NHOM GIAO VIEN TOAN VIET NAM

MOT SO BAI TOAN TRONG TiCH PHAN

CO VAN DUNG PHUONG TRINH HAM
Thay Nguyé&n Ngoc Chi
Trwong THPT Kinh Mon — Hai Dwong

Trong chuong trinh SGK giai tich 16p 12, cac dang tich phan duoc tinh bang céc tinh chat cia tich
phan va tinh chét cia ham s6 hay tich phan thong qua gia thiét 1a cac dang phuong trinh ham xuat hién rat
it, chinh vi vay kha nang thyc hanh tinh toan cua hoc sinh con nhiéu han ché hay chua no6i dén 1a gap rat
nhiéu kho khin. Trudc day, trong cac ki thi tir thi tét nghiép THPT dén cac ky thi Pai hoc, Cao ding hay
ngay trong qua trinh day hau nhu khong xuét hién cac dang tich phan cho duéi dang phwong trinh ham, vi
vy su quan tdm cla gido vién va hoc sinh vé van dé nay 1a khong 6. Tir khi B GD&DT chuyén hinh
thirc thi mon Toan tir thi ty ludin sang thi tric nghiém thi dang tich phan nay di c6 trong dé thi da xuat hién
va khi day hoc van d& nay ciing dugc cac thiy cb va cac em hoc sinh quan tdm hon. Tir nhitng 1y do trén
t6i ¢ manh dan viét bai nhé nay dé néi vé mot sb bai toan tich phan co sir dung phwong trinh ham va cach
giai ctia chiing v6i muyc tiéu dan dat hoc sinh biét van dung nhing kién thtrc co ban, két hop cac phuong
phap duoc tiép can tir sach gido khoa dé tao duge mot thoi quen méi, mot phuong phap méi cho dang toan

Tich phan.

b
Noi dung chung ciia cac bai toan dang nay 1a yéu cau tinh tich phan f f(z)dz nhung chua cho biét

ham sb f(z) ma chi biét f(z) théa min mot phuong trinh ham cho trude.
Phuong phap chung:

Céch 1: Sir dung cac kién thac vé phuong trinh ham dé tim ham sb f(z).
b
Céch 2: Biéu dién ham f(z) qua ham g(z) ma ta c6 thé tinh duogc f g(z)dz.

Dang 1. Tich phén lién quan dén biéu thic w(z).f'(z) 1 w'(z).f(z) — g(z)
Phuong phap:

Taco w(z).f/(z) 1 uw'(x).f(x) — g(z) < [w().f(x)] — g(z). Suy ra u(z).f(z) = [g(x)dx . Tu do

tim duocC f(x).
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1
vX €[0;1].Tinh tich phan 1 = j f (x)dx
0

1 1
Al=—+—— B.l=—-
- 2018.2019 2019

1 1
Cl=—+— D.I=1
2018 2019

Nhgn xét : truéc hét ta di tim biéu thirc u(x) . Ta co

2018
X

:>In|u(x)|=_[

dx =Inju(x)|=2018In x|+ ¢ < Inju(x)| = Inx**** +¢

A 2018 . P
nén ta chon U(X) =X, khi dé ta cé Ioi giai nhw sau:

Loi giai
Tacé | X f (x)]' = 2018X°  (x) + X*** £/(x) = X[ 2018 (x) + xf '(x) ] = X*.[ 2x*° | = 2x***

4036

Khi d6 szsf(X)=I2X4035dXC>X2018f(X)= +¢,do f(1)= 1 - 1 _ 1 ‘e
2018 2018 2018 2018
oc=0 =X f(x) = - = f(x)= -
2018 2018
1 12018 2019 !
Khi o | =] f(gox=[2 —dx=| - -1
0 v, 2018 2019.2018 o 2018.2019

Vidu 2. Cho ham s f(z) c6 dao ham lién tuc trén doan [0;1]. Biét (z — 1).f(z) + f(z) = 32 — 22 va

1
f(1) = —1. Tinh tich phan [ = f f(z)dz.
0

A,I:£—4ln2. B_I:§—4ln2.
- 3 4
C. I =£—|—4ln2. D. I=—£+4ln2.
3 3
Loi giai

—1)f(z) + f(z) = 32" =22 = [(z — D f(2)] = 32" — 22
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4
z+1

=242 — dx

3
— m——x2—2w—41n|33—|—1” —é—41n2.
3 ) 3

1
0

Dang 2. Tich phan lién quan dén biéu thic f/(z) | p(z).f(z) — g(z) (+)

Phwong phap: Nhén hai vé cia (+) voi ef O duoc

p(z)dz .p(z)dx .p(x)da:
PO fay = el " gy

F)e! " 4 pa) e

L D

Suyra f(x) .e-r e J 'e-J p(z)dz.g(:z:)dx. Tu do6 tim duoC f(z).

Vidu 1.Chohamsé f(z) lién tuc trén IR vathoaman f'(z) + f(z) = 2z —1)e", ¥z € R va f1) =e.

1
Tinh tich phan 1 = [ f(z)da.
0

AT=1. B.I=e C.1=0. D.T=2.
Loi giai

Taco f/(z) + f(z) = 2z — e’ & e f(z) +e'f(z) =" 2z +1)e” = [e"f(z)] = 22 +1)e™.
Suyra e'.f(z) = f(Zx ~1)e*dz = %(23: +1)e*" — %6% +C=ze"4C.

Vi f(1) = nén e'f(1) =1 +C. Suyra C = 0.

Do d6 f(z) = ze".

1

1
vay I = f f(x)dx = f refdz —ze?|
, .

0

— j‘e’dx =1,
0

0
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AT=—2 B.I=3, c.1—-3. D.I=1.

- 2 2 2 2
Loi gidi

Taco (2% 1 Df'(z) 1 2f(x) = z = f(a) y=—— (1)

-1

T d(z"+1)
R .4 L. 2)dz ) dz 3 ————=dz
Nhén hai vé cua (1) véi of e efzz+1 = ezf 21 = \z? +1 ta duogc:

Vo' + 1.f'(z) +

x_._

J*f(x) i
Suy ra: \z? + 1.f(z — 2 de— N +1+C.
0= j\/x +1

Vi f(0) = —2 nén y0° + 1.£(0) — —J0* =1+ C.Suyra C = —

1
2 +1

Véyl—fx[—l— L x——§.
0 Vr° +1 2

Vidu3. Cho f(x) liéntuc va c6 dao ham trén R\{~10} thoa man X(X+1)f'(x)+ f(X) = x*+X vei

Do do6 f(z)=—1—

2
vxeR\{=L0} va f(@)=-2In2, tinh tich phan | = [xf (x)dx.
1

A Izﬁ—gln3—|—21n2 B. I:£+gln3+21n2
12 2 12 2

C.Izﬁ—l—gl 3—2In2 D,Izﬁ—gl 3—2In2
12 12
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1 1 X
dx=Inju(x)|= j(;—mjdx < Inju(x)|= ‘m

do ta co loi gidi nhu sau:

+C, nén ta chon — X khi
X(x+1) on u(x) X+1

Loi giai

X ' 1 X o1 '
Taco [X—Jrl.f(x)} = 1) f(x)+X—+1.f x) = (X+1)2.[f(x)+x(x+1)f ]

EESPYN B S X 0] 2o X g [

:{X+1.f(x)} _(X+1)2.[x +x]<:>[x+1.f(x)} _X+1:>X+1.f(x)_jx+1dx
X 1 X

im.f(X):I(l—mjdxz>m.f(X):X—In|x+1|+c.DO

f(1)=—2In2<:>%.(—2|n2)=1—In2+c<:>c=—1

X2 =1-(x+1).In|x+1
. Khi d6

=X f () =x-In|x+1-1e f(x) =
X+1

2

I :ijf (x)dx = JZ‘(XZ —1—(x+1).|n(x+1)).dx = [%B—XJ

1

—.z[(x+1).ln(x+1).dx:%— l,

1

1
du =——dx
2 =1 1
Vi |1=j(x+1).|n(x+1).dx;dat u=In(x+) x+1
] dv = (x+1)dx x? 1 1 2
V="+X+==2(x+1)
2 2 2
Lii)? 1 1= ins2ma- L XLy 9325
:Ilz[i(x+1).In(x+1)l—5_l[(x+1)dx 155 51 2 72 2

4 4 (9 5) 31 9
Khids | =—-1,=——|=In3-2In2—— |=—-=In3+2In2
I T (2 4) 12 2
Dang 3. Phuong trinh ham lién quan dén ham hop
Cho ham s6 f(z) théa man f(u(z)) = v(z), trong d6 u(z) 1a ham don diéu trén K. Tinh tich phan
b
1= { f(z)dz.

Phwong phap: Pat ¢ — w(z) — dt — «/(z)dz Va f(t) = v(x).

Poican: t =a =z =0; t=0b=z = (Viuz)laham don di¢u trén IR
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A-I=E- B.I=@. C.I=@. D.I:ﬂ.

Loi giai
patt =1’ +22—2=dt = (32" +2)dz va f(¢) = 32 — 1.
Poican t =1=2=1 t=10=z = 2.

Dodo I = [ fla)dz = [ f(t)dt = [ (32 —1)(3" +2)dz = %

1

Vidu 2. Chohamsb f(z) lién tuc trén =\ {1} thoa man f[$+i] =z — 3,¥z = 1. Tinh tich phan
z—

3
szf(x)dx.

2
A I=4+2In2. B.I=4-2In2.
C.I=-4+2n2. D. I =4+2In3.

Loi giai
< x+1 s
bat ¢ — —dt — — dx va f(t) =z + 3.
z—1 (z —1)° TV =

Poicint=2=2=3 t=3=2=2.

3. 3‘ 2‘ _2 3. 1 4
Do do I :_! f(z)dz :]2 F)dt :L! (x—|—3)($_1)2 dx:2_![$_1 + (x_l)Q]dx:4—|-21n2.

Céach khac: Tatimhamsd  f(z).

f[x“Lﬂ — 243z ~1 (1)

€T —
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Do d6 f(z) = iz _12- Vay I = f flz)dz = f

\ .
ldx:f4+ 2 lde=442m2
r—1 S0 -1

Dang 4: Péi vai tro caa bién » va y

Choham sé f(z) théaman z — G(f(x)), trong d6 G(t) 1a ham don diéu trén R.
b
Tinh tich phan [ = f f(z)dz.

Phwong phap: it y — f(z) > » — G(y) — dz — G'(y)dy.
Doi cini z =a=Gy) =a =y =«
r=b=Gy) =b=y=}

Dodo I = }" f(x)dx :j'yG'(y)dy .

«

2
Vi du 1. Cho ham sé f(z) liéntyc trén IR théaman f°(z) + f(z) = 2. Tinh I = f f(z)dz.
0

Y 3
A l=—. B. I = 14. C.I=0. D.[=-—.
4 4

Loi giai
paty = f(z) =9’ +y =2 va dr = (3y° +1)dy.
pPéican: z=0=19" —y=0=y=0;

1=2=y +y=2=y=1.

2 1
: 5t
Do d6 I = ff(x)dx = j y(3y” +Ddy = | (3y” +y)dy =7
0 0 i

O‘-—-—-.jb—l

Vi du 2. Biét mdi s6 thuc t>0 phuong trinh 4x® +tx—4 =0 ¢6 nghiém duong duy nhat x = x(t), Voi
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Loi gidi
4 4% 8x3 4+ 4 7 t=0=4x’-4=0<x=1
biat t= = dt =————dx, déican: 1
X t=7:>4x3+7x—4=0<:>x:§
1
2 3 1
8x° +4 1 31
Taco | =—[ %% dx = | (8x* +4)dx =(2x* +4x])|, ==
Je 2 o= o0+ 4)ox=(x ], =3
2

Dang 5: Cho ham sb f(z) lién tuc trén IR va théa man mf(z) + nf(a + b — z) = g(z),vz € R.

b
Tinh tich phan [ = [ f(z)dz.

Phuong phap: Patt =a | b z=dz = dt
Poicin x =a=t=0b z=b=1t=a.

a b b

Dodo I = _}'f(a:)dx = [ fla+b-1)(-dt)=[ fla +b—t)dt = [ fla+b - 2)da.

suyra 21 = [ [f(z) = fla-+b~a)}dz = [ gla)da.

1 '
vay I = EJ g(z)dz.

a

Vi du 1. (Trich d& minh hea cia B GD&DT niim 2017) Cho ham s6 f(z) lién tuc trén R va théa man

3

2
f(@) + f(—z) — 2 + 2cos 2z, Vi € R. Tinh tich phan I — [ f(z)dz.

37
2

A I=—6. B. [ =0. C.I=-2 D. I =6.
Léi giai

batz = t=dx= dt.

L 3 3T 3 37
boicinr=——=t=—; 0=—=t=——,
2 2 2




NHOM GIAO VIEN TOAN VIET NAM

Suyra 2] = f (f(x) - f( z)dz = T V2 | 2cos2rdz = 2 2[ |cos:v|dw =12.

Vay [ = 6.

Vidu2. Chohamsd f(z) liéntuc trén R vathoaman f(z) + f [5‘ — m] — sin2z, ¥z € R. Tinh tich phan

AT=-. B.I=1. C.I=0. D.I=2.

Loi giai

Détt:%—xédxz—dt.

Do dé I Jf(:z:)da: I jf[’——t](—dt) jf[i—t]dt I jf[%—x
2 Y 3

Suy ra 21 Jf(x)—f[%—xidx JSiIlQ:IJdCL’ 1

vayI:%.

. 1
Vidu 3. Chohamso y = f(z) lién tuc trén doan [—3;3] vathéa man 3f(z) + 4f(—x) = PR Tinh tich
+

phan 1 = [ f(z)de.
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Léi giai

Tir gia thiét, thay » bang — = ta dugc 3f( z) | 4f(z) = 5 ! ~.
+x

9f(x) 1 12f( ) —
16f(x) 1 12f( ) — 70+

1
3f(z) +4f(—z) =
Do d6 ta ¢6 hé 942’

w<@|um—9jﬁ

3
1 1
vay [ = | f(z)dz == dz .
._]; 719_'_:1:2

el

bat x = tanti,t € |— . béi can; 33——3:>t——iz'; x:3:>t:i.

4
dt:lfdt:—.
9+9tan’¢ cos’t 21+

4

11
Dodo[—?f
Z

Céch khéc: Tacé 3f(z) + 4f(—x) =

SE

Xét J = ff r)dz. patt= z=dez= dt.

3

Khi do: I = 3[3 f(z)dz = % j

Poiciniy = —3=1¢=3;, 2=3=1¢=-3.

Dods J = —f f(t)dt = j f(t)dt :j’ fz)de =

3

1 dz T
s [== =
7f9}3:2 42

3

3

41

1 dz
§I9ix2

3

Vay [ =
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Al=—. B.[=—. c.I=-=

Do
o
— | -
>
o=

Léi giai

Tir gia thiét, thay » bang 1 — z ta duoc 2f(1 — z) + 3f(z) — N2z —2” .

Do dé ta ¢6 hé 2f(r) +3f1—z) =1 —12" n Af(x) + 6f(1 — z) = 201 — 2
TR 2f(1— ) + 3f(z) = V22 — 2 9f(z) + 6f(1 — z) = 32z — 2

32z — 2° — 21 — 22

Suyra f(z) = -

1 " i
ay [ =— 20 —1° — 21 —2° doz = —.
Vay 5_! 32 —a* —2V1 —2* du 50

Cach khac: Tir 2f(z) + 3f(1 —z) — V1 —2* ,suyra f(z) = %[\/1 — 1’ —3f(1—2)

1 1 1
Khido I = ff(x)da: = %J 1 2°dw 3ff(1 z)dz
0 0 0

1
XétJ:[f(l—x)da:.Dattzl r=dt= d=x.
0
0
Béican:xzo:tzl;x:1:>t:0.Khid():J:—ff(t)dt:ff(t)dt:ff(x)dx:I.
1

1
vay I =—
ay =3

1
f\/l *dx 31
0

_114/_ 29, _
.SuyraI—g._[l xdx—zo.

Vidu 5. Cho ham sb f(z) lién tuc trén

2
=]
1
2

1,
2

vathoaman f(z) + 2f [l] _ 3. Tinh tich phan
x

f(@) dz.

T
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Léi giai

. 1
Tu gia thiet, thay » boi — ta duoc f [1] +2f(z) = 3 . Dodétacod hé
T T

x
1 1
flz)+2f —]—3:1: flz)+2f —]—3.’10 9
, T , © xl 6.Suyraf(x)=——a:.
f —]+2f($)—— 4f($)+2f{—]—— !
T T z)] oz

Céch khac: Tir f(z) + 2 fH — 30 suyra f(z) = 3z — 2f [1]
T X

1 1
i) fu 2 . [m
Khldofzf—dx_[ 3—2—— $:3fdx—2f —dx.
ho® 1 v 1 1 T
2 2 2 2
1
Qf[m] 1 1 9 1
Xét]:j—dm,DattZ—,suyradt: —der= tdz=der= =dt
T z T t
>
1
) 1 1 2 2 2
Poican: v ===1=2% v=2=1t=— KhidoJ= [if(t) iy f@dt:f@dle
2 2 “ t* 4t 4o
2 2

2 2
vay1=3[dx—21.3uyra1= ]da:zg.
1 1

2

N |

Vidu 6. Cho ham sé f(z) lién tuc trén K \ {%} théaman f(z —1) — 3f(1x -1

2
Biét ff(l‘)dx =a+bIn3+clnd véi a, b, ¢ 1acac sb hiru ti. Gia tri cua 2a + b + ¢ bang
1
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C. —.

16
Loi giai
bat ad 1:y l=o=—0 =g 1:1—y.
1-2z 2y —1 2y —1
1—y ~1 1
Suy ra —3f(y—1) — Y —
y f‘2y—1 fly=1) 173
—1 —1 1
Suy ra x -3 —-1) — v —
Y fl—Zx fle=1) 2 —1 " 2
f(a:—l)—3f[‘”_1 122V et
Do do ) -2 1 21
I_ —_
—3f(x—1) — VI £ =
f[1—2scy fl@=1) w12
Suyra—8f($—1):1—21+i<—>f(w—1)—l—1+2x+ g~
12z 8 27 — 2
1 3 1
Suy ra —=[1-2 b —.
v fz) 8[ m+2x+1l’$72
7 17 1.1 3 103 3
Khido I = r)de =—||1+2z+ dz — —|z—2° —=InRr +1||| — =——In3+—1In5.
-!f() 8j1 2x+1J 8[ 2 | |1 2 16 16
S a ! b 3 c
uy ra :_, :__7 - .
Y 2 16" 16

Vay 2a +b+c=1.

Dang 6: Tich phan lién quan dén phwong trinh ham ¢6 dang w(z).f'(z) = v(z).f(z)
Chu yéu bién d6i dé sir dung cac cong thirc dao ham

1) u'v+uy =(uv)
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Vidu 1. Cho ham sé f(z) cé dao ham lién tuc trén (0; ), biét f'(z) — 2z +3)f*(z) =0,

1 7 ,
f(z) =0 véimoi 7 >0, f(1) =5 va [f(x)da: =aln2+4bIn3 véi a,b 1acéc sb hitu ti. Gia trj cua
1
a + b bang
Al B 1 C. 2. D. 3.
Lo giai
Py 2 fl(x)
Taco: f'(z)+ 2z +3)f (z) — 0 < ) —(2z + 3) (do f(z) = 0).
xr
./ 1 2
Suy ra: de=—f2z+3)de+e —= 2= 3z -C.
‘ffz(w) f f(z)
Suyra f(z) = ————— Vi fl1) =+ nén C' = —2
uyra f(z) = ———. Vi =—nén C =—
Y 2 +3z—-C 6
1 1 1
Suyra f(z) = = .
yra f@) ©+3x+2 z+1 x+2
2 2 1 1
Dodo I = z)dz = — dz =—-3In2+2In3,
oot = [rone =[5

Suyraag=—-3; b=2.Vaya+b=-1.

Vidu 2. Cho ham s f(z) lién tuc trén [0;6] thoa man f(z) = —1 V&i moixz < [0;6], £(0) = 0Va

F@Na 1 =20f(z) - 1.Knido [ f(z)dz bing

A. 9. B. 72. C. 78. D. 66.
Loi giai

f'(x) 2z

T gia thiét suy ra\/ = .
f@)+1 2 +1

[‘4df/(x) :1::f4d23C T2

o' +1

uy ra

«/f(:z:)—|—1:2\/332+1+0,
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6
Vay | f(z)dz = j r’dz =72,

0

Vi du 3. Cho ham sb f(z) c6 dao ham va lién tuc trén [1;4], dong bién trén [1;4], théa man

s 3 f
z +2zf(z) = [f(2)]} véi moi & < [1;4]. Bibt rang f(1) = 3 tinh tich phan I = ff(x)dx
1

A 1= B, 1 — 1187, c. 1= p.1=2.
- 45 45 45 2
Loi giai
Nhan xét: Do f(z)ddng bién trén [1;4] nén f/(z) = 0, ¥z ¢ [1;4].
Tir gia thiét taco afl +2f(z)] = [f'(2)[ .
Suyra f'(z \/_\/1+2f ), Vo € [1;4]. Suyra \/_=>f dx—[‘\/_dx
1+ f(a: 21/1+2f
3 4
Do do /1 + 2f(x) =—a:J_ C.Vi @)= nen O = 2.
2 4y
[3”5 +3] o8 o1
= = =2’ + -z + —,
Suy ra f(z) 5 57 935\/; T

VayI:_Tf( j(—x ——33\/_ —\ m—@.

45

f(38—a).f(z) =1

Vi du 4. Cho ham sb y = #(z) c6 dao ham trén [0;3], théa man [ V6i moi x € [0;3] va

flz) =1
I S i T — 3 zf'(z)
f(0) = - Tinh tich phan I [ . x)]Q.fQ(a;)dx'
AT=1 B.[=1. cI=3. N
2 2

Loi giai
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)= suyra F(3) =2 Taco:[1+ f3—2)f .f(z) =

A fo
W1 f3—2)-f(x) = 1)-Dodo I fmd Jm[Hf(x)

3
1
—I—f de — -1+ J.
01+

3

AL S N S Py LS S TR U SRR N SR
T'“h"—.{w(x)d“" ) {1+f<3—t)dt-[1+f<3—t>dt_jo1+f<3—x>dx'

1 % 1 3
———dr=fldz =3\ —x).f(x) =1).
-01+f(:1:)dx+jol+f(3—x)dx f dz =30l /(3 —).f() =1)

Vi du 5. Cho ham sé f (X) =0, lién tuc trén doan [L,2] va thoa mén (1) =% X (x) = (1-2x7). 7 (%)
2

v6i Vx€[L2]. Tinh tich phan | = j f (x)dx
1

1 1
A . I=In3 B./=-In3 QI=EM3 D. 1 ZM3

Loi giai

. fl(x) 1-2%? 1) 1
Taco X°.F/(x)=(1-2x*).f°(x) & o0 @(__J == -2

1 1 1 1
__:I —2—2 X< ———=-=-2x+cC, do f(1)=l:>c=0
3

f(x) X f(x) X
2
Nén ta co @izzx +1<:>f(x): >
f(x) X 2x°+1

Slpeeeed 1, |1+2x|
49 1+2x

2 2
Khido | = [ f(x)dx= [ ———d
d » 1+2%°

2In3 In3)_—ln3
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va thoa man f(x).f'(x)—2x.

1
0)=0. Tinh tich phan I = [ f (x)dx
0

AI=%3«/§—2«/5 B.I:§3\/§+2«/§
C.I= 3V3—-2 D. 7= 3J3+22

Loi giai

Taco f(X).f'(x)-2x. f2(x)+1=O<:>M=2x<:>(\/f2(x)+1)’ = 2X

JrE00+1
= Jf2(x) +1=[2xdx = \[F? () +1=x*+¢c. Do f(0)=0=c=1néntacod
JEE0+1=x +1e F2(0+1=(x* +1) & F200 =x2 (x2 +2) < f () =|x|x* +2
(Vi f(x) khong amtrén R ). Khi d6 |=ff(x)dx=j|x|ﬁdx=jxﬁdx

] 0 ;

1

a0

w (N

[(x%Z)M}

1
:%J\/x2+2d(x2+2) :%.
0

0

b
Dang 7. Mot sb bai toan lién quan dén hing dang thirc tich phan f [f(z)— g z dz =0 vase
dung cong thirc tich phén tirng phéan dé tinh toan.
b b b
+ Cong thikc tich phin timg phitn: [u(V'()dx =(uEIV(X))], - [VOU'(x)dx (trong d6 U,V ¢6 dgo ham
lien tyc trén K va a,b la hai sé thugc K)

b
+ Tinh chdt: Néu (x) >0 vsi Vxe[a;b] thi J' f (x)dx >0, ddu "="xay ra < f(x)=0,vx e[a;b]

b
+ Hé qua: [ f2(x)dx=0<> f(x)=0 véi Vxe[a;b].

+ Bat dang thirc Holder: Cho hai ham sé f(z) va g(z) lién tuc trén dogn [a;b]. Khi dé
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x).g(x)dx < ;ﬂ fz(x)de g*(x)dz.

Pang thirc xdy ra = f(z) = kg(z), k< R.

1 1
Vidul. Chohamso f(z) thoaman f (z +1)f'(x)dz = 10 va 2£1) — £(0) = 2. Tinh I = _ f f(z)dz.
0

0

A T=-12. B. [ =8. c.1=12. D. [ =-38.

Loi giai
1
Xét tich phan f (z +1)f'(z)dx
0

bat Khi do

u—x+1 du — dz
dv — f'(z)dx e flx)”

10= [ (@ +Df @)z = (= + Df(),

1
Suy ra j f(z)dz = 8.
0

™

1 ¢ 2
, ~ £
Vidu2, Chohamsb f(z) liéntuctrén R vathoaman [ tana.f(cos’ 2)dz =1, | JO2) 4 1 Tk
0 e

zlnz
[ f(22)
tich phén I = j ——dz
T
4
A =1 B. [ =2. C.I=3. D. I =4.
Lai giai
i
Xét A f tanz.f(cos’ x)dz 1
.0
. dt
Pit ¢ = cos® z. Suy ra dt = —2sinzcos 1dr = —2cos® z tan adz = —2¢ tan adz = tanady = —?

r=0=t=Lr=—=1t=

>~ | =
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2Inzx 2In* 2u dz du
dz = dz = dz = =—
z zlnz zlnz zlnz 2u

Dit w = In*z. Suy ra du =

péicani z=e=>u=1 z=¢€ =>u=4.
4 4

1
LY
LU 2¢

Suy ra f@dx =

Khido 1 =B =

l\:JIr—t

Xét tich phan cdntinh T = |

| S— O
S~
~~

8 (N
S
SN—
o,
S

v
Dit v = 22, suyra dx=§dv, x:§
. 1 1
Péicainit=—=v=—; z=2=0v=4,
’ 4 2
(@) @)  f@) rf
Khidél:]— :]—dx:[—dx+]—dx—2+2—4
.1 v 1 z 1 z 1 z
3 3 3

N =

A -1
Vidu 3. Cho f(x)laham so chan lién tuc, c6 dao ham trén R thoa man f (?j =4 va J' f(x)dx=3.
0

0
Tinh tich phan 1| = j sin 2xf '(sin x)dx

6

AT=-2 B.[=2 C.I=-1 D.I=1

Loi giai
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X = dt = cos xdx

X—i:)‘t—__l 0 0
boican: {" 6 2 khido |=2Itf’(t)dt:>I:ZIxf’(x)dx
x=0=1t=0 - -
u=x du = dx o & 0
bat: tacd | =2 (xf(x))a—| F(X)dx|=4-
¢ {dv=f’(x)dx:>{v=f(X) ( ())|21 Il ()dx =4 Zif(x)dx

2

1
2 1

0 2
, - 2
Do f (x)laham sé channén [ f()dx=[ f(X)dx . Khi do | =4-2[ f(\)dx=4-6=-2
-1 0
> 0
Vi du 4. ( Trich d& tham khio ciia B GD&DT niim 2018) Cho ham s6 f(x) c6 dao ham lién tyc trén

1

1 1
1 §
doan [0;1] thoéa man f(1) = 0, f [f(2)fdz =17 va f 2’ f(z)dz = 3 Tich phan f f(z)dz bing
0 0

0

7 7
A - B. 1. c. —. D. 4.
5 4
Lo giai
1
Xét tich phan f 2 f(2)dz
l0
_ du = f'(z)dz 1
u= f(z) 1 7 Pfx)|
- = 3 . neo 2 I\ bl /
bat dv=2idz |y % . Khi do: . u!:c flz)dx 3 |, L! 3 fl(z)dx

1

= —%fﬁf’(:z:)dx (do f(1)=0).Suyra f:l:3f'(x)dx =—1.Tim k sao cho f[f'(l’) — kz’fdz =0
0 0

Taco f[f"(x) — k2’Tdz = f[f’(:z:)]de — 2kfx3f’(:1:)dx + k2f:1:6dx =7 —2k(-1)+ kQ% =0 k=-T7,

Do d6 f[f"(x) +72°fdz =0 & f(2)+ 72" =0 & f'(z) = —T2".

7

:c)z——l’“—l—C’,\ﬁf(1)=0nénC=£Dodéf(l’)= T+
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1
Cach khac: Taco ]‘ 2’ f'(z)dz = —1. Ap dung bét ding thic Holder ta c6
0

1 2

7="T.(-1)7 = 7[_ [ 2*f/(z)de

. 0

< 7_1f (x3)2dxj' (f/(2))dz. = 7%] (f'(2)Pdz = 1[ (f(z)dz.

Piang thuc xay ra < f'(z) = k2’ véi k C R.

1

1 1
Tacé —1= fa:3f'(:1:)dx = f:z:3.k:1:3dx = k[xﬁdx = % Suyrak=—7.
0 0 0

Dodé f/(z)=—T2". Suyra f(z)=——2' +C . Vi f1) = 0 nén C =~ . Do do f( )=—£I4+£
f el 7 7 7

A _ v 4 L _ 5

Vay _[f(x)dx—jol 1- +4de_5

2

Vidu 5. Cho ham s f (x) lién tuc, c6 dao ham trén doan [l' 2]. Biét f(0)=1, I f'(x)dx =2 va
1

2 2 2 3

j [£'(x)] dx=4. Tinh tich phan | = j [f(0)] dx

1 1

A. I=068 B.I=34 C.I1=17 D. I =136

Nhgn xét : Gid thiét chiza [ £'(x)]” va f'(x) nén ta tao binh phwong dang [ £'(x)—a]’
2 ) 2 )
Ta chon d sao cho j[ f'(x)-a] dx=0< I([ f'(x)] —2af '(x)+a2)dx:0
1 1
2 ) 2 2
c>_[[f’(x)] dx—Zaj f’(x)dx+a2.|'dx=0 o 4-data’=0ea=2.Tidstacd i gidi
1 1 1

Loi giai

Taco j[ f/(x)—2] dx=0< j([ FOOJ =41 /() +4)ix =i[ f ’(x)]zdx—4j' f’(x)dx+4_2[dx

=4-8+4=0=f'(X)=2= f(X)=2x+c,Mma f(0)=1=c=1nén f(x)=2x+1
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Caul:

Cau 2:

Cau 3:

Cau 4:

Cau5:

Cau 6:

8x° +12x% + 6X +1)dx =(2x4 +4x% +3x% + X

BAI TAP TU LUYEN
Cho ham s6 f(x) doéng bién, c6 dao ham trén doan [],'4] va thoan man

x+2x.F () =[ F'(0)] véi Vxe[L;4]. Biét f(]_):g, tinh 1 = [ f (x)dx

Cho ham s8 f(x) dong bién, c6 dao ham cap hai trén doan [0;2] va thoa man

20 ()] = F (). £/ +[ /()] =0 véi vxe[0;2]. Bigt (0)=1 f(2)=€°, tinh tich
[ j).(ZX +1).f (X)dx

Prgoda 2X

£*(x)

Cho f (x) c6 dao ham trén R va thoa man 3f'(x).e =0 véi VxeR.
7

Biét f(0) =1, tinh tich phan | = j x. f (x)dx
0

Cho f(x) c6 dao ham trén [0;1] théa man f(X) +(X+1). f'(x)=1 véi Vxe [0;1].

7 1

Biét f(5)= o tinh tich phan | = [ £ (dx
0

Cho f(x) c6 dao ham trén [L2] thoa man (X+1) f(X)+X.f'(X) =2€" véi wxe[12].

2
Biét f(1)=e, tinh tich phan | = [x.f (x)dx
1

Cho ham sd f(x) lién tuc trén R va thoa man f(x)+ f(-x)= COs’X véi VxeR.

i

2

Tinh tich phan = | f(x)dx

N
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Cau 8:

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

va thoa man 3 (X)—4

2
voi Vx€[0;2]. Tinh tich phan I = [ f (x)dx
0

2
Cho ham s6 f(x) lién tuc trén doan [5;1} va thoa man 2f(x)+3f(3£)=5x voi
X

f(x)

——=dx

2
VX e [5 ;1} . Tinh tich phan | =
X

[RYJ | S——

Cho ham s8 f (x) lién tuc trén R va thoaman f(X)=4xf (X*) +2X+1 véi vxeR.

1
Tinh tich phan | =j f (x)dx
0

Cho ham s6 f (x) lién tuc trén doan [0;1] va thoa man 4xf (x*)+3f (1-x) =+1-x* véi

VX e [0;1] . Tinh tich phéan | = j f (x)dx
0

Choham s§ f(x) lién tuc trén R va théa man f (X’ +2X-2)=3x-1 véi vxeR.

10
Tinh tich phan | =j f (x)dx

1

2019

Cho ham s8 f(x) lién tuc trén doan [~15] va thoa man [f(x)]" + f(x)+2=x véi

VX e [—1; 5] . Tinh tich phan | = f f (x)dx
0

B
Cho ham s8 f (x)lién tuc, c6 dao ham trén R thoa man f(v3)=+3 va | f(X)dZ‘ 1.
o V1+ X

B
Tinh tich phan | = I f'(x) In(x+\/1+ ' )dx
0

Cho ham s f(x) lién tuc, ¢ dao ham trén R va thoa méan

|

1
(1-2x) f'(x)dx =3 (2) + f (0) =2016. Tinh tich phan I = [ f (2x)dx
0
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3

dx=0. Tinh tich phan | jM dx

T X+1 7 (x+2)
Caul16: Cho ham s6 f(x) lién tuc trén doan [0;1] thba man f()= % va
T ) L A t xf (X)
j(f (X)+x).In(L+ x?)dx = 2In2—1. Tinh tich phan | =j1 Zdx
0 o 1+x

1
Cau17: Cho ham s8 f(x) lién tuc, 6 dao ham trén doan [01]. Biét[xf(x)dx=1 va
0
- 2 X 2018
[[F 00T dx=3. Tinh tich phan 1 = [[f(x)]"" dx
0 0

1
Cau18: Cho ham s6 f(x) lién tuc, c6 dao ham trén doan [0;1]. Bié"cj[f(x)]2 dxzé va
0

1 1
[V (X =§. Tinh tich phan 1 = [  (x)dx
0 0

Cau19: Cho ham s6 f(x) lién tuc, c6 dao ham trén doan [0;2]. Biét f(2)=7 va

2
[ /()] =21x* ~12x—12xf (x) v6i Vx€[0;2]. Tinh tich phan | = j f (X)dx
0

1 1
Cau20: Cho ham s§ f(x) lién tuc trén doan [0;1] thoa man J'f(x)dx=2, I xf (X)dx=% va
0 0

1 1
[IF00] dx= % Tinh tich phan 1 = [[ f ()] dx
0 0

Tai ligu tham khao.

[1] Tap chi Toan hoc va tudi tre — Sb thang 2/2021

[2] Tuyén tap cac dé thi thir cac trudng trong ca nude nam 2017-2021.




