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LOINOI DAU

Cubn sach “LUONG GIAC — MOT SO CHUYEN BE VA UNG DUNG” nay duoc bién
soan v&i muc dich cung cép, bo sung kién thtrc cho hoc sinh THPT va mot sb ban doc
quan tdm dén mang kién thirc ndy trong qua trinh hoc tap va lam viéc. Trong tap 2
“PHUGCNG TRINH, HE PHUGNG TRINH, BAT PHUONG TRINH LUGNG GIAC”
nay, chung toi s& xoay vao trong tim 1a “PHUONG TRINH LUQNG GIAC”, mot dang
toan quen thudc trong cac dé thi THPT, dic biét 1a dé thi tuyén sinh Pai Hoc.

O céc chuong chinh, chiing t6i chia 1am 3 phan :

- Phan I : Néu Iy thuyét cung vi dy minh hoa ngay sau do, gitp ban doc hiéu va biét
cach trinh bay bai. Pong thoi dua ra cac dang toan co ban, thuong gip trong qué trinh
1am bai trén 16p ctia hoc sinh THPT. O phan nay, ching t6i s& trinh bay mot s6 bai dé ban
doc c6 thé nam viing hon, tranh sai sot.

- Phan II : Trong qua trinh tham khao va tong hop tai liéu, chung toi s& dua vao
phan nay cac dang toan kho nham gitp cho cac hoc sinh boi dudng, rén luyén ki ning
giai LUQNG GIAC thanh thao hon khi gip phai nhiing dang toan nay.

- Phan III : Chung toi s& dua ra 101 giai goi ¥ cho mot sé bai, qua d6 ban doc kiém
tra lai dap s, 10i giai hodc ciing ¢ thé tham khao thém.

Trong qué trinh bién soan, mic du chung t6i d3 cb gang bang viéc tham khao mot luong
rat 16m cac tai lidu co sin va tiép thu co chon loc ¥ kién tir cac ban dong nghiép dé dan
hoan thién cudn sach nay, nhung kho tranh khoi nhiing thiéu s6t bai tim hiéu biét va kinh
nghiém con han ché, chung t6i rat mong nhan duoc y kién dong gop quy bau cua ban doc
gan xa.
Chi tiét lién h¢ tai : anhkhoavo1210@gmail.com

minh.9al.dt@gmail.com

CAC TAC GIA
VO ANH KHOA — HOANG BA MINH.
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LOI CAM ON

Trong qua trinh bién soan, chiing t61 xin cdm on dén nhitng ban da cung cap tai liéu tham
khao va vui long nhan kiém tra lai tirng phan ctia ban thdo hoac ban danh may, tao diéu
kién hoan thanh cudn sach nay :

- Ngo6 Minh Nhut (PH Kinh Té Tp.HCM)

- Mai Ngoc Thang (PH Kinh Té Tp.HCM)

- Nguyén Thi Thanh Huyén (THPT Chuyén Luong Thé Vinh Pong Nai)
- Nguyén Huy Hoang (THPT Chuyén Lé Hong Phong Tp.HCM)

- Tran Lam Ngoc (THPT Chuyén Tran Pai Nghia Tp.HCM)

- Vuong Tuan Phong (THPT Chuyén Tran Pai Nghia Tp.HCM)

- Lé Quang Hiéu (THPT Chuyén Luong Thé Vinh Pong Nai)

- Hoang Minh Quan (PH Khoa Hoc Ty Nhién Ha No61)

va mot s6 thanh vién dién dan MathScope.

TP.HO CHI MINH
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Chuong 4 : So luge vé ham luong gidc nguoc

CHUONG 4
SO LUGC VE HAM LUONG GIAC NGUGC

L. MOT SO TINH CHAT CO BAN VE HAM LUQNG GIAC NGUQC
1 - Ham s6 y = arcsin x 1a ham luong giac nguoc cla

Tt

arccos(x) ham s6 x = sin Yy, c6 mot sb tinh chat co ban sau

g
\\\iﬁ ( yE[—— -

%TI'" T[ VA
~. {arcsin(sinx) = x,x € |—=; =
N 2’ 2

N sin(arcsinx) = x,x € [-1;1]
“; \ arcsin(—x) = —arcsin x
1

- Ham s6 y = arccos x 1a ham lugng gidc nguoc

AR cua ham s6 x = cosy, c6 mot soO tinh chat co ban sau

arcsin(a)

l y € [0; ]

arccos(cosx) = x,x € [0; 7]

cos(arccosx) = x,x € [—1; 1]
arccos(—x) = m — arccos x

- Ham s6 y = arctan x 1a ham luong giac y

ngugc cua ham s6 x = tan y, c6 mdt so tinh T+
l-------

chét co ban sau
arccot(z)

( ve(33) LD

T
{arctan(tanx) = x,x € (_E E)

tan(arctanx) = x,x € R

\ arctan(—x) = —arctanx
- Ham s6 y = arccot x 1a ham luong giac
nguoc cua ham s6 x = coty, c6 mot so tinh

chét co ban sau
y € (0;m)
arccot(cotx) = x,x € (0; )
cot(arccotx) = x,x € R
arccot(—x) = m — arccotx

1
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Chuong 4 : So luge vé ham luong gidc nguoc

II.  BAITAP Vi DU VE HAM LUQNG GIAC NGUQC

A = sin [ — + arcsi V2
d. = SIn 12 arcsin >

T V2
sin— =— \/E T
Vi 4 2 nén arcsin|— ) =—. Do d6,
T T T 2 4
Te[-Z.I
4 2 2
A . (7T+7T) . T \/§
=sin|—+—) =sin—=—
SN2 Ty T3 T
2T
b. B = arcsin (sin ?)
b Zne[nn] . _(_Zn)thnT A
0 3 >33 nén arcsin | sin 3 3 uy vay
L 2m ( n)_ T
sm3 =sin(m 3 —sm3
Do do,

B = -(-2”)_ .(.ﬂ)_Tf
= arcsin [ sin 3 = arcsin sm3 =3
41
c. C = arccos (cos?)
Ta thdy :
41 _ ( N 7'[) _ T
cos3 =cos|m 3) = cos3

Do do,

€ = arceos (cos ) = arcos (~cos7) = (co53)
= arccos | cos 3 = arccos COS3 = Tt — arccos COS3

2T
=17 —— = —

3 3
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Chuong 5 : Phuong trinh lugng giac

I.

CHUONG 5
PHUONG TRINH LUONG GIAC

PHUONG TRINH LUQNG GIAC CO BAN
CAC DANG PHUONG TRINH CO BAN

u=v+k2nm

. sinu =sinv & =T — 4 k2m (k €eZ)
. COSU =COSV & [uu—:—vv-:kkzgn (k eZ)
u=v+kn
: tanuztanv@{uif_i_kn (k €Z)
2
: cotu=cotv®{u:iznkn (keZ)

CAC DANG PHUONG TRINH CO BAN PAC BIET

smnu=0u=kn(k €Z)

s
cosu=0<:>u=5+kﬂ(kEZ)

s
sinu=1<=>u=5+k2n(kEZ)
cosu=1ou=k2n (k €Z)

/[
sinu=—1<:>u=—§+k2r[(kEZ)

cosu=-1osu=n+k2n(k €Z)

s
sinu=5(=> 51 (k €eZ)
u=?+k2n

1 s
cosu =E(=>u=+§+k2n(kEZ)

3
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Chuong 5 : Phuong trinh lugng giac

T
V3 u=§+k2n

9. sinu=7<=> o (kezZ)
u=—+kin
3
V3 s
10. cosu=7<=>u=ig+k2n(k€Z)
/[
11. sinu:—zc) 7 (keZ)
u=—+Kk2n
6
1 21
12. cosuz—z(:)uzi?+k2n(kEZ)
7T+k2
V3 u=-—= /[
13, sinu=-— o = (k € 7)
u=—+k2nm
3
V3 5t
14. cosu=—7<=>u=i?+k2n(kEZ)
Cha ¥ rang:

T
1) Phuong trinh sinx = m (m € [—1; 1]) c6 ding mdt nghiém thudc [— E’E]

Ta ki hi¢u nghiém dé la arcsin m.
2) Phuong trinh cosx = m (m € [—1; 1]) c¢6 ddng mot nghiém thudc [0; ).

Ta ki hi¢u nghiém do la arccos m.
T
3) Phuong trinh tanx = m (m € R) c6 ding mot nghiém thudc (— E'E)

Ta ki hi¢u nghiém do la arctan m.
4) Phuong trinh cotx = m (m € R) c6 ding mot nghiém thudc (0; ).
Ta ki hi¢u nghiém d6 la arccotm.

Chung ta str dung cac cong thic bién doi lugng gidc da néu trong Chuong 2, phén tich
phuong trinh thanh cac nhéan tir dé xut hién cac dang phuong trinh trén.

4
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Chuong 5 : Phuong trinh lugng giac

Bai 1: Gidi cac phuong trinh sau

_ V3
a. sin2x =1 C. tanx=—?
1
b. cos3x = 5 d. cot2x =1
Giai:
a. Ta co:

I I
sin2x:1<:>2x=5+k2n(:)x=1+kn(kEZ)

b. Ta co:
3x = e 3x = +E k2 P
cos 3x > X +3 T X 15 3 ( )
C. Ta co:
7T+k
V3 X =—— T T
tanx = - — & 7T6 Sx=——+kn(k€Z)
3 x #—+kn 6
2
d. Ta co:
T km
m1e] B2 Ty
cot2x =1 - <=>x—§+7( € 7Z)
X#:?

Bai 2: Giai cac phuong trinh sau
1
a. sin(x+2) = 3

b. cos(m—x) =1

c. tan 2x — 1) =+/3

d. cot(3x—1) = —/3

5
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Chuong 5 : Phuong trinh lugng giac

Giai:
a. Ta co:
T
x+2=—+4+k2n

T
x=g+k2n—2
sin(x+2)==-¢&

5 = ST (k eZ)
x+2=?+k2n x=?+k2n—2
b. Ta co:
cos(m—x)=1leon—x=k2neo x=n+k2n (k € Z)
C. Ta co:
2x—1="tk L
x—1=— T X=—+—+4+=
tan(2x — 1) =V/3 & 73.[ = 6 k2 %
2x—1 #—+km x:/;z+_n-+_
2 4 2 2
7T+kT[+1 k eZ
Sx=—4—+-
x=gtyty (kED)
d. Ta co:
- T[+k7'[+1
X=——+4+—+=
cot(3x—1) = -3 & 3"_1__5“‘”(:» 1?{71 31 3
3x —1#kn + — 4 —
XF3 T3
7T+k7—[+1 k€EZ
Sx=——+—+—
¥=-—1gt3 3 *kED
Bai 3: Giai cac phuong trinh sau

a. tan (x + %) = tan (Zx + g)

b. tan (x +%) = —cot(2x —g)

c. sinx = cos(x + m)

Giai:

a. Ta co:

= x+ 4k (x=-Z+kn
T T X+—=x+— T = —=
tan(x+—)=tan(2x+—)<=> 37T n4 = 6 k
4 5 T T T T
T
(=>x=—g+kn(kEZ)

b. Ta co:

tan (x + %) = —cot (Zx - g) < tan (x + %) = tan(2x + g)

TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

T T T
2X+—=x+—+km x=—++km

6 4 12 U
S T = - kn(:)x=ﬁ+kn(kEZ)
2x+—#=-+k —+—
X 6 2 T x;t6+2

C. Ta co:

s
T x=—x—E+k2n
sinx = cos(x + m) < sinx = sin (—x ——) =

2 T
x=n+x+5+k2n

s
x=—Z+kn -
= 3 <:>x=—Z+kn(kEZ)

/[
Ox = > + k2m (vo ly)

Bai 4: Giai cac phuong trinh sau
2
COS X

a. tanx 4+ cotx = —

sin x cos x

" sin5x cos5x
c. (2cosx —1)(2sinx + cosx) = sin2x — sinx (Tuyén sinh khéi D 2004)

Giai:
a. Diéu kién :
km
X # > (keZ) (%

Phuong trinh twong duong voi

1 2
sin x cos x -  cosx
1 x=—z+k27't
(:)sinx=—z<:> 7 (k eZ)
X = ?-F k2m

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
b. Diéu kién :

{sin 2x #0

cos2x #0

Phuong trinh twong duong véi
sin x cos 2x — cos x sin 2x

km
(:)sin4x¢0=>x¢7(kEZ) (*)

S0 2 CoS 2x =0eosinx=0=x=kr (ke

7
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Chuong 5 : Phuong trinh lugng giac

Két hop véi () ta duoc nghiém 13 x = w + m2m (m € Z)
c. Ta co:
(2cosx —1)(2sinx + cosx) = sin2x — sinx
< (2cosx —1)(2sinx + cosx) = sinx(2cosx — 1)
< (2cosx —1)(sinx + cosx) =0

T
& V2(2cosx — 1)sin(x+z) =0

cosx ==
= 2
sin(x+z)=0
i 4
I I
x=x-+k2n
= 3 (k € )
x=—Z+kn

Bai 5: Giai cac phuong trinh sau

a. V3tan(2x —36°) — 1 = 0,x € [90°; 180°]

b. sin(3x + 1) +sin(3x —1) =0,x € [—m; 7]

c. cos3x —4cos2x +3cosx —4=0,x € [0;14]  (Tuyén sinh khdi D 2002)

Giai:
a. Ta co:
V3tan(2x —36°) — 1 = 0 (v6i x € [90°;180°])
V3 (2% —36° = 30° + k180°
& tan(2x — 36° =—<=>{ x—36"=30"+
an(2x ) =3 2x — 36% % 90° + k180°
X = 330 + k900 0 0
= < x=33"+k90° (ke Z
{x +63%+ k900 ¥ (k€2)
Lai co:

0 0 0 0
kel

19<k<49
@{%— =30k e{l}

kel
Vay nghiém ctia phuong trinh 13 x = 123°
b. Ta co:
sin(3x + 1) +sin(3x — 1) = 0 (véi x € [—m; m])

TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

km
@Zsinchosl=0(:>sin3x=0(:>x=? (keZ)

Lai co:
ke —3<k<3
xe[-mmnl & TTS T ST (TP 5% o ke (0,11, 42; £3)
keZ
keZ
. . . T 27
Vay nghiém cuia phwong trinh laxE{O;ig;i?;in}
C. Ta co:
cos3x —4cos2x + 3cosx —4 =0 (voi x € [0; 14])
& 4cos®x —3cosx —4(2cos?x—1)+3cosx—4=0
& 4cos?x (cosx—2)=0
[ cosx =0
cosx =2 > 1 (loaivi cosx < 1)
T
<:>x=5+kn(kEZ)
Lai co:
s 1 14 1
xE[0;14]@{0S5+kngl4(:>!_ESkS?_E@kE{O;l;Z;S}
keZ keZ
o n 3 5Sm 7m
Vay nghiém cua phuong trinh laxE{E;T;T;Y}

Bai 6: Giai cac phuong trinh sau
i (2 +5”) 3 ( 77T)—1+2' e[n3]
a. sin|2x + cos{x —— ) = sinx,x € [>,3m

sin 3x — sin x

= sin 2x + cos 2x,x € (0,2m)

V1 — cos2x
Giai
a Ta co

i (z +5n)— in(2x +) = cos 2
Sin X 5 = SIn|\ 4x 5 = COS zXx

( 77'[)_ ( +TL’ 4 )_ .
CoS | X 5 = CoSs|Xx 5 mT)=—sInx

Nhu vay, phuong trinh viét lai thanh
cos2x +3sinx =1+ 2sinx

1
<=)Zsin2x<sinx—§> =0

9
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Chuong 5 : Phuong trinh lugng giac

x =km
z + k2w
X =—
= 6 (k ez
LI
lx == s
. s . _ o m 5t 17m
Vix € [—, Sn] nén nghi¢m cua phuong trinh la x € {n; 2m; 3m;—; —;—}
2 6 2 6
b. Phuong trinh twong duong vai
2cos2xsinx 5 (2 TL')
= cos(2x ——
V2|sin x| 4
Néu x € (0, 7) thi sinx > 0 nén
2x = (2 n)@ _ Tk (k € 7)
cos 2x = cos|( 2x 2 x—16 >
Khi do,
c {n 971}
*=l16'16
Néu x € (7, 2m) thi sinx < 0 nén
2 (2 ”)@ UL
cos2x = —cos(2x —— X=—+—
4 16 2
Khi do,
c {217‘[ 2971}
*=116 "16

n 9 21w 2971}

Vay nghiém cua phuong trinh 1a x € {R 16’ 16 16

Bai 7: Giai cac phuong trinh sau
a. (2cosx — 1)(2sinx + cosx) = sin2x —sinx  (Tuyén sinh khdi D 2004)
b. sinx +cosx + 1+ sin2x + cos2x =0  (Tuyén sinh khéi B 2005)
x . .
c. cotx + sinx (1 + tan x tan E) =4 (Tuyén sinh khoi B 2006)

1 1 (Tm . ..
d. o + " (x ~ 3_7'[) = 4sin (T — x) (Tuyén sinh khoi A 2008)
2
Giai:
a. Phuong trinh twong duong véi
(2cosx—1)(2sinx + cosx) =sinx (2cosx — 1)
& (2cosx —1)(sinx + cosx) =0
10
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Chuong 5 : Phuong trinh lugng giac

/[
x=x-+k2rn
. 3 ) (k € 7)
=——+
X 3 Tkm
b. Phuong trinh twong duong vai

2cos?x +2cosxsinx +cosx +sinx =0
& (2cosx+ 1)(cosx +sinx) =0

2T
xzi?+k2n
= - n+k (keZ)
X = 2 T
c. Piéu kién:
cosx 0 "
: T
Sm);io(:)sianiO(:)xi—(kEZ)(*)
cos=+* 0 4
) 2
Ta thay :
X sin x sin5 cosxcosi+smxsm7 1
1+tanxtan5=1+ = =

X X =
COS X COS 5 CoS X cos5 Cos x

Do do, phuong trinh twong duong véi

T
1 X=E+kﬂ'
cotx+tanx=4<:>sin2x=§<=> S (k ez

=—+k
X 12+7'[

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
d. Diéu kién :
sinx # 0
3
{sin (x - 7) +0 ()
Phuong trinh twong duong voi
1

sinx cosx

= —2v2(sin x + cos x)

11
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Chuong 5 : Phuong trinh lugng giac

= —— 4k
x=—gtkn
T 1 5
i - 2 = = — EZ
Sm(x+4)(sin2x+v ) 0= x 3 + kn (k €Z)
i
x=——+km
- 4

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

Bai 8: Tim tat ca cac gia tri nguyén cua x thoa man

Cos%(Sx —\9x2 —16x —80) = 1

Gidi: Phuong trinh trong duong vi

%(3,5 —/9x? = 16x — 80) = k2 (k € Z)

& /9x2 — 16x — 80 = 3x — 8k
(:){ 3x —8k >0
9x% — 16x — 80 = (3x — 8k)?
3x — 8k >0
-

9x = 12k + 4 + ()

3k—1
Do do, 3k — 1 1a uéc nguyén cua 49. Tadugc : 3k —1 = +1,+7,+49
Vik € Z nén k = 0,—2,—16. Thay vao (), ta dugc x = —3,—21

12
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Chuong 5 : Phuong trinh lugng giac

- BAI TAP TU LUYEN

5.1.1. Giai cac phuong trinh sau:

a. tan2x=?
b. sin10x =1

c. 4cos’x—3=0
d. 3sinx—2=0

e. 1+ sin2x = sin® x + cos? x

5.1.2. Giai cac phuong trinh sau:
[(2x T
a. sm(———) =0

3 3
b. 1+cos(2x—g)=0
C. tan(§+g)=§

d. sin?(x+1) =1

e. 2coslg<sinx—1+§>] =13

5.1.3. Giai cac phuong trinh sau:

_ - /4x
a. sinx = sin (? + 3n>

b. cos(2x + m) = —sinx

c. sinx = —cos 2x

d. tanx + tan (Zx +E) =0
3

e. cos5x —sin(3x +m) =0
5.1.4. Giai cac phuong trinh sau:
a. 4sinxcosxcos2x =1

b. cosx cos 2x cos4x cos 8x cos16x cos32x =

COS X

c. tanx+—m=1

1+ sinx
d. cos3x —cos2x —cosx =sin2x —sinx — 1
e. (1—tanx)(1+sin2x) =1+ tanx

1
64 sin x
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f. cos10x + 2 cos? 4x + 6 cos 3x cos x = cosx + 8 cos x cos> 3x
g. 4sin®x + 3 cos?x — 3sinx — sin®x cosx = 0

h. sin®x + cos®x = 2(sin® x + cos® x)

i. tan?x —tanx tan 3x = 2

5.1.5. Giai cac phuong trinh sau:
T T

. Sin2x=1,x€|——;—
a. sin2x X [ x5
I
b. cosx +cos3x=0,x € [O;E]
5.1.6. Giai cac phuong trinh sau:
X
a. 2+ 3cosx = 2tan§ (Hoc Vién Ngan Hang 1998)

cosSx — 2sinx cosx

' =V3 PH Ngoai Ngir 1998
2cos?x +sinx—1 \/_ ( goar Ngu )

c. sinx + sin 2x + sin 3x = cosx + cos 2x + cos3x  (PH Ngoai Thuong 1999)
d. sin?3x — cos?4x = sin? 5x — cos?6x  (Tuyén sinh khi B 2002)
X T

e. sin? (— — —) tan? x — cos? = = (Tuyén sinh khéi D 2003)
2 4 2

- GOI Y GIAI BAI TAP TU LUYEN

5.1.1. Nghiém cua phuong trinh la :

_7T+k7'[ ez
ax=pty kel

b —ﬂ+kﬂk Z
.x—20 5(E)

[ x = += + k2
x—_6 /s

C. 51 (keZ)
x=+—+k2n
| 6
X = arcsin§ + k2w
d. 7 (kezZ)

X = n—arcsin§+k2n
km
e. x=7 (k €Z)

14
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5.1.2. Nghiém cua phuong trinh 1a :

—n+3kn kelZ
a.x—2 > ( )

box=F i kn (ke
X =75 m ( )

I
C. x=—§+k2n(k€Z)

T
x=5+k2n—1

d. g (k €eZ)
x=—5+k2n—1

T
e. x =km+ (—1)"“.2

5.1.3. Nghiém cua phuong trinh 1a :

" x = 157+ k10w
a. _ 10m k10T (k € 7)
YT 9
n+k27r
X=—+—
b. 6 3 (ke
x=—-+k2m
| 2
[ T
x=5+k2n
c | ﬂ+k2n(kEZ)
*T T 3
dx="4" en
T
X=Z+k7'[
e | n+kn(kEZ)
T 716" 4

15
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5.1.4.
a.

sindx =1 x =

b.
phuong trinh tré thanh :

T
sinb4dx =1 x =——

C. biéu kién :

{cosx *+0
sinx # —

Phuong trinh twong duong voi

(sinx+1)(cosx—1) =0 & [

Str dung cong thirc nhan doi sin 2a = 2sin a cos a s€ dua phuong trinh trd thanh :

T

+hrkeZ
82()

Tuong tu cdu a, ta cling st dung cong thirc nhan do6i sin 2a = 2 sin a cos a s€ dua

+k7‘[ keZ
128 32( )

T
1(:)x¢5+k7t (k € Z) (%)

L __r
sinx = —1 [x— 2+k2n(:>x=k27r(kEZ)
cosx =1 _

x = k2w

Két hop v6i (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

d. Nghiém cua phuong trinh 14 :
% = —— + k2
X = e T
_ VA 12
x = k2m
T N k2m
¥T3T 3
e. Diéu kién :

2t

batt =tanx = sin2x =
14t

Thay vao phuong trinh, ta dugc

16
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x = k2w
t=0 tanx =0 "
t=_1®tanx=—1 x=—Z+kn-(kEZ)

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

f. Pé y: 2 cos?4x = 1+ cos 8x va 4 cos® 3x = 3 cos 3x — cos 9x
Phuong trinh c6 nghi¢ém x = k2n(k € 7Z)

g. Phuong trinh tuong duong véi

(4sin? x — 3)(sinx — cosx) = 0
(k €7)

h. Phuong trinh tuong duong voi :
sin® x cos 2x — cos®x cos 2x = 0
& cos 2x (sin® x — cos®x) = 0

km

T
Sx=—+— (k€
x=7+-( )

1. biéu kién :

{cosx;tO

C053x¢0®c053x¢0(*)

Phuong trinh twong duong voi

sin x (sinx sin Sx)

cosx \cosx cos3x

& sin x (sin x cos 3x — sin 3x cos x) = 2 cos? x cos 3x
& — 2sin x sin 2x = 2cos? x cos 3x
& —sin® x = cosx cos 3x (cosx # 0)

& cos2x —1 = cos4x + cos 2x

17
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T km
<:>cos4x=—1<:>x=z+7(kez)

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

5.1.5.
a. Ta co:
in 2 —1( e| n-n)@ = tkn(kez
sin2x = - |x i x=7 m( )
Lai co:
S L " T
x€|-5i @{—z—rf T=7 e ke{0)
kel
/[
Vay nghiém cua phuong trinh la x = 7
b. Ta co:
I
T X=—+mn
Cosx+c053x=0(xE[O;ﬂ)(z)Zcostcossz(:) T ng (Mn€EZ)
X=—=+—=
4 2
Lai co:
0<—+mn<~—
T { T2l {0}
€
x € |0;=| & m € Z m
[ 2] o<t M. T n € {0}
4 2 72
n ez
T
Vay nghiém ctia phwong trinh la x € {— ; —}
42
5.1.6.
a. Goiy:
x 1-—t?
batt =tan=- = cosx =
2 1+t?

/[
Nghiém cua phuong trinh la x = > + k2 (k € Z)

18
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b. biéu kién:

sinx #1

1 ()

sinx # — 5
Phuong trinh tuong duong véi
cosx — sin 2x = V3(=2sin% x + sinx + 1)
& cosx — sin 2x = V3 cos 2x + V3 sinx

& oS (x +g) = CO0S (Zx —%)

—n+k2
x=3 T

Két hop vé6i (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
c. Phuong trinh tuong duong voi
2sin 2x cos x + sin 2x = 2 cos 2x cos x + cos 2x

< (2cosx + 1)(sin2x —cos2x) =0

2
x=i—ﬂ+k27'[

= - . - (k ez)
*T8 2
d. Phuong trinh twong duong véi

1 1 1 1
5(1 — cos 6x) —5(1 + cos8x) = 5(1 —cos10x) — 5(1 + cos 12x)

< cos8x — cos6x = cos12x — cos 10x
< cosx (cos1lx —cos7x) =0

x=—+k
X—Z T

km
= x=—7 (ke

_kn
S

19
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e.  Diéukién:
x# 4k (k €7) (4)
Phuong trinh twong duong voi
(1 —sinx)(1 —cosx)(1 + cosx)
(1 —sinx)(1 + sinx)

< (cosx + 1)(sinx +cosx) =0
x =1+ k2w

-2k
X = 4 T

—(1+cosx)=0

= (keZ)

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

II. CACDANG PHUONG TRINH LUQNG GIAC PUA VE PHUONG TRINH
LUQNG GIAC CO BAN
1.  PHUONG TRINH BAC HAI
- Phuong trinh bac hai theo cac ham sb luong giac 14 nhitng phuong trinh c6 dang
sau:

e asin?x+bsinx =c
e acos’x+bcosx=c
e atan’x +btanx =c
e qcot?’x+bcotx =c

- Céch giai phuong trinh nay thi ta s& coi cac 4n sin x, cos x , tan x, cot x 1a cac
nghiém cua phuong trinh at? 4+ bt + ¢ = 0 (a # 0), dong thoi luu ¥ dén cac didu
kién cua t.

- Chung ta ciing st dung nhitng phép bién doi lugng gidc dé dua phuong trinh ban
dau vé cac phuong trinh loai nay.

Luu y cac cong thirc luong giac sau:

e sin’x+cos?x=1
e sin*x 4+ cos*x =1—2sin?xcos?x
e sin®x 4+ cos®x =1—3sin®xcos?x

20
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Bai 1: Gidi cac phuong trinh sau

a. 2sin?x+ 3sinx—5=0 b. 2cos?2x+3cos2x+1=0

c. tan*x —2tan?x+1=0 d. cot?x + 2cotx —3 =0
Giai:
a. Phuong trinh twong duong voi

sinx =1 T
5 - —
sinx = —3 < —1 (loaivi sinx = —1) =X 2 k2 (k € 2)
b. Ta co:
/[
cos2x = —1 x:E+kT[
2cos?2x+3cos2x+1=0< le - (k €Z)
cos2x = —— .
2 x == 3 + km
C. Diéu kién:
s
cosxiO(:)x¢5+kT[(kEZ)(*)
Phuong trinh tuong duong véi
i + k
x=—+kn
(tan’x—1? =0 | 2"* 71 o ¥ (kem
anx = x=-7 + km

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
d. Diéu kién:

sinx # 0 o x = kr (k € Z) (%)

Phuong trinh twong duong véi

T
[Cotx_=13=>[ T ke
cotx = — x = arctan(—3) + km

Két hop véi (), ta nhan nghiém trén 1 nghiém cua phuong trinh.
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Bai 2: Gidi cac phuong trinh sau
1 1
a. sin*x + cos*x = sian—E b. sin*x + cos*x = —Esian
sin® x + cos* x 1 - . 1
C. > — = ——tan 2x d. sin®* x + cos*x = — — sin 2x
CcoSs“ x — sin“ x 2 8
Giai:
a. Phuong trinh twong duong vai
1
& 1 — 2sin? x cos? x = sin 2x -3
& sin?2x 4+ 2sin2x—3=0
R sinx =1
sinx = —3 < —1 (loai)
T
<:)x=5+k2r[(kEZ)
b. Phuong trinh tuong duong véi
. 1
& 1—2sin?xcos?x = —Esm2x
. sin? 2x 1 )
=1 - = ——sin 2x
2 2
& sin?2x +sin2x—2=0
- sinx =1
sinx = =2 < —1 (loai)
T
(:>x=§+k2n(kEZ)
C. Diéu kién:

cos?x —sinx # 0 n km
= 2x+ 0= x+—+— (k€L
{ cos2x # 0 oS £X x 4 2 ( )(*)

Phuong trinh twong duong véi
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sin* x + cos* x sin 2x - . 1
= & sin® x + cos x=—§sm2x

cos 2x T 2cos2x
Day chinh 1a cau b cua bai nay.
Nghiém cuia phuong trinh la:
T
x=5+k2rr(k€Z)
Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
d. Phuong trinh tuong duong véi

11
1—Zsin2xcoszx=?—sin2x

sin? 2x 11

1 — = — —sin 2x
2 8

& 4sin?2x —8sin2x+3=0

. 2 1
Sin X—E

3
sin2x = 3 > 1 (loai)

" Lk

X =—+kn

12

= —57T+k (kez)
X = T

Bai 3: Giai cac phuong trinh sau:
s /[
2 - (- —) =
a. cos (x+3)+251n( x+6) =3

b. sin* 2x + cos* 2x = sin 2x cos 2x

17
c. sin®x + cos®x = Ecos2 2x

d. sin®x + cos®x —sin2x =0

X X
4 )
e. cos*=—+sin“=-=1
5 5
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Giai:
a. Phuong trinh twong duong voi
s s
2 —_ - — =
cos (x+ 3) +2cos(x+ 3) 3=0
s
o cos (x + §) =1
s
cos (x + 5) = —3 < —1 (loai)
s
S x = —§+k2n(kEZ)
b. Phuong trinh tuong duong voéi
1 — 2sin? 2x cos? 2x = sin 2x cos 2x
& 2 — (2sin 2x cos 2x)? = 2 sin 2x cos 2x
& sin? 4x + sindx —2 =10
sin4x =1
sin4x = —2 < —1 (loai)
T km
Sx=—+—(k€eL
x=g+— (keD)
c. Ta co:

sin® x + cos® x = (sin* x + cos* x)? — 2 sin* x cos* x

= (1 — 2sin? x cos? x)? — 2 sin* x cos* x

sin?2x\* 1
=(1- —§sm42x

2

Khi do, phuong trinh twong duong:

5 — —sin* 2x = — — —sin? 2x

) sin? 2x\° 1 17 17
8 16 16

& 2sin*2x +sin?2x—-1=0
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sin? 2x = —1 (loai)
= 25 1
sin? 2x = =
1 2

(=)sin22x=5<:>cos4x=0

- + ke keZ
Sx==+—
d. Phuong trinh twong duong voi

1 —3sin?cos?x —sin2x =0

& 3sin?2x + 4sin2x —4 =0

2
sin 2x = —
3

[sin 2x = —2 < —1 (loai)

2
L arcsin (3) .

T — arcsin (5
(5

2

x:

+ km

Phuong trinh tuong duong voi

X X
*—+1—-cos’==1
COoS 5 CosS =

WX X 0
& cost— —cost— =
5 5

X
2—:0
COS =

X
2—: 1
_COS 5

x—O
COSS_

X

in= =0
_Sll’15
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5
— x=—2
x = k57

Bai 4: Gidi cac phuong trinh sau:

cosx(Zsinx+3\/§) —2cos?x—1 _
1 + sin 2x B

a.

b. cos (Zx +g) + cos (Zx —g) + 4sinx =2 +V2(1 — sinx)

c. 3cot?x + 2V2sin?x = (2 +\/§) COS X

4 sin? 2x+6sin2x—9—3c052x_

CosS X

e. sin2x (cotx + tan 2x) = 4 cos? x

Giai:
a. Diéu kién:
T
sin2x # -1 x # —Z+kn (k € Z)(%)

Phuong trinh tuong duong véi

2cosxsinx + 3vV2cosx —2cos?x —1=1+sin2x

& 2cos?x—3V2cosx+2=0

V2

= COSX—T

cosx =2 > 1 (loai)
i
<=>x=iz+k2n(kEZ)

Két hop vé6i (), ta nhan nghiém

VA
x = +kem (k€)
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b. Phuong trinh twong duong voi
2x+%+2x—% 2x+%—2x+%
2 cos > cos > +4sinx = 2 +V2(1 — sinx)

T
<=>2costcosZ+4sinx—2—\/§+\/§sinx=0

= 2c052x+(4+\/§)sinx—2—\/§=0

<:)2\/§sin2x—(4+\/§)sinx+2=0

. 1
- smx—2

sinx = V2 > 1 (loai)

- T
X = e + k2n
= 51 (k €Z)
x=—+k2n
| 6
C. Piéu kién:

sinx # 0 © x # kmr (%)

Phuong trinh twong duong voi

cos? x
3—; +2V2sin?x = (2+x/§)cosx

sin? x

cos?x (2++V2)cosx

& 3—; —( _2) +2v2=0
sin? x sin? x
cos x
batt = — .Phuong trinh tré thanh

sin? x

3t2-(2+V2)t+2V2 =0

t =2
2
3
Khi t = /2, ta cé:
V2cos?2x+cosx—v2 =0
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V2
= COSX—7

cosx = V2 > 1 (loai)

T
(:)x=iz+k2n(kez)
Khi t 2t 5
it =—,taco:
3

CcoS X 2 CoS X 2

= — 0= —

sin?x 3 1—cos?x 3

& 2cos?x+3cosx—2=0

1
- cosx =5

cosx = —2 < —1 (loai)

o x= ig+k2n(k€Z)
Két hop vé6i (), ta nhan cac nghiém trén 13 nghiém cta phuong trinh.
d.  Diéukién:
cosx # 0 & cos?x # 0 & cos2x # —1 (%)
Phuong trinh twong duong voi
4(1 —cos?2x) +3(1 —cos2x) —9 —3cos2x =0
& 2c0s?2x +3cos2x+1=0
cos2x = —1 (loai do (*))

= 1
2x = ——
COS 42X >

T
Sx=tz+kn(ken)

Két hop véi (), ta nhan nghiém trén 1 nghiém cua phuong trinh.
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e. biéu kién:

sinx #0 cos2x =1
=
{cos 2x #0 {cos 2x #0 )

Phuong trinh twong duong voi

5 sin? 2x )
2cos”x + =4 cos“x
CcoS 2x
1 — cos? 2x )
& ——— =2c08°x
CcoS 2x

& 1 —cos?2x = cos 2x (cos 2x + 1)

& 2cos?2x+cos2x—1=0

[cos 2x = —1

1
= CcoS2x = —

[ x =+ k21
T
x=i§+k27'[(kEZ)

Két hop v6i (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

Bai 5: Giai cac phuong trinh sau:

_ 7 T T . _
a. sin*x + cos*x = §cot (x + —) Ccos (E — x) (PH GTVT Ha Noi 1999)

3
b. 5sinx — 2 = 3(1 — sinx) tan® x (Tuyén sinh khdi B 2004)

c. cos?3xcos2x —cos?x =0 (Tuyén sinh khéi A 2005)

s s 3 . .
d. cos*x + sin* x + cos (x — Z) sin (3x — Z) —5= 0 (Tuyén sinh khéi D 2005)
2(sin® x + cos® x) — sinx cos x . .
e. =0 (Tuyén sinh khoi A 2006)
V2 — 2sinx
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Giai:
a. Piéu kién :
T T
sin(x+§)¢0 x¢—§+kn
T = T (kEZ) (*)
sm(g—x);to x¢g+kn
Phuong trinh twong duong voi
7
1 —2sin?xcos?x = —
8
sin?2x 7
=1- ==
2 8
V2
sm2x=7
=
oy — V2
sin 2x = >
—n+k
x—8 T
3T
x—?+k7'[
= T (keZ)
=——+4k
X 3 T
—5n+k
X = 3 T

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

b. biéu kién :

s
cosx¢0@x¢§+kn(kEZ) (%)

Phuong trinh twong duong voi

3(1 — sinx) sin® x

5sinx —2 = >
COS? x

3(1 — sinx) sin® x

& 5sinx —2 =
smx (1 —sinx)(1 + sinx)

30

TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

_ 3 sin? x
S 5sinyk—2=——"——
1+ sinx

& 2sin?x +3sinx—2=0

_ 1
smx—2

[sinx = —2 < —1 (loai)

i VA
x=g+k2n

= . (keZ)
x=?+k2n

Két hop v6i (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
C. Phuong trinh tuong duong voi
2 cos?3xcos2x —2cos?x =0
& (cosbx + 1) cos2x —cos2x—1=0
& cosbxcos2x—1=0
& 4cos*2x —3cos?2x—1=0
cos?2x =1

1
cos?2x = — 7 (vo 1y)

< sin2x=0

km
Sx=—(kE€eZ)
4
d. Phuong trinh twong duong voi
s T
_ P2 2 _ : R _
2(1 — 2sin® x cos“ x) + 2 cos (x 4) sin (3x 4) 3=0

T
& —sin? 2x + sin (4x — E) +sin(2x)—1=0

& —sin?2x —cos4x +sin2x—1=0

& sin?2x+sin2x—2=0
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N sin2x =1
sin2x = —2 < —1 (loai)

T
<=>x=Z+kn(keZ)
. Diéu kién :

V2
\/E—Zsinx;tO(:)sinxi?(*)

Phuong trinh tuong duong véi
2 —65sin?xcos?x —sinxcosx =0

3sin?2x  sin2x
=2 — — =0
2 2

sinx =1

4
sinx = —3 < —1 (loai)

T
<:>x=5+k2n(kEZ)

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
- BAI TAP TU LUYEN
5.2.1. Giai cac phuong trinh sau:

tanzx—(\/§—1)tanx—\/§=0

&

b. cos?x+4sinx—4=0

c. 14+ cos4x = cos2x

d. 2cos2x +cosx =1
e. 2sin? 2x—2(2+\/§)sinxcosx+\/§= 0
f. cost+(10—\/§)sinx+5\/§—1 =0

aa

cosz(g+Zx)—COSZZx—3cos(g—2x)+2=0
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5.2.2. Giai cac phuong trinh sau:

a. 5(1 + cosx) = 2 + sin* x — cos* x

2 T 1
b. si 4 + 4, — _cin2 +—=)+-
Sin" x COS X = 3 Sin (x 4) 3

sin*x +cos*x 1

) = —cot2x —
¢ 5sin 2x ZCO x 8sin 2x
d. sin*x 4 cos*x = —icos (x —E) sin (3
' 12 4
5.2.3. Giai cac phuong trinh sau:
1 2
a. 48 — — — (1+ cot2xcotx) =0
cos*x sin?x
sin* 2x + cos* 2x iy
= cos* 4x
. T T
tan (Z — x) tan (Z + x)
T
3. _ "\ = _
c. tan (x 4) tanx —1
2 cos 4x
d. cotx =tanx + —
sin 2x
1

e. sin*x + cos*x = 2sinx cosx -5 cos? 2x

5
f. sin*x + cos*x == cos2x ——
2 8

2(sin* x + cos*x) — 4sinxcosx + 1

g. =0

V2 = 2sinx
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- GOI Y GIAI BAI TAP TU LUYEN

5.2.1. Nghiém cua phuong trinh 1a :

I
x=—Z+kn

a. T (k eZ)
x=§+kn

b. x = kn (k € Z)

m  km
xX=—+—
c 42 (ke
=+—+k
X t2 T
x=m+k2n
3
d. x=-|_-arccos<z)+k2n(kez)
(x=—+k
x—4 T
T
e. x=§+kn (k ez
—3n+k
x = 3 T
i T
x=—§+k27r
f. 47t (kez)
x=—+k2n
| 3
x=" 4k
x—4 T

T
g. X=g+k27'[ (k eZ)
5

X = e + k2m
5.2.2.
a. Phuong trinh twong duong véi
5(1 + cosx) = 2 + (sin? — cos? x)(sin? x + cos? x)
& 5+5cosx=2+1—cos?x—cos?x
34
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& 2cos’x+5cosx+3=0

cosx = —1

3
cosx = —- < —1 (loai)
Sx=n+k2n(k €Z)
b. Phuong trinh tuong duong véi
1 T 1
9 ein2 2., _—[1_ i -
1— 2sin“x cos“x 3[1 cos(2x+2)] +3

) sin2x 1 1 ) +1
=1- =——= -
> 3 ~3Sin2x +3

& 3sin?2x —2sin2x—2=0

_ 1-+7
sinx =
PN 2
14++7
sinx = > 1 (loai)
1—+/7
X = arcsin + k2w
= k€eZ
Cnoyp ED
X = T — arcsin + k2w

c. Diéu kién :
km
sin 2x # O@x;t? (k €Z) (%)

Phuong trinh tuong duong véi

1—2sin®xcos?x  cos2x 1

5sin 2x T 2sin2x 8sin2x

& 8 —16sin®xcos?x =20cos2x —5

& 4sin?2x 4+ 20cos2x — 13 =0 —4cos?2x +20cos2x—9 =0
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5 1
CoS2x = —
PN 2

9
coS 2x = 3 > 1 (loai)

Sx=+—+kn(k€eZ)

oA

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

d. Phuong trinh twong duong voi
5 T 21
— in2 2 = —_— i —_—— i -
1 — 2sin“ x cos“x 24[51n(4x 2)+sm2x]+24
sin? 2x 5 _ 21
1 - :—ﬂ(—cos4x+sm2x)+—

2 24

& 24 — 125sin? 2x = —5(—1 + 2 sin? 2x + sin 2x) + 21
& 2sin?2x —5sin2x+2=0

2y =
Sin x—z

[ sin 2x = 2 > 1 (loai)

x=L1 4k

= 5m » (k ez
T T
5.2.3.
a. Diéu kién :
cos*x #0
sinx #0

in 2 0
sian;tO(:)Sln x#0 ()

sinx #0

Phuong trinh twong duong véi

48 — — —
cos*x sin?x

1 2 CcoS 2x CcOS X
(1+, , )
sin 2x sin x
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48 1 1 0
= — — =
cos*x sin*x

& 48sin* x cos* x — (sin* x + cos*x) = 0
1
o 3sin42x+zsin22x—1 =0

1
sin? 2x =

N |

o
2
sin? 2x = —3 (vo 1y)

T km
@cos4x—0(:>x—§+z (kez)

Két hop véi (), ta nhan nghiém trén 1 nghiém cua phuong trinh.

b. Diéu kién :

fsm(——x)if)

. in (= -

<Sm(n+x)¢0 an(% Zx);to(:)costiO‘:)Sinzxqtil(*)
COS(Z x)iO Sm(§+2x)¢0

kcos(%ﬁ-)():/:o

Ta co:

T 1—tanx 1+tanx
tan (— —x)tanc+x)
4 1+tanx’ 1—tanx

Khi d6, phuong trinh trong duong véi
sin* 2x + cos* 2x = cos* 4x

sin? 4x

=1-— = cos* 4x

& 2cos*4x —cos?4x—1=0
cos?4x =1

1
cos?4x = -3 (vo 1y)
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Két hop v6i (), ta nhan nghiém

C. biéu kién :

T
Déttzx—z(:)xzt+

T

4

S sindx =0

[sin 2x =0
cos2x =20

km

X=T

(k eZ)

{cos (x - %) =0 (%)

cosx =0

T
Vi (%) thi ta co: cost # 0va cos (t +Z) # 0

Khi d6, phuong trinh twong duong voi

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

38

& tandt =

tan3t=tan(t+%)—1

1+ tant

1—tant_

& (tan®t+tant)(tan?t —2tant +2) =0

=

[ tant =0
ltant = —1

t=km

- k

x = km

t=—Z 4k
" 4 T

(kez)

(k eZ)
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d.  PDiéukién:
cosx 0
sinx #0 © sin2x # 0 (%)
sin2x # 0
Phuong trinh twong duong voi
cosx sinx 2 cos4dx

sinx cosx 2sinxcosx
& cos? x = sin? x + cos 4x
& 2cos?2x—cos2x—1=0

[ cos2x =1

2x = —=
_COS X 5

Két hop vé6i (), ta nhan nghiém

e. Phuong trinh tuong duong véi
1
1 — 2sin? x cos? x = sin 2x — 5(1 — sin? 2x)

sin? 2x

1
=1 - =sin2x—§(1—sin22x)

& sin?2x 4+ 2sin2x—3=0

- sin2x =1
sin 2x = —3 < —1 (loai)

A
@x=z+kﬂf(kEZ)

f. Phuong trinh twong duong véi
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5 5
1 — 2sin? x cos? x = —cos2x — —
! 2 8

& —4sin?2x — 20cos2x + 21 =0
& 2c0s?2x —10cos2x + 13 =0 (vonghiémviA' = —1 < 0)
g.  Dbiéukién:
V2
V2 —2sinx # 0 & sinx qt? (%)
Phuong trinh tuong duong véi
2(1 —2sin?xcos?x) —4sinxcosx+1=0

& —sin?2x —2sin2x+3=0

R sin2x =1
sin2x = —3 < —1 (loai)

s
<:)x=Z+k7I(kEZ)

Két hop v6i (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
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2. PHUONG TRINH BAC NHAT THEO sin x VA cos x
- Phuong trinh bac nhat theo sin x va cos x 1a nhiing phuong trinh c6 dang téng
quat :

asinx +bcosx = c (a?+ b? #0) (%)

Nhing truong hop dac biét :

e a=0,b+#0;(x)coddang:

_c
cosx =

e a+0,b=0;(x)codang:
c
sinx = —
a

e a+0,b+0,c=0;docosx = 0khong la nghiém nén () cd dang :
. _a
anx = -~

Phuong phéap gidi : (truong hop a # 0,b # 0, c # 0)

Chia 2 vé phuong trinh cho Va2 + b? ta s& dugc phuong trinh:

a b c
————sinx +——cosx = ——
va? + b? va? + b? va? + b?

Ta thdy :

2 b
== =2 -

Nén ¢6 géc u thoa man :
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Khi d6 phuong trinh tré thanh :

c c
cosusinx + sinucosx = ——— < sin(x + u) = ———
va? + b? va? + b?
Phuong trinh (%) c6 nghiém khi va chi khi ¢? < a? + b?
Khi do, ta dat
_ c
sinad = ——
Vva? + b?
Phuong trinh tré thanh :
: . xX=a—u+k2n
= = kel
sin(x + u) = sina [xzrr—a—u+k27r( )
Céch khac :

e Chia 2 vé phuong trinh cho a, phuong trinh tré thanh :

b c c
cosx +—sinx =— < cos(x —a) =—cosa ,tana = —
a a a a

e Chia 2 vé phuong trinh cho b, phuong trinh tré thanh :
a c c a

Ecosx + sinx =7 & sin(x + a) =Ecosa Jtana =

e Vé6ix #m+ k2m (k € Z) thi ta dat

t=t X
= anz
Khi do,
2t 1—t?
(x)=a +b

1+t 1+¢2 €
S b+o)t?—2at+c—b=0 (b+c=#0)

Giai t r0i suy ra x.
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Mot s cong thire can luu v :

sinaicosa=\/§sin(a1L

N

cosaisina=\/§cos(a$

NE

wldo|a o —

\/§sinaicosa = Zsin(a

-+

—
Il
\S)
Q
o
a
—~
Q
+
—

-+

T
3
sinai@cosazZsin(a ):2cos(a¢%)

Bai 1: Giai cac phuong trinh sau:
a. cos7x —V3sin7x = —V/2

b. sin3x = \/§+ cos 3x
c. 3sinx +cosx =1

d. sinx+5cosx =1

1+3 +1—\/§ 1
e. sinx COSXx = —
242 242 V2
Giai
a. Ta co:
cos7x—\/§sin7x=—\/§
s <i (7 T[) \/7
sin({7x ——) = —
6 2
57T+k27'[
X =—+—
84 7
= _117T+k2n(kez)
T8 Ty
b. Ta co:

sin 3x = V2 + cos 3x
T
(:)sin(3x——) =1

4

T kR e
Sx=—+—
XT3

C. Ta thidy x =  + k2m (k € Z) khong la nghiém cua phuong trinh.
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X X
Khi coszqt O=ox+n+k2n (k € Z) (x). Tadatt = tanE

Phuong trinh tr¢ thanh:

6t +1—1:2_
1+¢t2 1+4t2
t a 0
_ an— =
(:)th—6t=0<=>[t_0<=> )25
t=3 tan — =
an— =3
2
x = km ,
(:)[x=2arctan3+k2n (thoa (*))

d. Ta thiy x = w + k2m (k € Z) khong 1a nghiém cta phuong trinh
X x
Khicosz 0o x+n+k2n(k € Z).Tadatt = tanE

Phuong trinh tr& thanh:

2t 5(1—t2)_
1+ t2 1+t2
&3t2—-t-2=0
[ t=1
PEEN 2
t=—=
3
t X 1
an— =
PN 2
X 2
tanz— 3
T
x=5+k27't
(=1 2 (kEZ)
x = 2arctan (—5) + k21

€. Ta co:

(1 +\/§)sinx+ (1—\/§)cosx = 2 (%)

X
Vi- (1 — \/§) # 2 nén cosi = 0 khong la nghiém cuia phuong trinh

X X
Khicoszi 0O x+nm+ k2n (k € Z).Tadatt =tan§

Phuong trinh () tré thanh:
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(1++v3)2t (1-vV3)1—1t?) ,
(1 +t2) (1 +t2) -
= (B+V3)t2-2(1+V3)t+1+vV3=0
V3

t=—
3
_1+V3

t

Bai 2: Giai cac phuong trinh sau:
V31
+

cosx Sinx

a. 8sinx =

b. (sin 2x + V3 cos Zx)2 — 5 =cos (Zx — g)

c. 2v/2(sinx + cosx) cosx = 3 + cos 2x

Giai:
a. biéu kién:

km
sin2x¢0<=x¢7 (k €Z) (%)
Véi diéu kién (*), phuong trinh twong duong véi :
8sin? x cosx = V3 sinx + cos x

& 4(1 — cos2x)cosx = V3sinx + cos x
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& —4cos2x cosx = V3sinx — 3 cosx

& —2cos3x —2cosx =\/§sinx—3cosx

& cos 3x = cos (x + g)

T
x=g+krr
= - kn(kEZ)

x=—E+ >

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

b. Ta co:
2 m
(sin2x+\/§c052x) —5=cos(2x——)
6
T T
<:>4c052(2x—g)—cos(2x—g)—5:()
T
cos (Zx _E) = -1
= 5 T _5 1 (loai)
COS()C—E)—Z> oal
T
@x:—g-l-kﬂ'(kEZ)
c. Ta co:

2\/§(sinx + cosx) cosx = 3 + cos 2x
& V2sin 2x +V2(1 + cos 2x) = 3 + 3 cos 2x

(:)\/Esin2x+(\/§—1)c052x=3—\/§

Vi (\/E)Z + (\/E - 1)2 < (3 - \/5)2 nén phuong trinh vé nghiém.
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Bai 3: Giai cac phuong trinh sau:
a. sinx(1—2cosx) = (cosx —1)(2cosx + 1)
b. 4sin®x + 4 cosxsin?x + 2sinx = 0

c. 3—4sin®?x = 4cotxcos?x —3cotx

Gidi:

a. Phuong trinh tuong duong vai
sinx — sin2x = 2 cos?x —cosx — 1

& sinx + cosx = sin 2x + cos 2x

& sin (x + %) = sin (Zx +%)

x = k2

o T k21 (k € 7)
:—+—
=63

b. Phuong trinh tuong duong véi
2sinx —4sin®x +4cos3x—2cosx =0
& 3sinx —4sin®x+ 4cos®x —3cosx =sinx — cosx

< sin3x + cos3x = sinx — cosx
3 +7T z
(:)sin( X —)=sin(x——)
4 4

T
x=——+kn

km (k eZ)

T2
C. Diéu kién :
sinx # 0 © x # kn (k € Z) (%)
Phuong trinh twong duong voi
sin3x —cos3x =1
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_ T V2
(:)sm(Sx—Z):?
T k2w
x=gt 3
= e an(kEZ)
x=3+3

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

Bai 4: Giai cac phuong trinh sau:
a. sin®x — V3 cos®x = sinx cos? x — V3sin? xcosx  (Tuyén sinh khéi B 2008)

(1 —2sinx)cosx

' =3 (Tuyén sinh khéi A 2009
(1+ 2sinx)(1 —sinx) V3 (UYensm i )

c. sinx + cosx sin 2x + V3 cos 3x = 2(cos 4x + sin3 x) (Tuyén sinh khéi B 2009)

a. Phuong trinh tuong duong voi
sinx (sin? x — cos? x) = V3 cos x (sin? x — cos? x)
< (sinx — cos x)(sinx + cos x)(sin x — /3 cos x) =0

T sinx —cosx =10
& | sinx+cosx=0
'sinx — V3 cosx =0

_sin (x — %)
T
<& | sin (x + Z

_sin (x - g) =

[ T[+k
X = —
4 VA

0

0

—
I

T
= x=—Z+kn(kEZ)

iy
X =—
| 6 T
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b. biéu kién :

1
sinx # _E (*)

sinx #1

Phuong trinh twong duong voi
cosx — 2 cosxsinx = V3 —V3sinx + 23 sinx — 2V3 sin? x
& cosx — sin 2x = V3 cos 2x + V3 sinx

<:)cosx—\/§sinx =\/§c052x+sin2x

& oS (x +g) = coSs (Zx —g)

T
x=5+k2n
A T an(kEZ)

=——+
*TT187 3
Thay nghiém vao () ta s& c6 nghiém cua phuong trinh la:

- I e
=718 3

c. Phuong trinh twong duong véi
2sinx + 2 cos x sin 2x + 2v3 cos 3x = 4 cos 4x + 4 sin3 x
& 2sinx + sin 3x + sin x + 2v3 cos 3x = 4 cos 4x + 3 sinx — sin 3x

& 2sin3x — 4cos4dx + 2vV3 cos3x = 0

& cos (3x — %) = cos 4x

T
X=—g+k277,'
= - (k eZ)

-+
YTy
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- BAI TAP TU LUYEN
5.2.4. Giai cac phuong trinh sau:
a. sin5x + cos 5x = V2

b. V3 cos 3x + sin 3x = V2

c. 2sinx —5cosx =5
s
d. cos (x +E) + V3 cos(—x) =3

5.2.5. Giai cac phuong trinh sau:
a. 4sinxcos3x + 2sin2x = \/§sinx + cosx

1 \/§cotx
b. 2V3cotx ——— =1+ — cot? x

sin x sin x

c. cos2x —3sinx+cosx—2=0

5.2.6. Giai cac phuong trinh sau:

) (2 —\/§)Cosx—25in2 (%—%) .

2cosx—1

b. 8sin? 2x cos 2x = V3 sin 2x + cos 2x (Tuyén sinh khoi B 2007)

o

2
- GOI Y GIAI BAI TAP TU LUYEN

5.2.4. Nghiém cua phuong trinh :

~Z B e
A X=507 s
T[+k27'[
X=——+—
36 7 3
b. ) 7n+k2n(kez)
YT T35 3

50

x X\ 2 .
(sin > + cos—) ++3cosx =2 (Tuyén sinh khoi D 2007)
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5
c. x = 2arctan§ + k2n (k € Z)

x = k2m
d x=53—n+k2n(kez)
5.2.5.
a. Phuong trinh tuong duong véi

s
2sinxcos3x + 2sinxcosx = sin(x +€)
. . n
& 2sinx (cos3x + cosx) = sin (x +g)

T
& 4sinxcosx (2cos?x—1) = sin(x+g)

& sin4x = sin (x + g)

T[+k27'[

X =—+—

18 3

= _T[+k27'[ (k €eZ)
T s

b.  Diéukién:
sinx # 0 © x # kn (k € Z) (%)
Phuong trinh twong duong voi

V3 sin2x —sinx = 2sin?x + V3 cosx — 1

& V3sin2x + cos2x = sinx +\/§cosx

& sin (Zx +g) = sin (x +g)

T
X=g+k2ﬂ,’

= _n+k2n(kEZ)
*Te T3

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
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c. Phuong trinh twong duong voi
sin?x — cos?x 4+ 3sinx —cosx+2=0

& (sinx —cosx + 1)(sinx +cosx+2)=0

—3)="7
T
sin (x +Z) = —/2 < —1 (loai)

sin ( T[) V2

x =k2m
= _x=37n+k2n(kez)
5.2.6.
a. Diéu kién :
1 1

cosx;tz(:)xii§+k2n(kEZ)(*)

Phuong trinh tuong duong véi

sin x —\/§cosx =0

@sin(x—g)=0

T
x=§+k27'[

= o (k ez
x=?+k2n

Két hop v6i (*), ta nhan nghiém
2T
X=?+k277,'(k EZ)
b. Phuong trinh twong duong véi
4 sin 2x sin 4x = V3 sin 2x + cos 2x

& 2c0s2x — 2 cos 6x = V3 sin 2x + cos 2x

& —2cos 6x = V3 sin 2x — cos 2x
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21
& cos(m + 6x) = cos (? — Zx)

I N k2m
x T — — —
24 7
= _ sn . X (keZ)
TR
C. Phuong trinh twong duong voi

X X
1+25inzcosz+\/§cosx =2
(:>sinx+\/§cosx =1

(:>sin(x+g)=%

T
x=——+k2m

= - (k ez
x=§+k2n

3. PHUONG TRINH POI XUNG THEO sin x VA cos x

Phuong trinh di xtmg theo sin x va cos x 1a phuong trinh ¢6 dang sau :

a(sinx + cosx) + bsinxcosx = c¢

Phuong phap giai :

batt = sinx + cosx = \/Esin(x +%) (%), t € [—\/E;\/E]

Khi do,
t? —1
2

sinx cosx =
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Thay vao phuong trinh, ta dugec :

b(t? —1) _

at +
2

Cc
& bt? +2at — b — 2¢ = 0 (%)
Ta giai (*#) tinh ra t so diéu kién va thay t vao (*) dé tinh x.

Ngoai ra, chung ta con mdt dang c¢6 ho hang v61 dang ¢ trén :

a(sinx — cosx) + bsinxcosx = ¢

Phuong phap giai :

Pitt = sinx — cosx = V2 sin (x —%) (), t € [—ﬁ; \/E]
Khi do,

1 —t?
2

sinx cosx =

Thay vao phuong trinh r6i lam twong tw nhu dang trén.

Bai 1: Giai cac phuong trinh sau:

a. V2(sinx + cosx) —sinx cosx = 1

b. (1 +\/§)(sinx +cosx)—sin2x —1—v2=0
c. 5sin2x — 12(sinx —cosx) + 12 =10

d. cosxsinx = 6(sinx —cosx — 1)

Giai:
a.

Pitt = sinx + cosx =\/§sin(x+%),t € [—\/E;\/E] (%)
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Khi do, phuong trinh tré thanh

t2—1
t — > =1(:)t=1(th()a(*))
T V2 x = k2w
; == T
<=)sm(x+4)—2<=>lx=5+k2n(kez)

b.

batt = sinx + cosx =\/§sin(x+%),t € [—\/E,\/E] (*)

Khi do, phuong trinh tré thanh

=

=

C.

(1+V2)t—(t*-1)-1-v2=0
t2—(1+V2)t+vV2=0

:tt:=\/1§ (thoa (x))

-sin(x +%) =£
_sin(x+g) =
x =k2n

T
x=§+k27'[ (k € 7)

T
x=——+kn

4

Pitt = sinx — cosx = V2 sin (x —%),t € [—\/5;\/5] (%)

Khi d6, phuong trinh tr¢ thanh

5(1—-t?)—12t+12=0

S 5t2+12t—-17=0
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t=1
17
< [t =-Z < —/2 (loai)

(:)sin(x+z)—E
4) 2

x = k2w

T
(:)[x=5+k2n(kez)

d.
bitt = sinx — cosx =\/§sin(x—%),t € [-V2;v2] (%)

Khi d6, phuong trinh tré thanh

1 — t?
2

=6(t—1)

St24+12t—-13=0

t=1
< [t= —13 < —V2 (loai)
(z)sin(x+z)—E
4) 2
x = k2w
T
(:[x=§+k2n(kez)

Bai 2: Giai cac phuong trinh sau:

a. sinx +cosx +sinxcosx—1=0

b. cos2x+ 5= (4 —2cosx)(sinx — cosx)
c. V2(sinx + cosx) = tanx + cotx

d. cos®x + sin®x = sin2x + sinx + cosx

e. 2sin®x —cos2x + cosx =0
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Gidi:
a.

Pitt = sinx + cosx =\/§sin(x+%),t € [-V2;V2] ()

Khi do, phuong trinh tr& thanh

St?242t-3=0

t=1
(:)[t:—3<—\/§(loai)
s i ( +T[) \/E
Sin{x - =—
4 2

x = k2
s
@[x:__l_kzn(kez)
2
b. Phuong trinh twong duong voi
cos?x —sin?x +5=4sinx —4cosx —2cosxsinx + 2cos?x

< 2(sinx —cosx) —cosxsinx —2 =0 (1)
s
batt = sinx — cosx =\/§sin(x—z),t € [—\/E;\/E]

Khi d6, phuong trinh (1) trd thanh:

1 —t?
2

2t — -2=0

StP+4t-5=0

t=1
= [t= —5 < —V2 (loai)
(:)sin(x—%)=§
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_7T

k €Z)

x =1+ k21
. Diéu kién :

{smx *0 & sin2x # 0 (%)

cosx =0
Ta bién d6i phuong trinh thanh

1
V2(sinx + cosx) = —— (1)
sin x cos x

batt = sinx + cosx =\/§sin(x+%),te [—\/E,\/E]

Phuong trinh (1) tré thanh:

2
t2 —1

V2t =

sSt3—t—V2=0

o t=+2
t2 + /2t + 1 = 0 (v nghiém)

_ T
(:)sm(x+z)—1
T
(:)x=z+k2n(kEZ)

Két hop v6i (*), ta nhan nghiém trén 13 nghiém ctia phuong trinh.
d. Phuong trinh tuong duong véi

(sinx + cosx)(1 —sinxcosx) — 2sinx cosx — (sinx + cosx) = 0 (1)
T
batt =sinx + cosx = \/Esin(x+z),t € [—\/5;\/5]

Khi d6, phuong trinh (1) tr¢ thanh:

t2—1
t<1— )—(tz—l)—t=0

2
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St342t2-t-2=0

t=1
= t=-1
[t = =2 < —V/2 (loai)

_ sin(x+z)=E

4 2
=
. ( +T[) \/E
sin{x+—)=——
. 4 2
x =k2m
—E+k2n
=2
/)
= x=—5+k2n (k €7)
—5n+k2
| x = /[
e. Phuong trinh tuong duong voi

2sin®x + 2sin?x +cosx—1=0
& 2(1 —cos?x)(sinx+1)+cosx—1=0
< (1 —cosx)[2(1 +cosx)(1 +sinx)—1] =0
- cosx =1(1)
2(sinx + cosx) + 2sinxcosx + 1 =0 (2)
V&i phuong trinh (1) ta ¢6 nghiém x = k2n (k € Z)
V&i phuong trinh (2), ta dat

t= sinx+cosx=\/§sin(x+%),te [—\/7;\/5]

Khi d6, phuong trinh tré thanh
t=0

2 —
t +2t_0(:)[t=—2(loai)

Vit = 0 thi

T T
sin(x+z)=0<:>x=—z+kn(kEZ)
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- BAI TAP TU LUYEN

5.2.7. Giai cac phuong trinh sau:
a. —1+sin®x+cos3x = Esian

b. 1+ tanx = 2v2sinx

c. cosxsinx + |cosx + sinx| =1

5.2.8. Giai cac phuong trinh sau:

a. cos®x + sin® x = sin 2x + sinx + cosx

b. cos3x —sin3x = —1

c. 1+ cos3x — sin® x = sin 2x

d. sin2x+\/§sin(x—%) =1

e. 2cos 2x + sin? x cos x + sin x cos? x = 2(sin x + cos x)

- GOIL Y GIAI BAI TAP TU LUYEN

5.2.7. Nghiém ctia phuong trinh 1a :

x = k21w
T
x=E+k27T
—2+V3 =@
a. | x = arcsin——=————+ k2r (kK €Z)
N
31 _ —2+\/§+k2
X = — — arcsin ——— A
| 4 V2
- T
X=Z+k27'[
=—l+k2n(k Z)
b. |x 12 €
M k2
| X =T

km
c.x=7(kEZ)
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5.2.8. Nghiém cua phuong trinh 1a :

a x=nw+kn(k €Z)

T k2
x ==
2 VA

b. (k eZ)

x =m+ k2w

i
c.x=Z+kn(k€Z)

—+ k2
> s

x=Z+kn
T
d. x (k ez
lx=7r+k27r

T
e. x=—Z+kn(kEZ)

4.  PHUONG TRINH BAC HAI THUAN NHAT POI VOI sin x VA cos x

Phuong trinh bac hai thuan nhat dbi voi sin x va cos x 14 phuong trinh c6 dang :

asin?x + bsinxcosx +ccos’x =d

Phuong phap giai :

Cach 1: Ta str dung cong thirc

(., 1 —cos 2x
sin“ x = ——

2
5 1+ cos2x
§COSs“x = ——————

2
_ sin 2x

| sinx cosx = >
Sau do6 dua phuong trinh vé dang:
c—a b a+c

cost+Esin2x =d —
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Céach 2: Thay d = d(sin? x + cos? x); ta bién d6i dua phuong trinh vé dang :
Asin? x + Bsinx cosx + Ccos?x = 0

- Néu A = 0 (hoic C = 0) : ta dit cos x (hodc sin x) 1am nhan tir chung, ta s& c6
phuong trinh tich.

- Néu A # 0, xét thiy cos x = 0 khong 12 nghiém ctia phuong trinh, ta tién hanh
chia 2 vé cho cos? x thi dwa phuong trinh vé dang

Atan?x +Btanx + C = 0 (%)
Giai phwong trinh (%) rdi so voi diéu kién.

Ngoai ra chung ta cling c6 mot dang phuong trinh tuong tu :

asin®x + bcos®x + csin? x cosx + d sinx cos?x + esinx + f cosx = 0

Phuong phap giai : Ching ta st dung cach 2 da néu & trén (chia 2 vé cho cos? x).

Bai 1: Giai cac phuong trinh sau:

a. cos?2x —/3sin4x = 1 + sin? 2x
b. sinx —4sin®x + cosx =0

c. cos?x —V3sin2x =1 +sin%x

d. cos3x —4sin®x —3cosxsin?x +sinx=0

Giai:
a. Vi cos x = 0 khong 1a nghiém ctia phuong trinh nén chia 2 vé cho cos? x. Khi do,
phuong trinh tr¢ thanh:

2tan® x 4+ 2v3tanx = 0

tanx = 0 x = kn
S & n keZ
[tanx=—\/§ x=—§+kn( )

(thoa diéu kién cos x # 0)
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b. Vi cos x = 0 khong 1a nghiém ctia phuong trinh nén chia 2 vé cho cos? x. Khi do,
phuong trinh tré thanh:
tanx (1 +tan®x) —4tan®x + 1+ tan’x =0
& 3tandx —tan’x —tanx — 1 =0
& (tanx —1)(Btan?x +2tanx +1) =0

Stanx =1
T
(:)x=Z+kn(k€Z)

(thoa diéu kién cos x # 0)
c. Phuong trinh twong duong voi :
sin?x + 1 + 2V/3 sinx cos x — cos?x = 0

Vi cos x = 0 khong 14 nghiém ciia phuong trinh nén chia 2 vé cho cos? x. Khi dé,
phuong trinh tré thanh:

tan?x+ 1 +tan?x + 2V3tanx —1 =0

& tan?x +V3tanx = 0

[ tanx =0

=
Ltan x = —\/g

x =km

T
x=—§+kn(kez)

(thoa diéu kién cos x # 0)

d. Vi cos x = 0 khong 1a nghiém ctia phuong trinh nén chia 2 vé cho cos? x. Khi do,
phuong trinh tré thanh:

1—4tan®x —3tan®x +tanx (1 + tan®?x) = 0

& (tanx+1)(Btan®?x—1) =0

63
TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

rtanx = —1
V3
tanx = —
= 3
I V3
anx = 3
L
X = 2 T
T

= x=g+kn (k ezZ)
= n+k
x = 5 T

(thoa diéu kién cos x # 0)

Bai 2: Giai cac phuong trinh sau:

a. sin? x (tan x — 2) = 3(cos 2x + sin x cos x)
b. sinx sin2x + sin3x = 6 cos3 x

c. 3cos*x —sin?2x +sin*x =0

d. sin3x+cos3x+2cosx=0

Giai:
a. Diéu kién:
s
cosxiO@x¢E+krt(kEZ)(*)

Phuong trinh twong duong voi
sinx cosx — 2sin®?x = 3 — 6sin® x + 3 sinx cos x
& 4tan’x —2tanx — 3(1 +tan?x) =0

& tan?x —2tanx —3 =0

tanx = —1
tanx = 3
— n k
| ¥T T e

x = arctan 3 + kn
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Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
b. Phuong trinh tuong duong véi
2sinxsin 2x + 2sin3x = 12 cos® x

& cosx —cos3x + 6sinx — 8sin®x = 12 cos® x

& 16cos®x + 8sin®x —4cosx —6sinx =0
Vi cos x = 0 khong 14 nghiém ciia phuong trinh nén chia 2 vé phuong trinh cho cos? x.
Khi do, phuong trinh tré thanh:

16 +8tan®x — 4(1 + tan’x) —6tanx (1 + tan®x) = 0
Stan®x —2tan’x —3tanx + 6 =0

& (tan’x —3)(tanx —2) =0

-tanx=\/§
< ltanx = —V/3
| tanx = 2
T
x=§+krr
T
& x=—§+kn (k € Z)
Lx = arctan 2 + kn

(thoa diéu kién cos x # 0)
c. Ta dua phuong trinh vé dang
3 cos*x — 4sin® x cos? x + sin*x = 0
Vi cos x = 0 khong 14 nghiém ciia phwong trinh nén chia 2 vé phuong trinh cho cos* x
Khi do, phuong trinh trd thanh:
3—4tan’x +tan*x =0

tan’x =1
tan’x =3
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T tanx =1
- tanx = —1
tanx=\/§
tan x = —\/§
i T
X = iz-l-kﬂ'
= T (k ez
X = i§+kn

(thoa diéu kién cos x # 0)
d. Ta dua phuong trinh vé dang
4sin®x — 4cos®x —3sinx + cosx =0
Vi cos x = 0 khong 14 nghiém ciia phuong trinh nén chia 2 vé phuong trinh cho cos? x.
Khi do, phuong trinh trd thanh:
4tan®x —4 —3tan(1 +tan®’x) + 1 +tan’x =0
& tan®x +tan?x — 3tanx — 3 =0
& (tanx + 1) (tan?x—3) =0

rtanx = —1
& | tanx =3
ltanx = —V/3

I T

x=—Z+k7I .

= T (k € Z) (thoa diéu kién cos x # 0)
X = i§+ km
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5.2.9. Giai cac phuong trinh sau:

a. cos?x —V3sin2x =1 + sin®x
b. sin2x +2tanx =3

3+2
2

C. sinzx +\/§Sil’lXCOSX + ZCOSZX =

d. 2cos®x + cos2x + sinx =0

e. 4(sin®x + cos3 x) = cosx + 3sinx

f. 43 sinxcosx + 4cos?x = 2sin?x +E

g. sin?x —3sinxcosx+1=0

5.2.10. Giai cac phuong trinh sau:

a. sin* x + cos* x = 2sin 2x cos 2x — Ecos2 2x

1
b. sin*x + cos*x = —Zsin 2X CoS 2x — ZCOSZ 2x + —

5 5sin 4x cosx

c. 6sinx —2cos°x =

2 cos 2x

d. tanxsin?x — 2sin? x = 3(cos 2x + sin x cos x)

T
3 My o _
e. 2v/2 cos (x 4) 3cosx —sinx =0
f.\/isin3(x+z)=251nx
4

g. 8cos? (x + g) = cos 3x
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- GOI Y GIAI BAI TAP TU LUYEN
5.2.9. Nghiém cua phuong trinh 1a :
x =kn

S
X = 3 T

a. (k €Z)

i1
b.x=Z+kn(kEZ)

V3 +4/2
x = arctan ———+ km
c. 1+v2 (k € 7)
an Y2
x = arctan ——— T
| 1++2
- on )
d | *T T ken
|x = arctan 3 + k7
T
x=7 + km
e. T (k €Z)
x=x—-+kn
| 3
£ X727k en)
x =km
T
X = Z + km
X = arctani + km
5.2.10.
a. Phuong trinh twong duong véi

1— Esin2 2x = 2sin 2x cos 2x — Ecos2 2x

& sin® 2x + 4 sin 2x cos 2x — cos?2x —2 =0
Vi cos 2x = 0 khong 1a nghiém cua phuong trinh nén chia 2 vé phwong trinh cho cos? 2x
Khi d6, phuong trinh tr¢ thanh:

68
TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

tan?2x +4tan2x — 1 — 2(1 + tan?2x) =0

& tan?2x —4tan2x+3 =0

[ tan2x =1
(:).tan2x=—3
Tl'+kT[
X=—+—
= 1 o2 kn(kez)
X = Earctan(—S) + -

(thoa diéu kién cos 2x # 0)
b. Phuong trinh twong duong voi

1 in? 2x = in 2 2 ! 22 +3
2sm x = 4sm X COS 2x 4cos X >

& 4sin? 2x — 5sin 2x cos 2x + cos? 2x = 0
Vi cos 2x = 0 khong 13 nghiém cuia phuwong trinh nén chia 2 vé phuong trinh cho cos? 2x
Khi d6, phuong trinh tré thanh:

4tan’2x —5tanx+1=0

[tan 2x = 1
“ |tan 2x = -
_an x—5
7'[+k7'[
X =—+—
8 2
1= _1 ) 1+k7r(kEZ)
_x—zarcanS >

(thoa diéu kién cos 2x # 0)
c. Diéu kién:
cos2x # 0 & cos?x —sinx # 0 & tanx = +1

Phuong trinh twong duong véi

10 sin 2x cos 2x cos x

6sinx —2cos3x =
2CoS2x
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& 6sinx — 2 cos®x = 5sin 2x cos x
& 10sinxcos?x + 2cos*x —6sinx =0
Vi cos x = 0 khong 14 nghiém ciia phuong trinh nén chia 2 vé phuong trinh cho cos® x
Khi do, phuong trinh trd thanh:
10tanx + 2 —6tanx (1 +tan’x) = 0
& 3tan’x —2tanx —1=0
& (tanx — 1)(Btan’x+3tanx+1) =0
< tanx = 1 (loai vi tanx # 1)
Vay phuong trinh v6 nghiém.
d. biéu kién:
cosxiO@xig + krt (k € Z) (%)

Do cos x # 0 nén chia 2 vé phuong trinh cho cos? x. Khi d6, phuong trinh tro thanh:
tan® x — 2tan® x = 3(1 — tan® x + tan x)
S tan®x +tan’x —3tanx—3=0

& (tanx + 1)(tan?x —3) =0

rtanx = —1
& | tanx =3
ltanx = —V/3
T
x=——+kn
= 1t (ke
X=i§+k7'[

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
e. Phuong trinh twong duong véi

sin® x + cos®x + 3sin?xcosx + 3sinxcos?x —3cosx —sinx =0
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T
TH1: Khi cosx=0<=)x=§+kn(kez)=>sinx=il

Thay vao phuong trinh ta co:

(£1)3 + 0+ 3(+1)2.0 + 3(£1).0 — 3.0 — (£1) = 0 (ding)

i
Vay x = > + km (k € Z) 1a nghiém cua phuong trinh

T
TH2: Khi cosxiO(:)x¢5+kn(kEZ)

Khi d6 phuong trinh trd thanh:

tan®x + 1+ 3tan?x + 3tanx — 3(1 + tan? x) —tan(1 + tan®x) = 0
T
(:)tanle(:)x=z+kn(kEZ)

(thoa diéu kién cos x # 0)

Vay nghi¢m cua phuong trinh la:

I
x==+kn
2 (kem)
x=—+k
2 /[
f. Phuong trinh twong duong voi

sin® x + cos® x 4+ 3 sin® x cosx + 3sinx cos?x — 4sinx = 0
Vi cos x = 0 khong 1 nghiém ciia phuong trinh nén chia 2 vé phuong trinh cho cos® x
Khi do, phuong trinh tré thanh:
tan?x+ 1+ 3tan’x +3tanx —4tan(1 + tan’x) = 0
& 3tandx —3tan’x +tanx —1=0

& (tanx — 1)(Btan’x+1) =0
T
@x=Z+kn(kEZ)
(thoa diéu kién cos x # 0)
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g. Phuong trinh twong duong voi
8(cosx —+/3sin x)3
3 =4cos3x —3cosx

& cos3 x — 3V3 cos? xsinx + 9 cos x sin? x — 3v3sin® x = 4 cos3 x — 3 cosx
Vi cos x = 0 khong la nghiém cua phuong trinh nén chia 2 vé phuong trinh cho cos® x
Khi do, phuong trinh tré thanh:
1—3V3tanx +9tan? x — 3vV3tan3x = 4 — 3(1 + tan? x)

& 3V3tan3x — 12tan? x + 3V3tanx = 0

rtanx =0
(:)tanx=\/§

. 3

_anx—3

x =km

_T
(:)x—3+ Tk enm)

T
=—+4k
| x 5 T

(thoa diéu kién cosx # 0)
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CAC DANG PHUONG TRINH LUQNG GIAC KHAC
TONG HOQP

- Phuong trinh tong hop 1 nhiing phuong trinh dua vé phuong trinh tich ma trong
do, cac nhan tir 1a cac dang phuong trinh da néu ¢ trén.

Bai 1: Giai cac phuong trinh sau:

a. (sinx + sin 3x) + sin 2x = (cos x + cos 3x) + cos 2x
b. 4sin®x + 3 cos®x — 3sinx —sin? xcosx = 0

c. tan? x cot? 2x cot 3x = tan? x — cot? 2x + cot 3x

(1 —cosx)? + (1 + cosx)?
4(1 — sinx)

1
d. — tan? x sin x =E(1+sinx) + tan? x

Giai:

a. Phuong trinh tuong duong voi

2sin2x cosx + sin 2x = 2 cos 2x cos x + cos 2x
& sin2x(2cosx +1) =cos2x(2cosx + 1)

& (2cosx + 1)(sin2x —cos2x) =0

[ 2cosx+1=0
< Isin 2x — cos2x =0

1
CosSXx = >

_sin (Zx —g) =0

—+ k271
3

7T+k7'[
8 2

(k eZ)
X =

b. Phuong trinh twong duong véi
4sin3x +3cos®x —3sinx —sin?xcosx =0
& sinx (4sin? x — 3) + cosx (3 cos? x —sin®x) = 0
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& (4sin?x — 3)(sinx — cosx) =0

[4sin?x—3=0
lsinx —cosx =0
V3

sinx = —
2

o V3

sinx = ——
2

_sin (x - %) 0

=

i T 21
x=§+k2an=?+k2n

T 41
= x=—§+k2an=?+k2n (k eZ)

—n+k
x=gtkn

(keZ)

C. biéu kién:

sin2x # 0 (%)

Sin 2x # O(E){Sin?;xi 0

{COSX =0
sin3x #0

Phuong trinh tuong duong voi

cot 3x (tan? x cot? 2x — 1) = tan? x — cot? 2x

1+ cos4dx

(1 —cos2x)(1 + cos 4x) ] 1—cos2x
& cot3x

(1 4+ cos2x)(1 — cos 4x) -

- 1+c052x_

1 — cos4dx

< cot3x [(1 — cos2x)(1 + cos4x) — (1 + cos 2x)(1 — cos 4x)]
= (1—-cos2x)(1 —cos4x) — (1 4 cos4x)(1 + cos 2x)

& cot3x (2 cos4x — 2 cos2x) = —2(cos 4x + cos 2x)

cos 3x

- sin 3x sinx = cos 3x cos x
sin 3x
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< cos3x (sinx —cosx) =0

(:)'. cos3x =0
Isinx —cosx =0
n+k7r
X=—+—

PN 76T 3 (ke

—— 4tk
X Ty

Két hop v6i (), ta nhan nghiém trén 13 nghiém ctia phuong trinh.
d.  Biéu kién:

{COS)C *0 & cosx # 0 < sinx #= +1 (x)

sinx # 1
Phuong trinh twong duong voi

2(1 + cos?x) sin® x sin? x

4(1 — sinx)  1—sin%x

1
= = (1 +sinx) +
2( sin x) 1 —sin?x

& (1 +sinx)(1 + cos?x) — (1 + sinx) cos?x — 2sin®?x (1 + sinx) = 0
& (1 +sinx)(1—2sin?x) =0

[ sinx+1=0

< [2sin’x—1=0

rsinx = —1 (loai)

sinx =

0
< ™S

sinx = —

™|

i T 3T
X=Z+k27TVX=T+k2TL'
ez % k2 L en
_x——4 7TVx—4 T

T en
Sx=—+—
YT

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
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Bai 2: Gidi cac phuong trinh sau:

a. 4cos3x +3V2sin2x = 8cosx

b. 2sin3x ——— = 2cos3x +
sin x cosXx
X 3x x  3x 1
C. COSXCOS—CcoS— — sinx sin—=sin— = —
2 2 2 2 2

d. cosx+cos3x+ 2cos5x =0

Gidi:

a. Phuong trinh twong duong voi
COS X (2 cos?x + 32 sinx — 4) =0

<:)cosx(25in2x—3\/§sinx+2) =0

cosx =0

=
2sin?x —3V2sinx+2=0

cosx =0

V2

= sinx = —
2

sinx = V2 > 1 (loai)

(x=s+k
X—z T

T
= x=Z+k27'[ (ke
—3n+k2
x == T

b. bicu kién:

sinx # 0
{

oS 1 £ 0 < sin2x # 0 (%)
Phuong trinh twong duong véi

1 1

2(sin 3x — cos 3x) — =0

sinx cosx
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sinx + cosx

& 2(3sinx —4sin®x —4cos3x+3cosx) ———— =0
sin x cos x

. . ) ) sinx + cos x

& 2(sinx + cosx)[3 — 4(sin“ x —sinx cosx + cos“*x)] - — =0
sin x cos x

. . 1

< (sinx + cosx)|—2+ 8sinxcosx ——— | =0
sin x cos x

& (sinx + cosx)(2sin?2x —sin2x — 1) = 0

(:)' sinx +cosx =0
[2sin%2x —sin2x —1 =0

[sin (x +%) =0

= sin2x =1

oy = &
| sin2x >
(x= 4otk
x =t +kn
——£+k7rk Z)
S |x T (k €
—7ﬂ+k
| x =15 tkn

Két hop v6i (), ta nhan nghiém trén 1a nghiém cua phuong trinh.
c. Phuong trinh twong duong voi

1 1
Ecosx (cos2x + cosx) +§sinx (cos2x —cosx) = 3

& cos2x (sinx + cosx) + cos?x — 1 —sinxcosx = 0
& cos2x (sinx + cosx) —sinx (sinx + cosx) =0
& (sinx + cosx)(1 —sinx — 2sin®?x) = 0

[ sinx +cosx =0
2sin’x +sinx—1=0
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d. Phuong trinh

[sin (x +g) =0

tuong duong voi

cosx + cos5x +cos3x +cos5x =0

< cos3xcos2x + cosdxcosx =0

& (4cos®x —3cosx)cos2x + (2cos?2x —1)cosx =0

& cosx[(4cos?x —3)cos2x +2cos?2x —1] =0

& cosx [(2cos2x —1)cos2x + 2cos?2x—1] =0

& cosx (4cos?2x —cos2x—1) =0

=

78

cosx =0
[ 4cos?2x —cos2x—1=0
cosx =0
1++vV17
CoS2x =————
8
1—+17
cos 2x =
8
T
X=E+kTL’
1 1++V17
x=iz arccos 3 + k2w (k € 7)
1 1—+17
x=iz arccos + k21
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Bai 3: Gidi cac phuong trinh sau:

- 5x 5 . X
a. sin— = 5co0s° xsin—
2 2

5
b. sin®x + cos®x = 2(sin'® x + cos'®x) + 7,608 2x

2 26x+1—3 8x
C. COoS 5 = COS5

d. sin2x + 2tanx = 3

Giai:

a.
I X . X
Deé thay cos = 0 khong 1a nghiém cta phuong trinh nén nhan 2 vé cho 2 cos 2

Khi d6, phuong trinh trd thanh:

5x o« s X X
2 sin—cos— = 10 cos xsm—cosz

& sin 3x 4 sin 2x = 5cos3 x sinx

& 3sinx —4sin®x + 2sinx cosx = 5cos3 xsinx
[ sinx =0
= . 2 3
13 —4sin“x +2cosx = 5cos°x
. x 0
sin— =
2
x .
cosz = 0 (loai)
L5cos3x —4cos’x—2cosx+1=0

. x_o
sz_
cosx =1

S oy = LT V2L
10

—-1—-+/21
10

CosSXx =
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x = 2km
—1++/21
- X = iarccosT+ k2m (k € 7)
-1-+21
x = iarccosT+ k2m

b. Phuong trinh tuong duong véi

5
sin® x (1 — 2sin?x) + cos®x (1 — 2 cos?x) = 7 €08 2x

& sin® x cos 2x — cos® x cos 2x = 7 €08 2x

& 4 cos 2x (sin® x — cos® x) = 5 cos 2x

cos2x =0

= |4(sin® x — cos®x) = 5

cos2x =0
| 4(sin* x — cos* x)(sin* x + cos*x) =5

cos2x =0
1
4(sin? x — cos?x) (1 - Esin2 Zx) =5
cos2x =0
1
4(1 —Esin2 Zx) =5

cos2x =0

1
sin? 2x = ~3 (v6 nghiém)

or="+5 G en
X =—4+ —
4 2
C. Phuong trinh twong duong véi
12x 4x
1 +cosT+ 1= 3<2cosz?— 1)

4x 4x 4x
<=)4cos3?—6cosz?—3cos?+5 =0
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4x 4x 4x
= (cos?— 1) (4cosz—— 2 cos — — 5) =0

5 5
4x
cos?—1=0
(:)4 24x ) 4x 50
i cos c cos c =
4x_1
cos5 =
- 4x_1—\/21
cos5 = 2
4x_1+v21 1 (load)
_coss = 2 > oai
S5kn
sz
= keZ
_+5 1—\/21+15n( )
_x—_4arccos 2 >

d. Diéu kién:
s
cosxiO@x¢E+kn(kEZ) (%)

Khi d6, phuong trinh tuong duong véi

2tan x

—+ 2tanx =3
1+ tan?x

& 2tan®x —3tan’x +4tanx—3=0
& (tanx —1)(2tan®?x —tanx +3) =0

tanx—1=0
2tan’ x — tanx + 3 = 0 (v nghiém)

vis
(:)tanx=1<:>x=z+kn(kEZ)

Két hop véi (), ta nhan nghiém trén 1 nghiém cua phuong trinh.
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Bai 4: Gidi cac phuong trinh sau:
a. 2(1 —tanx)(1 +sin2x) =1+ tanx

1 sin 2x ) 1
b. —cotx + ——— = Zsm(x +—)
V2 sinx + cosx 2

c. 8(sin® x + cos® x) + 3V3 sin4x = 3v3 cos 2x — 11sin2x + 11

d. V3sin2x (2cosx + 1) + 2 = cos 3x + cos 2x — 3 cos x

Gidi:

a. biéu kién:
T
cosx¢0<:>x¢5+kn(k €Z) (x)

Phuong trinh tuong duong véi

2tanx

2(1—t (1+—
( an x) 1+ tan?x

)=1+tanx

2(1 —tanx)(1 + tan x)?

=1+t
1+ tan?x anx
(1 + tan ) 2 —2tan®x . 0
= —_— =
anx 1+ tan? x

& (1+tanx)(Btan?x—1) =0

[ tanx+1 =0

= [3tan’x—1=0

rtanx = —1

V3

tanx = —
= 3

82
TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
b.  Diéu kién:

sinx #0 x ¢nkn (k€Z) (¥
sinx +cosx =0 x¢—1+kn

Phuong trinh tuong duong véi

CcoS X 2 sinx cos x

+ —
V2sinx sinx + cosx

= 2coSsx

1 2sinx
—2) =0

@cosx( + —
V2sinx sinx 4+ cosx

= cosx[sinx + cos x + 2V/2 sin? x — 22 sinx (sin x + cosx)] =0

= cosx(sinx + cosx —\/isinxcosx) =0

[ cosx =0 (1)
=
sinx + cosx — V2 sinx cosx = 0 (2)
Véi phuong trinh (1), ta co:
is
X = 3 + kn (k € Z) (théa (*))

V6i phuong trinh (2), ta co:

T t2—1
batt = sinx + cosx = V2 sin (x +Z)’t € [—\/E;\/E].Khi dé, sinx cosx = >
Phuong trinh (2) tré thanh:

t2 —1
t — =
V2
1= V3
o \/_\/7
1++V3
lt =— > 1 (loai)
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T
X +—=

<=)sin( 2

1

X = arcsin

lx

Vay nghiém ctia phuong trinh la:

X = arcsin

Phuong trinh tuong duong voi

):

T — arcsin

X = 7 — arcsin

1—
2

-3 =

—— + k2
4 T

1-+/3

V3

(k eZ)
+ k2w

1-v3 =

—Z-l-kZTC
1-+3
+k2n(kEZ)

7
x==+kn

2

(2 sin? x)3 + (2 cos? x)3 + 3V3 sin 4x = 33 cos 2x — 9sin 2x + 11

& (2cos2x + 1)3 + (1 — 2 cos 2x)3 + 3v3 sin 4x = 3v3 cos 2x — 9sin 2x + 11

& 2 c0s?2x + 2V3 sin 2x cos 2x = 3vV3 cos 2x — 9sin 2x + 11

& —25sin? 2x + 2V3 sin 2x cos 2x = 3V3 cos 2x — 9sin 2x + 11

< (2sinx — 1)(\/§c052x—sin2x+ 1) =0

2cosx—1=0
V3 cos2x —sin2x+1=0

1
cosx—2

=

cos (Zx + g) = ;

X =+—+4 k2w

km

wl A

(k €Z)

X
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d. Phuong trinh twong duong voi
V3sin2x (2cosx + 1) = 4cos3x + 2 cos?x —6cosx — 3
& V3sin2x (2cosx +1) = (2cosx + 1)(2 cos? x — 3)
& (2cosx +1)(V3sin2x —2cos?x +3) =0

< (2cosx + 1)(\/§sin2x —cos2x + 2) =0

2cosx+1=0

=
.\/§sin2x—c052x+2=0

Bai 5: Giai cac phuong trinh sau:
a. cosxcos4x + cos2xcos3x =0
b. |cosx + 2sin2x — cos3x| =1+ 2sinx — cos 2x

c. 2cos®x +cos2x +sinx=0

1
d. 14 sin®2x 4 cos32x = Esin 4x

Giai:

a. Phuong trinh twong duong voi
cosx (2 cos? 2x — 1) + cos 2x (cos 2x cos x — sin 2x sinx) = 0
& cosx (3cos?2x —2sinxcos2x—1) =0
& cosx (4cos?2x —cos2x—1) =0
cosx =0

= 1+vV17
CcoS 2x =T
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Z itk
X ==
5 tkn
1 1+vV17
s lx= izarccos 5 (k ez
+1 1—-+17
_,x = farccos—
b. Ta thay :
|cos x + 2 sin 2x — cos 3x| = |4 cos x sin? x + 2 sin 2x| = 2(1 + sin x)|sin 2x|

Va 1+ 2sinx — cos 2x = 2 sinx (1 + sin x). Nén phuong trinh di cho viét thanh
2(1 + sinx)|sin 2x| = 2 sinx (1 + sinx)
1+sinx=0(1)
|sin 2x| = sinx (2)
Véi phuong trinh (1) c6 nghiém la

s
x=5+k2n(kEZ)

Vi phuong trinh (2) chi théa min sinx > 0. Trong diéu kién nay, phuwong trinh (2)
tuong duong voi

sinx =0 x =km
1 T
|Cosx|:—(:)[x=§+k7t (kEZ)

2
c. Phuong trinh twrong duong voi

2cos3x+2cos?x—1+sinx =0
< 2(1 —sinx)(1 +sinx)(cosx+ 1) — (1 —sinx) =0
< (1 —sinx)[2(1 +sinx)(cosx+1)—1] =0
< (1 —sinx)[1+ 2sinxcosx + 2(sinx + cosx)] =0

Nghiém cua phuong trinh la:

T
X = E + k2n
LIPS
x=-7 T
d. Phuong trinh twong duong véi

1+ (sin 2x + cos 2x)(1 — sin 2x cos 2x) = sin 2x cos 2x

< (1 —sin2xcos2x)(sin2x +cos2x+1) =0
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Nghiém cua phuong trinh la:

T
X=——+kn

,T4 (k eZ)
x=5+krr

Bai 6: Giai cac phuong trinh sau:
a. cos?3xcos2x —cos?x =0 (Tuyén sinh khéi A 2005)
b. 1+ sinx + cosx + sin 2x + cos 2x = 0 (Tuyén sinh khéi B 2005)

c. cos3x 4+ cos2x —cosx +1 =0 (Tuyén sinh khéi D 2006)

(1 + sinx + cos 2x) sin (x + %) 1
d. = —cosx (Tuyén sinh khéi A 2010)

1+tanx V2

a. Phuong trinh twong duong voi
(4 cos®x — 3 cosx)?cos2x —cos?x =0
& cos?x (4 cos?x —3)%cos2x —cos?x =0
& cos?x[(4cos?x —3)?cos2x—1] =0
& cos?x[(16 cos*x —24cosx +9)(2cos?x—1)—1] =0
& cos?x (32 cos®x — 64 cos*x +42cos?x—10) =0
& cos?x (cos?x —1)(32cos*x —32cos?x +10) =0

[ cosx =0
cosx = *1
Nghiém cua phuong trinh la:
km
2

x = (k eZ)

b. Phuong trinh twong duong véi

1+4+sinx+cosx+2sinxcosx+2cos?x—1=0
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& sinx(2cosx+1) +cosx(2cosx+1) =0

< (2cosx +1)(sinx + cosx) =0

1
CoOsSXx = ——

2
= sin(x+%)=0

Nghiém ctia phuong trinh la:

c. Phuong trinh twrong duong voi
4cos®x—3cosx+2cos?x—1—cosx+1=0
& 2cos3x+cos?x—2cosx =0

& cosx (2cos?x +cosx —2) =0

cosx =0
2cos’x+cosx—2=0

Nghiém ctia phuong trinh la:

T
X =—+km
2
1417 (k € Z)
x = +arccos— + k27«
d. biéu kién:
* z + k
X # = T
Surtel TR T weno
X=#-—Z-Fkﬂ

Phuong trinh twong duong véi

(1 +sinx +2cos?x —1)(sinx +cosx) 1
= —cosXx

\/E.sinx+cosx \/Q

CoOS X
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& (sinx + 2 cos?x) cosx = cos x
& cosx (2cos?x +sinx—1) =0
& cosx (1 +sinx —2sin?x) =0

cosx =20
2sin?x —sinx —1=0

Két hop vé6i (), ta nhan nghiém

T
x=—g+k2n

7 (k eZ)
x=?+k2n

- BAI TAP TU LUYEN

5.2.11. Giai cac phuong trinh sau:

a. 2sin2x —cos2x =7sinx + 2cosx — 4
b. 9sinx + 6 cosx — 3sin2x + cos2x = 8

Cc. sin2x —cos2x =3sinx +cosx — 2

1
d. tanx—sian—cost+2<2cosx— )=0
CcoS x

e. sin®x + cos®x = sinx — cosx
5.2.12. Giai cac phuong trinh sau:

a. sinx + sin? x + sin3 x + sin* x = cosx + cos?x + cos® x + cos* x

3(1 + sinx T X
b. 3tan3x—tanx+¥= cosz(———)

cos? x 2
c. 3(cotx —cosx) — 5(tanx —sinx) = 2

d. tan?x (1 —sin®x) +cos3x—1=0
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5.2.13. Giai cac phuong trinh sau:

a. 2sin®x — sinx = 2 cos3x — cos x + cos 2x

b. cosx (cos4x +2) + cos2xcos3x =0
1 — cos2x

C. 1+cot2x=T
sin“® 2x

d. cos®x+cos?x+2sinx—2=0

e. 4cos?x —cos3x = 6cosx + 2(1 + cos 2x)

f.

1+ sinx + cos3x = cosx + sin 2x + cos 2x

5.2.14. Giai cac phuong trinh sau:

a. sin2x+sinx—zsilnx—sin2x=2cot2x

b. sin (Sx —%) — Cos (g—%) = \/§COS3—2x

C. sin2x +cos2x +3sinx —cosx—2 =10

4 tant x4 1= (2 — sin? 24x) sin 3x

cos*x

e. 3cos*x —4cos?xsinx+sin*x =0

f. sin2x =1+ V2 cosx + cos2x

- GOI Y GIAI BAI TAP TU LUYEN

5.2.11.

a. Phuong trinh twong duong voi

4sinxcosx — (1 —2sin®?x) = 7sinx + 2 cosx — 4

& 4sinxcosx —7sinx —2cosx +2sin?x—5=0
< 2cosx(2sinx —1)+ (2sinx —1)(sihnx —3) =0
< (2sinx —1)(2cosx +sinx —3) =0
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)
x—6 T
L
X = 6 '

= (keZ)

Phuong trinh twong duong véi
9sinx + 6cosx —6sinxcosx +1—2sin’x =8
& 6¢c0sx(1—sinx)+ (1 —sinx)(2sinx—7) =0
< (1 —sinx)(6cosx +2sinx—7)=0
@x=g+k2n(kEZ)
Phuong trinh twong duong véi
2sinxcosx — 1+ 2sin?x = 3sinx + cosx — 2
< cosx(2sinx —1)+ (2sinx —1)(sinx —1) =0

< (2sinx —1)(cosx +sinx —1) =0

(= 2t k2
x—6 T
5w
= x=?+k2n (k € 7)
—n+k2
x—z T
x = k21w

Qua cac bai a, b va c thi ta thay c6 cung dang phuong trinh la:
asin2x +bcos2x +csinx +dcosx + e =0 (x)

Nguyén gbc phuong trinh trén 1 xuat phat tir phuong trinh nay:

().

Céach giai thong thuong 1a chung ta sir dung cong thirc sin 2x = 2 sin

trinh (%) phuong trinh (**).

(a;sinx + a, cosx + a; )(a, sinx + as cosx + ag) = 0 (*x)

Tir phuong trinh (+*) nguoi ta khai trién ra va thém bt vao dé dua vé phuong trinh

thitc cos 2x = 2 cos? x — 1 hay cos 2x = 1 — 2 sin? x xem céi ndo c6 thé dua phuong

X COS X va cong
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d.  Diéukién:
s
cosx¢0(=>x¢z+kn(kEZ)(*)

Phuong trinh twong duong voi

sin x ) 2
—sin2x —cos2x + 4 cosx — =0
CcoS X CoS X

& sinx — cosx sin 2x — cos 2x cosx + 4cos?x —2 =0
& sinx (1 —2cos?x) —cos2xcosx + 2cos2x =0

& —sinxcos2x —cos2xcosx + 2cos2x =0

& cos2x (sinx +cosx—2) =0

Két hop vé6i (), ta nhan nghiém
X = z + kem (k eZ)
4 2
e. Phuong trinh twong duong voi
sinx (sin?x — 1) + cos®x + cosx = 0

& —sinxcos?x + cos®x + cosx =0

< cosx (sin2x —cos2x —3) =0
Nghiém cua phuong trinh la:

T
x=E+k7T(kEZ)

5.2.12.
a. Phuong trinh twong duong voi
sinx — cos x + sin? x — cos? x + sin® x — cos3 x + sin* x — cos*x = 0
< (sinx —cosx)(1+sinx + cosx + 1+ sinxcosx + sinx + cosx) = 0

Nghiém cua phuong trinh la:
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x—4+ T
x=n+k2n (k€Z)
T
lx=—z+k27'[

b. biéu kién:
A
cosxiO(:)x¢5+k7T(k€Z)(*)

Phuong trinh tuong duong voi :
: /[
3tan3x —tanx + 3(1 +sinx)(1 + tan® x) = 4 [1 + cos (E — x)]

& tanx (3tan?x — 1) + 3(1 + sinx)(1 + tan? x) = 4(1 + sinx)
& tanx (3tan?x — 1)+ (1 +sinx)(3+3tan?x —4) =0

e tanx 3tan’x — 1) + (1 +sinx)(3tan’x—1) =0

& (3tan?x — 1)(tanx + 1 +sinx) =0

& (3tan?x — 1)(sinx + cosx + sinx cosx) = 0

Két hop vé6i (), ta nhan nghiém

=
I
H
NE!

+ km
1

N

T
——+4+ k2m
31 V2 -1

X = arcsin

X = — — arcsin + k21
| 4 1/2
c. Diéu kién:
{Sinx;tO(:)sianiOc)xik—n(kEZ) (%)
cosx #0 2

Phuong trinh twong duong voi :
3cos?x (1 —sinx) — 5sin? x (1 — cosx) = 2 sin x cos x

< 3cosx (cosx —cosxsinx + sinx) — 5sinx (sinx —sinxcosx + cosx) =0
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< (sinx + cosx —sinx cosx)(3cosx —5sinx) =0

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

1-V2 =
X = arcsin —Z+k2n
LN N

X = — — arcsin
4

X = arctang + km
d. biéu kién:

T
cosxiO(:)x¢5+kn(kEZ)(*)

Phuong trinh tuong duong voi

sin?x (1 —sin®x) + (cos3x — 1) cos?x =0

& (1 —cos?x)(1 —sin®x) + (cos3x —1)(1 —sin®?x) = 0

& (1 — cosx)(1 — sinx)(sin? x + sin? x cos x — cos? x — sinx cos?x) = 0

& (1 —cosx)(1 —sinx)(sinx — cosx)(sinx + cosx + sinxcosx) =0

Két hop vé6i (), ta nhan nghiém

x = k2
T
x =—+km
4 (k € 7)
+ V21,7 e
x = + arccos — T
V24

5.2.13.
a. Phuong trinh twong duong voi

sinx (2sin?x—1) = (1 —cosx)(2cos?x — 1)
& (2cos?x —1)(sinx +cosx +1) =0

Nghiém cua phuong trinh la:
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(X =+ +k2
x—_4 T
L

x =k2n
- ke
_x—4 T

b. Phuong trinh twong duong vai
cosx (cos4x + 2) + cos2x (4 cos®x —3cosx) =0
& cosx [cosdx + 2 + cos 2x (4 cos?x —3)] =0
& cosx[2cos?2x—1+2+cos2x(2cos2x+2—-3)] =0
& cosx (4cos?2x —cos2x+1) =0

Nghiém ctia phuong trinh la:
T
X = > + knt (k € Z)
c. Diéu kién:
km
sin2x # 0 (z)x;&? (k €Z) (%)

Phuong trinh tuong duong véi
sin? 2x + cos 2x sin 2x = 1 — cos 2x
& 1 — cos? 2x + cos 2x sin 2x = 1 — cos 2x
< cos2x (cos2x —sin2x—1) =0
Két hop véi (), ta nhan nghiém

_m km
X==7 TS5 (ke
x =km

d. Phuong trinh twong duong véi

cos?x(cosx +1)+2(sinx—1) =0
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< (1 —sinx)(1 +sinx)(cosx+1) —2(1 —sinx) =0

< (1 —sinx)[(1 +sinx)(cosx+1)—2]=0

< (1 —sinx)(sinx + cosx +sinxcosx —1) =0
Nghiém cta phuong trinh la:

—n+k2
x—2 T
x = k2

(k eZ)

e. Phuong trinh twong duong voi
4cos?x +3cosx —4cos3x = 6cosx + 2(2 cos? x)
& 4cos>x—3cosx =0
& cosx(4cos?x—3)=0

Nghiém cua phuong trinh la:

f. Phuong trinh twong duong voi
1+ sinx + cos3x —cosx —sin2x — 1+ 2sin?x =0
& sinx — 2sin2xsinx —2sinx cosx + 2sin?x =0
& sinx (1 —2sin2x —2cosx + 2sinx) =0
& sinx [(sinx — cosx)? + 2(sinx — cosx)] = 0
& sinx (sinx — cosx)(sinx —cosx +2) =0
Nghiém cua phuong trinh la:
x =kn

T
X=Z+kﬂ,’(kez)

96
TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

5.2.14.
a. biéu kién:

{sinx#O

km
sinzx 0 = X*F 5 KED ()

Phuong trinh twong duong voi

sin?2x —1 2sin?x—1 2cos2x

- + - -
sin 2x sin x sin 2x

—cos?2x cos2x 2cos2x
= — =

sin 2x sin x sin 2x
CcoS 2x 1 2
& cos Zx( - + — — — ) =0
sin2x sinx sin2x

< cos2x (cos2x +cosx —2) =0
& cos2x (2cos?x +cosx+1) =0
Két hop v6i (), ta nhan nghiém

TR en
T2

b. Phuong trinh tuong duong véi

2

\/f(_Sx Sx) \/27( x x

3x
51n7—cos7 cos§+sin§)=\/§cos7

3x 3x X
= 2cos7sin 2x — 2cos7cos 2x = 2cos7

3x
= 2c037(sin2x —cos2x—1)=0

Nghiém cua phuong trinh la:

_T[+2kT[
=373
T
X=Z+k7'[ (keZ)
T
_x=§+kn
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c. Phuong trinh twong duong voi
2sinxcosx —cosx —2sin®x+ 3sinx —1=0
< cosx (2sinx —1) — (sinx —1)(2sinx—1) =0
& (2sinx —1)(cosx —sinx +1) =0

Nghiém ctia phuong trinh la:

[ x =" k2
x—6 T
5
x=?+k2n (kEZ)
—n+k2
x—z T
Lx = —m+ k2
d. Piéu kién:
cosx =0 T
{cos“xiO(:)xi 2+k7r(kEZ) (%)

Phuong trinh tuong duong véi

sin*x + cos*x (2 — sin? 2x) sin 3x

cos? x cos? x
& sin* x + cos* x = 2 sin 3x — sin? 2x sin 3x
& 1 — 25sin? x cos? x = 2 sin 3x — sin? 2x sin 3x
& 2 — sin? 2x = 4sin 3x — 2 sin? 2x sin 2x
& sin® 2x (2sin3x — 1) = 2(2sin3x — 1)
& (2sin3x —1)(sin?2x —2) =0

Két hop véi (%), ta nhan nghiém

T[+k27'[

X=—+—

18 3
_177T+k2n(kez)

=18 T3
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e. Phuong trinh twong duong voi

& 3 cos? x (cos? x — sin? x) — sin? x (cos? x — sin?x) = 0

& cos2x (3cos?x —sin?x) =0

& cos2x(4cos’x—1)=0

Nghiém ctua phuong trinh la:

S
X—4 T

T
x=i§+k2n (k eZ)

2T
X = i?+k2n

f. Phuong trinh tuong duong voi

2sinxcosx = 1+\/§C05x+2c052x—1

& 2sinxcosx = 2cosx + V2 cosx

(:)\/Ecosx(\/isinx—\/icosx—l) =0

Nghiém cua phuong trinh la:

Sy
X—Z T

_OT L am (ke
_ T
X =12 T
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b. PHUONG TRINH CHUA CAN THUC
- O dang phuong trinh chira cin thirc ndy, ching ta thuong ap dung cac cong thirc
bén dudi. Sau khi giai dén phan so diéu kién thi chiing ta s& thir nghiém truc tiép.

VA=VBeS A=B=>0

>
\/K=B<:){AB=—BOZ

A>0
\/K+\/§=\/E<:>{ B>0
A+B+2V/AB=C
m:{ VAVB, A>0vaB>0
V=A.V=B, A<0vaB<0

Bai 1: Giai phuong trinh sau:

sin® x 4 cos3 x + sin3 x cotx + cos3 x tan x = V2 sin 2x

Gidi: Dieu kién:

sinx # 0 sin2x # 0

cosx 0 (E){ & sin2x > 0 (%)
] sin2x =0

sin2x >0

Phuong trinh twong duong véi
sin® x + cos® x + sin? x cos x + cos x sin® x = V2 sin 2x
& sin? x (sin x + cos x) + cos? x (sinx + cosx) = V2 sin 2x
& (sinx + cos x)(sin? x + cos? x) = V2 sin 2x
< sinx + cosx = V2 sin 2x

(:){ sin(x+%)20

1+ 2sinxcosx = 2sin2x

(:){ sin(x+g)20

sin 2x = 1 (thoa (x) )
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( sin(x+%)20

VA
=X X=Z+k2Tl’

_57‘[
kJC—T-l-IZTL'

(k,l€Z)

/i1
(:)x=Z+k2n(kEZ)

Bai 2: Giai phuong trinh sau:

V5cosx —cos2x + 2sinx = 0

Gidi: Phuong trinh tuong duong voi

V5cosx — cos2x = —2sinx
(:){ sinx <0 .
5cosx —cos2x = 4sin“ x
{ sinx <0
2cos’x+5cosx—3=0
sinx <0
1
= [ cCoOsSx = —
cosx = —3 < —1 (loai)
sinx <0
T
(:){x=i§+k2n(kez)

T
¢>X=—§+k27'[(kEZ)

Bai 3: Giai phuong trinh sau:

251n(3x+g) = /1 + 85sin 2x cos? 2x

(PH Kinh Té Qubc Dan 2000)
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Gidi: Phuong trinh twong duong voi

sin (3x + %) >0 (%)

T
4 sin? (3x + Z) = 1 + 8sin 2x cos? 2x (1)
Ta giai phuong trinh (2) :
2 [1 — COS (6x + E)] =14 4sin4xcos2x
2

& 2(1 4+ sin6x) = 1 + 2(sin 6x + sin 2x)

T
. 1 x=E+kT[
Ssin2x =- < 5 (k eZ)
2 ([
x=-—+kn
12

Kiém tra diéu kién (*), ta nhan nghiém cua phuong trinh 1a

T 2
X =—
12+m7r )
17w ) (m € 7)
X =—
12 +m2n

Bai 4: Giai phuong trinh sau:

Vcos 2x + V1 + sin 2x = 2+/sinx + cos x

Gidi: Diéu kién :

{ cos2x >0 (:){cosx—sianO
sinx +cosx =0 sinx +cosx =0

Phuong trinh twong duong véi

\/(cosx —sinx)(cosx + sinx) + \/(sinx + cosx)? = 2vsinx + cosx

Véi cos x + sinx = 0, ta duogc
s
tanx=—1<=>x=—z+kn(kEZ)

Véicosx +sinx > 0 va cosx —sinx = 0 thi
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Vsinx + cosx (Vcosx — sinx + Vsinx + cosx) = 2vsinx + cos x

& Vcosx — sinx + Vsinx + cosx = 2

& 2cosx + 24/cos? x — sin? x = 4
& cos?x —sin?x = (2 — cos x)?
& cos?x+4cosx—5=0

[ cosx =1 ox=k2n(k €Z)

cosx = —5 (loai)

Vay nghiém cta phuong trinh l1a

T

x = k2

- BAI TAP TU LUYEN
5.2.15. Giai phuong trinh sau:
a. V1 +sinx +cosx =0

1
b. (\/1 —cosx + \/cosx) CoS 2x =§sin4x

V1 —sin 2x + /1 + sin 2x

sin x

=4 cosx

C

d. sinx+\/§cosx +\/sinx +\/§cosx =2
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- GOI Y GIAI BAI TAP TU LUYEN
5.2.15.

a. Phuong trinh tuong duong véi

V1 +sinx = —cosx

{ cosx <0
1 + sinx = cos? x

cosx <0
(:){_2 =
sin“x +sinx =0

cosx <0
@{ sinx =0

Isinx = —1
cosx <0
PN x = km
T
x=—§+k27'[ (k€Z)

x—n+k27‘r
(:)[ K2m (keZ)

b.  Diéukién :
cosx = 0 ()
Phuong trinh tuong duong véi

(\/1 — cosx + Vcos x) cos 2x = sin 2x cos 2x

- [\/1 — cosx + Vcosx = sin2x (1)
cos2x =0 (2)

Véi phuong trinh (1) ta ¢

sin2x >0
{1 + 24/cosx (1 — cos x) = sin? 2x
sin2x >0 A 3
= {(2 cos?x —1)% + 2y/cosx (1 — cosx) = 0 (v6 nghiém)

Véi phuong trinh (2) ta cé
T
X = iz+kﬂ(kEZ)

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
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c.  Diéukién:

{sin 2x <1

sin2x > 1< sinx # 0 x # kn (k € Z) (%)
sinx # 0

Phuong trinh twong duong vi

V1 —sin 2x + V1 + sin 2x = 2 sin 2x

sin2x >0
1—sin2x+1+sin2x + 2

=

1 — sin? 2x = 4 sin? 2x

stx >0

=
1—sm22x— 2sin?2x — 1

sin2x >0
1
sin? 2x > —

1 —sin? 2x = 4sin* 2x — 4sin? 2x + 1

_ V2
JEN sin 2x 27
4sin* 2x — 3sin?2x =0
(
4'

V2
sm2x27
S 4 [sin?2x =0
[
sin“ 2x 2
( V2
sin2x = —
2
V3
< 9 sm2x=7
. V3
Ksm2x=—7
_ V3
<=)51n2x=7
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T
x=—=+kn

sl 8 (ken
x=§+kn

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

d.
T
bat t:sinx+\/§cosx=ZSin(x+§),t20(*)

Khi do, phuong trinh tré thanh
Vt=2—t

@{0 <t <2 (kéthop ()
t=t>—4t+4

{ 0<t<?2
t>?—5t+4=0
0<t<?2
@{ [t=1
t=4
sSt=1
Do do,
T
( 7.[)_1 X=—g+k277,'
sin([x+=-)=-© - (kez)
3 : x=—+ k21
2
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¢.  PHUONG TRINH KHONG MAU MUC
- Céc phuong trinh khong mau muyc 1a cic phuong trinh khong c6 mot cach giai cu
thé nao, thudng 1a sir dung cac bat dang thirc hoic dao ham ham sb dé danh gia va
tim ra nghiém.
- Ching thudng sir dung cac bat dang thirc sau:
o —1<sinx<1
o —1<cosx<1

{A2B=>A=B

Bai 1: Giai cac phuong trinh sau:
a. sin’®x + cosx =1

b. sin®x +cos®x =1

Giai:
a. Phuong trinh twong duong voi
sin®3 x + cos* x = sin? x + cos? x
& sin? x (sin'*x — 1) + cos? x (cos?>x —1) =0
Ta co:
{:llnnz);élo =sin?x (sint'x—-1) <0
{CCOOSSZJ;SZIO = cos?x (cos?x—-1) <0
= sin® x (sin’* x — 1) + cos?x (cos*?x —1) <0
Dau " =" xdy ra khi va chi khi:
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i {sinx =0
cosx =0
{ sinx =1
2. _
cos x—1=}[ +kn(kEZ)
sinx =1
{ _ x =k2m
cosx =0
{ sinx =1
Lcos?x =1
b. Phuong trinh twong duong voi

sin® x + cos® x = sin® x + cos? x

& sinx (sinx —1) + cos?x (cos3x—1) =0

Ta co:
sinx <1 . 2 . 3
{sin2x202>5m x(sinPx—1)<0
cosx <1 2 3
-1 <
{C052x20=>cos x(cos>x—1)<0
= sin? x (sin®x — 1) + cos?x (cos3x—1) <0
Diu" =" xay ra khi va chi khi:
'{sinx=0
cosx =0
{smx—O T
cosx =1 [ =§+k2n(kEZ)
sinx =1
{ x = k2w
cosx =0
{smx—l
cosx =1
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Qua 2 bai trén chung ta thdy rang v6i a, b khong ddng thoi bang 2, dang phuong trinh:
sin® x + cos? x = 1 (x)
Chung ta thuong giai nhu sau:
(*) © sin®x + cos” x = sin? x + cos? x
& sin? x (sin®2x — 1) + cos?x (cos??2x—-1) =0

Khi d6, chiing ta st dung cac danh gia:

SinXSl ) )

i = sin“ x (sin x—1)<0
{smzxZO ( )
cosx <1 2 h—2

= cos“ x (cos x—1)<0
{coszxZO ( )

= sin® x (sin® ?x — 1) + cos? x (cos?2x—-1) <0

Dén day, ta xét ddu " = " xay ra khi va chi khi:

{sinx =0
cosx =0
{ sinx =0
cosP2x =1
{sin“‘zx =1
cosx =0
{sina‘zx =1

cosP2x =1

Ngoai ra, chiing ta ciing c6 thé 1am nhu sau :

A s 2
sin“x < sin“ x . .
{ b 5 = sin®x + cos? x < sin®x + cos?x =1
cos” x < cos“x

Pén day, ching ta cling xét dau " = " xay ra d6i v6i phuong trinh (x).
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Bai 2: Gidi cac phuong trinh sau:

a. 4cos?x +3tan?x —4V3cosx +2V3tanx +4 =0

sin'® x 4 cos'® x

sin® x 4 cos® x

4

4 cos? 2x + sin? 2x

1
c. cos®x + sin” x + > (cos® x + sin® x) sin 2x = cosx + sin x

Gidi:

a. biéu kién:

s
cosxiO(:)x¢5+kn(kEZ)(*)

Phuong trinh tuong duong véi

(

=

=5

2cosx—\/§)2 + (\/§tanx+ 1)2 =0

2cosx —V3=0
V3tanx+1=0
( V3
cosx=7
V3
ktanx=—?
( VA
x=g+k27'[
T
x=—g+k277.' (k eZ)
T
L X=—g+k77,'

T
@x=—g+kﬂ,’(kEZ)

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
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b.  Diéukién:
3 2
4cos?2x +sin*2x # 0 & 4(1 —Esin2 Zx) # 0 & sin® 2x # 3 (%)

Phuong trinh twong duong voi

sin’®x + cos®x 1 —3sin®xcos?x
4 4 cos? 2x + sin? 2x

3
. . o
sin'® x 4+ cos'® x 1- 7 Sin 2x

4 4 (1 — %sin2 Zx)

=

& sint®x 4+ cos®x =1

& sin?(sin®x — 1) + cos? x (cos®x —1) =0

Ta co:
sinx <1 . . g
i =>sin“x(sinx—1) <0
{sm2x20 ( )
cosx <1 2 8
— =>cos“x(cos®x—1)<0
{coszxZO ( )

= sin?(sin®x — 1) + cos?x (cos®x —1) <0

Dau " = " xdy ra khi va chi khi

'{sinx=0

cosx =0

{sin8x=01 o

cos®x =
{Sin8x=1®x_7(kEZ)
cosx =0

{sin8x=1

[ lcosBx =1

Két hop v6i (*), ta nhan nghiém trén 13 nghiém ctia phuong trinh.

C. Phuong trinh twong duong véi
cos® x + cos* x sinx + sin” x + sin® x cosx = cosx + sinx

& cos* x (cos x + sinx) + sin® x (cosx + sinx) = cosx + sinx
& (cosx + sinx)(cos*x +sin®x —1) =0
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[ cosx + sinx =0 (1)
cos*x +sin®x =1 (2)
Véi phuong trinh (1) ta ¢ nghiém

x=—%+kn(keZ)

V6i phuong trinh (2), ta thay
{sin6 x < sin®x

A ,” = cos*x+sin®x <1
cos™x < cos“x

Do do,
4 © 6.
cos“x+sin°x =1

Vay nghiém cta phuong trinh 1a

Bai 3: Giai cac phuong trinh sau:
a. 8cos4x cos?2x +V1 —cos3x+1=0
b. (cos 2x — cos4x)? = 6 + 2 sin 3x

c. Vsinx +sin?x +sinx +cosx =1

Giai:
a. Phuong trinh twong duong voi
4cos4x (1 + cosdx)++vV1—cos3x+1=0
& (2cosd4x+1)2++vV1—cos3x=0
{2 cos4dx+1=0
1—cos3x=0
1
s )COos 4x = —3
cos3x =1
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21
X=+—+k2n

3
= . (k,neZ)

X =—3

21
<=)x=i?+k2n(kez)

b. Phuong trinh twong duong voi

4 sin® 3x sin®x = 6 + 2sin 3x

Taco:
6+ 2sin3x > 4 (dosin3x > —1)
{4 sin® 3x sin® x < 4 (do {sipZZBx = 1)
sin“x <1
Suy ra

4sin?3xsin?x <4 <6+ 2sin3x

Dau " = " xday ra khi va chi khi

sin3x = —1 T
sin®3x =1 <=>x=5+k27't(kEZ)
sinfx =1

Vay nghiém ctia phuong trinh la:
I
x=E+k27T(kEZ)

C. Diéu kién :
sinx > 0 (%)
Phuong trinh di cho c¢6 thé viét lai thanh
1 1
sinx + Vsinx +Z_ (coszx —cosx + Z) =0
1\% 1\%
= (\/sinx +E) — (cosx — Z) =0
= (\/sinx + cosx)(\/sinx —cosx + 1) =0
Vsinx + cosx = 0 (1)
=
Vsinx —cosx+1=0(2)
Véi phuong trinh (1), ta c6 :
113
TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

{ cosx <0 . —1++5
_ ., & sinx =————
sinx =1—sin“x 2
(=145 o
x = aresin | ——— + k2m (loai vi cosx < 0)
= (k ezZ)

_(~1++5
l X = 1 — arcsin — + k2w

Véi phuong trinh (2), ta c6 :
Vvsinx =cosx — 1

Ma v61 moi x, ta déu co

{\/sinx >0

cosx <1
Do do,
Vsinx =cosx —1 {smx =0 S x=k2n (k €Z)
) cosx =1
Két hop vai (*), ta nhan nghiém cua phuong trinh la

B _[-1++5
X = m — arcsin T + k2m (k € 7)
x = k2w

Bai 4: Giai cac phuong trinh sau:

a. cost—\/§sin2x—\/§sinx—cosx+4=O
3x
b. c052x+cosT—2=O

c. 2cosx + V2 sin10x = 3vV2 + 2 cos 28x sin x

Gidi:
a. Ta bién d6i phuong trinh try thanh
. 77: . 77:
51n(2x—g)+sm(x+g) =2
Ta thay :

<1

Sin(Zx_E)_
Si11(35+%6)S " =>Sin(2x—g)+sin(x+g)gz
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Dau " = " xay ra khi va chi khi
sin (Zx - %) =1
sin (x + g) =1

T
x=§+mn

= T (m,n€Z)
x=§+n2n

/s
<:>x=§+k27'[(k€Z)

Vay nghiém cua phuong trinh 1a:

T
x=§+k27'[(kEZ)

b. Ta bién ddi phuong trinh tré thanh

X
cos 2x + cosZ =2

Ta thay :

[cos 2x <1

3x
3 —<
COSTXS1:>(:052x+Cos4 <2

Dau " = " xdy ra khi va chi khi

cos2x =1

[ 3x

cos—=1
4

X =mn

(:){xz&l_ﬂ(m,nez)
3

< x =8km (k € Z)

Vay nghiém cua phuong trinh la:

x = 8kn (k € Z)
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c. Phuong trinh twong duong voi
2(cos x — cos 28x sinx) = 3V2 — V2 sin 10x
Ap dung bat déng thirc Bunyakovsky, ta c6
VT = cosx — cos 28x sinx < /1 + cos? 28x < V2

Mat khac :
VP =3V2 —V2sin10x = 3v2 — V2 = 2V2
Do do, phuong trinh tré thanh
cos?28x =1 (1)
cosx cos 28x = —sinx (2)
sin10x = 1 (3)
Phuong trinh (1) cho nghiém

kn
=— k€l
X 28( )
Phuong trinh (3) cho nghiém
B 7T+n7r( c7)
*T207 5 M
Suy ra
o T M S(k—7) = 28(n— 1)
—_ — — - —
2820 5 "
Khi do,
k—7 =28t
{n—1=5t (tez)
Suy ra
28t+7)mr w
x_T_Z-I_tT[(tEZ)

Nghiém nay chi théa man phuong trinh (2) néu t chin. Do d6, nghiém cua phuong trinh

T
x=Z+m2n(mEZ)

Bai 5: Gidi cac phuong trinh sau:
a 6—4x —x* = %
|sin % €0S ;|

b. tan* x + tan* y + 2 cot? x cot?* y = 3 + sin’®(x + y)
c. tan®x + tan®’y + cot’(x +y) =1

1 4 1 \? 1
) +<coszx+ ) =12+Esiny

d. (sin2 x +

sin? x cos? x
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Giai:
a. Piéu kién :
x#0
2
[sin—yqt 0 ()
X
Taco:
6—4x —x>=10— (2 +x)> <10
5 B 10 - 10
Y oYL 2y T
|51nxcosx| |51n7|

Vay phuong trinh chi thoa khi va chi khi

6 — 4x — x% = 10 X=—2
2 T
sin—y=1 (:){y:——+k2n(kez)
X 2
Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

b. Piéu kién :
sin2x # 0
{sin 2y #0 ()
Theo bat dang thirc Cauchy, ta c6 :
tan* x + tan* y > 2 tan® x tan® y
Suy ra
VP > 2(tan? x tan? y + cot? x cot? y)
Lai theo bat déng thirc Cauchy, ta dugc :
tan? x tan? y + cot? x cot? y > 2
Nén VP > 4. Mit khac, ta thay
VT =3 +sin?(x+y) <4
Do do6, phuong trinh chi thoa khi va chi khi
tan* x = tan*y (1)
tan? x tan? y = cot? x cot? y (2)
sin?(x +y) =1(3)
Tu (1) va (2) ta co
tan?x =tan’y =1
Két hop véi (3) ta duoc

T T
x =—+km x=——+km

4 (k,me )V 4 (k,m € 7.)
y=Z+mn y=—Z+mn

Thtr lai véi (%), ta nhan nghiém trén la nghiém cta phuong trinh.
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c.  Didukién:

cosx #0

cosy #0 (%)

sin(x +y) #0
Taco:
1—tanxtany

cot(x +y) = Bnx+ any = tanx cot(x + y) + cot(x + y)tany + tanxtany = 1
Ta thay :

tan x cot(x + y) + cot(x + y)tany + tanx tan y
- tan? x + cot?(x + y) + cot?(x + y) + tan? y + tan® y + tan® x
o 2

Nén
1 =tanx cot(x + y) + cot(x + y) tany + tan x tan y < tan® x + tan® y + cot?(x + y)
Vay phuong trinh chi thoa khi va chi khi

T
x=g+kn
tan x = cot(x + y) 7'[+
_ y=—+mn
cot(x + = tan
{ (e +y) \/gy(:) 6 (k.m €7)
k tanx = +— x:_g+k”
3
——E+mn
_y 6

Két hop v6i (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
d.  Diéukién:
sin 2x # 0 (%)

Tacod:
_ 1 1 16
VT=(sm4x+cos4x)<1+_—)+4=(1——51n22x>(1+ _ >+4
sin% x cos* x 2 sin? 2x
>(1 1)(1+16)+4—25
- 2 2
Mat khac,

VP—12+1 i <25
= 2smy_2

Do do, phuong trinh chi thoa khi va chi khi

7'[+kn
2 _ X = — —_—
{SH? 2x=1_, 1 2 (kmen
siny =1 7
y=z+m2n

Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
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Bai 6: Gidi cac phuong trinh sau:

CoS 2x

4
a.3<1+ ) +4tan®x =7

cos? x

(Dé nghi Olympic 30-4, 2006)

1 1
b. sin'®7® x — cos175 x = —
sin2007 x  cos2907 5

(Dé nghi Olympic 30-4, 2007)
Cc. cos5x + cosx = sin3x — cos 3x

(Dé nghi Olympic 30-4, 2008)

Giai:
a. Diéu kién:
T
X+ > + km (%)
Ta dat :
COS 2x
u = >
cos?x
v =tan’x

Phuong trinh dua vé dang
B3ut+4v3=70)
Mata co :

cos 2x cos2x+1 2cos?x
+ (1 +tan?x) = = =

u+v= > = >
CoS“ x Cos“ x

cos? x

Do do,
MHe3ut+42-w)3 =7
©w—-1)20Cu?+2u+25=0

>0

su=1
Thay vao (1), ta dugc :
/[
tanx=i1<:>x=iz+kn(kEZ)
Két hop véi (), ta nhan nghiém trén 13 nghiém cua phuong trinh.
b. Nhan xét sin x = +1 khong 14 nghiém ciia phuong trinh vi néu sin x = + thi
phuong trinh khong thoa man. Tuong tu, cos x = £1 khong la nghiém cua phuong trinh.
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, 1
Khao sat ham so: f(t) = t1975 — 2007 trént € (=1;0) U (0; 1)

2007
f'(t) = 1975¢197* + 2008 >0voit € (—=1;0)U (0;1)

Nén ham s tang trén mdi khoang xac dinh. Ngoai ra ham sb nay véi t € (0; 1) s& chi
nhan gia tri Am va véi t € (0; 1) chi nhan gia tri dwong. Cho nén mdi gia tri f(t) trén
khoang nay khong thé tng v6i gia trj ciia f(t) trén khoang kia.

Cho nén phuong trinh f(sin x) = f(cos x) twong dwong vdi sin x = cos x (x).
s
Giai (*) thi ta duoc nghiém x = ” + kn (k € Z)

C.
Néu x = kn (k € 7)

{VT = cosS5km + coskm = +2
VP =sin3kmr — cos3knr = +1

Do d6, phuong trinh khong ¢6 nghi¢ém x = km.
Néu x # km (k € Z). Ta nhan 2 vé phuong trinh cho 2 sin x, ta dugc
sin 6x — sin4x + sin 2x = — cos 4x + cos 2x — sin 4x + sin 2x
< 2sin3x (cos3x —sinx) =0

sin3x =0

T
cos 3x = sinx = cos (E_ x)

I km
X=?(k=/:3h,hEZ)
T mn
T *Tst 2
T (m,n €7Z)
x=—Z+nn
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Bai 7: Giai cac phuong trinh sau:
a. (2cos3x +6cosx +1)3 =162cosx — 27
(Dé nghi Olympic 30-4, 2008)

3
b. 32009x+3 cosx __ 32009x+4cos X _3cos3x=0

(Dé nghi Olympic 30-4, 2009)

c. sinx “Ysin? x + 2008 — (cos x + 1)***Y/cos? x + 2 cos x + 2009
=cosx —sinx + 1

(Dé nghi Olympic 30-4, 2009)

5w 5w 5t
d. tanx = cos? (Zx + E) + sin? (x + E) + sin x sin <3x + ?>

(D& nghi Olympic 30-4, 2010)

Giai:
a. Patt =2cosx,|t| <2.Taco:t3+1=333t—-1
Lai ditu = /3t — 1. Ta c6 hé
{t3 =3u-1

‘ ud=3t—-1

Trur 2 phuong trinh theo tung vé, ta dugc
t3—ut=3u-—-1t)
st-wt?+tu+u?+3)=0
>0

Trdosuyrat=ust3—-3t+1=0

Vay
8cos3x —6cosx+1=0
&S 2cos3x+1=0
1
= 3x =—=
cos 3x 5
LA ke e
Sx=4+—+—
X=T9 T3
b. Phuong trinh twong duong véi

3
32009x+3 COoSX __ 32009x+4cos X — 3(4 C053 x — 3 coS x)

& 32009%43¢05X 4 3(2009x + 3 cos x) = 32009%¥+4c0s*X | 3(2009x + 4 cos? x)
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Xét ham sb
f(®)=3"+3t,teR
f'(®)=3"In3+3>0
Do d6, f(t) dong bién. Vay ta suy ra
2009x + 3 cosx = 2009x + 4 cos3 x
<= cos3x=0

z + krt (k eZ)
Sx=—+—
Y673
c. Phuong trinh tuong duong véi

sin x 200£i/sin2 x + 2008 + sinx = (cosx + 1)2°°i/(cosx +1)%2+2008+cosx+1

Xét ham s6
f) =t+t°Yt2 +2008,t eR
t2 1
£t =14+ %/t2 + 2008 +

: >0
1004 zooi/(tz + 2008)2007
Do d6, f(t) dong bién. Khi d6, phuong trinh twong duong voi

T
sinx =cosx+ 1< x=5+k2n (kez)
x =m+ k2n

d. Ta co:
sin(a + b) sin(a — b) = sin® a cos? b — cos? asin® b
= (1 —cos?a)(1 —sin? b) — cos? asin? b
Suy ra
cos? a + sin? b + sin(a + b) sin(a — b) = 1 (1)

Pita = 2x +Fih = x 428
wa=exXx TP =rT

Phuong trinh (1) tr¢ thanh:

2(2 +5n)+ ' 2( +5n)+ ' i (3 +5n)—1
COS X 12 Sin X 12 Sin x Sin X 6 =

Do do, phuong trinh da cho tr¢ thanh

s
tanx=1<=>x=z+kn(kEZ)
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Bai 8: Gidi cac phuong trinh sau:

N (2 + \/E)sinzx B (2 + \/E)coszx + (2 B \/E)COSZX _ (1 LY

1 n
b. (tanx +Zcotx) =sin"x 4+ cos"x,n€N,n>2

3+ sinx + cosx

c. sinx+cosx —sinxcosx =1—1n -
4 4+ sin x cos x

Gidi:

a. Ta xét cac truong hop :
- cos2x > 0 thi cos? x > sin? x. Suy ra

sin? x

2+v2) " > (2 +42)
— (2 n \/E)sian B (2 +\/§)c052x + (2 _ \/E)COSZX < (2 _ \/E)COSZJC <1

Mat khac :

Do do6, phuong trinh v6 nghiém.

- cos 2x < 0, ching minh tuong tu, ta dugc :

COoSs 2x

(2 + \/E)Sinzx —(2+ \/E)wszx +(2-v2) T > 1> (1 +§>

Do do, phuong trinh v6 nghi¢m.
- cos2x = 0, ta thiy ho nghiém théa man phuong trinh da cho.

Vay phuong trinh ¢6 nghiém
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b.  Diéukién :
sin 2x # 0 (%)
- n = 2, phuong trinh da cho tr¢ thanh

1 2
(tanx + Zcotx) =1

Dau " = " x4y ra khi va chi khi

1
S x = -_|-arctan5+kn(k €7Z)

N =

tanx = +

- n > 2, theo bat dang thirc Cauchy, ta o :

n n

1
= (Itanxl +Z|c0tx|) >1

1
tanx + Zcotx

Mat khac :

{ |sin™ x| < sin? x

n , = |sin" x|+ |cos™x| <1
|cos™ x| < cos” x

1 n
|sin™ x + cos™ x| < |sin" x| + |cos™ x| <1< |tanx +Zcotx

Dau " = " xay ra khi va chi khi

|sin” x| = sin? x [ Tn men
na.| — 2 X =—+mm
|cos™ x| = cos*x - 5
[tan x| = —|cot x| |tan x| =l|cotx|
4 \ 4

Ta thay hé trén vo nghiém. Do d6, két hop vai (x), ta 6 nghiém cta phuong trinh :

1
X = iarctanz+ km (k € 7)
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C. Taco:

T
3+sinx+cosx=3+\/§sin(x+z)>0,Vx

1
4 +sinxcosx = 4+Esin2x > 0,Vx

Do do, phuong trinh luén xac dinh. Khi do, ta dua phuong trinh tré thanh
In(4 + sinx cosx) + 4 + sinx cosx = In(3 + sinx + cosx) + 3 + sinx + cos x
Ta dat
{ u=4+sinxcosx >0

v=34+sinx+cosx >0
Phuong trinh dua vé dang

Inu+u=hv+v
Ta xét ham s6 :
f(t) =Int+t,t>0

f’(t)=%+1>0

Do d6, ham sb dong bién trén (0, ). Khi do,
fW=fw)eou=v
& 4+ sinxcosx =3+ sinx + cosx < (sinx —1)(1 —cosx) =0
o o
(:)[smx:i(:)[x—z+k2n k €7)
cosx = x = k2m

Bai 9: Giai cac phuong trinh sau:

a. sinx 4+ sin 2x 4+ sin 3x ZE

b. tan? x + tan? 2x + cot*3x = 1
c. 2logztanx =log,sinx

Giai:
a. Theo bat dang thirc Bunyakovsky, ta ¢ :
sinx + sin 3x + sin 2x = 2cosx sin 2x + 2sin x cos x

< 2+/(cos? x + sin? x)(sin? 2x + cos? x) = 2+/sin? 2x + cos? x

25 1,2 5 5
=2 ——(cost——) <2.—=-
16 4 4 2

Dau " = " xday ra khi va chi khi
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2 ! 2 cos? >
cos 2x = — cos’x =—
4 4

cos x sin x

3
) sin2x  cosx cosx = 4
Ta thay, hé nay vo nghiém. Do d6, phuong trinh vo nghiém.

b.  Diéukién:
cosx #0
cos2x # 0 (%)
sin3x # 0
Taco:
~ tan(2x + x) = tan 2x 4+ tan x

cot3x 1 —tan2xtanx
< tanxtan 2x + tan 2x cot3x + cot3xtanx =1
Theo bat ddng thirc Bunyakovsky, ta c6 :
1 = tan x tan 2x + tan 2x cot 3x + cot 3x tan x < tan? x + tan® 2x + cot? 3x

Dau " = " xay ra khi va chi khi

2tanx —
tanx =tan 2x = tan3x © {1 _ tan x tanx ., {coxt3_x ;TO (k €Z)
’ cot3x =tanx
Ta thay, hé trén vo nghiém. Do d6, phuong trinh v6 nghiém.
c. Diéu kién :
{tanx >0 (%)
sinx >0
Phuong trinh twong duong voi
, _ sin® x _
log; tan” x = log, sin x < log, 1 —sinZx log, sinx
Ta dat t = log, sin x thi sin x = 2¢. Khi d9,
4t N
— t —
loggm—t@<§) +4'=1(1)

Ta xét ham so :
t

4
f = (5) +4f
N
f’(t) = (g) 1n§+ 4'ln4 > 0
Do d6, ham s6 dong bién trén R. Ma ta thdy f(—1) = 1 nén t = —1 1a nghiém duy nhét
cua phuong trinh (1).
Véit = —1 thi
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T
smx=z<=> 5 (k ezZ)
x=?+k2n

Két hop véi (), nghiém cua phuong trinh 13 :
s
x=g+k2rr(k€Z)

- BAI TAP TU LUYEN
5.2.16. Giai cac phuong trinh sau:
a. 3sin®x +5cos®x =5

b. sin7x + cos2x = 2

o

5x
c053x+c057—2 =0

d. sinx + cosx = V2(2 — sin 3x)
e. sinx + cosx = V2(2 — sin” x)

5.2.17. Giai cac phuong trinh sau:

a. V3 —cosx —Vcosx+1=2

b. cos3x ++/2 —cos?3x = 2(1 + sin? 2x)

Cc. cos2x + cos4dx + cosb6x = cosxcos2xcos3x + 2

1

d. tan2x + tan 3x + — =0
sin x cos 2x cos 3x

e. cos?3xcos2x —cos?x =0
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- GOQI Y GIAI BAI TAP TU LUYEN
5.2.17.
a.  Diéu kién:

<
{cosx_3 o reR

cosx = —1

Khi do, phuong trinh twong duong:
Vv3—cosx =2++Vcosx+1
< 3—cosx=5+cosx+4vVcosx+1

< —2(cosx+1) =4vcosx +1(1)

Lai co:
{ 4vcosx+1=>0
—2(cosx+1)<0
Khi do,

4vcosx+1=0
—2(cosx+1)=0

O
&S cosx =—1
Sx=n+k2n(k € Z)
b. Diéu kién:
cos?3x <2< x€eR

Ap dung bat dang thirc Bunyakovsky, ta c6:

2
(1. cos 3x + 1.4/2 — cos? 3x) < 2(cos?3x +2 —cos?3x) =4

= cos3x ++/2 —cos?3x <2
Lai co:
2(1 + sin?2x) > 2
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Khi do, phuong trinh twong duong voi

{cos 3x =+/2 — cos? 3x

sin?2x =0

cos3x = +1

cos3x >0
=
sin2x =20

cos3x =1
(:){ k
X

:Tn(kez)

Sx=m2n (m € Z)
Vay nghiém cua phuong trinh la:
x =m2n (m € Z)
c. Phuong trinh tuong duong voi

cos 2x + cos4x + cos6x = cosx cos2xcos3x + 2

1
& cos 2x + cos4x + cos 6x = > (cos3x + cosx)cos3x + 2

1
& cos 2x + cos4x + cos 6x =Z(c052x+cos4x+cos6x+1) +2
& cos2x + cos4x + cosbx =3
Ta co:

cosdx <1 = cos2x + cosdx + cosb6x < 3

{cos 2x <1
cosbx <1

Dau " = " xdy ra khi va chi khi:

cos2x =1
cosdx =1<x=kn(k €Z)
cosbx =1

Vay nghiém cta phuong trinh la:

x =k (k € Z)
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d.  Diéukién:
sin 2x cos 2x cos 3x # 0 (%)
Khi do, phuong trinh twong duong voi:

sin 2x sin 3x 1

+ + —
cos2x cos3x sinxcos?2xcos3x

< sinx (sin 2x cos3x +sin3xcos2x)+1 =10

< sinxsin5x = —1
{ sinx =1
sinbx = —1
{sinx:—l
sinS5x =1
S xeEQP

Vay phuong trinh vo nghiém.
e. Phuong trinh twong duong voi
(14 cos6x)cos2x —2cos’x =0
& cos 2x + cos 6x cos 2x — 2 cos?x = 0
& cosbxcos2x =1

< cos8x + cosdx =2

Ta co:
cos8x <1
= <
{cos4x <1 = cos8x +cosdx <2
Déau " =" xay ra khi va chi khi:
cos8x =1 _ km
{cos4x=1(:)x_ 2 (k €7)

Vay nghiém cta phuong trinh la:

km
x=7(kEZ)
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d. PHUONG TRINH CO CHUA THAM SO
- O nhitng phuong trinh nay, ching ta ¢6 mot sé phuong phap thong dung thudng

gdp nhu sau :

e Phuong phdp lugng giac :

Phuong trinh ¢6 dang cos f(x) = m,sin f(x) = m, f(x) € R¢o
nghiém khi va chi khi |m| < 1.

Phuong trinh ¢6 dang a cos f(x) + bsin f(x) = ¢, f(x) € R¢co
nghiém khi va chi khi a? + b? > ¢?.

Chu ¥ : Néu mién gia tri ctia f(x) khong phai R thi diéu kién trén chi la
diéu kién can.

e Phuong phap dai s6 : Cho phuong trinh luong giac (1) c6 chira tham s, so

do giai va bién luén c6 thé theo cac tha tu sau :

Bién d6i (1) thanh phuong trinh (2) c6 thé dat 4n phu, ¢ day co thé
xudt hién diéu kién (I). Nghiém cua phuong trinh (1) ciing 13 nghiém
ctia phuong trinh (2) vé6i diéu kién (I).

Xét phuong trinh (2), dat an phu dé tré thanh phuong trinh dai s6 (3)
kém diéu kién cua an phu 1a (II).

Néu diéu kién (I) c6 thé bién doi thanh diéu kién (III) twong duong
trong an phu thi ta két luan : Piéu kién can va da dé (1) c6 nghiém 1a
(3), (D), (I1) ¢6 nghiém.

Trong trudng hop (I) khong thé bién doi thanh diéu kién méi trong an
phu, ta phai kiém tra truc tiép nghiém cta (1) khi can phai d6i chiéu
diéu kién (I).

Bai toan s& it phirc tap hon néu ta c6 khong cé diéu kién (1), nghia 1a
(1) tuwong duwong (2).

e Phuong phap dung mién gia tri :

Phuong phap nay chi ding dwoc sau khi bién dbi phuwong trinh lwong
gidc thanh phuong trinh dai s6 chi c6 bac nhat hodc bac hai. Bing
phuong phap dao ham hay phuong phap bat dang thirc, ta khong can v&
d thi ham sb ma chi cin mién gia tri khi can tim diéu kién dé phuong
trinh c6 nghiém.

- Nhic lai cong thtrc so sanh nghiém : Cho phuong trinh bac hai ax? + bx + ¢ = 0,
v6ia # 0, ki hiéu 1a £ (x), ¢6 hai nghiém x; < x, va hai sé a < 8. Ta co
e Xx; < a < x, khiva chi khi

af (a) <0
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x; < x, < a khi va chi khi

A>0
af (a) >0

> <0
S«

a < x; < x, khi va chi khi

A>0
af(a) >0

S

——a>0
>«

a < x; < B < x, khi va chi khi

af(a) >0
{af(ﬁ)<0

x; < a < x, < [ khi va chi khi

{af(a) <0
af () >0

x; < a < f < x, khi va chi khi

{af(a) <0
af(B) <0

a < x; < x, < [ khi va chi khi

A>0
af(a) >0

af(B) >0
S

< =<
aZ[)’

Bai 1: Pinh m dé phuong trinh sau c6 nghiém:

a (m—1)sinx+(2—-m)=0

b. mcosx—1=(2m+ 3)cosx

c. 2sin®x —sinxcosx —cos?x =m
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Giai:

a. Ta xét 2 truong hop
Khim = 1thi0sinx = —1 (v ly).

Khi m # 1 thi
_ m—2
sinx =——
Phuong trinh c6 nghiém khi va chi khi
m-—2 3
-1< <lem=>-
m-—1 2
b. Pua phuong trinh vé dang
(m+3)cosx =—1
Khim = =3 thi0cosx = —1 (vO ly)
Khi m # —3 thi
-1
cosx = 13
Phuong trinh c6 nghiém khi va chi khi
-1 m >3
_ <
1< st
C. Ta bién ddi phuong trinh tré thanh

sin2x +3cos2x = —-2m+1
Khi d6, dé phuong trinh ¢6 nghiém thi
14+9>(-2m+ 1)?
S4m?>—4m—-9<0

1—-+/10 1++/10

=< <
2 —M=T
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Bai 2: Cho phuong trinh cos2x — (2m + 1) cosx + m+1=0
3
a. Giai phuong trinh khim = 3

T 3n>

b. Tim m dé phuong trinh c6 nghiém vao khoang (E Y

Gii: Ta bién doi phuong trinh trg thanh

1
2cos’x—(2m+1cosx+m=0 [cosx =3 (0
cosx =m

3
Khim = > phwong trinh tré thanh

1
cosx—2

T
(x) & <:>x=-_|-§+k2n(kEZ)

3
cosx = > > 1 (loai)
b.

m 31
Khix € (5,7) thi cosx € [—1;0)

Khi do,
1 :
(x) & [cosx = E & [—1; 0) (loai) &S cosx=m
cosx =m
Taco:
cosx € [-1;0) & m e [-1;0)
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Bai 3: Cho phuong trinh sau:

(1 —a)tan?x — +1+4+3a=0

COS X

1
a. Giai phwong trinh khia = 3

. ) /i
b. Tim a dé phwong trinh c6 nhi¢u hon mét nghi¢m trén (0; E)

Giai: biéu kién:
cosxiO@xikz—nﬁLkﬂ(kEZ)(*)
Phuong trinh twong duong voi
(1—a)sin?x—2cosx+ (1 +3a)cos?x =0
S 4dacos’x —2cosx+1—a=0

& (2cosx —1)[a(2cosx+1)—1] =0

_1
cosx-2 1)
a(2cosx+1)—1=0

=

Khi ! hi
1a—2t1

N[ =

T
<=>x=i§+k2n(kEZ)

COS X =

Két hop v6i (), ta nhan nghiém trén 13 nghiém cua phuong trinh.

b.

Khix € (O'E) thicosx € (0;1)
) 2 )

Ta co:
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1) & lcosx ——E (0;1)
2acosx =1-—a

Khi d6, yéu cau bai todn tuong duong voi

( a+0 1
l1-a —<a<1
{0<—<1 3
1—a _
k 20 aqtz
2a

Bai 4: Cho phuong trinh
cos4dx + 6sinxcosx =m

a. Giai phwong trinh khim = 1

. [
b. Tim m dé phwong trinh c6 2 nghiém phan biét trén [0; Z]

Gidi: Phuong trinh dua vé dang

2sin?2x —3sin2x+m—-1=0
a.
Khi m = 1, phuong trinh tr¢ thanh
2sin?2x —3sin2x =0
sin2x =0
3
< sin2x = —5 < —1 (loai)
km
= X = 7 (k € Z)
b.
is
Khix € [0; Z] thisin 2x € [0; 1]
bit f(x) = 2sin?2x —3sin2x + m— 1

Khi do, yéu cau bai toan twong duong voi
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|v |vo
—_
~

VANERAINE N >

(
{?
Lo

>
0)
1)
S 8
2=

Bai 5: Tim m dé phuong trinh sau c6 nghiém

V14 2cosx+V1+2sinx=m
(Dé nghi Olympic 30-4, 2008)

Giai: Khong mat tinh tong quat, ta chi can xét nghiém trén [— T, 7'[]

biéu kién:

Tacod:

{2 + 2(sinx + cosx) + 2V1 + 2 cosx V1 + 2sinx = m? (%)
m>0

batt = sinx + cos x.

_ T 21 3—-1
meE[—g ?] thltE[ > ,\/E]

Mit khéc, ta lai co : t2 = 1 + 2 sin x cos x. Do d9,

(¥) © 2+ 2t + 24/2t2 + 2t — 1 = m?

Xét ham s6
FO =2t+2+22t2+2t—1,t € \Ez_l;ﬁ]
f'@) =2+ At >0
V2tZ+ 2t —1
;e s
f'@®) +

4(vV2+1)
F© /
V3+1
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Tir bang bién thién, ta két luan rang phuong trinh c6 nghiém khi va chi khi

V3+1<m?<4(\V2+1
{ + <r£><0( Do [VB+ism<2VZ+1

Bai 6: Xé4c dinh m dé phuong trinh

cos3x —cos2x+mcosx—1=0

/[
c6 dang 7 nghiém thuoc (— 7 21'[)

(PH Y Dugc Tp.HCM 1999)

Gidi: Phuong trinh turong duong véi
4cosdx—3cosx—(2cos?x—1)+mcosx—1=0
& cosx (4cos?x—2cosx+m—3)=0

cosx =0 (1)

o
4cos’x—2cosx+m—3=0(2)

V6i phuong trinh (1), ta ¢6 nghiém

s
x=§+kﬂ(kEZ)

Dox € (—g;ZTL’) nén

Véi phuong trinh (2), tadédtt = cosx, [t] < 1. Khi d6 :
f®)=4t>*-2t+m—-3=0(3)

Do phuong trinh (1) ¢6 2 nghiém phén biét véi moi x, nén ta can xac dinh m dé phuong

T m 31
trinh (2) ¢6 5 nghiém phan biét thugc khoang (— 5 Zn) \ {E ; 7}
Khi d6, phuong trinh (3) ¢6 2 nghiém t,, t, thoa diéu kién

-1<t;<0<t, <1
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4.f(0) <0 m <3
sS14.f(-1)>0es{im>-321<m<3
4.f(1) >0 m>1

Bai 7: Cho phuong trinh tham sé m
2 cos 2x + sin? x cos x + cos? x sin x = m(sin x + cos x)

a. Giadi phwong trinh khim = 2

T
b. Tim m dé phwong trinh c6 it nhit 1 nghiém thudc [0; E]

(PH Su Pham Tp.HCM 2001)

Gidi: Phuong trinh trong duong vi
2(cos? x — sin? x) + sin x cos x (sin x + cos x) = m(sin x + cos x)
< (sinx + cosx)[2(cosx —sinx) + sinxcosx —m] =0

sinx + cosx = 0 (1)
2(cosx —sinx) +sinxcosx —m = 0 (2)

V&i phuong trinh (1), ta c6 nghiém
s

x=—Z+kn(kEZ)
V6i phuong trinh (2), ta datt = cosx — sinx, [t| < V2. Khi d6, phuong trinh (2) tré
thanh

—t2+4t+1=2m(3)
a. Khi m = 2 thi

2 _ t=1

B)oet-—4t+3=0& [t=3(loai)

T V2 x = k2m
y=1= T
(:)cos(x+4)— > ®[x=—5+k2n (k €eZ)

Vay phuong trinh c6 nghiém
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x = k2w

-_I k2w

X=To AT ey
_ T
lx— 4+1'[

b. Taco:
T s
0Sx§—=>—1S\/§cos(x+—)S 1=te[-1;1]
2 4
Do d6, ta can xac dinh m dé phuong trinh (3) ¢6 nghiém t € [—1; 1]. Xét ham s :
f®) =—-t>*+4t+1,te[-1;1]
f'lt)=-2t+4>0
Ham s6 dong bién trén [—1; 1]. Ta co :

{f(—l) = —4
fQ) =4

Khi d6, yéu cau bai todn tuong duong voi

—4<2m<4=-2<m<?2

Bai 8: Giai va bién luan phuong trinh theo tham sé m

2

m sinx + m? —2

1—tan?x coS 2x

Giai: Dicu kién :

cosx =0
tanx = +1 (%)
cos2x =0

Phuong trinh twong duong voi
m? cos? x = sin? x + m? — 2
Khi @6, ta datt = cos?x, t € [0,1]. Ta dua phuong trinh vé dang

m? —1
m?2+1

m*+Dt=m?-1ot=

(1)
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Tuy nhién, do diéu kién () ta duoc
1
t e (0.1]\ {E}

Do d6, dé phuong trinh da cho c6 nghiém thi

(0<m2_1<1

{ m24+1°= (:){|m|>1
m:i—1 1 Im| = V3

k m2+1¢§

Ta thay, tir phuong trinh (1), ta c¢6 thé suy ra nghiém ctia phuong trinh la

2

m —
x = +arccos +kn(k€EZ
- m2 +1 ( )
Bai 9: Dinh m dé phuong trinh sau c6 nghiém
mcosx m + sinx
2cos2x —1 (cos?x — 3sin?x) tan x

Giai: Ta co :
2cos2x —1=cos?x —3sin?x =1—4sin’x
Nén ta ¢ diéu kién cta bai toan 1a
1

2 =
sin x¢4(*)

sin2x # 0

Phuong trinh dua vé dang

msinx = m + sinx (1)

bat t = sinx, |t] < 1, phuong trinh (1) tré thanh

(m—-1Dt=m(2)

Ta thay, m = 1 khong 1a nghiém cua phuong trinh (2) nén
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Tuy nhién, do diéu kién (*) ta duoc

1
t + {O,il,iz}

Khi d6, diéu kién can va du dé phuong trinh c6 nghi¢m la

( ( 1
—-1< <1 _
mm_1 m <o
m=+*0

{ m—1¢0 =X 1
%+ 3
\ m—1 2 \m = —1

Do do, ta tim dugc gia tri cia m thoa yéu cau bai todn la

me(m oy

Bai 10: Cho phuong trinh chtra tham s6 m

msinx —2 mcosx — 2

m—2cosx m-—2sinx

Khi m # 0 phuong trinh ¢6 bao nhiéu nghiém nam trong doan [207; 257]

(PH Can Tho 1998)

Giai: Dicu kién :

m
COSX # —

2 (%)

sinx # )
Phuong trinh twong duong voi
(msinx — 2)(m — 2sinx) = (mcosx — 2)(m — 2 cos x)
& —2msin?x + (m? + 4) sinx — 2m = —2mcos? x + (m? + 4) cosx — 2m
& 2m(cos? x —sin? x) + (m? + 4)(sinx — cosx) =0

& (cosx —sinx)[2m(cosx + sinx) — (m? +4)] =0
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cosx = sinx (1)

=" ( +n) m? + 4
sin(x+—) =

2v2m

4
Véi phuong trinh (1), ta ¢6 nghiém

(2)

x=%+kn(k€Z)

Véi phuong trinh (2), phuong trinh ¢6 nghiém khi va chi khi
m? + 4
2v2|m|

Do d6, phuong trinh (2) v6 nghiém. Mit khac, ta thdy nghiém cua phuwong trinh (1) thoa
mian diéu kién (*) khi m # 0, ta xét :

Sl(z)(|m|—\/§)2+2S0

T
< — <
{20” ST RS 2T b — 20,2122, 23, 24)

kel

Nhu vy, phuong trinh dd cho ¢6 5 nghiém nam trong doan [207; 257].

Bai 11: Cho phuong trinh chtra tham sé m

p—m + cot?x + m(tanx + cotx) +2=10

Xac dinh m dé phuong trinh v nghiém.

(PH Giao Thong Van Tai 1995)

Giai: Diéu kién :
sin2x # 0 (%)
Phuong trinh twong duong véi
tan? x + cot? x + m(tanx + cotx) +3 =0
bat t = tanx + cotx, |[t|] = 2. Khi do, phuong trinh trd thanh

1
t2+mt+1=0(:>m=—t—z
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sin3x+1—2sin?x =1+4sin3x —sinx
& (2sinx —1)sinx =0

x = km
sinx =0 n
x=—=+k2
. lo 6 " (kem
smx=§ 5
[x=?+k2n

b. Phuong trinh (2) twong duong véi

3sinx —4sin®x —msinx = (4 — 2|m|) sin? x

144

Xét ham s6
1
1
f't) =-1 +t—2 <0,Vt € (—o0,—2] U [2,+0)
t —00 -2 2 o
f1(® - +
+00 5
2
2 —o00
Dua vao bang bién thién, gia tri ciia m thoa yéu ciu bai toan 14
5 < 5
— — m —
2 2
Bai 12:
a. Giai phuong trinh :
sin 3x + cos2x = 1+ 2sinx cos 2x (1)
b. Tim tit ca cac gia tri cia m dé phwong trinh (1) twong duwong véi phuong trinh
sin3x —msinx = (4 — 2|m|) sin? x (2)
(PH Thai Neguvén 2000)
Giai:
a. Phuong trinh twong duong voi
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& sinx [4sin?x +2(2 — |m|)sinx +m—3] =0
sinx =0

At [4sin2x+2(2— Im|) sinx + m — 3 = 0 ()

- Diéukién can :

Phuong trinh (1) va (2) twong duong thi phuong trinh (*) phai dugc thoa béi phuong
trinh

SiInx = E
Diéu nay tuong duong véi
4 ! +22 - |m|) 1 + 3=0
2 m|).5 +m =

S ml=mem=>0

- bicéukiéndu:

Véim = 0 thi
[ sinx =0
2) = 4sin?x —2(m —2)sinx+m—3=0
sinx =0
_ _1
o| sinx=3
. m-—3
sinx =—

Nhu vay, phuong trinh (1) va (2) twong duong véi nhau khi va chi khi

r m=0
rm— 3
—7 =0 =
llm=-3 1 o| mM=4
T=E 0o<m<1
m—3 m>5
7>
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Bai 13: Xac dinh m dé hai phuong trinh sau tuong duong

cos3x =4cos(3m +x) (1)

T
mcoszx+(1—m)sin(z+x)=0(2)

Giai: Phuong trinh (1) tuong duwong voi
4cos3x —3cosx = —4cosx
& (4cos?x+1)cosx =0
< cosx =0
Phuong trinh (2) twong duong véi
mcos?x + (1 —m)cosx =0
= cosx(mcosx+1—m) =0

cosx =0

=
[mcosx+1—m=0

Vé&im = 0 thi phuong trinh (1) va (2) tuong duong v6i nhau.

Vé&im # 0 thi phuong trinh (2) tuong duong

m-—1
cosx = ——

[ cosx =0
m

Do d6, phuong trinh (1) va (2) twong dwong khi va chi khi

m=+*0

m—1 m+*0

— =0 m=1

m =

m-—1 < —
\|—>1 ms3

m

Tur cac gia tri trén, ta cd gia tri m thoa yéu cau bai todn 1a

1
<z-vm=1
m > m
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Bai 14: Cho phuong trinh chira tham s6 m
4 cos® x sinx — 4sin® x cosx = sin?4x +m

Tim tit ca cac nghiém ctia phuong trinh thoa méin bat phuong trinh x* — 3x24+2 <0

¢ D% T[ \ A A ? hY
Biétrang x = — 3 la mOt nghiém ctua phwong trinh

Gidi: Phuong trinh tuong duong véi
4 sin x cos x (cos? x — sin? x)(cos? x + sin? x) = sin® 4x + m
& 2sin2x cos2x = sin4x +m

& sindx = sin? 4x + m (1)
’ s
Thé x = -3 vao (1) thim = -2
Véim = —2 thi (1) tré thanh

sin®4x —sin4x —2=0

sin4x = —1
sin4x = 2 (loai)

ox=—+—(kEeZ
x=-—c+ ( )
Bat phuong trinh twong duong voi
V2 <x<-1(%
1< x < V2 (%)

Ho nghiém vira tim dugc thoa man (*) khi

T km
i—\/iﬁ—g-l-?S—l:)xE@

kel

Ho nghiém vira tim duwgc thoa man () khi
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T km

1S—§+7S\/E=>k=1

Do d6, ta c6 duoc nghiém cta phuong trinh thoa yéu ciu bai toan 1a

_37‘[
Y= 3

- BAI TAP TU LUYEN
5.2.18. Cho phuong trinh:

. (31
5+451n(7—x): 6 tan a
sin x 1+ tan?a

s
a. Giai phuong trinh khia = — "

b. Tim a dé phuong trinh c6 nghiém
5.2.19. Cho 2 phuong trinh sau:
2cosxcos2x =1+ cos2x + cos 3x
4 cos?x —cos3x =acosx + (4 —a)(1 + cos 2x)
Tim a dé 2 phuong trinh twong duong.
(PH'Y Dugc Tp.HCM 1998)
5.2.20. Cho phuong trinh sau:
sinx + (2m —2)sinxcosx — (m + 1) cos?’x =m

a. Giai phuong trinh khi m = —2.
b. Tim m dé phuong trinh c6 nghiém.

5.2.21. Cho phuong trinh sau:
sin2x + 4(cosx —sinx) = m

Tim m dé phuong trinh cé nghiém.
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5.2.22. Tim m dé hai phuong trinh sau twong duong
2sin”“x+(m—1)sin®x + 2m3® - 2m —1)sinx =0
2sin®x +(2—-—m)cos?x+2m3—m—-2=0
(Dé nghi Olympic 30-4, 2007)

5.2.23. Tim tit ca cac gia tri m dé phuong trinh mx? + 2 cos x = 2 ¢6 ding 2 nghiém
phan biét trong [0; E]
' 2

(Dé nghi Olympic 30-4, 2007)

- GOI1 Y GIAI BAI TAP TU LUYEN
5.2.18. Diéu kién:

sinx #0
{ ()
cosa+0

Phuong trinh tré thanh
3sin2asinx + 4cosx =5 (1)

a.

is
Khia = — 2 thi (1) tro thanh

3 +4 _q
5smx 5cosx—
Ta dat
3
cosy = z
.4
smy—5

Khi d6, phuong trinh tr¢ thanh:
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cosysinx +sinycosx =1
S sin(x+y) =1

ox=-y+kn(k€Z)

-3
o x=-— arccos — + kr (k € Z) (thda (x))

b. Yéu cau bai toan tuong duong véi
(3sin2a)? + (4)? > (5)2

{ cosa+ 0
sin?2a > 1

{ cosa+ 0
sin?2a =1

{cosaiO
cos2a =0

7T+kn (kez)
Sa=—+—
=17

5.2.19. Ta dit

{ 2cosxcos2x =1+ cos2x + cos3x (1)
4 cos?x —cos3x =acosx + (4 —a)(1 + cos 2x) (2)

Ta co:
(1) © cos3x + cosx = 1 + cos 2x + cos 3x
& 2cos?x —cosx =0
cosx =0
1
[cosx=§
Lai co:
(2) © 4cos?x — (4cos®>x —3cosx) =acosx +2(4 —a) cos®x
& 4cosdx+ (4—2a)cos?x+ (a—3)cosx =0

& cosx [4cos?x +2(2—a)cosx+a—3]=0

150

TOANMATH.com



Chuong 5 : Phuong trinh lugng giac

1
= cosx(cosx _E) (2cosx+3—a)=0

a—3_0

=

a_3_1 a =
) a=4

=

a—3 " a<l1
2 > a>>5
a—3< 1

2

5.2.20. Khi cosx = 0 ta co:

{cosx=0 {sinzle(:){mzl (:){ m=1
X

- T
sinfx =m sin?x =m sinx =1 =§+k2ﬂ(kEZ)

Vay khi m # 1 thi cos x = 0 khong la nghiém cuia phuong trinh. Khi 4y, ta chia 2 vé
phuong trinh cho cos? x.

Khi d6, phuong trinh tré thanh:
(m—Dtan’x —2(m—Dtanx+2m+1=0

a. Khim = -2 # 1 thitaco
T
tanx =1 <=>x=z+kn(kEZ) (théacosx # 0)

b. Phuong trinh c6 nghiém khi va chi khi

m=1 m=1
{m;tl(:){ m=%=1 S -2<m<1
AN >0 -m?—-m+2=>0
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5.2.21.

T

batt = cosx —sinx = \/Esin(z— x),t € [—\/5\/5]
Phuong trinh tr¢ thanh
—t’+4t+1=m
Pit f(t) = —t> + 4t + 1 =mvoi t € [—V2;V2]
Suyra f'(t) = 4 — 2t > 0v6i t € [—V2;V2]
Nén f(t) dong bién trén khoang [—v2; V2]
Khi d6 tap gia tri cua £(¢) 1a [f(—V2); F(V2)] = [-4V2 — 1;4V2 + 1]
Vay phuong trinh ¢6 nghiém khi va chi khi f(t) = m c6 nghiém t € [—v/2; V2]
o me [-4vV2 - 1;4V2 + 1]
5.2.22. Ta dit

{Zsin7x+(m—1)sin3x+(2m3—2m—1)sinx=0(1)
2sin®x +(2—m)cos?x+2m3—m—-2=0(2)

Phuong trinh (1) Iudén cé nghiémla sinx =0 < x = kn (k € Z)

Vay phuong trinh (1) tuong dwong v6i phuong trinh (2) thi diéu kién can 1a phuong
trinh (2) phai ¢6 nghiém x = krt (k € Z)

Khi do:

(2) & 2sin®(kr) + (2 —m) cos?(kn) +2m3 —m—-2=0

m=20
S|lm=1
m=-—1

Khi m = 1 thay vao 2 phuong trinh va giai ra 2 tap nghi¢m khong trung nhau nén loai

m=1.

Khim = —1 vam = 0 thay vao 2 phuong trinh va giai ra 2 tap nghi¢m trung nhau nén
nhan m = —1.
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Chuong 5 : Phuong trinh lugng giac

~ [m= X .
Va [ thoa yéu cau bai toan.
y m=—1 y

5.2.23. Chtrng minh dugc x = 0 1a mdt nghiém cua phuong trinh.

X
4sm2§ sin t\ 2 X A
haym=(T) ,t=—E(0;—]

Voix € (0;%] thim = 2

L . sint\? s
Xét ham so f(t) = (T) trén khoang (0; Z]

. T
Ta ching minh dugc f(t) nghich bién trén (0 ; Z]

Do lim £() = I sintz_l\ my 8
o limf _tl—r>%< t ) B Vaf(4)_n2

Thé nén diéu kién can va du dé thoa yéu cau bai toan 1a f(t) = m c6 diing mot nghiém

trong (O;%] la % <m<l1
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Chuong 6 : H¢ phuong trinh lugng gidc

CHUONG 6
HE PHUONG TRINH LUONG GIAC

I.  TOM TAT MQT SO PHUONG PHAP THUONG GAP

1.  PHUONG PHAP THE
- Phuong phap thé 1a mot phuong phép co ban trong viéc giai hé phuong trinh

luong gidc. Thong thuong, ta co ba cach st dung & phuong phap nay : thé truc
tiép, bién doi roi thé sau, giai tim nghiém ctia mot phuong trinh roi thé vao
phuong trinh con lai.

2. PHUONG PHAP CONG DAI SO

- Trong phuong phap nay ta s& c6 mot s6 loai co ban can nam :

(sinaxsin fx = a

(cosax cosffx =b

(sinaxsinffx =a

(m tan ax = ntan fx

cosax cosfix =a

(m tan ax = ntan fx

cosaxsinfix =a

tanaxtan fx = b

sinaxcosfx =a

sinfxcosax =b

- O nhitng loai nay ta thuong c6 ba bude giai : ddi tan ax , cot fx thanh

1. Loail:

1n. Loai2:

m. Loai3:
iv. Loai4: {

v. Loai5 :{

sin ax , cos Bx; cong va trir hai phuong trinh ctia hé dé dugc mot hé phuong
trinh mé&i co ban hon; giai hé vira c6 dé tim nghiém.
3. PHUONG PHAP KHU SAU KHI BINH PHUONG
- C6 hai dang dac trung trong phuong phéap nay :

f(x) = asinay . (fy) = asinbx
{g(x) = acosay hogc {g(y) = a cos bx

- Phuong phap nay ciing thuong gdm ba budc giai : binh phuwong hai vé hai
phuong trinh cta h€; cong lai thi dugc mét phuong trinh mot an so; giai
phuong trinh vira tim dugc rdi thé nghiém vao hai phuong trinh ban dau dé
kiém tra.

4. MOT SO PHUONG PHAP KHAC

- Ngoai ra, ta con c6 nhiéu phuong phap khac, chang han nhu : dit an phu; str

dung bét dang thuc c6 dién, ding dao ham...
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Chuong 6 : H¢ phuong trinh lugng gidc

II. CAC BAI TAP MINH HQA

Bai 1: Giai hé phuong trinh sau:

sinx +siny =1
() i
+ty=+2
x+y 3

Giai: Ta co

x —
2 sin ycos Y =1
(x) &< . -

=5 2

Wl

x—y=k2m
n (k€Z)
X+y=3

T
x =—+ k2w

T (kez)
y=——k2n

Bai 2: Giai hé phuong trinh sau :

2 3 z
x—3y=—

3
(*)

_ V3
sin 2x cos 3y = —

Giai: Ta co

s
2x—3y=§
() &

4

> [sin(2x + 3y) + sin(2x — 3y)] = V3
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Chuong 6 : H¢ phuong trinh lugng gidc

2 3 _r
= R
T 3
sin(2x + 3y) + sin— = —
3 2
2 3 =z
TT3 (kew
2x + 3y =kn
n+kn
X=—+—
12 4
= ) n+kn(kEZ)
Y=718" 6

Bai 3: Giai hé phuong trinh sau:

(*){sinx+ siny = V2
CosSXx + cosy = V2

(PH Y Dugc Tp.HCM 1997)

Giai: Ta co
sinx —cosx +siny —cosx =0
() (:){sinx+cosx+siny—cosx =22
(:H(sin(x—%)+sin(y—%) =0
ksin(x+z)+sin(y+z) =2
(sin(x—%)+sin(y—%) =0
=3 sin(x+%)=1
\ sin(y+%)=1
rsin(x—%)+sin(y—g) =0
= 4 x =7+ k2m (k,l € 7)
\ y=%+l2n
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Chuong 6 : H¢ phuong trinh lugng gidc

T
x=—+k2n
= il (k,l € 7)
y=Z+12n

Bai 4: Giai hé phuong trinh sau:

1
(x){SInXCOSY = =2

tanxcoty =1

Gidi: Diéu kién:
cosxsiny # 0
Ta co:

sin(x + y) +sin(x —y) =
(x») & sin x cos Sinx cosy
cosxsiny

—1=0

PR {sin(x +vy) +sin(x —y) = —

sinxcosy —cosxsiny =0

0

{sin(x +y)=—
sin(x —y) =0

(k,leZ)

0

{x+y— —+ k2m

Rk + Dm

=

xX=—-—

4 2

{ n (Qk-Dr (k,L € Z)
y=—z+—

2

0

Bai 5: Giai hé phuong trinh sau :

{cos3x —cosx +siny =0 (1)
sin®y —siny + cosx = 0 (2)

(PH Ngoai Ngit Tin Hoc Tp.HCM 1997)

157
TOANMATH.com




Chuong 6 : H¢ phuong trinh lugng gidc

Giai: Lay (1) + (2) theo timg vé, ta co :
cos>x +sin®y =0 & siny = —cosx (3)
Thé (3) vao (1), ta duoc
cosx (cos’x—2)=0< cosx =0

Véicosx = 0 thi siny = 0, khi do

T
r25+k”wJem
y=lIn

Bai 6: Giai hé phuong trinh sau :

V2cosx =1 + cosy
() . .
V2sinx = siny

(PH Su Pham Vinh 1997)

2cos?x =14 2cosy +cos?y (1)
2sin?x = sin?y (2)

ORY
Lay (1) + (2) theo timg vé, ta co :
2(cos? x + sin? x) = cos?y + sin?y + 2cosy + 1
T
(:)cosy=0<=>y=§+kn(kez)
- Néuk =2l €Zthi

V2

T
(*) (:)cosx=sinx=7<=>x=z+m2n(mEZ)
Vay nghi¢m cta hé 1a :
s
X =—+m2n
4 (m,l € 7)
_’y=z+127'[
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Chuong 6 : H¢ phuong trinh lugng gidc

- Néuk=2l+1,l €Zthi

( V2
cosx—7 T : )
(x) & Sx=——+m2n(MEZ
\ T2
Vay nghiém ctia h¢ 1a :
T
X =——4+m2n

(m,l € Z)

T
y=z+(21+1)n

Bai 7: Giai hé phuong trinh sau :

sinx —7cosy =0
(*){SSiny—cosx =6

sin? x = 49 cos?y (1)
cos?x = 25sin’y — 60siny + 36 (2)

() |
Lay (1) + (2) theo timg vé, ta co :
25sin®’y + 49 cos?y — 60siny + 36 =1
& 2sin?y+5siny—7=0

smy—l -
= S y==—+k2n (k € Z)
siny = —= (1oa1) 2

Khi do,

sinx =0 _
(*)(:){Cosxz_lﬁx—n+12n(lEZ)
Thur lai, ta nhan nghi¢m cta hé 1a :

{x=n+12n

T
y=§+k2n Lk eZ)
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Chuong 6 : H¢ phuong trinh lugng gidc

Bai 8: Giai hé phuong trinh sau :

tan x + sin 2y = sin 2x
O s
2sinycos(x —y) =sinx

Giai: Diéu kién :

T
x¢5+nn(n€Z)

Taco:
tanx + sin 2y = sin 2x
() = { sin(2y —x) =0
- {tan(Zy — km) + sin2y = sin(4y + k2m) (k € 7)
x=2y—km
Suy ra

tan 2y + sin 2y = sin 4y

(:)sinZy( +1—2c052y):0

cos 2y

sin2y =0
= |2 cos?2y — cos2y —1=0

sin2y =0 Y=

cos 2v = 1 sin2y =0 -
y = le|ly=—=+mn (meZ)
c052y=—§ 3

s

1
COS2y = ——
2 _y=§+mn

Ung voi x = 2y — km va diéu kién bai toan, ta c6 nghiém cua hé 1a :
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Chuong 6 : H¢ phuong trinh lugng gidc

Bai 9: Giai hé phuong trinh sau :

1
sinTx cosmy = —

) 3tanmx = tany
O<x+y<?2
Giai: Diéu kién :
1
X F > +m
1 (m,n€Z)
+ -+
Taco:
_ 1
() & | sinmx cosmy = 2

3sinmx cos Ty = Sin Ty COS X

(.
sinx cosmy =

= 4

Ksin MY COSTTX =

Bl Wb | =

sint(x +y) =1
= 1
sinmt(x —y) = —3

. i
m(x +y) =E+k2n

T
s {|nlkx—y) =—g+12n (k,l €7)

_77‘[
\ n(x—y)—?+l2n
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Chuong 6 : H¢ phuong trinh lugng gidc

—1+k+l
*=%
1
y=-+k-1
= g’ (k,1 € 7)
= tk+1
x 6+ +
= 1+k l
\V = 3

V6i0 < x +y < 2 thi k = 0. Do d6, két hop voi diéu kién bai toan, nghiém cua hé 1a

Ly oy
X == X ==
6 6
1 lv 1 l(lez)
Yy=3 y=73

Bai 10: Giai hé phuong trinh sau :

1
sinx + cosx =E+siny—cosy

3
2 sin 2x =E+sin2y

Giai: Ta dat

u =sinx + cosx :\/Esin(x +E)
¥ (wve[-VzV2]) (9
v=siny—cosy=\/§sin(y—z)

Khi d6, hé phuong trinh twrong duong véi

( 1,
u—2 v

r 1
u=-+v
=5 2
2<l+v+v2)+v2—2
\" \4 2
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Chuong 6 : H¢ phuong trinh lugng gidc

1
PN u—z+v

3v2+20—-4=0

(14 2V13
u=——-"
6 »
thoa (x
-1+ V13 ( ( ))

vV =

\ 3

=2

.
=sina

1+2V13
)=
sin(y 1) = VI3
Y 32

sin (x +

SE

= A

= sinf
\

[x=a-Z+k2
X = 4 T

3T
x=T —a+ k2n
=<0 T (k,l €Z)
y=ﬂ+z + 127

5t
y=—4—ﬂ+l2n

Bai 11: Giai hé phuong trinh sau :

{cosx —cos2y =x—2y (1)
tanx = 3tany (2)

Gidi: Diéu kién :

s

X#F-+mn
e (m,n € Z) (%)
F-+n
O phuong trinh (1) ta c6 :
COSX —X = COS2y — 2y

Do d0, ta s& khao sat ham sb

f(t) =cost—t,teR
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Chuong 6 : H¢ phuong trinh lugng gidc

f'(t)=—sint—1<0
Vay ham sb nghich bién. Do d6, x = 2y
Thay vao (2) ta duoc :
tan2y = 3tany
o tany (1 —3tan?y) =0

rtany =0

Tir d6, két hop voi didu kién (), ta nhan duoc nghiém cua hé 1a
Z ik Tk
N X == T X =—= T
{x __Zkk; Vv 3 % 3 (k € Z)
Y= y=g+kn y=—g+kn

Bai 12: Giai hé phuong trinh sau :

tan x + cotx = 2sin (y +E) (1)
4

tany + coty = 2sin (x —E) (2)
4

Giai: Dicu kién
km

X:#?
2 (k1) ()

i_
)

Tacé:
|tan x + cotx| = |tan x| + |cotx| = 2

2|sin(y+%)| <2
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Chuong 6 : H¢ phuong trinh lugng gidc

Nén (1) twong dwong voi

tanx + cotx = 2 tanx + cotx = —2
(I){ , ™ _ V(II){ : ™ _ _
sm(y+4)—1 sm(y+4)— 1

Giai (1) :

tanx =1
{sin (y+z) =1

4
s
x=Z+pn
= - (p,q € Z)
y=Z+q2n

Nghiém trén thoa diéu kién cua hé, ta thé vao (2):

VT =tany + coty = tan (% + q27t) + cot (% + q27r) =2

VP = 25in(x—7—D = 2sinpr =0

Do d6, nghiém trén khong la nghi¢ém cua hé.
Giai (ID) :
{ tanx = —1
_ /[
sin (y + Z) =-1
/[
X=—-——+pn

4
S 3 (p.q € )

=——+q2
y=-——tqn

Nghiém trén thoa diéu kién cta hé, ta thé vao (2):

3 3
VT =tany + coty = tan (_T+ q2n> + cot(—T + q2n) =2
, s _ s —2;néup chin
VP =2sin(x ——)=2sin|—=+pr) = .
(x-3) (-5 +#7) { 2 ;néuplé
Do d6, két hop voi diéu kién (), ta nhan duoc nghiém cia hé 1a
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Chuong 6 : H¢ phuong trinh lugng gidc

T
x=—Z+(2m+1)n

=——+q2
y=-——tain

Bai 13: Giai hé phuong trinh sau :

sinx + siny = sin(x + y)
(*) _
lx| + |yl =1
Giai:
o x+ty x—y_z o xty x+y
(*)(:)!Zsm > cos > = sin > cos 5
lx| + [yl =1
: x+Y_O x—y  x+Yy
‘E’(Uism 2 hoac (2){COS__COS 2
x| + 1yl =1 x|+ |y| =1
Giai (1) :
x+y=k2n
k€eZ
ﬁﬂ+b4=1( )

Vi |k2r| = |x + y| < |x| + |y]| =1 nén k = 0. Suy ra

{ x+y=0
x|+ 1yl =1

Do do6, nghiém cua hé 1a :

wnefzi-3)(-23)

Giai (2) :
X—y | x+ty
[2 =4 > +k2n(kEZ)
x|+ |yl =1
x|+ |yl =1
{y=—k2n (k € Z)
< x = k2w
lela byl 21 k€D
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Chuong 6 : H¢ phuong trinh lugng gidc

Dénh gia tuong ty nhu trén, ta ¢6 nghiém cua h¢ 1a :

(x;y) € {(1;0),(—=1;0),(0; 1), (0; —1)}

Bai 14: Giai hé phuong trinh sau :

(3\/§x1 = COSTTX,

3\/§x2 = COSTTX3
{ 3\/§x3 = COSTTX,
k3\/§x4 = COSTTXq

Gidi: Vi ham s cos t c6 chu ky tudn hoan 27 va ta thiy 0; 2 déu khong 1a nghiém cua

hé nén ta xét hé trén (0; 2m).

bit t; = mx; ,i = 1; 4. Khi do ¢; € (0; 2m) va hé twong duong véi

(3v3
Ttl = cost, (1)
3v3
—t, = cost; (2)
! ™
3v3
Tt?, = cost, (3)
3v3
—t, =cost; (4)

\ T

Cong theo vé cac phuong trinh cua hé, ta duoc

_Z ti = COS ti
7T . .
=1 =1
- 3v3
(:)Z cost;——t; ] =0
2 T
=1

V3

. /i
Néu t; < ‘ thi & phuong trinh (1) ta dugc cost, < -

. T
Vit, va cost, cungdau;t;, € (0;2m) nént, < ‘
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Chuong 6 : H¢ phuong trinh lugng gidc

/[
Tuong tu vay, ta dugc t; < 3 (%)

Mt khéc, ta xét ham so

3v3

fw) = cosu—Tu,uE R

3v3

'(W) = —sinu ——< 0
f'(uw) sinu -

Do d6, ham sb nghich bién. Két hop véi (), suy ra :

4

Z <cos t; —ﬁtl) >0()
T

i=1

/[
Tuong ty véi truong hop t; > e ta dugc

s /[
Dot; = 3 théa man h¢ phuong trinh, nén tanhan t; = o lam nghiém
Khi do,

1
x1=x2=x3=x4=€

Bai 15: Giai hé phuong trinh sau :

1
sin x cos y sin(x + y) +§= 0(1)
x=vy+z(2)

Giai: Ta co :

1) e % [sin(x + y) + sin(x — y)] sin(x + y) + % =0
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Chuong 6 : H¢ phuong trinh lugng gidc

1 1
[sm(x +y)+ —sm(x — y)] + i Zsm2 x—y)=0

1 1
P [sin(x +y)+ Esin(x — y)] + Zcosz(x -y)=0

- {sin(x +y)= —%sin(x -y)

cos(x—y) =0
. 1 . 1
@(sm(x+y)——§v!sm(x+y)—§
sin(x —y) =1 sin(x —y) = —1
- T - ( T
xX+y=——=+k2n x+y=—=+k2n
6 ) 6
/s s
x—y=5+12rc Kx—y=——+l27r
= . Vi, cr (k,l€Z)
xX+y=—+k2n x+y=—+k2n
6 ) 6
— —E+12n X — ——E+l2n
TV =3 7Y =73
Ifx=—+(k+l)n |(x=_g+(k+l)”
s
{J’=—§+(k—l)ﬂ {y=—+(k D
| T |
k Z=§+l27'[ kz=——+l2n
| . Vi, (k,l€Z)
x=?+(k+l)7r x=g+(k+l)n
T 21
<y=§+(k—l)7r <y=?+(k—l)ﬂ
T _om
R\ Z—E—i—lZn | Z——E+l2n

Bai 16: Giai h¢ phuong trinh sau :

x+y xX—y
_|_
> cos >

cosx + cosy — 2sin?2y =0

sin? x — 2 sin x cos 2y = cos -2
() Y
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Gidi:

X
sin? x — 2sinx cos 2y = 2cos—cosX— 2 (1)
) o N yz 2
2c0522y+coszz+coszz— 2=0(2)

Lay (1) + (2) theo timg vé, ta duoc
(sinx — cos 2y)? + (cosf — cos —) =0
2 2

sinx = cos 2y (3)
=

X
cosz = cos% (4)
Gii (4) :
X =y+ki4n
[x = —y + k4n (k € Z)

Véix =y + k4m, ta thay vao (3) :

sin(y + k4m) = cos 2y

& cos 2y = cos (g —y)

I T
2y=—-—y+12m

. 2 (€
2y=y—E+l27T

T[+l27'[
y=—-1T—7
= 6 3 (len
_y=—z+127'[

Do do, ta co :

T 127 T

X=E+T+k4ﬂf X=——+(l+2k)27l'
) v () 2 (k,l € 7)
_7T+127T y=—z+l2n
Y=6"3 2

Lan lugt thay (I), (I) vao (*) ta nhan (II) 12 nghiém cua hé.
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Véix = —y + k4 thay vao (3), ta dugc :
cos 2y = sin(—y + k4m)

& cos 2y = cos (E+y)

2
T
y==+12n
= B n+12n(lez)
Y= 7673
Do do, ta co:
T m  12m
x=—5+(2k—l)21'[ x=6—7+k4rr
(11D T v (IV) 12
y==+102n y:_E+_’T
2 6 3

Lan luot thay (I1I), (IV) vao () ta nhan (III) 12 nghiém cua hé.

- BAI TAP TU LUYEN

6.1.1. Giai cac hé phuong trinh sau

( 2V3
tanx +tany = —
a. <
tx + coty = 2\/5
kcox coty = 3
(cosx_l
b <cosy_Z
T
Kx+y—§

sin?x + sin®’y = =
2
T

X—y=§
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'
x—y=§

cos?x + cos?y = 1+T

6.1.2. Giai cac hé phuong trinh sau

{tanx—tany—tanxtany= 1
a.
c052y+\/§c052x =-1

1

b. {Sinx—cosy =2
sinxcosy = —1
. . V3
sinx —sin2y = —
C. { 2
+ 2 !
cos2y ==
 cosx y >

sinx = sin 2y

(
icosx =+2cosy
|

d. x € [0; ]
T
l vel-7:4]

6.1.3. Giai cac hé phuong trinh sau

5x + 8y =2m

cotx —coty=x—y
a {
O<xy<m

3

{COS(X +y) = 2cos(x —y)
b
cosX COSy =7

_ 3
tan x + cotx = 2 sin (y _T)

C. T
tany + coty = 2 sin (x +Z)

172

TOANMATH.com



Chuong 6 : H¢ phuong trinh lugng gidc

( Xy sin x
e = —
siny

d. {10 x6+1=3y*+2)
E( .Sn)
k X,y n,4

sinasinbsinc #0

6.1.4. Cho {cos a,cos b, cos c khac nhau tirng d6i mot

Giai hé phuong trinh sau :

xsinb + ysin 2b + zsin 3b = sin4b

{xsina+ysin2a+zsin3a = sin4a
xsinc + ysin2c + zsin 3¢ = sin4c

- GOI1 Y GIAI BAI TAP TU LUYEN

6.1.1. Nghiém cua h¢ phuong trinh la:

y =—kn
[
X=g+k7'[
c T (k €Z)
y=—g+k7'[
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6.1.2. Nghiém cua h¢ phuong trinh la:

( Sm
x=—+m+n)rn

a. « 6 - (m,n€Z)
L y=g+nn

b. x_2+mn(m,nEZ)
y =m+n2n

o

2T X = m2m

y=nm y=?+nn

d. V6 nghiém

6.1.3. Nghiém cua hé phuong trinh la:

21
X =—
13
a _27r
Y713
T T
x=g+(m+n)n x=—g+(m+n)7r
b. - v p (m,n €Z)
y=—g+(m—n)7r y=g+(m—n)n
T
X =Z+kﬂ
C. 5 (k,l e Z)
=—+12
d x=y= /5+\/§
6.1.4. Nghiém cua hé phuong trinh la:
x = —8cosacosbcosc+ 2(cosa + cosh + cosc)
y = —4(cosacosbh + cosbcosc + cosccosa) — 2

z = 2(cosa + cosb + cosc)
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CHUONG 7
BAT PHUONG TRINH LUONG GIAC

I.  TOM TAT MQT SO PHUONG PHAP THUONG GAP
- Dé giai mot bat phuong trinh luong giac, ta thuong dung hai phuong phép sau :
1. Phuwong phap 1 : Dua bat phuong trinh vé cac dang co ban nhu : cos x >
a;sinx < a;tanx = a; cotx < a ... Thong thuong ta dung duong tron luong giac
dé tim cac ho nghiém tuong tng.
2. Phwong phap 2 : Viét bit phuong trinh vé tich hodc thuong cac ham sb lugng
gidc dang co ban. Xét dau cac thira sb tir d6 chon nghiém thich hop.

CAC BAT PHUONG TRINH CAN NAM

- cosx=a
e Néu a > 1, bt phuong trinh vo nghiém.
e Néu a = 1, bt phuong trinh c¢6 nghiém 1a :

x =k2n (k € Z)
e Néu—1 < a < 1, bat phuong trinh c¢6 nghiém 1a :
—arccosa + k2w < x < arccosa + k2m (k € 7)

e Néua < —1, bt phuong trinh ¢ v6 s6 nghiém.
- sinx=a

e Néu a > 1, bat phuong trinh vo nghiém.

e Néu a = 1, bat phuong trinh c¢6 nghiém 1a :

s
x=5+k27'[(kEZ)
e Néu—1 < a < 1, bat phuong trinh c6 nghiém 1a :
—arcsina + k2m < x < arcsina + k2n (k € 7)

e Néua < —1, bat phuong trinh ¢ v6 s6 nghiém.
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- tanx = a conghiémla:
T
arctana+kn§x<z+krr(k €Z)

- cotx = a codnghiémla:

km < a < arccota + km (k € Z)

II. CAC BAI TAP MINH HQA

Bai 1: Giai bt phuong trinh sau :

sinx —cosx + 1

sinx +cosx —1

Giai: Bat phuong trinh twong duong voi

(sinx —cosx + 1)(sinx + cosx—1) >0

& sin?x — (1 —cosx)? >0

& 1—cos?x—(1—2cosx +cos?x)>0
& 2cos?x—2cosx <0
=0<cosx<1

2 2 (k eZ)

T T
{:){——+k2ﬂ<x<—+k2n
x # k2w

Bai 2: Giai bat phuong trinh sau :

5+ 2cos2x < 3|2sinx — 1|

Giai: Tadat: t =sinx,t € [—1; 1]
Bét phuong trinh twong duong voi
54 2(1 —2t%) < 3|2t — 1|

& 7 —4t2 <32t -1
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(7 — 4t%? < 6t — 3
) 1
t>—

[\

7 —4t?> <3 —6t

t<—

[\

T
x =—+ k271

2
11w

51 (keZ)
?-I-kZTL'SxST-l-kZT[

Bai 3: Giai bat phuong trinh sau

83
cotx —tanx — 2tan 2x — 4 tan 4x <T

Gidi: Dicu kién :

sinx # 0
cosx #0
cos2x # 0
cos4x 0

I
<=>sin8x¢0=>x¢§(lEZ)(*)
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Bét phuong trinh twong duong voi

83

2cot2x —2tan 2x — 4tan 4x <T

8v3
& 2(cot2x —tan 2x) — 4tan 4x < =

8v3

& 4(cotdx —tan4dx) < =

V3
< cot8x <?

T
(:>§+kn<8x<rt+kn(kEZ)

T km T km
N - — R (=l h”
<:)24+8<x<8+8(k ) (théa (x))

Bai 4: Giai bt phuong trinh sau :

cotx —tanx — 2tan 2x — 4tan4x — 8tan 8x > 16\/§

Giai: Dicu kién :

lm
sinl6x¢0@x¢g(l€z)(*)

Bat phuong trinh twong dwong voi

1 —tan®x
= 2Jtan2x — 4tan4x — 8tan 8x > 16V3
tan x
(:)2( —tan2x)—4tan4x—8tan8x216\/§
tan 2x
(:)4( —tan4x)—8tan8x216\/§
tan 4x

1
<:>8< —tan8x)216\/§
tan 8x

& cot16x > V3

178

TOANMATH.com



Chuong 7 : Bt phuong trinh lugng giac

T

Skt<x <
TSX=96

+ %ﬂ (k € Z) (thoa (x))

Bai 5: Giai bat phuong trinh sau :

sin 3x + cos 3x
14+ 2sin2x

Giai: Diéu kién :

7T ]
x¢1%+ T LeD
X F —E + I
Bét phuong trinh twong duong voi

3(sinx — cosx) — 4(sinx — cos x)(1 + sin x cos x)
1+ 2sin2x

. 1.
o (sinx — cosx) [3 —4(1 +§sm2x)] 1

1+ 2sin2x o

< cosx —sinx <1

<:>cos(x+E)Si

47 72
3n
(:)kZﬂSxS7+k2n(kEZ)

Két hop v6i (*) ta c6 nghiém cua bat phuong trinh 1a

r 3T
k2n§x£7+k2n
71
X — +1 (k,l € Z)
x¢12+ T
T
L X:/:—E-l-lﬂ'
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Bai 6: Giai bat phuong trinh sau

3
2cotx —tanx < ?+ 2 cot2x

Giai: Diéu kién :
I
sianiOﬁxi? (leZ) (%)

Bét phuong trinh twong duong voi

3
cotx + (cotx —tanx) < X + 2 cot 2x

3
S cotx +2cot22x < ? + 2 cot2x

V3

&S cotx < —
3

i
@§+anx<n+kn(kEZ)
Két hop véi () ta c6 nghiém cta bat phuong trinh 13

s
5+kn$x<n+kn(k¢4l+1;lEZ)

Bai 7: Tim nghiém ctia bat phuong trinh
1
V3 cos? x +Esin 2x >3 (1)

Thoa mén bat phuong trinh log(x? + x + 4) < 1 (2)

Giai: Bat phuong trinh (1) twong duong véi

V3 1
7(1 + cos 2x) +Esin 2x >3

& V3 cos2x + sin 2x > V3
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<=>s'n(2x+n) >\/§
i —)>=
3 2

T
@anng+kn(k€Z)

Bit phuong trinh (2) twong duong véi
X’ +x—-6<0e -3<x<2

Do d6, nghiém cua bat phuong trinh di cho 1a

0<x<

NS

Bai 8: Giai bt phuong trinh sau :

2cos2x +sin2x < tanx

Gidi: Diéu kién :
T
cosxiO(:)x¢5+ln(lEZ)(*)

Dit = tan x, t € R . Khi d6, bat phuong trinh twong duong véi

1—t? 2t
<t

2. + <
1+t%2 1+¢t?

St342t2-t-22>0

t>1

‘:’[—ZSts—l

Véi -2 <t<-—1thi
s
—a+kn<x< —Z+kn(k € Z;tana = 2)

Véit > 1 thi

T T

—+kn<x<=-+kn(k€Z)

4 2
So v&i diéu kién (*), ta nhan 2 nghiém trén 1a nghiém ctia bat phuong trinh.
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Bai 9: Giai bat phuong trinh sau :
2 cos 2x + sin? x cos x + sin x cos? x > 2(sinx + cos x)

(PH Kinh Té Tp.HCM 1997)

Giai: Bat phuong trinh tuong duong véi
(sinx + cosx)[2(cosx —sinx) + sinxcosx —2] > 0
biat f(x) = (sinx 4+ cosx)[2(cosx — sinx) + sinx cos x — 2]

Do ham s6 tudn hoan c6 chu ky 27 nén ta chi can xét ddu cua f(x) trén [0; 27].

Ta co :
. sinx + cosx =0 (1)
f(x)_0(:)[2(cosx—sinx)+sinxcosx—2=O(2)
V6i (1) :
T
om * =7
\/Esm(x+z)=0(:> _37T
T
Véi (2),taddtt = cosx —sinx, [t| < V2 :
_ 42
2t + —-2=0
(:)[ t=1
t = 3 (loai)
Suy ra
T 1 x=0
= —_ 3
cos(x+4) \/E{E)[x=7

Lap bang xét ddu cua f(x) trén [0; 27r] ta thiy
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X ‘0 3n 3—n 7—n 2T
4 2 4
f(x) ‘0 - 0 + 0 - 0 + 0

Nhu véy, ta c6 trong 1 chu ky nghiém cta bat phuong trinh 13

37T< <37‘[
4 S5

7T

—<x<2
2 x s

Do d6, nghiém cua bat phuong trinh 1a

3T 3
— + k2t <x<—+ k2@

4 . (k eZ)

7T
T+k2n<x<2n+k2n

Bai 10: Giai bat phuong trinh sau :

sin 2x + sin4x > sinx + sin 3x +

Giai: Dit f(x) = —sinx — sin 3x + sin 2x + sin 4x
Do ham s6 tudn hoan c6 chu ky 27 nén ta chi can xét ddu cua f(x) trén [0; 27].
Ta c6, bat phuong trinh tuong duong véi

2sin3xcosx — 2sin2xcosx > 0

5x  «x
=S cosxcos7sm§ >0

5x

PN cosxcos7> 0

0<x<2m

Lap bang xét dau trén [0; 2] ta thiy
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T T 3 7T 31 ot
X — — — T — — — 27
5 2 5 5 5
Cos X + + 0 - — — - 0 + +
5
cos;x + 0 - - 0 + 0 - 0 + + 0 -
5x
Cosxcos7+0—0+0—0+0—0+0—
Suy ra nghiém ctia bat phuong trinh 13
T
k2n<x<§+k2n
T 31
E+k2n<x<7+k2n
71 (k € Z)
n+k2n<x<?+k2n
3T o
—+ k2n<x<—+k2n
L 2 5
Bai 11: Giai bat phuong trinh sau :
sinx + 2cosx
3Vtanx + 1. < 21-vtanx

sinx +3cosx

Gidi: biéu kién :

tanx = 0
{ ()
cosx =0

Bit phuong trinh trong duong voi

tanx + 2
3Vtanx + 1. ——— < 21-vtanx

tanx + 3

Pit t = tan x,t > 0, ta dua bat phuong trinh tro thanh

Ta xét ham so
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1 t+2 1
. +Vt+1l.——|>0
2t+1 t+3 (t+ 3)2

Do d6, f(t) dong bién trén [0, o)

F©=3|

Ta xét thém ham s

g®) =21V >0

1
') =2t —=<o0
g'() NG

Do d6, g(t) nghich bién trén [0, )
Suy ra v&i moi t € [0, )

{f(t)Zf(O) =2
gt) < g(0) =2

= f(t) 22> g(t),vt € [0,00)
Nhu vay, ta c6 :
fM=gt)=2e=t=0
Khi do,

tanx =0 = x = kn (k € Z) (théa (*))

Bai 12: Giai bat phuong trinh sau :
7+/tan x (sin? x + 3 cos? x) < 63V3(sin? x + 4 cos? x)

(Dé nghi Olympic 30-4, 2006)

Giai: Diéu kién :
tanx = 0
{ ()
cosx =0

Bat phuong trinh twong duong voi

tan? x + 3
——<
tan?x + 4

7+vtan x. 63
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Pit t = tanx,t > 0. Ta dua bat phuong trinh tré thanh

7+/t.

Ta xét ham so

t2 43
t) =7Jt.——,t >0
F© = TWem—g

£ =7|—

Do d6, f(t) dong bién trén [0, o0).

Suy ra :

f)<6V3et<+3

Nhu vay,

— .tV >
2\t t2+4 (t% + 4)?

T
OStanxS\E(:)anxS§+kn(kEZ)(th()a(*))

- BAI TAP TU LUYEN
7.1.1. Giai cac bat phuong trinh sau

a. cos?x ++V3sinxcosx <1

b. sin(cosx) < 2

sinx — cosx
c ———>0
SInXx + cosx

7.1.2. Giai cac bat phuong trinh sau :
a. sin3x 4+ sinx < sin 2x

1
b. sin3 xsin3x — cos3 x cos 3x < 2
1 5
C. cosx + > —
cosx 2
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7.1.3. Giai cac bat phuong trinh sau :
a. V3cotx —tanx >V3 -1

b. 2tanx + cotx > V3 + -
sin 2x

2cosx —1
C. =>2
cos2x + cosx

7.1.4. Giai cac bat phuong trinh sau :

a. cosx —sinx —cos2x >0

b. cosx +cos2x > cos3x+ 1

tanx — sinx X
c. ————— <+/3tan=
tan x + sin x 2

- GOI Y GIAI BAI TAP TU LUYEN
7.1.1. Nghiém ctia bt phuong trinh 13 :

T
a. §+k7r<x<7r+k7r(kEZ)

T T
b. a+k2n£x£2n—a+k2n,a€(0;§) ,Cosa=g,kEZ

T 3
C. E+kn<x<z+krc(kEZ)
7.1.2. Nghiém ctia bat phuong trinh 1a :

r 3T
7T+k27r<x<7+k27'[

T T
a. §+k2n<x<§+k2r£ (keZ)

T
—§+k2n<x<k2n

b. V6 s6 nghiém

Vs T
E+k27’[<XS§+kZT[

¢ |3, S (k eZ)
7+k2n<xg?+k2n
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7.1.

3. Nghiém cua bat phuong trinh 12 :

T T

—E+kn<x<——+kn
- (k ez

kn<x<Z+kn

T T
b. §+anx<§+kn(k€Z)

21 4
C. ?+k2nSxS?+k2n(kEZ)

7.1.4. Nghiém cta bt phuong trinh 1a :

- T T
—+ k2t < x < —+4 k2w

4 (k eZ)

5w
— 4+ k2t < x < 2w+ k2m

| 4

x=m+ k21

T T
——+ k2 <x<-—+k2m (k €Z)
| 3 3
( 2T

k2n < x < —+ k2m

krr (k ez
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Poc thém : Tan man vé sb pi

Doc Thém
TAN MAN VE SO PI

3.14159

265358979323

84626433832795

02884197169399375

1058209749445923078

164062862089986280

3482534211706798214808

651328230664709384460955058223

17253594081284811174502841027019385211055

59644622948954930381964428810975665933446128475648233786
7831652712019091456485669234603486104543266482133936072602491412737245
8700660631558817488152092096282925409171536436789259036001 133053054882046652138414695194
151160943305727036575939195309218611 7381932611 79310511 8548074462379962 749567 35 1885752724891 2279381
K30119491 TS3N2171762931

94051 3X005681 2714S. 3 736370

199561121 3629774771 3 k 5 ’ MSSIENKU06
3ISITEIITSIY

S6 1 1a mot trong nhiing héng sb6 doc ddo va dic biét nhat cua Toan hoc, va ludn hép
dan cac nha khoa hoc néi chung va nha Toan hoc néi riéng boi & hau hét cac linh vuc déu
théy su xuat hién cua s6 7. Cu thé nhu sb dong vai tro 1a ti I¢ cua duong kinh va chu vi
duong tron, hay 1a mat sb siéu viét, tac 1a sb khong 1a nghi€ém cua bat ki phuong trinh dai
s6 voi hé s6 nguyén nao. ..

D3 hang nghin nim nay, con ngudi ludn ¢d gang tinh toan nhiéu hon nita cac chir s6
sau dau phay thap phan cta s6 . Chang han nhu Archimedes di tinh gi4 tri 7 bang danh
gi4 xudt phat tir cach ting sd canh cua da giac ndi tiép vong tron

3= 3—
7<x< 71

Cach xap xi trén ciia Archimedes c6 d6 chinh x4c dén 3 chit s sau dau phay. Con
Ptomely vao nam 150 sau Cong Nguyén da tinh 7 xap xi bang 3,1416. Va cudc dua niy
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két thiic boi két qua ctia Ludolf van Ceulen (1540-1610), nguoi di tén 10 nidm, tinh canh

262_ giac déu dé tim duoc sO m véi do chinh xéac 35 chit sO sau dau phay.

cua

Vé mit 1y thuyét, phuong phap xap xi cia Archimedes c6 thé kéo dai vo han, nhung
v6i phat minh vé phép tinh vi phan, phuong phép cua ngudi Hy Lap khong duge ding
dén nira. Thay vao do, cac chudi tich va lién phan s6 vo han hoi tu da duoc st dung dé
xap xi sO 7.

4 1
—=1+
Vs

4
3+ 9

7+
25
1+ 37—

Ttr cudi thé ky 17, cac diy vo han va chudi tré thanh nhimg déi tugng cha yéu trong

nghién ctru ctia cac nha Toan hoc. Mot trong nhiing két qua dau tién theo hudng nay 1a
chudi Leibnitz dugc Gottfried Wilhelm Leibnitz (1646-1716) tim ra vao nam 1673.
/[ 1 1 1 1 1

=1--+ -
N 4 3 57 9 11
Chudi Leibnitz 1a mot truong hop riéng ciia mdt chudi tong quat hon, dugc tim ra boi
James Gregory (1638-1675) vao nam 1670.
x3 x5 7 9,11

B T E A T <
arctan(x) = x 3+5 7+9 11+ (x| < 1)

Néu nhu trong chudi Gregory, ngoai viéc thay x = 1 dé duoc chudi Leibnitz thi ta co
thé thay x v&i cac gia tri khac nho hon, dé duge mot chudi khac o toe dd hoi tu cao hon
rat nhiéu. Abraham Sharp (1651-1742) di str dung két qua trén dé dat duoc két qua ky luc
vao nam 1699 véi 71 chit s sau ddu phay.

T V3, 1 1 1 1 1
6 _( T9745 189729 2673 )

6 3

Tiép theo d0, cac nha Toan hoc di thong qua viéc tim nhung t6 hop céc arctan (x)
ma mdi trong chiing dugc biéu dién boi cac chudi hdi tu nhanh hon chudi Leibnitz.

1 1
tan 1 = 4 arctan — — arctan ——
arctan arctan 5 arctan 239
1 1
arctan 1 = arctan E + arctan §
tan 1 = 4arct tan — + arct !
arctan 1 = 4 arctan 5 arctan 70 arctan 99
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1 1

1
arctan 1 = arctan 5 + arctan < + arctan 3

Chung ta c6 thé kiém tra d& dang cac dang thirc nay bing cach st dung cac hing dang
thirc luong giéc :

x+y
arctan x + arctan y = arctan (xy < 1)
t t t Y (xy > —1)
arctan x — arctan y = arctan X -
Y 1+ xy Y
2x
2 arctan x = arctan 1 (x| < 1)

— x?2

Viéc khai trién nay cho ta dugc mat chudi thuan tién hon rit nhiéu cho viéc tinh toan.
Va gitp John Machin (1680-1751) tinh duoc 100 chit sé sau ddu phay vao nim 1706.
Thanh céng cua John Machin dé khéi 1én cho cac nha Toan hoc khac tiép tuc tham gia
cudc chay dua ma n6 da bat dau tir thoi Archimedes.

Str dung phuong phap cua Abraham Sharp, De Lagny (1660-1734) da tinh dugc 127
chir s6 sau ddu phay vao nam 1719. Khong lau sau d6, Leonard Euler (1707-1783) bang
mdt phuong phap khac kiém tra két qua cuia De Lagny va tim ra sai sot & chit s6 thir 113.
Nam 1841, William Reserford (khong rd nim sinh, nim mat) da tim ra 208 chit s6 sau
diu phay va duoc kiém tra lai boi Johan Martin Zacharias Dase (1824-1861) sai & chit sd
153. Nam 1847, Thomas Clausen (1801-1885) tién thém dén 250 chir s6 sau ddu phay,
trong d6 c6 248 chit s6 tinh dung.

Nam 1853, William Reserford ting thanh tich ctia minh 1én 440 chir s sau ddu phay.
Va ky luc cta thoi ky nay duoc thiét 1ap bai William Shanks (1812-1882) vai 530 chit sb
(trong d6 527 chit s tinh ding). Vé sau, William Shanks di phai lam viéc cat lyc dé tinh
tiép cac chit s tiép theo, dua ky luc 1én dén 707 chir s tinh dung.

DPén thé ky 20, cudc cach mang may tinh danh dau nhiing thanh tyu vi dai cua tri tué
con ngudi. Nhitng kiém tra dau tién trén may tinh dién tir vio nim 1945 d3 phat hién
William Shanks di sai ngay tir chit s6 thir 528. Piéu nay khién nha Toan hoc Harold
Scott MacDonald Coxeter (1907-2003) phai thét 1én rang : “Khong thé khong budn khi
nghi rang, nhimng tinh toan ma Shanks toi nghiép da phai bo ra mot phan 16n cua cudce doi
dé tinh, thi may tinh dién tir hién dai c6 thé thuc hién trong vai gidy nhu la dé khoi dong
vay”. Va nhu vay, su xuat hién cta may tinh dién tr lam cho tbc d6 cudc dua tim nhiing
chit s6 sau dau phay cang ting nhanh.
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Nam 1949, John Von Neumann (1903-1957) cung cac cong sy da tinh dugc 2037 chit
sO sau dau phay trén mot trong nhitng may tinh dién tir dau tién ENIAC. Ngudng 10000
chir s6 dat duoc vao nim 1958 boi Fredrick Jenuine (1908-1973) véi su tro giup ciia may
tinh IBM 704. Va 100.000 chit s6 sau dau phay cta s6  dugc tinh vao nim 1961 boi
Daniel Shanks (1917-1996) cung v&1 may tinh IBM 7079. Nam 1973, Jan Gyiu va M.
Buet (khong rd nam sinh, nim méat) da 1ap ky luc v6i mirc 1 triéu chit s6 sau dau phay, sir
dung gan mot ngay lam viéc cuia may CDC-7600.

Pén cudi thé ky 20, nguoi ta da tinh duge sé 7 v6i d6 chinh xac dén chir sb thir 200 ti.
Va cho t61 hién tai, méi day nhét 1a ky luc cua Fabrice Bellard (1972) khi tinh chinh xac
dén chir s6 thir 2.7 ti ti cua sd . Mat dén 131 ngay dé tinh toan, nhung day 1a mot két
qua cuc ky 4n tuong vi Fabrice Bellard chi sitr dung may tinh dé ban thong thuong dé xir
Iy s6 liéu cuing vé6i viée phat trién mot phan mém xir 1y thut toan manh hon 20 1an so véi
nhirng san phim tuong tu trude do.

Tudng nhu 1a ky nguyén cia may tinh dién tir da loai bo con nguoi ra khoi cudc choi
mot cach dut khoat, may tinh nao c6 téc d xtr Iy nhanh hon thi may dé thiang. Nhung su
thuc thi khong nhu vay, chinh con nguoi da khéi xudng cudc chay dua khong tién khoan
hau nay va tao nén nhiéu thuat toan nhan nhanh gitip may tinh dién tir xir Iy hiéu qua hon.

Tro lai con s6 200 ti d3 duoc thiét 1ap vao cudi thé ky 20...

Nim 1987, Jonathan va Peter Borwein (1953) di tim ra mot chudi dang ngac nhién :

/[ - —-1)"*(6n)!

o= SCD -[212175710912V61
3n+s

n=0 (n1)3(3n)! [5280(236674 + 30303v61)|" 2

+ 1657145277365 + n(13773990892672V61 + 107578229802750)]

Day cac s6 hang duéi dau tinh tong vdi n = 0,1,2,3 ... bo sung thém khoang 25 chir
s6 sau dau phay cho s6 7 (g vi mdi s6 hang. Chi riéng s6 hang dau tién (n = 0) cho
gia tri gan dung dén 24 chir s6 sau diu phay.

Tham chi, Jonathan va Peter Borwein con dua ra thuat toan giup tinh toan cac chir )
sau ddu phay cua s6 7, c6 hiéu qua than ky. Mdi mot bude tinh ctia thuat toan nay lam
tang thém do dai cac chir s6 sau ddu phay duoc tinh ding 1én 4 1an. Dudi day 1a mo ta
cua thuat toan nay :

Tadity, = V2 — 1 vaay, = 6 — 4v/2, cac s6 hang tiép theo y,,,, duoc tinh theo s6
hang trude d6 boi cong thirc
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Poc thém : Tan man vé sb pi

- YT

y =
SRR Ry f e

Diy sb {a,,} duoc xay dung boi cong thirc

_ 22n+3

Apn+1 = 1+ :Vn+1)4an Yn+1(1 + Y41 t y121+1)

Khi n cang tang thi ta c6 danh gia

_p2n+l,

1
0<a,——<223e¢
T

Noi cach khac,

n-oo 1
a, — ;
Co sO cta phat minh ra thuat toan nay la nhirng nghién ctru trong linh vuc tich phan
elliptic va ham theta. Thuat toan ky diéu nay ldy ¥ tuéng ctia nha Toan hoc thién tai
ngudi An Do Srinivasa Ramanujan (1887-1920). Va con s6 200 ti da xuat hién tir do. ..

C6 thé ndi thém rang, mot trong nhitg phuong phap gdy to mo nhit dé tinh sd m 1a
ctia Count Buffon vao thé ky 18 cung véi Bai toan chiéc kim cua ong. Trén mot mit
phang, ta ké cac duong thing song song cach déu nhau d don vi chiéu dai. Tha chiéc kim
c6 do dai nho hon d 1én mit phang d6. Néu chiéc kim roi 1én trén duong ké thi 1an tha do
duogc coi 1a thanh cong. Kham pha day bat ngd cuia Buffon 14 ti 18 s6 1an tha thanh cong
so voi khong thanh cong 12 mot biéu thirc chua sb 7.

Néu chiéu dai kim bang d don vi thi xac suét tha thanh cong 1a

2
0.6369418 =~ —
s

S6 1an tha cang nhiéu thi xap xi cho s6 7 cang chinh xac. Trong mdt phuong phéap xac
suat khac dé tinh s6 7 12 vao nim 1904, R. Chartes da tim ra x4c suat dé hai s nguyén
duogc viét ngau nhién nguyén té cung nhau va xac suat dé mot s6 nguyén duoc chon ngiu
nhién ma né khong chia hét cho sd chinh phuong déu mang chung gia tri tuyét voi la

6

T2
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