Cau 24. Cho khdi chép S.ABCD c6 day 1a hinh binh hanh, AB = 3,AD = 4,3747) = 120°. Canh bén
SA = 2+/3 vudng goc véi ddy. Goi M, N, P 1an luot 1a trung diém cac canh SA,AD va BC va o 1a géc
gilta hai mit phang (SAC) va (MNP). Chon khang dinh ding trong c4c khang dinh sau day.

(A) a € (60°;90°). o€ (30%45°). (O ae (45°:60°). (D) a e (0°30°).

Lai giai.

MN || SD
NP || CD
= ((SAC),(MNP)) = ((SAC),(SCD)) = a.

Goi H 1a hinh chiéu vudng goc clia A xubng (SCD), K 1a hinh
chiéu vudng goc ciia H Xuénlg SC,suyra o = AKH.

Ta co VS.ACD = EVS.ABCD = 5 : § -SA - SABCD hay

Ta c6 = (MNP) || (SCD)

11 V3
VSACD—§§3472\/§—6

Trong tam gidc ABC co
AC% = AB® 4+ BC® —2AB-BC-cosABC = 4> +3%-2.3.4.~ = 13,

suy ra SC? = AC? + SA? = 13+ 12 = 25.
Va SD = v/SA2 +AD? = /12 + 16 = v/28. Khi d6

—  SC*+SD*-CcD* 11V7

CSD =
cos 2.5C-SD 35
Hay sinCSD = /1 —cos2CSD = =5
Do d6 dién tich tam giac SCD la
1 — 1 3v42
Ssco =5 .SC-SD -sinCSD = 3 -5-\/28-? = 36.

1 1
Ta c6 Sgac = §~AC-SA = 5 -AK - SC nén

_SA-AC 2V/3-V13 2V/39
sc 557

AK

3V, 3-6
ASCD _ _Je.

Theo cong thiic tinh thé tich khéi chép A.SCD thi AH =

Ssco 3v6
Do dé sino = ::—? = 2\\?_2_9 = 5\2/62_6 = o € (60°;90°).
Chon dap an @ : O
Cau 25.
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Cho hinh thap nhi dién déu (tham khdo hinh vé
bén). Co-sin clia géc tao bdi hai mit phang cé
chung mot canh ctia thap nhi dién déu bﬁng
V5—1 1
® VL X
© L oF
4 2

= —— hay — S - =
sinAKB  sinABK sin 108 sin36
_ sin 108° B sin72°
T 36° sin36°

Loi giai.

Gia st méi canh cia da dién déu c6 do dai bang 1 va ky A

hiéu cdc dinh nhu hinh vé. /,.

Mbi mit cta khdi da dién déu 12 mot ngii gidec déu nén B

dé thiy AB || MN = AB || (MNPQR). Tuong tu ta c6 «

BC,CD,DE,EA song song v6i mit phang (MNPQR), dan N

t6i A, B,C, D, E ddng phang va ngii gidc ABCDE déu. )

Ta o6 AB  AK AB  AK L] - E
aco —— ha =

= AB =2co0s36°.

A
Lai ¢6 BE = 2ABcosABE = 2ABcos36° = BE = 4cos”36°.

LAy H 1a trung diém AM, khi d6 ta c6 BH 1. AM va EH 1 AM.

Goc gitra hai mat chung canh AM la o« = (BH,HE).

Tac6 P2 — anBAH — tan72° — BH — 2072
aCOAH— an = tan = 2 .

Iﬁ-ITE _ BE 4cos?36° B 4¢08236°cos72° B c0s36°

Trong tam giac BHE can tai H, cos

; 2 2BH ~ tan72° sin72° ~ cos18°
5 - 2 o O
Tir d6 din t6i cos BHE — 2505 30"y _ dcos736°
cos218° 1 +cos36°
Ta co
1 5
c0s 108° 4 c0s72° = 0 < 4c0s> 36° +2cos>36° —3¢c0s36° — 1 = 0 < c0s 36° = +4\/_(Vi cos36° > 0).
S BHE ! dan g (BH,HE) !
uy ra cos = ———, dan dén cos(BH, =—.
’ V5 NG
Chon dap an O

Cau 26. Cho hinh 1ap phuong ABCD.A’B'C'D’ canh a . Goi M,N lan lugt la trung diém ctia AC va
B'C’. Khoéng cich giita hai duong thang MN va B'D’ biang

OF avs. © 3a. D “.

L&i giai.
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Goi O, N, P lan lugct 1a trung diém céc canh B'D’, BC',C'D'. Vi B'D' | D
NP nén :
d(B'D',MN) =d(B'D',(MNP)) = d(O,(MNP)). A¥ : ——r'B
Td dién O.MNP c6 OM,ON,OP d6i mot vuong goc, do do N i ):/‘)" K
1 N
d(0,(MNP))2 ~ OM? = ON? ' OP? \,'x;{—---L--,a\---\---
//D Sl :// h S
a . a . Sl
= d(0,(MNP)) = 3. Viy d(B'D', MN) = 3. - O ~~._| /N
A B

Chon dap an @

C/

O

Cau 27. Cho hinh chép S.ABCD c¢6 AB = 5v/3, BC = 3+/3, géc BAD = BCD = 90°, SA = 9 va SA

vudng goc v6i mit ddy. Biét thé tich khdi chop S.ABCD bing 66+/3, tinh cotang clia géc giita miit

phang (SBD) va miit dy.

S
D
B
C
@ 3273 9v91 @ 20/273 @ V91
20 91 819 9 -
L3i giai.
1

batAD =x,CD =y. Tacld Vs apcp = gSA -SaBcp = SaBcD = 22\/5.

44 — 5x

Ma Sapcp = Sapp + Spep <= 5x+3y =44 <y = (1).

Mit khic BC? +CD? = BD> = AB> + AD*> & 75 +x2 =27+y*>  (2).
x= 7(10aidoy<0)
x =4( nhén ).

Thé (1) vao (2) ta dugc 16x> —440x + 1504 =0 <

V6i x = 4 thi y = 8 (thda man).

Ké AM | BD, ma BD | SA nén BD L SM.
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Do d6 ((SBD), (ABCD)) = SMA.

1 1 1 201273

Xét AABD ta c6 — = AM = -

© A0 2 T AR T AD? 91

_ AM  20V273

Nén cot SMA = =2 —

en co SA 819
Chon dap an @ O

Cau 28.

Cho hinh chép S.ABCD c6 day 1a hinh vuong canh bing 2; canh SA = 1
va vudng goc v6i ddy. Goi M 1a trung di€m ctia CD. Tinh cos o véi o 1a
gdc tao bdi hai duong thang SB va AM.

® 1 ® : ©-: @5

Loi giai.
Goi N, P lan lugt 1a trung diém clia SA va AB. Ta thly NP || SB, PC || AM.
Do dé a 1a géc tao béi hai duong thang NP va PC.

SB /5

Tacd NP = —- = ==, PC =AM = V5.
1 V33
NC:\/NA2+AC2: Z—'_SZT
2 2 2 > +5 33
— NP+ PC-—NC 474 2
Suy ra cosNPC = + =4 4__Z
2-NP-PC V3 5
2.2 = .5
2
. 2
Viy cosa = 5
Chon dap an O
Cau 29.
Cho hinh ling tru tam gidc déu ABC.A’B'C’ ¢6 tit ca cic canh déu A’ C’
bing 4. Goi M, N 1an ludt 1a cac diém trén cac canh AB, AC sao cho F
MB = 2MA;NC = 2NA. Goi E, F lan luct 12 trung diém cac canh ﬁ/

B'C’,BC; P 1a trung diém ctia EF. Tinh géc tao bdi hai mit phang
(PMN) va (A'BC).

@) 45°. 30°. (©) 60°. (D) 90°. P

L&i giai.
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Goi Q la giao diém ctia AE va MN.
Ké AH 1 A’E. ViBC L (A/AE) = BC 1| AH

= AH 1 (A’BC).
KéAK 1 PQ.ViMN L (AEP) = MN L AK
= AK L (MNP).
—  PE 2 V3
Ta céd tanPOE = — = —_—
¢ QE 2 4.3 2
3 2
tam@ A4 4 = 2
AE 4.\/§ \/§
2
Suy ra PQE +AEA’ 90° = PQ 1L A'E = AH 1 AK.

Viy géc tao bdi hai mit phang (PMN) va (A’BC) bing 90°.
Cach 2:

Dung hé truc toa dd vdyz nhu hinh bén, khi d6 ta c6 toa do cic diém

E(0;0;0), A(21/3;0;0), B(0;2;0), F(0;0;4), C(0; —2;0), A’(2+/3;0;4).
Vay M 4{ § 0],N % —% o) P(0;0;2).

Véc-to phap tuyen ctia mit phang (A'BC) 1a
7 wae) = [EA', 7| = (4:0,-2V3) | 2:0,-3).
Véc-to phap tuyén ctia mit phang (MNP) 1a

W onry = [7.98] = (2042

—2;0; ———
= 7(A'BC) " T (MNP)
Chon dap an @

=0= (MNP) 1 (A'BC).

A/

Sy

C/

C/

O

Cau 30. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 AB = a, AD = 2a, AA’ = a. Ly diém M trén
canh AD sao cho AM = 3MD. Bt x = d [AD';B'C] vay = d [M; (AB'C)]. Tinh x - y.

@ 5a° 3a° 34> @ a?
W W R >
Loi giai.
Ta c6: Ay 7 D'
= d[AD';B'C] = d((ADD'A’); (BCC'B')) = AB = a. |
3 5 !
Theo dinh ly Pitago ta c6 AC = B'C = a\/5, AM = 7“ MC = \2/_ B - fod
B =a\/2. NN
2 3612 \\:,/ \\‘~\M
Theo cong thiic Hé-rong ta c6 Spapc = e (dvdt), Saapc = - AXSZ-- - ~-4---)/D
(dth). //I \\\\\\\ \\\
, 1 / a3 // \\‘\\\\
Ta co Vi apc =V amc = 3 B'A-Spamc = 7 (dvtt). B C
3.V /
Vay y = d [M; (AB'C)) = —MABC _ &
NYVY: Ze 2
Tudox-y= %
Chon dép an @ O
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Céau 31. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thang can (AD || BC), BC = 2a, AB = AD =
DC = a véi a > 0. Goi O 1a giao diém ctia AC va BD. Biét SD vuong géc AC. M 1a mot diém thudc
doan OD; MD = x v6i x > 0. M khac O va D. Mit phang (o) qua M va song song véi hai dudng thang
SD va AC cat khbi chép S.ABCD theo mot thiét dién. Tim x d€ dién tich thiét dién 1a 16n nhét?

® a2 ® 2. © avi. ®) a

Loi giai.

Trong mp(SBD) ké dudng thang qua M song song vdi SD, cit
canh SB tai H.

Trong mp(ABCD) ké dudng thang qua M song song v6i AC,
cat cdc canh DA va DC lan luot tai E va F.

Trong mp(SDA) ké dudng thang qua E song song véi SD, cit
canh SA tai I.

Trong (SDC) ké duvng thang qua F song song véi SD, cit
canh SC tai G.

Khi d6 thiét dién ctia khdi chép S.ABCD cit béi mit phang
(a) langd giac EFGHI.

Ta ¢6 ABCD la niia luc gidc déu c6 tam la trung diém K ctia BC. Do d6 ADCK va ABND 1a hinh thoi nén
AC L KD.Mat khac AC L SD nén AC L (SKD) = AC L SK.

Lai c6 SK | BC (ViASBC déu), suy ra SK | (ABCD) = SK | KD.

Ta ¢6 IG 1a giao tuyén cla (o) véi (SAC), ma AC || (&), suy ra IG || AC.

Miit khiac HM || SD va SD 1 AC, suy ra HM | IG va HM 1 EF va IGEF 1a hinh chit nhat. Dién tich thiét

. 1
dién EFGHI bang S = Sgrgr + Sugr =1G-NM + EIGHN
Ta c6 AK = KD = AD = a nén AAKD déu.

2 3 3
Ma BD | AK, AC 1 KD nén O la trong tam tam giac AADK. Suy ra OD—§ T\/_:%
AC BD = a\/3 (ABAC vuéng tai A, do KA = KB = KC).
\/SK2+KD2—2a Y
Taco—: EF——AC—
DO AC DO 3
GF CF OM oM a3 _x
F=——-SD= 2a=2a-2 .
SDCDODGODS#QG\@X
HM  BM BM -2
M= BM gy aV3ox ,  Ga-23
SD ~ BD BD a3 3
6a —2xv/3 4xv/3
SuyraHN:HM—NM:HN—GF:%f—(za—zﬁx): x;/_.
2

1 4xV/3 3 3a*V/3
VeflyS:E- xg/—-3x—|— (2a—2\/§x)-3x:—4\/§x2+6ax=—\/§<2x—a\2/_> + 04\/_.

3a*V/3 3 3
Suyra§ < a4\/_. iu ”xayrakh1vach1kh12x—T\/_(:>x:%_.
Chon dépén@ O
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Cau 32. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh 5a, canh bén SA = 10a va vudng
gbc v6i mit phang ddy. Goi M 1a trung diém canh SD. Tan ctia gdc tao bdi hai mit phang (AMC) va
(SBC) bing

25 V3 2V3 V5
®22 L] © X2 ® L.

Loi giai.

Qua S k& duong thang song song BC, cit AM tai K. Dé thiy KSAD va
KSBC la cac hinh chti nhat.

Viéy ta c6 KC = (AMC) N (SBC).

Tur A dung AN 1 SB, N € SB.

Ta c6 BC L AB, BC 1 AB suy ra BC L (SAB) = BC L AN.

Tac6 AN | BC,AN | SB = AN 1 (SBC).

Tu N dung NP L KC, N € KC.

o —

Khi d6 [(AMC), (SBC)] = |[AP,NP] = APN.

) . A . 1 1 D 1 C1
e Tinh AN. Xét ASAB vudng G A, dudng cao AN suy ra AN~ SA2 +ABZ = (10272 + (50)2

= AN = 2+/5a.
e Tinh PN. Tacé PN L KC = PNBC la hinh chti nhat, suy ra PN = CB = Sa.

— AN 25 2v/'5
Xét AANP vuong & N c6 tanAPN = — = Vsa = —\/_
PN Sa 5

Chon dap an @ O

Cau 33. Cho hinh chép tam gidc déu S.ABC c6 canh ddy bang a, canh bén hop véi ddy mot gée 60°.
Goi M, N lan lugt 1a trung diém ctia AC, BC. Khoang cich tif diém A dén mit phang (SMN) bing

@ 23 ® ¢ o i
T T 7 7
Loi gidi.
2 2 a\/§ a\/§
Tac6 AG = AN = = . SV2 _ 42
aco 3 32 3

Trong ASGA vudng tai G c6 SAG = 60°, suy ra
3
SG = GAtan60° = %_ V3=a.
Goi E, F 1an lugt 1a hinh chiéu cia G trén MN va SE.

Khi d6 d (A, (SMN)) = 3d (G, (SMN)) = 3GF.

Tac6 GNE — 30° nen GE — NG _ AN _ av2

2 6 12
Trong ASGE vuong tai G ta c6
1 1 1 48 1 49 a
_ = L GF==2.
GF? GE? + SG? a? + a’  a? 7
3a
Suyrad(A,(SMN)) =3GF = =
Chon dap an @ O
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Cau 34.
Cho hinh 1ap phuong ABCD.A’B'C'D’. Goi M, N, P lan ludt 1a By C
trung diém cdc canh AB, AD, C'D’. Tinh cosin cta géc gitia hai ML !
dudng thang MN va CP. A : D
@ v/ 10 3 @ 1 @ V15 | N
5° V10 V10 5° |
o | e
P
A¥ D
Loi giai.
Goi Q la trung diém cta B'C’. Ta ¢c6 MN || PQ, do d6 (MN,CP) = B 1 C
(PQ,CP) = CPQ. M 5
Goi K 1a trung diém PQ, khi d6 CK L PQ (do ACPQ can tai C). A ! D |/
Goi a la do dai canh hinh 13p phuong. :N /l
1 1 a\/§ a\/§ a\/§ : /
Khi d6 KP = ~PQ = ~—~= =% cp="22, | j
e 0= T 2 N a ,
C6 Cr/b KP 1 B,’- ______ NA T C
6 cos =—=— 7
CP /10 e K »P
—— 1 / al /
Vay cosMN,CP = —. A D
Y /10
Chon dap an @ O
Cau 35.
Cho t§ dién ABCD c¢6 AB = 3a, AC = a\/15, BD = a\/10, CD = 4a. Biét A
ring goéc gitta dudng thang AD va mit phang (BCD) bing 45°, khoang
2 S 5 %7
cach gitia hai duong thang AD va BC bang Za va hinh chicu cua A 1én
mit phang (BCD) niam trong tam gidc BCD. Tinh do dai doan thang
AD. i /3 5 D
Sav/?2 3av/2
@ 2a. a4 . © 2V/2a. @ a2 .
C

Lai giai.
Ta chiing minh AD L BC. That vay, xét tich vo hudng

DB = AD- (6 3B) = 4B ¢ 4D b

_ AD?>+AC?—CD* AD?+AB?>—BD?

2 2
_ AC?+BD*—CD? — AB?
N 2
1 2 1 2_1 2 0.2
_ 5a“+10a . 6a” —9a 0= AD L BC.

Dung AH | (BCD) tai H ndm trong tam gidc BCD. Goi M 1a giao diém ctia DH va BC < M nim giita B
vaC.
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BC | AH
0 = BC 1 (AHD) = BC L DM.
BC L AD
Loe . MN L BC X N ,
Trong mat phang (ADM) dung MN L AD tai N = = MN la doan vudng goc chung cua AD
MN 1 AD
5

v BC < MN = Za'

Lai thiy ADH = 45° 1 géc gitta AD va mit phang (BCD), dong thdi H nim giita D va M nén AMD <
90° = N nim giita A va D.
5V2a 110

4 4
110a*> 254> 3a

16 16 4°

—BM—=+BD2—DM2 =12

= AN = VAM? — MN? = \/AB?2 — BM? — MN? = \/9a2 —

Ta c6 DM = /2MN =

5
DN:MN:Za.Do d6 AD = AN + DN = 2a.
Chon dap an @ O

Cau 36. Cho hinh chép S.ABCD c6 day la hinh thoi canh a, SA = SB = SC = a va chu vi tam giac
SBD 1a 3a. Khoang céach giita hai dudng thang SB va AC bing

® 2. ® 23 s, s

2 4 8

L&i giai.

Goi H 1a hinh chiéu vudng géc ctia S 1én mit phang (ABCD). Vi SA = SB = SC = a nén H 1a tim dudng
tron ngoai tiép tam gidc ABC. Mit khéc, tam gidgc ABC cin tai B nén H thudc dudng thang BD. Ta lai
c6 ABAC = ASAC nén OB = OD = OS (O la tam ABCD), tu d6 suy ra tam giac SBD vudng tai S. Pat

. 3 .
SD = x ta ¢6 chu vi tam gidc SBD bang x +a + vVx*+a®> = 3a nén x = Ia. Ta thay AC L (SBD) nén

dung OK 1 SB thi OK la doan vuong goc chung cia AC va SB, K 1a trung di€ém cta doan SB. Tir d6

1 3
d(AC,SB) = OK = 55D = g

Chon dap an @ O

Cau 37. Cho hinh hop ABCD.A’B'C'D’ ¢6 day la hinh vudng canh a, canh bén A’A = a. Goi M,N
1an lugt 1a trung diém AD, DC. Biét ring hinh chiéu vudng géc ctia A’ 1én mit phang (ABCD) tring
véi giao diém H ctia AN va BM. Khoang cich tir diém M dén mit phang (A’BN) bang
@ 3av/173 3av/'175 @ 3q\/17_2 @ 3av/170
68 68 68

68

L&i giai.
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Cl

Xét hinh Vuong ABCD co AABM = ADAN suy ra AMB = DNA.
Do d6: MAH + AMB = MAH + DNA = 90° suy ra AN J_ BM.

AB*
Do AABH « AMBA nén: BH = <
BM / f
AM -AB a? a
Xét tam giac vudng MAB c6: AH = = = —.
s & VAME AR |2 V5
24/ —+a?
4
a>  2a
Xét tam gidc vuong A'HA ¢6: AAH = VA'A2 —AH? = \|a?> — — = —.
5 V5
a>  4d? 3a
Xét tam giac vuong BNH c6: HN = \BN? — BH? = \/a* + Z - = Wt
K& HI | BN,HK 1 A'I.Khi dé: d(H,(A'BN)) = HK.
L _ 111 11 s 5 20 8
HK? HA? HI>  HA? HB*> HN? 4d®> 4a> 9a®> 18a%
3
o, ) =22
V5-v/5 3av2 _3aV170
MB 3 3av/170
d(M,(A'BN)) = —— -d(H,(A'BN)) = - : oo
B 4a v/85 68
Chon dap an @
Cau 38.
Cho hinh ling tru tam gidc déu ABC.A'B'C’ ¢6 AB =2+/3 vaAA” = 2.

Goi M va N lan luot 1a trung diém A’C’ va A’B’. Tinh cosin cia géc B N y A
tao bdi hai mét phang (AB'C’) va (BCMN). i 5
@ 130 65 o |

© - (DpAs
13() ) AN IV WY
B v A
M
Cl
L& gidi.
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Goi P, Q lan lugt 1a giao diém ctia AC’ v6i MC va giao di€ém ctia BN véi B A
B'A. Ta c6 PQ 1a giao tuyén cta (AB'C’) v6i (BCMN). Dé dang thiy dudc N
PQ || BC' . Vi AAB'C’ cén tai A nén goi I 1a trung di€ém cia B'C’ thi Al \ c/
vudng goc véi B'C’ va do d6 Al L. PQ. Goi E 1a giao diém cta Al v6i PQ, \ ’
ta dugc E 1a trung diém cta PQ. Ta c6 ti gide BCMN 1a hinh thang can nén \ /
lay F, K lan lugt 1a trung diém ctia BC va MN. Ta c6 FK 1 PQ va di qua N
trung diém E ctia PQ. Viy géc tao bdi 2 mit phang (AB'C’) va (BCMN) /
1a géc tao béi hai dudng thang FK va Al. Ta c6 AC' = v/CC?2 +AC? = 4a, AR 5 N
AF = 3a. B oL AP Al
Ta tinh dugc Al = VAC”? — IC”? = \/164? —3a* = a+/13. N M.

JAP _AE 2 2V13 7 M

Cac a1 3™ 3

N 5
Ta c6 do dai FK bang d6 dai dudng cao ké tit C cua hinh thang BCMN. Do d6 FK = Ea
2 5a Sa

Vay EF = =.24 24
W 37273

_— AE?+EF?—AF? V13
Xét AEFA, ta c6 cosEFA = = .
c a CoO COS SAE -AF 65

Chon dap an O

Cau 39. Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh 2a. Goi I 1a diém thudc canh BC
sao cho CI = 2BI; N la trung dlem ctia SI; hinh chiéu cda dinh S trén (ABC) 1a di€ém H thudc doan

thang Al sao cho H. j —|—2HI = 0 goc (SB, (ABC)) = 60°. Goi & 1a géc giita hai mit phang (NAB)

va (ABC), biét tan = m n, v6im, n, p € N*, — 121 phan s6 t6i gian. Tinh m 4 n+ p.
p p
(A) 53. (B) 26. (C) 46. D 9.

Loi giai. -

Tac6é SH L (ABC) = (SB,(ABC)) = (SB,HB) = SBH = 60°
= SH = v/3HB.

Xét NAIC

AI? = AC* +IC* —2AC - IC cos 60°

16a* 4a 1 28d%
= 4a® —2.2a-— - =
“T 327
2V/7 2 47
ar= Ty 2T
3 3 9
—  AB’>+AI> - BI? 5
Xét tam gidc ABI: cosBAI = + = .
2AB-Al e
— 76
Xét tam gidgc BAH: BH?> = AB*> +AH? —2AB-AH -cos BAI = ﬁaz
L BH — av' 19a . SH=1/3. 2\/ 9a 2\/ 57a'
9 9
. 1 24/57
Goi K 1a trung diém HI = NK || SH = NK | (ABCD), NK = 5SH = =2 4
Goi M, D, E 1an lugt 1a hinh chiéu vudng goc ctia C, I, K trén AB. C6 (NAB) N (ABC) = AB va
AB 1 NK _—
= AB | NE = ((NAB),(ABC)) = (NE,EK) = KEN.
AB 1| KE
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DoKE | M, ID || CMnen 12— BL _ 1y €M
nén — = — = — =—.

° ’ “Nem T BC 3\/_ 3

KE AK 5 5 5 54/3a

1D Al 6 6 18 18

— NK 257 18 2/19

Tam gidc NKE vuong tai K c6 tanKEN = — = a. = .
KE 18 5\/§a 5

Dodom=2,n=19,p=5vam+n+p=2+19+5=26.

Chon dap an O

Cau 40. Cho tif dién ABCD c¢6 AB = CD = 2a. Goi M,N lan ludt 1a trung diém ctia BC,AD. Biét
MN = a+/3. Tinh géc giita hai dudng thang AB va CD.

A 30°. (B) 60°. (©) 120°. D) 90°.
Loi giai.
Ta céﬁ—i—lf: 2NT4 A
= AB® +CD? 1 24B - DC = 4MN?
jﬁ‘lf‘: 4a2. N

AB-DC 1 .
Suy ra cos (ﬁ,%) = AB.CD =5 = (ﬁ,lf) = 60°.
Véy (AB,CD) = 60°.

Chon dap an O

Cau 41. Cho hinh chép S.ABC c6 day 1a tam gidc déu canh a, I 1a trung diém ctia AB, hinh chiéu §
1én mit ddy 1a trung diém I ctia CI, géc giita SA va ddy 1a 45°. Khoang céch giita SA va CI bing

® ¢ # @“f. ®

Loi giai.
Ké dudng thiang Ax song song véi IC. K& HE vudng géc véi Ax
tai E. ViIC || (SAE) nén

d(IC;SA) = d(IC; (SAE)) = d(H; (SAE)).

Ké HK | SE tai K, K € SE.(1).

Ax L HE ,Ax 1| SH

= Ax 1 (SHE) = Ax L HK(2).

Tu (1), (2) suy ra HK L (SAE). Vay d(H;(SAE)) = HK.,tac6 B
1 1a\/§ a\/§_

H=IH=_IC=_—"==—""
¢ =27 4

4 2

_ __ 7
(SA; (ABC)) = SAH = 45° = ASAH vuéng can tai H nén SH = AH = %_. Tacé HE = IA = g (Vi td

SH-HE av'T7

VSH? +HE? 22
Chon dap an @ O

AH — VI TA? — <@>2+(9)2M.

gidc ATHE la hinh chti nhét), suy ra HK =
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Cau 42. Cho hinh lap phuong ABCD.A’B'C'D’ canh a. Goi M, N 1an ludt 1a trung diém ctia BC va
DD'. Tinh theo a khoang cach giita hai duong thang MN va BD.

3 3 3
Y3 ® © Vi ®
6 2 3
Lo giai.
Goi 0, O’ 1an lugt 1a tam hinh vuéng ABCD va A’B'C'D’. Goi P, B A
Q lan lugt 1a trung diém ctia CD, BB', ta c6 MP || NQ || BD. Mit

khac BD L (AA'C'C) nén MP L (AA'C'C). c
Goi I, J lan lugt 1a giao diém ctia MP va AC, 00’ va NQ. Ta
c6 (AA'C'C) cit (MPNQ) theo giao tuyén IJ. Ta tinh dugc

a\/z a
Ol =——,0J] =—.
4 2

Ké OH 1 1J tai H suy ra OH 1 (MPNQ).
1 1 1 12

AOIJ vuong tai O nén

OH: _or ToR " & A
= OH = @.
6
Vi BD || MP nén BD || (MNP).
Vay d (BD,MN) = d (BD,(MNP)) = d (O,(MNP)) = OH = ?,
Chon dap an @ O

Cau 43. Cho tii dién déu ABCD canh AB = 1. Goi M,N,P lan luct 1a trung diém cédc canh
AB, BC,AD. Tinh khoang cich giita hai dung thang CM va NP.

V10 V10 3v/10 310
@ 10 20 © 20 ° © 10 °
L&i giai.

B N C
Goi O la tam cta tam gidc ABC, K 1a trung diém ctiia BM va ¢c6 MK || (CMP) nén
d(CM,NP) = d (CM, (PNK)) = d (O, (PNK))
Tu O dung OI L NK. Vi ABCD la ti dién déu nén DO | NK = NK L (DOI) = (PNK) L (DOI) ma
(PNK) N (DOI) = IQ véi Q la giao di€ém cta DO va PN nén ti O, dung OH vuong goc IQ tai H thi
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OH | (PNK) = OH =d(0,(PNK)).
AB 1
Taco Ol = MK = =1 (vi MKIO 1a hinh chit nhat). Theo cach dung thi Q la trong tdm cua ti di€n nén

oD 2 1 /2
00 = e va OD = vVDA2 —AO? = \/;hay OD = —\/;.

4
, .. . 1 1 1 1 1 v 10
Xét tam giac vuong OIQ ta co 0H2:012+0Q2: (1>2+ - 2:4O:>0H:T'
v 10
Chon dap an O

Cau 44. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat, AB = 3, BC = 4. Tam giac SAC
nam trong mit phang vudng géc véi ddy, khoing cach ti diém C dén dudng thing SA bing 4. Cdsin
clia géc gitta hai mit phang (SAB) va (SAC) bing

@) 3v/34 2V/34 © 3V17 ®) 534
34 17 17 ° 17
Lai giai.

Xét AABC vuong tai B ta c6

AC =VAB>+BC?=/32+42 =5,

Goi K 1a chan dudng vudng goc ké tit C xudng SA. Xét ACAK
vuong tai K ta co

AK =+/CA2—CK?=+/52—42=3,

Ké SH | AC, H € AC.

Vi (SAC) L (ABCD) va (SAC) N (ABCD) = AC nén SA L
(ABCD).

Ké SH 1 AC,H € ACvaKP//SH, P € AC thi KP L (ABCD).

Xét ABAC vudng tai B va AKAC vudng tai K ta thiy cc canh tuong ting bang nhau va KP la dudng cao
cia AKAC nén BP la dudng cao cua ABAC.
Ké PM | KA,M € KA.ViKA | PBvaKA | PM nén KA | (PMB). Suy ra KA | MB.
Nhu vy, géc giita mit phang (SAC) va (SAB)bing goéc PMB.
KA-KC 3-4 12

Xét AKAC vuong tai K tacé KP-AC=KA-KC = KP = 1 -5 — 5
12

Suy ra BP =KP = 5

12
Xét AKPA vuong tai P ta cé PA = VKA? —KP> = /3

PA - PK
Laic6 PM-AK = PA-PK = PM = 1K

Xét APMB vudng tai P tac6 MB = v/ PB2 + PM?* = \/ —

2+ 36\*  12v34
25) 25
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MP 36 25 3\/_

MB 25 12\/_ 34
Chon dap an @ O

Ta co cosP/M\B =

Cau 45. Cho ling tru déu ABC.A’B'C’ ¢6 canh day bing 1, canh bén bang /3. Goi M la trung diém
ctia CC'. Tinh sin ctia géc giita hai mit phang (ACB’) va (BMA').

V21 2 2 1

Loi giai.
Goi I = A'BNAB', J = BCNBC', khi d6 1J 1a giao tuyén cia A’

. o a2 R = c
hai mét phang (ACB’) va (BMA). R
Goi K la trung diém AC, ké BH | B K = BH 1 (ACB'). Taco T
11 1 4 1 5 3 ’
— — 2 BH=,/2. S M
BH? B[(z—i_BB'2 3+3 3 \/g N
Y] Lo
., / ~ . N / \/7 —\—:-—I:I‘——____
TamglacABMcantaleaAM:BM:T:BJz AR
Aé--L-|-- Lty L ____1>
2 7 L
§BM:\/T_;A/B:2:>BI:1. [ //,Kﬁ C
B 2
Tur détacd cosMBA' = — = —. L2
BM ~ 7 /
B
Xét tam giac BlJ, ta co
1J% = BI? + BJ? — 2BI - BJ cos MBA'
7 Vi 2 4 2
SR P A N
*9 3 V79 3
1+4 7
—  BI*+1J*—BJ? 9 9 1
cosBlJ = i = 9 9 _ =
2BI-1J 2 2
7.1.2
3
3
:>s1nBIJ—\/—_
2
3 3
KéBLJ_IJtaiLtacc’)BL:BI-sinBIJ 1- gzﬁ
Goi ¢ 12 géc goc gitta hai mit phang (ACB') va (BMA'), ta c6
3
ing—singr— o0 _ VS _ 2
sin @ = sin =—="1==—
? BL™ V3 V5
2
Chon dap an O

Cau 46. Cho hinh ling tru ABC.A’B'C’ c6 ddy la tam giac déu canh a, hinh chiéu vudng géc ctia A
. A ) , - . 5 VvI15 )
trén (A’B'C’) 1a trung di€ém canh B'C’. Biét khoéng cach gitta C' va (ABB'A’) bang aT. Tinh sin
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clia géc gilta hai mit phang (A’BC’) va (AB'C').

V39 V130 24/39 V13
@ 13 13 - © 13 ° © 13
Loi giai.

Goi M, E lan luot 1a trung diém ctia A’B’, MB' va D 1a hinh
chiéu vudng géc ctia H trén AE. Ta c6

A'B' | HE,A'B' | AH = A'B' | (AHE).
Tt d6 suy ra HD | (ABB'A’), cho nén

HD = d(H;(ABB'A')) = %d(C’; (ABB'A')) = “\1/(}_5.

a3

Tam giac AHE vuong tai H, HE = R dudng cao HD nén

1 1 1 4 av/3
= A=
AH? HD? HE? 3a? 2
Tac6A'H L B'C',A’'H L AH nén A’'H L (AB'C’).
Goi K=AB'NA'B,G=AHNC'Ktac6 G € (A’BC’) va G la trong tdm tam gidc AB'C’. Do d6 GH L (A'B'C’)

1
va GH = AH = @.
Goi F, I 1an ludt 1a hinh chiéu vudng goc ctia H trén A'C’ va GF.
. s 3 HF -HG V39
Dé théy HI L (A'BC') = HI L A'I, HF = a3y ?

4 HF?1HG® 26
ViA'H L (AB'C'), HI 1. (A’BC") nén ((A'BC),(AB'C")) = (A'H,HI) = A’HI.
— A'G VAH?-HP? 239

Tam gidc A’HI vuong tai I nén sinA’HI = =
A'H A'H 13
Chon dap an @ O

Cau 47. Cho hinh chép S.ABC c¢6 SA = SB = SC = a, ASB = 60°, BSC = 90° va CSA = 120°. Tinh
khoang cach d giita hai duong thang AC va SB.

a\/ﬁ av?22 av'3
A d= > B) d = T © d= T

Loi giai.

Ta c6 AASB déu nén AB = a.

Tam gidc BSC vuodng tai S nén BC = v/SB? +SC2 = av/2.
Ap dung dinh 1y ham s6 cos cho tam gidc CSA ta c6

av/3
D) d = T

AC? = AS? + SC? + AS - SC = 3a* = AC = aV/3.

Ta c6 AC? = AB? + BC? = AABC vuong tai B.
Goi H 1a trung diém ctia AC, tacé HA = HB = HC va SA = SB = SC
nén SH | (ABC).
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Goi d 1a dudng thiang qua B va song song v6i AC, (o) 1a mit phang chita SB va d.

Khi d6 AC || (&) = d(AC,SB) = d (AC,(a)) = d (H, (a)).

KéHF 1 dv6i F € dvaké HK 1 SF v6i K € SF.

Tac6SH Ld,HF L d=>d 1 (SHF)=d L HK = HK 1 («) :>d(3H,(oc)) — HK.
1 1 1 1 1

Ké BE 1 AC vé6i E € AC, khi do

g _ — —_—= = —— = —,
BE? BAz—I_BC2 a2+2a2 242 HF? 24

— o A 1 a 1 1 1 11 av?22

Vi SAC =30 nenSHzESAZE,suyraHKz:SH2+HF2:ﬁéHK: T
22
V@yd(AC,BD):HK:aH .

Chon dap an O

Cau 48. Cho ti dién ABCD c6 AB = 3a, AC = a\/15, BD = a\/10, CD = 4a. Biét rf?mg goc gitia
dudng thang AD va mit phang (BCD) bing 45°, khoang cach gitta hai dutng thang AD va BC bing

5 2 : \ :
Za va hinh chiéu ctia A 1én mat phang (BCD) nam trong tam giac BCD. Tinh d9 dai doan thang AD
biét ring AD > a.

5av/2 3aV/2
@Za. R @2\/561. @ >

Lai giai.
Ta chiing minh AD L BC. That vy, xét tich vo hudng

BB = D (i AB) = AB.AC-AD 7S

AD? + AC? —CD? AD?+AB? — BD?

2 2
_ AC®+BD>—-CD*—AB?
B 2
1 2 1 2_1 2 0.2
_ S5a” + 0a2 6a- —9a 0= AD | BC.

Dung AH 1 (BCD) tai H nim trong tam giac BCD. Goi M la giao
diém ctia DH va BC suy ra M nam gitta B va C.
{BC L AH
0

= BC L (AHD) = BC 1. DM.
BC L AD

Trong mét phang (ADM), dung MN | AD tai N
MN | BC

MN 1 AD
_5a
=T

= MN la doan vudng géc chung cia AD va BC =

MN

ADH = 45° 1 géc gilta AD va mit phang (BCD).
5av/2 V10
Ta c6 DM = MN - /2 = “f;»BM:\/BDLDM _ v

4

110a? 254> 3a
+ —_—

16 16

AN = VAB? — BN? = \/AB? — (BM? + MN?) = \/9a2 - ( =T
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Sa
DN = MN = Z

Néu N nam giita A va D thi AD = AN 4+ DN = 2a.
Néu A niim gita N va D thi AD = DN — AN = g (loai).
Chon dap an @ O

Cau 49. Cho ti dién ABCD c6 AC 1. AB, BD | AB, AC 1 BD véi AB = a. Khoang cach tit C dén
mit phang (ABD) bing b va khoang cich tit D dén (ABC) bing 2b. Goi M 1a diém thay ddi trén doan
AB. Tinh S 12 gid tri nhd nhét cta téng MC + MD theo a,b.

(A) S = VaZ+9b2. S =b+Va 4.
2 2
@S:\/az+b2+\/%+4b2. (D) S =2b+ a2 +4b2.
Ldi giai.
C6 AC L (ABD), suy ra d(C,(ABD)) = CA = CA = b, D
Lai c6 BD 1. AB,AC L BD suyraBD 1 (ABC) = d(D,(ABC)) =DB = \

2b.
Do cac tam gidc MBD va MAC vudng nén ta c

MC +MD = /MA2 + AC2 + \/MB2 + BD?

Ap dung bét ding thiic C
\/a2+b2+\/c2+d2>\/(a+c)2+(b+d)2 A
Suy ra
MC+MD = VMA? + AC? +/MB2 1 BD? > |/ (AM + BM)* + (AC+ BD)* = \/a? 1 90

. AM  AC 1 1
Pang thuc xa khi va chi khi — = — < AM = —-BM = —AB.

ang thifc xdy ra khi va chi khi 2 = - 5 3
Vay minS = \/a? + 9b? khi M thudc doan AB sao cho AM = 3
Chon dap an @ O

Cau 50. Cho hinh chép S.ABCD day hinh vudng canh a, SA vudng goc véi ddy. Tinh do dai canh SA
d€ géc tao bsi (SBC) va (SCD) bing 60°.

@ 2a. av/3. @ av/2. @ a.

L&i giai.
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Goi O la giao diém ctia AC va BD.

Trong (SAC), ké OI L. SC(I € SC) (1).
(BD LAC
Ta co = BD 1 (SAC).
BD L SA(SA L (ABCD))
Do dé BD 1 SC (2).

Tu (1) va (2) suy ra SC L (IBD). Tu d6 suy ra
[(SBC),(SCD)] = (IB,ID).

DE géc tao bdi (SBC) va (SCD) 1a 60° thi BID = 60° hodc BID =
120°.

THI1. BID = 60°. Khi d6 BIO = 30°.

. . A . , BO
Xét tam giac ABOI vudng tai O. Ta c6 Bl =

, =av/2.
. sin 30°
ABIC vuéng tai I ¢6 canh huyén BC = a < BI = av/2 ( Vo 1).

TH2. BIC = 120°. Suy ra BIO = 60°.

w? 1 _avs

Xét ABIO vuong tai O. Tac6 10 = BOcot60° =
Ta c6 ASAC «~ AOIC ( g-g ), suy ra

SA  SC  VSAZ1AC?

2 V3 6

2 3
ol oOC ocC 3)
' 2
Véi OC = % AC = a\/2. Diit SA = x > 0 thi (3) trd thanh
X VX2 +2a?
= @\/8 :\/5 X222 = x=a.
av'6 av?2
6 2
Chon dép an (D) 0

Cau 51. Cho ti dién OABC—C(;) OA, OB, OC d6i mdt vudng goc va c6 do dai 1. Goi M 1a trung di€ém
clia AB. Géc giita hai vecto OM, BC bing

&) 90°. (B) 120°. (©) 60°. (D) 45°.

Loi giai. N
Goi o la goc gitia hai vectd OM va l% . D& thiy AABC 1a tam giac
c@) vaOA L (_0>BC£1>én OA_LBC. Nhu vai_y> ta co: .
OM.BC = (OA + AM).BC = OA.BC + AM.BC = AM.BC.
1

N 1 1 1
— OM.BC = ~ AB.BC.c08120° = ~\/2.0/2. [ —= | = —=
2 2 2 2
1
OMBC 3
— =
0M|.|BE| V2
N2
7 V2

1
Mat khac cos o = z—E.Véyoc: 120°.
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Chon dap an O

Cau 52.
Cho hinh ling tru ding ABCD. A'B'C'D’ ¢6 ddy ABCD 1a hinh A D
thoi tam O, canh «, BAD = 120°. Khoang céch tit C dén mit

) N 2 g .
phang (A’BD) bang %. Goi H la trung di€ém canh BB'. Gia  p/ C
tri co-sin clia goc gitta HD va OC’ bing

@cos(HD,OC’) 2\/_ cos(HD,0C") = 4\/_- Hp -/ |

Amm—— : L-Ids====34 D
\ 4 1 s \\\ / _b--"
~—. (D) cos(HD,0C') = 3 A e

(C) cos(HD,0C') =

L&i giai.
Dung AK 1 A’O, dé dang chiing minh dugc AK L (A’BD). A’ D

2 11NN
Ta c6 AK = d(A, (A'BD)) = d(C, (A'BD)) = %_ SN

— / L
Tam gidc ABD ¢6 AB = AD = a, BAD = 120° = AO = g Br—

1 1 1 /
5 / 4 _ I __ /
XEAN'AO 1 06 oy = o5 + s = AA = aV/2. wld L
: 1o, av2 | KTy

Goi [ 1a trung diém HB = OI || HD va BI = ZAA/ =

7 ,::::,—”’ 0 "~
Xét AOBI ta c6 OI2 = OB? + BI? = g :
9a 2
-
17a

S
BN QI
\®)
N
I

™)

I

I

M

1]

I}
[

v,

>

Xét AC'CO ta c6 OC* = OC? +CC? =

XétAC'B'Ttac6 C'I* =C'B* +B'I* =
Ap dung dinh Iy ham s6 co-sin trong AC'OI suy ra

OI*+0C?-C'I*>  2V/14
201-0C 21 °

cos(HD,OC') = Cos (OI, OC’) =

Chon dap an @ O

Cau 53. Cho hinh chép S.ABC c6 ddy la tam gidc vuong tai A véi AB = a, AC = 2a. Mit phang
(SBC) vudng géc véi mit phiang (ABC). Mit phang (SAB), (SAC) cling tao v6i mit phang (ABC) mot
géc bang 60°. Goi « 1a géc gilta hai mit phiang (SAB) va (SBC). Tinh tan c.

V51 V51 3v17 V17
@ 5 ® =5~ = © =5

L&i giai.
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e KEHI L AB(I€AB),HJ 1. AC (J € AC). Dé thay HI || AC
vaHJ || AB (vi AABC vudng tai A) nén AIHJ la hinh binh
hanh.

e Co HI L AB va SH | AB (vi SH 1 (ABC)) nén AB L
(SHI)
= goc gilta (SAB) va (ABC) la goc SIH = 60°.
Tuong tu thi STH = 60°.
Ké HK | SB (K € SB)va HT L SI (I € SI).
TacOHT L ABvaHT 1 SI= HT 1 (SAB)=HT 1 SB
va HK 1 SB = géc gilia (SAB) va (SBC) 1a géc HKT .

e TacoHI = SHcotﬁ =SHcot60° va HJ = SHcotS/J:Ii: SH cot60°
= HI = HJ = AIH/J la hinh thoi = AH la phan gidc BAC.

BH AB 1 V5 25
C =VABZ+AC? = =BH=—~"aq,CH="""q.
+ Vsa. e HC AC 2 3 ¢ 3 ¢
BH HI 2 23
BC AC = HI=HJ= ga SH = HItanSTH = HItan60° = T\/_a,
23

HT = HIsinSIH = HI sin60° = e
Tam giac SHB vuong tai H (SH 1 (ABC)) c6 dudng cao HK
1

1 1 1

= = = HK = .

HK: _ HB  SH? /255

1
Vi HT L (SAB) nén HT | TK tit d6 TK = VHK? —HT? = ——a
V17

= tanHKT = — = Y2

an TK 3

Chon dap an O

Céau 54. Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai B, SA 1 (ABC). Cho AB=a, BC =
av/3, SA = 2a. Miit phang (P) qua A va vudng géc v6i SC. Tinh dién tich thiét dién ctia hinh chop cat
bdi mit phang (P).

612 Clz Clz Clz
® 2 g 02 OE=l

L&i gidi.
Goi M 1a trung di€ém ctia SC. Do SA = AC = 2a nén

AM L SC. (0
Trong (SBC), goi di€m N thudc canh SB sao cho

MN 1 SC. 2)

T (1) va (2) suy ra SC L (AMN). Khi d6 thiét dién cta hinh chép cét béi
mit phang (P) 1a tam giac AMN.

sc
Ta c6 AM = 5 = av2. (3)

AR
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Vi ASMN ~ ASBC nén
M M M- B 2. V30
SM _MN _ . _SM-BC _a a\/§:a3. @
SB BC SB NG 5
a\/
SN _MN _ . SC-MN _ 2a/2- _4a\/§
SC  BC ~ BC a\/§ S5
Cach 1.
A 2
Xét ASAB, cosS — 24 — 24 _ %
SB 4y5 5
Xét ASAB,
164> dav/5 2V/5  4d?
AN? = SA2 + SN2 —2SA-SN - cos S = 4a> + 5“ —2.24- “;/_-T\/_:%.
2
SAN = “5‘/3. (5)
AM +MN +AN
Tt (3),(4) va (5) it p = o : AN T4 tinh dude
2\/6
a
Samn = /p(p—AM)(p—MN)(p —AN) = s
Cach 2.
Tacd
Vsamn _ SM SN
Voacg SC SB
o SM-Suuy _SM SN
SA-Sacs  SC SB
d4av/5
2
R _ Sacp-SA-SN 3¢ V3-2a: 5 a6
AMN SC-SB 2av2 a5 5
Chon dap an @ O

Cau 55. Cho hinh chép S.ABCD c¢6 day la hinh thoi ABCD ¢6 SO vudng goc v6i day va O la giao
diém ctia AC va BD. Gia st SO = 2v/2, AC = 4. Goi M la trung diém ciia SC. Khoang cach tit S dén

6
miit phang (MOB) 1a T\/_ VOi — 5 “a phan sb tdi gian. Tinh a + b.

@A) 4. B) 5. (©) 6. D) 3.

L& giai.
Goi K 1a trung diém ctia OC. Suy ra MK | (ABCD).
Ké KH | OM v6i H € OM, suyra HK 1 (MOB).
Ta co

d(S,(MOB)) =d(C,(MOB)) =2d (K,(MOB)

Mt khiac OK = 1, MH = /2. Do d6 HK =

2
Vay d (S,(MOB)) = %. Dodéa+b=5.

=2KH.

w\%
A\ |—

Chon dap an O
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Cau 56. Cho hinh hop chit nhat ABCD.A’'B'C'D’ ¢c6 AB = a, BC = b, CC' = c. Tinh khoang céch
gitta hai mit phiang (AD'B’) va (C'BD).
@ abc abc
VaZb? + 22 + 2a2 3VA2h2 22 + 2a?
@ abc @ abc
6V a2b? + b2c2 + 2a? ' 2V a2b? + b2c2 + 2a? '
Loi giai.
A’ D’
\\\ 0/ P 7
B . =l A o' c
. | /\,‘<\’/ M
\\\ i ,’// \ I
Ao R e Rt
// \\\\ ’\;,”’/’/ D N
,:/"/// 0\\\‘\\\:
B C A (0] C

Goi thém cic di€ém nhu hinh vé. khi d6 M, N 1a giao diém ctia A’C v6i mit phang (AD'B’) va mit phang

(C'BD).

Do I 1a trung diém A’C va M, N 1a trong tam AAA’O’' va ACC'O nén suy ra A’M = MN = NC.

Lai ¢6 (AB'D') || (C'BD). Tit d6 ta ¢6 d(A', (AB'D')) = d((AB'D'), (C'BD)).
N 1 , iy abc

M e aBDY) ~ Aaar T agE e A A D)) = e e

Chon dap an @ O

Cau 57. Cho hinh 1ap phuong ABCD.A’B'C'D’ canh a. Goi E, F lan ludt 1a trung diém cida cic

canh C'B’, C'D’. Tinh dién tich thiét dién ctia hinh lap phuong ABCD.A’B'C'D’ cit béi mit phang
(AEF).

@ a*\/17 Ta*\/17 @ a*\/17 @ Ta*\/17

4 12 . 24

L&i giai.

Goi E' =EFNA'B',F' =EFNA'D,

M =AE'NBB',N =AF'NDD'.

Ngii gidc AMEFN 1a thiét dién cta hinh 1ip phuong
ABCD.A’B'C'D’ cit béi mit phiang (AEF). Goi O la trung
di€ém cta EF. Ta c6

2
3v/2 V17
A0 = VAAE T AOE = | a2+ [2V24) — VT
4 2V2

Tacé AB'E'E = ANC'FE = AD'FF'nén ta co

2
E'E=EF =FF = %;B'E' —CF=DF — g
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ME'" BE 1 ME 1

Do B'E' || AB né =t s o
o BE[|AB nén "o =~ 2 AE' 3
1 36217
Ta c6 Syppr = AO-E'F' = a T
Spyp EM-EE 11 1
Ta co = —-—_._=_,
Sapp  EA-E'F 33 9

1
DO AMEE, = ANFF/ nél’l ta Cé SMEE/ = SNFF/ = §SAE/F/.

) . 7 7 a*3V17  1a*V17
Vay dién tich cia thiét dién cin m 1a Sawzry = §Sasr = g a — = “24 .

Chon dap an @ O

Cau 58. Cho hinh tii dién OABC c6 ddy OBC la tam gic vuong tai O, OB = a, OC = a+/3. Canh
OA vuodng géc véi mit phang (OBC), OA = a+/3, goi M la trung diém ctia BC. Tinh khoang céch h
gilta hai dudng thang AB va OM.

L3i giai.

Trén tia CO 14y diém D sao cho O la trung diém ctia CD, két
hdp v6i M 1a trung diém cta BC suy ra MO 1a dudng trung
binh ctia tam gidc CBD, suy ra MO || BD.

Tt d6 ta c6 OM || (ABD) suy ra

av/5
@ h=-~.

d(OM;AB) = d(OM; (ABD)) = d(0; (ABD))

Trong miit phang (BCD), ké ON | BD tai N.Do OA 1 (OBC)
suy ra AO L BD, tit d6 suy ra (OAN) L BD, ma BD C (ABD)
suy ra (OAN) L (ABD).

Trong mit phang (AON), ké OH | AN tai H suy ra OH | (ABD). Tit d6 suy ra d(O; (ABD)) = OH.
1 1

oN2 — 0B T oD
1 1 1 1 1

1
0H2_0A2+0N2_0A2+0B2+0D2
1 1 1 1 av/15

- = 44 S OH=
OH? ?)412—’—a2+3a2 5

V15
Viy d(AB;OM) = d(0; (ABD)) = & —
Chon dap an O
Cau 59. Cho hinh chép S.ABCD c6 ddy 1a hinh chit nhat canh AB = 2AD = 2a. Tam giic SAB déu

va nam trong mit phang vudng géc véi mit phang ddy (ABCD). Tinh khoang céch tir diém C dén mit
phang (SBD).

®a ® GES ®

L&i giai.

Trong tam giac vudong OBD c6

Trong tam gidc vudng OAN co
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Goi H 1a trung di€ém canh AB, suy ra SH | (ABCD).

Goi E 1a hinh chiéu vuéng géc ctia H 1én canh BD, goi K 1a hinh
chiéu vuong géc ctia H 1én canh SE.

Tac6 BD L HE vaBD 1 SH nén BD | (SHE).

Khi d6 (SHE) L (SBD) = HK L (SBD).

Vay d(A,(SBD)) = 2d(H,(SBD)) = 2HK.

Tam gige ABD cosinB =2 — 4 _HE pp_pp. L _ 4
am giac cosmp=—=——==—— = —_— = —,
8 BD a5 HB 55
Xét tam gidc vuong SHE ta co
1 1 1 1 1 16 a3
— — = — & HK=—".
HK? SH2+HE2 (a\/§)2+ < a >2 3a? 4
V&
3
Vay d(A, (SBD)) = 2HK = %
Chon dap an @ O

Cau 60. Cho hinh chép S.ABC c6 day ABC la tam giac vudng can c6 AB = BC = a. Canh bén_Sl;\
vudng goc véi mit day, géc SBA = 60°. Goi M 1a diém nim trén duong thang AC sao cho Xé =2CM.
Tinh khoang céch giita hai dudng thang SM va AB.

@ «7 6av/7 © 7 ®) 47
7 7 7 21
Lai giai.
Qua diém M, ké dudng thang A song song véi AB. Khi d6
AB || (SM,A).
Suy ra

d(AB,SM) = d(AB,(SM,A)) =d(A, (SM,A)).
K& AK | Atai K, Al | SK tai I.
Suy rad(A, (SM,A)) = Al

3a\/2

Ta c6 AC = a\/2 = AM = 5

AK = AM - cos45° = 3751'

SA = AB - tan60° = a/3.

AS-AK 3av/7
Tam gidac SAK vuong tai A, suy ra Al = = a\/_ .

VAS? + AK? 7
Chon dap an @ O

Cau 61.
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Cho hinh ling tru tam gidc déu ABC.A'B'C' c6 AB= A
a, AA' = b. Goi M,N lan ludt 1a trung di€ém cta

AA’' BB’ (tham khao hinh vé bén). Tinh khoéng cach

clia hai dudng thang B'M va CN.

V3ab
d(BM,CN) = ——.
@) ) V/4a? + 12b2
d(B'M,CN) =

(C) d(B'M,CN) =

QNI

V3

V3ab

/ —
D= 1247 +4b2

L& gidi.
Goi P,I 1an luot 1a trung diém ctia CC', MP. A c
Goi H 1a hinh chiéu ctia N 1én B'I.
) {MP 1 NI

Ta c6 , = MP L (B'NI).
MP 1 BN

. |NH LB'1 ,
Taco = NH L (MPB').
NH 1 MP

ViCN || B'P nén

d(B'M,CN) = d(CN,(MPB'))
= d(B'M,CN) =d(N,(MPB'))
= d(B'M,CN)=NH.

A o

1 1 1 4 4 V3ab
= — = NH =
NHZ BN +

N2~ 02 3a2 VI12a2 +4p?
Chon dap an @ O

Ta co

Cau 62. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, canh bén SA vudng goc véi
miit ddy, canh bén SB tao véi ddy géc 45°. Mot mit phang () di qua A va vudng géc véi SC cit hinh
chép S.ABCD theo thiét dién la tif giac AB'C'D’ c¢6 dién tich bing

a2 a2 Cl2 (l2
® < ) ©<2 DEat)

Lai giai.
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Goi O la tdm cda hinh vuéng ABCD va ké AC' | SC véi
C' € SC.

Goi AC' NSO = I va qua I vé dudng thang

B'D" || BD (v6i B' € SB;D' € SD).

Khi d6 thiét dién ctia hinh chép cit bdi () 1a td gidc
ABC'D'.

Ta c6 BD L (SAC) = B'D' 1 (SAC)

= B'D' 1 AC.

Dién tich thiét dién 12 Sypcrpy = %AC’ -B'D'.

Géc clia SB véi ddy 1a SBA = 45° = SA = AB = a.

i . 1 1 1 1 1 3 av?2
Trong tam giac vuong SAC co o2 =iz + Y + 37~ 2 = AC' = W
Lo [AB" L BC )
Mt khéc, ta co , = AB" 1 SB.
AB 1 SC

Do d6 B’ 1a trung diém SB (do tam gidc SAB vudng can tai A).
Tuong tu D’ 1a trung di€m SD (do tam gidc SAD vudng cn tai A).
1 2
Do d6 B'D' = SBD = %—
Vav S _la\/i a\/i_az\/g
Y SAB'C'D = 2 3 2 6

Chon dap an O

Cau 63. Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6 AB = 2a, AD = 3a, AA’ = 4a. Goi o la goc gilia
hai mit phang (AB'D’) va (A’C'D). Gié tri clia cos & bang

29 ®) 137 27 ®) V2
61 169° 34° 2
Loi giai.
Goi E, E' 1an ludt 1a tam ctia hinh chit nhat ADD'A’, A’B'C'D'. B C
Khi d6: EE' = (DA'C'YN (AB'D').
Dung A’H, D'F lan lugt 1a dudng cao cta hai tam gidac DA'C’, ,’E !
AB'D'. ¥ !
<k e v ot Anee i i s JA'K LEE' g /
De thay: A'H, D'F, EE’ dong qui tai K va , , A & i D'
D'K | EE'. N L
Khi d6 ta cé géc gitta (AB'D’) va (A'C'D) chinh la géc gitta hai N \\K#’\//
dudng thang A'H va D'F. LN A
Hinh chit nhat DD'C'C ¢6: DC' = \/DD'? + D'C'* = 2+/5a. Foo-T N\ iy
Hinh chit nhat ADD'A’ ¢6: A'D = \/AD? + AA’* = 5a. P E
I f e --+C
AL D

Hinh chit nhat A’B'C'D’ ¢6: A'C' = \/A’B'* + B'C'*> = /13a.
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28 pacr V305 v 305
=6la*>=A'H = ADATCT _ S AK="2=-"

Suy ra: Saparc DO~ 3 a 0 a.
V305
Hoan toan tuong tu ta ¢6: D'K = o ¢
—— AK*+DK*-AD* 29
Trong tam giac A’D'K c6: cosA’KD’ = + =——.
29 2.A'K.D'K 61
= CosO = ‘cosA’KD’ =
Chon dap an @ O

Cau 64. Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6 céac canh AB =2, AD = 3, AA’ = 4. Géc gilia
hai mit phang (AB'D’) va (A’C'D) 1a «. Tinh gi4 tri gan diing ctia «.

@A) 45.2°. 38.1°. (C) 61,6°. (D) 53.4°.

L&i giai.

D~ C
/I
| N
1 N
! N
| N
1 N\
;! N\
N\
A o B
\ ! N
\ [ AN
\ ] | S
\ [ AN
A | N
\ A
1 K
[\EI 27 h
A 7 S
1 [N //// N
[N 1\ -7 AN
! AN - <
1 v \//, AN
] N /\—A/ N
AT 7 S N IR N
1 D,}“< N _-- C
PaRS —
/ 0, ~ N _4d-
I 4 ~Q -
/7 N -~
[ _ -
1 7, - RN
P - N
Al == =g/

Ta chia bai toan thanh 2 phan:
Phan 1: Xac dinh goc gitra hai mat phang:

e Budc 1: Tim giao tuyén giita hai mat phéng:
Trong mit phang (ADD'A’) goi E 1a giao diém ctia AD’ va A’D.
Trong mit phang (A’B'C'D’) goi F 1a giao diém ctia B'D' va A'C’.
Khi d6 EF 1a giao tuyén ctia hai mit phang (AB'D’) va (A’C'D).

e Budc 2: Trong méi mit phing, ta can tim dudng thiang vuéng géc véi giao tuyén:
Trong mit phang (DA'C') ké A’'H | EF tai H, A’H cit DC' tai K.
Ta chiing minh D'H | EF.
. | DC LA'K ) L A
Tac6{ .~ =DC L(A'DK)=DC LDH.
DC L A'D
.. |bc LDH ,
Mat khac ¢ = DH" | EF.
D'C| EF

e Budc 3: Xac dinh goc gitra hai mat phang:
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(D'H C (AB'D')

D'H | EF

Tacé ¢ A’'H C (DA'C) = a = ((AB'D'),(DA'C')) = (D'H,A’'H).
A'H L EF

| (AB'D') N (DA'C') =EF

Phan 2: Tinh géc o: Ta sé sit dung dinh 1y cosin trong tam gidc A’HD':

e Budc 1: Chitng minh tam giac A’HD’ can:
Trong tam gidac AA’DC’ ta ¢6 EF 1a dudng trung binh, nén suy ra H 1a trung diém A’K.
ViA'D' 1 (DD'C'C)nén A’'D’ 1. D'K. Do d6 tam gidc AA’D'K vuodng tai D'.
Xét tam }giéc AA'D'K vuodng tai D' ¢6 D'K 1a dudng trung tuyén dng v6i canh huyén nén D'H =
an="%
2
e Budc 2: Tinh do dai canh A’K:
Ta tinh dudng cao A’K ctia tam gidc AA’DC’ thong qua dién tich.
Ap dung dinh 1y Pytago ta tinh dudc do dai cdc canh tam gidc AA'DC’ 1a: A’'D = 5, A/C’ = /13,
DC' =24/5.
St dung cong thiic Hé-rong ta tinh dude Sy per = V61.

1 1 305
Mt khic Sy/per = EA’K x DC' = /61 = 5A’K x2v/5=A'K = —
A'K /305
Tﬁd(’) SuyraD/H :A/H: 2 :T

e Budc 3: Tinh géc o bing dinh Iy cosin:
Trong tam giac AA’HD' ta c6:

2
V305\©
—29

HA” +HD” —A'D* < 10

COS@ = =
2HA' x HD' 2 61
, <\/305>
10
Suy ra A’/HD' = 118,4°. Do d6 géc gitta hai dudng thing A’H va D'H bing 61,6°.
Viy o = 61,6°.
Chon dap an @ O

Cau 65. Cho hinh ling tru tam gidac ABC.A’B'C’ c6 d4y 1a tam gidc déu canh a. Goi M 1a trung diém
ctia B'C', biét AB' 1. A’M va AB' = AM. Canh bén AA’ tao v6i ddy mot géc 60°. Tinh tan clia géc gitta
hai mit phing (BCC'B’) va (A’B'C’).

13 13 3

Lai giai.
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Vi tam giac A’B'C’ déu nén A’M L B'C’. Suy ra o
A'M L (AB'C') = (AB'C') L (A'B'C").
Goi H la trung di€ém B'M, vi tam gidc AB'M can tai A
nén AH | B'C' = AH L (A'B'C).
Suy ra goc gitta AA’ va (A’B'C’) bing AA'H = 60° =
3 3
A'H = —a4 = AH =" g .
Do (ABC) || (A'B'C') nén géc gilta hai mit phang
(BCC'B') va (A’B'C') bing gbéc giita hai mit phang
(BCC'B') va (ABC).
Goi N la trung di€m cta BC suy ra BC | (AHN).
. N AH /13
Viéy gbc gitia hai mat phang (BCC'B’) va (A'B'C’) bang ANH = o0 = tana = NS 3
Chon dap an @ O

Cau 66. Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh va SA = SB = SC = 11, SAB = 30°,
SBC = 60° va SCA = 45°. Tinh khoang céach d giita hai dudng thang AB va SD.

@A) d =4/11. (B) d =22 (© d=2v22. @d:@.

L&i giai.

B C

Tam giac SBC ¢6 SB=SC =11 va SBC = 60° nén SBC 1a tam gidc déu, suy ra BC = 11.
Tam giac SAB can tai S c6 SAB = 30°, suy ra ASB = 120°. Khi d6

AB = \/SA2+SBz—ZSA-SB-cosA/S73 = 11V3.
Tam giac SAC can tai S co SCA = 45° nén SAC 1a tam gidc vudng tai S. Khi do
AC = \/SA2+5C2 = 11V2.

2
Lai co BCZ+AC? =112+ (11\/§> = (11\/5)2 = AB? nén tam gidc ABC vudng tai C.
Goi M 1a trung diém ctia AB, khi d6 M 1a tam dudng tron ngoai tiép tam gidc ABC, suy ra SM | (ABCD).
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Ta c6 AB || CD nén AB || (SCD). Do d6

d(AB,SD) = d(AB, (SCD)) = d(M, (SCD)).

TuMkéMJ L CDtaiJ, ké MH L SJ tai H.

Tac6CD 1L MJ vaCD L SMnén CD | (SMJ), suy raCD 1. MH.
Lai c6 MH 1. SJvaMH 1 CD nén MH L (SJD) hay MH L (SCD).

Vi vy d(M, (SCD)) = MH.
Tam giac SAM vudng tai M nén

——  SM —  11V/3 1 11
tanSAM = —— & SM = AMtanSAM = — >~ . — = |
an S, AM(:S anS. 5 \/§ 5

AD-AC 11-11V2 11v6

Ké Al L CDtail, khi do MJ = Al =

Trong tam giac SMJ vudng tai M ta co

VAD? +AC? \/112+(11\/§)2 3

11 116

SM-MJ 5
MH = = 23

VSME M2

Vay d(AB,SD) = \/22.

Chon dap an

Tinh géc gitta mit phang (P) va mit phang (ADE).

(A) 60°. 30°. (C) 45°.

Cau 67. Trong mit phang (P) cho tam gidc déu ABC canh a. Trén cic dudng thang vuong géc (P)

tai B va C 1an lugt 1iy cic diém D, E nim cting mdt bén dbi véi (P) sao cho BD = N , CE = av/3.

av/3

(D) 90°.

L3i giai.
Goi M, N, P lan ludt 1a trung diém cta EC, EA, AC. Dé thiy
miit phang (DMN) song song véi miit phang ABC nén géc giita
miit phang (ADE) va mit phang (P) 1a géc gitta (ADE) va mit
phiang (DMN).

. | BPLAC
Ta co = BP1(ACE).

BP1CE

Mat khac NP || BD va NP = %EC = BD nén BPNM la hinh
binh hanh. Do d6 BP || DN = DNJ_(EAC) Suy ra DN_LEN va
DN_1MN. Viy goc gita ( ) va mit phang (DMN) 1a géc giita
EN va MN. Dé thay ENM = EAC = 60°.

Chon dap an @

Cau 68. Cho hinh ling tru tam gidc déu ABC.A’B'C’ ¢6 AB = a, AA' = a+/3. Goi « la géc giita

duong thang A’B va B'C. Gia tri cia cos ¢ bang

®1 ® 1 ©:

oY
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Loi gidi.
Goi M, N, P lan lugt 1a trung diém BB’, A’B’ va BC. Khi d6 ta c6 MN || A'B
vi MP || B'C nén suy ra a = (A’B,B'C) = (MN,MP). Pdng thdi ta c6

A'B AB?+A'A? MP B'C +/BC?+B'B?
= = = = =
2 2 ’ 2 2

MN

a.

Goi Q 1a trung diém B'C’. Ta ¢6 PQ | BC' = PQ L (A'B'C') = PQ L ON M

2
V13
nén NP = \/NQ>+ QP2 — %+3a2: a =
—  MN?+MP?—NP? 5 5
Khi d6 cosNMP = + = ——=cosq = —.
2-MN-MP 8 8
Chon dap an (C) O

Cau 69. Cho hinh chép S.ABCD c6 day la hinh chit nhat, AB= 1, AD = V2,54 L (ABCD), SA =3.
Goi M 1a trung diém ctia AD. Khoang céch giita hai dudng thang BM va SC bang

3 3 3
—. —. 1. —.
Loi giai.
Tac6 — = — = —= = AMAB «~ NABC (c.g.c) nén MBA = ACB
aco 1B BC \/2:> (c.g.c) nén

suy ra MBA + BAC = 90° hay BM L AC.

Ma SA | (ABCD) = SA L BM = BM 1 (SAC).

Goi I 12 giao diém ctia BM va AC, ké IH 1 SC tai H.

Khi d6 BM 1 IH nén IH la dudng vudng goc chung cia BM va SC.

Al
Ta c6 AC = VAB2 + BC?2 = /3, SC = /SA2 + AC? = 2/3 va =

AM 1 2 2
— =—nénIC=-AC=—.
BC 2™ T3TA
IC-SA
Ta c6 AIHC ~ ASAC (g.g) nén [H = SC - 1.

Chon dap an ©

Cau 70. Cho hinh ling tru ABC.A’B'C’ ¢6 day ABC la tam gidc cén tai C, AB = 2a, AA' = a, goc
gitta BC' va (ABB'A’) 12 60°. Goi N la trung diém AA’ va M 1a trung diém BB’'. Tinh khodng cach tu

diém M dén mit phang (BC'N).
@ a\/74 2a\/37 @ 2a\/74 @ a/37
37 37 37

37

L&i giai.
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Goi I 12 trung diém ctia A'B’. Khi d6 IC' L (ABB'A'), suy ra (BC’ @w)) — [BC' = 60°.

IB
Taco IB=VB"B2+ B> = av2 BC'= — - =2aV/2,IC' = BC':sin60° = a/6,
COS
V17 V2
NB=AB +AN? = -1 5  NC' =/AIN? + AIC? = JAIN? Y A2 +1C7 = V=2 5 ’.
1 111
Ki hiéu p = 5(NB+BC’+NC’) thi Sapey = +/p(p—NB)(p—BC')(p — NC') = a? YR
2
Dién tich tam giac ABN 1a Saapy = %.
3-Vagon  Saasy - 1C 2a\/T4
Vay d (M, (BC'N)) = d (A, (BC'N)) = d (A, (BC'N)) = ——ABCN _ 2LABN v
SABC'N Snpon 37
Chon dap an @ O

Cau 71. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thoi canh a. Tam gidc ABC déu, hinh chiéu
vuodng goc H ciia dinh S trén mit phang (ABCD) triing véi trong tdm ctia tam giac ABC. Pudng thang
SD hop v6i mit phang (ABCD) géc 30°. Tinh khoang céch d tit B dén mit phang (SCD) theo a.

@d:“721. B) d=aV/3. @d:zc‘f. @dzzc[;/j

Lagi giai.

Vi H 1a hinh chiéu vuong géc ctia S 1én (ABCD) nén HD la hinh
chiéu vuéng géc ctia SD 1én (ABCD).

Vay géc tao bdi SD va (ABCD) bing goc gilta SD va HD chinh 1a
SDH. Khi d6 SDH = 30°.

Goi O la giao diém ctia AC va BD.

Vi H la trong tam cua tam giac ABC nén

= 2po2. 93 _aV3
3 3 2 3
2 21 1
Mait khac BH = -BO = - - —-BD = —=BD.
4 e R
2 4 4 a3 2aV3
S DH=-BD=-BO=—--——= .
e 370737073 3 A
—  2av3 V3 2
Trong tam giac vuéng SHD ta c6 SH = DH tanSDH = a3 .T:?a

Tac6 HC L AB,AB||CD nén HC L CD.
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Lai c6 CD 1. SH. Do d6 CD L (SHC), suy ra (SHC) L (SCD).
Ké HK | SC tai K. Suy ra HK L (SCD).
HC-SH 2av/21

Vay d(H,(SCD)) = HK = _
AU (5CD) VACTTSHE 21

Ta lai co

j((fl’ ((igll)))); — gf] - % = d(B,(SCD)) = %d(H, (SCD)) = % Zaf - a\éﬁ.

Chon dap an @ O

Cau 72.

Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang

a. Mot dudng thang d di qua dinh D’ va tam I cla :

mit bén BCC'B’. Hai diém M, N thay d6i 1an lugt E

thudc cdc mit phang (BCC'B’) va (ABCD) sao cho D !

trung diém K ctia MN thudc dudng thang d (tham R T:

khao hinh vé). Gi4 tri bé nhét ctia dd dai doan thﬁng !

MN I 5 Jrter ;
»

B/

=

@ 2\/561 3\/561

5 10 °

@ \/__3 @ 2v/3a e
5

0 ad ¢

2 N

Lai giai.
Ké ME vuong goc v6i CB, tam giac MEN vudng tai E Al B
nén MN = 2EK. :
Vay MN bé nhét khi va chi khi EK bé nhit. Liic nay EK !
1a doan vudng géc chung ciia hai dudng thang d va duosng D’ |
thang CB. ISR T /
Qua 7 ké PQ song song v6i BC (nhu hinh V€).

Vay d(BC7d) = d(BC7 (D/PQ» = d(cv (D/PQ)) =
d(C',(D'PQ)) = C'H (trong d6 C'H vudng géc véi D'P).

1 4 5

2 e e I
=>C’H=%§:>d(BC,d): \f". N E

Chon dap an (A) O

Cau 73. Cho khéi tii dién ABCD 6 BC = 3,CD =4, ABC = BCD = ADC = 90°, géc giita hai duong
thang AD va BC bing 60°. Cdsin géc gitta hai mit phang (ABC) va (ACD) bing
@ 8 V43 © 28 ® V8
43 43 43 86

L&i giai.
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Dung diém E trong mit phang (BCD) sao cho BCDE 1a hinh binh hanh. Tit A
gi4 thiét BCD = 90° suy ra BCDE 1a hinh chil nhat.

TacOAB L BC=ED L AB,maED | EBsuyra DE | AE. Tudng tu ta co
BE 1 AE nén AE | (BCDE).

Lai ¢6 (AD,BC) = (AD,ED) = ADE = 60°, tam giac AED vuodng tai E nén

I
|

|

|

|

I

I

I

|

|

I

|

A7

ZIiF - B
7/

JE

AE = DE tanADE = BCtan60° = 3v/3.

Goi H, K lan ludt 1a hinh chiéu vudng goc cua E trén AB, AD. Khi d6

BC 1 BE

BC 1 AE
Ma EH | AB = EH 1 (ABC). Tuong ti EK L (ACD).
Do d6 ((ABC),(ACD)) = (EH,EK). Tam gidc AEB vuong tai E, dudng cao EH ¢6 AE = 3+/3, EB =4 nén

AE? 27 124/3
AB=43,AH="—="_ EH= 123
AB /43 V43

= BC | (AEB) = EH 1 BC.

9 3v3

Tuong ty véi tam gidc vudong AED, tacd AD = 6, AK = > EK = T\/_

—  AB>+AD’*—-BD*> 943
T iac ABD c6 BAD = = .

am giac cd cos 2AB.AD g 62025

Miit khic HK? = AH? + AK? — 2AH - AK - cos HAK = T

_——~  EH?>+EK*>-HK> 243
Tam gidc EHK c6 cosHEK = + = .

2EH -EK 43
24/43

Viay cos((ABC),(ACD)) = cos(EH,EK) = TR
Chon dap an @ O

Cau 74. Cho hinh chép S.ABCD c6 day ABCD 1a nita luc gidc déu va AB = BC = CD = a. Hai mit
phang (SAC) va (SBD) cung vudng géc véi mit phang (ABCD), géc giita SC va (ABCD) bing 60°.
Tinh sin géc giita dudng thang SC va mit phang (SAD).

3V3 V3 V6 V3
@ == - © © <~

L&i giai.
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e Goi I 1a giao ctia AC va BD, vi mit phang (SAC) va (SBD) ciing vudng géc v6i mit phang (ABCD) =
SI L (ABCD).

e Goc giita SC va ABCD 1a géc SCI = 60°.

e C6 ABCD 1a nita luc gidc déu nén ¢6 AD = 2a, ACD = 90° = AC = VAD2 — CD? = \/3a.

BC CI 1 3 2v3 —
e ViBC||AB= —=—=-=CI= \/——a;AI: —\/_a; SI=IC-tanSCI = a; SC =+/SI?+1C? =
AD Al 2 3 3
2V/3
—Za.
3

e Goi M la trung diém ctia AB, dé thy IM 1 AD va

IM = AM -tan DAI = atan30° = \/Tga.
e KéIK 1 SM.C6 ASIM vudng tai I c6 dudng cao IK = — = L + L ~IK=2
IK?> SIZ?  IM? 2
. Co % - % - % s d(C:(SAD)) = Za.
e Goi o 1a goc tao bdi SC va (SAD) = sino = d(C;éi,AD)) = 3\8/?
Chon dap an @ O

Cau 75. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a, canh bén SA vudng goc véi
miit ddy, canh bén SB tao vdi ddy géc 45°. Mot mit phang («) di qua A va vudng géc véi SC cit hinh
chép S.ABCD theo thiét dién la tf gidac AB'C'D’ ¢6 dién tich bing

(l2 a2 (l2 (l2
® 25, 3 © <2 OE=S)

Lai giai.

Goi O la tam cuia hinh vuéng ABCD va ké AC' 1| SC véi
C' e SC.

Goi AC' NSO = I va qua I v& dudng thang

B'D' | BD (v6i B' € SB; D’ € SD).

Khi d6 thiét dién ctia hinh chép cit bdi () 1a td gidc
AB'C'D'.

Ta c6 BD L (SAC) = B'D' 1 (SAC)

= B'D' 1 AC'.

Dién tich thiét dién 12 Sypcpy = %AC’ -B'D'.

Géc ciia SB v6i ddy 1a SBA = 45° = SA = AB = a.

1 1 1 1
Trong tam giac vudng SAC co Ve = + Yl +
o {AB" L BC
Mit khéc, ta c6 , = AB' 1 SB.
AB 1 SC
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Do d6 B’ 1a trung diém SB (do tam gidc SAB vudng can tai A).
Tuong tu D' 1a trung diém SD (do tam gidc SAD vudng can tai A).
1 \/_

Do d6 B'D' = 2BD =

. 1 a\/§ a\/_ az\/§
Vay Sapep = 5 N ) g

Chon dap an @ O

Cau 76. Cho hinh 1ap phuong ABCD.A'B'C'D’. Goi M,N,P lan ludt 1a trung diém cédc canh
AB,AD,C'D'. Tinh cosin clia géc giita hai dudng thang MN va CP.

A M B
N :
]
]
]
D : @
|
]
]
]
]
]
i
A’L —————————————————— B
/’/ P
D’ C’
® Y2 v10 © — ® —
5 ° 5 ° V10 V10
Loi giai.
A M B
]
]
N ]
]
]
o1
D - C
/s
) N
] ~
, .
| N
|
] ~
Alb e S
::f""/P
D/ C/

Goi I 1a trung di€ém ctia CD, dé thay D'ICP 1a hinh binh hanh do ¢6 CI = D'P va CI || D'P, ti d6 CP || D'I,
mat khic ta c6 MN || D'B’ nén (MN CP)= (D'B D’I) ID'B' =
Khong mét tinh téng quét goi a (a > 0) 12 d6 dai clia canh hinh 1ap phlrdng Khi d6 tinh dugc

e IB' =+IC?+CB —\/——|—2a2—
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2
e B'D' =\2a:1D' = /DD?+1ID? = +% \/—a
D/IZ +D/B/2 IB/2
Do d6 cosax = = .
2.1D'-D'B’ /10
Chon dap an @ O

Cau 77. Cho hinh chép S.ABC c¢6 ddy 1a tam gidc déu canh a, goc gitta SC va mp(ABC) 1a 45°. Hinh
chiéu ctia S 1én mp(ABC) 1a diém H thudc AB sao cho HA = 2HB. Tinh khodng cach giita hai dudng
thang SA va BC.

av210 av210 av'210 av210
@30' 45' ©15' ®20'

Loi giai.

Dung hinh binh hanh ABCD, khi d6 ABCD la hinh thoi canh a
va BC || AD = BC || (SAD).

Do dé

S

d (SA;BC) = d[BC; (SAD)] = d[B; (SAD)].

Ti g—i _ % ~ d[B: (SAD)] = %d [H: (SAD)).

Tac6 SH L (ABC) nén suy ra

—

(SC;(ABC)) = (SC;HC) = SCH.

Suy ra SCH = 45°.

7a? B a\/7

—— 2
HC? = HB? + BC? — 2HB-BC - cos HBC = (g) +a2—2-g-acos60°’ =5 = HC=

a1

Tam giac SHC vudng tai H va SCH = 45° nén tam gidc SHC vudng can tai H. Tu dotac6 SH =HC = =
Ké HK | AD tai K = HAK = 60°. Do d6

HK = HA-sinHAK = - -sin60° = “\3/—.
Ké HI | SK tai K, suy ra HI | (SAD) = d [H;(SAD)| = HI.
Xét tam giac SHA vuodng tai H, ta co
1 1 1 1 1 30
HE  HK:  SHE z " 27722
a3 a1
3 3
av210
HI = .
30
3 3 3 av210 210
Vay d (SA;BC) = =d |H;(SAD)| = -HI = - = .
Chon dap an @ O
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Cau 78. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vuong canh a, SAB la tam gidc déu va (SAB)
vuong goc v6i (ABCD). Tinh cos ¢ véi @ la géc tao bdi (SAC) va (SCD).

® 2 ® 2 ©3 Opa

H o M

Goi H, M, O lan luot 1a trung diém AB, CD, HM; K, N, I 1an ludt 14 hinh chiéu ctia H trén SM, AC, SN; L
1a giao diém ctia HK va SO.

Theo gia thiét SH | (ABCD) ma CD 1. HM nén HK 1 CD, suy ra HK | (SCD). Tuong tu, HI | (SAC).
Khi d6 ¢ = (HK,HI) = LHI.

3 2 V21 V21 KS  HS?
TacéSH:M,HN:M,HI:a CHK = V2 20 — 2 Laicé
2 4 14 7 KM HM? 4
HK 4 3— 4 6
URHL—HE = 2HS+2HM = “HS + 2HO
HL 7 7 7 7
, HK 4 6 10
45, L, Othing hingnén — — — + — = — . Vj
ma ang hang nén L~ 7 + 7 7 ay
HI 10 HI 5
COSP=—=——— = .
HL 7 HK 7
Chon dap an @ O

Cau 79. Cho hinh chép S.ABC ¢6 SA la dudng cao va ddy 1a tam gidc ABC vudng tai B. Cho BSC =
45°, g0i ASB = a. Tim sin & d€ géc giita hai mit phang (ASC) va (BSC) bing 60°.

@ sina:¥. 8 sina:@. @ sinazg. @ sina:%.

[\

L&i giai.
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KEBE 1 ACtai E,ké EF 1 SCtaiF.
Ta co

BC L AB
= BC 1 (SAB) = BC L SB.

BC 1 SA

= BE 1 (SAC) = BE 1 SC.

BE 1 AC
BE 1 SA

SC L EF
. { = SC L (BEF) = SC L BF.

SC 1L BE

Khi d6 géc giita (ASC) va (BSC) 1a BFE = 60°.
Goi BC =x, (x> 0).
xV2

Tam giac SBC vudng can tai B nén SB = BC = x, SC = x\/i BF = —

2 V3 _ a6

BE — BF sin60° —
s 2 2 T 4
1 1 18

Viy sina = sinASB =
Chon dap an O

Cau 80. Cho hinh chép S.ABC c6 tam gidc ABC vudng tai A, AB = AC = a, I 1a trung diém SC; hinh
chiéu vuong géc ctia S 1én mit phang ABC 1a trung diém H ctia BC; mit phang (SAB) tao véi ddy mot
géc bang 60°. Tinh khoang céch tir I &én mit phang (SAB) theo a.

@ 23 Sl 23 ®) 43
2 4 4 5
Loi giai.
Tu H vée HN 1. ABvaHK L SN.
Taco AB L NH vaAB | SH nén AB | (SNH).
Suyra HK | AB.

Talai c6 HK 1 SN nén HK | (SAB).
Vay d(H,(SAB)) = HK.
Mit khic (SAB) N (ABC) = AB
vaSN | AB,NH L AB
nén ((SAB); (ABC)) = SNH = 60°.
 SC 1 1
Ta ?B§ ; 5= d(I,(SAB)) = 3 -d(C,(SAB))

Vi =2 = d(C,(SAB)) = 2d(H, (SAB)).

1 1 ]
Tac6 d(I,(SAB)) = 5 -d(C.(SAB)) = 5 -2d(H. (SAB)) = HK = HN -sin HNK = ZACsin60°.

Suyrad(l,(SAB)) = #.

Chon dap an O
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Cau 81. Cho hinh lap phuong, mdi cip dinh ctia né xac dinh mot dudng thang. Trong cic dudng
thang do, tim s cac cip dudng thang (khong tinh thi tu) khéng dong phang va khong vudng goc véi
nhau.

(A) 9. 132. (©) 192. (D) 108.

L&i giai.
Ta chia cac dudng thang nay thanh 3 loai. A B

Loai 1: Cac dudng thang chia cic canh ciia cdc mit (vi du AB,
AD,...) D

Loai 2: C4c dudng thang chiia cac dudng chéo clia cac mit (vi du
AC,AB,...)

A/ —_————- L S B/
Loai 3: Céc dudng thang khong nim nam trong cic mit (1a 4 it \
dudng thang AC’, BD', CA’ va DB). / \

Ta co

e Hai duong thang thudc cliing loai 1 thi hodc song song véi nhau, hodc vudng géc véi nhau nén chiing
hodc dong phang, hoic vudng goc.

e Hai dudng thang thudc loai 2 khong dong phang ciing khong vudng géc thi ching thudc hai mat ké
nhau (vi du AC va DC'). Ct 2 mit ké& nhau ta lai tao ra dugc 2 cip dudng thang nhu vay (vi du mit
ABCD va DCC'D'’ ¢6 2 cip dudng thang théa méan 1a (AC,DC’) va (BD,CD') ). Mbi canh thudc loai
1 déu tao ra 2 mit k& nhau, do d6 c6 12.-2 = 24 cip dudng thang cung thudc loai 2 thda man.

e Hai dudng thang thudc loai 3 déu di qua trung diém ctia moi dudng nén chiing dong phang.

e MObi dudng thang thudc loai 1 (chang han AD) c6 thé tao v6i 4 dudng thang thudc loai 2 d€ tao thanh
1 cip dudng thang khong song song ciing khong vudng goc (d6 1a cac dudng chéo ciia cac mit chia
canh B'C"). Do d6 c6 12 -4 = 48 cip dudng thiang thudc dang nay thda man.

e Mbi dudng thang thudc loai 1 (chang han AD) c6 thé tao v6i 2 duding thang thudc loai 3 d€ tao thanh
1 cdp dudng thang khong song song ciing khong vudng géc (BD' va CA’). Do d6 ¢6 12 -2 = 24 cip
dudng thang thudc dang nay thoa man.

e Vi AC vudng géc véi mit phang BDD'B’ nén céac cip dudng thang c6 ca loai 2 va 3 hoic vudng goc
v6i nhau, hoic dong phang.

Vay c6 tit ca 24 + 48 4+ 24 = 96 cip dudng thang thda man bai.
Chon dap an @ O

Cau 82. Cho tii dién c6 hai cip canh dbi dién vudng géc. Trong cidc ménh dé sau ddy, ménh dé nao
ding?

@ Tit dién c6 it nhAt mot mit 13 tam gidc nhon.

Tit dién c6 it nhat hai mit Ia tam gidc nhon.

@ Tit dién c6 it nhat ba mit 1a tam gidc nhon.

@ Tit dién c6 c4 bén mit 13 tam giac nhon.

L&i giai.
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Khong mit tinh tdng quat ta cé thé gid si (AB,CD) va A
(AC,BD) Ia hai cdp canh vudng goc véi nhau. = zﬁ . C—I>) =

0,AC - BD = 0.

Ta co

BB - (cb ) (3¢ - 45)
_ G- Cb b A6 Ch b

:C—D>R+RR—R1§ B D
3 (e 4 - 48)
—AC-BD=0
Suyra AD | BC. ¢
Dung hinh hop nhu hinh veé. Al c
Ta ¢6 AB*> + CD? = AB*> + C1D? = 4(AK* + BK?) = 4AD} g
AD?+ BC? = AD? + A\D? = 4(AH? + HD?) = 4AD? ,':
= AB?+CD? = AD* + BC® & AB> + AC? — BC* = AD*+ D L+ B1
AC? —CD?.__ N
Do d6 cos BAC cos DAC cung dau (D) N
Ching minh tuong tu cos B/ BAD COs CAD cung dau. 2) ,'b\\ i
Tix (1) va (2) suy ra cos cos BAC, cos DAC, cos BAD cung déu. : A‘L: ____________ L4l
Do do6 BAC DAC BAD cung nhon hodc cung tu hodc cung ,” \\\9/ =17
vudng goc. DLl - TTTK TN
Chiing minh tuong tu thi cac goc tai dinh B,C,D cung nhon = ~B

hodc cung tu hodc cung vudng.

Xét cac truong hop

Truong hop 1. Néu cic goc tai 4 dinh ciing nhon, suy ra ca 4 mit déu 1a tam giac nhon.
Trutng hop 2. Néu ton tai mot dinh c6 cac géc ti hoic vudng.

Khong mit tinh tong quat gia su vudng tai A, thi ba dinh con lai phai 1a géc nhon.

That vay Néu BAC > 90°.

65D =0 1. (1D 7¢) =0 B8 7

Tu’dng tu: Iﬁ AD = R AD.

Do BAC > 90° = AB-AD — RB AB-AC <
CBZ+CDZ—BD2:<ﬁ—R> +(ﬁ)—ﬁ) —(E—ﬁ)zzzAcz—zﬁ-Rw;»B/cb<900.

Do d6 CBD < 90°,CDB < 90°.

Vay tam giac BCD nhon.

Vay khong ton tai 16n hon hoic bang 2 dinh cuing ti hoic ciing vudng.

Hay tif dién c6 it nhit mot mét 13 tam gidc nhon.

Chon dap an @ O

Cau 83. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang vuong tai A va B. Biét AB = BC = a,
AD = 2a, SA = a/2 va vudng géc véi ddy. Khi d6 gid tri sin ctia géc giita hai méit phang (SBD) va
(SCD) bing

oFt ® Y ©%F ® %2

L&i giai.
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Trong mit phang (ABCD), ké CI L AD suy ra CI L
(SAD). Trong (SAD), ké IK L SD. Khi d6 SD L (CIK).

Goi H =BDNCI. Khid6 HK 1 SD.

Ma (SBD) N (SCD) = SD. Do d6 géc giita hai mit phang
(SBD) va (SCD) la goc gitta CI va HK, chinh la goc
CKH.

Ta ¢c6 DC L (SAB). Trong (SAC), ké AI 1 SC. Khi d6
Al L (SCD).

Suy ra géc giita hai mét phang (SBD) va (SCD) 1a géc giita AI va AK, chinh 1a goc KAI
Ta c6 theo cach dung thi ABCI 1a hinh vudng nén CI = AB = a.

IK_DI  IK
ADKI ~ ADAS nén — 24 k= “\/_

SA a\/z a\/g 3
2a\/_
Suy ra CK = VIK? +CI? =

V21
Trong tam gidc HIK ¢6 HK = \/IKZ TIH? = aT.

4a*> Ta* &2
CK*+HK’—CH* 3 "5 "% _5V7
2CK-HK ) 2av/3 av21 14

3 6

Trong tam giac HKC c6 cosCKH =

Khi do smCKH = 111

Chon dap an O

Cau 84. Cho hinh 1ap phuong ABCD.A'B'C'D’ c6 dd dai mdi canh bing 1. Goi (P) l1a mit phang
chita CD’ va tao v6i mit phang BDD'B’ mot géc x nhod nhét, cat hinh 14p phuong theo mot thiét dién
c6 dién tich S. Gi4 tri ctia S bang

NG V6 V6 26
® % 5 ©F 5
Lai giai.
N
Al D’
SN C
B ¥ ! M
PN/ B
///A ”,—”’ D
B C

e Géc cta (P) qua CD' hop véi (BB'D'D) mdt géc nhd nhit bing véi géc gitta duong thang CD’ va
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(BB'D'D).

2
on-

Tacod
oD’ = \/5
V2

Kéo dai MD' cat BB' tai N. Pudng thang CN cit B'C’ tai I, ta dudc I 1a trung diém B'C’.

V3 3v2

= cos DOD' = 3= OM = = = D la trung di€ém cta BM.

Ta dudc thiét dién can tim 1a AICD'.

V6

Tinh deQC S = T

Chon dap an (C) O

Cau 85. Cho hinh chép tam gidc S.ABC c6 ddy ABC 1a tam gidc ddu canh 2a va SBA = SCA = 90°.
Biét goc giita dudng thang SA va mit phang ddy bang 45°. Tinh khoang cach tir diém B dén mit phang
(SAC).

2av/15 2av/51 2av/15 av/15
Loi giai.
Ta c6 ASCA = ASBA, suy ra SB = SC, tam giac SBC can tai S.

. SA
Goi / 1a trung diém cua SA, suyraIA =IB=1IC = 5

Suy ra IG L (ABC), v6i G la trong tdm cta tam gidc ABC. Nén
(SA,(ABC)) = IAG = 45°.

Do dé d(B, (SAC)) = 3d(G, (SAC)) = 3d(G, (IAC)). (1)
Goi M 1a trung di€ém ctia AC, suy ra MB 1. AC va AC L IG nén
1 3 2ay/3
(1BM) L (SAC). Tac6 GM = S BM = 4 vaIG = AG = “3\/_.
11 1 3 3 2ay/15
S _ = — —_— = — _— = d — .
W TG e T 2 a2 T M T T
2ay/15
Tir (1) suy ra d(B, (SAC)) = “5 .
Chon dap an @ O

Cau 86. Cho hinh chdp S.ABCD véi ddy 1a hinh chit nht c6 AB = a, BC = av/2, SA L (ABCD) va
SA = av/3. Goi M 1a trung diém ctia SD va (P) la mit phing di qua B, M sao cho (P) cit mit phang
(SAC) theo mot dudng thang vuong géc véi BM. Khoang céch tir diém S dén (P) bang

® 22 a2 ©% ® %

3 9 - 3 9

L&i giai.
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Goi O 1a tam hinh chit nhat ABCD. G la giao diém ctia SO
va BM.

Suy ra G la trong tdm cua tam giac SAC va SBD. Goi N la
giao diém ctia (P) va SA. H 1a hinh chiéu vudng géc ctia B
1én AC. K 12 hinh chiéu vuong géc ctia H 1én BG.

1 1 3
Taco OA = JAC = - VAB +BC? = %
1 a\/§

Goi I 1a trung di€ém AB = OI = 3 -BC = 5

1 1 Ol-AB a6
— _.0l-AB= -~ -BH-OA = BH = = .
Sago =50 2 OA = A0 3

3
AABH vuong tai H c6 AH = /AB? — BH? = %

av/3 1 OH 0G 2
AH="2_ 24 H || SA
~ 34C=am ~os —3 RIS

Ta c6 BH 1 (SAC) = BH | NG
. [NGLBM X
Khi d6 = NG L GH = NG || AC = (P) || AC va SN = 2AN.
BH L NG
d(S,(P)) =2d(A,(P)) =2d(H,(P)) = 2HK.

1 /
AOSA ¢6 GH = §SA = %_ AAHB vudng tai H ¢c6 BH = \/AB? — AH? = - —

AGHB vuone tai H 6 — o gk HG'-HB’ _ aV2
vuon al CO = =
gx HK: HG:  HB HGE+HB 3

Chon dap an @ O

Cau 87. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, SA vudéng géc v6i mit phang
day va SA = x. Xéc dinh x d€ hai mit phang (SBC) va (SCD) hdp véi nhau géc 60°.

@x:2a. x:a. ©x:g. @x:%l

L&i giai.

Trong mit phang (SAB) dung AI 1 SB, ta dudc AI L (SBC) (1).
Trong mit phang (SAD) dung AJ L SD, ta dugc AJ L (SCD) (2).
Tir (1) va (2) suy ra goc ((SBC), (SCD)) = (AI,AJ) = IAJ.
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1 1111
Matkhac. taco 4 = 4@ Y A a2 ~ as? T ap?

Suy ra A = AJ. Do d6 néu géc IAJ = 60° thi AALJ déu = Al = AJ =11J.

Xét ASAB vudng tai A c6 Al la dudng cao = Al-SB=SA-AB = Al = SAS.;B (3).
Vac6 SA> = SI-SB = SI = SSi; (4); SA2 =87 -SD = SJ = %2 (4.
Su),l ralJ || BD (vi SB = SD) = ]% = 5—; =1]= 51351) = SA;;D (5).
The (3) va (5) vao Al =1J suy ra
AB = SAS'BBD<:>AB~SB:SA-BD<:>a-m:x'aoﬁ@x2+a2:2x2¢)x:a.
Chon dap an O

Cau 88. Cho tii dién SABC c¢6 SA = SB = SC = AB = AC = a, BC = a+/2. Géc giita hai duong thing
AB, SC bing

(A) 60°. 0°. (©) 120°. D) 90°.

Lai giai.

Goi o 1a gbc giita hai dudng thang AB va SC. Ta c6 BC> = AB> 4 AC?
nén AABC la tam giac vuong can tai A. Vi SA = SB = SC nén ta
c6 SH 1 (ABC) tai H v6i H 1a tim dudng tron ngoai tiép AABC. Do
AABC vudng tai A nén suy ra H 1a trung diém BC. Ta c6:

AB.SC = AB.SH +AB.HC = AB.HC = AB.HC. cos 135°
o ()

2 2 2 A
&
.y ABSC| 5 1. .
Mait khéac cosax = = = = —.Vay o = 60°.
AB|IS¢| aa 2
Chon dap an @ O

Cau 89. Cho hinh chép ti gidc déu S.ABCD c6 tit ca cic canh bang a. Goi M 1a trung diém SC.
Tinh cos ¢ véi ¢ 1a géc gitta hai duong thang BM va AC.

cos(p:ﬁ. cos(p:ﬁ. cos(p:ﬁ. cos(p:ﬁ.
4 6 3 12

L&i giai.
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Goi H la tam cta hinh vudong ABCD, khi d6 SH L (ABCD).
1 1
Ta o6 BM = HM ~ HEB = SHS+ SHC — HB, AC = 2HC va HC L HB,

AC2 2
HC L SH nén AC-BM = HC® == = .
> 5 R — av/3
Vi tam giac SBC déu canh a va BM 1a trung tuyeén nén BM = —
. wmm C

AC-BM D) 1
Khi do cos (AC:BM ) = -2 _— >0

AC-BM av/3 V6

av/?2- -

Do vay, cos ¢ = cos (R,W) = \/?6
Chon dap an O

Cau 90. Cho hinh chép déu S.ABCD c6 canh ddy biang av/2 va canh bén bang 2a. Goi o 1a gbe tao
bdi hai mit phang (SAC) va (SCD). Tinh cos a.

v21 v21 v21 v21

5 o © 5 R v

L& giai.

Goi tAm cta ddy 1a O, M 1a trung diém cua CD.
Trong (SOM), ké OH vudng goc v6i SM tai H.
Khi d6 ta c6 OH L (SCD). Ma OD L (SAC).

Do d6 ((SCD), (SAC)) = (OH,0D) = HOD = a.

2
Ta c6 OD = a, SO = a\/3, OM = “‘/_.

2
Xét AOSM vuong tai O, c6
L1y V2
OH? 082 OM? 7
Xét AOHD vuodng tai H, c6
— OH 21
cosHOD =cosot = — = ——.
oD 7

Chon dap an © O

Cau 91. Cho hinh chép S.ABCD c6 ddy 1a hinh chit nhat canh AB = 2AD = 2a. Tam gidc SAB déu
va nim trong mit phang vudéng géc véi mit phang ddy (ABCD). Tinh khoang céch tir diém A dén mit
phang (SBD).

a av3 av3
® % = © a © 42,

Lai giai.

Goi H 1a trung di€ém canh AB, suy ra SH | (ABCD).

Goi E 1a hinh chiéu vuéng géc ctia H 1én canh BD, goi K 1a hinh
chiéu vudng goéc clia H 1én canh SE.

Ta c6 BD | HE va BD | SH nén BD 1 (SHE).

Khi d6 (SHE) L (SBD) = HK L (SBD).

Vay d(A,(SBD)) = 2d(H,(SBD)) = 2HK.
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Tam sidc ABD cosinB =2 — 4 _HE pp_pp 1 _ 4
am gi1ac cosmp=—=——=—— = = = —.
& BD  4/5 HB N
Xét tam gidc vudng SHE ta co
1 1 1 1 1 16 av'3
— — = —_— HK = .
HK?  SH  HE? (aﬁ)z * < a >2 32
5
. av'3
Vay d(A, (SBD)) = 2HK = ==
Chon dap an @ O

Cau 92. Cho hinh hop ABCD.A’B'C'D’ ¢6 day la hinh vudng canh a, canh bén AA" = a. Goi M,N
1an lugt 12 trung di€ém ctia AD va DC. Biét rang hinh chiéu vudng géc ctia A’ 1én mit phang (ABCD)
trung véi giao di€ém H ctia AN va BM. Khoang céch tir diém M dén mit phang (A’BN) bing
@ 3av/170 3a\/m @ 3a\/m @ 3av/173
68 68 68

68

L&i giai.

Trong mit phang (ABCD), goi P 1a hinh chiéu ctia H trén BN. Trong mit phang (A’HP), goi Q 13 hinh chiéu
cua H trén A’P. Tt giac ABCD la hinh vudng nén dé c6 AN | BM.

AB-AM 5
Xét tam gidc ABM vuodng tai A c6 AH = = a\/_.

VAB2+AM? 5
Ta suy ra, do dai cac canh
2
o BH=AB. —AH?=\|a®— % - 2“;/5.
3av/5

e NH=AN—-AH = .

10
2
o NH VAR =2 - 2

5
3av/5 2aV/5 3a?
o HP— HN-HB _ 10 ) 5 _ 5 :6a\/§.
VHN? + HB? 942  4a? V5a 25
2075 2
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6a\/§ 2a\/§
. B HP-A'H 25 5 _3a\/170
VHP? +A'H? \/36a2+4a2 85
125 5
av/'s

BM 3ay/170 —5  3aV/170 5 3aV/170
BH 8 25 8 4 68

5
Chon dap an @ O

Tacéd(M,(A'BN)) =HQ

Cau 93. Cho hinh ling tru tam gidgc ABC.A’B'C’ ¢6 d6 dai canh bén biang a+/7, ddy ABC 1a tam gidc
vudng tai A. AB = a, AC = a+/3. Biét hinh chiéu vuong géc ctia A’ trén mit phang (ABC) la trung
diém ctia BC. Tinh khoang cich giita hai dudng thang AA’ va B'C’.

2 3 3a V3
op o3 N2 D a7~
Loi giai.
Goi hinh chiéu ctia A’, B, C' trén mit phang (ABC) 1an luct 1a H, B’ (o
E F. ] ,
Theo gia thiét, A 1a trung diém ctia BC. n A

Goi I 1 trung diém cta BH.
Tacé AA" || (BB'C'C) nén

K
d(AA",B'C') =d(AA’,(BB'B'C)) = d(A,(BB'B'C)). K3- =
LN g
B I |/ H C
A
Hon nita, vi AHEB 1a hinh binh hanh nén 7 ciing 1a trung diém ctia EA, do d6 AI = EI.
Suy rad(A,(BB'B'C)) =d(E,(BB'C'C)).
Tam gidc ABC vuodng tai A c6 AB = a, AC = a+/3 suy ra BC = 2a.
R 3
Tu d6 suy ra AB =AH = HB = a, tic tam giac ABH déu canh a. Suy ra duong cao Al = %_.
3
Vay EI = Al = % va EI L BC.
Trong mit phang (B'EI) ké EK L B'I (K € B'I). Tac6 BC L (B'EI) suy ra BC | EK.
. | EK L BC ' '
Ta co , = EK 1 (BB'C'C)=d(E,(BB'C'C)) =EK.
EK L B
/3 2
Tacé BE =A'H =/A'H? —AH? = | (a\/7)? — <aT> = av/6.
Ta o6 1 1 n 1 1 n 1 3
aco = = ———
EK? B'E? EI> (a\6)? /3 2 242
2
2
Suy ra EK = a\/;.
Chon dap an @ O
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Cau 94. Cho ti dién ABCD c6 tam giac ABC vuong tai A, AB =6, AC = 8. Tam gidac BCD c¢6 d6 dai
dudng cao ké tir dinh C bing 8. Mit phang (BCD) vudng géc v6i mit phang (ABC). Co-sin goc giita
mit phang (ABD) va (BCD) bing

4 3 4
@\/ﬁ \/—1_7 @ﬁ @\/—1—7

Loi giai.
Ké AH | BC tai H, CK L BD tai K, HI L BD tai I.
Theo gia thiét suy ra CK = 8.

{(ABC) L (BCD) n A 1 (BCD).

AH 1 BC
(BD LHI
Ta co = BD | (AHI)
BD 1 AH
= AIH 1a géc gitta hai mit phing (ABD) va (BCD,). B
Xét AABC vudng tai A
N 1 N 1 —1+1—25:>AH—24
AH? AB?2 AC? 6* 8 576 5
Tacé BH - BC = AB*> = BH _AB® 6 _ 9
_HI BHBC _9BC2 i 62J§82 - 259' 72
ViHI|CK= —=—=—=HI=—CK=—-8=—.
LRI CK _ BC 25 25 25 °7 25
— AH % 5
Xét AAHI vudng tai H = tanAIH = — = 75—2 =3
25
— 1 1 9 — 3
Ta c6 cos?AIH = — = 55 =25 = CosAIH = ——.
1+tan2AIH  1+% 34 V34
Chon dap an @ O

Cau 95. Cho ti dién ABCD c6 d6 dai cac canh AB = a, AD = BC = b, AB la doan vudng goc chung
2b o e

cia BC vaAD va (AB,CD) = a, (0 <a<90° tana < —) . Goi I 1a trung diém AB, diém M thudc
a

doan AB sao cho IM = x va (P) 1a mit phang di qua M vuong géc véi AB ddng thdi cit CD tai N.
Dién tich hinh tron tam M ban kinh MN bing

T
Q) 7 [40* + (4x* — a?) tan® ). 7 (407 + (47 —a’) tan’ .
T T
© 7207+ (47 +d’)an’ a]. D) 7 [40° + (47 —a’) sin’ o],
Lai giai.
Dung hinh lang tru ding tam giac ADE.BFC nhu hinh vé, trong d0 ABlacanh A D
bén. Khi d6 mit phang (P) song song v6i hai mit phang ddy ctia hinh ling tru
néi trén. Goi P, Q lan lugt 1a giao di€m cta (P) v6i CE va DF. Khong mat M R’==220X7"7/"" 0
tinh tdng quat, gia stt M thudc doan Al I E/N
Ta ¢c6 CDF = (CD,DF) = (CD,AB) = a, suy ra PQ = CF = atan . Do d6
P
NQ_DQ_AM_a—Zx:>NQ_(a—2x)tana R U Y Al F
CF DF AB  2a B 2 '
C
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Ap dung dinh Ii c6-sin ta c6

—  MQ*+PQ*-MP* P t
cosMQP = Q +PQ = 0 :aana.
2MQ- PQ 2MQ  2b

Ciing theo dinh 1i c6-sin ta c6

4b* + tan® o (4x* — a?)

MN?* = MQ? + NO? —2MQ-NQcos MON = Z

N v/
Vay dién tich hinh tron can tim 1a ZMN? = " [4b* + (4x* — a®) tan o] .

Chon dap an O

Cau 96. Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh va SA = SB = SC = 11, SAB = 30°,
SBC = 60° va SCA = 45°. Tinh khoang céach d giita hai dudng thang AB va SD.

@A) d =4V11. d:@. (© d=2v722. (D) d =22

Loi giai.
Dua vao dinh 1y cd-sin ta d& dang tinh dugc AB = 111/3, BC = 11 va AC = 11/2.

Tur d6 suy ra duge AABC vuong tai C.

Do SA = SB = SC nén hinh chiéu ctia S xudng mit phang (ABC) tring véi trung di€ém H clia AB tic 1a
SH | (ABCD).

Ta cod SH = SA -sinSAB = 12—1

KéHK 1 CDtai K € CD,AP 1 CD tai P € CD thi tu giac APKH 1a hinh chit nhat.

AC-AD 11-11V2 116

Taco HK = AP = = =
CD 113 3
Trong tam giac vuong SHK, ké HI | SK tai I € SK.

SH-HK
Do AB || CD nén d(AB,SD) = d (AB,(SCD)) = d (H,(SCD)) = HIl = ———— = /22.
| ( ) =d(AB,(SCD)) =d (H,(SCD)) NN IO
Vay d(AB,SD) = \/22.
Chon dép an (D) 0

Cau 97. Cho hinh chép S.ABCD c6 d4y 1a hinh thang vudng tai A va B, biét AB = BC = a, AD = 2a,
SA = av/3 va SA | (ABCD). Goi M va N lan lugt la trung di€ém cla SB, SA. Tinh khodng cach tt M
dén (NCD) theo a.

@ f 2av/G6. © f ®) {f_6

L&i giai.
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Ta c6 hai tam gidc OBC va OAD dong dang va BC =
1AD . CO 1 DB 3

—ADnén — = - va — = —.
2 CA 3 DO 2
Ap dung dinh ly Mé-né-la-uyt cho tam giac SAO, ta
co

NS CA 10 10 1

NACOIs” TIs 3

Ap dung dinh Iy Mé-né-la-uyt cho tam giic SBO, ta

co
10 JS DB JS

o6 _ L0y
IS 7B DO " JB

Goi E 1a diém thudc doan SA sao cho BE || JN suy ra AN = 2EN.

Suy ra d(M, (NCD)) = %d(B, (NCD)) = % (E,(NCD)) = % - %d(A, (NCD)).

Goi H 12 hinh chiéu ctia A 1én NC, ta c6 AH | (CND) (do AH 1. NC,AH 1 CD).

AN - A a3 /5
Suyrad(A,(NCD)):AH:\/ N2 Z == 226l\/— 20\1/16—6.

AN?+AC M 4 242

66
Do d6, d(M,(NCD)) = a:l/4_~
Chon dap an @ _
Cau 98. 2
a

Cho hinh chop S.ABC c6 duong cao SB = . bay ABC la tam

V7
gidc vudng tai A, AC = 4a. Goi M, N lan luct 1a trung diém cua
AC, BC. Biét khoang cich tit C dén duong thang SM bing av/2.
Goi o 1a géc gilta hai mit phang (SMN) va (SAC). Khi d6

@cosa:\/?i. cosa:\?.
@cosazl. @cosazl.
3 2
Lai giai.

Goi P 1a diém ddi xting v6i M qua N. Khi d6 ABPM 1a hinh chit nhat.
Goi H, I, K 1an luct 12 hinh chiéu ctia A trén SM, ctia B trén SA va SP.
Khi d6 BI | (SAM) va BK 1 (SMP). Do M la trung di€ém AC nén ta
co

d(A,SM) = d(C,SM) = aV/2

maAM = 2a nén tam gidc AHM vudng can tai H. Lai c6 AM L (SAB)
nén tam giac SAM vudng cén tai A, suy ra SA = 2a. Ta c6
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2
AB = \/SA2— SB2 — av6

\/7 )
py_ BS-BA _ 2a\/6,

SA 7
IS IS-SA BS* 1

JA IA-SA BAZ 6
_)
o 6BS + BA
Suyra6B‘§—l—BA: e

2 7BS + BP
0 hay BI 7 . Tuong tu ta tinh dugc BK = V2 a El% = T+

— .S
5V uy ra
%
. ‘Bfﬁ‘ 42BS* 71 2 3
cosa = = . R
BI-BK 56 2av6 v2 2
Chon dap an O

Cau 99. Cho hinh ling tru tam gidc déu ABC.A'B'C’ ¢6 AB = 2+/3 va AA’ = 2. Goi M, N, P lan luot

1a trung di€m cic canh A’B’, A’C’ va BC. Co-sin clia géc tao bdi hai mit phang (AB'C’) va (MNP)

bing

@ 6v13 17v/13 @ 18v/13 @ V13
65 65 65 65
Li giai.
A ol
E ‘.\ ,// C/
“ \‘ \ Q /,’
M\ N
\ /o |// \ //
\\\ “\ / 4‘ “r R/J
I /,)r 4 \( | \

Goi P, Q 1an luot 1a trung diém ctia BC va B'C'; I = BMUNAB',J =CNNAC',E = MNNA'Q.
Suy ra (MNP) N (AB'C') = (MNCB) N (AB'C') = 1J va goi K = IJNPE = K € AQ, v6i E 1a trung diém
cua MN.

(AA'QP) L 1J = AQ L 1J,PE 1 1J = ((MNP),

(AB'C')) = (AQ,PE) = a.
1
TacéAP:3,PQ:2:>AQ:\/E:>QK:?;PE:§:>])K:;
— |KQ*+KP?—PQ? 1
cosa:\cosQKP|:‘ o+ Q{—\/_S

2KQ-KP 65
Chon dap an @
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Cau 100. Cho hinh chép S.ABC c6 ddy 1a tam gidc déu ABC canh a, canh bén SA = a, SA | (ABC),
I 12 trung diém cta BC. Khoang cach giita hai duong thang SI va AB 1a?
@ av 17 av'57 @ av 17 @ av23

4 19 7

7

Loi gidi.

Goi J 1a trung diém ctia AC, K 1a hinh chiéu ctia A 1én 1J,
H 12 hinh chiéu ctia A 1én SK.

Do AB song song véi IJ nén AB || (S1J), do d6 d(AB,SI) =
d(AB, (SIJ)) = d(A, (SI])).

Theo cach dung c6 IJ L AK,laic61J || AB L SAnénlJ L
(SAK).

Do (SAK) L IJnén AH 1 1J,vaAH | SK theo cach dung
nén AH 1 (S1J).

Tit d6 suy ra d(AB,SI) = AH.

1 1 3
Tacd AK = d(A,1]) = d(AB,1]) = d(I,AB) = -d(C,AB) = 5A(:sing = %.

Ap dung hé thiic lugng trong tam gidc vudng SAK ta dugc

1 1 1 16 1 19

AR A2 A 32t a2 T 3a

V57
Vay d(AB,SI) = AH = 2 o

Chon dap an O

Cau 101.

Cho hinh chép S.ABC cé ddy 1a tam gic déu canh bang 2a. Goi I S
1a trung diém ctia AB. Biét hinh chiéu ctia S 1én mit phang (ABC)

1a trung diém cda CI, géc giia SA va mit ddy bang 60° (tham

khao hinh vé bén). Khoang cich gifta hai duong thang SA va CI

bang

L&i giai.
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Vi AH 1a hinh chiéu cua SA 1én mat day nén goc gitta SA
va mit ddy bang goc SAH suy ra SAH = 60°.

Goi L 1a trung diém SB, K 1a dinh thi tu cta hinh chii nhat
HIAK. Khi d6 (SAK) || (LIC). Suy ra khoang céach gitta SA
va CI bing khoang cach tif diém H dén mit phang (SAK).
Ta c6 AK L (SKH), do d6 néu trong ASHK ta ké
HT 1 SK thi HT | (SAK). Tu d6, khoang cich tr H dén
(SAK) biang HT.

AB 1 2 21
Tacc’)HK:T:a,SH:AH~tan6O°:\/a2+<§~a\/§) -\/§:a2 ,
av21
yp—  HK-HS @ av2l
\/[‘11(2—}—f152 2+21a2 5 '
a
4

X V21
Vay khoang cach gitta SA va CI bang ¢ 5
Chon dap an O

Cau 102. Cho hinh ling tru ding ABC.A'B'C’ c6 dd dai canh bén bing 2a, ddy 13 tam gidc ABC
vudng can tai C; CA = CB = a. Goi 12 M trung diém cta canh AA’. Tinh khodng cach d giita hai
dudng thang AB va MC'.

3 2 3
@d:“\/_. ® d==. ©d==. @d:“\/_.
3 3 3 2
Lai giai.
Goi N la trung diém cta BB', ta ¢c6 MN || AB, nén AB || A B

(C'"MN). Goi E, F 1an lugt dbi xiing v6i C qua A va B.
Ta co
d(AB,MC') = d(AB,(C'MN))=d(A,(C'MN))

= d(A,(C'EF)) = =d(C,(C'EF)).

o~

Goi H 1a trung diém cla EF, tac6 EF L (C'CH).
Ké CK L C'H, tac6 CK L (CEF) nén d(C,(C'EF)) = CK.

EF CE

Tam gidc CEF vuong can tai C nén CH = > 2\/— av/2.

1 1 1 1 1 3 2a\/3

.z 1A z . _ _ _
Tam giac C'CH c6 K- C’C2+CH2 —@—i—z—az—@:CK— 3
3

Suy ra khoang céch gitta AB vaMC' lad = a;/_.
Chon dap an @ O
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Cau 103. Cho tii dién OABC ¢6 OA = OB = OC = AB = AC = a, BC = a+/2. Tinh sb do géc tao bdi
hai duong thang OC va AB?

@A) 45°, 30°. (C) 60°. D) 15°.

L&i giai.

Goi H 1a trung diém clia BC, dé thiy cic tam gidc ABC, OBC vudng can tai A,0 vd OH | (ABC).

Ta o6 4B - OC — A (HC—10) — 4B - C — a- Y2 cos 1357 = ~%.

AB-o¢| 1
AB = == AB = 60°.
cos(AB,OC) 4B OC|I =3~ (AB,0C) = 60
Chon dap an © O

Cau 104. Cho hinh chép S.ABCD c6 ddy 1a hinh vuéng ABCD, SAD la tam gidc déu va nam trong
mit phang vudng géc véi mit phang ddy. Biét ring dién tich mit ciu ngoai tiép ctia khdi chép S.ABCD
1a 4. Khoang cach giita hai dudng thiang SD va AC gan véi gid tri nao sau day nhét?

®: op ©3 2

Loi giai.

Goi x > 0 1a canh hinh vuong va H 1a trung diém AD, vi SAD

déunén SH 1 AD.

Mit khac, (SAD) L (ABCD) nén SH L (ABCD). Khi do
xV/3

SH = ——.
2

Goi O, G 1an luct 1a tam duong tron ABCD, SAD.

di, dp 1an ludt 1a hai truc clia hai dudng tron ABCD, SAD
(v6i dy qua O song song SH, d; qua G song song OH). Goi 1
1a giao di€m cta dy va d; khi d6, I 1a thm mit cau ngoai S.ABCD.

TacoR=SI =+/SG*+GI2, ma S =4nR> = R=1hay x =
Dung hinh binh hanh ADEF,ké HK | ED va HP | SK suy ra HP | (SED).

()
aE:
R
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Ta ¢6 AC || (SED) nén d(AC,SD) = d(AC, (SDE)) = d(A, (SDE)) = 2d(H, (SDE)) = 2HP.
1 1 3

= HP = -. Vay d(AC,SD

i 7 Vay d(AC,SD) =

Ma = +
Chon dap an O

\1|0\D>

HP? SH?

Cau 105. Cho hinh chép S.ABCD c6 day 1a hinh vudng, SA L (ABCD), SA = v/3AB. Goi « la géc
gitta hai mit phang (SBC) va (SCD), gi4 tri cos o bang

®o ® © 5 ® .

Lai giai.

Goi O la giao diém ctia AC va BD. Ké OM 1 SC, suy ra DB |
(SAC) = BD 1 SC = SC 1 (BDM).

Goc « biang hoic bu véi DMB véi

SB%2.BC? 4

BM?> = — — = _.
SB2+BC? 5

Xét tam giac BMD, c6

_— 1 _—
cosDMB = ~1 <0=cosa = )cosDMB‘ = -

Chon dap an O

Cau 106.

Cho hinh chép S.ABCD c6 day 1a hinh vuong canh bang 2; canh SA = 1
va vudng goc v6i ddy. Goi M 1a trung di€m ctia CD. Tinh cos o véi o 1a
gdc tao bdi hai duong thang SB va AM.

T e e

Loi giai.
Goi N, P lan lugt 1a trung diém clia SA va AB. Ta thy NP || SB, PC || AM.
Do d6 a 1a géc tao béi hai duong thang NP va PC.

B
TacoNP—S2 \2_ PC =AM = /5.
1 V33
=VNA2+AC? = —+8— 5
2 2 2 5+5 33
— NP +PC-—NC 474 2
Suy ra cosNPC = i 4 4 -z
2-NP-PC \/‘ 5
\/5
2
Vaycosoc—g
Chon dap an @ O
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Cau 107. Cho hinh chép S.ABCD c6 day la hinh chtt nhat, AB = a, AD = 2a. Tam giac SAB can tai

S va nam trong mit phang vuong géc véi ddy. Géc gitta dudng thang SC va mit phang (ABCD) bing

45°. Goi M 1a trung diém ctia SD. Tinh theo a khodng cach d tit diém M dén mit phazlng (SAC).
a\/1315 2a\/1513 2a\/1315 a\/151

L&i giai.

Goi N 1a trung diém AB. Vi tam gidc SAB cén tai S nén SN L AB.

Hai mit phang (SAB) va (ABCD) vudng géc véi nhau theo giao tuyén AB nén suy ra SN | (ABCD).
CN la hinh chiéu vudng géc cta SC 1én (ABCD)

= Goc gitta dudng thing SC va mit phing (ABCD) 1a SCN = 45°.

2
ASNC vudng cn tai N nén SN = NC = /BC? + BNZ = 1| 4a® + % =2

N o dM,(SAC)) SM 1
Mlat dié SD= ————~=—=—(1).
a trung diém cua = d(D, (SAC)) D~ 2 (D)

Goi K la tim cua ABCD; J = NDNAK.

Khi dé J 1a trong tam AABD.
d(N,(SAC)) JN 1
S _— = — = — 2 .
W D.sac) up 2 P

Tu (1) va (2) tacé d(M, (SAC)) = d(N, (SAC)).

Goi L 1a hinh chiéu vudng géc ctia N 1én AK; H 1a hinh chiéu vudng géc ctia N 1én SL.
Ma AK | (SNL), (SNL) D NH (ViAK 1L SN,AK | NL)vaNH 1 SL.

Tu do tacod NH L (SAC) = d(N,(SAC)) = NH.

AALN va AABC 1a hai tam gidc d(z)lng dang nén

NL_AN . _AN-BC_ 3% _ a
BC AC T AC V&2 x4a2 5
1 1 1 4 5 89 V1513
ASNL vudng tai N = — — 2= 2 L NH= .
vuong tat N SV TNE T T2 T2 T T g9
av 1513

Vay d(M, (SAC)) =
Chon dap an @

89

Cau 108.
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Cho hinh chép ti gidc déu S.ABCD véi tit ca cac canh bang
a. Goi G la trong tam tam giac SCD (tham khao hinh vé
bén). Gid tri tan géc giita AG va (ABCD) bing

L 0L 04 ow

L&i giai.
Goi O la tam cua hinh vuéng ABCD. Khi d6, SO L (ABCD).
av/3

. 2
Goi I la trung diém cua CD. Ta tinh dugc SI = — SG = §SI =

a3 .

— va

3
SO=\/SI2— 0P = (%)2— (9>2: av2

av2

. 1
Goi Q la hinh chiéu vudng goc cta G trén (ABCD). Tacd Q € Ol va GQ = §SO =

Tacod

— A2+ SI2 — A%
AG2:SA2+SG2—2-SA~SG~cosASG:SA2+SG2—2-SA~SG-S +s

2-SA-SI
2(SA% +SI? — (AD* + ID?
_sa2ysGr ASATH 3( +1D7))
3a? 2
, z@u_i_f_z)
3 3 :
2a>  aV/34
Khi d6, AQ = \/AG2 — GQ? = az_% _4 —
Vi AG N (ABCD) = A va GQ | (ABCD) nén géc giita AG va (ABCD) 1a GAQ.
av2
— GO 6 V17
Vay tanGAQ = — = -
Y ¢ AQ o34 17
6
Chon dap an @ o

Cau 109. Cho hinh hop ABCD.A'B'C'D’, AB =6 cm, BC = BB' = 2 cm. Diém E 1a trung diém canh
BC. Mot tii dién déu MNPQ c6 hai dinh M va N nam trén dudng thang C'E, hai dinh P, Q nam trén
dudng thang di qua di€ém B’ va cat dudng thang AD tai F. Khoing cich DF bang

@ 2 cm. @ 6 cm. @ I cm. @ 3 cm.

L&i giai.

BTEX bdi Tu Duy Mé Group. Cong ddng tu duy mé TOAN Li
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Do ttt dién MNPQ deu néntacd MN L PQ hay EC' | B'F. A
bat k s& cho ﬁ kAD
Tw B'F = B’A + AF = B’A’ + B’B + KAD — B’A’ + B’B +
kB'C” — — = —
Ta lai ¢6 EC' = EC+CC — SBC BB,
Khi d6 EC'- BF — —B'B>+ gB’C’Z =4+ g -4,
— —
MaEC L BF = EC -B'F=0.
Nén—4+§4:o;»k:2.vayﬁ:2ﬁ). .\

Vay F 1a diém trén AD sao cho D 1a trung diém cta AF. Do d6
DF = BC =2 cm.

Chon dap an @

D/

C/

B/

O

Cau 110. Cho hinh ling tru déu ABC.A’B'C’ ¢6 tét ca cic canh bing a. Khodng céch giita hai duong

thang A’B va B'C bing
a2 a5 a

L& giai.

A/

/
, H
A - ___I/i ______ ; -z
BN\_ \ K
F

Goi E dbi xiing ctia A qua B. Khi d6 A’B || B'E.
= A'B || (BEC) = d(A'B,B'C) = d (A'B,(B'EC)) = d (B, (B'EC)).

Goi K 1a trung diém EC. Khi d6 BK | EC.
Dung AH | B'K, suy ra BH | (B'CE) = d (B,(B'EC)) = BH.

AC
AEAC c6 BK la duong trung binh nén BK = - = g.
ABB'K vudng tai B ¢6 dutng cao AH nén
1 11 4 5
BH?> BB? BK? & a* &
— BH =% — av/s
V5 5
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Chon dap an O

Cau 111. Cho hinh chép S.ABC c6 ddy 1a tam gidc vudng tai A v6i AB = a, AC = 2a. Mit phang
(SBC) vudng géc véi mit phiang (ABC). Mit phiang (SAB), (SAC) cling tao v6i mit phang (ABC) mot
g6c bang 60°. Goi « 1a géc gitta hai mit phiang (SAB) va (SBC). Tinh tan c.
3 T B Vo Vi 5
. . 3

17 17 - 3

L&i gidi.
e KEHI L AB(I€AB),HJ 1. AC (J € AC). Dé thay HI || AC
vaHJ || AB (vi AABC vudng tai A) nén ATHJ 1a hinh binh
hanh.

e Co HI L AB va SH 1 AB (vi SH 1 (ABC)) nén AB L
(SHI)
= goc gilta (SAB) va (ABC) la géc SIH = 60°.
Tuong tu thi STH = 60°.
Ké HK 1 SB (K € SB)vaHT L SI (I € SI).
TacOHT L ABvaHT 1 SI= HT 1 (SAB)=HT 1 SB
va HK 1 SB = géc giiia (SAB) va (SBC) 1a géc HKT .

o Tac6 HI = SHcotSIH = SH cot60° va HJ = SH cot SJH = SH cot60°
= HI = HJ = AIHJ la hinh thoi = AH la phan giac BAC.

= VABZ +AC? = \/5a, Bl _ AB 1:>BH_\/§ CH_Z\/_

HC AC 2 3 f3
BH HI 2 — 23
2c = ac = HI=HI=3a.SH = HItanSIH = HItan60° = —~a.
2V3

HT = HIsinSIH = HIsin60° = e
Tam gidac SHB vuong tai H (SH L (ABC)) c6 dudng cao HK

1 1 1
= = = HK = .
HKZ ~ HB ' SH? V255
1
ViHT L (SAB) nén HT L TK td d6 TK = VHK? —HT? = ——a
V17
HT \/51
— tan HKT = —_—
TK 3
Chon dap an @ O

Cau 112. Cho hinh chép déu S.ABC c6 canh ddy biang a+/6, khoang cich giita hai dudng thing SA
+ 3 . p
va BC bang ;. Tinh thé tich khoi chép S.ABC.

a3 a3 a3 (l3
® e ® ° @ ® Y

Lai giai.

BTEX bdi Tu Duy Mé Group. Cong ddng tu duy mé TOAN Li
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Goi F 1a trung diém ctia BC, G 1a hinh chiéu vudng géc ctia F trén
SA.
Khi d6 BC | (SAF) = BC 1 FG hay FG la dudng vudng goc chung
ctia hai dudng thang chéo nhau SA va BC.
Vi S.ABC 1a hinh chép déu nén khoang cach giita hai dudng thing
3

SA va BC 1a o dai doan FG = ?"
Ma FA la dudng cao cta tam gidc déu canh bing av/6 nén FA =
av6-v3  3aV2

2 2

2 2
3av/2 3 3
Tir d6 suy ra AG = VFAZ— FG2 = (“f) _<7“) :7“_

Nhu vay tam gidac AGF vudng cén tai G.
Suy ra tam gidc SHA vudng can tai H.

Do d6 SH = AH = %AF:%MZ\/Q:a\/Z
. ) 1 1 6)2V/3  a*\/6
Vay thé tich cta khoi chop S.ABClaV = §SH -SaaBc = 3 a2 (a\/_4) V3 _4 ;/—
Chon dap an @ 0

Cau 113. Cho hinh ling tru ding ABC.A'B'C' ¢6 AB = a, AC = 2a, AA’ = 2a\/5 va BAC = 120°.
Goi K, I 1an ludt 1a trung diém ctia cic canh CC’, BB'. Khoang céch tit diém I dén miit phang (A’BK)
bang

® 2 a/T5. © 22 oEg

Loi giai.

Kéo dai A’K va AC citnhautai E, Al cat A’/Btai A’
F.

Goi M 12 hinh chiéu vudng géc ctia A 1én BE, D

12 hinh chiéu vudng géc ctia A 1én A’M.

_ |BE L A'A . N
Ta co = BE | AD. Cung voi

BE 1 AM
do, ta ¢c6 AD 1. A’M = AD | (A'BE) =
d(A,(A'BK)) = AD. A
Ta co
IF IB 1

1
— =-—"=—-=d(I,(A'BK)) = =d (A, (A'BK)) .
P IB L (WK — (4, 'BK))
Do CK la dudng trung binh ctia AEAA’ nén ta ¢
AE = 2AC = Sapar = 2Sapac = AB-AC-sinA = a-2a-sin120° = a*/3.

Xét tam giac AABE, ta co

2Spape 2V

BE — \/AB? + AE2 —2AB-AE -cosA = aV/21 = AM — o ;

a.
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Xét tam giac AA’M vudng tai A ta c6

1 1 1 1 7 avs
= = — = AD= """,
A AA2 T A T 202 T il 3

Tir day suy ra khoang céch tir I dén mit phang (A’BK) 1a

d(I,(A'BK)) = %d (A,(A'BK)) = %AD = g.

Chon dap an @ O

Cau 114. Cho hinh chép S.ABC c¢6 canh bén SA vudng goc véi day, SA = BC = a va BAC = 60°.
Goi H va K 1an lugt 1a hinh chiéu vudng géc ctia A 1én SB, SC. Tinh cdsin clia géc gitta hai mit phang
(AHK) va (ABC).

SETwr e e

Loi giai.
K& AD la dudng kinh ctia dudng tron ngoai tiép tam gidc ABC.

(DB 1AB \
Ta co = DB 1 (SAB) = DB 1 AH, ma
DB | SA

AH 1 SB= AH 1 (SBD) = AH L SD.

~ [Dpc LAC \
Ta co = DC L (SAC) = DC 1 AK, ma
DC 1 SA

AK 1 SC = AK 1 (SDC) = AK L SD.
Do d6 SD L (AHK) (1).
Ma SA L (ABC) (2).

Tir (1) va (2), suy ra goc gitta hai mit phang (AHK) va (ABC) bing (S/D,ELX) =ASD = a.
. B
Ap dung dinh ly sin trong tam giac ABC, ta co oA AD = AD = 7%.

2 V21

, , AD
Xét ASAD,tacotan@ = — = — = COSO{ = ——
AS 3 7
Chon dap an @ O

Cau 115. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng tim O canh bing 1, biét SO = /2 va
vudng géc véi mit ddy. Tinh khoang cach gitta hai dudng thang SC va AB.

®2 ®22 ©% ® vz

L&i giai.
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Vi AB || (SCD) nén d(AB,SC) = d(AB, (SCD)) = d(M, (SCD)),

trong d6 M 1a trung di€m clia AB.

Goi N 1a trung diém ctia CD va H 1a hinh chiéu vuong géc cla
BC* 3

M trén (SCD) thi H € SN. Tinh dugc SN = 4/ SO? + <2 =3 va
1 2
Sasuny = =SO-MN = i.
2 2 /3
28 2V/2
Do d6 d(AB,SC) = d(M, (SCD)) = MH = 23N _ =v.2
SN 3
Chon dap an O
Cau 116.
Cho hinh chép S.ABC cé ddy la tam gidc déu canh bing a; goi S

I 1a trung diém ctia AB, hinh chiéu ctia S 1én mit phang (ABC)
1a trung di€ém H cta CI, géc gitta SA va mit ddy biang 45° (tham
khao hinh vé& bén). Khoang cich giita hai dudng thang SA va CI

bing
14 av'77 av/21 av/21 A c
@8' 22' ©7' @14‘
I
B
Loi giai.

Vi AH 1a hinh chiéu cua SA 1én mat day nén goc gitta SA
va mit ddy bang goc SAH suy ra SAH = 60°.

Goi M 1a trung diém SB, K 1a dinh thd tu cta hinh chi
nhat HIAK. Khi d6 (SAK) || (MIC). Suy ra khoang cach
gitta SA va CI biang khoang céch tir diém H dén mit phang
(SAK).

Ta ¢c6 AK L (SKH), do d6 néu trong ASHK ta ké
HT 1 SK thi HT L (SAK). Tu d6, khoang cich tr H dén
(SAK) bang HT .

AB 1 1 av/3 aV3
Taco HK = — AK Hl=-Cl=- ——="=-.
aco 5 =5 2C 33 1
) 2
3 7
Suy ra HS = AH -tan45° = AH = VAK? + HK? = ,/ 11 _ %,
a a\/7
HK-HS 7’ V77
HT = =2 4 =4 . Vay khoang céch gitta SA va CI bing —\/_
VHK? + HS? la®  7a? 22
__|__
4 16
Chon dap an O
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Cau 117. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Goi K 1a trung diém cta DD'.
Khoang cich giita hai dutng thang CK va A’D bing

®5 = ©% DES

L&i giai.

Goi M la trung di€ém cta BB’ va N 1a giao diém ctia AB va A’M.
Tac6 CK | A'N = CK || (A’DN) nén
d(CK,A'D) =d(CK,(A'DN)) =d (C,(A'DN)).
1
Do B'C | (A'DN) nénd (C, (A'DN)) = d (B',(A'DN)) = d (B, (A'DN)) = 3d (A, (A'DN)).
Ké Al L DN,AH L A'I = d(A,(A'DN)) = AH.
1 1

JUPRCNC N S S Y
AH?  AN? X AD?  AA? 4a?2 @ a® 4a? 37
Vay d(CK.A'D) = SAH = g
Chon dap an @ O

Cau 118. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat, AB = a, BC = 2a. Canh bén
SA = 2a va SA vudng géc véi mit phang day. Khoang cach gitta SC va BD bang

a3 2a 3a 4a
® =~ ® 3 7 3

L&i giai.
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Goi O = ACNBD. I 1a trung di€ém cua SA.

OI la dudng trung binh cia ASAC nén OI || SC, suy ra
SC || (IBD).

Do do

d(SC,BD) = d(SC, (IBD)) = d(C, (IBD)).
Két hop véi OA = OC, ta suy ra

d(C,(IBD)) = d(A, (IBD)).

Trong (ABCD), ké AH L BD (H € BD). Ma BD 1 Al nén BD L (AHI).
Trong (AHI) k& AK 1 HI (K € HI) thi d(A, (IBD)) = AK.
Xét AABD vuodng tai A, AH la duong cao, ta c6

1 1 1 1 1 5

AR AR A T 2T iE T a

Xét AAHI vudng tai A, AK la dudng cao, ta ¢

1_1+1_5+1_9:>AK_2a
AK2  AH? A2 44?2 a2 442 3

Chon dap an O

Cau 119. Cho hinh chép tam giac S.ABC c6 SA vudng goc v6i mat ddy, tam giac ABC vudng can tai
B,BA = BC = a, gbc giita (SBC) va (ABC) bing 60°. Goi I 1a tAm ctia dudng tron ngoai tiép tam gidc
SBC. Tinh khoang cich giita hai dudng thang AI va BC.

@ a\/§ @ a\/§ a\/§ @ a\/g
2 4 3 2
L&i giai.
(BCc L AB
Ta co = BC | (SAB) = BC L SB.
BC 1L SA

Va géc giita (SBC) va (ABC) 1a géc SBA = 60°.

Do I 12 tim dudng tron ngoai tiép ASBC nén I 1a trung diém canh
SC.

Goi E la trung di€ém canh SB thi BC || (AEI)

= d(Al,BC) = d(BC,(AEI)) = d(B, (AEI)).

Goi H la trung di€ém doan AE.

Do AABE déunén BH | AE.

Ngoaira BH 1 EI (do BC L BH) nén BH L (AEI).

AB\/§ _ av/3
— =

Nhu vdy d(BC,Al) = d(B,(AEI)) = BH =

Chon dap an @ O
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Cau 120.
Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6 canh bing D c
AB =2a,AD = AA’ = a. Tham khao hinh bén. !
Khoang cach giita hai duong thang BD va AD’ biang A _ E B
I I
0D C’
Al B
a 2a
@ avi. 2 ©% ®) a
Loi giai.

e Xét hé truc toa do Oxyz sao cho A(0;0;0), B(2a;0;0), D(0;a;0), A’(0;0;a). Ta c6 D'(0;a;a).

Khi d6 BD = (—2a:a:0), AD' = (0:a:a), AB — (24:0;0).

Ta c6 AD' A BD = (—a®;—2a%;24%), (AD/ A BD)AB = —
](ﬁmﬁ))ﬁ(

)

d (AD',BD) = e
" I G

Chon dap an (C) O

Cau 121. Cho hinh chép S.ABC c6 dday ABC la tam giac vuong tai B, SA 1L (ABC). Cho AB =
a, BC = a\/3, SA = 2a. Mit phiang (P) qua A va vudng goc véi SC. Tinh dién tich thiét dién ctia hinh

chép cét bsi mit phang (P).
612 \/g @ (12 \/6
> .

(12 612
o=l e © :

5

L giai.
Goi M 1a trung di€m ctia SC. Do SA = AC = 2a nén

AM 1 SC. (1)

Trong (SBC), goi diém N thudc canh SB sao cho

MN 1 SC. )
Tir (1) va (2) suy ra SC L (AMN). Khi d6 thiét dién ctia hinh chép cit béi "
mit phang (P) 1a tam gidc AMN. ‘
Ne
Ta c6 AM = 5 = av2. (3)
Vi ASMN ~ ASBC nén
SM _ MN SM - BC 2-av3  aV30
& MN = _av2:av3_ av30 )
SB~ BC SB av's 5
Cl\/
SN _MN _ . SC-MN _ 2av/2- _4a 5
SC  BC -~ BC a\/§ 5
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Cach 1.
A 2 2
Xét ASAB, cosS — 24 — 24 _ —ﬂ
SB a/5 5
Xét ASAB,
164> dav/5 2V/5  4d?
AN2:SA2+SN2—ZSA-SN-cosS:4a2+Ta—2-2a- “;/_-T\/_:%
2a\/5
SAN = “Sf. (5)
AM +MN + AN
Tt (3),(4) va (5) dit p = o - AV Ta tinh duge
2\/6
a
Samn = /' p(p—AM)(p—MN)(p —AN) = —
Cach 2.
Tacod
Vsamn  SM SN
Vsacs SC SB
o M-Sy _SM SN
SA-Sscg SC SB
1, 4av/5
o g Saca-SA-SN _ 3° V32a——= 2
AMN="6C.SB T 2av2-av/5 5
Chon dap an @ O

Cau 122. Cho hinh chép S.ABC c6 tam gidc SAB déu, tam gidc SBC vudng can tai S, mit phang
(SAC) vudng géc véi ddy. Cosin ctia géc tao bdi hai mit phang (SAB) va (SBC) la

OFS ® ©2 ® 2%
3 e 7 5

Loi giai.
Theo gia thiét ta c6 SA = SB = SC, gia st SA = SB = SC = 1. Trong S

mit phang (SAC) ké SH vuong goéc véi AC suy ra H 1a trung diém
AC,do d6 HA = HC.

C6 HB = +/SB? — SH? = \/SC? — SH? = HC. Suy ra HA = HB =
HC, tam gidc ABC vudng tai B, tit 46 AC = VAB2+ BC? = /3.

<A

A C
0
B
Ly P la trung diém SB, suy ra AP 1 SB. (1)
Léy Q 1a trung diém CB, suy ra PQ || SC, suy ra PQ | SB. (2)

Tir (1) va (2) tacé SB L (APQ), ma (SAB) N (SBC) = SB nén géc tao bdi hai mit phang (SAB) va (SBC)

bang hoic bu véi goc APQ.
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3 1 6 — —/3
Tam giac APQ c6 AP = g, PO = 5 AQ = \/7_, theo dinh ly C6-sin ta c6 cosAPQ = T\/_
. 3
Viéy cosin cia goc tao bdi hai mat phang (SAB) va (SBC) la \/T_
Chon dap an @ O

Cau 123. Cho hinh chép S.ABCD c6 day la hinh thang vudng tai A va D, AD = DC = a, AB = 2a.
Canh bén SA vudng goc véi dday; mat bén (SBC) tao véi day mot goc 60°. Goi G la trong tdm tam giac
ABC. Khoang céch tit G &én mit phang (SBC) bing

av/6 av/6 av/6 av/6
L&i gidi.
e Goi I 1a trung diém ctia BC, G 1a trong tdm tam
giac ABC.
= Al = 3GI

= d(A, (SBC)) = 3d(G, (SBC)).

e Goi E 1a trung diém clia AB
= AE = %AB =a.
= Tt giac ADCE la hinh vudng
=CE=a= %AB.
= tam giac ABC vuong tai C.

= BC L AC
_ [BCcLAC
Ta c6: = BC L (SAC) = BC 1 SC.
BC L SA (SA L (ABCD))
AC L BC
Do { SC L BC

(SBC) N (ABCD) = BC
Nén géc gitta (SBC) va mit day (ABCD) bing géc SCA = 60°.
SA
Tam gidc vudng SCA c6 tan60° = ~— = SA = AC\/3 = a /6.

AC
Ké AH | SC trong tam giac vudng SCA.

Ta c6: AH L BC vi BC L (SAC).
= AH 1 (SBC) = d(A, (SBC)) = AH.

Ma AH = AC - sin60° = @.
1 1 av6 6
= d(G,(SBC)) = 3d(A, (SBO)) = 5 - "‘ZF - “\6[.
Chon dap an @ O

Cau 124. Cho hinh chép S.ABCD c¢6 day ABCD la nita luc gidc déu dudng chéo AD, di€ém O 1a trung
di€ém canh CD, AD = 4a, SA = SB = SO = 2a. Tinh khoéng cach gitia SA va CD.

2a a aV/14 4a

L&i giai.
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Goi I 1a hinh chiéu vudng géc ctia S trén mit phang (ABCD). Theo bai ra ta c6 SA = SB = SO = 2a nén cic
tam gidc SIA, SIB, SIO bing nhau. Do d6 ta ¢c6 IA = IB = IO hay I 1a tim dudng tron ngoai tiép tam gidc
ABO.

Goi E, P lan lugt 1a trung diém ctia AD, AB. Vi ABCD 1a hinh thang can ¢c6 AB = BC = CD = 2a, AD = 4a
nén ABCE, BCDE la céc hinh thoi canh a.

Do EA=EB=EC =ED = 2anén AACD vuong tai C va EP la dudng trung truc cua AB. Tam giac ABE
déu canh 2aq, suy ra PE =av/3 val € PE.

Ta c6 AABC can tai B ¢6 ABC = 120° nén

AC? = AB? + BC? —2AB-AC - cos 1200 = 12a* = AC = 2aV/3.

Tam gidc ACO vudng tai C nén AO = VAC? + CO? = a\/13.
Tam gidc BCO c6 BCO = 120° nén BO* = BC* +C0O?> —2BC-CO -¢cos 120° = 7a> = BO = a\/7.

. 3V3 )
Ap dung cong thic Hé-rong ta c6 Saapo = %—az. Do dé ban kinh dudng tron ngoai tiep tam giac ABO la

p_ AB-BO-AO _ 2a-aV/13-av/T _ av/273
4SraBO 6v/3a? 9

273a*>  aV/51
Tam gidc SIB vuodng tai I nén SI = v/SB% — IB% = {/4d? — 81a ¢ 5

Goi N 1a hinh chiéu vudng géc ctia I trén CD, M 1a hinh chiéu vudng géc ctia A trén IN. Khi d6 ACNM la
hinh chit nhat, MN = AC = 2a+/3.

[2734? 8av/3
Tam gidc BPI vudng tai P nén IP = \/IB? — BP? = 81a —a? = a\/_’ suy ra

9
EI=|EP—IP|=|av/3 - Sagﬁ S ?

Goi F 1a giao di€ém ctia AC va EP, ta ¢ F 1a trong tam tam gidc ABE, suy ra

EF — %EP - Z“f, FC = %AC _ 4“3\/5.

Do EO, IN, FC cung vuong goc v6i CD nén chung doi mot song song, suy ra

2a\/3 /3 /3
FC—EO EF 3 FC—EO 19a+\/3 17a\/3
— - =2 _—6=IN=——"+4EO= = IM = .
IN—EO EI 43 6 18 18

9
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Tam gidc SIM vudng tai I nén c6 SM = /SI2 +IM? =

2
51a° N 17av3\  aV119
81 18 6

ViCD L MN,CD 1 SInén CD L (SMN).

Mit khac AM || CD = CD || (SAM) nén d(CD;SA) = d(CD; (SAM)).

Goi H 1a chan dudng vudng goc ké tt N dén SM, ta c6 NH L CD = NH 1 AM va NH 1 SM suy ra
NH | (SMA) hay NH = d(CD; (SAM)).

> ) SI-MN  4a
Trong tam giac SMN co NH -SM = SI-MN = NH = = —.
SM V7
4a
Vay d(CD;SA) = —.
y d( ) 77
Chon dap an @ O

Cau 125. Cho hinh chép S.ABCD c6 day ABCD 1a hinh chit nhat, canh SA vudng géc v6i mit phang
ddy (ABCD),SA = AB = a,AD = 3a. Goi M la trung diém cta BC. Tinh cosin ctia géc tao bi hai mat
phang (ABCD) va (SDM).

®5 5 ©5 of

Li giai.
Goi H 1a hinh chiéu vudng géc ctia A 1én DM, ta c6 DM | (SAH).
Goi a la goc gitta (SDM) va (ABCD) ta cé oo = SHA.

1 3 3
Ta ¢6 Saapy = =Sacp = —az,DM = VCD?>+CM? = | |a?+ (—a2> =

2 2 2
V13
2 *
28 V
Taco AH = AADM:Eaz' 2 a:6 13.
DM 2 V13 13
Ta ¢6 tan A 1 \/13:> o 1 6
acotang = —=——=——=COS{ = ———— = —.
AH  61/13 6 V1+tanZa 7
13
. 6
Vay cosoc:7.
Chon dap an @ O

Cau 126. Cho ling tru ding ABC.A'B'C’ ¢6 ddy 1a tam gidc can, AB = AC = a, BAC = 120°. Mit
phing (AB'C’) tao v6i mit ddy mot géc 60°. Tinh khoang cich tir dudng thing BC dén mit phang
AB'C’ theo a.

e o7 i o3
@ =5 - © T ® =

L&i giai.
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e ViBC| B'C'vaB'C' C (AB'C') = BC || (AB'C") Al c'
= d(BC;(AB'C')) = d(B;(AB'C")). S

e Vi trung diém A’B niam trong mp(AB'C’) nén S
d(B,(AB'C')) = d(4',(AB'C")). /H

e Do (A'B'C’) || (ABC) = géc gitta (A’B'C’) va (AB'C’) bing goc giita /
(ABC) va (AB'C’) va bing 60°.

e Goi M la trung diém ctia B'C’, do A’B'C’ 1a tam gidc can nén A’M 1 B'C’.
KéA'H L AM (H € AM). Tacé
_ AA' L B'C' (AA' L (A'B'C'))vaA'M L BC' = B'C' L (AA'M) = B'C' L A'H.
— MaA'H L AM = A'H L (AB'C') = d(A';(AB'C")) = A'H.
- ViA'M L B'C' vaAM 1 B'C’' = géc gitta (AB'C’) va (A'B'C") 1a goc AMA = 60°.

e C6C'A'M = ¢ =60 A'M =A'C' -cosC'A'M = g
o A'H—=A'M-sinA/MA = 22 \/_
Chon dap an @ O

Cau 127. Cho hai mit phang («),(B). Trén mit phang (o) liy tam gidc ABC c6 AB = AC =
a\/2,BC =2a. Qua A, B, C lan lugt ké cic dudng thang vudng goc véi (B) vacit (B) tai A’, B, C’ tuong
3—V7

c

ting. Biét ring A’B’ = A'C’ = a+/3, hai dudng thing A’B’ va B'C’ tao v6i nhau géc arccos
Tinh goc gitta (o) va (f).

®% 0 GH 0

Loi giai.
Tam gidc ABC c¢6 AB?> +AC? = 24 +2a*> = 4a®> = BC? nén ABC
la tam giac vudng can tai A.

1
Suy ra Saupc = 3 -AB-AC = d*.
Goi H 1a trung diém cta B'C'. Do AA’B'C’ can tai A’ nén A’H |

i 37
B'C'vaB'H =A'B -cosA'B'C' = a\/3- 6\/—;
_ 3=V
- R

B'C' =2B'H = 2a 3_\/7

SuyraA’H = A'B? —B'H —\/Saz—azw

3447
o

=da
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1 1 3—+/7 34+V7 a*V?2
Suy ra SAA/B/C/ — E ‘B/C/'A/H = E ‘2(1\/ 2\/_ .a\/ +2\/_ — a \/_.

Goi ¢ 12 goc gitta hai mit phang (o) va (8). Khi d6 ta c6 Saurgcr zzSAABC -COS @
a>\2
= oS = Saapc = 2 :£:>(p:z.
SAABC 612 2 4
Chon dap an @ O

Cau 128. Cho hinh chép SABC c6 ddy la tam gidc ABC vudng tai A,ABC = 30°, tam gidc SBC la
tam gidc déu canh a va nim trong mit phang vudng goc vdi ddy. Khoang cach tit C dén (SAB) 1a
@ av/39 a\/39 @ a\/39 @ 2a+v/39
52 26 13 - 13

Lai giai.

Goi H la trung diém BC = SH | BC = SH | (ABC).

Goi K 1a trung diém AB va E 12 hinh chiéu vuéng géc ctia H 1én SK.
Tac6AB L HK va AB | SH nén AB | (SHK) = AB | HE.

Khi d6, HE | SK va HE 1 ABnén HE | (SAB), suy ra

d(C,(SAB)) =2d(H,(SAB)) = 2HE.
Tam giac vudng ABC ¢6 AC = BC -sin30° = g
x4 _¢
24
Tam giac vudng SHK ¢6
1 1 1 4 16 52 V3
T S A
HE? SH? HK? 3a®> a?> 3d? 26
av39 av39
Vay d(C,(SAB)) =2- = .
ay d(C, (SAB)) E 3
Chon dap an @ O

Cau 129. Cho hinh chép S.ABC c¢6 SC L (ABC) va tam gidc ABC vuodng tai B. Biét AB = a, AC =
a\/3, SC = 2a+/6. Tinh sin clia géc giita hai mit phang (SAB) va (SAC).

®= ®1 © % ® 43

L&i giai.

BTEX bdi Tu Duy M3 Group. Céng ddng tu duy m& TOAN Li


tuduymo.com

CAC BAI TOAN KHO VE QUAN HE VUONG GOC Website. tuduymo.com

Trong mit phang (SAC) tit C ké CI L SA, trong mit phang (SAB) tir
Ik IH 1 SA, cit SB tai H, v6i cach vé nay SA | (CIH), suy ra géc
gilta hai mit phing (SAB), (SAC) 1a CIH.

V6i cach dung trén ta cling suy ra CH L SA.

Tac6 AB L SC,AB 1 BC, do d6 AB L (SBC),

suyraAB 1 CH.Lai c6 CH L SAnén CH L (SAB),

suy raCH L SBva CH 1 HI hay tam giac ACHI vudng tai H.

Xét tam gidc vudng SAC ta co

SC-CA 2a\/6

Cl = =
VSC? 4 CA? 3

Xét tam gidc vudng SBC ta co

SC-CB SC-\/CA? — AB? 2av/78

CH = = s
VSC2+CB2  /SC2 +CA2 - AB? 13
Khi d6 géc giita hai mit phing (SAB), (SAC) 1a CIH nén sinCIH ch_ 3
1 1 1 R S1 == —.
goc g it phang TRENE
Chon dap an @ O

Cau 130. Cho hinh chép S.ABCD c6 ddy 1a hinh thang vudng tai A va B. Biét SA vudng goc v6i miit
phing ddy (ABCD) va SA = AB = BC = a, AD = 2a. Goi M, N lan lugt 1 trung diém SB, CD. Tinh
sin géc gitta dudng thang MN va mit phang (SAC).

V5 2v/5 V55 3V/5
@ 5 ®) =5~ © T R

Loi giai.

Goi E, F lan luot 12 trung diém cta SC, AB.

Vi ME, NF cung song song véi BC nén ME || NF.

Do d6 ti gidc MENF 1a hinh thang.

Do SA 1 (ABCD) va MF || SA nén MF | (ABCD). Khi
do ti gidc MENF 1a hinh thang vudng tai M, F.

Trong (ABCD), goi K = ACNFN; trong (MENF), goi
I=MNNEK.

Khi d6 MN N (SAC) = 1.

(Nc Lac e o
= NC L (SAC) hay C la hinh chiéu vudng goc ctia N 1én (SAC).

Ta co
NC L SA
Tt d6 suy ra (MN, (SAC)) = (MN,CI) = NIC = a.
NC
Xét tam giac vudéng NIC ta co sina = —.

A IN
CD 2
Taco NC = 7 = aT
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Vi ANIK ~ AMIE nén

IM~ ME 3
Vay sino = CN = 3\/5
WA T 10
Chon dap an @ O

Cau 131. Cho hinh ling tru ABCD.A’B'C'D’ c6 day la hinh vudng canh bang a+/3. Hinh chiéu
vuong géc cia diém A trén mit phang (A’B'C'D’) tring vé6i tim O cla hinh vuong A’B'C'D’. Biét
rang khodng céch tlf trong tim G clia tam gidc AB'D’ dén (AA’D’) bing g. Khoang céch tir di€m O
dén mit phang (ADC'B’) bang

3a 3a a3 a3
1 ® 7 © = © =~
L& gii.
Goi M, N 1an ludt 1a trung diém B'C’, A'D’. A
Tam gidc AMN can tai A. s
) {A’D’ 1L MN / VN
Tacoq , = A'D' | (AMN). B N
A'D" 1 AO TR
= B'C’ L (AMN) o
K& GH | AN tai H, ké GK | AM tai K. 4H
Suy rad(G,(ADC'B')) = GK = GH v
= d(G,(AA'D')) = g VG
Ta lai c6 4(O: (ADC'B)) _0A _3
d(G,(ADC'B)) ~ GA _ 2 -
= d(0,(ADC'B')) = % -d(G,(ADC'B')) % 0
3 a 3a H
22 4
Chon dap an @ O

Cau 132. Cho hinh chép tam gidc déu S.ABC c6 canh ddy bing a. Goi G 1a trong tam tam giic ABC.
Géc giita dudng thang SA v6i mit phang (ABC) bing 60°. Khoang cich giita hai duong thang GC va
SA bing

S wr et el

L&i giai.
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Ta c6: SG = AG - tan60° = AG+/3. Trong mit phing (ABC), ké Ax || CG.
K& GK 1 Ax = CG || (SAK). = d(CG,SA) = d(CG, (SAK)) = d(G, (SAK)).

 |AK L GK
Ta co: = AK 1 (SGK) = AK 1 GI. *)
AK 1 SG
Ké GI L SK = GI 1 (SAK) = d(G,(SAK)) = GI.
1
Ta cé: GK = EAB = g. Xét tam gidc SGK vuodng tai G:
1 1 1 1 1 5 av/5
GI? GK? +SK2 a? + <g>2 a? 5
2

Cach 2:
Goi P 1a trung di€ém cta SB, ta c6: MP || SA.
SA || (MPC), GC C (MPC).
= (SA,GC) =d(SA,(MPC)) =d(A,(MPC)) = d(B,(MPC)).
Trong tam gidc SGB (vuong tai G), goi P’ 1a trung diém ctia GB = PP’ || SG = PP’ 1. GB.
Ta ¢6 d(B, (MPC)) = 2d(P',(MPC)).
Véi Q 1a trung diém GM ta c6 P'Q || ABnén P'Q || ABnén P'Q | GM.
O{FQLGM

o Loy = M L (PPQ). Suy ra (MCP) L (PP'Q).

Vi (MCP)N (PP'Q) = PQ nén d(P',(MCP)) = P'K, v6i P'K 1a dudng cao trong tam gidc vudng PP'Q
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(vuong tai P').
1 1
PQO=—-MB=-
0 2 4
AG = 2AN _2
-3 3
_|._

a 1 1
Z;PP = -5G = -a.
4 530 = 54
SG
; tan60° = E = SG = AG-tan60° =

1 a5

— P’K——:>d Pk =2
a? 10
4

AB

5

- “\%
(O8]
S

2~

1 1
P/KZ - P/QZ P/PZ

+

w_\a

—
(@)}

Chon dap an @ O

Cau 133.
Cho ling tru ABC.A'B'C’ c6 ddy la tam gidc déu canh bang 2a, canh
bén bing av/3, AB' = a. Biét mit bén (ABB'A’) vudng géc v6i mit day.
Goi N 1a mot diém di dong trén doan thang BA’, khoang cach 16n nhat
tif N dén mit phang (AB'C’) biang
@ av/15 av15 @ 2av/15 @ 2av/15
5 ° 10 ° 5

5 A ¢

BN
Q

B/

L giai.
Goi O 1a trung diém cta BA’. Khi d6

0 / !/
Tod(A (AB'C))

<d(A',(AB'C")) =d(B,(AB'C")).

d(N,(AB'C")) =

Déu bing xay ra khi N = A’ hoic N = B. Do d6 ta chi cin tim
d(A,(AB'C")).

Goi H 1a hinh chiéu ctia A trén A’B’. Do (ABB'A’) L (A'B'C’) nén AH | (A’B'C’). Dé dang kiém tra dugc
AA? 4 AB” = A’B'? hay tam gidc AA’B’ vudng tai A. Suy ra

AA"-AB'  aV3

AH = =
A'B 2

Goi K, I 1an lugt 1a hinh chiéu ctia H xudng B'C’ va AK. Khi d6 HI | (AB'C’). Goi M 1a trung diém B'C’,
ta co

B'H BH-BA BA?> 1

B'A ~ BAZ B’A’z R
HK BH 1

— = = - = HK = L—
AM B'A" 4 4

Suy ra
AH-HK av'15

VAR HKZ 10

d(H,(AB'C)) = HI =

A'B 2av/15
/ Yal Fal .
Vay d(A’, (AB'C")) = B/d(H,(ABC))— T

Chon dap an @ O
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Cau 134.
Cho hinh 1ap phuong ABCD.A’B'C’'D’ canh a. (tham khéo hinh B C
vé bén). Khoang cach giita hai dudng thang AB’ va BC' bing AN
av2 a3 TN
Dai ®Y2 ©Y ®aos .
2 3 A N
\\\E B Y
S S S e
At D'
L& gii.
T gidc ABC'D’ 1a hinh binh hanh nén BC' || AD' va AD' C (AB'D’) B C
do d6 BC' || (AB'D'). (AN
Suy rad (BC',AB') = d (B,(AB'D')) =d (A, (AB'D")). SN
Goid=d(A',(AB'D')). Tacé AK— ~—D
11 1 13 NN I
A gt apE T & AN
/l B/\)Ie\—— R R C’
3 /’ . S~
Vay d (BC',AB') = % ;o
A/ i - D/
Chon dap an @ O

. \ . . a’b
Cau 135. Cho khoi chép ti giac déu S.ABCD c6 thé tich bang aT v6i AB = a. Goi G la trong tim

clia tam giac SCD, trén cac canh AB, SD 1an ludt 14y cac diém E, F sao cho EF song song BG. Khoang
cach giita hai dudng thang DG va EF bing

2ab ab ab a’b
@ 3V2b2 + a2 V22 + a2 @ 3V2b2 + a2 © 3V2b2 + a2

Lai giai.
Goi O la tam hinh vudéng ABCD.
Goi 1,J 1an lugt 1a trung diém ctia CD va SC.

v B a’b
Tacé { "S4BCP = 737 . 50 = b.
AB =a
1 V202 + a2
Ta duge OJ = 5507+ 0C = T;L“

OJ-BD av2b? +a?

Ta théy SABJD =

2 ! 4
Ta co Va.sjp = Vs.pip = ZVS.ABCD-
3Vspip ~ ab

Ta dugc d(S, (BJD)) =

Sagip 202+ a2

BTEX bdi Tu Duy Mé Group. Cong ddng tu duy mé TOAN Li


tuduymo.com

CAC BAI TOAN KHO VE QUAN HE VUONG GOC Website. tuduymo.com

Mit khic, EF || BG = EF || (BJD) nén d(EF,DG) = d(EF, (BJD)) = d(F, (BJD)).
DF _d(F,(BJD)) 1

Hon nita, AB || CD C (SDC) = GF || CD = — = — .
nnita, AB | (SDC) | DS~ d(S,(BID)) 3

ab
Vay d(EF,DG) = ———_.
dy d( ) Wi
Chon dap an 0
Cau 136. Cho hinh hdp chit nhat ABCD.A'B'C'D’ ¢6 AB = a, BC = b, CC' = ¢. Goi 0,0’ 1an luot
1a tAm ctia cdc hinh chit nhat ABCD va A’B'C'D'. Goi () 1a mit phang qua O’ va song song véi hai
dudng thang A’D va D'O. Dung thiét dién ctia hinh hop chit nhat trén khi cit bdi mit phang (o). Tim
diéu kién ctia a, b, ¢ d€ thiét dién néi trén 1a hinh thoi c6 mdt goc bang 60°.
b
@ a=c¢c= 5

a:bzf. bzc:g.
3 3

@ a=b=c.
Loi giai.
Goi I 1a giao diém ctia DB’ va O’B. D M c
Qualké MN ||A'D (M € CD,N € A’B). h p
Goi Q 1a giao diém cia NO' va C'D’. /Ii N o i
Thiét dién chinh 13 hinh binh hanh BMON. N > S J
BN Bl BO 1 DM — N/ /o
Ta cé =_— = =_—=BN=—. A 7 +—] XB
DM DI DB 2 2 I X S y
N / n DM CD h : / \ // , ,
MaCM:BNnenCM:TéCM:? ! : K N Il )/
Do 6, BN = CM = 3. P Mo
2 I: [ /’ N ,1 ,/
SpA2 _ppR2opin2 2 4 Lo 0/ ¥
Ta cO BN = BB+ B'N* = c* + R D Kemman PR N Lo
2 ,’ // S~e N / ,’ \’,f"’
BM2 — BC2+CM2 — b2 i %’ i /// \\\‘\\:‘\’:,1" ,,\\\
MN2 = A'D? — b2 1 2. ','// O \\:\’/\\\ \\\
- A/ N Bl
Do MN? < BM? + BN? nén MBN < 90°.
D& BMQON la hinh thoi c6 mot géc bang 60° thi tam gidc BMN déu, khi d6
2 2
a a a
P +—=c+—=b+cleb=c=".
9 9 3
0

Chon dap an @

Cau 137.

Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh, AB =
2a,BC = a,ABC = 120°. Canh bén SD = a+/3 va SD vuédng
gbc v6i mit phang ddy (tham khdo hinh vé). Tinh sin ctia géc

tao bdi SB va mit phang (SAC).

®%2 ®; ©%F 0

Loi giai.
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1
Ta c6: BD = \/AD?> +AB2 —2AB - ADcos 60° = \/a2—|—4a2 —2-2a-a- 3= av/3.

SB = +/SD2?+ BD? = a+/6.
1 1

) 1 1 AC? 1 Ta?
Ta co: = + = - -2
d?(D,(SAC)) ~ SD? ' d*(D,AC) 3a® ' 483,. 3a? : A\ 3
4 —.a-2a._
6
= d (D, (SAC)) = % — d (B, (SAC)).
a6
d (B, (SA d (D, (SA 1
Do d6 sin (SB, (s4C)) = LB 5AC) _ d(D.($4C) _ "4 1
SB SB /6 4
Chon dap én@ O

Cau 138. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh c6 dién tich bing 2a%, AB = av/2,
BC = 2a, ABC < 90°. Goi M 1a trung diém ctia CD. Hai mit phang (SBD) va (SAM) ciing vudng goc
véi ddy. Khoang cach tir diém B dén mit phang (SAM) bing
@ 2av/10 4a+/10 © 3av/10 @ 3av/10
5 ° 15 15

L3i gii.
e Hai mit phang (SBD) va (SAM) cling vudng géc véi ddy va
(SBD)N (SAM) = SI (v6i I = AMNBD) = SI 1 (ABCD).
BI AB
Co6—=—=2=4d(B;(SAM)) =2d(D;(SAM)).
6 0= £ 2 = (B ($AM)) = 24(D; ($AM))
e KEDH | AM ma DH 1 SI = DH | (SAM)
= d(D;(SAM)) = DH.

—— —_— — 1
e Tacé Sagep =AD-DC-sinADC = 2v/2 - a? - sinADC = 2a* = sinADC = 7
— ADC = 45° (vi ADC = ABC < 90°).
V10
e Khi d6 AM = VAD? + DM? —2AD - DM - cos450 = a
1
2 —a? 10 10
ZSADM 2 10 2a+/10
= DH = = = = d(B: (SAM)) = .
AN o 5 d (B; (SAM)) 5
—2 a
Chon dap an @ O

Cau 139. Cho hinh chép ti gidc déu S.ABCD c6 chiéu cao biang 10. Trén céc canh SA, SB, SC lan

A o s SA, 2 8By 1 S¢ 1 _ . ., ) P
lugt 1a diem Ay, By, C h == == = —. Mit phang d Ay, By, Cy cat

ot lay cac diem Ay, B 1saocvo SA 3 SB 2 s5C 3 at phang di qua Ay, By, C) ca
SD tai D;. Tinh khoang cach ti diém D dén mat phang day cua hinh chép S.ABCD.

@) s. ® % © 4. (D) 6.

L&i giai.
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Goi O la trong tim ABCD, trong mit phang (SAC) goi I 1a giao diém

cua SO vaAC.

Do gi4 thiét suy ra SO | (ABCD). Trong mit phang (SBD) ké D1 H ||

SO suy ra D\H L (ABCD).

Do dé d (D] s (ABCD)) =D H.

Sasac, _ SAL SC
Sasac SASC

Sasar _ SAy ST 2)

Sasao SA SO ’
. Sascyr - SCy SI

va——=—-— (3).

Srsco  SC SO
Ma

Mat khac ta c6

(1).

Tuong tu

Sasac, _ 1 (SASAll n SASCII)
Sasac 2\ Sasao  Sasco
T (1), (2) va (3) va gid thiét ta suy ra

SAp SCp 1 [SA SI+SC1 SI
SA SO SC SO

SA SC 2
@21_1 251+1 SI ©51_4
33 2\3 SO0 3 SO SO 9
Chiing minh tuong tu ta co
SB, SD; SB, SI SD; SI

1
S—B'S—D—E(S—B'EH—D@)
1 SD 1(1 4 4 SDI)(:}SDl 2

250 22979 3D ) sD "5

Xét tam giac SOD vi D1 H || SO nén theo dinh ly Ta-1ét ta c6

DD, DH HD

DS DO SO
. : .DD; 3 HD, 3 3
Theo chu h trén t —_— == ——=—-HD;=—--10=6.
eo chiing minh trén ta c6 — = = = suyra — = = ¢ 1=3
Chon dap an @ O

Cau 140. Cho hinh chép S.ABCD cé day ABCD 1a hinh vudng canh a, tam gidc SAB déu va nim
trong mit phang vudng goc v6i ddy. Goi I 1a trung diém ctia AB va M la trung diém ctia AD. Khoang
cich tit I dén mit phang (SMC) bing

3\/7(1 V304
® M 0

14 1

@ \/?a. @ 3\?(1

L&i giai.
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Goi K 1a giao diém ctia ID v6i MC, va H 1a hinh chiéu cta
I 1én SK.

Ta chiing minh /K | M C That Vay, do hai tam glac ADI va
DCM bang nhau nén ADI = DCM Do d6 KMD —|—MDK =
CMD +DCM = 90°, suy ra MKD = 90° hay /IK | MC.

Ta ching minh /H 1 (SMC).

That vay, do tam gidc SAB déu nén SI | AB, vi (SAB) L (ABCD) nén SI L (ABCD), nén SI 1. MC, két hgp
v6i MC L IK suy ra MC L IH. Theo cach dung ta cé IH L SK,do d6 IH L (SMC).
Luc nay khodng cach tir I dén (SMC) chinh 1a do dai doan IH.

o1 1 1 1 4 5 a5
TaCODKZ:DCZJZFDMZZZEJFEZ_\/S_UYMDK: 5
5
LaicéID2:a2—|—aZ:% suyfj_DI— >
3 3
Tit d6 suy ra IK = DI — DK = ‘;0 .Tac()SI:2 60°:Tf Do dé

T e L
IH? II(2+SI2 9a2+3a2 9q?

3
Vay khoéng cach tit I dén (SMC) 1a a;/_
Chon dap an @ O

1 1 1 20 4 32 IH:3a\/§‘

Cau 141. Cho hinh chép S.ABC c6 tam gidc ABC vudng tai B va ACB = 30°. Tam gidc SAC la tam
gidc déu va thudc mit phang vudng géc véi (ABC). Xét diém M thudc canh SC sao cho mit phang

. N . MS .
(MAB) tao véi hai mat phang (SAB); (ABC) goc bang nhau. Ti so G c6 gia tri bang

@2 ®1 ©% DS

Lai giai.

Goi H 1a trung di€m ctia AC, suy ra SH | (ABC).

Goi N la trung di€m cltia AB, suy ra AB L (SHN).

ABM),(ABC)) = HNK

Ly K 1a giao diém ctia AM, SH. Do d6 (¢ .
((ABM), (SAB)) = KNS.

Theo gia thiét, NK 1a phan giac ctia SNH.
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GidsitAB=1=BC=+3=AC=2= SH = /3.

1 3
Miit khic HN = BC = ‘/7_
\/ _ KH _HN
Ta ¢6 SN = VHN? + SH? = s =y = \/?_ (tinh chat

phéan giic).
Goi E 1a trung diém ctia CM, theo dinh li Ta-1ét thi

ME _KH _ 1 _ MC_2ME 2:>MS_\/§
MS KS /5 MS MS /5 MC 2

Chon dap an @ O

Cau 142. Cho hinh chép tam gidc S.ABC c6 ddy ABC 1a tam gidc déu canh 2a va SBA = SCA = 90°.
Biét goc giita dudng thang SA va mit ddy biang 45°. Tinh khoang cach tit diém B dén mit phang
(SAC).

2v/51 2V/15 V15 2V/15
@ 15 a. 5 a. @ 5 a. @ 3 a.

Loi gidi.
Ta c6 d(B, (SAC)) =

3Vsanc

SAC
Goi H 1a hinh chiéu vudng goc cta S trén (ABC).
AB 1 BS
Ta co = AB | (SBH) = AB 1 BH.
AB L SH

Tuong tu ta chiing minh dugc AC 1. CH.
Do d6 ta ching minh dugc AABH = AACH.
Suy ra AH 1a dudng phan gidc trong goc A clia tam gidc déu ABC va

_ AB 4av/3
~ cos30° 3. R
Vi gbc gitia duong thang SA va mat day bang 45° nén ta co
4
- 51— ap = 243
SAH = 45° = Y 3
Ac =22
3
Za\/

Tam gidc SAC vudng tai C nén SC = /SA2 — AC? =
2a%+/1

1
Dién tich tam gidc SAC 1a Sasac = EAC -SC =

. ) 1 4
Thé tich khdi chép S.ABC 1a Vgape = §SH -SAABC = §a3
3Vsapc  2V/15

Vay d(B, (SAC)) = a.
Spsac 5
Chon dap an O
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Cau 143. Cho ling tru ABC.A'B'C’ ¢6 @6 dai canh bén bang 2a, ddy ABC 1a tam gidc vudng tai A,
AB = a, AC = a+/3 va hinh chiéu vudng géc ctia dinh A’ 1én mit phang (ABC) 1a trung diém ctia canh
BC. Goi o 1a s6 do géc giita hai dudng thang AA’, B'C’, khang dinh nao sau day diing?

@cosazl%. cosoc:g @cosa:%. @cosa:?.

L& giai.
e Goi H la trung di€m ctia canh BC. Ta c6
BC=+VAB?+AC?=2a=AH=a=A'H=
VA'A2 — AH? = a\/3

cos (AA",B'C’) = cos (BB',BC) = cos .

e Taco
A'H | (ABC) = A'H L (A'B'C') = AA'HB'
vuong tai A’

e Tasuyra B'H?=+\/A'H?>+A'B"* =2a.
e Trong tam gidc B'BH ¢0

_—~  B'B’+BH?-BH?> 1
cosB'BH = = —.
2B'B-BH 4

1
Va o=—.
e Viy cos 1

Chon dap an @ O
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