Chuyén dé 8: “PPTD trong khong gian” Cao Viin Tuin — 097530627

UNG DUNG PHUONG PHAP TQA PO PE GIAI TOAN
HINH HQC KHONG GIAN

Céc em hoc sinh nén nh¢ rang “Khong c6 phuong phap giai nao 1a van ning”, do d6 cac em phai
khong ngung luyén tap de tao ra soi day lién két gitra cac phan kién thirc cia minh, khi dé cac em mai co
thé van dung linh hoat cdc phuong phap sao cho bai giai cua minh khoa hoc nhat, hay nhat.

Dbi vai mot s6 loai hinh chop, hinh lang try trong mot s6 bai todn ta co thé str dung viéc dit mot hé
truc toa do thich hop, dé chuyén tir viéc giai hinh hoc khong gian tong hop thuan tiy (ma viéc ndy cé thé
gap nhiéu khé khan trong dung hinh, tinh toan voi cac em hoc sinh) sang viéc tinh todn dya vao toa do.
Céch giai bai toan nhu vay goi la phuong phap toa do hoa.

Déi véi phuong phap toa dd hoa, viéc tinh toan co thé s& dai dong va phure tap hon phuong phap
hinh hoc khong gian thudn tay, tuy nhién cach giai nay thuc su rat hitu ich cho nhleu ban hoc sinh ma
viéc nam viing nhing phuong phap trong cach giai hinh hoc khong gian con yeu hodc nhu’ng bai toan
hinh khéng gian vé khoang cach kho; vé xac dinh GTLN, GTNN; cac bai toan vé quy tich diém, ..

Dé co thé lan tot dugc cac bai toan giai bang phuong phap toa d hoa thi cac em hoc sinh phai nam
chic cac kién thirc (cu thé 1a cac cong thic tinh) ctia phan “Phuong phap toa do trong khong gian” va
nhing kién thirc co ban nhat ctia hinh hoc khong gian.

Sau ddy thay s& trinh bay cu thé phuong phap: “Ung dung phuong phap toa do dé giai toan hinh hoc
khong gian”.
Cao Vin Tuén - 0975306275
1. Phwong phap

+ Buwdc 1: Chon hé truc toa dp Oxyz trong khong gian: Vi OX, Oy, Oz vuéng goc voi nhau ting
d6i mot nén néu hinh vé& bai toan cho c6 chtra cac canh vudng goc thi ta wu tién chon cac canh dé
lam truc toa do.

+  Buwdc 2: Suy ra toa dp ciia cdc dinh, diém trén hé truc toa dj vica ghép.

+ Buwdc 3: St dung cdc kién thirc vé toa dp khong gian dé giai quyét bai todn

2. Cac bai toan ghép truc tga do thwong gap va cach suy ra toa d¢ cac dinh

Cac bai toan thuwong gap Cach ghép truc Toa dj cac diém

+ Vi hinh 1p phuong:

z A A(0;0;0), B(a;0;0)

A D’ C(a;a;0), D(0;a;0)

B’ A'(0; 0; a), B'(a;0;a)
C'(a; & 0), D'(0; &; a)

Hinh l8p phuong hodc hinh
hop chir nhat ABCD.A'B'C'D’

All D + Véi hinh hop chit nhat:
i A(0;0;0), B(a;0;0)
x B @ C(a;b;0), D(0;b;0)
A’(0;0;c), B'(a;0;c)
C'(a;b;c), D'(0;b;c)

k‘_du"
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Chuyén dé 8: “PPTD trong khong gian”

Cao Viin Tuin — 097530627

Hinh hop ABCD.A'B'C'D’ c6
day la hinh thoi.

+ Gobc toa d6 tring voi giao
diém O cua hai duong chéo
cua hinh thoi ABCD.

+ Truc Oz di qua 2 tdm cua 2
day

A =(0;0;0)
Hinh chép S.ABCD cé: B =(0;|AB|;0)
+ ABCD Ia hinh chit nhat, _ ) )
hinh vudng. C= (|AD| ’ |AB| ’ 0)
+ SA L (ABCD). d D =(|AD]; 0;0)
A
S=(0;0;[SA|)
n\ c
X
'
A =(0;0;0)
Hinh chép S.ABCD c6: B =(0;|AB|;0)
+ Day hinh chit nhat, hinh | AD| | AB|
vuong. ‘ S= [—;—,|SO|)
+ Céac canh bén bang nhau 2 2
D =(|AD[;0;0)
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0 =(0;0;0)
Hinh chép S.ABCD déu co: A =(0,~|0A[;0)
vuong. Y
+ SO vudng géc véi day. C=(0;jocy;0)
D =(|0DJ;0;0)
S=(0;0;S0J)
A =(0;0;0)
Hinh chép S.ABCD déu c6: B =(0;|AB|;0)
+ Day 1a hinh binh hanh, B ] )
hinh thoi. C =(|DH[:|AB+AH];0)
+ SA vuéng goc véi ddy. D = (|DH];|AH];0)
S=(0;0;[SA|)
A =(0;0;0)
Hinh chép S.ABCD déu cé: B =(0;|ABJ;0)
+ Day la hinh binh hanh.
+ SO vuong goc voi day. y C= (|DH| |AB+AH| 0)
D = (|DH];|AH];0)
o_[IPH]. |AB+AH| 150|
2 2
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Hinh chop S.ABC co:

+ Pay la tam giac vudng,
tam giac déu.

+ SA vuong goc véi day.

Hinh chop S.ABC c6:

+ Day la tam gidc déu canh
a.

+ Céac canh bén bang nhau.

X

Trén day la mot ) dang co ban cua mot s6 loai hinh khdi ma chung ta c6 thé toa d6 hoa mot cach
don gian. Cac em luu y rang chung ta c6 thé toa do hoa mot khéi da dién bat ky. Chi can ching ta xac
dinh dugce dudng cao cua khéi da dién d6 va thong thuong trén 1y thuyét ta déu dat gdc toa do 1a chan
duong cao cta khdi da dién; truc cao (truc Oz) 1a dudng cao, sau d6 ta dung hai tia con lai. Nhung trong
thuc hanh gidi toan chung ta can cu tuy bai toan dé dat hé truc mién sao chung ta co thé tim cac toa do
cac dinh lién quan dén hinh khéi can tinh c6 thé tim dugc mot cach dé dang hodc khong qua phire tap.

Vi du nhu bai todn sau: (Cac em hdy xem va suy nghi nén dat h¢ truc ra sao).

Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a, mat phang (SBC) tao voi day goc 60°. Mat
bén (SAB) vudng goc voi day, tam giac SAB cén tai S. Tinh thé tich khoi chop S.ABC va khoang cach
gifra hai duong thang SA, BC.

Binh luin: R3 rang rang viéc tinh thé tich cua khoi chop nay 1a khong qua khé khan, chi can cac em nim
dugc cach xac dinh goc giira hai mat phang 1a xac dinh duoc. Vi vdy, v tinh thé tich thiy dé cac em tu
suy nghi va thyuc hién.

V6i cau hoi tinh khoang cach gitra hai duong thang chéo nhau nay, cac em hoan toan c6 thé thyc hién
theo hinh tong hop. O day chung ta ban luan vé viéc dat hé truc toa do dé thuc hién y tht hai nay.

Trude hét cac em can luu y: Xac dinh chiéu cao ctia hinh chop nay nhu thé nao?

Diéu nay l1a khong qua kho: Vi sao? Hay nho: “Néu hai mat phang vudng goc voi nhau, trong mat nay
dung mot duong thiang vudng goc voi giao tuyen thi duong thang d6 vudng goc véi mat phang kia”.

Gan vao hinh chop nay: Ta thay mit phang (SAB) vudng goc voi mat day, ma giao tuyén cta hai mit
phang nay la AB. Ta can tim chiéu cao cho nén, cac em chi can tir S dung SH vudng goc véi AB, (H e
AB) vi tam giac SAB can tai S cho nén H 14 trung diém AB. Ttc 1a cac em da xac dinh dugc chiéu cao
va chan dudong vudng goc.

Vay ching ta c6 thé dat hé truc toa do rdi. Cac em v& hinh va dat hé truc nhu sau:
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z

0(0;0;0), S(O;O;%a}

A(O;—E;Oj, B(O;E;Oj, C(a:0;0)
2 2

Tinh toédn toa dg cac di€m (can cir vao phan trudc), ta co:

Ap dung cong thuc tinh khoang cach giita hai duong thang chéo nhau: SA, BC ta c6:
[sABC] A8

d(SABC)= , ta thu duoc két qua can tinh.

[orec]

Ké ra thi ciing khong qua phirc tap ding khong cac em. Cac em hay suy nghi c6 cach dat hé truc toa do
nao khac khong? O muc sb 4. Vi du minh hoa, thiy s& trinh bay thém mét s6 vi du cu thé vé cac dang
toan dé cac em hiéu rd hon vé phuong phép nay.
3. Sir dung cac kién thirc vé toa do dé giai quyét bai toan
a) Khoang cach giira 2 diém
Khoang cach gitra hai diém A(Xp; Yai 2 ) va B(Xg; Yai Z5) la:

AB=\/(x, - oY) (25— 2,)

b) Khoang cach tir diém dén doan thang ’ 7
Tinh khoang cach tir A den dwong thang A?

Cach 1: Cho duong thang A di qua M, c6 mot vecto chi phuong G va mot diém A. Khoang cach
tur A dén duong thang A duoc tinh boi cong thire:

G

Cach 2:
+ Lap phuong trinh mat phang (a) di qua A va vuong goc véi A.
+ Tim toa d¢ giao diém H cta (a) va A.
+ dM,d)=MH. )
c) Khoang cach tir diém dén mat phang
Khoang cach tir M (X,; Yo; Z,) dén mit phang (P): Ax+By+Cz+D=0 la:

_ |Ax +By,+Cz,+D|

(Mo,(P)) ™ /Az L B2+ C2

d) Khoéng cach giira hai mit phing song song i )
Pinh nghia: Khoang cach gitta hai mat phang song song la khoang cach tor m¢t diém bat ki cta
mat phang nay dén mat phang kia.

d
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e) Khoang cach giira hai dwong thang chéo nhau
Cho hai duong thang chéo nhau A, va A,, biét:
+ A, diqua M va cé mot vecto chi phuong U;
+ A, diqua N vaco mot vecto chi phuong U,
Cich 1: Khoang céch giita hai duong thang A, va A, dugc tinh bang cong thuc:

_\[ G, MN‘
d(AliAz) ‘ ]‘

Cach 2:
+ Lap phuong trinh mit phing (a) chira A, va song song véi A,.
+ Khidé: d(A,A,)=d(A,.(a))=d(M,(a)) véi YMeA,.
PAC BIET: Tinh khoang cach giita hai duong thang AB, CD khi biét toa d cua chung:
[AB.CD A ]

d(AB,CD)= ‘[KB,FD]

f) Khoang cach giira 2 dwong thang song song
Khoang cach gitra 2 duong thang song song bang khoang cach tir 1 diém bét ki thudc duong
thang nay dén duong thang kia.

—> quay vé dang toan khoang céch tir 1 diém dén duong thang ©.
g) Khoang cich giira dwdng thing A va mit phing (a) (véi A // («))
=d voi VM e A

(A(a)) — T (M (@)

h) Géc giira hai dwong thing
Cho hai duong thang: A, c6 mét vecto chi phuong U, =(X; ¥,; Z;)

A, ¢6 mot vecto chi phuong U, =(X,; Y,; Z,)
Goi ¢ la goc giira hai duong thang A, va A,. Khi do:
|0,.G, | _ XX, + V1Y, + 2,2,
|U1|'|UZ| \/Xf +y; + zf.\/xzz +Y; +2;
i) Goéc gira hai mit phing
Goi ¢ 1a goc giita hai mit phang(P): Ax+By+Cz+D=0 va (P"): Ax+By+Cz+D'=0

Cosp =

(0<p<90°)

COS(OZ‘COS(ﬁP’ﬁQ)‘: s ﬁf;é‘ _ |IAA+BB'+C.C]

|ﬁ|‘ ‘ \/A2+BZ+C2.\/A'2+B'2+C'2

(0°<p<90°)

j) Gée giira dwong thang va mit phing
Cho: Puong thang A c¢6 mot vecto chi phuong U = (X y; 2).

Mit phang (er) c6 mét vecto phap tuyén fi=(A; B; C).
Goi ¢ 1a goc giira hai duong thang A va (a). Khi do:
an |Ax+ By +Cz|
] Jaz+B?+C? AXE+yE 47

sing = (0<p<90°)

k) Dién tich thiét di¢n
+ Dién tich tam gidc ABC: S, 5. = %‘[PTB Ki]‘ .

+ Dién tich hinh binh hanh: S, = ‘[Ha, ﬁ]‘ .
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[) Thé tich khoi da dién
+ Thé tich khéi hop: Vi apcn = ‘[AB AD | AA‘

+ Thé tich tir dién: Ve, = %‘[E,FC] .ﬁ‘ .

4. Vidu minh hoa

Vi du 1: Cho hinh 14p phuong ABCD.A'B'C'D’ canh 13 a. Goi N 1a trung diém cua B'C’.
a) Chimg minh rang: AC' vudng goc véi (A'BD).
b) Tinh thé tich khéi ttr dién ANBD'. 7
c) Tinh géc va khoang cach gitra hai duong thang AN va BD’.
d) Tinh khoang céch tir C dén mat phang (AC'D).

Giai:
Céc em luu y, day 1a mot bai tinh toan va ching minh cac yéu td lién quan dén hinh 1ap phuong, ching ta
c6 thé thyc hién bang phuong phap tong hop, thay khong trinh bay phuong phap do6 nita, ma giai bai toan
nay theo phuong phap toa d6 hoa.
Nhu d3 néi ¢ phan trude, v6i hinh 1ap phuong va hinh hop chir nhat thi viéc chon hé truc toa do 1a rat dé
dang. Thay chon h¢ truc nhu sau. (Cdc em hdy chon hé truc khac di va gidi né theo cach cua cdac em).

Khi do ta co toa do cac dinh cua hinh 1ap phuong nhu sau:

A'(0;0;0),B'(a;0;0),C'(a;a;0),D'(0;a;0) AlZ D

A(0;0;a),B(a;0;a),C(a;a;a),D(0;a;a), N(a;%;oj

a) Muc dich cua ta la chimg minh mot duong thang
vudng goéc voi mot mit phang. Ta s& chi ra rang
VTCP cua duong thing nay cing phuong véi VTPT

ciia mat phang (A'BD).
Tacod: AC' =(a;a;-a)
[A—'B,EJ:(—aZ;—az;az) 1a véc to phap tuyén

ctia mat phang (A'BD).

Ta thdy hai vrcto AC' va [ﬁ,ﬁ] cung phuong.

Vi thé ta c6 AC’ vudng goc véi mat phang (A'BD).
b) Tinh thé tich tir dién ANBD'.

Ta c6 cong thirc tinh thé tich tr dién la: V0 = %‘[AN AB|AD].

(A8 AN 0% |

Ta co: { AD’ = (0;a;-a)

e 3
[AB,AN].AD ==

3
Do d6 thé tich tim dugc la: V = f_Z (dvtt).

¢) Dé tinh goc giita hai dudng thang va khoang cach gitta hai duong thang ta sir dung hai cong thirc
[CBR CLIE
sau: cos(a,b)= ‘cos(a b)‘ va d(a,b) ==———.
all] 48]
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Véi a,b 1a cac véc to chi phuong cia duong thing a va b. Puong thang a,b 1an lugt di qua hai

diém A va B. -
Do d6 ta c6 goc giita hai duong thing AN va BD' la: COS(AN, BD') =‘iN—BE— = ﬁ
AN|[BD] 9
[Aieo] 28] oy
fwea]

Khoang c4ch gifta hai dudng thing nay 1a: d (AN,BD’) =

d) Tinh khodng céch tir diém C dén mit phang (AC'D).
Viét phuong trinh mit phing (AC'D).
Mit phing (AC'D) ¢6 véc to phap tuyén cling phuong voi [A—C',E)] = (—az; 0;-a’ ) :
Ta chon véc to phap tuyén cia mit phing (AC’D) lan= (£0,1).
Vi thé phuong trinh mit phang (AC'D) la: x+z-a=0.

Ap dung cong thie khoang cach tir mot diém dén mit phang ta co: d (C, (AC’D)) -2

2

Vi du 2. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 canh AB=1, AD=1, AA'=+/2.
a) Tinh khoang cach giira hai duong thang A'C va BD.

b) Goi (Q) 1a mat phang qua A vudng goc voi A'C. Tinh dién tich cua thiét dién cia hinh chop

A'ABCD cit boi mat phing (Q).

iai:
gh?ing ta dat hé truc toa do giéng nhu vi du 1. Tur day ta tinh dugc toa do céc dinh nhu sau:
A(0;0,0),B(10;0),D(0,,0), A'(0;0;42
a) Danh cho cac em ty tinh toan.
b
: Vé6i bai toan ndy, cic em co thé viét
dugc phuong trinh mét phing (Q), cac Al ¢
duong thang: A'B, A'C, A'D va tim giao

diém ciia n6 voi mit phang (Q) , ta co B

3 3 2'2" 2 373
Ta c6 thiét dién 1a tir giac AMNP.
Va dién tich cua tir gidc nay la:
2\2 x

SAMNP = SAMN + SANP = T

I
I
|
I
toa do cac giao diém la: i
I
I
I
|
|
|
I

M[E;O;Q}N(z.;ﬂ],p[ozﬁj
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Vi du 3: Cho hinh chép tir giac déu S.ABCD c6 canh BD = 242 Mit bén tao véi mit day goc 60°.
a) Tinh thé tich khéi chop, xac dinh tim va ban kinh mét ciu ngoai tiép hinh chép.
b) Tinh goc va khoang cach giita hai duong thang SB va AC.
c) Tinh géc giita hai mit phang (SAB) va (SCD).

d) Goi | 1a trong tAm tam gidc SAB, tinh khoang cach tir | dén cac mit phing (ABCD) va (SCD) .

Giai:
Chon hé truc toa dd nhu hinh vé, ta co toa do
cac dinh nhu sau:

0(0;0;0), A(0;—/2;0)
B(ﬁ;o;o),D(—ﬁ;o;o)
c(o;ﬁ;o),s(o;o;ﬁ)

bén day cong viéc con lai 1a tinh toan, thay dé
danh cho cac em.

Céc em co thé thay rang néu nhu toa d6 hoéa mot khoéi da dién dugc thi viéc giai nhitng bai toan hinh
khong gian tr¢ nén don gidn hon rat nhiéu.
Sau day chung ta xét mdt so khoi da dién ma viée toa do va tinh toan phirc tap hon.

Vi du 4. Cho hinh chop S.ABCD c6 day ABCD 1a hinh thoi canh la J5 tm O, SO vuong goéc voi day;
cac canh bén SA = Z\E,SB =3.Goi M la trung diém cta canh SC.

a) Tinh goc va khoang cach giita hai duong thang SA va BM.

b) Mit phang (AMB) cit SD tai N. Tinh thé tich khoi chép S.ABMN.

Giai:

Chon hé truc toa do nhu hinh v€. Ta c¢6 toa do cac
0(0;0;0),A(2;0;0),B(0;1;0)

dinh nhu sau: {C(-2;0;0),D(0;-10)

$(0;0;242 ), M(-1,0;42)

a) Tacod cos(SA,BM):M:ﬁ.
‘SAHBM 2
= (SABM)=30°.
[S—A,W].STB
d(SA,BM):T:
[SA,BM]

b) Viét phuong trinh mat phang (AMB) va phuong trinh duong thang SD. Tir d6 tim dugc toa do
giao diém D cta (AMB) va SD.

Ta ¢6: Vi aarm = Vo + Vo = %\[ﬁ,s@] m\%\[sﬁ,s—m] M=
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5. Bai tap reén luyén
Bai 1: Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai B, AB = a, SA = av2.Goi M 1a trung
diém cua AB. Tinh khoang cach gitra hai duong thang SM va BC.

l—)_S:d:E
6

Bai 2: Cho hinh vudéng ABCD canh a. Tir diém H cta canh AB dung SH vudng goc v6i (ABCD), biét
gdc gitra hai mit phing (SAD) va mat day bang 60°.

a) Tinh SH va khoang cach tt H dén (SCD).

b) Tinh goc giira hai mit phiang (SBC) va (SCK) biét K 1a trung diém ctia canh AD.

f d(H ,(SCD)):a\ﬁz b) & =90°

Bai 3: Cho hlnh chop SABCD co6 day ABCD la hinh thoi tam O canh a, AC = a. Tam giac SAB can tai
S, va nam trong mit phing vudng goc voi day, canh bén SA tao voi ddy mot goc o sao cho tana =2.

a) Tinh thé tich khéi chop S.ABCD.

b) Tinh khoang cach tir O dén (SCD)

¢) Tinh khoang cach tir A dén (SBC).

DS: b) d (O,(SCD)) = a;-/j_l b) d (A, (SBC)) _ ZBIQS_?

Bai 4: Cho hinh chop S.ABCD c6 day ABCD la hinh thang vudng, duong cao AB, BC = 2a, SA = a. SA
vudng goc voi day. Biét SC vudng goc voi BD.
a) Tinh d6 dai doan thang AD.
b) Tinh thé tich khdi chép S.ABCD
¢) Goi M la diém trén doan SA, AM = X, Tinh d¢ dai duong cao DE cua tam giac BDM theo a, .
Tim x dé DE c6 gia tri 16n nhét, nho nhat.

a«/_

bS:a) SH=——

DE

a max khi x=a
bS: a) AD:E C)

DE_ =E khi x=0
2

min

Bai 5: Cho hinh chop S.ABC c6 day ABC la tam giac vuong tai C, véi AB =2a, BAC = 30°,SA=2a va
vudng goc voi day. )

a) Tinh thé tich khoi chop S.ABC.

b) Goi M la diém di dong trén canh AC sao cho AM = x, (o <x<ay3 ) Tinh khoang céch tir S dén

BM theo a, x. Tim x dé khoang cach trén dat gia trj 16n nhét, gia tri nho nhat.

Bai 6 (PH Pa Ning khdi A niam 2001): Cho tir dién S.ABC c6 SC=CA=AB= av2.sC vuong goc
véi (ABC), tam giac ABC vuodng tai A, cac diem M, N lan luot thudc SA va BC sao cho AM=CN =t
voi (O<t<2a).

a) Tinh d6 dai doan MN, tim t d¢ do dai doan MN nho nhat.

b) Khi MN nho nhét, chimg minh rang MN 1a dudng vudng goc chung cua BC va SA.
Bai 7: Cho hinh chép S.ABC ¢6 day ABC Ia tam giac déu canh a, cac canh bén ctia hinh chép bang
nhau. Biét khoang cach tir S gen (ABQ) 1a h. Tim diéu kién cta h dé hai mat phang (SAB) va (SAC)
vuong goc. Khi do hay tinh thé tich khoi chop S.ABC.
Bai 8 (PH khdi B niim 2002): Cho hinh lap phuong ABCD.A B,C,D, canh la a.

a) Tinh theo a khoang cach giita hai duong thang AB va BD.

b) Goi M, N, P theo tht tu 1a trung diém cua céc canh BB,,CD,A D, . Tinh goc gitta MP va C,N .
Bai 9 (DHSP TPHCM nam 1992): Cho hinh 14p phuong ABCD.A,B,C /D, canh la a. Goi M, N theo

thir tw 1a trung diém ctia AD va CD. Liy P trén canh BB, sao cho BP = 3PB;. X4c dinh va tinh dién tich
thiét dién cua hinh 1ap phuong cat boi mat phang (MNP).

7a2\/6
16

PS: S=

https://www.facebook.com/ThayCaoTuan 10



Chuyén dé 8: “PPTD trong khong gian” Cao Viin Tuin — 097530627

Bai 10: Cho hinh hop chir nhat ABCD.A,B,.C,D, c6 AB=a, AD =2a, AA;= a.
a) Tinh khoang cach giita hai duong thang AD; va B;C.

b) Goi M la diém chia doan AD theo ti s6 % =3. Hay tinh khoang cach tir M dén mit phang

(AB;C).

¢) Tinh thé tich khéi tir dién AB;D;C.
Bai 11: Cho ling tru dimg ABC.A'B'C’ ¢6 day 1a tam giac ABC vudng cén tai B , biét BA=a. canh bén
AA'=a+/2. Goi M 1a trung diém cua canh BC. Tinh thé tich khdi ling tru va khoang cach giira hai
duong thaing AM, B'C.
Bai 12: Cho hinh lang tru ABC.A'B'C' ¢6 d6 dai canh bén la 2a, day ABC la tam giadc vudng tai A,
AB=a, AC=a+/3, hinh chiéu vudng gbéc cua A’ 1én (ABC) la trung diém ctia BC. Tinh theo a thé tich
khéi chop A’.ABC va tinh cos cta goc giita hai dudng thing AA’ va B'C'.
Bai 13: Cho hinh chép S.ABCD c6 day ABCD Ia hinh vudng canh 2a, SA =a, SB= a\/3. Mat phang
(SAB) vudng goc v6i day. Goi M, N lan luot 13 trung diém ctia AB va BC. Tinh thé tich khéi chop
S.ABCD va cos cua goc giita hai duong thing SM va DN.

https://www.facebook.com/ThayCaoTuan 11



BAI TAP REN LUYEN CO LO' GIAI CHI TIET

Bai 1. Cho hinh ldng tru ding ABC.A’B’C’, ddy ABC la tam giac vuong tai A, AB=a,AC=2a,AA'=b.
Goi M, N lan luot la trung diém ctia BB’ va AB.
a. Tinh theo a va b thé tich cta t& dién A’CMN.

b. Tinhtisd > d& B'C LAC'.
a

Giai
Chon hé truc toa do Oxyz c6 O=A, cac tia Ox, Oy, Oz lan luot di z
qua cac diéfm B, C, A’. Khi do A(O;O;O), B(a;O;O), A c

b a l
C(0;2a;0),A'(0;0;b),B'(a;0;b), C'(0;2a;), M| a;0;— |,N| —;0;0 B!

(0250) X (0:050) 5 s0rb) (02, w02 | S0 :
a. Thé tich ctia tt dién A’CMN la: :
Vzé‘[A'C,A'M}.A’N‘ Mo
A)_o _____ )
N N b} v_[2a - c

Taco A C=(O;2a;—b), A'M= a;O;—E ,A'N = E;O;_b A

o 7
- [A'C,A'M} - (—ab; _ab: —2a2)

2 2
:[A'C,A'M}.A‘N:—%+O+2a2b:ﬁ
13a%b| a’b
Vay V,, N il P
1Y VA'CMN 6l 4 3

b. Ta cé: B'C= (a; —2a;c), AC' = (O;Za;b)

B'CLAC < B'CAC =0 0—4a2 +b2 =0 b=2a > 2=2
a

Bai 2. Cho hai hinh ch® nhat ABCD va ABEF ¢ trong hai mat phang vudng goc voi nhau,
AB=2a,BC=BE=a. Trén duong chéo AE ldy diém M va trén duong chéo BD lit diém N sao cho
AM BN

—=——=k vdi ke (0;1) . Tinh k ¢ MN la doan vudng goc chung ctia AE va BD.
AE BD

Giai
Chon hé truc toa d6 Oxyz sao cho A=0, cac tia Ox, Oy, Oz
lan luot di qua D, B, F. Khi dé A(0;0,0),

B(O;2a;0), C(a;2a;0) , D( a;O;O), E(0;2a;a), F(O;O;a)

4

Ta c6: Mzk@AM:kAE,ke(O;l)
AE

Ma AM va AE cung hudng nén AM =KAE, do d6 toa do
cua M la:

Xy =kxg =0

yum =Kyg =2ka hay M(O;2ka;ka)

Zy =sz =ka

12
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xy —0=k(a-0)
Tuong ty BN=kBD < {yy —2a=k(0-2a) hay N(ka;2a—2ka;0)
7y —0=k(0-0)
M—Nz(ka;Za—4ka;—ka)
Ta c6: { AE = (0;2a;a)
ﬁ =(a;—2a;0)

MN.AE=0
MN la doan vudng géc chung cita AEvaBD << .~ <
MN.BD =0

Vay MN la doan vudng géc chung ctia AE va BD khi k :g

4a® —8ka? —ka’ =0 4
=

k=—

ka® —4a” +8ka’ =0 9

Bai 3. Cho hinh 1ap phirong ABCD.A’B’C’'D’ canh bang a. Trén cac canh BB, CD, A'D’ Ian luot 14y cac

diém M, N, P sao cho BM=CN=D'P=x, x e(O;a).
a. Chung minh AC'J_(MNP).

b. Xac dinh vi tri cia M, N, P d€ tam gidc MNP c¢6 dién tich bé nhat.

Giai

Chon hé truc toa do Oxyz c6 O=A, cac tia Ox, Oy, Oz lan luot di

qua cac diém B, D, A’". Khi d6 A(0;0;0), B(a;0;0), C(a;a;0),
D(0:2;0), A'(0;0:a), B'(a;0:a),
C'(a;aza), D'(0;a:a), M(a;0:a —x), N(a—x;;0), P(0;a—x;a)
a. Taco AC'=(aza;a)

W:(—x;a;—aﬂ)

MP =(-a;a—x;x)

T =T T T = AC' L(MNP) (dpem)
AC'MP =0

. AC'MN=0_ [AC'LMN
AC' L MP

b. Tacé MN=MP=NP = X2+a2+(a—x)2 =\/2X2—2ax+2a2

= Tam gidc MNP la tam giac déu cé canh bang J24x? —ax +a’

2/ /
MN 3: 3(X2—ax+a2)
4 2

2 2 2
V3 [x aj Jr3a 3a74/3 Dau “=”

a
hay S=— > au“=" xdyra o x=—
y 2 4 8 y 2

= Dién tich ctia tam gidc MNP la: S=

2

3a2\/?_>
8

Vay min(S) =

khi M, N, P lan luot 1a trung diém ctia cac canh BB, CD, A'D’.

Bai 4. Cho hinh 1ap phuwong ABCD.A’B'C'D’ ¢6 canh bang a. Goi M va N Ian luot 1a trung diém ctia AD
va BB'. Chitng minh AC' L (AB'D') va tinh thé tich ctia khi ti dién A’CMN.

Giai
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Chon hé truc toa d0 Oxyz c6 nhe hinh vé ta co: A(O;O;O), B(a;O;O), C(a;a;O),
D(O;a;O), A‘(O;O;a), B’ (a;O;a ), C' (a;a;a ) D' @;a;a )

a. Taco A—'Cz(a;a;—a),ﬁz(a;o;a), Ez(o;a;a) z
— A'CAB'=0 va A'CAD'=0 A'I
=A'CLAB' va A'CLAD'

= A'C L(AB'D') (dpem)

b. Thé tich cua tir dién A’CMN la:

V—l‘[ANAM AC‘

ool |

:A’N: a;O;—E ,A'M = 0;3;—a va H}z(a;a;—a) X
2 2

[, 3 3 3
:[A'N,A'MJ =(%;a2;—] va [A'N,A'MJ.A'C =%+a3 Ly B

2 4

13a° a°
Vay V=-22 _ 2 (gvtt
y 6 4 8( )

Bai 5. Cho tit dién SABC c6 SC=CA=AB= a2, 8C L (ABC), tam giac ABC vuodng tai A. Cac diém
MeSA, N eBC sao cho AM=CN=t (0 <t< 2a). Tinh t & MN ngan nhat. Trong tredng hop nay ching
minh MN la doan vudng goc chung ctia BC va SA dong thoi tinh thé tich cua khoi ti dién ABMN.

Giai
Chon hé truc toa do Oxyz sao cho A= O(O;O;O) , tia Ox chra
AC, tia Oy chtta AB va tia Oz cung hudng véi vec-to CS.
Khi d6 ta co A(O;O;O), B(O;a 2;0), C(a 2;0;0),

S(a 2;0;a\5)

14
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Vé MH L Ax (HeAx) va MK LAz | V& NILAx(IeAx) va NILAy
(KeAz) (JeAy)

'V Ay

S B

M
— oK J

| t

X u o R
C H A A I C x
Vi tam gidc SCA vudng can ¢ C nén | Vi tam giac INC vudng can ¢ I
MHAK 1la hinh vudng c6 canh ; NC\/E t\/f
huyén bang t =1C= Ty
tN2 t

:AH:AK_i :>N( \E—Tfoj

R

a. Tacé: MN :[\E(a—t);%;—gJ

2 2 2 2
:MNz\/z(a—t)2+%+%=x/3t2—4at+2a2=\/3(t—§J +2%2a 2

3
2 f s . 2a
Dang thirc xay ra khi t = ?

4 R 2 .
Vay MN ngan nhat bang a\/; khi t= %

- {f?ﬂ

b. Khi MN ngén nhat (t—z?’j tacd MN = 3

Ta con cé ﬁ:(a 2;O;a\/5) va ﬁ:(a\ﬁ;—aﬁ;O)

{MN SA=0 {MNJ_S—A
—

MNBC=0 |MN_LBC

Vay MN la duong vudng goc chung ctua SA va BC (dpcm)

Bai 6. Cho khdi lang tru tam gidc déu c6 canh ddy bang a va AB' L BC'. Tinh thé tich cta khdi lang tru.

Giai
Goi O 1a trung diém cta AC.
Chon hé truc toa do c6 goc toa do la O, tia Ox di qua A, tia Oy di qua B.
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Zp

C[-2:0,0 |, B 0,0~
2 2

(thA'zBB‘z...)
Tac AB— [ a3, } 3 BC [i_ﬂ;h]
2’ 2
a’ 3a’ a\ﬁ

AB'LBC'@E.]?C'zO@T—T+h2=0<:>h=7

a’/3 a\ﬁ:a3\jg

4 2 8

o
W
=
—_ N
a
7\
ORI
A
=
N——
>

Vay thé tich cia khéilang trula V=S, ,5-.h=

Bai 7. Cho khéi 1ap phuong ABCD.A’B’C’'D’ ¢6 canh bang 1. Goi M, N, P Ian luot 1a trung diém cta cac
canh A’B’, BC, DD'.

a. Tinh géc gitta hai dwong thang AC’ va A’B.

b. Chtmg minh AC' L (MNP) va tinh thé tich ctia khéi ttt dién AMNP.

Giai
Chon hé truc toa dd A’xyz nhw hinh vé, ta c6: A'(0;0;0), B(1;0;0), C'(1:1;0), D'(0:1;0), A(0;0:1),

0 I . 1. 1 41
B(l,o,l), C(1,1,1), D(0,1,1), M(z,0,0J, N[l,z,lj, P(O,l,zJ

a. Tacs AC'=(L1-1) va A'B=(1;01)
— AC'A'B=0
= G6c giita hai dudng thing AC’ va A’B c6 s8 do bing 90°

b. MN=| L. L] vamp=| Lt
2°2 2’72

[ . Z
= AC'MN=0 va AC'MP =0 I
= AC' L MN va AC' L MP A D
= AC' L (MNP) (dpem) |
The tich khéi tir dién AMNP la: B N Lo le
| ®
V= MNP A voi [MN M| =[ -25-2:2 |
6 4’ 4’4 |
. 1 A' - 1 ’L)y
MAz{—E;O;I] //
/ M
113 3l 3 :
VAy V=—|=+0+2|=— (dvtt B '
Y V=30 T e @V ¢

X

Bai 8. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh
a, mit bén SAD la tam gidc déu va ndm trong mit phing vuong goc véi (ABCD). Goi M, N, P Ian luot 1a
trung diém ctia SB, BC, CD. Chitng minh rang AM L BP va tinh thé tich ctia kh&i t@ dién CMNP.

Giai
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Chon hé truc toa do Oxyz c6 goc O trung véi A, tia Ox di Za
qua B, tia Oy di qua D, tia Oz cung hudng vdi vec-to HS
(H la trung diém cua AD), khi d6 A(0;0;0), B(a;0;0),

C(a;2:0),  D(0;2:0), s[oiiJ M[

N a;E;O , P E;a;O
2 2

Ta cé AM = a. E;a\E va BP= —E;a;O
2 4 2

4

AM.BP =0= AM L BP (dpcm)

Thé tich ctia CMNP 13 V = %‘[chLcT\q&‘

. 2 2 e 3
:[CM,CN} =[%;O;%]3[CM,CNJ.CP=—3 3

16
2|3

16 96

Vay Veynp = 6l

Bai 9. Cho hinh chdp tt gidc déu S.ABCD c6 canh day b.%mg a\/E , canh bén hop véi ddy goc 45°. Goi O
la tdm ctia ABCD va [, ], K Ian luot 1a trung diém SO, SD, DA.

a. Xdc dinh doan vudng goéc chung cua IJ va AC.

b. Tinh thé tich ctia khéi t dién AIJK.

Giai
a. IJ la duong trung binh cua tam gidc SOD.
=1JII0OD=>1J L SO hay 1J L 10 1)
SO L (ABCD) =SO L AC hay IOLAC  (2)
Tt (1) va (2) suy ra 10 la doan vudng gdc chung caa IJ va AC.
b. Goc gifta canh bén SD va day (ABCD) la SDO =45°

= Tam giac SOD vuong can tai O

[

=0S=0D=——

Chon hé truc toa do Oxyz c6 O trung véi tam cua hinh vudng
ABCD, tia Ox di qua C, tia Oy di qua D vatiaOz di qua S. \

KhidéA[ foo} [O_IOJ
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4 4

) B o F) oo o5

Thé tich ctia it dién ATJK 1 V = é‘[ﬁ,ﬁ}ﬁ‘

Al=|2 i oi
2 4
= (a2 a2 a2) oo a2 a?) oo a2
Ta co T,T— :>|:AI,AJ:|: —g,o,? :>|:AI,AJ:|AK:— 0
|
Vay Vi = 6 32 | 192

Bai 10. Cho khdi lap phuong ABCD.A’B’'C’'D’ ¢6 canh bang a. K 1a trung diém cta DD’ va O 1a tam cta
hinh vudéng AA’B’B. Tinh thé tich ctia khéi t¢ dién AIKA’. Suy ra khoang cach tit A’ dén mit phing
(AB’K)

Giai
Chon hé truc toa dd Oxyz c6 A=0, cac tia Ox, Oy, Oz lan z
lwot di qua B, D, A’. Khi do A(O;O;O),A'(O;O;a), A D’
B(a;O;O),B'(a;O;a),C(a;a;O) C'(a;a;a),D(O;a;O),D'(O;a;a), /1
a a _a . B’ L] C'
K| 0;a;— |, I| =;0;— | (Ila trung diém ctia AB’ va A’B) N sk
2 2 2 \( |
|
The tich ctia khéi & dién ATKA” 1a Vzl‘[AI,AK}.AA" AN 5
6 / )A R _)y
— (a _a) — a) — / /
Tacod Al=| —;0;— |, AK=| O;a;— |, AA’=(O;O;a) !,
2 2 2
B C
e a’> a’ a’ g g3 X/
:[AI,AK}z RS :[AI,AK].AAE?
R 1a° a°
Vay Vuixa —g'gzﬁ
Ta c6 (AB'K)=(AIK)
3V,, a3
=d(A',(AB'K))=d(A",(AIK))= —2-AK v v :
( ( )) ( ( )) ALK VOi Vo a1k = IR va
11— ——= 1 |a* a* a* 3a?
S =—‘[AI,AK]=— G
AAIK 9 2\4 16 4 8
3a 3a2 2a
Vay d(A',(AB'K =—

Bai 11. Cho hinh 1ap phuwong ABCD.A’B’C’'D’ ¢6 canh bang a. Goi M 1a trung diém ctia canh AD va N 1a
tam cua hinh vuéng CC’'D’'D . Tinh ban kinh médt cau ngoai tiép t& dién BC'MN.

Giai
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Chon he truc toa d0 A’xyz nhw hinh vé. 7

Ta co A'(O;O;O),B’(a;O;O),C'(a;a;O), AI I\:/I b
D'(O;a;O), A(O;O;a), B(a;O;a), I

a a a B ! <
C(a;a;a), D(O;a;a), M| 0;—;a |, N| —;a;— |

2 2 2 | N
Phwong trinh mét cau (S) ngoai ti€p tit dién BC'MN c6 dang: IA' Dy
X2 +y?+2% +20x + 2By +2y2+6=0 //L___ - >

2 .2 ,.2 7

Béan kinh méat cau néi trén la R = «’a +B~+y" -0 B, G

Mgt cau () d& qua B C, M N nén: X

a’?+0+a’+20a+0+2ya+5=0 20a+2ya+5=-2a’ (1)
a’+a’+0+20a+2Ba+0+5=0 2aa+2Ba+d=-2a> (2}
2 2
a 2 = 5a
0+— 0 2 6=0 -
+ 1 +a”+0+Pa+2ya+ Pa+2ya+d= 7 (3)
2 2 )
a , a 6a
—+a"+—+o0a+2pfa+ya+6=0 ==
1 1 Pa+y oa+2Ba+vya+9d 1 (4)
() tree (2) =P =y ®)
\ ~, L 3a
(2) trix (3) két hop voi (5) :>20L—B=—? (6)
(3) trlx (4) két hop v6i (5) ta duoc a:—% @)

(6) trix (7) 313:% ma y=PB nén yzz

Thay a, B vao (1) ta dugc 6= —2a®

2 2 .2
Vay ban kinh méat cau ngoai tiép t& dién BC'MN la: R = a/az +p2+y2 -8 = \/?—6 + 211_6 + ?_6 +2a% = a\/6§

Bai 12. Cho hinh chép t gidc déu S.ABCD c6 canh ddy bang a va chiéu cao bang h. Goi I 1a trung diém

ctia canh bén SC. Tinh khoang cach tit S dén mét phang (ABI)
Giai

Chon hé truc toa d¢ Oxyz sao cho goc toa do la tam O ctia hinh

vuong ABCD, tia Ox chita OA, tia Oy chita OB va tia Oz chita

OS.

Khi dé A[ﬂ;o;o} B(o;&;a], C[—&;O;OJ, 5(0:0;h)
2 2 2

Giao diém M ctia SO va Al 1a trong tam ctia tam giac SAC va ta

co M(O;O;Ej
3

Mp(ABI) citing la mp(ABM). Vay, phuong trinh cua mp(ABI)
la:
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X y z

+L+£—1hay + +—-1=0
a2 a2 h a2 a2
2 2 3 2 2 3
b
h
A . . \ ‘s . 3 2 2ah
vay khoang cach ttt S téi mp(ABI) la:d = = hay d = ————
2 2 2 2
2 J22+22+92 J4h? +9a
1 1 1 a~ a~ h
a2 | a2 | |P
2 2 3

Bai 13. Cho hinh lap phuong ABCD.A’B'C’'D’ ¢6 canh bang 1. Goi M la trung diém cta canh BC. Tinh
khoang cach tir A téi mat phang (A’MD)

Giai
Chon hé truc toa do nhw hinh vé. ZI
Kéo dai DM cit AB tai E. Al

Ta cé ﬁdz%@

I

1

= BM la duong trung binh ctia tam giac ADE :

= B la trung diém ctia AE |
Py A D vy
= AE=2AB=2.Khi d¢: A= m oA
A(0:0;0), E(2;0;0), D(0;1;0), A'(0;0;1). ’ -]

\

Mp(A’MD) ciing 1a mit phang (A’ED) nén phuong trinh ctia
mét phing (A’MD) la: %+%+%=1<:>x+2y+2z—2=0 X
K

J1+4+4

= Khoang cach tit A t6i mp(A’MD) la d(A,(A'MD)) = :%

Bai 14. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi canh bing a va BAD =120, duong cao SO (O
la tdm ctia ABCD), SO=2a.Goi M, N lan luot la trung diém ctia DC va SB.
a. Tinh thé tich cuia khoi tt dién SAMN.
b. Chting minh rang ton tai duy nhat mot mat cau tam O va tiép xtc véi bén mit bén ctia S.ABCD.
Tinh thé tich ctia khoi cau tao bdi mat cau ndi trén.

Giai
Ta c6 BAD=120" = ABC=60"
ABCD 1a hinh thoi canh bing a va ABC =60°
= ABC, ADC la cac tam giac déu canh bang a.

:>OA=OC=%V%1 OB:OD:%

Chon hé truc toa d0 Oxyz nhue hinh vé. Khi do

0: a.
0(0,0,0),A(2,0,0J,
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C(_E 00) { a3, J (o a3, 0] 5(0:0:2a), M[—%;—#;O],N[O;#;a]

a. Thé tich ctia tr dién SAMN Ia V = é‘[ﬁﬁ}ﬁ‘
sz E;0;—221 Sﬂ —E'—i ;—2a S*N): O;ﬁ;—a
2 4 4
S 2 2 I 3 3 3
:{SA,SM}z */_31—8‘ 3 :[SASM]SN—Sa */§+a*/§:a\/§
2 2 g 8
a3\3

12

b. Mt cau tam O va ti€p xtc véi bon mdt bén.

Vay Vsamn =

Phuong trinh mp(SAB) la: R 2i =1 hay 4\/§X +4y+ \Ez - 2a\/§ =0
a a3 a

2 2
= d(0,(SAB)) = 2\%_ =

3

Twong tu ta cting co: d(O,(SBC)|=d(0O,(SCD))=d(O,(SDA)|=2a,|—

g tu ta ciing co: d(O,(SBC))=d(0,(SCD))=d(0,(SDA)) x/m
Vay ton tai duy nhat mat cau tam O va ti€p xuc véi bon mat bén (SAB), (SBC), (SCD), (SDA), ban kinh

clia mt cau nay bang 2a 63_7 (dpcm)

Bai 15. Cho t@ dién OABC c6 OA, OB, OC vuéng géc véi nhau timng d6i mot va OA? +OB? +OC? =3.
Tinh thé tich cia OABC khi khoang cach tir O dén mét phing (ABC) dat gia tri 16n nhat.

Giai
Pit OA=a,OB=b va OC=c (a,b,c>0) tac6 a>+b*>+c* =3
Chon hé truc topa do0 Oxyz nhue hinh vé, ta c6
0(0;0;0), A(;0;0), B(0;b;0), C(0;0;c)

y

Phwong trinh mp(ABC) la: X 5 +2=1
a

c
hay bcx +acy +abz —abc =0

=d(0,(ABC))=

3/
a® +b% +¢? >33/a’b’c?

Theo bat dang thixc Cosi ta co: 1 1 1 1
—+—+—233—
a’> b* a’b’c?
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:>(a2+b2+cz)[i+i+i]29@3(L+i+ij29<:> iJrL+LZ\/§@;SL
a> b2 ¢ a> b> ¢? a> b> ¢? i+i+i \/?:
a2 b2
1
=d(O,(ABC)|<—
(0(anc) <t

Dau “=" xay ra <>a’=b*=c*=1 hay a=b=c=1

Vay d(O,(ABC)) dat gid tri 16n nhat bang % khi a=b=c=1 va trong truong hop nay

1 abc 1
V =—0A.0OB.OC=——== (dvtt
OABC ~ ¢ 6 6 ( )

Bai 16. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, canh bén SA L (ABCD) va SA=2a.
Goi M, N lan luot la trung di€ém ctia SA, SD.

a. Tinh khoang cach tir A d&n mp(BCM) va khoang cach gifta hai duong thang SB va CN.

b. Tinh c6-sin gdc gitta hai mit phing (SCD) va (SBC)

c. Tinh ti s6 thé tich gitta hai phan ctua hinh chép S.ABCD chia bdi mp(BCM)

Giai

Chon hé truc toa do Oxyz c6 A=0, tia Ox chita AB, tia Oy chita AD va tia Oz chita AS. Khi d6

A(0:0:0), B(a;0;0), C(a;2;0), D(0:a;0), S(0:0;2a), M(0;0a), N[O;%;a]
Ta c6 BC=(0:2;0) va BM=(-a;0a)

= [BC.BM - (¢%50?)

a. Mp(BCM) c6 vtpt
ﬁ:iz.[B—c,B—M}:(l;o;l)

Véyaphucmg trinh ctia mp(BCM) la:
I(x-a)+0(y—0)+1(z—0)=0 hay x+z-a=0

= d(A,(BCM))=————==—%

Ta co:
BS= (—a;O;Za), CN =(—a;—%;a),S—C = (a;a;—2a)

I 2 L a
:[BS,CNJ =[a2;—a2;a }:[BS,CNJ.Ssz —ad—ad=-a°

2
| [soN]sd o] o s
= Khoang cach gitra hai duwong thang SB, CN la: d(SB,CN) == = = ===
‘[BS,CNJ‘ 4, .4 a’ ﬁ 3
a +a + Z 2

b. [@,ﬁ] = (0;2a2;a2)

= Mp(SCD) c¢6 vec-to phéap tuyén n= (0;2;1)
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[@ %} = (2a2;0; a2) = Mp(SBC) c6 vec-to phap tuyén n'= (2; 0;1)

Goi ¢ la goc gitta hai mit phang (SCD) va (SBC), ta cé: cos¢ = ‘ ‘ ‘ ‘ = —\f —%

3
c. Thé tich cua khoi chép S.ABCD 1a V = %SABCD SA = %az.Za = 2%

4‘“‘1

Mp(BCM) cat SD tai N, ta co:

(BCM)(SAD)=MN

(BCM) > BC,(SAD) > AD ;= MN /| AD // BC (1)
BC// AD

Mp(BCM) chia khéi chép thanh hai ph‘én: khoi chép S.BCMN va khoi da dién con lai.

Thé tich ctua khéi chép S.BCMN la V, = 3 SBCMN d(S,(BCM)) trong do:

BCMN Ia hinh thang c6 déy 16én BC=a, ddy nhé MN = % chitu cao BM = VAB? + AM? = a2

1 I a 3a2\2
= Spemn :E(AB+MN).BM :5(a+5}a ==
2a—a 2 3
d(s (BCM)) | | jvlzlﬁ a _a’
NEREN) 34 4
a3
4 A? 7 .~ . A 2 \ 14 . 2. \ V 4
Vay ti s8 thé tich gitta hai phan ctia hinh chép S.ABCD chia boi mp(BCM) la: k=—1—= 4 3
V-V, 22 a* 5
3 4
BCLAB
Chu y: ta cé{ A:BCL(SAB):BM:BCJ_BM (2)

Tt (1) va (2) = BCMN Ia hinh thang c6 dwong cao BM.

Bai 17. Cho hinh hop chit nhat ABCD.A’'B'C'D’ ¢c6 AB=AD=a, AA'=b. Goi M la trung diém ctia canh
cc.
a. Tinh thé tich cua khéi t¢ dién BDA'M.

b. Tim t s8 % d¢ (A'BD) L (MBD)

Giai .
Chon hé truc toa do Oxyz c6 géc O=A, cac tia Ox, Oy, Oz lan A-I D’
luot di qua cac diém B, D, A’ Khi d6 A(0;0;0), B(2;0;0), :
B! X ¢
C(a;a;O), D(O;a;O), A'(O;O;b), C‘(a;a;b), M(a;a;EJ |
2 oAb — —— )
A? 7 ki AN 7 A / M D y
a. Thé tich ctia khoi t¢ dién BDA'M d
Hram ol ma B c
Vapang =g‘[BD,BM}.BA ‘ X
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ﬁz(—a;a;O),ﬂz O;a;E :[ﬁ,ﬂ}= Q;@;_az
7. 2 2 2
voi )
ﬁ:(—&l;O;b):[ﬁ,ﬁ]ﬂz—?’a b

2
vay Vgpar = l‘[BD,BM}.BA" _ab
6 4
. 2 , , oo T [T ab ab
b. Mat phang (BDM) c6 vec-to phap tuyén la: n, = [BD,BMJ =| 55
Mit phang (A’BD) c6 vec-to phap tuyén la: g = [B—DIEJ = (ab; ab; a2)
Hai m4t phang (BDM) va (A’BD) vudng gdc véi nhau

a’b?  a’b?
+

<:>ni.£=0<:> —a2=0<:>a=b<:>3:1
b

Bai 18. Cho hinh chép S.ABCD c6 chiéu cao SA=a, day ABCD la hinh thang vudng tai A va B,
AB=BC=a, AD=2a. Goi E va F lan luot la trung diém ctia AD va SC.

a. Tinh khoang cach tit A dén mp(SCD) va thé tich ctuia tit dién SBEF.

b. Xac dinh tam va tinh ban kinh cta mat cau ngoai ti€p ti dién SCDE.

Giai
Chon hé truc toa d6 Oxyz sao cho O=A, céc tia Ox, Oy,
Oz lan lwot di qua cac diém B, D, S. Khi do
A(O;O;O), B(a;O;O), C(a;a;O),

D(O;Za;O), S(O;O;a), E(O;a;O), F(%;%;%]

a. Phuong trinh mp(SCD) c6 dang: 2eX e Zor Mat
m 2a a

phéng nay di qua diém C(a;a;O) nén: ++-2 —lem=2a

m 2a
Vay phuong trinh cua mp(SCD) la: R A hay
2 2a a
X+y+2z—-2a=0
|—23| 2a\/g
=d(A,(SCD))= =
( ( )) Jle1+4 3

The tich ctia t& dién SBEF 1a: V = é‘[@sﬁ}sﬂ

Ta c6 SB =(a;0;—a), E:(O;a;—a), SF Z(E.E.__j

(S

2°2° 2

a®> 2’ a’ a’

:{STBSTE} =(32;a2;a2) :{STBSTEJSTZ == 42 £ -
2 2 2 2

a3

2

a3

12

R 1
Vay Sqppr = 3

b. Phuwong trinh médt cau ngoai tiép t&t dién SCDE ¢ dang
x* +y2 +7° +2Mx +2Ny+2Pz+ Q=0

24



Administrator
Rectangle

Administrator
Typewriter
24


a2+2Pa+Q=0
a’+a2+2Ma+2Na+Q=0
4az+4Na+Q=0
a’? +2Na+Q=0

Mit cau diqua S, C, D, E nén

Giai hé phwong trinh trén ta c6: M = —%, N= _%a’ P= —3—;, Q= 2a°.
A . G en i 1eA R a3a3a) .., .,
Vay mdt cau ngoai ti€p tt dién SCDE c6 tam 1 5;7;? va ban kinh

2 2 2
R:\/a_+9i+9i_2 > _all

a
4 4 4 2

Bai 19. Cho tir dién OABC c6 cac tam gidc OAB, OBC va OCA la cac tam giac vudng dinh O. Goi a, B, y
Tan luot 1a géc gitta mat phang (ABC) va cac mit phang (OBC), (OCA), (OAB). Bang phuong phép toa
do hay chting minh:

a. Tam giac ABC c6 ba géc nhon.

b. cos’ a+cosz[3+coszy=1

Giai
Chon he truc toa do Oxyz nhuw hinh vé.
Ta cé A(a;O;O), B(O;b;O), C(O;O;c), voia>0,b>0,¢c>0
(a=0A, b=0B, ¢c=0C)
a. Chung minh tam gidc ABC c6 ba goéc nhon
AB= (—a;b;O), AC= (—a; O;C)
— ABAC=a%>0
Vay goc A cta tam gidc ABC la goc nhon.
Chttng minh twong tu, cac goc B va C cta tam gidc ABC cling

la cac goc nhon.

b. Chtng minh cos” oL+ cos” B+ cos’ vy=1

Phuong trinh cua mp(ABC) la: X % +Z21
a c
. . o o (111
= Mp(ABC) co6 vec-to phap tuyén la n= [_;E;_J
abc

Mit phang (OBC) chinh 1a mit phang (Oyz) nén cé vec-to phap tuyén la i= (l; O;O)

- 1 1
! .
o la géc hop boi mp(ABC) va mp(OBC), ta cé: cosaz‘q — = d — cos’a= " al .
nHi‘ 11 I
\/a2 b’ ¢ a> b
1 1
2 2
Twong tu, ta c6 cos’ =b—,cos2 = c
e P 1 1 1 Y 1 1 1
T T
a~ b” ¢ a~ b” ¢

Vay cos” o+ cos?B+cos®y=1 (dpcm)
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Bai 20. Cho hinh lang tru tam gidc déu ABC.A’B'C’ c6 canh dady bang a va mp(C’AB) hop vo6i mat day
(ABC) mot goc bang o (00 <a< 900)

a. Tinh theo a va a thé tich ctia khéi tix dién C’A’AB.
b. Tim o d&hai mit phang (ABC’) va (A’B’C) vudng goc véi nhau.

Giai
Goi M la trung diém cta AB, ta c6 MC L AB (vi ABC la tam giac A C
deéu) >
=M'C L AB (dinh ly ba dwong vudng goc) // /
' 7/
= CMC'=a: goc hop boi mp(C’AB) va médt day (ABC) B 7 7/
7 7/
ML AB
Taconcb |- = CM L (AA'B) A7 7
CM L AA' s /
/ /
:CM:d(C,(AA'B))=d(C',(AA'B)) (vi CC'//(AA'B)) P .
7 /
a. Thé tich cua khéi t dién C'A’AB la: AR /177 === (':
AL
1 o 1
Veonas = Ve arap =§SA,AB.d(C (A'AB)) =SaanCM M
B
Ll aaaom=tana B3
32 6 2
a\3 a3

Tam gidc MCC’ vuong tai C’ va c6 CMC'=a, MC = — = CC'=MCtano = Ttana =AA’

A 1a\/§ ax/g a’tana
Vay Ve aas =E.Ttana.a.7= 2

b. Tim o d€ (ABC') L(A'B'C)
Chon hé truc toa d6 Oxyz c6 O=M, ba tia Ox, Oy, Oz lan luot di qua B, C, M’ (M’ 1a trung di€ém cua

AB’). Khi d6 M(0:0:0), A(—%;O;Oj, B(%;O;O),C[O;%;OJ, A'[—%;O;#tanaj,

z
B' E;O;&tanm , C' O;ﬁ;a\—ﬁtana *
2 2 2 2 Al c
Ta co: M
. . B'
AB—(a;O;O),AC‘z E;ﬁ,gtana , \
22 2

= Vipt ctia hai mit phing (ABC’) va (A’B’C) Ian luot la:

2 L[
az\/g. az\/g.

ni= [;B,TCJ:(O;—tana;l) va g: FB,T‘CJ:(O;tana;I)

26



Administrator
Rectangle

Administrator
Typewriter
26


(ABC') L(A'B'C) <> nyn, =0 —tan’ a+1=0 > tana=1(0° <a<90° | <> a=45°

Bai 21. Cho hai hinh chi*r nhat ABCD va ABEF ¢ trong hai mat phiang vudng géc véi nhauy,
AB=a, BC=BE=b.Goil va]lan luot 1a trung diém cta CD va CB.

a. Tinh thé tich cua khoi tit dién IJEF theo a va b.

b. Tim hé thtec gifta a va b d& hai mat phang (AIF) va (DJE) vudng gbc véi nhau.

Giai

Chon hé truc toa do Oxyz cb6 goc O=A, ba tia Ox, Oy, Oz lan lwot di qua D, B, F. Khi d6

b
A(o;o;o),B(o;a;o), D(b;o;o), c(b;a;o),E(o;a;b),F(o;o;b), ILb;%;Oj,J[E;a;O}

a. Thé tich caa khéi t& dién [JEF 13 V = ‘[ﬁﬁ}ﬁ:‘ =

1
6

F

Ta cé IF =(—b;—%;b]

:[IJ,IEJIF:————+_=__
2 4 4 2
1| ab®| ab’
Vay V, = ==
W uEr T T T 2

b. Taco Al =(b;3;0], AF =(0;0;b)
2
:[XIKF} :K%;—bz;O]

= Vipt ctia mp(AIF) Ia n, = (%;—b%oj

Tuwong ty EJ = (—g;a;OJ, DE = (—b;a;b)

I 2
:{DJ,DE]z ab; 230
2772

- 2
= Vtpt caamp(DJE) 1a n, = [ab;%;%}

2.2 4
a’b —%=o®a=b

Hai mit phing (AIF) va (DJE) vudng goc véi nhau < nTg =0

Bai 22. Cho hinh chop S.ABCD, day ABCD la hinh ch@* nhat, canh bén SA L (ABCD),
AB=a, SA =AD =2a . Goi H va K lan luot la hinh chiéu vudng gbéc ctia A trén SB va SD. Tinh theo a d0
dai doan thang HK va thé tich ctia khdi t¢ dién ACHK.

Giai
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Tinh HK.

Ta c6 SA L(ABCD) va SA=AD=2a = ASAD vudng can
tai A.

Ma AK L SD (K €SD) nén K la trung diém caa SD.

Chon hé truc toa do Oxyz c6 O=A, tia Ox di qua B, tia Oy
di qua D, tia Oz di qua S. Khi doé A(O;O;O),
B(a;O;O), D(O;2a;0), C(a;2a;0), S(O;O;Za), K(O;a;a)

Ta co STB = (a; 0; —2a)

X=a+t

= Phuong trinh tham s& ctia duong thang SB: {y =0
z=-2t

(vtcp cua @ 1a u= lS—B = (1;0;—2))
a
Lay H(a + t;O;—2t) €SB ta cé AH = (a + t;O;—2t)
H 1a hinh chiéu ctia A trén duong théng SB <> AH.u=0

©a+t+0+4t=0<:>t=—%

Vay H(%;O;%j — HK = (—%;a;%} =HK = \/1222 +a’ +% = a\/g
Chti y: Ta c6 thé tinh HK bang cach khéc

Ap dung dinh ly cosin vao tam giac SHK, ta co:

HK? =SH” + SK” - 2.SH.SK.cos HSK

K 1a trung diém ctia SD nén SK = STD = Zaf = ax/g
Tam gidc SAB vudng tai A va c6 duong cao AH nén:

SH.SB=SA? < SHay5 =4a? <> SH= "2

NG
SB® +SD*-BD? _5a” +8a®—5a% 2

2SBBSD  2aV5.2a42 10

2
Vay HK? =[ﬂ +(a\/5) B2 —0? s HK=a\2

’ -2 ﬂ a
NG 50 o
Thé tich ctia khoi tit dién ACHK:

Tacod V,cyk =é [?CE}E‘

cosHSK =cosBSD =

voi ?Cz(a;Za;O), Elz(ﬂ;o;&], H(z(o;a;a)
5 5
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1 a’

—— 2% =%
CHK 6‘

Vay V
Ay Vp 3

Bai 23. Cho hinh lap phuong ABCD.A’B'C'D’ c6 canh bang 1. M va N 1a hai diém thay d&i va lan luot &
trén canh AA’, BC sao cho AM=BN=h, he (0;1). Chting minh réng khi h thay ddi, duong thang MN

ludn cat va vudng géc véi mot duong thang ¢ dinh.

Giai
Chon hé truc toa d¢ Oxyz sao cho goc O trung véi B’, tia Ox di 7
qua A’, tia Oy di qua C, tia Oz di qua B. Khi d6 I
(0:0:0), A'(1,0;0), C'(0:,0),  D'(1:1:0), B(0:0:1), A(1:051) By ¢
B'(0;0;0), A'(1;0;0), C'(0;1,0), (LL0), B(0;0;1), A(L0;1), ®
e h
C(0:1:1), D(1:1:1), M(1;0;1-h), N(0;h;1) . D
Goi I va J lan luot la trung diém cia AB va C'D', taco N1
|
1[1;0;1) J(l;l;Oj (IvaJ c6 dinh) I
2 2 B' cC' vy
. . il il ——
Tacé MN=(-Lh:h) va IT=(0;1;-1) ’

. 7 J
=MN.IJ=0 X D’
—=MN_LIJ (1)

1
X =—t X_E

Il

Ll —
|

-

Phuong trinh tham s8 ctia hai duong thang MN va IJ lan luot 1a {y =h+ht va {y
z=1+ht z

1
—t=—
2 1 h
Giai hé phuong trinh <h+ht=t" ta c6 nghiém duy nhat (t;t') = (—E,EJ
I+ht=1-t'
Vay hai duong thang MN va IJ cit nhau (2)

Tit (1) va (2) = khi h thay d6i, dwong thang MN ludn cat va vudng goéc véi duong thiang cd dinh IJ
(dpem)

Chit §: Giao diém ctia hai duong théng MN va I Ia K[%;g;l - g}

Bai 24. Cho hinh 1ap phuong ABCD.A’B’C'D’ ¢6 canh bang 1. Goi M, N, P Ian luot 1a trung diém ctia cac
canh B'B, CD va A'D’".
a. Tinh khoang cach giita cip duong thang A’B, B'D va cip duong thang PI, AC’ (I1a tam cua day
ABCD)
b. Tinh géc giita hai dwong thang MP va C'N, tinh géc giita hai mit phang (PAI) va (DCC'D’)

Giai
a. Chon hé truc toa d¢ Oxyz sao cho goc O trung véi A, tia Ox chita AB, tia Oy chita AD, tia Oz chira
AA’.Khi dé: A(0;0;0), B(1;0;0), D(0;1;0), A'(0;0;1), C(1;1;0), B'(1;0;1), C'(1;1;1), D'(0;1;1)
d(A'B,B'D)
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Taco A'B=(10;-1), B'D=(-L1-1) va A'B'=(10;0)

- [ﬁ,ﬁ)} - (12:1)

‘[A'B,B‘DJ.A‘B' | d(PLAC)
:>d(A'B,B'D): ‘ﬁﬁ)‘ :%

Ta co:

P 0;1;1 1 l;1;0 :ﬁz —1;0;1
2 22 2

TC':(l;l;l), E:(o;

b. Taco M 1;0;l N l;1;0
2 2

— MP ={—1;%;%], NC' =(%;0;1j:> MP.NC' =0 = MP L NC'

;1) :>d(PI,AC’): =

N | —

= Gbc gitra hai dudong thing MP va NC’ ¢6 s8 do bang 90°
Mp(PAI) c6 vec-to phap tuyén: n= [E,KIJ = (_l;l;_lj

Mp(DCC’D’) ¢6 vec-to phap tuyén AD= (0;1;0)

Goi ¢ la goc gitta hai mit phang (PAI) va (DCC'D’), ta c6: cosq =

1 ,
B'el L1 G
U EEN
I | \\
M“/ A \\
/ I ZF=
7/ —

naD|

t—-:)(pz48011'
f{an] 3

O

Bai 25. Cho hinh 1ap phuong ABCD.A’B’C’'D’ canh bang a. Xét diém M trén AD’ va diém N trén DB sao

cho AM=DN =k (O <k< a\/z) . Goi P la trung diém cua B'C’

a. Tinh géc gitra hai dwong thang AP va BC’
b. Tinh thé tich khéi ti dién APBC

c. Chtmg minh MN luén song song véi mp(A’D’CB) khi k thay d8i va tim k d€ doan thang MN

ngan nhat.
Giai
Ta chon hé truc toa d6 Oxyz ¢ goc O trung voi A, tia Ox chita AB,
tia Oy chta AD, tia Oz chka AA’. Khi doé
A(O;O;O), A'(O;O;a), B(a;O;O), B’(a;O;a), D(O;a;O), D'(O;a;a),

C(a;a;O), C'(a;a;a), P (a; %;a ]
a. Taco Ez{a;g;a],
2

@ = (O; a; a)
Goi o 1a goc gitta hai duwong thang AP va BC/, ta c6:
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2
a

0+ +a’
2

AP C]
COSO =— =

[ >
‘APHBC \/a +7+a N N

J, Ez(a;O;O), ﬁ:(a;a;a)

= o =45"

l\.)lm

b. Tacod AP= (

[ 8.2 e a3 a3
:»[AP,AB} 02— :{AP,AB}.AC'=0+33__=_
2 2 2
Rl ad| a’
Va ‘[AP,AB}.AC ‘ LY N
Y Vapsc' 6 6121712

c. Mp(A’'D’CB) di qua diém A’(O;O;a) va co vipt ﬁziz [A— A—}z(l;o;l) nén cé phwong trinh

1(x—0)+0(y—0)+1(z—a)=0hayX+Z—a=0
Tt gia thiét Me AD', Ne DB, AM=DN =k ta dugc:

k k 2-k
M| 0;—=:;—=
(ﬁﬁj (f T }
— [k a2-2k k| = a2 -2k [k]
=MN=|—; MNa=1.—C 0| V222K =

[JE h f] % ( ﬁ] >
—MN Ln (1)
NgoéiratacéxM+zM—a:O+£—a¢O(v‘10<k<a\ﬁ)

2

=M¢(A'D'CB) (2)
Tir (1) va (2) = MN//(A'D'CB)
Ta co:

Vay MN ngéan nhat béng — khi k —i (0 a\/_)

3
Bai 26. Cho hinh hop ding ABC.A’B'C’ day ABC la tam giac vudng can, AA'=2a, AB=AC=a. Goi G,
G’ lan luwot la trong tam cua tam giac ABC va tam gidc A’B’C’, I 1a tdm cua hinh chit nhat AA’B’B.
a. Chtng minh hai duong thang IG va G'C song song véi nhau dong thoi tinh khoang cach gitra
hai dwong thang nay.
b. Tinh thé tich ctia khoi chép A.IGCG'.

Giai
Chon hé truc toa d6 Oxyz c6 gdc O trung véi A, ba tia Ox, Oy, Oz lan luot di qua B, C, A’. Khi d6
aa aa a
A(0;0;0), B(a;0;0), C(0;a;0), A'(0;0;2a), B'(a;0;2a), C'(0;a;2a), G| —;—;0|,G'| —;=:2a |, I| —=;0;a | (I 1a
(0:00). Ba20). (00). A (0:023). B(s:2a), ©/(0sa2s), {380,622 o Si0a
trung diém cua AB’ va A’B)
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a. Taco

VA
G=| 22 4] ge=|-82 0, | oo -2, 2 c'
63 3737 373 A’
=1G va G'C ciing phuong (G'C=2IG), IG va GC khéng G’
BI
cung phuong = IG// G'C (dpem)
Tinh d(IG,G'C)
Ta co: :
[ccac] AN
IGIIG‘C:d(IG,G'C)zd(G,G’C)zg AN ~\4 C
o 3
R 4a®> 2a*
Ta cé: [GC,GCJ [3 ; o] B\ x
16a*  4a*
+—+0 5
=d(1G,G'C) =t 22— -2, |>
J 2 2 41
a~ 4a
—+—+4a
9
N ebviot ne 3 [GC.GE
b. Mp(IGCG’) ¢ vtpt n= —.[G’C,GCJ ~(210)
2a’

— Phuong trinh ctia mp(IGCG') 1 2(x—%j+l(y—%j+0(z—0)=0 hay 2x+y—a=0

=h =d(A,(IGCG')) - \}% :%

The tich ciia khdi chop AIGCG' 1a V = %SIGCG. h trong dé:

SIGCG,=l(IG+G'C).d(IG,G'C) voi IG_a‘/_ GC—a\/_ d(1G,G'C)=2 \/%

e [f 28[58 e froca)

5 a a3
Vay V4 i6ee \/- 6

Bai 27. Cho hinh l1ap phuong ABCD.A’B'C'D’ ¢6 canh bang a.
a. Tinh theo a khoang cach giita hai duong thang A’B va B'D.

b. Goi M, N, P Ian luot 1a trung diém cua BB’, CD, A'D’. Tinh goc z
gitta hai duong thang MP va C'N. A.I D
Giai B' /) G
Chon hé toa d Oxyz cd gbc O trung véi A va ba tia Ox, Oy, Oz lan lugt di \/I\:\ .
qua B, D, A" (nhu hinh vé). Khi d¢6 A(O;O;O), B(a;O;O), D(O;a;O), // : RN R
A'(0;0;a), C(a;2;0), B'(a;05a), C'(a323a), D'(Oza5a) /I/A)— et
x«” B C

a. Khoang céach gifta hai duong thang A’B va B'D.
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Ta c6: ﬁS:(a;O;—a),
ﬁ):(—a;a;—a), ﬁz(a;O;O) :[ﬁ,ﬁﬂ:(azﬂaz;az)
[rBED|AB]
=43
[aBBD] w6 Vo

b. Goc gitta hia duong thaing MP va C'N

Vay d(A'B,B'D)=

Ta c6 M(a;O;%j, N(%;a;oj, P(O;%;aj — MP =(—a;%;%j, NC' =(%;O;aj — MP.NC'= 0= MP L NC'

Vay goc gitta hai duong thing MP va C'N c6 s8 do bang 90°

Bai 28. Trong khong gian véi hé toa do Oxyz, cho hinh lap phuong ABCD.A'B'C'D’ véi
A(O;O;O), B(l;O;O), D(O;I;O), A'(O;O;l). Goi M va N lan luot la trung diém cua AB va CD.
a. Tinh khoang cach gifta hai duong thang A’C va MN.

A, \ v M ’ y \ 7. v < A 7 . A 1
b. Viét phuong trinh mat phang chita A’C va tao vdi mat phang Oxy mot goc a biét cosa=—=

J6
Giai
a. Khoang cach gitta hai duwong thang A’C va MN. z
Cach 1. I D’
Goi (P) 1a mat phang chita A’C va song song v6i MN. Khi A
do: B I c'
d(A'C,MN)=d(M,(P)) !
! I
Phuong trinh ctia mét phang (P): I
Ta c6 C(1;1:0), M Loo|, N[ 110 | D
b b 2’ 2 7 2’ 2 AL —_ e e e y
— — MeZ — — — _ | =
= A'C=(LL-1), MN =(0:1,0) ”~ N
B C

= Vecto phap tuyén cua mat phang (P) la
B:[T’C,ﬁ]:(l;on)

= Phuong trinh cua mp(P) la: 1(x—0)+0(y—0)+1(z—1)=0 hay x+z-1=0

|
+0—4
2 1
Vay d(A'C,MN)=d(M,(P))= -
o ) ( ()) J2o?+2 242
Cach 2.
‘[R,WN}.M - o
d(ACMN) =t =1 véi [A’C,MNJz(I;O;l), A'M:[—;O;—IJ
[acmn] :
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b. Viét phuong trinh mat phang chita A’C tao véi mp(Oxy) mot goc a.
Goi (Q) 1a mit phang chita A’C va tao véi mp(Oxy) mdt goc a.
Phuong trinh mp(Q) c6 dang: ax+by+cz+d=0 (a2 +b*+c? > O)

c+d=0
M di qua A'(0;0;1) va C(1;1;0) nén <c=-d=a+b
PQ) diq ( ) ( ) {a+b+d:0

Khi d6 phuong trinh cta (Q) la: ax +by + (a + b)z - (a + b) =0
= Mp(Q) c6 vipt la n= (a;b;a + b)
Mp(Oxy) co vtpt la k= (0; 0;1)

Goi a la goc gitta (Q) va (Oxy), ta cd coso =

Si-

f=—g

cos(n k)‘ |a+b| L<::>6(a+b)2 =2(az+b2+ab)

*/F \/+b2 a+b) \E

<:>2a2+2b2+5ab=0<:>(2a +ab)+(2b2+4ab):0

<>a(2a+b)+2b(b+2a)=0<>(2a+b)(a+2b)=0

< a=-2b hoac b=-2a

Véi a=-2b, chon a=2 va b=-1

= Phuong trinh ctia mit phang (Q) 1a 2x—y+z—1=0
Véi b=-2a,chon a=1va b=-2

= Phuong trinh ctia mat phang (Q) 1a x -2y —z+1=0

Bai 29. Cho hinh 13p phuong ABCD.A’B'C'D’. Cac diém M, N Tan luot thay ddi trén cac doan thang BD
va AD’ sao cho DM =AN.
a. Xac dinh vi tri ctia hai diém M, N d&€ MN nho nhat. Ching minh rrimg khi d6 MN vudng goc voi
BD va AD'.
b. Chting minh rang MN vudng géc véi mot duong thang ¢S dinh.

Giai
Ta chon hé truc toa dd Oxyz c6 gdc O trung véi A, tia Ox chira AB, tia Oy chira AD, tia Oz chita AA’.
a. Gia st canh hinh lap phuong c6 do dai bang a.Dit

AN=DM=t(OStSa\/2_). zI

Khi d6 ta c6 A(0:0;0), B(;0;0), D(0:2;0), D'(0:a:2), A B'
M[Eﬁoj N(o;%;ﬁj > -

Do dé MN = —%;t 2—a,izj \\N\ i

Ta 6 \)Lf‘___:= B X
MN? _[—% (tf ) (ﬁf =3¢2 ~2Dat + 22 - /’/_\,M. - ¢

Xét ham so (t) 3t —2\/_ 2at +a%. Ham s6 nay c6 do thi la mot
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a2
3

parabol quay bé 16m 1én phia trén. Do d6 f(t) nho nhat khi va chi khi t=

a2 \F

Vi —e[O a2 } nén MN nho nhéat khi t=——< M, N thudc doan BD, AD’ twong tng sao cho

DM =%BD, AN =%AD'

Nz

Khi MN nho nhat ta co: t= T nén MN (

B

wlm
W |

W
N——

Mt khac BD = (—a;a;O), AD= (O;a;a) nén:
M—N.ﬁ{—aj( a) (——ja+ 0=0

3 3 3
ﬁ.ﬁ:(—ij.m(—ﬁ}aﬁ.a:o

3 3 3

Vay MN vuong goc véi BD va AD'.

b. Trudc hét ta tim phuong 0= (x;y;z) #0 vuong goc voi vec-to MN . Bidu d6 teong duong voi:

&.M—NzO vt e[O;a\E}

ox{ - rafli-a)oe ] -0 we[oast]

@(—%+y\/§+%jt—ya=0 Vte[o;a\/ﬂ

_%+yﬁ+%=0©{x=z
ya=0

Chon o= (1;0; 1)

Vay MN vudng goc véi mot duong thang c§ dinh nhan 0= (1; 0; 1) lam vec-to chi phuwong.
Chti y: Ta c6 két luan trong tw 1a MN lu6n song song véi mot mit phang ¢ dinh.

Bai 30. Cho tam gidc ABC vuodng tai A va duong thang A vudng goc véi mit phang (ABC) tai diém A.
Cac diém M, N thay d6i trén duong thiang A sao cho (MBC) 1 (NBC)

a. Chimg minh rang AM.AN khong d6i.

b. Xac dinh vi tri caia M, N d€ tit dién MNBC c6 thé tich nho nhat.

Giai
Chon hé truc toa d6 Oxyz c6 goc O trung véi diém A, cac tia Ox, Oy Oz lan luot trung cac tia AB, AC,
AM.
bat AB=b, AC=c, AM=m (b, c khong dodi)

Khi d6 A(o;o;o), B(b;o;o), c(o;c;o), M(o;o;m)
Gia st N(O;O;n)

Ta c6 (MBC): —+y+——1 0 co phap vec-to a[

OI»—

L,
m 4

U‘I»—
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(NBCQ): XY 2 g0 C(’)phépvec—to[g: lll . Ze
b ¢ n bcn

Véy (MBC) L(NBC) < ap=0

1.1 1 -b*c?
& —+—+—=0<mn=
b* ¢* mn b? +c?
Mit khac m >0 nén n<0.Vay M va N nam vé hai phia ctia A.
b’c?

a. Tacé6 AM.AN :|m|.|n| = |m.n| = khong doi.

b% +c?

b. Ta co: BC= (—b;C;O), BM = (—b;O;m), BN = (—b;O;n)

[W,ﬁ\q = (O;b(n —m);O)

Vay Vynge = é‘[ﬁfl,g\qﬁ‘ = é.‘bc(n - m)‘

Ap dung bat déng thirc Cauchy ta cé:

1 1 1 b22
ViMnee =gbc(ﬂ—m)ngc.2ng.ﬁ

D&u dang thiic xay ra khi va chi khi m=-n= be
b% +¢?
N 2 A, . M A . , ” \ ABAC
Vay Vynge nho nhat khi M, N nam vé hai phia cia A va AM = AN = BC

Cht y: ta c6 thé tinh thé tich t& dién MNBC theo cach:

1

\Y “AMS, e + %AN.S

V, =
NABC ~ 3

MNBC ~ YMABC T

=§(AM+AN).SAABC =ébc(m —n)

AABC

Bai 31. Cho tam giac déu ABC c6 canh a, I la trung diém cua BC, D la diém d6i xting véi A qua I. Dung
doan SD = # vudng géc voi mat phang (ABC). Chirng minh rang:

a. (SAB)L(SAC)

b. (SBC).L(SAD)

Giai
Chon hé truc toa d¢ Oxyz c6 gbc O trung véi diém I, cac tia Ox, Oy, lan luot trung cac tia ID, IC, tia Oz

song song va cung chiéu voi tia DS. Khi dé D[a—;O; OJ ,

3
2
clo:2:0] Blo:-20 | A -2:00 | s &;O; avb
2 2 2 277 2
a6
4

SA cit Iz tai trung diém M cua SA. Taco M = [O;O;—J
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a3

a. Mt phang (SAB) di qua A(—T;O;O],B(O;—%;O),

a6 ,
M[O; O;TJ nén c6 phuong trinh doan chan (SBA):

2x 2y 4z \ . .
(SBA): +—2_1=0 va co ha vec-to
a\/‘ a axﬁ phap
—[ 2 2 4 J
n | —=——=
a\3 a a\E
Mt phang (SAC) di qua
[_i 0; O] C(O E,OJ,M[O;O;ﬁ] nén c6 phuong trinh
doan chin
4Z — 2 2 4
(SAQ): — —1=0 va c6 phap vec-to n ( j
a\F \,F 2 a3 ‘a a\/_
Tacé;;__i —_2+%[_2)+i 4
2 a 3.a\/§ \ a a 6.a\jg

Do d6 (SAB) L (SAC)
b. Mit phang (SBC) c6 cap vec-to chi phuong la:

BC(0;2;0) 1 a(0;1;0); Cs(i—ai}lg(\f 1;%)

Vay (SBC) c6 vec-to phap tuyén n3 [ J (\F 0:—/3 )
Mit phang (SAD) trung mit phing toa d6 (xOz) nén c6 phap vec-to E(O;l;O)

Do n,.n, =0 nén (SBC) L (SAD)

Bai 32. Cho hinh vudng ABCD. Céc tia Am va Cn cung vuéng goéc voi mat ABCD va cung chiéu. Cac
diém M, N Tan lwot thuéc Am, Cn. Chiing minh rang (BMN) 1 (DMN) = (MBD) 1 (NBD)

Giai

Chon hé truc toa d6 Oxyz c6 goc O trung véi diém A, cac tia Ox,

Oy, Oz lan luot trung cac tia AB, AD, Am. Gia st hinh vudng Zam an
ABCD c¢6 canh béng a.
bat AM=m,CN=n. Ta co: M < N
B(a;O;O), D(O;a;O), M(O;O;m), | N N
|
N(a;a;n), C(a;a;O) | h *
. N \B
Mt phéng (BMN) c6 cap vec-to chi phuwong BM=(—a;O;m), A}' i B M
. / - -
BN=(O;a;n) / _-"
- -

Do dé (BMN) c6 phap vec-to D

[ﬁ/{,ﬁ} = (—am;an;—a2 ) / oTl(m; —n;a)Mét phrfmg (DMN) c6 cap y
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vec-to chi phuong DM = (0;—a;m), DN = (a; O;n)
Do d6 (DMN) c6 phap vec-to [ﬁﬁ} = (—an; am;a’ ) Il oTz (—n;m;a)

2

Vay (BMN)L(DMN)oE.@:OQm.n:% (1)
y 111
Ta c6 (MBD): —+ +2-1=0 c6 phap vec-to la Bl ———
a m a'a m
Mat phrfmg (BDN) c6 cap vec-to chi phuong BD =( ) (O;a;n)
Do d6 (NBD) c6 phép vec-to [ﬁ,BNJ (an an;—a ) Ik [32( ) ()
2
P n n a a
Vay (MBD) L(NBD)<B, B, =0 —+———=0mn=—
ay( ) ( ) Pib a a m o 2

Tt (1) va (2) ta c6 diéu phai chtitng minh.

Bai 33. Cho hinh ling tru déu ABC.A’B'C’ ¢6 tat ca cac canh bang nhau, M 1a trung diém caa BB’. Chiing
minh rang A’M vudng géc voi AC’ va CB’.

Giai
Goi O 1a trung diém ctia AB. Chon hé truc toa d6 Oxyz cé cac tia Ox, Oy lan lwot trung véi cac tia OC,
OB, tia Oz song song clng chiéu véi tia AA’. Gid st cac canh ctia hinh lang tru bang a. Khi dé:

[af R 0] [O E;OJ,A(O;;;()), B{o;g;aj

, A 0;_—a;a ,C' ﬁ;O;a , M| 0; ;E
2 2 2

Vay A'M O;a;_?a]// &(0;2;—1)

N |

J// B=(31:2)

Cp—| V3.2
2 2

;aJ//q?:(—\/?j;lﬂ)

Do af=0,0.y=0 nén A'M LAC' va A'M LCB'

Bai 34. Cho hinh chép déu S.ABCD, ddy cé canh bang a. Goi M, N Ian luot 1a trung diém ctia SA, SC.
Biét rang BM L DN . Tinh thé tich kh&i chép S.ABCD.

Giai
Chon hé truc toa dd Oxyz ¢ gdc toa d6 O la tam caa hinh vudng ABCD, cac tia Ox, Oy, Oz lan luot
trung cac tia OA, OB, 0.

a —-a a —a
Ppat SO=h.Khi dé: B| 0;)—:0 |, D| 0;—;0 |,A| —;0;0 |, C| —=;0;0 |,
' 1 [JzJ[sz[ﬁ}[ﬁj

S(O;O;h), M i;0;E , N _—a;O;E (viM, N Tan luot la trung diém ctia SA, SC)
N 2

NG
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2 2’\/5’
Ta co
. 22 42
BM.DN =0 i—a—+h—=0@h=am
2 4 2
a3y10

Vay Vg apcp = 3 SO- SaBcD =

Bai 35. Cho hinh chép déu S.ABC, day c6 canh bang a. Goi
M, N lan luot la trung diém ctia SB, SC. Biét rang
(AMN) L (SBC). Tinh thé tich hinh chép S.ABC.

Giai
Chon hé truc toa d6 Oxyz c6 O la tdm tam giac déu ABC, cac tia Oy,
Oz Ian luot trung cac tia OB, OS, tia Ox cung hudng véi tia CA.
bat SO=h.Khi do:

a —a a —a,
A| =;—=;01,B| 0;—=:0 |, C| —;——=:0 |,
(225J(\E][22\E]
a h -a —-a h
5(0;0:h), M| O;—=:;~ |, N| —1—=:—~
( )£2J§2j [44@2}

Mit phang (AMN) c6 cdp vec-to chi phirong
AM=| T2 B0 AN TR 20
232 4 4f 2
Vay (AMN) c6 phéap vec-to
[m,ﬁ} ﬂ, —ah 5a’ 3ah 5a
558 8 f "5
Mat phéng (SBQO) cit truc Ox tai K(?;O;O] va di qua B(O;

ﬂ

i;Oj , S(O; O;h) nén c6 phueong trinh doan

5

chin (SBC): — E_l 0

Vay (SBC) c6 phap vec-to B[—3 [ %J
a a

I 2
Ta c6 (AMN)J_(SBC)@a.B:O@ﬂ—h\/?_>+5i:O<:>h:Jia
hy/3 12

NG
1 a3 _a*\5
Vay Vg apc 350 Sapc = 3\/; 4 2

Bai 36. Cho hinh chép S.ABCD c¢6 day la hinh vudng canh a, tam gidc SAB déu. Goi M, N, P, K lan luot
la trung diém cua BC, CD, SD, SB.

a. Tinh khoang cach gitta hai duong thing MK va AP.

b. Chtng minh rang (ANP) 1 (ABCD) .

Giai
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Goi O la trung diém cta AB. Chon hé truc toa d¢ Oxyz cd cac
tia Ox, Oy, Oz lan luwgt trung cac tia ON, OB, OS. Khi do:

A(O;_—a;O], B(o;ﬁ;oj, N(a;O;O),S(O 0; a*/_j
2 2

CEOAERIEERECE)

a. Duong thang MK ¢6 vec-to chi phuong 1a:

MK = (‘__ai]// (21-43)

2

DPuong thang AP c6 vec-to chi phuong la:

E»=[i 2, i]//[3(2,1{)

2°27 4

Taco | |=(2v3:-442:0), AK [O%ai]

[a,BJ.AK‘ w3
[&,B] W5 205
b. Mit phang (APN) c6 cép vec-to chi phuong 1a

NP = [_——aiJ =(2;1;—\/§) Ap{fgij//ﬁ(zle)

2 4 2

Vay d(MK,AP):

Do dé (ANP) c6 phap vec-to la [&,[ﬂ =( —43:0 ) (1 -2; 0)
Mit phang (ABCD) ¢6 phép vec-to la n2 (O 0; 1)

Do nl.n2 =0 nén (ANP)J_(ABCD)

Bai 37. Trong hé truc toa do0 Oxyz cho hinh hop ABCD.A'BCD c¢o A(O;O;O) ,
D(O;I;O), D' (0;1;2 ), B' (1; 0;2 ) . Goi E la diém ddi xting v6i A qua B. Diém M thudc doan CD sao cho mat
phang (A’ME) tao véi mat (ABB’A’) géc ¢ thoa man tang = \/5

a. Viét phrong trinh mat phang (A’ME)
b. Viét phuong trinh mét cau (S) di qua C, B, D’ va c6 tim thudc mit phiang (A’ME)

Giai
Dé dang suy ra duoc toa d§ cua cac diém A’(O;O;Z), z
B(1;0:0), C(110), C'(12), E(2:0,0) A-I B’
Dat DM =t (0<t<1). Khi d6 M(t;1;0) D" )\ \\\
s , - , ) SN
Mat phang (A'ME) c6 cdp vec-to chi phuong A
A'M=(t1-2), A'E=(20;-2)/ a(1;0;-1) P
I, . AL \ B X
Do dé (A'ME) c6 phap vec-to [A'M,a} =n, (—1;t—2;—1) _ / 'T\_ - E
Mit phang (ABB’A’) ¢6 phép vec-to 5(0;1;0) Y /D M C
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cos(nl,n2

) =ﬂsuy ra sin(pzxfl—cosz(p =L

2+(t-2) 2+(t-2)

Ta co cose =

N

Vay \E:tan(pzmc>|t—2|=l<:>t:1 (vi 0<t<1)

Vay M(L;1;0) (trting véi diém C)

a. Mit phang (A’'ME) c6 phap vec-to nT(—l;t—2;—1)=(—1;—1;—1) / (1;1;1) va di qua diém E(2;O;0) nén
c6 phuong trinh:

(A'ME):1(x—=2)+1(y—0)+1(z—0)=0 hay (A'ME): x+y+2z-2=0

b. (S) di qua C, B/, D’ nén c6 tam I thudc cac mit phang (a), (B) Tan luot 1a cic mat phang trung truc
caa CB’, CD'.

a) di qua trung diém K l;l;l ctia CB’ va ¢6 phap vec-to CB' = 0;—-1;2
q g > phap
Vay (a):—[y—%j+2(z—l)=0<:>2y—4z+3=0
(B) di qua trung diém L(%;l;l] ctia CD’ va c6 phap vec-to D'C= (1;0;—2)

Do d6 (B):1(x—%)+0(y—1)—2(z—1)=0<:>2x—4z+3=0

Xx+y+z-2=0 -
Vay toa do ctia I la nghiém ctia hé: <2y -4z+3=0 :I(E;E;l]
2x—-4z+3=0

Mat cau (S) c6 ban kinh R=IC = \/%

Vay (S):[x—%jz +[y—%j2 +(z—1)2 =%

Bai 38. Cho t dién OABC vudng tai O. Cac mit phang (OBC), (OCA), (OAB) tao véi mit phang (ABC)
cac goc a, B, y twong ing. Goi S, S, , Sy, S lan lwot 1a dién tich cac mat d6i dién véi cac dinh O, A, B,
C ctia tit dién. Chting minh rang:

! 5= ! >+ ! S+ ! > voi Hla hinh chiéu vudng gbc cua O trén (ABC)
OH” OA- OB” OC

b. Sy7=S,>+Sy> +S.

a.

Giai
Chon he¢ toa do Oxyz nhu hinh vé.
Gia st OA=a, OB=b, OC=c, khi d6 0(0;0;0), A(;0;0), B(0;b;0), C(0;0;c)
a. Mit phang (ABC) c¢6 phuong trinh:
X y z

—+=+-—-=1
a b c
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1 1 1 1
= +

= +
OH> OA* OB> 0OC’
b. Do cac tam gidc OAB, OAC, OBC la cac tam giac vudng tai O nén:

2 2.2
2 &2 1 ,» bc
sA=SOBC=(50B.ocj =2 =

2.2 2,2
Tuong tu ta co: Sy, =%, St :af

Mat khac: S, ,pc = %‘[E,A—C] = %\/bzc2 +c?a® +a’? = 52 =S?

2 22
AABC = Sa 55 +S¢

Bai 39. Cho hinh chit nhat ABCD c6 AB=a, AD=b. Cac tia Am va Cn cung hudng va vuong goc voi
mat phang (ABCD). Cac diém M, N Ian lwot thay ddi trén cac tia Am, Cn sao cho (MBD)J_(NBD).
Chting minh rang AM.CN khong d6i.

Giai
Chon hé truc toa do Oxyz nhwe hinh vé, khi doé: 7o m "
A(0:0:0), B(a;0;0), D(0:b;0), C(a;b;0)
Gia st AM =m, CN=n(m,n>0).Ta co M(O;O;m), N(a;b;n) MIN N
N
111 ! N
Mit phéng (MBD) c6 vec-to phap tuyen n| ——;— I ~
a’b'm | *
. S N \B
Mit phang (NBD) c6 vec-to phép tuyén n'= [NB,ND} A }— - T
X
_ . / -
Do NB:(O;—b;—n), ND:(—a;O;—n) nén / _ - -
- -
_ D
n'=(bn;an;—ab) abn[l l —lj C
ab n y
- 1 1 1
(MBD) L(NBD)=nn'=0=——+—-—=0.
a’? b2 mn
2,12 2.2
Do dé:izﬂ:AM.CNzﬂzconst
mn  a%p? a +b?

Bai 40. Cho hinh chép déu S.ABCD, day c6 canh bang a. Goi M, N lan luot 14 trung diém ctia SA va BC,
O la tam ctia day ABCD. Biét MN tao véi mit phang (ABCD) géc 30°
a. Chtmg minh rang: SO =MN
b. Tinh gbc gitta MN va (SBD)
Giai
Chon hé truc toa dd Oxyz nhu hinh vé khi dé: O(0;0;0),

(ioo] C( a\/_ ], N(&;&;OJ,A( af JGla st

4 4

sO=h (h>0). Khi d6
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S(0;0;h), M| 0; —a?2 ;D = MN ﬁ;&;—E
4 2 4 2 2
| y ,_ i
a. Mt phang (ABCD) ¢6 phuong trinh z=0 va c6 vec-to phép tuyén n(0;0;1), suy ra sin30° = ‘a %‘
n|.MN

(vi MN tao véi (ABCD) géc 30°). Do dé:

h

" 2

2 =l:>#=1:>h2=5ihayh=@
\/2a2 2% h? 2 f5a2+2h2 6 6
16 4 4 3
vaysozh:a@

6
2 2

Mt khac MN = a2 +& +(Djzsz+f+ﬁ:a@
' 4 2 2 8 2 24 6
Vay SO=MN

b. Mit phang (SBD) c6 phuong trinh y =0 va c6 vec-to phap tuyén E’(O;l; 0)

— [a 2_a\/§_aﬁ]

MN = ,

4 2 12
VN a2
n. 5
Goi a la goc gitta MN va (SBD), ta co: sino=-——=——= 2_ V15
n|MN| ay30 5
6

Bai 41. Cho hinh chép S.ABC c6 SA vuong goc voi mat (ABC). Tam giac ABC vuong tai B,
AB=a, BC=b. Duong thing SC tao v6i mit phing (ABC) géc 60° . Tinh thé tich hinh chép va ban kinh

mat cau ngoai ti€p hinh chop.

Giai
Chon hé toa d§ Oxyz nhw hinh vé.

Gia sit SA=h, khi d6 B(0;0;0), A(a;0;0), C(0;b;0), S(a;0;h) “
SC=(-a;b;-h) >
Mit phang (ABC) c6 phuong trinh z=0. n= (0;0;1) 1a vec-to phap
tuyén cua (ABC)
Do SC tao vé6i (ABC) gbc 60° nén: . C vy
sin60° = ‘an.Si‘ = h :E:h: 3(a2+b2)
‘HHSC‘ Ja2+b2+h? 2

Gia st 1(Xg;Y0;2Zp) la tam ctia m&t cau ngoai tiép hinh chop, ta co:
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IA2 = IB%2 = 1C? = IS?

2 2 2 2 2 2 2 2 2
=>Xg+Yo+25=(Xg—a) +Yg+25=Xg+(Yo—b) +25

2
=x§+y§+(20—,/ (a2+b2

2 2
a b 3(a +b )

Goi R 1a ban kinh mét cau ngoai ti€p hinh chop, ta co:
R= IBz\/xg +y5+75 =\/a2 +b?
Goi V la thé tich hinh chop, ta cé:

1 1 1 2 12
V ==SAS ==-SA.AB.BC==ab./3[a“+b
LoAS e - L B 7]

Bai 42. Cho hinh chép déu S.ABC, day c6 canh bang a. M, N Ian luot 1a trung diém cua SA, SC. Biét
BM L AN. Tinh thé tich va ban kinh mat cau ngoai ti€p hinh chép S.ABC.

Giai
Goi O la tam cua tam gidc déu ABC va K 1a trung diém cua
BC, khi do: OK = ;AK = f \:{5

AO = KB:KC=%.Giés&

SO=h(h>0)
Chon hé truc topa do Oxyz nhu hinh vé. Khi do:

a a3 a3
_2.aN3. AO——O
0(0;0;0), B[a a3, J [2 6 J [ j
2" 6
S(0;0;h)
omfo B0 [_a.aB.h
6 '2 412 2
L Evio 2. a8 A [ a5aVEh
2" 3 2 412 2
2 2 2
Do BM LAN nén BM.AN:0<:>%—153—2+%:0<:>h:ga

1 aJ_ a*\3 _a\14
36 4 24
Goi I 1a tam ctia mit cau ngoai tiép hinh chép, dé thay 1€SO nén 1(0;0;m)

Goi V 1a thé tich hinh chop, ta co: V = %SO SpaABC =

Ta co:
2
IA2=12 & ym? = a4z <:>—+m2=Za2—Ea.m+m2<:>m= 52
3 6 6 3 242
25a 9a
Vay R=I1A=
Ay N

Bai 43. Cho diém M nam trong géc tam dién vudng Oxyz. Mt phang (a) thay d6i di qua M va cat cac
tia Ox, Oy, Oz lan luot tai cac diém phan biét A, B, C. Tim gia tri nho nhat cta thé tich t& dién OABC.

Giai
Chon hé toa d6 Oxyz nhw hinh vé.
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Gia stt M(Xq;Yg;Zp) va mit phang (o) cdt Ox, Oy, Oz tai cic diém ;

A(a;0;0), B(0;b;0), C(0;0;c) C
Khi d¢6 mat phang () c6 phrong trinh: g + % + % =1
Ta 6 Vopasc =%abc. Vi Me(a) nén %+y—t;’+%°=1

Suy ra 1> 33 % (bét déng thitc Co-si)

01
27
= abc > 27X,Y0Zo = Voase > £%oYo%o
A 2 X yO ZO
Dau “=" xayra < -2=20_-"0 _— /=3
y a b c 3 Yo

Bai 44. Cho hai duong thang chéo nhau a, b vudng géc véi nhau, nhan AB lam doan vudng goc chung
(A thudc a, B thudc b). Cac diém M, N lan luot thay d6i trén a, b sao cho MN=AM+BN. Chting minh
rang khoang cach tit trung diém O ctia doan AB téi dwong thang MN khong d6i. Tir @6 suy ra MN ludn
ti€p xtc voi méat cau duong kinh AB.

Gidi
Ké Ay//b.Dé thay Ay La, Ay | AB. 74
Chon hé¢ toa do Oxyz nhu hinh vé.
Gia st AB=h, AM=m, BN =n (h,m,n >0). N
Khi d6: A(0;0;0), B(0;0;h), M(m;0;0),

N(O;n;h), O(O;O;gj

Theo gia thi€t MN =AM+ BN nén ta c6
Jm2+n2+h2 =m+neh?=2mn

Ta co Wz(—m;n;h), W:(m;o;_gj

:[W,O—M]z(—h—;;h%n;—mnj

Do do
22 2.2 3 3
‘[Woﬂ]‘ UL LI \/Zmn £ 2N 2n2 h
domny=b—_J_1 4 4 _\ 4 _ /mn_h
‘MN‘ ym? +n? 4+ h? Jm? +n? +2mn 2 2

Vay khoang cach tir O dén MN khoéng d6i va bang % Do d6 MN ludn tiép xtc voi mat cau duong

kinh AB.

Bai 45. Trong khong gian toa do cho cac diém A(0;0;1), D(0;2;0). Cac diém B va C thay ddi trén truc Ox
sao cho (ACD) L (ABD). Xac dinh vi tri ctia B va C dé thé tich tit dién ABCD nho nhat. Ung véi vi tri d6,
viét phrrong trinh mat phang (o) chira AD va tao véi cdc mit (ACD), (ABD) nhitng géc bang nhau.

Giai
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Gia str B(b;0;0), C(c;0;0). Khi d6 (ABD) 6 phuong trinh: %+%+z=l 24

\ z 4 A - 1 . 1 .
va c0 vec-to phap tuyén n= E,E,l

Mit phang (ACD) c6 phuong trinh: Xy % +2z=1 va cé vec-to phap tuyén c
¢ (]
- (1 1 j A
n'=|=>;
c 2 @) o >
A = 11 4 D Y
Do (ACD)L(ABD) nén nn'=0=-—+=+1=0=bc=——
bc 4 5
A 7 4 \ M 4 7 Ale 7. X B

Vay ta c6 OB.OC = G B, C nam khac phia d6i véi O.
Ta co:

1 1 2 4 A “_rsr 2

3 3 3 35
< BO=CO :%. Khi d6 mp(AOD) tao véi cadc mat phang (ACD), (ABD) nhiing géc bang nhau va do

d6, mat phang (a) qua AD va vudng géc voi (AOD) ciing tao véi cac mit phang (ACD), (ABD) nhiing
géc bang nhau.

(AOD) c6 phuong trinh: X =0 va c6 vec-to phap tuyén ﬁ(l; 0;0)

Mit phang (o) c6 vecto phap tuyén n,= [H,TD] =(0;52). Do d6 (a) cé phuong trinh:
0.(x-0)+1.(y—0)+2.(z-1)=0 hay y+2z-2=0.

Bai 46. Trong khong gian toa d0 Oxyz, cho hinh hop ABCD.A'BCD" c6
A(0;-10), C(210), B'(2,-12), D'(0;1;2). C4c di€ém M, N Ian lwot thay ddi trén cac doan A’B’ va BC sao
cho D'M LAN.

a. Chig minh rang MN lu6n vuéng gdc v6i mot duong thang 8 dinh.

b. KhiM la trung diém ctia A’B’, viét phrrong trinh mit phang (DMN)

Giai
Ta c6 AC=(2;2,0), B'D'=(-2,2,0)
=ACLB'D'va AC=B'D' |
=AC_LBD va AC=BD A’ |
= ABCD I hinh vuéng |
Tuong tw, ta chitng minh dwoc cadc mat con lai cua hinh hop la
nhitng hinh vuéng, do d6 ABCD.A’B’C’D’ la hinh 1ap phwong.
Giasit n=[ AC,B'D'|=n=(0,0;8)

M B'

I
I
ok

= (ABCD) c6 vec-to phap tuyén n(0;0;8) A B
= (ABCD) c6 phuong trinh: z=0

(A’B’C’'D’) c6 phuong trinh: z=2

Tt d6 dé dang xéc dinh dwoc cdc dinh con lai ctia hinh 14p phwong la:

B(2,-1,0), D(0;1,0), A'(0;-12), C'(2,1;2)

46


Administrator
Rectangle

Administrator
Typewriter
46


A’B’ ¢6 phuong trinh: 4y =-1. BC ¢6 phuong trinh: {y=-1+2s (t,seR)

Do M, N n3m trén cic doan A’B’ va BC nén M(2t;-1;2), N(2,-1+2s;0) véi 0<t<1 0<s<1
Theo gia thiét D'M L AN =D'M.AN =0 =t =s

= MN =(2-2t;2t;-2)

a. Xét u=(LL1), ta thady MN.U=0 ¥t nén MN ludn vudng goc véi cic duong thing cé phuong U, suy
ra MN ludn vudng goc véi mot duwong thang cd dinh.

b. KhiM Ia trung diém ctia A’B’ thi t=s =%

Ta c6 M(L-12), N(2;0;0)

= MN=(LL-2), DM=(1-2;2)

- [WW’] = (-2;-4;-3)

= (DMN) qua D(0;1;,0) va c6 vec-to phap tuyén n, =(2;4;3)

Vay (DMN) c6 phuong trinh: 2x+4y +3z-4=0
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