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HAM SO LUONG GIAC VA PHUONG
TRINH LUONG GIAC

1. GIA TRI LUONG GIAC CUA GOC LUONG GIAC

LY THUYET CAN NHO

B8 cocLUoNG GIAC

¥ Géc lugng gidc va so do cha goc lugng giac: Trong mit phang, cho hai tia Ou, Ov. Xét tia
Om ciing nam trong mit phang nay.

Ghi nhé 1:

e Néu tia Om quay quanh diém O, theo mot chiéu nhat dinh tit Ou dén Ov, thi ta néi n6 quét
mot goc lugng gidc véi tia dau Ou, tia cudi Ov va ki hiéu 1a (Ou,Ov).

Ghi nhé 2:

e Khi tia Om quay mot géc a°, ta néi sb do cta géc lugng gidc (Ou,Ov) biang a°, ki hiéu
sd(Ou,Ov) = a° hoac (Ou,0v) = a°.

e Mbi géc lugng gidc gbe O dude xac dinh béi tia dau Ou, tia cudi Ov va s6 do o° ctia n.
m

som
sd(Ou,Ov) = 360°

sd(Ou,Ov) = 405°

sd(Ou, Ov) = —540°

e Sb do cia cac goc luong gidc c6 cung tia ddu Ou va tia cudi Ov sai khac nhau mot boi
nguyén ctia 360° nén c6 cong thiic tdng quat 1a

sd(Ou,0v) = a° + k360°, véi k € Z
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
{3 Heé thifc Chasles: Véi ba tia Ou, Ov, Ow bat ki, ta c6

sd(Ou,Ov) +sd(Ov,Ow) = sd(Ou,Ow) +k360° véi k € Z.

PON VI PO GOC VA PO DAI CUNG TRON

{3 Don vi do gbc va cung tron
e Don vi d6 (°): Chia dudng tron thanh 360 cung tron bang nhau thi géc & tim chin bdi cung
d6 sé c6 sd dola1°.
e Don vi radian (rad): Trén dudng tron, néu mot cung tron cé dd dai bang ban kinh thi ta néi
cung d6 c6 sd do 1a 1 rad. Khi d6, géc & tim chin cung dé ciing c¢6 s6 do 1 rad.
Khi viét s6 do mét goc theo don vi rad, ta thuong khong viét chit rad sau sé do. Chdng
T e . . T
han goc > ta hiéu la goc > rad.
e Mai lién hé gitta d6 va radian: D6 dai dudng tron 13 2R nén c6 sd do 1a 27 rad tuong ing
v6i 360°. Suy ra

180\°
IOZKnOrad va lrad:<7r)

{3 D6 dai cung tron: Mot cung ciia dudng tron ban kinh R c6 s6 do o rad thi s& c6 do dai 1a
| =Ra.

GIA TRI LUGNG GIAC CUA MOT GOC LUGNG GIAC

{3 Dudng tron lugng giac:

e Trong mit phang toa dod, dudng tron tim O ban kinh 1, y
cung véi gbc A(1;0) va chiéu quay duong (nhu quy uéc) B
goi la duong tron lugng giac.

e Cho gbc luong gidc sb do o. Trén dudng tron luong gidc, o \+
ton tai duy nhit di€ém M sao cho goc lugng gidc (OA, OM) N
bing o (hinh bén). Khi d6, M goi 1a diém biéu dién cia A’ o
gbc ¢6 s6 do a trén dudng tron luong gidc.

{3 Cac gia tri ludng giac cua gbc ludng giac
Ghi nhé 1:  Gid st M(xg;yo) trén dudng tron lugng giac bi€u dién cho goc lugng gidc ¢o
s6 do a.

® Tung dd yo ctia diém M goi la sin clia o va ki

hiéu la sin &, hay sina = yy.

@ Hoanh dd x( clia di€m M goi la cdsin cia a va M
ki hi€u la cos &, hay cos o0 = xy.

y
B
‘ Yo
I o
Al N A
X0 O

sin o
@ tana =

, V6i cosa # 0.
cos o

@ cota =

oso . .
e v6i sina # 0.

2 TOAN 11 — CANH DIEU



1. clA TR LUONG GlAC cUA coc LonG clAc | UGN

Ghi nhé 2: Ta c6 cac két qua sau dudc suy ra tif dinh nghia
@ Vi—1<xp;y0 <1nén

—1<sina <1, —-1<cosa<]l.

@ sino va cos @ xac dinh v6i moi & € R. Hon nita, Vk € Z ta co

sin (o +k27m) =sina ;  cos(a +k2mw) =cos .

T
@ tana xac dinh véi moi o # > +km(k € Z); cotae xac dinh v6i moi o #
km (k € Z) va

tan (@ +km) =tana ; cot(a+kmw)=cota.

B8 QuAN HE GITA CAC GIA TRI LUGNG GIAC

{3} Cong thitc luang gidc ca ban: D6 véi cc gia tri lugng gidc, ta cé cac hing dang thifc sau

’

1 b
@ sina+costa=1. @ l+tan’o = 5 , VOl o0 # — +km.
CcoS* O 2

1 km
@ 1+cot?a=— 5—, VOi & # k. @ tano-coto =1, véi o #= —.
sin” o 2

\

{3} Gia tri lwgng giac clia cac géc cé lien quan diac biét:

Géc d6i nhau: | o va —o | tuong tng v6i hai di€ém "dai dién" 1a diém M va diém M’. Mubn so
sanh sin, ta so sanh tung do; mudn so sanh cos, ta so sanh hoanh do. Hinh vé bén, hai diém M va
M’ d6i xting nhau qua truc hoanh nén ta c6 két qué sau:

Goéc bu nhau: Hinh vé bén, hai diém M va M’ dbi xting nhau qua truc tung nén ta
c6 ket qua sau:

e cos(m—a)=—coso
e sin(T— o) =sina
e tan(T— ) = —tan S
e cot(m—a)=—cote
B

TOAN 11 — CANH DIEU




WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Géc hon kém 7: Hinh vé& bén, hai diém M va M’ d6i xting nhau qua gbc O nén ta
c6 két qua sau:

e cos(a+m)=—cos

e sin(Q+7m)=—sino

(a+7)
e tan(a+ ) =tana
(a+7)

e cot(ax+m) =coto

Y B
M
T+ . X
A o A
M 7

v/ C g R p N PO A
G6c phu nhau: |o va 5 o | Hinh vé bén, hai di€m M va M’ c6 hoanh do va tung do ngucc

nhau nén ta cé ket qua sau:

T .
® Cos (5 — OC) =sina
Y B
. sin(z—a>:cosa — M
2 _/ :_\_ M
otan(z—a>:cot(x at : X
2 A 0 A
e cot <7r = a) =tanx
5 =
B/
Y  PHAN LOAI VA PHUONG PHAP GIAI TOAN
DT lol Pdi don vi gitra d6 va radian. D6 dai cung tron
& St dung cong thic chuyén ddi gitta s6 do dd va sb do radian:
180°
1°:%rad ° 1rad:(?) .
@ Xét duong tron ¢ ban kinh R.
e Cung tron ¢6 s6 do o (0 < a < 27) thi ¢6 do dai la [ = Ra.
o Cung tron c6 56 do a® (0 < a < 360) thi c6 do dai 1a [ = %.R.
=Vidu 1. Dai s6 do cta cic goc sau ra radian.
a) 72°% b) 600°; c) —37°45'30".

4 TOAN 11 = CANH DIEU




1. GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

=Vidu 2. Ddi s6 do cta cdc gic sau ra do.

hY/4 3w
a) E’ b) ?’ C) _4

3n 1
- 1° Z
a) 2 b) 5 c) 3

\ \

— , . 1 N N N ’ z A 1 ° <A N N ’ N
=Vidu4. Mot hai 1i 1a do dai cung tron xich dao c6 so do (—) = 1. Biét do dai xich dao la

60
40.000 km, hoi mot hai 1i dai bao nhiéu km?

DT 'e' $6 do clia géc lwong gidc. Hé thirc Chasles

e Khi xdc dinh sb do ctia géc luong gidc, ta cAn chi y dén chiéu quay (chiéu duong ngugc kim
dong hd, chiéu am cung kim dong ho). Tir d6 x4c dinh chinh xéc sb do ctia goc luong gidc

(Ou,0v).

e Gid st «° 1a mot s6 do clia goc lugng gidc (Ou, Ov). Suy ra sd do cic goc lugng gidc cd cling

tia dau Ou, tia cudi Ov c6 dang a° + k- 360°, véi k € Z.

e Hg thiic Chasles: sd(Ov, Ow) = sd(Ou,Ow) — sd(Ou,Ov) +k360° véi k € Z.

=Vidu 5. Xdc dinh s6 do ctia géc lugng gidc (Ou, Ov) duge bi€u dién trong hinh bén dudi.

TOAN 11 - CANH DIEU



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Vidu6. Cho MON = 45°. Xéc dinh 6 do ciia cdc goc lugng gidc duge biéu dién trong hinh bén
duéi va viét cong thiic tdng quat cta sd do goc lugng gidc (OM, ON).

N N N
& + A&\
A
0 M M M
a) b) c)
=Vidu7.
Xdc dinh s6 do céc géc lugng giac (Ou, Ov), (Ov,0m) va (Ou,0Om) m
dudc minh hoa & hinh bén.
135°
55°
0 u

=Vidu 8. Hay biéu dién trén mit phang géc luong gidc trong mdi trudng hop sau:
a) Goc lugng gidc gdc O c6 tia dau Ou, tia cudi Ov va c6 sb do 510°;

.z A o X . A < , 3 771'
b) Goc lugng giac goc O c6 tia dau Ou, tia cuoi Ov va c6 so do B

— , . A N 37[ , ., 2, A N 57r
=Vidu9. Cho goc lugng giac (Ou,Ov) c6 so do la &% lugng giac (Ou,Ow) c6 so do la R
Tim s6 do céc goc lugng gidc (Ov, Ow).

6 TOAN 11 — CANH DIEU



1. clA TR LUONG GlAC cUA coc LonG clAc | UGN

DT Iel Biéu dién géc lvong gidc trén dudng trdn luong gidc

Chon gbc A (1;0) 1am diém dau. D€ biéu dién goc lugng gidc c6 sd do a trén dudng tron lugng

gidc ta can chon diém cudi M trén dudng tron lugng gidc sao cho (OA,OM) = «.

A Néu \a} > 27 ta phdn tich o = B + k27, véi —t < B < 7. Khi do, ta chi cdn xdc dinh diém
cudi M trén duong tron luong gidc sao cho (OA,0OM) = 3.

=Vidu 10. Biéu dién cic géc (cung) lugng gidc trén dudng tron lugng gidc c6 sb do sau

T 11m
— _ 120°; —765°.
a) 1 b) 7 c) 120° d) —765

O»

=Vidu 11. Trén dudng tron lugng gidc, biéu dién cac géc lugng gidc c6 sd do sau (v6i k 1a s
nguyén tuy y).

TOAN 11 — CANH DIEU 7



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

DT '9' Tinh céc gid tri lwong gide clia mét gée luong gide
{3 Phuong phap: St dung nhém cong thiic lién hé gitta cic gid tri luong gidc d€ tinh toan.
{3 Cha y:
Néu dé bai c6 gidi han mién ciia géc «, thi ta cin xem trén y
mién d6, céc ti sd luong gidc tuong tng sé mang dau nhu B
A N P IIM 1
the nao. Cu thé:
Goc phan tu E o
Giatrilugng giac | I | II | IIT | IV . X
sin + |+ | = | - Al 0 A
cos o + | = | = +
tan o + | = | + — 111 ! v
coto + | = | + — B
— o o 2017m
=Vidu 12. Tinh céc gia tri lugng gidc cia goc o0 = 3

=Vidu 13. Tinh céc gid tri lugng gidc (néu c6) cia mbi goc lugng gidc sau

T R¥/1 T
a) §+k271'. b) I +k2x. C) 5+k7r.

8 TOAN 11— CANH DIEU




1. GIATR| LUQNG GIAC CUA GOC LUONG GIAC “-

=Vidu 14. Tinh céc gia trj lugng gidc con lai cla géc a, biét

—

a) sina = - va90° < a < 180°;

L W

c) coso z‘10<06<7r
=—vV —.
5 2

b) sina = —2vam< o< F
=—-v —.
3 2

TOAN 11 — CANH DIEU 9 .



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Vidu 15. Tinh céc gia tri lugng gidc con lai clia géc o, biét

3n T
a) tana=2v217r<oc<7; b) tanocz\/§V210<oc<§;
¢) sinax =0,8 vatana < 0. d) cosax =0,8 vatana +cota > 0.

10 TOAN 11 = CANH DIEU



1. clA TR LUONG GlAC cUA coc LonG clAc | UGN

DT Iel Tinh gid tri cGa bidu thirc M lién quan dén céc gid tri lvong gide

X Huéng 1:
e T ti s6 lugng gidc di cho, ta tinh todn cdc gid tri lugng gidc 6 trong biéu thic M.
e Thay tAt ca gid tri vita tim dudc vio M, suy ra két qua.
{3 Huéng 2:
e Bién ddi biéu thifc M vé ti s6 luong gidc da cho.
e Thay két qua vao M, suy ra két qua.

— 3 .7 D :
=Vidu16. Chocosa = —3 vGi > < a < 7. Tinh gia tri cua biéu thiic M = 3sina +2cos a.

2sin —3cos o
5sin’ ¢ +cosd ot

=Vidu 18. Cho cota = 3. Tinh gi4 tri biéu thic M =

- - - TOAN 11 - CANH DIEU



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

- A 1 e T
=Vidu 19. Biétsinx = 3 Tinh gia tri biéu thic A = cos (5 +x) +cos (2w —x) +cos (3w +x).

=Vidu 21. Rt gon cic biéu thic sau:

: . 2sin’ o — 1
a) A =sin’ o+ sin® actan? a; b) B=— - ;
sin“ o — sin & cos &
. . 1—cosa 1
c) C = sin® accos? o + cos? o + sin* a; d) D=

sin? o 1+cosa’

12 TOAN 11 = CANH DIEU



1. GIATRI LUQNG GIAC CUA GOC LUONG GIAC “-

— . . 24sin’a
=Vidu 22. Ching minh rang I_FLHZ =3tan? o +2.
—sin“ o

TOAN 11— CANH DIEU 13 .



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

14

=Vidu23. Cho A, B,C la cic géc ciia tam gidc. Chiing minh céc dang thic sau:

a) sin(A+B) =sinC. b) cos(A+B)+cosC = 0.
A+B C
¢) sin i = cos 5. d) tan(A—B+C) = —tan2B.

DT Io' Véan dung thuc tién

= Vidu 24. Kim phiit va kim git ctia dong ho 16n Buu dién Ha Noi theo thi ty dai 1,75 mét va 1,26
mét. Hdi trong 15 phut, mii kim phiit va kim gid vach dudc cung tron c¢6 d6 dai biang bao nhiéu mét?

=Vidu 25. Mot vé tinh dugc dinh vj tai vi tri A trong khong gian. Tu vi tri A, vé tinh bat dau chuyén
dong quanh Trdi Dét theo quy dao 1a dudng tron v6i tam 14 tim O ctia Trai DAt, ban kinh 9000 km.
Biét rang vé tinh chuyén dong hét mot vong clia quy dao trong 2 h.

a) Hay tinh quang dudng vé tinh da chuyén dong dudc sau: 1 h; 3 h; 5 h.

b) Vé tinh chuyén dong dudc quing dudng 200000 km sau bao nhiéu gi (lam tron két qua dén
hang don vi)?

TOAN 11 — CANH DIEU




1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

= Vidu 26. Huyét 4p ctia mdi ngudi thay d6i trong ngay. Gia st huyét ap tdm truong (tdc 1a ap luc
mdu 1én thanh dong mach khi tim giin ra) ctia mot ngudi nao do & trang thai nghi ngoi tai thoi diém ¢
dudc cho bdi cong thiic:

Tt
B(t) =804 7sin —
(1) + s1n12

trong d6 ¢ 12 s6 gid tinh tir ldc nita dém va B(¢) tinh bing mmHg (milimét thuy ngan). Tim huyét 4p
tAm truong clia ngudi ndy vao céc thdi diém sau:

a) 6 gio sang; b) 10 gio 30 phut sang;
c) 12 gid trua; d) 8 gio tdi.

BAITAP TY LUYEN

o Cho MON = 60°. Xac dinh sé do ctia cdc goc lugng gidc duge bi€u dién trong hinh bén dudi va
viét cong thiic tdng quat ctia sb do goc lugng gidc (OM, ON).

N N

e Tinh d6 dai cung tron trong céac trudng hop sau
a) Pudng tron ¢ ban kinh R = 5 va cung c6 sb do 72°.

b) Pudng tron ¢6 ban kinh R = 18 va cung c6 s6 do 150°.

TOAN 11 - CANH DIEU 15



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

16

e Biéu dién géc luong gidc trén dudng tron ludng gidc c6 s6 do nhu sau:

or
a) ik b) —765°. c) x=km,voik € Z.
£ T . 29t 22 6m 41m )
o Cho géc lugng giac (Ou,Ov) c6 s6 do —7 Trong cac so —T; —7; 7; — nhiing so nao la

s0 do ctiia mot goc lugng giac co cung tia dau, tia cuoi véi goc da cho?

397 mm

N

e Hai géc lugng gidc c6 sb do = va g (m 12 s6 nguyén ) c6 thé cung tia dau, tia cudi dugc
khong?

TOAN 11 = CANH DIEU




1. clA TR LUONG GlAC cUA coc LonG clAc | UGN

0 Cho mot goc lugng gidc (Ox,0u) c6 s6 do —270° va mdt géc lugng gidc (Ox, Ov) c6 s6 do 135°.
Tinh s6 do cla cac goc lugng gidc (Ou, Ov).

12 =z L .
o Chocosa:—ﬁ va§<a<7r. Tinh sin & va tan .

TOAN 11 - CANH DIEU 17 I



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

@ Biéu dieén cac cung lugng giac ¢6 so do x = > vGi k 1a sO nguyén tuy y.

@ Banh xe ctia ngudi di xe dap quay dudc 11 vong trong 5 gidy.

a) Tinh goc (theo do va radian) ma banh xe quay dudc trong 1 gidy.

b) Tinh quing dudng ma ngudi di xe da di dudc trong 1 phiit, biét ring dudng kinh banh xe

dap 1a 680 mm.

@ Trong Hinh bén, vi tri cabin ma Binh va
Cudng ngdi trén vong quay dugc ddnh diu
v6i di€m B va C.

a) Ching minh ring chiéu cao tit diém B
dén mit dét bang (134 10sin ) mét véi
a 12 56 do ctia mot géc lugng gidc tia dau

OA, tia cubi OB. Tinh d0 cao cta diém B
so v6i mat dat khi o = —30°.

b) Khi diém B cich mit dit 4 m thi diém
C cach mit dat bao nhiéu mét? Lam tron
két qua dén hang phan trim.

18 TOAN 11 — CANH DIEU
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1. clA TR LUONG GlAC cUA coc LonG clAc | UGN

@ Banh xe c¢6 dudng kinh (tinh ¢4 16p) 1a 55 cm. Néu xe chay véi van téc 40 km/h thi trong mot
gidy banh xe quay dudc bao nhiéu vong?

@ Ruit gon cac bi€u thic sau: (khéng con cdn thiic)

1 —cosx 1 +cosx_
1+ cosx 1 —cosx’

b) B=+/1—cotx-sin®x+ 1.

@ Tinh gid tri cdc biéu thic sau:
a) A = sin®10° 4 sin?20° + - - - +sin® 170° + sin® 180°.
b) B=tan10°.tan20°...tan80°.

c¢) C=cot20°+cot40°+ .-+ cot140° 4 cot 160°.

TOAN 11 - CANH DIEU 19 I



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
m Riit gon céc biéu thiic sau:

1 —sin? o - cos
a) F=

cosZ

® Riit gon céc biéu thiic sau (gid sit cdc biéu thiic sau déu cé nghia).

a) A=cos (5T —x)—sin (37% +x> + tan (3771- —x) +cot (3w —x);

1 1 1
b) B=+v2— \/ 6l <x<2m.
) V2 sin (x+20137) 1+cosx+ I —cosx " *

20 TOAN 11 = CANH DIEU



1. GIATR| LUQNG GIAC CUA GOC LUONG GIAC “-

o sin@ —cos o
@ Cho tan o0 = 3. Tinh gia tri biéu thic B =

sin®o + 3cos3o + 2sinor
@ Chiing minh céc hé thic sau
4 .4 2 4 2 1
a) cos"a—sin" o =2cos o — 1; b) 1 —cot"a = —— i
sin“o sin"«

1 +sin’ o 5 : i
c) oda 1 +2tan” a; d) 2(1 —sina)(1 + cosa) = (1 —sino +

—sin

cos )2,

TOAN 11 - CANH DIEU 21 I



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

@ Chting minh cdc hé thic sau

l+sinfa—cos*a 2 b) sinfa(l+cosa) sina+tana
1 —sin®o—cosbax 3cosla’ cos2a (1 +sine)  cosa+cotor’
tan o — tan cos’a —sina . , )

c) ——— =tanotanf; d) 5 5— = sin” occos” a.
cotf} —cota cot? @ —tan? o
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1. GIATRI LUQNG GIAC CUA GOC LUONG GIAC “-

@ Chiing minh céc hé thic sau

2 2 4

1 —4sin’xcos®x ) 2 sin®x — cos?x + cos* x 4
a : = (sinx — cosx); b > — —— =tan
(sinx 4 cosx) cos?x — sin”x +sin”x
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

@ Chiing minh céc hé thic sau khong phu thudc vao x.

sin®x + cos®x + 2 1 +cotx 2+2cot’x
a) A= —— ; b) B= - 3 :
sin”x +cos*x+ 1 l—cotx (tanx—1)(cot?x+1)
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1. GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

LY/ BAITAP TRAC NGHIEM
n Pésd 1

Cau 1. Péi s6 do ciia goc 108° sang don vi radian.

3n /4 3n /4
A. —. B. —. . — D. —
2 10 ¢ 5 4
Cau 2. béi s6 do ctia gée 1—7; rad sang don vi do.
A. 6°. B. 15°. C. 10°. D. 5°.
Cdu 3. Trén dudng tron cung c6 s6 do 1 rad 12?
A. Cung c6 do dai bang nita dudng kinh. B. Cung c6 dd dai bang dudng kinh.
C. Cung c6 d6 dai bang 1. D. Cung tuong tng v6i goc 6 tam 60°.
Cdu 4. Khang dinh nao sau day la ding?
A. 1rad =60°. B. 1rad = (?) . C. lrad=1°. D. 1rad = 180°.
Cdu 5. Mot cung tron c6 do dai bang 2 1an ban kinh. S6 do radian ctia cung tron d6 1a
A. 3. B. 4. C. 1. D. 2.
Cdu 6. Dai s6 do ciia goc 70° sang don vi radian.
7 m 70 7
A —. B. —. . —. D. —.
18 18 ¢ T 187

" 0. 2 , 3w . o
Cdu 7. bai so do cua goc T3 rad sang don vi d9, phut, giay.

A. —33°45. B. —32°55. C. 33°45'. D. —29°30'.
Cdu 8. Pai s6 do ciia goc —5 rad sang don vi do, phuit, gidy.
A. —286°. B. 286°28'44" . C. —286°44'28". D. —286°28'44".
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
Cdu 9. Déi s6 do clia goc 45°32' sang don vi radian v6i do chinh xdc dén hang phan nghin.
A. 0,794. B. 0,7947. C. 0,795. D. 0,7948.
Cdu 10. Tinh do dai ¢ ctia cung trén dudng tron c6 ban kinh bang 20 cm va sb do %
A. (=294 cm. B. /=339 cm. C. /=149 cm. D. /=393 cm.
Cadu 11. Tinh d6 dai ctia cung trén dudng tron c6 s6 do 1,5 va ban kinh bang 20 cm.
A. 40 cm. B. 60 cm. C. 30 cm. D. 20 cm.

Cau 12. X4c dinh s6 do ctia goc lugng gidc dudc biéu dién trong hinh bén.
A. 405°. B. 385°. C. —405°. D. 45°.

<

<

Cdu 13. Xdc dinh sb do ctia goc luong gidc dude biéu dién trong hinh bén.
A. 450°. B. —450°. C. 810°. D. 90°.

% <

Cau 14. X4c dinh sb do ctia géc luong giac dugc biéu dién trong hinh bén.

v
A. 45°, B. —315°. C. 315°. D. 405°.
45°
u

- . PO > L x o 1s T
Cdu 15. Cho gbc lugng giac (Ou,Ov) cb so do la — 8%¢ lugng giac (Ou, Ow) c6 so0 do la R Tim

s6 do clia cac goc lugng gidc (Ov, Ow).

A g+k27r,k€Z. B. kK2r, k € Z. C. n+k2m, ke Z. D. km, ke Z.

Cdu 16. Mot chiéc dong hd, c6 kim chi gid OG chi s6 9 va kim phiit OP
chi s6 12. S6 do cac goc lugng gidc (OG,OP) 1a

A. —270° +k360°,k € Z. B. —90° +k180°,k € Z.

C. 90° +k360°,k € Z. D. 270° +k360°,k € Z.

Cau 17. Trén dudng tron ludng gidc c6 diém gbe 14 A. Piém M thudc dudng tron sao cho géc luong
gidc (OA,OM) c6 sb do 45°. Goi N la diém dbi xiing véi M qua truc Ox. S6 do cac géc lugng gidc

(OA,ON) 1a
A. 135°+k360°. B. —45°.
C. 315°. D. —45°+k360°,k € Z.

Cdu 18. Trén dudng tron luong gidc gbc A, cung lugng gidc nio ¢ cic diém biéu dién tao thanh tam
gidc déu?

26 TOAN 11 — CANH DIEU



1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

km k2rm km

—. B. km. cC. —. D. —.

3 " 3 2

Cdu 19. Banh xe dap cua nguoi di xe dap quay dugc 2 vong trong 5 gidy. Hoi trong 2 gidy, banh xe
quay dudc 1 géc bao nhiéu do.

5 8 5 3
A. - B. —m. C. -m. D. —m.
8 5 3 5
Cdu 20. Trén dudng tron lugng gidc gbc A, cung ludng gidc nao c6 cac di€ém biéu dién tao thanh hinh
vuodng?

k2w km km
A. —. B. —. . —. D. .
3 > C 3 km

Déséz

Cdu 1. Cho o thudc géc phan tu thi nhét cla dudng tron lugng gidc. Hiy chon két qua ding trong
cac két qua sau day.

A.

A. sino > 0. B. cosa < 0. C. tano < 0. D. cota < O.

Cdu 2. Cho « thudc géc phan tu thit hai cia dudng tron luong gidc. Hay chon két qua duing trong cic
két qua sau day.

A. sino > 0; cosa > 0. B. sina < 0;cosa < 0.
C. sino > 0;cosa < 0. D. sina < 0; coso > 0.

Cdu 3. Cho o thudc géc phan tu thi ba ctia dudng tron ludng gidc. Khang dinh nao sau diy 1a sai?
A. sina > 0. B. cosa <0. C. tana > 0. D. cota > 0.

Cdu 4. Cho o thudc géc phan tu thit tu cia dudng tron luong gidc. Khang dinh nao sau diy la
ding?

A. sino > 0. B. cosa > 0. C. tana > 0. D. cotoa > 0.

Caub. Cho0<a< g Khang dinh nio sau day diing?

A. sin(a—m)>0. B. sin(o—7m) <0. C. sin(a—m) <0. D. sin(o—7) <O0.

CdAu 6. Tinh gid tri cha cot 89%
897 897 89w V3 8 V3
A. — =43 B. — =—V3. . —_— = D. —_ =
cot G V3 cot G V3 C. cot G 3 cot G 3

Cau 7. Tinh gia tri bi€u thiic P = tan 10° - tan 20° - tan30° . . . tan 80°.

A. P=0. B. P=1. C. P=4. D. P=8.
Cau 8. Tinh gia tri bi€u thiic P = tan1°tan2°tan3°...tan89°.

A. P=0. B. P=1. C. P=2. D. P=3.

Cdu 9. Ménh dé nao sau day ding?
A. sin60° <sin150°. B. c0s30° <cos60°. C. tan45° <tan60°. D. cot60° > cot240°.

~ 4 ., . (9w N
Cadu 10. Vé6i moi so thuc o, ta cé sin (7 + OC) bang

A. —sinao. B. cosa. C. sino. D. —coso.
Cau 11. Véi moi a € R thi tan (20177 + &) bing
A. —tana. B. cota. C. tano. D. —coto.
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

2 o 1. . T .
Cadu 12. Pon gian biéu thiic A = cos (Oc - E) +sin(a — x), ta dugc

A. A=cosa+sinx. B. A=2sina. C. A=sinacosa. D. A=0.
Cdu 13. Biét A,B,C 1a cic goc clia tam giac ABC, ménh dé nao sau diy ding.
A. sin(A+C) = —sinB. B. cos(A+C) = —cosB.
C. tan(A+C) =tanB. D. cot(A+C) = cotB.
N . 12
Cadu 14. Cho goc o thdéa man sin o = B va g < a < & Tinh cos Q..
A o ! B o 5 C o D o !
. cosa = —. . coso = —. . COSOt = ——. . COSOt = ——.
13 13 13 13
- ) A 5 3m
Cdu 15. Cho géc o thdéa man cosa = 3 vam <a< > Tinh tan .
3 2 4 2
A. tanot = ———. B. tana = —. C. tano = ———. D. tana = ———.
V5 V5 V5 V5
~ 12
Cdu 16. Cho goc a thda man cos @ = T va g < o < 7. Tinh tan c.
12 5 5 12
A. tana:—?. B. tanazﬁ. C. tana:—ﬁ. D. tana:?.
~ 4 2017 2019
Cadu 17. Cho goc o thdéa man tanax = ~3 va 7[ <o< —ﬁ. Tinh sin .
3 3 4 4
A. sina:—g. B. sinoc:§. C. sin(x:—g. D. sinoc:§.
- 3 tan o
Cau 18. Cho géc a thdoa man sina = = va T o <mTinhp= 2%
5 2 1+ tanor
3 12 12
A. P=-3. B. P=_. . P=—. D. P=——.
3 7 ¢ 25 25
~ 3sino —2
Cadu 19. Cho géc o théa man tana = 2. Tinh P = S C(.)S(X.
S5cosa+7sina
A P=—" B. P=~. Sy —— D. P= .
9 9 19 19
- , . | 3sina +4cos o
Cdu 20. Cho géc o théa man cota = =. Tinh P = — .
3 2sinot —5coso
15 15
AL P=——. B. P=—. . P=-13. D. P=13.
13 13 ¢
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2. cAc prep BiEN DO LUONG cliAC | AU T

52. CAC PHEP BIEN POI LUGNG GIAC

LY THUYET CAN NHO

n Cong thitc cong:

® sin(a+b) = sinacosb+ sinbcosa.
® cos(a+b) =cosacosb —sinasinb.

tana +tanb

Y Eleb) = 1 —tanatanb’

Cong thitc nhan doi:

@® sin2a = 2sinacosa.

® cos2a =2cos?a—1=1-2sin%a.

Cong thirc ha bac:

@ sin?q— I —cos2a
2

@ tanza: ﬂ

1+cos2a

n Céng thiic bién déi tich thanh tong:

1
® sinacosb = 5 [sin(a+ D)+ sin(a—b)].

E Cong thiic bién déi tong thanh tich:

a—>b
7

a—>b
5

a
® cosa-+cosb =2cos cos

. . . a
® sina-+sinb = 2sin cos

1
@ cosacosb = 5 [cos (a+b) +cos (a—Db)].

sin(a —b) = sinacosb —sinbcosa.

cos(a—b) = cosacosb + sinasinb.

tan( b) tana —tanb
an(a —b) = —————.
1 +tanatanb
cos2a = cos?a — sin’a.
2tana
tan2a = 3
1 —tan“a
’ 1+cos2a
cos“a = —

1
sinasinb = ) [cos (a+b) —cos (a—Db)].

1
cosasinb = 5 [sin(a+ D) —sin(a —b)].

. a . a—>b
cosa —cosbh = —2sin sin >
. . a . a—>b
sina — sinb = 2¢cos sin o
TOAN 11— CANH DIEU 29



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Y PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' S dung céng thirc cdéng, cdng thirc nhan doi

=Vidu 1. Hiy tinh

7
a) sin75° b) sin15° c) tanl—;r.
R4 .
d) cot§. e) cos795°. f) sin18°.

—_ . 3 .3 ) .. 19
=Vidu2. Chosino = ~3 va ; < o0 < 2x. Tinh cos ¢, tan o¢; cos2¢ va sin <Oc—|——7r).
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2. cAc prep BiEN DO LUONG cliAC | AU T

— s 3
=Vidu3. Chotana = —2 va g < a < «. Tinh cos ¢, cos (a—%) va tan (a+z).

g), cos (Za— g)

—_— 4 @ T . .
=Vidu4. Chocos2a = 3 voi 1 << 5 Tinh sin &, cos &, sin (OH—

4

=Vidu 5. Hay tinh gia tri clia cdc biéu thic sau:

a) A =cos45°cos15°. b) B =cos75°sin15°.
11x 5w

G 0 L1 1 O. D= n —— —_

¢) C=sin75%sin15 d) sin B cos B
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Vidu 6. Bién ddi cic biéu thiic sau ddy thanh mot téng:
a) cosSasin3a.

b) 2cos(a+b)cos(a—Db).
¢) sin(a—b)cos(b—a).

d) 4cosxcos2xcos3x.

=Vidu 7. Ching minh sin20° - sin40° - sin 60° - sin 80°

=Vidu 8. Tinh gia tri bi€u thic lugng gidc sau

s'nn sin27r
1 —_— [ES—
5 7
a) C= cosi_cosg. b) D:sing—sin?ﬂ—i-sin?n.
5 15
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2. cAc prep BiEN DO LUONG cliAC | AU T

=Vidu9. Bién ddi cac biéu thiic sau ddy thanh mt tich.

a) A =sina+sin3a+sinSa.

=Vidu 10. Ching minh
a) sin65° +sin55° = V/3cos5°.

¢) sin20° —sin 100° + sin 140° = 0.

b) B =1+ cosx—+cos2x -+ cos3x.

b) cos12° —cos48° = sin18°.

d) tan9° —tan27° —tan63° +tan81° = 4.

TOAN 11 - CANH DIEU
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

DT 'e' Céc bai todn chirng minh, it gon

=Vidu 11. Rit gon cic biéu thic:

T
V2cosa—2cos (Z +a)

—+/2sina -+ 2sin (%+a) .

a) A= b) B = (tana —tanb)cot(a —b) —tanatanb.

=Vidu 12. Ching minh céc biéu thic sau

sina +sinfcos (a+ fB)

a) sin(o+ B)-sin(a—B) =sin*a —sin’B.  b) =tan(a+f).

cos ot — sin B sin (ot + fB)
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2. cAc prep BiEN DO LUONG cliAC | AU T

=Vidu 13. Ching minh biéu thiic sau khong phy thudc vao x.

2 2
a) A = cos? o+ cos? (?n—i—a) + cos? (?ﬂ: —a);

b) B =cos (a—%)cos (a+%)+cos (OH—%) cos (a+3—ﬂ).

=Vidu 14. Ching minh cic ding thic sau trong diéu kién c6 nghia ctia biéu thic

3 1 1-— o 2a
a) sin ot +cos* ot = = + - cosda b) ,COS + (,:OS =cotwx
4 4 sin2a — sin &
0 sin* ot — cos* o + cos? a cos o 1 —cos2x+sin2x co
= —. . X =
2(1 —cosa) 2 1+ cos2x+sin2x
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Vidu 15. Ching minh trong moi tam gidc ABC ta déu c6

A B
a) sinA—+sinB+sinC = 4cos Ecos Ecosg;

b) sin?A 4 sin? B+ sin?C =2 (1 +cosAcosBcosC).
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2. cAc prep BiEN DO LUONG cliAC | AU T

DT Iel Véan dung thuc tién

=Vidu 16. Mot thiét bi tré ki thuat s6 13p lai tin hiéu ddu vao bang céch 13p lai tin hidu d6 trong
mot khoang thdi gian cb dinh sau khi nhan dudc tin hiéu. Néu mot thiét bi nhu vdy nhan dudc ndt
thuan f;(¢) = Ssin¢ va phat lai dugc ndt thuan f>(¢) = Scost thi am két hop 1a f(1) = f1(¢) + fo(2),
trong d6 ¢ 1a bién thai gian. Chiing té riang 4m két hop viét dugc dudi dang f(1) = ksin(¢ + @), tiic 1a
am két hop 12 mot séng am hinh sin. Hay xdc dinh bién d6 4m k va pha ban dau ¢(—7 < ¢ < 7) ctia
séng am.

=Vidu 17. Trong Vat li, phuong trinh téng quat ciia mot vat dao dong diéu hoa cho bdi cong thiic
x(t) = Acos(wt + @), trong d6 ¢ 13 thai diém (tinh bing gidy), x(¢) 12 1i d9 clia vt tai thdi diém ¢,A 1a
bién do dao dong (A > 0) va @ € [—x; 7] 1a pha ban dau cla dao dong. Xét hai dao dong diéu hoa c6
phuong trinh:

T 7w
x1(t) = 2cos <§t + 8) (cm),
T 7w
x2(t) = 2cos <§t - §> (cm).
Tim dao dong téng hop x(t) = x; (¢) +x2(t) va st dung cong thiic bién ddi tdng thanh tich d€ tim bién
dd va pha ban dau cta dao dong tdong hop nay.

=Vidu18.

Mot sdi cap R dudc gan vao mot cot thang ditng & vi tri cach mit
dat 14 m. Mot soi cap S khéc ciing dudc gan vao cot d6 & vi tri
cach mit dit 12 m. Biét rang hai sdi cép trén cung dudc gan véi
mit dAt tai mot vi tri cach chan cot 15 m (Hinh bén).

a) Tinhtan, 6 d6 « la goc gitta hai sgi cap trén.

b) Tim géc a (Iam tron két qua dén hang don vi theo don vi
do).
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

BAI TAP TU' LUYEN
@ Tinh
a) cos (a—l—g),biétsina: L val< a < E

3 /3 2

T " I N
b) tan(oc—z),bmtcosoc——3 va > <o<T.

) 4 2
¢) cos(a+b),sin(a—>b), biet sina = 5,00 <a<90°vasinb = 5,90O < b < 180°.
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2
e Cho sinx +cosa = 5 Tinh sin2c.

o Chitng minh céc dang thifc sau

a) sin*a+cost o = 3+COS4a'
4 4 7 8 8
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

e Chiing minh cic dang thiic sau

T T
a) 2sin (Z + (x) sin (Z — oc) =cos2a; b) sina (14 cos2a) =sin2acosa;
14sin20 —cos2a 1 2
; =tanq; d) tana — =— .
1+sin2¢ +cos2x tan o tan2o
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2. cAc prep BiEN DO LUONG cliAC | AU T

o Chiing minh cic dang thiic sau:
. T . T
a) cosa-+sina = \/zcos (Z —a) = \/§s1n (Z +a).

o Riit gon bi€u thic sau

T T
cos (a+ E) 4+ cos (a— —)

sina + sin2a +sin3a cota — cot =

cosa-+2cos2a-+cos3a
a) A= ;
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

s 1—sin2a T N .
0 Chiing minh ring 1+Z+2a — cot? (Z + a), v6i didu kién biéu thitc c6 nghia.

o Chiing minh céc dang thic sau

a) sin? (g +a) — sin? (E —a) = ﬁsin2a;

8 2
2
b) cos? ot + cos? (Oc— g) +cos? (?ﬂ: — Oc) = %
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@ Tam gidc ABC vudng tai B va co6 hai canh géc vuong la AB = A
4, BC =3. Ve diém D nan nam trén tia dbi cta tia CB thda man
CAD = 30°. Tinh tanBAD tu do tinh d6 dai canh CD (lam

tron dén hang phan chuc). 4

m Dao dong ctia mot vat 1a tdng hop clia hai dao dong diéu hoa cung phuong, c6 phuong trinh 1an
lugt 1a x; = 6¢0s 1007 (mm) va xp = 6sin 1007t (mm), (¢ tinh bang gidy). Tinh 1i d0 cua vat tai
thoi diém t = 0,25 giay.

@ Chitng minh trong moi tam gidc ABC ta déu c6

A. B . C
a) cosA—+cosB+cosC = 1—|—4sin§sin§sin§

b) cos?A+cos2B+cos?C = 1+2cosAcosBcosC.

) t At B+t t C+t Ct A—l-
C 2[1123.112 3.1'1221112 an2an2—,

d) tA—i— tB+ tC— tA tB tC
co 5 co 7 co 2—00 2(:0 2co 5
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Y/ BAi TAP TRAC NGHIEM

Cdu 1. Khang dinh nao sau day sai?

A. cos(a—b) = sinasinb+ cosacosbh. B. cos(a+b)=sinasinb —cosacosb.
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2. cAc prep BiEN DO LUONG cliAC | AU T

C. sin(a—b) =sinacosb —cosasinb. D. sin(a+b) = sinacosb+ cosasinb.
Cdu 2. Khang dinh nao ding trong cic khang dinh sau?
T T
A. sina-+cosa = v/2sin (a— Z) B. sina+cosa = /2sin (a—l— Z>

T T
C. sina+cosa = — 2sin<a—Z>. D. sina+cosa = — 23in<a—|—z).

. , . T .. 4 . .
Cadu 3. Cho géc o thdoa man 5 <oa<mvasina= g.Tth:st(oH—n').

24 24 12 12
A.P——g. B'P_ﬁ' C. P= s D'P_ﬁ'

” . 3 3
Cdu 4. Biétsina:—gvéﬂ<a<T.TinhP:m o+ )

A P——3 B. P—>. c. p=—2= 3‘/_ D. P:4_3\/§.
5 5 10 10
~ , . 3 3m ; T
Cdu 5. Cho goc a thdéa man cos @ = 1 va > < a <2m. Tinh P = cos <§ — a) .
A. P:3+V21, B. P:3_ ”21. C. p:M. D. p:ﬂ.
8 8 8 8
5 3n
Cdu 6. Cho gbc a thdoa man cosa—ﬁva7 < a < 2n. Tinh P = tan2a.
120 119 120 119
AL P=——. B. P=——. . P=— D. P=—
119 120 ¢ 119 120°
N 2 1 +sin2 2
Cau7. Chogécathéamén0<a<Evésina:—.TinhP: +§1n a+cos a.
2 3 sin @ +cos &
A P25 B. P=". C.p=—>. p. p—2V3
3 2 2 3

- : 4
Cdu 8. Cho goc o thda man sina = 5 Tinh P = cos4a.

527 527 524 524
A. P= B. P=——1 . P=—. D. P=———.
P= 625 b= 625 c.p 625 P 625
Cdu 9. Cho gbc a théa man cota = 15. Tinh P = sin2a.
11 13 15 17
A. P—113 B. P—113 C.P—m. D.P—m.
~ 4 3
Cadu 10. Cho goc o thdéa man tana = —3 vaa e (77:;271:} .Tinh P = sin% —l—cos%.
A. P=+/5. B. P=—/5. C. P:—\/g. D.Pz?.
o in2
Cadu 11. Cho goc a thdéa man tanox = —2. Tinh P = &.
cosda+1
10 9 10 9
A. P=—. B. P=—. =—— D. P=——.
F 9 P 10 c.r 9° P 10
A . a 4 3w ] .
Cdu 12. Cho géc o théa man sin2a = ACh < a < m. Tinh P =sina —cos .
A P=—. B. P———_. c.p-Y p.po_¥
/5 Ve 3 3

. 2 .
Cdu 13. Cho géc « théa min cos2a = -3 Tinh P = (1+3sin’a) (1 —4cos’ax).
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21
A. P=12. B. P= 5 C. P=6. D. P=21.
5 3x
CAau 14. Biét sina = — & :cosh = 5,5 <a<m0O<b< 5 Hay tinh sin(a +D).
56 63 33
A, —. B. —. cC. —. D. 0.
65 65 65
- . , 1 L e
Cau 15. Cho hai géc nhon a;b thoa cosa = g;cosb =7 Tinh gia trj cia biéu thic P = cos(a+b) -
cos(a—b).
113 11 117
LY B. 1D 7 p. -1
144 144 144 144
- 1 3
Cdu 16. Cho0< a,fB < g va thda man tan o = 7 anf = =. Géc a + B c6 gid tri bing
T T T T
A. —. B. —. . = D. —.
3 4 ¢ 6 2
” T o, N 3 1 . N
Cau 17. Cho0<x,y < 5 thda man cotx = T coty = = Tong x+ y bang
T 3r T
A. —. B. —. . = D. &.
4 4 3 g
Cau 18. Néu tan o va tan 8 1a hai nghiém ctia phuong trinh x> + px+¢ = 0 (¢ # 1) thi tan (a + B)
bing
2
L A c. 2 D. -2
q—1 qg—1 1—¢g 1—

Cdu 19. Cho hai dao dong diéu hoa ciing phuong c6 phuong trinh 1an lugt 1a x; = 5cos(1007t +
m)(cm) va x, = 5cos(1007t — /2)(cm). Phuong trinh dao dong tong hgp cla hai dao dong trén
la

3 3
A. x=5v2cos (1007U—|—Tn) (cm). B. x=5v2cos (lOOm— TE) (cm).
C. x=10cos (IOOm— %Tﬂ:) (cm). D. x=10cos (1007rt+¥> (cm).

Cdu 20. Mot vat thuc hién dong thdi hai dao dong diéu hoa cling phuong, cling tan s6 theo cac phuong
trinh: x; = 2cos <57rt + g) (cm) ; xp = 2cos(5xt)(cm). Bién do cta dao dong tong hop cta hai dao
dong trén la
A. 2. B. 4. C. 2Vv2. D. V2.
—HET—
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3. HAM SO LUONG GIAC VA PO THI

KIEN THUC CAN NHO

Ham sO y = sinx

Tap xac dinh: 7 =R.

y
Tap gia tri: [—1; 1], tic la NG _—_%""W ______
—1<sinx<1,VxeR. — . ' P X
______ NN

Ham s0 y = sinx la ham so 1€ nén do thi ham so
nhén goc toa do O lam tam doi xing.

Ham s6 y = sinx tuan hoan vé6i chu ki T = 27, nghia la sin(x + k2x) = sinx, véi k € Z.
. R . . /4 T . .
Ham s6 y = sinx ddng bién trén mbi khoang (—5 +hom > +k27r>, nghich bién trén méi
s 3
khoang (5 +k2x; > + k27t) véi k € Z.

Ham s0 y = cosx

Tép xac dinh: 7 =R.

y
Tap gid tri: [—1; 1], tdc Ia —n—Wn _____

—1<cosx<1,VxeR. N/ _____ L_"Mx

Ham s6 y = cosx 1a ham s6 chdn nén do thi ham sb
nhan tryc Oy lam truc doi xing.

Ham s6 y = cosx la ham sd tuan hoan véi chu ki 7 = 27, nghia 1a cos(x + k27) = cosx, véi
keZ.

Ham sb y = cosx dong bién trén mdi khoang (—7 + k27;k27), nghich bién trén mdi khoing
(k270 T+ K271) V6i k € Z.

Ham so y = tanx

' y ' '
Diéukiéncosx;éO(:)x#g—l—kn,kEZ. i i i i
Tapxacdinh:9:R\{§+kn,kez}. ﬂ
Tap gid tri: R; La ham s6 18. | : 0 g ™ x
La ham s6 tudn hoan v6i chu ki 7' = 7, nghia Ia tan(x+ |
km) = tanx, véi k € Z. | : : :

Ham s6 y = tanx dong bién trén mdi khoang (—% +km; 5 +k7) véi k € Z.
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A

n Ham so0 y = cotx

1 y 1 1
o Dbiéukién sinx #0 < x £ km k€ Z. l \ :
Tép xdc dinh: 2 =R\ {krx,k € Z} . 5 5 5
e Tap gia tri: R. E i i
o Laham s6 18. : : :
o Laham s6 tuan hoan vé6i chu ki T = &, nghia _En —Z E iz E
la cot(x+ km) = cotx, véi k € Z. : 0 N T X
e Ham sb y = cotx nghich bién trén mdi ! 2 ! !
khoang (km; 7 + km) véi k € Z. E E E
Y/  PHAN LOAL PHUGNG PHAP GIAI TOAN
DT 'o' Tim tap xdc dinh clia ham sé luvong gidc
Ta chii y mot s6 diéu kién sau:
a) y= fx) xac dinh < g(x) # 0.
g(x)
b) y= X/ f(x) xdc dinh & f(x) > 0, trong d6 n € N*.
¢) y = tan[u(x)] xac dinh < u(x) xac dinh va u(x) # g +km, k € Z.
d) y = cot[u(x)] xdc dinh < u(x) xac dinh va u(x) # km, k € Z.
=Vidu 1. Tim tap xdc dinh clia cdc ham sb sau day:
2sinx+3 1 +cosx 2+3cos2x
Q) y= = b) y = o Q) y— IO
CcoSx 1 —cosx sinx
1 +cosx sinx —3 2sinx+3
d = = — [ —
)y 1 +sinx €y cosx—+ 1 Dy cosx—+2
) y= 2sinx+3 h) _ 2sinx—3 D y=sin —
8= inx—1 Y= osinx+3 Y=
Vcosx—+2 1 +cosx
1) y=+3—2cosx. )y:l— D y=
+cosx 1 —cosx
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=Vidu 2. Tim tap xac dinh clia cac ham s6 sau day:

a) y=2tanx+3 b) y=2tan2x —4sinx c) y=cot (x—i—%)—i—l
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=Vidu 3. Tim tit ca céc gid tri clia m d€ ham sb sau c6 tap xdc dinh R.

sinx — 1
a) y=+/m—cosx b) y=+/2sinx—m c) y:—x
cosx+m
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DT 'e' Tinh chdn 1é cGia ham sé

Ta thuc hién cac budc sau:
® Tim tap xac dinh 2 clia ham sb — Tap 2 phai dbi xing.
@ Tinh f(—x) (chd nao c6 bién x, ta thay bdi —x) va thu gon két qua. Khi d6

e Néu f(—x) = f(x): ham sb da cho 1a ham chén.
e Néu f(—x) = —f(x): ham sb da cho la ham 18.
e Néu khong rdi vao 2 trudng hop trén, ta két luan ham sb khong chén, khong 18.

GHI NHO

® Ham s6 y=sinx 12 ham so 8. @ Ham s6 y=cosx 13 ham s6 chin.
® Ham s6 y =tanx la ham so é. @ Ham s6 y=cotx la ham so [é.

=Vidu 5. Xét tinh chdn, 1é clia cdc ham sb sau:

a) f(x) = |x|sinx. b) f(x) = tan|x|.

=Vidu 6. Xét tinh chin ¢ cia ham sb

a) f(x) = sin®2x+ cos3x. b) f(x) =+/2+sinx++/2 —sinx.
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Vidu 7. Xét tinh chin 1é cda ham sb
. on
a) f(x)=sin|2x+— |. b) f(x)=tanx+ cotx.

DT Iel Tim gid tri I&n nhét - gid tri nhé nhét

Ta thuong dung moét trong 3 phuong phap sau:
& St dung céc bit dang thifc co ban

® —1<sinx<1,VxeR; @ —1<cosx<1,VxeR;

® 0 <sin’x,cos’x < 1,Vx € R; @ 0 <|sinx|,|cosx| < 1,Vx € R.
@ Si dung diéu kién c6 nghiém

@ sinx = f(m) cé nghiém khi —1 < f(m) < 1.
@ cosx = f(m) c6 nghiém khi —1 < f(m) < 1.

® asinx+ bcosx = c ¢6 nghiém khi a® + b? > ¢,

@ St dung bang bién thién: Lap bang bién thién ctia ham sb, tir d6, két luan.

=Vidu8. Tim gia tri 16n nhit va gia tri nhé nhit cda cdc ham sb sau

1 — 2sin?x

a) y=2sinx+3 b) y= 3 ¢) y=+v2+cosx—1
d) y=4sinxcosx—+1; e) y=4—3sin’2x. f) y:(3—sinx)2—|—1
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
=Vidu 11. Tim gia trj 16n nhét va nhd nhét cia ham s6 sau
a) y=+/3sinx+cosx b) y =sin2x —cos2x ¢) y=3sinx+4cosx

=Vidu 12. Tim gid tri 16n nhét va nhd nhit cia ham s6 sau
a) y=2sin’x —3sinx+ 1 b) y =2cos?x+3cosx—2 c) y=cos2x—sinx+3
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=Vidu13.

Khi du quay hoat dong, van tdc theo phuong ngang ctia mot
cabin M phu thudc vao goc lugng giac o = (Ox,OM) theo
ham s6 v, = 0,3sin« (m/s) (Hinh bén).

a) Tim gid tri 16n nhat va gi4 tri nhd nhét cia v,

b) Dua vao d6 thi ctia ham sd sin, hiy cho biét trong
vong quay dau tién (0 < o < 27), gbc o & trong cac
khoang nao thi v, tang.

BAITAP TV LUYEN

o Tim tdp xac dinh ctia cac ham so sau:
sinx
cos2x—1°

2 +sinx 1 1
=\ T d)y=—-—4+—.
)y 1 —cosx )y sinx+cosx

a) y:cot(3x—§>. b) y=
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
o Tim gia tri I16n nhit va gid tri nhé nhit (néu c6) cla cac ham sb sau
a) y=3—2sin2x b) y=5—3cos4x.

¢) y=3—2|sin2x|. d) y=3sin’2x—4
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LY/ BAITAP TRAC NGHIEM

Cdu 1. Tap gid tri cia haim s6 y = cosx 12 tp hdp nao sau day?

A. R. B. (—;0]. C. [0;4-c0]. D. [-1;1].
Cdu 2. Tap gid tri ctia ham s6 y = sin2x 1a

A. [-2;2]. B. [0;2]. C. [-L;1]. D. [0;1].
Cdu 3. Ménh dé nao dudi day ding?

A. Ham sd y = sinx 12 ham s chén. B. Ham sb y = cosx 1a ham sb chén.
C. Ham s0 y = tanx la ham s6 chan. D. Ham so y = cotx la ham so chan.

Cau 4. Tim ham s6 18 trong c4c ham s6 sau:
A. y=sin’x. B. y=uxcos2x. C. y=xsinx. D. y=cosux.
Cdu 5. Ménh dé nao dudi day sai?

A. Ham sb y = tanx tuan hoan véi chu ki 7. B. Ham s6 y = cosx tuan hoan véi chu ki 7.
C. Ham s y = cotx tuan hoan véi chu ki 7. D. Ham s6 y = sin2x tuan hoan véi chu ki 7.

Cdu 6. Ham sb y = sin2x c6 chu ky tuan hoan 1a

A. T =2x. B.T:g. C.T=n. D. T =4r.
CaAu 7. Ham sb nao trong cac ham sd duéi day 12 ham s6 chan?

A. y=sin <x+g>. B. y=cos <x~|—g>. C. y=sin2x. D. y =tanx—sin2x.
Cdu 8. Tim tap x4c dinh ctia ham sb y = cotx.

A. 7 =R\ {kg|keZ}. B. 2 =R\{knlk € Z}.

C. 2=R\{k2xlk e Z). D. 2 =R\ {g+kn|k ez},
Cau 9. Pidu kién xdc dinh ciia ham sb y = % 1a

A.x#g+k7r,k€Z. B. x4k, ke Z.

C.x#kg,keZ. D. x#kn, ke 7.
Cau 10. Véi ky hiéu k € Z, diéu kién x4c dinh cia ham s6 y = % 1a

A. x# k2. B. x#kx. C. x;égwm. D. x;«ég—kaﬂ.

~ A P T
Cau 11. Véi ky hiéu k € Z, didu kién xdc dinh ciia ham sb y = tan <2x _ 5) 1a

/4 /4 hY/4 /4 5w /4
A. — —. B. — . . — . D. — —.
x;é6+k2 x#12+k7r C x7é2+kn' x#12+k2
Cau 12. Tim diéu kién x4c dinh ctia ham s6 y = tanx + cotx.
k
A. x4k keZ. B.x;«éngkn,keZ. C.x;«ég,keZ. D. xeR.
~ < 2 3x—1
Cau 13. Tap xac dinh ctia ham sﬁyzcos—xlﬁ
cosx+ 1
A. 2 =R\ {n+km;k € Z}. B. 2 =R\ {k2m:k € Z}.
T
C. 2=R\{3 +kmkeL}. D. 2 =R\{n+k2mk e Z}.
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Chuong 1. HAM SO LUGNG GIAC VA PHUONG TRINH LUONG GIAC

Cdu 14. Puong cong trong hinh dudi diy 1a do thi ciia mot ham sb trong bdn ham sb dugc liét ké &
bdn phuong 4n A,B,C,D. Héi ham s6 d6 1a ham s6 nao?

A. y=1+sinx. B. y=1—sinx.

C. y=sinx. D. y=cosux.

Cdu 15. budng cong trong hinh vé bén dudi 1a do thi ctia mdt trong bdn ham sd dugc liét ké & bbn

phuong 4n A, B, C, D. Héi d6 13 ham s nao?

A. y=cosx+ 1. B. y=2—sinx.

-2

C. y=2cosux. D. y=cos?x+1.

-~ P’ 2 £ T
Cau 16. Tim gia tri 16n nhat, gia tri nho nhat cia ham s6 sau y = 1+ 3sin <2 - Z> .

A. miny = —2, maxy = 4.
C. miny = —2, maxy = 3.

B. miny =2, maxy =4.
D. miny=—1, maxy =4.

Cdu 17. Tim gid tri 16n nhit, gia tri nho nhit ctia ham sb sau y = 3 — 2cos? 3x.

A. miny =1, maxy = 2.
C. miny =2, maxy = 3.

B. miny =1, maxy = 3.
D. miny = —1, maxy = 3.

Cdu 18. Tim gia tri 16n nhét, gid tri nhd nhit cia ham sb sau y = /2sinx + 3.

A. maxy= V5, miny = 1.
C. maxy=+/5, miny =2.

CaAu 19. Tim gia tri 16n nhét, gid tri nhd nhét cda

4
A. miny = 3 maxy = 4.

C. miny = 3 maxy = 2.

Cadu 20. Cho hai diém A, B thudc dd thi ham s y

trén doan [0; 7], cdc diém C, D thudc truc Ox théa man

ABCD 1a hinh chit nhat va CD = 2?7r Tinh d6 dai doan

B. maxy = V53, miny = 24/5.
D. maxy =+/5, miny = 3.

4

ham s6 sau y = —
1+ 2sin“x

4
B. miny = 3 maxy = 3.

D. miny = x maxy = 4.

= sinx

BC. b AN
= SInx
A V2 B. L C. 1. D V3 Y
2 2 2
_ HET—
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4. PHUONG TRINH LUONG GIAC CO BAN

Y/ KN THUC CAN NHG
AV
v' 0 cos
B/

Phuong trinh sinx = a.
™ Truong hgp a € {—1;0;1}.
sinx=1x=%4+k2n sinx=—1&x=—-%+k21 sinx =0 & x = krr|

1 2 3 . o o A a
& Trudng hop a € {ii;ig;i%—}.ﬁl bam may | SHIFT @@dé doi s0 a vé goc o hoac B°

tuong Ung.

@ Cong thic theo don vi rad: sin

. xX=o+k2x
sinx =a < kel NAC---L-3
X=Tn—o+k2rm a

@ Cong thuc theo don vi do: 0

, [x = B° +k360°
SInx = a <

kel
x = 180° — B° +k360°

™ Truong hop a € [—1;1] nhung khac céc sb & trén.

] x —arcsina + k2w
sinx =a < . kel
= m —arcsina+ k2w

@ Cong thiic mé rong cho hai ham f(x) va g(x)

sin[(x)] = sin[g(x)] & [

Phuong trinh cosx = a.

™ Truong hgp a € {—1;0;1}.

A
o) cos Al 9] cos 0 cos
B/

Cosx:]@x:kzjt‘ ‘COSX:—I@X:ﬂ'—FkZﬂ? COSX:O@‘X:%—i_kTC

sin
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& Trudng hgp a € {iz i\/?_ ii}. Ta bAm mdy | SHIFT |[cos|[a] d€ d6i sb a vé géc o hodc B°
tuong ung.
@ Cong thuc theo don vi rad:
x=o+k2xm
cosx=a <& kel
xX=—0+ k2w :
E cos
@ Cong thuc theo don vi do: 0 " a
x = B°+k360° :
CoOSX =a & P o o keZ N
x=—B°+k360

™ Truong hgp a € [—1;1] nhung khac cdc s6 & trén.

x = arccosa+ k2w
cosx=a< ,keZ
X = —arccosa—+ k2w

@ Cong thiic md rong cho hai ham f(x) va g(x)

cos[f(x)] = cos[g(x)] & [f(x) =—g(x)+k2n’

Phuong trinh tanx = a.

3 ) e e i
& Truong hgp a € {O;i\/?_;il;i\@}. Ta bim méay | SHIFT [a] d€ ddi s6 a vé goc « hodc
B° tuong tng.
tang

@ Cong thuc theo don vi rad: N/a

tanx=a<sx=a+kn, ke’

0]
@ Cong thuc theo don vi do: /

tanx =a < x=B°+kl180°, ke Z

@ Truong hop a khac cic sb & trén thi

| tanx = a < x = arctana + k7w, k € Z.

n Phuong trinh cotx = a.

3 . o o A
& Truong hgp a € {i\/T—;j:I;j:\/g}. Ta bam may | SHIFT dé doi so a ve goc a hoac B°

tuong ung. Riéng a =0 thi @ = 0
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a cotang

@ Cong thtc theo don vi rad: N

cotx=a<sx=a+kn, ke’

@ Cong thuc theo don vi do:

cotx=a < x=PB°+kl180°, k€ Z

& Trudong hop a khac cic sb & trén thi

cotx =a < x =arccota+km, k € Z.

Y/  PHAN LOAL PHUGNG PHAP GIAI TOAN

DT 'o' Gidi cdc phuong trinh lwvong gidc co ban

e Nhan dang (bién ddi) vé ding loai phuong trinh co ban, xem sd a quy ddi vé géc "dep” hay
xau;

e Chon va rap cong thic nghiém.

=Vidu 1. Giéi cic phuong trinh sau:

. V3 (T . .
a) s1n3x——7 b) 2s1n(§—x) =1 c) 2sin(x—45°)—1=0
2n
d) cos (x—?> = e) v2cos2x—1=0 f) 3cosx—1=0.
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=Vidu 2. Giai cic phuong trinh sau:

2 e Y2 b) ﬁtan(f—x> —1 ¢) tan(x—45°) —1=0
3 6
d) sinx—+v/3cosx =0 e) V3cotx—1=0 f) sinx+4cosx =2+ sin2x.
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=Vidu 3. Tim nghiém clia cic phuong trinh lugng gidc sau trén khoang cho trudc

a) v/3tanx—3 =0 trén (0,37).

c) 2cos (3x— g) —1=0tén (—m, 7).

b) v2sin(x—1) = —1weén (-, %).

d) tan(3x+2)—v3=0trén (—%,%).
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DT '9' Gidi cdc phuong trinh lvong gidge dang mé réng

e Bién do6i vé mot trong céc clu triic sau

® sinu =sinv @ cosu =cosv

® —sinx = sin(—x).

® sinx = cos (g —x).

@ tanu = tanv @ cotu = cotv

e Chiu y cic cong thiic bién ddi lugng giac sau:

@ —cosx =cos (T —x).

@ cosx =sin (g —x).

=Vidu 4. Giai cic phuong trinh sau:
a) sin3x = sin2x
d) cos2x—cosx=0

b) sin2x —sinx =0

e) cos8x—+cosx =0

¢) sinSx—+sinx =0
f) cos4x—sinx=0
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=Vidu5. (B.2013). Gii phuong trinh sin5x +2cos?x = 1

DT Ie' Véan dung thuc tién

=Vidu6. S6 gid c6 dnh sdng mit troi clia mot thanh phd A & vi do 40° bic trong ngay thi ¢ cla
mot nim khong nhuin dudc cho bdi ham s6
n

d(t) =3sin [182

(z—80)} F12v6ir € Zva0 <t < 365.

a) Thanh phd A c6 ding 12 gid c6 4nh sdng mit trdi vao ngdy nio trong nim?
b) Vao ngay nao trong nim thi thanh phd A c6 it gid c¢6 dnh sang mit trdi nhit?
¢) Vao ngay nao trong nim thi thanh phd A c¢6 nhiéu git ¢6 anh sang mit trdi nhat?

=Vidu?7.

Trong Hinh bén , khi dudc kéo ra khdi vi tri can biang &

diém O va buong tay, luc dan hoi ctia 10 xo khién vat A ‘

gan & dau cia 1o xo dao dong quanh O. Toa d6 s (cm) I_P%mm\_-_

cua A trén truc Ox vao thoi diém ¢ (gidy) sau khi buong
T

tay dugc xac dinh béi cong thiic s = 10sin <10t + 5) . ) s X

Vo céc thdi diém nao thi s = —5v/3 cm?
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Vidus.
Mot qua dan phao dudc bin ra khoi nong phao véi van tde ban y N

Y=
ZV% cos? o

dau vo = 500 m/s hop v6i phuong ngang mot géc o. Trong
Vit 1i, ta biét ring, néu bd qua stic can ciia khong khi va coi
qua dan phao dudc ban ra tif mit dit thi quy dao ctia qua dan
tuan theo phuong trinh y = 22—g2

Vg cos” a
9,8 m/s? 1a gia toc trong trudng.

X2+ xtane, & d6 g=

a) Tinh theo géc ban a tim xa ma qua dan dat tSi (tidc 1a khoang cach tir vi tri ban dén diém qua
dan cham dét).

b) Tim géc ban o d€ qua dan triing muc tiéu cach vi tri dit khau phao 22000 m.

IS BAITAPTU LUYEN
2n

o Giai phuong trinh 3 — /3 tan (Zx— g) =0 vdéi _Tﬂ <x< 3
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4. pHUONG TRINH LUONG GlAC co BAN ' U U T

e Giai phuong trinh tan (x4 30°) 4+ 1 = 0 v6i —90° < x < 360°.

e Giai cac phuong trinh sau:

1
a) cos3x = sin2x b) cos3x—200s§ =0 c) cos (2x+§) =3
1
d) cos (2+30°) = 3 &) 2cos (x—g) —0 f) 2cos(2x—60°)—1=0
1
g) cos (2x+§> +2=0 ) cos (§—300) ~1 ) sin?2r=
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WA cruong . HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

o Giai cac phuong trinh sau:

a) tanx = /3. b) cot(x — g) =1
3n T
¢) tan(x+48°) =tan25°. d) tan (x—i— T) = tan7.
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4. pHUONG TRINH LUONG GlAC co BAN ' U U T

O Giai phuong trinh (cot;—c _ 1) (cot)—zc n 1) —0.

sin2x+2cosx —sinx — 1 B
\/§+tanx

0 Giai phuong trinh
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
e Nhiét do ngoai trdi ¢ mot thanh phd vao cic thdi diém khic nhau trong ngay c6 thé dugc mo
phong bdi cong thiic

h(r) =29 + 3sin [%(z ~9)]

véi h tinh bang d6 C va ¢ 1a thai gian trong ngay tinh bang gid. Nhiét do thip nhét trong ngay 1a
bao nhiéu do C va vao lic miy gio?

o Mot qua dan phdo dudc bin ra khéi nong phéo vé6i van téc ban dau c6 do 16n v khong ddi. Tim
g6c ban o d€ qua dan phdo bay xa nhit, bd qua stic can ctia khong khi va coi qua dan phdo dugc
ban ra tir mat dat.
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4. pHUONG TRINH LUONG GlAC co BAN ' U U T

@ D9 sau h( m) ctia muc nudc & mot cang bién vao thdi diém ¢ (gio) sau khi thuy triéu 1én 1an dau
tién trong ngay dudc tinh x4p xi bdi cong thic h(t) = 0,8cos0, 5¢ + 4.

a) Do sdu clia nuéc vao thdi diém ¢ = 2 12 bao nhiéu mét?

b) Mot con tau can muc nudc su tdi thiéu 3,6 m d€ c6 thé di chuyén ra vao cang an toan. Dua
vao do thi ctia ham s cosin, hay cho biét trong vong 12 tiéng sau khi thuy triéu 1én 1an dau
tién, & nhitng thdi diém ¢ nao tau c6 thé ha thuy. Lam tron két qua dén hang phan trim.
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Y/ BAi TAP TRAC NGHIEM

Cadu 1. Phuong trinh nao sau day vo nghiém?

1 1
A. sinx:i. B. tanx = /3. C. sinx=3. D. cosx:—i.
Cdu 2. Nghiém ctia phuong trinh sinx = —1 1a
A. x:—g—i—kﬂ,kEZ. B. x=kn,kEZ.
3
C. x=7”+kn,kez. D. x:—g+k2n,keZ.
. b o V3
Cadu 3. Tim tat ca cac nghiém cta phuong trinh sin3x = -
- L
i T R e x=gHhm ke
A. SR . B. o .
X=—+— keZ xX=—+4k2n, ke Z
C 7 kn 7 e
x=£+~£keZ x:5+—fwez
9 3 3 3
C. : D. .
27r+k7r ke 27r+k27r Ke7
Xx=—+— X=—+—
8 9 37 8 3 37
Cdu 4. Nghiém cta phuong trinh 2sinx+ 1 =0 la
11 — -7
A. x:Tﬂ+k2nVéx:?ﬂ+k27r. B. x:g+k27rvéx:Tjr+k2n’.
- 7 ha 7
C. x:—ﬂ—i—kﬂvéx:—ﬂ—i—kﬂ. D.x:—ﬁ+k27tvéx:—7r+k27r.
6 6 6 6
Cdu 5. Tap nghiém cta phuong trinh sin2x = 1 la
A. {§+2k7t,k€Z}. B. {%Jrkn,kez}. C. {kn,kcZ). D. {g+2k7r,k€Z}.
~ 3 )
CdAu 6. Phuong trinh cosx = —\/7_ 6 tdp nghiém la
A. {xzi%”wzn;kez}. B. {x:i§+kn;kez}.
C. {x=2Z+i2mkez}. D. {x=+Z +kmkeZ].
Cdu 7. Tap nghiém ctia phuong trinh cos2x = —1 1a
A. —km ke B. {—§+kn,keZ}.
T
C. {—5+k2n,kez}. D. {90°+k180°,k € Z}.
Cadu 8. Phuong trinh 2cosx — 1 = 0 ¢6 nghiém la
A x=tZ+R2m ke B. x= £kt ke Z.
C.x:i%—i—Zn,keZ. D.x:i§+k2n,kez.

~ £ . ) < T 5 N
Cdu 9. SO nghiém cua phuong trinh 2 cos (x — 5) = 1 trong khoang (0;7) la

A. 4. B. 1. C. 2. D. 3.
Cadu 10. Phuong trinh sinx — cosx = 1 ¢6 mot nghiém 1a
/4 b4 2n
A, ——. B. —. . —. D.
2 4 €3 g
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4. PHUONG TRINH LUONG GIAC CO BAN \ \
Céu 11. Nghiém cta phuong trinh sin*x —cos*x =0 1a

A. x=m+k2m. B. x=km. C. x:g%—kﬂ?. D. xz%%—k—.

YIS

Cau 12. Xét trén (—m; ), phuong trinh sinx = % ¢6 bao nhiéu nghiém?

A 1. B. 3. C. 2. D. 4.
Cau 13. Cho phuong trinh sin2x = é Goi n 12 s6 cic nghiém ciia phuong trinh trong doan [0;37]
thi gia tri cia n la 2

A. n=28. B. n=5. C. n=6. D. n=2.

Cadu 14. Tinh tong cdc nghiém x € [0;20187] ctia phuong trinh sin2x = 1.
4071315% 40713157 _ 8l41621n D. §— 8141621m

A. S= B. §= 1 C. S — . )
Cdu 15. Tim s6 nghiém thudc khoang (—7; 7r) clia phuong trinh cosx + sin2x = 0
A 1. B. 4. C. 2. D. 3.
Cau 16. Phuong trinh sin5x — sinx = 0 ¢6 bao nhiéu nghiém thudc doan [—20187;20187]?
A. 16145. B. 20181. C. 20179. D. 16144.

Cau 17. Do thi clia cac ham sb y = sinx va y = cosx cat nhau tai bao nhiéu diém c6 hoanh do6 thudc
5w
doan | —2m; > ?

A. 5. B. 6. C. 4. D. 7.
. ) T
Cadu 18. Vai gia tri cia tham s6 m thi phuong trinh cos (x - §> —2m = 0 vo nghiém?

1 1
m< -3 ms -3 m<—1 m< —1
A. . B. . .
m> 1 "> 1 m>1 m>1
2 -2
CaAu 19. Tim tit ci cdc gid tri nguyén ctia tham s& m d€ phuong trinh cos? x = m? —9 ¢6 nghiém.
A. 5. B. 2. C. 1. D. 3.

Cdu 20. Cho van tdc v (cm/s) clia mdt con lac don theo thdi gian ¢ (gidy) dudc cho bdi cong thiic
. TL. ) . ) <. 4 N . , A A 4 ., .12 A
v = —3sin (1 , 5t + E) Xéc dinh cac thoi diém # ma tai do van toc con lac dat gia tri 16n nhat.

St 4xm Tt 4rm
A t=—+— 7. B. t=—+— 7.
t 89 +43k,ke t 49 +43k,ke
T 9 T T
. t=—4+—k kcZ. D.t=—+—k kcZ.
C 9+3 , ke 9+3 , ke
— HET—

TOAN 11 - CANH DIEU 73



e Lue

Chuong 1.

HAM SO LUGNG GIAC VA PHUGNG TRINH LUGNG GIAC 1
Bail. GIA TRI LUONG GIAC CUA GOC LUGNG GIAC 1
A LY THUYET CAN NHO 1
B PHAN LOAI VA PHUONG PHAP GIAI TOAN . . ... ... 4
(= Dang toén 1. D&i don vi gitta do va radian. D6 dai cung tron......... . 4

= Dang toan 2. S6 do ctia géc luong giac. Hé thitc Chasles.............. 6

(= Dang toén 3. Biéu di&n goc lugng giac trén dudng tron lugng gidc....7

(= Dang toan 4. Tinh céc gié tri lugng gidc cia mét géc luong gidc........ 9

(= Dang toan 5. Tinh gid tri clia biéu thiic M lién quan dén cic gia tri

UGN BIAC. 11

(= Dang toan 6. Rit gon biéu thiic, chiing minh d3ng thic.......... 12

= Dang toan 7. Van dung thuc tidn................. 13

C BAITAP TU LUYEN oo 14
D BAITAP TRACNGHIEM . . ... 22
Bai2. CAC PHEP BIEN DOI LUGNG GIAC LUGNG GIAC 31
A LY THUYET CAN NHO 31
B PHAN LOAI VA PHUONG PHAP GIAI TOAN . .. . . . 32
(= Dang toén 1. St dung cbng thiic cng, cdng thiic nhan déi ... . 32

= Dang toan 2. Sir dung cdng thiic bién déi tich thanh téng. ... 34

= Dang toén 3. St dung cong thic bién déi téng thanh tich.......... 35

(= Dang toan 4. Céc bai todn ching minh, rdt gon...................... 36

= Dang toan 5. Van dung thuc ti&n................. 39

C BAITAP TU LUYEN oo 40
D BAITAP TRACNGHIEM . . . . ... 44
Bai3. HAM SO LUQNG GIAC VA DO THI 51
A KIEN THOC CAN NHO . 51
B PHAN LOAI, PHUONG PHAP GIAITOAN . .. ... .. . 52
= Dang todn 1. Tim tap xac dinh clia ham s6 luong gidc......................... 52

= Dang todn 2. Tinh ch3n 1& ctia ham sb............ 53



AN e

ii

o O

DAP AN TRAC NGHIEM CAC CHU D

A
B
C
D

TOAN 11 = CANH DIEU

(= Dang toan 3. Tim gid tri 16n nhit - gia tri nho nht 54
BAI TAP TU LUYEN ..o 55
BAI TAP TRAC NGHIEM 57
PHUGNG TRINH LUGNG GIAC CG BAN 62
KIEN THUC CAN NHO . 62
PHAN LOAI, PHUGNG PHAP GIAI TOAN ..o 64
(= Dang toan 1. Gidi cic phuong trinh lugng gidc co ban.............. 64
(= Dang toan 2. Gidi cic phuong trinh luong gidc dang mé rong........ 64
(= Dang toan 3. Van dung thuc ti8n. ... 65
BAI TAP TU LUYEN ..o 67
BAI TAP TRAC NGHIEM . 71

.
3
=)

DAP AN TRAC NGHIEM BAI 1. 76
DAP AN TRAC NGHIEM BAI 2. 76
DAP AN TRAC NGHIEM BAI3. 76
DAP AN TRAC NGHIEM BAI 4. 76




- // GW%/

HAM SO LUONG GIAC VA PHUONG
TRINH LUONG GIAC

1. GIA TRI LUONG GIAC CUA GOC LUONG GIAC

LY THUYET CAN NHO

B8 cocLUoNG GIAC

¥ Géc lugng gidc va so do cha goc lugng giac: Trong mit phang, cho hai tia Ou, Ov. Xét tia
Om ciing nam trong mit phang nay.

Ghi nhé 1:

e Néu tia Om quay quanh diém O, theo mot chiéu nhat dinh tit Ou dén Ov, thi ta néi n6 quét
mot goc lugng gidc véi tia dau Ou, tia cudi Ov va ki hiéu 1a (Ou,Ov).

Ghi nhé 2:

e Khi tia Om quay mot géc a°, ta néi sb do cta géc lugng gidc (Ou,Ov) biang a°, ki hiéu
sd(Ou,Ov) = a° hoac (Ou,0v) = a°.

e Mbi géc lugng gidc gbe O dude xac dinh béi tia dau Ou, tia cudi Ov va s6 do o° ctia n.
m

som
sd(Ou,Ov) = 360°

sd(Ou,Ov) = 405°

sd(Ou, Ov) = —540°

e Sb do cia cac goc luong gidc c6 cung tia ddu Ou va tia cudi Ov sai khac nhau mot boi
nguyén ctia 360° nén c6 cong thiic tdng quat 1a

sd(Ou,0v) = a° + k360°, véi k € Z
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
{3 Heé thifc Chasles: Véi ba tia Ou, Ov, Ow bat ki, ta c6

sd(Ou,Ov) +sd(Ov,Ow) = sd(Ou,Ow) +k360° véi k € Z.

PON VI PO GOC VA PO DAI CUNG TRON

{3 Don vi do gbc va cung tron
e Don vi d6 (°): Chia dudng tron thanh 360 cung tron bang nhau thi géc & tim chin bdi cung
d6 sé c6 sd dola1°.
e Don vi radian (rad): Trén dudng tron, néu mot cung tron cé dd dai bang ban kinh thi ta néi
cung d6 c6 sd do 1a 1 rad. Khi d6, géc & tim chin cung dé ciing c¢6 s6 do 1 rad.
Khi viét s6 do mét goc theo don vi rad, ta thuong khong viét chit rad sau sé do. Chdng
T e . . T
han goc > ta hiéu la goc > rad.
e Mai lién hé gitta d6 va radian: D6 dai dudng tron 13 2R nén c6 sd do 1a 27 rad tuong ing
v6i 360°. Suy ra

180\°
IOZKnOrad va lrad:<7r)

{3 D6 dai cung tron: Mot cung ciia dudng tron ban kinh R c6 s6 do o rad thi s& c6 do dai 1a
| =Ra.

GIA TRI LUGNG GIAC CUA MOT GOC LUGNG GIAC

{3 Dudng tron lugng giac:

e Trong mit phang toa dod, dudng tron tim O ban kinh 1, y
cung véi gbc A(1;0) va chiéu quay duong (nhu quy uéc) B
goi la duong tron lugng giac.

e Cho gbc luong gidc sb do o. Trén dudng tron luong gidc, o \+
ton tai duy nhit di€ém M sao cho goc lugng gidc (OA, OM) N
bing o (hinh bén). Khi d6, M goi 1a diém biéu dién cia A’ o
gbc ¢6 s6 do a trén dudng tron luong gidc.

{3 Cac gia tri ludng giac cua gbc ludng giac
Ghi nhé 1:  Gid st M(xg;yo) trén dudng tron lugng giac bi€u dién cho goc lugng gidc ¢o
s6 do a.

® Tung dd yo ctia diém M goi la sin clia o va ki

hiéu la sin &, hay sina = yy.

@ Hoanh dd x( clia di€m M goi la cdsin cia a va M
ki hi€u la cos &, hay cos o0 = xy.

y
B
‘ Yo
I o
Al N A
X0 O

sin o
@ tana =

, V6i cosa # 0.
cos o

@ cota =

oso . .
e v6i sina # 0.
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1. clA TR LUONG GlAC cUA coc LonG clAc | UGN

Ghi nhé 2: Ta c6 cac két qua sau dudc suy ra tif dinh nghia
@ Vi—1<xp;y0 <1nén

—1<sina <1, —-1<cosa<]l.

@ sino va cos @ xac dinh v6i moi & € R. Hon nita, Vk € Z ta co

sin (o +k27m) =sina ;  cos(a +k2mw) =cos .

T
@ tana xac dinh véi moi o # > +km(k € Z); cotae xac dinh v6i moi o #
km (k € Z) va

tan (@ +km) =tana ; cot(a+kmw)=cota.

B8 QuAN HE GITA CAC GIA TRI LUGNG GIAC

{3} Cong thitc luang gidc ca ban: D6 véi cc gia tri lugng gidc, ta cé cac hing dang thifc sau

’

1 b
@ sina+costa=1. @ l+tan’o = 5 , VOl o0 # — +km.
CcoS* O 2

1 km
@ 1+cot?a=— 5—, VOi & # k. @ tano-coto =1, véi o #= —.
sin” o 2

\

{3} Gia tri lwgng giac clia cac géc cé lien quan diac biét:

Géc d6i nhau: | o va —o | tuong tng v6i hai di€ém "dai dién" 1a diém M va diém M’. Mubn so
sanh sin, ta so sanh tung do; mudn so sanh cos, ta so sanh hoanh do. Hinh vé bén, hai diém M va
M’ d6i xting nhau qua truc hoanh nén ta c6 két qué sau:

Goéc bu nhau: Hinh vé bén, hai diém M va M’ dbi xting nhau qua truc tung nén ta
c6 ket qua sau:

e cos(m—a)=—coso
e sin(T— o) =sina
e tan(T— ) = —tan S
e cot(m—a)=—cote
B
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Goc hon kém x: Hinh vé& bén, hai diém M va M’ d6i xting nhau qua gbc O nén ta
c6 két qua sau:

e cos(a+m)=—cos
e sin(a@+7m)=—sina
e tan (0 + ) =tano

(o +7)

e cot(+ ) =cota

T
G6c phu nhau: |o va 5~ a

nhau nén ta c6 ket qua sau:

T :
® CoOS|-—O)=snx

2 y )
. sin(ﬁ—a>:cosa —. M
2 _/ :_\_ M
T -
otan(——a):cota @ X
2 Al 0 A
cot (ﬂ OC) tan o
[ ) _—— =
2
Bl
Y PHAN LOAI VA PHUONG PHAP GIAI TOAN
DT lol Pdi don vi gitra d6 va radian. D6 dai cung tron
@ St dung cong thiic chuyén ddi gitta s6 do do va sb do radian:
ox 180\ °
1 —@rad L] 1rad—(7) .
@ Xét dudng tron c6 ban kinh R.
e Cung tron ¢6 s6 do a (0 < a < 27) thi c6 do dai 1a [ = Ra.
) T
e Cung tron c6 s0 do a° (0 < a <360) thicododailal = %.R.
=Vidu 1. Dai s6 do cta cic goc sau ra radian.
a) 72°% b) 600°; c) —37°45'30".
o Loi gidi.
T
Vil = @rad nén
T 2
72°=72 — = —
* 180 5
107

° —600. & - F
e 600°=600- o0 =—
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

45\° ° /4531\° 4531
. —37045’30"=—37°—(—5) —( 50 ) :( >3 ) _A8L T 0.6587.

60 60 - 60 120 120 180
M
=Vidu 2. Ddi s6 do cta cdc gic sau ra do.
5w 3r
—; —; —4,
a) g b) = ¢)
® Loi gidi.
Vi lrad = (@) nén
T
St (57: 180)o ero
*w o\ ) Y
3n (37: 180)°
—=|—-—] =108".
*5 s &
1 [¢]
o 4=— (4~ ﬁ) ~ —2260°48'.
T
Ml
=Vidu 3. Mot dudng tron c6 ban kinh 36 m. Tim do dai cla cung, biét sé do tuong ting
3r 1
i b) 51° —
a) )5 9) 3
® Loi gidi.
Theo cong thic tinh do dai cung trontaco [ = Ra = %.R nén
, 3n
a) Tacol:Roc:36-T =271m ~ 84,8m
i na w51 S5ir
, 1
c) Tacol:Roc:36-§= 12 m.
-

— ’ 9. , ~ A <. ~ , , A 1 ° « A A N K , N
=Vidu4. Mot hai 1i 1a @6 dai cung tron xich dao c6 so do (@) = 1’. Biét do dai xich dao 1a
40.000 km, hoi mot hai 1i dai bao nhiéu km?

® Loi gidi.
) . < orea ass s 40000 LN .
Ta c6 tuong ting 1° s€ c6 chicu dai la 360 suy ra 0 s€ co chiéu dai tuong Ung
40000 1
———.— ~1,852km.
360 60 - Bk
Vay 1 hai 1i dai 1,852 km. O
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

DT 'e' $6 do clia géc lvong gidc. Hé thirc Chasles

e Khi xdc dinh sb do ctia géc ludng gidc, ta cin chi y dén chiéu quay (chiéu duong ngugc kim
dong hd, chiéu am cung kim dong ho). Tir d6 xac dinh chinh xéc sb do cta géc luong gidc
(Ou,0v).

o Gid st ° 1a mot s6 do clia goc lugng gidc (Ou, Ov). Suy ra s do cac goc luong gidc ¢ cuing
tia dau Ou, tia cudi Ov c¢6 dang a° + k- 360°, véi k € Z.

e Hg thiic Chasles: sd(Ov, Ow) = sd(Ou,Ow) — sd(Ou,Ov) +k360° véi k € Z.

=Vidu 5. Xdc dinh s6 do clia géc lugng gidc (Ou, Ov) dugc bi€u dién trong hinh bén dudi.

o @

® Loi gidi.
a) 90°. b) —630°. ¢) 810°.

<

b)

M1

=Vidu6. Cho MON = 45°. Xac dinh sb do cia cic goc luong gidc dudc biéu dién trong hinh bén
duéi va viét cong thiic t6ng quat cta sd do goc lugng gidc (OM, ON).

N N N
‘ 45 A&\
A
0 M M M
a) b) c)
® Loi gidi.
a) 45°. b) —315°. c) 405°.
1
=Vidu?7.
Xéc dinh s6 do céc goc lugng gidc (Ou,0v), (Ov,0m) va (Ou,0Om) m
dudc minh hoa & hinh bén.
135°
55°
0 u
® Loi gidi.
e (Ou,0v)=135°. e (Ov,0Om)= —80°. e (Ou,0Om)=415°.
U
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \
=Vidu 8. Hay biéu dién trén mit phang goc lugng gidc trong mdi trudng hgp sau:
a) Goc luong gidc gbc O c6 tia dau Ou, tia cudi Ov va c6 sb do 510°;

. . A s - N . % N m
b) Goc lugng giac goc O c¢o tia dau Ou, tia cuoi Ov va c6 so do r

® Loi gidi.

150°

o

a) Ta c6 510° = 360° 4 150°. Géc lugng gidc gbc O c6 tia dau Ou, tia cudi Ov va c6 s6 do 510°
dugc bicu dién & hinh 1,

m /4 £ 5 . . i
b) Tacé — = —TT+ (_E> Goc lugng giac goc O co6 tia dau Ou, tia cudi Ov va ¢ so do e

ducc biéu dién & hinh 2.

1

— , ., - A N 37r ~ ., 2 A N Sjt
=Vidu9. Cho goc lugng giac (Ou,Ov) c6 so do la &% lugng giac (Ou,Ow) c6 so do la R

Tim s6 do céc goc lugng gidc (Ov, Ow).
® Loi gidi.

Theo hé thic Chasles, ta co:

(Ov,0Ow) =(0Ou,0w) — (Ou,Ov) +k2n

St 37w T
—T—T+k2ﬂ—§+k2ﬂ' (kEZ)

DT Iel Biéu dién géc lvong gidc trén dudng trdn luong gidc

Chon gbc A (1;0) lam diém dau. D€ biéu dién goc lugng giac c6 s6 do a trén dudng tron lugng

gidc ta can chon diém cubi M trén dudng tron lugng gidc sao cho (OA,OM) = «.

A Néu \a| > 27 ta phan tich o0 = B + k27, véi —1 < B < 7. Khi d6, ta chi cdn xdc dinh diém
cudi M trén duong tron lugng gidc sao cho (OA,OM) = 3.

=Vidu 10. Biéu dién céc goc (cung) lugng gidc trén dudng tron lugng gidc c6 sd do sau

/4 11z
Z; —=—==, 120°; ~765°.
a) 7 b) 7 c) 120°%; d) 65
o Loi gidi.
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

T
4 1 s
a) Taco 4 _ _ Tachia duong tron thanh tdm phan bang M,
h 27 8 M,
nhau.

. 7 o A N A A * X ¢ 2 2z A ﬂ
Khi d6 diém M, la diém biéu dién baéi goc co so do 1

Iz T o o 4x
b) Ta c6 =5t (—3) - 27 do d6 diém biéu dién A’ A X

e I N v . T
bdi goc - trung véi goc —5
Khi d6 di€ém B’ 1a diém biéu dién bsi goc c6 sd do
Iz B
5

120 1 L
c) Taco 360 — 3 Ta chia duong tron thanh ba phan bang nhau.

Khi d6 diém M, 1a diém biéu dién bdi goc c6 sd do 120°.

d) Taco —765° = —45° + (—2)-360° do d6 diém bi€u dién bdi goc —765° trung véi goc —45°.

Hon ntta 3608 Ta chia duding tron lam tdm phan bang nhau (chi y géc am ).

Khi d6 diém M3 (diém chinh giita cung nhé AB’ ) 1a diém biéu dién bdi goc c6 s6 do —765°.

[
=Vidu 11. Trén dudng tron lugng gidc, biéu dién cac géc lugng gidc c6 sb do sau (v6i k 1a sb
nguyén tuy y).

T
a) x1 = km; b) x2:§+kn’.
® Loi gidi.
y
) k27w
a) Tacox; = - do do6 ¢6 hai diém biéu dién bdi goc co B
2 M
s0 do dang x| = km. V6i
o k=0= x; =0 dudc biéu dién bdi di€m A.
e k= 1= x; = 7 dudc bi€u dién bdi B. Al A X
T 2km R T
b) Ta cé xp, = 3 + — do d6 c¢6 hai diém bi€u dién bdi
. /4
g6c ¢6 s0 do dang xp = 3 +km. Véi N B

o k=0=x)= g dude bidu dién bdi M.

4 oo
o k=1=x= ?” dugc bidu dién bai N.

8 TOAN 11 — CANH DIEU



1. GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

\ \

DT 'o' Tinh cdc gid tri lwong gidc clia mdt géc luvong gide

{3 Phuong phap: St dung nhém cong thic lién hé gitta cic gid tri luong gidc dé tinh toan.

{3 Cha y:
Néu dé bai c6 gidi han mién ciia géc «, thi ta cin xem trén
mién d6, céc ti sd luong gidc tuong ting sé mang dau nhu
thé nao. Cu thé:

Go6c phan tu
Giatrilugnggiac | I | II | IIT | IV
sinQ + | + | — —
cos o + | — | - +
tan o + | = | + -
coto + | = | + —
— o . 2017
=Vidu 12. Tinh céc gia tri lugng gidc cia goc o = 3 ﬂ.
® Loi gidi.
2017 =® /4
Ta co: =—-+4672n == —+336-2m, suyra
3 3 3
cos (20177:) s F ] g 2017E _ L ® V3
L4 - -_ = —. [ 1 =SIn—= ——.
3 3 2 3 3 2
2017x /4 2017w 1
e tan 3 :tan§:\/§ e cCot 3 :ﬁ

=Vidu 13. Tinh céc gid tri lugng gidc (néu c6) ctia mdi gbc lugng gidc sau

T 37 T
— 27, - 27, — .
a) 3 +k2r b) 1 + k27 c) 2—|—k7r

® Loi gidi.

=Vidu 14. Tinh céc gid tri lugng gidc con lai clia géc «, biét

1 2 3
@) sin@ = 3 i 90° < @ < 180% b) sina:—gvéﬂ<a<7ﬂ.
3 4 3
c) cosa=§vé10<a<g. d)cosazgvég<a<2n.
o Loi gidi.
1 8 22
a) Tacécoszoc:l—sinza:1—§:§:>cosa::|:T\/_.
242
Do 90° < ¢ < 180° nén cos & < 0, suy racos = —%_
tan o sin o 1
o tano = = — .
cos o 24/2
1
e coto = = —22.
tan o

TOAN 11 — CANH DIEU



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

4 5 5
b) Tacécoszazl—sinzoc:1—§:§:>cosa:i§.
it V5
Do7t<oc<7nencosa<0,suyracosa:—7
ana sin o 2
[ ] = el
cost /35
V5
e cota = = —.
tan 2
c) Tac()sinzazl—coszaz1——=—6:sinoc:i—
25 25 5

v/ . .
D00<OC<Enénsma>0,suyrasmoc:§

sinox 3
e tano = = —,
cosaa 4
4
e cota = = —,
tanoe 3
16 9
d) Tacésifa=1—cos?ot=1—— = — =sina = +=.
) ac;)sm CcoS 75 =15 sin 5
T
Do—<Ot<27rnénsinoc<O,suyrasina:—§
sinQ 4
e tano = = ——.
cos o 3
cota 3
[ ] = = ——,
tan o 4

=Vidu 15. Tinh céc gid tri lugng gidc con lai cla goc «, biét

3w T
a) tanoc:2va7r<oc<7; b) tana:\/§V210<Ot<§;
¢) sinax =0,8 vatana < 0. d) cosa =0,8 vatana 4 cotor > 0.
® Loi gidi.
1 1 V5
a) Tacécos’q = ————— = — = cosq = +—.
) l+tanax 5 5
3t V5
Do7r<oc<7nencosoc<0, suyracosa:—?.
sin o . 25
e tanx = =sin@ =tano-cosot = ————.
cos o 5
e cota = =2
tan o
b) Tacécosza—;—licosoc—i—
~ 1+tan?a 4 B 21'
/4
D00<Oc<Enéncosa>0,suyracosoc:§.
V3

[0/ .
= SsIo =tan o -cosq =
cosa

10 TOAN 11 — CANH DIEU
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

1

e cota = = .
tana /3

¢) Tacécos®o=1—sin>a=1—(0.8)%=0.36 = cosa = +0.6.
Dotana <O vasina =0.8 > 0nén cosa <0, suy racosox = —0.6

sin & 4

e tano = = ——.
cos o 3

1 3

e cota = = ——,
tan o 4

d) Tacésina=1—cos>a =1—(0.8)>=0.36 = sina = +0.6.
Do tan & +cot o > 0 nén sin & va cos & cung diu, suy ra sina > 0. Vay, sino = 0.6

sinat 3
e tanX = = -
cosot 4
4
e cotxX = = —.
tanoe 3
O
DT Iel Tinh gié tri cta bidu thirc M lién quan dén céc gid tri lwvong gidic
{3 Hudng 1:
e T ti s6 lugng gidc da cho, ta tinh todn cac gid tri lugng gidc c6 trong biéu thic M.
e Thay tAt ca gid tri vita tim dudc vio M, suy ra két qua.
{3 Huéng 2:
e Bién ddi biéu thifc M vé ti s6 luong gidc da cho.
e Thay két qua vao M, suy ra két qua.
= s 3. .7 .
=Vidu16. Chocosa = —3 VOl > < a < 7. Tinh gia tri cua biéu thiic M = 3sina +2cos a.
o Loi gidi.
9 16
Tacosin®a=1—cos’qd=1——=— =sina ==+—.
a c6 sin 7% =5 . 5
T
Do > <o <mnénsino >0,suyrasine = —.
4 3 6
Tu do, ta tinh dudc M = 3sinx +2cosax = 3 - 5 +2- <—§) =3 (]
=Vidu 17. Cho tan o = 2. Tinh gi tri biéu thitc M = cos® « — sin’ .
® Loi gidi.
» . cos? o — sin® @ P x )
Ta bién doi M = —— Chia ca tu va mau cho cos” o ta dugc
cos? @ +sin” @
1 —tan’ 1-4 3
= =>M=—=——.
1 +tan? @ 1+4 5
-

2sino —3cos
5sinda+cos3a’

=Vidu 18. Cho cota = 3. Tinh gia tri biéu thic M =

TOAN 11 — CANH DIEU 11



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
® Loi gidi.
Ta co
2sint —3cos

5sin® a +cos3 o

1 1
2 ( ) —3cota < )
sin? o sin? o

5+cot?
B —3cot’ +2cot> @ — 3cot o +2
N 5+cot
35
16
Ml
— v <A . 1 - .z . [N b2 7[
=Vidu 19. Biétsinx = 3 Tinh gia tri biéu thic A = cos (5 +x> +cos (2 — x) +cos (37 +x).
® Loi gidi.
T .
cos (5 +x> = —sinx |
Taco < .os (27 —x) = cosx = A = —sinx+cosx —cosx = —sinx = —3 ([l

cos (3w +x) = —cosx
=Vidu 20. Tinh gia tri ciia bi€u thiic B = c0s20° + cos40° + cos 60° + ... + cos 180°.
® Loi gidi.
Ta c6 cos (180° —x) = —cosx = cosx+cos (180° —x) = 0.
c0s20° +cos 160° =0
cos40° + cos 140° =0
= o o = B =c0s90° +-cos 180° = —1. O
cos60” +cos120° =0
cos80° +cos 100° =0

DT IG' RGt gon biéu thirc, chirng minh déng thirc

=Vidu 21. Rut gon cic biéu thic sau:

) ) 2sin®a — 1
a) A = sin® o +sin® otan® ot; b) B=— - ;
sin” o0 — sin ot cos o
. . 1—cosa 1
c) C= 51n2acosza+cos2a+sm4a; d) D=— 5 — ;
sin” o I+cosa
® Loi gidi.
. . . . ) 1
a) Taco: A = sin® o + sin® atan? @ = sin’ @ (1+tan® o) = sin® ot - = tan? Q.
cos? o
2sinfa—1 2sin® o — (sin @ +cos? @)  sina+cosa
b) B=—— ; = - : = - = 1+4cota.
sin“ o — sin ot cos o sina (sino — cos @) sin o

c) C:sinza(l—sinza)+cos2a~|—sin4(x:sinza—sin4oc+coszo£—|—sin4oc: 1.

1—coso 1 B 1 1 B
l—cos2a0 1+4cosa 1+4+cosox 1+4+cosa
12 TOAN 11— CANH DIEU
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1. GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

.
— .. 2+sin’a
=Vidu 22. Ching minh réngﬂ%zﬁanzaﬁ-l
I —sin“ o
o Loi gidi.
24sin?a 2+sin’
Ta co: s cTSmo +tan® o = 24 2tan” o + tan? o = 3tan’ o + 2. U
1—sin2ae  cos?a  cosla
=Vidu23. Cho A,B,C la cic gic clia tam gidc. Ching minh céc dang thic sau:
a) sin(A+B) =sinC. b) cos(A+B)+cosC = 0.
A+B C
c) sin i = c0s 5. d) tan(A—B+C) = —tan2B.
o Loi gidi.
Do A, B, C la cac géc cua tam giac néntac6 A+ B+ C = 180°.
a) TacoA+B+C=180°=A+B=180°—-C.
Tit d6 suy ra sin (A + B) = sin(180° —C) = sinC.
b) TacoA+B+C=180°<A+B=180°—-C.
Tit d6 suy ra cos (A + B) = cos (180° — C) = —cosC = cos (A + B) +cosC = 0.
A+B 180°—-C C
¢c) TacoA+B+C=180° < + = :900—5.
A+B C C
Tur do6 suy ra sin ;— :sin<90°—§) :cosz.
d) Tacotan(A—B+C) =tan(A+B+C —2B) = tan(180° — 2B) = —tan2B.
0]

DT' : Véan dung thuc tién

=Vidu 24. Kim phit va kim gid ctia ddong ho 16n Buu dién Ha Noi theo thd ty dai 1,75 mét va 1,26
mét. Hoi trong 15 phuit, mii kim phut va kim git vach dudc cung tron c6 do dai bang bao nhiéu mét?
® Loi gidi.
) . T

Trong 15 phut kim gid vach dugc mot cung tron c6 sO do bang 7 va kim phut vach dugc mdt cung

) . T
tron c6 so do bang >

r 2z

Trong 15 phut kim gi6 vach dudc cung tron c6 do dai bﬁng 1,26- 24 = 200 ~ 0,16 m.

. T In
Trong 15 phut kim phut vach dudc cung tron c6 d6 dai bang 1,75 - =% ~ 2,75 m. ]

=Vidu 25. Mot vé tinh dugdc dinh vj tai vi tri A trong khdng gian. Tu vi tri A, vé tinh bat dau chuyén
dong quanh Trdi Dét theo quy dao 1a dudng tron v6i tam 14 tim O cuia Trai DAt, ban kinh 9000 km.
Biét rang vé tinh chuyén dong hét mot vong clia quy dao trong 2 h.

a) Hay tinh quang dudng vé tinh da chuyén dong dugc sau: 1 h; 3 h; 5 h.

b) Vé tinh chuyén dong dudc quing dudng 200000 km sau bao nhiéu git (lam tron két qua dén
hang don vi)?

TOAN 11 — CANH DIEU 13




WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
® Loi gidi.
Trong 2 h, vé tinh chuyén dong hét 1 vong quy dao c6 do dai 1a 27 - 9000 = 180007 km. Suy ra
a) Quang dudng vé tinh chuyén dong sau 1h 1a 90007 km.

Quing dudng vé tinh chuyén dong sau 3h 1a 90007 - 3 = 270007 km.
Quing dudng vé tinh chuyén dong sau 1h 1a 90007 - 5 = 450007 km.

b) Veé tinh chuyén dong dudc quing dudng 200000 km thi s& mat

200000
90007

~ 7 gio

1

=Vidu 26. Huyét ap cia mbi ngudi thay dSi trong ngay. Gia st huyét 4p tam truong (tic 1a dp luc
mdu 1én thanh dong mach khi tim giin ra) cia mot ngudi nao do & trang thai nghi ngoi tai thoi diém ¢
dudc cho bdi cong thiic:

Tt
=80+ 7sin —
B(t) = 80+ 7sin B

trong d6 ¢ 12 s6 gid tinh tir ldc nita dém va B(¢) tinh bang mmHg (milimét thuy ngan). Tim huyét 4p
tdm truong clia ngudi ndy vao céc thdi diém sau:

a) 6 gio sang; b) 10 gio 30 phut sang;
c) 12 gid trua; d) 8 gio ti.
® Loi gidi.
a) t =6, suy ra B=87mmHg. b) t =10,5, suy ra B = 82,68 mmHg.
c) t =12, suy ra B=80mmHg. d) + =20, suyra B =73,94mmHg.

IS BAITAPTU LUYEN

o Cho MON = 60°. Xéc dinh so do clia cdc goc lugng giac dude biéu dién trong hinh bén dudi va
viét cong thiic tdng quat cta sd do goc lugng gidc (OM, ON).

N N N

& &\

a O M b) )

e Tinh do dai cung tron trong céc trudng hgp sau
a) Pudng tron ¢ ban kinh R = 5 va cung ¢6 sb do 72°.
b) Pudng tron ¢ ban kinh R = 18 va cung ¢6 s6 do 150°.
® Loi gidi.

-T2
a) l——-5:27t.
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

m-150

b =70

-18 = 15m.

o Biéu dién géc luong gidc trén dudng tron lugng gidc c¢6 sb do nhu sau:

9
a) T”. b) —765°. ) x=kn,véik € Z.

® Loi gidi.
a)
P 97r T ~ - R - R - X .,
Taco 2 =2 +2-2x. Do d6 diém biéu dien cung lugng giac
97.[ . A A « X ., 7[
T trung v6i diém bi€u dieén cung lugng gidc 1

A 3R A o T oo e . . ,
Viy diém cuoi cua cung T la diém chinh gitta M cua cung

nho Af]\B.

pan
N

b)

Ta c6 —765° = —45° —2-360°. Do d6 diém biéu dién cung

lugng gidc —765° trung v6i diém bi€u dién cung lugng giac
1 L

—45°. Lai c6 —— = —. Ta chia duong tron thanh 8 phan bang

360 8
nhau.

/
Khi d6 diém M biéu dién gbc 6 sb do —765°. A A

x

-
N

c)

k2m o 1o 1x .
Tacox=km = - Vay c6 2 diém biéu dién cung lugng giac

cé sb do k.

e V6i k=0, x =0, dudc biéu dién bdi diém A.

Y
0
y

0

y

o

B
B e . e , A//\A
e V6i k=1, x=r, dugc biéu dién bsi diém A’. \‘J X
B/

]

2971. 22.6717.4171'

o Cho goc lugng giac (Ou, Ov) c6 so do —= Trong cac sO — ——, nhiing s0 nao la

707777
s6 do ctia mot goc lugng gidc c6 cling tia dau, tia cudi v6i goc da cho?
® Loi gidi.
291 T 22 T 67 T 417 T
s B (D)= a2 () -oan G (D) e - ()-
a6 —— 5 (=2)-2xm 5 5 T, 5 Tva— 5
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

3-2m.

. 297 41rx ‘
Hai géc c6 ciing tia dau, tia cudi thi sai khac nhau mot boi clia 277 nén cic sb —T, — a so
do ctia mot géc luong gidc ¢6 cling tia dau, tia cudi véi goc da cho. U

o . . ., A 1 397[ « mit
Hai goc lugng giac c6 so do — va 'y (m 12 s6 nguyén ) c6 thé cling tia dau, tia cudi dudc
khong?
® Loi gidi.
T 397

Gia st hai goc c6 cung tia dau, tia cudi khi d6 % - = k2w, k € Z.

351
Hay 7m—9-39=9-7-k2 < 7(m— 18k) :351@m—18k:TV6ik,m€Z.

Vi vé trai 1a mot sd nguyén, vé phai 1 s thap phan nén dan tdi vo 1i.
397 T ) o \ )
Vay hai goc luong giac — va % (m 1a so0 nguyén ) khong thé cung tia dau, tia cuoi. U
O Cho mot géc lugng gidc (Ox, Ou) c6 sb do —270° va mot géc lugng gidc (Ox, Ov) c6 sb do 135°.
Tinh s do cta céac goc lugng gidc (Ou, Ov).
® Loi gidi.
S6 do ctia cac goc luong gidc tia dau Ou, tia cubi Ov 1a
s@(0u, Ov) = sd(Ox,0v) — sd(Ox, Ou) + k360°
= 135° — (—270°) + k360° = 405° + k360°
=45°+ (k+1)360° = 45°+m360°(m =k+1,m € Z).

Vay cdc géc lugng gidc (Ou, Ov) c6 s6 do 1a 45° +m360°(m € 7). O
(7) 12 .« R
Cho cosa = T va ) < o < «. Tinh sin & va tan c.
® Loi giéi.
. 5
144 25 SIn@ =13
T oa=1- o=1——= = .
a c6 sin? cos? 165 — 169 ' 5
sino = T3

T

DOE <oc<7rnénsinoc>0,d0désinoc:E.
5

Tudotacodtanox = 1 J

12 .«
0 Cho sina = - va ) < o < &. Tinh cac gia tri lugng giac con lai cua géc o.

PLbigiéi.
T: a=1 oa=1 144 25:> o= is
acocosla=1—sinlo¢=1—— = — = cos —
169 169 s 13
D0§<(x<7rnencosa<0suyracosa——B
sin & 12
e tano = = ——.
cos o 5
o 1 5
e cota = = ——.
tan o 12
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

o Chotanax=3vaa e <7r; 7) Tinh céc gia tri lugng giac con lai cua goc a.

® Loi gidi.
1 1 V10
Tacédcos’ = ———5— = — = cosOl = +———.
a co cos Tala 10 cos 0
3r\ . V10
Do c (m;— |néncosa <0,suyracos@ = ———.
2 10
sinQ ) 3v10
e tano = :>smoc:tanoc-cosoc:—1—0.
1 V10
e cota = =— .
tan o 3
]
(10 YRR kw oo
Bi€u dién cac cung lugng giac c¢6 so do x = > vGi k 1a sO nguyén tuy y.
@ Loi gidi.
kr k2w e x gex ..
Tacox= > = Viy c6 4 diém biéu dién cung lugng giac y,
c6 sb do kE. B
2
e Véi k=0, x; = 0, dudc biéu dién bsi diém A. A A
ﬂ 2 x 2
* V6ik=1,x =, duge biéu dién bdi diém B. 0 *
o V6i k=2, x3 = 7, dugc biéu dién bdi diém A’ /
B
x 3r -2 - X e 3e 0 /
e VGik=3x4= DR dudc biéu dien bdi diem B'.
O
m Cho tam gidc ABC, chiing minh ring sin(A + B+ 2C) = —sinC.
@ Loi gidi.
Tac6A+B+C=180°=A+B+2C=180"+C.
= sin(A+ B+ 2C) = sin(180° +C) = —sinC. O

@ Bénh xe cua ngudi di xe dap quay dugc 11 vong trong 5 gidy.
a) Tinh gbc (theo do va radian) ma banh xe quay dugc trong 1 gidy.

b) Tinh quing dudng ma ngudi di xe da di dudc trong 1 phiit, biét rang dudng kinh banh xe
dap 1a 680 mm.

@ Loi gidi.
A s 11 L .. . 22m
a) Trong 1 gidy, banh xe quay dugc 5 vong, tuc la quay dugc mot goc 5 (rad) hay 792°.

22
b) Trong 1 phut, banh xe lan dugc [ = 340 - Tn -60 ~ 281,990 (mm) ~ 282 (m).
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

@ Trong Hinh bén, vi tri cabin ma Binh va
Cudng ngdi trén vong quay dudc danh dau
v6i diém B va C.

a) Chiing minh ring chiéu cao tit diém B
dén mit dat bing (13 + 10sin ) mét vé6i
o 12 56 do ctia mot goc luong gidc tia dau
OA, tia cubi OB. Tinh d0 cao cta diém B
so v6i mit dat khi oo = —30°.

b) Khi diém B cich mit dit 4 m thi diém
C cach mit d4t bao nhiéu mét? Lam tron
két qua dén hang phan trim.

h=13m

Mit dat
® Loi gidi.
L]
m Bénh xe c6 dudng kinh (tinh ca 16p) 1a 55 cm. Néu xe chay vé6i van tdc 40 km/h thi trong mot
gidy banh xe quay dudc bao nhiéu vong?
® Loi gidi.
Chu vi ctia banh xe bing 557 cm.
40-10° 10000

’ ) 9' 557[ 99”

@ Rut gon cac bi€u thic sau: (khéng con cdn thiic)

11— 1
a) A= cost _ —|—cosx; b) B=+/1—cot2x-sin®x+ 1.
1 +cosx 1 —cosx
® Loi gidi.
a) Tacod
| 1—cos’x l—cos’x  |[sinx| | sinx|
(1+ cosx)? (1—cosx)? [l+cosx| [l —cosx|
| sinx| |sinx|  |sinx|-[(1 —cosx)— (14 cosx)]
~ l+cosx 1-—cosx (1 +cosx) (1 —cosx)
_ —|sinx|-2cosx | —2cotx Kkhisinx >0
B sin’x | 2cotx khi sinx < 0.
b) Tacod
2
B= \/1 - c<.)s2x sinx+1=+1—cos2x+1
sin” x
) sinx+ 1 khi sinx > 0
= [sinx|+ 1 = ) o
—sinx+ 1 khisinx <O0.

@ Tinh gi4 tri cdc biéu thiic sau:
a) A = sin®10° 4 sin?20° + - - - + sin® 170° + sin® 180°.
b) B=tan10°.tan20°...tan80°.
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¢) C=cot20°+cot40° +---+cot 140° + cot 160°.
® Loi gidi.
a) Ta c6 sin10° = sin170°, sin20° = sin160°,..., suy ra C = 2(sin2 10° + sin®20° + --- +

sin? 800) + sin®90°. Mt khéc ta c6 sin80° = cos 10°, sin70° = c0s20°,..., c¢6 4 cip nhu
vay nén ta tinh dugc A = 5.

b) tan10° = cot80°, tan20° = cot70°, tan30° = cot60°, tan40° = cot50°. Do do, ta tinh ducc
B=1.

c) cot20° = —cot160°, cot40° = —cot 140°,... nén ta tinh dugc C = 0.

[
m Rut gon cdc biéu thic sau:
1 —sin® o0 - cos® o . .
a) E= 3 —cos’ «; b) F =2(sin*x + cos*x) + 4sin’ xcos’x.
cos’
® Loi gidi.
a) E=—— —sina —cos?a = 1 +tan? ot — 1 = tan? .
cos?
b) Tacd
e sin*x+cos*x = (sin?x 4 cos?x)? — 2sin? xcos?x = 1 — 2sin® xcos x;
_ ) 2 ) 2,
e Suyra F =2|1—2sin“xcos x} +4sin“xcos“x =2
[

@ Riit gon céc biéu thiic sau (gid si cdc biéu thiic sau déu co nghia).

a) A =cos(5m—x)—sin (377r +x) +tan<3—n —x) +cot (3w —x);

2
b) B=v2— ! \/ ! + ! VO T < x <2,
B sin(x+20137w) V 1+4cosx 1—cosx '
® Loi gidi.
a) Taco cos(5m—x) =cos(mT—x+2-27m) = cos (T —x) = —cosx;
sin 37r+ )—sin(ﬂ-l—n—i— )— sin<ﬂ+ >— COSX;
I S tx) = S tx) = x;
an (2 ) = (4 % ) —an (F ) = eot
an| —-—x)=ta 5 —X) =tan( —x) = cotx;
cot (31 —x) = cot(—x) = —cotx;

Suy ra A = —cosx — (—cosx) +cotx+ (—cotx) = 0.

b) Ta c6 sin(x+20137) = sin(x+ 7w+ 1006 - 27) = sin (x + ) = —sin.x.

1 I —cosx+1+4cosx
Do d6 B=+/2 .
© o \/_+sinx \/(l—cosx)(1+cosx)

1 2
=V2+ - A/ >
sinx 1 —cos*x
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:\/§_|__L. LZ:\/E(I—F;).

sinx V sin”x sinx |sinx]|
) 1
V17t<x<27r:>s1nx<0nénB:\/§(l— —3 ):—\/Qcotzx.
sin” x
O
Py e ey sina —cos &
@ Cho tan o = 3. Tinh gia tri bi€u thic B = — —.
sin’ ot + 3cos3 o + 2 sin o

® Loi gidi.
in o
® Cich 1. Tu tanot = 3 = 0
Thay vao B va rut gon.

=3 =sina =3cos.
cos o

@ Céch 2. Ta bién ddi biéu thiic B vé tan o nhu sau:
sin@  cosa

B— cos’a cos3a :tana(tan2a+1)—(tan2a+1) _ 30+ -0+
sifa@ 3cos’a  2sina tando+3+42tana(tan’a+1)  27+3+42.3(9+1)
cosar  cosPor  cosda

2
5
U
@ Chiing minh céc hé thic sau
4 4 2 4 2 1
a) cos"o—sin" o =2cos“ o —1; b) 1—cot"a = —— =
sin“a  sin”
1+sin’ o 2 . .
———— = 1+2tan"a; d) 2(1 —sina)(1 +cosa) = (1 — sinor +
I —sin“ o 2
cos o)”.
® Loi gidi.
a) Ta cé cos* o — sin* & = (cos? o + sin?) (cos? & — sin® &)
= cos?a —sin® o = cos? o — (1 — cos?> ) = 2cos® o — 1.
1 cos? o
b) Tacél—cot4a:(1+c0t2a) (l—cotza): — l——
sin” & sin” &
1 [sita—(1-sina)|  2sinfa—1 2 1
sin” ot sin” ot sin* ot sinor sino
1+sin®o  1+sin*a 1
c) Taco —|—s?n2 = +312n =— +tan’ @ = 1 4-2tan’ at.
I —sin“ o cos~Q cos~ O
d) Tac62(1—sina)(14cosa) =2—2sina+2cosa —2sinacos o
= 1+ sin® o + cos® o — 2sin o + 2 cos @ — 2 sin A cos &
= (1 —sino +cosa)?.
U

@ Chiing minh céc hé thic sau

1+ sin* o — cos* o 2 sinfot(1+cosa)  sina+tana

cos?a(1+4sina)  cosa+cotar’

b

1—sin®a—cosbar  3cos?a
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2 .2

tan @ — tan Cos“ O — sSIn” & )

tana —tan p = tanotan f3; d) — 5 = sin® o cos? a.
cotf} —cota cot” o —tan” o

@ Loi gidi.
) Tacs 1+ sin*a — cos* o 1+ (sin® &t 4 cos? &) (sin® &t — cos? &)
a) Tacéo =
- 6 6 . 2 ; ;
I —sin®or—cos®a 1 [(sm2 o +cos?a)” — 3sin® crcos? o (sin® ot + cos? OC)]

1 +sin? o — cos? o 2sin? 2
1— [1 — 3sin? ot cos2 a] 3sinfacos?a  3costa’

) sinoc(1+ ) . 2
b) Tacd sina +tan o cos sin“a (1+cos )
a co = = :
cos o + cota 1 cos? ot (1+sina
+ cosa<1—|— - > (1+ )
sin o
tan  — tan 8
, tana —tan tan & — tan tan & — tan
c) Taco & = P = B = tanotan 3.
cotf —coto 1 1 tan o tan 3

tanf tana

 cos’a—sin?a  cos’a —sin’a . 2 5 [ cos®a— sin® o
d) Taco — = 3 —— =sin“ocos” & —
cota—tan®  cos’(  sin‘ o cos* ot — sin”
sinfa  cos?a

. 1 :
= sin® acos” o —— = sin” ot cos? o,
cos? o + sin” @
[
@ Chiing minh céc hé thic sau
) 2 ) 2 4
l —4sin“xcos“x . B 2. sIn“x —cos“x+cos'x 4
a) 5~ = (sinx —cosx)"; b) = tan” x.
(sinx + cosx) cos®x —sin”x +sin”x
® Loi gidi.
. . 2 .
1 —4sin’xcos?x  (sin?x+cos’x)” —4sin*xcos®x
a) Taco — 5 = - 3
(sinx + cosx) (sinx+ cosx)
(sin?x — cos? g
X —Cosx) , )
= = (sinx — cosx)”.
(sinx+ cosx)
sin?x—cos?x+cos*x  sin?x—cos?x (1—cos?x) sinx (1—cos?x) A
b) Taco — —— = — ——~ = — - =tan"x.
cos?x—sin°x+sin*x  cos?x—sin"x (1 —sin°x)  cos®x(1—sin°x)
]
@ Chiing minh cac hé thic sau khong phu thudc vao x.
) A sin® x4 cos® x 42 b) B 1 4 cotx 2+2cot’x
a) A= ; = - :
sin x + costx + 1 1 —cotx (tanx—1)(cot?x+1)
® Loi gidi.

;. . 2 . .
a) Taco sin* o+ cos* o = (sm2 o + cos? Oc) —2sin? orcos? a = 1 — 2sin” acos? o
. ) 3 3
sin® @+ cos® o0 = (sin*&t)” + (cos® )
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= (sin2 o + cos? Oc) (sin4 a + cos* o — sin? o cos? Oc)
=sin* ot + cos* o — sin® a.cos? ot = 1 — 2 sin? o cos?
=1—3sin’ acos? a.
1-3sinacos’a+2 3 (1—sin*acos’a) 3
1-2sin*acos?a+1  2(1—sin*acos?ar) 2
Vay A khong phu thudc vao x.

2

o — sin? o cos? o

Doddo A=

n 1 2. 2cos2x
. 2 2
b) Tacé B = tanx _ sinx _ tanx+ 12 (sm x4+ cos x)
! 1 tanx — 1 tanx — 1
l——— (tanx—1)——
tanx sinZ x
_ tanx+ 1—-2 _

tanx — 1
Vay B khong phu thudc vao x.

Cdu 1. Déi sb do clia géc 108° sang don vi radian.
A Z B. . c. . D.
2 10 5
® Loi gidi.

INES

Chon dép 4n (C) O
Cau 2. béi s6 do ctia gée 1_7r2 rad sang don vi do.

A. 6°. B. 15°. C. 10°. D. 5°.
® Loi gidi.

(Oc~180

N . a-n ° . , Y . , Y A~
Tu cong thic @ = — = a = ) vGi o tinh bang radian, a tinh bang do.

180

T
a‘lgo)o_ 180
T N T

Tacoa= ( = 15°.
Chon dap an O
Cau 3. Trén dudng tron cung c6 sb do 1 rad 1a?

A. Cung c6 d6 dai bang nita dudng kinh. B. Cung c6 do dai bang dudng kinh.
C. Cung c6 do dai bang 1. D. Cung tuong tng v6i géc 6 tam 60°.
® L&i gidi.
Cung c6 do dai bang ban kinh (ntia dudng kinh) thi ¢6 sb d6 bang 1 rad.
Chon dap an @ O

Cdu 4. Khang dinh nao sau day la ding?
A. 1rad = 60°. B. 1rad = (%) . C. lrad=1°. D. 1 rad = 180°.
® Loi gidi.

180-1
Ta c6 7 rad tuéng ting véi 180°. Suy ra 1 rad tuong dng véi x°. Vay x = —
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Chon dap an O
Cdu 5. Mot cung tron c6 do dai bang 2 1an ban kinh. S6 do radian clia cung tron d6 1a
A. 3. B. 4. C. 1. D. 2.
® Loi gidi.

2R
K:aR@azﬁz—zzrad.
R R

Chon dap an @ 0]
Cau 6. Dbéi s6 do ctia géc 70° sang don vi radian.
7 T 70 7
A, —. B. —. cC. —. D. —.
18 18 T 187
® Loi gidi.

Ap dung cong thic a = iﬁ vOi o tinh bang radian, a tinh bang do.
a-r 10 Irn
180 180 18’

Chon dap an O

. . L 3n . an el en
Cdu 7. Dadi s6 do cia goc 16 rad sang don vi do, phut, giay.

Tacod o =

A. —33°45. B. —32°55. C. 3345/, D. —29°30'.
® Loi gidi.
3n °
o ——-180 o
-180 135
Tacoa= (O‘ ) Y (S [, (——) — —33°45
T /4 4
Chon déap an @ O
Cdu 8. Pdi s6 do ciia goc —5 rad sang don vi do, phuit, gidy.
A. —286°. B. 286°28'44". C. —286°44'28". D. —286°28'44".
® Loi gidi.
-180\° —5.180\°
Tacoa= (O‘ ) - ( ) — —286°28/44".
T T
Chon dap 4n (D) O
Cdu 9. Déi sb do clia goc 45°32' sang don vi radian v6i do chinh xdc dén hang phan nghin.
A. 0,794. B. 0,7947. C. 0,795. D. 0,7948.
D Loi gidi.
Ap dung cong thic o = % v6i o tinh bang radian, a tinh bang dd.
.. 32\°
Trudc tién ta doi 45°32 = (45 + @) )
32
Ap dung cong thic, ta dudc @ = 20 =0,7947065861.
Chon dap an @ O

Cau 10. Tinh do dai £ clia cung trén dudng tron c6 ban kinh bing 20 cm va s6 do 1_71:6
A. /=294 cm. B. /=339 cm. C. /=149 cm. D. /=393 cm.
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D Loi gidi.
) . T
Ap dung cong thic ¢ = Roe = 20 16 ~ 3,93 cm.

Chon dap an @ 0
Cadu 11. Tinh d6 dai ctia cung trén dudng tron c6 sb6 do 1,5 va ban kinh bang 20 cm.

A. 40 cm. B. 60 cm. C. 30 cm. D. 20 cm.

® Loi gidi.

Taco/=oaR=1,5-20=30cm.
Chon déap 4n @ 0J
Cdu 12. X4c dinh s6 do clia goc lugng gidc dudc biéu dién trong hinh bén. v

A. 405°. B. 385°. C. —405°. D. 45°.

AN

<

Cdu 13. Xdc dinh sb do ctia géc luong gidc duge biéu dién trong hinh bén.

1%
A. 450°. B. —450°. C. 810°. D. 90°.
¢
u
Cdu 14. X4c dinh s6 do clia géc lugng giac dudc bi€u dién trong hinh bén. v
A. 45°. B. —315°. C. 315°. D. 405°.

45°

- . PO A > FPUNNGCY
Cau 15. Cho goc lugng gidc (Ou,Ov) c6 so do 1a — 8%¢ lugng giac (Ou, Ow) c6 so0 do la R Tim

s6 do clia cac goc lugng gidc (Ov, Ow).

A. g+k27r,keZ. B. k2m, k € Z. C. n+k2m, ke Z. D. k&, k € Z.
® Loi gidi.
(Ov,0w) = (Ou,0w) — (Ou,0v)+k2n = T+ k2w, k € Z.
Chon dap én@ O

Cau 16. Mot chiée dong hd, c6 kim chi gid OG chi s6 9 va kim phit OP
chi s6 12. S6 do cac goc lugng gidc (OG,OP) 1a

A. —270° +k360°,k € 7. B. —90°+k180°.k € Z.

C. 90° +k360°,k € Z. D. 270° 4+ k360°,k € Z.
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o Loi gidi.
Theo hinh V&, cdc goc ludng gidc c6 tia ddu OG va tia cubi OP sé c6 sd do —90gcirc + k360gcirc hay
270° +k360°,k € Z.
Chon dép an (C) O]

Cau 17. Trén dudng tron ludng gidc c6 diém gboc 1a A. Diém M thudc dudng tron sao cho goc lugng
gidc (OA,0M) c6 s do 45°. Goi N la diém dbi xting véi M qua truc Ox. S6 do cac géc lugng gidc
(OA,ON) la

A. 135° +K360°. B. —45°.
C. 315°. D. —45° +k360°,k € Z.
® Loi gidi.

Vi s6 do géc lugng gidc (OA,OM) bing 45° nén AOM = 45°, N 1a diém déi xung v6i M qua truc Ox
nén AON = 45°. Do d6 sb do céc goc lugng gidc (OA,ON) 1a —45° 4 k360°, k € Z.
Chon dap 4n (D) O

Cdu 18. Trén dudng tron luong gidc gbc A, cung lugng gidc nio ¢ cac diém biéu dién tao thanh tam
gidc déu?
km k2rm km
—. B. km. cC. —. D. —.
3 " 3 2
® Loi gidi.

A.

N k2w
Tam giac déu c6 goc 6 dinh 1a 60° nén goc ¢ tam la 120° tuong Gng =

Chon dép an (C) O

Cdu 19. Banh xe dap cua nguoi di xe dap quay dugc 2 vong trong 5 gidy. Hoi trong 2 gidy, banh xe
quay dugdc 1 goc bao nhiéu do.

A. gn B. gn C. gn D. %7:
® Loi gidi.
Trong 2 gidy banh xe dap quay dudc % = g vong tuc la quay dudc cung c6 do dailal = g -27R =
§7rR
. 8
Tacél:Ra@azizg—ﬂR:gr.
R R 5
Chon dap an O

Cadu 20. Trén dudng tron lugng gidc gbc A, cung ludng gidc nao c6 cac diém biéu dién tao thanh hinh
vudng?
k2w km km
A, —. B. —. C. —. D. k=.
3 2 3
® Loi gidi.
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Hinh vé€ tham khao (hinh v€ bén). Hinh vuong CDEF cé goc DCE 12 45° y
km B
nén goc § tam la 90° tuong Gng > ¢ .
A %\ x
A
D
B E

Chon dap an O

Déséz

Cdu 1. Cho o thudc géc phan tu thd nhit ctia dudng tron lugng gidc. Hay chon két qua diing trong
cac két qua sau day.

A. sino > 0. B. cosa < 0. C. tana < 0. D. cota < 0.
o Loi giéi.
sina >0
A x Lz cosor >0
Do a thudc goc phan tu thi nhat =
tano > 0
cota > 0.
Chon dap z’m@ O

Cdu 2. Cho «a thudc géc phan tu thit hai ciia dudng tron luong gidc. Hay chon két qua ding trong cic
két qua sau day.

A. sino > 0;cosa > 0. B. sina < 0;coso < 0.
C. sina > 0;cosa < 0. D. sina < 0;coso > 0.
® Loi giai.

sino >0
cosor < 0.
Chon déap 4n @ 0J

o thudc géc phan tu thit hai = {

Cdu 3. Cho « thudc géc phan tu thi ba ctia dudng tron lugng gidc. Khang dinh nao sau day 1a sai?

A. sino > 0. B. cosa <0. C. tano > 0. D. cota > 0.
® Loi gidi.
sina <0
. A o cosa <0
o thudc goc phan tu thu hai =
tana >0
cotor > 0.
Chon dép an @ 0
CAu 4. Cho o thudc géc phin tu thi tu clia dudng tron lugng gidc. Khang dinh nao sau day la
diang?
A. sino > 0. B. cosa > 0. C. tana > 0. D. cota > 0.

® Loi gidi.
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sina <0
o s . coso >0
o thudc goc phan tu tha tu =
tano < 0
cota < 0.
Chon dép an O

Caub. Cho0< o< g Khang dinh nao sau day ding?
A. sin(a—m)>0. B. sin(a—x) <0. C. sin(ax—m) <O. D. sin(a—x) <0.
® Loi gidi.
Taco0< a < g > -n<a-—7n< —g = diém cudi cung o — 7 thudc géc phan tu thd 111 =
sin(ot — 1) < 0.

Chon dap 4n (D) O
N AT 891
CaAu 6. Tinh gia tri cua cotT.
897 897 89w V3 89 V3
A. cot— = /3. B. cot— =—+v3. C. cot— =2, D. cot— = — 2>,
cot G V3 cot 3 V3 C. cot G 3 cot G 3
o Loi gidi.
89 5 5
Ta co cot—jr = cot (_7[ + 147t) = (:0'[—7r = —/3.
6 6 6
Chon dép an (B) U
CaAu 7. Tinh gid tri bi€u thic P = tan 10° - tan20° - tan 30° . . . tan 80°.
A. P=0. B. P=1. C. P=4. D. P=8.
® Loi gidi.
Ap dung cong thiic tanx - tan (90° — x) = tanx - cotx = 1. Do d6 P = 1.
Chon dép an (B) U
CaAu 8. Tinh gid tri biéu thiic P = tan1°tan2°tan3°...tan 89°.
A. P=0. B. P=1. C. P=2. D. P=3.
D Loi gidi.

Ap dung cong thifc tanx - tan (90° — x) = tanx - cotx = 1. Do d6 P = 1.
Chon dap an U
Cdu 9. Ménh dé nao sau day ding?
A. sin60° <sin150°. B. cos30° <cos60°. C. tan45° <tan60°. D. cot60° > cot240°.
® Loi gidi.
Dung MTCT ki€m tra tiing dép én.
Chon dap an @ O
Cadu 10. Véi moi sb thuc a, ta cé sin (977r + oc) bing
A. —sinao. B. cosa. C. sina. D. —cosc.
o Loi gidi.
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28

., . (91 ) T (T
TaCOSIIl<7—|—OC>:Sln<4TL'+§+OC):Sln<E+OC>=COSOC.

Chon dép an
Cau 11. Véi moi « € R thi tan (20177 + o) bing
A. —tanc. B. coto. C. tana. D. —cota.
® Loi gidi.
Ta c6 tan (20177 + @) = tan .
Chon dap an (C)

~ o T .
Cau 12. Don gian biéu thiic A = cos (oc - 5) +sin(o — 1), ta dugc

A. A=cosa+sin. B. A=2sinc. C. A=sinocosa. D. A=0.
® Loi gidi.
Tacé A = cos (oc—5> +sin (o — ) = cos (E—oc> —sin(w—a) =sino —sina = 0.
Chon déap 4n @
Cdu 13. Biét A,B,C 1a cic goc clia tam giac ABC, ménh dé nao sau diy ding.
A. sin(A+C) = —sinB. B. cos(A+C) = —cosB.
C. tan(A+C) =tanB. D. cot(A+C) = cotB.

® Loi gidi.
Vi A,B,C la ba goc cuia mot tam giac suyraA+C = — B.
Khi d6 sin (A +C) = sin (7 — B) = sinB;cos (A +C) = cos (m — B) = —cosB.
tan (A + C) = tan (7 — B) = —tanB;cot (A +C) = cot(m — B) = —cotB.

Chon dp 4n

. 12
Cau 14. Cho géc o thdoa man sinazﬁvé§<a<n. Tinh cos o.
1 5 5 1
A. cosa:B. B. cosa:E. C. cosa:—ﬁ. D. cosa:—B.
® Loi gidi.
5
cosa =+ 1—sina = +— 5
Ta co - 13 :>cos(x:—E.
—<a<n
2
Chon dap én@
~ . A 5 3n
Cdu 15. Cho géc o thdéa man cos . = 3 vam <a< > Tinh tan .
3 2 4 2
A. tanot = ———. B. tana = —. C. tano = ———. D. tana = ———.
V5 V5 V5 V5
® Loi gidi.
i =+v1 2 —:I:2
| sinc = —cos*o = 3 sino P
Ta co =>0=—==tano = =—.
3n 3 cosat /3
T<<o< —
2
Chon dép an (B)
- 12 =
Cdu 16. Cho goc a thdéa man cos @ = B va > < a < m. Tinh tan .
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12 5 5 12
A. tana:—?. B. tanazﬁ. C. tana:—ﬁ. D. tanoc:?.
o Loi giéi.
) > 5
) sinot = ++v1—cos OCZ:l:B 5 sinQ 5
Ta co - :>Oc:E:>tana: :—E.
Tea<n Ccos o
2
Chon dap én@ 0

~ 4 2017 2019 .
Cadu 17. Cho goc o thdéa man tana = —3 va 7[ <o< Tn Tinh sin .

3 3 4 4
A. sinaz—g. B. sin(x:§. C. sinoc:—g. D. sinoc:§.
o Loi gi(’:li.
1 2
1+tan2a: 3 1+<—A—l) = 12
Ta cé cos“ o 3 cos- o
2017x o< 20197 T 5 37T
s —+504-2 — +504-2
= cosQ = 3 Matan o = sin o . sin = sinQ = 4
5 ~cosae 33 5
5
Chon dap 4n (D) O
” 3 tan o
Cau 18. Cho géc a théa man sina = ‘wlco<nTihp= 2%
5 2 1 +tanZo
3 12 12
A. P=-3. B. P=—. . P=—. D. P=——.
3 7 ¢ 25 25
® Loi gi(’]i.
) 4
cosa ==+vV1—sin“ot =+— 4 3
Ta co - 5 :>cosoc:—§:>tanoc:—z.
§<OC<7L'
Thay tan o 3 P, ta dugc P 12
no =—— = ——.
ay ta 4Vao , ta dugc 55
ChQndépén@ ([l
. 3sino —2
Cau 19. Cho géc a théoa man tano = 2. Tinh P = s Cc,)sa.
5cosa+7sinx
4 4 4 4
A. P=——. B. P=—-. C. P=——. D. P=—.
9 9 19 19
o Loi gi(’:li.

3tanoc—2 3-2-2 4
5+47tana  5+7-2 19

Chia ca tif vA mau ciia P cho cos ¢ ta dudc P =

Chon déap an @ 0J

3sina +4coso
2sin@ —5coso

~ 1
Cau 20. Cho goc o thdéa man cota = 3 Tinh P =

15 15

——. B. P=—. . P=-13. D. P=13.
13 13 ¢ 3 3

A. P=
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® Loi gidi.
3+4 !
< 3+4cota 3
Chia c4 ti va mau cia P cho sin o ta dudc P = racota 3 _13.
2—5coto 1
2-5-—
3
Chon dép an (D) O
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52. CAC PHEP BIEN POI LUGNG GIAC LUGNG
GIAC

LY THUYET CAN NHO

n Cong thirc cong:

@ sin(a+b) =sinacosb+ sinbcosa.
® cos(a+b) =cosacosb —sinasinb.

tana +tanb

@ tan(a-l—b) = m

Cong thirc nhan doi:

@® sin2a = 2sinacosd.

® cos2a =2cos?a—1=1-2sin%a.

Cong thirc ha bac:

@ sin?q— I —cos2a
2

@ tanza: ﬂ

1+cos2a

n Céng thiic bién déi tich thanh tong:

1
@ cosacosb = 5 [cos (a+b) +cos (a—Db)].

1
® sinacosb = 5 [sin(a+ D)+ sin(a—b)].

E Cong thirc bién déi tong thanh tich:

a—>b
>

a—>b
5

a
® cosa-+cosb =2cos cos

. . . a
® sina+sinb = 2sin cos

sin(a —b) = sinacosb —sinbcosa.
cos(a—b) = cosacosb + sinasinb.

tana —tanb

t —bh)= ——.
(e ) 1 +tanatanb

cos2a = cos?a — sin’a.
2tana
tan2a = 3
1 —tan“a
’ 1 +cos2a
cos“a = —

1
sinasinb = ) [cos (a+b) —cos (a—Db)].

1
cosasinb = 5 [sin(a+ D) —sin(a —b)].

. a . a—b
cosa —cosbh = —2sin sin >
. . a . a—>b
sina — sinb = 2¢cos sin o
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Y PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' S dung céng thirc cdéng, cdng thirc nhan doi

=Vidu 1. Hay tinh

7
a) sin75° b) sin15° ¢) tan 1—7;
5w .
d) cot?. e) cos795°. f) sin18°.
® Loi gidi.
6 2
a) sin75° = sin (45°+30°) = sin45° cos 30° 4 c0s45°sin30° = #
6—+2
b) sin15° = sin (60° —45°) = sin60° cos45° — cos 60° sin45° = #
tan r +tan — 717
7 EY 1
c) Tacétan—ﬂ:tan<z—|—z>: 3 T 47r V3+ =-2—-/3.
12 3 4 1 —tan—tan — 1-V3
3 4
5w
d) Tacocot§—cot< ):—tan—
2tan
Laico 1= tanz = tan <2 z) = —Sn, suy ra:
4 8 1 —tanZ =

8

T T T T T T
1—tan2§ :2tan—<:>tan2—+2tan——1:0<:>tan§ = —l—ﬁhoéctang

8 8 8
5
Vltan% > 0 nén tang = —1+2. Vay cot?ﬂ =1-42.

e) Taco795° =75°4+2-360° =30° +45°+2-360° nén

c0s795° = cos75° = cos(30° 4 45°)
= ¢0s30°cos45° —sin30° sin45°
ViVE VI B

2 2 2 2 4

f) Ta cd 54° +36° = 90° nén sin54° = cos36° (x). Trong do

e c0s36° =cos(2-18°) =1 —2sin” 18°.

e sin54° = sin(18°+36°) = sin 18°cos 36° + sin36° cos 18°
—=sin18° (1 —2sin? 180) +25sin18°cos?18°
= sin18° (1 —2sin? 18°) +2sin 18° (1 —sin* 18°)
= 3sin18° — 4sin’ 18°.

Thay hai két qua nay vao (¥), ta dudc

3sin18° — 4sin’ 18° = 1 —2sin® 18° <> (sin 18° — 1) (4sin® 18° +2sin 18° — 1)
5-1 5+1
& sin18° = 1 hogc sin18° = \/_2 hoc sin 18° = ‘[T+
V5-1

Vi0 < sinl8° < 1 nénsinl8&° =

2
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-
—_—— ) 3 3 ) 19
=Vidu2. Chosino = —3 va 77: < o < 27w. Tinh cos ¢, tan ¢¢; cos2¢ va sin ((X—{—Tﬂ).
o Loi giéi.
9 16 4
Tacécosta=1—sinfa=1——=— = 4.
ac;)cos o sin“ o 75 = 755 = CcoS O 5
T
D07<a<27rnéncosa>(), suyracosoczg.
sin o 3
e tano = = ——.
cosQ 4
° cosZa—l—Zsinza—l
N 25
e sin ((x+ 19%) =sinQ cos(lg%)—I—cosa sin(19n> = 7\/§
4 ) 4 4 ) 10"
-
—_ T , 3t . T
=Vidu3. Chotanoc:—ZvaE<a<7r.T1nhcosoc,cos OC—T Vatan(oH—Z).
® Loi giéi.
1 1 NG
Ta c6 g=— == o=+—.
a co cos Tala 5 cos 5
1 . V5
Doz<a<nnencosa<0,suyracosa:—?.
. 25
® Slna:tana'COS(X:T.
cos <oc 37r> cosQ cos<3n>+sina sin(3n) 3VI10
() —_— — . _— . = = —
4 4 4 10
T
. <a+ﬂ.> tanOH—tanZ 1
(] an - = = ——,
4 1—tanoc«tanz 3
4
[
—_, 4 . T, ) ) T b
=Vidu4. Cho cos20 = ——, v6i — < o¢ < —. Tinh sin ¢, cos ¢, sin ((X+—), cos (205——).
: 5 4 2 3 4
o Loi giéi.
T T p
V12<Oc<§nén sina > 0,cos o > 0. Ap dung cdng thiic ha bac, ta co :
o sinfa = 1 —cos2 _ 9 = sinQ = 3
- 2 10 V10
- 2 10 V10

Theo cong thic cong, ta co
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) T ) T . T 3 1
e SIn <Oc—|—§> 231nacos§+cos(x51n— =

V3

3 V10 \/1_07 2V10°
V2
2

NI*—‘

\/—
2T

lll|4>
l\)

T T T
® COS <2oc — Z> = cos2asinz +cosZ sin2o = —

DT '9' S& dung cdng thirc bién ddi tich thanh tdng

=Vidu 5. Hay tinh gia tri clia cdc biéu thic sau:
a) A =cos45°cos15°. b) B =cos75°sin15°.

5w

11z
— 5in75°sin 15°. D = sin —— cos —
¢) C=sin75°sin15 d) sin B cos Tk

® Loi gidi.

1 3
(cos60° 4 cos30°) = +4\/_.

2-v3
R

l\)l>—*

a) A== (cos(45°+15°)+cos(45°—15°)) =

| =

(sin90° — sin60°) =

1 1
b) B= 7 [sin(75°+15°) —sin(75° —15°) = 5

1 1
c) C= . (cos(75°415°) —cos(75° — 15°)) = —= (c0s90° — cos 60°) = 1

I

2
Iz st 1. (1 n 21 (B 223
d)D—schosE 2{51n(12)+sm<—2)] {sm( >+sm(§>}— 1

= Vidu 6. Bién ddi cic biéu thiic sau ddy thanh mot téng:
a) cosSasin3a. b) 2cos(a+b)cos(a—Db).
¢) sin(a—b)cos(b—a). d) 4cosxcos2xcos3x.

® Loi gidi.
: : L. : L. :
a) cos5asin3a = sin3acos5a = 3 [sin (3a — 5a) + sin (3a+ 5a)] = 3 [sin (—2a) + sin 8a].
1
b) 2cos(a+b)cos(a—b) =2- 5 [cos(a+b—a+b)+cos(a+b+a—b)] =cos2b+ cos2a.

¢) sin(a—>b)cos(b—a) = %[sin(a—b—b—i—a) +sin(fa—b+b—a)| = %sin(Za—Zb).
d)

1
4cosxcos2xcos3x = 4(cosdxcos2x)cosx =4- 5 (cos2x + cos6x) cosx

= 2co0s2xcosx+2cosb6xcosx = cosx + cos3x + cosSx -+ cos7x.
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=Vidu 7. Ching minh sin20° - sin40° - sin60° - sin80° = 13_6
® Loi gidii.

Ta co

1
VT = = (c0s20°—cos60°)- 5 (c0s20° — cos 140°7)
(c0s20° — cos60°) (cos 20° 4 cos40°)

c0s220° + c0s 20° cos 40° — cos 60° cos 20° — cos 60° cos 40°>

I
e R e R S e o Bl A
—

1 40° 60° 20° 1 1
= ( + C;S + cos ;COS — 5008 20° — 5 cos 400)
B (1 n 1) 3
B 2 4/ 16
O
DT '@' S&r dung céng thirc bién ddi t8ng thanh tich
=Vidu 8. Tinh gid tri biéu thiic lugng gidc sau
sinﬂ sin 27
5 75 T 5w r
a) Czcosi_cosg. b) D:sing—sin?—ksin?.
5 15
o Loi gidi.
CaTead® 2esy (S0 (555)  wf
a) TacoC= = =— = —cot—=—/3.
Cosn C0527r 5 1<7t+277:> ) l(n 27:) sinE 6
——cos— —2sin—|—-+-—sinz|-——
5 15 2\5 "15/772\5 15 6
T r Sm 4 T 5w 4 5w
b) Taco D = (sing-l—sin?) —sin? :2sin?-cos§—sin? :sin?—sin? =0.
M
=Vidu9. Bién ddi céc bi€u thiic sau day thanh mdt tich.
a) A =sina+ sin3a+sinSa. b) B =1+ cosx—+cos2x -+ cos3x.
o Loi gidi.
a) sina+ sin3a+ sin5a = sin5a+ sina + sin3a = 2sin3acos2a + sin3a = sin3a(2cos2a+1).
Vay A = sina + sin3a + sin5a = sin3a(2cos2a + 1).
b) B=1+cosx+ cos2x+ cos3x = (cos3x+cosx) + (cos2x+ 1)
3
=2cos2xcosx+2cos>x — 14 1 = 2cosx (cos2x +cosx) = 2cosx-2cos Excos)—;
3
Véay B =1+ cosx+cos2x+ cos3x = 4cosxcos X cos %
O
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=Vidu 10. Ching minh

a) sin65° 4+ sin55° = v/3cos5°. b) cos12° —cos48° =sin18°.
¢) sin20° —sin 100° 4 sin 140° = 0. d) tan9° —tan27° —tan63° +tan81° = 4.
® Loi gidi.

a) Ta cd sin65° +sin55° =2-sin60° - cos5° = V/3c0s5°.
b) Tacd cos12° —cos48° = (—2)-sin30°-sin(—18°) = sin 18°.

¢) Tacd sin20° —sin 100° +sin 140° = (sin20° + sin 140°) —sin 100° = 2-sin80° - cos 60° — sin 100° =
sin80° —sin80° = 0.

d) Taco

tan9° —tan27° —tan63° +-tan81° = (tan9°+tan81°) — (tan27° 4 tan63°)
sin90° sin90°

c0s9°-cos&1° cos27°-cos6H3°
c0s27°-c0s63° —cos9°-cos 81°

€c089°-cos81°-cos27°-cos63°

1 1
3 (c0s90° +cos36°) — 3 (c0s90° +cos 72°)

1 1
3 (c0s90° + cos36°) - 5 (c0s90° 4 cos 72°)
2-(cos36° —cos72°)
c0s36° - cos 72°
(—4)-sin54° - sin(—18°)
sin54° - sin 18°

= 4.
U
DT '@' Cdc bai todn chirng minh, rit gon
=Vidu 11. Rit gon cic biéu thic:
T
\/icosa —2cos <— + a)
a) A= 4;[ . b) B = (tana —tanb)cot(a — b) — tanatanb.
—+/2sina+2sin (Z +a>
® Loi gidi.
T .
) \/Ecosa—2(coszcosa—mnzsma) V2sina
a) TacoA = T T = = tana.
—V2sina+2 (sinzcoscH—cosZsina) V2cosa
b) Tacdé B=tan(a—b) (1 +tanatanb)cot(a —b) —tanatanb = 1.
M

=Vidu 12. Ching minh céc biéu thic sau
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sina +sinfB cos (a + )
cos o — sin B sin (ot + )

a) sin(a+B)-sin(a—B) =sin>a—sin’f.  b) =tan(a+ ).

® Loi gidi.

1
a) Taco sin(oc—l—ﬁ)-sin(oc—ﬁ)z—E(COSZa—cos2ﬁ)
1
=—3 [(1—25in2a) - (1—25in2[3)} = sin® o — sin® B.
. L. .
b) Tacd sin o + sin B cos (a + B) smoc—i—§[s1n(oc+2ﬁ)+sm(—oc)]
a co =
— - 1
cos & —sin B sin (@ + ) cosa—(—i) [cos (o +2B) —cos(—a)]
_ sina+sin(a+28)
~ coso +cos (o +2)
2si —
_ sin (¢ + ) cos ( ﬁ>:tan(a+ﬁ).
2cos(a+B)cos(—p)
[
=Vidu 13. Ching minh biéu thiic sau khong phu thudc vao x.
2 2
a) A = cos? o + cos? <?ﬂ+a)—l—cos2 <?ﬂ—a);
b) B =cos (Oc—n-)cos <OC+TC>—|—COS (a—i—n) cos (a+3ﬂ:>
N 3 4 6 4 )
® Loi gidi.
2 2
a) Tacd A = cos? o+ cos? (%t—i—(x)—i—cosz (g—a)
1 4 4
:—[3+cos2a+cos(—n+2a)+c0s<—n—2a)}
2 3 3
1 4r
=— 2 2cos —cos2¢| = —.
2{?H—cos a+2cos 3 cos a] >
Vay A khong phu thudc vao x.
T
n T\ T Cos<a+€):_sm<a__>
b)\fla+—:<a——>+—suyra 3 nén
o (a7F) = sin(a+3)
cos{O+— | =—smn|0+ —
4 4
B cos(a ﬂ)cos(a—l— )—i—sn(a n)s'n(a—i—n)
3 3 4
—cos[oc ﬂ) (oH— )]—cos( r n)—cos<n+n)
n 3 4)1 3 4/ 3 4
—cosﬂcos7r s1nns1n7r L V2 V3 V2 V26
374 374 2 2 2 2 4
Vay B khong phu thudc vao x.
-

=Vidu 14. Ching minh céc ding thiic sau trong diéu kién c6 nghia ctia biéu thiic
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3 1 1 —cosa 2a
a) sin*a+cos*a ==+ - cosda b) _COS + C,OS =cotw
4 4 sin2¢ —sin

) sin* ot — cos* a + cos? o . , o d 1 —cos2x +sin2x cot |
C = COS”™ —. - COotx =
2(1 —cos) 2 1+ cos2x +sin2x
® Loi gidi.
1
a) VT = (sin® & + cos? a)? — 2sin arcos® ot = 1 — Esin22a
I—cosd4a 3 1
=1 - 2 " cosd4a = VP,
1 4+4cos o=V
b) VT = 1 —cosa+2cos?>a—1 _ coso(2cosor— 1) _cosa _ VP

2sinoccos o — sina sina(2cosa—1)  sina

sin*o +cos>a(1 —cos®a)  sin* o +cos?asin?a  sin? a(sin? & + cos® &)

2(1 —cos ) ~ 2(1—cosa) B 2(1 —cos )
o
2
1—cos?a _l4cosa 2¢08” >

2 2 &
= = = = — = VP.
2(1 —cos ) 2 2 )

¢c) VT =

2sin?x+42sinxcosx cosx  2sinx(sinx+cosx) cosx

d P= . = =1.
) 2cos?x+2sinxcosx sinx  2cosx(sinx+cosx) sinx
Ml
=Vidu 15. Ching minh trong moi tam gidc ABC ta déu c6
. ) . B C
a) sinA +sinB 4 sinC = 4cos — c0s — CoS —;
2 2 2
b) sin®A +sin? B+ sin> C = 2 (1 +cosAcos BcosC).
® Loi gidi.
A+B A-B c C
a) Taco sinA +sinB +sinC = 2sin —; cos 5 —i—ZSinicosE.
A+B =©m© C
Mat khéc trong tam gidc ABC,tacO0A+B+C =7 & % =55
) . A+B
Suy ra sin = cos E,smz = Cos .
A+B A-B c C
Vay sinA +sinB +sinC = 2sin ; COs 3 +25in§cos§
A—B A+B C
= 2¢0S — Ccos +2cos i COS —
C A—B A+B
:2cos§ (cos > +cos ; )
—4coch0sAcosB
B 27272
1 —cos2A 1—cos2B
b) Ta c6 sin®A +sin’ B +sin’C = 0205 cos +1—cos?*C
o c0s2A +cos2B cos2C

2
=2 —cos(A+B)cos(A —B) —cos’C.
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ViA+B+C = 7 suy racos(A+ B) = —cosC nén

2 —cos(A+ B)cos(A — B) —cos’C
2+ cosCcos(A — B) +cosCcos(A+B)
= 2+4cosC|[cos(A —B)+cos(A+B)]
= 2+cosC-2cosAcosB
2(1+cosAcosBcosC).

DTI j Véan dung thuc tién

=Vidu 16. Mot thiét b tré ki thuat s6 1ip lai tin hidéu dAu vao bing cach lip lai tin hidu d6 trong
mot khodng thdi gian ¢ dinh sau khi nhan dudc tin hiéu. Néu mot thiét bi nhu vay nhan dudc nbt
thuan f)(¢) = 5sint va phat lai dudc ndt thuan f>(¢) = Scost thi am két hop 1a £(t) = f1(t) + f(¢),
trong d6 ¢ 12 bién thai gian. Chiing té rang am két hop viét dugc dudi dang f(1) = ksin(¢ + @), tiic 1a
am két hop 1a mot séng am hinh sin. Hay xdc dinh bién d6 4m k va pha ban dau ¢(—7 < ¢ < 1) ctia
séng am.

o Ldi gidi.

Ta cé f(t) = fi(t) + fo(t) = 5(sint +cost) = 5v/2sin <t+ g) Suy ra

e Bién do am k = 5/2.

e Pha ban dau ¢ = g

1

=Vidu 17. Trong Vat li, phuong trinh téng quat ciia mot vat dao dong diéu hoa cho bdi cong thiic
x(t) = Acos(wt + @), trong d6 ¢ 13 thai diém (tinh bing gidy), x(¢) 12 li do ctia vt tai thdi diém ¢,A 1a
bién d6 dao dong (A > 0) va @ € [—; ] 1a pha ban dau cla dao dong. Xét hai dao dong diéu hoa c6
phuong trinh:
=2cos (Et + E) (cm)
x1() 36/
T T

x2(t) = 2cos <3t 3) (cm).
Tim dao dong téng hop x(z) = x1 (¢) +x2(t) va st dung cong thiic bién ddi tdng thanh tich d€ tim bién
dd va pha ban dau cta dao dong tdong hop nay.

® Loi gidi.
Taco x(t) =x1(t) +x2(¢) =2 [cos (gt + %) +cos (%t - g)} =2v/2cos (%t - 1—”2) Suy ra

e Bién do am k = 2/2.

e Pha ban dau ¢ = —%.

=Viduls.
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Mot sdi cap R dudc gan vao mot cot thang ditng & vi tri cach mit
dat 14 m. Mot soi cap S khac ciing dude gan vao cot dé & vi tri
cach mat dat 12 m. Biét ring hai s¢i cdp trén cing dudc gan véi
mat dat tai mot vi tri cach chan cot 15 m (Hinh bén).

a) Tinhtana, 6 d6 « la goc gitta hai sgi cap trén.

b) Tim géc & (1am tron két qua dén hang don vi theo don vi
do).

® Loi gidi.

a) Détl—TO\A =B va HOB = B1. Ta tinh dugc

an B AH 14 an B BH 12

anf=—=—; tanf=—x=—.
HO 15 " HO 15

Khi do

_ tanf—tanf; 10

" l+4tanBtanfB;  131°

tan o = tan (§ — f3)

10
b) Véitano = Bl va goc 0 < o < 90°, suy ra o0 = 4°.

BAI TAP TU' LUYEN
@ Tinh

T . 1 T
a) cos<a+§>,biétsinoc:—Vé0<oc<—.

/3 2

T P 1 b
b) tan(a—z),biétcosa:—g Vélz <a<m.

< 4 2
¢) cos(a+b),sin(a—D>b), biet sina = 5,00 <a<90°vasinb = 5,90o < b < 180°.
o Loi gidi.
2_6
=3

T
a) D00<oc<Enéncosa>0.Dod(’)cosa:\/l—sinzoc: 3

Vel 1 V3 -3+V6

Tacécos(OH—g):cosacosg—sinasing:T-E—ﬁ~7 ¢

22
b) Do g <o <mnénsino >0.Dodésina=+v1—cos?a= T\/_ Suy ratana = —2V/2.

T
ana@—tanz  png-1  -2v2-1 9442
1—|—tan(xtan§ ana+1  —2v2+1 7

Ta co tan (OC— —) =
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3 5
¢) C60° <a<90°nén cosa = 5 90° < b < 180° nén cosbh = —g.
/5 42 8435
b) = b—sinasinh — — . Y2 _T.4_
cos (a+b) = cosacosb —sinasin 5" 3 53 T
sin (a —b) = sinacosb — sinbcos 4 V5 23 6+4V5
a—b) =sina — a==—"———-=—=—
5 3 35 15
O
Cho sina = 5 vl o € <§; 7r> Tinh gia tri cua sin2¢ va tan20.
QLbigiéi.
16
Tac()sinz(x—i—coszoc:l:>cosza:l—sinza:g
4
DO(XG(%;TL’) néncosa<0:>cosa:—§.
34 24
in2 =2sin@cosqx =2-—-— = —.
sin ‘sm cos 55 = 25
sinox 3 2tan o 24
tano = =-=tam2d=——>—=—. ]
cosae 4 l—tan?00 7
© . 2 .
Cho sin 4 cos X = 5 Tinh sin2c.
¢L6igi6i.
, . 2 : » 4 ) 2 - 4
Tacosmoc-i—cosaz§:>(sma+cosoc) :£:>sm o +cos Oc-|—2s1noccosoc:5.
21
O

Do sin? o Zaa=1nénsin20t = — — 1 = ——.
0 SIn <+ cos nen sin 75 75

o Chiing minh céc dang thic sau

3 4o 5 3
a) sin4a+cos4a:Z+COS4 ; b) sin6a+cos6a:§—|—§cos4a.

® Loi gidi.
1
a) Ta c6 sin® a +cos* a = (sin® & + cos? (x)2 —2sin?acos?a =1— =sin’2a
1 —cosdo 3 . cosdo
4 4 4

. . . 3 3 . .
b) Taco sin® ot + cos® o = (sm2 Oc) + (0052 a) +3sin? ocos? a (sln2 o + cos? Oc)
—3sin® acos? o (sin2 o, + cos? oc)

3
= (sin® & + cos? Oc)3 —3sinocos’a =1 — 2 (2sin ot cos o)
3 3 5 3
=1-=sin’2a=1-— 3 (1 —cosda) = 3 +§cos4oc.
e Chiing minh céc dang thic sau

T T
a) 2sin <Z + oc) sin <Z - a) =cos2a; b) sina (14 cos2a) =sin2acosa;

1+sin20 —cos2a 1 2
- —tano; d) tano — = — .
1+sin20 +cos2a tan o tan2¢
® Loi giéi.
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T T 2 2
a) Taco 2sin <Z—|—a) sin (Z_a) =2 [% (cosa+sina)\/7_(cosoc—sina)

2

= cos? @ — sin® o0 = cos 2.

b) Taco sinar (1+cos2¢) =siner (1+2cos® o — 1) = 2sinotcos® o = sin2atcos .

1 +sin2a —cos2a  sin20+ (1 —cos2a) sin20 4-2sin” o

1+sin2a+cos2a  sin2a+ (1+cos2a)  sin2a +2cos?
_ 2sina(cos o +sin o)

c) Tacod

= =tan .
2cos o (sino +cos o) a
1 tan® o — 1 2
d) Tacotanox — —— = ,an =— .
tan o 2-tano tan20
OJ
o Chiing minh c4c dang thic sau:
) T (T
a) cosa-+sina = V2 cos (Z—a> = /2sin (Z+a>.
. T . T
b) cosa—sina = v/2cos (Z +a> = /2sin (Z—a>.
® Loi giéi.
a) Ta ¢c6 cosa + sina = \/5( ! cosa -+ ! sina) = ﬁ(cosacosn—ksinasinn) =
i V2 V2 4 4
V2 cos (Z—a>.
Mat khac ta cing co ﬁ(icosa—kisina) = \/i(sinﬁcosa—l—cosgsinZ) =
\/Esin<2+a).
O

o Rut gon biéu thic sau

T T
cos <a+ 5) <+ cos (a— —>

Q) A= co.sa+2c?os2a+.c0s3a; b) B = : 3
sina + sin2a + sin3a cota — cot 5
® Loi gidi.
. cosa+cos3a)+2cos2a 2cos2acosa-+ 2cos2a
a) TacoA = =
~ (sina+sin3a)+2sin2a  2sin2acosa+2sin2a
2cos2a(cosa+1) cot?
= — a.
2sin2a(cosa+1)

T T T
b) Ta co cos <a+ 5) + cos (a— 5) = 200sacos§ =cosa;

a cosa €085 Sinzcosa—coszsina
cota—cotiz — - —5 = -
sma. - gjp — sinasin —
. (a > . a
sin{ = —a —sin—
_ 2 _ 2 1
 singsi " dingsin? sina’
sinasin 5 sinasin 5
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Suy ra B =

o Chiing minh rang
® Loi gidi.
1 —sin2a

Ta co

2. CAC PHEP BIEN DOI LUONG GIAC LUONG GIAC

cosa . sin2a
= —sinacosa = — 7

sina

1 —sin2o T \ o
i = cot? <— + Ot) , vOi dieu kién biéu thiic c6 nghia.
1 +sin20 4

sin o4 cos2 @ — 2sinctcosa  (sina — cos @)

1+sin2a

sin® ot 4 cos? at +2sincrcos o (sin ot 4 cos ar)?
ANE T
[\/icos (OC—I——)] 2cos? <a+Z)

— ; 5 = - T =cot2<a+§). ]
vaon(ar2) e

o Chiing minh céc dang thic sau

2
a) sin? (g +a> — sin? <£ —a) = gsiHZa;

2 3
b) cos? a + cos? (oc— E) + cos? (—7[ — oc) =z,

8

3 3 2
@ Loi gidi.
a) Tacod
sin’ <E +a> — sin? (E — a) = (sin i cosa -+ sinacos E>2 — (sin z cosa — sinacos E>2
8 8 8 8 8 8
= 4singcosgsinacosa:singsinZa:TSinZa
b) Tacd

T 27
cos2 o +0032 (a — §> +0052 (? — a)

2 T . T\2 2n . 21 . 2
cos“ o+ cosacos§+51noc51n§ + cos—cosa—l—sm?sm(x

3
cos” ot +2 (lcos2 o+ ésin2 oc) = § (cos2 a + sin? oc) =—
4 4 2 2
I
@ Tam giac ABC vudng tai B va c0 hai canh goc vudng la AB = A
4, BC =3. Ve diém D nan nam trén tia dbi cta tia CB thoa man
CAD = 30°. Tinh tanBAD tu d6 tinh d6 dai canh CD (lam
tron dén hang phan chuc). 4
B 3 C D

® Loi gidi.
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— BC 3
bat BAC = ¢ thitan ¢ = 1B Theo hinh vé

— .. tan@+tan30°  48+425\/3
tan BAD = tan (¢ +30°) = I tan pan30° = TR

Ta cé tanBAD = 1B = BD = ABtan BAD. Khi do6

CD = BD — BC = ABtanBAD — 3 = 6.4.
[

m Dao dong ctia mdt vat 13 tdng hop clia hai dao dong diéu hoa ciing phuong, c6 phuong trinh lan
luct 1a x; = 6cos 1007t (mm) va x» = 6sin 100777 (mm), (¢ tinh bang gidy). Tinh 1i do cia vat tai
thai di€ém t = 0,25 giay.

@ Chiing minh trong moi tam gidc ABC ta déu c6

A. B . C
a) cosA+cosB—|—cosC:1+4sin§sin§sin§

b) cos?A+cos2B+cos2C = 1+2cosAcosBcosC.

c) tanAtanB—|—tanBtanC—|—tanCtanA—1'
22 2 2 272 7

A B C A B
d) cot— 4+ cot— —+cot— = cot —cot —cot —.

2 2 2 2 2 2
o Loi gidi.
a)
b)
Ta ¢ ¢ (A B)—t (71 C)_ t(C>— 1 S
¢) Taco tan 54—5 = tan ) =Co 5)=—"¢ uy ra
tan —
2
A B
tan§+tan§ ! = At C-l—t Bt ¢ 1—t t B
= an —tan — +tan —tan — = 1 —tan —tan —.
1 —tan —tan — tang 2 2 2 2 2 2
2 2 2

A C
Tuc la tanztanz—I—tanatanz—ktanztana =1.

d) T két qua cau a) ta c6

! + ! + & tA—1— tB—I— tC tA tB tC

= cot — +cot — +cot — = cot — cot — cot —.

cotf—‘cotlj cotIEcotg cot—coté 2 2 2 22 2
2 2 2 2 2 2

Y/ BAl TAP TRAC NGHIEM

Cau 1. Khang dinh nao sau diy sai?
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A. cos(a—b) =sinasinb+cosacosb. B. cos(a+b)=sinasinb —cosacosb.
C. sin(a—b) =sinacosb —cosasinb. D. sin(a+b) = sinacosb+ cosasinb.
® Loi gidi.
Ta c6 cos (a+b) = cosacosb — sinasinb.
Chon dap 4n O
Cau 2. Khang dinh nao diing trong cc khang dinh sau?
A. sina+cosa = +/2sin (a — g) B. sina+cosa = v/2sin (a+ %)
C. sina+cosa = —+/2sin <a— g) D. sina+cosa = —+v/2sin (a—{— g)
® Loi gidi.
Chon dap an O

- T . 4 . :
Cadu 3. Cho géc a thdéa man 5 << T vasina = 5 Tinh P =sin2(a+ 7).

24 24 12 12

® Loi gidi.

A. P=

Tacod P=sin2 (o + ) =sin (2 +27m) = sin20a = 2sina cos .

N o . 3
Tit hé thifc sin® & 4+ cos? @ = 1, suy ra cos o = £/ 1 —sin’ot = +=.

5
Dog<a<nnéntachoncosa:—§.
4 3 4 3 24
Thaysin(x:gVécosa:—gVéoP,tadIIc}cP:2-§'(—g):—g.
Ch(_)ndépén@ O
. . 3 3
Cau 4. Biétsina:—g Vé7r<a<7n.TinhP:sin<a+g>.
3 3 —4-3/3 4-3V3
A. P=——. B. P=-—. C. P=———. D. P= .
5 5 10 10
D Loi gidi.
4 3
Tit hé thic sin® @ +cos?a = 1, suy ra cosa = +v/1 —sin’a = :I:g. Do < o< ; nén ta chon
4
cosa:—g.
T V3 1 V3 [ 3\ 1/ 4\ —-4-3V3
o) = Do foma= B (3) e 1( )
Suy ra sin Oc+6 5 smoc+2cosa 5 5 +2 5 10
Chon dép an (C) O

- 3 .3
Cau 5. Cho gbc a thoa man cos o = 1 va 771: < o < 2x. Tinh P = cos (g — Oz) .

V21 —v21 —
A po3tVv2l B. P> . C.P:M, D.P:M.

8 8 8 8

® Loi giéi.
1 3
TacéP:cos(g—oc) :cosgcosa-l—sin%sina:Ecosa-i—gsina.
7

Tir hé thiic sin® a 4 cos? & = 1, suy ra sina = +v/1 — cos?a = i\/T_'
D037n<a<27rnéntach()n sina:—g.
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46

7 3 13 V3 V7| 3-V2I
Thay sin ot = — — va = vao P P=-+= -2 )=
ay sin o 7 va cos o 4Vao , ta dugc 24+ > ( ) > 2
Chon dap 4n (B)
~ 3 . - 5 _3=m )
Cdu 6. Cho goc a thda man cos @ = AN < o < 2m. Tinh P = tan2a..
120 119 120 119
AL P=——. B. P=——. . P=—. D. P=—.
119 120 ¢ 119 120
® Loi gidi.
sin2a  2sino-cosQ
Taco P =tan2c = = X
40 an cos20ot  2cosfa— 1 .
Tir hé thiic sin® & + cos? & = 1, suy ra sina = +v/1 — cos?a = iﬁ'
3 12
Do 77[ < @ < 27 nén ta chon sinx = R
Thay sin o 12 acoso > ao P, ta dugc P 120
= —— V = — V . = —.
Y 13 13 : 119
Chon dap an (C)
- . 2 1 +sin2o 2o
Cdu 7. Cho géc o théaman 0 < a < r vasina = —. Tinh P = +§1n +cos .
2 3 sin o 4 cos o
2V5 3 3 2V5
AL P=——1-. B. P=—. . P=——. D. P=—.
3 2 ¢ 2 3
® Loi gidi.
Ta o6 P — 2s1n0.tcosa—|—2005 o _ 2cos€x(sma—|—coso¢)  5eosa
SN + cos SiIn & + cos &
5
Tir hé thiic sin® & +cos? & = 1, suy ra cos ot = £/ 1 —sin’ot = i%.
2
D00<Ot<gnéntachoncosazgﬁP:%g.
Chon dép an (D)
- , . 4 .
Cau 8. Cho goc o thdéa man sin o = 5 Tinh P = cos4a.
527 527 524 524
A. P=—. B. P=———. C. P=—. D. P=——-.
625 625 625 625
® Loi gidi.
4\? 7
Ta c6 cos2a = 1 —2si 2a=1—2.(—) =—=.
a cO cos sin 5 55
49 527
S P=cosda=2cos?200—1=2.—-—1=—-""_.
uy ra cos4o cos“2x 5 5
Chon dép an (B)
Cau 9. Cho goc a théa man cota = 15. Tinh P = sin2a.
11 13 15 17
A. P=—. B. P=—. C. P=—. D. P=—.
113 113 113 113
® Loi gidi.

cos

Tacécota =15 < =15 cosa = 15sin.

SIn o
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30 30 30 15
Suy ra P = sin20 = 2sin ¢ - cos o = 30sin’ ot = = = 5 = .
1 1+cot?ax 1415 113
sin®a
Chon dap én@ U
A . , 4 3n . . a o
Cau 10. Cho gocathoamantana:—g vao e 7;2% .T1nhP:s1n§+cos§.
5 5
A. P=1/5. B. P=—/5. C. P:—\/?_. D.Pz%.
D Loi gidi.
a V2
0<sin— < —
3n o 3n =
Ta c6 P2 = 1 +sina. Véi o € (7;24 :>5€ <T,7t}Kh1 do 2 2 \/z,suy ra
o
—1<cos=< 5
(01 (01
P:sinz—kcosz <O0.
< 1A . .0 2 ) 2 1 16 3r
Tur hé thic sin“a +cos“ax =1, suyrasin“t =1—cos"d=1——5—=—.Viae | —;2n
1 +tan’a 25 2
4
nén ta chon sin = —3
4 1 5
Thay sina:—g vio P?, taduocP2:§.SuyraP:—%.
Chon dap én@ 0
- in?2
Cdu 11. Cho géc o théa man tana = —2. Tinh P = _Sme%
cosda +1
10 9 10 9
A. P=—. B. P=—. C. P=——. D. P=——.
9 10 9 10
® Loi gidi.
Ta c6 P sin2¢ sin2¢
acoP = = .
cos4o+1  2cos22a
g A P A ¥ N 2t N 1_t2
Nhac lai cong thic: Neéu dit ¢ = tan  thi sin2a = vacos2o = —.
£+42 1412
2tan o 4 1 —tan“a 3
Do désin20 = ——— = ——, cos20l = ————— = ——.
© o s 1 +tan?o 5 ;OS 1 +tan?o 15
Thay sin20 = ~3 vacos2a = ~3 vao P, ta dudc P = 5
Chon dap én@ O
A . i 4 3w ] :
Cadu 12. Cho goc o thdéa man sin20 = VA < a < w. Tinh P=sina —cos Q.
3 3 5 5
A P=—_. B. P———. c.p¥S p.p=_ Y3,
V5 V5 3 3
@ Loi gidi.
3r {sina>0 .
Vi— <o <msuyra nén sina —cos @ > 0.
4 cosa <0
.. 2 . 4 9
Ta co (sina—cosa)” = 1—sin2a = 1+§ =z
3 3
Suy rasinx —cosox = £——=. Do sinx —cos o > 0 nén sinox —cosox = —.
g NG V3
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48

3
Viay P = —.
SRV
Chon dap én@ O

o 2 )
Cau 13. Cho géc o thdéa min cos20 = -3 Tinh P = (1+3sin’a) (1 —4cos’a).

A. P=12. B.P:%. C. P=6. D. P=21.
® Loi giéi.
1—cos?2 1 2
Tacoé P = <1+3-—COS a) (1—4-—+C0S a) = (§—§c032a) (—=1—2cos2a).
2 2 2 2
2 5 )< 4) 7
Th 200 = —— P P=|=-+1 —1+=)=-.
ay cos2o 3 vao P, ta ducc ( > + + 3 c
Ch(_)ndépén@ 0
- g 5 3x T
Cdu 14. Biet Sma:B;COSbZE;E <a<m0O<b< E.Hay tinh sin (a +b).
56 63 33
A. —. B. —. . - D. 0.
65 65 ¢ 65 0
® Loi giéi.
5\2 144 T 12
S 2 — — g1 2 g —_ _— = — b — = ——
Tacocos“a=1—sin“a=1 (13) 169maa€<2,7r>:>cosa 3
3\2 16 4
Tuong tu, ta co sin?hb=1—cos’b=1— (§> = %5 mab e (0;%) = sinb = 5

3 12 4 33
Khi d6 sin(a+b) = sina-cosb+sinb.cosa= — -~ — — - =

Chon dap an @ O

” 1 1 .
Cau 15. Cho hai géc nhon a;b thoa cosa = g;cosb =7 Tinh gia trj ciia biéu thic P = cos(a+b) -

cos(a—>b).

113 115 117 119
. B. ——. . D. —.
144 144 ¢ 144 144
® Loi gidi.
Tacd P=cos(a+b)-cos(a—b)=(cosa-cosb+sina-sinb) (cosa-cosb —sina-sinb)
I 1 1
= (cosa-cosb)* — (sina-sinb)* = cos’a - cos*b — (1 —cos’a) - (1 —cos?h). = 5 16~ (1 - 5) :
(1 1 ) 119
16/ 144
Chon dap én@ U
- 1 3 AN
Cdu 16. Cho0< a,B < g va thda man tan ¢ = 7 tan 3 = 1 G6c o+ B ¢ gia tri bang
T T T T
A —. B. —. . —. D. —.
3 4 ¢ 6 2
® Loi giai
1+3
) _ tano+tanff 774 .
Taco tan(a+p) = I—tnc-anf 1_12 =lsuyraa+b=—.
7 4
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Chon dap an O

- T 3 I . N
Cau 17. Cho0< x,y < 5 thda man cotx = T coty = 7 Tong x+ y bang
T 3n T
A. —. B. —. . = D.
4 4 €3 d
o Loi gidi.
31 |
tx-coty—1 47
Tacécot(x+y) = OOy 4T 1
cotx+ coty §+l
4 7
e T ) 3n
MatkhacO<x,y<Esuyra0<x—|—y<7r.Dodox—|—y:T.
Chon dép an (B) O
Cau 18. Néu tan o va tan B 1a hai nghiém ctia phuong trinh x> + px+¢ = 0 (¢ # 1) thi tan (a + B)
bing
2 2
A 2 B. . c. 2 D. -
q—1 q—1 I—gq l—gq
o Loi gidi.

tano +tanp = —
Vi tan ¢, tan B8 12 hai nghiém ctia phuong trinh x*> 4+ px+ ¢ = 0 nén theo dinh i Viet, ta c6 P P .
tana.tanff =g

_ tana+tanff  p
" l—tanatanf g—1
Chon dap én@ O

CAu 19. Cho hai dao dong diéu hoa ciing phuong c6 phuong trinh 1an lugt 1a x; = 5cos(1007t +
7)(cm) va x, = 5cos(1007t — £/2)(cm). Phuong trinh dao dong tong hop cua hai dao dong trén
la

Khi d6 tan (a + )

A. x =5v2cos (1007tt+ 3%) (cm). B. x=5v2cos <1007rt - %) (cm).
C. x=10cos (IOOm - %Tﬂ?) (cm). D. x=10cos (IOOnt + %) (cm).
® Loi gidi.
Ta co

x=x1+x, = 5cos(1007t+ )+ 5cos(1007t — 7/2)
= 5[cos(100zt+ 1) + cos(100xt — 7w /2)]

3
- 5-2cos<100m+§>cos77r
- —5\/§cos(100m+§)
3
- 5\/§cos<1007rt—7n>.
Chon dép an (B) O

Cdu 20. Mat vat thuc hién dong thdi hai dao dong diéu hoa cting phuong, cing tin sb theo céc phuong
trinh: x; = 2cos <57tt + g) (cm) ; x, = 2cos(5xt)(cm). Bién do cta dao dong tong hgp cta hai dao
dong trén la
A. 2. B. 4. C. 2v2. D. V2.
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D Loi gidi.
Xét x(t) = x1 +xp =2cos (57rt + g) +2cos(57t) = 2v/2cos (571't + %)
Chon dap an @ O
—HET—
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3. HAM SO LUONG GIAC VA PO THI

KIEN THUC CAN NHO

Ham sO y = sinx

Tap xac dinh: 7 =R.

y
Tap gia tri: [—1; 1], tic la NG _—_%""W ______
—1<sinx<1,VxeR. — . ' P X
______ NN

Ham s0 y = sinx la ham so 1€ nén do thi ham so
nhén goc toa do O lam tam doi xing.

Ham s6 y = sinx tuan hoan vé6i chu ki T = 27, nghia la sin(x + k2x) = sinx, véi k € Z.
. R . . /4 T . .
Ham s6 y = sinx ddng bién trén mbi khoang (—5 +hom > +k27r>, nghich bién trén méi
s 3
khoang (5 +k2x; > + k27t) véi k € Z.

Ham s0 y = cosx

Tép xac dinh: 7 =R.

y
Tap gid tri: [—1; 1], tdc Ia —n—Wn _____

—1<cosx<1,VxeR. N/ _____ L_"Mx

Ham s6 y = cosx 1a ham s6 chdn nén do thi ham sb
nhan tryc Oy lam truc doi xing.

Ham s6 y = cosx la ham sd tuan hoan véi chu ki 7 = 27, nghia 1a cos(x + k27) = cosx, véi
keZ.

Ham sb y = cosx dong bién trén mdi khoang (—7 + k27;k27), nghich bién trén mdi khoing
(k270 T+ K271) V6i k € Z.

Ham so y = tanx

Diéu kién cosx # 0 < x # g—l—kn,kEZ.
Tap xdc dinh: 92R\{§+kn,ke Z}.

Tap gi4 tri: R; La ham s6 18.

)
(ST

La ham s6 tuan hoan véi chu ki T = 7, nghia Ia tan(x +
km) = tanx, véi k € Z.

Ham s6 y = tanx dong bién trén mdi khoang (—% +km; 5 +k7) véi k € Z.
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n Ham so0 y = cotx

e Dbiukién sinx #0 & x £ km,k € Z.
Tap xac dinh: 2 =R\ {km,k € Z}.

Tap gia tri: R.

La ham s6 1¢.

|
ol

|
R B T

o La ham s6 tuan hoan vé6i chu ki T = 7, nghia 37”
la cot(x+km) = cotx, véi k € Z. 0 T
T
e Ham s6 y = cotx nghich bién trén mdi 2
khoang (km; 7 + km) véi k € Z.
Y PHAN LOAL PHUGNG PHAP GIAI TOAN
DT '0' Tim tap xdc dinh clia ham sé luong gidc
Ta chd y mot s6 diéu kién sau:
a) y= %) xdc dinh < g(x) # 0.
8(x)
b) y= X/ f(x) xdc dinh < f(x) > 0, trong d6 n € N*.
T
¢) y = tan[u(x)] xac dinh < u(x) xac dinh va u(x) # 5 +km, ke Z.
d) y = cot[u(x)] xdc dinh < u(x) xdc dinh va u(x) # km,k € Z.
=Vidu 1. Tim tap xdc dinh clia cic ham sb sau day:
2sinx+3 1+cosx 2+3cos2x
a) y=——— b) y="—"-— ) y=—7—"
CosXx 1 —cosx sinx
1 4cosx sinx —3 2sinx+3
d - —_— - —_— - —
)y 1 +sinx ey cosx+ 1 Dy cosx+2
) _ 2sinx+3 h) _ 2sinx—3 D —sinx_l
&= inx—1 Y= 2sinx 43 Y=
Vi 2 1
i) y=+/3—2cosx. k)y:LH ) y:,/ﬂ
1 +cosx I —cosx
=Vidu 2. Tim tap xdc dinh cla cac ham sb sau day:
T
a) y=2tanx+3 b) y = 2tan2x— 4sinx ¢) y:cot<x+z>+l
=Vidu 3. Tim tit ca cic gia tri clia m d€ ham sb sau c6 tap xac dinh R.
. sinx — 1
a) y=+/m—cosx b) y=+/2sinx—m c) y:—+
cosx+m
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=Vidu4. Tim tt ca cdc gia tri cia m d€ ham s6 y = \/cos?x — (2 +m) cosx +2m c6 tap xdc dinh

7

® Loi gidi.
Yéu cau bai toan tuong duong véi

cos’x — (24m)cosx+2m >, Vx € R
& (cosx—2)(cosx—m)>0,¥xeR (1).

Do cosx—2 < 0,Vx € R nén

(1) & cosx—m<0,¥xeR
& cosx<m,VxeR

Diéu nay x4y ra khi va chi khi m > 1. O

DT '9' Tinh chén 1& cia ham sé

Ta thuc hién cac budc sau:

@ Tim tap xdc dinh 2 clia ham s6 — Tap Z phai d6i xiing.

® Tinh f(—x) (chd nao c6 bién x, ta thay bdi —x) va thu gon két quéa. Khi d6
e Néu f(—x) = f(x): ham s6 da cho la ham chén.
e Néu f(—x) = —f(x): ham sb da cho 12 ham 18.

e Néu khong roi vao 2 trudng hop trén, ta két luan ham s6 khong chin, khong 18.

GHI NHO

® Ham s6 y=sinx 13 ham so 18. ® Ham s0 y=cosx 13 ham s6 chin.
® Ham s6 y =tanx |3 ham so [é. @ Ham s6 y=cotx |a ham so6 |é.

=Vidu5. Xéttinh chin, 1& clia cac ham s sau:
a) f(x) = |x|sinx. b) f(x) = tan|x|.
® Loi gidi.

a) Tap x4c dinh ctia ham s6: 2 = R.
+Vxe P = —xc 9.
+ f(—x) = | —x|sin(—x) = —|x|sinx = — f(x).
Vay ham s 18.

b) Tap xdc dinh ciia ham s6: 2 =R\ {g +km,k € Z}.
+Wxe9=—xe9.

+ f(—x) =tan| — x| = tan|x| = f(x).
Vay ham s6 chén.

=Vidu 6. Xét tinh chin 1 cia ham sb
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a) f(x) = sin’®2x+ cos3x. b) f(x) = V2+sinx++/2 —sinx.
® Loi gidi.

a) Tap xdc dinh ctia ham s6 2 = R.
V6i moi x € 2 thi —x € 2 nén 2 la tap doi xiing.
Ta ¢ f(—x) = sin?(—2x) + cos(—3x) = sin? 2x + cos 3x = f(x), Vx € .
Do d6 ham sb f(x) da cho 12 ham sb chin.

b) Tap xac dinh D = R.
Véimoix € D= —xe€D.
f(=x) = \/2+sin(—x) 4+ /2 — sin(—x) = /2 —sinx + /2 + sinx = f(x).
Vay ham sb da cho chén trén D.

9)

=Vidu 7. Xét tinh chdn 1é cia ham s6

a) f(x)=sin <2x+ 9;) b) f(x) = tanx+ cotx.

 Loi gidi.

a) Tap xdc dinh 2 = R, 1a mot tap ddi xing. Do d6 Vx € 2 thi —x € 2.
o T /4
Ta c6 f(x) = sin (2x+ 7) = sin <2x+ > +47r> = sin <2x+ 5) = cos2x.

Co6 f(—x) = cos (—2x) = cos2x = f(x).
Vay ham s f(x) 1a ham s chén.

T
cosx;«é0<:> X#E—HM

. (V6i k,l € Z).
sinx # 0 xAIm

b) Ham sb c6 nghia < {
Tap xdc dinh 2 = R\ {g vkninlklcZ } 1a mot tap dbi xing.
Do doVxe Zthi —x € Y. Taco f (—x) =tan(—x)+cot(—x) = —tanx —cotx = — (tanx + cotx) =

—f(x).

Vay ham s f(x) 1a ham s6 1¢.

DT (3 Tim gid tri 16n nhét - gid tri nhé nhét

Ta thuong dung moét trong 3 phuong phap sau:
& St dung céc bit dang thic co ban

® —1<sinx<1,Vx e R; @ —1<cosx<1,Vx€eR,;

® 0 <sin’x,cosx < 1,Vx € R; @ 0 < |sinx|,|cosx| < 1,Vx € R.
@ St dung diéu kién c6 nghiém

@ sinx = f(m) cé nghiém khi —1 < f(m) < 1.

@ cosx = f(m) c6 nghiém khi —1 < f(m) < 1.

® asinx+ bcosx = ¢ c6 nghiém khi a® + b > 2.
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@ St dung bang bién thién: Lap bang bién thién ctia ham s6, tir d6, két luan.

\ \

=Vidu8. Tim gia tri 16n nhit va gid tri nho nhit cta cac ham sb sau

1 — 2sin?
a) y=2sinx+3 b) y:¥ ¢) y=+2+cosx—1
d) y=4sinxcosx+1; e) y=4—3sin’2x. f) y:(3—sinx)2+1

=Vidu9. Tim x dé ham s y = (sinx+3)* — 1 dat gid tri nho nhat.
=Vidu 10. Tim x dé ham s6 y = 1 — 3+/1 — cos2x dat gid tri nhd nhit.
=Vidu 11. Tim gid tri I6n nhat va nhd nhét ctia ham sb sau
a) y=+/3sinx+cosx b) y =sin2x —cos2x ¢) y=3sinx+4cosx
=Vidu 12. Tim gid tri I6n nhat va nhd nhét ctia ham s6 sau
a) y=2sin’x —3sinx+ 1 b) y = 2cos’x+ 3cosx —2 ¢c) y=cos2x—sinx+3

=Vidu13.

Khi du quay hoat dong, van tdc theo phuong ngang ctia mot
cabin M phu thudc vao goc lugng giac o = (Ox,OM) theo
ham s6 v, = 0,3sina (m/s) (Hinh bén).

a) Tim gid tri 16n nhat va gia tri nhd nhét cia v,

b) Dua vao do thi ctia ham sd sin, hdy cho biét trong
vong quay dau tién (0 < a < 27), gbc o & trong cac
khoang nao thi v, tang.

BAITAP TY LUYEN

o Tim tap xac dinh cua cac ham so sau:

T sinx
=cot (3 ——). b)) y=—>v—-.
2) y co(x 4 )y cos2x—1
2+ sinx 1 1
C)yZ\/l—- d) y=—+——.
—COosx sinx  cosx
® Loi gidi.
. n T km
a) Hémséxaicdinh@)&c—z#kn@x%ﬁ-l-?,kez
. k
V@ytépxécdinhcﬁahémsé@:]R\{%—k?n,keZ}.

b) Ham s6 xdc dinh khi va chi khi:
cos2x—1#0&cos2x# 1 x#kn ke Z.
B TOAN 11 - CANH DIEU
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Vay tap xdc dinh 2 =R\ {kn|k € Z} .

2—|—sinx>
c) Ham s6 xac dinh khi { 1 —cosx — &1 —cosx#0 < cosx # 1 < x#k2rm, k € Z.
1 —cosx=#0

Vay tap xac dinh 2 = R\ {k2rm,k € Z}.

0 x#kﬂ'
coss .3

d) DPidu kién: o
) Bieu kign {sinx;éO x;égwm 2

Tap xdc dinh 7 = R\ {k% ke Z}.

e Tim gia tri I6n nhat va gia tri nho nhat (néu cd) cia cac ham so sau

a) y=3—2sin2x b) y=15—3cos4ux.
¢) y=3—2|sin2x|. d) y=3sin’2x—4
® Loi gidi.

a) Tap xac dinh: Z =R.Vx € R, taco

—1 <sin2x <1
—2< -2sin2x <2
1<3—-2sin2x<5
1<y<5s.

t ¢

e maxy =5 khi sin2x:—1<:>x:—%+k7r.
o miny = I khi sin2x:1<:>x:§+k7t.
b) Tap xac dinh: ¥ =R.Vx € R, tacd

—1<cos4x <1
< 3> —3cosdx > -3
& 543>5-—-3cosd4x>5-3
& 2<y<8.

T kT
° maxy:8khicos4x:—1<:>xzz+7.

k
° miny:2khicos4x=1<:>x=§

c) Tap xac dinh: Z =R.Vx € R, taco

0 <|sin2x| <1
& —2< -2]sin2x| <0
< 1 <3-2|sin2x| < 3.

km
° maxy=3khisin2x:O(:)x=7.

+r
e miny =1khisin2x=+1x= T—Hm.
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d) Do 0 <sin?2x < 1nén —4 <y=3sin’2x—4 < —1.
oy = —4 khi sin2x = 0, ludn ton tai x thdéa man, chang han x = 0.
\ . T
oy = —1 khi sin?2x = 1, ludn tdn tai x thdéa man, ching han x = T
Viy miny = —4 va maxy = —1.

e Tim gid tri 16n nhét, gid tri nhd nhit ciia ham sb sau y = 2 — 4sin’x - cos?x.
@ Loi gidi.
Tacéy=2—4sin’x-cos?x = 2 — sin® 2x.
Vi—1<sin2x<1nén0<sin’2x<12-0>2—sin’2x>2—-1<2>y>1.

T T
Vay miny = 1 khi sin?2x =1 < 2x = i§+k27r<:>x: iZJrkn,ke Z;

T
maxy:2khisin22x:O(:)2x:k7t<:)x:k§,kEZ. ]

o Tim gia tri I6n nhét va gia tri nhd nhét ctia ham s6 y = 4sin®x — 4sinx 4+ 3.
® Loi gidi.
Tap xac dinh ¥ =R.
Bién d6i y = 4sin?x —4sinx+3 = (2sinx+1)> +2.
V6i moi x € Rtacod

—1 <sinx<1
& —1<2sinx+1<3
& 0< (2sinx+1)*<9
& 2< (2sinx+1)74+2<11.

T 1
Vay maxy =11 khix = — vaminy = 2 khi sinx = ——. ]
Y xE]lé(y ' 2 v xelRy o 2

Y/ BAITAP TRAC NGHIEM

Cadu 1. Tap gid tri cia haim s6 y = cosx 12 tp hdp nao sau day?
A. R. B. (—;0]. C. [0;4-co]. D. [-1;1].
® Loi gidi.
V6i moi x € Rthi —1 <cosx < 1.
Chon dap an @ U
Cdu 2. Tap gid tri ctia ham s6 y = sin2x 1a
A. [-2;2]. B. [0;2]. C. [-L;1]. D. [0;1].
o Loi gidi.
Tap gid tri ctia ham s6 y = sin2x 1a [—1;1]
Chon dép an (C) O
Cdu 3. Ménh dé nao dudi day ding?

A. Ham sb y = sinx 12 ham s6 chén. B. Ham s6 y = cosx 12 ham s6 chén.
C. Ham s y = tanx 12 ham s6 chén. D. Ham s6 y = cotx 1a ham sb chan.
® Loi gidi.
Theo dinh nghia thi trong bén ham s da cho, chi ¢6 ham s y = cosx 12 ham s6 chén.
Chon dap 4n O
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Cdu 4. Tim ham s6 1 trong cac ham sb sau:
A. y=sin’x. B. y=xcos2x. C. y=xsinx. D. y=cosx.
o Loi gidi.
TAt ca cac ham & 4 dap an déu c6 tap x4c dinh 12 R, nén d€ kiém tra tinh 18, ta chi cAn ki€m tra tinh chat
f(—x) c6 bang véi f(x),Vx € R va ham d6 1a y = xcos2x.

Chon dap an 0
Cau 5. Ménh dé nao duéi day sai?
A. Ham sb y = tanx tuan hoan véi chu ki 7. B. Ham s y = cosx tuan hoan vé6i chu ki 7.
C. Ham sb y = cotx tuan hoan véi chu ki 7. D. Ham s6 y = sin2x tuan hoan véi chu ki 7.
o Loi gidi.

Ham s0 y = cosx tuan hoan véi chu ki 27, cdc ham so y = tanx,y = cotx,y = sin2x tuan hoan véi chu
ki .

Chon dap an O]
Cdu 6. Ham sb y = sin2x c6 chu ky tuan hoan 1a
A. T =2r. B.T=7. C.T=m D. T =4r.
o Loi gidi.
Chi y v6i k 14 sb nguyén duong ham s6 y = sinkx c6 chuky T = 277[
Chon dap an @ O
Cdu 7. Ham sb nao trong cac ham s6 dudi day 1a ham s6 chin?
A. y=sin (x—i—g). B. y=cos (x—l—%). C. y=sin2x. D. y =tanx —sin2x.
® Loi gidi.

T
Xét y = sin <x—|— 5) c6 tap xac dinh ¥ = R.

T .
Mat khac y = sin (x + §> = cosx nén la ham chan.

Chon dap 4n (A) O
Cdu 8. Tim tap x4c dinh ctia ham sb y = cotx.
A. 9 =R\ {kg]kez}. B. 2 =R\{knlk € Z}.
C. 2=R\{k2rkeZ). D. 2 =R\ {g+k7t|k ez},
® Loi gidi.

Ham s6 x4c dinh khi va chi khi sinx # 0 < x # kn,k € Z.
Viy 2 =R\{kr|k € Z}.

Chon dép an (B) O
Cau 9. Pidu kién xéc dinh ciia ham sb y — 1;3’% 1a
A.x;éngkn,kEZ. B. x4, ke Z.
c.x7ék7”,kez. D. x#£km, ke Z.
® Loi gidii.
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Piéu kién xac dinh ctia ham sb di cho la sinx # 0 < x # kx, k € Z.
Chon dap an @ 0
2sinx+1
—1la
I —cosx

A. x#loT. B. x # k. C. x;égwm. D. x¢g+k2n.

Cau 10. Véi ky hiéu k € Z, diéu kién xac dinh ctia ham s6 y =

® Loi gidi.
Ham s6 xédc dinh < 1 —cosx # 0 < cosx # 1 & x £ k2w (k€ 7).
Vay diéu kién xdc dinh ctia ham s da cho 1a x # k27 (k € 7).
Chon dap an @ O
~ . PRI X N , . P N % T N
Cau 11. V6i ky hiéu k € Z, diéu kién xac dinh ctia ham s0 y = tan <2 — 5) la
T
X

U

5w T 5w
B. x#ﬁ—i—kﬂ. C. x%z—i—kﬂ. D. x# E+k2

A. x# %—i—k
® Loi gidi.
T

. 5
Ham s6 xac dinh < cos <2x—§> 7é0<:>2x—§75g—|—k7r S xF# 1—3+k§ (keZ).

Vay diéu kién xdc dinh ctia ham s da cho 13 x # 51—7; + kg (k€ Z).
Chon déap an @ U
Cau 12. Tim diéu kién x4c dinh cia ham s6 y = tanx + cotx.
A. x£km ke B.x;éngkn,keZ. C.x;ékg,kez. D. xeR.
® Loi gidi.

£ km
Ham s0 xac dinh < sin2x # 0 < x # 7,1( YA

Chon dap an @ O

~ . o . 2 2 3 _— 1 N
Cadu 13. Tap xac dinh ctia ham s y = 2EoSoX 2

cosx+1
A. 2 =R\{rn+kmkecZ}. B. 2 =R\ {k2m;k € Z}.
C. 9:R\{§+kn;ke%}. D. 7 =R\{n+k2mkcZ)}.
® Loi gidi.

Ham sb xdc dinh khi va chi khi cosx+ 1 # 0 < cosx # —1 < x # n+ k2w, k € Z.
Vay ham sb c6 tap xac dinh 2 = R\ {7 +k27;k € Z}.
Chon dap én@ 0

Cau 14. DPudng cong trong hinh dudi day 1a do thi ctia mot ham s6 trong bdn ham sb dudc liét ké &
bdn phuong an A,B,C,D. Hdi ham s6 d6 1a ham sb nao?

A. y=1+sinx. B. y=1—sinx. C. y=sinx. D. y=cosux.
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D Loi gidi.
Ta thiy y(0) = 1, do d6 loai dép 4n C.
Ham sb khong dat gia tri bang 2 tai x = g hay x = —g, loai dap 4n A va B.
Do d6, ham s6 can tim phai 1a y = cos.x.
Chon dap 4n (D) O

Cdu 15. Pudng cong trong hinh vé bén dudi l1a do thi ctia mdt trong bdn ham sd dugc liét ké & boén
phuong 4n A, B, C, D. Héi d6 12 hAm sb nao?

Y12
—7T _7'C 0] T Y/ X
2 2
A. y=cosx+1. B. y=2—sinx. C. y=2cosx. D. y=cos?x+1.

® Loi gidi.
Do thi ham sb da cho di qua diém (0, 7). Trong cac ham sb da cho chi c6 ham s6 y = cosx + 1 thda
man.
Chon dap én@ 0J

n 2 2 Z T
CaAu 16. Tim gia tri 16n nhat, gia tri nhd nhat ciia ham s6 sau y = 1 + 3sin <2 — Z>

A. miny = —2, maxy = 4. B. miny =2, maxy =4.
C. miny = —2, maxy = 3. D. miny = —1, maxy =4.
® Loi gidi.

Tac():—lgsin<2 —%) <l=-2<y<4.
. v/ [ .
i y=—2<i>81n<2x—z> =—1<:>x=—§+k7r:>m1ny=—2.

T 3n
. y:4<:>sin<2x—z> :1<:>x:?+k7t:>maxy:4.

Chon dap 4n (A) O
Cdu 17. Tim gid tri 16n nhit, gia tri nhd nhit ctia ham sd sau y = 3 — 2 cos? 3x.
A. miny =1, maxy = 2. B. miny =1, maxy = 3.
C. miny =2, maxy = 3. D. miny = —1, maxy = 3.
o Loi gidi.

Tacé:0§c0523x§1:>1§y§3.

km
° y:1<:)c0523x:1<:)x:?:>miny:1.

T km
e y=3ocos’x=0x= = maxy = 3.

673
Chon dp 4n O
Cdu 18. Tim gia tri 16n nhAt, gid tri nhd nhat ciia ham s6 sau y = v/2sinx + 3.
A. maxy=+/5, miny = 1. B. maxy =+/5, miny = 2+/5.
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C. maxy=+/5, miny = 2. D. maxy = /5, miny = 3.
® Loi gidi.
Tacé 1 <2sinx+3<5=1<y<5.
T T
Viy maxy = v/5 khisinx = 1< x= = + k27 vaminy = 1 khi x = —E+k2n’.

2
Chon dap 4n (A) O
N £ < < 4
Cau 19. Tim gid tri 16n nhat, gid tri nho nhat ciia ham so sau y = —————.
1+ 2sin“x
: 4 . 4
A. mmy:§,maxy:4. B. miny = g,maxy:&
C. minyzg,maxy:Z. D. miny:E,maxy:4.
D Loi gidi.
4
Tacé:Oﬁsin2x§1:>§§y§4.
Y sinfx=1ex=" 4 kn = mi 4
o y=—-&sinfx= =— miny = —.
Y73 * T2 Y73
o y=4 & sin’x =0 x =k = maxy = 4.
Chon dap a’m@ O
Cau 20. Cho hai diém A, B thudc dd thi ham sb y = sinx y
trén doan [0; 7], cdc di€ém C, D thudc truc Ox thoa man M
2
ABCD 1a hinh chit nhat va CD = 2. Tinh d6 dai doan 0 T x
3 D C
BC. /3 3 .
2 1 3 y =sinx
A, —. B. -. C. 1. D. —.
2 2 2
® Loi gidi.
N ~ s T T T
Theo hinh vé thi OD =CK = 20D =1 —-CD = 3 = 0D = 3 =Xxp = I
o /4 1
Tung do diém D 1a yp = sin (g) ~ 3 =AD=BC.
Chon dép an (B) O
—HET—
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4. PHUONG TRINH LUONG GIAC CO BAN

Y/ KN THGC CAN NHG

n Phuong trinh sinx = a.
™ Truong hgp a € {—1;0;1}.

sin

A A
0 cos
sinx=1sx=%+k2n sinx=—1&x=—-24+k2n sinx =0 & x = krr|

1 2 3 . o o A 3
© Trudng hop a € {ii;ig;i%—}. Ta bam may | SHIFT @@ dé doi so a ve goc a hoac B°

tuong ung.

@ Cong thic theo don vi rad: sin

. xX=0o+k2w
sinx =a < kel NAC---L-3
X=T—o+k2r a

@ Cong thuc theo don vi do: 0

_ r:m+mm°
SInx =a <

kel
x = 180° — B° +k360°

™ Truong hgp a € [—1;1] nhung khac cdc s6 & trén.

] x — arcsina + k2w
sinx =a < . kel
= m —arcsina+ k2w

@ Cong thiic mé rong cho hai ham f(x) va g(x)

sin[f(x)] = sin[g(x)] & [

Phuong trinh cosx = a.

™ Truong hgp a € {—1;0;1}.

A
o) cos Al 9] cos 0 cos
Bl

COSX:1<:>X:]€27T‘ ‘COSX:—1<:>)C:7L'+]€27T COSX:O@X:%—FkTC

sin
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N 1 \/§ \/§ 3 . 2 2R A X 2 o °
& Truong hop a € ii;iT;iT . Ta bam may | SHIFT |[cos|[a] d€ doi sO a vé goc a hodc B

tuong ung.
@ Cong thuc theo don vi rad:

=o+k2m
x keZ

COSXx =a < ]
xX=-—-o+k2m

cos

@ Cong thuc theo don vi do: 0

x = B°+k360°
cosx=a <& ,
x = —B° +k360°

™ Truong hop a € [—1;1] nhung khac céc sb & trén.

x = arccosa -+ k2w
cosx=a <& kel
X = —arccosa+ k2w

@ Cong thiic md rong cho hai ham f(x) va g(x)

f(x) =gx) +k2m

cos[f(x)] = cos[g(x)] & [f(x) _ gl +h2n’ ke

Phuong trinh tanx = a.

3 £ 2 N 4 N
& Truong hgp a € {o;i\/?_;il;i\@}. Ta bim mdy | SHIFT [a] d€ ddi s6 a vé goc « hodc
B° tuong tng.
tang

@ Cong thuc theo don vi rad: NG

tanx=a<sx=a+kn, ke’

0]
@ Cong thuc theo don vi do: /

tanx =a < x=B°+kl180°, ke Z

® Truong hop a khac cic s & trén thi

| tanx = a < x = arctana + k7w, k € Z.

n Phuong trinh cotx = a.

3 . o eor A a
& Truong hgp a € {i\/?—;jzl;j:\/g}. Ta bam mdy | SHIFT dé doi so a vé goc a hodc B°

., . . T
tuong ung. Riéng a =0 thi @ = >
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a cotang

@ Cong thtc theo don vi rad: N

cotx=a<x=a+kn, kel

@ Cong thuc theo don vi do:

cotx=a < x=PB°+k180°, k€ Z

@ Truong hop a khac cic sb & trén thi

cotx =a << x=arccota—+km, k € Z.

Y/  PHAN LOAL PHUGNG PHAP GIAI TOAN

DT 'o' Gidi cdc phuong trinh lvong gidc co bdn

e Nhan dang (bién d6i) vé ding loai phuong trinh co ban, xem sb a quy ddi vé géc "dep" hay
xAu;

e Chon va rap cong thic nghiém.

=Vidu 1. Giai cic phuong trinh sau:

3
2) sin3x:—\/7_ b) 2sin (g—x> —1 ¢) 2sin(x—45°) —1=0
27
d) cos(x—?) =1 e) V2cos2x—1=0 f) 3cosx—1=0.

=Vidu 2. Giai cic phuong trinh sau:

3
a) tan3x:—£ b) ﬁtan(z—x> =1 ¢) tan(x—45°)—1=0
3 6
d) sinx—+v/3cosx =0 e) V3cotx—1=0 f) sinx+4cosx =2+ sin2x.

=Vidu 3. Tim nghiém clia cic phuong trinh lugng gidc sau trén khoang cho trudc

a) v/3tanx—3 =0 trén (0,37). b) V2sin(x—1) = —1 trén (— 2% %),

c) 2cos (3x— g) —1=0trén (—7x, 7). d) tan(3x+2) —v3=0trén (—%,%).

DT '9' Gidi cdc phuong trinh lvong gidec dang mé réng

e Bién ddi vé mot trong céc ciu triic sau

@ sinu = siny @ cosu =-cosv @ tanu =tanv @ cotu = cotvy
e Chi y cic cong thiic bién ddi lugng gic sau:

® —sinx = sin(—x). @ —cosx = cos (T —x).

® sinx = cos (g—x>. @ cosx =sin <g—x>.
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=Vidu 4. Giai cic phuong trinh sau:
a) sin3x =sin2x b) sin2x —sinx =0 ¢) sinSx—+sinx =0
d) cos2x—cosx=0 e) cos8x—+cosx=0 f) cosdx—sinx=0
=Vidu5. (B.2013). Gii phuong trinh sin5x +2cos?x = 1
® Loi gidi.
Phuong trinh tuong duong véi

sinS5x+2cos’x—1=0 < sin5x+cos2x=0

& cos2x = —sinSx = cos (%—i—Sx)
2x:z+5x—|—k27r
2
= T
2x:—§—5x+k271'
- 2
x:—g—k?ﬂ
& (keZ)
~ Iz
T Ty

DTl ; Véan dung thuc tién

=Vidu6. S6 gid c6 dnh sdng mit troi clia mot thanh phd A & vi dd 40° bic trong ngay thi ¢ cda
mot nim khong nhuén dudc cho bdi ham sb

T

d(1) :3sin[182

(t—SO)} F12V6i1 € Zva0 <1t < 365.
a) Thanh phd A c6 ding 12 gid c6 4nh sdng miit tri vao ngdy nio trong nim?
b) Vao ngay nao trong nim thi thanh phd A c6 it gid c6 4nh sang mit trdi nhat?

¢) Vao ngay nao trong nim thi thanh phd A c6 nhiéu gid c¢6 dnh sang mit trdi nhit?

® Loi gidi.
a) Ta cé phuong trinh
3sin | ” (1—80)| +12=12
182 B
T
in |-~ (:—80 ] —0
s [182( )

T
182

Véi k,t € Z va0 <t <365, tatim dugc k =0 va k = 1 thoa.
Suy ra thanh phd A c6 12 git dnh sang vao ngay thi 80 va ngay thi 262 clia nim.

& (t—80) =km <1 =280+ 182k

b) Thanh phd A c6 it gid c6 anh sang mit trdi nhit dong nghia véi d(¢) nhd nhat. Piéu nay xay ra khi

T
sin [@(I . 80)] — _1. Giéi phuong trinh nay, ta tim dudc 7 = 353.
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¢) Thanh phd A c¢6 nhiéu gid ¢6 dnh sdng mit troi nhit dong nghia véi d(¢) 16n nhit. Diéu nay xay ra

khi sin [%(r - 80)} — 1. Giai phuong trinh ny, ta tim dugc 7 = 171.

=Vidu?7.

Trong Hinh bén , khi dudc kéo ra khai vi tri can bang & | A

diém O va buong tay, Iuc dan hoi clia 10 xo khién vat A l

gin & dau ctia 10 xo dao dong quanh O. Toa dd s (cm) Mmm o
cia A trén truc Ox vao thoi diém ¢ (gidy) sau khi buong

tay dugc xac dinh bédi cong thiic s = 10sin <10t + g) . 0 s X

Vao cdc thsi diém nao thi s = —5v/3 cm?
® Loi gidi.
Theo yéu cau bai toan

s=—5V3 o 10sin<10t—|—§> —_5/3

T 3
o sin (100 —):——
sm( —|—2 5

T T
Giai phuong trinh nay ta dugc t = :I:B + k;, véi k € Z. OJ

=Vidus8.
Mot qua dan phao dudc ban ra khoi nong phao véi van tde ban y
dau vp = 500 m/s hgp véi phuong ngang mot géc o. Trong
Vit 1i, ta biét rang, néu bé qua siic can ctia khong khi va coi
qua dan phao dugc ban ra tif mét dit thi quy dao ctia qua dan
tuan theo phuong trinh y = 22%
V€O O
9,8 m/s? 1a gia toc trong trudng.

22+ xtanot

y=— 5
203 cos? o

x*+xtano, ¢ d6 g =

a) Tinh theo g{)c bin o tAm xa ma qua dan dat t6i (tiic 12 khoang céch tlf vi tri ban dén diém qua
dan cham dat).
b) Tim géc ban o dé€ qua dan tring muc tiéu cach vi tri dit khau phao 22000 m.
® Loi gidi.
Thay cac dit kién da cho vao cong thiic, ta dudc phuong trinh quy dao

—49

2
= tan
Y = 35000000052 ¢ tAn

a) Qua dan cham dit khi y = 0, khi d6
x =0 (loai)

—49 2 4 vtana — 0 < ) - 1250000sin2¢
X +x = ) x= .
2500000 COSZ Q Y= 2500000cos“ ¢ - tan o 49
49
\ 1250000sin 2
Vay tam xa ma qua dan dat tGi la x = 19 o m.
1250000sin2 ¢ 539
b) Gii phuong trinh o M 22000 & sin2a = e
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BAITAP TU LUYEN
2%

o Giai phuong trinh 3 — v/3tan <2x— 73—1:) =0 vdi _Tn <x< 3
® Loi gidi.
Phuong trinh tuong duong véi

k
tan<2x—§>:\/§<:>xzz+ i kecZ.

32
Vi
—7r< <27r N —7r<7r+k7r<27r®—77r<k7r<n
R x —_— R — — —_— [ R —
4 3 4 3 2 3 12 2 3
o gl
6 3
Do k € Z nén k € {—1;0}.
oVéikz—lthix:%n;
ch’jik:Othing.
. - T, N S
Vayx:?vax:§thoa man yéu cau bai toan. U

Giai phuong trinh tan (x +30°) + 1 = 0 v6i —90° < x < 360°.

@ Loi gidi.
Ta c6: tan (x+30°) + 1 =0 < tan (x+30°) = —1 = tan(—45°) < x = —75° +k180°.
Do —90° < x < 360° nén tap nghiém cta phuong trinh 1a § = {—75°,105°,285°}. O

o Giai cdc phuong trinh sau:

1
a) cos3x =sin2x b) cosBx—Zcos% =0 c) cos <2x—|—§> = )
1 T
d) cos (2x+30°) = 5 &) 2cos (x—g) —0 f) 2cos(2x—60°) —1=0
1
g) cos (2x—|—£) +2=0 h) cos (f —30") =1 i) sin®2x=-—
4 3 4
® Loi gidi.
/4 T 27
3x=—-—-2x+k2x X= — + k==
— o _ T 2 10 5
a) cos3x = sin2x < cos3x = cos 2x) < &
2 U /4
3x = —E+2x+k27r x:—§+k27r
(keZ).

T
b) cos3x—2cos 1= 0 < cos3x = /2 (Phuong trinh v6 nghiém)

T 2z
1 2x+—-=—+k2m x:EJrkn
T _ 1 3 3 6
c) cos 2x+3 =5 T o = - (keZ).
2t =Stk X=—7 t+kn
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1 [2x+30° = 60° +k360° — 15° 4 k180°
d) cos(2x+30°) =~ & | ' P ' _(ke).
27 [2x6430° = —60° +k360°  |x = —45° + k180
5
e) 2cos <x—z> =0« cos (x—£> —0ex—2 =" rex="1n (keZ).
3 3 32 6
D 2c05(26—60°) + 1 — 0 cos(2r—60°) — L o [FTO0 = 1207 K360
oS - oS T2 7 20— 60° = —120° 4+ k360°

(keZ).

x=90° +k180°
x = —30°+k180°

T T
g) cos <2x + Z) +2=0<% cos <2x + Z) = —2 (Phuong trinh vd nghi€ém)

h) cos (;—C —300> e g —30° = k360° < x = 90° + k1080° (k € Z).

B T ron
2x= = +k2 -
x=c +ik2m x 12+k7r
1 5w 5
sin2x = — 2x:F—|-k27r x:—n—i—kﬂ
i) sin22x = - & 2 o & 12 (ke Z).
4 lgnme L w=—Thin x=-Tiix
sin2x = ) 6 12
5w Sw
_ZX——Z-FICQ,TC _X——E+k7r
U
o Giai cac phuong trinh sau:
a) tanx = +/3. b) cot(x— %) =1
3n T
c) tan(x+48°) = tan25°. d) tan x+7 :tan7.

@ Loi gidi.
a) tanx:\/g(:)ng—l—kﬂ:, (keZ).
Vay tip nghiém ciia phuong trinh 12 § = {% Yk, ke Z}.
7
b) C0t<x—§>:1<:>X—E=E+k7t<=>x:1—72r+k7t (keZ).

3 4

c) tan(x+48°) = tan25° < x +48° = 25° + k180° < x = 25° — 48° + k108° & x = —23° +
k180°, (k € Z.).
Viay tap nghiém cda phuong trinh 1a § = {—23° +k180°, k € Z}.

3n /4 3 =& T 3r 177
d) tan(x—{—T) —tan7 <:>X+T—7+k7‘[@x—7—?+kﬂ@x——2—8+kﬂ, (kGZ)

7%
Vay tap nghiém cta phuong trinh 1a § = {—2—8 +km, ke Z}.

e Giai phuong trinh tan <2x + %) + tan <§ — x) =0.
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® Loi gidi.
T, 7 T mx
2x+—7é§+m7t x#—-i—mT
Pidukien{ . 0 o 6 mel.
g—x#a—kmﬂ x#—g—mﬂ

T T T T -7
PT < tan <2x+—> = —tan (— —x) & tan <2x+—> = tan (——+x> Sx= T—Fkn,ke 7.

6 3 6 3
2 N —T7
Keét hgp véi diéu kién ta suy ra phuong trinh c6 mdt ho nghiém x = - +km k€ Z.

O Giai phuong trinh (cot;—c — 1) (cot al + 1) =0.

2
® Loi gidi.
X X
N L sm§7§0 g%kﬂ: x7ék37r
bieu kién: b &9y (keZ)
sin§7é0 E%kﬂ: x # k2w
cotf—lzo cotle fzz—i—kn x:3—n—|—k37r
(1)< )36 & )36 & )3C 47r & 4ﬂ J(keZ).
cot—+1=0 cot— = —1 —=—"tkr -
) 5 > 4—l— X 2—|—k27r

So véi dieu kién cac nghiém nay thoa.

3
Vay phuong trinh c6 nghiém: x = T?t + k37, x = —g +ik2rn, (ke Z).

in2x+2 —sinx—1
o Giai phuong trinh SN 2X + 2COS.X — SIn X =

—0.
\/§—|— tanx
D Li gidi.
\ t V3
Pidu kién xdc dinh 1 27 V3
cosx # 0

Khi d6, phuong trinh tuong duong véi sin2x+2cosx — (sinx+1) =0

& (2sinxcosx+2cosx) — (sinx+1) =0
& 2cosx(sinx+1)— (sinx+1) =0

[ sinx = —1 ( loai, do cosx # 0)
< 1

| cosx =3

x= %4—1(271’
= T .

N T
Tht 1ai v6i diéu kién, ta loai nghiém x = 3 + k27, do khong thoda tanx # —/3.

T
Vay, nghiém cua phuong trinh 1a x = 3 +k27.

0 Nhiét d6 ngoai trdi & mot thanh phd vao céac thdi diém khac nhau trong ngay c6 thé dudc mo

phong bdi cong thic
h(r) = 29+ 3sin [1—”2(; - 9)}

v6i h tinh bang d6 C va ¢ 1a thoi gian trong ngay tinh bang gid. Nhiét d6 thip nhét trong ngay la

bao nhiéu do C va vao lic may gio?

® L3i gidi.

TOAN 11 — CANH DIEU

]

]

\ \



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Nhiét do thap nhat trong ngay 1 26°, x4y ra khi

T T -7
sin [E(t—9)} =1 (=9 =S~ +k2n e =3+24k ke L

Do ¢ 1a thai gian trong ngly tinh bang gid nén 0 < ¢ < 24. Suy ra: t =3 U

o Mot quéa dan phdo dudc ban ra khoi nong phio véi van toc ban dau c6 do 16n v khong ddi. Tim
gbc ban a d€ qua dan phdo bay xa nhét, b qua stic can ctia khong khi va coi qua dan phio dudc
ban ra tif mat dat.

® Loi gidi.

Trong Vat li, ta biét rang, néu bd qua sic can ciia khong khi va coi qua dan phdo dugc bin

ra tif mit dat thi quy dao ctia qui dan tuan theo phuong trinh y = 2_—g2x2 +xtana, 6 do6
2v5cos= o
g =9,8 m/s? la gia tbc trong trudng.
Ap dung cong thic nay:
) 5 v3sin2a
e Cho y = 0 ta dudc 3 x“+xtan@ =0, suy rax = 0 hodc x = ——.
2vgcos? o g

v% sin2a

e Qua dan tiép dat khi x =
8

v% sin2o
8

2
VG s
Tacox= < -0 d4u bing xay ra khi sin2a = 1.
8

T T T
Giai phuong trinh sin2¢ = 1, ta dude o0 = Z+k7t,k €Z.Do0<a< > nén o = 1 hay o0 =45°.
Viy qué dan phdo sé bay xa nhit khi géc ban bang 45°. U

@ Do sau (' m) clia muc nuc & mot cang bién vao thoi diém ¢ (gid) sau khi thuy tridu 1én 1an dau
tién trong ngay dudc tinh xép xi bdi cong thic h(t) = 0,8cos 0, 5¢ + 4.

a) Do sau clia nudc vao thdi diém ¢ = 2 1a bao nhiéu mét?

b) Mot con tau can muc nudc su tdi thiéu 3,6 m dé€ c6 thé di chuyén ra vao cang an toan. Dua
vao do thi ctia ham sb cosin, hdy cho biét trong vong 12 tiéng sau khi thuy triéu 1én 1an dau
tién, & nhitng thoi diém ¢ nao tau c6 thé ha thuy. Lam tron két qua dén hang phan trim.

@ Loi gidi.
a) Tai thoi diém t = 2. Ta ¢6: h(2) = 0,8-c0s(0,5-2) +4 = 4,43 m.
b) Tau khong thé di chuyén ra vao cang khi

1 2n dr 4w 87
h(t)<3,6@c050,5t<—§:>?<0,5t<7=>?<t<?.

V6i diéu kién ¢ € [0;12], ta chon dudc thdi gian tau c6 thé di chuyén ra vao cang 1a

4
ogrg?”hoac%ﬂgrglz.
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LY/ BAITAP TRAC NGHIEM

Cau 1. Phuong trinh nao sau diy vo nghiém?

1
A. sinx:i. B. tanx = /3. C. sinx=3. D. cosx=—=
Cau 2. Nghiém cia phuong trinh sinx = —1 1a
A. x:—g+k7r,k€Z. B. x=kn,k 7.
C. x:%’tﬂm,kez D. x:—§+k27r,k€Z.
@ Loi gidi.
. . . . —7T -7
Ta co smx:—1<:>smx:s1n7 <:>x:7—|—k27r,k€Z.
Chon dap a’m@ U
o~ A 2 ~ LN 2 ~ . \/§
Cdu 3. Tim tat ca cac nghiém ctia phuong trinh sin3x = -
P -x:g+k27r,k€Z
A. gn 1327: . B. o .
X=—+—" keZ xX=—+k2n, keZ
S 7o
=24 ez x=Z 8T ez
9 3 3 3
C. ) D. )
27r+k7r Ke7 27r+k27r Ke?
X=—+— X=—+—
T 9 T3 LR
® Loi giai.
/3 3x:§+k2n,keZ x:f+k27”,kez
sin3x = > & o1 & 37; o. .
3x:?—|—k27r,k€Z x:?_'—T’kEZ
Chon dap én@ O
Cdu 4. Nghiém ctua phuong trinh 2sinx+1 =0 1a
117 —T T —r
A. x:T—I-anVéx:?—}—kZﬂ?. B. x:€+k27rvéx:T+k2n’.
— 7 — 7
C. x:?ﬂ—FkNVéx:?ﬂ—Hm. D. x:?ﬂ+k2nvéx:£+k2n’.
® Loi gidi.
1 7
2sinx+1:Oﬁsinx:—i(:)sinx:sin(—g>(:)xz—g+k2ﬂvéx:%+k27r
Chon dap én@ 0J
Cau 5. Tap nghiém cta phuong trinh sin2x = 1 1a
A. {§+2k7r,k€Z}. B. {%Jrkn,kez}. C. {km.keZ). D. {g+2k7r,kEZ}.
. X V3o
Cdu 6. Phuong trinh cosx = —— tap nghiém la
A. {x:i%’tJrkzn;keZ}. B. {x::t§+k7r;k€Z}.
C {r=tZ+0mkez}. D. {x=+% +kmkez}.

® Loi gidi.
3 5 5
Ta cb cosx = —\/7— < COSX = COS (g) S x= ig +k2m k € 7.
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72

Chon dap én@
Cdu 7. Tap nghiém ctia phuong trinh cos2x = —1 1a
A. —kmkeZ. B. {—§+kn,k€Z}.
C. {—g+k2n,k€Z}. D. {90° 1 k180°,k € Z}.
Cadu 8. Phuong trinh 2cosx — 1 = 0 c6 nghiém la
A x=xL +R2m ke B. x= £ +km kEZ,
C. x=+Z+2m ke D. x=+Z+km ke
® Loi gidi.
ZCosx—I:O@cosx:%@x:ig—kaﬂ,kEZ.
Chon dap én@

~ 2 . 5 . T ’ N
Cdu 9. S6 nghiém cua phuong trinh 2 cos (x — 5) = 1 trong khoang (0;7) la

A. 4. B. 1. C. 2. D. 3.
® Loi gidi.
Chon dap an @
Cadu 10. Phuong trinh sinx — cosx = 1 ¢c6 mdt nghiém la
T T 2z
A, ——. B. —. cC. —. D.
2 4 3 "
® Loi gidi.
Ta co
i 1 & si ( n) !
sinx — cosx = sin(x——) =—
1=
T T
& T - & 2 (k € R).
X——=n——+k2nx xX=n+k2x
4 4
Vay phuong trinh da cho c6 mot nghiém la x = 7.
Chon dap an @
Céu 11. Nghiém cta phuong trinh sin*x —cos*x =0 1a
T T T
A. x=m+k2m. B. x=km. C. x:§+k7r. D. x:Z+k§.
® Loi gidi.
sin®x — cos*x = 0 & (sin®x+ cos?x) (sin®x — cos?x) =0
& —cos2r =06 2= T tkn o x = +kI kEL
Chon dap an @
N 2
Cau 12. Xét trén (—m; ), phuong trinh sinx = 3 ¢6 bao nhiéu nghiém?
A. 1. B. 3. C. 2. D. 4.

® Loi gidi.
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) 2 ) . )
SINx = — & x = arcsm% +kR2rvax=m— arcsm% + k27,

Xét trén (—m; ) thi ta duge hai nghiém la x = arcsin% va x = T — arcsin %

Chon dap an @ O

Cdu 13. Cho phuong trinh sin2x = ? Goi n 1a s6 cdc nghiém cia phuong trinh trong doan [0; 37]
thi gid tri cua n I1a
A. n=8. B. n=>5. C. n=6. D. n=2.
® Loi gidi.

Ta co

3 T
sin2x = > < sin2x = sing

2x:73—r—|—k27r

. nIr 137 7 4w 77r}
Xét trén doan [0;37] ¢6 tt c& 6 nghiém lax = —, — —— = 22 "2 4
ét trén doan [0;37] c6 tat ca 6 nghiém la x {6 6§ 633 3

Chon dap én@ O
Cau 14. Tinh t6ng cdc nghiém x € [0;20187] ctia phuong trinh sin2x = 1.
4071315 4071315 8141621 8141621
A s=T1200 g g I g g S ST Ls= 8T
2 4 2 4
o Loi gidi.

sin2x:1(:)x:§+k7r,k€Z.

Do x € [0;20187] nén 0 < g—l—kn <20187 < —0,25 <k <2017,75.

Céc nghiém clia phuong trinh luong gidc 1ap thanh mot cip s6 cong véi sd hang dau ting véi k = 0 va
s6 hang cubi ting véi k = 2017.

2017
. Vi1 ) 40713157
Bam may: Z <Z +x7r>, ta dugc ket qua ————.
x=0

2
Chon dap 4n (A) O
Cdu 15. Tim s6 nghiém thudc khoang (—7; 7r) clia phuong trinh cosx + sin2x = 0
A. 1. B. 4. C. 2 D. 3.
® Loi gidi.
T
cosx + sin2x = 0 < cosx = sin(—2x) < cosx = cos (§+2x> & T o (keZ).
— ==
S YT TS
T mw Snm
Vix € (—7;7) nén ta c6 cdc nghiém ——; ——; — 2. %
ix € (—m;m) nén ta cé cac nghiém e T 6
Chon dap 4n (B) O

Cau 16. Phuong trinh sin5x — sinx = 0 ¢6 bao nhiéu nghiém thudc doan [—20187;20187]?
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A. 16145. B. 2018l. C. 20179. D. 16144.
o Loi gi(’:li.
Ta co

sinSx—sinx =0 < sinS5x = sinx

[(5x =x+ k27
=
_5x:7t—x+k27r
xzkg
- AL
x=—+4k=
"6 73
B T
— k= ke
x =k (keZz)
5
< x:g—kmn (meZ)
xz%—knﬂ (neZ).
(20187 < kg < 20187 4036 < k < 4036
sr 12113 12103
Vix € [-20187:20187] nén { —20187 < "~ +mx < 20187 < § T 6 SmS —c— Do dé
T 12109 12107
—20187r§g+n7r§20187r —TSHST
\

c6 8073 gid tri k, 4036 gia tri m, 4036 gia tri n, suy ra sd nghiém can tim 1a 16145 nghiém.
Chon dap 4n (A) O
Cadu 17. Do thi ctia cdc haim s6 y = sinx va y = cosx cat nhau tai bao nhiéu di€ém c6 hoanh d6 thudc
Sm
doan {—271:; —} ?
2
A. 5. B. 6. C. 4. D. 7.
® Loi gidi.

Xét phuong trinh hoanh do giao di€m

) T
sinx=cosx&tanx=1<x= Z+k7t

Véi
5w T 5w 9 9
2 <x< —=>-2n<—+4kn < —=—<k<-.
TEr=T e IR e
Mak € Znénk e {—2;—1;0;1;2}. C6 5 gia tri thda yéu cau, suy ra hai dd thi cit nhau tai 5 diém.
Ch()ndépén@ O

~ e . £ . N T n -
Cdu 18. Vai gia tri cia tham s6 m thi phuong trinh cos (x — §> —2m = 0 v0 nghiém?

_ ! 1

m< —= m< ——

A. 12. B. 2. C.
m> — m >

m< —1
| .
2 2

m>1

® Loi giéi.
Ta co: cos( —g) —2m=0< cos (x—%) =2m.
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1
2m<—1 |M<—5
= .

Dé phuong trinh vd nghiém khi va chi khi
2m > 1

m > 5
Chon dap 4n (A) O
Cau 19. Tim tit ci cic gia tri nguyén ctia tham s& m d€ phuong trinh cos? mx = m? —9 c6 nghiém.
A. 5. B. 2. C. 1. D. 3.
® Loi gidi.
Do0<cos?mx<1nén0<m?-9<1. Chon dudc m = £3 théa man.
Chon dap an U
Cdu 20. Cho van tdc v (cm/s) clia mot con lac don theo thdi gian ¢ (gidy) dugc cho bdi cong thiic
v= —3sin <1 , 5t + %) Xiéc dinh cic thoi diém ¢ ma tai d6 van tdc con lac dat gid tri 16n nhét.

St 4rm n  4rm
A t=—+—k keZ. B.t=—+4+—k, keZ.
894“43’ © 49+43’ ©
T 4nm T 4nm
=—+4+—k, keZ. D.t=—+—k keZ.
g T3 ke I R
® Loi giai
Van tbe dat gid tri 16n nhét khi sin(1,5z+§):—1.
T 4
Giai phuong trinh nay, ta dugc nghiémt:?ﬂ—i—?ﬂk, keZ
Chon dép an (B) O
— HET—

TOAN 11 - CANH DIEU 75



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

DAP AN TRAC NGHIEM CAC CHU DE

DAP AN TRAC NGHIEM BAI 1

W bésol

1. c|l2. BJ[3. A4 BJ5. D|l6. B|[7. A]8. D]9. C|[10. D

11. C |[12. A |[13. C ||14. B |[15. C |[16. C |[17. D |[18. C |[19. B |[20. B

A Dés62

1. AlJl2. c|[3. A4 BJ5. DJl6. B|[7. B8 B 9. C |10. B

11. C |[12. D |[13. B |[14. D |[15. B |[16. C |[17. D |[18. D |[19. D |[20. D
JEYS pAp AN TRAC NGHIEM BAI 2

1. B[22 BJ[3 A4 cl5. B|le. c|[7. DJ8. B 9. C |[10. C

11. C |[12. A |[13. D ||14. ¢ |[15. D |[16. B |[17. B |[18. A |[19. B |[20. C
DAP AN TRAC NGHIEM BAI 3

1. DJ2. c |3 B4 BJ5. BJ6. C|[7. A|l8&. B9. D]J10. A

11. D |[12. C |[13. D |[14. D |[15. A |[16. A |[17. B |[18. A |[19. A [[20. B
LYY pAp AN TRAC NGHIEM BAI 4

1. c|[2. DJ[3. A4 DJ|5. B|l6. A|[7. D]J8. D]9. C|[10. D

11. D |[12. C |[13. C |[14. A |[15. B |[16. A |[17. A |[18. A |[19. B |[20. B
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