SO GIAO DUC VA PAO TAO KY THI OLYMPIC TRUYEN THONG 30 THANG 4

THANH PHO HO CHI MINH LAN THU XXVI - NAM 2021
TRUONG THPT CHUYEN Ngay thi: 03/4/2021
LE HONG PHONG MON THI: TOAN - KHOLI: 10
THOI GIAN: 180 phiit
PE CHINH THUC Hinh Zi{ti'c lam bai: Tw ludn
Dé thi co 01 trang

Luew y: - Thi sinh lam méi cau trén mét to gidy riéng va ghi ré cdu sé mdy ¢ trang 1 ciia méi to gidy thi.
- Thi sinh khéng dwoc sir dung may tinh cam tay.

Cau 1. (3,0 diém) Cho a,b,c 1a d9 dai cac canh cua mdt tam giac c6 chu vi bﬁng 2.

Chiing minh

3 3 3_
2\/§+a +b +6C 3abcg\/a2+b2+\/b2+cz+\/c2+a2 <2\/§

¥ -1=y+1
Cau 2. (4,0 diém) Cho céc sb thuc x, y,z théamin ¢ > —1=z+1
2 —1=x+1.
Chtng minh x+ y+z 1a s6 nguyén.
Ciau 3. (4,0 diém) Vi s6 nguyén duong 7> 2, xét bang vudng gdm co (2n - 1) X (2n — l) 0 vudng, ngudi
ta viét Vé:O méj 6 chi mot trong 3 s6 1, 0 hoei’c -1 520 ch9 trong in bang con 2 x 2 ludn tim dugc
3 6cotong bang 0. Goi S, 1a gid tri 16n nhat cua tong tat cd céc so trong bang. Chirmg minh
a. S, =5.
b. S, =n"+n-1.
Céu 4. (4,0 diém)
a. Chung minh ton tai 2 cip sd (a, b) v6i a, b 1a cac sd nguyén duong thoa man
a’+3°=7.
b. Hay tim tat ca cac sb nguyén duong 7 sao cho phuong trinh
Ay xy=7"
c6 nghiém trong tap sd nguyén khong chia hét cho 7.
Céu 5. (5,0 diém) Cho tam gidc nhon 4ABC (AB < AC) ndi tiép dudng tron (0). Tia AO cit doan thing
BC tai L. Goi A’ 1a diém ddi xting v6i A qua dudng thang BC. Gia sir tiép tuyén qua 4’ cua
duong tron ngoai tiép tam giac A'BC cit cac tia AB, AC lan luot tai cac diém D, E.
a. Chirng minh dudng tron ngoai tiép cac tam giac A'BD, A'CE, A'AL cing di qua mot diém
khac A4'.
b. Goi J 1a t,ém duodng tron ngoai tiép tam gidc ADE. Ching minh dudng tron ngoai tiép tam
giac JDE ti€p xuc véi (0).
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MON THI: TOAN 10 - THOI GIAN: 180 phiit

Bai

N¢i dung

Piem

Cho a,b,c 1a @ dai cac canh cia mot tam giac c6 chu vi bﬁng 2. Chirng minh

3 3 3
2244 +b +6c 3abc£\/a2+bz+\/b2+c2 e +a’ <243

3,0

Do a,b,c 1a 49 dai ba canh tam giac nén
O<c<a+b=0<2c<a+b+c=2=0<c<l.
Chirng minh twong tu, ta duwoc 0<a<1,0<b<1.

Pit A=a> +b* +b* + ¢+ +d>.

Tacd A<~l6(a’ +b>+c*) <~J6(a+b+c)=243.(1)

2,0

Nhén xét: Tu 0< a,b,c <1 suyra 1/2((12 +b2)+a+b<4.
_ 2 _ 2
Tacé A[2(a* +b*) —a—b = (@a-b) SC 4b) .

J2@ +b) +a+b
Viét 2 bt déng thirc tuong tu 1Ol cOng lai ta co
A2 —4> (a-b)Y +(b—-c) +(c-a)
- 4
(a=b)y +(b—c)’ +(c—a)> a +b +c’ —3abc
> = (2)
W2 W2

Tir (1) va (2), ta c6 diéu phai chimg minh.

1,0

Trang 3




Bai 2

X -1=y+1
Cho céc s6 thuc X, Y,z thoa man ¥y —1=z+1
" —1=x+1.

Chting minh rang x+ y+z 1a s6 nguyén.

4,0

Nhan theo vé cac phuong trinh da cho, ta duoc
(x+ Dy +DE+DIx =Dy =Dz =1)-1]=0
x=-1
y=-1
z=-1

(x=1)(y-1)(z=1)=1.

Néu x=—1thi y=z=-1, suyra x+ y+z=-3¢€Z .

=

Néu y=-1 hodc z=—1 lam tuong ty.

1,0

Xét truong hop (x—l)(y—l)(z—l)—le (*).

bat p=x+y+z,q=xy+yz+zx,r =xyz tacod
(*)©r+p—q=2c>r=q—p+2. (D)

Cong ba phuong trinh ban dau theo vé ta duoc

x2+y2+22=x+y+z+6<:>p2—p—6=2q. 2)

0,5

¥ -1=y+1 ¥ =y+2
Taco <y —l=z+1 &y’ =z+2
2 —l=x+1. 2 =x+2
Nhan cac phuong trinh trén theo vé, ta duoc

(xyz)zz(x+2)(y+2)(z+2)<:>r2=r+4p+2q+8. 3)

0,5

Thay (1) va (2) vao (3) ta dugc
2_ _6 2 2_ _6
(%—p+2} :(%—p+2j+4p+(p2—p—6)+8.

Giai phuong trinh trén thu dugc 4 nghiém p e {0;1; —1; 6}.

Vay trong moi truong hop, ta déu c6 p =x+ y +z 1a s6 nguyén.

2,0

Trang 4




V6i sé nguyén duong n>2, xét bang vuéng gém c6 (2n — 1)x(2n — 1) 6 vudng,
ngudi ta viét vao mdi 6 chi mot trong 3 s 1, 0 hodc —1 sao cho trong mdi bang con
2x2 luén tim duogc 3 6 c6 tong bang 0. Goi §, 1a gia tri I6n nhat cua tong tat ca cac

Bai3 | <’ 4,0
s0 trong bang. Ching minh
a) S, =3. b) S, =n’+n-1.
Nhin xét: Ta thdy tong céac sd trong bang con 2x2 thi luén nhé hon hoic bang 1. 0,5
Dit 7, 1a tong c4c so trong bang vudng (2n—1)x(2n-1).
Xét cau hinh gom 7 6 nhu sau
al|b
c|d|e
flg
Taco a+b+c+d<lvad+e+ f+g<1.Tudosuyra
a) atbtcrd+e+f+g=(a+b+c+d)+(d+e+f+g)-d<2-d<3. 1.0
Xét bang vuong 3x3, tacod
T, <3+1+1=35.
L
Ta chi ra mot cach dién s dé dau bang xay ra nhu sau
110
1(-1(1 0,5
0f1
Vay S, =5.
Ta ching minh “S, =n* +n—1,v6imoi neN,n>2" bang phuong phap quy nap
theo n .
Q Véi n=2 thi S, =2>+2-1=5 (dung theo ciu a).
O Giastménh d& ding voi n=keN, k>2, tacla S, =k +k—-1.
O Tachn chimg minh S, = (k+1)" +(k+1)~1=k> +3k+1.
Ta chia bang vudng (2k +1) x(2k +1) thanh 4 vung nhu sau
2% +1
b) 1,0

2%k +1 T) [§2)) 2k — 2




> Tong cac so trong ving (I) khong vuot qua S, = k> +k—1.

Ta chia ving (II) thanh & —1 hinh vudng 2x 2 riéng biét, khi d6 tong

céc s6 trong ving (IT) khong vuot qua (k—1).1=k—1.

> Ta chia ving (III) thanh k —1 hinh vudng 2x 2 riéng biét, khi d6 tong
cac s trong ving (I1T) khong vuot qua (k - 1).1 =k-1.

A\ 4

» Xétriéng vung (IV)

a b

c d e

f g h

a+b+ct+d+e+ f+g+h=(a+b+d+e)+(c+d+f+g)—d+h
<1+1+1+1=4
Khido 7, < (K +k=1)+(k=1)+(k—1)+4=k"+3k+1. (*)

0,5

Xét cach dién sb vao bang (2k + 1) ><(2k + 1) nhu sau:
» Dién sd 1 vao tit ca 6 trén cac dong 1, 3, 5,...,2k +1.
> Diénsd —1 vao cac 6 (2i,2)) v6i i € {1;2;..5k} va je{l;2;..k}.

» Cac 6 con lai dién so 0.

1 1 1 1 1 1 1

o(-1,0}|-1]0]-11]0

o|-1ty0|-10}|-1|0

1 1 1 1 1 1 1

Minh hoa cdch dién s6 véin =4

Khidé S,,, =k +3k+1.

Vay theo nguyén 1y quy nap, tacd S, =n’ +n—1 véimoi ne N', n>2, dpcm.

0,5
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Bai 4

a) Ching minh ton tai 2 cap s6 (a,b) v6i a,b 1a cic s6 nguyén duong thoa man
a’+3b>="7.
b) Hay tim tét ca cac s6 nguyén duong n sao cho phwong trinh
X+ +xp=7"

c6 nghiém trong tap s6 nguyén khong chia hét cho 7.

4,0

Hai cip nghiém 1a (7°.2,7%) va (7°.10,7°.9).

1,5

b)

Ta bién d6i phuong trinh d cho thanh
KAy xy=7" <4 +4) +4xy =47 & (2x+y)2 +3)y° =4.7".
Ta ching minh phwong trinh a* +3b*> =7" (*) ¢6 nghiém (a,b) ma
a#0, b#0 (mod7) (1)
bang phwong phap quy nap theo x.
+ Véi n =1, phuong trinh (*) c6 nghiém (al,bl) = (2,1) thoa (1).

0,5

+ Gia stt véi n =k e N', phuong trinh (*) ¢6 nghiém (ak,bk) thoa (1), tic la
a; +3b} =7"
va
a, #0, b, #0 (mod 7).
Tacod
7 =7(a} +3b} ) = (2a, +3b,)" +3(a, - 2b,)" =(2a, —3b,)" +3(a, +2b,).

1,0

Ta thy (2a, +3b, ) +(2a, —3b,) =4a, #0 (mod 7) , nén phai ton tai mot trong
hai s khong chia hét cho 7, gia st 2a, +3b, #0 (mod 7).

Do 2(2a, +3b,)+3(a, —2b,)=7a, =0 (mod 7) nén a, —2b, #0 (mod 7).

Do d6 v6i n=k+1 thi (a,,,b,,)=(2a, +3b,,a, —2b,) 1a mdt nghiém cua
phuong trinh (*) va thoa dicu kién (1).

0,5

Ta chirng minh phwong trinh da cho c¢6 nghiém véi moi » nguyén dwong.
Véi mdi sb nguyén duong n, goi (a,.b,) 1a mot nghiém thoa diéu kién (1) cta
phuong trinh a® +3b° =7".
Chon x, =a,-b, , y, =2b, thi

(2x, +3,) +3y2 =4a} +12b] =4(a} +3b} ) =4.7".
Suyra (x,,v,)=(a, —b,,2b,) la nghiém cua phuong trinh x* +xy+y* =7" .
Hién nhién y, =2b, #0 (mod 7) do b, # 0 (mod 7).
Gidsu x, =0 (mod 7) < a, =b, (mod 7).
Khid6 7" =a’ +3b; =4b’ (mod 7) = b, =0 (mod 7) (v6 li).
Do d6 x, #0 (mod 7).
Vay v6i moi n nguyén dwong thi phuong trinh x° + y° +xy =7" c6 nghiém
trong tap hgp céc s0 nguyén khéng chia hét cho 7.

0,5

Trang 7




Cho tam giac nhon ABC c6 AB < AC , ndi tiép dudng tron (0). Tia AO cat doan
thang BC tai L. Goi A’ 1a diém d6i ximg véi 4 qua dudng thang BC. Tiép tuyén
qua A’ ciia dudng tron ngoai tiép tam gidc A'BC cit cac tia AB, AC lan luot tai
Bais | diém D, E. Ching minh
ai S a) Puong tron ngoai tiép cac tam giac A'BD, A'CE, A'AL cung di qua mot diém
khac A".
b) Goi J 14 tim dudng tron ngoai tiép tam giac ADE. Chimg minh dudng tron
ngoai tiép tam giac JDE tiép xuc vdi (0).
Gia sir cac diém c6 vi tri nhu hinh v&, cac trudng hop khac chimg minh tuong tu.
A
0
a)
a) Goi T 1a giao diém khac A’ cua (4'BD) va (A'CE).
Taco BTC =360° - BTA' - CTA' =(180° —BTA')+ (180" ~CTA)
=D, +E, =180°— BAC
Suyra T € (O) .
Khi do6 m’=ﬁ+@’=a+l80" —51 =a+2{+§1
= a + 62 +2BAA
=2C, +2LAC
—2ALB=ALA
Suy ra ALTA' 1a tir giac noi tiép.
Vay (A'BD), (A'CE), (A'AL) cung diqua T .
Tac6 DTE =B, +C, =2(90° ~B)+2(90° ~C) =24 = DJE nén T « (DJE).
Ké tiép tuyén cua (O) la 7x nhu hinh vé.
Ta co DTx=DTB—xTB
b) = A —-TCB
=C,-TCB
= TCA' = TED.
Suy ra Tx ciing la tiép tuyén cia (T JED).
Vay (JDE) va (0O) tiép xtic nhau tai 7.

Trang 8
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