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CHUYEN DE BAT DANG THUC

Giot nudc bén thém khé lang tham roi déu déu va nhanh dan theo nhing
giai diéu vu vi phdt ra to cay dan ghi-ta da ci, nhitng nét nhac du duong

nhu hoa vao taém su cia ngudi dang chim vao ndi cé6 don khi nhd vé mot
ngay da xa....
Thang 9, mua khai truong ciua bao coé cdu hoc tro sau nhing thang hé ron
ra, vut tuoi. Pia thi gap ban ctu miéng c@ riu ra riu rit nhing ciu chuyén
trong nhing thang ngay khong gap, dita thi gdap lai thay co tay bdat mdat miung
nhw via tim thdy tha gi dé than quen sau bao ngay xa cich. C6 nhitng co
cau lai khdn géi chudn bi hanh trang, za con dudng lang quen thudc van
thwong dap xe cung nhau di hoc, a cdi thén qué noi chia day ki niém dé
bat dat dau hanh trinh mdi chinh phuc wdc mao va hoai bao.
Lép hoc tro ra di, lai cé ldp hoc tro mdi lai vao, nhitng nhip cau ci& néi tiép
nhau cho bén bo tri thitc. Chi con dong lai noi day, mot tinh yéu nong am,
mot suw gin két vo hinh trong cudc séng nay day.
Toi bit dau hoc Todn ti thd nhé, lic © a dém 1,2. Quyén so toi ghi vé nhiing g toi hoc,
ctt moi ngay lai thém day hon, moi mot trang la mot chang duong, la hanh trinh toi di
tim tinh yéu dich thuc cia doi minh. Néu héi toi "Vi sao toi con yéu Todn thé 2", toi
cting chi biét rang dé c@ nhu théi quen sau nhiing gio cang thang, la su "mua vui" tudng
thudng cho ban than minh mot goc toi binh yén.
Tw nhitng gi con dong lai sau nhitng thing ngay hoc tap trén ghé nha truong,
toi da cé ging chon loc va tong hop lai nhitng bai todn, nhitng cdch ching
minh ddc sdc nhat dé hoan thanh chuyén dé

TUYEN TAP BAT PANG THUC LUYEN THI DAI HOC
Bai viét nay, tic gia da chon loc nhiing bai toan trong cic ki thi thit dai hoc tit cac truong
THPT, cac dién dan online va cac trung tam day thém chat lugng dé bién soan lai thanh
mot chuyén dé danh cho nhitng nguoi dam meé bat ding thic noéi chung va cac ban 6n thi
dai hoc néi rieng. Dong thoi, day cling 14 moén qua nho, xin duge danh ting cho dién dan
www.k2pi.net nhu 13 mot hoi ttc dep sau hon mot nam dai gan b6 ciing cac anh, cac chi,
dit khong gap nhau nhung chiing ta luon cé st gan két vo hinh lai, béi 16, ching ta da 16
yéu todn mat roi!
Bai viét duoc tdc gid viét voi trong nhing ngay hé dé hoan thanh kip
mung sinh nhat lan thd nhét cia dién dan www.k2pi.net nén chdc han
con nhiéu sai xot, mong nhan dudc su gép ¥ cia ban doc gan xa qua dia

chi:ngohoangtoan199/@gmasil.com hodc www.k2pi.net.
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1 MOT SO BAT DPANG THUC CO BAN 1.1 Bt ding thic AM-GM

1 MOT SO BAT PANG THUC CO BAN

1.1 Bét dang thic AM-GM

Phat biéu 1.1: Bat ding thic AM-GM

Cho ay, as, ..., a, la cic s6 thic khong am thi ta cé:

a; +as+ ... +a, > n/aias...a,. (1.1)

De%ng thitc xay ra khi va chi khi a1 = as = ... = a,

Tuy nhién, khi gidi toan ta hay quan tam nhiéu dén truong hop n = 2va n = 3. Ma ta thuong
duge biét dén dudi phat biéu:

Cho a,b > 0. Khi dé ta c6: a + b > 2v/ab. Déng thitc xay ra khi v& chi khi: a = b.

Bat ding thtc nay con duge viét dudi dang khac tuong duong la:

2
. (a—zkb) > ab

o (a+b)*>4ab

a?® + b* > 2ab

(a+ 6)2

a® +b* >

Cho a,b,c > 0, khi d6 ta c6: a+ b+ ¢ > 3vabe. Dang thite xay ra khi va chi khia = b = c.
Bat ding thtc nay con c6 mot s6 tng dung khac kha pho bién nhu sau:
Vé6i moi s6 thue a, b, cta luén co:

e’ +b2+c>ab+bc+ ca

o>+ +c> M
o (a+b+c)?>3(ab+ be+ ca)
o a?b? + b2 2 + *a? > abe (a+ b+ )
o (ab+ bc+ ca)’® > 3abe (a4 b+ ¢)

1.2 Bét dang thiic Cauchy-Schwarz
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1.3 Bt ding thitc Minkowski 1 MOT SO BAT DANG THUC CO BAN

Phat biéu 1.2: Bat dang thiic Cauchy-Schwarz

V6i hai bo s6 thic tuy ¥ aq, as, ..., 4, va by, by, ..., b, ta c6 :

(£) () (54 o2

Ding thiic x4y ra khi va chi khi a1 = as = ... = a,

B4t ding thic Cauchy-Schwarz dang Engel

Gia st aq, ay, ..., a, 1a cac s6 thic bat ki va by, bs, ..., byla cac s6 thuc duong .

2 2 2 2
L . m a9 a, (ay +as+ ...+ ay)
Khi d6 ta luon ¢6 :— 4+ — + ... + — >
by ba " bc? - bl—gb2+...+b
Déang thic x4y ra khi v chi khi— = — = ... = =
by ba b,

Tuy nhién,khi giai toan ta hay quan tam nhiéu dén truong hop n = 2va n = 3. Khi d6 ta gap
mot s6 danh gia quen thuoc sau:
Cho a, b,c > 0 ta co:

2
e Lt (a+b+c)

1 1 1
®(a+b+c) (5+E+E> >9

1.3 B4t ding thic Minkowski

Phat biéu 1.3: Bat dang thitc Minkowski

ai,as, ...,a, € RT R R )
Cho val<pe QT thitaco:
by, by, ... b, € RT

(1.3)

Nhung ta quan tam nhiéu nhat la cac bat dang thitc quen thudc sau:
o Va2 +b+VAE+d%> \/(a+c)2+(b+d)2
o Va2 + 02+ 2+ \/m2+n2+p?> \/(a+m)2+(b+n)2+(c+p)2
o a2+ b2+ ag? + b2+ 4+ a? + anZ\/(al +ag+ ...+ an)’ + (by + by + ... +b,)

(©Ng6 Hoang Toan Trang 4



2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

2 BAT DPANG THUC QUA CAC Ki THI DAI HOC
2007-2013

Deé thi dai hoc khéi A-2007

Cho z,y, z 1a cac s6 thyc duong thay doi va théa man zyz = 1.Tim gia tri nho nhéat cta
bicu thiic:

2?2 (y + 2) v (z + 1) 22 (x+y)

- + +
YVY+ 222 2z 42T T+ 2/y

Loi gidi
Theo bat dang thitc AM — GM ta c6 :

2 (y + 2) > 20\ fyz = 20/

Tuong tu ta co:
v’ (z+x) =2y
2 (v +y) =222

Ta tim gia tri nhé nhat ctia biéu thric :

P> 2/ N 2y\/y N 224/z
Ty 22z 22420 a4 29y

Dat a = vz + 2y /y; b=y /¥y + 222 c=2y/2+ 22z

4 —2b 4 b—2 4b -2
—b 4da+b-2 4b -2 2 b b
DO(fIé:PZg ta + at C-|- re @) _ < 4 E_|_g+_ + g_|___|_f —6
9 b c a 9 a ¢ a b a a
2
:>P2§(4.3+3—6):2
Déng thitc xay ra khi va chi khi: 2 =y =2 = 1. 0

Dé thi dai hoc khéi B-2007

Cho z,y, z1a cac s6 thuc thay doi .Tim gid tri nhé nhat ctia biéu thic :

95 1 Y 1 Z 1
P=z|-+—])+tylz+—)+2z|z+—
2 yz 2 zz 2 xy

Loi giai:
Ta co: 2 2 2 2 2 2
P:x +y +z +:v +y +z
2 TYz
Ma ta co:

2+ P 422 > ay+yz+ 2w

(©Ng6 Hoang Toan www.k2pi.net Trang 5



2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

) 1
Xét héms@:f(t):§+¥véit>0.

. 3
Lap bang bién thieén cia f (t) ta suy ra:f (t) > é,Vt >0

. 9 .,
Vay gia tri nho nhat ctia P la §.Déng thic xay ra khi va chi khi z =y =2 = 1. O

Deé thi dai hoc khéi D-2007

Cho a > b > 0. Chting minh rang;

Loi giai:
Bét dang thic da cho tuong duong véi:

In(1+4%) _In(1+4)

a\b b\ @
(1+4) < (1+4) & ——— < ——

1+4*
(L+ )Véix>O.Tacc’):

Xét ham s6 f (z) =

474" — (14 4%)In (1 4 47)

<0
z2 (1 + 47)

' (x)

= f (z) 12 ham nghich bién trén khoang (0; +00).
Do f (x) nghich bién trén khoang (0; +o0).va a > b > 0 nén f (a) < f (D).
Phép chitng minh hoan tat. U

Dé thi dai hoc khéi B-2008

Cho z,y 1 hai s6 thuc thay déi théa man x? +y? = 1.Tim gia tri 16n nhat va gia tri nho

nhét ctia biéu thie:

_ 2(2® + 6xy)
14 2zy + 292
Lo gidi:
2 (x? 2 (2?
Ta 6 P — (2 + 6oy) (2% + 6xy)

1422y +2y2 22+ y2 + 22y + 22
Néuy=0tacoa?=1 Suyra P =2

< y . 2% + 12¢
Neuy%Odatx:ty,khldo:P:W

Véi P = 2,phuong trinh (1)c6 nghiém t = 7

Véi P # 2,phuong trinh (1) ¢6 nghiém khi va chi khi:
A'=-2P?—6P+36>0—6<P<3

Gia tri 16n nhétP:3khix:i' Lhoéucxz—i;y:—

VAT IRVAT) V10
(©Ng6 Hoang Toan Trang 6
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2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

Gia tri nhé nhat P = —6khi x = = ———hoaczr = —

3
\/E)y \/E ? \/ﬁvy_\/l—g

Deé thi dai hoc khéi D-2008

Cho x,y 1a cac s6 thuc khong am . Tim gia tri nhé nhat va gia tri 16n nhat cua:

(z —y) (1 —zy)

/2= 2 2
(1+2)°(1+7y)

Lot giaa:
Ta co: |P| = (z —y) (1 —xy) (z +y) (1+zy)
' (L+a)*(1+y)*| I(x+y)+(141r:vy)l

Khi z = 0,y = 1 thi gi4 tri 16n nhat cia P = T

<P

o |
[\
o |

1
QSZ@_

IS,

Khi = 1,y = 0 thi gi4 tri nhd nhat ctia P =
Phép chitng minh hoan tat. O

Dé thi Cao déng-2008

Cho hai s6 thyc thay déi z,ythéa man z? 4 y?> = 2.Tim gia tri 16n nhat va gia tri nho
nhat ctia biéu thiic
P:Q(a:3+y3) — 3xy

Lo gidi:
Ta co:
P=2(x+y) (2 —ay+y°) -3y =2(z+y) (2 —zy) — 3y
t*—2

Dat t =z + . Do 2% +y> = 2 nén 2y = 5

Suy ra:

2 —2 2 —2 3
P=2t(2- -3 =3 — 2 +6t+3
( 2 ) 2 2 tot

Do (3:—1—3/)224xynént222(t2—2):>—2§t§2
P 3
Xéthéms():f(t):—t3—§t2+6t+3v61 —2<t<2

. . 13 .
Lap bang bien thién tut d6 suy ra gia tri I6n nhat P = 5 va gia tri nho nhat P = —7. O

Dé thi dai hoc khéi A-2009

Chiing minh rang v6i moi s6 thyc duong z,y, zthéa man z (z + y + z) = 3yz,ta co:

(z+y)P+(@+2°+3@+y) (y+2)(z+2) <5+ 2)°

Loi giai:
bata=xz+y, b=y+z2 c=z2z+zx
Diéu kién bai toan tré thanh: ¢ = a? + b* — ab

Bét ding thitc can chitng minh tuong duong véi: a® + b + 3abe < 5¢3 a,b, ¢ 1a cac s6 thuc

(©Ng6 Hoang Toan www.k2pi.net Trang 7



2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

duong théa man diéu kién trén.
2 2 | 72 2 2 3 2 1 2
cc=a"+b"—ab=(a+0b)" —3ab> (a+b) _Z(a+b> :Z(a+b> =a+b<2

a® + b + 3abe < 562

& (a+0) (a® +b* — ab) + 3abe < 5¢°
& (a+b) c + 3abe < 5¢

& (a+b)c+ 3ab < 5c?

b 2
Ma a + b < 2c nén (a + b) ¢ < 2¢? Va3abc§3.(a—2{— ) .c < 3c.

Suy ra diéu phai chitng minh. O

Dé thi dai hoc khéi B-2009

Cho céc s6 thuc thay déi z,y thoéa man (z 4 y)° + 4zy > 2.Tim gié tri nho nhat cta bidu
thic :
A=3(z"+y' +2°°) —2(2® +¢°) +1

Lo gidi:
Két hop (x +9)° + 4oy > 2 va (z +y)° > 4ay. Suy ra:

(r+y)’+@+y)’>2=a+y>1

A:3(:134+y4+x2y2)—2($2+y2)+1:

vV
—
S
2o
_I_
N
o
—
_I_

4
'
v

2
1 1 9
Datt:x2+y2tacéx2+y2z@:§¢t25;dodé/12—t2—2t+1

) 9
Xét ham sb f(t):Zt2—2t+1; f’(t)zﬁt—2>0V6i moi t >

DN | —
. e~

) 9 1
Vay gia tri nho nhat ctia A 1a T khizx =y = 3 O

Dé thi cao dang-2009

Cho a va b 13 hai s6 thyc théa man 0 < a < b < 1. Chiing minh rang:

a’lnb—b*lna >1Ina—Inb

Loi giai:
P . Ina Inbd
Bat dang thuc can chw inh tuong duc Oi: <
at dang ¢ can chiing min ng ng voi a21—i— 1 21
Int g(t?+1)—2151nt
Xét ham s6 f (t) = ——,t € (0;1).Ta co: f'(t) = > 0,Vt € (0;1

Do d6 f () 1a ham dong bién tren (0;1).

(©Ng6 Hoang Toan Trang 8



2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

Ma0<a<b<1,neén f(a) < f(b). Suy ra diéu phai chiing minh. O

Deé thi dai hoc khéi D-2009

Cho cac s6 thyc khong am x,y théa man z + y = 1.Tim gia tri 16n nhat va gia tri nhd
nhat ciia biéu threc:
S = (42% + 3y) (4y* + 3z) + 25zy

Lo giaa:
Doz +y =1, nén

S = 162°y*+12 (2° + y*) +9zy+252y = 162°y°+12 [(z + y)® — 3xy (z + y)|+34ay = 162%y*—2zy+12

2
1 )
Dat t = a2y, ta dude S = 16t2 — 2t +12ta c6 0 < ay =t < @ =1 Ta tien hanh khao sat
. . 191
ham s0 trén va tim duge gia tri nho nhat cia S la 6
. 25 11
Gia tri I6n nhat cua S = 5 khi (z;y) = (5, 5) O

Dé thi cao dang-2010

CCho hai s6 thiyc duong z, y thay doi théa man 3z +y < 1.Tim gia tri nhé nhat ctia biéu
thic :

1
A=—+—
x+,/:ny
Loi giai:
1 1 1 2 1 2 4 8
Taco: A=—+—>—+ > 2,/ —. = > > 8
T Jry T T+y rx+y \r(r+y) 3Tty

Diang thiic xay ra khi va chi khi: o =y = ~. O

o |

Dé thi dai hoc khéi B-2010

Cho céc so6 thuc khong ama, b, ¢ théa man a + b + ¢ = 1.Tim gia tri nhd nhét ctia biéu
thic :
M =3 (a®0® + b°c® + *a®) + 3 (ab + bc + ca) + 2Va® + b + 2

Lot giaa:
Ta c6: M > (ab+ be + ca)® 4 3 (ab 4 be + ca) +21/1 — 2 (ab + be + ca)
(a+b+e) 1

Datt:ab+bc+catacc’>0§t§T:?

Dén day ta khio sat ham s6 :

A9t 1 2
f(t) =2+ 3t +2y/1 — 2t tréen [O;§>,tacé;f/(t):2t+3_ —
2 , 1\ 11
frt)=2- < 0 suy ra f’(t) nghich bién nén f (t) > f <—> == —2/3>0
(1—2t)° 3 3

(©Ng6 Hoang Toan www.k2pi.net Trang 9



2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

Suy ra f (t) 1a ham dong bién nén f () > f(0) = 2
Vay gid tri nhé nhat ciia M 1a 2 xay ra khi (a;b;¢) = (1;0;0), (0; 1;0), (0;0; 1) O

Dé thi dai hoc khéi D-2010

Tim gia tri nhé nhat ctia ham s6:

y=+vV—22+4x+21++vV—22+ 3z + 10

Loi giadi:

Diéu kien —2 <z <5

Ta c6 (—2? +42+21) — (—2*+3r+10) =2+ 11 >0suyray > 0y? = (z+3)(7T—xz) +
($+2)(5—x)—2\/(ZL‘+3)(7—I)($+23(5—$)

- <\/(x+3)(5—x)—\/(x+2)(7—x)) 12>2

) 1
Suy ra y > v/2 déng thic x4y ra khi z = 3 O

Dé thi dai hoc khéi A-2011

Cho z,v, z1a ba s6 thuc thude doan [1;4]va x > y; 2 > 2. Tim gia tri nhé nhat clia biéu

thic
x Yy z

= +
2x+3y+y—|—z Z - @5

Loi gidi:
1 n 1 S 2
a+1 b+1~ 1++ab
2
That vay: bo dé trén tuong duong véi (\/% - 1) (\/_ — \/1_9) > 0 dang v6i a va b duong,
ab > 1.

Tré lai bai toan ap dung bo dé trén véi moi x, vy thude doan [1;4] va x > y, ta co:

Truée hét ta ching minh: trong d6 a va b duong, ab > 1

Dang thtic xay ra khi va chi khi S hodc z =y (1) Dat t = \/?,t € [1;2]. Khi do
y =z Y

12 2
P>
—2t2+3+1+t

) t? 2 —2[t* (4t —3) + 3t (2t—) + 9
Xét ham so: f (1) = 53 + e [1;2f(t) = ll )j ( 2)+ ]<0
22 4+3 1+t (212 +3)°(1 +1¢)
34
T doé suy ra f(t) > f(2) = 33 Dang thic xay ra khiz =4,y =1,z = 2. O

(©Ng6 Hoang Toan Trang 10



2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

Dé thi dai hoc khéi B-2011

Cho a, bla céac sb thuc duong thoa man 2 (a? + b*) +ab = (a + b) (ab + 2). Tim gia tri nho

nhat ctia biéu thic 33 > 2
a a
P=4(b—3+§> _Q(EJF?)

\.

Lot giaa:
Véi a,b duong, ta co: 2(a®+b%) + ab = (a+b) (ab+2) < 2(a®+b*) + ab = a®b + ab® +
a

2(a+b)©2(b+§)+1—(a+b)+2(2+%>

1
Theo AM-GM ta c6: (a + b) + 2 14—— >24/(2(a+0) 14—1 —92,./2 9+9+2
a b a b b «a

S a+b>5

uy ra: — - —.

T I

Dit t = - —,tZ5.Suyra:P:4(t3—3t)—9(t2—2):4t3—9t2—12t—|—18
a

Xét ham s6 f (t) = 4¢3 — 9t> — 12t + 18, t > —

Ta co: f'(t) =6(2t? — 3t —2) >0
. 23
Suy ra gia tri nhé nhat cta P la _Zkhi (a;b) = (2;1) hoidc (a;b) = (1;2). O

Dé thi dai hoc khéi A-2012

Cho céc sb thuc x,y, zthéa man diéu kienz +y + 2 = 0 .Tim gia tri nhé nhét ctia biéu
thiic :

P = 3=l + 3ly—=I + gle—zl _ \/6x2 + 6y2 + 622

Loi gidi:

Ta ching minh: 3* > ¢+ 1,Vt >0

Xét ham s6 f(t) = 3" —¢t—1ta c6 f/'(t) = 3'In3 -1 > 0,Vt > 0 va f(0) = 0.Suy ra

3t >t+1,Vt >0 dang.

Ap dung nhan xét tren ta co:

le=vl 4 3lv=2l  3lz=el > 3 4 |x —y| + |y — 2| + ]2 — 2

Ap dung bat ding thitc |a| + [b] > |a + b], ta c6:

(J =yl + |y — 2| + |2 — )"

= lo =yl +y — 2 +lz = 2 +e =yl (jy — 2| + [z = 2)+ly = 2| (|2 = 2] + |z = y)+]z = 2| |z = y| + |y -
>2(Je —y[* + 1y — 21" + |z — 2|”)

Do d6 e — yl+ly — =+lz — ol > /2 (lr — yP + Iy — =+ 2 — o) = \fou? + 652 622 2y + =)
Maz+y+2z=0,suyra|z—y|+|y—z| + |z — x| > /622 + 6y + 622

Suy ra: P = 3le=vl 4 3=l 4 3l==2l — /622 4 6y2 + 622 > 3

Diang thitc xay ra khi z =y = z = 0. U

(©Ng6 Hoang Toan www.k2pi.net Trang 11



2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

Dé thi dai hoc khéi B-2012

Cho céac s6 thuc x, y, z thda man céc dicu kien v +y +2 =0 va 22 + 32 + 22 = 1. Tim
gia tri 16n nhat ciia biéu thic
P=2"+y*+2°

Lot giaa:
Véiz+y+z=0vazr?+y*+22=1taco: 0= (x+y+z)2 =22 +y*+ 22+ 20 (y + 2)+2yz =
1

1—2x2+2yznényz:$2—§

y2—|—22_1—x2 1 1— 22 . V6 V6

suy ra 22 — = < do d6 —

Mit khac, yz < _ V6
ab Jhac y= = T 5 2 =" 2 3

Khi do:

P=2"+ (y"+2°) (y* +2°) — "2 (y + 2)

=2"+ (1-2°) [(v* +7°) (y+z)—yz(y+z)]_|_(x _1)

— 2 (1= a?) {—x(l—ﬁ)—kx(x ——)}—F(m —-> =2 (2 —a)

Dé thi dai hoc khéi D-2012

CCho cac s6 thuc z, ythéa man (x — 4)2 + (y — 4)? + 22y < 32.Tim gi4 tri nho nhéat cia
biéu thic :
A=+ y*+3(@y—- D) (z+y-2).

Lot giaa:

Taco: (x—4)° +(y—4)>+22y <32 (z+y)° —8(x+y) <0 0<z+y <8
3

A=(z+y)’ =3(@@+y) —6ay+6> (x+y)°’ —S(x+y)° —3(x+y)+6

2

. 3

Xét ham s6 f(t):t3—§t2—3t~|—6trén doan [0; 8]
1 ) 1—+5
Taco f/(t) =32 -3t—3,f/(t) =0&t= +2\/_ hodc t = 2\/_ (loai)
1 17 —5v5

Tacé:f()—6f< +\/_)= 4\/_7f(8):398

17— 5v5 1 ) 7
Suy raAzT\/_. Khix =y = +\/_th‘1 dang thic xay ra.

. 17 —5v5

Vay gié tri nhé nhét ciia A I 17-5v5, O

4
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2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

Dé thi dai hoc khéi A-2013

Cho céc s6 thyc duong a,b, ¢ théa man diéu kién (a + ¢)(b + ¢) = 4¢>. Tim gia tri nho

32a’ 3203 va?+b?

(b+3c)®  (a+3c)3 c

nhét ctia bidu thic

Lot giaa:
b R
bat x = C—L; y = —.Ta dugc z,y > 0.Dieu kién bai toan tré thanh zy + = + y = 3.Khi dé
c c

3227 32y°
P = T+ !/ — Va2 2

(y+3)3  (z+3)3

1
Véimoiu,v>Otacéu3+v?’:(u+v)(u2—uv+v2)2Z—l(u—i—v):”.
Do do6
3223 N 32y° >8( x Y )3_8((93+y)2—2xy+39:+3y)3
(y+3)3 (z+33~ \y+3 z+3) zy + 3+ 3y +9
Thay xy = 3 — x — y vao biéu thiic trén ta dudc
3243 32y° ty—D(z+y+6)\°
i y3_8((9€ y— 1)@ +y+6) C(wty—1)
(y+3)3  (z+3) 2(x +y+6)
Datt=z+ysuyrat>0vaP>({t—1)>3—Vt2+2t—6
2
Tacé3:x+y+xy§x+y+@:>t22

Xét ham s6 f(t) = (t —1)% — V2 +2t — 6 véi t > 2.
t+1

Tac6 f/(H) = 3(t —1)2 — — =
aco f(t) =30t = 1)~ 5755

t+1 7
Voimoit >2tac63(t—1)2 >3 =, [1+—— < [/l+=- =
i moi ¢ > 2 ta co 3( ) = 21— 6 \/+(t+1)2—7_ +2 2

f'(t) > 0.
Suy ra f(t) > f(2) =1—+v2Dodé6 P >1—+/2.
Vay gi4 tri nhé nhdt cia P=1—+v2khiz=y=1haya=b=c. O

Dé thi dai hoc khéi B-2013

Cho a, b, ¢ 1a cac s6 thuc duong .Tim gié tri 16n nhat ciia biéu thrc :

- 4 B 9
Va2 + 02 +c2+4  (a+b)y/(a+2c)(b+2c)

.

Lot giaa:
Theo bat dang thitc AM — GM ta c6
a+b+4dc a? 4+ b? + 2ab + 4ac + 4bc <9

(a+b)v/(a +2¢)(b+2c) < (a +b) (a® +b* + ¢?)

2 2 -
Dat ¢t = a2+b2+62:>t>2véP<Z—l—L
' —t 22 —4)
, . 5
Khéo sat ham so trén ta tim dugce gia tri 16n nhat la 3 khia=b=c=2. O
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2 BAT DANG THUC QUA CAC KI THI DAI HOC 2007-2013

Dé thi dai hoc khéi D-2013

Cho z,y la cac s6 thuc duong théa man zy < y — 1.Tim gia tri 16n nhéat ctia biéu thic

T +y T — 2y
P = —
Va2 —zy+3y2  6(r +y)
Loi giai:
-1 1 /1 1\° _ 1
Dox,y>0nén0§£§y =——l-—=] <-
y - oyt 4 \y 2 4
1 t+1 t—2
DattzfsuyraOStS—.KhidéP: i — )
y 4 2—t+3 6(t+1)
Khao sat ham so trén ta dugc gia tri 16n nhat cuaP:?—i—%. O

(©Ng6 Hoang Toan
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3 TUYEN TAP BAT DANG THUC 3.1 BAt ding thitc trong ki thi thit cdc truong

3 TUYEN TAP BAT PANG THUC

3.1 B4t dang thic trong ki thi thi cac trudng

~|Bai toan i )
0 a,b,c,d, e la cac s6 thic duong thod man a + b+ ¢+ d + e = 1,trong dé e 1a s6

nhé nhat. Tim gia tri 16n nhat ciia biéu thic

P = abc + bed + cde + eda + eab

Dé thi thi lan 1 chuyén DHSP Ha Noi

\\

Lot giai:
Gia st e = min{a, b, ¢,d, e} dp dung AM-GM ta c6

3 2 3 2
— 1-2 1-—
P = be(at+d—e)+e(atc) (b+d) < (HH?)“ e) Yo (W) :( ) e) +e( . e)

Do d6 chi can chiing minh

1-2 1— 2 —1)2
Bét ding thitc nay ding do - ( e) ( 6) (5e — 1)*(8 + 5e) >0

3 2 2700
Dau” ="xdyrakhia=b=c=d = O
Bai toan 2
;o cac so thuc duong a, b, ¢, d.Ching minh bat ding thic.
a b c d

>
b—l—c+c+d+a+d+a+b_

Dé thi thi lan 4 chuyén DHSP Ha Noi

\\

Lot giai:
St dung bat dang thic AM — GM ta dugce :
L B
b+c c¢c+d a+d a+b
_ % e b N _a2+ad+bc+c2+ab+b2+d2—|—cd
S btc T cpd  at+b (c+b)(atd) (a+b)(c+d)
A>4(a2+ad+bc—|—cz)+4(ab—|—b2+d2+cd)>2

(a+b+c+d)?
& 202 + 202 + 2¢%2 + 2d% — dac — 4bd > 0

Sa—c)*+(b-d)?*>0
Déng thiic xay ra khi a = ¢;b = d. O
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bai toan
'ho cac so thuc duong x,y thay doi thod man z + 2y = 1.Chitng minh ring
1 1 25

4>
x+y_1+48xy2

Dé thi tha lan 5 chuyén DHSP Ha Noi

Lo gidi
Nhin chung bat ding thic nay ching qua chi 1a viéc thé bién x theo y va bién doi quy dong
dua vé chitng minh.

1 n 1 25
1—-2y y = 1+48y%(1 —2y)
Quy dong len ta dua bat dang thitc vé (12y% — Ty + 1)2 > 0. O

Bai toan
0 2,7, z la cac s6 duong thod man x > y;x > z.Chitng minh ring

r+1 y+1 z+1<x y+
y+1 z+1 2z+1 "y =z

z
T

Dé thi thi lan 6 chuyén DHSP Ha Noi

Lot giaa:
Bat dang thtc can chitng minh tuong duong véi :
r+y+1
PEES)INEY

y+z+1 >0

- 2)2'yz(y TD(z+1) ~

(0= 2)a—y)-

Dox>yvax>z.
Nén ta c6 didu phai chiing minh.Dang thiic xay ra khi z = y = 2. O

~—|Bai toan
0 cac so a, b, c,d € [0;2] .Chiing minh bat déng thiic:

a+b+c+d<Vab+1+Vbc+1+Ved+1+Vda+1

Dé thi thi lan 7 chuyén DHSP Ha Noi

Lot giaa:

Tir giai thiét suy ra l[a —b| <2 = (a —b)2<4= (a+b)?<4+4ab=a+b<2Vab+1

Tuong ti cho cac bat dang thitc con lai,cong vé theo vé ta duge diéu phai chiing minh. U
Bai toan

0 a,b,c la cac s6 thuc duong thod man a? + b? + ¢ + 2abc = 1.Chiing minh rang

a® 4+ b* + & > 4(a*b* + b*c? + a?)

Dé thi thi lan 1 chuyén KHTN Ha Noi

textbfLoi gidi 1 V6i gid thiét a,b, ¢ duong théa man a? + b2 + ¢ + 2abc = 1. Diéu nay khién
chiing ta lién tuéng dén mot dang thic trong luong giac, dé la

cos? A+ cos’ B+ cos?C +2cos Acos BeosC = 1
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

v6i A, B, C' la ba dinh mot tam gidc(riéng bai toan nay la tam gidc nhon).
Do dé, véi gia thiét bai toan nhu vay sé luon ton tai mot tam giac nhon ABC sao cho a =
cos A,b = cos B, c = cos C va BDT dudc viét lai

cos? A+ cos’? B+ cos?C >4 Z cos? Beos? C

cyc

Day 1a mot BDT kha manh. Dén day, mot suy nghi ¢6 18 gan nhat 1a st dung cac BDT quen
thuoc sau day cua lugng giac
3

cos? A + cos? B + cos? C' > 1

1
cos Acos BeosC < 3

Nhung khong may, BDT da bi dbi chidu. Vi thé, ching ta phai nghi t6i mot huéng suy nghi
khac (them bét gi do, hay tim cach dit an mdéi, ...). Mot dicu thi vi, ta c6 dang thiic cos? A =

t2 A )
cot? A.sin®? A = c;)—. Cho nén, tiep tuc dat x = cot A,y = cot B,z = cot C, BDT trén
cot* A+ 1
tré thanh , .
x xy
>4 1
%(xﬂﬂ)— §<<x2+1><y2+1>> .

véi gid thiét mdéi x,y, z duong thoa man zy + yz + zx = 1. Khi ay, ta lai ¢
Prl=0 4oy tyz+z2e=(z+y)lr+2)

BDT (1) dugc viét lai duéi dang

2

2
Z(a:—l—y )(z + ) _42 (x4 y)? y+z)(z+x = Zz y+2) >4Zx+y

cyc cyc cyc

Dén day thi nhe nhang hon nhicu roi ding khong! St dung BDT Cauchy — Schwarz ta c6
o s T o s . )

n < + , Va tuong tu roi cong lai theo veé ta cé dieu phai chitng minh. Dang thiic
rTy x Y

1
xay ra khi va chi khia=b=c= —-. U

Nhu vay, phép dat ma ta quan tam dé chinh la xudt phat tit déng thic luong giac sau:

\)

cot? A cot? A
cot? A+1  (cot A+ cot B)(cot A+ cot O)

cos? A =
Loi gidi 2
Chiing ta viét lai bat dang thiic nhu sau :
(a® + % + ¢ + 2abc)(a® + b* + %) > 4(a*V + b*c® + *a?)
& a' + b + ¢t + 2abe(a® + b + *) > 2(aP? + b2 + Pa?)
St dung bat dang thitc Shur ta c6 :
a' + b+t +abe(a + b+ c) > 2(a’b? + b2 + 2a?)
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bay gio,ching ta chiing minh:
2abc(a® + b° + %) > abc(a+b+c¢) & a+ b+ c+ dabe < 2 (1)

; 1 3
Tuy nhién, (1) ding, bdi vi ta c¢6 : abe < 3 @ +b+c< 2

Vi vay,bat déng thitc duge ching minh. O

Z 2 3
Loi gidi 3 St dung bat dang thitc USAMO ta c6 : a? + b? + ¢ + ab + bc + ca < 3 Stt dung
bat dang thiic trén,ta co :
(a® +b* + ) (a® + b* + & + ab + be + ca) > 6(a*b* + b*c® + c*a?)
— Z&4+Zab(a2 + b%) —|—acha > 42@21)2
1 2 12y2 o 1 2 2
= 52(@ —b%) —f—Zab(a—b) —520 (a—=0)*>0

= Y (a—b)’(a’+ b +4ab—c*) >0

Bét dang thiic trén ding khi st dung SOS chiing minh. U
Nhan xét:bat dang thic nay khénéu roi vao mot ki thi dai hoc thi hin muoi muoi thi
sinh sé& bo,nhung nhin chung & day 1a cach dit dai s6 quen thuoc a = it ,
(x+y)(z+2)

b \/ i 3 \/ Y D& nay khong méy thiét thuc khi thi dai hoc,né

= vac = . Dé nay khong may thiét thuc khi thi dai hoc,nén

(= +y)(y +2) (z+2)(y + 2)

cho vao mot ki thi hoc sinh gioi B 0J
~—\Bai toéni

o z,9, z la cac s6 thuc duong thod man z + y + z = 4xyz.Chitng minh ring

1 1 1 5}

+ + >
rly+z) yle+z) zx+y cH+y+z

Dé thi thi lan 2 chuyén KHTN Ha Noi

Lot giar 1
R, 1 1 1 5 1 1 1 )
Ta viet lai gia thiet thanh: + + =1l.bate=—; y=—, 2=—.Tacoda,b,c>0
dry  dyz  dzz 2z 2y 2z

vaab+bc+ca=1
Bét dang thiic can chiing minh tré thanh:
1 1 1
+ -
a+b b+c cHa

5
> — (1
0
Khong mat tinh téng quat ta cé thé gia sit: a > b > c.
Ta thay rang:

1 N I b+c N b+c ~ (b+o) 1 N 1
a+b at+c (a+b)b+e) (a+e)b+c) T\ive 11

Nhung ta c6 bo dé sau:
L + L >1+ L (%)
1+0% 1+~ (b+c)2+1
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3 TUYEN TAP BAT DANG THUC 3.1 BAt ding thitc trong ki thi thit cdc truong

be[2 — 2be — be(b + ¢)?]
B+ +1)[(b+c)2+1] —
Nhung 2—2bc—be(b+c)? = 2a(b+c) —be(b+c)? = (b+c)[2a—be(b+c)] > (b+c)[2a—a*(b+c)] =

alb+c)[2—ab—ac] >0
Ap dung bé dé trén ta thu duge VT'(1) > (b+ ¢) +

L@

That vay quy dong va thu gon ta duge (x) <

b+c n 1
b+e)?+1 b+c

=(b+c)+ +

b+c

1
bt et —

b+c
< 1 oy 1
Ditt=b+c+——=1¢t>2.Khido VI'(2) =t + -

b+c . t |

Xét ham s6 f(t) :t—l—gvéitz 2 ta co f'(t) = 1—75—2 > 0 v6i moi t > 2. Tt d6 suy ra
1) > f2) =2

) .
Véigidsita>b>cthikhia=b=1,¢=0thi VT(1) = 3" Nhung do gié thiét a,b,c > 0 nén

(S8

dau bang khong thé xay ra. O
Lot giai 2

£z 1 1 1
Gia thiét viet lai thanh + + =1.
dey  dxz  4dyz
1 1 1
bata= —;b= —;

2 2y’ “T 9
Ta c6 a,b,c >0 vaab+bc+ac=1
Ta c6 bat déang thiic can chiing minh viét lai thanh

1 1 1
- +
a+b b+c cHa

1+1+12
a+b b+c c+a

1 1 1 2 n 2 n 2
c) (b+c)(b+a) (c+b)(c+a)

>5
2

T 0’ Tt exal Tlatb(as

Ap dung bat ding thic Iran 1996.

Cho z,v, z 1a ba s6 thuc duong théa xy%—yz%—z;v > ()

. Chitng minh rang: (:Ly+1’2+y5)[(l ) + (y + 2)? T
1 9

m]zl

Chting minh:

Khong mét tinh tong quat gid st zy + vz + yz = 1. Dat (z;y;2) = (tan %;tan g;tan %) v6i
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

a; B;7 la ba gbc cia mot tam giac.

Bat ding thic can chitng minh tré thanh
1 1 1

2 Q 7\ 2 7 2
@ B tan — +t —) B
(tan2—|—tan2) (an2 an2 (tan2+tan2)

>

>~ ©

Hay

COS™ —.COS™ — COS™ —.COS™ — COS™ —. COS

2 2+ 2 2+ 2& >

2 B 2
COS 2 COS
9 COS 9

o & 2 2 & 27 2 27
2 (1)

=] ©

Dat cyc(A = T a) véi A, B,C la ba goc clia mot tam giac. Ta c6 bat dang thitc can chiing

minh trg thanh:
sin Asin B\? [sinAsinC\? [sinCsinB\>_ 9
sin C sinB sin A 4

f*(A,B,C) > % + 2(sin* A + sin® B + sin® ).

sinAsinB sinBsinC  sin AsinC

1(4,B,C) = sin C' + sin A + sin B

Ap dung bat ding thic Jensen ta co:

B+ C A
sin? B + sin? C' < 2sin® o 2 cos” 5(2)
re 2 . P . . 2 A
Theo bat dang thitic AM-GM ta c6 sin Bsin C' < cos 5(3)
Mat khéc:
B-C A
) S 2 42
BLC B+(C sin 4sin® Asin® — 1
d=f(ABC)—f(a 22200 2 2 -
2 2 sin A sin Bsin C 2
Do g >A> g nén (3) tré thanh
4sin2Asin2% A
4 >16sin* = >1
sin BsinC — Osin 2

Do d > 0 nén ta can chiing minh
B+C B+C

9
> 2 102 102 22
R )_4+2(sm A + sin® B + sin” )

T (2) ta 6
A
sin? A + sin® B + sin? C' < sin® A + 2 cos® e
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Ta can chitng minh

f? (A;B;C;B;C) > §+2(sin2A+2cos2§)

Hay cos A (cos A+ 1) (2cos A — 1) > 0 nén bat déng thitc ban dau ding.

Ap dung bat ding thic tren ta c6

1 1 1\’ 9 4(a+b+c)
+ + > +
a+b b+c a+c 4(ab+bc+ac)  (a+b)(b+c)(c+a)

_9 4a+b+c)
"4 (a+b)(b+o)cta)
ai c6 atbtc :(G‘i‘b—i-c)(ab—l—bc—l—ac): abe
bl b+ oeta) - aidb+alate T arnbrdieta =

. 1 1 1 5
Nén hién nhién + + > —
a+b b+c c+a 2

Lot giar 3
Bat ding thtc can ching minh tuong duong véi
r+y+z rT+y+z TH+y+z
+ +
wy+z) oyt 2zty)
1 1 1
TTT 17T 1

e S
xT Yy zZ Yy z =z

> 5

=

>5
4

1 1 L ez N
—,b = — ta dua bat dang thic vé chiing minh
Y z
1 1 1
+ +
a+b b+c c+a

1
Tu day dat a = —,b =
x

5
> ZVéi ab-+bc+ca=4

Khong méat tinh tong quat gid st a > b > ¢ > 0. LAy t > 0 sao cho t? + 2ct = 4 = ¢ =
4 —¢?
2t

,t <2
(t+c)=ab+bct+cat+c?=(a+c)(b+c)

. Ta sé chiing minh

2 . 2
1 1 1 >l+2:( 11 )>(\/a+c Vb +c)
Vb+c Va+ec 2t(a +b)

a+b+b+c+c+a — 2t t+c
= (b+c)(a+ ¢) < 2t(a + b)diéu nay luon ding

Ta co
1 2 9t2 4+ 4

2% Tive 214

v

5
1° (t — 2)(5t* — 8t +4) < 0diing v6i t <2M

Nhan xét:
Dé thi nay ban chat che gidu di bat ddng thic noi tiéng ctia tac gia Pham Kim Hung la cho
a,b,c > 0;ab + bc + ca = 1 chiing minh rang
1 1 1
a+b b+c+c+a

)
> 2
-2
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Dé thi nay chang qua chi la stt dung phuong phap don bién dé gidi.Mot kiéu quen thuoc ctia
dé thi dai hoc khéi A nam 2011 ctia bo. OJ

~—\Bai toéni
o x,v, z 1a cac s6 thuc duong. Chiing minh rang

3 3 3 3 3 3 2 2 2
T 25 2 x z

SIS S 1 e
y o3 2y 3 23 yz = zxr xy

Dé thi thi lan 8 chuyén KHTN Ha Noi

Loi giai:
Ap dung bat ding thic AM — GM ta ¢6
3 3 2
S
TR yz
3,3 2
L A
x3 23 xz
L3 .3 2
—t 3+ 1>3—
z Y Ty
2 g2 2

yz  xz Ty
Cong vé theo vé cac bat ding thitc trén roi rit gon ta cé diéu phai chitng minh. Déng thitc x4y

ra khix =y =z. 0

Bai toan
[9|Cho ba so duong ,y, z thod man x2 + 32 4 22 = 3.Tim gid tri nhé nhét cia bidu thiic:
(r+y+2—-12 1 1 1

P=- et~ — + -
zyt+yz+zx T Yy =z

Dé thi thit lan 4 chuyén KHTN Ha Noi

Loi gidic

Ta co

(r+y+2)(2®+y2+22) = P ray? +yry 4 22422 > 22y +yPe %) = atydz > 2Pyt

Suy ra
-1 1 1 1 t—1)2 9
PZ(eryJFZ ) +—+—+—Z( ) to=fW)t=r+y+2V3<t<3
rT+y+z T Yy =z t t
2 Z N A .z . 2 Z o 13 .
Khao sat ham so trén duge gia tri nhé nhat cia P = 3 khix=y=2=1. 0
Bai toan

Gié su —5 < a,b,c <1 thod man 2(a+ b+ c) = ab+ bc+ ca.Tim gia tri nhé nhat cla

biéu thiic
B 1 N 1 N 1
Cl4a+b l14b+c l4+c+a

Dé thi thit lan 5 chuyén KHTN Ha Noi
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Lot giai:
N . - ]- z Z . N s - 2 .2 X . N 2
bieu kién: - < a;b;c <1 kha rac roi, vi vay ta c6 § tudng don gian dicu kién nay. Do do ta

) 1 1 1 S T TN
cothedat: r=a+ —;y=b+-;2=c+ 7 Ltc nay ta bién doi lai gia thiet thanh hé:

2 2
3
0 S x,y,Z S 5
9
(z+y+2z2)— 1 =2y +yz+ z2x
Va bai toan trd thanh tim min:
1 1 1

P

= + +
r+y y+z z+zx

Theo Cauchy Schwarz ta c6 ngay:

p>_ 9
“2z+y+2)

9 r+y+2)°
3(a:+y+z)—é—1:xy+yz+zx§%

9—3v6
2

<~ r+y+z<

N 9 9+ 3v6
(Chu y rang: x +y + 2z < 2 nén loai truong hop: x +y + 2 > +T\/_) Do vay:
9
P> ——
T 9-3V6
Bai toan da dudgc giai quyét! O

Bai toan
| 117Tim gia tri nho nhét ctia ham s6

Yy = |loggggJrl (4 — a:2) + log,_ .2 (562 + 1)|

Dé thi THPT Cam Binh-Ha Tinh

Lot giaa:
4—22>0 —2<r<2

Ham s6 xac dinh khi ¢ 22 4+1#1 < ¢z #0 do log,2,q (4 — 2?),logy_,2 (2% + 1)
4—2%#1 T # +V3

ciing dau nén

Yy = }logxz+1 (4 - ZEQ)’ + |10g4,m2 (z* + 1)} > 2\/|10gx2+1 (4— x2)| }10g4,w2 (% + 1)| > 2

Déng thiic xdy ra khi va chi khi |log,z,, (4 — 2%)| = [log,_,2 (22 + 1)|.
Hay |log,z,, (4 — 2%)| = 1.
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

3
T = :I:\/;
Vay gia tri nho nhat cta y 1a 2 khi O
.yg . y 3+\/ﬁ
r ==+ T

Bai toan
Tim gia tri nhé nhat cia ham s6
11 / 7
2x x

Dé thi thit chuyén Ha Noi- Amsterdam lan 1

véli moi x > 0

Lot giai:
Theo bat dang thitc Cauchy — Schwarz ta cé

(1+%)(9+7)2< —) :4\/1+7—>3+ :»2\/;_§+—

Do dé
>x+1—1+§+1—$+2+§>2 ycg—i—§—E
Vet T T Ty T 2= N T T
LR . ? F< 2 \15 .
Vay gia tri nho nhat Cuayla?khlm::B U
Bai toan

113TCho a, b, ¢ > 0 va a + b + ¢ = 1.Chitng minh ring

4

2 2
a“b+ b°c+ < —
C C(I 27

Dé thi thi lan 1 THPT Chuyén Bac Liéu

Lot giai:
Khong giam tinh tong quét gia st

(b—a)(b—c) <0=c(b—a)(b——c) <0=b*c—bc* — abc + ac® <0 = b*c+ c*a < abc + bc®

Suy ra
1 12 b
a’b+b*c+c*a < abet+bc*+a*b = b(a*+c*+ac) < blate)? = §2b.(a—|—c)(a—|—c) < 5(@—}-2—7—1—0) = 5
7 P : 1
Dang thic xay ra khlc:O;a:bZQ U

Bai toan
“ho cac s6 thue duong a, b, ¢ thod man abe = 1 va s6 thuc n < 3.Chitng minh réng

3
a26+b2a+621)+—n23+n
a+b+c

Dé thi thit THPT Chuyén Ha Long Lan 2
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Lo gidi:
Ap dung bat ding thic AM — GM ta c6

a’c + d*c + b’a > 3V abbh2c? = 3a

Tuong tu,
ba + b2a + b > 3V c2a2b® = 3b
b+ b+ a’e > 3V a2 = 3¢
Suy ra

adc+ba+cb>a+b+e

Ta ching minh

3n
a+b+c+——>3+n
a+b+c

Hay
(a+b+c—3)la+b+c—n)>0

Dé ¥ réing a + b+ ¢ > 3v/abe = 3 > n.Suy ra diéu phai chimg minh.

Déng thitc xdy rakhia=b=c=1 O

Bai toan

"ho a, b, ¢ 1a cac s6 thuc duong thod man ab + be + ca < 3abe.Tim gia tri nhé nhat
clia

a+b+c
Dé thi that lan 1 THPT Chuyén Ha Tinh

Lot giaa:
Tfrgiéthiét,datx:%;y:%;z:%chota0<$+y+z§3

Ta co

a3+b3+c3> 3abc _ 3
a+b+c T a+b+c wy+yz+zx

Mat khac ta co
2
(x+y+2) <3
—3 <
Suy ra P > 1.Vay gia tri nhé nhat cia Pla lkhia=b=c=1 O

Bai toan
‘ho z,y, z 1a ba s6 thyc thuoc doan (0; 1].Chiing minh réng

1 1 1 5
+ + <
zy+1 yz+1 zz+1" z4+y+=z

zy +yz+zx <

Dé thi thit THPT Chuyén Lé Qui Pon Da Ndang

Lot giada:
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Déyringay+1—z—y=(1—x)(1—y)>0.Ti do ta co

ry+1>z+y
yz+1>y+z
zx+1>ax+z2

2

T do ta co

(z+y+2) 1+1+1 < 4+ L 14141

x z

Y zy+1 yz+1 zz4+1)  z2zy+1 yz+1 zzx+1
x Yy z

< + +
ry+1 yz4+y zx+z
1 z
x( — — >+5
1+yz zz+y zy+=z

c(1- =Y )15
z+y z+vy

=5

+3

IN

Suy ra diéu phai chiing minh 0

Bai toan
'ho a, b, ¢ 1a ba canh tam gidc .Chitng minh réng

1 1 2 b c
<2
a(3a+b+3b+c+2a+b+0) +3a+c+3a+b

Dé thi thit THPT Chuyén Lé Qui Don Da Néng

L gidi

a+b>c
Vi a, b, ¢ la ba canh ctia tam giac ta c6 < b+ ¢ > a

ct+a>b

_a—l—b. c+a

Dat « S Y= A= (x,y,2>0)=x4+y>z,y+z>z,2+x >y

Ta viét lai bat ding thitc can chitng minh thanh

T Y z
+ + <2
y+z z+x T4y
T 2x .
Ma < Sfuong tu ta co
y+z xT+y+=z
T Y z <2:C+y+z_

+ +
y+z z+zxr TH+yY r+y+=z
Tit d6 suy ra dieu phai chiing minh O
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Bai toan
Xét cac so thuc a,b, ¢ tim gid tri nhd nhét ctia biéu thiic

P =

3(b 4a + 3 12(b —
(+c)+a c+ (b—c)

2a 30 2a + 3¢
Dé thi thi lan 2 THPT Nguyén Hué
Loi gidi:
Ta co
3(b+c¢) da+3c  12(b—c) 11 4
Pt+11=2 1 = (4a+3b+3c) [ — + —
+ T, Tt par3c ~ at3bd3e) (oot ot o o

Theo bat dang thic Cauchy — Schwarz ta c6

16

) 2
Dang thic xay ra khi b = ¢ = 30 O

Bai toan
*ho cac s6 thie khong am x,y, z thod man z2 + y? + 22 = 3.Tim gia tri 16n nhat cia
biéu thtc

A=xy+yz+z20 + ——
vy r+y+=z

Dé thi that lan 1 THPT Nguyén Tat Thanh

Lot giada:
N -3
. x 24z =
Dat t = x + y + z tit gid thict suy ra gy 2
V3<t<3
Khi dé6
t?—3 5
A= -
2 +t
T A 5 3
Xethamsof(t)za—i-%—iv01\/§§t§3.
Ta co
5 t°—5 -
fl(t):t_t_2: v >0 v6imoit e [V3;3]
5 L . 14
Suy ra f (t) dong bién trén [v/3;3].Do d6 f(t)gf(3):§.
Déng thitc xdy rakhi z =y = z = 1. O
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bai toan
’ho a, b, ¢ 1a cac s6 thyc duong tuy ¥ thod man abc = 8. Hay tim gia tri 16n nhat ctia
biéu thtic

1 1 1
P=
2a—|—b—|—6+2b+c+6+20+a+6

Dé thi that lan 2 THPT Nguyén Tat Thanh

Lo giai:
p_ 1 N 1 N 1 1 1 N 1 N 1
- Y C a
a b c . .1
bat r = —;y = =;2 = = thi zyz = 1;z,y, 2 > 0.Khi d6
2 2 2
1 1 1 1
P=— + +
2| 224+y+3 2y+z2+3 2z24+x+3
Ta co
r+y > 2\ /ry;v+1 > 2V = 20+y+3 > 2(w/xy+\/5+1) = ! gl !
2e+y+3 " 2ty +Vr+1
Tuong tu ta co ,
1 <1 1
2y +2+3 7 2 /yz+y+1
1 <1 1
224+x+3 7 2Vzr+/z2+1
Suy ra
1] 1 1 1 ]
P < - + +
4 Vrey+ve+1 Jyz+y+1 e+ z+1
1| 1 NG
=P< + VT + Y
4 \vey+vVe+1 Vo (Jyz+y+1)  Jay(Vzo+/z+1)
1] 1 vV
& P < - + Ve + l“y }
4 \Vey+vVze+1  Jay+yr+1 Jry+Jr+1
1
T4
Diéng thitc xay ra khia =b=c =2 0J
Bai toan

ho z,y la cac s6 thuc khong am thay doi va thod méan didu kien
4 (2% + y* + 2y) < 1+ 2(z +y).Tim gia tri 16n nhat ctia biéu thic

P=azy+z+ty—a°—y

Dé thi thit lan 4 THPT Nguyén Tat Thanh
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Lo giai:
T gid thiét ta suy ra
1
3(m+y)2+(9c—y)2§1+2(x—|—y):>3(x—|—y)2§1+2(x+y)=>—§Sx—l—yﬁl

viz,y khong amnén 0 < x4y <1

2
x+ 1 1
Pg( 2y) + Ve + —§($+y)2:\/x+y—zl(x+y)2

t2
Datt:x+y:>0§t§1:>f(t):\/¥—z.

) 5 ) 3
Nhan thay f (¢) 1a ham dong bién nén ta c6 f (t) < f (1) = 7
) 1
Dang thic xay ra khi va chi khi x =y = 3 O

Bai toan
‘ho z,y duong thod man 2%y + y%x = x 4+ y + 3zy.Tim gia tri nho nhat cla biéu thiic

(1+ 2zy)* -3

P=x*+y*+
2y

Dé thi that lan 5 THPT Nguyén Tat Thanh

Lo gidi:
Tir gid thiét tasuyraz +y >4 va P = (z +y)? + n +1
rTy
. 2 N 2 71
Nhan thay ham so trén dong bién trén [4;4+00) nén P > f(4) = T khiz =y =2 O

Bai toan
‘hiing minh réng

(tan @)™ + (cot a)*®* > 2 Va € <0; g)

Dé thi tht THPT Qubc Hoc Hué

Lot giaa:

e c (O; ﬂ = VT > (tan )™ + (cot )™ > an—cur 2;

eac E? g) = VT > (tana)“”“ + (cot &)™ * > an—aum 2. -

Bai toan
101 a, b, ¢ 14 do dai ba canh clia tam giac ¢6 chu vi bang 2.Chiing minh rang

52
2—7§a2+b2+02+2&bc<2

Dé thi tha lan 2 THPT Chuyén Thoai Ngoc Hau
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Loi giai:

N L « L e a/ + b + C
T gia thiet ta co p = —
St dung bat dang thic AM — GM ta c6

=1nénp—a;p—b;p— cla cac sé6 duong.

3—(a+b+c)]3_ 1

0<(1—a)(1—b)(1—c)§{ 5 >

28

<:>1<ab+bc+ca—abc§§
52 2 2 2

<:>2—7§a +b° + ¢ + 2abc < 2

Diéu phéi chitng minh O

Bai toan
’ho cac s6 thuc z,y, 2 thoa man 22 + y? + 22 = 3.Tim gia tri 16n nhat ctia biéu thic

F:\/3x2+7y+\/5y+5z+\/7z+3x2

Dé thi thi lan 1 THPT Chuyén Vinh Phic

Lot giada:
Ap dung bt ding thic Cauchy — Schwarz ta 6
F? <3[62 +12(y + 2)] <18 [;U? 2202 + 22)} — 18 [:8 12,203 xQ)] — f(2)

Khao sat ham sb trén trén doan tit [—+/3;v/3] ta c6 gia tri 16n nhat ciia f () 1a 90 khi 2 = 1.
Vay gia tri 16n nhat ctia F 1a 3v/10khiz =y =2 =1 U

Bai toan
‘ho x,y, 2 1a ba s6 thue duong c6 tong bang 3.Tim gia tri nhdé nhat ciia bicu thiic

P =2(2* +y* + 2%) — doyz — 9z + 2024

Dé thi thi lan 1 THPT Dién Chau 3

Loi gidi:
Ap dung bat ding thic AM — GM ta c6
P > 20 +(y+2)°—x(y+2)*—92+2024 = 22°+(3—2)* —2(3—2)*—92+2024 = —2°+92°—242+2033 = f (z)

Khdao sat ham s6 trén trén khoang (0;3) ta c6 gia tri nhoé nhat cia ham s6 dat tai x = 2 khi
d6 f (x) = 2013.

P 1
Vay gié tri nho nhat cia P = 2013 khi x = 2;y = 2 = 3 O
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3 TUYEN TAP BAT DANG THUC

3.1 Bat ding thic trong ki thi thit cac truong

Bai toan

a

'ho a, b, ¢ duong thod man a? + b% + ¢ = 3.Tim gid tri nhé nhit ciia biéu thitc

3

b3 c?

P = + +
V2+3 V243 Va2+3
Dé thi thi lan 1 THPT Dong Son 1 Thanh Hod

Lot giada:

St dung bat dang thic AM — GM ta c6

a’ 3 b + 3 5/ ab 3a?

+ + >3/ ="

2V02 +3  2VDb2 +3 16 64 4

Tuong tu ta co

b3 b A+3 5/ b8 3b?

+ + >3\ — ="

WA +3 22+ 3 16 64 4

3 3 2 6 2
c n N a”+3 > 3¢ o 3i

2Wat+3  2v/a?+3 16 64 4

Cong vé theo vé ba bat ding thic trén ta dugc

P+

212 4 2
a*+b°+c +9>3

(a® +b* + c*)

Doa?+0b>+c>=3nén P>

N o

Déng thic xdy rakhia =b=c=1

16 =4

Bai toan

'ho a, b, ¢ 1a céc s6 thue duong thay ddi thod man a + b+ ¢ = 3.Chiing minh ring

P=a>+b+2+ > 4

ab + be + ca

a?b + b%c + 2a —
Dé thi thi lan 2 THPT Ditc Tho Ha Tinh

L& gidi

Ta c6

3(a®+b*+ %) = (a+b+c)a* +b* +c2) > 3(a®b+bc+cPa) = a® +b* + & > a’b+b*c+ ca

Suy ra

9—a? -0 —c?

P>a>+b0+2+

a? +b? + 2

2,12, 2
=a"+b4+c+ ———
T +a2+bz+02

Vé6i a? + b + ¢ > 3 ta dé suy ra gia tri nhé nhat ctia P 1a 4.

Déang thiic xdy rakhia =b=c=1
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bai toan
'ho a,b,c >0 va a® + b? + ¢ = 3.Tim gi tri nho nhat ctia biéu thic

a’ b3 c
P= + +
VEE+1 V241 Var+1

Dé thi thit lan 1 THPT Ham Nghi Ha Tinh

Lot giada:
Ap dung bat ding thic AM — GM ta ¢6

a
+ + >3 :
2VI+02  2V1+02  4V2 — 923/2/2

Tuong tu ta ciing c6

b3 N b3 N 1 + C2 -3 b2
2V1+c2  2V/1+c  4/2 — 9¥2,/2
3 3 1+ a? 2

C
+ + > 3 .
21+a2 2/1+a2 42 ~ 2822

Cong vé theo vé cac bat ding thic tren ta dugdc

6 3 9
P+ > a*+b*+ %) =
42 232\/5( ) 2v/8
3
&S P> —
_ﬁ
Déng thitc xay ra khi vi chi khia =b=c=1 O

Bai toan
“ho cac s6 duong a, b, ¢ thod man a + b + ¢ = 3.Chting minh rang :

(1+a)21+0)? (1+021+c)? (1+)*(1+a)?
+ > 24
142 14 a? 14 b2

Dé thi thit lan 1 THPT Hoang Lé Kha -Thanh Hod

Loi gidi:
Dat
p_ 1+aP(+0)?° (1401 +c) , (1+)°(1+a)
N 14 2 1+ a2 1+ b2
Ta co
(14 a)(1+b)]*=[a+b+1+ab)* > 4(1 + ab)(a + b)
Suy ra

2 2 2 2 ’ ’
(1+a)*(1+Db) 24(1+ab)(a+b) :4a(1+b)+4b(1+a):4a1+b +4b1+a
1+ c2 1+c2 1+ c2 I+¢ 1+
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Chiing minh tuong tu ta co,

2 2 2 1 b2
1+ a? 1+ a? 1+ a?

2 2 2 2
(14+c¢)*(1+a) > Cl+a 4a1+c
1+ b2 1+ 02 1+ 02
Cong vé theo vé ba bat dang thic tréen lai ta duge
1+ 1+ 14+a®> 1+¢ 1+0> 1+ad?
P>14 4b 4
- a(ljuc2+1+b2)Jr <1+02+1+a2 e 1+a2+1+b2
>42(a+b+c)=8a+b+c)=24

Ding thitc xay rakhia =b=c=1. 0
Bai toan
‘ho a, b, ¢ 1a céc s6 thie duong c6 tong bang 6. Tim gié tri nho nhat ctia bicu thitc
1 1 1 1

b — + —+
a?+b24+c2 ab bec  ca

PEé thi thi lan 2 THPT Kon Tum

Lot giaa:

Theo bat dang Cauchy — Schwarz ta co

1 9
>
a4+ b2+ 2 +ab+bc—|—ca
S SR SR S
a4+ b2+ ab+be+ca ab+be+ca  ab+be+ ca
S 9 N 7
a4+ b2+ 2+ 2ab+2bc+2ca ab -+ be+ ca
21 30 5

> = ——
_(a+b—|—c)2+(a+b+c)2 (a+b+c)? 6

Ding thitc xay ra khia =b=c = 2. 0J
Bai toan
'ho a, b, ¢ > 0 thod man 2ab + 5bc + 6ca = 6abe. Tim gid tri nhd nhét clia biéu thitc
ab 4be 9ca

P =
b+2  btde atde

PEé thi thit lan 1 THPT Lé Hiu Tric I Ha Tinh

Lot giaa:

x,y,z >0

) 1 1
Datz =—-,y=—
a” b c ba + 6y + 2z =6
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Khi do . A 0
P+6= + + +6
r+2y 4dy+z z+4x
1 4
= + + +r+2y+idz+z+z2+4r
r+2y 4dy+z z+4zx
= 2 4 4
x+2y+x+ y+4y+z+ y+z+z+4x+z+ x
>24+446=12
Vay P> 12 khia=2;b=4;c=1. U
Bai toan

‘ho z,y, 2 1a cac s6 thyc duong chiing minh rang :

222 + xy 2% + yz . 222 + zo > 1
(y+ 7z + 2)° (Z+,/xy+ac)2 (:U—I—w/yz+y)2 -
Dé thi thi truong THPT Lé Hiutu Trac IT Ha Tinh

Lo gidi:
222 + 1y 29% + yz 222 + 2z

y+vza+2)?  (z+ymg+a)  (z+Hz+y)

Theo bat dang thic Cauchy — Schwarz ta c6

Dat P =

(y+\/%+z)2:(\/37\/§+\/5\/5+\/§\/5) <(y+z+z2)(y+z+2)

222 + 1y 222 + 1y 1 222 + 1y 21 T
= 7 2 = +rx—x)= -
(y+vzzr+2)"  (@+y+2)(y+22) a+y+z\ y+22 Ytz T+ytz
Tuong tu ta co ,
2y +yz Sy

(z—l-\/@—l—m)Q Tr4+2 rHytz

222 + 21 2z z

(+iE+y) Ty THy+:

Cong vé theo vé cac bat ding thic tren lai ta duge

P22(x+y+z)—1
y+z z+x x4y

Ma ta c6 ) ;
x z x z
y+z+z—|y—x+x+y2 2(5(:?/1?;;—1—)2@ 25
Suy ra
P>2-1=1
Diéng thiic xay ra khi va chi khiz =y = 2 = 1. O
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Bai toan
‘ho x,y 1 hai s6 thuc thod man 22 — xy + y? = 2. Tim gia tri 16n nhat va gia tri nho
nhat ctia biéu thic

M = 2% + 2zy — Ty?

Dé thi thet THPT Li Tw Trong Binh Dinh

L gidi 1:

Néuy=0thi M =22 =2.
) ) 2
Néuy;«éOth‘lda‘ct:g.TfrgiéthiétsuyratQ—t—i—l:E>0:>y€]R

Va ta co
2420y —Ty? P+ 2t —
oM = TR T G HATT g
2 —xy + y? t2—t+1
) 242t -7
3t2 + 16t — 5 t—l
'(t) = — " =0 | 3
0=y O |
Bang bién thién
1
t |—oo 2 ) +00
frt — 0 + 0 -

f(t)l\ Py

£ . . . £ o 8 . . o £ o
T bang bién thién suy ra gia tri 16n nhat cia M = g,glé tri nho nhat cia M = —16
Lot giar 2 :
Xét phuong trinh
42t —7

—m.,teR
2 _t11 "

sm-D—(m+2)t+m+7=0,tcR

Dé phuong trinh c¢6 nghiém suy ra

A=(m—-22—4m+7T(m—-1)>0=-8<m<

L W~

. 8 .
T do suy ra gia tri 16n nhat cuia M = g,gié tri nho nhat cia M = —16. U
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

~——Bai toan i 5
Cho ba s6 thuc a, b, c khong am thod man a + b+ c = §.Ch1’1’ng minh rang :

12
(1 +a) 1421+ >

Dé thi th lan I THPT Mai Anh Tuén Thanh Hod

Lot giaa:
Ta co
2 2 2 125 2 2 2 )
(1+a )(1—|—b)(1—1—0)26—4:>ln(1—|—a)+1n(1+b)+1n(1+c)231n1

p 4 3 2t 4 1

T do6 suy ra
2
£t) zlng——we {o;ﬂ

5 2
Do d6 A 5 6
1n(1—|—a2)+ln(1+b2)—|—ln(1+02)—g(a—l—b—l—c) Z3lné_l_5
T do suy ra
5
In(14a®) +1In(1+b6%) +1In(l+c?) 231111
hay
125
(1+(12)<1+b2)(1+02) Z a
. 1
Déang thiic xay ra khia =b=c= 3 O
Bai toan

"ho ba so thuc duong a, b, ¢ ¢6 tong bing 3.Chiing minh ring

a? b? c?

a+263+b+203+c+2a3

> 1

Dé thi thi lan 1 THPT Nguyén Thi Minh Khai Ha Tinh

Loi gidi:
Ap dung bat ding thic AM — GM ta c6
a’ 2ab? 2 5
SO /)
a+r2 T arpts = 3\/a_
2
za—gb(a~|—a+1)

2

2 4
—a—gb—g&b
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Tuong tu ta ciing c6

b 2 4
>bh—Ze—
b+2c = 9° 9"
2 2 4

c+2a3 20—§a—§ca

Cong vé theo vé cac bat dang thiic trén ta duge

a? N b? N c? >7( bt 4(b—|—b—}- )>7 4 )
—(a c)— =(a c+ca)> - — ==
a+2b> b+2  c+2a® 79 9 -3 3
Déng thitc xay ra khi va chi khia =b=c = 1. 0

~——|Bai toan
37 [Cho ba so6 thuc z,y, z thod man xyz = x +y + 2 va x,y, 2 >.Tim gia tri nhé nhat cia
biéu thic :

Dé thi thi lan 2 THPT Nam Péng Quan Thdi Binh

Lot gidi:
Ta co
r—1+y—1 y—1+z—-1 z—-1+x-1 111 1 1 1
P= —(=+=-+= — 4+ =+ = 1
e + = + po <x+y+z>+(x2+y2+z2) (1)
Ma
r—1+y—-1 y—-14+2-1 z—-1+zx-1 1 1 2
” - - + > :Z(x—l)(E—i—E) EZ(x—1)x—y (2)

T (1) va (2) suy ra

1 1 1 1 1 1 1 1 1
P>(=4-+=)+(=s+=5+=)-2(—+—+—
x oy oz x? oy 22 xy yz @ zx

. 1 . \
Tu gia thiet ta c6 — + — + — =1 va dung cac danh gia co ban ta c¢6
Yy Yz zx

T do suy ra

P>V3+1-2=v3-1

Déang thiic xdy rakhiz =y = 2 =

&
O
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bai toan
’ho cac s6 duong a, b, c.Chiing minh rang :

a 4b 9¢
+ + >
b+c¢c c¢c+a a-+b

Dé thi thi lan 1 THPT Ngé Gia Tv Bdc Ninh

4

Lot giaa:
Détx:b+c;y:c+a;z:a+btf1d()suyraa:_x+2y+z;b:—y+22+$;cz—z—|—2x+y
Do a,b,c > 0 nén z,y,z > 0 ti d6 suy ra

a 4b 9c —x+y+z 2(—y+z+z) 9(—2+z+

b+c c+a a+b 2x y 9

B _1_2_9 . y+2x L z+9:c n 22+9y
N 2 2 2x Y 20 2z y o 2z
>-T7+2+3+6=4

Déng thtic xay ra khi a = 2b;c = 0 vo li nén suy ra dau ding thiic khong xay ra. U

Bai toan
'ho cac s6 thyc duong z,y, z thod man 4(x + y + 2) = 3zyz.Tim gia tri 16n nhat cta
biéu thic :

1 1 1
= + +
24xr+yz 2+4+y+zx 2+z+uay

Dé thi thi lan 8 THPT Ngé Gia Tv Bdc Ninh

L& gidi

Theo bat dang thiic AM — GM ta c6 3zyz = 4(z +y + 2) > 4.3TYyz = 1y2 > 8
Tiép tuc 4p dung bat ding thic AM — GM ta duge

24 x+yz 2 2V2x +yz > 20/ 2V2zxyz = 21/ 2+/22yz2\/ Yz > 4\/5,4/342

Stt dung bat dang thitc Cauchy — Schwarz ta c6

1 __ 1 _11 1+1 _1 1+1+1 1
2+x+yz T 42umz ~ 42\2  yz) T 8\2 4 yz) 8

Tuong tu ta cling c6

1

1
24+ y+zw 8
1
24+ z+zy — 8

Cong vé theo vé cac bat ding thic tren ta dugc

P <

| w
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Déng thitc xdy ra khi z =y = 2z = 2.

Bai toan
ho z,y, z duong thod man z? + y? + 22 = 1.Chiing minh ring :

2 2 2
- + Y + © <g
1—yz 1—zx l—2y/) — 4

Dé thi thit sé6 11 THPT Nguyén Trai

U

Lot giar 1 Ta c6

IN
I

2
% g 2 oy
(1—z2)® (1_x2+22)2 (1+y2)°
2
22 < 22 B 422

Vay
4 4y 422

P < + +
(1+a22) (1492 (1+22)°

2l b=ylale=22 41
Dat{“ vabb=yrhe=241 g6

a+b+c=14

- a? b2 c? a b ¢ a2 b2 2

da—4 4b—4  dc—4 11 1 11 1
P< — - =4(-+-+-)-4|{5+5+5

1 1 1
<4 -4+ -
a b ¢
1 1 1 9 9 . 42 9 9
Ma—+4-4->—" = nentaxéthamsd f(f) =dt — —, t>-= f(t) <>
aa+b+c_a+b+c 7 hen ta xé am so f (t) 7 127 f()_4
Ldi gidi 2
Ta co
x? < x? _ 4 x?
U=y = (P +22\" Qe+ +22)" 7 (@422 (@ 4y
2
Suy ra

=

©| o

<l @) (P ) () 2

(2 4+ y*2* + 2°2°) (2® + y* + 2°

O
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bai toan
‘ho cac s6 thuc duong z,y, z théa man x + y + z < 3.Tim gia tri nhé nhét ctia biéu
thic :

2 2 2 1 n 1 i 1
w3 yr B —xy+yr PP —yr 22 22— zx 42t

Dé thi tht THPT Nguyén Vin Cu Ha Noi

Lot giada:
Ta co :
1+1+1>3
x3 oy —ay
IR
y: o 23 ~yz
Lol
23 23 T
Suy ra
2 3 3 3
—3+—3+—3+3Z—+—+—
x z Yy Yz 2x
Suy ra

3 3 3 1 1 1
P+3>—+—+—+ 3 5t 5t 3 3
Ty Yz zx  xtf—xy—+vy Y —yz+z 2 —zx +x

St dung béat dang thic Cauchy — Schwarz ta cé :

2 2 2 1 1
P+3> 2422 I
" _wy+yz+zx+z(xy+x2—wy+y2)

2 2 2 4
P+3>— 4+ — 4+ = -
+ _xy+yz+zx+z(x2+y2)

1 1
P+3>9 4
- _Z (2wy+x2—my+y2)

16 16 16

P+3> + +
Tty (t2)? (ztw)?
4
P+32>- :
Ve +y)y +2)(z + )]
48. 48.
P+3> 59 > 89:12
(2x +2y+22)2 = 4.9
=P>9
Déng thiic xdy rakhiz =y = 2 = 1. O
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Bai toan
ho x,y, z 1a ba s6 thuc duong théa man 2% + y? + 22 = 3.Tim gia tri nhé nhat cia
biéu thric :

1 n 1 n 1
Sy +2  yz+2 w42

Dé thi thi lan 8 THPT Qué Vo 1

L& gidi

Stt dung bat dang thitc Cauchy — Schwarz ta c6

9 9
A> > =
Tay+yzrt+zer+6 " 22+y2+2246
Ding thitc xdy rakhiz =y = 2 = 1. O
Bai toan
’ho a, b, ¢ 14 ba s6 thiic duong théa man a? + b* + ¢ = 3.Chiing minh ring :
1 1 1 4 4 4

>
a+b+b+c+c+a_a2—|—7+b2—|—7+c2—|—7
Dé thi tha lan 3-1 THPT Qué Vé S6 1

Lot giada:
Theo bat déng thic Cauchy — Schwarz ta co :

1 n 1 S 4 S 8
a+b b4+c  a+2b4+c " a?+2024+c2+4

T do suy ra

1 1 c+a 2 4 4
> =
aer+b+c+ > Za+2b+c_za2+2b2+62—l—4 Za2+7
Déng thitc xady rakhia =b=c = 1. 0

,—{ Bai toan i

) 1 1 1 1 1 1
Cho ba so thuc duong a,b, c thoa mén28< — + —) = 4( +—+ > +

2TrTa b e

2013.Tim gia tri 16n nhat ctia biéu thiic :

1 1 1
= + +
V5a2 4+ 2ab+ b2 /5b2 4 2bc+ 2 /52 4 2ca + a?

Dé thi thi lan 4 THPT Qué Vé S6 1

Lot giada:
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

1 1 1 L a2
bat x = —;y = E; z = — va st dung bat dang thic Cauchy — Schwarz ta cé :
a c
2, .2 2 2., .2, 2 2, 2, 2 _ 2013
28(x° +y° +2°) =4d(zy +yz + 22) + 2013 < 4(x° 4y +2°) + 2013 = 2° + y* + 2° < TR
Mat khac 5013
(x+y+2)?<3@@*+9y°+24)< -
Ta c6
1 1 2 1 3 1 1
= < v2 < (—+—):———@x+w
Vba? +2ab+ 0> \/4a? + (a+b)2 ~ 3a+2 8v/2 \a b 2
Tuong tu ta cing c6
L < 1(3+)
z
VAPt 2bct & 82
1 1
< 3z+x
V5¢c2 + 2ca + a? 8\/5( )
T do suy ra
4 V2013
P<—x+y+2)<
< 8\/5( y+z) < —
Bai toan

’ho ba s0 thuce duong x,y, 2 théa man z(x — 1) +y(y — 1) + 2(2 — 1) < 6.Tim gia tri
nhé nhat clia biéu thic :

1 1 1
= - -
r+y+1 y+2z+1 z+z+1

Dé thi thi lan 1 Vinh Phiic

Lot giaa:

Tt gid thiét taco 22 +y? + 22 — (z+y+2) <6taco 18> (x+y+2)? —3(x+y+2)=0<
r+y+2<6
Theo bat dang thitc AM — GM ta c6 :

1 x+y+1>2: 1 >2_w~|—y+1
r+y+1 25 -5 z+4+y+175 25

Tuong tu cho cac bat déng thitc con lai,ta c6

A>§_2@+y+@+3>§_26+3:§

) 25 —5 25 5
Déng thitc xay ra khi z =y = 2z = 2. 0
Céch khac
batt=x+y+2te(0;6]
Theo bat dang thitc Cauchy — Schwarz ta c6
9 9 3

> > =
T 2+3 72643 5
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Déng thitc xdy ra khi z =y = 2z = 2. 0

Bai toan
‘ho z,y 1a cac s6 thyc théa man z +y — 1 = /22 — 4 + /y + 1.Tim gia tri 16n nhat

va gia tri nhé nhat ctia biéu thic :

1
VT +y
Dé thi thit lan 1 THPT Thdi Phién Hdi Phong

P=(x+y)’—vV9—z—y+

Lot giaa:

Theo bat dang thitc Cauchy — Schwarz ta c6

a:—{—y—1:\/2x—4+\/y+1§ Jz+y—1)=1<z+y<4

Datt=ao+y t € [l;4] taco

1 1 1 VI — 42Vt — 1) + /1
P=t>—\O—t+-=P =2+ = = Uevi— 1)+ \/_>0Vte[1;4]
t 29—t 12/t 20/9t — 2
A~ .z . 2, A 2 33 . , . rd S 2 N
Vay gia tri 16n nhat CuaP:?—\/gkhlt:élhayx:él;y:O.Gla tri nho nhat cua P la
2—2y2khit=1hayr=2y=—1 O

Bai toan
ho x,y, 2 14 cac s6 thye duong théa man 2,/7y + 1/rz = 1.Tim gia tri nhé nhat cia
biéu thic :

3yz 4dzx S
Y i Y

P = +
x Y z

Dé thi thi lan 1 THPT Thdi Phic Thdi Binh

L& gidi

Theo bat dang thitc AM — GM ta c6

3yz 4zx bz Z 2 Z T 2T
L AN (y_ + —) +2 (y_ + _y) +3 (— + _y) > 2z4+4y+6x = 4(z+y)+2(z+2)
T Y z T Y T z Y 2

> 8xy +4vrz =4

, 1
Dang thiic xay ra khix:y:z:§. U
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bai toan
’ho a, b, ¢ 14 ba s6 thyc duong théa man dieu kien a® + b3 = ¢. Tim gia tri nhé nhat
ctia biéu thitc

a? - b — 2

(¢ —a)(c—b)
Dé thi thi lan 1 THPT Tran Phu-Ha Tinh

M =

Lot giada:
b
Doa,b,c>0néndata::g;y:—x,y>0khidc’)x3—|—y3:1.Tadu’c_5(3:
c c
M:(x+y)2—2xy—1
—(z4+y)+ay+1
Ditt=z+y= £l
att=u xy =
: Yy Y 3¢ -
t_
Viz,y>0nent>1vat?>4 =>1<t< V4

Ta viét lai biéu thic

3
4
M:1+i:>M2 Va2
t—1 V4 -2
Déng thic xay ra khi a = b; ¢ = av/2. O
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

BAI TAP REN LUYEN
Bai toan
“ho hai s6 thyc x,y théa man o +y — 1 = 2/ — 1+ +/y + 1.Tim gia tri 16n nhat,gia

tri nhé nhat ctia biéu thiic

z(r —y) +yly — ) N 2(1 + zy\/z +y)
2 VI +y

Dé thi thit lan 1 THPT Xudn Truong

P =

[50 |Cho ba s6 thyc duong =, y, z théa man z+y+ 2 = 1.Tim gid tri nho nhét ciia bidu thic

b VT NI R

_y+z z+x x4y

[51|Cho a, b 1a cac s thye duong thod man ab+a-+b = 3.Tim gia tri 16n nhit ciia biéu thitc

3a 3b ab

P= —a’ -
b+l atl atp ©

Dé thi the THPT Da Phic
[52|Cho bén s6 thuc a, b, ¢, d thod man —4 < a,c < —2 ,2 < b,d < 4 .Tim gié tri 16n nhét
clia biéu thic

a’ + ) (b* + d?)

_
M= (ac + bd)?

Dé thi thit lan 1 trudng Quéc Hoc Quy Nhon

Cho cac s6 thye duong z,y, 2 thod man = + y + z = 1 .Chting minh rang

3 2
+ > 14
xy+yz+ oz w2+ y? + 22

Dé thi thit THPT Chuyén Phan Ddng Luu
Cho ba s6 thuc duong a, b, ¢ thod man abc = 1.Tim gia tri 16n nhat ctia biéu thiic

1 1 1
= + +
vVa2+ab—a+5 V2+bc—b+5 VR +ca—c+5

Dé thi thit lan 1 THPT Chuyén Phan Béi Chdau Nghé An

Cho céc s6 thuc a,b, ¢ thod man a + b + ¢ = 6.Chiing minh réng

a b c
+ + > 2
Vad+1 VB +1 Vd+1

Dé thi thi lan 1 chuyén Lam Son Thanh Hod
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

Bai toan
ho a, b, ¢ 1a cac s thuc duong thod man 4ab + 2ac + 6b + 3¢ — 7Ta = 35.Tim gi4 tri

16n nhat ctia biéu thic
ab 2b 3c

P =
a+b+2+b+3+c

Dé thi thi lan 6 chuyén KHTN Ha Noi
[57|Cho 2,y € R va z, > 1.Tim gia tri nho nhét cta biéu thic

_ 24yt = (@ 4y
S Py Y

Dé thi thi lan 1 THPT Chuyén Thoai Ngoc Hau

Cho céc s6 thyce duong z,y, 2 thod man x +y + z + 1 = 4zyz.Chitng minh rang

zy+tyz+ze>x+y+z
Dé thi that lan 1 THPT Ddng Thic Hiéa Nghé An
[59]Cho a, b, ¢ 1a cac s6 thie duong théa man a-+b-+c = 1.Tim gia tri 16n nhat ciia biéu thitc:
ab be ca
M =
\/ab+c+\/bc+a + ca+b

Dé thi thit lan 1 THPT Thanh Sen Ha Tinh

Cho x,y, z 1a cac s6 thyc duong théa man zy + yz + zox = 3.Tim gia tri nhé nhat cia
biéu thitc :

T Y z

—2\/ryz

r+y y+z z+4+x
Dé thi thi lan 1 THPT Nguyén Xuan On -Nghé An
[61]Cho =, v, 2 1a céc s6 thuc théa man 1 < z,y, z < e.Ching minh ring :

rlnx ylny zlnz
y+z z+xr T+Y

Dé thi thi lan 2 THPT Nguyén Xuan On -Nghé An

1 1 . .
Cho 3 <z < 3 va y > 1 .Tim gia tri nho nhat cta bieu threc :
w2y
(42 — 1)y — 7]

Dé thi thit THPT Nhu Thanh II-Thanh Héa

P=2*4+9y+
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3 TUYEN TAP BAT DANG THUC 3.1 Bét déng thitc trong ki thi thit cdc trudng

Bai toan ‘
*ho cac 86 thyc duong a, b, ¢ thay doi thod man a + b + ¢ = 1.Chting minh ring :

a?+b bV 4+c A+a
+ + > 2
b+c c+a a+b

Dé thi thi lan 1 THPT Nam Duyén Ha Thdi Binh
Cho a,b, c duong thay doi thod man a + b+ c = 3.Tim gi4 tri nhé nhat ctia biéu thiic :

B 22a3 + 12ab* + 20120° N 2203 4 12bc* + 2012¢3 n 22¢3 + 12ca® + 201243
2202 + 12ab + 19442 222 + 12bc + 1944¢2 22¢2 + 12ca + 1944a2

Dé thi thit lan 1 THPT Nam Khodi Chau Hung Yén

[65]Cho a,b,¢ > 0 va a+ b+ c=3.Tim gia tri I6n nhat clia bidu thitc :

b c a
P:(\/a2—|—1—|—a> (\/b2+1—|—b) (\/02+1+c)
Dé thi thi lan 2 THPT Nam Khodi Chdau Hung Yén

Cho z,y € R: 22 4+ y? = 2 + y. Tim gia tri 16n nhat ,gia tri nhé nhat ciia biéu thic :

A=+
Dé thi thi lan 1 THPT Nam Khodi Chau Hung Yén
Cho z,y,2 >0 va z +y+ 2z <1 .Tim gia tri nhé nhat ctia biéu thic :

11 1
P=—+-4+—-+46(z+y+2)
r oy =z

Dé thi tht THPT Ngo Tri Hoa Nghé An

Cho z,y la cac s6 thuyc théa man 22 + 3% + zy = 1.Hay tim gia tri 16n nhat va gia tri

nhé nhat ciia bidu thic

A = 5zy — 3y°
Dé thi thit THPT Pham Van DPong -Ddk Lik

Cho x,y,2 >0 va théa man x > 3;2+ 2 < 5 va x +y + 2 = 11.Chiing minh ring

ryz < 36

Dé thi thi lan 1 THPT Thanh Thiy Phi Tho
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3.1 Bét déng thitc trong ki thi thit cdc trudng 3 TUYEN TAP BAT DANG THUC

/—( Bai toan i .

2 ‘ 1 1 .
Cho ba so thuc duong z,y, z théa man — + — + — = 4.Chiitng minh rang :
x Yy oz

1 1 1
+ + <
2r+y+z 2z4+x+y 2y+z+4+x

Dé thi thi lan 1 THPT Thu Xa Quang Ngai
Cho a,b > 0 .Chiing minh réng:

1 1 1
—+ >
3a+b a+3b a+bd

Dé thi thi lan 1 THPT Thu Xa Quang Ngai

Z a, b7 c Z - . N
Cho ba so thuc a, b, ¢ thoa man 4 .Chhuwngs minh rang:
a+b+c=1
“ b L < 9
a>+1 »+1 E2+1710

Dé thi thit lan 1 THPT Thu Xa Quang Ngadi
[73]Cho a, b, ¢ > 1.Chting minh ring :

log? log?b  log? 9
ga  log.b ogacZ
a+b b+c a-+c at+b+ec
Dé thi thit lan 1 THPT Thu Xa Quang Ngdi

74Cho a 1 s6 thyc duong.Chitng minh ring

a>+8Va+1>4a+8
Dé thi thi lan 1 THPT Thu Xa Quang Ngai
[75]Cho a, b, ¢ 1a ba s6 thuc duong.Chiing minh ring:

1 1 1 ab + be + ca
+ + <
2a+b+c 2b+c+a 2c+a+b 4abc

Dé thi thit lan 1 THPT Thu Xa Quang Ngdi

Cho z,y 1a cac s6 thiyc thoa man 2% +y? = 1.Tim gid tri 16n nhat va gia tri nhd nhat

ctia biéu thtec :

 r+2y
2 —y+4

Dé thi thi lan 1 THPT Thu Xa Quang Ngai

(©Ng6 Hoang Toan Trang 48



3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

3.2 Bét ding thic trong dé thi thi ciac dién dan

Bai toan
’ho cac s6 thuce khong am x, y théa mén : x (2z 4+ 2y —5)+y (y —3)+3 =0 . Tim gia

tri 16n nhat va nhé nhat cia biéu thic :

P=(zy—z+1)°+ (xy—y+1)°

Dé thi thit lan 1 dién dan k2pi.net

Loi gidi:

Gia thiét c6 thé viét lai thanh:
F+y—D@+y—2)=—(z—1)

T d6 ta c6 duge: 1 < x+y <2

Mzt khéc gid thiét ciing viét lai duge duéi dang:

20— 1)+ (y— 1P =a+y—2zy=a+y>22y=1>uay

Tim gid tri nhoé nhat.
Ta lai ¢6 biéu thitc P ¢6 thé viét thanh:
a’> —2ab+2v> —2a+2b+2=P
Hay
a®> —2a(b+1)+20*+2b+2— P =0(1)
Trong d6 a =2+ y(1 <a<2);b=u2zy(2>a>2b)
Coi (1) nhu mot phuong trinh bac 2 theo a khi d6 dé ton tai a; b ta phai co:
AN>0eP>V+1=P>1
Vay minP = 1dat dugc khia=1;b=0=2=1;y=0
Tim gid tri lon nhat.
Xét ham sb
f(a) =a* —2a(b+1) + 2b* + 2b + 2

Ta chi lam 2 truong hgp nho sau:

e Néub > % ta xét ham s6 tren [2b; 2]
Dé& thay ham s6 dat max tai f(2) hodc f(2b) (ma f(2) = f(2b) = 2(b* —b+ 1))
Do dé:
fla) <20b* —b+1)=2[b(b—1)+1] <2

Vay trong truong hop nay MazP =2 khi x =y = 1.
e Néu b <  ta xét ham s6 trén [1;2]
Ham s6 dat max tai f(2) (vi f(2) > f(1)) nén ta ciing c6 gia tri Max nhu truong hop

trén.

Két luan: MaxP =2 khiz =y = 1. O
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

~——|Bai toan i
o cac so thuc x,y, 2 khong am va khong c¢6 2 s6 nao dong thoi bang 0. Tim gia tri

nhoé nhét ctia bidu thiec :

B 1 1 1
P = (zy+yz+ zx) x2+y2+y2+z2+22+x2

Dé thi thi lan 2 dién dan k2pi.net

Loi giai:
Loi giai 1

Gidi st z = min(x;y; z) khi d6 ta c6:

z z
r+y>2zscytyz+az> e+ 2)(y+ =)

2 2
Ma ta lai co:
1 1
PV T @+ Pyt )
2 2
1 S 1
Y2422 — 22
(y+3)
1 1
:v2—|—222( +Z)2
m —
2
Tt nhitng diéu trén ta co:
z z 1 1 1
PZ($+§)<'U+§) 2)2 ( “\2 Z2+ FIEAL
($+§ +?/+§) (y+§) (z 5)
z z
Dat:x+§:a;y—|—§:b(a;b20)Tacé:
a
1 11 7 a 1
P>ag(— — + — 4+ V= __Y o
_a(a2+b2+a2+b2) (9)2+1+b+9
b b
Dit: & = 2z > 0) ta khio st ham f(z) = ——— + 2+ = véi & > 0 dé tim duge min f(z) — -
at: — = z(x a khao sat ham f(x) = x+— voix ¢ tim cminf(z) ==
b _5 2+ 1 T - ’ 2
Do do6 MinP:§dat dugce khi a = b; ¢ = 0 hoac cac hoan vi. O

Loi gidi 2
Nhin dé bai, ta nhé dén BDT quen thuoc ciia ngai Jack Garfunkel:
Véi a, b, c > 0 va déi mot khac nhau thi:
1 1 1 5
+ + >
a+b b+c c+a 2/ab+bc+ ca

Ching minh:
Chuan héa ab + be + ca = 1
Chiing ta xét hai truong hgp
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

e THl:a+b+c<2

Bat dang thtc can ching minh tuong duong véi

1 1 1
2 >
(a+b+c)(a+b+b+c+c+a)_5(a+b+c)
c a b
< 6+ 2( + + )>5(a+b+c)

a+b b+c c+a
Bét dang thitc nay luon ding theo bat dang thitc Cauchy — Schwarz ta c6

c a b (a+b+c)?
6+ 2 >6+2
* (a+b+b+c+c+a>_ N 2(ab + bc + ca)

=(a+b+c—2)(a+b+c—3)+5(a+b+c)>5(a+b+c).
e o+ b+ c > 2 Bat dang thitc can ching minh tuong duong véi

2(a®> + b+ +3) > 5(a+b)(b+c)(c+a)

— 2(a®* +b°+c*)+6 >5(a+b+c)— babe
Bat ding thtc nay luon ding do
(a®+b*+c*)+6 = 2(a+b+c)’*+2 = (2(a+b+c)—1)(a+b+c—2)+5(a+b+c) > 5(a+b+c)—babe.

Vay phép chitng minh hoan tat ! Dang thiic xay ra khi (a;b;c) 1a mot trong cac hoan vi
cia bo (0;1;1).

Lic nay thay a,b, ¢ lan ludt béi 22,92, 2% ta c¢6

1 1 1 )
R R R s g
Pyt Yttt 2?24/ a2y 4+ y222 + 2222

St dung bat dang thic trén,chi ¥ ring

Ty 4+ yz 4 2 = /222 + 222 + 2222 + 2xyz(z +y + 2) > Va2y? + y22? + 2222

Ta cb

N 1 N 1 S 5(xy + yz + zx)
2 2 2 2 2 2/ — 2,2 2.2 2.2
iyt oyttt 2t 2¢/22y? + y22% + 221

(xy + yz + zz)(

S
> 2
-2
Dang thitc x4y ra khi (a;b; ¢) 1a mot trong cac hoan vi ctia bo (0;1;1).
5 2
Vay MinP = 2 Dang thiic xdy ra khi (a; b; ¢) 1a mot trong cac hoan vi ctia bo (0;1;1). O
Loi gidi 3
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

Khong mat tinh tong quat ta gid sit z = Min(z;y; 2).
1 1 1

- -
$2+y2 y2+22 ZE2+22

Dat Poy:z) = (xy+yz+2z). ( ) Ta sé chiing minh P2y > Plawyio)

Hay la:

1 1 1 1 1 1 1
2z +y). x2+y2+y2+22+22+x2 = E+ﬁ_x2+22+y2+z2

& 2(z+y) RN S > ry2® ! + !
Z\T . Tryz .
Yy IZ + yZ y2 + ZZ 2,'2 + ZL’Q =Y yQ(yQ + 22) 172(1-2 + 22)

& (@9 g+ ) 2y )
x . TYZ.
Yy 2?2422 24t T Yy P22+ 22) | 22(a? + 22)
Va diéu nay dang do

1

— >0

x? 4+ y?

r+y TYz

>
y2 +Z2 - yZ(yQ +22>
r+y > TYz
$2+22 - $2(172+22)

Vay ta c6 Pz = Playio) Cubi ciing ta sé chi ra

5
7D(ﬂﬁ;y;O) > )
Hay la :
% 4+ y? ry 2
2., .2 2., ,2

N 2 2 2 3 3
Diéu nay hién nhién dang ti bat dang thic AM —GM: it + rty > 1+ —(x +y) > =
x? + y? 4xy dxy 2
Vay ta c6 Pyin = §.D§Lng thic xay ra tai x = y, 2z = 0 va cac hoan vi tuong tng O

~|Bai toan i
0 cac so thuec a,b, ¢ € [1;2] Tim gia tri 16n nhat ctia biéu thic :

P:10a 1_1b 2012¢

be | ac ab
Dé thi thi lan 3 dién dan k2pi.net
Lot giaa:
2012¢ 1 10a 11b
P pr— pr— —_— —
fle)=— =+ (- +—)

Coi ¢ 1a bién sb;a,b 1a tham sb; ta co:

2012 1

7o) = .

ab _02(b+a)

B 2012¢% — 10a? — 1152 S 2012 — 10.2%2 — 11.22
N ab - ab

>0
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

4024  5a 11

<f22Q)=——4+—+—=

S <=0t 2 )
Coi a 1a bién s6;b 1a tham s6; ta co:

—4024 5 11b —4024 11

/
= —_—— - < e —
== Ty s =Y
4029  11b
= gla) < g(1) = — =+ — =)

4029 11 11 8069

R (b) 7t 5 S0 € [132]) = h(b) < h(1) = 4029 + - = ——

8069 a=b=1

khi va chi khi { U

Vay gi4 tri 16n nhat ctia P 1 )
CcC =

~—\Bai toéni
o cac so thuc x,y, z théa man : 22 + 2y? 4+ 522 < 2. Tim gia tri 16n nhat ctia biéu

thiec :

P = (xy +yz + zx) [1+\/4—(m2+2y2+522)2

Dé thi thi lan 4 dién dan k2pi.net

Loi giai:
Ap dung béat ding thic Cauchy — Schwarz ta co:

2?2 y? 22 (v+y+2)?
2x2+3y2+622=T+T+T2ﬁ

2 3 6 2 73776

=(z+y+2)°

Vay nén:
o+ 2y° + 52 > 2(wy + yz + 27)
= 2P <t.(1+V4—1?)
V6it = 22 + 2% + 522 < 2

Vay ta chi can tim gi4 tri 16n nhat cla :

K=t(1+Vi—1) (t<2)

Dau bang x4y ra khi 2z = 3y = 62 O
~—|Bai toan i
0 a, b, c cac s6 duong thod man : 2a® + 3b? + 5ab + 3bc + 2ac + ¢ < 3+ 5a + 8b Chiing
minh ring :
1 1 1

+ + >1
V841 V8 +1 V8 +1

Dé thi tha lan 5 dién dan k2pi.net

Loi gidi:
That vay tit diéu kién ta bién déi :

2a% + 3b* + 5ab + 3bc + 2ac + ¢ < 3+ 5a + 8b
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

< 2a® + 2ab+ 2ac — 6a+3ab+ 30> +3bc — b +a+b+c—3<0
<2a(a+b+c—3)+3bla+b+c—3)+(a+b+c—3)<0
& (a+b+c—3)(2a+3b+1)<0 (1)

Do a,b,c > 0 nén tit (1) ta c6: a+b+c < 3. .Lai c6 : 20F0F¢ = 20.20.2¢ < 8 Dit
m=2%n=2"p=2= mnp <8.
Theo bat déng thiic AM-GM, ta c6

m? 4+ 2
2

VI+m?=/(1+m)(1—m+m?) <
Xay dung cac bat dang thic tuong tu, ta dudgc

2 2 2
VT >
_m2+2+n2+2+p2—|—2

Vay ta can phai chiing minh

2 2 2

1

Tiép tuc dat it = —
n

u =

1 N 1 } N
—, v = —. Véi dieu kién mnp < 8 = tuv > —. Khi d6 ta can chiing
m? p? 8

minh :
2t 2u 2v

1+2t+1+2u+1+2v

>1
T6i day ta khai trién toe loe ra va rit gon ta thu duge
4(ut + vt + uwv) + 16uvt > 1 (%)

Mit khéc theo bat dang thitc AM-GM Ta c6 : 4(ut + vt + ut) + 16uvt > 12vVt2u20? + 16uvt =

1 1
12~1—6—|—16-6—4 =1 Vay (%) dugc chﬁnlg minh.
Déudéngthﬁ’cxéyrakhit:u:v:Zhaymznzszhaya:b:c:l. U

/—‘ Bai toan i

. , N 1 1
@Cho cac so thuc duong x,y thoa dieu kién :x <1 — —) +y (1 — —) =4 . Tim gia tri
Y x

nhoé nhét ctia bidu thiec :

P=zy+vV1+22+/1+y>

Dé thi thi lan 8 dién dan k2pi.net

Lot giaa:
Xét bo deé:

Va2 + 0+ VA +d > \/(a+ )+ (b+d)?
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

Ching minh:

Va2 + P+ VA +d > \/(a+ )+ (b+d)?

S a? + 0+ A+ d®+24/(a2 +02)(ctd?) > a® + 2 + 2ac + b + d® + 2bd

& /(a2 + ) (24 d?) > ac+ bd
& a’? + dPd + b7 + B d® > o’ + b d* + 2abed
& (ad —bc)? >0

Ap dung bd dé ta co:

VIta2+/1+y2 > d+ (2 +y)?
Tt gid thiét ta co:
*):>x+y:4+z+y26:>\/l+x2+ 14+y2>2v10
Yy X

(z +y)? (z+y—6)(r+y—3)
* — =9 >9
) vy r+y—2 + r+y—2 -
Vay P > 9+ 2v/10.Dau = xay ra khi 2 =y = 3. 0
Loi giai 2

Ta co

1 1 2 4y ?
x(l——)+y(1——):4¢>x—|—y:4—|—x+y :<x+y) 4+ 9
Z Y Ty Ty

2
ooy = (z+y)
T+y—2
Mat khac ta co :

x+y:4+§+%26

Ta co
V(2432 (124 22) + /(12 +32) (12+9y2) > 3x + 1+ 3y + 1
1
> VIi+r2+/1+92> —=@B(r+y) +2)
V10
(x+y)* 1
= P> + 3(z+y)+2
S m(( y)+2)
Dit

t=x+y=1>6

Xét ham s

12 1
t) = + —3t+2);t>6
Ta cb ,
/ t° — 4t 3
f )=

(t—2)2+\/ﬁ>0

v6i moi t > 6 = f (t) dong bién trén [6; + o)
= f(t) > f(6) =9+2V10
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

.Dau” =" xdy ras t =6
= P>9+2V10
Din” ="xdqyraer=y=3
Vay P =9+ 2vI0 khiz =y = 3. [
/—( Bai toan i
o cac so thuc x,y, z thuoe doan [1;3] . Tim gid tri nho nhat clia biéu thiec :
_ 25(y + 2)° _
© 1222 4+ 2012 (zy + y2z + 27)
Dé thi tha lan 09 dién dan k2pi.net
Lot giaa:
Loi giai 1
25 2

Ta xét f(z) = y+2) thi

© 1222 4+ 2012 (wy + yz + 27)

) = 25 (y+2)°(6z+503y+5032)
4 (322 4+ 503 zy + 503 yz + 503 zz)?

Suy ra
T (@) > f(3) = 2 y+=)
- 4 27+ 1509y 4 1509z + 503y 2
gy = 25 2) BA+ 1509y + 503y + 1509 — 5032)
1 (27 + 1509y + 503 yz + 1509 2)

Dé thay: 54 + 1509y + 503 yz + 1509 2z — 503 22 = 54+ 1509y + 503 yz + 5032(3 — z) > 0 Suy ra

=9(y)

25 (14 2)?
9W) 290 = 63815 508, ")
25 (1 + 2)(265 + 5032)
h(z) == >0
(2) = 16~ (384 7 5032)°
25
h(z) > h(l) = ——
Suy ra (2)25_ (1) 3548
ay T > — 0
Vay T2 558
L gidi 2
Ta co
2 2
- 25(y + 2) 25(y + 2)

>
1222 4 20122(y + 2) + o012 T 1227+ 20125 (y + 2) + 503(y + 2)°

Xét ham m(x) = 1222 + 2012z(y + 2) + 503(y + 2)°, x € [1; 3],
c6 m/(x) = 24x 4+ 2012(y + z) > 0,Vx € [1;3].
Do d6 m(z) dong bién tren [1;3], suy ra T'(x) nghich bién tren [1; 3].

25t2
Suy ra T'(x) > T(3) = 108 + 6036¢ - 5032

= f(t), véit =y + z € [2;6].
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

150900¢% + 540t
Lai c6 f(t) = i _ >0,V € [26].
(108 + 6036t + 503¢2)
N . 25
nén f dong bién trén [2;6], va do d6 f(t) > f(2) = ETTY
. 25
Cuoi cung minT = —— khiz =3;y =2 = 1. U

3548

- | Bai toéni
0 a, b, cla cac s6 thuc thdéa man 3 < ac, be < 6;c¢ € [2;3];2¢(a® + b?) + b(ab + ¢) +

c(ac+ b) > b(b? + c*) + 2ac(1 + 2b).Tim gia tri nhé nhat ctia biéu thiic:

2a —2b 2b—2 2a—6
P = — —
b—1 a—3 a—2b

+9¢/(a—3)(1 —b)(a—b)

Dé thi thi lan 10 dién dan k2pi.net

Lot giaa:
Quan sat bi¢u thitc P nhan thay rang bién ¢ & gia thiét c¢6 vé nhu thita. Vay, bién ¢ duge cho
trong gia thiét c6 muc dich gi? Tam thoi nhu thé. Bang phép dat co ban ta sé dua biéu thic
P vé dang d6i xting véi ba bitn 2 =a—b, y=b—1, z2=3—a=x+y+2=2 Khidé
P=2 (£+g+3> + 9V abe
y z
Phai chang gia thiét nham muc dich cho biét diéu kién cac bién z,y, z? T hai gia thiét dau
3 6 ) . .
suyral < - <a, b< - <3hayy, z>0.D6 ciing la co sd de ta ¢ dinh huéng phan tich gia
c c
thiét thi ba lam sao dé ¢c6 = a — b > 0. That vay

2¢(a+b*)+b(abt-c)+c(actb) > b(b*+c?)+2ac(1+2b) <= (a—b)[(b—c)*+c(a—1)] >0 <= a—b >0

Qua nhing suy luan nhu trén, ta c6 mot bai toan tuong duong nhu sau: Cho cic s6 thyc duong
x, y, z thda méan = +y + z = 2. Tim GTNN ciia bicu thiic

P:2<§+g+z)+9€’/xyz
z

Y
St dung bat dang thitc AM — GM ta c6 duge

x+x+y>3 x
Y Y z - Yryz
Yi¥4253 Y

zZ Z Jryz

Suy ra

Tiép tuc st dung AM — GM ta c6 P > 12.

2 7 )
Vay minP:12<:>a::y:z:§<:>a:§,b:§. U
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

Bai toanJ
[9]Cho @, b, ¢ la cac s6 duong thoa man a,b > 1 va abe = 1.Chiing minh ring :

1 1 1
<3
(@ —at1)? P11 (E—cxip

Dé thi thi lan 11 dién dan k2pi.net

Loi gidi:

- Dau tien, dé dang du doan diém roia =b=c= 1.

- Phuong phép dau tién ching ta c6 thé nghi dén ngay dé6 la U.C.T nhung né da bi bat luc
trong bai todn nay. Tiép tuc hay thit mot s6 ki nang ddi bién néu c6 du sic thit nghiem (bac
16n va phiic tap qui).

- Cau hoi dat ra: Biéu thic déi xiing theo ba bién doc lap véi nhau, tai sao gia thiét lai cho
diéu kien a,b > 1. Diéu nay mudn goi ¥ cho ching ta biét ring hai bién a,b c6 thé c6 mot moi
lien hé nao d6. Chang han, (a —1)(b—1) >0, a+b—2 >0, ... Bién ¢ ¢6 vé nhu chi c6 mdi
lien hé véi hai bién kia qua déng thitc abc = 1.

- Véi dic diém ma ta phan tich & trén, ta c6 thé tam thoi tach roi bién ¢ nhu sau:

1 1 1 1 1 1
<3 <= <3 ——
(@ —at 12 @_br12 (@—crip" @ —at12 @112 " (@—ct1p
- Nhan thay
- 1 _204—4c3+602—4c+1_(c—1)4+c4> ct _ 1
(2—c+1)2 (2 —c+1)2 (=12 T (—c+1)2 (a2b? —ab+1)2

- Do d6, bai toan sé duge chiing minh néu ching ta chitng minh duge BDT hai bién sau day:

1 1 1
<
ot ot s T @ mre

- That may man khi BDT (%) 14 mot BDT ding. Chiing ta c6 thé chitng minh né bang céc
phép bién doi tuong duong va nhé tan dung gia thiét a, b > 1. O
Loi giai 2

|

Thoat nhin viao bai toan, ta nghi ngay t6i bo dé quen thuoc: (2 —z +1)2 > 5

Stt dung bo dé nay, dé thay ta chi can chitng minh

1 n 1 n 1
at+1 M4+1 A+1

3
< -.
-2

Dé cho gon, ta dat a* = x,b* =y, ¢* = 2. Khi d6, bat dang thic sé tré thanh

1 n 1 . 1 <3
zr+1 y+1 24172

Véi z,y > 1, 2> 0, zyz = 1. T6i day thi don gidn hon nhiéu roi. Y tudng tiép theo ma hin ai

ciing nghi dén do la chi viec thay z = — dé quy bai toan ba bién vé hai bién:
Ty

1 1 Ty

<
x+1+y+1+xy+1_

[\CR V]
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

Lai dé ¥ riing néu cho = 1 hoiic y = 1 thi bat déng thiic trén sé tré thanh dang thic. Didu nay
c6 nghia 14 néu st dung bién do6i tuong duong thi sé xuat hién nhan ti chung 1a (x — 1)(y — 1).
That vay, quy dong mau sd va thu gon bat déng thic trén lai, ta d& dang thu duge

(zy—(x—-1)(y—-1)>0

Hién nhién dang véi o,y > 1. Chtitng minh hoan tat . U

Bai toan
’ho a, b, ¢ 1a cac s6 duong thod man 27abc 4+ 9 (ab + be + ca) — 4 = 0.Tim gia tri 16n

nhét ctia biéu thic:
1 1 1

T = + +
Va2 +2 V212 V42

Dé thi thi lan 12 dién dan k2pi.net

Lot giaa:
Ap dung AM-GM c¢6

1
4 — 27abc = 9 (ab + ac + bc) > 27V a2h?c? = abe < ﬁ:>ab—|—ac—|—bcz

W

Ap dung C-S ¢6

1 1 1 3 a?
T <3 —2(3_
- (a2+2+b2+2+02+2> 2( Za2—|—2>

2 2 2 2
a (a+b+c) - (a+b+c) - (a+b+c)

Mt khé
* aCza2+2—a2+b2+c2+6—a2+b2+c2+18(ab+bc+ac)— , 16(a+b+c)
(a+b+c)" + 3
3 z 9
1—9DodoT§\/—r9 [

Bai toan
"ho cac s6 thuce duong a; b; ¢ thda man:a? + b* + ¢ = 36. Tim gid tri 16n nhét clia biéu
thic:

M = (a+ Va1 2013)" (b + V&% 1 2013)"° (¢ + V& 1 2013)"

Dé thi tha lan 13 dién dan k2pi.net

Lot giai:
Bé dé 1: Cho a,b,c € R. Ta luon co:

(a® + b* + ) > 3(a®b + bPc + c*a)

Chiing minh:
Céach 1: BDT

1
(:>5[(a2—62—ab+2bc—ac)2+(62—cz—bc—l—Qca—ab)Q—l—(cZ—a2—0a+2ab—bc)2] >0

Céch 2: BDT

1
& 6[((12 —20* 4 ¢ + 3bc — 3ac)® + (b* — 2¢® + a* + 3ca — 3ab)* + (¢* — 2a® + b* + 3ab — 3bc)?] > 0
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

B6 dé 2:V6i moi a > 0 thi luon cé:

In (2 4
aln<a+\/a2+2013)—<n( {jf 5)+£>a3—%1n<2\/§+45>+%§0

Ching minh:
Xét ham f(a) =VT

|
f(@) = == a*In (2\/§+45) - %cﬂ + ﬁ +In (a—i— Va2 +2013>
a

Ta thay rang: 7 )
3 + 4026
a _a

135 (a2 + 2013)**

F(a) = — %m (2\/§+45) -

Va
~In(2v3+45) V3 a(a®+8052)

—_— <
6 135 (a2 +2013)""?
Suy ra f”(a) nghich bién, suy ra f”(a) < f”(0) < 0, suy ra f’(a) nghich bién, suy ra f’(a) =0
c6 t6i da 1 nghiém
Dé thay f'(2v/3) =0 nén f(a) < f(2v3) =0
Két thic chiing minh bo dé 2

Trg lai bai todn:

(@) =

M =3 abln <a Ve T 2013)
Theo bd dé 2 thi:
In (23 + 45
111M§<n( V3t )+\/§

36 810

)(a3b+b3c+c3a)+ (%ln (2\/5—1—45) —%) (a+b+c)

Theo B6 dé 1 thi a®b + bPc + ca < 432
Theo Cauchy thi a + b+ ¢ < 6v/3
Tit d6 ta duge In M < 361n(2v/3 + 45)
Suy ra M < (2v/3 + 45)% O
Bai toan
'ho w;y; 2 14 cac s6 thuc thuoc [1;2] .Tim gia tri 16n nhat ctia biéu thic: P =
22 + 220 + 220

ryz(x +y+ 2)

Dé thi thi lan 14 dién dan k2pi.net

Loi gidi 1

Xét ham
fa) = 22y + y?22% + 2222
ryz(x +y+ 2)
Ta co s o
) = (ry +yz + z)(x(y” + 2°) —yz(y + 2)
22yz(x +y + 2)?
Do do6

yz(y + 2)
f(z) < maX{f(l),f(Q),f(W)}
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

opyly ), 2P+ 20 +1) Y P )

Xét f( 21 ) = ESEER T NE = g(t) let—;,t€[§,2]g(t)— 1 1) Suy ra
1 10 PRy )

olt) < max{y(3).9(2)} = 3 Xet £(1) = LS by Tacs

(yz+y+2)(yz2 =22 +y—2)

K (y) =
) (1 +y + 2)°

Suy ra h(y) < max{h(1), h(2), h<zi§_—:__ i)

)}

' 22241 (Tz—4)(2-2) 9 _9
THL: A1) = 5(2—1—2) ;( 82)(z+2) * 3 s 8
132 —10)(z — 2 6 6

10::43) 55
z(z + 1)) 222 +1)  422—-1)(2—2) < 10
2417 (z+12 9=+ 1)2 T 9
Xét f(2) thi tuong tu...

TH2: h(2) =

TH3: h(

Tém lai max P = g khi (z,y,2) = (2,2,1) va hoan vi.
Loi gidi 2
Ta dua P vé 2 bién sau d6 1a 1 bién nhu sau Dat y=hx va z=kx Gid st z >y >x=2>h >
k> 1 Khi do
U o o P o L
hk(1+h+k) =~ 2k(14+2+k)

That vay bat déng thitc da cho tuong duong véi

(W2 =4)(k*+1) _ (h—2)(h+3+k) (h+2)(k*+1) h+3+k
15k S 234k @(Q_h)( 4+ 5k _2(3+k))20

Thay (h+2) (k*+1)(2k +6) — (4 +5k*) (h+k+3) = h (k> + k> + 2k +2) — k° — 3k*> >

4 + 5k?
B —2k2+2k+2=k(k—-1>+k+2 Dodo P< ——— " <8 & 13k% — 36k + 20 <
+ 2k + ( )"+ k+2>0Do do _2k:(3+k:)_5(:) +20 <
O<:>(k:—2)(13k’—10)SOdﬁngv@imoikE[1,2]Vameaz:§
Lot giai 3
Daity=hxvaz=kxGiastz>y>c=2>h>k>1.
Khi do6
h? + h?k* + k2
= = f(h)
hk (1 + h+ k)
Ta co
hk +h+k)(k*(h — 1)+ h — k)
/h:( >
f(h) R2k(1+ h+k)? =0
Suy ra
5k? + 4 (13k —10)(k—2) 6 _6
P < 2) = = - < =
=/?) =50 0k(k+3) ' 5°5
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

Bai toan
ho 2,1, z 1a cac s6 thuc khong am thod man xy + yz + zo > 0.Tim gia tri nhé nhat
ctia biéu thiec :

1 1

P= + 4V 14+ 2\/x + 2y + 4
Valy + 2) + 222 y(x +4z) v

Dé thi thi lan 15 dién dan k2pi.net

Loi gidi 1

4\/z+1+2\/:c+2y+4=4(\/z+1—|— %+g+1)

2

4 2
1 22 - 22

y(x +4z2) 2 2y (z+42) — T +2y+4z
1 B 1 B 2v/2 L2
Vey+2)+222 a(y+z2)+222 /162248y +8zz 2 +2y+4z
Datt=ax+2y+42,t>0

Z4(1+\/E+g+z—|—1) =4+2y/z+2y+4z+4

PZf(t):%§+2\/t+4+4
)= —47152\/5+ \/t1+4

f(t) =0 4vV2Vt +4 =1
=1 —-32t—-128=0=t=14

f(4) =4+5V2

g S = e

5, f8) = Foo
Tir d6 suy ra: GTNN ciia ham s6 f(t) trén khoang (0; +00) la f(4) = 4 + 5v/2
Gia tri nho nhat ciia P 1a 4 + 5v/2 dat véi (z;y;2) = (2;1;0) O
Lo giai 2
Ta co:

1 1
P=2(4dz+4+\/r+2y+4)+ + =2Q0+R

Valy + z) + 222 y(z +4z)

+)Xét:

Q=Vdz+d+ /o +2y+4>2+ /o +2y+4z+4>2+\/d+a+2y+ 32

(Do va+4+vVb+4>2++4+a+b(Va;b > 0); dau bang xdy ra khi va chi ab=10)
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

1 1
+)Xét R = +
) Valy+2)+222 Jylz +4z)
- 2 - 2/2 B 2V2 . 42
T Y(wy + a2+ 222)(yx +4zy) - 2y +rz+222 442y (2 +22)(24+2y)  TH+2y+3z
4+/2
Datt::c+2y+3z>0.8uyra:P:2(2+\/4+t)+7\/_
) 442 1 442
Xét ha o f(1) =2(2+V4+1)+ trén (0; + "(t) = — =0&t=4
et i 56 /(1) = 2(2 4 VATT) + = tren (05+00) J'1) = e —
= f(t)> f(4) =4+5V/2VayminP=4+5/2 =2,y =1;2=0 O

Bai toan
ho z,y la cac s6 thuc duong théa man z? + y?> = 1.Tim gia tri nhé nhat ctia bieu
thitc:

P:x\/l—y2+y\/1—:c2

Dé thi s6 1 dién dan boxmath.vn

Loi giGi 1
Dau tién ta ching minh BDT: Va2 + 02+ +d> > /(a4 )2+ (b+d)?, Va, b, ¢, d €R

Bing cach binh phuong 2 vé va thu gon, ta dua vé BDT tuong duong la: /(a2 + b2)(c2 + d?) >
ac + bd

BDT ding theo BDT Bunhiacovsky.
Vay Va2 + 22 + VA + 2 > /(a+c)>+ (b+ d)?
Dang thitc x4y ra khi a = kc va b = kd (k € R).

Tré lai bai Toan. Stt dung diéu kién va BDT trén ta co:

P=a\1—12+yV1— a2
=2/ (z+y)? =y +y/ (v +y)? — 22
= /22 4+ 2zy + y\/y? + 2y
= \/(:1:2)2 + (z1/22y)? + \/(y2)2 + (yv/2zy)?

> V(2% +y7)? + 2ay(x + y)?

(22 +y°)* + 2zy(z + y)* = (2% + )% + 22y

=@+ + (x4y)° — (" +9°)

1 3.3
2 2 2
= _—— —>_
(z*+vy 2)-1—4_4
Nén ta suy ra
P> §:£
V4 2

, 1
Dang thiic xay ra khi x =y = 3
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

3 1
Vay GTNN cua P la \/7_ khix =y = 3
Néu cho diéu kién 1a x,y khong am thi P = 2/1 — 32 +yvV1 —a22 <a2l+yl=1
Dang thitc x4y ra khi (z,y) 13 mot hoan vi ciia (0;1). O
Loi giar 2
Ta c6 :

P? = 2*(1 — %) +y*(1 — 2%) + 20yy/(1 — 22)(1 - y?)
Hay
2+ y? — 2277 + 2zy/ (222 + 2xy)

Hay

P? =1 —2xy — 2%y + 22y+/ (2292 + 227)

batt =2y Taco 0 <t <

| =

f(t)=1—2t + 2t + 2t\/t2 + 2t

2t(t +1
f’(t):—2+4t+2\/t2+2t+g<0

V2 + 2t
B 3 I I 13 V3
v6i moi t thoda 0 < t < 7 Suy ra :f(t) 14 ham nghich bién. f(t) > f(z) = Z.Suy ra P > - O

Loi gidi 3

Taco:x+y=1=z;y € (0;1)

Do d6 ta c6 :

P=xy1—-(1—2)2+ (1 —2)V/1—22=2v2x — 22+ (1 — 2)/1 — 22 Ta sé khio sat ham s6
P(x) véi

Cé P(x)

3z -2 (1—xz)(142x)

_\/230—12_ V1— 22

3r—2x% (1 —x)(1+2x2)

\/256—513‘2_ V1—a22

3r—222 (1 —x)(1+2z)

\/2x—x2_ V1— 22

Bz — 221 —2)(1+2) = (1 —2)(1 + 22)/2(2 — 2)
(

Plz)=0s =0

i

(3 —22)v/z(1+2) = (1+22)y/(1 —2)(2—2)
or=7
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

. 3 1
Lap bang bien thién suy ra P, = \/T_dat duge khi va chi khi x =y = 3 0

~|Bai toan i "
[15]Cho céc s6 thuc thay ddi z,y,  théa man 2% + y? 4 2% + LY = 3. Tim gi4 tri nho

nhét ctia bidu thiic

5)
P = (3:2—|—y2)+—22+:cy—\/10(xy+yz—|—zx)

6

ot W

DEé thi sbé 2 dién dan boxmath.vn

Loi giai:
2
Ap dung BDT: 2% + 42 > (z+y)

2

3 )
Ta c6: P > 1—0(:v+y)2+622+xy—\/IO(xy+yz+zx) > |(x+y)z| + 2y — /10(xy + yz + 22)

> (zy +yz + 22) — \/10(zy + yz + 2x)
Dit t = /7y T yz T 22 =t > 0

= P> — /10t

Xét ham s6 f(t) = > — /10t v6i t > 0

V10
Taco f/(t) = 2t = VIO, f/(t) = 0=t = =
. v 10 5)
Lap bang bién thién ta c6 Minf(t) = f(T) =-3
5)
FOt 9 2 : N A2 9 2 )
Dau” =" xdy ra khi z = y va 2 :2—5(:c+y) Va:cy+yz+zx:§
5 6 D 6
Hayr=y=—,2=—hodcr=y=——=,2=———= U
YRR T U VY V31
Bai toan

'ho a, b, ¢ 1a cac s6 thyce duong thay doi va thda man 2(a*+b*+c) —3(a?+b>+c?)+12 =
(a + b+ c)% Tim gia tri nhd nhat ctia biéu thic
a? b? c
P =
Bb+c+ 3c+a * 3a+b

2

Dé thi s6 3 dién dan boxmath.vn

Lot giaa:
Thu gon gia thiét, ta duge: ab+bc+ca = (a* +b* + ) = 2(a® + 0> +*) +6 = > (a* + 1) —
2@ +b*+ ) +3>3Suyraa+b+c> +/3(ab+ bc+ ca) =3

Ta co6:

>a)? (X a) 3
PSS T datbto — 1
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

Déng thitc xd4y raa=b=c=1 0

Bai toan
'ho cac so thuc z,y, z théa man z + y + z > 3.Tim gia tri nhé nhét clia biéu thic :

P =25 4 2y + 2%z

Dé thi s6 4 dién dan boxmath.vn

Lot gidi:
Khong mat tinh tong quat gid st: @ >y > 2z = 27 > 2V > 27,
Ta co:
200+ 2%y +2°2 > 2%y + Q9 + 272 > 2Py + 2Y2 4 2%
Tuwong tu ta ciing co:
2% + 2y + 272 > 272 4 291 4 2%y
= 3(2%x 4+ Yy 4+ 2%2) > (2%x + Yy + 2°2) + (2%y + V2 + 2%x) + (272 + 2V + 2%y) > (2 4+ 2V +
2°)(x +y+2) > 3(2" + 29 +27)
= 2%x 4 Wy + 272 > 2% 4 2V 4 27 > 320yt > 6
= Min(P)=6Xayrakhi: z=y=2=1
Bai toan
'ho a, b, c 1a cac s6 thuc duong théa man a + b+ ¢ = ab + bc + ca. Tim gia tri nho

nhét ctia bidu thic

6+ (a—b+2+(b—c+2)2+(c—a+2) 9

2 (ab? + bc? + ca?)?

P

Dé thi s6 5 dién dan boxmath.vn

Lot giaa:
b 2
a+b+c:ab+bc+ac§wsuyraaij—l—cZB

9(ab + bc + ac)? —9(ab + bc + ac)? -9 -9

[(a+b4c)(a2b+ b2c+ c2a)]2 = (ab+bc+ac)t — (ab+bc+ac)? (a+b+c)2

by 4322 2% a2 — 25 ab+ 12
6+2.(a—b)"+32 _6+25.a 2Za+ —9+Ya - ab=9+ (Y a)? -3 ab=

2
9+2°-32>9+0=9
Vay gia tri bé nhat cia P =8 khia=b=c=1 0

Bai toan
'ho cac so thiyce khong am x, y, z théa man diéu kien 22 +xy+yz = 3zz va 22 +y2+22 >

0.Tim gi4 tri nhé nhat cia bicu thiic :

T 16y 25z
+ +

P =
y+z z+x THY

Dé thi s6 1 dién dan toanphongthong.vn

Loi gidi 1 Dy doan dau bing xay ra tai o = 32,y = 0 Dé y néu z = 0 thi = y = 0 tréi véi
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

gid thiét nén loai. Néu z # 0 thi dat Lo a, Y _ptir gia thiét ta co:
z z
3aq — 2
a?+ab+b=3a=0b= a—a va a <3
a+1
Va ta co:
163@—&2
__a 16b N 25 a L a+l +25(a+1)_ ala+1) 16(3a—a2)+25(a+1)
b+l a+1 a+b_3a—a2+1 a+1 4a  da+1-—a? (a+1)2 4a
a+1
Ta sé chiing minh:
ala+1) 16(3a — a?)  25(a+1) . 34
da+1—a? (a+1)2 da T 3
136
<= 43a® — 411a* + 966a” + 546a° + 175a + 25 > ——.a(a + 1)*(4a + 1 — a®)

3
1
= g(a — 3)(265a* — 710a® — 320a* — 138a — 25) > 0

1
Qa"‘ < 710a®

Nhung do 0 < a < 3 nén 8_a4 < 9255q2 Suy ra: a—3 < 0; 265a* —710a® — 320a® —
34 =

—65a% — 138a — 25 <0
138a — 25 <0
Vay bat ding thtc tren luon ding. Ta ¢6 P, = % Dau ding thic xay ra tai a = 3,b = 0
hay z =32,y =0
Loi gici2
Dat z = az,y = bz Tu gia thiét ta c6: (a + 1)(a +b) = 4a = a € [0;3],b € [0; 1]
T (a+1)(a+b) =4da=a+b= % = a+0be[0;3].

a 160 25

Biéu thic P dugc viét lai: P = + +
b+1 a+1 a+b

1 16 25 25 1 1
P—42 = b+1 > b+1 =2 b+1
(a-+5+1) b+1+a+1+a—|—b} z (atbt )[a+b+2+a+b] Slath+ )[a+b+2+a+b]
< . o ha & 1 1 - 1 1
Datt =a+b=1 € [0;3] XethamsoF(t)=2+¥—H—2TacoF(t):—t—2+m
F'(t)y=0=1t=—1.
. 32 34
Lap bang bién thién ta ¢ MinF(t):F(B):EVay MinP:Ekhit:Bhaya:?),b:O
hay y = 0,2 = 3z U

Bai toan
‘ho a, b 1a hai s6 thyc duong théa man diéu kien a + 18b* = a? + 16b%. Tim gia tri
nhé nhét ctia biéu thic:

P:a—H)—I—E
ab

Dé thi sé6 2 dién dan toanphongthong.vn

Loi gidi:Tu gia thiét ta co:
a+ 180> = a® + 4+ 8% + 803 + 8 — 12 > 4da + 24> — 12
— 3a+602 <12 < 18> 3a+6(b2+1) > 3a+ 12b

(©Ng6 Hoang Toan www.k2pi.net Trang 67



3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

1 12b 12
Ta co 3P:3a+36+—823a—|—3b—|—3a+—: 3a+— | + 3b+§ > 18
ab ab a b

— P >6.Vay MinP =6khia=2b=1.
Bai toan
‘ho cac sd thie khong am x, 7, z thdéa man dicu kien: 2% + y3 + 23 + 2yz = 3 va

z = min{z,y, z}.
Tim gid tri 16n nhat ctia bicu thitc: P = (x — 2)(y — 2)(z +y — 2) + 22(2® + y?)

Dé thi s6 3 dién dan toanphongthong.vn

Lot giai:Ta co
3—P=2:(s—a)(s— ) + (& +y—2)x —y)°
Viz=min{z,y,z} nén 2z(z —z)(z —y) >0Vz2>0va (z+y—2)(x —y)> > 0Vz > 0. Suy ra
P <3.
22(z—x)(z—y)=0
Do d6, maxP =3 <= q(r+y—2)(zr—y)*=0 @x:y:z:i/ghoacx:y:
>+ + 283+ ayr =3
513

5,220. O

Bai toan
@Cho cac so thuc khong am a, b, ¢ théa man: ab + 2bc + 3ca = 6. Tim gia tri nhoé nhat

ctia biéu threc:

P=(a+b)(b+c)(cta)+datb+te

Dé thi sé 4 dién dan toanphongthong.vn

Lot gidi:Nhu tap trude bo phim, mot s6 khan gid da dy dodn duge Min P = 12 khi (a, b, c) =
(1,0,2)

Néu diém roi nhu vay thi "tinh cd" (a + b)(b+ ¢)(c +a) = 4a+ b+ c = 6. Anh "bac ba" di véi
co "bac nhat", ma dé bai lai 1a bac hai. Mot cach ty nhien, hin ai cling nghi téi viéc tac thanh
cho cap doi hoan hao nay.

That vay, stt dung bat dang thitc AM-GM, ta c6:

P >2\/(a+b)(b+c)(c+a)(da+b+c)
Dé thay chiing minh sé hoan tat néu ta chi ra duge
(a4 Db)(b+c)(c+a)(da+b+c) > 36

Hay
M = (a+b)(b+c)(c+a)(da+b+c) > (ab+ 2bc + 3ca)?

T6i day thi § tudng Cauchy Schwarz da 16 ro6. Tat nhién canh két thic bo phim thi bao gio

ciing lang man va day tinh té. Dé ¥ ring
M = [a(b+¢)* +b(c — a)® + c(a+b)*|(4a + b+ c) > [2a(b+ ¢) + b(c — a) + c(a + b)]?
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Hay
M > (ab+ 2bc + 3ca)?

T d6 c6 diéu phai chiing minh. O

Bai toan
'ho ba s0 thuc duong a, b, c. Tim gid tri nho nhat ctia biéu thic:

p_ \/(a+b+c)(ab+bc+ca) N 4bc
B abc (b+ c)?

Dé thi s6 5 dién dan toanphongthong.vn

Lot giai 1
C6 thé xtt Iy thé nay

b b b 4b
P:\/3+ te,abro o b, dbe
a be b ¢ (b+c)

(b+c)? 2412 4bc
+ + 5
be be (b+c)

>\3+2

(b+c¢)  (b+c)? 4bc
+ - -
be be (b+c)

:\1+2

(b +c)? L dbe

=1+
be (b+ )’

b+ c)’ ) o .
bat t = ( :C) , suy ra t > 4. Lic nay ta khao sat ham so hodc dung bat dang thic de xit Ii
c

ham sau

f(t)zl-i-\/?_f-i-%l

Loi gidi 2

Ta co:
4bc  abe S 27abc
(b+c)?  abtele = (a+b+c)?
\/(a+b+c)(ab+bc+ca)> (a+b+c)3Vab?c? _ /a+b+c
abc - abc
bat t = W > 27 Ta chi can xét ham : foy = 3\/¥+ T

Lot giat 3
Ap dung bat ding thic AM-GM dugc:

(a+b+c)(ab+bc+ca) = a*(b+c) + abc + a(b+ ¢)* + (b+ ¢)be > 2aVbe(b + ¢) + abe + a(b + ¢)?

T do ta co:

b+c (b+c)? 4be b+c 4bc
P> /2 1 = 14+ —— —7:—:.
- \/ Vbe L be * (b+c¢)? Ve L (b+c)?
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Theo bat dang thitc AM-GM ta lai co:

b+c—|—1+ 4bc _b+c+b+c+ 4bc
Ve (b+¢)?  2Vbc  2vVbe  (b+¢)

Vay gia tri nhé nhat ciia P 1a 4 dat duge khi va chi khi a = b = c. O

S+1>3+1=4
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3 TUYEN TAP BAT DANG THUC 3.2 BAt ding thitc trong dé thi thit cac dién dan

BAI TAP REN LUYEN

Bai toan
*ho cac so thie z,y > 0 va théa man x4+ y + 1 = 3zy. Tim gia tri 16n nhat ciia biéu
thic :

P 3x n 3y 1 N 1
Cylz+1)  a(y+1) \a? g2
PEé thi thit s6 1 dién dan moon.vn

Cho cac s6 thyc khong am z,y, z théa man x + y + 2z = 1.Tim gia tri nhé nhat cia
biéu thiic
P =4(2 +y* + 2°) + 152y2

Dé tht so 2 dien dan moon.vn

Cho ba 6 thuc z,y, z thuoc doan [0;2] va thdéa man x +y+ 2z = 3. Tim gia tri 16n nhat
va gia tri nhé nhat cia

P=2’+y*+ 22 —ay—yz— 2z
Dé thi s6 5 dién dan moon.vn

[27]Cho ba s6 thuc duong z,y, 2 théa man z + y 4+ z = 3.Tim gia tri nho nhét ciia biéu

thic
22 y? 2

p—
x+y2+y+22+z+x2

Dé thi sé6 6 dién dan moon.vn

[28|Cho cac s6 thyce duong z,y, 2 thoa man z(z — 1) + y(y — 1) + 2(z — 1) < 6.Tim gia tri
nhé nhit clia biéu thitc
1 1 1
+ +
r+y+1 y+z2z4+41 z4+z2+1

Dé thi s6 7 dién dan moon.vn
[29|Cho cac s6 thie duong a, b théa man ab + a + b = 3.Chiing minh ring

3a n 3b . ab < 2+b2+3
a —
b+1 a+1 a+b— 2

Dé thi s6 8 dién dan moon.vn
Cho cac s6 thuc duong a, b théa man ab+a+ b = 3.Tim gia tri nhé nhéat ctia biéu thic

da A T 3w
a

Dé tht so 9 dien dan moon.vn
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3.2 Bét déng thitc trong dé thi thit cac dién dan 3 TUYEN TAP BAT DANG THUC

Bai toan
'ho cac s6 thuc duong z,y, 2 thda man = + y + z = 3. Tim gié tri nhé nhat clia bicu
thiic :

4x 4y 4z

P: -+ -+
y(2 /1—{—8y3—l—4x—2> 2(2V1+823+4y —2)  x(2vV1+ 823 + 4z —2)

Peé thi sé6 10 dién dan moon.vn

[32]Cho céc s6 thuc khong am z,y, z théa man = + y + 2z > 0.Tim gid tri nhé nhat ciia
biéu thiic
P4yt 41627
(x+y+2)>

Peé thi sé6 11 dién dan moon.vn

Cho céac s6 thuc duong z,y, z théa man x + y + 2z < 3.Tim gia tri nhé nhat ctia bieu

thic
p_2,2,2, 1 1 1
oy B al—ay+y? yr—yr+2? 22— zw+a?

Peé thi s6 12 dién dan moon.vn

Z 1 P 2z P ?
Cho x,y, z la cac so thuc thudce doan {5, 2] Tim gia tri nhé nhat ctia bieu thic

P_6022—1+60x2—1 60y% — 1
4wy +5z  4dyz+5r 4dzr + 5y

Dé tht so 13 dién dan moon.vn

[35|Cho z,y, 2 1a cdc s6 thie duong théa man xy + yz + 2z = 3.Tim gid tri nhé nhit ciia

biéu thrc:
1 4

we  @rytora)

Dé thi so 14 dién dan moon.vn

Cho cac sO thue duong a, b, ¢ va théa man 2ab + 5be + 6¢ca = 6abe. Tim gia tri nhé nhat

ctia bidu thic:
ab 4be 9ca

pP—
b+2a+4c+b+a+40

Dé tht so 15 diéen dan moon.vn
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3 TUYEN TAP BAT DANG THUC 3.3 Bt ding thic trong dé thi thit cdc trung tam

3.3 Bét ding thic trong dé thi thi cic trung tam

~—\Bai toéni
0,1, z 1a cac s6 thic duong. Tim gia tri 16n nhat clia

4 9
\/x2+y2+z2+4_ (z+y)\/(z +22)(y + 22)

pP—

Dé thi tha lan 1 trung taém nguoithay.vn

Loi giai:
Stt dung bat dang thitc AM — GM va Cauchy — Schwarz ta c6 :

(z+y)? (427 (wty+z+2)

2 2, .2
4>
r+y +z2°+4 > 5 5 1

r+y+4z

Viw+22)(y +22) < ——

16(z +y + 2)*
4

(Bx+3y)(zr+y+4z) <

Vay ta co
8 _ 27
Tr4y+z+2 2x+4y+2)?

Dén day,dat t = 2 + y + 2;t > 0 ta tim dugc gia tri 16n nhat ciia P.Dang thic x4y ra khi

~——|Bai toan i
0 T, y, 2 1a cac s6 thuc duong thoa mén z +y + 1 = z. Tim gia tri nhé nhat clia biéu

thic

3 Y3 23 14

P= + + +
r+yr  y+ze ztay (24 1)/(e+ D)y +1)

Dé thi thi lan 2 trung tam nguoithay.vn

Lot giaa:
St dung bat dang thitc Cauchy-Schwarz ta c6 :

(r+y+2)?* _ (2+1)°
4 4

z+ay=(z+1)(y+1) <

3 3 2 2\2 2 2 _1)\2
© Y (% +9°) >x+y>( y? _ (-1

r+yz y+zr 24y +4+2ryz - z+1 T 2(z+1) 2(z+1)

Do do
(2 —1)2 423 28
P Ty T T e
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3.3 BAt ding thiic trong dé thi thit cac trung tam 3 TUYEN TAP BAT DANG THUC

2=

3

Ll —

. . .. D3
Khéo sat ham so trén vé6i z > 0 ta tim duge gia tri nhé nhat bang 3 khi x =y =

~——|Bai toan i
0 T,¥, 2z 1a cac s6 thyc duong théa man xyz = x +y + z + 2.Tim gia tri 16n nhat cia

biéu thic :

1 1 1
P= + +
Vil +2 P42 V2242

Dé thi tha lan 3 trung tam nguoithay.vn

Loi giai 1
. . 1 2 5 P
Véi gia thiét bai toan ta viét lai la Y — + —— = 1. Dang thitc nay khién ching ta lién tudng
1 1 1
) n = Y p = *
/Ty NOE NET:

toan dugc viét lai 1a

t61 phép dit m = Hién nhién, m,n,p duong. Khi do gia thiét bai

m? 4+ n? + p* + 2mnp = 1

Lic nay,
mp np mn

+ +
n2+2mp \/m2+2np /P2 +2mn

Gia thiét khién chung ta lién tuéng dén phép dat m = cos A, n = cos B, p = cosC v6i A, B, C
1 ba géc mot tam giac nhon ABC nao dé. Khi ay, bicu thiic P c6 thé chuyén vé biéu thitc chita

cac ham lugng giac. Nhung, trong luong gidc ta lai c6 mot cong thitc kha tht vi va ¢6 nhiéu ting
cot? A

(cot A + cot B)(cot A + cot C)
thi ta c6 thé dat luon nhu sau

. Vithé, néucot A = u,cot B =v,cot C = w

dung d6 1a cos? A =

u v w
m = ’n: p:

V(u+0)(u+w) Vtuv+w) ™ (w+u)(w+o)

Do do, v6i vw + vw + vw = 1 thi

V (uw + vw)? + 2(uv)? - V (uw + uv)? + 2(vw)? " V (uv 4+ vw)? + 2(uw)?

P =

Lai tiép tuc dit a = uwv,b = vw,c=uw tac6a+b+c=1va

a b c
+ +
Vb+o)?2+2a2  Jla+e)2+202  /(b+a)?+ 22

Ap dung BDT Cauchy — Schwarz ta c¢6

a av/3 < av/6

\/(b + 0)2 + 2a? \/3 |:(b+c)2 + (b+c)? + 2q2 N 2(& +b+ C)
2

2

Xét tuong tu cho hai biéu thitc con lai ta suy ra

P <

S
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3 TUYEN TAP BAT DANG THUC 3.3 Bt ding thic trong dé thi thit cdc trung tam

Vay,
6
max P = \? = r=y=2z=2
Loi giai 2
Bién doi gia thiét ve
1 1 1

Ttz 14y 142

Thi c6 thé sit dung bat déng thic Cauchy — Schwarz ta cé :

1 1 3 1
24 9)(14 ) > 12.;»—<\/i

Z 2 P 2z 2z 2 3
Tuong tu cho cac bat dang thiic con lai .Cong ve theo ve cac bat dang thic ta ¢c6 P < \/; U

~—\Bai toéni
[4]Cho x,y, 2 1a céc s6 thue duong thod man 2% + y? 4 2% =
biéu thiic

Tim gia tri nho nhat cta

W

P_:cy+yz+zx 2z +y+2)
T+y+z I(xy + yz + zx)

Dé thi tha lan 4 trung tém nguoithay.vn

Lo gici 1 Datt = —— Y% Tt diu kien, ta duge £ > 3
Yy +yz+zx
Khi do:
1 2t
P=f)= 142> p=1
0
Loi gidi 2
T dieu kién ta co6 :
1 2
g—x2+y2+z22W¢>(1‘+y+z)§l
Ta lai ¢6 :
(z+y+2)*>3(zy +yz + 22)
Ty + Yz + zx r+y+z r+y+=z
p= n
T+y+z Izy +yz + zx)  9Y(ry +yz+ zx)
Yy tyzt o r+y+z (x+y+2)?
Vay : rty+z oy +yz+z2x) Iz +y+2)(zy +yz + 22) O
2 1
PR
—3 3x+y+=2)
>1
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3.3 BAt ding thiic trong dé thi thit cac trung tam 3 TUYEN TAP BAT DANG THUC

~——|Bai toan i
o x,v, 2 1a cac s6 thuc duong théa man xy + yz + zx = 1.Tim gia tri nho nhat cia

bidu thiic:
5

1622 + 22 + 62y + 12y=2

5% +y® + 227 +

Dé thi tha lan 5 trung tam nguoithay.vn

Lot giaa:

RAat kho dé doan duge diém roi trong bai nay! Vi thé, véi dang ctia biéu thiic P ta chi c6 thé
ding phuong phép hé s6 bat dinh dé tim diém roi. Cu thé, ta phai chon s6 k 16n nhat dé
x? + 2y% + 522 > 2k(xy +yz + zx) = 2k (1) va phai ddm bao dau bang x4y ra. Toi chon con
s6 2k dé he sb cho dep va c6 ¥ dd & bién doi tiép theo. Néu dung Cauchy — Schwarz truc tiép
thi

Paopasre T Y 2 Wyt Slaytyztan) | 30y +yz+ )
T e T I 17
2 2 5

Suy ra ke = i)—(; Nhung khi ay, két hgp gia thiét thi dau bang khong xay ra. Do d6, chiing ta
c6 thé diéu chinh hé s6 k dé dau bing xay ra khi 4p dung Cauchy — Schwarz. Ta c6 thé bién
déi (1) thanh

(I+k)2*+QC+k)y+G+E)2Z>kz+y+2)?° (2

Lic nay, ap dung Cauchy — Schwarz ta duge

12 2 22 x—i_ —’_ZQ
szl_%%+L21< %)1

5+k
11k 21k 1+k " 2+k 54k

Do d6, 86 kyae thoéa man bat dang thiic (2) phai 1a nghiém ctia phuong trinh sau:

Giai phuong trinh véi diéu kien k& > 0 ta dugc 3 nghiém, tat nhién ta chon nghiém k = 1.
Nhu vay v6i phan tich trén ching ta dé dang chitng minh dugc bat ding thic phu 22+2y>452% >
2(xy + yz + zx) = 2.

Tt dé chiing ta c6 thé du doan dau bang xay ra khi 6z = 2y = 3z.

Truée hét, ching ta can chitng minh bat déng thic phu:

5% 4+ 9?4+ 22 > 2wy +yz + zx) = 2
That vay, bat déng thtc trén tuong duong véi
62° 4+ 2y* + 322 > (v +y + 2)? ()
Ma bat dang thiic (x) luon ding theo Cauchy — Schwarz. Mat khéc, ta lai c6
1622 4 22 4 6xy + 12y2 < 162 + 2% + (922 + 92) + (4y° + 92%) = 5(52? + ¢ + 22%)
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3 TUYEN TAP BAT DANG THUC 3.3 Bt ding thic trong dé thi thit cdc trung tam

Két hop stt dung AM — GM suy ra dugc

P> 3(52? + y? + 22?) N 5% + y? + 222 1
4 4 5?2 + y? + 222
3(5z? + y* + 222) 3 5
> 1>2-4+1=-
- 4 * _2+ 2
Do d6
) 5 6x = 2y = 3z 6
min P = - <~ = br=2y=32r=—.
2 zy+yz+zex=1 V11

O

~——|Bai toan i
[6/Cho =, 9, 2 la cac s6 thue duong théa man = y + 2 4+ zyz. Tim gia tri 16n nhat ciia

2
biéu thitc P = (Z * A xy) 22 )
(+y)(*+1)  (2+1)Vz2+1

Dé thi thi lan 6 trung tam nguoithay.vn

Loi gidi 1
1 P 2z o 2

Ditc=~->0,a=2+y >0, b=x—y > 0. Gia thiét tr6 thanh 4bc = 4 + a* — b?.. Bieu thic
2

P duoc viét lai nhu sau:

(14 Vbe—1)? N 2¢2

a(l+ ¢?) (14+)V1+c2
Bai todn nay khong c6 co s¢ dé du doan diém roi. Nhung chic chin ring ta nén dua vé ham

theo bién ¢. O day, ta can phai khit hét a,b. Chd ¥ ring gid thiét luon ton tai gia tri b khi cho
a,c la cac gia tri duong bat ki. T gid thiét ta 6 a = 1/4(bc — 1) + b2. Khi d6

(1+ vbc—1)2 N 2¢?
(1+ )\ /4(bc—1)+0> (1+A)V1+c?

P =

Bai toan bay gid xem nhu khong cé giad thiét nita ngoai diéu kien be > 1. Cong viéc bay gio 1

tim danh gia sau:

1+ +Vbe—1)2
( L < fe)
4(bc — 1) + b?
That vay ta co
1+ +vbe—1)?
(1+vVbe—1)> =bc+2Vbe — 1 < /(2 + 1) (b2 + 4(bc — 1) — (Lt vbe—1) <Vve2+1
4(bc — 1) + b2
Cubi cuing ta c6 duge
1 N 2¢? ©
=g(c
A+1 (1+AV1i+2 g
Khéo sat g(c) ta tim duge max P = max g(c) = g(1) = v/2. O

Loi gidi 2
(z + 2, /xy)2 = 2(z + ayz) + 222 /7y = 2(x — y) + 22 /7Y

i(z+z\/x_y)2§ /Z2+24\/(g;_y)2+4xy:zx/z2+1(x+y)
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3.3 BAt ding thiic trong dé thi thit cac trung tam 3 TUYEN TAP BAT DANG THUC

Suy ra :
p< z . 2z
2241 (224 1)v22+1
25+ 32 9
= P< <V2&e (2242)(22=1)° > 0 (luon dan
< ) T S V2 () (177 2 0 (o ding
Vay Prin = V2.Khi: (1 =v2+1,y=v2—-1,2=1) O

~——|Bai toan i
0 x,y la cac s6 thuc duong théa man 22 + y?> = x + . Tim gia tri nhd nhéat ctia biéu

thec :
16

+
Vr+3y 3z +1

P =3z+42y+

Dé thi tha lan 7 trung tam nguoithay.vn

Loi giai:
16 16 16
P=3x4+2y+ + =|lz+3Yy+ —— |+ |3z +1+ —(r+y)—1
YT i3y Brrl ( Y \/x—f—?)y) ( 3x+1) (z+y)
T gid thiét tasuyra 0 <z +y < 2
Mait khac ap dung bat dang thic AM — GM ta c6
T+ 3 +1—6—33—|—3 + + 8 > 12
Y VT 3y 4 Vr+3y Jr+3y
v+ 1+ v+ 1+ + 8 > 12
x = 3x
3z +1 3r+1 3z+17~
Suy ra
+3+16 +3+1+16 (z+y)—1>24—2—-1=21
x —_— x — (x — —2-1=
Y v+ 3y 3r+1 Y -
Vay gia tri nhé nhat cia P =21 khiz =y =1 O
Bai toan

. 1 .
[8Cho z,y 1a cac s6 thuc duong théa man 222 + 2y + — = 5.Tim gia tri 16n nhat ciia
Ty

biéu thic :
3 3 4

1+:1:2+1—|—y2_1+2xy

Dé thi thi lan 8 trung tam nguoithay.vn

Lot giaa:
T dieu kién bai toan ta co

1 1 1
202 42 + — =5 doy+ — <5 - <oy <1
xy Ty 4
Ta c6

3 3 6 3(xy—1) (z —y)? 3 3 6
5 T 2 — 2 2 <0e 5 T 5 S
1+22  14y2 142y (2241 @2+1)(zy+1) 1+a22 14y 14ay
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3 TUYEN TAP BAT DANG THUC 3.3 Bt ding thic trong dé thi thit cdc trung tam

Do do6
6 4 32

< _ —
1+2y 1422y

. 1
Dau:khix:y:§ 0

~|Bai toan i
@ ho x,y, 2 1a cac s6 thuc khong am théa man /22 + y2 + 22 + 2y + 1 + 2 = 3.Tim gia

tri 16n nhat ctia biéu thiic :

P:$4+y4+24

Dé thi tha lan 9 trung taém nguoithay.vn

Lot giaa:
Trude hét ta ching minh

Va2 + 2+ 204+ 2y+ 1> 1+ /a2 +12  (x)véi,y >0

That vay,binh phuong hai vé va thu gon ta dugc zy > 0.Diéu nay dung theo gia thiét.
Tu diéu kién ta co
Va2 + 2 <2—z= 22 +9y* < (2 2)°
Mat khac ta co
P<(2®+9°) +2<(2-2)t+ 24
Xét ham 86 f(z2) = (2 — 2)* + 2* véi 2 € [0;2].Khdo sat ham sb tren ta duge gia tri 16n nhat

cua P =16 khi x =y = 0; 2 = 2 va cac hoan vi . 0

Bai toan
'ho x,y, z 1a cac s6 thyc khong am théa man v4 + 22 + /4 + 3y + /4 + 32 = 8. Tim
gid tri 16n nhat cta

P =22 +9(y° + 2°)

Dé thi thi lan 10 trung tam nguoithay.vn

Loi giai:
Tru6c hét ta chitng minh

Vita+vVa+b>24+Va+a+b (%)

That vay,ta cé (%) tuong duong véi V4 +av4d+b>2vV4d+a+b=ab>0
T dieu kién ta co

8=VA+ a2+ \/A+3y+Va+32>2+ A+ a2 +3y+VA+3z >4+ /4 +224+3(y+2)

.T2

Do z,y,z > 0 nén tu (1) taco0<z<2V3

Ta lai ¢6

2\ 3
P§2x3+9(y+z)3§2x3+9(4—%>
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3.3 BAt ding thiic trong dé thi thit cac trung tam 3 TUYEN TAP BAT DANG THUC

Khéo sat ham sb trén doan [0;24/3] ta duge gia tri 16n nhit ctia P =576 khi 2z =y = 0;2 = 4

va cac hoan vi. O

Bai toan
‘ho , v, z 1a cac s6 thuce duong théa man z2 + y? + 22 < 3 .Tim gia tri nhd nhét clia
biéu thiic

1 n 8 n 1
(r+y+2)? (y+1)? (246)°

Dé thi that lan 11 trung tam nguoithay.vn

Loi gidi:

Ta bién doi gid thiét thanh 2% + (y — 3)% + 22 < 9.Va véi du doan la tac gia sé cho dau” =7
x4y ra véi nhing s6 dep nén ta sé thé (z;|y — 3|; 2) tng véi bo s6 (2;2;1) va cac t6 hgp clia
n6 vao P.Ta thay gid tri nhé nhét xéy xéy ra khi = 1;y = 5;2 = 2 Ap dung béat ding thic
Cauchy — Schwarz,ta dugc:

180y > (2% + y* + 2°)(1* + 5> + 2°) > (z + By + 22)°

= 64/5y — by > 2z + (1)
Ap dung béat dang thic AM — GM:

2 8 8 8

P> + > +
_(x—f—y—i—z)(z—i-ﬁ) (y+11)2_(x+y+2z+6)2 (y+11)2

Thay (1) vao,ta dugc:

P> 8 n 8 S 64 S i
~ (6y5y —4y +6)2  (y+11)2 7 [64/5y — 3y + 172 ~ 16
~ ., . ? A ? N 1
Vay gia tri nhé nhat ctia P la 6 [l

L&i giGi 2

Tt dieu kien, ta co:

y 25 25 5
2 4z 4y
-5 5 5
Suy ra: 2z + 4y + 4z < 30 Khi doé:
B 1 R SR SR
C(rytz)? (yr11)2 0 (y+11)2 0 (2 +6)
. 16
T V(224 2y + 22)(y + 11)(y + 11)(22 + 12)
256
T (2x + 4y + 42 + 34)°
256 1

= (30+342 16
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3 TUYEN TAP BAT DANG THUC 3.3 Bt ding thic trong dé thi thit cdc trung tam

Dau "="xdy rakhiz =1,y = 5,2 = 2.

Bai toan
'ho x, y 1a hai s6 thuc duong phan biét thda man 3z% + 8y = 20.Tim gia tri nho nhat
ctia bicu thiic :

p_ A 4 1
Ca? oy (o)

Dé thi thi lan 12 trung tam nguoithay.vn

Lo gidi:
St dung bat dang thic AM — GM ta c6

24:3$2+4(y3+y3+1)23x2+12y2212xy:>%§1

4 4 1 xy (4 4 xy r Y 1
p—S4 0 SW(2 LAY, o (LY
2P g2 (w2+y2>+2(l‘—y)2 <y+x>+2(f Q_2>

1
Dattzf—i—gV61t>2suyraP22t+—
Yy T 2t —4

) . b}
Khéo sat ham so trén duge gié tri nho nhat cia P =6 khi t = 3 hay z = 2;y = 1.
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3.4 Bét ding thic trong Thi sic trudce ki thi THTT

/—(Bé\i toéni
oa>0,b>0,c>0.Chiing minh rang:
1 1 1
\/a2+ +\/b2+—+\/c2+—23\/§
b2 c? a?

Dé thi thi s6 1 THTT

Lot giaa:

1 1 1
A= \/a2+ +\/b2+—+\/02+—23\/§
b2 2 a2
1 1 1 1 1 12
A= \/a2+ +\/b2+ +\/62+—22\/(a+b+c)2—|—(—+—+—)
a a b ¢
81
A> \/a+b+ —223\/5

(a+b+c)
[(a+b+c)?—9]">0
Suy ra diéu phai chitng minh. 0
Bal toan

0 T, Y, 2 1a ba s6 thuc duong théa man zyz + « + 2 = y.Tim gia tri 16n nhat ctia biéu

thu’c :
2 2 4z 3z

_ - = +
2+1 yr+1 2241 (224 1)V2+1

DEé thi thi s6 2 THTT

Lot giaa:

Bai toan
0 a, b, c 1a cac s6 thuc duong thod man diéu kien a® + b + ¢ = 3. Ching minh réng :

w

a’ 2h° 33
+ + < -
b2 —2b+3 A+a2—-2a—3c+7 at*+b0r4+a?—-202—-6a+11 — 2

Dé thi thw s6 4 THTT

Loi giai:
Stt dung bat dang thitc Cauchy — Schwarz ta duge :
3 3 3 313 3
VT — a n 2b n 3c < a’+b°+c
b—1242 (c—1D*(c+2)+(a—1)2+4 (a—1)?*a*+2a+4)+ (B> —-1)2+6
Ding thitc xdy rakhia=b=c=1 0
| Bai toan i
im gia tri nhé nhat ctia bicu thiic :

1 1 1

P=
2+4a+3+9b+6+360

, trong d6 a, b, ¢ 1a cac s6 thyc duong théa man dieu kien : a +b+c=1

DEé thi thi s6 5 THTT
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3 TUYEN TAP BAT DANG THUC 3.4 Bét ding thitc trong Thit sttc trude ki thi THTT

Loi giai:
St dung bat dang thic Cauchy — Schwarz ta dudc :

P 9 N 4 N 1 >36_
184 36a  12+36b 6+36¢c T2 2

Déng thic xay ra khi

3 B 2 B r  3+241 1
18+36a 12+36b 6+36c 72 12
o 1 b 1 1
a = — = —.C= —
2’ 3’ 6
Bai toan
7 3 9 .
Chox,y,z>0v€1goiP: max{x;y;z; —+—2—|——3},timgiétrinh6nhat cua P
x oy z
- Dé thi thi s6 6 THTT
Lot giaa:

TH1: Néu trong ba s6 x,y, z ¢c6 mot s6 > 3 thi P > 3.
TH2: Néu xz,y, 2 < 3, suy ra
Z+E+E>Z+i+2:3‘
x oy 2223 3 33
Khi do6 ta ¢6
P>3=mnP=3 <= r=y=2=3.

~—|Bai toan i
[6]CTa st 2, y, 2 1a cac s6 thuc duong thoa man 22 4 3 + 2% = 3.Tim gid tri nho nhit ciia

bidu thiic:

U

224+1 y?P4+1 2241 1
+ + -
Y z T r+y—+z

P =

DEé thi thi s6 7 THTT

Lo gidi:
Bai nay tuong déi dé,ap dung bat dang thic Cauchy — Schwarz ta cé :

x2+1+y2+1+z2+1 - (Va2 + 1T+ +1+ V22 +1)? 6+2(\/($2+1)(y2+1)+\/(y2+1)(z2-

Y z x r+y+=z T+y+=z
Suy ra
5 17
P>44+ —— > —
rty+z 3
Déng thitc xdy rakhi z =y = z = 1. O
~—\Bai toéni
ét cac so thiyc khong am x,y, 2 thod man 22 + y? + 22 < 3y.Tim gia tri nhd nhat clia:
1 4 8

P =

@t Wi2’ (243

DEé thi thi s6 8 THTT
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3.4 BAt ding thiic trong Thit sitc trude ki thi THTT 3 TUYEN TAP BAT DANG THUC

Loi gidic

>0

) 1 N 2 —3
a
(x4 1)? 8
b +
) (y + 2)? 8
8 22 -5

(2 +3)2 8

Cong vé theo vé cac bat dang thiic trén,suy ra gia tri nhé nhat can tim. O
a b c
F= + +
Va2 +b+c VbB2+c+a Ve2+a+b

Ta ¢6 v6i moi z,y, z thi
4 2
Ul U
c) + >0
~—\Bai toéni
im gia tri l6n nhat ctia bieu thic:
trong do6 a, b, ¢ duong va a? + b* 4 ¢* = 3.

DEé thi thi s6 9 THTT
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4 BAT DANG THUC LUYEN THI 2014

Chuyeén d& dugc téng hop va bien soan lai tit topic BAT DANG THUC LUYEN THI DAT HOC
2014 tai dién dan www.k2pi.net; tac gia chan thanh cam on sy gitp dd ctia anh illovemath

da hd trg tac gia trong viec tong hop cac bai toan tit topic trén.

Bai 1. Cho a, b, c 1 cac s6 thuc khong am théa man a4+ b+ c = 1. Tim GTLN ctia biéu
thic
P=(a—=b’+(b-c)P’+(c—a)

Lai giai. Khong mat tinh tong quét, gia st a > ¢ > b.
Ta co:
(a—b)+(b—c)P+(c—a)*=3(a—0b)(b—c)(c—a)

(a=b)(b—c)(c—a)=(a—=Db)(c—b)(a—c) < (a+b).cla+b—rc)

1
Data+b:xsuyra§<x<1.

1
Gio ta chi viec xét ham f(x) = z(1 — 2)(2z — 1) v6i 5<% < 1.
) 3 3 3 3—+v3
Khéo sat ham so f(z) ta c6: max P = % khi (a;b;c) = ( +6\/_; 0; 6\/_> O
~—\Bai toéni h
Bai 2. Cho z,y, z duong va 28 4 8 + 2% = 77 Ching minh:
7 7 7
3
L [ R L
Y +22 0 2242 2?24y T 18
Loi

giai
St dung bat dang thitc Cauchy-Schwarz ta c6

(2 + 9+ 2 <9@ +yt + 2?2 <271+ P+ ) = 1= Py + 22 <

8
x’ a8 a8 N 9 > 3V3 4
= = - - x
g s 2x\/y2+22 \/@/2“2 \/<x2+y2+z2> 2
) 2 2 27
Bai toan

Bai 2. Cho céc s6 thuc khong am a, b, ¢ théa man ab + bc + ca > 0 va a + 2b + 3¢ = 4.
Tim GTNN ctia biéu thiic

B 1 1

T Vb ibtca Vabthord
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Loi giai. Ap dung bat ding thic co ban:

Ta duge

2v/2 22 - 44/2 /5

P> > > _
Via+c)(c+2b) ~ /la+2c)(c+2b) ~ a+2b+3c

Ding thiic xay ra khia = 2;b=1;¢=0.

Bai toan tuong tu:

Cho céac sb thuc théa man a + b+ ¢ = 1;ab + bc + ca > 0. Tim gia tri nho nhéat
ctia biéu thic

P 2 n 2 n 2 n 5%
" la—=bl |b—c| |c—a|l +ab+bc+ca

Bai toan
Bai 3. Cho a,b,c > 0. Tim GTNN ctia biéu thic

1 2
P = _
a+vVab+ Vabe Va+b+c

Loi giai. Ap dung BDT Cauchy ta co:

4
Vab = §2b<—+bvé\/3abc:3—b4c<%+—+§c
Suy ra
4
a+\/%+\/3abc§§(a+b+c)
Khi do
S 3 2
T 4la+b+c) Va+tb+e
1
it 1 = —— ta co
va+b+c
3 3 1N\* 4 4
P=22_9y="C2 — ) —Z>_Z
i 4("”" 3) 3° 3

4 4
Vay min P = -3 khi z = 3 hay a = 4b = 16¢.
Bai tap tuong tu: Cho a, b, ¢ 1a cac s6 thuc duong. Tim gia tri nhé nhét ctia biéu thic
- 2 3
a+vVab+ Vabe Va+b+c

Dé thi HSG Tinh Nghe An nam 2012-2013

]
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Bai toan

Bai 4. Cho z,y,2 > 0 thda man 2% + y? + 2% + 2zryz = 1. Tim GTLN ctia biéu thic
1

2 +y? 4 22

P=2/U-a) (0= +a/ (A=) (1= 2) +y/0 = 2) (1 -2 +

Lai giai 1. Taco (1 — 23 (1 —y?) =1 — 2% — y* + 2%9* = 22 + 22yz + y?2? = (2 + 2y)>
Khi do

1 2., 2 2 1
P:z(z+xy)+y(y+xz)+x(m+yz)+m::c +y*+ 2 +3xyz+m
-1 S —— S
+xyz+$2+y2+22 +xyz+1—2xyz

Theo gid thiét ta c6: 22 +y? + 22 = 1 — 2zyz > 3¢/229y222, suy ra zyz < 1.
batt=2yz=0<t<1. Va )

P=ltt+—0 =f(t)
Khéo sat ham s6 f(t) v6i 0 <t < 1 ta c6 max f(t) =
Vaymax P =2khiz=y=2=
Lo giai 2
Diat = cos A,y = cos B, z = cos C' Khi do

1

D = cosCsin Asin B + cos Asin Bsin C + cos Bsin Asin C' +
! ! ' ' ! cos?2A + cos?B + cos?2C

b? + ¢ — a?

St dung cos A = va sin A = — Khi d6

2bc 2R
D sin?A + sin?B + sin?C n 1
2 cos?A + cos? B + cos?C'
Déndayxétf(t)zf—l— ! Véi0<t<g O
2 33—t 4
Bai toan
Bai 5. Cho a, b, c 1a cac s6 thuc khong am théa mén a + b+ c = 1. Tim GTLN ciia biéu

thic

P=(vVa-vh) + (Vi-ve) + (v va)’

Loi giai. St dung AM — GM ta c6
(Va—vb)'=[(Va- Vo)’
= (a+b—2Vab)* = (a +b)* + 4ab — 4(a + b)Vab
< (a+b)* + 4ab — 8ab = a® + b*> — 2ab
Do do6
P<2(a+b+c)*—6(ab+bc+ca) <2(a+b+c) =2

Vay, max P = 2 khi ¢6 mot bién bang 1, hai bién con lai bang 0. O
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Bai toan

Bai 6. Cho cac s6 thuc duong a, b, c. Tim GTNN ctia biéu thiic

po @ b oyce (e
Cb+c c+a a+bd a+b
Lo gidi. Ta c6
a_ b a N b? (a+b)?*  2(a+b)?
b+c c+a abtac be+ab T 2ab+ac+be  4dab+ 2c(a +b)
2(a + b)? 9
14ab < b
~ (a+b)%2+2c(a+0b) (vi dab < (a+ b))
(a+b)?
_ 2 c?
2
(a+0b) +2a—|—b
c? c
Suy ra
(a+0)?
2 2 L c?
~ (a+0b)? 2a+b a+b (a+b)?
c? c
b
DatoH_ =1 taco
c
2t2 1 1
pu— _— Riip— t
242t 2t f®)
Khéo sat ham s6 f(¢)... O
Bai toan
Bai 7. Cho cac sb thuc duong a, b, c. Tim gié tri nhé nhat ctia biéu thiic:
b
p=_" 4 T
b+c c+a a+b .
Lot
giai
Ta ¢6 :
b L_C b? N ? (b+c)’ - (b+c)’ _ 2
cta a+b betba cat+cb T 2bc+a(b+c) T (b+c) _1+ 2a
9 +a(b+o) b+c
Xét ham 6 :
2
t) =1t — t>0
f(#) + 2t + 1’
2 1
fft)=1- V2 =0=t=—-+—-=
(2t +1)/(2t + 1) V4
. 1 1
=>MZ71P:]C(—§+%>
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Bai toan
Bai 8. Cho céac s6 thuyc duong z,y, z. Tim GTNN ciia biéu thric:
x Y 2z

P = + +
y+z z+x TH+y+z

Lai giai. St dung bat dang thitc Cauchy-Schwarz ta cé

2
P> (z+y) 2z
T 2zy+axz4+yzr rx+y+z

(x+y)2

P> -

(+y) 2ty
222 z

Dén day khéo sat ham sb theo bién ¢ = - Y. 0

z
~—\Bai toéni
~ e 2z 9 b o
Bai 9. Cho céc s6 thye duong a, b, ¢ théa man v/a —c++vb —c = 4/ 2 Tim GTNN cua
c

bidu thiic

_a N b N c N c?
b4+c c+a a+b  a?+b?

P

Loi giai. Dat: a = cx,b=cy véi z,y > 1.
Tu gid thiét ta c6: Vo — 1+ y — 1= /oy & x +y = zV.
Khi dé:

x y 1 1 P+’ oty 1 1
- + + t ST s t =T
y+1 142 z4+y x2°+y xy+r+y+1 x4+y 224y

Lai dat: x +y = xy = t, (dox,y>1:>t24).

Khi do: PR .
P=iO =g a i te—wt2
o co 1 3 1 1 281
f/(t)zé—W—Q—tQ—Q(t_Q)Q2864>0,(v61t24)
Suyraminf:f(él):%khit:4hayx:y:2:>a:b:2c.
VayminP:4—1khia:b:2c. O]

24

Bai toan
Bai 10. Cho cac s6 thyc z,y, 2 thuoc doan [1;3] . Tim gia tri nhé nhat ctia biéu thic :

T 25(y + 2)° '
C 1222 + 2012 (wy + yz + 22)
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Loi giai. Ta ¢6

T 25(y + 2)° B 25(y + 2)°
T 1202 4 20122(y + 2) + 2012920 1222 4 20122(y + 2) + 503(y + 2)°
Ngay tai diém nay c6 thé dat t = .
o y+z
Cudi cing minT = —— khiz = 3;y = 2 = 1. [

3548

Bai 11. Cho z,v, 2 1a cac s6 thuc duong théa man 22 + y? + 22 = 3. Tim GTNN ctia
biéu thiic

2+1  yP+1 2241 1
- + +

P —
Y z T r+y+=z

Loi giai. Ap dung AM-GM ta c6

1
P22(§+g+3>——
Yy oz X r+y+=z
Ta ¢6 bo dé sau:
a b ¢ 3(a? + b2+ a?
o, b, e VA j

b ¢ a~— v abe
Chiing minh:
Chuan héa abc = 1, ta dua vé chitng minh

a b ¢
— — _> 2 2 2
b+c+a_\/3(a + 02+ ¢2)

hay

b
(% +- 2)2 >3+ +c%) (1)

St dung bat dang thitc AM — GM ta c6

a a a s/ a* B b b Z ¢ ¢
e Ay i R L LAY LI P
b2+c+c_ b2c2 a’02+a+a_ ’a2+b+b_c

Cong vé theo vé ba bat ding thiic trén ta suy ra duge

a? b 2 a b ¢
§+g+¥+2<g+a+l—))23<a2+b2+02>
hay
a b cy, 2 2 2
— 4 -4+ ) > b
(b+c+a)_3(a+ + )

Suy ra (1) luén ding. Dang thitc xay ra khi a = b = c.

T do ta co

6 1
P> -
T Yy x+y+z
Ma .
PRUEE S
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= P> 0 !

3
Taco: 3=+/(1+1+1)(a2+9y2+22)>a+y+2>0Datt=z+y+2z(0<t<3)
8 1 17

. 17
Xéthams()f(t):T—%—?;O<t§3.Tacéf’(t):—t—2<0; Vit <3

17

Suy ra f(t) nghich bién va f(3) = 3

. 17
Vay giéa tri nho nhat ctia P = 3 khiz=y=2=1.

Cach khac: \7
Diéu dau tien, ta can du doan gia tri nhé nhat ctia biéu thic P = — khi z = y = 2 = 1. Diéu
v+l 221 1
+ L ———
z T rT+y+=z

dé quan trong, bdi vi ta quan tam dén hai biéu thic x2y+1 +

1 1 . e . p
maxr+y+z<3ntn — < ——, nén ta can loai di gia tri ———— . Deén day, ta
rT+y+z 3 rT+y+z

?+1 Y+l 2241 m
+ + >
z T r+y+=z

nghi dén viéc tim cach chiing minh sao cho . Dé thay gia
tri m = 18 théa man yéu cau. Ta chitng minh

2+ 1 241 2241 18
+ LTy >

Y z r T rt+ytz
T z

& (r+y+2) <_+g+_) >9
Yy oz T

9

r Yy oz
S -—+-t+t->—

Yy z T x+y+z
Day 1a bai toan kha hay ciia Vas, ta hoan toan ¢6 thé dua vé mot bién dé giai nhu sau Ap dung

bat ding thitc Cauchy — Schwarz ta c6

2
§+Q+E>(x+y+z) - 9
Yy z T rxytyztzx rTt+yt+=z

Dat 0 <t=x+y+ 2 < 3 ta dugc
27 > 9t — 27 < (2t +3)(t —3)* > 0

Dén day, biéu thitc bai toan trd thanh

?+1 yP+1 2241 1 18 1 17 17
+ + = > - = =y
Y z x r+y+z r+y+z z+y+z x+y+z 3

Déng thitc xdy rakhi z =y = z = 1.

Cach khac:
5 9 .2
Ta c6 2%y + y?z + 220 < (22 + o> —1—22)\/% =3.
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T do ta co

P> (2% 4+ y* + 2°)° 9 1
Tyt ylz+ 22 rx4y+z o rHytz
8 8 17
>3+ —2>23+ ==
T+y+z V32 +y2+22) 3
O
Bai toan
Bai 12. Cho a,b,c la cac s6 thuc duong vi a + b+ c =3 . Tim GTLN ctia biéu thtc
p_ 2 4o abc
3+ab+bc+ca (14+a)(14+0)(1+¢)
Loi giai. Tir gid thiét ta c6: 3 =a + b+ ¢ > 3vabc = 1 > Vabc.
Ta dé dang ching minh duge
(1+a)(14b)(1+¢)> (14 Vabe)?
Cé&i nay co6 thé khai trién trie tiép ra rdi ding AM-GM hoic dung tryc tiép BDT Holder
3/
= P< 2 + agbc
3+ 3¢/ (abe)? 14 Vabc
bat t = abe (t < 1)
) 2 t
Xét ham so f(t) = + O

31+2) 1+t

Bai toan
Bai 13. Cho a,b,c > 0 thoa

a " 1 N 1 _ 1
l4a 14b 14c¢

Tim GTNN ciia biéu thiic
_a+ 2bc

~ 3a+ 4be

Loi giai. Ta ¢6
1— a n 1 n 1 S _0 n 2
S l+a 1+4b l+c” 1+a  14++be

a 2
>

_1+a+ bc + 4
1+ 1

17
—bc>8w — P > —
C -~ da _35
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Cach khdc

be —1
= sbe>1—=(b+c)? >4
“ b+c+2 ¢ (+C)
(b+c)”
_ @b+2e4+5)ap—1 @025~ 2(b+ ¢ — 4)? AT
~ab(db+4c+11) =3 = (b+c)? B 3(b 3(b 35 =
ab(#b +4c + 11) O+ gy aet11)—3 35 |4(b+ )2+ (;_c)-f- (;C)—fi
0
Bai toan
Bai 14. Choa,b,c >0vaa+b+c=1. Tim GTNN ctia biéu thiic
P =3(a’0" + b’ + *a®) + 3 (ab+ bc + ca) + 2V a? + b* + ¢
Lai giai. Ta co
3 (a®0® + b°c® + *a®) > (ab+ be + ca)?
a4+ b+ =(a+b+c)*—2(ab+be+ca) =1 —2(ab+ be + ca)
. b L |
Giéthiétsuyra:0§t:ab+bc+ca§w:§
Do d6, ta c6 P > f(t) =12+ 3t +2v/1—2¢, Vt € [0;1].
2
Ta cé: f'(t) =2t +3 — >0, vVt € [0; %] nen f(t) > f(0) = 2.
Vay min P = 2 khi mot bién bang 1 va hai bién bang 0. [
Bai toan
Bai 15. Cho z,y > 0 théa man x +y < 1. Tim GTNN ctia bicu thiic
1 1 T Y
P= /422 + = + 42 + = — .
x+x2+ y+y2 224+1 y?+1
Lai giai. Ta co
1 1 16 12
VAT 4 = A2+ S > A y)? + > 8+ > 2V/5
2 Y yZ_\/( v) (fv+y)2_\/ (z+y)? ~
Ta ciing chiing minh dugc rang:
_x_y>_4x_4y>_é
24+1 y?+1~ 4o+3 4y+3~ 5
PN P 4 . 1
Cumcung,tacommP:Q\/g—gkhlx:y:§. O
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Bai toan
Bai 16. Cho céc s6 thuc duong a, b, ¢ théa man a < b+ c¢. Tim GTNN ctia biéu thic

A (S
a+b b+2c a-+c

Lai giai. D& dang nhan thay biéu thiic P nghich bién theo bién a nén ta cé thé rit gon sé
bién va dong thoi khit duge diéu kien rang budc. Cu thé:

1 1 c b
P> b =1
e TR +C><b+2c+b+2c> T %re 2040
b 2 b 2
21*%”* (+C()b+c)2:§
C C
(b+c)? + 5
. 5. .
VaymmP:§kh12b:2c:a>O. O

/—‘Béi toéni
ab+bc+ca >0

Bai 17. Cho a, b, ¢ 1a cac s6 thuc khong am thoa man: . Tim GTNN
a>c

ctia biéu thiic
a+b b+ec (c +a)?
P = + +
b+c c+a alb+c)+c(b+a)

Loi giai. Ap dung Cauchy-Schwars ta c6

a+b b+c c+a
+ >3-
b+c c+a a-+b
Va
(c+a)2 B (c+a)2 < (c+a)2 B 2(c+a)

alb+c)+c(b+a) b(c+a)+2ca b(c+a)+%(c+a)2  2b+c+a

Tt do ta co 5
P>34 (cta) ct+a (a+c¢)(a—rc)

=" 2b+c+a a+b (a+b)(2b4+c+a) —
Vay min P =3 khia=b=c.

Cach khac.

Bai toan cho la & diém a > c tiic 1a ta chi xac dinh dugce réing a — ¢ > 0.

Diéu dau tién ta dé& quan sat ring, c6 thé loai b+ ¢ bang bat dang thiic AM-GM hai bién, nhu
thé, quan trong la ta can tim danh gi thich hop, dé cac biéu thiic ddm bao ddu bing a = b = c.
St dung truc tiép bat ding thic AM-GM ta c6

2 2
VT > 92 a—l—b+ (c+a) > a+b+ (c+a) - /a+b+ 2(a+c)
c+a  bla+ )+ 2ac c+a (a+c) c+a 2b+a+c
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a+b _ 1 2(a+c)

o ) c+a 2+a+c
dung bat dang thiic AM-GM tiep tuc, nhu vay ta c6

T day, ta cho a = b = ¢ thi du doan dugc = 1 lai cho ta mot y tuéng

2(a+c) 159 2(a+c)
2b+a+c 2b+a+c

2\/ 2(a+c) +2\/a+b24 /| 2(a+b) >4 [ 2(a+0b) _4
2b+a+c c+a 2b+a-+c 2b+a+a

a+b 2(a+c) S 4_1—3
c+a 2b+a+c

T do suy ra

Déng thtic xay ra khi a = b = c.

Cach khac.

Ta c¢6 danh gia co ban sau

(c+a) o (e+ a)? - (c+a) o (e+ a)’
alb+c¢)+c(b+a) ab+bc+2ca ~ ab+bc+ 2ca+ (a? —ca) (a+c)(a+Db)
Do do
P2a+b+b+c+c+a23
b+c c+a a+b
Vay min P =3 khia=0b=c. [

Bai toan
Bai 18. Cho céc s6 thuc duong a, b, ¢ théa man a < b+ c. Tim GTNN ciia biéu thiic

c 1 1
P = b
a+b+( ) (b+2c+a+c)

L&i giai. D& dang nhan thay biéu thiic P nghich bién theo bién a nén ta cé thé rat gon sb
bién va dong thoi khit duge diéu kién rang buoc. Ta c6

c 1 1 c b
P> b =1
TR +C)<b+2c+b+2c> T %re 2eq0

b 2 b 2
TP ek M S Gl 0 M
(b+c)? + 2bc (b+c)2+ 2 3
. 5. ..
VaymmP:§kh12b:2c:a>O. O

Bai 19. Cho ba s6 thuc duong a, b, ¢ nhé hon 1, théa ab+ bc+ ca = 1. Chitng minh ring

a b c 3v/3

>
1—a2+1—b2+1—c2_ 2
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Loi giai. Ap dung Cauchy-Schwarz, ta c6

a b c

(a+b+c)?

1—a2+1—b2+1—c2

Mat khac ta lai ¢6

“a+b+c—(ad3+b0+c3)

b 3
a+b+02\/B(ab+bc+ca):\/§Vaa3+b3+032w
Tu do ta c6 diéu can chiing minh. O
Bai toan
Bai 20. Cho cac s6 thuyc a, b, c € [1;3]. Tim GTLN ctia biéu thic:
_a c . b
S a+b bdc c+ta
Loi giai. Ta ¢o
1 1
P=2-b + ;0
b+a b+c a+c
<o 4b N b o b(3a + 3¢ — 2b) <
a+c+2b a-+c (a+ ¢)? 4 2ab + 2bc
Do d6 max P = 2 khi b = 3a = 3¢ = 3.
Cach khac
P b(3a + 3¢ — 2b) bla —c)?
(a+c¢)?+2ab+2bc  (a+b)(b+c)(a+2b+c) —
O

Bas tap luyén tap

1.Cho cac s6 thyc khong am a, b, ¢ thoa a + b+ ¢ = 1. Tim GTLN ctia biéu thiic:

_alb—a) +b(c—0b) +cla—c)

0 — 2(ab + be + ca)?

A=
a2b? 4+ b2c2 + c2a2 + 2

3—a?2—0b2—¢2

2.Cho cac s6 thue khong am a, b, ¢ thod a + b+ ¢ = 1. Tim GTLN ctia biéu thiec:

a?(b—1)+b*(c—1)+A(a—1) 6

B —

+

a?b? + b?c? + c%a? + 2 3—a?—0b—c?
Huéng dan: don vé bién ab+bc+ca va khao sat xem thit. Cha ¥ bai 2: a?b+b%c+c?a < ab+be+ca.

/—‘Béi toéni
Bai 21. Choa,b €

2 2'4

3 13 . s,
{1; —} ;c € [—' —} . Tim gia tri nho nhat cua:

N =

2 2
a(3+m>+b<3+m)+2\/€(3\/§+\/§)+5
2vab+2c + 1 '

3a+b+2c)+ ¢

+2v/2¢+5

N =

2 L
2v/a—vb  2Vb—+/a

2v/ab + 2¢ + 1
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3 2a 20
a,be |1;= :>—2\/5;—2 a.
{ 2] 2v/a — /b 2Vb — \a va

Déng thiic xay ra khi a=b. Hon nita:
3(a+b+2c) > (Va+Vb+2ve)

DAu bang xay ra khi a=b=2c.

2vab < va+ Vb.

Dau bang x4y ra khi a=b.

t2+2t+5
> =
=it

te [3 3‘/6] t=+/a+Vb++2e

2
/ e [5.3V6
fft)y=1- T > 05t € (3,7)_
= ft) = [3) = 5.

~—|Bai toéni . . .
Bai 22. Cho a,b,c > 0 thda man: — + 5= T
a b 2

= N f(t).

1 1
P=(a+b+c¢) (54—3

1
Vay GTNN ctia N 1a 5, khi va chi khi a=b=1;c = 5
Loi giai. Gia thiét tuong duong véi
c\?2 c\ 2
b ) -1
(&) +(5)
C C . .2
Dat:c:—,yzz—).Khldéx2+y2:1,suyra0<x+y§ﬁvébléuth1’1’c
a
P=(@x+y+1) 1+1+1 >(x+y+1) ! +1 (t+1) 4+1 1)
= |\ — — €T e = — =
Y Tz oy - Y Tty t

Khéo sat f(t) tren (0;4/2] ta dugc min f(t) =5+ 3v2 tait =2 hay 2 = y = \%, suy ra
a=>b=+2c [

Bai toan
Bai 23. Cho a, b, ¢ duong thoa man: a® + b® = 64¢3. Tim GTLN ctia biéu thiic

2 ab

P = oty T ear)

L&i giai. Diata = cx, b= cy. Taco: 234+y° = 64 = 2y /a7y < 2°+19° =64 = 0 < /7y < 2V/4
Khi dé

1 Ty 1 Ty
_ + — +
(x4+1)(y+1) x4y zy+z+y+1 x4y
1 TY 1 \/TY

< + = +
xy+2/ry+1  2/xy (\/@4_1)2 2
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Xét ham s6

1 t
t) = + =, (t =+
1) = g+ = VD
P N 1
Khao sat ham s6 f(¢) tren mién ¢ € (0; 2\‘74_1], suy ra max f = V4 + ——.
VAT
VaymaXP:\?’/Z_l—}— khla—b—QC\/_ O

AT

Bai toan

Bai 24. Cho z,y, z 1a cac s6 thuc duong théa man z < z. Tim gia tri nhé nhét ciia biéu

thitc sau:
P Jos 222 _22(2y—|—z)+ 3z
(z4+y)?  (y+2)?  z+4=x

Vé6i
giai thiét da cho khong con cach nao khéc 1 quy vé bién t = >
x
222 4
. 24 222 _42y+2z2_ _y_ y 2
2 2
(x+y)”  (y+2) (H% ( 3) (1+E)
Yy Yy
1 1 1 1 4
(1+1) e gy T . > 5
(H_) 142 (H_) (1+—) 1+,/=
X ( Y t y + x
Xét ham s : A ”
o f(t)= 5 + , t>1
(1+v4) t+1
43 43 5 i1
(H\/g)? t+1 7201+t t+1 2 2(t+1)
Bai toan
Bai 25. Cho cac s6 duong a, b, c khong dong thoi bang nhau thod mén a + b+ ¢ = 3.
Tim GTNN ctia biéu thiic
4a® — 27  4b* —27  4Ac® — 27
P= + +
b2 + 2 ?+a? a? + b?
Loi giai.
1 | 1 O(4a? + 46% + 4¢> — 27)  9(4t — 27)
P+12 = (4a® + 4b* + 4¢* — 27 > —
* (407 + 6%+ de ) a2—|—b2+b2+02+02—|—a2 2(a® + 0% 4 c?) 2t
. 1 9(4t — 27
Tit gia thiét suy ra t = a® + b2 + ¢* > g(a~|— b+ c)? = 3 Khio sat ham f(t) = (2—75) —12
69
trén[3,—|—oo)tadu’(jcminp:—?tait:3:>a:b:c:1 O
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Bai toan
Bai 26. Cho a,b,c la céc s6 thuc duong théa man a + b + abc = 3c. Tim GTLN biéu

thic
a b 1

a2+3+b2+3+902+3

Loi giai. Chu y: (a® +3)(b* + 3) = 3(a+ b)* + (3 — ab)? = 3(a — b)* + (3 + ab)* > (3 + ab)*.

@0 )~ ab < 3. Khi do

Gia thiét suy ra ¢ = :
Y 3 — ab

3(a+b)(ab+ 3) + (3 — ab)?
3(a? + 3)(b% + 3)

~ 34(a+b)(ab+3)+4(3 — ab)?
N 12(a? + 3)(b? + 3)
- 12(a + b)* + 3(ab + 3)* + 4(3 — ab)?
= 12(a® + 3)(b2 + 3)
_ 4(a® +3)(b* 4 3) + 3(ab+ 3)?

12(a? + 3)(b? + 3)
- 4(a® + 3)(b* + 3) + 3(ab + 3)? + 9(a — b)?
= 12(a2 + 3)(b* + 3)

P =

7
VayMaxP:E:)a:b:c:l. O]

Bai toan
Bai 27. Cho a,b, ¢ duong. Tim GTNN ctia biéu thic:

P:2<%>2+ (2)2+ <§>2+8 <aib>2

Lai giai. Chon b = 1 khi d6 bat ding thiic viét lai

C1)2(3 2
> 20y 8 _gplaz Vi@ e HBatl)
a (a+1)2 a(a+1)?

]

2 1 8
P=|l—=4+= 24>
(a?ch2)jL “ +(a+1)2

Bai toan
Bai 28. Cho z,y 1a cac s6 thuc théa (2 +y? + 1) + 322y + 1 = 42 + 53%. Tim GTNN,

GTLN cua
P 1'2 + 2y2 _ 3$2y2
2241

Lai gidi. Ta co
P+ +1)°+1< (P +9°+1)° +320%% + 1 = 42® + 5y° < 5% + 5y
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Hay
(22 +9?)" =32+ +2<0e 1< +42 <2

Ta c6: 2% + 2y* — 322y? = (2% + > + 1)2 —3(z*+y?) + 1. Suy ra

(@2 + 2 +1)° =3 (22 +4?) +1

P =
x2+y2+1

Datt =2 +y*+1,(2 < ¢ < 3). Khi d6

P=ft)=t+2

S —3.(2<1<3)

Khéo sat ham s6 f(t) ta dugc

4
min P =1 khi . =0,y = £1 va maxP:§khix:o,y:i¢§

Bai toan
Bai 29. Cho céc s6 thuc duong z,y, 2 thda man 22 + 8y? + 922 < 4xyz, tim gia tri nho
nhat ciia biéu thic
4o + 2y% + 23

P =
\/6(36y —11v22) — 11z

Loi giai. Dat :x = 6a,y = 3b,z = 2¢ véi a,b,c > 0
Ta c6 : a® + 2b* + ¢ < 4abe

Can tim GTNN :
24a + 18b% 4+ 8¢3

~ \/648b — 66 (a + 2/0)

Tu gt
= 2ab + 2bc < a? + 20 + & < 4abe
=a+c<2ac=2/ac<a+c<2a=ac>1
= a+2vc=a++c++c>3Yac>3,(1)

Lai c6 :

b2 +1>2b 18b% > 36b — 18

5 (Cauchy) = 5

A +5>64/c 8¢ > 48y/c — 40
Suy ra :

p s 24(a+2ye) +36b— 58 24.3 4 36b— 58
T \/648b — 66 (a +2y/c) — /648b—66.3

L (36b—11) +25 10v/36b — 11 52
~ 3v2.4/36b0 — 11— 3v/2.4/36b — 11 3
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2
.Vé:Pz%(:)a:b:c:l.
5v/2
Vay:Pmm:%—.[(hi:x:&y:?);z:?. 0

Bai tap luyén tap

1.Cho z,y, z 1a cac s6 thuc duong théa man xy + yz + zo = 3. Tim gia tri nhd nhat ciia biéu
thic

2,2 | .22 | 2,2
P = 10/l 4 10— 4 10/=—l _4\/.20 Y +y; + 2% +§

(12 +y2+2‘,2)2

2.Cho 7,9, z 1a cac s6 thuc thoa man x + y + z = 0. Tim gia tri nhé nhat ctia biéu thric

P = 3le=vl 4 3lv==l 4 3l==al /622 + 62 + 622
Dé thi dai hoc khoi A 2012

3.Cho z,v, z 1a cac s6 thuc théa méan = +y + 2z = 0. Tim gié tri nho nhat ctia biéu thiic

P:|2x—y|+]2y—z|+|2z—x|—ln<\/14(x2+y2+22)+1)

4. Cho ba sb thuc z,y, z thod mén = + y + z = 0.Tim gia tri 16n nhéat ctia biéu thic

P=In (\/14(x2+y2—|—z2)+1> — (2 + 9% +2%) — |22 — y| — |2y — 2| — |22 — 2| — 6 cosxyz

Bai toan

Bai 30. Cho a,b, c 1a cac s6 thuc duong thod man a? + b 4 ¢ = 3. Ching minh ring:
2b2 7 b2 2 7 2 2 7

a“o” + " c + " c’a” + > 6

(a+b)?  (b+c)?  (c+a)?

Loi giai. Ta co:

ab be ca 2 9
VT > (a+b)2(+z;?+$2—|—)(c+a)2 +7-(a+b)2+(b+6)2+<c+a)2
Suy ra 2
e ;a?a—gicbjjaga i g? > 6. (do ab+be+ ca < a® +b* + ¢ = 3)
Dang thitc x4y ra khia =b=c=1. .

Bai 31. Cho z,v, 2 1a ba s6 thuc duong thay déi. Tim GTLN ctia biéu thiic

x Y z

+ +
V3x2+yz  \/3y:+zx /3224y
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Loi giai. Ta ¢6
1 1 1
P = +

+
yz i Yy
\/3-1-? \/3-}-? 3+?
Yz \/ /T
bat a = y) = Zm,c: Y
x Y z

Ta can tim GTLN ctia

suy ra a,b,c > 0,abc = 1.

1 1 1
= + +
Va2 +3 Vi2+3 V243

D . 1
Khoéng mat tinh tong quat,ta gia si: ¢ > 1 = ab < 1, (ab = —>.
c

Ta c6

S B L1, a3 O3
a2+3 "4 a?+3 V213 4 b2+3 - 2
Suy ra .
1 1 1 2 1 a”+b"+6 2
i R N R N S S - e Ve o R
1+—{1+ 9 —a’y’ }+ 2
-2 3 a’h® +3(@®+0)+9] c+3
<1+1<1+ )l >+ &
-2 3 a?b? 4+ 6ab + 9 c+3
1 2 2 1 2c 2
§+ab+3+c+3:§+3c+1+c+3
3 (c—1) 3
< - — < Z
2 Be+1)(c+3) 2
- 3.
Va,ymaxPzékhlx:y:z. O

Bai toan
Bai 32. Cho céc s6 thuc duong a, b, c. Tim GTLN ctia biéu thiic

a b c
— ) +
b+cc+a a+d

Loi giai. Ta c6

P ab n c o ab N c
b+c)at+c) a+b = (Vab+c)? 2Vab
) 1 t
Khéo sét ham s f(t):m+§vait:\/% 0.
1 V1 —1
Ta duge max P = — LV khiag=b=—! O
16 2 Va—1
f—(Béitoéni
= 1 1 10
Bai 33. Cho a,b,c¢ > 0 thoa man (a + ¢) <_2+b_2):?’024b' Tim GTLN, GTNN
a
clia biéu thic N ;
a C —
p=""""
b
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Loi giai. Viét lai gia thiét nhu sau

e_ W —9>4:>1>9>—\/H_5
b (a>2 a~ —b- 8
) 41
b
Dén day dé dang suy ra:
. VAL +27
minP = ———
8
c=4b
Déu déng thitc khi NV
a=—1D>
8

Con vé max.

Néu ta dat: k = (E) R& rang tit cach tinh & trén da chi ra phuong trinh xac dinh t = %:
10 1
S
t2+1 t

VA -5
luon cho nghiém t € [1; T] .
c6 thé 16n tuy ¥ ma trong khi t = — nhé c6 gidi han.

Diéu d6 c6 nghia la: k = ;

SO

Tém lai 1a khong thé ton tai max.

O
Bai 34. Cho z,y, 2 1a cac s6 thuc duong théa mén xy + yz + 2o = 1. Tim gia tri nho
nhat ciia biéu thic
P = 102% + 103> + 2*
Loi giai. Chung ta luon c6 :
205z —y—2)°+ 34y —2)*>0
< 102% + 10y + 22 > 4(ay + yz + 2x)
Vay minP =4
O

~|Bai toéni 5
Bai 35. Cho a,b,¢ > 0 théa man a? + b*> + ¢? = E(ab + be + ca). Tim GTNN ctia biéu

thic
a— 2c

vab + bc + ca
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Loi gidi. Ta viét lai gia thiét nhu sau:
7
(a+b+c)= 5.(ab—|— be + ca)

Tt d6 néu ta c6 thé thiét lap duge moi quan hé gitta a + b+ ¢ v a — 2c¢ thi bai toan xong.
Du doan ¢ = 2b = 4a. Vay ta sé chiing minh:
(a+b+c)>(a—2c)? < (2a+b—c)(b+3c) >0

. 7
Néu ¢ < 2a + b thi ta co: P2§§.

Néu ¢ > 2a + b hay: ¢ — a > a + b thi ta viét lai gid thiét nhu sau:
3
E(ab—i-bc—i-ca) =a*+ b+ =2ac+ (a—c)* +b* > 2ac+ (a+b)* +b* > 2(ab+bc+ca) (Vo 1)

Vay minP:—\/g khi ¢ = 2b = 4a.
Cach khac
Chuan héa ab+bc+ca=14 > a2+ 0>+ =21 5a+b+c=7

—>\/ﬁP::a—2c

T—b—+—302+14b—7

Xeét he phtong trinh: d © ¢ 10 X = 2 Vi cin ti
(] e uon rimn : A 1 can tim
o’ i b(a+c)+ca=14 ¥ T—b+ V30241407
L —
5

gia tri nho nhat nén ta chon ¢ > a = X;. Do d6 ta c6

— 7 — — — 2249
VAP —a—9e 2T 3v/—3(b—2)2+2b+5

2
b 9+2b+5
b—T—3V2+5 VT —
> > =7
- 2 - 2
14 _,
— min P := —g Dang thitc xay ra khi(a, b, ¢) = (k, 2k, 4k) véi k > 0

Bai toan
Bai 36. Cho a, b, c 1a chiéu dai ba canh ctia mot tam giac. Tim GTNN ciia biéu thiic

1 1 2 \?
P=ad’>+2%0+—— |-+
at+b—c|c c+1

Loi giai. Ta ¢6

1 4
P>2 20 —1 > 2 2b—1
= et +(a+b—c)c+(a—|—b—c)4c_ o -

(a+b)?
Dat t=a+b Xét ham <
f@) =2+ 5~ 1t >0
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fft)y=0&t=
= f(t)>5
Déau "=" xdy ra a=b=c=1.
P >AM=GM 9 4 ) — 1 + ! :
- a+b—c/c(c+1)
32

ZAMfGM 2(a+b)—1+

(a+b—c)(Vet+ 1)
Do: 2y/c.(c 4 1) <AM-GM (Ve+1)!

4
SAM=CGM 9 lg4+b—c+ 16 +2c—1
- (a4+b—c)(y/c+1)*

1
ZAM—G’Mﬁ_{_QC_l
ZAM—GMﬁ+4(\/E+1)_7
ZAM_GME)

Dau ding thitc <= a=b=c =1 tic la A déu c6 canh la don vi.

0
Bai toan
Bai 37. Cho z,y,z > 0 théa man‘/ 1/ ‘/ —1 Tim GTNN ctia biéu thiic
Yz 2%
=(@@-2)(y—2)(2-2)
r+yt+z 3
Lai giai. Tir gid thiét suy ra: (z +y + 2)° = zyz < <T> =r+y+z>27.
Ta co
P=axyz—2xy+yz+zz)+4(x+y+2)—8
Suy ra
2
P>(@+y+z) —s@+y+a) +4rty+z) -8
2
2W+4(az+y+z)—8
2
2£+4.27—8
3
Vay min P =343 khix =y =2=09. [

Bai 38. Cho a,b,c > 0 v6i a > b,a > c. Tim GTLN biéu thtc

a i b . c
5(a+b+¢) ba—2c  ba—2b
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b
r=-<1
a
Loi giai. Dat: Khi d6, BDT dugc viét lai nhu sau:
a
1 x Y
pP—
5.(:1:—|—y—|—1)+5—2y+5—21:
2 1 1
2P 2= —-—7"—-+4(2 2y —5).
Sergtn T2t D) (5—2y+5—2x>
2 20at2E-5)
“h(r+y+1) b—x—y
(Do 2x+2y-5 <0 )
2 10
- + —4
51+xz+4+y) b—xz—y
1 D
=P < —1=f(t
S50+ T5-4 )
(Voit =z +y<2) Xét:
25(t+1)% — (5 —t)?
"(t) = >0
J®) 5(t+1)2.(56—1t)2 —
N . 11
Vay f(t) dong bién. Suy ra:PSf(t)ﬁf(?):BDau: < b=c=a O

/—( Bai toan i .

N \ 1 2 . .
Bai 39. Cho z,y,z > 0 théa man — + — = =. Tim GTNN ctia bié¢u thic
r oz oy

p_ T+y n 2ty
20—y 22—y

1
1 AR | 1+b
Loi giai. Gt < 2+ =2 pat <g,i>—>(a,b):>P— +a+g s L N
T z

xy 2—a 1—2—a 2—0
b
2(a® —2a + 3
b=2—a ta dugc: P = (a2 (;+ ):f(a):>mmp:4taia:1:>:c:y:z
a? — 2a
N 1 1 2
Tu dieu kién — + — = —
x oz oy
2
Suy ra y = i . Thay vao, ta dugc
x4z
P:1+§<f E)_4
2\z =z

~——|Bai toan i . ) )
Bai 40. Cho a,b, ¢ 1a 3 s6 thye duong théa man : — + TRt Tim GTNN biéu thiic :
a c

2 1 1 1
P:(a+b—i—£) (—+—+—)
2 a b ¢
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Loi giai. Tu gia thiét ta c6

5 9 c c
o =1 - (59)
vty (@y) = (=3
1 1 25
:>P:(x—|—y+1)(—+——|——>
r y 2
2
) -1
T gia thiet suy ra xy:%

=P=(z+y+1) (%qt%) =(t+1) (t22_t1+%) = f(t)

7
Khéo sat f(t) ta dugec minp = 37 tai x +y = R = 3a = 4b = 5¢ hoéc 4a = 3b = 5¢

O
Bai toan
Bai 41. Cho hai s6 thyc duong a, b thod man 6(a? + b?) + 20ab = 5(a + b)(ab + 3). Tim
gia tri nhé nhat ctia biéu thiic:
at v at v a> v
P:9<b—4+g) —16<¥+$) +25(§+E)
Loi gidi. Tu giai thiét, chia ca 2 vé cho ab ta co:
a b a+b 75(a+ b)?
6—+-— 20 = b) + 15—— > 24/ ————(%).
(b+a)+ (a+0)+ ab ab ()
a b .
bat t = 5 + — thi (*):
a
6t + 20 > 104/3(t + 2).
a v, ad v, at bt ) )
ﬁ—i_E:t —Q;gﬁ-@:t —315;@4—;:(25 —2) — 2.
= P =9t" — 16> — 11¢* + 48t — 32.
. 10
Xét ham sb f(t) = 9t* — 1663 — 11¢* + 48t — 32, > 3
/ 3 2 10
fi(t) = 36t° — 48t — 22t 4+ 48 > 0||t > 3
10 14156
= P=f(t)> — | =—.
=1 (5) =5
~ 2 N 14156 A N ed . <
Vay GTNN cua P la Dau bang xay ra khi a=1; b=3 hoac a=3, b=1.
O

Bai toan
Bai 42. Cho cac s6 thuc x, y thay doi trong [1;2]. Tim tat ca cac gia tri ctia s6 thyc z
dé biéu thic N = (z +yz)(x —y) +ayz

c6 gia tri 16n nhat 13 H théa man H > 2
x? — xy +y?
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1
Loi gidi. Dit : t=— =te¢ {—-2}

y 2’
4+ (22—-1)t— 1
Taco: P = f(t) = +t(2it+)1 Z,<§§t§2>

oTH1 : Gia st P = f(to) -
24 (22— 1)ty — 2
2 —to+1

2 —t+2 /1
Do:H>2= 22#229(to)=¢,(—<t0§2>

2% —1 '\2
VT VT
2

Khdo sat ham s6 g(tg) = g(to) > =z > 5

.TH?ZV@izZ\/T?.TaC(/)I

—22t2 4+ 2 1)t —1 1 322 +1 1

Ft) = 2t 4+2(z4+ Dt + 2 :0:>t:2+ + V322 + e (Lo

(22—t +1)2 2z 2

222+ 1+ V322 +1
Suy ra : Ppae =
1++v322+1

VA P > 26 ... & 22(422 = 7) > 0 ,(ding)

7
Vay:zz\/?_. ]

NP 1
Bai 43. Cho a,b,c duong thoad man: Min (a,b,c) > ZMa:r; {a,b,c). Tim GTLN,GTNN

. —b b- —
cua biéu thic: P = ¢ + c e
c a b

Loi gidi. Trude tién ta hay viét lai P da:

ree=(1-0) (2000

Khi d6 ta c6 thé dat: { y = — Thi abc=1. Vay ta can tim min, max ctia: Q= (1-x)(1-y)(1-2)

T gia thiét ta c6 thé suy ra chi ¢c6 2TH. 1 TH cho min. 1TH cho max. Nhung trudc tien ta
chii ¥ dén danh gia:
(y+2)°

1:xyz§z.T:>y+xZ

RIE

e TH1:1>2>—;4> 2,y > 1. Thi:

| =

Q=(-A0+p-y-n -2 (1= Z+1)

z

=§—z+2f—%=f(z)

(©Ngo6 Hoang Toan Trang 108



4 BAT DANG THUC LUYEN THI 2014

Khéo sét f(z) thi duge:

T do suy ra:

o TH2: 2 >4 > 1> z,y. Khi do:
Q== tyr-y-02 -9 (1= Tz +1) = /()
Theo két qua TH 1 thi: f(z) nghich bién

Q= f(z) = f(4)

Bai toan
Bai 44. Cho a,b,c 13 3 s6 thuc khong am thoa mén : ab+bc+ca = 1 . Tim GTNN biéu
thic :

P=a+b+c—+abc

~ 7z 1 - b 2
Lai giai. D& thiy a +b > 0. Ta ¢6 ¢ = Tab thay vao biéu thic ¢6 duge:
a

(a+b)?
1 — a?b? 16

P = b>an_ B
P +a+02am-cm a1 b

+a+b= f(a+Db)

16 — t* + 16t>
Dit a + b=t > 0. Khéo sat f(t):ijéit>0. + V6i t > 2 thi P> 2.
t2(4v/3 = 3t)2 —t* + 161> 13 + 16t +t(4v/3 —3t)> _ 10
Xét 0 <t < 2thi f(t) > = > .
A L)z 161 16 ~ 33

. 1 1
Kétluan,minP:—O <~ a=b=c=—.

33

P

Bai toan
Bai 45. Cho a,b,c 1a cac s6 thuc khong dong thai bang 0 thod man (a + b+ ¢)? =
2(a® + b? + ?). Tim gia tri 16n nhat, va gia tri nho nhat ciia biéu thiic

B ad+ b+ 3
~ (ab+bc+ca)(a+b+c)

Loi giai. Ta dé y ring a® +0* + ¢ = (a + b+ ¢)(a® + b* + * — ab — bc — ca) + 3abe
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Tt d6 ta viét lai bidu thic

4 3abe _ 3c(z — ¢)?
(a+0b+c)(ab+bc+ca) (x — )3

V6i x = a+0b Taco,néuc=0— P =1 Néuc # 0t gid thiét ta c6 (v — ¢)? = 4ab <
(a+b)2—x2<:>z—t>1
B c T2

T do ta co

3(t—1)> 11
t)=1 < —
f®) HE (413 — 9
O
Bai toan
Bai 46. Cho 3 s6 thic khong am a, b, ¢ théa man : a +b+c = 5. Tim GTLN biéu thiic :
R S T
CVa+4d Vb+4 e+ 4
Loi giai. Dé ¥ rang :
( L1 )21 R 2
Va+4 Vb+4 at+4 b+4 \Jla+4)(b+4)
B a+b+38 n 1
Cab+4a+4b+16  Jat+b+4
o afb+8 1 1.1 1 _(1+ 1 >2
T da+4b+16  Ja+b+4 4 a+b+4d Vatb+4d \2 Vat+b+4
N 1 n 1 <1+ 1
Va+4  Vb+4 2 Va+b+4
Matac63>+Va+b+4>2vac=5—a—b<35 tadudc
1 1 1 4
P<-4-t-=-
=2727373
Diang thiic xay ra khi a = b = 0;c = 5 va cac hoan vi.
Cach khac
Dé thay rang bang truc can thiic ( hosic khao sat ) ta luon ¢6 Va, b, ¢ € [0;5] ta c6 :
(1 < a+1
a+4— 30 2
1 < b+1
Vb+4 3012
) c
< _ 4=
( vetd — 30+2
4
— P < -
3
S 4
VayrnlnP::g O
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Bai toan
Bai 47. Cho a,b, c 1a cac s6 thuc duong thod man abc = a + b+ c. Tim gia tri 16n nhat
ctia bicu thitc

a b c
1+a? * 1+02 * 1+c2

1 1 1 3
Loi giai. Giésﬁ’c:min{a,b,c}. Taco:l=—4—+—<-=0<c<+3va:
ab  be  ca c?
a-+b
CcC =
ab—1
~ (a+0b)(ab+1) c_ . a+b c c c

= + + = +
(@+1)(b*+1)  A+17 Jla2+1)p2+1) +1 2+1 A+1

1 1 c c 2c
=P<c +- ]+ = -+

c2+1 4 c2+1 4 c2+1

_3V3 (c—V3)° 33

P
~ 1 4@y S
vayzpmax:?’%g.mz:a:b:c:ﬁ.

Cach khac L1
Chuyén an (a,b,c) — (—, -, —). Gia thiét tré thanh zy + yz + 2z = 1. Luc do
'y z

T Y z T Y z 2

= + + = + +
l+a® 14y 1422 (z+y)lz+z) y+o)ly+z) (+a)(z+y) (@+y)(y+2)(z+2)
Mat khac, ta lai c6 bat ding thic phu co ban:

8 8 8v/3
(x+y)(y+z)(z+a:)2§(x+y+z)(:ry+yz+zx)25\/3(:cy+yz+z:r)(xy+yz+zx):T\/_
9 9
Dodé6 P< ——. Vay MazP = —— <= a=b=c= /3.
S 4\/§ Ay 4\/§
Il

Bai toan

~ o Z 3
Bai 48. Cho 3 s6 thuc a,b,c € [0; 5} thod man a + b+ ¢ = 3. Tim max

P =(2a—1)*+ (2b — 1)* + (2¢ — 1)* — 8abc

Loi gidi. Cha y o <y <= 2° <9 Tan dung diéu kién gia thiét (2b — 3)(2c —3) > 0 <—

8abc > 12a(b + ¢) — 18a. Khi d6

P=(2a—1°+(20—34+2)*+ (2c—3+2)° —8abc < (2a — 1)* + 2> +2° —12a(3 — a) + 18a
=15 — 4a(3 — 2a*) < 15(x)

Ma () luon ding khi 0 < a < 1 tifc 1a ta c6 thé gid st @ = min(a,b,¢) == 3 =a+b+c >

3a <— 0<a<1. 5

Vay MaxP =15 < a=0,b=c= 5 ho#c tai cdc hoan vi ciia ba s6 (a, b, ). ]
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Bai toan
Bai 49. Cho a, b, ¢ 1 cac s6 thuc thod man diéu kién abe # 0;a + b+ ¢ = 0. Chitng minh
rang

1 1 1 27

P —4—4—->
a2+b2+c2 ~ 4lab+ be + cal

Loi giai. Ta ¢6
4lab + be + ca| = 2| — a® — b* — *| = 2(a* + b* + ¢?)

Bét dang thic da cho tré thanh

b2 2 2
Ta c6 b+ o2 )
+c a
bZ 2 > —
+c 5 5
Ll s B R4+ > 8P A(ding)
b2 27 (b+c)? ~
Vay
2
ps e 9 2T
2 a? 2
Diéng thitc xay ra khia:b:c= —2:1:1 va cac hoan vi. U

Bai toan 5
Bai 50. Cho 3 6 thuc x,y,2 € [~1;1] théa man : x +y+ 2z = 3 Tim GTLN biéu thiic :

P=2%4 4342

. 1 1
Loi giai. Gia st 2z <y < x. Gia thiet suyra—§§z§§,0§y§$§1. Do do6
3 15 1 15
P§x+y+z3:5—24—232g—5(22—1—1)[(1—22)(1—1—2,2)—1—2(1—1—2)]Sg
Cach khac
) 3 -
Tactrr==—ax—y>—
2 1 1
Tuong tu ta duge y > 7,22 -
} 1 1 1 . 3
Data:x+§,b:y+§,c:z+§:>a+b—|—c:3vaa,b,c€ 0;5

KMd@f%:&+w?+§—ggﬁ+b?+8y+§m+b+cy—g:a2cw—§>+R(b—§>+
2 8 ~ 8
—1

15
Vameam:§khix:y:1,z:7 ]
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Bai toan
Bai 51. Cho ba s6 duong x, y, z thod man:  + y < z. Chting minh:

11 1 297
4 4 4

J— — — > —
(=" +y +2)<x4+y4+z4)_ <

Lai giai. St dung bat dang thitc Cauchy-Schwarz va AM-GM ta c6

11 1 (z+y)! 32 1
4 4 N L) s 4 -
(' +y +z)(x4+y4+z4)_{ gtz ($+y)4+z4

4 4 4
54 (x+y) L7 N 255z 2&7
824 8(x+y)t]  8(z+y)? 8
]
Bai toan
Bai 52. Cho a,b,c > 0vaa+b+c=3;a> 4+ b + ¢ = 4. Tim gia tri 16n nhat, gia tri
nho nhat cﬁaP:%
Loi giai. Theo B.C.S ta ¢6
o g0, oy (at+b)? 2
(a®+b +c)(a2+b2+1)2(a+b+c)
Suy ra
(a+b)? 9 2ab 1
1>-« > -
RN Iy
S 2 S g
r -V t=—
W T =Y b
> —t24+8t—1>0 tu day ta co
4—\/15§%§4+\/15
Cach khac
a c
Datg::v,l—):y.Taco
A+ +c¢ P4y +1l 4
(a+b+ec)2 (r+y+1)2 9
Suy ra
5y — 8y(z + 1)+ 52> —8x +5=0
Al =92+ 720 —-9>0
:>4—\/15§x:%§4+\/15
]
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Bai toan
Bai 53. Cho a,b, ¢ 1a cac s6 thuc khong am thod méan a + b+ ¢ = /5. Tim gia tri 16n
nhat ciia biéu thiic

P = (a® — b*)(b* — *)(¢* — a?)

Lo gidi. Ta c6
P? = (a — b)2(b —¢)*(c —a)*(a+ b)*(b + c)*(c + a)?

Gidsta <b<c. Taco

2 [2bc + (b — ¢)2 + 2ab + 2bc + 2ca)’ (a4 b+ ¢)?

P? < b*c*(b—c)*(ab + be + ca)*(a + b+ c)

< 5
(a+ b+ c)?
§T=5
-1 5 1 5
Vameam:\/Bkhia:O,b:+\/—,0: +2‘[ 0
Bai 54. Cho a,b,c 1a cac s6 thuc duong. Tim gia tri nhoé nhat ciia bicu thiic
b3 ca? 5ca 6+/ca
P= 5 oy 5 oy T 2 vea
a(b*+c*)  b(a>+b*)  (c+a) cta
a c
Loi gidl. Datz = -,y = -
igial. Date =,y =
1 x2y? Sy 6,/Ty
= 2 + + 2
w?+zr 2?y+y  (z+vy) r+y
1
Pat t = Y 0 <t < <. Taco:
r+y 2
2,2 2
1 N iy > (xy + 1) S o
vy +a o vttty T (v +y)(vy 4+ 1)
Suy ra
P>5t2—4t>_—4t€ 0-l
— —_— 57 ’2
4
Vamem:?khch:%:Zlc O

Bai toan
Bai 55. Cho s6 thuc 2 thay déi thod man = > 1. Ching minh ring

x+1+1><x+1>2+ 1 12
C T Ty \3 2
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L&i giai. Ta viét lai bat ding thic can ching minh :
SR C S T ? -
e —_—— —_—— —
e* 2 2z

Xét ham s

2
f(z) = x+eii‘_ <g—2i+1) trén[1; +o00)
Ta c6 : . . ) )
! T
Ja)=e = Ctom - 173"
Tiép tuc xét ham
g(x):e"’“"—i L—i—l—lac
er 23 x? 2

Ta cling c6

Vay g(x) 1a ham dong bién trén [1; +00)

g(x)>g(1):e—é—2>0

N . 1
Vay f'(x)>0 v6i z € [1; +00). Nén f(x) 1a ham dong bién trén [1; +00) suy ra f(x)>f(1)=e——1 >

e
1 1

1 Vay f(x) > 1 v6i [1;4+00) hay: e* + — — (g — 5t 1) > 1 v6i [1; +00) O
er T

Bai 56. Cho céc s6 thiec a,b,c thoa mén: 0 < a < b < ¢;a? 4+ b? + ¢ = 3. Tim gié tri nho
nhat cta
P = 3abc — 2014a — b — ¢

Lai giai. Ta c6: P > 3a® — 2014a — /2 (b + ¢2?)

Suy ra: P > f(a) = 3a® — 2014a — V6 — 2a2,a € [0; 1]

2a

Do : f'(a) = 9a® — 2014 +
f'(a) 5

<0,(do:0<a<1)
Suy ra : P > f(1) = —2013

Pin=—2013.Khi:a=b=c=1.

Bai 57. Cho céac s6 thuc duong thod man = + vy + z = 9. Tim gia tri nhé nhét ctia biéu

thic
By P 3B
zy+9  yz+9 zx +9
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Loi giai.
x3 a3 473 43
P: > B —
S (et 5r9) 2 i m L e
/ 473 11x — 21 9
e Ta co S S > : & (x—3)" (27T 4+ 42) > 0, (Dng)
P> 11(m+y+z)—63:9

4
Vay : Ppin =9.Khi:x =y =2=3.
Cach khdc Cha y: e a® +0® > abla +b) <— a*+1* >

t3
— >t —3. Khi do

(a+b)?
4

;e (t—6) >0 —

12 4+36 —
B4yt P4 P4l
Cay4+9  yz+9 zx +9
(@t+y)?®  (y+2)°  (z+2)°
T dxy+36  4dyz+ 36  4zx + 36
o (w+y)’ (y+2)° (z+ )
T (r+y)?+36 (y+2)?2+36 (24+x)>+36
>r+y—3+y+z—3+z2z+x—-3=9
Dod6o MinP=9 <— x=y=2=3. [
Bai toan

Bai 58. ho cac s6 thuc khong am x,y, z thoa man 1+ 22+ 1 2y +/1+22=5.

Tim gi4 tri 16n nhat cta biéu thic

P=223 43+

Loi giai. Bat dang thic phu can nhé: V6i a,b 1a hai s6 thoéa a,b,a +b > —1,ab > 0 ta luon

co:
Vidta+V1i+b>1+vV1+a+b
42
Tt do, gid thiét bai toan chota b > 1+ 1+ /1 +22+2(y+2) < 0<y+2< T Ma
8 — 2)\3
P§2x3+(x+y)3§2x3+%:f(x)

Déy 0 <2 <2v2thi f(z) < f(2V2) = 32v/2. Vay MazP = 322 <= 2 =22,y =2 =
0. ]

Bai toan
Bai 59. Cho a,b > 0 sao cho a + b = 1. Chitng minh ring

Va2 +b+V2+a++V1+ab<3
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Loi giai. Ta co:

a’?+b+1
2 < -
a‘+0 < 7
> +a+1
Vb2 S —
+a < 5
1+ab§2+ab
2
a2+ +ab 5 a*—a+1 5
:>\/a2+b+\/b2+a+\/1+ab§T+§:T+§§3
Dau "="khi a = 0,b = lhaya = 1,b =0 O
Bai toan

Bai 60. Cho a,b, c 14 cac s6 thyc khong am thod man a+ b+ ¢ = 3. Tim gia tri 16n nhat

ctia biéu thic
a’® + 1 b? + 1 A+1
b+1 c+1 a+1

10—1
\/a72 <1—|—(\/_3 )x
Loi giai. Véi: 0 < x < 3 ta ludn co :
L
\ I""l_ 6
a?+1 V10 -1 b V10 -1 b V10—1
S : <14 -——— 11— =) =1+ X— -2 _Y2
WA T —’< T3 < 6) L A TR
a4+ 1 V10 -1
<l+|2——]a-2?
“Nor1 S +< 3 %7
Lap 2 BDT tuong ti r6i cong lai ta duge :
V10 —1 b 3
P§3+<T>(a+b+c)—%—i_c=§+\/l_0
3
Vﬁy:}%mx::§4—vq6.Khimbx:bmﬁclménxdcﬁaOﬂL3 O

Bai 61. Cho céc sb thuc khong am a, b, ¢ thod mén a + b + ¢ = 3. Chtng minh ring

a2+1 b +1 02+1<45
b+1 c+1 a+1 — 4

?+1<3z+1

Loi giai. V6i: 0 <z <3 taludn co : .
<1-2%
r+1— 4
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b b 3ab b
< (3a + )( 4) 3a+ 11 = + 3a 1

a’?+1
b+1
Lap 2 BDT tuong t r6i cong lai ta dugc :

Suy ra :

11 4
VT§3+Z(a+b+C):Z5

Déng thitc xay ra khi : a; b; ¢ 1a cac hoan vi ctia 0;0; 3. O]

Bai toan
Bai 62. Cho 3 s6 thuc z,y, 2 khong am théa man : zy + yz + zz = 1 . Tim GTLN biéu
thic :

P=9(*+y*+2°) —4 (2 +y* + 2°)

Loi giai.
P<9(r+y+2)?—4(@® +y*+2° —32y2) - 18 = 9z +y+2)* —4(z+y+2)* +12(x +y+2)— 18

=10— 4y +dy+dz+7)(z+y+2-2)°<10

Vay Pa: = 10 khi a = b =1,¢ = 0 cung cac hoan vi. O

Bai toan
Bai 63. Cho a,b,c 1a do dai 3 canh tam gidc. Tim GTNN biéu thiic :

p_ a n b n 1
Vb+c—a e+a—-b a+b—c

2 2 2 2

Loi giai. bat vb+c—a = z,vV/c+a—-b=y,Va+b—c=2z2=a= Y ;LZ b= z ;x
2 2 2 2 1 1
2x 2y 22 22

Bai toan
Bai 64. Cho a,b,c 1a do dai 3 canh tam gidc théa man: a® + b + ¢ = 3 . Tim GTNN
biéu thic :

a b c
= + +
vVb+c—a et+ta—b a+b-—c
y? + 22 22 4 2
Lai gidi. Datvb+c—a=z,vVec+a—-b=y,va+b—c=z=a= 5 b= 5 =
:U2+y2
2

=12 = (2 + 92 + (P + 22)* + (22 + 22)? < 4(z* +y* + 2%
7y2_’_22 Z2+$2 x2+y2

2t Lyt A
>3\4/—>3
2z + 2y * 2z~ 3 -
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Vay P =3 khia=b=c=1.

2 2 2 1, .4, 4
Chitng minh bo dé: N > 34/ r Ay +te
Y T z 3

Chting minh:
2 2 22 2
(— + =+ —) (a®0® + V?c® + ?a?) > (a® + b? + ¢?)?
y oz
Ta chi can chiing minh (z = a?,y = b%, 2 = ¢?)
(z+y+2)° 3v/3(x? + 42 + 22)

TY +yz +x2 r+y+z
Lyt ly—P -’ 3@yt -2+ (= —2)")
20ey +yz + 22) Tty (v )+ BT )

& 6(zy+yz+az) < (x4y+2) (a: +y+2)+/3@+y2+ z2> (dang theo Cauchy—Schwarz)

Bai toan
Bai 65. Cho a,b,c 1a 3 s6 thuc khong am théa mén : a +b+c =1 . Tim GTLN biéu
thiic :

Q = 3ab + 4bc + 5ca

Loi giai. Ta c6

Q = 3ab+ ¢(4b + 5a) = 3ab + (1 — a — b)(4b + 5¢)
& 4b® 4+ 2b(3a — 2) + 5a* —ba+Q =0
Phuong trinh c6 nghiém an b thi
A = (3a —2)* — 4(5a* — 5a + Q) >0

112
11a* + 8a + 4 < 15

< -
Qs 1 =77
15 4 5 9
V&Y Pinae = 97 ki a =320 =05, ¢ = o5 =

Bai toan
Bai 66. Cho a,b, c 1a 3 s6 thuc duong thod man : a + b+ ¢ = 1. Tim GTNN biéu thrc :
B 3a? + b? 3b% + 2 3c2 + a?

Vaz+ab+ 22 VB2 +bc+ 22 Ve + ca+ 2a2

Lai giai. Cho a,b 14 2 s6 thuc duong. Tim GTNN biéu thic:

I Ak
Va2 +ab+202 Vb2 +ab+2a®2  2V/a+b
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Ta cb

3a® + b? >9a—b
Vaz+ab+202 — 4

Lap cac bat dang thic tuong tu suy ra

& 7(a — b)*(9a* + 9ab + 2b°) > 0

P>2(a+b+c)=2

) 1
Déang thiic xay rakhia:b:c:§ m

Bai 67. Cho 3 s6 a,b,c > 0 théda man 2a + 2b + ¢ = 14. Tim GTNN ctia biéu thiic:

P =a’+2v" +2¢°

Loi gidi. Duya vao giad thiét chic chan tu tuéng AM — GM da hién ra, van dé 1a chon hing s6
cho phtu hgp. Ta ¢6

a® 4+ 848> 12a;2(b* +9) > 12b;¢* + ¢* + 8 > 6¢°

Vay P+42 > 6(2a+2b+ c?) =84 < P42 P =42 khia=c=2,b=3 [l

Bai toan
Bai 68. Cho a, b, ¢>0 thdéa man: (a + ¢)(b+ ¢) = 4c¢®> Tim GTLN clia

_a i b . ab
 b+3c 3c+a be+ca

Cane s a b orA Lia
Loi giai. Dat x = — > 0;y = - > 0 T dieu kién suy ra
c c

r+ytry=3=>r+y<2

Vay
2 _
oy L S?)(:zc—l—y)+16(yc—|—y) 12Sl
y+3 x+3 x4y d(x+y+6
.Dau=khiz=y=1. Vay Max N=1 khia=b=c [

Bai 69. Cho a,b,c > 0;a+ b+ c=3. Tim GTLN ctia

[ 43 b3 3
H: 3 %_FS\S/abC

Loi giai. Ta ¢6

>+ b+ =(a+b+c) —3(a+b)(a+c)(b+c) <27 — 24abe.

E 2 24b
\3/a+ ¢ gial <{"/7 @€ | 8¥/abe = /9 — 8abe + 8/ abe.
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b 2 )
Datt=abctaco 0 <t < (%) nén 0 <t <1 Xét ham s6 f(t) = /9 — 8t +8v/10 <
t<1

e
3| Ve Yo—s8)2|’
Nhan thay (9 —8t)2 —t*=9(1—¢)(9—T7t) >0 — f'(t) >0
= f(t) < f(1)=9.
Vay GTLN ctia H 1a 9 khi a=b=c=1. O

Bai toan
Bai 70. Cho a;b;¢ > 0;a+ b+ ¢ = 3. Tim GTLN, GTNN ctia biéu thiic

F:a—l—\/l—)—l—\/E

L&i gidi. Ta co:

Vb4 e <20+ ¢) = /203 —a).
= F<a++/23—a) = f(a);a[0;3].
Xét ham ta c6 GTLN ctia F 1a ; khi va chi khi a = g; b=c= iXét ham g(a) = a+vb++/c;a €
[0; 3]
g'(a) =1>0= g(a) = g(0) = Vb+ V3 —b.
Xét ham s6 nay véi b € [0;3]ta c6 GTNN cita F 1a v/3 khi a = b= 0;¢c = 3. O

Bai 71. Cho a,b,c € [0;1]. Tim GTLN ctia

ad+2 bVB+2 A+2

241 2+1 0 a?+1

3 2
CL"‘QS(Z +2 a2(a—1)§0
Lai giai. Ta c6 : ) 2 & (ding : a,b € [0;1])
— <1-= V(¥ —-1)<0
b2+1 " 2 ( )<
Suy ra :
a®+ 2 ) v? ) a’b?
< A (1—=)=2 - <244
G )( 2) Ta p =T

Lap 2 BDT tuong tu roi cong lai ta duge : H < 6
Vay Hpuw = 6.Khi:a=b=c=0. O

Bai toan
Bai 72. Cho a,b 1a 2 s6 thuc duong. Tim GTNN biéu thitc:
G bt 1

_a2+362+b2—|—3a2+\/a2—ab+b2
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Loi giai. Ta ¢6

(a —b)*[3(a* + b*) + 9ab(a® + b*) + 4ab? at bt a® — ab + b
>0 — + >
2(a? + 3b%)(b% + 3a?) a?+ 3% b?+ 3a? 2

Bai toan
Bai 73. Cho a,b,¢ > 0 théa man a + b+ ¢ = 3 Tim GTNN cta biéu thic:

(b+c)+32 (c+a)®+32 (a+0b)°+32

K =
a? +1 b2 +1 c2+1

Lai giai. Dy doan diém roi tai a = b =c =1 thi K = 96.

BDT can chiing minh
b 5
() +
ey N2/ oy

a?+1 -
+c

. ) b .
Ta c6 diéu hién nhien t° +1 > t* + ¢t = va ket hop véi AM-GM:

(1).

b+c 5+1> b+c 4+b+c>bc(b2—|—02)+b—|—c
- 2 - 2

b(+1) +c(b®+1) B+1 A+1
> i =D alg g tpg) ettt =62

T (1) va (2) ta ¢6 K nho nhét 1a 6 khi va chi khia =b=c=1.
Cach khac

b 5 2 —1)%(1461 — a® + 23a? 4
Ta c6 danh gia: CF L T32 5 404 79q ey (0T D61 =a7 23074 9490)
a?+1 16(a? + 1)
ding v6i 0 < a < 3). Do d6 K > 3.104 — 72(a+ b+ ¢) = 96. Vay MinK = 96 <= a=0b=
c=1. [l

Bai toan
Bai 74. Cho a,b,c thod man a® + b* + ¢ = 2(ab + be + ca) Tim GTNN ciia biéu thitc

la — b |b— ¢ lc — al

:\/2ab+02 V2be+ a2 2ac+ b2

Loi gidi. Tu gia thiét ta c6

2ab + c¢* = (b—c)* + (c — a)*.

Dy dodn P nhé nhét Ia 2. BDT < 3, / i >2Véiz=(a—b2%y=0b-c)z=(c—a)
Y z

Theo AM-GM: 5
/[ X T T
_ = _— > —_— = 2.

DAu bang x4y ra khi va chi khi a = b;c = 0 hodc a = 4b = 4c va cic hoan vi.
Cach khac
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Giastia>b>c>0.Ditz=a—-by=b—c,z=a—c, (z,y,2>0). Taco 2>+ y> + 2% =
a?+ b4+ v+y==z Khido

B x Y z

= + +
\/yz + 22 a2 422 /22 + Y2

Y=Y Taco X,Y €[0;1] va X +Y = 1. Lic do:
4

. x
Tiep tuc dat X = —
z

X v 1
CVYZH1T VX2+1 VX2 Y2

Két qua MinP =2 <= (X;Y) = (0;1),(1;0) hay ¢ = 4a = 4b # 0. O

Bai 75. Cho a, b, ¢ > 0, ab+bc+ca = 1. Chitng minh:

b b
(a+b+c>(a+ +c c+a>2%

14+c2 14a2 1402

Loi giai. Theo gid thiét : 1 = ab + be + ac

a-+b a+b

1+ (a+c)(b+c)

b+c b+c

14+a2  (a+c)(a+b)

a—+c a—+c

1+b2  (b+c)(a+b)

:P:(a—kb—i—c).{ a-+b b+c a+c }

@+ 0+0) @rblato  Brolatd)

nén2.P:[(a+b)+(a+0)+(b+c)].[ a+b b+c a+c }

+ +
(a+c)(b+c) (a+b)(a+c) (b+c)(a+Db)
Ap dung bdt Co-si ta c6 :

(a+b)+(b+c)+(a+c) >33/ (a+b)(b+c)(a+c)
a+b N b+c N a+c ]>3 1
(@at+c)b+c) (at+b)(atc) (b+c)lat+bd)] ~ /(at+b)(atc)(b+c)

:>2.P23.3:>P2§

Diun=xdyra<a=b=c=1
Cach khac

a+0b n b+c n a+c
(a+c)b+c) (a+c)(b+a) (b+a)(b+c)

2VT = [(a+c) + (a+b)+ (b+c)]
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Ap dung BDT Cauchy-Schwarz va AM-GM ta c6

WT > a+b+\/b—|—c \/a+c
b+c a+tc b+ a

n_n

Vay ta c6 dpem. Dau xdy rakhia=b=c. O

Bai toan
Bai 76. Cho a,b 1a 2 s6 thuc duong. Tim GTNN biéu thitc:
a* bt 1

a2+362+b2+3a2+\/a2—ab+b2

L&i giai. Dé ¥ ring

a b 1 (a® 4+ b3)*(a + b) a® + b
= + + > L >
a2 +3b2  b2+3a2  VaZ—ab+ b2 (at+ b +6a2?)(a+b)  Ve-abtt? T 2(g 4+ )
1 a’ —ab+? 1 3

— + > O
Va2 — ab + b2 2 var—ab+b* "~ 2

Bai toan
Bai 77. Cho a,b,c > 0;a+ b+ c=3. Tim GTLN ctia :

N = (ab® 4 bc® + ca®)(ab + be + ca).

Loi giai. Ta c6:
1.2(ab+ be + ca)* + 2(ab® + bc® + ca®)., 4

N? = (ab*+bc*+ca®)?(ab+betca)® < =] 3 P = 5

N} I

Sau d6 phan tich duge:

(ab+betca)®+(ab®+bc*+ca®) = Z a2b2+2abc(z a)—l—z ab® = Z(a2b2+ab3) = Z ab*(a+b) =

Khong mat tinh tdng quét, gid sit (b —a)(b—¢) <0 Suy ra :
1.26+2(a+c),; 4

ab®+bc*+ca*+abe = b(c+a)*+a(b—a)(b—c) < blcta)? < 5[ 3 P = 27(@—1—()—1—0) =4
Vay
4
N? < 2—7.123 =256 — N < 16
Ding thiic xay ra < a =0,b=1,c = 2 va cac hoan vi . n

Bai toan
Bai 78. Cho a,b,c > 0 Chitng minh réng

EN R
3a+b+c)> \3/ (H—T—i_c + 8V abe.
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. R b
Loi giai. Chia 2 vé cho : vabc rdi dit : x = \S/Z_%,y = m,z = 32bc = Yz =
L, (z,y,2 > 0)
Ta can CM :
3x3+y3+z3
3(x+y+z)> T—HS
Dat
3, .3 .3
P:3(:E—|—y+z)—8—3%
Ta co :

Py =3y (e y+2) (x2+y2+22—xy—yz—zx)
Suy ra :

PP+ =34 (e +y+2)’ —3@Hyt2)(eytyrtar) <3+ (x+y+2)° —27

Khi do6 :
3
t3
:>P2f(t)=3t—8—\3/5—8,(1523)
Ham f tang nén f(¢) > f(3) = 0 = dpcm. O

Bai toan
Bai 79. Cho a,b, c1a 3 s6 thuc duong . Tim GTLN biéu thic :

ab n be n ca
a2+ 302 b2 +3c2 2+ 3a?

b
Loi giai. Dat ( 4 (x;y;2) => axyz =1

P
Ta c6: 3(t+1)(3t2 +1) = 8t(t* +t+ 1) = (t — 1)*(t + 3) > 0, Suy ra:
p__ 7 n Y n z §§ x+1 y+1 z4+1 §§
3x24+1  3y2+1 32241 8\ 224z+1 y?’+y+1 2242+1 4

3
Vameax:Zkhia:b:c O

Bai 80. Cho cac s6 thuc a,b,c thda man a > b > ¢ va a® + b> + ¢ = 5 . Chiing minh
rang:
(a—0b)(b—c)(c—a)(ab+bc+ ca) > —4
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Lai giai. Ta chi can xét truong hop (a — b)(b — ¢)(c — a)(ab + bc + ca) < 0. Binh phuong 2 vé

ta dua bai toan vé chiing minh:
(a—b)2(b—c)*(c —a)*(ab+ bc+ ca)* < 16

16 ((a — b)? —c)(b— b+b 5
Ta co: (a—b)Q(b—c)z(c—a)z(ab+bc+ca>2 < ((a )? + (a —¢)( ¢) + ab+ be + ca) _
55
2 b2 2\5 . .
(@ +b + ) = 16 Két thuc ching minh, dang thic xay ra khia=2,b=1,c¢=0 O

55

Bai toan
Bai 81. Cho x,y,z, t 1a cac s6 thyc thda man zy + yz + 2t +tz = 1 Tim GTNN ctia

H =527 + 4y + 5% + 2

L&i giai.

He 5(x + z)? (z + 2)?

- 2

4yt = ( + 4y2) +(2(z 4+ 2)2+17) > IV2(x+42) (y+t) = 2V2(xy+yz+za+at)

[]

Bai toan
Bai 82. Cho a,b, c € [0;2] théa man a + b+ ¢ = 3. Chitng minh réng a® + b* + 3 < 9 J

Loi giai. V6i hinh thic nhu nay dua vé 1 bién 1a nhanh gon nhat
Khong mat tinh tong quat gid st a >b>cthéthil <a <2

Dt doan dau bang xay ra tai 2,1,0 nén ta danh gia

V' +c<(b+c)P=(3-a)
Gio phai chiing minh
a4+ (3—a)® <9 <= 9(a—1)(a —2) < 0(Ludn ding)

Vay BDT chiing minh xong, dang thitc xay ra khi a = 2,b = 1,¢ = 0 va cac hoan vi.
Gidst (1—a)(1=b)>0=ab>a+b—-1

Do do:
B4 +A=(a+b)"=3abla+b)+AE<(a+b’—=3@+b—1)(a+b) +c
=3-¢’=-32-0)B-c)+A=62—12c+9=06¢c(c—2)+9<9

Dau bang xay ra khi va chi khi a = 2;b = 1; ¢ = 0 va cic hoan vi. O
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Bai toan

Bai 83. Tim gia tri nhé nhat ctia bicéu thic
5 .5 5
T z x 2
e e
vz 22 1%y oy oz o«

trong d6 x,y, z 1a céc sO duong théa man diéu kien z +y + 2 < 2

Trich dé thi thit s6 04 - tap chi TH&TT.

5 2
Loi giai. Stt dung AM — GM ta cé: ’ + = > S Tuong tit cho cac biéu thiic con lai ta
64y’z  x — 4y
o 63 22
Pz Z 6492z + 4y
Sos 63(z +y + 2)? (x+y+2)?
T 7 bdzyz(z+y+z) Azt y+z2)
> inr 63.27 r+y+=z
=AM=EM 64 (x4 y + 2)? 4
837 27 r+y+z x+y+z
= + + +
R2(r+y+2)? 6dz+y+=2)? 8 8
> AM—-GM 557 + 2
T 32(x+y+2)?2 16
BT 0 105
~ 322 16 16
. 195 1
VameP—1—6 = T=y=z=g.

Cach khac
Ta thay rang :

e B ey e Y S =

¥ o oy 1 1 1>6x5xy111 3z
y 8 8 16 16 16 —

1 3
:¢§:£~+Z@+y+zﬁz§x+y+@
> 1
=Y > _(z+y+
S byt
Ta ciing c6 danh gia sau :
2
Ziz (z+y+2) :x+y+z:i+i+iz#
2z T ayz(x +y+ 2) TYZz xy Yz zr  xy+yz+zx
Mac khac : ,
xy+yz~|—zx§w
x 27
-~V > _ T
Zy2z_(x+y+z)2
Suy ra :
27 1
P> —— 4+ (z4y+z
Z Gyt syt
Dén day don gian 16i . O
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Bai toan
Bai 84. Cho a,b,c thod man (a + b+ ¢)* = 32abc Tim GTLN va GTNN ca :
at+ bt 4 ¢
(a+b+c)

Loi giai. Khong mat tinh tong quat , gia st a + b+ ¢ = 4 thi ta c¢6 : abe = 2
Khi do
1

L 4 4 4 _
p (a +b +c).M_256.

~ 956

Dat t = ab+ bec+ ca

Ta co
M=a"+b"+c"'=(a®>+0"+ 02)2 —2(a®V® + b’ + a*c?)

Ma

(a® + 0 +02)2 = [(a+b+c)2 - 2(ab+bc+ac)]2
Va

a?? + 022 + a*c? = (ab+ be + ac)® — 2abe (a + b+ ¢)

Nén

M = (6—2t)" — 2 (t* — 16) = 2 (> — 32t + 144)
Ta co

2
t=ab+bc+ac=ab+c)+bc=a(d—a)+ -
a
8
Ma, (b4 ¢)* > 4bc nén (4—a)225hay (a—2)(a*—6a+4) >0
=3-v5<a<?

2
Xét ham ¢ = —a? + 4a + =, ae [3 — V5; 2]
a

—1
Khéo sat tim duge 5 <t < %
) 5v5 — 1
Xét ham s6 : f (1) = 2 (t> — 32t + 144) v6i5§t§\/_T
5v5 — 1
ta c6 Maxf(t) = f(5) =18 ; Minf(t) = f (%) = 383 — 165v/5

Vay MaxP:% dat dugc khia=2;b=c=1
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i
S

-1
Mdatdu’oc—)a:i%—\/g;b:c:

MinP =
256 2

Bai toan
Bai 85. Cho cac s6 thuc théa man a + b+ ¢ = 1;ab + be + ca > 0. Tim gié tri nhé nhat

clia biéu thic

2 2 2 5

P = + + +
la—bl |b—c| |c—al Vab+bc+ ca

Loi giai. Gia st b nim gita a va ¢ . Ta c¢6: bat déng thic tri tuyet doi:

2 2
c—al=la—cl<l|la—bl+1|b—c| — >
e—al=la—d <la=b+lp—d > = >
L2 2 2 10 10
la—b |b—c| |c—a| Tla—bl+|b—c a-—c
10 )
= P> +
a—c  ab+bc+ca
4
= P> 0

~ (a—c¢)+2vab+bc+ ca
Co6 2(a* + b*) > (a + b)?
= (a+0b) < +/2(a?+1?)

Hay
(a —¢) 4+ 2vVab + be + ca < \/2[(a — ¢)? + 4(ab + be + ac)]
s 40
Vv2[(a — )2 + 4(ab + be + ac)]
Hay:
P> 20.v/2
V(a —¢)? + 4(ab + be + ac)
Ta co:
V(@ —¢)2+4(ab+ be + ac) = Va® + ¢ + 2ac + 4ab + 4bc = +/(a + c)(a + ¢ + 4b)
Co:

(4a + 4b + 4c)?
4

=14

3(a+c)(a+c+4b) <

= /(a+c)(a+c+4b) <

Sl

o P>10.6

Dau bang xay ra

<:>a—b:b—c<:>1—3b:O<:>b:%

Va
2 -1
(a—c)2:4(ab+bc+ac):>(a—l—b)2—4ac:4(§+ac):>ac:1—8
a—i—c—g<:>a—24_\/6'0—2_\/6
-3 6 6
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Cach khdc

Khong méat tinh téng quat ,

gia st a > b > ¢ khi d6 bdt tré thanh :

p_ 2 N 2 N 2 N 5
T a—b b—c a—c ab+bc+ac
1 4 242
V6i moi x ; y duong ta c6 : — + — > > V2
T Y Qj‘—i—y /x2+y2
Ta ¢b : | . ) -
P=2
(a—b+b—c)+a—c+ab+bc+ac
2
= P> 8 + 0
a—b+b—c a-—c ab + bc + ac

1 202

1
— 10
a—c

Ap dung bdt Cauchy ta c6

)2
2vab+be +ac \/(a—c)2+4(ab+bc+ac)

20v/2
V(a+c)(a+c+4b)

2012
\/(1 —b) (1+ 3b)

(3—3b)(1+3b) _ (3—3b+1+3b)° _4

_ — < =
(1—20)(1+3b) 3 < 7 3
nén \/_
243
V(I=b)(1+3h) < —="=P>10V6
. 2 1 2 —
Dau = xdy ra < a = +6\/6; b= 5; c= V6 hoac cac hoan vi. n

Bai toan

Bai 86. Cho 3 s6 a,b,c > 0 théa man a® + b?> + ¢> = 1. Tim GTLN ctia biéu thiic

P=(a—0b)(b—c)(c—a)(a+b+c)

Lai gidi. Giasitc>b>a

Ta c6 :

AP =4.(a+b+c)(a—b)(b—c)(c—a)=4.(a+b+c)(b—a)(c—D)(c—a)
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= P<[at+b+c)(b—a)+(c—b)(c—a)

= [b2+02+a(b—2c)—a2]2§ (b2+02)2
nen P < (a2 4+ 02+ 2)° =1

1
Vay P max = 1

Dau=xdyra < a=0;b= = O

Bai toan
Bai 87. Cho ,y, z 1a 3 56 thyc thuoc doan [0;1] . Tim GTLN biéu thic :
B 3+ 1 n Y3+ 1 n 241

CVBy T Bz+1 Br+l

Loi giai. Ta co:

2H1<z+1
1 y
—<1-=
Voy+1 7™ 2
Suy ra:
P§(:L’—l—l)(l—g)+<y+1)<1_z>+(2+1)(1_£>:3+x+y+2—xy—yz—zx
2 2 2 2
:3+(x—l)(y—l)(z—l)—l—l—xyzéz
2 2
a 7 1 b9 ~ 7 Ve .
VameM:§khlx:1,y:1,z:Ohoaca::1,y:O,z:OcungcaChoanV1. O

/—‘ Bai toan i

o . 6 )
Bai 88. Cho z,y 1a 2 s6 thyc duong théa man : 2* + y* +4 = — . Tim GTNN biéu
Ty

thuce :
o+l y+1_ \/TY
S 241 2y+1 a24y2—1

Loi giai. Gid thiét clia bai toan ta suy ra

6 4, .4 (2% + 12" 2 2 3 3
—=x"+4y +42T+422xy +4& 2%y +4ry—6< 0 0<2y <1
Ty

T day, biéu thiic P dugce viét lai thanh

1 1
P14+ rT+y+ B VY > 14 B r+y
2x+1)2y+1) 22+y>2-—1 r+y+1 2(2x2+y2-1)
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V6i 0 < zy <1 thi ta c6

P14+ rT+y+ B VY >4 B rT+y 14 R
2z +1)(2y+1) 224y> -2 r+y+1 2(@2+4+y%2-1) 2 +y2)+1 2
2 2+ y?+2 3 1 2
>1+ - =—|1- +
2?2+y?+4 4@+ y2-1) 4 2 +y?—1 2+ 9y +4

Mzt khéc, tir giad thiét ta lai c6

6 2 2 2 11
(B +17)° +4= — + 2% = 2% + — + =+ = >33[8a22—— +2=8= 224y > 2
Ty ry wy xy Ty Yy

Néu 4 + 2v/6 > 22 4+ y% > 2 thi ta c6

f(t):§(1—%>+t+i52f(1):é,t:x2+y2—1(te [1:3+2v6) )

Néu 22 + 32 € (4 + 2v/6; +00) thi ta c6

_ L 3 1 2 1 3, 5 ‘
tlngof(t)—tlgglo {Z (1—;)—1—?] —Z,t—x +y —1,te <3+2\/6,+oo>
\3 1 .z . ? A 2 ]'
Mazl>§suyraglatmnhonhatcuaP:§khlx:yzl [

Bai toan

co :
93_2+1>2 x_lex
2 2~ 2 2
y 2 2 sfyd 2 2
1273 37N g3
A N Y
108 4 4 — 108 4 4 4
A S SN
2 12~ 108 6 2~ 4
:>x—2+y—3—|—z—4>Z—2—i-6—z—z—E:Z—2—§ §:1(x—m0)2+a>a
2 12 108 — 4 2 6 4 2 6 4
tu tim céc sd zp VA « ]

/—( Bai toan i

N . , 1 1 1 .
Bai 90. Cho a,b,c 1a cac s6 thyc duong thod man ~ + 3 + — < 3. Chiing minh rang:
a c

a®+1 N b+ 1 N +1 S
vaz—a+1 VB2—b+1 Ve2—c+1
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Lai giai.
1
“Ta Ar—an 2
LHS =" > Y ——— =6

[ 1 +1
- —1 1
va( a+a ) ol
a
Cach khdc

Dai bién (a,b,c) — (+,+,1). Gia thiét sé 14 a + b+ ¢ < 3 va bat dang thiic trd thanh:
a’>b’c

a’+1
—_ > 06 (%
Za\/aQ—aqu_ (*)
L. as 241 2+/a(a? — 1 2
St dung bat dang thitc AM — GM ta c6 @t > a(@* —at1) Do do6

ava:—a+1" ava?—a-+1 a

2 18 18
VI 2 —= 20— > >0
(%) Z\/a CS\/5+\/B+\/E V3(a+b+c)

Bai toan

Bai 91. Cho a,b,c la cac s6 thuc duong thoa diéu kien: 4a + 3b + 4c = 22 . Tim GTNN
cua: L9 3
P=a+btct—+-+=
3a b ¢
e a2t iz i1ik 22 —-3b 99 ) .
Loi giai. Gia thiet suy ra a+c = 1 , 0 <b < 5 <8. St dung Cauchy — Schwarz ta c6
2 (1+43)2 22-3b 2 64 22
P> b - = b+ -4+ . 0<b< <8
S S P PR A TOTRE T 3
22 — 3b 2 64
Khéo sat f(b) = 1 +b+g+m,0 <b< % < 8taduge MinP = Minf(b) =
25 25
f(2):§. Tfrdétimdu’(jcMinng <~ a=1,b=2,c=3. H

Bai toan

Bai 92. Cho a, b, c 1a cac s6 thue duong théa abe = 1. Tim GTNN ciia biéu thic
72

va+b+c+1

P=(a+b)(b+c)(c+a)+

(a+b)(b+c)(c+a)=(a+b+c)(ab+ bc+ ca) — abe
1
Loi giai. Véicha y: > (a+b+c)(ab+bc+ ca) — §(a+b—|—c)(ab+bc+ca)

8
< (a+b)(b+c)(c+a)> §(a+b+c)(ab+bc+ca)
va ab + be + ca > y/3abc(a + b+ ¢). Ta c6

8 72
P>—-(a+b+c)\/3la+b+c)+ > 44
_9(a ¢)v3la ) va+b+c+1—

]
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Bai toan
Bai 93. Cho z,y, z théa 2% + y* + 2% + 22y < 2 (z + y + 2z) Tim min
40 40

P=2+y*+22+ +
Y Vyt+z+1 Vo +3

2
Loi giai. Tir didu kien ta c6 (z+y)%+ 22 < 2(z+y+ 2) mat khac (z+y)%+ 22 > W
suyrar+y+z<4
40 40
P+2=a2>+1+y*+1+22+ +
Vy+z+1 Vr+3
40 40 5(x+3) 20 20 By +z+1)
>2+y+z)+ + Ta c6 + + >30 —+
= (2()y ) \/bel—z—i-l Vv +3 2 \/x-l-?éo Vo+3 7 2
n > 30 Suy raP + 24 — YT ETH S o quy ra P > 60— 2 —
\/y+2+120\/y+z+1 2
THYFTET S 60— 2— 12 = 46.Vay MinP=46 khi ¢ — y — 1,z — 2 O

Bai 94. Cho a,b,¢ > 0 Tim GTLN cilia :

4 9
V@Rt ETL (a+b)y(a+200+20)

Loi giai. Ta ¢6 :

a+b+4c B a® + b% + 2ab + dac + 4be

(a+b)/(a+2c)(b+2c) < (a+Db) <2(a@®+b+ )

2 2
Datt=vVa2+b2+c2+4=1t>2
Nén 4 9
P< - —
—t 202 —4)
s 4 9 3
Xethamf(t):¥—mvdlt>2
0 (4 — 1) (483 + T¢2 — 4t — 16)
—t) (4> + 7t° — 4t —
f,(t): 2
£2 (12 — 4)
Dot > 2 nén

AP+ T — 4t =16 =4 (> —4) +t (Tt —4) > 0

Nen f/(t) =0t =4

co| Ut

Lap bang bién thien = P <

VayGTLNcﬁaP:g@a:b:c:2 n
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Bai toan
Bai 95. Cho z,y la cac s6 thuc duong thod man (z +y — 1) = zy. Tim gia tri nhd nhat
ctia bicu thitc

1 1 /Ty

Q:x_y+$2+y2+x+y

(z+y)°

2
5 Dat x +y = S,2y = P,(S? > 4P, S € 5;2)
<:>x+y€[—'2} -

(e +y—1)7=ay <
Loi giai. Ta co:

3
Suyra P =(S—1)°¢ B, 1] Ta co:
1 1 VP
C=pt e s
e0- 1 N 1 +S—1
(S—1)° S2-2(S-1?* S
e0- 1 N 1 +S—1
(S—1)?% 45-52-2 S
@Q:—S5+7S4—17S3+21S2—118+2
(S —1)%.(45 — 52 —-2).5
@Q_2:S5—5S4+5S3+5S2—75+2
(S —1)*.(4S — 52 —2).5
@Q_zz(5—2)(54—353—S2+3S—1)Z

(S —1)°.(45 — 52 —2).S

2 L
(Do §*—35%—-52+35-1<0,VS € {5;2} ) Vay Q > 2 .Dau bang xayrakhiz =y =1 O

Bai toan
Bai 96. Cho z,y,2 >0 va . +y + 2 = 1. Tim gié tri 16n nhat ctia biéu thic

P=z(y—2)"+y(z —2)" + 2(x — y)*

Lai giai. Do vai tro binh ding ctia z,y, z trong P nén ta c¢6 thé giast: 0 < 2 <y <z

Khi d6 ta c6: P=x(y — 2)* + y(x — 2)* + 2(x — y)* < 2(y + 2)* + yat + z2?

Dat d =y + 2 thi P < zd* + da* = zd(2® + &) = 2d[(d + x)? — 3xd(d + )] = zd(1 — 3zd) (Vi
r+d=1)

1\? 1 1
Khidé:P§—3<xd——) <

6 12 = 12
3 6 3—+6
P = L khi va chi khi x = +6\/_,y: 6\/_,,2:0
. 3 6 3—+v6
Vay gia trilén nhat ctia P 1a % dat dugce khi va chi khi (z, y, z) 1a mot hoéan vi ciia ( +6\/_’ 6\/_’ 0)
]
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Bai toan
Bai 97. Cho ba s6 thyc z,y, z thod man 22 + y? + 22 + 2y + yz + zz = 25. Tim gia tri
nhé nhét ctia biéu thic

P =%+ 3y* + 922

Loi gidi. Lam bura luon dau tién ta thay rang diéu kién bai toan rat 1la dang ghét béi 1é kho
khai thac dit kien gi tit d6 tit cac cach danh gia : 22 + 9% + 22 > 2y + yz + 22 = nhitng bat
dang thitc dang = +y+ 2z < p hoic 2y +yz + zz < ¢ thanh ra khong danh gia kiéu binh thuong
dyoc ta sé danh gid khac : P = 2% + 3y* + 922 > k(2? + y* + 22 + 2y + yz + zz) = hing s6 .
Thanh ra ta sé nhan hai vé ctia P cho m # 0 thich hgp dé c6 danh gia nay:

mP = ma® + 3my* + 9mz>

Lic nay ta sé tach ra dang :

2 2 2
mP:n(a:2+y2—|—22)+(m—n)x2+(3m—n)x2+(9m—n)z2:n(w2+y2—|—z2)+xl + yl + Zl

m—n 3m—n I9m—n

Dé tim dc gia tri 0 < m va n < m thich hop nay ta méi bat dau thyc hién danh gia thong qua
bat ddng thiic C'S va danh gia tiép tuc sé la :

(z+y+2)?

mP > n(x® +y* + 2°) + — R E—

m—n 3m—n I9m—n

5 o o 1 1 1 2(ab+ be + ca)
m—-n 3m—-—n 9m—n — + + 5

-n 3Im—n

Ta méi bat dau = (n + L4 3 14 5 L ) = — 2 — va tiép theo ta sé thuc hién
m—n m—n m-—n m7n+3mfn+9mfn

dong tac tim gia tri cia m va n thich hgp dong tac nay sé khong kho khi ma ta thit vai gia tri

m thich hgp ]

Bai toan X 5
Bai 98. Cho a,b, ¢ 1a cac s6 thuc duong thoa méan gb >aq—c> gb. Tim gi4 tri 16n nhat

ctia bidu thic: 12 ; 190 o
a=b)  120-0)  %lc—a)

c a b

P p—

Loi giai. Xeét

12(b+c—a)+12(c+a—b) +25(a+b—c)

A=49 - P =
c b c

bat2z=b+c—a;2y=c+a—-b;2z=a+b—c—a=y+z;b=x+z;c=x+y
4 3 4
gbZa—czgb—>a2g(b+c)<b+c—>0<4x§z§9x.

24z 24~ 50z

A= + + .
r+y z+y =z+«x
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Coi A 1a ham cua y:
24(2 — 1) (y* — zx)

(r +y)*(y + 2)?

Aly) & y= £z

y — — x— A > 64.

Ally) =

Bai
24x
r+y
24z
y+=z
50z 50

= —— >50.
x4+ z 142
x

> 0;

— 247

Al=vzr) = \/%81/5\/5 * 2522'

AET) = 48T, 50: _ 48t 50 _ .

Vi+yz z+x t+1 241
T 11
Véit=,/—t€ |z =
: \/: {32}

48t* — 100t — 1042 — 100t + 48
(t+1)2(12 + 1)2

F(t _0@12< ) —25<t+%)—5020
1 1

:»AzA(\/%)zf(%)z%-

= 49— P>56= P < —T.

fi(t) =

Vay GTLN ctia P 1a —7 khi va chi khi a = 2¢; 3b = 5¢. m

Bai toan
Bai 99. Cho cac sb thuc khong am a, b, ¢ thod man ab + bc + ca = 1. Chitng minh ring;

3ab+1 3bc+1 3ca+1

+ + >4
a+b b+c c+a

Lai giai. Bat déng thic da cho tuong duong véi

3ab+ab+bc+ca 3bc+ ab+bec+ca  3ca+ ab+ be+ ca S

+ + >
a+b b+c c+a
4ab 4be 4dca
Sa+btec+ - + >4
a+b b+c c+a
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Mat khac

ab(a+b)+bc(b+c)+ca(c+a)<(a+b+c)(ab+bc+ca)=a+b+c

T do suy ra
4 4 4 4 2

bt ab N be N ca > atbet (ab + be + ca) b — oy
a+b b+c c+a ab(a+0b)+bc(b+c)+ca(c+a) a+b+c

Déng thitc xay ra khi a = 0;b = ¢ = 1 va cac hoan vi.
Cach khac
Bat dang thtc da cho tuong duong véi

>Bab+1)(b+c)(c+a)>4(a+b)(b+c)(c+a)

& > (3ab+ 1) (ab+be+ ca+c®) > 4(a+0b) (b+c)(c+a)

<> (Bab+1)(1+ ) >4(a+ b+ c) — 4abe

& (a®+b0*+ )+ 3(ab+bc+ ca) + 3abc(a+b+c)+3 >4 (a+ b+ c) — dabe
& (a+b+c—2)° +abc(3a+3b+3c+4) >0

O
Bai 100. Cho cac sb thyc duong a, b, ¢ thod man a + b+ ¢ > 3. Chitng minh rang:
a® — a? b — b2 3 —c2
+ + >
(@+b)? (G+c)® (ct+a)

L&i giai. Bat ding thitc da cho tuong duong véi
Bat ding thic da cho tuong duong véi

PERp b3 B2 B2

ol — 5+l —— +12>3

(a+b)° gb + 03)2 (c+a)’

a® +2ab+b b2 +2bc+c? &+ 2ca+ a?
(a+0) (b+c) (c+a)
Theo bat dang thitc Cauchy — Schwarz ta c6
(a® + 2ab+ b?) (a + 2ab+ b?) > (a® + 2ab+ b?)* = (a + b)*
a® + 2ab + b* S (a+b)?
(a+b)? ~ a+2ab+1?
Tuwong tu ta ciing c6
b+ 2be + ¢ (b+c)? &+ 2ca+a? - (c+a)’

(b+c)2 = b+ 2bc + 2’ (c+a)2 = ¢+ 2ca + a?
T do suy ra
a®+2ab+0* b®+ 2bc + 2 c3+20a—|—a2> (a+b)? (b+c)? (¢ +a)’ - 4(a+b+

(a+b)? (b+c)? (c+a)? ~a+2ab+0* b+2bc+c cH+2ca+a® T a+b+c+(a-

Déng thtic xay ra khi a = b= c = 1. O
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5 Mot so bai tap luyén tap
Bai 1. Cho a,b, c 1a cac s6 thuc duong,tim gia tri 16n nhat cua:

1 2
pP= _
Va2 +02+2+1 (a+1)(b+1)(c+1)

Bai 2. Cho a,b,c 1a cac s6 thyc duong thod man a + b + ¢ = 3. Chiing minh réng:

a’ N R N o - 3
B+cd S4+ad ad+0 2
.. r,y,2 >0 e
Bai 3. Cho . Tim gia tri nho nhat ctua
r+y+l==z

x3y3

F= 2
(x +yz) (y + zx) (2 + xy)

Bai 4. Cho z,y, 2 1a cac s6 thyc duong thdo man 2?2 + y? + 22 = 1.Chiing minh ring:

Yz n zx . Ty >3
2?2+1 Y2+ 1 0 2241 72

Bai 5. Cho cac s6 thuyc a,b,c > 1 théa a + b+ ¢ + 2 = abe. Chiing minh rang:

beva? —1+cavb? —14+abvez—1< %gabc

Bai 6. Cho a,b, ¢ 1a cac s6 thuc duong théa man a + b+ ¢ = 1. Chiing minh réng:

a(b+c) b(c+a) c(a+b)
4 — 9bc 4 — 9ca 4 — 9ab

> 6abc

Bai 7. Cho z,v, z 1a cac s6 thiyc khong am théa méan z + y + z = 2. Chitng minh réing:
20+’ +2°) <2+ a2 +yt + 21
Bai 8. Cho a,b, c 1a cic s6 thuc khong am théa man a + b + ¢ = 6. Chiing minh rang:
a’b + b’c + 4c*a — Sabe > —4

. a,b,c >0 ) .
Bai 9. Cho . Chting minh rang:
a+b+c=1

a+b n b+ c
Va+b  Vb+e2 T

Bai 10. Cho a, b, ¢ 14 cac s6 thyc khong am thoa a + b + ¢ = 1. Chiing minh réng:

V3
(a—b)(b—c)(c—@)gl—g.
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Bai

Bai

ai 11. Cho z,y, z 1a cac s6 thyc duong théa man xy + yz + zz = 1. Chitng minh rang:

$2 y2 22

\/x2+1(\/x2+1—|—x)+\/y2+1<\/y2+1+y> +\/z2+1(\/zz+1+z)

—_

>

2

ai 12. Cho a,b 1a cac s6 thyc duong. Chitng minh rang:

2a% + 3b? n 20% + 3a? < 4
2a3 + 303 263 4+3a3 ~ a—+D

ai 13. Cho z,y, 2 1a cac s6 thyc duong théa man zyz = x + y + 2z + 2. Chitng minh ring :

\/E+\/§+\/E§§\/w_yz

ai 14. Cho céc s6 duong a, b thdéa man diéu kién a + b = 2.Tim gia tri nhé nhat cla :

1 1
P =
2—1—6a2+9a4+2—|—6b2—|—964

1 1 .
ai 15. Cho a,b,c > Othda (a + 2b)(g + —) =4 va3a > ¢.Tim gia tri nho nhat va gié tri 16n
c

a? + 2b?
ac

nhét ctia bidu thic :P =

ai 16. Cho céac s6 duong a, b, ¢ thoa man ab? + bc? + ca? = 3. Chiing minh rang:

Va+T7+Vb+ 7+ Ve+7<2(a* + b + )

ai 17. Cho céc s6 thuc duong a, b, c. Chitng minh rang:

a 7T+ b 7r+ c 7r> 3
b+c c+a a+b -

ai 18. Cho céc s6 thyc z,y théa man 22 + y* — zy = 1.Tim gi tri 16n nhat,gia tri nho nhat

cua:
F=a%+¢5 — 222y — 2ay

ai 19. Cho z,y, z 1a cac s6 thie duong thay doi théa man diéu kien :

1 1 1 3 1 . ;
-4+ -4+ - — ———— <9(1 — ———). Tim gié tri nh6 nhét cta bieu thiec:
Ty z (z+y+2) 8layz
1 —
P=2("+2")+2(y° +2°) + 3=z 31( ?)

20. Ching minh rang véi moi sé thuce duong a, b, ¢ ta co:

LS SR at+b+c \?
202 +bc 202 +ca 22 +ab ~ \ab+ bc+ ca
21. Cho céc s6 thyc duong a, b, ¢ théa man a + b + ¢ = 6. Chiing minh rang:

a b c
V(O +2) (b2 —b+2) " \/(c+2)(02—c+2)+ Vi(e+2) (a2 —a+2)

3
> 2
-2
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Bai 22. Cho a,b,c € (0;1]. Chitng minh rang

1 . 1 . 1 S 3
a+3b b+3¢c c+3a " 3+ abe

3 13 .
Bai 23. Cho a,b € [1; 5] va c € {5, Z] Tim gia tri 16n nhat cia:

2 2
(34 s ) 0 ) VBV VD o
2vab+v2c+ 1

P =

Bai 24. Cho cac s6 thiyc z,y, z > 0 khong c6 hai s6 nao dong thoi bang 0. Ching minh rang:

Y n T n z VNG :cy—l—yz—l—:czzﬁ
24+ y+z x4ty 2?2 +y? 4 22

Bai 25. Cho cac so thyc duong a, b, ¢ thda man:a? + b* + ¢ + ab — 2bc — 2ca = 0. Tim gi4 tri
nhé nhat cta :
c? n c? n Vab
(a+b—c)? a®4+0* a+b

P=

Bai 26. Cho cac s thyc duong z, v, z théa man zy + yz + rz = 1. Chiing minh rang:
1—a? 1—q? 1— 22
+(—L) +2
1+ 22 1492 1+ 22
Bai 27. Cho cac s thyc duong a, b, ¢ thda man dieu kién ab + be + ca = 3. Chitng minh rang

a+b—|—c> sefat + bt 4+ ¢t
3 - 3 ’

Bai 28. Cho a,b,c 1a cac s6 thuyc duong théa man a® + ® + ® < 3.Chitng minh ring:

IN

9
4

a? n b2 n 2 S 3
(b+¢)’ (c+a) (a+b)’~ 32

Bai 29. Cho cac s6 thuc duong a, b, c. Tim gia tri nhé nhét ctia biéu thec:

2a? 202 3¢? 4a’b?

e o TR @i ottt o

Bai 30. Cho z,y, 2 1a cac s6 thyc théa méan diéu kién z,y, z € [0;1].Tim gia tri nh6 nhat cta
P=(@y—y+1)>+Wyz—2+1)°+ (zz —z+1)°
Bai 31. Cho a,b,c la cac s6 thuc duong thay doi théa man a (b* + ¢®) = b+ . Tim gia tri nhat
clia biéu thitc
1 n 1 L 1 n 4
(a+1)? (b+1)7 (c+1)° (Q+a)(1+d)(1+c)

P =
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. , 4 3 L )
Bai 32. Cho a, b, ¢ cac so thye duong thdéa man gb >a—c> 5b.Tim gia tri I6n nhat ctia bieu
thiec:

12(a—b)+12(b—c)+25(c—a)

P
c a b

Bai 33. Cho a,b,c 1a cac s6 thyc duong thdéa man a + b + ¢ = 3. Chiing minh rang:

ab+ bc+ ca+ 3 > a®b + b*c + c2a + 3abe (1)

Bai 34. Cho a,b,c la cac s6 thuc duong théa man a + b + ¢ = 1. Chiing minh rang:

2+2+2+9>1+1+1+ 2
b? b abc
Bai 35. Cho cac s6 thuc duong a, b, ¢ thdéa man 9 (a* + b* + ) —25 (a® + b + ¢?) +48 = 0.Tim
gi4 tri nhé nhat cia biéu thie:
a’ b c?

“bt2c Tct2a at2n

. , 3 . .
Bai 36. Cho a,b,c 1a cac s6 thuc duong thdéa man a? + b + 2 < Z.Tim gia tri nhé nhat cia

biéu thiic:
1 1

P:(a~|—b)(b+c)(c+a)+i+b2+—

Bai 37. Cho z,y 1a hai s6 thyc khong am thoa man 22 + y? = 2. Chiing minh rang:

x? 9y

2

> 4,
v o +2y

Bai 38. Cho cac sb thiyc khong am a, b, ¢ thda man dong thoi cac diéu kien ¢ > Ova a® + b® =
c(c —1). Tim gia tri 16n nhat va gia tri nhé nhat ciia bieu thic

a?+ 0%+

(a+b+c)*

Bai 39. Cho a,b,c € [1;2].Tim gia tri nhé nhat va gia tri 16n nhat cta:

1 1 1\2
b S
(a+ +C)(a+b+ )

c
Bai 40. Cho a,b, ¢ € [1;2] thoa man 4a + 2b + ¢ = 11. Chiing minh rang:

<-4+

>—x|oo
Sl W
olw

11
< —.
-2

QI
[l )

Bai 41. Cho céc s6 thuc khong am a, b, ¢ théa man a + b + ¢ = 3. Chiing minh rang:
(5a + b)(b* + 4ca) < 80.

(©Ng6 Hoang Toan Trang 142



5 BAI TAP

Bai 42. Ching minh ring v6i moi s6 thic a, b, ¢ sao cho khong c6 hai s6 nao c6 tong bing 0,ta

ludn cé:
a’? + b + 2 vab Vbe
+ >2
ab+bc+ca a+b b+c
. b+ bc = 2c?
Bai 43. Cho cac so thuc duong a, b, ¢ doi mot khac nhau thoa man {a ; C< ©  Tim gia
a<c
tri 16n nhat ctia biéu thiic :
a b c
P = + +

Bai 44. Cho céac s6 thuc duong z, y, z thoa man 4xy + 2yz — zo = 25.Tim gia tri nhé nhat

ctia bidu thiic

. ) , a2+ +c2=6 o P
Bai 45. Cho céc so thuc a, b, cthoa man : Tim gia tri 16n nhat cta bieu
ab+ bc+ ca = —3
thiic:

P=a"+b%+ 0
Bai 46. Cho a,b,c 1a cac s6 thyc duong théa méan a? + b* + ¢ = 3. Chiing minh rang:
8(2—a)(2—-b)(2—c¢) > (a+bc)(b+ ca)(c+ ab)

Bai 47. Cho a, b, ¢ 1a cac s6 thuc duong théa man abe = 1.. Ching minh rang:

a b c 3v/2
+ + >
vVa+1 Vb+1 e+1 2

. 1 ) .
Bai 48. Cho a,b, ¢ 1a cac so thuc duong thoa man a + b + ¢ < 7 Chiing minh rang:

1 1 1 108

P = >
a—&2+b—b2+c—02_ 5

Bai 49. Cho céc s6 thuyc duong x,y, 2 thoa
4y 20y =3(x+y+2)
Tim gia tri nhé nhat cla

N 23
Vit+z Vy+2

P=z+y+z+

z 2 z 2
Bai 50. Cho 4c sb thuc duong théa 3zy + 3 = 2% + y* + — Tim gié tri 16n nhat ciia biéu thiic
Ty

16

P: 2 2
Ty +—m2+y2+2
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Bai 51. Cho z,y,z > 0 thda man xyz = 1. Chiing minh réng :

1 1 1
@+ 12y+2) Wt 1eto)  (+1R@+y)

3
< =
-8

Bai 52. Cho z,y, z 14 ba s6 thuc khong am sao cho khong c¢6 2 s6 ndo trong dé dong thoi bang
0vax+y+2z=1 Tim gia tri 16n nhat cta

(r+y22 +y22) (y + 2%z + 22%) (2 + 22y + 29?)
(I-2)(1-y)(1-2)

pP=

Bai 53. Cho a,b,c duong. Tim gia tri nhé nhat cia:

1 1 1 1
P=va+b+c+1+ - \/1~|———|—\/1+——|—\/1+—
6 ab be ca

Bai 54. Cho a,b > 0, v/a+ vb = 2013. Tim gia tri nhé nhét cia: P = a4+ b+ Vab

1

Bai 55. Cho s6 thuc duong z, tim gia tri nhé nhat ciia biéu thic: P = 2 + W
T+

) 1 1 10
Bai 56. Cho céc so thuc a,b,c¢ > 0 théa (a + c) <—2 + b_2) =3¢ > 4b. Tim gia tri 16n
a
a+c—>b

nhat, gia tri nhé nhat cia P = -

Bai 57. Cho a,b,c 1a ba canh ctia mot tam gidc. Chiing minh rang:

) 1 1 2\’
2ot —— |- 4 > 5
a+b—c|c c+1
Bai 58. Cho a,b,c la cac s6 thiyc khong am . Chiing minh rang:
2a 20 2c 3

<
3a2—|—b2+2ac+3b2+c2+2ab+302+a2+2bc_ a+b+c

Bai 59. Cho a, b, c la cac sd thyc duong théa a + b+ ¢ < 3. Tim gia tri 16n nhat cia

ab be ca

P= + +
Vab+3c  Vbc+3a  ea+3b

Bai 60. Chon z,y, z > 0 théa man: r = y + z + oyz. Tim gia tri l16n nhat ctia bicu thiic :

(z + 2/7Y)? 2z

T et y)(E+D) (2 VRl

Bai 61. Cho a,b,c duong .Tim gia tri nh6 nhat cia
b 2 b
P: a + + ¢ + \/_(Cb—f— +C)
Vb+c Va+te a+b  ab+ \/ac+ Vbe
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Bai 62. Cho cac s6 duong a,b,c thod a? + b* + ¢ = 3. Chiing minh rang:

1 N 1 N 1 >2(a4+5a2+b4+51)2+c4+502
va b e 3 a?+3 b2 +3 243

)

Bai 63. Cho ba sb thuyc duong z,y, z thdéa man ryz = 1. Tim gia tri nhé nhét clia biéu thiec:

VA S T TR VT SR AV S Y 7
P = + +
r+Jry+y y+Jyz+z z+zr+x

Bai 64. Cho cac s6 thic khong am a, b, ¢ théa man a + b + ¢ = 1. Chiing minh rang :

14 2a N 1+ 2b N 1+ 2c >15
14+2a+6a2 14204602 1+2c+6c2— 7

Bai 65. Cho a,b,c > 0 théa man a + b+ ¢ = 1. Chiing minh ring :

a? N b? N c? - 1
3a+1 3b+1 3c+1 7 18(ab+ bc+ ca)

Bai 66. Cho x,y, 2 1a ba s6 thyc thuoc doan [1;3] va x + y + 22 = 6.Tim gia tri 16n nhat va
nhé nhét ctia biéu thic :
P =2 +y*+ 52

Bai 67. Cho céac sb thuc duong x,y théa man : 2° + 2y® = 1. Tim gia tri nho nhat clia bicu
thic : P = z* + ¢*

Bai 68. Cho cic s thuc x,y thuoc doan [1; 2]. Tim gia tri 16n nhat va nhdé nhat ctia biéu

thiec :
22

v +xy + y?

Bai 69. Cho cac s6 thic duong x, y théa man diéu kién 2z + 3y = 1. Tim gia tri nhé nhat cta
biéu thitc : L
P =252z +28y + — + —
Z )

Bai 70. Cho z;y;2z > 1 vai x +y + 2 = xyz. Tim gia tri nhd nhat clia

y—2 z—2 x-—2
3 e T

P =

i z

Bai 71. Cho x, y la cic 86 thuc duong théa man diéu kien: 3 (22 +¢?) = 2 (2 +y). Tim gia

tri nhé nhit cta biéu thiic:
1\? 1\’
P:<x—|——) —l—(y+—)
Y x

Bai 72. Cho z,y,z € [0;1] thoa man x +y + z = —. Tim gi4 tri 16n nhat cta:

NN GV

l'2+y2+22
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x,y,z >0

Tim gia tri 16n nhat cla :
r+y+z=1

Bai 73. Cho {
S =2’y +y’z+ 22w
Bai 74. Cho a,b, c 1a ba s6 thiec duong thod man a? + ? + ¢ = 3. Tim GTLN cia :

P=a®+b+c —abe

Bai 75. Cho z, > 0: 2 +y = 1. Tim gi4 tri nho nhat ctia biéu thiic :

Bai 76. Cho a,b,c > 0 thod man (a+b+ c)® = 32abe. Tim gia tri 16n nhat va gid tri nho nhat
cla
B at + bt + ¢t
~(a+b+o)t

Bai 77. Cho a,b,c > 0 thda man abc = 1. Tim gia tri nhé nhat cla :
P=ab’ +b° + c*a® — 6(a+b+c)
Bai 78. Cho x,y,z > 0;xyz = 1, chting minh
(x+y)(y+2)(z+z)>4(x+y+2z—1)
Bai 79. Cho x > y > 0. Chitng minh rang:

2
T g VT gys
rT—y T+ 2y

Bai 80. Cho a,b,c > 0, a + 2b? + ¢® = 1. Tim gi4 tri 16n nhat ctia: P = abe
Bai 81. Cho cac s6 thy khong am a, b, ¢ sao cho a+ b+ c = 1. Chitng minh rang: b+ ¢ > 16abc

Bai 82. Cho cac s6 thuc duong a, b, c. Tim GTLN ctia biéu thic:

a b c
P—3a+b+c+3b+a+c+3c+b+a

Bai 83. Cho cac s thuce duong a, b, ¢ thdéa man diéu kién: a + b+ ¢+ ab + be + ca = 6. Chiing

minh: 5 ) .
b
N L s
b c a

Bai 84. Cho x > 0;y > 0; 2 > y; 2. Tim min cua:

P=2421+%4300142
y z x
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Bai 85. Cho z,y,2 > 0 : zyz = 1. Chiing minh rang:

1 1
x2+2x+y—|—z+y2+x—|—2y+z

1 9
+ >
22+r+y+2z " (z+y+2)?

Bai 86. Cho cac sb thuc z, y, z thay ddi thod man diéu kien 22 + 3% + 22 = 1. Tim gié tri nhd

nhét ctia bidu thic .
8

P = (xy+ z—|—2xz2—
vty ) (+y+2)"—ay—yz+2

1 1 1
a—1+—) (b—1+—) (c—1+—)
b c a

IN

Bai 87. Choa,b,c > 0vaabc = 1. Chitng minh ring: (

1
Bai 88. Cho x, y > 1. Tim gia tri nhé nhat cta
p_ @Hy) - (@ +y7)
- Dy—1)
Bai 89. Cho cac s6 thuc duong z, y, z thoa man: 22 +y? + 22 = 3. Tim GTNN ciia biéu thic:
+ -1 1 1 1
Gy o1 111
?y4+y?z+z22x oy oz
< . 1 1 1
Bai 90. Cho z,y,z > 0 thod man: ryz = —=.CMR: + +
3v/3 VIt @2r—y)?2 1+ (2y—2)?
1 - 3v3
14+ (2z—x)2~ 2
Bai 91. Cho a,b,c > 0 thod man ab + bc + ac = 2abc Tim gia tri nhé nhat ctia biéu thic:
SRR D SRR
a(2a —1)2  b(2b—1)2  ¢(2c—1)?

Bai 92. Tim gid tri nho nhét ciia ham s6 f(z) = (322 — 402° 4 10z — 1)+ (162> — 122 + /5 — 1

Bai 93. Cho a,b,c >0 vd a+ b+ ¢ = 3. Tim gia tri 16n nhat ciia biéu thic

P (mm)*’(m@c(mﬂ)“

Bai 94. Cho z,y, 2z 1a cac s6 thyc khong am théa man z +y+ z = xy + yz + zx. Tim gia tri

16n nhat ctia biéu thic:
2(r+y+2>—2@x+y+2)+3

M =
e3% + e2V 4 22
<. x7yaz>0 N .
Bai 95. Cho Tim min :
2yt +2=1
P 1 Y2 4222 + 22 2?4 27 + 2P x2+222+y2)
Cay4yz+ 2o r+1 y+1 z+1

Trang 147
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Bai 96. Cho cac so thyc duong z,y, 2 théa man z + y + z = 3. Chiing minh rang:

dr + 5 4y +5 4z 45 S 162
3 +ay? 4+ 3xyz  yP +y22+3xyz 23+ za? 4 3xyz T a2+ y? 422+ 27

Bai 97. Cho z,y, z 1a cac s6 thuc duong théa man zyz = 1.Ching minh rang:
1 1 1 13 25
> 22

-—+-4+-+—2>
r vy z x+y+z+1 4

Bai 98. Cho x,y,z la cac sb thyc thoa: x +y + 2z = 0. Tim gia tri nhé nhat cta

120 —y| + |2y — 2| + |22 — x| — In\/14(22 + 32 + 22) + 1

. 10 10 . .
Bai 99. Cho z,y, 2z la ba s0 thyc thudoc khoang <_§; 5) Tim gia tri nhé nhat cta bieu
thtc:
1 1 1

P= + +
Va4 —at—2cosyz  \/4—yt—2coszz /4 —z* —2coszy

Bai 100. Cho x,y, z 1a ba s6 thyc thda man z +y + 2z = 0.Tim gia tri 16n nhat ctia biéu thric :

P=1n <\/14(x2 +y? 4+ 22) + 1>—(x6+y6+26)—|2x—y|—|2y— z|—|2z — x| —6 cos zyz
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6 PHU LUC 6.1 Loi gidi va nhan xét cau cic tri dé thi dai hoc khoi A 2013

6 Phu luc

6.1 Loi giai va nhan xét cau cuc tri dé thi dai hoc khéi A 2013

L&i giai bai bat ding thidc dé thi dai hoc khéi A nam 2013

Trong ki thi tuyén sinh dai hoc khéi A,Al dién ra vao ngay 4-5 thang 7 nam 2013 vira
qua,cau cic tri duge xem la mot trong nhitng cau danh dé va phan loai thi sinh nhat.Cho
dén thoi diém nay,c6 kha nhiéu 10i gidi khac nhau dude dua ra,céc 10i giai déu c6 mot su
tinh y,khéo 1éo nhat dinh.Chinh vi théhom nay téi xin dugce tong hop lai trinh bay dé
hiéu hon va c6 doi chit nhan xét vé bai toan nay.Nhing nhan xét déu chi l1a ¥ kién ca

nhan clia tic gid,chinh vi thé,c sai x6t gi mong nhan dudgc st gép ¥ clia cac ban.

~|Bai toan i )
Cho a, b, ¢ la ba s6 thuc duong thod man (a + ¢)(b+ ¢) = 4¢®. Tim gia tri nhé nhét ctia

biéu thitc
32a3 3203 va? + b2
pP= + -
(b+3c)®  (a+3c)3 c

\\

Loi gigi 1 (Ngo6 Hoang Toan)

. b b

Tu gia thiét ta co :(g +1)(-+1)=4Dat z = C—L,y =-z,y>0=(x+1)(y+1) =4
c c c c

Ta dua bat dang thic can chiing minh vé tim gia tri nho nhat cla

3223 32y3
P= a: y Va2 +y?

(3+y)3+(3+x)3_

Ta c6 danh gia sau :

A3+B3 > (A+B)3
- 4

That vay,bat ding thiic trén tuong duong véi
A®+ B* > AB(A+ B)

M2
A®+ B*=(A+ B)(A* + B> - AB) > (A + B)(2AB — AB) = AB(A + B)

Vay nén ta co

3223 3213 x v \°
>8(-—— - 279
(3+y)3+(3—|—x)3_ <3+y+3+x> Viety) vy

Ma(z+1)(y+1)=4=ay+az+y=3.

Theo AM —GM taco3=axy+z+y<
Dit t = 2 4 y,t > 2.Vay P viét lai thanh

245t —6\°
p:g(—+5 6) T

2t + 12

(z +y)*

1 +r+y=c+y>2.
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6.1 Loi giai va nhan xét cau cic tri dé thi dai hoc khoi A 2013 6 PHU LUC

3
@PzS(%) — V2 4+2t—6
Dat f(t)=(t—1)> —Vt2+2t -6

Ma ta co
(t—=1)>+1+1 > 3(t—1) do *=3t*+3t—1+1+1 > 3t—3 & t°—3t*+4 = (t+1)(t—2)> > 0 ding do ¢ > 2

nén P>3t—5—Vt2+2t—6
Khéo sat ham s6 trén va 1lap bang bién thien trén doan [2; +00).
Suy ra gia tri nhdé nhat cia P=1—+v2khiz=y=1haya=0b=c¢ > 0.

Loi gidi 2 (Lé Dinh Mén)
b )
Tadit z =2 >0, y= - > 0. Khi d6, gi& thiét tré thanh
C C

TY=3——Yy
+D)(y+1)=4 < azy+ax+y=3=
r+y>2

Biéu thitc duge viét lai nhu sau:

P =32 ° - — Va4 y?

Dé -

o 2+’ = (x+y)? +2x+y) — 6

3 n 1 n 1 N 3
o St )
(y+3)2 64 64 y+3
3 1 1 3
o« L 44— Y

y?f3+;f3—1—16> —V(@+y)?2+2x+y) —6
=3 +y) —5—V(@+y?2+2x+y) —6
Dit t = 2 4+ y > 2. Khio sat ham f(t) = 3t — 5 — V2 +2t — 6 trén [2;400) ta dugc
Ming, +00)f(t) = 1 — V2.
Vay min P = minp, o) f(t) =1—-V2 & t=2 & a=b=c>0.
Loi gidi 3 (V6 Quéc Ba Can)

b ? 2 Zz
Diit 2 = —;y = -.Khi d6 ta ¢6 ,(z + 1)(y + 1) = 4.Va bidu thitc P ¢6 thé viét lai thanh
C C

P232(

3223 32¢3
P = )3—1— 5 — Vi +y?

B+y (3+ )
Stt dung bat dang thitc AM-GM ta c6 :

6x 3223 6x

3223 N N S .
y+3  (B3+y)? " y+3

1
B+y)? 2

i
5>
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Tuong tu
3
32y S 6y B
B3+az)3 —x+3
Do do,
6x 6y
P> — 2 22
3 Tay3 VP TY

Téi day,tiép tuc st dung bat dang thic AM — GM ta lai c6

6 +3x(y+3)23962> 6 215x—3my.
y+3 8 y+3 8

Danh gia tuong tu ta ciing c6
6y S 15y — 3xy
T+3 8 '

Do d6 ta danh gia dugce

P> 15:17g3xy+15y;355y_

15 3
2 (:v+y)—zxy—\/552+y2—2.

Bay git ta ¢6 chi y ring gia thiét (z + 1)(y + 1) = 4 ¢6 thé viét lai thanh

r2+y? -2

ry+r+y=3

Tudétacod xy+2/zy <zxy+rz+y=3, ticry <lDatt=axyo<t<1lthitacéz+y=3—1
va

?+yt=(r4y)P?—22y=03-1t) -2t =1"—8t+09.

Do doé,
15 3 29
Ta co
f(t)— 21+ 4 —t B 21+ 4 —1t
8 VI2—8t+9 8 ({t—12—6t+8
21 4—t 21 4 —t
<—F—=—+ V4
- 8 v/ —6t+ 8 8 —6t + 8
21 3 2 3
< —— V4 —t< ——4+24/=<0
< 8—|— 5 < 8+ 2<

Diéu d6 ching t6 f (¢) 1a ham nghich bién trén (0;1] va ta thu duge
P>f(t)>f(1)=1-V2Vte (0]

Déng thitc xay ra khi v& chi khi 2 = y = 1,ttic a = b = ¢.Vay min P =1 — /2.
Loi gidi 4 (Tang Hdi Tuan)

3> 2./TY Iy — 1) (Vzy +3) <0
Tit oy + 24y =3 = 4 > WT2VTY <:>{<:”y ) (Vg +3) <

43< (z+y)’ +4(z+v) (x+y—2)(z+y+6)>0
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<1 L. az )
{ = St dung bat dang thitc AM-GM cho 3 so0 duong ta c6 ,

r+y>2
1623 n 1623 n 1 > 35 1623 1623 1 B 1222
+3° w+3° 47 V(+3)° w+3°>4 (y+3)°
164° o Loy 167 16y 1 122
3+(x+3)3+2123 3" 34 2
(x +3) (x+3)° (x4 3) (x +3)

Do dé

z? y? 1
P>12 + —— =2+ y?

y+3)?° (x+3)°] 2
St dung bat dang thitc Cauchy-Schwarz ta c6

[ 2 Y } L @4y
Wt " (2 +3)2] T 22(y+3)? + y2(z +3)°
12(2% + ¢)*
9 (2% 4+ y?) + 6y (z + yg + 2292
S 12(2? + y*)
T 922+ y?) +6.1.4/2 (22 +3y2) +2.12

32 (2 + )]

9
5.2(x2+y2)+6\/2(x2+y2)+2
Do do )
P> 312 (2* + 9] V2@ +y?) 1
_9 - - 5
5.2(x2+y2)—|—6\/2(a:2+y2)+2 V2 2
Dat t = /2 (22 +y2) > x +y > 2 ta dua vé tim gia tri nhé nhat cla
3t t 1 6t t
f(t) = ———— = — — — ~ t € [2;+00)

oo 3614 + 2813 1
+
)= ——— — —— Vte (2, +0
f'(t) (3t2+ 223 7 ( )
12t2 (9% 4 24t + 14)
"(t) = > 0,Vt € (2; 400
1) (3t +2)* ( )

Do d6 f'(t) 1a ham dong bién trén [2; +00) nén
C 3628 +282° 1 25 1 -0
(3.2+2)° V2 16 2
Do d6 f(t) 1a ham dong bién trén [2; +00) nén f(t) > f(2) =1 — /2.
Loi gidi 5 (Dién dan mathscope)
a+c | b+ c
vay=—— — xy =4.. Suy ra
c c
32(z — 1)°  32(y — 1)}
= —(r—1)24+(y — 1)
(y + 2)3 (z+2)3 \/( 2+ (y—1)
Dit t = 2 +y. Theo bat ding thic AM — GM ta c6

f'(t) = 1'(2)

bat x =
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1 g1
P>6($ + Y )—2—\/t2—2t—6.

= \y+2 "z+2

Co
r—1 y—1 2*+z+y*+y—4 *4+t—-12 t-3

+ = = = ,
y+2  z+2 (z+2)(y+2) 2(t + 4) 2

nenla P >3(t—3)—2— 12 —2t—6=3t— /12— 2t — 6 — 11.

Lai duing AM — GM ta c6

2
2 —+t —2t—6 o 6
V2 —2t—6 \/— = —2v2 - \/—.
2 42
Suy ra
P>3t— t+M—11+2\/§.
4v2
Vizy =4 nént > 4 suy ra
9  6v2 9 3 3 612
3t——+—\/_—<3— - >t+ e
44/2 t 412 42 44/2 t

9 3 3 6vV2
>3- 2 - 2 ).gp9) 2. Y212 3V2
_( 442 4\/§> 442t

Suy ra P > 1 —+/2.. Dau biing ¢6 xay ra khi a = b= cnén la min P = 1 — /2.

Loi gidi 6 (Trung tam luyén thi Thang Long)

Tit gid thiét ta o :(%+1)(g+1) — 4Dit o = “,y_ by > 0= (1) (y+1) =4
Ta dua bat dang thic can ching minh vé tim gia tri nho nhat ctia

323 32y°
+ =Y iy

T (B31y)P  (3+2)

Ap dung bét ding thitc phu 4(u® + v*) > (u 4 v)? v6i u,v > 0.Déng thitc xay ra khi u = v.

Véi u = < S i ta co
y+3 T+ 3

3 2 2 3
3 9
P28<i+ J ) S/ provan s v ke G ) e Yoy

3+y 3+ ry+3(x+y)+9
Déubéngxéyrakhivachikhiyi3:xi/_3:>;1::y
S=x+ .
Dat Y .diéu kien S? > 4P
P=uxy
Ta co
S>0
P=3-8 50 =52
2> 4p S >12—-4S5
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Thay vao ta duge

2 _ 3
P> {82%45126] —VS2+25-6=(S—-1)°-V524+25 -6

bat t = S — 1 diéu kién ¢t > 1.

P> —VE2+4t—-3=f(1)

Xét ham s6 f (t) tren khoang [1; +00).

t+2 t+2
") =3t - — =3t ——————
) VE+4t+3 (t+2)2_7

Vit>inen JIT2 72082 — 12 sgp T2

(t+22—-7" V2
Suy ra
’ t+2  3t(V2t—1)+3(t—1)
V2 o V2

Suy ra f (t) 1a ham dong bién trén khoang [1; +00) nén

fl(t) > 3t* — > 0

N

P>ft)>f(1)=1-

Vay gia tri nhd nhat ciia P1lal—+v2khiz=y=1haya=0b=c.

< b
Loi gidi 7 ( dien dan mathscope ) Dat x = g, y=-suyraxy+axz+y =3, lai co
c c
2 2
xy < (w—Zy) nén <$Zy) +rx+y>3—x+y>2vazy <1 Xét biéu thic:
T y  2zy+3@x+ty) 2zy + 3(x + y) 1

+ — — —
r+3 y+3 ay+3x+y)+9 ay+3x+y) +3xy+r+y) 2
St dung bat dang thic AM-GM cho 3 s6 duong:

12a?

16a3 16a3 1
4 (b + 3¢)?

b+3° " (b+307

+

v

Hoan toan tuong tu:
12b°

(@ +3c)?

1663 n 1663
(a+3c)®  (a+3c)

v

1
3+A—L

Suy ra:
32a° 320° a? b2 1
> 12 — = (1
G137 arsep 2 Parsr T oragr 22W

a b a? b?

1
a+30+b+30_§ (a—|—3c)2+(b+3c)2

Do d6
a? N v 1
(b+3c)?  (a+3c¢)? 8
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a’ b? a? b?
(b+ 3c)? + (a+3c)? (a+3c)2 (b+3c)?
_ (@ =0")((a+3c)* — (b+3¢c)?) _ (a—0b)*(a+Db)(a+b+6e)
(b+ 3¢)%(a + 3¢)? (b+ 3¢)%(a + 3¢)?

Dox+y>2néna+b>2cdods (a+b)(a+ b+ 6c) > 16¢* Mat khac

(b+3c)(a+ 3c) = ab+ 3c(a + b) + 9¢* < 3(ab + be + ca) + 9¢* = 18¢°

nén
a® n b? _1>
(b+3c)?  (a+3c)? 8~
a—"0)2a+b)(a+b+6c) _ 16(a—b)*> 4(a—b)?
( g _
(b+3¢)%(a + 3c)? — 1822 8le?
Do do6 ) ) )
19] a N b _l]>16(a—b) 2)

(b+3¢)?  (a+3c)? 8 27¢?

b
Lai c6 xy < 1 nén a_2 < 1. Do dé:
c

/02 2 —_ h)2 2
a/‘l—b _\/52 (a b) + ab—\/i
C

(a — b)?
(a —b)? 2 (a —b)?
< ——+2-V2= < < 7 (3)
c (a —Qb) 243 2v/2.c

Tu (1),(2) va (3) suy ra

le—\/§+(;—(;—2—\1/§)w>1—\/§

Déng thitc xay ra khi a = b = c. O

Nhan xét: Bai toan nay ching qua la sy doi bién ciia cac bat dang thitc dé dua vé bai toan
ba bién a, b, ¢ chit that ra ban chat bai toan chi 1a viéc gidi bai toan hai bién ma thoi.
Chiing ta c6 thé xét dén bai tap tuong tu nhu sau:

N 1 1 . ,
Bai 1. Cho z,y € (0,1] théa man dieu kiéen — 4+ — = 6. Tim gia tri nh6 nhat ctia cta bieu
r Yy
thic :
341  3y+1

- 3 3
9y% + 1 oz 1 T BBy +2)

Bai 2. Cho cac s6 thuc o,y > 0 va thda man = +y + 1 = 3zy. Tim gié tri 16n nhat clia bicu
thc :

p_ BT 3y _(1+1>
Cylw+1)  a(y+1) 2 g2
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6.2 Mot so ki hiéu dung trong tuyén tap 6 PHU LUC

6.2 Mot sb ki hiéu dung trong tuyén tap

MOT SO Ki HIEU TRONG TUYEN TAP

1. BDT
Bat dang thiic (6.1)
2 GTLN (max),GTNN(min)
Gia tri 16n nhat,Gia tri nho nhat (6.2)
3 Tong hoan vi
Z(azb) = a’b + b’c + c’a (6.3)
cyc
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