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CHU PE 1. HE TOA PO TRONG KHONG GIAN

A.COSOLY THUYET

1. AB=(x,—X,,Y,=Y,:2; —2,)

2. AB:‘A_B‘:\/()CB_XA)ZJF()’B—yA)2+(ZB_ZA)2

3. atb=(a*b,a,+b,a,+b,)

4. ka=(ka, ka,.ka,)

_ ,2 2 2
= al +a2+a3

—

5. |a
- N alzbl
6. a=b a2:b2
a3:b3

7. ab=ab +a,b,+a.b =al.lblcos(ab)

- - - - - g a a
8. a//b@a:k.b@[a,b}o@_l—_zz
bl b2
9. albeab=0<a.b +a.b +a.b =0
10. [;,Z]z a, a3’a3 al,al a,
b2 b3 b3 bl bl b2

Trong khong gian (Oxyz) cho A(xA;yA;ZA);B(xB;yB;ZB); C(xc;yc;zc). Ta co:

A_B.:('XB XY T Va3 _ZA)

I oy Ty vy

_ XX
.x[ =
2
+
Ila trung diém ctia AB thi ¢y, = %
Lty
! 2
X, +x, +x
_ XA T X
.XG = 3
+y, +
G la trong tam ctia tam gidc ABC thi |y, = Ya );j; Ve
_ LTt
ZG = 3

B
st




Bai giang Hinh Hoc Giai tich Khong gian.

Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

(= Lm j;'.'
NeuM e (Oxy) thi zp = 0
NéeuM € (Oxz) thi yyy =0

NeuM e z0zthixyy=yyu=0

Tinh chat tich c6 hudng
\ [oh]=a]

2. [g,lﬂ .sin(g,l;)
s[ak] Lafas]Ld

Ung dung ctia tich ¢6 huéng

—

al.\b

—

1. a,b,c ddngphang < [;,Z;J =0

NéuM € (Oyz) thi x3y =0
NeuM e xOxthi vy =2z =0
NeuM e yOythixy=2zyx=0

1 —_
2. Dién tich tam giac ABC: § = 5‘[AB,AC:H

3. Dién tich hinh binh hanh ABCD: S = ‘[EE]

4. Thétich ti dién ABCD: V = é‘[@,ﬁ}@‘

5. Thé tich hinh hop ABCD.A'B'C'D': V = ‘[TB,TC} H‘

B
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VAN PE 1. Cic bai todn dién hinh thuong gip
Vidul: Zz = (l;m;2);l; = (m+2;2;1);; = (O;m—2;2)

a) Timm d& a L b

b) Timm &€ a,b,c dong phang

c

Zz+l;‘=

¢) Tim m dé

bsS: a)m:—%; b)mz—%; c)m:—6i3\/§

Vi dy 2: Tim x,y déba diém A(—2;0;2);B(1;2;3);C(x;y—3;7) thing hang
bS: x=13,y=13
Vi du 3. Cho tam gidc ABC c6 A(1;2;1), B(5;3;4); C(8;-3;2)
a) Chung minh rang AABC vuong
b) Tim diém M sao cho MA* — MB*> + MC® nhd nhat
Hudng dan
a) ER’ =0
bYM(x;y,2)..;x=4,y=—4,z=-1
Vi du 4. Cho 3 diém A(1;-1;2), B(2;1,0); C(0;1;-1). Tim diém M thudc truc Oz sao cho
MA® + MB® + MC® nhd nhat
1
Hudng dan: M(0;0;¢);...,t = 3
BTTT: Cho 3 diém A(1;-1;2), B(-1;2,0); C(3;-1;0). Tim di€m M thudc truc Oz sao cho
MA® + MB> — MC? nhd nhat
1

Hudng dan: M(0;0;¢);...,t = 5
Vi du 5. Cho 3 diém A(1;-1;1), B(2;1;-2); C(0;0;1). Tim toa d0 truc tam cua AABC
Hudéng dan:

AH L BC AH.BC =0

—_— — 5 48

BH 1 AC S<BH.AC=0 .DS:H(g;—g;gj

e —

BC,AC,CH dbng phing C—H.[B—C;EJ -0
BTTT: Cho 3 diém A(4;-2;-1), B(1;4;-1); C(1;-2;-7). Tim toa d6 truec tdm cua AABC .
Dap s6: H(3;-1;-2)
Vi du 6. Cho 2 diém A(1;2;-1), B(-2;1;3). Tim M thudc truc Ox sao cho AAMB ¢4 dién tich nho
nhat.

x 11— 1 1
Huong din M(1:0;0).5,,,, =5\[AM;AB] o727

Y%Mé‘% SRR é} . M {;"j {3 Page 5
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Vi du 7. Cho tam gidc ABC c6 A(-1;0;2), B(0;4;3); C(-2;1;2). Tinh d6 dai duong phan giac trong AD
cua tam giac ABC, D € BC.

Huoéng dan:

DB AB A 5 A > L
——=——=kr01suy ra DB =-kDC. Suy ra toa d0 cua D, sau do6 tinh DA.

DC AC

ps:pf-3.7.9) 4 ap 36
2°4°4 4

BTTT: Cho tam gidc ABC c6 A(1;2;-1), B(2;-1;3); C(-4;7;5). Tinh d6 dai duong phan gidc trong gdc

Vi du 8. Tim toa d§ tam duwong tron ngoai tiép tam giac ABC biét A(0;0;-2), B(1;-4;1); C(2;2;-1)

Hudng dan:
IA=IB=IC A" =15
e eI =IC DS: 1[£;—E;£j
AB;AC; MA dong phang 30 15 30

[A—B,R} % =0
o 1 5 . .
BTTT: Cho diém M 5 —2x;3— x;E —2x | vatam giac ABC vdi A(1;1;3), B(0;5;2);C(-1;3;4).

a) Tim toa do tam I cua duong tron ngoai tiép tam giac ABC
b) Chting minh rang véi moi x # 0, duong thang MI vudng géc véi (ABC)
Hudng dan:
a)Tam gidc ABC vudng tai C = tAm la trung di€m ctia AB
MI.AB=0
b) {

_—

MI.AC=0
Vidu9. Cho 4 diém A(-2;2;-1); B(-3;-2;-4); C(5;1;2); D € (OXZ) .

\ . 37
Tim D biét DA=DBva V, . = E .
Hudéng dan:
D € (Oxz) nén D(x;0;z).
A :%7@ 15629235/ =37; DA=DB <> DA’ = DB’ < x+37=-10
DS : D(—1;0;-3) hodc D(—4;0;-2)
Vi du 10.

a) Cho hai diém A(1;2;-1); B(4;3;5). Xac dinh M thudc Ox sao cho M cach déu A va B
b) Cho hai diém A(-4;-1,2); B(3;5;-1). Tim C biét trung diém ctia AC thudc Oy va trung diém
cua BC thudc (Oxz)

Tran Binh Cw ™
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Huéng dan:

a)M(0;0;4)

b)C(a;b;c)...BS:a=4,b=-5,c=2

Vi du 11. Cho 4 diém A(L;2:4); B(2-1,0); C(-23-1); M(x;y;2) €(ABC). Tim hg thiic lién hé
gitta x, y, z. Tim toa d§ D biét ABCD la hinh binh hanh va dién tich hinh binh hanh ABCD.
Huéng dan:

M e(ABC) & [E;R]ﬁ — 0 19x+17y—82-29=0

D(-1,0,-5);S ., = \714

Vi du 12. Cho tit dién ABCD, c6 A(2;3;1); B(1,1;-2); C(2;1,0); D(0;-1;2). Puong cao AH. Tim toa d¢

chan duong cao

Hudng dan:

AH 1 BC
ELE ..... H 3;2;l
22

[B_C';B_D} BH =0
Vi du 13. Cho 3 diém A(3;2;-5); B(-2;1;-3); C(5;1;-1).
a) Chtng minh rang AABC nhon
b) Tim diém D thudc (xOy) sao cho t& dién ABCD la t& dién trwec tm ( c6 cac cdp canh doi
vuong gbc voi nhau)
Hudng dan:
a)*Chitng minh A, B, C la ba dinh cda tam giac
* Chitng minh AB® + BC*> > CA®,AB* + CA’ > BC*,BC* + CA® > AB’
b) D(x;y;0)
E.[TC;E} £0
AN C A TN ~ I 31 19
biéu kién ABCD la t¢ dién truc taim << < AB.CD =0 ... D| —;—:;0
AB.BD =0

Vi du 14. Tam gidc ABC ¢6 cac dinh A, B, C lan luot thudc cac truc Ox, Oy, Oz va cé trong tam
G(1;2;-1). Tinh dién tich tam gidc do.

Huéng dan:
x=3
A(x;0;0);B(0;y;0);C(0;0;2).G la trong tdm cua tam gidc ABCnén <y =7
z=-3
3V )
Suse = % (h 1a khoding cich tlr O déh (ABC)) = 2?7

Vi du 15. Cho ba diém A(2;0;0), B(1;1;2), C(3;-1;1).

W’?gﬂmg{% g“% = ” % m %‘“‘% {j wﬁ? Page 7
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a) Chting minh rang tam giac ABC la mot tam giac vuong
b) Biét ABC.A’B'C’ la mét hinh lang tru ding cd cac canh bén AA’, BB’, CC’ va A’ ¢ trén mat
phéng (Oyz). Tim toa d6 cua A’,B’,C’
Huoéng dan va dap s6
a)AABC la tam gidc vudng tai A
b)A' € (0yz) = A'(0;m; p)
ABC.A'B'C' Ia hinh ldng try ditng nén

AB  |AA'AB=0 [m=-2
AA'J_{ S <:>{ ........ B'(-1;-1;2)va C'(1;-3;1)
AC  |AAAC=0 (p=0

Vi du 16. Cho hinh hop ABCD.A’'B'C’'D’ c6 A(1,2;-1); C(3;-4;1), B'(2;-1;3)., D’(0;3;5)
a) Tinh toa do cac dinh ctia hinh hop
b) Tinh thé tich hinh hop

Hudng dan va dap s6:

a) AC c6 trung diém 1(2;-1;0). B'D' ¢6 trung diém 1a I'(1;1:4); A'(x;y;z).

AA' = II' < A'(0:4:3);BB' = II' = B(3;~3;~1)

C'(2;-2;5); D( L 1;)

DV, oy = ‘AA‘.[AB,AD] =6

BTTT: Cho hinh hop ABCD.A’B'C'D’ ¢ A(1;0;1); B'(2;1;1), C(4;5;-5),

D’(1;-1;1). Tinh tga d6 cac dinh ctia hinh hop.

bap so:

B 3;1;—é ;D 2;3;—é ;A O;—§;2 ;C' 3;§;—E ;
2 2 2 22 22

Vi du 17. Cho 3 diém A(2;-1;-4); B(-2;3;-4), C(2;m+1;-8)
a) Tim m dé tam giac ABC la tam giac déu
b) Voi gia tri m tim dwoc, hay xac dinh toa do diém S thudc (Oyz) sao cho S.ABC la hinh
chop déu.
Dép s6: a) m=2; b) S(0;1;-6)
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VAN PE 2. Ung dung toa d¢ gidi todn hinh hoc khong gian
Bai 1. Cho S.ABCD c¢6 ABCD la hinh chir nhat véi AB =a,AD =2a,5A L (ABCD), goc gitra

o g 3 N a\/g g . ,
SB v6i mat phang (ABCD) bang 60°. Ldy M € SA,AM = > (BCM) cat SD tai N. Tinh V.

S.BCNM *

Bai 2. Cho S.ABCD o6 ABCD la hinh vuéng canh bing a, ASAD déu, (SAD) L (ABCD).
Goi M, N, P Ian luot 1a trung diém cua SB, BC, CD. Chting minh AM 1 BP va 'V,

CMNP*
Bai 3. Cho S.ABC c6 SA L (ABC), tam giac ABC vuong tai B, AB=a,BD =SA =2a.Goi M
la trung diém cta SC. Chiing minh AAMB can tai M. Tinh S, ..

Bai 4. Cho lang tru ding ABC.A'B'C" ¢6 day la tam giac vudng, AB=AC =a,AA'= a\/z.
Goi M, N lan luwot la trung diém caa AA’, BC'. Chiing minh MN la duwong vudng goc chung cta
AA’vaBC'.Tinh V,

M.A'BC'

Bai 5. Cho ling tru diing ABCD.A'B'C' D' c6 day ABCD 1a hinh binh thoi canh a, BAD = 60°.
Goi M, N theo tht tu 1a trung diém cua AA’, CC’. Chting minh bdn diém B, M, D, N cung thudc
mo6t mit phang. Tinh AA’ theo a @& B'MDN la hinh vuéng.

Bai 6. D2010. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh bang a, canh bén SA=a;

, A . NP
hinh chiéu vuong gbc cta dinh S trén (ABCD) la diém H thudc AC, AH = TC . Goi CM la duong
cao cua tam giac SAC. Chiing minh M la trung diém ctia SA va tinh thé tich khoi t¢ dién SMBC
theo a
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CHU DE 2. MAT PHANG VA CAC BAI TOAN LIEN QUAN
A.COSOLY THUYET

1. Vecto phap tuyén ctia mpa: Vecto n#0 duoc goi la vécto phéap tuyén ctia o néu gia cua n
vudng goc voi (a)

2. Cap vécto chi phwong cia mpa: Cho hai vecto a,b khong cung phwrong va khac 0. Néu gia
cua a,b song song hoc nam trén (&) thi a,b duoc go la cap vecto chi phuwong ctia (). Luc
dé: n= [5, 13}

3. Phuong trinh mit phang: C6 dang Ax+By+Cz+D=0 voéi HZ(A; B;C) la vecto phap
tuyén ctia mit phang.

» Phuong trinh mdt phing (o) di qua diém Mg(Xy;¥,;2,) va co vecto phép tuyén
n=(AB;C) séco dang A(x—%,)+B(y—Y,)+C(z-2,)=0

* Phuong trinh mat phéng di qua A(a,0,0) B(0,b,0); C(0,0,c) c6 dang X T % 4 z_ 1
a c

= Phuong trinh cdc mit phing toa d6

(Oyz):x=0; (Oxz):y=0; (Oxy):z=0
4. Vi tri twong ddi ctia hai mp (1) va (o) :
(a): Ax+By+Cz+D =0
(B): Ax+B,y+C,z+D, =0
= acitpsA B :C #A B, :C,

AZ BZ CZ D2

AZ BZ CZ D2
» alp<AA+BB,+CC,=0

5. Khoang cach tir mot diém dén mit phang

Cho hai mat phang

+ By + Cz, +D‘

NA*+B*+C?

Ax
Cho M(x,;y,:2,) va (a): Ax+By+Cz+D=0.Lac d6 d(M,a) = ‘ °

R
%
N

#
56663/3

s &

§

i &
b

2~}

)

0)-]

o

[ury

(=)
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& Luu %: Cho mat phing mp a: Ax + By + Cz + D = 0.
bat fix, y, z) = Ax + By + Cz + D. vé1 M (xy. Vir. 230 ) N(Xy. Virs Zx)
Ta c6: fixy, yu, Za). fxXy, ¥, Zn) > 0 & M va N nam cung phia dé1 véi
mat phing o.
fixy, v Zu) 0% ¥ Zn) < 0 © M va N n&m khéc phia d61 v61 mat
phing a.
< Truong hop dac biét:
Khoang cdch tir diém M dén cdc mat phing toa do:
d(M, (Oxy)) = lzul d(M, (Oxz)) = |yul
d(M, (Oyz)) = lxyl
1)
1|

6. Goc gitra hai mat ph:fmg : cos(a, ) =

VAN DE 1. Viét phuong trinh mit phing
Phuong phap chung: D¢ 14p phuong trinh mit phing (o) ta can xac dinh mot diém thudc (o) va
moOt VIPT cta no.
TH 1: (@) di qua diém M (%,; Y,:2,) ¢6 VIPT n=(A;B;C):

(a): A(X—=%)+B(y—Yy)+C(z-2,)=0
TH 2: (a) di qua diém M (X, Yoi2,) <6 ciip VICP a,b. Khi d6 mot VIPT cita (o) 12 7 = la.b]
TH 3: (o) di qua diém M (X0 Yos Zo) va song song véi (B): Ax+By +Cz+D=0:

(@): A(X—X)+B(y—Y,)+C(z-2,)=0

TH 4: (o) di qua 3 diém khong thang hang A, B, C:

Khi d6 ta c6 thé xac dinh mot VIPT cua (a) la: n = [AB,AC}

TH 5: Phuong trinh mat phéng di qua A(a,0,0) B(0,b,0); C(0,0,c) c6 dang d + % + z_ 1
a c

TH 6: (o) di qua diém M va vudng gdc véi hai mit phang cat nhau (B), (y):
»  Xac dinh cac VIPT n 5011, cua (B) va (y).
= Mot VIPT cua (o) la: [nﬁ ,nJ .
Vi du 1. Trong mdi treong hop sau, viét phuong trinh mét phang
a) Diquaba diém A(-1;2;3),B(2;-4;3),C(4;5;6)
b) Di qua diém M(1;2;-2) va vudng goc voi truc Oy
¢) Di qua diém M(1;3;-2) va vudng goc voi duong thang BC véi B(0;2;-3), C(1;-4;1)
d) biquaM(1;3;-2) vasong song véi (a):2x—y+3z+4=0
e) Diqua diém A(3;1;-1),B(2-1;4) va vudng gdc v6i mat phang 2x-y+3z+4=0
f) Diqua diém M(2;-1;2), song song véi Oy va vudng géc véi mit phang 2x —y+3z+4=0.
g) Diqua diém M(-2;3;1) va vudng gdc v6i hai mat phang

" . g, 7 Py, . Page 11
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(@):2x+y+2z+5=0; (P):3x+2y+z-3=0
h) Diqua A(l;l;—l);B(5;3;l) va song song voi truc Oz
i) Mat phang trung tric (a) ctia doan thang AB, biét A(—l; 2;—1);3(—5;3;2)
Vi du 2. Viét phuong trinh mit phang (&) trong mdi truong hop sau:
a) Pi qua diém M(2]1;-1) va qua giao tuyén cia hai m3t phing
x—y+z-4=0; 3x—y+z-1=0
b) Qua giao tuyén ctia hai mit phing y+2z—4=0;x+y—z+3=0 dong thoi song song
véi mit phang x+y+z—2=0
¢) Qua giao tuyén ctia hai mit phiang 3x —y+z—2=0;x+4y—5=0 dong thoi vudng gbc
véi mit phang 2x—z+7=0
Vi du 3. Cho diém H(-1;4;2). Mt phang («) di qua H va cét cac truc toa do tai A, B, C (khong
trung v6i O). Biét H 1a truec tAm ctia tam giac ABC. Viét phuwong trinh mit phang (&)

Hudng dan:
OH | AB

chitng minh: = OH 1 (ABC)
OH | BC

(a) = (ABC):Qua H va nhin OH lam vtpt

(a):x—4y—-2z+21

BTTT: Viét phuong trinh (a) di qya H(2;1;1) va cat cac truc toa dd tai cac diém A, B,C sao cho
H 14 tryuc tdm ctia tam gidc ABC. Pap s6: 2x+y+z7—-6=0

Vi du 4. Cho mat phéng () di qua diém M(-4;1;-3) va cit ba truc toa d6 Ox, Oy, Oz tai A,B,C
(Khéc O). Biét M 1a trong tdm ctia tam gidc ABC. Viét phuong trinh ctia mat phang ()

Hudng dan:

Goi1 A(a;0;0);B(0;b;0);C(0;0;¢).

Phuong trinh mit phing (a):f TRATES)
a b ¢
_4.9%0+0
3
M 12 trong tim ca AABC nén 1:% Sa=-12,b=3,c=-9
3 0+0+c
3

BTTT: Viét phuong trinh (&) di qua G(l;2;3) va cit cac truc toa do tai cac di€ém A, B, C sao cho
G la trong tam cua tam gidc ABC. Pap sd: 6x +3y+2z—-18=0

Vi du 5. Cho diém M(4;1;2). Goi (P) la mat phang qua M va cat cac tia Ox, Oy, Oz theo chiéu
duong Ian luot tai A,B,C. Viét phuwong trinh cta (P) khi khéi t¢ dién OABC c6 thé tich nho nhat.
Huoéng dan:
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Goi A(a;0;0); B(0;b;0);C(0;0;¢). (a>0,b>0,c>0)

Phuong trinh mit phing (P):i + % +io1
a

c
. .2 .41 2
(P) diquadiem M4;1;2) nén —+—+—=1. (1)
a b c
1 1
Vorse = EOA.OB.OC = gabc (2)
Theo bat ding thiic Cauchy, ta cc’):i + 1 + 2 >33 il% 3)
a b c abc

Tu (1),(2),(3) = 33 % <V >36. Ping thifc xdy ra < 4 = %
Sa=12b=3;c=6
BTTT: Viét phuong trinh mat phang di qua diém M(1;1;1) cat cac truc Ox, Oy, Oz tai A, B, C sao
cho thé tich cia OABC ¢ gia tri nho nhat. Pap sé: x+y+z—3=0
Vi du 6. Trong khong gian Oxyz cho mit phang (&) :2x—y+x—5=0. Viét phuong trinh mt
phang (P) qua giao tuyén (¢r) va mit phang (xOy) va (P) tao véi 3 mat phing toa d6 mot ti dién
) . 125
o thé tich bang ——
36
Hudng dan:
Phuong trinh (xOy): z=0
Phuong trinh mdt phang (P) thuéc chum xac dinh bdi () va (xOy) cé dang:
m2x-y+z-5)-nz=0 < (P):2mx—-my+(m+n)z—5m =0

(P) cat Ox, Oy, Oz lan luot 1a A(é; 0; 0), B(0; —5; 0), C(O; 0; Sm j
2 m+n

V= é.OA.OB.OC =

15 125 m=1,n=2
—.—.5. = &
6 2 36 m=1,n=-4

Vay c6 2 mit phang (P):
(P):2x-y+3z-5=0 (m=1n=2)
{(Pz): 2x—-y—-3z2-5=0 (m=1;n=-4)
Vi du 7. Viét phuong trinh mit phang («) di qua diém M 0 (L2;4), cat cac truc toa do Ox, Oy,
Oz Ian lwot tai cac diém A,B,C sao cho OA=0B=0C # 0
Huéng dan:
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(a):a(x—1)+b(y—2)+c(z—4)=O,a2+b2+c2 20 (1)
& ax+by+cz=a+2b+4c

(@) cit Ox, Oy, Oz 14n lugt A(%;O;O}B(O;%;OJ;

L””Cj v6i a+2b+4c # 0.

C(O; 0;
Ta c6: OA=0B=0C < OA’=0B’=0C* < a’ =b*> = ¢’
+Néu a,b, c cung ddu thi a=b=c va (1) tré thanh x +y+z-7=0
+ Néu a,b cung ddu va khdc ddu véi c thi a=b =-c va ()tré thanh x+y-z+1=0
+Néu a,c cung ddu va khdc ddu véi b thi a =c =-b va ()tré thanh x-y+z-3=0
+Néu c,b cung ddu va khdc ddu véi a thi -a=b =c va ()tré thanh -x+y+z-5=0
Vi du 8. Cho A(0;1;2);B(2:-2:1);C(~2:0:1)

a) Viét phuong trinh mat phang di qua A, B, C

b) Tim M e€(«):2x+2y+z—3=0 sao cho MA=MB=MC

Pap sé: a) (ABC): x+2y—4z+6=0; b)M(2;3;-7)
BTTT: Cho A(O;O;3);B(2;O;—l); va (P):3x—8y+7z—1=0. Tim C €(P) sao cho tam giac
ABC déu. bS: C(2;—2;—3); C —2;—2;—l

33 3

Vi du 9. Viét phuong trinh mat phang («) di qua diém M (4;—1; 1) va cat cac tia Ox,0y,0z lan
luwot tai A, B, C sao cho OA =20B =30C
bS: x+2y+3z-5=0
Vi du 10. Cho hai diém A(-1;3;2), B(2;3;-1) va () :2x—y—3z+5=0. Tim diém C thudc (@)
sao cho tam giac ABC déu.
VAN DE 2. Vi tri tuong d6i ciia hai mdt phing
Phuwong phap:
(a): Ax+By+Cz+D =0
(B):Ax+B,y+C,z+D, =0
= acitpsA B :C #A B, :C,
A2 BZ CZ D2
A2 BZ C2 D2
alp<AA +BB,+CC,=0
Vi du 1: Cho hai mat phang (P): x+y+z—-2=0;(Q):2x-3y+z+2=0

a) Chung to (P) L (Q). Chira phuong trinh giao tuyén d cua (P) va (Q)

Cho hai mat phang
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b) Lap phuong trinh mat phang (R) chita d va qua M(1;2;3).
Papso:b) 7x—13y+3z+10=0
Vi du 2: Cho ba mét phang (P):x+y+z-2=0;(Q): x-3y—z+2=0;(R):4y+z—-2=0
a) Chtng to (P) va (R) cat nhau theo giao tuyén (d)
b) Lap phuong trinh mit phang (T) chita d va song song vdi (Q)
Papso:b) x—3y—z=0
Vi du 3: Cho hai mit phang () :2x—y+2z—1=0; (B):x—2y+z=0
a) Chung to (a),() cat nhau theo giao tuyén d
b) Lap phuong trinh mit phang () chita d va cit cac truc toa do theo thit tw cac diém M, N,

1

P sao cho VOMMD = g

Pépso:b) x+y+z—-1=0

Vi du 4: Xac dinh k va m dé ba mit phing sau day cting di qua mot duong thang :
Sx+ky+4z+m=0; 3x—-T7y+z-3=0; x-9y—-2z+5=0

Hudng dan:

Goi A 1a giao tuyén ctia 2 mit phang 3x-7y+z-3=0; x-9y-2z+5=0

Lay A 1;0;§ B 2;2;0 eA
7 7 10 10

Piém A,B thuoc : Sx+ky+4z+m=0 = k=-5;m=-11

Vi du 5: Xac dinh m d& ba mdt phang sau day d6i mot cling vudng goéc véi nhau, tim giao diém
chung ctia 3 mit phang do.

(P):5x+ky+4z+m=0;

Q) 3x=Ty+z-3=0;

(R): x—9y—-2z+5=0

Hudng dan:

np.1, =0

Ba mit phang d6i mdt vuoéng géc nhau < <n,.n, =0 m=1

Ngn, = 0

Goi I(x;y;z) 1a nghiém chung cda 3 mit phing, toa dd I 13 nghiém cda hé 3 phuong
trinh ba mit phfmg trén. I(1;2;3)

BTTT:X4c dinh m dé& ba mit phang sau day ddi mot cling vudng goc véi nhau, im giao diém
chung ctia 3 mdt phang do.

(P):x+y+z—-6=0;

(Q):mx-2y+z+m—-1=0; DPap s6: 1(1;2;3)

(R): mx+(m—1)y—z+2m =0

o, © 7 T, Page 15
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VAN DBE 3. Khodng cich tir mot diém dén mot mat phing, khodng cdch giia hai mdt phing song
song. Hinh chiéu va diém do6i xiing

Phuwong phap
= Khoang cach tir diém Mo(xo; yo; zo) dén mit phang (a): Ax + By + Cz+D =0

Axy+Byy+Czy+D
VA2 + B% 4+ C?

= Khodng cdch giita hai mit phing song song bing khodng cdch tie mét diém bat ki trén mdt phing

d(Mo’(“))=

nay dén mdt phang kia.

Chii j: Néit hai mit phing khong song song thi khodng cich giita chiing biang 0.

= Digin H 1a hinh chiéi ciia diéin M trén (P) < { MH. 11 ciing phutong

He(P)

= Diéin M’ d6i xitng v6i diém M qua (P) < MM’ = 2MH
Vi du 1: Cho (P):6x—-2y+z+1=0; (Q):6x—2y+z—-3=0. Tinh khoang cach gitra (P) va
Q).
Vi du 2: Viét phuong trinh tong quat cua (P) cich (Q) mdt khoang k=+14 voi
(Q):3x—y+2x-3=0.
Vi du 3: Viét phuong trinh mat phang (a)//(f): x+2y—2z+5=0 va cach A(2;—1;4) mot
khoang k=4
Vi du 4Tim M €Ox va cich déu hai mit phang (@),(f) véi (@):x+2y—2z+1=0 va
(B):2x+2y+z—-5=0.
Vi dy 5: Tim M € Oy va cach déu N(1;—4;-2) va (@) : x+y+z—14=0.
Vi du 6: Cho A(l;l;l). Tim M € Oz sao cho MA = 3d(A,(Oxy))
Vidu7:Cho (P): x+y+5z—-14=0; M(1;—4;-2)

a) Tinh d(M,(P))

b) Tim toa do hinh chiéu cta M trén (P). Ttr d6 suy ra toa do M’ la diém d6i xting ciia M trén

P).
BAI TAP AP DUNG
Bai 1. Cho hai mit phang (@) :2x—y+2z—-4=0; (a): 4x+2y—4z+9=0

a) Tinh d(a. )
b) Viét phuong trinh mat phang (P) cich déu hai mat phang (@),(f)
Dap so: a)é; b)2x—y+2z—%:0
Bai 2. B2009. Cho A(L;2:1);B(~2:1;3);C(2:-1;1); D(0;3;1). Viét phuong trinh mat phing
(@) qua A, Bva d(C.(a))=d(D.(a))
Pap so: (a):4x+2y+7z-15=0; (a,): 2x+3z-5=0;
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Bai 3. Cho A(1;2;1);B(O;4;O);C(O;O;4);. Viét Phuong trinh mit phang («) chita duong
thang OA va céch déu hai diém B, C.

Pap s6: (o) :3x—y—2=0;(a,): x—y+2z=0;

Bai 4. B2010. Cho A(1;0;0);B(0;5;0);C(0;0;¢), b,c>0 va (P):y—z+1=0. Xac dinh b, ¢

bigt (ABC) L (P) va d(O:(ABC)) = %
Papso: b=c !
ap So: = = —
P 2

Bai 5. Cho ba diém A(a;0;0), B(0;b;0), C(0;0;c) vé6i a, b, ¢ la nhitng s6 dwong thay do6i sao cho
a’ +b* +¢* =3. X4c dinh a, b, ¢ d€ khoang céch tir O dén (ABC) 16n nhat
bépso: a=b=c=1
VAN PE 4. Géc ciia hai mat phing
Phuwong phap
Cho hai mdt phing (), () c6 phwong trinh: () Ax+By+Cyz+D; =0
(B): Ayx+B,y+Cyz+D, =0

Géc giira (), () bang hodc b véi goc giika hai VTPT n,n,.

cos((a),(B)) = 7 _ |44, + BB, + C,C)|
RN e e

Chil y:
> 0°<((a).(p) <90,
> (@) L(B)< AA,+BB,+C,C,=0

Vi dy 1: Viét phuong trinh mit phing (@) di qua A(3;0;0), C(0;0;1) va cét truc tung tai diém

B sao cho AABC cb S:%

Vi du 2: Viét phuong trinh mit phang (@) di qua A(O; 0;3), C (0; 0; 1), cit truc hoanh tai diém
B va (&) tao véi (Oxy) mot goc 30°.

Vi du 3: Viét phuong trinh mat phang (P) di qua A(3; O;O),B (2;1;0) va tao véi (Oxy) mot goc
60°.

Huoéng dan: (P): x+yi?6z—3 =0

Vi du 4 Cho (a):x+2y+3z—-6=0; (,8):(m+l)x+(m+2)y—4m—6:0. Tim m dé

cos((P@) = -

ol

“’“g’”‘%mg% %“’“% . ” % m %‘“‘% {j wﬁ? Page 17



Bai giang Hinh Hoc Giai tich Khong gian.
Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

. 7
Huéng dan: m=—1; m= 5

mx+2y+mz-12=0
Vi du 5: Tim m d€ géc gitta hai mit phang sau bang o.:{ x +my+z+7 =0

a =45
VAN PE 5. Ung dung gidi todn hinh hoc khong gian
Vi du 1: A2003. Cho hinh chép S.ABC c6 tam giac ABC déu canh a, SA = i , SA L (ABC).
, a2
Tinh d(A,(SBC)). Dép s6: d = -
Vi du 2: B2004. Cho S.ABC,SA=3a,SA L (ABC),AB=BC=2a,ABC =120°. Tinh
3a
d(A,(SBC)). Papso: d =—
(4.(sBO)) P >

Vi du 3: A2007. Cho lang tru ding ABC.A'B'C' ¢6 AB=a,AC =2a, AA'= 2a\j§,
BAC =120°. M la trung diém ctia CC'. Chumg minh: MB L MA' va d(A,(A'BM ).

-5

Vi du 4: DB A2003. Cho lang tru ding ABC.A'B'C"' ¢6 AABC can AB=AC =a
BB'=a, BAC =120°.11a trung diém ctia CC’. Chting minh: AAB'I vudng va tinh
J5%

10

Vi du 5: Cho hinh chép S.ABCD ¢ day ABCD la hinh vuéng canh a, SA = a\/g ,

SA L (ABCD) .Tinh d(A,(SBC)) va khoang cach tir trong tam G ctia tam giac SAB dén

-3 s

Vi du 6: Cho hinh thoi ABCD tam O canh a, AC =a. Tt trung diém H ctia AB dung
AH 1 (ABCD),SH = a. Tinh d(0;(SCD) va d(A;(SBC)

w21
14 °

Pap s6: d(A,(A'BM

cos((ABC),(AB'I)). Pap s6: cos((ABC),(AB'I)) =

(sAC). Pip s6: d(A,(SBC d(G,(sac

2ax/_

Pip s6: d(0,(SCD)) d(A,(SBC))=
Vi du 7: Cho hinh hop chit nhat ABCD.A'B'C'D" ¢6 A(O;O;O),B(a; 0;0);D(0;a;0),
A'(O; 0; b) v6i a,b >0, M la trung diém CC'.

a) Tinh V

BDA'M

b) Tim t 56% ¢ (A'BD) L (MBD)

Tr&Erm vy Loy
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Vi du 8: Cho tit dién OABC c6 cac canh OA, OB, OC vudng gbc voi nhau ting do6i mot. Goi
a, B,y lan lugt la cac géc hop bdi cac mit phang (OAB), (OBC), (OCA) véi mit phang (ABC).
Bang phuong phap toa d9, chiing minh rang:

a) Tam gidc ABC c6 ba géc nhon

b) b) cos® a+cos® f+cos’y =1
Vi du 9. Cho hinh chép S.ABCD c¢6 ABCD la hinh chit nhat, AD =a,AB =2a, SD =a,

SB=2a,(SBD) L(ABCD). Tinh V ,,., va d(A,(SBC))

S
%
se
#
szsesz%?
s &
§
g: &
g
2~}
)
0)-]
o
—
O
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CHU PE 3. MAT CAU VA CAC BAI TOAN LIEN QUAN
VAN DE 1. Viét phuong trinh mét ciu
Phwong phap: Mudn viét phuwong trinh mat cau ta can xac dinh tdm va ban kinh ctia n6
"= S(LR): (x—a) +(y—b)* +(z—c)* =R* (1)
= S(L,R): X* +y? + 7> —2ax —2by —2cz+ d=0 (2) (Voi a’+b*+c*-d>0)

—Tam I(a;b;c) va R=+va’+b’+¢" -d
Cdc truong hop co ban:
TH1: Mt cau tam I di qua A. Lac d6 ban kinh la R=IA
TH2 : Viét phuong trinh méat cau duong kinh AB
» TamIlatrung diém AB
* Béan kinh R=IA
TH 3: Mat cau ngoai tiép tit dién ABCD

2

» Budc 1: Gia sit mat cau cd phuong trinh:  x +y2 +72 —2ax—2by —2cz+d=0

»  Budc2: Vi AB,CD e mc(S) nén ta thiét lap duoc hé 4 phuong trinh 4 an, giai hé ta dwgc
a,b,c,d
TH 4: Mit cau di qua A,B,C va cd tdm le(a)

2

» Budc 1: Gid st mdt cau c6 phuong trinh:  x +y2 +72 —2ax—2by —2cz+d=0

«  Budc 2: Vi AB,C € mc(S) va I thudc mit phing (a) nén ta thiét 1ap dwoc hé 4 phuong
trinh 4 an, giai hé ta dwoca, b, ¢, d
Vi du 1: Cho A(—l; 0; —3);3(1;2;—1). Viét phuong trinh mat cau (S)

a) Codudng kinh AB
b) Cotam I € Oy va di qua hai diém A, B

Pap s6: a)x* +(y-1) +(z+2) =3; by +(y+1) +22 =11
Vi du 2: Viét phuong trinh mat cau (S) di qua ba diém A(1;2;4); B(L-3;-1); C(2:2;-3) vaco
tam I € (Oxy). Dap s6: (S): x> +y’ +7° +4x—-2y—-21=0
Vi dy 3: Cho 4 diém A(1;5;3); B(4:2,-5):C(5:5—1); D(1:2:4)
a) Viét () diqua A, B, Cvacétam I € (Oxz)
b) Viét (S,) diquaA,B,C, D

22 2 14
Dép s6: a)x2+y2+22—?x—gy—T7:O; b)yx*+y +7°—x—-4y+2z-19=0
Vi du 4: Lap phuong trinh méat cau di qua ba diém A(Z;l;l);B(l;l;O); C(O; 2;4) va R= \/g
4 38 32 8
Pap sd: (S, ):x* +y* +27 =2y —4z=0; (S, )X’ +y’ +7" ——x——y+—z——=0
pso: (S, ):x" +y y (S,)x*+y R A

VAN PE 2. Vi tri tuong doi ciia mdt phing va mit ciu
Phuong phéap:Cho (S): (x—af +(y-bf +(z-cf =R* va a: Ax+By+Cz+D=0
Goi d = d(I,a) : khoang cach tir tam mc(S) dén mpa. :
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TH1:d>R: S)na=¢

TH2:d=R: o tiép xac (S) tai H (H: tiép diém, o tiép dién)

Tim tiép diém H (la hinh chiéu cia tdm I trén mp @)

> Budc1: Viét phrong trinh duong thang (d) qua I va vuong géc mpa. . Ta cd aj =n.
» Budc2:Toa dd Hlanghiém cua hpt : (d) va ()

TH3: d<R: o cat (S) theo dwong tron c6 pt {(S): (x-af +(y-bf +(z-cf =R’
o : Ax+By+Cz+D=0

Tim bdn kinh r va tdm H cua dwong tron:

> Bankinh r=,R*-d’(1,a)

» Tim tam H (la hchiéu ctia tam I trén mpa)

Cha y: Cich tim giao diéin ciia dwong thing va mit ciu

X = X, + ast
d:ly =yo+at (1) va (S): (x-af +(y-bf +z—cf =R* ()
Z=127,+ast

* Budc 1: thay phuong trinh (1) vao pt (2), gidi tim t,
* Budc2: Thay t vao (1) dugc toa do giao diém
Cac truong hop co ban :
Pt mat cau tam |

TH 1: Mt cau tam I tiép xtic mpa : (S) ‘A.XI +By +Cz +D

R=d(l,a) =
\/A2 +B2 +C2

TH 2: Viét phuong trinh mdt phang o tiép xtic (S) va L A
= Buwdc 1: Mit phang o vudng géc Anén cd : n= a =(AB,C).
Do dé a: Ax+By+Cz+D=0 (AB, C dabiét)
*  Budc2: D€ tim D ta st dung thém giai thiét d(I,a)=R
Vi du 1: DB B2006. Viét phuong trinh mgt cau O(0;0; 0);A(O; 0;4); B(2;0;0) va tiép xtc voi

, 2 2 2
(P):2x+y—z+5=0. Pap s8: (S):(x—1) +(y—1) +(z-2) =6
Vi du 2: Viét phuong trinh mat cau (S) ¢6 tdm thudc truc tung va tiép xtc véi hai mat phang
(@):2x+y—-3z+5=0; (p):2x+y-3z-11=0
2 32
Papsé: x° +(y—3) +7 ==
psdi*+(y-3) +2' =7
Vi du 3: Cho A(l;O;—1);B(1;2;1);C(O;2;0)
a) Viét phuong trinh mét cau di qua O, A, B, C
b) Goi G la trong tdm ctia tam gidc ABC. Viét phuong trinh mit phang vudng goéc véi OG
va tiép xtc véi (S).

bPaép so: a)x2+(y—3)2+zz=%; b)x+2y—3i\/5:0

Vi du 4: Viét phuong trinh mét cau
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a) Cétam I1(2;—1;4) vatiép xac véi (Oxy)

b) Co tam O(0;0;0) va tiép xtc v6i mét cau tam J(3;—2;4) vacéban kinh R'=1
Pép s6:
a) ($):(x=2) +(y+1) +(z-4) =16

b) (S): x> +y" +2 =(\/5—1)2; (S): x>+ +2 =(JE+1)2
Vi du 4: Lap phuong trinh mét cau c6 ban kinh bing 2 va tiép xt véi (Oxy) tai M(3;1;0)
Papsé: I(31-2); 1,(3:1;2)
Vi du 5: Cho A(1;2:3);B(3:5:4):C(3;0;5)
a) Lap phuwong trinh mit phang qua A, B, C

b) Lap phuong trinh mat cau nhan duong tron ngoai tiép tam giac ABC lam duong tron 16n.

2 2 2
Huéng dan: a) (ABC):4x—y—5z+13=0; (S):(x—%j {y_@j +(z—%) :%

Vidu7:Cho M, (2:5,-3);(P): x+y+2z+3=0;(P): x+y+22-9=0;
a) Viét phuong trinh mét cau ti€p xtic v6i (P1) tai M| va tiép xtuc véi (P,)
b) Viét phuong trinh mat cau ti€p xac véi (P) tai M| va cit (P,) theo thiét dién la
duong tron 16n.
Papss: @) (8):(x—3) +(y—2) +(z+1) =6; b) (§):(x—4) +(y-3) +(z—1) =24
BAI TAP AP DUNG
Bai 1. Cho M, (2:5;0) va hai miit phéng (P):3x—2y—2+4=0; (B,):x—3y+2z—-1=0
a) Viét phwong trinh mat cau tiép xtc véi (P,) tai M, va tiép xtc véi (P,)
b) Viét phuong trinh mat cau ti€p xic véi (P) tai M| va cht (P,) theo thiét dién la
duong tron 1on.

¢) Viét phwong trinh mét cau tiép xuc voi (P) tai M| va cit (P,) theo thiét dién la

\ N 21
duong tron c6 ban kinh r = 7
Huéng dan
2 2
a) (5):(x—4) +(y-9) +(z—2) =56, (Sz):(x—4)2+(y—%j +[Z+§j :%

b (8):(x=8) +(y-1) +(z+2) =56

(o 15Y (o _29Y (7Y _686
Q) (S).(x 3j+(y 3j+(z :J 5
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Bai 2. Cho (P):2x~3y+2z-3=0; (5):(x~8) +(y+8) +(z~7) =68
a) Xac dinh vi tri twong ddi cta (P) va (S)
b) Viét phuong trinh mat phang song song véi (P) va tiép xtc véi (S)
c¢) Viét phuong trinh mit phing song song véi (P) va cat mit cau theo thiét dién la
duong tron 16n
d) Viét phuong trinh mit phing song song véi (P) va cit mit ciu theo thiét dién la
duwong tron c¢é ban kinh r = \/5_1
e) Viét phuong trinh mat cau (S") d6i xting vdi (S) qua (P).
bap so:
b)2x-3y+2z-20=0; 2x-3y+2z-88=0
c)(Q):2x—-3y+2z-54=0
d)(Q):2x—-3y+2z-37=0; (Q,):2x-3y+2z-71=0;

e)(x +4)2 +(y —10)2 +(z+5)2 =68

Bai 3. Cho (P):2x—y+22-5=0; (8):(x—3) +y* +(z-4) =9

a) Chung to (P) tiép xuc voi (S). Tim toa do tiép diém
b) Viét phrong trinh mit phang song song véi (P) va tiép xtc véi (S)
¢) Viét phuong trinh mit phiang song song véi (P) va cat mat cau theo thiét dién la
duong tron 16n
d) Viét phwong trinh mat cau (S’) doi xting véi (S) qua (P).
biép so:

a)M(L12); b)(Q):2x—y+2z-23=0; ¢):2x—y+2z—-14=0; d)(x+1)2 +(y—2)2 +7°=9

Bai 4. Cho (P): x+2y+3z—-10=0; (5):(x~2) +)*+(z+2) =56
a) Chtng to (P) cat (S) theo thiét dién 1a duong tron. Tim toa d6 tdm va ban kinh duong
tron
b) Viét phuong trinh mit phang song song vdi (P) va tiép xtc véi (S)
) Viét phuong trinh mat phang song song véi (P) va cat mdt cau theo thiét dién la
duwong tron 1on.
d) Viét phuong trinh mét cau (S") d6i xting voi (S) qua (P).
baép so:
@)J(32:1);r =V42 1 b)(Q):x+2y+32+32=0;(Q,)x +2y+3z—x+2y+37-24 =0;
2 2 2
0)2x+2y+3z+4=0; d)x+2y+3z+18=0; )(S):(x—4) +(y—4) +(z—4) =56

Bai 5. Cho (S):x” +y” +7° —2x—2y—2z—6=0. Viét phuong trinh mt phing song song v&i
(): x+2y+z—1=0 vacat (S) theo thiét dién la duong tron (C) c6 S =37.

DPaép so: (al):x+2y+z+2:0; (az):x+2y+z—10=0
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Bai 6. Cho (S):x° +y* +7° —2x+2y+2z-6=0.
a) Viét phuong trinh mét phang di qua A(4;0;0); B(0;0;8) va tiép xtic véi ()
b) Viét phuong trinh mét phing qua C(2;1;1); D(1;1;0) va cit (S) theo thiét dién la duong
tron (C) c6 S =67
DPép s6:
a) ():2x+2y+z-8=0; (a,):8x—y+4z-32=0;
b) ():x—y—2z=0; (a,):x+5y—z-6=0;
Bai 7. Lap phuong trinh mit cau di qua A(L0;0);B(0;10);C(0:3;2) va ct
(P):2x+2y+2=0 theo thiét dién la duong tron c6 ban kinh bing 1.

bPap so: (Sl):xz+y2+z2—2x—2y—4z+1:O;(Sz):x2+y2+z2—8x—8y+2z+7=0;

2 2 2
Bai 8. Cho (8):(x—5) +(y—=3) +(z—-3) =37%:(P): 2x+y+2z-1=0

a) Chung to (P) cat (S) theo giao tuyén la mot duong tron (C). Xac dinh tam va ban kinh cta

©

b) Lap phuong trinh mat cau chira (C) va

»  Cotam thude (Q):x+y+z+9=0

* Diqua A(4;2;—2)

» Tiépxucvdi (Q):3x+y—-7=0

bap so:
@ (©): {H(l;l;—l)
r=
D)
®(S,): 7 +y* +27 +6x+2y+102-2=0
@
@

LUYEN TAP PHUONG TRINH MAT CAU
Bai 1. Cho bon diém A(2;-1;6), B(-3;-1;-4), C(5;-1,0), D(1,2;1).
a) Tinh ban kinh duong tron ndi ti€p tam giac ABC va khoang cach tit D t6i (ABC)
b) Viét phuong trinh mat cau ngoai tiép ti dién ABCD
Huéng dan:
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y S
a) Ban kinh cla dudng tron ngoai ti€p AABC la r =—2£€

p
e AB+82C+CA P& y: AC.BC =0 = AABC vuéng tai C
3V
=% — /5. Khong céch t D t6i (ABC) I d(D,(ABC))= 482 .
6\/§ SABC
e
Viser = EH:AB’AC}AD‘. b33

b) Goi I(x;y;z) 1a tdm dudng tron ngoai ti€p i gidc ABCD:

x=—1
IA® = IB? 2
1 152
IA=IAB=IC=ID < {IA* =IC* < {y = B Binkinhr=1C= 5—5.
IA® = ID? ) 30
- =1

Cach2: Goi(S): x* +y* +7° —2ax —2by—2cz+d =0
Thay toa do A,B, C, D vao (S) ta dudc hé phuong trinh 4 dn a,b,c,d
BTTT: Cho 4 diém A(0;1;0);B(2;3;1);C(-2;2;2);D(1;-1;2)
a) Chting minh rang tt dién ABCD vudng tai A
b) Viét phuong trinh mat cau ngoai tiép t& dién
Hudng dan va dap so6:
a)chiing minh AB, AC, AD d6i mét vudng géc nhau

1Y 3 sY 27
oa=3) L33 %

Bai 2. Cho hinh ling try tam gidc ABC.A’B'C’ v6i A(-1;6;-1), B(-4;6;2), C(-1;3;2), A’(5;12;5)
a) Chimg minh rang hinh lang tu da cho 1a hinh ling tru déu va tinh thé ctia n6
b) Tim toa d0 cuia tdm duong tron ngoai ti€p tam giac A’B'C’ va viét phuong trinh cua mat

cau ngoai ti€p hinh lang tru ABC.A’B'C’

Hudéng dan:

AABC 1a tam gidc déu

AA' 1 (ABC)

b) Vi tam gidc ABC la tam gidc déu nén tAm tring véi trong tAm G,

G(-2;5;1) 1a trong tim cia ABC

Goi G' 1a trong tam cta tam gidac A'B'C', ta c6

GG'= AA' < G'(4;11;7). Hinh ling tru ABC.A'B'C’ 1a hinh lang tru déu nén (S)

ngoai ti€p hinh ling tru nay c6 tam 1a trung diém I(1;8;4) ctia GG', R:IA:\/Q

a)ycht & {

Tran Binh Cuw ™
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Bai 3. DPHCD 2005 B . Trong khong gian vdi hé toa do Oxyz cho hinh lang tru diing ABC.A1B:C1
véi A(0;-3;0), B(4;0;0), C(0;3;0), B1(4;0;4).

a) Tim toa dd cac dinh A1, Ci. Viét phuong trinh mat cau c6 tam la A va tiép xtc véi mit phang
(BCC1By).

b) Goi M la trung diém ctia AiB1. Viét phuong trinh mat phang (P) di qua hai diém A, M va song
song véi BC. Mt phang (P) cat duong thang AiCi tai diém N. Tinh d6 dai MN.

Bai 4. Cho phuong trinh X +y +7 =2(m+Dx+4my+2z+6m”> —1=0 (1)

Xac dinh m d€ phuong trinh (1) la phuong trinh cia mét cau. Khi d6, tim m dé€ ban kinh ctia mat
cau dat gid tri 16n nhat.

Huo6ng dan:

(1) 12 phuong trinh mitciu © A*+B*+C*-D >0 -1<m <3

Khi d6: R=N-m’ +2m+3

Xét ham sd f(m)=-m” +2m+3,m e (-1;3)

R_ =2 khi m=I

Bai 5. Cho mit phing (P) va mit cau (S) ¢ phuong trinh lan luot la:
2x—y—-37+4=0; X’ +y°+7°+6x—2y—2z-3=0 . Lap phuong trinh mit phing (&)
song song voi (P) va tiép xuc voi (S).

Hudng dan:

() // (P)nén () c6 dang 2x-y-3z+ D =0 (D #4).

(a) ti€p xtic véi (S) < d(I,(a))=R <> D=24 hoidc D=-4

Bai 6. Lap phuong trinh mat cau (S) c6 tdm I thudc mat phang (Oyz) va di qua A(0;0;4), B(2;1;3),
C(0;2;6)

Hudng dan:

Mt cau (S) di qua A,B,C c6 tAm I thudc cdc mit phing trung truc (o)

clia AB va mit phang trung truc (f) cia AC

(@):2x+y-x+1=0; (f):y+z-6=0

2x+y-x+1=0
Toa d0 I1a nghiém ctia hé phuong trinh: {y+z-6=0 = I(O;%;%J
z=0

BTTT:Lap phuong trinh mat cau (S) ¢6 tdm I thudc mat phang (&) :2x+y—z—3=0 va di qua
A(-3;6;1), B(2;3;-3), C(-6;2;0)

. 39Y 51 57 4651
Papso:(S):| x+— | +|y—— | +| z2+— | =——
10 10 10 100

Bai 7. Lap phuong trinh mat cau (S) tiép xac véi (Q): x+3 =0 va di qua A(1;2;-1), B(-1,0;3),
C(3;-2;1)
Huoéng dan:
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(S) di qua A,B,C nén tdm I ctia (S) thudc mit phing trung truc (o) ciia
AB va mit phing trung tryc () cda AC

(@):x+y-2z+1=0; (B):x-2y+z-2=0.

x+y-2z+1=0

Do d6 I thudc dudng thing A :
x=2y+z-2=0

r=t [z=3+2\/§

Asy=—l+t.leA=>1I(t;-1+1 ad(rl; =JA
= Aiy=—1+t.leA=I(s-1+51) vad(1:(Q))=IA < o

7=t
Bai 8. PHCD 2004 K.D Trong khong gian v6i hé toa do Oxyz cho ba diém A(2;0;1), B(1,0,0),
C(1;1;1) va mat phang (P) : x +y + z — 2 = 0. Viét phwong trinh mit cau di qua ba diém A, B, C va
c6 tam thudc mit phang (P).
IA*=1B* =IC”
I'e(p)
BTTT: Lap phuong trinh mét cau (S) ti€p xuc véi () : 2x+2y+z+12=0 va di qua A(1;2;-1),

9 9 9 55

bap so:
(S):(x+2) +(y-4) +(z-5) =49;

156 ) 103Y 149Y 519841
S| x——| +Hy——| +| 2+ =
5 5 20 400

Bai 9. PHCP 2009 A Trong khong gian véi hé toa d6 Oxyz, cho mat phang (P):

Hudéng dan: I(x;y;z) 12 tAm mat cau (S). {

2x—2y—z—4=0 vamit cau (S): x* +y’> +z° —2x—4y—6z—11=0. Chitng minh ring mit

phr?mg (P) cit mit cau (S) theo mdt duong tron. Xac dinh toa do tam va ban kinh ctia duong tron

dé.

BTTT. Trong hé truc toa do Oxy cho duong tron (C) <6 phuong trinh

2 2 2

(x—2) +(y+2) +(z+3) =5
x=2y+2z+1=0

Bai 10. Cho 4 diém A(1;2;1);B(2;0;-1);C(1;3;-4);D(0;-2;2). Chtiing minh ré“mg tap hop nhing diém M

théa man : MA® + MB*> + MC?* = 4MD? 1a mot mat cau. Viét phuong trinh mdt cau do.

. Tim tam va ban kinh

Huéng dén: M(x;y;2).(5): (x+4)" +(y+3) +(z-12) =334
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CHU DE 4. PUONG THANG VA CAC BAI TOAN LIEN QUAN
A.COSOLY THUYET

—

1. Vecto chi phuong ctia duwong thing: u#0 duoc goi la vtcp ctia duong thang d néu gia ctia u
song song hodc trung véi d

2. Cac dang phuong trinh dwong thang:

Phuong trinh tham s§ ctia dwong thang: (d) qua M(xo ;yo;20) ¢6 vtcp @ = (ar;a2a5)

X=X, +a,t
= PTTS: (g):iy—y, +a,t;teR
zZ=127,+a,t

= PTCT: (d): = =

* PT tong quat cua (d) 1a giao tuyén cta 2 mp ou va o
Bl Cl
BZ CZ

C. AllA B
C, AflA B,

(d): Ax+Biy+Ciz+Di =0 046 vécto chi phuong a =
A, x+B,y+C,z+D, =0

|

B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP
VAN DE 1. Viét phuong trinh duong thing
Phuwong phap chung:
*  Tim mot diém trén d va mot vicp ctia d
= Tim 2 mat phang cling di qua d thi d 1a giao tuyén ctia 2 mat phang
Céc treong hop co ban:
quaA (hayB)

TH 1: Duong thang (d) di A,B: (d .
g thang (d) di qua ( ){Vtcp 2 — AB

7 ‘ qua A

TH 2: Puong thang (d) qua A va song song (A): (d )<V‘| @) // (A)nén vicp 3 —
d A
\ < \ A 7 qua A
TH 3 : Duong thang (d) qua A va vudéng goc mpo:  (d) Vi(d) L (ar) nén vicp 3. = A
d a

, qua A

TH 4 : Duong thang (d) qua A va vudng goc (d1),(d2): (d) Vtepd—[3, A, ]
dy’ 2d,

Mot s6 luu y:
» Néu d, qua A vacit d, thi d, ndm trong mit phing di qua A va chtra d,
» Néu d, qua A va vudng goc véi d, thi d, ndm trong mit phing di qua A va vudng géc
voi d,
= Neéu d qua A va song song véi (@) thi d chita trong mit phang di qua A va song song
voi (@)

R
%
se
#
szsesz%?
s &
§
g: &
b
2~}
)
0)-]
o
N
e
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+1 -2 ;
Vi du 1: Cho d:xszTzil; (a):2x—y+3z—6=0. Viét phuong trinh duwong thang
x=-1+3¢
A di qua giao diém A ctia d va (&) vasong song v6i d':qy=-3+¢

7=-2t
x=1-t
Papso: A:qy=-2+t
=2t
Vi du 2: Cho A(Z;O;—3);B(4; —2;—1) vamit phang (P): x+y+2z+4=0
Viét phuong trinh duong thang d chta trong (P) sao cho d cach déu A va B

x=-3+4t
Pépso: A:qy=—6-3¢
7=2+t
x=1-t
Vi du 3: Cho A(l;4;2);B(—1;2;4) vamit phang (A):{y=-2+¢
z7=2t

a) Viét phuong trinh duong thang di qua trong tam G cia AOAB va L (OAB)
b) Tim M € A sao cho MA® + MB’ nho nhat
x=2t
Papso: a) d:qy=2-t; b)M(—1;0;4)
7=2+t
Vi du 4: DB B2009. Cho A(1;O;—l);B(2;3;—1);C(1;3;1) . Viét phuong trinh tham s8 cta duong
thang qua triec tam AABC va vudng géc véi (ABC).

x =—6t
Déap s6: A: y:%+2t
Z —§—3t
2
Vi dy 5 PHA 2011 Cho A(2;0;1);B(0;-2;3). Tim M &(P):2x—y—z+4=0 sao cho
4 12
MA=MB=3. Dap so: M1(0;1;3); M —é;—;—
777
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Vi du 6: Cho A(2;1;0);B(O;I;Z);C(O;O;l). Tim Me(P):x+y—z+2=0 sao cho

’ 1 1
MA = MB va MC nho nhat. Pap so: M[E;—Z;Ej
Dang 1. Viét phuong trinh duong thang A ( A = (P) hodc / / (P)) qua diéim A va vudng géc véi
duong thing d
Phuwong phap:
+1 -3
\ﬁduncmod:fz—=2%=§§—xpy2x—5y—3z+8=ouq3¢4n)

a) Viét phuong trinh duong thang A, qua A, nam trén (P) va L d

b) Viét phuong trinh A, qua A, song song voi (Oxy) vald

Hudng dan:
3 y+d z-1 ¥
x=3 y+4 z-
a)A : = = ; b)A, :<y=—4-2¢
T T A, T
Z:

x+1 y+4 z-
-1 6 —4
a) Tim I €d sao cho d(l;(a))=2

1
Vidu2: Cho d : (@):2x+y—-2z+9=0

b) Tim A=d N (a). Viét phuong trinh duong thang di qua A, chita trong (&) va vudng

goc véi d
Hudng dan:
13;-7:1 r=
ayd(I;(a))=2= (”); b)A:{y=-1
1(=3;5,7)
z=4+t

Dang 2. Viét phuong trinh duong thing A qua A, vudéng géc v6i d, va cit d,
Phuwong phap:
Cach 1:
= Budc 1: Chuyén d2 vé dang tham s&
» Budc2: Giasitrdcitd:taiB, Be dy = toa d§ B c6 chira tham s6
*  Budc3: d vudng goc véi di < AB L E
Cach 2:
= Viét phuong trinh mat phang (P) qua A va vudng gdc véi di.
= Viét phuong trinh mat phang (Q) chita A va da.
Khi d6 A= (P)  (Q).

. x=-1

- +

Vi du 1: Cho dlsz:yTzf; d,:qy=t
z=1+t¢
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Viét phuong trinh duong thang A qua A(O;l; 1), vudng goc d, va cat d,

xX=-t

Huéng dan: A:<y=1+1¢

=142t
x=-3+2t
Vidu2: Cho d:{y=1-t . Viét phuong trinh duong thang A qua A(O;l;l), vudng goc va
z=—14+4¢
cat d
x=-4+3t
Hudng dan: A:<y=-2+2¢
z=4-t

Vi du 3: Cho d la giao tuyén cua (a):5x+y+z+2=0;(ﬂ):x—y+2z+1=0. Viét phuong
trinh dwong thang A qua A(Z;—I;O), vudng gbc va cat d .

x=2-2t
Hudng dan: A:{y=-1

7=-1

Dang 3. Viét phuong trinh duong thing A qua A, song song v6i (P) va cit d
Phuwong phap

Vi du 1: Viét phuong trinh chinh tac ctia dwong thang A di qua A(3;—1;4) , cat truc Oy va song
song véi (P):2x+y=0
x=3 y+1 z+4
3 6 4
Vi du 2: Viét phuong trinh chinhd tic cta duong thang A di qua A(3; —2;—4) , cat

Hudéng dan: A:

x=2 y+4 z-1
3 -2

d

va song song véi (P):2x+y =0

x=3 y+2 z+4
4T
Dang 4. Viét phuong trinh duong thing d nim trong mdt phing (P) va cit cd hai duwong thing ds,
d:
Phuwong phap: Tim cac giao diém A =di N (P), B=d2 N (P). Khi d6 d chinh la duong thang AB.
Vi du: Viét phuong trinh tham s3 ctia duong thang nam trong mat phang (P):y+2z=0 va cat

Huéng dan: A:

o1 x=2-t
ca hai dlz—zzzi, dy,:\y=4+2t
-1 1 4 =1

R
%
se
#
szsesz%?
s &
§
i &
b
2~}
)
0)-]
o
w
e
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VAN PE 2. Vi tri tuong d0i ctia 2 duong thing trong khong gian

Phuong phéap: d quaM cé vicp u, ; d, quaN c6 vtcp u,

w
»  d, chéo d, = |ug,,Ug, |MN #0(khéng dong phing)

» d,, d, dong phing < [@,@].W:o

= d, d, cit nhau < [E,@];ﬁé va [@,@].wzo
= d,, d, songsong nhau < [E,@] =0va [E,W] #0

= d, d, tringnhau < [E,@]zavé [E,W]z@

x=1+mt x=m—2t'
Vidul:Cho d, :qy=m+2t ; d,:qy=mt . Timm d€ d, chéo d,
z=1-m-3t z=1-m+t'
m#?2
Dap so
m#——

Vidu2: Cho A(4;2;2);B(O;O;7) vad: x=3 = y—6 = z-1
- 2 1

a) Chung minh d va AB cting thudc mot mat phang
b) Tim C €d sao cho tam giac ABC can tai A

Hudng dan:
a)[ﬁ,a BM =0 b) C(1;8:2); C(%:0;-2)
! xX=t
Viduszcmd]:x”:y; =Z_23; d:{y=1+1
z=-3+2¢t

a) Tim giao diémcaa d,, d,

b) Viét phuong trinh mit phang chtra d,, d, .

Huéng dan: a)7(2;3;1); b)(@):6x—8y+z+11=0

Dang 1. Viét phwong trinh dwong thiang di qua diém M va cit cd hai duong thing d,,d,
Phuong phap

Cach 1:

* Budc 1: Chuyén di va d2 vé dang tham sd
= Buwdc 2: Gia st d cat di va d2 [an luot tai A va B

= Budc 3: Ba diém A,B,M thing hang < AB,AM cling phuong < [@, m} =0
Cach 2: Goi (P) = (M,d,), (Q) = (M,d,). Khi d6 d = (P) n (Q). Do d6, mot VTCP ctia d c6 thé chon

la G = iip,iiy |-
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x=1+2t 5 ;
: + —
Vi du 1: Cho A(l;—l;l) va hai duong thang d, :{y =1 ; d,: xl =y—2=§
z=3-1
a) Ching minh d, chéo d,
b) Viét phuong trinh dudng thing qua A vacitca d,,d,
, -1 +1 z-1
Pap s6: d : =y Lz
1 ~7
Dang 2. Viét phuong trinh duong thing d song song véi duwong thang A va cdt hai duong thiang
d.d,
Phuwong phap

*  Budc 1: Chuyén di va d> vé dang tham sd
= Budc2: Giasird cdt di va dz [an luot tai A va B
= Bub6c3:d// A nén AB//up <[ ABju |=0
Cach 2: Viét phuong trinh mit phang (P) chita A va di, mt phang (Q) chita A va do. Khi d6 d = (P)
N Q).
Cha y: d vubng goc v6i (P) va cat hai duwong thiang d,d, thi ta 1am twong tw. Cu thé
*  Budc 1: chuyén di va dz vé dang tham s6
»  Buwdc 2: Gia st d cit di va do [an luot tai A va B
= Budc 3: d vudng gbc véi (P) nén AB/ /@ = [E, ﬁ] =0
Vi du 1: Viét phuong trinh duwong thang A//Ox va cat ca hai duong thang
‘x_y:z_—l.d .x—2:y+1:z+1

b

"1 2 3722 1 3 2

x=t
Dép s6: A: y=—§
5
7
=——
5
| ) x=—1+2¢
Vi du 2. A2007. Chodl:gzy;IZ%, d,:qy=1+1
z=3

a) Chtng minh d, chéo d,
b) Viét phuong trinh duong thang A L (P):7x+y—4z=0 va cat hai duong thing
d.d,
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x=2+7Tt
Papso: A:qy=t
z=—1-4¢
Dang 3. Viét phuong trinh duong vudng géc chung d ciia hai duong thiang chéo nhau
d,»d,
Phuwong phap
Cach 1:

Budc 1: Chuyén di va d2 vé dang tham s6 (t1,t2)

, ~ JLd ﬁJ_q f1
* Budc2:Lay | edy;J eds. =>4 =>4,
Wldy |Wiuy, (B2

=  Budc 3:d chinhlal]
e Cach 2:

» VidldivadLld2nénmot VICP caad cod théla: a =|:ﬁd ,Eid ]
1 2
= Lap phuong trinh mit phing (P) chita d va ds, bing cach:
o Lay mot diém A trén d..
o Mot VIPT cta (P) co thela: rip = [a,adl] .

= Tuong tw lap phuong trinh mat phang (Q) chita d va do.
Khi dé d=(P) n(Q).

x=1+t¢ x=0
Vidul: Chod :{y=0 , d,iqy=4-21
7=-5+t z=5+3¢t

a) Chitng minh d, chéo d,

b) Viét phuong trinh duong vudng goc chung ctia d, va d,. Suy ra khoang cach gitta d,,d,

o Xx-4 y z+2, )=
Huéng din: b) d: =~ =2 =% d(d;:d,)=2417
x=1+t¢ x=-2-2t
Vidu2:Chod :yy=2-t, d,:qy=—t'

=2t z=t'

a) Chtng minh d ,d, chéo nhau va vuéng goc nhau
b) Viét phuong trinh duong vudng goc chung cta d,,d,

2
Huéng dan: b) d:zzy—_'_szi;
1 5 2

VAN DE 3. Khoang cich tir mot diém dén mot duong thing va khoang cich giita hai duong
thang chéo nhau
Dang 1. Khodng cich tir mot diéin dén mot dwong thang
Phuwong phap:

o
1
#
B
st
oo
§
i &
Z;
)
)
(1]
o
w
o~
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Vi du 1: B2003. Cho A(2;0;0); B(0;0;8); AC =(0:6;0). Tinh khoang céch tir trung diém I ciia
BC dén OA. Péap s6: d =5
Vi du 2: A2009. Cho mit phang va hai duong thing 6 phuong trinh

(Py:ix—2y+2x—1=0A 2 F1_ Y _2%9 0 x=l_y=3 _z+l
1 1 6 2 1 )
Tim M €A, :d(M;(A,))=d(M:(P)).
18 53 3
Papso: M (0;1;-3); M | —;—;—
ip 56 M, (0:1:-3) 2[35 35 35}
x=3+t 5 .
Vidu 3: D2010. Cho A 1y =1 Azzx; :yT_:é.TlmMeAlzd(M;Az):l
7=t

Pap s6: M| (4;1;1); M, (7;4;4)

Dang 2. Khodng cich giita hai duong thing chéo nhau

Phuwong phap:

d(d;:d,)=

Vi du 1: Cho A(l;O;O);B(l;l;O);C(O;1;0);D(0;0;2) . Tinh d(AC,BD). Pap so: d =

1
2

5 A x=1+3t
Vi du 2: Cho dl:x; =%=%;d2: y=2+1
z=—1+2¢

a) Chtng minh d ,d, chéo nhau. Tinh d(dl,dz)

b) V6i A, B 8 dinh thude d sao cho AB=+/117 . Khi C di dong trén d’. Tim gia tri nho nhat
ctia S,
Hudéng dan:
39

a) d(d,.d,)=\13; b)S,, = - xéy rakhi CH = MN
Dang 3. Ung dung toa do gidi todn khong gian
Vi du 1: Cho lang tru ABC.A'B'C" c¢6 day ABC vudng can tai B, AA' =a«/§,BA =BC=a.
Goi M la trung diém ctia BC. Tinh d(AM,B'C)

_a

Ne

Vi du 2: Cho hinh lang tru dtmg ABC.A’B'C’ ¢ tat ca cac canh déu bang a, M 1a trung diém caa
AA’. Chimg minh MB 1. CB' va d(MB,B'C).

“’“g’”‘%ﬂmg% %“’“% x '*%, m %‘“‘% {j wﬁ? Page 35
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a~N'30

10
Vi du 3: A2012. Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a. Hinh chiéu vudng goc
ctia S trén mat phang (ABC) la diém H thudc canh AB sao cho HA=2HB. Gdc gifta duong thang
SC va mit phang (ABC) bang 60°. Tinh thé tich kh&i chép S.ABC va tinh khoang cach giita hai
duong thang SA va BC.
VAN DE 4. Cic bai todn lién quan gifta duwong thing va mdit phing
Phuwong phap:

Dép s6: d(MB,B'C) =

Cac treong hop co ban

TH 1: (o)) di qua mot diém M va mot duong thang (d) khong chiza M:
= Trén (d) ldy diém A va VICP u.
= Mot VIPT cua (o) la: ;l = [A—I\j,;t}

TH 2: (o) di qua mot diém M va vudng goc voi mot duong thang (d):
VTCP ;t ctia duong thang (d) 1a mot VIPT cta (o).

TH 3: (o)) di qua 2 dudng thing cit nhau d,,d,

= Xac dinh cac VICP u,,u, cuacac duong thang d.d,
= Mot VIPT cua (o) la: n= [ul ,uz} .
= Ly mot diém M thudc d| hodc d, =M e (a).

TH 4: (o) chtta dudng thing d, va song song véi dudng thang d, (d,,d, chéo nhau):

= Xac dinh cac VICP u,,u, cuacac duong thang d.d,.
= Mot VIPT cua (o) la: n= [ul ,uz} .
= Liay mot diém M thudc d; =M € ().

TH 5: (o) di qua di€ém M va song song véi hai dudong thang chéo nhau d,,d, :
= Xac dinh cac VICP u ,u, ctia cac duong thang d.d,.

= Mot VIPT cua (o) la: n= [ul ,uz} .

TH 6: (o)) di qua mot dwong thang (d) va vudng gdée véi mot mat phang (B):

= Xéc dinh VTCP u ctia (d) va VTPT 7, ctia (B).

= Mot VIPT cua (o) la: n= [u,nﬂJ .
»  Lay mot diém M thuécd =M € (o).
. x+1
Vi du 1: Viét phuong trinh mét phang qua A(O;—l;3) vachta d : e % =—

béaps6: y+z-3=0
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. . x=1+t¢
Vi du 2: Cho A(O;l;2), d, %:yT_:%; d,:yy=-1-2t
z7=2+t

a) Viét phuwong trinh () qua A vasong song véi d,,d,
b) Tim M ed,,N €d, saocho A,M,N thing hang

Dang 1. Puong thing song song vdi méit phing
Vi du 1: D2009. Cho A(2;1;0);B(l;l;2);C(l;l;O). Tim D trén AB sao cho

CD/ /(o) x+y+2z-20=0. Pap sé: D(3;1;-2)
7 -1 y- -
Vi du 2: DB B2007. Cho hai duong thang d:xsz—jzg; d': x65 :§= St va mat

phang (&0): x—2y+2z—1=0
a) Viét phuong trinh mit phiang chita d va vuong goc véi ()
b) Tim M ed,N ed' sao cho MN / /(&) va khoang cach tirt MN dén (&) béng 2.

: +2 -1 -2 z-1
Vi du 3: Cho hai duong thing A, 1~ =2—==2:A ;T2 Y"2_2"2 vig phuong trinh
2 3 4 1 1
mit phang (P) chita A, va song song A, . bap s6: 2x—z=0

x+1 y-1 z-2
1
chinh tic A di qua A(1;1;-2) song song véi (P) va vuong géc véi d.

Vi du 4: Cho duong thang d : va (P): x—y—z—1=0. Lap phuong trinh

x=1_ y-1 z+2
-1 -3

bap so:

-1 z-2
vnmsmmodaf=XE—=5T—xPyx+3y+2z+2=0
a) Viét phuong trinh mat phang (&) chita d va vudng gdc véi (P)

b) Viét phuong trinh A qua M(2;2;4), song song véi (P) va cat d.

x=2 y-2 z-4
1 ~1 1
x=1+t

Vidu6:Chohaidu(‘)ngthéng Alz y=—1-t; Az: " :T:§
z=2

Papso: a) (@):x—y+z—-1=0; b)A

a) Viét phuong trinh mit phing chita A, va song song A,
b) Xédcdinh A e AI,B € A2 sao cho AB nho nhét.

Huéng dan:
a)(P):x+y—z+2=0;
b) AB nhd nhiat < AB 1a doan vudng gbéc chung = A(l;—l;2);B(3;l;O)
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Dang 2. Hinh chiéu vuéng géc ctia mot diém lén mdit phing
Phuwong phap: Cho diém M va mit phang (¢). Tim toa dd hinh chiéu H ctia M 1én mét phang

()
=  Budc 1: Lap phuong trinh tham s ctia duong thang MH (duong thang MH c6 vtep u
trung véi vtpt n cua (a)

=  Budc 2: Thay X, y, z trong phuong trinh tham s6 ctia dwong thang MH vao phuong trinh
(ar) d€tinh t roi suy ra toa dé H.
Vi du 1: Cho A(-3;5-5),B(5-3;7), (P):x+y+2=0
a) Tim giao diém I cua AB va (P)
b) Tim M thudc (P) sao cho MA* + MB* nhé nhat
Huéng din: a)1(~1;3-2);  b)M(0;0;0)
-2 +2
Vidy2Cho A(L;2-1);d: 7~ =2=2"7%
1 3 3

a) Tim diém B d6i xting véi A qua (P)

;(P):2x+y—z+1=0

b) Viét phuong trinh dwong thang qua A, cat d va song song voi (P)
x=1_ y-2 z+1

9 -5
Vi du 3: DB A2007. Cho A(—1;3;-2);B(-3;7:-18),(P): 2x—y+2z+1=0

Huéng dan: a) B(-3;0;1);  b)

a) Viét phuong trinh mat phang chita BC va vudng goc vaéi (P)
b) Tim M € (P): MA+ MB ngan nhat

Pap sé: a)(a) :2x+5y+2—11=0;  b)M(2;2;-3)
Vi du 4: DB D2004. Cho A(2; O;O); B(2;2;0);S(0; O;m)
a) Khi m =2 tim C d6i xting véi O qua (SAB)
b) Goi H 1a hinh chiéu vuéng goc ctia O 1én SA. Chiing minh S, <2,Vm

Hudng dan:
= m* + 8m?
a) C(2:0:2); b)S = —‘[OH,OB] _ 2\/ <2.Ym
) ( ) OBH » m*+8m* +16
BAI TAP AP DUNG:

Bai 1. Cho diém A(3;1;1), B(7;3;9) va () : x+y+z+3=0. Tim diém M trén () sao cho |MA + MB

dat gid tri nho nhat.
Huéng dan:
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Goi I 1a trung diém clia AB, I c6 dinh.
M+ﬁ:2ﬁ:‘ﬂ+ﬁ =2MI.
Vay ‘M + Mé‘ dat gi4 tri nhd nhat < MI nhd nht (M thudc (@), 1 ¢6 dinh)

<>M 12 hinh chi€u vudng géc cia I trén (a).... DS : M(0;-3;0)
Bai 2. Cho 3 diém A(-2;1;6), B(-4;-4;7), C(-3;0;-1) va () : 2x-y-z-5=0. Tim di€ém M tthudc (&) sao

cho

MA+MB + MC‘ ngén nhat.

Hudng dan:
Goi G la trung trong tdm cia tam gidc ABC, ta c6 G(-3;-1;4) va

MA+MB+MC:3MG:>‘MA+MB+MC‘:3MG.

Vay |MA+ MB + MC| ngdn nhat < MI ngén nhat (M thudc (@) va G ¢d dinh)
y g g

<>M 12 hinh chi€u vudng géc cia G trén (a).... DS : M(1;-3;0)
Bai 3. Cho 4 diém A(-5:2;,0), B(-8;-1;-1), C(1;1;-5), D(-3;-2;2) va (@): 4x-y-2z-8=0. Tim diém M

tthudc (o) sao cho |[MA+MB+ MC + MD‘ ngan nhat.

Hudng dan:

Goi G 1a trung trong tam cua ti gidc ABCD, ta c6 G(-XS;O;-I) va

MA+MB+MC+MD:4MG:>‘MA+MB+MC+MD =4MG.

Vay |MA+MB+MC + MD‘ ngin nhat
<> MG ngin nhat (M thudc («) va G cd dinh)
. n Y . 1
<>M la hinh chi€u vudng géc cua G trén (@)....DS : M(Z;-l;-S)

Bai 4. Cho mat phang () :2x—y—3z=0 va hai diém A(0;0;-3), B(9;15;12). Tim diém M thudc
(a) sao cho:

a) MA+MB ngan nhat

b) | MA-MBI dai nhdt
Huéng dan:
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a)A va B khac phia so v6i («):

MA-+MB > AB( Khong d6i)

MA+MB ngin nhit < M § trén doan thing AB ma M € (@) nén M 12 giao di€m
cia doan thang AB v6i ().....DS : M(3;5;2)

b)A'1a diém d6i xting clia A qua (), ta c6:

|MA — MB| = |MA'- MB|< A'B.

Ddu "="x3y ra < M & trén dudng thing AB, ma M € (a) nén M=A'BN («).

Bai 5. Cho mit phang (a): x+3y—z—19=0 va hai diém A(-2;,0;1), B(-7;-5;3). Tim diém M
thudc () sao cho :
a) MA+MB ngén nhat
b) | MA-MBI dai nhét
Hudng dan:
A va B cung phia so véi («):
a) MA+MB ngin nhat
- Goi A'1a diém ddi xitng clia A qua (&), H 1 hinh chi€u vudng géc clia A trén ()
va H(0;6;-1) = A'(2;12;-3). M=A'BN(@)....DBS : M(3;5;2)
b)\MA - MB\ dai nhat
|MA - MB| < AB

BTTT:
Bai 1. Cho mat phrfmg (a): x=3y+3z—11=0 va hai diém A(3;-4;5), B(3;3;-3). Tim diém M
thudc () sao cho : IMA-MBI 16n nhat.
Hudéng dan va dap s6:
A va B khac phia so véi (). M(—ﬂ;—é;ﬂJ
7T

Bai 2. Cho mit phang (&) : 2x—y+z+1=0 va hai diém A(-1;3;-2), B(-9;4;0). Tim diém K thuoc
(ar) sao cho : AK +BK dat gia tri nho nhat
Dang 3. Hinh chiéu vudng géc ctia mot duong thing lén mdt phing
Phuwong phap: Cho sén duong thang d va («)
Cach 1:

*  Buwdc 1: Tim giao diém A cua d va ()

* Budc2:1ay Bed, roi tim toa do ctia diém H, H la hinh chiéu vudng cua B 1én (@)

= Budc 3: Viét phuong trinh ctia duong thang AH ( duong nay di qua diém A hogc H va co

vtcp U= AH . Puong thing AH chinh 1a hinh chiéu cia duong thing d trén ()
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Bai giang Hinh Hoc Giai tich Khong gian.
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Pic biét: Néu d //(«) thildy Aed. Tim H 1 hinh chiu vudng gbc cia A trén () . Khi do, goi d’
13 hinh chiéu vudng géc cta d trén (a), ta cd d’ // d (Puong thing d’ di qua H va c6 vtcp u)
Cach 2: Lap phuong trinh mat phang (/) chita d va vudng gdéc véi mit phang (a) bang .
Khi d6 d =(a) N (f). Chuyén d vé dang tham sd
Vi du 1: Cho A(2:-1;3);B(3;0;2); (P): x—2y+2z—7 =0. Viét phuong trinh hinh chiéu cta
x=2 y+1 z-2

4 1 =2

AB 1én (P). DPap s6:

Vi du 2: Cho d:x_1 :y—7 :Z_3;(a):3x—2y—z:0
2 1 4

a) Tinh d(d,(a))
b) Viét phuong trinh hinh chiéu vuéng gdc cua d 1én (@)

x=4 y-5 z-2

Huéng dan: a)d = «/ﬁ; b)A 5 " 1

x=1+2t

Vi du 3. Viét phuong trinh hinh chiéu vudng géc ctia duong thang d :{ y = —2 + 3¢ trén moi mat
7=3+t¢

phéng toa dd.

Hudng dan:

* Hinh chi€u vudng géc cla d trén (Oxy)

Pudng thang d cit (Oxy) tai A(-5;-11;0). LAy B(1;-2;3) e d, hinh chi€u vuong géc

x=1+2t
cta B trén (Oxy) 1a H(1;-2;0). Hinh chi€u cta d trén (Oxy) chinh 1a AH:{y=-2+3¢
z=0
x=0 x=1+2t
Twong tu: Hinh chi€u clia d 1an lugt trén (Oyz) va (Ozx):qy =-2+3t;{y=0
=3+t =3+t
x=5+2t

Vi du 4: Viét phuong trinh hinh chiéu vuéng gdéc cia duong thang d:{y=—10+7 trén mat
7=-2t

phang: 3x—4y+z-3=0

Huéng dan:

nu=0=d//(a)hoicd c (a).PiémA ed nhung A ¢ (a). Do dé:d // ()

H 12 hinh chi€u cia A trén (o) = H(-1;-2;-2)

e R . 1 2 2
Hinh chi€u cua d trén () la: X yre ¥




Bai giang Hinh Hoc Giai tich Khong gian.
Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

BAI TAP AP DUNG

x:z+%
2

Bai 1. Viét phuong trinh hinh chiéu vudng géc ctia duong thang d :<y =-2f  trén mit phang:

x+2y-2z-2=0

Huéng dan:

d cit () tai A(2;1;1). Lay B(%;O;OJ e d va goi H 1a hinh chi€u vudng géc clia B

x=2+2t
trén (o) = H[z,—l,lj Hinh chi€u cla d trén (a) 1a AH:{y =1-2¢
230 z=1-1t
Bai 2. Cho mit phing (a):x—3y—3z+2=0 va hai duong thing
x=-1+5t
d x+24 = % = %; d,:yy=2+t . Viét phuong trinh hinh chiéu theo phuong d» cua

z=-3t
duong thang di trén ()
Hudng dan:
d cit (o) tai A(-2;-1;1).Lay B(-4;0;3) thudc d va goi H 1a hinh chi€u theo phuong d,
clia B trén(a) = H(1;1;0). Puong thing AH 1a hinh chi€u theo phuong d, cda d,

x=-2+3t
AH:qy=-1+2¢
z=1-—t

BTTT: Cho mit phang (&) :x + Yy +z+3 =0 va hai duwong thang

x=3 y-1 z-1 A x=7 y-3 z-9

A, ;AL
—7 2 3 1 2 -1
a) Viét phuwong trinh hinh chiéu cua A, theo phwong A, 1én (&)
b) Tim trén mit phang () diém M sao cho MM, + MM,| nho nhét. Biét Mi(3;1;1);
M2(7;3;9)
X=1+t
Bai 5. Cho diém A(-1;2;1), duong thang d :{y=4-2t va (P):x-2y-3z2-6=0
z=-2-3t

a) Viét phuong trinh mat phang (Q) di qua d va A
b) Goi A 1a hinh chiéu vudng géc ctia d trén (P). Viét phuong trinh ctia duong thang A
Huéng dan:
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X+2 y+4 z
a)(Q):4x—-y+2z2+4=0; b)A:—zy—:—
1 2 -1

Dang 4. Hinh chiéu ciia mot diém lén duong thing
Phuwong phap: Cho sén diém M va duong thang A . Tim toa d6 diém H (H 1a hinh chiéu vuong
goc ciia M trén A).

* Budc1:Lay H(...,......)€ A (toa d0 diém H chinh la phwong trinh tham s6 cta A )

*  Budc 2: Tim toa d6 cua MH theo t. H 1a hinh chiéu vudng goc cia M trén A

< MH.u=0( ula vtcp ciia A). Tim t 16i suy ta toa d6 H.

Chay: d(M,A) = MH

x=1+2t
Vidul:Chod:qy=2—-t ;(P):2x—-y—-2z+1=0
z=3t
a) Tim toa dd M €d sao cho d(M,(P))=3
b) Goi K 12 diém d6i xting ctia I(2;-1;3) qua duong thiang d. Hay xac dinh toa do K
Pap sé: a) M, (21,-8,30); M, (15,10, -24); b)K (4:3;3)
x—=2 y+2 z-3
2 a1
a) Tim A’ d6i xting voi A qua d|

x-1_y-1_z+1
-1 2 1

Vi du 2: D2006. Cho A(1;2;3);d vad,:

b) Viét phuong trinh dudong thang A qua A, vudng goc d, va cit d,

-1 -2
Vi du 3: A2008. Cho A(2:5;3):d : XT :% :ZT

a) Tim hinh chiéu vudng goc ctia A trén d

b) Viét phuong trinh (&) chita d sao cho d(A,(a))

Hudng dan: a)H(3;l;4); by (a):x—4y+z-3=0

BAI TAP AP DUNG

Bai 1. Cho 3 diém A(-1;3;2); B(4;0;-3);C(5;-1;4). Tim toa d6 hinh chiéu vudng goc cua A trén duong
thang BC va viét phuong trinh mat cau tam A, tiép xtic véi duong thang BC.

Hudéng dan:

x=4+t
BC:<y=—t H g;—2;ﬁ

51 51 51

z=-3+7Tt

tim A 2 2 2 760
S): =8)ix+1) +(y=-3) +(z-2) =—
Sy = O -3 42 73

ol
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Bai 2. Tim difm M d8i xtng v6i diém M(2-1;-5) qua duong thang
x=2 y+3 z+1

2 A1

Huoéng dan:

Tim toa do hinh chi€u H cia M 1én dudng thing A.

MH Lu, < MHu, =0........H(0;2-2).

H 1 trung diém cia MM'. St dung cong thidc trung diém = M'(-2;-3;1)

A

x=9+2¢
Bai 3. Cho 3 diém A(4;1;-28); B(4;-9;2);C(10;2;-10) va duong thzfmg d:Jy=-t
=443t

Tim &iém M thudc d sao cho

MA+MB + MC‘ dat gi4 tri nho nhat
Hudng dan:

MA+ MB+ MC =3MG, G(6;-2;—12) la trong tim ciia AABC
MA+ MB + MC‘ = 3MG. Viy ‘MA + MB+MC)|

dat gi4 tri nhd nhat

<> MG nhd nhat (G ¢d dinh va M e d) < M Ia hinh chi€u vudng géc ctia G 1én d

.......... bS: M(5;2;-10)
x=t
BTTT: Cho 3 diém A(2;0;1); B(2;-1,0);C(1;0;1) va duong théng d:{y=2t.
z=73t

a) Tim diém M thudc d sao cho [MA + MB + MC)| dat gia tri nho nhat

b) Tinh thé tich hinh chép OABC
Bai 4. Cho duong thang d : XT_I = lZ = ZTH va hai diém A(3;0;2) va B(1;2;1).
a) Tim diém I trén d sao cho E +1IB c6 d6 dai nho nhat
b) Ké AA’, BB’ vudng goc vdi d. Tinh do dai AA’
x=7 y-2 z+1
2 2 -l
a) Tim toa do hinh chiéu vudng goc cia A 1én A
b) Viét phuong trinh (&) chita A va khoang cach tir A dén (&) 16n nhat

Bai 5. Cho diém A(-2;1;-3) va duong thang A :

Huéng dan:




Bai giang Hinh Hoc Giai tich Khong gian.
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a)H(3;-2;1)
b) Goi K 12 hinh chi€u vudng géc cia A trén (o) (a 1a mit phfmg chia A), t
c6 AK < AH (khong ddi) = d(A,(a)) < AH.
Viay, d(A,(«)) 16n nhit (bing AH) < K=H
(@) di qua Heo viep AH.  BS:5x—3y+4z-25=0
Bai 6. Cho 4 diém A(-4;4;0); B(2;0;4);C(1;2;-1);D(7;-2;3). Chting minh réng

a) Bon diém A,B,C,D cling ndm trén mdt mit phang

b) Tim khoang cach tir C dén duong thang (AB)

c) Tim M thudc (AB) sao cho MC+MD dat gia tri nho nhat

LUYEN TAP PHUONG TRINH DPUONG THANG

Bai 1. Cho () : 3x-4y+z-3=0 va hai duong thang

x=-5-3t
+1 y+4 z+1 . .
d:yy=1+t ;dz:x1 =y2 =Z 1 . Lap phuong trinh duong thing A ndm trong
z=-8-2t

(o) va cét ca (di) va (da).
Hudng dan: Hinh vé
d, "(a) = A(L;-1;-4);
d, "(a) = B(0;-2;-5);
Pudng thing A nim trong («),cdtcd d,d, la dudng thing di qua AB.
A:x—l _ y+1 _ z+4
1 1 1

: —1 +2
Bai 2. Cho duong thang A: XT =% = Z—3; (P):x+y+z+2=0. Lap phuong trinh duong

thdng d nam trong (P), cat va vudng géc véi A.
Hudng dan: Hinh vé
AN(P)=A(-1;-2;1). Goi ala vtep cta d. Ta ¢6:

alu, - —

S s a=lugn, |- 550

alng,
x=—1+t

d nim trong (P) va cit Anénddiqua A. diqy=-2-1¢

z=1
BTTT:

7 +1 y-2 z+2
Cho duong thang A:xz =2 n =Z3 ; (P):x+2y—z—2=0. Lap phuong trinh duong

thang d nam trong (P), cat va vuong goc véi A.

ol
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x=-2+3t

Bai 3. Cho duong thang d:<t=7-t ; (P):x—3y—4z—2=0. Lap phuong trinh duong
z=3-4¢

thang A di qua diém M (—1;4;0), song song véi (P) va ct d.

Huwéng dan:Hinh vé

PiémM ¢ (P).

Goi A 1a dudng thezlng di qua M (-1;4,0) cit d tai di€ém M(-2+3t;7-t;3-4¢).

MIPY= MM LneMMn=0<1=1

x+1 y—-4 z

A==
2 2 -l

; . +1
BTTT: Lap phuong trinh dwong thang A di qua diém M (—1;4;0) cat d: XT =% <

song song voi (P): x+3y+z—-1=0

Bai 3. Lap phuong trinh duwong vudng goc chung ctia hai duwong thang

x=2+2t . A A
d:ly=3+3t; .2y %_ 2%
3 -2 -1
z=—4-5¢
Hudng dan:

Layled,ldy Jed'. IJ 12 dudng vudng géc chung ctia d va d'

Uia [t =0 {tzl
Ry R e Ry

Uiu, |u, =0 [1=-1

Phuong trinh 1J : 22 2=l
I 1 1
BTTT: Viét phuong trinh duong vudng géc chung ctia hai duong thang
ALX_Y-2 -4 x+8 _y-6_z-10
S R | 2 2 1 -1

a) Tinh khoang cach gitta A va A,

va A2:

b) Viét phuong trinh duong vudng goc chung cia A, va A,

Bai 4. Lap phuong trinh duong thang di qua diém M(-4;-5;3) va cat ca hai duong thang

. ; 5 x=2+2¢t
dlzx+ A ; odyiyy=—-1+3t
3 -2 -1
z=1-5¢
Huéng dan:
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Gid st A cdtd, tai A va cdtd, tai B.Dudng thing A di qua M va cdtd,
taiA va citd, tai B< AB.M thing hang < AB cung phuong AM
x+4 y+5 z-3
-3 -2 1
BTTT: Lap phuong trinh A di qua M(1;2;-1) va cét ca hai duong thang
+y+z-3=0
Af{x yre
y=z=0

C{AEAM}:acw:f:OdeéA:

+1 y-1
AV AL Ak E;
2 -1 1
x+3 y+1 z-2
-3
duong thing A di qua A(2;-2;1), song song véi (P) va vudng goc voi d. A cét hay khdng cat d?

Bai 5. Cho duong thang d : ; (P):2x—-5y—z—-4=0. Lap phuong trinh

Hudng dan:
Piém A ¢ (P)
AIP) faln = -
P) e ?:>a=[mu}202&—Md4)
Ald alu
x=2+2t
hodc a=(2;1;-1). A:qy=-2+¢
z=1-t
x+3 y+1 z-2
4 -3 5
Gidihé: {x=2+2t
y=—2+t
z=1-t

Hé vo nghiém, vay A vudng géc vdi d nhung khong citd
BTTT: Viét phuong trinh duong thang A qua M(1;1;1) song song véi (P): x+2y—z+1=0 va

x+2 'y z+1
1 -2 3
Bai 6. Viét phuong trinh duong thang A vudng géc véi mat phang () : x +2y—z+1=0 va cat

vudng goc voi d

x=2+t
du’éngthrfmg Al : x2—1 = y_IH = Z—12 vaA yy=-t
z=—1+2¢
Bai 7. Cho diém A(1-2m;m?2-2;2m) va hai mat phang

():2x—y+3z-1=0(t,) : x+2y—-22-5=0
a) Xac dinh m dé€ diém A thudc giao tuyén cua (,); (a,)
b) Véinhiing gia tri nao cia m thi A khong thuéc () va (@, ). Trong truong hop nay, viét

phuong trinh dudng thdng A di qua A va song song vdi ca hai mit phang () va ().
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Huéng dan:
aym=-1
m#—1
D)Ag(a)vaAg(a)m#3
m#4
woln .
A song song vdi ca hai (a,) va(a,) =>4 _. _‘:uA:[nal,naJ:(—4;3;5)
uAJ_nO[2
x=1-2m—-4¢ m#—1
Vay, phuong trinh A:dy =m® =243y véiim #3
z=2m+ 5t m#4
x=—1+2t
Bai 8. Cho hai duong thing A, :{y= 1 ; Azzx;rl:yI_IJIz
z=4-3¢

a) Chingminh A, va A, chéo nhau
b) Viét phuong trinh dudng A thing di qua M(1;2;-3) va cét cac duong thang A va A,
x=1-3t x=0

Bai 9. Cho hai duong thang A :qy= 2r; A :<y=t

z= t z=-2+t
a) Chtingminh A, va A, chéo nhau. Tinh khoang cach gitta A, va A,
b) Viét phuong trinh duong A thing di qua M(2;-1;3) vudng goc véi A, va cit A,
) Viét phuong trinh duwong thang d vudng goc véi mat phang (1) :2x—y+3z—1=0 va
cat cdc duong thang A va A,

Bai 10. Cho duong thang
x=1 y+1 z+1
T2 3 -

a) Viét phuong trinh hinh chidu vudng géc d ctia duwong thang A trén mat phang (&)

va mit phing (@):x+y+2z-3=0

-1 1

b) Viét phuong trinh hinh chiéu song song theo phuong m : x+2 =2= Al cua duong
thang A trén mat phang (&)
Huwéng dan: Xem phuong phdp giai & muc “ Hinh Chiéu”
x=1+t
Bai 11. Cho duong thang A:{y=1  va mit phiang ():2x+y—3z=0. Viét phuong trinh
z=1-t

duong thang d nam trong (&), vudng goc véi A va cat duong thang A
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. A x=—-1-3¢t

7 - +

Bai 12. Cho hai duong thing d, %:yT:Z_—g; d,:{y=2t
7=—2+t

Chting minh di cét da. Viét phwong trinh mat phing chita di va do

Huéng dan:
(a]s6

a)c_. _5__. = u vau, khong cung phuong dong thdi ba vecto
[ul,uz}AB =0

LTl va i,ﬁ ddng phang

_— —

b)@:[ul,uz} = (1L7:19). (@):11x+7y+162+27=0

x=1-t x=1+2t
BTTT: Cho hai dudng thang A, :<y=1-51; A :qy=1-3t
z=1-3¢ z=1-t

a) Chuingminh A va A, citnhau.

b) Viét phuong trinh mit phing () chira hai dudong thing A va A,

x=1+>5t¢ ; A .
. + + -
Bai 13. Cho hai duong thang d : <y =—5+7¢; d': rro2 5= Z4
z=3+3t

a) Chung minh d va d'chéo nhau
b) Lap phuong trinh mit phang cach déu hai duwong thang d va d’
Hudng dan:

a)[;],uj}ﬁ #0

, A S
{(a)//d,d L@ vtptn:E[ul,uzJ
d(d.(er))=d(d"(e)) d(A(@)=d(B,(@))

= (&) c6 vtpt ;1 =(2;—1;—1) va di qua trung di€m I(—2;—§;2J cuaAB

Bai 14. Tim a d€ duong théng

x=—1+(a2+1)t
TR A L e N 2 ,.X'+3 y—l
d:sy=4—-at cat va vudong goc v6i dudng thang d:T:—z

z:—5+(2a+1)t

Huoéng dan:

Tran Dinh Cw ™
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d va d' vudng géc nhau < ujuj =0 a=-1hodca= —g

+V6ia=-1: | u.u, |.AB=0=d va d' it nhau

+Véi az-g: [”1 ,uz}.ﬁ #0=d va d' chéo nhau

Vay, véi a=-1 thi 2 duong thang da cho cat nhau

Bai 15. Tim m (m nguyén duong) dé€  hai duong thang
x=m’—T+2t

_x+1_y—3_z—2.d _

d
3 2 22

y=m—1-3t cat nhau. Trong truong hop nay, viét phuong

z=m-—1
trinh mdt phang qua d, va d,
Hudng dan:
[ul,uzJ # 0 = khong ciing phuong. Hai dudng thing cit nhau

— _ —

=3’ ,uj,@ ddng phing < [ul,uz}ﬁ =0 11
m= Z(lo_ai)

(a):8x+T7y—-5z-4=0
xX=t

Bai 16. Cho duong thang d :{y=m—1—mt va (@):3x—2y—z-5=0.Tim m dé&
z=m+3+(m2—5)t

duong thang d thudc (). trong treong hop nay, viét phuong trinh () qua d va vudng géc voi

()

Hudng dan:
Pudng thing d thudc (o) < uln S m=-2.Vakhido: (B):2x+y+4z—-1=0
Ae(a)
x=m+1+2¢

Bai 17. Cho dudng thing d : y=m2—4+(m2—3)t Vi (@):2x-3y—z+5=0.Timm d&

=3+t
duong thang d song song véi (). Trong trudng hop nay, tinh khoang cach gitta d va (&)
Huéng dan:
N uln s 8
Pudng thang d song song (@) < < m=2.Vakhido: d(d,(a)) =—=
A¢(a) V14

Bai 18. Tim m d€ duong théng
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x=2—t x=1-2m—-mt
I RPN 41 4o 2 - 2
d :qy=-3+3t song song hodc trung vGi duong thang d, : {y=-6 —(m + 2)t. Trong
z=—1+2¢ 7=-3+2mt
truong hop d, //d,, viét phuong trinh mit phing di qua d, va d,
Huéng dan:

— —7 - m=-2(vGigtnay thid //d,)
4,11 d, hotic d, =d, < | uu, | =0 < _

m=-1(vGi gtnay thid = d,)
():2y—-3z+3=0
Bai 18. Cho 3 diém A(-2;2;1), B(1,2;-2);C(2;1,2). Viét phuwong trinh tham s6 duwong théng A vudng
goc voi (ABC) va di qua triee tam cua tam gidc ABC

x+5 y-1 z-1
-3 -1

Chting minh rang ton tai diém S thudc duong thang d : sao cho S.ABC la

hinh chép déu.

Hudng dan:

Ta d€ y ring AABC déu = truc tAm ciia tam gidc tring vé6i trong tAm clia tam giac
1

x==+t
3

Ay = §+ 5t (A 1a truc dudng tron ngoai ti€p AABC)

1
Z=—+t
3

b)S=And = S(-1;-5;—-1),ro rang S # G
Bai 19. Tinh khoang cach gifta hai duong thang

x=-3+3¢ 5 A
X — y z+
d:qy=1-3¢ d, : ===
)Y T T3
7=—2+9¢

Huéng din: D&Y :d, //d,, d(d,.d,) =30

x=-1

Bai 20. Tim difm I thudc duong thing d:qy=1-t va cich duong thing

7=t
o x+3  y+1 z+7 ) .
: = = mot khoang bang 3.
2 1
x=-1-2t ; . ;
: - + +
Bai 21. Cho hai duong thing A:{y=—f  ; A':xl :y4 :Zz
z=3+t
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a) Chtng minh A va A' chéo nhau. Tinh khodng cach giira A va A'
b) Trén Aldy doan AB=4 va trén A' 1ay doan CD=3. Tinh thé tich ctia khdi t& dién ABCD

R
%
N
#
55663/3
s &
§
i &
b
2~}
)
0)-]
o
w1
N
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VAN BE 5. Céc bai todn lién quan giita duwong thang va mit ciu

P A N PR Loaa L \ 2 X_ Y +1 z-2 .
Vi du 1. Lap phuong trinh mat cau c6 tam 1(2;3;-1) va cat duong thang A': 5 = T = > tai 2

diém A va B sao cho AB=16.
Huéng dan:

. HA=HB=38
Goi H 1a trung diém cua AB, ta c6
IH1 A= IH=d(,A)

= R*=AH” +IH’ =64 +IH’. Vi IH 1a khodng céch tir I d€n AB
641

BS(8): (x=2) +(y=3) +(z+1) =2

PHCD 2010 A -NC. Trong khong gian toa d6 Oxyz, cho diém A(0; 0; —2) va duong thang

X+2 y-2 z+3

2 3

hai diém B va C sao cho BC = 8.

A . Tinh khoang céach tit A d@én A. Viét phuong trinh mat ciu tam A, cat A tai

xX=t

v

. 1
BTTT: Trong khdéng gian Oxyz cho duong thang d:qy=1+ Et va mat cau
z=—1+t
(S): x> +y +7° +4x—6y+m=0. Tim m d& d cdt (S) tai 2 diém M,N sao cho MN=8
Hudng dan:

(S): 1(-2;3;0); R=IN=+/13—m, v6i m <13.
Dung IH L MN = MH=HN=4

— TH=VIN2-HN? = 13-m—16 =J-m-3, m<-3.

‘[XL ﬁ]‘ _ V32462 +6° _ J81 _
[N Z 2 EE TN )

[H=h & V-m-3=3 < -m-3=9 <& m=-12 (thod)

h= 3.

) A \ v M LA M A \ < X y — 1 < + 1 N e A
Bai 2. Lap phuong trinh mét cau (S) ¢6 tdm ndm trén duong thang d : 5 =—-= BN va tiep

1
xtucvoi (@) : x+y—2z+5=0; (f):2x—y+z+2=0.

Huéng dan:
Goi I Ia tam (S) = I(2t: 1+t:-1421).

(S) ti€p xtic véi (a) va (B) < R=d(I;(a))=d(I;(B)) <t :g hoac t=-2
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x=3+3t

BTTT: . Lap phuong trinh mt cau (S) c6 tam nam trén duong thang d :{y=-2f va tiép xtic
z=-1-2t

véi (@) :x+2y—2z-2=0; (f):2x+y—2z+4=0.

DPép s6:

2 2 2
(S): x+2 + y—g + z—E _16
5 5 5] 25
12Y 30) 19 16
il x+=| +|y-2| +|z-=| ==
_( ) [x 11] (y 11) [Z 11j 25

Bai 3. Cho mit cau (S):x° +y +2z°—10x+2y+267—113=0 va hai dudng thing

x=-7+3t

+5 -1 z+13
: a _Y— 2 ;A :qy=-1-2t. Viét phuong trinh (P) tiép xtic véi (S) va song

A
2 -3 2 2
z=38

song voica A va A,

Hudng dan:

(P) song song véi A v A, nén n_ = [uAl . } = (4.6.5)

D =205

= (P):4x+6y+5z+D = 0.Mit khédc: d(1,(P)) =R < {D 103

: -1 y+2
Bai 4. Cho duong thang d:xszT=§; ():2x+y—-2z+2=0

Lap phuong trinh mat cau (S) c6 tim nam trén d, ban kinh bang 1 va tiép xtc véi ()
Hudng dan:
GoiI1a tam (S) = I(1+3¢t;-2+t;t).

e |
(S) tiep xtc vbi (o) = R=d(;(a))=l =1t = 3 hodc t=-1
Bai 5. Trong khong gian cho (P) va mdt cau (S) c6 phuong trinh lan luot la

(P):2x+2y+z2-mZ-3m=0; (S):(x=1)Z+(y+D)Z+@z-1)%=9.
Tim m d€ (P) tiép xuc voi (S). Tim toa do ti€p diém
Huéng dan:
(P) ti€p xiic véi (S) <> d(1,(P))=R < m=2 hoic m=-5
Toa d6 giao di€m ctia dudng thing di qua I va vudng géc véi(P)
12 ti€p di€m clia (P) va (S). DS:M@3;1,2)
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Bai 6. Viét phuong trinh mat cau (S) c6 ban kinh nho nhét va tiép xtc véi hai duong thang

x=5+4t¢ .
X y- Z
d :3y=-1+3t; d . —=—=—
)Y 21 -1
z=3
Huéng dan:

Goi 1J 1a doan vudng géc chung ciad, vad,(Ied,Jed,)
(S) ¢6 ban kinh nhd nhat va ti€p xdc v6i hai dudng thing d,
PN N (wia (=0 (=21
va d, la mét cau c6 dudng kinh 1J. Ta co: e
Uld, |IJu,=0
2

1 2 2 29
Sl x+=1| +H|ly+2) +(z2-2) =—
®:(+3] #0242 -F

x=2 y-6 z+4
-1 -3

Bai 7. Viét phuong trinh mat cau c6 tim o trén duong thang d : va tiép

xX=-2+t

x+2 z—1
xuc d, : ===——vad,:sy=—t
1", 1 2\

7=-2-73¢

N <

Hudng dan:

Goi I la tim mit cAu =>1(2—£,6 —31,—4+2t)

Miit ciu ti€p xtic véi d, va d, nénd(L(d))=d((Ld,)=R

o t=1.Licd6: (9):(x—1) +(y-3) +(z+2) =18
x=2-t

Bai 8. Cho mit cau (S) c6 tam 1(2;0;-1) va tiép xtc véi duong thang A:{y=a—2+1 . Xac dinh a
z=a—-1+2¢

d€ mat cau (S) c6 ban kinh nho nhat
Huéng dan:
(S) ti€p xiic v6i dudng thing A nén de(l ;A)

2
e N3 -12a+20 B _ 2 2.,

B e B mTh

Bai 9. Viét phuong tinh mit cau (S) c6 tam 1(-4;1;1) va cat mat phang ():x+2y—2z+1=0

theo giao tuyén 1a mot duong tron cé ban kinh bang 2\/5
Huéng dan:

D&dangnhin thffy:\lle ~&(L(@) =22 =R -1=2{2 > R=3
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1 _y+1_ z-1
2 1 2

/ \ o A ;oA \ g \ < X
Bai 10. Viét phuong tinh mét cau (S) c6 tam I(-4;1;1) va cat duong thang A:

tai hai di€ém A va b sao cho tam gidc IAB vudng
Huoéng dan:

Tam gidc IAB can tai I. Mit khic theo gid thi€t né 1a tam gidc vudng. Do d6

Ja0

tam gidc IAB vudng can tai . Vay R=IA=IB=xf§d (I ,A) = =

x=7 y-3 z-9 A x=3 y-1 z-1
1 2 -1 -7 2 3
a) Tim cac diém A thudc A, B thuoc A, sao cho AB la doan vuong goc chung ctia A, va

A

2

Bai 11. Cho duong thang A :

b) Viét phuong trinh mét cau (S) tiép xtic voi dudng thang A, tai A va A, tai B.

Hudng dan:
ays . _ . =1,
u, BA=0 ('=0

b)Mit cAu (S) ti€p xiic v6i u, .BA=0 tai A vd A, tai B nén c6 tam I thudc mat

phing (a) vudng géc v6i dudng thing A, tai Ava A, tai B.

Vi AB la doan vuong géc chung clia A| va A, nén AB thudc mit phing ().

Tuong tw AB thudc mit phiang (). A, va A, khdng cung phuong, do d6 (a) khong

song song vdi () = AB=(a) N (B)=1<c AB.(S) qua AB=>1 14 trung diém ctia AB.
2 2 2

(S):(x=5) +(y-2) +(z—5) =21
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CHU PE 5. GOC TRONG KHONG GIAN
PHUONG PHAP

1. Géc giita hai dwong thing
Cho hai dwong thing di, da lin luot c6 cic VTCP Gy, ds.

Goc giiva di, d> bang hodc bu voi goc giira d,dy .

=
|

2
@ [a,|
2. Goc giita mot duwong thing va mot mdt phing
Cho duong thing d c6 VTCP d = (ay;ay;ay) v mét phing (o) c6 VIPT 7t =(A; B;C).

(o)~

Géc giita dwong thang d va mdt phing (o) bing géc gitka dwong thiang d véi hinh chiéu d” ciia né
trén ().

Sin(d,(a)) _ ‘Aa1+Ba2 +Ca3‘

\/AZ +B? +C2-\/"12 +a§ +a§
VAN DE 1. Géc va céc bai toan lién quan
Vi du 1. Cho ba dwong thang (d1), (d2), (ds) c6 phuong trinh :

Xx=t+1 X_y+47-3=0 . 5
—-V+ —o= X y- 7 —

d,):;sy=-2+4t teR, : sdy)i==2—=——
(@) Z—2+;t - wZ){Zx—y—z+l:O (3)3 -1 1

a) Xac dinh cosin goc gitra (d1),(d2).
b) Lap phuong trinh duong thang (d) song song véi (ds) dong thoi cat ca (d1),(d).
X=3 _y-4 z+3

Vi dy 2. Cho dudng thing (d) va mit phing (P) c6 phuong trinh (d ): 1 5 1 va

(P):2x+y+z-1=0
a) Xac dinh s8 do gdc gitta dudong thang (d) va mat phang (P) .
b) Tim toa dd giao diém A cta duong thang (d) va mat phang (P).
¢) Lap phuong trinh tong quat cua duong thang (di) di qua A vudng goc véi (d) va nam
trong mat phang (P).
x=1+t
Vidu 3: Tim k d& duong thang d:{y=-2+kt va (a): x—3z+5=0 c6 s6 do goc bang 45°

z=—1+4+2t
bap s6: k=0
xX=t
Vi dy 4: Cho diém A(3;—5;1) duong thing d :4y=-6-2¢ va (@):2x+y—2z+5=0. Lap
z=1-t

phuong trinh duong thing A di qua A, cit d va hop véi () mot gée 45°

Tram Binh Cw ™7
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x=1+t
Vi du 5: Cho diém A(3;—1;—3) duong thang d :qy=2—1 . Lap phuong trinh duong thang A
z=—4
di qua A, cit va hop véi d mot gée 60°.
-1 +2 -2 z+l1
Vi du 6: Trong khong gian, cho d: XT = y—l = %; A: g = yT = Z_l Viét phuong trinh

mit phing (P) chita d va tao véi A mét gbe 30°
VAN PE 2. Sk dung toa d¢ giai todan hinh hoc khong gian
Vi du 1: A2008. Cho ling tru ABC.A'B'C' c¢6 day ABC la tam giac vudng tai A,

AB=a,AC = a\/g ,AA'=2a. Hinh chiéu A’ 1én (ABC) la trung diém H ctia BC. Tinh V, va

".ABC

(AA',B’C').
Vi du 2: B2008. Cho S.ABCD c6 day ABCD la hinh vudng canh 2a, SA=a, SB Za\/g ,
(SAB) 1 (ABCD) . Goi M, N 1a trung diém ctia AB va BC. Tinh V, va COS(SM,DN) )

S.BMDN
Vi du 3 : Cho hinh lang tru ABC.A'B'C', ddy AB=a,AC =2a,BAC = 120°. Goi M 1a trung

diém ctia BB, (MAC) L (MA'C"). Tinh V,, va cos((MAc),(BCC'B'))

C.A'B'C'
Vi du 4 : B2001. Cho hinh 1ap phuong ABCD.A’B'C’'D’ canh bang a.
a) Tinh khoang céach gifta hai duong thang chéo nhau BA’ va DB’
b) Goi M, N, P lan lugt la trung diém cta BB’, CD, A’D’. Tinh gbc cua hai duong théng MP
va NC'.
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CHU DPE 6. MOT SO PHUONG PHAP GIAI TOAN CUC TRI HINH HQOC KHONG GIAN
VAN DE 1. Gidi todn cuc tri hinh hoc bﬁng cdch si dung bdt dc“ing thitc hinh hoc
Phuwong phap: Ta thuong st dung cac bat dang thizc hinh hoc sau
1) B4t ding thitc tam giac: V6i ba diém A, B,C ta co:
= AB+BC > AC, ddu “=” xay ra <> A, B,C thiang hang va B nam giita A,C ;

‘AB —AC‘ < BC, dau “=" xay ra <> A,B,C thang hang va A nam ngoai B,C;

5 C
/\ B _ _ ®
A °C A he . "
AB+BC > AC AB+BC=AC |AB-BC|=BC

IAB-AC| < BC

2) B4t dang thiic gitta duong xién va duong vudng géc: Néu H 1a hinh chiéu vudng goc ctia diém
A 1én mit phing (P) (hodc duong thang d), M 1a diém bat ki trén (P) (hodc d) thi AM > AH .
Dau “=" xay rakhi M =H

A
o~ H AH
P M
AM = AH

AM =
Vi du 1: Trong khong gian Oxyz cho hai diém A 5;,-2; 6 3 -2; 1 va mit phang
():2x—y+2z—6=0.Tim diém M € (P) sao cho
a) MA+ MB nhé nhat. b) [MA — MB| 16n nhat

Loi giai: Dat F(x,y,z) =2x—y+27—6, ta cb F(5,—2,6).F(3,—2,) >0 nén A,B nam cung

phia so véi (P).

a) Goi A' la diém d6i xtiing cua A qua (P).Lacdé MA=MA".

Ta c6: MA+MB=MA+MB=>A'B. Dau “=" xay ra khi M la giao diém cua A'B véi (P).
xX=5+2¢

Goi A 1a duwong thang di qua A va vudng géc véi (P) = A:qy=-2—1.Goi H la toa d6 giao
72=06+2t

diém ctia A v6i (P) (H la trung diém cua AA’). Suy raH(:L' -1 2) = A'(—3; 2; —2). Phuong

x =-3+06¢
trinh duong thang A'B:{y=2—-4¢r .
7=—2+3t
Tacs M=ABAP) = M| 2,142
11 1111
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b) Vi A va B cung phia so véi (P) nén véi moi M € (P) ta ludn cd ‘MA — MB‘ < AB, dang thtic
xay rakhi M = ABN(P).

x=5-2¢ 17 3
Phuong trinh duwong thang AB:qy=-2 =M (7;—2;—?j
7=6-5¢

Vi du 2: Trong khong gian Oxyz cho hai diém A(L10); B(211) va dudng thing
x-1 y-2

d: - =1 = % Viét phuong trinh duong thang A di qua A, A L d sao cho khoang cach

tt B dén duong thang A nho nhat.

Loi giai: A ndm trong mit phang (P) di qua A va vudng goc véi d .

Taco (P):2x+y+z—3=0.Goi H, KIan lugt la hinh chiéu vudng gbc ctia B trén (P) va trén A .
Ta ¢ d(B,A) =BK > BH . Ddu “=" xay ra khi K = H . Vay duong thang A can tim la duong

x—2:y—1:z—l'H .

thang AH. Goi d' 1a duong théang di qua B va song song vé6i d thi d': 1 1 la

x=1
e L Dy A 11) .. .

giao diém cua d’ va (P) nén H LE,E .Tedo, A:qy=1-t¢
y=t

VAN BE 2. Gidi todn cuc tri bing phuong phdp ham s6 hodc bang cich st dung bit ding thitc dai

s6’
Phuwong phap

* Ta thwong dung phwong phdp ham sd dé€ tim gid tri 16n nhat, gia tri nho nhat cia mét yéu
t0 néu yéu td d6 duoc tinh boi mot biéu thire phu thudc mot bién sd

* Ta thuong dung cac bat déng thic dai sO dé€ tim GTLN, GTNN ctia mot yéu t6 néu yéu to
dé duoc tinh béi mot biéu thic phu thudc mot hodce nhiéu bién sd

Vi du 3. Trong khong gian véi hé truc toa do Oxyz, cho hai diém A(Z;O;O);M (:L:Ll) Gia st (P)

1a mat phang thay ddi nhung ludn di qua duong thang AM va cat cac tru Oy, Oz lan luot tai cac
UV be

diém B(O;b;O), C(O;O;C), (b >0,c> 0). Chting minh rang b+c = ? va tim b,c sao cho

dién tich tam gidc ABC nho nhat.

Loi giai: mit phang (P) c6 phuong trinh (P):%+%+£=l. Vi M(:L:Ll)e(P) nén
c

O Y PN AN A—Bz(—Z;b;O),Rz(—Z;O;c),[E,A—CJ:(bc;Zc;Zb)
2 b c 2

1%~ 1 2 2 2 2 ‘ ~ 2 . ,
SAABC:E‘[AB,AC]:E\/bc +4(b +c). Ap dung bat dang thac Cosi ta b

bc
b® +¢* > 2bc . DAu “=" xdy ra <> b =c. Mit khéc ta cung ¢ b+c > 2y/bc ma b+c=? nén

g o 7 Py, Page 60
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b
?CZZ*\/bCDbCZ]ﬁ. Dau “= xay ra <b=c=4. Tt d6 ta suy ra

1 1
S 2 E»\/bzc2 +4.2.bc > E»\/les2 +8.16 =46 . Détu “= xay ra <> b=c =4.
VayMinS, .. =46, dat duockhi <> b=c=4
, N \ : X _Yy L.
Vi du 4. Trong khong gian Oxyz cho duong thang A: 1 = > =—— va ba diém
A(3; 2;1),3(];—2;1). Tim M thudc A sao cho MA + MB nho nhat

Loi giai: Vi MeA:>M(t;Zt;l—t),@=(t—3;2t—2;—t+2),BM=(t—];2t+2;—t)

Ta co

MA+MB =612 —181 +17 + /612 + 61 +5 = (*/_ J_] (\EJZ (\/gt+§J2+£ !

2

Ap dung bt déng thic \lia2 +b° +\jcz +d° 2\/(a+c)2+(b+d)2 , dang thtc xay ra khi

7 7 2 2
ﬁ:E,tacé MA+ MB > ﬁ—\,'lgt+\/€t+—6 +| 2 Z :«/38

b d 2 2 2

3J6 J6 1 1,1

Dang thw khi 6t =\bt+—<>t=—.Vay M

ang thtkc xay ra khi > \f_ \/_ > > ay [2 l,zj

4 A . N \ \ 2 -x_l y Z+1
Vi du 5. Trong khong gian cho diém A(l‘,—];l) va duong thang A: < 1T Viét

phuong trinh mat phang (o) chtta hai diém M (L‘L‘l),N (—:L 2; —1) va tao véi duong thang A
mot gdc 16n nhat.

Loi giai Gia sir (o) : ax +by +cz+d =0. Goi ¢ =(A,(@)). Vi M,N & (o) nén

d=—Sb
b+c+d=0 — 5
arbres = 2" . Tadudc (a): 2ax+2by+(b—2a)z—3b=0
—a+2b—c+d=0
c=—a+—-b
2
L [4a+2b—b+2d| 1 \/b2+12ab+36b2
Taco sIn@ = # > 5
u f\/4a ab (b 2a) \E 5b% — 4ab+8a
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. 3 b , t* +121+36
Néu a:0:>sm(p=7,véi a#0, dit t=—,teR. Xét ham s6 f(f)=———— ta tim

a 5¢(2 — 41 +8

duoc maxf(t)zf(gjz%.Do dé @ <>sing @ézg, chon b=5,a=8
a

Vay phuong trinh mat phang (o) :16x+10y —-11z-15=0

VAN PE 3. Giai toan cuc tri bang phuwong phap ttng dung tam ti cu
Phwong phap: Xuat phat tir viéc khai thac bai toan sau

Cho n diém A, A,,...,A véinsd k,k,,....k ma k +k,+...+k =k =0 .Lucdo tacé cic tinh
n n n
chat sau
= C6 duy nhat mét diém G sao cho k,GA +k,GA, +...+k GA =0, diém G nhu vay goi la
tam ti ce ctia h¢ diém A, gan véi cac hé s k.. Trong trudong hop cac hé s§ k, bang nhau ( va

do d6 ta c6 thé xem cac k, déu bang 1) thi G goi la trong tm ctia hé diém A..
- 1 - - -
- Néu G la tam ti cy thi moi diém O bt Ki ta c6 OG = ;(kIOAl +k,0A, +...+,0A,)

Dang 1. Cuyc tri do dai vecto
Xét bai toan tong quat: Cho n diém A,A,..,A véi n s6 k,k,,...k ma

k +k,+...+k =k#0 va dudng thing d hodc mat phang (P). Tim M ¢ trén d hodc trén (P) sao

cho

K MA,+k, MA, + ...+ k, MA, | nho nhi.

Cach giai :
*  Budc 1: GoiI la diém thoa man kla +k2E +..+ kmE = 6
= Budc 2: Ap dung qua tic 3 diém bién d6i

k1M+k2MA2 +...+kmMAm

(ke ot e ) T = k] M
*  Buwdc 3: Tim d6 dai nho nhat ctia vecto ﬁ xay ra khi M ¢ vi tri nao.
Vi du 1: Trong khong gian Oxyz cho hai diém A(3;1;1); B(7;3;9) va (@):x+y+z+3=0.Tim
M e (&) sao cho ‘m+M—B‘ nho nhat. Dép s6 : M(O;—3; 0)
Vi du 2 : Trong khong gian Oxyz cho hai diém A(3;4;—1); B(—5;3;—2);C(3;—1;2);D(1;1;4) Tim

— 173
27474

M trong khong gian sao cho ‘MA +MB+MC + MD‘ nhonhdt. Déapso: M[—'— —
Vi du 3: Trong khong gian Oxyz cho hai diém A(1;2;3); B(—I;O; —3);C(2; —3;—1) va
A x2—1 = y;1 = Z_ll . Tim M € A sao cho ‘m-7ﬁ+5M—C‘ 16n nhat.

Pép s6 : M[%;§;—§j

7 17
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Dang 2. Cuc tri d0 dai binh phwong vo hwdng caa vecto
Xét bai toan tong quat: Cho n gidc AA,...A véinsd k,k,,...k ma k +k,+..+k =k>0
va duong thing d hodc mit phing (P). Tim M & trén d hodc trén (P) sao cho
S =kMA] +k,MA? +...+ k MA? nho nht.
Cach giai :
= Budc 1: Goi I la diém thoa man k A +k,IA, +...+k IA =0.Tu day ta tim duoc diém
I
=  Budc 2: Ap dung qua tic 3 diém bién doi
S =kMA? +k,MA> +...+k MA? = kMI* + k IA? + k JA? +...+ k IA®.
Budc 3: Do k>0 Vay dé S=kMA] +k,MA> +...+k MA? dat gia tri nho nhit thi ta
xac dinh vi tri M can iim
Chu y: Bai toan tim GTLN cling hoan toan lam tuong tw
Vi du 1: Trong khong gian Oxyz cho hai diém A(l; 2;—1); B(3; 1; —2);C(1; —2;1) va
(@):x—y+2z=0.Tim M () sao cho MA® — MB> — MC® 1én nhét. Dap s6: M(2;-2;-2)
Vi du 2: Trong khong gian Oxyz cho hai diém A(l; 1;1); B(O; 1;2);C(—2; 0;1) va
(@):x—y+z+1=0.Tim M €(a) sao cho 2MA* + MB* + MC? nhé nhét.
Papso: M _—3;—3;—1
2 4 4
Vi du 3: Trong khong gian Oxyz cho hai diém A(l; 2;3); B(—l; 0; —3);C(2; —3;—1) va
(@):2x+y—2z—1=0.Tim M € (&) sao cho 3MA* +4MB* —6MC? nho nht.
Dap s6: M(-11;25:1)
Dang 3. Cuc tri dya vdo tinh chdt hinh hoc
Phuwong phap :
Vidu1: Cho hai diém A(-1;6;6); B(3;-2;4)
a) Tim diém M thudc (Oxy) sao cho MA+MB nhé nhat
b) Tim diém N thudc (Oyz) sao cho ‘NA —NB ‘ nho nhat
Huéng dan va dap s6:

a)z, va z, cing ddu nén hai di€m A va B ciing mot phia ddi v6i (Oxy)
bS: M Z;9;0
55
b)x, vax, cung d4u nén hai di€ém A va B hai phia khic nhau d6i vdi (Oyz)
ps: N(0:10:7)
Vi du 2: Trong khong gian Oxyz cho hai diém A(S;—2;6); B(S; —2;1) va (a):2x—y+2z-6=0.

Tim M e(«) sao cho
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a) MA+ MB nho nhat.
b) |MA—MB| 16n nhat

, -1 7
Vi du 3: Trong Oxyz cho dudng thing A: f = % = Z—l va ba diém A(3;2;-1); B(3;-2:1). Tim
M € A sao cho MA+ MB nho nhét. Dap s6:

Vi du 4: Trong khong gian Oxyz cho diém A(l;—l;l) va duong thang A c6 phuong trinh

YLy _ 2t s matphing (P):2x—y+22—-1=0

2 1 -1
a) Viét phuong trinh mit phing (Q) chita duong thang A va khoang cach tir A dén (Q) Ién
nhat

b) Viét phuong trinh mit phang (R) chita A va tao véi (P) mot goc nho nhat.
¢) Viét phuong trinh mit phing (¢) chira hai diém M (1;1;1),N (-12:-1) va tao véi dudng
thang A mot géc 16n nhat.

bap so:
a) (Q):2x—y+3z+1=0; b)(R):10x—-T7y+13z+3=0; c¢)(a):16x+10y—-11z-15=0

Vi du 5: Lap phuong trinh duong thang d di qua A(O;—l;2) va cit duong thing

d,:x_szzz—Z sao cho

a) Khoang céch tlr B(2;1;1) dén duong thang d 1a 16n nhat, nho nhat

X5 _ Y 24y 16n nhat

2 -2

b) Khoang cach gitta d va A:

bap so:
x y+l1 z-2 b)di—erl—

a)d:—=—=—"——; : =2
-1 1 -1 29 41 4
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PHU LUC
PHU LUC 1. MOT SO BAI TAP REN LUYEN HINH HOC GIAI TICH TRUOC KHI THI
Bai 1. Trong khong gian Oxyz, viét phuwong trinh mat phang (P) chita duong thang (d) :
x—-y—-2=0 . , . )
sao cho giao tuyén cta mdt phang (P) va mat cau (S)
2x—-z2—-6=0
x> +y* +2° +2x -2y +2z—1=0 la dudng tron c6 ban kinh r =1.
Huéng dan:
Mit phang (P) chtta (d) c6 dang: m(x —y —2) +n(2x —z - 6) =0
< (P):(m+2n)x—my—nz—-2m—-6n=0
Mat cau (S) c6 tam I(-1; 1; -1), ban kinh R = 2.
(P) cit (S) theo mot dwong tron giao tiép (C) cd ban kinh r=1

o dLP)=JR* -2 =3
|—m—2n—m+n—2m—6n|

\j(m +2n)* +m” +n’

f—

=3 <:>|—4m—7n| = \/g.x/2m2 +5n° +4m.n

< 5m” +22man+17n* =0.Cho n=1= 5m*> +22m+17=0 < m =—1 hay m:—%
P):x+y-z-4=0
P):7x-17y+52-4=0
Bai 2. Trong khong gian Oxyz cho A(0; 1; 0), B(2; 2, 2), C(-2; 3; 1) va duong théng
x-1 y+2 z-3
2 -1 2
a) Tim di€ém M thudc (o) d€ thé tich tit dién MABC bang 3.
b) Tim diém N thudc (o) d€ thé tich tam gidc ABN nho nhat.

Vay, c6 2 mat phang (P): |:

(9):

Hudng dan:
x=1+2t
a) Phuong trinh tham sd cua (A): (y=-2—t
z=3+2t

Taco Me(A) = M(1+2t; —2—t; 3+2t)
AB=(2;1;2), AC=(-2; 2;1)
[AB; AC] = (-3; —6; 6) =—3(1; 2; —2) = -3.5i, véi fi=(1; 2; —2)
Phuong trinh mp (ABC) qua A véi phép vecto 1 : (ABC): x +2y — 2z -2 =0.

S.ine =—|[AB; AC]l= —+J(-3) " +(-6)"+ 6~ =—.
e =5 J= N3 +-6) ;

Puong cao MH cua tit dién MABC la khoang tit M dén (ABC):
|1+2t+2(—2—t)—2(3+2t)—2| 3 |—4t—11|

J1+4+4 3

MH = d(M(ABC)) =

Thé tich t dién MABC bang 3

Dinh Cuw ™

HHR
2
T
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4t+11 1
@V=1.2.| |=3<:>|4t+11|=6<:>t:—éhayt:——7.
32 3 4 4
Vay, ¢6 2 diém M can tim la: M —é;—é;l hay M —E;g; E
2 4 2 2 4 2

b) Ne(A)=NA+2t;-2—-t;3+2t)

S apx = %\[VA} NBJ| = %x/32t2 +128t+146 = galmusf 19> %
3\2

= maxS, gy = > < 4t+8=0 < t =-2. Vay, diém N can tim 1a N(-3; 0; 1).

Bai 3. Trong khong gian Oxyz cho dwong thang (d) va mét cau (S):

a): 2x-2y-z+1=0
x+2y-2z-4=0"

Tim m d€ (d) cit (S) tai hai diém M, N sao cho MN = 8.

(S):x*+y* +2> +4x—6y+m=0

Huéng dan:

Mit cau (S): (x—2)> +(y—3)> +2> =13—m c6 tam I(-2; 3; 0), ban kinh R =IN =+/13—m, véi
m<13.

Dyng IH L MN = MH=HN =4 = [H=+/IN>~HN> =13-m-16 =J-m -3,

X=t
\ A 2 \ < 1
Phuong trinh tham s8 ctia duong thang (d): {y =1+ Et
z=-1+t
) i - 1 1 N o
(d) c6 vecto chi phuong u =| I; 5; 1= 5(2; 1; 2) va di qua diém A(0; 1; -1)

Al =(-2;2; 1); [AL u] = (3; 6; —6)
‘[ﬁ; ﬁ]‘ _ N3 +67+6° J81 _
i 2212422 O

Ta c6:IH=h < J-m-3=3 < -m-3=9 < m=-12 (thoa diéu kién)

Khoang cach h tir T dén duong thang (d): h = 3.

Vay, gia tri can tim: m = -12.
Bai 4. Trong khdng gian Oxyz cho mat phang () : 2x — y + z — 5 = 0. Viét phuong trinh mit phang
(P) qua giao tuyén ctia (o) va mit phang (xOy) va (P) tao véi 3 mdt phing toa do mot ti dién
ey 125
o thé tich bang ——.
36
Huéng din: Phuong trinh mdt phang (xOy): z =0
* Phwong trinh mat phéng (P) thudc chum xac dinh boi (o) va (xOy) c6 dang:
m2x-y+z-5)-nz=0 < (P):2Zmx—-my+(m+n)z—5m=0

* Giao diém A, B, C ctia (P) va 3 truc Ox, Oy, Oz lan lugt ¢6 toa do:
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A(é;o; oj, B(0; —5; 0),c(o; 0, O™ )
2 m-+n

= Thé tich tt dién OABC bang

12 v-loaosoc=125/m _I
36 6 62 m+n 36
m-+n=3m ‘m=1,n=2

< |m+n|=3m| < =
m+n=-3m _m:l,n:—4

i P):2x-y+3z-5=0 (m=1n=2)
Vay, c6 2 phrong trinh mat phang (P):

(P):2x-y—-3z2-5=0 (m=Ln=-+4)
Bai 5. Trong khong gian Oxyz, tim trén Ox diém A cach déu duong thang
x—-1 'y z+2

d - =
()12

Hudng dan: Goi A(a; 0; 0) € OX.

va mit phang () : 2x —y -2z =0.

|2a |24
22412422 3
(@) qua M, (1; 0; —2) va c6 vecto chi phwong u=(1; 2; 2)

Khoang cach tir A d&&n mat phang (o) : d(A; o) =

bat MyM, = u. Do dé: d(A; o) la dudng cao vé tir A trong tam giac AM M,

2.5 MM, \[A—MJ; ﬁ]\ _\8a>—24a+36
MM, i 3
Theo gia thié€t: d(A; o) = d(A; o)
122 _ V8a®—24a+36
3 3
=4(a-3°=0<a=3.
Vay, c6 mot diem: A(3; 0; 0).
Bai 6. Trong khong gian véi hé toa dd vudng goc Oxyz cho mét phang (P) va mét cau (S):
(P): 2x+2y+z-m”*-3m=0; (S):(x—-1)>+(y+D*+(z-1)>=09.
Tim m d€ (P) tiép xuc (S). V6i m tim dugce xac dinh toa do tiép diém.

= d(A; A) =

< 4a’ =8a’ —-24a+36 < 4a’> —-24a+36=0

Hudéng dan:

Ta c6:(P): 2x+2y +z—m” —3m =0; (S): (x—=1)" + (y+ 1’ + (x— 1Y = 9 ¢6 tam I(1; -1; 1) va
ban kinh R = 3.

(P) tiép xtic (S) <> d[I, (P)] =R

\21+2( 1)+1.1-m>—3m| m=2

V22 +27 412
Vay, (P) tiép xtc (S) khi m = -5 hay m =2, khi d6 (P): 2x +2y +z-10=0
x—1 y+1 z—1
2

Tramn 5inh %fiiww

—3e m?+3m-1=9 o {
m=-5

Duong thang (d) qua I va vudng goc véi (P) co phuong trinh:
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2X+2y+z-10=0 x=3
Toa d¢ tiép diém la nghiém caahé: { x —1 y+1 z-1 = y=1
2 2 1 z=2

Vay, toa do tiép diém M(3; 1; 2).
Bai 7. Trong khong gian oxyz cho hai duong thang:

x=2t
x+y—-3=0
(di): qy=t ; (d2) :
4 4x+4y+3z—-12=0
7=

Chtng minh (d1) va (dz2) chéo nhau. Viét phuong trinh méat cau (S) c6 duong kinh la doan vudng
goc chung cta (d1) va (d2).
Hudng dan:
(d1) di qua di€m A(0; 0; 4) va c6 vecto chi phuong u = 2; 1, 0)
(d2) di qua di€m B(3; 0; 0) va cb vecto chi phuong w = (3;-3;0)
AB = (3,0, —-4); E.[ﬁl; ;12] =3620=> A—B, w , W khong dong phang.
Vay, (d1) va (dz2) chéo nhau.
X =3+t
(d2) 6 phuong trinh tham s&: {y = —t’
z=0
Goi MN la duong vudng goc chung cua (d1) va (d2)
Me(d,)=MQtt;4), Ne(d,)= NG+t';—t’;0)=MN=G+t —2; -t/ —t; —4)
MN 1 uy 23+t =2)— (' +0)=0 [t'=—=1 [M(2;1;4)
Taco: v . . = , ) = =
MN 1 u, 3+t —2t+(t' +t)=0 t=1 N(2; 1; 0)

1
Toa d¢ trung diém I cua MN: 1(2; 1; 2), ban kinh R = EMN =2.

Vay, phuong trinh mdt cau (S): (X — 2)* + (y— D* +(z—2)* =4.
Xx=t x=t

Bai 8. Trong khong gian Oxyz cho 2 duong thang: (di): Jy =4+t ; va (d2): <y =3t'-6
z=6+2t z=t'-1

Goi K 1a hinh chiéu vuéng goc cta diém I(1; -1; 1) trén (dz). Tim phuong trinh tham s6 cua duwong

thang qua K vudng goc véi (di) va cat (di).

Huéng dan:

(d1) ¢6 vecto chi phuong u = (I; 1; 2); (d2) c6 vecto chi phuong U = (1;3; 1

Ke(d,) = K(t'; 3t =6, t' =) = IK=(t' —1; 3’ =5, t' —2)

IKluw ot —149 =15+t =2=0 <=t/ =E:>K ﬁ;—g;l
11 11 11 11
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Gia str (o) cat (d1) tai H(t; 4+t; 6+2t), (He(d)))

sz(ﬁ—t;—§—t;—sﬁ—2t)

11 11 11
H—K_Lfll g—t—ﬁ—t—£—4t—0 P t:_§
11 11 11 11
S HK=[4 -2~ T )= L g 30,-7).
1’ 11) 11
x=§+44k
x 7 12
Vay, phuong trinh tham s8 ctia duwong thang (0): |y = T 30M.
Z=1—77»
11

Bai 9. Trong khong gian véi hé toa dd Oxyz, cho hai mit phang
(P):x+2y-22+5=0;(Q):x+2y—-22-13=0.
Viét phwong trinh ctia médt cau (S) di qua goc toa do O, qua diém A(5;2;1) va tiép xuc voi ca hai
mit phang (P) va (Q).
Hudng dan:
Bai 1.
Goi I(a;b;c) la tam va R 1a ban kinh ctia mat cau (S). Tt gia thiét ta co:
Ol = Al
O = Al = d(l,(P)) = d([ (Q)) 10l = d(l (P))

| A(1(7) -4(1(0)

Ol =Al & 0P = AP & @+ + =(a~5) +(b-2) +(c~1)
= 10a+4b+2¢ =30 (1)

OI:d(l,(P))<:>’\/az+l)2+c2 :Ia+2b—2c+5l <::>9((,12+192+cz)=<a+2b—20+5)2 (2)

3

la+2b-2¢+5] la+2b—2c—13]
d(1,(P))=d(1.())= 3 - .

2b—2c+5=a+2b-2c—13 (loai
o |atT2bm2ers=at2b=2e=1300a) o 543
a+2b-2c+5=—-a—-2b+2c+13
17 1la 11-4a
Tir (1) va (3 b=——-—c= 4
(1) va (3) suy ra: 3 p 3 4)

T (2) va (3) suy ra: @’ +b” +c” =9 (5)

Tr&Erm vy Loy
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Thé (4) vao (5) va thu gon ta dugc: (a - 2)(22 la— 658) =0

Nhu vay a =2 hodc a = %.Suy ra: [(2;2;,1) va R = 3 hoac 1(658' 46 : 67 jvé R=3

221°221 221

Vay c6 hai mat cau thoa man yéu cau véi phuong trinh lan luot la:

‘ 658 ) 46 Y 67 )
(x—2)2+(y—2)2+(z—1)2=9 va [x—ﬁj +(y—ﬁj +(Z+Ej =9

Bai 10. Trong khong gian v6i hé truc  Oxyz cho mat cau (S) ¢6 phuong trinh
x*+y* +77 —2x+4y—6z—11=0 va mit phing (@):2x + 2y - z + 17 = 0. Viét phuong trinh mit
phang () song song véi (@) va cat (S) theo giao tuyén la duong tron cé chu vi bing 6.

Hudng dan:

Do (B) // (o) nén (B) c6 phuwong trinh 2x+2y —z+D =0 (D#17)

Mat cau (S) c6 tam I(1; -2; 3), ban kinh R =5

Puong tron cd chu vi 6m nén c6 ban kinh r = 3.

Khoang cach tr T t6i (B) lah= VR —12 =+/5% 32 =4
\2.1+2(—2)—3+D\_ D=-7
J2+22 + (1) D =17 (lo')

Vay (B) co phuong trinh 2x +2y —z-7=0
Bai 11. Trong khong gian Oxyz, tim trén Ox diém A cach déu duong thang

Do d6

4<:>‘—5+D‘:12<:{

x—1 7+2
() === =

1 2

Hudng dan: Goi A(a; 0; 0) € Ox.

va mat phang (A): 2x —y -2z =0.

‘Za‘ ‘Za‘
\/22 +12422 3
(A)qua M (1; 0; —2) va cd vecto chi phuong u = (1; 2; 2)

Khoang cach tir A dén mat phang (@) : d(A; @) =

biat MM, = . Do dé: d(A; A)la duwong cao vé tir A trong tam gidc AM M|

2., ‘[AMO; il \8a> —24a+36
MM, g 3

01

= d(A; A) =

Theo gia thiét: d(A; A) = d(A; @)
24 84> —24a+36
Ry = Ry

4a’ =8a° —24a+36 < 4a* —24a+36=0

3 3
=4(a-3)Y =0 a=3.
Vay, c6 mot diém A(3; 0; 0).

Bai 12. Trong khong gian véi hé toa dd Oxyz .Viét phuong trinh (P) qua O, vudng goc véi mat
phang (Q):x+y+z=0 va cach diém M(1;2; —1) mot khoang bang \/6 )
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Bai giang Hinh Hoc Giai tich Khong gian.
Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

Huéng din: Phuong trinh mit phang (P) qua O nén c6 dang : Ax + By + Cz = 0 véi
A’ +B +C*#0

Vi(P) L (Qnénl.A+1.B+1.C=0 < A+B+C=0 <>C=-A-B (1)

Theo dé:

[A+2B-C]|

Ji B _=\2 & (A+2B-CF =242+ B*+C%) ()
A"+B +C

dM;(P) = V2

A
Thay (1) vao (2), ta duoc : 8AB+5 B =0 <> B=0 hay B =—8?

» B=0—L25C=-A.ChoA=1C=-1thi(P): x—z=0

. B=—8?A.ChQI’IA=5,B=—1—(1)—)C:3 thi (P): Sx—8y+3z=0

Bai 13. Cho diém A(10; 2; -1) va duong thang d c¢6 phuong tr‘mth_1 = % = ZT_I Lap phuong
trinh mit phang (P) di qua A, song song véi d va khoang cach tir d téi (P) 1a 16n nhat.

Hudng dan:

Goi H 1a hinh chiéu ctia A trén d, mit phang (P) di qua A va (P)//d, khi d6 khoang cach gitta d va
(P) 1a khoang cach tir H dén (P).

G.stt diém I 1a hinh chiéu caa H1én (P), ta c6 AH > HI = HI 16n nhatkhi A=1

Vay (P) can tim la mat phang di qua A vanhan AH lam véc to phép tuyén.

Hed=HA+2:t;1+3t)vi H 1la hinh chifu cita A trén d nén

AH 1 d=AHu=0 (u=(2;1;3)1a véc to chi phuwong cua d) = H(3;1;4) = AH(-7;—1;5)

Vay (P): 7(x— 10) + (y —2) = 5(z + 1) = 0

P 7x+y-5z-77=0

Bai 14. Trong khong gian véi hé toa dd Oxyz, cho diém A (3;-1;1), duong thang A vamp (P)
X -2

lan luot c6 phuong trinh A : T:yng ,(P):x-y+z -5=0.

Viét phuong trinh tham s6 ctia duong thang d thda cac diéu kién :di qua A, nam trong ( P) va hop

v6i duong thang A mdt goc 45°.

Hudéng dan:

—_ — —

Goi u, ,u, ,n lan lwot la cac vicp caa dtd, dt A va vitpt cia mp (P).

A P

_  —

bit u, = (a;b;c), (a2+b2+02iO).Vldnf?lmtrong(P)néntacé:nPJ_ud
=>a-b+c=0&b=a+c (1).
Theo gt : gdc gifta 2 dt bang 45° <> Gdc gifta 2 vtcp bang 45° .

a+2b+2c
2o ‘ ‘ :£<:>2(a+2b+c)2=9(a2+b2+cz)(2)

Na@+b*+c* 3
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Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

c=0
Thay (1) vao (2) tacé: 14¢” +30ac =0 < 15a
7
*Voéi c=0:chona=b=1.Tacépttscuadla:x=3+t;y=-1-t;z=1
x=3+7Tt
* V6i c=-15a/7. chona=7 ,c=-15,b=-8.tacdé pttscaadla: d:{y=-1-8¢
z=1-15¢
x=-1-2¢
Bai 15. Trong khong gian oxyz cho hai duong thang d1:%=%=§;dz y=t
z=1+t

va diém M(1;2;3).
1.Viét phuong trinh m3t phing chita M va di ; Tim M’ d6i xting v6i M qua da.
2.Tim A €d,;B € d, sao cho AB ngan nhét.

Hudng dan:
x=-1-2t
A . N g r_Y_Z
Trong khong gian oxyz cho hai duong thang d: :T = T = 5 ;da iy =t
z=1+t¢

va diém M(1;2;3).
1.Viét phuong trinh mat phang chita M va di ; Tim M’ d6i xting véi M qua da.
+ Phuong trinh mat phang chitaM vadi .... La(P) x+y-z=0
+Mp(Q) qua M va vudng goc voi d2céd pt 2x—y- z+3=0
+ Tim duoc giao cua d2 voi mp(Q) 1a H(-1 ;0 ;1)
.. =Dbiém d6i xting M’ ctia M qua d2 la M'(-3 ;-2 ;-1)
2.Tim A €d,; B € d, sao cho AB ngén nhét .

Goi A(tt;2t) va B(-1-2t:;-ti ;1+t1)) AB ngan nhat khi n6 1a doan vudng goc chung ctia hai duong

thrfmg divade.
AB.v, =0 -

= _‘i ....... —=toaddcua A i i i va B —l;ﬂ;ﬁ
AB.v. = 35735735 35 35 35

Bai 16. Trong khong gian véi hé toa dd Oxyz ,cho diém I(1;5;0) va hai duwong thang

1. Viét phuong trinh tham s6 ctia duong thang d di qua diém I va cat ca hai duwong thang
A vaA,
2. Viét phuong trinh mit phang( ) qua diém 1, song song véi A, va A,

Huéng dan:
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x=t ,

X y- Z

I(1,50), A :iy=4-t A== ==

W) iy 2’1 3 -3
z=—14+2t

A c6 viep u (1;-1,2) ;va A di qua diém M (0;4;—1)

A, c6 viep u,(1;,-3;-3) ;A di qua diém M, (0,2;0)
« mp(P)chiia A, va diéim Ic6 vipt 1 =| M, u, | = (3-1;-2)
—>p/tmpP) : 3x-y-2z+2=0
Tuwong ti mp(Q) chita A, va diém I c6 vipt ; (3;-1,2)

—>p/tmpQ) : 3x-y+2z+2=0
*Vi duong thang d qual, cét A va A, ,nénd=(P) N(Q)

—>duong théng d cé vtep Z = [;l,n } =(1,3,0); d di qua diém I(1;5;0)

x=1+t¢
Nén p/t tham s6 caad la<y =5+3¢
z=0
*mp(a ) qua diém I va song song véi A va A,nén () cd vipt Z =[u7, uj} =(9;5;-2)
—> p/t(a): 9x+5y-2z-34=0
Bai 17. Trong khong gian véi hé truc toa d6 Oxyz cho 4 diém A(1;-1; 2), B(1; 3; 2), C(4; 3;2), D(4;
-1; 2) va mat phang (P) c6 phuong trinh:x+y+z—2=0. Goi A’la hinh chiét ctia A 1én mat
phr?mg Oxy. Goi ( S) la mat cau di qua 4 diém A’, B, C, D. Xac dinh toa d¢ tam va ban kinh cua
dwong tron (C) 1a giao cua (P) va (S).
Hudng dan:
Dé thay A’ (1; -1; 0)
* Gia sit phuong trinh mat cau (S) di qua A’, B, C, D la:

x> +y> +2z* +2ax +2by +2cz+d =0, (a2+b2+cz—d>0)
2a—-2b+d+2=0 a:—g
R . |2a+6b+4c+d+14=0
Vi A',B,C,DE(S) nén ta co hé: <<b=-1
8a+6b+4c+d+29=0 c=—1
8a—2b+4c+d-21=0 d=—1

Vay mit cau ( S) c6 phuong trinh: X* +y? +2? =5x—2y—2z+1=0
V29

(S) c6 tam I(g;l;l}, ban kinh R = T

+) Goi H 1a hinh chiéu ctia I 1én (P). H la tdam ctia duong tron ( C)
+) Goi ( d) 1a duong thang di qua I va vuong goc véi (P).

g o 7 Py, Page 73
iy oLy

+I+‘+‘+‘+|+|

Trarm -



Bai giang Hinh Hoc Giai tich Khong gian.
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(d) c6 vecto chi phuong la: ;1(1;1;1)
x=5/2+t

5
Suy ra phuong trinh ciad: 1y =1+t = H E+t§1+t§1+t
z=1+t

Do H=(d)N(P) nen> b lt+l4t—2=0c3t=—>et=—2 = L1
2 2 6 366
Ba 18. Trong khong gian vGi hé truc toa dd Oxyz cho (P) :Xx+2y—z+5=0 va duong thang

x+3 . .
(d): — =y+1=2z-3, diém A( -2; 3; 4). Goi 4 la duong thang nam trén (P) di qua giao diém

ctia ( d) va (P) dong thoi vudng géc véi d. Tim trén A diém M sao cho khoang cach AM ngén nhat.

Hudng dan:
X=2t-3
Chuyén phuong trinh d vé dang tham s6 ta dwgc: {y =t-1
z=t+3

Goi 112 giao diém cua (d) va (P) = (2t —3;t —Lt +3)
Do le(P)=2t-3+2(t-1)-(t-3)+5=0=t=1=1(-10;4)
* (d) c6 vecto chi phuong la 5(2;1;1) , mp(P) c6 vecto phap tuyén la ﬁ(l, 2,-1)

- —

= la,ng (— 3;3;3). Goi U 13 vecto chi phuong cia A = ﬁ(— 1;1;1)
x=1-u

=A:{y=u Vi MeA:>M(—1—u;u;4+u),:m(l—u;u—3;u)
z=4+u

AM ngén nhit < AM LA < AM Lu< AMu=0<—1(1-u)+1u—3)+1.u=0
Su= i VéyM(i;i;Ej
3 333

Bai 19. Cho mit phr?mg (@) : x—y+2z=0va cac diém A(1;2;-1), B(3;1;-2), C(1;-2;1). Tim diém M
thudc mit phang (&) sao cho:

a) MA+MB nho nhat

b) IMA-MBI 16n nhat

¢) MA®> —MB?> —MC? 16n nhat

d) ‘MA +MB+ MC‘ nhd nhét

Dap so:

aM B2 b)M L OM(2,-2;-2); d)M é;l;—%
5 5 2 2 33 3

ol
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N \ g X—= 1 y + 1 Z \ , A2 .« A? A
Bai 20. Cho duwong thang d : —1 = T = 5 va cac diém A(1;4;2), B(-1;2;4). Tim diém M thudc

d sao cho:
a) ‘M—A + MB| nho nhat
b) MA+MB nho nhat
¢) MA’ + MB® nhd nhat
d) AAMB nho nhat
DPap s6:

227) y j0_afn
3(1+ﬁ) ’ 3’3(1+ﬁ)

12
77

a)M(—1;0;4); b)M(—l;O;4); cM ; d)M(—

< | D

38
"7

S
%
se
#
szsesz%?
s &
§
i &
g
2~}
)
0)-]
o
|
w1




Bai giang Hinh Hoc Giai tich Khong gian.
Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

PHU LUC 2. GIAI BAI TOAN HINH HOC KHONG GIAN BANG HAI CACH

Bai 1. Cho hinh chép SABC c6 day ABC la tam gidc déu c6 canh bang 2a\/2, SA vuong goc voi
(ABC) va SA = a. Goi E, F Ian luot la trung diém cua canh AB, BC. Tinh gdc va khoang cach gitra
hai duong thang SE va AF.

Huéng dan:

Cdch 1: Goi M 1a trung diém ctia BF = EM // AF
= (SA; AF) = (EM; AF) = SEM

oSAE vudng tai A co:

SE? =SA? + AE=a’ +2a> =3a> = SE=a\/3

2a\/2§.\/§ _ a\/g

AF =

—EM =BM = MF—i BF = a2

SB’ =SA’ + AB” =a’ +8a’ =92’ = SB=3a
SF? =SA>+ AF? =a’+6a’=7a’ = SF:a\ﬁ
Ap dung dinh ly duong trung tuyén SM trong eSBF c6:

15a°

SB? + SF? =2.SM? +%BF2 < 9a% +7a% = 2SM? +%.2a2 < SM? =

Goi o la géc nhon tao boi SE va AF. Ap dung dinh ly ham Co6sin vao ©SEM c¢:

3a2 3a® 154’ 4 a
2 2 2 =
cosa:‘cosSEM‘: ES"+EM” -SM = 2 2 __2 :_2:>a:45°,
2.ESEM f 25
Dung AK 1L ME; AH L SK. Ta c6: AK = MF—ivaAHJ_(SME)
Vi AF// ME = d(SE; AF) = d(AF; (SME))= AH.
1 1 1 2
oSAK vudng co: 12= 5+ 2:—2+—2:%:>AH:£
AH® SA”- AK® a° a a 3

5

Vay, d(SE; AF) _a

Cach 2:
Dung hé truc Axyz, vdi Ax, Ay, Az vdi A(0; 0; 0),

B(a\/_' a\/_' 6;0), C(—ax/g;a 6; 0), S(0; 0; a),
(i a, 0] F(0; av/6; 0); M{a‘/_ al6; 0 j

HeE
P

iﬁ
b

2~}

)

0)-]

o

BN

(o)

e
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SE (ii—JAF (a; av/6; 0), SM = [‘/_ 6;—a]
Goi o la géc nhon tao boi SE va AF.ta co:

o o.a*/g+a\/_a‘/_0( 2) 202 \/5
cosa = cos(SE; AF) = = — = o =45

2 6.
VO +6a” +0. i2+3;—H1 : aJﬁ

2 2 2 2
[SE: SM] =[a ¥6, g, 2 ﬁj BLCTN LR PN
2 2 2 2
Phuong trinh mat phing (SEM) qua S véi phép vecto 1i: \/EX +z—a=0.
|0+0—ﬂ
Khoang cach tir A dén (SEM): d(A;SEM) = =
V2+1 3

a3

Vi AF//EM => AF/((SEM) => d(SE; AF) = d(A; SEM). Vay, d(SE; AF) = —=.

Bai 2. Cho hinh chop S.ABC c6 day ABC la tam gidc vuong tai B, AB = a, BC = 2a, canh SA vuong
goc voi day va SA = 2a. Goi M la trung diém SC. Chitng minh ©MAB can va tinh dién tich e®MAB
theo a.

Huéng dan:
Cdch 1:
Tac6: SA L (ABC) = SA L AC. Do d6 eSAC
1

vudng tai A ¢6 AM la trung tuyén nén MA = ESC.

SA 1 (ABC)
Ta lai co: .
AB 1 BC (AABC vudng tai B)
= SB L BC (dinh ly 3 duong vudng gbc)
Do d6 oSBC vuodng tai B c6 BM la trung

1
tuyén nén MB = 5 SC.Suy ra: MA=MB = oMAB cén tai M.. B
Dung MH //SA va HK // BC (He AC; K € AB)
1
\ {SA 1 (ABC) {MH 1 (ABC) MH = 55A -4
: =
BC L AB HK | AB HK = 'BCa -
2 s
2a
oMHK vuodng tai H cé:
MK? = MH? + HK? = 2% +a% = 22> = MK = ay/2 M
) : _ A AFTSUN ¢
“”g“ o e ” % S G V
IO a N
Xy a B



Bai giang Hinh Hoc Giai tich Khong gian.
Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

1 1 J’a—azﬁ

Dién tich oMAB: S =— MK AB=—.a+2
‘ MAB o 2 2

Céch 2: 0ABC vuéng tai Bcd: AC? = AB? + BC2 =a® +4a” =532 = AC=aV/5

2 2
Dung BH L AC (He AC), tacs: AH=22 - & __ 3

AC a5 5°
1 1 1
2T am T e 52 :BHZE
BH®> AB®> BC? 4a J5

Dung hé truc toa vudng goc Axyz, vdi Ax, Ay, Az d6i mot vudng goc va

A(0; 0; 0), C(0; a+/5; 0), S(0; 0; 2a), B(

Y
)

Toa d6 trung diém M cua SC la M[

52

Ta co: MA = ( a\/_ j:> MA—ﬁ MB = ( 2a. 32 j:MBZ%.

suy ra: MA = MB = oMAB can tai M.
2 a2

R

Lo~ 1
Dién tich oMAB: Sy;,5 = 5‘[MA; MB] = 5.a2

Tacé: [MA; MB] = ( j = |[MA; MB]| = a>\2

2
2=a“/§.
2

Bai 3. Cho hinh chép déu S.ABC, day ABC c6 canh bang a, mit bén tao véi ddy mot goc bang
@(0° <@ <90°). Tinh thé tich khdi hinh chép S.ABC va khoang cach tr dinh A dén mét phang
(SBC).

Cach 1: Goi H 1a trung diém cua BC.. Do S.ABC déu va eABC déu nén chan duong cao dinh S

trung voi giao diém ba duong cao la tric tdm O cua @ABC va c6 oSBC can tai S. Suy ra:

BC L SH, BC L AH, nén SHA =¢.

1 V3

Ta co: OH—EAH—a

ASHO vuéng goc: SO = HO.tge = %tg(p va SH=19 _ 62‘*/5
cos @ .COSO

1 a\/_ 2\/§ _ a3tg(p

376 Py 24

1 azx/g

Dién tich SBC: Sgp = E.SH.BC = " .
.COS(

1
Thé tich hinh chép S.ABC: V = 3 —.S50.S, 4 =

Goi h 1a khoang cach tir A dén (SBC), ta co:

3.V a tg(p 2\/_ a\ﬁ

1
V=—hS;@. = h= =3. sin
R Sepe 24 "12cosqp 2 ®

Tram 5inh O ™7
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Cach 2: Vi S.ABC la hinh chép déu nén chan duwong cao dinh S
74
trung véi tam O duong tron (ABC). Goi M 1a trung diém cua BC.
Ta co:
2 av3 av3
AO=—AM=—vaOM = —
3 3 6

AM 1 BC, SM 1L BC= SMA=¢

B

oSOM vudng cé: SO = OM.tge = aTtg(p X B

Dung hé truc toa d¢ Axyz, véi Ax, Ay, Az do6i mot vudng goc, A(0; 0; 0),
B{%; ?; O],C{—%; g; OJ,M(O; %; 0], 0(0; %; 0], s(o; s, &tg(p]

3

atg@
24

1
Thé tich hinh chép: V = 3 SO.S, 5 =

Ta c6: B—S:[—%,—%;%t j BC = (~a: 0; 0)
2 2
[BS;BC]:(O;—aftg@;—a63J=n

Phuong trinh mét phang (SBC) qua B véi vecto phap tuyén n:
2 2
0[x—%j— a \Etgcp£y—§} a \E(Z—O) -0 < (SBO): tg(py+z—¥tg(p= 0.

6 6
a\3
Khoang cach d tit A dén (SBC): d = =2 — =" Zsing.
«/tgch +1 2
CosQ

Bai 4. Cho hinh lap phuong ABCD . A'B'C'D' canh a. M, N lan luot 1a trung diém cua AB va C'D'".
Tinh khoang cach tit B' dén (A'MCN).

Cdch 1: B&n tam gidc vuong AA’M, BCM, CC'N, A'D'N bing nhau (c.g.c)

= A'M=MC=CN=NA" = A'MCN Ia hinh thoi.

Hai hinh chép BA’/MCN va B/.A/NC c6 chung duong cao vé tir

D N c/
, o _ a _
dinh B/ va SA/MCN 2'SA’NC nen: VB’ .A’MCN 2‘VB’ A/NC. 1 T\
\
Ma: NE L [ A
\\\| " \
1 ’ AR
Vv, =V, ,, =-CCS, =—a—aa=— AR TN
B .ANC CABN 3 ABN 3779 6 D . '~ c
1q--=--2
213 ,/ 1 ] -~
= — e ! - -~
= VB/.A/MCN 3 ’ A M’ B
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Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mon Toan, TP Hué.

Tacd: S :%.A’C.MN, voi

A’MCN

a?\/6

A'C=a3;: MN=BC' =a\2 =S

A'MCN 2
1
Goi H 1a hinh chiéu cta B/ trén (A/MCN), ta c6: VB, AMON = 5 .B/H.SA,M N
32
L BH- 3.Vy ien _q& .2 J6 _ ax/g‘
3 2 3

A’MCN
Cdch 2: Chon hé¢ truc Dxyz, véi Dx, Dy, Dz
doi mot vuong goc, A(a; 0; 0), B(a; a; 0), C(0; a; 0),
D@; 0; 0), Al(a; 0; a), B(a; a; a), C/(0; a; a), D/(0; 0; a),

VA
M(a; E; Oj, N(O; E; aj alD’ N c/
2 2 1 N
\
Ta co: A i
. . I '
A'C =(-a; a;—a), MN =(-a; 0; a) : \
! \
[A'C; MN] = (a% 2a% a%) =a’(1; 2; 1) L
=a’n véi n=(1;2;1). AL~ N\ -]
~ a M B
Phuong trinh mp (A’/MCN) qua C(0; a; 0) véi phép vecto n : X

1(X—0)+2(y—a)+1(z—0)=0<:>(A’MCN): x+2y+z—-2a=0.

Khoang cach d tir B/(a; a; a) dén mp(A’/MCN): d = |a t2ata _2a| = & = &.
Ji+4+1 J6 3
Bai 5. Tinh thé tich ctia hinh chop S.ABC, biét day ABC la mét tam giac déu canh a, mat bén
(SAB) vudng goc vdi day, hai mat bén con lai cuing tao vdi day goc e.
Cdch 1:Dung SH | AB
Ta co:
(SAB) L (ABC), (SAB) "n(ABC)= AB, SH c (SAB)
= SH L (ABC) va SH la duong cao cuia hinh chop.

Dung HN L BC, HP 1L AC

= SN 1L BC,SP L AC= SPH=SNH=a
oSHN = oSHP = HN = HP.

oAHP vudng c6: HP = HA.sin 60° = #.

a3

oSHP vudng c¢6: SH = HP.tga = Ttga

1 1 a\ﬁ az\/g _ a’

Thé tich hinh chép S.ABC: V=~ .SHS,.. =~ Y7 (o0 I
e 3 ane T BT TR e
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Cdch 2: Dung SH L AB
Ta c6: (SAB) L (ABC), (SAB)N(ABC) =B, SH < (SAB) = SH 1 (ABC)

Vi (SAC) va (SBC) cung tao véi (ABC) mdt goc o va «ABC déu, nén suy ra H la trung diém AB.
Dung hé truc toa dd Hxyz, véi Hx, Hy, Hz d6i mot vuong goc, H(O; 0; 0),

A(i; 0; 0); B(—E; 0; 0),

2 2
L a*/_ j S(0; 0: h), (h > 0).

Phuong trinh mp (ABC): z =0, vdi phap vecto

ni =(0; 0;1). Phwong trinh mp (SACQ):

§+L+£:1
a a3 h

< (SAC): 2h+/3x +2hy +a/3z—ah/3 =0
véi na = (2h\/§ ; 2h; a\/g).
(SAC) tao voi (ABC) mot goc e:

‘0+0+ax/§‘ ~ a«ﬁ

COSO = =
JO+0+11202 +4h% +32>  /16h? +3a>
- e 16h2+3a
cos’ a g 3a’
2,2
@hzzm = hzﬁtga
16 4
2 3
Thé tich hinh chop SABC: V =+ hsS, .. = la\/_ o \E:a—tgoc
3 37 4 4 16

Bai 6. Cho lang tru dung ABC.AB'C' c6 ddy ABC la tam gidc can voi AB = AC = a, goc
BAC =120°, canh bén BB' = a. Goi I la trung diém CC'. Chttng minh e AB'I vudng tai A va tinh
cosin ctia géc gifta hai mat phang (ABC) va (AB').

Huéng dan:
Cdch 1: Goi H 1a trung diém BC = AH L BC.

a / /
©ABH la ntra tam gidc déu canh AB=a = AH = 5 va B c

ol

BH = — BC=a+3. AIB'C/ vuong co:

2 2
B2 =1C2+B/'C? = 4+3a2:ﬁ

oAIC vudng cé: Al = IC* + AC? = % +a2 =20
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5a° 13a®
Tac6: A’ + AB”” = D 2a% = o IB'* (AB/1a dudng chéo ctia hinh vuéng AA/BB canh

a). Vay, oAB/l vudng tai A.

1 1 a\[_ a>\J10 1

. / a ~iv L _
Ta co: SAB, = 2 —.ALAB' = 2 4 ; Sape = 5 AH.BC =

Goi o la géc giira hai mit phang (ABC) va (AB/), theo cong thiic chiéuy, ta co:

Sape @ 3.a2\/ﬁ_m

cosa = = . =
4 4 10

AB'I
Cdch 2: Goi H 1a trung diém BC = AH 1 BC
©ABH la ntta tam giac déu canh AB=a

a3

:3AH=%véBH=j;chC=mE

Dung hé truc Axyz, véi Ax, Ay, Az d6i mot vudng goc,
A(0; 0; 0),

B
B[ 2V3. 3. | ¢f _3V3. ff 0| A0 0a), B | N2 B, o o3 A
2 72’ 2 2 72’ 2 72

Tacd: AB Al=—— =
2 2

a.————+—+2—:()
2 4 4 4

— — a«/g( ax/_J 32.,. 3a’ a’
22

— .
= AB L Al. Vay, eAB/I vudng tai A.
Phuong trinh mp(ABC): z =0 ¢6 phép vecto 1, =(0; 0; 1)

Y S —
mp (ABT) c6 cédp vecto chi phuwong AB , Al, nén c6 phap vecto:

L 2 2 2 2 2
[AB'; Al :(_a_; _ V3, 22 ﬁ}:—%(l; 33, —2«/§)=—%-ﬁz

4 4 7 4
véi i, = (I; 33/3; —=2+/3). Goi @ 1a géc gitra (ABC) va (AB), ta co:

0+0-2V3] 53 30

JO+0+1/1+27+12 40 10

cosa =




