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Chng &

PHUONG PHAP TOA PO
TRONG KHONG GIAN

TOA PO VEC TO - TOA PO DIEM

e LY THUYET CAN NHO

1. He truc toa do Oxyz

{3 Gom ba truc doi mot vuong goc: truc Oz, truc Oy va truc Oz.
{3 Ba véc to don vi 0= (1;0;0), 7 = (0;1;0), %= (0;0;1).
A Chiy:
@7 l7:7L

Bl Lk

)

@ |7|=|7|=[k|=1

{3 Cac mat phing (Oxy), (Oyz) va (Ozz) duge goi la cac mat
phang toa do.

2. Toa do veéc to
23 Cho T = (a,b,c) thi T =a-i +b-j +c- k.

£} Cho hai véc t0 @ = (a1; az; az) va b = (by;by; bs) . Khi d6

Noi Pau Cé Y Chi & P6 C6 Con Pudng

!

@ i?)):(alﬂ:bl;azibg;agﬂ:bg).
@

k‘_C—l) = (kal; kCLQ; ]{?ag), véi k € R.

N a; = by R
@ ad=be<{ aa=0by, . Dachiet @ = 0 & a; =as = a3z = 0.
az = bz

@E’chngphUOngV(’jiT;(:)Elk‘ € R: @ = k:-_b), (_b)#ﬁ)) hayﬂ -

(bibsbs #0) .

3. Tich vo huong va iing dung
{3 Dinh nghia: Cho @ = (ay;as;a3) va b= (b1;b9;b3) . Khi d6
B Th.S Nguyén Hodng Viét — 80905.193.688




J 1. TOA DO VEC TO - TOA DO DIEM Két néi tri thire véi cude séng

o

[ 2.5 =|2|.|?]| cos ((_1', 3) = ay.b; + ay.by + as.bs

{X Céac ing dung:

® Tinh do dai: |@| = \/a? + a3 + a3.
> @b by + ag.by + as.b >
@ Tinh goc: cos(c_z’,b): a4 = G101 + 3252 + G35 (a’,b %O)
3_‘3‘ Vai + a3 +a3\/bf + 05 + 03

® Chitng minh vuong goc: @ L T; & E’.T; =0< ay.by + as.by + az.bs = 0.

4. Tich co hudng va ng dung

{3 Cong thitc toa do: Cho @ = (ay;as;as) va b= (b1;ba; b3). Khi do, tich ¢6 hudng ciia hai véc

—>
a

to 1& mot véc to ki hiéu 1a [ , T; va dugc tinh theo cong thic sau:

«@-

> [E’T;}:(GQ s I Y a2):(ab—ba'ab—ba'ab—ba)
m ) b2 bg 3 bg bl ) bl b2 2U3 203, L3V1 341, 4102 102
c

o]

O {xchay:

I — —

c ® Goi = [d, 0| thh @ Ldvam LD
) N > -

:>; @ @ cing phuong véi b < [Tz’, b} =0

O @ Diéu kien 3 véc to @, 3, ¢ dong phéng 1a | @, b 2=0.

2

« A ger

= 5. Toa do diem

— s s

(.>|) {3} Xac dinh toa do diém M (dic biét) trén he truc Oxyz:

® M € Ox = M (z;0;0). @ M € Oy = M (0;y;0) @ M€ Oz= M(0;0; 2)
@ M e (Oxy) = M (z;y;0) ® M e (Oyz) = M (0;y;2) © M e (Oxz)= M (z;0;2)

{3 Xac dinh toa do mot diém M bat ki (khong diic biét) p
® Chiéu vuong goc diem M len (Oxy) thanh M;; M Y
@ T M, , ha vuong goc vao cac truc Oz, Oy dé xac dinh hoanh T
Ty VA tung yas; ol 1
@ Tu M, ha vuong goc véi truc Oz dé xéac dinh cao do zyy; 561\/ \‘\\\\i/ . Yy
@ Két luan toa do M (zar; yar; 2m)- - 1 M

{3 Cho diém A (v4;ya;24) , B (5;ys; 28), C (xc;yc; 2¢). Ta cb
® AB = (25 — 2A:Yp — YA 25 — 24).

@ AB = \/(wB —24) + (yp —ya)’ + (2 — 2a)%.
Bi Th.S Nguyén Hoang Viét — @ 0905.193.688 RUGEILl




J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

y'- 4
® M la trung diém ctia doan AB thi M (mA—;IB; yA‘;yB; ZA-IQ_ZB)‘
@ G la trong tam ciua AABC thi G (xA +x; +:vc; Yya +y§ +yc; ZA +z§ +zo)'

® Diéu kién ba diém A, B, C thang hang: AB ciing phuong AC.
6. Cong thiic tinh dién tich, thé tich

1 —_ ——>
¥ Dien tich tam gidgc ABC:  Sapc = 5' |AB, AC]| '
¥ Dien tich hinh binh hanh ABCD:  Sapcp = ' [AB, AD| ‘
2 £ 1 —_— —> —
3 Thé tich khéi t¢ dien ABCD:  Vapep = 6’ |AB, AC]| -AD‘.

e PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Tat ca bai toan dudi day déu xét trong khong gian Ozyz.

& Dang 1. Toa do véc to

[
>Vidu 1. Cho @ v b ddu khac 0. Didu kien dé @ vuong géc véi b la

T-b=0. BT+b5=0. ©3zb =0 @ [a,b]=T7.

® Loi gidi.

Vidu 2. Cho céac véc to @ = (1;-2;1), b= (1; —2; —1). Két luan nao sau day la dung?

BT=7-27-% ®F=i-27+%

b=1i
©T+1b = (2,—4;-2). DT+ =(2-40).

D Ldi gidi.

>Vidu 3. Cho @ = (1;—1:3), b = (2;0;—1). Tim toa do véc-to & = 2@ — 3b.
@ u = (4;2;-9). B ¢ = (—4;-2;9). @ v =(1;3;—11). @ U = (—4;-5;9).

o Li gidi.
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J 1. TOA DO VEC TO - TOA DO DIEM Két ndi tri thic vai cudce séng

[

(@
>
o)

ALV

$SVidu 4. Cho ba vécto @ = (-1;1;0), b= (1;1;0), € = (1;1;1). Trong cdc ménh dé sau day,
ménh dé nao sai?

A 7] = V2. 2] = V3. ©37LY. @213

OVidu 5. Cho hai véc-to & = T3+ % ova T = 7\/5 +%. Tinh T - 7.

A2 ®) 1. ©-3. D) 3.

® Li gidi.

Vidu 6. Cho @ = (2;—1;1), ¥ = (0; —3; —m). Tim s6 thuc m dé ¥ - ¥ = 1.

@m:4. m= . @mz . @m:—2.

—

$>Vidu 7. Cho hai vée-to @ = (1;2;3) va b = (2; —1;4). Tinh tich c6 hudng ciia @ va b.
A [@,b] = 1;-31). [@. 0] = (11;-2;5).
@ [5’, ?))} =(3;1;7) . @ [5’, T;} = (11;2; -5) .

® Li gidi.
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y £ £

$>Vidu 8. Cho ba vects @ = (1;0; —2), b = (—2;1;3), ¢ = (—4;3;5). Tim hai s6 thyc m, n sao
chomad +nb = 7.

@m:2;n:—3. m:—2;n:—3. @mzZ;n:& @mz—Z;nz&

® Loi giai
—— AN
$OVidu 9. Dé hai vects @ = (m;2;3) va b= (1;n;2) cing phuong, ta phai c6
1 3 2
m=g "= g ~ 3 =3
R, h ©45 0) i
= — — — n—= — = —
"T3 "T3 3 3
e
® Loi giai

P66 C6 Con buong

3 o

$®Vidu 10. Cho vec to @ = (1;—2; —1) va b= (2;1;—1). Gia tri ctia cos ( @, 3) a

(@ >
® - : ©L ® 2 5

hi O

2
>
D Loi gidi. 0
O
.................................................................................................... :
.................................................................................................... O
QA
- —> —> o
$OVidu 11. Cho hai vecto @ va b théa man |@| = 2v/3, ] b‘ =3 (2,0) =30 Do dai ctia | =

vects 3@ — 2b béang

(A) —54. 54. ©o. D) 6.

® Loi gidi.
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J 1. TOA DO VEC TO - TOA DO DIEM K&t néi fri thire véi cude séng

o

$OVidu 12. Cho vecto @ = (2, —1,—2) va b thod “b’( —6va ‘a’— 6" — 4. Tinh ‘3+ Z‘.
(&) V74 2v/21. ©) val. D)s.

e
«@D-
S
O % Dang 2. Toa do dié
c &= Dang 2. Toa do diém
qe)
O
I —
5 $SVidu 13. Cho A(1;5; —2); B(2;1;1). Toa do trung diém I ciia doan thing AB la
u 3 1 3 1 3 1
:>,. @1(5,3,—5). 1(5,3,5). @1(5,2,—5). (D) I(3;6;—1).
2 E—
.. ® Loi gidi
»n
L
h ....................................................................................................
S
O

$SVidu 14. Cho tam giac ABC, biét A(1;—2;4), B(0;2;5), C(5;6;3). Toa do trong tam G cia
tam gidc ABC' la

(A) G(2;2;4). G(4;2;2). (©)G(3:3;6). (D) G(6;3;3).
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J Chuong 3. PHUGNG PHAP TOA BO TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

AL

—>

$>Vidu 15. Cho diém A(1;2;3)va diém B théa man hé thitc OB = % —37. Tim toa do trung
diém M ctia doan thang AB.

(A) (—4; —2; —2). (—1;1;2). (©) (4;2;2). D) (-2;—1;-1).

 Loi gidi.

$>Vidu 16. Cho diém A (1;—2; —1) va B (2;—1;3). Do dai ciia véc to AB 1a
@) |4B| = 3v2. 48| = v2 ©|4B| -2 D |4B| =1s.

$SVidu 17. Cho ba diém A(1;3;2), B(2; —1;5),C(3;2; —1). Tim toa do diém D sao cho tit giac
ABCD la hinh binh hanh.

(A) D(2;6;8). D(0; 0; 8). (C) D(2;6; —4). (D) D(4; —2; 4).

Noi Pau Cé Y Chi & P6 C6 Con Dudng

$oVidu 18. Cho A(1;—1;0), B(0;2;0) va C(2;1;3). Toa do diém M théa man MA—MB+MC =
0 la
(A) M = (3;2; -3). M=(3;-23). O©M=(3-2-3. D M=(323).

EEICh B Th.S Nguyén Hoding Viét — 8 0905.193.688




J 1. TOA DO VEC TO - TOA DO DIEM Két ndi tri thic vai cudce séng

ALV

$SVidu 19. Cho hinh hop ABCD.A'B'C'D’; véi A(—3;0;0), B(0;2;0), D(0;0;1) va A’(1;2;3).
Tim toa do diém C'.

(A) C'(10; 4; 4). C'(—13;4;4). (©) C'(13;4;4). (D) C'(7;4; 4).

® Loi gidi.

-
<q,. ....................................................................................................
S
O
C
'8 $OVidu 20. Cho A(2;1;4), B(2;2;6), C(6;0;1). Tich AB - AC bing bao nhiéu?
T —7 5. (©-12. D) 3.
C
¢
l q>,. ® Loi giai
-
O
P
»n
L
[
6 $SVidu 21. Cho tam gidc ABC ¢6 A(—1;-2;4), B(—4;-2;0), C(3;—2;1). S6 do ctia goc B
la

(A) 45°. (B) 60°. (©) 30°. (D) 120°.

o Li gidi.

$Vidu 22. Cho ba diém M(2;3;1), N(3;1;1) va P(1;m — 1;2). Tim m dé¢ MN L NP.

®m=—4. m=2. @m—l @sz.

® Loi gidi.
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y £ £

$SVidu 23. Cho ba diém A (2; —3;4), B (1;y; —1), C(x;4;3). Biét ba diém A, B, C thing hang.
Tinh tong 5z + y.

(A) 41. 40. (©)42. (D) 36.

$>Vidu 24. Cho diém A(3; —1;5), B(m;2;7). Tim tat ci cac gia tri cia m dé AB = 7.
@szhoéem:—?). (B) m = —3 hoic m = —9.
@szhoécm:?). @m=3hoacm=—3.

P66 C6 Con buong

$SVidu 25. Cho hai diém B (0;3;1), C(—3;6;4). Goi M la diém nim trén doan BC sao cho
MC =2MB. Tim toa do diém M. O

(A) M (—1;4; -2). (B) M (-1;4;2). (©) M (1;—4; —2). (D) M (—1; —4;2). ‘c

$OVidu 26. Cho tam giac ABC cb AB = (—3;0;4),14—C’) = (5;—2;4). Do dai trung tuyén AM
bang

(A)3v2. 42, (©)2v3. (D) 5v/3.

VEEICL B Th.S Nguyén Hoang Viét — @ 0905.193.688
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ALV

$SVidu 27. Cho tam gisac ABC c6 A(1;2;—1), B(2;—1;3), C(—4;7;5). Goi D(a;b;c) la chan
dudng phan giac trong géc B clia tam gidc ABC'. Gia tri clia a + b + 2c¢ bang

A 5. (B 4. ©)14. (D) 15.

)

$SVidu 28. Cho tam giac ABC, biét A(1;1;1), B(5;1;—2), C(7;9;1). Tinh do dai dudng phan
giac trong AD cia goc A.

oL 27 ©sv7a ®27,

$SVidu 29. Cho tam giac ABC c6 A(—2;0;2), B(1;4;2), C(—5;4;2). Tim toa do tam I cla
dudng tron noi tiép tam gidc ABC.

I B Th.S Nguyén Hoang Viét - @ 0905.193.688 RUEEI{el
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& Dang 3. Hinh chiéu, déi xng qua cdc truc, cdc mdt toa do

& Chiéu len "thanh phan" ndo thi "thanh phan" d6 giit nguyén, cac "thanh phan" khac bang
0.

& D6i xting qua "thanh phan" nao thi "thanh phan" dé giit nguyén, cac "thanh phan" khac
doi dau.

$5Vidu 30. Cho diém A(—2;3;1). Hinh chiéu vuong goc ciia diem A lén truc Oz c6 toa do 1a

(A) (2;00). (0;—3; —1). © (-2;0;0). @ (0;3;1).

 Loi gidi.

$SVidu 31. Hinh chiéu ctia diém M (1; —3; —5) trén mit phang (Ozy) c6 toa do 1a

& (1;-3;5). (1;-3;0). ©(1;-3;1). ® (1;-3;2).

® Loi gidi.

EEICh B Th.S Nguyén Hoding Viet — 8 0905.193.688
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o

$OVidu 32. Cho diém A (3;—1;1). Diém ddi xing ctia A qua mat phang (Oyz) la diém
(A) M (-3;—1;1). B N (0;—1;1). (C) P (0;—1;0). (D) Q (0;0;1).

® Loi gidi.

$SVidu 33. Cho diém A(—3;2; —1). Toa do diem A’ déi xtng véi diém A qua gbc toa do O 1a
(A) A'(3;-2; 1). A'(3:2; -1). (©) A'(3;—2;—1). (D) A'(3;2;1).

<m. ....................................................................................................
>

8’ $OVidu 34. Cho diém A(—2;3;4). Khodng cach tit diém A dén truc Oz la

,8 A) 4. ® 3. (©)s. D) 2.

L si a2

c ® Loi giai.

& Dang 4. Tinh dién fich va thé fich

$SVidu 36. Cho ba diém A (—2;2;1), B(1;0;2) va C (—1;2; 3). Dién tich tam giac ABC bing

@%. 3+/5. (©)4v/5. 5
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J Chuong 3. PHUGNG PHAP TOA BO TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

AL

$SVidu 37. Cho hinh binh hanh ABCD c6 A(1;1;1), B(2;3;4), D(6;5;2). Dién tich ctia hinh
binh hanh d6 bing

A) 2/83. V/83. (©)8s. D)

w0

 Loi gidi.

O

.................................................................................................... C

.................................................................................................... o)

>

n)

$>Vidu 38. Cho bén diém A(0;1;1), B(—1;0;2), C(—1;1;0) v& D(2;1;—2). Thé tich khéi tit C

dien ABCD bing o

OF ®° ©¢ OF o

6 3 5 2’ ‘0

O

® Loi gidi. ‘O

N

.................................................................................................... O

.................................................................................................... pa—

L

.................................................................................................... O

.................................................................................................... \>

.................................................................................................... \o

.................................................................................................... (@)

-

$SVidu 39. Cho ba diém A(2;1;—1), B(3;0;1) va C(2; —1;3). Tim toa do diém D thuoc Oy sao | LA

cho thé tich ctia khéi tit dien ABC'D bang 5. 6
D(0; -8;0) D(0; —7;0)

D(0; —7;0). D(0;8;0). : : <

® Loi gidi.
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.
e BAI TAP TU LUYEN

Cadu 1. Trong khong gian Ozyz, cho @(1;—2;3); b =27 —3%. Khi d6 toa do @ + b 1a

() (3;—20). (3;=5; 3). ©)(3;-50). D) (1;2,-6).
CAu 2. Trong khong gian Ozyz, cho @ = — 1 +2j — 3k. Toa do clia véc-to @ 1a

(W) (2-1;-3). (~3;2;-1). ©(2-3-1). D) (-1;2;-3).
Cdau 3._)Trong khong gian Ozyz, cho @ = 27 + 3] — kb = (2;3;—7). Tim toa do cla ¥ =
24 —3b.

@?: (2; —1;19). 7 =(-2;3;19). @Y: (—2;—3;19). @Y: (—2;—1;19).
Cadu 4. Trong khong gian Oxy, cho A(1; —1;2) va B(—1;0;1). Toa do véc-to AB 1a

(A)(2;-1;1). (=2 -1;-1). ©(-21;-1). D) (0;-1;3).
Cdu 5. Trong khong gian Ozyz, cho diém A(2; —1;3). Hinh chiéu ctia A trén truc Oz 13
L (AQE2-1;0). P(0;0;3). (C)N(0; —1;0). (D) M(2;0;0).

‘D" cau 6. Trong khong gian Ozyz, cho diém A(3;—1;1). Hinh chiéu vuong goc ciia diém A trén mit

> phang (Oyz) la diém

C:» (A) M (3;0;0). N(0;—1;1). (C) P(0; —1;0). (D) Q(0;0; 1).

'8 Cdu 7. Trong khong gian Oxyz, cho diém M (3;1;0) via MN = (—1;—1;0). Tim toa do ctia diém
T N.

(A N(4;2;0). N(—4; —2;0). (C)N(-2:0,0). (D) N(2;0:0).

= Cdu 8. Trong khong gian Oxyz, cho hai diem A(—1;5;3) va M(2;1; —2). Tim toa do diém B biét M
=) 13 trung diém cta doan AB.

= B (%%3; %) B(—4;9;8). (C)B(5;3; 7). (D) B(5; —3; —7).

N
L CdAu 9. Trong khong gian Ozyz, cho hai diem A(1;2;3), B(—1;0;1). Trong tam G ctia tam giac OAB
c6 toa do 1a

(A)(0;1;1). (0; g%) (©)(0;2;4). D) (-2;-2-2).

Cau 10. Trong khong gian Ozyz, cho M(3; —2;1), N(1;0; —3). Goi M’, N’ 1an lugt 1a hinh chiéu cta
M va N len mit phang Oxy. Khi d6 do dai doan M'N’ 1a

(A) M'N' =38, M'N' =4, (C)M'N' = 2v/6. (D) M'N' = 2V/2.
Cdu 11. Trong khong gian Ozyz, cho 3 diem A (—1;1;2), B(0;1;—1), C(x + 2;y; —2) thing hang.
Toéng = + y bing

Ch Ob G o5

Cdu 12. Tt giac ABCD la hinh binh hanh, biét A(1;0;1), B(2;1;2), D(1;—1;1). Tim toa do diém
C.

(A) (0;-2:0). (2;2;2). ©(2:0:2). D) (2,-22).
Cdu 13. Trong khong gian Ozyz, cho diém M(—2;5;1). Khodng cach tit M dén truc Oz bang
(A) V2. ® 2. CV5. D) V26.

Cau 14. Trong khong gian Oxyz, cho ba véc-to @ = (1;2;3), b= (=2;0;1), € = (—1;0;1). Toa do
clavée-to m =d + b +2¢—317 1a

GvT
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.
(A) (=6;2;6). (0;2:6). (C) (6;2; —6). (D) (6:2;6).
Cadu 15. Trong khong gian Ozyz, cho hai vecto @ = (1;0; —3) va ¥ = (—1;—2;0). Tinh cos (U; 7).
cos (0; V) = cos (; V) —
® 5f ® \/E
cos (U; V) = . cos (U; V) =
© \/1_0 5f

Cdu 16. Trong khong gian Oxyz, cho hai vecto ¥ = (1;1; —2) va ¥ = (1;0;m). Goi S 1a tap hop cac
gi4 tri m dé hai vecto ¥ va ¥ tao v6i nhau mot goc 45°. S6 phan tit clia S 1a

(A) 4. ®) 2. ©1. (D) Vo sb.
Cdu 17. Trong khong gian Ozyz, cho hai diém B (0;3;1), C' (—3;6;4). Goi M la diém nam trén doan
BC sao cho MC = 2M B. Tim toa do diém M.

(A) M (—1;4; —2). B) M (—1;4;2). (C) M (1;—4; -2). (D) M (-

Cau 18. Trong khong gian Ozyz, cho tam gidc ABC trong tam G. Biét A(0;2;1), B(1;-1;2),
G(1;1;1). Khi d6 diém C c6 toa do la

B (22;4). (=2:0:2). ©2%-3-2. D@20
Cdu 19. Trong khong gian Oxyz, tim s6 thuc a dé vec-to ¥ = (a;0;1) vuong goéc véi vec-to v =
(2;—1;4).
@az—?. a:2. ©a24. @a:—4.
Cdu 20. Trong khong gian Oxyz, dé hai véc-to @ = (m;2;3) va b= (1;n;2) cung phuong thi m+n
bang
11 13 17
—. —. —. 2.
6 9 6 6 @

Cdu 21. Trong khong gian Oxyz, cho hai diém A(—2;1;0) va B(—4;3;2), toa do diém M thudc truc
Oy sao cho M céach déu hai diém A va B la

(A) (6;0;0). (0;6;0). (C)(0;-6;0). (D) (0;0;7).
Cadu 22. Trong khong gian Oxyz, cho hai véc-to @ = (—2;—3;1), b= (1;0;1). Tinh cos(d, 3)
1 o 1 Y 3
2V 2V/7 2V7 2V/7

Cadu 23. Trong khong gian Oxyz, cho tam giac ABC vé6i A(1;2;1), B(—3;0;3), C(2;4;—1). Tim toa
do diém D sao cho tit gidc ABCD la hinh binh hanh.
(A) D(6;~6;3). D(6:6:3). (€ D(6;~6; -3). (D) D(6;6;-3).

Cadu 24. Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D’ ¢6 A(0;0;0), B(a;0;0), D(0;2a;0),
A’(0;0;2a),a # 0. Tinh do dai doan thing AC".

3la
A lal. 2al. ©)3lal. OEY
Cadu 25. Trong khong gian Ozyz, cho A(1;2; —1), B(0; —2;3). Tinh dién tich tam gidc OAB.
Che B ey o2

Cdu 26. Trong khong gian Oxyz, cho ti dien ABCD c6 toa do cac dinh 1a A(0;2;0), B(2;0;0),
C(0;0;2) va D(0; —2;0). S6 do goc gitta hai duong thang AB va CD bang bao nhiéu?

(A) 30°. 45°. (C)60°. (D) 90°.
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o

Cadu 27. Trong khong gian Ozyz, cho tam giac ABC ¢6 A(0;2;2), B (Z, —1;2), C(4;-1;2). Tim

toa do D la chan duong phan giac trong vé tit dinh A cua tam giac ABC.

(A)D(3;1;-2). D(3;-1;2). (©)D(-3;1;2). (D) D(~3;-1;2).
Cdu 28. Trong khong gian Ozyz, cho hai diém A (1;2;1), B(2; —1;3). Diém M (a;b; ¢) 1a diém thuoc
mit phang (Ozy) sao cho M A? — 2M B? 16n nhéat. Tinh P =a + b+ c.

(A)P=-1. B P=T1. ©P=5s. D) P=2

Cadu 29. Trong khong gian Ozyz, cho tam giac ABC ¢6 A(2; —7;2), B(2;—10;2), C(2; —7;6). Tim
toa do tam I ctia dudng tron noi tiép tam giac ABC.

(A) (2; —177;4). (2;—8;3). © (2; —8; ?) D) (2; g; —2).

Cdu 30. Trong khong gian Oxyz, cho diém A(0; —2; —3), B(—4; —4;1),C(2; —3;3). Tim toa do clia
diém M trong mit phang Ozz sao cho M A? + M B? 4+ 2M(C? dat gia tri nhé nhat.

(A) (0;0;3). (0;0;2). (C)(0;0;1). (D) (0;0; —1).

5-'1_" -~ HET
>

(@)

C

o]

(o)

XL

| -
()]

>

- |

(@)

2

»n

i -

-

>

()

Bi Th.S Nguyén Hoang Viét — @ 0905.193.688 RUGEILl



J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

o

Bt a PHUGNG TRINH MAT CAU
_—

Q LY THUYET CAN NHO

1. Dinh nghia

{3 Trong khong gian, tap hop tat ca cac diém M cach diém I ¢6 dinh mot
khoang khong ddi 7 (r > 0) cho trude dude goi la mat cau tam I ban
kinh R. Ki hieu S(I;7) hay viét tat 1a (.9).

{3 Vay S(I; R) = {M|IM = r}.

N

2. Phuong trinh mit cau
{3 Trong khong gian Ozyz, mat cau (S) tam I(a;b; c) ban kinh r ¢6 phuong trinh la
(x—a)* +(y—0b*+(z—c) =r
{3 Dang khai trién

2?24+ + 22 —2ax — 2by —2cz+d =0, véid=a®>+ >+ —1? > 0.

e PHAN LOAI, PHUONG PHAP GIAI TOAN

& Dang 1. Xdc dinh tam I, bdn kinh » ca mat céu cho trudc

® Loai 1. Cho (S): (x —a)*+ (y—b)>+ (2 —¢)*> =r* . Khi d6
® Tam I (a;b;c) (doi dau sb trong dau ngoac);
@ Ban kinh r (Rat can vé phai).
® Loai 2. Cho (9): 2% + y? + 2% — 2ax — 2by — 2cz + d = 0. Khi d6
® Diéu kien dé (*) 1a mat cau 1a a® + b2 + 2 — d > 0;
® Tam I (a,b,c) (ddi dau he s6 ciia x, y, z va chia doi);
® Ban kinh R=+vVa2+b2+c2—d.

Cac vi du sau day déu xét trong khong gian Oxyz.

$SVidu 1. Cho mit cau (S): (x —2)2+ 4%+ (2 +1)? = 4. Toa do tam I ctia mit cau () 1a

(A)I(2;1-1). 1(2;0; —1). (©)1(-2;0;1). (D) 1(-2;1;1).

® Ldi gidi.
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Viet

~

Gv Ths: Nguyén Hodng

$OVidu 2. Cho mit cau (S) ¢6 phuong trinh (z+4)? + (y — 3)* + (2 +1)? = 9. Toa do tam I cua
mat cau (9) la

B I(4;-3;1). I(—4;3;1). (©)1(—4;3;-1). (D) I(4;3;1).

o Li gidi.

$SVidu 3. Cho mit cau (S) c6 phuong trinh z2 + y? + 22 — 2z — 4y + 62 — 2 = 0. Tim toa do
tam I va ban kinh R cia mat cau (S).
(A)I(1;2;—3) va R = 4. ®) I(

(C)I(1;2;-3) va R = 16. D) I(

;—2;3) va R=4.

—1
—1;-2;3) va R = 16.

® Loi gidi.

$SVidu 4. Cho miat cau (S): 222 + 2y? + 222 + 122 — 4y + 4 = 0. Mat cau (S) c6 duong kinh
AB. Biét diém A(—1;—1;0) thuoc mat cau (S). Toa do diém B la

(A) B(=5;3; -2). B(—11;5;0). (C)B(-11;5;—4). (D) B(-5;3;0).

® Loi gidi.

& Dang 2. Mdt c&u dang khai trién (S): 22 +y?+ 22 —2ax —2by —2cz+d =0 (1).

@ Bai toan 1. Kiém tra hoiic tim diéu kién dé dang nay la mot phuong trinh mat cau.

e Xac dinh cac hé s6 a, b, ¢ va d.
e Kiém tra: a® 4+ b? +c® — d > 0 thi (1) la phuong trinh mat cau; a + % + ¢ —d < 0 thi
(1) khong 1a phuong trinh mat cau.
@ Bai toan 2. Xéc dinh tam va ban kinh cia (9).

e Tam I (a,b,c) (d6i dau he s6 clia z, y, z va chia doi);
e Ban kinh R = Va2 + b2 + ¢ — d.
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y £ £

$SVidu 5. Phuong trinh nao dudi day 14 phuong trinh ctia mot mat cau?

(A)z?+12+22— 20 +4y+32+8=0. (B)a?+32+ 2% — 20+ 4y +32+7=0.
©a® +y? 2 +4y—1=0. (D) a2+ 22— 2z +62 —2=0.
D L&i gidi.

$SVidu 6. Phuong trinh nao duéi day 14 phuong trinh mat cau?

@x2+y2—z2+4x—2y+6z+5=0. m2+y2+z2+4m—2y+6z—|—1520. 2’
©$2+y2+z2+4m—2y+z—120. @m2+y2+z2—2x+2my+62—520. 'g
n]

® Loi gidi. C

J o)
.................................................................................................... O
.................................................................................................... ‘O
O

‘O

&SVidu 7. Cho mat cau (S9): 22 +y* + 22 — 22 — 4y + 42 — m = 0 (m la tham s6 ). Biét mat cau O
¢6 ban kinh bang 5. Tim m.

(A)m = 25. (B) m = 11. (©m =16. (D) m = —16. =
O
>
® Loi giai O
O
.................................................................................................... 5
.................................................................................................... <c
)
[r— ©
$OVidu 8. Cho phuong trinh 22 + 42 + 22 — 2mz — 2(m +2)y —2(m +3)z + 16m+ 13 =0. Tim | =
tat ca cac gia tri thuc ctia m dé phuong trinh trén 1a phuong trinh ctia mot mat cau.
@m<0haym>2. m§—2haym20.
©m<—2haym>0. @mSOhaymZQ.
N\ ——
® Loi gidi.
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o

$OVidu 9. Mat cau (S) : 22 + y? + 2% — dma + 4y + 2mz + m? + 4m = 0 ¢6 ban kinh nhé nhét
khi m bang

®L ®1L GEE ®o.

® Li gidi.

-
«@D-
> ~ NI—
o)) & Dang 3. Lap phuong trinh mat cau
C
'8 @ Phuong phap chung: Can xéc dinh duge toa do tam I (a;b;c) va do dai ban kinh r.
I @ Cac bai toan cao ban:
c
1<ﬂ>)~ ® Mat cau c6 tam I (a;b;c) va di qua diém A (z4;94; 24) thi ban kinh
- |
(0)) r=TA=/(za— 20>+ (ya — y1)* + (24 — 21)".
2
& @ Mit cau (S) ¢6 duong kinh AB thi
c 2
- e Tam [ (a;b;c) la trung diem ciua AB hay [ (IA —5 xB; L —5 yB; A —g ZB).
>
2 2 2
(D e Ban kinh r = AB = \/(xB v4) vz — ya) (25 — 24) .

2
® Mat cau qua bon diem A, B, C, D khong dong phang (ngoai tiép tit dien ABCD)
e Cdch 1: Goi tam I c6 dang I (a;b;c) , giai he diéu kien A = IB = IC = ID.
o Cidch 2: Goi (S) ¢6 dang 2% + y* + 2% — 2ax — 2by — 2cz +d = 0 (¥)
Thay toa do 4 diém A, B, C, D vao (*), ta dugc hé phuong trinh 4 an s6 a, b, ¢, d;
Gidi tim a, b, ¢, d. Suy ra tam I (a,b,c) , ban kinh R = a2 + b2 + ¢2 — d.

A Ngodi cac dang nay, mot so bai todn lap phuong trinh mdt cau (dang khdc) sé duoc zét
tiép J cdc bai hoc sawu.

$SVidu 10. Mt cau tam 1(3; —1;0), ban kinh R = 5 ¢6 phuong trinh 1a

A (z+3)* + (y— 1) + 22 = 5. ® (z -3+ (y+ 1)+ 22 =5.
(©(z—3)2+ (y+1)% + 22 = 25. (D) (z +3)2+ (y — 1) + 2% = 25.
L e
D Li gidi.
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AL

$SVidu 11. Viét phuong trinh mat cau (S) c6 tam I( 1;1; —2) va di qua diém A(2;;1;2).

A (S): (z—1)2+@y+1)2+(z—2)2 =5 S): (x—2)2+ (y — 1)2 + (2 — 2)? = 25.
(©)(9): (z+1)2+ (y — 1) + (z + 2)2 = 25. @S 2242422420 — 2y +4z+1=0.

® Loi gidi.

O
c
¢>Vi du 12. Phuong trinh mit ciu (S) dudng kinh AB véi A (4; —3;5), B (21;3) la O
(A) 2?4+ 4% + 2% + 6z + 2y — 82 — 26 = 0. (B) 22 +1y2+ 22 — 61+ 2y — 82+ 20 =0. 3
©x2+y2+22+6x—2y+8z—20:0. @x2+y2+22—6x+2y—8z+2620. -
O
® Loi gidi. O
‘O
.................................................................................................... @)
.................................................................................................... O
.................................................................................................... &
.................................................................................................... O
\ ==
.................................................................................................... c
O
N >
$OVidu 13. Viét phuong trinh mat cau (S) c¢6 tam I(—1;4;2), biét thé tich khdi cau tuong ing \O
la V =972x. QO
@(a:+1)2+(y—4)2+(z—2)2:81. B (z+1)2+@y—4)2+(2—2)2=09. 5
©(z—1)2+(y+4)?2+(z -2 =09. D) (z—1)2+ (y+4)2+ (2 +2)2 =81. o]
—— m
® Li gidi. O
P
[—
$SVidu 14. Viét phuong trinh mat cau (S) di qua A(—1;2;0), B(—2;1;1) vA ¢6 tam ndm trén
truc Oz.
@x2+y2+22—z—5:0. m2+y2+z2+5=0.
©22+12+22—2—5=0. Da?+y*+22—y—5=0.
e
® Loi giai

EEICh B Th.S Nguyén Hoding Viét — 8 0905.193.688




/ 2. PHUONG TRINH MAT CAU K&t néi tri thire véi cude séng

ALV

$OVidu 15. Cho mat cau (S) tam I nim trén mat phing (Ozy) di qua ba diém A(1;2; —4),
B(1;-3;1), C(2;2;3). Tim toa do dieém 1.

(A)I(2;—1;0). 1(0;0:1). (©)1(0;0; —2). (D) 1(=2;1;0).

$SVidu 16. Cho 3 diém A(2;3;0), B(0;—4;1), C(3;1;1). Mt cau di qua ba diém A, B,C va c6
tam I thuoc mat phang (Oxz), biét I(a;b;c). Tinh tong T = a + b + c.

(AT =3. B T=-3. ©T1=-1 DT=2

o Li gidi.

$SVidu 17. Cho diém 1(0;2;3). Viét phuong trinh mit cau (S) tam I tiép xic v6i truc Oy.
Ba? +(y+27 + (= +3)? =2. ® o+ +27+(+3)?=3.
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AL

L ©z2+(y—22+(z—-3)2 =4 D22+ (y—22+(z—3)2=09. \

 Loi gidi.

N\
$>Vidu 18. Cho diém A(1;4;3). Viét phuong trinh mit cau (S) c¢6 tam A va cit truc Oz tai hai
diém B, C sao cho BC = 6.
@(S):(a7—1)2+(y—4)2+(2—3)2:19. B (S): (x—1)2+ (y—4)2+ (2 —3)2 = 28. o))
©S): (z—12+(y—42+(z-32=2. D (S):(x—1)2+(y—4)?%+ (2 —3)2 =34. g
74
o >
® Loi giai. Q
C
.................................................................................................... o
.................................................................................................... O
.................................................................................................... O
.................................................................................................... O
‘O

\E

O

$SVidu 19. Cho diém A(—2; —4;5). Phuong trinh nao dudi day 1a phuong trinh ctia mat cau c6 >
tam A va cit truc Oz tai hai diém B, C sao cho tam giac ABC vuong? O
O

(A) (= +2)% + (y + 4 + (2 — 5)° = 40. B) (z+22+ (y+4)2+ (z—5)? =82.
@(x+2)2+(y+4)2—|—(z—5)2=58. (D) (z+2)2+ (y +4)2 + (z — 5) = 90. g
N ¢
® LJi gidi. @
O

$SVidu 20. Cho cac diém A(1;0;0), B(0;2;0), C(0;0; —2). Ban kinh mit cau ngoai tiép hinh
chép OABC 1a

@; 95 g @g
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$SVidu 21. Cho diém D(3;4; —2). Goi A, B, C' lan lugt 14 hinh chiéu vuong goc ciia D trén céc
truc toa do Oz, Oy, Oz. Goi (S) 1a mit cau ngoai tiép tit dien ABCD. Tinh dién tich m#t cau

(3).

0y 20 YR, (©) 116 (D) 29

3 6

Viet

ang

Hoc

)
~

guyén

& Dang 4. Vi tri twong doi

Xét diém M (xo; yo; 20) va mit cau S: (z —a)’+ (y — )2 + (2 — )2 =72 =0 (1). Thay toa do
diém M vao vé trai ctia (1), néu

Gv Ths: N

® Két qué bang 0 thi M € (S).
@ Két qua ra s6 am thi M nam trong (.9).

@ Két qua ra s6 duong thi M nam trong (5).

[ — N\
$SVi du 22. Cho diém M (1; —1;3) va mit cau (S) ¢6 phuong trinh(z — 1)> + (y + 2)2 + 22 = 9.
Khéng dinh ding 13

@ M nam ngoai (S). M nam trong (S).
@ M nam tren(S). (D) M tring véi tam ciia (S).

® Loi gidi.
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y £ £

$OVidu 23. Cho mit cau (9) : 22 + 32 + 22 — 2z — 4y — 62 = 0 v& ba diém O(0;0;0), A(1;2;3),
B(2; —1; —1). Trong s6 ba diém trén s6 diém nam trén mat cau la

®2. ® o. ©s. D1

® Loi gidi.

$OVidu 24. Gid st ton tai mit cau (S) c6 phuong trinh 2 + y* + 22 — 4z + 2y — 2az + 10a = 0.
V6i nhiing gid tri thyc ndo cia a thi (S) c6 chu vi dudng tron 16n bang 8.

(A) {1;10}. {-10;2}. (©){1;-11}. D) {-1;11}.

$SVidu 25. Cho mit cau (S) : 22+ y2 4 22 — 2z — 2y 4+ 42z — 19 = 0 va diém M (4; —3;8). Qua | ‘O
diém M ké tiép tuyén M A véi mat cau (S), trong d6 A 1a tiép diem. Goi I 1a tam clia mat cau e
(S), dien tich ctia tam giac M Al bang O

@) 25. 125. © ¥ D) 50. =
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o

e BAI TAP TU LUYEN

Cac cau hoi sau déu xét trong khong gian Oxyz.
Cau 1. Mit cau (S): (x =12+ (y — 2)>+ (2 + 3)> =4 ¢6 tam I va ban kinh R la

(A)I(1;

©1<

)R =4. (B) I(1;2;-3); R = 2.

2,3),3_2. (D) I(~1;-2;3); R = 4.

Cdu 2. Cho mit cau (S) : (z —5)° + (y — 1)* + (2 + 2)> = 16. Tinh ban kinh cta (S9).

A4, 16. ©r. D)5 .
Cdu 3. Cho mat cau (9): 2? + y* + 22 — 22+ 6y — 82 + 1 = 0. Tam va ban kinh cta (S) lan lugt
la
(A)I(—1;3;—4),R = 5. (B) I(1;—3:4), R = 5.
(C)1(2;-6;8), R = v/103. (D) I(1;—3;4), R = 25.
Cdau 4. Cho mat cau (S) : 22 +y* + 2% — 22 + 4y — 42 — 25 = 0. Tim toa do tam I va ban kinh ctia
s
‘@ (A)1(1;-2;2), R= V34 1(1 2 — ) R=5.
(C)I(—2;4;—4), R = /29, D) I(1 ,R=6.
c:»Céu 5. Cho miat cau (S): 22 +y* + 22 —2x — 4y — 62+ 5 = 0. The tich ctia (S) bang
'g (A) 127, 97, (C) 36m. (D) 36.
I Cadu 6. Phuong trinh nao sau day khong phai 1a phuong trinh mit cau?
,@ (A)(x—1242y—12+(z—1)2=6. B)(z—12+@y—12+(z—12=6.
3 @(21}5—1) —|—(2y—1)2—|—(22+1)2:6. (D) (z +y)? =22y — 22+ 3 — 6a.
gCAU 7. Viét phuong trinh m#t cau tam I(1; —2;3) va ban kinh R = 2.
y (A)(z—12+ (y+2)2+(z—3)2=4. (4124 (y—2)2+ (z+3)2 =4
= C@ 12+ (y+2?*+ (-3 =2 D) (z+1)2 4 (y—2)°+ (- +3)2=2.
~ Cdu 8. Cho hai diém M(2;0;4) va N(0;2;3). Mat cau tam A(2; —2;1), ban kinh MN c6 phuong
() trinh
A (z -2+ (y+2)°+ (- 1> =3 (€ =22+ (y+2)>+ (2 — 1) =0.
@(m+2)2+(y—2)2+(z+1)2:9. D) (z+22+(y—2°+(z+1)2=3.
CAu 9. Cho hai diém I(1;0;—1) va A(2;2;—3). Mat cau (S) tam I va di qua diém A c6 phuong
trinh
A (z+12 4y + (2 -1)2=3. B (x—12 412+ (z+1)2=3.
Ca+12+y*+(z—1)2=9. D) (@ —12+y*+ (2 +1)?>=9.

Cau 10. Cho mat cau c¢6 phuong trinh 1a (S) : 22 + y? + 2% — 2z + 6y + 42 = 0. Biét OA la duong
kinh ctia mit cau (S). Toa do diém A Ia

(A) A(—1;3;2). A(—1;-3;2). (C) A(2;—6; —4). (D) A(—2;6;4).

Cdu 11. Cho hai diém M (6;2; —5),

4;0;7). Viét phuong trinh mat cau duong kinh M N.

N(-
(A)(x =52+ (y — 1)+ (2 + 6)? = 62. B)(x+1)2+y+1)2+(z+1)2 =62
62.

Ol =1+ -1+ (1) =
Cau 12. Cho hai diém A(—1;1;2)

A2+ (y+2)2+ (2 +3)2 =

D) (z+5)*+ (y+1)2 + (2 — 6)> = 62.
, B(1;3;4). Mt cau duong kinh AB ¢6 phuong trinh 1a

2
= 3. B a2+ (y—2)%+ (z—3)2 = /3.
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y 4

Cla?+ (y+2 + (= 4+3)2 = V5. Dia?+(y-2+(z-37=3.
Cadu 13. Phuong trinh ndo duéi day la phuong trinh m#t cau tam I(1;2; —4) va dién tich clia mit
cau do6 bang 36m.

W) (z+ 12+ (y+2)* + (2 — 4> =09. (= 1)+ (y— 2>+ (2 —4)> = 9.

@ =12+ (y—22+ (- +4)?2=3. D) (x =12+ (y —2)> + (2 +4)* = 9.
Cau 14. Cho mit cau (S) ¢6 tam I(1;3; —2), biét dién tich mat cau bang 1007. Khi d6 phuong trinh
mat cau (9) la

@x2+y2—|—22—2x—6y+4z—86:0. x2+y2+22—2x—6y+4z+4:0.
©x2+y2+22—2x—6y+4z+920. @x2+y2+22—2m—6y+4z—11:0.
Cadu 15. Cho mit cau (S): 2% + y? + 22 — 4z + 8y — 2mz + 6m = 0. Biét duong kinh ctia (S) bang
12, tim m.
@ m=8 m=—8 @ m=4 @ m=—4

Cadu 16. Cho mat cau (S): 22 +y? + 22 — 22 — 2y + 42 — m? + 5 = 0 v6i m 1a tham s6 thyc. Tim m
sao cho mat cau (S) ¢6 ban kinh R = 3.

(A)m = +2V/3. (B)m = +3V/2. (C)m = +2V2. (D)m = +V2.
Cdu 17. biéu kién can va di dé phuong trinh 22 + > + 22 +2x +4y — 62 +m?> —9Im +4 =0 1a
phuong trinh mat cau 1

@—1§m§10. m<—1hoacm>1().

C©m>o0. D) -1 <m < 10.

Cdu 18. Cé6 tat ca bao nhicu gia tri nguyen clia tham s6 m dé phuong trinh 2% + y? + 22 + 4max +
2my — 2mz + 9m? — 28 = 0 1a phuong trinh ctia mat cau?

A7, B)s. ©o. Ds.

Cau 19. Cho tam gidc ABC c6 trong tam G. Biét B(6;—6;0), C(0;0;12) va dinh A thay ddi trén
mat cau (S1): 2% + y? + 22 = 9. Khi d6 G thuoc miat cau (S3) c6 phuong trinh 1a

(A)(S2): (2422 + (y— 2+ (2 +4)° = 1. (So): (2 =22+ (y+2°+ (2 —4) = 1.
©(S): (w42 +y+42+(:-82=1 [D)(S): (z-2)*+ (y+2)*+ (-4 =3,
Cadu 20. Mat cau tam I(2;1; —3) va tiép xtc véi truc Oy c6 phuong trinh 1a
@(x—2)2+(y—1)2+(z+3)2:4. (x =22+ (y—1)*+ (2 +3)* =13.
@(x—2)2+(y—1)2+(z+3)2:9. D) (z—22%+(y—12%+(2+3)2=10.

Cdu 21. Cho mat cau (S) di qua hai diém A(1;1;2), B(3;0;1) va ¢6 tam nam trén truc Oz. Phuong
trinh mat cau (9) la

(A) (@ =17 +17+ 22 = V5. B) (@ +1)*+y°+ 22 =5.
©(@—1+y+22=5. D) (@ +12+y*+2> = V5.
Cdu 22. Cho 3 diem A(2;0;0); B(0;3;0); C(2;3;6). Thé tich khdi cau ngoai tiép tit dien O.ABC
Ia
1372 341 343

Cdu 23. Cho hai diém A(1;0;—1), B(=3;-2;1). Goi () la mit cau c6 tam I thuoc mat phang
(Oxy), ban kinh bing /11 va di qua hai diém A, B. Biét I ¢6 tung do am, phuong trinh ciia (%)
la

@x2+y2+22+6y—2=0- m2—|—y2—|—z2—i—4y—7=0.
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.
Cla?+ 12+ 22 +4y+7=0, D)a2+y*+ 22 +6y+2=0.
Cdu 24. Cho A(—1;0;0), B(0;0;2), C(0; —3;0). Tinh ban kinh m#t cau ngoai tiép ti dien OABC
la
14 14 14
T

Cdu 25. Cho diém I(1;—2;3). Viét phuong trinh mat cau tam I, cit truc Ox tai hai diém A va B
sao cho AB = 2/3.
(A)(z =12+ (y+2)2 + (z — 3)2 = 16. (x =12+ (y+2)? + (2 — 3)? = 20.
(C)(x—1)2+ (y+2)2+ (2 — 3)2 = 25. D) (=124 @y+22+(z—32=09.
Cadu 26. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 A (3;1; —2), C (1;5;4). Biét rdng tam hinh chtt
nhat A’B’C' D’ thuoc truc hoanh, tinh ban kinh mit cau ngoai tiép hinh hop chit nhat ABCD.A'B'C'D’.

® Vo1 5V/3 © V74 ® V3
2 2 2 2
Cdu 27. Cho ti dien ABCD c6 toa do dinh A(2;0;0), B(0;4;0), C(0;0;6) va D(2;4;6). Goi (5) la
+— mat cau ngoai tiép ti dien ABCD. Viét phuong trinh mat cau (S’) ¢6 tam trung véi tam clia mat
‘D can (S) va c6 ban kinh gap 2 lan ban kinh ctia mat cau (S).

@(m—1)2+(y—2)2+(z—3)2=56. (B) a? 4+ 42+ 22 — 20 — 4y — 62 = 0.
C(@+12+(y+2?2+(z+3)?% = 14. D) a?+ 42422 — 2w+ 4y +62—12=0.

18 Cdu 28. Cho tam gidc ABC véi A(1;2;0), B(3;2;—1), C(—1;—4;4). Tim tap hgp tat cd cac diém
"I M sao cho MA? + MB? + MC? = 52.

1‘5 @ Mat cau tam I(—1;0; —1), ban kinh r = 2. Mat cau tam I(—1;0; —1), ban kinh r = /2.
S, @Mat cau tam 1(1;0;1), ban kinh r = v/2. @ Mat cau tam 7(1;0;1), ban kinh r = 2.
%Céu 29. Cho A(0;1;0), B(0;2;0), C(0;0;3). Tap hop cac diém M (x;y; z) thda man MA? = MB? +
—” MC? la mat cau ¢6 ban kinh

A2 V2. Cs. D) V3.

o

== Cdu 30. Cho diém M thudc mat cau (S): (z —3)2 + (y — 3)2 + (2 — 2)? = 9 va ba diém A(1;0;0),
= B(2;1;3), C(0;2; —3). Biét riing quy tich cac diém M thoéa man MA%+2M B - MC = 8 1a dudng tron
c6 dinh, tinh ban kinh r duong tron nay.

@r:\/g. 7“:6. @7“:3. @7‘2\/6.

ng VvV

hs:

G

HET
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-~
Bat e PHUONG TRINH MAT PHANG
>

Q LY THUYET CAN NHO

1. Vec to phap tuyén cua mat phang

{3X Dinh nghia: _Véc to phap tuyén 7 ctia mat phang (P) la nhiing
véc to khac 0 va ¢ gid vuong goc véi (P).

o Néu 7 van cung la véc to phap tuyén ctia (P) thi
k

—

f
o 7 # 0 vaco gia vuong véi (P);
-7 (toa do ti 1é nhau).

=

3

2. Phuwong trinh tong quat cia méit phang

{3 Cong thitc: Mat phang (P) di qua diém M (xo;yo; 20) va nhan 7 = (a;b;c) lam véc to phap
tuyén c6 phuong trinh la

(e — 20) + b(y — o) + c(z — %) = 0

Thu gon ta duge dang
ar +by+cz+d=0

{3 Chay:
® Cho mat phang (P): ax + by + cz +d = 0 (a, b, ¢ khong dong thai bang 0) thi

e Mot véc to phap tuyén ctia (P) 1a 7 = (a; b;¢) (he s6 cia x, y va z.)
e Mudn xac dinh toa do mot diém thudc (P), ta chi can cho trudc hai bién z, y
gid tri cu thé, thay vao phuong trinh tinh z.

@ Phuong trinh cac mat phing toa do:

o (Oxy): z=0. o (Oxz):y=0.

® Phuong trinh mit phang («) song song v6i mat phang toa do:
o a//(Oxy)=z2=a a#0. e a/(Oxz)=y=>b b#0.
o a//(Oyz)=x=c c#0.
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o

3. Vi tri twong doi giita hai mit phing

{¥ Cho hai mat phang (P): a1 + by +c1z +dy = 0 va (Q): asx + byy + coz + dy = 0.
Goi iy = (a1;by;¢1), Ny = (ag; b ¢2) 1an lugt 1a véc to phap tuyén cia (P) va (Q).

. [mi=k-n3 —
@® Néu {Zl _ ;LQ thi (P) trung (Q). Chiay
L Néu n; L 725 hay
. =k -na
@ Neu {le s ;22 thi (P) song song (Q). a1y + biby + crey = 0
‘u 7 — . thi (P) L (Q).
@ Néu ny # k - ny thi (P) cét (Q). | | (P) L (Q)

4., Géc gitra hai mat phang
{3 Cong thifc tinh: Cho hai mit phang (P): ajx+byy+ciz+dy = 0va (Q): agx+byy+coz+dy = 0.

e Goi g = (a1;b1;¢1), 15 = (ag; by; o) 1an lugt 1a véc to phap tuyén ctia (P) va (Q);

-
HOL ”

-%, e Goi ¢ la goc gitta hai mat phang (P) va (Q), v6i 0° < ¢ < 90°.

O)  Khids

cC
%o

O a10a9 + ble + C1Co

L cos p = | cos (7, 3) | =

cC V@ + 02+t \Jak+ b2+ 3
«@

5 o

Dac biét

O

P e Néu (P) song song hoic trung (Q) thi ¢ = 0°.

-t.é e Néu (P) vuong goc véi (Q) thi ¢ = 90°. Khi d6 ajas + b1bs + cico = 0 hay
—

S [ (P) 1 (Q) < ajas + blbg + cicp = 0]

5. Khoang cdch tif mot diém dén mit phing
{ Dinh nghia: Cho diém M (z¢;yo; 20) vA mat phang (P): ax +
by + cz +d = 0. Goi H la hinh chiéu vuong goc ctia diem M
len mit phiang (P). Khi d6 do dai doan M H duge goi la khodng
céch tir diém M dén (P). Ki hieu d (M, (P)).

{3} Céng thirc tinh:

axg + by + czp + d

vaz+ b2+ c?

d (M, (P)) =

Bi Th.S Nguyén Hoang Viét — @ 0905.193.688 RIGEILl



J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

o

Q PHAN LOAI, PHUONG PHAP GIAI TOAN

Cac vi du sau day deu xét trong khong gian Oxyz.

& Dang 1. Xdc dinh véc to phdp tuyén va diém thudc mat phéng

Cho mit phang (P): Az + By + Cz+ D = 0. Khi d6
@ Mot véc to phap tuyén 1a 7 = (4; B; C).

® Diém thuoe (P): Cho trudc z, y. Thay vao tim 2.

$SVidu 1. Cho mat phang (P) : 2x — 3y + 4z + 5 = 0. Véc-to nao sau day la mot véc-to phap
tuyén ctia mit phang (P)?

(W) 7 = (=3;4;5). =(-4-32). ©Of=(2-35. O7F=(2-34).

$SVidu 2. Véc-to phap tuyén clia mat phang (Ozz) 1a

(A) 7 = (1;0;0). (B) @ = (0;0;1). (©)# = (1;0;1). (D) @ = (0;1;0).

 Loi gidi.

$SVidu 3. Vec-to nao sau day khong phai 1a vec-to phap tuyén ctia mat phang (P) : z + 3y —
0z +2=0.

(W7 = (~1;-3;5). 7y = (=2 —6;-10).

(© s = (-3;-9;15). ©) 74 = (2;6;—10).

 Loi gidi.

& Dang 2. Lap phuong trinh méat phdng khi biét céac yéu té lién quan

(1) D& bai cho (P) qua diém M (xq, yo, 20) V& mot véc to phap tuyén np = (a, b, ¢). Khi dé:

(P):a(z—z0) +b(y —yo) +c(z—2) =0
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Viet

Hodng

)
~

guyén

Gv Ths: N

o

©@ (P)LAB thi i = AB;

® (P) la_mit phiang trung tryc ciia doan AB thi (P) qua trung diém [ cta AB va
np = AB;

@ (P)Ld thi np = ug, v6i ug 1a véc to chi phuong clia d;

@ (P) ) (Q): Az + By+ Cz+ D =0 thi ng = ng = (4, B,C).

(2) D& bai cho (P) song song (hodc chita) véi gid cia hai véc to @ va b, (véi @ va b khong
cung phuong) thi np = [?{, b

P) qua ba diém A, B, C phan biét va khong thang hang thi np = [A C’];

®© (P)

® (P) qua hai diéem A, B phan biét va vuong géc véi (Q) thi np = [ }

@ (P) vuong goc véi (Q) va (R) thi np = [6, TT}E];

® (P) qua hai diém A, B phan biét v song song véi d thi np = [1@), 275};

® (P) qua diém A va chita d thi np = [W, E}}, véi M € d.
$SVidu 4. Phuong trinh mit phéng di qua diém A(1;2;3) va c6 vée-to phap tuyén 7 = (—2;0;1)
la

(A)—2z+z+1=0. 2y +2z-1=0. (©-224+2-1=0. D) —-2z+y—1=0.
\ —e—
® Loi giai

$SVidu 5. Cho cac diém A(0;1;2), B(2;—2;1), C(—2;0;1). Phuong trinh mat phang di qua A
va vuong goc véi BC' 1a

A2r—y—1=0. B -y+2:-3=0. ©2—y+1=0. D y+2:-5=0.

$SVidu 6. Cho hai diem A(4;0;1) va B(—2;2;3). Phuong trinh nao duéi day la phuong trinh
mat phing trung triyc ctia doan thang AB?

(A)3z—y—z+1=0, B)3z+y+2—6=0.

(©3z—y—2z=0. (D) 6z —2y—22—1=0.
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AL

$SVidu 7. Phuong trinh nao duge cho dudi day 1a phuong trinh mat phéng (Oyz)?

@x:y-i-z. y—z:(). ©y+z:O. @x:().

® Loi gidi.

O

c

$SVi du 8. Viét phuong trinh mit phang di qua ba diem A(1;1;4), B(2;7;9) va C(0;9;13). lg
A2+y+2z+1=0. Bao—y+z2—-4=0. Q
©7z—2+2-9=0. D)2z +y—2—2=0, -

@)

O

o Loi gidi O

O

.................................................................................................... ‘O
.................................................................................................... m
.................................................................................................... O
.................................................................................................... \ —
L

O

>

$SVidu 9. Mat phing (P) song song véi (Oxy) va di qua diém A(1; —2;1) c6 phuong trinh 1a Vo)
phuong trinh nao sau day? &)
(A)z-1=0. (B) 2z +y =0. ©z—1=0. Dy+2=0. 5
O

 Loi gidi.

$SVidu 10. Cho diém M(2;3;2), (a): 2z — 3y + 22 — 4 = 0. Phuong trinh m#t phang di qua M
va song song vdi mat phang (a) 1a

(A)2z — 3y +2z—4=0. (B) 2z —3y+2:+1=0.
(C)2r—3y+2—1=0. (D) 2z —3y+2z—1=0.
e
® Loi gidi.
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y £ £

$S>Vidu 11. Viét phuong trinh mat phing (P) chita Oz va di qua diém P (3; —4;7).
@4x—3y=0. 3x+4y:0. ©4x+3y:0. @—3x+4y:O.

® Loi gidi.

$OVidu 12. Viét phuong trinh mét phang (P) biét (P) di qua hai diéem M (0; —1;0), N(—1;1;1)
va vuong goc véi mit phang (Oxz).

@(P):x+z+1:0. B)(P):z—2z=0.

?G_)- @(P):z:(). @(P):x—i—z:o.
=\ —
>
g ® Loi gidi.
Q
O
O OO
c
Q) T
S
-
O
< | Vi du 13. Goi (P) la mit phang chita truc Oz va vuong goc véi mit phang (Q): x+y-+2—3 = 0.
¢ | Phuong trinh mit phing (P) la
S| @Ay-z2-1=0. ®y-20=0 ©y+z=0. @ y—2=0.
>
O
® Loi gidi.
[ N\

$SVidu 14. Cho diém A(1;1;1) va hai mit phang (Q): y = 0, (P): 2 —y + 3z — 1 = 0. Viét
phuong trinh mat phang (R) chita A, vuong goc véi ca hai mat phang (P), (Q).

(A)3z —y+22—4=0. B)3r+y—2z—2=0.
(©)3z—22=0. D)3z —2:—1=0.
\ g |
D Loi gidi.
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.

& Dang 3. Phuong tfrinh theo doan chdn

Dé bai cho (P) di qua A(a;0;0), B(0;b;0), C(0;0;¢) v6i abc # 0 thi 5

(P) : S + % I E = 1 (phuong trinh theo doan chén) C
Thuong gap:
0 B
® AABC nhan M (zo; yo; 20) lam trong tam; y

®@ AABC nhan M (xo;yo; 20) 1am tric tam; A

® Vo apc nhd nhat.

\
$SVidu 15. Mit phang di qua A(2;0;0), B(0;4;0), C(0;0;4) c6 phuong trinh 1a
Z Yy =z N TR T Yy =z
Cadal_g 92 + 4y + 4z = 0. cadaf g . g
@1+2+2 44y +42=0 ey @1+2+2
e

$SVidu 16. Cho diém M (1;2; —3). Goi My, My, Ms lan lugt 1a hinh chiéu vuong goc ctia M lén
truc Oz, Oy, Oz. Phuong trinh mat phéng di qua ba diém M;, M,, Ms la

y_z_ T, Y z_ ¥y, z_ y,2_ _
@x+§—§—1. 3+2+1 1. ©x+2+3 1. @x+2+3 1.

 Loi gidi.

$SVidu 17. Mit phang nao sau day cit cac truc Oz, Oy, Oz lan lugt tai cac diém A, B, C sao
cho tam gidc ABC nhan diém G(l; 2; 1) la trong tam?

(A)z+2y+2z—6=0. (B) 2z +y+22—6=0.
(©)2z+2y+2—6=0. (D) 2z + 2y + 62 — 6 = 0.
\
[

$SVidu 18. Cho diém M (1;2;5). S6 mit phang («) di qua M va cit cac truc Oz, Oy, Oz lan
lut tai A, B,C ma OA = OB = OC 0 1a

o ® 2. ©1 @ 3.
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J 3. PHUONG TRINH MAT PHANG Két néi tri thire véi cude séng

$SVidu 19. Cho diém H(1;2;—3). Viét phuong trinh mit phing («) di qua H vi cit cac truc
toa do Oz, Oy, Oz tai A, B, C sao cho H la tryc tam cua tam giac ABC.

@%+g+_i:1, B z+2y+32+14=0.
(©z+2y—32—14=0. Dz+y+2z=0.
L e

-
) o
P
@ ) 2
c
IU ....................................................................................................
O
I ....................................................................................................
c
l‘w ....................................................................................................
N
=
D) -
P
PR
=
> $SVidu 20. Cho mit phang (P) di qua diém M (2; —4;1) v& chin trén cac truc toa do Oz, Oy,
(D) | Oz theo ba doan ¢6 do dai dai s6 lan lugt 1a a, b, c. Phuong trinh tong quat ctia mit phing (P)
khi a, b, ¢ theo thit tu tao thanh mot cap sd nhan c6 cong boi bang 2 1a
@4x+2y—z—1:0. 4x—2y+z+1:().
(C©)162 44y — 4z — 1 =0. D4z +2y+2z-1=0.

® Loi gidi.

& Dang 4. Khodng cdch va géc
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y £ £

$OVidu 21. Cho mit phing (P) : 2 + 2y — 2z + 16 = 0. Diém M (0; 1; —3), khi d6 khodng céch
tit M dén (P) I

™. ® V. ©r. ©s.

(A)6.

O

c

Q

>

n)]

c

O

O

‘O

$Vidu 23. Cho hai diem A(2;2; —2) va B(3; —1;0). Duong théng AB cit mat phang (P): z+ | ()
y—z+2:0taidiémI.Tisé%b?mg ‘O
A) 2. B 4. (©)s. D) 3. og
\E

o Loi gidi.

J O
.................................................................................................... >
.................................................................................................... ‘O

O

-

$SVidu 24. Cho hai mit phéng (P): z+2y —22z+3=0v4 (Q): z + 2y — 2z — 1 = 0. Khodng O

cach gitta hai mit phang (P) va (Q) la o

4 2 4 4 6

@ §. §. g. @ _g. Z
® Loi giai

$>Vidu 25. Cho mit phéng (P) : z + 2y — 2z + 3 = 0, miit phing (Q) : 2 — 3y + 52 — 2 = 0.
Cosin clia goc gifta hai mat phang (P), (Q) 1a

B2 B ©3 &

UEEICh B Th.S Nguyén Hoding Viet — 8 0905.193.688




J 3. PHUONG TRINH MAT PHANG Két néi tri thire véi cude séng

$OVidu 26. Cho hai mat phdng (P): z+y—2+1=0va (Q): z —y+ 2z —5 = 0. C6 bao nhiéu
diém M trén truc Oy thda man M cach déu hai mat phang (P) va (Q)?

Ao, ®) 1. ©2. @s.

~

Gv Ths: Nguyén Hoang Vi

)

$SVidu 27. Cho diém A(1;2;3) va mat phang (P):  +y + 2z — 2 = 0. Mat phang (Q) song song
v6i mit phéng (P) va (Q) cach diém A mot khoang bing 3v/3. Phuong trinh mit phéng (Q)
la
Az+y+z+3=0vaz+y+2-3=0. Blo+y+z+3=0vaz+y+z+15=0.
@x+y+z+3=0véx—|—y+z—15:0. @x+y+z+3:0vax—|—y—z—15:().

o Li gidi.

& Dang 5. Vi tri twong déi cGia hai mét phéng

$SVidu 28. Cho mat phang (P): —x+ %+ 32+ 1 = 0. Mat phang song song véi mit phang (P)
¢6 phuong trinh nao sau day?

(A)2z — 2y —62+7=0. (B) -2z + 2y + 32+ 5=0.
@x—y—l—3z—3=0. @—w—y+3z+1=0.
- |
® Loi giai
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J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

$OVidu 29. Cho mit phéng (P): 2r —y+22—3=0va (Q): z+my + 2z — 1 = 0. Tim tham s6
m dé hai mit phing P va Q vudng goc v6i nhau.

@m:—4. m:—%. @m:%. @m:4.

® Loi gidi.

Vi du 30. Cho hai mit phéng (P): 2z +4y +32—5=0va (Q): mz —ny — 62+ 2 — 0. Gi4 tri
ctiia m,n sao cho (P) // (Q) la

@m:4;n:—8. m:n:4. @m:—4;n:8. @m:n:—4.

 Loi gidi.

$OVidu 31. Cho hai mat phang (P): z+my+(m—1)z+1=0va (Q): z+y+22 = 0. Tap hgp
tat ca cac gia tri m dé hai mit phang nay khong song song la

(A) (0; +00). B R\ {-1;1;2}. (©) (—o0;3). DR.

® Loi gidi.

& Dang 6. Vi tri twong déi ctia mét phéng véi mat céu

Cho mit cau (S) c6 tam I(a;b;c), ban kinh R va mat phang (P): Ax + By + Cz + D = 0. Theo
két qua ctia Chuong II, ta c6 cac trudng hop sau:
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o

Aa+ Bb+Cec+ D

® Néud(I,(P)) = EES Y > R thi (P) va (S) khong c6 diém chung.
NI

Aa+ Bb+Cec+ D

® New d (I, (P) = e = Rt (P) tidp xtic (5).

Aa+ Bb+Cc+ D
JEIB 1O

® Néu d(I,(P)) =

< R thi (P) cét (9).

\
$OVidu 32. Cho mit cau (S) : 22 +4?+ 22 —4y+62—2 = 0 va mit phang (P) : x+y—2z+4 = 0.
Trong cac ménh dé sau, ménh dé nao ding.

(A) (P) tiép xiic (S). (P) khong cit (S).
(C)(P) di qua tam ciia (S). (D) (P) cdt (S).
® Loi giai
$OVidu 33. Cho mit cau (S): (z —1)2 + (y — 2)* + (2 + 1)? = 9 va diém A(3;4;0) thuoc (S).
Phuong trinh mét phang tiép dien ctia () tai A 1a
Az+y+2-T7=0. B)2z—2y+2+2=0.
(C)2z+2y+2—14=0. D)2x—2y—2z+2=0.
\ ——
® Loi gidi

$SVidu 34. Viét phuong trinh miat cau cé tam la diém I(1;2;4) va tiép xic v6i mat phang
(P):2z+2y+2—1=0.

A (z—1)2+(@y—2)2+ (z—4)? =4. B (z—12+ (y+2)2+(z—4)2=4.
©@-12+Hy—22%+(z—-4)2=09. D) (z+1)2+ (y+2)%+ (z +4)? =4.
® Loi gidi.
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y £ £
[— N\
$OVidu 35. Cho mit cau (S): x2+y?+22—6z+2y—22—5 = 0 v miit phing (P): x—2y—22+6 =
0. Biét mit phang (P) cit mat cau (S) theo giao tuyén la mot duong tron (C'). Tinh ban kinh ctia
duong tron (C).

(A) 4. 2V/3. © V7. (D) 5.

® Loi gidi.

$SVidu 36. Viét phuong trinh mit phang (P) di qua hai diém A(0;2;1) va B(—1;4;2) cat mit
cau (S): 22 +y* — 2z + 8y + 62 — 3 = 0 theo mot dudng tron (C) c¢6 ban kinh 16n nhat.

(A)(P): 22 + 3y + 42 — 10 = 0. (B) (P): 22+ 5y — 42 — 6 = 0.
@(P):2x+3y—4z—2:0. @(P):Q:U—3y—4z+1():0.
® Loi giai

?

Chi O b6 C6 Con Puong

$OVidu 37. Mit phéng (P): z +v2y — 2 + 3 = 0 cit miit cau (S): 22 + 32 + 22 = 5 theo giao

>
tuyén 1a duong tron c6 dién tich 1a O
117 9 I 157 T O
4 4 4 4

- |
«O
o Loi gidi QA
.................................................................................................... O
.................................................................................................... Z

[— AN

$SVi du 38. Cho miit cau (9): z2+y*+22—2z+4y—62+5 = 0 vA mit phing (a): 2x+y+22—15 =
0. Mat phang (P) song song véi (o) va tiép xic véi (S) 1a

(A)(P): 2z +y+22—15=0. ® (P): 2z +y+22+15=0.
(©(P): 20 +y+22-3=0. (D) (P): 2z +y+22+3=0.
- |
® Loi gidi.
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ALV

$SVidu 39. Cho mit phang (P): 2 —2y+2z—2 = 0 va diém I(—1;2; —1). Viét phuong trinh mit
cau (S) 6 tam tai I va cdt mat phang (P) theo giao tuyén la dudng tron c6 ban kinh r = 5.
(W) (S): (@ +1)2+ (y— 2>+ (2 + 1) = 25. (S): (z+1)*+ (y—2)*+ (2 +1)* = 16.
©S): (x—12++2?2+(z—12=34  D)(S): (x+1)2+ (y—2)%+ (2 + 1)? = 34.

e
«@-
SRR

O N\
,g $SVidu 40. Cho phuong trinh z2 42 + 22 — 2z — 4y — 62 — 11 = 0. Viét phuong trinh mit phéng
O | (a), biét (a) song song véi (P) : 2z +y — 2z + 11 = 0 va cit mat cau (S) theo tiét dien la mot
- | duong tron c6 chu vi biang 8.

c @2x+y—2x—11:(). 2x—y—2z—7=0.
S| @ .

> T4+y—2z—5=0. D)2 +y—2:—7=0.

: e
g ® Loi gidi.

7
L

e
6 ....................................................................................................
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.
G BAI TAP TU LUYEN

Cdu 1. Trong khong gian Owzyz, cho mat phang (P): 2x — 5y + 1 = 0. Mot véc-to phap tuyén ciia
(P) Ia

(AT = (2-51). o= (2-50). (O =(250). D) 7y = (-2;5;1).

Cdu 2. Trong khong gian Oxyz, cho mit phing (a): 2z +y — z + 1 = 0. Véc-td nao sau day khong
I3 véc-to phap tuyén clia mit phang («)?

(A) iy = (4;2; -2). B m=(-2-1;1). (Ca3=(21;1). D) A} = (2;1; -1).

Cdu 3. Trong khong gian Ozyz, cho mat phang (P) c6 véc-to phap tuyén la 7 = (2; —1;1). Véc-to
nao sau day ciing la véc-to phap tuyén ctia (P)?

(A) (4;-2;2). (—4;2;3). © (4:2;-2). D) (-2;1;1).
Cdu 4. Trong khong gian Ozyz, cho ba diem A(1;0;0), B(0;1;0), C(0;0; —2). Véc-tc nao dusi day
la véc-to phap tuyén ctia mat phang (ABC)?

(M) Ty = (22;-1). Ty=(-2-21). (©7F =(2-2-1). (D 7,=(1;1;-2).
Cdu 5. Trong khong gian Oxyz, cho ba diém A(2; —1;3), B(4;0;1) va C(—10; 5; 3). Mot véc-tc phap
tuyén ctia mit phang (ABC) la

(AT =(1;2;2). B) 7 =(1;-2;2). ©R = (1;82). D)7 = (1;2;0).

Cdu 6. Trong khong gian Oxyz, phuong trinh nao sau day la phuong trinh ctia mat phang Oz z?

@yzO. B)z=0. @z:O. @y—le.
Cdu 7. Trong khong gian Ozyz, cho hai diém A(1;6; —7) va B(3;2;1). Phuong trinh mit phang trung
truc clia doan thing AB 13
(Az—2+424+2=0. Blo—2y—32—1=0.
(Clz—2y+32+17=0. D)z —2y+4z+18=0.

CdAu 8. Trong khong gian Ozyz, mat phang (P) di qua diém G(1;1;1) va vuong goc v6i duong thang
OG ¢6 phuong trinh la

@x+y+z—3:0. x—y—l—z:O. ©x+y—z—3:0. @x+y+z:0.
CdAu 9. Trong khong gian Oxyz, khodng cach tit diém A(1; —2;3) dén (P) : 2+3y—42+9 =013

2 1 44/2
®¥E Vi 1 opal
13 V26 13

Cdau 10. Trong khong gian Oxyz, cho hai mat phang (a): x—2y—22+4 = 0va (B): —2+2y+22—7 =
0. Tinh khoang cach gitta hai mit phang (a) va (3)

(A) 3. ~1. (©)o. D) 1.
Cdu 11. Trong khong gian Oxyz, hiy tinh p va ¢ lan lugt 1a khodng cach tit diém M (5; —2;0) dén
mit phang (Ozz) va mit phang (P): 3z — 4z +5 = 0.

@p:2vaq:3. pz?vﬁq:él. @p:—2vaq:4. @p:5véq:4.
Cau 12. Céc gitta hai mat phing (P): 8z —4y — 8z — 11 = 0 va (Q): v2x — /2y +7 = 0 bing

(A)90°. (B) 30°. (C)45°. (D) 60°.

Cdu 13. Trong khong gian Ozyz, goi (a) la mat phang cit ba truc toa do tai ba diem A(4;0;0),
B(0; —2;0) va C(0;0;6). Phuong trinh cia («) la

RN ry
W7+ =0 B+

6

S
3
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o

@§+i+%:1, D)3z —6y+22:—1=0.
Cdu 14. Trong khong gian Oxyz, cho cac diém A(1;0;0), B(0;2;0), C(0;0;m). Dé mat phiang (ABC)
hogp v6i mat phing (Oxy) mot géc 60° thi gia tri ciia m la

m::I:E. mz:l:%. @m::l:\/%. @m::l:g.

)

Cdu 15. Trong khong gian Owzyz, mat phiang (P) di qua M(—1;2;4) va chita truc Oy c6 phuong
trinh

(A)(P): 4z — 2 = 0. (P):dx+2=0. (C)(P):z—42=0. (D)(P):ax+42=0.
Cdu 16. Trong khong gian Ozyz, cho diém M (3; —1; —2) va mat phang (P) : 3v —y + 2z + 4 = 0.
Phuong trinh nao dudi day 1a phuong trinh mit phang di qua M va song song véi (P)?

@(Q):3x—y+22+6:0. (Q):3x—y—22—6:0.

@(Q):Sx—y+22—6:0. @(Q):3x—|—y—22—14=0.

Cdu 17. Trong khong gian Oxyz, cho hai mat phang (P) : 3z—my—2z+7 = 0, (Q) : 6x+5y—22—4 = 0.
Xac dinh m dé hai mat phang (P) va (Q) song song véi nhau.

- B 5 B 5
.S @m—4. m——ﬁ. @m——30. @m—a

) Cau 18. Trong khong gian Ozyz, viét phuong trinh mat phang (P), biét (P) tiép xtc mat cau
g (9): 22+ ¢+ 2% — 20 — 2y — 22 — 22 = 0 tai diém M (4;—3;1).

4

O @3x—4y—7:0. (B) 4z —3y+2—26=0.

:Ic: (Cdzr—3y+2-8=0. (D) 3w — 4y — 24 = 0.

«(@ Cau 19. Trong khong gian Oxyz, cho hai mit phang (P), (Q) lan lugt ¢6 phuong trinh la z+y—2 = 0,
> — 2y + 3z = 4 va cho diém M(1;—2;5). Tim phuong trinh mat phang (o) di qua diém M va dong
{3) thoi vuong géc véi hai mat phang (P), (Q).

< (ABr42—z+14=0, B)a—dy—32+6=0.

- (Cloz—4y—32—6=0. D)5z +2y —2+4=0.

M Cau 20. Trong khong gian Oxyz, cho diém H(1;2;3). Viét phuong trinh mat phing (P) di qua diém

6 H va cit cac truc toa do tai ba diém phan biét A, B, C' sao cho H la tryc tam clia tam gidc ABC.
WPr+ies=1 (B)(P):a+2y+32— 14 =0.
CP)z+y+z-6=0. O P i+liion

Cdu 21. Trong khong gian Oxyz, cho diém M (—1;0;3). Hdi c¢6 bao nhiéu mit phang (P) di qua diem
M va cat cac truc Oz, Oy, Oz lan lugt tai A, B, C sao cho 30A =20B = OC # 0?

ws. ®s. ©a4. D 2.

Cdu 22. Trong khong gian Oxyz, mat phang («) di qua M(1;—3;8) va chin trén tia Oz mot doan
thang dai gap doi cdc doan thang ma né chan trén cac tia Ox va Oy. Gid st (a): ax +by +cz+d = 0,
a+b+c

T

@S:—Z. S:Z. C)s =3 D) S =-3.

Cdu 23. Trong khong gian Ozyz, cho mat cau (S) c6 tam la diém A(2;2;2), mat phang (P) :
22 + 2y + z + 8 = 0 cit mat cau (S) theo thiét dien la dudng tron c6 ban kinh r = 8. Dieén tich ctia
mat cau (9) la

(A) 207, (B) 2007 (C)10m. (D) 4007
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.

Cdu 24. Trong khong gian Oxyz, cho mit cau (S): (v —3)2 + (y +2)2 + (2 +1)? = 25 vi mat phang
(P): 4x 4+ 3z — 34 = 0. C6 bao nhiéu mat phang song song véi (P) va tiép xtc (S9)?

(A)o. ®) 1. (C) Vo sb. D) 2.
Cdu 25. Trong khong gian Ozyz, cho mit phang () cit cac tia Ox, Oy, Oz lan lugt tai A, B, C
sao cho do dai OA, OB, OC theo thtt tu lap thanh mot cap s6 nhan c6 cong bai bang 3. Biét khodng
5v 91

. Diém nao sau day thuoc mat phang (a)?

(A) P(2;—1;1). (B) N(1;2;2). (©) M(1;-2;2). D) Q(1;2;-2).
Cdu 26. Trong khong gian Oxyz, cho mat cau (S) c6 tam I(1;2;3) va mit phang (P) : 2z+y+224+2 =
0. Biét mat phang (P) cit mat cau (S) theo giao tuyén la mot duong tron ¢6 ban kinh bang 3. Viét
phuong trinh ctia mat cau (.9).

(A)(S): (z— 1)+ (y+2)° + (2 — 3)> = 25. (S): (x+1)2+ (y—2)%+ (2 — 3)> = 25.

C(S): (e —1)2+(y—22+(—32=25.  [D)(S): (x+1)2+ (y+2)>+ (2 + 3)> = 25.
Cdu 27. Trong khong gian Ozyz, cho mat cau (S): (x — 1)+ (y —2)? + (2 +1)? = 25. Dudng thang d
cat mit cau (S) tai hai diém A, B. Biét tiép dien ctia (S) tai A, B vuong goc. Tinh do dai AB.

2

@AB:; (B) AB =5. (C)AB =5V2. @ABz%.
Cdu 28. Trong khong gian Ozyz, cho diém A(2;0;0), M(1;1;1). Goi (P) la mit phang thay doi qua
A, M va cit cac truc Oy, Oz lan lugt tai B(0;b;0),C(0;0;¢) véi b > 0,¢ > 0. Khi dién tich tam gidc
ABC nhé nhat, hiy tinh gia tri cia tich be.

(A)be =8, (B) be = 64. (Clbe=2. (D) be = 16.
Cdu 29. Trong khong gian Oxyz, cho diem M(1;2;4). Goi (P) 1a mat phiang di qua M va cét cac tia
Oz, Oy, Oz lan lugt tai cac diém A, B, C sao cho thé tich tit dien OABC nhé nhat. (P) di qua diém
nao dudi day?

(A)(0:1;3). (2;2;0). (©)(1;1;2). D) (~1;1;4).
Cdu 30. Trong khong gian Ozyz, phuong trinh mit phang (P) di qua diem M (1;2;3) va cit cac tia

. . 1

Oz, Oy, Oz lan lugt tai cac diem A, B, C' sao cho T =

cach tit gbc toa do O dén mat phang (o) la

z+1
z+1

dat gia tri nhé nhat

o2 " om T o
I

(A)z+2y+32—14=0. (B) 3z +2y+ 2z —10=0.
(C)6x+3y + 22— 18=0. (D) 6z — 3y +22—6=0.

— HET
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-
Bt g PHUGNG TRINH PUGNG THANG )

Q LY THUYET CAN NHO

1. Vec td chi phuong ctia duwong thang

{3} Dinh nghia: Véc to chi phuong % clia dudng thing d 14 nhimg véc
to khac 0 va c6 gia song song hodc trung véi d.

{X Cha y:
o U # 0 va c6 gia song song hodc trung véi d.
o Néu@vau ciing 1 véc to chi phuong clia d thi W =kT
(toa do ti le nhau).
-t ol
«@D- -
> s
O
: d
O . )
O 2. Phuong trinh tham so ctia duong thang

H

cC {3} Cong thitc: Duong théng d di qua diém M (zo;yo; 20) va nhan @ = (uy; ug; u3) lam véc to chi
z<q>)~ phuong c¢6 phuong trinh la

T =T+ urt
z = 2o + ust

X Cha y:

Gv Ths: Ngu

T = Tg+ Uit
® Cho duong thang d: < y=1yo +ust (¢t € R) thi

z = 2o+ ust

e Mot véc to chi phuong ctia d 14 @ = (uy; ug; ug) (hé s6 cta t).

e Mudn xéac dinh toa do mot diém thuoc d, ta chi can cho trude gia tri cu thé ciia
tham s6 t, thay vao hé phuong trinh tinh z, y va 2.

@ Phuong trinh cac truc toa do:

= {5 x=0 x=0
e Oxr: cy=0. o Oy: cy=t . o Oz: cy=0.
z=0 z=0 z=1

® Néu u;, uy va ug déu khac 0 thi (1) c6 thé duge viét dudi dang

T—Zo Y—Y 22— % 2)

Uy U2 us
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J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN

Két néi tri thire véi cude sdng

o

(2) dugc goi 1a phuong trinh chinh tic clia duong thang d.

3. Vi tri tuong dbi gitta hai duong thing

Xét hai duong thing

(
T =2+ ut

\z:zo—l—ugt

( / /
r=1x5+ vt

/ !/
(2 = %y +vst

Y = yo + ust qua diém M (zo;yo; 20), vec to chi phuong @ = (uy; uz; us3);

y = yp + vat’ qua diem N (z(;yb; 25), vec to chi phuong T = (vy; va; v3).

{3 Cach 1: Ta xét mbi quan hé giita hai véc to chi phuong @ va v

{¥ Cach 2: Ta tinh

Trudng hgp 1: Hai véc to chi phuong c6 bo toa do ti lé nhau hay @ = k- v. Khi d6
di va dy 56 c6 kha nang song song hoic triing nhau. Thay toa do diém M vao phuong

trinh dy

e Néu thoéa méan thi d; tring dy;

e Néu khong théa méan thi d; song song d.

Trudng hop 2: Hai véc to chi phuong c¢6 bo toa do khong ti lé nhau hay @ # k- 7.
Khi d6 d; va dy sé& c6 kha nang ciat hosic chéo nhau. Ta xét he

To + uit = zj + vt
Yo + Ust = yp + vat’

20 + ust = 2} + vst’

e Néu hé nay c6 nghiem duy nhat (¢;¢) thi d; cit dy;

e Néu hé nay vo nghiém thi d; chéo ds.

Truong hgp 1: Néu [1_[, Tf} =0 va
° {1_[, MN] #* 0 thi dy song song ds;
MN] = 0 thi d; tring ds.

Trudng hgp 2: Néu [1_[; TJ’} £ 0 va

° {U, T)’] - MN # 0 thi d; chéo dy;
[} |:U, T]):| -MN =0 thi dl Cét dg.

T, U} . Khi d6 sé c6 mot trong hai truong hop xay ra nhuu sau

dy vudng goéc véi dy khi
v 1lT
hay

U1V +Ug-Va+U3-V3+ = 0
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/ 4. PHUONG TRINH DUONG THANG K&t ni fri thrc v6i cude séng

o

4. Vi tri tiong doi gitra duong thang va mit phang
T = x9+ uit
Xét dudng thang d: { y = yo + ust va mat phang (P): Az + By +Cz+ D = 0.

Z:ZO‘|‘U3t

T = xy + urt
Y = Yo + uat
z =2y + ust
Ar+By+Cz+D =0

{3} Phuong phap: Xét he = A(xo+uit)+ B(yo+ust)+C(zo+ust)+ D =

0 (%)
e Néu (*) c6 ding 1 nghiém ¢ thi d cit (P);
e Néu (*) vo nghiem thi d song song (P);

e Néu (*) nghiém diung v6i moi ¢ thi d ndm trong (P).

:-'q:)- {3 Dic biét: V6i ¥ la véce to chi phuong ciia d va 7 1a véc to phap tuyén cta (P) thi
; d 1 (P) < W cung phuong v6i # hay ¥ = k-7

C

'8 5. Goc gitra hai duong thang

-

{3 Cong thirc tinh: Xét hai duong thang d, va ds.

cC
"g{ o Goi U = (uy;us;u3), U = (vi;v2;v3) lan luot 1a véc to chi phuong ctia dy va dy;

% e Goi ¢ la goc gitta hai duong thing d; va ds, v6i 0° < p < 90°.

= Khi d6

0

L

'; U171 + UV + U3V3

0 cosp = |cos (U, V)| =

Vui+ul +ud /o4 0? + 02
{3 Dic biét

e Néu d, song song hodc tring do thi ¢ = 0°.
e Néu d, vuong goc véi dy thi o = 90°. Khi d6 ¥ L ¥ hay

[ dl 1 dg & UV + UgVs + U3V3 = 0]

6. Géc giita duong thang va mit phang
{3 Céng thifc tinh: Xét duong thang d va mat phang (P).

o Goi ¥ = (uijus;us), m = (A; B;C) lan lugt 1a véc to chi phuong clia d va véc to phap
tuyén cia (P);

e Goi ¢ la goc giita duong thang d va mat phang (P), véi 0° < ¢ < 90°.

Khi do
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J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

o

'LLlA —+ UQB —+ u3C

Vit tul- AT+ B2+ C?

cos (U, 1)

sinp =

{3 Dic biét
e Néu d song song hogc trung (P) thi ¢ = 0°, khi d6 @ L 7@
e Néu d vuong goc véi (P) thi ¢ = 90°, khi d6 ¥ =k - 7.

7. Khoang cach
¥ Khoang cach tir mot diém dén dudng thing:

Trong khong gian Ozyz, cho duong thing d qua diém M, va c6 M
véc to chi phuong @. Khi d6, khoang cach tit diem M dén d dugc
tinh theo cong thic

M, H d

—>
u

{3 Khoang cach giita hai dudng thang chéo nhau:

Trong khong gian Ozyz, cho hai dudng thing K
chéo nhau d; va ds. da
e d, qua diém M va c6 véc to chi phuong u;
e dy qua diém N va c6 véc to chi phuong U
Khi d6 khoang cach gitta d; va dy dugce tinh theo H g

cong thic
HK la doan vudng goc chung cua d; va ds

@, 7] - JWV"

d(dl,dg) = HKZ
, 7]

=y

[

e PHAN LOAI, PHUONG PHAP GIAI TOAN

B Dang 1. Xdc dinh diém thudc vé véc to chi phuong clia dudng théng

——
r=1-1
$SVidu 1. Cho dudng thang d : { y = 2+ 3t (t € R). Vecto nao dusi day la vecto chi phuong ciia
z=2+t

dudng thang d?

BT = (-1;3;-1). 7 =(1;2;2). ©T=(-1;32. [DOT=(-1;31).

EEICh B Th.S Nguyén Hoding Viét — (8 0905.193.688



/ 4. PHUONG TRINH DUONG THANG K&t ni fri thrc v6i cude séng

’ 2 - ]_ 1 o o & Q S
$OVidu 2. Cho duong thang d : ’ 5 = 0 ;: = g Diem nao trong cac diem dudi day nam trén

dudng thang d?

(A) P(5;2;5). Q(1;0;0). (© M(3;2;2). D) N(1;-1;2).

-
«@-
S L EEEERRRRRRREEE
O
c
0O r=14+2t
:% $SVidu 3. Cho dudng thing d: { y =243t (t € R). Dudng thiang d khéng di qua diém nao
c z=5H-—1

w@ | sau day?

:>;" (A) M(1;2;5). (B) N(2;3;—1). © P(3;5:4). D) Q(~1;-1;6).

O —
= ® Loi giai

0

A
[
> ....................................................................................................
D

& Dang 2. Viét phuong trinh dudng théng khi biét vai yéu té lién quan

[ — \\

$SVidu 4. Cho dudng thang A di qua diém M (2;0; —1) va c6 vecto chi phuong @ = (4; —6;2).
Phuong trinh tham s6 ctia duong thing A la

r=—-2+42t =242 Tz =—244t r=4+2t
@ y=-3t . y=-3t . @ y=—6t . @ y = —3¢
z=141¢ z=—-141 z=14+2¢ z=2+t
\ —
® Loi giai
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J Chuong 3. PHUONG PHAP TOA DO TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

AL

$SVidu 5. Cho hai diem A(2; —1;3), B(3;2; —1). Phuong trinh nao sau day la phuong trinh dusng
thing AB?
r=142t r=2+1 r=2+t r=14+2¢
@ y=3—-t . y=-1+3t. @ y=-—-1+1. @ N= 1l =10
z=—443t z=3—4t z=3—4t z=—443t
e
® Loi gidi.
.................................................................................................... m
.................................................................................................... -
1o
. 5 2 20 —1 y z+1 ., 5 2 5 £
$SVidu 6. Cho dudng thiang A : SR , diem A(2; —3;4). Duong thang qua A va c
song song v6i A c¢6 phuong trinh la 8
rT=24+1 r=2-2t r=2+2t T=24+2t
\
(A)dy=-3+t. y=—3—t. ©{y=-3+t. D) {y=1-3t 8
z=4—1 z=4+1 z=4+1 z=—-1+4+4t \0
—— m
® Loi gidi. O
\ ==
.................................................................................................... L
.................................................................................................... O
>
0
O
. . . " ) «O
$SVidu 7. Viét phuong trinh dudng thang di qua diem N(2; —3; —5) va vudng géc v6i mat phang Q
(P):2x—3y—2+2=0. L
r—2 y+3 z+5 r+2 y—-3 z-5 O
@2_—3_—1' =3 -1 pd
©x+2_y—3_z—1 @x—Q_y-l-?)_z-l—l
2 -3 =5 2 =3 =5
e
® Loi gidi.

$SVidu 8. Cho tam giac ABC c6 A(3;2; —4), B(4;1;1) va C(2;6; —3). Viét phuong trinh duong
thang d di qua trong tam G ctia tam giac ABC' va vudng goc v6i mit phang (ABC).
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/ 4. PHUONG TRINH DUONG THANG Két néi fri thic véi cude séng

AL

z—3 y—3 =z+2 z+12 y+7 z-—-3
d: = = : d: = = .
~ P 7 5L
T — Yy — z+ z + y+ z—
d: = = : d: = = :
@ 7 2 -1 @ 3 2 -1
® Loi gidi.
[ — AN
=243t
SVidu 9. Cho A(4;-2;3), A: cy=4 , duong thing d di qua A cit va vuong goc véi A co
z=1-1t
4= | mot vec-to chi phuong la
‘- (A)vec-to @ = (5;2;15). vec-to @ = (4;3;12).
> @Vec—td a = (1;0;3). (D) vec-to @ = (—2;15; —6).
g e
7o) ® Loi gidi.
O
I
= P
()
N
=
m ....................................................................................................
P
. [ —— N\
L ¢ 2 N N 2 z+1 Yy z—3 . N N 2
E $OVidu 10. Cho diem A(1;2;3) va dusng thang d : —— =T Goi A la duong thang
~ | di qua diém A, vuong goc v6i dudng thing d va cit truc hoanh. Tim mot véc-to chi phuong ¥ ciia
(D duong thing A.
(AT = (0;2;1). w7 = (1;0;1). © = (1;-20). D 7 = (2;23).
e
® Loi gidi.
[— N
. g —1 1 -2 3
$9Vidy 11. Cho hai duing thing dy : *— = y; =L o=t 210 vigt
phuong trinh dudng thang A di qua diém A(1;0;2), cit d; vh vudng géc véi dy.
z—1 y =z-2 r—3 y—3 z+2
@—25_3_64'2 21_ 3 _2—4‘
r—5 y—-6 z-— -1 _y_ z-—
©—2_—3_4‘ @—23—4'
e
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J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

D Li gidi.

$>Vidu 12. Cho duong thing d : * = y = z. Viét phuong trinh dudng thing d’ 1a hinh chiéu
vuong géc clia d 1én mit phang toa do (Oyz).

x=0 r=t =0 x=0
A dy=t . =t . ©{y=2+t. D {y=
z =2t z =2t z=1+1t z=1t
\ e
D L&i gidi.
|—

s 2 1 _2 2
$OVidu 13. Cho duong thang d : x—2i— = J= Zl , mit phang (P):x+y—22+5=0va

1
diem A(1; —1;2). Viét phuong trinh duong thang A cit d va (P) lan lugt tai M va N sao cho A
la trung diém ctia doan thing M N.

z—3 y—2 z-4 z—1 y+1 2-2
ST T ORI T VT
©A: = =5 DA : > - —
- |
D L&i gidi.

& Dang 3. Vi tri twong déi clia hai dudng théng
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y 4. PHUONG TRINH DUONG THANG

Két néi tri thire véi cude séng

y £ £

——

r=1+1

$>Vidu 14. Cho hai dudng thang d :

2 =18t

trong cac khang dinh sau.
@ d trung d'.

d cit d'.

y=2—tvad:

@ d va d’ chéo nhau. @ d song song véi d'.

x =2t
y = —1 — 2t'. Chon khing dinh diing
z="5—2¢

/

® Loi gidi.

[——
r=1+t =2+t

?Q_) $SVidu 15. Cho cac duong thing d, : {y=2—t ,dy:{y=1—1t". Tim vi trf tuong ddi ctia

-S G = —H — i z=1
hai duong thang d; va ds.

g Song song. Chéo nhau. @ Cat nhau. @ Trung nhau.

IU N\ ——
:I? o Loi gidi.

c
z<m ....................................................................................................

N

-

m ....................................................................................................
D
0"

=

p . 1 -1
> | $SVidu 16. Cho hai duong thang d; : x;— = y—m

tat ca cac gia tri thuc ctia m dé dy vuong goc ds.

@m:5. m=1.

r=1+at
y=t
z=—1+2¢

$SVidu 17. Cho hai dudng thing d : (t

dé hai duong théng trén cit nhau.

@azl. a:O.

@a: —2.

5= —1 — ¢
y=2+t
=)=y

@a:—l.

eR),vad: (' € R). Tim a
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J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

D Li gidi.

B Dang 4. Vi tri twong déi clia dudng thdng va mat phéng

’ 2 - 1 - 1 . .2 o <
$OVidu 18. Cho duong thang d : xT = % _—— — Tim toa do giao diem M cua dudng

thang d v6i mat phang (Owy).

(A) M(~1;2;0). M(1;0;0). (C©) M(2;-1;0). (D) M(3; —2;0).

- |
® Loi gidi.
. . -1 3 -3 .
$SVidu 19. Cho duong thang d : ‘ == y—;— e - va mat phang (P) : 2x+y—22+9 = 0.

Tim toa do giao diém ctia d va (P).

@(2;1;1). (0; —1;4). @(1;—3;3). @(2;—5;1).

o Ldi gidi.

- 2 - ]_ - ]_ - 2
$OVidu 20. Cho dudng thang d : ‘ T = ] R : _1m va mit phang (P) : 2x + my — (m? +

1)z +m — 2m? = 0. C6 bao nhiéu gia tri ctia m dé duong thang d nim trén (P)?

(A)o. ® 1. ©2. (D) Vo sb.

 Loi gidi.
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/ 4. PHUONG TRINH DUONG THANG K&t ni fri thrc v6i cude séng

o

| —
r=m+t
$SVidu 21. Cho mat phéng (a) : z+y + 2z — 6 = 0 va dudng thing A : { y = —1 + nt. Tim diéu
z=4+2t

kién ctia m va n dé duong thang A song song v6i mat phang ().

@{m_?é?)- {m:3 ©{m=3‘ @{m;&?)

n=-3 n# -3 n=-3 n# -3

® Loi gidi.

- & Dang 5. Géc va khodng céch
>
m-
c r=1—t
%o 3 o . z+1 y—1 =z e
O | ©Vidu 22. Cho hai dudng thing d; : =T T dy: <y=0 . Goc gitta hai duong
- z=2+t
v | thing di,d; I
>| (A 30 150°. (©)120°. (D) 60°.
=
O
2
» ® Loi gidi
L
h ....................................................................................................
>
(D ....................................................................................................

$Vidu 23. Cho tam giac ABC biét A(1; —1;1), B(1;1;0), C(1; —4;0). Géc gitta hai dudng thang
AB va AC bang

(A) 135°. 45°. (©)60°. (D) 30°.

® Loi gidi.
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J Chuong 3. PHUGNG PHAP TOA BO TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

y £ £

[— N\
T=3+1
$SVidu 24. Cho duong thang A : { y = —2 — ¢ song song v6i mat phang (P) : x+2y+z+2 = 0.
z=1

Tinh khoang cach d tit dudng thing A dén mat phang (P).

@d:é. d:%g. ©a=2 @a=28

6 3
e
® Loi giai
.................................................................................................... m
c
—— \ ,o
x=2—"5t 8
$OVidu 25. Cho mit cau (S) : 22 +y%+22—2r—4y+22—3 = 0 vh dudng thing d : { y = 4 + 2t. ~
Z = o
Duong thang d cit (S) tai hai diém phan biét A va B. Tinh do dai doan AB? (@)
@ \/ﬁ 2\/@ @ \/E @ 2\/1_7 \o
17 ° 29 29 17 - O
e \o
® Loi gidi ]
O
.................................................................................................... o
.................................................................................................... £
O
.................................................................................................... >
.................................................................................................... O
.................................................................................................... O
.................................................................................................... 3
.................................................................................................... «O
.................................................................................................... L
.................................................................................................... (@)
.................................................................................................... Z
[— N\
r=1+1 7
$SVidu 26. Cho hai dudng thing d;, dy 1an lugt c¢6 phuong trinh lady : { y =2 — ¢, dy : v I =
z=1
Yy — 1 z+ 1 o 2 2. ~ n N . . .. . >
ouaa Mit phang (P) thay doi nhung luon song song véi d; va dp. Khi d6, gia tri nho
nhat clia tong khoang cach tit d; va dy dén mat phang (P) la
2 5 7 1
5 5 5 3
- |
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/ 4. PHUONG TRINH DUONG THANG K&t ni fri thrc v6i cude séng

2 Dang 6. Hinh chiéu # cla diém M 1én mat phéng (P)

e Viét phuong trinh duong thang M H qua M va nhan np lam y M N
véc to chi phuong; np
e Giai hé gita dusng M H v6i mat phang (P), tim ¢. T do, [

toa do H.
suy ra toa do i \
A Goi M’ déi zing véi M qua mat phdng (P) thi P i

Thy = 2xy — Ty
/

Y = 2YM — YH -
2 =22y — 2m

| —
$SVidu 27. Goi hinh chiéu vuong goc ciia diem A(3; —1; —4) lén mat phang (P) : 20 —2y—2—3 =
0 1a diém H (a;b; ¢). Khi d6 khang dinh nao sau day ding?

@a+b+c:—1. B a+b+c=3. ©a+b—|—c:5. @a-l—b-i—c:—g.

Viet

ang

~

Ho

o Li gidi.

)
~

guyén

Gv Ths: N

$>Vidu 28. Cho mat phang (P) : 2z + 2y — 2+ 9 = 0 va diém A(—7; —6;1). Tim toa do diém A’
déi xing v6i diém A qua mit phang (P).

(A) A'(1;2; —3). A'(1;2:1). (C) A'(5;4;9). (D) A4'(9;0;9).
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J Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

& Dang 7. Hinh chiéu I clia diém 1/ 1én dudng théng d

e Tham s6 diem H € d theo an t; M
e Gidi MH -uy =0, tim ¢t. Tt d6, suy ra toa do H. o
S
A Goi M déi xing véi M qua mat phing d thy H d
CL‘GM = 2I‘M — Ty
r_ M
Yrm = 2Ym — Yu -
20 = 22y — 2H
[— AN
- ’ 2 2 g
$OVi du 29. Cho diém A (4;—3;2) va dudng théng d % _ % = . Goi diém H Ia hinh
chiéu vuong géc ctia diém A len dudng thing d. Toa do diém H la
(A) H (5;4; —1). (B) H (1;0; —1). © H (=5 —41). (D) H (—2; —2;0).
e
® Loi giai
[——
r=2+4+2t
$OVidu 30. Cho diém M (1;2; —6) va duong thing d: { y =1—¢ (¢t € R). Diém N la diém d6i
z=-3+t¢

xiing ctia M qua duong thing d co toa do la

(A) N (0;2; —4). B) N (-1;2;-2). (O N (1;-2;2). (D) N (-1;0;2).

® Loi gidi.
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ALV

Viet

~

Gv Ths: Nguyén Hoang

)
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Két néi tri thire véi cude sdng

y Chuong 3. PHUGONG PHAP TOA O TRONG KHONG GIAN

G BAI TAP TU LUYEN

r=1-—t
Cau 1. Trong khong gian Ozxyz, cho duong thang d: { y = —2 + 2t. Véc-to nao dudi day la véc-to
z=1+1
chi phuong ctia duong thing d?
(AT = (1;-21). 7=(L21). CF=(-5-21). D= (121

- , 8 -5
Cdu 2. Trong khong gian Oxyz, cho dudng thang d : xl_ _ Y = % Khi d6 mot véc-to chi

—2
phuong ciia dudng théng d c6 toa do 1a
W) (4 -2;1). (452;-1), © (4 -2-1). D) @21).
r=1
Cdu 3. Trong khong gian Oxyz, cho duong thang d: {y =2+ 3t, (¢t € R). Véc-to nao dudi day la
z=0—1
véc-td chi phuong cua d?
(AT, = (0;3;—1). Ty =(1;3;-1).  (©W5=(1;-3;-1). (D) Ty=(1;25).
r=243t
Cadu 4. Trong khong gian Ozyz, cho duong thang d: { y = —2t . Véc-to nao dudi day khéng phai
z=1+41
la vecto chi phuong ctia duong thing?
() (6:—4;2). (3;-2:1), ©)(-3;2:-1). D) (-3;2:1).

CdAu 5. Trong khong gian Oxyz, cho diém A(1;4; —7) va mat phang (P): 2+ 2y —22+5 = 0. Phuong
trinh dudng thang di qua A va vuong géc véi mit phang (P) 1a

r+1 y+4 2-7 r—1 y—4 247
® 11_ 24_ —27' 11_ 24_ —77'

r—1 y—4 z+ r—1 y—4 z+
©1_2_—2‘ @1_—2_—2'
N . . . . x—1 y+2 =z _ 5 )
Cadu 6. Trong khong gian Oxyz, cho dusng thing (d): =1 =3 Mat phang (P) di qua

diém M (2;0; —1) va vudng goc v6i d c6 phuong trinh 13
(A)(P): z—y+2z=0. B)(P):z—2y—2=0.
@(P):x—i—y—l—Qz:O. @(P):a:—y—Qz:O.

Cdu 7. Trong khong gian Oxyz, cho hai diem A(2;3;—1), B(1;2;4). Phuong trinh nao dusi day

khong phai phuong trinh dusng thang AB?

r=2-—1t
@x+2:y+3:z—1 =3t
1 1 5 N
z=—1+5t

r=1—-t . 5 A
T — y— z—
=2—-1 . = = .
z=4+51
Cdu 8. Trong khong gian Oxyz, cho diém M(—1;2;2). Duong thang di qua M song song v6i Oy cb

phuong trinh la
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.
(2= —1 (0= —1+1
AMly=t ,teR). ®ly=2 ,(t€R).
\222 \z:2—|—t
(0= —1+41 (2= —1
C{y=2 Lt €R). Ddy=2 ,(teR).
\2:2 \z=2+t

Cdu 9. Trong khong gian Ozyz, cho diém I(1;—2;1) va hai mat phang (P), (Q) lan lugt c6 phuong
trinh la 7 — 324+ 1 =0, 2y — 2z + 1 = 0. Dudng thang d di qua I va song song véi mit phang (P), (Q)
¢6 phuong trinh la

r—1 y+2 =2z-1 r—1 y+2 =z2-1
@_21_ by 20 5 i L2
r—1 y+2 z- r—1 y+2 z-
©2_1_—5' @6_—1_2‘
~ 2 2 _1 ]_
Cau 10. Trong khong gian Oxyz, toa do giao diem M cta duong thang d: a = Y +2 = Z va
mgt phang (a): 3z +2y+2—-1=01a
@ (A M(1;-1;0). (B) M(=1;0;1). (©) M(=1;1;0). D) M(1;0;-1).
S . 7 —12 y-9 =2-1
;Cau 11. Trong khong gian Ozyz, toa do giao diem M cua duong thang d: L 1= Y 5 = : 7
¢ va mat phang (P): 3r+5y—2—2=01a
'8 (A) M(0;2;3). M(0;0; —2). (©)M(0;0;2). (D) M(0;-2;-3).
| Py N 2 x y—2 z+3 N PP TR 2 N ~
- Cadu 12. Duodng thang d: 5= 1 3 vuodng géc v6i mat phang nao sau day?
«@
S (A) (o) 4z + 2y + 62 — 2018 = 0. (B) (o2): 22 + y — 32 — 2017 = 0.
g, (C)(a3): 3z +y + 22 — 2017 = 0. (D) (ay): 22 — y + 32 — 2018 = 0.
=z T =—3+2t A )
_t.é Cadu 13. Trong khong gian Ozyz, cho hai dusng thing A: {y=1—t va A’ $§ = y; =
— z=—-1+4t
_4 2
(.>|) : . Khang dinh nao sau day la dung?
@ A trung véi A A va A’ chéo nhau.
@A va A’ song song v6i nhau. @ A cat A

Cdu 14. Trong khong gian Oxyz, cho ba diém A(2;0;0), B(0;3;1), C(—1;4;2). Tinh khodng cach tit
A dén duong thing BC.

V3
(A) V. V2. ©-35 D) V3.
4 | =t
Cau 15. Tinh khoéng cach gitta hai dudng théng d; - _il - y% — Z_J; Vide: dy =2+ 3¢t
z=—4+ 3t.
@ 2/110 V110 © V55 ® V11
55 23 7 3
~ R . . N .2 5 N 2 x—2 Yy z—3 N =
Cadu 16. Trong khong gian Oxyz, goi M la giao diem cua duong thang d: T =5= g Vo mit
phing Oyz. Tinh OM.
(A)OM =5. (B)OM =7. (C)OM = 14, (D) OM = 3.
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o

Cdu 17. Trong khong gian Oxyz, cho hai diém A(1; —2;6), B(—3;1; —2). Dudng thing AB cit mat

. 2 . AM
ha Oxy) tai diem M. Tinh ti s0 ——.
phang (Ozy) tai diem inh ti 80—

1 1
2. 3. © 3 0) 5
CdAu 18. Trong khong gian Oxyz, cho hai mit phang (P) : 3z—2y+22—5 =0, (Q) : 4v+5y—2z+1 = 0.

Cac diem A, B phan bigt thudc giao tuyén ciia hai mat phang (P) va (Q). Khi d6 AB cting phuong
vGi véc-to nao sau day?

AT = (3;-2;2). T=(=811;-23). (C% = (4;5:—1). D)@ = (8;—11;—23).

r=2—1
N 5 —4
Cadu 19. Trong khong gian Ozyz, cho hai dudng thang song songd: ¢ y =142t (t € R)vad': xT:
z2=4-2t
1 7z 2 NS 2 N N
% = g Viét phuong trinh dudng thang ndm trong méat phang (d, d’), dong thsi cach déu hai duong
thing d va d'.
r—2 y—1 =z-4 r+3 y+2 z+42
® 33_ 1 —22‘ 13_ —22_ 22‘
r—o Yy zZ— rT+o Yy—2 z+
©1_—2_2' @—1_2_—2'

Cdu 20. Trong khong gian Ozyz, goi H hinh chiéu vuong goéc ctia M(2;0;1) len duong thang A :
—1 -2 )
z :gzzl . Tim toa do diem H.

1
(A) H(2;2:3). H(0;—2;1). (C) H(1:0;2). (D) H(—1; —4;0).

Cdu 21. Trong khong gian Ozyz, cho mat phang (P) :  + 2y — 2z + 3 = 0 va dudng thang A :
r—1 y+3 =z+1

. Cosin clia goc tao bdi dusng thang A va mit phang (P) la

2 -2 1
4 V65 5 23
r=1
CdAu 22. Trong khong gian Oxzyz, goi H (a; b; ¢) 12 hinh chiéu ctia A(2; —1;1) lén dudng thang (d): < y = 4.4 2
z = &It
Déng thitc nao dudi day dang?
(A)a+2b+ 3¢ = 10. a+2+3c=5  (Cla+2b+3c=8 (D a+2b+3c=12.
~ 2 2 - 6 - 1 - 5
Cadu 23. Trong khong gian Ozyz, cho diem A(1;2;2) va duong thang d: L 5= Y = : T Tim

toa do diém B dbi xiing v6i A qua d.

(A) B(—3;4; —4). B(2;-1;3). (C) B(3;4; —4). (D) B(3; —4;4).

~ 2 2 - 1
Cdu 24. Trong khong gian Oxyz, cho diem M (2;1;0) va dudng thang d c¢6 phuong trinh xT =
1 2 i z 2
% = il Phuong trinh cia duong thing A di qua diem M, cat va vuong goc véi dusng thang d

la
r—2 y—1 =z r—2 y—1 =z
@ 12_ —41_—2 —12_ —41_—2'
z—2_y-1_= z-2_y-l_ =
© -1 =3 2 © -3 —4 =2
e ~ . . TR BN N « £ ~ . > < 2 xXr + 1 xr — 2
Cadu 25. Trong khong gian Oxyz, goi d’' 1a hinh chiéu vuong goc ctia duong thang d: =% =
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o

trén mat phang toa do Oxy. Véc-to nao dudi day 1a mot véc-to chi phuong ctia d'?

(AT = (2;3,0). B) 7 =(2;31). ©) & = (-2;3;0). D)@ = (2;-3;0).

~ 2 2 - 2 - 3
Cdu 26. Trong khong gian Ozyz, goi («) la mat phang chia dudng thang d: a T Y . % VA

vuong goc véi mat phang (8): z+y — 2z + 1 = 0. Hdi giao tuyén ctia («) va (8) di qua diém nao dudi
day?

(A) (2:3;3). (5;6;8). (C)(0;1;3). D) (1;-2;0).

Cadu 27. Trong khong gian Oxyz, cho tam gidc ABC c¢6 phuong trinh duong phan gidc trong goc A
1a % = y_—46 = 2:36. Biét ring diém M(0;5;3) thuoc duong thang AB va diém N(1;1;0) thuoe
dudng thang AC. Véc-to nao sau day la véc-to chi phuong ciia duong théing AC?
(A) T(1;2;3). (0; —2:6). (C)7(0;1;-3). (D) @(0;1;3).
r+1 y z-—1

Cdu 28. Trong khong gian Ozyz, cho duong thing d: 4 T 1~ 3

z4+3

va mat phang (P): 3z —
3y + 2z + 1 = 0. Ménh deé nao sau day la dang?

-
‘@ (A)d song song véi (P). d nam trong (P).
> @ d cat va khong vuong goc véi (P). @ d vuong goc véi (P).
O ~1 y—-2 z-3 —4
g Cdu 29. Trong khong gian Ozyz, cho hai duong thing d : ? 5 = Y Y : z vad 2 5=
4
—6 8
Q¥ >2_2- . Ménh dé nao sau day la ding?
a8 10
1‘5 @ d vuong goéc voi d'. d song song véi d'. @ d trung véi d'. @ d va d' chéo nhau.
- . -7 -3 -9
%CCIU 30. Trong khong gian Ozyz, cho hai duong thang (d;) : i = 4 5 = - N
° r—3 y—1 z2-1 -
Z va(d): — :y2 -
2 @ (dy) va (do) cat nhau. (dy) va (dy) vuong goéc nhau.
'; @ (dy) va (dy) trung nhau. @ (dy) va (dy) chéo nhau.
Q) ) va B(5;1; —3). Tim tat ca cac gi tri ctia

Cdu 31. Trong khong gian Oxyz, cho hai diem A(10;2; —2
tham s6 m dé dudng thang AB vuong géc véi mit phang (P): 10z + 2y +mz + 11 = 0.

(A)m = —52. (B) m = 52. ©m=2. D m=—

Cdu 32. Trong khong gian Ozyz, hinh chiéu vuong géc ctia diém A(3;2;1) trén mat phang (P): x +
y+2—3=01adiém

(A) M(—1;2;2). (B) M(0;1;2). (C) M(2:1;0). (D) M(1;1;1).

Cdu 33. Trong khong gian Oxyz, viét phuong trinh hinh chiéu vuong géc ctia duong thing
J: r—1 y+1 =2-2

len mit phing Oxy.

2 1 1
r=-—1-—2t r=—1-—2t r=—14+2t r=—14+2t
@ y=-2-—1 . y=1—t . @ y=t . @ y=—1+1¢ .
z=10 z=10 z=0 z =2

~ Z Z 2 2 - 1 - 1
Cadu 34. Trong khong gian Oxyz, tim tat cd gid tri tham s6 m dé duong thang d: ’ T = y_z

song song v6i mat phang (P): 2z +y — m?z +m = 0.

(A)m e {-2;2}. Bimew. ©m2—2. D)m=2.
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.
r=1+1
Cdu 35. Trong khong gian Oxyz, cho dudng thang d : { y = 1 —t va mat cau (S): 22 + 9> + 22 +
z=2
27 — 4y — 62 +m — 3 = 0. Tim s6 thuc m dé d cat () tai hai diém phan biét.
m>31 m<31 m<31 m>31
-2 -2 2 2
~ ’ . -1
Cadu 36. Trong khong gian Ozyz, cho mat phang (P): x —2y+2z—1 = 0 va dudng thang d: * =
1 Z 2 2 S 2
% = il Biet diem A(a;b;c), (¢ < 0) la diem nam trén duong thang d va cach (P) mot khodng

bang 1. Tinh tong S =a +b + c.

(A)S =2 S:—g. (C)S=4. @5:%.

r=1-—t
~ 2 _2 2 _3
Cadu 37. Trong khong gian Oxyz, cho hai duong thang d; : x2 :y+1 zzl vady: Cy=1+2t.
z=—-141

Duong thiang A di qua diém A(1;2;3), vuong goc véi d; va cat dy ¢6 phuong trinh 1a
r—1 y—2 2-3 r—1 y—2 =2-3
@—1_—3_—5‘ 1_3_5'

r—1 y—2 2z-3 r—1 y—2 z-3
©1_3_—5' @1_—3_—5'

Cadu 38. Trong khong gian Oxyz, cho (P): x —2y+22z—5 =0, A(—3;0;1), B(1; —1; 3). Viét phuong
trinh duong thang d qua A, song song vé6i (P) sao cho khoang cach tit B dén d 1a 16n nhat.

@x—l—?):y_z—l' x+3:i:z—1'

L -1 2 , 3, 2 2.
r—1 "y  z- T+ Yy z-
© 1 -2 2 © 2 -6 -7
Cdu 39. Trong khong gian Oxyz, cho mat cau (S) : 22+ y? + 2% +4x — 6y +m = 0 (v6i m 1a tham s
2 _1 1 z 2 - 2
thuc) va duong théngd:%zyT: s . Tim tat cé céc gié tri cia m dée d cat (9) tai hai diem

phan biét M, N sao cho M N = 8.

@m:—12. m:—7. @mle. @m:7.

r=1 r=4+1
Cdu 40. Trong khong gian Oxyz, cho hai duong thing Aj: {y =241, Ay: {y=3—2t
z=—t z=1—1t.

Goi (S) 1a mat cau c6 ban kinh nhé nhat tiép xic v6i ca hai dudng thang A; va A,. Tinh ban kinh
mat cau (.9).

wYe ® Y1 ©:. ON

— HET
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o

5’@'0 MOT SO BAI TOAN CUC TRI
_ >

@ PHAN LOAI, PHUONG PHAP GIAI TOAN

2 Dang 1. Tim max - min bang céch thiét Iap ham va khdo sat ham

$OVidu 1. Cho mat cau (S): 22 + y* + 22 — 2max — 2my + 4mz — 12m — 10 = 0. Ban kinh nhd
nhat cia (S) 1a

(AR =6. B R=2 (OR=5. D) R=4

e
® Loi gidi.

e
O
D
(@)

B e
%o

= 1 2

:Ic: SVidu 2. Cho dudng thing A : x; — % = Z_+1 va hai diém A (0; —1;3), B (1; —2;1). Tim
#“@ | toa do diém M thuoc duong thang A sao cho M A% + 2M B? dat gia tri nhé nhét.

5| ®M0-2). M (3;1;-3). ©M(-1-1;,-1). © M(52-4).

O

< D L5i gidi.

(2]

I
—

> ....................................................................................................
)

< . 2 x y—1 z2+2 2
Vidu 3. Cho duong thing A : 1= "7 = 5 %» ba diem A(1;3;-2), B(0;4;-5),

C (1;2; —4). Biét diém M (a; b; c) thudc dusng thing A sao cho M A% + M B? + 2MC? dat gia tri
nhé nhat. Khi d6, tong a + b + ¢ bing bao nhiéu?

(A)o. ~1. (©s. D) 4.
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AL

- 2 1 3 N o ®
$SVidu 4. Cho diem M (5; g; 0) va mat cau (S): 22 + y? + 22 = 8. Dudng thang d thay doi,
di qua diém M cit mit cau (S) tai hai diém phan biet A, B. Tinh dién tich 16n nhat S ctia tam
gisc OAB.

(A)S=4. B) S =7 (©) S =2v2. (D) S =2/7.

Co6 Con buong

Noi PauCé YChiO b
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& Dang 2. Tim max - min béing céch st dung
mdi quan hé gilra dudng cao va dudng xién

(¢ Bai toan 1. Tim mat phang (P) chita diém K va cach diém A mot khodng 16n nhat.
e Goi H la hinh chiéu vuong goc cia A len (P). A

e Chu ¥ rang AK c¢b dinh. ta c6 danh gia AH < AK.
Dau bang xdy ra khi va chi khi H truing K hay AK 1 (P).

e Khi d6 (P) 1a mat phang qua diém K va nhan AK lam véc to phéap A H&QI’( /
>

tuyén.

(¢ Bai toan 2. Tim mat phang (P) chita duong thang d (hodc hai diem B, C) va cich diem A
mot khoang 16n nhat.

e Goi H, K lan lugt 1a hinh chiéu vuong goc ctia A len (P) va d. A

e Chu ¥ rang AK cb dinh. ta c6 danh gia AH < AK.
Dau bang xdy ra khi va chi khi H trung K hay AK 1 (P)

e Khi d6 (P) 1a mat phang qua diém K va nhan AK 1am véc to phap A M

tuyén.

(¢ Bai toan 3. Tim mit phang (P) chita duong thang d (hodic hai diem A, B) va cit mat cau
theo mot duong tron c6 ban kinh (chu vi, dién tich) nhé nhat.

e Goi I 1a tam ciia mat cau.

e Goi H, K lan lugt 13 hinh chiéu vuong géc ctia I
len (P) va d.

e Chi y ring I K c6 dinh. Dé ban kinh dudng tron
giao tuyén nhoé nhat thi 7H phai 16n nhat. Ta c6
dénh gis TH < IK.

Dau bang xay ra khi va chi khi H trung K hay
IK L (P).

e Khi d6 (P) 14 mat phing qua diem K va nhan
IK lam véc to phap tuyén.

$OVidu 5. Trong khong gian Ozyz, cho hai diém A(1;2; —1), B(3;0;3). Biét mat phang (P) di
qua diém A va cdch B mot khoang 16n nhat. Phuong trinh mit phang (P) la

(A)z—2y+2:+5=0. Boz—y+2:+3=0.
©2x—2y+4z+3:0. @2x—y+2z:0.
e
® Loi giai
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AL

[— AN
z=1t
$SVidu 6. Cho diém A(3;2; 1) va duong thang d : { y =t . Phuong trinh mit phing (P)
z=1+1
chita d sao cho khoang céch tit A dén (P) 16n nhat la
@2x+y—32+3:0. x+2y—z—1:0.
©3x+2y—z—|—120. @2x—y—3z—|—3:0.
2
® Loi giai 0
.................................................................................................... >
n)
.................................................................................................... a
.................................................................................................... o)
.................................................................................................... O
.................................................................................................... ‘O
.................................................................................................... O
‘O
.................................................................................................... m
.................................................................................................... O
.................................................................................................... o
.................................................................................................... =
O
.................................................................................................... >
.................................................................................................... 0
[—— O
A=
$OVidu 7. Cho mit cdu (S): (z—1)%*+ (y—2)?+(2—3)? = 25 va hai diém M (3; —2;6), N(0;1;0). | O
Gia st (a): ax + by + cz —2 = 0 di qua M, N va cit (S) theo giao tuyén la mot duong tron c6 | £
ban kinh nhé nhat. Tinh a + b? + 3. "—
A)o. 12. (©)s. D) 3. 2
N\ e —
® Loi giai
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$SVidu 8. Trong khong gian véi he toa do Oxyz, cho hai diém A(—3;0;1), B(1; —1;3) va mat
phing (P) : z — 2y + 2z — 5 = 0. Viét phuong trinh chinh tic ctia duong thang d di qua A, song
song v6i mat phang (P) sao cho khodng cach tit B dén d nhd nhat.

@x—i—?)_g_z—l x—|—3_ y z-—1

i 26 11 =2 26  —11 2

«@- ©x+3_£_z—1 @9&4—3_1_2—1

> 26 11 2 —26 11 -2 °

m\ e
,5 ® Loi giai

(@)

& Dang 3. Tim max - min bang cdch quy vé fim hinh chiéu cla diém Ién mat.

Cho ba diém A, B, C' va mat phang (P).

(¢' Ta thuong gap mot trong hai bai toan sau:

® Tim diém M € (P) dé biéu thic T = |m.MA +n.MB + k.MC| dat gia tri nhé nhat;
® Tim diem M € (P) dé biéu thitc T = m.MA? +n.MB? + k.MC? dat gia tri nhé nhat;
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y £ £

(& Cac budc giai:

@ Goi I 13 diém théa m.JA +n.IB + k.IC = 0. Giai tim diém 1.
(6 thé ghi nh6 nhanh | [ = AT BEE-Cl
m-+n-+k

@ Khi d6 Tppin khi I M. Suy ra M 1a hinh chiéu vuong goc ciia I len (P).

OVidu 9. Cho A(-3;0;0), B(0;0;3), C(0;—3;0) vd mit phing (P): z +y + 2z — 3 = 0. Goi
M (a,b,c) 1a diém trén (P)sao cho ‘MA + MB — MC" nhé nhéat. Tinh a + b + c.

(Aa+b+c=0. B at+b+c=-1. (Ca+b+c=5. Da+b+c=3.

.................................................................................................... =
O

>

$>Vidu 10. Cho mit phing () : x+2y+22+9 = 0 va ba diém A (1;2;0), B (2;0; -1), C'(3;1;1). | *O
Tim toa do diém M € (a) sao cho 2M A% + 3M B — 4MC? dat gi4 tri nhé nhat. O
(A) M (1;-2; -3). M (=3;1;—4). (C) M (—3;2; —5). (D) M (1;-3;—2). 8
(n)]

® Loi giai S

2
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ALV

e
‘w_ ....................................................................................................
>
m N\

’ 2 - ]. 2 2
,g $SVidu 11. Cho dudng thing A : % _ & — = : +2 va ba diém A(1;3;-2), B(0;4;—5),
:IO: C (1;2; —4). Biét diem M (a; b; c) thuoc duong thang A sao cho M A? + M B% + 2MC? dat gia tri
- nhé nhat. Khi d6, tong a + b + ¢ bang bao nhiéu?
«@| @®o. ~1. (©s. (D) 4.
> L e
>
= ® Loi giai
) o
L
h ....................................................................................................
-
O
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& Dang 4. Tim max - min bdng cdch quy vé tim diéu kién ba diém théng hang

[— \\
$SVidu 12. Cho hai diem E(1;—2;4), F(1;—2; —=3). Goi M la diém thuoc mit phang (Ozy) sao
cho téng M E + MF c¢6 gia tri nhé nhat. Tim toa do diem M.

(A) M(-1;2;0). M(=1;-2;0). (©) M(1;-2;0). (D) M(1;2;0).

o Ldi gidi.

$OVidu 13. Cho hai diém A (—1;3;4), B(3;1;0). Goi M la diém trén mit phang (Oxz) sao cho
tong khoang cach tit M dén A va B la ngin nhat. Tim hoanh do x, cta diém M.

@1’024. $0:3. @.’170:2 @Z’O:l

® Loi gidi.
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o

$SVidu 14. Trong khong gian Ozyz, cho hai diém A(3;2;1) va B(—1;4; —3). Tim diém M thudc
mit phang (Ozy) sao cho [M A — M B| 16n nhéat.

(A) M(=5;1;0). M(5:1;0). (C) M(5;—1;0). (D) M(—5; —1:0).

® Li gidi.

& Dang 5. Tim max min lién quan dén phuong trinh theo doan chén

[

$SVidu 15. Trong khong gian v6i hé toa do Ozyz, mit phang (o) di qua M(1;1;4) cit cac tia
Oz, Oy, Oz lan luct tai A, B, C phan biét sao cho ti dien OABC c6 thé tich nhé nhat. Tinh thé
tich nhé nhat doé.

(A)72. 108. (©)13. (D) 36.

® Li gidi.

Bi Th.S Nguyén Hoang Viét — @ 0905.193.688 RUGEILl



J Chuong 3. PHUGNG PHAP TOA BO TRONG KHONG GIAN Ké&t néi tri thire véi cude séng

y £ 42
[— AN
$SVidu 16. Trong khong gian véi hé toa do Oxyz, cho A(2;0;0), M(1;1;1). Mit phing (P) thay
ddi qua AM cit cac tia Oy, Oz lan luct tai B, C. Khi mit phang (P) thay doi thi dien tich tam
gidc ABC' dat gia tri nho nhat 1a bao nhiéu?

(A) 5v/5. 21/6. (©)4v6. (D) 3v6.

 Loi gidi.

Noi Dau Cé Y Chi
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.
e BAI TAP TU LUYEN

Cadu 1. Trong khong gian Oxyz, cho mit cau (S) ¢6 phuong trinh z2 + 4% + 22 — (4m — 2)x + 2my +
(4m +2)z — 7 = 0. Gia tri nhé nhat clia thé tich khéi cau la

A) %w. 9721 (C) 36m. (D) 3007

Cdu 2. Trong khong gian Ozyz, xét mat cau (S) di qua hai diem A(1;2;1) va B(3;2;3), ¢6 tam
thuoc mat phang (P) : o —y — 3 = 0, dong thdi c¢6 ban kinh nhé nhat. Tinh ban kinh R clia mit cau

(5).
(A) V2. 2v/2. ©)1. D) 2.

Cdu 3. Trong khong gian Ozyz, cho hai diém A(—1;3;4), B(9; —7;2). Tim trén truc Oz toa do diém
M sao cho M A% + M B? dat gia tri nhd nhat.

(A) M(5:0;0). M (~2;0,0). @M(4;0;0). (D) M(9;0;0).

_1 2
5= yl _Z — va hai diém A (~1; ~1;6),
G) N B

-S B (2;—1;0). Biét diém M thuoc duong thang A sao cho biéu thitc T = M A? + 3M B? dat gia tri nho
nhat 1 Tonin. Khi d6, Thin bang bao nhiéu?

.. Cau 4. Trong khong gian Oxyz, cho dusng thing A :

O

g @Tmin = % Tmin = 25. @Tmin = % @Tmin =45
4

®) . r  y+1 _ -

o 1 2
- Cdu 5. Trong khong gian Ozyz, cho dudng thang A : 5 = va hai diem A (1;0;1),

1 _
,<5 B (—1;1;2). Biét diém M (a;b; c) thuoc duong thang A sao cho ‘m — 3MB‘ dat gia tri nho nhat.
:>; Khi do6, tdng a + 2b + 4c¢ bing bao nhieu?

g A)o. B 1. ©n. D2

o ©Au 6. Trong khong gian Ozyz, cho diém A(3;2;3). Viét phuong trinh mat phéng (P) di qua A va
.C cach goc toa do mot doan 16n nhat.

> (Az+y+2:—12=0. (B) 2z +y+32—-19=0.
O ©se+2+3:-2=0 D)3z —2y+ 32— 14 =0,

—1 —2
Cdu 7. Trong khong gian Oxyz, cho diéem A(2;5;3) va duong thang d: T = % - 5 Goi (P)

13 mit phang chita dudng thang d sao cho khoang cach tit diem A dén (P) 16n nhat. Khoang cach tit
diém M (1;2; —1) dén mat phang (P) bing
11v2 V11 V2

~ 2 2 1
Cdu 8. Trong khong gian Oxyz, cho hai diem A(0;1;1), B(1;2;1) va dudng thang d : % _yto

—1
- 2 i Z
z 57 Tim toa do diem M thudc d sao cho dién tich tam giac M AB c¢6 gia tri nhé nhat.

(A) M(2;—3;—2). (B) M(0; —1;2). (C)M(1;-2;0). (D) M(—1;0:4).

Cdau 9. Trong khong gian Oxyz, cho cac diem A(—5;2;2), B(—1;6;2). Mat phang (P) : z+y—2z—5 =

—>

0. Goi M(a;b;c) la diém thudc (P) thdéa man |[MA + 3MB) nhé nhat, khi dé tinh gia tri ciia tich
P = abc.

(A) P =—20. (B)P=0. C©P=12 (D) P =24.
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.

Cdu 10. Trong khong gian Oxyz, cho ba diém A(a;0;0), B(0;b;0), C(0;0;c), trong d6 a > 0, b > 0,
¢ > 0. Mat phang (ABC) di qua diém I(1;2;3) sao cho thé tich khéi tit dien OABC dat gia tri nhd
nhat. Khi d6 cac s a, b, ¢ théa man dang thitc ndo sau day?

(Aa+b+c=12. B a?+b=c—6. (Clat+btc=18 Da+b—c=0.
Cdau 11. Trong khong gian Oxyz, cho diém M(1;4;9). Goi (P) la mat phing di qua diém M va cit

ba tia Oz, Oy, Oz lan lugt tai cac diem A, B, C (khac O) sao cho OA+ OB+ OC dat gia tri nhé nhat.
Tinh khoang cach d tit gbc toa do O dén mit phang (P).

@d:? d:%. @d:; Dd=-2

14
. ~ ) . - T Y z+1 r—3 Y z—1
Cadu 12. Trong khong gian Ozyz cho ba duong thang d: 1=1- 3 A 5 =1 1
-1 -2 5 . p
JAVE: z _Y = z. Duong thang A vuong goc v6i d dong thaoi cat Ay, As tuong tng tai H, K sao

1 2 1
cho do dai HK nho nhat. Biét ring A c6 mot véc-to chi phuong v = (h; k; 1). Gia tri h —k bang

(A)0. ®) 4. (©)s. (D) -2.

r=1+2t
~ 2 _3 _2
Cadu 13. Trong khong gian Ozyz, cho hai dudng thang Ay: Sy =2+t va Ay: * . :y2 =
z=—-2-1

z+3

. Goi d 1a duong thang di qua diém A(—1;0; —1) cit duong thang A; v& tao véi dudng thang
Ay mot géc 16n nhat. Phuong trinh dudng thing d 1a

r+1 z+1 r+1 z+1
@2:%:—1‘ 2:%:1'
@I-I—l:g_z-%l. @x—i—lzi:z—l—l.
2 1 2 2 -1 2
Cdu 14. Trong khong gian Oxyz, cho mat cau (S): (x — 3)2 + (y — 1)? + 22 = 4 va duong thang
r=142t
d: {y=—1+t,t€R. Miat phang chita d v& cit (S) theo mot dudng tron c¢6 ban kinh nhé nhat c6
z=—1
phuong trinh la
(Ay+z+1=0. (B)ax+3y+52+2=0.

(Cz—2y—3=0. D)3z —2y — 42 —8 =0.
Cadu 15. Trong khong gian Ozyz, cho hai diem M (0; —1;2) va N(—1;1;3). Mot mat phang (P) di
qua M, N sao cho khodng cach tit diem K (0;0;2) dén mat phang (P) dat gia tri l16n nhat. Tim toa
do mot véc-to phap tuyén clia mat phang (P).

(AT = (1;-1;1). 7= (1;1;-1). ©)7 = (2;1;-1). D)7 =(2-1;1).

~ 2 2 - 1 - 2
Cadu 16. Trong khong gian Oxyz, cho diem A(2;5;3), dudng thang d: xT = 31% S 5

phuong trinh mat phang (P) chita d sao cho khoang cach tit A dén mat phing (P) 16n nhat, c6 dang
ax + by + cz — 3 =0 (v6i a, b, ¢ 1a cac s6 nguyén). Tinh tong T =a + b + c.

(A) 3. -3, (©)-2. (D) 5.

. Biét réng

~ 2 2 1
Cdu 17. Trong khong gian Oxyz cho diem M (—2;—2;1), A(1;2;—3) va duong thang d: $—2|— =

- 5 — ” N 2 . 2 2,0 N 2
y—o 5 = il Tim véc-to chi phuong uw cta duong thing A di qua M vudng goc véi duong thiang d

dong thoi cach A mot khodng bé nhat.

(A)T(1;0;2). (2;1;6). () R(~1;0;2). D) 7(2;2;—1).

EEICh B Th.S Nguyén Hoding Viét — 8 0905.193.688



J 5. MOT SO BAI TOAN CUC TR| K&t néi fri thirc véi cude séng
.

Cdu 18. Trong khong gian Ozyz, cho mat cau (S) : (x — 1)2+ (y — 2)2 + (2 — 3)? = 9 va mat phang
(P):2x 42y —2+24=0. Goi I 1a tam mit cau va H 1a hinh chiéu vuong goc ctia I trén (P). Diém
M thuoc mit cau (S) sao cho doan M H c6 do dai 16n nhat. Tim toa do diém M.

(A) M(—1;0;4). M(0;1;2). (C) M(3:4;2). (D) M(4;1;2).
Cdu 19. Trong khong gian Oxyz, cho ba diém A(1;1;1), B(2;1;0), C(2;0;2). Goi () la mit phang
di qua hai diém B, C va cach A mot khoang cach 16n nhat. Véc-to nao sau day la véc-to phap tuyén
cia («)?

(A) (150, 1), (5,2 -1). ©)7(5;-2-1). D) 7(5;1;-2).
Cadu 20. Trong khong gian Ozyz, cho tam giac ABC, véi A(5; 7,2), B(1;—-9;-2), C(9; —=7;9) va mat
phang (P) : 3z —y + 2z + 1 = 0. Diém M thudc mat phang (P) sao cho M A2 + M B? + MC? c6 gia
tri nho nhat. Tinh gia tri nho nhat ctia M A2 + M B? + MC?.

(A) 345. 367. (C)378. (D) 389.
Cdu 21. Trong khong gian Oxyz, cho diem A (3;1;0), B (=9;4;9) va mat phang (P) : 2r—y+z+1 =
0. Goi I (a;b;¢) 1a diem thuoe mat phang (P) sao cho |[[A — IB| dat gia tri 16n nhat. Khi d6, tong
a+b+cla

:'q_). @a+b—|—c:22. Bla+b+c=—4. ©a+b—|—c:—13. @a+b+c:13.

.S Cdu 22. Trong khong gian Owxyz, cho mat phang (P): x +y + 2z — 1 = 0 v& hai diém A(1;—3;0),
) B(5;—1; —2). Diém M (a; b; ¢) nm trén (P) va [M A — M B| 16n nhat. Gié tri tich a - b - ¢ bang

c
O Wi B 12. (C)24. D) —24.
O cau 23. Trong khong gian Ozyz, cho hai diém A(0;0; 1), B(1; 1; 1) va mit phang (P) : a+y+z—4 = 0.
Goi M la diém nam trong mat phang (P) sao cho AM + BM dat gia tri nhé nhat. Tinh do dai doan
3 OM.

86 59
S5 (A)OM =25, OM:£. ©0M:4\/%. @OMzg.
O

—1 2
= Cdu 24. Trong khong gian Oxyz, cho duong thang A : = % = Zi— va A (1;-1;0), B(0; —1;2),
U)
|_E C (—1;1;0). Biét diém M thuoc dusng thang A sao cho biéu thic ‘MA +2MB — MC” dat gia tri
nho nhat.

(D @M( %) (B) M (0;1;-1). @M(—g;%;—g)- D) M (2

Cdu 25. Trong khong gian Ozyz, cho mat phang (P) : x +y — 3z + 7 = 0 va ba diém A (2; —1;0),
B (0;—1;2), C (2;3; —1). Biét diém M (z0; yo; 20) thudc mat phang (P) sao cho M A2+ 3M B2 —2M (C?
dat gia tri nho nhat. Khi d6 tong T = x¢ + 3yo — 22 bang bao nhiéu?

(AT =0. (B) T = —4. ©T=1 DT=-
Cdu 26. Trong khong gian Ozyz, cho mat phang (o) : 22 —y — 3z + 1 = 0 va ba diém A (1;1; —1),
B(-3;1;0), C'(=2;1;—1). Biét diem M € () sao cho biéu thitc T = ‘QMA +5MB — 6MC" dat gia
tri nhé nhat.

(A) M (0;1;0). B) M (2;-1;2). (C) M (1;0;1). (D) M (—1;2;
Cdu 27. Trong khong gian Oxyz, cho diém A(0; —2; —3), B(—4; —4;1),C(2; —3;3). Tim toa do clia
diém M trong mat phing Ozz sao cho M A% + M B? + 2MC? dat gia tri nhé nhat.

(A) (0;0;3). (0;0;2). (C)(0;0;1). (D) (0;0; —1).
Cdu 28. Trong khong gian Ozyz, cho mat cau (S) : 22 4+y?+22—22+4y+22 = 0 va diém M (0; —1;0).
Mit phang (P) di qua M va cat (S) theo dudng tron (C) c6 chu vi nho nhat. Goi N (a;b;c) thuoe
(C)) sao cho ON = /6. Tinh b.
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.

(A)b=2. B)b=-2. C©b=-1. (D)b=3.
Cdu 29. Trong khong gian Owyz, cho ba diem A(1;2;3), B(0;1;1), C(1;0; —2) va mat phang (P) :
r+y+z+2=0. Goi M la diém thuoc mat phang (P) sao cho bic¢u thic T = M A%+ 2M B? +3M(C?
dat gia tri nho nhat. Tinh khoang cach tit diém M dén mat phang (Q) : 2z —y — 2z + 3 = 0.

2V/5 121 91

_— —_—. 24. —.

O B3 © o

Cdu 30. Trong khong gian Ozyz, cho diém A(1;2; —3) va mit phang (P) c6 phuong trinh 2z + 2y —

z+9 = 0. Duong thang d di qua A va ¢ véc-to chi phuong @ (3;4; —4) cat (P) tai B. Diém M thay

ddi trong (P) sao cho M luon nhin AB dudi mot goc 90°. Khi do dai M B 16n nhét, dudng thing M B
di qua diém nao sau day?

(A) H(—2;—1;3). I(—1;-2;3). (C)K(3;0;15). (D) J(=3:2;7).
Cdu 31. Trong khong gian Oxyz, cho dudng thing (A): g = g = % va mit phang (P): z+2y—2z =

0. Goi (@) 1a mat phang chita (A) sao cho géc gitta hai mat phang (P) va (@) nhé nhat. Phuong trinh
mat phang (Q) la

@x—2y+z:0. $—1—22y+10z:0. @x—Qy—zzo. @$+10y—22z:0.
Cdu 32. Trong khong gian Ozyz, cho diém M (0; —1;2) va N(—1;1;3). Goi (P) la mat phang di qua
M, N va tao v6i mat phang (Q): 2o —y — 2z — 2 = 0 gbc c6 s6 do nhd nhat. Diem A(1;2;3) cach mit
phang (P) mot khoang 1a

NEL) 3 CN: 53

3 11 3
Cdu 33. Trong khong gian Ozyz, cho mat cau S: (r —1)? + (y — 2)*+ (2 — 3)? = 9 ¢6 tam [ va mit
phiang (P): 2z + 2y — z + 24 = 0. Goi H 1a hinh chiéu vuong goc ctia I trén (P). Diém M thuoc (S)
sao cho doan M H ¢6 do dai 16n nhat. Tim toa do diém M.

(A) M(—=1;0;4). M(0;1;2). (C) M(3:4;2). (D) M(4:1;2).
Cdu 34. Trong khong gian Ozyz, cho hai mit phang (P): x —y+2+3 =0, (Q): 2 +2y—22—5=0
va mat cau (S): 22 +y? + 22 — 2x + 4y — 62 — 11 = 0. Goi M la diém di dong trén (S) va N 1 diém
di dong trén (P) sao cho M N ludn vuong goc véi (Q). Gia tri 16n nhat ciia do dai doan thang M N
bang

(A) 14. (B) 3+5v3. (C)28. (D)9 +5v2.
Cdu 35. Trong khong gian Ozyz, cho mat cau () : (x — 1)+ (y +2)* + (z — 3)? = 27. Goi (o) &
mit phang di qua hai diem A (0;0; —4), B(2;0;0) va cat (S) theo mot giao tuyén 1a dudng tron (C)
sao cho khéi nén c6 dinh 1a tam ctia (S) va day 1a dudng tron (C) c6 thé tich 16n nhat. Biét riang
():ax+by—2z+c=0.Tnh P=a—b+c.

(A P=38 B)P=0. ©P=2 D) P=—4.

Cdu 36. Trong khong gian Oxyz, cho hai diém A(2;1;3), B(6;5;5). Goi (S) la mit cau c6 duong
kinh AB. Mt phang (P) vuong géc véi doan AB tai H sao cho khdi nén dinh A va ddy 1a hinh tron
tam H (giao ctia (S) v& mat phang (P)) c¢6 thé tich 16n nhat, biét rang (P): 2z + by + cz +d = 0 vdéi
b,ec,d e R. Tinh S =b+c+d.

(A)S =—18. (B) S =—24. (©)8=-11. D) S =—14.

— HET——
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o

5«2’@ BO DE ON TAP CUOI CHUONG
_

Q PESO 1

Cdu 1. Trong khong gian Oxyz, cho ba diém A(4;0;0), B(0;2;0), C(0;0;4). Tim toa do diém D dé
ti giac ABC'D la hinh binh hanh.

D) (2-29). (4-2:4). ©)(~42:4). D (422
Cadu 2. Trong khong gian Ozyz, cho u(1;2;3) va ¥ (—1;3;0). Khi d6 tich ¢6 huéng [u; U] 1a
(A (=9:3:5). (9:3:5). (©)(=9:=3:5). D) (9-3:5).

Cadu 3. Trong khong gian Oxyz, cho ba véc-to: @ = (2; —5;3), b= (0;2;—1), € = (1;7;2). Toa do
vée-to d =a@ —4b — 27 1a

(A) (152, =7). (0;27; 3). (C)(0; —27;3). (D) (0;27;—3).

== Cdu 4. 4. Trong khong gian Oxyz, cho 2 diém B(1;2; —3) va O(7;4; —2). Néu E la diém théa man dang

g thitc CE = 2FB thi toa do diém E la
8 8 8 1
o A (s5-5) Go-3) () ® (123).
'8 Cdu 5. Trong khong gian Oxyz, viét phuong trinh mat cau (S) tam I(1;2;—2) v di qua diém
T M(3;—4;1).
1‘5 @x2+y2+z2—21‘—4y+4z—49:0. (B) a2 + ¢+ 22 — 22 — 4y + 4z — 40 = 0.
S\ ©x2+y2+z2+2x+4y—4z—4():0. @x2—|—y2+22—2x+4y+4z—40:0.

3 ~ N 2

7 Cdu 6. Trong khong gian Oxyz, cho mat cau (S): a® +y* + 2> —2x +4y — 12 = 0 va diem M(2;2;1).
~” Két luan nao sau day la dung?

@Diém M nam trong mit cau (.9).

Diém M nam trén mat cau (S).

> @Diém M nam ngoai mit cau (9).

@ Diém M cach tam ctia mit cau mot doan bang ban kinh.

Ths:

G

Cadu 7. Trong khong gian Oxyz, cho mat cau (9): x? + y* + 2° — 2z + 4y — 22 = 19. Tim toa do tam
I va ban kinh R ctia mit cau (5).

(A I(1 = 5. (1 , R=+/19.

@1 1 2 R V19 @1(—1,2,—1), R=5.
Cdu 8. Trong khong gian Ozyz, phuong trinh mit phang (a) chita truc Oy va diém M(1;4; —3)
la

(A)3z+2=0. (B)3z+y=0. (Cz+32=0. D)3z —2=0.

Cdu 9. Trong khong gian Ozyz, cho mat phing (a): 2¢ + 3z — 1 = 0. Véc-to phap tuyén cta ()

la
(W) i(2:3;-1). 7(2:3;0). ©)7(2:0;-3). D) 7(-20;-3).
Cdu 10. Trong khong gian Oxyz, cho (P) la mit phang di qua diém M (2;1; —1) va vuong géc véi
r=1+t
duong thang A: { y = 2 — 3t Phuong trinh ctia mat phang (P) la
z=4+t.
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y 4
@Bx—y+z—4:0:0. x+3y—z—6:0.
@x—3y+z+2:o. @x+2y+4z:0.
Cdu 11. Trong khong gian Ozyz, phuong trinh ctia mat phang di qua gbc toa do, dong thsi vuong
goc v6i ca hai mat phang (a): 3z — 2y +22+7=0va (8): b —4y+32+1=013
(A)2z+y—2:41=0. B2z —y—22=0.
©2x—y+2220. @2x+y—2z:0.

Cdu 12. Trong khong gian Oxyz, cho A(3;—1;2), B(—3;1;2). Phuong trinh mit phang trung tric
ctia doan thang AB la

@Bx—i-y:O. 3x—y:0. @x—By:O. @x+3y:O.

Cdu 13. Trong khong gian Ozyz, cho dudng thang d di qua diém M (1; —2;0) va c6 véc-to chi phuong
7(0;0;1). Dudng thing d c6 phuong trinh tham s6

r=1 r=1—-1 =1 r=1—-2t
Ay =-2. y=—2+2t. (C{y=-2. D)dy=-2—t.
z=t z=t z=1 z=10

Cdu 14. Trong khong glan Oxyz, viét phuong trinh ctia duong thang A di qua diém M (2;0; —1) va
nhan @ = =927 — 4] + 6% lam véc-to chi phuong.

r+2 y+4 246 x—2_g_z—|—1
~ —1+2_ - ? | _22—4_ 6+.1

T _ Yy _z= T — Yy _z
@ ) 3 @ 1 -2 3

Cdu 15. Trong khong gian Oxyz, phuong trinh ciia dudng thang d di qua diém M (—2;1;2) va song
song vdi truc Ox 1a

r=1-2t T =2 r=—2t r=—2+t
@ y=t : y=1+t. @ y=1+1t. @ y=1
z=2t z2=2 z =2t z=2

Cdu 16. Trong khong gian Oxyz, cho diem A(1;2;3) va mat phang (a):  +y+ 2 — 1 = 0. Tim hinh
chiéu ctia A trén mat phang (a)?

2 1 4 1 2 4 2 41 21 4
Wi (5-53)  ®#(5-53)  ©r(-353)  ©#(S55)

Cdau 17. Trong khong gian Oxyz, cho hai mat phang (a): v +3y—2+1=0va (8): 2+3y—2—5= 0.
Tinh khoéng cach gitta (a) va (f3).

6v/3 6v/11 V11 3V11
w == T ©% © =

Cdu 18. Trong khong gian Owzyz, cho mit phang (P): 20 — 3y + 42 — 1 = 0, va (Q): (2 — m)x +
(2m — 1)y + 122 — 2 = 0 véi m la tham s6 thyc. Tim m dé (P) // (Q).

@m:—6. m:4. @m:—Q. @m:—4.

Cdu 19. Trong khong gian Oxyz, cho 3 diém A(1;1;1), B(4;1;1), C(1;1;5). Tim toa do tam dudng
tron noi tiép tam gidc ABC.

(A)I(=2;—1;—2). 1(2;-1;2). (©)1(2;1;2). (D) I(1;2;2).

~ 2 1
Cdu 20. Trong khong gian Oxyz, cho hai diém A(0; —1;2), B(1;1;2) va dudng thing d: % =
y z—1

1= 1 Biét diém M (a;b; c) thuoe dudng thang d sao cho tam giac M AB c6 dién tich nhd nhat.

Khi d6 gia tri T = a + 2b + 3¢ bang
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(A)5. ® 3. (©)4. (D) 10.
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.
e PESO 2

CAul. Cho @ = (1;2,—1), b = (~2;—1;3). Tinh T A b.
(ATAD =(5-1;3). B aAD=( 5,1,—3)
CTAD =(51;3). D)TAL = (—5—1;-3).
Cdu 2. Trong khong gian Ozyz cho diem M (0; —3;2). Ménh dé nao dusi day ding?
(A)OM = —37 +27. (B)OM = —37 +2]+k
(C)OM = —-37 +2k. (D)OM = —37 +2%.
CdAu 3. Trong khong gian Oxyz, cho hai diém A(5;3; —1) va B(1;—1;9). Toa do trung diém I cia
doan AB 1a
(A)I(3;1;4). 1(2;2;—5). (C)1(2:6;—10). (D) I(~1;—3; —5).

Cdu 4. Trong khong gian Ozyz, viét phuong trinh chinh tic ctia dudng thang d di qua diém M (0;2; —1)
va c6 mot véc-to chi phuong 1a vy = (2; —1; —3).

T y+2 z—1 r y+2 z-1

r Y+  z— T Y- _z+t
©2_1_3‘ @—2_1_3'
Cau 5. Trong khong gian Ozyz, cho mit cu (S): (z 4+ 1)+ (y — 2)* + (2 + 3)° = 1. Mt cau (S) ¢6
tam I la

(A)I(1;-2;3). (B) I(1;2;-3). (C)I(-1;2;-3). (D) I(-1;2;3)

Cdu 6. Trong khong gian Ozyz, viét phuong trinh mat cau c6 tam I(3; —1;2) va tiép xtc mat phang
(P): x4+ 2y —22=0.

(A)(z =32+ (y+1)2+ (2 - 22 =2. (=324 (y+1)2+(z—22=1
C@+32+@Wy—12+(z+2?2=1 D) (z+3)2+(y—12+(z+2)?2=4.
Cdu 7. Trong khong gian Oxyz, cho mat cau (S): 22+ 42 + 22 +4a — 2y + 2z — 5 = 0. Diém nao sau
day khong thuoc mat cau (59)?

@B(—l;—Q;O). A(0;2;2). @C’(—3;4;—2). @D(l;O;—Q).

Cdu 8. Trong khong gian Ozyz, cho mat phang (P): — 3z + 22 — 1 = 0. Mat phang (P) c6 mot
véc-to phap tuyén la

(AT = (3;0;2). B R =(-32-1). (O"=(32-1). D)7 = (-3;0;2).

Cdu 9. Trong khong gian Ozyz, mat phing nao sau day chita truc Ox?

@2y—|—z:o. x+2y=0. ©x+2y—z:0. @x—Zz:O.
Cdau 10. Trong khong gian Oxyz, mat phing di qua diém A(1;2;3) va song song véi mit phang
(Q): 2x + 3y — 4z — 5 = 0 ¢6 phuong trinh la
(A) 2z + 3y +4z — 14 =0. (B) 2z —3y —42+6=0.
@255—1—3?/—42'—4:0. @2x+3y—4z+420.
Cdu 11. Trong khong gian Oxyz, cho ba diém A(0;1;2), B(2; —2;1), C(—2;0;1). Phuong trinh mat
phing (ABC) la
(A)z—2y—42+6=0. Blz+2y—4z+1=0.
Clz+y+2:-5=0. D)z +2y—42+6=0.

Cdu 12. Trong khong gian Oxyz, cho 3 diem A(2;0;0), B(0;3;1), C(—3;6;4). Goi M 1a diém nam
trén doan BC sao cho MC = 2M B. Tinh do dai doan AM.

EEICh B Th.S Nguyén Hoding Viét — 8 0905.193.688



J 6. BO BE ON TAP cUOI CHUONG K&t néi tri thac véi cudc séng

.
(A) AM = 3v/3. (B) AM = /29. (C)AM =2V7. (D) AM = /30.

Cdu 13. Trong khong gian Oxyz, cho hai mat phang (P): z+(m+1)y—2z+m = 0va (Q): 2z2—y+3 =
0 (v6i m la tham s6 thic). Tim m dé hai mat phang (P) va (Q) vudng géc véi nhau.

@m:—l. m:3. @mzl. @m:—5.

Cdu 14. Trong khong gian Ozyz, cho hai diém A(1;2;3) va B(2;4; —1). Phuong trinh chinh tic ctia
duong théng d di qua A, B la

r+2 y+4 z+1 r+1 y+2 2z+3
ATy TR
X — _y— _Z— xXr _y _Z—
©1_2_—4' @1_2_—4‘

Cdu 15. Trong khong gian Oxyz, cho diém M(1;—1;1) v mat phang (P): — 2 +y + 2z = 0. Duong
thdng qua M vudng géc véi mit phang (P) c6 phuong trinh tham s6 1a

r=1-—1 r=1+4+1 r=1-—1 r=1-—1
(A y=—1+t. y=—1—t¢. C{y=—1+t. D y=1+t.
z=—1+1t z=1-—1 z=—1+1t z=1+t

TS 2 ]. 2 2
‘@ Cau 16. Trong khong gian Oxyz, cho dudng thing d : % = % = ; va diem A(3;1;1). Mat phang
> (P) thay doi chita dudng thang d. Khi khoang cach tit diem A dén (P) 16n nhat thi diém nao sau day

27 thuoc (P)?

'8 (A) (~2;3;2). (—2;3;-2). (©)(2;-3;-2). D) (-2;-3;2).

7= Cdau 17. Trong khong gian Ozyz, cho mat cau (S): (z — 3)? + (y + 1)* + (2 — 2)? = 25 va mat phang
 (P): 20 —y+ 2 — 3 = 0. Biét ring mit phang (P) cit mit cau (S) theo giao tuyén la duong tron c6
1<ﬂ>)~ tam J(a;b;c). Tinh a 4+ b+ c.

g) @a+b+c:—2. Bla+b+c=6. ©a+b+c:2. @a+b+c:—6.
—> CdAu 18. Trong khong gian Oxyz, cho mit phang («) di qua diém M (1;3; —5) va cit cac tia Oz, Oy,
o Oz lan luct tai A, B, C sao cho do dai OA, OB, OC theo thit tuy lap thanh mot cap sd cong c6 cong
 sai bang 2. Biét mat phang («) c6 phuong trinh dang ma + ny + pz — 15 = 0 v6i m,n,p € Z. Tinh
= m4n+ p.

6 (A) 3. 5. (C)15. (D) 23.

Cdu 19. Trong khong gian Oxyz, xét mat cau (S) di qua hai diem A(1;6;2), B(3;0;0) va c6 tam
thuoc mat phang (P) : 2 — y + 2 = 0. Ban kinh ctia mit cau (S) ¢6 gia tri nhd nhat 1a

@ V462 vb34 @ V218 @ v 530
6 4 6 4
~ 2 - 2 N
Cau 20. Trong khong gian Ozyz, cho duong thang d: xT = il = Z va mit cau (9): (z —1)* +

(y —2)% + (2 — 1)2 = 2. Hai mat phang (P) va (Q) chtia d va tiép xic (S). Goi M va N 1a hai tiép
diém. Tinh do dai MN.

(A) MN = 2/2. MN:%? @MN:%; (D) MN = 4.

—HET—
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.
G PESO 3

Cadu 1. Trong khong gian Ozyz, cho tam gidc ABC c¢6 A(1;0;2), B(—2;1;3),C(3;2;4). Tim toa do
trong tam G cua tam giac ABC.

@G(g;l;Q). (B) G(2;3;9). @G(%;l;i&). @G(Z;%;B).

Cdu 2. Trong khong gian Oxyz, cho hai véc-to @ = (—1;2;0) va b= (0;4; —3). Tich c6 huéng cta
hai véc-to @ va b c6 toa do 1a

(A) (6:3;4). (—6;3; —4). (6;—3; 4). (D) (~6; —3; —4).

Cau 3. Trong khong gian Ozyz, cho ba véc-to @ = (1;2;3), b= (—2;0;1),
¢ = (—1;0;1). Tim toa do clia véc-to. 7 = @ + b +2¢€ — 3

(A) T = (—6;2;6). 7 = (6:2;6). (C©)7 = (6:2;—6). D) 7 = (0;2:6).
Cau 4. Trong khong gian Oxyz, mit cau (S): 22 + y* + 22 — 10z — 2y + 42 + 27 = 0 c¢6 ban kinh
bang

(A)2V3. 3. ©V3. D)o.
CdAu 5. Trong khong gian Ozyz, cho diem M(1; —1;3) va mit cau
(S): 2%+ y? + 2% — 20 + 4y — 14 = 0. Khang dinh nao dugc cho dudi day 1a ding?

@ M nam trén (S). M nam ngoai ().

@ M néam trong (.9). (D) M tring véi tam ciia (S).
Cdu 6. Trong khong gian Ozyz, mat phang nao cho dudi day chita truc Oz?

(A)2y+ 3z =0. B)x—22=0. (C)3x — 4y =0. (D) 6z +5=0.

CdAu 7. Trong khong gian Ozyz, cho mat phang (P): 3z — z + 2 = 0. Véc-to nao dudi day 1a mot
vée-to phéap tuyén cia (P)?

A= (=101). B =(3-12).  (©F=(3-10. (D" =(30-1)

CdAu 8. Trong khong gian Ozyz, phuong trinh mit cau c6 tam I(1;2;3) va tiép xtic v6i mat phang

~

(Ozz) la
(A)a? + 4% + 2% + 20 + 4y + 62 — 10 = 0. B)a® + 9%+ 2% — 2z — 4y + 62+ 10 = 0.
(Cla?+12+22— 22— 4y — 62+ 10 = 0. D) a?+y?+ 22+ 22+ 4y + 62 — 10 = 0.

Cdu 9. Trong khong gian Ozyz, mit phang di qua diém A(2; —1;2) v song song véi mit phang
(P): 2x —y + 32 4+ 2 = 0 ¢6 phuong trinh la

@2x—y+3z—9:0. B2z —y+32—11=0.
©2x—y—3z+11:0. @2x—y+32+11=0.
Cdau 10. Trong khong gian Oxyz, mat phang (a) di qua hai diém A(1;2; —2), B(2; —1;4) va vuong
goc vai mat phang (8): 2 — 2y — z + 1 = 0 ¢6 phuong trinh 1a

(A) 15z + Ty + 2 — 27 = 0. (B) 152 — Ty + 2 — 27 =0,
(C) 15z — Ty +z+27=0. (D) 15z + Ty — 2+ 27 = 0.
Cdau 11. Trong khong gian Ozyz, cho hai mit phiang (a): 20 +m?y — 2z +1=0va (8): m?x —y +

(m?—2)2+2 = 0, v6i m 1a tham s6 thuc. Tim tat ci cac gia tri cia m dé (o) vuong goc véi (3).

(A)|m] =1. ®) |m| =2 Cjm| = V3. Dim=v2
Cau 12. Trong khong gian Oxyz, cho mat cau (S): (z —1)*+ (y — 2)? + (2 — 3)® = 16. Phuong trinh
mit phang (P) chita truc Oy va cat mat cau (S) theo thiét dién 1a mot dudng tron c6 chu vi biang 87
la
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.
@(P):x—&z:O. (B) (P): 3z + 2 =0.
(C)(P): 3z +242=0. (D) (P): 3z — 2 =0.

Cdu 13. Trong khong gian Oxyz, cho ba diém A(0; —1;3), B(1;0;1), C(—1;1;2). Phuong trinh nio
duéi day 1a phuong trinh chinh tic ctia dudng thang di qua A va song song véi duong thang BO?

xr=—2t
@ y=—1+t. x—2y+z=0.
z2=3+1
x y+1 z—3 x—1 vy z-1
-2 1 1 © -2 1 17
-1 Y z+1 _
Cdu 14. Trong khong gian Ozyz, cho diém A(1;0;2) va dudng thing d: T =1= "3 . Viét
phuong trinh du’dng thing A di qua A, vuong géc va cit d.
x—l z+2 Y z—2
A —: . _ — = .
- Ly Lty ° 1oy o)
:c— y  z— x — y oz —
A: = - = . A: = — = .
@ 2 2 1 @ 1 1 —1

"q_’ Cdu 15. Trong khong gian Ozyz, cho 3 diém A (—1;1;2), B(0;1;—1), C(x + 2;y; —2) thing hang.
> Tong = + y bang

o @1 ® . ©-2 © -

y+1  z-1

U 2
O Cdu 16. Cho dudng thang A: f = va mat phang (P): x — 2y — z + 3 = 0. Dudng

T thing ndm trong mit phing (P) dong tQhEﬁ cat Vé vuong géc véi A ¢6 phuong trinh 1a

5 r=1 r=-3 r=1+1 r=1+4+2t

:>; @ y=1—1¢ . y=—t. @ y=1-—2t. @ y=1—1 .

O z2=2+2t 2 =2t z2=2+3t z2=2

i Cdu 17. Trong khong gian Ozyz, mat cau (S): (x —1)* + (y — 2)> + (2 — 3)? = 9 ¢6 tam I va mit

— phang (P): 2z + 2y — z + 24 = 0. Goi H la hinh chiéu vuong géc ctia I lén (P). Diem M thuoc (S)
b= sao cho doan M H ¢6 do dai 16n nhat. Tim toa do diém M.

6 (A) M(—1;0;4). M(3;4;2). (C)M(0:1;2). (D) M(4;1;2).
Cdu 18. Trong khong gian Oxyz, cho mit phang (P): z+y+2z—3 = 0 va mit phang (Q): —y+2—1 =
0. Mit phang (R) vuong géc véi hai mit phang (P) va (Q) sao cho khodng céch tit O dén mit phang
(R) bang 2. Phuong trinh mat phing (R) 1

(A) 2z — 22— 22 =0. Blz—2-2/2=0.
©x—z—|—2\/§:(). @x—z+2\/§:0vaa7—z—2\/§:O.
r=(m-—1)t
Cdu 19. Trong khong gian Oxyz, cho dudng thang d: { y = (2m + 1)t . Véi gia tri ndo ctia m

z=1+02m*+ 1)t
thi dudng thang d nam trong mit phing Oyz?

@m:—l. m:1.
@mzlhoécm:—l. @mz?.

r—1 + 2 z .
_Y = — va tao véi truc Oy mot

Cdu 20. Goi (P) la mat phing chita duong thang d:

1 -1 =2
gbc 6 s6 do 16n nhat. Diém nao sao day thudc mat phang (P)?
(A) E(—3;0;4). M(3;0;2). (C)N(-1;-2;—1). D) F(1;2;1).
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Cdu 1. Trong khong gian Oxyz, lap phuong trinh ctia mit phang di qua A(2; 6; —3) v& song song véi
mit phang (Oyz).

Az=2 B)y=6. ©x+Z:12. D) z=-—
CAu 2. Trong khong gian Ozyz cho @(1;—2;3); b =27 — 3k. Khidé toa do @ + b la

(A) (3;-2;0). (3;—5;0). (C)(1;2;-6). D) (3;-5; -3).

Cdu 3. Trong khong gian Oxyz, cho mat phang (P): 2o — y + 3z — 2 = 0. Mat phang (P) c6 mot
véc-to phap tuyén 1a

ATy =(23-2). B =2-1;3). (OR,=1;-1;3. (D R,=(213).

Cadu 4. Trong khong gian Ozyz, cho hai vecto @ = (1;0; —3) va ¥ = (—1; —2;0). Tinh cos (U; 7).

cos (U; V) = ——. cos(U; V) = ———=.

(A cos (T 7) 7 ® T
cos(U; V) = ————. cos (U; V) = .
5 Cleos (T:7) = - © e

S Cadu 5. Trong khong gian Ozyz, cho mat cau (9): (z —5)? + (y — 1)? + (2 + 2)? = 16. Bén kinh cta
r3) mat cau (9) 1a

S ®s ® 4 . o

:l? r=1-2t
c Cdu 6. Trong khong gian Oxyz, cho dusng thangd: ¢y =1+t (¢t € R). Tim mot véc-to chi phuong
()] z=1t+2
:>; cia duong thing d.
g (A) (2 -1;-2). (~2;1;1). ©@1;1). D) (-2;1;2).
CCIU 7. Trong khong gian Oxyz, cho céc vecto @ = (1;—1;2), b = (3;0; 1), ¢ = (—2;5;1). Toa do
.C ciavecto © =ad + b —C la

—
~ (AT =(6;0,-6). B) T = (—6;60). (©)% = (0;6;—6). D) T = (6;—6;0).
D caus. Trong khong gian Ozyz, khoang cach tit A(—2;1; —6) dén mit phang (Oxy) la

(A) 1. \/%. (6. D) 2.

r=1

~ 2 3 3
Cau 9. Trong khong gian Oxyz, cho hai duong thang A;: < y = —1+4 2t va A,: - 1_ - % : —; :

z2=2-3t
Khang dinh nao sau day ding?
@ Ay cat va vuong goc vii As. Ay cat va khong vuong goc véi As.
©A1 song song A,. @ A7 va Ay chéo nhau va vuong goc véi nhau.

Cdu 10. Trong khong gian Oxyz, cho mit phang (Q): 2z —y+ 5z — 15 = 0 va diém E(1;2; —3). Viét
phuong trinh mat phang (P) qua E va song song v6i mat phang (Q).

(A)(P): 22 —y+52—15=0. (B)(P): 22 —y 452+ 15 =0,
(C)(P): z+2y—32—15=0. (D) (P): z+2y —32+15=0.
Cdu 11. Trong khong gian Oxyz, cho mat cau (S): 22 +y? + 22 — 42 — 2y + 4z = 0 vA mit phang

(P): 142y —2z+1 = 0. Goi (Q) 1a mat phang song song v6i (P) va tiép xtic véi mat cau (S). Phuong
trinh ctia mat phang (Q) 1a
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y 4
(A)(Q): 22+ 2y — 22+ 19 = 0. B)(Q):z+2y—22+1=0.
Q) :x+2y—22—17=0. D) (Q): x4 2y —22—35=0.
r=1+1
Cdu 12. Trong khong gian Oxyz, cho diem A(3;2; —1) va dudng thang d: { y = 3 — 5t . Viét phuong
z=—441
trinh mat phing qua A va vuong goéc véi d.
@x+3y—4z—13:0. x—5y+z—8=0.
©$—5y+z—l—8:0. @x+5y+z—11:0.

Cdu 13. Trong khong gian Oxyz, cho ba diém A(2;0;0), B(0;3;0), C(0;0;—1). Phuong trinh ctia
mit phang (P) di qua diém D(1;1;1) va song song v6i mat phing (ABC) la

(A)3z+2y—62+1=0. (B) 32+ 2y — 5z = 0.

(C)6z+2y —32—5=0. (D) 2z +3y —62+1=0.

N ~ ) R 5 r y+1 z—-4 3 . .
Cadu 14. Trong khong gian Oxyz, cho dudng thang (d): =3 = . Trong cac mit phang
sau day, mit phang nao song song v6i dusng thang (d) ?

(A)52—3y+2-9=0. (B)3z+4y—32+16=0.

(C)5e—3y+2—-7=0. D)3z +4y —32+3=0.

Cdu 15. Trong khong gian Oxyz, lap phuong trinh duong thing A di qua diém M(1;2;3) va song
song véi duong thang d: » =y = 2.

@A:x—lzy—Zzz—S' A:x—lzy—lzz—Q‘

1 2 3 2 2 2

r—2 y—3 z-—1 r—1 y—2 2z2-3
A = = ) A = = .
@ 2 1 2 @ 1 1 1

Cdu 16. Trong khong gian Ozy, cho diém M (1; —1;1) va mat phang (P): — x4y + 2z = 0. Dudng
thang qua M vuong goéc véi mit phang (P) c6 phuong trinh tham s6 1a

r=1+1 r=1-—1 r=1-—1 r=1-—1t
@ y=—-1-1. y=-—1+1¢. @ y=—-1+41. @ y=1+1.
z=1-—1 z=—1+1t z=—1+1t z=1+4+1

Cadu 17. Trong khong gian Oxyz, cho ba véc-to @ = (—1;1;0), b= (1;1;0), @ = (1;1;1). Trong céc
ménh dé sau, ménh dé ndo ding?

7 > 2 — —
@cos(b_,)c>:%. a.cjl.
@?L’Vabcimgphumlg a+b+7C=0.
Cdu 18. Trong khong gian Ozyz, cho diém M (2;—1;1). Tim toa do diem M’ la hinh chiéu vuong

goc ctia M lén mat phang (Oxy).

(A) M’ (—2:1;0). (B) M’ (0;0;1). ()M’ (2;1;-1). (D) M’ (2
CdAu 19. Trong khong gian Oxyz. Phuong trinh mat phang di qua diém A(1;2;0) va chia duong

2 1 £ —>
thang d: Tl _V_Z c6 mot véc-to phap tuyén la w = (1;a;b). Tinh a + b.

2 3 1

@a—l—b:Q. Bla+b=-3. ©a+b:0. @a+b:3.

r+1  y—4  z+2
1 -1 3

Cdu 20. Trong khong gian Oxyz, duong thing d: di qua diém nao dudi
day?

(A) A(—1;4; —-2). C(1;-1;3). (C)B(1;—4;2). (D) D(—1;1;—3)
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Cdu 21. Trong khong gian Ozyz, cho hai diem A(—2;1;0), B(2; —1;2). Phuong trinh clia mat cau
¢6 duong kinh AB la
@x2+y2+(z—1)2:,/24‘ w2+y2+(2—1)2:\/6.
©J,‘2—|-y2_|_(z—1)2:24. @902-1-?;2-1-(2—1)2:6.

Cdu 22. Trong khong gian Ozyz, cho diem M (1; —2;3). Toa do diém A 1a hinh chiéu vuong géc ciia
diém M trén mat phang (Oyz) la

(A) A(1: —2;3). A(1;—2:0). (C) A(0;—2:3). (D) A(1;0;3).

r+3 y—1 z-—
2 1 =3

clia d trén mit phang (Oyz) 1d mot dudng thang c6 véc-to chi phuong 1a
W@ =(21-3). T = (0;1;3). Cw=©:1-3. DT =(200)

Cdu 24. Trong khong gian Oxyz, cho hai diém A (—1;3;4), B(3;1;0). Goi M la diém trén mat phang
(Oxz) sao cho tong khoang cach tit M dén A va B la ngan nhat. Tim hoanh do z( ciia diém M.

@2130:1. ZEO=4. @ZEO:3 @SL’QZ2
:'G—,_Cﬁu 25. Trong khong gian Oxyz, cho hai diém A(3;0;1), B(6; —2;1). Phuong trinh mit phang (P)
2

'S di qua A, B va tao v6i mit phang (Oyz) mot goc a théa man cosa = - 1a

Cdu 23. Trong khong gian Oxyz cho dudng thang d: . Hinh chiéu vuong goc

@ 204+ 3y +62+12=0 20 +3y+62—12=0
‘ 2043y —62—1=0 [2x+3y—62=0 '
©[2w—3y+6z—12:0‘ @[2x—3y+62—12:0.

20 — 3y —62=0 20 =3y —62+1=0

)

Gv Ths: Nguyén Hodng

— HET—
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.
e PESO 5
r=1-—1t

Cau 1. Trong khong gian Oxyz, cho duong thing { y = —2 4 2t. Véc-to nao dudi day la vecto chi
14+t

phuong ctia d?

(A) (1;-2;1). (1;2;1). ©) (-1;-21). D) (-1;2:1).

CdAu 2. Trong khong gian Oxyz, cho (P): 3x — 4y + 2z + 4 = 0 va diém A(1;—2;3). Tinh khodng
cach tu A dén (P).

21 V5 5 5

Cdu 3. Trong khong gian Oxyz, tim tam va ban kinh ctia mat cau c¢6 phuong trinh (x — 1)2 + (y +
4)? + (z — 3)* =18.

(A)I(-1 , R=18. I(1;— . R=18.
@[1,4,3,}2*\/_. @1(1,—, ),R:\/_.

Cdu 4. Trong khong gian Oxyz, cho OA=7 — 27 +3%. Tim toa do diém A.
(A) A(-1;-2;-3). A(152;3). (C)A(2,—4;6). (D) A(1;-2;3)

Cdu 5. Trong khong gian Ozyz, cho hai véce-to @ = (2;1;0), b= (—1;0;2). Tinh cos(@, —b>)
o - 2 - - 2 2 o - 2
@cos(a,b):—. (B) cos(@, b) =—=. @cosa b) @cos(a,b):——.
d 5 T 25 25
Cdu 6. Trong khong gian Oxyz, cho mat phang (P): x — 4y + 3z — 2 = 0. Mot véc-to phap tuyén
clia mat phang (P) 1a ?

@ o = (1;4;3). = (0; —4;3). @ 4 = (—4;3;-2). @ 3 = (—1;4;-3).

Cdu 7. Trong khong gian Ozyz, cho hai mit phang (P): — 6z +my — 2mz —m? = 0 va (Q): 2z +
y —2z+3 =0 (m la tham s6). Tim m dé mit phang (P) vuong géc véi mit phang (Q).

12 D 12
@mle. m:—. @mzﬁ. @sz.

Cadu 8. Trong khong gian Ozyz, cho hai véc-to a = (—4;5 — 3), b = (2;—2;1). Tim toa do cua

vée-to T =1a +26
(A) 7 = (0;—1;1). B) T =(-8;9:1). ©F = (2:3,-2). D) T =(0;1;-1)
Cau 9. Trong khong gian Oxyz, cho tam gidc ABC ¢6 A(1;3;5), B(2;0;1) va G(1;4;2) 1a trong tam.
Tim toa do diém C.
4 7 8
@C<§;§;§)- (B) C(0;0;9). (©)C(0;9;0). (D) C(0; -9;0).

- 5 N . 1
Cadu 10. Trong khong gian Oxyz, phuong trinh méit phang cach déu hai duong thang d; : vl

y—1 2—-2 r—2 y+2 z

3 T va ds: T =% :_—21a
(A) 11z +5y + T2+ 11 =0, (B) —1lz+5y+7z+1=0.
(C1llz -5y —Tz+1=0. D) —1lz+5y+72—1=0,

Cdau 11. Trong khong gian Oxyz, cho diém A(3; —1;1). Hinh chiéu vuong goc clia A trén mit phang
(Oxy) 1a diém

(A)N(3;—1;0). (B) M(3;0;0). (C) P(0; —1;0). (D) Q(0;0; 1).
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.

Cdu 12. Trong khong gian Oxyz, cho hai mat phang (P): z+(m+1)y—2z+m = 0va (Q): 22—y+3 =
0 v6i m 1a tham s6 thyc. Tim m dé (P) vuong goc véi (Q).

@mz& B)m = —5. @mzl. @m:—l.

- ~ ) 2 e 2 r—1 y+1 z )
Cadu 13. Trong khong gian Ozyz, cho diem M (2;1;0) va duong thang A: 5 =1 -7 Viet
phuong trinh dudng thang d di qua M, cit va vuong goc véi duong thing A.

r—2 y—1 =z r—2 y—1 =z

d: = =-. d: = =—.
@ 2 ) —41 1 1 ) 4 . 1
xr — Yy — z x — Yy — z

d: = = —. d: = =-.
© 1 —4 -2 @ 1 —4 1

Cdu 14. Trong khong gian Ozyz, cho hai diém A(—2;1;4), B(4;3; —2). Viét phuong trinh mat phang
trung truc ciia doan thang AB.

(A)3z+y—32—2=0. (B)3z+y—32—8=0.
(Cl3z+y—32—1=0. D)3z +y+32-8=0.
Cadu 15. Trong khong gian Oxyz,cho dusng thang d: x_—12 _Y I 8 _ Z_—i_14 va mat phang (P): x +
f-.q:"y + 2 — 3= 0. Toa do giao diém ctia dudng thang d va mit phang (P) la
; () (03105 7). (2:8;—4). ©) (535 -1). D) (-1;11;-7).

€ Cadu 16. Trong khong gian Oxyz, cho mat phang (P): o — 2y + 2z — 3 = 0 va diem M (5; —3;5). Goi
! 8 H 1a hinh chiéu vuong goc ctia diem M trén (P). Toa do diem H 1a

T (A H(3;-1;-1). H(3;1;1). (C) H(-1;-1;1). (D) H(3:0;0).

C ~ 2 2
1@ Cau 17. Trong khong gian Oxyz, cho mat phang (P): 2r +y — 1 = 0. Mat phang (P) c6 mot vecto
:>;~ phap tuyén la

O (AT =(21;0). B ®=(-2-1;1). (C7=@21-1). D)7 = (1:2;0).

. 5 —1 1 -2
‘s Cdu 18. Trong khong gian Oxyz, cho duong thang A: L 5 = y;— ~ =z .
(P): 2v —y — 22+ 1 = 0. Goi a la géc giita duong thang A va mit phang (P). Khang dinh nao
> sau day dung?

@cosa:g. Sina:—il. @sina:g. @cosa:—%.

9
Cdu 19. Trong khong gian Oxyz, cho mat cau (S) : 22+ y? + 22 — 22 — 2y + 4z — 1 = 0 vh mat phang
(P):z+y—2z—m=0. Tim tit cd m dé (P) cit (S) theo giao tuyén la mot duong tron c6 ban kinh
16n nhét.

@mz?. B)m=4. @sz. @m:—4.

Cdu 20. Trong khong gian Oxyz, mat phang (P): 2z + 6y + z — 3 = 0 cat truc Oz va dudng thang
r—>5 y z2—6

N

va mat phing

Ths

G

d: =< = lan luot tai A va B. Phuong trinh mat cau duong kinh AB 1a
1 2 —1

A (@+22+@y—12+(z+5)?2=09. (£ —2)2+ (y+ 1)2+ (2 — 5)2 = 36.

C(x—22+y+1)2+(z—5)2=09. D) (z+2)%+ (y—1)%+ (2 +5)? = 36.

2~ ~ . N 2 x Yy— 2 z2+3 ~ 2 4t = 2 N
Cdu 21. Trong khong gian Oxyz, duong thang d: 5= "1 — 3 vuong goc véi mat phang nao
sau day?

(A) (a1): 42 + 2y + 62 — 2018 = 0. (as): 3z +y+ 2z — 2017 = 0.

(C)(ou): 22—y + 32 — 2018 = 0. (D) (as): 22 4y — 32 — 2017 = 0.
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Cdu 22. Trong khong gian Oxyz, cho tam gidc ABC c¢6 phuong trinh duong phan giac trong géc A
r y—6 z-6

la 1 1 57 Biét ring diém M (0;5;3) thuoc duong thang AB va diém N(1;1;0) thuoc
dudng thing AC. Véc-to nao sau day la véc-to chi phuong ciia dudng thing AC?
(A)T(0;1;—3). (0, —2; 6). (©)%(0;1;3). (D) @(1;2;3).

Cdu 23. Trong khong gian Oxyz, cho hai diem I(1;0;—1) va A(2;2; —3). Mit cau (S) tam [ va di
qua diém A c6 phuong trinh la
(A (z+1)2+y2+ (2 —1)2=0. B (z+12 492+ (2 —-1)2=3.
C@—12+y*+ (2 +1)2=3. D) (z—1)2+92+ (2 +1)2=0.
C(?u 24. Trong khong gian Oxyz, cho diém A(1;2;3) vi mat phang (P): 3x —4y+ 72 +2 = 0. Dudng
thang di qua A va vuong géc mit phang (P) c6 phuong trinh la

(2 =3+t (2 =1+3t
(A{y=—-4+42 teR. y=2—4t,t R,

2 =T+3t (z=3+Tt

(2 =1—3t (2 =1—4t
C{y=2—4t teR. D) y=2+3t,teR.

2 =3+t 2 =3+Tt

Cdu 25. Trong khong gian Ozyz, cho cidc mat phang (P): z +y+ 2 — 1 = 0 va mat phang (Q): x —
2y + z — 2 = 0. Viét phuong trinh mat phing () di qua diém M (1;2;3) va vudng goc véi giao tuyén
ctia hai mat phang (P) va (Q).

@—2x+y+z—3:0. x—z+2:0.

@x—y+1:0. @x—2y+z:0.
CdAu 26. Trong khong gian Oxyz, cho mat phang (P): 2z —y + 2z + 1 = 0 va hai diém P(3;1;0),
Q(—9;4;9). Goi M 1a diém thudc mat phang (P) sao cho |[MP — M@)| c6 gia tri 16n nhat. Toa do ciia
M la

(A) M(7;2;—13). M(—=7;-26;—13). (C)M(=7;2;13). (D) M(7;—28:13).
Cdu 27. Trong khong gian Ozyz, cho A(3;2;1), B(—2;3;6). Diém M (x/; yar; 2ar) thay doi thuoce
mit phang (Oxy). Tim gia tri ctia biéu thitc T = zp; + yas + 2z khi biéu thiic ‘]\ﬂ + 3MB| nhé
nhat.

7 7

A 5 2. © —5 D) -2.
CdAu 28. Trong khong gian Oxyz, cho hai diém A(—2;1;0), B(0;3; —2). Diém M thay déi thuoc mit
cau (S): (x — 1)+ (y + 1)* + (2 — 2)? = 64. Gia tri 16n nhat ctia M A* — 3M B? bang

(A)18. —210+160v2.  (C)8—5V2. (D) —210 — 160v/2.
Cdu 29. Trong khong gian Ozyz, cho hai diem A(10,—4,2), B(a,b,c). Goi M, N, P lan lugt 1a giao
diém ctia duong thing AB v6i cac mit phang toa do Oxy, Oxz, Oyz. Biét M, N, P nam trén doan
thing AB theo thit tu d6 sao cho 2AM = M N = NP = 2PB. Tinh gi4 tri biéu thic T = a—b+c

(A)T = —16. B)T = -8 C©T =4 DT=-4

Cdu 30. Trong khong gian Ozyz, cho mit phang (P): v — z + 10 = 0 v& diém A(1;0;0). Mat phang

. N 2 . N
() di qua A, vuong géc véi (P), cach goc toa do O mot khodng bang 3 va cat cac tia Oy, Oz lan
lugt lai cac diem B, C khong trimg O. Thé tich khéi t¢ dien OABC bang

(A)1. % (©)4. @g.

—HET—
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.
Bat e DAP AN TRAC NGHIEM CAC CHU DE
@ L J
N
@ DAP AN TRAC NGHIEM BAI 1
1. A2 DIJ[3 cCcll4. cl5. BJl6. B|l7. DJs. DJl9. B |[10. D
11. C |l12. C |[13. D |[14. A ||15. A |[16. C |[17. B |[18. D |[19. A |[20. C
21. B |[22. A ]|23. D |[24. C ||25. B ||26. C |[27. B |[28. A [[29. B |[30. C
e DAP AN TRAC NGHIEM BAI 2
1. B2 A3 B4 All5. Ccll6e. All7. AJls. BJl9. C|]10. C
11. C ||12. D |[13. D |[14. D ||15. A |[16. C |[17. D ||18. A |[19. B |[20. B
21. C |[22. D |[23. A |[24. D |[25. A |[26. D ||27. A |[28. C |[29. B |[30. D
e
«@

DAP AN TRAC NGHIEM BAI 3

E/i.

o B2 c]B._ _Alx Al Al Allr. D[ Al Do D

I [11. B |[12. € |[13. C |[14. C |[15. B |[16. C ||17. B |[18. D |[19. B |[20. B

qc, 21. D |[22. A ]|23. D |[24. B |[25. C ||26. C |[27. C |[28. D |[29. B |[30. A

¢

>

o

ZQ DAP AN TRAC NGHIEM BAI 4

¥

1. D[22 A3 All4 D5 C|l6. All7. Alls. Allo. B]Jl10. A

'; 11. B |[12. A |[13. D |[14. B |[15. A |[16. A ||17. B |[18. D |[19. C |[20. C

(h[2L_B J[22. D 123. D |[24. A ||25. A |[26. A |[27. D ||28. B |[29. C |[30. D
31. C ||32. C||33. A |[34. C |[35. C |[36. A |[37. D |[38. D |[39. A |[40. B
@ DAP AN TRAC NGHIEM BAI 5
1. Cll2. BJ[3 Ccl4 DJl5. DJl6e. Cc|l7. A]ls. B]Jl9. B |[10. C
11. A Jl12. A J[13. A |[14. A ||15. B |[16. C |[17. A |[18. C |[19. C |[20. C
21. B |[22. C ]|23. B |[24. A |[25. D |[26. C |[27. C |[28. B |[29. D |[30. B
31. D |[32. C||33. C|[34. D [[35. D |[36. A

e PAP AN TRAC NGHIEM CAC BE TONG ON

1. Péso1

1. B[22 C|[|3. C |4 A 5. B 6. C||7. AJ|8& D9 DJ|10. C
11. D ||12. B |[13. A |[{14. D ||15. D |[16. D [|17. B [|18. D |[19. C ||20. D
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AL

N\ e

2.Deéso

1. AJ|2. DJ|3. A4 Db C]J6. B 7. B8 D9 A J10. D
11. D ||12. B |[13. C ||14. C |[15. B ||16. B ||17. C ||18. D |[19. A |[20. B

3.Pés63

1. C||2. D||3. A4 C|5. C 6. C 7. D8 C9. B J[10. A
11. B ||12. D |[13. C ||14. D |[15. C |[16. A ||17. B ||18. D |[19. B |[20. C

4. Désd 4

1. All2. A3 B[« Bl[5 Bl6. BIl[7. DI Cllo. Alf10. B

11. C |[12. ¢ |[13. A |[14. D |[15. D |[16. A |[17. A |[18. D |[19. C |[20. A

291. D |[22. C |[23. C |[24. D |[25. B 2’

\ Ve lg

5.Peso5
Q

1. D12 Al[3 D1+ DI Bll6 DI DIl Dlo. ¢ |[10. B c

11. A |[12. C |[13. C |[14. A |[15. D |[16. B |[17. A |[18. C |[19. B |[20. C O

21. A |[22. C 1[23. A |[24. B |[25. B |[26. A |[27. B |[28. B |[20. A |[30. B g
\
O
‘O
QA
o)
\ -
c
O
>
‘0O
O
-
«O
Q
O
2
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