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Loi mé dau

Pay 1a tai liéu dau tién do céc thanh vien NHOM PI thuc hién .

Cac bai tap duoc trich trong day cha yéu 1a nhitng bai duoc lay
trong céc de thi tha,bai giai dugc lam dudi cach chi tiét, nén c6 mot
50 cho dai hon so vdi binh thuong .

Néu moi ngudi ai 6 gop y gi vé bai giai hay phat hi¢n sai sot nao
trong tai liéu thi xin dua 1én ¥ kién trong group NHOM PI .
Link group : https://www.facebook.com/groups/NhomPlI/

DAu d3 ¢6 gang lam rat can than nhung kho tranh khoi sai s6t, mong
cac ban thdng cam .

Cam on cac ban da doc tai liéu .
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Cau 1 : Trong khdng gian véi h¢ truc toa d6 Oxyz, cho mat phang (P) qua M (2;3;5) va cit cac tia
Ox,0y,0z lan luot tai A B,C sao cho gi4 tri cia OA,OB,OC theo thir ty 1ap thanh cdp s nhan c6
cong boi bang 3 . Khoang cach tir O dén mat phang (P) la:

18 24 16 32

A — B. — C. — D. —

V91 91 \J91 V91
Giai :

Theo gia thuyét ta c6 : (P):§+§+§=1 .

e . b=
Do a,b,c theo thir tu la mét cap s6 nhan c6 cong boi la 3:>{ =>—+—+—=1l=a=—.
c

32

=d[1;(P)] N

Cau 2 : Trong khéng gian véi hé truc toa d6 Oxyz , cho M(L23) , goi
(P): px+qy+rz+1=0(qg,p,reR) la mit phang qua M va cit cac truc toa do Ox,0y,Oz tai
A/ B,C saocho M latrongtdm AABC . Tinh T =p+q+r :
A T=-1 B.T=18 c.r=i
18 18
Giai :
Do (P) cat cc truc toa do Ox,Oy, Oz tai A B,C = A(a;0;0),B(0;b;0),C(0;0;c) véi abc=0 .

D.T=-18

:>(P):§+X+E=1.
a b c
Xp + Xg + X, =3X,, a=3 1
Do M latrongttm AABC =y, + Yz + Y. =3y & b=6:>T:_E )

Z,+2;+12. =31, c=9

Cau 3 : Trong khéng gian véi hé truc toa d6 Oxyz , cho M(L23) , goi
(P): px+qy+rz+1=0(qg, p,reR) la mit phang qua M va cit cic truc toa do Ox,Oy,Oz tai
A B,C saocho M latryctam AABC . Tinh T=p+q+r :

77 3 77 3

A T=— B.T== C.T=—— DT=-=

Giai :
Do (P) cét céc truc toa @ Ox,Oy,0z tai A, B,C = A(a;0;0),B(0:b;0),C(0;0;c) véi abc=0.
:>(P):§+%+§=1:> vécto phéap tuyén cua mat phang (P) 1a \E:E;%;%j ,

Ta co OABC la mot tir dién vubng tai O cé H la truc tim AABC = AH 1 BC
Mc khac : OA L BC (OA L(OBC)) .

Vay BC L (OAH )=BC LOH . Chung minh tuong tytacé AB_LOH .
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a=14
M &(P) 3
=OH L(ABC) .Véytrdotaco:s . . <<b=7 =>T=-=.
OM 71V,
14
3

Cau 4 : Trong khdng gian véi hé truc toa dd Oxyz cho |a]=3; [b] = 2; (5,5) =120°. Goi 2 vecto
Bz(Zé—B); E|=(é+26) . Tinh cos(B,a) .

1 C 1 D 1

1
e N PN W
Giai :
Tac: pa=(2a-b)(a+2b)= 2\5\2 +3ab— 2\6\2 = 2.3 +3.3.2.005120° —2.2% =1
b =4fal" —aab+ b =4.5° ~4.3.2.c05120° + 2* =48 .
of =[a[ +4ab+4fp| =3 +4.32.cos120° + 4.2% =13.
SoyoPa 1

:>cos(p,q)_ ‘BH&‘ = 4@: A.

Cau 5 : Trong khdng gian voi h¢ truc toa do Oxyz cho diém va mat phang (P):x+2y+3z+4=0.

Biét M,N 1a 2 diém ddi xung nhau qua mat phang (P),M emat cdu (C):x2+(y+4)° +2> =5 . Hoi
N thudc mit cau nao dudi day
A x2+y2+zz—§x+@y—ﬁz+ﬁ:0
7 7 7 7
B. x2+y2+22—§x—4—0y—ﬁz+£:
7 7 7 7
C. x2+y2+zz+§x+470y+ﬁz+§:0

0

D. x2+y2+22+§x—4—0y—%z+ﬁ=0
7 7 7 7

Giai :
Goi | latam cua mat cau (C)= 1(0;—4;0) .

Goi |'" ddixtung | qua (P)= 1 (ﬂ_@gj .

Theo yéu cau bai toan ta c6 :

M e(C)cé tam 1(0;-4;0) va ban kinh R=+/5= N &(S) c6 tam I'G;—?;%) ban kinh R=+/5
8 40 24 45

:>(S):x2+y2+zz—7x+7y—7z+7:0 :
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Cau 6 : Trong khong gian véi hé truc toa d6 Oxyz, cho mat phing

(P):x—y+z+1=0,A(3L1), B(0;1;2), C(-2;0;1) va M (a;b;c) e(P)sao cho
S =2MA? + MB? + MC? dat gia tri nho nhat . Khi d6 gid tri caa T =3a+2b+c la:
A T=2 B.T=2 c.T=-2 D.T=-2
4 2 4 2
Giai :

Goi | 1a diém thoa 2ﬁ+@+ﬁ:’=6:|(o;%;gj .
Taco: S:2MA2+MBZ+MCZ:2(W+r°\)2+(m+@)2+(m+ﬁ)2
=4|\/||2+2|A2+||32+|CZ+2W(2ﬁ+@+E)=4M|2+2|A2+|BZ+|(;2 .

Do 2IA*+1B* +1C* =constnén S_;, <> Ml ;. < M la hinh chiéu cua | trén (P) .

Cau 7 : Trong khong gian voéi hé truc Oxyz cho 2 diém A(1;0;2),B(3;1-1) va mat phang
(P):x+y+z-1=0 . Goi diem M (x;;Y,;Z,)€(P) sao cho ‘SW—ZW‘ dat gia tri nho nhat . Tinh

A=9x,+3y,+62, .
A 2 B.1 C.3 D. 4
Giai.
Goi | ladiém thoa 3IA—-2I1B=0=>1(-3,-2,8) .
Tacé 3|\TA—2W\=‘3(§—W)—2(E—W)‘:\3&—2E—W\=\W\=||v| .

Vi | cbdinh, M e(P) nén ‘3W\—2W§‘ dat gia tri nho nhat < IM dat gia tri nho nhat.

< M lahinh chiéu cia | trén mit phang (P) .

Goi (d) la dudng thang qua | va vudng goc véi mét phang (P)=>vicpa,,, =vipt n, =(11,1).
=(d):x=-3+t,y=—-2+t,7=8+t .
M =(d)m(P):»M(_—11,_—8£j:»A=3.

3 3 3

Cau 8 : Trong khong gian véi hé toa do Oxyz cho mit phang (P): X+2y+2z+7=0 va ba diém
A(L2-1), B(3;5-2), C(L-21). biém M (a;b;c)e(P) sao cho MA® —MB’—MC” dat gia tri lon
nhat. Khi d6 tong A=a+b+c bang bao nhiéu ?

20 14 20

A A=Z B. A=~ C. A= D A__14
9 9 9 9
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Giai:

2 2

MA? =(a-1)" +(b—2)" +(c+1)
Tac6:s MB? =(a-3)" +(b-1)" +(c+2)".
MC? =(a-1)" +(b+2)" +(c-1)°

= MA” ~MB? ~MC? = -a’ +6a Db’ ~6b—c’ + 26 =44 (a=3)"+(b+3)" +? |

Viy (MA*=MB?-MC?) <[ (a=3)" +(b+3)"+¢*| & M, voi 1(3-3,0).

Ma 1(3;-3;0) cb dinh nén MI_;, <> M lahinh chiéu caa | trén mat phang (P).
Goi (d) 1a duong thang qua 1(3;—3;0) va vudng géc véi mit phang (P), ta co:
X=3+t
(d):qy=-3+2t.
z=2t
Vi M e(d)=M (3+t;-3+2t;2t) .

M <(P)=(3+1)+2(-3+20)+2(2)47=0=t= " = M (?%’5%

-20
:>a+b+C=T .

Cau 9 : Trong khdng gian véi hé toa o Oxyz , cho ba diem A(110),B(0;41),C(L0;1). Tim

hop tit ca cac diém M trén mit phing Oxz sao cho MAMB +MC  =2.
A. Mot dudng thang
B. Mot duong tron
C. Mot duong elip
D. Khong xac dinh duogc
Giai:
AB=(-L0;1)= AB=+2.

Goi | 1a trung diém cua AB= | (%;1;%) ¢b dinh va IC? =§ .

. . . . . . . 2
Ta co: MA.MB:(lA-lM).(lB-lM)=—|A2—|M.(|A+|B)+|M2:-AB STVEREINTYES
4 2
Viy MAMB+MC’ =2 MI?+MC? =2
2
Goi J 1a trung diém cua IC:J(Z;%;%) ¢ dinh va MJ 1a duodng trung tuyén cua AMIC .

2
:>g:MI2+MC2=2MJ2+%=ZJM2+%:>JM2=g:>JM =@=Const.

N
I5

Ma J ¢ dinhnén M di dong trén mat cau (S) tdm J véi ban kinh R =
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Mat phang Oxz ¢6 phuong trinh y=0=>d[J,(Oxz)]= % <~ =R=(S)n(Oxz) la mot dudng
tron (C).
Vay M di dong trén duong tron (C).

Cau 10 : Trong khdng gian Oxyz cho hai diém A(2t;2t;0),B(0;0;t),(t >0). Cho diém P di dong
thoa: OP.AP +OP.BP + AP.BP =3. Tim gia trj t sao cho OP, =3.
3 4

A t=-— B.t=— C.t=
4 3

D.t=3
2

wlnN

Giai:
OP AP + OP BP + AP.BP =3 & OP.(OF - OA) + O.(GP OB ) + (OP — OA) (OP —0B) =3,
©30P -20P.(OA+0B)=3. (Vi OAOB =0)
©30P —20P.0l =3 (véi | la diém thir tu cta hinh binh hanh AOBI => I (2t; 2t;t)).

<30P —30P.0J =3 (v6i J thoa (ﬁzga:\](ﬁ;ﬂ;gj.

3’3’3
< OP ~OP.0J =1 OP.(OP-0J) =1 OP.JP =1 (MP-MO).(MP-MJ ) =1 (véi M la
trung diém cua OJ :M(E 2t E)
3'3'3

< MP2+MOMI =1 MP?—MO? =1 MP? =1+ MO? =1+1t2 & MP =+/1+12 .

Vay P didong trén mat cau (S) tim M veéi ban kinh R=v1+t”.
Nén OP,,, < P=0M N(S) va W,@ cung hudng.

. ) (2 (tY . .
Khi d6 OP,_,, =OM +R = + = + 3 +N1Ht? =t+14t°

3 3

t<

=
1+t2 =96t +t° t=

t<3
OP, —3<:>t+\/1+t =31+t =3— t<:>{

wlh W

Cau 11 :Trong khdng gian véi h¢ truc toa do Oxyz, cho hai diém M (-2;-2;1), A(1;2;-3) va duong

thang d: XTH :yT_szil .Tim vécto chi phuong U cua duong thang A di qua M, vudng goc Vi
duong thang d ddng thoi cach A mot khoang céch 16n nhét .
A. u=(4-5-2) B. u=(10;2) C. u=(3;4;,-4) D. u=(22-1)

Giai :
Goi (P) la mat phang vudng goc véi d vaqua M .
Goi H lahinh chiéu cua A trén (P) . Goi N lahinh chiéucia H trén d .
= AN L (A) (dinh i 3 duong vuong goc ) = d[ A;(A)]=AN .
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Tac6: AN<AM .Déau "=" xayrakhi N=M = A la duong thing qua M va A L MH .

Tinh toan ta co : ﬁ:(4; -5,-2) .

Cau 12 :Trong khong gian véi hé truc toa &6 Oxyz , cho hai diém M (-2;-2;1), A(1;2;-3) va duong

thang d X+l :y7_5:i1 Tim vécto chi phuong U cua dudng thang A di qua M, vudng goc Véi
duong thang d dong thoi cach A mot khoang céach bé nhat .
A. u=(216) B. u=(10;2) C. u=(3;4,-4) D. u=(22-1)

Giai :
Goi (P) la mat phang vudng goc véi d vaqua M .
Goi H Iahinh chiéu cua A trén (P) . Goi N la hinh chiéu cia H trén d .
= AN L (A) (dinh i 3 duong vuong goc) = d[ A;(A)]=AN .
Taco: AN > AH .Dau "=" xayrakhi N=H = A 14 duong thang qua M, H .

Tinhtoantaco : u=(%0;2) .

Cau 13 : Trong khdng gian véi hé toa d6 Oxyz, cho diém A(1;2;—3) va cit mat phing
(P) :2X+2y—-2+9=0. Puong thing di qua A va ¢ vécto chi phuong U :(3;4;—4) cat (P) tai B
.Diém M thay doi trong (P) saocho M ludn nhin doan AB duéi mét goc 90°. Khi do dai MB
16n nhat, duong thing MB  di qua diém nao trong cac diém sau :

A. J(-327) B. H(-2-13) C. K(3,;0;15) D. 1(-1-2;3)

Giai :

Goi H lahinh chiéu A trén (P)= AH L(P)= AH L MB .
ViM 1uén nhin doan AB duéi mot goc 90°nén AM L MB .
Vay MB L (AHM )=MB LHM .
= M chay tung tang trén duong tron duong kinh MH (M # B) :
Vay MB_, khi M =H .

X=-2+t
Tinh ton ta ¢ duoc : (MB):qy=-2 = MB qua 1(-1-2;3).
z=1+2t

Cau 14 : Trong khong gian véi hé toa dd Oxyz cho hai duong thang (d, ): X;?’ = ygz = 2;5
X=2 y-4 z71-4

va (d,): I 2 T Goi (A) la duong phén gidc trong cua goc tu tao bai hai duong
thang (d,),(d,). (A) c6 phuong trinh 1a:
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X=1+5t Xx=1+t X=1+t Xx=1-5t

A.(A):qy=6t B.(A):qy=-2t C.(A):y=2t D.(A):{y =6t
z=0t 7=t — Lot
Giai:
x-3_y-2
i i X_y:1 x=1 .N-
Xéthe: {Y-2=272 o 15y -22 =0 |y =0 . Tanhan thiy {A(L.Ofo)e(dl) .
34 :4 y-2=0 2=0 A(L0,0)e(d,

(d,) ¢6 vicpa, =(2:2;5) , (d,) ¢6 vicpa, = (1 4;4) .

Taco: a.a, =30>0=(a;a,)<90°=(a;3, ) lagoc nhon = (a;-a,) la géc tu.

Goi B ladiémthoa AB=a, = B(3,2,5)e(d,).

C la diém théa AC =-a, =C(0;~4;-4)<(d,) .
Vay BAC la goc til tao boi hai duong thang (d,),(d,).
Do d6 (A) chinh la duong phén giac trong cia BAC .

Taco: AB=|a|=33,AC =|a,|= /33 = AB= AC = AABC cintai A.
= (A) ciing la dudng trung tuyén tir A ctia AABC.
=(A) di qua A(L0;0),M (g;—l;%j a4  trung diém cua BC=(A) cb
— — (1 1
vicpa,,, = AM :(E’_LE)
X=1+t
=(L-2;1) vaqua A(30;0)=(A):sy=-2t=B .
z=t

(A) c6 &,

Cau 15 : Trong khong gian véi h¢ truc toa @ Oxyz cho diém A(L2;-1),B(0;4;0)va mat phang

(P):2x—y-2z+2015=0 . Goi « la g6c nhé nhat gitra mat phang (Q) di qua 2 diém A,B va tao

véi (P) . Tinh cosa .
1

A — B. 1 C. 2 D.
9 6 3

-

Giai :
Theo cach hinh hec :
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Goi H la hinh chiéu cua A trén mat phang (P) , d 1a
giao tuyén cua (P),(Q) , I 1a giao diém ciia AB va mt
phang (P), J lahinhchiéucia H trén d .

— Goc cua 2 mat phang (P),(Q) 1a géc AJH voi 2
sin AJH _AH
Al

= Goc cia AB va mat phang (P) la géc AIH Vi

sinAIH:ﬂ . Lis
Al

Dé dang chimg minh dugc d L (AJH ) = 1J =AJ = AAIJ vubng tai J .

= A <Al =sin AJH >sin AlH .
Dau "=" xayrakhi d LIH .

Vay min [(P);(Q)}:AIH la goc gitra AB va mat phang (P) .

Ciach dai s6 :
vicp U, =(-12;1)

Taco :qvtpt ngo =(ahic) =U,eno =0 a—-c=2b .
ABC(Q)

vtpt N,y =(2-1-2) .
|2a—b-2c| ~ o
Joa? +b2+c?  +/2a%—4ab+5b?

Tacé cosa lagoéc cua (P),(Q)= cosa =

b2

= 08’ o =— = .
2a” —4ab+5b

Xét b=0=cosa =0

Xét b¢0:>cosza=2; (tzﬂj .
2t -4t +5 b

1 1
Tinh toan ta c6 duoc : 0<cos® a =————<-.
2t°—4t+5 3

1 1
& ——=<c0sa<—
V3 V3
e . 1
NO&i tom lai max cosa =— .

3

Cau 16 : Cho M (1,2,3),A(a,0,0),B(0,b,0),C(0,0,c) trong d6 a,b,c Ia cac s duong. Tim mit
phang (P) di qua A B,C,M sao cho Vg, dat gia tri nho nhat.
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A. (P):6x+3y+2z-18=0
B. (P):6x+3y+2z-9=0

. (P):6x+3y+2z=0
. (P):6x+3y+2z-36=0

O

Ptmp qua A B,C c0 dang: 5+X+E:1.

a b c¢
Vi M e(ABC):>1+§+§:1.
a c

Ap dung BDT Cauchy cho 3 s6

Q|-
o |lw

E khong am, ta co:

3 123 1> 216 < abc>162 < a_bc 2 21 < Vopge 227 .
ab.c abc 6

2_3
C

1=1+Z+§23
a b c

Ding thic xay ra el_2
a b
Xy 1z )
= (ABC): §+E+§:1<:>(ABC).6x+3y+22—18:0.

:%:a=3,b=6,c=9 )

Cau 17 : Trong khdng gian véi hé truc toa do Oxyz , cho A(a;0;0), B(0;b;0), C(0;0;c) voi
a,b,c>0 sao cho OA+OB+0C + AB+BC +CA=1++/2 . Tim gia trj I6n nhét cua Vo ase -

1

1
A. maxV =— B. maxV = —
O.ABC 54 O.ABC 108

1
C. maxVg pgc =286 D. maxVg pgc =

Giai :

162

. 1
Taco : Vg asc =€abc.

Theo gia thuyét ta c6 : OA+OB+OC + AB+BC +CA=a+b+c+va2+b? ++/b?+c? +/c2+a> .

Theo nha todn hoc Cauchy ta c6 :
e a+b+c>33abc .

o \/a2+b2 +\/b2+c2 +\/cz+a2 2\/5(\/%+\/E+\/a)23\/§.\3/abc.
:>OA+OB+OC+AB+BC+CA:1+«/§23(1+\/§)\3/abC .

< 3labc SEQVOABC “Labe<t  phur=r xay ra khi va chi khi a=b-c=1
3 ' 6 162 3

Cau 18 : Trong khong gian vai hé truc toa d6 Oxyz , cho lang tru dung ABC.A'B'C' co

A(;0;0),B(-&;0;0) ,,C(0;-10),B'(~-a;0;b)vsi {Z’ bb> 0
+

4 Khoang cach Ion nhat gitta 2 duong
thang B'C va AC' la:
A 1 B.2 c.\2 D. g
) Gial.
Goi | 1a doi xang cua C qua O .
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i o . . Al //BC//B'C' .
Ta c6: AIBC la hinh binh hanh = = AIB'C' la

Al =BC =B'C' __
hinh binh hanh. ‘
= AC'//B'l c(B'Cl).
=d(B'C,AC")=d[AC',(B'Cl)]=d[A(B'CI)].

Ma A,B dbi ximg véi nhau qua O nén d[ A,(B'CI)]=d[B,(B'Cl)]

Taco Cl L(OBB')=(B'Cl)_L(OBB").
Vé duong cao BJ cua tam giac vuéng OBB'

= BJ LOB'=(B'Cl ) (OBB')
= BJ L(B'Cl)=BJ =d[B,(B'Cl)].

BJ 1a duong cao cua tam giac vuéng OBB', ta co:

BO.BB' ab ab J(a+by
BJ:\/ = = -<— 341 =2
BO“ + BB' a‘+b 2 2
\/2(a+b) \/2(a+b)
Ping thic xay ra < a=b=2 .
Vay Maxg, :\/Ej Maxd(B‘C,AC‘) :\/E .
Cau 19 : Trong khong gian véi hé truc toa d6 Oxyz, cho mat phang

(P,):3mx+5V1-m’y+4mz+20=0 véi me[-10)u(0;1] ludn cat mat phang (Oxz) theo giao tuyén
la duong thang A, . Khi m thay ddi thi cac giao tuyén A_ c6 két qua nao sau day :

A. Citnhau B. Song song C. Chéo nhau D. Trung nhau
Giai :
2 _
(P.)(0x2) = A, {3mx+5\/1—m y+4mz+20=0
y=0

= A, :3mx+4mz+20=0 Véi A, trong mit phang (Oxz).
Goi A, 13mx+4mz+20=0, A, :3m,x+4m,z+20=0 la hai duong thang vdi
m, m, €[-10)U(0;1] batkiva m, =m,.

Tacé:s—ml:ﬂi@:(Am )//(Am ) .
3m, 4m, 20 1 2
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Céau 20 : Trong khdng gian Oxyz, cho diém M (; \/2— J va mat cau (S):x*+y*+2*=8. Puong

thang d thay doi, di qua diém M, cat mat cau (S) tai hai diém phan biét A B. Tinh dién tich lon
nhat S cua tam giac OAB :
A. S=47. B.S=4. C.S=2/7. D. S=22.
Giai :
Mit cau (S) c6 tam O(0;0;0) va ban kinh R =242.
Tac6 :OM =1<R =M thudc mién trong cua mat cau (S).

Goi A, B la giao diém caa duong thang véi mat cau. Goi H 13 chan duong cao ha tir O cia tam giac
OAB.

Goi x=0OH (0<x<OM =1) = HA=+yR?—OH? =/8—x* .

= Sons :%OH.AB — OH.HA = x/8— X2 .

Xeét : f(X) = xy/8—x* voi XE(O;l].

2 2
— F'(x)=\8—x% ——= >0 voi xe(0:1].
(%) N Js = (0:1]
:SAOAB_%aﬁ(f() f(1)= V7
Cau_ 21 : Trong khong gian Vvéi hé truc toa d6 Oxyz, cho mat phang

(P):(m2 +m+1)x+ 2(m2—1)y+2(m+2)z +m?+m+1=0 ludn chira dwong thing A cb dinh khi
m thay di. Tinh khoang cach tir goc toa do dén A.

A d[O,(A)]=% B. d[o,(A)]:% C.d[O,(A)]:% D.d[O,(A)]z%

Giai:
Ta co: (m2+m+1)x+2(m2 —1)y+2(m+2)z+m2+m+1:0 YmeR
< (x+2y+1)m? +(x+2z+1)m+(x -2y +4z+1)=0 VmeR.

X+2y+1=0 (1) X+2y+1=0

< 1x+22+1=0(2) & Ix+2z2+1=0
Xx—2y+4z+1=0(3) 2x+4z2+2=0(3)+(1)
X+2y+1=0

& aX+22+1=0 <:>{

X+2z2+1=0 y+z=0
X+2z+1=0

X+2y+1=0 {x+2y+1:0
=
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X+2y+1=0 Xx=2t-1
bat z=t,taco: Jy+t=0 Sqy=-t
z=t z=t
Xx=2t-1
Vay (P) luén chira duang thang ¢é dinh (A):1y=-t  ¢6 vicpa=(2;-L1) v qua diém
7 =

A(-1,0;0).
- [a0A] v2_1
Tacod |a;0A|=(0;-L-1)=d|O,(A) |=——="F=—F .
[w0A)-(0 -y =afo )] e -
CAu 22 : Cho duong thing d,, : 2= am+3_y-2am=3_z-8m-7 (mi{—l;_—;lﬂ va A(L11) .
2m-1 m+1 4m+3 4 2
Biét d,, luon nam trong mot mét phang (P) ¢6 dinh khi m thay doi. Tinh d [ A;(P)] .
A 115 B V110 C. V105 D /115
55 55 55 60

Gidi :
Puong thing d,, di qua A(4m—3; 2m+3;8m+7) vacé VTCP u=(2m-1;m+1;4m+3) .

Giastir d, c(a):ax+by+cz+d =0 (Vmi{—l;%g;%}j . Khi dé tacé :

—_—

Ae(a) a(2m-1)+b(m+1)+c(4m+3)=0 (2a+b+4c)m-a+b+3c=0
o1 o=

Uy N, = a(4m-3)+b(2m+3)+c(8m+7)= (4a+2b+8c)m-3a+3b+7c+d =0
2a+b+4c=0
b=10a
, i . . . |—a+b+3c=0
bé hé cd nghiém dtng vai moi m thi : & qc=-3a .
4a+2b+8c=0
d =—6a
-3a+3b+7c+d =0
b=10
Tachon:a=1={c=-3 .
d=-6
A -3.1
Vay d, < (a):x+10y—3z-6=0 (Vmi{ 17 E}j

Céch 2 : don gian phu hop trac nghiém.
Tachon 2 s6 m thoéa yéu cau bai toan = c¢6 duong thang d = viét duoc mp () =>xong bai .

Cau  23: Trong khéng gian véi  hé truc toa d0 Oxyzcho mit cau
(S):(x+m)2+(y—2m)2+22—5m2+4m—1:0. Biét khi m thay d6i thi(S) ludn giao véi mat phang (P)
cé dinh véi giao tuyén 1a mot duong tron (C) c6 dinh . Tinh ban kinh cua duong tron d6
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A. R=1 B. R=—4= C.R=

&
ol
ol -

Giai :
(S):x*+y*+2* -1+2m(x—2y+2)=0 .
= Véimoi m thi mat cau (S) ludn giao véi mat phang (P):x—2y+2=0

(S"):x*+y*+22 =1 .
:(S)G(P)Q{(P):x—2y+2:0 =(C)=(S")n(P) .

Goi 1(0;0;0) la tam mat cau (S'):>d[|:(Pﬂ=

2
=

Cau_24 : Trong khong gian cho 2 diém phan biét A, B ¢6 dinh . Tap hop cac diém M trong khong
gian 1a mat cau ¢ dinh béan kinh R = g AB . Khi d6 théa man MAMB = % AB* (m,neN) , % la

phan sé téi gian. Tinh P =(m+2n+mn)* .
A. 49 B. 64 C.36 D. 81
Giai :
Chon hé truc Oxyz sao cho A B eOx va O(0;0;0) la trung diém AB . Khi do ta co :

A(a:0:0 MA=(a=x,:-V,  —zZ
( ) (3‘>0):>AB:2<':1.G(,)iM()(M;yM;ZM):> o ( Mo~ Ym M) .
B(-2;0;0) MB = (—a— X,y =Yy ~Zu )
Taco: m.m=47ma2
o Xy —al+yn :4Tma2
2.
<:>(O—XM)2+(O—yM)2+(0—zM)2=( (4Tm+l)a}
Do vé phai 1a 1 hing s6 = M thudc tap hop diem duong tron tdm O ¢d R = (4Tm+1ja _

Cau 25 : Trong khdng gian véi hé truc toa ¢ Oxyz , cho bén duong thang (d,): x-1_y+l_z _2;

2 1 3
X+3 y-2 z1-4, X=-2 vy z. Xx-4 y-1 z-2 . e 2 .
(d,): 1T 3 '(ds)'——7:I:I’(d4)' T 5 . Goi (A) 1a duong thang cat
ca 4 duong thing da cho . Biét vécto chi phuong ciia (A) 1a u,, =(a;b;1) . Tinh T =3a-7b .
A T=-5 B. T=5 C.T=-4 D.T=4
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Giai :
Taco : vtcp uZ=(2;1;3) va (d,) qua M (3-12), vtcp @:(2;1;3) va (d,) qua N(-3;2;4).
Tathdy u, =u, va M ed,=(d,)//(d,) .

Goi (P) lamat phang chira d;,d, = vipt n, =[MN,u, 1=(7;16;-10) va (P) quadiém M (1,-12) .
= (P):7x+16y-10z+29=0 .

X—2 y z x+7y—2:0

Goi E=(dy)n(P)=1 =7 1 1 &{y-2=0 = E(-5L1) .
7x+16y-102+29=0  |7x+16y—10z+29=0

x-4_y-1_z-2 ox+y-21=0
Goi F=(d,)n(P)=1 1 -5 2 <42y-5z+8=0 < F(5-4,0).
7x+16y-10z+29=0 |7x+16y-10z+29=0
:ﬁ=(1o; —5;—1)= EF khong song song d,,d, .
Do (A)n(d,),(d,)=(A)=(P) . Ma (A)n(d;),(d,)=(A)qua E,F :%z(—lO;S;l) =T=-5.
Cau_26 : Trong khdng gian Oxyz cho ba diém A(a;0;0); B(0;b;0); C(0;0;c) véi a,b,c >0. Gia st
a,b,c thay doi nhung ludn thoa a? +b?+c? =k? vai k cho trude thi AABC c¢6 dién tich Ion nhat 14 :

k? k? k? k®
A S .= B.S,.,=—F C.S, u=— D.S,. =
23 NG 2 232
Giai:
2 2 2 W2
Goi | 1a hinh chiéu cua O trén AB = 12 = 12+ 12 =0lI’ = OAZ\ 0B > = azl b 7
Ol OA" OB OA“+0B° a“+b

AOAI vubng tai

O=IC*=0I*+0C’ =

a’b? , a’b*+b’*c?*+c%a’ a’b? +b?c® + ca’

7 210 = 2 2 =0l = 2 2
a“+b a“+b a“+b
AOAB vudng tai O = AB* =a’ +b* = AB=+/a’ +b’ .

S,ec = % AB.IC = %\/azbz +b’c? +c%a’ .

Taco: a’ +b”+c® =k*> = a* +b* +c¢* +2a’h® + 2b°c® + 2c%a® = k*.

k*—(a*+b*+c*
< a’h?+b’c? +c’a’ = ( )

2
a?+b?+c2) k*—(a*+b*+c* 4
Ma at bt acts EDE) Kk K ) K
3 3 2 3
k* 1 k? k2
Vay a’h® +b*c* +cfa <— =S, <=.—= .
ay 3 ABC 2\/5 2\/5
, k
Pang thuc xayra @ a=b=c=—.
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Cau 27_: Trong khong gian véi hé truc toa do Oxyz cho diém A(L0;0),B(0;1;0),C(0;0;1). C6 bao
nhiéu mat cau co tdm nam trén mat phing (a):z+y+z=0 va tiép xic véi 3 duong thang
AB,BC,CA .

A 1l B.2 C.3 D.4

Giai.

Goi mit cau (S) c6 tam 1 la mat cau tiép xtc 3 canh
AB,BC,CA.
=d(1,AB)=d(1,BC)=d(I,CA) .

Goi H lahinh chiéu cua | trén mit phang (ABC).
M, P,C lan luot Ia hinh chiéu cua cua H trén AB,BC,CA.

Ta c6: AIHM =AIHN =AIHP (canh huyén_canh g6c
vuong).

=HM =HN=HP=H la diém thuoc mat phang (ABC)
va cach déu 3 canh AB,BC,CA .

= H c6 thé 1a tam duong tron ndi tiép hay mot trong ba tim dudng tron bang tiép cua AABC .

Ma IH L(ABC) nén tap hop diém | 4 nhiing duong thang qua tm dudng tron ndi tiép hay mot
trong ba tdm duong tron bang tiép cua AABC va vudng goc véi mit phang (ABC)=>Cé 4 duong
thang nhu thé.

Tac6 A(L0;0),B(0;1;,0),C(0;0;1)= PTMP(ABC):x+y+z—-1=0=(ABC)//(a) .

Vay ton tai 4 giao diém cua tap hop diém | néu trén va mit phing ().
4 giao diém d6 chinh 13 4 tim mat cau thoa yéu cau bai toan = C6 4 mat cau thoa ycbt.

Cau_ 28 : Trong khong gian véi hé truc toa dd6 Oxyz , cho hai mat cau
(S): X2 +y* +2° +4x+2y+2=0 va  (S,):xX*+y’+z°-2x-y-z=0 va ba  diém
A(30;0),B(0;2;0),C(0;0;3). Goi (P) la mat phang chta giao tuyén cua (S,).(S,) . Hoi co bao
nhiéu mat cau c6 tam thudc(P) va tiép xdc véi ba dudng thang AB, BC,CA .

A. Khong c6 mit cau B.1 C.4 D. V6 s6 mit cau

Bai tdp twong tw, ban doc tu lam :)))))

Cau 29 : Trong khong gian vai hé truc toa do Oxyz , cho hai mat cau (S,):(x+2)" +y? +(z-1)" =11
va (S,):(x=1)"+(y—3)"+(2-1)" =17 va hai diém A(3;0;0),B(0;4;0). Goi (P) 1a mit phing
chtra giao tuyén cua (S, ),(S,) . Hoi c6 bao nhiéu mat cau c6 tam thugc(P) va tiép xdc véi ba duong

thang AO,OB, BA .
A. Khong c6 mit cau B.1 C.4 D. V6 sé mit cau
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Giai :
(S) c6 tam 1, (~2;0;1) va ban kinh R, =+11.
(x+2)"+y?+(z-1) =11 @{(x+2)2+y2+(z—1)211(1)
(x=1)"+(y=3) +(z-1)° =17 [x+y=0(2)
(2) chinh la phuong trinh mét phang (Q):x+y=0.

Ta co hé:

(v) .

Vay hé () chinh la trong giao gifra mat cau (S;) vamat phing (Q)

d[1i(Q)]- ?' NN

Tap hop tdm cua nhitng miat cau tiép xlc voi ba duong thang AO,OB,BA 1a bén duodng thang
d,,d,,d;,d, vudng géc mat phang (OAB) va qua tim dudng tron tiép hodc ba tim dudng tron bang
tiép cua AOAB.

Vay mét trong bén dudng trén cd thé song song hay chia trong (P)

Goi (A)=(P)n(OAB)=>(A):x+y=0 véiptdt (A) trong mat phang (Oxy).
Trong mit phang Oxy, tac (A):x+y =0 la duong phan giac ngoai cua géc O cua AOAB.
Vay (A) di qua hai tm bang tiép goc A B.

Vay hai trong bén duong d,,d,,d;,d, chua trong (P)= c6 v s tdm mit cau c6 tam thuoc (P) va
tiép xuc véi ba duong thang AO, OB, BA.

Cau 30 _: Trong khong gian voi hé truc toa do Oxyz , cho hai mit cau

(S):(x+2)° +y?*+(2-1)°" =17  va  (S,):(x=1)"+(y-3)'+(z-1)"=11 va hai diém

A(3;0;0),B(0;4;0). Goi (P) Ia mat phang chura giao tuyén cua (S,),(S,) . Héi c6 bao nhiéu mat

cau c6 tam thuoc (P) va tiép xdc véi ba dudng thang AO,OB, BA.

A. Khdng c6 mit cau B.1 C.4 D. V6 sb mat cau
Gidi :
(S) c6 tam 1, (~2;0;1) va ban kinh R, =+/17 .
(x+2)"+y? +(z-1)" =17 @{(x+2)2+y2+(z—1)217(1)

() (=3 + (1P =11 [x+y=2(2)
(2) chinh la phuong trinh mt phing (Q):x+y—-2=0.
Vay hé (y) chinh la tuong giao gitta mit cau (S;) va mat phing (Q)

d[1:(Q)]= \/7_2\/§<\/1_7:R1.
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(Q) cét (S,) véi giao tuyén la mot duong tron (C) chinh la giao tuyén cua (S,),(S,).
P)=(Q):x+y—2=0.Ma (OAB):2=0=>(P) L (OAB).

U <

ay
(

Tap hop tdm cua nhitng mit cau tiép xlc voi ba duong thang AO,OB,BA 1a bén duodng thang
d,,d,,dy,d, vudng géc mat phang (OAB) va qua tim duong tron tiép hodc ba tim duong tron bang
tiép cua AOAB.

Vay mot trong bon duong trén ¢ thé song song hay chua trong (P).

Goi (A)=(P)n(OAB)=(A):x+y—2=0 véiptdt (A) trong mat phang (Oxy).

Trong mat phang (Oxy), goi (d):x—y=0,(d"):x+y=0 lan luot la dwong phan giac trong, phan
gidc ngoai tai dinh A cua AOAB .

Taco (A)//(d")=(A) khong di qua tim duong tron bang tiép géc A, B.

Goi I =(A)n(d)=1(11).

Taco (OA):y=0, (OB):x=0, 4x+3y-12=0.

Ta xét thay d(1,0A)=d (1,0B)=d (1 AB )=1=| c4ch déu ba canh AABC = | c6 thé la tim mjt
cau ndi tiép hay tdm bang tiép goc O cia AOAB.

Vay mét trong bén duong d,,d,,d;,d, chiatrong (P)= c6 vo s6 tam mat cau c6 tam thuoc (P) va
tiép xtc véi ba duong thang AO, OB, BA.

Cau 31 : Trong khdng gian véi hé truc toa do Oxyz cho mit cau (S) c6 phuong trinh

2 2

X . .
x*+y?+2*-502=0 (1) vamit cong (P) ¢6 phuong trinh 2_5+i/_6 =22 (2) . Biét (S)n(P) cb giao
tuyén 1a duong tron. Tinh ban kinh cia dudng tron do .

A. 20 B. 45 C.15 D. 25

Giai :
Tur (2) < 50z = x* +f—§ y? thay vao (1) taco:

9 3y-4z=0(a) _ o : 5
— V' +7'=0& . Két hop véi (1) thi ta co duoc 2 mat phang giao véi 1 mat cau.

16 3y+4z=0(p)

(1) c6 tam Ia 1(0;0;25) va ban kinh R=25 .

Tacoh:

o d[I;(a)]=20<R=(a)n(1) 1amot dudng tron c6 R(a)=\/R2—(d[|;(a)])2=15.

« d[1;(8)]=20<R=(B)N(1) lamot dusng tron co R, :\/Rz—(d[l;(a)])z =15 .

V&Y Ry =Ry =15
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Cau 32 :Trong khong gian Voi hé¢  truc Oxyz ,cho cac
diém A(1,0;0), B(-2;0;3), M(0;0;1), N(0,31) ,mat phang (P) di qua cac diém M,N sao
d[B;(P)]=2d[ A;(P)] .co bao nhiéu mp thoa man dé bai.
Al B.2 C.vo sb D. khéng c6 mat phang nao .
Giai :
Taco 4 diém A,B,M,N 14 4 diém dong phang, MN khéong song song AB .
Goi I =(P)nAB (do AB khdng song song (P) )

Truwong hop 1 :
| ndm ngoai AB , ma d|[ B;(P)]|=2d[ A;(P)]= Al = AB (ta-let) = I (4;0;-3)

Truwong hop 2 :
| ndm trong doan AB , ma d[ B;(P)]=2d[ A;(P)]|= IB =2IB(ta-let) = I(0;0;1) .

= (P) ludn di qua 1 trong 2 diém cé dinh trén.

Do M,N,A B, | dong phang nén I e MN = I, M, N thang hang
= ¢6 vO s6 mit phing ( trwong hop 2) .

Cau 33 : Trong khdng gian véi hé truc toa do Oxyz cho A(2;5;-3),B(-2;11),C(2;0;1) va mit phang
(a):3x+4y+5z+1=0 . Goi diem D(Xy;¥p:Z5) (Yo >0) thudc («) sao cho cb vo so6 mat phang
(P) quaC,D thoa khoang cach tr A dén (P) gdp 3 lan khoang cach tr B dén (P) . Tinh
P=X,+Y,+2p

A. P——2 B.P=-1 C.P=1 D. P=2.
Giai :
Theo dé bai taco d[ A,(P)]=3d[B,(B)]= AB khong song song véi (P).
, , Al d[A(P)]
Xét ABz(P),t F1i=ABN(P —=———"==3= Al =3BI.
ét ABz(P), taco 3{I} N ( ):>BI a[A(B)] = L

= (P) di qua mot trong hai diém cd dinh 7

{N:sﬁ P (—4:-1,3)
T AT=-3Bi |1(-£20)
I (—4;-13) hay 1(-12;0).

Néu AB = (P)=(P) di qua hai diém cé dinh trén.
Vaydéco d[ A (P)|=3d|[B,(B)] thi (P) diqua I (—4;—13) hay 1(-12;0).
Theo d¢ bai, thi c6 v6 sé6 mat phing (P) qua C,D thoa

d[A(P)]=3d[B.(B)]. o

= 1,C, D thang hang. N6i cach khac DeIC.

—~—
\
\
. \
\ ] \
\ \
- v
\ A
\ \
\ () \
\ - AY
A} . v
1 . \
\ a=i N

[/

V6i 1(—4;-1;3),tacod IC:{x=2+6t;y=t;z=1-2t} = D(2+6t;t;1-2t).
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Ma De(a)=t=-1= D(-4;-13) loai vi y, =-1<0.
Vi 1(-12;,0),taco IC:{x=2+3t;y=-2t;z=1+t} = D(2+3t;-2t;1+1).
Ma De(a)=t=-2=D(-4;4-1) nhanvi y, =4>0=>P=-1.

Cau 34 : Trong khdng gian véi hé truc toa do Oxyz, cho A(a;0;0),B(0;b;0),C(0;0;1) voi
a,b>0 va a+b=1.Tim giatri nho nhat cua ban kinh R mat cau ngoai tiép ti dien OABC .

N5 N5 N5

A R="-= B. R=+/6 c.R=X2 D.R=22
3 Ve 2 4

Giai :
Goi | 1atdm mat cau ngoai tiép ta dien OABC .

Tur cach dyng hinh ta co : I[EEEJ mab=1-a= I(E;l_—a;lj
2 22 2 2 2

2 PR 2 )
—ol= 2+ 1-a +1: a——E+l2—6.Dﬁu ":"xéyrakhiazizl
4 2 2 2 2

|\>||—\

1.
4’

-l>||—\

)

Cau 35 : Trong khong gian véi hé truc toa d6 Oxyz, cho A(a;0;0),B(0;b;0),C(0;0;c),(a,b,c>0)
théa aa+pb+dc=k (keR,k=const),a’+p*+5°>0. Khi a,b,c thay dbi thi quy tich tAm mit
cau ngoai tiép tir dién OABC ludn thudc 1 mit phang c¢b dinh. Tim phuong trinh mat phang d6 .

A. (P):ax+py+6z+k=0 C. (P):ax+ﬂy+5z—g:0
B. (P):ax+ﬂy+5z+g:0 D. (P):ax+pBy+6z-k=0
Giai :
Goi | la thm mit cau ngoai tiép t dién OABC = | (% % %j ( bang céch dung hinh ta dé dang tim
duoc)
= aX, + by, +9z, :wzg .

Vay tam | cia mat ciu ngoai tiép ta dien OABC 1luén di dong trén mat phiang cé dinh
(P):ax+ﬂy+5z—g=0 :

Cau 36 : Trong khong gian voi hé truc toa d6 OXyz , cho mit cau (S) di qua diém A(2; —2;5) va tiép
xtic v6i 3 mit phang (@):x-1=0;(8):y+1=0;(5):z—1=0 . Tinh ban kinh mat cau d6 .
A. 33 B.1 C. 3V2 D. 3
Giai :
Goi tam mat cau(S) 1a 1(x;;y,;2,) .
Tacd B(L-11) latoa do giao diém cua 3 mat phang .
Do 3 mat phang («);(8);(S) doi mot cat nhau = 3 mat phang nay chia khéng gian 1am 8 phan
= Tam | vadiém A clng thudc 1 phan .
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X, >1 X, >1
Do y,<-1=4y,<-1
z,>1 z, >1
% =1 =]y, +1=[z, -1 =
SIX =1
%, ~1=(x —2) +(y, +2)° +(z, -5

| |

% 1= /(x —2)° +(-x, +2) +(x -5)
XI =_yl X| :4

S1X =12, Sy, =-4=>1(4-44)=1A=3 .
x> —8x, +16=0 z,=4

Cau 37 : Trong khdng gian véi hé truc toa dd Oxyz , cho A(3;0;0),B(0;2;0),C(0;0;6),D(6;0;,—6) .
Goi A 1a dudng thang qua D sao cho tong khoang cach tir A,B,C dén A dat gié tri 16n nhat . Vay
A di qua diém M nao sau day :

A. M(8;3-4) B. M (8;3;-3) C. M (4;,-3,-7) D. M (4;-3;-6)
Giai :
. < 2 , Xy Z
Phuong trinh mat phang qua A, B,C c¢0 dang: §+§+6:1 .

Ta nhan thay diém D (ABC) .

Goi A',B',C' lahinh chiéu cua A B,C trén A, taco: AADA' vudng tai A'= AA'< AD =const.
Piang thic xay ra <A L AD .

BB'<BD =const

Lap luan tuong tu ta co: .
CC'<CD =const

5 o {AL BD
bang thuc xay ra <
A1 CD
Vay AA'+BB'+CC'<DA+DB +DC =const .
A1 AD
bing thirc xdy ra <> {A L BD < A L (ABCD) .
A1LCD
X=6+2t
= vtcp a, = vipt M:(Z,&l):m y=3t (teR)= Qua M(4-3,-7).
Z=-6+t

Cau 38 : Trong khong gian véi h¢ toa dd Oxyz , cho mat cau (S): x? +(y—4)2 +2%=5. Tim toa do

diém A thuoc tia Oy . Biét rang ba mat phang phan biét qua A va doi mot vubng goc cat mit cau theo

thiét dién 1a ba hinh tron cé téng dién tich 13 11z .
A 0;2;0 A 0;0;0
A 0;6;0 A 0:8:0

A 0;6;0
A 0;0;0

A 0;2;0
A 0;8;0
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Giai:
Goi ba mit phing phan biét qua A va d6i mot vudng goc lan luot 13

(Atm),(Amp),(Apt). 4
Mat cau (S) cat (Atm),(Amp),(Apt) theo ba hinh tron (C,),(C,),(C;) c6 ¢ !

ban kinh R;,R,,R;.

Mit cau (S) c6 tam 1(0;4;0) va ban kinh R =5. A

Goi B,C,D lan lugt Ia hinh chiéu cua | trén (Atm),(Amp),(Apt). B

= B,C, D lan luot latam cua (C,),(C,),(C;).

Taco: R} =R*—1B?, Ry =R?-1C?, R =R*-ID?,

Tong dién tich ba hinh tron (C,),(C,).(C;) la:

7zR12+7rR22+7zR32=7r(R12+R22+R32):7r[3R2—(IBZ+IC2+IDZ)}
=7Z'[15—(|BZ+|CZ+|D2):|=117Z'.

= IB*+IC°+ID* =4 < 1A =4= IA=2(1).

Vi A thuoc tia Oy nén A(0;a;0)(a=>0).
= A(0;2;0
IA:2<:>(a—4)2=4<:>[a 2_ | Al0:20)
a=6 | A(0;6,0)

Ta chung minh IB? +I1C? + ID? = 1A%,
Goi A' Iahinh chiéucaa | trén Ap, chimg minh duoc IDA'C 13 hinh chit nhat.
= IA? =IC?+1D?,
A . . \ ;S IAI = AB
bong thoi ta ciing chirng minh dugc ABIA' 1a hinh chit nhat = ) ) 5
AB°+1B° = 1A

Vay ta da chitng minh xong 1B® + 1C% + 1D? = IA?.

x+1 y+2 z-1

Cau 39 : Trong khong gian véi hé truc toa d6 Oxyz cho dudng thiang A: 1 va mat
cau (S):(x=1)"+(y—2)"+(2-3)" =27 . Tim diém M e A ké duoc 3 duong thing tiép xdc vai (S)
lan luot tai A B,C sao cho AABC va AMB =%CMA:60° :
M (-1-2;1) M (1;2;1) M (-1-21) M (-1-2;1)
e MG TMGEE M)
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Goi | latam cua (S).

Vi MA, MB, MC la tiép tuyén nén MA L IAMB L IB,MC LIC.

= AMAI, AMBI, AMCI la c4c tam giac vudng c6 chung canh huyén MI .

Tacé:IA=1B=IC = R(S) = AMAI = AMBI = AMCI = MA=MB =MC..

= M e tryc dudng tron ngoai tiép AABC va A, B,C €(C)=(M,MA)(S) véi (M,MA) la mit cau
tdm M , ban kinh MA.

Goi J 1a trung diém ciia AC = J la tm duong tron ngoai tiép AABC.
IA=IB=I1C=R=1 e truc duong tron ngoai ticp AABC.

= M, J, | thang hang = MI, AC dong phang.

Xét trong mt phang (AICM ), goi duong tron (C')=(S)(AICM) co tam | , ta co:
MA,MC la tiép tuyén cua (C')= IMA= %CMA =60°.

M=_—1A _2R

sin60° 3

AM = IA.cot60° =

AIAM vudngtai A c6 IMA=60° = R
N
=R

AMAI vubng tai A c6 AJ la duong cao= AJ = )

l\.)|;U

AAMB cantai M c6 AMB =60° = AAMB déu = AB =AM =

i

Be(C)

Vi R — tdn tai hai diém B théa AMB =60°.
AB=—<R=2R

\/§ (©)

. 2R o xa.
Vay véi IM = — s€ thoa yéu cau d¢ bai .
V3

Cau 40 : Trong khong gian véi h¢ toa d6 Oxyz, cho cac mit phang (P):x—y+2z+1=0 va

(Q):2x+y+z-1=0. Goi (S) la mat cau c6 tdm thudc truc hoanh dong thoi (S) cat mat phang
(P) theo giao tuyén 1a mot duong tron c6 ban kinh bang 2 va (S) cit mat phang (Q) theo
giao tuyén 1a mot duong tron c6 ban kinh bang r. Xéac dinh r sao cho chi ¢ ding mot mat cau
(S) théa man yéu cau.

1 2 3 4
A r=— B.r=— Cr=— D.r=—
7z N7 N7 7
Giai:
Goi 1(a;0;0) va R>0 lan luot Ia tdm va ban kinh cua mat cau (S).

|2a-1

a1 ][”vadp @)=
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Ta c0: | I'(P)]);ZZ:RZ@ , =
(d[L(Q]) +r2=r* |(22-1)° . °

<a’-2a+2r’-8=0 (1).
(1) 1a phuong trinh bac hai véi a la ansé va r la tham sb.
Dé c6 dliing mot mat cau (S) théa man yéu ciu thi c6 ding mot tam 1(a;0;0).

Khi d6 (1) c6 mot nghiém duy nhat: A’ r>0).

9
_ 2 _ 2 _ —
(1)_O<:>1—(2r —8)_O<:>r _EC”_

=
\2
VAy 1= — théa y&u ciu bai toan.

2

Cau 41 : Trong khdng gian véi hé truc toa do OXxyz cho
A(0;¥4:2,),B(0;Yg;25),C(~10;0),D(10;0) trong d6 Y,;Yg:Za: Zg thay doi thoa
yi+25 =y2+122=3.Biétrang AC,BD ludn tiép x(c véi mot mat cau ¢ dinh ban kinh R . Xac
dinh ban kinh mat cau do .

3 J2 J5

A R=— B.R=— C.R:1 D. R=—-=
2 2 2 2

Giai :

Tacoh:

e X,=X;=0=AB thuoc mit phing (yOz) .

o (0-0)"+(0-y,) +(0-2,)" =(0-0)" +(0-y,) +(0-2,)" =3
= A, B thuoc mit cdu tim O ,ban kinh R=+/3 .

Tir 2 didu trén ta c6 : A, B thudc duong tron tim O , ban kinh R=+/3 .

{OA—OB—\@
=

CDLAB (do CDL(yOz))

Ta thay : AOAC = AOBD (c.g.c) .
— Puong cao ha tir dinh O cua 2 tam giac cta bang nhau .

B3

Goi H,K lan luot 1 hinh chiéu cia O trén AC,BD = OH =OK :7:const .

B3

Vay AC,BD luén tiép xic mat cau tdm O , ban kinh R == A .
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Cau 42 : Trong khong gian véi hé truc toa d6 Oxyz cho diem A(4;0;0),B(0;0;m),meRva
C(2;4,0) . Goi D Ia hinh chiéu vudng goc cua O(0;0;0) Ién duong thing AB . Biét ring co6 mot
mat cau ludn luédn tiép xtc voi duong thang CD tai diém D. Tinh ban kinh mit cau do .

A 3 B. 5 C.J7 D. 3

Giai.

Taco OD L AB = ODA=90°. X
Ma D e AB < (Oxz) nén D di dong trén duong tron (C) chura trong mat .

phang (Oxz) c6 tam J 1a trung diém ciia OA va ban kinh Rey=JA=2.

J la trung diém OA=>J(2,0,0)= JC =(0,4,0).
= JC L (Oxz)>(C) = JC latryc cua duong tron (C) va JC =4

. < X . e |l eJC
Goi | latam mat cau (S) ma CD ludn tiép xdc tai D= .
ID LCD

AIDC vuéng tai D, c6 JD la duong cao = JD*=J1.JC = Jl =1

Ma AND vuéng tai J = ID=+JD*+J12 =5

Céau 43 : Trong khéng gian véi hé toa do Oxyz, cho hinh lap phuong ABCD.A'B'C'D" canh a
trong d6 A=0, B(a;0;0), D(0;a;0). Hai diém M,N lan luot di dong trén hai canh BD,B'A
sao cho BM =B'N. Goi «, 8 lan luot 1a goc tao boi duong thang MN véi cac dudng thang
BD,B'A. Gia tri cia A=cos? a+cos? B bang bao nhiéu?

A. A:1 B. A=1 C. A:1 D. A=1

2 4 3
Giai:
Goi canh cua hinh lap phuong 1la b, ta cé:
AD=AB=BB'=b .
Ta cO AABB' vudng can tai B va AABD vudng can tai A.
{B'AB:AB'B:ABD:ADB:45O

BD=B'A=b2
Néu BM =B'N =0 nghiala M =B, N =B", thi ta co:

cosa =cosB'BD =c0s90° =0

o 1 :>C0520(+COSZ,B=1.
cos S =coS AB'B =c0s45" = — 2

2

— Dén ddy ta c6 thé chon dwoc ddp dn :)))))))

Néu BM =B'N =b+/2 nghiala M =D, N = A, thi ta cé:
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1
cos a = cos ADB = cos45° = —
V2 :>cosza+coszﬂ=%,

cos 3 = cos DAB' = c0s90° =0

Néu BM =B'N =x+2 v6i xe(0;b), Goi I 1a hinh chiéu caa N trén AB, ta c6:
AN =AB'-B'N =(b—x)y/2 = IA=IN =b-x
NI//BB':ﬂzﬂzﬁ(B'N=BM,B'A:BD)'

BA B'A BD
ABL(MNI):ABLMN

= MI //AD (Thal¢s dao) = Mi J_AB:>{
IM=IB=x

. < s i, R BH 1 HM
Goi H lahinh chiéu cua I trén MN = MN L IH = MN L (AHB)= :
AH 1L HN
MH MH ,  MH?
COSa=——=—==>008"a =——
MB  x+2 2X
- NH NH NH 2
Cosf=—-= = cos’ f=——
NA  (b-x)v2 2(b-x)
MH.MN = IM? = x?
AMIN vudng tai | cO IH la duong cao = , = MZH __NH 5 -
NH.NM =IN?=(b-x)" X (b-x)

MH?  NH?> 1 MH
7 T 252
2x" 2(b-Xx) 2 X

MHMN  x* 1

(MH +NH) = .
(MH +NH) 2x? 2x2 2

Vay cos? o +c0s? 3 =

JTETA 1
Keét luan: cos? & +cos? 3 = >

Cau 44: Trong khdng gian véi hé truc Oxyz, cho cac diem A(-12;0), B(2-3;2) . Goi (S)
mit cau duong kinh AB.; Ax,By 14 hai tiép tuyén mit cau (S) va Ax LBy . Goi M,N lan luot
1a diém di dong trén Ax,By sao duong thang MN ludn tiép xdc véi mat cau (S). Tinh gid tri

AM.BN .
A. AM.BN =19 B. AM.BN =24 C. AM.BN =38 D. AM.BN =48

Giai:
Goi O la tm ctia mat cau (S) va I la tiép diém cia MN va mat
cau..

, AB AIMO = AAMO
Taco Ol =0OA=0B=—= )
2 AINO = ABNO

MA = MI
= MN = AM + BN
NB = NI

AM,BN a céc tiép tuyén cua mat cau duong kinh AB va
AM 1 BN.
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= AM L (ABN)= AM L AN = AAMN vudng tai A.
= MN? = AM? + AN? = AM? +(BA® + BN?) (AABN vudng tai B)
& (AM +BN)* = AM? + BN? + AB? <> 2AM BN = AB?.

2
= AM.BN :%.

Tacé A(-12;0),B(2,-3;2) = AB? =38 = AM.BN =19.

Cau 45 : Trong khdng gian véi hé truc toa d6 Oxyz, cho mat phang (P):x+2y+2z+18=0, M la
diém di chuyén trén mat phang (P) , N la diém nam trén tia OM sao cho OM.ON =24 . Tinh gi4 tri

nhé nhét ciia khoang cach tir diém N dén mat phang (P) .
A. mind[N;(P)]=2 B. mind[N;(P)]=3 C.mind[N;(P)]=1 D.mind[N;(P)]=4
Giai :
H (-2;-4;,-4)
OH =6=const
Ol =4 =const
Goi | 1a diém nam trén tia OH sao cho OH.Ol =24 = I( 4 8 8)_

GoiH 1a hinh chiéu ctia O trén mat phang (P):>{

Tacé :OM.ON =0OH Ol :>%—I\I/I=8—: va g6¢c MOH =ION nén AMOH < AION (c—-g-c) .

= GOC MHO =INO , ma OH L (P)=OH L MH = goc MOH =90° .

= GO6c INO=90° = N thudc mit cau (S) duong kinh OI cd dinh vai tam K(—%;—%;—%)
1a trung diém cua Ol va ban kinh R =%= 2.

Taco: d[K;(P)]=4= Matcau (S) khong giao vsi mat phang (P) .
=mind[N;(P)|=d[K;(P)]-R=2.

Cau_46 : Trong khong gian véi hé truc Oxyz, cho céc diem A(2;1,-4),B(-6;2;3),M (LL3) . Goi
(P) la mit phang qua M sao cho tong khoang cach tr A /B dén (P) la I6n nhat . Biét rang mat

phing d6 c6 dang (P)x+ay+bz+c=0 véi a,b,ceR . Tinh gidtri cia A=a+b+c .

A. A:—E B. A:§ C. A:ﬂ D. A:—g
Giai :
MA=(1,0;—7 MA = MB =+/50
Tacéd: ¢ . ( ): . \/_:>AMAB cantai M vacé AMB la gbc tu.
MB = (—7;1;0) MAMB = -7

Goi | (—Z;g;—%j la trung diém doan AB = MI L AB.
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Goi H,T lan luot I hinh chiéu ciia A, B 1&n mt phang (P).

Truwong hep 1: (P) khong cit doan AB.
Goi L lahinh chiéu cua | I1&n mat phang (P). Ta ching minh duoc: IL = %(AH +BT).

AIML vuéng tai L= IL <IM =const. Bang thirc xay ra <> (P) L IM tai M .
Khi d6 (P)//AB nén (P) khong cét doan AB (théa diéu kién truong hop 1).
Vay (AH+BT) =2IM < (P)LIM tai M.

Truwong hop 2: (P) cétdoan AB = 3{J}=AB(P) véi AB la doan thang.

~ (AH < A
Ta co: :>(AH+BT)£AJ+BJ:AB:const.
BT <BJ

bang thuc xay ra <> (P) L AB=(P)>IM = | €(P).
Khi d6 (P) cdtdoan AB tai | (thoa diéu kién truong hop 2).
Vay (AH +BT) =AB < (P)LAB.

Vi AAMB c6 AMB la géc tunén AB > 2IM .
Vaytong khoang céch tir A, B dén mat phang (P) I6n nhat1a AB khi (P) L AB.

= (P) nhan ﬁz(—&],‘?)//(];—%;—gj lam vipt.

(P) qua M (1;1;3):>(P):x—ly—zz+1:0:>a:_—1;b:_—7;c:zz> A:E.
8 8 4 8 8 4 4
Cau __ 47:Trong  khdong  gian VG he  truc Oxyz cho  mat  cau

(S):(x—cosa.sin ,8)2 +(y—sin a.sin ﬂ)z +(z—cos ,B)2 =% V6i a, B 1a cac goc thay doi ludn thoa

man a, B €[0;27] . Biét (S) ludn tiép xdc véi hai mat cau c6 dinh(S,),(S,) . Tong thé tich cua hai
khoi cau (S,),(S,) a:
21r 147 767

B. — C. 127 D. —
8 3 3

Giai :
X =CcoSa.sin
Goi | latammitcau (S)=1ed:{y=sina.sing .
Zz=cospf

A.

= x*+y* + 12 =(sin’ @+ cos’ ) sin* B+ cos” =1
= Vay | E(S(o))ixz+y2 +2* =1= Khoang céch tir tm | cuamtcau (S) dén goc toa dd O laco

dinh .
= Vay mit cau (S) s& tiép xtc ngoai va tiép xdc trong véi 2 mit cau (S,),(S,) cb dinh co tim 12 O
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=V, +V, :gzzRf +g7zR§ :14?7[ (dvtt) .

Cau 48 : Trong khong gian véi hé truc toa do Oxyz , tap hop cac diém M (a;b;c) thod méan bat

phuong trinh (a—2sina)’ +(b—2cosa)” +c? s% la mot khéi tron xoay thé tinh bang :
2
A. V=277 B.V =72 C.V =372 D.V:%
Giai :
Xétdiem A(2sina;2cosa;0)= Ae(Oxy)=> X5 +yi=4 .
Vay tap hop diem A Ia mot duong tron (C) tam O(0;0;0) c6 ban kinh R=2  trong mit phing
(Oxy) .

Vi moi M (a;b;c) taludn co6 MA? s%@ MAS% .

— Khi diém A chay tung ting trén duong tron (C) thi tap hop diém M tao thanh hinh mot cai phao

c6 ban kinh duong tron I6n R, =R+ MA= g va ban kinh duong tronnho la R, =R-MA = g .

Ap dung cong thuc thé tich cai phao ta cé : V =%7r2 (R+R,)(R— R2)2 =,
Cau 49 : Trong khong gian véi hé truc toa d6 Oxyz, cho mat phang
(P,):(m*—1)x—2mz+2m’ +m-1=0 . Biét rang khi m thay ddi thi (P, ) ludn tiép xdc véi 1 mat

cau c6 ban kinh cé dinh va ¢ tam | (a;b;c) thugc mat phang (Q):y+2=0 . Tinh P=a+2b+3c
A. P=0 B.P=-1 C.P=-2 D. P=-3
Giai :
Taco: |(a;b;c) latdm mat cau ¢ dinh ludn tiép véi (P,) .

=d[1i(R,)]=

‘(m2 —1)a—2mc+2m2 +m—1:0‘ B ‘(a+2)m2 +(1—2c)m—(a+1)‘

\/(m2—1)2+4m2 (m2+1)
Dé d[ 1;(P,)]1a mot hing sé thi cac hé s6 twong tng ti 1 véi nhau :
c—1 a——1
= 2 & Zzl(—l;b;lj .
a+2 —(a+l) 1 272
11 2
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I e(Q):y+2:0:b:—2:>I(—%;—Z;%):P:—g ,

Cau 50 . _Trong khéng gian Vv&i hé truc toa d6 Oxyz, cho mat phiang
(Pm):me+(m2+1)y+(m2—1)z—10=0 va diem A(2;1%-5) . Biét rang khi m thay doi thi (P,)
lubn tiép xtc vai 2 mat cau b ban kinh ¢b dinh va cung di qua A . Tong ban kinh 2 mat cau do 1a

A 242 B. 52 C. 742 D. 1242
Giai :
Goi 1(a;b;c) Iatam mt cau cb dinh ludn tiép véi (P,) .
2ma+(m?+1)b+(m?*-1)c-10| |(b+c)m?+2ma+(b-c-10
:d[l;(Pm)]J (+1) 2( ) _ U( ) : 1J(§ )‘.
Jam? +(m? 1)+ (m* 1) (m*+1)

Dé d[ I;(P,)]la mot hing s6 thi céc hé s twong g ti 1¢ v6i nhau :

a=0

a=0

=<b+c _b-c-10 @{C_ 5:I(O;b;—S) :
1 1

=d[1;(P )]:%z 4+(b-11)° :IAQBzzS:&:((%;;Z;S_;z): R +R,=12V2 .

m

Cau 51 : Trong khong gian véi hé truc Oxyz , cho duong thang (A) la giao tuyén cua 2 mat phang
(P):x—my+z-m=0,(Q):mx+y-mz—1=0 goi (A,) la hinh chiéu cua (A) trén mit phang
(Oxy). Biétring (A,) ludn tiép xdc véi mot duong tron ¢o dinh. Tim ban kinh r cua duong tron do.
A r=1 B. R=15 C.r=2 D.r=3
Giai.

(P) c6 vtpt n, =(L-m,1) , (Q) ¢6 vtpt ng =(m;L—m)

(A) covtep i):[n(m,@}:(mz—l ;2m ;m? +1).

2 2
Véi m=0 . Goi A m +1;O;m ! e(A).
2m 2m

Goi (@) lamit phang qua (A) va vudng goc véi mat phang (Oxy) co vtptn=(0,0,1) .

N 2
= (a) 6 vtptn(a):[a(A),nJ:(Zm,l—mz,o):(a):Zm.(x—m2;1j+(1—m2).(y—0):0.

12mx+(1-m’)y—(m’ +1)=0 .
Vay (A,) c6 phuong trinh la: 2mx+(1-m?*)y—(m*+1)=0 trong m3t phing (Oxy) .

Xét trong mit phang (Oxy), ta co:

7 ‘—(m2 +1)‘
Xétdiém 0(0,0)=d[0,(4,)]= 7 - L=const.
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Vay trong mit phing (Oxy)taludn cé (A,) ludn tiép xtc véi mot dudng tron (C) cb dinh c6 tam

0(0;0;0) voi R¢)=1Vm=0.
x+z=0 x=t
Véi m=0,taco: (A):{y_l_ <qy=1 vteR=(A)//(Oxz).
- 7=t

Vay (A,) co dang y =1 trong mat phang (Oxy) .
Ma d[O,(A,)]=1=R, nén (A,) tiép xtic vdi (C).
Két luan: (A, ) ludn tiép xuc duong tron (C) cobankinhlal VmeR .

Cau 52 : Trong khong gian véi hé truc toa do Oxyz cho A(0;0;1),B(m;0;0),C(0;n;0),D(LL1) véi
m>0, n>0vad m+n=1.Biét ring khi m,n thay ddi thi ton tai mot mat cau cb dinh tiép xtc voéi
mit phang (ABC) vadiqua D. Tinh ban kinh R ctia mét cau do .

A. R=1 B.R=E C.R=2 D.R:\—/E

2 2
Giai :

Taco: (ABC):%+%+%:1<:> NX+my+mnz-mn=0 .

Goi I(a;b;c) la tam mat cau thoa man yéu cau bai toan :

_|na+mb+mnc—mn| |na+mb+(c-1)mn| |(b—a)m+a+(c—1)mn|
Jm? +n? +m?n’ 1-mn 1-mn '

D¢ d[ 1;(ABC)] la mot hing s thi cac hé s6 twong (ing ti 1 i nhau :

b-a=0
a=>b b=a
=>a c-1< = = l(a;ja;1-a) .

=d[1;(ABC)]

a+c=1 c=1-a

1
= d[1;(ABC)]=a=y(a-1)’ +(a-1)’ +(-a)’ = ID > a=1<R=1.

---HET---
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