CHUYEN DPE 7. PHUONG PHAP TOA PQ TRONG KHONG GIAN Oxyz
BAI 3. PHUONG TRINH DPUONG THANG
Muc tiéu
% Kién thire

+ Néam viing khai niém vecto chi phuong cta dudng thang, goc giita hai duong thang, goc giita
duong thing va mat phang.

+ Trinh bay va van dung dugc cac cong thire tinh khoang cach, goc.

+ Trinh bay duoc cach viét phuwong trinh tham sb ctia duong thang.

+ Trinh bay dugc cac vi tri trong ddi cia hai dudng thing, ciia duong thing va mat phing va cua
duong thang v6i mat cau. Van dung duogc cac cong thirc dé xét vi tri tuong dbi cia hai duong
thang; ciia duong thang vi mat phang va ctia duong thang véi mat cau.

+ Kining

+  Biét cach viét phuong trinh tham s, phuong trinh chinh tic ciia duong thang.

+  Biét cach tinh khoang céch, tinh goc.

+  Biét cach xét vi tri tuong dbi ciia hai duong thang, vi tri twong ddi cta dudng thang véi mit

phang va vi tri tuong doi cua duong thang voi mat cau.
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I. Li THUYET TRONG TAM
1. Phuong trinh dwong thiang
Vecto chi phwrong ciia dwong thang Chu y:
Cho duong thang A. Vecto u+0 goi 1a vecto chi phuong ciia  + Néu u 13 vecto chi phuong cia A
duong thang A néu gia ciia né song song hodc tring véi A. thi ku (k#0) cing la vecto chi

Cho duodng thang A di qua M (x,;¥,:z,) va c6 vecto chi phuong ciia A.

phuong 13 u = (a;b;c). + Néu dwong thang A di qua hai diém
A, B thi AB ld mét vecto chi phuong.
Phwong trinh tham sé ciia dwong thang Cho duwong thang A ¢é phwong trinh

Phuong trinh tham sb ctia duong thang A c6 dang (1) thi
x=x,+at + u= (a;b;c) la mot vecto chi

y=y,+bt, teR (1) ,
phuwong cia A.

z=2z,+ct ,
+ Voi  diém MeA thi
M (x, +at; y, +bt;z, +ct) trong do t
la mét gia tri cu thé twong ung voi
tirng diém M.

Phuong trinh chinh tic
Néu a,b,c#0 thi phuwong trinh chinh tic ctia dudng thang A co

dang

2. Khoang cach
Khoang céch tir diém dén dwong thiang
Cho dudng thing A di qua M o » €0 vecto chi phuong u vadiém M ¢ A. Khi d6 dé tinh khoang cach tir

M dén A ta c6 cac cach sau:

‘[MMO,&]‘

Cich I: Sir dung cong thirc: d[M,d]= T
u

Cach 2:
+ Lap phuong trinh mit phang (P) di qua M vudng goc véi A.
+ Tim giao diém H cia (P) véi A.
+ Khi d6 6 dai MH 1a khoang cach can tim.
Cdch 3:
+Goi Ned,suyratgadd N theo tham $6 7.
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+ Tinh MN? theo ¢.

+ Tim gié tri nho nhét cia tam thirc bac hai.

Khoang céch giira hai dwong thing chéo nhau

Cho hai dudng thang chéo nhau A di qua M, c6 vecto chi phuong u va A’ di qua M, c6 vecto chi

phuong u' . Khi d6 khoang cach gitta hai duong thang A va A’ dugc tinh theo céc cach sau:

[ )

]

Cich I: Sir dung cong thirc: d (A,A") =

Cich 2: Tim doan vudng goc chung MN . Khi 6 d6 dai MN 1a khoang cach can tim.

Cich 3: Lap phuong trinh mit phang (P) chtra qua A va song song voi A’. Khi d6 khoang cach can tim

1a khoang cach tir mot diém bat ki trén A’ dén (P).
3. Vi tri twong ddi
Vi tri twong doi giira hai dwong thang
Trong khong gian Oxyz, hai duong thing

dlzx_xozy_J’o:Z_

Zy 4. ,
di qua M, (x,;v,;z,) ¢co
P b B q 1( 050 o)

vecto chi phuong u, = (a;b5¢), va

! ! !
X=Xy y-y, z-z, .. .
. 0 _ o _ 0 e
d,: P VI di qua Mz(xmyoazo) co

vecto chi phuong u, = (a';b';¢) .

Dé xét vi tri twong doi cua d, va d,, ta sit dung

phuong phép sau:
Phwong phap hinh hoc
T
+d, trung d, < {ul u; &b b, b
e M, ed,
[ul,uz] =0
+d/ld, 3 _. hodc
, MM, | #0
al _ a2 a3
{mwz b b b
Med |y ea,

) u,u, |#0
+d catd, & Z

[7’_‘1.»"72:-M1M2 =0

Ta c6 thé ding phwong phdp dai sé dé xét vi
tri tuong doéi: Dwa vao s6 nghiém cua hé
phicong trinh cac dwong thang.
Chu y truong hop vé nghiém

+ Néu LTI,LTZ cung phwong thi d,/ld, .

+ Néu LTI,LTZ khong cung phwong thi d ;d,

chéo nhau.
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+d, chéo d, <[ up,u, | MM, #0
Vi tri twong d6i gitra dwong thing va mit phing
Trong khong gian Oxyz, cho mit phing
(a): Ax+By+Cz+D=0 6 vecto phép tuyén

X=Xx,+at
n, =(4;B;C) va duong thang d:{y=y,+bt di qua
z=2z,+ct
M (%3 ¥032,) €6 vecto chi phuong u, =(a;b;¢).
Pé xét vi tri tuong ddi cia d va (a) ta st dung phuong
phap sau:
Phwong phap hinh hoc

o |u, Ln
e Néu {ud Ma thi d < ().
M(xo;yo;zo)e(a)

¢ Ju,Ln, ‘

e Néu thi d// (a).
M (x20:2,) (@)

e Néu Z va Z; cung phuong @Z:kﬁ; voi k=0

thi d L(a).

e Néu LTd.Zio; LTd va a khong cung phuong thi d

cit ().

Vi tri twong doi gitra dwong thing va mit ciu
Trong khong gian Oxyz, cho duong thang va mit cau

X=Xx,+at
c6 phuong trinh 1an luot 1a: 4 : y=y,+bt,teR va

z=1z,+ct
(S):(x—a)2 +(y—b)2+(z—c)2 =R’.
Dé xét vi tri tuong ddi cia d va (@) ta sir dung
phuong phép sau:
Phwong phap hinh hoc
Buée 1: Tim khodng céch tir tam 7 cua (S) dén d .

Buwoc 2:

Phwong phdp dai sé

Xét h¢ phuong trinh
X=x,+at (1)
y=y,+bt (2)
z=z,+ct (3)

Ax+By+Cz+D=0 (4)

Thay (1), (2), (3) vao (4), ta dugc
A(xy+at)+B(y, +bt)+C(z,+ct)+D=0(*)

+) Néu phuong trinh (*) v nghiém ¢ thi

dll ().

+) Néu phuong trinh (*) c6 nghiém ¢ duy

nhat thi d cét (a).

+) Néu phuong trinh (*) ¢6 vo s6 nghiém ¢

thi d < (a).

Chii y: Dé tim diém chung ciia dudng thang
d va mit phang («) ta gidi phuong trinh (*),
sau do thay gi tri ¢ vao phuong trinh tham s

ciia d détim (x;y;z)

Phwong phap dai s6
thay x, y, z tir phwong trinh tham sé cia d vao

phuong trinh (S ) khi do ta duwoc phwong trinh
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+ Néu d(] ,d ) >R thi d khong cit (S) bdc hai theo t. Bién luan sd giao diém cua

+ Néu d([,d) — R thi d tiép xtc (S) (d) va (S) theo s6 nghiém cia phwong trinh
+Néu d(I,d)<R thi d cit (S). bac haitheo t. 7

Chu y: Dé tim diem chung cua dwong thang va
mdt cdu ta giai phwong trinh bdc hai theo t,
sau do thay gia tri cua t vao phuwong trinh
tham sé ciia d dé tim (x;y;z).

4. Goc Chii y: Gée giita hai dwong thang la géc nhon.

Géc giira hai dwong thang
Trong khong gian Oxyz, cho hai duong thang d,,d,

lan lugt c6 cac vecto phap tuyén la u,,u, .

Goc gilra d, va d, bang hodc bu voi goc gilta u, va

u, .
Loy |,
Ta co: cos(dl,dz):‘cos(ul,%) = L] i‘ .
e
Géc giira dwong thang va mit phing Chii y: Géc giiva dwong thang va mdt phang la

Trong khéng gian Oxyz, cho duong thing d c6 vecto  gde nhon.

chi phuong u, va mit phing (@) 6 vecto phap tuyén

n, .
Géc gilta duong thing d va mit phang (&) bang
goc gitta duong thiang d véi hinh chiéu d’ cua né trén

(@).

Ta co: sin(d,(a)) = ‘cos(ud,na)
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SO PO HE THONG HOA

bi qua M, (x;2) va co

vecto chi phuong 13 u (a;b;c)

u

T — > A
\ 2
Tham sb: Chinh tic:
Phwong trinh X=x,+at Néu a,b,c #0 thi
duwong thiang N y=y,+bt, teR 7 X=Xy _ V=V _Z27%
z=1z,+ct a b c

PUONG THANG

Khog"mg cach tirﬁdiém
M den duong thang A
ezl
‘u‘ Khoing
Khoang cach 2 duong cach
thang chéo nhau A, A’

L]0

[wi]

d[M,A]=

d(AN)=

Giira hai duong thang
dvad'

cos(d,,d,) = ‘cos(ul,uz)

Goc giita dudng thang Goc
d va mit phang (@)

[

sin(d,(a)) = ‘cos(ud,na)

Hai duong thang d,,d,

€

1 2

d=d, u,/lu, . d/1d, u,/lu, :
M ¢d,

1

d, chéo d, < | uy,u, | MM, #0

Vi tri | Duong thang d va mat phang ()

d, cht d, < |uu, |# 0] up,u, | MM, =0

twong | dc (o) u, Ln;M(x;¥,z2,) ()

doi

d cit (&) <u,n, 20,

d khong cit (S) < d(I,

d cit (S)<d(I,d)<R

—_

u,,n

a

Dudng thing d va mit cau S(/,R)

d)>R

d tiép xtc (S) < d(1,d)=R

dll () < u, LnM(x;902,) ()

khong cung phuong
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II. CAC DANG BAI TAP
Dang 1: Xac dinh vecto phap tuyén va viét phwong trinh mit phing
Bai toan 1: Xac dinh vecto chi phwong ciia dwong thing

4+ Vidu miu

Vi du 1. Trong khong gian v&i hé toa do Oxyz, vecto nao 1a mot vecto chi phuong ciia duong thang co

x-1 3y 3-z
huong trinh —— =—= ?
P 8 3 2 1
- 3 - - —~ 2
A.a= 3;5;1 . B. a:(9;2;—3). C. a:(3;2;1). D.a= 3;5;1 .
Huéng din giai

Ta ¢6 x—l:3_y:3—z<:>x—l_y Z—3.
3 2 1 9 2 3

Vay mot vecto chi phuong ctia duong thang 1a a =(9;2;-3).

Chon B.
Vi du 2. Trong khong gian Oxyz, cho dudng thing A vudéng goc v6i mit phing (a) c6 phuong trinh
x+2z+3=0. Mot vecto chi phuong cua A la:

A. a(1;0;2). B. 5(2;-10). C. v(1;2;3). D. u(2;0;-1).

Huéng din gidi

Vi A vudng goc voi miat phang (a) nén vecto chi phuong ctia A 1a vecto phap tuyén ctia mit phang

().

Chon A.
Vi du 3. Trong khong gian v6i hé toa d§ Oxyz, cho OA=2i+ 3}' —51;; OB = —2}' — 4k . Tim mot vecto chi
phuong ctia duong thang AB .

A. u(2;5-1). B. u(2;3;-5). C. u(-2;-5-1). D. u(2;5-9).

Huwéng din gidi

Taco OA=2i+3j -5k = A(2;3;-5);

OB =-2j -4k = B(0;-2;-4).

Suyra AB = (-2;-5:1).

Suy ra duong thing AB c6 mot vecto chi phuong 1a ;(2; 5-1).

Chon A.
Bai toan 2: Viét phuwong trinh dwong thing khi tim dwgc mét vecto chi phwong va diém thude
dwong thing

4+ Phuwong phap giai
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e Duong thang d di qua diém M, (x,;,:2,)va ¢ vecto chi phuong a=(a,;a,;a,) c6 phuong trinh

x=x,+at
tham s6 13 { y = y, +a,t (teR).

z=2z,+ast

e Duong thing d di qua hai diém 4, B: Mot vecto chi phuong cua d 13 4B .
e Duong thang d di qua diém M, (x,;,;z,) va song song véi dudng thang A cho trudce: Vi d//A nén
vecto chi phuong cua A cling 1a vecto chi phuong cia d .
e Duong thang d di qua diém M, (x,;,;z,) va vudng gbc véi mit phang (P) cho trude: Vi d L (P)
nén vecto phap tuyén cta (P) ciing la vecto chi phuong clia d .
Puong thang d 1a giao tuyén ctia hai mat phang (P) , (Q) .
Cich 1: Tim mot diém va mot vecto chi phuong

— Tim toa d6 mot diém 4 €d bang cach giai hé phuong trinh mat phing cia (P), (Q) véi viée chon

gia tri cho mot an.

— Tim mot vecto chi phuong cta d : a= [ﬁ;, @] .
Cich 2: Tim hai diém A4, B thudc d 1di viét phuwong trinh duong thang di qua hai diém do.
e Dudng thing d di qua diém M, (x,;y,;z,) va vudng goc véi hai dudng thing d,.d,: Vi d Ld,,d Ld,
nén mdt vecto chi phuong cua d la: U= I:Lz; ,LT,,Z ] .

4+ Vidu miu
Vi du 1. Trong khong gian Oxyz, phuong trinh chinh tic ctia duong thang di qua diém M (2;—1;3) va cd
vecto chi phuong u(1;2;-4) la

x+1 y+2 z-4 x-1_ y-2 z+4

A. . B.
2 -1 3 2 -1 3
C. x+2:y—1:z+3‘ D. x—2:y+l:z—3.
1 2 —4 1 2 —4

Huwéng din gidi
Phuong trinh chinh tic ctia duong thang di qua diém M (2;—1;3) va ¢ vecto chi phuong ;t(l;Z;—4) la

x-2 y+l z-3
1 2 4
Chon D.

Vi du 2. Trong khong gian Oxyz, cho diém A4(1;2;3) va mit phing (P) c6 phuong trinh
3x—4y+7z+2=0.

Dudng thing di qua 4 va vudng goc véi mit phang (P) cé phuong trinh 1a
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x=3+¢ x=1+3¢
A y=—44+2¢ (teR). B. y=2-4¢ (teR).
z=T7+3t z=3+Tt
x=1-3¢ x=1-4¢t
C.<y=2-4r (teR). D.<y=2+3 (reR).
z=3+Tt z=3+Tt

Huwéng din gidi
Goi u, l1a vecto chi phuong cta dudng thing (A) théa man yéu ciu bai toan.

Ta ¢6 vecto phap tuyén ctia mt phang (P): n, =(3;-4;7).
- x=1+3¢
(AL(P)  |uy=n,=(3-47) ‘ . ‘
Vi = nén phuong trinh tham s6 ciia A 1a < y=2-4¢ (1 eR).
AeA A(1;2;3)e(A)
z=3+7Tt
Chon B.
Vi dy 3. Cho diém 4(1;2;3) va hai mit phang (P):2x+2y+z+1=0, (Q):2x—y+2z-1=0.
Phuong trinh duong thing o di qua 4 song song véicd (P) va (Q) la
x-1 y-2 z-3 B x-1_ y-2 z-3
1 1 -4 Tl 2 =6
x-1_ y-2 z-3 D x-1_ y-2 z-3
1 6 2 s 2 -6
Huéng din giai

A.

C.

Mit phang (P) c6 mdt vecto phap tuyén la % =(22;1).
Mit phing (Q) c6 mét vecto phép tuyén la % =(2;-1;2)
Puong thang d c¢6 mot vecto chi phuong 1a Z .

Do duong thiang d song song véi (P) va (Q) nén

wyLng, o
. =u,=\n,.,n =(5;,-2;-6).
“, J-n(Q) d [ (P) (Q)] ( )

Suy ra duong thing d di qua A4(1;2;3) va 6 vecto chi phuong u, =(5;-2;-6).

Phuong trinh chinh tic ctia d 1a x5—1 =2 _22 = Z_63 .

Chon D.
Vi du 4. Trong khong gian Oxyz, cho tam gidc ABC voi A(1;4;-1), B(2;4;3), C(2;2;—1). Phuong

trinh tham s cia duong thang di qua diém 4 va song song v6i BC la
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x=1 x=1 x=1 x=1
A. Jy=4+t B. <y=4+t C.{y=4+t D.{y=4-t
z=—-1+2¢ z=1+2¢ z=—-1-2¢ z=—1+2¢
Huwéng din giai
Goi A la dudng thang di qua diém A4 va song song véi BC.
Tacé: BC = (0;—2;-4).
Do A song song v6i BC nén mdt vecto chi phuong ctia A 1 u, = (0;1;2).
x=1
Vay phuong trinh tham sé cta duong thang Ala { y =4 +¢
z=-1+2t

Chon A.
Vi du 5. Puong thing A 1a giao tuyén cta hai mit phing x+z—-5=0 va x—2y—z+3=0 thi A ¢6
phuong trinh 1a

x+2 y+1 z

1 3 -1 T 2 -1
x—2:y—1:z—3_ D. x—2:y—1:z—3'
1 1 -1 1 2 -1

Huéng din gidi

A x+2:y+l: z

C.

Mit phing (P) c6 vecto phép tuyén la n = (1,0;1).

Mit phang (Q) c6 vecto phap tuyén la n, = (1;-2;-1).

Ta co [nT,nj] =(2;2;-2).

Goi u 13 mot vecto chi phuong ciia A thi u L nT vau L a .

Suy ra u cung phuong véi [nT,nj] .Chon u = (1;1;—1)

Lay M (2;1;3) thudc mat phang (P) va (Q).

Dudng thang A di qua M (2;1;3) c6 mot vecto chi phuong u = (1;1;-1).

x-2 y-1 z-3

Vay phuong trinh A la: " T

Chon C.
Vi du 6. Trong khong gian Oxyz, cho tam giac ABC ¢6 A(2;1;-1), B(-2;3;1) va C(0;-1;3). Goi d 1a

duong thang di qua tim dudng tron ngoai tiép tam gidc ABC va vudng géc véi miat phing (ABC )

Phuong trinh duong thang d 1a

Ax+1_y—1_z—2 x+1_y
Tl 1 1 11
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c. X_r-?2_z p. Xl »_
-2 1 1 1 1

Huwéng din gidi

Taco AB=(-4;2;2)= AB=16+4+4=26.
AC =(-2-24)= AC=4+4+16 =26..
BC=(2;-4;2)= BC=+/4+16+4 =26

Viy tam gidc ABC déu nén tdm dudng tron ngoai tiép 13 trong tim G(0;11).

z
T

Taco | 4B, AC |=(12;12;12) =12(1;1;1).
Duodng thang d di qua G(0;1;1) va c6 vecto chi phuong cing phuong véi [E,E‘], do d6 chon
u=(L1L1).

x=t
Phuong trinh duong thang d 1a {y=1+1.
z=1+t

Véi t=-1,tacod diem A(-10;0)ed.

Vay duong thang d di qua A(—l;O; 0) va co vecto chi phuong U= (1;1;1) .

Chon B.
Vi du 7. Trong khéng gian Oxyz, cho hai M (1;2;3), N(3;4;5) va mit phang (P):x+2y+3z-14=0.
Goi A 1a dudng thang thay d6i nam trong mit phang (P) , cac diém H,K lan luot 1a hinh chiéu vudng
goc ciia M, N trén A. Biét rang khi MH = NK thi trung diém cia HK ludn thudc mot duong thang d

¢d dinh, phuong trinh ctia duong thiang d 1a

x=t x=t xX= x=1
A. < y=13-2¢. B.<y=13+2¢. C.iy=13-2¢. D.<y=13-2¢.
z=—4+¢ z=—4+¢ z=—4—t z=—4+t¢

Huéng din giai

Goi / 1a trung diém cua HK .

Do MH =NK nén AHMI =AKNI = IM = IN . Khi d6 I thudc mat phiang (Q) 1a mat phing trung
truc cua doan MN .

Ta ¢6 (Q) di qua trung diém cia MN la diém J(2;3;4) vanhéan n= %M—N =(L;1;1) 1am vecto phap
tuyén nén c6 phuong trinh 1a (Q):x+y+2z-9=0.

xX+y+z-9=0

Ma IeAc(P).Suyra 1ed:(P)ﬁ(Q):{x+2y+3z—14=0

Tim dugc (0;13;—4) e d va vecto chi phuong cua d 1a (1;,-2;1).
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x=t
Vay d:sy=13-2¢.
z=—4+¢

Chon A.

Vi du 8. Trong khong gian Oxyz. Cho diém E(L11), mit cau (S):x*+y*+z° =4 va mit phang

(P):x-3y+5z-3=0. Goi A la dudng thing di qua E, nim trong (P) va cat (S) tai hai diém 4, B sao

cho AOAB 1a tam giac déu. Phuong trinh tham sé ciia A 13

x=1+2¢ x=1+4¢ x=1+2¢
A.yy=1+¢ . B. {y=1+3¢. C.qy=1-¢ .
z=1+t¢ z=1+t¢ z=1-t

Huéng din gidi

Goi u = (a;b;c¢) 1a mot vecto chi phuong cua A véi a® +b> +¢* > 0.
Taco n, =(1;-3;5).
ViAc(P)nénuln,=un,=0ca-3b+5c=0ca=3b-5c.
Mit cau () c6 tim O(0;0;0) va ban kinh R=2.

Goi H 1a hinh chiéu vuoéng goc ciia O trén AB

3.

R\3
T:*/—

Tacd AOAB la tam giac déu canh R nén OH =

Suy ra khoang cach tir O dén duong thang A bang OH = V3.
[.0£]
g

<::>(a—b)2+(b—c)2 +(c—a)2 =3(az+b2 +cz)

_

Khi do6

<:>(a+b+c)2:0<:>a+b+c=0 (2)

Thay (1) vao (2) ta dugc:

3b-5¢+b+c=0=b=c=>a=-2c.

Thay c=-1thib=-1vaa=2.

Ta duge mot vecto chi phuong cua A 1a u = (2;-1;-1)

x=1+¢
D. Jy=1+¢ .
z=1-2¢

(1)
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x=1+2¢
Vay phuong trinh ctia duong thing Ala { y=1—¢ .
z=1-¢

Chon C.

Bai toan 3: Viét phwong trinh dwong thang biang phwong phap tham s6 hoa
4+ Phwong phap giai

e Viét phuong trinh duong thang d di qua diém M, 0 (xo; Vo' Zo ) , vudng goc va cat duong thang A.

Cach 1: Goi A 1a hinh chiéu vudng goc cia M, , trén duong thang A. Khi d6 H € A, W 1 &Z . Khi
d6 duong thang d 1a dudng thang di qua M, H .

Céch 2: Goi (P) 1a mit phing di qua M, va vudng goc v6i d. (Q) 1a mit phang di qua M, va chira
d.Khido d =(P)n(Q)
e Viét phuong trinh dudng thing d di qua diém M, (x,;,;z,) va cét hai duong thang d,,d,.

Cach 1: Goi M, ed,nd, M, ed,nd . Suy ra M,,M,,M, thang hang. Tir 6 tim dwoc M,,M, vi
suy ra phuong trinh duong thang d .

Cach 2: Goi (P) la mit phang di qua M, va chia d, ; (0) 1amat phang di qua M, va chua d, .
Khido d = (P) m(Q) . Do d6 mdt vecto chi phuong ctia d ¢6 thé chon la U= [Z,ﬁ;] .
e Duong thang 4 nam trong mit phang (P) va cat ca hai duong thang d,,d,: Tim cac giao diém
A=d, " (P), B=d,(P).Khid6 d chinh la duong thing AB.
e Duong thang d song song voi A va cit ca hai duong thang d,.d,: Viét phuong trinh mit phang (P)
song song v6i A va chira d,, mit phing (Q) song song véi A va chita d,. Khidé d =(P)n(Q).

e Duong thang d 1a dudng vudng goc chung cia hai duong thang d,,d, chéo nhau:

\ MN 1d .
Cach lam: Goi M €d,, N €d,. Tu diéu kién ' tatim dugc M, N . Viét phuong trinh duong
MN 1d,
thang MN chinh 13 duong vudng goc chung cia d,d,.
4+ Vidu miu

Vi du 1. Trong khong gian véi hé truc toa ¢ Oxyz, cho mit phang (P) :Xx+y—z-1=0 va duong thang

x—=4 y+2 z+1

d ) ) . Phuong trinh duong thang ¢’ 1a hinh chiéu vudéng goc ctia d trén mit phing
(P) la
Aoy =zl g r-r=2_z-1
5 7 2 -5 7 2
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(X _y+2_zHl p X_ory=2_z-1
-5 7 2 5 7 2
Huéng din gidii
x=4-2t

Duodng thang d 6 phuong trinh tham s 1a { y =—2+2¢ (teR).
z=-1+¢

Liy diém M =d n(P)= M (4-2t;—2+2t;—1+¢)ed . Thay ddi toa do diém M vao phuong trinh
mit phing (P) taduge: 4—2t—2+2t+1-t=0<1=2.

Suyra M (0;2;1).

Do dé d n(P)=M(0;2;1).

Liy A(4;-2;-1)ed.Goi H 1a hinh chiéu vuéng goc cia A 1én mit phang (P).

Duong thang AH di qua A(4;-2;-1) va nhan a;):(l;l;—l) lam vecto chi phuong nén AH c¢6

x=4+t
phuong trinh 1a < y=-2+1¢, (¢, eR).

z=-1-¢
Suyra H(4+t;-2+t;-1-1).

Thay toa @6 H vao phuong trinh mit phang (P) duoc
2 1 1
44+t -2+t +1+1,-1=0¢ =—§3H(—0;—§;——J.

MH 1a hinh chiéu cia d 1én mat phéng (P), MH di qua M (0;2;1) va nhan

MH = E;—E;—i = —%(—5;7;2) 1a vecto chi phuong nén ¢6 phuong trinh 1a —— = ry=2_z-1 .
3° 3 3 3 -5 7 2
Chon B.
Vi du 2. Cho cac duong thang d, :xT—lz yT-i-l :il va duong thang d,: xIZ :gz Z;_S . Phuong trinh

duong thang A di qua A(1;0;2) , cat d, va vuodng goc voi d, la

Al vy _z-2 g X1l _»y_z-2
2 =2 1 4 -1 -1
c. X1 _»y_z-2 p Xl _»r_z-2
2 3 —4 2 2 1

Huéng din gidi
Goi I =d, NA, I(l +t,—1+ 2t,—t) — Al = (t;2t—1;—t —2) la mdt vecto chi phuong ctia A.
Do u, =(1;2;2) la mt vecto chi phuong cia dudng thing d, va A L d,.

Suyra Alus, =0 t+2(2t-1)+2(~t-2)=03-6=0c1=2.
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Vay Al = (2;3;—4) . Phuong trinh duong thang A can tim 1a x2—1 =
Chon C.
Vi du 3. Trong khong gian voi hé toa do Oxyz, cho mit phing (P):3x+y—2z=0 va hai duong thing

d]:x_+1:y_—6:£ va dzzx_lzy_2:Z+4.
-1 2 1 -3 -1 4

Puong thang vudng goc voi (P) cat ca hai dudng thang d, va d, c6 phuong trinh la

A.x+2:y_—1:i‘ B.x+5:Z:z—4
3 1 -2 3 1 2
C. x+2:y—8:z—1_ D. x—lzy—2:z—2'
3 1 -2 3 1 -2
Huwéng din gidi
. ‘ x=-1-t
dli%:%=§® y=6+2t,teR

z=1
Med < M(-1-1;6+211).

x=1-3¢
Sy=2-t ,teR
z=—4+4¢

x-1_y-2 z+4
3 -1

d,:

Ned < N(1-3t,2-1;-4+41").

MN =(2+1t=3t;~4 -2t —t';~4—t +4¢').

(P):3x+y-2z=0 cé vecto phép tuyén 1;(3;1;—2) .

Duong thing (d) vudng goc véi (P) cét ca hai duong thing d, tai M vacit d, tai N suyra
2+t-3t"=3k t=-2

MN=kne-4-2—1t=k <It'=1
—A—t+4t' =2k k=-1

t=—2=M(1;2;-2)
Do (d)L(P) nénﬁ?z%.
x=143s
Phuong trinh duong thang d 1a {y=2+s ;seR.
z=-2-12s
x+t2 y-1_ z

Chon s=—1= A(-2;1;0)ed = d: =2 — ="
3 1 -2

Chon A.
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Vi du 4. Viét phuong trinh duong thang d qua A(l; 2;3) cit duong thang d, :gz—: z 1 2 va song

song v6i mit phing (P):x+y—-z-2=0.

x=1+t¢ x=1+¢ x=1+¢ x=1+¢
A.yy=2—-¢. B.iy=2+¢. C.qy=2-t. D. yy=2+¢.
z=3+t z=3 z=3 z=3+t

Huwéng din gidi
Do d Nd, =B = B(2m;m;m+2)= AB =(2m-L;m-2;m-1).
d song song v6i mit phing (P) nén
ABn, =0 1(2m=-1)+1.(m-2)—(m-1)=0< m=1= 4B = (;-10).
x=1+t

Vay phuong trinh duong thang { y=2—¢.
z=3

Chon C.
Vi du 5. Trong khong gian v6i hé toa do Oxyz, cho mit phang (P):2x—y+z-10=0, diem 4(1;3;2) va

x+2 y-1 z-1
1 -1

duong thang d :
Tim phuong trinh duong thang A cat (P) va d lanluot tai M va N saocho 4 1a trung diém cua MN .

x+6 y+1 z-3 x—6 y-1 z+43

A. . B. .
7 4 -1 7 4 -1

C. x—6:y—1:z+3_ D. x—6:y+1:z—3'
7 —4 -1 7 —4 -1

Huwéng din gidi

Tacd N=And= N(-2+261+81-1).

A 1a trung diém cia MN = M (4-26;5-1;3+1).

Ma M €(P) néntoadd M thoéa phuong trinh (P), ta duoc:
2(4-2t)—(5-1)+(3+1)-10=0=1=-2= N(-6;,-1;3),M (8&7;1).

Suy ra MN =(14;8;-2).

Pudng thing A di qua hai diém M va N nén c6 mot vecto chi phwong u = %W =(7;4;—1) nén c6

X+6  y+l z-3

huong trinh 1a .
P 8 4 -1

Chon A.
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Vi du 6. Trong khong gian toa do Oxyz, cho diém A(-3;3;-3) thugc mit phang (a):2x-2y+z+15=0
vamit cau (8):(x-2) +(y-3)" +(z-5)" =100.

Duong thing A qua 4, ndm trén mit phang () cdt (S) tai M,N.Dédo dai MN 16n nhat thi phuong

trinh duong thang A 1a
A x+3:y—3:z+3‘ B. x+3:y—3:z+3‘
1 4 6 16 11 -10
x=-3+5¢
C.ly=3 D. x+3:y—3:z+3.

1 1 3
z=-3+8t

Huwéng din gidi

Mit cau (S) co tam 7(2;3;5) vaban kinh R=10.

Mit phing (a) 6 vecto phép tuyén n= (2;-2:1).

Goi H,K lan lugt 1a hinh chiéu vudng goc ciia 7 1én A va mit phang (a).

= IK J_(a) nén phuong trinh dudng thang /K di qua / va vudéng goc véi mat phang (a) la

x=2+2t
y=3-2t.
z=5+t
x=24+2t
A 2 e L Jy=3-2
Toa do diem K 1a nghiém hé phuong trinh s, = K(-2;7;3).

2x-2y+z+15=0
Vi A C(a) nén IH > IK . Do &6 IH nho nhat khi A trung véi K .
Pé MN 16n nhét thi JH phai nho nhat.
Khi d6 duong thing A can tim di qua 4 va K. Taco AK =(1;4;6).

x+3 y-3 z+43

Puong thang A ¢6 phuong trinh 1a: 2 6

Chon A.
Vi du 7. Trong khong gian Oxyz, cho AABC cé A(2;3;3), phuong trinh dudng trung tuyén ké tr B 1a

d

: X—13 _ y;?’ _Z —12 , phuong trinh dudng phan gidc trong clia goc C 1a A: x;Z _ y_14 _ Z_lz |

Puong thing AB c¢6 mdt vecto chi phuong 13
A u(21-1). B. u(1;-10). C. u(0;1;-1). D. u(1;2;1).

Huéng din giai
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x=2+2t
Ta c6 phuong trinh tham s6 cua A 1a: y=4—t :>C(2+2t;4—t;2—t).
z=2—t

Goi M latrung diém cia AC nén M :(2+t;h;?j.

(H)_g, (S_t )

2+¢t)-3 _ _ _

Vi Med nen B3 _\ 2 _\2 St =t 1=t
1 2 | S T

Suyra C(4;3;1).

Phuong trinh mét phang (P) di qua 4 va vudng goc v6i Ala: 2x—y—z+2=0.

Goi H la giao diém cua (P) vaA = H(2;4;2).

Goi A' la diém déi ximg v6i A qua dudng phén gidc A, suy ra H 1a trung diem 44" = A'(2;5;1).

Do A' € BC nén dudng thing BC ¢6 vecto chi phuong 1a CA = (=2;2;0)=2(-1L10).
x=4-t

Suy ra phuong trinh ctia duong thang BC 1a { y=3+t¢.
z=1

Vi B=BM nBC= B(251)=4'.

Puong thing 4B ¢ mot vecto chi phuong 1a AB = (0;2;-2)=2(0;1;-1).

Chon C.

Vi du 8. Trong khong gian hé toa d6 Oxyz, cho duong thing A:XT_lzy—_IZ:§ va hai diém

A(4;,-2;4), B(0;0;,-2). Goi d 1a dudng thing song song va cach A mot khoang bing /5, gn duong
thang AB nhét. Puong thing d cit mit phang (Oxy) tai diém nao dudi day?

A. (2;1;0). B. (—%;—%;0). C. (3;2;0). D. (0;0;0).

Huéng din gidi
x=4¢
Phuong trinh tham s6 cta duong thang AB c6 dang: { y = -2t
z=-2+6¢

Dé duong thang ¢ thoa man bai toan thi ta c6 hinh vé tuong (mg

B
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Poan vudng goc chung ciia hai duong thing 4B va Ala MN véi M (0;-51),N(3;1;1).
Pé d gin duong thing AB nhit thi 4 phai di qua diém D ndm trén doan MN ma
DN =d(d,A)=+/5,MN =35 . Do d6 MN =3DN = D =(2;-1;1).
Vecto chi phuong ctia duong thang d 1a % =(2;-11).
x=2+2¢

Suy ra phuong trinh tham s ctia d 1a {y =—1—¢
z=1+¢

x=0

Dudng thang d cét (Oxy) tai diém c6 z=1+t:03t=—1:>{ o
y:

Vay giao diém cta d va (Oxy) 1a (0;0;0).

Chon D.
Vi du 9. Trong khong gian v6i hé toa d6 Oxyz, cho bdn dudng thing
Al:x—2:y+2:Z—l; AZ:x—lzy—lzi
1 -1 -1 1 2 -1
A‘)c_y+2_z+1. x=5 y-a _ z-b

Yo 1 Tt T 3
Biét khong ton tai duong thang nao trong khong gian ma cit duoc dong thoi ca bén duong thang trén. Gia
tri ctia biéu thirc 7 = a —2b bang
A. 2. B. 3. C.2. D. 3.
Huéng din gidi
2

=/

Goi (P) la mit phang chira A, va A, = (P):x+2y—z+3=0.

Ta co: A//IA,.

Goi I =A,N(P)=1(0;-11).

6 6 6
— (—2a+b+22_3b—18_—2a+7b—14j

Goi J:A4m(P)jJ(—2a+b+22;3b—24;—2a+7b—8j_

=1J=
6

9 9

6 6

Pé thoa min yéu cau bai toan thi 7 phai cung phuong véi u: = (1;—1;—1) .

 “2a+b+22 _3b-18  -2a+7b-14
-6 -6

Suy r Sa-2b=2.

Chon A.
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4+ Bai tap tu luyén dang 1

Bai tap co ban

Cau 1: Trong khong gian Oxyz, vecto nao sau didy la vecto chi phuong cia duong thing
x-1_ y+2 =z

Al —=2T2- 2
1 -1 2

A. u=(1;-2;0). B. u=(-2;2;-4). C. u=(L12). D. u=(-1;2;0).
Céu 2: Trong khong gian Oxyz, duong thing qua hai diém M (-2;1;2), N (3;-1;0) c6 vecto chi phuong
la

A u=(10;2). B. u=(5-2;-2). C. u=(-10;2). D. u=(5,0;2).

-1 y-2 z+1

Céu 3: Trong khong gian voi hé toa d6 Oxyz, cho duong thing d x2 1 nhén vecto u la

vecto chi phuong. Gia tri a +b bang

A. -8. B. 8. C.4. D. 4.
Céu 4: Trong khong gian Oxyz, duong thing d di qua diém E(-10;2) va c6 vecto chi phuong
a=(3;1;-7). Phuong trinh ciia duong thang d la

A.x—lzzzz+2. B.x+1:Z:z—2.
3 1 -7 3 1 -7

C.x—lzzzz—2' D.x+1:Z:Z_2_
1 1 -3 1 1 3

Céu 5: Trong khong gian Oxyz, cho E(-1;0;2) va F(2;1;-5). Phuong trinh duong thing EF 1a

AL x_1:Z:Z+2_ B. x+1:X:z—2.
3 1 -7 3 1 -7
C.x—1:Z:z+2' D.x+1:Z:z—2_
1 1 -3 1 1 3
. . . . . x=1 y=-2 z+2 . . s
Cau 6: Trong hé toa dd6 Oxyz, cho duong thiang d : " = = T Phuong trinh nao sau day la
phuong trinh tham s6 ctia d ?
x=1 x=1+t¢ x=1+t¢ x=1
A qy=2-¢t . B.y=2+2¢. C.iy=2-2¢. D. <y=2+¢.
z=-2+3t z=1+3¢ z=-2+3t z=1-t¢

Cau 7: Trong khong gian v6i hé truc toa ¢ Oxyz, cho mit phang (P) :2x+y—2z+9=0 va duong thang

d:x—1:y+3zz—3‘
-1 2 1

Phuong trinh tham sé ctia duong thing A di qua 4(0;—1;4) vudng goc v6i d va nam trong (P) la

x=5¢ x=2t x= x=—t
A Jy=—1+¢t. B.iy=t . C.<y=-1. D. yy=—-1+2¢.
z=4+5t z=4-2t z=4+t z=4+¢
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Cau 8: Trong khong gian toa dd Oxyz, goi d 1a giao tuyén cta hai mit phang (a):x—3y+z =0 va

(B):x+y—z+4=0. Phuong trinh tham s0 ctia dudng thang d 1a

x=2-t x=2+t x=-2+t x=2+t
A.yy=2 . B. {y=t¢ . C.iy=t . D.Sy=t
z=2-2t z=2+2t z=2+2t z=-2+2t

Cau 9: Trong khong gian Oxyz, cho mit phang (a):3x+y+z=0 va duong thing
x=3 y+4 z-1
1 -2

v6i duong thang A 1a

A

. Phuong trinh ciia duong thang d nam trong mit phang (a) , cit va vudng goc

x=2+2t x=1+4¢ x=4+t x=1+4¢
A.Jy=2-5¢ . B.{y=-5 . C.iy=-5 . D. {y=>5¢
z=—1-Tt z==-3-Tt z=-7-3t z==-3+7¢

Cau 10: Trong khong gian voi hé toa 6 Oxyz, cho dudng thang d : x;—l =7 _43 = z+

(P):2x+y—2z-12=0. Viét phuong trinh duong thing d’ 1 hinh chiéu vuéng géc cia duong thang d

va mit phang

trén mit phang (P) .

A d,:x+1:y+2:z—3_ B. d,:x—lzy—4:Z+3_
2 1 -2 3 -4 1

Cog:X-r=t 7272 D g X loy=4_z72
3 -1 1 3 -4 1

x=1-¢
x-2 y+2 z-3

-1

Céu 11: Trong khong gian Oxyz, cho hai duong thing d : ,d, qy=1+2t va diém
z=—1+t

A(l; 2;3) . Puong thang di qua diém A, vudng goc véi d, va cit d, c6 phuong trinh la

x-1 y-2 z-3 x-1_ y-2 z-3

A. B.
1 -3 -1 1 3 -1
C. x—lzy—2=Z—3_ D. x—lzy—222—3'
1 3 5 1 -3 -5
A n . .2 e 2 x=1 y+1 =z
Cau 12: Trong khong gian Oxyz, cho diém M(2;1;0) va duong thing d:T:T:—l. Phuong
trinh dudng thang A di qua diém M cat va vudng goc voi duong thang d 1a
A2yl oz X2 r-l_z
1 4 1 1 -4 1
c.x2 oyl 2 p. X2yl 2
2 -4 1 1 -4 2
Céu 13: Trong khong gian Oxyz, cho hai duong thing d, :x%Z:yT—Zzil; d,: XIZ :yTH:%-

Phuong trinh dudng thing A cit d,,d, lan luot tai 4 va B sao cho 4B nho nhat 1a
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x=t x=-2-t x=1+¢ x=2-t
A.{y=3-2t. B. <y=-1+2¢. C.iy=-1-2¢. D. {y=1+2t.
z=2—t z=—t z=2—t z=—t
Bai tip nang cao
Cau 14: Trong khong gian Oxyz, goi d 1a dudng thang di qua diém A(l;—l;Z), song song véi mat phang

(P):2x—y—-z+3=0, dong thoi tao v6i duong thing A:X—H:y—;lzg mot goc 1on nhét. Phuong

trinh dudng thang d 1a

x=1_ y+1 z-2 x=1_ y+1 z-2

A. . B.
—4 5 3 4 -5 3
x+1 y+1 z-2 D x-1_ y+1 z-2
4 5 -3 T4 5 3

Céu 15: Trong khong gian toa dd Oxyz, cho mat cau (S) co6 phuong trinh
(x—2)2 +(y+1)2 +(z—3)2 =20, mit phing (a) c6 phuong trinh: x—2y+2z-1=0 va duong thang A

y+2 z+4
2 -3

goc voi duong thang A, dong thoi A’ cit mit cau (S) theo day cung c6 do dai 16n nhat.

c6 phuong trinh: %: . Viét phuong trinh duong thang A’ nam trong mit phang (a) , vudng

x=3t x=1+3¢t x=2+2¢ x=1-2¢
A AN iy=-2 . B. A:iy=1 . C. A:3y=—1+5¢. D. A':iy=1-5¢.
z=—4+t¢ z=1+t¢ z=34+4¢ z=1-4¢

Céu 16: Trong khong gian véi hé truc toa do Oxyz, cho hai diém A(2; 1,-2),B(5;1;1) va mat cau (S) ¢6
phuong trinh x* +y° + 2> + 6y +12z+9=0. Xét duong thang d di qua 4 va tiép xtc véi (S) sao cho
khodng cach tir B dén d nho nhat. Phuong trinh ciia duong thang d 1a

x=2 x=2 x=2+2¢ x=2+t
A.sy=1+t . B.jy=1-4r. C.iy=1-2¢. D.{y=1+4t.
z=-2+42t z=-2+t z=-2+t z=-2—t
" R . \ 2 x y z4+3 , .
Cau 17: Trong khong gian Oxyz, cho duong thang d :525: 1 va mat cau (S ) c6 phuong trinh:

(x=3)" +(y-2) +(2-5)" =36. Goi A 1a duong thing di qua 4(2;1;3), vudng goc v6i duong thing d
va cat (S ) tai hai diém c6 khoang cach 16n nhét. Khi ¢6 dudng thing A cd6 mét vecto chi phuong 1a
u =(La;b). Giatri cua a+b béng

A. 4. B. -2. C. —%. D.s.

Céu 18: Duong thing A di qua diém M (3;1;1), ndm trong mit phing («):x+y—z—-3=0 va tao v6i
x=1

duong thang d :{ y=4+3t mot goc nho nhat thi phuong trinh ctia duong thang A 1a
z=-3-2¢
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x=1 x=8+5¢ x=1+2¢ x=1+5¢
A.y=—t". B. {y=-3-4¢. C.{y=1-t" . D.{y=1-4¢.
z=21 z=2+t z=3-2¢ z=3+2¢
Cau 19: Trong khong gian véi hé toa dd Oxyz, cho tam gidc ABC biét A(2; 1,0),B(3;0;2),C(4;3;—4).
Phuong trinh duong phan giac trong ctia goc A4 1a

x=2 x=2 x=2+t x=2+t
A qy=1+¢. B.{y=1. C.iy=1 . D.<y=1
z=0 z=t z=0 z=t

Cau 20: Trong khong gian v6i hé toa dd Oxyz, cho tam gidc ABC c6 A(1;1;2),B(-2;3;1),C(3;-1;4).
Phuong trinh duong cao cua tam giac ABC ké tir dinh B 1a

x=-2-t xX=-2+t x=-2-t xX=-2+t
A. yy=3+1 . B.{y=3 . C.qy=3+¢t . D.{y=3-¢ .
z=1-t z=1-t z=1+t z=1+t

Dang 2: Cac van dé vé goc
Bai toan 1. Géc giira dwong thing va mit phing

4+ Phuwong phap giai

Cho dudng thang Vi du: Trong khong gian véi hé truc toa do Oxyz cho
(A):x_x0 =27 N _Z7% 3 mat phing duong thing A:x_—.’):y_—Z:E va mat phing
a b c 2 1 1
(a): Ax+By+Cz+D=0. (a):3x+4y+5z+8=0.

Goi ¢ 1a goc giita hai mat phang (A) va («) Tinh goc tao boi Ava ().

ta co cong thirc: Huéng dén gidi
. |Aa+ Bb+Cc| A c6 vecto chi phuong u = (2;1;1).
sing =

A+ B+ C2Na? + b + 3
Chit : A,B,C va a,b,c khong dong thoi bang
0. Ta co: sin(A,(a)) :‘cos(;z,;t)‘

(@) ¢6 vecto phap tuyén n=(345).

3.2+4.1+5.]] V3

VP42 2P+ 20

—

Suy ra (A,(a)) =60°.

4+ Vidu miu
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Vi du 1: Trong khong gian Oxyz, cho hai duong thing A:

x+3 y-1_ z+2

" va mat phang

(P):x+y-2z+6=0. Biét A cit mit phang (P) tai 4,M thudc A sao cho AM =24/3. Tinh khoang

cach tir M t6i mit phing (P).

A2,

Huéng din gidi

B. 2.

x+3 y-1 z+2
1

Puong thang A:

C. 3.

¢6 vecto chi phuong u = (1,1;4).

Mit phing (P):x+y—2z+6=0 c6 vecto chi phuong 1= (1;1;-2).

M.I’l‘

sin(A,(P)) = ‘cos(&,ﬁ)‘ = ‘L?Hﬁ‘ = \E =sing

Suy ra d(M,A)=MH=MA.sin(0=2\/§.\/§=2.

Chon B.
Bai toan 2: Goc giira hai dwong thing
#+ Phwong phap giai
Cho hai duong thang:

zZ-2z,

X=X, _ Y=y
A): 0= L=
(1) a b c

(AZ):X_IXO _Y~ W :Z_,Zo

a b’ c
Goi ¢ 1a goc giita hai duong thiang (A,) va (4,).
|aa' +bb'+ cc'|

Ta co: cosp = .
v \/c12+b2+c2 \/(1'2+b'2+c'2

4+ Vidu miu

Vi du: Trong khong gian Oxyz, cho hai duodng
thang

x=1 y+2 z-3

A X+3_y-1_z+2
-2 1 2

R | 1 -4

Tinh goc gitra hai dudng thing trén.
Huéng dén gidi

Vecto chi phuong ciia A, 1a u, =(-2;1;2).
(L1;-

;—4).

Vecto chi phuong cua A, 1a u

2:

ul.uz‘

o

cos(A,A,) = ‘cos(ul,uz)

u,

(-2)-1+1.1+2.(—4)
J(2) #1222 2124 (—4)

9 V2
332 2

Vay goc gitra hai dudng thing di cho 1a 45°.

TOANMATH.com

Trang 24



Vi du 1. Trong khéng gian Oxyz, cho duong thing (d ) la giao tuyén cia hai mat phang
. . V/d
(P):x—z.sma+cosa =0; (Q):y—z.cosa—sma =0; o G(O;E).

Goc giira (d) va tryc Oz la:
A. 30°. B. 45°. C. 60°. D. 90°.
Huéng din gidi
Mt phang (P) c6 vecto phap tuyén 1a % =(1;0;—sina).
Mit phing (Q) cé vecto phép tuyén 1a % =(0;1;—cos).
(d) 1a giao tuyén cta (P) va (Q) nén vecto chi phuong cua (d) 1a:
% = [%,%J =(sina;cosa;l).
Vecto chi phuong cua (Oz) 1a % =(0;0;1).

|0.sina+0.cosa+l.1| 1
Suyra cos(d,0z)= =—=(d,0z)=45°.
( ) Jsin? @ +cos? @ +12 AJO+0+12 2 ( )

Vay goc gitra (d) vatruc (Oz) la 45°.

Chon B.
Vi du 2. Trong khong gian Oxyz, d 1a duong thiang di qua diém A(l;—l;2), song song v4i mat phang

(P):2x—y—z+3=0, dong thoi tao v6i dudng thing A:XTH:y_—leg mot goc 1on nhét. Phuong

trinh dudng thiang d 1a

AL x—1:y+1:z—2‘ B. x—1:y+1:z—2‘
—4 5 3 4 =5 3

C. x+1:y+1:z—2' D. x—1:y+1:z—2.
4 5 -3 4 5 3

Huéng din giai
Mit phing (P):2x—y—z+3=0 c6 mdt vecto phap tuyén la Z(P) =(2-1-1).

Puong thang A: XTH =l g ¢6 mot vecto chi phuong 13 u, = (1,-2;2).

Gia sir duong thing d co vecto chi phuong 13 u, .
Do 0°< (d,A) <90° ma theo gia thiét d tao A goc 16n nhét nén (d,A) =90° = ug Lua.
Lai c6 d// (P) nén uy Ln(r). Do do chon ua =| us,mr) | =(4:5:3).

Vay phuong trinh duong thing d 1a x;l =7 ;1 =2 g 2 .

Chon D.
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x+2 y-1 z+2

4
(P):2x—y+2z+1=0. Duong thang A di qua E(-2;1;-2), song song v6i (P) c6 mét vecto chi phuong
u

Vi du 3. Trong khong gian Oxyz, cho dudng thing d: va mit phing

=(m;n;1), dong thoi tao véi d goc bé nhat. Tinh 7 =m?* —n”.

A.T=-5. B.T=4. C.T=3. D.T=-4.

Huéng din gidi

Mit phang (P) c6 vecto phap tuyén Ia ;12(2;—1;2); duong thang d co vecto chi phuong la
v=(4-4;3).

AM(P)=ulne2m-n+2=0n=2m+2.

u.y

_ |4m —4n+3|
ul[v] e () 3

Mt khac ta co: cos(A/;?z’) =

~ |4m +3] 1 (4m+s) 1 \/16m2+40m+25
_\/41(5m2+8m+5)_\/ﬂ' Sm’ +8m+5 41N Sm’+8m+5

Vi 0° < (A/,?J) <90° nén (K,\d) bé nhét khi va chi khi cos(A/;l) 16n nhét.

2 _ 2_
Xeétham sé f (1) =0 FAUH2S iy TT27 2900
5t +8t+5 (5t2+8t+5)
Bang bién thién:
5
Sl B 4 0 +00
f - 0 + 0 _
16 5
5
f
16
0 5

Dya vao bang bién thién ta c6: max f(¢)= f(0)=5.
Suy ra (K,\d) bénhitkhi m=0=n=2.
Do d6 T =m*>—n*> =—4.
Chon D.
<+ Bai tap tu luyén dang 2

Bai tap co ban
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x-2 y-1_ z+1
-2
(a):—x+2y—3z:0. Goi ¢ la goc giitta duong thang d va mit phang (a). Khi d6 goc ¢ bang

Cau 1: Trong khong gian véi hé truc toa do Oxyz, cho duong thing d : va mit phang

A. 0°. B. 45°. C. 90°. D. 60°.

-1 y+2 z-3

Cau 2: Trong khong gian Oxyz, cho hai duong thang AW al ) 1 ) va

x+3  y-1 z+2

1 1 —4
A. 30°. B. 45°. C. 60°. D. 135°.
x-2 y+1 z-3

121 T TR T,

A, . Goc giira hai duong thang ALA, bang

Céu 3: Trong khong gian Oxyz, hai dudng thing d, :
v6i nhau goc 60°, gia tri cua tham s6 m bang
A. m=-1. B. m=—. C.m= D. m=1.

Bai tip nang cao

Ciu 4: Trong khong gian Oxyz, cho mit ciu (S):(x—1)2+y2+(z+2)2:4 va duong thang

x=2-t
d:iy=t
z=m-—1+t¢

Tong tat ca cac gia tri thuc clia tham s m dé d cat (S ) tai hai diém phan biét 4, B va cic mit phing
tiép dién cua (S ) tai 4, B tao v&i nhau mot goc 16n nhét b@ing
A.-1,5. B. 3. C.-3. D. -2,25.
Dang 3: Khodng cach
Bai toan 1: Khoing cach tir mét diém dén dwong thing
4+ Phuwong phap giai
Vi du: Trong khong gian vai hé toa do Oxyz, cho

duong thing d:x—l _r=2_ Z+2.
1 2 -2

Tinh khoang céch tir M (-2;1;-1) t6i d .
Cho duong thing (A) di qua didm M, (x,;y,;2,) Huwdng din gidi
Vi oo vecto chi phuong i =(asbic). Khi do 180 A(L2-2)ed =AM (-3-L1), u(12-2).
khoing cich tir diém M, dén (A) duge tinh boi Khoang cach tir diém M dén duong thang d la:
cong thirc: d(M:d)= ‘[A—A?;ﬂ‘ _52
[i737:3) o
d(Ml,A):T.
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4+ Vidu miu

Vi du 1. Viét phuong trinh dudng thang d di qua diém A(l;l;—l) cho trudc, nam trong mit phang

(P):2x—y—z-2=0 vacach diém M (0;2;1) mot khoang 16n nhat.

A x—l:y—l:Z+1' B. x—l:y—l:Z+1'
1 -3 -1 1 3 1
x-1_ y-1 z+1 D x-1_ y-1 z+1
1 30 -1 -1 3 -1

Huéng din gidi

C.

M

)

Ta goi B 1a hinh chiéu cia M 1én dudng thang d khi d6 MB < MA .
Suy ra MB,_, =MA nén duong thang d di qua diém A va vudng goc voi MA .

Pong thoi duong thang d nam trong mit phang (P) nén ta co
u, =| Ma,n, |=(1:3-1).
Chon C.
Vi du 2. Trong khong gian v6i hé truc toa dd Oxyz, cho hai diém A(2;1,-2),B(51;1) va mat cau
(S):x*+»*+2°+6y+12z+9=0. Xét duong thang d di qua A va tiép xtic véi (S) sao cho khoang

cach tir B dén d nho nhat. Phuong trinh ctia duong thang d 1a

x=2 x=2 x=2+2t x=2+t
A qy=1+1 . B. y=1-4¢. C.iy=1-2¢. D.<y=1+4¢.
z=-2+2t z==-2+t z==-2+t z=-2—t

Huéng din gidi
Mt cau (S):x* + > +2° +6y+12z+9=0 c6 tm /(0;-3;—6) ban kinh R=6.

[A=6=R= Ae(S), IB=3410 >R nén B nim ngoai ().
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Duong thing d di qua 4 va tiép xtic v6i (S) nén d ndm trong mit phing (P) tiép xtic v6i mat cau
(S) tai 4.

Mit phéang (P) di qua 4 vanhan I4 1am vecto phap tuyén c6 phuong trinh 1 x+2y+2z=0.

Goi H 14 hinh chiéu cua B 1én (P) thitoa dd cua H(4;-1;—1).

Taco: d(B;d)>d(B;(P))=BH .

Vay khoang céch tir B dén d nho nhatkhi d di qua H.Tacé u, = AH =(2;-2;1).

x=242t
Suy ra phuong trinh duong thang d 1a: {y=1-2¢ .
z=-2+t

Chon C.
Bai toan 2: Khoing cach giira hai dwong thang chéo nhau
4+ Phwong phap giai
Trong khong gian Oxyz, cho hai duong thing Vi du: Trong khéng gian Oxyz, tinh khoang cach

chéo nhau: A, c6 vecto chi phuong u =(a;b;c) va gilta hai dudng thing

: x=1+4t
di qua M, (x,;,;2,); A, c6 vecto chi phuong _
o(ide O) ’ dl:le:erz:%védz: y=—1-2t,teR.
L?:(a';b';c') va di qua M (xp; 0520 ). 2=249¢
A, Huéng din gidi

Duong thing d, di qua diém M (1;-2;0) va c6 mét

A, vecto chi phuong u, =(2;-1;1).

Khi d6 khoang cich gita A, va A, duge tinh boi  PUOnE thang d; di quadiem N (1;—1;2) va c6 mot

‘[&,L?].MOM(; vecto chi phuong u, =(4;-2;2).

=

Néu A//A, (1,71 va 1,72 cung phuong va M ¢ A,) Suy ra d(dl;dz):d(N;dl)z

cong thirc d(AI,AZ)Z Do LTI cung phuong véi Z va M ed, nén d /ld,.

[.3]

|

thi d (A, A,)=d(M,,A,)
Tacod MN =(0;1;2), [;Wv] = (-3%-4;2).

[« V] oy _ym

u 22+ (—1) +1 6

4+ Vidu miu
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Vi du 1. Trong khong gian v6i hé toa dd Oxyz, cho bdn diém A(1;1,0),B(2;1;1),C(0;1,2), D(L;-1;1).

Khoang cach gitta 4B va CD la

1 NG)
A.ﬁ. B. \3. C. 6. D. .

Huwéng din gidi

Ta ¢6 {gz((i(le-)_l)j | 4B,CD |=(22;-2).

[#5]
Suyra d(AB,CD):T:\/g
‘[AB, CD]‘

Chon B.

x—1

Vi du 2. Cho phuong trinh mit phang (P):2x+y+z-3=0, dudng thing d': . :%

:§ va diém
A(0;2;1). Viét phuong trinh duong thdng d di qua 4, nam trong (P) sao cho khodng céch d va d' dat

gia tri 10n nhat.

Huéng din giai
Goi d, 1a dudng thang di qua A va song song véi d' .

x=t
Phuong trinh cta d, la: <y =2+2t.
z=1+t

Trén duong thing d, lay diém B(1;0;0).

Goi (Q) 1a mit phiang chira d va d, .

Taco d(d,d")=d(d',(Q))=d(B.(Q)).

Do d, ¢6 dinh chonén d(d,d")=d(B.,(Q))<d(B.d,).

Dang thirc xay ra khi va chi khi Mgy = BH trong &6 H 14 hinh chiéu cia B 1én d,.

9)
Ta tim duoc H(_—Z;g;lj nén B_I-Y:(_—S;g;lJ:@:(—S;Z;I).
333 3°3°3
Taco u, =[n(P);n(Q)]=(l;7;—9).
y=2 z-1

Vay phuong trinh ciia duong thang d 1a % == =2

Chon A.

Luwu ¥ : Vi dwong thang d di qua A nén ta cé thé logi dap dn bang cach thay toa do diém A vao cdc ddp
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dn trong bai

4+ Bai tap tu luyén dang 3
Bai tap co ban
Cau 1: Trong khong gian Oxyz, cho diém P(a;b;c). Khoang cach tir diém P dén truc toa do Oy bing
A Va' +c? . B. b. C. . D. a’ +c.

x+1 y-2 z+3

Cau 2: Trong khong gian Oxyz, khoang cach giita duong thang d : va mit phang

-2 2
(P):x—2y+2z-5=0 bing
A. E B. 2. C. é D. 3.
3 3

A o . , , . . \ 2 x+7 y=-5 z=-9 |

Cau 3: Trong khong gian Oxyz, khoang cach gilta hai duong thing (d1)5 3 = 1 = 2 va
x y+4 z+18 .
dy)i—=——= ban
() 30 -1 4 s
A. 30. B. 20. C.25. D. 15.
Bai tap nang cao
Céu 4: Trong khong gian Oxyz, cho hai diém M (-2;-2;1), 4(1;2;-3) va duong thang
x+1 y-5 =z . , -, \ 2 A . . \ 2
d :T =5 Tim vecto chi phuong u cua dudong thang A qua M , vuong goc voi dudong thang
d dong thoi cach diém 4 mot khoang nho nhat.
A u(22;-1). B. u(3;4;—4). C. u(2;1;6). D. u(1;0;2).

A \ \ M . \ A r ;. x_l y+1 z N , R
Cau 5: Phuong trinh duong thang d di qua O va vudng goc voi (A) :T:—:— va cach diém
M (3;1;0) mot khoang nho nhat 1a

X _y_z  pXx_y_z cX_y_z pX_Yy_ 2z
-17 14 10 5 9 -13 9 5 -13 17 14 -10

Dang 4: Vi tri twong doi
Bai toan 1: Vi tri twong ddi giira dwong thiang va mit phing
4+ Phwong phap giai
Trong khong gian Oxyz, xét duong thang (A) c6 vecto chi phuong la a= (a1 3a,; a3) va di qua
M, (%3 ¥552,) va mit phang (@): Ax+ By +Cz+D =0 ¢6 vecto phap tuyén n=(4;B;C).

(A) cit (&) < an#0< Aa, +Ba, +Ca, 0.

(A)//(a)@{

an=0 {Aa1 +Ba,+Ca, =0
=

M,e(P)  [Ax,+By,+Cz,+D#0
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an=0 Aa, +Ba, +Ca, =0
(A)c(a)e =
MOE(P) Ax,+ By, +Cz,+ D=0
(A)L(@)< a va n cing phuong <> a,:a,:a,=A:B:C.
Ta cé thé bién ludn vi tri twong doi dwa vao sé nghiém cia phwong trinh dwong thing (A) va mat
phing (a).
+ Vidu miu

Vi du 1. Trong khong gian v&i hé toa do Oxyz, cho duong thing d :xT+1 Y _ 2_15 va mit phang

(P):3x—3y+22—6 =0.
Ménh dé nao dudi day dung?
A. d cit va khong vudng goc véi (P). B. d song song véi (P).
C. d vudng goc voi (P). D. d nam trong (P).
Huwéng din giai
Puong thing d nhan u= (1; -3; —1) lam mot vecto chi phuong.
Mit phing (P) nhan n= (3;-3;2) 1am mt vecto phap tuyén.
Do u.n#0 va hai vecto nay khong ciing phuong nén dudng thang d cit va khong vudng goc voi (P) .
Chon A.

Vi du 2. Trong khong gian véi hé truc toa d0 Oxyz, cho duong thing c6 phuong trinh

J.x=2_y=l_z-l
1 1 -1

va mit phang (P):x+my+(m2 —1)2—7 =0 véi m la tham s6 thyc. Tim m sao

cho duong théng d song song v&i mat phéng (P) .
m=-1
A. m=1. B. m=-1. C.{ . D. m=2.
m=2
Huwéng din giai
Puong thiang d c¢6 vecto chi phuong 1a ﬁz(l;l;—l) va mit phang (P) c6 vecto phap tuyén la
ﬁz(l;m;m2 —1).
- T 2 2 m=-1
d//(P)@uLn@u.n=0©1+m—m +1=0m -m-2=0& )
m=
Thit lai ta thdy voi m =2 thi d < (P) (loai). Vay m=—1.
Chon B.

Vi du 3. Trong khong gian Oxyz, cho duong thang d:xz—lzy ;22213 va mit phang

(a):x—y+2z-5=0, ménh dé nao dudi day la dung?
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A. dll(a). B.dc(a).
C. d cit () vakhong vudng géc véi (). D.d1l(a).

Huwong dan gidai

x=1+2¢
Taco d:qy=2+4¢,teR.
z=3+t
x=1+2¢ (1)
=2+4¢ 2
Xét hé phuong trinh: 4 ( )
z=3+t (3)
x—y+2z-5=0 (*)
Thay (1), (2), (3) vao (*) ta duogc 1+2t—(2+4t)+2(3+t)—5:0.

Phuong trinh nay c¢6 vo sd nghiém.
Do d6, duong thing d ndm trong mit phing ().
Chon B.

x-12 y-9 =z-1

3 va mit phang

Vi du 4. Toa d6 giao diém M cua duong thang d :

(P):3x+5y-z-2=01a
A. (1;0;1). B. (0;0;-2). C. (LL6). D. (12;91).
Huéng din gidi
Goi M (4t+12;3t+9;t+1)ed.
Tacod M e(P)=>3(4t+12)+5(3t+9)—(t+1)-2=0<t=-3.
Suy ra M (0;0;-2).

Chon B.
Vi du 5. Trong khong gian Oxyz, cho hai mit phang

(P):x+2y—z—1=0, (Q):2x+y—z+2=0

y—=1 z+1 x_y-2
1

g X z—1
va hai duong thang A :—=——=—"—— A, : —_—
g g A 5 ] 2 )

Dudng thang A song song véi hai mit phing (P),(Q) va cét A,A, twong tmg tai H,K . D¢ dai doan

HK bang
A.@. B. 5. C.6. D.@.

Huéng din gidi

Taco u=[n,,n, |=(~1;-1;-3).
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Goi H (2t;1+1,—1+2t); K (m;2—m;1+2m)
= HK = (m—2t;1-m—t;2+2m-2t).

Vi A song song véi 2 mit phang (P),(Q) nén HK = ku nén

1 1 3

m=2t 1-m—t 2+2m-2t

811

Tinh ra dugc m :%; t=_—3. Suyra HK =——.
7 7 7
Chon A.
Vi du 6. Trong khong gian v6i hé truc toa do Oxyz, cho mit phéing
(P): Z(m2 +m+2)x+(m2 —1)y+(m+2)z+m2 +m+1=0 ludn chira duong thang A cb dinh khi m thay
d6i. Khoang cach tir gdc toa do dén A 1a?

A

2
NG B.ﬁ.

Huéng din gidi

2
3

=
w | N

Ta co: 2(m2+m+2)x+(m2—1)y+(m+2)z+m2+m+1=0, vmelR
<:>mz(2x+y+1)+m(2x+z+1)+4x—y+22+1=0, VmeR

2x+y+1=0
S<2x+z+1=0 <:>{

2x+y+1=0 {yzz
<~
4x-y+2z+1=0

2x+z+1=0 2x+y+1=0

t 1
X=————
2 2
Véy (P) ludn chira duong thang (A) ¢ dinh: {y =1

z=1

Vay khoang cach tir gbc toa d6 dén A la: d (O;A)==——— =

Chon C.
Bai toan 2: Vi tri twong dbi giira hai dwong thang

4+ Phuwong phap giai
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Trong khong gian Oxyz, cho hai dudng thang d, : % y;yo =I5 g qua M, (x,5¥y:2,) €0
a c

vecto chi phuong u, =(a;b;¢) va d, : x—lxo = y;,yo = Z_,ZO di qua M, (x);;;2,) 6 vecto chi phuong
a c

Z =(a';b%5c").

Dé xét vi tri twong ddi ctia d, va d,, ta str dung phuong phap sau:

- 4 _4 _ 4
+) d, tring sz{L;[//:; &b b, b,
o M, ed,
[z ]=0 i |eE=tr=2
+) d/ld, <3 ahoéc{l 2 &b b, b,.
[, MM | %0 Migd, |y aq

, U, U,
+)d catd, <"

]=0
[u],u2 .W:o'

—_

ty, 0, | MM, #0.

+) d, chéo d, &

1

4+ Vidu miu

Vi du 1. Trong khong gian toa o Oxyz, cho hai dudng thang

d,:

x—1:y+1: z=2 va d2.x+3 :y+9:z+2

1 2 1 T4 8 m? (m#0)

Tap hop cac gid tri m théa man d,//d, c6 s phan tir la:
A. 1. B. 0. C.3. D. 2.
Huéng din gidi
Dudng thing d, di qua 4(L;—1;2) va c6 vecto chi phuong 1a u, =(1;2;1).
Dudng thing d, di qua B(-3;-9;-2) va c6 vecto chi phuong 13 u, = (4;8; m’ )
Puong thing d,/ld, khi va chi khi IZ cung phuong voi 1/72 va hai duong thing d, va d, khong trung
nhau.
-3-1 -9+1 -2-2
1 2
Do d6 hai duong thang nay ludn c6 diém chung 1a B nén hai duong thang khong thé song song.
Chon B.
Vi du 2. Trong khong gian v6i hé toa do Oxyz, cho hai duong thing

Vi nén B nam trén duong thang d,.

x=1+¢ x=2-2¢
d:qy=2+3tvad:qy=-2+t
z=3—¢ z=1+3¢
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Tim toa d6 giao diém M cua d va d'.
A. M =(0;-1;4). B. M =(-1,0;4). C. M =(4;0;-1). D. M =(0;4;-1).
Huéng din giai

Toa d6 giao diém M cta d va d' Gng véi ¢ va ¢ 1a nghiém cta hé phuong trinh:

1+¢t=2-2¢ t+2¢' =1 o
2+3t=-2+1'" 3t—t’=—4©{t,_1 :
3—t=1+3¢ t+3t'=2 a

Vay M =(0;-1;4).

Chon A.
Vi du 3. Trong khong gian toa d6 Oxyz, xét vi tri twong ddi cua hai duong thang

Al:)c—1:y+1:£’ Az:)c—?a:y—?azz+2
2 2 3 -1 -2 1
A. A, song song voi A, . B. A, chéo vdi A,.
C. A, cit A,. D. A, trung véi A, .

Huéng din gidi

Vi 2 # 2 nén vecto chi phuong 171 = (2; 2;3) cta dudng thing A, khong cung phuong véi vecto chi

phuong u, =(-1;-2;1) cta A, .

Suyra A, chéo véi A, hodc A, cit A,.

Lay M(L;-1;0)e A, N(3;3;-2)€A,. Taco MN = (2:4;,-2).

Khi d6 | u;,u, | MN =0.

Suy ra LTI ,Z,W dong phang.

Vay A, cit A,.

Chon C.

Bai toan 3: Vi tri twong d6i giira dwong thing va mit ciu
4+ Phuwong phap giai

X=X, +at (1) Vi du 1: Trong khong gian véi hé toa d6 Oxyz, cho

Cho dudng thing d:{y=y,+a,t (2) va mdt mit chu (S):x°+)>+(z+2)"=25 va duong
z=z,+at (3)

x=-2+2t
cau (S):(x—a)z+(y—bz)+(z—c)2:R2 c6 tam thang d co phuong trinh |y =2+3¢
z=-3+2t

I(a;b;c), bankinh R. ’ 7
Chimg minh ¢ ludn cat (S) tai hai diém phan biét.

Huéng déin gidi

Buwéc 1: Tinh khoang cach tir tAm [ cua mit cau
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(S) dén duong thang d la

[

2

h=d(I.d)=

Buwée 2: So sanh d(1,d) voi ban kinh R cua
mat cau:
e Néu d(1,d)>R thi d khong cat (S).
e Néu d(1,d)=R thi d tiép xtc (S).
e Néu d(1,d)<R thi d cit (S) tai hai diém
phan biét M,N va MN vudng goc voi
dudng kinh (ban kinh) mét cau ().
Phwong phap dai s6
Thé (1), (2), (3) vao phuong trinh (S) varat gon
dua vé phuong trinh béc hai theo ¢ (*).
e Néu phuong trinh (*) v6 nghiém thi d
khong cit ( S ) .
e Néu phuong trinh (*) c6 mét nghiém thi d
tiép xtc ().
e Néu phuong trinh (*) c¢6 hai nghiém thi d
cat (S) tai hai diém phan biét M, N .
Chii y: Dé tim toa 40 M, N ta thay gia tri ¢ vao

phuong trinh dudng thang d .

4+ Vidu miu

Mit cau (S) c6 tm 1(0;0;—2) vabénkinh R=35.
Puong thang d di qua M (—2;2; —3) va co vecto
chi phuong 1a u =(2;3;2).

Ta co h:d(l,d)zm

‘& =3.

Vi h<R nén d cit mit cau (S) tai hai diém phén

biét.

Vi du 2: Trong khong gian Oxyz, mit ciu
(8):x*+y? +(z+2)2 =17 cit truc Oz tai hai
diém A4,B. Tim d6 dai doan AB.

Huong dan gidi

Goi M la giao diém cua (S) voi truc Oz.

Tacd M €Oz nén M (0;0;1).

Ma M (S) nén 0% +0%+(t+2) =17
t=—2-17
t==2+J17

Suy ra toa d0 cac giao diém la A(O;O; —2—\/ﬁ) ,

B(O;O;—2+\/ﬁ):>AB:2\/ﬁ.

s(t+r2) =1Te+2=1Te

Vi du 1. Trong khong gian toa do Oxyz, cho diém A(O;O; —2) va duong thing A c6 phuong trinh 1a

x+2 y-2 z+3
2 3 2

Phuong trinh mat ciu tim A, cét A tai hai diém B va C sao cho BC =8 1a

A (x+2) +(y=3) +(z+1)" =16.

B. x2+y2+(z+2)2 =25.
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C. (x+2) +y*+22=25. D. x*+y* +(z+2) =16.
Huéng din gidi
Goi (S) 1a mat cau tm A4(0;0;-2) va c6 ban kinh R.

Dudng thing A di qua M (-2;2;-3) ¢6 vecto chi phuong u =(2;3;2). 5
Goi H la trung diém BC nén AH 1| BC. H
i
Tacd AH =d(A,A)="——. 8
B :
MA=(2;-2;1) . 7Y +(=2) +10?
Vi |- ( ):[MAM]:(—7;—2;10):»AH=‘/( J+(2) 107,
u=(2;3;2) V22437422

Bén kinh mit cdu (S) 1a: R= AB=AH® + HB* =3 +4* =5.

Vay phuong trinh mt cau (S) la: x*+° +(z+ 2)2 =25.

Chon B.
Vi dy 2. Trong khéng gian véi hé toa dd Oxyz, cho mat cau (S): (x—l)2 +(y+1)2 +(z—2)2 =9 va diém
M (1;3;-1). Biét ring c4c tiép diém cua c4c tiép tuyén ké tir M t6i mit cau da cho ludn thude mot dudng
tron (C) ¢6 tam J (a;b;c).
Gia tri 2a+b+c bang

Jup=ad B. 1o c. 2 . &
25 25 25 25

Huéng din gidi
Ta c6 mit cau (S) cotam I(1;—1;2) va ban kinh R=3.
Khi d6 IM =5> R = M nim ngoai mit cau.

x=1
Phuong trinh dudng thang M7 1a {x=—1+4¢.

z=2-3¢
Tam J(a;b;c) nam trén MI nén J(l;—l +4t;2—3t).
Xét AMHI vuong tai H ¢o

MI=5; IH=3= MH =\MI’ -HI’ =4.

M(1;3;-1
Mit khac (1:3:-1) = MJ =(~4+4) +(3-31) .
J(1;-1+46,2-31)
) 16
MJMI = MH® = MJ ==
& (~4+4) +(3-2) :22—556
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9

t:_
o 258 —50t+%:0<:> 25

_ 41
"2
Suyra J 1£§ hodc J 1gﬂ
2525 25 25
+) Véi J 1£§ thiIJ:2<IM (nhan).
2525 5

Hvei 72223 ) i =2 v doai).
25 25 5

Vay J lgé nén2ar+b+c:ﬁ
2525 25

Chon C.
Vi du 3. Trong khong gian v6i hé toa dd Oxyz, cho mit ciu (S) c6 phuong trinh la

x-4 y-4 z-4

= . Goi
2 2

(x—1)2+(y—2)2+(z—3)2:% va duong thang d c6 phuong trinh

A(xo; yO;ZO) , X, >0 1a diém nam trén duong thang d sao cho tir 4 ké duoc ba tiép tuyén dén mit cau
(S) cocac tiép diém B,C,D sao cho ABCD la tir dién déu.
Gia trj cia biéu thirc P =x, + y, +z, 1a

A. 6. B. 16. C.12. D. 8.
Huéng din giai
Goi I 1a tAm mat cau thi 1(1; 2;3) .

Goi O la giao diém ctia mit phang (BCD) va doan AI.

. e g . 14 1(1,2,3)
Vi theo gid thiet AB=AC=4D va IB=IC=ID= 3 nén Al S

- P

vudng géc véi mat phang (BCD) tai O.Khi d6 O 1a tam duong tron
ngoai tiép ABCD.

bat AI:x(x>\/§j.

Tacd AB =+ AI* —IB* =

2
=10.1A:>01=ﬂ:>03= IB*—10* = 14 (14
3x 3 3x

= BD’ = OB”> + OD* —20B.0OD.cos120° = 30B’
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— BD =+/30B = BD =/30B = 3.(%—@]

Do ABCD la tir dién déu nén

AB=BD= [x —5 196 2——_14——

3t o562 +196 =0 | 3 3x=\/ﬁ.
x’=14

Aed nén A(4+3;4+264+1).

Suy ra Al =14 & \(4+3t=1) +(4+26—2) +(4+1-3) =14

t=0 A(4;4;4)
oli+l=1 = .
1==2 | 4(-20:2)

Do x, >0 nén diém A co toa do A(4;4;4).
Suyra P=12.
Chon C.
Vi du 4. Trong khong gian vdi hé toa d Oxyz, cho ba diém P, O,R lan luot di dong trén ba truc toa do
+ ! + !
OP> 0Q° OR’

Ox,0y,0z (khong trung voi géc toa dd O) sao cho = é Biét mat phéng (PQR ) lu6n

tiép xtic voi mat cau (S ) c¢b dinh. Puong thang (d ) thay d6i nhung luon di qua M (; \/2_, ] va cit

(S) tai hai diém 4,B phéan biét. Dién tich 16n nhat cia A4OB la

A 15, B. /5. C.\17. D. 7.

Huéng din gidi

Goi H 1a hinh chiéu vuéng goéc clia diém O trén mit phang (POR).

D@ thay 12= 12+ 12+ 12:> 12=130H=2\/5.
OH® OP° 0Q° OR OH- 8

Khi d6 (POR) luén tiép xtic v6i mit cau (S) tim O, ban kinh R =242
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Taco OM = %+%+0:1<R nén diém M nam trong mit cau (S)

Goi I la trung diém ctia 4B, do AOAB cantai O nén S,,,, :%OI.AB .

Dit Ol =x.Vi Ol <OM nén 0<x<1 va AB=28-x".

Taco S, zéx.Z\/S—xz = xv8—x? =~/8x7 —x* |
Xét ham s6 f(x)=8x"—x" 0<x<I.
Vi f'(x)=4x(4-x")>0 véi moi xe(0;1] nén f(x)<f(1)=7.

Suy ra dién tich cia AOAB 16n nhat bang J7 dat dugc khi M 13 trung diém cia 4B .
Chon D.
+ Bai tip tuw luyén dang 4
Bai tip co ban
Céu 1: Trong khong gian Oxyz, cho dudng thing d di qua diém M va nhan vecto a lam vecto chi

phuong va duong thiang d' di qua diém M’ va nhan vecto ' 1am vecto chi phuong. Diéu kién dé dudng
thang d song song véi dudng thing d' 1a

A a:ka,k;tO‘ B. azka,kiO. c. la=da D. a;tka,kiO.
Med Med Med Med

1 y-2 z-2

Cau 2: Cho duong théng d: xl_ va diém A(l; 2;1) . Tim ban kinh cua mit cau c6 tam [

ndm trén d , di qua 4 va tiép xtc voi mét phang (P):x—2y+2z+1=0.
A. R=2. B. R=4. C. R=1. D. R=3.

x+1 y-2 z-

Cau 3: Cho duong théng d: 2 . Phuong trinh mat cau tdm 1(1;2;—1) cat d tai cac

diém A,B sao cho AB=2+/3 la
A (x=1) +(y=2)" +(z+1)" =25 B
C. (x—1) +(y—2) +(z+1)" =9. D. (x—1) +(y—2) +(z+1)’ =16.
Ciau 4: Trong khong gian Oxyz, cho hai mit cau
(8):(x=1) +(y=1)"+(2-2)" =16 va (S,): (x+1)" +(y=2) +(z+1)" =9
cit nhau theo giao tuyén la mot duong tron tim 1a 1 (a;b;c). Gid tri a+b+c béing

A.Z. B. —l. C.&. D. 1.

4 4 3
Bai tap nang cao

Ciu 5: Trong khong gian v6i hé toa do Oxyz, cho mat phang
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(P): (m2 + 1)x—(2m2 —2m +1)y+ (4m+2)z—m’ +2m=0 ludn chira mot dudng thang A cb dinh khi m
thay d6i. Puong thang d di qua M (1;—1;1) vuong goc véi A va cach O mot khoang 16n nhat cé vecto
chi phuong u = (~1;b;¢) . Gia tri cia T =b+c bang

A. 12. B. 9. C.11. D. 10.
Céu 6: Trong khong gian v6i hé truc toa do Oxyz, cho bon diém 4(3;0;0),B(0;2;0),C(0;0;6) va
D(l;l;l) .Kihiéu d 1a duong thang di qua D sao cho tong khoang cach tir cic diém A, B,C dén d 16n
nhat. Hoi duong thang d di qua diém nao dudi day?

A. M(—l;—2;1). B. N(5;7;3). C. P(3;4:3). D. Q(7;13;5).
x=3 _ y-1 _Z-

3 -1

ciia m dé phuong trinh x* + y* +z° —4x+2my—2(m+1)z+m’ + 2m+8 =0 1a phuong trinh ciia mot mit

Cau 7: Trong khong gian Oxyz, cho dudng thang A: 2 . Co tat ca bao nhiéu gié tri thuc

cau (S ) sao cho c6 duy nhit mot mit phing chira A va cét (S ) theo giao tuyén 1a mot dudng tron c¢6 ban
kinh bang 1?

A. 1. B. 6. C.7. D.2.
Céu 8: Trong khong gian véi hé truc toa dd Oxyz, cho ba diém M (6;0;0),N(0;6;0),P(0;0;6). Hai mat
cau c6 phuong trinh (S)):x* +y* +2°—2x-2y+1=0 va (S,):x’ +)°+2° —8x+2y+2z+1=0 cit
nhau theo dudng tron (C ) Hoi ¢6 bao nhiéu mit cau c6 tam thudc mit phing chira (C ) va tiép xtic véi
ba duong thang MN, NP, PM ?

AL B. 3. C. Vo sb. D. 4.
Céu 9: Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(2;1;3),B(6;5;5). Goi (S) 1a mat cu
duong kinh 4B . Mit phiang (P) vudng goc voi AB tai H sao cho khdi non dinh 4 va day 1a hinh tron
tam H (giao cua mit cau (S) va mit phing (P)) c6 thé tich 16n nhét, biét rang (P):2x+by+cz+d =0
Vo1 b,c,d € 7.
Tinh S=b+c+d.

A. §=18. B. §=-18. C. S=-12. D. §=24.

Dang 5: Mt so bai toan cuc tri
4+ Vidu miu
Vi du 1: Trong khong gian vdi hé truc toa d0 Oxyz, cho hai diém M (—2;—2;1),A(l;2;—3) va duong

thang d :XTH = yT—S = il Tim mdt vecto chi phuong u cua duong thang A di qua M , vudng goc véi

duong thang d dong thoi cach diém A4 mot khoang bé nhat.
A u=(2;2;-1). B. u=(1;7;-1). C. u=(1;0;2).

Huwéng din giai
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Xét (P) 1a mit phang qua M va (P)L(d).

Mit phang (P) qua M (=2;-2;1) va co vecto phap tuyén n, =u, =(2;2;-1) nén c6 phuong trinh:
2x+2y-z+9=0.

Goi H,K lan luot 1a hinh chiéu cua 4 1én (P) vaA.

Khi d6 AK > AH = const nén AK dat gia tri nho nhat khi va chikhi K = H .

Duong thing AH di qua A4(1;2;-3) va c6 vecto chi phuong u, = (2;2;-1) nén AH c6 phuong trinh

x=1+2¢
thamsb 1a { y=2+2¢.
z=-3—t

Vi H € AH nén H(1+2t;2+2t;—3—t).

Lai H e(P) nén 2(1+2t)+2(2+2t)—(—3—t)+9:0<:>t:—2:>H(—3;—2;—1).

Vay u, = HM =(1;0;2).

Chon C.
Vi dy 2: Trong khong gian Oxyz, cho mit cau (S) c6 phuong trinh x* +)° +2z° —4x+2y-2z-3=0 va
diém A(5;3;—2). Mot duong thfmg d thay d6i luon di qua A va luén cat mit cau tai hai diém phan biét
M,N.
Tinh gié tri nho nhat ciia biéu thitc § = AM +4AN .

A. S, =30. B.S_. =20. C.S. =5/34-9. D. S =+34-3.

Huéng din gidi

M

Mit cau (S) cotam 7(2;-1;1), ban kinh R = \/22 +(—1)2 +17—(-3) =3.

Taco: Al =(2=5) +(~1=3) +(1+2)’ =34 > R nén A nim ngodi mat ciu (S).
Talaico: S =AM +4AN .
bat AM =x, xe[x/3_4—3;x/3_4+3].

Ma AM.AN = A’ - R’ :34—9:25:>AN:£.
AM

Do dé: S=f(x)=x+ 2 voi xe[34-3434+3].
X
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2
Ta c6: f’(x)zl—@:x _100<0 voi xe[\/i—3;\/§+3]

2
X X

Do do6: [ﬁr_l};%+3]f(x)=f(\/§+3):5\/§—9.

Dau “="xay ra < 4,M,N,I thang hang va AM = \/?E+3; AN =+/34 -3.

Chon C.
Vi du 3: Trong khong gian Oxyz, cho hai diém 4(9;6;11),B(5;7;2) va diém M di dong trén mit cau
(8):(x=1) +(y-2)" +(z-3)" =36.
Gia tri nho nhat cia AM +2MB bang

A. /105 B. 2./26. C. 2429 . D. J102.

Huéng din gidi

=]
Mit cau (8):(x=1)"+(y—2)" +(z-3)" =36 co tam 7(1;2;3) va ban kinh R=6.
Taco IA=12=2R.
Goi E 1a giao diém ctia I4 va mit cau (S) suyra E 1a trung diém cua I4 nén E (5:4;,7).

Goi F latrung diém cua IE suy ra F(3;3;5).

Xét AMIF va AIM o6 AIM chung va =M _ L
M 14 2
Suy ra AMIF# M]M(c.g.c):ﬂzﬂzszA =2MF .
MF  MI

Do d6 AM +2MB =2(MF + MB) > 2BF = 229 (theo bat ding thirc tam gidc).
Dau “="xay ra khi M 1a giao diém FB va mit cau (S)
Chon C.
<+ Bai tip tu luyén dang 5
Bai tip co ban
Cau 1: Trong khong gian véi hé toa do Oxyz, cho hai diém A(2;—2;4),B(—3;3;—1) va dudng thfmg

al ; S y_—l2 - il . Xét M 1a diém thay ddi thudc d , gia tri nho nhét cia 2MA4> +3MB’ bing

A. 14. B. 160. C. 410 D. 18.

d:
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Céu 2: Trong khong gian v6i hé truc toa dd Oxyz, cho ba diém A(1;0;3); B(-3;1;3); C(1;5;1). Goi

M (x,5¥452,) thudc mit phang toa do (Oxy) sao cho biéu thire 7 = Z‘A—/[Z‘+‘]\7§+A—1€ c6 gia tri nho

nhat. Gi4 trj cia x, -y, bang

8 8
A.xo—yoz—g. B.xo—y():g. C.xj—y,=-2. D. x,-y,=2.

Bai tip nang cao

Ciu 3: Trong khong gian voi hé toa do Oxyz, cho hai diém A(1;2;-3),B(-2;-2;1) va mat phang () co
phuong trinh 2x+2y-z+9=0. Goi M 1a diém thay doi trén mat phing (&) sao cho M ludn nhin
doan AB dudi mot goc vudng. Xac dinh phuong trinh dudng thang MB khi MB dat gia tri 1on nhat.

x=-2—t x=-2+2t x=-2+t x=-2+t
A y=-2+2¢. B.<y=-2-¢. C.iy=-2 . D.{y=-2-¢.
z=1+2t z=1+2¢ z=1+2¢ z=1

Cau 4: Cho mat cau (8):(x—2)" +(y—1)" +(z—-3) =9 va hai diém A4(1;1;3), B(21;9;-13).
Piém M (a;b;c) thude mit cau (S) sao cho 3MA* + MB* dat gia tri nho nhét.

Khi d6 gia trj cia biéu thirc T = a.b.c bang
A. 3. B. 8. C.6. D. -18.

DAP AN

Dang 1. Xac dinh vecto chi phwong va viét phwong trinh dwong thing

1-B 2-B 3-B 4-B 5-B 6-C 7-C 8-C 9-B 10-B

11-D 12-D 13-A 14-D 15-D 16-C 17-D 18-B 19-C 20-B

Dang 2. Cac van deé vé goc

1-C 2-B 3-A 4-C

Dang 3. Khodng cach

1-A 2-A 3-C 4-D 5-D

Dang 4. Vi tri twong di

1-A 2-D 3-D 4-D 5-C 6-B 7-D 8-C 9-B

Dang 5. Mt s6 bai toan cue tri

1-B 2-C 3-C 4-B
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