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LGOI NOI DAU

Mot phuong phéap rat manh trong toan hoc dung nghién ciiu
va ching minh cac gia thuyét 1a nguyén ly quy nap toan hoc. C6
v6 s6 céc vi du trong cadc mén hoc § chudng trinh phd thong dung
nguyeén ly nay dé& dién giai va mo ta. Nhung d& hiéu thau dso vé
ky thuat ap dung trong hoc tap, sang tao rat it sach dudc ban téi.
Tai liéu nude ngoai ciing da c6 mot sd sach néi riéng vé van dé
nay, theo toi ciing chua day dua va rat nhiéu ngudi khé tiép xic
dudc vdi tai liéu nay. Téi manh dan thu thap va khao sat nguyén
1§ quy nap toan hoc theo moi khia canh va minh hoa béng cac
bai tap trong chudng trinh pho thong. Day 1a loai sach cung cap
va thao luan nhiing phuong phap hoc tap va giai bai tap cho cac
ban yéu thich to4n hoc, cac thay cb gido, sinh vién cac trudng su
pham va céc ban & 16p hoc sinh gioi lam tai liéu tiép tuc phat
trién. Chuong dau xem xét cac khia canh cia nguyén 1y quy nap
toan hoc. Do khuon kho ctia cudn sach ching t6i da khong chiing
minh cin ké su tudng duong cua nguyén 1y quy nap toan hoc va
tién dé thi tu ; su tuong dudng cla cac dang nguyén ly quy nap
toan hoc..v.v. Chuong hai khao sat cac khia canh k§ thuat cua
nguyeén 1y nay. Ti chuong ba méi chuong dung khao sat cac bai
tap vé mot loai chu dé chi 4p dung phuong phap quy nap toan
hoc nhu: S6 hoc, Day s6, Hinh hoc, Pa thic, T4 hop, Lién phan
s6 ...

Tai liéu ching t6i tham khao c¢6 han va chic con nhiéu bai
tap hay chua néi tdi, hodc c6 sai sé6t trong thé hién y tudng mong
ban doc cho y kién stia d6i va b sung. Moi lién hé gtii vé dia chi:
Nha xuat ban Gido duc, 81 Tran Hung Dao, Ha Néi.

Ha Noi, thang 5 nam 2000
Tac gia
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1.1. Suy dién va quy nap

D€ minh hoa hai khai niém rat hay gip trong thuc té 1a suy
dién va quy nap, ta 1y cau ca dao Viét Nam ai ciing biét:
“S6 6 c6 me cé cha
Me c6 dan ba cha cé dan éng
S6 co c6 vg c6 chong
Sinh con ddu long chdng gdi thi trai.”

Day 1a cau doan cua o6ng thay béi, ta da biét thay béi chi
doan mo théi, nhung ong thay béi trong cau ca dao nay rat khon
13 ding mét khang dinh luon luén dung “ai ciing cé me, cé cha’.
T dé du ap dung cho ngudi dén béi cu thé nao ciing dung ludn,
nghia 14 khing dinh riéng ciing ding. Budc suy luin tii khing
dinh chung ap dung cho nhiing khing dinh riéng biét goi 1a phép
suy dién. Phép suy dién § vi du trén 1a luén ding véi hai cau dau,
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nhung c6 thé sai § hai cau sau. Trong to4n hoc rat hay diung phép
suy dién, chang han, néu hai géc trong ciia moét tam giac da cho
1a 30° va 70°, thi diéu khang dinh sau dung: ~ Géc thi ba caa
tam gidc da cho 1a 80°". Ménh dé chung & day la: “"Téng cac géc
trong ciia mot tam giac 1a 180°".

Bay gio ta doc lai chuyén cudi dan gian Viét nam:

“Bon 6ng thay béi ra nhau di xem voi. Téi chd voi diing, bén
thiy béi chen vao, s¢ tan tay xem con voi né thé nao. Vé téi chg,
bon thay hop nhau binh pham.

Thay s¢ dudc cai voi voi néi:

- Tudng voi la 1dm, té ra chi giong con dia cuc 16n. T6i sd vao
né uén cong ngudi lai.

Thay 6m phai cai chan, voi cai:

- Voi chi hét nhu c4i cot nha thoi. Téi 6m vao viia tay cai cot
cai.

Thay nim phai cai tai voi, ché:

- Céac bac chi néi mo. Con voi that ra tuya nhu céi quat to
tudng.

ThAy tim phai cai dudi voi, cudi khay:

- Ba béc néi sai ca. Toi da tim né trong tay, thi ding la mot
cai chéi xé dai.

Khéng ai chiu ai, bon thay to tiéng cii nhau 6n a0 mot géc
chg... ”

Mbi ong thay béi déu dung khing dinh riéng cia minh d¢
doan, phat bi€u khang dinh chung. Budc suy luan tii khing dinh
riéng tién tdi phat biéu khing dinh chung dudc goi 1a phép quy
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nap. Khang dinh chung § day 1a “con vat d6 1a con voi~. Nhu vay
4 6ng thay béi déu phat bi€u khing dinh chung sai. Chéc ¢6 mot
6ng nao d6 sang mat thi sé ding. Ta thay rang phuong phap quy
nap c6 thé dua dén két qua nhén dinh sai. Phudng phap quy nap
rat hay dudc dung trong nghién ciiu khoa hoc, nhat 1a toan hoc.
Nhu vay ching ta phai hiéu phuong phap quy nap thé nao day
va 4p dung thé nao d&€ nhan dudc ménh dé khang dinh ding.

1.2. Nguyén ly quy nap todn hoc

D& ngén gon ta ky hiéu mot khang dinh toan hoc 1a P(x), &
day x 1a mét bién s6. Ngudi ta thudng dua vé dang ménh dé -
Véi moi x (trong mét tap S nao d6), P(x)". Trong cudn sach nay
ta 1y x = n 1a nhiing s6 tu nhién’, S 14 tap cdc s6 tu nhién (bao
gom toan bo cac s6 nguyén dudng). Ta st dung mét tinh chat rat
quan trong cua tap s6 tu nhién, thudng ngudi ta cong nhan nhu
mot tién dé (dudc goi 1a tién dé thi tu).

Tién dé: Trong mbi tap hop khdc réng cia nhitng s6 tw nhién cé
mot phén tw nho nhat.

Cho méi s6 tu nhién # {ing véi mot khang dinh P(n). Vi duy,
véi 1 ta cho tudng ting véi khang dinh P(1): "s6 1 1a mét s6 1&",
s6 2 cho tudng ting véi P(2): " s6 2 1a mot s6 chén’; ... Bang
phuong phap nhu vay ching ta tao ra diay khang dinh riéng
P(1),P(2),...,P(n),....Nguyén ly quy nap toan hoc cho ta mot
phudng phép kiém tra khing dinh P(n) ding hoic sai véi moi .
Nguyén ly quy nap toan hoc dudc thé hién qua dinh Ii sau:

ITrong sach nay khi néi dén sé tu nhién, ta hidu d6 1a sé tu nhién khac s6
0.
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Dinh 1y 1.1. Cho ng la mét s6 nguyén dvong va P(n) la ménh dé
c6 nghia véi moi s6 tw nhién n > ng. Néu

A) P(np) la dung va

B) Néu P(k) ding, thi P(k+ 1) ciing diing vdi mbi s6 tuw nhién
k > no,

khi dé ménh dé P(n) diing vdi moi s6 tw nhién n > n.

Chitng minh. Ta sé ching minh bing phan chiing. Gia st ngudc
lai, ménh dé khing dinh P(n) trong Dinh 1i 1.1 khéng dtng vdi
mot s6 tu nhién n > 1y ndo d6. Nghia 14 ton tai mot so tu nhién
m > ng, ma P(m) khong diung. Ta 14y s6 tud nhién m nho nhat
ma P(m) khéng ding (diéu nay thuc hién dudc do tién dé thu
tuw). Theo diéu kién A), ta c6 bat dang thic m > ng, ti dé suy ra
m —1 > ny. T bat dang thiic viia lap va cach chon sé tu nhién
m suy ra P(m — 1) la ding, nhung né khéng kéo theo duge P(m)
ding cho s6 tiép theo m = (m — 1) + 1. Diéu nay trai véi gia thiét
B). ©

Xuat phat tii ménh dé khing dinh véi cac truong hop riéng,
chang han nhu céc s6 1, 2, hodc 3 c6 thé nay sinh gia thiét ménh
dé ding véi moi s6 tu nhién. Sau dé dé chiing minh gia thiét caa
ta vua xay dung ngudi ta 1y luan theo nguyén ly quy nap toan
hoc. Phuong phap ching minh nhu vay goi la phuwong phdp quy
nap todn hoc. Theo dinh 1i trén phuong phéap nay gém hai buéc,
thi nhat ta kiém tra khang dinh mot tinh chat véi n = ng, goi
14 Budc co sd; sau @6 chiing minh rang néu véi mdi k > ng, P(k)
thoa mén tinh chat da biét, thi suy ra P(k + 1) cling c6 tinh chat
ay, goi 1a Budc quy nap. Két luan 1a P(n) c6 tinh chat da cho véi
moi n > ny. Cach ching minh theo quy nap toan hoc la tranh
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cho ta phai kiém tra v6 han budc cac khang dinh cia ménh dé.

1.3. Giai doan quy nap va gia thiét quy nap

Phuong phap quy nap toan hoc rat hay dudc 4p dung trong
nghién ctdu va tim toi trong toan hoc, cac nganh khoa hoc khac.
Dé hiéu cach ap dung phuong phap quy nap cho day du, ta xem
xét mot s0 vi du sau day nhu mét phép “suy ludn cé Iy ma G.
Polya da dé cap.

Vi du 1.1. Cho trude mot s6 ty nhién n. Hay tim tong cdc sé tu
nhién 1,2,...,n.
Loi giai. Ta ky hiéu S, 1a tong phai tim, nghia 1a
S, =1424+---4n. (1.1)

Ta hy vong 1a tim ra cong thic ngin gon d& tinh téng trén, céng
thiic d6 gitip ta tinh nhanh, gon hon 1a phai thuc hién 1an ludt
cac phép cong trong tong. Ta ciing biét day 1a cdp so cong, néu
ban doc da biét vé cAp s6 nay, thi ta c6 thé ¢ ngay cong thiic tinh
tong. Nhung & day ta mudén minh hoa qué trinh ap dung nguyén
1y quy nap toan hoc nén nhiing diéu da biét vé cap s6 cong ta bo
qua, coi nhu chua biét.

Ta tinh téng S, tii ding thic (1.1) véi moét vai sé tu nhién
lién tiép, chang han bét dau ti 1. Nhiing két qua tinh toan cac
truong hdp riéng ta xép vao bang

n|1]2(3] 4|5 ]| 6
Sp |1(13]6]10 |15 |21

Muc dich cia ta la tim dude quy ludt chung (khang dinh chung),
vdi bang trén, mdi s6 tu nhién & hang trén trong bang cho tuong
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ing véi cac s6 6 hang dudi. Tim ra quy luit ciia mét bai toan phu
thuoc vao rat nhiéu yéu t6: su khéo 1éo trong quan sat; su nhay
cam du doan va kiém tra cua ta; tii cdc kinh nghiém da trai qua
trong tinh toan cdc bai toan tuong tu, tii kha niang lién hé bai
toan tudng tu véi diéu kién mdi, v.v...

Trén bang trén ta dé thay quy luét: Tich cta hai s6 lién tiép
8 hang trén bing 2 14n s6 d4u tién tudng tng § hang dudi. That
vay, 1.2=2.1, 2.3=2.3, 3.4=2.6, 4.5=2.10, 5.6=2.15. Nhu vay giai
doan quy nap cia ching ta da thanh cong: Tim ra quy luat véi
cac truong hdp riéng n = 1,2,3,4,5,6.

Tiép tuc mot cach tu nhién 1a mé rong quy luat trén cho bang
s0 vdi cac s6 tu nhién bat ky. Ta dua ra gia thiét thich hop véi
quy luat vua tim dude. Dat

1+2+---+n:”(”2+1).

Mot gia thiét ta da lam nhu vay dudc goi 1a gid thiét quy nap.

(1.2)

Nhung cau héi dat ra 1a ding thic (1.2) c6 ding véi moi n =

1,2,... hay khong? R6 rang néu (1.2) ding véi moi sé tu nhién

thi bang cach thay n bing n + 1 ching ta sé c6 ding thc
(n+1)(n+2)

1+2+--‘+n+(n+1):f. (1.3)
Trai lai, gia thiét (1.2) 1a ding véi moi n = 1,2,..., néu 1) né

ding véi n = 1 va 2) né ding véi mbi s6 k suy ra ciing dung
véi ca k + 1. DPiéu nay khong cé cach nao khac 1a phai ap dung
nguyén ly quy nap toan hoc. Nghia 1a ching ta phai kiém tra
nhiing diéu kién A) va B) cia dinh 1i 1.1.

Budc co sé: véi n = 1, cong thic (1.2) ding (né con dung cho ca
n=273,4,5,6).
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Bude quy nap: Bay gid chung ta ching minh céng thic (1.2) dang
cho ca diéu kién B). Véi muc dich d6 ta gia thiét cong thiic (1.2)
ding véi mot s6 n = k > 1 nao dé va sé chiing minh dang thic
(1.2) ding véi n = k + 1. Ta bién doi

k(k+1 k+1)(k+2
142+ +k+(k+1) = (;)+(k+1):(+)2(+).
Két qua la (1.2) ding véi n = k + 1. Theo nguyén ly quy nap toan
hoc coéng thic (1.2) ding véimoin =1,2,... ©

Tém lai, qua vi du don gian trén ta thay cac budc qué trinh
tim toi va ching minh nguyén ly quy nap toan hoc.

Vi du 1.2. Tinh tong
1 1 1

S”:a(a—I—l)—’—(a—i—l)(a—kZ)+ +(a+(n—1))(a+n)
voia#0,—-1,-2,...,n=1,2,...

Loi giai. Viéc trude tién ta phai tim ra cong thic gia thiét quy
nap cho téng trén. Ta tinh

1
Sl_a(a+1)'
Sy =51+ ! - ! -2
2T D) (@+2)  ala+1) " @+ )(@a+2) ala+2)
1 3
S:S — ,
3=t @13 a(a+3)
1 4
Sy =535+ =

(a+3)(a+4) a(a+4)

Ching ta c6 thé dua ra gia thiét rang

n
Sn = aarn) (1.4)
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Bude co s¢: Nhu da kiém tra & trén.

Buide quy nap: Gia thiét (1.4) ding véi s6 tu nhién n = k nao doé.
Khi d6

Ski1 = Sk + ! = k + 1

(a+k)a+k+1) a(a+k) (a+k)(a+k+1)
1 K+(a+1k+a
T Atk alatk+1)

Nhung k2 + (a+ 1)k +a= (a+k)(k+1), suy ra
1 (a+k)(k+1) k+1

T Atk ala+k+1) ala+k+1)
T két qua viia tinh va budc cé s6 suy ra gia thiét quy nap (1.4)

Sk41

14 ddng véi moi s6 tu nhién n > 1. ©

Vi du 1.3. Tinh téng

2 2 4 AL
:1—u2+1+a2+1—|—a4+“.+m
vdin=1,2,...;|a| #1.

Sn

Loi giai. Ta phan tich: S6 ludng s6 hang cua tong 1a n + 1;
trii s6 hang dau tién, con lai cac s6 hang khac déu c6 dang

2k
1+ a2 (k=1,2,...,n). Ta tinh
a
S5 = 2 + 2 _ 4
T2 T2 1-av
4 4 4 8
52_51+1+a4_1—a4+]+a4_1_a8’
8 8 8 16
S3 =5+

1+a® 1-4d +1+a8 T 1—ale
Do 4 = 22,8 = 23 va 16 = 2* tui cac biéu thic cta S1, S, va S; ¢6
thé dua ra gia thiét:
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2n+1

Sy = (n=1,2,...). (1.5)

1— a2
Budc co sd: V6i n = 1, cong thic (1.5) ding nhu da kiém tra &
trén.
Bude quy nap: Gia st (1.5) ding véi s6 tu nhién n = k nao doé.
Khi d6

2 2 4 2k 2k+1

S
S Il g S i, B IR R +1+a2k+1+a2k“
2k+1 2k+1 2k+2

+ = .
1 o a2k+1 1 +a2k+1 1 o a2k+2

DPing thic (1.5) ciing dting véi n = k + 1. Nhu vay, tii nguyén ly

quy nap toan hoc déng thiic (1.5) ding véi moi n > 1. ©

Vi du 1.4. Tinh téng cua n s6 lé ty nhién dau tién.

Loi giai. Ta ky hiéu tong phai tim 12 S,,:
Sy=1+3+5+ -+ (2n—1).

D¢ xay dung gia thiét quy nap toan hoc ta tinh tong 6 mot s6 gia
tri dudc liét ké trong bang sau:

n|1]2(3] 4|5 ]| 6
Sp|1|4]9]|16 25| 36

Bay gid phu thudc vao su quan sat ca ta va kinh nghiém trén
két qua riéng d€ du doan ménh dé téng quat chung. Dé thay
cac so 8 hang S, déu la s6 chinh phuong: §; = 12,5, = 22,53 =
32,5, = 4%, S5 = 52,55 = 6°. Nhu vay ta c6 thé dua ra gia thiét
chung la

S, = n’. (1.6)
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Ta sé& chiing minh (1.6) dting véi moi s6 tu nhién 7.

Buide co sé: Véi n = 1, tong chi ¢6 mot s6 hang S, = 1; biéu thiic

n? =1 véin = 1, nhu vay (1.6) ding.

Budc quy nap: Gia st (1.6) ding véi n = k, (S = k?). ta s&

chiing minh (1.6) ding véi n = k+ 1: Si.1 = (k+ 1)2. That vay,

Ski1=Sk+ (2k+1) =k*+ (2k+1) = (k+1)2. ©
Ta xét thém mot vi du niia theo cach lam cia G. Polya.

Vi du 1.5. Tinh téng binh phuong cua n sé tw nhién dau tién.

Loi giai. Ta tién hanh tim c6ng thic cho gia thiét quy nap. Dat
T,=1>+2%+ .- +n%
Ta hay tim mét s6 gid tri cua tong khi chon =1,2,...,6.

n|1/2] 3|4 |5 /|6
T,|1]5|14 |30 55|91

Nhin vao bang trén ta khé c6 thé tim ra quy luat chung cho T,,.
Véi thong tin it 6i nhu vay khong cho két qua gi, nhung véi kinh
nghiém ta c6 thé lién hé véi cac vi du da giai va so sanh nhiing
day s6 trong vi du 1.1 va chia kho4 tim ra quy luat chung trong
bang sau:

n|1]2|3|4]|5 |6
T, |1|5|14 |30 |55]|91
S |13 6 |10|15 |21
T, [T 1571473015 91
S, 1113| 6 [10]15 |21
. ) A RS . 1 3 5 14 7
Dong cubi cung trong bang ta c6 thé viét lai: 133§ 3
11 91 1
30 9 5 9 3 Bay gio ta c6 thé dua ra gia thiét

10 315 3’21 3
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N T 2 1 o . )
réngs—": n;— . Tl két qua vidu 1.1tacé
n
T, — 2n—|—1.n(n—|—1) hodic I
3 2
+1)(2 1
12+22_|_..._|_n2:n(n )6( n ) (1.7)

Ta chiing minh béng quy nap toan hoc cho cong thic (1.7)
ding vdi moi s6 tu nhién 7.
Budc co sé: Bang cach xay dung trén, ding thic (1.7) ddng véi
n=1.
Buide quy nap: Gia st (1.7) dtng véi s6 tu nhién n = k nao d6. Ta
sé chiing minh rang né cing ding véi n = k + 1, nghia 1a

12—|—22—|—---+k2+(k—|—1)2: (k+1)<k+2)<2k+3)'

6
That vay,
k(k+1)2k+1
Tk+1=Tk—|—(k—|—1)2: ( + >6( + )+(k+1)2
k(2k+1 6(k+1 k+1)(k+2)(2k
s HB D H6E 1) (k) +2)(2k+3)
6 6
Nhu vay bai toan da giai xong. ©

1.4. Hai budc cua nguyén ly quy nap todn hoc
Nhu ta da biét nguyén ly quy nap toan hoc gém hai phan,
viéc kiém tra ca hai cin dudc ton trong khi 4p dung nguyén ly.
Néu ta bd di mét trong hai diéu kién kiém tra d6, thi ta s&é nhan
dudce nhiing két luan sai. Théng qua cac vi du sau d& minh hoa
va hiéu diéu nay hon.
Vi du 1.6. Chitng minh rang moi s6 tu nhién déu bang s6 ty
nhién lién sau.
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Loi gidi. Ta chiing minh theo phudng phap quy nap toan hoc.
Gia thiét rang ménh dé khing dinh ding véi s6 tu nhién n = k
nao d6, nghia la

k= (k+1). (1.8)
Chung ta sé ching minh dang thic sau ding
(k+1) = (k+2). (1.9

That vay, Theo gia thiét quy nap (1.8) cong hai vé ding thiic véi
1, ta nhéan dudc

k+1=(k+1)+1=k+2
Nhu vay, khang dinh ding véi n = k thi né ding véi n = k + 1,
do @6 ménh dé bai toan ding vdi moi n. ©

Hé qua cia bai toan nay 1a tat ca cac s tu nhién déu bing
nhau. Diéu nay that vo 1y, vy cach chiing minh sai & dau? Dé
dang thay ngay trong ching minh 4p dung nguyén ly quy nap
toan hoc nhung bé qua kiém tra trusng hop n = 1.

Diéu kién A) va B) trong Pinh li 1.1 ¢6 mét ¥ nghia dic biét:

Diéu kién A) tao ra cd sd dé thuc hién quy nap.

Piéu kién B) dua ra nguyén tic cho viéc md rong tu dong vo
han trén cd s§ diéu kién A); nguyén tic di ti trudng hop riéng
nay sang trudng hdp riéng khéc; tit k dén k + 1.

O vi du 1.6 ta khong kiém tra didu kién A) cta Pinh 1f 1.1,
nén khong tao ra co sé dé thuc hién quy nap, vi vay khong cé
nghia gi khi thuc hién kiém tra diéu kién B) caa Pinh 1i 1.1,
thuc chat 1a khong c6 gi & mé rong ca. Ta xét thém vi du:

Vi du 1.7. Chitng minh rdng vdi moi s6 ty nhién n bat ddng thiic

sau ding
2" > 2n+1. (1.10)



16 Chuong 1. Nguyén ly quy nap toan hoc

Loi giai. Gia thiét bat ding thic (1.10) dtng véi n = k, véi k 1a
mot s6 tu nhién nao d6, nghia la ta c6

2K > 2k +1. (1.11)
Ta sé chiing minh bat dang thic (1.10) ding véi n =k + 1
2K S 2(k+1) + 1. (1.12)

That vay, 2¥ 12 mét s6 khong nho hon 2 véi moi s6 tu nhién khac
khong. Ta cong vé trai caa (1.11) vdi 2F va cong vé phai cta (1.11)
vdi 2. Ta nhén dudc

2k 4 2F > 2k 41+ 2.
Nghia la
2K S 2(k+1) + 1.
Bai toan da giai xong. ©

Tat nhién vi du nay ciing méc sai 14m nhu vi du trude khéng
kiém tra Budc co sé. Thuc chat caa cach ching minh trén 1a bat
déng thic (1.10) dang véi n = k + 1, néu né dung véi n = k. Piéu
nay khong suy ra bat ding thic ding véi it nhat mét gia tri caa
n, chid chua néi téi véi moi s6 tu nhién n.

Nhung ta c6 thé thii véi n = 1 hodc n = 2 bat ddng thiic (1.10)
sai. V6i n > 3 bat déng thic (1.10) dtng. Gi4 tri s6 tu nhién nho
nhat n = 3 bat dang thic (1.10) ding (diéu kién A) véi ng = 3 va
14p lai cach chiing minh & trén tii gia thiét (1.10) ding véin = k
suy ra né6 dung vdi n = k + 1 (diéu kién B). Vi vay theo nguyén ly
quy nap toan hoc ta c6 két luan: Bat dang thiic (1.10) ding véi
moi s6 tu nhién n > 3 (chd khong phai véi moi sé tu nhién nhu
dé bai ra).

Trong viéc 4p dung phudng phap quy nap toan hoc ma chi
chiing minh diéu kién A) cia Dinh 1i 1.1 thi méi chi dua ra dudc
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co s6 d€ quy nap chi khéong cé nguyén téc nao d&€ mé rong cd sé
dé (nhu dinh 1i 16n Fermat). Ta xét mot s6 vi du:

Vi du 1.8. Chitng minh rang nhiing gid tri cia ham s6 f(n) =
n?> —n+4lvdin=0,1,...la nhitng sé nguyén to.

Loi giai. Ta tinh f(0) = 1,f(1) = 41, f(2) = 43,f(3) = 47,
£(4) =53, f(5) = 61, f(6) = 71, f(7) = 83, £(8) = 97, f(9) = 113.
Ta c6 thé tinh toan tiép tuc gia tri cia f(n) cho tdi n = 40, tat ca
gia tri nay déu 1 s6 nguyén t6. Nhung véi n = 41 ta ¢6 f(41) =
412 — 41 + 41 = 41, Két qua f(41) khong phai 1a s6 nguyén t3,
nén két luan cia bai toan 1a khong dung. ©

Nhu vay ta thdy mot ménh dé c6 thé ding véi 40 trudng hop
riéng, nhung khéng dung véi moi truong hop néi chung.

Vi du 1.9. Da thie x" — 1, vdi n la s6 tw nhién duong. Da thic
nay lién quan dén bai todn hinh hoc chia duong tron ra n phan
bang nhau, nén da thitc nay duoc rdt nhiéu linh vuc todn hoc
nghién citu va dé cap dén. Ddc biét cdc nha todn hoc quan tdm
tdi van dé phan tich da thitc nay ra cdc thiva sé la cdc da thic
vdi hé s6 nguyén +1, liéu diéu dé con diing vdi moi n?

Loi giai. Bing cich khai trién cdc trudng hdp riéng, cac nha
toan hoc nhén thay rang tat ca cac hé sé trong cac thiia s6 dudc
khai trién cé gia tri tuyét d6i khong qua 1. Chang han,
x—1=x-1,
¥ —1=(x—-1)(x+1),
B—1=(x-1)(x*+x+1),
1= (x—1)(x+1)(x2+1),
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X -1=x-1D)0*++x2+x+1),
X —1=(x-1)(x+1D)(2+x+1)(x*—x+1).

Nhiing c6 ging ching minh diéu nghi ngs ddng véi moi n cia
cac nha toan hoc khong thanh cong. Mot thdi gian sau, nha toan
hoc Nga V. Ivanov (nidm 1941) chi ra rang véi da thic x" — 1,
diéu nghi ngd chi ding véi cac truong hdp nho hon 105. Nhung
vdi n = 105, mot thiia s6 cua x'® —11a

(48 A7 46 3 A2 padl 40 139 4 036
a3 34 33 (32 031 (28 026 24 (22 120 4 17
Sxl6 15 14 (I3 12 09 08 507 6 05 L 02y

Thiia s6 nay khong c6 tinh chat ctia cac da thic ma cac nha toan
hoc muén. ©

Vi du 1.10. Chitng minh rdng vdi moi s6 n ménh dé sau day
ding: 'Néu ava b la nhitng sé tw nhién duong, ma max(a,b) = n,
thia=1"0"

Loi giai. Budc co sé: Vi mdi n ky hiéu A, 12 ménh dé caa bai
toan da cho. Ro rang A; 1a ding, vi néu max(a,b) = 1, thi hai s6
a va b phai trung nhau va bang 1 (do 2 va b 1a s6 tu nhién).
Buide quy nap: Gia sti Ay 1a dtng. Néu a va b 1a nhiing s6 tu nhién
sao cho max(a,b) =k+1. Taxéthaiséa; =a—1vab =b—1,
khi d6 max(ay,by) = k, tii d6 suy ra a; = by, vi gia thiét Ay la
dung, do d6 a = b, nghia la Ay ciing ddng. Theo nguyén ly quy
nap toan hoc A, dting vdi moi s6 tu nhién n.

Hé qua: Cho a va b 1a hai s6 tu nhién bat ky. Ta tinh dudc
max(a,b) = k, ma k 12 mét s6 tu nhién. Theo vi du trén A, ding
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v6i moi 7, thi né cing dung véi Ay. Tu d6 suy ra a = b. Nghia la
tat ca cac s6 tu nhién déu biang nhau. That vo 1y!

Trong vi du trén cich ching minh sai 8 dau? Ta xem lai toan
bd cach chiing minh va nguyén ly quy nap toan hoc. Bude quy
nap trong chiing minh khéng nhic téi diéu k > 1, khi bude quy
nap chuyén tiép tit A; sang Ay ;. Thuc t& trong tinh toan chiing
minh khong dam bao k > 1. ©

1.5. Khi ndo diing phudng phap quy nap

Phuong phap quy nap toan hoc rat c6 tac dung trong nghién
ciu, du doan két qua va ching minh kiém nghiém két qua.
Nhung nhiéu khi chinh phudng phap quy nap toan hoc lam viéc
chiing minh dai dong, bién ddi phic tap gay rat nhiéu khé khén
trong ching minh. Nhiéu bai todn giai bang phudng phap quy
nap c6 thé giai bang mét phudng phap khac. Chinh G. Polya c6
néi: “Nhiéu bai toan ching minh bing quy nap toan hoc c6 thé
chiing minh béng cich khac, cach khac d6 nam trong chinh cach
ching minh quy nap toan hoc khi ta phan tich kj néi dung chiing
minh".

Trong toan hoc ngudi ta hay dung ky hiéu Y 1a mét téng.
Thudng tong ¢6 dang A, + Axt1+ - - + Ag (x va p 1a nhiing so
nguyén)va dudc viét f: Ay (doc 1a téng ciia Ay, k chay tii & dén

k=«
B). Nhu vay

B
Aa+Aa+1+"‘+Aﬁ: ZAk
k=«

k goi la chi s6 cua tong, con a va B la gia tri dau va gid tri cuéi
~ R ~ A s 2 2, N ~ 240 A
caa chi s6 k. Mbdi s6 hang bén trai ciia dang thic 1a ding véi mot
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gidtrik(k=wa,a+1,...,6). Vidu

n

Y =142+ +n*(n>1),

n+1
Y 10% =102 410 +10% + - - - +10*"*D, (n > —2).
k=-1

Phép 14y tong c6 nhiing tinh chat sau: Néu cho a va b 1a nhiing
s0, ta c6 cac ding thic

B B
Z aAk =a Z Ak,
k=ua k=«
B B B
Z(aAk+ka) =a EAk—i—b ZBk.
k=w k=wa k=wa

Ky hiéu tong khong phu thudc vao chi so, nhing phu thudc vao
gi4 tri ban dau va gia tri cudi cung

B B p—a
Y A=Y A=) A
k=a i=a i=0

Tré lai nhiing vi du § phan trudc, trong qud trinh tinh toan
quy nap tinh téng

n
12_’_22_’_.”_’_”2:2](2

Béng cach 4p dung tinh chat cia ky hiéu tong va cong thic tong
nn+1)

n
céc s6 tynhién ) k= 5

k=1

(k+1)3 B=m+1)°
Z Z
k=0

,(n > 1). That vay, dé thay
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V& trai cua déng thic trén c6 thé bién doi

Y (k+1)° Zk3 Zk+1) — K=Y (3k* +3k+1)
k=0 k=0 k=0

n n
=3Zk2+32k+ Yy 1L
k=1 k=1 k=0
Nhu vay tii cac ddng thic trén rit ra
nn+1)

n
(n+1)°=3Y kK +3 (
k=1 2

+(n+1),

A A N 3 , 2
Chuyen vé va tinh toan ta co

Zkz n+1) il

1
5~ (n+1)] = gn(n +1)(2n+1).

Tinh téng sau day (bai > 1.2)
n
1

7 = 1;2/--; O,_l, _2,...
];(a+k—1)(a+k) n a F

Ta st dung dang thiic sau

1 1
(a+k—1)(a+k) a+k—1 a+k
bat b, = aj—k nhu vay
n

(bx—1 —bx) = bo — by

n
=1

; a+k—1)(u+k)

_

1 n

a a+n  ala+n)

Cuoi cung ta nhan dudc
i 1 _ n
=(a+k—1)(a+k) ala+n)

Van dé ctia phan nay ta con dé cép tiép § Chudng 3.
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1.6. Bai tap
> 1.11. Tinh téng bang cach x4y dung gia thiét va ching minh
bang quy nap toan hoc céc téng sau:

a) Sy =12—-22+ -4 (=1)"n?%

b) Sy =13 +2%+ -+

¢)S, =111+22!+ .- - 4+ nnl

> 1.12. Chiing minh it nhat béng hai cach céc cong thic sau:
1
a)124+3>+---+(2n—-1)2 = 5n(2n—1)(2n+1), n=1,2,...

b) 1234234+ -+ n(n+1)(n+2) = %}n(n+1)(n+2)(n+
3),n=1,2,...

C)i+i+ + ! =" a=12
12 23 n(n+1) n+1 T
. 1
> 1.13. Cho n > 1 1a s6 tu nhién. Ta dat xo = = _k(xo +

x1+---+xk,1),k:1,2,...,n—1.Héytinhté’ngxo+x1+---+

Xp—1-
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2.1. Mét s6 dang nguyén Iy quy nap todn hoc

Piéu kién A) trong Pinh 1i 1.1 cho ta cd s§ md rong bat dau
tl gia tri no. Piéu kién B) ctia Pinh li 1.1 cho ta ménh dé khang
dinh P(n) dang véi ng + 1,10 + 2,.... Thuc t& nhiéu khi trong
budc quy nap phai doi héi hai gia trin = k—1van = k caa
ménh dé, d&€ suy ra ménh dé ding véi n = k + 1. Trong trudng
hdp nay budc co sé phai kiém tra khong nhiing chi vdi ng, ma ca
véi ng + 1. Téng quat hon ta c6 thé phat biéu lai dinh 1i & phan
trudc nhu sau:

Pinh ly 2.1. Cho p la s6 nguyén duong va day cdc ménh dé
P(1),P(2),...,P(n),...
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néu

A) P(1),P(2),...,P(p) la nhitng ménh dé dung va

B) Vi mbi s6 'ty nhién k > p cdc ménh dé P(k—p+1),P(k—p +
2),...,P(k) ding, swy ra ménh dé P(k+1) cing ding,

thi ménh dé P(n) dung vdi moi sé nguyén duong n.

Ching minh dinh i nay hoan toan lédp lai nhu dinh 1i 1.1.
Sau day ta xét mot s6 vi du st dung dang dinh Ii 2.1.

Vi du 2.1. Cho vy = 2,v; = 3 va vdi méi s6 tw nhién k cé ddang
thitc sau: vy, 1 = 30y — 20x_1. Chitng minh rang v, = 2" + 1.

Loi giai. Budc cosé: Véin = 0van = 1 két luan bai toan ding,
do diéu kién bai da cho.
Bude quy nap: Gia st rang vy, = 2k-1 4+ 1; v = 2K+ 1, khi
doé
Opr =328+ 1) —2(2F 1 4 1) = 2K 41,
Theo nguyén 1y quy nap toan hoc dang dinh li 2.1, suy ra v,, =
2" + 1 dtng véi moi s6 tu nhién n. ©

Vi du 2.2. Cho x1 va x; la nghiém cua phuong trinh x* — 27x +
14 = 0; n la mot s6 tw nhién bat ky. Chitng minh rang tong S, =
x] + x§ khong chia hét cho 715.

Loi gic’zi. Theo cong thic Viet x; + x, = 27; x1x, = 14.

Buidc co sd: Cac s6 S1 = 27; Sp = (x1 + x2)% — 2x1xp = 701 va
Sy = (x1 + x2)[(x1 + x2)? — 3x1x2] = 27 - 687 déu khong chia hét
cho 715. Suy ra ménh dé cta bai toan ding véin = 1,2, 3.

Budc quy nap: Gia sti ménh dé ding véin =k —2,n = k —
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1,n =k, ta tinh

L T = (xg  x) (- Af) — xlxz(xl + 571

= (x1+x2)[(x1+x2)( +x2 h—

— 20 = )] - x4+ A4

= 715(xk"1 4 af 1) — 378(xk 2 4 k572,
Do d6 xX™1 + x5! khéng chia hét cho 715, vi 378 khong chia hét
cho 715, néi cach khac ménh dé ding véin = k + 1. ©

Vi du 2.3. Chitng minh vdi moi sé thuc x > 0 va moi s tw nhién
n bat dang thitc sau ding
1 1

1
xn_4+xn2+7>n+1 (2.1)

xn+xn—2+xn—4+.“+

Loi giai. 1a) Véi n = 1 bat dang thic (2.1) ¢6 dang
x4 % >0 2.2)

Bat dang thic (2.2) suy ra tit bat ding thic hién nhién: (x —
1)2 > 0.
1b) Véi n = 2 bat ding thiic (2.1) c6 dang
x2+1+%23. (2.3)
Bat dang thic (2.2) ding véi moi x > 0, vay né ciing ding véi x2,
X+ iz > 2.
x
Cong hai vé ctia bat ding thiic sau cing vdi 1, ta nhan dudc (2.3).
2) Gia st bat ddng thic (2.1) ding véi n = k, ma k 12 mét s6

tu nhién nao d6

1 1 1
xk+xk72+xk74+"'+ﬁ+ﬂ+fkZk“‘l; (24)
X X X
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ta sé ching minh khi d6 bat dang thic (2.1) dtng véin = k + 2,
hay la

1 1
XKH2 ook k2 = 2+ + k+22k+3 (2.5)

That vay, trong (2.2) thé x bdi x*2, ta nhan dudc

1
k+2

Cong vé tuong ting caa cac bat dang thic (2.4) va (2.6), ta sé c6
(2.5).

Tém lai: Budc co sé: Trong 1a) va 1b) ta da chiing minh bat
déng thic ding chon =1van = 2.

Budc quy nap: Trong 2) ta da chiing minh tii gia thiét ding
caa (2.1) v6i n = k suy ra né dung véi n = k + 2. Két qua 1a

+ T 1a) va 2) cho ta khang dinh 1a bat dang thic (2.1) ding
vdi moi s6 1é 7.

+ T 1b) va 2) cho ta khang dinh 1a bat dang thic (2.1) ding
v6i moi s6 chan 7.

Nhu vay, bat ddng thic (2.1) ding véi moi s6 tu nhién n. ©
Vi du 2.4. Ching minh rang vdi moi so tw nhién n ddng thiic
sau dung:

n| _ E n—1 n— 1
e

" oon| _ E n—2| _ »on+l

o (2] - [22] oo
& day [a] la s6 nguyén Ién nhédt nho hon a.

Léi giai. Bude co sé: Véi n = 1,2,3 nhiing déng thic trén ding
béng cach kiém tra truc tiép.
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Budc quy nap: Gia thiét ring hai ding thic diung véi ba s6
tu nhién lién tiép k, k + 1,k + 2. Ta sé chiing minh cac déng thiic
trén dung véin = k + 3.

. 12 12 12

2) Tt 12 5 _ L1472k =122+ 2.
7 7 7

g.2k+2 _ L77(1 +7)2k 1 = 17281 4 1—77.2"_1,

2k.

suy ra

12 s |17 gkr2| 190k _qmok—1 o [ 20k _ [ 17 k1
[7.2 } [7.2 =122 -172"" + 72 72 .

Nhung vi a) dang véi n = k
[12.2”3] - [17.2“1 = 122k —17.0k=1 4 ok=1 _ ok+2

7 7
Vay ding thic a) dting véi n = k + 3.
2b) Tu 17 gkes _ g7k 1 17 ok,

7 7
12 12
2okl — qp pk=2 4 7% k=2
7 T

7

suy ra
17 k13 12 ii1| _ ook k-2, |17k 12 4 »
[7.2 ] [7.2 =172 —122""~ + 72 7.2 .

Nhung vi b) véi n = k, ta ¢6

[17 2k+3] _ [12 2k+1} _ 170k _10.0k2 4 okl _ ok

z = . . .

Vay dang thic b) dting véi n = k + 3.
Theo nguyén ly quy nap toan hoc a), b) ding véi moi sé tu nhién

n. ©
Vi du 2.5. Ching minh rang
“n—l—l _ ‘Bn+l

T 2.7)

Uy =
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5 2 2 3 3
néu o — a” —
Uy = P TU2 = P

= P

va vdi moi s6 ty nhién k > 2 c6 ddng thic sau:

Uy = (lX + ,3)1/[](,1 — Déﬁuk,z.
Lot giai. 1) Véin =1van =2, (2.7) ding do diéu kién da cho.
2) Gia st déng thic dung véin =k—1van =k —2

k=1 gt ok p

Up—2 = Wﬂlk—l «—B
khi dé
ok — gk pk—1 _ gk=1 k1 _ ghtl
R e

Mot dang nguyén ly quy nap manh hon nguyén ly quy nap ta da
biét ciing rat dudc hay dung.
Pinh li 2.2 Cho mét day ménh dé

P(1),P(2),...,P(n),...
Néu
A) P(1) la khang dinh ding, va
B) vdi méi s6 tw nhién k > 1, nhitng khdng dinh
P(1),P(2),...,P(k) diing suy ra khdang dinh P(k + 1) ciing ding,
thi P(n) dung vdi tdt ca sé tw nhién n > 1.

Dang nay khac véi cdc dang trude 1a gia thiét manh hon &
budc quy nap. Ta gia thiét tat ca khang dinh P(1), P(2),...,P(k)
ding suy ra P(k + 1) cling ding. D& dang chiing minh hai cich
phat biéu dinh 1i 1.1. va dinh 1i 2.2 tuong duong nhau. Nhung
trong thuc t& ap dung vao bai toan cu th& dung dinh Ii 2.2 dé giai
hon.
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. . 1 . 1
Vi du 2.6. Chiing minh rang néu x + p la s6 nguyén thi x" + i

cing la sé nguyén vdi moi s6 tw nhién duong n.

Loi giai. Budc co sé: Khi n = 1 ménh dé hién nhién ding.
. Dy s ae . ca s 2 1 ..
Budc quy nap: Gia st v6i moi s6 tu nhién tii 1 dén k, x* + pr la

- . N . . S 1 N
nhiing s6 nguyén. Ta cin chiing minh rang x*+! + —7 cung la
X
s6 nguyeén.
A A k+1 1 1 k 1 k—1 1
That vay, x*t! + ol (x + ;)(x + F) — (¥ 4 xkil).
. g ) [N 2, 1 1 — 1 A A
Theo gia thiét ca 3 bi€u thic x + —, x* + — x4 ——7 déu biéu
X X Xk
X 2 ~ A A k+1 1 ~ N A ~ A
dién cac s6 nguyén. Vay x* " + pra) ciing 1a mot s6 nguyén. ©

Vi du 2.7. Chitng minh rdng moi s6 tw nhién Ién hon 1 c6 thé
biéu dién dudi dang tich cia nhitng s6 nguyén to.

Loi giai. Budc co sé: Hién nhién ménh dé ding véi moi s6
nguyeén t6, truong hop dic biét n = 2.

Budc quy nap: Gia st ménh dé ding véi moi s tu nhién k,
ma 2 < k < n. Nghiala moi s6 2 < k < n déu biéu dién duéi dang
tich c4c thiia s6 nguyén t6. Ta xét hai trudng hop

1) Néu 7 12 s6 nguyén t6 thi ménh dé ding.

2) Néu 7 1a hdp s6 thi theo dinh nghia hop s6 ton tai hai s6
nguyén n; < n va ny < n sao cho n = nyny. Theo gia thiét quy
nap 1, va n, déu biéu dién dudc thanh tich cic s6 nguyén t6. Do
d6 suy ra n ciing biéu dién dudc thanh tich cac s6 nguyén t6. ©

Chu y: Ta ciing c6 thé chiing minh su biéu dién trong bai nay
cho moi s6 tu nhién 1a duy nhat.
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Vi du 2.8. Chitng minh rang moi cdp sé nguyén n > lva b > 1
ton tai biéu dién dudi dang

n=csb®+cs_1b° 1+ 4 c1b+co, (2.8)
6 day s > 0 la mét s6 nguyén, va 0 < ¢; < b—1vdi moi i =
0,1,...,s—1va0<c; <b-1.

Loi giai. Ta 14y s6 bat ky b > 1 va 4p dung phudng phép ching
minh quy nap toan hoc.

Buwdc cosd: Véin = 1,taldys = 0,cp = 1 < b — 1. Ta nhan
dudce dang ddng thic (2.8) dang 1 = .

Buidc quy nap: Gia sti bidu dién (2.8) dting véi moi s6 tu nhién
k nho hon 7. Theo dinh 1i ¢d ban ctia s6 hoc vdi n va b ¢6 thé tim
dudc s6 nguyén khéng 4m n; va r, sao cho

n=bni+r, 0<r<b-1.

Dé thay n; < n. that vay, néutacén; > n,thivib > 1,r > 0ta
con=bn +r>n,voly.

Ta xét hai truong hdp

1) Néu n; = 0, thi n = r, thi (2.8) tuong dng véi biéu dién véi
s=0,co=r.

2) Néu n; > 1,thi 1 < n; < n, theo gia thiét quy nap biéu
dién (2.8) dting véi moi s6 tu nhién k < n. Nghia 14 véi n; ta cé

nmo=rb +r b g
v6i mot s6 naodaytva0<r,<b-1 (i=0,1,.,t),7 > 0. Khi
dé
n=nbn+r=rb" +r_ b+ +rob+r,

nghia 13, biéu dién (2.8) tudng ing véis =t +1,¢cs =14,...,01 =
ro,C0 = 7. ©
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Chu y: Ta ciing c6 thé chiing minh su biéu dién trong bai nay
cho moi s6 tu nhién 1a duy nhat. Pay 1a dinh li vé su biéu dién
mét s6 tu nhién n theo cd s6 b.

Con mot s6 dang khéc niia cua nguyén 1y quy nap toan hoc
chung ta sé xét sau.

2.2. Ménh dé trong nguyén ly quy nap todn
hoc

Trong cac vi du trudc ta thay ring da s6 viéc 4p dung nguyén
1y quy nap toan hoc 1a su bién ddi cong thiic hoic biéu thiic toan
hoc. Trong muc nhd nay chiing t6i nhan manh dén viéc ap dung
nguyén ly quy nap trén cic ménh dé khong phai la cong thiic
hodc biéu thiic toan hoc. Trong trudng hdp nhu vay cac budc
P(k) ca ménh dé khing dinh dudc x4c dinh mém déo hon thong
qua cac vi du sau:

Vi du 2.9. Chitng minh rang téng lap phuong cta ba s6 tu nhién
lién tiép chia hét cho 9.

Loi giai. Budc co sé: Tong 13 + 23 + 32 chia hét cho 9. Nghia la
ménh dé cta bai toan 1a dung, khi sé dau tién cta 3 s6 lién tiép
la 1.

Budc quy nap: Gia st ménh dé khang dinh cta bai toan ding
v6i k, nghia la k® + (k +1)3 + (k + 2)? chia hét cho 9. Ta sé ching
minh rang véi ba s6 tu nhién lién tiép bat dau tit (k + 1) khing
dinh cta bai toan ciing ding, néi cdch khac (k +1)3 + (k+2)3 +
(k + 3)3 s& chia hét cho 9. That vay,

(k+12 4+ (k+2)3+ (k+3)°> = (K + (k+1)>+ (k+2)3) +9(k* +
3k + 3).



32 Chuong 2. Ky thuat dung phudng phap quy nap toan hoc

Téng ba s6 lién tiép bit dau ti k + 1 biéu dién nhu tong cia hai
s6 hang déu chia hét cho 9, thi tong nay ciing chia hét cho 9. ©
Vi du 2.10. Chiing minh rdng moi sé nguyén dong (tién Viét
Nam?) lon hon 6 c6 thé déi ra tién 1é khong dw bang nhitng dong
tién gém nhitng to 2 déng va 5 dong.

Loi giai. Budc co sé: Véi s6 tién 7 dong, ménh dé khang dinh
dung: 7=5+2.

Buidc quy nap: Gia st khing dinh ding véi s6 k > 7 déng. D&
chiing minh diéu khang dinh ciing ding véi s6 k + 1 dong. Ta xét
hai kha ning:

1) k dudc ddi chi bing mot loai tién td 2 dong.

2) k dudc d6i bing céc loai tién, it nhat c6 mot t0 loai 5 dong.

Ta phai ching minh k + 1 dong ciing ddi dude bing cac loai
tién da cho. Vdi s6 (k + 1) dong thi ta d6i nhu sau:

- Néu k dong & truong hop 1), thi it nhat phai c6 4 t6 2 déng,
vik > 6. D& d6i k + 1 dong, ta 14y 2 to loai 2 dong d6i thanh 1 to
loai 5 dong.

- Néu k dong trong trudng hdp 2), thi d&€ déi k + 1 dong, ta 14y
mot t3 loai 5 dong doi 1ay 3 td loai 2 dong.

Theo nguyén 1y quy nap toan hoc khiang dinh ding véi moi
s6 n dong véi n > 6. ©
Vi du 2.11. Chiung minh rang n duong thdng khdc nhau trén
mot mdt phdng di qua mot diém chia mdt phdng ra 2n phén.

Loi giai. Budc co sé: Véi n = 1 ménh dé khing dinh 1a ding, vi
mot duong thing chia mat phang ra hai phan.

11 @éng & day ta higu 1a 1000 dong trén thuc té.
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Budc quy nap: Gia sii ménh dé ding véi s6 n nao d6, nghia la
n duong thing khac nhau di qua moét diém chia mét phang ra 2n
phan. D€ ching minh ménh dé khing dinh ciing dting véi n + 1
dudng thang, ta chi y rang néu dung duong thing di qua diém
da cho va khéng trung véi duong thang nao trong sé cac duong
thang con lai, thi chiing ta sé nhan thém 2 phan niia cia mat
phang. Nhu vay s6 phan cua mit phang da cé 1a 2n cong véi 2,
hodcla2(n+1). ©

Vi du 2.12. Trong thanh phé ¢6 n nha. Tim s6 ldn nhdt nhitng
hang rao khép kin khong cdt nhau cé6 thé xdy dung dudgc trong
thanh phd, néu moéi hang rao vy quanh it nhdt mot nha va
khong cé hai hang rao nao vay quanh mot cum nha.

Loi gidi. Budc co sé: Khi n = 1 s6 hang rao can tinh 1a X; = 1.

Khi n = 2 ta c6 thé quay mdi nha mot hang rao sau d6 lai
dung mét hang rao quay ca hai nha. Nhu vy s6 hang rao X, = 3.

Khi n = 3 ta c6 thé quiay mdi nha mét hang rao, sau d6 quay
hai nha bat ky bang mét hang rao va sau cung 1a mét hang rao
quay ca ba nha. Ta c6 X3 = 5.

Do d6 gia thiét quy nap: X, = 2n — 1. D& chiing minh céng
thic 1a ding, ta c6 nhan xét sau: Déi véi mot thanh phé # nha
theo cac diéu kién dau bai, luén xay dung dudc ding n hang rao
“riéng” ciia moi nha va chi c6 mét hang rao “chung” cho ca thanh
pho.

Budc quy nap: Gia st cong thic X, = 2n — 1 ddng véi moi
n < k va ta can chiing minh né ciing ding véin = k + 1.

Ta xét hé théng hang rao vdi s6 hang rao 16n nhat c6 thé
dung dudc trong mot thanh phé cé k + 1 nha va thod mén cac
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diéu kién ctua dau bai. Theo nhan xét trong hé théng d6 luén cé
1 (va chi 1) hang rao 16n quay ca thanh phé. Gia st hang rao
d6 bi bo di thi lic d6 thanh phé dude quay thanh 2 khu béing 2
hang rao. Khu thi nhat chang han 1a m nha, khu thi hai c6 !
nham>11>1,m+1=k+1.

Heé thong hang rao quay khu thii nhat ciing 12 16n nhat tic 1a
c6 tat ca 2m — 1 hang rao, va quay khu thi hai ¢6 2/ — 1 hang rao
(theo gia thiét quy nap). Khong thé c6 hang rao nao cé thé quay
dong thoi nhiing ngdi nha ti 2 khu dang xét d6. Do dé6 chi con
lai mdt hang rao duy nhat. D6 1a hang rao chung quay ca thanh
phd. Nhu vay ta c6

Xppr=02m—1)+ Q2 -1)+1=2(m+1) -1
=2(k+1)-1. ©

Vidu2.13. Tw2ns61,2,3,...,2n ta ldy ra mét cdch bat ky n+ 1
s6. Chitng minh rdng trong so cdc so ldy ra dé cé it nhat mét s6
chia hét cho mét sé khdc.

Ldi giai. (Phuong phdp giai sau day la ciia M. Fritman).? Khi
n = 1 ménh dé dung 1a hién nhién.

Gia si ménh dé ding véi n — 1 nghia 1a ti 2(n — 1) s6
1,2,...,2(n — 1) (6 day n > 2) c6 thé& chon ra dudc 1 s6 sao cho
trong d6 c6 it nhat mot s6 chia hét cho mot s6 khac.

Ta chiing minh ménh dé ding véin. Gid stitii2ns61,2,...,2n
ta c6 thé chon dudc 1 + 1 s6 sao cho trong d6 khong cé s6 nao la
boi s6 ctia s6 khéc. Ta ky hiéu tap tat ca n + 1 s6 d6 1a X,,,1. Doi
vdi tap X,;1 xay ra 4 truong hdp.

2Bai nay ciing c6 thé giai bing phuong phap Dirichlet trong [1]
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1. X,,+1 khong chia ca 2n — 1 va 2n,

2. X,11 chia 2n — 1 va khong chuia 2n,

3. X,11 khong chiia 2n — 1 va chuia 2n,

4. X, .1 chiia ca 2n — 1 va 2n.

Trudng hop 1: Ta b di tit X,,,; mdt s6 bat ky, con lai n s6 ma
moi s6 déu khong 16n hon 21 — 2 va trong sé d6 khong cé sé nao
12 bdi ciia mot s6 khac.

Trudng hop 2: Ta bo tii X, 1 s6 21 — 1, con lai 14 # s6 ma moi
s6 déu khong 16n hon 21 — 2 va khéong c6 s6 nao 1a bdi ciia mot sd
khac.

Trudng hdp 3: Ta bo tit X,,; s6 21, con lai 1a n s6 ma moi s6
déu khong 16n hon 21 — 2 va khong c6 s6 nao 1a boi cia mot s6
khac.

Truong hop 4: Trudc hét ta thay trong X, khong chia so
n do d6 trong truong hdp nay ta bo tii X,,1 hai s6 2n — 1 va 2n
thém vao s6 n ta cling nhan dude 7 s6 ma moi s6 déu khong 16n
hon 21 — 2. Ta sé ching minh réng trong n s6 @6 khong c6 sé nao
chia hét cho s6 khac. D& ching minh diéu nay ta chi can chiing
minh:

1) Trong s6 d6 trii s6 n khong c6 s6 nao chia hét cho n va

2) So n khéong chia hét cho s6 nao khéc, ngoai n.

Piéu thi nhat 1a hién nhién vi tat ca cac s6 d6 déu khong 16n
hon 2n — 2.

Diéu thi hai ciing 1a hién nhién vi trong X,.; s6 2n khong
chia hét cho mét s6 nao khéc.

Vay néu ménh dé khong dtng cho 21 s6 thi ciing ding cho
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2(n — 1) s6. Piéu nay mau thuan vdi gia thiét quy nap. Vay ménh
dé da cho ding véi 21 56 1,2,...,2n véi n 12 s6 tu nhién bat ky.
©

2.3. BuGc quy nap dudc xdy dung trén P(k)

Trong chiing minh béng phuong phép quy nap toan hoc, khé
kh#n nhat 14 bude quy nap chuyén tii ménh dé P(k) sang ménh
dé P(k + 1). Trong phan nay ciing nhu cac vi du § muc sau ta
xem xét kj cac kha ning bién d6i quy nap truc tiép tii khang
dinh ding caa P(k) sang khing dinh ding cta P(k + 1).
Vi du 2.14. Chitng minh rang

2" @ + ") > (a+b)", (2.9)

ddaya+b>0,a#bn>1

Loi giai. Budc co sé: Vi n = 2 ddng thic (2.9) ¢6 dang
2(a®> +b*) > (a+b)>. (2.10)
Via # b ta c6 bat ding thic ding (a — b)? > 0, cong hai v& bat
dang thic nay véi (a + b)?, ta c6 (2.10).
Budc quy nap: Gia st (2.9) dung véi s6 n = k nao do,
21k 465 > (a + b)E. (2.11)
D¢ ching minh (2.9) cling ding cho n = k + 1, ta nhan hai vé
(2.11) véia +bvia+ b > 0 ta nhan bat ding thic ding
251k b (a + b) > (a+b)FL (2.12)
Nhu vay dé& chiing minh (2.9) ding véi n = k + 1 bay gio ta chi
can chiing minh

k(MY B > 2Kk L bR (a + b). (2.13)
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Sau khi bién d6i va don gian hai vé ta dudc bat ding thic tuong
duong akt1 4 pF1 > gkb 4 bka, ti d6 suy ra

(a* — ") (a—b) > 0. (2.14)

Xét hai truong hgp:

1) Néu a > b, va diéu kién da cholaa > —b, suyraa > |b|.
Vi vay ak > bk, Do @6 bat phuong trinh (2.14) ding.

2) Néu a < b, 1y luan tudng tu phan trén ta c6 a* < bk, trong
truong hgp nay (2.14) cing ding. Tém lai, (2.14) ding v4i moi
a#b,dodé6(2.9) dung véin =k+1. ©

Vidu 2.15. Choday s60 < a; < ap < -+ < ap, va e = £1,i =

n
1,2,... Chitng minh rang Y _ eja; nhdn it nhdat C2 | gid tri khdc
i=1

nhau khi e; thay doi ddu trong té hop 2" kha ndng xdy ra.

Loi giai. Budc co sé: Khin = 1, ton tai ding 2 gié tri khac nhau
cua tong (a va —a) va C5 = 1, nhu vay ménh dé dung.
k
Bude quy nap: Gia sit ménh dé dung véin = k;nghiala ) _ e
i=1
nhan it nhat C¢,, gid tri khac nhau. Gia sl thém mot phan ti
Ax41, MA a;q > ar. Ta cin phai chi ra réng tong sé c6 C,%+2 gia
tri. Theo gia thiét quy nap da c6 sdn C; , gia tri cua tong khac
nhau sinh bédi a1,4,, . ..,a;; ta can tim nhiing gia tri khac nhau
cua tong, c6 s6 lugng 1a C; , — CZ,; = k+ 1. Tim cac tong d6
k k
béng cach sau day: Pt S = Z a; (nhu vay thi S > Z e;a; v6i moi
i=1 i=1
su lda chon ¢;), va chu y ring cdc tong sau S + axi1, S+ (g1 —
ax), S+ (g1 —ax_1), ..., S+ (a1 — aq) c6 gia tri khac nhau va
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16n hon thuc su S. Nhu vay ton tai k + 1 gid tri khac nhau niia
caa téng da cho. ©

Vidu 2.16. Néua > 0vab > 0, thi (n—1)a" +b" > na" b, vdi
n la s6 nguyén duong; ddng thic x4y ra khi va chi khi a = b.
Loi giai. Ménh dé dung véi n = 1. Gia sit ménh dé ding véi
n==k,
(k—1)a* +b* > ka*~p
D¢ xay dung ménh dé véi n = k + 1, ta tién hanh céc budc
1) Nhan hai vé bat déng thic véi a

(k —1)a"*! + b*a > ka*b.
2) Cong thém ! vao bat ding thic trén
ka*t! + b*a > ka*p + a1,
3) Chuyén b*a sang vé phai ta c6
ka1 > kakb + a* 1 — ba,
4) Cong thém b**! vao hai v& cia bat ddng thic nay
ka¥ 1 4 B > kakb 4 gkt — pRg 4 bk

Theo gia thiét quy nap thi bat ding thiic trén tré thanh dang
thic khi va chi khi 4 = b. D& chiing minh P(k + 1) dtng, ta chi
ra vé phai ctia bat ding thic sau cing théa man

ka*b + a*1 — bra + 0" > (k+1)dkb

va bat dang thic trd thanh ding thic khi va chi khi a = b. That
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vay, ta bién d6i tit dudi lén
ka*b 4+ a1 — bFa + b > (k +1)a*D,
—akb + a1 — bra + b1 > 0,
a*(a —b) +b"(b—a) >0,
(a* —b")(a—b) >0.
Bat dang thic nay ding (do a — b va ak — b¥ ¢6 cung dau), suy

ngudc lai bat ddng thiic ta can chiing minh l1a ding va dang thiic
x4y ra khi va chi khi a = b. ©

Vi du 2.17. Chiing minh rang

S, :1—2—1—3—4_{_..._’_(_1)”*1.”: (_1)1171 |:1’l—1—1:|

2
d day [x] la s6 nguyén lon nhdt nho hon x, n la sé nguyén duong.
Loi gidi. P ching minh dude bai toan, ta ching minh cong

thic sau
B+ |5 =

vGi moi n. That vay,
a) véi n = 2m la s6 chan, ta c6

1[5 e g =mem =

b)véin=2m+1lasole

1]+ [ﬂ _ [mﬂ Fmtl=mtmtl=n

, ménh dé dung véin =1

Budc cosé: Sy =1 = (—1)° [1“}
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Buidc quy nap: Gia st dang thic ding véi n = k, nghia la
k + 1]

Sk:]—2+3—4+-..+(_1)k*1‘k: (_1)k71 [ :

Khi d6
St = S+ (DK + 1) = (<DF R (ke )
— (—1)k <k+1 - [k;lb — (—1)k. [k;z} .

Péng thiic sau cung suy ra tii dang thic & phan trén. Pang thiic
cua dé ra ding véin =k + 1. ©

k+1
2

2.4. BUuSc quy nap dudc xdy dung trén P(k +1)

Budc quy nap trong nguyén ly quy nap toan hoc can khang
dinh P(k + 1) suy ti P(k). Nhung nhiéu khi viéc bién doi truc
tiép tu P(k) sang P(k + 1) gdp rat nhiéu khé khin hodc khong
c¢6 hudéng chinh x4c. Khi d6 ta phai 1am ngudc lai d& bidu dién
P(k +1) ra ménh dé caa P(k) va tién hanh quy nap. Phan nay
va phan trudc lién quan mat thiét va tudng dudng nhau.

Vi du 2.18. Chiing minh rdng s6 z, = 32"*! + 40n — 67 chia hét
cho 64 véi moi s6 tu nhién n.

Lai gidi. Budc co sé: z; = 3° + 40 — 67 = 0 chia hét cho 64. ménh
dé dung véin =1
Budc quy nap: Gia st z, chia hét cho 64. Khi dé
Zpp1 = 3% 4400 — 27
= 9(3%"! 1 40n — 67) — 3201 4 576 = 9.z, — 64(5n — 9)

ciing chia hét cho 64. Bai toan ding véi moi 7. ©
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Vi du 2.19. Ky hiéu R, = \/2+ \/2+ V2 + -+ ++/2cdn bdc hai

X . 1 1
n lan. Chitng minh rang cos ZE” = ERn_l' sin% = E\/Z — R,
VoL moi n > 3.

Nqe e 2 ), 7T . s 2 A A . e
Loi giai. Budc co so: cos g = siny = -, ménh dé dung véi
n=3vi

cos cosz— 1+COSZ— 2+\@—&
23 8 2 N 2 27

sin —silnE 1_COSZ 2_\/5— 2R
23 8 2 N 2 - 2

Bude quy nap: Gia sit ménh dé ding vdi s6 tu nhién k > 3. Khi
dé

T
cos T _ 1 + cos ? B /2 T kal B &
2k+1 2 N 2 27
1 T
) T — COS ? - kal
Sin = = .
2k+1 2 2
Nhu vay, ménh dé dung véi n = k + 1. Theo nguyén ly quy nap
toan hoc cac cong thic dung véi moi n > 3. ©
, . ) . o onoont wd oon .
Vi du 2.20. Ching minh rang 5 + > + 3 30 la s6 nguyén

voin=20,1,2,..

Loi giai. Budc co sé: Ménh dé dung véi n = 0.
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Buide quy nap: Gia sti ménh dé ding véi n = k. Ta can phai chiing

minh k+1)° (k+1)* (k+1)° k+1
(D7, (4Dt (k1) Kt

1a s6 nguyén. Ta khai trién biéu thic trén
k5 +5k* + 10k + 10k? + 5k+  k* + 4k + 6k> + 4k + 1
+ +
5 2
KB4+3k2+3k+1 k+1
+ T

Nhém lai d€ xuat hién P(k)
K KBk

(€+?+§—%)+((k4+2k3+2k2+k)+(2k3+3k2+2k)+(k2+k)+1)

Nhu vay nhém thi nhat theo gia thiét 14 s6 nguyén va cac nhém
sau ciing 14 s6 nguyén, suy ra tong cua ching la s6 nguyén va dé
ciing 1a ménh dé bai toan véi n = k + 1. ©
Vi du 2.21. Chitng minh rang vdi moi s6 nguyén n > 2va |x| < 1
thi bat ddng thitc sau luén ding:

(1—2x)" + (14 x)" < 2.

Ldi giai. Budc co sé: Khi n = 2 bat ddng thiic ding hién nhién.
Buidc quy nap: Gia st bat ddng thic ding véi n = k. Ta phai
chiing minh bat ding thic ciing ding véi n = k + 1; do gia thiét
d4u bai va gia thiét quy nap ta cé
(1= )+ (1420 < [(1— 20"+ (1+20)"[(1 = %) + (1 +x)]
< 2k =2f1
Nhu vay bat ddng thic dudc chiing minh véin = k + 1. ©

Vi du 2.22. V6t moi x trong 0 < x < 7, chiing minh rang
|sinnx| < nsinx, ¢ day n la s6 nguyén khong am.
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Ldi giai. Budc co sé: Vi n = 1 bat ding thiic ding 1a tat nhién.
Budc quy nap: Gia st bat dang thic ding véi n = k: |sinkx| <
k sin x. Ta cAn chiing minh bat ding thiic ciing ding véin = k+ 1.
Ta xét

|sin(k + 1)x| = | sin(kx + x)| = | sin(kx) cos x + cos(kx) sin x|
= | sin(kx) cos x| + | cos(kx) sin x|
= | sin(kx)|| cos x| + | cos(kx)|| sin x|

< |ksinx| 4 |sinx| < (k+ 1) sinx.

Nhiing bat dang thic trén dudc suy rabdi 0 < x < 77 nén sinx >
0va |coskx| < 1. Nhu vay ta da ching minh bat dang thic dting
cho n = k + 1. Suy ra né dang véi moi n > 1. ©

2.5. Quy nap todn hoc va phép truy héi

Nhiéu bai toan ta da xét c6 lién quan dén day sé nhu cap so
cong, cAp s6 nhan, ... mbi s6 hang clia ching dudc biéu dién bang
cach 14y nhiing gia tri caa s hang trude né, ngoai nhiing s6 hang
khdi ddu ciua day. Nhiing cong thiic s6 hang chung ctua day nhu
vay dudc dua ra va coi nhu la dinh nghia mét day. Phudng phap
cho mét day nhu vay rat giéng véi nguyén ly quy nap toan hoc.
Ta c6 thé dung quy nap d& dinh nghia mét khai niém méi. Nhiing
nha toan hoc goi no la loai dinh nghia quy nap, nhung cac nha
khoa hoc may tinh goi né 1a dinh nghia hoi quy. D& hiéu van dé
nay ta xét mot vi du. Dinh nghia giai thiia cila mét s6 nguyén,
ky hiéu 1a P(n) = n!, nhu sau: néu n = 0 ta gan P(n) = 1 va néu
v6i mdin > 0 gan gid tri P(n) =n-(n—1)-...-2-1nghiala tich
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n s6 nguyén dudng dau tién. Ta tinh mot s6 gia tri dau
or=1,
1'=1=1-0!,
20=2-1=2-11=2,
31=3.2-1=3-2!=6.

Nhu vay vdi moi s6 tu nhién n, hodc 1a n = 0 ¢6 P(n)=1; hoic 1a
n>0c6 P(n) =n-(n—1). Diéu nay gdi y ta dinh nghia theo
quy nap cua P(n) nhu sau:

Budc cosé: Néun =0, thin! =1va

Budc quy nap: Néu n! da xac dinh, thi ta c6 thé xac dinh
(n+1)!'bang (n+1)-nl.

Budc quy nap trong dinh nghia trén trong tin hoc ngudi ta
thudng goi 14 Budc héi quy va goi dinh nghia kiéu nhu trén 1a
dinh nghia theo hoi quy. Ta thay ring dinh nghia héi quy & trén
hoan toan nhu nguyén ly quy nap toan hoc. Budc cd sé cho ta gia
tri tai s6 tu nhién ban dau 0. Budc héi quy cho ta biét néu ta da
biét dinh nghia tai n thi ta c6 th& dinh nghia dudc tai n + 1 (budc
tiép theo). Nhu vay dinh nghia diy @ cho moi s6 tu nhién 7.

DPinh nghia xuat phat tii 0 va tiing budc lién tiép dinh nghia
P(n) cho nhiing s6 tu nhién cang ngay cang 16n. Nhung d¢& tinh
toan P(n) ta di ngudc lai, tii ménh dé 16n nhat dén ménh dé nho
nhat. Vi du ta tinh

31=3-21=3-2.11=3-2-1-001=3-2-1-1=6

Theo dinh nghia muén tinh gia tri P(n) ta kiém tra xem néu
n = 0 thi 4p dung budc cd sd cua dinh nghia; ngudc lai ta trii n
di 1 d& dua bai toan vé s6 nguyén nhé hon, nhu vay bude hoi quy
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giam béc caa bai todn dén khi vé budc cd sé va tinh todn xong
hoan toan.

Rat nhiéu ngdn ngii 1ap trinh ciing cho ta tinh to4n dudc cong
thiic theo dinh nghia héi quy, ching han nhu cau lénh sau trong
ngon ngt lap trinh Pascal:

if n =0then Pn:=1else Pn:=n-(n—1)!

Dong 1énh trén néi véi chudng trinh bién dich réng:

1. Kiém tra xem n = 0 c6 dting khéong ?

2. Néu tra 1i 1a Dung, thi gan P(n) = 1;

3. Néu tra 1di 1a Sai, thi gan P(n) :=n- (n —1)!;

D& tinh tiép tuc may phai goi dong l1énh 14n niia @& tinh (n —
1)! va cd tiép tuc nhu vay tdi khi n = 0. M6t cau 1énh khong thé
hién hét viéc tinh toan héi quy.

Trong toan hoc va tin hoc nguoi
ta tao ra cac thuat toan th& hién chu
trinh tinh toan. Cé nhiéu cach mé
ta thuat toan nhu liét ké tiing bude
thuc hién hoéc bang s¢ d6 khéi (bidu
d6). Nhu chung ta da thay thuat
toan ciing 1a mét cong cu mé ta viéc

A ” . , Pn=Pn+m
thuc hién nguyén ly quy nap toan m=m-1
hoc, nhat 1a c4c bidu do thuat toan
hoi quy. Ta l\ay Vl’ du t,1m thuat toan Hinh 2.1-
tinh giai thua cua s6 tu nhién cho
trude ?

1. Cho gia tri s6 tu nhién n;
2. Dat két qua Pn := 1 va bién dém m := n;
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3. Kiém tra m = 0? néu diung di dén budc 5; néu sai dén budc 4;
4. Tinh Pn := Pnxm vam := m — 1; & dén budc 3;
5. Két thuc.

So do khoi thé hién qua hinh 1.

Nhu vay viéc chuyén tii cong thiic hoi quy hodc cac ménh dé
héi quy sang thuit toan va biéu dé thé hién qué trinh tinh toan
tlit nhap dii liéu vao va 1y két qua ra, ciing nhu céc buée tinh
toan doi hoi ta phai hidu thau d4o phudng phap quy nap toan
hoc. Trong cudén sach nay ta sé dé cap dén mot s6 bai tap vé
thuat toan va biéu d6 d&€ minh hoa.

Ta dua vao dinh nghia hé s6 Newton?

n!

k _
R ST

(n=0,1,...;k=0,1,...,n). (2.15)
Dung dinh nghia giai thita va gian udc thiia s6 chung, ta nhan
dudc

ck-n=1)...(n=k+1) (n=0,1,...;k=0,1,...,n)

k!
(2.16)
Chung ta thiét 1ap tam gidc Pascal theo nguyén tic: Cot dau tién

va “canh huyén” chi gém toan s6 mot; s6 ding ¢ hang thi n va
cot k, 1a tong ctia hai s6 § hang n — 1, tai cot thid k — 1 va k.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

3Ky hiéu tudng dudng Ck = Ck.
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Vi du 2.23. Chiéng minh rdng nhiing sé trong bang trén la
nhitng hé s6 Newton: moéi s6 ditng ¢ hang thi n va cot thi k
la Ck.

Loi giai. Chiing minh bang quy nap, véi n = 0 ménh dé ding.
Gia st hang thi n dudc tao bdi cac s6 CO,CL,...,Ck va ky

hléu ﬁn+1/0, ,3,1+1,1, ey, ﬁn+1,n+l la nhiing s6 G hang thin+ 1. Ta

k
n+1-

tao bang so va gia thiét quy nap, ta c6

sé chiing minh rang Bu+1x =C That vay, ap dung nguyén tac

k1, k n! !
Brirg=Cy +Cy = k—Din—k+1)! " Kn—k!
n! 1 1 (n+1)!

MR TS B A CE T

Thuc té& ta da chiing minh céng thic
cHych=ck,. (2.17)

J

Vi du 2.24. Hay viét thudt todn va vé so do khoi tuong vng dé
tinh hé s6 Newton Ck khi cho n,k(1 <k < n).

Loi giai. Hinh 2 thé hién biéu d6 cua thuat toan.

1. Nhép théng s6 1 va k;

2.Tinh t := k! theo thuat todn va sd d6 da biét;

3. Chuan bi tinh n(n —1)...(n — k + 1), bién i nhan gi tri dau
la n;

4. Pua vao bién m chia gia tri cia mau s6, khéi dau 1a 1;

5. Bat dau tinh mau s6 k bude véi gia trin(n —1)...(i+1),i <n
nhan véiivanhangidtrim =n(n—1)...1.

6. Gia tri cua chi s6 giam di 1.

7. Kiém tra chi s6 c6 nhé hon s6 hang sau cung n — k + 1 khéng
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? néu khong ding quay vé bude 5; néu dung di tiép budc 8.
8. Gan bién b chia gi4 tri thuong ctam = n(n—1)...(n —k+1)
vat=1,2,...,k.
9. Két thic: két qua c = CE.

Trong thuc t& nhiéu bai toan cho
day s6

ai,az,...,0n,...

xéc dinh bang cong thdc héi quy
a, = f(ap—1,an-2,...,0,_) VOi
1 <k<n-1va flamétham da
biét. Ciing nhu dinh nghia & trén khi
cho mét s6 s6 hang ban dau va ham
f thi cdc s6 hang caa diy déu tinh
dude. DAy s6 nhu vay déu goi la day

O EOOOE VO

hoi quy. Hinh 2.2:

Vi du 2.25. Cho day s6 ay,az,...,ay,... duge dinh nghia theo
cong thitc sau:

(n+2)(n+1)ayp —n?a, =0, (n=1,2,...) (2.18)

va a; = 0,a, = 1. Hay tim a,?

Loi giai. Ta viét lai cong thic (2.18)
2

n
fpin = jan (2.19)

CESeEsa)
Dé thay ring nhiing s6 hang mang chi s6 1& bing 0. That vay,
datn =2k —1,khidovéik=1,2,...taco
(2k —1)2

Mk+1 = m@k—l- (2.20)
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Via, =0, tu (2.20) theo quy nap suy raaz = 0,a5 =0,.... Khi ta

dit n = 2k, thi nhiing s6 hang chin c6 cong thiic
Aofin = 2% a
2k+2 — (k + 1)(2k + 1) 2k
Véi k =1,2,3 tu (2.21) ta tinh dudc

ag i.az = i.l = 1,
2.3 13 3
222 241

g — g.ﬂ;} = ﬁg’

vy 2 g 246 1
47 3.5.7°4

, Re N sie Y A~ . N
Ta so sanh moi s6 hang vdi chi s6 va dua ra gia thiét

L _246..(2k=2)1
* 7135, (2%k—1)k’

(2.21)

(2.22)

Tii (2.22) véi k = 2,3,4 nhan dudc a»,a, va ag § trén. Gia st
(2.22) ding vdi s6 k nao d6, ta sé chiing minh né ciing ding vdi

k+1:
24.6...2k 1

P2 = 135, 2kt kT 1
That vay, do (2.21) va gia thiét quy nap ta cé
. B 2k? 24...(2k=2) 1
266D 7 k1) (2k+1)'1.3.. . (2k—1) 'k
24 (2k-2)2k 1
13 (2k—1)(2k+1)k+ 1
Nhu vay, cong thic (2.22) dude ching minh. Tém lai,

{o n=2%k-1 (k=1,2,...)
=424, (2k-2)1
3. k—nk "T*

(2.23)
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Vi du 2.26. Chia mdt phdng thanh bao nhiéu phén tit n duong
thdng, déi mot cdt nhau va khong cé ba duong thding nao dong
quy?
Loi giai. Ta &it F(n) 1a s6 phan mat phing do n dudng thing
tao ra. Ta xét n + 1 duong thang bat ky theo gia thiét bai ra. n
dudng thing dau chia mit phing ra F(n) phan; con dudng thing
thi n 4 1, g bi cit tai n diém khac nhau véi n duong thang dau,
nhu vay duong thiang ¢ dudc chia ra n + 1 phan. Suy ra duong
thang ¢ di qua 7 + 1 phan da cho, méi phan dudc chia lam doi,
do d6 ¢ tao thém ra n + 1 phan méi, nghia la
Fn+1)=F(n)+n+1.

Thay n trong dang thic trén béng n—1,n-2,...,2,1tacod
F(n)=F(n—1)+n,
Fn—-1)=Fn-2)+n-1,

F(3) =F(2) +3,
F(2)=FQ1)+2

Do F(1) = 2 va cong cac dang thiic trén ta nhan dude

Fm):1+w1+2+-~+n):1+”“§*”.
Hoac la
2
p@):?;;;iz_ ©

Vi du 2.27. (Bai todn thip Ha noéi). Cho ba chiéce coc. Coc thi
nhdt xau n cdi dia cé duong kinh khdc nhau sao cho cdc dia cé
duong kinh lén hon & dudi. Chiing ta muén chuyén tdt ca cdc dia,
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méi lan mot chiéc, sang coc thit hai ma cdc dia van xép thit tu tw
I6n lén dén nho. Trong thoi gian chuyén qua cdc coc khéng duoc
ddt dia Ion lén dia nho (déeu nay can thiét cé coc thit ba). S6 lan
it nhdt dé chuyén toan bo dia trong coc mét sang coc hai la bao
nhiéu?

Loi giai. Ky hiéu M, 1a s6 1an nhd nhat chuyén xong n dia tu
coc mot sang coc hai. R6 rang M; = 1, nhu vay ta gia sin > 1.
Dé€ chuyén dudc dia duéi cung sang cot hai, ta phai chuyén n — 1
dia § trén sang cot ba. Nhu vay ta cé s6 1an chuyén it nhat 1a
M, _1. Mot 1an chuyén dia to nhat sang cot thid hai, va lai phai
thuc hién M,,_; 1an chuyén s6 n — 1 dia tii cot thid ba vé cot thi
hai. Nhu vay,

M, =2M,1+1, M =1
Dé dang bang quy nap ta ching minh dude M, = 2" — 1. That
vay, véi n = 1 cong thiic ding. Gia sii cong thiic ding véi sé n = k,
M =2F — 1. Taxét My = 2M; +1=2(2F - 1) +1 =2k1 1,
do d6 cong thic dung véin = k + 1. ©

2.6. Quy nap todn hoc va téng quat hod

Rat nhiéu bai toan dé giai hon ¢ dang tong quat. Nhat
1a chiing minh béng phudng phap quy nap khi du doan gia
thiét quy nap. Chang han nhu ta phai ching minh diy ménh
dé P(1),P(2),... khéng c6 da thong tin d& thuc hién bude quy
nap. Trong trudng hop dé ta xét diy ménh dé tong quat hon
Q(1),Q(2), ... ma véi médi n ménh dé Q(n) kéo theo P(n), va sau
do ta lai ap dung phudng phap quy nap cho Q(1), Q(2), Q(3),...
Trong muc nay ta xét mét s6 vi du nhu vay:
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Vi du 2.28. Tinh tong
1 2
Sn=5+s +27 (2.24)
Lot giai. Ta nhan xét tong trén c6 thé viét lai 1a
Su(x) = 1x +2x% + - - 4+ nx". (2.25)
) N , J N N oA b 1 2
Téng ta can tinh chi 1a truong hdp riéng cua (2.25) S"(E)' Ta c6
thé dung k§ thuat tinh tong § cudi Chuong 1 @€ c6 cong thiic tinh
tong (2.25)(ban doc thuc hién nhu mot bai tip). Ta dua ra cong
thiic § day va chiing minh bing quy nap toan hoc:

S(x) = (=L , (2.26)

vii x # 1.

Zye -, 2, - 2 2 3 « A .
Véi n = 1 ddng thiic (2.26) c6 dang x = x(l_x;)—zx hién nhién
dang.

Gia st (2.26) ding véi s6 tu nhién n. Khi d6
Spi1=x+2x*+3x° + -+ nx" + (n+1)x"

x — (n+ 1)a™t 4 nxnt2
_ ( (1)_ x)2+ 4 (n + 1)xn+1 —

x— (n4+ 1) 4 nx™2 4 (n 4+ 1™ —2(n + 1)x"2 + (n + 1)x"+3
2

(% —Jic-)(i’l—f—l) n+3‘

1—x)?

_x—(n+2)x

Nhu vay (2.26) dang véi n + 1(

. 1
Ap dung (2.26) tai gia tri x = 3 ta co
1
n+1 +n2n+2 _ n—+2 ©
1 T o
22

1
s—(n+1)7—
sn(%): 2
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Vi du 2.29. Chiing minh rang néu Ay + -+ A, = 1,0 < A; <
mi=1,2,...,n thi

. . . . Tt
sinAj;+sinA;+---+sinA,; <nsin—.
n

Loi giai. Ching minh bing quy nap toan hoc dén bude quy nap
k, ménh dé P(k) ding c6 dang néu Ay +---+ Ay = 1,0 < A; <
m,i=1,2,...,k, thi

sinA;+ - +sinA; < ksin%

D& chiing minh ménh dé P(k + 1) dtng ta cho trude A; + - - +
A+ Ay =m,0< A; <m,i=1,...,k+1 phai chiing minh

sin Ay + - - - + sin Ag + sin Agyq < (k4 1) sin kil.
Néu ta dung gia thiét quy nap thi
7T

sin Ay + -+ - +sin Ay_1 + sin(Ag + Agr1) < ksin %
khong thé suy ra dudc budc tiép theo. Do viéc tong clua cac A;
béng 7 din dén han ché rat nhiéu khi chiing minh. Bay gio ta
xét ménh dé rong hon Q(n) :

Néu0< A; <m,i=1,...,n, khidé

A1++An
—1’1 .

sinA;+---+sinA, <musin

Ta thay rang Q(n) suy ra P(n). ro rang Q(1) dtung. Gia st Q(k)
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ding, vagiastico0< A; < m,i=1,...,k+1,khidé

sin Ay 4+ - - +sin Ay +sin Ag.q
Al 4+ Ag

< ksin( v

) 4 sin Ayt
AL Ay

rr1 o k )

<

< (e DlsinGo ()

A1+"'+Ak+Ak+1)

k+1 '

Trong bién d6i hai bat dang thiic sau cung can phai chiing minh

= (k+1)] sin Ayi1]

Agy1)]

< (k+1)sin(

cho hai géc c6 danh gia nhu trén c6 thé chiing minh dudc (ban
doc hay kiém tra lai). Nhu vay tit su dung dén cia ménh dé
Q(k+1) suy ra P(k+1) cing dung. ©
Vi du 2.30. Cho u; la s6 hang thit i cua day Fibonacci. Chitng
minh rang

2 2 _
Upiq + Uy = Uyl

Loi giai. Khing dinh ding véi n = 1. Gia st ménh dé dung véi
n = k. Khi d6
g+ iy = (e + ) + Uiy
= g+ 2+ ug + gy
= (U341 + u3) + Qup g + 17 y)
= tppy1 + (Qupsrtt + 13 ).
Theo cong thic day Fibonacci thi bude quy nap dude ching minh
hoan toan néu ta chi ra rﬁng 2upquy + uiﬂ = Upgs2. Do c6 cong

o as A 2 _ —
thic d6 nén uyyq + (2upqg + Ui q) = Uoky1 + Uokia = Uokyse
Bay gio chi con ching minh 2w quy + u% .1 = Uzky2. Tacling tién
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hanh theo quy nap, véi n = 1 cong thiic ding hién nhién, gia si
dung véi n = k ta cé

U Uiyl + M%JFZ = 2(Ug 1 + ug)ugq + M%Jrz
= 2uf 1 + 2uglpq + Uiy
2 2 2
= (2uprruk + 1) + (Wieyq + Uiyo)
2 2

= Upkt2 + (Ujey1 + Uiyo)-
Chiing ta lai vidng phai bai toan ban dau, néu dang thic sau
dang uf, | + uf, , = Uy 3. Néu ¢6 vay thi upeo + (uf,, +ui,,) =
Upkyo + Unki3 = Upkys VA bUde quy nap phan nay hoan toan xong.
Két qua 1a néu ding ménh dé thi nhat thi ding ménh dé thd
hai va ngudc lai. Thuc ra bai todn xét hai day ménh dé

2 2 _
P(n) : g + 11 = tanga,

Q(n) : 2upyoutpi1 + u%{+2 = Uop+2.

P(1) va Q(1) déu ding. Theo Iy luan ctia phan trén thay ring
P(k) va Q(k) dung suy ra P(k+ 1) dang, va v6i P(k + 1) va Q(k)
lai suy ra Q(k + 1) dtng. Nhu vay tu P(k) va Q(k) suy ra P(k+1)
va Q(k + 1) déu dung. ©

2.7. Bdi tap

> 2.31. Cho x; < x; < ... < x, la nhiing s6 nguyén duong.
Chiing minh bat dang thiic

G+ +-+x)+ (] +x5 4+ +x) >2(x] +x5+ -+ x7)%

(2.27)
Chiing minh réng ding thic chi xay ra khi va chi khi x;, = k
(k=1,2,...,n).
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> 2.32. Ching minh bat déng thiic

(a1 +ap+- - +a)* <k(ai+ a5+ +ap), (2.28)
§ day k > 1 1a s6 tu nhién va ay,a,...,a; 1a nhiing s6 thuc bat
k.
>2.33. Cho f(x) = (x> —1)"2,x > 1. Chiing minh rang " (x) >
0 vdinléva f()(x) < 0véin chan.

> 2.34. Chiing minh rang phuong trinh x? + y?> = z" ¢6 nghiém
nguyén (x,y,z) véimoin =1,2,3,...
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Phuong phap quy nap toan hoc gom hai budce nhu hai chudng
trude ta da khao sat. Budc co s chuyén sang budc gia thiét quy
nap la rat quan trong, né doi héi nhiéu kinh nghiém giai toan,
phéan doan ding, dua ra khang dinh chung chinh xac va cé ly.
Chuong nay ta diing lai viéc thiét 14p mét s6 cach tim cong thiic
téng quat cho cac ménh dé khang dinh 1a day s6. Sau khi tim ra
tong ta c6 thé chiing minh bing quy nap toan hoc.

3.1. Cap sb6 coéng va cap s6 nhdn

Trong cac chuong trinh pho théng ta da hoc cip s6 cong va
cap s6 nhan, § day ta nhéc lai hai céng thic tinh tong nhung
dudc chiing minh bang quy nap.

Vi du 3.1. Chitng minh dang thitc sau:
1— qn—H

l+q+q+--+q" = -

, (3.1)
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vdi moi g # 1 va vdi moi n =0,1,2,... (cGp sé nhan).

Loi giai. Gia thiét quy nap c6 ngay trong dau bai.
batS, =1+4+q+---+4". Véin = 0,5) = 1 cong thic (3.1)
dung.

Gia sti véi s6 tu nhién n = k nao dé ta c6 ding thiic

1— k+1
Sp= ——
1—¢
Ta sé chiing minh ding thic ding véi s6 tu nhién tiép theo,
nghia la
1— k+2
Sk11 = 1_4 _qq
That vay,
1— k+1 1— k+2
_ k+1 _ 9 k+1 _ 9
Sk41="5c+4q 1—q +q 1—q ©

Vi du 3.2. Cho b va d la hai s6. Tim s6 hang tong qudt a, cua
day, duoc xdc dinh theo céng thitc sau (cdp sb cong):

amp=ba,=a, 1+d (n=23,...).

Loi giai. Ta can tim s6 hang a, theo nhiing s d4 cho b va d, ciing
nhu chi s6 7 da cho. Ta tinh mét s6 gid tri: a; = b,a, = a; +d =
b+d,az=a,+d=(b+d) +d=0b+2d,a4 =az+d=b+3d. Dé
dang dua ra gia thiét quy nap

a, =b+ (n—1).d. (3.2)

Ta s& chiing minh (3.2) ding vdi moi s6 tu nhién n. That vay,
Buidc co sé: Véi n = 1, (3.2) ding véi cach tinh phan trén.
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Budc quy nap: Gia st (3.2) ding véi s6 tu nhién 7 nao d6. Khi
do, tii (3.2) cho ta két qua
apy1 =ap+d=[b+ (n—1)d]+d=b+nd.
Nhu vay (3.2) ding véi moi s6 tu nhién n. ©
Bay gio ta xét cAp s6 cong va cAp s6 nhan ma cong sai va cong
bdi ctia ching khéng 14 hing s6, chiing bién d6i nhu s6 hang tong
quat ctia cAp s6 cong hodc cap s nhan.

Vi du 3.3. Cho mét day sé n sé hang
ayp =ay,a; =ay+dy,a3 =ay+dy, ..., ap = ay1+dy-1,  (3.3)
dday day s6 dy,dy, ...,d,_1 la mot cap sé cong vdi cong sai d # 0

(cap s6 cong-cong) . Chitng minh rang

w=at k-Ddt o k-DE-2d G4
Sy =n(ay+d—dp)+ n(n— 1)512111 —3d) n n(n+ 1)1(2211 +1)d
(3.5)

Loi gidi. Cong thic trén c6 thé chiing minh bing phudng phép
quy nap nhung d¢€ ngén gon ta chi dung phudng phap tinh toan
va bién déi. Day s6 (3.3) goi 1a cap s6 cong-cong vdi s6 hang thi
k, ay, cong sai thi k, d; va cong sai d. Dé dang c6 a, = a; +d; +
dy + - +dr_q1. V6i day so 12 céc s6 gia cua (3.3) ta c6

dk=d1—|—(k—1)d,
d1+dkk_ 2d1+(k—1)d

5 5 k.

d1+d2+...+dk:

a = + (k— 1)d1 + %(k— 1)(k—2)d.
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Téng cia nhiing s6 hang cip s6 cong-cong tinh dude nhu sau:
n n 3 d

S, = Zak: Z[(ﬁll—Fd—dl)—F(dl—fd)k—F*
k=1 k=1 2 2

3 n d n
=n(ay +d—dy) + (dy —Ed) Zk+E Y K2
k=1 k=1

K]

TUu day suy ra cong thic (3.5). ©
Vi du 3.4. Cho mét day s6 n sé hang
ay =ay,ay = a1 +dy,a3 =ay+da,..., a4y = ay_1+dy_1,

dday day s6 dy,dy,...,d,_1 la mot cGp sé nhan vdi cong boi q # 1
(cGp s6 cong-nhan). Chitng minh rang

di(gF1 -1
ak:ﬂl‘FL) (3.6)
qg—1
B d . di(g"—1)
Sy =n(ay + 1_q)—i— =17 (8.7

Loi giai. Tu gia thiét ciia bai toan va cong thiic cho cap s6 cong
va cap s6 nhan ta c6 cong thic

di(gk =1
di = dig"", d1+d2+---+dk:1(”7_1)'
Ta dé dang tinh dudc
d k*l_l
ak:al+d1+d2+---—|—dk_1:gl+1(2_1).

T déng thic sau cung suy ra
S0 = Ya = Vollm + 12) + g
k=1 k=1 —q° q9-1
dl dl (0]” — 1) @
l—q’" (qg-1)2"

:n(a1-|- )'1‘
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Vi du 3.5. Cho day hitu han n sé
ap = ay,a; = a1q1,a3 = 4292, ..,y = Ayp_1q4n—1, (3.8)

o ddy day s6 q1,q2, - - - ,qn—1 la cap s6 cong vdi cong sai d # 0. Day
s6 (3.8) goi la cdp s6 nhdn-cong vdi s6 hang thit k, ai, cong boi
thit k, g, va cong sai d. Hay lap cong thiic tinh sé hang tong qudt
cua cdp s6 nhan-cong va tong nhitng sé hang ddu cua né.

Loi giai. Vi g, = g1 + (k — 1)d, thi ta ¢6

k-1 k—1
a=mqq2- g1 = a [ Lq = a [Tlq + (0 = 1)d]
I=1 I=1
= ﬂl[qlffl + S]ffqulfz + Slz“zdzq’f*3 N S}’:gdk%q% + S,E:%dkfqu]
hoac la

k=2
I L Y s 2dlgi Y, v6ik=2,3,...,n;
k= 1=0

ap voi k=1,

8day S =1véin=0,1,2,...,¢con S" véi 0 < i < n va i nguyén,
12 tong caa tat ca cac tich dang p1p,..p;, Nhiing thiia s§ caa moi
tich 1a i 6, hoan toan khac nhau va nhén gia tri nguyén tii 1 dén
n. Néu trong tong S” ta nhém nhiing s§ hang khong chia s6 n
nhu mot s6 hang, va cac s6 hang c6 chiia n nhu mét thuia so, va
sau d6 d nhom thit hai ta dua n ra ngoai ngodéc, ta sé nhan dudc

St =81 +nsi L. (3.9)

Ta dung (3.9) viét cdc gia tri S” vao bang tam gidc md rong dén
v0 cung nhu sau
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1 2 3 4 5 6 7
1
3 2
6 11 6

10 | 35 50 24
15| 85 | 225 | 274 120
21 | 175 | 735 | 1624 | 1764 720
28 | 322 | 1960 | 6769 | 13132 | 13068 | 5040

|| TR W DN O] e+
| | ] =] = =] =] =

Bang trén c6 nhiéu tinh chat rat hay, vi du dudng chéo la
a, =n!l,n=0,1,2,..., nhung ta khong nghién ciiu § day.
Bay gid ta tim cong thic téng S, cua cap s6 nhan-cong. Tu
(3.9) ta c6 dang thic
ap = ay,
ay = a150q1,
a3 = a1(Sp-47 + S1.d.-q1)
ay = al(séfquifl + SI{*qu]{*Z 4+ 4+ Sﬁ:%dk*2q1>
Cong theo vé& cla cac ding thic trén va sip xép theo s6 mi
tdng dan cla g; ta nhan dudc
Sy =a[1+qi(1+Sid" + S3d* + - - - + S§2d4"2)
+qi(14+Sd + S3d> + -+ S§3d ) + -
(4S8 + a0,
hoac la
n—=1n—i-1 )
Su=m[l+ Y (Y S 1a%q]. ©
i=1 k=0
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Vi du 3.6. Cho day hitu han n sé
ap = ai,a; = a1q1,a3 = axqo, ...,y = Ayp_1qn—1, (3.10)

d déay day s6 q1,92, -, qn—1 la cdp s6 nhan vdi cong boi q # 1. Day
s6 hitu han trén goi la c4p sé nhan-nhdn vdi thita sé thit k la ay,
k-cong boi la gy va cong boi q. Hay lap cong thitc tinh s6 hang
tong qudt va téng n sé hang ddu tién cua day cap s6 nhan-nhan.

Loi giai. Ta & biét g, = q14", khi d6
Ay = a191q92 - - - k-1 = alqli_lql+2+3+"'+(k—2)
e (k=2)(k—-1)
ax = ﬂlqlfflq 2 ,
: no Kk=3)
Sn:Zak:alqqufflq 2
k=1 k=1

Nhiing day s6 & cac bai tap trén goi 1a cac day cip d6i. D&
md rong hon niia dua trén cd sd cua cAp s6 cong va cip sé nhan
ngudi ta lai ghép thém cac cap s6 cip déi mot 1an niia, ta 14y vi
du sau: Ta xét day hiiu han tii n s6

bi,bp =b1+a1,b3=by+ay,...,by =b,1+a,1

§ day day sb a1, ao,...,a,_1 12 cAp s6 cong-cong vdi cong sai d va
cong saithi klad,. Khi @6 viby = by +ay +ar+ -+ +a,_; vavi
(3.4) ta tim dudc s6 hang thi k ctia c4p s6 cip ba

bk:b1+(k—1)(a1+d—d1)+ n 1
(3.11)

(k= 1)k(2dr —3d) (k= 1)k(2k ~1)d
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Téong nhiing s6 hang cta day ta tim dudc

n

S, = Zbk: Z[(b1+d1—a1—d)
k=1 k=1

3

11 d
+k(ar — Sd + -d) +R(E -

d
27
o —d)+ K],

6
Ta nhan dudc

Sp = by +dy — ay — ) + 0 1)(6“112— 9d; + 11d)

n n(n+1)(2n+1)(d; — 2d) N n*(n+1)>%d
12 24 '

D& minh hoa 4p dung cong thiic trén ta xét bai tap:

(3.12)

©

Vi du 3.7. Tim s6 hang tong qudt cua day cép sé cdp ba sau déay

2,5,9,17,32,57,95, ... (3.13)
va tinh téng n s6 hang ddu tién.
Loi giai. Day tao ra bdi nhiing hiéu lién tiép cua day da cho 1a

3,4,8,15,25,38, ...
Tiép tuc tao ra day gém nhiing hiéu caa cac phan tii la
1,4,7,10,13,... (3.14)
day 1a cAp s6 cong c6 s6 hang dau tién la d; = 1 va cong said = 3.
Vib; = 2,a; = 3, theo cong thiic (3.11) s6 hang téng quat cho day
(3.13) 1a .
by = =(n® —5n% + 14n — 6).

Vé téng cua n s6 hang dau theo cong thiic (3.12) ta ¢6

Sy (3n® — 14n® +57n + 2). ©
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Vi du 3.8. Tim cong thic tinh tong
Sy =382+55+78+---+(2n+1)3n—1).

Loi giai. Néu ching ta lai lap lai cach thit may gia tri ban dau
va may mo tim két qua thi kha vat va. Ta hay nhin ky vao dé
bai va dit s6 hang tong quét a, = (214 1)(3n — 1). Ta thay ring
thita s6 thd nhat 12 cap s6 cong va thiia s6 thii hai ciing 14 cap s6
cong. Cau hoi dit ra 1a dua vao cong thic da cé cua cap so cong
c6 tinh dudc tong S, & trén khong? Bai toan c6 thé phai dua vé
truong hdp tong quat hon:

Tinh téng S, = a1by + asby + - - - + a,b, véiay, aa, ... ,a, 12 cap
s6 cong c6 cong sai d, va by, by, ..., b, 12 cAp s6 cong c6 cong sai
dy. Ta co

S, = Z agby = Z[al + (k — 1)da].bk = Z[(&H — da) -+ kda].bk
k=1 k=1 k=1
= (a1 —d,) Z by + dg Zk-bk
k=1 k=1

Zbl + (1’1 - 1)db 1

= (a1 —d) 0 d, Y Ke(by — ) + K
k=1
= (al - da)Zbl + (Z — 1)db7’l + da(b 2k+ dadb Z k2
k=1 k=1

— (ay — ) (by — dy)n + %[da(bl —dy) + dy(ar — da)|n(n + 1)+

1
+ gdadbn(n +1)(2n+1).
Hoac la 1 1
Sy = gdgdbn3 + E(dab1 + dyay — d,dy)n?

1
+ 8(6[11191 — 3dpay — 3d,b1 + dadb)i’l. (3.15)
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Ap dung cong thuc (3.15) vao vi du trén véi a; = 3,d, = 2, by =
2,d, = 3. Ta c6 két qua

1
S, = 571(4112 +7n+1).

Cong thiic tong quat trén da tinh dudc qua truc tiép bién dsi. Véi
cong thic nay ta ciing c6 thé chiing minh bang quy nap toan hoc
(danh cho ban doc). Nhung nhiéu khi chiing minh bing quy nap
toan hoc dan dén bién ddi biéu thiic vo cung phic tap lam nan
long chiing ta. Mbi phuong phép chi manh véi mot 16p bai toan
nao do6 thoi.

3.2. Tinh t6ng va s6 hang téng quét

Chuodng trudc ta da quan sat cac phuong an khac nhau cua
phuong phap quy nap, nhiéu khi di tim mét s6 hang tong quat
hodc mét tong cua mot diy ngudi ta 4p dung phuong phép quy
nap toan hoc mét cach hién nhién do céc budc héi quy lién tiép
ma ta tim dudc cong thic tong quat. Nhiing vi du sau day minh
hoa phudng phap quy nap nay.

Vi du 3.9. Daéy s6 ag,a1,az, . .. dude xdy dung theo cdch sau: Hai

s6 dau ap va ay la nhitng s6 da cho, méi s6 sau dé la trung binh
cong cua hai s6 trude dé. Hay biéu dién a, theo ag,a; va n.

Loi giai. Ta ¢

ap + aq ay + ap a + az as + ay
apy = > , U3 = 7 A4 = ) , 05 = 7 yoeee
tu d6 suy ra
0— a1 1— a2 a —as
) —a; = a3 —ap, = g —az =
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a1 —4ao
Suy ra 4 —ay = —
2
ay —aj ay —4ap
asz —dy) = — =
2 22
as — ap ar —ap
ag —as = — = —
4 3 5 >3

Dé thay rang (phudng phap quy nap toan hoc dude 4p dung
g day)
_141 —Aao
ap — a1 = (—1)" 1 127171 .

Cong theo vé ctia cac dang thic trén, ta c6

a—ap a4y —ap ap—4dp —1a1 — 4o
=t =——F5—+ 05—~ "3 + o (=1)" 1ﬁ
a; — ap 1 1 ) 1
—_ -_ —_— — DY _1” PE—

5 (1 2+22+ +(-1) 2n_z)
a; — aop 1

=y Ly,
Tu d6 suy ra
2a1 + ap _141 — 4o
=" " 5 ©
Vi du 3.10. Day s6 a1, a3, a3, . .. duge xdc dinh theo cong thifc

M =2vaa, =3a,_1+ 1.

Hay tinh a1 +a + - - - + ay.

Loi gidi. Ta xét ding thic ay = 3a_; + 1. Cho k gia tri

n n
2,3,4,...,nvaconglaitanhan dude ) ay =3) a1 +n—1.Ta
k=2 k=2
data; +ar+---+a,=S.Khidétac6S—a; =3(S—a,)+n—1.

Suy ra )
S = §{3an—a1—n—|—1}.
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Ta chi con biéu dién a, qua a;. Ta c6
a, =3a, 1+1,a,_1 =3a,_»+ 1.
T d6 suy raa, —a, 1 = 3(a,_1 — a,_2). Vi thé

an —Aan—1 = 3(517171 - an—2) = 32(‘111—2 - an—3) =

= 33(6171_3 — an,4) == 3n_2(€lz — al).

Nhung a; = 3a; +1 = 7, vi vy a, — a,_1 = 5.3"2 (quy nap toan
hoc da dung § day). Véi céc gid tri n bang 2,3,4,...,ntaco

ar — a1 = 5.1,
az —dpy = 5.3,
a4 — az = 5.32,

Cong theo cac vé cua ding thiic, ta tinh dudc
G =51 4343 443 = 2@ 1),
Tt biéu thic caa S ta cé

1
S = E{B(Qn—a1)+2a1—n—|—1}:

1,15

n— _1 n
= {50 1—1)+4—n+1}—1{5(3 —1)—2n}. ©

Vi du 3.11. Day s6 ay,az, ... xdc dinh theo cong thiic
a, =ka, 1 +1 (n=2,3,...). Hay biéu dién a, theo ay,k,1 va n.

Loi giai. Tacéa, = kay,_1+1,a,_1 = kay_, + . Suy ra

Ay —ay_1 =k(ay_1—a,_) = k*(ay_— Ay z) = ...= K"2(ay —ay),
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tu d6 suy ra
Y ay — a1 = (ﬂz—ﬂ1),

as —ay = k(ﬂz — al),
ay —az = kK*(ay — ay),

Cong lai cac dang thiic trén ta cé
B kn—l -1
a, = kl’l 1ﬂ1 + ﬁl @
Vi du 3.12. Cho ddy ay,az, ... thod méan dang thitc sau:
App1 — 20y + a,_1 = 1. Hay biéu dién a, theo ai,a, va n.

Loi giai. Ta viét lai dAng thic dudi dang sau:
ayi1—ay — (ap —ay,—1) = 1.
Ta data, —a,_1 = x,,(n =2,3,...). Khi d6 ta ¢6 x,.1 — x, = 1.
Thay vao ding thic sau cung gia tri n bing 2,3,...,n — 1 va cdng
lai, ta nhan dudc x,, —x; =n — 2.
Ta lai thay n = 3,4,...,n vao a, —a,_1 = x, va cong lai ta

nhan dudc
Ay —ap = X3+ X4+ -+ xp.

Hay la
Ap = a2 + X3+ X4+ + Xp.
Nhung
n n
Z ZXZ+k—2)
k=3 k=3
=m—-2)0+m—-2)+(n—-3)+---+1
=(n— 2)x2+—(n—1)(n—2).

2
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Tu d6 suy ra

(n—1)(n—2)

an:a2~|—(n—2)x2+

2
—1 -2
:az—i—(n—Z)(az—al)—l—(n)z(n)
:(]1_1)2(71_2)—%(11—1)112—(14—2)@. ©
Vi du 3.13. Cho hai day sé
ai,az,as,...
b1, b2, b3, . ..
duogc xdc dinh theo cong thiic sau:
. _ay+by _ 2a,by,
n+1 — ) ’ n+1 — a, +bn

¢ day ag va by la nhitng sé da cho ag > by > 0. Tinh a, va b, theo
ag, bo va n.

Loi giai. Dé thiy rang a,11b, 1 = ayby,, va suy ra a,b, = apby
vdi moi s6 nguyén 1. Nhung

\/E_ \/E . an — V anbn . An — v/ an—lbn—l
\/a + \/E an + V anbn an ‘I" \/ an_lbn_l

u,1—|—b71 2
—— ~Vaaber (e b

Tadét\/» vba = u,. Khi d6 ta co
Van + Vbu

.2

Up—1 = unle
2

Upy—2 = Uy_3,
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Uy = M%,
uy = uj.
Nang bac liy thiua ctaa céc déng thic lan ludgt véi
1,2,22,...,2"2 Ta tinh dudc u,_1 = ”0 Nhling
Va1 —/ba1  a,_1 —\/agho
Va1 + Vbao1  @n1+Vaohy'
\/> - \F ap — \/%
Vao+ Vb ag+ vaghy

Up—1 =

up =
Nhu vay ta c6

Zn—l
an—1 — \/aobo _ (ﬂo — vﬂobo> ©
an—1 + vapbo ao + v aobo

3.3. Phuong trinh truy héi tuyén tinh

Muc trude ta thay céc bai toan déu cho day sé va cdc s6 hang

dudc lién hé véi nhau béng cong thic truy hoi. Cach giai déu tim
trong cong thiic truy héi mdi lién hé @€ tinh dudc s6 hang tong
quat va tong n s6 hang dau tién. Khong phai lic nao ta ciing
¢6 cac phuong trinh truy hoi dep dé nhu cac bai tap phan trudc.
Muc nay ta chi ra mot cach tong quéat tinh s6 hang tong quat va
tong nhiing day thoa méan phuong trinh truy hai.
Cho k s6 hang d4au cta day so
X1,X2,X3, ..., Xn,-.. (3.16)
12 x; = uy,xp = ..., xx = ug. Mdi s6 hang thi k + 1 caa day
(3.16) ton tai moi lién hé
Xign + A1 X4 k—1 + A2Xpqk—2 + + -+ + arxy = by, (3.17)
8 day ay,ay, ..., a; 1a nhiing s da cho, con by, by, ..., b,,...1a day
da cho. Khi dé (3.17) cho phép ta tinh dudc moi phan tii lién tiép
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cua day (3.16) va sau d6 ta c6 ging bidu dién s6 hang tong quat
cua ching. Xét vi du

Vi du 3.14. Tim cong thiic tong qudt cua day xdc dinh nhw sau:

x1=D5x=19, x,—b5x,_1+6x,_»=0.

Loi giai. Ti méi lién hé héi quy x, = 5x,_1 — 6x,,_1, ta tim dudc
X =5=3"-2%x=19=3 -2
x3 = 5xp — 6x1 = 65 = 3% — 2% x4 = 5x3 — 63, =211 = 3° — 2°,
X5 = 5xy — 6x3 = 665 = 3° — 2°, x4 = 5x5 — 6x4 = 2059 = 3% — 2°,
Ta gia thiét ring s6 hang téng quat cia day cé dang
x, = 3"+l (3.18)

Gia thiét dudc chiing minh bing phudng phép quy nap.

1) Ta da kiém tra (3.18) ding véin = 1van = 2.

2) Ta gia thiét (3.18) ding véi n = k van = k + 1, nghia la
xp = 3T — 2K+l vy = 3K+2 — 2K+2 Khi d6 ta tim dudc

xk+2 — 5xk+1 _ 6xk — 5<3k+2 _ 2k+2) _ 6(3k+1 _ 2k+1)
— (15 - 6)3k+1 _ <10 . 6)2k+1 — 3k+3 . 2k+3.

Nhu vay (3.18) dung v6i n = k + 2. Theo nguyén ly quy nap toan
hoc suy ra (3.18) ding vdi moi 7. ©

Phuong trinh (3.17) goi phuong trinh hoi quy tuyén tinh bac
k. Nhiing s6 a1,a2,a3, . ..,a;, goi 14 nhitng hé s6, con b, goi 1a sé
hang tv do. Khi véi moi n, b, = 0 phuong trinh goi 1a thudn
nhdt. Bai toan dit ra 1a tim cach bi€u dién sé hang tong quat
X, qua cac dai ludng ban dau da cho. Trong muc nay ta chi xét
phuong trinh truy héi bac hai.
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Vi du 3.15. Tim s6 hang tong qudt x, cho phuong trinh truy hoi
thudn nhdt bac hai:

ApXpa2 + a1xy11 + axx, = 0. (3.19)

Loi giai. Ta goi t1 va t, 1a nghiém cta phudng trinh béc hai
apt> +ayt +ay =0 (ag # 0,4y #0).
Khi d6 theo cong thuc Viet ay(t; + t2) = —ay, apt1tr = as.
Phuong trinh (3.19) c6 thé viét dudi dang
Xnq2 — (1 + £2)Xpq1 + tit2x, = 0. (3.20)
S6 hang téng quat cia diy da cho phu thudc vao hai gia tri t; va
t» khéac nhau hoéc bang nhau:
1) Truong hop t, # to:
Thay #n bang n — 2 vao (3.20) ta nhan dudc
Xp — (4 t2)xy—1 + t1faxy—2 = 0. (3.21)
Ta viét lai

. Xn — taXp_1 = t1(Xp—1 — t2Xp_2). (3.22)
Thay n bang cac gia trin —1,n — 2,...,4,3 vao (3.22) ta nhéan

dudc
X1 — taXy—p = t1(Xp—2 — t2Xy_3)

Xp—p — taXy—3 = t1(Xn—3 — t2Xy_4)
...... (3.23)
Xy — toxz = t1(x3 — trxp)

) X3 — tz’xZ =1t (XZ — tle). ’ ;
Nhan cac vé tudng ung cua (3.22) va (3.23), gian udc thua so

chung, ta nhéan dudc

Xy — Xy 1 = tT_Z(Xz — th1). (324)
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Tuong tu viét (3.21) dudi dang
X — X1 = (X1 — b2y 2)

va sau d6 thay n bang céc gia trin —1,n —2,...,4,3, cing tinh
dudc

Xy — hXy1 = t’21_2(x2 — t1X1). (325)
Tu (3.24) va (3.25) ta c6

tlxn — tzxn = t;l_l (Xz — tle) — tg_l(xz — tlxl).

Hodic 1a nghiém cta (3.19) ¢6 dang

xp = Citf + Cat}, (3.26)
X2 — faXq t1x1 — X2
o tz)(cz = Ah=h) (3.27)
Ngudc lai, C; va C; la nhiing hang so6 bat ky, kiém tra truc tiép
day vdi s6 hang tong quat (3.26) 1a nghiém cta phuong trinh 4n
(3.19). Gia tri duy nhat caa day {x,} dudc xac dinh, néu cho hai
gia tri ban dau caa day. Khi d6 C; va C, xac dinh theo cong thiic
(3.27).

Tré lai vi du trén thi t{ = 3,t, = 2 la nghiém ctua phudng

trinh bac hai 2 — 5t + 6 = 0. Khi d6 néu C; va C, 1a nhiing hing
s6 bat ky, thi day véi s6 hang téng quat

x, = C1.3" + Cp.2"

§ day C

12 nghiém ctaa phudng trinh truy héi x,, — 5x,_1 + 6x,_» = 0. Véi
x1 = 5,x = 19, ta xac dinh dude C; = 3,C; = —2 va nhu vay s6
hang tong quat caa day 1a x, = 3" —2n+1,

Trong trudng hop nghiém t{,t, 12 nhiing s6 phiic., nghia
la t; = p(cosa +isinwa),tr = p(cosa —isina), theo cong thuc
Moivre ta c6

t] = p"(cos na + isinna), ty = p"(cos na — isinnu)
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va nghiém tong quat (3.26) trd thanh
x, = Pjp" cos na + Prp" sinna, (3.28)

8 day P; va P, 1a hang s6 bat ky. P& xac dinh hang P; va P, trong
(3.28) khi cho hai gi4 tri dau x; va xy, ta c6

t1 + tz)xl — X2
t1tn

(h+t)x— (+15)n
tita(t — £2)

P1:C1+C2:(

7

7

Py=i(Ci—Cp) =i

hoac la

cotgu cos 2«
5 Xp — " .
0 p sina

xq. (3.29)

2 1
P1 = —COSx.X1 — ;.XQ, P2 =

2) Truong hop t; = tp: Nhu trong trudng hdp trude ching ta
suy ra tu (3.24) va (3.25) véi t; =t
Xn — tlxn,1 = tT_Z(XQ — tlxl). (330)

D¢ xac dinh dudc x, cdn tim mét phuong trinh niia cho x, va
xp—1. TU phudng trinh x, — 2tx,_1 + £3x,_» = 0 ¢6 thé viét dudi
dang

(n—2)x, —2(n —2)tyx,_ 1+ (n —2)3.x,_ 2 =0
hoéac la

(n—2)x, — (n—1)t1xy—1 = H[(n —3)xy—1 — (1 — 2)t1x,2].
(3.31)
Sau khi thé n tudng tGng bang n — 1,n — 2,...,4,3 vao (3.31) ta
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nhan dudc
(n—=3)xy_1— (n—2)hxy_p = 1[(n —4)x—2 — (n — 3)t1x,—3],
(n—4)x,—o— (n—3)txy_3 =t1[(n —5)x,—3 — (n — 4)f1x,_4],

(3.32)
Lan lugt thé cac vé tudng tng cta (3.32) vao (3.31) ta nhan dudc

(n—2)x, — (n—1)tx, 1 = =t 1x. (3.33)
Tu (3.30) va (3.33) ta tim dudc

(n=1)xy — (n=2)xn = (n = (2 — hxy) + 1]y,

hoac la
X, = (C1 + Cz.ﬂ)t’f, (3.34)
§ day
2t1x1 — X2 X2 —
Cl p— t% ’ 2 = t% .
Ban doc c6 thé kiém tra dé dang (3.34) 1a két qua cta (3.26) khi
tacho t; = #. ©

Vi du 3.16. Tim sé hang téng qudt cua day xdc dinh theo cong
thite sau:
x1=10,xp, = —-12, x, +4x,_, =0.

Loi giai. T phudng trinh 2 +4 = 0 ta tinh dudc t; = 2i =
2(cos 5 +isin%),tp = —2i = 2(cos §F —isin7) haylap = 2,a =
Z. Khi d6 nghiém cua phudng trinh truy hoi la

x, = (Pj cos % + P, sin %)2”.
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T (3.39) suy ra P, = 3, P, = 5, do d6 s6 hang téng quat phai tim
la
x, = (3cos "7 | 5sin E)2”.
. 1 2 2
hoac la
32" véin =4k
N 52"  véin=4k+1
" —3.2" véin=4k+2
—52" véin=4k+3

Vi du 3.17. Bay gio ta quan tdm cdu héi tim nghiém riéng cua
phuong trinh truy hoi khong thudn nhdt bac hai vdi hé s6 hang

so

A0Xy42 + A1Xp11 + a2xy, = by (a() #0,ay # 0) (8.35)

Loi giai. Ta ciing xét nghiém #, t, clia phuong trinh agt? + a1t +
a) = 0.

1) Truong hop t # to: Khi 6 theo phan trén t va t 1a nhting
nghiém riéng cua phudng trinh thuin nhat (3.17) va ¢6 nghiém
theo cong thic (3.26).

Nghiém riéng ctia phudng trinh (3.35) ta sé& tim theo phudng
phap bién d6i hang s6 nhu sau: Ta phai tim nghiém riéng &, cé
dang

gn = ant] + Buts, (3.36)
n6 chi khéc (3.26) 1a hé s6 a,, va B, ¢6 thé phu thudc vao n. Ta cé
Cny1 = “n—i—lt;”rl + ,Bn-i-lthrl

= Oént?ﬂ + ,Bnt§+1 + (‘xn—o—l - “n)t;”rl + (ﬁn—&-l - ,Bn)thrl-
Bay gio ta dit diéu kién cho cdc day {a,} va {B,} thoa man
Aat!t + ABHTE =0, (3.37)
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§ day Aa = a1 — a0y, AB = Byi1 — Bn. Khi d6
Cnr1 = ant] T+ Buty ™
Ento = Wper bl T2+ Bty T2
=yt Buth TR 4 Aat T 4 ABEST2
Ta thé biéu thic &, &,41, &2 vao (3.35), ta nhan dude
(aot ™2 + art! T + aot)) .y + (aoth 2 + arty T+ aath) Bt
+ ag(Aat] T2 + ABEYT2) = by,

Do (apt!*? + at ! + axt?).ay = 0 va (agth ™ + arth ™ + ant}).By

0 suy ra
by

Aat?2 4+ ABHIT? = —. (3.38)
Tit (3.38) va (3.17) ta tim dude ‘
A =0y —0y=——5——
ay 1 (t — ty)
b, . (3.39)

AB = Bnt1—Pn =

a 1 (t — 1)

Sau khi thé 1an ludt n bang céac gia tri tudng dng n — 1,1 —
2,...,2,1,0 vao (3.39) ta nhan dudc

b,y 1

ap t(th —t)’

b,_» 1

a #1(H — )

Ky —O0y—1 =

Kp—1 — &p—2 =

- by 1
37— Q2= —. 3 s
ag tcl)’(tl — 1)
b1 1
Ky — N1 =
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by 1
ap ti(t — 1)

Ta cong theo vé cua cac dang thiic trén va chd y oy # 0 ta tim
dudc

X1 — &y =

- 1
a0t¥<t1 — tz)
Tudng tu ta cling tim dudc
1
Pn = aoth (t, — 1)
Nhu vay tu cong thic (3.36) ta cé
f(t) — f(t2)
=" J = (3.40)
G ao(ty —t2)
o day f(t) =bot" P+ bit" 2 byt + by
2) Truong hop t; = tp: Tuong tu cach lam trén ta ciing tim
dudc ¢, dang ¢, = (a, + npB,)t}, va ta cling nhéan duge

i)

ap

(bot" L+ byt 2 4+ byoty + by q).

Kp

(both 1+ byt 2 4+ byoty + by q).

Trén day ta da khao sat phuong trinh truy héi bac hai.
Phuong trinh bac cao hon ta ciing c6 thé lam tudng tu. Ta ciing
thanh 1ap phuong trinh

Kot a2t +a =0 (3.41)

goi 1a phuong trinh dic trung cta (3.17). Phudng trinh sau day
goi 1a phuong trinh truy héi tuyén tinh thuan nhat

Xpik + @1 Xpaky1 + - Faxe = 0. (3.42)

Ta khong chiing minh dinh li sau
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Dinh i 3.1: Néu t; nghiém béi s lan cua (3.41), thi s day sé
vdi s6 hang tong qudt
t,nt, n?tl, . nS T
la nghiém riéng cua phuong trinh thuén nhdt (3.42)
Nhu vay tat ca ciac nghiém ctiia phuong trinh dic trung theo
dinh Ii trén cho ta k nghiém riéng cuaa (3.42).

S B

Dinh li 3.2: Nghiém chung cua phuong trinh thuén nhdt

(3.42) duoc cho bang cong thitc
Xy = C1x£11) + sz;(f) +-F Cer(zk)

dday C1,Co,...,Ci la nhitng hang sé bat ky.

Dinh 1i 8.3: Nghiém chung cua phuong trinh truy hoi tuyén
tinh (3.17) dudc cho bing cong thiic

xn = Coxyt) + G+ 4 Gl 4 2

dday Cy,Cy,...,Ci la nhitng hang s6 bat ky va &, la mét nghiém
riéng cua (3.17).

Hing s6 Ci,Cy, ..., C dude xac dinh bang gia tri k s6 hang
ban diu cua day.

Nghiém riéng ciia phuong trinh (3.17) dudc tim bang phudng
phap bién d6i hang s6 c6 dang

$n = “1nx1(11) + 0‘2nx1(12) +---+ txknxizk).

Trudng hdp riéng dinh 1i sau rat hay dudc 4p dung
Dinh 1i 3.4: Néu b, = ¢".P,(n), 6 day P;(n) la da thic cua n
bdc s, con q la m-lan nghiém ldp cua (3.42), phuwong trinh (3.17)
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¢6 nghiém riéng dang ¢ = q"Quis(n), ¢ ddy Qus(n) la da thite
cua n, bdc m + s.

Sau day 1a mot s6 vi du ap dung c4c Dinh Ii trén
Vi du 3.18. Ching minh rang véi moi s6 tw nhién n, s6 z, =
4"*1 4 6n + 5 chia hét cho 9.

Loi giai. Nhiing s6 z; = 27,2, = 81 va z3 = 279 chia hét cho 9.
Con z, c6 th& nhan dudc theo cong thiic tong quat

xp = C1.4" + Co.n.1™ 4+ C3.1"
vii C1 = 4,C2 = 6,C3 =b.

Day véi s6 hang tong quat x, 1a nghiém chung ctia phudng
trinh thuin nhat tuyén tinh véi hé s6 khéng d6i, ma nghiém
cua phudng trinh thuan nhat cé nghiém t; = 4 va nghiém lip
to = t3 = 1. Suy ra phuong trinh déc trung1a (t —4)(t —1)2 =0
hoac 1a 13 — 6t2 + 9t — 4 = 0, va phuong trinh truy héi la

Xn43 — 6Xy42 +9x,41 —4x, = 0.
Vi z, 12 nghiém riéng cta phuong trinh truy héi, ta c6
Zp+3 = 62412 — 9241 + 42,

T day, néu gia st nhiing s6 z,,, 2,1 va z,.» chia hét cho 9, thi
Zn4 3 ciing chia hét cho 9. Nhu vay theo nguyén ly quy nap toan
hoc bai toan da dudc giai day da. ©

Vi du 3.19. Tim cong thiic tong qudt cho tong
xy =12 425435+ 400
Ldi giai. Ta c6

X1 =1,%41 — X = (n+1)°.
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Ta da c6 phuong trinh truy héi khong thuin nhat bac mét véi hé
s6 khong d6i. Phudng trinh dic trung t — 1 = 0 ¢6 nghiém #; = 1.
Theo c4c dinh 1i 3.1 -3.3 nghiém chung cia phudng trinh nay 1a
x, = C1 + &,, 8 day ¢, 1a nghiém riéng cia phudng trinh ta dang
xét.

Nhung vi b, = 1".(n +5)° va s6 1 1a nghiém cta phudng trinh
dac trung, theo dinh 1i 3.4 (m = 1,s = 5) ¢, la da thic bac sau
caa n. Khi @6

Xy = By + Bin + Byn® + B3n® + Byn* + Bsn® + Bgn®.

Thay vao phudng trinh ta thiét 14p § phan dau, ta nhan dudc
Bi(n+1)+Ba(n+1)2 4+ B3(n+1)° + By(n + 1)* + Bs(n +1)°
+Bg(n +1)® — Byn — Bon® — Byn® — Byn*

—Bsn® — Bgn® = (n +1)°.
Dong nhat hé s6 trudc dong bac cia n cliia hai vé ding thic, ta
co
6Bg = 1,5B5 + 15B¢ = 5,4B, + 10Bs + 20B, = 10,
3B3 4+ 6B4 + 10Bs 4+ 16B¢ = 10,
2B, + 3Bs + 4B, + 5B + 6Bg = 5,

Bl+Bz+Bg+B4+B5+B(,:1.
Tu d6 suy ra

1 1 1
Bo = =,Bs—2,By= — By = 0,B, = —— B = 0.
6 2 1 12 5 1 112
Khi do Xy = Bp — 1—712 + En‘* +n’+ gn6.
Tu day v6i n = 1 ta nhan (2111(50 1= By —|—%, nghia la By = 0 suy ra
1
15+25+~--+n5:E(2n6+6n5+5n4—n2). ©

Vi du 3.20. Giai phuong trinh
Xpt1 — NXy = nin’ (3.43)

vdi diéu kién ban déu la x; = 1.
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Lai giai. Ta xét phudng trinh thuan nhat tudng dng
Ynt+1 — Ny, = 0. (3.44)

Sau khi thay 7 béi 1an lugt gia trin —1,n —2,...,2,1 vao (3.44)
ta co

Nhan theo v& cic dang thic trén ta tim dude y, = C(n — 1)
Nghiém riéng &, cua (3.43) ta tim theo phuong phap bién doi
hing s6 dang &, = (n — 1)'u,,. Khi ta thé vao (3.43), nhan dudc
nliyq — nlu, = n'n®, hode 1a u, 1 — u, = n°. Ta nhan dudc
phudng trinh truy héi cé nghiém chung (két qua bai tap trudc)

1
u, = By + Enz(n —1)2(2n* —2n —1).

v0i By = 0ta c¢o
1
&y = ﬁnZ(n —1)2(2n* —2n—1)(n — 1)

Suy ra nghiém chung cta bai toan la

1
Xp=Yn+Cn=[C+ Enz(n —1)2(2n* —2n —1)](n — 1)
Véi n = 1 cho gia tri ban dau ta nhan dude C = 1 va suy ra day
phai tim 1a:

s = [11—2712(11—1)2(2n2—2n—1)+1](n—1)!. ©
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3.4. Tdnhg cua nhiing liy thiia cting bdc cac sé
td nhién
Ta da gip mot sd bai vé tinh tong cia liy thii cung bac cac s6
tu nhién, nhu véi lily thiia bac hai, bac ba. Phan nay ta 4p dung
cong thic Newton d& tinh dudc tong ciia mot s6 mii nao d6 cac
s6 tu nhién tii 1 dén n. D& tinh tong
Sp=1"4+2"+3F ... (3.45)
véi k 12 mot s6 tu nhién, ta 4p dung dang thic sau
(x+ 1) =2yl b+ G T - O L
Thay x 1an ludt cac gia tri 1,2,3,...,n ta nhan dudc
pian SSE L NG I L S L IR SRR )
Can NG N LG e SR I W )
R NG Y. Lo S0 o BEUNTING O WSS
= m - 1l (n -1+ + G (n—1) +1,

(n+1)%! = nktl tc,}ﬂn" +Crn 4+ G+ 1
Cong theo vé cua cac dang thic va ta nhan dudc

(n+ 1) =Cl Sk +C2 Sk 1+ +CiqS1+n+1

hay la

S = k+1[(1’l —|—]>k+1 _ CI%—Q—lSk—] — . — C]l{C_HS] —n— 1] (3.46)

Tt biéu thic (3.46) cho phép ta tinh lan lugt tong (3.45). Vi du
voik =1,2,... tu (3.46) ta tinh dudc

1 5 _nn+1) 1, 1
Sl—i[(n—i—l) n—1] = R R
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52:%[(n+1)3—351—n—1] _ n(n+1)6(2n+1)
1 1,01
—371 +2n +6n,
1 1
s3=4[(n+1)4—652—451—n—1]:[”(”;)]2
_1 4 1 3 1 2
—111 +§n +1n,
54:%[(n+1)5—1053—1052—551—n—l]
_nn+1)2n+1)Bn?+3n+1) 15 1, 15 1
- 30 5T T T3 Ty
1
S5 = 6[(n +1)% — 155, — 2083 — 155, — 651 — n — 1]
_ 1 2 2 2 _1 6 1 5 5 4 1 2
= 13" (n+1)"(2n" +2n 1)—6n —i—zn —1—1271 5

1
Se = gpn(n+1)(2n+ 1)(3n* +6n° —3n+1)
1

1, 16 15 15
—7n +2n +2n 6” —1—1211,
1
Sy = ﬁnz(n +1)2(3n* +6n° — n* —4n +2)
7 7 1
767 2

—n —I—ﬁn

L S
o 2 12 24

8
Ta sé chitng minh rang tong Sy la moét da thite bac k + 1 c6 s6

hang tw do bing khong, hé so trudc n*+1 bang , hé s6 trude

1
k+1
n* bang %, hé s6 trude n*~1 bang %, hé s6 trude n*=2 bdng 0.

That vay, Gia thiét diéu khing dinh trén ding véi nhiing
téng S1,5,,...,Sc_1. Ta can két luian khang dinh ciing dung véi
tong Si. Khing dinh S; 1a mot da thiic theo # va hé s6 tu do bing
0, suy ra tit dang thic (3.46). Cac hé s6 ai, ar_1, ar_, tuong dng
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trude n*, n*=1, n*=2 trong Sy ciing tii (3.17) ta tim dudc

1 1 1
ax = F[Ck-i-l Chr =5
1 1 1 k
-1 = ki[CI%Jrl - CI%+1'§ - C1§+1m] =17
1 k—1 1 1
Ag—2 = k i 1 [Ck+1 Ck+1 12 CkJrl 2 Ck+1k 2] 0.
Nhu vay trong trudng hdp chung ta cé cong thic
L 1 1 1 1
ko k+1 k k—1 3 k— 3
;z—k+1.n +on —I—zCan + 7 CiBan
i=1 (3.47)

1
+ ZC2Ben* 7 + gc:,ZBgnk*7 SRR

AN =

s6 hang cudi cung 12 n hodc n?. Trong (3.47) nhiing s6
By, By, Bg, Bs, . .. goi 1a nhiing s6 Bernoulli. Mot s6 s6 Bernoulli
dugc liét ké trong bang

1 1 1 1 5
B=-, By=—--, Bg=-, Bs=—--, Big= —
2 6/ 4 301 6 42/ 8 301 10 661
691 7 3617 43867
12 27301 14 6/ 16 510 ’ 18 798 s
5 _ 174611 854513 236364091
0777330 0 TR 123 0 T T 2730
8553103 _ _23749461029 8615841276005
26 = Bw=———g— Bao=—7m0"
B — _7709321041217 By — 2577867858367
R="""59 = Pu=——¢c
Nhiing s6 nay du cho ta tinh dudc cong thiic tong liy thiia
bac mét, hai, ba, ..., ba mudi tu cia n chii sé tud nhién dau tién.

Bay gid khong khé khan gi tinh dude cong thic dang
" [P(t)]F & day P(t) 1a da thic theo t. Vi du chiing minh nhiing
déng thic sau day
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1
1)12+32+52+---+(2n—1)2:gn(Zn—l)(2n~|—1);

1
2)12+52+92+---+(4n~|—1)2:§(n+1)(16n2+20n+3).
That vay,

n n n
1)y (2t —1)> Z(4t2—4t+1):42t2—42t+n
t=1 t=1 t=1 t=1
:4.n(n+1)(2n+1) _4n(n+1) i
2
1
= gn(Zn —1)(2n+1).
n n n n
2)Y (4t+1)2 =) (16> +8t+1)=16) > +8) t+n
t=1 t=1 t=1 t=1
1)(2n+1 1
PPYUns )6( n )+8."(";r ) fnt1
(n+1)(16n% +20n + 3)

3
Ban doc c6 thé giai nhiéu bai to4n tudng tu nhu vay.

3.5. Bai tép

> 3.21. Chiing minh ring

by —qayb |
Sp=aby +asby + - - - +a,b, = alll_q;nn_dqbl(zl_qy-

véiay,ay,...,a, 12 cAp s6 cong c6 cong sai d va by, by, ..., b, 1a cap
s6 nhan c6 bdi s6 g # 1.

> 8.22. Tim s6 hang téng quat ctia cAp s6 cong
2,5,10,17,26,37, ...

va tinh tong n s6 hang diu tién cta né.
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> 3.23. Hay tim cong thic tong
Sn=32+55+78+4- -+ (2n+1)(3n—1).

> 3.24. Hay tim nghiém chung cta c4c phudng trinh sau:
a) Xpi1+Xpe1+ X, =0;

b) xy41 4+ 2x441 + x4, =0;

) X2 — x5 = 0;

d) xy43 — 3xy42 + 3x,41 — X, = 0.

> 3.25. Tim cong thic tong quat cho diy x4c dinh theo cong thic
sau:

a) x; =10,x =16, x40 —4x,11 + 3x, = 0;

b)x; =1,x = =3,x3 = =29, x43 — X402 + 26x,41 — 24x, = 0;
cxy=1,x=-7,%,42 —6x4:1+9x, = —4.



cHuone 4
s& HOC

4.1.Phépchiahét........cooviiiiiii i, 89
4.2. Thudttodn Euclide ........ccovveiieeiieinenainnnnnnnns 94
A.3. S0 PhUC ..t 99
44 NhUNG VidUKNAC ....cooviiiniiiiiiiieeieenee, 105
A5, BAITAD .« 108

4.1. Phép chia hét

Trong s6 hoc phép chia cho ta rat nhiéu tinh chat vé nhiing
s6 nguyén. Nhiéu bai toan phat bidu dudi dang cac phép chia
nhiing s6 nguyén va ké ca cac thuat toan tinh toan. Ta nhic lai
mét s6 khai niém. Néu a va b 1a nhiing s6 nguyén, ta néi ring
b chia hét cho a, ky hiéu 1a b:a, khi ton tai mot s6 nguyén c sao
cho b = ca. S6 c goi 1a thuong cia phép chia, a2 nhiéu khi goi 1a
wdc s6 cua b, sd b goi 12 boi s6 cua a. Truong hop khong ton tai c
theo dinh nghia trén ta néi ring b khong chia hét cho a, ky hiéu
b /a.Tu dinh nghia don gian trén ta suy ra hang loat cac tinh
chat ciia phép chia, § day ta chi 14y mot vi du don gian: Néu b:a
vacia, thi (ub+ oc)ia véi moi s6 nguyén bat ky u va v. Hai khai
niém sau day rat hay dudc dung.

Mot s6 d goi 1a wdc s6 chung ldn nhdt cua hai s6 nguyén a va
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b, ky hiéu d=(a, b), khi
1) a va b déu chia hét cho d;
2) d chia hét cho moi udc s6 chung khac cia a va b.

Mot s6 m goi 1a boi s6 chung nhé nhdt cua hai s6 nguyén a va
b, ky hiéu m=[a, b], khi
1) m chia hét cho ca a va b;
2) Moi bdi s6 chung khéc ctia a va b déu chia hét cho m.

Cong thic lién quan gitia hai khai niém trén la

ab
b| = ——.
[ll, ] (ﬂ, b)

Vi du 4.1. Chitng minh rang vdi moi s6 nguyén n > 0, s6'33"+3 —
26n — 27 chia hét cho 169.

Ldi giai. Ta @it A, = 3%"+3 —26n —27. Khi 6 Ay =3>—27 =0
suy ra Ao chia hét cho 169.
Gia sti A, chia hét cho 169 véi n nao dé. Ta bién d6i A, nhu

sau
Apyp =330 _26(n 1) —27

= A, +263"13 26 = A, +26[(3%)""! - 1]

= A, +26(3 -1)(3" +---+1) = A, +4169.(3" +--- +1).
T d6 suy ra A, chia hét cho 169. ©
Vi du 4.2. Chitng minh rdng vdi s6 n nguyén duong
1) C =7"+3n— 1 chia hét cho 9;
2) E = a*"*1 — q chia hét cho 30, vdi a la s6 nguyén.

Léi giai. 1) Néun =1, thi C; = 7+ 3 — 1 chia hét cho 9. Gia st
n=k>1vaCy=7"+3k—1chiahétcho9. Khidévéin =k+1
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g

0
Cropr =7 43(k+1) —1=77+3k+2
=775 421k —7—18k+9=7(7"+3k—1) —9(2k — 1)
= 7C —9(2k — 1)
ciing chia hét cho 9. Theo phudng phép quy nap toan hoc C chia
hét cho 9 véi moi n nguyén dudng.
2) Néun =1, thi
Ei=a—a=a(a*>—1)(a*>+1) =a(a—1)(a+1)[(a® —4) +5]
=@—-2)(a—1a(a+1)(a+2)+5@a—1)a(a+1).
Thiia s6 thid nhat chia hét cho 5! = 120 = 4.30, con thua s6 thi
hai chia hét cho 5.3! = 30. Suy ra E; chia hét cho 30.
Gid stin =k > 1va E, = a**! — 4 chia hét cho 30. Khi d6 véi
n="k+1sé

Eppq = a5 g = g%+5 _ g 4 gttl _ gakil
— (a4k+1 _ a) + (a4k+5 _ a4k+1) = E + tZ4k.E1
ciing chia hét cho 30. ©

Vi du 4.3. Chitng minh rdng néu vdi nhitng sé tu nhién duong
a,b, c théa man a* + b* = ¢2, thi moi s6 ¢6 dang Ey = a® + b* +c*
va Fe = (ab)? + (bc)? + (ca)? vdi k > 2 chia hét cho s6

D = —(a*+ b* + c*).

N =

Loi gidi. Ta chiing minh dong thoi s6 E; va Fy chia hét cho D.
Trudc tién ta khang dinh a* + b* + ¢* 1a s6 chdn. That vay, néu
¢ = 2k, thi a va b 1a hodc déng thdi 1é hoic dong thoi chan va suy
ra a* 4+ b* 4+ c* 1a chdn. Néu c = 2k + 1, thia® + b*> 1alé va suy ra



92 Chudng 4. S6 hoc

a* +b* = (a® + b?)? — 2a%b? ciing la 1é. Do ¢* = (2k + 1)* 1a1é nén
(a* + b*) + c* chin, vi 1a tong hai s6 le.
Ta xét s
B = (ab)* 4 (bc)* + (ca)*
= a*t* + A (a* + b*) = 2Dc* + atvt — B
=2Dc* + (a®h* — ) (a®V? + ).

4 (.4 b4
Vi 22%0? = ¢* — (a* + b*), nén a?b? — c* = C(HZ—F) e

—D, Ti dé6 suy ra F, chia hét cho D. Ciing nhu vay E, chia hét
cho D. Ménh dé ctia bai toan suy ra tii quy nap toan hoc véi cac
déng thic Ey 1 + 2F = E,% va Fq + Z(a.b.c)zkEk = PI?' ©
Vi du 4.4. Chiing minh rdng vdi s6 tu nhién duong bat ky n, s6
24" 4+ 5 chia hét cho 21.

Tong qudt: V6i s6 tw nhién bat ky a > 1,n > 1, biéu thic
B, = a* +a® —a — 1 chia hét cho (a —1)(a+1)(a®> +a+1).

Loigiai. Néun =1,thiB; =a*+a® —a—1= (a—1)(a+1)(a®+
a+1).

Giastin =k >1va By chiahétcho (a —1)(a+1)(a®> +a+1).
Khi d6 véi n = k + 1 ta nhan dudc
4k+1+a3—a—1:(a4—a+a)4k+a3—a—1
= [a(a3—1)+a]4k+a3—a—1:K(a—l)(a2—|—a+1)—i—
—|—a4k—|—a3—u—1:K(a—l)(az—i—u—i—l)—i—Bk.

Mait khac

Byi1=a

Beyi = (@' +a—a) +a®—a—1=[a(@+1) —a* +a° —a—1
:K(a+1)—|—tl4k—|—a3—a—1:K(a_|_1)_|_Bk.
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(Ky hiéu K(a + 1) 1a biéu thic lu§ thiia caa a + 1.) Vi céc so
a—1,a+1vaa®+a+1nguyén té cing nhau, suy ra By, ; chia
hét cho tich cia ching. Véia = 2, ta c6 B, = 2% +5. ©

Vidu 4.5. 1) Ching minh rang 3% — 1 chia hét cho 2"*? va khéng
chia hét cho 23 vdi n nguyén duong.

2) Chitng minh rang 2% + 1 chia hét cho 3" va khong chia hét
cho 3"2 vdi n nguyén duong.

Ldi giai. 1) Ta c6
A =327 —1=(3")2-1=(3"-1)(3" +1).
Véi n = 1 ménh dé ding. Gia st A, = 3% — 1 chia hét cho 2"+2.
Vi 32" + 1 chia hét cho 2, nén A, sé chia hét cho 2.2"+2 = 27+3,
Mit khéc, ta gia sit A, = 3% — 1 khong chia hét cho 23,
Nhung 32" 4 1 khong chia hét cho 4, vi (32" +1) -2 = 32" —1
chia hét cho 4 (tham chi chia hét cho 4.2" do phan trén. Vi vay

(32" +1) chia cho 4 du 2) tit day suy ra A, 1 khong chia hét cho
2n+4.

2) Chiing minh tuong tu nhu phan trén. Ta st dung
2" 1= (2P 1= +1)(22" 2% +1)
=2 +1)[(2" +1)2-32%].
S6 trong ngoidc vudng chia hét cho 3, khong chia hét cho9. ©
Vi du 4.6. 1) Chitng minh rang néu p la sé nguyén to, thi sé
aP — a chia hét cho p vdi moi a (a la s6 nguyén duong).

2) Chitng minh rang néu p la s6 nguyén t6 va a khéng chia hét
cho p, thi s6 aP~! — 1 chia hét cho p (dinh ly Fermat).
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Loi gidi. 1) V6i o = 1 ménh dé 1a hién nhién, vi trong trudng
hdpnaya? —a=1-1=0.

Gia st ménh dé ding vdi moét s6 a nao day, nghia la a? —a
chia hét cho p. Ta sé& chiing minh ménh dé ciing ding cho a + 1.

Théat vay, ap dung phéan tich nhi thic Newton, ta nhan dudc

(a+ 1) —(a+1) =@+ pf(a) +1—a—1= (& —a) + pf(a).
0 day f(a) la da thic bac p — 1 theo a. Do ap dung cong thic hé
s6 Newton va nhém céc thiia s6 ¢6 p dua ra ngoai 1ap ra f(a).
Ménh dé dung vdi a + 1, theo nguyén 1y quy nap toan hoc né
diang véi moi a > 1.

2) Tt phan trudc suy ra a? — a chia hét cho s6 nguyén té p.
Khi d6 tii ddng thic

a? —a=a(aPt —1).
Do diéu kién dau bai a khong chia hét p, nén a?~! — 1 chia hét
cho p.

Chu y: Néu ta ddt a = 2,3,...,p — 1, thi nhu hé qua cua két
luan trén cdc s6 271 — 1,371 —1,...,(p — 1)P~! — 1 chia hét cho
p hodcl1a 2¢=1,3771 ... (p —1)P~! chia cho p du 1.

Trong trudng hgp nay tong 291 +37"1 +... + (p—1)P~! chia
hét cho p, véi p 1a s6 nguyén to. ©

4.2. Thudt toan Euclide

Cho a > 0 va b > 0 la nhiing s6 nguyén. Tim uéc s6 chung
16n nhat cia hai s6 da cho dude tim theo thuat toan cua Euclide
nhu sau:

D¢ cho tién dit ro = a va r; = b. Chia s8 a cho s6 b dudc
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thuong g1 va s6 du 1a 1. Ta c6 thé viét
a=bg+ry, (0<r<r).
Néub > atacé g1 =0var, =a. Néu r, = 0, thi a chia hét cho
b; trong tridng hdp nay udc s6 chung 16n nhat 1a b. Néu r, # 0,
ta tién hanh budc tiép theo: LAy b chia cho r,, 1an nay ky hiéu
thuong va s6 du 1a g, va r3, ta ¢6
b= roqn + 13 (0 <r3 < 7’2).
Néu r3 = 0, thi thuat toan diing. Trudng hdp ngudc lai ta lai
14y 7, chia cho r3 dudc thuong g3 va 6 du 74, hay la rp = r3gq3 +
ry (0 < r3 < ). Ci tiép tuc nhu vay, vi cdc s6 du déu thuoc
[0,b) vab > r, > r, > ... > 0 ddy s6 giam ngit ching to sau
mét s6 bude (s6 bude khong 16n hon b) sé dan tdi s6 du bang 0 va
thuit toan sé diing. Két qua ta nhan dudc day
ro = 1141 +12
r="1r2q2+713
T2 =133+ 13
7 4.1)
Tpn—2 = "pn—14n-1 + 1y
the1 ="Tngn (0<r;<ri_q,i=12,...,n).
Trong cong thic trén r, 14 s6 du cudi cung khac 0.
Vi du 4.7. Ta ching minh rdang r, la wéc sé chung Ién nhét cia
avab.

Loi giai. 1) Ta chi ra rang r, 12 udc s6 chung cta a va b.
Do r,,_1 chia hét cho r,, va cong thiic héi quy
tiii=rigi+rivn (i=12,..., 1m0, =0). (4.2)
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D¢ dat muc dich caa ta thi phai chi ra r, 1 Wéc s6 chung caa
tat ca r,_1,7u_o, ..., 1. dang thic cudi cung cua (4.1) cho ta thay
rn_2 chia hét cho 7, (vi r,_; da chia hét cho 7, ). Gia sl véi mot
s6nao d6i(1 <i<n-—1)nhiing s6r,_1,7y_2,...,r; chia hét cho
rn. Khi @6 tii (4.2) suy ra r;_; chia hét cho r,. Nhu vay bing quy
nap ching ta két luan r; = b ciing chia hét cho r,,, con dang thiic
dau tién cua (4.1) cho ta r,, 1a udc s6 cua a.

2) Ta ching minh r, 1a udc s6 chung 16n nhat ctia a va b.

That vay, Ky hiéu d 1a uéc sé chung bat ky caa a va b (nghia
1a 7o, 71 c6 udc s6 chung d). T dang thic dau tién cua (4.1) suy
ra 7, chia hét cho d. Vi thé d ciing 1a udc s6 chung cua r; va r,.
Gia sti d 12 udc s6 chung cta r;_q,7; v8is6 i(1 < i < n—1) nao d6;
khi d6 tii (4.1) suy ra d 1a udc s6 chung cta r;,;. Theo nguyén 1y
quy nap toan hoc, d 1a udc s6 cia r,. Bang cach nay ta thay rang
moi udc s6 chung ciia a va b cling 1a udc s6 chung cuaa r,, suy ra
rn 12 dde s6 chung 16n nhat. ©

Dang quy nap toan hoc di tii budc i + 1 va i dén budc i — 1
nhu trén goi 1a phép quy nap nguoc.

Ngudi ta c6 thé bidu dién udc s6 chung 16n nhat bang cac t6
hdp tuyén tinh cia hai s6 2 va b thong qua bai tap sau.

Vi du 4.8. Cho a va b la hai s6 nguyén duong. Khi dé

(a,b) = spa+ t,b

vdin =0,1,2..., s, va t, la nhitng s6 hang thit n cua day {s,},
{t,} xdc dinh bdi

S0 — 1,t() :0,81 :O,tl =1
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va

S;i = 5i—2 — {i-15i—-1,
ti=tio—qiati—1,

vdi i = 2,3,...,n, ¢ day q; la thuong s6 thi i trong thudt todn
Euclide khi tim wdc s6 chung lon nhdt.

Loi gidi. Ta sé ching minh ring
ri = s;a + tib, 4.3)

véii = 0,1,2...,n. Vi (a,b) = r, nén tii (4.3) c6 thé suy ra 16i
gidi.

Dung phudng phap quy nap toan hoc d& ching minh (4.3).
Véii =0,tacéa =rg=1la+0.b = spa—+ toh. Do d6 (4.3) dung
véi i = 0. Mat khac b = ry = 0.a+ 1.b = sya + t1b, nhu vay
(4.3) cling dung véi i = 1. Gia thiét r; = s;a + t;b dting véi moi
i=1,2,...,k—1. Khi d6, tu budc k trong thuit toan Euclide ta
co

Tk = Tk—2 — Tk—149k—1
theo gia thiét quy nap suy ra
rx = (Sk_oa + ty_2b) — (sg_1a + tk_1b) g1
= (Sk—2 = Sk-19k-1)a + (te—2 — te—1qx-1)D
= sya + tib. ©

Vi du 4.9. Cho a la s6 tv nhién, a > 1. Hay tim (a™ —1,a" — 1),
¢ day m va n la nhitng s6 tu nhién.

Loi giai. Pit (n,m) = d. Ta chiing minh ring (a” —1,a" —1) =
(a? —1). Khong mat tinh téng quat ta c6 thé gia thiét n > m. Ta
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chiing minh quy nap theo m. Véi m = 0, ddng thic hién nhién.
Giastim >0.Taddtn=mg+r, 0<r < m. Tacé

a"—1=a"a" —1=a"™a" —a" +a" -1
=ad@-1)4+@-1)=A@"-1)+ (" —-1),
8 day A 1a s6 nguyén. T nhiing déng thic nay suy ra
(@"—=1,a"—-1)=(a"-1,a" —1)
va theo gia thiét quy nap toan hoc ta cé
(a" =1, —1) =a™) -1 =g 1. ©

Vi du 4.10. Chitng minh rdang béi s6 chung nhé nhdat (BSCN)
cua day 1,2,...,2n bang boi s6 chung nho nhdt cia n+1,n +
2,...,2n:

BSCN(1,2,...,n) =BSCN(n+1,n+2,...,2n).

Loi giai. Ta dat [1,2,...,2n] =sva[n+1,n+2,...,2n = t. Vi
s 12 mét boi s6 chung cta cac s6 n + 1,1 +2,...,2n, con t 1a boi
s6 nho nhat nén s chia hét cho t. D& chiing minh ngudc lai ¢ chia
hét s ta phai ching minh ring méi s6 chia hét cho n+ 1,1 +
2,...,2n cing chia hét cho 1,2,...,n. Ta sé chiing minh diéu dé
bang phudng phap quy nap theo n. Véi n = 1 khang dinh la
hién nhién. Gia sii ménh dé dung véi n, ta chiing minh né ciing
ding véi n + 1. Cho m 1a s6 chia hét cho (n+1) +1,(n +1) +
2,...,2(n+1). Ti m chia hét cho 2(n + 1) nén m chia hét cho
n+1 va suy ra m chia hét cho n +1,n +2,...,2n (ta chi thém
vao dau day céic s6 ma theo gia thiét m da chia hét). Theo gia
thiét quy nap m chia hét cho 1,2,...,n, con trudc d6 ta da c6 m
chia hét cho n + 1. ©
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Vi du 4.11. Chitng minh rdng téng tdt ca wdc s6 ctia s6 tw nhién
n > 2 nhé hon ny/n.

Lai giai. Ta ky hiéu tong cua tat ca udc s6 cua s6 n bing D(n).
Ta phai chiing minh rang D(n) < ny/n véin > 3. Ta chon triong
hop n = 2* (« 12 s6 nguyén, a > 2). Khi d6
D(n)=1+2+22+4---+2°
S A [, R TS
Gia thiét rang 1 # 2% va D(k) < kv/k véi moi 3 < k < n va ching
ta s& ching minh D(n) < ny/n. Do nhiing diéu ké& trén, ta c6 thé
xét n = mp, § day p 1a s6 nguyén t6 le. Chu y rang p=>31+p<
i 1 .
p/pP (that vay, véi p > 4,1—1—; <2< pvoip=31+3<
3v/3). Vi thé, néum = 1, thi D(p) = 1+ p < p,/p; tudng ty, néu
m=2,thiD(n) =1+2+p+2p=3+3p <2p,/2p = n\/n, néu
m > 3, thi theo gia thiét quy nap D(m) < m+/m. Nhu viy mdi
udc s6 cua n c6 dang d hodc dp, § day d 1a udc s6 cua m, nén
D(n) = D(m) + pD(m) = D(m)(1+ p)
< my/m.p\/p = ny/n. ©

4.3. $6 phic

Ta nhéc lai khai niém co ban cta sé phiic. Mot s phic z ¢6
dang dai s6 z = x + iy, § day x va y 1a nhiing s6 thuc, con i 12 don
vi 40 ¢6 tinh chat i> = —1; s x goi 1a phan thuc, con s6 v goi 1a
phan 4o cta s6 phic z.

Hai s6 phtic z; = x1 +iy1,20 = x2 + iy 12 bang nhau khi va
chi khi x; = xp,y1 = yo. Néux =y =0, thiz = 0 +i0 = 0. Moi
s6 thuc ¢6 thé coi nhu 12 mot s6 phiic khi phan 4o cia né bang 0.
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Nhu vay tap s6 thuc chi 14 tap con cta tap sé phic. Nhiing phép
toan dudc dinh nghia trén tip s6 phiic gém:

(x1+iy1) + (2 + iy2) = (x1 +x2) +i(y1 +2),
(x1+iy1) — (x2+iy2) = (x1 — x2) +i(y1 — v2),
(x1 +iy1) (x2 +iy2) = (x122 — y1y2) +i(x1y2 + x2y1)-

S6 z = x — iy goi la s6'lién hop cua z = x + iy. R6 rang néu z;
14 lién hop cta zy, thi z, cling lién hdp cua z;.
S6 phtic c6 lién hé chit ché véi hé toa do vudng géc nhu hinh

Vvé.
Mbi s6 phiic z = x + iy biéu dién nhd mot diém (x,y) trong
hé toa d6 vudng goc.
D6 dai ti diém goc toa do dén
diém so6 phic goi 12 modun caa z va A
dudc ky hiéu |z|. Tl hinh vé ta thay y
lz| = \/x2+y2 > 0. Géc gitia truc =
Ox va Oz do theo chiéu ngudc kim
dong hé goi 1a argumen cua z; va ky v
hiéu 1a argz. R6 rang AN
o X
{x = |z| cosa,

y = |z|sing,

0 day « = argz. Nhu vay s6 phic z = Hinh 4.1:

x + iy biéu dién qua dang ludng gidc
z=p(cosa+isina),p = |z|,a = argz.

§ dang ludng giac s6 phic, c6 nhiéu thuan 1¢i trong cac phép
tinh. Chéng han ta 1y phép nhan hai s6 phic: z; = p;(cosa; +
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isinag), zp = p2(cosay + isinay). Khi d6

Z12p =

= p102[(cos a1 coswp — sinaq sinay) + i(cos g sinay 4 cos ap sinay )|
= p1p2[cos(a; + ap) + isin(a; + ap)].

Cong thic nhan va chia s phic 8 dang nay kha dep. Két qua
tong quat:

Vi du 4.12. Cho nhitng s6 phic

z1 = py(cosag +isinay),
zy = pa(cosap +isinay),

Zp = pn(cosa, +isinay).
Khi do

2129 ... 2Zn = P102 - - - Pn(cos(ay + ap + -+ + ay)+
iSil’l(le +oay+ -+ “n)) 4.4)

viin=273,...

Loi giai. Ching minh ding thic trén bang phudng phéap quy
nap toan hoc theo n. Véi n = 2, cong thic (4.4) ding theo phép
nhan hai s6 phiic. Gia st dang thiic ding cho mot s6 7 nao dé. Ta
sé chiing minh déng thic (4.4) dting cho n + 1. That vay, véin + 1
s6 phuc z, = py(cosa, +isinay), u =1,2,...,n+ 1. St dung gia
thiét quy nap

2122+ ZnZnp1 = 102+ - Pu[cOS(A1 + 2 4 - -+ k)

+isin(ay +ax + -+ - + ay)].0n41(cos a1 +isinag, 1)
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= 0102 .. PnPn+1[cos(ag +ag + -+ + ) COS &y 11
—sin(ag +ap + - - -+ ay) sinay,
+ifcos(ag +ap + - -+ ay) sina, g
+sin(ag +ap + - - 4+ ay) COS Ay 41]
= P102-- - PuPut1[cOS(a1 + a2 + - -+ + &yy1)
+isin(ag +ax+ -+ app1)] ©

Truong hdpriéngay = = ... =, =avap; =p2 = ... =
On = p cong thic viia ching minh trd thanh

z" = p"(cosna + isin nw).
Néu diém z ndm trén dudng tron don vi thi z = cosa + isina va
e -
(cosa +isina)" = (cosna + isinna).

Cong thic sau cung goi la cong thie Moivre. Cong thic Moivre
c6 nhiéu iing dung trong thuc t€ ciing nhu gii bai toan lién quan
dén s6 phic. Nhiéu bai toan rat hay nhung khéong lién quan dén
phuong phdp quy nap toan hoc téi khong xét dén § day' .

Vi du 4.13. Chitng minh rang néu két quad thue hién mot s hitu
han phép tinh (phép céng, phép tri, phép nhdn, phép chia) trén
day sb x1,x2,...,x, la mot sé u, thi két qua thuc hién ciing cdc
phép tinh dé trén day lién hop x1,%,...,%, sé nhdn duodc sé i
lién hop cua u.

Loi giai. Budc co sé: Pau tién ta sé ching minh ménh dé ding
vdi tling phép tinh trén hai s6 phiic. Cho x; = a +ib, x, = c + id.

IBan doc c6 thé tim thay mét s6 ing dung cta s6 phic trong [2].
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khi d6

x1+x=(a+c)+(b+d)i=u,
T1+X=(a—ib)+(c—id)=(a+c)— (b+d)i=1.

Bang phuong phép tuong tu ta ki€ém tra phép trii, nhan, chia hai
s6 phic, khing dinh déu dung.

Bay gid gia sti cho biéu thic hitu han cac s6 phiic x1, xo, . . ., X;.
Thuc hién tinh toan biéu thiic nhu vay la thuc hién mét day cac
phép tinh trén hai s§ phiic, viéc thuc hién c6 thé danh s6 thi tu
dugc. Chang han biéu thiic

X1Xp + X3X4

X1+ x2—x3°

Dé thuc hién u ngudi ta thuc hién cac buée sau:

Dxyxy = uy, 4)uz —x3 = iy,
2)x3x4 = Uy, 5)uj + up = us,

3)x1+x2 =us, 6)us:uy=u.

Gia st ménh dé ding vdi tat ca cdc bidu thic ma trong su tinh
toan doi hoi khong qua k bude thuc hién, cdc bude thuc hién &
day la: cong, tri, nhan hoéc chia hai sé phiec. Ta sé chiing minh
ménh dé ding véi cac bi€u thic doi hoi k + 1 budc thuc hién.
That vay, budc thuc hién cudi cung k + 1 trén hai s6 u; va uj, ma
nhiing s6 nay la két qua cta viéc thuc hién khong qué k phép
tinh. Két qua khi ta thay x, x»,...,x, bang céac s6 lién hdp cia
chiing thi theo gia thiét quy nap céc s& u; va u; ciing thay bang
céc s6 lién hdp caa chiing trong két qua thuc hién phép tinh. Khi
d6 u ciing thay bang s6 lién hdp clia né @ trong bude thuc hién
thid k+ 1. ©
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Vi du 4.14. Cho z la nghiém ctia phuong trinh bdc hai x* + x +
1 = 0. Chitng minh rang véin =0,1,... ta cé

0 on 0, néu n khong chia hét cho 3,
142" +2z7" = . C .
3, néu n chia hét cho 3.
N A s 1 V3
Loi giai. Nghiém cua phudng trinh 1la b; = —5 + = b, =
1 V3 .
—5 i Ta ky hiéu z la nghiém bat ky cua phudng trinh,
1
nghia la z = —2+i\fy,(’idéyy =1khiz="5b vay = —1khi
1
z="by. Pat a = argz(m < a < 71); b6i vi |z| = 1 nén cosa = —3

va sina = \f],t, ti day ta c6 o = 2?7[;4. Suy ra z c6 biéu dién
lugng giac sau
27 .. 27

) z:cos?y—l—zsm?‘u.
Ap dung cong thic Moivre

S, =1+2"+ 22"
2nrt .. 2nw dnm .. 4nr
—3 W tisin Ty) + (cos —5 W tisin Ty).
Ap dung cong thic bién d6i ludng gidc cho tong cos va sin ta
nhan dudc

=1+ (cos

op = 1+ 2cosnmy cos %y + 2isinnty cos %y
T

=1+ (—1)"2cos %

Ta chi y cosnmy = cosnmt = (—1)",sinnmy = 0. Cho n chia hét
cho 3. Khi d6 n = 3k (k 1a s6 tu nhién) va
6p = 03 =1+ (—1)%*2cos 3’;”

=1+ (-1)f2(-1)f=142=3.
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Ngugclaincé dangn =3k +s(s=1vas=2)va

3k
Op = 3545 = 1+ (=1)%F° 2 cos (j;s)n

=1+ (—1)k+s.2(—1)k.cos%

=1+ (—1)’<+S.2.(—1)".(—1)5“.% =0.

Vay bai toan cé thé viét lai dudi dang

0, s#0,(k=0,1,...;5s=1,2)

5 =14+ Z3k+s + Z6k+25 —
3k+s 3’ 5 — O,

(4.5)

Vil+z+22=0,n8n0= (1-2)(1+z+2?) =1-2%suy

raz’? = 1. Véik =0tacéds = 1+2° +2%(s = 0,1,2); § =

1+14+1=3,81=14+2z+22=0,0=1+22+z* =1+2%(1+ 22,

8 day da ap dung 1 + z> = —z. Va nhu vay véi k = 0, (4.5) dung.

Gia st bay gio (4.5) ding véi k > 0 nao dé, ta sé ching minh
rang né ciing dung cho k + 1. That vay,

53(k+1)+s =1+ ZSk+s+3 + Z6k+25+6 =14+ 23k+523 + Z6k-i—25z6

-1 _|_23k+5 _|_Z6k+25 — 53k+5,

§ day ta da sti dung z° = 1,20 = (%)% = 1. ©

4.4. Nhing vi du khac

Vi du 4.15. Cho nva k la nhitng s6' tw nhién, k > 2. Chitng minh
rang ton tai n s6 tw nhién lién tiép, moi so trong chiing phan tich
ra tich it nhdat k thita s6 nguyén to.

Lai giai. V6i k = 2 khang dinh cta bai toan c6 nghia 1a ton tai n
lién tiép nhiing hop s6. Day nhu vay vi du nhu (n +1)! +2, (n +
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D!'+3,...,(n+ 1)+ (n+1). Gia thiét vdi s6 k nao d6 ta da tim
dudc n s6 tu nhién lién tiép
N,N+1,...,. N+n—1

modi s nay phan tich ra tich it nhat k thiia s6 nguyén to. Khi d6
moi s trong nhiing s6 sau
(N+n—1)!+N,(N+n—1)!+N+1,...,(N+n—-1)!+N+n—1
phan tich dudc ra it nhat k + 1 thita s6 nguyén t6. That vay, moi
s6 trong cacs6 (N+n—1)!'+N+i (i=0,1,...,n—1) chia hét
cho N + i, ma theo gia thiét quy nap nhiing s6 nay phan tich dudc
. o e . (N —1)!+N+i
ra tich it nhat k thu s6 nguyén to, con so (N+n N i i+ Tl
hién nhién 1a khéc 1. ©

Vi du 4.16. Cho m va n la nhitng s6 tw nhién. Chitng minh rang
it nhdt mot trong cdc s6 /m, {/n khong vt qud /3.

Loi gidi. Ta sé chiing minh véi moi s6 tu nhién n c6 bat ding
thic sau 3" > 3. Ching minh theo quy nap toan hoc. Véi n =
1,2,3,4 ta c6 31 > 13,32 > 23,3% > 33,34 > 43, Gi4 st khing dinh
ding véi n = k, (k > 4). Khi d6 theo gia thiét quy nap

3 =335 > 34% = KB 4-3K2 + 3k + (k—3)k* + (K2 —3)k > (k+1)°.
Vik >3, (k—3)k? > 1,(k* —3)k > 1. Nhu vay vdi moi s6 tu nhién
n, ta c6 3" > n® hodcla v/3 > {/n.

Cho m va n s6 td nhién va n > m. Khi d6

Ym < Y/ < V3. ©

Vi du 4.17. Bj ba Pythagore la mét bd ba s6 tw nhién (x,y,z),
sao cho x < y < z va x> +y* = 2z Chiung minh rang vdi s6
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tu nhién bat ky n, s6' 2"! c6 mdt trong n bo ba Pythagore khdc
nhau.

Loi giai. Chiing minh bang quy nap toan hoc theo #,

1) Véi n = 1 két luan hién nhién: Sé 4 gip 1 1an trong cac bo.

2) Gia sii ménh dé dung vdi bat ky k < n. Khi d6 néu bd
ba Pythagore (x,y,z) c6 chda s 2"*2, va nhiing s6 x,y,z khong
nguyén t6 cung nhau, thi nhiing s6 nay cé thiia s6 chung 2 va
(g, g, g) 12 bo ba Pythagore trong d6 chia s6 2"*1. Theo gia thiét
quy nap nhiing by ba nhu vay c6 s6 ludng n. Gia st (x,y,z) bo ba
Pythagore , ma cdc s6 cua ching x, v,z nguyén t6 cung nhau, va
mét trong ching bang 2”2,

Theo diéu kién x* + y? = z2. Vi th& néu z 12 s6 chén thi x va y
khong chén (do chiing nguyén té cing nhau). Va suy ra x? va y?
khi chia cho 4 cho du 1. Khi d6 x? + y? khi chia cho 4 cho s6 du 2,
nhung trong khi d6 z? chia hét cho 4. Dan dén v6 ly. Suy ra z 1a
s6 1é va trudng hdp riéng z # 22

Nhung x> = (z—y)(z+y), va néu x = 2"2 thi
x2 = 22 = (z—y)(z+y), ti d6 z—ylz 2kz+y =
2H4k(0 < k < 2n+4). Suy ra z = E(Zk 4 Q2nHa—ky,

Nhu vay z 1a 1é, thi hodc 1a k = 1, hodc 1a k = 2n + 3.
Trong tridng hgp thi nhat z = 14222y = 2242 _ 1,
x =2"2 yanhd vay 0 < 2712 < 22742 1 < 22"+2 4 1 vdin > 1,
thi (27+2,22742 — 1,22"+2 4 1) bo ba Pythagore . Trong trudng
hgp thd hai z = 1+ 22"*2,y = 1 — 22"+2 Nhu vay trong trudng
hgp cudi cing y < 0, thi ton tai mot bd ba (x,y,z) sao cho x,y,z
nguyén té cung nhau va x = 2"2,



108 Chudng 4. S6 hoc

Cuéi cung cho y = 2"*2, khi d6 ly luan tudng td nhu phan
trén ta nhan dudc z = 2"*2 + 1 va hodc 1a x = 22”2 — 1, hoic la
x = 1—22""2 Nhung véi n > 1 trong triong hgp thi nhat x > y,
con truong hdp thi hai —x < 0.

Nhu vay, tén tai mot bo ba s6 Pythagore (x,vy,z) sao cho x,y,z
nguyén t6 cung nhau va c6 mot s6 1a 2”2, Vi thé tat ca cap bd
ba trong né chda 2"+2, bang n + 1. ©

Vi du 4.18. Chitng minh rang néu a =b (mod m), thi amt = pm
(mod m**t1), ¢day k =0,1,2,. ..

Loi giai. Ta ching minh bang quy nap theo k. Véi k = 0 thi
ménh dé ding hién nhién. Gia st vdi mot k nao do, ta c6 ™ =
b (mod m**1). Ta dat [ = m*. Ta c6

amk+1 . bmk+1 _ (Cll _ bl)(ul(mfl) + gl(m=2)pl NI bl(mfl)).
Vi theo gia thiét quy nap, thiia s6 thid nhat chia hét cho m**1,
vay chi con chiing minh thiia sé thi hai chia hét cho m. Nhung
a=0b (mod m), tii d@6 a' = b' (mod m) va a!("=1) 4 gl(m=2)pl 4

N bl(mfl) = al(mfl) + al(mfl) 4+ oo+ al(mfl) = mal(mfl) =0
(mod m). )
4.5. Bai tap

> 4.19. Ching minh ring véi moi sé nguyén dudng n, 1171 +
12271 chia hét cho 133.
> 4.20. Ching minh ring véi s6 n nguyén dudng

1) A = n” + 6n chia hét cho 7;

2) B = 26+l 4 32742 chija hét cho 11;

3) D =221 — 952 4 3 — 2 chia hét cho 54.
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> 4.21. Ching minh ring véi n nguyén dudng, s6 233 — 7 + 41
chia hét cho 49. Tong quéat: Véi a,n 1a nhiing s6 nguyén duong,
biéu thic A, = (a+1)" — an — 1 chia hét cho a°.

> 4.22. Chiing minh ring mét s6 c¢6 s6 chan chii s6, chii s6 ddu
tién va chii s6 cuéi cung 1a 1, c4c s6 con lai 1a 0, thi né chia hét
cho 11.

> 4.23. Chiing minh rang mot sé tao bdi 3" chii s6 1, chia hét cho
3",

> 4.24. Ching minh rang véi s6 tu nhién n > 2, nhiing s6 c6
dang N = 2% + 1 c6 chii s6 cudi cung la chii s6 7 (S6 Fermat).

> 4.25. Cho day sb a1,a5,a3,...saochoa; = a, = 1 va a,,p =
ay + a,+1. Chiing minh rﬁng as, chia hét cho5véin =1,2,....
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Phuong phap quy nap toan hoc dudc ap dung cho rat nhiéu
bai toan vé day s6. Két hdp vdi cac tinh chat caa bat ding thiic
va dang thic thi ching minh bang phuong phap nay rat ngin
gon va dé hiéu.

5.1. Dy s6 tu nhién

Vi du 5.1. Cho day vé han s6'tw nhién ay = 1,az,a3,...,a,,... 04
thod man bdt ddng thiic sau

ap <l+ay+ax+---+a, 1

vdi moi s6 tw nhién n > 2. Chitng minh rang vdi moi s tw nhién
duong cé thé biéu dién nhu tong cia mot vai sé duge chon trong
day.

Loi gidi. Ta sé ching minh ring moi s6 tu nhién N thod mén
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bat ddng thic 0 < N < 1+ay+ap + - - - + a,, ¢6 thé biéu dién
nhu mét tong cua mot vai s6 trong day ay,a, ..., 4a,.

Véin =1 ménh @ ding via; = 1,khi d60 < N < 1+ 1 chi
laN=1=ua;.

Gia sti ménh dé dung véi s6 tu nhién n = k > 1, nghia 1a moi
s6 tu nhién N thoa man bat ddng thic 0 < N < 14 a; +a» +
.-+ + ay, c6 thé bidu dién nhu mét tong cia mot vai sé trong day
ay,ay, . ..,a. Ta sé chiing minh ring né cing dung véi n = k + 1.

Ta chi xét trudng hop sau day la du

1+ 4+ +ar SN<1+a1 4+ Fap+ a1

vinéu0 < N < 1+ay + - - - + ai, thi ménh dé ding suy ra tii giai
thiét quy nap.

Do diéu kién dau bai, ta nhan dude
0<14+m+-+ag—ap 1 S N—ap 1 <l4a+- - +a

Néu N — a;.; = 0, thi ménh dé ding véi n = k + 1; néu N —
agy1 > 0, thi theo gia thiét quy nap N — a;,; c6 thé bidu dién
nhu tong clia mot vai so trong ay, ay, . . ., a; va khi dé N biéu dién
nhu tong trén va thém vao a; 1. ©

Vidu5.2. Cho p1 < p2 < ... < pu < ... la day s6 nguyén to.
Chitng minh rang gitta hai s6' p1 +pa+- -+ pava p1+p2+--+
Pn+1 luén luén c6 moét s6 chinh phuong.

Loi giai. Gid st 2 = p; < p2 < p3... day s6 nguyén t6.

1) Ta chiing minh rang véi n > 7, p, > 2n + 1: Ta chitng minh
biang phuong phap quy nap. Véi n = 7, ta c6 p7 =17 > 15, ménh
dé ding. Gia st ménh dé diung cho n = k, p; > 2k + 1. Ta chiing
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minh ménh dé ciing ding véi n = k + 1, that vay, do p, 1a s6
1é v6i moi n > 1, nén pyq — pr > 2, nghia la pry > pp+2 >
2k+1+2=2(k+1)+ 1. Nhu vay ta da ching minh ding cho
moin > 7, p, >2n+1.

2) Ta ching minh véi moi n, y, > n?: Ky hiéu y, 1a tong

Yn=p1+p2+---+pn

Tacoy; =2 > 1%,y =5 >22,y3 =10 > 3%,y = 17 > 4%, y5 =
28 > 5%,y =41 > 6°vay; =2+3+5+7+11+13417 =
58 > 49 = 7°. Ta sé chiing minh quy nap theo 7, vi n > 7 ta cé
yn > n.

That vay, Gia st véi n = k, ta ¢6 y; > k?. Véin = k+1 ta tinh
Yii1 = Y+ Pri1 > K2+ 2k +1) = (k+1)?, ta da si dung két
qua phan trén va gia thiét quy nap. Nghia 1a ta da chiing minh
v6i moi n, y, > n?.

Lay m? 1a s6 chinh phuong 16n nhat khéng 16n hon v, (c6 thé
14y dudc theo ching minh trén va tién dé thi tu ). Khi d6 theo
ching minh trén m > n hodc la m = n+k,k > 0. Nhu vay, véi
moi n > 1 ton tai s6 k > 0 sao cho

(n+k)? <y, < (n+k+1)>2
Ta s& chiing minh p,, ;1 > 2(n + k) + 1. Gia st ngudc lai, ta c6
Pu+1 < 2(n+k)+ 1. Nhung véin > 2, py+1 > pn + 2. Suy ra
pn <2(n+k)+1-2=2(n+k)—1,
Pn1 <2(n+k)+1—-4=2(n+k)-3,
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3=pp<2(n+k)+1-2(n—-1)=2(n+k)— (2n—3),
2=p1<2n+k)+1-2n=2(n+k)—(2n—1).
Cong tiing vé cac bat ding thiic trén, ta c6
Yn=p1+p2+--F+p<2nn+k)—(1+3+---+2n-1))
=2n(n+k)—n*=n’>+2nk+1-1=(n+k)?*-1.
Nghiala y, < (n+k)? — 1. Nhung theo gia thiét y,, > (n +k)? va
yn 12 6 nguyén. Dan dén vo 1y. Suy ra p,.1 > 2(n + k) + 1. Khi
do
Yol =Un+pn> n+k)2+2n+k)+1=n+k+1)? >y,
nghia la

Yn < (n+k+1)* < yns1.
Suy ra (n +k + 1)% ndm gitia y, va y,11. ©

Vi du 5.3. Cho day s6 chia thanh ting nhém nhu sau:
(1),(2,3),(4,5,6), (7,8,9,10), (11,12,13,14,15), . .. Tinh téng S +
S3+ S5+ -+ Sp,_1, 6 day Sk la tong nhitng sé cua nhém thit k.

Lai giai. S6 dau tién cia nhém thi k bing

k(k—1
1424+ (k—1)+1= (2 ) 41
Con téng cua k s6  nhém thi k 1a
k(k—1) (k+1)k
Sk:k( > + 1+ 5 ):k3—|—k'
2 2

Béng quy nap toan hoc theo 7, ta chiing minh ring
S1+S+--+5Sy-1= n*. (5.1)
1) Véin=1,tac6S; =1=1%
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2) Gia sti (5.1) ding véi n nao day, ta chiing minh cho n + 1.
Sl + 52 + -+ 52(n+1)—1 - (Sl + 52 + -+ S(Zn—l)) + S211+1
o (2n+1)3+ (2n+1)

2
=n*+2n+1)2n* +2n+1)

=n*+dnd ton*+an+1=(n+1)%

DPéng thic (5.1) ding véi moi n nguyén dudng. ©
Vidu5.4. Choddysd Fi, B, Fs, ..., Fy,...dude xdc dinh theo cong
thucsau: Fy = —1,Fp = —1,F, = —F,_1 —2F, » vdi n > 3. Ching
minh rdang véi n > 2 s6 2" — 7F2 | la s6 chinh phuong.
Loi giai. Ching minh bing quy nap toan hoc theo 1, ménh dé
sau: Véin > 2,
2"t _7F2 | = (2F, 4+ F,_1)>
That vay, n = 2ta c6 23 —7 = (=2 + 1)2. Gia st ménh dé ding
v6imoi k < n, § day n > 2. Khi d6
(2F, 41 + E,)? = (—2F, —4F,_1 + F,)?> = (—F, —4F,_1)?
= F2 +8F,F, 1 + 16F>_,
= 2(4F2 + 4F,F, | + F2_,) + 14F>_, — 7F?
=2(2F, + F,_1)* + 14F>_, — 7F?
=2(2"*! —7F% )4 14F> | — 7F?
— 2n+2 o 71:2
.
Nhu viay ménh dé dung véik = n + 1. ©
Vi du 5.5. Cho n > 1 la mét s6 tw nhién. Dinh nghia day sé

X1,X2,...0Q Y1,Y2, ... theo cdch sau:

X+ Y n
x1=ny1=1x1 = [~ > yl]/yi—i—l =

i=12,...),
xi+1] ( )
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[x] 86 nguyén lon nhdt khong lén hon x.
Chitng minh rang min{x{,xs,...,x,} = [\/n].

Loi giai. Ta sé ching minh véi méii (i = 1,2,...),x > [V/1].
Bat dang thic ding véi i = 1. Gia st bat dang thic ding véi
i =k Khid6x,=[yn]+tt>0,

__n [v/n]? Va2 -t

suy ra

v = [ (WISl

Khi d6 theo nguyén 1y quy nap toan hoc bat dang thic can ching
minh dung véimoii =1,2,....

Gia st vdi mot s6 s nao d6 ¢6 xs = [/n] +t, §dayt > 1
(diéu nay c6 thé dudc, chang han 14y s = 1). Ngoai ra néu lay
n = [y/n]® + p, § day s6 p thod man 0 < p < 2[y/n] (ta ciing 14y
dudc do p 14 s6 tu nhién va p thoa man nhu vay vi néu ngudc lai
thi dan téi diéu vo 1y n > ([v/n +1]?).

Khi d6
_oon WP e VP2l
[Vn)* +2[y/n]
\ [Vn] < [W] < [Vn+1].
T ys < [/n] < [\/n] +t = x5 ta nhan duge y; < x; — 1 suy ra
Xst1 = [xs';ys < [2XS2_1] = Xs -1< Xs.
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Diéu nay nghia 1a khi x; > [\/n] vis = 1,2,... ddy xq,xp, ... s&
gidm thuc su va vdi s da 16n (nhung nhé hon n, vi x; = n) thi sé
c6 ding thiic x, = [/n]. ©

Vi du 5.6. Cho day s6 ay,az,...,a, duge dinh nghia theo ddng
thic sau:ay =k —1vdik=1,2,3,4v0 ay,_1 = asp—2 +2""2, 00, =
a2,_5 + 2" vdi moi n > 3. Chitng minh rdang vdi moi s6 ty nhién n
khdc khong ddng thic sau ding:

12 17

a)l+axy 1= |:7.2n—1:| ; b)1+ay, = |:7‘2n—1:| .

Loi giai. Véin = 1 van = 2 d4ng thic ding véi bang cach kiém
tra truc tiép. Gia st hai ddng thiic trén ding véi hai s6 tu nhién
lién tiép n — 1 va n. Ta sé ching minh hai dang thic dung cho
gi4 tri tiép theo n + 1.

T dinh nghia caa day 1 + ay,.1 = 1+ ap, +2""1. Cha y téi
déng thic b) cho gia tri 1, ta c6 1+ a1 = [177.2”1] +2" L Vi

. .. N . 12
déng thiic a) trong bai 2.4 nén ¢6 1+ ay,.1 = [7.2”} suy ra

déng thic a) ciia bai toan véi gia tri n + 1.
Ti dinh nghia ctia day 1 + a0 = 1+ a,_3 + 2", Chu y téi

. o 12
déng thic a) chogiatrin —1,ta cé 1+ a0 = [7.2”2] +2ntl,

3 . . A 17
Vi dang thtc b) trong bai >2.4 nén ¢6 1 + a2 = [7.2”] suy ra

déng thic b) ciia bai toan véi gia tri n + 1. ©
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5.2. Day tréi hon
Cho hai day

ay,a»,as,. .. (5.2)
by, by, bs, . .. (5.3)

Ta goi day (5.2) troi hon day (5.3) néu chiing thoa man bat dang
thuc:
by <a,, (n=12,...) (5.4)
Trong toan hoc thudng diing loai bat ding thiic nay, dic biét cac
bai toan vé danh gia mét qua trinh, tim gidi han, ...
Vi du 5.7. Chitng minh bat dang thic
1 (2n)!

n+1 < W, (1’1 = 2,3,) (55)

Loi giai. Chiing minh quy nap theo n. Bat déng thic (5.5) ding
vOi n = 2 suy ra tu

4? (22)! 16
2+1 @)y 3 o<

Gia st (5.5) ding v6i mot s6 1 nao d6. Ta sé chiing minh rang né

cling dung cho n + 1,
41 (n+2)!
2 S (e
That vay, ta viét vé trai caa (5.6) dudi dang
4l 4" 4(n+1)
n+2 n+1 n+2
Tt gia thiét quy nap ta cé
4l 4 4(n+1) - (2n +2)! 2(n+1)?
n+2 n+1 n+2 (n+1)H2" 2n+1)(n+2)’

(5.6)
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mat khac
0 < 2n+1)  2n*4+4n+2
2n+1)(n+2) 2n2+5n+2
_(2n2—|—5n—|—2)—n_1_ n <1
o 2m245n+2 2n?2 +5n+2
véin=1,2,...vasuyra
g+l _ (2n +2)! 2(n+1)? (2n +2)! o
n+2 " (n+1)N2 2n+1)(n+2)  ((n+1)H)%
Vi du 5.8. Chitng minh bdt dang thiic
1 1
1+ —4- -+ —>n, (n=23,...). (5.7)

V2 vn

a2 ras 1 . 1 5
Loi giai. Véi n = 2 ta c6 bat ddng thic 1+ > /2, bat dang

V2
thic nay ding qua kiém tra truc tiép. Gia st (5.7) ding véi mot
gia tri n nao d6 va ta sé chiing minh bat dang thic ciing ding
v6in + 1, hodc la

1 1
1+ —+---+ >vn+1,(n=23,...). (5.8)
V2 vn+1 ( )
b s . e e 1
Thét vay, cong hai vé bat dang thuc (5.7) v6i so han , ta
at vay, cong g .g\/m
co
T gt > /n+ (5.9)
V2 vn o n+1 Vn +1' '
Nhung
1 \/nz—f—n—f—l vnZ+1
v+ =vn+1.

Vil il \/n +1
Tu day va (5.9) suy ra (5.8). ©
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Vi du 5.9. Chitng minh rang

a1by i aby . a,b, < (a1+"'+an)<b1+"‘+bn)

R )
ai+br  ax+b an+bn_(ﬂ1+"'+€ln)+(b1—|—---—|—bn)
(5.10)

é?ddy ai,az,...,0,,b1,b0,...,0,la nhfc’ng sé’dwo’ng.

Loi giai. V6i n = 1 bat ding thic dung. Véi n = 2 ta c6 dang

a1bq arby < (a1 + az)(b1 + bz)
m+by ay+b — (611 —|—L12)+(b1—|—b2)

(5.11)

hoéac la

(a1 + a2)(by + b2) (a1 + b1) (a2 + b2) — arb1(az + ba) (a1 + az + by + ba) —
—azby(ay +by)(ay +ax+ by +by) >0
hoéic 1a (a1by — axby)? > 0 bat déng thic nay hién nhién ding.
Gia sti (5.10) dung vdi s6 tu nhién n > 2 nao dé. Ta sé ching
minh né diang véi n + 1. St dung (5.10) va (5.11) ta c6

aiby axby . anby n Ani1-bpi1

a1 +by ax+bo an+by  ayi1+ b
(ap 4+ +ay)(by+---+by) ani1.by41

S (ait ot a) F (Ot b)) st + barn
(a4t ant o)t bt b)) g

T (a A+t antagg) + (bt be +bagr)

Vidu 5.10. Cho 0 < x1 < x; <...<x,.Chitng minh rang

X, X Xn-1 | Xn o X2, X3 Xn | X1
e R e R _
X2 X3 Xo o ox X X Xn-1 X

Loi giai. V6i n = 2 bat déng thic dung. Vi n = 3 ta c6

X1 X2 X3 X2 X3 X1 X3 — X2)(X3 —X1)(X2 — X
SIS R S _(mmm)mom)mox
X2 X3 X1 X1 X2 X3 X1X2X3
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bat ddng thic ding. Gia st bat ddng thic ding véin =k — 1,

X X Xje— X X X
R B = G- S STORN: < O

X2 X3 X1 X1 X2 Xk—1
Do chiing minh véi truong hdp n = 3 nén ta cé
X1 Xe—1 | Xk o Xk—1 Xk X1
e e
Xk—1 X X1 X1 Xk—1 Xk

Cong hai bat ding thic sau ciing ta nhan dudc bat ding thuc
phai ching minh cho n = k. ©
Vi du 5.11. Chiéng minh rdng néu tich n sé thuc duong
bang 1, thi toéng ciua ching khéng nhé hon n. Néi cdch khdc,
cho x1,%y,...,X, la nhitng s6 dwong, chitng minh rang néu
X1xX2...xp =1lsuyraxi+xy+---+x, >nvoimoin=1,2,...

Loi giai. Véi n = 2, ta cin phai ching minh ti x;x, = 1 suy ra
x1 + x > 2. That vay, tii bat ddng thic hién nhién (x; —1)2 > 0,
. . e 1
suy ra x% + 1 > 2xq, chia hai vé cho x; ta nhan dudc x; + P, > 2,
1
nghia 1a x; + x, > 2, ddng thic xay ra khi x; = 1, do d6 x; =
Xy = 1.
Gia st ménh @é da chiing minh ding cho n > 2. Ta sé chiing
minh dung cho n + 1, nghia la sé ching minh tu
X1X2 oo XpXpe1 = 1 (5.12)
suy ra bat dang thiic
x1+x+--+x,+x5401 >n+1 (5.13)
Déng thic (5.12) chi xay ra hai trudng hop sau:
I. T4t ca cac thiia s6 bang nhau x; = xp = ... = x,,1 = 1.

II. Khong phai cac sé déu bing nhau.
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Trong truong hop I. Taco x;1 + xo+ - -« + x40 =n+ 1.

Trudng hop II. Trong c4c thiia s6 ¢6 thita s6 16n hon 1 thi ciing
c6 thiia s6 nho hon 1. Néu khéong c6 dong thdi hai s6 ¢6 tinh chat
trén thi tich ciia ching sé khac 1. Ching han x; < 1,x,.1 > 1.
Khi d6 ta ¢6 y1xpx3...x, = 1, § day ta dat y; = x1x,.1. Do gia
thiét quy nap dung véin,néntacéy; +x2+---+x, > n. Khido

X1+t = (Yt xa o+ xn) F X — Y1+
>n+xppr—y1+x1=m+1)+ x40 —y1+x—1
=m+1)+x41 — X101 +x1— 1
=m+1)+ (11 = 1)(1 = x1).

Do ta ¢6 x,41 > 1va x; < 1 suy ra diéu can ching minh. ©

5.3. Nhiing bdt dang thic néi tiéng

Bai tap vé bat ding thic vo cung phong phu va ching loai
khéc nhau, da c6 nhiéu sach dé cip dén van dé nay. Trong muc
nay ching t6i chi liét ké nhiing bat dang thic cd ban, tat ca déu
dudc chiing minh bang phuong phap quy nap.

Vi du 5.12. (B4t dang thiic Cauchy). Cho day s6 duong bat ky
X1, X2, ..., X, chitng minh rang

X1t X2+ X
n

> Mx1xn ... Xy (5.14)

Ddng thitc xdy ra khi va chi khi x; = x, = ... = x,,.

Loi giai. Cdch ching minh thi# nhdt: Ta dat a =
x1+xz+---+xn

a dat ¢ = /x1xz2...x,. Khi d6 dang thic
(5.14) ch1 la hé qua ctaa bai >5.11. That vay, g" = x1x2...xy
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suy ra 3;13;2 - );" = 1. Do két qua bai toan trudc ta sé Gl +
);2 +o 4 J;" > n. Tl 6 suy ra (5.14). Pang thic chi x4y ra khi
X1 X2

—=—==...= ﬁ,nghialém =Xy =..=Xy.
8 8 8

Cdch chitng minh thw hai: Phuong phap ching minh theo
quy nap dang khac véi binh thudng do chinh Cauchy dua ra. Cé
thé néi day 1a cach chiing minh quy nap cho tiing doan chia cac
s6 tu nhién.

Véin = 1 = 2° bat déng thic (5.14) ding. Véin = 2 = 21,
(5.14) suy ra tii (/X1 — /22)? > 0 va ddu ding thic xay ra khi
va chi khi x; = x,. Gia st (5.14) ding véi s6 n. Khi d6

X1 +X2 X3+ X4 Xop—1+ Xon

Xpt+xo+---+Xpu D 2 2
2n a n
i,v/xl—l-xz X3 + X4 Xon—1 + Xon
> T >

2 (/\/mxz\/mxz; cee N/ Xon—1%X2n
= X/x1x2...%X0p.

Bat ddng thic (5.14) ding véi 2n. Suy ra né dung vdi tat ca cac
s6 ¢6 dang 2"~ ! véi moi s6 tu nhién n.

Véi m 1a s6 tu nhién. Néu m c¢6 dang 2" véi n 12 mét so nao
d6, thi (5.14) dung. Vi vay chi con kiém tra m nam trong khoang
gitia 2"~! va 2". nghia la 2"~! < m < 2". Ta @it m + g = 2". Khi
dé

X1+x24 -+ Xmgg >

"'lexz o Xmag-
m+q 1

a 10 a X1 +x0+---+x
Bay gld ta dat Xm+1l = Xm42 = ... = Xm—H/ = ! : m m,
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khi d6
X142+ 4 X
m

X xgtx,  TRE T X g

m m+q

. X X+t X
+\q/xlxz...xm( ! Zm Ty

Vv

hosc la

X4 x4 x " XX+ a1
- > X1X2 ... Xy - ,

Mttt
- Z X1Xp .. Xy

Tu day suy ra (4.13) dting. Nhu vay né ding vdi moi s6 tu nhién
n.

Bay gio ta chiing minh (5.14) xay ra dang thic chi khi x; =

Xp = ... = Xy, that vay, gia st it nhat c6 hai s6 trong x1, x, . . ., X,
ching han x; va x, khong bang nhau. Khi d6

X1+XxX2 X1+ X

X1 +X2+ -+ Xy 2 2
n n

+az e+

vV
N
=
=
N+
=
N
~_
=
(€M)
=
S
=
N

Nhung tu x; # x, suy ra
X1+ x2
2

Tt hai bat déng thic trén ta suy ra

(x1—|—x2—|—---—|—xn) > {/x1x2. .. Xy,

n
Nhu vy ménh dé dude chiing minh. ©

> \/X1X2
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, . X1 tX2+- -+ X . 1s R . L
Chu y: so " goi 1a trung binh céng caa cac so
n

X1,X2, ..., X,. CON 8O {/X1X7 ... x, goila trung binh nhdn cla cac
s6 da cho.

Vi du 5.18. (Bdt ddng thic Bernoulli). Chitng minh rang vdi
moi x > —1,x # 0 va vdi moi s6 tw nhién n > 2 bdt ddang thiic
sau ding

(1+x)">1+nx. (5.15)

Loi giai. V6i n = 2 bat déng thic (5.15) ¢6 dang 1 + 2x + x2 >
1+ 2x va ding 14 hién nhién. Gia st (5.15) ding véi mot sé n > 2.
Ta sé chiing minh né ding cho 7 + 1, nghia 1a phai chiing minh

1+x)">14+ (n+1)x
That vay, ta c6
1+x)" > 1T4+nx)(1+x) =1+ (n+1)x +nx?,
do nx? > 0 suy ra diéu can ching minh. ©
Chu y: Bat dang thiic Bernoulli con ding cho moi s6 thuc:
(I+x)*>1T4+ax,x>—-1a>1,

¢ day a 1a mot s6 thuc 16n hon 1.

Vi du 5.14. (Bdt dang thitc Cauchy-Bunyakovski). Chiing minh

rang

(F++ - +x) Wi+t +yn) 2 (x4 xyn)?
(5.16)

vdi x1,%X2,--.,Y1,Y2,. .- la nhitng sé thucvan =1,2,3,...

Loi giai. Véi n = 1, (5.16) dting hién nhién. Véi n = 2, ta c6

(x1y1 + x22)* = (51 +3) (yi + v3) — (x1y2 — x2y1)*
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tit day suy ra bat déng thic (5.16) dting véi n = 2. Gia sl bat
déng thic ding véi n = k, ta phai chiing minh né ciing dung véi
n = k + 1. That vay, do bat dang thiic ding véi n = 2 va gia thiét
quy nap ta cé

(F+x5+ -+ )+ v+ + Vi)

> (VBB B BB+ eayin)?
> (x1y1 + xoy2 + - -+ Xy + xk+1yk+1)2' ©

Vi du 5.15. (Bdt ddng thitc Chebychev). Cho day s6 x1,%a, ..., Xn
va Y1,Y2, -, Yn ld 21 $6, sao cho thoa méan

X1 <xp < <Xy
(5.17)
1 <y2<...<Yn
Chitng minh rang tich cta trung binh céng cdc s6 x1,%,..., X,
vdi trung binh cong cua cdc s6 y1,Y2, - - ., Yn khong vt qud trung
binh cong cua cdc $6 x1y1,X2Y2, - - -, XulYn, hodc la

XitxXo+- -+ X Y1 tYa+-+Yn < X1Y1 + X2Y2 + -+ XnYn

n n
(5.18)
Loi giai. Ta dat
Ap=x1+x2+ -+ xp,
n =T N (5.19)

Cn = x1y1 +X2y2 + - - - + XpYn,
Dn — nCn - Aan.

Khi d6 bat dang thuc (5.18) c6 thé viét lai
D,>0v6in=1,2,... (5.20)
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Ta ching minh bang phudng phép quy nap. Véi n = 1. Khi d6
Dl = 1C1 — AlBl = X1Y1 —X1y1 = 0.
Nhu vay (5.20) ding véi n = 1. Ta kiém tra véi n = 2,

Dy =2Cy — A2By = 2(x1y1 + x2y2) — (%1 + x2) (y1 + y2)
= x1y1 + X2y2 — X1Y2 — X2y1 = (22 — x1) (Y2 — y1) >0,

vixy —x1 > 0vay, —y; > 0theo (5.17).

Nhu vay nay ra cdu héi la biéu dién D, theo cic sb
X1,X2,...,Xy VA Y1,Y2,...,y, nhu th& nao? Ta phai lam thém
truong hop riéng ntia véi n = 3. Ta ¢

D3 =3C3 — A3B3

= 3(x1y1 + xoy2 + x3y3) — (01 +x2 + x3) (Y1 + y2 + v3)

= (2x1y1 — x1¥2 — x1Yy3) + (2x212 — X271 — X2Y3)
+ (2x3y3 — X3y1 — X3Y2)

= x1(y1 —y2) + x1(y1 —y3) + x2(y2 —y1) + x2(y2 —y3)+
+x3(y3 —y1) + x3(y3 — ¥2)-

Tu day ta nhan dugc
D3 = (x2 —x1)(y2 = y1) + (x5 — x1)(y3 —y1) + (x3 — x2) (y3 — ¥2)-
So sanh hai trudng hop n = 2,3 ta c6 thé gia thiét rang

D, = anl + (xn - xnfl)(yn - ynfl) +- (xn - xl)(yn —}/1)~
(5.21)
Ta chiing minh ¢éng thiic nay bing quy nap toan hoc. Véin = 2,3
cong thic (5.21) dung. Gia st né ding véi mot s6 n nao d6. Ta
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tinh Dn+1

Dy = (n+ 1>Cn+1 — Ant1Buta
= (n+1)(Cu + Xn41Ynt1) — (An + xn+1))(Bn + Ynt1)
= (ncn - Aan) + (Cn - ann+l) + (nxn+1yn+l - Anyn+1)-

Nhung nC, — A,B,, = D,, mat khac

Cn — Buxyt1 =

= X1Y1 +-- XnYn — Y1Xn+1 — Y2Xu+1 — - — YnXn+1
= —y1(Xny1 —x1) —Ya(Xup1 — x2) — - — Yu(Xns1 — Xn)
va
NXpp1Ynt1 — AnYngl = NXpp1Ynt1 — X1Ynt1 = — XnYnt+1

= (Xp41 — xl)yn+1 + (Xp1 — xZ)ynJrl o (X — xn)ywrl-
Va nhu vay ta nhan dudc
Dyi1 =Dy + [_yl(er—l —x1) = Y2 (Xny1 — X2) = - = Yu(Xny1 — Xn)]
A W1 (X1 — X1) = Yup1 (Xn1 — %2) — - = Yn1 (X1 — X))
= Dn+ (Xn1 = Xn) (Yns1 = Yn) + -+ + (Xn1 — 1) (Y1 — Y1)
Nhu vay, bang quy nap ta két luan riang ding thic (5.21) ding
véimoin =2,3,...

Chu y rang diéu kién (5.17) suy ra bat ddng thic

(Xn1 = 2X0) (Yns1 —Yn) + -+ (X1 = x1) (Yns1 —y1) 2 0
vdi moi s6 tu nhién n > 1. T day va (5.21) ta nhan dudc bat
dang thiic
Dy > Dy_1,(n=2,3,...). (5.22)
Bay gid (5.20) suy ra tu (5.22) va truong hdp n = 1. ©
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5.4. Day don diéu
Cho day s

a1,az,...,0;, ... . (5.23)
Ta goi day (5.23) bi chdn bén phdi, khi ton tai hang sé a sao cho
ay, < a,(n=1,2,...). Tuong tu ta cing dinh nghia bi chan trai
(khi d6 a, > a). Néu mot day bi chin ca trai 1an phai goi 1a day
bi chdn. Suy ra mot day bi chin khi va chi khi ton tai hang s6
K > 0sao cho |a,| < K,(n=1,2,...). Day (5.23) goi 1a day tdng,
khi
ai <ap, <... (524)
va la day giam khi
a1 Z an Z N (525)
Mot day ma né c6 tinh chat (5.24) hoic (5.25) goi 1a day don diéu.
Ta biét ring mot day goi 1a hoi tu khi n tién téi vé cung thi day
d6 tién téi mot gid tri hitu han. Ta c6 thé phat biéu mot mot dinh
1y co ban:
Pinh li 5.1: Néu mét day da cho la tdng (giam) va bi chdn bén
phai (bi chdn bén trdi), thi né hoi tu.
Theo dinh 1y trén néu cac diéu kién ciaa dinh ly thod man
thi ton tai lim a,. Theo dinh 1y trén thi nhiing s6 hang caa day

khéong thoa man tinh chat bi chin, thi lim a, = oo vdi day tang
n—oo

va lim 4, = —oo véi day giam.

n—oo

Nhiing bai toan ching minh tén tai gidi han cia mot day,
tinh giéi han cia day c6 thé dung nhiing quy téic da biét & tinh.
Nhiéu khi ta phai 4p dung dinh ly cé ban trén nhung phai chiing
minh diy ta xét 1a don diéu va bi chin. D€ giai nhiing bai toan
vé day don diéu thuong 4p dung truc tiép phudng phap quy nap
toan hoc.
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Vi du 5.16. Day s6 ay,a, ... duoc xdc dinh theo cong thiic
ayi1 = an(2 — aay), (5.26)

¢ day a la mot s6 dwong, con ay la mot s6 bat ky trong (0,1). Hay
tinh lim a,,.

n—oo
Loi giai. 1) Day da cho 12 bi chan: Tu (5.26) ta viét lai
1
E[l — (aa, — 1) (5.27)
Béivia >0va0 <a; <21 thi(aa —1)2<1vati(5.27) suy

ra(véin =10 < a, < % Cing bing phudng phép nhu vay

ap+1 =

ching minh rang néu a, trong doan (0, %), thi a,,1 ciing ndm
trong doan nay. Theo nguyén 1y quy nap toan hoc tat ca phan ti
ctia ddy s6 déu ndm trong doan (0,1). Suy ra day da cho la bi
chan.

2) Tinh don diéu: Ta lai c6

Ap1 — n = 4, (2 — aay) — a, = a,(1 —aa,) >0,

vi0 < a, < 1. Nhu vay ddy don diéu ting va ta c6 thé ap dung
dinh 1y cd ban, day da cho héi tu nghia 1a c6 gidi han.

3) Tim gidi han: Do nhiing 1y lu4n phan trén ta goi lim a, = [

n—oo

ap dung vao (5.26) nh_r)rolo Ayl = (nlgi(}o an).(2 —wa nh_r>r010 ay).

Ta nhan dude [ = [(2 — al). Nghiém cia phudng trinh nay la

1 . y 1 A

I =0hoaclal = . Nhung day so la tang nén ta chi c¢6 thé lay

—— ©

«
Vi du 5.17. Day s6 a1, az, ... duge xdc dinh theo cong thic

114

%), (5.28)
An

a —1(a+
n+1—2 n
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d day « la mét s6 duong, con ay la mét sé duong bat ky. Hay tinh

lim a,,.
n—oo

Loi giai. 1) Day da cho bi chin dudi: Tu bat ding thic a >
0,a; > 0va (5.28) véi n = 1 suy ra a, > 0. Gia thiét véi mot n
nao do6 a, > 0; khi d6 tu « > 0 va (5.28) suy ra a,,1 > 0. Nhu
vay theo nguyén 1y quy nap toan hoc bat dang thic a, > 0 véi
n=12,...

2) Day da cho 1a don diéu gidm: Tu (5.28) va bat ding thic
trung binh cdng va trung binh nhan ta c6

Piéu nay chiing to ring tat ca cac s6 hang khong nhé hon /a.
Mat khac ta c6

1 ® x—a?
ap+1 — 0n = E(an"f’ ;) — a4y = 2 ’
n n

a, >0(n=1,2,...)vaa —a> <0(itnhat véin =2,3,...) suy ra
a,41 < a,. Nghia la day giam.
3) Tinh gidi han: Cling nhu bai trudc cho gidi han trong (5.28)
ta nhan dudc phuong trinh
1 o
l=-(+-),
2+ 7)
tu d6 tim dude gidi han [ = /& ( con truong hop | = —y/a khong
dude). ©
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5.5.50 e

Mot hang s6 toan hoc rat quan trong sau so 77 la so e. SO e

dudce dinh nghia nhu 1a giéi han cta day
1

= (1+E)n/n = 1/2/~~- (529)
hodc la
e = lim (1+ 1) (5.30)

Vi du 5.18. Day (5.29) la day tdang.

Loi giai. Piéu khing dinh khong phai ngau nhién: Khi n ting
s6 mil trong (5.29) ciing téng, nhung phan cd s6 giam (né tién tdi
1 va c6 gia tri 16n hon 1). D& thuan tién tinh toan ta dua vao so

1 2 k-1
pn,k: (1—*)(1—5)(1—T); (531)

n
véin=23,...;k=2,3,.
Véi (0 < a < n) tacobatdangthlico < 1—— < 1—% <1
tu d6 suy ra
0< P <Pur1x<l, (n=23,..;k=23,...,n). (5.32)

Khai trién theo nhi thic Newton ta c6

1 .1 L1 1
“nn—1)...(n—k+1) 1
=2+ ) - o (1=2,3,).

Hodc khi ta dung (5.31), (1 + 1 =2+ Z p” £ Khi d6 ta c6 the

viét (5.29) duéi dang

an—2+2p”k (n=12,..;k=23,...,n). (533
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Ta c6 hiéu a,,.1 — a, theo (5.33)

it — iy = ( 2+an+lk 2+ank

Z Pn+1 — Punk + Prn+1,n+1
(n+1)!

va theo (5.32) ta c6

Pn+1n+1
(n+1)!

Bay gid, ta dinh nghia day ey, ey, ... theo phudng phap sau:

> 0. ©

lln+1 - an >

n
81:2,3,1:2—1—2%, (n=2,3,...). (5.34)
k=2""

Dé thay rang day nay la tang. Tu (5.32) va (5.33) suy ra bat ding
thuc

a, < ey. (5.35)
Bai tap tiép sau chi ra day ej, e, ... 1a bi chin va suy ra né hoi
tu. T day va (5.35) suy ra a1, ay, . . . cling bi chin. Bang cach nay
ta chiing minh dudc su ton tai giéi han cua day (5.30).

Vi du 5.19. Chitng minh rdang nhitng s6 hang cua day (5.34)

thoa man 1

6n<3_ﬁl

(n=34,...). (5.36)

Loi giai. Véin = 3tacée; < 2,67 < 3— % = 2,75. Gia st

(5.36) thoa man véi s6 n nao day. Ta st dung bat dang thic hién

nhién (n +1)! > 2" véi n > 1 va gia thiét quy nap ta nhan dudc
1 1 1

CES] 0 T )

1 1 1

<3—F+27:3—27 ©

< (3-—

€nt+1 =€n +
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Vi du 5.20. Gidi han cua day (5.34) la sé e.
Loi giai. Ta da ching minh dudc rang day aq,a,... va ey, e, . ..
l1a hoi tu. Pat e* = nlgr.}o ey. Tu (5.30) va (5.35) suy ra

e <e. (56.37)
Ta sé chiing minh cung véi (5.37) ciing c6

e" <e,
That vay, ta chon s6 tu nhién s trong khoang (1, 7). Néu bén phai
cta (5.33) ta bo di Prs 1 . p; L ta s& nhan dudc mot s6 nhod

(s+1)V

hon a,, nghia la

2+ank<anl (n:3,4/~-';s:2’3""’71_1)' (538)

Ta xét dang thiic (5.31). Khi n tién tdi vo cting, con k ¢6 dinh, moi
thiia s6 tién téi 1. Vi thé hm pnx = 1. Néu ta cho n tién téi vo
cung trong (5.38) ta sé nhan dudc

65:2+ZE§6 (s=2,3,...).
k=2""

Nhu vay day tang ej, ey, .. .. bi chin tii phia phai s e, ti dé suy
ra bat dang thic (5.38). Khing dinh suy ra ti (5.36) va (5.37).
©

Nhu vay s6 e c6 thé tinh todn dén dé chinh xac nao day theo
cong thic trén
1 1
ey _2+ +3' + - +E’(n:2’3"">'
T bat déng thic a, < e, < e ta thdy rang véi mdi n c6 dinh s6

e, gan dung e. SO e, goi la xap x1 thid # cta e, con hiéu

op=e—ey (5.39)
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.1 )
goi la sai sé cua e.

Vi du 5.21. Chitng minh nhitng bat dang thire sau
2 1
(1 — =
(n+1)! ( 2i-—n

), n=23,...;i=nn+1,...
(5.40)

e —ey <

Loi giai. Ta sé ching minh (5.40) bang quy nap déi vdi i. Véi
i =nthi0 <0 (5.40) ding. Gia st (5.40) ding vdi so i nao do, ta
can phai chiing minh né ciing ding véi n = i + 1. That vay,

1 1
€ir1 — €y = €i+m —en:(ei—en)+(l._|_1)!

= (n—il)! (1_ 2z‘1—n> + (i+11)!

A 1 )

(n+1)! 2i-n - 2'(n+2)(n+3)...(i+1) /)"
Tich (n+2)(n+3)...(i+1) ¢6 i — n thiia s§, mdi thita s6 16n hon
2. Khi d6 2(nj1L2)(n +3)...(i+ 1)2> 2i-n+l 1§ day e — ey <
(n+1)! (=50 + omrt) = (n+1)! (1= Sy )- Nhut vay,
(5.40) dang véimoii =n,n+1,... ©

5.6. DAy s& Fibonacci
Mot day s6 w1, ua, . .. dude dinh nghia bing cong thiic
Upio = Upy1 + U, (m=12,...) (5.41)

uy = 1, Uy = 1. (542)
Nhiing s6 uy,up, u3,... goi 1la s6 Fibonacci. Dy s6 nay cé rat
nhiéu dng dung trong bai toan thuc té&. Theo dang thiic (5.41)
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moi s6 k& ti s6 thi ba déu la tong cua hai s6 trude doé.
Nhiing s6 dau tién 1a 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89,
144, 233, 377. Nhiing bai tap sau lién quan dén céac tinh
chat cia day s6 nay cé ching minh bang quy nap toan hoc,
con cac tinh chat khac caa diy s nay thi rat nhiéu va ching
minh bang cac ciach khéc nhau.
Vi du 5.22. Téng ctia n s6 ddu tién bang s6 thit n + 2 trw di 1,
hodc la

u+up+ - ug =ty —1 (n>1). (5.43)

Loi gidi. Véi n = 2 ddng thic ding vi theo (5.41) va (5.42) ta c6
ur+uy=1+41=3-1=uy—1.
Gia sti (5.43) ding vdi s6 tu nhién n nao dé. Tu gia thiét quy nap
va cong thic (5.41) véi tong caa n + 1 s6 Fibonacci ta c6 :
up+ug + Uy = (U g+ ) + g
= (tn+2 — 1) + upp1
=Upy1 tUpr2 — 1 =up3 — 1.

Theo nguyén ly quy nap toan hoc ding thic ding véi moi n > 2.

©
Vi du 5.23. Chitng minh rang ddng thiic
Untm = Up—1Um + Unly 1 (5.44)

ding vdi sé ty nhién bat ky n > 1va vdi moi m =1,2,...

Loi giai. Ta chiing minh bang phuong phap quy nap toan theo
m.Véim=1taco

Uy U1 + Uy = Uy 1 + Uy = Uy,
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vavllim =
Up U + UplUs = Uy 1 + 2Uy
= (Up_1+un) +uy
= Up+1 +u, = Up+2,

déng thic (5.44) déu ddng. Gia st véi s6 m nao d6 cac déng thiic
sau dung

Untm = Up—1Um + Uplp41 (5.45)
Untm+1 = Un—1Um+1 + UnUm42
Ta sé chiing minh déng thic sau ding
Uptm+2 = Up—1Um+2 + Uplpm43. (5.46)

That vay, cong tling vé caa hai ddng thic trong (5.45) ta nhan
dudc

Uppm+1 + Ungm = Un—1(Ums1 + Up) + Up (Upg2 + Upms1)

day chinh 1a déng thic (5.46) khi ta bién d6i va ap dung (5.41).
©

Vi du 5.24. Chitng minh rdng moi s6 Fibonacci c6 thé biéu dién

duoi dang
<1+\@>”_ <1_\@>”
2 2
(n=12,...) (5.47)

7 .

Lot giai. Véin =1 van =2 tanhan dudc u; = 1vau, = 1. Gia
st v6i mot s6 7 nao dé 6 u, va u, 1 theo cong thic (5.47) 1a s6

Uy =

hang thi n va n + 1 ctia day Fibonacci. Ta sé ching minh ring
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s6 hang thi n + 2 cua day ciing biéu dién theo cong thiic (5.47).
Dé€ cho gon ta ky hiéu
1++5 P V5
2 7 N 2
n__ pn n+l _ pn+l
Khidéunziw P ,un+]:70‘ p

V5 V5
a+ B =1vaap = —1.Suyra« va B 1a nghiém cta phudng trinh
x> —x—1=0.Khidéa?> =a+1,p>=p+1. Nhuvay ta co
(xn+1 _ ﬁn+1 N alt — ﬁn

V5 V5
_ “n(a+1) —,Bn(ﬁ—Fl) 06”062—5’1,82 B an+2_[3n+2

V5 V5 V5
Theo quy nap toan hoc biéu dién u, bing (5.47) ding véi moi .

©

. Do cach dat ta co

Upt42 = Upy1 + Uy =

Vi du 5.25. Chitng minh rang

" = U+ Uy_q
vdi moi s6 tw nhién n > 2. a nhw & bai tap trudc.

Loi gidi. Véi n = 2,3 ding thic ding. Gia s ding thic ding
véin =kvan=k+1,nghiala

le = Ul + Up_1,

IXk_H = Upy1& + Ug.

Ta cong hai ddng thic lai két qua nhan dudc
o+ o = (U 4 )+ (g + k),

hoac la

k+2

QT = Upqp& + Upeq g
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Theo nguyén 1y quy nap toan hoc dang thic trong bai cho 1a da
ddng. ©
Hoan toan tuong tu ta ciing c6
B = unf + ty_1.

Vi du 5.26. Chiing minh rang uz — uy 11 = (1) vdin >
1.

Loi giai. Véin = 2, ta ¢6 u3 = ujuz — 1 ddng thic duing.

Gia sl rang U2 — Up_qlyy = (—1)%, ta can chiing minh dang
thic trén cing ding cho n = k + 1, nghia 1a uf | — ugip,, =
(—1)**2. That vay,

“%H — UgUgyp = M%+1 — ug(Uggr + ug)

= gy (Uggr — ) — u% = UppUg—1 — u%
= —(u% — Upyilig—1) = —(—1)k+1 = (—1)k+2- ©

Vi du 5.27. Chiing minh rdang néu n chia hét cho m, thi u, chia
hét cho u,,.

Loi giai. Vi n chia hét cho m, nén ta c¢6 thé viét n = mk. Ta sé
ching minh quy nap theo k.

Véi k = 1, khi dé n = m nhu vay u, chia hét cho u, l1a
hién nhién. Gia st u,,; chia hét cho u,, ta xét Up(k41)- Nhung
Up(k+1) = Umk+m V@ theo cong thic (5.44) ta c6

Um(k+1) = Umk—1Um + UpmiUp41-
S6 hang thii nhat c¢6 chia u,, nén né chia hét cho u,,, con s6 hang
thi hai theo gia thiét quy nap u,, chia hét cho u,,. Nhu vy tong
cua hai s6 hang chia hét cho u,,, suy ra i, chia hét cho u,,.

©
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5.7. Bai tap

> 5.28. Hay tim udc s6 chung 16n nhat cia céc s6

2n+1

22 102 11,02 402 q. . 22T 02 g,

> 5.29. Chiing minh rang néu p, 1a s6 nguyén té thd n, thi p, <

22",
> 5.30. Ching minh rang néu 0 < ag < Br <ap <...<w, <
Br < 5, thi

n n

Z sin B; — sina;) < sin( Z Bi — ;)

i=1 i=1
> 5.31. Ching minh bat dang thiic

n 13
O =23,
.Z:n—l—i>24' "

—_

> 5.32. Tim gidi han cua day

—\/E,azzy/c+ﬁ,a3:\/c+m,...

§ day c 1a hang s6 duong.
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6.1. Vidu quy nap todn hoc cho hinh hoc.............. 140
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Phuong phdp quy nap toan hoc 4p dung rat nhiéu trong cac
bai tap hinh hoc. Ban doc c6 thé tim thay trong [7] nhiing khia
canh can thiét cho phudng phap nay trong hinh hoc. Ta chi liét
ké dudi day mot s6 bai rat dién hinh.

6.1. Vi du quy nap toan hoc cho hinh hoc

Vi du 6.1. Trong mdt phdng cho n hinh 16i (n > 3 ), méi cdp ba
trong chiing c6 diém chung. Chitng minh rdng ton tai diém, ma
né nam trén tat cd cdc hinh.

Loi giai. 1. Véi n = 4, ta ky hiéu nhiing hinh bing C;, C,, C, Cs.
Cho CiNGCNCy = Ay, CTNGCNCy = A3, CiNGCNCy = Ay,
CGNGCNCy = Aj.

a. Néu A, ndm trong tam gidc A1A>As, thi bdi vi AjArA;3
C Cy,tacé Ay € Cyvasuyra Ay € C, § day C ky hiéu 1a giao cta
cac hinh Cl, Cz, C3, C4.

b. Néu Aj A, A3 Ay 12t gidc 16i va A 1 diém cat cia cac dudng
chéo cia ching, thi dé thay rdng A € C.
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2. Gia st da ching minh cho khang dinh ding véi n — 1.
Ta xét n hinh C;,C,...,C,. Ldy C = C,_1 N C,. Ta xét day
C1,Cy,...,C,u1,C. Ta sé ching minh moi cép ba cac hinh nay
déu cit nhau. That vay, néu gitia ba hinh cit nhau khéng 1a C,
thi diéu két luan trén hién nhién ding. Néu C nim trong sé ba
hinh va vi du nhu C;, C, C, thi vi thé nhiing hinh C;,C,,C,_1, Cy,
c6 di€m chung X (theo ching minh tai diém 1.). Suy ra X €
Cn_1NC, = C. T day khing dinh cta bai to4n suy ra bang quy
nap. ©

Vi du 6.2. Cho n hinh vuéng bit ky. Chiing minh rang ta cé thé
cdt chiing ra thanh mot s6 phdn dé’tic cdc phan dé ta cé thé ghép
lai thanh mét hinh vuéng mdi.

Lot giai. Khi n = 1, diéu khing dinh 14 hién nhién.

A M__ B
Q
(0]
N
Dy P C1
A B
D) C,
Hinh 6.1:

Ta chiing minh rang khi n = 2, diéu khing dinh d6 ciing
ding. Goi @6 dai cdc canh cua hai hinh vuéng A;B;C;D; va
AyB,Cy D5 tuong ting 13 x; va x,. Gia st x; > x,. Trén cac canh
cua hinh A;B;C;D; véi canh x; ta dit cac doan A|M = B;N =

CiP = D1Q = ¥t va cit hinh vuéng d6 theo cdc dudng
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MP va NQ, r6 rang MP va NQ céit nhau tai O cta hinh vuéng
va tao v6i nhau méot géc vuong. Cac duong dé chia hinh vuéng
thanh 4 phan bang nhau nhiing hinh d6 ghép vao hinh vuéng
A3B>CyD; nhu hinh bén. Hinh nhan dude sé 1a hinh vuéng vi
cac gia tri géc M, N, P, Q bu nhau, cac géc A, B,C, D la vudéng va
AB = BC =CD = DA.

Gia st ménh dé da dude chiing minh d6i véi n hinh vuéng va
gia st ta ¢6 n + 1 hinh vudng Vi, V»,...,V,, V,1. Ta ldy ra bat
ky hai hinh vuéng, chang han V,, va V,,; nhu da ching minh &
trén sau khi da cit mét hinh vuéng va ghép vao hinh vuéng thi
hai ta dude mot hinh vuéng méi V’. Do vay ta ¢6 n hinh vudng
Vi, Va,...,V,_1,V' theo gia thiét quy nap c6 th& cit ra dudc cac
phan va tii cdc phan d6 c6 thé ghép lai thanh mot hinh vuéng
mdi. ©

Vi du 6.3. Trong mdt phdng cho n > 3 diém, tdt ca khong nam
trén duong thdng. Chitng minh rdng tdt ca cdc duong thdng noi
hai diém trong cdc diém dd cho tao ra s6 duong thding khdc nhau
khéng nhé hon n.

Loi giai. Véi n = 3 diém, ménh dé hién nhién ding: Ba diém
khéng nam trén mét dudng thing néi tiing d6i véi nhau tao ra
ba dudng thing khac nhau.

Gia sti ménh d@é ding véi n > 3 diém. Ta chiing minh né
ciing ding véi n + 1 diém. Ta c¢6 thé ching minh rang tén
tai it nhat mot duong thing chi chia hai diém. Ta ky hiéu
duong thang di qua hai diém A, va A, 12 A, A, 1. Néu nhiing
diém A1, Ay, ..., A, ndm trén mot dudng thing, thi s6 lugng céc
duong thing sé ding 1a n + 1: Gom n duong thang néi A, véi
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cac diém Ay, Ay, ..., A, va duong thang ching néi chung. Néu
A1, Ay, ..., A, khong ndm trén moét duong thing, thi theo gia
thiét quy nap cé n duong thiang khic nhau. Bay gio ta thém
cac duong thang noi A, vdi cac diém Ay, Ay, ..., A,. Vi dudng
thiang A, A, khong chiia mot diém nao trong A1, Ay, ..., A,_1,
thi dudng thang nay khac hoan toan véi n dudng thang tao ra
bdi A1, Ay, ..., A,. Nhu vay s6 duong thang tao ra ciing khong
nho hon n + 1. ©

Vi du 6.4. Trong mdt phdng cho n > 3 diém. Puong kinh cia
mot hé thong diém la doan thang noi hai diém trong hé thong va
do6 dai d cua doan nay la Ion nhdt. Chitng minh rang s6 duong
kinh khong vuot qud n.

Loi giai. Néu xuét phat tit mot diém A cia hé da cho, ta c6 ba
duong kinh AB, AC va AD. Khi @6 dé thay ba diém B,C va D sé
nam trén dudng tron k;(A,d). Tt ca nhiing diém con lai ctia hé
théng sé ndm hoic trén k; hosic bén trong né. béi vi mbi doan
théng BC, BD va CD khéng 16n hon d, thi nhiing diém B,C va D
sé ndm trén cung cua ky, tudng ung goc khoéng 16n hon 60°. Goi
diém C bén trong cung BD véi né BD< 60°.Ta vé dudng tron
k2(C,d); Nhiing diém cudi caa tat ca duong kinh ctia hé da cho
xuat phat ti C, phai ndm trén cung MN cta ky (M, N 1a giao
diém cua ky va k») va ndm trong hinh tron k;. Nhung méi diém
cua cung MAN ,ngoai A, ding cach xa nhiing diém B hodc D mot
khoang cach 16n hon d, tii @6 suy ra CA 1a dudng kinh duy nhat,
xudt phat tii C.

Nhu vay ta két luan ring véi mot hé da cho n diém, ton tai
hai kha n#ng: hodc 1a trong hé c6 mét diém, tii né xudt phat
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khong qua mot duong kinh, hodc 1a tii mdi diém déu xuat phat
dung hai duong kinh.

Khéing dinh cia bai toan ching minh bang quy nap theo 7.
Véi n = 3 khing dinh hién nhién ding. Gia st né dung véi n =
k > 3. Ta sé& chiing minh né con ding ca véi hé c6 n = k + 1 diém.

That vay, néu trong hé c6 k + 1 diém: Ay, A, ..., Aj,1 c6 diém,
vi du A;, tii né khong xuidt phat duong kinh hodc tii né xuat
phat chi mét dudng kinh, thi s6 ludng nhiing dudng kinh caa
hé nay nhiéu hon s6 lugng dudng kinh caa hé A, As, ..., Ar
nhiéu nhat 12 1, nghia 1a s6 lugng dudng kinh cta hé ta dang xét
khéng 16n hon k + 1. Néu mot diém nhu vay khéng ton tai, thi ti
moi diém A; xuat phat dung hai duong kinh va ti d6 suy ra so
ludng duong kinh bing 20k+1) _ k + 1, Nhu vay két luan caa
bai toan ding v6i moi n. ©
Vi du 6.5. Chiing minh rdang n dwong thdng trong moét mdt
phang chia mdt phdng ra nhitng mién khdc nhau, cé thé'té mau
trdng hodc den cho méi miém sao cho nhitng mién canh nhau
khdc mau nhau.

Loi giai. 1) Duong thing AB chia mit phing P ra hai nlia mat
phang P; va P,. T6 P; mau tring, P, mau den va nhu vy thoa
man doi hoi bai toan. Vi n = 1 ménh dé dudc chiing minh.

2) Gia sti ménh dé ding véi n = k va mat phing P dudc to
mau nhu yéu cau bai toan. Pudng thing thi k + 1, CD chia mat
phang P ra hai ntia Q; va Q,. T4t ca cac phan trong Q; ta giii
nguyén mau da to, con trong ntia Q, mdi phén ta thay tring
thanh den va den thanh tring.

Gia st O; va O, 1a hai phan bat ky canh nhau, sau khi ké
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duong CD. Chi c6 mot trong hai kha ning sau x4y ra:

a) O; va O, nam trén phéan khac nhau cua CD,

b) O; va O, ndm trén cung mot phia ciia CD.

Trudng hop a) O; va O, sau khi ké k dudng thang dau tién,
nhung CD chua ké thi ching 12 mét mién va dude to6 ciing mot
mau. Nhung sau khi ké CD thi mét mién Q; giti nguyén mau ,
con phan kia O, dude d6i mau theo cach dung. Nghia la O; va O,
khac mau nhau.

Truong hdp b) Sau khi vé k duong thing, ma CD con chua
ké , khi d6 O; va O, la hai mién canh nhau do k dudng thing
tao ra, theo gia thiét quy nap ching khac mau nhau. Sau khi ké
duong thing CD, néu O; va O, ndm cung phia véi Q; , thi mau
ctia chiing khong 61, vAn khac mau nhau. Néu ching nim cung
phia véi Q,, thi mau cia mdi mién déu d6i. Nhu vay moi trudng
hdp O; va O, déu c6 hai mau khac nhau. ©

Vi du 6.6. Chitng minh rang néu n mdt phdng di qua mét diém
sao cho khéng cé ba mdt phdng nao cé chung mét duong thdng,
thi chiing chia khéong gian ra A, = n(n —1) + 2 phdn.

Loi giai. 1) Mot mét phéng chia khéng gian lam hai phéin va
Ay =2.Véin = 1 ménh dé ding.

2) Gia sti ménh dé ding véi n = k, hodc 1a k mat phang chia
khéong gian ra k(k — 1) + 2 phan. Ta s& chiing minh k + 1 chia
khong gian ra k(k + 1) + 2 phan.

That vay, Gia st P 1a mét phing thi k + 1. Mdi mit phang
trong k mit phing cit mit phing P mot dudng thing nao dé sao
cho mit phing P bi chia ra nhiing phan tii k dudng thiang khac
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nhau di qua cing mét diém. Theo bai trudc mit phang P dudc
chia ra 2k phan, méi phan 1a géc trong mit phang véi dinh 1a
diém da cho.

k mat phang dau tién chia khéng gian thanh mét s6 géc da
dién. Mot s6 géc nay bi chia ra 1am hai phan bdi miat phing P.

Véi mét chung clia hai phan c¢6 phan ctia méit phing gidi han
béi hai tia ma theo né P cit nhiing mit cia géc da dién mot trong
2k géc méit phang, ma né chia ra bdi méit phang P.

Diéu nay c6 nghia la s6 géc da dién, ma bi chia 1am hai phan
bdi P, khong thé 16n hon 2k.

Mt khéc, mdi phan trong 2k phan, méa né bi chia do P cét k
mit phing diu tién, 1a méit chung caa hai géc da dién va nghia
12 chia goc da dién tao bdi k mit phing ra lam hai phan.

Diéu nay c6 nghia s6 ludng nhiing géc da dién, ma né bi chia
ra lam hai phan béi P, khéng thé nho hon 2k.

Vi mit phang P chia ding 2k phan ctia khong gian tao béi
k m#t phang. Vi thé néu k mit phang chia khong gian ra k(k —
1) + 2 phan, thi k + 1 mit phang sé chia né ra

lk(k — 1) +2] + 2k = k(k +1) +2
phan. ©
Vi du 6.7. 8n — 4 diém ndm 6 dang chit thap (hinh vé véi n = 4).

Cé6 bao nhiéu kha ndng dé chon bén diém trong ching dé tao
thanh dinh hinh vuéng ?

Loi gidi. Ta chiing minh s6 ludng hinh vudng can tim 1a 101 — 9.
1) Véin = 1, hién nhién ding vita c6 1 = 10.1 — 9 hinh vudng.
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2) Khong khé khan 1dm véi n = 2, ta ¢6 thé chon dude 11 =
10.2 — 9 hinh vuong.

3) Gia st ménh dé ding véi
n=k mak?>2.

Ta xét hinh gom 8(k + 1) —
4 diém (trong hinh véi k = 3)
(hinh 5)

Theo gia thiét quy nap
ta c6 thé chon dudec 10k —
9 hinh vuong, khong c¢6 mot

hinh vudéng nao trong chung c6

Hinh 6.2:

mot dinh trung véi cac diém

A,B,C,D,E,F,G,H. Bay gio ta xét nhiing hinh vuéng cé diém
trung véi A. Khong khé khin ta chi tim dudc 3 hinh vuéng
ABB1A1, ACED, AC;F,H. Nhu vay, chi c6 10 hinh vuéng khac
nhau khi ta thay d6i dinh A véi cac diém B,C,..., H: 4 hinh
vuong dang ACiF H, 4 hinh vuéng dang ABB1A; va hai hinh
vuong ACEF, BDFH. Téng cong tat ca 1a 10k — 9 + 10 = 10(k +
1) — 9 hinh vuéng. ©

Vi du 6.8. Chitng minh rdng vdi moi s6 nguyén n > 0 ton tqi
mot duong tron trén mdt phdang chita trong né n diém vdi toa do
nguyén.

Loi giai. Ching minh quy nap theo n. Néu n = 0, thi thuc
chat duong tron Ko khéng chiia trong né mét diém nao cé toa
d6 nguyén, d€ c6 diéu d6 ta 1ay duong tron bat ky vdi tam
O(x0,Y0), 8 @y ta chon mdt trong x, yo khong phai la s6 nguyén
va ban kinh 7 thich hgp. Néu, vi du nhu xo khéng nguyén, thi
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c6 thé chon r 1a s6 nho nhat trong {xo} va 1 — {xo}. That vay,
néu M(x,y) diém bat ky trong duong tron viia dung Ko, thi
x < x+|OM| < xo+7r < x0+1—{x0} = [xo] +1vax >
xo — |OM| > xg —r > x0 — {x0} = [x0] hay 1a [xo] < x < [xo] +1
va vi thé x khong 1a s6 nguyén.

Gia st ching ta da xay
dung dudc duong tron K, véi
tam O,,, chda trong né n diém
véi toa d6 nguyén. Ta sé tang
ban kinh duong tron d6 1én va
giti nguyén tam, tdng dudng
tron dén mic khéng chida

diém c6 toa d0 nguyén bén
trong ngoai K,,. Ta nhan dudc
vong tron L; déng tam véi K,,, Hinh 6.3:
chiia n diém c6 toa d6 nguyén trong duong tron K, va it nhat
mot diém c6 toa 6 nguyén A trén duong tron.

Gia st P va Q 1a diém cit (O, A) véi dudng tron K,,, hon nita
O, nam giiia P va A. Ta dung dudng tron L, véi duong kinh [PA].
Khi @6 L, chia ding n + 1 diém véi toa d6 nguyén: n diém bén
trong va mot diém trén bién. Ta c6 thé ting khong nhiéu ban
kinh dudng tron L, d& dudc duong tron K, dong tam véi L, ,
ma né chida n + 1 diém c6 toa d6 nguyén va khong chia toa do c6
s0 nguyén nao khac. ©

Vi du 6.9. Hop cua mdt s6 hinh tron cé dién tich 1. Chitng minh
rang tie trong chiing cé thé chon duoc mot sé hinh tron, ting doi

, , 1
mot khong cat nhau, ma dién tich chung khéng nho hon 9
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Lot giai. Bai toan dudc suy ra ti ménh dé sau:

Bo dé: Trong mdat phdng cho n duong tron, ching phi mdt

phdng vdi dién tich S. Khi dé cé thé chon duwoc mét hodc mot

s6 hinh tron doi mot khong cdt nhau, tong dién tich cua ching
s S

khéng nho hon 9

Chiing minh. Ta st dung phudng phap quy nap theo n. Véi
n = 1 khang dinh ding hién nhién. Ta gia thiét rang bo dé ding
vdi moi k < n. Ta xét tdp hdp R gdbm #n hinh tron, ma né phi mét
phing véi dién tich S va ta ky hiéu K la duong tron c6 ban kinh

) » . C A s . o < S

16n nhat r. Goi S(K) la dién tich duong tron nay. Néu S(K) > L
thi hinh tron K thao mén két luan cia bé dé. Vi vay véi S(K) <
SR < Ly 1 R . .
9 Mo6i mot hinh tron tu R ¢6 ban kinh khong 16n hon r, va suy
ra, néu né c¢6 diém chung véi K, thi né phai ndm trong duong
tron déng tam véi K c¢6 ban kinh 3r. Vi dién tich ciia dudng tron
16n nay 1a 95(K), tap hdp R; cua tat ca hinh tron ma cé diém
chung véi K, phtt mot phan clia mit phang vdi dién tich khong
16n hon 9S(K), suy ra nho hon S, vi 9S(K) < S. Khi d6 c6 dudng
tron trong R khoéng c6 diém chung véi K. Tat ca nhiing dudng
tron nhu vy tao thanh mét tap khac rong R, = R\ R; va phu
modt phan mit phéng véi dién tich S, > S — 9S(K); Véi nhiing
duong tron nhu vay ti R, s6 ludng nho hon n. Theo gia thiét
quy nap tii tap hdp R, c¢6 thé chon dudc mot hodc mot s6 hinh
tron d6i mét khong giao nhau, téng dién tich cua ching khong

, S . , 1 S
nho hon 32, suy ra khong nho hon §(S —95(K)) = 9~ S(K).
Hinh tron K khéng c6 nhiing diém chung véi bat ci mot duong
tron nao trong nhiing duong tron ta dang xét. Thém vao tap hop
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nhiing dudng tron dang xét duong tron K, ta sé nhan dudc tap
hop nhiing dudng tron d6i mot khong giao nhau, ma tong dién

2 , A b S
tich cua ching khong nho hon 5 ©
Vi du 6.10. Day nhitng sé tw nhién ay,ay,. .., ay,,...xdc dinh theo
ddng thie
a=2a,1=m+Da,+1,n=1,2,...

Trong mot mdt phdng cho a, + 1 diém khdc nhau, khong cé ba
diém nao nam trén moét duong thdng. Tét cd cdc doan thdng noi
nhitng diém nay duoc té bang mot trong n mau da cho. Chitng
minh rang vdi moi n = 1,2,... ton tai tam gidc vdi nhitng dinh
trong cdc diém dd cho, ma nhitng canh cua né déu duoc té cung
mot mau.

Loi giai. Ching minh quy nap theo n. Vi n = 1 khang dinh
ding hién nhién. Ta gia thiét rang né ciing ding véi n = k. Cho
Ag41 + 1 diém thoa man diéu kién bai todn va O 1a mot trong
nhiing diém d6. T4t ca doan thang néi O véi mdi diém con lai
tll a;,, diém, 1a a,; = (k + 1)a; + 1. Nhiing doan nay dudc to
nhiéu nhat bang k + 1 mau khac nhau. Suy ra ti nhiing doan
thang xuat phat tit O, c6 it nhat a; + 1 doan thing td cing mot
mau (nguyeén ly Dirichlet), 1ay d6é 14 mau 6. Ta xét nhiing diém
A1, Ay, ..., Ay 1, ma ching ndi véi O bing doan thing mau d9.
Néu gitia chiing c6 hai A; va Aj cling néi bang doan thing mau
do, thi tam gidc OA;A; 1a cing mét mau. Néu moi cap hai diém
cia Ay, Ay, ..., Ay +1 ddgde ndi bang doan thing khéng phai mau
do, ta c6 4 + 1 diém, nhiing doan thing gitia ching dudc t6 bang
k mau. Theo gia thiét quy nap ba doan nao d6 trong chiing la
dinh cia mot tam gidc cing mau. ©
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Vi du 6.11. Trong moét mdt phdang cho 2000 diém, khéng cé ba
diém nao nam trén mot duong thdng. Mot sé trong chiing duoc
noi thanh doan thdng theo nguyén tdc sau: Néu diem A dugc noi
vdi diém B va diém B duoc néi vdi diém C, thi A khong duoc
néi vdi diém C. Chitng minh rdng vdi cdch ndi trén ta thu duoc
khong qud 1 000 000 doan thdng.

Loi giai. Bing quy nap theo n ta s& ching minh ring
néu trong mit phing cho 2n diém théa méan diéu kién
dau bai, thi nhiing doan thing ké dudc khéng qua n’(n =
2,3,...). V6i n = 2 khing dinh 1a hién nhién. Gid thiét
riang khing dinh ding véi 2n diém, va ta xét 2n + 2 diém.
LAy hai diém A va B tit nhiing diém néi dudc bing doan thing.
Con lai 21 diém, theo gia thiét quy nap nhiing doan thing ké
dugc gitia 2n diém nay khong 16n hon #2. Nhiing doan thang keé
tii A va B téi 2n di€m con lai, khong qua 27 (vi néu mot diém
dudc ndi véi A, né sé khong dude néi véi B va ngudc lai). Chi con
thém mot doan ndi A va B. Nhu vay tat ca cac doan thing ké
dugc khong qua n? +2n+1= (n+1)>2 ©

Vi du 6.12. a) Piém O nam trong phén trong ciua da gidc 16i
A1Ay ... Ay Ta xét tdt ca cdc géc AjOAj, & day i va j la nhitng
s6 tu nhién khdc nhau gita cdc s6'1,2,...,n. Chitng minh ring
gitta nhitng géc nay cé it nhdat n — 1 géc phai la géc nhon (nghia
la hodc la goc vuodng, géc tu hodc la goc bet).

b) Cung bai todn cho da dién vdi n dinh.

Loi giai. Ta ching minh bing quy nap theo n. Véi n = 3 khing

dinh dudc chiing minh dé dang. Ta gia thiét rang né ding véi
n = k, & day k 1a mét so tu nhién nao d6 va ta xét da giac 16i c6
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sdcanh k41, AjA; ... Apiq. Ta ké dudng thing [ & qua O vudng
goc voi OAy 1 (hinh 7).

It nhat mot trong nhiing dinh
cia (k + 1)-da gidc ndm trong ntia
miét phing khac phia véi Ay, ngin Aq
bdi duong thing /. Cho d6 la dinh
As. Khi d6 géc AOA; la tu
Theo gia thiét quy nap k-da gidc 0
16i A1Ay... A c6 it nhat k —1 géc A,
khong nhon dang A;OA; va ching

khéc vdi géc AyOA, 1. Bang cach d6 Hinh 6.4:
ching minh dude ring s6 ludng nhiing géc A;OA; khong nhon
trong (k + 1)—da gidc A ... Agyq it nhat la k. ©

Vi du 6.13. a) Ching minh rang trong moi n— gidc (n > 4) cé it
nhdt mot duong chéo ndm tron ven bén trong da gidc.

b) S6 nho nhdt cdc duong chéo nhu vdy trong n— gidc la bao
nhiéu?

Loi giai. a) Néu da gigc 14 16i thi bai toan 14 hién nhién. Bay gio
gia st géc trong cua da giac tai dinh A 16n hon 180°. Bsi géc nhin
tron ven mot canh cua da gidc tii dinh A luén dudi mét géc nho
hon 180%, cho nén tii dinh A sé& nhin dudc tron ven it nhat hai
canh. Do d6 ton tai tia xuat phat tii diém A ma trén dé xay ra
viéc ddi (cac phan) cac canh dudce nhin ti diém A (hinh 9). Mbi
tia d6 cho mét dudng chéo ndm tron ven bén trong da gisc.

b) T hinh 8 ta thay cach dung mét n— giac c6 ding n — 3
dudng chéo nim tron ven trong né. Con lai ta phai chiing minh
ring trong moi n— gidc ¢6 it nhat n — 3 duong chéo nim bén
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Hinh 6.5: Hinh 6.6:

trong. V4i n = 3 ménh dé d6 ding. Gia st ménh dé d6 ding
cho tat ca cac k— gidc, véi k < n, ta phai ching minh né cho
n—giac. Theo két qua bai trén, n— gidc c6 thé dudc chia bdi mot
duong chéo nam tron ven bén trong thanh hai da giac (k +1)—
gidcva (n —k+1)— giac, véik+1 <nvan—k+1 < n. Trong
cac da gidc d6 c6 it nhat (k+1) —3 va (n —k+ 1) — 3 duong
chéo ndm bén trong tudng dng. Do d6 trong n—gidc ¢6 it nhat
1+ (k—2)+ (n—k —2) = n — 3 dudng chéo ndm bén trong. ©

Vi du 6.14. Ching minh rang moi n—gidc cé thé cdt ra thanh
cdc tam gidc bang cdc duong chéo khong cdt nhau.

Loi giai. Ta chiing minh ménh dé nay bang quy nap theo n. Véi
n = 3 ménh d@é ding. Gia st ménh dé ding cho tat ca k—giac, vdi
k < n, ta can chiing minh né cho moi n— giac. Mot n— gidc bat
ky c6 thé dudc chia bdi mot duong chéo ra thanh hai da giac (bai
trudc), trong dos méi da giac c6 s6 canh nhé hon #, tiic 1a ching
c6 thé dudc chia ra thanh cac tam giac theo gia thiét quy nap. ©

Vi du 6.15. Chiing minh rang téng cdc géc trong cia mot n—gidc
bdt ky bang (n — 2)180°.
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Loi giai. Ta ching minh ménh dé bing quy nap. Véi n = 3 ménh
dé dung 1a hién nhién. Gia st ménh dé da dudc chiing minh cho
tat ca cac k—giac, véi k < n, ta phai chiing minh né cho moi n—
giac. Mot n— gidce bat ky c6 thé dude chia bdi mét duong chéo ra
lam 2 da giac (Xem bai trudc). Néu sé canh ciua mot da giac d6
bang k + 1, thi s6 canh cia da gidc kia bang n — k + 1, hon niia
ca hai s6 d6 déu nho hon n. Do @6 tong cac géc cua cac da giac
d6 tuong dng bang (k —1)180° va (n — k — 1)180°. Ciing r6 rang
réng tong cac géc cua n—giac bing tong cac géc cua cic da giac
do, tiic 1a bang (k—1+4n —k —1)180° = (n —2)180°. ©
Vi du 6.16. Chitng minh rang moi n—gidc 16i véi n > 5 déu c6

-
A I

thé cdt ra thanh ngi gidc loi.

Loi giai. Ta chiing minh bing quy nap rang moi n— giéc 16i véi
n > 5 déu c6 thé cit ra thanh céac nga giac 16i. V6i n = 5 diéu dé
12 hién nhién, con véi n = 6 va 7 c6 thé xem hinh 10 va 11.

Bay gio gia st rang n > 8 va moi m— giac 16i v6i5 < m < n
déu c6 thé cét ra thanh cdc ngi gidce. TU n— gidc c6 thé cit ra
mot ngii gidc tao bdi 5 dinh lién tiép. Khi d6 con lai (n — 3)— gidc.
Bdivi5 < n—3 < n, nén (n—3)— giac lai c6 thé cit ra thanh
cac ngii gidc theo gia thiét quy nap toan hoc. ©

6.2. Bai tap

> 6.17. Trong mét phang cho n > 3 diém. Chiing minh rang mbi
diém c6 th& néi véi mot sé diém con lai sao cho nhiing doan thang
nhan dudc khong tu cit nhau va tao thanh mot da giac 16i gép
bdi nhiing tam gidc.

> 6.18. Do dai cia mdi doan thang trong n > 3 doan thing da
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Hinh 6.7: Hinh 6.8:

cho 16n hon 1. Biét réng khong c6 k (k = 3,4,...,n ) s6 doan c6
thé tao ra cdc canh mét da gidc. Chiing minh rang téng do dai
cua cac doan 16n hon 271,

> 6.19. Trén mit phang bi chia bdi n dudng tron ra cdc manh
khac nhau. Chiing minh rang mét phing c6 thé t6 bing hai mau
sao cho méi manh t6 mét mau duy nhat va hai manh lién nhau
c6 mau khac nhau.

> 6.20. G ddu dudng kinh mot dudng tron ta vist s6 1. Mbi niia
duong tron lai chia d6i va & diém gitia ta viét tong nhiing s6 &
hai ddu cung. Sau d6 méi phan tu cung ta lai chia lam d6i va &
diém gitia viét s6 tong § hai dau cung. Cach lam nay lip lai n
lan. Hay tinh tong cac s6 da viét ra.
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7.1. Phdn tich da thiic ra thlia s

Da thic béc n goi 12 ham sé ¢6 dang
P(x) = aox" + myx" ' + - + ay, (ap # 0) (7.1)

6 day ag,ai,...,a, 1a nhiing héng s6 (hé s6 da thic), con n > 0
12 mot s6 nguyén (bac caa da thiic). Pa thic 1a mot 16p ham don
gian, nhung cé rat nhiéu iing dung trong toan hoc. Véi n = 0 da
thic (7.1) 1a hang s6 ag, véi n = 1, P(x) tré thanh ham tuyén
tinh P(x) = apx + a1, con véi n = 2, P la tam thic bac hai P(x) =
apx? + a1 x + a. D& @a thic c6 bac 12 7 thi luén cé diéu kién a9 # 0.
Trong truong hdp ngudc lai thi bac cao nhat cua da thiic P 1a n.

Néu P(x) va Q(x) la nhiing da thic, thi P(x) + Q(x), P(x) —
Q(x) va P(x).Q(x) cang la da thic, nhung phép chia hai da thuic
cho nhau khéng luén ludén 1a mét da thuc.

S6 « goi 1a nghiém ciaa da thic P(x), néu P(x) = 0. Nhu
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vay, Néu tam thic bac hai P(x) = ax? + bx + ¢, ma b*> — 4ac > 0
thi hai nghiém caa tam thic nay x;,x, dua ta dén phan tich
P(x) = a(x — x1)(x — x2). Téng quét hon ta c6
Vi du 7.1. Néu P(x) la mét da thic bae n > 1 va a la mot sé
thuc, thi a la nghiém cua P(x) khi va chi khi ton tai mét da thitc
Q(x) bdc n — 1, ma né thod man ddng thiic sau

P(x) = (x —a)Q(x) (7.2)
vdi moi X.
Loi gidi. Diéu kién du 1a tat nhién ding. Ta ching minh diéu
kién cin, néu P(x) la da thic bac n

n .
P(x) =) a,_x' (7.3)
i=0
va P(a) = 0, nghia la n _
P(a) = Zan_ial =0. (7.4)
i=0

Ta st dung dang thic a” —b" = (a —b)(a" ' +a"2b+ - - +
b"~1), tii (7.3) va (7.4) ta nhan dudc

n . .
P(x) =P(x) —P(a) = ) _a,_i(x' —a') =
i=0
n . .
(@) Y R ) = (r - 0)Q(),
i=1
d day Q(x) = Y a,_i(x¥ '+ x2a+---+a"') hién nhién la da
i=1
thic bacn —1 (viag #0). ©

Vi du 7.2. Khéong c6 mot da thite bdc n c¢é nhieu hon n nghiém
s6 khdc nhau.
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Loi gidi. Chiing minh bing phuong phép quy nap theo n. Gia
st P 1a mot da thiic bac n va ay, ay, ... 12 nghiém caa né (a; # «;
véii # j). Véin = 1, P(x) = apx + a1(ap # 0) c6 mot nghiém

¢ a 4 ) A A 2 P ~ ~ 2,
duy nhat a; = —a—l. Gia st ménh dé dung véi s6 n. Ta sé ching
0
minh né ciing ddng véi n + 1. Véi muc dich nay ta gia si tén

tai mot da thic Q bac n + 1, ma né c¢6 n + 2 nghiém khac nhau
N1, 00, .., 0,4 . Khi dé Q c6 thé biéu dién dudi dang (do >7.1)

Q(x) = (x — an42) Q1 (x)
8 day Q; la da thic bac n. Vi thita s6 x — «,,,» khong c¢6 nghiém
12 mot trong cdc s8 &y, a0, ..., &,41, thi ching 1 nghiém cuaa Q;.
Nhung diéu nay c6 nghia 1a mot da thic bac n ¢6 n + 1 nghiém
hoan toan khéac nhau, trai véi gia thiét quy nap. ©
Vi du 7.8. Chitng minh rang méi da thiic
P(x) = aox” + alx”_l + - tay, (Elo 75 O)
c6 thé biéu dién dudi dang
P(x) =ap(x —ag)(x —ap) ... (x —ay),

dday ay, a0, . ..,ua, la nghiém cia da thit.

Loi gidi. Ta chiing minh bing quy nap theo n. Néu n = 1, thi

LA ‘A ~, A1\ q e ‘A
P(x) = apx + a1 ¢6 mot nghiém duy nhat a; = — =L va hién nhién
ao

P(x) = ag(x + Z—;) =ao(x —ay).

Gia st ménh dé khing dinh ding véi da thiic bac n — 1 va cho
deg P(x) = n. Ta biét ring P(x) ton tai nghiém nhu céc bai tap
trén da ching minh, 14y a; 12 nghiém ctua P(x). Khi d6 P(x) =
(x — a1)Q(x), dé thay degQ(x) = n — 1 va hé s6 trudc bac cao
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nhat ciia da thic nay trung véi ag caa P(x). Tl d6 suy ra nhiing
nghiém cta P(x) 1a 1 va nhiing nghiém cta Q(x). Theo gia thiét
quy nap

Q(x) :ao(af—ecz)(x—ag).;.(x—ucn), .
6 day ap,as,...,a, la tat ca nghiém cua Q(x). Khi dé tat ca

nghiém cta P(x) 1a ay,ap,...,a, va
P(x)=(x—a1)Q(x) =ap(x —a1)(x —a2) ... (x —ay). ©

Ky hiéu F 1a mét tap s6: tap hdp s6 phiic, tap hdp so6 thuc va
tap hdp sé hitu ty. Nhiing da thiic khong phai hing s§ P(x) véi
hé s6 trong tap hop F goi 1a khong phan tich duoc trén F, néu né
khong thé bidu dién dudc nhu tich cia hai da thic (khong phai
da thic hing s6) c¢6 hé s6 thudc F, c¢6 bac thuc si nhd hon bac
cia P(x).

Vi du 7.4. Chiéng minh rang moi da thic thyc sw vdi hé
s6 thudc F c6 thé biéu dién nhu tich cua nhitng thita s6
khong phan tich duoc trén F. Sw biéu dién nay lo duy
nhdt theo nghia day cua cdc thita s6 cé thé khdc nhau
tuong wng vdi hang s khdc khong cua F, néi cdc khdc,
néu

P(x) = Pi(x).Po(x) ..., Pr(x) = Q1(x).Qa(x) ... Qs(x)
la hai biéu dién cua P(x) nhu tich cdc thiva s6 khong phan tich
duwoc trén F, thi r = s va Pi(x) = a;Qy,(x), ¢ ddy 0 # a; € F va
ki,ko, ...,k la nhitng sé nao dé xép thit tu theo 1,2,...,r.

Lai giai. Cho P(x) khong phai 1a da thiic hing trong tap hdp F
van = degP(x). Néun = 1, thi P(x) = apx + a1 1a khong phan
tich dudc va né biéu dién nhu tich duy nhat thiia s6 khong phan
tich dudc.
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Cho 7 14 s6 tu nhién bat ky va gia thiét rang moi da thic béc
nho hon 7 c6 thé biéu dién nhu tich céc thiia s6 khéng phan tich
dudc trén F.

Néu da thic da cho P(x) 1a khong phan tich dudc trén F, thi
c6 thé cong nhan né biéu dién nhu tich cia mot da thic khong
phén tich dudec.

Néu da thic phan tich dudc, thi né c6 dang

P(x) = Q(x).H(x),
& day Q(x) va H(x) la nhiing da thic véi hé s6 trong F va
deg Q(x) < n va deg H(x) < n. Nhung khi d6 theo gia thiét quy
nap Q(x) va H(x) biéu dién nhu tich cua cdc thiia s6 da thic
trén F. Suy ra cing dung cho P(x). Nghia la moi da thuc trén F
c6 thé biéu dién nhu tich cac thiia s6 khong phan tich dudc c6 hé
s6 trong F. Chiing minh duy nhat danh cho ban doc. ©

7.2. Nguyén ly so sdnh céc hé sé

Cho hai ham s6 P;(x) va P,(x) xac dinh trén mét tip con D
ctia s thuc. Ching ta néi rang P;(x) va P,(x) trung nhau trong
D, néu dang thic P;(x) = P»(x) ding véi moi x € D. T4p hdp céc
da thic 1a mot 16p ham dic biét. Mién x4c dinh cia mdi da thiic
12 tap hdp con cta s6 thuc. Nhu vay hai da thic P(x) va Q(x)
trung nhau, néu P(x) = Q(x) ding vdi moi x s6 thuc. Ldp céac da
thic c6 mot tinh chat rat dic biét 1a d€ cho hai da thic P(x) va
Q(x) trung nhau chi cin thiét kiém tra P(x) = Q(x) dtung vdi
mot s6 hitu han gié tri cta x.

Vidu 7.5. Cho
P(x) = apx" + a;x" 14+ a,
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va

Q(x) = box™ +b1x™ L+ + by
la hai da thiic va n > m. Chiing minh rdang néu ton tai n + 1
nhitng s6 tung déi mot khdc nhau a1,az,. .., 0, 41(0; # aj v8i i #
j) sao cho P(a;) = Q(w;),i = 1,2,...,.n+1, thin = mva ay =
bo,a1 = b],. oy = bn.

Loi giai. Do khong c6 doi hoi gi vé by £ 0 va lai ¢6 n > m, ta c6
thé gia thiét (bdng cach danh s6 lai cac hé s6)
Q(x) = box" + bix" 1 + - + b,

Buidc co sé: néu n = 1, thi P(x) = apx + a1, Q(x) = box + by va
thoa mén céac dang thic sau

apx1 + a; = bowq + by

apiy + a; = boas + by
Trii theo vé& ta nhan dudc

ao(a1 — &) = bo(ag — a2)

Nhung theo diéu kién a; # a; ta cé thé gian udc cho a; — ap # 0.
Ta nhén dudc ag = by, tu d6 cing suy ra a; = by.
Budc quy nap: Gia st ménh dé ding véi n — 1. Ta c6

P(x P(ans1) Za X" Za Ixn—i-l

= ap(x" — oan) + al(x” P D)+ 4 a1 (x — ag)
= (x —ap1)(apx L F a2+ 1 dl ) = (x — au1) Py (%)
8 day Pi(x) = apx" ' +ajx" 24+ +a,_,

Tuong ty Q(x) — Q(anr1) = (x — ay41)Qi(x), 6 day Qi (x) =
box" 1 + bix”*2 +---+0b, ;. Khidévéii = 1,2,...,n ta nhan
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P(a) = P(ens1) _ Q&) = Qansn)

K — Kpt1 0 — &y

Pl(txl') = =1 (D‘i)

va theo gia thiét quy nap ag = by, a; = b},...,a,, ; =b/ ;. Tadat
Py(x) = X" a4 4oay,

Qa(x) = byx" 4 b2 -+ by
véii=1,2,...,n,n+1 sé thoa man

Py(a;) = P(a;) — apa} = Q(a;) — boaf = Qa(w;)

Lai 4p dung gia thiét quy nap ta c6 a; = by, a = by, ...,a, = by,.

©

Vi du 7.6. Tim tdt ca cdc da thitc P(x) thod man ddng thic
P(x) =P(x+1).

Loi giai. D& thdy, néu P(x) la da thic hang
s6, thi né thoa man ding thdc trén. Ta gid su
degP(x) > 1 va cho P(x) = apx" +ax" 1+ -+ ay,
ag # 0 va P(x) thod man ding thic P(x) = P(x +1). Khi
doé
ap(x +1)" +ar(x+1)" 4ty = apx" +ax" N+ +ay

tli day so sanh hé s6 trudc x" !, ta nhan dudc nag + a; = ay, tiic
12 a9 = 0 n6 vo 1y vdi gia thiét. Suy ra chi ¢6 nhiing da thiic hing
s6 1a thoa man diéu kién dau bai ra. ©
Vi du 7.7. Chitng minh rang vdéi moi s6 tw nhién k tén tai duy
nhdt mot da thic Py(x) bdc k + 1 sao cho P(0) = 0 va x* =
Pe(x +1) — Pe(x).
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Loi giai. Viéc ton tai da thic P(x) ta sé chiing minh quy nap
theo k. Véik =0vak =1tacé

X=1=(x+1)-x
1 , 1 1, 1
x—(z(x—i—l) 2(x—l—l)) (2x 2x)
Nghia la Py(x) = x, P1(x) = %xz - %x.

Gia thiét véi mdi I < k ton tai da thic Py(x), véi né P;(0) = 0
vax = P(x+1) - P(x). Taco
= ok = xPe(x + 1) — xP(x),

tu d6 ¢

K P(x41) = (x + 1) Pe(x + 1) — xP(x).
Cho thém

Pe(x+1) = g + e + - 4 ayx 4 ap.
Khi d6
(1+ap )X = (x + 1) Pe(x +1) — xPe(x ZalPl (x+1) Xk:alPl(x)

i=0

k
= ((x—l—l)Pk(x—i—l) — ZalPl(x—i—l) ka ZalPl
=0

Véi bac cta da thic H(x) = xP(x Z 1P (x) cao nhat chi la

k + 1 va dé thay rang hé s6 trudc x**1 trong dang chuén tic cia
H(x) dtng la a;,q. Néu gia st rang 1 + a1 = 0, ta nhan dudc
H(x+1) = H(x) va khi d6 ta c6 H(x) 1a hang s6 (bai trén), n6
trai véi agq # 0. Suy ra 1+ a;q # 0 va néu ta dat

1

Peia(x) = Tham, (xPe(x Zﬂlpl
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Ta nhan dudc

= Pyg (2 +1) = Py ().
Chiing minh duy nhat danh cho ban doc. ©
Vi du 7.8. Hay tim tdt ca da thite P(x) thoa man diéu kién

P(x* —2) = (P(x))* - 2.
Loi gidi. Ta chi ¥ nhu bai trudc véi moi s6 tu nhién 1 ton tai
nhiéu nhat mét da thic P, (x) bac n thoa man
Py(x* —2) = (Py(x))* - 2. (7.5)

Véi viéc so sanh hé s6 trudc s6 mi cing béc cta x trong phudng
trinh trén ta tim dudc

Pi(x) = x,Py(x) = x*> — 2, P3(x) = x° — 3%,

Py(x) = x* —4x? +2,P5(x) = x° — 5x° + 5x.
Ngoai ra khong khé khin gi thiét 1ap dude quan hé

P3(x) = xPa(x) — Py(x);
Py(x) = xP3(x) — Po(x);
Ps(x) = xPy(x) — P3(x).
Diéu nay gdi y cho ta dua ra mot gia thiét sau day:
Moi da thuc trong day
Pi(x), P (x),P3(x),..., Py(x),...
dugc xdc dinh theo cdc ddng thiic sau
Py(x) =x,Py(x) =x*>—=2,...,Pyy1(x) = xPy(x) — P,_1(x)

thoa man diéu kién (7.5).
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Vi da thiic P,(x) bac n, theo bai tap trudc, néu gia thiét trén
13 didng thi chiing 14 tit ca cac da thic thod man diéu kién bai
toan.

Bay gid ta chiing minh gia thiét bing quy nap toan hoc theo
n.Véin = 1van = 2 gia thiét ding. Gia st véi n nao d6 da thic
Py(x) va P,;1(x) thod méan diéu kién (7.5). Khi d6 d61 véi Py (x)
ta co
Pu2(x* =2) = (Puya(x))? +2 =

= (22 —=2)Py 1 (x®> —2) = Py(x®> —2) — (xPupq(x) — Py(x))2 +2
= (22 = 2)((Pus1(x))? = 2) = ((Pa(x))* = 2) = 2*(Py1 (x))*+
+ 2xPy 11 (x).Pa(x) — (Pu(x))? +2
= —2(Pyy1(x))? = 2(P(x))?* + 2xP, 11 (x).Py(x) — 2x* + 8
= —2H,(x),
§ day ta dat

Hy(x) = (Pysa (1)) + (Pa ()2 — xPy1 (3).Py(x) + 5% — 4.

Mit khac

— Py_1(x)).Pu(x) + x> — 4

= (Py(x))* 4+ (Py_1(x))?* — xPy(x).Py_1(x) + x* — 4
= H,_1(x) = Hy_2(x) = ... = Hy(x)

= (Py(x))? + Py(x))* — xPo(x).P(x) + x* — 4

= (x> =22+ x* —x(x® —2)x+ x> — 4.

Suy ra P, 2(x? —2) = (Pyia(x))? — 2. ©

Vidu 7.9. Cho P(x) la da thitc vdi hé s6 thuc nhdn gid tri s6 hitu
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ty vOi moi s6 x hitu ty va gid tri s6 vé ty véi moi s6 x vé ty. Chitng
minh rang P(x) la da thiic tuyén tinh vdi hé s6 hitu ty.

Loi giai. 1) Ta sé chiing minh rang cac hé s6 cia P(x) 1a hitu
ty. Chiing minh bang quy nap theo bac n cia P(x). That vy, véi
n = 0,P(x) 1a hang s6 va né 1a mét s6 hitu ty (vi bang vi du nhu
P(0)). Gia thiét khing dinh ding véi tat ca cac da thiic bac nho
hon s6 tu nhién # (tat nhién thoa man diéu kién dau bai) va cho
P(x) = apx"™ +a;x" ' 4+ --- 4 a,_1x +a,. Dé thay a, = P(0) la 8
hiiu ty va néu ta dat
Qx) =apx" ' ax" 2+ ta, 1 = P(x)x—an,

thi Q(x) s& nhan gia tri hitu ty véi bién hitu ty x. Theo gia thiét
quy nap khi d6 nhiing s8 ag, a1, . ..,a,_1 12 hitu ty.

Nhu vay hé s6 cua P(x) 1a hitu ty. Véi diéu d6 P(x) khéng la
hing s6, vi trong truong hop ngudc lai P(x) sé la hitu ty véi moi
x. Cho P(x) = apx" + a;x" ' +--- +a,,n > 0. Khong mat tinh
tong quat c6 thé cho rang 4; 1a nguyén. Ngoai ra da thic

Q(x) = ag'.(P(x) — an)
= (apx)" + a1 (aox)" ' + - + a,_1a) 2(ax).
Nghia la da thic
H(y) =y" +aiy" '+ + a1y 2y
thoa man diéu kién dau bai.
Ta sé chiing minh ring véi moi s6 nguyén du 16n m phudng

trinh H(y) = m c6 nghiém. That vay, lay m > H(0) va ¢(y) =
H(y) —m. Khi d6 ¢(0) < 0 va lim ¢(y) = +oo, vi thé& phuong
y oo

trinh H(y) = m c6 nghiém dudng v,,. LAy m = p 1a s6 nguyén t6
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du 16n. Ta ¢6 H(y,) = p. Tu diéu kién suy ra y, 1a s hitu ty va
vi hé s6 bac cao nhat cua H(y) 1a 1, thi y, 1a nguyén va ngoai ra
yp dudc chia hét bdi s6 hang tu do cua ¢(y), hodc 1a y, 1a udc s6
cta p. Nghia la y, = 1 hodc 1a y, = p. Nhung déng thiic y, = 1
chi ¢6 kha nang nhiéu nhét véi mot p. Nghia la y, = p cho tat ca
s6 nguyén t6 da 16n p. Né6i cach khac, ta dd nhan dude H(p) = p
véi tat ca sd nguyén td du 16n. Ti nguyén ly so sanh cac hé so
suy ra khi d6 H(y) = y va nghia la P(x) = apx + a;. ©

Vi du 7.10. Cho P(x) la da thitc vdi hé s6 nguyén, vdi né P(0) =
P(1) = 1. va ag la s6 nguyén bat ky. Ta dinh nghia a1 = P(a,)
vdi n > 0. Hay chitng minh rdng vdi m # n cé ddng thitc sau
(am,an) = 1.
Lot giai. Ta chia da thidc P(x) cho x(x — 1). Lay

P(x) =x(x—1)Q(x) +ax+Db,
Tu qua trinh chia da thic suy ra Q(x) 1a da thidc véi hé so
nguyén. Trong ding thic trén ta cho x = 0 va x = 1 va chad
¥ rang P(0) = P(1) = 1, d6i véi a va b ta nhan dudc hé phuong
trinhb=1,a+b=1,tudaysuyrab =1vaa = 0, va nhu vay
ta cé P(x) = x(x —1)Q(x) + 1, & day Q(x) 1a da thic vdi hé so
nguyén.

Ta sé chiing minh béng quy nap theo n, dang thic
a, =1 (mod apay...a,-1),

tii day suy ra két luan cia bai toan. That vay, cho m < n va
(am,a,) = d, Khi @6 apay ...a, 1 chia hét cho d va suy ra a, — 1
chia hét cho d. Nhung a,, chia hét cho d, ti day a, — 1 — a,, chia
hét cho d hay 12 1 chia hét cho d hodclad = 1.
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Chi con ching minh ring a, = 1 (mod apaqa; ... a, 1) véi moi
n.Véin = 1tacéa; = ap(ap—1)Q(ap) +1 vasuyraa =1
(mod ag). Gia thiét dting véi n nao d6 a, = 1 (mod apay ...a, 1)
hodcla a, = 1+ kagay ...a,_1, 6 day k 1a nguyén. Véi a,,1 ta tim
dudc

api1 = ay(an —1)Q(ay) + 1 = kagay ... a,-1a,Q(a,) +1,
ti day ta c6 a, 1 =1 (mod apay ...a, 1a,). ©
Vi du 7.11. Cho day cdc da thitc Py(x),Py(x),...,Py(x),... trong
do Py(x) =2,P1(x) = x va vdi moi n > 1 thi
Ppiq(x) 4+ Pyq(x) = xPy(x).
Chitng minh rdng ton tai ba s6 a,b va ¢ sao cho vdi moi n > 1 ta
déu cé

(x* —4)[P2(x) — 4] = [aPyy1(x) + bPy(x) +cP,_1(x)]*>.  (7.6)
Loi giai. Gia st ton tai a,b,c d& (7.6) ding v6i moi n. Khi d6
(7.6) dang v6i n = 1. Thay n = 1 vao (7.6) suy ra

(x* —4)(x* —4) = [a(x® — 2) + bx + 2c]*.
Ta nhan thay néu chona = 1,b = 0 va ¢ = —1 thi dang thic trén
dudc thoa man.

Bay gid ta ching minh: néu chona = 1,b = 0,c = —1 thi (7.6)
ding vdi moi n > 2, tiic 1a ta phai chiing minh

(x* = 4)(P;(x) —4) = (Pus1(x) = Pi-a (%)), (7.6)
Vi P,y1(x) = xPy(x) — P,—1(x) nén (7.6") tuong duong véi
x2P2(x) — 4P?(x) — 4x* + 16 = (xP,(x) — 2P, 1(x))?
= x?P2(x) — 4xP, (x)P,_1(x) + 4P2_|(x).
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Tuong duong véi
P2(x) +x*> —4 = P,_1(x)(xPy(x) — Py_1(x)) = Py_1(x)Pyy1(x).
(7.7)
Ta sé chiing minh (7.7) bing phudng phap quy nap. Véi n = 1 thi
P,(x) = x* — 2, nén dé dang thay (7.7) ding. Gia st (7.7) dting
vlin =k, tic la
P]g(X) + X2 —4 = Pk—l(x)Pk—H (X) (7.8)
Ta phai ching minh (7.7) ding véi n = k + 1. Ta cé
xXPiey1(x) Pe(x) = xPye(x) Peya (x) <
& (Pesa(x) + Pe(x)) Pe(x) = (Piegr (x) + P (x)) Pega (x)
SPE(x) + Pe(x) Pea(x) = Py (x) + Peo () Py ()
&P (x) = PE(x) = Po1(%)Pey1 (%)) + Pie(x) Peya(x).
Tu (7.8) suy ra
Pfq(x) = —(¥* +4) — Pe(x) Py ().

dé 1a diéu can ching minh. ©

7.3. Pao ham cua da thiic
Cho da thuc
P(x) = apx" + a;x" 1+ +a,, (ag #0).
Da thuc
P'(x) = nagx" ' + (n — 1)a;x" 2 + - - +2a, ox +a,_1,(ap #0)

goi 1a dao ham bdc nhdt cua da thiic P(x). Pao ham cua dao
ham bac nhat P’'(x) goi 12 dao ham bac hai cia P(x) va ky hiéu
1a P"(x). Ta c6 thé dinh nghia theo quy nap: dao ham bac k cua
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da thic P(x) 1a dao ham cia dao ham bac k — 1 caa ham P(x) va
ky hiéu 1a P (x). Ho#ic 1a, P (x) = (P*-1(x))".

T dinh nghia dao ham cta da thic ta dé thay cdc tinh chat
sau dung:

1. Néu bac cua P(x) la n, thi bac caa P'(x) la n —1 va
P+ (x) = 0.

2. Céc phép tinh d6i vdi dao ham: néu P(x) va Q(x) la nhiing
da thic bat ky, con « 1a mot s6 bat ky, thi

a) (P(x) £ Q(x))" = P'(x) £ Q'(x); (aP(x))" = aP'(x);

b) (P(x).Q(x))" = P'(x)Q(x) + P(x)Q' ().

Vi du 7.12. Chitng minh rdang ((P(x))") = n(P(x))" " L.P'(x).

Loi giai. 1) Néu n = 1thi P'(x) = P'(x).(P(x))°.
2) Gia st
((P(x))"™ 1) = (n = 1)(P(x))""2.P'(x).
Khi d6 theo tinh chat b) ta c6
((P(x))")" = (P(x))""L.P'(x) + (n = 1)(P(x))"~2.P'(x).P(x)
= n(P(x))""LP'(x). ©

Vi du 7.18. Chitng minh rdang néu P(x) la da thiie bt ky bac n,

con a la mét sé bat ky, thi

P'(a)
1!

(Cong thiic Taylor).

P// (ﬂ)

—r (x—a)+--+

P(x) = P(a)+

(x—a)+

Lot giai. Chiing minh bing quy nap theo 1 bac cia da thiic P(x).
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1) Néun = 1, gia st P(x) = Ag + A1(x —a). Khi d6 P'(x) =
Aq(x —a)' = Ay va nhu vay P(a) = Ap va P'(a) = Ay, suy cong
thic Taylor ding cho da thiic bac nhat. Gia st cong thiic ding
cho da thic bac n — 1. Néu P(x) 1a da thic bac n va néu

P(x) = Ag+A(x —a) 4+ + A, 1(x —a)" L+ Ay(x —a)".
Khi d6 Q(x) = Ag+ Ay(x —a) +---+ A,_1(x —a)"! 1a da thdic
bac n — 1 va theo gia thiét quy nap

Q'(a) QY (a)
1 yoe Ayl = ———-.

Ao =Q(a), A1 =
Ngoai ra ta con c6
PO(x)=QW(x)+n(n—1)...(n—i+1)A,(x —a)""

tit d6 suy ra véi i < n: P4 (a) = Q) (a) va P (a) = n!A,. Cusi
cung ching ta nhan dudc:

P'(a) P 1 (a) P (a)
AQZP(LZ>,A1: 11 /---/An—lz (1’[—1)’ An: o
Suy ra cong thic Taylor dung v4i moi gia tri n. ©

Vi du 7.14. Chitng minh rang néu P(x) va Q(x) la nhitng da
thite bat ky va k la mot s6 tw nhién, thi
(P(x).Q(x)® = C{PW (x).Q(x) + CLP D (x)Q'(x)+
<+ QI (x),
(Coéng thiic Leibniz).

Loi giai. Chiing minh bang phudng phép quy nap theo k.

1) Véik=1taco
(P.Q) =P .Q+PQ =C{PQ+CP.Q".

Cong thuc dung véi k = 1.
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2) Gia st cong thic ding véi s6 tu nhién k. Khi @6 véi k + 1
ta nhan dudc
(P.Q)* ) = ((P.Q)RY = (C,?P(k).Q I C]ip(k—S).Q(S) 4 o)
= CY(P*D.Q 4 PFQ") + CH(PW.Q 4+ P*=D. Q") + - ..
+ C3(PF541Q(s) + PRI QE+Dy . 4 ck(P'QW + pQUk+D)
= VP o+ (C) 4+ CHPW.Q' + ...
+ (Ciil + Ci)p(kH*S.Q(S) I legp_Q(kH)
= C,?HP("“).g + C;%HP(k)-Q/ 4.
+ CIS(Hp(kH*S)_Q(S) I C}’;ﬁpQ(kH)_

Nhu vay cong thiic ding véi moi sé tu nhién k. ©

7.4. Pa thic Chebychev

Trong phan nay ta xét mot dang dic biét cua da thuc giti vai
tro rat quan trong trong nhiéu bai toan vé ly thuyét ciing nhu
ky thuat.

Vidu 7.15. Ham s6 cosnf, (n € N) vdi thé biéu dién nhv da thiic
bdac n cua cos . Nghia la,

n .
cosnf =Y a,_jcos' 6,ay # 0. (7.9)
i=0
Lai giai. 1) n = 0 va n = 2 ménh d& hién nhién ding. Véi n = 2
va n = 3 ta nhan dugc da thic tudng tng bac hai, bac ba theo
cong thic lugng giac.
cos20 = 2cos? 0 — 1,

cos30 = 4cos® 0 — 3 cos 6.
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2) Gia st ménh dé dung véi n — 1 va n, nghia la

n—1 )
cos(n—1)0 = Z b,_1_;jcos' 6,by #£ 0. (7.10)
i=0

n .
cosnf = Z cn_icos'0,co # 0.
i=0
Ta sé& chiing minh trong trudng hdp d6 cos(n + 1)6 ciing c6 thé
biéu dién nhu da thic cia cos 6 c¢6 bac n + 1.
n+1 )
cos(n+1)0 =Y dyi1-icos'8,dg # 0. (7.11)
i=0
Ta 4ap dung cong thic
cosnf = 2cosfcos(n —1)0 — cos(n —2)6,
ding v6i moi n va 6. Tu (7.11) va (7.10) suy ra
cos(n+1)0 =2cosfcosnb — cos(n —1)6
n ) n—1 )
= 2cosf 2 Cp_jcos' 6 — Z b,_1_;jcos'6
i=0 i=0
=dgcos" 10+ dycos" 0+ -
Ta nhan thiy ngay day 1a da thic bac n + 1 ctia cosf, Vi dy2cq # 0
theo gia thiét quy nap.
Trong da thic (7.9) caa cosf, ta c6 thé dua vé dang mét da
thic chuén tic bang cach dit x = cosf va ta ky hiéu da thic nay

l1a T, (x). Theo cach nay " '
Tu(x) =) a,_ix'. (7.12)
i=0

Da thiic (7.12) goi 1a da thic thi n-cia Chebychev. Nhu vay do
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cong thiic (7.9) thi da thic thi n cia Chebychev T, ta cé:
To(x) =1, Ty(x),
Tu(x) =2xTy-1(x) — Ty—2(x), (n =2,3,...).

T dang thic trén ta tim dudce 1an ludt cac da thic cia Cheby-
chevvdin=23,...

To(x) =1,

Ti(x) = x,

To(x) = 2x% —1,

Ts(x) = 4x° — 3x,

Ty(x) = 8x* —8x% +1,
Ts(x) = 16x° — 20x> + 5%,

Vi du 7.16. Cho T, la da thitc thi n cua Chebychev. Chitng minh
ménh dé sau: Hé s6 ¢ doi s6 c6 s6 mii cao nhat la 2"~ 1(n > 0).
Loi giai. Tu cac déng thic § bai truéec ménh dé dung véi n =
1,2,3,4,5. Gia st ménh dé dtng vdi s6 n nao d6. Ta chiing minh
ding cho n + 1 bang cach suy ra ti cong thic

Tpia(x) = 2xT(x) — Tp-1(x)
va nguyeén 1y so sanh cac hé s6 cia da thic. ©
7.5. Baii tap
> 7.17. Cho n 14 s6 tu nhién va P(x) la da thic bac nhé hon n.
Chiing minh ring ton tai mot ham hitu ty R(x) sao cho
P(x)=x(x+1)...(x+n)(R(x+1) — R(x)).
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> 7.18. Ky hiéu Py(x), P(x), P»(x), ..., P,(x) 1a nhiing da thuc

x(x—1
Po(x) =1, Pi(x) = x, Pa(x) = (12)
Cx(x—=1)(x—2).. (x—n—|—1)
Bulx) = 123..
Chiing minh rang moi da thic P(x) ba_lc n ¢6 thé bidu dién dudi
dang

P(x) = boPo(x) + b1 Py(x) + - - - + buPu(x),
§ day bg, by, ..., b, 1a nhiing s6 nao dé.

> 7.19. Cho day so6 Fibonacci uy = 1,up = 1,14 = uj 1 + u;, dat

Fy(x E u;x'. Ching minh ring
i=1

n-+ n+1 __
Fn(x) _ UnX 24 Up41X X

2 _

P ,(x*4+x—1#0)
sin(n +1)0
in 6
da thic U, bac n cta cos 6 (goi 1a da thic loai hai bac thi n cua

Chebychev).
> 7.21. Ching minh ring nhiing da thic loai hai Chebychev
thoa man nhiing déng thic sau:

Up(x) =1, Up(x) = 2x, Upy1(x) = 20Uy, (x) — Up—1(x).
> 7.22. Cho da thic P(x) = ag+a;x + - -+ + a,x" bac n véi hé
s6 thuc va a > 3 1a mot s6 thuc. Chiing minh ring it nhat mot
trong cac s6 |1 — P(0)|,|a — P(1)], |a®> — P(2)],...,|a""' — P(n+1)|
khong nho hon 1.

> 7.20. Chiing minh ring ham c6 thé biéu dién nhu

> 7.23. Chiing minh rang véi da thic P, (x) = x" 4+ x" 2 + x" 4 +
- Bat dang thic sau dl’mg véimoix >0van=1,2,...

P (x )+P( )znt+1+7 (1+(—1)”)-
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Trong chudng nay ta ching minh mét sé ding thic va dinh
1y lién quan dén dang thic, ¢d ging ching minh bang phudng
phéap quy nap toan hoc. P& ngin gon khi 4p dung nguyén 1y quy
nap toan hoc ta trinh bay lan ludt cac budec mot cach tu nhién,
khéng nhan manh nhu cdc chudng trudc niia.

8.1. Mdt s céng thiic & hop

Trong muc nay ta quan tdm tdi tdp hop gém hiiu han
cac phan té, vi du nhu tdp gom n phan ti ky hiéu X =
{ay,az,...,a,}. Khi xem xét cac tdp nay ching ta quan tam téi
vi tri sdp xép cua cac phan ti. Khi d6 ta néi tap X la tap dudc
sép. Nhiing bai toan t6 hdp quan tam tdi s6 lugng cach sip xép
nhiing phan ti trong mét tap hdp hitu han. Ching ta quan tam
t6i nhiing dang cd ban caa bai toan t6 hdp nhu sau:

Mot day n phan ti khac nhau cia tap hop X sip xép theo
mét thi tud nhat dinh dude goi 1a mét hodn vi cia X.

Goi P, 1a s6 hoan vi ciia n phan tii. Ta c6 thé xét mét s6 trudng
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hop cu thé sau

Tap X Cac hoan vi cia X | S6 hoan vi
%) @ 1=0
{a} (a) 1=1
{al,az} (Ll], 2), (El ) 2 =2!
{a1,a2,a3} | (a1,a2,a3); (a1,a3,a2); 6 = 3!
(a2,a1,a3); (a2, as, 611)
(a3, a1, ﬂz), (613,612, a1);

W= o3

Vi phuong phap quy nap toan hoc ta du doan va ching minh
Vi du 8.1. S6'luong hodn vi ctia n phén ti c6 thé'tinh bang cong
thitc

P, =n!. (8.1)
Loi giai. Ta chiing minh céng thic (8.1) bang phudng phép quy
nap toan hoc:

1) Theo bang trén céng thic (8.1) ding véi n = 1.

2) Gia sti (8.1) ding véi n = k > 1. Hoan vi caa k + 1 phan
tl c6 thé lap nhu sau: ¢6 dinh vi tri thd nhat cho méi phan ti
(nghia 12 ¢6 k + 1 céach) rdi sdp k phan td con lai vao cac vi tri
tiép theo (theo gia thiét c6 Py cach). Do d6

Pt = (k+1)P = (k+ Dkl = (k+1)!
Nhu vay cong thic (8.1) dung véin = k+ 1. ©

Mot day m phan ti khac nhau (m < n) cia tap hop X sip
xép theo mot thit ty x4c dinh dudc goi 14 mét chinh hdp chap
m caa n phan tii trong X.

Ky hiéu A”" 1a s6 lugng céac chinh hdp chap m caa n phan ti.
Ta xét mdt s6 vi du sau
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m | Céac chinh hop cia X = {ay,a,a3,a4} | S6 chinh hgp
1 (a1); (a2); (a3); (a4); 4=4
(a1,a2); (a2, a1); (a1,a3); (a3, a1); 12 =43
(ﬂ1,a4) (04,111) (azfas) (113,612),

(a2,a4); (a4,02); (a3,a4); (a4, a3);

3 (a1,a3,a3); (a1,a2,a4); (a2,a1,a4) 24 =432
(ll1,ﬂ3,ﬂ4) (612, 613,114), (ﬂs,ﬂl,lu)

Ta ching minh cong thic sau:

Vi du 8.2. Sé lwgng chinh hgp chdp m cua n phan tw duge tinh
theo cong thitc sau:

Al=nn—1)...(n—m+1). (8.2)

Loi giai. Ching minh bing quy nap toan hoc

1) Véi m = 1ta c6 Al = n, suy ra céng thic (8.2) ding véi
m=1.

2) Gia sti (8.2) ding véi m = k > 1, nghia la
A =nmn—1)...(n—k+1)

Cac chinh hdp chép k + 1 nhan dudc tii nhiing chinh hdp chéap
k bang cach thém vao cubi diay mét trong n — k phan ti con lai.
Nhu vy mot chinh hdp chap k sé& cho n — k chinh hdp chap k + 1.
Do do

AR — (n — A =n(n—1)(n—2)...(n —k+1)(n — k)
Suy ra (8.2) dung v6i m = k + 1. ©
Chu y: C6 thé viét cong thiic (8.2) dudi dang khac

Al = (8.3)
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MGi tap con m phan tii khac nhau cta tap X(m < n) dude goi
12 t6’hop chdp m cia n phén ti cia X.

Goi C™ (hodc nhu cdc phan trudc da ky hiéu la C"). Ta xét
mot s6 vi du sau

m | Cac td hop cua X = {ay,az,a3,a4} | S6 t6 hop
1 (a1); (a2); (a3); (aa); 4
2 (a1,a2); (a1,a3); (a1, a4); 6
(ﬂ2, 613); (ﬂ2, ﬂ4); (ﬂ3, 514);
3 (a1,a2,a3); (a1,a2,a4); 4
(611,513, ﬂ4); (ﬂ2, as, 614);
4 (a1,a2,a3,a4); 1

Ching ta nhan ra ngay la cac chinh hdp chap m ciia n phan ti
nhan dudc ti cac t6 hop chap m bang cach hoan vi m phan ti
nay. Vi vay ta c6 lién hé sau

A™ = C™" P,
Tu d6 suy ra
Al n!
Cm = n =

" Py ml(n—m)’
Dé chiing minh theo phudng phap quy nap ta chiing minh

Vi du 8.3. S6 lwong t6 hop chdp m cua n duge tinh theo cong

thuc sau ( 1. 1)
m_ nn=1)...(n—m
Cn = 1.2...m ' (8.4)

Loi giai. 1) Ta chi § rang C. = n, nghia la véi m = 1 cong thic
dung.
2) Gia st ta ¢
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Ta sé ching minh ring
ck+ _ nn—1)...(n—k+1)(n—k)
" 1.2... k(k+1)
D€ nhan tat ca t6 hop k + 1 phan ti trong n phan ti: dau tién
ngudi ta viét tat ca cac t6 hop chap k caa n phan ti va thém

vao moéi td hop nay mot phan tié thd k + 1 bdi mot trong n — k
phan tii con lai. Nhu vay ta nhan dudc tat ca t6 hop chap k + 1
cua n phan td, nhung s& nhan dudc boi k + 1 1an. That vay,
to hdp a1, az,...,a;,ar41 s& cung nhan dudc theo cach; khi to
hdp a3, a3, ...,ar, ax,1 thém vao phan tl a;; cling nhu khi t6 hgp
a1,a3,...,a, a1 thém vao phan ti ao; .. .; cudi cung khi t6 hgp
ai,ap,as,...,a; thém vao ar ;. Nghia la

ym—k nn—-1)...(n—k+1)(n—k)
k1 12.. k(k+1)

Vi du 8.4. Chiing minh rdng hé s6 Newton Ck la nhitng s6'1é khi
va chi khin =25 —1.

ck=cC ©

Loi gidi. Véi n < 8 ménh dé khiém tra truc tiép ding. Gia si
n 12 s6 tu nhién bat ky va gia st ménh dé khing dinh ding véi
moi s6 tu nhién nho hon n. Dé thay hé so da thic 1a

nnn—1) nln—1)(n—2) nn—1)(n—2)...32

1 12 1.2.3 Y 123...(n—1)

tat ca 1a s6 1é khi va chi khi hé sé da thic ngoai cung (ma né

bang 1) 1a s6 1& va nhiing s6 nhan dudc tii cac hé sé da thic con
lai bang cach bd di céc thiia s6'1é 6 mau s6 va tii s6, cing 12 1. Ta
dit n = 2m + 1. Trong truong hdp nhu vay hé so da thic khong
¢6 s6 cudi bieu dién bing céc so trong day
m m(m—1) m(m—1)(m—2) m(m—1)(m—2)...3.2
1 12 1.2.3 123 (m—1)
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T day theo gia thiét quy nap toan hoc nhiing hé s6 da thic cuoi
cung, con suy ra tat ca hé sé da thic sé 1a 1 khi va chi khi m cé
dang 2% — 1 nghia la khi d6 n2(2% — 1) +1 = 2K+1 — 1, ©

Vi du 8.5. Chitng minh rang ti cdc chi® s6 1 va 2 ta cé thé' lgp
2"+1 56 'ma méi s6 déu 6 2" chit s6 va ci? hai s6 mot thi cdc chiz
s6 ¢ hang tuong vng (vi tri tuong wng) khdc nhau khéng it hon
2n—1,

Loi giai. Ta chiing minh béng quy nap theo n. Véi n = 1 ta dudc
bon s6 11;21;12; va 22 thod man ménh dé.

Goi a’ 12 s6 ¢6 dudc khi thay trong a chii s6 1 bang chit s6 2 va
thay 2 bang 1 va ab 1a s6 tao thanh khi viét b canh 4. Gia st da
xay dung dudc tap hop A, tii 2"*! s6, méi s6 ¢6 2" chii s6, ngoai
ra cd hai s6 mét khac nhau khéng it hon 2"~ vi tri hang s6.

Xét tap hdp A, 1 gém céc s6 aa va aa’ trong déa € A,,. Tat ca
nhiing s6 nay c6 2" chii s6 va tat ca c6 2”2 s6. Ngoai ra bat ci
hai s6 nao déu khac nhau khéng it hon 2" hang s6. That vay, cac
0 aa va aa’, cling nhu céc s6 aa va bb’ véi moi a, b déu khac nhau
ding 2" hang sb (trong cac hang s6 nay a va b khac nhau, 4’ va
b’ trung nhau, va ngudc lai). Cac s6 aa va bb theo gia thiét quy
nap khac nhau khéng it hdn 2" hing s6. ©
Vi du 8.6. Vi cdc s6 nguyén m,n (0 < m < n) xdy dung cdc sé
d(n,m) theo cong thitc sau:

1) d(n,0)=d(n,m)=1,vdi moin >0;
2) md(n,m) = md(n—1,m)+ (2n —m).d(n —1,m — 1), véi moi
0<m<n.

Chitng minh rang tdt cd cdc s6 d(n, m) déu nguyén.
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Loi giai. Ta sé ching minh bang quy nap ring d(n,m) = (C")2.
That vay, véi n = 1 thi

4(1,0) =1 = (C%%;d(1,1) =1 = ().

Gia st bai toan dung véi n = k: d(k,m) = (C}")?, véimoi 0 < m <
k.Khidé véin =k-+1, tacé
1) Néu 0 < m < k+1 thi

m.d(k+1,m) =m.d(k,m) + [2(k+1) — m]d(k,m — 1)
= m (P + @k 2—m) ()

k! 2
= [M] mk4+1—m)>+ (2k +2 —m)m
= m. (CITH)Z'

2) Néum = 0 hosick+1, thi d(k+1,0) = 1 = (C,(C)Jrl)2 va
dk+1,k+1)=1= (Cllzi})z Vay theo nguyén 1y quy nap toan
hoc, ta co

d(n,m) = (C")*,¥0 < m < n. ©

Vi du 8.7. Cho s6 lugng 3" dong xu (n > 1), mét dong xu trong
dé la gia va nhe hon sé con lai. Cho mot chiéc can dia khéng cé
quad can. Chitng minh rang bang n ldn can cé thé phdt hién ra
dong tién gid. C6 thé bang n ldn can luén luén phdt hién ra dong
tién gid hay khong, néu sé luong déng xu khéng nhé hon 3" + 12

Lai gidi. Xét truong hop n = 1. Ta dit hai déng xu 1én mdi bén
mét dia can. Néu can thing bang, thi dong xu gia 1a déng xu con
la & ngoai can, con trén can khong can bang, dong tién gia nim
4 bén nao nhe hon.
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Ta gia st khang dinh cia bai toan ding véi n — 1. Bay gid ta
c6 3". Ta chia ching ra 1am ba nhém theo 3! dong xu va dat
hai nhém 1én tling dia can. Néu can can bang, thi dong xu gia &
nhém thi 3, con ngudc lai thi § nhém trén dia caAn nhe hon. Va
ca hai trudng hop khing dinh ctia bai toan suy ra theo quy nap.

Ta sé chiing minh réng néu sé ludng déng xu 16n hon 3", thi
khéng phai lic nao ciing phat hién ra dong xu gia bang n 14n can
va tham tri trong trudng hgp da biét mot s6 dong xu that roi.

Truong hop n = 1, khang dinh trén ddng hién nhién. Gia
sti khang dinh ding vdi tat ci s6 tu nhién k(k < n — 1) va xét
truong hdp k = n. Ta ky hiéu F tap hdp tat ca cic dong xu da
cho, con J tap hdp tat ca cdac déng xu that. Chu y ring sé ludng
dong xu trong F 16n hon 3", con s6 ludng trong ] 1a bat ky, cé
thé&'1a 0. D& thay rang trén hai dia can phai dit sé dong xu bang
nhau. Bing cich nhu vay trén mét dia can hodc ngoai hai dia
can c6 mot nhém nhiéu hon 3"~! déng xu tii F. Ta ky hiéu nhém
d6 bang N.

Néu N ngoai hai dia can, thi theo diéu kién hai dia can can
bing, dong xu gia 8 nhém N va theo gia thiét quy nap né khong
thé tach dong tién gia dudc bang n — 1 14n can.

Néu nhém N 13 mét trong hai dia can va d6 1a dia can nhe
hon, thi dong xu gia ndm trong né, khi d6 theo gia thiét quy nap

ciing khong tach dude dong xu gia. ©
Vi du 8.8. Cho bang hinh vuéng cdc sé

a1 412 ... Qin

a1 dxp ... Q2n

anl ﬂnz e ann.
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Chitng minh rang néu M la mot hang s6 sao cho

n
Z |x1aj1 + x2aj2 + - - 4 xpa5| <M
j=1

vdi moi cdch chon nhitng s6 x; = +1, thi

‘1111’ + ’6122‘ +-- 1 ’ann’ S M.
Loi giai. Ta chiing minh ménh dé bing quy nap theo n. Véi
n = 1 ménh dé dung. Gia st ménh dé ding vdi n — 1. Cho

X1,%X2,...,X,_1 12 mdt cach chon bat ky caa +1. Khi d6 ta dung
bat ding thic sau

2|a| = [2a] = [(a+ B) + (a = p)| < |a+ B| +a — B,

ta nhan dudc

n—1
2) [xap 4 A Xp1ain-1] + 2] an|
=1
n—1
<Y wap 44 X181+ aun|+
=1
n—1
+ Y |xap + -+ X181 — A+
=1
+ ‘ﬂnn + X1a]‘1 4+ 4 xn_la]-,n,1|+
+ ‘ann —X14j1 — 1 — xn—laj,n71|

n—1
=) |xap + - 4 X181 + G|+
=

n—1
+ E ]xla]-l ot Xp1ajp-1 — ann| < 2M.
j=1
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Tuc la
n—1
Z |x1ajl + -+ xn—laj,nfl‘ S M — ’ann’;
j=1
tli day theo gia thiét quy nap suy ra
|a11| + ’5122| + - |an—1,n—1’ S M — |ann|/
nghia la |ay1| + |axn| + - + |aw| < M. ©

Vi du 8.9. Cho cdc s6 tw nhién aq,ay,...,a,(n > 1), sao cho a; <
k (k=1,2,...,n) vaténg a; +ax + - - - + a, la chdn. Chitng minh
rdang mot trong cdc tong dai s6 ay +a, +az ...+ a, bang 0.

Loi giai. Ta ching minh bing quy nap theo n. Khi n = 2, ta dé
thay a; = ap = 1. Do @6 a1 — a, = 0. D6i véi n + 1 s6 tu nhién
a1,az,...,4,41 (n > 2) thoa man cac diéu kién caa bai toan, ta
xét hai trudng hdp sau:

1. a, # a,1. Pata, = |a, —a,1|, khidédo 1 < a, < nva
1<a,1 <n+1nénl<a, < (n+1)—1=n Mitkhac, tong
ay +ay + - -+ a, + a,41 chin, riéng a, + a,41 c6 cung tinh chan
1& véi a’ = |a, — an,1|, do &6 tong a; +ax + -+ + a,_1 + 4, cling
thoa man cac diéu kién caa bai toan. Theo gia thiét quy nap ta
c6 modt trong cdc tong a; £ay £...+a, 1 +a, = a1 *ar ...+
ay_1 % |a, — a,,1| bang 0. Tt d6 suy ra diéu phai chiing minh.

2. a, = a,4q. Lac nay do ay +ap +--- +a, + a,41 chin va
ap + a,41 = 2a, chin nén a; +a> + ... + a,_, ciing chin. Vay
n—1sbay,ay,...,a,_1 cing thod man cac diéu kién bai toan néu
chicdnn —1 > 1 hay n > 3. Nhung diéu nay 1a hién nhién vi néu
n = 2, (rd rang chi can chu y trudng hop nay ma théi vi n > 2),
thi ti gia thiét a; < 1,4, < 2 vaaz < 3 va tong a; + a + a3 chén,
ta suy raa; = 1 vaay # az tic la rdi vao trudng hgp 1. da xét. Do
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d6 c6 thé st dung gia thiét quy nap dé suy ra rang it nhat mot
trong cac bidu thic a; +£a> + ... +4a,_; béng 0 va do d6 mot trong
cactong a; £ay £...+a,_1 +a, — a,41 cing bﬁng 0. ©

~ ~ < 2,
8.2. Mot sO dang thuc
Phan nay ta ching minh mét s6 hang ding thiic dang nh.

Vi du 8.10. Chiing minh nhi thiic Newton

n . . .
(a+b)" =) Cab', (8.5)
i=0

é day n la s6 nguyén duong.

Loi giai. Budc co sé: Dé thay (8.5) ding véin = 1.
Buidc quy nap: Gia sti dang thic (8.5) ding véi 1, ta sé ching
minh n6 ciing dang cho n + 1. That vay,
(a+b)"=(a+b)"(a+b) =
= [a"+Cla" b+ -+ CRa" b + - 41" (a + D)
=a"" p Cla"b 4 - CRa IR
+a"b+ Cla" W 4 - 4 CRa TR L
Suy ra
(a+b)" =g"t1 4 [1 + C,ﬁ] a"b + [C}1 + C,ﬂ a4
ot [Cﬁ’l + Cﬂ gtk Lt
Nhiing hé s6 trong cong thic trén rit gon theo cong thic (2.8)
va ta c6
n+1

El + b n+1 __ Z Cn+1an+lfibi‘
Vay ding thic (8.5) ding véi n + 1. ©
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Vidu 8.11. Vdi ay,a,,...,a, la nhitng s6 thuc, ching minh rang
(a1 +ar+-+a)) > =a24+a5+ - +a%+2(aay +ayazs+ - +a,_1a,)

(8.6)
vdi moi s6 tw nhién n > 2.

Lai giai. Véin = 2 cong thic (8.6) 1a hang ding thi dang nhd.
Gia sti cong thic (8.6) ding véi n = k — 1, nghia la
(i +ay+ - +aq)>=ai +ai -+ +ar | +2S
8 day S la tong tat ca cac kha nang tiung d6i cua day
ay,ay,...,a_1. Ta sé ching minh
(m+ar+-+a)? =al+al+---+ai+25
6 day S1 = S+ (ay +ax + - - - + ax_1)ax. That vay,

(a1 +az+- -+ a)? = [(a+a+ -+ ) +af

= (@ +a+- o)+ 20+ a1+ a

=(@+a3+--+ai ) +25+2(a+ - ag_q1)ag+az

= (af+a3+ - +ai_;)+2S;. ©
Vi du 8.12. Cho s6 nguyén duong n va sé thuc x, ching minh
rang

1 2 n—1

[+ e+ 2] P [ — =] = .
Loi gidi. Bai ra khong rd cho ta phai quy nap theo thong sé
nao. y tudng @& chiing minh 1a chi 14y gi4 tri x trong khoang nho
k okt

S Y véik=0,41,42,...
n n

N ? ) N ) 1 . 2
Pau tién gia st x nam trong khoang con [0, E)' Khi d6 [x +

i n—1 i
—| = 6ii = 0,1,2,...,n — 1, nhu va —| = 0. Ct 0
n} Ovéii=0,1,2,...,n — 1, nhu vay g[x—i—n] 0. Ciing c6
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[nx] = 0, nhu vay ta da chiing minh két qua dting cho khoang

con dau tién.

Bay gid ta gia st khing dinh ding cho khoang [k%l, %), 8
day k 1a s6 nguyén dudng, va cho x s6 thuc bat ky trong khoang
nay. Khi dé6

n—1

[x]—l—[x—l—%]—k[x—k%]—l—---—i—[x—i— ] = [nx].

1 N
Cong thém . vao x (ta lam dudc vi bang cach nay ta nhan dudc

k+1

- - k X ’ 9, A s e . ~
s0 bat ky trong [—, ——)), moi s6 hang G bén trai ngoai s6 hang

—
n
cudi cung, déu chuyén sang s6 hang bén phai né, va sé6 hang cuéi

-1, . . A .
cung la [x + HT] tuc la [x 4 1] thuc chat cong 1 vao [x]. Nhu
vay thay x bang x + - vao vé trai, ddng thic trén ting lén 1.

DPéng thdi khi d6 khi x & [nx] thay bang x + %, gid tri ciia né
ciing ting lén 1. Do mbi bén ciia dang thic déu ting 1én 1 khi
thay x bang x + l, két qua van con ding cho tat ca cac so trong

) k k+1
khoang [E' T)

Theo gia thiét quy nap két qua con ding cho tat ca gia tri
duong caa x. Hoan toan tudng tu ciing ding cho tat ca cac gia tri
am cua x. ©

Vi du 8.13. Chitng minh rdng vdi moi s6 tw nhién n > 1

(n+1)(n+2)...(n+n)=2"135...(2n —1).

Loi giai. Ky hiéu tich § vé trai 1a T,. Dung phudng phap quy nap
toan hoc theo n. Véi n = 1 cong thic ding vi T; = (1+1) = 2L
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Gia st cong thic dung véi n = k. Ta ¢6
T = (k+1)(k+2)...(k+k) =2K135...(2k —1).
Ta can chiing minh
[(k4+1) +1][(k+1)+2]...[(k+1) +K][(k+1) + (k+1)] = 2F1.1.35... (2-

Hoéac la
(k+2)(k+3)...(k+14k)(2k+2) =2F1135... (2k+1).

That vay,
T = (k+2)(k+3)...(k+1+k)(2k+2)

(k+1)(k+2)(k+3)(k+k)
= (k+14k)(2k+2
— (k+1+K) (2K +2)
o (2k+1)2(k+1)
=Tk k+1 ' ©
Vi du 8.14. Chitng minh ddng thic véi moi s6 nguyén n > 0
sin 2"ty
2ntlging’

cosa cos2x cosdw ...cos2"a =

sin 2«

Lai giai. 1) Véi n = 0 d4ng thic ding, vi cosa = ———.
2sina

2) Gia st dang thic dung véi n = k, tic la
sin 2Kty
2k+lsing’
Khi d6 né ciing dung véi n = k + 1. That vay,
sin 2K+l cos 2K+ &
2k+1gin
sin 2k+2y
= ena’ ©
2k+2 gin o
Vi du 8.15. Chitng minh rdng vdi moi s6 tw nhién n > 1
. n+1
. . . SIN——X  nx
sinx +sin2x +--- +sinny = ——5—sin —-.

o 2
sin 5

cos & cos 2 cos 4a . . . cos 2kn =

cos & cos 2 cos 4a . . . cos 2Xa cos 21w
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Loi giai. 1) Véi n = 1 khing dinh trén 14 dung.

2) Cho
) 1x
Sin k
sinx+sin2x+---+sinkx:72xsin—x.
; 2
sin —
2
Khi d6
sinx +sin2x + - - - + sinkx 4 sin(k + 1)x =
sink+1x
k
zizxsin—x-l-sin(k-l-l)x:
sin — 2
2
sink+1x
k k-+1 k+1
zizsin—x—stin * X COS + X
sinE 2 2 2
2
Ck+2
sin — X k41
= —Fsin— X,
Slni
vi L L
2
2 cos xsin > = sin * x—sin—x. ©

2 2 2

Vi du 8.16. Chitng minh rdng vdi moi s6 tw nhién n > 1

1) si —nsi 1
sinx+2sin2x+3sin3x+---+nsinnx = (n+1)sinnx — nsin(n + )x.

X
4sin? =
Sll’l2

Loi giai. 1) Véi n = 1 khing dinh ddng, vi

2sinx —sin2x  2sinx(1 — cos x) .
= = sin x.

X X
4sin? = 4sin? =
Sin 2 Sin 2
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2) gia st khang dinh ding véi n = k tic la
(k4 1)sinkx — ksin(k 4+ 1)x

sinx+2sin2x+3sin3x+---+ksinkx = e
4sin2§

Khi d6
sinx +2sin2x +3sin3x + - - - + ksinkx 4+ (k+ 1) sin(k + 1)x =

_ (k+1)sinkx — ksin(k 4+ 1)x + (k+1)sin(k +1)x

4sinzg
_ (k+1)sinkx — ksin(k +1)x +2(k+ 1) sin(k + 1)x(1 — cos x)
4sin2g
(k+2)sin(k+1)x+ (k+1)sinkx  2(k+1)cosxsin(k+1)x
- 4 sin? X - 4 sin? X
2 2
(k+2)sin(k+1)x+ (k+1)sinkx  (k+ 1)[sin(k 4+ 2)x + sinkx]
- 4 sin? X - 4 sin? o
2 2
_ (k+2)sin(k+1)x — (k+ 1) sin(k + 2)x ©
4 sin? o

2

Vi du 8.17. Chitng minh rang

el lig 2 L X o L og X corgx
28y T 2%, on B on = ou OB ou T O

VoL X # M7
Loi giai. 1) Véi n = 1 khing dinh ddng, vi
X X
1— 27 27
x tg > tg >

2 X X
2tg — 2tg —
tg2 tg2

1Cot E—co’c x—lcot
2% 5 X =5 0%
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2) Gia st khang dinh ddng véi n = k, tic la

,tgf+ltgl+--.+ltgi:lcotgi—cotgx.
292 122922 2k S 2k T ok 2k
Khi d6
X x 1 X
itgfz*ztg?*“'*ﬁtgfk*zﬁtgﬁz
X

== cotg cotgx + SkPL tg = s

=

2

1 cotg 2k+1 -1 . 1

T ok+1 X
tg 2k+1

— cotg x

2k+1 cotg —— S

x
= 5T COt8 ppr — Cotg . ©

Vi du 8.18. Cho ava A > 0 la nhitng s6 bat ky va dat

1 A 1 A 1 A

a = E(a+ ;),az = E(ul + a)w--ran = 5(61”*1 +

).

n—1
Chitng minh rdang
anl
a,— VA (a1 —VA
an + VA a1 +VA ’

Vi moi s6 nguyén n > 1.

Loi giai. 1) Budce cd s§: Dé thay ding thic dung véin = 1.
2) Buéc quy nap: Gia thiét dang thic dung véi n. Ta can
ching minh né cing dang vdéi n + 1. That vay
1 A
- LYy VA
an+1_\/Z: 2(a”+an) \/7 2\/75171‘*’14 (an_\/Z
51114»1_‘_\/Z +é)+\/7 El2—|-2\/>ﬂn—|—A an‘f’\/z
an

2.
2L
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Nhung theo gia thiét quy nap
anl
an — VA (al —VA )

mt VA \am+VA
Vivay
a1 —VA _ [a,—VA 2_ a1 — VA Z'ZH_ o - VA"
ﬂn+1+\/g_ ay +VA B a1+ VA B a+VA
©
8.3.Bé|if(_:]p

> 8.19. Chiing minh rang
(n+1)cosnx —ncos(n+1)x —1
2 X '

4sin” —
sin” 5

cosx+2cos2x+---+ncosnx =

> 8.20. Chiing minh rang

(1+4i)" =22(cos % +isin %)

> 8.21. Cho hai day s6 a1,4,... va by, by, ... Chiing minh dang
thuc

> 8.22. Hay tim téng

ko Kk k(k—1)...2.1
m+1  (m+1)(m+2) (m+1)(m+2)...(m+k)’

§ day m 1a s6 tu nhién c6 dinh, k 1a s6 tu nhién bat ky.

1 — e (D)
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9.1. Khdi niém lién phén sd
Mbt biéu thiic c6 dang

qo + (9.1

ql‘f‘ﬁ

O
Un

trong d6 g1,42,...,q, 12 s8 dudng, con go 1a s6 khong am, goi 1a
lién phan s6 . Nhiing s6 qo,q1, .- .,q. g0i 12 phan thuwong khéng
ddy du (phan ti), con lién phan s6
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qo + 1 9.2)
_|_ -
& q2 +
1

.
qn
goi 1a thuong ddy du ciia phan s6 (9.1).

Dé thuan tién lién phan s6 (9.1) dudc viét theo cach sau:
(q0/ qi,- - -IQn)- (93)
Dé thay rang véi n > 1 lién phan s6 (9.3) bi€u dién mot s6 dudng
nao d6 w, goi 1a gia tri caa né. Ta ky hiéu
w = (qo,q1, - -, qn)-
Cho mot lién phan s6 ( nghia 1a cho c4dc phan ti cua né

q0,q1, - - -,qn) vOi gid tri w. Ta ky hiéu wi(0 < k < n) phan day da
cua (9.2). Khi d6

Wk = i +
k = Jk 1

+ -
Tiett Jk+2 + .

. +q7

Ta thdy ring wy c6 thé gilt vai tro nhu phan khong ddy du cudi

cung (thi k). Bdi vay ta c6 thé chi y dén cach viét sau:
(90,91, k-1, 9ks - - -, Gn) = (90,91, - - -, qk—1, Wk); (9.4)

wr = (9, Gks1, -+, qn), k=0,1,...,n.

Dé thay véi k = 0 phan day du cua (9.2) trung véi lién phan so

da cho, v6i k = n 1a phan khéong diy du cudi cung g, nghia 1a

Wy = W, Wy = g.
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Vi du: a) S6 w = (1,2,2) bi€u dién nhu phan s6 binh thuong.
That vay
w=1+ % =1+
243
b) So 88 ¢6 thé biéu dién nhu lién phan sé véi nhiing phan ti

nguyén. That vay

NGl =
Ul
Ul

88 21
67 4
ﬁ_3+£’ <Q1—3),
21 1
_— = — = = 4).
4 5+ 4/ (q3 5,114 )
Vay ta c6 thé viét
88
— =(1,3,5,4).
o7 = ( )

9.2. Phdn tich s6 hiiu ty thanh lién phan sé

Theo dinh nghia phan trudc néu sé phan ti cua lién phan s6
12 hitu han thi ta c6 thé& chuyén lién phan sé thanh mét phan
s6 binh thudng. Ngudc lai, mét phan s6 binh thudng c6 thé biéu
dién dudi dang lién phan sé.

Vi du 9.1. Ching minh rang moi sé hitu ty duong déu cé thé
phan tich thanh lién phéan sé.

Léi gidi. Chow = 2,8 day a va b 1a so tu nhién nguyén té cung
nhau. Theo thuat toan Euclide chuong trudc ta cé6



9.2. Phan tich sé hitu ty thanh lién phan s6 197

a=bqy+r
b=rq+n
...... (9.5)
Tn—2 = Tn—1qn—1+Tn,
"n—1 = "nln,
8dayb >ry >r > ...>r,_q > r, = 1. Tl day va nhiing ding
thiic (9.5) suy ra g, > 2. Ta sé chiing minh rang w phan tich dudgc
thanh lién phan s6

w = (90,91, ---,qn)- (9.6)

) fiiq .
Muén vay ta dit rg = b, w; = Zrl,(z:l,Z,...,n).
i

Péng thic dau tién cta (9.5) cho ta

w=-= +L1— —l—i—( w1)
= =10 ro—% wl—%/ 1)

S

Tuong tu ti ddng thic thid hai ta tim dude w = (qo,q1, w2). Ta
chiing minh rang

w = (QO/QLH-/‘]Fllwi)/i:1/2/---/71- (97)

That vay, gia st ding thic (9.7) ding véi s6 i nao d6 (1 < i <
n —1). Ta s& chiing minh khi d6 né ciing ding ca cho i + 1. That

. . e R ri_
vay, ta chia dang thicr;,_ 1 = 7igi + riy1 vOir;, ta nhan duge - L.

rl
g; + fit1 , theo dinh nghia caa w; 1a w; = gq; + = (g, Wit1)-
ri Wi+1

Suy ra w = (q0/ qll ey Qi—lfwi) = (5]0/ 111, ey %’—1/ 5]1'/ wi—i—l)/ nhd
vay (9.7) da ching minh. Tu (9.7) suy ra (9.6) véi i = n.

Vi du 9.2. Ching minh rang su phan tich thanh lién phdan sé
cua mbi s6 hitu ty la duy nhdt.
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Loi giai. Gia sl cung vdi su khai trién (9.6) w con c6 biéu dién
khac

} w = (qé,q’l,...,qfﬁ), ) qg’n > 1. 9.8
Ta cho rang m > n. Cho w; la phan day du

Wi = (@i u) (=12 m).

Hién nhién ta c6
W= got = gh+
=40 wy =10 ‘Ui ’
ti day suy ra rang ching bing nhau phan nguyén ciing nhu
phan phan s6 § hai vé cta ding thidc. Nghia la g0 = g, w1 = ).
Péng thic sau ciing c6 thé viét:
FRL I
n Wy =M (Ué ’
tit d6 suy ra q; = g}, wy = w). Theo cach nay (phudng phap quy
nap todn hoc) ta s& dan dén ding thdc g, 1 =4/, , va
wy = wy, (9.9
% A cy ey Y . s 1
6 day wy, = gq,. Ta gia thiét rang m > n. Khi d6 w), = q), + o
n+1
8 day w),_ ; > 1va(9.9) suy ra

/

anQn+

!/

wn+1

Nhung déng thic d6 khong thé xay ra, vi vé phai khong phai la
mot s6 nguyén. Diéu v6 ly d6 suy ra m = n, w), = q, = qa. ©
9.3. Phan s xap xi
Cho lién phan s6 (qo, 41,92, - - -, ). Ta xét day lién phan s6
xo = (90), @1 = (90,91),- -, &n = (q0,q1, - -, qn)- (9.10)



9.3. Phan s6 xap xi 199

Ta biét rdng s6 «; 14 s6 hitu ty. Vi thé chung c6 thé bidu dién
nhu nhiing phan s6 t6i gian (D(a, b) 1a ddc s6 chung 16n nhat ciaa
avab)

P .
o = (q0,q1,---,9i) = 0 (D(P;,Q;) =1,i=0,1,2,..,n). (9.11)

-, P s s b b A A ~
Phan s6 — goi 12 i-phan s6 x4p x1 cua lién phan s6 (qo, qi, -, qn)-
i
Phan s6 xap xi giti vai trd quan trong trong 1y thuyét lién phan

6. Nhiing vi du sau day chi ra mot so tinh chat caa ching:

Vi du 9.3. Chitng minh rdng vdi moi lién phdn s6 ta déu cé

P11 = Pgip1 + P, 9.12)
Qiv1 = Qigiy1 + Qi—1, (9.13)
P 1Qi — PiQiy1 = (—1), (9.14)

véi (i=1,2,...,n—1).

Loi giai. Ta ching minh quy nap theo i. Véii = 1, ta tinh P, va
Py 4o

Q; véii=1,2. Tu (9.11) ta tim dudc g9 = 00" 1 va vi phan s6
g(; t6i gian (theo dinh nghia), nén

Py =q0,Qo = 1. (9.15)
Véii =1tacé (qo,q1) = qurql1 = qoq;lfl. S6 gog1 + 1 va 1

nguyeén t6 cung nhau. Ta dé chiing minh
D(a+c¢,b) = D(a,b) (9.16)

véi diéu kién c chia hét cho b. Ap dung (9.16) cho ¢ = gogy,b =
q1,a = 1, ta sé nhan dudc D(q0q1 +1,91) = D(g1,1) = 1. bay gic
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gog1+1 P

tu (9.11) ta ¢o =_—va
71 Q1
Pr =qoq1 +1,Q1 = q1. (9.17)
_qo(pg2+1)+q2 P

Vé6ii=2tacé (qg9,4q1, = _=.
(90, 01,42) qiq2 +1 Q2

Péng thic sau cung 1a dang thic gitia cac phan s6 toi gian.
P . ., . o s VA . < 2
That vay ~2 t6i gian theo dinh nghia, con bén vé trai ta sé ap
2

dung hai 1an (9.16)

D(q0(9192 +1) + 42,9192 + 1) = D(q192 + 1,92) = D(g2,1) = 1.

Suy ra
P> =qo(q192 +1) + g2, Q2 = g2 + 1. (9.18)
St dung (9.17) va (9.18) véi su ki€m tra truc tiép suy ra (9.12),
(9.13) va(9.14) véii = 1.
Gia st khang dinh ding véi s6 i nao d6 ( (1 < i < n—2).
Ta sé ching minh ring ching ciing dung véi i + 1 nghia 1a thoa
man nhiing ding thiic sau

Piyo =Piy1qi2+ P, (9.12a)
Qiv2 = Qit1gi+2 + Qi (9.13a)
Pi12Qit1 — Pit1Qia = (-1)", (9.14a)
Tu dinh nghia (9.11) va theo (9.4) ta c6
P‘ *
2 — (g0, 00 Gt Giv2) = (G0, GirGTe1),  (9.19)
Qi+2 1
& day Jiv1 = qi+1 + G2 (9.20)
Ta so sanh (9.19) véi (9.11), dua dén dang thiic
Pi+2 _ ( Pi+1 )*’ (921)

Qi Qi1
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8 day dau * chi ra riang thuong khong ddy du cudi cung giy1 cua
phén s6 trong ngodc can dude thé bing g7, ; tit (9.20). Theo gia
thiét quy nap, nghia 1a tii (9.12) va (9.13), suy ra

Piy1 _ Pigiyi+ P
Qiv1 Qigir1+ Qi1

T (9.11) thay rang P,_1, Q;_1, P; va Q; khong phu thudc vao g;, 1.
Khi d6 ap dung trén (9.22) toan ti *, ta nhan dudc

(9.22)

1
Giv1+—)+ P

* * Pi
(Pi+1 ) _ ( Pigiv1+ Pia > _ ( Gi+2 O
Qit1 Qifi+1 + Qi1 Qifiss + 1 ) Z

Gi+2
_ Gi+2(Pigiv1 + Pio1) + P;
9i+2(Qigit1 + Qi—1) + Qi

T két qua nay cung véi (9.12), (9.13) va (3.21) cho ta

Py _ Pipigia + B
Qirz Qit19i12 + Qi

(9.23)

Vi g”“z la phan s6 téi gian theo dinh nghia, P& chiing minh
i+2
(9.12a) va (9.13a) chi con khang dinh vé phai (9.23) ciing 14 phan

0 toi glén Gia st ngudc lai, khi d6 P, 19,12 + P; va Q;11gi+2 + Qi
¢6 udc s6 chung d > 1. Dé thay d ciing 1a udc s6 chung cia ca s6

Pit1(Qi1qi+2 + Qi) — Qit1(Pisagit2 + Pi) = Pi1Qi — Qi1 P

Nhung theo gia thiét quy nap hiéu sau cung 1a (—1)’ va khéng
chia hét cho d, trai véi diéu gia st ngudc lai. Nhu vay phan s6 &
vé& phai cua (9.23) ciing 14 toi gian, suy ra (9.12a) va (9.13a) da
ching minh.
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Ta dung c4c két qua nhén dude @€ chiing minh (9.14a). Ta c6

Pi12Qit1 — Pit1Qivo = (Pis1giv2 + Pi)Qiv1 — Pit1(Qiv1qiv2 + Qi)
= —(P11Qi — PQi1) = —(—-1)" = (=1)"*},

& day ta da dung (9.14) nhu gia thiét quy nap. ©

Vi du 9.4. Chitng minh nhiing ddng thikc sau

P P | ,
a) - N = _1 l' 7 1 Z 1 ;
Qi1 Qi - QiQi1 (i=1)
b) QiPi s —PQia=(-1)"1qi,  (i>2);
Pia B -1 __4i ,
)55 = DT . (iz22)
Qi2 Qi = QiQi—» ( )
d) QiQ_il = @i qi-1,---,q1),  (i>1).
Loi giai. a) Suy ra ti ddng thic Py B PiaQi— PiQi—ll

Qi-1 Qi QiQi1
vdi tii s6 § vé phai dung (9.14).

b) Theo (912) ta Cé Pl'_2 = Pi — qipi—lr Qi—Z = Q,’ —
7:Qi—1.Khi d6 QiP;» — P,Qi 2 = Qi(P — qiPi1) — Pi(Qi —
9iQi~1) = qi(P.Qi—1 — QiP,1) = (=1)""'q;, 6 day ta da dung (3.5).

¢) Ap dung phan b).

d) Véi i = 1 ding thic da cho c6 dang g; = (q1), diéu nay
ding vi Qo = 1,Q1 = q1,(q1) = q1. Gia st khang dinh ding véi
i(1 <i<n—1). Ta sé chira rang khi d6 né ciing dting véi i + 1
hay la

Qiv1
Qi (111+1/ Qire-es 111)
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That vay, tu (9.13) ta nhan dudc

Qg = git1+ % = git1+ o - (qiv1, Q?Zl) ©

1 1

9.4. Lién phén sé vé han
Cho déay s6 nhiing s6 thuc ag, a1, ... ky hiéu

1
ag+ — (9.24)

1
AT
goi 1a lién phan s6 vo han, con s6 ag,ay,... goi 1a phan thuong
khong day du caa (9.24). D& thuan tién ching ta viét (9.24) dudi
dang
) (ap, a, .. ). ) o (9.25)}
Nhu ta da biét, moi lién phan s6 htitu han déeu biéu dién mot so
(gi4 tri phan s6), gia tri nay nhan dudc qua hiiu han budc thuc
hién tinh toan hiiu ti trén phan thuong khéng day dia. Nhung
lién phan s6 vo han khéng c6 diéu dé.
Tuong tu nhu phan s6 hitu han
a; = (ag,ay,...,a;) (9.26)
goi 12 phan s6 x4p xi thi i, con mdi lién phan s6 vo han
(g, agyq,---) (k=0,1,...)
goi 12 phan du cuaa (9.24). S6 (9.26) xac dinh theo cong thiic (9.11)

b; . A N oA N - 1=
®; = —. Theo cach nay moi phan s6 v6 han (9.24) ton tai day
i
phan s6 xap xi
Py P P,

— e, =y 9.27
Q' 01" On .27
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Mbi mot phan sé x4p xi 14 mot s thuc. Néu day (9.27) héi tu va
giéi han cia né 1a mét s6 w thi phan s6 (9.24) goi 1a héi tu, con
w 12 gia tri cua lién phan s6 v6 han. Ta c6 thé viét

w = (agp,a1,...)

Trong truong hdp ngudc lai, lién phan s6 (9.24) goi 1a phan ky.

9.5. Vidu
Vi du 9.5. Cho lién phéan sé

a1

by +
a

b - =
Lt

Ta dat

Py=by,Qy=1,P =bob1 +a1,Q1=0b,...
va céng thic chung

Pey1 = b1 P+ ag 1 Py,
Qk41 = b1 Qx + ar1Qx—1-
Chitng minh rang

P, a

Sl = by + !

Qn by i+ as
"+

Loi giai. Dé thay ring véi k = 0,1 cong thic ding. Gia thiét
né dung véi k = n — 1, ta sé chiing minh ring né cing dung cho
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k = n. Nhu vay gia thiét cé
ay . Pn—l

an B Qn—l
by +
.. +an_1
bn—l
Nhung tu cong thic cho P, va Qy ta cé
P4 _ by_1Py—2+a,_1P,_3
Qn-1 bp1Qu—2+a,-1Qn-3

6 déy Pn—Zr Pn—3/ Qn—Zr Qn—S kh@ng phl.l thuéc vao an—1 va bnfl-

by +
by +

Mt khac, dung gia thiét quy nap ta nhan dudc

a
(bnfl + l)Pn—Z + anflpn—?;

b -+ a . b,
0 - a
a2 (bu1+ 77)Qn2+ a4y 1Qn-
b n—1 n—2 n—1<n—-3
1+b2+ by
. Ap—1
oy -
b on
n 1+bn
Poq+2mp
n-l by, "2 buPy 1+ anPy > Py

N Qu 1+ Zlanz T buQu 1+ aQu2 Qu

Vi du 9.6. Chitng minh rang (s6 mdu sé trong lién phan s6 bang

n).
) r ity
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NI A 1ea A P .
Loi giai. Ta ky hiéu lién phén s6 theo Q—” Ta c6

n

P = Q=r+1
P=r(r+1); Qy =12 +r+1;
Ta ching minh bang phudng phéap quy nap
-1 1
=y T

Véi n = 1 cong thic nay ding. Giai thiét né ding véi n = m, ta
sé ching minh n6 dang véi n = m + 1. Ta ¢6 (theo vi du trén)
Pm+1 = bm+le + Elerle,].

Trong trudng hop caa ching ta thi

L B | 11
P, = 1 — =
i1 = (r 1) r—1 T T
rm+2 -1
Tuong tu ta cing ¢6 Q11 = —1 ©
Vi du 9.7. Chitng minh rang
1 1 1 1
U Uz Uy h
uy — >
U3
Uy + Up —
Uy + Uz — 5
. un—l
Up—1+ Uy
NN ., 1 1 1 . as N
Loi giai. Ta dat — + = . Khi d¢6 ta tim dudc x, =
) Uy Uri1 Uy + Xy
1 1 1 -
—L.Vlthé——i——: >— Hon niia,
Uy + Uppq Uy Uz uj
u —
Uy + uUs
1 1 1 1 1 1

- 7
up  up Uz Uy Ua+x2 U +xg
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2
u
§day v, = ———1—— Nhuva
Y X2 UL+ ur 4+ xo 2y
1 1 1 1 B 1
Uy ur  uz us us
U — ———————— U — 5
U+ ux + x2 us
Uy +up —
. Up +us
Tuong tu bing phudng phap quy nap ta cé thé chiing minh coéng
thic chung. ©
Vi du 9.8. Hay chitng minh dang thic sau
ay . a16y
az azC1C2 ’
b+ ——— b+
! by + 11 bycr +
.. +al . Jrancncnfl
' bn ) ann

dday c1,cz,¢o,...,c, la nhitng s6 bat ky khdc 0.

\ge e , [N A s . N N ~ P N ). M
Loi guil. Ta ky hiéu bén trai bang phan so —Q” , bén phai bang
n
/ /

. P P
han s6 —~. Ta phai ching minh -+ = =
p o p g ]

véi moi s6 nguyén

n
duong n. Ta c6

h_a b mb
Qi b’ Q bibrta
P{ _ C1611' Pﬁ C1C2[l1b2

Qii o Clbllaé - C1C2(b1b2 —|—Elz), o
Ta ¢6 thé7dé.ult Py =a1;Q1 = b1, P, = a1by; Qr = b1by + a, va khi
d6 ta c6 cac dang thic sau (do bai 9.6)
Pn+1 = bn+1pn + an+1pn—1/ Qn+1 = bn+1Qn + an+1Qn—l-
Ta lai dat

/ .l _ e N —
P = cqa1; Py = c1c0a1b2; Q1 = c1b1; Qp = c1c2(b1ba + a2).
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Ta sé chiing minh rang véi moi n cac dang thic sau ding
/ /
P, =cicr...ciPy; Q, = c1c2...¢4,Qn.
That vay, ta ching minh bang quy nap, gia thiét cac ding thic
ding véi moi s6 nhé hon hay bang n, ta sé chiing minh né ciing
dung véi n + 1. Ta co
/ / /
Py = cut1bn1 Py + cncn1an11 Py,
/ / /
Qn+1 = Cn+1bn+1Qn + Cncn+1an+1Qn_1-
Tu d6 suy ra
/
P, 1 = chpibyricica. . cyPy + cncpirapgicica .. cpo1Prq
=c162...Cug1(bpy1Pu + an41Py—1) = cica ... Cpg1 Py

Tuong tu ta cing ching minh dugc Q/, 1 =162 n1Qny1. ©

Vi du 9.9. Chitng minh cdc dang thic sau

i 1
St x
sinnx 1
2cosx —
2cosx +
_ 1
T2 cosx
lién phan s6 bac n.
2) 1 + b + bbs + -+ + bbs...by =
1
b
1— )
by +1— bs
2 b3+1—
. by
T, 1

\ge e o PN A ~ A ). N P X A~
Loi gigi. 1) Ta dit lién phan sé bén phai bing —. D& thay

n
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9.5. Vidu
. L e sin 2x sinx __..
—1:2cosx.V‘1thétacothedatP1: - ;01 = —. Vai
1 sin x sin x
n=2, thi
P, 1 4cos?x —1
— =2cosXx — = .
) 2cos x 2cosx
Suy ra c6 thé d:it
sin 3x sin 2x
= ——— Q= —.
sin x sin x
. : S in(n+1)x innx . .
Ta sé ching minh rang P, = sm('i—i—); Q. = SITl vOi moi
sin x sin x

x. That vy, gia thiét céng thic ding véi n, ta sé chiing minh né
dung véi n + 1. Ta ¢6 (theo bai 9.5 )

in(n+1)x innx 1
P41 = 2cos xsm( , FUx _ S sin(n + 2)x.
sin x sin x sin x
. X i 1 .
Hoan toan tudng tu ta ching minh cho Q,,.1 = W, vi
sin

thé ta c6 cong thiic
P, sin(n+1)x

Qn sinnx

vdi moi s6 nguyén dudng n.
. P s 9. ) -, A ’ .
2) Ta ky hiéu —* cho vé& phai clia dang thic. Ta cin phai

n

ching minh
Py
— =1+4+by+bbs+---+bybs...by,
Qn
v4i moi 7 nguyén duong.
That vay,

1 P, b2+1
Q 1'Q 1
vith6 P, = 1,01 = 1,P = by +1,Q> = 1. Khi d6 bang quy nap
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ta c6 thé chiing minh dudc

Py =1+4+by+bbs+---+bbs...by

Qn=1
Suy ra dang thiic cin chiing minh 14 ding. ©
Vi du 9.10. Chitng minh rang néu mét lién phdn sé cé n phdan

Uni1

n
Up

ti bang 1, thi gid tri phdn s6 nay bang , 0day uy = up =

1,u3 = 2,...la nhitng sé Fibonacci.

Loi giai. Ta st dung quy nap theo n. Véi n = 1 va n = 2 khing
dinh dang:

1 Uy 1 2 us
pr— 1 pr— 1 = - = 7, p— 1, 1 pr— 1 _——= - = —_
wy = (1) 1= wy = (1,1) + 171"
Gia thiét khing dinh dung véi n nao d6, nghia la w, =

(1,1,...,1) = Uil my g3 chiing minh trong truong hgp nhu vay
\—

e un

n
no cliing dung cho n + 1. That vay,

wp1=(1,1,...,1) = (1, wy)
—_——

n+1
Wy Up41 U1

9.6. Bai tép

> 9.11. Cho lién phan s6 v6 han (qo,41,...), 6 day g0 > g1 > 0,. ..
12 nhiing s6 tu nhién. Hay chiing minh nhiing khang dinh sau:
P P

—,—,...,laday tang.
Qo Q2

a) Day
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. P P;

b) Day —, —

Y Q1 Qs

> 9.12. Cho (go,41,...) 12 lién phan s6 § bai trén. Chiing minh
ménh dé sau

..., 1a day gidm.

a) (qo, 41, - - .) hoi tu.
b) S6 w = (40,91, - - -) 12 86 vo ti.

1++/5

> 9.13. Chiing minh ring (1,1,...) = 5

> 9.14. Cho w = (go,q1,...,4,). Ching minh rang néu ta 1ay

phén s6 xap xi thit i — d6i véi w, thi véi sai s6 6; = |w — —|(i =
i i
0,1,...,n—1) thod man d4nh gi4 sau

1
Qi(Qi + Qit1)

<6 <

1
QiQit1



cHuone 10
MOT $& BE THI VO PICH

Rat nhiéu nudc hang nidm déu t6 chiic thi vo dich quoc gia vé
mon toan cho céc hoc sinh truong phd thong. Nhiing ky thi d6
c6 rat nhiéu bai giai bang phuong phap quy nap. Sau day chi 1a
mot s6 nho cac dé da c6, bén canh so bai 1a tén nudc va ndm ra
de thi.

Vi du 10.1. (Hungari 1932). Chitng minh rang néu a,b va n la
nhitng s6 tu nhién va b chia hét cho a®, thi s6 (a+1)” — 1 chia hét
cho a1,

Loi giai. Ta ching minh bing phudng phap quy nap theo 1. Véi
n = 0 ménh dé khang dinh ding, vi (a + 1)° — 1 chia hét cho a.
Gia st khang dinh ding véi s6 k nao d6, nghia 14 ta gia thiét néu
biaX, thi ((a +1)" —1):a**1. Cho b’ 1a s8 tu nhién chia hét cho
v .
a1l Ta @t b = . Khi 6 b:a* va vi
@+ =@+ -1=[a+1)"" -1=
=[(a+1)" =1)[(a+ 1)V 4 (a4+1)20 ... 4 (a+ 1) +1],

nén (a4 1) — 1 chia hét cho a¥*2. That vay, theo gia thiét quy
nap thiia sé thid nhat trong biéu thiic sau cting chia hét cho a1,
con thiia s6 thi hai biéu dién dudi dang

(a+1) P 1]+ [a+1D)@ 2 1)+ +[(a+1)P —1] +a

212
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tit @6 dé thay né chia hét cho a. Suy ra ((a +1)" —1):d2.  ©

Vi du 10.2. (Hungari 1979). Nhitng dinh cia mot da gidc 16i c6
s6 canh la s6'lé duoc td mau sao cho moi cdp hai diém canh nhau
c6 mau khdc nhau. Chitng minh rdang bang mét s6 duong chéo
khong cdt nhau cua da gidc nay cé thé cdt thanh nhitng hinh
tam gidc, ma nhitng dinh cia mbi tam gidc dugc t6 vdi nhitng
mau khdc nhau.

Loi giai. Chiing minh bidng phudng phap quy nap d6i véi s6
canh n caa da giac. V6i n = 3 khang dinh caa bai toan 14 hién
nhién. cho n > 3. Dé thay ton tai ba dinh ké nhau Vi, V> va V3
cua da gidc dudc t6 tuong ing ba mau khac nhau A, B va C.

Néu V; khong t6 mau A; hodc la
néu V, t6 mau A, con Vs khong to
mau B; hodc 1a néu V, ¢6 mau A,
V5 ¢6 mau B, con Vi khong phai
mau C, con lai ta ap dung gia
thiét quy nap . Néu V; c6 mau
A, V5 ¢6 mau B va Vg ¢6 mau C,
hinh h}C gléc V1V2V3V4V5V6 ta c6
thé chia ra nhu hinh vé (hinh 12),
phan con lai cua da giac ta ap

dung gia thiét quy nap. ©

Vi du 10.3. (Moscow 1945). Mot s6'trong cdc s6 ay, a, . . ., a, bang
+1, s0 con lai bang -1. Chitng minh rang

aa
251n(a1—|———|— +122—a1\/2+a2\/2+ a2
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Loi giai. Ching minh bing phudng phap quy nap toan hoc. Véi
n = 1 ta can kiém tra coéng thic 2sin ulg = 41v/2, hién nhién

ding. Gia st cong thic sau dung véi s6 k nao dé

251n(a1+T+ +W27 —al\/2+512\/2+ 4 a2,

Khi do
2+ﬂ1\/2+ﬂzm:
_2+2sm(a1+1Taz+a1z2a3+ ..+%)Z
:2—2cos(§+(a1++17”+“1”2“3 %)g)
2(1—cos2(1—|— > ++1114£+a122a3 +...+w)g)
= 4 sin? (1+2 +%+a1§a3+...+W)g_
\/“10<1+ +@+ +w<2,tﬁb§{tdéngthﬁctrén
suy ra

. aija a1dan ... A4 7T
\/2+a1 2+~-+ak\f2:2sm1+ +712+ +%)Z'

Bé4i vi ham sin 1a ham 1é, véi ap = +1, ta nhan vao hai vé ctaa
2 2, A N v Ade
dang thuc trén va bién doi

ao\/2+a1\/2+-~-+akﬁ:

ai1dy ai1axas ajaz ... 7w
= an?2 1 ce —_— = " )— =
= agzsin(l+ 5+ T 4 5 * 1
. apay apaian aparanas apaiap ...ai 7T
=2 e i AT B
sin(ag + 5 1 g Tt o )4

diéu @6 chi ra ring cong thic dude ching minh dung véi n =
k 4+ 1. Theo nguyén 1y quy nap cong thic dung véi moi n. ©
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Vi du 10.4. (Moscow 1984). Cho X = (x1,X2,...,X,) la day n,
n > 4, nhitng sé khong am, téng cia ching bang 1.
a) Chitng minh rang

1
X1X2 + X0x3 + -+ xpx1 < T

b) Chitng minh rdang ton tai moét t6 hop Y = (y1,v2,...,yn) clia
X, sao cho

S|

ny2+y2y3+---+yny1 <

Lai giai. a) Ap dung phuong phap quy nap d6i véi n, ta ching
minh
(x1+x2 4+ 4 x0)% > 4(x1x2 + Xax3 + - + Xux1), (10.1)
n
dday x; > Ovan > 4. Tit d6 véi ) x; = 1 ta nhan dude két qua.
i—1
Néu n = 4, bat dang thic (10.1) tudng duong véi bat ding
thuc
(x1—x+2x3—2x4)> >0
Ta chid ¥ ddng thic xay ra khi va chi khi x; + x3 = xp + x4.
Bay gid bat dang thic (10.1) ding véi mét s6 ¢ dinh bat ky
nao dé n = k > 4. Ta can chiing minh
(xp+x2+- -+ x+ xk+1>2 > 4(x1x0 + X2X3 4 - - - 4 XpXp1 + X1 X1)-
(10.2)
Vi tong hai vé cia bat dang thic (10.2) 1 vong tron theo chi
s0, ta c6 thé gia thiét x; . < x; véii = 1,2,...,k. Khi dé tii gia
thiét quy nap suy ra
(x1 4224+ g + (X + Xs1))* >
> 4(x1x2 + x2x3 + - -+ X1 (X + Xy 1) + (X + Xpey1)x1). (10.3)
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Béi vi
(x1x2 + x0x3 + - -+ A X1 (X + Xpg1) + (X + Xpg1)X1) =
(X122 4 x2X3 4 - -+ 4 XpeXpey1 + Xpp1X1) + X—1 X1 + X (X1 — Xpr1))
va X1 — X1 > 0, thi tu (10.3) suy ra (10.2).
b) Vi t6 hap bat ky Y = (y1,v2,...,y) cua X ta dit

Sy = yiy2 +y2y3 + - + Yuy1.
Ta ky hiéu Sy = S (tong tinh theo tat ca n! hoan vi cua X). Véi
sd co dinh i va j, i # j s6 lugng cta nhiing td hgp cua X, trong dé
x; ding trudc x; (x&p theo vong ldp!), 1a n(n — 2)!. TU day

n

n
S=nn-2)! Y xxj=nn-2)1(1-) x <
i j=1i#] i=1

< n(n—2)1(1 - i(kz 9)2) = n(n—2)1(1 — %) ——
=1

Suy ra s6 nho nhat trong Sy khéng vudt qua

S _foir_ 1 6

n! — n! n

Vi du 10.5. (Ba lan 1952-1953). Chitng minh rdng néu n la mét
6 tw nhién, thi

s0 ty nhién, thi (VE1)" = v T

vdi mot s6 tu nhién thich hop nao dé m.

Loi giai. Ta sé chiing minh bing quy nap toan hoc khéng dinh
sau, vdi moi s6 tu nhién 7 ton tai nhiing s6 tu nhién a, va b, sao

cho
{(1—@” = ay — byV2

10.4
2o = (-1)". (104
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That viy, ménh dé ding véi n = 1, vi trong trudng hdp nay
1 = by = 1 dua cac vé cua ding thic trén bang nhau. Ta gia
thiét rang véi n c6 dinh bat ky ta c6 nhiing s6 thich hdp a,, va by,
véi ching (10.4) ding. Khi 6 nhiing ding thiic

(1-v2)"™ = (1-v2)"(1-V2)

= (an = baV/2)(1 - V2)

= (an +2by) — (an + ba)V2,
suy ra su ton tai ciia nhiing s6 tudng ting

Aps1 = Ap +2by va by = a, + by,
tai vi
a1 —2by g = (an +205)% = 2(ay +by)? = —(a;, —207) = (=1)"*.

Nhu vay diéu khing dinh dting véi moi 7.

Ta chi con déit m = a? véi n 1a s6 chén, va m = 2b2 vdin 1a s6
1é, d&€ nhan dudc 16i giai bai toan. ©
Vi du 10.6. (Lién x6 1976). Cho xo va x1 la nhitng s6 tw nhién
nhé hon 1000, va ddt

Xp = |xo — x1],x3 = |x1 — x|, x4 = |x2 — x3], ...

Chitng minh rdang it nhat mot trong nhitng s6 Xx2,X3,...,X1500
bang 0.

Loi giai. Ching minh bang quy nap theo n két qua manh hon
dé ra: Néu trong day sé nhu dé ra s6 xo va x; nhé hon 2n, thi it
nhdt mot trong nhitng s6 x1,x,, ..., X3, bang 0.

Gia st ménh dé da dudc ching minh véi moi s6 nguyén nho
hon 1. Néu trong day thuc su c6 bat dang thiic x3 < 2n —2,x4 <
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2n — 2, thi tii gia thiét quy nap suy ra két qua ménh @é can chiing
minh.

Bdi vi theo diéu kién c6 xg < 2n—1,x; <2n—1,thivéix, > 1
tacoxs <2n—2,x4 <2n-—3.

Néu x3 # 2n — 2, thi lai dua vé gia thiét quy nap. Néu x3 =
2n —2,thix; = 1,x; = 2n—1,x9 = 2n — 2. Ta sé ching minh
khéng dinh trong truong hop nay. Ta cé

x3=2n—2,x4=2n—3,x5 =1,x¢ =2n —4,x; =2n — 5,

xg=1,..., x5 =2n —2k,...,x3, = 0. ©
Vi du 10.7. (Canada 1979}(. Cho a,b,c,d va e la nhitng sé nguyén
théa man diéu kién 1 < a < b < ¢ < d < e. Chitng minh rang
1 1 1 1 15
00 T od  od e = 16

& day [m,n] ky hiéu la boi s6 chung nho nhdt cua m va n.

Loi giai. Ta ching minh theo quy nap bat ding thic téng quat
hon.
1 1
[ao,ar] )
§day 0 < ap < a; <...< a,lanhiing s6 tu nhién. Véi n = 1 thi
(10.5) ding hién nhién. Ta gia st ring (10.5) dung véi n nao d6,
va ta xét nhiing s6 tu nhién batky 0 < ag < a; < ... < a, < dy41.
Néua, 1 > 2", thi [a,,a,41] > 2" va tii (10.5) suy ra
1 1 1 1
wo,a] Tanad] T Tan o an] | fam an]

1 1 1
(A=)t =150

Bay gid cho 4,11 < 2"T!.Ta chd y rdng vdi nhiing s6 tu nhién bat
ky pvag,p < g, taicé (p,q)<q_p_1_1

lp.q] pa — pg P q

1 1
ot <1 (10.5)
[an—lran] 2"

<
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(Ta da ap dung dang thic [p,q](p,q) = pq va q — p chia hét cho

,q)). Suy ra 1 1 1
(p,q)). Suyra P N <
lag,a1] ~ [a1,a2] [An—1,an]  [an, ans1]
1 1 1 1 1 1
<a———>+ (-= )+t (=) =
0 a fl ﬂf fn An+1
Api1 <1- 2n+1’

Bat dang thic (10.5) trd thanh dang thic véi a; = 2,i
0,1,...,n

Vi du 10.8. (Canada 1982). Cho a,b va c la nhitng nghiém cua
phuong trinh

@II

¥—x2—x—1=0.
Chitng minh rang s6

b1982 _ C1982 1982 _ ;1982 q1982 _ b1982

c
b—c c—a a—>b
la mét s6 nguyén.

Loi giai. Ta dat

b — " n__ n n_p o
2T s, = Ty = véin=12. ..
b—c c—a a—>b

Ta sé ching minh ring

T'n

Tn43 = tng2 +Tup1 +1u,n 2> 1
Vi nhiing nghiém b va ¢ théa man dang thic
P=0+b+1,=c*+c+1,

o b3 — " P (B2 4+ b+ 1) — (P4 c+1)
s b—c N b—c
bn+2 _ Cn+2 bn+1 _ Cn+1 pr — ot
- b—c + b—c + b—c
=tnt2 + 1+ Tn-
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Theo cung phudng phap nhu vay ta nhan dudc
Sn43 = Sp42 + Suq1 + Su,tuiz =ty + ity Ht,n > 1
Ta sé chiing minh bang phudng phép quy nap toan hoc d6i vdi ,
sao cho 7, + s, + t, 1a s6 nguyén véi moin > 1. Vi
r+si+t =3,
rtsa+tr=2(a+b+c)=2,
r3+s3+t3 =2(a+b+c)®—3(bc+ca+ab) =5.

Khing dinh ding véi n = 1,2,3. Ta gia st rang khing dinh

cing dung véin =1,2,...,k+2,k > 1. Khi d6

k43 +8k3 Ttz = (T2 + 8k T t2) + (Mt + 801 + ) + (e + 55+ ).
Theo gia thiét quy nap né 1a tong cia ba s6 nguyén va suy ra

tong § dé bai 1a s6 nguyeén. ©

Vi du 10.9. (CHLB Duc 1981). Déay ay,az,a3,... dudc cho nhw

sau: ay la s6 tw nhién, a, 1 = [1,5a,] +1vdi moin =1,2,.... C6

thé’chon ay nhu thé nao dé’cho 100 000 s6 hang ddu tién cta day
trén la nhitng sé chan, con sé hang thi 100 001 la mét sé'lé ?

Loi gidi. C6 thé chon dudc mot s6 nhu dau bai dit ra la a; =
2100001

— 2. Bang quy nap theo 7 ta sé chiing minh véi moi n =
1,2,...,100001 dang thic sau ding
a, = 31’171‘2100001711. (106)
That vay, véin = 1 ta ¢ 31712100001-n _ 5 _ 2100001 _»> — 5, Néu
ta gia thiét (10.6) dung véi n nao d6 n < 100000, thi
ans1 = [1,5a,) +1 = [1,5(3" 121000017 _9)] 4 1
— [311.210000071’1 o 3] +1= 3”2100000*1’! 2.
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Khi d6 véin =1,2,...,100000 s6 2100001-" 13 5§ chén,

con 2100001-100001 ~ — 1 ]3 mot s6 16. Dé thay nhiing so
N ~ < N N ek BA
ai,a,...,a100000 1& 86 chan, con aigoor 1a so le. ©

Vi du 10.10. (A‘o-Balan 1980). Chitng minh rang
o
iip ... ix
& day tong thuc hién theo tdt ca tdp hop con khdc réng
{i1, iz, ..., ix} cua {1,2,...,n}

:n/

Lai giai. Ta ap dung phuong phép quy nap theo n. Véin = 1 ta
c6 % = 1, diéu hién nhién ding. Ta gia thiét dang thic theo diéu
kién bai toan ding véi s6 n > 1 nao d6. Mbi tap con khac rong
caa tap hop {1,2,...,1n,n + 1} 1a mot trong nhiing dang sau day:

a) Tap hdp con cua tap hop {1,2,...,n};

b) Tap hdp con caa tap hop {1,2,...,1n} vasd n+ 1;

¢) Tap hop mét phan ti {n + 1}.

Khi d6 véi tong theo diéu kién ctia bai toan trong trudng hop
n + 1 ta nhan dudc

n-+ 1 =n+1
n+1 n+1 ’

Nhu vay ching minh theo quy nap da xong va bai toan da dudc

n+1

gidi. ©
Vi du 10.11. (Balan 1981). Cho cdc day s6 x1,X2,...;Y1,Y2, - -
thod méan cdc diéu kién x,,1 = x5 — 3xp; Yni1 = Y5 — 3Yu vGi moi
n > 1va x3 = y; + 2. Chitng minh rang x2 = y, + 2 véi moi
n>1.
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Loi giai. Ta ching minh bing quy nap theo n. Véi n = 1, cong
thic dung theo gia thiét. Gia st né dung véi n = k, tdc la x7 =
Ye+2 (k > 2). Ta phai chiing minh bai toan ding véi n =
k+1, ticla x7, | = yk1 + 1. That vay,
Xpoq = (x¢ — 3x)* = x§ — 6x; + 9%

= (v +2)° = 6(yx +2)° +9(yx +2)

=i =3k +2=yrp1 +2
tuc la x%+1 = Y41 + 2. ©
Vi du 10.12. (Balan 1982). Cho q la mét s6 tw nhién chdn thuc sy
I6n hon 0. Chitng minh rdng vdi méi s6 tw nhién n, s6 ql1+D" +1
chia hét cho (q + 1)"*! va khong chia hét cho (g +1)"2.

Loi giai. Ta ching minh bing quy nap theo theo n. Véi n = 0,
g+’ £ 1 = g+ 1 khong chia hét cho (g + 1)°+2. Bai toan dting
véin = 0.

Gia st bai toan ding véi n(n > 0), tic 1a g9+D" 4-1 chia hét
cho (g + 1)"*! va khong chia hét cho (g + 1)"*2. Néi cach khac
g@+D" +1 = (g +1)"*'s chia hét cho g + 1. Ta phai chiing minh
bai toan ding vdi ca n + 1. That vay
T 1= (@ ) - DT = (g )" s - )T 4

+1

— Zcq+1 5]‘1‘1 n+1)] o ( 1)q+1—j_|_1

q+1 ) ]
= ZCle g+ DML ()T = (g4+1) (g +1)"s—

~Cralg+1) 22 4oy (g4 1) @D a1l —
= (5] + 1)n+2( Cfﬁ-l(q + 1)”52 N (q + 1)q”+q_ls’7+1),
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Thita s6 thid hai chia hét cho (g4 1). Do d6 @@+1)"" +1 chia hét
cho (g + 1)"*2 va khéong chia hét cho (g +1)"*3. ©

Vidu 10.13. (Anh 1978). Chiing minh rang vdimoin > 1,n € N
thi 2 cos nf la mét da thite bac n cua 2 cos 6 vdi hé s6 nguyén.

Loi giai. Ta sé ching minh bing quy nap theo n. véi n = 1,
ménh dé ding. Véin = 2,2c0s20 = 2(2cos?*6 — 1) = (2cos0)? —
2, tic 1a ménh dé ding. Gia sii ménh dé dung véi moi n,n <
k(k > 2). Ta phai ching minh ménh dé ding vdi n = k + 1. Ta c6
2cos(k+1)0 +2cos(k —1)0 = 4coskf.cosf = (2coskf)(2cosh).
Suy ra 2cos(k +1)0 = 2cos6(2 coskf) — 2 cos(k — 1)0. V& phai 1o
rang 1a moét da thic bac k + 1 ctia 2 cos § vdi hé s6 nguyén. Ti d6
suy ra ménh dé ding véi n = k + 1 va do d6 né ding vdi moi n.

©
Vi du 10.14. (Dé thi Olympic Todn quéc té lan thw 18, 1976).
Day ug, u1,uy, ... duoc xdc dinh theo cdch sau ug = 2;u; = g;
Upiq = un(ufl_1 —2)—u, (n>1).
211 _ (_1)71
Chitng minh rang véin > 1 [u,] =2 3 , ¢day [x] la s6

nguyén lon nhdt khéng lon hon x.

2k — (—1)f

Loi giai. Ta dat o = ,k > 0. Ta sé& ching minh ring

Xni1 = 20, + (—1)" v6i moi s6 nguyén n > 0. That vay

_ 2+l _2(—1)" 4 3(—1)"

20y + (=1)" zzwﬂ—l)” 3

3
2n+1 + (_1)71 2n+1 _ (_1)n+1
= 3 = 3 = [Xn+1.
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Viag = 0 va a; = 1 tli cdc ddng thic nay suy ra tat ca a; la
nguyén. Ta sé ching minh ring u, = 2% +2"% n > 0. Véi k =
0,1 diéu nay dé kiém tra. Gia st né dung véik =n—1vak=n,
va st dung méi lién quan gitia a, va «,,_1, ta sé nhan dudc

5
Uy = g (g —2) — )
= (2% 2 %) [(2%1 4 2%1)2 9] — ;
_ (szn _{_2—04,,)'(2204",1 _|_221x,,,1)2) _ g
- n- 5
— (D%n 2= 20(,,—(—) 1 2(—1) T_n,\2 >
(2% +27%).( - P -3
— 2 H(-1)" (=)' (=1 2w (-1)" ;

— 2“n+1 + 2*“1#1’
5 . . <y an YN
vi 2018 L= (=1F = > vGi moi k > 1. Bai toan da dudc giai vi

1 i
[un] = [2% +27%] = 2%, do <1véin>1. ®)

28n

Vi du 10.15. (Dé thi Olympic Todn quéc té lan thw 22, 1981).
Biét rang ham s6 f(x,y) thod man nhitng diéu kién:

a) f(0,y) =y+1;

b) f(x+1,0) = f(x,1);

¢ f(x+1,y+1) = f(x, f(x+1,y)) vdi tdt ca nhitng sé nguyén
khong am x va y. Hay tim f(4,1981).

Loi giai. Ta c6 f(1,0) = f(0,1) = 2, f(1,1) = £(0,f(1,0)) =
£(0,2) = 3. Ta s& chiing minh bang quy nap rang f(1,y) =y +2.
Véi y = 1, khang dinh ding. gia st vdi s6 tu nhién k nao d6 ta cé
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£(1,k) = k +2. Khi &6
F(Lk+1) = £(0, f(1,k)) = f(0,k +2) =k +3.

Tu b) ta nhan dude f(2,0) = f(1,1) = 3,con ti c) f(2,1) =
£, £(2,0)) = £(1,3) = 5.

Bay gid ta chiing minh rang f(2,k) = 2k + 3. That vay, cho véi
k nao d6 ta cé f(2,k) = 2k +3. Khi do f(2,k+1) = f(1, f(2,k)) =
F(1,2k +3) = 2k + 5.

Ta nhan dude f(3,0) = f(2,1) = 5. Ngoai ra f(3,y +1) =
f(2,f(3,y)) = 2f(3,y) + 3, hodc 1a véi moi s6 ty nhién y ta c6
f(3,y+1) =2f(3,y) + 3. Ta 4p dung dang thiic k 14n, nhan dugdc

fGy+1) =23,y —k)+32"+21 + ... +2+1),
ti day vdi k = y ta nhan dude f(3,y + 1) = 52¢T1 +-3.(2vF1 —1).
Suy ra f(3,y) = 2¥*3 — 3 v6i moi s6 tu nhién y. Ti déng thic
cudi cung ta nhan dudc

f(4,y) = f(3,f(4,y—1)) =2fByD+3 _3
— 22f<4/y’2)+373+3 _3— 22f(4,y—2)+3 3

-1 2

y.213+3 yfz

2 2
—22 —3=22" _3

& day ta ap dung déng thic f(4,0) = f(3,1) = 2* — 3 = 13. Thay
gia tri vao ding thic trén ta c6 dudc f(4,1981). ©
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BAI TAP TU GIAI

> 11.1. Ching minh rang
a)123...p+23...p(p+1)+---+nn+1)...(n+p-1) =
_nn+1)...(n+p)

p+1

b)212+322+...+(n+1)n2:”(”+1)(n+2)(3n+1)

' ' ' 12 '
C)1—1—|—}—1—|— +L_i_#+i
1 2 3 4 2n—1 2n n+1 n+2

2n’
d)12-22 432424 4 (1) L2 = (1)

nfln(n + 1)
72 .

> 11.2. Ching minh cac dang thic sau

a+1 a+3 a+7+ +a+2”—1:(a—1)(2”—1)

Sttt o o + 1.

> 11.3. Chiing minh ring véi moi s6 tu nhién n
a) 62" — 1 chia hét cho 35;
b) n® — 3n® + 6n* — 7n® + 5n% — 2n chia hét cho 24;
¢) 2"*2.3" 4 51 — 4 chia hét cho 25;
d) 52"+1 4 2n+4 4 2n+1 chia hét cho 23.

> 11.4. Ching minh ring

226



227

1 1 1 fe
1

—n(n—1
b 22" "V St véin > 3.

> 11.5. Chiing minh bat ding thic
S logl +1log2 + - - - 4 logn
- .

log(n +1)

> 11.6. Chiing minh dang thic
I+x)(14+x)1+xY) ... 1+ ") =

=14x+2+2534+ 4221

> 11.7. Ching minh ding thic sau
1
1+7+a+1 n (a+1)(b+1) n
a ab abc
(a+1)(b+1)...(s+1)(I+1)
+
abc . .. skl
C(a+1D)O+1) . (k+1)(1+1)
- abc ...kl '

> 11.8. Chiing minh ring
i (1—a")(1—a"1)...(1—a"*T)
k=1 1—at
> 11.9. Hay tinh tong
5, — g_i_a(a—l) a(a—1)(a—2) a(a—l)...(a—n—kl).
b bb-1) bb-1)(b-2) bb-1)...(b—n+1)

( b khong bang mot trong cac s6 0,1,2,...,1n —1)
> 11.10. Cho
Sp=a1+ (a1 +1)ax+(a1 +1) (a2 +1)az + - -
oot (m+1)(ax+1) ... (a1 + 1Day.

= n.
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Chiing minh ring
Sp=(a+1)(ax+1)...(apn+1) — 1.

> 11.11. Cho {u,} 1a day Fibonacci, chiing minh rang

n—1

[ 5 ] )
Un = Z Cnfkfl .
k=0

> 11.12. Hay tim t4t ca nghiém nguyén dudng cua phudng trinh
X1+ X2+ - -+ x, = m (m 14 s6 nguyén duong).

> 11.13. Chiing minh ring s6 nghiém chung nguyén dudng cia
nhiing phudng trinh x +2y = n;2x+3y = n—1;...;nx+ (n +
Dy=1(n+1)x+ (n+2)y =0;bang n + 1.
> 11.14. Ching minh ring sé nghiém chung nguyén khéng 4m
cua nhiing phudng trinh sau x + 4y = 3n — 1;4x + 9y = 5n — 4;
Ix+16y =7n—9,...,n%x + (n+1)% = n(n +1); bang n.
> 11.15. Chiing minh ring véi gid tri tuy ¥ & < 1 va cdc s6 tuy ¥
X1,...,%, thod man cac diéukién 1> x; > x> ... > x, >0, ta
c6 bat dang thic
(T+xp+x+ - +2x) < T+1 1 2% I 1,
> 11.16. Chiing minh ring véi cac gid tri tuy y m,n € N va céc
s6 tuy ¥ x1,%2,...,%0,Y1...,¥n € [0,1] thod man cac diéu kién
xi+y;=1vdii=1,2,...,n,tacébat ding thic
(I—x1-x0-cc.ox)"+Q—=y")-...-(1—y) > 1.

> 11.17. V6i mbi gia tri n € N hay tim gia tri 16n nhat k € Z+ @€
s6 [(3 + v/11)2"~1] chia hét cho 2F.
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> 11.18. Ngudi ta t6 mau cac dinh cia mot da giac 16i ¢6 s6 canh
1é, sao cho bat ky 2 dinh 1an can dude t6 bang 2 mau khac nhau.
Chiing minh ring véi moi cach t6 mau thoa man diéu kién trén
da gidc c6 thé chia thanh cac tam gidc bdi cac dudng chéo khong
cit nhau, ma hai dau méi dudng chéo, c6 hai mau khéac nhau.

> 11.19. Day s6 duong a ay, ..., a, thod man bat dang thic a2 <
Ay — ap41 v6i n € N. Chiing minh rang véi bat ky gid trin € N

R ., 1
c6 danh gia a, < —.
n

> 11.20. Cho day s6 {a,} thod min bat ding thic {a; ., — a; —
an}y < 1,véi k,m € N. Chiing minh rang véi bat ky p,q € N c6
bat dang thic

B % 1.1

p q P 9
> 11.21. Chiing minh réng mdi s6 hang cua day so

(3+2\/5> + (3_2\@) —2,(n € N)

12 s6 tu nhién va biéu dién dudi dang 5m?* hodc m?(m € N) véin

tudng dng chan hoic 1é.

> 11.22. Chiing minh ridng ton tai ding mét diy s6 nguyén
a1,ay, ... thoa méan diéu kién a; = 1,4, > 1,43, +1 = a,a,42
voin € N.

> 11.23. Chiing minh rang véi cdc s6 tuy § m,n € N, s6

(m+k+1)!
m"—“z DTrEee

chia hét cho m!, nhung véi mot sé gia tri m,n € N s6 S, , khong
chia hét cho m!(n +1).



230 Chuong 11. Bai tap tu giai

> 11.24. Trén mat phang c6 n dudng tron khac nhau c¢6 ban kinh
déu bang 1 dudc sip xép khac nhau. Chiing minh réng chi c6 mot
trong s6 d6 chita mot cung, khong cit mot dudng tron trong s

~ N R A ) 2P
nhiing dudng tron con lai va c6 d6 dai khong nho hon P

> 11.25. C6 thé chia mot da gidc déu 2n— giac bat ky thanh cac
hinh thoi hay khéng?

> 11.26. Chiing minh rang véi moia € N,a > 2 ton tai v6 s6 cac
s6 n € N @& s6 a" — 1 chia hét cho n. Khing dinh dtng véia = 2
khong?

> 11.27. Ching minh réng véi s6 n € N tuy y phuong trinh
x2+x3+ -+ x2 = y? ¢6 nghiém s6 tu nhién.

> 11.28. Day ay,ay,...,4,,... nhiing s6 tu nhién dudc tao thanh
theo cach sau: Chon mot s6 c6 ba chii s6 bat ky a;, con a, 1a
téng cua cac binh phuodng cta céc chii sd a1, a3 1a tong cac binh
phuong cac chii s6 caa a, va tiép tuc qud trinh nhu vay. Chiing
minh rang trong day aq, 4,43, . .. bt gip hoéic 1a s6 1, hodc s6 4.

> 11.29. Chiing minh ring khéong tén tai day v han cac s6 tu
nhién 1,1y, ... thoa man hai diéu kién sau day:

a)np < ngp voik=1,2,...

b) ng, =ng+n véimoik =1,2,...val=1,2,...
> 11.30. Chiing minh rang véi moi gid tri s6 tu nhién bat ddng

thic sau dung
2" > pn.
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12.1. L3i giai va gdi y bai tap chuong 1

> 1.11. a) LJi giai: Ta thiét l4p bang cho mét s6 gid tri cia n.

S
I
—
DN
w
N
(93}

92
=
I
=
1
w
>

-10 | 15

Ta so sanh vdi bang s6 6 bai dau tién dé dua dén giai thiét

n—1 TZ(TZ + 1)

Su=(~1) :

231
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Gia st dtng véi n nao d6, ta sé ching minh ding thic d6 ciing
ding chon+ 1. Ta ¢

Sps1 =S+ (=1)"(n+1)* = (—1)”‘1”(”;1) + (=1)"(n+1)?
_ (_1)n(n+1)2(n+2)‘
b) Tra 13i: S, = [”(”;1)]2.

¢) Lai giai: Ta 1ap bang mot s6 gid tri ban dau
n=|1]2| 3 4
S,=|1|5]|23]| 119

Tai vi 1! = 1,2! = 2,3! = 6,4! = 24,5! = 120, ta c6 thé lam giai
thiét S, = (n+1)! — 1. Véi S, 1 ta nhan dudc
Spt1= (1142214 +nn!)+ (n+1).(n+1)!
=n+1)!=1+(n+1).(n+1)!
=m+D(14+n+1)—1=(n+2)! -1

> 1.12. a) Lai giai: Ta ap dung tinh chat ctia tong
n n n n n 41,[2 -1
V-1 =4y a4y 1= "0,
u=1 u=1 u=1 u=1

8 day ta 4p dung céng thic tinh téng lujy thiia cua céc s6 tu
nhién.

b) Gdi y: Tuong tu phan a).

. 1 1 1 .
c) Gdi y: Ta ap dung cong thic i1 = T ta tim
dudc
i#_zl_" 1, 1 n
e 107 o O e B s B n+1l n+1°
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> 1.13. Loi giai: Ching minh bing quy nap toan hoc theo k
dang thic sau

Xo+Xx1+---+xp =

1kv610§k§n—1.

Véi k = 0, khing dinh ding hién nhién. Gia st né ding véi moi
n < k. Khi dé

1
Xotxp+ et Xt X = —p + X

m(x0+x1+"‘+xk)+m
1 1 1

T (n+k—1)(n—k) Tk T h—k—1
Suy ra ménh dé ciing dtng véi k + 1. Trudng hdp riéng, véi k =

n —1tanhén dudec xg +x1 + - -+ x,_1 = 1.

12.2. L3i giai va gdi y bai tdp chuong 2

> 2.31. Ldi giai: Ta ky hiéu bat ding thic dé rala (2.27). Ching
minh quy nap theo n. Véin = 1, tii (2.27) ta ¢6 x7 + x] > 2x$, né
tudng dudng vdi (1 — x1)? > 0, nhu vay trong trudng hgp nay bat
déng thic dung.

Gia st bat ddng thic ding véi s6 n > 1 nao d6. Ta sé ching
minh n6 ciing ding véin + 1. Cho x; < x, < ... < x,, < X1 VOi
nhiing s6 nguyén duong. Theo gia thiét quy nap ta cé (2.27) va
trong né c6 ding thic khi va chi khi x, =k, k =1,2,...,n. Ngoai
ra bat dang thic sau dung (ching minh sau)

B >220d g+ RS+ (3,)?7 a2

va dang xay ra chi khi x; = k,k = 1,2,...,n+ 1. Cong theo v&
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caa (2.27) va (12.1) ta nhan dudc

R R o TR AR ok SRR S T e AT
> 208 + 3+ a2 )?

va dang thic chi x4y ra khi va chi khi ¢6 ddng thic trong (2.27)
va (12.1), nghia la x, = k,k = 1,2,...,n,n + 1. Nhu vay khang
dinh dang véi n + 1.

Ta chi con chiing minh (12.1). Bat dang thic (12.1) tudng
duong véi

x5 (X1 — 1)2
4

Bat dang thic (12.2) dudc suy ra tii nhiing bat dang thic va
dang thic sau

>+ 4 2. (12.2)

G4+ +a <P 425441, (12.3)
P2 ) = Tl
n 4 7
Xnp < Xpgp1— 1, (12.4)
x2(x, +1)? < (Xng1 — 1)2xﬁ+1
4 - 4 ’
Déng thic trong (12.2) khi va chi khi c¢6 ddng thic trong (12.3)
va(12.4), haylax, =kk=1,2,...,n+ 1. ©

> 2.32. LJi giai: Vi k = 1 bat ding thic da cho hién nhién dung
va tré thanh dang thic. Gia st (2.28) ding vdi s6 nguyén k > 1.
Ta dat
N = (a1+az+ -+ ax + ag41)?
= (a1 +ap + .. + ag)? + ai,y +2ar 1 (a1 +az + - - + ag).
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Ta thé thua s6 thi nhat 6 bén phai phudng trinh trén bing bidu
thuc 16n hon né trong (2.28), ta nhan dudc
N < k(af + a3+ +ap) +ag g + 2050 (a1 + a2+ -+ a)
= (k+1)(af + a3+ +ag+ag ) —af —af— - —ag — kag .+
+2may11 + 2a00) 1 + - - + 2010541 =

= (k+1)(ﬂl%+ﬂ%+"‘+ﬂi+1) — (a1 — @1)* — (a2 — agy1)* — -

oo — (@ — )
Tu day suy ra bat ddng thic (2.28) véi k + 1, hay 1a
N < (k+1)(a}+a5+ - +ag4). ©

> 2.33. Gdi y: Ta bidu dién 1) (x) theo f¥) (x) baing mot s6 gia
tri
F) = s ) =
T (-2 T (x2—1)32
3x ; 12x2 + 1
f(x) = 1) £ (x) = 12

60x3 + 31x : 522x* + 266x% + 31
f6) = (x2 —1)%/2 f) =~ (x2 —1)11/2

Bay gid ta phat biéu lai bai toan: néu f(x) = (x> — 1)/2,x > 1,
khi do

f(n)(x) — gn(x)

(x2 —1)@n-1)/2
G day ¢, (x) 1a da thic bacn — 2, va

n(x) la {

Ménh dé nay c6 thé chiing minh bing quy nap.

ham chan véi tat ca cac hé s6 khong &m, néu n chan
ham 1é vdi tat ca cac hé s6 khong duong, néu n lé.

> 2.834. Gdi y: Chia hai tridng hgp n chén va le.
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12.3. L3i giai va gdi y bai tap chudng 3
> 3.21. Ldi giai: Ta c6

n n—1 n—1
S, = Z apby = a1by + Z Ag1bg1 = a1by + Z (ar + d)ﬂ]bk
k=1 k=1 k=1

qn—l_l
g—1

n—1 n
=a1b) + q Z akbk + dq Z bk =a1b) + q(Sn — anbn) + dqbl
k=1 k=1
Tu d6 suy ra cong thic bai toan.

. 1
> 3.22. Traldi:b, =n2+1,S, = 6n(ZnZ +3n+7).

. 1
> 3.23. Tra 16i: S, = En(4nz +7n+1).

> 3.24. Tra 16i:
a) x, = Clcosz%%—(fzsmz% ;
b) x, = (C1 + Co.n)(=1)%;
¢) x, = C1 + Co(—1)";

d)x,=C+Cmn+ Cgi’lz.

> 3.25. Tra 10i:
a)x, =7+3%b)x, =2"+3"—4"¢)x, =2(3—2n).3" 1 1.

S «J . ~ Y Sa g
12.4. Loi giai va goi y bai tap chuong 4
> 4.19. Loi giai: Khi n = 1, thi 112 + 12 = 133, ménh dé ding
véi n = 1. Gia st 111 4 12%~1 chia hét cho 133. Ta sé ching
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minh 1152 + 12%+1 ciing chi hét cho 133. That vay,
11k+2 + 122k+1 — 1111k+1 + 122‘122](71
= 11.(11! + 122 1) 4 133,122 1,

Téng thu dudc chia hét cho 133. VaAy ménh dé ding véi moin > 1.
©

> 4.20. Gdi y: Tién hanh nhu bai 4.2 phan 1).
> 4.21. Ggi y: Tién hanh nhu bai 4.2 phan 2).

> 4.22. Gdi y: Bai toan dua vé chiing minh cong thde 102" + 1
chia hét cho 11 véi moi n > 1.

12.5. L3i giai va gdi y bai tap chuong 5
b 5.28. LdJi giai: Ta ky hiéu a, = 22" +22" +1.

1) Véin=1a =22" +22 +1=21.

DVGin=2a =22" 422 4 1=2842411=256+16+1=
273 = 21.13 , nhu vay, a, chia hét 21.

3) Ta sé chiing minh a, chia hét cho 21 vdi moi s6 tu nhién 7.

Véin =1van =2 ta da kiém tra.

2k+1 2k+2 2k+1

Gidastia, =227 +22° 41 =21m. Taxét ap,q = 22" +22"" +
1. Nhung 22" = g, — 22" —1 = 21m — 22 — 1, nhu vay a4 =
22 L (2Im — 2% — 1) +1 = 22 — 22 4 o1m = 22 (22" — 1) +
21m,

rq = 22 [(26)27" — 1] +21m = 2% [(64) — 1] + 21m.

Nhung (64)2" — 1 chia hét cho 64 — 1 = 63 = 21.3 va suy ra
41 chia hét cho 21. Nhu vay a, chia hét cho 21 véi moi n va vi

2k71 zkfl
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a; = 21 14 s6 nho nhat trong tit ca cac so6, thi udc so chung 16n
nhat cua tat ca a,,n =1,2,...1a 21. ©

> 5.29. Loi giai: Nhic lai cach chiing minh cia Euclide vé ton
tai vo han s6 nguyén t6. Néu p1ps . .. p, + 112 nhiing s6 nguyén t6
batky, s6 P = p1pz2 ... pn + 1 khéc 1 va suy ra né chia hét cho mot
udc s6 nguyén té nao d6, tat nhién né phai khac py,pa, ..., pu.
Nhu vay theo cach nay ta tim dudc mét s6 nguyén t6 mdi. Néu
p1,P2,---,Pn 12 n 6 nguyén t§ dau tién. Trong trudng hdp dé
udc s6 trén sé& 1a s6 nguyén t6 thd n+1 : p,.1. Do d6 pyy1 <
p1p2 - .- pn + 1. Bay gio bat ding thic p, < 22 ching minh theo
phuong phap quy nap toan hoc. Véi n = 1 ta c6 p; = 2 bat ding
thiic 14 hién nhién. Gia st bat ding thic ding véi moi gia tri
nho hon 7. Ta sé chiing minh né ding cho n + 1. That vay,

2n+172

Pl < Pipa... pn+1< 2222 2241 =021 <02 ©

> 5.30. Lai giai: 1) Véin = 1 ta c6

,315041@5,31;-061
. B1—m B1— oy

<

< 2sin > cos 5

sin f1 — sina; = 2sin

=sin(B1 — 1)

— K7 < 51 —+ aq

2 - 2

2) Gia st bat ddng thic da cho ding véi n — 1. Khi d6
n

(sinB; —sina;) = ) (sinB; —sina;) +sin B, —sinay,

(ViOSl31 Sg)

M-

I
—
Il
—_

n—1

— o
Z(sinﬁi—sinzxi)—stin‘Bn ncosﬁn+ 2
i=1

2 2
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. n-l n-l . ﬁn — &y — ,Bn — &y
< sm(z Bi— ) ) —|—231nTcos(Z(ﬁi — ) +
n n—1

:sin(‘ (Bi — i) +sin()_(Bi — a;)) +sin(— Y (Bi — ;)

i=1 i=1

2
|
-

I
—

™=

= sm(

(Bi — ai)-

Vi cong céac bat phuong trinh a; > 0,40 > B1,a3 > Bo,..., &y >
Bn—1tanhan dudc ag + a1 +---+way, > B1+ P2+ -+ Bp_1 tu do
suy ra

Il
=

|
—_

n J—
OS (ﬁi_ai)_"_ﬁnzlxngﬁn;—aﬂ g @

i

IN

Il
—_

n

> 5.31. Lai giai: Ta dat S, = )

i=1
1 1 14 13 13 .
- _ - - - i T h Lo A <
2_|_1+2+2 24 Tk a gia thiét rang S, >24 v0i sO 1 nao
day. Ta sé ching minh khi d6 ciing c6 bat dang thic cho S, >

13 . . " . <
1 Ta sé chiing minh bat dang thic sau la da S, — S, > 0.

That vay,

1 e ,
. Véin =2taco S, =
n-+i

n+1

n
5n+1_snzzn+l+1 Z

i "
1 1 1 1

T2l 2mt2 ntl 2miD@ntl)

> 0.

> 5.32. Loi giai: Day da cho thod méan phudng trinh truy hoi
= J/c+a,_1. Gia st giéi han [ = lim a, ton tai. Khi dé

n—o0

lim a, = hm Ve+a,1 = e+ 1i_1>n a, 1 hoaclal = vc+1,
n [oe]

n—y00

1 .
tu day véi cha y I > 0, ta tim dudc | = 5(1 + v4c+1). Ta can
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phai chiing minh gidi han tén tai. Ta chd y rang day a4, . ..
tang, suy ra chi con kiém tra né 1a bi chin. Chinh x4c hon ta sé
chiing minh bat ding thic

a, <1++/c, (n=1,23...).

That vay, véi n = 1 (1) thod mén a;,/c < 1+ +/c. Gia sti bat dang
thic (1) thod man véi n nao d6. Khi d6

an+1:\/C+an<\/C+(1+\/E)<l+\/a ©

12.6. L3i giai va gdi y bai tap chuong 6
> 6.17. Gdi y: D& dang chiing minh bang quy nap theo 7.

> 6.18. Ggi y: Ti mot s6 doan thing c6 thé tao thanh da gidc
khi va chi khi doan 16n nhat trong ching phai nho hon téng cac
doan con lai.

> 6.19. Gdi y: Nhiing manh do n dudng tron cit ra da dudc to
son theo gia thiét quy nap. Ta vé thém mét dudng tron thi n + 1
, khi d6 ta d61 mau tat ca cdc manh ndm trong dudng tron thi
n + 1. Nhu vay ta c6 mat phang phai tim.

> 6.20. Ggi y: Tong cac s6 1a 2.3".

12.7. L3i gidi va gdi y bai tép chuong 7
> 7.17. L&i giai: Ta chiing minh bang quy nap theo n. Véin = 1
ménh dé dung, vi

a a a a a

- (- - (9.

x(x+1) x x+1 ' x+1 x
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Cho 1 > 1. Ta biéu dién da thic P(x) dudi dang
P(x) =+ (x + )i (),
8 day c 1a hang s&, con bac cta P;(x) nhé hon n — 1. Theo gia
thiét quy nap
Pi(x)=x(x+1)...(x+n—1)(Ri(x+1) — Ry(x)).
¢ day Rq(x) 12 mot ham hiiu ty nao dé va khi d6
P(x) =x(x+1)...(x+n)(R(x+1) — R(x)).
g day
c 1
R(x) = Rufx) - nx(x+1)... (x+n—-1)
Chu y: Néu bac cua P(x) 1a n, diéu khing dinh trén 1a khong
ding, ta hdy xem phan vi du sau

P(x)=x(x+1)...(x+n-1). ©

> 7.18. Ldi giai: Ching minh bing quy nap theo n. Néu n = 0,
P(x) = a mot hing s6 va khi d6 P(x) = a.Py(x). Gia thiét khing
dinh ding vdi tat ca da thic bac nho hon n va P(x) = a,x" + - - -.
Ta dat b, = nla,. Pa thic P(x) — b, P,(x) sé c6 bac khong 16n hon
n — 1 va c6 nghia 1a theo gia thiét quy nap c6 s6 by, by, ..., b,_1
sao cho

P(x) — byPy(x) = by_1Py—1 + - -+ boPo(x).
Suy ra khing dinh ding cho ca da thic P(x). ©
>7.19. Loi giai: 1) Véi n = 1 ding thdc c¢6 dang ux =

u1x3—|—u2x2—x o x4+ x%—x
5 hodclax = ———
xt+x—1 x> +x—1

, dang thic nay dung.
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2) Ching minh rang ding thic ding véi s6 n nao d6. Ta sé
chiing minh déng thic ciing ding cho n + 1. That vay, ta bién doi

n+l
Fura(x) = Y uly = Fu(x) + tpgq ™!
i=1

unxn+2 + un+1x1’l+1 —x 1
— + u xn+
— x2 +x—1 n—+1 .

Bién déi dua vao cong thic u,» = u, + u,,; ta nhan dudc

U1 X" uy, a2 — x
Fua (x) = =5 (P +x—1#0)

> 7.20. Ggi y: Tién hanh nhu 7.16
> 7.21. Ggi y: Tién hanh nhu 7.16

> 7.22. L&i giai: Ching minh bdng quy nap theo 7.

1) n = 0, Khi d6 P(x) = ao. Néu |1 —ag| < 1va |a—ag| < 1.
Khidé |[a—1| = |a —ag+ap— 1| < |a—ag|+ |ag — 1| < 2, nhung
a > 3 dan dén vo ly!.

2) Gia st ménh dé dung véi k < n — 1. Ta xét da thic

P(x+1)—P(x
ey P )
Dé dang thay rang Q(x) 1a da thic bac n — 1. Theo gia thiét quy
nap ton tai s6i(0 < i <n —1) sao cho

1< - Qi) = |o - P DU,

_ e = P(i+1) —a' + P(i)] _ @t —P(i+1)]  |a'— P()]
N a—1 - a—1 a—1
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. . , 1
C6 it nhat mot trong cac s6 hang khong nho hon 5 Gia su d6 la

> 2, 2, Z, N N - 1 ; .
biéu thic thd nhat, thi vi ? >1doa >3, |at —P(i+1)] >
a—1 51,
’ > 2, 2, . A ) 1 N /
Tuong tu, néu biéu thic thi hai khong nho hon 5 thi |a' —
P(i)| > 1. ©

. . o 1 1.
> 7.23. Lai giai: 1) Véi n = 1. Khi d6 Py (x) + Pi(J) =x+_va
bat ddng thiic nhan dudc c6 dang

1
X+ >2,(x>0). (12.5)

Vi x > 0, nén bat ding thic vud nhan dudc tuong dudng véi
(x —1)2 > 0 va suy ra ménh dé ding.

e . 1 1
Véin = 2 ta cé P2(x)+P2(;) = (x2+1)+(ﬁ+1) = x2 4+
1 N 3. 2, . N 1 1
2+ 2 Can phai ching minh rang P, (x) —l—PZ(}) >24+1+ E(1 +

1 . . o
(—1)?) = 4 hodc la x* + g 2; diéu nay suy ra tii (12.5). Gia st

ménh dé ding véi n. Ta c6 bat ddng thic sau ding
1 1
Py(x) + Pn(;) >n+ 1451+ (=",
Ta sé chiing minh trudc tién bat dang thic ding cho n + 2

1 1
Pua(x) + Pn+2(;) >n+3+ 5(1 + (=1)"2).
Chi ¥ P, thod man dang thiie Pyy2(x) = x"*? + Py(x). Suy ra

1
xn+2]

Pria(x) + Pria(}) = [Ba(2) + Ba ()] + "2 +
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g 2 2, ~ 1 ~ Pa 2
Theo (*) bat dang thic sau diung x" 2 4 g > 2. Tu cac dang

thiic va bat ddng thic sau cung va gia thiét quy nap ta co:
1 1
Pyya(x) + Pn+2(;) >n+1+ E(1 F(=1)") +2.

=(n+2)+1+ %(1 + (=1)"2).

Ta chi § rang (—1)" = (—1)"*2. Theo nguyén 1y quy nap ménh
dé ding véi moi s6 1é& 1 (vi né ding véi n = 1) va ding véi moi
n chan (vi né dung véi n = 2). Nhu vay bat dang thic ding véi
moin > 1. ©

12.8. L3i giai va gdi y bai tap chuong 8
> 8.19. Ldi giai: 1) véi n = 1 khing dinh ding, vi

2cosx —cos2x —1 2cosx —2cos’x  cosx(1 — cosx)
= = = cos X.

.2 X .2 X . X
4sin? = 4sin? = 2sin? =

2 2 2
2) Cho

(k+1)coskx —kcos(k+1)x —1

X
4sin? =
Sln2

cosx+2cos2x+---+kcoskx =

Khi dé6
cosx +2cos2x + -+ +kcoskx+ (k+1)cos(k+1)x =

_ (k+1)coskx —kcos(k+1)x —1 (k1) cos(k +1)x

4sin2§

_ (k+1)coskx —kcos(k+1)x —1 n 2(1 —cosx)(k+1)cos(k+1)x
4sin2§ 4sin2§

_ (k+2)cos(k+1)x + (k+1)coskx 2(k+1)cosxcos(k+1)x+1
4sin? o 4sin? X

2 2
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_ (k+2)cos(k+1)x+ (k+1)coskx

4sin® =
sin” 3
~ (k+1)[cos(k +2)x + coskx] + 1
4sin® =
sin”
~ (k+2)cos(k+1)x — (k+1)cos(k+2)x —1 ©
= N :
4sin® =
sin”
> 8.20. Loi giai: 1) Véi n = 1 khing dinh ding, vi
1
1+i:22(cos%+ising).
2) Gia st dung véi n = k, tic 1a
k k
(1+i)k= 2§(cos—n + isin —n)
4 4
Khi dé6
k km
(14 i)t = 2§(cos£+zsm 1 )ﬁ(cos%%—isin%).
k+1 1
27 <COS( +4 L +i (k+4)7'c> ©

> 8.21. Loi giz’li: Véi n = 2 dang thidc ding: ab; + axby =
ay(by 4+ by) — (ap — a1)by = apBy — (ap — ap)By. Ta sé ching minh
néu khang dinh ding véi n nao d6, thi né ciing ding véi n + 1.
Ta c6

n+1
E ﬂy n = Z a;tb;t + app1byia
H= U=

. (12.6)

= [a,B, — Z(ayﬂ —a,)By] + ap1b,41.
u=1



246 Chuodng 12. Loi giai va goi y bai tap

Nhlil’lg bl’l+1 = BH+1 — Bn (’j déy ﬂan + aﬂ+1b1’l+1 = Elan +
an+1(Bui1 — By). T két qua cudi cung va (12.6) ta nhan dude

n+1 n—1
Y auby = anpabur — (ape1 —an)By — Y (a1 — a,)By,
u=1 u=1
n
= an+lbn+1 - Z (aerl - a;t)By~
u=1

> 8.22. Ldi giai: Ta ching minh bing quy nap theo k. Véi k =1
tong nay bang

—mlﬂzm’il. (12.7)
Véi k = 2 ta tinh dudc
2 2.1 m
1-— = . 12.8
m+1+(m+1)(m+2) m+2 (12.8)

Tu dang thic (12.7) va (12.8) dua dén giai thiét tong (12.6) bang
———. Ta sé chiing minh ring

m+k’
L SN () SN AE (k+1)k...2.1
n+1 (m+1)(m+2) (m+1)(m+2)...(m+k+1)
m
= kEl (12.9)

Ta dua vao dinh nghia sau

0, néu hodci < 0, hodici > k;
Qi(k) = o k(k=1)...(k—i+1) . .
1)t . <1<
N D mrn o PEROsisk
Khi d6 (12.9) c6 thé viét
k+1 k+1 Z
i(k+1) = i(k) — -Qi—1(k)] =
>0k +1) = LI — 55 Qeab)
k+1 k+1

=) Qik) - ) #Qi—l(k) =
i=0

iz M1
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koo
= L)~ L )

o

:gom—i—z—i—l k)

m m+k+1

k
:;m—i—z—i—l m+k+1 m Qi(k)

m Zm—i—k—i—l
m+k+1l/=m+i+1

Qi(k)
k . .

m m+k+1+i—1

= ) - Qi(k)
m+k+1= m+i+l

ki k—i

m k
= m[g Qi(k) + i;) in(k)]

k m

k
m
= m[g Qi(k) — i;OQH-l(k)] = m4+k+1
©
12.9. L3i giai va gdi y bai tap chuong 9
> 9.11. Gdi y: a) ap dung ding thidc § bai 9.4 ta nhan dude

Dy Py (—1ypiel

Qi Qoo Q0iQi2
< 5 ¢6 PZz P2i
tu doc > =1,2,...).
Q QZZ ( )
b) tuong tu nhu phan a).
P P3

>9.12. Loi giai: a) Day — .. hoi tu, bdi vi theo bai tap

Qi Q
trén thi diy giam, mit khac s6 hang cia n6 déu duong. Ta dit
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P 1 . A
@' = lim =21 Ta s6 chi ra ring day .. cling héi tu; dé

i—oo Qo1 Q Q

chiing minh dudc diéu d6 can chi ra né bi chin phai, vi ta da biét
nhu bai tap trén n6 da la day tang. That vay, tu (9.13) ta ¢

Pyi1Qai — PoiQoi1 = (—1)% =1,

tu day
Poivi _ Do _ PoinQai = PoiQaivn . 1 (12.10)
Qaiv1 Qo 2iQ2i 11 2iQ2i 11
Py; e N 1~ N N A > . Y 90
Ta dit o’ = lim;_, ~2. Béi vi diy phan sé x4p xi vdi chi s6 18

2i
P
tréi hon phan sé véi chi s6 chan, thi w” < «’. Mt khac 2

Q2m

P,
ﬂ, (n =0,1,...). Suy ra bat dang

W’ (m=0,1,..)vaw <
hi Q2n+1
thuc
P <w// < w/ < P2n+1
2m Qont1
thod mén tat ca s6 tu nhién m, n. Ta sé ching minh rang «’' =

P, Py; )
«". D& dat muc dich nay ta phai két luan —2 — —2* ¢6 thé trd

Qait1 Qo
thanh rat nhé khi i ¢4 16n. Theo bai trén day Qp, Qi, ... don diéu

tang suyra Q, >n,(n =0,1,...). Khi d6 tu (12.10) ta nhan dudc
Pri1 Py 1 1

0 < - = = S . . 7
Qoit1 Qo Q2iQoip1 ~ 2i(2i+1)
tu day
lim Poivt _ Poiy gy Poin oy Pt g,
imoo Qi1 Qo im0 Qoip1  i—oe Qi

Ta ky hiéu w gi4 tri chung ciua «’ va w” c6 thé viét w = lgn Q—n
n—oo n

Theo dinh nghia gidi han nay la gia tri caa lién phan sé. Ta da
chiing minh xong moi lién phan s6 vdi cdc phan ti nguyén 1a héi

tu. ©



12.9. Loi gidi va goi ¥ bai tap chudng 9 249

> 9.13. Gdgi y: Theo bai trén lién phan sé da cho 1a hoi tu, ta c6
thé viét

w=(11..)0=(1w)=1+ é,
Ta thdy rang w 1a nghiém cta phudng trinh w? —w —1 = 0. Vi

1
w>0,thiw= +2\/§.

> 9.14. LJi giai: T nhiing tinh chat cla lién phan s6 ta nhan
dudc

wo b Pwi+ Py B Qi — Qial
Qi Qw1 +Qi1 Qi Qi(Qiwit1 +Qi-1)
va theo (9.13) ta ¢o

P, 1

bi=lw-5l= Qi(Qiwit1 + Qi-1)’

12.11
Qi ( )

Vi

Wig1 > qiv1, (12.12)
thi Qi(Qiwity1 + Qi—1) > Qi(Qigit1 + Qi—1) = QiQit1 tu day
6 < m mat khac Q;(Qiwit1 + Qi—1) = Qi(Qi(wit1 — qit1) +

1 1+
Qigi+1 + Qi-1) va dung bat ding thic (12.12 ) ta nhan dudc
Qi(Qiwit1 + Qi—1) < Qi(Qi + (Qigiv1 + Qi—1)) = Qi(Qi + Qiv1)-
Tu day va (12.11) ta tim dudc
1

%> Qi(Qi + Qit1) ©
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