Trin Si Ting PP tog dj trong khong gian

TPKG 01: VIET PHUONG TRINH MAT PHANG

Dang 1: Viét phwong trinh mit phang bing cach xac dinh vecto phap tuyén

Caul. Trong khong gian v6i hé toa d§ Oxyz, cho hai diém A(2;4;1), B(—1;1;3) va mat phéng
(P): x-3y+2z-5=0. Viét phuong trinh mat phing (Q) di qua hai diém A, B va vuong
gdc v6i mat phang (P).

e (0) di qua A, B va vudng géc voi (P) = (Q) ¢6 VIPT ii=| ip, AB | = (0;-8,~12) % 0

= (Q):2y+3z-11=0.
Cau hoi twong tu:
a) Voi A(1, 0; 1), B(2; 1; 2), (P):x+2y+3z+3=0. DS (Q):x-2y+z-2=0

Cau2. Trong khong gian v6i hé toa do Oxyz, viét phuong trinh mit phang (P) di qua hai diém

x=-1+1¢
A(2;1;3),B(1;-2;1) va song song v&i duong théng d:qy=2t
z=-3-2t

e Ta c6 BA=(1;32), d c6 VICP ii = (1;2;-2).
Goi i 1d VTPT ciia (P) = {’fi?f‘ = chon 7i =| BA,ii | = (~10;4;-1)
n u

= Phwong trinh cua (P): 10x—-4y+2z-19=0.

Cau3. Trong khong gian véi hé toa d6 Oxyz, cho 2 duong thang (d,) va (d,)cé phuong trinh:

x=1 y+1 z-2
d)); = = )
() 2 3 1

d,)va (d,) .

x—4 y-1_z-3

‘ 5 = Lap phuong trinh mat phang (P) chira

(dy):

e Chung to (d;) // (ds). (P): x +y—5z+10 =10

Caud. Trong khong gian v6i hé toa d0 Oxyz, cho mit cau (S) c6 phuong trinh:
x%+ y2 +722-2x+ 6y—4z—2=0. Viét phuong trinh mat phang (P) song song véi gia cia
véc to v = (1;6;2), vudng gdc voi mit phang(a): x+4y+z—11=0 va tiép xuc véi (S).

o (S) cotam I(1; —-3; 2) va ban kinh R = 4. VIPT cua (a) la n =(1;4;1).
= VIPT ciia (P) la: 7ip =|7,7] = (2;-1;2) = PT ciia (P) ¢ dang: 2x—y+2z+m=0.

Vi (P) tiép xiic voi (S) nén d(I,(P)) =4 < [Z _ ;21 :

Vay: (P): 2x—y+2z+3=0 hoac (P): 2x—y+2z-21=0.

Cau5. Trong khong gian v&i hé toa d6 Oxyz, cho diém M(1; —1; 1) va hai duong thing
(d)) :%=y—21=i3 a (dz):%z%%:%. Chiing minh réng diém M, d;,d, cung

nam trén mot mit phang. Viét phuong trinh mat phing do.

e d, qua M (0;~1;0) va cé u, =(1;-2;-3), d, qua M,(0;1;4) va cé i, =(1;2;5).
(G300, | = (~4-84) 20, MM, =(0;2:4)= [G;i, |- MM, =0= d,,d, dong phing.

Goi (P) la mdt phang chita d,d, = (P) co VIPT n=(1;2,-1) va di qua M; nén co
phicong trinh x+2y —z+2=0. Kiém tra thdy diéem M(l;—1;1) e (P).
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Dang 2: Viét phwong trinh mit phing lién quan dén miit cau

x-3 y-3
2 2
(S): x>+ y2 +72—2x— 2y—4z+2=0. Lap phuong trinh mat phang (P) song song véi d va
truc Ox, dong thoi tiép xtc voi mat cu (S).

Céu 6. Trong khong gian v6i hé toa d6 Oxyz, cho dudng thang d: =§ va mit cau

o (S)cotaml(l; 1; 2), ban kinh R = 2. d co VICP u = (2;2;1).
(P) //d, Ox = (P) ¢6 VIPT ii =|ii,i | = (0;1;=2) = PT ciia (P) ¢6 dang: y—2z+D =0.

MZZ @|D_3|:2\/§ P D:3+2\/§
JE+? D=3-2\5

= (P): y-2z+3+245=0  hodc (P): y—2z+3-25=0.

(P) tiép xiic véi (S) < d(I,(P))=R <

Cau7. Trong khong gian véi hé toa dd Oxyz, cho mit cau (S): x> +y?> + 22 +2x—4y—4=0 va
mit phang (P):x+z—-3=0. Viét phuong trinh mit phang (Q) di qua diém M(3;1;-1)
vudng goc voi mit phang (P) va tiép xtc véi mit cau (S).

o (S) c6 tam I(~1; 2; 0) va ban kinh R = 3; (P) ¢6 VIPT fip = (1;0;1).
PT (0) di qua M ¢6 dang: A(x—3)+B(y—1)+C(z+1)=0, A2+ B> +C?> 0

(0) tidp xiic v6i (S) & d(1,(Q) =R < |4A+B+Cl=W A2+ B +C? (¥
Q) L(P) & iiydip =0 A+C=0=C=-A (*%)

Tir (%), (**) = |B-5A4l=3v24% + B> < 8B -7A> +10AB=0 < A=2B v 7TA=-4B
e Véi A=2B.ChonB=1,4=2 C=-2=PT(0): 2x+y—2z-9=0
e Véi TA=—4B. ChonB=-7,A=4,C=-4=PT(0Q): 4x—Ty—4z-9=0
Cau hoi twong tw:
a) V6i (S):x>+y? +22 —2x+4y—4z+5=0, (P):2x+y—6z+5=0,M(1;1;2).
PS: (Q):2x+2y+2z-6=0 hodc (Q):11x—10y+2z-5=0.

Cau 8. Trong khong gian v6i hé truc Oxyz, cho mit cau (S): X2+ y2 +22 - 2x+ 4y+2z-3=0.
Viét phuong trinh mat phang (P) chira truc Ox va cit mat cau (S) theo mot dudong tron co
ban kinh r=3.

* (S) c6 tam I(1; —2; —1), ban kinh R = 3. (P) chita Ox = (P): ay + bz = 0.
Mat khac dwong tron thiét dién co ban kinh bang 3 cho nén (P) di qua tam 1.
Suyra:-2a-b=0<b=-2a (a+0)=(P):y—2z=0.

Cau9. Trong khong gian voi hé truc Oxyz, cho mit cau (S): x%+ y2 +72 +2x— 2y+2z-1=0
x—-y-2=0

2x-z-6=0
(S) theo mdt duong tron ¢6 ban kinh r=1.

va duong thang d : { . Viét phuong trinh mat phang (P) chira d va cat mat cau

o (S) co tam I(-1;1;—-1), ban kinh R = 2.

PT mdtphcfng (P) c6 dang: ax+by+cz+d =0 (a2 +b% +c% 2 0).
Chon M(2;0,-2),N(3;1;0)ed .
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M e (P)
Tacé: IN (P) a=b,2c=—(a+b),d=-3a->b €))
5 17a=-7b,2c=—(a+b),d=-3a—-b (2)
d(I,(P))=NR"-r
+ Voi(l) = (P): x+y—z—-4=0 + Voi (2) = (P): Tx—17y+5z—-4=0
Cau 10. Trong khong gian voi hé toa dd Oxyz, cho hai duong thing Alzgzy—_llzf,
Xl oy oz o s 2, 2 2 iy .
A, — =T=—_1 va mdt cau (S): x“+y " +7°-2x+2y+4z-3=0. Viét phuong trinh

tiép dién ctia mat cau (S), biét tiép dién d6 song song véi hai dudng thang A; va A,.

e(P): y+z+3+3v2=0 hoic (P): y+z+3-3v2=0

Cau11. Trong khong gian v&i hé toa d6 Oxyz, cho mit cau (S) c6 phwong trinh
x> +y2 +7° —2x+4y—6z—11=0 va mit phang (c) c6 phuong trinh 2x + 2y —z + 17 = 0.

Viét phuong trinh mat phang (8) song song vdi () va cit (S) theo giao tuyén 13 dudng tron
co chu vibang p==6rx.

e Do (B) // () nén (B) co phuong trinh 2x + 2y —z+ D =0 (D#17)
(S) co tam I(1; —2; 3), ban kinh R = 5. Puong tron co chu vi 61 nén co ban kinh r = 3.

Khoding cach tir I t6i (B) la h = R =12 =52 3% =4
\2.1+2(—2)—3+D\
s -

D=-7
D =17 (loai)

Do

4<:>|—5+D|=12c>{

V2242 4 (1)

Vay (B) c6 phwong trinh 2x+2y—-z—-7=0.

Cau hoi tuwong te:

a) (S):x2+y2+z2+2x+4y—6z—11:0, (a):2x+y—-2z+19=0, p=28r.
DS: (B):2x+y-2z+1=0
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Dang 3: Viét phwong trinh mit phing lién quan dén khoéng cich

Céu 12. Trong khong gian véi hé toa dd Oxyz, viét phuong trinh mit phang (P) qua O, vudng
goc voi miat phang (Q): x+y+z=0 va cach diém M(1; 2; —1) mot khoang bang \/5 .

e PT mdt phang (P) qua O nén c6 dang: Ax+By+Cz=0 (v6i A?+ B +C? #0).
o Vi (P) L(Q)nén: 1.A+1.B+1.C=0 & C=-A-B (])
|A+2B-C|

e 2 & (A+2B-CP =2A+B*+CY ()
A“+B +C

o d(M,(P) =2 &

B=0 3)

8A+5B=0 (4)
eTur(3):B=0=>C=-A4.ChonA=1,C=-1=(P): x—z=0
oTuw(4):84+5B=0.ChonA=5B=-8=>C=3=(P): 5x—-8y+3z=0.

Tir (1) va (2) ta dugc: 8AB+5B> =0 < {

Ciau 13. Trong khong gian vdi hé truc toa d§ Oxyz, cho duong théng A XT_l = yT_3 =§ va
diém M(0; —2; 0). Viét phwong trinh mit phang (P) di qua diém M, song song v6i dudng

thang A, dong thoi khoang cach d giita duong thang A va mit phang (P) bang 4.

e Phuong trinh mp (P) di qua M(0; -2, 0) co6 dang: ax+ by +cz+2b=0 (a2 +bP 4t 0)
A di qua diém A(l; 3, 0) va co mot VICP u =(1;1;4)

A (P) a+b+4c=0 A

Ta c6: la+ 58] a=ac

aco {d(A;(P))=a,'<:> ﬁZ‘l @{a=—20
a +b " +c

e Voi a=4c. Chon a=4,c =1= b=-8= Phuong trinh (P): 4x—-8y+z—-16=0.
e Voi a=-2c. Chon a=2,c =—-1= b=2 = Phuong trinh (P): 2x+2y—-z+4=0.
Cdu hoi twong tu:

a) Véi A:f:%:%_l;M(O;&—Z),d:&
DS: (P):2x+2y—7z—8=0 hodc (P):4x—-8y+z+26=0.

X=t
Céu 14. Trong khong gian voi hé toa do Oxyz, cho duong thang (d):{y=-1+2r va diém
z=1
A(-1;2;3). Viét phuong trinh mat phang (P) chira duong thang (d) sao cho khoang céach tir
diém A dén mat phang (P) bang 3.

e (d) di qua diém M(0;—1;1) va c6 VICT i =(1;2;0). Goi 7i = (a;b;c) véi a® +b> +c> 20
la VTPT cua (P) .

PT mat phang (P): a(x—-0)+b(y+1)+c(z—-1)=0<ax+by+cz+b—-c=0 (1)

Do (P) chira (d) nén: uni=0<a+2b=0<a=-2b (2)

[~a+3b+2(] |5 +2¢| N

dlA,(P))=3c - —L=3& " ————=35b+2c|=3V5b" +c
e S v

 4b> —dbe+c? =0 (2b—c) =0 c=2b 3)

Tir (2) va (3), chon b=-1 = a=2,c =-2 = PT mdt phang (P): 2x—y—-2z+1=0.
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Céu 15. Trong khong gian véi hé toa d§ Oxyz, cho céac diém M(-1;1;0),N(0;0;,-2),1(1;1;1). Viét
phuong trinh mit phing (P) qua A va B, dng thoi khoang cach tir I dén (P) bing /3 .

e PT mat phang (P) ¢6 dang: ax+by+cz+d =0 (@ +b*+c*#0).

M e(P

_— Nee((P)) a=-b2c=a-bd=a—b (1)
' 5a=7b,2c=a-b,d=a-b (2)
d(I,(P))=+3

+ Véi (1) = PT mdt phang (P): x—y+z+2=0
+ Véi (2) = PT mat phang (P): Tx+5y+z+2=0.

Cau 16. Trong khong gian véi hé toa do Oxyz, cho tir dién ABCD véi A(L;-1;2), B(1;3;0),
C(-3;4:1), D(1;2;1). Viét phwong trinh mit phang (P) di qua A, B sao cho khoang céch tir C
dén (P) bang khoang cach tir D dén (P).

OPdetphcfng (P) c6 dang: ax+by+cz+d=0 (a2 +b% +c% 2 0).

Ae(P) a-b+2c+d=0
Taco: {Be(P) & |a+3b+d=0
d(C,(P)=d(D,(P)) |-3a+4b+c+dl la+2b+c+dl

\/a2+b2+02 \/c12+bz+c2

b=2a,c=4a,d =-Ta

c=2a,b=a,d =—4a
+ Voi b=2a,c=4a,d=-Ta = (P): x+2y+4z-7=0.
+ Voi c=2a,b=a,d=-4a = (P): x+y+2z—-4=0.
Cau hoi twong tu:
a) Voi A(1;2;1), B(—2;1;3),C(2;—-1;1),D(0;3;1).

DS: (P):4x+2y+7z—-15=0 hodac (P):2x+3z—-5=0.

Céu 17. Trong khong gian v6i hé truc toa dd Oxyz, cho céac diém A;2;3), B(0;-1;2),
C(1;1;1) . Viét phuong trinh mit phang (P) di qua A va gbc toa dd O sao cho khoang cach
tir B dén (P) bang khoang cach tir C dén (P).

e ViOe (P)nén (P):ax+by+cz=0,vdi a* +b* +c* #0.

DoA€ (P)= a+2b+3c=0 (1) va d(B,(P))=d(C,(P))< |-b+2c=la+b+cd (2)
Tw (1) va (2) = b=0 hodc c=0.

e )oi b=0thi a=-3¢c = (P):3x-z=0 e Voic=0thia=-2b = (P):2x—-y=0

Cau hoi twong tu:
a) Voi A(1;2;0),B(0;4;0),C(0;0;3). DS: —6x+3y+4z=0 hoac 6x—-3y+4z=0.

Céu 18. Trong khong gian voi hé truc toa do Oxyz, cho ba diém A(;1;,-1), B(;1;2),
C(~1;2;-2) va mit phang (P): x —2y+2z+1=0. Viét phuong trinh mit phang (a) di qua
A, vudng goc v6i mit phang (P), cat duong thang BC tai I sao cho IB =2IC.

e PT (o) co dang: ax+by+cz+d =0, voi A +b>+c2 %0
Do A(L,-)e(a)nén: a+b—-c+d=0 (1); (o) L(P) nén a-2b+2c=0 (2)

\a+b+2c+d\_2\—a+2b—2c+d\

IB=2IC= d(B,(a))=2d(C;(at)) =
\/a2+b2+02 \/a2+b2+62
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3a—-3b+6¢c—d=0 3)
—-a+5b-2¢c+3d=0

Tw (1), (2), (3) ta co 2 truwong hop sau :

a+b—-c+d=0 1 3

THI : <a—-2b+2c=0 Sb=—a,c=—a,d=—ua.
3a-3b+6c—d=0 2

Chon a=2=b=-l;c=-2;d=-3 = (a): 2x—y—2z-3=0

a+b—-c+d=0 3 3

TH2 : <a—-2b+2c=0 Sb=—ac=a,d=—a.
—a+5b—2c+3d =0 2

Chon a=2=b=3;c=2;d=-3= (a).: 2x+3y+2z-3=0
Vay: (a): 2x—y—2z-3=0hogc (a): 2x+3y+2z-3=0

Cau 19. Trong khong gian véi hé toa dd Oxyz, cho hai duong thiang d,.d, lan luot co6 phuong
x-2 y-2 z-3 x—-1 y-2 z-1
= = . d2 N = =

2 1 3 2 -1
déu hai dudng thang d,d,.

. Viét phuong trinh mit phang cach

trinh a,’1 :

e Taco d diqua A(2;2;3), co Uy =(2;1,3), d, di qua B(1;2;1) va c6 U,y =(2;-1;4).
Do (P) cich déu d,,d, nén (P) song song voi d|,d, = n, = [ﬁdl’ﬁdz} =(7,-2;-4)

= PT mat phang (P) co dang: Tx—2y—4z+d =0

Do (P) cich déu d,,d,suy ra d(A,(P))=d(B,(P))

o 7.2-22-4.3+d| =\7.1—2.2—4.1+d\

V69 V69

= Phwong trinh mdt phang (P): 14x—4y—8z+3=0

@\d—2\=\d—1\@d=3
2

Cau 20. Trong khong gian véi hé toa dd Oxyz, cho hai duong thing d,.d, lan luot co6 phuong

x=1+t
trinh d,:{y=2-1, dz:x_2=y_21=Zle

z=1

. Viét phuong trinh mat phang (P) song song

voi d; va d,, sao cho khodng céch tir d, dén (P) gp hai 1an khoang cach tr d, dén (P).

e Taco: d; diqua A(1;2;1) va co VICP u; =(1;-1;0)

d, di qua B(2;1;-1) va co VICP la u, =(1;-2;2)
Goi 7t la VTPT cua (P), vi (P) song song voi d, va d, nén ii = [ﬁ],ﬁ2] =(-2;-2;-1)
= Phuong trinht (P): 2x+2y+z+m=0.

P =) = i = s, oy =22
d(d).(P)) =2d(dy.(P)) &7 +ml=2I5+m < B:Zj(zs(;ﬂ) m=—3m :_%

+Voi m=-3= (P):2x+2y+2z-3=0 + Voi m=—1?7:>(P):2x+2y+z—1?7= 0
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Céu 21. Trong khong gian vé6i hé toa dd Oxyz, viét phuong trinh mat phang (P) di qua hai diém
A(0;=1;2), B(1;0;3) va tip xtic v&i mit cdu (S): (x -1 +(y=2)* +(z+1)* =2.

o (S) c6 tam 1(1;2;—1), ban kinh R=~2 .
PT mdt phing (P) c6 dang: ax+by+cz+d =0 (@®+b*+c? £0)

Ac(P
€(P) @[a:—b,c:—a—b,d:2a+3b (1)

Taco: {Be(P
a co e(P) 3a=-8b,c=—a—b,d=2a+3b (2)

d(1,(P))=R
+ Voi (1) = Phuong trinh cua (P): x—y—-1=0
+ Voi (2) = Phwong trinh cua (P): 8x—-3y—-5z+7=0

Céu 22. Trong khong gian voi hé toa do Oxyz, cho diém A(2;-1;1). Viét phuong trinh mat
phang (P) di qua diém A va cach gdc toa d6 O mot khoang 16n nhit.

e Ta co d(O,(P))<OA. Do do d(O,(P)) =0A xay ra < OA L (P)nén mat phcfng (P)

max
can tim la mat phang di qua A va vuéng géc véi OA. Ta ¢ OA = (2;-1;1)
Vay phiong trinh mat phang (P): 2x—y+z—-6=0..

Cau 23. Trong khong gian v6i hé toa d6 Oxyz, cho diém A(10; 2; —1) va duong thang d ¢
-1 -1 : . :
phuong trinh: XT = % = ZT Lap phuong trinh mat phang (P) di qua A, song song véi d

va khoang cach tir d toi (P) 12 16n nhét.

e Goi H la hinh chiéu ciia A trén d = d(d, (P)) = d(H, (P)). Gia sit diém I la hinh chiéu ciia
Hlén (P), ta ¢c6 AH > HI = HI I6n nhdt khi A=1. Viy (P) can tim la mdt phang di qua A
va nhgn AH lam VIPT = (P): Tx+y—-5z—-T77=0.

Céu 24. Trong khong gian v6i hé toa do Oxyz, cho duong thang (d) c6 phuong trinh tham sd
{x =241 y=-21;z=2+2¢. Goi A 1a duong thiang qua diém A(4;0;-1) song song vdi (d)
va 1(-2;0;2) 12 hinh chiéu vudng goc ciia A trén (d). Viét phuong trinh ctia mit phang chira
A va c6 khodng céch dén () 1a 16n nhét.

e Goi (P) la mdt phang chita A, thi (P) || (d) hodc (P)>(d). Goi H la hinh chiéu vudng
goc cua I trén (P). Ta luén co IH <IA va IH 1 AH .

. . |d(d,(P))=d(I,(P))=IH
Mat khac {H c(P)

Trong (P), IH <IA; do dé maxIH = IA < H = A. Luc nay (P) o vi tri (Py) L 14 tai A.
Vecto phdp tuyén cia (Py) la n=1IA = (6; 0;—3), cung phwong voi v = (2;0;—1) .
Phurong trinh ciia mdt phang (Py) la: 2(x—4)—1.(z+1)=2x—z-9=0.

Céu 25. Trong khong gian véi hé toa do Oxyz, cho dudng thang d : XT_l =%=% va diém
A(2;5;3). Viét phuong trinh mat phang (P) chita d sao cho khoang cach tir A dén (P) 1a 16n

nhit.

OPdetphcfng (P) c6 dang: ax+by+cz+d =0 (a2 +b% + % = 0).
(P) co VIPT 7 =(a;b;c), d di qua diem M(1;0;2) va cé VICP i =(2;1;2).
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Tran Si Tiing

Vi (P) 5 d nén {{”ﬁ (P)
nu=0

-1

a+2c+d=0
2a+b+2c=0

-1

2c=—(2a+Db) , .
. Xeét 2 :
deaih et 2 truong hop

THI: Néub = 0thi (P): x—z+1=0.Khidé: d(A,(P))=0.
TH2: Néu b #0. Chon b=1 ta dwgc (P): 2ax+2y—Qa+1)z+2a+2=0.

Khi dé: d(A,(P)) = 0

9

<32

2a+l

3

\/8a2+4a+5 \/ (
2

3

+7
2

Vay maxd(A,(P))=3\/§<:> 2a+%=0<:>a=—%. Khido: (P): x—4y+z-3=0.

Cau hoi twong tu:

@) d: x2—1 _y+l :Z;Z,A(S;l;6). DS: (P):2x+y—z+1=0
b)d: x—11 :y—+2:§,A(l;4;2). DS: (P):5x+13y—4z+21=0

Cau 26. Trong khong gian toa do Oxyz, cho hai diém M(0;-1;2) va N(-L1;3). Viét phuong
trinh mat phang (P) di qua M, N sao cho khoang cach tir diém K(0;0;2) dén mit phang (P)
14 16n nht.

o PT (P) cé dang: Ax+B(y+1)+C(z-2)=0< Ax+By+Cz+B-2C=0
(A2+B*+C? #0)
N(-L13)e(P)<<-A+B+3C+B-2C=0< A=2B+C

=(P):2B+C)x+By+Cz+B-2C=0, d(K,(P)= 8
\/4B2 + 2C2 +4BC
e NéuB =0thi d(K, (P)) =0 (loai)
e Néu B#0thi d(K,(P))= L - ! <L
J4B? +2C2 +4BC c V V2
2l =+1| +2

Daéu “="xay ra khi B =—C. Chon C = 1. Khi @6 PT (P): x+y—-z+3=0.
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Dang 4: Viét phwong trinh mit phing lién quan dén géc

Cau 27. Trong khong gian véi hé toa do Oxyz, cho mit phang (o) chira dudng thing (A):
-1 . : .
XT = ll = iz va tao v6i mat phang (P) : 2x—2y—z+1=0 mot goc 60°. Tim toa do giao
diém M ctia mat phang (a) v6i truc Oz.

o (A) qua diém A1;0,0) va cé VTCP i = (1,-1:—2). (P) ¢6 VTPT ' = (2~2;-1).
Giao diém M(0;0:m) cho AM =(~1;0:m). () c6 VIPT 7i=| AM.,u | = (m;m—2;1)
(o) va (P): 2x—2y—z+1=0 tao thanh goc 60° nén :

lcos (7,7 )| = % ! Lo —ami1=0e m=2-V2 hay m=2+2

2m? —am+5
K&t ugn - M(0;0:2-~2) hay M(0:0;2+2)

Cau 28. Trong khong gian véi hé toa dd Oxyz, viét phuwong trinh mit phang (P) di qua giao
tuyén d cia hai mdt phang (o):2x-y—-1=0, (B):2x—z=0 va tao v6i midt phang
22

(Q):x-2y+2z-1=0 mdt goc ¢ ma cos¢ :T

Ochy A(0;1;0), B(I;3;2)ed. (P) qua A = PT (P) co6 dang: Ax+By+Cz—-B=0.
(P) qua Bnén: A+3B+2C-B=0 = A=—-(2B+2C)
= (P):—(2B+2C)x+By+Cz-B=0

2B-2C—-2B+2C
| +2(| =2\6©13BZ+SBC—5C2=0.

COsSQ =
3\/ (2B+2C)* + B* + C?
5

Chon C=1=>B=1, B=—.
13

+Voi B=C=1 = (P):—4x+y+z-1=0

+ Voi B=%, C=1=(P):-23x+5y+13z-5=0.

Céu 29. Trong khong gian véi h¢ toa do Oxyz, cho hai diém A(-1;2;-3),B(2;—1;—-6) va mat
phang (P):x+2y+z-3=0. Viét phuong trinh mit phing (Q) chita AB va tao v4i mit

phang (P) mét goc o, thoa méan coso = ?3 .

e PT mdt phang (Q) c¢é dang: ax +by+cz+d =0 (@ +b*+c%=0).

Ae(Q) —a+2b-3c+d=0 _ B B
Tacoé: |Be(Q) & [2a-b—6c+d=0 o a=-4b,c =-3b,d =-15b
a=-b,c=0,d =-b
\/g |a+2b+c| \/5
coso = — N2
6 \/a2+b2+02\/1+4+1 6

= Phuwong trinh mp(Q): 4x—-y+3z+15=0 hodac (Q): x—y—-3=0.
Cdu hoi twong tu:

a) A(0;0;1), B(1;1;0), (P)=(Oxy),cosa = L
J6

BS: (Q): 2x—y+z—1=0 hodc (Q): x-2y—z+1=0.
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PP toa dp trong khong gian Trin Si Ting

x+y+z-3=0
2x+y+z7-4=0"
phuong trinh mat phiang (P) chtta dudng thing d va tao v6i mit phang (Oxy) mot goc
a=60°.

Cau 30. Trong khong gian v6i hé toa do Oxyz, cho dudng thang d :{ Viét

e DS: (P):\2x+y+2-2-2=0 hodc (P):\N2x—y—z7-2+2=0

Ciau 31. Trong khong gian vdi hé toa d§ Oxyz, cho hai mat phéng (P):5x—2y+5z—-1=0 va
(Q): x—4y—8z+12=0. Lap phuong trinh mit phang (R) di qua diém M tring véi goc toa

d6 O, vudng gbe véi mit phing (P) va tao v6i mit phang (Q) mot goc o = 45° .

e Gid sit PT mdt phing (R): ax+by +cz+d =0 (a* +b* +c* #0).
Taco: (R) L(P)<5a—-2b+5¢=0 (1);
|a—4b—80| \/5

)
9\/a2+b2+62 2

Tir (1) va (2) = 7a2+6ac—0220<:>{a=7_c
c=T7a

cos((R),(Q)) = cos45° <

e V6i a=—c:chon a=1,b=0,c=—1 = PT mdt phang (R):x—z=0
e V6i c=Ta: chon a=1,b=20,c =7 = PT mdt phing (R): x +20y+7z=0
Cdu hoi twong tu:
@) V6i (P): x—y—22=0,(Q) = (Oyz), M(2=3; 1), 00 = 45°.
DS: (R):x+y+1=0 hodc (R):5x—-3y+4z-23=0

Chiu 32. Trong khong gian voi hé toa dd Oxyz, cho hai dudong thiang co phuong trinh:

Al:xl_1=y_+11=zg1 va AZ:%=L2=§. Viét phuong trinh mat phang (P) chira A va

tao vo1 A, mot goc o = 30°.

e Ddp s6: (P):Sx+11y+2z+4=0 hodc (P): 2x—y—z—-2=0.
Cdu hoi tuwong tu:

, . X y—2 Z x—=2 y_3 Z+5 0
a VO'Z :_:—:_} : = = k) 06230 .
) Vor o T 1 ]
BS: (P): x—2y—-2z+2=0 hodc (P): x+2y+7-4=0
x—1 y z+1 x y-2 z+l1 0
b) A ——=2=", A== 0 =300
)4 2 1 1 4 1 -1 1

DS: (P): (18+~114)x+21y +(15+2114)z—(3-~/114)=0
hodc (P): (18 =/114)x +21y+(15-23114)z—(3++/114)=0

Céu 33. Trong khong gian voi hé toa do Oxyz, viét phuong trinh mat phang (P) di qua diém
M (1;2;3) va tao voi cac truc Ox, Oy cac goc tuong Ung la 450, 300,

e Goi ii = (a;b;c) la VTPT ciia (P). Céc VICP cua truc Ox, Oy la i =(1;0;0), j = (0;1;0).

. N
sin(Ox,(P)) = > - {|a| = \/5|b|
sin(Oy,(P)) =% =l

Ta co:
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PT mdt phing (P): N2(x =)+ (y—=2)£(z=3)=0 hodc —2(x -1+ (y=2)£(z=3)=0

Céu 34. Trong khong gian véi hé toa dd Oxyz, cho mit phiang (Q): x+2y—z+5=0 va duong

x+1 y+1 z-3
2 1 4

v6i mat phang (Q) mot gdc nhd nhat.

thang d: . Viét phuong trinh mit phang (P) chtra dudng thang d va tao

e PT mdt phing (P) ¢6 dang: ax+by+cz+d =0 (a® +b* +c* = 0). Goi o =((P),(Q)).

ME(P):> c=—a->b
N e(P) d="Ta+4b

3 |a+b|
J6 \/5a2 +4ab+2b*

Chon hai diém M(-1;-1;,3),N(1;0;4)ed . Ta co: {

= (P): ax+by+(—2a-b)z+7a+4b=0 = cosa =

THI: Néua = 0 thi cosa = ——. L =£ = a=30°.
V6 a2 2
3 1+é

TH2: Néu a # 0 thi cosa = ——. a

. Pat xzé va f(x):coszoc
a

\/g \/5+4Z+2(Zj2

2
, 2x+1
Xét ham 56 f(x) _9 X +42x+1

6 5+4x+2x%

Dura vao BBT, ta thdy min f(x) =0 < cosa =0 < a =90° > 30°

Do do chi co trwong hop 1 thoa man, tiec a = 0. Khi do chon b=1,c=1,d =4.
Vay: (P): y—z+4=0.

Cau hoi twong tu:

x—lzy_-i—Zzi' DS: (P):x+2y+5z+3=0.

@) V6i (0): x+2y+27-3=0, d:

2 -1
b) Véi (Q)E(Oxy),d:x_ll =¥=§. DS (P):x—y+z-3=0.
x =t
c) Voi (Q):2x—y—z-2=0, d:qy=—-1+2¢. DS: (P):x+y+z-3=0.
7=2+t

Ciéu 35. Trong khong gian véi hé toa d§ Oxyz, cho hai diém M(~1;-1;3),N(1;0;4) va mat phéng
(Q): x+2y—z+5=0. Viét phuong trinh mat phang (P) di qua M, N va tao véi (Q) mot goc
nhé nhét.

ePS: (P):y—z+4=0.
Cau hoi twong tu:

a) M(1;2;—-1),N(—1;1;2),(Q) = (Oxy). DS: (P):6x+3y+5z-7=0.
x=1-t
Céau 36. Trong khong gian voi h¢ toa d§ Oxyz, cho duong thang d:yy=-2+¢. Viét phuong
z=2t

trinh mat phang (P) chira duong thang d va tao voi truc Oy mot goc 16n nhat.

 —

e PT mat phang (P) ¢6 dang: ax+by+cz+d =0 (@®+b*+c* #0). Goi o = ((P),0y).
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Chon hai diém M(1:=2:0),N(0:=1:2) e d . Ta c6: {M €(P)_, {20 =a-b

Ne(P)  |ld=-a+2b
2|a|
\/5a2 +5b% —2ab

= (P): ax+by+“T_bz—a+2b=o = sina =

THI: Néub =0thi oo =0°.
2 a 2

.Pat x=—va f(x)=sin"o.
2 b
\/5(“] +5-24
b b

1
. Dya vao BBT, ta duoc maxf(x):§<:>x:§ =a>0".

TH2: Néu b # 0 thi sing =

4

Xét ham s6 f(x)= —
S5x°—-2x+5

Vay o0 lom nhat khi %:é. Chon a=1,b=5,c=-2,d=9 = (P): x+5y-2z+9=0.

Ciau 37. Trong khong gian vdi hé toa d§ Oxyz, cho hai duong théng d :XT_lzy—;rz=i1 va
AP S e Y SRV IR inh mit phing (P) chtra d, sao cho goc giita mat phi
2T ST Ty ict phuong trinh mat phang (P) chtra d; sao cho goc gitra mat phang

(P) va dudng thang d, 1a 16n nhét.

e d, diqua M(1,-2;0) va c6 VTICP u =(1;2;-1).Vi d;  (P) nén M (P).

Pdetphcfng (P) ¢6 dang: A(x—1)+B(y+2)+Cz=0 (A2 +B>+C? 2 0)
Tacé: dc(P)<iun=0C=A+2B.

P 2
Goi o =((P),d,) = sina = 44+38 =l\/ §4A+3B) .
3.\/2A2 +4AB+5B2 3 \2A°+4AB+5B

22

THI: Voi B =0 thi sino :T

2
THD: Vi B # 0. Pat t = ta dwoe: sinot = 1., /(;”;3)
B 3N2t" +41+5

2
Xét ham s6 f(t) = (;”;3). Dua vao BBT ta c6: max f(t) = 2 hit=—7 oA
21" +4t+5 7 B
Khi do sina :f(—7):¥.
So sanh THI va TH2 = o/ lén nhdt véi sino =% ki =7,

= Phuwong trinh mdt phiang (P) : Tx—y+5z-9=0.

Céu 38. Trong khong gian véi hé toa d6 Oxyz, cho duong thang d al ILI =2 I 2 =2 +11

A(2;-1;0). Viét phuong trinh mat phang (P) qua A, song song véi d va tao v6i mit phang
(Oxy) mdt goc nho nhat.

va diém

DS (P):x+y+2z—-1=0.
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Cau 39. Trong khong gian v&i hé toa d6 Oxyz, cho mat phang (Q): 2x—y+z+2=0 va diém
A(1;1;=1) . Viét phuong trinh mat phang (P) di qua diém A, vudng goc voi mit phang (Q) va
tao véi truc Oy mot goc 16n nhat.

eDS: (P):y+2z=0 hodc (P):2x+5y+z—-6=0.

Dang 5: Viét phwong trinh mit phing lién quan dén tam gic

Cau 40. Trong khong gian voi hé truc toa do Oxyz, cho diém A(4; 5; 6). Viét phuong trinh mat
phang (P) qua A, cat céac truc toa d¢ lan luot tai [, J, K ma A 1a tryc tdm cua tam giac IJK.

e Goi I(2;0;0), J(0;b:0), K(0;0;c) = (P): —+Z+—:1
C

4 5 6
. - _+Z+_=1
A _iAs D a c
[A=(-a56), JA=(45-56) 3 5p16020 = a=Llip="l;c=L
JK =(0;=b;c), 1K =(-a;0;¢) 4a+6c=0 4 5 6

Vay phuong trinh mit phang (P): 4x+5y+6z—-77=0.
Cdu hoi twong tu:
a) Voi A(-1; 1; 1). DS: (P): x—y—-z+3=0

Cau 41. Trong khong gian voi h¢ toa do Oxyz, cho A(2; 0; 0) M(1; 1; 1). Mat phang (P) thay dbi
qua AM cit céac truc Ox, Oy lan luot tai B(0; b; 0), C(0; 0; ¢) (b >0, ¢ > 0). Chirng minh

rang: b+c = % . Tir d6, tim b, ¢ dé dién tich tam gidc ABC nho nhét.

e PT mp (P) co dang: RPN I © M €(P) nén l+l+l:1 = b+c:E
2 b c 2 b ¢ 2

Ta c6 AB(=2:b;0), AC(<2;0;¢). Khi d6 S =[b* + +(b+¢)* .

Vi b® + %> 2be; (b+c)? > 4be nén S >~6bc .

Ma bc=2(b+c)24x/§:bczl6.Dodé SZ\/%.Ddru "="xayra < b=c=4.
Vay: minS =96 khi b=c=4.

Céu 42. Trong khong gian toa do Oxyz, cho diém A(2;2;4) va mat phfmg (P):x+y+z+4=0.
Viét phuong trinh mit phang (Q) song song véi (P) va (Q) cit hai tia Ox, Oy tai 2 diém B,
C sao cho tam gidc ABC c6 dién tich bang 6.

e Vi (Q) // (P) nén (Q): x+y+z+d=0(d+#4). Gidsir B=(Q)nOx, C=(Q)NOy
= B(~d;0;0),C(0;~d;0) (d <0). S, 5 =%\[E,A—C]\ —6 @ d=-2

= @Q):x+y+z-2=0.

Céau 43. Trong khong gian toa d0 Oxyz, cho cac diém A(3;0;0),B(1;2;1). Viét phuong trinh mat

phang (P) qua A, B va cit truc Oz tai M sao cho tam giac ABC c6 dién tich bang % .

ePS: (P):x+2y—-2z-3=0.
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Dang 6: Cac dang khac vé viét phwong trinh mit phing

Céu 44. Trong khong gian voi hé toa do Oxyz, viét phuong trinh mat phang (P) di qua diém
M(9;1;1), cat cac tia Ox, Oy, Oz tai A, B, C sao cho thé tich tir dién OABC c6 gié tri nhd
nhat.

e Gia su A(a;0;0) € Ox,B(0;b;0) € Oy,C(0;0;¢) € Oz (a,b,c >0).
Khi @6 PT mdt phang (P) ¢é dang: i +%+ Lo,
a c

Ta cé6: M(9;1;1) e (P) = 2+%+1=1 D): Voupe =%abc 2)
a C

(1) & abc=9bc +ac+ab > 339(abc)? & (abe)® =27.9(abe)? < abe > 243

) 9bc =ac=ab a=27 . .
Diu"="xiayra= {9 1 1 . ©{b=3 =@P): —+2+2=1.

;+;+;=1 =3 27 3 3
Cau hoi twong tu:
@) Véi M(1;2;4). DS: (P): 242+ 2=
36 12

Céu 45. Trong khong gian voi hé toa do Oxyz, viét phuong trinh mat phang (P) di qua diém
M(1;2;3), cét cac tia Ox, Oy, Oz tai A, B, C sao cho biéu thuc ! >+ ! >+ ! 3 c6 gia tri
OA~ OB~ OC

nho nhét.

eDS: (P):x+2y+3z-14=0.

Ciu 46. Trong khong gian véi hé toa d6 Oxyz, viét phuong trinh mat phang (P) di qua diém
M (2;5;3), cat cac tia Ox, Oy, Oz tai A, B, C sao cho biéu thuc OA + OB+ OC c¢6 gia tri nho
nhét.

e DS: (P):

X y Z
+ + =1.
2+\/g+\/ﬁ 5+\/B+\/E 3+\/g+\/E
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TPKG 02: VIET PHUONG TRINH PUONG THANG

Dang 1: Viét phwong trinh dwong thiang bing cach xac dinh vecto chi phwong

I y-1 z-2

==
phing P: x—y—z—1=0. Viét phuong trinh duong thang A di qua A(l;1;—2), song song
v6i mat phiang (P) va vudng goc v6i dudng thiang d .

Caul. Trong khong gian v&i hé toa 6 Oxyz, cho duong thiang d : x;— va mat

x—-1 y-1 z+2

e ii=|ugin, |=(2:5-3). Anhdn i lam VICP = A: =5

Ciu2. Trong khong gian voi hé toa d6 Oxyz, cho duong thang (d) co phuong  trinh:
{x=—t;y=—142t; z=2+t(t€R) va mat phang (P): 2x—-y—-2z-3=0.Viét phuong
trinh tham sb ctia duong thang A nam trén (P), ¢t va vudng goc voi (d).

e GoiA=dn (P)= A(;-3;1).
Phuong trinh mp(Q) qua A va vuoéng goc void: —x +2y+z+6=0
A la giao tuyén ciia (P) va (Q) = A: {x =l+ty=-3;z=1+t¢

Cau3. Trong khong gian v6i hé toa do Oxyz cho diém M(2; 1; 0) va duong thing A:
xT—l =yT+1 = il Lap phuong trinh ciia duong thang d di qua diém M, cat va vudng goc

voi A.

o i, =(21;-1). Goi H=d N A Gidsir H1+2t;—1+1,-t) = MH = (2t 151 = 2;—1).
MH Lii, < 2Q2i-1)+(-2)—(-)=0 < r=§ = i, =3MH = (;~4;-2)
XxX=2+t

=d qy=1-4t.
7=2t

Cau 4. Trong khong gian v6i hé truc toa do Oxyz, cho mat phang (P): x+2y—-2z+1=0vahai
diém A(1;7; —1), B(4;2;0). Lap phuong trinh duong thang (D) 1 hinh chiéu vudng goc cia
duong thang AB trén (P).

e Goi (Q) la mdt phang qua A, B va vuéng géc véi (P) = (0): 8x + 7x + 11z — 46 = 0.
(D) = (P)(Q) suy ra phwong trinh (D).

Cau5. Trong khong gian véi hé toa do Oxyz, viét phuong trinh hinh chiéu vudéng goc cua
x—2z=0

3x-2y+z-3=0 trén mdt phang P:x—2y+z+5=0.

duong thang d :{

x=4t

e PTTS cuad: \y = —%+7t. Mt phang (P) ¢6 VTPT 7i = (1;-2;1).

z=2t
. 11 . 3 3
Goi A=dn(P) = A(4;?;2). Ta co B(O;—E;O)ed,B(O;—E;Oj§£(P).
47 4
Goi H(x;y;z) la hinh chiéu vuéng géc cia B trén (P). Ta tim dwoc H(—g g,—gj.
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Goi A la hinh chiéu vuéng goc cia d trén (P) = A di qua A va H

x=4+16¢
= Aco VTCP ﬁ=3ﬁ=(16;13;10) = Phuwong trinh cua A: y=12—1+13t.
z=2+10¢
Cau hoi twong tu:
ct1 1 9 x=1+23m
W Void: 2 =Y 2T (pyix—3y+27-5=0. DS: A:dy=2+29m
2 b3 z=5+32m

Céu 6. Trong khong gian vé6i hé toa dd Oxyz, goi 4, B, C lan lugt giao diém cta mit phing
(P): 6x+2y+3z—6=0 véi Ox, Oy, Oz. Lép phuong trinh dudng thing d di qua thm
duong tron ngoai tiép tam giac 4BC ddng thoi vudng goc véi mit phang (P).

e Taco: (P)NnOx=A(1;0;0); (P)NnOy=B(0;3;0); (P)NnOz=C(0;0;2)
Goi A la dwong thang vuéng goc (OAB) tai trung diém M cia AB; (o) la mdt phang trung

. . 1
truc canh OC; I tam mat cau ngogi tiep tir dien OABC. Ta co: [ = AN (x) = I(E;%;lj.
Goi J tdm dwong tron ngoai tiép AABC thi IJ L (ABC) , nén d chinh la dwong thang 1J .
1
xX=—+6t
2
= Phirong trinh dwong thang d: |y = % +2t.

z=1+3¢

Cau7. Trong khong gian voi h¢ toa d§ Oxyz, cho 3 diém A(1;2;-1),B(2;1;1);C(0;1;2) va

x—=1 y+1 z+2
N _1 2 2

tam giac ABC, nam trong mat phang (ABC) va vuong géc voi duong thang d.

duong thang d : . Lap phuong trinh duong thang A di qua truc tim cia

o Tuc6 AB =(1:=1;2),AC = (~1:=1:3)= | AB,AC | = (~1;=5;-2)

= phuwong trinh mdt phang (ABC): x+5y+2z-9=0

Goi truc tam cua tam giac ABC la H(a;b;c), khi do ta co hé:
BHAC=0 (g-b+2c=3 a=2
CHAB=0<3a+b-3¢c=0 <<b=1=H®2;L;])
He(ABC) |a+5b+2c=9 |c=1

Do dwong thang A nam trong (ABC) va vuéng géc véi (d) nén:

iy Liige . - ”
{ﬁjLﬁdB :>MA=[nABC’ud}=(12’2,—11).

x-2 y-1_z-1

Vay phuong trinh duong thang A:
iy p g g thang B T

Trang 16




Trin Si Ting PP tog dj trong khong gian

Dang 2: Viét phwong trinh dwong thang lién quan dén mét dwong thing khac

Cau8. Trong khong gian véi hé toa do Oxyz, cho diém M(2; 1; 0) va duong thang d c6 phuong
x—-1 y+1 =z

trinh d: N il Viét phuong trinh ctia dudng thang A di qua diém M, cit va
vudng goc véi duong thang d va tim toa do diém M’ dbi xtmg véi M qua d.

x=1+2¢
e PTTS ciiad: {y=—1+1t.d cé VICP i =(2;1;-1).

z=-1

Goi H I hinh chiéu ciia M trén d = H(1+26;-1+1,—1) = MH = 2t-1,-2+1t;,—-1)

Taco MH 1 d < MH.Gi=0 @tzgﬁH(z;—l;—zj, MH = l;—i;—z
3 33 3 3 3 3
. . c x-2 y-1 z
Phwong trinh duwong thang A: T:—4:—2.

. , 4
Goi M’ la diém doi xving cua M qua d = H la trung diém cia MM’ = M'(g;—%;—gj .
Cdu hoi tuong tu:

x+3=y—1=z+1. DS.'A:X+1=Z=Z_3
, -1 4 ’ 3 2 -1
Trong khong gian cho diém A(-4,;-2;4) va dwong thang (d) co phwong trinh: x =-3 +2t;y =1

-t;z=-1+4t;t € R. Viét phwong trinh dwong thang (A) di qua A; cdt va vudng gée voi (d).

a) M(—4;,-2;4);d :

Cau9. Trong khong gian Oxyz, cho duong thing d :%: yT_l :Z—+11Vé hai diém A(1;1;-2),
B(—1;0;2) . Viét phuong trinh dudng thang A qua A, vudng goc véi d sao cho khoang cach

tr B t6i A 1a nho nhit.

®d co VICP u, =(1,2;-1). Goi (P) la mdt phang di qua A va vuéng géc véi d. Goi H la

hinh chiéu vuéng goc ciia B 1én (P) khi d6 dwong thang A di qua A va H théa YCBT.
Taco: (P): x+2y—-z—5=0. Gia sr H(x;y;7).

He(P
Ta co: —"EE ) = H(lﬁ;gj
BH ,ii cung phuong 333

= @i, =3AH = (-2;5;,8) = Phuong trinh A: x—zl =y;1 _ Z;2~

. . . 1 1 . R
Céu 10. Trong khong gian vi hé toa do Oxyz, cho duong thang A : x;— = % = Z+1 va hai diém
A(1;2;-1), B(3;—1;-5). Viét phuong trinh dudng thing d di qua diém A va cit dudng thiang

A sao cho khoang cach tir B dén dudng thing d 12 16n nhat.

o Gid sir d cdt Atai M = M(=1+263t,—1—1), AM = (=2 + 21,3t —2:—1), AB = (2;,—3;~4)
Goi H la hinh chiéu ciia B trén d. Khi @6 d(B,d)=BH < BA. Vdy d(B,d) I6n nhdt bang BA
SH=A o AM L AB < AMAB=0 < 2(=2+2)-3(31-2)+ 4t =0 <> 1 =2

x—1 y-2 z+1

= M(3;6;-3) = PT dwong thang d : > .
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Cau 11. Trong khong gian véi hé toa d§ Oxyz, cho hai diém A(1; 5; 0), B(3; 3; 6) va duong
thang A:xTJrl:y_—llzé Viét phuong trinh duong thiang d di qua diém B va cat dudng

thang A tai diém C sao cho dién tich tam giac ABC c6 gié tri nho nhat.

x=—1+2¢
e Phirong trinh tham sé ciia A: \y=1—t . Diém C € A nén C(-1+2t;1-1;21).
7=2t

AC = (=24 26:~4—1:21) AB = (2:-2:6) ; | AC,AB | = (=24 - 21,12 - 8112 — 21)

—[[ac.aB]|=2v182 -36: +216 = S:%‘[R,ATEJ‘ = 18— 1)2 +198 = /198

x-3 y-3 z-6

Vay Min S = N198 khi t =1 hay C(1; 0; 2) = Phwong trinh BC: 5 3 Y

- : . 1 -2 z-2
Ciau 12. Trong khong gian vdi hé toa d§ Oxyz, cho duong thang d : x;— =2 = £

phang (P): x + 3y + 2z + 2 = 0. Lap phuong trinh dudng thang A song song v4i mit phang
(P), di qua M(2; 2; 4) va cat duong thang (d).

va mat

x=-1+3¢

e Duong thang (d) ¢6 PTTS: {y=2-2t . Mdt phang (P) c6 VIPT ii=(1; 3; 2)
7=2+2t

Gid str N(—1 +3t;2-2t;2+2t) ed = MN =3t - 3,262t —2)

DEMN // (P) thi MN.n=0 < t =7 = N(20; —12; 16)
x-2 y-2 z-4

Phurong trinh dwong thang A: 5 S
Cdu hoi twong tu:

x y-1 z-2 x-=1 y-3 z-3
a)d:—=—="-—,(P):x+3y+2z+2=0, M(2;2;4). BDS: A: = =

1 2 1 1 -1 1
b)d;xf:X:Z;z,(P);2x+y—z+1:0,M(l;z;—1). BS:A:X2_1=y_92=Z§1

3
X=2 _yt4 27l gy 0y 3,220, M(3-2:-4). BS: A: X2 Y +2_2td

¢)
3 =2 2 5. -6 9

Ciau 13. Trong khong gian véi hé toa d§ Oxyz, cho mat phéng (a):3x—2y+2z—-29=0va hai
diém A(4;4;6),B(2;9;3). Goi E,Fla hinh chiéu cia A va B trén (o). Tinh do dai doan
EF . Tim phuong trinh dudng thing A nam trong mat phang (o) dong thoi A di qua giao
diém cta AB voi (@) va Avudng goc v6i AB.

. — 19
o AB=(-2;5;-3),n, =(3;-2;1), sin(AB,(a)) =|cos(AB,#n )| =—
a i |- 22
EF = AB.cos(AB,(a)) :AB\/I—sinz(AB,(OC)) Z\/g\/l—E = m
532 14
B, x=06+t
AB ct () tai K(6:-1,9); u, :[AB,na}:(lﬁ;ll). Vay A:ly=—1+7t
72=9+11¢
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Céu 14. Trong khong gian vé6i hé toa dd Oxyz, cho 2 mit phang (P), (Q) va duong thang (d) lan
luot ¢6 phuong trinh: (P): x—-2y+2z=0,(Q): x—-3y+3z+1=0, (d): XTI:%:ZTI Lap
phuong trinh duong thang A nam trong (P) song song voi miat phang (Q) va cat dudng thang

(d).

e (P), (Q) lin hegt ¢6 VIPT I 7ip = (1,=2:1),7i, = (1;-3:3) = [ﬁp,ﬁg] = (=3;-2;-1)

PTTS cua (d): x=1+2t,y=t,z=1+1t. Goi A = (d) N (A) = A(1+2t;t;1+1).
DoAcC(P)nén: 1+2t-2t+1+t=01t=-2= A(-3;-2;-1)

. u, Ln
Theo gia thiet ta co: {;A ng =3 =[ﬁp,ﬁQ]=(—3;—2;—1)

x+3 y+2 z+1

Vay phuong trinh dwong thang (A): T T T

Cau 15. Trong khong gian véi hé toa dd Oxyz, cho 3 diém A(1;2;-1),B(2;1;1),C(0;1;2) va

x—1 y+1 z+2
N _1 2 2 2

tam giac ABC, nam trong mdt phang (ABC) va vudng goc voi1 duong thang (d).

duong thang (d):

. Lap phuong trinh dudng thing A di qua truc tim ctia

o Tu c6 AB =(1:=1;2),AC = (-1:=1:3)= | AB,AC | = (~1;-5;-2)
= phuong trinh (ABC): x+5y+2z-9=0
BHAC=0 [g-b+2c=3 a=2

Goi truec tam ciia AABC 1o H(a;byc) {\CHAB=0 <ia+b-3c=0 < 1b=1= H(2L1)
He(ABC) |a+5h+2c=9 |c=1

Sl
Do (A) c (ABC) va vuéng géc véi (d) nén: {;j N ZjBC =i, = [ﬁABC,ﬁd] =(12;2;-11)
x-2 y-1 z-1

= PT duong thing A: = = .
sMang ST T T T

Cau 16. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P): x+2y—z+5=0, duong
x+3 y+1 z-

===
trén (P), di qua giao diém cﬁa’d va (P), ddng thoi vudng goc véi d. Tim diém M trén A sao
cho khoang cach AM ngan nhat.

thang d: 3 va diém A(-2;3;4). Viét phuong trinh duong thing A nam

— . JAcC (P) u, Lnp,
Goi B=dnNn (P B(-1;0;4). i . R
* Goi N (P) = B( ) Z{AJ_d en{uAJ_ud
| x=—1+t¢
Do dé ta c6 thé chon i =§[ﬁp,ﬁd]=(1;—1;—1) = PTciia A: {y=~t
z=4—t

2
Gia su M(-1+t;-t;4—t)e A = AM =3t*-21+9 :\/3(t—l ?6 /?

Ddu "="xdy ra < t:% = M(—%;—% %j Vay AM dat GTLN khi M(—% -

3)

wl»—

Cau hoi twong tu:
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x=1-t x=t
a) (P):2x+y-2z+9=0,d:yy=-3+2¢. DS: Aiqy=-1
z=3+1 z=4+¢

Cau 17. Trong khong gian v&1 hé toa do Oxyz, cho diém A(3;-1;1), duong théng

A: % :yT—2 :é, mit phang (P):x—y+z-5=0. Viét phuong trinh cua duong thing d di

qua diém A , nam trong ( P) va hop véi duong thang A mot goc 459

o Goi Uy, lan lwot la cac VICP ciiad va A; fip la VTPT cua ( P).
Dat i, = (a;b;c), (a2+b2+02 #0). Vidnam trong (P)néntaco . np, L,
=a-b+c=0¢& b=a+c (1)

la+2b+2d] :£<:>2(a+2b+c)2 =9@* +b*+c*)  (2)
\/a2+b2+02 3

Theo gt: (d,A)=45" &

Thay (1) vao (2) ta co : 1402+3Oac:O<:>c:O;c:—ISTcZ
x=3+t
+Voi ¢c=0:chon a=b=1=PITScuadla: yy=-1-t
z=1
154 x=3+7t
+ Voi c=———: chon a=7,c=-15 b=-8 =.PTTS cuadla: {y=-1-8t.
7 z=1-15t

x-3 y+2 z+1
2 r 1 _1 2
(P): x+y+2z+2=0. Goi M la giao diém cua d va (P). Viét phuong trinh duong thang A

Cau 18. Trong khong gian toa d6 Oxyz, cho duong thang d: va mit phing

nam trong mit phang (P), vudng goc véi d dong thoi khoang cach tir M téi A bang /42 .

x=3+2t
o PTTSd: \y=-2+t = M(1;-3;0). (P) c6 VTPT 1, =(I;1;1), d c6 VICP u, =(2;1;,—1)
z=—1-t

Vi A nam trong (P) va vuéng géc véi d nén VICP U, = [ﬁd,ﬁP] =(2;-3;1)

Goi N(x; y; z) la hinh chiéu vuéng géc ciia M trén A, khi d6 MN = (x—-1y+3;2).
mlﬁA xX+y+z+2=0

Taco {N €(P) & 2x-3y+z-11=0 = N(5; -2, -5) hoac N(-3;,—4;35)
MN=v42  |(x-1?+(y+3)*+2 =42

e oi N(5; —2; —5) = Phuwong trinh cua A: X=3 = y+2 = 2+>

-3 1
e Joi N(-3; — 4, 5) = Phuong trinh cua A: x+3 = y+34 = ZIS )

Céu 19. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (a ): x+y—z—1=0, hai duong

. -1 1
thang (A): x—_:—llzf’ (A): %:l:z+

N " . Viét phuong trinh duong thing (d) nam
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trong miat phing (a ) va cat (A’); (d) va (A) chéo nhau ma khoang cach giira ching bang

J6

5

o () ¢6 VIPT ii = (I;1;-1), (4) ¢6 VTCP ii, = (~;=1;1) = (4) L ().

Goi A=(A)N (@) = A0;0:=1); B=(A)N () = B(1;0;0) = AB = (1;0;1)

Vi (d) c (o) va (d) cat (A) nén (d) di qua A va (A) L (o) nén moi dwong thang nam trong
(o) va khéng di qua B déu chéo vai (A).

Goi u, =(a;b;c) la VICP cua (d) = uyjn=a+b-c=0 (1)

va i, khong cung phuong voi AB (2)

A_B’,_‘ 2 N2
Ta c6: d(d,A):d(B,d):sM_ﬁ 2b” +(a—c) =§ 3

= =

‘ﬁd‘ 2 \/a2+b2+02
T (l)va(3) = ac=0 < {azg.
c:
x=0
®Véia=0.Chon b=c=1 = u,=(0;1;1) > d:qy=t
z=—1+t¢
xX=t
0oi c=0.Chon a=-b=1 = ﬁd:(l;—l;O) =d:yy=—t.
z=-1
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Dang 3: Viét phwong trinh dwong thang lién quan dén hai dwong thiang khac

Céu 20. Trong khong gian véi hé toa d6 Oxyz, viét phuong trinh duong vudng goc chung ciia hai
x=3+7t

Xx-7_y=3_z79 va Aqy=1-2t.

duong thang: A

2 - Z=1-3t
x=T+t'
e Phuong trinh tham so cua A :{y=3+2t'
z=9-t¢

Goi M va N lan lwot la giao diém ciia dwong vuéng géc chung véi A; va A;
SMT7 +t73+2t9—-t)vaNGEB-7t1 + 261 + 31)
VTCP lan luot cua Ajva Ayla a = (1; 2, -1)va b = (-7;2;3)
Ta co: ML?@ @g:O
MN L b MN.b=0
Puwong vuéng goéc chung A chinh la dwong thang MN.
Cdu hoi tuwong tu:
x=3+t x=-2+21
a) Voi (A): yy=-1+2t, (A): {y=21 : BS.'A:{
z =4 z= 244t

. Tw ddy tim dwoc t vat’ = Toa do cua M, N.

2x—y+10z-47=0
x+3y—-2z+6=0

Céu 21. Trong khong gian véi hé toa dd Oxyz, viét phuong trinh dudng thing d di qua diém
2x+3y+11=0 X=2 y+l ozl

M (—4;-5;3) va cat ca hai dudng thing: d, : 3 d, :

( )Vaca ca hai duong thang: d, {y—22+7=0 va d, 5 3 —
x=5-3g x=2+2t,

e Viét lai phwong trinh cdc dwong thang: d:yy=-T+2t, d,:qy=-1+3t,.

Goi A=dnd;,B=dnd, = AG5-3t;-T+2t;t), B(2+2t,;—-1+3t,;1-5t,).
MA = (=31, +9;2t, 2,1, =3), MB = (21, +6;3t, +4;~5, —2)
[ MA,MB] = (=131, 81, +13t, +16;—131,1, + 391,;-131,1, — 241, + 311, +48)

[ =2

M, A, B thang hang < M,ﬁ cung phuvong < [m,ﬁ] =0 {t _0
5=

= A(-1;-3;2),B(2;-1;1) = E =(3;2;-1)

x=-4+3t
Puong thang d qua M(—4; —5; 3) va c6 VICP AB = (3;2;-1) = d:qy=-5+2t

z=3-1
Cdu hoi tuong tu:

xX=t
@) M(1;5;0), d, :f:y—_;zis, dy:{y=4-1 . DS:
B B 7=—1+2t
x=3+2t

X2 yrl zt3 o, x=3 y=T 27l byl si0c10n

b) M(3;10; 1), d,: . i R 10~
z=1-2t
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Céu 22. Trong khong gian véi hé toa o Oxyz, cho hai dudng thing A, A, va mat phang (a ) ¢6

XE2HL Lyl 742
phuong trinh 1a A :{y=5+3t, A, : N =y1 =Z2 ,(@): x—y+z7+2=0. Viét phuong
7=t

trinh dudng thang d di qua giao diém cia A voi(a) ddng thoi cat A, va vubng gbc voi truc
Oy.

x=2+t t=-1

® Toa do giao diém A cia (a)va A thoa man hé y=t5+3t & x=; = A(1;2;-1)
Z: y:
x—y+z+2=0 z=-1

Truc Oy co VTCP la ;:(0;1;0). Goi d la dwong thang qua A ct A, tai

B(l+-1+6-2+21). AB=(t;t-32t—1):d L Oy < ABj =0t =3= AB = (3;0;5)
. x=1+3u
Duong thang d di qua A nhan AB = (3;0;5) lam VTCP co phuwong trinh la <y =2
z=—1+5u

x=1+t¢
Cau 23. Trong khong gian v6i hé toa d6 Oxyz, cho dudng thing d,:qy=1+2t, dudng thang d,
z=1+2¢t
1a giao tuyén cua hai mat phang (P): 2x—y—1=0 va (Q): 2x+y+2z—-5=0. Goi I 1a giao
diém cua d,,d,. Viét phuong trinh dudng thdng d; qua diém A(2; 3; 1), dong thoi cdt hai
duong thang d,.d, lan luot tai B va C sao cho tam giac BIC can dinh 1.

e PTTS ciia dy:{x =1t y=—1+2t",z=3-2t". I =d,nd, = I(1;;]).
Gia sie: B(1+61+261+20) € d,C(t';-1+2t33 -2t ed, (t#0,1' # 1)
IB=IC

ABICcindinhl & — — — & t,zl = Phuong trinh d3:{x:2;y:3;z:1+2t
[AB,AC =0 t'=2

Céu 24. Trong khong gian v6i hé toa do Oxyz, cho mat phang (P): 4x—3y+11z=0 va hai
dudng thing d;: il - y;3 - Zgl, XI4 - % = % Ching minh ring d; va d chéo

nhau. Viét phuong trinh duong thang A nam trén (P), dong thoi A cit ca d; va ds.

e Toa d¢ giao diém ciia d; va (P): A(=2;7;5). Toa dé giao diém cua d, va (P): B(3,—1:1)
x+2 y-=T7 z-5
-8 -4

Phuong trinh dwong thang A:

Cau 25. Trong khong gian voi hé toa dd Oxyz, cho hai mit phang va hai dudng thing c6 phuong

trinh (P): 3x +12y—3z=5=0 va (Q): 3x—4y+9z+7=0, (d): “Szy_:’:z;l, (d>):

x-3 _ y+1 _ z7—2
-2 3
(Q) va cat (dy), (d2).

. Viét phuong trinh duong thang (A) song song voi hai mit phang (P),

e (P)co VIPT np =(1; 4;-1), (Q) co phap vecto 1

0= -49)
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(d}) ¢6 VTCP i, = (2; —4; 3), (d2) ¢6 VICP iiy = (-2; 3; 4)

(4) =(P) N (Q)

(R @).(R) [ (P) _ .
Goi. (0) > (dy).(Q) ] (©) = (A) = (P1)) N (Q1) va (A) // (A;)

u=u

A
(A) co vecto chi phwong i = i[ﬁp; ﬁQ] =(8;,-3;,-4)

(P1) c6 cap VICP u; va u nén co VIPT: np, =[u; u] = (25; 32; 26)

Phuwong trinh mp (P): 25(x +5) + 32(y—3) + 26(z + 1) = 0 <25x+32y+26z+55=0
(Q;) co cap VICP U, va u nen co VIPT: ﬁQl =[u,; u] =(0; 24; —18)

Phuwong trinh mp (Q;): 0(x-3)+24(y+1)-18(z-2)=0 < 4y-3x+10=0

25x+32y+26z+55=0

Ta co: (A)=(P) N(Q)) = phuong trinh dirong thang (A) : {4y—3z+10 ~0

Ciu 26. Trong khong gian véi hé toa dd Oxyz, cho mit phang (P): 2x—y+2z—-3=0 va hai
duong thang (d)), (d;) 1an lugt c6 phuong trinh x—4 =y_—1 == va x+3 = y+s _7 .

2 2 -1 2 3 -2
Viét phuong trinh dudng thang (A) song song v6i mit phang (P), cit (d)) va (d,) tai A va

B sao cho AB =3.

e Ac(d) = A4 +2t;1+2t;—1); Be(dy) = B(-3+21;-5+3¢,7-21)
ITB=(—7+2t'—2t;—6+3t'—2t;7—2t'+t), fip =(2;-12).

ABji, =0

AB=3

T gid thiét ta co: { el

{’ =2 L AQi—L:1).AB =(-1:2:2).
=2 y+l z-1

= Phuwong trinh dwong thang (A): N 5 5

Ciu 27. Trong khong gian v&i hé toa do Oxyz cho mit phang (P): 2x—y+z+1=0 va hai

x—1 _ y+2 _ z-3 Q- x+1 =y—1 _ z—2
2 1 37272 3

thang A song song véi (P), vudng goc véi d, va ct d, tai diém E c6 hoanh d¢ bang 3.

. Viét phuong trinh duong

duong thang d:

e d, c6 VICP u; =(2:;1,3), d, c6 VICP u, =(2;3;2), (P) co VIPT 1 =(2;-11).
Gia sir Aco VICP u =(a;b;c), Eed, c6 x, =3 = E(3;,-1,6).

. JA(P) un=0 2a-b+c=0 a=—c L
Ta co: {Aldl & i = a4t bh43e—0 = b ¢ = Chon u = (1;1;,-1)
y

=—14+tz7=6-1.

Ciu 28. Trong khong gian Oxyz, cho hai duong thang (d)),(d,) va mat phang (P) c6 phuong
. x+1 y+2 z x=2 y-1 z-1
trinh:(d,): —=——=-=, (d,): = =
@)= y 1 1 1
trinh dudng thiang (d) song song v6i mit phang (P) va cat (d)),(d,) lan luot tai A, B sao cho

dd dai doan AB nho nht.

; (P):x+y—-2z+5=0. Lap phuong
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e Dat A(-1+a;-2+2a;a), BR+2b;1+b,1+b)= ﬁ=(—a+2b+3;—2a+b+3;—a+b+1)
Do AB // (P) nén: AB Lji, = (1;1;=2) < b=a—4. Suy ra: AB=(a—5—a—1;-3)

AB=\(a-57 +(-a—1)? +(=3)* =\2a* ~8a+35 =2(a—2> +27 233

Suy ra: min AB =33 < {Z =2 ,» AL2:2), AB = (~3;-3;-3).

-1 y-2 z-2

X
Vay d:
o 1 1 1

x+8 y-6 z-10

Cau 29. Trong khong gian v6i hé toa dd Oxyz, cho hai dudng thang (d)):

2 1 -1
xX=t
va (d,):qy=2-t . Viét phuong trinh duong thang (d) song song vai truc Ox va cat (d;)
7=-4+2¢
tai A, cét (d,) tai B. Tinh AB.
o Gia su: A(-8+2t;6+1;10—1) €d,;, B(t,;2—1,;-4+2t,)) €d.
= AB=(1, =21, +8—1, —1, - 4);21, +1, — 14).
— - —t,—t,—4=0 t, =-22
AB,i =(1;0;0) cu h 2 .
0= (L0:0) ciing phuong < {2:2“1—14:0 < {rz ~18
= A(-52;-16;32), B(18;-16;32).
= Phwong trinh dwong thang d: {x =52+t y=-16;7=32.
x=-23+8t
Céu 30. Trong khong gian vdi hé toa d§ Oxyz, cho hai duong thang: (d;): {y=-10+4¢ va (d,):
7=t
x=-3 y+2 z A \ \ 2 L. R .
5 =_—2 =I. Viét phuong trinh duong thang (d) song song véi truc Oz va cat ca hai

duong thang (d)), (d>).

o Gid sir A(-23+81,;-10+4131,) edj, B3+21;-2—21,31,) € d>
= AB = (2t, - 81, + 26,21, — 41, + 81, — 1)

17
— 21, -84, +26=0 _ |h=¢ 1417
AB AB,k ciing phu 271 6 Al -2.2. 10
0z < ,k cung phuong Q{—2t2—4t1+8:0© 5:> ( 3’3’6j
t2:—§
. . 2 1 4 17
= Phuong trinh dwong thang AB: | x =—§; y =§; Z=Z+t

Céu 31. Trong khong gian vdi hé toa do Oxyz, cho cac diém A(2,0,0); B(0,4,0); C(2,4,6) va

‘ 5 6x—-3y+2z=0
duong thang (d): {6§ + 3§ + ZE ~24=0"

duong thang AB, OC.

Viét phuong trinh dudng thang A // (d) va cat cac

e Phirong trinh mdt phang (o) chiva AB va song song d: (a): 6x + 3y + 2z— 12 =10
Phirong trinh mdt phang (B) chita OC va song song d: (B): 3x =3y +z =10
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6x+3y+2z-12=0

Ala giao uyén cia () va (B) = A: {3x 3ytz=0

Cau 32. Trong khong gian véi hé truc toa dd Oxyz, cho bdn diém A(4:5; ;6); B(0;0;1); C(0;2;0);
D(3;0;0). Chimg minh cac dudng thang AB va CD chéo nhau. Viét phuong trinh duong
thang (D) vudng goc voi mit phang Oxy va cit cac duong thang AB, CD.

e Goi (P) la mdtphéng qua ABva (P) L (Oxy) = (P): 5x—4y =10
(0) la mat phang qua CDva (Q) L (Oxy) =(0):2x+3y—6 =0
Ta co (D) = (P)N(Q) = Phuong trinh cua (D)

Ciu 33. Trong khong gian véi hé toa do Oxyz, cho hai dudng thang co phuong trinh:

x=—1-2t
d: {y=t va d, : %:%: é Xét vi tri twong ddi cua d; va d». Viét phuong trinh
z=1+1¢

duong thang d qua M tring vé6i gbe toa do O, cét d; va vudng goc véi ds.

e Duong thang A can tim cdt d; tai A(—~1-2t; t; 1+t) = OA = (—1-2¢t; t; 1+t)
d Ld, < OAily =0 1=—1=> A(,—1;0) = PTTS ciia d:{x=1; y=—1; z=0

Cau hoi twong tu:

x+2 X=-2+2 x-1_y-1_ z-1
@) Véi M(L;11), (d)): =1=— (d):y==5 . PS:d:* ==t =t

3 1 7= 2+t

Céu 34. Trong khong gian v6i hé toa d6 Oxyz, cho 2 dudng thang ¢6 phwong trinh:

x=t x=t'
(d):<y=4+t va (dp):qy=3t'-6
7=6+2¢ z=t'-1

Goi K 1a hinh chiéu vudng goc cua diém I(1; —1; 1) trén (d;). Tim phuong trinh tham s6 cua
duong thang di qua K vuong gbéc voi (d;) va cat (d).

e(d;) c6 VICP ii,=(1; 1;2);  (d3) ¢6 VTCP ii, = (1; 3; 1)
Ke(dy)) = K({;3( -6,/ —1) = IK=({' —1;3/ =5,/ =2)

ﬁiﬁz<:>t'—1+9t'—15+t'—2:0<:>t':§:>K ﬁ;_ﬁ;l
11 11 11 11
Gid sir (d ) cdt (dy) tai H(t, 4+1; 6+ 21), (He(d)). HK = (ﬁ t;—%—t;—%—%]
HKJ_m & g—z—ﬁ—r—@—m_o & t——é :>HK_—(44 -30; =7).
11 11 11 11
. , . 2 18 12 7
Vay, PTTS cua dwong thang (d ): {x:ﬁ+44/1 :—ﬁ—30}, :ﬁ—7/l

Ciau 35. Trong kh()ng gian voi hé toa do Oxyz, cho diém M(0;1;1) va 2 duong thang (d)), (do)

véi: (dy): X =2 ; 2 i

x+y—2z+2=0. Viét phuong trinh duong thang (d) qua M vudng goc (d;) va cat (d,).

(d) 1 giao tuyén cta 2 mat phang (P): x+1=0 va (Q):

e Phirong trinh mdt phang (o) di qua M(0;1;1) vudng géc véi (d;): 3x+2y+z-3=0.

Trang 26




Trin Si Ting PP tog dj trong khong gian

3x+2y+z-3=0 5 g
A=) N() & x+1=0 @A(—l;—;—]
x+y—-z+2=0 33
= Phuwong trinh AM: izy_—lzz_—l.
-3 2 5

Céu 36. Trong khong gian v&i hé toa do Oxyz, cho mit phang (P):2x—y+2z=0 va 2 dudng

x—=1 y-1 z-1 (d,)_x—l_y—2
N 1 2 3 2 ’ ' _2 1 2 r 2
nam trong mat phang (P), vudng goc véi duong thing (d) va cat duong thang (d").

thang (d): = % . Viét phuong trinh duong thang (A)

x=1-2t
e Ta co np =(2;-1;2), U, =(1;3;2) va PTTS cua (d'): yy =2+t
z=t1
GoiA= ()N (P)= A(1-282+1t;1).
DoAe (P)nén: 2(1-2t)-2—-t+2t=0=1t=0= A(1;2;0)
Mt khdc (A) nam trong (P), vudng géc véi (d) nén U, vuong goc voi fp, i, = ta co thé
x—=1 y-2 z

chon i, :[ﬁp,ﬁd}:(—S;—Zﬂ) = Phuong trinh A:_—S—_—2:7

Cau 37. Trong khong gian v&i hé toa do Oxyz, cho mit phang (P): 2x—y+z—1=0 va hai

x—1 +2 z-3 x+1 -1 z-2
2 1 3 2 3

thang (A) song song v6i mat phang (P), vudng goc voi duong thang (d) va cat duong thang

(dy) tai diém E c6 hoanh dd bang 3.

. Viét phuong trinh duong

duong thang (d)):

- = x=3+t¢
1
oE (dy) = E(3: 7; 6). {ZALZP = a, =[iip.dy |=—4GL-1) = (A): Sy =T+1.

Céu 38. Trong khong gian véi hé toa do Oxyz, cho hai diém A(0; 0;-3), B(2; 0;—1) va mat
phang (P) c6 phuong trinh: 3x —8y+7z+1=0. Viét phuong trinh chinh tac duong thang d
nam trén mit phang (P) va d vudng goc véi AB tai giao diém cuia duong thang AB véi (P).

e Giao diém ciia dwong thang AB va (P) la: C(2;0,—1)
7 — -2 -1
Puong thing d di qua C va ¢6 VTCP la | AB,7i | =d: == ll _ Z_2

. . . . 1 -1 z-1
Céu 39. Trong khong gian vdi hé toa do Oxyz, cho hai duong thang d;: x;— i N = Zl ;

b

x—1 y-2 z+1
1 1
A nam trén mit phang (P) va cat hai dudng thang d; , ds .

dy: va mit phang (P): x —y—2z+3 =0. Viét phuong trinh duong thang

e GoiA=diNAB=dnNnAViAc(P)nénA=d;n(P), B=d,N(P)
=A(l,;0;2),B(2; 3, 1)

= A chinh la dwong thang AB = Phwong trinh A: XT_I = % = ﬁ

Céu 40. Trong khong gian voi hé toa dd Oxyz, viét phuong trinh duong thang (d) vudng goc voi
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mit phang (P): x+y+z—1=0 ddng thoi cit ca hai dudng thang (d,) :XT_I :y_+11 :%
x=-1+1
(dz): y=-1 ,véiteR.
z=—t
eLdy Me(d,) = M(1+2t;-1-1;:4,); Ne(d,) = N(-1+6-Lt)
Suy ra M—N:(I—ZII—Z;II;—I—II)
4
— . i 13 2
(d)L(P)<> MN =kii;keR <t-2t,-2=t,=-t—-1, & 52 = M:[g;_g;_gj
t=—
5
1 3 2
3d.’x——=y+—=z+_
5 5 5
Cau hoi twong tu:
. x=1 y+1 z x=-2 y z-1
a) Voi (P): 2x+y+5z+3=0, (d,): =—==,(d,): ===
) V6i (P): 2x+y+5 )= = = ) =t =
DS:d:x+1:y+2:Z+2
1 5
.. x+1 y-1 z-2 x-2 y+2 z
b) Véi (P):2x—y—-5z+1=0, d, : = = d, : = ==
) Vo) ye "2 3 I | 5 =2
Ds- x—lzy—4:z—3
2 -1 -5

Céu 41. Trong khong gian v6i hé toa do Oxyz, cho ba mit phang: (P): 2x—y+z+1=0, (Q):
x-2 y+1 z

——=—.Got la
-2 1 3 4

giao tuyén cua (P) va (Q). Viét phwong trinh duong thing (d) vudng goc voi (R) va cit ca
hai duong thang AL 4.

e A ¢6 PTTS: {x=2-26y=—1+6,2=31;
Gidsit d A = A;d N Ay =B = AQ2—26,-1+131), BQ+5;5+3s;5)
AB = (s+2t3s—1+6:5—31), (R) c6 VIPT 7i=(1;2:-3).

x—y+2z+3=0, (R): x+2y-3z+1=0 va dudng thing A, :

A, co PTTS: {x=2+s;y=5+3s;z=s.

d 1l (R) <:>A—B, n cung phuong < S+21 = 3s—1+6 = s -3¢ 31:2 (i’i,éj
1 2 -3 24 1212
1 1 23
Vay phwong trinh cua d: 112 = 212 = 38 .

Chu 42. Trong khong gian voi hé toa dd Oxyz, cho ba duong thingcé phuong trinh

x=t x y-2 x4l y-1 z+1
dyiqy=4-1 dz;_:y_:i’ 3! =X 2T it phuong trinh dudng
Z=—1+2 1 3 3 52

théng A, biét A cit ba duodng thfmg d, d,, d, lan luot tai cac diém A, B, C sao cho
AB=BC.

o Xét ba diém A, B, C lan luot nam trén ba dwong thang d,, d,, d; .
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Gia s A(t;4—t;—1+2t), B(u;2 - 3u;—3u), C(=1+5v;14+2v;-1+v).
Ta c6: A, B, C thang hang va AB = BC < B la trung diém ciia AC
t+(=1+5v)=2u r=1
S34-t+(1+2v)=2.2-3u) & Ju=0 = A1;3;1), B(0;2;0), C(-L;1;-1).
—1+2t+(-14v)=2(-3u) v=0

Duong thcfng Adiqua A, B, C co phwong trinh: % = yT_z

2
1

Dang 4: Viét phuwong trinh dwong thing lién quan dén khoing cich

x=2+4¢
Cau 43. Trong khong gian véi hé toa do Oxyz , cho duong thang (d): {y=3+2¢ va mat phang
z=-3+t

(P): —x+y+2z+5=0. Viét phuong trinh dudng thang (A) nam trong (P), song song vai
(d) va céch (d) mot khoang 13 /14 .

e Chon A(2;3;-3), B(6,5;-2)e(d), ma A, B € (P) nén (d) c (P).
Goi u la VTCP cua (d,) < (P), qua A va vuong goc voi (d) thi {; j ;d
P

nén ta chon i = [i,,up]= (3;,-9;6).

‘ x=2+3t
Phuong trinh cua dwong thang (d,) :1y=3-9t (t€eR)
z=-3+6¢
Ldy M(2+3t; 3-9t; —3+6t) €(d,) . (A) la duong thang qua M va song song vdéi (d).

Theo dé: AM =14 <+ 92 + 81> + 3612 =x/a<:>t2=%<:>t=i%
x-1 y-6 _z+5
42
x=3_y_z+l
4 21

o (= —% =M(1,;6;-5) =(4):

o (= %:M(s,-o;—z) = (A):
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Céu 44. Trong khong gian v6i hé toa dd Oxyz, cho mit phang (P): x+y—z+1=0 va duong
. -2 -1 z-1 ) . 2 X
thang: d- al N i N =% % Goi I 1a giao diém cua d va (P). Viét phuong trinh cia duong

thing A nam trong (P), vudéng goc véi d sao cho khoang cach tir I dén A bang h = 3\/5 .

o (P) c6 VIPT iip =(;1;-1) vad c¢6 VICP i =(1;-1;-3). I =d N (P)=1(1;2;4)
Vi Ac(P);ALd= A c6 véc to chi phiong ii, = iip,ii | = (—4;2:-2)

Goi H I hinh chiéu cua I trén A= H e mp(Q) qua I va vuong goc A

= Phuong trinh (Q): -2(x-1)+(y-2)—(z-4)=0< 2x+y—-z+4=0

x=1
Goi dy = (P)"(Q)=> d, ¢ VTCP | fipsiiy | =(0:3,3) =3(0: ;1) v d, qual =d,:{y=2+1
z=4+t

Gia sir Hed, = H(;2+1,4+1) = IH = (0;1;1). Ta c6:

IH =32 <272 =3\/5<:{;:3

=-3
-1 - -
o Vi t=3= H(1;5,7) = Phuong trinh A:> 5 =y15=Z 17
. . x—=1 y+1 z-1
e Voi t=-3= H(l;-1;1) = Phuong trinh A: 5 = N = T

Cau hoi twong tu:

@) (P):x+y+z+2=0, d:x;3=y;2=Z+ll, =42
ps: AXZI_YH2 _zHES .\ xH3_yH4 205
2 3 1 2 31

Cau 45. Trong khong gian véi hé toa dd Oxyz, cho mit phang (P): 2x+y—2z+9=0 va dudng

x+1 y-1 z-3
2 7 _1 )

tai mot diém M cach (P) mot khoang bang 2.

thang d : . Viét phuong trinh duong thang A vudng goc véi (P) va cit d

e Vi AL (P)nén Anhén np=(2;1,-2) lam VTCP.

Gia sir M(t—1;7t+1;3-1)ed. Tacé: dM,(P))=2 < |111+2|=6 < 11

t=—
11

A: {x:—£+2t;y:—£+t; z:ﬂ—Zt

+ Voi t:—i = M(—Q'—E'ﬂ) =
11 11 11 11
7 39 29

+ Voi t:i = M(——;—;—) = A: {x:——+2t;y:—+t;z:——2t
11 11 11 11 11 11 11

Cau 46. Trong khong gian voi hé toa 40 Oxyz, cho mit phiang (P):x+3y—z—1=0 va cac
diém A(1;0;0); B(0;-2;3). Viét phuong trinh dudong théng d ndm trong (P) di qua A va cach
B mot khoang 16n nhit (nhé nhat).

e Ta cé: A(1;0;0) e (P). Goi VTCP ciia duong thing d la: i = (a;b;c), a> +b> +c> #0
Taco: dc(P)<unip=0&c=a+2b
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AB =(-1;2;-3) ; [@,A_'B] = (=2a—Tb:2a—2b;2a + b)

= d(B,d)=

la.a8] \/12612 +24ab + 54>
il 2a* + 4ab + 5b°
+ THI- Néub = 0thi d(B.d)=+/6

2
+ TH2: Néu b#0. Par 1 =% = d(B,d)z\/lzr ;24”54 - Jro
b 2t +4t+5
2
Xét ham s6 f(1) = 12 2+ 241+ 54 ta suy ra dwoc \/g <d(B,d)=f(t)< \/ﬁ
2t +4t+5
So sanh THI va TH2 = \J6 < d(B,d)<~/14
Do do:
@) min(d(B,d))=6 < b=0. Chona=1= c=1
‘ x=1+t¢

= Phuwong trinh dwong thang d: {y=0

z=1
b) max(d(B,d)) =14 < a=—b. Chonb =-1 =a=1,c=-1

x=1+t¢
= Phwong trinh dwong thang d: {y =—t

=t

Cau 47. Trong khong gian voi hé toa dd Oxyz, cho mit phing (P):x—2y+2z—5=0 va cac
diém A(=3;0;1); B(I;—1;3) . Viét phuong trinh duong thang d di qua A, song song véi (P) va
cach B mot khoang nho nhat.

x+3 'y z-1

e DS d: .
26 11 =2

. . . 1 -2 .
Céau 48. Trong khong gian v&i hé toa dd Oxyz, cho dudong thang A: % = % = Z—l, hai diém

A(0;-1;2), B(2;1;1). Viét phuong trinh duong thang d di qua A va cat duong thang A sao
cho khoang cach tir B dén d 13 16n nhat (nho nhat).

e Goi M =dA. Gid sit M(~1+26:,2—1). VICP ciia d: i, = AM = (2t - L1+ 1;—1)
AB(2:2;-1), | ABsiiy |=(1- ;1,4 —21)

:d(B’d)J[lei,ﬁd]‘: 12:2—18z+18=m

i, 61> —21+2

1262 + 241+ 54
2012 +41+5

Xét ham s6 f(1) = . Ta ¢6 max f(¢t) = £(0)=18; min f(r) = f(2) :1—11

- % <d(B,d) <18

x=3t
a) min(d(B,d)) = \/% & t =2 = Phuong trinh dwong thang d: {y =—1+3t
7=2-2t
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xX=—t
b) max(d(B,d)) =18 < t = 0 = Phuong trinh duong thing d: 1y =—1+1
7=2—t

Cau hoi twong tu:

a) A:{x+y+z_1:O,A(z;l;—l),B(—l;Z;O).

x—-y+z—-1=0
1=0 x+2y-3=0
DS: T d Y
S dmax {y+z_2zo,dmm {y_z_zzo

x-1_y+2_ Z_l,A(3;—2;1), B(2;1;-1).

b) A:
) 1 2 -1

-x—3=y+2=z—1.d X=3_y+20 _z-1
maxto1g 3 5 0 omint _g 20 -7
x—-1 y+2 z

1

c) A:—1= =E’A(l;4;2)’ B(-1;2;4).

DS: d

-x—l_y—4_z—2.d x=1 _y-4 z-2

DS:d
mae -4 -3 w15 18 19

. . . -1 -2 . 4o
Céau 49. Trong khong gian vo1 hé toa do Oxyz, cho duong thiang d : XT = yT = %, hai diém

A(1;1;0),B(2;1;1). Viét phuong trinh duong théng A di qua A va vuong goéc véi d, sao cho
khoang cach tir B dén A 14 16n nhat.

e Ta ¢6 VICP ciia d la: iiy = (2;1;1) va AB=(1;0;1).
Goi H la hinh chiéu ciia B lén A ta c¢é:d(B,A)=BH < AB. Do dé khoang cach tir B dén A
I6m nhat khi H = A. Khi d6 A la dwong thang di qua A va vudng géc véi AB.

Ta co {31‘?3 = C6 thé chon VICP ciia A la i, :[ﬁd,ﬁ]:(l;—l;—l)

x=1+t
= PTcua Ala:<y=1-t
z=—t

Ciu 50. Trong khong gian v6i hé toa d0 Oxyz, viét phuong trinh duong thing d di qua

A(0;—1;2), cat duong thing A ;XT‘H:%:¥ sao cho khoang cach gitta d va duong
2 x=5 y Z X
than :—— =——=-1a16n nhat.
g4 2 -2 1

o Goi M =d N A. Gidsir M(~1+266,2—1).VTCP ciad : i, = AM = (2t 1t + ;1)
4, di qua N(5;0;0) va c6 VICP 5, = (2-21); AN =(51,-2); [¥ i, | = (t ;41 ~1;61)

‘[VA’ﬁd]'m‘ | @+1?
= A= A I TR
26

2
(22+—t). Ta suy ra dwoc maxf(t):f(i):—
53t°—10t +2 3179

= max(d(A,d)) =26 = Phirong trinh dwong thing d: {x =291, y=~1-411, z=2+41

Cau hoi twong tu:

Xét ham s6 f(1) =
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y+l z-1 = jx+2y—-z+1=0 L, x=2 y+l z-2
=I AT Lo DS diTm=e =t
1 1 X—y+z+ 41 68 27

@) A(2-1;2), A, : x2—1

Cau 51. Trong khong gian voi hé toa do Oxyz, viét phuong trinh dudng thiang d di qua
A(1;-1;2), song song voi mat phang (P):x+y—z+1=0 sao cho khodng cach gilta d va

x+y+z-3=0

14 16n nhét.
2x—y+z-2=0 alonnha

duong thing A: {

x=1
eDS: Jy=—1+t.
z7=2+t

Dang 5: Viét phwong trinh dwong thing lién quan dén goc

Cau 52. Trong khong gian v&i hé toa d6 Oxyz, cho diém A(3; —1; 1), duong thing A:

-2 , " :
= =— va mat phang (P): x—y+z-5=0. Vict phuong trinh tham so cua duong
*_Y * va mat phing (P 5=0. Viét ph inh tham sé cua dug

1 2
thang d di qua A, ndm trong (P) va hop v6i dudng thang A mot goc 459
e Goi Uy, lig,Tp lan lwot la cac VTCP cua d, Ava VTPT cua (P).

Gid sir i, = (a;byc) (a® +b* +c* #0).
+Vidc(P)nén u,; L, =>a-b+c=0 & b=a+c (1)

la+2b+2c| :ﬂ@2(a+2b+c)2:9(a2+b2+cz) 2)
3\/a2+b2+c‘2

+(2.4)=45° =

c=0

Tir (1) va (2 s 14 =
w (1) va (2) ta dwoc ¢”+30ac=0 9[15a+7c=0

+ Voic=0:chona=>b=1= PITS cua d: {x:3+t;y:—1—t;z:1
+VoilSa+7¢c=0:chona=7c¢c=-15b=-8
= PITS ciia d: {x =3+7t; y=-1-81, z=1-15t.

Cau 53. Trong khong gian véi hé toa &6 Oxyz, viét phuong trinh duong thing A nam trong mat

x=1+t x=3-t
phang (P):x+y-z+1=0, cat cdc duong thang d,:<y=1 ; dy:qy=1+1 vatao voi
7=2+2¢ z=1-2¢

d, mot géc 30°.
o Tacé d = (P). Goi A=d, "(P) = A(5,-1;5). d, c6 VTCP ii, = (1;1;2).

Ldy BU+552+20) ed, = AB=(t—41+1;2t-3) la VTCP ciia A

6 -9 3 [t:—l
=

Ta co cos(A,d;) = cos 30° = — e

64?1+ 1) + (20 -3)? 2
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. x=5+t¢
+ Voi t=-1thi AB=(-5,0,-5)= d: <y=-1
z=5+t
. x=5
+Voit=4 thi AB=(0;55) =d: {y=—-1+t
z=5+t

Cau 54. Trong khong gian v6i hé toa d§ Oxyz, cho hinh chép A.OBC, trong do6 A(}; 2;4), B
thudc truc Ox va c¢6 hoanh d¢ duong, C thudc Oy va c6 tung do duong. Mat phang (ABC)
vudng goc véi mit phang (OBC), tan OBC =2 . Viét phuong trinh tham sé cia dudng thing
BC.

e BC: {x:2+t;y:—2t;z=O.

Céu 55. Trong khong gian voi hé toa d§ Oxyz, cho hai diém A(2;-1;1),B(0;1;=2) va duong
thang d :%: y_—13 = ZTH Viét phuong trinh duong thang A di qua giao diém cua duong
thang d voi mat phang (OAB), nam trong mat phang (OAB) va hop voi dudng thang d mot

. 5
gbc o sao cho cosa = e

e PT mdt phiang (OAB): x+4y+2z=0. Goi M =d N (OAB) = M(-10;13;-21).
Gia su A co VICP u =(a;b;c)
+ ViAC (OAB) nén a+4b+2c=0 (1)

+cosa—§<:> la=b+2d| _2 (2)
6 \/g\/a2+b2+62 6
b—ic a——ic
Tiw(va(2)=|" 11" 11
b=c,a=-6¢
Vo becam—2c = fi=(2-5-11) = PT ciig A: 210 2 ¥=13 _z%21
11 11 2 -5 -11
x+10 y—-13 z+21

+ Voi b=c,a=—-6c = i =(6;,-1;-1) = PT cua A:

-1 -1

Cau 56. Trong khong gian véi hé toa do Oxyz, viét phuong trinh dudng thing A di qua diém

+ -2 . .
xX+3 :y—:§ va tao vo1 mat phang (P):

A(0;1;-2), vudng goc véi duong thang d :

2x+y—z+5=0 mot goc o =30°.

o Gia st Aco VICP i =(a;b;c).
ald a-b+c=0
Ta co: J§ & |2a+b—c| \/5 = ¢c=0a=b
cosq =— =— c=-2a,b=-a
\/g\/a2+b2+cz 2
+Véi c=0,a=b = ii=(1;1;0) 2 A {x=t,y=1+1z7=-2

+ Vi c=—2a,b=—a = ii=(;-1;,-2) A {x=1,y=1-1,z=-2-21.
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Cau 57. Trong khong gian v6i hé toa do Oxyz, viét phuong trinh duong thang d di qua
A(1;-1;2), song song v&i mit phang (P):2x—y—z+3=0, dong thoi tao v6i duong thang
A X +1 y-1

=< mot goc 16n nhat (nho nhat).
1 -2 2

e Aco VICP u, =(1,-2;2). Goi VTCP cua duwong thcfng dla 1= (a;b;c).
d || (P) & iiii, =0 < c=2a—b. Goi géc giita hai mdt phang la o.

|50 — 45| 1 \/ (5a - 4b)*
3W5a? —dab+2b? 3 V5a® —4ab+2b*

= cosa =

+ THI: Néub = 0thi cosa :%\/g

2
+ TH2: Néu b+0. Batt—2 :,scosoz—l M 1 f()
b 3\ 52 —4r+2 3

2
Xét ham sé f(t)=M Ta suy ra dwoc: 0 <cosa =4/ f(t) < Sf

505 —4r+2
So sanh THI va TH2, ta suy ra: 0 <cosa S#

Do do:
a) min(cosa)=0 < a_4 = Phuwong trinh dwong thang d : x—1_y+l_z-2
b 5 4 5 3
b) max(cosa) =% = %= —% = Phuong trinh dwong thang d: =l y—;l = 2;2

Cau 58. Trong khong gian v6i hé toa d0 Oxyz, viét phuong trinh dudng thing d di qua
x—1 _y- 2 z+2
1

A(-1;0;-1), cit duong thang A sao cho goc giita d va duong thing

A, x_13 - y;2 - “;3 13 16n nhét (nh6 nhét).

e Goi M=dnA,. Gidsit M(1+26:2+15-2—1).
VICP ciiad : i, = AM = (2t + 21+ 2-1-1). Goi o =(d, A,).

2 / 2
= cosqQ =—. |—— \/f(t)
3\6t>+14t+9 3

t2

Xét ham sé f(t)=——— Ta suy ra duoc maxf(t)zf(—2)= ;min f(r)= f(0)=0
61> +141+9 7

-1

245 9 . . 2 x+1 _y z+l

b) max(cosa) =—— <t =—— = Phwong trinh dwong thang d : ===
) ( ) . 7 g g thang 12 5 3

2
5
. \ . 2 1 1
a) min(cosa) =0 < t =0 = Phuwong trinh duwong thang d : % zg iF
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Dang 6: Viét phwong trinh dwong thang lién quan dén tam giac

Cau 59. Trong khong gian vo1 hé toa d§ Oxyz, cho A4BC vo6i toa do dinh C(3; 2; 3) va phuong
trinh duong cao AH, phuong trinh duong phan gidc trong BD lan luot la:
-2 - - -1 -4 z-
dlzx =2 3=Z 3, dz:)C P e 3
1 1 -2 1 -2
canh BC cua AABC va tinh dién tich cua AABC .

. Lap phuong trinh duong thiang chira

e Goi mp(P) qua C va vuong goc voi AH = (P) Ld, = (P):x+y—-2z+1=0
B=(P)nd, = B(1;4;3) = phuong trinh BC:{x=1+2t; y=4-2tz=3

Goi mp(Q) qua C, vudng géc véi ds, (Q) cdt d> va AB tai K va M. Ta c6:
(Q):x-2y+z-2=0=K(2;2;4) = M(1;2;5) (K la trung diem cua CM).

x=1

= AB:y=4+2,do A=ABd, = A(25) =S, e =%\[E,A—c]\=2\@.
7=3-2t

Cau 60. Trong khong gian vdoi he¢ toa do Oxyz, cho A4BC véi A(l;—1;1) va hai dudng trung

x=1-t
tuyén lan luot co6 phuong trinh 1a d, :§=y—_31 =%, dy:yy=0 . Viét phuong trinh
B B z=1+t¢

duong phan giac trong cua goc 4.

e Taco Agd,A¢d,. Goi Med, N ed, lan lwot la trungd‘iém AC, AB.
N(A-t0;1+1t) = B(1-2t;1;1+2¢). Bedlzt:% = B(0;1;2)
MQ2t;1-36,2-2t) = C(4t-1;3-61;3-41). Ced, :>t=%:>C(1;O;1)

Ta co: AB = \/g, AC =1. Goi AD la dwong phdn giac trong cua goc A thi DB = —\/ED—C

:D( Jo 1 .2+\/€] - ( -1 2446 1 J

; ; = AD = ; ;
1+\/g; 1+\/8 1+\/g 1+\/g 1+\/8 1+\/8

2 — 1 1 _ 1
Vay phwong trinh dwong thang AD la: Xl Yyt _Z

-1 2446 1
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TPKG 03: VIET PHUONG TRINH MAT CAU

Dang 1: Viét phwong trinh mit ciu bang cich xac dinh tim va ban kinh

Cau 1. Trong khong gian véi hé toa do Oxyz, cho diém 1 (1,-2;3). Viét phuong trinh mat cau
tam I va tiép xtic véi truc Oy.

e Goi M ld hinh chiéu cia 1(1;-2;3) lén Oy, ta co: M(0;-2;0).
M = (-1,0;-3)=>R=IM = \/B la ban kinh mdt cau can tim.

Két ludgn: PT mdt cau can tim la (x-— 1)2 +(y+ 2)2 +(z— 3)2 =10.

Cau2. Trong khong gian véi hé toa d6 Oxyz, cho hai duong thang: (d,) : {x=2t; y=t;z=4 va

(dy) : {x= 3—t; y=t; z=0. Ching minh (d;) va (d;) chéo nhau. Viét phwong trinh mat cau
(S) c6 duong kinh 1a doan vuong goc chung cua (d;) va (d).

e Goi MN la dwong vuong goc chung cua (d;) va (d;) = M(2;1; 4); N(2; 1; 0)

= Phuwong trinh mdt cau (S): (x—2)* +(y—1)* +(z-2)* = 4.
Cdu hoi tuong tu:

!

x=2-2t 2 2 2
x=2 y-1 z 11 13 1) s
d : =——==,d,:4y=3 bS: (8):| x—— - —| ==
a) d, 1 - @)Y , ( )[x 6} +(y 6} +(z+3j .
z=t
x=2 y-1 z x=2 y+4 z-2
b (d): 222 E gy X2 v r
) ()= =y )iy 6 2
2
DS: (S):(x—2)2+(y—§j +(Z—3)2=%

-4 -1
x—=4_y :z+5 va

Cau3. Trong khong gian v6i hé toa d6 Oxyz, cho hai dudng thang: d: " 5

x=2+t
d, 11y =-3+3¢t. Viét phuong trinh mit cau cé ban kinh nho nhét tiép xtic véi ca hai duong
z=t

thing d, va d, .

e Mdt cau nhdn doan vudng géc chung ciia hai dwong thang la dwong kinh.
Cdu hoi twong tu:

x=2t x=3-t
@) d,:iy=t ,dy:iy=t . BS: (S):(x=2? +(y—-1)*+(z-2)* =4
z=4 z=0

Caud. Trong khong gian voi hé toa do Oxyz, cho duong thang (4)) c6 phuong trinh
{x=2t;y=t;z=4; (4,) la giao tuyén cia 2 mat phfmg ():x+y-3=0 wva
(B):4x+4y+3z—12=0. Chimg t6 hai duong thang A, A, chéo nhau va viét phuong trinh

mat ciu nhan doan vudéng goc chung ctia A, A, lam duong kinh.

* Goi AB la duwong vudng goc chung ciia A, A, : AQ2t;t,4) € A, B(3+s5;-5,0) € A,
AB L A, AB L A; = A(2;1;4), B(2;1;0)
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= Phirong trinh mét cau la: (x=2)* +(y-1)* +(z=2)* =4

Cau5. Trong khong gian voi hé toa do Oxyz, cho hinh hop chir nhit ABCD.A’B’C’D’ ¢o6
A=0, B(3;0;0), D(0;2;0), A’(0;0;1). Viét phuong trinh mat cau tdm C ti€p xtc véi AB’.

eKe CHLAB’, CKLDC’ = CK L (ADC’B’) nén ACKH vuong tai K.

— CH? =CK?+HK? = % Vay phirong trinh mdt cau: (x —3)2 +(y —2)2 +7% = %

Cau 6. Trong khong gian v&i hé truc toa do Oxyz, cho 4 diém A( 1; —1; 2), B( 1; 3; 2), C( 4; 3;
2), D( 4; —1; 2) va mat phang (P) c6 phuong trinh: x + y+z—2=0. Goi 4’ 1a hinh chiéu cua
A 1én miat phang Oxy. Goi (S) 12 mit cau di qua 4 diém A’, B, C, D. Xéc dinh toa do tim va
ban kinh ctia duong tron (C) 1a giao cua (P) va (5).

e Dé thay A'(1; —1; 0). Phuong trinh mdt cau (S): x> +y* +z> =5x—2y—-2z+1=0
V29

= (S) co tam I(%;l;lj, ban kinh R :T

+) Goi H la hinh chiéu cua I lén (P). H la tam cia dwong tron ( C)

x=5/2+t 11
+) PT dwong thang (d) di qua I va vuong goc voi (P): d:{y =1+t = H( ;g;gj
z=1+t¢

IH = ,/% :_Sf , (C) 6 ban kinh r =N R* - IH* = ,/2749—5 =\/%=—“1686

W |

Cau7. Trong khong gian voi hé toa do Oxyz, cho diém A(1; —2; 3) va duong thang d co

x+1 y-2 z+3
R

phuong trinh mat cau tam A, tiép xtc véi d.

phuong trinh . Tinh khoang cach tir diém A dén duong thang d. Viét

[Bfi,a] _4+196+100 _ 1
la Ja+1+1
PT mat cdu tam A (1;-2; 3), ban kinh R = 532 : (x=12% +(y+2)? +(z=3)* = 50

°d(4, (d) =

XS _ YT 2 0s didm
2 ’ \ 9 _2 1
M(4;1;6) . Puong thang d cat mdt cau (S), c6 tdm M, tai hai diém A, B sao cho AB=6.

Viét phuong trinh ctia mat cau (S).

Cau 8. Trong khong gian vdi he¢ toa do Oxyz, cho duong théng d:

e d diqua N(-5;7;0) va co VICP i =(2;-11); MN = (-9;6,-6).
Goi H la chan dwong vuéng goc vé tir M dén dwong thang d = MH = d(M,d)=3 .

2
Ban kinh mdt cau (S): R*> = MH? +(ATBJ =18.

= PT mdt cau (S): (x—4)2 +(y—1)2 +(Z—6)2 =18.

Cau9. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (a):2x- y+2z—-3=0 va mat
cau (8):x?+y>+22-2x+4y—8z-4=0. Xét vi trf twong ddi ctia mit cAu (S) va mat

phang (). Viét phuong trinh mit cau (S') d6i xiémg véi mit cau (S) qua mit phing (a).
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e ($):(x=1)7+(y+2)" +(2-4)" =25 c6 tam I(1;-2:4) vaR =5,
Khodng cach tie I dén (o) la: d(1,(a)) =3 <R = (a) vd mdt cdu (S) cdt nhau.

x=1+2t
Goi J la diém doi xvmg ciia I qua (o). Phuwong trinh dwong thang IJ : {y =-2—t
7=4+2¢
x=1+2¢ r=-1
Toa dé giao diém H cia IJ va (o) thod z:;i;; = i::i = H(—l;—l;Z)

2x-y+2z-3=0 z2=2
Vi H la trung diém cia IJ nén J(—3; O;O). Mt cdu (S’) cé tam J ban kinh R’ = R = 5 nén cé
' 2
phwong trinh: (8):(x+3) +y2+22 =25.

Céu 10. Trong khépg gian v&i hé toa do Oxyz, 1ap phuong trinh mat cau (S) biét répg mat phfmg
Oxy va mat phang (P): z=2 lan lugt cat (S) theo hai dudng tron c6 ban kinh bang 2 va 8.

e Tir gid thiét ta c6 vé s6 mdt cau (S) thod YCBT. Goi (Sp) la mat cau c6 tam 1,(0;0;m)
thuéc truc Oz. Khi @6 mp(Oxy) va mp(P) cdt (Sy) theo 2 dwong tron tam 0, =0(0,0;0), ban
kinh R, =2 va tam 0,(0;0;2), bén kinh R, =8.

R>=2%+ |m|2

i |2:>4+m2:64+(m—2)2:>m:16
R =8"+\m-2

Goi R la ban kinh mdt cau thi {

= R=2V65 va 1,(0;0;16). Suy ra mdt cu (S) c6 tam I(a;b;16) (a, b € R), ban kinh
R=265.

Vay phirong trinh mdt cau (S): (x — a)® + (y— b)? +(z—16)* =260 (a, b € R).

Cau 11. Trong khong gian voi hé toa d6 Oxyz, cho mat phang (P): 2x—y—2z-2=0 va dudng
thang d: 11 = yTH = % Viét phuong trinh mit cau (S) c6 tdm I thude d, I cach (P) mot
khoang bang 2 va (P) cit (S) theo mot dudng tron (C) ¢ ban kinh bang 3.

e Gia su I(—t;2t—-1;t+2) e d, R la ban kinh cua (S), v la ban kinh cua (C).

t=—
Tacé: dU(P)=2a|-61-5=6 < | 6 . R =(dU,(P)) +r* =13

t=——
6

2 2 2
+ Voi t:l = 1(—1;—2;£j = (S): (x+lj +(y+%) +(z—£j =13
6 6 36 6 3 .

2 2 2
v vsi =2 S I(E;—ﬂ;lj = (S): (X—Ej +(y+ﬂj +(Z—lj =13
6 6 36 6 3 6

Céu 12. Trong khong gian v6i hé toa do Oxyz, cho 2 diém A(0; 0; 4), B(2; 0; 0) va mat phéng
(P): 2x+y—z+5=0. Lap phuong trinh mat cau (S) di qua O, A, B va c6 khoang cach tu

S
=

tam I cia mit cau dén mit phang (P) bang
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o Gid sit (S): x> +y*+2* —2ax—2by—2cz+d =0.

a=1
+Tuw O, A, B e(S)suyra: y¢c=2 = [(1;b;2).
d=0
5 lbesl_ s {b 0
+d(I,(P)) =
5% %

Vay (S): x2+y2+22—2x—4z=0 hoac (S): x +y2+22—2x+20y—4z=0

Cau 13. Trong khong gian véi hé toa do Oxyz, cho céac diém A(1;3;4),B(1;2;,-3),C(6;—1;1) va
mit phiang (a):x+2y+2z—1=0. Lap phuong trinh mit cdu (S) c6 tAim nam trén mat
phang (a) va di qua ba diém A,B,C . Tinh dién tich hinh chiéu cta tam giac ABC trén mit
phing (a).

e Goi I(a;b;c) la tam mat cau ta cé :

A=IB |0=a?+3G=-b’+@-0’=1-a)*+Q2-b)*+(-3-c)?
IA=IC o 1(1-a)?+B=-b)*+(@A—-0c)> =6-a) +(-1-b)? +(1-¢)?
le(o) a+2b+2c-1=0
b+7c=6 a=1

o5a-4b-3c=6 <<b=-1=I1(1;-1;1) = R*=1A> =25
a+2b+2c-1=0 c=1

= Phuong trinh (S): (x—=1)* +(y+ 1)+ (z—=1)? =25

Tam gidc ABC déu canh bang 5\/5 néen S, pe- =#
AB = (0;=1;=7), AC = (5:—4:~3) = p=| AB,AC | = (~25:-35:5)
17
cos((a),(ABC))=|cos|n_,,p|)|l=—F
‘ ( o )‘ 15\/5
Goi S' la dién tich hinh chiéu cia tam gidc ABC 1én mdt phang (o)
soﬁ 17 85
Taco S'=S,,~.cos((a),(ABC)) = ————==— (dvdlt)
ABC* 15\/5 6
-1 y+1 z .
Cau 14. Trong khong gian véi hé toa do Oxyz, cho dudng thang d: T —T :T va mat

phang (P): 2x+y—2z+2=0. Lap phuong trinh mit cau (S) c6 tim nam trén duong thang
d ¢6 ban kinh nho nhat tiép xtc véi (P) va di qua diém A(1; —1; 1).

e Goi I la tam cua (S). | e d = [(1+3t;—1+1t;t). Ban kinh R = I4 = \/11t2—2t+1.

|5t+3|:R

Mat phang (P) tiép xiic véi (S) nén: d(I,(P)) =
tr=0 = R=1
377 -241=0 & LM T

= [
37 37
Vi (S) co ban kinh nho nhat nén chont =0, R = 1. Suyra I(1,; -1, 0).

Vay phwong trinh mdt cau (S): (x — )%+ (y+ D> +22=1.
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. : -1 2 .
Céu 15. Trong khong gian Oxyz, cho duong thang d: XT = % zf va mat phang (P):
2x+y—2z+2=0. Lap phuong trinh mit cau (S) c6 tim nam trén d, tiép xuc v6i mat phiang

(P) va di qua diém A(2; —1; 0).

e Goi I la tam cua (S) = I(1+t;t—2;t). Tacod(, (P)) =Al < t=1; t:%

Vay: (S): (x=22+(y+1)*+(z-1)* =1

2 2 2
hoac (S): x—ﬁ + y+£ + z—l :E_
13 13 13 169

Céu 16. Trong khong gian véi hé toa dd Oxyz, cho diém 1 (1;2;-2), duong théng A:
2x—2=y+3=z va mit phang (P): 2x+2y+z+5=0. Viét phuong trinh mit cau (S) c6
tam I sao cho mit phang (P) cit khdi cau theo thiét dién 1a hinh tron c¢6 chu vi bang 87 . Tur
d6 1ap phuong trinh mat phang (Q) chtra A va tiép xuc véi (S).

e Ta cé: d=d(I,(P))=3. Goi r la ban kinh hinh tron thiét dién. Ta c¢6: 2nr =8 = r =4
Suy ra ban kinh mat ciu: R>=r’+d*> =25 = S :(x —1)2 +(y —2)2 +(z+ 2)2 =25

b

Nhdn thdy mdt cau (S) tiép xiic véi (A) tai diém M(g —% g)

Do do: (Q) chira (A) va tié}) xuc voi (S) di qua M[%;—g;%j va co VTPT MI [% —%,?j

= PT mat phang (0): 6x—33y+30z—105=0.

Cau 17. Trong khong gian voi hé toa dd Oxyz, cho duong thang d : {x =t y=—l;z=—t va2

mat phiang (P): x+2y+2z+3=0 va (Q): x+2y+2z+7=0. Viét phuong trinh mat cau
(S) c6 tam I thudc dudng thang (d) va tiép xuc v6i hai mat phang (P) va (Q).

e Gia sie: I1(t;-1;—t) e d. Vi (S) tiép xiic véi (P) va (Q) nén d(I,(P))=d(I,(Q))=R
& M:H e t=3. Suyra: R:%,I(3;—1;—3).
3 3 3

. . i 2 2 2 4
Vay phwong trinh mat cau (S): (x—3) +(y+1) +(z+3) =—.
9
Cdu hoi twong tu:
a) d:{x=2+t; y=1+2t;z=1-¢, (P):x+2y-2z+5=0, (Q):x+2y—-2z-13=0.

2 2 2
DS: (S):[x—%) +[y—%j +[z—%) =9

Céu 18. Trong khong gian véi hé toa do Oxyz, cho mit phang (P): x—2y-2z+10=0, hai
duong thang (A)): xT—Zz%__ (Ay): x=2 )1’ z+3

¢6 tam thudc (A,), tiép xuc vai (A;) va mat phang (P).

. Viét phuong trinh mit cau (S)

x=2+t
o Ayy=t ;A diqua diem A(2;0;=3) va c6 VICP U, =(1;1;4).
z=1-t

Giasw I2+t,t;1-t) € A la tdm va R la ban kinh cia mat cau (S).
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AT -3 Al,u _

Ta co: AI=(t;r;4—t):>[A1,ﬁ2] (5t—4;4-56,0) = d(I,A) = ‘[‘ ‘2]L|5f3 4
)
24+t-2t-2(1-1)+10] [t+10
1Py = (1-n+10 _lr+10]
Ji+d+4 3

: 7

(S) tidp xiic v6i Ay va (P) & d(I,4)=d(I,(P)) & |st—4l=lr+10l & |17 .

ont—z:I(Ez—ij R:2:>
2 22 2 2

2 2 2
PT mdt cdu (S): (x—g) +(y—zj +(Z+§j :E'
2 2 2 4

o Véi t=-1 = I(1;-1;2),R =3 = PT mdt cau (S): (x—1*>+(y+1)* +(z=2)> =9.

Dang 2: Viét phwong trinh mit ciu bang cach xac dinh cac hé sé ctia phwong trinh

Cau 19. Trong khong gian voi hé toa do Oxyz, cho 3 diém AG;11), B(0;134), C(-1;-3;1). Lap
phuong trinh cia mat cau (S) di qua A, B, C va ¢6 tim nam trén mit phang (P): x +y—2z +
4=0.

e PT mdt cau (S) ¢é dang: x> +y* + 2> = 2ax — 2by — 2cz +d = 0

(S)quaA: 6a+2b+2c—d—11=10

(S) qua B: 2b+8c—d —17=10

(S)quaC:2a+6b—2c+d+11=0

Tamle (P):a+b—2c+4=10

Gidirata dwoc:a=1,b=—-1,c=2,d==3. Vay(S): X’ +y' +22—2x+2y—4z-3=0

Cau 20. Trong khong gian v6i hé toa do Qxyz, cho hinh lang try ding ABC.A’B’C’ c6 tam gidc
ABC vudng tai A4, dinh 4 trung vdi goc toa do O, B(1; 2; 0) va tam gidc ABC c6 dién tich
bang 5. Goi M la trung diém cia CC’. Biét rang diém 4’(0; 0; 2) va diém C c6 tung do
dwong. Viét phuong trinh mit cau ngoai tiép tir dién AB’C'M.

e Tacé: AB=AI5 va S, =5 nén AC=245.
ViAA’ L (ABC)va A, B € (Oxy) nén C € (Oxy).
Goi C(x;y,0). AB=(1;2,0),AC =(x;y;0).
AB 1 AC x+2y=0 x=-4 |x=4 . .
Ta co: & v . Vi >0 nén C(—4, 2; 0) .
{AC 25 {x2+y2:20 {y=2 {y=—2 Ye ( )

Do CC'=AA’ =C14, 2, 2), BB' = AA’ = B(I; 2; 2) va M la trung diém CC’
nén M4, 2; 1).
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PT mat cau (S) diqua A, B’, C’va M co dang: (S):x2+y2+22+2x+2by+2cz+d=0

A(0;0;0) e (S)
B'(1;2;2) € (S)
C'(-42;2)(S)
M(—4;2;1) € (S)

:§;b=—2;0=—§;d=0 (thoa a2+b2+02—d>0)
2 2 2

Vay phirong trinh mdt cau (S) la: (S): X%+ y2 +22 +3x— 3y-3z=0.

Cau 21. Trong khong gian voi hé toa do Oxyz, cho tir dién ABCD voi A(2; 1; 0), B(1; 1; 3),
C(2:-1; 3), D(1;—1; 0). Tim toa d6 tAm va ban kinh ctia mit cau ngoai tiép tur dlen ABCD

e Ta tinh duoc AB=CD=\/_,AC=BD=\/_,AD=BC=\/_. Vay tir dien ABCD co cac
cq?p canh dd{ doi mot bdng nhau. Tir do ABCD la mot tir dién gd‘n déu. Do dé tam cua mat
cau ngoai tiép cua tir dién la trong tam G cua tw dién nay.
Jia
5

Vdy mdt cau ngoai tiép tir dién ABCD c6 tam la G(%; 0;%}, ban kinh la R =GA =

Cdch khac: Ta c6 thé xdc dinh toa dé tam I cia mdt cau thod diéu kién: IA = IB = IC = ID

Céu 22. Trong khong gian vo1 hé truc toa do Oxyz, cho mat phéng (P): x+2y+2z-6=0, goi A,
B, C lan luot la giao diém cua (P) véi céc truc toa do Ox, Oy, Orz. Viét phuong trinh mat cau
(S) ngoai tiép tir dién OABC, tim toa d¢ tAm va ban kinh cta dudng tron (C) 13 giao tuyén
cua (P) va (S).

o Ta co: A(6,0,0), B(0;3,0), C(0,0;3).
PT mdt cdu (S) c6 dang: x? +y2 +7° +2Ax+2By+2Cz+ D=0 (A’+B*+C*-D>0).

D=0
36+12A=0 3 3
A B A=-3;B=-=;C=-=;D=0.
,B,C,O€e (S) & 9+6B 0 & 3; 2,C > 0
9+6C=0

36

Vay (S): x2+y2+zz—6x—3y—3z=0 co tam 1(3;%;%) ban kinh R=T.

Goi H I hinh chiéu vuéng géc cia I trén (P) = H la tam ciia (C). Tim dwoc H(

= Bdn kinh ciia (C): r =\ R*>—IH* = /%_ =¥.

)

wloo

3.
6’

oxlu]

Céu 23. Cho hinh 1ap phuong ABCD.A’B’C’D’ c6 canh bépg 2. Goi M 1a trung diém cua doan
AD, N 1a tdm hinh vuéng CC’D’D. Tinh ban kinh mat cau di qua cac diém B, C’, M, N.

e Chon hé truc toa do Oxyz sao cho: D =O(0; 0; 0), A(2; 0, 0), D(0; 2; 0), C(0; 0, 2).

Suy ra: M(1; 0; 0), N, 1, 1), B(2; 0; 2), C(0; 2; 2).

PT mdt cau (S) di qua 4 diém M, N, B, C’ ¢6 dang: x? +y2 +7° +2Ax+2By+2Cz+D =0.
1+2A+D =0

242B+2C+D=0 _ S, 51
8+44+4c+p=0" |17 BT =P =s
8+4B+4C+D =0

M/ N,B C'e(S) &

Vay ban kinh R = \/A2+BZ+C2—D =\/E.
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Dang 3: Cac bai toan lién quan dén mat cau

Ciau 24. Trong khong gian v6i hé toa d6 Oxyz, cho miat phang (P):2x =2y —z—4=0vamat cau
(S): x> +y* + 2> — 2x — 4y — 6z — 11 = 0. Chtng minh rang mit phing (P) cit mit cau (S)
theo mot duong tron. Xac dinh toa d0 tam va tinh ban kinh cua duong tron do.

el(1;2;3);R=~1+4+9+11=5:d(I;: (P) = ‘2(1)\/42(2: f 4‘—3 <R=35.
+4+

Vay (P) cdt (S) theo dwong tron (C)
x=1+2t
Phwong trinh d qua I, vuong goc voi (P) : <y =2-2t
z=3-1
Goi J la tam, r la ban kinh dwong tron (C). J ed =J (1 +2t; 2—-2t; 3 —1)
JeP)=2(1+2)-22-2t)-3+t—-4=0=>t=1

Vay tam dwong tron la J (3, 0; 2), ban kinh r = R*-1J* =4

Céu 25. Trong khong gian voi hé toa d6 Oxyz, cho A(2; 0; 0), B(0; 2; 0), C(0; 0; 2). Tinh ban
kinh mat cau noi tiép tr dién OABC.

e Goi I, r la tdm va bdn kinh ciia mat cau ndi tié}) tir dién OABC.

1 1
Voasc =VioastViosctVocatVapc = 3 rSoap + 3 ~7Sosc +§-r Soca +§-r Sapc :g-r Srp
1 8 4 1
Mt khdc: Ve = OAOBOC =2 == (@¥10); Sp, = Sopc = Socy =5 OAOB =2

V3,0 3

Sapc = TABZ == 8= 23 (dvdt) = S, =6+243  (dvdy)
3V
Dods: r=>rossc __ 4 (dv dg dai)
Srp 6+ 2\/5

Céu 26. Trong khong gian voi hé toa do Oxyz, cho hai diém S(0;0;1), A(1:1;0). Hai diém, M(m;
0; 0), N(0; n; 0) thay d6i sao cho m+n=1va m >0, n> 0. Tinh khoang cach tor A dén mat
phang (SMN). Tt do suy ra mat phang (SMN) tiép xtiic vé1 mQt mat cau co dinh.

o Ta cé: SM = (m;0;—1), SN = (0;n;—1) = VTPT ciia (SMN) la 7i = (n;m;mn)
Phuwong trinh mdt phang (SMN): nx +my+mnz—mn=_0

+m—mn‘

Ta c6: d(A,(SMN)) = | Lomn] ||

) \/n2+m2+m n \/1 2mn+m2 2 |1—mn|
Suy ra (SMN) tiép xiic mdt cau tam A ban kinh R=1 c6 dinh.

Ciau 27. Trong khong gian v6i hé toa d6 Oxyz, cho hai dudng thiang c6 phuong trinh

x=t x=0
d:yy=0 ,d,:qy=t . Viét phuong trinh mat cau (S) ban kinh R=\/g, 6 tAm nam
7=2-t 7=2-t

trén duong phan giac ctia goc nho tao boi d;, d, va ti€p xuc voi d,, d,.

e Phuong trinh mp(P) chita d, dyla (P):x+y+z-2=0
Phuong trinh mp(Q) chita d; va vudéng goc voi (Pla (Q):x-2y+z-2=0
Phuwong trinh mp(R) chira d, va vuéng goc voi (P) la (R):2x—y—z+2=0
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Phwong trinh hai mat phan giac cua hai mat (Q) va (R):
(PGI):x—y=O, (PGz):x+y—2z+4=0

xX=t xX=-t
Phwong trinh hai dwong phdn gidac cua d;, d,: a:qy =t b:iy=t
7=2-2t z=2

Vi cos(a,d,) > cos(b,d,) nén duong thang a la phén gidc cia d,, d> théa man diéu kién.

Do db ¢6 hai tam mdt cau théa man 1,(2,2;-2), 1,(-2,-2;6)

Suy ra (8,): (x =2)* +(y=2)% +(z+2)* =6 hodc (S,): (x+2)* +(y+2)* +(z-6)* =6

Trang 45




PP toa dp trong khong gian Trin Si Ting

TPKG 04: TIM PIEM THOA PIEU KIEN CHO TRUGC

Dang 1: Xac dinh diém thudc mit phiang

Caul. Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;2;3) va B(3;4;1). Tim toa do
diém M thudc mat phang (P): x—y+z—1=0 dé AMAB la tam giac déu.
e Goi (Q) la mdt phang trung truc ciia doan AB = (Q): x+y—2z-3=0
d la giao tuyén ciia (P) va (Q) = d: {x =% y=t+1;z=t

Med= MQ2;t+1;t) =AM =2¢> -8t +11.

Vi AB = \J12 nén AMAB déu khi MA = MB = AB
+ + +
@»2:2—8:—1:04:»;:4—2‘/E :>M[2;6_;/§;4_2\/E].

Cau hoi twong tu:
a) Voi A(4;0;0) , B(0;0;4), (P): 2x—y+2z—-4=0.

DS:

Cau2. Trong khong gian véi hé toa do Oxyz, cho hai diém A(0; 0:—3) va B(2; 0;—1). Tim toa
d6 diém M thudc mat phang (P): 3x —y—z+1=0 dé AMAB la tam giac déu.
o Gia su M(x;y;z)e(P) = 3x—y—z+1=0 (I).

2 2 =2
mA, dot8z=—4 0 210 1
AMAB déu & \MA> = AB> & {6z=-1 & ly=" :\,M(_;_;__)
M e (P) 3x—y-z=-1 31 33 6
=—=
6

Cau hoi twong tu:
a) Voi A(1;1;-3),B(3;1;-1),(P):3x—8y+7z+4=0.

20 200 oy 26 22081, 08,200

b) Véi A(1;2;3), B(—1;4:2),(P): x—y+z+1=0.

1-3J5 11-35 3j . (1+3\E 114345 3j
; ;— | hoac C , ; ;—

4 4 2 4 2

DS: C

DS: C

Cau3. Trong khong gian véi hé toa do Oxyz , cho hai diém A(3:5:4), B(3:1;4). Tim toa do
diém C thudc mat phfmg (P): x—y—z—1=0 sao cho tam gidc ABC can tai C va c6 di¢n tich

bang 2\/ﬁ .

e Gia su: C(x;y;x—y—1)e(P). AB=4.

AC=BC:>\/(x—3)2+(y—5)2+(x—y—5)2 =\/(x—3)2+(y—1)2+(x—y—5)2 =y=3
Goi I la trung diém AB = 1(3;3:4).

Sian =217=crLap=417=cl=\17 = \/(3—X)2+(8—x)2 =\/ﬁ<:>[xzj
X =
+ Voi XZ4Z>C(4;3;())

+ x=7=C(7;3;3).

Cau4. Trong khong gian voi hé toa d6 Oxyz, cho ba diém A(0; 1; 2), B(2; 25 1), C(-2; 0; 1).
Viét phuong trinh mat phang (4BC) va tim diém M thudc mat phang (P): 2x+2y+z-3=0
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sao cho MA = MB = MC .

o Tacé AB=(2-3—1),AC = (~2;—1;—1) = ii = AB,AC | = (2:4:-8) la I VTPT ciia (ABC)
Suy ra phuwong trinh (ABC): x+2y—-4z+6=0. Gia su M(x, y, z).

Me(P) & y=3 = M(2;3;,-7)

=2
, {MA=MB=MC x
Ta co:
z=-7

Cau 5. Trong khong gian véi hé toa do Oxyz, cho hai diém A(0;-2;1), B(2;0;3) va mat phéng
(P):2x—y—z+4=0.Tim diém M thudc (P) sao cho M4 =MB va (ABM) L (P).

. .1 . ,
® Goi (Q) la mat phang trung truc cua AB= 1, = EAB =(;1;1) la mot VIPT cua (Q).

I[(1;-1;2) la trung diém ciia AB = Phuwong trinh (Q): x+y+z-2=0

Goi (R) la mdt phang qua A, B va vudng goc véi (P). ny = [ﬁp;sz] =(0;3;-3) la VTPT cua

(R) = Phuong trinh cua (R):y—z+3=0
2x—y—-2z+4=0 (

—_

Toa do cua M la nghiém cua hé:<x+y+z-2=0 =M 3766

2 1'17j
y—z+3=0

Cau 6. Trong khong gian voi hé toa do Oxyz, cho ba diém A(2;0;0), C(0;4;0),’S(0; 0; 4).Tim
toa do diém B trong mp(Oxy) sao cho tir giac OABC Ia hinh chir nhat. Viét phuong trinh
mat cau di qua bon diém O, B, C, S.

e OABC la hinh chir nhdt = B(2; 4, 0) = Toa do trung diém H cia OB la H(l; 2, 0), H
chinh la tam dwong tron ngoai tiép tam gidc vuéng OCB.

+ Puong thang vuéng géc véi mp(OCB) tai H cdt mdt phang trung truc ciia doan OS (mp
co phuong trinh z = 2 ) tai [ = I la tam mat cau di qua 4 diém O, B, C, S.

+TamI(1; 2, 2)vaR = Ol = V1+22 422 =3 =(S): (x=D>+(y-2)> +(z-2)* =9

Cau7. Trong khong gian Oxyz cho hai diém A(-1;3;-2), B(-3;7;—18) va mat phang (P):
2x—y+2z+1=0. Tim toa d6 diém M e (P) sao cho MA + MB nho nhét.

e A, B nam ciing phia doi véi (P). Goi A’ la diém déi xirng véi A qua (P) = A'(3;1;0)
Pé M e (P) c6 MA + MB nhé nhdt thi M la giao diém cia (P) véi A’B = M(2;2;-3).
Cdu hoi twong tu:

a) Vi A(0;-1;2),B(-1;1;3), (P)=(Oxy). DS: M(—%;—é;Oj
b) Voi A(1;0;0), B(1;2;0), (P):x+y+z—-4=0 DS:
c) Voi A(1;2;-1),B(3;1;-2),(P): x—y+2z=0. bS: M(?;l;—%j.

Cau8. Trong khong gian vdi hé toa do Oxyz, cho hai diém A(1;5;0), B(3;3;6) va duong théng
A ¢6 phuong trinh tham sb {x =—1421; y=1—1; z=2¢. Mot diém M thay d6i trén duong

thang A, x4c dinh vi tri cuia diém M dé chu vi tam giac MAB dat gié tri nho nhat.

e Goi P la chu vi cua tam giac MAB thi P = AB + AM + BM.
Vi AB khong doi nén P nho nhat khi va chi khi AM + BM nho nhat.

Diém M e A nén M(~1+261-1;,21). AM + BM =31 + (2V5)% + (31— 6)% + (2452
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Trong mdt phdng toa d¢ Oxy, ta xét hai vecto U= (3t; 2\/5) va v= (—3t + 6;2\/5) .

Ta ¢6 il =302 + V5 )2; i = | 31— 6)2 + (245 )?
= AM +BM =lul+ vl va u+v=(6:4V5)=lu+vI=229
Mdzkhdc,taluéncé|;|+|§|2|Z¢+$|thvdy AM + BM >2+29

3 245
3t+6 2\/_

= M(1;0;2) va min(AM + BM) =229 . Vay khi M(1;0;2) thi minP = 211 ++/29)

=tr=1

Pang thire xay ra khi va chi khi u u,v cung huwong <

Cau9. Trong khong gian v6i h¢ truc toa do Oxyz, cho mat phfmg (P):x—-3y+3z—-11=0 va
hai diém A(3;-4;5), B(3;3;-3). Tim diém M e (P) sao cho [MA — MB| 16n nhét.

o Xét twong tw nhu cdu 6).

+ Né:u A, B 0 cung phia so voi (P) thi |MA —9MB| <AB

+ Néu A, B o khdc phia so voi (P), ta lay diém A’ doi xirng voi A qua (P).
Khi d6 MA' = MA = |MA - MB|=|MA" - MB| < A'B

ps: M(_ﬂ,_i ﬂ)
7777
Cau hoi twong tu:
@) (P):x+y+z-4=0, A1), B(0;1;2). DS:
b) (P):x—y+2z=0,A(1;2;-1),C(1;-21). DS: MG 1_21 1)

Cau 10. Trong khong gian vé6i hé toa d6 Oxyz, cho mit phang (P): x—2y+2z+8=0 va céac
diém A(=1;2;3), B(3;0;-1). Tim diém M e (P) sao cho MA? + MB? nhé nhét.

, ABZ
e Goi I la trung diem cua AB = I(1; 1; 1). Ta co: MA? + MB?> =2MI* + —— .

Do d@6: MA® + MB? nhé nhét < IM? nho nhat < M la hinh chiéu vuéng géc cuia I trén (P)

x=1+t¢ t=-1
PN IM lip cung phuong PIRPIG M 1-2t e X= 0 Vay M(0; 3; —1).
M e (P) z=1+2t¢ y=3
x—=2y+2z+8=0 z=-1
Cau hoi twong tw:
a) Voi (P): x+y+z=0, A3, 5,-5), B(5,-3, 7). DS: M =0(0; 0; 0).
b) Voi (P): x+5y—-7z—-5=0, A(4;9;-9),B(-10;13;1). bS: M(—%;—%;%).

Cau 11. Trong khong gian v&i hé truc toa dd Oxyz, cho mit phang (P):x+y+z-4=0 va cac
diém A(1;2;1), B(0;1;2). Tim diém M e (P) sao cho MA? +2MB? nhé nhét.

o Gid sir 11a diém thod man: IA+2IB =0 IA = -2IB = 1(%;%;%}

Ta cé: MA* +2MB?* =3MI* + IA% + 2IB*. Do I 6 dinh nén 1A% IB? khong doi.
Vay MA? +2MB? nhé nhdt < MI* nhé nhdt < MI nhé nhdt < M la hinh chiéu ciia I
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trén (P) & M §E1—7
9°9°9

Céu 12. Trong khong gian vo1 h¢ truc toa do Oxyz, cho tam giac ABC véi A(1; 2; 5), B(1; 4; 3),
C(5; 2; 1) va mat phang (P): x—y—-z-3=0. Goi M la mot diém thay doi trén mat phang

(P). Tim gia tri nho nhit cta biéu thuc F = MA? + MB? + MC? . Khi d6 tim toa do ciia M.

e Goi G la trong tdm cua AABC = G(% g 3] GA®? +GB> +GC? = 56 392 +%:%

Ta cé F = MA? + MB* + MC? = (MG+GA) (M—G+@)2+(M—G+R)2

—3MG? + GA? + GB® + GC? + 2MG(GA + GB + GC) = 3MG? + GA? + GB* + GC?
F nhé nhdt < MG’ nhé nhat < M la hinh chiéu cia G lén (P)

E
< MG=d(G,(P))= =
Ji+l+1 33
Viy F nho nhdt bang 3. [ 1\/9_j ﬁ =§ khi M I hinh chiéu ciia G lén (P).
3

Cau hoi twong tu:
a) A(l; -3, 5), B(1, 4, 3), C(4, 2; 1), (P): x—y—z-3=0.

BS: min F =65, M(E —2,i]
3 3°3
b) A(l; 1;0), B0, 1; 1)vaC(2;2; 1), (P): x+3y—z+2=0. DS: M(z—;;%;—%j
c) A1, 2;3),B(3;0,-1),C(1;4,7), (P): x—-2y+2z+6=0. DS:M; 4;1).

Céau 13. Trong khong gian vdi hé truc toa do Oxyz, cho cac diém A(-1;0;1), B(2;-1;0),
C(2;4;2) va mit phang (P): x+y+2z+2=0. Tim toa do diém M thudc (P) sao cho biéu

thirc T = MA? + MB?* + MC? dat gié tri nho nhét.

o Gia s M(x;y;2)€(P) = x+y+2z+2=0 (x-D+(-D+2(z-D+6=0 (1)
Ta cé: T=3(x2+y2+z2—2x—2y—2z)+31=3[(x—1)2+(y—1)2+(z—1)2]+22 )
Tir (1), dp dung BPT Bunhiacépxki cho cdc bé s6: (1;1;2) va (x -1,y —1;z—1), ta dwoe:

(=62 =[1x =D +1y-D+2z -1 <A+ 1+ D[ (x =12 + (3 =12 + (z=1? ]

62 ) x—-1_ y-1 z-1 x=0
=T23.—+22=40. Dau "="xayra=<{ 1 1 2 <y=0 = M(0;0;-1).
6 X+y+2z+2=0 z=-1

Cau 14. Trong khong gian v&i hé truc toa ¢ Oxyz, cho mit phang (P):x+y+z—4=0 va cac

didm A(1;2:1), B(0:1;2), C(0;0;3). Tim diém M e (P) sao cho MA® +3MB? +2MC? nhé
nhét.

e Giai twong tw nhuw Cau 10.

Cau 15. Trong khong gian véi hé truc toa do Oxyz, cho mit phang (P):x—y+z—1=0 va cac

Trang 49




PP toa dp trong khong gian Trin Si Ting

didm A(1;2;-1), B(1;0;—1), C(2;1;=2). Tim diém M e(P) sao cho MA?+ MB?* - MC?
nhoé nhét.

e Giai twong tw nhw Cdau 10. DS: M(% % %)

Cau 16. Trong khong gian véi hé truc toa dd Oxyz, cho mit phang (P):x—y+2z=0 va cac

didm A(1;2;-1), B(3:1;-2), C(1;=2;1). Tim diém M e(P) sao cho MA?—MB* - MC?
nhé nhit.

e Gidi twong tu nhu Cdu 10. BS: M(2;-2;-2).

Céu 17. Trong khong gian voi h¢ toa do Oxyz, cho 3 diém A(3; 1; 1), B(7; 3; 9), C(2; 25 2) va
mit phang (P) c¢6 phuong trinh: x+y+z-3=0. Tim trén (P) dlem M sao cho

MA + 2MB + 3MC| nho nhit.

e Goi I la diém thod: IA+2IB+3IC =0 = 1(%;%%)

Taco: T= |m+2m+3M—C|:‘(ﬁ+ﬁ)+2(ﬁ+ﬁ)+3(ﬁ+ﬁ)‘:|6ﬁ| :6|ﬁ|
Do d6: T nhé nhdt < |Mi| nhé nhdt < M 1a hinh chiéu cia I trén (P). Ta tim dwge:

M(—;—— —j Khi do 1nT=@.
9 3
Cach 2: Gia s M(x;y;2)e(P) = x+y+z-3=0 (1)

2 2 2
Khi do: M12=(x—§] +(y_§] +(Z_2_5j
6 6 6

Ap dung BDPT Bunhiacopxki cho (1), ta dwoc:

(T [u -2 o 2)or (s )] (-2 o2 o (-2

2
:M[2>3(43j @M1243\/§.
18 18
NE
-SSR~ B
Dadu "="xdy ra < 6 _ 6 _ 6 o yz_z @M(g;_%;g)
1 1 1 9 9 99
x+y+z-3=0 Z:E
9
Vay m1nT-3—\/7 khi M(—,—z Ej
9 9 9

Céu 18. Trong khong gian véi hé truc toa do Oxyz, cho mat phang (P):x+y+z-4=0 va cic

diém A(L:2:1), B(0:1:2)., C(0:0:3). Tim diém M e (P) sao cho |MA+3MB+4MC| nho
nhat.

e Giai tuwong tw nhu Cdu 16.

Ciau 19. Trong khong gian véi hé truc toa do Oxyz, cho miat phang (P):x+y+z—1=0 va ba ‘
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diém A(2;1;3),B(0;,-6;2),C(1;—1;4). Tim toa do diém M trén mat phfmg (P) sao cho
|MA + MB +MC| dat gi4 tri bé nhit.

e Dé thdy A,B,C khéng thang hang. Goi G la trong tam tam gidc ABC, thi G(1;-2;3).
Khi do voi moi M € (P) ta co MA+ MB +MC = 3MG do do m+M—B+M—C’| dat gia tri
bé nhat <:>|MG| dat gia tri be nhat < M la hinh chiéu vuong goc cua G trén (P).

(P) c6 VIPT n=(L;1;1). Gia sr M(xy;y4529) € (P)= Xy +y,+2,—1=0 (1).

M 1a hinh chiéu cia G trén (P) < GM = (xo —Lyy+225— 3) cung phuwong voi i

- x,—1 :y0+2 _ 7y~ 3 :(x0—1)+(y0+2)+(zo—3) :(x0+y0+zo—1)—1 -1

1 1 1 1+1+1 3 -3
2 -7 8 2 -7 8
= = =, == V M DU
fo=3 om0 T T [333}
Cau hoi twong tu:
a) (P):x—y+2z=0,A(1;2;-1),B(3;1;-2),C(1;-2;1). bS: M(% % —%)

Céu 20. Trong khong gian vdi hé truc toa do Oxyz, cho mat phéng (P): 3x—-3y+2z+37=0 va
cac diém A(4:1;5),B(3;0;1),C(~1;2;0) . Tim toa do diém M thudc (P) sao cho biéu thuc sau

dat gia tri nho nhat: S = MA.MB + MB.MC + MC.MA

o Gia st M(x;y;z)e(P)= 3x-3y+2z+37=0 (1)

Khids S=3[(x—22 +(y—12 +(z-2*-5].

Ap dung BPT Bunhiacépxki cho (1) ta dwoc:

(—44)? =[3(x-2)=3(y-D+2z-2 <O +9+ 4 (x-22 + (=12 +(z-2)*]
442

= (x=2+(y-17*+(z-2)> > — =88.
22
x=-4
Ddu ”=”xdym<:>x_2=y_1=z_2 e y=7T & M4;7,-2).
3 -3 2 =2

Vay minS =3.88—-5=259 khi M(4;7;,-2).

Céu 21. Trong khong gian véi h¢ truc toa d§ Oxyz, cho céac diém A(0;1;2),B(-1;1;0) va mat
phang (P): x—y+z=0. Tim toa 6 diém M thudc (P) sao cho AMAB vudng cén tai B.

o Gid sir M(x;y:2) € (P). BA=(1;0;2),MB =(x+1L;y—1;7) .

_—1—\/B x_—4+\/ﬁ
3 3
Me(P) x+142z=0
Tacé: {BABM =0 {x—y+z=0 - y=—4+6\/5v y=_2+6\/ﬁ
BA=BM 2 2.2
(x+D"+(-D"+z"=5 Z_—Z—\/B Z_—2+\/B

Céu 22. Trong khong gian véi hé toa do Oxyz, cho cac diém B(-1; \/g; 0), C(l;\/g; 0),
M(0; 0; a) v6i a > 0. Trén truc Oz lay diém N sao cho mit phang (NBC) vudng goc véi mit
phang (MBC). Tim a d¢ thé tich cta khdi chép BCMN nho nhat
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® Vicun = Viose +Vose zg(mrgj dat nhé nhdt < a _3 S a= \/5 )
a a
Dang 2: Xéc dinh diém thudc duong thing
X =-2t
Céu 23. Trong khong gian vdi h¢ toa d§ Oxyz, cho duong thang d:(y=t¢ va mat phang
z=—1-2¢

(P): x+y—z+1=0. Goi d ’ 1a hinh chiéu cua d trén mat phang (P). Tim toa d6 diém H
thudc d” sao cho H cach diém K(1;1;4) mdt khoang bang 5.

x=4+7t
e Goi A =d N (P) = A4-2;3). PT hinh chiéu d’ ciia d trén (P): {y=-2-2t.
7=3+5¢
11+
Gid sit H(4+71,-2~263+50) ed'. KH> =25 & 1= 1228

Cau 24. Trong khong gian voi hé toa do Oxyz, cho hai diém A(1; 4; 2),B(-1; 2; 4) va dudng

théng A:x—]lzy—irz=§. Tim toa d6 diém M trén A sao cho: MA? + MB* =28.
x=1-t

e PTTS cua A:iy=-2+t. Me A= M —-t;,-2+12t)
=2t

Ta cé: MA®> + MB? =28 <> 121> — 48t +48=0 <t =2 = M(-1;0:4)

Cau 25. Trong khong gian toa d0 Oxyz, cho cac diém A(0;1;0),B(2;2;2),C(-2;3;1) va duong
x-1_ y+2 z-3

thing d : 1 . Tim diém M trén d dé thé tich tir dién MABC bing 3.
x=1+2¢ e
ed:<y=-2-t.Giasuw MA+2t;-2-1t;3+2t)ed . ﬁ:——[AB; ACJ=(I; 2: —2)
z=3+2t 3
9 5 < . |—4t—11|
= Sypc =7 - PTmat phang (ABC): x+2y-2z-2=0. h=d(M,(ABC)=————
19 l4r+11 5 17
VMABCZE'E' 3 :3<:>t:_Z hodc t:—?

=M —E;—E;l hodc M —E;g;E )
2 4 2 2 4
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Cau 26. Trong khong gian véi hé toa d6 Oxyz, cho diém M(2; 1; 2) va duong thang d:

X1y ? Tim trén d hai diém A, B sao cho tam gidc ABM déu.

1 1
e Goi H la hinh chiéu ciia M trén d. Ta ¢6: MH = d(M,d) = \/E
Tam gidc ABM déu, nhin MH lam dwong cao nén: MA = MB = AB = WTH =¥
3

x-2_y_z-3

Do db, toa d¢ ciia A, B la nghiém ciahé: { 11 1 .
(=2 +(r=D*+(z=2)" =3

Gidi hé nay ta tim duoc: A[2+£ £ 33+ (j ( £ —g 3—%)

Cau hoi twong tu:

x=1 (5+\/%_10+2\/%_1j B(l—\/%_Z—Z\/%_lj
15 7 15 ) 15 ’

a) Véi M(L,0;=1), d:qy=2t. DS: A =

z=1
(5—\/76_10—%/76_1] B(1+\/76_2+2\/76_1j
15 7 15 ) 15 ’

hodc A
15

Céu 27. Trong khong gian v6i h¢é toa do Oxyz, cho diém A(0; 1; 3) va dudng théng d:
x=1-t
y=2+2¢. Tim trén d hai diém B, C sao cho tam giac ABC déu.
z=3

od c6 VICP ui; =(—1,2;0). Goi H la hinh chiéu vudng géc ciia A trén d.
Gid sir H(1-1; 2+2t3) = AH =(1-1,1+21,0)

Ma AH 1| dnén AH Lii,= —1(1—t)+2(1+2t)20c>t:_% = H(g;%;g}]

= AH = ﬁ . Ma AABC déu nén BC = M_Hzi hay BH = —\/E
5 3 5
2 2
Gia sir B(1—5s;2+25;3) thi (—l—sj +(%+25] =£
5 5 25
1+
2558 +105-2=0 < 15‘/_

6-3 8+243 .| . [6+3 8-243
s T 3 ;3 |va C 5 3

Vay: B 5
hodc 3(62\@;8_?@;3} va C[6_5\E;8+§*@;3J

Cau 28. Trong khong gian v&i hé toa Oxyz, tim trén Ox diém A cach déu duong thang (d) :
Y
2

xT_lz =¥ va mt phang (P) : 2x—y—2z=0.
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2_
2al _ |2dl . dad) _V8a®—24a+36
V22 412 +22 3 3
2a] V8a®—24a+36

d(A4; (P)) =d(4; d) < - 3 3

S4a-3)% =0 a=3.Viy cé mét diém A(3; 0; 0).

e Goi A(a, 0, 0) € Ox = d(A; (P)) =

& 4a® —24a+36=0

Céu 29. Trong khong gian v6i hé toa dd Oxyz, cho mit phang (P): x—2y+2z—1=0 va hai
iy 29, 2L yed 2l v dinh toa d6 diém M
1 1 6 2 1 -2

thudc duong thang A sao cho khoang cach tu M dén duong thang A, va khoang cach tir M
dén mat phing (P) bang nhau.

duong thang A, :

oM (1+¢tt,-9+6t) €A;; ArquaA(l; 3;—1) co vécto chi phwong a= (2; 1, —2)
AM = (t—2:1—3; 61—8) = | AM:a| = (14— 8t 146—20; 4—1)

Tacé:d (M, Ay) =d (M, (P) < V26112 — 7921 1612 :\11;-20\

< 35F - 88t + 53 = 0<bt—lhayt—2 Vay M (0; 1, -3) hay M ﬁﬁi
35 35735735
Cau hoi twong tu:
. -3 y-5 z x-1 2-y z-3
Voi (P): 2x+y+2z—-1= =—"="""A: = =
@) VoI () 2x+y+ 22 1 1 4 4 1 1

DS: M(2;4;1), M(-1;1;4)

Cau 30. Trong khong gian voi hé toa 46 Oxyz, cho hai duong thang A :XT_ :—1 :T va

A Xfl _ )’;1 _ Z—13 . Pudng vubng goc chung cua A va A, cht A tai A, cat A, tai B.

Tinh dién tich AOAB.

o A co VICP u; =(2;-1,1), A, ¢o VICP u, =(1;7,-1)
Gia s A(1+2t;—1;-2+1) € A, B(-1+1,;1+71,;3—1,) € A,.

_— {A_B.ul =0 _ {z] 0= A(10-2) _

AB.i, =0 t,=0 :>B(—1;1;3) OAB ‘[OA,OB]‘ =Y

Ciu 31. Trong khong gian v6i hé toa d6 Oxyz, cho mat phang (P): x—2y+2z—1=0 va cac

1 _3 _5 +5 \ , 3
duongthang d 5 y—3=§; d21x6 :i:Z S . Tim cac diém Med],Ned2 $a0

cho MN // (P) va cach (P) mot khoang bang 2.

x=1+2t
e PTTS ciia d; ld: {y=3-3t. M & d nén toa dg ciia M (1+26,3-31;21).
7=2t

1+26-263-3n+di-1] _, |12t—6|:2<:>[zi1
\/1 +(=2)% +22 1=
+ Véit = 1 ta duge M,(3;0:2); + Véi t = 0 ta duge M, (1:3;0)

Theo dé: d(M;(P)) =
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e Ung v6i M, diém N; € d, can tim phdi la giao ciia dy véi mp qua M; va // (P), goi mp nay
la (Qy). PT (Q) la: (x-3)-2y+2(z-2)=0<=x-2y+2z-7=0 1.
x=5+6¢
PTTS cua d, la: |y =4t (2)
z=-5-5t
Thay (2) vao (1), ta dwoc: t =—1. Piém N; can tim la N;i(—1,—4;0).
e Ung véi M, twong ti tim diege No(5;0,5).

Cau 32. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P): 2x—y+2z—1=0 va céc

—1 -3 -5 +5 .2
_rT dzzx—zlzz—. Tim céac diém A€d,, Bed, sao
1 -2 3 4 2

cho AB // (P) va AB céch (P) mot khoang bang 1.

duong thiang d,:

o Gia su: AQ2t; + 1,1, +3,-2t,) e d,, B(3t, +5,4t,,2t,-5) e d,
AB = (3t, - 21, + 4,41, —1, =3,21, +21, - 5)
A—B.ﬁp =023, -2t +4)—41, +1,+3+2(21, + 21, -5) =0 <= 61, +1, +1=0

‘4tl+2—tl—3—4tl—1‘ ‘t1+2‘ t=-5
B || (P)= d(AB,(P))=d(A,(P))= 3 = 3 =1 . 1
=

. Vi t1:—5:>t2—§:>A( ~9;-2:10), 3(72%]

o V5i t1=1:>t2—?1:>A(3 4,-2), 3(4?4 %j

Cau 33. Trong khéng gian vo1 hé toa d§ Oxyz, cho ba diém A(1; 5; 4), B(0; 1; 1), C(1; 2; 1). Tim
toa do diém D thudc duong thang AB sao cho d6 dai doan thang CD nho nhat

x=1-t
e Ta c¢é AB =(-1;—4;-3). Phuong trinh dwong thang AB: {y =5-4t.
z=4-3t

Goi D(1-a;5—4a;4—3a)e AB = DC = (a;4a—-3;3a-3).
D¢ dai doan CD ngdn nhat < D la hinh chiéu vuéng géc ciia C trén canh AB < AB 1L DC

& —a—-16a+12-9a+9=0 < azg. Vay: D i;ﬁ;ﬂ .
26 26 26 26
R n . A R C e B x+1 y z-1 |
Céu 34. Trong khong gian v6i h¢ toa do Oxyz, cho hai duong thang 4, : 5 :T: " va

d, 222 22 Tim céc didm M thudc d;, N thudc d, sao cho duong thang MN song song
1 1 2

v6i mit phing (P): x—y+z+2012=0 va d6 dai doan MN bing ~/2 .

eLiy Med.Ned,. Taco {MN I EF) {MN "PJ_O M(O;O;O),N(—7;—%;§j.
= MN

. . . 1
Cau 35. Trong khong gian véi hé toa do Oxyz, cho duong thang d :%:—:T va cac
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diém A(1;0;0),B(0;1;1),C(0;0;2) . Tim diém M thudc d sao cho goc gilta hai mat phéng
(MAB) va (CAB) bang o =30°.

e DS: M(0;-2;1).

Chu 36. Trong khong gian voi hé toa dd Oxyz, cho hai duong thiang co phuong trinh:

x=1+t¢
-1 ) 2 2
(AD:qy=-1-tva (4)): —3:y—:§. Xac dinh diém A trén A; va diém B trén A, sao

z7=2
cho doan AB c6 dd dai nhé nhét.

o Giasw A(t+1; —t—1;,2)e A;, B(t'+3; 2t'+1; t")e A, = AB = (—t'—t+2;2t'+t+2;t'-2)

Vi doan AB co do dai nhé nhat < AB la doan vuéng géc chung ciia (Ay) va (Az)

_ JABLuw _ [ABu =0 {2t+3t,=0<:>t:t':0:>/1(1; ~1;2), BG3; 1, 0).
AB Lur | ABan=0" |31+61'=0

Ciau 37. Trong khong gian véi hé toa do Oxyz, cho hai diém A(l;-1; 2), B(3; — 4; =2) va duong

x=2+4t
thing d:{y=—6¢ . Tim diém I trén duong thiang d sao cho IA + IB dat gia tri nho nhét.
z=-1-38t¢

e AB=(2-3—4)= AB //d. Goi A, la diém ddi ximg ciia A qua d.
Tacé: 1A+ IB=14; +IB > A;B . Do dé IA + IB dat gid tri nhé nhdt bang A;B. Khi dé A,
I, B thang hang = 1 la giao diém cua A;B va d. Vi AB //d nén I la trung diém cua A,B.

Goi H la hinh chiéu cia A lén d. Tim dwoc H E;ﬁ;E LA’ doi xung voi A qua H nén
29 29 29
A’ ﬁ;ﬁ;—§ I la trung diém ciia A’B suy ra I 6, ﬂ 143
29 29 29 29" 58 729

Cau hoi twong tu:

a) Véi A(l;—1;2), B(3;—4;-2), X2y Ps- 1[% 9. _Ej
4 -6 -8 29 29 29
2_y 24 BS: 1(2;0;4).
3 -2 2

Ciau 38. Trong khong gian véi hé toa dd Oxyz, cho hai diém A(1; 5; 0), B(3; 3; 6) va duong
x+1 y-1 z

thang A: T: " :E.Tim toa do diém M trén A sao cho AMAB c¢6 dién tich nho nhat.
x=-1+2¢

e PTTS cua A: \y=1—-t . Goi M(—-1+2t;1-1;2t) € A
z=2t

Dién tich AMAB la S =%\[@,A—B]\ V1812 ~361 +216 = {18t~ 1)> +198 > /198

Vay Min S = N198 khi t =1 hay M(1; 0; 2).
Cau hoi twong tu:

x—1_ y+12 ~I23 0 ps M(-3:00), min5=¥

a) Voi A(0;1;0),B(2;2;2), A:
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b) Véi A(2;—11), B(0;1;-2), A % y—‘fz%l DS: M(—5;8;—11),min52@
&) Voi A(0;1:-2), BQ23—1;1),A: xllzy‘lzzz;. PS: M(<2:5-5),minS =22
—-l= 1 2 3
d) Véi A2:—1:1).B(l:—1:0),A: { X +Y =2 ~1=0 DS: M(—;——;——j,
) O‘l ( b 2 )’ ( 2 ’0)7 {Zx_y_ =0 6 3 2
-1 g=£ DS: M(—E,g,ﬁj
11 2 7777

Céu 39. Trong khong gian véi hé toa d§ Oxyz, cho ba diém A(5;8;,-11), B(3;5;—4), C(2;1;-6)
-1 y-2 z-

1

cho |MA — MB - MC| dat gi4 tri nho nhét.

> 1 . 2 )
va duong thang d: al . Xéc dinh toa do diém M thudc duong thang d sao

o Gid sir M2t +1:2t+ 21+ 1) ed = MA—MB—MC = (=21 —1;—21 — 4; 1)

2
MA-MB-MC| = \/(2z+1)2+(2r+4)2+r2 =\/9(r+%j +§ >@

3

; 11 2 1
Dau "="xay ra t=—% = M(——-__-__j

Céu 40. Trong khong gian véi hé truc toa d§ Oxyz, cho (P): x+2y—z+5=0 diém A(-2;3;4)
va duong thiang (d): %3 =y+1=z-3. Goi A la dudng thang nam trén (P) di qua giao
diém cua (d) va (P) dong thoi vudng goc véi d. Tim trén A diém M sao cho khoang cach AM
ngan nhat.

x=2t-3

e PTTS ciiad: {y=t—1 . Goilla giao diém ciia (d) va (P) = 1(~1;0;4)
z=t+3

(d) c6 VICP la @ =(2;1;1), (P)cd VIPTla ii =(1;2;-1) = [a,7i] = (=3;3;3).

x=1-u
Goi u la vecto chi phuwong cua A = u=(-1;1;1) =>A:{y=u
z=4+u

ViMeA= M(-1-uu;4+u), :m:(l—u;u—?);u)

, . —_— 4
AM ngan nhat < AM 1 A <:>AM.u:O<:>—1(1—u)+1(u—3)+1.u:0<:>qu

Viy M el
333

Cau 41. Trong khong gian Oxyz, cho hai diém A(-1; —1; 2), B(-2; -2; 1) va mat phang (P) c6
phuong trinh x +3y—z+2=0. Viét phuong trinh mit phang (Q) 1a mit phing trung truc

cia doan AB. Goi A la giao tuyén cua (P) va (Q). Tim diém M thudc A sao cho d6 dai doan
thang OM 14 nho nhat.

e Goi I la trung diém ciia AB = 1(73 ?3 ) AB=(-1;-1;-1)

le
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= PT (Q): x+y+z+%:0
. i, \ , 7 1
A la giao tuyén cua (P) va (Q) = PTTS cua A: x:—Z+2t; y=-1 z:Z—t.

Gid sir M(—z+2z;—r;l—rjeA; OM = 6r2—§r+§.
4 4 2 8

OM nhé nhat khi t=§:> M(—l;—i;—i)

2 8 8
A n . e 1A R C o 2 x=3 y z+1
Céu 42. Trong khong gian vdi hé toa Ao Oxyz, cho hai duong thang (d;): " = T = 5 (dy):
al _12 - y_gz - f Mot dudng thing (A) di qua diém A(1; 2; 3), cht duong thing (d;) tai

diém B va cit duong thiang (d,) tai diém C. Ching minh rang diém B 1a trung diém ciia doan
thang AC.

e Ldy B € (dy), C € (d5). Tir: AB=kKAC = k =% = B 1 trung diém ciia doan thing AC,
Ta c6 thé tinh dwoc B(2; —1; 1), C(3; —4; —1).

Ciau 43. Trong khong gian v6i hé toa do Oxyz, cho hai diém E(2;1;5), F(4;3;9). Goi A 1a giao
tuyén cua hai mat phang (P): 2x+y—z+ 1 = 0 va (Q): x—y+2z—7 = 0. Tim diém /
thudc A sao cho: ‘IE - IF‘ 16n nhat .

x=1+t x=2+1
o PTTS ciia A: \y=-5t . PTTS cia EF: {y=1+1¢" .
7=3-3t z=5+2¢

Xéthé: {-5t=1+1 = EF cdt Atai A(1;0;3).
3-3t=5+2¢

Trong mp(A,EF) moi diém I € Ata cé ‘IE—IF‘ < EF (hiéu 2 canh trong I tam gidc nho hon

1+t=2+¢
@{t’io

canh thir 3). Ddu "=" xdy ra < 1, E, F thang hang, tir d6 suy ra I tring A.
Vay diem 1(1,0;3).

Ciu 44. Trong khong gian véi hé toa do Oxyz, cho dudng thing d:f:%:f va hai diém

A(0;0;3), B(0;3;3). Tim diém M € d sao cho:

a) MA + MB nho nhit. b) MA2 +2MB? nhé nhdt. ) |MA—3MB| nhé nhit.
x=t
ea) PTTS ciad: {y=t. Goi M(1;t;t) e d . Ta c6: P=«@(\/(z—1)2+2+\/(z—2)2+2)
Z=1
Xét ham s6 F()=A(t=17 +2+:J1=27+2 = () =0l 172
\/(t—1)2+2 \/(t—2)2+2
t—1 t—2 t—1 —(t-2)

fH=0< (*)

= — = =
Jo-0*+2  Je-22+2  Je-12+2 \/[—(z—z)]2+2
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, 1 2
Xét ham so g(u) = Y Tac &)= Vu? +2 —u. u — = >0
Vu? +2 Ji2+2 ) u?+2 \/(u2+2)3

nén ham so g dong bién trén R .

Do dé tir (%), ta ¢6 g(t—l):g[—(t—z)]@t—1=—t+2@t=%

Duea vao BBT ciia ham sé [ ta suy ra min f(t) = f{%j =3.

Vdy min(MA + MB) :3\/5 dat dwoc tai t:%, tue la M(%,%,%j
b) Tuong tw cdu 1), ta tinh duge Q = MA? +2MB? =9t* =301 +45 = 3t =5)> +20.
= minQ =20 khi t=§, twe M é;é;é .
3 2°2°2
¢) Theo cau 1), ta c6 MA =(—t;—t;3—1), MB = (~t;3—1;3—1).

Suy ra MA-2MB = (1;1 —6;1~3) =|MA—2MB| =32 =181+ 45 =3¢ =3 +18 > 342
Vay min|MA —2MBl =332 khi 1 =3, tiie M(3;3;3).
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Dang 3: Xac dinh diém thudc miit cau

Cau 45. Trong khong gian v6i h¢ toa do Oxyz, cho mat cau (S): X%+ y2 +7 +4x— 6y+m=0
va duong thing (d) 1a giao tuyén cua 2 mit phing (P): 2x—2y—z+1=0, (Q):
x+2y-2z—4=0va.Tim m dé (S) cat (d) tai 2 diém M, N sao cho d6 dai MN = 8.

e (S) tam 1(~2,3;0), ban kinh R=~13—m =IM (m <13). Goi H la trung diém ciia MN
=>MH=4=IH=d(I; d)=N-m
_ ‘[u AI ‘

(d) qua A(0;1;-1), VICP u= (2;1,2)=>d(; d) =

Vay : N\-m-3 =3 < m=-12.

Cau 46. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P): x+y—z+3=0 va mit cdu

(S): x%+y*+ 72 —6x—8y—2z+23=0. Tim trén (S) diém M sao cho khoang cach tir M dén
mat phang (P) 13 16n nhét. Khi do hay viét phuong trinh mit cau (T) ¢6 tim M va cét (P)
theo mot duong tron c6 ban kinh bang 4.

o Mt cdu (S) c6 tam 1(3;4;1), ban kinh R =~/3

x=3+t
Goi d la dwong thang qua I vuéng goéc véi (P) = PTTS cia d: {y =4+t
z=1-t

Khi d6 M la giao diém cia d véi (S) = Toa do diém M la nghiém cia hé:

y=4+l x=4 x=2 . N
z=1-1 S1yo5Y]y=3 = MES0,My(232)
4y 4 —6x-8y-27+23=0 |z2=0 |z=2

Ta thdy d(M,,(P)) =43 > d(M,,(P)) =23 Viy M(4;5;0) la diém cdn tim.

Mt cu (T) cé R' =\ MH? + HE? =\/(4\/§)2 +42 =8 = (T):(x-4)>+(y-5°+72 =64

Cau 47. Trong khong gian véi hé toa d§ Oxyz, cho mat cau (S) va mat phfmg (P) c6 phuong
trinh 1a (S):x2+y? +22—4x+2y—6z+5=0,(P):2x+2y—z+16=0. Piém M di dong

trén (S) va diém N di dong trén (P). Tinh do dai ngan nhat ctia doan thang MN. Xac dinh vi
tri cua M, N tuong ing.

o Mt cau (S) tam 1(2,—13) va cé ban kinh R = 3.
2.2+2.(-1)-3+16]
3 =5=d>R.
Do @6 (P) va (S) khéng c6 diém chung. Do vy, min MN =d —R = 5 -3 = 2.
Trong trwong hop nay, M o vi tri My va N o vi tri N. Dé thay Ny la hinh chiéu vuéng goc
cua I trén matphang (P) va My la giao diém ciia doan thang INy véi mat cdu (S).
Goi A la dwong thang di qua I va vudng géc voi (P), thi Ny la giao diém ciia A va (P).

Khodng cach tir I dén mdt phang (P): d = d(I,(P)) =

xX=2+2t
Puwong thang A ¢é VICP la np = (2;2;—1) va qua I nén co phwong trinh la {y =-1+2t.
z=3-t

Toa do cua Ny urng voi t nghiém dung phwong trinh:

Trang 60




Trin Si Ting PP tog dj trong khong gian

202+26)+2(=1+2)=B-1)+16 =0 <9t +15= 0<:>t——§=—§

3

Suyra N, (—%'—g %j Ta co IM :%IN Suy ra My(0;,-3;4)

Cau hoi twong tu:

a) (S)iX2+y2+Z2—4x—4y+2z=0; (P):2x+y-2z+4=0.

DS: MQ2-22:2-2:-1+22), N(?z ?1 %)

Céu 48. Trong khong gian toa d§ Ox)z , cho diém A(0;1;1),B(1;0;-3),C(~1;—2;—3) va mit cau (S) co

phuong trinh:  x% + y? + 22 —=2x+2z—2=0. Tim toa d diém D trén mit cAu (S) sao cho tir dién
ABCD c0 thé tich 16n nhét.

o (S) co tam I(l; 0; —1), ban kinh R=2. PT mp(ABC): 2x-2y+z+1=0

Tacé Vygep = d(D;(ABC)).S g Mén Vg 16n nhit & d(D;(ABC)) I6m nhdt .

Goi D\D, la dwo"ng kinh cia (S) vuéng géc véi mp(ABC). Ta thdy véi D la 1 diém bdt ky
thugc (S) thi d(D;(ABC)) < max{d(Dl;(ABC)); d(Dz;(ABC))} .
Dau “=""xay ra khi D trung voi D; hoac D;.
DD, di qua I(1,0;,~1), va c6 VTCP la ﬁABC =(2;-2;1)
= D\D,: {x=1+2y=-26z=—1+1
x=1+2¢

2
) y=-2t 73

Toa do D;va D, thoa: =
z=—1+t¢ t—_2
(x=D*+y*+(z+1)* =4 3

N I A
33 3 33 3
7 4 1

Ta thcfy.‘ d(D;;(ABC)) > d(D,;(ABC)). Vay diém D(g —5 —gj la diém can tim.

Trang 61



PP toa dp trong khong gian Trin Si Ting

Dang 4: Xac dinh diém trong khong gian

Cau 49. Trong khong gian v6i hé toa d6 Oxyz, cho mit phing (a): 3x+2y—z+4=0 va hai
diém A(4;0;0) , B(0:4;0) .Goi I 1a trung diém cua doan théng AB. Xac dinh toa do diém K
sao cho KI vudng goc v&i mit phang (o), ddng thoi K cach déu gbe toa do O va (o).

o [(2;2;0). PT duong thing KI: XT_z - y—;2 - il .
Goi H 1 hinh chiéu cua I trén (o): H(~1;0;1). Gid sir K(Xo;Vo;Z).
Xy — 2 Yo~ 2 _ %
Ta c6: KH = KO < 3 2 -1 :>K(—

\/(xo + 1)2 + yO2 + (zo - 1)2 = \/xoz + yo2 + z02

Cau 50. Trong khong gian véi h¢ toa do Oxyz, cho 4 diém A(2;4;-1), B(1:4;-1), C(2:4;3),
D(2;2;-1). Tim toa d6 diém M @& MA% + MB*+ MC? + MD? dat gi4 tri nh6 nhat.

e Goi G la trong tam cua ABCD ta co: G(%;E;Oj.

3
Ta c6: MA* + MB* + MC? + MD? = 4MG? + GA* + GB* + GC? + GD*?
> GA®? +GB? +GC? +GD? . Déu bing xdy ra khi M = GG;%;O].

Céu 51. Trong khong gian vé6i hé toa do Oxyz, cho mit phang (P): x+y+z+3=0 va diém A(0;
1; 2). Tim toa d6 diém A’ dbi xtmg v6i A qua mit phang (P).

e (P) c6 VTPT 7i = (I;1;1). Gia sir A'(x; y; z).

, 1 2
Goi I la trung diem cua AA" = I(ﬁ;&;ij.
22 2
A’ d6i ximg véi A qua (P)Q{AA,iicangphwdng =l ll :2 & qy=-3
Ie(P) Xl 22 s =2
2 2 2

Vay:  A'(-4;-3;-2).

Cau 52. Trong khong gian voi hé toa do Oxyz, cho céac diém A(1;0;0), B(0;1;0), C(0;3;2) va
mat phéng (@): x+2y+2=0. Tim toa d6 cua diém M biét réng M cach déu cac diém
A, B, C vamait phfmg (o).

o Gia sur M(xy;Y:%)-

MA = MB (X -1 +y(2) +z(2) :x(z) + (¥, —1)? +Z§ 1)
Taco: \MB=MC & x5 +(y =1 +2) =¥+ =3 +(z =2 )
MA=d(M, (o)) oy +2)2
(xg =17 +y2 + 2 = S0 ZO ) 3)
e 23 23 14 = M(;1;2) hodc M(ﬁ;ﬁ;_ﬁj_
YT YT T TS 3 3 3

Cau 53. Trong khong gian v6i hé toa do Owxyz, cho hinh chép tam gidc déu S.ABC, biét
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A(3;0,0), B(0;3;0), C(0;0;3). Tim toa d6 dinh S biét thé tich khdi chép S.ABC bang 36.

e Phuong trinh (ABC):x+y+z-3=0.

AABC c6 trong tam G(1;1;1)va AB= BC= CA= 3\/5:,3 Sapc = #

Do hinh chop S.ABC déu nén dwong thcfng SG qua G va vuong goc voi (ABC)
x=1+¢

Phuong trinh SG:{y=1+1t. Gia s S(1+t;1+t;1+1)
z=1+t

Ta co : VS.ABc=36=%SG. Supc © t=8,t=-8. Vay: $(9;9;9) hoac S(-7;,-7;-7).

Dang 5: Xac dinh diém trong da giac

Céu 54. Trong khong gian véi hé truc toa d§ Oxyz, cho ba diém A(1;0;0), B(0;2;0), C(0;0;3).
Tim toa d¢ tryc tdm cua tam giac ABC.

e Ldp phuong trinh mp(ABC); (P) qua A va (P) L BC; (Q) qua B va (Q) L AC
; . 36 18 12
Giai hé gom ba phwong trinh ba mat phang trén ta duoc truc tam H| —;—;—
iai hé gom ba phwong trinh ba mdt phang trén ta dwoc truc tam [49 29 49}
Cdu hoi twong tu:
a) Voi A(3,0,0), B(0;1;4), C(1,2;2). DS:

Cau 55. Trong khong gian véi hé toa do Oxyz, cho cac diém A(-1;3;5), B(—4;3;2), C(0;2:1).
Tim toa d6 tim dudng tron ngoai tiép tam giac 4BC.

e Ta co: AB=BC=CA=3\/E = AABC déu. Do d6 tam I ciia dwong tron ngoai tiép

AABC ciing la trong tdm ciia né. Két ludn: I(—%;%;gj.

Céu 56. Trong khong gian véi hé toa do Oxyz, cho géc diém A(-1;0; 1), B(1; 2; -1), C(-1; 2; 3).
Tim toa d§ tam va ban kinh dudng tron ngoai tiép tam giac ABC.

o Tu c6: AB= (2;2;-2), AC = (0;2:2). Suy ra phwong trinh mdt phang trung triec ciia AB,
AC la: x+y—-z-1=0,y+z-3=0.
VTPT ciia mp(ABC) la 7i =| AB,AC | = (8;—4:4). Suy ra (ABC): 2x—y+z+1=0.
x+y—-z—-1=0 x=0
Giai hé: y+2z-3=0 =43y=2.S8uyratim duong tron la 1(0;2;1).
2x—y+z+1=0 z=1

Ban kinh la R=1A= \/(—1—0)2 +(0_2)2 +(1_1)2 - \/g

Céu 57. Trong khong gian véi hé truc toa d§ Oxyz, cho ba diém A(2;3;1), B(-1;,2;0),C(1;1;-2).
Tim toa d¢ tryc tdm H va tam dudng tron ngoai tiép tam gidc ABC.

e H(x;y;z) la truc tam cua AABC < BH | AC,CH 1 AB,H € (ABC)
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BH.AC =0
[15’15’ 3)

O AR 2 2 1
<<CH.AB=0 @{x:i;yzﬁ;zz_ _-_9-__
[AB,AC]AH =0
I(x;y;z) la tam dwong tron ngoai tiép AABC < Al = BI = CI, I € (ABC)

AL*=BI” 14 6l 1 14 61 1
o {cr? =Br? @{X=E;y=%;z=—gzl[g;%;—§)
[ AB,AC] Al =0

Céu 58. Trong khong gian vo1 hé toa d§ Oxyz, cho ba diém A(-1;0;1),B(1;2;-1),C(~1;2:3) va
I'1a tam duong tron ngoai tiép tam giac ABC. Lap phuong trinh mat cau (S) c6 tim / va tiép
xuc vo1 mat phang (Oxz).

e Phuong trinh (ABC):2x—y+z+1=0. Goi I(x;y;z).
JA=IB=IC = x+y—7-1=0,y+2z-3=0 (1); [e(ABC)=2x—y+z+1=0 (2)
Tw (1) (2)= 1(0; 2;1). Ban kinh mat caula R= d(1,(0xz))=2

=):x*+(y-2%+(z-1)* =4

Céau 59. Trong khong gian vdi hé toa do Oxyz, cho tam gidc ABC c6 A(3;1;0), B nam trén mat
phfmg (Oxy)vaC nam trén truc Oz. Tim toa d6 cac diém B, C sao cho diém H(2;1;1) 1a truc
tam cua tam giac ABC.

e Gia su B(x;y;0) € (Oxy),C(0;0;2) € Oz.
AH L BC AH.BC=0
H la truec tam cua AABC < YCH 1 AB < 1CH.AB=0
AB,AC,AH déng phéng || AB.AH |.AC =0
x_—3—\/177_y_17+ 177 3+~N177
& 32x+y-7=0 & 4 ’ 2 ’ 4
3x—3y+yz—2z=0 x=—3+\/177_y=17— 177 =3—\/177
4 7 2 4

:B(—3—\/177;17+ 177;Oj’c(0;0;3+\/177j
4 2 4
hode B[—3+4 177;17—\/1 7;0]’C(0;0;3—_ \4/177]

2

x+z=0

2

Céu 60. Trong khong gian Oxyz, cho diém A(3; 2; 3) va hai dudong thing c6 phuong trinh
-2 - - -1 -4 z-
dlzx _y 3:z 3V£1 dz:x _y _z 3
1 1 -2 1 -2 1
diém A cung nam trong mot mat phang. Xac dinh toa d6 cac dinh B va C cua tam giac ABC
biét d; chira duong cao BH va d, chtra duong trung tuyén CM cua tam giac ABC.

. Chimg minh duong thang d;, d, va

od; qua M;(2; 3; 3), ¢c6 VICP @=(1;1;-2); d>qua Ms(1; 4; 3) ¢c6 VICP b =(1;-2;1)
Ta co [c?,l;] ¢6 , [;,B].Mle =0 =d,,d, cdt nhau.
Phurong trinh mdt phang chira d,dy,: x+y+z-8=0 Aemp(d,.d,).

Gid st BQ2+1:3+ 13- 20)e d, = trung diém ciia AB 1a M(%;%ﬁ—t}
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Med, = t=-1= M(2;2;4) = B(1;2;5).
Gid sit C+1,4-263+1)ed,. AC La =1=0= C(1;4:2)

Cau 61. Trong khong gian voi h¢ toa d6 Oxyz, cho cho tam giac ABC ¢6 A(3,2;3), dudng cao
CH, duong phan giac trong BM cua goc B lan luot c6 phuong trinh Ia
-2 - - -1 -4 z-
dl:x _y-3_z 3,d2:x _y—4_z-3
1 1 -2 1 -2
tam giac ABC.

. Tinh d¢ dai cac canh cua tam gidc cua

e Goi (P) la mdt phang di qua A va vudng géc véi d = (P): x+y-2z+1=0. B la giao
diém ciia d, véi (P) = B(1;4;3).

Goi (Q) la mat phang di qua A va vuéng goc véi dy =(0Q): x-2y+z2-2=0.GoiK la
giao diém cia d, voi (Q) = K(2,2;4). Goi E la diém déi ximg ciia A qua K = E(1;2;5).

x=1
Phirong trinh dwong thang BE la {y =4 —t. C la giao diém ciia BE va CH = C(1;2;5).
z=3+t1

Ta ¢6 AB = AC = BC = 2\2 = Tam gidc ABC déu.

Cau 62. Trong khong gian véi h¢ toa do Oxyz, cho hinh thang can ABCD véi A(3;—1;—2),
B(1;5;1), €(2;3;3), trong d6 AB la day 16n, CD la d4y nho. Tim toa d6 diém D.

® Do ABCD la hinh thang can nén AD = BC = 3.
Goi A la duong thang qua C va song song voi AB, (S) la mat cau tam A ban kinh R = 3.
Piém D can tim la giao diém ciia A va (S).
. x=2-2t
Puong thang A cé vecto chi phirong AB = (—2;6;3) nén co phuwong trinh: <y =3+6¢
7=3+3t

Phuwong trinh mdt cau (S): (x — 3)2 +(y+ 1)2 +(z+ 2)2 =9
Toa d¢ diém D thoa H¢é PT:

x=2-2t

y=3+6t ) t=-1
7=3+3¢ =49t +82t+33=0< :_ﬁ
(x—3)2+(y+1)2+(z+2)2:9 49

o Vit =—1, thi D(4; —3; 0) : khong thod vi AB = CD =7

e Voi t——£:>D @;—2 48 (nhdn)
49 49 49 49

Céu 63. Trong khong gian voi hé toa d§ Oxyz, cho hinh thoi ABCD vé1 A(-1;2;1), B(2;3;2).
Tim toa d6 cac dinh C, D va viét phuong trinh mit phang chtra hinh thoi d6 biét rang tam I

ctia hinh thoi thudc dudng thang d : ;11 = ll = % va diém D c6 hoanh d6 am.

o GoiHel—m—n2+¢)ed.TacéL4=(n2+m—1—n,f§=(3+u3+u—ﬂ.

Do ABCD la hinh thoi nén IAIB =03 +9t+6=0<>t=—1, t=-2.
Vi C doi xitng véi A qua I va D doi xieng véi B qua I nén:
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+ Voi t=—-1=1(0;1;1) = C(1;0;1), D(-2;-1;0).
+ Voi t=-2=1(1;2;0)= C(3;2;-1), D(0;1;-2)
Do D c6 hoanh do am nén ta chon dwoc nghiem C(1;0;1), D(-2;-1;0)
+ Goi (P) la mdt phang chira hinh thoi ABCD, gid sit (P) ¢6 VIPT 7
Ta ¢6 {ﬁ LIA=CLEO) 6 10é chon 7 = IA,IB | = (1:1:—4)

n 1l IB=(2;2;1)
Suy ra phirong trinh mdt phang (P):x+y—-4z+3=0..

Céu 64. Trong khong gian voi hé toa dO Oxyz, cho hinh chép S.ABCD c6 ddy ABCD 1a hinh

vuong, A(1;0;0), C(=1;2;0), D(=1;0;0), S(0;0:+/3) . Goi M, N lan luot la trung didm cua
doan SB va CD. Chimg minh rang hai duong thang AM va BN vudng goc v6i nhau va xéc
dinh toa d§ tdm ctuia duong tron ngoai ti€p tam giac ONB.

o A—B = D—C = B(1; 2; 0). M la trung diém SB, N la trung diém CD
1 .
:M[E;l;gl, N(=I1; 1; 0) = AM L BN. Vi AONB nam trong mp(Oxy) nén tam I cua

dwong tron ngoqi tiép AONB thudc mp(Oxy).

_ . [10=IN 1.7
I(x:v: T N I == '
Goi 1(x;y;0). Ta c6 {]0:18 = (6’6’0]

Cau 65. Trong khong gian v6i hé toa d0 Oxyz, cho hinh vudng MNPQ c6 M(5;3;-1),
P(2;3;—-4). Tim toa d0 dinh Q biét rfmg dinh N nam trong mat phfmg
(R):x+y—-z—-6=0.

e Goi I la tam hinh vuong = I(%ﬁ;—%j. Goi N(a;b;c)e(R). M—P =(-3;0;,-3).

ﬁz(a_%?b—&ﬁgj; MP=32 = 1N=—3‘5.

2
NE(R) a+b—C_6=0
Tacé: |IN LMP < |3 a—z -3 c+§ =0 PN a=2,b=3,c=-1
2 2 a=3,b=lc=-2
32 ; ,
IN=—- 7 2 5V 9
2 a——| +(b=-3Y+|c+=| ==
2 2) 2
e Néu N(2;3-1) thi Q(5;3;—4). o Néu N(3;1;—2) thi 0(4:5;-3).

Cau 66. Trong khong gian véi hé toa do Oxyz, cho hinh vudéng ABCD, biét B(3;0;8),
D(=5;—4;0) va dinh A thudc mit phang (Oxy). Tim toa d diém C.

e Ta c6 trung diém BD la I(-1,-2; 4), BD = 12 va diém A thuéc mp(Oxy) nén A(a; b, 0).
AB? = AD?

ABCD la hinh vuéng = 1 o
Al* = (EBDJ

(a=3)% +b*+8 =(a+5> +(b+4)°
(a+1)?+(b+2)* +4> =36

—4_ _ a=—— _
o b=d-2a L el heae 5 oA 2: 00 hoae A 7140
(@+1)?+(6-2a =20  |b=2 —14 575
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o V6i A(l; 2; 0) = C(-3,~6; 8) o V5i A(%;_TM;OJ = C(_Tm;?;sj.

Cau 67. Trong khong gian véi hé toa do Oxyz, cho hinh vudng ABCD, biét A(1;2;0),C(2:3;-4).
va dinh B nam trén mit phang (Q): x +2y+z—3=0. Tim toa do cia dinh D, biét toa do cta
B 14 nhitng s6 nguyén.

e AC=3V2 = AB=3. Goi B(x;y;2).

B e(Q) x+2y+z=3 (1)
Tacé: JAB=CB & {(x-1+(0 -2 +22=(x-2 +(y-3)* +(x+4)* (2)
AB=3 (x=D*+ (-2 +22=9 (3)

e x=-Ly=1z=2 = B(-11;2). Viay D(4;4;,-6).

Chdédn thanh cam on cdc ban déng nghiép va cac em hoc sinh da doc tdp tai liéu nay.
transitung tv@yahoo.com

S e
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