CHUYEN PE

BAT PANG THUC TiCH PHAN
VA MOT SO BAI TOAN LIEN QUAN

A. KIEN THUC CO BAN

Cho céc hamsb y = f(x) va y=g(x) c6 dao ham lién tuc trén [a;5]. Khi do:

J Néu f(x)Zg(x) v&i moi xe[a;b] thi jf(x)dejig(x)dx.

b b
. Néu f(x)20 v6imoi xe[a;b] thi J.f(x)deO.Héqué: jfz(x)dx:0<:>f(x)=0.

b

b 2
. Bét déng thirc Holder (Cauchy — Schwarz): Uf(x)g(x) dxj < jfz (x)de.g2 (x)dx.
Diéng thirc xdy ra khi va chi khi f(x)=kg(x) véi keR.

B. BAITAP

Caul: Chohamsd y=f(x) c6 dao ham lién tuc trén [0;2] ddng thoi thda man diéu kién f(2)=2,
2 2 2
[ 3 (x)dx =0, va [ f'(x)] dr=10. Hay tinh tich phan 7 = [ " f (x)dx ?

0 0 0

Loi giai

oL 2 1,
Ta c6: Oza_gf(x)dx =% f(x)

(2)—%.2[x2f'(x)dx:> .:[fo'(x)dx:8 .

0

2 2 2
Cach 1: Két hop ”:f'(x)]2 dx =10, Ixzf'(x)dx:8 va jx%lxz% ta duoc:
0 0

0

1

j{[f'(x)]z_%xzf'(x)Jr%x“}dx:10—?+%,%:0©j[f'(x)_%xz} dr=0< f'(x)z%xz_

2

2 2
Cich 2: 64=“x2f'(x)dx] ij“dxj[f'(x)]zdx:%10:64.Déngthﬁ:c xay rakhi: f'(x)=ke’.
0 0 0

32
5

5

2 2
V‘18:Z|;x2f'(x)dx=k£x4dx: k@k:%: f'(x)zzx2 .

3 2
Khi do: f(x)—si—i vi f(1)=2.Khi d6 thay vao tich phan I:Ixzf(x)dng.
0

12 03




Céu2: Chohamsd y=f(x) c6 dao ham lién tuc trén [0;1] dong thoi thoa man diéu kién f(1)=2,

jf(x)dxz% j x)] dx :—5 . Hay tinh tich phan 7 = jxf )dx ?
0 0

Loi giai

1
Ta co6: —:I dx xf
0

:) _:[f( dx 2- jxf dx@le‘(x)dxz%.

. ) (s N2 o 25 ¢ 5 1 _
Cach 1: Két hop j[f (x)] dx:?, Ixf (x)dng va .([xzdng ta duoc:

0

jf{ —10xf( )+25x2}d ?—53—0+§ 0c>j-[f'(x)—5x]2dx:0© f'(x):5x.

25 (| oL » 125 25
Cach 2: ?:Uxf'(x)de S!xzdx!.[f'(x)] dx—g?:? Déng thire xdy ra khi: f'(x)=kx.

1 1
Vi %zj-xf'(x)dx=k.|.x2dx=%k<:>k:5: f'(x)=5x .
0 0

s 5x° 1 [5x°
Khi do f()C) 7—5 I dx '!7——61

7'[

Cau3: Cho ham s y= f(x) c6 dao ham lién tuc trén [ ;2} dong thoi thoa man If dx 3,

I:f”(x):r dx ?

ct—

j(sinx—x)f'(%jdx =61, va f(%j =0 . Hay tinh tich phan I =
0
Loi gidi

(sin2x—2x) f"(x)dx = | (sin2x—2x)df (x)

O 0 [y
o'—;N\FI

Ta co 37r=]£(sinx—x)f'[

0

)

N |

LA b b
< 3m=(sin2x—-2x) f(x)[2 + 2!(1 cos2x) f(x)dx = 4jsm xf (x)dx & jsin2 xf(x)abc:%r .
0 0 0 0
g b 3 2 -
Cach 1: Két hop jfz(x)dx:3n, .[sinz xf(x)dsz va J-sm xdx—g ta duoc:
0 0 0
1
j —8sin’ x/'(x)+16sin’ x}dx 0<:>j —4sin’ x} dx=0<|f(x)=4sin’x
0

2

T

2
sin® xa’)cj.f2 (x)dx= 3
0

2
—7[37r:97[

16~ 16

ct—y

7
Cach 2: 91i6: !sinz xf (x)dx | <




T

2
sin’ xf (x) dx = k [ sin* xdx =f—’6fk & | f(x)=4sin’ x|
0

3
4

O o [y

Ding thirc xdy ra < f(x)=ksin’ x. Vay

Khi d6: f(x)=4sin’ x=2(1-cos2x)= f'(x)=4sin2x = f"'(x)=8cos2x.

cos’ 2xdx =0.

O O | N

Thay vao ta dugc: [ = f[[f”(x)]3 dx =512
0

Cau4: Chohamsd y=f(x) c6 dao ham lién tuc trén [0;2] dong thoi thoa man diéu kién f(2)=1,

2 2
j :% j[f' :ldx——z Hay tinh tich phan 7 = jf dx?
0 0
Loi gidi
.8 XX 2 1% 5., Ty 32
Ta co Ez}[f(x)d?z?f(x)o—gof ( )dx@ £x3f (x)dx:?.

2 2 2
Cich 1: Nhu vay: j[f'(x)]4 dx:%, Ix?’(x)dxz% va Ix4dx=£.
0 0 0
Mit khac 4p dung bat dang thirc AM — GM ta c6: [f'(x):r +xt x> 4 S (x).

2
Do vay: j[ f :I dx + 3! xtdx >4 I X f dx Ma gia trj ctia hai vé bang nhau.
0

2 2
Nhu véy ton tai ddu bang xay ra tac la: f'(x):x:f(x)=%+% do do I:jf(x)dx:
0

w3

Cach 2: Ta 4p dung hai 1an lién tiép bét dang thirc Holder:

1048576 [j f(x j Ux“dsz[sz[f'(x)]zdszS(.:[x“de:[[f'(x)de:102?276

0

Déu bang xdy ra khi va chi khi: f"'(x)=kx.
2
Cau5: Cho ham sb y=f(x) c6 dao ham lién tuc trén [1;2] dong thoi thoa méan Ix3f(x)dx=31.
1
Tim gia tri nho nhét cua tich phan 7 = j f dx‘7

Loi giai
Ta c6 ap dung hai lan lién tiép bat dang thirc Holder ta dugc:

o (erton] e (12 ] o o

1 1

——

ft (x)dx >3875].

2
Ping thirc xay ra khi f(x):kx nén k'[x4dx=31<:>k=5<:> f(x)=5x2 .
1




Cau6: Cho ham s6 y= f(x) c6 dao ham lién tuc trén [0;1] ddng thoi théa man cac diéu kién sau:
1
[[£(x)f'(x)T dx<1; £(0)=1; £(1)=+3. Tinh gi tri cia f(%j:‘?
0

Loi gidi
Ta ap dung bét ding thire AM — GM ta duoc:

22@{[f(x)f'(x):|2+1}dx22if(x)f'(x)dx:f2(x) = 2 (1)-12(0)=2

Nhu vy dang thirc phai xay ra tirc 1a: f(x)f'(x)zl:jf(x) 7'(x) dx:jldx:f(x):\/2x+2C .

Ma f(O):l;f(l)zx/g néntasuyra | f(x)=+2x+1|. Vay f(%jzx/i

Cau7: Cho ham sé y= f(x) c6 dao ham lién tuc trén [1;2] dong thoi théa man cac diéu kién sau:

()]
P

dx<21; f(1)= f(2):1.Tinhgiétricﬁaf(%j:‘?

OOI»—‘

Loi giai

Ta ap dung bét ding thire AM — GM ta duoc:
2 2 2
422'[ [{(4 ):I +9x7 dx26'|.f x)dx— 6
S (x) YOI

Nhu vay déng thirc phai xay ra tirc 1a:

=3 = /() x’dx =
=3¢’ = [ (x)d = [3rdx= f(x)=
1

Ma f(1)=%;f(2)=1 nén ta suy ra f(x):9_x3 . Vay f(%j:%

/(%)
/(%)

CcC-x*

Cau8: Cho ham s6 y=f(x). D thi cia ham s y=/'(x) nhu hinh
vé& bén. Dat g(x)=2/(x)+(x+1)". Ménh dé nao dudi day \
i 0

ding sao cho sao cho ton tai sO thuc m thoa man

j[%—g(x)}dx:o. %

-3

A. 6g(1)<m<g(-3) B. 6g(1)<m<6g(-3)

C.3g(l)<m<3g(-3) D.-3g(l)<m<3g(-3)

Loi giai
x=-3
g'(x)=2f’(x)+2x+2:>g'(x)=0<:>f'(x):—x—1<:> x=1
x=3

Lap BBT ciia ham s6 y = g(x) nhu hinh v& bén.




Dya vao bang bién thién = g(1) nhé nhét trong céc gia tri g(-3), g(1), 2(3).
Ta co:

Sl>Sz©2j[—x—1—f ]dx>2j|:f +x+1]dx© J.g dx>J.g

<g(3)-2(1)>g3)-g() = g(—3)>g(3):> min, max clia g(x) trén [-3;3] lan luot la g(1),

g(-3)=|6g Ig )dx < 6g(-3)|. Ma j[ﬁ—g( )}dx 0 2m= Jg

= Pé phuong trinh da cho c6 nghiém < 3g(1) <m< 3g(—3)

Cau9: Cho ham s6 y= f(x) c6 dao ham lién tuc trén [0;1] dong thoi théa man cac diéu kién sau:

j)- x;'((:))dle; £(0)=1 f(1)=e*. Tinh gia tri cua f(%j:?

Loi giai

Cach 1: Ap dung Holder: 1 <( de < xde. f x)) dx = %ln ;(((1))) =1
\I (x

' 1 '
Vay ding thirc xay ra khi va chi khi: S (x = kx . Thay vao I xf—(x)dx =1 tadugc k=4.

/(%) AAC)

I )=4x:> Inf(x)=2x"+C| ma f(0)=1 f(1)=¢’ nén C=0 véy f(x)zeZXZ:f(lJZ\/g
X

2

Ciach 2: Ap dung AM — GM: 2< _:[\/H % X S%[:’:4xdx+}i:&;:)dxj =1+%ln&= 2.

/(0)

x=|lnf(x)=2x"+C| ma f(0)=1 f(1)=¢’ nén C=0 vay

JACI
IO

Ding thirc xay ra khi va chi khi

f(x)=e :»f@:&.

Cau 10: Cho ham sé y = f(x) c6 dao ham lién tuc trén [0;2] ddng thoi théa man diéu kién f(2)=16,
2
Ixf(x)dx=— va J.[f 2 115 . Hay tinh tich phan [ = J.f
0

Loi giai




2 2 5 2

64 7 ) x? X, 1 . A 192
Cach 1: ?:.([ (7 :7f( )O—.([7f( )dX:32—5-([X2f (x)dx:> .!‘xzf (x)dxz?
2 2
Két hop H:f ]dx—% .([XZfr Vél .([x4dx=35—2taduo’c
2 2
J[Lr ()] -1227(x +36x4}dx=£—12g 36%=0<:>J.[f'(x)—6x2}2:0<:> 7'(x) =627
0 0
2
Céch 2: 36864:[ ' j F(x)] de =32 115236864
575 25
2
Déau "=" xéyra<:>f'() kx* . Ma —:j dx k.[ 4dx——k:>k 6= f'(x)=6x2
0

Cau 11: Cho ham sé y = f(x) c6 dao ham lién tuc trén [0;1] dong thoi thoa man diéu kién f(1)=1,

IxS (x)dx=— va If’(x)d(f(x))z%. Hay tinh f(2)?

13
Cau 12: Cho ham s6 y = f(x) xéc dinh va lién tuc trén = | o 1 0
[0;2] va c6 bang bién thién nhu hinh bén. Hoi | p/(x) + 0 _

c6 bao nhiéu gia tri nguyén cia m dé thoa man

i 7
diéu kién i[f(x)—m]dxzo. f(=) / \
0
3

) Loi gidi
Duya vao bang bién thién ta co:
max f(x)=7 )
xe 0 2
)dx <|7dx.
min f '! '[ ;!‘

xe[02]
Hay: —10<jf )dx <14 . Mat khac H:f m]dx=0c>2m=jf(x)dx

Nhu vay de phuong trinh c6 nghiém < -10<2m <14 < -5<m< 7 Vay c6 13 gia tri m nguyén thoa
man yéu cau dé bai.




Cau 13: Cho ham s6 y= f(x) c6 dao ham lién tuc trén [0;1] ddng thoi théa man diéu kién f(1)=2,

1

j a’x—li ! :I dx ——9 . Hay tinh tich phan 7 = jf dx?
Loi giai
301 1 I I S ¢ s, 7 At s 7
ﬁzgv([f(x)dxszng ( )0—§0x5 ( )dx@;!xSf (x)dx:§<:> _([xsf (x)dxzﬁ.
Cich 1: Két h j[[f'(x)]z dx—f j-xsf'(x)dx—l va j-)cwdx—i ta dugc:
' | BRI 1 11 o
(T orr T2 49 98 49 0. 2 ,
!{[f (x)] —14x°f'(x) +49x 1°}d _H_HJFHZO‘D!U (x)-7¢" ] dx=0|f'(x)=7x"|.
3 49 (s, S S S 149 49
Cach 2: Ta co: Ez[!xsf (x)dx] S!xl dx![f (x):| dx = T T
1
Ping thirc xay ra khi: f'(x) =k’ V1 j x)dx = kj 1°dx——k<:>k 7=|f(x)=7x"].

6 1 1 6
Khi do: f(x):%+% vi f(1)=2.Khi dé thay vao tich phan 7 = [ f(x)dx = I?+Zd =1.
0

0

1 x(l—n)

Cau 14: Tinh gi6i han: lim [~——dx="?
, 1+e
Loi gidi
o . 1 & & ne ™ nex(l—n) nex(l—n)
Ta ¢6 v6i x €[0;1] thi —< <—& < <
2 1+e" 2 2 l+e" 2

1 (1-n) (l—n) _-n 1 x(1-n) 1- 1-n
Do d6: 1imj dx<hmj dx<hmj dx = lim = <lim [ 25— dxsn( ‘ )
0 2 y 1t+e 2(n—1)

(l n) 1 . 1 nex(l—n)

dx < — cho nén ta suy ra lim dx 21 .
+e* 2 o 1+e 2

1
Vay E<hmj

b
Cau 15: Tinh gi6i han: 1imj(1+x+x2+...+x")dx véi 0<a<b<l.

a

Loi giai
Ta co j)-(l+x+x2+...+x”)dx:j- ! dx—j " dlenl—a—bxnﬂ dx.
y l1-x ° 1-x -b Jl1-x
Ma 0<I x deLjfx"“dx:;eO.Vay limi(l—i-x-i-xz+...+x”)dx:1n1_—a .
1-b7 (1-6)(n+2) —b




Cau 16: Cho ham s6 y= f(x) c6 dao ham lién tuc trén [1;2] ddng thoi théa man cac diéu kién sau:

f[f dx<24; f()—1;f(2)=16.Tinhgiétr1cﬁaf(ﬁ):?

Loi giai
Ta 4p dung bét dang thirc AM — GM ta dugc:

R e

Nhu vay déng thirc phai xay ra tirc 1a:

M: x:mx: xdx = x)=x"+C= f(x)=(x"+ 2.
e J O i [T 1= 1) (2 4)

APt -7 =

Ma f(1)=1; £(2)=16 néntasuyra | f(x)=x*|. Vay f(2)=4.

Cau17: Chohamsé y = f(x) c6 dao ham lién tuc trén [—1;1] dong thoi théa méan didu kién f°(x) <1
1 1
véimoi xe[-1;1] va [ f(x)dr=0. Tim gia tri nho nhét ctia [ % f (x)dix?
—1 -1
A. —l B. 1 C. _2 D. -1
2 4 3
Loi giai

Ta dat I:j[xzf(x)dx:>|l|:‘j.(xz—a)f(x)dx

< j”xz —aHf(x)‘de j.‘xz —a‘dx VaeR.
-1 -1
Do do ta suy ra |[ | < rllzlelﬂgl j. ‘xz - a‘ dx . Dén day ta chia bai toan thanh 3 truong hop nhu sau:

2 2
< - 2 _ —min| Z-24 |=2
Truong hop 1: Néu ¢ <0 thi I?E%lﬂx aldx = naq<131:[(x a)dx %231(3 2aj 3

Truwong hop 2: Néu a >1 thi mm”x —aldx = mmj( 2)dx:min(2a—§j:i.

acR a>1 | axl 3

Wr G
Trudng hop 3: Néu a €[0;1] thi miﬂy”x2 —aldx = min( J. (x2 —a)dx+ j (a—xz)dx+ j- (xz—a)dx]
“t 5 -1 —Ja

ae[O;l]

[ 3 _ 3 3
<:>m1nﬂx —aldx = min x——ax \/Z+ ax—x— \/2 + x——ax
acR aclo;1][ | 3 _ 3 _\/2 3
8aa 2) |

5

1

5

<:>m1n”x —a|dx = min
acR ae 0 l] 3

—2a+=|=— khivachikhi a=—.
3 2

N

Két luan: Nhu vay min”x2 —a‘a’x:l do dé |I|Sl:> minf =—~|
acR Y 2 2 2

Cau 18: Cho ham s6 y = f(x) c6 dao ham lién tuc trén [0;1] dong thoi théa man f(x) e [-8;8] voi
1 1
moi x e[0;1] va Ixf(x) dx =3. Tim gia tri 16n nhit cua Ixz’f(x)dx?
0

0




A. 2 B. EL C.

16

p.
8

[SSHIN N

Loi giai

j.(x3 —ax)f(x)dx

0

1
Tadgt 1 =[x f (x)dx khido: |1 —3a|=
0

< ”x3 —afo(x)‘dx

aeR

3|I—3a|£8j‘x3—ax‘dx VaeR:IS3a+8j‘x3—ax dx ‘v’ae]R:>ISmin(3a+8j‘x3—ax‘dxj.
0 0 0

1 1
Trudng hep 1: Néu a <0 khi d6 %1(3“8!\)8_ax\dx}r?jgl[3a+8£(x3_ax)dx}min(z-a)zz

a<0

1 1
Trudng hep 2: Néu a >1 khi do mln(3a+8ﬂx3 —ax‘dx]:min[3a+8j(ax—x3)de:min(7a—2):5
0 0

aeR a>1 a>1
Trudng hep 3: Néu a €[0;1] khi d6 ta c6 danh gié sau:

Ja
min(3a+8j”x3 —ax‘dxj: min {3a+8] (ax—x3)dx+8j (x3 —ax)dx}z min(4a2 —a+2)=3—

—

aeR aE[O;l] ae[O;l] 1

o)

1. I:—>3a—g.
8’ 8

acR

1 1
Két luan: Vay mln(3a + SHx — ax‘ dx] = 3—6 =1I< f—6 Ding thirc xay ra khi a =
Cau 19: Cho ham s6 y = f(x) lién tuc trén [0;1] dong thoi théa man cac diéu kién sau: %ﬂ f(x)=6

1 1
va [x’f(x)dx=0. Gid tri 16n nhit cita tich phan [x*f(x)dx bing bao nhi¢u?
0 0

3(2-3/4 3

! 0 G ) I R !

8 4 16 24
Loi gidi

A.

1
Ta c6 v6i moi s6 thuc a e R thi jaxzf(x)dx =0 do do:
0

1

1 1
jx3f(x)dx = J.(x3 —axz)f(x)dx S'”x3—aszf(x)‘de6ﬂx3—ax2‘dx VaeR
0 0 0 0
1 1
Do do: £x3f(x) dx| < min 6”x3 —axz‘dx =I£1€iﬂ£lg(a) . Téi day ta chia cac trudng hop sau:
Trudng hep 1: Néu a <0 thi x’ —ax’ =x’(x—a)20 Vx e[0;1]. Khi do:
1 1
:6.([‘x3—axz‘dx:6.([x3—axzdx=6(i—%j:>nal<iglg(a)=%
Trudng hep 2: Néu a 21 thi X’ —ax’ =x* (x—a)<0 Vxe[0;1]. Khi do:
1 1
B 3 2 g 2 34 ﬁ_l l
g(a)—6_([‘x —ax ‘dx—6jax xdx—6(3 4j:>n2>11ng() 5
; s 2a* —4a+3
Truong hop 3: Néu ae[O 1] thi f( )= Hx —ax ‘dx 6.[ax - X dx+.[ —ax dxzf.

0

(2a4—4a+3j:3(2_\/—) 1 3 . M.

2 i 2 v mnela)=—

Ta tim duoc min g (a)= min




S S 3(2-34) SO 3(2-34)
Do vay: < <= S A
0 vay z[xf()x I{{lelﬂglg( ):'([xf(x)x 7 :%%?gxf(x)x 2
Cau 20: Chohamsb y = f(x) c6 dao ham lién tuc trén doan [0;1] thoa man 3/ (x)+x/"(x)>x™" voi
moi x [0;1]. Gi4 tri nhé nhét cia tich phan j f(x)dx bang:
0
AL B 1L c. bt P
2021x2022 2018x2021 2018x2019 2019x 2021
Loi gidi
Taco: 3/ (x)+x./"(x)2x™ =32 f (x)+x° f'(x) 2 X
2018

[ f()] 20 = [ (x)] dx>f Hdx viel0l]= S (020
o 0 ! Gia tri nho nhét cua tich phan j S(x)dx 1 e
1 . 2019.2021

X
dx =
021 2019.2021
1

1 1
Khi do :jf(x)dxzjz
0 0

Cau21: Cho ham sé f(x) c6 dao ham lién tuc trén [0;1] thoéa man f(1)=0 J.[f'(x):lzdxzﬁ va
0

1 1
1 .
J.x“f(x)dx:—g. Tich phan J.f(x)dx bing
0 0
-1 1 -1 1
A, — B. - C. — D. —
7 7 55 11
Loi giai
! 5 1 1 5
dx =— . Hon nita ta dé¢ dang tinh dugc

x?f'(x)dx. Suy ra stf’(x)

|
S — —

0 5 0
1 1 1
52 1 , ' 2 5 572
dx=—_.Do d dx—-2 d d 0 dx=0.
'([x)x 1 ool[f(x)]x fof x+j I = @I[f x]x
1 1 e G
Suyra f'(x)=x",dodo f(x)=—x"+C.Vi f(1)=0 nén C=——.Vay If(x) x:'[ dx=—.
6 6 4 A 7
1
Céu22: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1] théa man f(1)=0, j[ ' ]de:%—zlnz
0
1
Vaj dx:21n2—§. Tich phan .[f(x)dx bang
x+1 2 7
1-2In2 3-2In2 3—4In2 I1-In2
. B. C.
2 2 2 2
Loi giai
1 1 Ly
el o) i)
Ta c6: o= f(x)d|1-— |=|| 1-— ~([1=— | (x)dx.
40 ‘!(x+l)2 * !f(x) x+1 x+1 /() . ! x+1 S (x)d
1
Suy ra I(I—L)f’(x)dxzé—zml Hon nita ta tinh duoc:
0 x+1 2




1

Hl_ﬁj j;(l 2ﬁ+(Hll)zde={x—21n|x+1|—(xl+l)}o
Do d6 i[f x) ] dx— 2!(1——)[’(x)dx+j(l—mjdx o@j{ +ﬁ—l}2dx=0.

0

:3—2m2.

2

Suy ra f’(x)zl—%,dodé f(x)=x—In(x+1)+C.Vi f(1)=0nén C=In2-1.
X
1 1
1
Ta duogc x)dx=||x—In(x+1)+In2-1|dx=—-In2.
o [/ (x)de=[Le=tn(x+1)+in2-1 Jdr =
Cau 23: Cho ham s6 y= f(x) nhan gi4 tri khong 4m va lién tuc trén doan [0; 1] ddng thoi ta dat

X 1

g(x)=1+jf(t)dt.Biét g(x)é f( ) vo1 moi xe 0 l] Tich phan J

dx c6 gié tri 16n

0 0
nhit bang:
A. 1 B. 1 C. ﬂ D. 1
3 2 2
Loi giai
bat F(x)zjf(t)dt:g(x)=1+F(x)S f(x) Vxe[O;l]:> F(x) >—120 ‘v’xe[O;l]

0 (F(x)+l)

0 1 o > .
=S h(t)=|| ——————-1|dx=1-t- la ham s6 dong bién trén |0;1| do vay ta c6 danh gia:

1
<l-x Vxe[O;l]: J.;dx l .
0

glx) 2
[

Cau24: Cho ham s6 y=f (x) nhan gid tri khong am va lién tuc trén doan 0,1] dong thoi ta dat

>

h(x)=h(0) Vxe[0;1]=1- x_F(x)+1_0:>F(X)+1

g(x)=1+3[ f(¢)dr . Biét g(x)= *(x) véi moi xe[0;1]. Tich phan j,/g(x)dx c6 gid tri
0 0

16n nhét bang:

A2 B. 4 c.l p.2
2 3 4 5
Loi gidi
Pt F (x)= [ £(1)di = g (x) =1+ 3F (x)2 1 (x) Vre[0:1]= ——C) 10 vee[or]
0 3F(x)+1

= h(t)= I[%—l}dx = %1 [3F (t)+1 —t—% 12 ham sb nghich bién trén [0;1] do vay ta co:
0

1
h(x) < h(0) Vxe[o;l]:%,hp(x)ﬂ_z-gso: 3F(x)+1£%x+1 vre[01]= I[Jg(x)dxﬁ% .

Cau 25: Cho ham sé y= f(x) nhén gi4 tri khong 4m va lién tuc trén doan [0;1] dong thoi ta dit

x2

1
g(x)=1+ [ f(r)de. Biét g(x)=2xf(x*) voi moi xe[0;1]. Tich phan [g(x)dx cb gia tri
0 0

16n nhét bang:




A. 2 B. 3 C. 4 D. 1

Loi giai
2 2
DatF J-f dt:>g( )—1+F(x2)22xf(x2)Vxe[O;l]:%—léOVxe[O;l]
] fo ST
j 1+F —1 dx:ln(1+F(t))—«/; 1a ham s6 nghich bién trén [0;1] do vy ta co:
0

h(x)<h(0) Vxe[o;l]jln(HF(x))—J}so:s1+F(x)3eﬁ vx e[0;1]= jg(x)dxsz :

Ciu 26: Cho ham sb y= f(x) nhan gi4 tri khong 4m va lién tuc trén doan [0;1] dong thoi ta dit

g(x —1+2If t)dt. Biét g(x [f ] voi moi x €[0;1]. Tich phan J-./ ] dx co gia

tri 16n nhit bang:

A.é B. 4 C.% D.5

3
Loi giai

Tadit F(x)=[f(r)dr khido g(x)=1+2F(x)2[ f(x)] vre[0:1].

A—ISO Vxe[O;l]Q&—ISO VXE[O;I]-
31+2F(x) 31+2F(x)

O ey

Do vay

t ’
Xét ham so: h(t)zj &— dx=§(3 1+2F(t))2—z‘—i Vvt €[0;1] 1a ham nghich bién trén
o 31+2F (x) 4 4
2

[0:1] cho nén (r) < /(0) Vte[O;l]:%(31+2F(t))2—t—%SO<:>(31+2F(t)) sgzﬂ vee[0:1].

Do do: (3 g(x))2 jx+1 Vx e 01 :>j[3 I:g ]zdxﬁj(§x+ljdx:> j%/[g(x):lzdxﬁg . Chon A.
0 0 0

Cau 27: Chohamsb f c6 dao ham lién tyuc trén [1;8] dong thoi thoa méan diéu kién:

L ]dx+2jf =—jf jx—1)d

——
(i8]

Tinh tich phan J-[f'(x)]3 dx bang:

1
 8In2 B. In2 c. 2 .2
27 27 3 4
LO’lglal
2
Pat 1 =x" = dr =3x’dx. Khi do: [[ £« ] dx+2jf _—jf jx (x> 1) dx
1

8

3?#[f(f)]zdt+2j#f(t)( ) %j ( ) dt=0

1




8 2
j{ 1)+1- J_} =0=|f(0)=7 -1|=|[[ £'(x) "ar =321 Cpon A.
1
Cau 28: Cho ham s f(x) c6 dao ham duong, lién tuc trén [0;1] dong thoi théa man céc diéu kién

f(0)=1va 3j[f'( }dx<211/ x)f (x)dx . Tinh tich phan jf )dx ?

A. 3 B. 2 C. 2 D.
2 4 6

|

Loi giai

1 2
Theo bat dang thirc Holder ta c6: [L /f’(x)f(x)dxj <

1

Nhu viy: 9“{f’(x)f (x)+ ;}ZXJ <4jf )dx<:>9@{ fz(x)_l}deSO.

0

f' (x)f2 (x)dledx.

© t— —

O

Do do: f’(x)fZ(x)=§:f3(x):%x+1: J-f3(x)dx:% :

Cau29: Cho hamsé f(x) c6 dao ham lién tyc trén [0;1] dOng thoi théa méan cac diéu kién f(1)= %;

jf(x)dxz% va !(x—l)\/HxiZ(f( ) dx = —% Tinh tich phan jf )dx =2

Cau 30: Cho ham s y = f(x) ¢6 dao ham lién tuc trén [0;1] ddng thoi thoa man diéu kién f(O) =2
1
va 21(x* =1)" =12(x=1)" =12xf (x) =[ /"(x) | Vore[0:1]. Tinh [ £ (x)dx =2
0

A. B.

3 4 c. -2 p. -2
4 3 4

Loi giai

Ta cod 21(x2—1)2—12(x—1) —12Xf [f ]




_—6j;f(x)d(x2 —1):j[f'(x)]2 dx 3—%+6j(x2 —l)f'(x)dx =j[f'(x)]2 dx

0 0 0

1
:>I[f'(x)—3x2 -|—3]2 a’x=0:>f(x)=x3 —3x+2.Chon dap an A.
0

Cau3l: Cho ham s6 f (x) cO0 dao ham lién tuc trén [0;1] thoa man
1 1 2 1
[(£1(x)) dv=[(x+1)e"f (x)dx =5 4‘1 va f(1)=0. Tinh [ f(x)dx=?
0 0 0

A.2+e B.2-¢ C.e D.1-e¢
Loi giai

Ta co: 624_1 j;(erl)e f( ) j;f(x)d(x.e’“)=—j)-x.e".f'(x)dx

=

(f ( dx——jxe f dx— =jx2.ezxdx

Ct— — o t—

(f'(x) dx+jx2.ezxdx+2jx.ex.f )dx O:>I( +xe ) dx=0
= f1(x)=—xe" :>f(x)=ex(x—1):jf(x)dsz—e.Chondép inB.

Cau32: Cho ham s6 y=f ( c6 dao ham lién tuc trén [0;1] dong thoi thoa man didu kién

e —

)
L ]2 1

f(O j =——. Tinh tich phan [ = J-f dx =?
0

e—2 e—1 1

- e—1 ) . (e—1)(e-2)

1
Theo bat dang thirc Holder ta c6: j
0

' 1
Ding thirc xay ra khi va chi khi: / (x) k\/_<:>f( ) If'(x)dle:kz—
\/67 0 €—

C*C Ma £(0)=0,7(1)=1 va f(x)zex_l.\/ay 1=4"

2
. Chon dép an A.
e—1 e— e—

vay f(x)=

Cau 33: Cho ham sé y = f(x) dwong va lién tuc trén [1;3] théa man rﬂgl]xf( x)=2; r[rln3nf( x)= ; va

3 3
biéu thic S = j f(x)dx j dx dat gia tri 16n nhat. Khi d6 tinh j f(x)dx?
1 1

/(x)
B.

0

X
AL El 7 p.2
2 2 5 5




1 5 h 25 5
f(x)sa_f S! dx(f——f J Ta tim duogc maxS—T khi J-f 5
Cau 34: Cho ham s yzf(x) c6 dao ham lién tuc trén [0'1] dong thoi f(O)zO,f(l)zl va
1 f(x) ‘
1+ x° dx =——————. Tinh tich phan dx bang?
j[f ] 1n(1+\/§) J-\/1+x
At (1443) B2 (1443)
2 2
C. l1n(1+J§) D. (V2-1)in(1++2)
2

Loi giai

1 | 2
Theo bét ding thirc Holder ta cé: j[f' ] V1+x° de. \/1_2 dx > Df'(x)dx} =
0 1+x 0

Métkhécj;\/li_xdx—ln(x+\/1+x ) (1+\/§)
k k
déng thirc x rakhi f 1 "(x)=
Vay dang thac xay ra ()\/ +x° m@f(x) m
T s 1 A _ 1 '~
Vi !f (x)dx—lnen k—m\]ay f(x —m.h’l()&"l‘ I+x )+C
Vi {; E?)):IO nén C=0.Do d6 j \/% (1+\/_ ) Chon dap 4n C.

1
CAu 35: Tim gid tri nho nhét ctia S = [|x* - ax|dx v6i a €[0,1]
0

e p Y21 . 222 p, Y21
6 3 3 -
, , Loi giai
Pha dau tri tuyét doi ta co
1 a 1 .3 2 \[“ 3 1 ~
S:J.‘xz—ax‘dx=—J.(x2_ax)dx+‘[(x2_ax)dx= i_{_ﬂ + x__ax 2a° -3a+2
0 0 a 3 3 ), 3 3 ) 6
Smin:f L :2__\/5
V2 6

Cau 36: Cho ham sb y = f(x) nhan gi4 tri duong va c6 dao ham lién tuc trén doan [0;1]va théa méan
1
=e, I(f j dx <1. Tim ménh dé dung
0

e e <

Loi giai




AT A I PP A CO N PR C I
![(f(x) O ﬂf(x) l}d‘o IO

Vay: f(x)=4e.Ma f(1)=e.f(0)=e Nén f(x)zexcf(%jzx/;.

b
CAu37: Cho a+b=ab+4 vi a<b. Tim gid trj nho nhat ctia biéu thirc 7 = [|x* —(a+b)x+ab|dx

A. 43, B. 12. C. 2.3. D. 48
Loi giai
Ta co
3 3 3
3 a+b) —dab ab+4) —4ab ab+2) +12 3
B (2% I e e N At NP
36.a 36 36 36 36
3124\5

b
Cau 38: Tim gia tri nho nhét cia /= sz +(2—m)x—2‘dx trong d6 a <b la hai nghiém cau phuong

trinh x2+(2—m)x—2:0

A 128 B. @ C. 8. D. 242
9 3
Loi giai
3
3 2—m2+8
. A4:(( ) )_128212@
36a 36 9 3

1
CAu 39: Tim gid tri nho nhét ctia S = [|x* —ax|dx v6i a [0,1]
0

A 22 g L c L D, 232
6 8 4 8
Loi giai
Ja 1 o Ja & 1
S:I(a.x—x3)dx+J‘(x3—a_x)dx:( : __J (__ J
0 Ja 2 4 )|, 4 2 i
a a 1 a & d* 1 1 11
S: —_— || +— | =— _— +—>—
2 4 4 2 4 2 2 2 8 8




2m
Cau 40: Goi a,b lan luot 12 gia tri 16n nhit va nho nhit coa S = j \x3—4mx2 +5m*x—2m’|dx véi

m €[1;3]. Ménh dé nao duéi day dung

A.a+b=%. B. a+b=1. C.a+b=%. D.a+b=2
Loi giai
2m 2m 2m
S = I (x—m)z(x—2m)‘dx=—j(x—m)z(x—Zm)dxz—j(x—m)z((x—m)—m)dx
mZ’” 3 2 rz —(x—m)4 m()c—”:n)3 ' m*
S:—;[(x—m) dx+m£(x—m) dx= 2 + 3 ]m =17

Thay me[l;3] vao ta co a+b:%.

Cau41l: Cho 4 1athp cdc ham s6 f lien tuc trén doan [0,1] va nhén gié tri khong 4m trén doan [0;1].

1 1
Tim m nho nhét sao cho jf(zo%)dx < m.jf(x) dx VfeAd
0 0

A. 2018. B. 1. C. L D. v2018
2018

Loi giai

1 1 1
Bt £ = x = dx=20184"dt nén [ f(*Vx |ax=2018 7.1 (¢).dr < 2018[ 1 (¢).dt
0 0 0

Tim m nhé nhat nén m <2018. Ta s& Cm m = 2018 1a s6 can tim. Xét /' (x)=x" ta co
1 1

J-XH/ZOISdXSmJ-xndx—) 2018 < m _)m22018(n+1)

J J n+2018 n+l n+2018

Cho 1 — +o0 tacd m>2018. Vay m = 2018 13 hiang s nho nhét can tim.

Cau 42: Cho ham sé y = f(x) nhan gié tri duong va c6 dao ham f'(x) lién tuc trén doan [0,1] thoa

1 1
man £ (1)=2018.7(0). Tim gi tri nho nhét biéu thirc M = | LS [/ ()T ax
0 I:f(X)] 0
A. In2018. B. 2In2018. C. 2e. D. 2018e
Loi gidi

oL S (x) ) x)

b
Cau43: Cho a+b=ab+4 va a<b.Tim gia tri nho nhét ciia biéu thirc 7 = j

sz{ : —f'(x)} dx+2i]]:,(—(xx)dxz2_;[]{((x)dx:21n\f(x)ulo=2ln2018.

(x—a)2 (x—b)‘dx

A. 12. B. 0. C. % D. ?

Loi giai
b b

S=—J.(x—a)2 [(x—a)+(a—b)]dx=—.|.(x—a)2 (x—a)dx—(a—b)

a a

(x—a)2 dx

R —_—




S =%(a—b)“ :%((aer)z —4ab)2 =é((ab+4)2 —4ab)2 =%((ab+2)2 +12)2 >12.

CAudd: Cho (a-b) +(a’~b*)' =4 va a<b. Tim ga tj l6n nhit cua bidu thic
b
Izﬂxz—(a+b)x+ab‘dx

A.E. B. 2 C.g. D.

9 16

AW

Loi giai
4=(a=b) +(a®=b%) =(a=b)'(1+(a+b) )2 (a=b)’

e A ((a+b)2—4ab)3 ((a—b)z) 4 4

" 36a" 36 3% 36 3
a+b=0 a=-1
Khi d¢ .
o (a—b)2+(a2—b2)2 =4<:>{b=1

CAu 45: Cho ham sé y = f(x) nhan gié tri duong va c6 dao ham f(x) lién tuc trén doan [0,1] thoa

man f(1)=e.f(0). Biéu thirc J[ x+I dx<2 Ménh dé nao dung
2e 2e2 2(e-2) 2(e-2)
A. f(1)=,]—. B. f(1)= . C. f(1)= D. f(1
r- 2 o e Ty o BT e G
Loi gidi
2
Viét lai biéu thirc cho dudi dang j {m— (x )} dx < 0. Dau bang xay ra khi
x
1 , 1
-f(x)= x)< |ldx=| f(x)d(f(x
2
<:>x+c:fT(x)c>f(x)= (x+c)
)=+2¢
Thay x=0 vao ta co f( ‘ <:>f(1) e= 2+2C<:>c: 21
f()=v2+2¢  f(0) V2e e —1
Ze
=,/2
=, x+e - —)f wE
CAu 46: Cho 4 latap cic ham so f lien tyc trén doan [0;1].
1
Tim m = mm{j J‘ 018f }
fed 0
A. __1 B. —— . ﬂ . b
2019 16144 2018 16140

Loi glal
Biéu thirc da cho 1a tam thitc bac 2 anla f(x) co6hésé a=xb=-x"";c=0




Nén biéu thirc Min tai s s |1 »

1
A
m,,,,-,,=£4— ! 4x dr= 4x4036| 16144

Cau 47: Cho m 1a tham s6 thudc doan [1;3]. Goi a,b lan lugt 1a gié tri 16n nhét, gi4 tri nhd nhat cua
2m 5 5
P= I (x—m)" (x—2m) dx.Tinh a+b=

A3 B. 36. c. 2. p. 2

30 15 °

m [1 3 F+1 122
=T | = |oT= =
30 30730

Cau 48: Gi4 tri nho nhit cia P = 2m.|.+2‘x2 —2(m2 +m +1)x+4(m3 +m)‘ dx1a S :%;a,b nguyén duong

m

a x. ..
Vflztf)l gian. Tinh T =a+b

A.7. B. 337. C. 25. D. 91
Loi giai
3
4(m* —-m+1 3
Tacod: P:uzi(ij =2:>T=9+16:25
3 314 16
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