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BAI 1: HE TOA PO TRONG KHONG GIAN
1) Toa d¢ caa diém va cia vecto
a) He toa do:

Hé gom 3 truc x'Ox, y'Oy va z'Oz trong khong 4

gian vubng goc véi nhau ting d6i mot tai O duoc
goi 1a hé tryc toa d6 Pé-cac vudng goc Oxyz (goi
tat 12 hé toa d6 Oxyz).

Khi do6 O dugc goi 1 géc toa do. U3 s
*Luuy: x 0|7 .
Vecto don vi ciia cia c4c truc x'Ox, y'Oy va /i T v
z2'0z J !
lan luot 13 7. va K. e
y
b) Toa @) ciia 1 diém va 1 vecto:
+ Toa dé ciia I diém:
Véi mot diém M tly y trong khdng gian Oxyz, ta ludn co: z4
OM = xi+y]+zk )
Khi d6 bo ba (x;y;z) 1a duy nhat va I toa d6 diém M: o J“x\
M = (x;y;2) hodc M (x;y;2) o
(x 1a hoanh d¢; y 1a tung do va z 1a cao do)
+ Toa dé ciia 1 vecto: k|
Tuong tu, véi mot a bat ki trong khdng gian Oxyz, ol s Xy .
ta ludn co: f‘\j\\ X
a=ai+a,j+ak Vag IR

Khi d6 bo ba (a,;a,;a,) 1a duy nhat va latoa do a:

- . - Jr‘
a=(a;a,;a,) hodc a(a;;a,;a;)

* Luu ¥: Toa d6 diém M chinh 12 toa d6 cua vecto OM

2) C4c phép toan va tinh chat trong hé toa do Oxyz

Cho diém A(X,;Y,;Z,), B(Xs; Ys;Zs) Va a=(a;a,;a,),b=(b;b,;b,), khi d6 ta co:

Toa d¢ vecto AB A—B‘:(XB_XA;yB —YaiZg —Z)

P§ dai doan AB AB = \f(xB —X )2+ (Yg = You) +(25 —2,)°

P§ dai vecto a

‘5‘ - Ja’+a,+a/

Tong hoic hiéu caa 2 vecto

atb=(a th;a,+b,a,+h,)

Tich caa 1 vecto véi 1 sb

ka=Kk(a;a,;a,) = (ka;ka,;ka,)
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Hai vecto bing nhau

Tich vé hwéng caa 2 vecto

Hai vecto cung phwong ( a, a, a,
allb) b b, b
Hai vecto vudng goc (a Lb) | ab=0=ab +a,b, +a,b, =0

Tich c6 hwéng caa 2 vecto [E,BJz( )t b
L
Ba vecto a,b,¢ ddng phing [5,5} c=0
Ba vecto a,b,c khang déng [5 5} .0
phing ’
Toa dd diém M chia doan M — XA—kXB_yA—kyB_ZA—kZBj
AB theo tiso k (k =1) 1-k " 1-k ' 1-k
2 X, + X +Yg . Zy+2
Trung diém M cia AB M = A2 B;yAZyB; A2 Bj
Trong tdm M cua tam giac Mo XatXetX Yat Vet Ve .ZatZg+2¢
ABC 3 ' 3 ’ 3

Trong tdm M cua tw dién
ABCD

Xp + Xg + Xc + X

p.YatYeTYc+V¥p.

Iy +2g+2Z.+12

4

4

4

)

Gac giira 2 vecto a,b

Cos g =

- —

b1+ab +asb,

‘a‘ ‘b‘ Jai+a7 +al \b? +b2+h?

Dién tich AABC

B

Sunac = %‘[E,AT:]‘ /\
A C

Dién tich hinh binh hanh
ABCD

SABCD = ‘[ﬁ,ﬁ]




Thé tich ciia tir dign SABC |y, J‘[mﬁ]ﬁ‘
6

o
: -
AL ]
Thé tich caa hinh hd o :
é tich caa hi op V sscp ascn: :‘[AB, AD].AA" :
ABCD.A’B’C’D’ : :
S c
AY >
*Luuy:

- Toa d¢ clia 3 vecto don vi: i=(1;0;0), j = (0;1;0) va k = (0;0;1)
- Toa do cua diém nam trén cac truc:
+ Truc Ox: M(x;0;0)
+ Truc Oy: M(0;y;0)
+ Truc Oz: M(0;0;2)
- Toa do cua diém nam trén cac mat phang toa do:
+ Mat Oxy: M(x;y;0)
+ Mat Oxz: M(x;0;y)
+ Mat Oyz: M(0;y;2)
(Quy tidc nhé: Thiéu truc toa dé ndo thi toa dé dé bang 0)

% BAITAP
Phuwong phdp:
Hiéu rd ly thuyét, nam vitng cac cong thirc trong toa do khdng gian ciing véi cac truong hop
van dung cua ting cdng thirc. Ngoai ra ta can luu ¥ cac van dé thuong gap sau:
VI DU:
Vi du 1: Cho céc vecto a(2;3;-5), b(0;—3;4) va ¢(L;—2;3) . Tim toa d¢ cia vecton =3a+2b—c.

- Toa d¢ ctia vecto n':
Taco: n=3a+2b—c=3(2;3,-5)+2(0;—3;4) — (1 —2;3)
=(6;9;-15)+(0;-6;8)-(1;-2;3)=(6+0-1;(9+(-6)-(-2));((-15)+8-3)) =(5;5;-10)




Vi du 2: Trong khong gian véi hé toa do Oxyz, cho vecto AO =3(i+4])—2k +5i . Toa d cua
diém A 1a;
Huwéng ddn:

- Toa d6 cua diém A:
Taco: AO=3(+4j)—2k+5] =3i+12j—2k+5j =3i+17 ] —2k
— OA=-31-17] + 2k
=A=(-8-12;2)

Vi du 3: Cho vecto a=(2;-12);b=(m;3;—1);c=(L21), tim m d& ba vecto a,b vac ddng
phang.
Huwéng ddn:

- Giatrim dé 3 vecto a,b vac ddng phing:

Bavecto a,b,c ddng phing khi: [5,6} b=0(*

R =12 122| |2-1
Ta co: [a, c] = I =(-5;0;5)
2111112
=(*) < (-50;5).(m;3;,-1) =0
<-5m+0.3+5.(-)=0=>m=-1

Vi du 4: Cho ba diém A(L;2;3),B(2;-2;1),C(-1-2;-3).

a) Chung to 3 diém A,B,C tao thanh mot tam gi4c va tim trong tdm cua tam gi4c nay.

b) Tim toa do diém M sao cho AM +2BA =3CM.

¢) Xac dinh diém D sao cho ABCD Ia hinh binh hanh va tim toa do tdm | cua n6 2. Tinh chu vi
va dién tich caa hinh binh hanh 2.

d) Tinh sé do cac goc trong AABC?. Tinh dién tich AABC?

a) - Ching to A,B,C tao thanh mot tam giéc:
Tac6: AB = (L—4;—2) ; AC = (-2,~4; —6)

Do d6 vecto ABVaAC khong cung phuong hay 3 diém A,B va C tao thanh mot tam giac.
- Trong tdm cua tam giac ABC:
Goi G la trong tam cua AABC, ta c0:

:xA+xB+xC:g

Xe 3 3
yA+yB+yC -2 2._2.1
G =2~ _JB JC_ __— 5G(=,—;=
Yo 3 3 (3 3 3)
In+Zg+z. 1
=73 3




b) Toa do diem M:
Goi M(a;b;c), ta co:

AM +2BA =3CM < (a—1;b—2;c—3) +2(—1 4:2) = 3(a+ 1L b+ 2;c+3)
< (@-1Lb-2;c-3)+(-2;8;4) =(3a+3;3b+6;3c+9)
< (@-1-2;b—2+8;c-3+4) =(3a+3;3b+6;3c+9)
< (a—3;b+6;¢c+1) =(3a+3;3b+6;3c+9)

a-3=3a+3=>a=-3

=b+6=3b+6=b=0 = M(-3;0;,-4)

c+1=3c+9=>c=-4

¢) - Xéac dinh D d& ABCD Ia hinh binh hanh
Goi D(a;b;c) d¢& ABCD Ia hinh binh hanh, ta co:

AB=DC < (L—4;-2) = (—1-a;-2—b;—-3—c) :
-l-a=1=a=-2

=:-2-b=-4=b=2 =D(-2;2,-1) D c
-3-c=-2=c=-1

- Toa @ tam | cua hinh binh hanh ABCD
Vil la giao diém ctia AC va BD nén I ciing 1a trung diém cua AC:
— XA + XB
' 2
= 11y, =272 —0=1(0,00)

=0

- Z,+1,
! 2

- Chu vi cua hinh binh hanh ABCD:

Taco: AB = (1;,—4;-2) = AB = |1’ + (—4)? +(-2)? =+/2L

=0

BC=(-3,0;-2) = BC=1/(-3)* +07 +(-2)? =13

= Cprgep = 2(AB+BC) = 2421+ 2\A3
- Dién tich cua hinh binh hanh ABCD:
Taco: AB=(L;,—4;-2); AD = (-3;0;—4)

—4-2| -4
~4'|-4-3"’

—|(16:10;-12)| = \/162 +102 +(~12)? =104/5 (dvdt)

= SABCD = ‘['A‘_B"AT)] =

d) - S6 do cac goc trong tam giac ABC:
+S6 d6 goc BAC




Taco: AB=(L—4;—2); AC=(—2;—4;—6)

— |ABAC 1.(-2) + (~4).(-4) + (-2).(-6) 13
BAC) = = _
= COS( ) ‘KEHAC‘ \jlg + (_4)2 + (_2)2 \/(_2)2 N (_4)2 N (_6)2 7%

— BAC~ 41’
+ S do goc ABC
Taco: BA=(-14;2);BC=(-3,0;,-4)

xBc - |PABC |(-2).(=3) + 4.0+ 2.(-4) 1
= C0SABC = ——; = _
BABC| (17 + 42 (37 40T (4 V2
3@%770

+S6 do goc ACB

Vi BAC+ABC+ACB=180" = ACB =62’
- Dién tich tam giac ABC:

Taco: AB=(L—4;-2); AC = (—2;—4;—6)

1

s = L1422t [ A 1 -
:>SAABC—E‘[AB,AC]‘_E0_4_6‘,‘_6_2‘,‘_2_4“ = 216" +10 + (-12)° =55 (dvdy)

Vi du 5: Trong khong gian Oxyz, cho ba vecto a(-1;1;0),b(;1;0) vac(L11). Cho hinh hop

OABC.0’A’B’C’ théa man didu kien OA=a,0C=b,00'=c. Thé tich ciia hinh hop néi trén
bang bao nhiéu?.

- Thé tich hinh hgp OABC.0’A’B’C’
Goi O lagéctoadd,vi OA=a = A(-110);0C=b = C(1,1;0);00'=c = O'LL1)

lo . 0_ . _1 -1-
ot e

= Vonscoasc = ‘[ﬁ’ O—C’} w‘ = = ‘(O; 0; _2)-(1;1;1)‘ =2(dvtt)

BAI TAP TRAC NGHIEM
Céau 1: Trong khong gian véi hé toa d6 Oxyz, cho vecto AO =3(T+ 4])—2R+5]. Toa do cua
diém A la
A. (3-2,5) B. (-3,-17,2) C. (317,-2) D. (3,5,-2)
Céau 2: Trong khong gian Oxyz cho 3 diém A,B,C théa: OA=2i+j—3k; OB=i+2j+K;
OC =3i+2j—k voi i; ]; k 1a cac vecto don vi. Xét cac ménh dé:
(1) AB=(-114) (11) AC=(11,2) Khing dinh nao sau dy ding ?

A. Cé (I) va (II) déu ding B. (I) dtng, (II) sai
C. Ca (I) va (II) déu sai D. () sai, (II) dung
Cau 3: Cho Cho m=(%0;-1); n=(0;11). Két luan nao sai:




A. mn=-1 B. [m,n] = (L-11)

C.m van khong cung phuong D.Goécciiam van la60°
Cau 4: Cho 2 vecto a =(2;3;-5),b =(0;-3;4),c = (L —2;3) . Toa do cita vecto n=3a+2b—c
la:

A. n=(5;5,-10) B. n=(5,1-10) C. n=(7,1,-4) D. n=(5,-5-10)
Cau 5: Trong khong gian Oxyz, cho a=(5;7;2),b=(3;0;4),c =(-6;1;,-1). Toa do
n=>5a+6b+4c—3i la:

A. n=(16;39;30) B. n=(16;-39%,26)  C.n=(-16;39,26) D. n=(16,39;-26)
Cau 6: Trong khong gian v&i hé truc toa do Oxyz, cho ba vecto a =(1;2;2), b=(0;—13),
c= (4;-3;-1) . Xét cac m¢nh dé sau:

(|)H:3 (||)H=J% () alb (IV) blc

cua vecto

V) ac=4 (V1) a, beung phuong (V1) Cos(a, 5):%
Trong cac ménh dé trén c6 bao nhiéu ménh dé dung ?
A1l B. 6 C. 4 D.3
CAau 7: Cho a va b tao v&i nhau mét goc %ﬁ Biét 5‘ =3, ‘5‘ =5 thi ‘5—5‘ bang:
A.6 B.5 C. 4 D.7
Cau 8: Cho a, b c6 do dai bing 1 va 2. Biét (a,b) :—g. Thi ‘§+B‘ bang:
Al B. E C.2 D. ﬂ
2 2
Cau 9: Cho a va b khéc 0. Két luan nao sau day sai:
A. \[5,6]\:\5“6\sin(5,6) B. [3,30]=3[4,b]
C. [2a,b]=2[a,b] D. [2a,2b]=2[a,b]
Cau 10: Cho 2 vecto a=(Lm;~1),b=(21%3). a L b khi:
A m=-1 B. m=1 C. m=2 D. m=-2
Cau 11: Cho 2 vecto a=(1log, 3;m),b =(3;log, 25;,-3). a L b khi:
A. m=3 B.m=§ C.m=§ D.m=—§
3 5 3
Céu 12: Cho 2 vecto a=(2—3;1),b=(sin3x;sinx;cosx). a L b khi:
A.X=—£+E\/X=E+kﬂ?,(k62) B.X=E+ﬁvx=—£+km(keZ)
24 4 3 24 2 12
C. X=£+EVX=—£+ch,(kEZ) D. X:E+EVX:£+kR,(keZ)
24 2 12 24 2 12

Cau 13: Trong khdng gian véi hé truc toa do Oxyz cho 3 diém
A= (2,0,4), B=(41/3;5), C=(sin5t;cos3t;sin3t)va O la géc toa do. voi gid tri nao cua t dé
AB 1 OC.



t=—ﬁ+kn t_EJFk“
A 3 (kew) B.| 3 (keZ)
fo_ Tk fo_ T kn
T 24 4 T 24 4
t==+kn t_2_n+ km
C. (keZ) D.| 3  (kez
T s n  Kn
t=—rn+— t=—+—
T 24 4 |24 4
Cau 14: Trong hé truc toa do Oxyz cho u=(4;3;4), v=(2;-12), w=(12;1). khi d6
[ﬁ,\?].W la:
A. 2 B.3 C.0 D.1
Cau 15: Didu kién can va du dé ba vec to a,b,¢ khac 0 ddng phéng Ia:
A. abc=0 B. [5,5}.65
C. Ba vec to d6i mot vudng goc nhau. D. Ba vecto ¢6 do 16n bang nhau.

Cau 16: Chon phat biéu dung: Trong khong gian

A. Vec to c6 hudng cia hai vec to thi cing phuong véi mdi vecto di cho.
B. Tich c6 hudng cua hai vec to 1a mot vecto vudng goc vai ca hai vecto da cho.

C. Tich v6 hudng cua hai vecto 1a mot vecto.

D. Tich cuia vecto ¢6 hudng va vé huéng cua hai vecto tity ¥ bang 0
CAu 17: Cho hai vécto u,v khac 0. Phét biéu nao sau day khong dung ?

A. [ U,V ] co do dai Ia |u]|v]cos(u,v) B.
phuong.
C. [ﬁ,\?] vudng goc véi hai vécto u, v D.
Cau 18: Ba vecto a = (L2 3) =(21 ) =(2;m;1)d¢
{m =9 {m =-9
A. B. C.
m=1 m=1

u,v}zo khi hai vécto u,v cling

_G,Q] la mot vécto
ong phang khi:
‘'m=9 m=-9
D.
m=-2 m=-1

Cau 19: Cho ba vecto a(0;1,-2), b(L2;1), c(4;3;m). Dé ba vecto ddng phang thi gia tri ciia m
127

A. 14 B.5 C.-7 D.7
Cau 20: Cho 3 vecto a=(12;1); b=(-112) va c=(x;3x;x+2). Néu 3 vecto a,b,c dong
phang thi x bang

Al B.-1 C.-2 D.2
Cau 21: Cho 3 vecto a = (4,2;5), b= (31; 3),6 =(2;0;1). Chon ménh dé dung:

A. 3 vecto dong phing B. 3 vecto khéng dong phang

C. 3 vecto cung phuong

D.

c-[ab]

Cau 22: Cho 4 diém M(2;-3;5), N(4,7;-9), P(3;2;1), Q(L-8;12). Bo 3 diém nao sau day la

thang hang:

A. N,P,Q B. M,N,P

C.

M,P,Q D. M,N,Q



Cau 23: Trong khong gian Oxyz, cho 3 vecto a= (-130); b= (L,10); c= (111). Trong cac
ménh dé sau, ménh dé nao sai

A. Ja| = C.alb D.blc
Cau 24: Trong khdng gian voi hé toa do Oxyz cho 3 diem M(2;3;-1), N(-111),
P(Lm—-1;2). Vi gia tri nao cia m thi tam giac MNP vudng tai N ?

A m=3 B.m=2 C. m=1 D. m=0
Cau 25: Cho vecto u = (L;1;—2) va v=(L0;m). Tim m d& goc giita hai vecto UVa V ¢6 sb do
45,

Mot hoc sinh giai nhu sau :
1-2m

J6dm? +1

Budc 2: Goc gifra hai vecto Uva V co sb do 45° suy ra:

J}JZL \/_<:>1 om=3Jm+1 (%)

Bude 3: Phuong trinh (*) < (1-2m)’ =2(m* +1) & m’ —4m-2=0=

Buéc 1: cos(ﬁ,f/):

m=2—%

m=2+6
Bai giai trén dung hay sai ? Néu sai thi sai ¢ budc nao ?
A. bling B. Sai ¢ budc 1 C. Sai ¢ budc 2 D. Sai ¢ budc 3

Cau 26: Trong khong gian Oxyz, cho 3 vecto a-= (-110); b= (110); c= (L11). Trong céc
ménh dé sau, ménh dé nao dung

A ac=1 B. 4,5,¢ ddngphing  C. cos(,C)=—= D.a+b+c=0

NG

Cau 27: Cho hai vecto a,b théa man: ‘ ‘ 2\/_ ‘b‘ , ( ) 30°. P dai cua vecto a—2b

la:

A B B. 23 C.. 63 D. 2413
Cau 28: Cho a=(3;2;1); b=(-2;0;1). Do dai cua vecto a+b bing

A1 B. 2 C.3 D.\2
Cau 29: Cho hai vecto a =(L1-2),b=(L0;m). Goc giita chiing bang 45° khi:

A. m=2+5 B.m=2-3 C..m=2+6 D. m=26.

Cau 30: Trong hé truc Oxyz , cho ba diém A(-2,1,0), B(-3,0,4), C(0,7,3). Khi do .
COS(A—B,B—C) bang:

A4 5 N2 c N4 o N4
" 3118 "~ 359 57 - 57

Cau 31: Trong khdng gian Oxyz cho a =(3;-2;4); b= (5;1,6) ;g: (-3;0;2). Toa do cua X a0
cho x ddng thoi vudng goc véi a,b, ¢ la:

A. (0;0;1) B. (0;0;0) C. (0;1;0) D. (1;0;0)
Cau 32: Trong hé toa do Oxyz cho diém M(3;1;-2). Biém N doi xitng vai M qua truc Ox c0 toa
do la:
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A. (-3;1;2) B. (-3;-1;-2) C. (3;1;0) D. (3;-1;2)
Cau 33: Trong hé truc Oxyz , M’ 13 hinh chiéu vudng géc cia M (3,2,1) trén Ox. M’ ¢c6 toa do
la:

A. (0,0,1) B. (3,0,0) C. (-3,0,0) D. (0,2,0)

Cau 34: Trong khong gian véi hé truc Oxyz, cho hai diém A(2;-2;1), B(3;-2;1) Toa do diém C
doi xung vai A qua B la:

A. C(L;21) B. D(L-2;-1) C. D(-12-1) D. C(4;-2;1)
Cau 35: Cho A(10;0),B(0;0;1),C(3;1;1). Bé¢ ABCD la hinh binh hanh toa diém D la::
A. D(112) B. D(4,10) C.D(-L-L-2) D.D(-3-1L0)

Cau 36: Cho ba diém (1,2;0), (2;3;-1), (—2;2;3). Trong céc diém A(-13;2), B(-3;14),
C(0;0;1) thi diém nao tao véi ba diém ban dau thanh hinh binh hanh 1a ?

A.CaAvaB B. Chi ¢6 diém C. C.ChicodiémA. D.CaBvacC.
Céu 37: Cho A(4; 2; 6), B(10;-2; 4), C(4;-4; 0), D(-2; 0; 2) thi tr giac ABCD la hinh:
A. Binh hanh B. Vuéng C. Chir nhat D. Thoi

Cau 38: Cho hinh hop ABCD. A’B’C’D’, biét A(L0;1), B(2;12), D(L-L1), C'(4;5;,-5). Tim
toa do dinh A’ ?

A A'(=211) B. A'(3;5,-6) C. A'(5-10) D. A'(2,0;2)
Cau 39: Trong khong gian Oxyz, cho 2 diém B(1;2;-3) va C(7;4;-2). Néu E 1a diém thoa man
déng thiec CE = 2EB thi toa do diém E Ia

N S

Cau 40: Trong cac bo ba diém:

(1. AX32); B(0;1,2); C(0;0;),

(1. MZL1); N(—4;3;2); P(-9;5,1),

(1M). DL 2;7); E(-13;4); F(5,0;13),
B6 ba nao thang hang ?

A. Chi lll, 1. B. Chi I, Il C. Chi I, 1. D Cal I, 1.
Cau 41: Trong khong gian vai hé truc toa d6 Oxyz, cho tam giac ABC bict A(-10;2),
B(1;3;-1), C(2;2;2). Trong cac khang dinh sau khang dinh nao sai ?

A. biém G(%;%;l} la trong tam cua tam giac ABC.

B. AB=+/2BC
C. AC<«BC

D. Piém M (o;%;%) 1a trung diém cua canh AB.

Cau 42: Trong khdng gian Oxyz, cho hinh binh hanh OADB c6 OA = (-1;1;0), OB = (1;1;0)
(O 14 gbc toa do). Khi do toa do tdm hinh hinh OADB Ia:

A. (0;10) B. (1,0;0) C. (101 D. (1L10)
Cau 43: Trong khdng gian véi hé truc toa do Oxyz, cho cac diém A(2;10), B(3,1-1),
C(1;2;3). Toa d6 diém D dé ABCD Ia hinh binh hanh la:

A. D(2,12) B. D(2;-2;-2) C. D(-2;1,2) D. D(0;2;4)
Cau 44: Cho 3 diém A(2; 1; 4), B(-2; 2; -6), C(6; 0; —-1). Tich AB.AC bing:
A. 67 B. 65 C. 67 D. 33
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Cau 45: Cho tam giac ABC v6i A(-3;2;-7);B(2;2;,-3) ; C(-3;6;,~2). Diém ndo sau déy la
trong tdm cua tam giac ABC

A. G(-4;10;-12) B. G(%;—%Aj C. G(4-10;12)  D. G(-%;%;-4)
Cau 46: Trong khong gian Oxyz, cho bén diém A(1,0,0);B(0,1,0);C(0,0,1);D(11,1). Xéc
dinh toa d6 trong tam G cua tir dién ABCD

NEEE! g (111 c(222 o111

2 22 333 333 4 4 4

Céu 47: Trong khong gian Oxyz cho 3 diém A(1;0;1), B(-2;1;3) va C(1;4;0). Toa d6 truc tam H
cua tam giac ABC la

A(S25) e (18] o(2ZE) oLl
13 13 13 13 13 13 13 13 13 13 13 13
CAu 48: Trong khdng gian vai hé toa d6 Oxyz, cho 3 diém A(L 2;-1), B(2;1:1),C(0;12). Goi
H(a;b;c) la tryc tam cua tam giéc. Gia tri cia a+b+c
A 4 B.5 C.7 D.6
Cau 49: Cho 3 diém A(2;-15); B(5,-5;7) va M(x;y;1). Véi gid tri nao ciia x ; y thi A, B, M
thang hang ?

A xX=4;y=7 B. x=-4;,y=-7 C. x=4,y=-7 D. x=-4;y=7
Cau 50: Cho A(0;2;-2),B(-3;1,-1),C(4;3;0),D(L2;m). Tim m d¢ A, B, C, D dong phang:
A.m=-5 B.m=-1 C.1 D.5

Cau 51: Trong khong gian Oxyz cho tir dién ABCD. B¢ dai duong cao vé tir D caa tar dién
ABCD cho bai cong thirc nao sau day:

A h= Fﬁfﬂ'ﬁ B h=1 [ﬁiﬁim
‘AB.AC‘ 3 [AB,AC]

. [E,R].ﬁ S hzl[A—B,R]Jﬁ
" ] "7 Tmac

Cau 52: Trong khdng gian vai hé truc toa dd Oxyz, cho u = (L12) , v=(-Lm;m—2). Khi d6
‘[H,V]‘ =4 thi:

A.mzl;m=1—l B.m:—l;m=—1—1 C. m=3 D.m=1;m:—l—1
5 5 5
Cau 53: Cho ba diém A(2;5;,-1), B(2;2;3), C(-3;2;3). Ménh d¢ nao sau day la sai ?
A. AABC déu. B. A, B, C khong thing hang.
C. AABC vuong. D. AABC cén tai B.

Cau 54: Trong khdng gian Oxyz, cho bén diém A(1;0;0); B(0;1;0); C(0;0;1); D(1;1;1). Trong
cac ménh dé sau, ménh dé nao sai

A. Bén diém ABCD tao thanh mot tir dién B. Tam giac ABD la tam giac déu

C. ABLCD D. Tam giac BCD la tam giac vuong.
Cau 55: Cho bén diém A(-1, 1, 1), B(5, 1, -1) C(2, 5, 2) , D(0, -3, 1). Nhan xét ndo sau day la
ding

A. A, B, C, D labbn dinh cua mot ta dién B. Ba diém A, B, C thang hang

C. Ca A va B déu dang D. A, B, C, D la hinh thang
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Cau 56: Cho bdn diém A(1, 1,-1), B(2,0,0), C(1,0,1),D (0,1, 0), S(1, 1, 1)

Nhén xét ndo sau day la dung nhat

A. ABCD la hinh chix nhat B. ABCD la hinh binh hanh

C. ABCD la hinh thoi D. ABCD la hinh vudng
Cau 57: Cho hinh hop ABCD. A’B’C’D’ ¢6 A(1;0;1), B(2;1;2); D(1;-1;1) va C’(4;5;5). Toa dd
cuaCvaA’la:

A. C(2;0;2), A’(3;5;4) B. C(2;0;2), A’(3;5;-4)

C. C(0;0;2), A’(3;5:4) D. C(2;0;2), A’(1;0;4)
Céu 58: Trong khong gian Oxyz, cho bén diém A(L0;0), B(0;13;0), C(0;0;1) va D(L11) . Goi
M, N lan luot 13 trung diém cia AB va CD. Khi d6 toa do trung diém G cua doan thang MN
la:

Aokl s (1Y) co(til)  o.o(222
2'2'2 3’3’3 4°4’4 3'3'3
Cau 59: Trong khong gian Oxyz, cho bén diém A(L,11);B(1,3,5);C(11,4);D(2,3,2). Goi I, J
lan luot 13 trung diém cia AB va CD. Céu nao sau dy ding ?
A. ABL1J B.CDLW
C. AB va CD c6 chung trung diém D. I L(ABC)
Cau 60: Cho A(0;2;-2), B(-3;1;-1), C(4;3;0) va D(L;2;m). Tim m d bén diém A,B,C,D
d6ng phang. Mot hoc sinh giai nhu sau:
Budc 1: AB=(-3;-11); AC=(412); AD=(L0;m+?2)
-1 1| -3/ -3 -1
; ; =(-3,10;1)
1 2'L 4’| 4
[FB,,TC].E:3+m+2:m+5

Budc 2: [KE, KC] :(

Buée 3: A,B,C,D d@)ng ph'fmg = [E,E}E =0 m+5=0

Pép s6: m=-5

Bai giai trén dung hay sai ? Néu sai thi sai & budc nao ?

A. Sai ¢ budc 2 B. bung C. Sai 6 budc 1 D. Sai ¢ budc 3
Cau 61: Cho lang tru tam giac déu ABC.A'B'C’' ¢6 canh day bang a va A
AB' L BC'. Tinh thé tich khéi lang try. Mot hoc sinh giai nhu sau: ‘

Budc 1: Chon hé tryc nhu hinh vé: .

(200} o0 ) o{utLin) [ os).

C'(—% ;0; hj (h 1a chiéu cao cia lang try), suy ra

g2 28

2
Bude 2: AB' L BC' < AB'BC' =0
2 2
oL :0<:>h:—a\/E
4 4 2
2 3
Bude 3: Vage pge =Bh =2 : 3.a*2/§ _2 ;/6

Bai giai trén ding hay sai ? Néu sai thi sai & budce nao ?
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A. Loi giai dung B. Sai ¢ budc 1 C. Sai ¢ budc 3 D. Sai ¢ budc 2
Cau 62: Cho vecto U = (1;1,—2) va v=(L0;m). Tim m dé goc giira hai vecto U va V c6 s6 do
bang 45°. Mot hoc sinh giai nhu sau:

Buéc 1: cos(G Q):i
’ J6AIm? +1
e T 1-2m 1
Budc 2: Goc giira U, V bang45°suyra — ——=—— o1-2m=+3Jm?+1 ™
il 2
, . ) 5 m=2+6
Budc 3: phuong trinh (*) < (1-2m)° =3(m+1) < m*-4m-2=0=
m:2—\/€

Bai giai trén dang hay sai ? Néu sai thi sai & buéc nao ?
A. Sai ¢ budc 2 B. Sai ¢ budc 3 C. Bai giai dung D. Sai ¢ buodc 1
Céu 63: Cho A(2;0;0),B(0;3;0),C(0;0;4). Tim ménh dé sai:

A. AB=(-2;3;0) B. AC=(-2;0;4) C. cosA=_2 D. sinA:1

65

CAu 64: Trong khong gian Oxyz cho 3 diém A(2;0;0), B(0;3;0) va C(0;0;4). Tim cau dung

— \ég B. sinA=\/% C. dt(AABC)=+/61 D. dt(AABC)=1/65

N

A. COSA =
6

Cau 65: Trong khdng gian Oxyz cho ta di¢n ABCD vaéi A(0;0;1); B(0;1;0); C(1;0;0) va D(-2;3;-
1). Thé tich cua ABCD la:

A. V:l dvtt B. V:l dvtt C. V:1 dvtt D. V:l dvtt
3 2 6 4
Cau 66: Cho A(10;0),B(0;1;0),C(0;0;1),D(~2;1—1). Thé tich cua khdi tr dién ABCD la:
A. %(dvtt) B. g(dvtt) C. 1(avtt) D. 3(dvtt)

Cau 67: Cho A(2;-16),B(-3;-1-4),C(5-10),D(L 21). Thé fich cua khdi tr djén ABCD
la:
A. 30 B. 40 C. 50 D. 60

Cau 68: Cho A(-10;3),B(2-2;0),C(-3;2;1). Dién tich tam giac ABC la:
A. 62 B. 262 C.12 D. 6
Céau 69: Cho A(2;-1;3),B(4;0;1),C(-10;5;3). Do dai phéan giac trong cua goc B 1a:
A. 5 B. \7 C. ? D. 2.5

Cau 70: Trong khong gian vai hé truc toa d6 Oxyz cho tam giac ABC vai
A= (12-1), B=(2-13), C=(—4:;7;5). buong cao cia tam gidc ABC ha tir A la:

A [0 g, Y1110 C. /% D. /E
57 52 57 57

Cau 71: Cho A(2;0;0),B(0;3;0),C(0;0;4). Dién tich tam giac ABC la:

A.% 8. V30 c. Vi3 b, J6l
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Céu 72: Trong h¢ truc toa do Oxyz cho hinh binh hanh ABCD véi A=(10;1), B=(2;12)va
giao diém cua hai dudng chéo la I[g;o;gj . Dién tich cua hinh binh hanh ABCD la:

A 5 B. V6 c.\2 D. 3
Cau 73: Trong khong gian Oxyz cho cac diém A(LL-6), B(0;0;,-2), C(-5;12) va
D'(2,1,-1). Néu ABCD.A'BCD' 14 hinh hop thi thé tich cia n6 Ia:

A. 26 (dvtt) B. 40 (dvtt) C. 42 (dvtt) D. 38 (dvtt)
Cau 74: Trong khong gian Oxyz, cho ba vecto a = (-1,1,0); b=(110);c= (11,1). Cho hinh hgp
OABC.0’A’B’C’ théa mén diéu kién OA =a, OB =b,OC =c. Thé tich cta hinh hop néi trén
biang bao nhiéu ?

1

A = B.
3

Cau 75: Trong khong gian voi hé truc toa 4o Oxyz cho toa o 4 diém A(2;-11); B(10;0);
C(3,1,0) va D(0;2;1). Cho cac ménh dé sau :

(1) Do dai AB=,2.

(2) Tam giac BCD vuong taiB

(3) The tich cua tir dién ABCD bang 6
Cac ménh de dung 1a :

A.(D;@ B.(3) C.(1);3) D.(2)
PAP AN TRAC NGHIEM

C.2 D.6

w N

1B |2A |3D |4A |5A |6C |7D |8C |9D |10B |11B |12B |13B | 14C | 15B

16B | 17A | 18A | 19A | 20D | 21A | 22D | 23D | 24D | 25D | 26C | 27B | 28C | 29C | 30A

31B [ 32D | 33B | 34D | 35B | 36A | 37D | 38B | 39A | 40C | 41B | 42A | 43D | 44D | 45D

46A | 47B | 48A | 49D | 50B | 51C | 52C | 53B | 54D | 55A | 56A | 57A | 58A | 59A | 60A

61C | 62B | 63D | 64C | 65C | 66D | 67A | 68A | 69D | 70B | 71D | 72B | 73A | 74C | 75D
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BAI 2: PHUONG TRINH MAT PHANG
1) Vecto phap tuyén cia mit phing

a) Dinh nghia:
Cho mat phang (@), néu vecto n khac 0va co n
gia vudng goc véi mat phang (a) thi n duoc goi [

|l vecto phap tuyén cua («). L

Cac vecto kn cling 1& vecto phap tuyén cua mit
phang ().

b) Cip vecto chi phwong ciia mit phang:

Néu hai vecto a va b khéng clng phuong va co -
gia song song hoic nam trén mat phang () duoc goi /
b

la cap vecto chi phuong cua ().

* Luu y: Tich c6 huéng cia 2 vecto a va b Ia vecto phap tuyén ciia mat phang («)
2) Phwong trinh tong quéat ciia mit phang

Mit phang (a)qua M (X,;Y,;Z,) va cO vecto
phép tuyén n(A; B;C) thi c6 phuong trinh:

A(X- Xo) +B(y- yo) +C(z— Zo) =0(1)
Bién d6i (1) ta dua vé phuong trinh ¢ dang:

Ax+By+Cz+D=0 (2) p /"

Khi d6 phuong trinh (2) goi 1a phuong trinh M
tong quat caa mat phang ().

*Luuy:
- Pé viét dugc phuong trinh mat phang ta can phai xac dinh duoc mot diém thuoc mat phang va
vecto phap tuyén ctia mat phang d6. Truong hop biét mat phang cach diém nao d6 1 khoang xac
dinh va kém theo vecto phép tuyén thi ta dung dang phuong trinh tong quét.
- B6 ba hé s6 A,B,C dung trude x.y,z trong phuong trinh tong quat 13 toa do caa vecto phép
tuyén cua mit phang dé (new) = (A;B;C)) .

> Cic truong hop dic biét ciia phwong trinh mit phang:

Mit phing qua goc toa do O Mit phang cat 3 truc caa hé toa dé
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Mit phang song song véi truc Ox Mit phing song song véi truc Oy

by
N

(a): Ax+D=0

(a):By+Cz+D=0

(er): Ax+Bv+D =0

ZT (&):Byv+D=0

i

1

1

1

1

1

:

1

Jo T —
% @ =
=%

* Quy tic nhé: Néu phuong trinh (o) khdng chaa an nao thi mat phang (o) song song hoic
chira truc cua an do.
3) Vi tri twong ddi giira hai mit phang

Cho 2 mit phang (@) : Ax+By+Cz+D=0va (B):A'x+B'y+C'z+D'=0. Giira () va(p)

c6 c4c Vi tri twong ddi sau:

(a) song song vei (B) () giao vai (f) (@) va (p)trung nhau

| O
v

= 2752 A—E;{_—Ehoéc_;ég__ = = =
= _Cl D' A' B' C' " A‘ BI C' AI Bl Cl D|
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*Luuy:

- Néu mat phang () L (B)ta cd: Ney.np =0<> AA'+BB'+CC'=0
- Goi (ax)va(p) la goc giita 2 mat phang («) va(). Khi do:
‘ﬁ(a)-ﬁ(ﬂ)‘ ~ |AA+BB'+CC|

‘ﬁ(a) .‘ﬁ(ﬁ)‘ JAZ+B2+C?A/A2+B?+C"?

Cosp =

- Goi d =(a) " (B), phuong trinh dudng thang d s& ¢6 dang:
d:{AX+By+CZ+D=O
A'x+B'y+C'z+D'=0
Khi d6 ta c6 phuong trinh chum dudng thing qua d nhu sau:
a(AX+By+Cz+D)+b(A'x+B'y+C'z+D") =0 Véi a®+b*=0

4) Khoang cach tir mot diém dén mét mit phang

Cho diém Mo (X,; Y,; Z,) khong thudc mat phang p M,
(a): Ax+By+Cz+D=0. Khoang cach tr M dén ;
(o) duoc xac dinh theo cong thirc:

d(MO,(a))=|AXO+ByO+CZO+D| e

JA? +B? +C?

<% BAITAP
Phwong phdp: Céc dang toan trong bai nay thuong yéu cau viét phuong trinh mat phang, do
vay ta can nam viing c4c bai toan viét phuong trinh mat phang kém theo cac diéu kién sau:

X=X, +at
Can chd y: Phuong trinh tham s6 cua duong thang d c6 dang: <y =y, +bt ( Trong do:
Z=17,+cCt

M(X,; Yo:2,) 1a diém thuoc d va u = (a;b;c) 1a vecto chi phuong ciia d).

Mit phang («) qua M va song song véi (5) Mit phang («) di qua 3 diém AB,C

olv[ / T;;[QJ
- B
Ti‘?(@ A K—C /
/ h / < q
; + Diem di qua: 1 trong 3 diém A,B hoac C

+ Diém di qua: M
+ Vecto phap tuyén: La vecto phéap tuyén cua

(B): N =N

+ Vecto phap tuyén: La tich co6 hudng cua 2
vecto tao ra boi 3 diém A,BvaC

i =[ AB,AC]
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Mit phang () di qua M va vudng goc voi
dwong thing d

Mit phang () chira dwong thang d va
vudng goc vei (f)

Fliz)

Me

+ Diém di qua: Diém M
+ Vecto phép tuyén: La vecto chi phuong cua

d: Na) = Ud

BJ\

e | -

+ Diém di qua: Diém bat ki trén d
+ Vecto phéap tuyén: La tich c6 huéng cua
vecto chi phuwong cua d va vecto phép tuyén

cua (f): Ny = [Gd , ﬁ(ﬁ)]

Mit phang () chira dwong thang d va song

Mit phang () di qua M va chira dwong
thing d

song véi dwong thang d’ (d va d’ chéo nhau)
Hic

Ha
\1:
|
Ud

P

+ Diém di qua: Diém bat ki nam trén d
+ Vecto phap tuyén: La tich co hudng cua 2
vecto chi phuong ciad vad’:

n(a) = |:ud,ud':|

e

+ Diém di qua: Diém M

+ Vecto phap tuyén: La tich c¢6 hudng cua

vecto AM (Aed) va vecto chi phuong cua d:

ﬁ(a) = [m,ﬁd}

Mit phing («) chira 2 dwong thiang cat

nhaud va d’

Mit phang () chira 2 dwdng thang song

song d va d’.

—

Fe)

+ Diém di qua: diém bat ki trén d hoic d’
+ Vecto phap tuyén: La tich co hudng cua 2

i)

LS

+ Diém di qua: diém bat ki trén d hoac d’

+ Vecto phap tuyén: La tich c6 huéng cua
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vecto chi phuong ciad vad’: Ny = [Ud , Ud‘:|

AA (AedvaA'ed') va vecto chi phuong
cua d hoac d’: ﬁ(a) =[A—'A,l]d]

Mit phiang () la mat phang trung truc cia
doan AB

Mit phang () vudng goc véi 2 mit phiang

(B) va (P) ((B) va (P)cat nhau)

A

+ Diém di qua: Trung diém | cia AB
+ Vecto phap tuyén: La vecto BA
ﬁ(a) = B_A’

N
g
o

(A

Lap phuong trinh duong thang d la giao
tuyén cta (P)va ()

+ Diém di qua: 13 giao diém cua d va (a)
+ Vecto phap tuyén: La tich c¢6 hudng cua 2
vecto phap tuyén cua (P)va (B):

Ny = [n(p), n(ﬂ)]

Mit phang () chira 2 diém M,N va tao véi () 1 goc la ¢

Thuc hién theo cac budc sau:
+ Buwéc 1: Viét phuong trinh tong quat cia (a)

+ Bwéc 2: Lan luot thay M va N vao phuong trinh () ta dugc hé 2 phuong trinh, bién doi hé

nay dé thu duoc phuong trinh () chi chira hé s6 A va B.

+ Bwéc 3: Dung cong thirc géc giita 2 mat phang: cose =

n(a)-n(ﬂ)‘ L . .
tur day ta tim duoc A va B.

‘n(a) -‘n(ﬂ)‘
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VI DU:

Vi du 1: Trong khdng gian Oxyz, cho 3 diém A(0;1;2),B(2;-2:1) va C(-2;1;0). Viét phuong trinh
mat phang () qua A,B,C.

- Vecto phép tuyén cia mat phang («)

Taco: AB=(2;-3;,-1); AC =(-2;0;-2) T;T[a]
= N =[@,A—C]=(6;6;—6) B
- Phuong trinh mat phang () : A K_.C
Qua A(0;1;2) [
a)y -
N() = (6;6;—6)

= () :6(x—0)+6(y-1)—-6(z—2)=0
S X+y-z+1=0
Vi du 2: Trong khong gian véi hé toa do Oxyz, diém M(1;2;-3) va mit phing (P):
X—2y+22+3=0. Tinh khoang cach tir diém M dén mat phang (P).
Huwéng dén:

- Khoang céch tir M dén (P)
1-22+2.(-3)+3 _ 5

4/11 +(-2)° +2°

d(M, (P)) =

Vi du 3: Viét phuong trinh mat phang chira hai diém A(2;1;3), B(1;-2;1) va song song véi dudng
X=-1+t

thaing diy=2t teR.
z=3-2t

- Vecto phap tuyén cua () -

La tich c6 huéng cua vecto chi phuong cia d va AB d ,
Ta co: Us = (12;-2); AB = (-1, -3,-2) i
= ﬁ(a) = |:l_jd ,A—B] =(-10;4;-1) T

, A h
- Phuong trinh mat phang (« ) // ‘\Ba\- /
(

{Qua A(2;1;3)

a)s -

N = (-10;4,-1)

= (a):-10(x-2)+4(y-1)—(z-3)=0
< -10x+4y-z+19=0
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Vi du 4: Viét PT mit phang trung tryc caa doan thang AB véi A(2;1;4); B(-1;-3;5).

Goi (&) la mit phang trung truc cua AB, I 1a trung diém AB
- Toa d¢ diém |

X:xA+xB:l "

2 2 / th
yA+yB=_1:>|(1 9) z

Iy, =222 =12
Y, 5L

- Vecto phap tuyén cua («)
Vi ﬁvuﬁng goc vai (a) nén AB Ia vecto phap tuyén cua ()
AB = (-3;,-4:1)
- Phuong trinh mit phang (@)

qua |
()4 - -
N = AB

:(a):—3(x—%)—4(y+1)+(z—%) =0

< -3Xx—4y+z-7=0

Vi du 5: Viét phuong trinh mat phang:

a) bi qua diém A(1;0;2) va song song v&i mp(Oxy).

b) Di qua diém M(2;-4;3) va vudng gdc vei truc OX.

¢) bi qua diém I(-1;2;4) va song song véi mp: 2x-3y+5z-1=0

Goi () la mat phang can viét
a) - Phuong trinh mit phang (Oxy)

(OxXy): =0 = nox) = (0;0;1)
- Vecto phép tuyén cua ()

Vi () || (Oxy) nén vecto phap tuyén cia (Oxy) ciing 1a vecto phap tuyén cua («)
- Phuong trinh mat phang (@)

@ {(jua A#

N(a) = N(oxy)

=(a):z-2=0
b) - Vecto phap tuyén cua («)

Vi () L Ox = Chon vecto phép tuyén cua ()1 vecto don vi truc OX: i = (1;0;0)
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- Phuong trinh mit phang (@)

(a){?“a "
N =1

= (a):x-2=0

¢) - Vecto phép tuyén cua ()

Vi (@) song song véi mp:2x-3y+5z-1=0 nén vecto phap tuyén cua (c) chinh I1a vecto phép tuyén

ciia mp:2x-3y+5z-1=0 : ne, = (2;-3;5)

- Phuong trinh mat phang (a):

{qual
a)s -
N =(2;-3;5)

= (a):2(x+1)—-3(y—-2)+5(z—4) =0
< 2X-3y+5z-12=0

Vi du 6: Trong khong gian Oxyz cho 2 diém A(1;0;-2); B(-1;-1;3) va mp(P): 2x-y+2z+1=0. Viét
phuong trinh mp(Q) di qua 2 diém A, B va vudng goc véi mp(P).

Goi (&) 1a mit phang can tim
- Vecto phap tuyén caa mat phang (@)
Taco: AB=(-2;,-15)
Vi () L (P) nén vecto phap tuyén cia () 1a tich c6 hudng

cua AB va ﬁ(p) . (a)

1)
‘_—

N = AB, N, | = (3,14;4)

- Phuong trinh mat phang (@) /a/ |‘I N&.B

qua A
a)s -
{n(a) =(3;14;4)

= (a):3(x-1)+14y+4(z+4)=0
< 3x+14y+4z+13=0

Vi du 7: Trong hé toa d6 Oxyz, mit phiang («)cit ba truc Ox,0y,0z lan luot tai ba diém A(-
3;0;0), B(0;4;0), C(0;0;-2). Viét phuong trinh mat phang (a)

- Phuong trinh mét phang () :

Vi («)cit 3 tryc toa d6 nén ta c6 phuong trinh doan chén cua (a) 1a:
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& —4x+3y—-62-12=0

Vi du 8: Viét phuong trinh mat phang («) di qua diém M(2;-3;:1) va chita duong thang
X=4+2t

d:qy=2-3t.
z=3+t

- Vecto phap tuyén caa mat phang (« )

Xét M?(4;2;3) ed, ta co: MM = (—2;,—-5;—2) 7ite)
Vi (&) chtra d nén vecto phap tuyén cua («

1a tich c6 huéng cia M'M va Ug (2;-3:1):

) T
et huona T
- Phuong trinh m3t phang («) a M
qua M
(@) -
N = (—11,-2;16)

= (a):-11(x-2)-2(y+3)+16(z-1) =0
& -11x-2y+16z2=0

Vi du 9: Mt phiang (a)di qua M(0;0;-1) va song song Véi gia cia hai vecto a(l;—2;3)va
b(3;0;5) . Viét phuong trinh mat phang ().

Huwéng ddn:

- Vecto phép tuyén cua mat phang («)

Vi (a)song song véi a va b nén vecto phép tuyén cua

(a)1a tich c6 hudng cua avab:

He) /
ﬁ(a) = [5, 6] = (—10; 4; 6)

- Phuong trinh mat phang («)

) Qua M *M
“- ﬁ(a) :(—10; 4; 6) a4

= (a):-10x+4y+6(z+1) =0
< -10x+4y+6z2+6=0

—

& -5x+2y+32+3=0

Vi du 10: Cho hai duong thang chéo nhau d; va d,. Hay viét phuong trinh () chira dy va song
song véi da:
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x=1-2t X =2t
d:qy=3+t (teR) d,:qy=1+t" (t'eR)
z=-2-3t z=3-2t'

Goi M(1;3:-2) 1a didm thuoc dy
- Vecto phap tuyén caa mat phang ()

Vi (e) chira d va song song da nén vecto phép tuyén

Ua,
cia () 1a tich c6 hudng cua ug (—2;1;—3) va d/'T

— i)
Ug, (2;1;,-2):
<[ |- 20 e
- Phuong trinh mit phang (@) a d,
Qua M
o)A -
N = (1;,—10;-4)

= (a):(x=-1)-10(y-3)-4(z+2)=0
< x-10y-4z+21=0

Vi du 11: Trong khong gian véi hé truc toa o6 Oxyz, cho hai mat phang (P): x+y+z-3=0 va ()
:(Q): x-y+z-1=0. Viét phwong trinh mit phang (a)sao cho (a)vudng goc véi (P) va (Q), va
khoang céch tir O t6i («)la 2.

- Vecto phap tuyén caa mat phang (@)
Vi (@) vubng goc véi (P) va (B) nén vecto phap tuyén cua

(@) 1a tich c6 hudng cua ney vVangs :

Ny = [H(P) : ﬁ(ﬁ)] =(2,0,-2) .

EAWA ~
/

- Phuong trinh mét phang cua («): 1) A[ .
2x—2z+D=0 ’<m
Taco: d(O;(x)) =2 |‘| :
o [20-204D] / i /

22 + 22

:{D=4\/§
D=-42 b

@) 2x—22+4ﬁ:0 x—z+2«E:O
=(a): =
2x—22—4ﬁ:0 x—z—Zﬁ:O
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Vi du 12: Trong khdng gian cho mit phang va duong thing c6 phuong trinh (P): x+2y-z+5=0 va
X=-1+2t

d:{y=-1+t . Viét phuong trinh mat phing (&) chtra d va tao vai (P) mot géc 30°.
z=3+t

Vecto chi phuong cua d: uq = (2;1;1), vecto phap tuyén cua (P): ne) = (1 2;-1)
Cho t=0 va t=1, ta dugc 2 diém thudc d:
M(-1-13), N(30;4)
- Phuong trinh tong quéat cua ()
Ax+By+Cz+D=0(*)
Vi () qua M,N nén ta co:
-A-B+3C+D=0 C=-2A-B
{A+4C+ D=0 :{D =7A+4B
(*) < Ax+By—-(2A+B)z+7A+4B=0

= N =(A;B;—2A—B)

Vi (a)tao vai (P) mot goc 30° nén ta co:

NN |A+2B+2A+B|
€0s30° = ——F—=—=
N | 2P+ 27 + (-2 A7 + B2+ (-2A- B’
3 3A+3B|

2 J6+/5A2+2B2+4AB

<::>%(5A2 +2B° +4AB) =9A” +18AB +9B?

<:>§A2=O:>A=O

= (a):By—-Bz+4B=0
& y-2+4=0

Vi du 13: Vi tri twong di ciia 2 mit phang (@) :2x—y+2+3=0 va (B):2x+y-z-5=0

Vecto phap tuyén cua (a)va (8): e =(2-L1);np = (21 -1)
- Vi tri tuong d6i gitra () va (B)

2 -1 1 .
Ta cé: §¢T:_1 = (a)va (f)cat nhau

BAI TAP TRAC NGHIEM

Cau 1: Trong khong gian Oxyz véc to ndo sau ddy 1a véc to phap tuyén ctia mp(P): 4x -3y +1=0
A. (4; - 3;0) B. (4;-3;1) C.(4,-3;-1) D. (-3;4;0)
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Cau 2: Trong khéng gian Oxyz mit phang (P) di qua diém M( - 1;2;0) va c6 VTPT
n = (4;0;-5) c6 phuong trinh 1a:

A.4x-5y-4=0 B.4x-52-4=0 C.4x-5y+4=0 D.4x-5z+4=0
Cau 3: Mat phang (P) di qua A(0;-14) va cé cdp vtep u=(3;2;1),v=(-3;0;1) la:
A Xx-2y+3z-14=0 B. Xx-y-z+3=0
C. x-3y+3z-15=0 D. x+3y+3z-9=0
Cau 4: Trong khong gian Oxyz mit phing song song véi hai duong thang A X—;Z = y_;l = E;
X=2+t
A, 14y =3+2t co mot vec to phap tuyén la
z=1-t
A. n=(-56,-7) B. n=(5-6,7) C. n=(-5,-6,7) D. n=(-5,6,7)
X=1+t
Cau 5: Cho A(0; 1; 2) va hai duong thang d:fzy—_lzz—”,d': y =—-1-2t. Viét phuong
2 1 - z=2+t
trinh mét phang (P) di qua A dong thoi song song véi d va d’.
A. X+3y+52-13=0 B. 2x+6y+10z-11=0
C. 2x+3y+52-13=0 D. x+3y+5z+13=0

Cau 6: Mit phang (o) di qua M (0; 0; - 1) va song song véi gid cua hai vecto
a(L—2;3) va b(3;0;5) . Phuong trinh cua mat phang (o) a:

A.5x-2y—-3z -21=0 B. -5x+2y+32+3=0
C.10x—-4y-6z2+21=0 D.5x—-2y—-32+21=0
Cau 7: Trong khdng gian Oxyz cho mp(P): 3x -y + z - 1 = 0. Trong cac diém sau ddy diém nao
thuoc (P)
A A(L;-2;-4) B. B(1; - 2;4) C.C(1;2;-4) D.D(-1;-2;-4)

CAu 8: Cho hai diém M(L;—2;—4) va M'(5;,—4;2). Biét M’ 1a hinh chiéu vudng goc caa M 1én
mp(a) . Khi d6, mp(o) c6 phuong trinh 1a

A. 2x-y+3z+20=0 B. 2x+y-32-20=0

C. 2x-y+3z-20=0 D. 2x+y—-3z+20=0
Cau 9: Trong khong gian Oxyz mp(P) di qua ba diém A(4;0;0), B(0; - 1;0), C(0;0; - 2) co
phuong trinh la:

A x-4y-22-4=0 B.x-4y+2z2-4=0

C.x-4y-2z-2=0 D.x+4y-2z-4=0

Cau 10: Trong khdng gian Oxyz, goi (P) la mat phang cit ba tryc toa do tai ba diém
A(8,0,0);B(0,-2,0);C( 0,0,4). Phuong trinh cua mat phang (P) la:

A. 5+l+5:l B. §+l+5:0
4 -1 2 8 -2 4
C. x—-4y+22-8=0 D. x—4y+2z2=0

Cau 11: Trong hé toa do Oxyz, mat phang (o) di qua diém M(2; - 1;4) va chan trén nira truc

dwong Oz gap doi doan chan trén nira truc Ox, Oy c6 phuong trinh la:
A X+y+22+6=0 B. X+y+2z2-6=0
C. 2x+2y+z+6=0 D. 2x+2y+z-6=0
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Cau 12: Trong khong gian véi hé toa d Oxyz, cho A(2,0,0),B(11,1). Mt phang (P) thay doi
qua A, B cit cac truc Oy, Oz lan luot tai C(0; b; 0), D(0; 0; ¢) (b > 0, ¢ > 0). Hé thic nao dudi
day l1a dung.

A. bc=2(b+c) B. bc_%+% C. b+c=hc D. bc=b-c
Cau 13: Trong khong gian Oxyz mp(P) di qua ba diém A( - 2;1;1), B(1; - 1;0), C(0;2; - 1) ¢6
phuong trinh 1a

A.5x+4y+7z2-1=0 B.5x+4y+72-1=0

C.5x-4y+7z-9=0 D.5x+4y-7z-1=0
Cau 14: Cho diém A(0, 0, 3), B(-1, -2,1), C(-1,0,2)

C6 bao nhiéu nhan xét dung trong s6 cac nhan xét sau

1. Badiém A, B, C thing hang

2. Ton tai duy nhat mot mit phang di qua ba diém ABC

3. Ton tai vo s6 mit phiang di qua ba diém A, B, C

4. A, B, C tao thanh ba dinh mot tam giac
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5. D¢ dai chan duong caokétr Ala "5

6. Phuong trinh mit phang (ABC) 1a2x +y-2z+6=0

7. Mit phang (ABC) cd vecto phap tuyén la (2, 1, - 2)

A.5 B.2 C.4 D.3
Cau 15: Trong khong gian Oxyz, cho 3 diém A(0;12),B(2;-2;1);C(-2;10). Khi d6 phuong
trinh mat phang (ABC) la: ax+y—z+d =0. Hiy x4c dinh a va d

A a=ld=1 B.a=-1d=6 C.a=-1d=-6 D.a=1d=-6
Cau 16: Trong khong gian Oxyz cho hai diém A( - 2;0;1), B(4;2;5). phuong trinh mat phang
trung truc doan thang AB la:

A 3x+y+22-10=0 B.3x+y+22+10=0

C.3x+y-22-10=0 D.3x-y+2z-10=0
Cau 17: Trong khong gian Oxyz cho mp(Q): 3x -y - 2z + 1 = 0. mp(P) song song vai (Q) va di
qua diém A(0;0;1) c6 phuong trinh 1a:

A 3Xx-y-22+2=0 B.3x-y-2z-2=0

C.3x-y-2z+3=0 D.3x-y-22+5=0
Cau 18: Trong khong gian Oxyz, mp(P) song song véi (Oxy) va di qua diém A(L; - 2;1) ¢6
phuong trinh la:

A.z-1=0 B.x-2y+z=0 C.x-1=0 D.y+2=0
Cau 19: Cho hai mit phang (o):3x—2y+2z+7=0 va (B):5x—4y+3z+1=0. Phuong trinh
mat phang di qua gdc toa do O va vubng goc ca (o) va (B) la:

A 2x-y+2z=0 B. 2x+y-2z=0
C. 2x+y—-2z+1=0 D. 2x-y—-2z=0
Cau 20: Trong khong gian Oxyz, phuong trinh mp(Oxy) la:
A.z=0 B.x+y=0 C.x=0 D.y=0

Cau 21: Trong khong gian Oxyz mp(P) di qua A(1; - 2;3) va vudng goc véi duong thang (d):
X+1 y-1 z-1

c6 phuong trinh la:

2 -1
A.2x-y+3z-13=0 B.2x-y+3z2+13=0
C.2x-y-3z-13=0 D.2x+y+3z-13=0

Cau 22: Mt phang di qua D(2;0;0) vudng goc véi truc Oy c6 phuong trinh 1a:
A.z=0 B.y=2 C.y=0 D.z=2
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Cau 23: Cho ba diém A(2;1; - 1); B( - 1;0;4);C(0; - 2 - 1). Phuong trinh mit phiang nao di qua A
va vudng géc BC

A x-2y-52-5=0 B.2x-y+5z-5=0

C.x-3y+5z2+1=0 D.2x+y+z+7=0
Cau 24: Trong khong gian Oxyz cho hai diém A( - 1;0;0), B(0;0;1). mp(P) chira dudng thing
AB va song song vai truc Oy ¢6 phuong trinh la:

Ax-z+1=0 B.x-z-1=0

C.x+y-z+1=0 D.y-z+1=0 _
Cau 25: Trong khong gian Oxyz cho 2 mp(Q): x -y +3=0va (R): 2y - z+ 1 = 0 va diém
A(1:0;0). mp(P) vudng goc véi (Q) va (R) dong thoi di qua A c6 phuong trinh 1a:

A Xx+y+2z-1=0 B.x+2y-z-1=0

C.x-2y+z-1=0 D.x+y-22-1=0
CAau 26: Trong khong gian Oxyz cho diém A(4; - 1;3). Hinh chiéu vudng géc cua A trén cac truc
Ox, Oy, Oz lan luot 13 K, H, Q. khi d6 phuong trinh mp( KHQ) la:

A .3x-12y+4z-12=0 B.3x-12y+4z+12=0

C.3x-12y-4z-12=0 D.3x+12y+4z-12=0
Cau 27: Trong khong gian Oxyz, cho diém M(8, - 2, 4). Goi A, B, C lan luot Ia hinh chiéu cua
M trén cac truc Ox, Oy, Oz. Phuong trinh mat phang di qua ba diém A, B va C Ia:

A. X+4y+2z-8=0 B. Xx—-4y+2z2-8=0

C. x-4y+2z-8=0 D. x+4y—-2z-8=0
Cau 28: Trong khéng gian Oxyz. mp(P) chta truc Oz va di qua diém A(1;2;3) ¢6 phuong trinh
la:

A.2x-y=0 B.x+y-z=0 C.x-y+1=0 D.x-2y+z=0
Cau 29: Trong khong gian Oxyz Viét phuong trinh mat phang (P) biét (P) cat ba truc toa do6 lan
luot tai A, B, C sao cho M(1;2;3) lam trong tdm tam gidc ABC:

A.6x+3y+2z-18=0 B.x+2y+3z=0

C.6x-3y+2z-18=0 D.6x+3y+2z-18=0hoacx +2y+3z=
0
Cau 30: Mat phang (P) di qua M(12;2) va cit cc truc Ox,Oy,Oz lan luot tai A, B, C sao cho
H I tryc tdm ctia tam giac ABC. Phuong trinh cua (P) la:

A 2Xx+y+z-4=0 B. 2x+y+z-2=0

C. 2x+4y+4z-9=0 D. x+2y+2z-9=0
Cau 31: Trong khong gian Oxyz cho mp(Q): 3x + 4y - 1 = 0 mp(P) song song vai (Q) va cach
g6c toa dd mot khoang bang 1 ¢6 phwong trinh 1a:

A.3x+4y+5=0hoac3x +4y-5=0 B.3x+4y+5=0

C.3x+4y-5=0 D.4x+3y+5=0hoac3x+4y+5=0
Cau 32: Trong khéng gian Oxyz cho mp(Q): 5x - 12z + 3 = 0 va mat cau (S):
x? +y? +2% —2x =0 mp(P) song song véi (Q) va tiép xlc vai (S) co phuong trinh la:

A.5x-12z+8=0hoac5x-12z-18=0 B.5x-122+8=0

C.5x-12z-18=0 D.5x-122-8=00rb5x-12z2+18=0

Cau 33: Cho mat cau (S):xX?+y?+z°—-2x—-4y—6z—-2=0 va mat phang
(o) : 4x +3y—12z+10=0. M3t phang tiép xuc véi (S) va song song véi (o) cé phuong trinh
la:

A. 4x+3y—-122+78=0

B. 4x+3y—-122+78=0 hoac 4x+3y—-12z2-26=0

C. 4x+3y—-12z2-78=0 hoac 4x+3y-12z2+26 =0

D. 4x+3y—-12z-26=0
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Cau 34: Cho (S):x*+y*+2z°—2y—2z—-2=0 va mit phang (P):x+2y+2z+2=0. Mit phing
(Q) song song véi (P) dong thai tiép xdc véi (S) co phuong trinh 1a:
A. X+2y—-2x-10=0 B. X+2y+2x-10=0;x+2y+2z+2=0
C. X+2y+2x-10=0;x-2y+2z+2=0 D. x+2y+2x-10=0
Cau 35: Cho mat cau (S): (x—2)°+(y+1)*+2z>=14. Mat cau (S) cit truc Oz tai A va B
(z, <0). Phuong trinh ndo sau day la phuong trinh tiép dién cua (S) tai B?
A. 2x-y—-3z-9=0 B. x-2y+z+3=0
C. 2x-y-3z+9=0 D. x-2y-z-3=0
Cau 36: Trong khdng gian Oxyz cho mp(Q): 2x + y - 2z + 1 = 0 va mat cau (S):
X% +y? +7° —2x—2z-23=0. mp(P) song song véi (Q) va cit (S) theo giao tuyén la mot dudng
tron ¢6 ban kinh bang 4.
A 2x+y-22+9=00r2x+y-22-9=0 B.2x+y-22+8=00r2x +y-22-8=0
C.2x+y-22-11=00r2x+y-2z+11=0 D.2x+y-2z -1=0
y-1_z+1, mat cau (S):
-2 2
X2 +y? +2% —2x+2y—2z-166 =0 mp(P) vudng goc vai (d) va cit (S) theo mot duong tron co
ban kinh bang 12 c¢6 phwong trinh 1a:
A x-2y+2z+10=00rx-2y+2z-20=0 B. x -2y -2z +10=0 Or x -2y -2y -20=0
C.x-2y+22+10=0 D.x-2y+2z-20=0
Cau 38: Cho mat cau (S):x*+y?+z?—-8x+2y+2z2-3=0 va duong thing
x-1 'y z+2

Cau 37: Trong khong gian Oxyz cho duong thang (d): %=

A:T=—2 = M3t phang (o) vudng goc véi A va cit (S) theo giao tuyén 1a dudng tron
(C) c6 ban kinh 16n nhat. Phuong trinh (o) 1a

A. 3x-2y-z+5=0 B. 3x-2y-z-5=0

C. 3x-2y-z-15=0 D. 3x-2y-z+15=0

Céau 39: Trong khong gian Oxyz cho hai mit phang song song (Q): 2x -y +z - 2 =0 va (P): 2x
-y +2-6=0.mp(R) song song va cach déu (Q), (P) c6 phuong trinh la:

A 2x-y+z-4=0 B.2x-y+z+4=0

C.2x-y+z=0 D.2x-y+z +12=0
Cau 40: Mat phang qua A( 1; - 2; - 5) va song song véi mat phiang (P): x—y+1=0cach (P)
mot khoang co d6 dai la:

A.2 B. \2 C.4 D. 242
Céau 41: Trong mat phang Oxyz, cho A(1; 2; 3) va B(3; 2; 1). Mit phang di qua A va cach B mot
khoang Ién nhat 1a:

A x-z-2=0 B. x-z+2=0

C. x+2y+3z-10=0 D. 3x+2y+z-10=0
Cau 42: Viét phuong trinh mit phang di qua diém B(1; 2; - 1) va cach gdc toa do mot khoing
I6n nhat.

A X+2y-2-6=0 B. Xx+2y-2z-7=0
C. 2x+y-z-5=0 D. x+y-2z-5=0
X=-1+t
Cau 43: Trong khong gian Oxyz cho duodng thang (d): {y=2-t va diém A( - 1;1;0), mp(P)
z=t

chua (d) va A c6 phuong trinh la:
A x-z+1=0 B.x+y=0 C.x+y-z=0 D.y-z+2=0
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Cau 44: Mit phang (o) di qua M (0; 0; - 1) va song song VGi gid cua hai vecto
a(L;—2;3) va b(3;0;5) . Phuong trinh cua mat phang (o) la:
A 5x-2y-3z -21=0 B. -5x+2y+3z+3=0
C.10x—-4y—-6z+21=0 D.5x—-2y—-3z+21=0
Cau 45: Mgt phang (P) di qua 3 diém A(4;9;8),B(1-3;4),C(2;5,-1) ¢6 phuong trinh dang
tong quéat: Ax+By+Cz+D=0, biét A =92 tim gia tri cua D:
A. 101 B. -101 C. -63 D. 36
Cau 46: Mit phang (P) di qua M(1;2;3) va cét cac truc Ox,Oy,0z lan luot tai A, B, C sao cho
M la trong tdm cua tam giac ABC. Phuong trinh cua (P) la:

A X+2y+3z-14=0 B. 6x+3y+2z-18=0
C. 2x+3y+6z-18=0 D. x+2y+3z-6=0
CAu 47: Trong khong gian Oxyz cho hai dudng thing song song (d): XTH' :yT_l :g va (d):

X=1_¥*+2_2=1 ¥i 46 mp(P) chita hai dusng thang trén co phuong trinh la:

1 1
A.7Xx+3y-52+4=0 B.7x+3y-52-4=0
C.5x+3y-72+4=0 D.5x+3y+7z+4=0

Cau 48: Mit phang (P) di qua M(L—1-1) vasongsong v &i(a):2x—3y—4z+2017=0 c6
phuong trinh tong quat la Ax+By+Cz+D=0. Tinh A~-B+C-D khi A=2

A. A-B+C-D=9 B. A-B+C-D=10
C. A-B+C-D=11 D. A-B+C-D=12
X=4+2t
Cau 49: Mat phang (P) di qua M(2;0;0) va vudng géc v 6i duong thang (d): {y=1-2t . Khi
z=5+3t

d6 giao diém M cua (d) va (P) la:

A. M(2;3,2) B. M(4;1,5) C. M(0;5;-1) D. M(-2;7;4)
Cau 50: Matphing (P) diqua 2 diém A(2-14),B(3;2;1) vavudng goc véi
(00):2x—y+3z-5=0 la:

A. 6X-9y—-7z+7=0 B. 6x+9y+7z+7=0

C. 6x+9y—-7z+7=0 D. 6x+9y+z+1=0
Cau 51: Cho hai diém A(1; - 1;5) va B(0;0;1). Mat phing (P) chira A, B va song song vai Oy ¢6
phuong trinh la

A 4X+y-z+1=0 B. 2x+z-5=0 C. 4x-z+1=0 D. y+4z-1=0
Cau 52: Phuong trinh tong quat cua(o) qua A(2; - 1;4), B(3;2; - 1) va vudng goc véi
(B):x+y+2z-3=0 la:

A llx+7y-22-21=0B. 11x+7y+22+21=0

C.11x-7y-2z-21=0D.11x-7y+2z+21=0
Cau 53:‘ Cho tamqgiac ABCco A (1;2;3), B(4;5;6), C( - 3; 0 ;5). Goi G la trong tam tam gidc
ABC, I la trung diém AC, (o) 1a mat phang trung tryc cia AB. Chon khang dinh dung trong cac
khang dinh sau:

AT g (a):x+y+z—2?l=o”

3’3" 3
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B. G(g;g;%), I(-1L4), (o):5x+5y+52-21=0
C. G(2,7;14), 1(-LL4), (0):2x+2y+2z-21=0
G(g;%;%), 1(,54), (a):2x+2y+2z+21=0

Cau 54: Biét tam giac ABC c6 ba dinh A, B, C thudc céc truc toa do va trong tdm tam giac la
G(-1-3;2) . Khi d6 phuong trinh mat phang (ABC) la:

A. 2x-3y-z-1=0 B. Xx+y-z-5=0

C. 6x-2y—-3z+18=0 D. 6x+2y-3z+18=0
Cau 55: Cho mit phang (P) diqua 2 diem A(L2,-1),B(10;2) va vudng goc voi

(0):x+y—z+4=0va4 diém M(3131), N(2;1;1),E(3;1;1),F(—3;1;—gj. Chon dap an dung:

A.(P)diquaMvaN B.(P)diquaMvaE

C.(P)diquaNvaF D.(P)diquaEvaF
Cau 56: Cho mat phang (P) diqua 2 diem A(L0;1),B(2L1) va vudng goc véi
(a):x—y+2z-10=0. Tinh khoang cach tir diém C(3;-2;0) dén (P):

A. 6 B. V6 C.3 D. V3
Cau 57: Matphang (P) diqua 2 diem A(L2-1),B(0;-3;2) va vudng goc voi
(o):2x—y—2z+1=0 c6 phuong trinh tong quat 14 Ax+By+Cz+D=0. Tim gia tri cua D biét
C=11:

A. D=14 B. D=-7 C.D=7 D. D=31
Cau 58: Mat phang (P) di qua A(L-12) vasongsongvéi (a):x—2y+3z—4=0. Khoang

cach giita (P) va (o) bang:

A. 14 g V14 c. > p, Y14
14 14 2
. S ) <L, x-1 y+1 z |, . 2
Cau 59: Mat phang (P) di qua M(0;11) va chira (d).T:—1=§ c6 phuong trinh tong
quéat (P): Ax+By+Cz+D=0. Tinh gi tri cia B+C+D khi A=5
A.B+C+D=-3 B. B+C+D=-2 C.B+C+D=-1 D. B+C+D=0

Cau 60: Mt phing (P) di qua A(L—12) va vudng goc véi truc Oy . Tim giao diém cua (P) va
Oy.

A. M(0;-1,0) B. M(0;2;0) C. M(0;3,0) D. M(0;-2;0)
Cau 61: Trong khong gian Oxyz mp(P) di qua B(0; - 2;3), song song voi duong thang d:
XT_Z Yoo v vudng goc voi mat phing (Q): X +y - z =0 ¢6 phuong trinh ?

A.2x-3y+52-9=0 B.2x-3y+5z2-9=0
C.2x+3y-52-9=0 D.2x+3y+5z-9=0
Cau 62: Mat phang (P) diqua 3 diém A(L-4;2),B(2,-2;1),C(0;—4;3) c6 mdt vecto phéap
tuyén n 1a:
A n =(10;1) B. n =(1L0) C. n =(0:1:2) D. n =(-L0;1)
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Cau 63: Mit phang (P) chia (d):XT_lz%:¥ va vudng géc voi(Q):x—y+z-4=0 ¢
phuong trinh tong quat (P):Ax+By+Cz+D=0. Tim gia tri cia D khi biét A =1.

A. D=1 B.D=-1 C.D=2 D.D=-2
Cau 64: Phuong trinh mét phang trung truc cua doan AB voi A(4;-10),B(2;3,-4) la:

A. X+6y+4z+25=0 B. x-6y—-4z-25=0 C. x+6y—-4z+25=0 D.
X—2y+2z2+3=0
Cau 65: Mit phang (Q) song song véi mp(P): X + 2y + z - 4 = 0 va cach D(1;0:3) mét khoang
bang J6 co phuong trinh la

A X+2y+z+2=0 B.x+2y-z-10=0

C.x+2y+z-10=0 D.x+2y+z+2=0vax+2y+z-10=0
Cau 66: Phuong trinh mat phing qua A(LL0) vavudng goc véi cd hai mit phang
(P):x+2y—3=0 va (Q):4x—5z+6=0 c6 phuong trinh tong quat Ax+By+Cz+D=0. Tim
gidtricaa A+B+C khi D=5.

A. 10 B. 11 C.-13 D. 15
Cau 67: Phuongtrinhmp (P) di qua I(~12;3) va chia giao tuyén cia hai mit phang
(0):x+y+z-9=0 va (B):x—2y+3z+1=0

A. 2x-y-4z-8=0 B. 2x—-y+4z-8=0

C. 2x-y—-4z+8=0 D. x—-2y+4z-8=0
CAu 68: Phuong trinh mat phang qua giao tuyén caa hai mat phiang (P): x - 3y + 2z-1 = 0 va (Q):
2x +y -3z + 1=0vasong song vai truc Ox la

A 7x+y+1=0 B.7y-7z2+1=0 C.7x+7y-1=0 D.x-3=0
Cau 69: Cho mat phiang (P) di qua A(L23),B(3;,-L1) vasongsong vdi
X=2 y+2 z-3

d > . . Khoang cach tir goc toa do dén (P) bang:
A S g, 52 c. N7 D5
6 6 77 12

X-2 y+2 z-3

Cau 70: Phuong trinh mp (P) qua A(L2;3) vachua d: .

c6 phuong trinh

tong quat Ax+By+Cz+D=0. Giatri cua D biét A=4:
A 4 B. -7 C.11 D. 15

Cau 71: Trong khéng gian véi hé toa d6 Oxyz cho duong thang (d) :X—+12 =yT_2 =§ va diém

A(2;3;1). Viét phuong trinh mit phang (P) chira A va (d). Cosin cta gdc gitra mat phang (P) va
mat phang toa do (Oxy) la:

AL B. > c. 206 p. Y7
J6 107 6 13
X=5+2t Xx=9-2t
Céau 72: Phuong trinh mp(P) chuaca d, :<y=1-t &d,:{y=t la:
z=5-t zZ=-2+t
A. 3x-5y+z-25=0 B. 3x+5y+z+25=0
C. 3x-5y—-z+25=0 D. 3x+y+z-25=0
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x-1 y-3 z |

Cau 73: Cho duong thang d o=t g va mp(P) : x—2y +2z—1=0. Mit phang chta d
va vudng goc vai mp(P) cé phuong trinh

A. 2x-2y+z2+8=0 B. 2x+2y+z2-8=0

C. 2x-2y+z-8=0 D. 2x+2y-z-8=0

Cau 74: Trong khong gian Oxyz cho mp(Q): 3x +y +z +1=0. Viét PT mat phang (P) song
song vai (Q) va cat cac truc Ox, Oy, Oz lan luot tai A, B, C sao cho thé tich tir dién OABC bang
3

2

A.3x+y+z+3=0hoac3x+y+z-3=0 C.3x+y+z--=0

w N w

B.3x+y+z+5=0hoac3x+y+z -5=0 D.3x+y+z+E:0
Cau 75: Trong khong gian Oxyz viét PT mat phang (P) vudng g6c véi duong thing (d):
§= yT—l = ? Va cit cac tryc Ox, Oy, Oz theo tht ty A, B, C sao cho: OA. OB = 20C.
A x+y+2z+1=0hoacx+y+2z-1=0 B.x+y+22+1=0

C.x+y+2z-1=0 D.x+y+ 2z + 2 =0 hoic x+y +2z -2=0
Cau 76: Trong khong gian véi hé toa do Oxyz cho tam giac ABC cd A(1;0;0), B(0; - 2;3),
2

C(1;1;1). Phuwong trinh mat phang (P) chira A, B sao cho khoang céch tir C tai (P) la Nl
A x+y+z-1=0 hoac -23x+37y+17z+23=0
B.x+y+2z-1=0 hoac -2x+3y+7z2+23=0
C.x+2y+z-1=0 hoac -2x+3y+6z+13=0
D.2x+3y+z-1=0 hoac3x+y+7z+6=0
Cau 77: Trong khong gian voi hé toa do Oxyz cho mit cau (S): (x—1)°+(y-2)*+(z—3)*=9

X-6 y-2 z-2

va duong thang A . Phuong trinh mat phang (P) di qua M(4:3;4), song

-3 2 2
song véi dudng thang A va tiép xuc véi miat cau (S)
A 2x+y+2z-19=0 B.x-2y+2z-1=0
C.2x+y-22-12=0 D.2x+y-22-10=0

Cau 78: Cho (S): x* +Yy?+7°—4x—5=0. DPiém A thuoc mat cau (S) va co toa do thir nhat bang
- 1. M3t phang (P) tiép x(c véi (S) tai A c6 phuong trinh 1a:

A X+y+1=0 B. x+1=0 C.y+1=0 D. x-1=0
X=2+t X=2-2t
Cau 79: Cho hai duong thang d,:1y=1-t vad,:{y=3 . Mat phang cach déu d, va d,co
z=2t z=t
phuong trinh la
A. X+5y-22+12=0 B. Xx+5y+2z2-12=0
C. x-5y+2z-12=0 D. x+5y+2z+12=0

Cau 80: Cho A(2;0;0),M(L11). Viét phuong trinh mét phang (P) di qua A va M sao cho (P)
cit truc Oy, Oz Ian lyot tai hai diém B, C théa mén dién tich cia tam giac ABC bang 46 .
A. Ca ba dép con lai C. (P,):=6x+(3++/21)y+(3-v21)z2+12=0

34



B. (R):2x+y+z-4=0 D. (Pz):—6x+(3—\/ﬂ)y+(3+\/ﬂ)z+12:0

Cau 81: Trong khong gian vai hé truc toa do6 Oxyz, cho diém M(2;2;2) . Khi d6 miat phang di
qua M cit cac tia Ox, Oy, Oz tai cac diém A, B, C sao cho thé tich ta dién OABC nho nhit c6
phuong trinh la:

A X+y+z-1=0 B. X+y+z+6=0

C. x+y+z=0 D. x+y+z-6=0
Cau 82: Cho A(a;0;0);B(0;b;0);C(0;0;c) véi a,b,c>0. Biét mat phing (ABC) qua diém
I(1;3;:3) va thé tich tir dién OABC dat gi4 tri nho nhat. Khi 6 phuong trinh (ABC) 1a:

A. X+3y+3z2-21=0 B. 3Xx+y+z+9=0

C. 3x+3y+z-15=0 D. 3x+y+z-9=0
Cau 83: Trong khong gian véi hé truc Oxyz, cho mat cau (S): x> +y? +z? —2x +4y+2z-3=0.
Viét phuong trinh (P) chtra truc Ox va cit (S) theo dudng tron ¢ ban kinh bang 3.

A (P):y-3z=0 B. (P):y+2z=0 C.(P):y-z=0 D. (P):y-2z=0
Cau 84: Trong khong gian véi hé toa do Oxyz, cho diém A(2;-11). phuong trinh mat phang
(P) di qua diém A va cach gdc toa d6 O mot khoang I6n nhat 1a

A 2Xx-y+z2-6=0 B. 2x+y+z-6=0

C. 2x-y+z+6=0 D.2x+y-z+6=0

A . R . 2 . 3 x-1 vy z+1
Céau 85: Trong khong gian Oxyz, cho diém A(1,-11), duong thang A: =1=q" mit

phing (P):2x—y+2z-1=0. Viét phuong trinh mit phang (Q) chira A va khoang céach tir A
dén (Q) I16n nhat

A. 2X+y+3z+1=0 B. 2x-y+3z+1=0
C. 2x+y-3z+2=0 D. 2x-y—-3z-3=0
Cau 86: Trong khéng gian Oxyz, duong thiang A: X2_1=%= z+11’ mit  phang
(P):2x—y+2z-1=0. Viét phuong trinh mit phang (Q) chira A vatao véi (P) goc nho nhat
A. 10x-7y-13z-2=0 B. 10x-7y+13z2+3=0
C.10+7y+13z+1=0 D. 10x+7y—-13z+3=0
Cau 87: Khoang cach tr M(14;-7) dén mat phang (P):2x-y+2z-9=0 la:
A. 2—35 B.5 C. 7 D. 12
Cau 88: Khoang cach tir M(-2;—4;3) dén mit phang (P):2x-y+2z-3=0 la:
A 3 B.2 C.1 D.11

Cau 89: Trong khdng gian Oxyz cho mit cau (S):x*+y*+2z> —2x—2y—2z-22=0, va mit

phing (P):3x -2y +6z+14 =0. Khoang c4ch tir tam | cua mt cau (S) d&én mit phang (P) la
A.2 B.1 C.3 D.4

Cau 90: Cho A(5;1;3),B(L6;2),C(5;0;4). Khoang cach tir gbc toa do O dén mat phang (ABC)

bang:
A. 33 B. ? C.\3 D. A, B, C déu sai
Cau 91: Khoang cach giita hai mat phang (P):x+y—z+5=0&(Q):2x+2y—2z+3=0 la:
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Al B.% c.¥ p. Y17

6 6
Cau 92: Khoang céch giita hai mit phang (P): 2x—y+3z+5=0 va (Q): 2x—-y+3z+1=0
bang:
6 4
A — B.6 C.4 D. —
2 N

Cau 93: Trong khong gian vai hé truc toa do Oxyz, cho hai mat phang (P):5x +5y—-5z2—-1=0
va (Q):x+y-z+1=0. Khi d6 khoang cach gitra (P) va (Q) la:

A & B. 2 C. 2 D. &
15 5 15 5

X-1 y-7 z-3

Cau 94: Cho mit phang (o) : 3x — 2y + 5 = 0 va dudng thing d: N . Goi (B) 1a
mat phang chtra d va song song véi (o) . Khoang céch giira (o) va (B) la:
N g, 613 c. o 3
14 13 J14 J14
Céu 95: Cho A(5;1;3),B(1;6;2),C(5;0;4) . Khoang cach tir O dén mit phang (ABC) 1a:
A 33 B. 243 C. ? D. ?

Cau 96: Cho A(1;1;3), B(-1;3;2),C(-1;2;3). Khoang cach tir goc toa d6 O dén mat phing
(ABC) bang:

A 3 B. 3 c.? D.%

Cau 97: Cho bén diém khong dong phang A(0:0;2), B(3:05), C(1;1;0) va D(4;1;2). Do dai
duong cao cua tir dign ABCD ha tir dinh D xuong mat phang (ABC) la:

A. 11 B.1 c. 11 D. %

Cau 98: Trong mit phang Oxyz Cho tir dién ABCD ¢ A(2;3;1), B(4;1;-2), C(6:3;7), D-5;-4:-8).
Do dai duong cao ké tir D cua tir dién la
45 645 J5 43
A = B — C. — D. —
7 5 5 3
Cau 99: Trong khéng gian véi hé toa do Oxyz cho tam giac MNP biét MN = (-3;0;4) va
NP = (-1,0;—2) . Do dai duong trung tuyén MI cua tam gidc MNP bang:

Al 5. Y% c. V&5 p. 1
2 2 2 2
Céau 100: Trong khong gian Oxyz, cho A(10;-3),B(-1-3;-2),C(15;7). Goi G la trong tam

cua tam giac ABC. Khi d6 d6 dai cua OG la

A 3 B. \5 C.1 D.5
Cau 101: Cho A(5,1;3),B(L6;2),C(5;0;4). Khoang cach tir O dén mat phang (ABC) la:
A 33 B. 243 C. # D. g

Cau 102: Cho A(1;1;3), B(-1;3;2),C(-1;2;3). Khoang cach tir goc toa d6 O dén mat phing
(ABC) bing:
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A 3 B. 3 c.ﬁ D.%

2
Cau 103: Goi H la hinh chiéu vudng géc ciia A(2; -1; -1) dén mit phang (P) c6 phuong trinh 16x
— 12y — 15z — 4 = 0. B dai cua doan thang AH la:
u g c 2 0. 2
25 s , 25 5 7
Cau 104: Cho A,B,C lan lugt la hinh chiéu vuéng goc cua diem S(4;1,-5) trén cdc mat phang
(Oxy),(Oyz),(Ozx). Khoang cach tir S dén mat phang (ABC) bang:
A. A, B, C du sai B. % C. % D. 2421

Cau 105: Goi H la hinh chiéu vudng géc ciia A(2; -1; -1) dén mit phang (P) ¢6 phuong trinh 16x
— 12y — 15z — 4 = 0. B dai cua doan thang AH la:

o 5 1 c 2 0. 2
25 5 25 5
PAP AN TRAC NGHIEM

1A |2D |3C |4D |5A |(6B |7A |8C |9A |10C |11D |12A |13B |14C | 15A

16A | 17A | 18A | 19B | 20D | 21A | 22C | 23A | 24A | 25A | 26D | 27B | 28A | 29A | 30D

31A | 32A | 33B | 34B | 35C | 36A | 37A | 38C | 39A | 40D | 41B | 42A | 43A | 44B | 45B

46B | 47TA | 48B | 49A | 50A | 51C | 52C | 53A | 54D | 55C |56B |57B |58C | 59D | 60A

61D | 62A | 63C | 64D | 65D | 66C | 67D | 68B | 69C | 70D | 71B | 72A | 73B | 74A | 75A

76A | 77TA | 78B | 79B | 80B | 81D | 82D | 83B | 84A | 85B | 86B | 87A | 88C | 89C | 90A

91B | 92D | 93D | 94B | 95A | 96B | 97D | 98A | 99C | 100C | 101A | 102B | 103B | 104C | 105B
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BAI 3: PHUONG TMNH PUONG THANG TRONG KHONG GIAN
1) Céc dang phwong trinh dwong thang trong khdng gian:

a) Vecto chi phwong ciia dwong thang:

Vecto u(a;b;c) duoc goi la vecto chi phwong ctia duong thang d khi u cung phuong véi d.

U

L

b) Cac dang phwong trinh dwong thang:

Phuong trinh tham s6

Phuong trinh chinh tic

Phwong trinh tong quéat

X=X, +at
d:qy=y,+bt
z=1z,+ct
Trong do:
- M(Xy; Y3 2,) €d
- Vecto chi phuong cua d la
u(a;b;c)
*Luuy:

Pay 1a dang chinh ta can
dua vé trong hau hét cac bai
tap vé phuong trinh duong
thang.

4 X% Y=Y _2-%

a b c

Trong do:

- M(X,; Yo 2,) €d

- Vecto chi phuong cua d la
u(a;b;c)

*Luuy:

+ a,b,c ddng thoi khac 0.

+ Khi gip dang nay, ta can
chuyén vé dang phuong trinh
tham sb dé giai quyét yéu cau
bai toan.

Xét 2 mat phang («)va(p)co

phuong trinh:
(2):Ax+By+Cz+D=0
(B):Ax+By+Cz+D'=0
Khi d6 giao tuyén d cua (a)

va () la nghiém cua hé:
{Ax+By+Cz+D=0 *)

AXx+B'y+C'z+D'=0

(*) duoc goi la phuong trinh

téng quét cua d.

Trong do:

- Piém di qua: Cho x bang 1

gi4 tri bat ki thé vo (*) va giai

hé phuong trinh tim dugc y,z.

Gia tri x,y,z lGc nay la toa do

cua diém thuoc d.

- Vecto chi phuong: La tich co

huéng cia N Van

*Luuy:
- Phuong trinh dwong thang cua cac truc ¢6 dang:
X=t x=0 x=0
Truc Ox: 4y =0; Truc Oy:sy=t; Truc Oz:<y=0
z=0 z=0 z=t

- Bang cach dit ti s6 cua phuong trinh chinh tic 14 t, ta d& dang dua vé dang phuong trinh tham

sé: X=X _ Y=Y _2-12
a b c

X=X, +at

0=t y =Yy, +bt

z=17,+ct
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2) Vi tri twong ddi giira hai dwong thang

Hai dwong thing song song

Hai dwong thing cit nhau

d’ M &dl
d Vi ";a
biéu kién: [ljd,ﬂzo
[Ud,MM'] +0

[Gd,ﬁd-}tﬁ

[ad,ad']l\/l—l\/l':O

biéu kién:

Hai dwong thing chéo nhau

Hai dwong thing trung nhau

a M’ Ua

D@uk@m[ﬁmﬁw]MMu¢o

‘ lie. i ] =0
bicu kién: { ~

|:Ud,|\/|—|\/|'

=0

L1

*Luuy:

Ngoai cach tng dung tich c6 huéng cia 2 vecto dé xét tinh twong ddi gitra 2 duong thang nhu
trén, ta con cé thé st dung phap tim nghiém va xét phuong cua 2 duong thang dé khao sét tinh

tuong d6i cua 2 duong thang. Cuy thé:

Xét 2 dudng thang d qua M (X,; Y,;Z,) vad’ qua M’ (x',;y':2',) lan lugt c6 phuong trinh:

X=X, +at X=x'\+a't
d:isy=y,+bt vad:qy=y',+b't
Z=1,+cCt z=1',+C't

+ Hai duong thang song song: {Ud =:,Ud'
2

Ug = KUg-

+ Hai duong thang tring nhau:
g thang tring {Med

b ¢

b ¢
q

b ¢

b ¢
q

X, +at=x',+a't
+ Hai dwong thang cat nhau: Hé {y, +bt=y',+b't c6 1 nghiém duy nhat
Z,+ct=z"+cC't




+ Hai dudng thing chéo nhau: ug = kug =

a b ¢
2 b o
a ¢ va hé
a b ¢
prinirwiilon
a' b'" ¢

3) Vi tri twong déi gitra dwdng thang va mat phang

X=X, +at

X, +at=x',+a't
y, +bt=y',+b't vd nghiém.
Z,+ct=z"+c't

Xét duong thang d co phuong trinh {y=y,+bt va mit phing (a)cé phuong trinh:

z=1,+ct

Ax+By+Cz+D=0, khi d6 giira d va (&) co cac vi tri twong dbi sau:

Puong thing song song véi

Puong thing trang véi mat

Puong thing cat mat phang

mat phang phang

d d
Hé phuong trinh: HE phuong trinh: Hé phuong trinh:

X=X, +at X=X +at X=X, +at

y=Y,+bt y =Yy +ht y=Y,+ht

1=7,+ct 1=+t 1=7,+ct

Ax+By+Cz+D=0 Ax+By+Cz+D=0 Ax+By+Cz+D=0
V6 nghiém V6 56 nghigm C6 1 nghiém duy nhit

4) Céc tinh chat vé khoang cach va géc

Khoang cach tir 1 diém dén 1 dwong thing

Khoing céach giira 2 dwong thang chéo nhau

M
h
d w |
H M’
dM.d)= L W] d(d,d) = [ Fdlw‘
| [ |
Coc gifta 2 duiny thing Géc giira dudng thang va mat phang

\d A )
*d

£

1 \@ N

N
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‘ﬂd.fd‘ ~ |aa'+bb'+cc|

‘UdHUd" JaZ+b?+c2Afa?+b?+c?

CoS ¢ =

Trong d6: U = (a;b;c);uqs =(a'b";c)

singp =

‘Ud.n(a)

|aA+bB +cC]|

- JaZ+b? +c? A2 + B2 +C?
Trong d6: ug = (a;b;c); N = (A; B;C)

‘UdHn(a)

% BAITAP
Phwong phap:

- Nam viing ly thuyét vé tinh twong ddi gitra duong voi duong va dudng véi mat kém theo cac

phuong phap xac dinh.
- Thugc cac cong thac tinh khoang cach va goc

- C4c bai tap trong bai nay thudng yéu cau viét phuong trinh duong thang, tim giao diém hoic
hinh chiéu...ta can nim vitng c4c dang toén viét phuong trinh duong thang sau:

Puong thang di qua 2 diém

Puong thang di qua 1 diém va vudng goc
v6i méit phang cho truéc

d A

B

+ Piém di qua: A hoic B
+ Vecto chi phuong: Us =AB

+ Piém di qua: M

+ Vecto chi phuwong: La vecto phap tuyén cua

():

Ud = N(a)

Puong thing di qua 1 diém va song song véi
1 dwong thang cho truéc

Puong thang di qua 1 diém va vuong goc
véi 2 duwong thang cho trwéc

Uq

d)

M

d

+ Piém di qua: M
+ Vecto chi phuong: La vecto chi phuong cua

d’: Ug =Ug

b

—+

AU

Ud

Uz

+ Piém di qua: M
+ Vecto chi phuong: La tich ¢6 hudng cua
vecto chi phuong cta duong thang a va b:

Ud :[ua,ub}
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Puwong thang vudng goc va cit dwong thang
d’ va song song véi 1 mat phang cho trwéc

Puwong thang di qua 1 diém va vudng goc
véi 1 duwong thang cho truéc

()

Ug'

+ Piém di qua: M
+ Vecto chi phuong: La tich c¢6 hudng cua vecto
chi phuong cta d’” va vecto phap tuyén cua () :

Ud :[uw,n(a)]

d)

AU

+ Piém di qua: M

+ Vecto chi phuong:

- Bwéc 1: Viét phuong trinh mat phang (@)
qua M va vubng géc vaéi d’.

- Bwéc 2: Tim giao diém M’ cua (o) véi d’

- Bwoc 3. Suy ra vecto chi phuong cua d la

MM"
Ug = MM"

Puong thang di qua 1 diem, cit dwong thang
a va vudng goc veéi dwong thang b

Puong thang di qua 1 diem va cat 2 duong
thang cho truéc

a

Ua
,4 d M u e
/7

+ Piém di qua: M
+ Vecto chi phuong:

AUs

/

- Bwgc 1: Viét phuong trinh mit phang (&) qua
M va vubng goc Vvai b.
- Bwéc 2: Tim giao diém M’ cua (o) va a.
- Bwoc 3: Suy ra vecto chi phuong cua d la
MM

Ug = MM

+ Piém di qua: M

+ Vecto chi phuong:

- Bwéc 1: Viét phuong trinh mat phang (@)
qua M va chtra b; va phuong trinh mat phang
(f)qua M va chua a.

- Bwoc 2: Suy ra vecto chi phuong cua d la
tich c6 huéng cua vecto phap tuyén cua («)

va (f):

Ud :[n(a)yn(ﬁ)J
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Puong thang vudng goc véi mit phang («)
va cit 2 duong thingavab

Puwong thang 1a hinh chiéu caa d’ 1én mat
phang («)

yd've 7

- Buwéc 1: Viét phuong trinh mit phang (P) qua

b va vudng goc vai () .

- Bwéc 2: Viét phuong trinh mat phiang () qua
a va vudng goc vai (a) .

- Bwéc 3: Suy ra phuong trinh duong thang d 1a
phuong trinh giao tuyén cua (P)va (B):

d:{(P)

(5)

(tir ddy suy ra phirong trinh tham sé)

- Bwéc 1: Tim giao diém B cua d’ va (@)

- Buwoc 2: Lay diém A trén d’, sau do viét
phuong trinh duong thang a qua A va vuong
goc vai (a).

- Bwéc 3: Tim giao diém H cua a va ()

- Buoc 4: Suy ra d di qua H va B, tr day ta
viét duoc phuong trinh cia d.

Puong thang d qua M (d va M cling nam
trong («)) va vudng goc veéi dwong thang a (
az(a))

Puwong thang 1a dwdong vudng goc chung
cua 2 duwong a va a’ cho truéc

+ Piém di qua: M
+ Vecto chi phuong: La tich ¢6 hudng caa vecto
chi phuong cua a vai vecto phap tuyén cua (a) :

Ud =[ua,n(a)]

- Buéc 1: Goi A thuoc a=toa do diém A
theo t; goi B thudc a’ =>toa d6 diém B theo t’
(Luu y: AB la duwong vudng goc chung cua a
vaa’)
- Buwoc 2: Giai hé phuong trinh:
{ﬁ.ﬁa -0

. —tvat’=toado AvaB
BA.Ua‘ - O

- Buéc 3: Suy ra phuong trinh duong thang d

qua 2 diém A va B.
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*Luuy:

- DBi vai bai toan tim toa do hinh chiéu H cua diém M 1én mat phang («), ta viét phuong trinh

duong thang d qua M va vudng goc véi () . Khi do, giao diém caa d va («) 1a H.

- Nguoc lai, dé tim toa do hinh chiéu H ciia M 1én duong thing d, ta viét phuong trinh mét phang

(e) qua M va vubng goc véi d. Khi dé, giao diém cua cua d va (e) 1a H.

VI DU

Vi du 1: Viét phuong trinh tham s6 ctia duong thang d di qua hai diém A(2;3;-1) va B(1;2:4)
Huwéng ddn:

- Vecto chi phuong cua d:

Vi d qua A va B nén vecto chi phuong cua d 13 AB ta co:
Us = AB = (-1 —15)
- Phuong trinh tham sb cua d

ua A
Tacé:d? . d
us = AB
X=2-t
=d{y=3-t
z=-1+5t

Vi du 2: Viét phuong trinh tham s cia d di qua M(2;-5;3) va song song voi duong thang d’
Xx=2-3t
y=3+4t(teR).
z=5-2t

Huwong dén:

Vecto chi phuong cia d’: ug = (-3;4;-2)
- Vecto chi phuong ctia duwong thang d: Ud'
Vi d song song vai d’ nén vecto chi phuong cua d
cling 1a vecto chi phuong cua d’:
Us =Ug = (-3;4,-2)
- Phuong trinh tham sb duong thang d:

ua M
Tacé: d ? -
Udg = Ug:
x=2-3t'
=dy=-5+4t"
z2=3-2t'
X=1+2t X=3+4t'
Vi du 3: Xac dinh vi tri tvong ddi cua 2 duong thang: d, sy =2+3t va d,{y=5+6t".
Z2=3+4t z=T7+8t"
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Huwéng ddn:

Vecto chi phuong cua d; Va dy: Ug, = (2;3;4) ; Us, = (4;6;8)
- Vi tri tuong dél cua d; va dy:
Xét M(1;2;3) thude dy va N(3;5;7) thudc d, = MN=(2;3;4)
[Gdl,a%]:ﬁ
Tac6: -~ = dyvad;trung nhau
[udl, MN] =0

Vi du 4: Trong khdng gian Oxyz cho hai mit phing (P): 2x+y-z-3=0 va (Q): x+y+z-1=0. Viét
phuong trinh tham s duong thang giao tuyén caa (P) va (Q)
Huwéng ddn:

Goi d 1a duong thang can tim.
Vecto phap tuyén caa (P) va (Q) 1a: ne = (2,1-1); ne = (L1L1)
- Vecto chi phuong cua duong thang d:
Vi d la giao caa 2 mat phang (P) va (Q) nén vecto chi phuong cua d 1a tich ¢ hudng ciia ne) va

N Ud :[H(P)’H(Q)} =(2-31

- Toa do 1 diém thuoc d
Goi M 1a diém bat ki thudc d, vi d 13 giao cua 2 mat phang (P) va (Q) = M la 1 nghiém cua hé:

y_l
—7=1 Y
y-2¢ 2
y+z=0 1
Z=——

2

2X+y—-2-3=0
y Mol
2 2

,chox=1=
X+y+z-1=0 {

- Phuong trinh tham sé cia d:

i Qua M
Taco: d:<.
us =(2;-3;1)

Xx=1+2t

=d y=%—3t

z:—l+t
2

Vi du 5: Trong khong gian véi hé toa do Oxyz, cho mit phang (P): x+2y+z-4=0 va duong thing

x+1 z+2 .. . . . ) ..
d % - % - % Viét phuong trinh duong thing d nim trong mit phing (P), ddng thoi cit
va vudng goc véi duong thang d’.

Vecto chi phuong ctia d’: ug- = (2;1;3)
Vecto phap tuyén cua (P): ney = (L 2:1)
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- Phuong trinh tham s6 cua d’:
Xx=-1+2t' d’
d<y=t' ne)
7=-2+3t' Ua
- Giao diém A cua (P) va d’
A la nghiém cua hé: R A
X, =—1+2t'(1) d = !

:t|2 1
Ya=t12) St=1=ALL) 4L "
Z, =-2+3t'(3) /

Xy +2Y,+2,—4=0

- Vecto chi phuong ctia dudng thang d:

Vi d ndm trong (P) va vudng goc véi d’ nén vecto chi phuong cia d 1a tich ¢6 huéng cia ng) va
l]d' .
Ug = |:H(P) , l_jd:| =(-5;1,3)

- Phuong trinh tham s6 cua d:

i Qua A
Taco:d:< .
ua =(-513)
Xx=1-5t
=dqy=1+t
z=1+3t
. . 2 X-3 y-3 z _. .. o
Vi du 6: Cho duong thang d,:T:TZE’mat phang (P): x+y-z+3=0 va diém A(1;2;-1).

Viét phuong trinh dudng thang d qua A cat d’ va song song véi (P) .

- Phuong trinh tham s6 cta d’:

X=3+t"
y=3+3t"
z=2t"

-Toa do giao diém B ciia d va d’:
Vi B thudc d’ nén ta c6 toa do tong quét cua B:
B(3+t"3+3t";2t)
Taco: AB=(2+t51+3t"1+2t")

Vi AB||(P) = AB L ng

= E.ﬁ(}:) =0
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& 2+t'+1+3t-1-2t'=0
=>t'=-1
= AB=(L-2;-1)
- Phuong trinh tham s6 cua d:
X=1+t

. Qua A
Taco: d:s. __ =diy=2-2t
us = AB
z=-1-t
3 y-6 z-1 Xt
Vi du 7: Cho hai duong thang dlix_2 :y; =ZI va d,4y=-t. Viét phuong trinh duong
z2=2

thang di qua A(0;1;1), vudng goc voi dy va da.

Goi a 1a duong thang can tim
Vecto chi phuong cua di va dy: ug, = (—2;2;1) ; Ug, = (1;—1;0)
- Vecto chi phuong cua d:
Vi d vubng goc vai d; va d; nén vecto chi phuong
cua d la tich ¢6 huéng cua d; va d,:

Ug = |:l_jdl , ﬁdz ] =(110)

- Phuong trinh tham s cua d:

=t'
i Qua A X
Taco: d:<. =dqy=1+t" d
us =(110) 1 d, 2

-1 -7 — 1 -2 -2
x-1_y _z 3Vad,_x+:y _z

Vi du 8: Cho hai duong thang chéo nhau: d: ; .
1 4 1 2 -1

Tim khoang céch gittad va d’.

Chon M(1;7;3) thudc d va M’(-1;2;2) thude d’

Vecto chi phuong cia d va d’: ug = (2;14),us = (L 2;-1)
- Khoang céch gitrad va d’:

Taco: MM’ = (-2;-5;-1)

(60, ]|

o0 o]

x=1_ y=3 _Z _1va (o) :x-3y+z-4=0.

Vi du 9: Trong khong gian véi hé toa do Oxyz, cho d': 3 5 5

Viét phuong trinh hinh chiéu cua d’ trén ().
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Huwéng ddn:

Vecto chi phuong ctia d’: Ug: = (-3;,2;,-2)

Vecto phap tuyén cua () : nw) = (L-3;1) d a
Goi d 1a duong thang can tim A

- Phuong trinh tham s cua d’:

Xx=1-3t' 'd——-—-—._.lL
y=3+2t' H oo

Ud ~
z=1-2t' Q, N
- Toa d6 giao diém B cia d’ va (a): \
Xg =1-3t"
yg =3+2t"

B la nghiém cua hé: =>t'=-1=B(4;13)

z, =1-2t'
Xg —3Yg+2;,—4=0
- Phuong trinh dwong thang a cua A(1;3;1) thude d” va vudng goc véi (a):
=1 tll
) Qua A X=2
Tacora:<. . =—=aqy=3-3t"
ta = Nea) z=1+t"
- Toa d¢ hinh chiéu H cua A trén (a)

H 1a giao diém cua a va (a) nén ta co:

X, =1+t"
_3-3t"

Y St =1= H(2:0:2)

z, =1+t"

Xy =3y, +2,-4=0
- Phuong trinh tham s6 cia d:
Taco: HB =(211)

Qua H X=2+2t
d:is. __=diy=t"
ug = HB Y

X-7 y-3 z-9
2 -1
phuong trinh duong vudng goc chung cua dy va ds, .

Vi du 10: Cho hai duong thang d,:

Vecto chi phuong cta dy Va dy: Ug, = (1, 2;,—1) , Ua, = (—7;2;3)
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Goi d 1a duong thang can tim, A va B lan luot 14 giao diém
cua d vai d; va d,.
- Phuong trinh tham sb cua d; va dy:
X=7+t X=3-T1t,
d,qy=3+2t ,d,qy=1+2t,
2=9-1 z=1+3t,
- Toa do diém A va B:
+ Toa d6 tong quat ciia A: A (7 +t,;3+2t;9-t,)
+ Toa d6 tong quét cua B: B (3—7t,,1+2t,,1+3t,)
= AB=(—4-Tt,—t,;—2+2t, - 2;—8+3t, +1,)
Vi d vubng goc vai d; va d, nén ta co:

{E.Gdl =0 {—4—7t2 —t,+2(~=2+2t, - 2t) — (-8+3t, +1) =0
=

AB.Ug, =0 —7(-4-Tt,-t)+2(-2+2t,-2t)+3(-8+3t,+1) =0
=0
gL
2o

= A(7;3,9),B(3,L1)
— AB = (-4;-2;-8)
- Phuong trinh tham sb ctia duong thang d:

, Qua A X=7-4t
Taco: dy. _ _.=>dqy=3-2t
us = AB S _9_st

x=t'
x=3 y-6_z-1

-2 2 1

Vi du 11: Cho hai duong thang d: , d'4y=—t". Viét phuong trinh duong
z2=2
thang di a qua A(0;1;1) cat d’ va vudng goc vai d.

Vecto chi phuong cuad vad’: us =(-2;2;1), U = (1;,-1;0)

d
- Phuong trinh tham s6 cua d:
x=3-2¢ AU
diy=6+2¢ M
z=1+t
- Phuong trinh mét phang () qua A va vudng goc voi d:

Vi (o) vubng goc véi d nén vecto phép tuyén cua (a)la
vecto
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chi phuong cua d: ;z(a) =g = (=2;2;1)
i Qua A
Taco: ()4 - - = () 2x+2(y-1)+(z—1)=0
Na) = Ud
=>(a):2x+2y+z-3=0

- Toa d¢ giao diém M cua () vad’:

x, =t'
:—l"
M la nghiém cua hé: Vi :;':_l:M(_l;l;z)
7, =2 4 4’4

—2x,, +2y,+tz,,—-3=0

- Phuong trinh dudng thing a:
Ta co: AM = —l;—é;l
4 4

Viaqua A,M nén vecto chi phuong cua a la AM
1

N g
4
Qua A
a-y - — = ayy=1—=¢"
U, = AM 4
z=1+1¢"

* Luu y: Tanén chon Uo = 4AM
Vi du 12: Viét phuong trinh duong thang d di qua diém M(1;0;5) va cit ca hai duong thang dy,d,

x—1 y-3 z-1 x—1 y-2 z-1
1: = = ’dZ: = =
2 -2 2 -1 1 -3

Vecto chi phuong cua d; va d,: ;tdl =(2;-2;2), ;dz =(-11;,-3)

d

- Phuong trinh mit phang () qua M va chua dy:
Goi N(1;3;1) 1a diém thugc d; = MN = (0;3;-4)
+ Vecto phap tuyén cua (B):
Vi () chtra d; va qua M nén vecto phap tuyén

ctia (B) 1a tich ¢6 huéng cia ws va MN :

e = [;d, M—NJ — (2;8:6)

—

i Qua M
Ta co:(ﬂ){ — ():2(x—1)+8y+6(z—5)=0 < x+4y+3z-16=0
n) =(2;8;6)

- Phuong trinh mét phang («) qua M va chua d:

Goi K(1;2;1) 1a diém thudc dr = MK = (0;2;—4)
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+ Vecto phap tuyén cua (a):
Vi (o) chira d, va qua M nén vecto phép tuyén cua () 1a tich c6 huéng cua szz va MK :
;l(a) = |:;d2 ,ﬁ(} =(2;-4;-2)

i Qua M
Taco: (a)] = (a):2(x—1)—4y—2(z=5)=0 < x—2y—z+4=0
N = (2,-4;,-2)
- Phuong trinh duong thang d

Ta c6 d 12 giao tuyén cua () va (8)nén d cé dang phuong trinh tong quat:

{x+4y+3z—16=0 {x1+t

x—2y—z+4=0 =diyy=2
z=5-3¢

BAI TAP TRAC NGHIEM
Cau 1: Phuong trinh chinh tic ctua duong thang d di qua diém M(2;0;-1) c6 vecto chi phuong

a=(4,-6;2) la
A X-2_y _z+l g Xt2_y _z-1
2 -3 1 4 -6 2
C.x_+2=l=z_—1 D. x—4=y+6=z—2
2 -3 1 2 -3 1

Cau 2: Trong khong gian Oxyz duong thang d di qua gbc toa d6 O va ¢ vec to chi phuong
u(L 2;3) c6 phuong trinh:

x=0 x=1 X=t X=-t
A d:iy=2t B.d:qy=2 C.d:qy=3t D.d:qy=-2t

3
(2; 0; -1) va co vecto chi phurong a(4;—6;2) . Phuong trinh

<

Cau 3: Cho duong thang d di qua
tham sb cua duong thang d 1a:

X=-2+2t X=2+2t X=4+2t X =-2+4t
A Jy=-3t B.qy=-3t C.iy=-6-3t D. 1y =-6t
z=1+t z=-1+t Z2=2+t z=1+2t

Cau 4: Phuong trinh dudng thang AB véi A(1; 1; 2) va B( 2; -1; 0) la:
Xx-1 y-1 z-2 X+1 y+1 z+2

A B.
3 2 2 -1 2 2
X-2_y+1_ z D X_y-3_z-4
1 -2 -2 1 =2 =2

Cau 5: Trong khdng gian véi hé truc toa d6 Oxyz, cho hai diém A(L;—13), B(-3;0;-4).
Phuong trinh ndo sau ddy 1 phuong trinh chinh tic cia duong thiang di qua hai diém A va B?

A Xt3_y _z-4 g Xt3_y _z+4
4 -1 7 1 -1 3
c X+3 y+1 z+4 D X+3 y-1 y+3
! -1 7 4 17
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Cau 6: Cho duong thang d di qua diém A(L2;3) va vudng goc véi mat phang
(o) :4x+3y—72+1=0. Phuong trinh tham s6 cua d 1a:

X =1+4t X =-1+8t Xx=1+3t X =-1+4t
A y=2+3t B.{y=-2+6t C.iy=2-4t D.qy=-2+3t
z=3-Tt z=-3-14t z=3-Tt z=-3-T7t

Cau 7: Trong khong gian voi hé toa do Oxyz, phuong trinh duong thang (d) di qua N(5;3;7) va
vuodng goéc vai mat phang (Oxy) la:

x=5 X=5

A. Jy=3+t (teR) B.iy=3 (teR)
z7=7 Z=7+2t
X=5+t X=5

C.qy=3 (teR) D.<y=3 (teR)
z="7 z=7+t

Cau 8: Cho A(0;0;1), B(-L—-2;0), C(2,L;-1). Puong thang A di qua trong tam G cua tam
gidc ABC va vudng goc vai mp(ABC) c6 phuong trinh:

x:1+5t x=l+5t x:1—5t x=1—5t
3 3 3 3
1 1 1 1
A Jy=—>+4t B.{y=-=—4t C.{y=->-4t D.{y=->—4t
y 3 y 3 y 3 y 3
z=3t z=3t z=-3t z=3t
x=1+2t
Cau 9: Cho diém M(2;-3;5) va duong thang (d):{y=3-t (teR) .Duongthing (A) di qua
z=4+t

M va song song véi (d) c6 phuong trinh chinh tic 1 :

X-2 y+3 z-5 X+2 y-3 z+5

A B.
1 3 4 1 3 4
C. x+2=y—3=z+5 D. x—2=y+3=z—5
2 -1 1 2 -1 1
R NISRC Lo J2X=y+z=0 , :
Cau 10: buong thang c6 phuong trinh: 0 €0 Mot vecto chi phuong la:
X—Z=
A u(2-11) B. u(L-10) C. u(131) D. u(L0;-1)

Cau 11: Trong khong gian Oxyz cho hai mat phang (P): 2x+y-z-3=0va 7
(Q): x + y + z -1=0. Phuong trinh chinh tac duong thang giao tuyén cua hai mat phang (P) va
Q) la:

izy_—222_+1 B x+1:y—2:z—1
2 -3 1 -2 -3 1
x—l=y+2=z+1 D_§=VL2=Z__1
2 3 1 2 -3 -1
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. . X+2y-z2=0
Céau 12: Cho duong thang (d) c6 phuong trinh tong quat la y . Phuong trinh
2X-y+z+1=0

tham s cua (d) 1a

X=t X=-37 X=-1+t X=t
A Jy=1+3t B.{y=2t C.qy=1+3t D.{y=-1-3t
z=2+5t 1 z=-5t z=-2-5t
z=——+3t
3
-1 y+1 z \ 2 . .2
Cau 13: Cho diém M(2; 1; 0) va duong thangA T:—l.Du’ong thang d di qua diém

M, cit va vudng goc véi A c6 vec to chi phuong
A (2-1-1) B. (2,1-1) C. 42 D. —4;-2)
Cau 14: Trong khong gian véi hé toa d6 vudéng goc Oxyz, cho mit phang
X+l y z+2

(P): X + 2y +z—4=0vaduong thang d: =—~ —~ -1~ 3" Phuong trinh duong thang A nam
trong mat phang (P), dong thoi cat va vudng goc voi duong thang d 1a:
A x—l=y—1=z—1 B x—l=y—1=z—1
5 -1 3 5 2 3
C. x—1:y+1:z—1 D. x+1:y+3:z—1
5 -1 2 5 -1 3
A . \ 2 Xx-3 y-3 z . Y .9
Céu 15: Cho duong thang d'T:TZE’ mp(a):X+y—-z+3=0 va diém A(L2;-1).
Puong thang A qua A cat d va song song véi mp(a) cé phuong trinh la
A x—lzy—2:z+1 B. x—lzy—2:z+1
-1 -2 1 1 -2 -1
C. x—lzy—2=z+1 D. x—1=y—2=z+l
1 2 1 1 2 1
Céu 16: Cho mit phiing (P):3x —2y—3z—7=0 va dudng thing d:*—2 = y+24 _271 iy

phuong trinh duong thing A di qua A(-1; 0; 1) song song voi mat phang (P) va cat dudng thing
d.

a X+l X+1 Y z_—l B. X+1 _y- 1 z
-15 3 -17 -15 3 17

c X+l X+1 Y z_—l p X1 x-1 _y_ z+1
15 3 17 15 3 -17

X=t

Xx-3_y-6_z-1 va d,:{y=-t. Puong thiang di qua

2 1

Cau 17: Cho hai duong thang d,:

z=2
diém A(0;11), vudng goc véi d, va d, co pt la:
A X_y-1_z-1 g x_y-1 z-1
1 -3 4 -1 3 4
c X_y-1 z-1 p X-1_y _z-1
-1 -3 4 -1 -3 4
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X=1-t

X“2_y+2_ 273 . g ly—1i2t va didm A®L23).

Cau 18: Cho hai duong thang d,:

-1 1
z=-1+t
Puong thang A di qua A, vudng goc véi d, vacat d, cé phuong trinh la:
A x—1:y—2:z—3 B. x—1:y—2:z—3
1 3 -5 1 3 -5
C. x—1:y—2:z—3 D. x—1:y—2:z—3
-1 -3 -5 1 3 5
X=t
Cau 19: Cho hai duong thing d:x_23: V;GZ ZIl;ol': y=—t . Duong thing di qua A(0;1;1)
- z=2
catd’ va vudng goc d c6 phuong trinh 1a?
A.X__lzl:ﬂ' B. fzy_:;l
-1 -3 4 1 -3 4
c X _y-1_z-1 D X _¥- 1 z-1
-1 -3 4 -1 3 4
) 2 Xx=1-t
Cau 20: Cho hai duong thing d,: 2~ y+ 2-3 y=1+2t va diém A(L; 2; 3).
B z=-1+t
Puong thang A di qua A, vudng goc vai di va cat d; co phuong trinh 13
A x-1_ y-2 z-3 B. x-1_ y-2 z-3
-1 -3 -5 1 3 5
C. x-1 y-2 z-3 D. x-1_y-2 z-3
1 3 -5 1 -3 -5
X+1 y-2 z-2

Cau 21: Trong khong gian véi hé toa d6 Oxyz, cho dudng thang d: > va mat
phang (P): x + 3y + 2z + 2 = 0. Lap phuong trinh duong thang A song song véi mat phang (P), di

qua M(2; 2; 4) va cit duong thang (d).

A A: Xx-2_y-2_ z-4 B.A: Xx-2_y-2_z-4
9 7 6 9 -7 6
C. A x+2=y+2=z+4 D A x—2=y—2=z—4
9 -7 6 3 -2 2
Cau 22: Trong khong gian voi hé toa do Oxyz, cho (d): X 31 y23 2_21 va
(o) :x—3y+z—4=0. Phuong trinh hinh chiéu cua (d) trén (o) la:
A x+3:y+1:z—1 B. x—2:y+1:z—1
2 -1 1 -2 1 1
c. X5 _y+l_z-1 p, X_y+l_z-1
2 1 -1 2 1 1
Cau 23: Cho d: X1 - y1+1 ~2=2 inh chiéu vudng géc ciia d trén (Oxy) c6 dang?
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x=0 X =-1+2t x=1+2t X=-1+2t
A Jy=-1-t B.qy=1+t C.iy=-1+t D. jy=-1+t
z=0 z=0 z=0 z=0
Cau 24: Cho hai diém A(0;0;3) va B(1;—2:-3). Goi A'B’ la hinh chiéu vuéng goc cua duong
thang AB 1én mit phang (Oxy) . Khi 6 phuong trinh tham sé cua duong thang A'B’ 1a

x=1-t X=1+t X=t X =-—t
A Jy=-2-2t B.iy=-2+2t C.iy=-2t D.y=-2t
z=0 z=0 z=0 z=0
Cau 25: Cho hai dwong thang d, : X" — y;3= 2‘19 vad,: X‘73= Y=1_Z-1 phyong trinh
duong vubng goc chung cua d, va d, la
A x—3:y—1:z—1 B. x—7:y—3:z—9
-1 2 —4 2 -1 4
C. x—7:y—3:z—9 D x—7:y—3:z—9
2 1 4 2 1 —4

CAu 26: Cho hai diém A(3;3;1), B(0;2;1) va mp(P):x+y+z—7=0. Puong thang d nam
trén mp(P) sao cho moi diém cua d cach déu hai diém A,B c6 phuong trinh 1a

A Jy=7+3t B.{y=7-3t C.iy=7-3t D.jy=7-3t
z=2t z=t z=2t z=2t
=t 2 1 y-1 z+1
Cau27:Chod,:ly=4-t ,d,:2=Y"2-2,q 22 Y2 2%
-3 -3 5 2 1
z=-1+2t
Viét phuong trinh duong thang A, biét A cit d,,d,,d, 1an luot tai A, B, C sao cho AB = BC.
A X_Yy-2_ z g X_y+2_ z-1 . x_y+2 z D X_¥y-2_ 2
1 1 1 1 1 1 1 1 1 1 -1 1

Cau 28: Trong hé Oxyz cho cac diém A(3;3;1); B(0;2;1) va (P):x+y+z-7=0. Goi d la
duong thang nam trong (P) sao cho d(A;d) = d(B;d) . Khi d6 phwong trinh duong thang d 1a:

X=-t X =2t X=t X=t
A Jy=7-3t B.{y=7-3t C.iy=7+3t D.jy=7-3t
z=2t z=t z=2t z=2t
X=-1+2t
Cau 29: Cho hai duong thing Al:gzy—_ll:¥, A,:<y=1+t . Phuong trinh duong
z=3
thang A vudng goc véi mat phang (P): 7x+y—4z =0 va cat hai duong thang A, va A, &
X=-5-T7t
A Ady=1+t g Xfo_yt+l 2-3
z=3-4t ! 1 -
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X=-5+T7t
X+5 y-1 z-3

C. Ajy=-1+t D. A .
6 1 4
z=3-4t
X=1-t X=2-t
Cau 30: Cho mit phing (P):y+2z=0 va hai duong thing d:<y=t va d:qy=4+t.
z=4t z=1
Puong thang A ¢ trong (P) cit ca hai duong thang d va d’ 1a?
. X =1-4t
A=Y 2 B. ly=1+2t
4 2
zZ=-t
X =1-4t 1 1
C.{y=2t p. X==-Y._ 2%
— 2 -1
z=t

Cau 31: Trong khong gian Oxyzcho 2 duong thingd,;d, va mit phing (P)
X=-1 'y z X+1 y+1 z-1

11 172 a2

thang A nam trong (P) vacit d,,d,

X+2 y-3 z-1

d,

(P):2x+3y—2z+4=0 .Viét phuong trinh duong

X-3 y+2 z-2

A. = B.
3 -2 2 —6 2 -3
C. x+1=y—2=z+2 D. x+3=y—2=z—2
3 2 3 6 2 3
A i : P .0 X \ 2o x=1y z-2
Céau 32: Khoang céch tir M(2;0;1) dén duong thang: (A): T =51 la:
5
A 2 B. 3 C. 12 D. —
N
Xx=1+2t
Cau 33: Cho diém A(0;-1;3) va duong thang d: Jy=2 . Khoang cach tir A dén d Ia:
z=-t
A 14 B. V8 C. 6 D. 3
Cau 34: Khoang cach gitra hai duong thang d, : x-1_ y+11: 222 d,: XIZ = y—21 = Z;3 la:
A 23V38 B. = c. 12 p. Y19
38 J22 22 22
X=2+2t x=1
Cau 35: Khoang cach giira hai duong thang d, :{y=-1+t,d,:<y=1+u la:
z=1 z=3-u
A 9 B. 3 . % D. 1
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x=1-2t
Cau 36: Khoang cach giita hai duong thang d, :{y=-1-t,d,: x—12 = yIZ = 213 la:
z=1 -
A 7 B. 5 C. 331 D. A, B, C déu sai
X =1+2t X =2u
Céau 37: Khoang cach giira hai duong thang d, :{y=2-2t,d,:qy=-5+3u la:
z=—t z=4
A. 3J19 B. % C. 6 D. 2
Xx=1+t X =1+2t'
Cau 38: GOc giira hai duong thang (d):{y=2+t&(d'):{y=-1+2t".
z=3-t z=2-2t'
A.Q° B. 30° C. 45 D. 60°
Céau 39: Cosin cta goc giira hai duong thang d, : x-1_y_ ZJF?’,d2 X3 _yHl_z
2 1 -2 1 -2 2
A. i B. —i C. f D. —ﬂ
N 5 9 9
Cau 40: Cho tam giac ABC biét: A(10;0),B(0;0;1),C(2;1;1). Khi d6 cosB bang:
A0 g. V15 c. Yo p. >
5 5 J10

Cau 41: Cho hinh lap phuong ABCD. A’B’C’D’ biét A tring véi géc toa do
B(a;0;0),D(0;a;0),A'(0;0;a), (a>0). M, N, P lan luot la trung diém ciia BB*, CD va A’D".
Go6c giir hai duong thang MP va C°N la:

A (° B. 30° C. 60° D. 90°
Cau 42: Cho 4 diém A(110),B(0;2;1),C(L0;2),D(L11). Géc giira 2 duong thang AB va CD
bang:
A.0 B. 45° C. 90° D. 60°
X=-1+2t
CAu 43: Cho mat phang (P): 3x+4y+5z+8=0 va duong thang d:{y=t . G6c gitra (P)
Z=-2+t
va d bang:
A. 90° B. 45° C. 60° D. 30°
Cau 44: Cho mit phing (P) qua géc toa do va chira d: 2 -1 y;3 ~2=2 Tinh cosin cua goc
tao boi (P) va (Oxy):
A MO B. c. 3 p. 319
10 J10 10 19

Cau 45: Cho mat phang (P):3x+4y+5z+8=0 va duong thang d 14 giao tuyén caa hai mat
phang (a):x—2y+1=0 va (B):x-2z-3=0. Goi ¢ la goc giira duong thang d va mp(P).
Khi do

A p=45 B. ¢ =60° C. ¢=30° D. ¢=90°
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Xx=1-t
Cau 46: Cho mat phang (o):2x—y+2z+1=0 va duong thang d:{y=-2t . Goi ¢ la goc

z2=2t-2
gitta duong thang d va mat phang (o). Khi do, gia tri cia cose la:
Al 5, V65 c. V65 o 4
9 9 4 J65

X-2 y-1 z+1
=5 -

A. 90° B. 45° C.0° D. 180°
Cau 48: Trong khong gian Oxyz, cho hinh 14p phuong ABCD.A'B'C'D’ véi A(0;0;0),
B(L;0;0), D(0;10), A'(0;0;1). Goi M,N lan luot 14 trung diém cac canh AB va CD. Tinh
khoang cach giira hai dudng thang A'C va MN . Mét hoc sinh giai nhu sau:

Budc 1: Xéac dinh A'C = (1;1;,—1); MN = (0;1;0) Suy ra [A—’C, Wi} = (L0:1)

Budc 2: Mit phang (o) chira A'C va song song voi MN 1a mit phang qua A’(0;0;1) va c6

Cau 47: Géc giira duong thang (d): va mit phang (o) —x+2y-3z=0

vecto phap tuyén n=(L0;1) = (o) :X+z—-1=0

1
2+0_4 1
0l 242

Bai giai trén diing hay sai ? Néu sai thi sai ¢ budc nao ?

A.Saiobusc3 B. Loi giai dung C. Sai ¢ busc 1 ~ D. Sai ¢ budc 2
Cau 49: Cho mat phang (P):x—y-1=0 va mat phang (Q). Biét hinh chi¢u cua goc O Ién (Q)
1a diém H(2;—1;—2). Khi d6 goc gitra hai mat phang (P) va (Q) c6 gié tri la:

A. ¢=30° B. ¢=60° C. ¢=90° D. p=45°

Budc 3: d(A'C, MN) =d(M, (o)) =

PAP AN TRAC NGHIEM

1A |2D |3B |4C |5C |6A |7D (8B |9D |10C |11A |12D |13D | 14A | 15B

16A | 17C | 18B | 19C | 20D | 21B | 22D | 23C | 24C | 25C | 26C | 27A | 28D | 29B | 30A

31B | 32A | 33A | 34A | 35B | 36D | 37B | 38A | 39C | 40C | 41D | 42C | 43C | 44D | 45C

46A | 47C | 48B | 49D
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BAI 4: PHUONG TRINH MAT CAU

a) Phwong trinh mit ciu:

Trong khong gian, mit cau (S) dwoc cau tao boi diém M quay xung quanh diém I(a;b;c) cb
dinh va ludn cach | mot doan khong d6i bang R ¢6 phuong trinh:

(x—a)’ +(y-b)* +(z—c)* =R*(*)
Khai trién (*) ,phwong trinh mit cau (S) c6 dang:
x> +y? +2% —2ax—2by—2cz+d =0 (**)
Trong do:

+ Tam I(a;b;c)

+ Ban kinh R=+a?+b2+c?—d

Do d6 phuong trinh mit cau (S) dang (**) s& c6 diéu kién a? +b?+c*—d >0

* Luu y:
Phuong trinh (*) duoc goi 1a phuong trinh chinh tic va phuong trinh (**) duoc goi 1a phuong
trinh tong quat.

b) Vi tri twong doi gitra mat ciu va mat phing

Mit phing tiép xGc mit cau

Mit phiang khong cit mat ciu o, o
(Mat phang goi la tiep di¢n)

Mit phiang cat mit cau

1 r," I
) ,
pd i
,,

biéu kién: d(l,(a)) >R piéu kién: d(l,(a)) =R biéu kién: d(l,(a)) <R

*Luuy:
- M3t phang cat mit cau theo giao tuyén 1a 1 duong tron co:

+ Tam H 1a hinh chiéu cua thm mat cau | 1én duong tron (muén tim toa do tam H, ta viét
phuong trinh duong thing a qua | va vudng goc vai (), khi 6 H 1a giao diém cua a va («)).

+ Ban kinh r =+yR?-d?.

- Khi mit phang qua tdm | ciia mit cau thi duong tron giao tuyén duoc goi la dudng tron Ién.
- Khi (&) tiép xtc véi mat cau tai H thi H duoc goi 12 tiép diém.
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¢) Vi tri twong d6i giira mat cau va dwong thiang

Puong thang khéng cat miat |  Pwong thang tiép xdc véi . e o s
N s Pwong thang cat mat cau
cau mat cau
- a H
a H
biéu kién:d(l,a) >R biéu kién:d(l,a)=R Piéu kién:d(l,a) <R

* Luu y:
- Khi a tiép xtc véi mit cau (S) tai H, thi H duoc goi 12 tiép diém.
- Puong thang a cat mat cau (S) tai 2 diém, dé tim toa do 2 diém nay ta giai hé phuong trinh:
X=X, +at(l)
a:qy=Yy,+bt(2)
z=1,+ct(3)
(S): x* +y® +17° —2ax—2by —2cz +d = 0(4)

Thay X,y,z vao (4) ta tim duoc t=>toa do giao diém

<% BAITAP
Phuong phap:
Nam rd vi tri twong ddi gita mat cau vai mat phang va mat cau véi duong thang kém theo cac
diéu kién xac dinh. C4c bai tap trong bai nay da sb yéu cau viét phuong trinh mit cau, ta can nam

vitng cac bai toan viét phuong trinh mat cau sau:

Mit cau c6 tdm I va di qua diém A Mit cau nhan AB lam dwong kinh
A
A B
+ Tam: | + Tam: Trung diém | ciia AB
+ Ban kinh: R=1A
+ Ban kinh: R :%
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Mit ciu di qua 3 diém A,B,C va c6 tam |
(a;b;c) thudc mit phang ()

Mit cAu ngoai tiép tir dién ABCD

+ Bwéc 1: Goi phuong trinh mit cau (S) theo
dang tong quét.

+ Buwéc 2: Lan lugt thé cac diem A,B,C vao
phuong trinh (S), sau dé thé I(a;b;c) vao
phuong trinh mat phiang (). Ta duoc hé 4
phuong trinh chira 4 an: a,b,c va d.

+ Bwéc 3: Bam may tinh giai hé 4 phuong
trinh trén rdi suy ra phuong trinh mat cau (S).

+ Bwéc 1: Goi phuong trinh mit cau (S) theo
dang tong quat.

+ Bwéc 2: Lan luot thé cac diém A,B,C va D
vao phuong trinh (S). Ta dugc hé 4 phuong
trinh chira 4 an: a,b,c va d.

+ Bwéc 3: BAm may tinh giai hé 4 phuong
trinh trén rdi suy ra phuong trinh mat cau (S).

Mt cau c6 tam | va tiép xdc véi mit phang

()

Mit cau c6 tdm | va cat mat phang («) theo

giao tuyén la dwong tron ¢ ban kinh r

+Tam: |
+ Ban kinh: R =d(l,(«))

+ Tam: |

+ Ban kinh: R=+/r2+d? (d = IH =d(l, (@)
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Mt cau c6 tam | va tiép xdc véi dwong Mt cau c6 tam | va tiép xdc ngoai mit cau

thing a ¢6 tim I’, ban kinh R’
a I’
+Tam: | +Tam: |
+ Ban kinh: R=d(l,a) + Béan kinh: R=1I'-R"
Mt cau c6 tam | tiép xGc trong véi mit cau | Mit cau co tam | cat dwong thang a tai A va
¢6 tam I’, ban kinh R’ B, sao cho AB=m

+ Tam: |

+ Ban kinh: R=1I'+R"' m
+ Ban kinh: R = (Ej +d? (d=IH=d(l,a))

VI DU
Vi du 1: Trong khong gian véi hé toa do Oxyz, mat cau (S): x* +y* + 22 —2x+4y—6z—2=0 ¢6
tam |, ban kinh la.

- Tam | ctia mat cau:

-2
x,=_—2=1
4
I3y, =_—2=—2:>I(1;—2;3)
—6
ZII_—2:3

- Ban kinh mat cau:

R=yx +y 42> ~d =P +(-27 +3*+2=4
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Vi du 2: Trong khdng gian véi hé toa d6 Oxyz cho mit phang («) :x-y+4z-4=0 va mit cau (S):
x> +y? +722 —4x—10z+4=0. Mit phang () cat mat cau (S) theo giao tuyén 1a duong tron co
ban kinh bang bao nhiéu.

Huwéng ddn:

- Tam | cua mit cau (S):

1 _—4;0;_—10 < 1(2;0;5)
-2 -2

- Ban kinh ctia mit cau:

R:\jx,2+y,2+z,2—d =22 4+0*+52 -4 =5

- Khoang cach tir tam | toi mat phang («):

2+4.5-4 - !
=1

d(I,(a)) =
«/12 +(-1)*+4°

- Ban kinh cua duong tron giao tuyén:

r=yR2—d? =v5° =1 =26

Vi du 3: Viét phuong trinh mat cau (S) c6 tam 1(1;2;-3) va di qua A(1;0;4).
Huwéng ddn:

- Ban kinh mat cau:

R=IA=\(1-1} +(0-2)* +(4—(-3))* =53
- Phuong trinh mit cau:

(x—=1)° +(y=2)* +(z+3)> =53

A

Vi du 4: Viét phuong trinh mit cau (S) ngoai tiép tir dién ABCD, biét rang: A(1;1;0), B(0;2;1)
C(1;0;2),D(1;1;1).

Phuong trinh (S) tong quat:
X>+y’ +7° —2ax—2by—2cz+d =0
Vi (S) qua A,B,C va D nén ta cd hé phuong trinh sau:
2-2a-2b+d =0 a=-3/2
5-4b-2c+d =0 b=-1/2
5-2a-4c+d =0 = c=1/2
3-2a-2b-2c+d =0 d=-6

= xX’+y +77+3x+y—-2-6=0
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Vi du 5: Viét phuong trinh mit cau (S) di qua ba diém A,B,C va c6 tim nam trén mat phing (P),
trong do: A(3;1;1), B(0;1;4), C(-1;-3;1) va (P): x+y-2z+4=0.

- Phuong trinh mit cau (S):
Phuong trinh (S) tong quat:
x>+ y>+7° —2ax—2by—2cz+d =0
Vi (S) qua A,B,C va tam I(a;b;c) thuoc (P) nén ta cd hé phuong trinh sau:
11-6a-2b—-2c+d=0 a=1

17-2b—-8c+d =0 N b=-1
11+42a+6b—-2¢c+d=0 c=2
a+b-2c+4=0 d=-3

=X +y +7 —2x+2y—4z-3=0

Vi du 6: Viét phuong trinh mat cau (S) cd tam 1(2;1;-1) va tiép xuc véi mat phang (a):
2x-2y—z+3=0.
Hwéng dén:

- Ban kinh mit cau (S):
Vi (S) tiép xuc véi () nén ta co:

22-2.1+1+3|

=2
22+ (22 + 12
- Phuong trinh mit cau:

(x=2 +(y=1>+(z+1)* =4

R=d(1,(a))=

Vi du 7: Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P): 2x-2y-z-4=0 va mit cau (S)
x*+y* +72 —2x—4y—6z—11=0. Mat phing (P) cat mat cau (S) theo mot dudng tron ¢ chu vi
I bao nhiéu.

- Tam cua mat cau (S):
1 _—2;_—4;_—6 @I(l;2;3)
2 2 2
- Ban kinh mit cau (S):

R=v1+2+3 +11=5
- Khoang cach tir tam | téi mat phang (P):
2.1-22-3-4]
=3

d(I,(P)) =
V22 +(=2) +(=1)
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- Ban kinh dudng tron giao tuyén:
r=\R-d’ =4

- Chu vi cua duong tron giao tuyén:
C=2nr=8n

Vi du 8: Cho hai mat phang (P): x-2y+2z-3=0, (Q): 2x+y-2z-4=0 vi duong thang
d: x+12 =l2 =—Z;4 . Lap phuong trinh mit cau (S) co tam led va tiép xtc véi hai mat phang

(P) va (Q).

- Phuong trinh tham s6 cua d:

x=-2-t
y=-2t
=443t

— Toa d6 tong quat cua I(-2-t;-2t;4+3t) (vi l e d)
- Ban kinh mit cau (S):
Vi (S) tiép xuc véi (P) va (Q) nén ta co:

R=d(1,(P))=d(L,(Q)) }
|—2—t—2(—2t)+2(4+3t)—3| |2(—2 —1)+(=21) —2(4+3t)—4|
= =
JIP+(=2) +22 J22 + 12+ (-2)

\3+9z\ \—16—104
Py =
3 3

{3+9t=—16—10t p
=

3+9t=16+10¢

t=-1 I(-1;2;1) R=2
= f— -
t=-13 | I1(11;26;-35) | R=38
x+D*+(y =2 +(z-1)*=4

Vay ton tai 2 mat cau c6 phuong trinh:
(x =11 +(y—26)* +(z+35)* = 1444

Vi du 9: Viét phuong trinh mit cau (S) c6 tam I(-5;1;1) va tiép xdc véi mat cau (T):
X +y +7 —2x+4y—62+5=0.

- Tam I’ ctia mat cau (T):

2.4 0,
I_(—z’—z’—zj (1, 2,3)

- Ban kinh R’ cuia mat cau (T):

R'= I +(-2) +3* =5 =3
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+ Trwong hep mit cau tiép xuc trong + Trwong hop 2 mit cau tiép xic ngoai

- Ban kinh mit cau tam I: - Ban kinh mgt cau tam I:

R =II'R' = /6" +(-3)* +27 +3=10 R=II'-R'=/6" +(-3)" +2° -3 =4
- Phuong trinh m3t cau: - Phuong trinh mét cu:

(x+5) +(y—1)> +(z=1)> =100 (x+57° +(y—1’ +(z-1)* =16

BAI TAP TRAC NGHIEM
Cau 1: Tam I va ban kinh R ciia mit cau (S): (X—l)2 +(y+2) +2% =4 la

A 1(-1;2;,0),R =2 B. 1(1-2;0),R =2
C. I(-2,0),R=4 D. I(~1,2;0),R =4
Cau 2: Tam va ban kinh cia mat cau: (S):x*+y” —2x+y—-3z-1=0
A. I(l;—léj,R:g B. I[—l;l;—ﬁj,R:g
2 2 2 2 2 2
13 3 3
Clt—=—-|,R=— D. 1(2,-1,3),R=—
( 2 2) V2 (2-13) V2

Cau 3: Cho mat cau (S) tam I ban kinh R va c6 phuong trinh: x? +y? +22 —x+2y+1=0. Trong
c4c ménh dé sau, ménh dé nao ding

Al —1;1;0 vélR:1 B. | 1;—1;0 véle1
2 4 2 2

C. |(1;—1;0j va R:i D. |(—1;1;oj va R:l
2 J2 2 2

Cau 4: Trong khong gian vai hé truc toa do Oxyz, cho mit cau (S) co duong kinh AB Voi
A(3;2;-1), B(1;—4;1). Tim ménh dé sai trong c4c ménh dé sau:

A. Mat ciu (S) c6 ban kinh R =+/11.

B. Mit cau (S) di qua diém M(-1;0;-1).

C. Mat cau (S) tiép xdc véi mat phang (o) : X +3y—z+11=0.

D. Mat cau (S) c6 tam 1(2;-10).
Cau 5: Tam va ban kinh cia mét cau: (S):3x* +3y” +3z° —6x+8+152—-3=0

Alfz-a-B)r1 B.1f1_2. 2] =301
2 6 3" 2 36

C. 1 —3;4;E ,R:E D. | 1;_5;_§ ,R:E
2 6 3 2 6
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Cau 6: Trong mat cau (S): (x+1)° +(y—2)"+(z—3)" =12. Trong c4c ménh dé sau, ménh d&
nao sai:

A.Sco tam 1(-1;2;3) B. S c6 ban kinh R =243
C. S di qua diém M(1;0;1) D. S di qua diém N(-3;4;2)
Cau 7: Phuong trinh X2 +y? +z2 —2mx +4y + 2mz+m? +5m =0 1a phuong trinh mat cau khi:
m<1 m<1
A. B. C. m>1 D. m<4
m>4 m2>4

Cau 8: Cho mit cau:(S):x*+y®+2z*+2x—4y+6z+m=0. Tim m dé (S) tiép xc véi mat
phing (P):x—2y+2z-1=0.

A m=2 B. m=-2 C.m=3 D. m=-3
Cau 9: Tam | va ban kinh R ciia mit cau duong kinh AB véi A(-13;2),B(5;2;-1)
Al 2;§;l ,Rzﬁ B. I(6;—1;—3),R:E
2'2 2 2
1.3 23 51
C.113-—=—=|,R=— D. 1] 2,—;=|,R=4/46
( 2 2) 2 ( 2 2) Va6

Cau 10: Tam | va ban kinh R cia mit cau di qua 4 diém A(L0;0),B(0;-2;0),C(0;0;4)va goc
toa do:

A I(—l;l;—ZJ,R:@ B. I(l;—2;4),R:@
2 2 2
C. |[1;_1;2j,R=2_1 D. I(l;—l;Zj,R:@
2 2 2 2
Cau 11: Phuong trinh mt cau dudng kinh AB véi A(4;-3;7),B(2;1-3)
A. (x=3)°+(y+1)?+(z-2)*=30 B. (x—3)"+(y+3)" +(z-1)" =5
C. (x+3)° +(y—3)"+(z+1)° =25 D. (x—3)"+(y+3)° +(z-1)° =25

Cau 12: Trong khdng gian Oxyz, cho mat cau (S) c6 tam I(-14;2) va c6 thé tichV =972x.
Khi d6 phuong trinh ctia mat cau (S) la:

A. (x+1)° +(y-4) +(z-2)" =81 B. (x+1)" +(y—4)"+(z2-2)" =9

C. (x—l)2 +(y+4)2 +(z—2)2 =9 D. (x—l)2 +(y+4)2 +(z+2)2 =81
Cau 13: Phuong trinh mat cau tam 1(2;-3;4) va di qua A(4;,-2;2) la:

A (x=2)" +(y+3)" +(z—4)" =3 B. (x+2)" +(y—3)"+(z+4)" =9

C. (x+2)2 +(y—3)2 +(z+4)2 =3 D. (x—2)2 +(y+3)2 +(z—4)2 =9
Cau 14: Lap phuong trinh mit cau duong kinh AB véi A(6;2;5) va B(-4;0;7)

A. (x=5)"+(y-1)° +(z—-6)" =3 B. (x+5)" +(y+1)" +(z—6)" =3

C. (x=5)"+(y-1)" +(z-1)" =3 D. (x+1)" +(y-1)"+(z—6)" =3
Cau 15: Phuong trinh miat cau tam 1(2;1;-2) di qua (3;2;-1) la:

A XP+y* +2° —4x-2y+4z2-6=0 B. x* +y*+2*+4x—-2y+4z-6=0

C. X*+y*+2°—4x—-2y+4z+6=0 D. xX*+y*+2° —4x—-2y—-4z+6=0

Cau 16: Lap phuong trinh mat cau dudng kinh AB véi A(3;-2;5) va B(-1;6;-3)
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A X*+y*+7° —2x—4y—22-39=0 B. X’ +y* +2° —2x—4y+6z+1=0

C. (x +1)2 +(y+2)2 +(z +1)2 =36 D. (x—l)2 +(y—2)2 +(z—1)2 =36
Cau 17: Ban kinh mit ciu di qua bdn diém A(1;0;-1), B(1;2;1), C(3;2;-1) va D(1;2;/2) la:
A2 B. 243 C. 17 D. 2
Cau 18: Ban kinh mit cau di qua bon diém 0(0;0;0), A(4;0;0), B(0:4;0) va C(0;0;4) la:
A 2 B. 242 C.3\2 D. 12
Cau 19: Phuong trinh mét cau tam 1(3;-2;4) vatiép xtc véi (P):2x—y+2z+4=0 la:
A. (x=3) +(y+2)} +(z-4)’ :% B. (x+3) +(y—2)' +(z+4) :%
2 2 > 20 2 2 > 20
C. (x=3) +(y+2) +(z—-4) =3 D. (x+3) +(y—2) +(z+4) =3

Cau 20: Trong khdng gian Oxyz, cho tir dién ABCD vei A(L; 6; 2), B(5; 1;3), C(4; 0; 6),
D(5; 0; 4). phuong trinh mat cau (S) cé tdm D va tiép xuc véi mat phang (ABC).

. 2 2 2 _ 8 . Y 2 2 _ 8
A (S): (X+5)°+y +(z+4) =3 B. (S): (x-5)+y“+(z+4) 53
. 2 2 2 _ 8 . Y 2 _A)2? — 8
C.(S): x+5) +y“+(z—-4) =3 D.(S): (x-5"+y“ +(z-4) 523

CAu 21: Cho bén diém A(1;1;1), B(1;2;1), C(1:1;2) va D(2:2:1). Tam | ciia mit cau ngoai tiép tir
dién ABCD c0 toa do :

A. (3,3-3) B. (§—§§j C. (§§§j D. (3;33)

222

CAu 22: Phuong trinh mat cau ngoai tiép t&r dien OABC véi (0;0;0), A(1;0;0), B(0;1:0) va
C(0;0;1) la:

A xX*+y*+2°-2x—-2y—-z=0 B. xX*+y*+2°—-x-y—-z=0

C. X°+y*+2° +Xx+y+z=0 D. X’ +y*+72°+2x+2y+2z=0
Cau 23: Phuong trinh mat ciu ngoai tiép td dien ABCD  VGi
A(L22),B(-L2-1),C(L6; -1)D (L62) la

1) 29 2 1Y 29
A X2t (y+a)Y+|lz+=| =22 B. X’ +(y—4 +(z——j =——
(v+ay o[z 4] =2 (v-ay+[2-2] =¥
1Y 29 2 1Y 29
C. X2+(y+4Y +| z+= | =X D. X’ +(y—4 +(z——j =—
vy (243 ] =5 (=4 + 23] =5
Cau 24: Phuong trinh mat cau tam 1(-1;-2;3) ban kinh R = 2 1a:;
A X*+y*+7°+2x—-4y—62+10=0 B. x*+y?+7°—2x—4y+6z+10=0
C. (x-1) +(y-2)" +(z+3)" =22 D. (x+1)° +(y+2)" +(z-3)" =22
CAu 25: Phuong trinh mit cu di qua A(3,-12),B(L1—-2) vaco tam thuoc Oz la:
A. X2 +y*+22—2y-11=0 B. (x-1)" +y*+22 =11
C. x*+(y-1)+22=11 D. x?+y?+2?~2z2-10=0

Cau 26: Phuong trinh mit cau di qua A(L2-4),B(L-3;1),C(2;2;3) va co tam thudc (Oxy)

B. (x—2)2 +(y+1)2 +722 =26
C. (x-2) +(y+1) +2* =26 D. (x+2) +(y—1) +2% =26
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Cau 27: Phuong trinh mit cau co tam thudc g:xr2_y-1_z+#l tiép xlc voi

(P):3x+2y+z-6=0, (Q):2x+3y+z=0 la i -
A. (x—11)° +(y+17)" +(z+17)" =225 B. (x+11)° +(y+17)" +(z-17)" =224
C. (x+11)° +(y+17)" +(z—-17)" = 229 D. (x—11)° +(y-17)" +(z +17)° :%
X =t
Cau 28: Cho duong thang d:qy=-1 va 2 mp (P): x+2y+2z+3=0 va (Q):
z=-1

X+2y+2z+7=0. Mit cau (S) cd tdm | thuoc duong thiang (d) va tiép xuc vai hai mat phang
(P) va (Q) c6 phuong trinh

A (x+3)2 +(y+1)2 +(z—3)2 = B. (x—3)2 +(y—1)2 +(z+3)2 =

C. (x+3)° +(y+1)" +(z+3) = D. (x=3)" +(y+1)° +(z+3)" =

o~ Oolbh
ol O~

Cau 29: Trong khong gian véi hé truc toa do Oxyz cho hai mat phang (P):2x—y+z-3=0 ;
(Q):x+y—z=0. (S) lamit cau c6 tam thugc (P) va tiép xtic véi (Q) tai diém H(L L0 ). Phuong
trinh cua (S) la:
A (S):(x=2) +y?*+(z+1)" =1 B. (S):(x—l)2 +(y—1)2 +2°=3
C. (S):(x+1) +(y—2) +22=1 D. (S):(X—Z)2 +y?+(z+1) =3
Cau 30: Cho hai matphang (P):x—2y+2z-3=0,(Q):2x+y—2x—4=0 va dudng thing
X+2 'y z-4

d R e Lap phuong trinh mat cau (S) c6 tdm | ed va tiép xuc v6i hai mat phiang
(P) va (Q).

A. (x—11)° +(y—26)° +(z+35)" =382 v (x+1)" +(y—2)" +(z-1)" =4

B. (x+11)" +(y+26)" +(z—35)" =38 v (x+1)’ +(y—2)" +(z-1)’ =4

C. (x—11)" +(y—26)" +(z+35)" =38% v(x—-1)" +(y+2)’ +(z+1)" =4

D. (x+11)° +(y+26)" +(z—-35)" =382 v(x—-1) +(y+2)" +(z+1)" =

Cau 31: Trong khéng gian véi hé toa dd Oxyz, cho diém A(1l; —2; 3) va duong thang d co
X+1 y-2 z+3

phuong trinh . Viét phuong trinh m3t cau tam A, tiép xuc vai d.

1 -1
A x-1)*+(y+2)°*+(z-3)*=5 B. x—1)?+(y+2)?+(z—3)* =50
C. (x+1)?+(y—2)’+(z+3)* =50 D. (x—=1)?+(y+2)* +(z—3)* =50
Cau 32: Ban kinh ctia mat cau tam 1(3;3;-4), tiép xUc vai truc Oy bang
A. 5 B.4 C.5 D. >

2
Cau 33: Trong khong gian Oxyz cho cac diém AL 2;0), B(-3;4;2). Tim toa do diém I trén
truc Ox cach déu hai diém B, C va viét phuong trinh mit cau tim I, di qua hai diém A, B.
A. (x+3)*+y*+2°=20 B. (x=3)?+y*+2z°=20
C. x+1)*+(y-3)*+(z-1)*=11/4 D. (x+1)?+(y—3)*+(z-1)*=20
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X+2 y-2 z+3

Cau 34: Cho diem A(0;0;-2) va duong thang A: . phuong trinh mat cau

3 2

tim A, cit (A) tai hai diém A, B sao cho AB=8 Ia:

A x*+y*+7°+4z2-21=0 B. X>+y*+7°+4z-12=0

C. X*+y*+7°+4x-21=0 D. x> +y*+2z°+4y—-21=0
Cau 35: Phuong trinh mat cau tam 1(1;,3;5), cit d: X 12 y+3_z tai 2 diém A, B sao cho
AB=12 la:

A. (x+1)" +(y+3)" +(z+5)" =50 B. (x—1)° +(y—-3)"+(z-5)" =25

C. (x=1)"+(y-3)"+(z-5)° =5 D. (x-1)"+(y—3)"+(z-5)" =50
Cau 36: Cho mat cau (S) :x*+y*+z2-2x+4y—64=0 , cac dudng thang

d :XT_l =yT_2 =§,d': X;l = y2—1 = 212 . Viét phuong trinh mét phang (P) tiép xtc véi mat

cau (S) vasong song véi d,d’

2X+y-8z2-12=0 5 2X+y—-82-69=0
2X+y-8z2+12=0 2X+y-8z+69=0
.2x—y+82—6:0 D. 2X+y+8z-13=0
2X—-y+8z+6=0 2X+y+8z+13=0

Cau 37: Trong khong gian voi hé toa d6 Oxyz, gia st mat cau
(Sy): X2 +y* +2° —4mx + 4y +2mz+m* +4m =0 c6 ban kinh nhé nhét. Khi d6 gié tri ctia m Ia:

A. 1 B. E C. ﬁ D.0
2 3 2
Cau 38: Cho mat cau:(S):x*+y’+2z>+2x—4y+6z+m=0. Tim m dé¢ (S) cit mat phang
(P):2x—y—2z+1=0 theo giao tuyén la dudng tron c6 dién tich bang 4.
A . m=9 B. m=10 C. m=3 D. m=-3
Cau 39: Cho mat cau:(S):x*+y* +2° +2x—4y+6z+m=0. Tim m dé (S) cdt duong thang

(A): X +11 = % _Z _22 tai hai diém A, B sao cho tam giac 1AB vudng (Vi | 1 tam mit cau)

A m=-1 B. m=10 C. m==-20 D_m:—ﬂ

9
Cau 40: Cho diém I(1; 2; -2) va mat phang (P): 2x+2y+z+5=0. Viét phuong trinh mat cau
(S) c6 tdm 1a 1, sao cho (P) cit (S) theo dudng tron giao tuyén c6 chu vi bang 8r.
A. (x—l)2 +(y—2)2 +(z+2)2 =25 B. (x—1)2 +(y—2)2 +(z+2)2 =9
C. (x-1)"+(y-2)" +(z+2)° =5 D. (x=1)"+(y-2)" +(z+2)" =16

Cau 41: Cho duong thing (d)%:u:%m atcau (S): x> +y* +2° +2x -2y +2z-1=0.

1
Phuong trinh mét phang chira (d) va cit (S) theo giao tuyén la dudng tron c6 ban kinh r=1:
A X+y+z2-4=0v7x-17y-52-4=0 B. X+y-z-4=0v7x-17y+52-4=0
C. Xx+y-z2-4=0v7x+17y+5z2-4=0 D. Xx+y—-z+4=0v7x-17y+5z+4=0
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Cau  42: Cho  mat  phing (P):2x-2y-z-4=0 va  mat  cau
(S):x* +y* +2° —2x—4y—62—11=0. Goi (C) 1a duong tron giao tuyén cua (P) va (S). Tam H
va ban kinh r cua (C) la:

A. H(L0;2),r=2 B. H(2,0;3),r=4

C. H(L32),r=4 D. H(3,0;2),r=4
Cau 43: Cho 2 dudng thang (d,): x+1 lerZ ZJ2r2,(d2):XT_3=il=zl5 va mit phing
(P):2x+y+2z-1=0. Phuong trinh mt cau tam thudc (d2) va tiép xtc véi (d,) & (P )

A. (x+13) +(y—10) +(z+15) =225 B. (x+13) +(y—10) +(z- 15)

C. (x—13)" +(y+10)" +(z-15)" =225 D. (x-13)" +(y+10)" +(z—-15)" =25

Cau 44: Cho diém 1(2;1,1) va mit phang (P):2x+y+2z+2=0. Biét (P) cat (S) theo giao
tuyén 1a duong tron c6 ban kinh r =1. Viét phuong trinh cia mit cau (S):

A. (x+2)2 +(y+l)2 +(z +1)2 =8 B. (x+2)2 +(y+l)2 +(z +1)2 =10
C. (x—2)2 +(y—l)2 +(z—1)2 =8 D. (x—2)2 +(y—l)2 +(z—1)2 =10
X=t
Cau 45: Mit cau c6 tam 1(1;3;5) va tiép xtc d:{y =—-1—t co phuong trinh 13?
z=2-t
A. (x=1)° +(y—3)" +(z-5)" =49 B. (x-1)"+(y—3)° +(z-5)" =14
C. (x-1)° +(y—3)" +(z-5)" =256 D. (x=1)"+(y-3)° +(z-5)' =7
X=t
CAu 46: Cho diém I(1; 2; -2), duong thang d: 1y = -5+ 2t va mat phang (P): 2x+2y+z+5=0
z2=-2+2t

. Viét phuong trinh mat cau (S) c6 tam 1a |, sao cho (P) cét (S) theo duong tron giao tuyén cé chu
vi bang 8.

A (x=1)" +(y—2) +(z+2)" =25 B. (x=1)" +(y—2)° +(z+2)" =9

C. (x—1)2+(y—2)2+(z+2)2 =5 D. (x- 1) +(y— ) +(z+2)2 =16
Cau 47: Cho diém 1(3, 4, 0) va duong thing A: Xl_l - yIZ - Zzl Viét phuong trinh mat ciu
(S) cO tam | va cat A tai hai diém A, B sao cho dién tich tam gi4c 1AB bang 12

A. (x—-3)*+(y—4)*+2*=25 B. (x+3)*+(y+4)°+2z° =5

C. (x-3)°+(y—4)*+2*=5 D. (x+3)*+(y+4)°+2° =25

Cau 48: Trong khong gian voéi hé toa d6 Oxyz, cho mit cau (S) c6 phuong trinh:
X2 +y? +22 —2x+6y—4z—2=0. Viét phuong trinh mat phang (P) song song véi gia cua véc to
V=(16;2), vudng goc véi mat phang (o) : X+ 4y +z—11=0 va tiép xtc véi (S).

A. (P): 2x—y+2z—-3=0 hoac (P): 2x—-y+2z=0.

B. (P): 2x—y+2z+3=0 hodc (P): 2x—y+2z-21=0.

C.(P): 2x—-y+2z-21=0.

D. (P): 2x—-y+2z+3=0
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Cau 49: Trong khong gian véi hé toa d6 Oxyz, cho duong thang d :XTJF5:y—_27 —Z 3 didm
M(4:1;6) . Buong thang d cat mat cau (S), cd thm M, tai hai diém A, B sao cho AB=6. Viét
phuong trinh ctia mat cau (S).

A (x—=4)7+(y-1)*+(z-6)*=12 B. (x—4)+(y-1)*+(z-6)°=9

C. (x—4)*+(y-1)*+(z-6)*=18 D. (x-4)?+(y-1)*+(z-6)*=16
CAu 50: Trong khong gian voi hé truc Oxyz, cho (P): 2x-y+2z-4=0. Mit phing nao sau ddy
vuong goc voi (P).

A x-4y+z-2=0 B. x+4y-z-5=0

C. x+4y+z-2=0 D. x+4y+z-1=0
Cau 51: Cho diém 1(-2;6;3) va ba mit phang (a):x—2=0,(B):y-6=0,(y):z+3=0. Tim
ménh d¢é sai trong cac ménh dé sau:

A. (o) diqual. B. (B)//(Oxz) C. (y)//0z D. (a) L(B)
Cau 52: Cho hai mit phang (P): x+y-z+5=0 va (Q): 2x-z=0. Nhan xét nao sau day la ding
, , ) , X _y+5 z
A. Mat phang (P) va mat phang (Q) c6 giao tuyen la 11 2
. . . .. , X _y-5 z
B. Mat phang (P) va mat phang (Q) co giao tuyén la 11 2
C. Mat phang (P) song song véi mit phang (Q)
D. Mat phang (P) vuéng géc véi mat phang (Q)
Cau 53: Cho hai diém A(2; 0; 3), B(2; -2; -3) vi duong thing A XT_Z - VT” - %
Nhan xét nao sau day 1a dung q
A. A, Bva A cung nam trong mot mat phang
B. A va B cling thuc duong thang A
C. Tam giac MAB can tai M véi M (2; 1; 0)
D. A va duong thang AB 1a hai duong thang chéo nhau
Cau 54: Puong thang X—J;l=%=il vudng goc véi mat phang nao trong cac mat phang sau
day?
A. 6x-4y-2z+1=0 B. 6x+4y—-2z+1=0
C. 6x—-4y+2z+1=0 D. 6x+4y+2z+1=0

Cau 55: Cho 3 mat phang (o):x+y+2z+1=0,(B):x+y-z+2=0,(y):x-y+5=0. Tim
ménh dé sai trong cAc ménh dé sau:

A. (o) L(B) B. (o) L(7) C. (B)L(y) D. (a)//(y)

Cau 56: Hai mat phang (P):2x+my+3z-5=0,(Q):nx—8y—6z+2=0 song song véi nhau
khi:

A m=4n=-4 B.m=4n=4 Cm=2,n=4 D.m=0,n=-4
Cau 57: Cho hai mat phang (a):m?x—y+(m?—2)z+2=0 va (B):2x+m?y—2z+1=0. Mit
phang (o) vudng goc véi (B) khi

A. m|=+2 B. |m|=4 C.|m|=1 D. |m[=+3
Cau 58: Cho duong thing A, qua diém M ¢6 VTCP u,, vd A, qua diém N c¢6 VTCP u, . Bidu
kién dé A,va A,chéo nhau la:
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A. U, V& U, ciing phuong. B. [uj,ui]W #0

C. [ui,ui} va MN ciing phuong. D. [ui,uj}W %0
Cau 59: Trong khong gian voi hé toadd O xyz, chodiém M(L-11) vahaidu ong thing
(d,) :§:y__+21 :_i3 va (d,): % - yT_l :%. Ménh d& nao dudi déy I dung.
A. (d,), (d,) va M ddng phang B. M&(d,) nhung M (d,)
C. Me(d,) nhung M ¢ (d,) D. (d,) va (d,) vudng géc nhau
X =2t
Cau 60: Cho hai duong thang a:{y=1+4t va b: x-1_ y_z=3 Khang dinh nao sau day la
z=2+6t 1 2 3
ding? ’
A. a,b cat nhau. B. a,b chéo nhau. C. a,b trung nhau. D. a,b song song.
X =1+2t X =3+4t'
Cau 61: Cho hai dudng thang d,: {y=2+3t vad,: {y=5+6t'
z=3+4t z=T7+8t'
Trong cac ménh dé sau, ménh dé nao dang?
A d 1d, B. d, =d, C.d,|d, D. d, vad, chéo
nhau
X=1+2t X =7+3ts
Cau 62: Vi tri tuong ddi cua hai duong thang d, :{y=-2-3t;d,:qy=2+2t la:
z=5+4t z=1-2t
A. Chéo nhau B. Trung nhau C. Song song D. Cit nhau

Xx-1 y+1 z-5 A X+1 y+1 z-1

Cau 63: Vi tri twong ddi cua hai dudng thang A, : A,
3 1 4 3 5

la:
A. Song song véi nhau. B. Cit nhau tai diém M(3;2;6)
C. Cit nhau tai diém M(3;2;—6) D. Chéo nhau.
Cau 64: Puong thang nio sau day song song vai (d): XIZ = y;4 _Z +34
A x—lzy—2:z+1 B. x—2:y—4:z+4
1 2 -3 1 1 1
C. x—1:y—2:z+1 D x—1:y—2:z—1
1 -2 3 -1 -2 3
CAau 65: Cho hai duong thang c6 phuong trinh sau:
[x+2y-5=0 q _{x—y+z—5=0
“lsx—2y+4z-1=0 = (3y-2-6=0
Ménh dé sau day ding:
A. d, hop véi d, goc 60° B. d, cat d,
C.d, ld, D. d, ||d,
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X=3+2t X=5+1'
Cau 66: Giao diém ctia 2 duong thang (d):{y=-2+3t,(d"):4y=-1-4t" c0 toa d¢ la:

Z=6+4t z=20+t'
A. (-1-2;0) B. (3;2;10) C. (254) D. bap 4n khac
x=1+mt x=1-t'
Cau 67: Cho 2 duong thang (d):{y =t J(d"):qy=2+2t". Giatri cia m dé (d) cat (d) 1a:
z=-1+2t z=3-t'
A m=1 B. m=-1 C. m=0 D.m=-2
X =1+(m+1D)t
Cau 68: Cho hai dudng thing Al:§=y7+1=%,A2: y=1+(2—m)t . Tim m dé hai duong

z=1+(2m+1)t
thang tring nhau.

A . m=3m=1 B. m=0 C.m=0m=-1 D.m=0,m=2
Cau 69: Trong khong gian véi hé toa do Oxyz, cho 2 duong thang
X+1 y+1 z-1 , Xx+2 y-1 z+m
d: = = ; d,: = = :
7 2 3 2 2 1 3
bé d, cat d, thi m bang
A2 B. . c.i D.>
4 4 4 4

Céu 70: Khi véc to chi phuong cua (d) vudng goc véi véc to phap tuyén cuaa (P) thi:
A. Buong thang d vudng gdc veéi mat phang (P). B. dudng thang d song song vi (P).
C. duong thang d song song hodc nam trong (P). D. Puong thang d nam trong (P).

X=-3+t
Cau 71: Cho mjt phang (P):2x+y+3z+1=0 va duong thang d:{y=2-2t. Chon cau tra loi
z=1
dung:
A.dL(P) B. d//(P) C.dcit (P) D. dc(P)
x=1+2t
CAu 72: Cho duong thang (d):{y=2+4t vamat phang (P):x+y+z+1=0
z=3+t
Khing dinh nao sau day dung ?
A. (d)/1(P) B. (d) cét (P) tai diem M(1;2;3)
C. (d)=(P) D. (d) cat (P) tai diém M(-1-2;2)
Cau 73: Cho duodng thang d: XIS = y;5 = 2_18 va mat phang (P) x+2y+5z+1=0 . Nhan xét

nao sau day la ding
A. Buong thang d song song véi mat phang (P)
B. Puong thiang d thuoc mat phang (P)
C. Puong thing d cit mat phang (P) tai A(8, 5, 8)
D. Puong thang d vudng goc véi mat phang (P)
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X-12 y-9 z

Cau 74: Mat phang (P):3x +5y—z—2=0 cat dudng thang d: —1 tai diém co

3
toa do:
A. (1,31) B. (2;2;,1) C. (0;0;-2) D. (4;0;1)
Cau 75: Hai mat phiang 3x—5y+mz—3=0 va 2x+ly—3z+1=0 song song khi:
A. ml=15 B. ml=1 C. ml=5 D. ml=-3

Cau 76: Trong khong gian Oxyz, xac dinh cac cap gia tri (I, m) dé céc cap mit phing sau day
song song vai nhau: 2x+1ly+3z-5=0;mx—-6y—-6z—-2=0
A. (3,4) B. (4;,-3) C. (-4,3) D. (4,3)
CAu 77: Trong khdng gian véi hé truc toa d6 Oxyz, cho hai mit phiang (P):x+my+3z+4=0
va (Q):2x+y—nz—9=0. Khi hai mat phang (P),(Q) song song véi nhau thi gia tri caa m+n
bing
13 11

A. r) B. 4 C. Y D. -1
Cau 78: Cho hai mat phang song song (P): nx+7y—6z+4=0 va (Q): 3x+my—-2z—-7=0.
Khi d6 giatricaamvan la:
A.m=z;n=l B.n:Z;m=9 C.m==;n=9 D.m=—;n=9
3 3 3
Cau 79: Trong khdng gian toa do Oxyz, cho diém A(-121) va hai mit phang

(o):2x+4y—62-5=0, (B):x+2y—3z=0.Ménh d¢ nao sau day ding ?
A. (B) khong di qua A va khong song song v6i (o)

7

~N | w

B. (B) di qua A va song song véi (o)
C. (B) di qua A va khong song song véi (o)
D. (B) khong di qua A va song song véi (a)
Cau 80: Hai mat phing 7x—(2m+5)y+9=0 va mx+y—3z+1=0 vudng goc khi:
A . m=1 B.m=7 C. m=-1 D. m=-5
Cau 8l: Cho ba mit phing (P):3x+y+z-4=0;(Q):3x+y+z+5=0 va

(R):2x—3y—3z+1=0 . Xét cac ménh d¢ sau:

(1): (P) song song (Q) (1N: (P) vudng goc (Q)
Khang dinh nao sau day dung ? . .
A. (D) sai ; (I) dang B. (I) dang ; (IT) sai C. (I); (II) déu sai D. (D ; (1) déu
ding

(a):x+y+2z+1=0
Cau 82: Cho mat phang J(g):x+y+z+2=0 . Trong cic ménh dé sau, ménh dé nao sai ?

(y):x-y+5=0
A. (a) L(v) B. (v) L(B) C. (o) L(y) D. () L(B)
x=1-3t
Cau 83: Cho duong thang d:{y=2t va mp(P):2x—-y—2z—-6=0. Gia tri caa m dé
z=-2-mt
dc(P) la:
A . m=2 B.m=-2 C. m=4 D.m=-4
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Cau 84 Trong khong gian vai hé truc toa d6 Oxyz, cho duong thang d: x-1_ 2y+ 21 = 223 va
m m—
mit phang (P):x+3y—2z—-5=0 . Bé duong thang d vudng goc véi (P) thi:
A. . m=0 B. m=1 C. m=-2 D.m=-1
Cau 85: Trong khong gian v6i hé toa 46 Oxyz cho mit cau (S): X% +y? +2z2—2x—2z=0 Va

mit phing (o):4x +3y+m=0. Xét cdc ménh d¢ sau:

I (o) cét (S) theo mot duong tron khi va chi khi —4-5v2 <m<—4+5y2.

I1. () tip xtic vé6i (S) khi va chi khi m=-4+5y2.

1. () N (S) =2 khi va chi khi m<-4-5y2 hoic m>-4+52 .

Trong ba ménh dé trén, nhitng ménh dé nao ding ?

A. llvalll B.Ivéll v C. 1 D. bap an khac
Cau 86: Goi (d) la giao tuyén cua hai mat phang x+2y—-3z+1=0 va 2x—-3y+z+1=0. Xac
dinh m d& c6 mat phing (Q) qua (d) va vudng goc véi a = (m; 2;—3)

A. 6 B. % C.1 D. l

3 2
Cau 87: Cho mit phang (o):4x—2y+3z+1=0 vamatcau (S):x* +y’ +2°> —2x+4y+6z =0.
Khi d6, ménh d& nao sau diy 1a mot ménh dé sai:

A. (o) cit (S) theo mot duong tron B. (o) tiép xtc véi (S)

C. (@) c6 diém chung véi (S) D. () di qua tam cua (S)

Cau 88: Cho mit cau (S):x*+y*+2z°—2x—4y—6z+5=0 va mat phing (a):x+y+z=0.
Khang dinh nao sau day ding ?

A. (o) di qua tim cua (S)

B. (o) tiép xtc vsi (S)

C. (@) cdt (S) theo 1 duong tron va khong di qua tim ctia mét cau (S)

D. () va (S) khong c6 diém chung
Cau 89: Trong khong gian (Oxyz). Cho mit cau

(S): x?+y?+272 —2x+4y—2z—-3=0 va mit phang

(P): x+2y—2z—m-1=0 (m la tham s&). Mat phang (P) tiép xuc véi mat cau (S) tng vai gia
trim la:

m=-3 m=3 m=3 m=3
A. B. C. D.
m=-15 m=-15 m=-5 m =15
Cau 90: Cho mat cau(S): (x+1) +(y—2)? +(z—3)> = 25 va mat phang o:2x+y-2z+m=0.
Tim m d& o va (S) khong c6 diém chung

A. 9<m<21 B. 9<m<21

C. m<-9 hoic m=>21 D. m<-9 hoac m> 21
Cau 91: Goi (S) la mat cau tam 1(2 ; 1 ; -1) va tiép xUc voi mat phang (o) co phuong trinh: 2x —
2y —z + 3 = 0. Béan kinh cua (S) bang bao nhiéu ?

2 2 4

A — B. - C.2 D. -
3 9 3

Cau 92: Cho (S): x?+Yy?+z% —4x—2y+10z+14=0 . Mit phang (P): Xx+y+z—-4=0 cit mat
cau (S) theo mot duodng tron co chu vi la:
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A. 8r B. 4n C. 4n\3 D. 2
Cau 93: Cho (P): x + 2y + 2z — 1 = 0 cat mat cau (S) theo mot duong tron giao tuyén co béan
kinh r = 1/3, biét tdm cua (S) 1a I(1; 2; 2). Khi d6, ban kinh mit cau (S) 1a:
3 3 3 3
CAu 94: Trong khong gian voi hé toa d6 Oxyz, cho mit phang (P): X—y+4z—4=0 va mit cAu

(S): x? +y? +7z2 —4x—10z+ 4 =0. Mit phang (P) cit mat cau (S) theo giao tuyén 1a duong tron
¢6 ban kinh bang:

A. B B. 7 C.2 D. 4
Cau 95: Cho mat phang (P):2x—2y—z—-4=0 va  mat  cau
(S) 12 +y? + 2% — 2x— 4y— 6z—11= 0. Gia su (P) cat (S) theo thiét dién 1a duong tron (C). Xac
dinh toa d6 tam va tinh ban kinh duong tron (C).

A.Tam 1(3;0;-2), r=3 B. Tam 1(3;0;2), r=4

C.Tam 1(3,0;2), r=5 D. T4t ca 3 dap an trén déu sai.
Cau 96: Trong khdng gian vai hé truc toa do Oxyz cho toa do cho mat cau (S):(x— 2)2 +y?+2°=9
va mat phang (P):x+y—z+m=0, m Ia tham sb. Biét (P) cit (S) theo mot dwong tron ¢6 ban kinh
r=./6 . Giatri cia tham so m I:

A m=3m=4 B m=3m=-5 C. m=Im=-4 D.m=Im=-5
Cau 97: Cho mat cau (S): X2 +y? +22 +2x—2y +2z—1=0. Duong thang d di qua O(0;0;0) cat
(S) theo mot day cung c6 do dai bang 2. Chon khang dinh ding:

A. d nim trén mot mat non. B. d:ilz%:i1
C. d nam trén mot mit tru. D. Khdng ton tai duong thang d.

Cau 98: Ton tai bao nhiéu mat phang (P) vudng goc véi hai mat phang (a): x+y+z+1=0, (B): 2x-
y+3z-4=0 sao cho khoang cach tir goc toa do dén mit phing (P) bang 26

A.2 ~ B.O C.1 D. V6 s6
Cau 99: Cho mat phang (P):k(x+y—2z)+(X—y+2z)=0va diém A(1;2;3). Chon khang dinh
ding:

A. Hinh chiéu caa A trén (P) luén thuoc mot dudng tron ¢b dinh khi k thay doi.
B. (P) ludn chta truc Oy khi k thay ddi.

C. Hinh chiéu cua A trén (P) ludn thudc mot mit phang ¢ dinh khi k thay doi.
D. (P) khong di qua mot diém co dinh nao khi k thay doi

PAP AN TRAC NGHIEM

1B |2C |3B [(4C |5D |6D |7A |8B |9A |10D | 11A |12A | 13D | 14A | 15C

16D | 17B | 18B | 19A | 20D | 21C | 22B | 23D | 24C | 25D | 26A | 27B | 28D | 29D | 30A

31B | 32C | 33A | 34A | 35D | 36B | 37A | 38A | 39D | 40A | 41B | 42D | 43C | 44D | 45B

46A | 47A | 48B | 49C | 50D | 51A | 52A | 53A | 54C | 55C | 56A | 57C | 58B | 59A | 60C

61D | 62A | 63B | 64A | 65D | 66D | 67C | 68B | 69D | 70C | 71B | 72D | 73A | 74C | 75A

76A | 77C | 78D | 79B | 80A | 81B | 82D | 83C | 84B | 85D | 86D | 87B | 88D | 89B | 90D

91C | 92B | 93D | 94B | 95B | 96D | 97A | 98A | 99B
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BAI 5: CAC BAI TOAN CUC TRI TRONG TQA PO KHONG GIAN

Ngoai c4c bai toan thuong gip nhu viét phuong trinh mat phang, duong thang, mat cau, xac
dinh giao diém, hinh chiéu, vi tri twong d6i..., chuyén d& nay con xuit hién cac bai toan kho lién
quan dén cha dé cyc tri. K& tir khi chuyén hinh thic thi toén sang trac nghiém, bai toan cuc tri
Xuat hién ngay cang nhiéu va thuong c6 mit trong cac dé thi tuyén sinh nham ting thém tinh
phan loai, chon loc hoc sinh kha gioi cho céc trudng, cac nganh & tép cao. Do vay, day la dang
toan quan trong ma cac ban hoc sinh muén vé cac nganh c6 diém cao can phai nim duoc.

Céc bai toan cuyc tri trong chuyén dé nay thudng xoay quanh cac van dé sau:

Bai toan 1: Cho cac diém A,B,C,...Tim diém H thudc mit phiang («) hodc dwong thang d
sao cho n6 théa man diéu kién dé cac biéu thirc sau c6 gia tri I6n nhit hodc nhé nhat:

A= aim+a2@+a2H—C+...‘ (1)

A=aHA’ +a,HB? +a,HC’ +...(2)

B B
A
I C A 1 C
/ uh )
d
H thudc mat phang (a) H thugc duong thang d

+ Bwoc 1: Goi I 1a diém thoa man biéu thuc vecto: a, IA+a,IB+a,IC+...=toa dd |
+ Bwdc 2: Suy ra toa d6 H 12 hinh chiéu cua I 1én mat phiang () hodc duong thang d.
*Luuy:

Déi véi dang (2):

- A, khia+a+..+a,<0

- A, khia+a+..+a >0

Bai todn 2: Cho 2 diém A va B khoéng thuéc d, tim diém M thudc mit phang («) sao cho
MA+MB dat gia tri nhé nhat.

Khi A va B nam khac phia ddi véi (o) Khi A va B nam cung phia déi véi (o)

A A

N

B,
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+ Budc 1: Goi B’ 1a diém ddi xtng cia B qua | + Buwéc 1: Viét phuong trinh duong thing d
(), tinh toa d6 B’. qua A va B.

+ Buwoc 2: Viét phuong trinh dwong thang d | + Burgc 2: Suy ra M 1a giao diém cia d va (a).
qua A vaB’.

+ Bwéc 3: Suy ra M 1a giao diém cua d va (a).

* Luu y: Dé kiém tra A(X,; Ya;Z,) VA B(Xg; Yg; 5 ) Nam cung phia hay khac phia d6i véi (o) ta

lam nhu sau:
Gia str phuong trinh () ¢6 dang: Ax+By+Cz+D =0, lan luot thay A, B vao (&) va goi
C,=Ax,+By,+Cz,+D;C,=Ax; +Byy, +Cz, +D:
+ Néu C,.C, <0thi A,B nam khéc phia d6i véi (c)
+ Néu C,.C, >0thi A,B nam cuing phia ddi véi (a)

Bai toan 3: Cho 2 diém A va B khong thudc d, tim diém M thugc d sao cho MA+MB dat gia
tri nhé nhat.

» Khi AB vudng goc véi d

+ Bwéc 1: Viét phuong trinh mit phang () qua A,B

va vudng goc vai d.

+ Buwgc 2: Suy ra toa do M 1a giao diém cua () vad
» Khi AB khdng vuéng goc vei d

+ Buwoc 1: Goi toado Mtheot (M ed)

+ Bwéc 2: Tinh téng A=MA+MB theo t

+ Bwoc 3: Dung dao ham khao sét A theo t

= Giatri t lam cho Anin.

=Toaddo M

Truong hgp AB vubng goc vai d

Bai toan 4: Cho 2 diém A va B, viét phuwong trinh mit phang («) qua B sao cho () cach A
mdt khoang Ién nhat

y

Mt phang () 12 mat phang qua B va vudng goc véi AB.
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Bai toan 5: Cho diém A va dwong thing d khong di qua A, viét phwong trinh mit phing
(a) qua d sao cho (&) cach A mét khoang lén nhat

+ Bwéc 1: Goi H 1a hinh chiéu caa A 1én mit phang («)
Tim toa do H. N

+ Bwéc 2: Suy ra (a) la mat phang chtra d va vudng goc voi AH. .

%

Bai toan 6: Cho mit phang («)va diém B thudc (a), viét phwong trinh dudng thing a
chira trong (), di qua B va cach diém A khong thudc (o) mét khoang Ién nhat va nhé

nhit.

a cach A mét khoang l6n nhat a cach A mét khoang nhé nhat

A A

max

ya AV a =7

Puong thang a duoc xac dinh 1a duong thang di |  Goi K 1a hinh chiéu cua A 18n («), duong
qua B va vudng goc voi AB. Khi d6 vecto chi | thing a khi d6 duoc xéac dinh 1a duong thing

phuong cua a 1a tich c6 huéng cia ABVa ne,: | qua B va K.

s = A8, |

Bai toan 7: Cho diém A thudc mit phang (e) va dwong thiang d khéng song song hoic nam
trén (a), viét phwong trinh dwong thang a chira trong (o) di qua A va cach d mét khoang

I6n nhit.

+ Bwoc 1: Tim toa do M 1a giao diém cua d va (a),
qua A ké duong thang d’ song song vdi d.
+ Bwéc 2: Goi | 12 hinh chiéu ctia M 1én d’, tim toa do I.

/
/

d
/ d’
+ Bwoc 3: Khi d6 a 1a dudng thang qua A va vudng goc I
v6i MI (hay a nam trong mat phang vudng géc véi MI) /”%a
/ IA

*Lll’lly (o4 / 7

Vecto chi phuong cua a 1a tich ¢6 huéng caa MI va ne, / /

o = WL o |
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Bai_toan 8: Cho hai dwong thing a va b khong song song nhau, viét phwong trinh mit
phing () chira a va tao véi b mét goc lén nhit.

+ Bwoc 1: Lay diém A trén a, qua A ké duong thang b’ song song
véi b. Viét phuong trinh d’ K
+ Bwéc 2: Liy diém K trén b’ va tim hinh chiéu H cua K Ién a.

+ Bwéc 3: Khi 6 (o) 1a mat phang qua a va vudng goc

véi KH (KH 1a vecto phép tuyén cua («)).

Bai toan 9: Cho diém A thudc mat phang () va dwong thang a khong song song hoic nam
trong (), viét phwong trinh dwong thing b chira trong (o) va qua A sao cho tao véi a mot

g6c 16n nhat va nhé nhat.

> Truong hep b tao véi a mdt goc 16n nhat
Puong thang b tao véi a mot goc 16n nhat 12 90°, khi d6 vecto chi phwong cua b 12 tich co
huéng clia Ua VA Ny : Us :[aa,ﬁ(a)]
> Truong hep b tao véi a mdt goc nhé nhat o
+ Buwoc 1: Qua A ké dudng thang a’ song song véi a, Viét

Klén (o). /

+ Bwoc 3: Khi d6 b di qua A va H

phuong trinh a’. /
+ Burgc 2: Chon diém K bét ki thugc a’, tim hinh chiéu H /
Cﬁa (74 /,’I ’

BAI TAP TRAC NGHIEM

Cau 1: Viét phuong trinh mit phang chira duong thang d :XTA:%:% va cach diém M
(2;1;1) mot khoang 16n nhat.

A. X+y+3z+5=0 B. 3Xx+y+z+1=0

C. x+2y+z-3=0 D. x-y-z+3=0

A N/ A \ < 2 . - R . A. , - _X—l Yy Z+2
Cau 2: Viét phuong trinh méat phang di qua diém A (1;-2;1), song song vai d: > T1- 1

va céach gdc toa do mot khoang 16n nhat.

A. 12x-9y+5z2+3=0 B. x-16y+5z-43=0

C. 4x+16y+z-23=0 D. 11x-16y+10z-53=0
Cau 3: Viét phuong trinh mjt phing (P) di qua O va vudng géc véi mit phang (Q):
2X+Yy+2z—-1=0 vatao vdi truc Oy mét goc Ion nhat.
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A 2x-y-z=0 B. x-y+z-1=0

C. 2x-5y-z=0 D. 2x-y+z-3=0
Cau 4: Viét phuong trinh mat phang chtra dudng thang d: x-1_ ylrl _272 tao véi duong
2 X+l y z-1 %
thang d’: === mot goc 16n nhat.
1 2 1
A x-4y+z2-7=0 B. Xx-4y+z-2=0
C. 3x+y+z-1=0 D. x-3y-2z+9=0
Cau 5: Viét phuong trinh mat phang di qua O, song song voi duong thang d: X2—1 = % = 2;2
va tao voi mat phang (P):x+2y—z+1=0 mét goc nhé nhét.
A 11x-22y+72=0 B. 12x+27y-172=0
C. 1lx+7y—-22z2=0 D. 17x+22y-272=0

Cau 6: Viét phuong trinh mat phiang di qua hai diém A(12;-1), B(213), va tao vei truc Ox
mot goc 16n nhét.

A. —x-17y+4z+15=0 B. -x+17y+4z+15=0

C. -17x-y+4z+15=0 D. -17x+y+4z-15=0
Cau 7: Viét phuong trinh duong thang di qua gdc toa d6 O, nam trong mat phing
(P):2x—y+2z=0 vacach diém M(L2;1) mét khoang nhé nht.

x_y_z g X_Y_2
14 5 13 13 5 14
X_y_z o X_Y_Z
13 14 5 14 13 5

Cau 8. Viét phuong trinh duong thang d di qua diém M (L1 -1)cho truéc, ndm mit phang
(P):2x—y—2z=0 vacach diem M (0;2;1) mot khoang I6n nhat.

x-1 y-1 z+1 Xx-2 y+1 z+1

A. B.
1 3 -1 1 3 2
cC x+2:y—1:z+1 cC x—3:y—1:z—1
1 3 2 1 2 2
Cau 9. Tim cdp s6 nguyén duong (a;b) nho nhat dé khoang cach tr O dén duodng thang
x=1+a+at
d:qy=2+b+bt (a=0) nho nhat.
z=1+2a-b+(2a-hb)t
A. a=8 b=12 B.a=11 b=8
C.a=8§ b=11 D.a=12; b=8

Cau 10. Tim cdp sb nguyén duong (a;b) nhé nhat dé khoang cach tir O dén duong thang
x=1-2a+at
d:sy=-2+2a+(1-a)t (alatham sd) cach diém M(%;l; 4) mot khoang I6n nhat.
z=1+t
3

A a=— B_a:g
2 3
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c.a=1 D.a=>
3 r U 3 r A 2
Cau 11. Viét phuong trinh duong thang d di qua goc toa d6 O, nam mat phang
. ) . -1 1 3 .
(P):2x+y—z=0 vatao véi duong thang d :gzy—1 =Z% mot géc nho nhat.
X _y_z g X_V¥ _2-2
-10 7 -13 10 -7 -13
X_¥y_2 X_¥y_2z
10 7 13 10 -7 13
Cau 12. Cho mgt phang (P):2x+y+z-3=0, A(0;2;1)va duong thang d :XT_lzgzé.Viét
phuong trinh dudng thang d’ di qua A, nam trong (P) va khoang céch giita d va d’ 16n nhat mot

g6c nho nhat.

A X_y+l_z+41 g X_y_z+l
1 -7 3 12 7 -9
c X_y+2_z-1 x_y+1_z-1
"1 7 9 "2 7 3

Cau 13. Viét phuong trinh mit phiang di qua diém A(10;-2) va cach diém M (2,5,1) mot
khoang I6n nhat.

A. 2x-y+3z=0 B. x+y-3z-7=0

C. x-y-3z-5=0 C. x+y+3z-2=0

A . x-1 z-1 ., . .
Cau 14. Cho duong thang d : > = % = > Viet phuong trinh duong thang d” song song vai

d, cach d mot khoang bang 3 va cach diem K (-3;4;3) mot khoang I6n nhat, nho nhat.

x-3_y-2_z g X_Y_Z
2 1 2 -2 1 -3
c X=3_y+2_z c Xt3_y-2_z
-2 1 2 -2 1 -2
X=3+2t
Cau 15. Cho duong thang d :{y =2+t , Viét phuong trinh duong thang (P) song song va cach
z=2+t
d mot khoang R = 2+/2 va cach M(0;1;2) mot khoang nho nhét (Ion nhat).
A. —Xx-3y+z-3=0 B. x—-3y+z+3=0
C. x+3y+z-3=0 C. x+3y+z+3=0

Cau 16. Cho mit cau (S):(x+1)2+(y—4)2+z2 =8 va diem A(3;0;0), A(42;1). Goi M Ila
diém thuoc mat cau (S). Tinh gia tri nho nhat cua biéu thec MA+2MB

A 43 B. 32

C. 45 C. 42
Cau 17: Trong khdng gian véi hé toa do Oxyz, cho diém A(LL1). Goi (P) la mit phing di qua

diém A va céch géc toa d6 O mot khoang 16n nhat. Khi d6, mat phang (P) di qua diém nao sau
day?
A. M, (1,2;0) B. M, (1-2;0) C. M,(-12;0) D. M, (-1-2;0)
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Cau 18: Trong khong gian véi hé toa d6 Oxyz, cho diém A(2; -1;1) . Goi (P) la mit phang di qua
diém A va céach géc toa @6 O mot khoang 16n nhat. Khi d6, mat phang (P) di qua diém nao sau
day?

A. M,(1-2;2) B. M, (-2;-2) C. M,(3,-2;2) D. M,(12;2)
Cau 19: Trong khong gian véi hé toa do Oxyz, cho diém A (2; 1; -2) va duong thing d co
x—1 1 -1 . . . . . 5
phuong trinh: - 1 i Goi (P) la mat phang di qua A, song song voi d va khoang
cach tir d téi (P) 12 16n nhét. Khi 6, mat phang (P) vudng goc véi mit phiang nao sau day?
A X+y-z+3=0 B. X+y-z+3=0
C. Xx+y+z+3=0 C. x+y—-2z+3=0
X+2 'y z2-2
Cau 20: Trong khong gian véi hé toa d6 Oxyz, cho duong thang d : T :—2 :T Goi A la

dudng thang qua diém A(4;0;-1) song song véi d . Goi (P) : Ax+By+Cz+D=0,(A B,C<cZ)

la mat phang chtra A va c6 khoang cach dén d 1a 16n nhat. Khi do, M = A> + B*+C? c6 thé Ia
gié tri nao sau day?

A.9 B.6 C.5 D.4
x-1 'y z-2
Cau 21: Trong khdng gian voi hé toa do Oxyz, cho duong thang d : —— 5 I :T va diém

A(2;5;3). Goi (P) la mit phang chira d sao cho khoang cach tir A dén (P) 1a 16n nhat. Khi d6, mat
phang (P) vudng goc véi duong thang nao sau day?

A x—1:y—2:z+1 B. x—1:y—2:z+1
1 —4 1 1 4 1

c x—lzy—2:z+1 c x—lzy—2:z+l
2 1 2 2 -1 2

Cau 22: Trong khdng gian véi hé toa do Oxyz, cho mit phang (Q): X+2y—-z+5=0 va duong
x+1 y+1 z-3

thang . Goi (P) 1a mit phang chtra dudng thang d va tao véi mat phang (Q)

2 1 1
mot goc nho nhat. Mt phang (P) di qua diém nao dudi day?
A. M, (0;-2;6) B. M, (0;2;6) C. M,(0;2;,-6) D. M, (0;,-2;-6)

Céau 23: Trong khong gian vai hé toa d6 Oxyz, goi (P) la mat phang di qua diém M (9;1;1), cat
c4c tia Ox, Oy, Oz tai A, B, C. Thé tich ttr dién OABC dat gia tri nho nhat bang:

A. 41 B. % C. 40 D. %
Cau 24: Trong khdng gian voi hé toa dd Oxyz, goi (P) 14 mat phang di qua diém M(1;2;3) , cit
1

cac tia Ox, Oy, Oz tai A, B, C sao cho biéu thuc c6 gia tri nho nhat. Mat

+ +
OA®> OB? 0C*?
phang (P) di qua diém nao dudi day?

A. M, (4;0;2) B. M,(2;0;4) C. M,;(10;2) D. M,(2;0;1)
Cau 25: Trong khong gian véi hé toa do Oxyz, goi (P) 1a mat phang di qua diém M(1:4;9), cit
c4c tia Ox, Oy, Oz tai A, B, C sao cho biéu thirc OA+OB+0C ¢6 gia tri nho nhat. Mat phang (P)
di qua diém nao dudi day?

A. M, (12;0;0) B. M, (0;6;0) C. M, (0;0;12) D. M, (6;0;0)
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x-2 y-1 z-1
2 ) _2 )

B(2;0;4). Goi A la duong thang qua A, vudng goc vai d sao cho khoang cach tir B téi A 1a nho

nhit. Goi 1a u =(a;b;c)la vec-to chi phuong cua A véi a, b, ¢ € R.Gid tri cia P=a”+b’ +¢c6

thé 13 gia tri nao dudi day?

va hai diém A(3;2;1),

Cau 26: Trong khong gian Oxyz cho dudng thang d :

A 11 B.6 C.3 D.5
1 1
Cau 27: Trong khdng gian véi hé toa do Oxyz cho duong thang A: X% = % = Zil va hai diém

A(1;2;-1), B(3 -1,-5) . Goi d la duong thang di qua diém A va cit duong thang A sao cho khoang
cach tir B dén duong thing d 1a 16n nhat. Khi d6, goi M(a;b;c) 1a giao diém cua va A. Gia tri P =
a + b +c bang bao nhiéu?

A. -2 B. 2 c6 D. 4
Céu 28: Trong khong gian véi hé toa do Oxyz cho hai diém A(1; 5; 0), B(3; 3; 6) va duong
thing A le y—ll - % Goi d 1a dudng théng di qua diém B va cit duong thing A tai diém C

sao cho dién tich tam giac ABC c6 gi4 tri nho nhat. Buong thang d vuéng goc véi dudng thang
nao sau day?

X=-1+t X=-1+t X=-1+t Xx=-1-t
A Jy=-2t B.{y=-2t C.jy=2t D.iy=-2t
z=1-t z=1+t z=1-t z=1-t

Cau 29: Trong khong gian véi hé toa do Oxyz cho mat phang (P):x+3y—z-1=0 va cac
diém A(1;0;0); B (0:-2;3). Goi d 1a dudng thang nam trong (P) di qua A va cach B mot khoang
l6n nhat. Goi U 13 vec-to chi phuong cuad. U vuodng goc Véi vec-to nao sau day‘7

n=(L-41) B. n=(-141) C.n=(L41) D. n=(-1-4;1)
Cau 30: Trong khdng gian véi hé toa do Oxyz,cho mat phang (P):x+3y—z—1=0va cac diém
A(1;0;0) ; B(0;-2;3) . Goi d la duong thang nam trong (P) di qua A va cach B mét khoang nhé
nhét. Goi U 13 vec-to chi phuong cta d. u vubng goc vai vec-to nao sau day?

A n=(-1-31) B. n=(-131) C. n=(131) D. n=(-13;-1)
Cau 31: Trong khong gian vai hé toa d6 Oxyz goi d 1a duong thang di qua A(0;-1;2), cit duong
. 1 -2 . , -
thang A, : X+ :%: : 1 sao cho khoang cach gitra d va duong thang A, :XTs lzz 1 la
I6n nhat. Buong thang d song song véi mat phang nao sau day?
A. (R):2x+y+17z+1=0 B. (P,):—2x+y-17z+1=0
C.(R):2x-y-17z+1=0 D. (R,):2x+y-17z+1=0

Cau 32: Trong khong gian vai hé toa do Oxyz goi d 1a duong thang di qua A(1;-1;2) , song song
véi mat phang (P):2x—y—2z+3=0 . Goi o, B lan luot 1a goc 16n nhat va nhé nhat gitta d va

. 1 y-1
duong thang A, :X% = y—2 % Trong cac khang dinh sau, khang dinh dung 1a
= = O
cosa =0 cosa cosa=§ Cosa:%
cos i = 5 B ~ 53 C. 9 D. 9
9 Cosf==9= cos =0 cos B =0
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Cau 33: Trong khong gian vai hé toa d6 Oxyz goi d 1a duong thang di qua A(-1;0;-1), cit duong
Xx-1 y-2 7+2

thang A, : . 1 Goi a, B lan Iuot 1a g6c 16n nhit va nho nhat gitta d va duong
. X—3 -2 743 , . ) . .
thang A, : 1" y B - Trong cac khang dinh sau, khang dinh dting la:
cosa =0 cosa =0 cosa =0 cosa =0
A. 2 B. 1 C. 2 D. 1
COSp=— COSp=—f4= COSp=—f cos A =—
p E B 7 B NG B e
PAP AN TRAC NGHIEM

1A |2D |3C |4A |5B |6C |7D |8A |9C |10D | 11A |12C | 13B | 14A | 15B

16C | 17A | 18C | 19B | 20C | 21A | 22B | 22B | 24B | 25D | 26D | 27C | 28B | 29C | 30A

31D | 32B | 33C
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