CHUONG 4/ GIOI HAN

BAl1.  GISI HAN CUA DAY sO

@ T1OM TAT Li THUYET

4) GIOIHAN CUA DAY 56

Dinh nghia 1. Day s6 (1) c6 gidi han la 0 khi  dan t&i duong v6 cyc néu |u,| c6 thé nhé hon
mot sO duong bé tuy y, ké tir mot s6 hang nao do trd di.

Kihiéu: lim u, = 0haylimu, = 0.
n——+o0o

ViDU 1. lim lz 0.
n—-+oo n

Dinh nghia 2. Day s6 (u,) c6 gidi han 1a a néu |u, — a| c6 gi¢i han bang 0.

Nghia la: lim u, =a< lm (u, —a)=0.
n——4oo n—-+oo

ViDu 2 lim 2+ tl_
n—to n—4+3

€) CACDINH LY VE GIGI HAN HI'U HAN
Dinh i 1.

1 1 )
— lim o= = 0;lim — = 0 voi k la s0 nguyén duong.
n

— limg" = 0néu |g| < 1.

Dinh Ii 2.

— Néulimu, = avalimo, = b thilim (u, + v,) = a £+ b, lim (u,.v,) = a.b, lim <u”) =2 (néu

Uy b
b #0).

— Néu u,, > 0v6i moi nvalimu, = a thia > 0va lim \/u, = /a.

€ 18NG CUA CAP SO NHAN LUI VO HAN

Dinh nghia 3. Cap s6 nhan vé han (u,) c6 cong boi g thoa man |g| < 1 dugc goi 1a cip s6 nhan
lui vo han.

Dinh i 3. Cho cdp s6 nhan liii v6 han (uy), ta cé tong cia cap s6 nhan lii v6 han do la

u
S:u1+u2+u3+--.+un+...:ﬁ,(w <1)

367



368 CHUONG 4. GIOI HAN

€ ciGIHAN VO cyc
Dinh nghia 4.

— Tandi day sb (u,) c6 gidi han +oo khi n — +00, néu u, c6 thé 16n hon mot s6 duong bat ki,

ké tir mot s6 hang nao do6 trd di.
Ki hiéu: lim u,, = +oo.

— Tandi day sb (u,) c6 gi6i han —oco khi n — +o0, néu lim(—u,) = +oo.

Kihiéu: lim u,, = —oo.
Dinh li 4.
a) Néu lim u,, = a va limv,, = 400 thi lim M .

On

. . . <q. U
b) Néu limu, = a > 0,limv, = 0 vi v, > 0 vdi moi n thi 11mv—” = +o0.
n
¢) Neu limu, = +oovalimv, = a > 0 thi lim u, v, = +oo.

(® CACDANG TOAN

(O DANG 1.1. Dung dinh nghia chirng minh giéi han

D€ ching minh lim u,, = L ta chitng minh lim (u, — L) = 0.

Vi DU 1. Chung minh réng

) —n3 ) n?+3n+2 1
74 Lbigiéi
a. Ta c6 lim m —(—1) ) =lim L Vio < ! < ! Vn € IN*
' nd+1 - n+1) — | n3+1 n3’ '
Méliml—Onénsu ra lim L = 0. Do do lim _—n?» = —1
nd y n3+1) nw3+1)
2
. n“+3n+2 1 . 5n+4
b. Tacol - s ) =lim—
€0 1m( 2n?+n 2) 1mZ(an—kn)
5n+4 5n+5 51 51 5 1
Vi0 ==-—,V IN*. Ma li —— ] ==1lim—-—=0
' <‘2(2n2+n) Sy 2w "E alm(z n) 2™y
. _ 5n+4 L (n*P+3n+2 1
Nen Suy ra llmm = O DO dO llm <W) = E
VI DU 2. Ching minh rang
n_ 1
a. lim (W) =3 b. lim (\/n2+n—n> =5

@ Loi gidi



GIOI HAN CUA DAY SO

3.3" —sin3n
371

—sin3n
31’1

N n

_ | —sin3n| <1 1 ,

3n -3 3

1\" —si
Ma lim (§> :Onénsuyralim( sin 31

31’1

. Tacélim( —3> = lim

\nog‘

2vVn? +

) :O.Dodélim<

Vn € IN*.

3.3" —sin3n
31/1

)3

—(2n+1) -1

= lim

. Ta cé lim (\/nz—i—n—n—%) = lim

-1

2

2 (NW +(2n+ 1))

1 1

Vi0 < <
2(2\/m+(2n+1)> 2(2

Ma lim

IN

Vi (2n41)) (2v/n? + 2n)

2
11
—.—, Vn € N*
8n

-1
=0.

1 1. 1 . .
. _ghmg = 0 nén suy ra lim

1
5

Do doé lim (\/m — n)

1
>

2 (2\/m+ (2n + 1))

BAI TAP TU LUYEN

BAI 1. Chung minh ré“mg

2n2 +n
n?+4
6 2
nt2_
n+5

a. lim =2

b. lim

Ldigiéi.
n—=8
—2) =1
) lmn2+4
2n? +n
n?+4

2n® +n

Vio <
n? + 4 !

. Tacodlim (

1
Ma lim - = 0 nén suy ra lim (
6mn + 2 —-28

n—+5

< § Ma lim—8 = 0 nén lim
n n

)

. Ta co lim (

—28
n+5
7 —2.8"
. Tacoli _
a co lim ( 871 3
7" 4+ 2.3" 7" 423"
87’1 + 31’! 811 + 31’1

7 n
Malim3 (8) = 0 nén lim (

— 6> = lim

Vi

(5

8" + 3"
3.7"
< g
7" —2.8"
871 _|_ 31’1

7

Vio < =3 =

8

—2) = (0. Do do6 lim

6n+2

(&)

—|—2) = 0. Do do6 lim

7" —2.8"

Cim ———— =
c. lim TECT

n n
d 1 23" +5 _ 1

m —5” T an

’ <

n—38 n

n? + 4

1
-

2n? +n

= 2.
n?+4

—6> —0.Dodslim 2 _¢
n+5

5

728
gn+3n 7



370 CHUONG 4. GIOI HAN

. 23" 4 5" . 3"
d. Ta cé lim (W_1> :l1m5n+3n
L0 3
VDS |5igan| SEnan © (5)
. 3\" . 2.3" 4 5" .. 23" 5"
Ma lim (5> = 0 nén lim (W—l) :O.Dodohmwzl
]
BAI 2. Ching minh rang
a. lim<\/4n2+4n—2n>:1 . Vnr+2n—n
c. lim . =0
. \/n+sin"n
b. hmwzl d. 1im(\3/n3+2n—n) —0.
Loi giai.
—1
a. Tacolim (V4n2 +4n —2n—1) = lim
( . ) \/41nz+4n—|—2n—|—11 '
Vio < _ < < S
_‘\1/4n2+4n+2n+1'_\/4n2+4n+2n+1 2n+2n  4n
Ma lim — = 0nén lim (\/4?12 T dn—2n— 1) — 0. Do d6 lim (\/4712 T an— 2n) 1
s N SN
b. Ta c6 lim (M_l) _ i S0 — 1
vn+1 vn—+1
sin"n —1 2
Vi< | ——| <« —.
il BV S W T
5 - n =1
Mélim—zOnénlim(M—l):O.Dodo’limwz
Vn Vn+1 Vn+1
e Tacs VnZ+2n—n| n% 4 2n — n? _‘ 2 _ 2 1
' n n(M—l—n) V2 £2n+nl  Vn2+n on
1 V2 +2n —
Ma lim — = 0 nén lim - =" —" _,
n n
d. Tacd
3 o — 3
‘\3/n3—i—2n—n‘ = i n3 "
(13 +2n)% + nv/nd + 2n + n?
B 2n < 2n < 1
(B +2n)?2 +nvn®+2n+n2| 3n2 " n
1
Ma lim - = 0. Do d6 lim (\3/n3 T on— n) —0
]

BAI 3. Ching minh rang

4n sin” 2n 4 cos' 2n _0

n n
6" cos3n +5 _0 b. lim

Bt _
& M 4n2 ¥ 8n

Loi giai.
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-

Ta co

6" cos3n + 5" <6”—|—5”<2.6”_ g”
= 27n —27n  \7)"°

2n 4271
. 6\" .. 6"cos3n+ 5"
Ma lim (§> = 0 nén lim TR YT =0.

dn +1
4n(n+2)
N n
Ma lim 1 = 0 nén lim dnsin_ 2n + cos” 2n =
n 4n2 4 8n

4nsin” 2n + cos” 2n
4n? + 8n

b. Ta co

~ 4n(n+2) T

(D DANG 1.2. Tinh giéi han ddy sé dang phén thirc

Tinh gidi han lim ch EZ; trong do f (n) va g (n) la cdc da thirc bic n.

— Budc 1: Bt n*, n' vdi k la s6 mii cao nhét ciia da thitc f (n) va i la s6 mii cao nhdt ciia da thiic
g (n) ra lam nhin tir chung.

— Don gidn. Sau dé dp dung két qud lim % =0.

(D DANG 1.3. Tinh giéi han ddy sé dang phéan thirc chtra a”

— Budc 1: Dua biéu thitc vé cung mét sb mii n.
— Butdc 2: Chia tir va mdu s6 cho a" trong dé a la s c6 tri tuyét doi lon nhat.

— Budc 3: Ap dung két qua "Néu |q| < 1 thilimgq" = 1".

2 3
, nc —4n
VI DU 1. Tinh lim ———F—
i m 1mZn3+5n—2
3 Lbigiéi
1 1
Rt ”3(;_4> R
TaCOhmm:hm Z 5 > =11m2+5ﬁ:—2 U
n 2+—2——3 ﬁ ﬁ
. 3_7
Vi DU 2. Tinh lim T— .
3 Lbigiéi
7
I n3—7n_1, 1_ﬁ_
11111_2712 1mnl_2_—oo.
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limn = 4+

CHUONG 4. GIOI HAN

7
Do < . 1_ﬁ 1. ]
lim = —=
1 2
E—Z
. 2
vi DU 3. Tinh lim — "~ .
n2+n+1
(¢ Loi gidi
1 2
) 1 Z
hmnzi—;le—lim n n21 =0. U
1+ + =
n
; T L |
V1 DU 4. Tinh llmw
(¢ Loi gidi
5 n 2 n 1 n
n+1 n n n 5.1 2 |3 + |z
lim5 —4 +1_lim5.5 —4 +1—lim 6 3 6 _ 0 u
25" —6" 25" —6" 5\" -
2.0=] —1
6
BAI TAP TU LUYEN (Cho méi dang)
BAI 1. Tinh cac gi6i han
. 3n+2 4n? —1
| . '
® im o ®hm2n2+n'
Loi giai.
2
e B2 3T 3
(1) Chia ca tir va mau cho 7 ¢6 bac 16n nhéat. Ta ¢ : lim = lim = —
2n+3 3 2
2+ —
n
1
an? —1 4-3
(2 Tuong tu: lim 22 " — lim — 1 =2
2n? + 1
2+ —
n
O]
BAI 2. Tinh céc gidi han
. Vn?+2n-3 . o Vn?+2n—n-—1
@ lim ——————. 2 lim .
n+2 ViZtn+n

Loi giai.
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2 3
1+2-2
@ Tacé:lim# =1.
1+ 2
n
2 1
Ji+Zo1- -
(2 Tuong tu: lim L n—o.

\/1+1+1
n

VAn* + 2n — 3n?

BAI 3. Tinh ¢iéi han lim
& ' V3 +2n—n

Loi giai.
Taco:
n4 (4 + 3) — 3n?

lim VAant +2n —3n> lim n3

Vnd+2n—n 2

w1+ | —n
n
2 2
;ﬂ(w4+ﬁg—3) ¢%< 4+—§—3>

= lim 1 = lim

2
Vilim /n = 400 va lim 2" = =-1
14 =~
T Vn
Do do6 : lim 4n? +2n — 3n? = —0o0
' V3 4+2n—n
BAI 4. Tinh cac gi6i han
75” 2.7" gl g2
,4W+W“
) lim S
Loi giai.
5"
7.— —2
L 75— e =2 o
@ Taco.hmw = 11m5n— = g
2 _5
77[
3n
_ 43n +7n+1 . 47_n +7
2.7—n +1

@ hm W = llm 5 7
) +1

373



374 CHUONG 4. GIOI HAN

O
BAI 5. Tinh gi6i han ctia
. sin10n + cos 10n . 1—sinnm
a) lim 21 b) 11mT
Loi giai.
2) Vi sin10n + cos 10n <£ mélim£:0:>hm sin 101 4 cos 10n _o
n?+1 n2 n2 n2+1
b) Vi ‘—sm"”‘ <2 malim2 = 0= lim 25T _ g,
n n n—+1
O
BAI 6. Tinh gi6i han ctia
1 1 1
A=1lm|—+-— .
2) lm[13+35+ +(2n—1)(2n+1)}
b)B—lim{ ! + ! +...+ ! }
2V1+1vV2  3v2+2v3 (n+1)yn+nVn+1]
Loi giai.
1 1 1
A=1lim|—+-—
@ 1m[1'3+3.5-|— +(2n—1)(2n+1)]
—hml—l—l—ll—i-—i-l—l
B 3 3 5 2n—1 2n+1
1
= lim 1_2n+1] =1
2 B= hm{ + ! +..+ ! }
\/_+1\/_ 3v24+2V3 T (nd1)yndnyn+1
im 2ﬂ—1\/‘ N f \/" - (n+1)/n—nyn+1
n(n+1)
1 1
in - ()
( ) )
=lim |1 — 1.
i \/n-l-l}
O
BAI 7. Cho day sb (u,) xac dinh béi
w =2
1= 3 .
= 1 > 1
i = S o )y 1 S
Tim s6 hang t6ng quat u, cta day. Tinh lim u,,.
Loi giai.
u, #0,Yn > 1nén
1 1
Uyt = il =22n+1)+ —.

=
22n+1)u, +1 Upi1 Uy



1. GIOI HAN CUA DAY SO 375

3

N

1 =
Dit a, = — ta thu duge day (a,): {

Un a1 =202n+1)4a, Vn>1
Tir dé ta co

a1 =202n+1)4+a,=22n+1)+22n—-1)+14+a, 1 =a1 +4(1+2+..4+n)+2n

3 n(n+1 4n? +8n+3 4n? —5 2
Suyraan+1:§+4~2%+2n:f:>an: > iun:m.
Vay lim u, = lim P =0. [
BAI 8. Cho day sb (a,) thda man:
4
alzg
;Vn>1,nelN
n+2)>  n? P =
( ) _ (I’l—l—l)
Ap4+1 An
. Tim lim a,,.
Loi giai.
< 1 1
VdiméinEN*,détyn:a—+1tacéy1:1Vé
n
) 1 5 1 2 2 n?
(n+2) Yn1 =g ) =10\ g —(n+1) = n+2)"Yur1 =1Yn = Yny1 = (n+2)z]/n
Do do
_(n—1>2<n—2)2 (1)2 R S 4n? (n41)>
=\ n ) \3) T ar )t " T e—n(nt 1)
Vay lima, = —4. ]
1
< . =z
BAI 9. Cho day soO (u,) xac dinh nhu sau: 3 2 . Tim lim u,.
Z/anrl:?n—l

Loi giai.
Trudc hét ta dé théy —1<u, <0véimoin > 2. Talaico

uZ _ 2
s — (1= v3) = | (1) - (@—1)
= litn— (1= V)] — (1~ V3)
<D~ (1- V3.

Lap luan tuong tu nhu thé ta duogc

g1 — (1-V3)| < (ﬁ) v

n
Ma lim (?) — Onén limu, = 1 — /3. 0



376 CHUONG 4. GIOI HAN

BAI 10. Cho day s6 (1) xac dinh nhu sau: {”1 =1 . Tim lim "
Upyl = Uy + 1 Up4+1
Loi giai.
Ta co
u1 =u;+0
Uy =up+1
Uz = Uy +2

Uy, =uy_1+n—1.

Cong cac dang thiic trén vé theo vé ta dugc

2
n-—n+2
Up=u1+14+24+---+(n—-1) :TJF.
2 _ 2 _
Terdo 2 =" n+2nénlim il :hmn—mzl O
Upp1 N24n+2 Upiq n2+n+2
\ / X1 = 2017
BAJ 11. Cho day so0 (x;,) xac dinh bai xXr+3 .
Xp41 = 1 voimoi n >1
V&i méi s6 nguyén duong n dat v, = i L + 2
guy & ’ yn_izl xl‘+1 x?‘i‘l .
Chitng minh day s6 (y,) c6 gi6i han hiru han va tim gi6i han dé.
Loi giai.
a1 -1 1) (x5 +1
Taco’xml—l:x”4 :(xn )(xn;— ) (i + ),Vnzl.
Két hop x; = 2017 ta c6 x,, > 2017,Vn > 2.
b4 Xy —1)% (23 +2x, +3
Tacéxn+1—xn:x” 4x"+3:(n ) (Z+ nt )>0,Vn21.
Suy ra (x,) la day tang ngat. Gia st (x,) bi chdn trén suy ra (x,) ¢6 giéi han htru han.
Datlim x, = L suyra L > 2017. Khi d6 ta co:
L4
L= :3 S —4L+3=0« (L—1) <L2+2L-|—3) —0&sL=1 vl
Vay lim x,, = +-oco.
Taco 21— (en ~1) (3 +22xn +3) ,Vn > 1.
Yori—1 (Gt D) (G+D)
Do do:
1 i 22 _ (xyzl +2xn2+ 3) _ Xn+1 — Xn _ 1 . 1 ,vn > 1
xp+1 x+1 (v +1)(3Z+1) (1 —1)(xn—1) x,—1 x547—1
Suy ra
L 1 2 1 1
= - - ,Vn > 1
Yn 1.:21<xi+1+x1.2+1> 2016 x,.1—1 -
1
Do lim ———— = 0 nén day (y,) 6 gidi han hitu han va limy, = O

Xn+1 — 1 2016
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377
(O DANG 1.4. Day sé dang Liy thira - Ma
— limnk = 400,k > 0. — lima" = 4c0,a > 1.
.1 P )
— i =0 >0 — Néu (uy) 12 CSN liti v6 han v6i cong béi g, ta
2@ W
— lima"=0,~-1<a<1 65 =urtupt ot =g
A — limu, = 4+o0,limv, =a >0 = limu,v,, = +oo;
— limu, = 4o00,limv,, =a <0 = limu,v, = —oo;
— limu, = —oo,limv,, =a > 0 = limu,v, = —oo;
— limu, = —oo,limv,, =a < 0 = limu, v, = +oo.
VI DU 1. Tim céc gi6i han sau
a) lim(2" +3"); b) lim [—4" + (—2)"].
& Loigidi
2 n
a) lim(2" 4 3") = lim 3" {(5) —i—l} = +o0.
—2\"
b) lim [—4" + (—2)"] = lim 4" {—1 + <T) } = —o0.
O
VI DU 2. Tim céc gidi han sau
i 1+ 3" ) 4.3" 2" ) 7"+ 1
a) llm(—3.3n+2n); b) llm(—2.5n+4n); ) 11m(_2'3H_3.6n>.
(¢ Loi gidi
1
lim () Cpm [0 1
3.3n 4 2n - 3 on —3.
MED
anr 2"
4. 2
. 4.3" D" L 51 51 |
2—|—5—n
1
. 7" 41 Ly 1+ 2o .
0) im | ————— ) = lim 3 e | = .
9. i 3. o
O

BAI TAP TU LUYEN (Cho méi dang)
BAI 1. Tim céc gi6i han sau
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a) lim w b) lim(Z .30 gntl 7)'
2.9m 4 4n’
Lai giai.

. 23n+32n+1 . 8" 43.9m ) 9_n+3
N g g =~ My g g ~ M| g | =

N W

b)

3" 7
o) lim(2-3" — 4"+ +7) = lim4” (z A 47) — .

BAI 2. Tinh gi6i han sau lim(2 - 3" — n + 1).
Loi giai.
Ta c6:3" —n > 0véiVn € N.Do do, lim(2-3" —n+1) > lim(3" + 1) = +oo.
Vay im(2-3" —n+1) = 4o0. O

1+1+(1)2+...+(1)”
3 3 3

1+%+(%>2+...+(g>n

5 5 5

Loi giai.
Datun:1+1+(1)2+...+(1)”.vn:1+z+(2)2+...+(2)",
' 3 3 ; 3)7 5 5 5
- (5)

BAI 3. Tim gidi han sau lim

1 1 2 2"

1+1+12+ (L
3 \3 3) 9 -

\" 10
“*(5)

1
Tacé:un:1—|—§-

_| @I =

W

3
Tird(),limun:E,limvn:i\/éyliml 5 N2
+5+(§) +

14343+ 43"
2.3+l 4 on

BAI 4. Tim gidi han sau lim

Loi gii.
3
Tacc’)'liml+3+32+'”—i_3n—limﬂ—1 ]
' 2.3n+1 4 on a 2.3+l yon 4
tn _:,Vn > 1. Tinh gii han lim ** +i.

un un

BAI 5. Cho day sb (uy) xac dinh béi u; =1, u, 11 =

Loi giai.

2\" 1
Vay, ta c6 v, = (5) ,do do lim u"ié} = limv, = 0. O

up+1 ) U1 +1  2(up+1) 20 - (2)n+1
U, +4° Uy +4 5w, t+4) 50 '

u, +1

BAI 6. Cho day sb (uy,) xac dinh béi u; = 3, u, 11 =
Lai giai.

,Vn > 1. Tinh gidi han lim u,,.
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) u, —1 1 1 1
Taco:uy1—1= n2 = 2_2(””—1 -1)=---= 2_”(u1 -1) = i1
) 1 1 . 1

Do do, u,, = 211—_2+1.Vay, limu, = lim (zn_z +1> =1. O

(3 DANG 1.5. Giéi han ddy sé chira can thirc

Ta thuong gap hai dang sau:

Dang 1. Sir dung cdc tinh chat gidi han d¢é tinh.

Dang 2. Dang v6 dinh, can nhin lugng lién hop hodc thém bét hang ti.

Vi DU 1. Tim gidi han

i 8n +2
2n —1
(¢ Loi gidi
Ta co
: 8n +2 . 8+0
li 2n—1_h 2_0—2.
O
. ) [2n+9

VI DU 2. Tinh gidi han cua day so sau: u, = :—?—LZ ,n e IN*.
(¢ Loigidi
Ta co:lim 2n+9 = lim O

n—+2 n—-+oo

VI DU 3. Tinh gi6i han:
1im( 4n? +3n+1 —Zn)

@ Loi gidi



380
4n? 1 — 4n?
lim(\/4n2—|—3n+ —Zn):lim mtdntl—dn
VAn?2 +3n+1+2n
1
. 3n+1 . ”<3+E)
=1lim = lim
Van? +3n+142n 3 1
n? |4+ =+ — | +2n
n n
1
=lim 3 1 = lim 3 nl = —.
Tl< 4+—+—2—|—2) 4—|———|'—2+2
V n o n V n n
Nhan xét.

CHUONG 4. GIOI HAN

*

— O budc (*) ta da nhdn biéu thirc lién hop cta <\/ 4n2+3n+1— 2n> dé khir dang vé dinh

oo — 00,

— Gidi han lim T
n
VI DU 4. Tinh cac gidi han sau

CoVAn2+1+2n—1
a) lim .
Vn2+4n+1+n

. 2+ V1 —nb
b) lim AV~ "
vnt4+1+n?

@ Loi gidi

/ 1 1
/ 4 1 1+1
1—|——+—2+1 \/—+
n n
1 \3/1 1 —
VT :1+3_1:0
1
N TENTERAS
n

. Van?+1+2n-1
a) 1 = lim

im
Vn?+4n+1+n

b) lim L V1-—n _ lim
Vit +1+n?

VI DU 5. Tinh gidi han:

VA2 +1— V92 +2

li
m 1

@ Loi gidi

= 0, v6i a = const lai mot lan nira duge sir dung.
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L VA1 VonP+2

li lim

e
n
1
= —1/9+

Nhan xét.

— Trong vi du nay, ta da riit n* (& ca t&r va mau) lam nhan t& chung véi k la bdc cao nhit ciia
n o tir so va mau so.

X PP . a ‘s
— Can chu y gidi han quan trong lim — = 0, v6i a = const.
3 v ]’lk

VI DU 6. Tinh gi6i han:

lim<\/n+3—\/n—5>n

@ Loi gidi

lim<\/n—|—3—\/n—5>n
. (n+3—n+5)n
=lim
Vn+3++n—-5

) 8n
=lim 3 =
) 8
=lim+/n 3 S
\/1—|——+\/1——
n n

=+oc0. | vi limy/n = oo va lim

8 8
3 = =5~ 4 = const
\/1 +-+ \/1 — =
n n
Nhan xét. Can chd y gidi han sau:

+oo (néuc > 0)

Néll { Un — e A .
—oo (néeuc < 0)

vy — ¢ = const # 0 thi lim .0, = {

BAI TAP TU LUYEN (Cho méi dang)

BAI 1. Tinh gidi han ctia cac day sb sau:

a) u, = Vvn?+1,n e N¥%



382
2
n-+2n+4
=\|—,n>2
b) U?’l 27’1 _3 In -
Loi giéi.

1
a) Ta co: lim vn2 4+ 1 = lim/n2(1 + ﬁ)’
lim vn% = 400 T
Vi 1 = lim \/n?(1 4 —) = +oo,,

- 7

Vay lim u,, = +oo.

2
) n“+2n-+4 )
Ta cé: lim ) —— = =1
b) a Co: I1m 2 —3 m
/ 2 4
lim 1+—+_2:1
Vi n n

2
non
Vay lim v,, = +-oco.

BAI 2. Tinh gi6i han:
lim <\/§n —\/3n? —2n — 1)

Loi giai.

lim (\/En 32 —on — 1)
3n2 —3n24+2n+1

V3432 —2n —1
2n +1

=lim
V3n 4+ 32 —2n — 1

(1)

=lim

=lim

n(\/§+m>

1
2+ =
n

2 1
V3+4/3-2—
n n

=lim

e

BAI 3. Tim gidi han

lim (\/m — n)

Loi giai.

CHUONG 4. GIOI HAN



1. GIOI HAN CUA DAY SO 383

Ta c6
) o I )
lim( n2~|—2n—n>:hm — lim
(ViE+2m-+n) (Vi +2n+n)
2 2
n( 1+—+1> 1+Z4+1
n n
I N
v1I—-0+1
O
BAI 4. Tim gioi han
lim <\/ n3+2n — n2>
Loi giai.
Ta co
] /13 2 . 2 1 2
hm< n+2n—n>:hmn _+_3_1
n o n
s 1 2 ) 1 2 )
Malim# = oo, lim /5 + 5 =1) = (VO+0-1) = 1 < Onén
1 2
lim[”2<\/—+—3—1>]:—oo
n o n
Véy lim <vn3+2n—n2> = —o00. -
BAI 5.
lim(vVn2 +3n+2—n+1)
Loi giai.
V2 ant2—nm—1I(ViZ+3n+2+n—
lim(VAZ 5 3n 12— (n—1)) = lim Y- F3n 2= (= 1) (V4 3n+2+n—1)
n2+3n+2+n-—1
i Y2327 = (n 1) 51 + 1
= lim = lim
n2—|—3n1—|—2—|—n—1 n2+31’l—|—2+n—1
5+ — 5
= lim n -2 -
3 2 1 2
I+=+5+1-=
n n n
BAI 6.
lim(\/n2 421 +3 —n)
Loi giai.
VIZ+2n+3—n) (Vi +2n+3
lim( n2+2n+3—n):hm( n>+2n+3—n)(Vn*+2n+3+n)
n24+2n+3+n
).
= lim 5 2n+3 = lim n3 —1 0O
NS e
st 1+—-+—5+1
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BAI 7.
lim !
vn+1—+v/n+3

Loi giai.
. 1 . Vi+14+vn+3
lim = lim

Vn+1—+/n+3 (Vn+1—+vn+3)(Vn+1++Vn+3)

. Vn+1++vn+3
= lim — = —oo. 0
BAI 8.

lim(vn?2+3n—1—+vn+1)

Loi giai.

(Vn2+3n—1—vn+1)(Vn2+3n—1++vn+1)
V2 +3n—1++vVn+1

lim(vn2+3n—1—+/n+1) =lim

n 1+2—2
) n2+2n—2 . n  n?
:hm\/2 = lim 3 1 ] = +o0. ]
n2+3n—1++vn+1 \/1+__ﬁ+\/1+_

BAI 9. Tim gidi han cta day (uy), véi

1/[1:1
Upn+1 = u%+2

Loi giai.

Ta chiing minh bang quy nap rang u, > /n,Vn € N* (*)
Ro rang (*) dung khin = 1.

Gié st (*) ding khi n = k, k € IN*, tic 1a e > Vk

Khi d6 ta co

U1 = \/ui+2: \/ui-ukJrZZ \/u%.\/EJrZ > \Jurl+1=/ul+1> VIVE?2+1=vVk+1

Theo nguyén ly quy nap, ta ¢ diéu phai chiing minh.

Trd lai bai toan. Ldy M > 0 tuy y. Khi d6 ¢6 s6 m € IN* sao cho m > M.
Hon nira, tur (*) ta co
‘v’kE]N,k>m2:uk2\/%> Vm?=m>M
Nhu vay, cac s6 hang cta day u, ké tir s6 hang thit m? + 1 trd di déu 1én hon M. Do d6 lim u,, =
+o0. O

VnZ+2—+/n+5

3n+3
Vn2+2—+n+5

BAI 10. Tinh lim
Loi giai.

2 1 5 > 1 5
2 =\ _ 2 = -
(D) ) mfedonfie
313 lim 3 = lim 3 =
n(3+—) n<3+—)
n n
\/1+2_\/1+5
V2 Va1

i

lim
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Vi2+1—V2n2+4n —4
3n+15 ’

BAI 11. Tinh gi6i han cta day sb sau u, = n € IN*.

Loi giai.

Vn2+1—+2n2+4n—4
3n+15
(n? +1) — (2n% +4n — 4)
3(n+5)(Vn2+1++2n2+4n —4)
(n+5)(1—n)
3(n+5)(Vn2+1++2n2+4n—4)
1—n
3(Vn2+1+V2n2 +4n —4)

1
-1

n
1 \/ 4 4
1+ — 24+ - =
3(\/+n2+ +n n2)
-1 1—2

T3(VI+v2) 3

Ta co : limu,, = lim

= lim

= lim

= lim

= lim

1—
3
BAI 12. Tinh gidi han ctia day s6 (uy) v6iu, = (Vn2 —n+2—n).
Loi giai.
2 2 2
, , . n—n+2-—n , —n+2 _ n(—1+2)
limu, =lim(vVn? —n+2—n) =lim = lim ————— = lim i =
! VnZ—n+n Vn?—n+n n2<1—l>—|—n
n

— 2 14+ 2
n( 1+n) = lim 1+n _1. ]

1 1,1 2
n 1—ﬁ+7’l 1—ﬁ+1

>

Vay lim u,, =

lim

Vnd3+3n2 —2n+1

BAI 13. Tinh lim
n—1

Loi giai.

2 1
Vil +3n2 —2n+1 noon _ L
=1 = lim =

n—1 o n—1 ( 1)
n|l——
n
2 1
\/n+3——+—2
n_n
n
BAI 14. Tinh c4c gi6i han sau

a) hm(M—n—l).

lim

lim = +o00. O

o oV4An?+1-2n—1
b) lim .
Vn24+4n+1—n

Loi giai.
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(m_(nﬂ)) <m+(n+1))

lim (\/n2—|—2n—n—1> = lim

V2 +2n+n+1
= lim 1 =0
Vin24+2n+n+1 '

b)

\/m_%_l:hm(\/m_(znﬂ)) (Va1 +2n+1) (V2 +4n+1+n)
VnZ+dn+1-n ( n2+4n+1—n> (\/m+n> (\/m+2n+1>
—4n<\/m+n>

(4n+1) (\/471274—271—1—1)

4< 14— +—+1>
(4+3) (Var 247

lim

= lim

= lim

s(vit1)
B 4(\/E+2)_ 2
O
BAI 15. Tinh gi6i han lim(v/n2 +2n +3 — 1+ n).
Loi giai.
2 2 — (1= 2
lim(\/n2+2n+3—1+n>=lim[\/n2—|—2n—|—3—(1—n)]=limn F2n+3-(1=n)
Vn2+2n+3+n—-1
. 4n +2
= lim
Vn2+2n+3+n—1
2
44 =
= lim 5 3” 1:2.
VIt +S4+1-=
n n n
O
BAI 16. Tinh gi6i han lim {/a v6ia > 0.
Loi giai.
Giastra > 1.Khidéa = [1+ (Va—1)]" > n (Va).
Suyra0 < {’/E—1<%—>0nénlim{1/ﬁzl.
1 1
VéiO<a<1thiE>1élim(/;:1$1im{’/ﬁzl
Tom lai ta luon ¢6 : lim /a = 1 vGia > 0.
O

BAI 17. Tinh giéi han

lim(v/n3 —3 — /n2 +n—2)
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Loi giai.
lim ({’/n3—3—\/n2—|—n—2> zlim[<\3/n3—3—n> + (n—\/n2+n—2>]
(V=3 —n) (Y7 =3)2 + n¥/n3 =3+ n?)

= lim
Y/ (n3 —3)2 +nv/nd —3+n?
(4 - VT2 (4 VD)
+
n+vn24+n-—2
-l —3 2—n
= lim 5 +
_Q/(n3—3)2+n\/n3—3+n2 n+vVn2+n—2
- 2
- 2
= lim n + n
3 3 ? 3/ 3 1+ 1_{_1_3
1 1
=0-3="3
0
BAT 18. Tim lim st ittty — — 4 — 1 4 4 1
' ! TUoVI+1v2  3V242v3 T (4 ) n+nyn+1
Loi giai.
Tac(f) 1 o Vk+ _\/%_ 1 . 1
k+DvVk+kvk+1  Vk(k+1) vk VE+T
Surau—l—l—l—l—l—l— ~|—1—1—1—1tfxd(’)tacélimu—1
YRRV VTV VBT VR Vel VI Vil =t
BAI 19. Tinh iéihanlim( LN S +;)
. & ' Vnl+n Vi2+n+1 0 Vn2+2n)
Loi giai.
1 1 1 n+1 n+1
St dung danh ¢gial < + +...+ < valim ——— = 1.
e & Vn2+n Vn24+n+1 Vn?+2n Vn?+n Vn?+n
) 1 1 1
Ta dugc lim =1 ]

+ i —— | =
Vi2+n Vn24+n+1 Vn? 4+ 2n
BAI 20. Cho day sb u, thoa:

{u1:3,u2:6

Vn € N*,n > 3.
2Uup = Up—1 + Upp1 — 2;

cA Y z A ~ A . . . n+2-— VU
Biet rang u, c6 duy nhat mét cong thic, tinh: lim =

n—+eon+1—/uy +3n—2

Loi giai.

Dua vao biéu thiic u;, ta tinh:
up=3=1+2=12+2;
p=6=4+2=22+2;
uz =11=9+2=3+2;
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Ta du doan cong thic u, = n? + 2, that vay:

2u, =2n*+4
{un1+un+1 —2=[(n—1)2+2]+[(n+1)2+2] -2 =2n%+4;
Suyrau, = n>+2,neN*n>3;

Ta co:
. on+2—vVn242 [(n+2)2 = (n? +2)](n+1+vn2 +3n)
lim = lim
notop4+1—vn?24+3n  note[(n4+1)2 — (n2+3n)|(n+2+ Vn?+2)
. (n+2)(n+14 Vn?>+3n)
= lim
n—te (—p+1)(n+2+ Vn?+2)
= 4.
Vay lim wu, = —4. ]
n——4o0
1-2
BAI 21. Tinh gi6i han L = lim <—n>
n—»00 nz4+1
Loi giai.
/9 1—2n 1-— n?+1
V6i a nho tuy vy, ta chonn, > 4/ — — 1, ta c6: ——1—2’:
Yy ’ a? vnZ+1 n?+1
<’1—2n+2(n+1)‘ 3 3 <4
n2+1 Vn? + \/n,l2+1
1-—2n 1-2n
Su ralim—+2‘:0:>hm (—):—2. 0
y V2 +1 n—»00 nz+1
BAI 22. Tinh gi6i han ctia B = lim 3 Vit2d..tn-n .
V12422 + L +n2+42n
Loi giai.
Viéc dau tién ta phai tinh tong ctia hai day s6 dudi dau can
1
1+2+3+...+n:@.
7 .
ieniv B — i 2 _ \/2 2 V2 (1-v2)VB
cnay: B = lim = lim = =
1+ )20 +1) 5/1 5/1 V2(1+2/3)
6 +—+6 +2n {542

0
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BAI2.  GIOI HAN HAM $O

@ TOM TAT LY THUYET

€Y  GIOIHAN HIU HAN CUA HAM SO TAI MOT DIEM

1.1 Dinh nghia

Dinh nghia 1. Cho khodng .# chita diém xo va ham s6 y = f(x) xac dinh trén % hodc trén
A\ {xo}. ) ) ) ) )

Tanéihamsoy = f(x) ¢ gidi hanla so L khi x dan t6i xg néu véi day so (x,) batky, x, € K\ {xo}
va x, — xp, ta cd lim f(x,) = L.

Kihiéu lim f(x) = L hay f(x) — L khi x — x.

X— X

x2—4
X+ 2

VI DU 1. Choham sb f(x) = . Chtiing minh rang limzf(x) = —4.
X——
(¢ Loi gidi

Tap xdc dinh: 2 = R\ {-2}.
Gia st (x,,) 1a mot day s6 bat ky, thoa man x,, # —2 va x, — —2khin — +oo.

2 _— . —_—
Ta c6 lim f (x,) = lim jcC:——l—;l = lim (xn 4—(57)1 +(;1; 2) = lim (x, — 2) = —4.
Do dé lim f(x) = —4. O
x——2

/N lim x = xo; lim ¢ = ¢, vdi ¢ la hiang so.
X— X X—XQ
1.2 Pinh li vé gi¢i han hiru han
Pinh 1i 1. a) Gid sir li_>m f(x) =Loa lim g(x) = M. Khi do
X—XQ

X—XQ

— lim [f(x) +g(x)] =L+ M.

— Jim [f(x) —g(x)] =L-M
— Jlim [f(x)-g(x)] =L M.

— lim Mzi(néuM#O).

x—=x g(x) M
b) Neu f(x) > 0va JCh%nxlof(x) =L, thi

L>0uwa xlggox/f(x) = VL.

( Dédu ciia f(x) dugc xét trén khodng dang tim gidi han, vdi x # xo).

2 _
vi DU 2. Tinh lim ~ % 2,
=1 x—1



390 CHUONG 4. GIOI HAN

@ Loigidi

24 x— —1)- 2
lim ST ¥ =2 g BT D2 oy, O
x—1 x—1 x—1 x—1 x—1

1.3 Gioi han mot bén

Dinh nghia 2. — Cho ham s6 y = f(x) xac dinh trén khoang (x¢; b).
S6 L dugc goi la gidi han bén phdi ctia ham sb y = f(x) khi x — xo néu véi day s6 (x,) bat
ki, xo < x, < bvax, — xo,taco f(x,) — L.
Ki hiéu: lim+f(x) = L.

X*)XO

— Choham s6 y = f(x) xéac dinh trén khoang (a; xo).
S6 L duoc goi 1a gidi han bén trdi cia ham s6 y = f(x) khi x — x néu véi day sb (x,) bat
ki, a < x, < xpvax, — xp,taco f(x,) — L.
Ki hiéu: lim f(x) = L.

X=Xy
Dinh li 2. lim f(x) = Lkhivachikhi lim f(x) = lim f(x)= L.
X=X x—=xy x—xg

5x +2néux # 1

x> —3nbux<1

Tim lim f(x), lim f(x), va lim f(x) (néu co).
x—1- x—1t x—1

VI DU 3. Choham 6 f(x) = {

@ Loi gidi

Tacé: lim f(x) = lim (x2 - 3) =12-3=-2;

x—1— x—1-
lim f(x) = lim (5x+2) =5-1+2=7.
x—1+ x—1+ R
Theo dinh 11 2, lin} f(x) khong ton tai. O
x—

€) GIOIHAN HIU HAN CUA HAM $O TAI VO CUC

Dinh nghia 3. a) Cho ham s6 y = f(x) xac dinh trén khoang (a; +c0).

Ta néi ham s6 y = f(x) c6 gidi han 1a s6 L khi x — +oc0 néu vdéi day s6 (x,) bat ki, x, > a va
Xy — 400, taco f (x,) = L.

Ki hiéu: xEToo = Lhay f(x) — L khi x — +oo.

b) Cho ham s6 y = f(x) xac dinh trén khodng (—oo;a).

Ta néi ham s6 y = f(x) c6 gidi han 1a s6 L khi x — —oo néu vdi day sb (x,) bat ki, x, < a va
Xy, — —oo,taco f (x,) = L.

Kihiéu: lim = Lhay f(x) — Lkhix — —oo.

X——00

VI DU 4. Chohamsby = f(x) = 2;+3.T“1m lim f(x)va lim f(x).

—1 x——00 x—r400

@ Loi gidi
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Ham s6 da cho xac dinh trén (—oo; 1) va trén (1; +o0).
Gia st (x,,) la mot day s6 bat ki, théoa man x, < 1va x, — —o.

3
2+ —
2
Ta c6 lim f (x,) = lim n¥3 _ lim n — 9,
1—
Xn
2x +3
Vay lim = lim 22> =2
x——c0 x—-c0o x—1
Gia st (x,) la mot day so bat ki, théa man x,, > 1 va x, — +oo.
3
2+ —
2
Ta co lim f (x,) = lim Tnt 3 = lim n — 9,
Xp — 1
11— —
Xn
2x +3
Vay lim = lim 22° — 2, 0
x— 400 x—+4oo x — 1
/N — Vi ¢, k I cdc hing sé va k nguyén duong, ta luén co:
. . . c . c
Iim c=c¢ lim c=¢; lim —k:O; Iim — =0.
xX—+00 X——00 x——+o00 X X——00 X

— Dinh Ii 1 vé gidi han hitu han ciia ham s6 khi x — xo con diing khi x — +o00 hogdc x — —oo.

2 _
ViDU 5. Tim lim >0 — %
x—4oo x4 41

(& L&i gidi
5 2

. 3x?—2x , % 3-0

N T S T e -
1+ 5

€ GIGIHAN VO cyc cUA HAM 56

3.1 Giédihan vo cuc

Dinh nghia 4. Cho ham s y = f(x) xac dinh trén khoang (a; +c0).

Ta n6i ham s6 y = f(x) c6 gidi han la —co khi x — o0 néu véi day sb (x,) bat ki, x, > a va
Xy — +00,taco f (x,) — —oo.

Kihiéu: lim f(x) = —oohay f(x) — —oo khi x — +oc0.

X— 400
Nhan xet:ngmf(x) =400 & xLIToo(_f(x)) = —o0.

3.2 Mot vai gidi han dac biét

lim x* = +co véi k nguyén duong.
X—+00

@ lim x* = —conéuklasdlé.
X——00

@) lim x* = 400onéu kla sb chin.
X—r—+00
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3.3 Moét vai quy tac vé gi6i han vo cuc

(D Quy tac tim gidi han cda tich f(x).g(x)

Jim f(x) | lim g(x) | lim f(x)g(x)
£E>0 oo +oo
PN e
E<0 too —oo
S oo
(2 Quy tac tim gidi han ctia thuong fg—gi;

i ~ e —®
xlgg}of(x) xh_gclog(x) Dau ctia g(x) xh—>nxlo )
o +o0 Tay y 0
£>0 0 + +o0

- — o0
L <0 0 + —00
_ oo

Céc quy tac trén van dung cho cdc trudng hop x — xg, x — x;, x — +00, va x — —oo.

Vi DU 6. Tim lim (x3—2x).

x—>—00

@ Loi gidi

Ta cé: lim <x3 —2x) — lim A (1 _ 3) — —oo, Vi

X——00 X —00 x2
< 1. 2
lim x> = —cova lim (1——2>:1>0. O
X—r—0Q X——00 X

ViDU 7. Tinh lim 25>,
r—1-1 x—1

(¢ Loi gidi
Ta c6: im 2x =3 = +00, Vi
x—1- x—1
lim (2x—3)=2-1-3=-1<0,valim(x—1)=0,x—-1<0Vx <1. O

x—1— x—1—
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(® CACDANG TOAN

(D DANG 2.1. Giéi han ca ham sé dang vé dinh 8

* Biéu thiic cd dang 1i_>m f(x) trong do f(x), g(x) la cdc da thiic va f(xo) = g(x0) = 0.

=70 g(x)

Khir dang v6 dinh biang cdch phéin tich cd tir va mau thanh nhan tir v6i nhan tir chung la x — xo.
Gid sir f(x) = (x — xp) - f1(x) va g(x) = (x — xp) - g1(x). Khi do:

lim jﬁ = lim M
A g % g1(x)

Néu gidi han lim A()
x—xp g1(x)

van & dang v6 dinh 8 thi ta lgp lai qud trinh khit dén khi khong con dang

v0 dinh.
Vigc phan tich thanh nhén tir 6 trén duoc thuc hién bing phuong phdp chia Horner.

* Biéu thitc ¢6 dang lim flx

x—x g(x
g(xo0) = 0. ) ) 7 ,
Khir dang v6 dinh bang cdich nhan cd tir va mau vdi biéu thirc lién hop tuong 1ing cua biéu thitc chira
ciin thitc dé'truc cdc nhdan tir x — xq ra khéi cdc cin thiic, nhim khit cdc thanh phan c6 gidi han bang
0. Lutu yf ¢6 thé nhéan lién hop mot hay nhiéu lan dé khir dang vo dinh.
Chii yj: Cdc hing ding thiic
A2 - B?2=(A—B)(A+B).
A3 — B3 = (A — B)(A%+ AB + B?).
A3+ B3 = (A+ B)(A%? — AB + B?).

3 trong do f(x), g(x) la cdc biéu thitc cd chita cin thitc va f(xg) =

Vi DU 1. Tinh céc gioi han sau:

© Jim 28 ® 1y 252
® i *5 ® Jim 1
@ Loigidi
© jim TP i SO g 1224222
@ iﬂ% :ilgé (Zx_ll_)(z’;_z) :iif;(z_x) :2—%2%
© i e I ey I - e s
@ Jim 175 = i DO gy Loxer LS CUEER 3
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x2—1
Vi DU 2. Tinh gii han lim .
& x==12x +/3x2 +1

@ Loigidi
) 21 ) (xz—l)(Zx— 3x2+1> ) (x2—1)<2x— 3x2+1>
o VAT T xot 42— (3x2+1) ot 21
= lim <2x— 3x2+1):2-(—1)— 3. (—1)2+1=—4 O
x——1
VI DU 3. Tinh gi6i han 11m —ovx 1
x—=5 3 —+v/x+4

@ Loi gidi

p 20 =5V -1 [ -5 1)] 3+ Vx+4d) | (47— 25x+25) 3+ Vi +4)
x5 3—x+4 x5 [9— (x+4)] (2x+5/x—1) 15 (5—x) (2x +5vx — 1)

p (F=5)(dx =5 B+ Vx+4) | (5-4x) 3+ Vx+4)

=5 (5—x) (2x+5vx—1) =5 2x+5y/x—1

_ (5-4-5(3+v5+4) 9

— O
2-54+5y5—-1 2
3
Vi DU 4. Tinh giéi han lim ~— V22 1
x—0 4x
@ L&i gidi
1-Y12x+1 1—(12x+1) . —12x
lim ——— = lim = lim
=0 4x x50 4y [1 +YTox+ 1+ /(2x + 1)2} =0 gy [1 + Y120+ 14 /(12x + 1)2]
. -3 -3
= llm 3 = 3 y — —1. |:|
=014+ y12x+ 1+ Y/ (12x+1)2 1+ Y120+ 1+ &/ (12-0+ 1)2
VI DU 5. Tinh gi6i han hm A9 x5
4 Y/x+54+Ix+3
@ Loigidi
L VAH9-x-5 2x+9— (x+57] | /(x5 - /& +5)(x +3) + V/(x+3)]
x4 /X +5+Vx+3  x——d (x+5+x+3) (V2x+9+x+5)
) (—x2 — 8x — 16) [\3/(x F572— Y (x+5)(x+3) + V(x + 3)2]
= lum
x——4 (2x+8) (V2x+9+x+5)

R [P - Y +3) + Y/ (x+ 37
= am, 2(x+4) (V2x +9+x+5)
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o b [V Y + YT
e 2(V2x+9+x+5)

(I+x)"—1

= 0. 0

VI DU 6. Tinh gigi han I = lim

véi n 1a s6 nguyén duong.
x—0

@ Loi gidi

Datt=1+x.Suyrax =t—1.Khix — 0thit — 1.

Do do: . ) 3
" —1 t—1) (" e th e+ t+1
I = lim o DT AT A et )
t—1 t—1 t—1 t—1
=lim (" 1+ 24 St 1) =0 O
t—1
. \1 —1
Vi DU 7. Tinh gidi han lim Y2 X~ 2 gia £ 0.
x—0 X
(¢ Loi gidi
. V1+ax—1 i ax ) a a
lim ——— = lim = lim ——— = —. O
x—0 X x—>0x(\/1—{—ax—|—1) =01 4+ax+1 2
, J1 -1
Vi DU 8. Tinh gidi han lim Y-—*— 1 y6ia £ 0.
x—0 X
(¢ Loi gidi
o V14ax—1 ) ax ) a a
lim —— = lim = lim 5 = —.
x=0 x Hox[w1+ax)2+€/1+ax+1} =0 y/(1+ax)? +V1+ax+1 3
]
p V1 -1 .
VI DU 9. Tinh gidi han | = lir%%véia #0,nlasonguyénvan > 2.
X—r
(¢ Loi gidi
n_
Datt = V/1+ax.Suyrat" =1+ax & x = p .Khi x — 0 thi t — 1. Do do:
. t—1 . a(t—=1) . a(t—1)
e BT Rl T T e () ¥ (L SN e B T NI )
a
a a
= li = —. OJ
tlirlltnfl+tn72_’_tn73+...+t+1 n
1 | V1 —1
/N Chii - Cac gidi han T = Tim ST =1 o in e Nyoa ] = lim YLEX =1 4
x—0 X x—0 X n

a # 0, n la sé nguyén va n > 2 duoc goi la cic “gidi han co bin”.
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. 3 3/N2
Vi DU 10. Tinh gi6i han lim ¥>—* . Va2 +7
x—1 xs—1

@ Loi gidi

li = lim = lim
X1 x2—1 X1 x2—1 X1 x2—1 x2—1

,m\/5—x3—\3/x2—|—7 VE—x3 242217 \/5—x3—2+2—\3/x2+7>

i 1— 8 1—x?
’1‘41{(9@—1) (ﬂ—i—Z) i (x2—-1) [W—I—%B/T—W—i-él]}

 lim —(x*+x+1) B 1
(1) (VB2 42) VP HTP 2V 4T +4
B —(12+1+1) B 1 1 .
(1+1)'<\/5—13+2) VAZ+7)2+2vV12+7+4 24
VI DU 11. Tinh céc gi6i han sau:
3 2 3
. x> —4x*+4x -3 . (1+4x)°—(143x)
1 . 1 .
@ 03 x2 — 3x ® 30 x2 4 x3
8x3 -1 2017
lim ————. N
2 x>} 6X% —5x 41 @ xli>n—11 x2018 41"
(& Loi gidi
3_4 2 4y — _ 2 1 2 _ 1 7
@D i x x4 4x 3:im(x 3)(x x+):imx x+1 7
x—3 x2 — 3x x—3 x(x —3) x—3 x 3
x—1 (8x? + 4x +2)
8x3 —1 , 2 . 8x?+4x+2
@ lim ————— = lim 7 = li 5 = 6.
(4 x)P—(143x) . x+3x*  x+3
®3161£% x2 4+ x3 _}clg(l) x2 4 x3 _xl—>r%x+1_3'
i x2017+1 _liml_x2017_ im1+x+x2+___+x2016 _2017
x——1 x2018 11 o111 —x2018 Ty 14+ x4+ 22+ 4 x2017 -~ 2018°
]

; 2
VI DU 12. Tinh gidi han lim 3
x—1 xs—1

@ Loi gidi



2. GIOT HAN HAM SO

lim 25~ V3x+1 fim 4x? — (3x +1)
=1 22—=1 x5l (a2 —-1) (20 +VBx + 1)
(x—1)(4x +1)

= lim
=1 (x—1) (x+1) (2x +3x + 1)
. 4x +1
= lim
=1 (x4+1) (2x+v3x +1)
_2
8
2 =
Vi DU 13. Tinh gi6i han lim v > V2 -2
x—2 xs —2x
@ Loi gidi
. Vx—x—vV2x—-2 (x> —x) — (2x — 2)
lim > = lim
x—2 xs —2x x—2 (x2 _ 2x) <\/x2 —x+ \/zx — 2)
~ lim (x—1)(x—2)
=2 x (x —2) <\/x2—x+\/2x—2>
. x—1
= lim
’Hzx(\/xz—er\/Zx—Z)
1
4+/2
V2
=5
oy
Vi DU 14. Tinh gi6i han lim Y2 vx
x—1 \/E—l

@ Loi gidi

[(2x —1) —x] (Vx+1)

. Vx+1
= lim 3
=1 3/ (2x —1)2+ 2x — 1+ /x + Va2
2
-3

3/°9 — . —
Vi DU 15. Tinh gi¢i han lim Var—2x— 2 —x
x—=2 x2+5x+6

vl Vx—1 _x—”(x—l)[\3/(2x—1)2+€/2x—1-\3/§+\3/;}

397
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@ Loi gidi

m Va2 —2x—2—x
X——2 x2+5x+6
~ m (Va2 —2x—2)+(2—v2—x)

X2 (x+2)(x+3)

_hm_\3/x2—2x—2 2—\2—x
a2 | (x+2)(x+3)  (x+2)(x+3)
— im [ x2—2x—8 n 24+ x
=2 (x4+2)(x +3)(y/(x2 = 2x)2 +2Vx2 —2x +4)  (x+2)(x +3)(2+ V2~ x)
= lim _ x—4 + 1
=2 | (x+3)(¢/(x2 —2x)24+2Vx2 —2x +4)  (x+3)(2+V2—x)
__1+1__1
2 4 4
O
, 1— 1—x)---(1—=2¢
VI DU 16. Tinh gidi han lim( ﬁ)( ﬁ) 1 ( ﬁ)
x—1 (1_x)n_
@ Loigidi
1_ 1_ 3 1_ n _ _ 3 _n
T 6 L L~ V) ( \/?)1( VA L [1-VE 1-YE 1R
x—1 (1—x)"" x—1| 1—x 1—x 1—x
Z 1— 3 1
Véi 1 12 56 t nhién khong bé hon 2, ta sé chitng minh lim — xx — . Thatvay, datt = /% =
X— -
x=t"vakhix —1thit — 1.
Khi do6 ta co
liml_ﬁzliml_t
=1 1—x t—11—t"
= lim 1-f
Sl (T—t) (1t + 124 1)
= lim 1
I e
_1
_1’1
M= yx 1—-Yx 1-yYx] 11 1
Tix d6 1 . — ... - 0
wdosuyralim |5 — =3 — 9| 723 Ty
. 2 11998)v/1 —2x —1
Vi DU 17. Tinh gi6i han lim (7 +1998) : x — 1998
X—

@ Loi gidi



2. GIOT HAN HAM SO

im (x% 4 1998) /1 — 2x — 1998
x—0 X

(x2 +1998) /T — 2x — (x% 4 1998) + (x2 +1998) — 1998

= lim
x—0 X
24+1998)v/1—2x — (x2+1 2 /1—2x—1
i | (2 H1998) X = (T H198) X i [ 41908y V2L
x—0 X X x—0 X
2 3996
= (02+1 . - "
(02+1998) - (—7 ) +0 e
BAI TAP TU LUYEN
BAI 1. Tinh cac gidi han sau:
x2—x—5 x> +2x—15
lim ——»——. lim ————
@ 1ml7x2—|—5x—2 ®x1£>r313 x—3
4—x? . 2x?—5x+2
@ im Gl
Loi giai.
4x> —x —5 (x +1)(4x —5) 4x -5 4-(-1)-5
lim ————= = = i = = 1.
O lim sy —2 o (D) (7x—2) s iT7x—2  7-(-1) -2
. 4—x? . (2-x)(2+x) _
@x£—2x——i—2_xll>r£12 x+2 _xlirr—IZ(z_x)—ZL
x>4+2x—15 . (x=3)(x+5) .
O™ —IT a3 Cmlty=s
2x? —5x +2 (x —2)(2x —1) 2x—1 3
lim ———— =i =lim —— = -.
@ lim = o2 (x—2)(x+2) v xt+2 4
BAI 2. Tinh cac gidi han sau:
3,2 5
x*—xt—x+1 x’+1
li . i .
@xgr% x2 —3x+2 @xinj1x3+1
xt—1 x> —5x2+3x+9
lim ————— li
@ el xd 221 @xl—% x*—8x2—-9
Loi giai.
- —x+1 . (x—-1D(x*-1) . x*-1
1 = =lim —— =0.
O P, i (x—1)(x—-2) roix—2
4_ _ 3, 2 3, 2
@ lim -1 (x—1)(x°+x —|—x—|—1):hmx +x +x+1:_4'
=1x3—=2x2 41 x=»1 (x—1)(x2—x—-1 =1 x2—x-—1
. X0+ (D=2 —x+1) oxt - —x 41
lim = lim = lim =
r=-1x3 41 xo-1 (x+1)(x2—x+1) x—-1 x2—x+1
3_ 5.2 _ 2 9y 2 oy
@hmx 5x“+3x+9 . (x —3)(x* —2x — 3) Y xc—2x—3

o3 x4 _82-9 i (x —3)(x3+3x2 + x +3) R B YRR

W 1

399



400 CHUONG 4. GIOI HAN

H
BAI 3. Tinh gici han lim Y-+ =¥ — 1,
x—0 2x
Loi giai.
. o V1I4+2x -1 . 2x ) 1 1
lim ———— = lim =lim ——— = —. O
x—0 2x —=02x (V1+2x+1) x=0y/1+2x+1 2
BAI 4. Tinh gi6i han lim x—2—3x—2
x—2 x> —4
Loi giai.
. x—+Bx—2 x% —3x +2 , (x —2)(x —1)
lim ————— = lim = lim
=2 x> —4 =2 (x2 —4) (x++3x—2) =2 (x—2)(x+2) (x +3x —2)
= lim x—1 _ 1 O
=2 (x+2) (x++3x—2) 16
N L . V14+x2-1
BAI 5. Tinh gidi han J1(13}) 53 a2
Loi giai.
. V/14+x2-1 x? _ 1 1
lim —————— =lim = lim =——. O]
x—0 2x° —3x x—0 (2X3 _ 3x2) <m+ 1> x—0 (2x _ 3) <m+ 1) 6
BAI 6. Tinh gidi han lim x4 7—x— 2.
x—1 x> —4x+3
Loi giai.
1im‘/2x+7_x_2—1im 2x +7 — (x+2)? _ lim —x? —2x+3
=1 x3—4x+3 =1 (23 —4x+3) (V2x+74+x+2) =1 (x3—4x+3) (V2x+7+x+2)
. —(x—1)(x+3) . —(x+3) 2
= lim = lim = —. O
=1 (x—1)(x2+x-3) (V2x+7+x+2) x=1(x2+x-3) (V2x+7+x+2) 3
x2 —8x—9
BAI 7. Tinh gidi han lim
& x—=-1+/4 —3x2 — 2x —
Loi giai.
2os-9 (x> — 8x —9) (\/4—3x2+2x—|—3>
H N VZ 32 _2r_3 o 4 —3x2 — (2x + 3)2
(2~ 8x—9) (VA= 3x7 +2x+3) (x+1)(x—9) (V&= 32 +2x+3)
— 1 — 1
et —7x2 —12x -5 il (x+1)(—7x —5)
(x —9) (\/4 ~ 322 +2x+3)
= lim = —10. (]
x——1 —7x—5
3
BAI 8. Tinh gi6i han lim ~— Y~ 1.
x—0 3x
Loi giai.
o 1—v/x+1 , —x , -1 1
lim ———— = lim = lim = ——

x—0 3x o x—>03x [1_{_\3/3(_'_1_'_\3/(36_{_1)2} x—>03_|_3,3/x_|_1_|_33/(x+1)2 9.
O

BAI 9. Tinh gidi han lim a2+ 11—x—|—x

x—1 —
Loi giai.



2. GIOT HAN HAM SO 401

lim \/x—2+\/1—x+x2 — lim x> —1

X1 -1 D2 =) [Y =22 - Y20 —x+ ) + YA —x + 27
, 1 1

= lim = . O

=1y (x—2)2— Y (x—2)1—x+22)+ /(1 —x+x2)2 3
SBx—2—Vax2—x—-2

BAI 10. Tinh gidi han lim

x—1 x2 —3x+2

Loi giai.
lim V/3x — 2 Vax2 —x —2
x—1 — 3x —|—2
— lim —4x? 4 4x

=1 (32 — 3y 4 2) [\3/(3x 22+ Y Bx—2) (A2 —x—2) + {/(EZ —x — 2)2]
— lim —4x(x —1)

=1 (x —1)(x —2) [v(szx 224 Y Br—2) (A2 —x—2) + {/(ET —x — 2)2]

—4x

— (x—2) [/Bx =27 + {/(Bx —2) (&2 —x —2) + {/(&x7 —x — 27|

_ 0
3
3 —_—
BAI 11. Tinh gidi han lim Y0+ 2T ¥~ 4
x—=2  xc—3x+2
Lai giai.
lim V3Xx+2+x—4 i 3x+2+ (x—4)3
=2 X 3x+2 a2 (2 3y 42) [/ +27 - (x —4)V3x + 2+ (x — 47|
i x> —12x* + 51x — 62
2 (x2 = 3x +2) [ VB + 27— (x —4)VBx + 2+ (x — 472
i (x —2)(x? — 10x + 31)
2 (x —2)(x — 1) [3/(3x T2 — (x—4)Bx 2+ (x — 4)2]
, x? —10x + 31
= lim
=2 (x 1) [3 Gr+2)2— (x —4)3x + 2+ (x —4)2]
5
-2 0
3
BAI 12. Tinh gi6i han lim VXAt VA - S
x4 /X249 — /x +21
Loi giai.
L Vx i d+VA-Bx (8 —2x) (\/x2+9+¢x+21)
x4 AT 49 — /X 121 xod (y2 [\/W V(x+4)(4- 3x)+V(4—3X)2]
—2(x —4) (\/x2+9+\/x+21>
= lim
x4 (x — 4)(x +3) [3/(x+4 — Y+ A)[E—3x) + YA —3x) }
) <\/x2—|—9—|— \/x+21)
= lim
S (x+3) [V + 47 - Y+ 4)(E - 3x) + /(@ 3x)7)
5
— 0

3



402 CHUONG 4. GIOI HAN

N 34+ x2 — V/9x2 +27x +27
BAI 13. Tinh gii han lim Y50 % oty V9x? + 27x 427
x—0 X
Loi giai.
. V83 a2+ 6x +9 — V/9x2 4 27x + 27
Ta co: 3
VB34 a2+ 6x+9— (x+3)+ (x+3) — V9x2 +27x + 27
— 5
VB34 a2 +6x+9— (x+3)  (x+3)— V92 +27x +27
B x3 i x3
8x3 3

= +
x3 <\/8x3 T2 6x+9+x+ 3) X3 [(x +3)2 4 (x +3)VOx2 + 27x + 27 + /(92 + 27x +27)2]
1

= +
VB3 + a2+ 6x+9+x+3  (x+3)24 (x+3)V9x2 +27x + 27 + 3/(9x2 + 27x + 27)2

Do do:

. V/8x3 4 x2 £ 6x+9 —V9x2 +27x +27

lim 3

x—0 X

_ 8 n 1
V8- 03+02+6-0+9+0+3 (0+3)2+(0+3)v9-02+27-0+27 + 3/(9-02+27-0 +27)2
37

_ 7 0
27

. —x3 —V/x2 47
BAI 14. Tinh gi6i han lim V5 aa Val+7
x—1 x¢—1
Loi giai.
Ta co:
\/5—x3—\3/x2+7_\/5—x3—2+2—\3/x2+7
x2—1 X2 x2—1
—(x*—-1) N 1—x?
(x2—1) (\/5—x3—|—2> (x2—1) [4+2€/x2+7+ f/(x2—|—7)2}
B —(x>+x+1) B 1
(1) (VB3 +2) 4420247+ Y2+ 77
VE—x3—Vx2+7 3 1 11

Podo i =21 5T -

3 —_—
BAI 15. Tinh gi6i han lim V11 = VX 7.
=2 x2—=3x+2

Loi giai.
Ta co:
VBx+11—+/x+7 BSx+11-3  3—+x+7

x2 —3x+2 x2 —3x+2 x2 —3x+2
8x —16 x—2

(x—2)(x—1) [\3/(8x+11)2+3€/8x+11+9} C(x=2)(x=1) 3+ Vx+7)
8 1

(-1 [V T2 +avE 1T +9] (D E+VEET)
\3/8x+11—\/x+7:8 1 7

Do dé: li o _2_ L 0
0do: lim —— =" 27 6 54

V3x+1+Vx2+8—5
x2—3x+2

BAI 16. Tinh gi6i han lim
x—1

Loi giai.

Ta co:



2. GIOT HAN HAM SO 403

V3x+1+Vx2+8-5 Bx+1-2  Vx?+8—

—3x+2 X2 -3x+2  x2—-3x+2
_ 3x -3 N (x —1)(x+1)
(x=1)(x—2) (V3x+1+2)  (x—1)(x—2) <\/M+3>

3 x+1
(x—2) (V3x+1+2) ! (x —2) (x/x2+8+3>'
V3x+1++vVx24+8-5 3 2 13

Dode I =2 3ev2 4 6 12 -
BAI 17. Tinh gi6i han lim 4x—\/x+2—\/5x—1—26.
x—2 x—2

Loi giai.
Ta co:
4x—\/x+2—\/5x+26_x—\/x+2+3x—\/5x+26

x—2 N x—2 x—2
B x2—x—2 n 9x2 — 5x — 26
(x — )(x—l—\/x—l—Z) (x—2)(3x+\/5x+26)

x+1 9x +13

N X+vVx—+2 3x—|—\/5x+26'
4x —/x+2—+/5x+26 3 31 10

Dodo:glg_}rr% — :Z—i_E:?' -
— 2
BAI 18. Tinh gidi han lim Va2 —x+2+x+3— 3
x—-2 2x2 4 5x 42

Loi giai.
Ta co:
Va2 —x+2+Vx+3-3 VaZ-x+2-2 x+3-1

2x2+5x+2 o 2x2+5x+2 2x2+5x+2
— x> —x—6 N x4

(x+2)(2x+1)[\3/(x2_x+2)2—|—2\3/x2_x+2+4] (x+2)(2x+1) (Vx+3+1)

x—3 1
+ .
(2x +1) [\/ (X2 —x+2)242Vx2—x+2 -|—4] (2x+1) (Vx+3+1)

Va2 —x+2+Vx+3-3 5 1 1
Do dé: 1 == —z=—=. -
0 do: am, 2x2 +5x +2 3% 6 36

BAI TAP TONG HOP

(x2 —x —2)%

BAI 19. Tinh gi6i han lim 2 (x3 — 12x 1 16)10°

Loi giai.
2 7120 1)20 . (5 — 2)20 1)20 20 10
lim (- x—2) 1m(x+ )~ (x ) :limu:?’—: § . ]
=2 (3 —12x +16)10  x52 (x —2)20. (x +4)10 x50 (x +4)10 610 2
—2x+1
BAI 20 Tlnh gldl haﬂ 11 m x50—2x—+—1
Loi giai.
i 0 —2x+1 (0 -1)-2(x-1) _ i (x =)+ 4+ +x+1-2)

xol 00 —2x + 1 201 (0 —-1)=2(x—1) x=1(x—1D(x®¥+x¥+---+x+1-2)

~ lim x99_|_x98+ +x—1_%_4_9 O
xa1x49+x48+ 4+x—1 48 24’




404 CHUONG 4. GIOI HAN

. 51
BAI 21. Tinh gi6i han lim v "
x—1 —X
Loi giai.
Ta co:
Vi—-1 X —1 _ A2 rx+1
1—xt —(x4—1)(\/g—|—1) —(B+x2+x+1) (\/F-l—l)
Vib-1 5
Do do: lm ——— = ——. UJ
I oA T B
3/ 2 —
BAI 22. Tinh gidi han lim 3\/x_+2\/_ 5.
x—1 x—1
Lai giai.
Ta co:
3\3/P+2\/’—5_3W—3+2\/’—2_ 3(x2—1) L 2Ax-1)
x—1 x—1 1 @ey (Ve Varar) (oD (VRS
o 3(x+1) N 2
ValeVaZyl Vatl
2 10 [y —
Do dé: lim V2 F2VXZ5 6 0
x—1 x—1 3
3 2 1
BAI 23. Tinh gi6i han lim VEFL +at .
x——1 x+1
Loi giai.
Ta co:
Jx+x2+x+1  Yx+1 224+x x+1 +x(x—|—1)
x+1 ox+1 0 x+1 (x+1) <\3/p_\3/;+1) x+1
1
= 3 +
Vil — Yx+1
y 2 1 1 2
Dodé: lim YX¥X+x+l 1, 2 0
x——1 x+1 3 3
R vx—1
BAI 24. Tinh gi6i han lim Y- +x 30+t +3
x—2 V2x —2
Lai giai.
\/x—1+x4—3x3+x2+3_\/x—1—1+x4—3x3+x2+4
V2x —2 V2x —2 V2x —2
(x —2) <\/2x+2> (x—2)(x®> —x? —x — )(\/2x+2>
= +
C(2x—4)(Vx—1+1) 2x — 4
V2 +2 +(x3—x —x— )<\/2x—|—2>
2(Vx—1+1) 2
3 2
Dodo: lim YXFEX+x+1 4 o g O
x——1 x+1

V1+4x-v/1+6x—1
" .

BAI 25. Tinh gidi han lim
x—0

Loi giai.

Ta cé:

V1+4x-v/1+6x—1 B \/1+4x-\/1—|—6x—\/1—|—4x+ v14+4x—1

X X X
1 1 JItdx—1
— /1+4x- +fx pvitex—1

X




2. GIOT HAN HAM SO

V1+4x-/1+6x—1 6 4

Do d6: i =1--+- =5.
0G0 1 X 212
. T+2x - Y1+4x—1
BAI 26. Tinh gii han lim Y1 2% V1+4r =1
x—0 X
Loi giai.
Ta cé:
\/1—|—2x-\3/1+4x—1 \/1—1—2x-\3/1+4x—\/1+2x+\/1+2x—1
X X
_ I \3/1+4x—1 Vitox—1
Do d6: lim VI¥2r. ¢1+4x_1 .42 7
Py x 37273
Vo i 24y
BAI 27. Cho I = lim Y2 = G im X% =2 moh 14,
x—0 X x—1 X
Loi giai.
Ta co
o V2x+1-1
I:hm—
x—0 X
i (V2x+1-1) (V2x +1+1)
x—0 x(V2x+1+1)
= lim 2x
x%Ox(m—Fl)
=l1m—:
=0 /2x +1+1
24 x—-2 -1 2
Jmtim S EE 2 gy DD 0y 2
x—1 x—1 x—1 x—1 x—1
Vay [ + ] = 4.

BAI 28. Tinh gici han lim Y5+ 2 - V¥ +16=7
x—0 X

Loi giai.

Ta co

VX+9+Vx+16-7 (Vx+9-3)+ (\/x—i-l 4)

lim = lim

x—0 X x—0
~ lim Vx+9-—-3 " \/x+16—4
x50 X X

X X
= lim +
x—0 _x(\/x+9+3) x (Vx+16+4)
el 1 1 }
= lim +
=0 |\/x+9+3 Vx+16+4
1 1
58
_7
247

405
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4
. -2
BAT 29. Tim giéi han lim Y212 2,
x—7 x—7
Loi giai.
Pitt=Yx+9=x=1t*—9, vakhix — 7thit — 2. Khi d¢:

lim 4x—i—g_z—lim -2 = lim -2 = lim 1 _ 1
=7 x—7 =2t =16 =2 (t—2)(BP+ 212+ 4t +8) 1523421244t +8 32
O
_3 —
BAI 30. Tinh gici han lim 2YX + 1= V8 =%
x—0 X
Loi giai.
Ta co
Co2Var1-8—x . [2vxti-2 2-¥8—x
lim = lim +
x—0 X x—0 X X
— lim 2(14+x—1) n 8—(8—x)
x—0 x(\/1+x+1) x(4—|—2\3/8—x+\3/(8—x)2)
—lim— 2 + !
=0 | VI+x+1 44298 —x+/(8—x)?
1 1
12 12°
O
5 — _ 6 —
BAI 31. Tinh gii han lim V2% — 1~ V3X=2
x—1 x—1
Loi giai.
Lo \5/2x—1—{’/3x—2 . V2x—1—-1 1—33x-2 2 1 1
Ta ¢6 lim = lim + == ——. O
x—1 x—1 x—1 x—1 x—1 5 2 10
3 4 .
BAI 52. Tinh gii han lim Y1 2V F3xVI+ax -1
x—0 X
Loi giai.
Ta co
lim\/1—I—2x\3’/1—|—3x\4/1-|—4|:x—1
x—0 X
_lim\/1—|—2x\3/1—|—3x({"/1+4x—1)+\/1+2x(\3/1+3x—1)+\/1+4x—1
_x—>0 X
. V1T +2xy/1+3x(V1+4x—1) . J/1T+2x(v/1+3x—-1) . V1+2x—1
= lim + lim +lim —7——
x—0 X x—0 X x—0 X
=3.
O

- 3
BAI 35. Tinh gii han lim Y25+ 1 . Ve +1
x—0 X

Loi giai.



2. GIOT HAN HAM SO

Ta co

V2x+1—+3x+1
m

x—0 x2
— im V2x+1-(1+x) VBx+1-(1+x)
=0 x2 x2
2x4+1—x2—2x—1 3x4+1—-x3—3x2—-3x—1

= lim

, —x2 x3 + 3x2
= lim

w50 | a2 (Var 1+ (1+x)) e (f/mﬂlﬂ)mﬂ”l)z)

[ -1 x+3
= lim +
=0 | V2x+ 1+ (1+x)  J/Bx+1)2+(1+x)V3x+1+ (x+1)2
1 1
2 2

Vidax- /14 px—1
x

BAI 34. Tinh gi6i han lim
x—0

Loi giai.

Ta co:

V14 ax- \/1+[3x—1 V14 ax- \/1—1—,8x—\/1+1xx V14+ax—1

X
Vi Tax. {’/1~|—,Bx—1 \m/1+ocx—1
\/1+ocx \/1+,f:§x—1 1 é—kﬁ x P

Do dé: lim = — 4+ =
x—0 x n om m n
X K .
BAI 35. Tinh gi6i han li l_m P véia # 0 va w, B 1a cac so nguyén duong.
Loi giai.
o 4
v () 1] (X1 Eo
fim S gp —Am 7 m | AR ERY:
x—a xP — g xX—a x—a
Bl(Z) — -—1 z_ —
a [(a> 1] ; (1+2-1)" -1
b
=a*F. -,
p
2 )
BAI 36. Tinh gidi han lirr} rrx +x 1+x " véinlash nguyén duong.
X— -
Loi giai.
Tacé:2 . ) ;
x+xt+--+x"—-n x—-1 x°-1 =1
x—1 R TS
=1+ (x+1)+ 4 (T +x" 2+ x+1).
24 ... no_ 1
Do dé: lim * XX T F T gy, oD
x—1 x—1 2

n+1 _
BAI 37. Tinh gidi han lim X (n+ D+ n.
x—1 (x — 1)2

Loi giai.

=0 1% (V22 + 1+ (14 1)) +x2<€/m+(1+x)m+(x—l—1)2)_

407

O

vdia - B # 0vam,nlacic sd nguyén duong.
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Ta co:
M — (4 Dx+n " —nx—x+n (2" —x) —n(x—1)
(x—1)2 B (x —1)2 - (x—1)2

Cx(x"—=n)—n(x—1) x(x—1(" 14224 4+1)—n(x—1)
N (x—1)2 N (x —1)2

X =" x—n
= Y —1 =:1—|-(x—|-1)—|—---+(x”*1+x”*2_|_..._|_x_|_1)_

n+1l __ 1 1
Do d6: lim =~ (n + )x—i—n:1+2+'”+n:n(n+ ) .
x—1 (x—1)2 2
n__ ,n\ __ n—1 .
BAI 38. Tinh gi6i han lim U %) 14" _(x )
x—a (x_a)Z
Loi giai.
n__ ,n\ __ n—1 o
Ta co: (" —a") —na™ " (x —a)
(x —a)?

(x—a) (" P pax" 2 422" 3+ 40" 2x 4+ 4" 1) —na" 1 (x —a)
- (x—ap

a2 a2 3 a2 0" — gl

X—a
xn—l + axn—Z + aan—3 R an—Zx _ (n _ 1)an—1

X —a

xnfl o anfl € axnfz o anfl + a2xn73 . anfl RS an72x o anfl
- x—a
C(x—a) (" ax" 4 a" P a2 N a(x —a) (X" B +ax"t .+ a" x4+ a"3)
N x—a x—a
a*(x —a) (X"t ax" O 4+ a"Ox +a" ) R a"2(x —a)
x—a x—a

= (X" 24ax" P+ a"Bx+a" ) +a (B ax a4+ a3
+a2 (xn—4 + axi’l—5 + . + a?’l—5x _|_ ai’l—4) _|_ . + an—z.
n__ o n\ _ g =10
Do dé: lim & @) —na” T (x —a)
x—a (x—a)

=mn—-1a"2+n—-2)a"24n-3)a"2+-- - +a" 2 =

_ n—2
a"—2[1+2+---+(n—1)]:”(”+)“. O

BAI 59. Tinh gidi han lim Y5 — VA +VX—a

Y
Loi giai.
Ta co:
\/E—\/E—F\/x—a_\/_—\/ﬁ_l_ Vx—a X —a N Vx—a
x2 — a2 V=2 V-2 Jx—a)(x+a) Jx—a)lx+a)
_Vx—a 1
_\/x—l—a—i_\/x—!—a'
Do do: lim VX —Vatve—a _ 1 0

X—a x2 _ az A /2a

\ Y1+ ax — /1
BAI 40. Tinh gidi han lim L+ %% = V1+Bx

x—0 X

Loi giai.

o VAt ax— YT+ Bx _hm<\m/1—|—o¢x—1 - \”/1+[3x—1> B

3=

x—0 X x—0 X X
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i/ 1+ = \/ 1+ -
BAI 41. Tinh gidi han lim

x—0
1-— \/1——
2
LMgﬁi

X X

1+2—¢1 Wl = 1 T

¢ + T3 +4
X X

w1—§ 1—M1—E —\J1- 2

N |
/N
—_
_|_
Q|
N—
_|_
=
+
W R
_|_
L
N R
Q
/
—_
+
] =
N—
Q
/
—_
+
>~ R
N—
N
+
=
+
W~
+
e

X X
B 1+4/1-3 B 14+4/1-3
_3 3 x\ 2 5 X 2 </ x\ 3 4 x\ 2 s X
JO+3) +¢{1+3+1 (1+5) +{(1+3) + i1+ +1
1 X a1t
Dodstim V3 VT4 22 117 0
© 90 50 x 33 22 36
1—4/1-2
2
_— —3 LY —n
BAI 42. Tinh gi6i han lim (=voa ﬁ)i (1 ﬁ)
(1—x)r1
Loi giai.
Nhénxét:l_ﬁ: 1-x .
1—x (1—x)<1+{‘/§+---—|—«n/x”—1>
' (1—x)n-1 o 1l-x  1-x 1—x
__1 1 1
T+ VX 14+ Yx+ Va2 14 xt+ VaL
Do dé: lim L=vO( =V (A=¥x) 1.1 11 .
x—1 (1—x)r1 23 n nl

A/ 2 n__ (./ 2 n
BAI 43. Tmhglolhanhn(l)( 1+ +x) x( 1+ —x) :
x—
Loi giai.
Ta co:
(V1+x24+x)" — (V14 x2—x)"
n—1 n—2 n—1
x{(\/1+x2—|—x) —|—<\/1+x2+x> <\/1+x2—x>—|—---+<\/1—|—x2—x) ]
1 27 1
n— n— n—
:2{<\/1—|—x2—|—x> +<\/1—i—x2—|—x> (\/1+x2—x>+---—i—<\/1+x2—x> }
(V1+x2+x)"— (V14+x2—x)"

X

Do do: lim = 2n. OJ
x—0



410 CHUONG 4. GIOI HAN

(3 DANG 2.2. Gii han dang vé dinh g 200 — 00;0 - 00

Dang 1: I = h_r)n Q(( )) vdi P(x), Q(x) la da thitc hodc cdc ham dai s6 .
X
Phuwrong phip: Goi p = deg P(x),q = deg Q(x ) va m = min(p,q). Chia cd tir vi mau
cho x™ ta cd két lugn. (deg P(x) la bdc cao nhit ciia da thiic P(x)).
+ Néu p < q thi ton tai gidi han.
+ Néu p > g thi khong ton tai gidi han.
Dang 2: Gidi han oo — co.

Phuong phdp sir dung cdc biéu thitc lién hop dua vé dang g

Dang 3: Gidi han 0.co.
Phuong phdp sir dung cdc biéu thitc lién hop dua vé dang g

2x3 —3x2 +4x+1
VIDU1 Tinh D = i
m x—lgloo x4 —5x34+2x2 —x+3

@ Loigidi

Taco D = lim 20 — 3" +4x +1
x40 x4 —5x3 +2x2 —x+3

x4<z_3 4 1) 2 3 .4 1
2 3 4 ) 7 I
— lim S S S/ VO S A R N O
x=too 1_§+3_l 3 x—>+ool_§+£_l+i 1
* x  x2 x3 x4 x o x2 ox3 x
. 2
VDU 2 Tinh D = lim — Y *+2
X——00 8x3+x2+1
@ Loi gidi
Ta co:
) x + |x| 1+2 1+2
; 2 _J1+ 2
D= lim ,x/+3 X_2 lim - -
X o X
Sx? At \3/8+ +— \3/8+ +—
VI DU 3. Tim gi6ihan D = lim <\/x+\/_—\/§>.
X o
@ Loi gidi
Ta co
D = lim X+ v —x = lim vx = lim ! :1. ]

x—+o0 X—>+o0 X—>+00 1
EE VRV Vil 1+ 21 1+ —+1
VX Vx
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VI DU 4. Tim gi¢i han D = lim x(x/xz—l—l—x).

X—r+00

@ Loi gidi

Ta co: ) )
D— lim & +1_x):1im x - lm 1 0

=400 /x2 + —>+00 1 —too 1
i #ltx s x<\/1+p+1> : Y1+ +1

Vi DU 5. Tim gi6i han D = lim x2 <\/9x4 T 7 /27x6 = 5).
X o0

N =

@ Loi gidi

D tim [ (VORT7 - 3v7) + 2 (362 - VS))

~ lim x%(9x* +7 — 9x*) N x%(27x°% 4+ 5 — 27x°)

xweo | Ot 474322 /(27x6 —5)2 4 3x24/27x6 — 5 + 9x

~ lim 7x? n 5x2

x=e0 | \/Oxt 47 43x2  J/(27x6 — 5)% + 3x2V/27x6 — 5 + 9x*
5

= lim 4 + x2 — 7 =

xX—00 7 2 6
Vot ats W(”‘%) 133272 49
| X X

BAI TAP TU LUYEN

. , 2x° —3x% +4x +1
BAI 1. Tlnh D xl—l)moo x4 5x3 + 2x2 —x + 3

Loi giai.
2% —3x2 +4x+1
TaCOD_xl—1>moox4 5x3 +2x2 —x+3
2 3 4 1 2 3 4 1
4

x(;‘; F+F> . Z2tata
x——c0 5 2 1 3 xS 5 2 1 3 _1_

x —_ - - —_ - -

x2 x3 x4

2
BAI2 TinhD = lim - Y *2
x=rte0 /8x3 + x2 41

VT2 . x+|x|\/1+— 1—%—\/1—1-— 2

D = lim lim =1 0J

oo VB3 L E L1 xote = Jim
St a4 {’/8+ +— \3/8+ +—

N . L —6x° 4+ 7x3 —4x+3
BAI 3. Tth—xl_lgloo 8 5 o — 1

Loi giai.
Ta co:
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Loi giai.
Ta co
6—|—7 4 3
Lo X2 AT -6 3
D= lim 5 2 1 8 & -

x x3 x5

__fAd 3 _
BAI 4 Tinh D — lim oY t7¢ —4x+3
x—too 8x2 —Bx4 +2x2 —1

Loi giai.
Ta co
7 4 3
0t ats -6 3
X—+o0 8——+———

x  x3  x°

2 _ 3 2
BAI5. Tinh D — lim 20+ 2=VoxXl+5
x—+oo \/16x4 +3 — V/8xt +7

Loi giai.
Ta co
2 / 2
\x| 9+—2—x3§+% x\/9+—2—x<’/§+£3
D= lim ad *_ X = lim X XX

Stoo 3 /8 7  x—otoo 3 3 7
* |x’416+—4—x5—+—5 * x</16+—4—x'\5/—+—5
X X X X X X
2> .6 5
; \/9+§_\/E+E 3
= lim =

—> 00 7 _5
' \4/16+i4—\5/§+—5
3 X X X

SuyraDzE. -
S 2 _3 2
BAI 6. Tinh D = lim 4‘/9x +2 {67( o
x——00 \/16x% +3 — V/8x4 +7
Loi giai.
Ta co
2 6 5 2 /6,5
A9+ x5 A FRE
D = lim X X X — Jim 2 —=
i 7 —oo 7
T e o xS L T 16+ S xS L
x4 X x5 x4 X X
2 ,/6 5
= Am, 5 57 2 )
X=me S 32
)20 30
BAI 7. Tinh gigi han D = lim (2x—3) (3x5;)|— 2)
L\ . 2 e (zx + 1)
oi giai.
Ta co 20 30 20 30
3 2 3 2
5 (o2 - 2—— =
D = lim " < X> <3+x> = lim( x) (3+x) -3y
e 1\°Y JET— 1\ - \2 -
x50 (2 + —) (2 + _>
Y X

A2
BAI 8. Tinh gi6ihan D = lim X 2x 3% .
x—Foo \/4x2 41— x 42
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Loi giai.
Ta co
2 2 2
lx[\/14 = +3x x\/1+ -+ 3x 1+-+3
D = lim X = lim X = lim 24 = 4. 0
X—y00 1 xX—>+o0 1 x——+00 1 2
|x[\/4+ = —x+2 x\4+—-—x+2 \V4+ = —14+—
x2 x2 x2 X
VX2 4 2x +3x

BAI 9. Tinh ¢iéi han D = lim )
& ' Xx=00 \/4x2 + 1 —x+2
Loi giai.
Ta co
2 2 2
|x[1/1+ =+ 3x —x{/1+ - +3x —\/1+-+3 2
D = lim a4 = lim X = lim 24 = —Z,

X——00 1 X——00 1 X—r—00 1 2 3
(/44 = —x+2 —x\ 4t a2 R
X X X X

O
BAI 10. Tinh gi¢i han D = x1_1>rJrr100 <\/(x +a)(x+b)— x).
Loi gii.
Ta co
i e
X (o) X a X X X [ee) a
x\/<1+;> (1+;)+x
a—f—b-l—ab
= lim X :a—l—b ]
xX— 400 a b 2
\/<1+—> (1+—>+1
x x
BAI 11. Tinh gi¢ihan D = lim <2x—5—\/4x2—4x—1).
X—r+400
Loi giai.
Ta co
CEV2 (42 Ay _
D= lim (2x —5)* — (4x° — 4x 1): 16x + 26
x—=too Dy — 54 4x2 —4x —1 2% — 54 x /4_é_l
x 2
26
~16+ =
T 5 T~ -
-2\ a-Z -2
x x X
BAI 12. Tinh gi¢ihan D = lim <\37x3+2—\/x2+1>.
X—+00
Loi giai.
Ta co
3 3 2 2
. . +2—x xt—(x=+1)
D= lim (Vx3+2—x+x—vVx2+1)= lim ad +
x%+00< > x——+00 3/(x3+2)2+x,3/x3+2+x2 x+,/x2+1
2 1
x

0. 0

= Jim zx2 B 1|
X (o]
/ 2 2 /
3(1+—3) {1+ S 1Y+
X X

BAI 13. Tinh gidihan D = lim x5 <\/x3 F1— Va3 - 1).

xX——+00

Loi giai.



414
Ta co: , ;
3 3 1— 3_1 3
D= lim x;(xg i \(/xs ) _ lim fxz :
X—>—+00 _ X—+00
+1+vVad -1 x;(\/1+_3+\/1__3)
X X

= A =t
X e}

BAI 14. Tim gi6i han D = lim x (V&2 +5 — /83— 1).

X—r+00
Loi giai.
Ta co:
D= lim x (\/4x2 15— 2x+2x — /83 — 1)

i 4x2 +5 — 4x? N 8x3 — (8x3 —1)
x—oteo \ VAx2+542x  3/(8x3 —1)2 +2xv/8x3 — 1 + 4x2

5x n x
x—+o00 5 1 2 1
M4tz +2x 8 <8——3> +2229/8 — — + 422
X X
1

5 0

g —+ ; = -4 — =
x—+00 \/75 1\?2 1 4 12
4+ 512 ¢ (8——3) +2(/8— = +4
X X

CHUONG 4. GIOI HAN

5
—. U
4

(O DANG 2.3. Tinh giéi han ham da thirc, ham phan thirc va gidi han mét bén.

e Néu lim f(x) =L # 0ova lim g(x) = oo thi:

X— X X—XQ

X— X

+oonéu Lva lim g(x) cing diu
@ lim f(x)-g(x) =

X=X —oconéu Loa lim g(x) trdi diu.
X—X
0 neu xlgg}gg(:C) = +o0
lim&: +o0 néu lim g(x) =0valL-g(x) >0
x—xp g(x) ) X=X
— 00 néu xh_{gog(x) =0ovaL-g(x)<O.

e lim f(x) =L <« lim f(x) = lim f(x) =L,

=iy X=X x—xg

VI DU 1. Tinh gi6i han ctia cdc ham sb sau:

@® L = lim (x®—2x°+1); @ Iy = lim (—x°—x>+4x+2);
x— 2 x—+oo

— i 5 44 3 _13). Is = lim (—x3—x2+4x+2);

@ L ngm(Zx x* +4x° - 3); ® Is x_}_oo( )

@ L= lim (2x° —x*+4x3 —3); ® Ig = 1_i>m (x6 4+ 2x3 — 4x% + 4x).
X——00

X—r—00
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@ Loi gidi

@ I = lim (x3—2x6—|—1) = (vV2)? —2(¥2)°=2-2.2241= -5
x— 2

1 4 3
, 5_ .4 3_ ~ 5(9_ = _
@ L = xhrJrrloo (2x° — x* + 4x° — 3) xhr—ir—loox 2 e x5)'

X—r+00 X—r+00

1 4
Do lim x° = +ocova lim (2——+——xi):2>0nén

L= lim <2x5 ot ad 3) — too.

X—r 400

@ L= lim (2x° —x*+4x® —3) = —oc;

x—>—00

@ I = lim (—x°—x?+4x+2) = —oo;

xX— 400

® I = lim (—x>—x?+4x+2) = +oo;

X——00

® Ip = lim (x®+2x% —4x? 4 4x) = +oo.

x—>—00

VI DU 2. Tinh gi6i han ctia cac ham s sau:

. 3 232 ++/3—x
L= lm > — lim 2TV
@ 1 x—1>r—|]iloox2—2x+6 @ 13_3(11;1?— x—3 ’
—x?+5 x> — 4]
o : I = li .
@ b xllglJr x—3 "7 @ 4 x—zI—nZ+ x+2
(¢ Loi gidi
, 3 o o
O h= lim o orre - OV AR —20H6) = e

@) Taco lim (—x?>+5) = -4 <0, lim (x—3) =0vax—3>0,Vx > 3.
x—31 x—3+

.2
Dodé L = lim —> > = .
=3+t x—23
2x% + /3 —
x—3~ X—3
.. |x? — 4 4 —x? )
T. lim = = — lim (2—x)=4.
@ Taco lim == lm 0y =, lim, 2%
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Vi DU 3. Tinh gi6i han mot bén ctia cdc ham s sau tai diém dugc chi ra:

x> —3x +2 .
@f(X): —x—l khix <1 ta1x:1,
X khix>1
Jx L7 —
vx+7-3 khix > 2
@ g(x) = x1—2 tai x = 2.
Al khix <2
6
(¢ Loi gidi
x? —3x+2
Ta c6 i = lim ——— = 1i —2)=—1va li =l =1
© Tacs lim f(x) = lim ~—=7— = lim (x=2) = ~1v4 lim f(x) = lim x
vVx+7-3 1 1 x—1
Ta co i = lim —— = lim —— = —-va li = li =
@ Tac fim s0) =l oy TR s e Ry s = i
1
6.
Tu do li =-.
u osuyraxgg(x) ¢
]
BAI TAP TU LUYEN
BAI 1. Tinh cac gidi han sau:
— 1 _ At 3 _ . 1 2 _ A .
@ L= lim (=6x*+2x° —x +5); @Ig_xg@m(\/zxx 3 2x>,
@ L= lim <\/4x2—3—|—2x>; @ I, = lim (x+\3/x3—1).
X— 00 X— —00
Loi giai.
_ 2 1 5 / 3
_ Al _grc_ 2 2 — 4= o) = _
®Il_xl—l>rfoox ( 6+ x3+x4) ®I3_x1—1>r£100x( TR 2>_ >
—_= —O0Q.
@ I = lim x \/4—3—1—2 = 400 @ Iy = lim x 1—1—\3/1—l = -0
2 X—r—+00 x2 ' 4 X—r—00 x3 '
]

BAI 2. Tinh cac gidi han sau:

Ny — 2 2x2 —5x+2

@ L= lim 4 4x-|—3x’_ 3) I3 = lim %;
x——1 x+1 x—2+ (x — 2)

3x+1 ) VX+7-2

T ) L — 1 yrT/—-
@ L= lim 5 @ L= lm —ra—g

Loi giai.
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@ Tacé lim (vV—4—4x+3x2)=3>0, lim (x+1)=vax+1<0, Vx < -1

x——1- x——1-

Do dé 11 = —0Q.

. 3x+1
I = 1 =
@ 2 xg’?f 2—x oo
2x —1
I; = li = :
Dh=ln i T
@ I, = lim x+3 — lim 1 _ 1
P (9 (Va7 +2) et B—x)(Vxt7+2) 24
U
2
R —4
BAI 3. Tinh gici han lim % 9
x—3 (X — 3)2
Loi giai.
Xét cac gidi han mot bén:
lim —x2—4x—|—3 = lim -1 —oova lim —x2—4x+3 = lim o1 400
=3 (x=3)2 53 x—3 -3t (x—=3)2 ozt x—3
2 —4x+3 X
Tir d6 suy ra )lcli% % khong ton tai. ]
2-vx+3 Khix > 1
BAI 4. Chohamsb f(x) = x2—1 ! . Xac dinh céc gia tri cia tham sb m dé f(x)
m—2x khix <1
c6 gidi han tai diém x = 1.
Loi giai.
2—/ -1 1 ¢ R R
Tacod lim f(x) = lim Z-VxXHS lim = ——. Dé ton tai lim f(x) thi dieu kién can va
x—1+ o1t x2—1 x—1+tx+1 2 x—1
1 1 3
BAI TAP TONG HOP
BAI 5. Tinh cac gidi han sau:
C lim (43 — /AT T3): o )
O xgrfw(4x x2 +2); @ L= lim 2x6 4+ x 1/_
X—r—+00 1— x2
2x — V/2x0 + x* — 1 16x8 43 — x?
L= 1l ; Iy = 1li .
@ b ¥ X2 4+ \/x @ 1L x—1>Toox(x+2)(x+4)(x+6)
Loi giai.
@) I} = +co. @ L, =—v2. B Iz = v/2. @ Iy = 4.
L]

BAI 6. Tinh cac gidi han sau:

3
) x° — 16x x2 —16
L= lim —; = 1 IS—
@® h x——4t |x +4| x——4-  |x+4|

Loi giai.
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. x(x?—16) ,
L= 1 —— = = lim x(x—4) =232
Wh=tm gz Amed)
@ L= fim YO0 g VASY
2T (x4 4)  aoma x—4
O
ax? + 3ax — 4a .
N . 2 khix <1 DALY < A » ~
BAI 7. Cho ham s0 f(x) = x—1 . Biet rang a4, b 1a céc so thuc thoa man
2bx +1 khix >1

ham s6 f(x) c6 gidi han tai x = 1.
(D Tim mdi quan hé gitra a va b.
(2) Tim gia tri nhd nhat ctia biéu thic P = a? + b2,
Loi giai.
@ Taco ,}H{Lﬂx) = lim a(x —4) = —3a, xlg{& f(x)=2b+1.

x—1—

Ham s6 f(x) c6 gi6i han tai x = 1 khi va chi khi —3a = 2b + 1.

1 2
@ Trcaua)tacd1l = (3a+2b)?> < (9+4)(a®> +b?) = P = a® + b* > L Pang thuc c6 duge

khi va chi khia = _3 vab = _2 Vay min P = L

13 13 13’
[
BAI 8. Tinh cac gi6i han sau:
2x° + x* — 4x? + 1 41
L =1 ; I = lim ——;
@ ! xlil} x3—1 @ 3 xinill x7 +1
2xt + 9% +11x% — 4 x4 x2 4.+ 2018 _ 2018
L = li ; — 1
@ b= lim, = @ Iy = lim e -
Loi giai.
—1)(2 4 3 2 _ -1 2 4 3 2 _ -1
D Taco fy = lim F-HDEEHIC 3T —x 1), 20303 —x -1,
x—1 (x=1)(x2+x+1) x—1 x2+x+1

@ Tac62x* +9x3 +11x> —4 = (x +2)2(2x®> + x —1),suyra I, = lim2(2x2 +x—1)=5.
X—r—

@ I = lim x4+ ="+ - —x+1) i R e S T !
3T S (x+1)(x -5+ —x+1)  x5-1 20—+ —x+1 7'

@) Taco

XA P 2018 = (x 1) + (a2 —1) - (228 1)
= (x—1) [1—1—(1+x)+---+(1+x+x2+...+x2017)}_

Do do
1+ (A4+x) 4+ (x4 2P0
Iy = lim
x—1 x+1
_ 1+2+---42018 2037171
B 2 T2
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BAI 9. Tim céc gid tri ctia a,b sao cho lim (vx2+x+1—ax —b) =0.

X—+o0
Loi giai.
Néu a < 0 thi Llrf (Vx2+x+1—ax —b) = +oco. Do d6, ta chi xét v6i a > 0. Khi d6, ta c6
X [ee]
_ . (1—a?)x? +(1—2ab)x+1—b2
lim (Vx2+x+4+1—ax—0b) = lim (
x—)—i—oo( ) x—400 1/xZ_+_x_|_ +ax+b

Suyral—a? =0« a=+1.

1-1?
1-2b+ 1
eVéia=1thi lim (Vx2+x+1—ax—b)= lim X =0khib = _.
x40 x—+oo 1 1 b 2
Vit=—+5+1+=
) X ox x
e V6ia = —1 tuong tu ta tim dugc b = —5 ]
BAI 10. Tinh céc gidi han sau:
, —1++5-— 2x . V7+6x—+/5+4x
@ L = lim 3) Iz = lim ;
x——2 x24+x—2 x——1 (x + 1)2
2V2—x— 39— 7x - 3 -
@ Izzlim V2—x—v9—x @ I = lim V14 2017x - /1 4 2018x 1.
x— 1—x x—0 X
Loi giai.
2
x—4 x—2 2
Taco I} = lim = lim = ——.
@ ! =2 (x4+2)(x—1)(x—1—+5-2x) x=>-2(x—1)(x—1—+/5—2x) 9
(2 Tacé
. 2(V2=x-1)+(2-V9—x)
I, = lim
x—1 1—x
i =S W
x—1 \/Tx—|—1 x—>14-|—2\/9 x+\3/(9—x)2 12 12
(3) Tacod
I — lim V7 +6x — (2x+3) + [(2x 4+ 3) — /5 + 4x]
3T o (x+1)2
3 J— J—
— lim V7 4+ 6x (2x+3)Jr lim (2x +3) — /5 + 4x _ _440—_2
x——1 (x + 1)2 x——1 (x + 1)
(@) Ta c6
I~ lim V1 +2017x(/1 -|—2018x —-1)++v1+2017x —1
4T x—0
~ lim 2018+/1 +2017x + lim 2017 10087
x=0 3/(142018x)2 + v/1+2018x +1  x=0+/1+2017x +1 6
O
BAI 11. Tinh céc gidi han sau:
— 2 "1 v —1) _ 2 _ 3 2.
@D L= xgrfw(\/x +2x—1—x—1); Q) I Jim (V4x2 — x — v/8x3 + 3x2);
2017 2018
@ L= Jim (Va2 —2x =14 x —1); @ I = lim (1 — 2017 ] _x2018)

Loi giai.
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-2
@) TacéI; = lim -0
x=teo \/x2 4 2x — 14+ x+1
—2
x==00\/x2 —2x —1—x+1
1 1 1
® I — lim (VA7 —x—2v) + lim (2v— V897350 — -+~ L - _1
X400 x—+o0 4 4 2
@) Taco
i 2017 1 . (1— x2016) 4 (1 — x2015) ... 4 (1 x)
-1\ 1—x2017  1—x)  x51 1 — x2017
2016 42015+ ---+1
\ N 2017 = 1008
va
fim (2018 LY gy, A=) (A4 (1))
x—1 \ 1 — x2018 1—x) x51 1 — x2018
201742016+ ---+1 _ 2017
2017 _1 2018 R
VA I - ]. _—_— = ——,
ay Iy = 1008 > 5
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BAl3. HAM SO LIEN TUC

@ T1OM TAT Li THUYET

0 HAM s LIEN TUC TAI MOT DIEM
Dinh nghia 1. Cho ham s6 y = f(x) xac dinh trén khodng K va xy € K. Ham s6 y = f(x) duoc

goi 1a lién tuc tai xp néu lim f(x) = f(x).
X— X

/N Him sé y = f(x) khong lién tuc tai xo dugc goi la gidn doan tai diém do.

€ HAM $O LIEN TYC TREN MOT KHOANG
Dinh nghia 2. Ham s6 y = f(x) duoc goi 1a lién tuc trén mét khoang néu né lién tuc tai moi
diém cta khoang do.

Dinh nghia 3. Ham s6 y = f(x) dugc goi 1a lién tuc trén doan [4; b] néu né lién tuc trén khoang

(a;b) va lim f(x) = f(a), lim f(x) = f(b)

/N Khii niém ham so lién tuc trén nita khodng, nhu (a;b), [a; +00), . .. dugc dinh nghia mét cich tuong
tir.

AN

Do thi ciia ham s6 lién tuc trén mot khodng la mot “duong lién” trén y
khodng do

=

€) MOT S BINH Li CO BAN
Dinh li 1.
(@) Ham sé da thitc lién tuc trén toan bé tdp so thuc R.

(2) Ham s6 phan thitc hitu ti (thuong ciia hai da thitc) va cdc ham s lugng gidc lién tuc trén tirng khodng
cua tdp xdc dinh cila chiing.

Dinh i 2. Gidsiry = f(x) vay = g(x) la hai ham sé lién tuc tai diém xq. Khi do
(@ Cichamsoy = f(x)+g(x), y = f(x) —g(x) vay = f(x).g(x) lién tuc tai x.

(2 Hamsby = ;;8 lién tuc tai xo néu g(xq) # 0.

Dinh Ii 3. Néu ham soy = f(x) lién tuc trén doan [a; b] va f(a)f(b) < O, thi ton tai it nhat mot diém
c € (a;b) sao cho f(c) = 0.

/N Néuhimséy = f(x) lién tuc trén doan [a; b] v f(a) f(b) < O thi phuong trinh f(x) = 0 6 it nhit
mot nghiém nim trong khodng (a;b).
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(® CACDANG TOAN

[ DANG 3.1. Xét tinh lién tuc ctia ham sé tai mét diém

Cho ham sby = f(x) xdc dinh trén tdp D. Dé xét tinh lién tuc ciia ham s6 y = f(x) tai diém
Xo € D, ta thuc hién cdc budc sau:

Budc 1. Tinh f(xo).
Buéc 2. Tim lim f(x).

X—XQ
Buéc 3. So sinh va rit ra két ludn.

— Néu lim f(x) = f(xo) thi ham s0 f(x) lién tuc tai diém x.
0

— Néu lim f(x) # f(xo) thi ham so f(x) khong lién tuc (gidn doan) tai diém xg.

X— X

-1

VI DU 1. Cho ham sé: f(x) = { o1 M AL g hang sb.
a néu x=1

Xét tinh lién tuc ctia ham sé tai xp = 1.

(¢ Loi gidi
Ta c6:
— f(1) =a.
— lim f(x) = lim e lim(x+1) =2
x—1 Cxslx—1 x5l T

— Néu a = 2 thi ham s6 f(x) lién tuc tai diém xo = 1.

— Néu a # 2 thi ham s6 f(x) gian doan tai diém x = 1.

x24+1 néux >0
X néux <0
Xét tinh lién tuc ctia ham sé tai diém xy = 0.

Vi DU 2. Cho ham sb f(x) = {

(¢ Loi gidi
Ta co:
— fO) 0.
— i = lim (x> +1) = 1.
A S0 = i D
— lim f(x) = lim x =0.
x—0~ x—0~

Ta c6: f(0) = xli%t f(x) # xli)r&f(x). Vay ham s6 f(x) gian doan tai diém x = 0. O



3. HAM SO LIEN TUC

x2—6x+5
VI DU 3. Cho ham s6 f(x) = x2—1
-2 néux =1

néux # 1
Xét tinh lién tuc ctia ham s6 f(x) tai diém xp = 1.
@ Li gidi

Ta co: f(1) = —2.

, . x*—6x+5 . (x=5)(x—-1) .. x-—5

lim f) =lim =y~ =M ) en My - 2=

Vay ham s6 f(x) lién tuc tai x = 1.
1—-—+v2x-3 < )

VI DU 4. Xét tinh lién tuc ctia ham sb f(x) = 2 —x neu x # tai diém xg = 2.

1 néux =2

(¢ Loi gidi

Ta co:

— f2)=1.

— limf(x)zlimﬂzlim 1-(2x—3) = lim 22— x)

x—2 =2 2—x =2 (2—x)(1++v2x—3) x=2(2—x)(1+v2x —3)
—lim;—l—f(Z)
Cx2144/2x—3

Vay ham s6 f(x) lién tuc tai xg = 2.

] ) ﬁ khix # 4
VI DU 5. Cho ham s0 f(x) xac dinh béi: f(x) = V§+5 -3 :
Xét tinh lién tuc ctia ham s6 f(x) tai diém xy = 4.
& Loigidi
Ta co:
3
4= -2,
fa) =
— lim f(x) = 1im£ = lim (Vx+5+3)(x—4)
x—4 x—4+/x+5—-3 x—4 (x—|-5—9)(\/§-|—2)
:hm—vﬂ-5+3:§:§#f(4).
x—4 \/E—}—Z 4 2

Vay ham s6 f(x) gian doan tai diém x = 4.

423
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. ax + 1 néu x<2
VI DU 6. Cho ham s0 f(x) = { s3a=15 . Tim a dé ham s6 lién tuc tai
x—2
X0 = 2.
(@ Loi gidi
L1 1
Ta co: lim f(x) = = +2a = f(2).
x—2~ 4
lim f(x) = lim v 6
X2+ x=2% (x - 2) (4 +2Bx 42+ Y/ (Bxt 2)2>
3 1

lim = -.
x—=2t 4+ 24/3x +2+ J/(Bx+2)2 4

X X 2 ~ N A .« A . N 1 1
bieu kién can va du dé ham so f(x) lién tuc tai xg = 21a 2a + 1= 1 & a=0. O

2

X _4 A

VIDU 7. Chohamsb f(x)=¢{ x—2 "7 72 Tim m dé ham s lién tuc tai xo — 2.
m2+3m néux=2

@ Loi gidi

Ta c6: f(2) = m? + 3m.

x> —4 (x —2)(x+2)
li = 1li =1i =1li 2) =4.
x%f(x) xlﬁné x—2 XILIE (X—Z) xg(x+ )
Déhémséliéntuctaidiémx:2thilirr5f(x) =f(2) s4=m?>+3m & Zi14 : O
X— — —
1—-x—-+v1 )
i e . 4 xx\/—l—x néux<0w .
VI DU 8. Tim m dé ham so f(x) = m+x3_3x+1 n;ux>ollen’ﬂ.lCtalx0:0~
x+2 et =
(¢ Loigidi
Taco: f(0) =m+ =
.  VT—x—Vi+x . (VI-x—V1+x) (VI—-x+VI+x)
lim f(x) = lim = lim
x—0~ x—0~ X x—0~ X (\/1 —x+V14+ x)
= lim - = lim —2 = -1

=0~ x (VI—x++vV1+x) x50 V1—-x++1+x

3

. , x> —3x+1 1
1 x) =1 m+-——\=m
x%*f() xggl+( x+2 )

" ) 1 3
Pé ham so lién tuc tai x = 0 thi: lim f(x) = lim f(x):f(O)@m—i——:—1<:>m:—§. O

x—0+ x—0— 2

N
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2x3 — /8 —4x
: R £ néux <1 PR £ .
VI DU 9. Cho ham s0 f(x) = x—1 . Tim a dé ham so f(x) lién tuc
14ax néux > 1
tai X = 1.
(¢ Loi gidi
Ta co: f(1) = 14a.
lim f(x) = lim 14ax = 14a.
x—1F x—1t
2x3 — /8 —4x 4x° — (8 — 4x)

lim f(x) = lim lim

x—1- x—1- x—1 x—1- (x — 1)(2x3 + V8 — 4x)
(x —1)(4x° + 4x* + 423 + 4x% + 4x + 8)

= lim
x—1- (x —1)(2x3 + /8 — 4x)
~ lim 4x° + 4x* + 4x% + 4x% + 4x + 8 .
x—1- 2x3 + /8 — 4x
1
f(x) lién tuc tai xo = 1 khi va chikhi lim f(x) = lim f(x)=f(1) @ l4a=7<a=-. O
x—1t x—1- 2
BAI TAP TU LUYEN
3x2 —4x +1 . 1
BAI 1. Cho ham sb f(x) = x—1 neu x # . Tim a d€ ham s6 lién tuc tai xo = 1.
50> — 3 néux =1
Loi giai.
Ta c6: f(1) = 5a% — 3.
2 —4x+1 —1)(3x —1
fim O =4l DY) o1y 22
x—1 X — 1 x—1 x—1 x—1
Ham sb f(x) lién tuc tai x = 1 khi va chi khi lirr}f(x) =f(l)ebi?-3=2a=1<a= =+l
x—
U
Vx+4-—-2 i
A N A - neux # 0 2 < A 1. .
BAI 2. Chohamso f(x) = g . Tim a dé ham so lién tuc tai xy = 0.
2a — 1 néux =0
Loi giai.
Ta co: f(0) =2a — Z
lim f(x) = lim VX272 gy XA 1 ]
x—0 x—0 X x—0 x(\/x—|—4—|—2) x=0/x +44+2 4
2 1
Ham so f(x) lién tuc tai xo = 0 khi va chi khi 1in})f(x) = f(0) & 2a — Z =, 80= Z O
x—
x> —x242x—2 2 1
BAI 3. Cho ham sb f(x) = 3x+a neu x 7 . Tim cac gid tri cia tham s6 a dé f(x)
3x+a néux =1

lién tuc tai x = 1.

Loi giai.
S x242x -2 —1)(x2+2
Ta co: limf(x)zlimx XX = lim (r= D"+ )
x—1 x—1 3x+a 2x—>1 3x + g
) —1 2 2
Néua = —3 thi lim f(x) = lim =D +2) 5y 2 55 gva 1) = 0.
x—

x—1 3(x — 1) x—1 3
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Nén ham s6 khong lién tuc tai x = 1.

) .  (x—1)(x+2)
N —3thil =1

cua 7 ) ! xlir}f(x) xlir% 3x+a
Nén ham so khong lién tuc tai x = 1.

Vay khong ¢6 gid tri nao ctia a thoa man yéu cau bai toan.

= 0,nhung f(1) =3+a #0.

ax>? +bx+3 néux<1

BAI 4. Tima, b dé ham sb f(x) = {5 néu x = 1 lién tuc tai xop = 1.
2x — 3b néux > 1
Loi giai.
Tacé: lim f(x) = lim (ax®> +bx+3)=a—b+3,
x—1- x—1-
lim f(x) = hm (Zx —3b) =2 —3b.
x—=1+
Ham s6 f(x )hentuctalxo = 1khivachikhi lim f(x) = lim f(x)= f(1).
x—1- x—1+
R = = =1
Dieu nay xay ra khi va chi khi a=b+3=5 =]
2-3b=5 b= —
1 -1 ’
< P \/+xx\/—|— neux <0 .
BAI 5. Tim m dé ham so f(x) = B 3r 4 ) lién tuc tai xg = 0.
—————  neux >0
x+2
Loi giai.
1
Ta co: f(0) =m +

E.

\/1+x—\3/1+x: (VIi+x—1)+(1—+v1+x)

lim

lim f(x) = lim

x—0~ x—0~ X x—0~ X
. 1+x—-1 1—\3/1+x
= lim —+4+ lim ————

x—0~ X x—0~
g VIFX-1 . (VItx—1) (\/1+x+1) i LHx -1
x—0— X x—0~ x(\/l—i—x—l—l) x—0— x(\/1+x—|—1)

1
= lim — = =~

=0~ v/1+x+1 2
; 1-T¥x ; (1—vV1+x) [1+\3/1+x+(\3/1+x)2}
m —— = 1l1im
¥—0~ X x—0~ X [1+\3/1+—x+ 3/(1+x)2]

= lim 1-(1+x) = lim -1

0y [ VT YA ap] 0 1 VTE Yy

1 1 1
=1 - — = = —,
lm fW=3"5¢
3 —3x+1 1
li x) = li m+4+-————-—,=m+ -.
Jig ) = Ji (m+ =27 ) =t
1 1
Dé ham s6 lién tuc tai x = 0 thi lim = lim f(x)=f(0) &m+-=- < m=—=.
x—0t x—0~ 2 6 3
x? — a? )
+b neux >a
BAI 6. Cho ham sb f(x) = 1x “ néu x — g- Tim a, b d& ham so lién tuc tai xo = a.
b—2x néux < a

Loi giai.
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Ta c6: f(a) = 1.

lim f(x) = lim (xz_”2+b> = lim {(x_”)(x_b) +b

x—at x—at X—a x—at X—a
= lim [(x+a)+b] =2a+0.
x—at

lim f(x) = lim (b —2x) =b—2a.
Xx—a— , Xx—a—
Dé ham s0 lién tuc tai xg = a thi lim f(x) = lim f(x) = f(a)

x—at xX—a—

2 =1 =1
Sa+b=b-2u=1%& a+b & b O
b—2a =1 a=0
Vx—3+v2x—-3
A N A neux#z 2 N A PN .
BAI'7. Cho ham s6 f(x) = { x—2 . Tim a dé ham so f(x) lién tuc tai
— néux =2
6
x0:2.
Loi giai.
Ta co: f(2) = g.
Vx 3+ Y2x - Yx—3+1  Y2x—3-1
lim f(x) = lim VX — 0t V2¥=3 L [Vx=3+1 Vax -3 =Ly + Ly.
x—2 x—2 x—2 x—2 x—2 x—2
. Vx—=3+1 x—3+1
Ly =lim Y222  fim . :
=2 x—2 =2 (x = 2)[(Vx —3)2 — v/x —3+1]
1 1
= lim 3 3 = =.
=2 (/x—3)2—x—-3+1 3
_ V2x—-3-1 2x—3—1
L, =lim ——— = lim I
=2 x—2 =2 (x —2)(V2x =3+1)(vV2x —3+1)
= lim 2 _1
=2 (¢2x =3+ 1)(v2x —34+1) 2
- B 1 1 5
Vay lim f(x) =Li+La= 34+ 5 = ¢ 5
Hémséf(x)liéntuctaixo:2<:)limf(x):f(2)<:)zz—<:)a:5. O
x—2 6 6
X+x>4+x—n 41
BAI 8. Cho ham sé f(x) = x—1 MUY 7 2 Tim sb tu nhién n d& ham s lién
15 néux =1
tuc tai xg = 1.
Loi giai.
Ta c6: f(1) = 15.
24 ... n_ -1 2_14... n_1
limf(x):limx+x b S AN el s R
x—1 x—1 x—1 x—1 x—1
_hm(x—l)[1+(x+1)+(x2+x+1)+---+(x”*1+x”*2+---+1)}
_x—>1 x—1
:1+2+...+n:w

y 1
Ham so f(x) lién tuc tai xo = 1 khi va chi khi lim f(x) = f(1) & nin+1)

=15 n=>5. O
x—1 2
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(O DANG 3.2. Ham s lién tuc trén mét tap hop

(1) Ham da thitc lién tuc trén R.

(2) Ham phan thitc hitu ti, ham lugng gidc lién tuc trén tirng khodng xdc dinh ciia chiing.

VI DU 1. Xét tinh lién tuc ctia ham s6 sau trén tap xac dinh caa chung.

x2—x—2

D flx) = {—x+1 Khizz =1
-3 khix = -1

(x —1)2
3 khix=1

2x +1 .
@f(x){— KAl

@ Loi gidi

(D — Tap xac dinh ciahams61a 2 = R.

, x?—x—2
— Khi x ?é —1,f(.X') = x——|—1

(—=1; +00).

la ham phéan thac hitu ti nén lién tuc trén (—oo; —1) U

— Tai diém x = —1,tacéd f(—1) = —3.
x> —x—2

li = lim — = 1i —2)=-3=f(-1).
o, S = i, g = A 2 =8 =/
Do d6 ham so lién tuc tai x = —1.

— Vay ham s6 lién tuc trén R.

(2) — Tap xac dinh cia hams61a 7 = R.

2 1
— Khix #1, f(x) = Lz la ham phan thirc hitu ti nén lién tuc trén (—o0; 1) U (1; +00).

(x—1)

— Taidiém x = 1, tacé f(1) = 3.
]_. = 1. —_— — —1 .
lim f(x) = lim Go2 T # f(=1)
Do dé ham s6 gian doan tai x = 1.

— Vay ham s6 lién tuc trén R \ {1}.



3. HAM SO LIEN TUC

VI DU 2. Xét tinh lién tuc ctia ham s6 sau trén tap xac dinh cta chang.

D flx) = {

x> +3x khix>2
6x+1 Kkhix <?2.

(x> —3x+5 khix>1
@ f(x)=<3 khix =1
(2x +1 khix < 1.
x2+1 khix >3
@ f(x)={2x+4 khi0<x<3
(3x> =5 khix <0,

@ Loi gidi

@1 — Tap xac dinh cta ham s61a 2 = R.
— Khix > 2, f(x) = x* + 3x 1a ham da thtc nén lién tuc trén (2; +0).
— Khix <2, f(x) = 6x + 1 la ham da thic nén lién tuc trén (—o0;2).

— Tai diém x = 2, ta c6 f(2) = 10.
lim f(x) = lim (x> +3x) =10va lim f(x) = lim (6x+1) = 13.
x—2+ x—2+ x—2~ x—2~

Vi khong ton tai lir% f(x) nén ham sb gian doan tai x = 2.
X—r
— Vay ham s6 lién tuc trén R \ {2}.
(2) — Tap xac dinh cia hams61a 2 = R.

— Khix > 1, f(x) = x> — 3x + 5 1a ham da thitc nén lién tuc trén (1; +oo).

— Khix < 1, f(x) = 2x + 1 la ham da thic nén lién tuc trén (—oco; 1).
— Taidiémx =1,taco f(1) = 3.
lim f(x) = lim (x> =3x+5) =3va lim f(x) = lim 2x+1) = 3.
x—1+t x—1+ x—1— x—1-

Vi hn} f(x) = f(1) nén ham s lién tuc tai x = 1.
X—r
— Vay ham so lién tuc trén R.

(3 — Tap xac dinh cia hams61a 7 = R.
— Khix > 3, f(x) = x* + 1 1a ham da thic nén lién tuc trén (3; +0).
— Khi0 < x < 3, f(x) = 2x + 4 1a ham da thuc nén lién tuc trén (0; 3).
— Khix <0, f(x) = 3x% — 51a ham da thitc nén lién tuc trén (—o0;0).

— Tai diém x = 3, ta c6 f(3) = 10.
lim f(x) = lim (x>+1) =10va lim f(x) = lim (2x +4) = 10.

x—3+ x—3+t x—3~ x—3~

Vi hm f(x) = f(3) nén ham s6 lién tuc tai x = 3.

— Tai diém x = 0, ta ¢6 f(0) = —5.

lim f(x) = hm (2x+4) =4va hm L f(x) = lim (3x* —5) = —5.
x—0T -0+ x—0~

Vi khong ton tai l1rr(1) f(x) nén ham s6 gian doan tai x = 0.
X—r

— Vay ham s6 lién tuc trén R \ {0}.

429
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O
BAI TAP TU LUYEN

BAI 1. Xét tinh lién tuc ctia ham s6 sau trén tap xac dinh cta chung.

) .

@ f(x): h khlx;é2
1 khix =2
x> —1 .

@ flx) = {—x—l khlx#l.
3 khix=1

Loi giai.
@1 — Tap xac dinh cta hams61a 2 = R.
x—2

— Khix £2, f(x) =

— Taidiém x = 2,taco f(2) = 1.
lim f(x) = lim =2 — lim — — X 2 £(2)
x—2 _x7>2x2—4_x—>2x—|—2_4 '
Do d6 ham so gian doan tai x = 2.

— Vay ham s6 lién tuc trén R \ {2}.

la ham phén thuc hitu ti nén lién tuc trén (—o0;2) U (2; +00).

(2) — Tap xac dinh cia hams61a 2 = R.
3
x J—

— Khix #1, f(x) = o

— Taidiém x = 1,taco f(1) = 3.
3

1
7 la ham phén thuc hitu ti nén lién tuc trén (—oo; 1) U (1; +o0).

1
x—1 x—1 x1—>n}(x T ) 3 f( )

Do d6 ham sb6 lién tuc tai x = 1.

lim f(x) = lim >
x—1

— Vay ham s6 lién tuc trén R.

O
BAI 2. Xét tinh lién tuc ctia ham sb sau trén tap xac dinh ctia chiing.
2 .
X khix > -2
D fx) = {Z—x khix < —2.

(3x —2 Kkhix > —1
@ f(x)=«1 khix = —1
(x> —6 khix < —1.
(x +1 khix >3
@ f(x) = x? khil<x <3
(4x> —3 khix < 1.

Loi giai.
(1 — Tap xac dinh ca hams61a 2 = R.
— Khix > -2, f(x) = x? 1a ham da thitc nén lién tyc trén (—2; +o0).
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— Khix < =2, f(x) =2 — x 1a ham da thic nén lién tuc trén (—oo; —2).
— Tai diém x = —2,ta c6 f(—2) = 4.
lim f(x)= lim x*>=4va lim f(x)= lim (2—x) =4

x—(=2)* x—(=2)* x—(=2)~ x—(=2)~
Vi lim f(x)= lim f(x) = f(—2)nénham sb lién tuc tai x = 2.
x—(=2)* x—(—2)~

— Vay ham s6 lién tuc trén R.

(2) — Tap xac dinh ciahamsdla 7 = R.
— Khix > —1, f(x) = 3x — 2 la ham da thic nén lién tuc trén (—1; 4-0).
— Khix < —1, f(x) = x* — 6 1a ham da thitc nén lién tuc trén (—oo; —1).
— Tai diém x = —1,tacé f(—1) = 1.
lim f(x)= lim (3x—2)=-5va lim f(x)= lim (x>—6)=3.
x—(=1)*

x—(=1)* x—(=1)~ x—(=1)~
Vi khéng ton tai lin} f(x) nén ham s gian doan tai x = —1.
X—

— Vay ham s6 lién tuc trén R \ {—1}.

(3 — Tap xac dinh cia hams61a 2 = R.
— Khix > 3, f(x) = x4+ 11a ham da thic nén lién tuc trén (3; +0).
— Khil < x < 3, f(x) = x? 1a ham da thtrc nén lién tuc trén (1;3).
— Khix < 1, f(x) = 4x*> — 3 1a ham da thitc nén lién tyc trén (—oo; 1).
— Tai diém x = 3, ta c6 f(3) = 4.

lim f(x) = lim (x+1) =4va lim f(x) = lim x> =9.

x—3% X3t x—3 x—3~

Vi khong ton tai liné f(x) nén ham so gian doan tai x = 3.
x—

— Taidiém x = 1,taco f(1) = 1.
lim f(x) = lim x> =1va lim f(x) = lim (4x> - 3) = 1.
x—1+ x—1+ x—1- x—1-

Vi lim f(x) = lim f(x) = f(1) nén ham so lién tuc tai x = 1.
x—1t x—1-

— Vay ham s6 lién tuc trén R \ {3}.

[ DANG 3.3. Dang fim tham sé dé ham sé lién tuc - gién doan

Ham séy = f(x) lién tuc tai diém xo < lim f(x) = f(xo)

X—XQ

& lim+f(x) = lim f(x) = f(xp).

X*)XO X‘)XO

x> 4+2x —m khix #2

_ , lién tuc tai diém
X+m khix =2

VI DU 1. Tim tham s6 m dé ham s6 f(x) = {
XOZZ.

(¢ Loi gidi
Ta c6: li = lim (x? +2x —m) =8 —
aco ng(x) x;ng(x +2x —m) m

va f(2) =2+ m.

Péhamsdliéntuctaixg =2 <8 —m=2+m < m = 3. O




432 CHUONG 4. GIOI HAN

x2 —2x—3

VI DU 2. Tim tham s6 m dé ham s6 f(x) = { x+1 khix 7 _1, lién tuc tai di€ém
m? + 5m khix = —1
X0 = —1.
@ Ldi gidi
2 _2x— 1)(x —
Taco: lim f(x) = lim 5 =25 =3 &y BFDE=3) (v 3y = 4
x——1 x—-1  x+1 x——1 x+1 x——1

va f(—1) = m? + 5m.

_ 1
" 0

Déhémséliéntuctaixoz—1<:>m2—|—5m:—4<:>[ 4
m=—

—V4x+5_3 Khix > 1

VI DU 3. Tim tham s6 m dé ham s6 f(x) = x2—1
2m+3 khix <1

, gian doan tai diém

xO:1.

@ Loi gidi

Taco: lim f(x) = lim vax 573 _ lim dx 4
' N x2—1 S oxolt (x—1)(x+1) (V4x +5+3)
4

x—1t x—1t
4

1
= lim — .
1% (x+1) (VA4x+5+3) 2:6 3
Mat khac: lir? f(x)=f(1) =2m+3.
x—1-

4

. 2 . 1
Dé ham so gian doan tai diem xp = 1 & lir&f(x) #f(l) e2m+3 # zem # —3
X—r
BAI TAP TU LUYEN
2 _
: o 22 i £ e _
BAI 1. Choham so f(x) = 2—x . Tim m dé ham so0 gian doan tai x = 2.
m?> —m —5khix =2
Lui giai.
Ta c6: lim f(x) = lim(—2x+1) = -3
x—2 x—2
va f(2) = m?* —m — 5.
PRI A .o . N » . 9 m7é—1
Dé ham so gidan doan tai x = 2 khivachikhim*—m -5 # -3 & 22 .
m
Vx—2-1 ,
BAI 2. Cho ham sb f(x) = x—3 khlx#s.”ﬁmadé’hém s6 lién tuc tai x = 3.
a—3 khix =3

Loi giai.
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v/x—2—1 —-2—-1
Ta co: limf(x)zlimx—:hm i
x—3 x—3 x—3 x%3(x_3)(€/(x_2)2_|_\3/x_2+1)
. 1 1
= lim = —;
x—>3(3/—(x_2)2+\3/m+1> 3
Va f(3) =a—3.
PO £ 1eA . 1 10
Dehamsohentuctalx=3¢)a—3=5@&2:?-
O
m> —m+3 khix =1
BAI 3. Chohamsd f(x) =< 2 4y —1—m . Tim m dé ham s6 lién tuc tai x = 1.
khix # 1
x—1
Loi giai.
X2 4+mx—1—m
Ta o li = li
acox1_>rr}f(x) xlig x—1
:hm(x—l)(x-l—l—i—m)
x—1 x—1
=lim(x+14+m)=2+m;
x—1
f(1) =m? —m+3.
Péhamsdliéntuctaix =1 m?> —m+3=24+mem?> -2m+1=0=m=1. 0]
x2+m khix =1
BAI 4. Chohamsd f(x) = ¢ 3 _ 3,2 4+ x4 1 . Tim m dé ham s6 lién tuc tai x = 1.
khi x # 1
x—1
Loi giai.
x3—3x2+x+1
— Taco li = li
aco x1_>1’1’}f(JC) xl—>n} x—1
= lim(x?> —2x — 1) = —2;
x—1
— f(1) =1+m.
Péhamsdliéntuctaix =1<1+m= -2 m= —3. O
(2 (Vx+3-2
(;2_1 ) nixs1

BAI 5. Chohamsb f(x) = { 432 4+ by + 31 Khir < 1-

a—b— Z khix =1
. \ 4
Tim a,b dé ham so lién tuc tai x = 1.
Loi giai.
2 (\/x 3— 2) 2 1
— T ) 1. X) = 1‘ — 1' — _;
aco xg%rf( ) xg{L x2—1 xglquf (x + 1) (\/x +3+ 2) 4

— lim f(x) = lim (ax2+bx—|—1) :a—|-b_|_}1;

x—1- x—1— 4

—f(l):a—b—g
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béham sd lién tuc tai x =1 < lim f(x) = lim f(x) = f(1)

x—1t x—1-
1 1
ﬂ+b+121 a=1
Y, 7 1T =1

4 4
2x2 +(2m —3)x —m+1 , 1
R ) kh 5
BAI 6. Chohamsaf(x){ 2% —1 ix#2
2m khixz%

Tim m dé ham s6 lién tuc tai x = 5

Loi giai.

— Tacd lim f(x) = lim

x%% x%% 2x —1
~ lim 2x—1)(x+m—1) :m—l;
x_% 2x —1 2
1
SRS : 1 1 1
Dehamsollentucta1x:§®2m:m—§¢>m:_§.

(O DANG 3.4. Chirng minh phuong trinh cé nghiém

y = f(x) lién tuc trén D va c hai s6 a,b € D sao cho f(a).f(b) < 0.

f(ai)-f(aiz1) <O.

— D€ chitng minh phuong trinh f(x) = 0 c6 it nhat mot nghiém trén D, ta chitng minh ham so

— D€ chitng minh phuong trinh f(x) = 0 cd k nghiém trén D, ta chitng minh ham s6 y = f(x)
lién tuc trén D va ton tai k khodng roi nhau (a;;a; 1) (i = 1,2,...,k) nam trong D sao cho

CAC Vi DU MAU

VI DU 1. Ching minh rang phuong trinh 2x* — 2x® — 3 = 0 ¢6 it nhat mot nghiém thuoc

khoang (—1;0).

@ Loi gidi

Dat f(x) = 2x* —2x% - 3.

Vi f(x) la ham da thuc xac dinh trén R nén f(x) lién tuc trén R = f(x) lién tuc trén [—1;0].

Taco: f(0) = -3;f(-1)=1= f(-1) f(0) <O.
= f(x) = 0 c6 it nhat mot nghiém thudc khoang (—1;0) (dpcm).

VI DU 2. Chiing minh rang phuong trinh 6x® + 3x? — 31x + 10 = 0 c6 diing 3 nghiém phan

biét.

@ Loi gidi
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Dat f(x) = 6x° + 3x? — 31x + 10.
TXD: D =R = f(x) lién tuc trén R = f(x) lién tuc trén [—3;2] .
Ta co:
{f (=3)
f(0) =10
{;E(l); z _012 = f(0)f(1) < 0= f(x) = 0cd6nghiém thuoc (0;1).
(1) =-12

::1 -32 = f(=3)f(0) < 0= f(x) = 0cdnghiém thudc (—3;0).
1

{ji(;) _g = f(1)f(2) <0= f(x) = 0conghiém thude (1;2).

Mt khac vi f(x) 1a mot da thirc bac ba nén phuong trinh f(x) = 0 chi c6 tdi da ba nghiém.
Vay phuong trinh f(x) = 0 ¢6 dung 3 nghiém phan biét (dpcm). O

VI DU 3. Ching minh rang phuong trinh x — 1 + sin x = 0 ¢6 nghiém.

(¢ Loi gidi
Xét ham sb f(x) = x — 1 + sin x lién tuc trén [O; g} :

f(0)=-1 T s
Ta co T m = f(0).f (—) < 0. Suy ra phuong trinh f(x) = 0 c6 nghiém x( € <0; —) :
1(3)=3 ? 2
Vay phuong trinh x — 1 + sin x = 0 c6 nghiém (dpcm). [

VI DU 4. Ching minh rang phuong trinh (m? 4+ m +4) x?°7 — 2x + 1 = 0 ludn c6 it nhat
mot nghiém am vdi moi gia tri ctia tham sO m.

@ Loi gidi

Xétham s f(x) = (m? +m +4) x?17 — 2x + 1 lién tuc trén [—1;0].

1\*> 3
f(-1) = —m?>+m—-1 = —(m—i) —7 < 0,VmeR; f(0)=1>0,= f(—1).f(0) <
0,Vm € R = f(x) = 0 c6 it nhat mot nghiém thuodc (—1;0) véi moi gia tri cta tham sb m.
Vay f(x) = 0luén c6 it nhat mot nghiém am véi moi gia tri cia tham s6 m (dpem). O

VI DU 5. Ching minh rang phuong trinh a cos 2x + bsin x + cos x = 0 ludn c6 nghiém véi
moi tham sb a, b.

(¢ Loi gidi
bat f(x) = acos2x + bsinx + cos x ¢ tap xac dinh la R = f(x) lién tuc trén R.
T 371
FO) =a+ 3£ (m) =a-1f (§) = —a+bif (5 ) = —a—b
Vif(0)+f(m)+f (g) +f (37%) = 0nén trong bon s6 £(0), f (7), f (%) f (%) phai c6 hai

s6 ma tich ctia ching bé hon hodc bang khong.
Vay phuong trinh f(x) = 0 ludn c6 nghiém véi moi tham s6 a, b (dpcm). O

BAI TAP REN LUYEN
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BAI 1. Chiing minh phuong trinh x* — x3 — 2x2 — 15x — 25 = 0 ¢6 it nhat 1 nghiém duong va 1
nghiém am.

Loi giai.

Xét ham sb f(x) = x* — x® — 2x% — 15x — 25 lién tuc trén R.

Ta co:

f(=2).£(0) < 0= f(x) = 0co it nhat mot nghiém thuoc (—2;0) (1)

£(0).f(4) < 0= f(x) = 0co it nhat mot nghiém thudc (0;4) (2)

T (1), (2) suy ra phuong trinh da cho c¢6 it nhdt mot nghiém am va it nhdt mot nghiém duong
(dpem). O

BAI 2. Chung minh phuong trinh x* —2x? 4+ 3x —1 = 0 cé it nhat 2 nghiém.

Loi giai.

Xétham sb f(x) = x* — 2x? 4+ 3x — 1 = f la ham da thiic nén lién tuc trén R = f lién tuc trén cac
doan [—2;0], [0;2].

Ta co:

f(=2).f(0) < 0= f(x) = 0cé it nhat 1 nghiém thudc (—2;0).

£(0).f(2) <0 = f(x) = 0c6 it nhat 1 nghiém thuoc (0;2).

Vay phuong trinh da cho c6 it nhat 2 nghiém. O

BAI 3. Chung minh rﬁng phuong trinh x® —3x* 4+ 5x — 2 = 0 6 it nhat ba nghiém phan biét.
Loi giai.

Xétham s6 f(x) = x° — 3x* + 5x — 2 = f la ham da thitc nén lién tuc trén R = f lién tuc trén cac
doan [0;1],[1;2],[2;4].

Ta co:

£(0) f(1) < 0= f(x) = 0cé it nhat 1 nghiém thuoc (0;1) .

f(1)f(2) < 0= f(x) = 0cé it nhat 1 nghiém thudc (1;2).

f(2)f(4) < 0= f(x) = 0c6 it nhat 1 nghiém thudc (2;4).

Vay phuong trinh da cho c6 it nhat 3 nghiém phan biét. [

BAI 4. Chung minh réng phuong trinh x + 1 + cos x = 0 c6 nghiém.
Loi giai.
Xét ham sb f(x) = x + 1+ cos x lién tuc trén [—71;0] va c6 {

Suy ra phuong trinh f(x) = 0 c6 nghiém xy € (—7;0).

Vay phuong trinh x 4 1 + cos x = 0 ¢c6 nghiém. [
BAI 5. Ching minh rdng phuong trinh /x5 + 2x3 +25x2 + 14x +2 = 3x? + x + 1 ¢6 ding 5
nghiém phan biét.

Loi giai.

Phuong trinh da cho tuong duong voi x° + 2x3 +25x2 + 14x + 2 = (3x2 + x + 1)2
S0 -9t —4x3 +18x2 +12x+1=0(1)
Xét ham s6 f(x) = x° — 9x* — 4x3 + 18x? + 12x + 1 lién tuc trén R
1 19
Tacod: f(=2) =—-95<0,f(-1)=1>0,f (—§> =35 < 0,f(0)=1>0
f(2) = —47 < 0, f(10) = 7921 > 0. Do d6 phuong trinh f(x) = 0 c6 it nhat 5 nghiém thudc cac

1 1
khoang (—2;-1), (—1; —§> , (—§;0> ,(0;2),(2;10).
Mat khac f(x) la da thitc bac 5 nén c6 toi da 5 nghiém.
Vay phuong trinh da cho ¢6 dung 5 nghiém phan biét. ]
BAI 6. Chung minh rfing phuong trinh (1 — mz) x° —3x — 1 = 0 ¢ it nhat mot nghiém vdi moi
gia tri caa m.
Loi giai.
Xéthamsby = f(x) = (1 —m?)x°> —3x — 1.
Ham s6 y = f(x) lién tuc trén R nén lién tuc trén [—1;0].
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f(0) = -1, f(=1) =m?+1= £(0).f(—1) < 0,¥m =>phuong trinh f(x) = 0 c6 it nhat 1 nghiém
thudc (—1;0), Vm. Vay phuong trinh (1 — m?) x°> — 3x — 1 = 0 c6 it nhat mot nghiém voi moi gia
tri cua m. O]
Y mx—3m+1
x2—x—2

BAI 7. Chung minh réng phuong trinh ad = m c6 it nhat 2 nghiém v&i moi

m > 1.

Loi giai.

Diéu kién: x # —1;x # 2.

Phuong trinhdacho < x* — x>+ mx—3m+1=m (x> —x—2) & x*—x>+1—m (x> = 2x + 1) =

0

Xétham sb f(x) = x* — x2+1 — m(x — 1) lién tuc trén R.

Taco f(-1)=—-1-4m>0;f(0)=1-m<0;f(1)=1>0

Suy ra f(x) = 0 c6 it nhat 2 nghiém théa —1 < x; < 0 < xp < 1 vdi moim > 1.

Vay phuong trinh da cho c6 it nhat 2 nghiém véi moi m > 1. O
1

BAI 8. Chu inh ra h trinh
ung min rang p U(dng Tl oS X sinx

= m ludn c6 nghiém véi moi gia tri cua

tham sb m.

Loi giai.

Pidu kién: x # k%,k €.

Xét ham s6 f(x) = sinx — cos x — msin x cos x lién tuc trén [O; g] va

f(O)f(%T) = —1 < 0. Do d6 phuong trinh f(x) = 0 c6 it nhat mot nghiém xg € <0;§> = X #
T

k2

Vay phuong trinh da cho c6 it nhat mot nghiém. O

BAI 9. Cho phuong trinh f(x) = ax? + bx + ¢ = 0, biét a.f(c) < 0. Chiing minh rdng phuong
trinh a(ax? + bx + c)2 + b (ax? 4+ bx + ¢) 4+ ¢ = x c6 nghiém.

Loi giai.

Xét ham s6 g(x) = a(ax? + bx + 0)2 + b (ax? 4+ bx +¢) + ¢ — x lién tuc trén RR.

Tacé:af(c) < 0= f(x) = 0cohainghiém x;,x; va x1 < ¢ < x2.

Suyra g(x1) = a(f(x1))* +bf(x1) +c—x1 = c—x; > 0va tuong tu g(x3) = c — xp < 0

Do d6 g(x1).g(x2) < 0 = (dpcm). O

BAI 10. Chiing minh rang phuong trinh x° + 3x + 1 = 0 ¢6 diing mot nghiém.
Lai giai.

Xét ham s6 f(x) = x° + 3x + 1 1a ham lién tuc trén R.

Mat khéc: f(—1) = —1,f(0) =1= f(-1).f(0) =-1<0

Nén phuong trinh f(x) = 0 ¢6 it nhat mot nghiém thuodc (—1;0).

Gia sit phuong trinh ¢6 hai nghiém x;, x,.

Khi do: f(x1) — f(x2) =0 (x3 —x3) +3(x1 — x2) =0

& (21— x2) (x‘l1 + x3x0 + x3x3 + x1 %5 + x5 + 3) =0(1)

N J/
-~

A

1 > 1 > 1
Do A = (x% + Exlxz) + (lexz + x%) + Ex%x% +3>0
Nén (1)& x1 = x

Vay phuong trinh luén c6é ding mét nghiém (dpcm). [

BAI TAP TONG HOP
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V84 x — V4 —x

. ) , VvOix #0 )
BAI 11. Xét tinh lién tuc cua ham so f(x) = , x tai diém xg = 0.
5, voix =0
Loi giai.
1
Xét tai xp = 0, ta ¢ f(0) = 3
— /4= —x—2
lim f(x) = lim Vo= VE—x _ (Ve8-2) - (VA-x-2)
x—0 x—0 X x—0 X
g VEE8—2 (x+8)—8
1 pum pum—
=0 X 0x (Y + 8P +2Vx +8+4)
= lim ! _ 1
x—>0€/x+82~|—2\3/x+8—|—4 12°
. VA—x=-2 (4—x)—4
Ly =1lim — = lim
x—0 X x%Ox(\/4—x—|—2)
_ lim -1 _1
- x—0 /4 — x + 2 4’
Suyralim f(x) =L; — L 1—{—1—1—]‘(0)
= L T I S A
Vay ham so f(x) lién tuc tai xg = 0. O
(14 2017x)2018 — (1 + 2018x)2°1” Six £0
BAI 12. Xét tinh lién tuc ctia ham s6 f(x) = x2 o VO
2017 - 2018, voix = 0.

trén tap s thue R.

Loi giai.

TXD ctia ham s6 2 = R. 2018 o1
Vi x £ 0 thi f(x) = (1+2017x) — (1+2018x)

2
Xét tai x = 0: g
(1+2017x)2018 — 1 + C2018(2017x) + C315(2017x)2 + C31(2017x)3 + - - - 4 C2018(20172x) 2018,
(14 2018x)2917 = 1+ CL,,(2018x) + C3;,,(2018x)? + C5,,(2018x)% + - - - + C3917(2018x)2017,
Do C},5(2017x) = C},,(2018x) = 2017 - 2018x nén ta co:
(14 2017x)%018 — (14 2018x)217 = (C5,,52017% — C5(,,2018?) x? + azx® + agxt + - - - + 9015318,
trong d6 ap = Chy,42017F — CK,,2018F,3 < k < 2017 va agpig = 20172018,

lién tuc tai moi diém x # 0.

2018 - 2017 2017 - 201 2017 - 2018
C2,,42017% — C2,,,20182 = 2018 2007, 72 %20182 = OT
Suy ra
2017-2018 ,.2 2018
lim £(x) = lim 5 + azx3 —I—llix + -+ 018X
x—0 x—0 X
/20172018 ) o6\ 20172018
=lim | ———— 4+ a3x +a4x" + - - - + ax018% =
x—0 2 2
2017 - 201 .
Do hm f( ) = u # f(0) = 2017 - 2018 nén ham so f(x) gian doan tai x = 0. O
3—vV9—x2 ..
N co . s 21 A B e lex#om . og. R
BAJ 13. Tim gid tri cia m dé ham so f(x) = x24+4-2 lién tuc tai diém xy = 0.
m, voix =0

Loi giai.
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f(0) = m.

Iim f(x) = Iim —— m T3
Hof() =0/x2+4—2 x=0[(x2+4)—4]B+V9—x2) x=034+/9-x2 3

3—\/9—x2_1. [9— (9 —x?)](Vx2+4+2) ) VaZ+4+2 2

) 2
Suy ra ham so f(x) lién tuc tai xg = 0 < lirr(l)f(x) = f(0) & m= 3 O
x—
2—V4—x? ..
< L ————— VOix#0 ) ,

BAJ 14. Xét tinh lién tuc cua ham so f(x) = , X trén tap xac dinh cta
-, voix =0

no.

Loi giai.

TXD ctia ham s6 2 = [-2;2].

2-VA—2 2—\[4-x}F
L

Vdi xg € (—2;2)\{0}, ta c6 xh_)rgo (x) = xh_}rgo " 2 = f(xp).
Mat khac
im f(x) = fim 2=Y27F L o) tim f(r) = dim 2o YETY L g

x——2T et x2 2 "xo2- ravE x?2 2 .
Suy ra ham s6 f(x) lién tuc tai moi xo € [—2;2]\{0}.
Xét tai xo = 0, ta cd f(0) = 41}

24— x2 4—(4—x?) 1 1

li =lim ———— =1 =lim ——= - = .
xg%f(x) ) x2 ) X2(2 + V4 — x2) x1£>I(1)2+,/4_x2 4 f(0)
Suy ra f(x) lién tuc tai xo = 0.
Vay f(x) lién tuc trén tap xac dinh 2 = [—2;2] cta no. O

BAI 15. Chiing minh rang phuong trinh m(x — 2)3(x — 3) + 2x — 5 = 0 luén ¢6 nghiém véi moi
gia tri cia tham sb m.

Loi giai.

Xét ham s6 f(x) = m(x —2)3(x —3) +2x — 5.

Ta co:

f(x) lién tuc trén R;

f(2)=-1,f(3)=1= f(2)f(3) = =1 < 0.Suy ra f(x) = 0 c6 it nhat mot nghiém trong khodng
(2;3).

Vay phuong trinh m(x — 2)3(x — 3) 4+ 2x — 5 = 0 luén c6 nghiém véi moi gia tri cta tham sb m.
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BAl4.  DE KIEM TRA CHUONG IV

O bESOIA

BAI 1. (2 diém) Tim céc gi6i han sau:

. 4n®+3n—1 V2713 —4n2 +5
lim ————. i
a) lim i a b) lim p— .
Loi giai.
5 4 3 1
4 ~1 W B A :
a) im A= o T 0,5 diém.
2nt + 4 5 4
oA
n
= 9 =0 0,5 diém
= T 0 , :
4 5
3 /27 — =+ —
27n3 — 4n? 3 s
b) lim V27w —Ant 45 L RS URUPURURP 0,5 diém
n—6 6
1-2
3/27 2
=7 = R 0,5 diém
[
BAI 2. (3 diém) Tim céc gi6i han sau:
x> —2x—3 . 5x—-3
im->—— -~ % | .
o lim =25 ) Jim 5
6 9,3 ' 5 _
b) lim V9x6 —2x 43 —2x . d) lim Vx +3 +V5x +6 6
x——00 3 —x3 x—2 V3x+2-2
Loi giai.
2 oy _
) lim Y28y B ) 0,5 diém
=3 x2—9 =3 (x —3) (x +3)
x+1 4 2 .
= T T e e e e 25 dié
3x+3 6 3 0,25 di€m
_ 9x6 —2x +3 — x3 »
b) xl_lgloo B g TttTTTTUYTTYIeeeiisiiciiiii, 0,25 diéem.
2
x3 (— 9- =%+ 36 —1)
X ox .
= M — 0,25 diém
X—>—00 3 3 ’
°(a-7)
Yo
: X X LR
= M 2 0,25 diém
X——00 3 )
5
6 _ .3
Kétluan: lim xS ox =2.

X——00 3 _2x3
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) Vi lirgl (5X = 3) = 7 > 0 ottt 0,25 diém.
X—2"
lir? (x—=2)=0vax—2<0 V<2 i 0,25 diém.
x—2~
Suy 18 HM 5D 60 0,25 diém.
x—2- X —2
d) lim \/x—|—2—|—\/5x+6—6_hm Vx+2-2 +\/5x+6—4
x—2 V3x+2-2 =2\ /3x+2—-2 /3x+2-2

i [ YEF2-2 , v/ (3x +2)* + ¥/3x + 2.2 4 22 .
m | V07— = 11m =1 ... 000
=2 \ /3x +2 -2 x—2 3(Vx+2+2)

2
Jorr6-4 5<3(3x+2) +2.\3/3x+2+22> 512 5

0,25 diém.

+ lim ———— = lim = == ... 0,25 diém.
=2 3/3x+2—-2  x—2 3(V5x+6+4) 38 2
Va lim YXF2EVOXFOZ6 4 5 T 0,25 diém.
x—2 V3x+2-2 2 2
0
2 4+3x+2
5 L. s % ——— néux # —1_., .
BAI 3. (2 diém) Xac dinh a dé ham so f (x) = x+1 lién tuc tai x = —1.
ax* + 3x néux = —1
Loi giai.
2

Tinh fim 5 X2 gy RV 0,5 diém.

x——1 x+1 x——1 x+1
2 BN (X 2) = 1 et 0,5 diém.

x——1
VA F (1) 2 = B e 0,25 diém.
Ham s6 lién tuc tai x = —1 & limlf(x) =f(-1)ea-3=1ca=4.............. 0,5 diém.
x——

VY = 4. 0,25 diém.
U

BAI 4. (2 diém) Chung minh ré“mg phuong trinh x> —3x —1 = 0c6 it nhatba nghiém.

Loi giai.

F(x) =2 = 3x — THEN tUC tréN [—2;2] © ottt 0,25 diém.
Thi phuong trinh x° —3x —1 =0 < f(x) =0

Vi f(—2).f(—1) = —27 < 0 nén phuong trinh c6 mo6t nghiém thudc khoang (—2; —1) . 0,5 diém.

Vi f(0).f(—1) = —1 < 0 nén phuong trinh ¢c6 moét nghiém thudc khoang (—1;0) ...... 0,5 diém.
Vi f(0).f(2) = —25 < 0 nén phuong trinh c¢6 mét nghiém thudc khoang (0;2) ......... 0,5 diém.
Vay phuong trinh x° —3x — 1 = 0 c6 it nhat 3nghiém ...............coooiiiiniin... 0,25 diém.
O

BAI 5. (1 diém) Chiing minh rang phuong trinh x3 — 3x% — 2010cos?x + sin®x + 1 = 0 c6
nghiém.

Loi giai.

Xét ham s6 f (x) = x% — 3x2 — 2010cos?x + sin?"7x + 1.

Khi d6 phuong trinh da cho chinh la phuong trinh f (x) =0 ..................... ... 0,25 diém.
Ta ¢6 f (x) lién tuc trén [O; 377-[} ...................................................... 0,25 diém.
. 3m\ _ 27m°  27m*  27n% /m
Va £ (0) = —2009 < 0, f <7> == <E - 1) S0 e 0,25 diém.
Do d6 ton tai x € <O; 377-() dé f (xg) = 0, tic 1a phuong trinh da cho c6 nghiém. ... .. 0,25 diém.

O
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O pESOIB

BAI 1. (2 diém) Tim céc gi6i han sau:

CHUONG 4. GIOI HAN

o lim 2t by lim Y312 £t 1—2n
3nt+n+2 31 + 4 :

Loi giai.

4 1 2 L
a) lim 21Tl S TSR 0,5 diém.
3nt+n+2 1 2
3+ =t
nd  n
= % ............................................................................. 0,5 diém.
1 1
N e i V3t -t -2 7
b) Tim Yo" ;L” +41 2" _ lim L LT T UUNUSUTPSR. 0,5 diém
n 34—
n
U U U UT TR 0,5 diém
3
]
BAI 2. (2 diém) Tim cac gi6i han sau:
24 2x+1 2 /1=
a) lim 2L by lim VX T2-VI-x
—1-  x—1 x——1 x* -+ x
Loi giai.
a) ) Vi lim (2420 41) =4 >0 ot 0,25 diém.
X— 1"
lir? (x—1)=0vax—1<0 VX<l .ioiiiriiiiiiiiiiiii i, 0,25 diém.
Xx— 1"
2
im 0,5 diém.
x—1- x—1
2 AT 2
b) lim v +x12 VIZX Al 0,25 diém.
x——1 xX*+x x——1 x(x3_|_1) <\/x2_|_x+2_|_\/1_x>
2
— lim GH1” 0,25 diém.
=l (x+1) (a2 —x+1) (\/x2+x+2+\/1—x)
= lim (x+1) 0 0,5 diém.
=Ly (x2—x+1) (x/x2+x+2+\/1—x>
]
vV7x —10—-2 | -9
BAI 3. (2 diém) Cho ham sb f (x) = x—2 MUY~ 2 Tim m dé ham sé lién tuc tai
mx+3 néu x <2
x=2.
Loi giai.
@ f(2) = HM f(X) = 2M43 oottt 0,5 diém.
X—r2~
. . 7(x —2) 7 .
e lim f(x) = lim T o 0,5 diém.
x—>2+f( ) x—2+ (x — 2)(\/ 7x — 10+ 2) 4
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7 5 .
0D0d6:2m+3=1:>m:—§ ....................................................... 0,5 diém.
e Vay ham s6 f(x) lién tuctaix =2 = m = —g ....................................... 0,5 diém.

O

BAI 4. (2 diém) Chiing minh rang phuong trinh 4x3 — 8x% 4+ 1 = 0 ¢6 it nhat 3 nghiém.
Loi giai.

F(x) =4x3 —8x% + THEN tuc trén [—1;2] . ovvviiiiii 0,25 diém.
Thi phuong trinh 4x% —8x?+1=0 < f(x) =0

Vi f(—1).f(0) = —11 < 0 nén phuong trinh c6 mot nghiém thudc khoang (—1;0) ..... 0,5 diém.
Vi f(0).f(1) = —3 < 0 nén phuong trinh ¢c6 mét nghiém thudc khoang (0;1) .......... 0,5 diém.
Vi f(1).f(2) = —3 < 0 nén phuong trinh c6 mét nghiém thudc khoang (1;2) .......... 0,5 diém.
Vay phuong trinh 4x® —8x2 +1 =0 c6 it nhat 3nghiém ............cooviiiiiiaa..... 0,25 diém.
U

BAI 5. (2 diém) Cho phuong trinh: (m4 +m+ 1) x2010 4 x5 — 32 = 0, m la tham sb. Chitng minh
rfing, phuong trinh trén ludn c6 it nhat mot nghiém duong véi moi gia tri ctia tham sb m.

Loi giai.

Ham s6 f(x) = (m* +m + 1)x?°10 4+ x> — 32 1a ham da thitc nén lién tuc trén R do d6 né lién tuc

tren dOan [0;2] oottt 0,25 diém.
0 F(0) = — 3 0,25 diém.
1\? 1\? 1
e f(2) = (m* 4+ m+ 1) 22010 = 22010 [(mz—i) + (m+§> +5|>0VmeR ... 0,5 diém
Suyra f(0).f(2) KOV ER oot 0,5 diém.
Vay phuong trinh trén luén c6 it nhat mot nghiém thudc khoang (0;2) hay phuong trinh ludén c6
it nhat mot nghiém duong véi moi gia tri ciatham sd m. ..., 0,5 diém.
L]

® bDESO2A
BAI 1. (3 diém) Tinh cac gi6i han.

3n _|_5n+l
4+5m2°

1+ nsinn
n%+2

a) lim

b) lim
Loi giai.

3 n
345 (E) i

a) lim 11577 I o S T g T g e 1,5 diém
4(-) +25
5
, |1+ nsinn 1+n 2
b) Ta co 212 T T 0,5 diem
1 +1
valim— Tt im0 0,5 diém
n%+2 2
14+ —
. l+4+mnsinn e
suy ra hmnz——l—Z =0 0,5 diém.
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BAI 2. (4,5 diém) Tinh céc gioi han.

a) xl_i)rgoo( 2x2—x—|—3—|—x>.

2
—4
b) lim
)x—>22 vVx+2
|
¢) lim ad

=1+ /x2 — 1

Loi giai.
. - 1 3 ,A’)
a) lim (\/sz—x+3+x>: lim x| —\/2— -+ 5+1] oo 0,5 diém.
X—>—00 X——00 X X
P . / 1 3 .2
Tacd lim x = —o0; lim (— 2——+—2+1):1—\/§ ..................... 0,5 diém.
X——00 X——00 X X

suyra lim (\/ 2x2 —x+3+ x> = 00 e 0,5 diém.

X——00

x%— _ (x=2)(x+2)(2+ Vx+2)

li lim ——— 1 diém.
b) xgz \/ﬁ xg 2—x diém
= IIII}( 2) (24 VX42) = =16 o 0,5 diém.
X—r
3 _ _ 2
c) lim r 1 = lim D& Hx+ D 1 diém
x—=1t Va2 — 1 x—1+ \/(x—l)(x+1)
_ 2
_m YLD 0,5 diém
x—1+ vVx+1
[

BAI 3. (1,5 diém) Tim tat c& gia tri ctia tham s6 m sao cho ham s6 sau day lién tuc trén R.

3 A
x°—3x+2 neux >1
f(x)—{

X+ m néux <1

Lai giai.
+V6ixg > 1, lim f(x) = lim (x> —3x +2) = x5 — 3% +2 = f(xp) suy ra ham s6 lién tuc trén

X—r X X— X
KROANE (15 100) .ttt ettt ettt ettt et e e 0,5 diém.
+Véixg < 1, lim f(x) = lim (x +m) = xo +m = f(xo) suy ra ham s6 lién tuc trén khoang

X—XQ X—r X
(00, L) ettt 0,5 diém.
+Tacod lim f(x) = lim (x° —3x +2) =0, lim f(x) = lim (x4+m) =14+mva f(1) = 1+ m.

x—1t x—1t x—1- x—1-
Ham s0 lién tuc tai x = 1 khiva chikhi lim f(x) = lim f(x) = f(1) & m = —1.
. x—1+ x—1- )

Vay hamsoliéntuctrén Rkhim = —1 ........ ... oo i 0,5 diém.

O

BAI 4. (1 diém) Ching minh phuong trinh sau c6 nghiém véi moi gia tri ctia tham sb m.
1-m?)(x+2)°+x>+x—-3=0.

Loi giai.

Xétham sb f(x) = (1 —m?)(x +2)%> + x> +x — 3.

Taco f(—2) = —1, f(—4) = —8(1 —m?)+16 —4 —3 = 8m? + 1,suyra f(—2).f(—4) <0 ... 0,5
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diém.

Mat khac ham sb f(x) lién tuc trén R cho nén ton tai xg € (—4; —2) sao cho f(xg) = 0. Vay
phuong trinh (1 — m?)(x +2)3 + x% + x — 3 = 0 ¢6 nghiém thuoc khoang (—4; —2) véi moi m. 0,5
diém.

U

(® DHESO2B
BAI 1. (3 diém) Tinh cac gi6i han.
on _ 3n+3

143+l

2n + cos2n
n?+1

a) lim

b) lim

Loi giai.

2 n
=] =27
] on n—+3 (3) 27 .
a) lim T = lim 1 n+3 =3 = O 1,5 diém
3
,|2n+cos2n| _2n+1 .2
b) Ta co 21 S I T 0,5 diém
2+ 1
2n+1 n ' n2 .
valim =7 = lim LT 0 0,5 diém
ns+ 14—
n
2 2 ’
suy ra limnn—z;fin =0 0,5 diém
O]

BAI 2. (4,5 diém) Tinh céc gidi han.

a) lim (\/xz—x+2+x>.

x—>—00

b) lim VXX +3) =2

x1 x2—3x+2

Loi giai.

. 2 _ . _x+2 R
a) x1_1>r£100 (\/x x—|—2—|—x> = xgrgoo 7z, VLN LLL LIRS LR 0,5 diém

14+ =
o T3 1 | i
= limy_ oo — S TR AR L L P T L PR L PP L PP L PRERPPERPRERPY iém
-+ 51
X X
by lim VX3 =2 (=D+4 1 diém
x=1 x2=3x+2 x5 (x—1)(x —2) (V22 +3x +2)
— lim x4 TR 0,5 diém

N (x-2) (Va2 idr12) 4
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=1 x—=1 1 1 .
1 =1 =1 o o e e e e 05d
o fm p=im =M= tem
. |x—=1] . 1—x , 1 1 o
1 = 1 = — o 05d
o 21 xinl’l* x2—1 xg% x+1 2 fem
- 1 X 2
Vay J1(1_>rr% |;2_ 1| Khong tontai. ... 0,5 diém
O

BAI 3. (1,5 diém) Tim tat ca gia tri ctia tham sb m sao cho ham s6 sau day lién tuc trén R.

2 %
xX*+x—2 neux >1
f(X)Z{

mx — 1 néux <1

Loi giai.
+Véixg > 1, lim f(x) = lim (x®> + x —2) = ¥+ x9 — 2 = f(xp) suy ra ham sb lién tuc trén

X— X X— X
KROANE (15 4100). ettt et ettt e ettt e e 0,5 diém
+Véixg <1, lim f(x) = lim (mx —1) = mxg — 1 = f(xp) suy ra ham s0 lién tuc trén khoang

X— X X— X
(2005 1) et e 0,5 diém
+Tacod lim f(x) = lim (x> +x—2) =0, lim f(x) = lim (mx —1) =m—1va f(1) = m — 1.

x—=1t x—1+ x—1- x—1-
Ham s0 lién tuc tai x = 1 khi va chikhi lim f(x) = lim f(x) = f(1) @ m=1.
. x—1+F x—1- .

Vay hamsoliéntuctrén Rkhim = 1. ... i 0,5 diém
O

BAI 4. (1 diém) Ching minh phuong trinh sau day c6 it nhat 4 nghiém phan biét.
x6—2x4 4 4x% —9x -3 =0.

Lo gidi.
Xét ham s6 f(x) = x® — 2x* + 4x> — 9x — 3, f(x) 1a ham da thirc nén lién tuc trén R.

x |2 =3 |-1]0 ]2

flx) |15 | -21] 1 |-3]|43
Tacod f(—2) f(=3) <0; f(—3) - f(—=1) < 0; f(—1)- £(0) <0; f(0)- f(2) <O.......... 0,5 diém
suy ra ton tai x1 € (—2,—3), x2 € (=3;-1), x3 € (=1;0), x4 € (0;2) sao cho f(x1) = f(x2) =
f(x3) = f(x4) = 0. Vay phuong trinh c6 it nhat 4 nghiém phanbiét. .................... 0,5 diém

O

(@ DPESO3A
BAI 1 (2,0 diém). Tim cac gi6i han sau

n2+2n+1
n2+3n+2°

@) lim

3

. o n’+3n+1
im —M—.

@ 1mn4+2nz+2

Loi giai.

®

| Dép an Diém
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2 1+2+ !
2 1 L)
Ta co lim% = lim g—”zz 0,5
n n+ 1424+ 2
n_n
: 2 1 <1 3 2 .
Dolim(1+—-+—=) = 1lvalim(1l4+—-+— | = 1nén ta suy ra
n n? n  n? 05
2 7
limn +2n+1
n24+3n+2
@
Pap an Diém
3 1+ > + .
1 2 o4
Ta 6 1im% = lim — 121 05
e Nt 4=
n
1 2 2
Do lim(1+%—|——3> = 1 va lim(n—|———|——3> = +o00 nén
n? n n o n
3 0,5
lim—n +ontl =0
nt +2n2 42
BAI 2 (2,0 diém). Tim céc gidi han sau
s [V ]
x™ — .
@ Jlgq a7 Vo m, n 1a cac s6 nguyén duong.
Loi giai.
€y
Pap an Diém
— 2
lim [\/(x—i—al)(x—i—az)—x} = lim (x+a1)(x+ap) —x
~ tim (a1 + a2)x + aqap ’
x—+o0  /(x +a1)(x +ap) + x
a1do
. ﬂ1+a2+ X a1+a2
- gToo a a T2 0,5
! \/<1+—1)<1+—2)+1
X X
@
Pap an Diém
m __ -1 m—1 m—2 1
fim 21 D T R ) 0,5
=1 x =1 xo1 (x=1) (x4 x 24 ... 4 1)

m = —.
ol 1y xn=24...41 n

447
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BAI 3 (2,0 diém). Tim tat c cac gia tri ctia m dé cac ham s sau lién tuc trén R.

V3x+2-2

———— néux>2
@ f(x) = x 712 ,

mx—l—z neu x <2

2 .
2 A
@ glx) = { cosgy neux 70

m néux =0
Loi giai.

®

Pap an Diém
v 2-2 —
lim f(x) = lim YoXT272 v 6 .
2t x—2t X =2 w2 (x—2) [Y/Bx + 202 +293x T2 +4]
. 3 1
= lim = —. 0,5
=2+ 3/(Bx+2)2+23x+2+4 4
1 1

li = li -] =2 —. 0,5
Jiy f(0) = lim (x4 ) =2m o+

Ham s6 da cho lién tuc trén R khi lim f(x) = lim f(x) = f(2) hay

1 1 x—27F x—27 05
2m+1 = Z,tuem:O.
@
Pap an Diém
2 2
Taco 0 < xzcosﬁ‘ < x?va Jl{ig(t)xz = Onén}l{ig})f(x) = Jlcig%xzcosg =105
Q.
Do d6é ham so f(x) lién tuc trén R khi m = f(0) = lirrbf(x) =0. 0,5
x—

O
BAI 4 (2,0 diém). Cho phuong trinh ax? + bx + ¢ = 0 (a # 0) v6i a + 5b + 28¢ = 0. Chiing minh

. 1
rang phuong trinh luén c6 nghiém trén doan {0; 5} .

Loi giai.
Pap an Diém
< 2 1
Dat f(x) = ax? + bx + c. Dé thdy f(x) 1a ham lién tuc trén |0; 5| 0,5
. X 1\ a b
Tacof(O)—cvaf(g)—g—l—g—l—c. 0,5
1 1
Suy ra 3f(0) +25f <§) :O,dodéf(O)-f(g) <0. 0,5
R 1

Theo dinh i gia tri trung gian thi ton tai ¢ € {O; EJ sao cho f(c) = 0. Ta 05
c6 diéu phai chirng minh.
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BAI 5 (1,0 diém). Cho mét hinh vuodng Hy canh 1. Ta chia mdi canh ctia hinh vuong lam ba doan
thang bang nhau, rdi dung trén doan thang & gitra, ra phia ngoai hinh vuéng ban dau mot hinh
vuong c6 do dai bf?mg doan th;fmg do, sau do xoa doan thémg do di, ta thu dugc mot hinh goi 1a
Hj. Ta lai chia mdi canh ctia hinh H; thanh ba doan béng nhau, roi dung trén doan théng 0 gita,
ra phia ngoai H; mdt hinh vudng c6 do dai bang do dai doan thang d6, sau d6 xoa doan thang
do di, ta dugc hinh Hp. Cu lap lai qua trinh trén ta dugc mét day cac hinh (Hy,),>0. Goi Sy, 1a dién
tich caa hinh H,,. Tinh lim S,,.

Loi giai.

Pap an Diém
Goi a,, b, 1an luot 1a sb canh va d6 dai mdi canh ctia hinh H,,. Ta théy
ap = 4 va b() =1

Mai canh ctia hinh H, sau khi chuyén thanh hinh H,,; sé sinh ra mot

duong gap khic gdm 5 doan thang, suy ra a,,, 1 = 5a, = 4 - 5", 05
~ 2z ~ N 2 kd . ? N 1 ’
Deé thay sau moi lan chuyén hinh thi d6 dai canh giam di chi con 3 ban
\ by, 1
daunén b, 1 = — = —.
aunén by = — = o

Dé y rang, do cach dyng hinh nén S, ;1 1a tong cta S, voi tat ca cac hinh
vudng dung thém trong qua trinh chuyén H, thanh H, 1. Do d6

Sn1 = Sn+an'b%+1 = Sn,l—l—an,l-bﬁ—kan.bﬁﬂ =
= So+ag-bi + @by + -+ ay by y

i n
v () s (L) s (1)

1 1

J— n

=144 5+4:5 G+ 45 oy
4 5 [5\2 5\"

— 1o 12 (2) (2 0,5
+3 +9+<9) + +<9)]
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Nhin xét. Goi H 1a hinh vudng nhén cac dinh ctia hinh Hy 1am trung diém céc canh. Khi d6 ta
thidy mién H, dan dan "phu" day mién H khi n — +oc0. Do d6 dién tich S, tién dan dén dién tich

hinh H 1a hinh vuéng canh /2. Vay lim S, = 2.

@ HESO3B
BAI 1 (2,0 diém). Tim céc gi6i han sau

nd+4n+1
2n3 +3n2

@ lim

n?+2n+1
m+n2+n+2

2 lim
Loi giai.

®

O]

Pap an

nd+4n+1

Ta c6 lim W =

Piém

0,5

Do lim(1+i+

nd —|—4n+1
2n3 +3n2

)

1

lim =5

1 va lim (2—1— E)
n

2 nén ta suy ra

0,5

Dap an

Piém

2
Ta c6 lim mtntl

mwrnZtnt2

0,5

1

Do lim( +—+—3

)

2 1
n?+2n+ —0

lim
nd+n?+n+2

0,5

BAI 2 (2,0 diém). Tim céc gidi han sau

x"—nx+n-—1

(x— 17
(VeTa—x).

@ lim

x—1

2 lim

xX—+00

, vOi n nguyén duong.

Loi giai.

@

| Dép an

Piém




4. DPE KIEM TRA CHUONG IV 451

XM —nx+n—-1 . (X" T4 244 x+1-n
lim = lim 0,5
x—1 (x — 1)2 x—1 x—1
= lim (x”—2+2x"—3+3x“—3+.~+ (n—1)x) =1+4+243+---(n—1)
x—1 05
_n(n—1) ’
— T
@
Pap an Diém
lim ( x2+2—x) —lim—— 0,5
Jm, NeES I
Do lim (\/ x2+x+ x) = 4o0.Suyra lim (\/ x2+x— x) =0. 0,5
X—+00 X——00
(]
BAI 3 (3,0 diém). Tim tat ca cac gid tri ctia tham s6 m dé cac ham sb sau lién tuc trén tap xac dinh
V7x —10 -2 <
—— X neux >2
@ fx)={ =xr2 TS
mx — — neux <2
4
x3sin% néu x # 0
@ flx) = x :
m neux =0
Loi giai.
@
Pap an Diém
. . V/7x—10-2 . 7x — 14
1 x)=lim — =1 0,5
xigaf fx) xig1+ x—2 xig1+ (x—2) (\/ 7x — 10+ 2)
7 7
= lim —— =~ 0,5
x=2t /7x —10+2 4
1 1
li x) = li mx —— | =2m— —. 0,5
Jim )=ty (mx— ) =2
Ham s6 da cho lién tuc trén tap xac dinh khi lim f(x) = lim f(x) =
1 7 x—27F x—2~ 05
f(2)hay2m — — = -, tem = 1.
4 4
@
Pap an Diém
2
Ta c6 |x®sin =| < [x®| ma lim [x®| = Onén lim f(x) = 0. 0,5
X x—0 x—0
Do d6 ham so f(x) lién tuc trén tap xac dinh khi m = f(0) = lirr}) f(x)=105
X—
0.
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BAI 4 (2,0 diém). Cho phuong trinh ax? + bx + ¢ = 0 (a # 0) v6i 7a + 5b + 4c = 0. Chiing minh
rang, phuong trinh da cho ludn cé nghiém trén doan [1;2].

Loi giai.
Pap an Diém
Dat f(x) = ax® + bx + c. Dé thay f(x) lién tuc trén [1;2]. 0,5
Taco f(1) =a+b+cvaf(2) =4a+2b+c. 0,5
Suyra3f(1)+ f(2) =0,dodo f(1)- f(2) <O0. 0,5
Theo dinh 1i gid tri trung gian thi ton tai ¢ € [1;2] sao cho f(¢) = 0. Tacé | 0,5.
diéu phai ching minh.

BAI 5 (1 diém). Cho hai sé duong a, b va day (u,) cho béi

Uy =a, up=>=
Up + Uyt

uﬁgz——T—ﬂn:Lzm'

Tim gidi han lim u,,.

Loi giai.
Pap an Diém
N . A _» U, +u
Tru hai ve caa uy, 1 = nT”H cho u, 1 ta dugc
1
Upy2 — Upp1 = ) (tpg1 — un) .
0,5

v1=b—a ¢
bat v, 1 = upy2 — yy1,taco 1

Op+1 = —Evn, n = 1,2,. ..

1 n—1
Suy ra v, = <_§) (b—a).
Ta co

Upyp = Upy2 — Uyl T Uyl —Up + o F U2 — U+ Uy
:Un+1—|—vn+...+vl_|_ul

1
1_(__)
2 0,5

2 1 n+1
Do dé limu, = limu,;; = lim g(b—a) 1-— (_5) +a

a-+2b
3
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© bHESO4A
BAI 1. (2,0 diém ) Tim céc gi6i han sau:
2n® +n—1 32 2" 14
lim &~ = lim>———— =
@ lim =5 @ lim oo
Loi giai.
2 2+ L !
2 -1 P :
@ A=lmZ "0 R 0,5 diém.
n?+1 1
1+ —
n
A= 2 0,5 diém.
1+0
2\" 1\"
TN et SN Ly [ G -(5) ++(5) 05 diém
= lim oo = lim T = NE e )
24+ (%) +(3
3 3
9-0+40 9 ,
= D e dié
2+0+0 2 0,5 diém
O
BAI 2. (3,0 diém ) Tim cac gi6i han sau:
2
x> —9x +8 16x2 +1+3
lim —— 2~ "2 i
®xﬁ1 1—x @xl—lgloo x+1
V3x—2-2 . e
® lim =y ® Jlim (2 VE2+3+).
Loi giai.
2 _ _
@ A-lim X8y D=8 0,25 diém.
x—1 — X x—1 1—x
A =M (8 — X)) = 7t 0,5 diém.
x—1
V3x—2-2 - :
@ B = lim YV°¥ — lim O 0,25 diém.
x—=2  x*—4 =2 (x —2)(x +2) (V3x —2+2)
3 :
B lim 0,25 diém.
x=2 (x+2) (v3x —2+2)
3 3 :
B= e 0,25 diém.
2+2)-(2+2) 16 em
x4/16 + L +3
1632+ 1 -y 2 :
@ C= lim Y213 g PR TPP 0,25 diém.
X——00 x+1 X——00 x+1
T 3
16+ 5+ 2
C= lim U 0,25 diém.
x——00 1
1+ =
X
Cm A 0,25 diém.
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@ D= lim (2x VA fx 1) — lim -t 0,25 diém.

X0 x=+00 Dy + /A2 + x + 1
1
1-=
D = lim O e L 0,25 diém.
X—>+00 1 1
240\ /4+ -+
XX
-1 1 e
D = m = _Z ............................................................... 0,25 diém.
0
2x2 —x—1 <
X e . £ —————— neux#1 PR £ 1A :
BAI 3. (2,0 diém) Cho ham so0 f(x) = x—1 . Tim m dé ham so0 lién tuc tai
m+1 néux =1
diém x = 1.
Loi giai.
2x? —x—1 2x4+1)(x—1 :
Ta co: lim f(x) = lim 2> — X =1y ZXFDE=D 0,5 diém.
x—1 x—1 x—1 x—1 x—1
Hm f(x) = Hm(2x 4 1) = Bttt 0,5 diém.
x—1 x—1 .
Theo gia thiet f(1) = M+ 1. ..o e 0,25 diém.
Ham s6 lién tuc tai x = 1 & lin}f(x) =f(ll)em+1=3m=2.......c...ceonnn. 0,5 diém.
x—
VAY 1115 2 0,25 diém.

O
BAI 4. (1,5 diém) Chung minh réng phuong trinh 2x° —7x — 1 = 0 ¢6 it nhat mot nghiém thudc
khoang (0;2).
Loi giai.
bat f(x) =2x° —7x — 1.

Khi d6 f(x) lién tuc trén R, suy ra ham s6 f(x) lién tuctrén [0;2] .............oooi..., 0,5 diém.
Taco: f(0) = =1, f(2) =49 = £(0).f(2) <O trrnriiit e 0,5 diém.
Suy ra phuong trinh f(x) = 0 c6 it nhat mot nghiém thuoc khoang (0;2)............... 0,5 diém.
U

BAI 5. (1,5 diém) Cho phuong trinh m(x + 1) (x — 2)! + 3x — 4 = 0. Chting minh phuong trinh
luén c6 nghiém véi moi gia tri caia m.

Loi giai.

Dat f(x) = m(x +1)(x —2)11 +3x —4 = 0.

Khi d6 f(x) lién tuc trén R, suy ra ham s f(x) lién tuc trén [—1;2] .. ...cooooeiioe ..., 0,5 diém.
Taco: f(—1) = —7, F(2) =22 F(=1)f(2) < 0urrrneeieeee e 0,5 diém.
= f(x) = 0 c6 it nhat mot nghiém thudc khoang (—1;2),Vm ......coovviiiiiii ... 0,5 diém.

L]

@ DESO4B
BAI 6. (2,0 diém ) Tim céc gi6i han sau:
@ lim(n®+ 3n% +n — 10).

Van2 +é6n+1—n

2 lim 1

Loi giai.
@ A =1lim(n® +3n% +n —10) = lim [n3 (1 + % + 1_ 1—0)} ..................... 0,5 diém.

1 1 .
A:+oovillmn3:+oové1hm<1+§+—2——2>:1>0 .................... 0,5d1ém
n n n



4. DE KIEM TRA CHUONG IV 455
6 1
N 4+ -+ -1 ,
@ B = lim YA tontlon nont 0,5 diém.
3n—+1 1
34—
n
2—-1 1 2
B = m = 5 ................................................................... 0,5 diém.
]
BAI 7. (2,0 diém ) Tim céc gi6i han sau:
2
) x*—1 Vx+14++V7—-2x-2
Iim —. lim .
@ xi{{1+ (X — 1)2 @ xlﬁ?) x—3
Lui giai.
x?—1 x+1 :
A= 1m ———= = M —— e 25 diém.
VA= lim e = i 025 diém
A=+ocovi lim (x+1)=2>0; lim (x—1)=0vax—-1>0,Vx>1.......... 0,25 diém.
x—1+ x—1+
1 7 —2x — Vi —2+V7-2 ¢
@ B lim YXTLITV7-20=3 | Vx+l-2+ L S 0,25 diém.
x—3 x—3 x—3 x—3
= lim Y122 U UPTST 0,25 diém.
x—3  x—3 =3 (x — 3) (\/x—|—1—|—2)
1 .
I = lim e ettt e, 0,25 diém.
x—=3/x+14+ 2 4
J—lim Y =2 62y 0,25 diém.
x—3 x—3 x=3 ( )(\/7—2x+1)
-2 -2 .
=M = —— = = 0,25 diém.
J =347 —2x+1 2
3 .
SuyraB=I1+]= T 0,25 diém.
]
4+mx—m—1 2
_1 neux > 1
BAI 8. (2,5 diém) Cho ham so f(x) = 2% 4 2 néux <1 Tim m dé ham so lién tuc
2m? 4 3m — 2 néux =1
tai diém x = 1.
Loi giai.
2 I _
Taco: lim f(x) = lim S 2mX=m=1_p =Dldm+D) 0,25 diém.
x—1F x—1+ x—1 x—1+ x—1
= lim L f(x) = linln (XA mMA1) =M 2 0,5 diém.
hnln f( ) = lir? (X 4+ 12) = M2 2 0,5 diém.
et
Theo gia thi€t f(1) = 2m> + 3 — 2.t 0,25 diém.
Hamsoliéntuctaix =1< lim f(x) = lim f(x) = f(1).coooeiiiiiiiii.. 0,25 diém.
x—1t x—1-

m? —m =0 L,
em+2=m?>+2=2m>+3m—-2& Sm=T1.ccccciiiiii.. 0,5 diém.
m*+3m—4=0
VA 11 Lo 0,25 diém.

O
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BAI 9. (2,0 diém) Chung minh réng phuong trinh 5x* 4+ x2 — 10 = 0 ¢ it nhat 2 nghiém.
Loi giai.
Dat f(x) = 5x* 4+ x2 — 10.

Khi d6 f(x) lién tuc trén R, suy ra ham s6 f(x) lién tuc trén [—2;2] .. .....oooooeiea.. .. 0,5 diém.
Tac6: f(—2) = 74, £(0) = —10, F(2) = Z4. oo e 0,25 diém.
Vif(=2).f(0) <0=Tx1 € (=2;0): f(x1) =0 eerrrniiiet i 0,5 diém.
Vif(0).f(2) <0=3x2€ (0;2) : f(x2) =0 urmniiiiiiii i 0,5 diém.
Suy ra phuong trinh f(x) = 0céitnhat2nghiém .............coooiiiiiiiii. .. 0,25 diém.

L]

BAI 10. (1,5 diém) Cho céc sb thuc a,b,c v6i a # 0 thda man 5a + 3b + 2c = 0. Chiing minh
phuong trinh ax? + bx + ¢ = 0 luén ¢ nghiém.

Loi giai.

Dat f(x) = ax?> + bx +c.

Khi d6 f(x) lién tuc trén IR, suy ra ham s6 f(x) lién tuc trén [1;2] ......ooonnnnnnn.. 0,25 diém.

Taco: f(1) =a+b+c f(2) =4a+2b+c= f(1)+ f(2) =5a+3b+2c=0.......... 0,5 diém.

= f(1) = =f(2) = f(1)-f(2) = =[f(2)]P e 0,25 diém.

Neéu f(2) = 0 thi x = 2 la m6t nghiém cta phuong trinh f(x) = 0.

Néu f(2) # 0thi f(1).f(2) < 0= f(x) = 0 c6 it nhat mot nghiém thudc khoang (1;2).

Suy ra phuong trinh f(x) = 0 c6 it nhadt mot nghiém thudc doan [1;2].........ooooe. .. 0,5 diém.
0

0O bDESO5A

BAI 1 (2 diém). Tim gi6i han cta cac day sé sau:

) 3n 4n+1 -3
O () comn = =i

@ (vn) cOvy, = V3n2+n+5.

Loi giai.

n
n n+1 n n 4" - ((é) —4- %)
@ L = limu, = limu = lim3 —4 43 lim 4 4
" 2n — 414D 2n —4n 4D 1\" 2
4n . 5 _1+E
3\" 3
(1) A ,
lim =4 1.0diém.

1 I/l_1+2 ..........................................................
2 4n

1 1 5
@ L = limo, = limv3n2+n+5 = lim\/n2 (3+——|—%) = lim (n'\/3+—+—2) =
n n n n
00 o e e e e e e 0.5diém.
1 4
Vi: lim#n = +o0;lim 3+E+%:\/§>0 ...................................... 0.5diém.

OJ

BAI 2 (3 diém). Tinh gi6i han ctia cadc ham s6 sau:

@M—hm(l—l).z"_l

=2 \x 2 x—2
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2 N = lim —”CZJFH
Coxs-1 ox4+1

3) P= lim ( x2—|—3—x>.

X—400

Loi giai.

) 2—x 2x—1 . 1 —2x 3 e
®M_;1c1—>r%(2x -x_2>—3161_>n; S T Qe 1.0diém.
. V/xZ43-2 . (Vx2+3-2)(Vx2+3+2) _ (x—1)(x+1)
@2 N= lim ———= = lim = lim =
x—-1  x+1 x——1 (x +1)(Vx2+3+2) x=-1(x+1)(vVx2+3+2)
lim 1 _ 1 1.0diém
Jm SRR RER R R R L T PP TP PRT P PELPPEERPRES . .
/A2 V(A2 2 2
CyP=1m1( ﬂ+3—x>= lim YXPA3-)(Va43+x) L - xT
X—+o00 X—+00 1/xZ_|_3_|_x X— 00 «/x2+3+x
3 3
= lim > =0.(Vi lim 3=3, lim (Va2 = lim x-(y/1+ 2 +1) =
dm sy - (Vi lim 3=3 lim (Vat43+4x) = lim x < et )
3 1 .
oo hoSC 0 < o 1.0diém).
x2+3+x X
]
BAI 3 (2 diém). Tinh céac gigi han mot bén sau:
. x+2
lim .
x—at X —4
x?+2
li .
@ x—f—rﬁ)f x+1
Loi giai.
x—|—2 LR
@ xlgih i 00, Va Lttt 0.5 diém
HINL (X 2) 2 6 3 0ueee et 0.25diém.
x—4 ,
Hm (x —4) =0vax —4 > 0ttt 0.25diém.
x—4+
2
B 2 o o 0.5 diém
x—(-1)- x+1
Vi HM (024 2) =8> 0ttt e 0.25diém.
x—(=1)~
B (1) = 0VAX AT < 00ttt 0.25diém.
x—(—-1)~
(]
3x —a, Néu x <2
BAI 4 (2 diém). Chohamsby =f(x) =4 34 x+6 . :
T, Neéu x > 2

Tim a dé ham s6 lién tuc trén tap xac dinh ctia né.
Loi giai.
—x¥4+x+6

— Vx>2:f(x)= P

0.5 diém

la ham phan thitc hiru ty nén lién tuc trén tap xac dinh cta no.
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— Vx <2:f(x) =3x—alahamdathucnénliéntuctrén R......................... 0.5diém.
— Xét ham s6 tai x = 2:
B I 0.5diém
Hm f(x) = Hm (BX — @) = 6 — @ oottt et 0.5diém
x—2- x—2~ 3 )
_ V(a2 —2x —
lim f(x) = lim ke lim (x=2)(=x x—3) = lim (—x* —2x - 3) =
x—2+ x—2+ x—2 x—2+ x—2 x—2+
L e 0.5diém

Dé ham sb lién tuc tai x = 2 khi va chi khi f(2) = lim f(x) = lim f(x) ©6—a= —11 &
x—2~ x—2+

0= 17 0.5diém.
Vay v6i a = 17 théa man yéu cau bai toan.

O

BAI 5 (1 diém). Ching minh rang phuong trinh: 3x° + 2x — 1 = 0 ¢6 it nhat 1 nghiém trong
khoang (0;1).

Lui giai.

Datham s6 f(x) = 3x° +2x — 1. Khi d6 f(x) lién tuc trén R, nén ham s6 lién tuc trén [0; 1], va:0.5

diém
FO) = =1, F(1) =4 = F(O)+ F(1) € 0urreee e e 0.25 diém
Vay phuong trinh f(x) = 0 c6 it nhat 1 nghiém trén khoang (0;1) ........ 0.25 diém. O

@® bpEsH5B

BAI 1 (2 diém). Tim gii han cta cac day sé sau:

@ (up) couy =

3" 43.4" -3
oM _gn :

@) (vy) cOvy = VnZ+n+2.

Loi giai.

n 4" — n
(a) Lzlimunzlim3 3 3:Iim 4 4

oM _ An 1\"
S) -1
(2)
. . . 1 2 . 1 2
(b) L = limv, = limvn?2+n+2 = lim,/n? 1+E+ﬁ = limn - 1+E+ﬁ:

+oo. (Vi:limn = +o0,lim4/1 + % + % =) 1.0 diém.

O

=3 1.0diém.

BAI 2 (3 diém). Tinh gi6i han ctia cic ham s6 sau:

@ M= lim

(2 N = lim

1_{_1 2x —1
x—-3\x 3 x+3°
VxZ+5-3

x—2 x—2
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3) P = lim (\/T—H—x).

X—-+00

Loi giai.

x+3 2x—1 2x—-1 7 .
=1 . = 1i e 1.0diém.
O M= xim3( 3x x+3> o3 3x 9 Odiem
Vx24+5-3 . (Vx2+5-3)(Vx24+5+3) . (x —2)(x+2)
2 N = lim = lim = lim
=2 x—2 ¥ (x —2)(Vx2+5+3) =2 (x —2)(vVx2+5+3)
— lim 212 2 1.0diém
_x—>2\/x27+3 RRRE LT L T E L P T L P PP L P PRERDPRTERPPPRLRPPY : :
V21— (Va2 + 2
@P— llm (/x2+1_x>: llm ( 1 X)( X +x>_ 1 x+1 x
X—r+00 X—r+00 VaxZ4+1+x x%Jroo,/xZ_{_l_{_x
1
_ 71 '/
_XETW\/T_'_X—O(W hm 1=1, hm (\/x 1+x) hm X < 1—|— )
1
F00, 0 < e ) e e 1.0 diém.
\/x2+ 1+ x x)
L]
BAI 3 (2 diém). Tinh cac gigi han mot bén sau:
.ox+2
lim .
=1+ x—1
2
2 lim x o+l

x—s-—2- x+2°

Loi giai.

. x+2 o
@ xli>1111+ = T AT E 0.5 diém
HM (X4 2) =3 > 0ttt ettt e e 0.25diém.
x—>1+ 2
Hm (x —1) =0vax—1 > 0.t e 0.25diém.
x—1+
x?+1 .
li = 00, Ve e 5 diém:
@;le_%f 170 0. Vi 0.5 diém
B (324 1) = 5 > 0 eeneeee e e 0.25diém.
x——2"
B (X4 2) = 0VAX 42 < 0neereeeee e 0.25diém.
xX——2"
]
x—a néu x =2
BAI 4 (2 diém). Chohamsdéy = f(x) =< _ 31+ x+g . :
T néu x 7£ 2

Tim a dé ham s0 lién tuc trén tap xac dinh ctia né.
Loi giai.

— Vx £ 2ham sOTuON 8N tUC. .. ..ottt 0.5 diém.
— Xétham s6 tai x = 2:
£(2) = 2 — a0.5diém

.3 _ a2 _
lim £(x) = lim —5 T30 =X =2028) 2 o0 3) = 111.0diém.
x—2 x—2 x—2 x—2 x—2 x—2
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Dé ham s6 lién tuc tai x = 2 khi va chi khi f(2) = limf(x) & 2—a = 11 & a =

x—2

G 0.5diém.
Vay v6i a = 13 thda man yéu cau bai toan.
O

BAI 5 (1 diém). Chiing minh rang phuong trinh: x> +2x — 1 = 0 c6 it nhat 1 nghiém trong
khoéang (0;1).
Loi giai.
Dat ham s6 f(x) = x> 4+ 2x — 1. Khi d6 f(x) lién tuc trén R, nén ham s6 lién tuc trén [0;1]. Va: 0.5
diém
£(0) = =1, f(1) =2 = £(0) - f(1) < 0. |
Vay phuong trinh f(x) = 0 ¢6 it nhat 1 nghiém trén khoang (0;1) ......... 0.5diém. O

® bEsO6A

BAI 1. (4 diém) Tinh cac gi6i han sau

@ lm (—n*+nyn+1). @ lim 1( 1 _1).
x—0-x \x+1
x24+5-3
- 2 2 _—
@11m<\/n +n—+n —2). @xgﬂ_lz T2

Loi giai.

@ lim (—n*+ny/n+1) = lim(—n?) (1 — \/g — l) ............................... 0.5diém

o 00 s et e e e 0.5diém

<\/n2+n—\/n2—1> <\/n2-|—n—|—\/n2—1)

) lim <\/n2—i—n—\/n2—2) = lim ...0.25 diém
(\/n2+n+\/n2—1>
— lim o L 0.25 diém
V2 +n+vn? -1
1
= M 0.25 diém
1 1
n{\1+=+4/1-=
n n
1
14+ — 1 )
= lim - n SR LR L LR L PP P T LT P PP PP S TERPPPPPEERPPPPREE 0.25 diém
n n
hml( 1 —1)—lim1_(x+1) .......................................... 0,5 diem
x—0- x \x+1 x—0- x(x+1)
I e 0,5 diém
x—0- x+1
2 _ 2 _
@ lim YX 1073 S Y 0.5 diém
x—-2  x+2 x=-2 (x +2)(v/x2 + 5+ 3)
x—2 -2 .
N e = 0.5 diém
x—>-24/x24+5+3 3
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(]
x2—-2x—3
5 o (e et 1A s ps . x - néux#3 . . .. . .
BAI 2. (2 diém) Xét tinh lién tuc cta ham so f(x) = x—3 trén tap xac dinh
5 néux =3
cua no.
Loi giai.
+ Tap xdcdinh ctiaham s0 f(X) JA Z =R ...oooiiiiiii i, 0.5 diém
) x?—2x—3 )
+ Néu x # 3 thi f(x) = 3 la ham so phan thuac hiru ti, nén lién tuc trén cac khoang
(—00;3) VA (35400 ).+ttt ettt et e e 0.5 diém
x? —2x—3

+ Taix =3taco f(3) =5. lim

i 5 = e+ 1) = ££00),

Do d6 ham s6 khong Hén tuc tai X = 3......ooiiiiiiiiiiiii e 0.5 diém

+ Ham s6 f(x) lién tuc trén cac khoang (—o0;3) va (3; +0), nhung gian doan x = 3. 0.5 diém

]
vV7x —10—-2 <
BAI 3. (2 diém) Cho ham sb f(x) = { x—2 o neur=s 2 Tim m dé ham sb lién tuc tai
mx 4+ 3, néux <2
X =2.
Loi giai.
+TACO F(2) = 21 4 3 oottt 0.5 diém
M (X)) = 2 4 B et 0.5 diém
x—27
, . VTx—10-2 7 B
+xli>r£1+ f(x) = xli>r£1+ S g T gttt 0.5 diém
+ Ham sb da cho lién tuc tai x = 2 khi va chi khi2m + 3 = Z S m= %5 ...... 0.5 diém 0]

BAI 4. (2 diém) Chiing minh rang phuong trinh:
@ x° + x% — 1 = 0 c6 it nhat mot nghiém thudc khodng (0;1).
(2) cosx + mcos2x = 0 ludn c6 nghiém voi moi m.
Loi giai.
@ Dat f(x) = x> +x%—1,taco f(x) lahamsblién tuctrén [0;1] .........ooooie.... 0.5 diém

{;E(l)i z 1_1 = f(0).f(1) = =1 < 0 = Jxg € (0;1) : f(xp) = 0 ta c6 diéu phai ching

NN e e 0.5 diém
(2) Dat f(x) = cosx + mcos2x, ta c6 f(x) lién tuc trén R nén f(x) lién tuc trén {g, 3%] ...0.5
diém
Ta co:
(Z) =2
f 4) 2 T 37

a= () (T) < 0,¥m = Txp € (g;%”) . £ (x0) = 0 (dpem). 05
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® DpEsdOeB

1/[1:\/5
Uyl =V2+u, véin >1

Biét (1) c6 gidi han hitu han khi 7 — +o0, hay tinh gigi han do.
Loi giai.

BAI 1. (1.5 diém) Cho day s6 (u,) xac dinh béi {

Patlimu, =a.TacO uy1 =2+ uy, = limu, q =imv2+uy.oooeeoeiiniin.. 0.25 diém
=a=a+2=>a>—a—-2=0=a=—1hodca=2. .......coo i ... 0.5 diém
Viu, >0,VYn € Rnénlimu, =a > 0.Vaylimu, =2. .............. 0.25 diém O]
N . . 1 1
BAI 2. (1.5 diém) Tinh téng S =2 — vV24+1— —+ - — ...
( ) g N
Loi gii.
. 4 -1 .
Day s6 vO han 2, V2,1, . 1a mot cap so nhan lui vo han véi cong bdi g = — 0.25 diém
y f > ot cap . gboiq = —~
1 < < .
Vi|gq| = 7 < 1néndaysonaylacipsénhanltivohan. ...............cooiiiii... 0.25 diém
2+/2 .
DodéS—2-vail Ll ..__2 _2v2a oo 0.5 diém
V2 2 1+L V2+1
V2
OJ
BAI 3. (4 diém) Tinh cac gi6i han sau:
x+1 4x
li . im ——.
®xi>1131*x—2 @xg})\/9+x—3
2 2y — — .~ 3/q __
@ 11 x-+2x—3 @ lim 2v/1—x—+/8 x.
o2 —x—1 x—0 X
Loi giai.
x+1 3+1 .
lim = e 1.0 dié
O lim 5 =3 fem
@ lim Y423 @-Dds) 0.5 diém
12x2—x—1 x—>12(x—1)(x—|—%)
x+3 4 .
=1l o e 0.5 dié
iy t1 3 em
@ lim X g BN 1.0 diém
x—=04/94+x—3 x—0 9+x—-9
21 —x — /8 — \1 -1 2—3¥8— .
@ lim 21X VE—x (2 Rkl 8 x) .................... 0.25 diém
x—0 X x—0 X X
ma lim2 Y= 2x U 0.25 diém
x—0 X x—0 x(\/1+x+1)
JR— 3 —_—
valim 2= Y8 =X iy ! L 0.25 diém
x—0 X x—04 4+ 2/8 —x + \3/(8 —x)?2 12
Dodélim Y 1=X=V8—x 18 0.25 diém
x—0 X 12

O
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x> —4x+3
N .2 PRI £ —_— khl x < 3 N ~
BAJ 4. (1.5 diém) Tim m dé ham soO f(x) = x—3 lién tuc trén R
2mx +m—+1 khix >3
Lui giai.
Z x> —4x+3 .
e Neu x < 3 thi f(x) = ——3 la ham phén thuc hiru ti xac dinh nén lién tuc trén
(005 3 ) ettt 0.25 diém
e Néu x > 3 thi f(x) = 2mx + m + 1 1a hAm da thitc nén lién tuc trén (3; +c0). .... 0.25 diém
e Xét tinh lién tuc ctia ham sb tai x = 3.
3 _
FTaco lim F(x) = lim 3 i (x= 1) =2 oo 0.25 diém
x—3~ x—3~ x—3 x—3~
+ lim f(x) = Hm 2mx+m+1)=7m+1 ... 0.25 diém
x—3T x—3
FF(B) = T L o 0.25 diém

1 ,
e Ham s6 lién tuc tai x = 3 khi vachikhi lim f(x) = lim f(x) = f(3) & m = =..0.25 diém

x—37T x—3" 7
O
BAI 5. (1.5 diém) Véimoi a,b,c € R, chitng minh phuong trinh
a(x —=b)(x—c)+b(x—c)(x—a)+c(x—a)(x—b) =0

c6 nghiém.
Loi giai.

e Dat f(x) =a(x—b)(x —c¢) +b(x —c)(x —a) +c(x —a)(x —b), ta cé f(x) la ham da thuc

nén len tuc trén IR, . ..o 0.25 diém
Taco f(a) = (a —b)(a—c); f(b) =b(b—c)(b—a); f(c) = c(c —a)(c — b), khong mat tinh
tONg QUAL GIA ST A < B <O vt 0.25 diém

e Néua = 0hodich = 0 hodcc = 0tacéd f(0) = 0do dé x = 01a mot nghiém cta phuong
131510 o P 0.5 diém

e Giasu b # 0 ta xét hai truong hop
+Néua <b<0= f(a)f(b) = —ab(a—0b)*(a—c)(b—c) < 0.Do dé phuong trinh f(x) =

6 it nhat mot nghiém thudc [@;b]. ... 0.25 diém
+Néu0 < b <c= f(b).f(c) = —bc(b—c)*>(b—a)(c—a) < 0.Do dé phuong trinh f(x) =
c6 it nhat mot nghiém thudc [B;c]. . .vvvvvveii 0.25 diém

]





