CHUYEN DE 4. SO PHUC
BAI 4. GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA MODUN SO PHUC
Muc tiéu
% Kién thire
+ Nim vimng cac dinh nghia vé s6 phitc va cac phép toan cong, trir hai sé phirc; phép nhan s6
phirc; phép chia hai s6 phc.
+ Ném vitng cac bai toan cyc trji co ban vé lién quan giita cac yéu to: Piém, dudng tron, duong
théng, doan théng, tia, mién da giac, hinh tron, ...
+ Nam viing cac bat dang thirc co ban lién quan dén modun sé phirc va bat dang thire Cauchy —
Schwarz.
+ Kining
+ Biét thuc hién thanh thao cac dinh nghia, cac phép toan trén s6 phtrc va van dung vao giai
duoc mot sb bai toan lién quan.
+  Biét thyc hién thanh thao viéc chuyén ddi ngon ngit s phtrc sang ngdn ngir hinh hoc.
+  Giai thanh thao céc bai toan cuc tri co ban vé lién quan gitta cac yéu t6: Piém, duong tron,
duong thfmg, doan théng, tia, mién da giac, hinh tron, ...
+ Van dung linh hoat cac bat dang thirc lién quan dén modun sd phic va bat dang thirc Cauchy —

Schwarz vao giai cac bai toan max, min mddun so phtec.
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I. Li THUYET TRONG TAM

1. Céc bit dang thirc thwong ding
a. Cho céc s6 phiic z,,z, ta co:

+) |Zl|+|ZZ|Z|ZI+Z2| (1).

Ding thirc xay ra khi va chi khi [Zl =0 .
z,#20,3keR,k>0,z, = kz,
+) |Z1 +22| > ||zl|—|zz|| (2).

z,=0

Ping thirc xay ra khi va chi khi .
z,#20,3keR,k<0,z, =kz,

b. Bét dang thirc Cauchy — Schwarz

Cho cac s6 thuc a,b,x,y ta cd: ax+by < \/(a2 +b2)(x2 +y2)

Ding thirc xay ra khi va chi khi ay = bx .

2. Mt s6 két qua da biét

a. Cho hai diém 4, B cb dinh. Véi diém M bét ky ludn c6 bat dang thic tam giac:

+) MA+MB > AB, dau “=" xay ra <> M nam giita hai diém 4, B.

+) |MA —MB| < AB, d4u “=" xay ra < B nam giira hai diém 4, M .

b. Cho hai diém A4, B nam cung phia d6i v6i duong thang d va M la diém di dong trén d . Ta co:

+) |MA —MB| < AB, ddu “="xay ra < Badiém A4,M,B thang hang.

+) Goi A’ 1a diém d6i xtmg v6i 4 qua d , khi d6 ta c6

MA+MB=MA'+MB> A'B , diu “=" xay ra < Badiém A',M,B thang hang.

¢. Cho hai diém A4, B nam khéc phia d6i v6i duong thang d va M 1a diém di dong trén d . Ta co:

+) MA+ MB > AB, diu “=" xay ra <> M nam giita hai diém A4,B.

+) Goi A’ 1a diém d6i xtmg v6i 4 qua d , khi d6 ta c6

|MA—MB|=|MA'~MB|< A'B , dau “=" xdy ra < Badiém A',M,B thing hang.

d. Cho doan thang PO va diém A4 khong thuoc PQ, M la diém di dong trén doan thang PQ, khi d6
max AM = max { AP, AQ} . Dé tim gi4 tri nho nhat clia AM ta xét cc trudng hop sau:

+) Néu hinh chiéu vudng goc H cua A trén dudng thing PQ nam trén doan PQ thi min AM = AH .

+) Néu hinh chiéu vudéng goc H cia A4 trén duong thing PQ khong nam trén doan PQ thi
min AM =min {AP; AQ} .

e. Cho dudng thang Ava diém A4 khong nam trén A. Piém M trén A c6 khoang cach dén A4 nho nhat

chinh 13 hinh chiéu vudng goc ctia A4 trén A.
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f. Cho x, y 1a cic toa do ciia cac diém thudc mién da gidc A4, 4,...4, . Khi d6 gid tri 1on nhat (nhé nhét) ctia

biéu thic F =ax+by (a,b 14 hai sé thuc di cho khong ddng thoi bang 0) dat duoc tai mot trong céc

dinh ctiia mién da giac.

SO PO HE THONG HOA

Vi céac so thuc a,b,x,y tacod

Déu “=" xay ra khi a_ b .
y

Bat ding thirc Cauchy — Schwarz

|ax+by| < \/(az +172)()c2 +y2) .

X

Gia tri I&n nhat
va gia tri nho

nhéat cia médun
s6 phac

g Ny

Cac bat dang thic

22223333>>

thwong dung

—~—gy—

Bit diang thirc tam giac

|Z1 + 22| < |zl|+|z2| . Dau “=” xay rakhi z, = kz, (k>0).
|zl —zz| < |zl| +|Z2| . Dau. “=” xay rakhi z, = kz, (k<0).
|z, +2,| > ||zl| —|zz|| . Dau. “=” xdy rakhi z, =kz, (k<0).

|zl zz| |zl| |Z2| Dau “=” xay rakhi z, = kz, (k>0).

II. CAC DANG BAI TAP
Dang 1: Phwong phap hinh hgc
4+ Phuwong phap giai

Buéc 1: Chuyén doi ngdn ngir bai toan sd phirc

sang ngon nglr hinh hoc.

Vi du: Cho sb phirc z thoa man

— —\2 It
2(z-z)=i(z+z) . Gié tri nho nhét cia |z +3i
béng
B. 3.

D. 2.

A. 3.

C. 243.
Huéng din gii
Giast z=x+yi(x,yeR) = z=x—-yi.Khido
2(Z—E)=i(z+2)2 <:>2(2yi)=4x2ic>y=x2.

Goi M (x;); A(0;-3) 1an luot 1a diém bicu dién
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cho s6 phirc z;-3i thi |z +3i|= MA.

Budée 2: St dung mot s két qua da biét dé giai

Ya

bai toan hinh hoc.

Al

Parabol y = x?c6 dinh tai diém 0(0;0), truc doi

xtng 1a duong thang x =0 . Hon nira, diém A

thudc truc doi xung ctia parabol, nén ta co:

MA>0A=3.Suyra, minMA=3 khi M=0.

Buwée 3: Két luan cho bai toan s6 phiic.

4 Vidu miu
Vi du 1: Cho s6 phirc zthéa mén |z—3—4i|=1. Modun 16n nhét cia
s6 phiic z bang

A.7. B. 6.

C.s. D. 4.
Huéng din giai
Goi M (x;y),1(3;4) 1a cac diém bicu dién lan lugt cho cac s6 phic
z;3+4i. Tur gia thiét |z—3—4i|=1= MI =1.
Tap hop cac diém M biéu dién sé phitc z thoa man gia thiét 1a duong
tron tam 1(3;4) ,ban kinh » =1.
Mit khéc |z|=OM . Ma OM dat gi4 tri 16n nhat bang OI +r, khi

M la giao diém cta duong thing OM véi dudng tron tam 7(3;4), ban

Vay min|z+3{|=3,khi z=0. Chen A.

Nhén xét:

Ol —r <OM =|z|<OI +r

V=

kinh »=1. Hay M(g,ﬁJ
5°5
Do d6, max|z|=OI +r=5+1=6, khi z=%+25—4i.
Chon B.
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,s6 phtc z Nhan xét: Trong tat ca cac doan

Vi dy 2: Trong céc sb phitc z théa man |z —2—4i|=|z—2i

6 modun nhé nhat 1a thang ké tr diem O dén duong

thang o, doan vuéng goc OM

A.z=2-2i. B. z=1+1. ) )

C.z=2+2i. D.z=1-i. ngan nhat,
Huéng din giai YA
bat Z:x+yi(x,yeR). Khi d6 |Z—2—4i|:|z—2i| S x+y-4=0 N4
(@). N M
Vay tap hop diém M biéu dién s6 phic z 1a dudng thang d . 1
Do d6 |z|=OM nho nhit khi M 13 hinh chiéu cia O trén d . G i
Suy ra M (2;2) hayz=2+2i.
Chon C.
Vi du 3: Cho s6 phitc z théa mén |z+3|+|z 3| =10. Gi4 trj nh6 nhat
cua |z| 1a

A.3. B. 4.

C.5. D. 6.
Huéng din giai
Cach 1:
Goi F(-3;0),F,(3;0) , c6 trung diém 1a O(0;0). Diém M biéu dién
s6 phtic z .

MF}+MF,’ FF; Véi moi s6 thuc a,b ta c6 bat dang

Theo cong thirc trung tuyén thi |z|2 =0OM* = > 2
a+ b)2

—~

s 2 2
(MF;2+MF.22)2 thuc:a” +b~ >

Taco MF? + MF) > =50.

Ding thirc xay ra khi

MF, = MF, M(-4,0) [s0 36
= 3m1n|z|= ———=4,
MF, +MF, =10 | M (4;0) 2 4

Khi z=4i hodac z=—-4i .
Cach 2:.

Goi F,(-3;0),F,(3;0), M (x;y);(x,y eR) lan luot 1a cac diém biéu
. ) Véi moi diém M nam trén elip,
dién cac so phtrc -3;3;z . , ) )
) doan OM ngan nhat la doan néi O
Taco FF,=2c=6=c=3.Theo giathiéttaco MF, + MF,=10,tap ,. . ... T
véi giao di€m cua truc bé voi elip.
hop diém M 1a dudng elip c6 truc 16n 2a=10=a =5 ; truc bé
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2b=2\Ja* —c* =24/25-9 =8,

Mit khac OM =|z| nho nhét bang 4 khi z =4i hofic z =—4i.
Vay gi4 tri nho nhit cua |z| bang 4.

Chon B.

Vi du 4: Xét s phiic z thoa man 4|z+i|+3|z—i| =10 . Tong gia tri 1on

nhat va gia tri nhd nhat cia |z| la

A B. >3
49 49

c p. 2
7 7

Huéng din giai
Goi A(O;—l),B(O;l), doan thang AB c6 trung diém O(O;O) . biém
M biéu dién s6 phuc z .

MA® + MB*>  AB’

Theo cong thic trung tuyén |z|2 =0M* =

2 4
Y e - 10—4a
Theo gia thict 4MA+3MB =10.bat MA=a = MB = 3
Khi d6
10-74| 4 16
MA—MB|=T<AB 2=-6510-Tas6_<as<— .
2 2
- 5a—8) +36
Ta ¢ MA2+MBzza2+(10 4“) _(a-8) +36
3 9
Do _§<5 _g<ﬁ30<(5 _g) <ﬁ nén
7 7 49
MA® + MB* > 4 2| =1
M+ mp* <2807 ||_ |zs%'

Ding thire|z| = 1khi z = i%+27—5i. Ding thic |z| =% khi z =%z

A A .7 s 1z A \ e . 5 A 5 \ 16
Vay tong gia tri 16n nhat va gia tri nhé nhat cta |z| la ER

Chon D.

¥

ol
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Vi dy 5: Cho z 14 s6 phurc thay d6i thoa man |z —2|+|z+2|=4v2.
Trong mit phang toa do goi M, N la diém biéu dién s6 phiic z va z.
Gi4 tri 16n nhat cta dién tich tam giac OMN la

Al B. 2.

C. 2. D. 242

Huéng din giai

bat z=x+yi(x,y eR) —z=x—yi.

Goi F(-2;0),F,(2;0), M (x;¥),N(x;—y) lan luot 1a cac diém bicu
dién cac sb phuc —2;2;2;2 .

Do M, N la diém biéu dién s phttc z va z nén suy ra M, N dbi ximg
nhau qua Ox .

Khi d6 S, =]y -

Taco FF,=2c=4=>c=2.Theo gia thiét ta c6 MF, + MF, =42,
tap hop diém M thoa diéu kién trén 1a elip c6 truc 16n

2a=42=a=2V2 jtrucbé 2b=2Va> —c* =28 -4 =4=b=2 .
x2 2
Nén elip c6 phuong trinh (E):§+y721 .

2
J :M:SAOMN=|xy|S2\/E.

4 2

2 2 2
Dodo1="+2 >2 [
8 4 8

X

2
i

Ping thirc xay ra khi {
y

Chon D.

Vi du 6: Cho sé phuc z thoa mén |z + i| = ‘E+ 2+ i‘ . Gia tri nho nhat

cia P=|(i-1)z+4-2i la

A. 1. B.ﬁ.
2
C.3. D. %

Huéng din giai
Goi z=x+yi(x,yeR); M(x;y)la diém biéu dién s6 phirc z.

Ta co |z+i|:‘2+2+i‘ & lx+(y+1)i =[x +2-(y-1)j|
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(:))chr(Jhtl)z=(x+2)2+(y—1)2 S x—-y+1=0 (A) .

4

Taco P=|(i—1)z+4-2i =|(i-1)| (._?’)'
i—

:\/5|Z—3—i|

z+

—V2(x=3) +(y—-1) =v2MA, vsi A=(3;1).

|3>—1+1|_3

Ding thirc xay ra khi M 13 hinh chiéu vuoéng géc cia A trén dudng

= Pmin = \/EMAmin :\/Ed(A:A) = \/E

thang A hay M z,é :>z:E+§i.
2°2 2 2

Chon C.
Vi du 7: Cho hai s6 phtic z,, z, théa man |z1 +zz| =6 va |z1 —zz| =2.
Goi M,m lan luot 1a gia tri 16n nhit va gia tri nho nhit cua biéu thuc
P =|z,|+|z,|. Khi d6 médun cua sb phitc M +mi 1a

A. 76 . B. 76.

C. 2410 D. 24/11.

Huéng din giai
Ta goi A4, B lan luot 1a cac diém biéu dién cua cic s6 phic z,,z, .

Tir gia thiét

zl+zz|=6:>‘574+5§‘:6<:>‘5f‘:3 voi I 1a trung
diém cua doan thang 4B .
|2, —2,|=2=[04-0B|=2 < 4B=2.

AB®

Tacd OA> +OB* =20I" + 20.

P=|z|+|z,|=04+0B= P> <(I' +1°)(04’ + OB” ) = 40.
Vay max P=210=M.
Mit khic, P=|z,|+|z,| = |04 +|0B| > |04+ OB| =6 .

Vay minP=6=m .
Suy ra [M +mi| =\40+36 = /76 .

Chon A.
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Vi du 8: Cho s6 phirc z théa man |z —2+i|—|z+1-3i|=5. Gi4 trj nho

nhat ctia biéu thirc P = |z +1- 4i| bang

Al B. 2.
5
1
c.g. D. 2.

Huéng din giai
Goi M (x;y)la diém bicu dién so phic z; goi A(2;-1),B(-1;3) Ia "
diém biéu dién s6 phirc 2—i;—1+3i. Taco AB=5 .

Tur gid thiét |z —2+i|—|z+1-3i[ =5

= J(x=2) 4 (y+1) —(x+1) +(y=3)’ =5

=>MA-MB=5= MA—-MB=AB = MA=MB+ AB .

Suy ra M, A, B thing hang (B nam giita M va A). Do d6 quy tich

diém M latia Bt ngugc huéng véi tia BA .

P:|Z+1—4i|:\/(x+1)2+(y—4)2,Vé‘i C(-14) = P=MC.

Tacé AB =(-3;4)phuong trinh duong thing AB:4x+3y-5=0 .

4(-1)+34-5
CH:d(C,AB):M:%, CB=(-1+1) +(3-4) =1 .

V4 +3°
Do dé minP=CH = %khi H 1a giao diém cua dudng thing AB va

duong thang di qua diém C va vudng goc véi AB.
Chon B.

Viduy 9: Cho sé phirc z=x+ yi(x,y € R)théa man
\E+ 2 —34 <|z=2+i[<5. Goi m, M 1an luot 14 gié tri nho nhat, gid tri

16n nhat cua biéu thirc P =x* + y* +8x+6y . Gia tri m+ M la

A. 60—204/10 . B. 44—20410 .
c.% D. 52-20410.

Huéng din giai

Goi N(x;) 1a diém biéu dién cho s6 phirc z =x+ yi .

Taco [z+42-3]|<|z -2+ < 2x+y+2<0;
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|z=2+i|<5 e (x-2)" +(y+1) <25 (hinh tron tam /(2;-1) ban
kinh r=5);

Tap hop cac diém biéu dién s6 phiic z théa min diéu kién
|7+2-3i] <[z=2+i| <5 thude mién (7)) (xem hinh v& vi
A(-2;2),B(2-6) ).

Taco P+25=(x+4) +(y+3)

= JP+25 = (x+4) +(y+3) = NJ (v6i J(~4-3)).

Bai toan tro thanh tim diém N thudc mién (T)sao cho NJ dat gia tri

16n nhat, nho nhat.

Ta co

I —r<NJ<JB & 2310 -5<yP+25 <35 < 40-204/10 < P <20

P dat gia tri nho nhat khi N 1a giao diém cua duong thang JI véi

duong tron tim 7(2;-1)ban kinh r =5 va NJ =210 -5.

P dat gia trj 16n nhat khi N =B.

Vay m+M =60-2010 .

Chon A.

4+ Bai tap tw luyén dang 1
Bai tap co ban
Cau 1: Goi M va m la gia tri 16n nhat, nhé nhit ciia moédun sb phuc z thoéa man |z—1| =2.Gia tri cua
M+m la
A. 3. B. 2. C. 4. D.5.

Céu 2: Cho s6 phtc z thoa mén |z —2| + |z + 2| =5.Goi M, m lan luot 1a gia tri 16n nhat, gia tri nho nhat

cua |z|. Gia tri M +m la
17
A.M+m=7. B. M+m=8. C. M+m=1. D. M+m=4.

Céu 3: Cho s6 phitc z théa |z —1-2i|=|z -3 —i|. Khi do,

Z| nho nhét bang

¥3 ¥
2

Al B. 2. D.2
2
Cau 4: Cho s6 phitc z théa |z|=1. Gid tri Ion nhét ctia P =" +2|+|s* 2| Ia
14
A —. B. 4. C. 2. D. 24/3.

5
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(1+i)z

1-i

Cau 5: Cho sb phuc zva w biét chung théa man hai diéu kién +2|=2:w=iz. Gia tri 16n nhat

ciia P=|w-z| bang
A. 4. B. 242. C. 42. D. V2.
Céu 6: Cho s6 phtrc z théa |(1+7)z+1-7i|=+/2 . Gia trj I6n nhit cta |2] la
A.4. B.7. C.6. D.5.
Bai tap nang cao
Cau 7: Cho s6 phirc z thoa mén |z +1-2i|~|z—1-i|=+/5 . Gi tri nho nhit cta biéu thitc P =|iz+3-4i

la

A.%. B. 24/5. C. J13. D.

W

Cu 8: Cho s6 phirc z thoa man |z+2—i|+|z-3+2i|=+/34. Goi m,M 1an luot la gia tri nhé nhét, gia tri

16n nhat cia |Z -1- 2i| .Giatri P=m.M bang

14485 144170

A. P=534 . B. P=102. C.T. D. ———.

Céu 9: Cho s6 phitc z thoa man |z +1i =|z+2-2i]. Biét khi z=a+bi(a,beR) thi biéu thirc
lz—1-2i|~|z +2 1| dat gi4 tri Ion nhét. Gia tri 7=3b-a I

A.5. B. 2. C.3. D. 4.
Céu 10: Cho sb phirc z thoéa man \z+2+2\ +3‘z —;—21" <6.Goi M,m lan luot 14 gia tri 16n nhét, gié tri
nho nhat cta |z —2-3i|. Gid tri cia M +5m bing

A 85, B. 34/10. C. 6v5. D. 5V10.
Cau 11: Xét céc s6 phirc z thoa mén |z* —2z+5|=|(z—1+2i)(z+3-4i)|. Gid tr nh6 nhét cita |z +1~i]

la

25

A. 1. B.—S.
5

c. 26

6

D.

nlw

Cau 12: Cho s phuc z théa man |z—1—i|+|z—3—2i| = \/g Goi M,m lan luot 1a gia tri 1on nhat, gia tri

nho nhét cua z—%ﬂ' .Giatricoa M* +m* 1a
A2 B. 127 c. 17 p. 32
2 10 10 2

Cau 13: Goi M la diém biéu dién s6 phirc z, =a +(a2 —2a+2)i( v6i a la s thuc thay doi) va N la

diém biéu dién s6 phtc z, biét |z, —2—i|= ‘Z —~6- i‘ . D¢ dai ngan nhét cia doan MN bang

A 245, B. #. C.1. D. 5.
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Cau 14: Cho hai sb phitc zvd w=a+hi thoa min ‘z+\/§‘+‘z—\/§‘:6; 5a—4b—20=0. Gia tri nho
nhét cua |z—w| la

3 5 4 3

Cau 15: Cho hai s6 phitc zva w thoa man z+2w=8—6/ va |z—w| =4 . Gia tri 16n nhét cua biéu thirc
|z|+|w| bang

A. 46 B. 2426 . C. V66 . D. 3\6.
Cau 16: Goi S 1a tap hop cac sd phirc zthoa mﬁn|z—1|=\/3—4 va |z+1+mi|:|z+m+2i| (trong do

meR ). Goi z,z, 1a hai s phitc thuoc S sao cho |z1 - Zz| 16n nhat, khi d6 gia tri cua |z1 + Zz| bang

A.2. B. 10. C. 2. D. V/130.
Cau 17: Cho hai s6 phtic z,,z, théa man I j_12_i3'| = I;I % :_ I =2 . Gia trj nh6 nht ctia |z1 —22|la‘1
z,+2-3i z, =1+

A 2\2. B. 2. C. 1. D.2-1.
Cau 18: Cho sb phirc z théa man ‘Z+;‘+2‘z—;‘ =8. Goi M,m lan luot 1a gia tri 16n nhat, gia tri nho
nhat ctia biéu thirc P:|Z—3—3i| . Gia tri cia M +m bang

A. V10 ++/34 . B. 24/10 . C. V10 ++/58. D. 5+/58.
Ciu 19: Goi z=a+bi(a,beR) 1 sé phic thoa man didu kién |z—1-2i|+|z+2-3i|=+10 va ¢6

mo6dun nhoé nhit. Gi tri cia S =7a+b 1a
A.7. B. 0. C.5. D. -12.

Ciu 20: Cho s phic z=x+ yi(x,y €R) théa man ‘E+2—3i‘£|z—2+i| <5. Goi m,M ln luot 1 gia
tri nho nhat, gia tri 16n nhat ciia biéu thirc P =x* + y> —14x+8y. Gia tri m* + M 1a

A 118661—3000+/34

x B. 347212034 C. 4732-12034 D. 343612034

PAP AN - Dang 1. Phwong phap hinh hoc
1-C 2-D 3-C 4-C 5-C 6-C 7-A 8-D 9-A 10-D
11-B 12-A 13-B 14-A 15-C 16-A 17-A 18-D 19-A | 20-C

Dang 2: Phuwong phap dai so
4 Phwong phap giai
Céc bat dang thic thuong dung:

1. Cho cac so phirc z,z, ta co:

a. |Zl|+|22|2|z1 +Zz| (1)
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z,=0

Ping thirc xay ra khi va chi khi
z,#20,3keR, k20,2, =kz,

b. |Z1 + 22| > ||z1 | - |Z2 || .(2)

Ding thirc xay ra khi va chi khi
Z ;tO JkeR,k<0,z, =kz

2. Bit ding thirc Cauchy - Schwarz

Cho céc sb thuc a,b,x,y tacd ax+by < \/(az +b2)(x2 +y2)

Ding thirc xay ra khi va chi khi ay = bx .

4+ Vidu miu
Vidy 1: Cho sbphic z=a+(a-3)i,(acR). Gid tri cia a dékhoang Nhén xét: Loi gidi co sur

cach tir diém biéu dién sd phirc z dén gdc toa do 1a nho nhét bang dung danh gia
3 1 x*>0,VxeR
A.a=—. B.a=—.
2 2
C.a=1. D.a=2.

|z|=+Ja* +(a=3)" = Z(a—zj +§ T\/_

, 3 3 3
Pang thtrc xay rakhi a ==.Hay z==——=1i.
g y > y )

Chon A.
Vi du 2: Trong céc s6 phirc z théa mén diéu kién|z —2—4i| = |z—2i| , 80
phtc z c6 médun nho nhét 1a
A, z=1+2i. B. z=-1-i.
C. z=2+2i. D. z=-1+i.
Huéng din giai

Goi z=a+bi(a,beR).

|z-2—4i|=|z-2i| & |(a—2)+(b-4)i|=|a+(b-2)i| = -a-b+4=0.

= (4=b)+bi=>|z| = J(4=b) +b* =\[2(b-2)' +8 2242 .
Suy ra min|z| =232 ©b=2=a=2=2=2+2i.

Chon C.
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z—1

Vi du 3: Cho s6 phtic z thoa man Y =1, biét z+%—5i dat gia tri
z—2i

nhé nhat. Gia tri cia |Z|b€mg

A V2. B. %

L p. 7.
2 2
Huéng din giai

Goi z=a+bi(z+2i)(a,beR).

2_21. —1&|z-1|=|z-2i]<2a-4b+3=0=2a+3=4b
Z—uzl
= z+%—5i = J(26) +(b=5) =[5(b-1) +20 225
3 a—l 1
Suyraminz+——5i:2\/§<:> 2= z=—+i
2
b=1
J5
Viy |2 =22
ay |7 ==
Chon C.

Vi du 4: Cho hai s6 phtic z,,z, théamin z, —z, =3+4i va |z1 +zz|:5.

Gid tri 16n nhét cia biéu thic |z|+|z,| 1a

A. 5. B. 5\3.

C. 1245, D. 5V2.
Huéng din gisi
Taco 2|z +|zf ) =|z +2f +|7 —2[ =5°+3° +4> = 50.
St dung bét ding thirc Cauchy — Schwarz, ta co
|2 +za| < 2(|f + |22 ) =50 =52
Goi z, =x+yi,z, =a+bia,b,x,y e R

z,—z,=3+4i

i |Z1 +22| =5
Ding thirc xay ra khi va chi khi 2 2
|Z1| +|22| =25

|Zl| = |Zz|

Nhan xét: Loi giai st dung

bat ding thuc Cauchy —

Schwarz.
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T2, Hay 7 =Ly diz ~ L1 7,
g Y ATYTRER T

h=——

7
2
|
2 2

y=
Thay z,,z, vao gia thiét thoa man.

Vay, gia tri 16n nhét cia biéu thirc |zl| + |Zz| bang 542.
Chon D.

Vi du 5: Cho s6 phitc z théa méan |z|=1. Gié trj 16n nhit cia biéu thee ~ Nh@n xét: Loi giai sur dung

P=|1+Z|+3|1—z| bing bat dang thic Cauchy -

Schwarz.
A. 2410 B. 65.
C. 315, D. 2.5.
Huéng din giai
Taco P< \/(12 +32)(|l+z|2 +|1—z|2) - \/20(|1|2 +|z|2) =2J10
Dang thirc xay ra khi
2| =1 x4yt =1 x:—% A
L At IETES - S D=ty
1+2]= 3 Xyl y=i§
Vay max P = 2@ .
Chon A.
Vi dy 6: Cho s6 phitc z théa man |z—1+2i|=2. Gid tri [6n nhatcia ~ Nh@n xét: Loi giai st dung
|z+3~i] bing bat dang thirc
|Zl|+|22| 2 |Zl +Zz| .
A. 6.
C. 8. D. 9.

Huéng din giai
Ta c6 |z+3—i| =|(z—1+2i)+(4-3i)| <|z -1+ 24 +|4-3i|=7 .

, z=1+2i=k(4-3i),k>0
Dang thtrc xdy ra khi ( ) :zzg—ﬁi.
|z—1+2i|]=2 5 5

Vay gi4 tri 16n nhét ciia |z +3—i| bang 7.
Chon B.
Vi du 7: Cho sé phitc z théa man diéu kién |z—3+4i|=4.Goi M va  Nhén xét: Loi giai sir dung

m 12 gia tri 16n nhat va nhé nhét ctia modun sb phic z . Gia tri cia bat dng thirc
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M .m bang

A. 9. B. 10.
C.11. D. 12.
Huéng din giai

Taco |z|=|(z—3+4i)+(3—4i)| <|z—3+4i|+[3—-4i|=4+5=9=M

4
7 (z-3+4i=k(3-4i),(k>0) |*=3
Dang thtrc xdy ra khi = .
|z-3+4i|=4 ,_27_36,
5 5

Mat khac
2| =|(z—3+4i) +(3-4i)| 2| z =3+ 4i|-[3 - 4i] = |4~ 5| = 1=m.

po 4
z-3+4i=k(3-4i),(k<0) 3

Ding thirc xay ra khi =
|z—3+4i|=4 3

z=———I

Chon A.

|zl|+|zz| > |Z1 +zz| va

||zl|—|zz||£|zl—zz|.

Vi du 8: Cho s6 phitc z thoa man |2* +4|=|z(z+2i)| . Gid tri nho nhat Chil ¥z Vi moi s6 phirc

cia |z+i| bang

A. 2.

T F

si-

C.1.
Huéng din giai
Ta co ‘22 +4‘=|Z(Z+2i)| <:>|(Z+2i)(z—2i)|=|Z(Z+2i)|

= |Z+2i|.|z—2i| =|Z|.|z+2i|

¢3P2+24:0<3[z:—% {z:—h

=
|z|=|z—2i| |z|=|z—2i| z=a+i,aeR

|z+i] =|-2i+i|=1
do :>min|z+1|:1.

|z+i|=|(a+i)+i|="a* +4>2
Chon C.
Vi du 9: Tim sb phirc z thoa mén (z—l)(2+2i) 1a s6 thyc va |2| dat

gia tri nho nhat.

Z,Z, -

22| =[] 2].

. Zzi—%i. B. Z=——+%i.
55 5
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Huéng din giai
Goi z=a+bija,beR.
Taco (z-1)(z+2i) =[(a—1)a-b(2-b)]+(2a+b-2)i

Do dé (z—1)(z+2i) la s thue < 2a+b-2=0<b=2-2a

Khi do |2 =fa’ +(2-2a)" = /5(a_§j +% T\/_

4
a=—
Ding thirc xay ra khi >
2
p==
5
a i
min|z|:£<:> S.Vay z:i+%i.
5 2 55
b==—
5
Chon D.

Vi du 10: Cho s6 phic z thoa man diéu kién |z—1| =2 . Tim gia tri
16n nhét cua bicu thirc T =|z+i|+[z-2-1] .

A. maxTzS\/E. B. max7 =4.
C. maxT:4\/5. D. max7 =8.

Huéng din giai

bat z=x+yi(x,ye]R),tacé

|z—1|=\/§<:>|x—1+yi|:\/§<:>1/(x—l)2+ 2 =2

S(x-1)+y* =2 +y =2x+1 (%),
Lai co

:|Z+i|+|z—2—i| =|x+(y+l)i|+|x—2+(y—1)i|

=\/x2+y2+2y+1+\/x2+y2—4x—2y+5

Két hop voi (*) ta duoc

T=\2x+2y+2+J6-2x=2y = [2(x+ ) +2 +/6-2(x+ )

Pit T=x+y,khido T=f(t)=+2t+2+6-2t véi te[-13] .
Ciach 1: St dung phuong phap ham s6
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1 1
J2e+2 o2t

Ma f(1)=4, 1 (-1)=2v2, 7 (3)=2v2 . Vay max f (t)= f(1)=4.

Tacod f'(1) f'(t)=0=1=1.

Cich 2: Sir dung phuong phap dai s6
Ap dung bt dang thirc Cauchy — Schwarz ta ¢6

T=V2t+2+6-2r < J(1+1).8=4.

Dang thirc xay rakhi =1 .

Chon B.

Vi du 11: Cho s6 phirc z théa man |z|=1. Goi M va mlan luot 1a gia
tri 16n nhét va gia tri nho nhét cia |z + 1| +‘z2 +z+ 1‘ . Khi d6 gia tri cua
M +m bang

A. 5.

c.>.
4

Huéng din giai

5
Ao &

Dit z=a+bi(a,beR) va r=|z+1|. Khi do

)

£ :(z+1)(;+1)=|z|2+1+Z+Z=2+2a:>a:

Ta co

‘22 +Z+1‘:‘a2_b2+2abi+a+bi+1‘:

a2+(1—b2)+a+b(2a+l)i‘

:\/(2a2 va) +b* (2a+1) =\/a2(2a+l)2+(1—a2)(2a+1)2
=P2a+1)=|¢* -1
= |z +1|+]22 +z+1| =1+ |7 1] (v6i 0<2<2,do @” <1).

Xétham sb f(¢)=t+[f* -1 véi te[0;2] .

Truong hop 1: te[0;1]= f(¢t)=t+1-¢ =—t2+t+lﬁf(%j:%
5
max f(t)=—
vaco f(0)=f(1)=1neén { [ ) 4.
min /(1) =1

Truong hop 2:
te[,2]= f(t)=t+ 1= +1-1, (1) =2t +1>0,Vt €[1;2]

TOANMATH.com Trang 18



ma]xf(t)

[1;2

min f(¢)= f(1)=1

[1:2]

Il
~
—_

§)
N—"
Il

)

Do d6 ham sb ludn dong bién trén [1;2] =

M:mag(f(t):5

[0;

A

Vay —SM+m=6.

m:r[l(};izr]lf(t)zl

Chon B.

4+ Bai tip tu luyén dang 2
Bai tap co ban
Chu 1: Cho z,,z, théa man |z|=|z,|=1. Gi tri nh6 nhat cua biu thitc P =|z, +1|+|z, +1|+|z,z, +1| 1a

A. 1. B. 2. C.8. D. 4.

1
z4—
z

Céu 2: Cho s6 phirc z thoa méan diéu kién =a(a>0).Goi M va mla gia tri 16n nhat va nhé nhét

cua |z| Khi d6 M +m bang
A. a. B. a++a’+4. C.Va*+4. D.Z(\/a2+4—a).

Cau 3: Trong cac sb phtc z théa man |z—(2+4i)| =2, g0i 2z va z, lan lugt 1a s6 phirc c6 modun 16n
nhat va nho nhat. Tong phan 4o cua hai sé phuc z,va z, béang

A. 8i. B. 4. C. -8. D. 8.
Céu 4: Trong cac sb phirc z théa mén |z -2+ i| = ‘;+ 1 —4i‘, s6 phttc z c6 mdédun nho nhét 1a

A z=1+2i. B.z=-1-i. C.z=2+2i. D. z=-1+i.
Cau 5: Cho s6 phitc z thoa man diéu Kign |2” + 4| =|z + 24|z~ 2|. Gia tri nh6 nhét cta [z —1+i| bang

A. min|z—1+i|:\/§. B. min|z—1+i|:2. C. min|z—1+i|:\/§. D. min|z—1+i|:1.

Bai tip ning cao
Céu 6: SO phite = thoa man |2z+1) = \Z+E+ 3\ va s phitc w =z —8c6 mddun nhé nhit. Téng phan thuc
céc s6 phuc z thoa man 1a

A. 5. B.7. C. 10. D. 14.
Céu 7: Cho s6 phitc z thoa mén |z—2i|=2. Gia trj 16n nhat ciia P =2|z+2—i+3|z-2-3i| 1a

A. max P =326 B. max P=313. C. max P=413. D. max P =24/13.
Céu 8: Cho s0 phitc z théa mén |z—1-2i|=4. Goi M, m lan luot 1 gi4 tri 16n nhét, gia tri nho nhét
cua |z+2+i|. Giatricia S=M*+m’la

A. §=34. B. §=82. C. §=68. D. §=36.

Céu 9: Cho cac s6 phirc z thoa méin ‘zz +1‘ = 2|z| .Ky hiéu M = max|z ,m= min|z| . Méodun cua sb phirc

w=M+mi la
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A. |w]=+6. B. [w]=2. C. [w=2v2. D. |w=1++2.

Céu 10: Trong cac sé phic z théa man ‘22+;‘ = |z—i

, sO phtrc ¢6 phan thyc khong am sao cho ‘z’l‘ dat

gia tri 1on nhat 1a

Cau 11: Cho s6 phtic z théa min cac diéu kién z khong phai 14 s6 thuc dong thoi s6 phic w = la

zt+1

mot sd thuc. Biét réng ph?m thuc d6 1a mot sb thuc duong. Gia tri nho nhit cia phén thuc cua z1a

B 7

A B.%. C.1. D. ==
Cau 12: Cho s phic z =a+bi(a,beR) thoa man didu kién ‘22 +4\ =2||. Dat P=8(b*-a’). Ménh
dé nao dudi day dang?

A. minP=12. B. maxP=12. C. minP=8. D. max P=0.

Cau 13: Cho s6 phitc z thoa man |z|=1. Gié tri nho nhdt ctia P =[1+2|+[1+2°|+[1+2| 1a

Al B.2. C. 5. D. 4.
Ciu 14: Cho céc s6 phirc z va wthoa man (3—i)|z|zil+1—i. Gié tri 16n nhat 7 =|w+i| 1a
e
a2 B 22, C.2. D. L.
2 2 2

Cau 15: Xét céc sb phic z,,z, théa min |z, —3|+|z, +3| =|z, —4|+|z, +4| =10 . Gi4 trj 16n nhat cua biéu
thirc |Z1 —ZZ| la

A.7. B. 20. C. 14. D. 10.

DPAP AN — Dang 2. Phuwong phip dai s6
1-B 2-C 3-D 4-B 5-C 6-D 7-A 8-C 9-A 10-D
11-A 12-A 13-B 14-B 15-D
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