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X, =x=1

Céu 1: (5,0 diém) Cho day s6 (x,) duong sao cho { x x

2
X X, X

n n— n

2
n(n+1)xn+1 _LVneN

n+l

a) Xac dinh cong thirc sb hang tong quat cua (x,).

b) Dit u, =lZn:xl_ . Tinh lim (u, )(n”)!.
€ i=0

Céu 2: (5,0 diém) Tim tat ca cac cip sd nguyén duong 1& (a,b) , a;b<2** thoa man

2023 * 2023
2 127,

a’+b’ va b’ +a
Cau 3: (5,0 diém) Tam giac nhon khong can ABC c6 truc tim H va dudng tron ngoai
tiép (0), duong phan gidc trong ciia goc BAC cit BC tai K. Diém Q nim trén dudng
tron (O) sao cho AQ L QK . Buong tron ngoai tiép tam gidc AMQH cat AC, AB lan luot
tai Y,Z.Goi T la giao diém ctia BY va CZ , P la giao diém ctia YZ va BC.

a) Chimg minh rang PY _BH :
PZ HC

b) Chimg minh rang TH L KA.

Céu 4: (5,0 diém) Cho a,b,c >0 thoa méin ab +bc + ca =1. Chimg minh rang;

1 1 1 1
+ + 224+ —-.
a+b b+c c+a a+b+c
-------- HET --—---

Thi sinh khéng dwoc siv dung tai ligu va mdy tinh cam tay.
Can bg coi thi khong gidi thich gi thém.
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SO GIAO DUC VA PAO TAO KY THI CHON POQI TUYEN

HUNG YEN DU THI CHON HQC SINH GIOI CAP QUOC GIA
NAM HQC 2023 - 2024
PE CHINH THUC Moén thi: TOAN

Thoi gian lam bai: 180 phiit (khéng ké thoi gian giao dé)
Ngay thi thir nhat: 28/8/2023

HUONG DAN CHAM
A. HUONG DAN CHAM
- Néu hoc sinh giai theo cach khic dap 4n ma bai giai van ding thi giam khdo xem xét cho
diém tuong tmg.
- Piém sb toan bai, mdi cau, mdi ¥ khdng lam tron, giam khao co thé thdng nhat dap an chia
cac ¥ dén 0,25 diém.
B. PAP AN - BIEU DIEM

Cau HUONG DAN CHAM Biéu
diém
Cﬁu 1 x() = -xl =1
Cho diy sb (x.) duong sao cho n(n+1)x? .
y ( n) g xn—l)zcnﬂ ( ) n+l — 1, vn = N
xn xn—lxn

a) Xac dinh cong thirc s6 hang tong quat cta (x”) )

b) it u, =~ x,. Tinh lim(u,)"""
€ i=0

a) Ta chimg minh bang quy nap x, = —'(*) 0,5
n!

Tacod (*) ding véi n=0;n=1.Giastt (*) ding dén k,k>1,keN

X1 Xk k (k + 1) x]f“’l k 1 3
1o (k) +—[(k+1)x, T =1
le ’ X1 Xk g k+1( " ) Y k+1 |:( + ) xk“] 0,75

bat y,,, = (k+1)!xk+1 ta co

k 1

2
k+1yk+1 + k+1()’k+1) :1<:>(yk+1 _1)(k+1+yk+l):()<:> Vi =1 X, :m 0,75
Suy ra dpcm
b) bat in =v, = limv, = e (theo khai trién Taylor). 0,5

i=0

(,,_,_1)1 (n+l)!
Ta co: lim(u, )("H)! =1lim (V—”) =lim 0, )(,,+1).
e (e)"

(nJrl)!.lnv,7 X , B 0,5
. (e() )(Hl)! i ) _ ellm(nH).(lnvn 1)
e
1
Tinh lim(n+1)!(Inv, —1), dit a, =Inv, -1;5, =
(n + 1)! 0.5

Xét thiy lima, =1limb, =0(1);(b, ) giam thyc sy (2)




Mat khéc: lim 222 % _ i
-b 1 1

n+l n —

ME] Dinf 14—
ln( . j | v, (n+1) nL +vn(n+1)!
“ =lim

1 1 n+1

(n+2)! (n+1)! "n+2

=lim

Do limvn(n+1):+oo:1imvn(n+1)!ln(l+ =1.

1,0

-1

Suy ra lim% =lim—= —1(3). Tur (1);(2);(3) va ép dung stolz ta duge
e

-b %

n+l n n

1

fim (n+1)1(Inv, —1) ==+ . Vay lim ()" = ¢
e

0,5

Tim tat ca cac cdp sd nguyén duong 1é (a,b) , a,b <2* théa man o’ +b:2%%

\ *~202
va b + a2,

Nhdn xét : Vi moi s6 nguyén duong 1¢ ¢ va s nguyén duong chin z theo bd dé
nang lily thra LTEtacé: v, (C" —1) =0, (C —1) +0, (C + 1) +0, (n) -1

e Néua=1trdotaco b+1:2" = p=2"" —1 (boivi b<2°)

o Néub=1trdotaco a+1:2"2 = g =2 —1 (bdivi a <2°?)

0,5

e Néua,b>1
bit S=a+b,vi ab—a:a(ab—l)E(a2 —1):>ab —a:4
Ttr d6 suy ra S=ab+b—(ab—a)f4
Khong mat tong quat gia sit ring S =(a—1)+(b+1) voi (a—1):4 va (b+1):4
Pat a—1=2"4;b+1=2"B (véi k,m>2, A, B€Z"1¢)

0,5

Theo bd dé nang lity thira LTE ta c6
v,(a"" =1)=v,(a=1)+v,(a+1)+v,(b-1)~1=k+1+1-1=k+1

0, (b =1) =0, (b=1)+0,(b+1)+v,(a=1)~1=m+1+k-1=k+m
Do dé a’ —a :a(ab_1 —1):2k+1x, (v6i x 1a s6 nguyén duong 1¢ ) va

b -b= b(b“_1 - 1) =27y (véi y 1a sb nguyén duong 18 )

1,0

Két hop voi gia thiét ta co

(2"+‘x+ 5)522023 (1) va (2’“'" y+ S)Ez2023 (2)
Mitkhac a =24 +1< 2" = £ <2022 (3)
Tir (1) : (2k+1x+S)§2202352k“ = §ik!

1,0




Néu 0,(S)>k+1  ta suy ra 2023=0,(2") <0, (2" x+S)=k+1
= k>2022 (4)

Néu v, (S ) =k+1 vOi moi m22 ta suy ra| 1,0
2023 =0, (2" ) <v,(2""x+5) =k +1

= k>2022 (5).Tu (3)(4)va (5) suyra k =2022.

Khi d6 a =2 4+1<2" = 4=1hay a =27 +1

Mé S;2k+1 — 22023 P 22023 < S — a+b < 2_22023 — 22024 — a+b — 22023 hay
h=2%3_, o

22022

b= —1.Céc cidp s6 nguyén duong (a,b) thoa man yéu cu bai toan gdm

{(22023 _1)1)’(1)22023 _1)’(22022 1,022 +1)’<22022 41,222 _1)}

Cau3l

Tam giac nhon khong can ABC ¢o tryc tim H va dudng tron ngoai tiép (0) ,
duong phan giac trong cua goc BAC cit BC tai K.Diém Q nim trén dudng tron
(0) sao cho A4Q L OK . Pudng tron ngoai tiép tam giac AAQH cit AC, AB lan
luot tai ¥,Z . Goi T 1a giao diém caa BY va CZ , P la giao diém cua YZ va BC.
a) Chirng minh rang Pr_ ﬁ

PZ HC
b) Chimg minh rang TH 1 K4

R

0,5




Goi A4, 1a duong kinh cua (0) . Goi AD,BE,CF la cac duong cao trong tam giac
ABC. AK cit (0) 6 M = A.Liy G d6i xting voi M qua BC.

Ta ching minh Q nam trén MD 0,5
Thit vay, c6 A0K =90°, vi viy O nim trén AK .
Do do @ = @/[ = m = KAD = I@ hay ta c6 diéu phai chimg minh.
Luu ¥ ring YOZ=YAZ=CAB, va QYZ=0AZ=0AB=QCB, vi viy
AQYZ ~ AQBC . Xéc dinh diém R sao cho AQBR ~ AQZP. Vi OZY = OBC, ta c6 o
dugc Rnam trén BC . Boi AQYZ ~ AOCB va AQZP ~ OBR , ta c6 % = %.
Goi AH cét (0) tai 4, #4. Ta théy rﬁng OPBZ la tir giac noi tiép, do do6
ORK = QPZ = OPB = OMK hay ORMK ni tiép.
Ta ¢6 DRDK =DQ.DM =DADA,, nén ARAK la to gidc noi tiép. Vi vy
AAR = AKB = ACM =180" — AAM , nén R ndm trén MA,. Boi vi M4, va HG | 10
dbi xtmg qua BC, nén R nam trén HG .
Theo tinh chat duong phan giac , ta co g—g = fl—ﬁ .
b)

1,0

Chtng minh : Goi U va ¥ 1a hinh chiéu ctia T trén BE va CF tuong Ung.
;. + TU BT TV CT ., TU BT CZ EY
Thay rang —=— va —=——nén —= — .
EY BY FzZ CZ Vv BY CT FZ
Boivi HEY = HFZ =90° va AZHY ndi tiép nén ta co6 AHEY ~ AHFZ .
EY HE CH , TU BT CZ PZ

Dodbétaco —= = nén = —
FZ HF BH TV BY CT PY




Tu d6 c6 dugc TU =TV do theo dinh 1y Menelaus cho tam giac ATYZ ta co
BT CZ PZ

—.—.—=1.Do d6 HT la phan giac goc BHC hay T, H,G thang han
BY CT PY phan giac g y g hang. 1,0
Tir ddy, ta c6 ngay diéu phai ching minh.
Ciu4 | Cho a,b,c>0 thoa man ab+bc+ca=1. Ching minh ring:
1 1 1 1
+ + >2+
a+b b+c c+a a+b+c
bat p=a+b+c,g=ab+bc+ca=1,r =abc
2
+ 1
Khido(*) &2 "L>04—
pq-r p
2
o2 +122+l 1,0
p-r p
Sp+p22p(p-r)+p-r
Sp =-2p7+2pr+r>0 (1)
Ta co: (a+b+c)2Z3(ab+bc+ca)c>p223:>p2\/§ 1,0
TH1: p>2=¥VT >0 (dpcm) 0,5
TH2: 3<p<2
2 2 0,5
Theo BDT Schur ta co6: rzp(4q9 P ):p(49p)
2 2 2
Do do VT(1)2p3—2p2+2p (4; p)+p(49p) 0,5
2 2 2
Tacénchl’mgminh p3—2p2+2p (z P )+p(49p )20 (**) 0,5
Thét vy (**) < p(2—p)(p—1)> 20, ding do 3 < p<2 0

Pang thiic xay ra < (a,b,c) =(1,1,0) va hoan vj
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HUNG YEN DU THI CHQN HQC SINH GIOI CAP QUOC GIA
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Cau 1. (6,0 diém)

Tim tat ca cic ham s6 f : (0;+00) — (0;+0) thoa méan

f(xf(y)) + f(ysz(x)) =xy+xp™, Vx,ye(0;+ ).
Cau 2. (7,0 diém)
Cho tam giac ABC ndi tiép dudng tron (0) Puong tron ndi tiép (1 ) cla tam giac
ABC lan luot tiép xuc véi BC, CA, AB tai D, E, F. Biét AI cit BC tai S vaciat (O) tai
diém thir hai 13 M . Cac dudng tron ngoai tiép tam giac BSM, CSM cdt MF, ME tuwong irng
tai L va K (K,L khdac M ).

a) Chiing minh réing bondiém I, L, S, K cung nam trén mot dudng tron.

b) Goi T 1a giao diém thtt hai cia MD véi (O). Chitng minh rang dudng tron ngoai
tiép tam giac TKL tiép xuc véi (0)

Cau 3. (7,0 diém)

Co gido co tat ca 2278 vién keo thudc vé k loai keo khac nhau. Co chia cho cac hoc
sinh ctia minh moi ngudi mot s6 vién keo va khong c6 hoc sinh nao nhan nhiéu hon mét vién
keo & cung mot loai keo. Co yéu cau hai hoc sinh khac nhau bat ky so sanh céac vién keo minh
nhén duoc va viét sé loai keo ma ca hai cung co lén bang. Biét ré‘mg mdi cip hoc sinh bét ky
déu duogc 1én bang dung mot 1an. Goi tong cac sd duoc viét 1én bang 14 M . Xac dinh gia tri
nho nhét ctia M trong mdi trudng hop sau:

a) k=67.
b) k =68.
-------- HET ---——---
Thi sinh khéng dwoc sir dung tai lidu va mdy tinh cam tay.
Can bg coi thi khong gidi thich gi thém.
HO VA 101 thi SINI: . oo e e e e e e e e e ee e e e SO DAO AANI: oo,

Chir ky can bé coi thi SO L7 oo Chit ky can b¢ coi thi SO 2% e e



SO GIAO DUC VA PAO TAO KY THI CHON POQI TUYEN
HUNG YEN DU THI CHQON HQC SINH GIOI CAP QUOC GIA
NAM HOQC 2023 - 2024
Moén thi: TOAN
Thoi gian lam bai:180 phiit (khéng ké thoi gian giao dé)
Ngay thi thir hai: 29/8/2023

HUONG DAN CHAM
A. HUONG DAN CHUNG
- Néu hoc sinh giai theo cach khac dap 4n ma bai giai van dung thi giam khao xem xét
cho diém twong tmg. Cau 2 phai c6 hinh v& méi cham diém.

- Biém s0 toan bai, moi cau, mo1 y khong lam tron, giam khao c6 thé thong nhat dap an
chia cac y dén 0,25 diém.

B. DAP AN — BIEU DIEM

Cau Noi dung | Piém
1 Tim tdt cd cdc ham sé f:(0;+00)—>(0;+ OO) théa man
(6,0 diém)

f(xf(y))+f(y2°23f(x)) =xy+xp™", Vx,ye (0;+oo).

Gia st ton tai ham s f thoa man bai toan

f(xf(y))+f(y2°23f(x)) =xy+xy"", Vx,ye(0;+ ) (D).
Thay x =y =1 vao (1), tadugc f(f(1))=1.
Thay y =1 vao (1), tadugc f(xf (1))+ f(f(x))=2x Vxe(0;+x) (2).

0,5

Thay y = f(1) vao (1) va st dung f(f(l)) =1, ta dugc:
S (£ )+ 7 (725 (1)1 (x)) =2 (1) +27 (1) 0,5
& f(x)+ /(1) f(x)) =5/ (1) + 2 (1), Vx € (0;+0) Q3).

Véi moi x,,x, €(0;+0) va f(x)=f(x,), ta thay x lan lugt boi x, va
x, vao (3) ta co:

SE)+ (W) f () =xs (D) +x(1) ().
0,5
S )+ £ (M) S (x)) =0 () + 2, (1) (5)
Do f(x)=/f(x,) va f(1)>0 néntix (4) va(5)tacod x =x,.
Vay f la don anh.
Trong (2),cho x = f ( ) ta duogc:
F(r@)+r(r(r(1))=2
1,0

S (/W) rm=21() e (()) f(1) ma £ 12 don dnh va
f()>0néntacs f(/*(1)=r(1)e f(1)=1e f(1)=

Véi f(1)=1 két hop véi (2) ta thu duogc:
f(x)+ f(f(x)) =2x, Vx € (0;+x) 6). | 05




Véi mdi x e (0;+00) cb dinh, xét ddy s6 (u,) théa man:

n

uy=x>0;u = f(x);u,, =f(u,),VneN. 03

sPnel T

Do f(x)>0 véi moi x e(0;+) nén tir cach x4c dinh day s6 (u,) nhu
tréntacoé u, >0,VneN (¥). 0,5
Khi do, tur (6) ta thu duoc u,,, +u, , —2u, =0 véi VneN.

Ta c6 phuong trinh dic trung: A°+A-2=0 c6 hai nghiém A=1 va
x=a+b

A=-2.Suyrau, =a+b.(-2)", trong d6 a,b thoa man: {f(x) —a 2| 05

2x+f(x).b:x—f(x)

Suyra a= ; .
y 3

3
2k+1

THI1: Néu b>0, ta chon ke N sao cho a+b.(-2) <O thi u,,,, <0,
mau thuan véi (¥).

TH2: Néu b <0, ta chon k € N sao cho a +b.(—2)2k <0 thi u,, <0, mau| 1,0
thuan véi (*).

Vaynén b=0,suyra f(x)=x v6imoi x (0;+x).

Thir lai: Ta thay f(x)=x,Vx e(0;+00) thoa min cc diéu kién gia thiét.
0,5

Két luan: C6 mot ham s6 théa man bai toan 1a f(x) = x,Vx € (0;+ ).

2 Cho tam gidc ABC ndi tiép dwong tron (0) Puong tron ndi tiép (1) cua tam
(70 dim) | i 4BC ldn lwot tidp xiic véi BC, CA, AB tai D. E, F. Biét Al cét BC tai S
va cdt (0) tai diém thir hai la M. Cac dwong tron ngogi tiép tam gidc
BSM, CSM cit MF, ME twong ving tai L va K (K,L khic M ).

a) (4,0 diém) Chimg minh rang bon diém I, L, S, K ciing nam trén mot
duong tron.




Ta c6: BLM = BSM (goc nodi tiép cfmg chan cung BM ) 1.0

BSM = SBA+ BAS = SBA+ MBS = ABM tu do, BLM = ABM (1).

BEM =180" —(ABM 4 BMF) va MBL = 180" —(BLM 4 BMF) Q).

T T . . 1,
Tu (1) va (2) suy ra BFM = MBL nén MB la ti€p tuyén cta duong tron 0

ngoai tiép tam giac BFL.

Do d6 MB> = ML.MF  (3).

— —( BAC _ABC
{ —C+—C) 0,5

Mait khac tam giac MBI cantai M do MBI = MIB| = 5 5

nén MB = MI 4).

Tt (3) va (4) suy ra MI* = ML.MF tir d6 ta thu duoc MI 1a tiép tuyén

A L 0,5
cua duong tron ngoai ti€p tam m gidc ILF . ’

Khi do, ILF = AIF = 900—&2(: matkhac]V[L\S m—BAC 0.5
9

nén ta co ILS = 90°.

Chtmg minh tuwong tu ta cing ¢6 IKS = 90".
Suy ra ILS+IKS =1 80°, suy ra ttr giac ILSK ndi tiép duong tron duong | 0,5
kinh IS hay bon diém /7, L, S, K cung thudc duong tron duong kinh IS.

b) (3,0 diém) Goi T la giao diém thir hai ciia MD véi (0) Churng minh
rang dwong tron ngoai tiép tam gidc TKL tiép xiic véi (O)

—

T BTM = MBC =%2C, suy raMB 1a tiép tuyén cua cac duong tron 0.5
9

ngoai tiép tam giac TBD .

Khi d6, MB 13 tiép tuyén ctia cac dudng tron ngoai tiép tam gidc TBD
va tam giac BFL; MI 1a tiép tuyén cua cac dudng tron ngoai ti€p tam | 0,5
giac ILF vatam giac IKE nén ta co:

MB* = MI* = MC* = MD.MT = MF .ML = ME MK . 0,5

Xét phép nghich dao tim M , phuong tich k = MI* = MB*> = MC”? tacé

I,:B>B,C—C DT, EBK, F> L. 0.5

Vay qua phép nghich dao 7}, dudng tron ngoai tiép tam giac DEF bién
thanh dudng tron ngoai tiép tam giac 7KL, duong thang BC bién thanh | 0,5
duong tron (O).

Vi dudng tron ngoai tiép tam giac DEF tiép xtic véi BC tai D, suy ra

dudng tron ngoai tiép tam gidc TKL tiép xtc véi dudng tron (O) tai T . 0,5

3
(7,0 diém)

Co gido co tat ca 2278 vién keo thudc vé k loai keo khdc nhau. Cé chia cho cdc
hoc sinh ciia minh moi nguoi mot s6 vién keo va khong co hoc sinh nao nhdn
nhiéu hon mét vién keo & cung mot loai keo. Co6 yéu cau hai hoc sinh khdc nhau
bat ky so sanh cac vién keo minh nhan dwoc va viét sé loai keo ma ca hai cung co
lén bang. Biét rcing moi cap hoc sinh bat ky déu duwoc lén bang dung mot lan. Goi
tong cdc so dwoc viét 1én bang la M . Xdc dinh gid tri nhé nhdt cia M trong
méi trwong hop sau:
a) (4,0 diém) k =67.




Phan tich: Hai vién keo cung loai sé thugc vé hai hoc sinh khéc nhau, ma
hai hoc sinh do chac chan sé lén bang va viet so keo giong nhau ma ho
co. Tw ddy ta nhan thay yéu to hoc sinh khong quan trong ma chu yéu la

50 cap keo giong nhau. 1,0
Véimdiie {1;2;...;k} , 01 a, 1a so vién keo cua loai keo thir i thi ta thay
rang: a, +a, +...+a, = 2278 . Ngoai ra
M=C+C’ +..+C’ = a4 -1) + a(2,-1) +...+—a"'(a" -
‘ ’ ¢ 2 2 2
_atayt.ta, ata,t+.ta, _a +a+..ta; 1139, 1,0
2 2
M- a+a+..+a 1130,
Bai todn quy vé tim gia trj nho nhat ciia tong P=a’ +a’ +...+a. .
- V6i k =67 ta nhan thay 2278 =34.67, 4p dung bat ding thirc Cauchy-
Schwarz ta co6: 1,0
2
a+a,+..+a 2278’
P=af+a22+...+a,fz( 1 2k ) _2278 367
34°.67 .
=>M . = —-1139=37587, dat dugc khi a, =a, =...=a, =34. 1,0
b) (3,0 diém) k = 68,
Véi k=68, ta nhan thay 2278 =33.68 +34 nén ta khong thé 4p dung bat
dang thire Cauchy-Schwarz dé tim GTNN cua P. ’
Trudce hét, ta chimg minh nhan x¢ét sau: “Neu P dat gia tri nho nhat voi | (0,5
bo (a,,a,,...,a,) thi trong bg ndy khong c6 hai s6 nao hon kém nhau 2
don vi tro lén”.
That vay, néu ton tai 7,j phan biét thuoc tap {I;2;..;k} sao cho
a,—a,>2 thitadat b =a,-1vab =a, +1 dé co a, +a,=b +b, 05
Khi do, b7 +b” =(a, - 1)’ +(aj +1)2 =a +a —2(611. —aj)+2<al.2 +a;
tir d6 P khong dat gia tri nho nhat tai (a,,a,,...,a, ), mau thun. 0,5
Do do, ta co |al, - aj| <1 v61moi i, j =1,k va nhan xét dugc ching minh.
Theo nhan xét trén, ton tai # nguyén khong 4m sao cho q, e {£;¢+1} véi
0,5
moi i=1k. ’
P P TUN 2278 A1y
Tu day, dé dang tim duogc ¢ = g =33 va gia tri cia P khi ay la
. L s 0,5
34.33% +34.34%, dat dwoc khi cac s6 a,,a,,...,a, c6 34 sb bang 33 va 34|
s6 con lai bang 34.
Nhu vay ta c6 gia tri nhd nhat cua M can tim la:
34337 +34.34° 0,5

M

~1139= 17(332 +342)—1139 =37026

min
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