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NGUYEN HAM - TiCH PHAN & UNG DUNG

NGUYEN HAM

A.LY THUYET CHUNG.
1. Dinh nghia:

B~ Choham s6 f(x) xac dinh trén K (K la khoang, doan hay ntta khoang).
Ham s6 F(x) la nguyén ham ctia ham sG f(x) trén K néu F'(x)=f(x) VxeK.
Ky hiéu: If(x)dx =F(x)+C.

2. Dinh |y:

B Néu F(x) la mot nguyén ham ctia f(x) trén K thi:

e Vi mdi hing s6 C, ham G(x)=F(x)+C ciing 1a mdt nguyén ham cua f(x) trén K.

® Moi nguyén ham cta f(x) trén K déu c6 dang F(x)+C, véi C la mot hang sd.

—— Do d6 F(x)+C,CeR laho tat ca cic nguyén ham cta f(x) trén K.
3. Tinh chat:

o ([ f(x)dx) = f(x) va [ £/(x)dx=f(x)+C.

o [k-f(x)dx=Fk-[ f(x)dx v6i k=0.

) I[f(x)ig(x)]dx = jf(x)dxijg(x)dx

4. Pinh li:

R~ Moi ham s& f(x) lién tuc trén K déu c6 nguyén ham trén K.

i Bién soan: Gv G O/J ik Tan- 093.337.6281 Trang 3
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5. Bang nguyén ham cd ban:

(1).I0dx=C (2).jdx=x+c
(3). Ix 'dx = Lx +1+C(a¢ 1) “ :I'(wH_b)M1
_Oé+1 (14).I(ax+b) dx=;T+C,(a¢—l)
1.1 5). [—1 dy--t 1
(4).J’x2 d= x+C (ax+b)2 * a (ax+b)2+
5). [2dx=In|x+C 16 [ ~Linjax +b]+C
X

ax+b a

(6). _[e"dx =e"+C 17). J.e‘”‘”’dx = Ee”’”b +C
a
N B ax ferh _lakxw
(7).ja dx—lna+C (18).ja dx = — +C
) 1
8). dx = C . =Zgj
(8) Icosx sinx + (19) J.cos(ax+b)dx asm(ax+b)+C

(9).Isinxdx:—cosx+C

(20).jsin ax+b)dx = —lcos(ax+b)+C

a
(10). jCOS —dx = tanx+C . [— (ax+b)dx:%tan(ax+b)+C
). jsm —d=—cotx+C (22). jmdx:—%cot(ax+b)+(f
(12). [ (1+ tan® x)dx = tanx +C (23). [(1+tan® (ax+b))dx = %tan(ax+b)+C
(13). [ (1+ cot® x)dx = ~cotx +C (24). [ (L+cot* (ax+b))dx = —%cot(ax+b)+c

6. Bdng nguyén ham md réng:

(1). _[ :larctan +C (8).J'aurc.si1r1(E dx = xarcsin > +a? —x? +C
a+x* a a a a
(2).] de 5 :iln atx +C (9).Jarcco (fjdx xarccosf—\/a -x*+C
a-—x 2a la—x a a
d
(3)._[ al =ln(x+\/x2+a2)+C (10) Iarctan(dex=xarctan£—zln(a2+x2)+c
x* +a? a a
dx .X X v g ER
(4).] =arcsin— +C (11) Iarccot = dx:xarccot—+—ln(a +x )+C
a% — 2 lal a 7 B
1 b
(5).I dx :larccos£+C (12). J—=—In‘tanax+ +C
xxt—-a®> 4 a sin ax+b) a

e™ (a cosbx +bsin bx)

(6). _[xm ——1 . +C (13)-Ie”x Cos(bx)dxz S i
X *(asinbx—bcosb
(7).lea2_x2 dx = xm+a_arcsin§+c (14).-[6”,( sin(bx)dx: e (asm2x j cos x)+C
? 2 4 a“+b
= Bién sogn: Gv 43 G/ Jfbot Tlan- 093.337.6281 =y



Ting Fap L Thuyét Niim hoc: 2023-2024
B. CAC DANG BAI TAP.
R~ Dang 1.1. Nguyén ham co ban
M Ap dung dinh nghia, tinh chat va bang cong thitc nguyén ham co ban.
Dinh nghia:
Choham s6 f (x) xac dinh trén K (K la khodng, doan hay ntta khoang).

Ham s6 F(x) la nguyén ham ctia ham s§ f(x) trén K néu F'(x)=f(x) VxeK.
Ky hiéu: If(x)dx=F(x)+C.
Tinh chat:
o ([ f(x)dx) = f(x) va [ f/(x)dx=f(x)+C.
o [k-f(x)dx=k-[ f(x)dx vi k=0.
o I[f(x)ig(x)}dx:jf(x)dxij‘g(x)dx
< Vi du 1.1.1 - Ap dung dinh nghia

Ham s6 F (x) nao duwdi day 1a mot nguyén ham ctia ham s6 f (x) =x".

x° X’
A. F(x)=2.— B. F(x)=—+2.
(3)-2% ()%
3
C. F(x)="+2. D. F(x)=x°
N Loi gidi
% Vi dy 1.1.2 - Ap dung dinh nghia
Nguyén ham ctia ham s6 f (x)=l la?
x
A. —ln‘x‘+C B. ln‘x‘+C. C. x+C. D. iZ+C
x
N Loi gidi
& Vi du 1.1.3 - Ap dyng dinh nghia
3
, X N
Néu dx=—+¢"+C thi bang:
_[f(x) X 3 e 1f(x) ang
x* x*
A. X’ +e" B. = +e". C. 3x% +¢". D. i’
3 12

.....

.......................................................................................................................................................

& Bién soan: Gv 20/ J bt (Ton - 093.337.6281 Trang 5
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% Vi dy 1.1.4 - Ap dung bang nguyén ham

Tinh I:I(1+tan2x)dx
A. I=sinx+C B. I=cosx+C. C.I=tanx+C. D.I=cotx+C

+ Vi dy 1.1.5 - Ap dung tinh chét - badng nguyén ham

Tim ho nguyén ham ctia ham s§ f(x)=5".
A. [ f(x)dx=5"+C B. [ f(x)dx=5"In5+C.
5x 5x+1
C. J‘f(x)dx:E+C. D. Jf(x)dx:x+l+C

% Vi dy 1.1.6 - Ap dung tinh chdt - bang nguyén ham

Ho nguyén ham ctia ham s6 f(x)=x*—3x RS
X
3
A. F(x)=2x—3—i2+C B. F(x)=x——§x2+ln‘x‘+C.
X 3 2
3 3
C. F(x):x—+§x2+1nx+c. D. F( ):x——§x2+lnx+C
3 2 3 2
v;\Lb’igzm
% Vi dy 1.1.7 - Ap dung tinh chdt - badng nguyén ham
Ho nguyén ham ctia ham s§ f(x)=5x*+2 la
A. xX°+2x+C B. %x5+2x+C C.10x+C D. x°+2

N Loi gidi

& Bién soan: Gv 20/ J bt (Ton - 093.337.6281 Trang 6



Ting Fep Ly Thugét Niim hoc: 2023-2024
R~ Dang 1.2. Nguyén ham déi bién
1.2.1. D3i bién loai 1 (Lugng gidc héa)

O Dau hiéu d€ ta dung phuwong phap “Do6i bién loai 01”:

Déu hiéu Cich dit
2 _y? ) ,. T T
a—x x=asint ,volr ——<t<—
2 2
—x° . ,. T 0
2ax —x x—a=asint ,vol ——<t<—
2 2
2 2
/e T T
@ +x x=atant , VOl ——<t<—
2 2
2 _g° a ,. T
ro—a x=——vOi ——<t<— va t=0
sint 2 2
— & T
H—xhoéc azx x=acos2t ,voi 0<t<—
a—-x a+x 2
— — . /. T
(x a)(b x) x—a:(b—a)51n2t,V01 OStSE

Khi d6 ta c6 cac budc gidi nhu sau:
N Buéc 1: bat x= go(t) vOi go(t) c6 dao ham lién tuc trén K, duoc chon hop ly.
NBuéc2: LAy viphan cia x theo bién s§ ¢, cy thé1a dx = go’(t)dt .
N Buéc 3: Thay ca x= go(t) lan dx = g@'(t)dt vao If(x)dx duoc bai toan maéi theo ¢ .
NBuéc4:  Giai nguyén ham mdoi J-f(go(t))go'(t)dt duoc két qua P(t) theo t, sau do thay
biéu thiic x =¢(t) vao F(t) dé tim duwoc nguyén ham theo bién x.
& Vidy1.21

Tim ho nguyén ham ctia ham s6 f(x)=+v3-x"
a2 a2
A. Earcsinijtx 1-x +C B. Earcsi1r1i+ 1-x +C.
2 NI 2 303
C. §a1rc:sinx+f+C. D. Earcsini+x il +C
2 2 2 3 2

.......................................................................................................................................................

.......................................................................................................................................................
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< Vidy1.2.2

1
4+ x*

Tim ho nguyén ham ctia ham s§ f (x)

/3

A. 2arctan2x+C B. arctanT+ C.

C. 2arcsinx+C. D. %arctanngC

< Vidy 1.2.3
2—x
2+x

Tim ho nguyén ham ctia ham s f(x)=

X
B. 2arccos

, 2
—42—x +C.

A. -2 arccosg +C

C. —2arccos§+\/4—x2 +C. D. —2arccos§+\/4+x2 +C

& Bién soan: Gv 20/ J bt (Ton - 093.337.6281 Trang 8
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1.2.2. Déi bién loai 2

O Dau hiéu dé€ ta dung phuong phap “Ddi bién loai 02”: I f (t(x))-t'(x)dx

Déu hiéu

Cach dat

J.a.t’(x)dx

Biéu thirc can dit + 1a mau thic t(x)

Biéu thirc can dat ¢ la phan s6 mi caa e

Biéu thitc can ddt + la biéu thirc chita trong dau ngodc

bat can thirc c6 trong ddu tich phan

A? 7 7 . 4 dx \
Dat biéu thttc chira Inx néu c6 — kem theo

X

Khi do6 ta c6 cac budc gidi nhu sau:

N Buwoc 1:
N Buoc 2:
N Buwoc 3:

N Buéc 4:

bat t = t(x) . (hodc dat t=a- t(x)+b tuy vao bai cu thé).
Léy vi phéan cua ¢ theo x , cu thé dt =#'(x)dx.

Thay ca t=t(x) 1&n dt=+#(x)dx vao [ f(¢(x))-#'(x)dx.

bién vao két qua dé€ tim dwgc nguyén ham theo bién x.

< Vidy 1.2.4

Tim ho nguyén ham cua ham s6 f (x) =
1
A. —gln‘1+ 3cos x‘ +C

C. —1+ln‘3cosx‘+C.
3

sin x
1+3cosx

B. 1—%ln‘1+3cosx‘ +C.

D. 31n‘1—3cosx‘+C

N Loi gidi

Giai nguyén ham méi I f (t)dt, duockét qua F (t) theo t , sau do thay

.......................................................................................................................................................

& Bién soan: Gv 20/ J bt (Ton - 093.337.6281
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Ting FHep Ly Tyt Niim hoc: 2023-2024
“ Vidy 1.2.5
, 1
Tim ho nguyén ham cua ham s6 f (x) = .
1+e*
A. x+e"ln(1+e")+C B. x—ln(1+e")+C.
C. " ~In(l+e*)+C. D. x+ln[1+ex +C
—e
N Loi giai
“ Vidy 1.2.6
tanx
Tim ho nguyén ham ctia ham s6 f (x) =
COs“X
A. x+e'e™ +C B. x—¢™+C. C.e"™+C. D.e"+C
N Loi gidi
« Vidy1.2.7
Tim ho nguyén ham ctia ham s6 f (x) =X (x +1)2018
2020 2019 2019 2019
x+1 x+1 x+1 x+1
(1) (x+1) p Ll (x+])
2020 2019 2018 2020
2020 2020 2020 2019
x-1 +1 2x+1 21
(- (o)™ (@)™ (2001
2020 2020 2020 2019
N Loi giai
& Bién soan: Gv 20/ J et Ton - 093.337.6281 Trang 10



Ting Fep Ly Thugét Ném hoc: 2023-2024

R Dang 1.3. Nguyén haim tung phan
O Keé bang c6 dang;:
Pao ham MNguyén ham
u dv
\
u'dy --—— v
Tich phan c6 dang judv, voi u va v la 2 trong 4 loai log — da — luong - mil.
Tinh T= J.udv bang cach ké bang:
Pao ham MNguyén ham
u dv
\
u'dy w-— v

N Buéc 1: Chon u dat vao cot “Pao ham”.
N Buéc 2: Chon dv dat vao cot “Nguyén ham”.
N Buéc3: Tinh theo tinh chat ting cot.
AN Buéc4: Tacokétqua I=[udv=uv-[odu.
R Quy tdc:
e Trong d6 ta chon u theo qui tac: Nhat — log; Nhi — da; Tam — mii; T — lwgng,

e Con dv la phan con lai trong ddu '[ .

e DAu & cdc mui tén: miii tén diu tién ludn ludn 1la ddu + va dan xen didu cho nhau.

< Vidy1.21

Tim ho nguyén ham ctia ham s8 f(x)=(2x—1)e*
A. (2x—1)e" + 2¢ +C B. (2x—l)e" - 2¢” +C.
3 9 9 9
C (2x-1)e™ 2™ C D 2xe™  2xe™ L
-3 9 -3 9
N Loi gidi

< Vidy1.2.2

Tim ho nguyén ham ctia ham s8 f(x)=1Inx

A. 2xInx—2x+C B. X’Inx—x+C.
C. glnx—x+C. D. xInx—x+C
B\ Loi giai

& Bién soan: Gv 20/ J et Ton - 093.337.6281 Trang 11
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& Vidy 1.2.3

C. —ECOSZJCJrE sin2x+C.
2 4

A. —l(x—l)C052x+£sin2x+C
2 4

B.

D.

Tinh [ :I (x —1) sin 2xdx. Ta thu dwgc két qua la:

(x —1) cos2x +sin2x+C.

xcos2x +xsin2x +C

« Viduy 1.2.4

Cho P(x) =—i3 la mot nguyén ham cua
3x
f'(x)lnx.
3
A. ln—3x+ * icC
x° Inx
C. ln—3x+i+C.
x*  Inx

B.

f(x)

.Tim nguyén ham ctia ham s&

1n—3x+l+C.
x° X

& Bién soan: Gv 20/ J et Ton - 093.337.6281
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R Dang 1.4. Nguyén ham ham sé hiw ti
P(x)
Q(x)

Xét f(x) laham hiru ti c6 dang f(x)=

1.4.1. Bac t&t > Bac mau

——> Chia da thttc dwoc: M la thuong, N la duw.

x)
x)

Khi do: [ f(x)dx =] SE
= Vidy1.4.1

A. x—31n‘x‘+C
C. x—21n‘x+1‘+C.

dx=j(M+

N ]dx.

Q(x)

4 _1
Tim ho nguyén ham ctia ham s6 f (x) = x—l
X+

B. x—ln‘2x+ﬂ+C.
D. 2x—ln‘x+1‘+C

-----

& Vidy 1.4.2

_2x*-5

T
B. x2—3ln‘x+1‘+C.
D. 2x* +In(1+x)+C

-----

Tim ho nguyén ham ctia ham s6 f (x)
A. x*=2x=3In|x+1+C
C. 2-x*~In(x+1)+C.

* Vidy 143

x?+1
Két qua cta I dx, ta thu duoc la:
X
A. 2x+1 B. 2+L+C.
X x+1

C. x+21n‘x‘+C. D. %2+ln‘x‘+C

.....

& Bién soan: Gv 2 J bt (T~ 093.337.6281
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Ting FHep Ly Tyt Niim hoc: 2023-2024
1.4.1. Bic tit < Bic mau

Ta co cac treong hop sau:

. P | Plx)=~(const) ~ .P(x
N Loai 2.1. f(x):ﬁ trong do {Q((x))ax(w ) thi: Iﬁdxzj‘wjﬁdx:%m‘ax+b‘+c

= Vi dy 1.4.4

Tim ho nguyén ham ctia ham s6 f (x)=5 1 5
x—
A. J dx zlln‘Sx—ZhC B. I dx :ln‘Sx—2‘+C.
5x-2 5 5x—-2
c | dx =—51n\5x—2\+c. D. dx =5In[5x—~2/+C
5x -2 2 5x-2
N Loi gidi
< Vidy 1.4.5
Tim ho nguyén ham ctia ham s6 f (x)= ez
e—2x
A. —%1n‘e—2x‘+C B. 1n‘e—2x‘+C.
C. eln‘e—Zx‘+C. D. 2eln‘e—2x‘+C
N Loi gidi

< Vidy 1.4.6

Tim nguyén ham ctia ham s§ f (x) =

A. %1n‘2x—1‘+C B. %1n(l—2x)+C.
C. —%ln‘Zx—lHC. D. In|2x-1]+C
N Loi gidi
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Ting Fep Ly Thugét Ném hoc: 2023-2024

P(x) =y (const)

Q(x):ax2 +bx+c

c6 cac treong hop sau:

Q(x)
m Q(x) c6 A>0

Nhan dang: @ Tw la héng sO.
@ Mau c6 hai nghiém phan biét.

T du= il __ 7 1 1 .
_>Iax2+bx+cdx_ja(x—xl)(x—x2)dx_a(xz—xl)-[(x—xz o jdx VOl x, > X,

1
& Vidy 1.4.7

N Loai 2.2, f(x)= P(x) trong do {

, 1
Tinh dex
1 1
A. Eln‘x2—8x+12‘+C B. Z(111\(x—6)(x—2)\)+c.
C. 1n‘x—6‘—1n‘x—2‘+c. D. 1(ln‘x—G‘—1n‘x—2‘)+C
4
N Loi gidi
< Vidy 1.4.8
. A 1s , 1
Tim nguyén ham ctia f(x) = 3.12
A. %1n‘x2—3x+2‘+c B. %ln<ln‘x—2‘—ln‘x—1‘)+C.
C. In|x—2~In|x-1+C. D. In|x* -3x+2[+C
N Loi gidi
< Vidy 1.4.9
Biét P(x) la nguyén ham ctia ham s6 f(x):ﬁ Tim P(x)
2 3
A. 7(ln‘x—%‘—ln‘x+3‘)+c B. Eln(ln‘x—Z‘—ln‘x—l‘)+C.
C. ln‘2x—ﬂ—ln‘x+3‘+c. D. 21n‘x2+5x—3‘+C
N Loi gidi

.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

LA i _ gl _ i
—W Q(x) o A_O_)Iﬂxz+bx+cdx_'[a(x_x0)2 dx= —a(x—xO)JrC'

Nhan dang: @ Tw la héng sO.
@ Mau c6 nghiém kép.

< Vidy 1.4.10

Tim nguyén ham cta ham s§ f (x)=2;.
x°+2x+1
A. i+C B. §—L+C. C. - L >+C. D. N C
x+1 2 x+1 (x+1) x+1
N Loi gidi
< Vidy 1.4.11
, 1
Ho nguyén ham ctia ham s6 f(x)=————— la:
> I8y f( ) 9x* —12x+4
A.L+C B.l 1 +C. C. - 1 +C. D.—L+C
x+1 3(3x-2 x+1) x+1
v;\Lb’igzm

. 0 7 1 sl 1
W Q(x) co6 A<O_}I—ax2 +bx+cdx_ . j—(x_xo)z N dx— Lwong giac hoa.

& Vidy 1.4.12

Ho nguyén ham cta ham s6 f (x) = ﬁ la:
x®—2x+

A. arctan(x—1)+C B. arctan(x)+C. C. ln‘x2—2‘+C. D. 2tan(x—1)+C
N Loi gidi

.......................................................................................................................................................
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Ndam hoc: 2023-2024

Ting Fap Ly Tyt
P(x)

o) trong do {

P (x) =mx+n ., .
€O cac truong th sau:

N Loai 2.3. f(x) =

Q(x):ax2 +bx+c

m Q(x) c6 A>0.
Nhdin dang: ® Bac tir < Bac mau.
@ M?lu c6 hai nghiém phan biét.
mx +n x x)+Dx X,
O Cach 1: 1= Iax +bx+cd I (x x)(x X, _-[(x X, - de
O Cach 2:
mx+n mx+n
XetI= J.ax +bx+cCl I )dx
mx+n mx+n 1
Khi do ta co: I = -[ax +bx+cd I )dx:;(X-ln‘x—xl‘+Y-ln‘x—x2‘)+C.

l . . <——hesotruocx {X=?
S

«——hesotudo Y="

—X

Dén day ta chi can tim X &Y bang cach giai hé: {
—X

2 1

& Luu 1j: (1) Cach 18y cac “hé s6” bo vao hé ta 1dy theo thit tw tit PHAI qua TRAL
(2) Véi tir 1a hang s6, ta van c6 thé &p dung duoc cach nay.
(Ap dung diwoc cho 2.2.1)

Vidu: 1= .[ L
ax® +bx+c

(3) Khuyét vi tri nao thi xem hé s6 d6 =0.

dx taxemhésd m=0& n=1.

Vidy: I=[—; dx khuyét "mx" nénhé s6 m=0.

ax’ + bx +c
(4) Chu y hé s8 4, bai don gian thuong thay a=1, bai it thdy a=1.
< Vidy 1.4.13

4x+11 .
. la:

A. 3(1n|x+2|+ln|x+3|)+c
C. 3(Infx+2/~In|x+3)+C.

Ho nguyén ham ctia ham s6 f (x) R
X" +oXx+

B. ln‘x+2‘+ln‘x+3‘+c.

D. 1n\x+2\—1n\x+3\+c

N Loi gidi
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Ting FHep Ly Tyt Niim hoc: 2023-2024
< Vidy 1.4.14
Tth. dx=aln|>— —b +C vdi a;beN.Tinh S=a+b.
x?—3x+2 x—1
A.S5=3 B.S=-1 C.5=0 D. S=3
A Loi giai
“ Vidy 1.4.15
Biét rang J—ldx:a b-ln|x+2|—c-1n x—1 +C Vi a;b;c 1a cdc s6 htru ti va la
2x°+x-2 2
phan s6 t6i gian. Khi d6 a+b+c:
A.S:i B.S—19 C.S:g D.Sz—g
10 10 2 5
A Loi giai
& Bién soan: Gv 20/ J et Ton - 093.337.6281 Trang 18



Ting Fep Ly Thugét Ném hoc: 2023-2024

Q) €6 A=0— [ I gy [N g spge T AT
ax’ +bx+c a(x—x) dt =dx '

Nhdin dang: ® Bac tir < Bac mau.
@ Mau c6 nghiém kép.
= Vidy 1.4.16

Tinh J —1dx ta duoc két qua nao dudi day:
x* —4x+4
A. Injx-2- L .c B. In|x+2|-x+C
x—2
C. In|x—2|-2x+C D. 1n\x—q+i+c
x-1
A Loi giai
< Vidy 1.4.17
Tinh J' —1dx ta duoc két qua nao dwdi day:
x*—4x+4
A. 4lnjx-2-—"-+C B. 4ln|x—2|-—>+x+C
x—2 x—2
C. 4lnjx-2/+C D. In|x—4|+x+C
N Loi gidi
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Ting Fep Ly Thugét Ném hoc: 2023-2024
—W Q(x) c6 A<0

_[ —— dx:J.)\(ax2+bx+c)’+a e I (ax +bx+c)

> > x+j 5 dx.
ax”+bx+c ax“+bx+c ax +bx+c ax“+bx+c
H K
) )\(ax2+bx+c) 5 , , /
Tinh H:j 5 dx »bat t=ax +bx+c:dt:(ax +bx+c) dx.
ax +bx+c
Tinh K= _[ dx — Luwong gidc hoa.
ax +bx+c

< Vidy 1.4.18
25x -7

dx ta duoc két qua nao dudi day:
x*+2x+7

— Earctan[ﬂJ +C

F
1 1 X

B. ZIn(x?*+2x+7)-—=arctan| —= |+C
(e r2x+7) - o]

2
C. ln(sz”j —arctan (XTH') +C

D. ln(x2 + 2x+7)—arctan[x—+lJ+C
x

Tinh | = I

A. %ln(x2 +2x+7)
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Ting Fep Ly Thugét Ném hoc: 2023-2024

> Téng két phuong phdp tinh nguyén ham ham sé hiu ti

: T P(x)
Xét f(x) laham hiru ti c6 dang f(x)= :
Q(x)
B~ Trwong hop 1: Bac t& > Bic mau
—— Chia da thttc dugc: M la thwong, N la du.

Khi d6: [ f(x)dx :jg((ig dx :j(zm QI(\’x)]dx.

B~ Trwong hop 2: Bac t&¢ < BAc mau

Ta c6 cac loai sau:
N Loai 2.1. f(x)= ggi)) trong do {P(x) v (const) thi: IP(x)
(x)

Q() b dx = I v dx—ﬂyln‘ax+b‘+c
X)=ax+

Q(x) ax+b
P(x ¢ Y { (x)
rong do
Q(x) Q(x)

GSPWAE O(x) c6 A>0
Nhan dang: @ Twla h?ang sO.
@ Mau c6 hai nghiém phan biét.

gl _ gl _ ¥ 1 1 ..
_)'[ax2+bx+cdx_~[a(x_x )(x—x )dx_a(xz—xl)-[(x—x o de VO x, > x,

Q( )CO A= 0_)J.ax +b x+cdx_.|.a(x_xo)2 " u(x_xo)-'_c.

Nhin dang: ~ ® Ttela hang s8.
@ Mau c6 nghiém kép.

1 e 14
Q( ) cO A<0—)Im :%Imdx—)[ll’ong glac hoa.
0

Nhin dang: ~ ® Ttrla hang s8.
@ Mau vd nghiém.

(const)

§L0a122 f( )

c6 cac truong hop sau:

ax® +bx+c

P(x)=
N Loai 2.3. f(x)= P(x) trong do { (x) =z o o cac treong hop sau:

Q(x) Q(x)=ax* +bx+c
SERN O(x) c6 A>0.
Nhan dang: ® Bac tit < Bac mau.
@ Mglu c6 hai nghlem phan biét.
mx+n x X )+D X=X,
O Cach1: 1= J.ax +bx+cd I (x x)(x X, _J-(x o - J 3
0 Cach 2: Xét [ = j mx+n dx= I mx+n dx
ax? +bx +c )
mx+n mx+n 1
Khi d6 ta co: I= '[ax +bx+cd j 2) ;(X-ln‘x—xl‘+Y-ln‘x—x2‘)+C.

&
<
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Ting Fep Ly Thugét Niim hoc: 2023-2024
«——hesotruocx {X=?

=N
«——hesotudo Y="

—X

Dén day ta chi can tim X &Y bang cach giai hé: {
—X

2 1

&5 Luu 1j: (1) Cach 18y cac “hé s6” bo vao hé ta 1dy theo thit tw tit PHAI qua TRAL
(2) Véi tir 1a hang s6, ta van c6 thé 4p dung duoc cach nay.
(Ap dung duwoc cho 2.2.1)

Vidu: I= j—dx taxemhéso m=0&n=1.
ax“+bx+c

(3) Khuyét vi tri nao thi xem hé s6 d6 =0.

Vidy: I=[—; dx khuyét "mx" nénhé s6 m=0.
ax +bx+c
(4) Chti y hé s8 4, bai don gian thuong thdy a=1, bai it thé’y a=l.
_ =t
D 2.3.2. Q(x) c6 A=0 —>j an+n = mx+n2d 5T L I
ax +bx+c (x X ) dt=dx
Nhdan dang: ® BAc tir < BAc mau.
@ Mau c6 nghiém kép.
D 2.3.3. Q(x) c6 A<0
Nhdan dang: ® Bac tit < Bac mau.
@ Mau c6 nghiém kép.
AMax? +bx+c) +¢ ax? +bx+c)
men ool
ax“ +bx+c ax“ +bx+c ax +bx+c ax” +bx+c
H K

!

)\(ax2 +bx+c)

Tinh H:j - dx »>Dat t=ax2+bx+c:>dt=(ax2+bx+c)'dx.
ax +bx+c
Tinh K= I dx — Luong giac hoa.
ax +bx+c
B> Chu y: Mot vai cach tach phan thic can nho:
@ 1 _ A N B
(x—xl)(x—xz) xX—x, X—X,
1 A B ‘-
@ - = + 2x+C vOi A=b*—4ac<0
(x—m)(ax +bx+c) x—-m ax"+bx+c
3 1 _ A N B N C N D

(x—a)z(x—b)2 x—a (x—a)2 x=b (x—b)2
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Ting Fap L Thuyét Niim hoc: 2023-2024
R~ Dang 1.5. Nguyén ham ham sé vé ti
Xét f(x) laham vo ti c6 dang f(x)=P(x)-\JQ(x) - [ f(x)dx = [P(x)JQ(x) dx.
Thong thuwong ¢ dang ham vo ti ta sé dung phirong phdp doi bién.
Va ta nham dwoc (Q(x))' = P(x). Khi do:
AN Bu6cl: Dit t=,/0(x).
NBu6c2: Tinh vi phan dt:
Nhung dé vi phan thuén tién, ta binh phuong hai vé £ =Q(x).
——2t-dt =Q'(x)-dx = 2t-dt = P(x)-dx
P(x
N Bu6c3: Khido If(x)c(iazzjt-tht = (2 dt=..
< Vidy 1.5.1

Tim ho nguyén ham cta ham s6 f (x) = x{1-x°
2(1—x2)2 Y1-x? 2(1—x2)2
A. - +C +C.
5 5
o X p. =¥ ¢
5 5
N Loi gidi

< Vidy 15.2
Tim ho nguyén ham ctia ham s6 f (x) = sin® xy/1+ cos x

5 i 5
A 2[\/l+cosx _2x/1+cosx }LC B. 2{\/1+cosx _2\/1+cosx C.

2 5 7 5

C. 2(\/1+ cosx7 —2\/1+ cosx5)+C. D. \/1—cosx5 +2\/1—cosx2 +C

-----

.......................................................................................................................................................
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Ting Fep Ly Thugét Niim hoc: 2023-2024
R Dang 1.6. Nguyén ham ham sé lugng gidc

@ sin® a+cos’a =1

@ 1+tan’a = — ozl ok
Cos “ov
(071 | cong thic cobin .
3 1+cot? a=— —, a#kT
sin” «
krm

@ tano.cota =1, a;t?

@ sin(a + b) =sinacosb*sinbcosa

02 Céng thifc cong @ cos(aib):cosacosb$sinasinb
_l’_
@ tan(aib)= tanattanb
lFtanatanb

D sin2a = 2sinacosa

2@ cos2a = cos’a—sin® a =2cos’a—1=1-2sin’ o

‘ '3 Cong thitc nhan doi - el
® tan2a-2t00 774772

1-tan‘ o T
a¢§+k7r

. 2 1-cos2«
@ sinfa="—"""

2
o . A 2 1+ cos2a
04 Cong thitc ha bac @ cos’a= —
® tanzazw, %k
1+ cos2«
@ cosacosbh = %[cos(a —b) + cos(a + b)]
@ sinasinb = %[cos(a—b)—cos(pr)]
05 Cong thikc tich thanh tong i
(3 sinacosb zz[sm(a+b)+sin(a—b)]
@ cosasinb = 1[sin(a+b)—sin(a—b)]
2
< Vidy 1.6.1
Tim nguyén ham jsin 3xcos Sxdx
A. —%c058x+%cos2x+c B. 2cos8x —2cos2x+C.
C. 2cos8x+2cos2x+C. D. —%colex+C
N Loi giai
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Ting Fep Ly Thugét Ném hoc: 2023-2024

& Vidy 1.6.2

1
Tim nguyén ham dx
guy J. 4cos’x —4cos’x +1
A. sin’x—2sin ’x+C B. C02tx+C.
2 2 tan 2x
C. cos“x+2cos “x+C. D. 5 +C
A Loi giai
< Vidy 1.6.3
, -2
Tim nguyén ham ctia ham s6 f (x) Sl
1+cosx
A. sin®x—3tanx+C B. x* —3tanx+C.
C. x—3tan>+C. D. X —tan X4
2 2 2

< Vidy 1.6.4
Tinh nguyén ham Icotz xdx.

A. 2cotx+C B. —cotx—x+C.
C. x—cotx+C. D. g—cotx+C
A Loi giai

< Vidy 1.6.5
Biét P(x) la mot nguyén ham cua f(x) =2x—3cosx va F(%j = % . Tinh P(x) ;

A. 7w +3 B. -7°. C. 2n. D. 7*
N Loi gidi

.......................................................................................................................................................
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Ting Fep Ly Thugét Niim hoc: 2023-2024
R Dang 1.7. Nguyén héim cé diéu kién
Bai todn 01:

Goi F(x) la mdt nguyén ham ctia ham s6 f(x)=.... Tinh F(x) biét F(a)=b.

N Bu6c1: Dung cc phrwong phép tinh nguyén ham dé tim dwoc F (x:C).
NBuéc2: X ly F(a) =b bang cach thay vao F(x;C) . Ta dwoc F(a;C) —b=>C=?
N Buwéc3: Khidéta duoc F (x) cO cu thé héng s C.

< Vidy1.7.1

Tim nguyén ham F(x) cua ham s6 f(x) =sinx +cosx thoa man F(gj =2.

A. F(x):—cosx+sinx+3 B. F(x):—cosx+sinx—1.
C. F(x):—cosx+sinx+1. D. F(x):cosx—sinx+3
N Loi gidi

& Vidy 1.7.2

LA AT . s 3
Cho F(x) la mot nguyén ham ctia f(x):e +2x thdéa man F(O):E . Tim F(x)
A. F(x)=€x+x2+% B. F(x):e"+x2+§.
C. F(x)=e"+x2+g. D. F(x)=2e"+x2—%
A Loi gidi

< Vidy1.7.3
Goi F(x) la mot nguyén ham ctia ham s& f(x) =xe . Tinh F(x) biét F(O) £1.

A. P(x):—(x+l)e’x +2 B. F(x):(x+1)e”‘ +1.
C. F(x):(x+1)e_" +2. D. F(x)=—(x+1)e‘x +1
N Loi gidi
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Ting Fep Ly Thugét Niim hoc: 2023-2024
Bai todn 02:
Goi F(x) la mot nguyén ham ctia ham s6 f(x)=.... Tinh F(c) biét F(a)=b.

A Bu6c1: Ding cac phuong phap tinh nguyén ham dé tim duoc F(x;C).
NBuéc2: X ly F(a) =b bang cach thay vao F(x;C) . Ta dwoc F(a;C) —b=>C=?
N Buéc3: Khi dé ta duoc F(x) c6 cu thé hang s6 C va tinh F(c).
Bén canh do, ta c6 thé dung cach “Tich phin” d€ xtt 1y bai toan:
Goi F(x) la mot nguyén ham ctia ham s6 f(x)=.... Tinh F(c) biét F(a)=b.

Ta co: F(x):'[f(x)dx

Xét a<c, khi do: j.f(x)dx:F(x) ‘ :F(c)—F(a)<:>F(c)=jf(x)dx+F(a)
< Vidy 1.7.4 ﬂ ﬂ
Biét F(x) la mot nguyén ham ctuia f(x)=ezx va F(O)=O. Gia tri cua F(ln3) bang
A. F(In3)=2 B. F(In3)=6. C.F(In3)=8. D. F(In3)=4

< Vidy 1.7.5

Biét F(x) la mot nguyén ham cua ham f(x)zcos3x va F(g :§ Tinh P(%)
A Y342 g, 32, . ¥8*f2  p ¥3-6
6 6 6 6
N Loi gidi
Heét
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Ting Fep Ly Thugét Ném hoc: 2023-2024

TICH PHAN

A.LY THUYET CHUNG.
1. Binh nghia:
R~ Cho ham s6 f (x) xac dinh va lién tuc trén doan [a ;b] va F (x) 1a mot nguyén
ham ctia f(x) trén doan [a;b].
Khi d6 hiéu s6 F(b)—F(g) duoc goi la tich phan tir a —>b.
b b
_[f(x)dx:F(x) azF(b)—F(a).
2. Y nghia hinh hoc:
b
R~ Néu ham s& f(x) lién tuc va khong dm trén doan [a;b| thi tich phan j f(x)dx

la dién tich S cta hinh thang cong gi6i han boi d6 thi ham s8 y = f(x), truc Ox

va hai duong thang x=a;x=b.

b
Vay dién tich hinh thang cong: S= I f (x)dx.

3. Tinh chat.

1 j f(x)dx=0 (Tich phan c6 hai c4n gidng nhau thi bang 0).
2 T f(x)dx = —j f(x)dx (Tich phan dao can— thém d&u trw).
3 j-a.f(x)dx:aj-f(x)dx vl aeR.

4 j[ £(x) g(x)}dx:j f(x)dxi:[g(x)dx.

5 Trong doan [a;b], ton tai ce[a;b] thi jlf(x)dx:jf(x)dx+j.f(x)dx.

6 |Néu f(x)laham chdn (f(-x)=f(x)) thi j f(x)dx= 2E f(x)dx.

7 Néu f(x) lahamlé (f(—x):—f(x)) thi jf(x)dx:O.
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Ting Fep Ly Thugét Niim hoc: 2023-2024
B. CAC DANG BAI TAP.
R~ Dang 2.1. Tich phdn &p dyng tinh chdt & bang nguyén ham co ban

M Ap dung dinh nghia, tinh chat va bang cong thitc nguyén ham co ban.

1 J. f(x)dx =0 (Tich phan c6 hai can gi6ng nhau thi bang 0).

b
2 f(x)dx =—[ f(x)dx (Tich phan d&o can— thém d&u tr).

a.f(x)dx:aj.f(x)dx voi aeR.

b b

ig(x)]dx:If(x)dxij'g(x)dx.

a a

W
R'—.Q“ &'—.T h'—.@‘
—
-
—_~
=
N—

5 Trong doan [a;b], ton tai ce[a;b] thi if(x)dx = .Cff(x)dx+Jb.f(x)dx.

6 |Néu f(x)laham chdn (f(-x)=f(x)) thi j f(x)dx= 2@ f(x)dx.

7 Néu f(x) lahamlé (f(—x)=—f(x)) thi Ju.f(x)dx:o.

< Vidy 2.1.1

Khéang dinh nao sau day sai?
3 3 3 2 3
A. [2f(x)dx=2[ f(x)dx B. [ f(x)dx=]f(x)dx+]f(x)dx.
1 1 1 1 2
2 2 2 2
C J.f(x)dx=—.[f(x)dx. D J.f(x)dxzj.f(u)du
1 1 1 1
N Loi gidi
& Vidy 2.1.2
2 2 2
Biét jf(x)dx:2 va jg(x)dx:6, khi d6 J[f(x)—g(x)]dxbéng
1 1 1
A. 8 B. 4. C. 4. D. -8
N Loi gidi
« Vidy 2.1.3
2 4 4
Cho [ f(x)dx=1, | f(t)dt=—4.Tinh [ f(y)dy
) -2 2
A. =5 B. [=-3. C.I§8. D. I=-

-----
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy 2.1.4

Cho ham s6 f(x) lién tuc, c6 dao ham trén [—1; 2],f(—1) = 8;f(2) =—1. Tich phan
2

If’(x)dx béng

-1

Al B. 7.. C. 9. D. 9.

-----

.....
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Ting FHap Ly Tyt

Ndam hoc: 2023-2024

R Dang 2.2. Tich phén tung phan
O Ké bang c6 dang:
BPao ham Nguyén ham
u dv
\

! i
udy -——— v

Tich phan c6 dang judv, voi u va v la 2 trong 4 loai log — da — luong - mil.

Tinh T= J.udv bang cach ké bang:
Pao ham MNguyén ham
u dv
\
u'dy --—— v

N Buéc 1: Chon u dat vao cot “Pao ham”.

N Buéc 2: Chon dv dat vao cot “Nguyén ham”.
N Buéc3: Tinh theo tinh chat ting cot.

AN Buéc4: Tacokétqua I=[udv=uv-[odu.

R Quy tdc:

e Trong d6 ta chon u theo qui tac: Nhat — log; Nhi — da; Tam — mii; Tt — lwgng,

e Con dv la phan con lai trong ddu I .

e DAu & cdc mui tén: miii tén diu tién ludn ludn la dau + va dan xen ddu cho nhau.

< Vidy 2.2.1

Tinh tich phan I = J. xInxdx
1

& Vidy 2.2.2

1
Biét rang tich phan I = I(Zx +l) e'dx=a+be (a ;be Z) , tich a.b bang
0

A. -15 B. -1. C. 1.
N Loi gidi

..........................................................................................................

..........................................................................................................

D. 20
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Ting Fep Ly Thugét Ném hoc: 2023-2024

= Vidy 223
Chohmnsajxx)&manﬁnj(pu)f(@dleova2f@)—fan=2xﬁnhjf(de.

A I=1 B. [=-8 C.1=-12 D. =8

« Vidy 2.2.4
1
Biét _[ xcos2xdx = %(a sin2+bcos?2 +c) véi a,b,c € Z. Khang dinh nao sau day dang ?
0

A.a+b+c=1 B. a—b+c=0.
C. 2a+b+c=-1 D. a+2b+c=1
N Loi gidi

< Vidy 2.2.5
Tich phan I:J-(3x+2)coszxdx:%7rz+b7r v6i a,beN.Tinh S=a+b
0

A. 5=1 B. S=4 C.S=5 D. $=10
N Loi gidi
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Ting FHap Ly Tyt

Ndam hoc: 2023-2024

R Dang 2.3. Tich phém ddi bién logi 1

Tinh tich phan ] = J. o(x) ' (x)dx

f (X)

NBuéc1: Dt ¢ = ¢(x), trong d6 ¢(x) la ham s§ ma ta nhdm dwoc ¢ (x).dx.

N Buéc2: Tinh vi phéan dt =¢'(x)dx va ddi can e Sp(a).
x:b—)t:go(b)
AN Buéc3: Biéu thi f(x)dx theo t va dt.
b ¢(b)
N Buéc4: Khidd ]=Igp(x).g0’(x)dx: I f(t)dt
G
D Né&u Va? —x* dit x=asint hodc x =acost
@ Néu vx?—a® dat x—— hoac x=
cost
(3 Néu h ac thi dat x =acos2t
Va X \/u+x

@ Néu (x—

(® Néu Vx*+a® didt x=atant hodc x=acost
= Vidy 2.3.1

N

A= B I V3 c. T V3
6 3 2 3 2
v;\L(‘)’igzm

a)(b—x),(u<b) dat x=a+(b—a)sin2t

Tinh tich phan I= I4dx bang cach dat x=2sint, t e

T

S

ﬁ

2
AL T3 B. ~. C. 1+£.
8l12 8 12 12 8

.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

& Vidy 233

2
Khi tinh 1= J4-x*dx, bing phép dit x=2sint thi duoc
0

O N | 3

% 2 2
A. |2(1+cos2t)dt B. I(cosZt)dt. C. I4cosz tdt. D. IZcosz tdt
0 0 0
N Loi giai
« Vidy 2.3.4
3
Gia tri ctia I 9—x*dx= %77 trong d6 a, beZ va % la phan s6 t6i gian. Tinh gia tri
0

cua biéu thtec T=ab.

A. T=35 B. T=24. C.T=12. D. T=36
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Ting Fep Ly Thugét Ném hoc: 2023-2024

R~ Dang 2.4. Tich phan déi bién loqi 2

b
Tinh tich phan ] = J.ga(x).go'(x)dx
G
NBuéc1: Dt ¢ = p(x), trong d6 ¢(x) la ham s§ ma ta nhdm dwoc ¢ (x).dx.
N Buéc2: Tinh vi phéan dt =¢'(x)dx va ddi can {x e Sp(a).
x=b—o>t= go(b)

AN Buéc3: Biéu thi f(x)dx theo t va dt.

b ¢(v)
AN Buéc4: Khidd J=[op(x)e'(x)dx= [ f(t)dt.
—_— A
e o)
= Vidy 2.4.1
21 dx
Cho j =aln3+bIn5+clIn7, véi a,b,c 1a cac s6 hitu ti. Tinh S=a+b+c.
: x\Jx+4
A L B. L. c. 3 p. 1
2 2 2 4

< Vidy 2.4.2

2
Tinh I = '[Zx\/ x* —1dx bang cach &t u=x*-1, ménh dé nao dudi day dung?
1

3 12 3 2
A.I:!Jﬂdu B.I:EJl.\/;du. C.I=2£\/;du. D.I:!Jﬁdu

N Loi gidi

& Vidy 2.4.3

Biét | dx =a+b2 v6i a,b 1a cac s6 hiru ty. Tinh S=a+b.
1

Inx
xv1+1Inx

A.S=1 B.S-1. .S DS
2 4 3

.......................................................................................................................................................

.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

& Vidy 2.4.4

N
Xét tich phan I = I x.edx. St dung phuong phap d6i bién s8 v6i u = x?, tich phan I
1
duoc bién doi thanh dang nao sau day:

2 12 NP
A. I:2je”du B. I=§ e'du. C. I:E_[e“du. D. I=2J.e”du
1 1

@ Vidy 2.4.5

a6 (] e e tn B v ede tich ohan | e S0
Cho ham so f(x) lién tuc trén R va cac tich phan jf(tanx)dx—4 VaI ") dx =2
0 o X

1
, tinh tich phan I = [ f(x)dx.
0

A.2 B. 6. C. 3. D.1
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Ting Fep Ly Thugét Ném hoc: 2023-2024

” Dang 2.5. Tich phén két hgp déi bién & tung phéan
B Trudng hdp 1: Tung phan — Doi bién:

Tinh I = j-f(x)g(x)dx, ap dung “Ting phiin” ta duoc I =h(x) b +jip(x)dx.
Liic nay ta ép dung “Déi biéh” dé tinh ip (x)dx.
B Trudng hop 2: Ddi bién — Tling phan: ”
Tinh I = } f(x)g(x)dx, ap dung “Déi bién” ta dugc I = tz}(b)k(x)p(x)dx.
a () -
Luc nay ta 4p dung “Tung phin” dé€ tinh t_;[(u)k(x)p(x)dx.

& Vidy 2.5.1

Cho tich phan [ = I \/; sin \/;dx =ar®+b (a, be Z), Ménh dé nao sau day diung?
0

A 23 B. i*—b=-4. C.%e(—l;O) D. a—-b=6

@ Vidy 2.5.2
4
Biét I:jxln(xz+9)dx:a1n5+b1n3+c v6i a,b,c 1a cac s8 thiee. Tinh T=a+b+c la
0

A. T=11. B. T=9. C. T=10. D. T=8.
N Loi gidi

.......................................................................................................................................................
.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

# Vidy 2.5.3
e(cosu+sin1)—1
b
B. 3 C.5 D. 13

v&ia,b 1a cac sO tw nhién. Tinh a+b

Biét I = jcos(ln x)dx =
1
7

& Vidy 2.5.4

2
Cho ham s6 f(x) lién tuc, c6 dao ham trén R, f(2) =16 va If(x)dx =4 . Tinh
0

4
H:!xf’(%)dx bang
A. 144 B. 12 C. 56 D. 112
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Ting Fep Ly Thugét Ném hoc: 2023-2024

R Dang 2.6. Tich phan chida tri tuyét doi
& Cdch 1
= Cho f(x) =0 tim nghiém e [a;b] gia st cac nghiém do 1a x;;x,;..x, e[a;b]

% Khi d6 I=ﬂf(x)‘dx+ﬂf(x)‘dx+Hf(x)‘dx+...+”f(x)‘dx

<:>I= =+ + +...+

]jf(x)dx :]jf(x)dx

» Tinh mdi tich phéan thanh phan
> Cdch 2:
> Cho f(x) =0 tim nghiém e [a;b].
¥ Xét d&du f(x) trén [a;b].
A khiA>0
—A khi A<QO
» Tinh mdi tich phéan thanh phan
< Vidy 2.6.1

:ff(x)dx jf(x)dx

b
> Ap dung ‘A‘ = { dé pha tri tuyét d6i trong I .

2
Tinh tich phan I = [|x—1dx ta dwoc két qua :
0

Al B. 2. C.3 D. 4

-----

« Vidy 2.6.2

1
Tinh tich phéan [ = ”x3 +x° —x—l‘dx ta duoc két qua I = g, khi d6 tong a+b la:
e
A7 B. 3. C.5 D. 9
N Loi gidi
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy 2.6.3

tx*-3x+2 3x+2‘
Tich phan [ = j dx co gia tri la:
AI:—Z B.I:E CI:Z D.I:—E
6 6 6

« Viduy 2.6.4

2 dx ta duockét qua I=a+bIn2+¢cIn3(vdi a,b,c la cac

s6 nguyén). Khi d6 gid tri ctia biéu thitc T =24° +3b—4c la:
A. T=-20 B. T=3 C.T=22 D.T=6
N Loi gidi
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Ting Fep Ly Thugét Niim hoc: 2023-2024
R Dang 2.7. Tich phan dya véio db thi
Ap dung g nghia hinh hoc:

la dién tich S cta hinh

jjf(x)dx

thang cong gidi han boi d6 thi ham sd y = f (x), truc Ox va hai duong thang x=a;x=b.
= Vidy 2.7.1

B~ Néu ham s6 f (x) lién tuc trén doan [a ;b] thi tich phan

Chohamso y=f (x) lién tuc trén [O; 4] va co do thi nhw hinh U
4 2
bén. Tich phan I f (x)dx bf“mg
0 : 3 4
A1 B. 2. o 1 2\/ @
C.3 D. 4 % :

< Vidy 2.7.2
Chohamsd y=f (x) lién tuc trén [—3; 5] va co do6 thi nhw

hinh bén (phan cong ctia d6 thi la mot phan cua Parabol

3
y=ax’ +bx+c). Tich phan '[f(x)dx bang
e}

2 B. 2
2 6
C.1 D. 6

& Vidy 2.7.3

Chohamsd y = f (x) lién tuc trén [—2; 2] va c6 do thi d6i xting qua goc toa dd nhue
0 2 yi
hinh bén. Biét [ f(x)dx=2. Tich phan [ f(x)dx bing 2
-2 0
A. -2, B. 0. 2 / z
C.3 D. 4 / o\ [2
-2

N Loi gidi

.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy 2.7.4

Cho ham sd y=f (x) c6 dao ham lién tuc trén [—l; 2]. D0 thi ctaa [\I‘y /
hams6 y = f ’(x) duwoc cho nhw hinh bén. Dién tich cdc hinh phang —#= 2

s .5 .8 ., 19 “Nem |
(K), (H) lan Iwot la T va 3 Biét f(_l)zﬁ’ tinh f(2)
2 2
A f(Z):—g. B f(2):§.
11
C f(2)=g. D. f(2)=3
VRL(‘)’igml

& Vidy 2.7.5

Chohams6 y=f (x) c6 dao ham lién tuc trén R va c6 d6 thi nhu

1
hinh bén. Dat K= J.x.f(x).f’(x)dx, khi d6 K thudc khoang nao
0

sau day?

A. (-3-2). B. (—2;-%}. C. (—g;—éj. D. (
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Ting FHep Ly Tyt Niim hoc: 2023-2024
” Dang 2.8. Tich phan ham chan lé

Dinh nghia:

Choham s6 f (x) xac dinh trén mién D.

VxeD=-xeD
‘v’xeD:f(—x)=f(x)'
VxeD=-xeD

VxeD:f(—x)=—f(x)'

Ham s6 f (x) dwoc goi 1a ham s6 chdn néu thoa {

Hamso f (x) duoc goi 1a ham s6 Ié néu thoa {
Khi d¢, trong dau J. :

i if(x)dx:ZTf(x)dx
B Néuham f(x) CHAN thi,{ ° :

R Néuham f(x) LE thi, j f(x)dx=0
= Vidy 2.8.1 h

Cho y = f(x) 12 ham s6 chin, lién tuc trén [—6; 6] . Biét ré“mg if(x)dx =8;

-1

6
f(-2x)dx=3. Gid trj cua I = jf(x)dx 1a

P C—

A. I=5 B. =2 C.1=14 D. =11

-----

& Vidy 2.8.2

am s8 f(x) 1a ham s& chdn lién tuc trén R va _[f(x)dx-lo .Tinh I = j = +1dx.
0 12
10
A. 1=10 B.I=§ C.I=20 D. =5
N Loi gidi

.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy 2.8.3

Choham s6 y = f(x) la ham lé va lién tuc trén [—4; 4] biét j)- f(—x)dx =2 va
-2

P — N

f(—2x)dx:4. Tinh 1 :j.f(x)dx.

A. I=-10 B.[=-6 C.I=6 D. =10

.....
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Ting Fep Ly Thugét Ném hoc: 2023-2024

R Dang 2.9. Tich phan h&im cho nhiéu coéng thuc
3 Bai todn 1

Cho ham s8 f(x) ={

g(x) khi x<b

h(x) 1hi 25 lién tuc tréen D. Tinh ]:_,:f(x)dx.

Xét be [a;c] .
= Budc 1. Kiém tra ham so f(x) cOlién tuctai x=b7?

Tt la kiém tra lim f(x) =1im f (x) = f(b) < lim g (x) =lim h(x) = £ (b)

c b c
» Budc 2. Tach can: ]:-[f(x)dx:_[g(x)dx+jh(x)dx.
a a b

L I
% Budc 3. Tinh cac tich phan I, ;I, bang cac phwong phéap da hoc.
3 Bai todn 2:
Cho ham s6 f(x) = {ig;{::)) 11;}: ;C i: lién tuctrén D. Tinh | = ‘i‘f(x)dx.
Xét be [a;c] .
» Budc 1. Kiém tra ham s6 f(x) cOlién tuctai x=07?
Ttec la kiém tra:

lim f(x) =lim f(x) = f (b) < lim g (x;m) = Tim 1 (x;m) = £ (b)

x—b"

c b c
7 Budc 2. Tach can: ]=J.f(x)dx=J.g(x)dx+jh(x)dx.
a a , ,

I L
% Budc 3. Tinh cac tich phan I, ;I, bang cic phuwong phéap da hoc.
< Vidy 2.9.1

3x* khi0<x<1

Cho ham s6 f(x):{4_x khi1<x<2

.Tinh [ f(x)dx

B.1 C.E D.E
2 2

>
N~

.....

& Bién soan: Gv 2 J bt (T~ 093.337.6281 Trang 45



Ting FHap Ly Tyt

Ndam hoc: 2023-2024

& Vidy 2.9.2

2x khi x<0

Cho s0 thwe a2 va ham s6 f(x){a(xxz) Khi x> 0

lién tuc trén R . Tinh _l[ f (x)dx
-1

N B. %1 c. 2. D. %1,
6 3 6

< Vidy 2.9.3

. e +m khix>0 z
Cho ham s8 f(x)= lién tuc trén R va [ f(x)dx=ae+by3+c,
2xv3+x? khix<0 °
(a,b,ceQ). Tong a+b+3c bang
A. 15 B. -10 C. -19 D. -17
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Ting Fep Ly Thugét Ném hoc: 2023-2024

R~ Dang 2.10. Tich phén lién quan max - min

¥ Bai todn: Tinh I :Imin{f(x);g(x)}dx hoac I :Imax{f(x);g(x)}dx.

a

b
Taxét I :Imin{f(x);g(x)}dx:
» Budc 1. Gidi phuong trinh f(x) = g(x) Sxe [a;b] thi nhan nghiém do.
Gia st ta dwgc x=me [u;b].
» Budc 2. Xét hiéu f(x)—g(x), gia st
o Trén [a;m]:f(x)—g(x)>0:>min{f(x);g(x) .
o Trén [m;b] : f(x)—g(x) <0= min{f(x);g(x)} = f(x) .

b m b
» Budc 3. Khi dé I:Imin{f(x);g(x)}dx:J.g(x)derJ.f(x)dx.
b
Khido I = J-max{f(x);g(x)} dx ta ap dung tuong tu.
< Vidy 2.1ﬂ0.1
3
Tinh tich phan I = Imax{xs ;4x° —3x} dx
0
A.I:E B.I:& C.I=19 D. [=27
2 12
N Loi gidi
< Vidy 2.10.2
3
Tinh tich phan I = Imin{e" ;e*x} dx
1
A.I:g—Z B.I:g+2 C.I:2—Z D.I:g
e e e e

-----

.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy 2.10.3

Biét rfmg I='|%min{sinx;cosx}dx=a—b\/§ (a;beN). Tinh S=a+b
0

A.3 B. 5 C. 7 D. 8

< Vidy 2.10.4
Xét ham s6 F(x):jf(t)dt trong d6 ham s8 y = f(¢) co o
2

y=7®
do6 thi nhu hinh vé bén. Trong cac gia tri dudi day, gid tri \

nao la 1é6n nhat? ol 1 2\ 3 1
A. F(1) B. F(2) \/

C. F(3) D. F(0)
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Ting Fep Ly Thugét Niim hoc: 2023-2024
R~ Dang 2.11. Tich ph@n ham “an”
2.11.1. Dung phuong phdp déi bién

Dang 1. Cho j.u'(x).f[ ( )}dx tinh .[f dx hoac .[f dx tmh_[ [u(x)}dx.

a

Dai vdi loai bai tap nay ching ta sé doi bién t = u( )
b b b
> Loy [ f(¢)dt=[ f(x)dx = f(u)du

Dang 2: Tinh jlf(x)dx, biét f(x) thoa: A.f(x) +B.u'.f(u)+C.f(a+b—x):g(x).

D&i véi loai bai tap nay, truedc khi 1dy tich phan hai vé ta ¢an cht y rang :
@ Trong dé bai thuong sé bi khuyét mét trong cac hé s6 A, B,C.

@ Néu f(x) lién tuc trén [a b] thi jf a+b x dx_J'f
u(a):a b b
® Véi {u(b)b thi .!f(x)dx B J.
ovei 1" g f(x)a L fo(x)d
“u(v)=a lif(x) ¥ pac 8l

& Vidy 2.111

Chojf x)dx=16. Tmhjf (2x)d

A. 16 B. 4 C. 32 D. 8
N Loi gidi
< Vidy 2.11.2
p
Cho f laham sd lién tuc thoa I f dx 7.Tinh I Jcosx f (sm x)dx
0
A. 6 B. 36 C.2 D
N Loi gidi

.......................................................................................................................................................
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Ting Fep Ly Thugét Ném hoc: 2023-2024

& Vidy 2.11.3

1
Cho ham s6 f(x) lién tuc trén [0;1] thoa f(x) = 6x2f(x3) — . Tinh J.f(x)dx
0

6
V3x+1

A.?2 B. 4 C. -1 D. 6

.....

« Vidy 2.11.4

2
Cho ham s6 f(x) lién tuc trén [ 0;2] va théa f(x)+ f(2—x)=2x. Tinh I :If(x)dx :
0

A.I=-4 B.I:% C.l=— D.I=2

-----
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Ting Fep Ly Thugét Ném hoc: 2023-2024

2.11.2. DUng phuong phdp tung phan

Xudt phat tit dao ham ham s0 tich, ta cé: [u(x).v(x)]’ = u'(x).v(x) + v’(x).u(x)

LAy tich phan hai vé& ta duoc: b
[[u(x)0(x)]dx= _[[u'(x).v(x)+v’(x).u(x)]dx
u(x)d(o(x))=u(x)o(x) (u(x))
u(x) ! (x)dx = u(x)o(x) (v)dx

b

a

< 0

oy

(x)d(u(
Hay v(x).u (x

a

N'—.w &'—.w

1
1

< Vidy 2.11.5
Cho hai ham s@ lién tuc f va ¢ c6 nguyén ham Ian luotla F va G trén doan [1;2]

Bict F(1)=1, F(2)=4, G(1)=>, G(2)=2 va jf(x)c(x)dx=%.ﬂnh z[F(x)g(x)dx

A R
12 12 12 12
N Loi gidi
« Vidy 2.11.6
5
Cho ham s y = f(x) c6 dao ham lién tuc trén [O; 5] va f(5) =10, Ixf’(x)dx =30.
0

Tinh if(x)dx.

A. 20 B. -30 C. -20 D. 70

.....

.......................................................................................................................................................
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> Téng két phuong phdp tinh tich phdan ham “an”
2.11.1. Dung phuong phdp déi bién

Dang 1. Cho Tu'(x).f[ ( )]dx tinh If dx hoac If dx tmhj [u(x)]dx.

a

Dai véi loai bai tap nay ching ta sé do6i bién t = u( )
b b b
> Lwu y: [ f(t)de=[ f(x)dx = f(u)du

Dang 2: Tinh fff(x)dx, biét f(x) thoa: A.f(x)+B.u f(u)+C.f(a+b-x)=g(x).

D&i véi loai bai tap nay, truedc khi 1dy tich phan hai vé ta can chti y rang :
® Trong dé bai thuwong sé bi khuyé’t mot trong caché sd A,B,C.

2.11.2. Dung phuadng phdp tung phan
Xuét phat tir dao ham ham sé tich, ta cé: [u(x).v(x)] = u'(x).v(x) +v’(x).u(x)

Lay tich phan hai vé ta duoc:
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R~ Dang 2.12. Tich phén lién quan phuong trinh vi phan
2.12.1. Biéu thuc dao ham

. u(x)-f’(x)+u'(x)-f(x)=h(x)

Phuong phdp giai:

!/
. . , ' (u u'v—o'u
Ap dung cac cong thirc: (uv) =u'v+v'uva (—j = >
v v

(D). u(x)-f’(x +u'(x) (x):h(x)a[u(x)-f(x)] :h(x):u(x)-f(x)th(x)dx

J+ul(x)-f
). u,(x)'f(;)z_u(x)'f,(x)Zh(x)a{;ﬁi))} zh(x):;((i))ZIh(x)dx

< Vidvy 2.12.1
Cho ham s6 f(x) c6 dao ham lién tuc trén doan [O; 2] thdéa man f(O) =3 va

(2x+3) f'(x)+2f(x)=4x—3x*. Tinh f(2)bang

Al B.g C.1 D.l
7 ) 7

.....

< Viduy 2.12.2
Choham o f (x) c6 dao ham lién tuc trén doan [1; 4] thoa man f (1) =2 va

f(x)=x.f"(x)+3x* —4x. Tinh gia tri f(4)
A. -2 B. 196 C. 48 D. —193

.....
.......................................................................................................................................................
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& Vidy 2.12.3

Chohamso y=f (x) lién tuc trén doan {0; %} . Biét rf?mg

cr=2
2

N Loi gidi

f’(x).cosx+f(x).sinx=1,Vxe{0;z}vé £(0)=1. Tinh tich phan 1=ff(x)dx
0

X

cos® x

a,beR. Tinh gia tri ctia biéu thitc P=a+b
14

hé thtc f(x)+ tanx.f’(x) =

A. P
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2.12.2. Biéu thuc téng hiéu
. () 7(x)=(x) @ £()-F(x)=1(x)
Phuong phdp giai:
(1). Bién doi: f’(x)+f(x) = h(x) = e".f’(x)+e" f(x) = e".h(x)
= [e" f(x)]’ =e -h(x)<:>e" -f(x)zjex -h(x)dx
(2). Bién d6i: f'(x)—f(x)=h(x)=e™ f'(x)—e™- f(x)=¢"h(x)
= [e"‘ -f(x)] =e -h(x) e f(x) = Ie’x -h(x)dx
< Vidy 2.12.5
Cho ham s6 f(x) c6 dao ham lién tuc trén doan [O; 2] thoa man f’(x)+f(x) =x-1.
Biét f (0) =9. Khang dinh nao sau day la ding?
A. f(2)=9e7 B. f(2)=9¢* C. f(2)=2¢* D. f(2)=-1+9¢°

-----

= Vi dy 2.12.6
Cho ham s6 f(x) c6 dao ham va lién tuc trén R . Biét rang f(0)=3va
f(x)-f'(x)=2x+1. Gid trj cia f(1) thudc doan
A.[0;2] B. [4;6] C.[24] D. [6;8]

-----
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2.12.2. Bai todn tong qudt ' (x) + p(x). f(x) = h(x)

Phuwong phap gidi:

Nhan 2 v€ véi eIp(x)dxta duoc: ejp(x)dx.f'(x)+ ejp(x)dx 'P(x) ' f(x) = €Ip(x)dx -h(x)

RS
= ejp(x)dx.f(x) = Ih(x)ejp(x)dxdx

< Vidy 2.12.7
Cho f(x) c6 dao ham trén [2;4], £(2)=6; (xz —1)f’(x)+f(x) =x*+x.Tinh f(4)

A. 2++/5 B.5++5 C. 5+4/15 D. 2+4/15

-----

« Vidy 2.12.8
Cho f(x) c6 dao ham trén [0;1], biét f(O) :1%; (xz +1)f'(x)+xf(x) =x°+4x . Khi dé:
A.0<f(1)<2 B.2<f(1)<4 C.4<f(1)<5 D. f(1)>5

-----
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> Téng két phuong phdp tinh tich phan lién quan PTVP
2.12.1. Biéu thic dao ham

@ u(x)- f(x)+10(x)- £ (x)=h(x) 2. Y2 <’;22‘(”)(x)'f ) ()
Phuong phap giai:
Ap dung cac cong thic: (uv), =u'v+v'uva [%j =z vv—zv'u

M- () f(x)eu (x)- £ (x) =h(x) = [u(x) £
@. L)) ulx) S (x)=h(x)<:{u(x)}=h(x):>@=]‘h(x)dx

f*(x) f(x) f(x)
2.12.2. Biéu thuc téng hiéu
. f'(x)+f(x)=h(x) @). f'(x)-f(x)=h(x)
Phuong phap giai:

(1). Bién d6i: f'(x)+f(x)=h(x)=e" f'(x)+e"- f(x)=e"h(x)
<:>[e"~f(x)] =e h <:>e f Ie h
(2). Bién doi: f'(x)—f(x)=h(x)=>e™ f'(x)—e ™ f(x)=e"h(x)

< [e*" f(x)]' =e -h(x) e f(x) = ‘[e*" -h(x)dx
2.12.2. Bai todn téng quat f'(x) + p(x). f(x) = h(x)
Phuwong phap gidi:
Nhén 2 v& véi ejp(x)dxta duoc: ejp(x)dx-f'(x)+ejp(x)dx 'P(x)'f(x) = ejp(x)dx ~h(x)

=3 |:6JP(X)dx -f(x)] = h(x).ejp(x)dx
x)=[h(x

Tong quit: e f Ih
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R Dang 2.13. Bat ddng thuc tich phéan
$¥ Tinh chat o1
Cho ham s6 y:f( ) va y—g( ) cO dao ham lién tuc trén [a'b]. Khi d¢:

® Néu f(x)z ( )Vxe[a b] thi If dx>Ig

@ Néu f(x)20vxe[ab] thljf )dx>0. Hé qua If x)dy=0< f(x)=0

<Hf )=

@jf )dx

8 Tinh chat 02:
Choham s6 y = f(x) va y= g(x) co dao ham lién tuc trén [a'b], (x) # 0. Khi do:

@  Bat déng thic Holder (Cauchy — Schwarz): [ [f(x JZ } I& (x)dx-j. g (x)dx.
Déng thirc xay ra <> f(x)=k.g(x) véi keR
® ﬁf(x)de2 s(b—a)-ifz(x)dx
¢ Bai t;dn: Cho ham s8 ya= f(x) c6 dao ham trén [ ;b | thoa méan cac diéu kién:
() f(m)=n 2) j[ x)] dr=4 (3) _Tg(x).f(x)dx=B
Vi g(x) la ham s6'da biét va lién tuc trén [ a;b] a

Tinh I = j{f(x)dx

b b
» Loi giai: Tinh tich phan jg(x).f(x)dx = B bang phuong phap tirng phan —> Ih(x).f'(x)dx =B

© Hudng 1: © Hudng 2:
» Budc1. Mat khac
b b b ) > Budc 1.  Gia st tinh duoc J-h dx C
Ih(x).f’(x)dxthz(x)dx~I(f’(x)) dx
a a . o ) > Budc 2. Tim 7y thoéa:
casio giathiet
>BUSc2. Diu“=" xayra < f'(x)=k-h(x). j[ x)] dx- 2ljh dx+.jh2 dx=0
Nguyén ham 2 vé& :>f(x;k;C)=? A B C
> Budc3. Ding f(m)=n=C(k)="? @A—ZIB'+IC—0m—?.
b
> Budc 4. Dimng jh(x).f’(x)dx:B’ (Obusc1) | > BU6c3. Lucnay I( )=vh(x )) dx=0
ke (1) h(x) =0 £ ()= (x
— Cubi ciing cd dit x;k;C = f(x) hoanchinh | 5 Busc 4. Nguyén ham 2 vé = f(x:C)=2
— YCBT. Dimng f(m)=n=>C=?
—> f(x) hoan chinh
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= Vidy 2.13.1
Cho ham s6 y = f(x) lién tuc trén [ 0;2], thoa cc diéu kién f(2)=1 va

j.[f'(x)}z dx = if(x)dx = % . Gia tri cua jf(x) dx.

0 0 1 x2
Al B. 1 c.1 p L
2 4 5 7
N Loi gidi
Chon B
1 _ g
Tinh: Izjl.f(x)dx;dat: {“—f(x) :{du—f (x)dx.
0 dv=1.dx v=Xx
2 2 1 1 4
:>I=x.f(x) —Ixf dxc>—= .[ dx—)jx.f’(x)dx:—.
0 0 Oh(x) 3

0
Tim ~: J.[ de 2.J.xf dx+.j “dx = 0@——2.5.7+§72=0:>7=%.
I I
p 1Y 1 1
Luc nay J.(f'(x)—gx] dx=0 :>f’(x)—§.x20<:>f'(x):§x.
0
Nguyén ham 2 vé: If'(x)dxzj.%xdx:f(x):%xz+C.

Lai c6 f(2)=1:>1=%.22+C:>C=O:>f(x)=%x2.

1.
A zj:x 2—X 1
Vay! iz)dx=!4x2 dxzz

< Vidy 2.13.2

Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1] thoa man f(l) =4, [f’(x)]z dx =20

O e

1
va _[x f(x)dx 1. Tich phan If dx bang
0

Al B. 2 c.? D. 4
6 3 2
N Loi gidi
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< Vidy 2.13.3
Choham o f ( ) co dao ham duong lién tuc trén [0'1] thoa man f (O) =1va

SJ{ +—}dx<2j[,[ f }dx Tich phan Jf dx bang

A L B. > c.3 ..
12 4 2 6
N Loi gidi
Hét
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NGUYEN HAM - TiCH PHAN & UNG DUNG

UNG DUNG TICH PHAN

A.LY THUYET CHUNG.
1. Hinh phdng gidi han bai dudng cong & tryc hoanh:
B Hamso f (x) lién tuc va nhan gia tri khong am trén doan [a ; b] .
Hinh thang cong gidi han béi d6 thi f (x), Ox va hai duong théng x=a,x=b.
b
Khi d6 dién tich hinh thang cong dugc tinh: S = J. f (x)dx .

n
B/
R Truonghop f(x)<0 trén [a;b], tacé —f(x)=0. 4 A
S hinh thang cong aABb =S hinh thang cong aA'B'b. P '
(aA'B'b la hinh d6i xirng cua hinh thang da cho qua truc hoanh).

b

ai jb

0
Do d6: =S5, =S, = [ (—f (x))dx %
B

¥ Téng quat:
Dién tich ctia hinh phang gi¢i han boi d6 thiham ¥4

s8 f(x) lién tuc, truc hoanh va hai dudng thang b= @)
x=a, x=b duogc tinh:
b
S={|f(x)dx Y4 b
a

2. Hinh phdng gidi han béi hai dudng cong:
B> Chohams6 y = f(x) va y=g(x) lién tuc trén doan [a;b].

=Y

& |

Goi D 1a hinh phang giéi han boi d6 thi hai ham s§ d6 va duong thang x=a, x=b.

Xét truong hop f(x)2g(x)vxe|ab]. vk y = f(z)
Goi S;;S, la dién tich hai hinh thang cong gidi han boi
Ox
x=a Véy=f(x);y:g(x). !
x=b ws g !
b

e
X

S ---

0|

b
Khi d6 dién tich: S=5, -5, = [| f(x)-g(x)]dx.
¥ Téng quat:
Dién tich ctia hinh phang gi¢i han boi d6 thi ham s8 f (x) va g(x) va hai duong thang

x=a, x=b duoc tinh:
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3. Thé tich vat thé:
B~ Goi B la phan vat thé giéi han boi hai mit phang vuong goc véi truc Ox tai cac diém

avab, S (x) 1a dién tich thiét dién cua vat thé bi cit boi mit phéng vudng gdc vdi truc

Ox tai diém x, (a<x<b).

-—

o y -::' : X

Gia st S(x) la ham s0 lién tuc trén doan [a; b]

b
Khi d96, thé tich ctia vat thé B duwoc xac dinh: V = J.S (x)dx )

4. Thé tich khéi tron xoay:
R~ Thé tich khdi tron xoay duoc sinh ra khi quay hinh phéang giéi 74
han boi cac dudng y = f(x), truc hoanh va hai dwong thing / y=r

x=a, x=>b quanh truc Ox:
b
V= WI £2(x)dx
R~ Thé tich khdi tron xoay duoc sinh ra khi quay hinh phang gi6i

ol @

han boi cac duong x = g( y) , truc tung va hai duong thang y =c,

y=d quanh truc Oy: ‘n‘“%
1

b
V=g (y)dy B

R~ Thé tich kh&i tron xoay duwgc sinh ra khi quay hinh phang

gidi han boi cac duong y:f(x), y :g(x) (cing nam

mot phia so véi Ox) va hai duong thang x=a, x=b

quanh truc Ox: ofa b

1% :ﬂi‘fz(x)—gz(x)‘dx
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R Dang 3.1. Cau héi Iy thuyét
$8 Dién tich hinh phang:

y=f(x) y=f(x)
b b
(1) Gi6i han: {% —S=| f(x)|dx. (2) Gi6i han: y=8(*) g = [|f(x)-g(x)|dx .
X=a a X=a a
x=b x=b

38 Thé'tich vat thé:
Goi B 1a phan vt thé gi6i han boi hai mat phang vudng goc truc Ox tai cac diém a va b,
S (x) 12 dién tich thiét dién vat thé bi cit boi mit phéng vudng gbc truc Ox tai diém x, (a<x<b).

b
Khi d6, thé tich ctia vat thé B duoc xéc dinh: V = [$(x)dx.

88 Thé'tich khoi tron xoay:
y=f(x)

b
(1) Gidi han: va quay quanh truc Ox >V = 7TJ- f? (x)dx .

Yy
b
(2) Gi6i han:{¥ = g(x) va quay quanh truc Ox -V = 7r”j"2 (x)-¢? (x)‘dx.
X a
x

=a
=b
x=g(y)
b
(3) Gidi han: Oy va quay quanh truc Oy -»V = 7TJ. g (y)dy .
x=a y
X =
< Vidy 3.1.1

Cho hinh phéng (H ) gidi han boi d6 thi cia ham s6 f; (x) va f, (x) lién tuc trén
[4;b] va dudng thang x=a, x=b. Cong thitc tinh dién tich ctia hinh (H) 1a
y
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= Vidy3.1.2

Choham sé y=f (x) lién tuc va cd d6 thi nhw hinh bén. Goi D la y
3

hinh phéng gi6i han béi d6 thi ham s8 da cho va truc Ox. Quay
hinh phang D quanh truc Ox ta duoc khéi tron xoay c6 thé tich V
duwoc xac dinh theo cong thirc

& O I3 *

A. V:wzj[f(x)]z dx B. Vzéjj[f(x)]z dx
C szj[f(x)]zdx D V=7r;|i[f(x)]2dx
B\ Loi giai

< Vidy 3.1.3
Goi S 1a dién tich mién hinh phéng duoc to dam trong hinh vé bén. Cong thitc tinh S 1a

A. S:jlf(x)dx+jf(x)dx y

. S:j[f(x)dx /Yf(’f)

1 2

< Vidy 3.1.4
Thé tich khoi tron xoay do hinh phang gi¢i han boi cac duwong y = Jx , truc Ox va hai
duong thang x =1; x =4 khi quay quanh truc hoanh dwoc tinh boi cong thirc nao?

A. V:ijdx B. V:ﬂ\/;‘dx
1 1

4 4
C.V:wz'[xdx D.V:w_[\/;dx
1 1

N Loi gidi
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R Dang 3.2. Dién tich hinh phdng gidi han bdi y=f(x), Ox, x=a, x=b
y=f(x)

38 Dién tich hinh phang gici han: Ox —S= ﬂf(x)‘ dx.
x=a y
x=b

D€ pha bo dau gia tri tuyét doi ta thwong lam nhu sau:

Budc1:  Giai f(x) =0 tim nghiém x,x,,...,x, e(a;b) (u< X, <X, <..<x,<b).

Budc 2: Tinh S:T‘f(x)‘dx+]z‘f(x)‘dx+...+_lﬂf(x)‘dx

_ z'jf(x)dx + ;ff(x)dx +ont jf(x)dx

» Ngoai cach trén, ta c6 thé dwa vao do thi d€bd dau gia tri tuyét doi.

& Vidy 3.2.1

Dién tich hinh phang gi¢i han boi d6 thi ham s y = (x - 2)2 —1, truc hoanh va hai
duong thang x =1,x =2 bang

A2 B.> c.l D. .
3 2 3 3
N Loi gidi

“ Vidy 3.2.2

Tinh dién tich S cta hinh phang gi¢i han bdi y=x*-2x, y=0, x=—4, x=1
A. 5=15 B. 5=23 C.5=9 D. S=38
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R Dang 3.3. Dién tich hinh phang gidi han bdi y=f(x), y=g(x), x=a, x=b
y=f(x)

3% Dign tich hinh phing gi6i han: 1Y =8 () 52 [£(x)-g(x)|dx.
X=a a
x=b

Dé pha bo dau gia tri tuyét déi ta thuong lam nhu sau:
Budc1: Giai f(x) = g(x) tim nghiém x,x,,..., x, € (a,'b) (a <X <X, <..<X, < b).

Budc 2: Tinh S=Jjj‘f(x)—g(x)‘dxvtzf‘f(x)—g(x)‘dx+...+j‘f(x)—g(x)‘dx

b

= f[(f(x)—g(x))dx + I(f(x)—g(x))dx +ot ;[(f(x)—g(x))dx

» Ngoai cach trén, ta c6 thé duwa vao do thi dé bo dau gia tri tuyét doi.
< Vidy 3.3.1
Dién tich hinh phang duoc giéi han boi y = 2—x* va duong thang y=—x la

AL B. 2 C. 3 D.2
2 4 2
N Loi gidi

« Vidy 3.3.2
Hinh phang giéi han boi cac duong cong y = x(l—x) va y=x°—x c6 dién tich bang

Ay B. > c.B D. 2
12 12 3 4
N Loi gidi
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R Dang 3.4. Dién tich hinh phang gidi han bdi y=f(x), y=g(x), y=h(x)
y=f(x)
$8 Dién tich hinh phang gici han: {y = g(x) .
y="h(x)
Budc1: Giai f(x) = g(x) c6 nghiém x,.

Giai g(x)=h(x) c6 nghiém x,.
Giai g(x) = h(x) c6 nghiém x,.

Gia st x, <x, <x, dwoc biéu dién nhw hinh.

Budc 2:  Khid S:T‘g(x)—f(x)‘dx+T‘h(x)—f(x)‘dx

:I@@yf@»w+1@@y¢u»@

= Vidy 3.4.1
Dién tich hinh phéng gidi han boi d6 thi ham s6 y=—x*+3x; y=x+L y=-x+4 bf?mg

< B. = c.: D.1

12 6 4 3
N Loi gidi

< Vidy 3.4.1
A s N 2 e v s \ 2 x? o4
Dién tich hinh phang gidi han boi cac duong y =2x°; y = i bang
x
A. §—54ln2 B. 54In2 C. L D. —@+54ln2
2 4 2

N Loi gidi

.......................................................................................................................................................
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R Dang 3.5. Dién tich hinh phang dva vao dé thi

= b

e Trudng hop 1: {y / ((x)) —>dién tich hinh phang can tim 1a S = [|f(x) - g (x)|dx .
y = g x a

Budc1:  Quan sat do thi thay f(x)—g(x) =0 x=c;ce [a;b] .

Budc 2: Xét hiéu f(x)—g(x) trén cac doan [a;c],‘[c; b] :

[u;c] : f(x)—g(x) >0

[c;b]:f(x)—g(x)<0

Budc3:  Khido S:T‘f(x)—g(x)‘dx
= I(f(x)—g(x))dx+_|.(g(x)—f(x))dx
o Trudng hop 2: {y =f(*) _, dien tich hinh phéng can im 13 § = ﬂ £(x)~0]dx .

Ox:y=0
Budc 1: Quan sat d6 thi thay f(x)—OzO@x:c;ce[a;b].

Gia s trén {

Budc 2:  Xét hiéu f(x)—O trén cac doan [a;c],‘[c; b] .

[a;c]:f(x)—0>0

Gia stir trén {[c;b] : f(x)—O 0

b c b
Budc3:  Khido S= _Hf(x)—O‘dx = J.(f(x)—O)dx+J.(0—f(x))dx.
< Vidy 3.5.1
Goi§ 1a dién tich hinh phing (H) gidi han béi cac dudng
y= f(x), truc hoanh va hai duong thang x=-1, x=2. Dt
o : ——
a= [ f(x)dx,b=[ f(x)dx, Khid6 S = /
-1 0
A.b-a B. b+a C. -b+a D. -b—-a

.....
.......................................................................................................................................................

.......................................................................................................................................................

< Vidy 3.5.2
Dién tich phan hinh phang gach chéo trong hinh vé bén duwoc
tinh theo cong thitc nao duwdi day?

A. .Zf(—2x+2)dx B. i(Zx—2)dx

C. i(zxz—zx—4)dx D. _2[(—2x2+2x+4)dx
1 -1
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N Loi giai
@ Vidy 3.5.3
Choham o f (x) lién tuc trén R. Goi S la dién tich hinh AY y=f(z)
phang gidi han boi cd duong y = f(x), y=0, x=-2 va
x =3 (nhu hinh vé). Ménh dé nao dudi day diung?
1 3
A. S=—| f(x)dx—| f(x)dx. —2
1 3
B. 5= If(x)dx—ff(x)dx.
-2 1
1 3 1 3
C. S=—[ f(x)dx+] f(x)dx D. S= [ f(x)dx+ | f(x)dx
2 1 -2 1
N Loi gidi

< Viduy 3.5.4

Cho hinh thang cong (H ) gidi han boi cac duwong y=e*, y=0,
x=0, x=In4. Dudng thing x=k(0<k <In4) chia (H) thanh Y

hai phan c6 dién tich 1a S, va S,nhu hinh vé bén. Tim k dé
S, =25,

f—

2

A. k=—=In4 B. k=In2
3 —177 s,
8 .
C. kzlng D. k=In3 7 >

N Loi gidi

.......................................................................................................................................................
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R~ Dang 3.6. Thé tich vat thé
Goi B 1a phan vt thé giéi han boi hai mat phang vuong
goc véi truc Ox tai cac diém a va b, S(x) la dién tich thiét
dién ctia vat thé bi cat boi mat phang vudng géc véi truc
Ox tai diém x, (a <x< b)

Giast S (x) 1a ham s0 lién tuc trén doan [a; b]
b
Khi d6, thé tich ctia vat thé B duwoc xac dinh: V = IS (x)dx )

& Vi dy 3.6.1
Tinh thé tich ctia vat thé giéi han boi hai mit phang x=1 va x =3, biét rang khi cat
vat thé boi mit phang tity ¥ vudng goc véi truc Ox tai diém co hoanh dd x (1<x< 3)

thi dwoc thiét dién 1a hinh chit nhat cé hai canh la 3x va x.

A. @ B. 267 C. 26 D. 21;8”

& Vidy 3.6.2
Tinh thé tich V ctia vat thé ndm gitra hai mat phang x=0 va x =7, biét rang thiét
dién ctia vat thé bi cat boi mat phang vudng gdc véi truc Ox tai didém cé hoanh d6 x
(O <x< 7r) la mot tam gidc déu canh 2sinx .
A V=3 B. V=3r C.V=2m/3 D.V=23
N Loi gidi

< Vidy 3.6.3

Tinh thé tich V ctia phan vat thé gi6i han béi hai mit phang x=1 va x =3, biét rang
khi cit vat thé boi mit ph:fmg tuy y vuong goc voi truc Ox tai diém c¢6 hoanh do x
(1< x <3) thi duoc thiét dién 1a mot hinh chit nhat ¢ hai canh 1a 3x va +/3x* - 2.

A V=321215. B.V=12T. c.vz%- D.V=(32+J§)7r.
v;\L(‘rigzm
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R Dang3.7. Thé tich hinh phdng gidi han bai f(x), Ox, x=a, x=b quay
quanh Ox

Budc1:  Giadi phuong trinh f(x) =0 x=c;ce [a;b] .

Budc2: Khidd V= 7rj.( £(x)) dx.

& Vidy 3.7.1

Cho hinh phéng (H ) giéi han boi d6 thi ham s8 y =—x* +4x -3, truc hoanh va hai
duong thang x =1,x =3 . Quay (H ) xung quanh truc hoanh dwogc khéi tron xoay ¢6
thé tich la
3 3 2
A. V=”x2—4x+3‘dx B. V=Hx2—4x+3‘ dx
1 1
3 2 3
C. V=7rJ.(x2—4x+3) dx D. V=7rﬂx2—4x+3)dx
1 1

« Vidy 3.7.2
Thé tich ctia khdi tron xoay tao thanh khi quay hinh phéng gi6i han béi d6 thi ham s&

\ \ /4 \ \71 7-( \ \
y=+tanx, truc hoanh va cac duong thang x=0, x = 7 quanh truc hoanh la

2
A.Vzg p.y-mn2 o, T D.V=%

< Vidy 3.7.3
Cho hinh phing D gi6i han boi cac duong y = (x - 2)2, y=0, x=0, x=2.Khdi tron
xoay tao thanh khi quay D quanh truc hoanh c¢ thé tich V bang bao nhiéu?

A.V:g B.V:32—7r C.V:g D. V =327
5 5 57
w\L(‘)’iglm
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R Dang3.8. Thé tich hinh phang gidi han bai f(x), g(x), x=a, x=b quay
quanh Ox

Budc 1:  Giai phuong trinh f(x) = g(x) S x=c;ce [u;b].

Budc 2: Khidé V =7rj.‘f2(x)—g2(x)‘dx+7r.b”f2(x)—gz (x)‘dx.

< Vidy 3.8.1
Cong thiic tinh thé tich ctia khdi tron xoay khi cho hinh phang giéi han boi parabol
(P) .y =x° va duong thang d:y=2x quay xung quanh Ox 1a

A. ﬂi(Zx—xz)dx B. Wj(xz —236)2 dx
0 0

C. Wi 4x?dx - 7r'|2. x*dx D. 7r.2[ Ax?dx + 7r.2[ x*dx
0 0 0 0

« Vidy 3.8.2
Cho hinh phéng (H ) gidi han boi cac duong y = Jx, y=-x va x=4.Thé tich ctia
khoi tron xoay tao thanh khi quay hinh (H ) quanh truc hoanh nhan gid tri nao sau

day:
A V=40T7r B V=38T7T C.V=ﬁ D V=%
v;\L(‘)’igzm
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R Dang3.9. Thé tich hinh phang gidi han bai f(y), g(u), y=a, y=b quay
quanh Oy

Budc 1:  Giai phuong trinh f(y):g(y)@y:c;ce[a;b].

c b
Budc2:  Khids V=n|f*(y)-g* (v)|dy+=[|f*(v)-g"(v)|dy.
<« Vidy 3.9.1
Cho hinh phang (H) gi6i han boi cic duong xy =4, x=0, y=1va y=4. Thé tich V
cta khoi tron xoay tao thanh khi quay hinh (H ) quanh truc tung la

A. V=12r B. V =16n C. V =10 D. V =8n
N Loi gidi

< Vidy 3.9.2

Cho hinh phéng (H) gidi han boi cac duwong x = y2 +3, x=0, y=0, y=2.Goi V la
thé tich cua khdi tron xoay duwoc tao thanh khi quay (H ) xung quanh truc Oy . Ménh
dé nao dudi day dang?

A. V:j(y2+3)dy B. sz(yz)dy C. V=j(3)2dy D. V:wj.(y2+3)2dy
0 0 0

0

N Loi gidi

< Vidy 3.9.3
Cho hinh phang D gi6i han boi duwong cong x =e, truc tung va cac duong thang
y =0, y=1. Khdi tron xoay tao thanh khi quay D quanh truc tung c6 thé tich V bang

bao nhiéu?
A.V=7T(ez+1) Bv-2"t cv-"C V=7r(62_1)
2 2 3 2
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R Dang 3.10. Tinh gid tri ham qua dién tich hinh phdang

Ap dung dinh nghia tich phan: _[f dx P( ) Z = F(b)—F(a) .

Thi Iac nay dé bai yéu cau so sanh F(b), F(a).

Bai todn:
Chohams6 y = f (x) lién tuc cé d6 thi nhw hinh. F (x) la nguyén
ham ctia f( ) trén [a'c]
So sanh P( ) ( ) ( )x e[a c]

Budc1: Sosanh F( ) F(b). a

Tren[ab]f >0—>ﬂf ‘dx J'f dx F() F(a)

Ma :[f(x)dx>O:>F(b)—F(a)>0<:>F(b)>F(a).

Budc 2:  Tuong twso sanh F(b); F(c).

y=f(x) y=f(x)
Budc 3:  Ta thay dién tich hinh phang gi6i han béi { Ox 16n hon < Ox
x=a,x=>b x=byx=c

ﬂf(x)‘dx>j"f(x)‘dx :>P(b)—P(a)>—F(c)+F(b)<:>—P(a)>—P(c)—)F(a)<F(c).
< Vidy 3.12).1 b
Chohamsd y=f (x) xac dinh, lién tuc va c6 mot nguyén
hamla F (x) trén [—2;1] dong thoi f (x) c6 d6 thi nhu hinh
vé bén. Hoi s0 nao sau day la s6 duwong?
A. F(2)-F(-2) B. F(-2)-F(1)
C. F(2)-F(1) D. F(2)- F(O)

.....

> X

.......................................................................................................................................................

.......................................................................................................................................................
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= Vidy 3.10.2
Cho ham s8 f(x) c6 dao ham trén R, d thi ham s§ Y /@)

y= f'(x) nhu trong hinh vé bén. /\
Ménh dé nao sau day la dung?

A. f(a)<f(c) B. f(b)<f(c) 0 /a bN_Jc
C.fla)>f(b)  D.f(a)>f(c)

.....

< Vidvy 3.10.3
Choham s6 y = f(x) c6 d6 thi trén doan [—4; 4] nhu hinh vé. Goi F(x) la mot
nguyén ham ctia ham s6 f(x), tinh gia tri ctia S= F(4) - F(—4).

D ) :
A. S=6+27 B.S=14+2r C.5=14 D. S=14+4r

-----

.......................................................................................................................................................
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NGUYEN HAM - TiCH PHAN & UNG DUNG

NGUYEN HAM

A.LY THUYET CHUNG.
1. Dinh nghia:

B~ Choham s6 f(x) xac dinh trén K (K la khoang, doan hay ntta khoang).
Ham s6 F(x) la nguyén ham ctia ham sG f(x) trén K néu F'(x)=f(x) VxeK.
Ky hiéu: Jf(x)dx = F(x)+C .

2. Dinh |y:

B~ Néu F(x) la mot nguyén ham ctia f(x) trén K thi:

® V6i mdi hing s6 C, ham G(x)=F(x)+C ciing la mdt nguyén ham ctia f(x) trén K.

® Moi nguyén ham cua f(x) trén K déu c6 dang F(x)+C, v6i C la mot hdng sd.

——> Do d6 F(x)+C,CeR laho tat ca cac nguyén ham cua f(x) trén K.
3. Tinh chat:

o ([ £(x)dx) = f£(x) va [ f/(x)dx=f(x)+C.

o [k-f(x)dx=k-[ f(x)dx v&i k=0.

) J.[f(x)ig(x)]dx = jf(x)dxijg(x)dx

4. Pinh li:

R~ Moi ham sd f(x) lién tuc trén K déu cé nguyén ham trén K.

i Bién soan: Gv S G/J ik Tan- 093.337.6281 Trang 3
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5. Bang nguyén ham cd ban:

(1).I0dx=C (2).jdx=x+c
1 (ax+l7)(Hl
(3) .[x dx—mx +1+C(Oé¢ 1) (14).-'. ax+b adx:%T-FC,(Oéi—l)
1yt (15). dr=-1 1
(4).".x2dx_ x+C J.(ﬂx+b) K (QX+b)2
5). [ dx =In|x|+C 1) [~ = 2injar+ ] +C
X ax+ a
(6). Ie"dx =e¢*+C (17). J-e”’”"dx = le”’“b +C
a
. _ ax fer _lakawb
(7).ja dx—hm+C (18).ja dx—k — +C

(8).Icosxdx =sinx+C

1.
(19). Icos(ax+b)dx = ;sm(ax+b)+C

(9).Isinxdx =—cosx+C

: _1
(20).Is1n ax+b)dx == cos(ax+b)+C

10, [ ——dx~tanx+C . [—; (ax+b)dx=%tan(ax+b)+c
(1. [ de=—cotr+C (22). Imdx=—%cot((1x+b)+c
(12). [(1+ tan® x)dx = tanx +C (23). [ (1+tan’ (ax+b))dx = %tan(ax+b)+C
(13). [ (1+cot® x)dx = —cotx +C (24). [ (1+cot? (ax+b))dx=—%cot(ax+b)+c

6. Béng nguyén ham md réng:

(1)I :Earctan£+C (8).Iarcsin X |dx = xaresin X+ —x? +C
a+x* a a a a
(2)] - 11 atx +C (9)._[arcco X dx = xarccosf—\/a —x?+C
a —x2 2a la—x a a
(3).[\/ﬁzln(x+\/x2+a2)+c (10).Jarctan(£jdx:xarctani—gln(az+x2)+C
a
(4)I - arcsmx C 11). Iarccot(gjdx:xarccot§+gln(a2+x2)+C
(5). I =larccos i (12). '[ zlln‘tan gl e
XA /x sin ax+b) a
+/x? +a? e™ (acosbx +bsinbx
(6)I ——1 ATNY T4 L o (13).Ie“xcos(bx)dx: ( — )+C
x\/x +a a X a”+b
1/ 2_ .2 2 e™ (asinbx —bcosbx
(7).I\Ia2—x2 de=NT 7Y 7 oresinX+C (14).J.e“"sin(bx)dx= ( )+C
2 2 a a’ +b°
& Bién soan: Gv 20/ )t <Taon - 093.337.6281 Trang 4
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B. CAC DANG BAI TAP.
R~ Dang 1.1. Nguyén ham co ban
M Ap dung dinh nghia, tinh chat va bang cong thitc nguyén ham co ban.
Dinh nghia:
Cho ham s6 f(x) xac dinh trén K (K la khoang, doan hay ntta khoang).

Ham s6 F(x) la nguyén ham ctia ham s6 f(x) trén K néu F'(x)= f(x) vxeK.
Ky hiéu: | f(x)dx=F(x)+C.
Tinh chat:
o ([ f(x)dx) = £(x) va [ f(x)dx=f(x)+C.
o [k-f(x)dx=k-[ f(x)dx v&i k=0.
) J-[f(x)ig(x)}dxzIf(x)dxi_[g(x)dx

& Vi du 1.1.1 - Ap dung dinh nghia

Ham s6 F (x) nao duwdi day 1a mot nguyén ham ctia ham s6 f (x) =x".
3 3
A Fx)=2.7 B. F(x)=7+2.
C. F(x)=%3+2. D. F(x)=x°

.....

3 ! 3
Vi| X | =x% nén _fxzdxzx—+C
3 3
% Vi dy 1.1.2 - Ap dung dinh nghia

Nguyén ham cua ham sd f (x) _1 la?

X
A. —ln‘x‘+C B. ln‘x‘+C. C. x+C. D. %+C
X
N Loi gidi
Chon B
: 1 on [Laxz
Ta co (ln‘x‘) =7 (x;tO) nén Ix dx ln‘x‘+C.
& Vi du 1.1.3 - Ap dyng dinh nghia
Néu Jf(x)dx:%3+e"+C thi f(x) bang:
x* ot
A. X* +¢° B. = +¢. C. 3x* +¢". D. —+¢*
3 12

-----

Ta c6 Jf(x)dx:%3+ex+C:f(x):(%3+ex+CJ =x’+e".

& Bién soan: Gv LZ-0/J bt Taon - 093.337.6281 Trang 5



Ting Fep Ly Thugét Ném hoc: 2023-2024

% Vi dy 1.1.4 - Ap dung bang nguyén ham

Tinh 1= j(1+ tan’ x)dx

A. I=sinx+C B. I=cosx+C. C.I=tanx+C. D.I=cotx+C

ViI:I(1+tan2x)dx=I 12 dx=tanx+C
cos’ x

+ Vi dy 1.1.5 - Ap dung tinh chét - bdng nguyén ham

N Loi gidi

Tim ho nguyén ham cta ham s§ f(x)=5".
A. [ f(x)dx=5"+C B. [ f(x)dx=5"In5+C.
5x 5x+l
C. jf(x)dx:E+C. D. '[f(x)dx:x+1+C
N Loi gidi

\ A ’ A \ X a
Ttr cOng thitc nguyén ham ja dx =
na

X

+C.

X

Ta co JSxdx=155
n

& Vi dy 1.1.6 - Ap dung tinh chdt - bang nguyén ham

+C.

Ho nguyén ham cta ham s& f(ac):xz—3x+1 la:
x
1 ° 3
A. F(x):Zx—B—?+C B. F(x):%—§x2+ln‘x‘+C.
C. F(x):x—3+§x2+lnx+c. D. F(x):x—3—§x2+lnx+c
3 2 3 2
N Loi gidi

Ta co I(xz—3x+1jdx=x—3—%+ln‘x‘+c.
X 3 2

+ Vi dy 1.1.7 - Ap dung tinh chdt - badng nguyén ham

Ho nguyén ham ctia ham s8 f(x)=5x*+2 la

A. X +2x+C B. %x5+2x+C C.10x+C D. x°+2

Ta cé: _[f(x)dx:j(Sx4 +2)dx:x5+2x+C.

N Loi gidi

& Bién soan: Gv LZ-0/J bt Taon - 093.337.6281 Trang 6



Ting FHap Ly Tyt

Ndam hoc: 2023-2024

R~ Dang 1.2. Nguyén ham déi bién

1.2.1. D3i bién loai 1 (Lugng gidc héa)

O Dau hiéu d€ ta dung phuwong phap “Do6i bién loai 01”:
Déu hiéu Cich dit

. ,. T T
x=asint , vol ——<t<—
2 2

. . T m
x—a=asint , vOl1 _EStS_

2
2 2 . T T
@ X x=atant , VOl ——<ft<—
2 2
2_ 42 a ,. T T
X —a x=—— voi ——<t<— va t=0
sint 2
- .. ™
H—xhoéc azx x=acos2t ,voi 0<t<—
a—x a+x 2
J— —_— - s . 7]-
(x a)(b x) x—a:(b—a)s1n2t,V01 OStSE

Khi d6 ta c6 cac budc gidi nhu sau:

N Buéc 1: bat x= <p(t) voi gp(t) co dao ham lién tuc trén K, dugc chon hop ly.

NBuéc2: LAy viphan cia x theo bién s8 ¢, cu thé 1a dx = go'(t)dt .

NBuwéc3: Thay ca x=go(t) 1an dx=g0’(t)dt vao If(x)dx dwoc bai todn mdi theo ¢.

NBuoc4:  Giai nguyén ham maoi If(go(t))go’(t)dt duoc két qua F(t) theo t, sau do thay

biéu thiic x =¢(t) vao F(t) d€ tim dwoc nguyén ham theo bién x.

& Vidy1.21

Tim ho nguyén ham ctia ham s f(x)=+/3-x*

N Loi gidi
Chon A
Xét If(x)dxzf 3—x’dx (*) -
Dat x=\/§sint (_gSth] thi dx:x/gcostdt va cost>0 .

Thay vao (*):

— 52 2
A. Earcsini+x 1-x +C B. §arcsini+ 1-x +C.
2 J3 2 2 J3
C. §arcsir1x+£+C. D. §arcsini+x Sinic +C
2 2 2 J3

3(1 2
I:j\/3—35in2t\/§costdt =J‘3c:os2 tdt < 1 =det =gt+%sin2t+C

2

3

/ — y? / e
x=\/§Sint(—gﬁtng3C05t='\/1—Sin2t= 33X :}sinZt:Zsintcost:—zx 3-x .

Vay 1=jf(x)dx=j\/3—x2dx=§arcsin%+ x ,12—x2 1 oA

& Bién soan: Gv 20/ )t <Taon - 093.337.6281
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy1.2.2

1
Tim ho nguyén ham ctia ham s0 f(x)=
) nguy f( ) 4122
x+3
A. 2arctan2x+C B. arctanT+C .
. 1 X
C. 2arcsinx+C. D. EarctanE+C
N Loi gidi
Chon D
1
Xét x)dx = dx *) .
e[ La ()
bat x =2tant (—g<t<gj thi dx=2(1+tan2 t)dt .
Thay vao (*) ta duoc I=J‘;2.(1+tan2t)dtzjldt=£t+C
A+ 4tan’ t 2 2
_ 2
Ta cé x:\/gsint(—gStsgj:costlel—sinz :4/3 3x
Vay I:If(x)dxzj ! av=LarctanZsc.
4+ x* 2 2
< Vidy 1.2.3
. A 1a , \ ~ 2—x
Tim ho nguyén ham ctia ham s6 f (x)= .
2+x
X x\4—x°
A. —2arccos—+C B. 2arccos——+C.
2 2
X 2 x\/§ 2
C. —2arccosz+\/4—x +C. D. —2arccosT+\/4+x +C
N Loi gidi

Chon C
Xét ho nguyén ham I:J.f(x)dx=J.1/§;i dx.

Dat x:2cos2t(OStS%J thi dx =—4sin2tdt va sint >0;cost >0.

2
Ngoai ra, sin2t=+/1-cos’ 2t :1/1 SNE N ey

42

— 1 2
Nhu vay 1=j1/w-(—4)sin2tdt:—4j‘ s1n2t -sin2tdt:—8_[sin2tdt
2+2cos2t cos” t

:>I:J(l—cosZt)dt:—4t+25in2t+C=—2arccos§+4/4_xz X

& Bién soan: Gv 20/ )t <Taon - 093.337.6281 Trang 8



Ting FHap Ly Tyt

Ndam hoc: 2023-2024

1.2.2. Déi bién loai 2

O Dau hiéu dé€ ta dung phuong phap “Ddi bién loai 02”: j f (t(x

Déu hiéu Cich dit

))-t'(x)dx

—
o)
~
/—\
v

dx

Biéu thitc can dit + 1a mau thie t(x)

Biéu thitc can ddt + la phan s mii cta e

Biéu thirc can dat ¢ la biéu thiec chira trong dau ngoac

Dat can thirc c6 trong ddu tich phan

X

Khi d6 ta c6 cac budc gidi nhu sau:

N~ odx
bat biéu thirc chira Inx néu c6 — kem theo

N Buoc1: bat t = t(x). (hodc dat t = a~t(x)+b tuy vao bai cu thé).
N Buéc 2: Lay vi phan cua t theo x , cu thé dt = t'(x) dx.
ANBuwéc3:  Thayca t=t(x) 1an dt=#(x)dx vao If(t(x))-t'(x)dx.
N Buéc 4: Giai nguyén ham mai I f (t)dt, duoc két qua F (t) theo ¢ , sau do thay
bién vao két qua dé€ tim dwgc nguyén ham theo bién x.
< Vidy 1.2.4
sinx
Tim ho nguyén ham cua ham s6 —_—
sy f( ) 1+3cosx

A. —%In‘1+ 3cosx‘+C

C. —1+1n\3cosx\+c.
3

N Loi gidi
Chon A
Xét ho nguyén ham I = If(x)dx = I%dx.
+3cosx

bat t =1+3cosx thi dt=—351nxdx:>—%dt=sinxdx.

B. 1——ln‘1+3cosx‘ +C.
3

D. 3ln‘1—3cosx‘+C

Nhu vay I——§ %=—lln‘t‘+C=—lln‘1+3cosx‘+C.
Ta co J.& :——'[ —3sinx :——Iiosx)z—lln‘l+3cosx‘+c
1+3cosx 1+3cosx 1+3cosx S

& Bién soan: Gv 20/ )t <Taon - 093.337.6281
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy 1.2.5

Tim ho nguyén ham ctia ham s6 f (x)z .
1+e*
A.x+ex1n(l+ex)+C B.x—ln(1+ex)+C.
C. e"—ln(1+e")+C. D. x+ln(1+e ]+C
1-¢*
N Loi gidi
Chon B
1 e’ e’
Taco I= x)dx = dx=||1- dx=x- dx
If( ) J‘1+e" J-( l+exJ J.1+e"
Xét_[ ¢ _dx. bat t=1+¢" thi dt =e¢'dx.
1+e*
Twr do I ¢ dx=Iﬁ=ln‘t‘+C=ln‘1+ex +C=1n(1+e")+C.
1+e" t
1
Vay ho nguyén ham ciia ham sé f(x)= la x)dx =x—In(1+e* |+C
iy ho nguy fx)= = 1a [ £() (1+e)
< Viduy 1.2.6
tanx
Tim ho nguyén ham ctia ham s6 f (x): ¢ —
Ccos“x
A. x+e'e™ +C B. x—e"+C. C.e"™+C. D.e"™+C
N Loi gidi
Chon D
tanx
Xét ho nguyén ham I :J >—dx.
cos” x
o 7 dx \ 4 t t tanx
Dat t=tanx taco dt= > . T do I:Iedt:e +C=e"""+C.
cos” x
< Vidy1.2.7
Tim ho nguyén ham cua ham s6 f (x) = x(x +1)2018 :
2020 2019 2019 2019
x+1 +1 +1 +1
(0 (o)™ ()™ ()
2020 2019 2018 2020
2020 2020 2020 2019
x-1 x+1 2x+1 2x+1
(- (™ (@)™ (2
2020 2020 2020 2019

N Loi gidi
Chon A
Xét ho nguyén ham I = Ix (x +1)2018 dx.

2020 2019
t t

= — +C
2020 2019

Dit t=x+1 thi dt =dx. Khidé [ = j(t ~1)#"°dt = j(t2019 —t2°18)dt

A ) (x +1)2020 (x+1)2019
vay [f(x)dx= 2020 2019

& Bién soan: Gv 2 )bt (T~ 093.337.6281 Trang 10



Ting FHap Ly Tyt

Ndam hoc: 2023-2024

R Dang 1.3. Nguyén haim tung phan
O Ké bang c6 dang:
BPao ham Nguyén ham
u dv
\

! i
udy -——— v

Tich phan c6 dang judv, voi u va v la 2 trong 4 loai log — da — luong - mi.

Tinh T= I udo bang cach ké bang:
Pao ham MNguyén ham
u dv
\
u'dy --—— v

N Buéc 1: Chon u dat vao co6t “Pao ham”.

N Buéc 2: Chon dv dédt vao cot “Nguyén ham”.
N Buéc3: Tinh theo tinh chat ting cot.

AN Buéc4: Tacokétqua I=[udv=uv-[odu.

R Quy tdc:

e Trong d6 ta chon u theo qui tac: Nhat - log; Nhi — da; Tam — mii; Tt - luong,

e Con dv la phan con lai trong dau I .

e DAu & cdc mui tén: miii tén diu tién ludn ludn la dau + va dan xen didu cho nhau.

< Vidy 1.2
Tim ho nguyén ham cta ham s§ f(x)=(2x—1)e™
2x—1)e" x 2x—1)e" x
A.( ) +2€ +C B.( ) % +C.
3 9 9 9
2x-1 eSx 3x 3x 3x
C. ( ) e +C. D. oxe” _2xe +C
3 9 3 9
N Loi gidi
du =2dx 3x
u=2x-1 (2x—1)e 2%
bat: ,tacod . Do d¢: x)dx = - +C.
. {d e [ Flax= BT 20
& Vidy1.2.2
Tim ho nguyén ham cia ham s6 f (x) =Ilnx
A. 2xInx—2x+C B. X’Inx-x+C.
C. glnx—x+C. D. xInx—x+C

N Loi gidi

& Bién soan: Gv 2/ J et Taon - 093.337.6281
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Ting Fep Ly Thugét Ném hoc: 2023-2024

1
=]_ = —
Dat: {ZU :Iz;;, ta co :Lixxdx. Vay: .ff(x)dx:xlnx—J.dx:xlnx—x+C.

& Vidy 1.2.3
Tinh [ :.[ (x —1) sin 2xdx. Ta thu dwoc két qua la:

A. —l(x—l)C052x+£sin2x+C B. (x—l) cos2x+sin2x+C.
2 4

C. —gc052x+§ sin2x+C. D. xcos2x+xsin2x+C

N Loi gidi
Chon A

oo |lu=x-1
bat —
{dv =sin 2xdx V= 5 COSX

du=dx

I:I(x—l) sin2xdx:—%(x—1) cost+%Icostdx:—%(x—1) c052x+% sin2x+C.
< Vidy 1.2.4

x
Cho F (x) = —3—13 la mot nguyén ham cta M .Tim nguyén ham ctia ham s&
x x
f'(x)lnx.
3
A.ln_3x+x +C B. ln_3x 1+C.
x*  Inx x° X
C. ln3x+i+c' D. 1n_3x iS+C
x°  Inx x 3x
N Loi gidi
Chon D

Tit gia thiét, ta c6 M:(P(x))' =(—3i3j -1 Suyra f(x)==
X X

u=Inx duzldx

Dé tinh lnxdx dung tich phan tiing phan véi { , .
If dv=f(x)dx vzf(x)

:>jf’(x)lnxdx:f(x).lnx—jf(x) -

= —_[——dx——l X - I dx lnx_(_i]+czlnx+i+c

x? 33 e 3>

& Bién soan: Gv 2/ J et Taon - 093.337.6281 Trang 12



Ting Fep Ly Thugét Ném hoc: 2023-2024
R Dang 1.4. Nguyén ham ham sé hiw ti

P(x)

Q(x)

Xét f(x) 1a ham hiru ti c6 dang f(x)=

1.4.1. Bac t&t > Bac mau
—— Chia da thttc dwoc: M la thuong, N la du.

Khi do: If(x)dx:I#dx:j[M+%]dx.

Q(x)
< Vidy 1.4.1
Tim ho nguyén ham ctia ham s6 f (x) = x_;ll
x
A. x-3In|x|+C B. x—In|2x+1]+C.
C. x—21n‘x+l‘+C. D. 2x—ln‘x+1‘+C
N Loi gidi

Cx-1 x+1-1-1 x+1 2 1 2

Taco f(x) x+1 x+1 x4l x+l x4l
J‘x—_ldx:’f[l—inxzjldx—Jidx:x—Zln‘x+1‘+C.
x+1 x+1 x+1
< Vidy 1.4.2
Tim ho nguyén ham ctia ham s6 f (x): 24 _5.
' x+1
A. x*=2x-3In|x+1+C B. x* -3 In|x+1+C.
C. 2—x2—ln(x+1)+C. D. 2x2+ln(l+x)+C
N Loi gidi
Chon A
, 2x* -5 3
Ta co f(x): i1 :2x—2—m.
szz_de=J(Zx—Z—ijdx=IZxdx—I2dx—Iidx=x2—2x—3ln‘x+1‘+C.
x+1 x+1 x+1
< Vidy 1.4.3
Két qua cta _[ X’ +1dx, ta thu duoc la:
X
A. 2x+l B. 2+L+C.
X x+1
2
C. x+21n‘x‘+C. D. %+In‘x‘+c
N Loi gidi

Ta co: Jx2+1dx=I x—2+E dxz_[ x+1 dx:x—2+1n|x|+C.
X X X X 2

& Bién soan: Gv 2/ J et Taon - 093.337.6281 Trang 13



Ting FHep Ly Tyt Niim hoc: 2023-2024
1.4.1. Bic tit < Bic mau

Ta c6 cac treong hop sau:

N Loai 2.1. f(x)z P(x) trong do {P(x):7 (const) thi: IMdJFI i dleln‘ux+b‘+c
a

Q(X) Q(x):ax+b Q(x) ax+b
“ Vidy 1.4.4
Tim ho nguyén ham ctia ham s6 f (x):5 L 5
x—
A [ Linpr-g+c B. [ _insx—2+C.
5x-2 5 Sx—2
[ - Linpx-gc. D. [-_ _sin[sx—2]+C
S5x -2 2 5x -2
N Loi gidi
Chon A
Apdungcéngtht’rcj dx =11n‘ax+b‘+c(a¢0) tadu’orcj. dx =lln‘5x—2‘+c.
) ax+b a © Jb5x-2 5
“ Vidy 1.4.5
Tim ho nguyén ham ctia ham s6 f (x)= e2
e—2x
A. —%1n‘e—2x‘+c B. 1n‘e—2x‘+C.
C. eln‘e—Zx‘+C. D. 2eln‘e—2x‘+C
N Loi gidi
Chon A
J. = dx=e_|. 1 dx=—gln‘e—2x‘+C.
e—2x e—2x 2
“ Vidy 1.4.6
Tim nguyén ham ctia ham s6 f(x):l 12 trén (—oo;%j.
—2x
A. %1n‘2x—1‘+C B. %1n(1—2x)+C.
C. —%m\zx—qw. D. In|2x-1+C
N Loi gidi
Chon C

, 1 1
Ta CcO J‘f(X)dx=J‘de=—§ln|2x—l|+C.
~ 1 N
Ta thay 2x-1< OVxe[—oo;E] nén ‘Zx—]_‘:—(Zx—l):l—Zx

Vay jf(x)dx=—%1n|2x—q+c=—%1n(1—2x)+c

& Bién soan: Gv 2/ J et Taon - 093.337.6281 Trang 14



Ting FHap Ly Tyt

Ndam hoc: 2023-2024

P(x) :
Q(x) trong do {

SR O(x) c6 A>0
Nhan dang:

N Loai 2.2. f(x) =

P(x) =7 (const)
Q(x) =ax’ +bx+c

c6 cac trueong hop sau:

@ T 1a hang s6.

@ Mau c6 hai nghiém phan biét.

v _ v _
_>qu2 +bx+cdx -[a(x—xl)(x—xz)dx

& Vidy 1.4.7

Tinh Im

A. 1ln‘x2 —8x+12‘+C
2

dx

C. 1n‘x—6‘—1n‘x—2‘+C .

v 1 1 ..
a(xz—xl)j(x—xz x_dex VOl x, > X,

B. 2 (In|(x-6) (x-2)])+C.

D. 7 (Infx~6|-Infx-2))+C

N Loi gidi
Chon D
, 1 1 1 B 1 _E Al B
TacoI(x—z)(x—G)dx_6—2-[(x—6 x_zjdx—ﬂr(ln‘x 6‘ ln‘x 2‘)+C
< Vidy 1.4.8
. A 1 , 1
Tim nguyén ham cua f(x) = 7 ario
A. %ln‘x2—3x+2‘+C B. %1n(1n‘x—2‘—1n‘x—1‘)+C.
C. ln‘x—Z‘—ln‘x—l‘JrC. D. ln‘x2—3x+2‘+C
N Loi gidi
Chon C
, 1 1 1
Ta cé If(x)dx=jx2_3x+2dxzj.[x_z—:dezln‘x—Z‘—ln‘x—lhc

« Vidy 1.4.9

A. %(ln‘x—%‘—ln‘x+3‘)+C

C. ln‘Zx—].‘ —ln‘x+3‘ +C.

Biét F(x) la nguyén ham cia ham s6 f(x)=

mON2 el
2x* +5x-3

3
B. Eln(ln‘x—Z‘—ln‘x—l‘)+C.

. Tim F(x)

D. 21n‘x2+5x—3‘+C

N Loi gidi
Chon A
2 1
Ta ¢ Jf(x)dx:'[Zx2+5x 3dx:2'[2(x_ 2)(x+3)dx
_ dx = AV (AR
I(x_%)(“?’) ' —3I{x% xe3 )" 7(“ 2‘ i ‘j+

& Bién soan: Gv 2/ J et Taon - 093.337.6281
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Ting Fep Ly Thugét Ném hoc: 2023-2024

C AL v _ v 9
—W Q(x) 6 A_O—>J.ux2+bx+cdx_'[u(x_xo)2 dx= a(x_xo)+c.

Nhan dang: @ Tw la héng sO.

@ Mau c6 nghiém kép.
< Vidy 1.4.10
, 1

Tim nguyén ham cta ham sé f(x)= .
gy f( ) X2 +2x+1

A.L+C B.E—L+C. C. - ! >+C. D. —L+C

x+1 2 x+1 (x+1) x+1

N Loi gidi

Thdy rang x* +2x+1= (x+l)2

Nénj.f(x)dx:j L dx:j 1 dx:—iJrC

x®+2x+1 (x+1)2 x+1
< Vidy 1.4.11
4 1
Ho nguyén ham ctia ham soO f(x)=——— la:
e f( ) Ox?—12x+4
A.L+C B.1 L +C. C.- L 2+C D —L+C
x+1 3\ 3x-2 (x+1) x+1

-----

Thay rang 9x* —12x+4 = (3x— 2)2

. 1 1 1 1
Nén If(x)dx—_[( —9x2—12x+4de I(Sx— > dx 3(3x_2]+C
CA gl _ 1 4 hoa.
w Q(x) cb <O_)~[—ax2+bx+cdx ﬂ'[—(x—xo)erkz dx— Luong giac hda

< Vidy 1.4.12
A1y 1 ~ 1 .
Ho nguyén ham ctia ham s6 f(x) = 7 la:
A. arctan(x-1)+C  B. arctan(x)+C. C. hrl‘x2 —2‘+C. D. 2tan(x-1)+C
N Loi gidi

Thdy ring x*—2x+2 c6 A=(-2) ~4.12=-4<0

Nén [ f(x)dx=] L dx='[;dx=.|. L dx

x?—2x+2 X —2x+1+1

Dit x—1=tant=dy=—", dt = dx =(1+tan’ t)dt

cos’t
1
dx =
—)I(x—1)2+1 *=

1+tan?t)dt = [1dt =t +C =arctan(x-1)+C
(tant)2+1

& Bién soan: Gv 2/ J et Taon - 093.337.6281 Trang 16



Ting Fep Ly Thugét Ném hoc: 2023-2024

P(x):mx+n

c6 cac trueong hop sau:

p
N Loai 2.3. f(x) = (x) trong do
Q(x)
SPERN O(x) c6 A>0.
Nhan dang: ® BAc tir < BAc mau.
@ Mgu o hai nghiém phan biét.

Q(x):ax2 +bx+c

mx+n x x)+D x-x,
O Cach1: I= jax +bx+cd I (x x)(x " _I(x " _xljdx
O Cach 2:
mx+n mx+n
XetI= '[ax +bx+cd '[ )dx
1
Khi do6 ta co: I = -[axmfl:xn+cd I mx+n )dx:;<X~ln‘x—xl‘+l/-ln‘x—x2‘)+C.

«——hesotruocx {Xz?

=
-x,| |—x «——hesotudo Y ="
| [

Dén day ta chi can tim X &Y bang cach giai hé: {

2

& Luu 1j: (1) Cach 18y cac “hé s6” bo vao hé ta 1dy theo thit tw tit PHAI qua TRAL
(2) Véi tir 1a hang s6, ta van c6 thé &p dung duoc cach nay.
(Ap dung dwoc cho 2.2.1)
Vidy: 1= I—l dx taxemhésé m=0& n=1.
ax” +bx+c
(3) Khuyét vi tri nao thi xem hé sd d6 =0.
Vidu: = J.—dx khuyét "mx" nénhé s m=0.
ax® +bx+c
(4) Cht y hé s8 4, bai don gian thuong thay a=1, bai it thdy a=1.
& Vidy 1.4.13
4x+11

Ho nguyén ham ctia ham s6 f (x):ﬁ. la:
X +oX+
A. 3(In|x +2+In|x+3))+C B. In|x+2+In|x+3+C.
C. 3(In|x+2|-In|x+3])+C. D. In|x+2|-In|x+3+C
N Loi gidi
Chon A
Ta c6 4x+11:A(x+3)+B(x+2):(A+B)x+(3A+2B)@{A+B:4 @{A=3
34+2B=11" |B=1

Do dé 4x+11 _ 3 N 3

xX*+5x+6 x+2 x+3
Vay Iﬂdx:'[[ 3 +ijdx:3(ln|x+2|+ln|x+3|)+C

x*+5x+6 x+2 x+3
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Ting Fep Ly Thugét Ném hoc: 2023-2024

< Vidy 1.4.14

Tinh j—dx=a1n *=bl L € v6i a;peN. Tinh S=a+b.
x°—=3x+2 x-1
A.S5=3 B. S=-1 C.S5=0 D. S=3
N Loi gidi
Chon A
Ta co Iﬁdx:Imdx:X-ln‘x—l‘+Y-ln‘x—2‘+C

Khi d6 ta im X &Y bang cach giai hé: {

I I @ «——hesocuax {Xz—l
..I «——hesotudo Y=1

:If(x)dxzjﬁdx——l ln‘x 1‘+1 ln‘x 2‘+C In _i +C—){ZZ;

X
& Vidy 1.4.15

Biét rang J—lzdxza[b-ln|x+2|—c-ln x—%
2x° +x

]+C vOi a;b;c 1la cdc sO htru ti va la

phén s6 tdi gian. Khi d6 a+b+c:

A-S=i B,S:Q C.S:§ D.S:—g
10 10 2 5
N Loi gidi
Chon B
Ta cod sz;ldx=j x-1 dxzij—x_l dx
2x°+x-2 1 2 1
2l x—= (x+2) xX—— (x+2)
2 2
, x-1 1
Xetf dx:X-lnx—E +Y-1n‘x+2‘+C

[x—;j(ﬂz)

Khi d6 ta tim X &Y bang céch giai hé:

f—

1
== -6
5 «——hesotudo Y—A

:>J.x—_1dx=—1~ln x—1 +§~ln‘x+2‘+C
[ 1j 5 2| 5
x— |(x+2)
2
i
a==
2
Vay lex;ldaml —l-hnx—1 +—= ln‘x+2‘ +C—> b:§—>S=Q.
2x° +x—2 2\ 5 2 5 10
%
c==
5
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Ting Fep Ly Thugét Ném hoc: 2023-2024

LA mx+n [ mx+n ¢, |[E=Xx—Xx, > x=t+Xx,
—W Q(x) co A=0 _>Iax2+bx+cdx_ja(x_xo)2 dx— Dat {dt:dx .

Nhan dang: ® Bac t&r < Bac mau.
@ Mau c6 nghiém kép.

« Vidy 1.4.16
Tmhj 1 4 ta duoc két qua nao dudi day:
x?—4x+4
A. ln‘x—Z‘—%+C B. In|x+2|-x+C
C. Infx—2/-2x+C D. Injx—1+—1+C
x-1
N Loi gidi
Chon A
x. 2 S A x—1 o ox-1 o du=dx
Thay x —4x+4_(x 2) ,nenjx2_4x+4dx—j(x_2)2dx,datu—x Zj{x:u+2
x-1 (u+2)-1 u+l 1
:j(x_z)zdx=j r—du=[=du= j[u+¥jdu ln|u|——+C
x-1
:Ix2—4x+4
« Vidy 1.4.17
Tmh_[ —1 dx ta dugc két qua nao dudi day:
x?—4x+4
A. 4ln‘x—2‘—i+c B. 4ln‘x—2‘— 3 +x+C
x—2 xX—
C. 4ln|x—2[+C D. In|x—4[+x+C
N Loi gidi
Chon B
?—4x+4)+(4x-5
szz —1 dx = I(x i+ )+(x )dx Ildx+j x> dx
dx +4 x°—4x+4 } x+4
]
Xét j1dx=x+c
Xt_[ 4x -5
x? —4x+4
du=dx
Thay x*—4x+4= (x 2 nenj. .[ dx dat u=x- 2:>{
4x+4 2 X=u+2
N 4x—52d :I4(“+22) —I4u+3 [ﬂ %jdu:4ln‘u‘—§+C.
(x—2) () i ¢
=] L o p4j=4lnfee 2~ +x+C

—4x+4
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Ting Fep Ly Thugét Ném hoc: 2023-2024
—W Q(x) c6 A<0

!
o (ax2+bx+c) +e (ax +bx+c)
AN Gl = do+[— 5.
ax® +bx+c ax“ +bx+c °ax’+bx+c ax” +bx+c
H K

!

)\(axz +bx+c)

Tinh H=J‘ - dx »bat t=ax2+bx+c:>dt=(ax2+bx+c)’dx.
ax“ +bx+c
Tinh K= _[ —dx — Luong giac hoa.
ax® +bx+c
< Vidy 1.4.18
25x -7 IR e A
Tinh | = I—dx ta duoc két qua nao dudi day:
X +2x+7
A. 2—In(x +2x+7)—£arctan( +1J+C
2 %
B 1ln(x2+2x+7)—iarctan(ij+C
2 % 6
2
C.In X2t —arctan x+l +C
2 2
D. ln(x2 +2x+7)—arctan(x—+lJ+C
X
N Loi gidi
8
Chon A
25 2x+2)-32
25x 7 7( x+2)- 25 - (2x+2)dx dx
Pat J= [ ——dr=[-4 dr="" [ —C—dx-32[ ——
X +2x+7 X +2x+7 27 x +2x+7 X +2x+7
I I,
, (2x+2)dx )

Xeét Ilz_[z—dx, dat t=x +2x+7:>dt:(2x+2)dx

X" +2x+7
—>Il=J.£:In‘t‘+C=ln‘x2+2x+7‘+C:1n(x2+2x+7)+C (do x*+2x+7>0 VxeR)
t

dx dx

> = —, dat u=x+1=du=dx
x“+2x+7 (x+1) +6

Xét I, =

-1, = juz—l-i-Gdu = %arctan(%}t(f = %arctan(%j+C

25x -7 25 32 x+1
Vay] Imdx=7ln(x +2x+7) \/garctan(ﬁJ+C
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Ting Fep Ly Thugét Ném hoc: 2023-2024

> Téng két phuong phdp tinh nguyén ham ham sé hiu ti

Xét f(x) 1a ham hiru ti c6 dang f(x)= M

B~ Trwong hop 1: Bc t&¢ > Bic mau
—> Chia da thuac duoc M la thuong, N la duw.

Khi d6: [ f(x)dx= j ;dx I(M+Q(x)]dx.

B~ Trwong hop 2: Bac t&¢ < BAc mau

Ta co cac loai sau:
P(x
Q(x
(x
Q(

x) ax®+bx +c

K (const) thi: J.P(x) dx = _[ T dx= 71n‘ax+b‘+C
ax Q(x) ax+b

NLoai 2.1, f(x)= 28 trong do{ ))
(%) )

(const)

N Loai 2.2. f( )

o cac truong hop sau:

{
( )

m Q(x) c6 A>0

Nhan dang: @ Twla h?ang sO.
@ Mau c6 hai nghiém phan biét.

S v __ " 1 1 .
N Fe e R | Jo v

_ v S |
ar) s O%I“x +bx“dx_J‘a(x—xo)2 - ”(X_XO)JFC‘

Nhan dang: ® T la héng sO.
@ Mau c6 nghiém kép.

W Q(x) co A<0—>Im 7.[ dx—>Luzong giac hoa.

Nhan dang: O T la hang sO.
@ Mau v6 nghiém.

dx=

P(x):mx+n
Q(x)=ax2 +bhx+c

0 cac treong hop sau:

N Loai 2.3. f(x) = g(i) trong do {

SPERN O(x) c6 A>0.

Nhdin dang: ® Bac tit < BAc mau.
@ Mau o hai nghiem phan biét.
mx+n x x)+D xX-x,

0 cien 1= J - axe ] a(-x)(x-x,) _I[x . TCJ :
O Cach X1 =[ e[ M

ax? +bx+c )

mx+n mx+n 1
Khi d6 ta co: I= Iax +bx+cd I ) ;(X-ln‘x—xl‘+Y-ln‘x—x2‘)+C.

&
N
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Ting Fep Ly Thugét Niim hoc: 2023-2024
«——hesotruocx {X:?

&
«——hesotudo Y="?

Dén day ta chi can tim X &Y bang cach giai hé:

—X —X

2

-

&5 Luu 4f: (1) Cach 18y cic “hé s6” bo vao hé ta 14y theo thit tu tir PHAI qua TRAI
(2) Véi tir 1a hang s6, ta van c6 thé 4p dung duoc cach nay.
(Ap dung duwoc cho 2.2.1)
Vidu: 1= J‘;dx taxemhéso m=0& n=1.
ax” +bx+c
(3) Khuy#ét vi tri nao thi xem hé s6 d6 =0.
Vidy: 1= j—dx Khuyét "mx" nén hé s6 m=0.
ax”+bx+c
(4) Chti y hé s8 4, bai don gian thuong thay a=1, bai it thdy a=1.
X=X, >x=t+x
co A=0— dx— Dat 0
o) I e

mx+n mx+n
d:j :

ax® +bx+c a(x—x,)

Nhan dang: ® Bac tir < BAc mau.
@ Mau c6 nghiém kép.

SRR O(x) co6 A<O
Nhan dang: ® Béc tir < BAc mau.
@ Mau c6 nghiém kép.

—)_[ mx+n J.A(ax2+bx+c)'+5 e I (ax +bx+c)

dx+f—dx.
ax +bx+c ax +bx+c

H K

ax® +bx+c ax® +bx+c

’

)\(axz +bx+c)

Tinh H:J‘ dx—)Détt:ax2+bx+c:>dt=(ax2+bx+c)’dx.

ax2+bx+c

Tinh K= J dx — Lurong giac hoa.

ax’ + bx +c
> Chu y: Mot vai cach tach phan thic can nho:
1 A B
@ +

(x—xl)(x—xz)_x_xl x—x,
1 _ A Bx+C e
‘ (x_m)(ax2+bx+c)_x_m+ﬂx2+bx+c Vol A=b"—4ac<0
3 A, B C .
(x—a)z(x_b)z xX—a (x—a)2 b (x—b)z
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Ting FHap Ly Tyt

Ndam hoc: 2023-2024

R~ Dang 1.5. Nguyén ham ham sé vé ti

Xét f(x)laham vé ti c6 dang f(x)=P(x)-\JQ(x) - [ f(x)dx = P(x)-JQ(x)dx.

Théng thuwong ¢ dang ham vo ti ta sé dung phwong phdp doi bién.
Va ta nham dwoc (Q(x))’ = P(x). Khi do:

NBuéc1: Dt ¢ = Q(x).

N Buéc2: Tinh vi phan dt:

Nhung dé vi phan thuén tién, ta binh phuong hai vé £ =Q(x).

—>2t-dt:Q’(x)-dx:Zt-dt:P(x)-dx
P(x)
N Buéce3: Khidé [ f(x)dr=[t-2tdt=[21dt=..
= Vi dy 1.5.1

Tim ho nguyén ham cua ham s6 f(x) = x{1-x°
2(1—x2)2 V1-x? 2(l—x2)2
A. - +C B. ———+C.
5 5
1-x2) 41— -
C.( “) T p. 1=x" ¢
5 5
N Loi gidi
Chon A

Dt t=v1-x* =t =1-x* = 43%dt = —2xdx < 23dt = —xdx.
2(1-x2) 4o

5

5
Khi d6 [xdfl-x*dx=-[t.2r'dt = —%+c __

< Vidy 15.2
Tim ho nguyén ham ctia ham s6 f (x) =sin® xy/1+ cos x

+C

2 5 7

-----

Chon B
Dit u=+/1+cosx < u® =1+ cosx = 2udu =—sinxdx.

Khi dé j sin?x.sin x/1+ cos xdx = j(l— cos? x). sin x+/1+ cos xdx
| [1—(u2 —1)1u.2udu

5

A 2[\/1+ cosx 2\/1+cosx5]_|_C B 2{x/1+cosx7 3 2\/1+cosx5

C. 2(\/1+ c:osx7 —2\/1+ cosx5j+C. D. \ll—cosx5 +2\/1—cosx2 +C

+C.

:I(u4—2u2)2u2du:2j(u6—2u4)du:2[7—? -

5

7 5 7/ 5
u' 2u j+cz[\/1+cosx _2\/1+cosx L C
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Ting Fep Ly Thugét Niim hoc: 2023-2024
R Dang 1.6. Nguyén ham ham sé lugng gidc

@ sin® a+cos’a =1

T
, a#—+km

@ 1+tan’a = -

COS «
01 Coéng thiic co ban 1
® 1+cot?’ a=———

sin’ «v

, aZkm

k
@tanacota 1, aoz=— il

@ sin(a + b) =sinacosb *sinbcosa

02 C6ng thife céng @ cos(aib):cosacosb$sinasinb
+
© tan(aib)z tanattanb
lFtanatanb

(D sin2« = 2sinacos o

2 cos2a = cos’a—sin’® a =2cos’a—1=1-2sin’ a

‘ ' 3 Cong thitc nhan doi . a0 k™
® tan2a = ————, 4 2

1-tan‘ « T
a¢§+k7r

. 2 1-cos2«
@ sinfa="—""7""

2
A . n 9 1+ cos2a
04 Cong thitc ha bac @ cos’a = —Y
@ tan’a = ﬂ otk
1+ cos2a’

@ cosacosb = 1 [cos

05 Cong thiic tich thanh tong

. 1
(3 sinacosb = E[sm ( )]
1
@ Cosasmb—z[sm a+b sm(a—b)]
< Vidy 1.6.1
Tim nguyén ham Isin 3xcos Sxdx
A. —%c058x+%c052x+c B. 2cos8x—2cos2x+C.
C. 2cos8x+2cos2x+C. D. —%colex+C
N Loi gidi

J.siancosSxdx = 1_[(sin8x—sin Zx)dx = —ic038x+lcos 2x+C .
2 16 4
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& Vidy 1.6.2

1
Tim nguyén ham dx
guy '[ 4cos’x —4cos®x +1
A. sin®x—2sin*x+C B. cotx +C.
C. cos’x+2cos’x+C. D. taI;Zx +C
N Loi gidi
I Z L 5 dx:J.—dxzj- 12 dx:tan2x+C.
4cos’x —Acosx +1 (2coszx—1) cos®2x 2
< Vidy 1.6.3
4 _2
Tim nguyén ham cua ham s6 f (x) ==
1+ cosx
A. sinx—3tanx+C B. x*—3tanx+C.
C. x—3tan£+C. D. E—ta113—x+C
2 2 2
N Loi gidi

-2
Tacé:j%dxzj(l— 3 jdx:j 1- 3 dx:x—3tan§+C.

1+ cosx 1+cosx 2cos? x
2
< Vidy 1.6.4
Tinh nguyén ham jcotz xdx.
A. 2cotx+C B. —cotx—x+C.
C. x—cotx+C. D. g—coterC
N Loi gidi

Ta co: J‘cot2 xdx = J‘(cot2 x+1—1)dx = J.(co’c2 x+1)dx—j1dx =—cotx—x+C
< Vidy 1.6.5

2

Biét F(x) la mot nguyén ham cua f(x) =2x—3cosx va F(%j = % . Tinh F(x).

A. m+3 B. —n2. C. 2. D. «°

N Loi gidi
Chon A
Ta cé F(x) =I(2x—3cosx)dx =x*-3sinx+C

2 2 2
T T

Theo gia thidt tacé F| = |=— < —3+C="-<=C=3 .
2) 4 7 4 4

Vay F(x):x2—351nx+3:>F(7r):7r2+3 .
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Ting Fep Ly Thugét Niim hoc: 2023-2024
R Dang 1.7. Nguyén héim cé diéu kién
Bai todn 01:

Goi F(x) la mot nguyén ham ctia ham s f(x)=.... Tinh F(x) biét F(a)=b.

N Bu6c1: Dung cc phrwong phép tinh nguyén ham dé tim dwoc F (xC).
NBuéc2: X ly F(a) =b bang cach thay vao F(x;C) . Ta duwoc F(a;C) —b=>C=?
N Buéc3: Khidé ta duoc F (x) €6 cy thé hang s C.

= Vidy1.7.1

Tim nguyén ham F(x) cua ham so f(x) =sinx +cosx thoa man F(%j =2.

A. F(x):—cosx+sinx+3 B. F(x):—cosx+sinx—1.
C. F(x):—cosx+sinx+1. D. F(x):cosx—sinx+3
N Loi gidi
Chon C

Co F(x):If(x)dx:I(sinx+cosx)dx:—cosx+sinx+C

Do F[gj:—cosg+sing+c:2©1+C:2<:>C:1:>F(x)=—cosx+sinx+1.

“ Vidy17.2
A A Tn . A 3
Cho F(x) la mot nguyén ham caa f(x)=e +2x thoa man F(O):E . Tim F(x)
A. F(x):ex+x2+% B. P(x):ex+x2+g.
C. P(x):ex+x2+g. D. F(x):26x+x2—%
N Loi gidi
Chon A
Tacé F(x)= j(e" + 2x)dx =e*+x°+C
Theo bai ra ta c6: F(o)=1+C=§:>C=3:>F(x)=ex+x2+1.
2 2 2
< Vidu1.7.3
Goi F(x) la mét nguyén ham caa ham s6 f(x)=xe™. Tinh F(x) biét F(0)=1.
A. F(x)=—(x+1)e"‘ +2 B. F(x) =(x+1)e‘x +1%
C. F(x):(x+1)e_x +2. D. F(x)=—(x+1)e"‘ +1
N Loi gidi
Chon A
y {u:x {du:dx
bat = .
dvo=e’dx |v=—e"

Do do 'fxe*"dx =—xe " +J‘e*"dx =—xe " —e*+C= F(x; C).
F(O):l<:>—e_° +C=1C=2.Vay F(x)=—(x+1)e"‘ + 24
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Ting FHap Ly Tyt

Ndam hoc: 2023-2024
Bai todn 02:

Goi F(x) la mot nguyén ham ctia ham s6 f(x)=.... Tinh F(c) biét F(a)=b.
A Bu6c1: Ding cac phuong phap tinh nguyén ham d& im dwoc F(x;C).
NBuéc2: X ly F(a) =b bang cach thay vao P(x;C) . Ta duwoc F(a;C) —b=C=?
N Buéc3: Khi dé ta duoc F(x) c6 cu thé hang s6 C va tinh F(c).
Bén canh do, ta c6 thé dung cach “Tich phin” d€ xtt 1y bai toan:

Goi F(x) la mot nguyén ham ctia ham s6 f(x)=.... Tinh F(c) biét F(a)=b.

Ta c6: F(x)= [ f(x)dx
Xét a<c, khi d6: [ f(x)dx=F(x)|; =F(c)-F(a) & F(c) = | £ (x)dx+ F(a)
* Vidy 1.7.4 “ ”
Biét F(x) 1a mot nguyén ham ctia f(x)=e¢* va F(0)=0. Gid trj cua F(In3) bing

A. F(In3)=2 B. [(In3)=6. C.F(In3)=8. D.F(In3)=4

-----

Chon D
F(x)zj'ezxdx:%ezx+C,-F(o)zojcz_%:F(x)_lezx_1

Khi d6 F(1n3)=1e2‘“3 -
2 2
= Vidy17.5

Biét F(x) la mot nguyén ham ctia ham f(x) =cos3x va F(% = % . Tinh F(zj :

e pY2 oz ke
N Loi gidi
Chon C
fcos’sxdx=F(%)—F(%)<:>F(%)=fc053xdx+13(%)= _\/§6—Z+§‘
% %
Hét
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TICH PHAN

A.LY THUYET CHUNG.
1. Binh nghia:

R~ Cho ham s6 f (x) xac dinh va lién tuc trén doan [a ;b] va F (x) 1a mot nguyén
ham ctia f(x) trén doan [a;b].
Khi d6 hi¢u s6 F(b)—F(a ) duoc goi la tich phan tir 2 —b.

b
d F =F(b)-F|(a).
[ (0)ax= () = 1))
2. Y nghia hinh hoc:
b
R~ Néu ham s f(x) lién tuc va khong dm trén doan [ a;b | thi tich phan I f(x)dx
la dién tich S ctia hinh thang cong gidi han boi d6 thi ham s8 y = f(x), truc Ox

va hai duong thang x=a;x=b.

b
Vay dién tich hinh thang cong: S= I f(x)dx

3. Tinh chét.
1 j f(x)dx=0 (Tich phan c6 hai cAn gidng nhau thi bing 0).
2 | [(x)dx=—[ f(x)dx (Tich phan dao can > thém déu trir),
3 ia.f(x)dxwif(x)dx véi aeR.
4 i[ F(x) £ g (x)]dx= | f(x)dxii[g(x)dx.

5 Trong doan [a;b ], ton tai ce[a;b ]| thi _ff dx = jf dx+jf

6 | Neéu f(x)laham chin (f(-x)=f(x)) thi j f(x)dx=2£ f(x)dx

7 | Néu f(x) laham e (f(-x)=—f(x)) thi [ f(x)dx=o0.

= Bién sogn: Gv G /) ot (Tl - 093.337.6281 Trang 28



Ting Fep Ly Thugét Niim hoc: 2023-2024
B. CAC DANG BAI TAP.
R~ Dang 2.1. Tich phdn &p dyng tinh chdt & bang nguyén ham co ban

M Ap dung dinh nghia, tinh chat va bang cong thitc nguyén ham co ban.

1 I f(x)dx=0 (Tich phan c6 hai cén giéng nhau thi bing 0).

b
2 f(x)dx = —If(x)dx (Tich phan dao can — thém déu trw).

a.f(x)dx:aif(x)dx voi aeR.

W
[N C—— T QN ——

Lf (x)ig(x)]dx:jf(x)dxiig(x)dx.

a

5 Trong doan [a;b], ton tai ce[a;b] thi if(x)dx=jf(x)dx+_bff(x)dx.

6 Néu f(x) laham chan (f(—x) = f(x)) thi _Ja;f(x)dx = ZEf(x)dx :

7 | Néu f(x) 1aham 1é (f(-x)=—F(x)) thi [ f(x)dx=o0.

& Vidy 2.1.1
Khéng dinh nao sau day sai?
A. [2f(x)dx=2[ f(x)dx B. [ f(x)dx=]f(x)dx+]f(x)dx.
C If(x)dxz—jf(x)dx D. J.f(x)dxzj.f(u)du
N Loi gidi
Chon C
Ta co: Jz.f(x)dx = —Jl.f(x)dx nén Jz.f(x)dx = —if(x)dx sai.
& Vidy 2.1.2 l 2 l l
Biét jf(x)dx:Z va Tg(x)dx:G, khi d6 T[f(x)—g(x)}dxbéng
;.8 1 B. 4. 1 C. 4. D. -8
N Loi gidi
Chon B
Ta co: J.[f(x)—g(x)}dxzIf(x)dx—fg(x)dx=2—6=— .
@ Vidy 2.1.3
Cho if(x)dx:l, jl‘f(t)dt:—4.T1’nh jf(y)dy
Z.I:S i B. I=-3. 2 C.A33, D. =25
N Loi gidi
Chon D
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Ta c6: jf (t) dt:jf x)dx, [ f(y)dy =] f(x)dx.

Khi d: jf dx+jf x= [ f(x)dx.

-2

:>jf )dx = jf )dx— jfxdx=—4—1=—5.vayff(y)dy:—s.

< Viduy 2.1. 4
Chohamsd f (x) lién tuc, c6 dao ham trén [—1; 2], f (—1) =8; f (2) =-1. Tich phan

j f'(x)dx bing
Al B. 7.. C. -9.. D. 9.
N Loi gidi

Chon C
2

Taco [ f'(xpx=f(x)| = f£(2)-f(-1)=-1-8=-9.
-1

< Vidy 2.1.5

Cho f, ¢ la hai ham lién tuc trén doan [1;3] thoa }[ f(x)+3g(x)}dx =10,

[2f(x)-g(x) dx=6.Tinh j[f )+8(x) fdx.

A7 B.6 C.8 D. 9

.....

P —

Chon B
j[f(x)+3g( )}dx 10<:>If x)dx+3jg dx = 10( )

[Zf(x)—g(x ]dx:6<:>2'lff x)dx—.l[g x)dx:6 (2)
DétX:If(xﬁx, Y:Ig(x)dx.

b — w0

Tix (1) va (2) ta c6 hé phuong trinh: {X+3Y — {X —

= '
2X-Y =6 =12

Dodotaduocjf x)dx 4vajg dx 2. Vayf[ +g ]dx 4+2=6.
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Ting FHap Ly Tyt

Ndam hoc: 2023-2024

R Dang 2.2. Tich phén tung phan
O Ké bang c6 dang:
BPao ham Nguyén ham
u dv
\

! i
udy -——— v

Tich phan c6 dang judv, voi u va v la 2 trong 4 loai log — da — luong - mi.

Tinh T= I udo bang cach ké bang:
Pao ham MNguyén ham
u dv
\
u'dy --—— v

N Buéc 1: Chon u dat vao co6t “Pao ham”.

N Buéc 2: Chon dv dédt vao cot “Nguyén ham”.
N Buéc3: Tinh theo tinh chat ting cot.

AN Buéc4: Tacokétqua I=[udv=uv-[odu.

R Quy tdc:

e Trong d6 ta chon u theo qui tac: Nhat - log; Nhi — da; Tam — mii; Tt - luong,

e Con dv la phan con lai trong dau j .

e DAu & cadc mui tén: miii tén diu tién ludn ludn la dau + va dan xen didu cho nhau.

< Vidy 2.2.1

Tinh tich phan I = len xdx
1

r 2 2
AT=22 B.I== c.1=¢-%2 p.=¢*
4 2 4
N Loi gidi
Chon D
1
du==dx e e
l/lzl x 2 e 2 2 e 2 2 2
bat " 2x —=1="Inx —jl.x—dxze——ijxdxze——x— 25 +1.
dv = xdx X 2 X 2 2. 2 2 4 4
0=— 0 0
2
= Vidy 2.2.2
1
Biét rang tich phan 1= [(2x+1)e‘dr=a+be (a;beZ), tich ab bing
0
A. -15 B. -1. C. 1. D. 20
N Loi gidi
Chon D
L |lu=2x+1 du =2dx T 1 a=1
Dat = = I=(2x+1)e"| —2[edx=(2x—1)e*| =1+e=1 .
dv=e'dx |v=e" 0 T g b=1
Vay tich ab=1.
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& Vidy 2.2.3

Chohmnsaf1x)&wanﬁnj(x+gf(ny=1ova2f@)—fan=2xﬁnhif(gdx

0

A 1=1 B. [=-8 C.I=-12 D. =8
N Loi gidi
Chon B
Lo lu=x+1 du=dx L 17
bat {dv:f’(x)dx:{vzf(x)'Khl do I:(x+1)f(x)‘0—£f(x)dx.

Suy ra 10=2f(1)- £(0)- jf dx:>jf x)dx=-10+2=-8. Vayjf x)dx =-8.

& Vidy 2.2.4

1
, 1, . . 2 : \ Ny
Biéet J.xcos 2xdx = Z(a sin2+bcos?2 +c) vOi a,b,c € Z. Khang dinh nao sau day dung ?

A.a+b+c=1 B. a—b+c=0.
C. 2a+b+c=-1 D. a+2b+c=1
N Loi gidi
Chon B
1 du=dx
U=x
bat I = .[ xcos2xdx Dat = 1 .
° dov = cos2xdx V= Esin 2x

1 1

:£(251n2+c052—1) =a-b+c=0.

1
—l.[sin 2xdx = 1sinZJrlcost
2 2 4

:I:%xsian

0 0

< Vidy 2.2.5

Tich phan I:J(3x+2)coszxdx:%7rz+b7r v6i a,beN.Tinh S=a+b
0

A.5=1 B. S=4 C.5=5 D. §=10
N Loi gidi
Chon B
I=%j(3x+2)(l+c052x D‘ 3x+2)dx+]r-(3x+2)c052xdx:|=%(Il+12).
0 0 0

h 3 S 3
Il:.!(3x+2)dx:(§x2+2xj =E7r2+27r.

0

U=3r42 {dqux

J. 3x+2 cos2xdx. Dat{
0

dv =cos2xdx v:%sinZX.

K

=0.

0

Khi d6 I, = %(3x+ 2)sin 2x

—%jsiandx = 0+%(COS 2x)
0

& Bién soan: Gv 2/ J et Taon - 093.337.6281 Trang 32



Ting Fep Ly Thugét Ném hoc: 2023-2024

R Dang 2.3. Tich phém ddi bién logi 1

Tinh tich phéan ] = J p(x) " (x)dx
f(x)
NBuéc1: Dt t= ¢(x), trong d6 ¢(x) la ham s6 ma ta nhdm duoc ¢'(x).dx.
N Bu6c2: Tinh vi phan dt =¢'(x)dx va ddi can {x Siots go(a).
x=b—>t=p(b)

N Buéc3: Biéu thi f(x)dx theo t va dt.

AN Bubc4: Khidd J=[p(x)¢ (x)de= [ f(t)dt.
I re— «,;(u)

f(x)
(D Né&u Va? —x* diat x=asint hodc x =acost

(@ Né&u Vx?—a® dat x—— hodc x=—4—

cost

(3 Néu X hoic thi dat x =acos 2t
\/a x \/a+x

@ Néu (x—u)(b—x),(a<b) dat x=a+(b—a)sin2t
® Né&u Vx*+a® dit x=atant hodc x =acost

& Vi dy 2.3.1
Tinh tich phan I = [———dx b h dit x=2sint, te| ——;~
m 1C p an J-\/U ang cac a sm E|: 2 2}
Al B~ V3 c. T N3 pD. =
6 3 2 3 2 3
XL(‘)’igzal

Chon B

Dat x=ZSint;te{—g;g}:dx=2costdt.
x=0=>t=0

lezt:z
6

4sin tdt-jZl cosZt)dt (Zt sm2t)

5

1.7:|T-8sm tcost j:'i T N3

f--

o

4-4sin® t
< Vidy 2.3.2
B !
2
Tinh tich phan J.xlel x?dx bang cach dit x =2sint, te{ % %
3 ]
z
Al T _\3 B. —. C.1+£. Dt 1+£
812 8 12 120, 8 812 8
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Chon D

Dat x =sint;te [—g,g} = dx = costdt . Doi can:

I = | sin® t\/1—sin? t costdt

A\:\'—.w\:l

w3

1.
sin®t cos® tdt = J.—sm2 2tdt =

(1—cos4t)d 1(1?—15 4tj =1[£+£j
8 4 .

h\ﬂl—.w\:

N
AN —w |
|

™
4

& Vidy 2.3.3

2
Khi tinh I = | J4—x?dx, bing phép dit x=2sint thi duoc
0

O'-—.N\ﬂ

5 2 2
A. 2(1+c052t)d B. I cosZt dt. C. I4cosztdt. D. IZcosztdt
0 0 0
N Loi gidi
Chon A
bat x=2sint = dx =2costdt
Doican: x=0=t=0; x=2:>t—g
Khidd I = I\/4 4sin? t2costdt—j4cos tdt.

< Vidy 2.3.4
3
Gia tri cta .[ 9—x*dx= %ﬂ' trong d6 a, beZ va % la phéan s6 t6i gian. Tinh gia tri

cua biéu thirc T=ab.

A. T=35 B. T=24. C. T=12. D. T=36
N Loi gidi
Chon D
x=0—-t=0

bat x =3sint <> dx =3costdt. Doi can: -
x=3—>t=§

=1 :J% 9—(3sint)2.3costdt
0

2
9cos? tdf — J~ 1+c052t
0

(1+c0521‘)dt:g t+lsin2t 2 :gw
2 2 4

0

O eV |

9
t:_
2

O'—.I\Jh\

Vay T=9.4=36.
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Ting Fep Ly Thugét Ném hoc: 2023-2024

R~ Dang 2.4. Tich phan déi bién loqi 2
b
Tinh tich phén | = Jgo(x).go'(x)dx
R
NBuéc1: Dt t= ¢(x), trong d6 ¢(x) la ham s6 ma ta nhdm duoc ¢'(x).dx.
N Bu6c2: Tinh vi phan dt =¢'(x)dx va ddi can {x Siots go(a).
x=b—>t=p(b)

N Buéc3: Biéu thi f(x)dx theo t va dt.

b #(b)
AN Bubc4: Khidd J=[p(x)¢ (x)de= [ f(t)dt.
R )
S o)
< Vidu 2.4.1
21 dx
Cho J. =aln3+bIn5+cIn7, vdi a,b,c 1a cdc sO htru ti. Tinh S=a+b+c.
5 x\/x+4
A -1 B. L. c.-3. D. 1
2 2 2 4
N Loi gidi
Chon A
. |lx=5=1t=3
Dit t=x+4 = 2tdt =dx. Véi ;
x=21=t=5

21 5
Ta cé dx ZI dt

_ _Lnli—o-
5X\/x+4_ 3t2_4—2(ln‘t 2‘ ln‘t+2‘)

:11n3+£1n5—11n7.
2 2 2

5
3

Khido a=2ib=tice—tsSogibice—t
27T, 2
= Vi dy 2.4.2

2
Tinh I = I2x x? —1dx bang cach dit u=x’—1, ménh dé nao dudi day dting?
1

3 12 3 2
A.I:!Jﬁdu B.I:ﬂﬁdu. C.I:2£ﬁdu. D.I:_l[\/;du

N Loi gidi
Chon A

3
Dit u=x*-1=du=2xdx.PgGicdn x=1=u=0;x=2=u=3. Nén I:.f«/;du
0

< Vidy 2.4.3
¢ Inx , 1 A
Biét —dx=a+b\/§ voi a,b 1a cac s6 hru ty. Tinh S=a+b.
1 xV1+Inx
1 3 2
A.S=1 B. S==. C.S=—. D. S=—
2 4 3
N Loi gidi
Chon D
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Ndam hoc: 2023-2024

Ting FHap Ly Tyt
d

Dit V1+lnx =t =Inx=1+> 1= o4t DI can {
X

1 xV1+Inx

Suy ra a—ﬂ b:—ng:a+b:g
3’ 3 3
“ Vidy 2.4.4

N

1
duoc bién doi thanh dang nao sau day:

x=1—>t=1

x=e—>t:\/5
e V(2 _ N 2

Vay jln—xdxz f(t t Y 2tdt:2'f(t2—l)dt:2(ﬁ—tJ
1

Xét tich phan I = 'f x.e* dx. Sit dung phuong phép déi bién s véi u = x?, tich phan I

2 1\/5 12 NG
A.1=2jeudu B.I:-je“du. c.1=—je“du. D.1=2je“du
1 2 21 1
V;\Lb’igidi
Chon C

Dat u=x2:>du:2xdx:>xdx=%du.Véi x=1=u=1va x=\/§:>u:2.

12
Khi d6 I==[e"du
21
< Vidy 2.4.5
a6 ) e o e B v cic tich nhan | ()
Cho ham s6 f(x) lién tuc trén R va cac tich phan _[f(tanx)dx:4 va J. ) dx=2
0 o X
1
, tinh tich phan I = [ f(x)dx
0
A. 2 B. 6. C. 3. D.1
N Loi gidi
Chon B
e z (tanx)
Xét I:!).f(tanx -([ - x(1+tan x)dx
x=0—->u=0
Pat u:tanx:>du:(l+tan2x)dx.Khi n .
x:Z—>u:1
AP G P 1 CO
Neén I £1+u2du—£1+x2dx ,£1+x2dx—4
2 1 1)1-1 1 1
Mat khacf J.[(x i ) }f(x)dx:'[f(x)dx—jf(xz dx .
0 0 0 01+x
Do d¢ 2=jf(x)dx—4@jf(x)dx:6.
0 0
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” Dang 2.5. Tich phén két hgp déi bién & tung phéan
B Trudng hdp 1: Tung phan — Doi bién:

b b b
Tinh I = jf(x)g(x)dx, ap dung “Ting phan” ta dwoc I = h(x) +Ip(x)dx.
b
Luc nay ta ap dung “Ddi bién” dé tinh j p(x)dx.
B> Trudng hop 2: Boi bién — Tiing phan:
b
Tinh I = If(x)g(x)dx, ap dung “D0oi bién” ta duoc I = J. k(x)p(x)dx.

t=u(b)
Ltc nay ta ap dung “Ting phin” d€ tinh '[ k(x)p(x)dx.
t=u(u)
& Vidy 2.5.1

Cho tich phan I = I \/; sin \/;dx =ar’+b (a, be Z), Ménh dé nao sau day dung?
0

A T<-3 B.a’~b=-4. C. 2e(-1;,0) D.a-b=6
b b
N Loi gidi
Chon C
x=0—->t=0

Pit Vx =t = x =t = dx = 2tdt . D&i can: ,
x=m"—>t=7
du = 4tdt

(S L |u=2t
——)I:IZt sintdt, dat = .
0 U =-—Cost

dov =sintdt
—— [=-2t COSi" +I4tcostdt, dat < * =+ 1.
o - do, = costdt v, =sint
a=2

— s [=-2¢f? costr +4tsint‘7r —]14sintdt :—2(—7r2)+4costr =27° —8—>{ .
0 0 . 0 b=-8

Do do a=2; bz—8:>ze(—1;0).
b
& Vidy 2.5.2

4
Biét Izjxln(xz+9)dx:a1n5+b1n3+c véi a,b,c 1 cic s6 thuc. Tinh T=a+b+c 1a
0

A. T=11. B. T=09. C. T=10. D. T=8.
N Loi gidi
Chon D
x=0->t=9

Détx2+9=t:>2xdx=dt<:>xdx=ldt.DSi can:
2 x=4—>t=25

25 U=x
du=dx
—>1 =£.Ilnt.dt, dat: 1 = .
2 v=—r—dx |(v=tanx
cos” x
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—>1=3Tlntdt=3(t1nt—t)25:1[(251n25—25)—(91n9—9)}=251n5—91n3—8
29 2V 9 2

a=25
— > <b=-9>T=a+b+c=25-9-8=8.
c=-8
= Vidy 2.5.3
e(cosa+sin1)—l
b

B. 3 C.5 D. 13
N Loi gidi

Biét [ = J COS ln x vdia,b la cac s6 tu nhién. Tinh a+b
1
7

A.

Chon B

batt=Inx=dt =%:>dx=etdt . Doi can:

x=1=¢t=0
X

x=e=>t=1

1 t t
u=e du=e'dt
—)I:Ietcostdt,dét = o
5 dov = costdt v =sint

1 1
— = sint‘0 —Jet sintdt, dét{

0
-

J

u=e' :{du:etdt

dov =sintdt v=—cost

1 1 1
— > J=—¢"cos t‘; + Iet costdt= (—e.cosl+ 1.CosO) + Iet costdt= (1— e.cosl) + jet costdt
0 0 0

e (cosl+ sinl) -1

—>a+b=3
2

1
— 1= sint‘:) —[1—e.cosl+Iet costdt J =I=
0
< Vidy 2.5.4
2
Cho ham s6 f(x) lién tuc, c6 dao ham trén R, f(2) =16 va If(x)dx =4 . Tinh
0

4
H=jxf'(%)dx bing
0

A. 144 B. 12 C. 56 D. 112
N Loi gidi

D3 u=x du=dx

at {dv—f’(%)dx:{v_f(%)'—)

joces o4 fogp -0
(%)dx-Détt=%:>dt=%dx.£)61c$m: {x=0:>t=0.

x=4=t=2

2

— 1 :Z'fo(t)dt: 2[ f(x)dx=24=8.

0

Vay H=ixf’(%)dx=4.16—8=56.
0
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R Dang 2.6. Tich phan chida tri tuyét doi
& Cdch 1
= Cho f(x) =0 tim nghiém e [a;b] gia st cac nghieém do la x;; x,;..x, e[a;b]

% Khi d6 I:ﬂf(x)‘dx+ﬂf(x)‘dx+ﬂf(x)‘dx+...+”f(x)‘dx

j f(x

+ + +ot

jf x)dx

:If(x)dx If( dx

*» Tinh mbi tich phan thanh phan
B Cdch 2:
» Cho f(x)=0 tim nghiém €[ a;b].
> Xét ddu f(x) trén [a;b ].
A khiA>0
—A khi A<Q
> Tinh méi tich phan thanh phan
< Vidy 2.6.1

b
¥ Ap dung ‘A‘ = { dé pha trj tuyét d6i trong I -

2
Tinh tich phan I = I ‘x —1}(:1x ta duoc két qua :
0

A.l B. 2. C.3 D. 4
N Loi gidi
Chon A
Cach 1:
Cho x—1=0<x=1 ( théa man)
x | o 1 2
-1 | - 0 +

Khido: I= —_I(x—l)dx+Jj(x—l)dx = —(%z—x]

Cdch 2:
Cho x—-1=0<x=1 (thoa man)

K a6 1= -3 = -2 st
- j(x—l)dx _‘(_Zle (%Z—x]

0
b a

Tinh tich phan I = [|x* +x* -x~1dx ta dwoc két qua 1=, khi do tong a+b la:
-1

2 2

Ix 1)dx

1

+

0 1

< Vidy 2.6.2

A7 B. 3. C.5 D. 9

.....

Chon A
Do x*+x% —x~1=(x~-1)(x+1) <0,vxe[-11]
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Ting FHap Ly Tyt

Ndam hoc: 2023-2024

1

h xt X K 4
Khidélz—j(x3+x2—x—1)dx:— —+————-x|| ===a=4,b=3=a+b=7
b 4 3 2 B 3
“ Vidy 2.6.3
‘ 3x+2‘
Tich phan I = I dx co gia tri la:
A-I=—Z B.I=E C.I=Z D.I=—£
6 6 6
N Loi gidi
Chon C
Ta co: x3—3x+2=O<:>(x—l)z(x+2)=0<:>x:1vx:—2.
f(x)
x| — -2 1 +o
f(x)| B 0 ¥ 0 n
-1 3 1 -1
I=Jx r2y =.[(x2+x Z)d =(—x3+lx2—2xj -1
5 x-1 s 2 , b
< Vidy 2.6.4

-2

dx ta duockét qua I =a+bIn2+cIn3(véi a,b,c 1a cac

s6 nguyén). Khi do gid tri cua bi€u thiee T =24° +3b—4c la:

A T=

20 B. T=3 C.T=22 D.T=6
N Loi gidi

Chon C

Cho X ox-2 QW:OQFZ_{ do xe[-2;0] nén x=-1

x-1 x-1 x=2
T —2 -1 0
r —r—2
r—1 - 0 -

=T=2a°+3b—4c=22

1
,l xz
+(—— 21n‘x—1‘)
_2 2

0

-1

=1+4In2-2In3=a=1Lb=4,c=-2
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Ting FHap Ly Tyt

Ndam hoc: 2023-2024

R Dang 2.7. Tich phan dya véio db thi
Ap dung g nghia hinh hoc:

b

jf(x)dx

a

B~ Néu ham s6 f (x) lién tuc trén doan [a;b] thi tich phan

la dién tich S ctia hinh

thang cong gidi han boi d6 thi ham sd y = f (x), truc Ox va hai duong théng x=a,x=>b.

< Vidy 2.7.1
Chohamsd y=f (x) lién tuc trén [0; 4] va c6 do6 thi nhu hinh

4
bén. Tich phan I f (x)dx bang
0

Al B. 2.
C.3 D. 4
N Loi gidi
Chon B
4 2 4
Taco: [ f(x)dx=] f(x)dx+[f(x)dx =S5 00 = Scrp-
0 0 2
A iy . 2.2
Dién tich hinh tam giac CDE la: S, = -5 = 2
2.(1+2)
Dién tich hinh thang ABCO la: S,,., =———>=3.

2
4
Vay [ f(x)dr=3-2=1
0

< Vidy 2.7.2
Chohamsd y=f (x) lién tuc trén [—3; 5] va c6 d6 thi nhw

hinh bén (phan cong cua d6 thi 1a mot phan cua Parabol

3
y=ax’ +bx+c). Tich phan .[f(x)dx bang
i)

Al B. o/
2 6
C.1 D. 6
N Loi gidi
Chon D
3 0

Dua vao d thi ham s&: [ f(x)dx= [

-2 -2

& Vidy 2.7.3

2
hinh bén. Biét jlf(x)dx =2. Tich phan If(x)dx bang
-2 0

A. 2.

B. 0.
C.3 D. 4

N Loi gidi
Chon A

Yk
2 i
i 3 4 .
O] 1 2\ : T
Yi
2 A B

(gx+4jdx+l.(4—x)dx+j[(4x—x2)dx=%.

Chohamso y = f (x) lién tuc trén [—2; 2] va c6 d6 thi d6i xting qua goc toa do nhu

yik
2
yo 2
—_2
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Vi d6 thi ham s8 y = f(x) d6i xting qua gdc toa d6 nén ham s8 y = f(x) 1a ham s8 1é.

2
Ap dyng tinh chat ham 1¢, ta c6 j f(x)dx=o0.

Ma [ f(x)dx= jf dx+jf dx=0. Suy ra [ f(x)dx=-2.

< Vidy 2.7.4

Cho ham s0 y=f (x) c6 dao ham lién tuc trén [—1; 2], Db6 thi cta [\Ty /

hams6 y = f '(x) duoc cho nhu hinh bén. Dién tich cac hinh phéng /1 KO 2
(H)

(K)., (H) Tanlugt1a > va _. Biét f(-1)=_, tinh f(2).

A. f(2)=- § B. f(2)=§.
C. f(2)= 3 D. f(2)=3.
N Loi gidi
Chon A
Duya vao d6 thi ta thay: jf )dx = jf dx+jf dx—152—%=—%

Mtk [ (x)dr= £ (3, = £(2) ()= 2)- 22— p(2) =S 20- 2
]
< Vidy 2.7.5
Chohamso y=f (x) cd dao ham lién tuc trén R va cé d6 thi nhw

1
hinh bén. P4t K = [x.f(x).f'(x)dx, khi d6 K thudc khoang nao
0

sau day?
A. (-3-2). B. (-2,--%. C. (—i_ﬁj, D. (_ .
2 2 3
N Loi gidi
Chon C
U= du=dx
ba 2(x).
S PR o
Khi d6 K=jx.f(x).f’( ) =xf2 _—_[fz ———J.fz(x)dx
Tt d0 thi, ta thay:
o f(x)>2—x, ‘v’xe[O;l]:j;fzéx)dx>J. ) dng:K:%—:[fzz(x)dx<__
1 g2 x 1 1 1f2 X 3
o f(x)<2,Vxe[0;1]:>'([ 2( )dx>.(|;2dx:2:>K:E—.£ 2( )dx>—5.
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” Dang 2.8. Tich phan ham chan lé
Dinh nghia:
Choham s6 f (x) xac dinh trén mién D.

VxeD=-xeD
vxeD: f(-x)=f(x)
VxeD=-xeD

vxeD: f(-x)=—f(x)

Hamso f (x) dwoc goi 1a ham s8 chdn néu thoa {

Ham s6 f (x) duoc goi 1a ham s6 Ié néu thoa {
Khi d6, trong ddu .[ :

i jff(x)dx:2j.f(x)dx
B Néuham f(x) CHAN thi, ’

J{ff} dx:%‘:[f(x)dx |

R Néuham f(x) LE th, j f(x)dx=0
= Vidy 2.8.1 h

2
Cho y = f(x) 1a ham s& chén, lién tuc trén [—6; 6] . Biét r:lfmg j f(x)dx =8;

-1

P C—

f(—2x)dx =3.Giatricaa [ = j.f(x)dx la
-1

A. I=5 B.1=2 C.1=14 D. =11

-----

Chon C

3

Ta 6 y= f(x) laham s8 chén, suy ra f(-2x)=f(2x)= If(—Zx)dx = j.f(Zx)

1
, 8 . 1 . x=1=t=2
Xét Il:jf(Zx)dx, dat t =2x = dt = 2dx < =dt =dx. Doi can: ;
1 2 x=3=1t=6

6 6

Zdt=—[ f(1)dt=3= [ F(t)at=6= [ (x)ax=.

2 2

o~
I
—
~
—~
—
SN—
I

6

Vay I:'[f(x)dx:Jf(x)dx+jf(x)dx:8+6:14.

2

dx=3

< Vidy 2.8.2
\ ~ \ \ 4 I~ oA A \ ‘ s ‘ f(x)
Ham s6 f(x) 1aham s8 chén lién tuc trén R va '[f(x)dx =10. Tinh [ = J. % 1dx.
+
0 -2
10
A. 1=10 B.Izg C.1=20 D. I=5
N Loi gidi

Chon A
=2=t=2

bat t =—x = dt =—dx. Ddi can: * - .

x=2=>t=-2
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I:.Zf /() dt:j 2 f(t)dt:i 2

2°+1

321:i§( )dx j'zxzx dx—J‘f i (x)dx+§f(x)dx=j;f(x)dx+10

Xét | = Tf(x)dx, dat t=—x=dt=—dx
-2

= =] f(~t)dt = [ f(-x)dx = [ f(x)dx =10 =21 =20 =1 =10.
& Vidy 2.8.3

Choham 6 y = f(x ( ) la ham 1é va lién tuc trén [ —4. 4] biét J. f dx 2 va

B — N

f(-2x)dx=4. Tinh 1=jf x)dx
0

A. I=-10 B. [=-6 C.I=6 D. =10

.....

Chon B

xetjf )dx=2; dit —x=t =dv=—dt; ddi can: {ifgzjt_zoz
—>jf x)dx=- jf dt_jf dt:»jf t)dt= 2:>If x)dx =2.
Do ham s6 y = f(x )lahamsolenen f(=2x)=—f(2x).

s [ f(cax)de =] F(2x)dx = [ f(22)dr=4.

x=1=t=2

2
Xét .[f(Zx)dx; dat 2x:t:>dx:ldt;d6’i can:
1 2 x=2=t=4

4

N jf(Zx)dx=%If(t)dt=—4 :ff (t)dt=—8 :j:f(x)dx=—8.

—— I=[ f(x)dx =] £( dx+jf )dx =2-8=-6.
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R Dang 2.9. Tich phan h&im cho nhiéu coéng thuc
3 Bai todn 1

Cho ham s6 f(x) {

khi x<b <
iéi)) khil jcib lién tuctrén D. Tinh | = .!f(x)dx
Xét be [a;c] .
7 Budc 1. Kiém tra ham s6 f(x) colién tuctai x=0b7?

Ttre la kiém tra lim f(x)=1lim f(x) = f(b) < 111? g(x)=limh(x)= f(b)

+Budc2.Téchcan:]=jf( dx = jg dx+jh

L I
¥ Budc 3. Tinh cac tich phan I,;I, bang cic phuong phap da hoc.
& Bdi todn 2:
Cho ham s8 f(x)= {i Ei::; 11:: ii: lién tuc trén D. Tinh | = j f(x)dx
Xét be [a;c] .
7 Budc 1. Kiém tra ham s6 f(x) colién tuctai x=0b7?
Ttrc 1a ki€ém tra:

}Cig}f(x)=chig}f(x)=f(b)<:>1ig}g(x;m)=limh(x;m)=f(b)

x—b*

c b c
» Budc 2. Tach can: ]:If(x)dx:_[g(x)dx+Ih(x)dx
a a b

I I
% Budc 3. Tinh cac tich phan I, ;I, bang cac phuong phap da hoc.
& Vidy 2.9.1

.o~ _|3x*  khiO<x<1l _ . ¢
Cho ham s6 f(x)—{4_x hil<z<?’ inh -([f(x)dx
AL B.1 c.2 D. 3
2 2 2
N Loi gidi
Chon A
11mf( ) Iirr}(4—x)=3
Tacd {" e , , va f(1)=3.
i f(x)=lim 3¢°) =2

Vi ham s6 da cho lién tuc trén R nén lién tuc tai x=1.

Suy ra limf(x)=lin}f(x)=f(1).
1+(4x_x_2j E
o 2

Khi dé6 If x)dx= I3x2dx+j (4-x)dx=x°
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& Vidy 2.9.2

2x khi x<0 A oo
a(x—xz) Khi x> 0 lién tuc trén R . Tinh '[f(x)dx

-1

Cho s6 thuc a va ham s6 f(x) {

AL B. 2741, c i1 D. %%,
6 6 3
N Loi gidi
Chon A
Ta co {}C;I?g}f(x)—gg}(a(x—xz))—ol va f(O):O.
tim /()= i (2%) =0

Vi ham so da cho lién tuc trén R nén lién tuc tai x=0.

Khi do jlf(x)dx:jlf(x)dx+If(x)dx

= }ledx+‘(|1;a(x—x2)dx = (xz)

“ Vidy 2.9.3
e +m khi x>0
ZxW khix<0
(a,b,c eQ). Tong a+b+3c bang

A. 15 B. -10 C. -19 D. -17

.....

1
Cho ham s8 f(x):{ lién tuc trén R va [ f(x)dy=ae+by3+c,
-1

Chon C
lin}f(x):lin}(e" +m):m+1
Ta Cé x—0 x—0

limf(x)zlim(zxm)zo, va f(0)=

x—0" x—0"

m+1.

Vi ham s6 da cho lién tuc trén R nén lién tuc tai x=0.
Suy ra lirg}f(x) = lirg}f(x) = f(O) hay m+1=0<m=-1.
1 0 1
Khi d6 If(x)dx: JZx\/3+x2dx+J(ex —1)dx
-1 -1 0
0

_ jmd(s+x2)+i(ex_1)dx

-1
_2(342% )B4
33+

Vay tong a+b+3c=-19.

0 +(e"—x>‘2:e+2\/_—2—32—>a:1, b=2, c=—2—32.

-1
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R~ Dang 2.10. Tich phén lién quan max - min

3 Bai todn: Tinh Izj.min{f(x);g(x)}dx hoac I=imax{f(x);g(x)}dx.

Taxét I = imin{f(x);g(x)} dx:
a * Buéc 1. Giai phuong trinh f(x)=g(x) <> x €[ a;b] thi nhan nghiém do.
Gia st ta dwgc x=me [a;b].
¥ BU6c 2. Xéthiéu f(x)-g(x), gia su:
o Trén [a;m |: f(x)—g(x)>0=min{f(x);g(x)} =g(x).
o Trén [m;b]: f(x)-g(x)<0=min{f(x);g(x)} = f(x).

» Budc 3. Khido I:j.min{f(x);g(x)}dx:Tg(x)dx+if(x)dx.

b
Khidé I = Imax{f(x);g(x)} dx ta 4p dung tuong tu.
< Vidy 2.1a0.1
3
Tinh tich phan I = Imax{xs ; 4x? —3x} dx
0

A 1= B. =21

2 12

C. I=19 D. =27

.....

Chon C
x=0

Xét phuong trinh x° =4x° -3x < x° - 4x* +3x=0<
x=Lx=3

Trén [O,'l] N —(4x2 —3x) >0=> Inax{3c3;4x2 —3x} =x°

Trén [1; 3] > x*—(4x* -3x)<0=> max{x?’;4x2 —3x} =4x* —3x
. b : 275
Vay [ = _!xsdx +I(4x2 —Bx)dx =1

1

= Vi dy 2.10.2
3
Tinh tich phan I = [ min{e*;e ™} dx
-1

A.I=3—2 B.I=2+2 C.I=2—g D. I=
e e e

-----

QN

Chon C

Xét phuong trinh e* =¢™* < ¢” :ix<:>ex =l x=0
e

Trén [—1;0] —>e - <0= min{e";e"‘} =e"

Trén [1; 3] Sef—e" >0 min{e";e”‘} =e
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0 3
Vay I = J.exdx+.|.e”‘dx:2—3.
e
-1 0

< Vidy 2.10.3

Biét r:?mg I=J2.min{sinx;cosx}dx=a—b\/§ (a;beN). Tinh S=a+b
0

A.3 B.5 C.7 D. 8

-----

Chon C

Xét phuong trinh sinx—cosx =0 < sin(x - %) =0eox= %
Trén [0; %} —sinx—cosx<0= min{sinx; cos x} =sinx

A i . (.
Trén [O;Z} —sinx—cosx >0= mm{smx; cos x} =CoSsX

K

« _
Vay I smxdx+fcosxdx 2— f—){g_1:>5:3.

o'—;b\ﬂ

4

< Vidy 2.10.4

Xét ham so F I f dt trong d6 ham s® y = f ( )

f®
do6 thi nhu hinh vé ben Trong cac gia tri duoi day, gia tri \

nao 1a 16n nhat? ol 1 N\ 3 1 t
A. F(1) B. F(2) \/

C. F(3) D. F(0)

.....

Chon B

Tacd F'( (jf dtJ = f(x).

Xét trén doan [0,3], ta thay F’ ( ):O <:>f(x):O<:>x:2.
Dua vao d6 thi, ta thay trén [O; 2] ham s6 F x) Ong bién nén F ( ) 2)

( F(
Dua vao d0 thi, ta thay trén [2,' 3] ham so F (x) nghich bién nén F (3) <F (2)
Vay F (2) la gid tri 16n nhat.
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R~ Dang 2.11. Tich ph@n ham “an”
2.11.1. Dung phuong phdp déi bién

Dang 1: Cho j.u’(x). [ ( )]dx tinh If dx hoac If dx tinh .[u [u(x)]dx.
Dai vdi loai bai tap nay ching ta sé doi bién t = u(x)
¥ Luu y : if(t)dt:}f(x)dx:}f(u)du

Dang 2: Tinh j‘f(x)dx, biét f(x) thoa: A.f(x) +B.u'.f(u)+C.f(a+b—x):g(x).

D&i véi loai bai tap nay, truedc khi 1dy tich phan hai vé ta can chti y rang :
@ Trong dé bai thuong sé bi khuyét mot trong caché s6 A, B,C.

@ Néu f(x) lién tuc trén [a b] thi Jf a+b-x dx_jf
u(a):a 4 ~ 1 b

® Vdi {u(b)b thi .!.f(x)dx A+B+ng( )dx

ovei ") thiif(x)dx— L f (x)dx
u(b)za . A-B+C §

< Vidy 2.11.1
4 2
Cho 'ff(x)dx =16. Tinh If(Zx)dx
0 0

A. 16 B. 4 C. 32 D. 8

-----

Chon D
bat 2x:t:>dx:%dt.1<hi x=0thi +=0;khi x=2 thi t=4.

Do dé lf(zx)dxzélf(t)dt :%.([f(x)dx zg

< Vidy 2.11.2

.16 =8.

™

. L
Cho f 1a ham sd lién tuc thoa If(x)dx =7.Tinh I = j.cos x.f(sinx)dx .
0 0

A. 6 B. 36 C. 2 D. 7

.....

Chon D

Dat t =sinx = dt =cosxdx. Ddi can x=0=¢t=0, x=%:>t=1.

1 1

Ta co I:jcosx.f(sinx)dxzjf(t)dt :jf(x)dx:7.

0 0
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& Vidy 2.11.3

1
Cho ham s8 f(x) lién tuc trén [0;1] thoa f(x)=6x"f(x")- .Tinh | f(x)dx
0

3x+1
A. 2 B. 4 C. -1 D. 6

Chon B

Cdch 1: (DUng cbéng thuc)

Bién doi f(x):ﬁxzf(xs)—J?:j1 @f(x)—2.3x2.f(x3):—\/?% véi A=1, B=-2.

1 1
Ap dung cong thiic ta co: J. f dx __ 1 I - dx=4.

0 ( 2)0'\/3x+1
Cdch 2: (Bién d&i)
6 1 1 1 1
o =6x°f(x°)- dx—2|3x*f(x*)dx=—6 d
uf(x) xf(x) m:!f(x)x !xf(x)x '([mx
Pit u=x" = du=3dx; Voi | 0470
x=1l=u=1
1 1 1
Khi d6 Jszf(xs)dx:If(u)du :If(x)dxthay vao (*),
0 0 0
1 1
1
Ta duoc: dx -2 dx=-6 d d 6 dx=4.
a duwoc !f(x)x !f(x)x J.\/_x@J-f X = Imx

< Vidy 2.11.4

2
Cho ham s6 f(x) lién tuc trén [O; 2] va thoa f(x)+f(2—x) =2x.Tinh I :_[f(x)dx
0

A.I=-4 B.I:1 C.I=ﬁ D.I1=2
2 3
N Loi gidi
Chon D
Cdch 1: (DUNng cbéng thuc)
. . ‘ 1% [
Véi f(x)+f(2 x)—2x tacd A=1; B—l:I—!:f(x)dx—lJrl!Zxdx— > 0—2

Cdch 2: (Bién déi)
Tir f(x)+ f(2-x)=2x =] f(x)dx+] f(2-x)dx = [2xdx =4 (*)

=0=u=2
bat u=2—-x =du=-dx; Vdi * B )
x=2=>u=0

Suy ra j:f(Z—x)dx: Ef(u)du:zf(x)dx.

Thay vao (*), ta dugc ij(x)dx = 4<:>.ff(x)dx =2.

0
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2.11.2. DUng phuong phdp tung phan

Xudt phat tir dao ham ham sé tich, ta cé: [u(x).v(x)]’ = u'(x).v(x)+ v'(x).u(x)
L&y tich phan hai vé ta duoc:

, b
.[[u(x).v(x)] dx = j[u'(x).v(x)+v'(x).u(x)] dx
b b b
@Iu(x)d(v(x ) a Iv ( )
b b b
Hay'f()()dxu ajv
< Vidy 2.11.5
Cho hai ham s lién tuc f va ¢ cé nguyén ham lan luotla F va G trén doan [1;2].
2
Biét F(1)=1, F(2)=4, G(l):g, G(2)=2 va jf dx—— Tinh [F(x)g(x)dx
1
N B.ﬁ c._E . 15
12 12 12 12
N Loi gidi
Chon A
Dt uzF(x) N duzf(x)dx
dv:g(x)dx v:G(x)

jP(x)g(x)dx:P(Z)G _F()G( sz
(

3 67 11
j ( )G .X)dx 42— E—E:E

< Vidy 2.11.6

5
Choham 6 y = f(x) c6 dao ham lién tuc trén [0; 5] va f(5) =10, Ixf’(x)dx =30.

0

Tinh T f(x)dx

A. 20 B. -30 C. -20 D. 70
N Loi gidi
Chon A
u=x du=dx
Dat =
dv:f'(x)dx v:f(x)
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> Téng két phuong phdp tinh tich phdan ham “an”
2.11.1. Dung phuong phdp déi bién

Dang 1: Cho ]iu'(x). [ ( )de tinh _[f dx hoac J.f dx tinh _[u [u(x)]dx.
Dai véi loai bai tap nay ching ta sé d6i bién t = u(x)
> Luug: [ £(1)dt = [ £(x)dr = [ £(u)du

Dang 2: Tinh } f(x)dx, biét f(x) thoa: A.f(x)+B.u'. f(u)+C.f(a+b-x)=g(x).

D& véi loai bai tap nay, truedc khi 14y tich phan hai vé ta can chti y rang :
@ Trong dé bai thuong sé bi khuyét moét trong caché s6 A, B,C.

@ Néu f(x) lién tuc trén [ a;b ] thi } f(a+b-x)dx = f f(x)dx
B u(a):a p 1 p
® Vdi {u(b)b thi .[f(x)dx v J
ula)=b 't 1 b
® Vdi {uEb;a thi .[f(x)dx = A—B+ng( )dx

2.11.2. Dung phuadng phdp tung phan
Xuét phat tir dao ham ham sé tich, ta c6: [u(x).v(x)]’ =u/(x).0(x)+0'(x).u(x)

Lay tich phan hai vé ta duoc:
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R~ Dang 2.12. Tich phén lién quan phuong trinh vi phan
2.12.1. Biéu thuc dao ham

1. u(x).f’(x)+u'(x).f(x):h(x) 2. u'(x).f(g;)z_(ugx).f'(x) :h(x)
x
Phuong phdp giai:
Ap dung cac cong thikc: (uv)' =u'v+v'uva [Ej _u'v —20 u
4 v

(D). u() (x)+u(x) (x)=h(x)<:>[u(x)-f(x)]'=h(x):>u(x)~f(x)=jh(x)dx

@. Y1) () u(x)-f (x):h(x)c{;((iﬂ:h(x):u(x)zjh(x)dx

< Viduy 2.12.1
Cho ham s6 f(x) c6 dao ham lién tuc trén doan [O; 2] théa man f(O) =3 va

(2x+3) f'(x)+2f(x)=4x—3x". Tinh f(2)bang

Al B.

~N|©
@
|

D.2
Chon B

Ta co: (2x+3) f'(x)+2f(x)=4x-3x" & [(2x+3)f(x)] =4x —3x°

L&y nguyén ham 2 vé ta duoc: (2x+3)f(x)=_|.(4x—3x2)dx =2x*-x*+C
Do f(0)=3=3f(0)=C=C=9

Thay x=2=7f(2)=8-8+9= f(2)=

< Vidy 2.12.2
Choham g f (x) c6 dao ham lién tuc trén doan [1; 4] thoa man f (1) =2 va
f(x)=x.f"(x)+3x* —4x*. Tinh gia tri f(4)
A. -2 B. —196 C. 48 D. -193

.....

\IILO

Chon B

Ta o6 f(x)=2x.f"(x)+3x" —4x’ = f(x)—azc.f'(x) =3’ -4 < xf(z) A =-3x" +4(%).

X X

Mt khac =7 ’(xgz—f (%) :{f (x)]

=—x"+4x+C

f(x)

Lay nguyén ham 2 v€ cua (*) ta co:

Do f(l)z2:@=—1+4+C:>C=—1:>f(x):—x4+4x2—x.Khid(’) £(4)=-19.
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& Vidy 2.12.3

Chohams6 y=f (x) lién tuc trén doan {0; %} . Biét rf?mg

f’(x),cosx+f(x).sinx=1,Vxe[0;g} a f(0)=1. Tinh tich phan I = .er( )dx
A.I:*/§+1 B.I:*/_s—_l cr=1 D.1=+7
2 2 2 2 3
N Loi gidi
Chon A
, o f’(x).cosx+f(x).sinx_ 1 f(x) ,_ 1
f(x).cosx+f(x).s1nx—l<:> cos? x _Coszx@ cosx | cos’x

X
Lay nguyén ham 2 v€ ta duogc: /() = tanx+C. Theo gia thiét f(0)=1=C=1

cos x
g_\/§+1
‘o 92

tanx +1)Cosxd (sinx+cosx)dx = (—cosx+sinx)

o'—.w\:i
o'—.w\:i

3
Khidé = j
0
& Vi dy 2.12.4

Chohamsd y=f (x) lién tuc va cd dao ham tai moi x € (0; ], dong thoi thdéa man

Bt ring /[ 5 |-

a,beR. Tinh gia tri cua biéu thiec P=a+b

T
2

hé thixc f(x)+ tanx.f’(x) z] = ar\[3+b1n3 trong d6
cos® x 6

A p-2 S D.p--2
9 9 9 9
N Loi gidi

Chon A

, x . , x . ' x
f(x)+ tanx. f (x) g <> Cos x.f(x)+smx.f (x) e = [sm xf(x)] g
Lay nguyén ham 2 v&ta duoc: sinx.f(x)= J. .’sz dx

Cos” X

u=x
du=dx )
Dat do d,; :{v:tanx:>smx.f(x)zjcozzxdx:xtanx—jtanxdx
cos” x
:>sinx.f(x)=xtanx+ln‘cosx‘
B5)1(6)

Dods 3 \&) Tl V8 sk, g

2 3 2 63 2 18

5

Suy ra \/gf(zj—f(zjz&ﬁ/g—hﬁ: a_§ :>a+b=_—4.

3 6 9 bo_1 9
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2.12.2. Biéu thuc téng hiéu

. f'(x)+f(x)=h(x) @). f'(x)-f(x)=h(x)

Phuong phip gidi:
(1). Bién doi: f'(x)+f(x)=h(x)=e" f'(x)+e" f(x)=€"h(x)
ole f(x)] =e h(x)o e f(x)= [ h(x)dx
(2). Bién doi: f'(x)—f(x)=h(x)=>e™ f'(x)—e ™ f(x)=e"h(x)
e f(x)] =eh(x) e e p(x) = e (x)dx

< Vidy 2.12.5
Cho ham s6 f(x) c6 dao ham lién tuc trén doan [O; 2] thoa man f’(x)+f(x) =x-1
Biét f (O) =9. Khang dinh nao sau day la dting?

A. f(2)=9¢ B. f(Z) 9¢*>  C. f(2)=2¢* D. f(2)=-1+9¢?

.....

Chon A
Ta co: f’(x)+f(x):x—1<:> ex.f'(x)+ex.f(x):e" (x—l)

= [e".f(x)}' =e" (x—l) =e' f(x) = Je" (x—l)dx

bat {u=x—1 :{du:dx:jex (x—l)dxz(x—l)e" —Iexdx:(x—Z)ex +C

do=e'dx |v=¢"
Do d6 ex.f(x):(x—2)6x+C:>f(x):w
. B ~ B (x-2)e"+9 9
Lai c6 f(O)——2+C—7:>C—9:>f(x)—e—x:>f(2)—e—2.

< Vidy 2.12.6
Cho ham s6 f(x) c6 dao ham va lién tuc trén R . Biét rang f(0)=3va
f(x) —f’(x) =2x+1. Gia tri cua f(l) thudc doan
A.[0;2] B.[4;6] C.[24] D. [6;8]

-----

Chon D

Taco: f(x)—f’(x) =2x+1< e*"f(x)—e*x.f’(x) =g (2x+1)
Mat khac [e*".f(x)]’ = e*x.f'(x) —e”‘f(x)

Lay nguyén ham 2 v& ta dugc: —e ™. f(x) = J. e (2x+1)dx

u=2x+1 du =2dx . A
bat { B { :>I 2x+1 x(2x+1)+J‘2@ “dx
dv=e¢""dx v=—e"

=—e " .f(x)=—¢"(2x+3)+C e f(x)=e7(2x+3)+C
Do f(0)=4nén 4=3+C:>C=1:>f(x)=2x+3+%:>f(x)=2x+3+e"
e

:>f(1)=5+ee[6;8].
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2.12.2. Bai todn t8ng qudt f'(x) + p(x). f (x) = h(x)

Phuwong phap gidi:

Nhan 2 v€ véi ejp(x)dxta duoc: ejp(x)dx .f’(x)+ eIp(x)dx ~p(x) : f(x) = ejp(x)dx ~h(x)

!/

@[ef”(")dx -f(x)} :h(x).ejp(x)dx
x):'[h(x)ejp( .

& Vidy 2.12.7

Cho f(x) c6 dao ham trén [2;4], £(2)=6; (x2 —1)f’(x)+f(x)=x2+x.Tinh £(4)

A. 2445 B. 5++5 C.5++/15 D. 2+4/15
N Loi gidi
Chon D
Ta c6: (x2 —1)f’(x)+f(x):x2+x<:>f'(x) #xl:ﬁvm xe[24]

dx Cdx
Ap dung cong thitc nhanh 2.11.2 ta c6 f(x).eszl = J.ileszl dx (*)
x —_

J'dx 1,34 x—l
Laico e ¥t =¢2 =

Do d6 (*) = f(x F jx 1\/:d jxd’i j( )\/ﬂw
—>f(x):C\/%mﬂ:»f(2)=c\/§+3=6:>f(x)=,/ x_13+x+1af(4)=5+\/§

< Vidy 2.12.8

Cho f( )co dao ham trén [0 1] biét f 1/ x +1 +xf( )=x3+4x.Khidé:
A.0<f(1)<2 B.2<f(1)<4 C 4<f()<5 D. f(1)>5
N Loi gidi
Chon C

X x° +4x
f( ) x?+1

Taco: (3 +1) f'(x) 3 (x) ="+ 4 & f/(x)

b zidx 3 zx dx
Ap dung cong thitc nhanh 2.11.2 ta c6 f(x).ej" 1= J.%Arfejx Helod (")
X+

T odr (a2
Ta tinh: ej"”1 :ezl( 3 =+/x*+1

("o +1f(x)= jx +4x\/_dx E ( )x2+1dx
=%J{M+ﬁ}d(x +1)—%~/<x +1) +3Vx’ +1+C > f(x)= i ;10 2C

Xt
Matkhécf(o)z% C—lj C=1:f(1)=1—31+i:>4<f()

72
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> Téng két phuong phdp tinh tich phan lién quan PTVP
2.12.1. Biéu thic dao ham

. u(x)-f’(x)+u'(x)-f(x)

Phuong phap gidi:

Ap dung cac cong thtrc: (uv)' =40+ 0 uva [%jr u'v—-o'u
. u(x)- £ (x) 0 ()£ (3) = h(x) & [u(x)
() () u(x) (x)_ RO u(x) '=
@. . () { }
2.12.2. Biéu thuc téng hié

@ f(x)+ f(x)=h(x)

@), ()~ (x)-5(2)
Phuong phap giai:
(1). Bién d6i: f'(x)+ f(x)=h(x)=e" f'(x)+e"- f(x)=e"h(x)

@[ex-f(x)]’ =e"~h(x)<:>e" -f(x)=je"~h(x)dx
(2). Bién d6i: f'(x)—f(x)=h(x)=e™ f'(x)—e™- f(x)=€¢"h(x)

= [e*" f(x)] =e " -h(x) e f(x) = J‘e*x -h(x)dx
2.12.2. Bai todn téng quat f'(x) + p(x). f(x) = h(x)
Phuong phap giai:

Nhan 2 v€ véi ejp(x)dxta duoc: ejp(x)dx.f'(x)+ ejp(x)dx -p(x) : f(x) = ejp(x)dx ~h(x)
“’[QJ o -f(xﬂ =h(x)-e’”(”°‘*
x)=[h(x

Tong quit: e f jh
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R Dang 2.13. Bat ddng thuc tich phéan
$ Tinh chat 01:

Cho ham s6 y = f( ) va y= g( ) cO dao ham lién tuc trén [u'b}. Khi do:

® Néu f(x)z ( )Vxe[ab] thi If dx>jg

@ Néu f(x)EOVxe[a;b] thi '[f( )dx>0.Hé qua If dx 0<:>f( )

® x)dx

<Jlp s

38 Tinh chat 02:

Choham s6 y = f(x) va y= g(x) co dao ham lién tuc trén [a'b] g(x) # 0. Khi do:

@  Bat dang thitc Holder (Cauchy — Schwarz): (I f

Déng thtic xay ra @f(x):k.g(x) voi keR

® @f(x)dx}zs(b—a)-jfz(x)dx

JZ ifZ(x)dx.ng(x

é Baitodn: Chohamsd y=f (x) cd dao ham trén [a;b] thoa man céac diéu kién:

(1) f(m)=n 2) j L

}dx

G ig(x). £(x)dx=

Vi g(x) la ham so’da biét va lién tuc trén [a; b]

Tinh I :j‘f(x)dx

)dx.

B

b
~ Loi giai: Tinh tich phan ig(x).f(x)dx = B bang phuong phap tirng phan — jh(x).f’(x)dx =B
© Hudng 1: u © Hudng 2: a
3> Budcl. Mit khéc
b b b ) P> Budc 1.  Gia st tinh duwoc Ih dx C
Ih(x).f’(x)dx < Ihz (x)dx-j(f’(x)) dx
a a a . > Budc 2. Tim 7y thoa:
casio giathiet b b
> Budc 2. DAu “=" xay ra <:>f'( ):k-h(x). I[f’(x)]zdx—Zjh(x dx+.J.h dx
Nguyén ham 2 v&€ = f(x k; C) =? a A - B c
»Buéc3. Ding f(m)=n=C(k)=? QA—ZlB'ﬂ“IC‘O@V‘?-
b
> Budc 4. Dimng jh(x).f’(x)dx:B' (Obusc1) | Budc3. Licnay I( )= (x )) dg=Y
ks P (x)h(x) 0 £ (x) )
—> Cubi cung c6 du x; k;C = f(x) hoan chinh > BuSc 4. Nguyén ham 2 v& = f(x;C) 35
——>YCBT. Dimg f(m)=n=>C=?
—> f (x) hoan chinh
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= Vidy 2.13.1
Cho ham s6 y = f(x) lién tuc trén [ 0;2], thoa cac diéu kién f(2)=1 va

j[f’(x)]z dx = 'Z[f(x)dx = % . Gié tri ctia if(f) dx.

0 0 1 X

Al B.
2

.....

Chon B

Tinh: I = j1.f(x)dx; dat: {u = f(x) = {du = f'(x)dx.

dv=1dx

:>I=x.f(x) Z—Jz.xf’(x)dx<:>—=Z—jxf'(x)dx—>_1[ x f’(x)dxzﬂ
0 0 0 0 h(x) 3
Tim ~: I[ ] dx - Z.Ixf dx+.j “dx = O@——Z.%.fynLgfyz:O:v:%.

2 2
Luc nay j(f’(x)—%xj dx=0 :f’(x)—%.x:OQf’(x):%x.
Nguyén ham 2 vé: .[f dx J. xdx:>f( ):%x2+C.

Lai c6 f(2)=1:>1:%.22 +C:>C=0:>f(x)=%x2.

12
f(x) o AgY
Vay'!. 7 dx—_!. 7 dx—z
< Vidy 2.13.2

[f’(x)]z dx =20

Choham o f (x) cO dao ham lién tuc trén [O;l} thoa man f (1) =4,

O ey

xf(x dx 1. Tich phan J.f dx bang

<
-
O t——

A.1 B.g C. - D. 4
6 3

-----

Chon C

1
Tinh: I=[x.f(x)dx; it {M
0

:I:%xz.f(x);—%oxzf’(x)dx <:>1=2—%!x2f'(x)dx—>£x2f’(x)dx:2 (*)
Mit khac I f j‘(xz)z dx j(f’(x))2 dx=% 20=4
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2

Dé&u “=" xay ra<> f'(x)=k-x*.

Nguyén ham 2 vé&: If )dx = k_[x dx= f(x ):§x3+C.

Theo gia thiét: f(l):4:>4=§13+C:>C=4—§:>f(x)=§x3+4—§

1 1 1
Tie (*): Ixzf’(x)dxz2<:Ix2.k.x2dx=2c>ij4dx=2:>k=10.
0

Khi dé: f() 1: 3 4—% f(x) 1?? 3 2:>_[f J‘(Exs+ jdx—)%
< Vidy 2.13.3

Choham s6 f(x ( ) c6 dao ham duong lién tuc trén [0-1] thoa man f (O) =1va

3_[[ +—}dx<2'|‘[4/ f }dx Tich phan If dx bang

AL B.> ¢l D. .
12 4 2 6
N Loi gidi
Chon D
2
Theo bat dang thittc Holder If (x)dx-jldx > U[ f (x) f( )} 1dxj
0 0

1 3
Tir o = f(x)= 3253 :j[s “3J dr=".

Heét

UNG DUNG TICH PHAN
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A.LY THUYET CHUNG.
1. Hinh phdng gidi han bdi dudng cong & tryc hoanh:
B Hamso f (x) lién tuc va nhéan gid tri khong am trén doan [a ; b] .

Hinh thang cong giéi han béi d6 thi f (x), Ox va hai duong thang x=a, x=b.

Ji

b
Khi d6 dién tich hinh thang cong dwoc tinh: S = [ f(x)dx.
> Truong hop f(x) <0 trén [a;b], ta co —f(x) >0. A //?B

'\\-.
S hinh thang cong aABb =S hinh thang cong aA'B'b. '
(aA'B'b la hinh d6i xirng cua hinh thang da cho qua truc hoanh). d

) 0
Do d6: =S5, =S, = [ (—f (x))dx %
f

=Y

¥ Téng quat:
Dién tich ctia hinh phéang gi¢i han boi d6 thiham ¥4

5. g
)
B
sO f (x) lién tuc, truc hoanh va hai duwong thang y— )
x=a, x=>b dwoc tinh:
b
5= (x)ax T
a

2. Hinh phdng gidi han béi hai dudng cong:
B> Chohams6 y = f(x) va y=g(x) lién tuc trén doan [u;b].

=Y

Goi D 1a hinh phang giéi han boi d6 thi hai ham s§ d6 va duong thang x=a, x=b.

S 4---

Xét truong hop f(x)2g(x)vxe|ab]. vk y = f(z)
Goi S;;S, la dién tich hai hinh thang cong gidi han boi
Ox
x=a Véy:f(x);y=g(x). !
x=b u.= glz) o
b

, 0| z
Khi d6 dién tich: S=5, -5, = [[ f(x)-g(x)]dx.

¥ Téng quat:
Dién tich cua hinh phing gi¢i han boi d thi ham s6 f(x) va g(x) va hai duong thang

x=a, x=>b duoc tinh:
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3. Thé tich vat thé:
B~ Goi B la phan vat thé giéi han boi hai mit phang vuong goc véi truc Ox tai cac diém

avab, S (x) 1a dién tich thiét dién cua vat thé bi cit boi mit phéng vudng gdc vdi truc

Ox tai diém x, (a<x<b).

-—

o y -::' : X

Gia st S(x) 1a ham s0 lién tuc trén doan [a; b]

b
Khi d96, thé tich ctia vat thé B duwoc xac dinh: V = J.S (x)dx )

4. Thé tich khéi tron xoay:
R~ Thé tich khdi tron xoay duoc sinh ra khi quay hinh phéang giéi 74
han boi cac dudng y = f(x), truc hoanh va hai dwong thing / y=r

x=a, x=>b quanh truc Ox:
b
V= WI £2(x)dx
R~ Thé tich khdi tron xoay duoc sinh ra khi quay hinh phang gi6i

ol @

han boi cac duong x = g( y) , truc tung va hai duwong thang y =c,

y=d quanh truc Oy: ‘n‘“%
1

b
V=g (y)dy B

R~ Thé tich kh&i tron xoay duwgc sinh ra khi quay hinh phang

gidi han boi cac duong y:f(x), y :g(x) (cing nam

mot phia so véi Ox) va hai duong thang x=a, x=b

quanh truc Ox: ofa b

1% :ﬂi‘fz(x)—gz(x)‘dx
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R Dang 3.1. Cau héi Iy thuyét
38 Dién tich hinh phang:

y=f(x) y=f(x)
b b
(1) Gi6i han: {% —S=| f(x)|dx. (2) Gi6i han: y=8(*) g = [|f(x)-g(x)|dx .
X=a a X=a a
x=b x=b

38 Thé'tich vat thé:
Goi B 1a phan vt thé gi6i han boi hai mat phang vudng goc truc Ox tai cac diém a va b,
S (x) 12 dién tich thiét dién vat thé bi cit boi mit phéng vudng gbc truc Ox tai diém x, (a<x<b).

b
Khi d6, thé tich ctia vat thé B dwoc xac dinh: V = [$(x)dx

88 Thé'tich khoi tron xoay:

y=f(x)
b
(1) Gidi han: Ox va quay quanh truc Ox >V = 7TJ- f? (x)dx
x=a y
x=b
y=f(x)
b
(2) Gi6i han:{¥ = 8(x) va quay quanh truc Ox -V = 7r”f2 (x)-¢? (x)‘dx.
xX=a a
x=b
x=g(y)
b
(3) Gidi han: Oy va quay quanh truc Oy -»V = 7TJ. g (y)dy .
xX=a y
X =
< Vidy 3.1.1

Cho hinh phéng (H ) gidi han boi d6 thi cia ham s6 f; (x) va f, (x) lién tuc trén
[4;b] va dudng thang x=a, x=b. Cong thitc tinh dién tich ctia hinh (H) 1a
y

A 5= [l (- ()

C. 5= Hﬁ x)+ f, (%) dx

Chon A
Taco: S= .”fl(x)—f2 (x)‘dx
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= Vidy3.1.2

Choham sé y=f (x) lién tuc va cd d6 thi nhw hinh bén. Goi D la y
3

hinh phéng gi6i han béi d6 thi ham s8 da cho va truc Ox. Quay
hinh phang D quanh truc Ox ta duoc khéi tron xoay c6 thé tich V
dwoc xac dinh theo cong thic

O N3 x

A. V=7r2j|l[f(x)T dx B. V=%Jj[f(x)]2 dx
Cv =Jj[f(x)]2 dx D. Vzwj[f(x)]z dx
N Loi gidi
Chon D

3
Thé tich khéi tron xoay khi quay hinh phang D quanh truc Ox: V = WII: f (x)}z dx
1

< Vidy 3.1.3
Goi S la dién tich mién hinh phéng duoc to dam trong hinh vé bén. Cong thitc tinh S 1a
1 2
A. S:jf(x)dx+jf(x)dx y
. ' /“Yf(x) /
B. 5= f(x)dx
1[1 ( ) /—1 0 1 ~~—" x
1 2
C.S= f(x)dx—[f(x)dx
-1 1
2
D. S= —jf(x)dx
-1
N Loi gidi
Chon B

5= [ |/ (e = [[ )0 [lo- pa)J e ] (s)ee[ ()
< Vidy 3.1.4_ _

Thé tich khdi tron xoay do hinh phang giéi han boi cac duong y = Jx, truc Ox va hai
duong thang x=1; x =4 khi quay quanh truc hoanh duoc tinh béi cong thitc nao?
4 4
A.V =n[xdx B. V = [|Vx|dx
14 ' 4
C.V:wzjxdx D.V:wj.\/;dx
1 dl
N Loi gidi
Chon A

Thé tich khdi tron xoay giéi han boi do thi ham s8 y =+/x , truc Ox, x=1 va x=4 duoc

tinh bdi cong thirc V = 77]1‘(\/;)2 dx = 77} xdx .
1 1
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R Dang 3.2. Dién tich hinh phdng gidi han bdi y=f(x), Ox, x=a, x=b

y=f(x)
b
38 Dién tich hinh phang gici han: Ox —S= ”f(x)‘ dx.
x=a y
x=b

D€ pha bo dau gia tri tuyét doi ta thwong lam nhu sau:

Budc1:  Giai f(x) =0 tim nghiém x,x,,...,x, e(a;b) (u< X, <X, <..<x,<b).
Budc 2: Tinh S= T‘f(x)‘dx+]z‘f(x)‘dx+...+ j-‘f(x)‘dx
b

Jf(x)dx

Xn

+...+

_[f(x)dx

» Ngoai cach trén, ta c6 thé dwa vao do thi d€bd dau gia tri tuyét doi.
& Vidy 3.2.1
Dién tich hinh phang gi¢i han boi d6 thi ham s y = (x - 2)2 —1, truc hoanh va hai
duong thang x =1,x =2 bang
2 1

A. — B.g C. - D.Z
3 2 3 3

N Loi gidi
Chon A

Xét phuong trinh (x— 2)2 -1=0& {x

2

-[(xz—4x+3)dx :g'

Ta Cé:S:i (95—2)2 —].‘dx:j‘xz —4x+3‘dx:
1 1

« Vidy 3.2.2

Tinh dién tich S cta hinh phang giéi han bdi y=x*-2x, y=0, x=—4, x=1
A. 5=15 B. 5=23 C.5=9 D. S=38
N Loi gidi
Chon D

Xét ohuong trinh hoanh d6 giao diém: x° -2x=0 < [x

X —o0 0 2 +o0
VT + 0 — 0 +

Dién tich can tim:

S= j.‘xz —Zx‘dx: .(i(x2 —ZJc)dx—j.(x2 —2x)dx :[X—S—sz
4 -4 0 3
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R~ Dang 3.3. Dién tich hinh pha g gidi han bdi y=f(x), y=g(x), x=0a, x=b
= f(x)

b
$€ Dién tich hinh phding gi6i han: ( ) 52 [ £(x)-g(x)dx-

x=b
Dé pha bo dau gia tri tuyét déi ta thuong lam nhu sau:
Budc1: Giai f(x) = g(x) tim nghiém x,x,,..., x, € (a,'b) (a <X <X, <..<X, < b).

Budc 2: Tinh S=Jjj‘f(x)—g(x)‘dxvtzf‘f(x)—g(x)‘dx+...+j‘f(x)—g(x)‘dx

[(£(x)-g(x))dx

X

X3

[ (£(x)-g(x))dx

X

X

J(£(x)-g(x))dx

a

+ +...+

» Ngoai cach trén, ta c6 thé duwa vao do thi dé bo dau gia tri tuyét doi.
< Vidy 3.3.1
Dién tich hinh phang duoc giéi han boi y = 2—x* va duong thang y=—x la

A.Z B.g C.3 D.g
2 4 2
N Loi gidi
Chon D
, ) x=-1
Tacdé 2-x"=—x< 5 va 2—x* >—x,Vxe[-1;2]
X =
p 2 ) o9
Nén S=I(2+x—x2)dx: 2x+—-"—| ==
% 2 3), 2
< Vidy 3.3.2
Hinh phang giéi han boi cic duong cong y:x(l—x) va y=x°—x c6 dién tich bang
N N
12 12 3 4
N Loi gidi
Chon A
x=0
x(l-x)=2*-xox®+x'-2x=0| x=-2
x=1

Goi S1a dién tich hinh phang gi¢i han boi cac duong cong y = x(l—x) va y=x"-x.

Khidd S= hx3+x2—2x‘dx: j{‘x3+x2—2x‘dx+j‘x3+x2—2x‘dx
%

:[(x +x —Zx)

0

= J(x3+x2 —Zx)

-2

3 12 12
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R Dang 3.4. Dién tich hinh phang gidi han bdi y=f(x), y=g(x), y=h(x)

y=f()
$8 Di¢n tich hinh phing gidi han: {y = g(x) .
y=h(x)

Budc 1. Giai f(x) = g(x) c6 nghiém x,.
Giai g(x)=h(x) c6 nghiém x,.
Giai g(x) = h(x) c6 nghiém x,.

Gia st x, <x, <x, dwoc biéu dién nhw hinh.

Budc 2:  Khid S:T‘g(x)—f(x)‘dx+T‘h(x)—f(x)‘dx

= I(g(x)—f(x))dx + j(h(x)—f(x))dx
& Vidy 3.4.1
Dién tich hinh phang gidi han boi d6 thi ham s6 y = —x* +3x; y=x+1; y = —x +4 bang
A= B. = c.: D.1
12 6 4 3
N Loi gidi
Chon A

X’ +3x=x+l-x*+2x-1=0<=x=1.
X’ +3x=-x+4d=-x*+4x-4=0=x=2.
x+1l=—x+4=2x-3=0<=x=32.

%

3
S= ﬂ—x2+3x—x—4dx+ i ‘—x2+3x+x—4‘dx = I(x—l)zdx+ JZ. (x—Z)de =i.
1 32 1 3 12

2

& Vidy 3.4.1

2

Dién tich hinh phang gidi han boi cac duong y =2x%; y = % ;Y= >4 bang
x

A. §—54ln2 B. 54In2 C. @ D. —@+54ln2
2 4 2
N Loi gidi
2 2
2x2 =X = x=0. 2x2=%<:>x=3. x—=%c>x=6.
X 4 X
3 2 6 2 3 2 6 2
S:J‘sz—x—dx+j%—x—dx:j o2 X dx+j Stpwdie dx| =541n2.
0 4 3| X 0 4 A 4
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R Dang 3.5. Dién tich hinh phang dva vao dé thi
y=f(x)

e Trudng hop 1: {
y=3(x)

Budc1:  Quan sat do thi thay f(x)—g(x) =0 x=c;ce [a;b] .
Budc 2: Xét hiéu f(x)—g(x) trén cac doan [a;c],‘[c; b] :
Gia swr trén {[u;c] : f(x) —g(x) >0 :
[c;b]:f(x)—g(x)<0
b
Budc3:  Khido S:”f(x)—g(x)‘dx

= j:(f(x)—g(x))dx+_l!1(g(x)—f(x))dx

y=f(x)

e Trudng hgp 2:
{Ox :y=0

Budc 1: Quan sat d6 thi thay f(x)—OzO@x:c;ce[a;b].
Budc 2:  Xét hiéu f(x)—O trén cac doan [a;c],‘[c; b].
Gia str trén [a;c]:f(x)—0>0.
[c;b]:f(x)—0<0
b c b
Budc3:  Khido S=”f(x)—0‘dx=J.(f(x)—O)derJ.(O—f(x))dx.

@ Vidy 3.5.1
Goi S la dién tich hinh phang (H) gidi han boi cdc duong
y= f(x), truc hoanh va hai duong thang x=-1, x=2. Dt

a= | f(x)dx,b=[ f(x)dx, Khidé S=

C. -b+a

.....

A.b—-a B. b+a

- 2 0 2
Ta co: S::Uf(x)‘dx=:|.l‘f(x)‘dx+_([‘f(x)‘dx.

b
—>dién tich hinh phang can tim 1a S = [|f(x)-

b
—> dién tich hinh phéng can tim 1a S = [|f(x)-

g(x)‘ dx .

O‘dx .

D. -b—a

Tathdy £(x)20vx e[0;2]; £(x) <0Vx e[ -1:0] S =—[ f(x)dx+ | £(x)dr=-a+b

“ Vidy 3.5.2
Dién tich phan hinh phang gach chéo trong hinh vé bén duoc
tinh theo cong thitc nao duwdi day?

A. .zf(—2x+2)dx B. i(Zx—Z)dx

C. _2[(2x2—2x—4)dx D. j<—2x2+2x+4)dx
] -1
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Chon D

S= ﬂ(—x2+3)—(x2—2x—1)‘dx= i\—2x2+2x+4\dx= j(—2x2+2x+4)dx.
& Vi dy 3.5.3_l ; ;

Ndam hoc: 2023-2024

.....

Choham o f (x) lién tuc trén R. Goi S la dién tich hinh
phang gidi han béi ca duong y = f(x), y=0,x=-2va
x =3 (nhu hinh vé). Ménh dé nao dudi day diung?

A.S :—j;f(x)dx—jf(x)dx.

.....

Chon B

Ta co S=j]f(x)‘dx=5=Jl]f(x)‘dxvtjj‘f(x)‘dx.

3

1
Do f(x)20 véi Vxe[-21] va f(x)<0 véi Vxe[1;,3] nén S= [ f(x)dx—[ f(x)dx.
< Vidy 3.5.4 ) 1
Cho hinh thang cong (H ) gidi han boi cac duwong y=e*, y=0,

. |
x=0, x=In4. Duong thing x =k(0<k <In4) chia (H) thanh “
hai phan c6 dién tich 1a S, va S,nhu hinh vé bén. Tim k dé
S, =25,.
2
A. k==In4 B. k=In2
3 —1// 51 /R S
8 -
C. k=1n§ D. k=In3 O I Iln4 r
N Loi gidi
Chon D

In4

k k . x x1n4
e -1vas§, = je’dx:e
k

k
Ta c6 Slzje"dx:e" =4—¢"
0

k

Tacé S, =25, <> e —1=2(4—¢" )< k=In3.
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R~ Dang 3.6. Thé tich vat thé
Goi B 1a phan vt thé giéi han boi hai mat phang vuong
goc véi truc Ox tai cac diém a va b, S(x) la dién tich thiét
dién ctia vat thé bi cat boi mat phang vudng géc véi truc
Ox tai diém x, (a <x< b)

Giast S (x) 1a ham s0 lién tuc trén doan [a; b]
b
Khi d6, thé tich ctia vat thé B duwoc xac dinh: V = IS (x)dx )

@ Vidy 3.6.1
Tinh thé tich ctia vat thé giéi han boi hai mit phang x=1 va x =3, biét rang khi cat
vat thé boi mit phang tity ¥ vudng goc véi truc Ox tai diém co hoanh dd x (1<x< 3)
thi dwoc thiét dién 1a hinh chit nhat cé hai canh la 3x va x.

2178 21787

A —— B. 267 C. 26 D.
5 )

N Loi gidi

Chon C
3 3
V:IS(x)dx:J3x2dx:26.
1 1

& Vidy 3.6.2

Tinh thé tich V ctia vat thé ndm gitra hai mit phang x=0 va x =, biét rang thiét
dién ctia vat thé bi cit bdi mit phéng vudng goc voi truc Ox tai diém c6 hoanh do x
(O <x< 7r) la mot tam gidc déu canh 2sinx .

A. V=3 B. V=3 C.V=2rd3 D.V=23
N Loi gidi
Chon D
. - : 2\/5
V:.[S(x)dx:I(Z smx) de:Zx/g.
0 0

“ Viduy 3.6.3

Tinh thé tich V ctia phan vat thé gi6i han béi hai mat phang x=1 va x =3, biét rang
khi cat vat thé boi mat phang tly y vudng goc véi truc Ox tai di€m c6 hoanh do x
(1< x <3) thi duoc thiét dién 1a mot hinh chit nhat ¢6 hai canh 1a 3x va +3x* - 2.

A. V =32+24/15. B.V:%- c.vz%- D.V:(32+\/§)Tf.
N Loi gidi

Chon C
3

Ta co V:I3x\/3x2—2dx;dét F=+3x? -2 = #* =3x* =2 = 2tdt =6xdx = tdt = 3xdx.
1

Déican: x=1=t=1, x=3=t=5.

5 5
Khi d6 V:It.t.dt:(ltsJ _1aa
) 3 3

1
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R Dang3.7. Thé tich hinh phdng gidi han bai f(x), Ox, x=a, x=b quay
quanh Ox

Budc1:  Giadi phuong trinh f(x) =0 x=c;ce [a;b] .

b
Budc 2:  Khido V =r[(f(x)) dx.
< Vidy 3.7.1
Cho hinh phéng (H ) giéi han boi d6 thi ham s8 y =—x* +4x -3, truc hoanh va hai
duong thang x =1,x =3 . Quay (H ) xung quanh truc hoanh dwogc khéi tron xoay ¢6
thé tich la

A. V=J3.‘x2—4x+3‘dx B. V=j“x2—4x+3rdx
1 1
C. V=7rj.(x2—4x+3)2dx D. V=7rj.‘x2—4x+3)dx
1 N Loi gidi 1
Chon C

3 3
Theé tich can timla : V = WI(—xZ +4x —S)de = WI(XZ —4x+ 3)2dx .
1 1
« Vidy 3.7.2
Thé tich ctia khdi tron xoay tao thanh khi quay hinh phang gi6i han bai @6 thi ham s&
y=+tanx , truc hoanh va cac duong thang x=0, x = % quanh truc hoanh la

2

Av="" By="112 cy.T  py-T
4 4 4
N Loi gidi
Chon B
oy o TR 4 4 sinx 3 _mIn2
Thé tich khoi tron xoay can tinhla V =7 '[ tanxdx =7 I dx =-m ln‘cos xH ‘= .
5 5 COSX i 2

< Vidy 3.7.3
Cho hinh phing D gi6i han boi cac duong y = (x - 2)2, y=0, x=0, x=2.Khdi tron
xoay tao thanh khi quay D quanh truc hoanh c¢ thé tich V bang bao nhiéu?

A.V:g B.V:32—7r C.V:g D. V=327
5 5 5
N Loi gidi
Chon B
2

2 _25

V:wj(x—2)4dx:7r.(x ) :327T.
5 5
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R Dang3.8. Thé tich hinh phang gidi han bai f(x), g(x), x=a, x=b quay
quanh Ox

Budc 1:  Giai phuong trinh f(x) = g(x) S x=c;ce [u;b].

Budc 2: Khidé V =7rj.‘f2(x)—g2(x)‘dx+7r.b”f2(x)—gz (x)‘dx.

< Vidy 3.8.1
Cong thtic tinh thé tich ctia khdi tron xoay khi cho hinh phang giéi han boi parabol
(P) .y =x° va duong thang d:y=2x quay xung quanh Ox 1a
2 2
A. WI(Zx—xz)dx B. WI(xZ—Zx)Z dx
0 0
2 2 2 2
C. w_[ 4x*dx - 7r'|. x*dx D. wj 4x*dx + wf x*dx
0 0 0 0
N Loi gidi
Chon C

X =
Xét phuong trinh hoanh d6 giao diém cua (P) vadlax’=2x<
X =

Vi trén (0;2) ta cod 2x > x°
2 2
Nén cdng thtic tinh thé tich ctia khéi tron xoay la: V = 7TJ‘ 4x*dx - 7TJ- x'dx.
0 0
< Vidy 3.8.2
Cho hinh phéng (H ) gidi han boi cac duong y = Jx, y=-x va x=4.Thé tich ctia
khoi tron xoay tao thanh khi quay hinh (H ) quanh truc hoanh nhan gid tri nao sau

day:
A.V=40—7T B.V=38—7T C.V=ﬁ D.V=ﬁ
3 3 2
N Loi gidi
Chon C
. . A —x20
Phwong trinh hoanh d¢ giao diém: Jr=-xo , ©x=0.
X=X

4
Thé tich khéi tron xoay can timla V= 7r”x2 — x‘ dx.
0
, . ) x=0
Xét phuong trinh x* —x=0< 1
X =

Do do6 V,, =7Thx2 —x‘dx+7rﬂx2 —x‘dx = 7Tj‘(—x2 +x)dx+7rj£(x2 —x)dx.
0 1 0 1

1 x3 xz 4
| -
0 1

= % (dvtt).
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R~ Dang3.9. Thé tich hinh phang gidi han bai f(y), g(u), y=a, y=b quay
quanh Oy

Budc 1:  Giai phuong trinh f(y):g(y)@y:c;ce[a;b].

Budc2: Khidé V =7rj.‘f2(y)—g2(y)‘dy+7r”f2(y)—g2 (v)|dy.

<« Vidy 3.9.1
Cho hinh phang (H) gi6i han boi cic duong xy =4, x=0, y=1va y=4. Thé tich V
cta khoi tron xoay tao thanh khi quay hinh (H ) quanh truc tung la
A. V=127 B. V =16m C. V=10m D. V =8n
N Loi gidi
Chon A

4

, , L4 £16 16
Ta c6 thé tich V ctia khoi tron xoay la V :71_[ — | dy :nJ.—zdy =m|-— | =12m.
1 1 y

Yy Yy

1

& Vidy 3.9.2

Cho hinh phang (H) gi6i han boi cic duong x=y*+3, x=0, y=0, y=2.Goi V la
thé tich cua khai tron xoay duoc tao thanh khi quay (H ) xung quanh truc Oy . Ménh
dé nao dudi day dung?

A.V:j(y%s)dy B.V:J%(yz)dy C.V:j(s)zdy D.V:wj.(y2+3)2dy
0 0 0

0

N Loi gidi
Chon D
Phuong trinh y° +3=0 vd nghiém do 3* +3>0Vy e R

2
Thé tich ctia khoi tron xoay la: V = wj(yz + 3)2 dy.
0

< Vidy 3.9.3
Cho hinh phéng D gi6i han boi duwong cong x = e, truc tung va cac duong thang
y=0, y=1. Kh&i tron xoay tao thanh khi quay D quanh truc tung c6 thé tich V bang
bao nhiéu?
(e’ +1 2 _ 2 m(e? -1

(+) v=21l v D.V:( )
2 2 3 2

N Loi gidi

A V=

Chon D
Phuong trinh e’ =0 v6 nghiém do ¢/ >0Vy e R

1
Thé tich cua khéi tron xoay la: V = Wjezydy =7 e2
0
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R Dang 3.10. Tinh gid tri ham qua dién tich hinh phdang

Ap dung dinh nghia tich phan: _[f dx P( ) Z = F(b)—F(a) .

Thi Iac nay dé bai yéu cau so sanh F(b), F(a).

Bai todn:
Chohams6 y = f (x) lién tuc cé d6 thi nhw hinh. F (x) la nguyén
ham ctia f( ) trén [a'c]
So sanh P( ) ( ) ( )x e[a c]

Budc1: Sosanh F( ) F(b). a

Tren[ab]f >0—>ﬂf ‘dx J'f dx F() F(a)
Ma :[f(x)dx>O:>F(b)—F(a)>0<:>F(b)>F(a).

Budc 2:  Tuong twso sanh F(b); F(c).

y=f(x) y=f(x)
Budc 3:  Ta thay dién tich hinh phang gi6i han béi { Ox 16n hon < Ox
x=a,x=>b x=byx=c

ﬂf(x)‘dx>j"f(x)‘dx :>P(b)—P(a)>—F(c)+F(b)<:>—P(a)>—P(c)—)F(a)<F(c).
< Vidy 3.12).1 b
Chohamsd y=f (x) xac dinh, lién tuc va c6 mot nguyén
hamla F (x) trén [—2;1] dong thoi f (x) c6 d6 thi nhu hinh
vé bén. Hoi s0 nao sau day la s6 duwong?
A. F(2)-F(-2) B. F(-2)-F(1)
C. F(2)-F(1) D. F(2)- F(O)

.....

> X

Chon A
Sacis jf x)dx =F(1)-F(~2)>0 nénloai B

-2

l—"-—;l\)

f(x)dx F() ()>OnénloaiC

AI DA —

2
If Jae=[-f(x
1 >
<:>P(l) P(O)zF(l)—F(Z)@P(O)—F(Z) nén loai D 2 SN
A
Mt khactaco S, ., > S, & _[f dx>.[ dx

< F(1)-F(-2)>F(1)- F(2)<:>F( 2)<F(2)<:>F(2)—F(—2)>0
Vay F(2)-F(-2) la st duong.
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< Vidy 3.10.2

Cho ham s& f(x) c6 dao ham trén R, d6 thi ham s§ Y ')
y= f'(x) nhu trong hinh vé bén. /\
Ménh dé nao sau day la dung? _ -
b .
A. f(a)<f(c) B. £(b)<f(c) ol [ NSe T
C. f(a)> f(b) D. f(a)> f(c)
N Loi gidi
Chon A
x | —o a b c 400
y' — 0 + 0 — 0 +

+00

= (5
y S S /'f Nase)

Dua vao bang bién thién ta thay f(b) > f(c), f(a) < f(b) nén loai phwong 4n B, C

Mit khac ﬂ f'(x)| dx > ﬂ f'(x)| dx

= f(x)], >~ £ (), & F(0)=F(a) > =F(c)+ F(b) & £ (a) < £(c)
Vay f(a)< f(c) laménh dé dung.
< Vidy 3.10.3
Choham s6 y = f(x) c6 d6 thi trén doan [—4; 4] nhuw hinh vé. Goi P(x) la mot

nguyén ham ctia ham s6 f(x), tinh gia tri cta S= F(4) - F(—4).

X

-4 -2 o 2 4

A. S=6+2r B.S=14+2r  C.S=14 D. S=14+4x
N Loi gidi

Chon B

4
S=F(4)-F(-4)=[ f(x)dx= jf dx+jf dx+jf

-4

2

jf 122 2,_j2f( )dx = 24+;7r22 8+ 2m; jf )dx=22=4
VayS 14+2r.
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