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Suu tam va tong hop




Phuong phap Vector

A. Co s6 cua phuong phap vector.

1. Pinh nghia.
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Cac khai nién va cic phép toan clia vec td trong khong gian duge dinh nghia hoan toan giéng nhu
trong mit phang. Ngoai ra ta can nhé them
Quy tic hinh hop. Néu ABCD.A'B'C'D' 1a hinh hop thi AC'=AB+AD+AA =a+b+c.

2. Quy tic trong tam tir dién.

G 1a trong tam tit dien ABCD khi va chi khi mot trong hai diéu kién sau xay ra
e GA+GB+GC+GD=0
. M—A+J\ﬁ3+M—C+W=4M—G,VM

3. Ba vector a, B,E dong phing néu gia ctia chiing song song vdi mot mit phang.

Diéu kien can va di dé ba vector a,b,c ddng phing la c6 cac s6 m,n,p khong déng thoi bing 0 sao
cho mgz+n5+p5=6.

Cho hai vecto khong ciing phuong khi d6 diéu kien can va du dé ba vec to a,b,c ddng phéng la c6 cac
$6 m,n sao cho ¢c=ma+nb .

Néu ba vector a,b,c khong déng phéng thi méi vector d déu c¢6 thé phan tich mot cach duy nhat dudi

dang lem(;+nl;+pg.



| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian
B. Cac bai toan ttng dung vector.

Bai toan 1. Chitng minh déng thtic vec to.

Phuong phap.
St dung qui tic cong, qui tic trit ba diém, qui tic trung diém doan thing, trong tam tam giac, trong
tam ti giac, qui tdc hinh binh hanh, qui tdc hinh hop...dé bién ddi vé nay thanh vé kia.

Sau day 1a cac bai toan minh hoa.

Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat. Chitng minh réng
SA +8C" =SB + 8D’

Lai giai

Goi O la tam cta hinh ch nhat ABCD
Ta cé \071\ = \@\ = \@\ = \(TD’\ .
—2 — ——\2 —9 —9 .
SA =(SO+0A) =SO +0A +250.04 (1)
=42 = ——=\2 =2 2 _—
SC"=(50+0C) =50 +0C" +250.0C (2)
—2  ——2 ——2 ——2 ——2 - .
Tu (1) va (2) suyra SA +5C =250 +0A +0C +250(OA+OC’)
=250 +0A +0C" (vi 0A+0C =0).
Tuong tu @2+@2=2%2+@2+®2.Tﬁdésuyra SA +8C" =SB +5D’.

Cho tit dien ABCD, M va N lan lugt la cac diém thuoc cdc canh AB va CD théa man diéu kien
MA = —2%,]@ =-2NC . cac diem I,J,K lan luot thuoc AD,MN,BC sao cho
TA=kID,JM =kJN,KB =kKC .

Chting minh v6i moi diém O ta cé 0J = %5] + 507( .

L5i giai
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Phuong phap Vector |

Vi MA=-2MB nén véi didm O bét ki ta cé

0A-0M =-2(0B-0M) 01 =24208
Tuong tyta e ON ~ 2D+20C 5; _OA-kOD e OB-kOC 5 OM-hON
3 1-k 1-k 1-k
T d6 ta co E:L.l((ﬂw@—koﬁ—zk@)
1-k'3
=L.1[(1—k)@+2(1—k)07(]:1(ﬁ+207()
1-k'3 3

vayW%ﬁngoT(.

Bai toan 2. Chiing minh ba vec t¢ dong phing va bon diém dong phing.
Phuong phap.

Dé chiing minh ba vec to &,E,E dong phing ta c6 thé thuc hién theo mot trong cac cach sau

e Chiing minh gié ciia ba vec tda,b,c cling song song v6i mot miit phang.
e Phan tich ¢c=ma+nb trong do a,b 13 hai vec to khong cting phuong.
D& chitng minh bén didm A,B,C,D ddng phing ta c6 thé chitng minh ba vec t6 AB,AC,AD dong
phang. Ngoai ra c6 thé stt dung két qua quen thuge sau
Diéu kien can va di dé diém D e(ABC) la v6i moi diém O bat ki ta ¢6
Oﬁzmﬁer@Jrz@ trong d6 z+y+z2=1

Tinh chat trén goi 1a tam ti cy trong khong gian.

Sau day la cac bai toan minh hoa.

Cho ti dien ABCD , cac diém M,N lan lugt 1 trung diém ctia AB,CD . Goi P,Q lan lugt la cac diém
théa man PA=kPD, QB = k’Q?(k: #1) . Chiing minh M,N,P,Q dong phéng.

L5i giai
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

MA—kMC
1k
MA-kMD+MB-kMC _ &k

Tuong tu QB =kQC = MQ =

Suy ra MP+MQ = (FC%W)(DO MA+MB=0)

1-k k-1
Mait khac N 1a trung diém ctia CD nén FC+J\E=2W:>W+J\TQ=%W suy ra ba vec tg

MP,MQ,MN déng phéng, hay bén diém M,N,P,Q ddng phing.

| Caut |

Cho ti dien ABCD, cac diém M,N xac dinh béi MA=zMC,NB=yND (z,y#1). Tim diéu kién
gifta # va y débavects AB,CD,MN ddng phing.

Lol gidl
Dit DA=a,DB=b,DC =¢ thi a,b,c khong ddng phang.

A

C

Ta.co MA=oMC = DA-DM =o(DC- D) = Dif = ZAZEEE _L22C (g,
—T —T
Laic6 NB=yND= DN =——DE=——5 (2)
-y -y
Tir (1) va (2) suy ra MN = DN DM =—— g+ ——p+ "¢
l-2 1-y 1-z
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Phuong phap Vector |

Ta cb E:ﬁ—ﬂ:é—&,?p =—c ;E va CD 1a hai vec to khéng cing phuong nén E,C@,m
ddng phéng khi va chi khi MN =mAB+nCD , tic la

-1 - 1 - - .o -
a+ bt~ c=m(b—a)—nc
- -y l-z
1
m =
1-z
1 )= - - = 1
&S| m-— a+| —-m |b+| n+ c=0im=— =>z=y
1-z -y - 1-y
T
n=——-
1-z

Vay ba vec to AB,CD,MN dbng phéng khi va chikhi z=1y.
Luu y. Ta c6 thé sit dung diéu kien dong phing ciia ba vec to dé xét vi tri tuong doéi clia dudng thang
v6i mét phing. Cho ba dudng théng d,,d,,d, 1an lugt chita ba vec to u,,u,, u, trong d6 d,,d, cit nhau

va d, ¢ mp(d,,d,).

Khi dé
o d,ll(d,d,)= Uy, u,,u, 13 ba vec to dong phing.

o d,nmp(d,d,)=M S u,, u,,u, 13 ba vec to khong déng phéng

Cho hinh hop ABCD.A'B'C'D', M,N lacac diém thoa J\TA:—%W, mz—gf().

Ching minh MN ||(BC'D).

Loi giai
A M D
<
1 \
B | \ C
1 \
| \ ’
] \ 7
1 1"
N
I 4
(e
[
N R D'
B' Cl

Dit BA=a,BB'=b,BC =c thi a,b,c 1a ba vec to khong dong phéng va
BD=BA+AD=BA+BC=a+c; BC'=b+c¢,BA'=a+b.

Tacs MA=-MD=> BA~BM =7 (BD-BM) =2 BM =B+ BD

5 | Chinh phuc olympic toan



| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

—— 4BA+BD :45+(5+5) :5&+E.

= BM =
5 5 5
Tuong tu BN _3a+3b+2¢ .
MN =BN-BM =222 20043 (5+c)=-2BD+2BCT
5 5 5 5 5

Suy ra MN,DB,BC" ddng phing ma N ¢(BC'D)= MN ||(BC'D).
Nhan xét. C6 thé sit dung phuong phap trén dé chitng minh hai mat phing song song.

Cho lang tru tam giac ABC.A'B'C'. Goi M,N lan lugt la trung diém ctia AA',CC' va G la trong
tam cua tam giac A'B'C"'. Ching minh (MGC') I (AB'N) .

Lai giai

Dit AA'=a,AB=b,AC =¢
Vi M,N lan lugt 1 trung diém ctia AA',CC"' nén

AM=AA=2a, AN=2(AC+ACY)=Za+}
2 2 2 2

Vi G latrong tam ctia tam giac A'B'C' nén Ezé(AA'+AB‘+AC'):&+%E+%E
L o o 1 11— 11—
Ta co MGZAG—AMZEG'ng'FgC:}MG:5AB'+§AN

Suy ra WG,E,AW dong phang.
Mit khéc G ¢(AB'N)= MG |(AB'N) (1)

Tuong tu MC'=AC'—AM=&+E—%&=%E+IQ:M = MC'||(AB'N) (2).
MG|(AB'N)
MC'(AB'N)
Bai toan 3. Tinh do dai doan théng.

Phuong phap.
Dé tinh do dai ctia mot doan thang theo phuong phap vec to ta st dung co sé

2 = %)
:‘a‘z\/a

Vi vay dé tinh do dai ctia doan MN ta thuc hién theo cac budc sau

Tu (1) va (2) suy ra { :(MGC")II(AB'N).

—2
a =

a

Tap chi va tu liéu toan hoc | 6



Phuong phap Vector |

e Chon ba vec to khong dong phang &,E,E so cho do dai ctia chiing c6 thé tinh dudgc va goc giita
chting c6 thé tinh dugc.
e Phantich MN =ma+nb+ pg

—_— —_— = = —\2
Khi d6 MN =|MN|=+ MN’ =, /(ma +nb+pc)
= \/m2
Sau day 1a cac bai toan minh hoa.

2

2
+p’

—2

a

b

2
+n (&

+2mn COS(EL,I;) + 2np cos(l;,g) +2mp cos(g,g) .

Cho hinh hop ABCD.A'B'C'D' c6 tat cd cac miat déu la hinh thoi canh a va cac goc
BAA'=BAD=DAA'=60".Tinh do dai duong chéo AC".

Loi giai
A D
A}
I\
B €
1\
1 \
\
A
I \\
P e )
ey D'
A
- \
B' C!

Diat AB=a,AD=b,AA =c thi ‘ZL‘ =‘B‘ =H = a,(&,B) =(5,E) = (E,Zz) =60".

Taco AC'=a+b+c :>AC‘2=&2+52+52+255+252+2&i

—3a2 + 2\&“5\cos6o” + Q‘Z;HE‘ cos60° + 2\2“&\@5;600 —6a2 = AC' = a6 .

Cho hinh hop ABCD.A'B'C'D' c¢6 tat ca cac mit déu l1a hinh vuong canh a. Ly M thuoc doan
A'D, N thuoc doan BD véi AM = DN =x(0<x<a\/§). Tinh MN theo a vi z .

L3i giai
D’ Cl
1
/1
/o
A // : B'
A
;o
/l !
; 1
/ DL
/M KT T T T T T C
l/‘"_:/‘/‘-— \{\,
A S~
17 N
A B

Dat AB =0, AD =, 441~
Ta c6 [d)=[f| =[f| = a(a.5) = (5.c) = (c.a) 90"
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

. DN:EDB—ﬁ(AB AD)

)

. AM—EAD‘ a\/_(AD+AA'):a\/_(b+c)

Suy ra MN =MA+AD+DN = a+

el R 1 B T G e
Khi d6 MNQ:[ﬁzH.@_ﬁJg_%E] :;; = ( a[j P, Ez

2 2
[1£ _] %ﬁ:MNJ%ﬁ

a 2a*

Dén day bai toan c6 thé héi tim gia tri nhé nhat ciia do dai doan MN'!

Bai toan 4. St dung diéu kién dong phing ctia bén diém dé giai bai toan hinh khong gian
Phuong phap.
Stt dung cac két qua

e A,B,C,D labbn diém ddng phéng < DA=mDB+nDC

e A B,C,D labbn diém dong phing khi va chi khi véi moi diém O bat ki ta c6

@szT4+y(TB+z@ trong d6 z+y+2z=1.
Sau day 1a cac bai toan minh hoa.

Cau 9

Cho hinh chép S.ABCD cé day ABCD la mot hinh binh hanh . Goi B',D' lan lugt 1a trung diém ctia

!
céc canh SB,SD . Miit phéng (AB'D') cat SC tai C'. Tinh %

L5i giai

- — o I !
Diat a=SA,b=5A,c=5D vang.
SC
i e e — == - - -
Ta co SB'=§b,SD'=§c va SC'zmSC’zm(SB+BC’)=m(b—a+c).
= SC'=2mSB'—~mSA+2mSD'
sc! 1

Do A,B',C"',D' dong phang nén 2m+(—m)+2m 1®m—§ Vay S0

Tap chi va tu liéu toan hoc | 8



Phuong phap Vector |

Cho hinh chép S.ABCD c6 day ABCD 1a mot hinh binh hanh. Goi K 1a trung diém ciia canh SC .

) . . B SD
Mt phang qua AK cat cac canh SB,SD lan lugt tai M,N . Chting minh 5_M + g_N =3.

Lai giai

Dit a=SAb=SAc=8D va 2L —m. 2Ly Taco sni=Msp-Lspsn-Ng5-Lsp
SM SN SB m SD n

SK =+SC=~(5D+DC) == (SD+ AB)=~(SD+ 5B~ 54) = “ 5N + " 531 - 1 54.
2 2 2 2 2 2 2

< z N 2 N m n 1
Mit ta c6 A,M,K,N dong phang nén 5+§+(—5j=1<:>m+n=3.

Vay 28,50 5
SM SN

Cho ti dien ABCD, trén cac canh AB,AC,AD lay cac diém K,E,F. Cac mat phang
(BCF),(CDK),(BDE) cét nhau tai M. Duong thing AM cét (KEF) tai N va cit mat phéng
NP MP

(BCD) tai P.Ching minh —=3—.
NA MA

L5i giai

Chi ra su ton tai ctia diém M .

9 | Chinh phuc olympic toan



| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Goi I =CF nBK :CIz(BCF)m(CDK)
Goi J=DENCF = (BCF)n(BDE)=BJ
Khi d6 M =CI nBJ chinh la giao diém ctia ba mat phang (BCF),(CDK),(BDE) .

P

Chiing minh =3£ . Gia st Ezaﬁ,ﬁ =Bﬁ,ﬁ=yﬁ
NA  MA

Do M,N thuoc doan AP nén ton tai cac s6 m,n >1 sao cho AP =mAM =nAN .
Tacé B,C,D,P dong phing nén ton tai z,y,z v6i z+y+z=1 (1) sao cho
_— == —— —-— — o Ax = BYy= YZ o
AP=2AB+yAC+2AD =0zAK +ByAE +yzAF > AN =—AK+—=AF+-—AF
n n n

Mat khac Ne(KEF) nén %+@+y—2=1<:>a$+[3y+yz=n (2).Lam tuong tu ta co
n

n o n
Me(BCE):>x+y+yz:m (3)

M e(CDK)=z+By+yz=m (4)

Me(BDE):>oc$+y+z=m (5)

Tu (3)7(4),(5) suy ra 2(x+y+z)+oca:+[3y+yz=3m . Két hop véi (1),(2) ta dugc

AP AP NP MP NP _MP
24n=3m<2+—=3—3+—=3|1+— | &S —=3—
AN AM NA MA NA MA

Cho da gidc 161 A/4,...A, (n>2) nam trong (P) va § la mot diém ndm ngoai (P). Mot mat phang

(a)cdt cac canhSA,S4,,...,S4 cia hinh chép S.AA,..A tai cic diém B,B,,..,B, sao cho

SA  SB, SA
2+

" = ¢ . Chitng minh ring mit phang(a) luon di qua mot diém ¢ dinh.
55 5B 5 g g mat phing (o) qua m¢ i

n

L&i giai

. 2 SA,
Treén cac canh SA, 13y cac diém X, (i=1,2,..n) sao cho SX, =—
a

Goi I la diém xéc dinh bdi ST =SX, +SX, +...+S8X_ thi I la diém c6 dinh ( do cac didm S va
X,,X,,...,X ccos dinh)

Taco ST=S9X, +5X, +...+SX, =55 4+ SN gp, 5K g
SB, SB, SB,

SX, N SX, SX, SA S84 SA,

0 +.. = + +..+
SB,  SB, SB,  aSB, aSB aSB,

2

=1
Nen cac diém I,B,,B,,...,B, dong phang suy ra mit phang (o) di qua diém I c6 dinh.

Bai toan 5. Tinh géc giita hai duong thang.
Phuong phap.

Tap chi va tu liéu toan hoc | 10



Phuong phap Vector |

Dé tinh goc gitta hai dudng thang d,,d, trong khong gian ta c6 thé thuc hién theo hai cach
Cach 1. Tim géc giita hai dudng thang d,,d, bing ciach chon mot diém O thich hop ( O thuong nim
trén mot trong hai duong thing).
Tit O dung cic dusng thangd,,d, lan lugt song song ( c6 thé trong néu O nim trén mot trong hai
dudng thang) véi d, va d,. Goc gitta hai dudng thang d,,d, chinh 1a géc giita hai duong thingd,,d, .
Chui y. Dé tinh goc nay ta thuong sit dung dinh Ii cosine trong tam giéc
b +c¢’—a’

2bc '
Cach 2. Tim hai vec to chi phuong uT,fLT2 ctia hai dudng thang d,,d,

cosA =

= |

.
a

ta chon ba vec tc (;,5,5 khong dong phang ma c6 thé tinh duge do dai va

2‘

Khi d6 goc gitta hai dusng thing d,,d, xac dinh bdi cos(dl,al2 ) = %‘
U2

S

Uy

Cha §. Dé tinh u, u,,|u,|,

goc gitta ching,sau d6 biéu thi cac vec to uj,uj qua cac vec to EL,E,E roi thuyce hién cac tinh toan.
Ngoai ra ta c6 thé diing tich vo huéng dé ching minh hai duong thing vuong goc.
Dé chitng minh d, L d, ta c6 trong phan nay ta c6 thé thuc hién theo cic cach sau

e Chtng minh d, Ld, ta chiing minh uﬁu? =0 trong do uT,uj lan lugt 1a cac vec to chi phuong

cia d;, va d,.
2 z S b || c
e St dung tinh chat =alb.
alc

St dung dinh li Pitago hoiic x4c dinh goc gitta d,,d, va tinh truc tiép goc do .
Sau day la cac bai toan minh hoa.

Cho ti& dien ABCD. Goi M,N lan lugt 13 trung diém ctia ciac canh BC va AD, biét rang

a3

AB=CD=a,MN = — Tinh géc giita hai duong thing AB va CD .

Loi giai
A
N
B D
M
C
Céach 1.
. IM||AB
Goi I la trung diém ctia AC'. Ta c6 45 _ (AB,CD)=(IM,IN)
IN||CD

11 | Chinh phuc olympic toan



| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Dat MIN = . Xét tam giac IMN 6 M =28 2¢ v =P _ 2 py -3
2 2 2 2 2
BEORGH
2 2 _ 2 2 2 2
Theo dinh i cosine, ta c6 coso = IM”+IN_ = MN = =——<0
2IM IN 5 @0
2°2
= MIN =120’ suy ra (AB,CD)=06".
i
Cach 2. Ta c6 cos(AB,CD)zcos(IM,IN) =
EE
_ — — _— — ——\2 —_—
Va MN = IN —IM = MN’ =(IN—IM) =IM*+IN* —2IN.IM
N 2 2 _ 2 2 mﬁv
Ny = N ZMNT = cos(AB,CD) = cos(IM,IN)‘ :gﬁ
T EGIE

Vay (AB,CD)=60".

Cho tit dien ABCD c6 tét ca cac canh bang m . Cac diém M,N lan luot la trung diém ciia AB va
CD . Tinh goc gita dudng thang MN véi cac dudng thang AB,BC va CD .

L5i giai
A

C
Dat AD=a,AB=5,AC =¢. Khi do, taco o =[] =[] =m va (8)=(5.c) = (.6) =60".

Taco ab=b.c=ca= % . Vi M,N latrung diém ctia AB va CD nén

MN (4D + BC) =~ (a+c-)

1
5
P . e . . o 2
MN? =i( 2+b2+c2+2ac—2ab—2b.c)=m?:»MN:’”T&.

S T 1
Ta c6 MNABz—(a+c—b)b=—(ab+bc—b ):0
2 2
Vay goéc gitta hai dusng thing MN va AB bang 90°.
Tacs MNCD=—(a+c~b)(a—c)=2(a" +ac—ab—ac—c +ic| =0
2 2
Vay goéc gitta hai dudsng thang MN va CD bang 90" .

Tap chi va tu liéu toan hoc | 12



Phuong phap Vector |

m?
T MNBC _ 5 P
Taco MNBC:E(a+c—b)(—b+c):m7 :cos(MN,BC):‘MN“B?‘ = m_;ﬁ =
P

Vay goéc gitta hai dudng thing MN va BC bang 45°.

Cho tit dien déu ABCD canh a. Goi O la tam dudng tron noai tiép tam gidc BCD . Chitng minh
AOLCD.

Lai giai

AB? + AC? — BC?
2
Vi AC=AD=a,0D=0C =R :ECT):TO(OT)—O?):—OAODWAOC

Ta c6 CD=0D-0C , ta luu § trong tam gidagc ABC thi ABAC =

0A’ +0D2—CD2+OA2 +0C*-AC*
2 2

0

Vay A0 LCD.

Cho t& dien ABCD c6 CngAB. Goi I,J,K lan lugt la trung diém ctia BC,AC,BD . Cho biét

JK =%AB . Tinh goc gitta dudng thang CD véi cac duong thing IJ va AB.

Lai giai
A

13 | Chinh phuc olympic toan



| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Taco IJ=2AB, IK=2CD=2AB = 17 +IK* =2 ap + 2 ap* =2 A (1)
2 2 3 4 9 36
. 5 225 o
Ma JK =—AB= JK’==—AB* (2)
6 36
Tu (1) va (2) suyra IJ* +IK* = JK* = JI LIK .

1J||AB
Mat khac taco IJ||AB,IK ||CD = AB 1. CD . Tuong tu {AB” =1J1CD.

1CD
| Cau17 |

Cho tit dien ABCD ¢6 AB=AC =AD . Goi O la diém théa man OA=0B=0C =0D via G latrong
tam ciia tam gidc ACD , goi E la trung diém ctia BG va F la trung diém ctia AE . Chiing minh OF
vuong goc v6i BG khi va chi khi OD vuong goc véi AC .

L3i giai

Dit 0A=0B=0C =0D=R(1) va OA=a,0B=b,0C =¢,0D =d.
Tac6 AB=AC=AD nén AAOBzAAOCzAAOD(c—c—c) suy ra
AOB=A0C=A0D (2)

Tit (1) va (2) suyra ab=ac=ad (3).
Goi M la trung diém ctia CD vado AG =2GM nén

3BG =BA+2BM =BA+BC + BD

:@—@+@—@+@—@:&+E+&—35(4)
Goi E,F theo thtt tu la trung diém ctia AE,BG ta c6
120F = 6(0A + OF) =604+ 3(0B+0G) =604 +30B +30G
=60A+30B+0A+20M =T0A+30B+0C +OD =Ta+3b+c+d (5)
Tit (4) va (5) taco 36BG.OF =(Ta+3b+c+d)(a—3b+c+d)
—70 —90 +¢ +d —18ab+8ac+8ad +2¢d.

Theo (3) ta c6 36BG.OF =2d(c—a)=20D.AC suy ra BG.OF =0< OD.AC =0
Hay OF L BG < 0D L AC.

Tap chi va tu liéu toan hoc | 14



Phuong phap Vector |

Cho tit dien ABCD c¢6 hai mit ABC va ABD la cac tam giac déu

a) Chitng minh AB 1. CD .

b) Goi M,N,P,Q lan lugt la trung diém cac canh AC,BC,BD,DA . Chiing minh MNPQ 1a hinh chit
nhat.

Lai giai

a)Dit AB=AD=AC=a.Taco FD.@:(E—E)@

= ‘EHE‘ cos60” — ‘1?3”@‘ cos60’ = a.a,.l — a.a.l =0
2 2

Vay ABLCD.

b) Tacéo MN || PQ||AB va MN=PQ=A7B=% nén tit giac MNPQ la hinh binh hanh.
MN ||AB

Laicé SNP||CD = MN 1L NP ,dod6 MNPQ la hinh chit nhat.
AB1CD

Cho hinh lap phuong ABCD.A'B'C'D' canh a. Trén cac canh DC va BB' lay cac diém M va N
sao cho MD=NB = x(O <z< a) . Chitng minh

a) AC'LB'D'
b) AC' L MN .
Loi giai
A B
n
D N'M C
T
oA ~.
| \ S
1 \ S~ N
! \
! \
I \
| \
/,O-I————‘\-— ——————— Bl
- - A \\
- \
D‘ CV

Diat AA'=a,AB=bAD=c.
a) Tacé AC'=a+b+c, B'D'=c—b nén

ACLBD = (a+5+¢)(e-8) =a(c =)+ =b' =a*—a* =0 = AC' LB'D".
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian
a a a

b) Taco VN = AN~ A0 = (4B +BN)~(45+ DAF) =[5+ 2 |- 6 2|~ Zaa [1-2 -
a

Tt d6 ta oo ACUN (a4 (42 |- 6 £0)= L 1-2 -3

a a a a

=£ZL2 +[1—£j52—22 =x.a+[1—£ja2—a2 =0.
a a a

Cac bai toan luyén tap.

Vay AC'L MN .

Cho tit dien ABCD . Goi E,F 1a cac diém thda nim EA=kEB,FD=kFC con P,Q,R la cac diém xic
dinh béi PA=1PD,QE =IQF ,RB=IRC . Chting minh ba diém P,Q,R théng hang.

L5i giai

PQ=PA+AE+EQ (1)
Ta co
PQ=PD+DF+FQ (2)

Tit (2) taco [PQ=IPD+IDF +IFQ (3)

Lay (1)—(3) theo vétacé(l—l)ﬁ):ﬁ_lp—p :”?Q:%lﬁ—%lﬁ

Tuong tu QR:%EB—LZW
. o mn s amA o s Lo —e— L —  —k ——  kl - —
Mit khac FA=kEB,FD=kFC nén PQ=1 ZAE_l lDF_l ZEB_l ZFC’z—kQR

Vay P,Q,R thing hang.

Cho tit dien ABCD . Goi I,J lan lugt 1a trung diém ctia AB va CD, G la trung diém ctia IJ .
a) Ching minh 21J = AC + BD

b) Chitng minh GA+GB+GC +GD =0

¢) Xéc dinh vi trf cia M dé |MA+ MB+ MC + MD| nhé nhét.

Lai giai
A

Tap chi va tu liéu toan hoc | 16



Phuong phap Vector |

YT S 21J=AC+BD.
IJ=IB+BD+DJ

{f]:ﬂ+A—C+a
a)

b) Ta c6 @+CTB+@+CTD=(CT4+@)+(@+CTD)=ZCTI+2@:2(CTI+@)=6.

c) Taco ‘FA+FB+F€+FB‘=4‘W‘ nén ‘FA+W+W+W‘ nhé nhat khi M =G .

| Cau22 |

Cho hinh hop ABCD.A'B'C'D'. Xac dinh vi trf cac diém M,N lan lugt trén AC va DC' sao cho

MN || BD'. Tinh ti s g—N

DI

Lai giai
D' C'

A ks
Ta co ﬂz&,ﬁzé,@zE.Giésﬁ W:xﬁ,ﬁ:yﬁ.

Dé dang c6 céac biéu dién Wz(l—:v)a+mg va W:(l—y)(g+g+yg.
T doé suy ra Wz(m—y)&+(1—x)5+yg (1)

D& MN||BD' thi MN =zBD'=z(a+b+c) (2)

Tw (1) va (2) ta co (x—y)a+(1—x)5+y5=z((z+g+g)

2

r=2

z—y—2=0 3

<:>(x—y—z)?z—k(l—x—2)54—(@/—2)5:6 Sql-2-2=0& y=§
y—z=0 1

y==

3

Vay cac diém M,N dugc xac dinh béi AM = %E,ﬁ = %1?0' .

Ta ciing co MszBD'zéBD‘:M—l.

BD' 3

Cho hinh hop ABCD.A'B'C'D" ¢6 cac canh déu bing a va cac goc
B'A'D'=60",B'A'A=D'A'A=120"

a) Tinh géc giita cac cap dudng thing AB v6i A'D; AC' v6i B'D .

b) Tinh dién tich cac tii gidc A'B'CD va ACC'A'.

c¢) Tinh géc giita dusng thing AC' véi cac duong thang AB,AD,AA".

L5i giai
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

a)Dat AA'=a,A'B'=b,A'D'=c.Tacé A'D=a+c nén
lanan| [ifa+d)
B dlfae]

cos(AB,A'D) = ‘cos(@,ﬁ)‘

Dé y ring ‘(3+E‘=a, ZL(ZL-FE):%Q. Tu do COS(AB,A'D)Z%3(AB,A'D)=600

Ta co TC'=I;+E—ZL,W=(E—5+E,tird()tinhc’[u’(_jc
AC'B'D=(b+c—a)(a=b+c)=0=(AC",B'D)=90".

b) W=ZL+5+E,B‘D=5—5+E:>R.B'D=(5+5+5)(a—5+5)=0

= A'C LB'D nén 8,0 =%A'C.B'D.

D& dang tinh duge A'C =av2,B'D=a\2 =, = %aﬁa.ﬁ —a’
Sipoe =AAACsIn(AALAC), AA'=a,Ac=a\3.

N

Tinh dugc sin(ﬂ,ﬁ) = \/l —cos’ (ﬁ,ﬁ) = ?

Vay S, c0c =AA'ACsin(m,E):a.a\/§.§=a2\/§.

¢) Taco (AC',AB) =(AC",AD) =(AC",AA‘) =arccos§ .

Chiing minh rang dién tich ctia tam gidc ABC dugc tinh theo cong thitc

= 1\/ABQA o’ —(E.Ef .
2

L5i giai

Ta 6 S50 =~ ABACsinA=~AB AR sin’ A == [AB*AC* (1-cos’ A) =2 | AB*AC* ~(AB.AC) .
ABC 9 2 2 2

Cho tit dien ABCD . Lay cac diéem M,N,P,Q lan lugt thuoc AB,BC,CD,DA sao cho
mzéﬁ,ﬁvzgﬁ,f?@:%@,ﬁzkﬁ

Hay xac dinh k& dé M,N,P,Q dong phing.

Lai giai

Tap chi va tu liéu toan hoc | 18
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Cach 1.

J [ (N J—
Ta c6 AM=§AB:>BM—BA:—§BA:>BM=§BA.
Lai c6 ﬁv:%% dodé MN|AC .

Vay Néu M,N,P,Q déng phing thi (MNPQ)(ACD)=PQ|AC
PC_Q4
PD QD
Cach 2. Dat DA=a,DB=b,DC =c thi khong kho khin ta c6 cac bidu dién

MN=—20+25  mP=-24-Ybsne, mn=-25-1p
3 3 3 3 6 3

=1 hay ﬁ:%ﬁ:k:%.

Cac diém M,N,P,Q ddng phing khi va chi khi cdc vec to MN,MP,MQ ddéng phéng do do6
S,y MP =aMN +yMQ & 26— b+ ki =a| ~2a+2¢ |+y ~La-1b
3 3 3 3 6 3

Do céc vec td a,b,c khong déng phéng nen didu nay tuong duong véi

2,12

3 Gy 3

1 1

——y=—= <::>g5=§,y=1,k=l
3 3 4 2
2

—r=k

3

Gia st M,N,P la ba diém lan lugt nim trén ba canh SA,SB,SC cda tit dien SABC . Goi I la giao
diém cta ba mat phing (BCM),(CAN),(ABP) va J la giao diém cta ba mat phéng
MS NS pPS . JS

ANP),(BPM),(CMN). Chu inh S,1,J thing hs A —F+—+—+1=—.
( ),( ),(C ) Chiing minh S,1,J thang hang va MA+NB+PC+1 7

Lai giai
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Goi E=BPNCN,F=CM AP, T=ANNBM.
Trong (BCM) ¢6 I =BF NCT trong (ANP) ¢6 NFNPT =] .
bat ST4=(;,ST_L3=5,%=E va Sﬂzxm,ﬁzyﬁ,ﬁzzﬁ

T z

a,5N =5, 5P =
z+1 y+1 z+1

{TGAN {ﬁ=a5ﬂ+(1—a)57é
=

TeBM |ST=BSN+(1-B)SA

Tacé6 SM = E(x>0,y>0,z>0).Do T=AN NBM nén
= aSM +(1-a)SB=PBSN +(1-B)SA

oxr - - Py - -
1- = 1- .
<:>$+1a+( OL)b y+1b+( B)a

Vi 5,5 khong cting phuong nén ta cé

z
(mlzl_ﬁ “= +y+1
l‘ —_— — —
v YT =2 Y g
By o oy r+y+1  z+y+l
y+1 r+y+1
Hoan toan tuong tu ta c6 SE=—" p4+ 2 E, SF=—"2 ¢+ % 4.
y+z+1  y+z+1 z+x+1  z+zx+1

Lam tuong tu nhu trén déi v6i hai giao diem I = BF NCT va NF NPT =J ta dugc

— 1 . -~ - -
SI=—(33a+yb+zc), SJ=—(3:a+yb+zc)
z+y+z+1 T+y+z+2
J— 1— . —
SuyraSszSISSJz(x+y+z+1)IJ
rT+y+z+2
) T M SN SP
Vay 5,1,J thang hang va S—:x+y+z+1=S—+S—+S—+1.
1J MA NB PC

Cho hinh chép S.ABC ¢6 SA=5SB=5C=a4,ASB=BSC=CSA=a. Goi (B) 13 miit phéng di qua A
va cac trung diém ctia SB,SC . Tinh dién tich thiét dién ctia hinh chép cét bdi miit phing (B) .

L5i giai

Tap chi va tu liéu toan hoc | 20
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C

Goi B',C" 1an lugt 1a trung diém ctia SB,SC . Thiét dien la tam giac AB'C'".

Theo bai tap 5 thi S, ;.0 = %\/AB'Q AC*- (ﬁ.mf

2

Tacé AB'=SB'— ﬂz%@—ﬂ = AB" =iSBQ+SA2—ST45§ =az(5—4cosoc).

2

Tinh tuong tu, ta co AB'AC'= %(4 —3cos oc) .

4

4 2
Vay S,pe :%\/%(5_4COSG)2 —31—6(4—3cosoc)2 =%\/7C082 o—16cosa+9.

Cho hinh chép S.ABC', mit phang (o) cit cac tia SA,5B,5C,SG 1an lugt tai cac diém A',B',C",G",

SA SB+SC SG
SA SB' SC' SG'

v6i G la trong tam tam gidc ABC . Ching minh —

Lai giai

S

Do G la trong tam ctia AABC nén

GA+GB+GC =0=35G = SA+SB+50@3£SG' SA g4, 5B gpi, 9C g
SG! SA' SB' SC!

Mat khac A',B",C',G"' ddng phing nén &+ SB 5C 3SG .
SA' SB' sc'  SG'
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Chia y. Ta c6 mot két qua quen thuoc trong hinh hoc phing

Néu M la diém thuoc mién trong tam giac ABC thi S, MA+S, MB+S. MC =0 trong d6 S,,S,,5. 1an

luot 1a dien tich cac tam giac MBC,MCA,MAB . Vi vay ta c6 bai toan tong quat hon nhu sau

Cho hinh chép S.ABC , mit phang (o) cét céc tia SA4,5B,SC,SM ( M la diém thuoc mién trong tam
. ) A B .

giac ABC') lan lugt tai cdc diem A',B',C',M'. Chiing minh 5,5 + 55 + 5.5C = 5.5M . Véi

SA'"  SB' SC'  SM'
S{L,S S 1an lugt 1a dién tich cac tam giac MBC,MCA,MAB va S la dién tich tam giac ABC .

Cho hinh chép S.ABCD c6 diy ABCD la hinh binh hanh. Mot mit phang (OL) cit cic canh

SA,SB,SC,SD lan luct tai A',B',C",D'. Chitng minh ﬁ 5C _ 5B + 5D
SA' SC' SB' SD'

Loi giai

Goi O la tam ctia hinh binh hanh ABCD thi SA+SC =SB+ SD =250

o 544 58 5012 58 51y 5C e
SA' SB' SB SC"

SA SC SB+SD

Do A',B',C',D' dong phang nén dang thic trén < — +
SA' SC' SB' SD'

Cho hinh chép S.ABC c6 SA=a,SB=5b,SC =c. Mot mat phang (OL) luon di qua trong tam cda tam
giac ABC' , cit cac canh SA,8B,SC lan lugt tai A',B',C"'. Tim gi4 tri nhé nhat ctia

1 1 1
“5A” T 8B” S0
Loi giai
Goi G la trong tam cua tam giac ABC' .
Tac6 3G =SA+SB+SC —ﬁﬁ+S—BSB'+£SC'
SA SB' sC!

Ma G,A",B',C"' dong phing nén —— 54 SB+SC —3e 2 b +-C =
SA' SB' SC' SA' SB' SC"

Theo bat déng thitc Cauchy — Schwarz ta c6

2
12+ 12+ 12 (a2+b2+02)2 - b 4L
SA™ SB" SC" SA' SB' SC'

Tap chi va tu liéu toan hoc | 22



Phuong phap Vector |

- 1 N 1 N 1 S 9
SA®  SB" SC" &’ +b+c
2 2 2 . ]— ]- 1 P P a b C
Dang thic xay ra khi = = ket hop v6i — + —+——=3 ta dugc
aSA'" bSB' SC" SA' SB' SC'
SA,_a2+bQ+02 SB,_a2+b2+02 SC,_a2+b2+02
3a SN 3¢
Vay GTNN ctaa L 1 1 la )

SA” SBE SCT @ ibic

Cho tit dien ABCD, M la mot diém nim trong tit dien. Céc duong thang AM,BM,CM,DM cit céac
mit (BCD),(CDA),(DAB),(ABC) lan lugt tai A',B',C",D'. Mat phing (a) di qua M va song song
v6i (BCD) lan lugt cat A'B',A'C',A'D" tai cac diém B,,C,,D,.Chitng minh M la trong tam clia tam
giac B,C\D, .

Lai giai

Vi M nim trong tit diéen ABCD nén ton tai z,y,2,t >0 sao cho
xm+ym+zm+tm:6 (1)

Goi (a) 1a mat phang di qua M va song song v6i mit phing (BCD) .

(o) lI(BED)
Tac6 {(BB'A")n(o)=MB, = MB, || BA".

(BB'A")N(BCD)=BA'

! | —

Do do B _MB' MB, - B pai (2)

BA' BB' BB'
Trong (1), chiéu cac vec to len dudng thing BB' theo phuong (ACD) ta duge

eMB'+yMB+zMB'+tMB'=0= (z+y+2z)MB'+yMB =0
MB' Yy
BB' zx+y+z+t

:>($+y+z+t)mzy@:>

N D Y DAl
T (2 MB, =——BA' (3
u’( )suyra ! T+y+z+i ( )
Tuong tu ta co Mq:;@ (4); MD1=;W (5)
THy+z+i T+y+z+i
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Miit khac chiéu cac vectd trong (1) len mit phing (B CD) theo phuong AA' thi thu duge

yA'B+2zA'C +tA'D=0.
1
THyYy+z+t

Vay tit (3),(4),(5) ta c6 MB, +MC, + MD, = (yBA'+2CAT+1DAT)=0, hay M la trong

tam ctia tam giac B,C\D,.
Cho tit dien ABCD ¢6 BC=DA=a,CA=DB=bAB=DC=c.
Goi S 1a dién tich toan phan. Chitng minh ring a2lb2 + b2102 + 6222 < % .
Loi giai
Dot dién ABCD ¢6 BC=DA=a,CA=DB=bAB=DC =c¢ nén
ABCD =AADC =ADAB=ACBA

. . Lz x. b P
Goi S' la dién tich va R la ban kinh dutng tron ngoai tiep moi mat do thi S =45" _ e , nén bat

2 A 1 : 1 1 I _9 5 g2, o 2
diang thic can ching minh e + T + e < ra Sa +b"+ce <9R.

Theo cong thitc Leibbnitz. V6i diém M bat ki va G 1a trong tam clia tam giac ABC thi

MA® + MB* + MC? =GA? + GB* + BC® + 3MG* = %(aQ +b* +c* +9IMG?)
Cho M trung véi tam dudng tron ngoai tiép tam giac ABC ta duge

OR? =aa® +b* +c* +90G* > a” +b* +¢*.

Cho hinh hop ABCD.A'B'C'D" va cac diem M,N,P xac dinh béi

MA=kMB'(k#0),NB=aNC',PC =yPD'
Hay tinh z,y theo k dé ba diém M,N,P théng hang.

Ldi giai
A D
B ! C
i N
A D’
ATTTTTTTITT
B \/ ¢
M
Dit AD=a,AB=bAA"=c¢.
I k I
AMZE(b‘FC) (1)

Tit gid thiét ta c6 { AN =b+ xl(ZL+E) (2)

€T —

AP =i (=)

Tap chi va tu liéu toan hoc | 24



Phuong phap Vector |

Tirdo taco MN=AN-AM =—% gL g4 2 K Qo f = v |2
r—1 k-1 r—1 k-1 r—1 y-1

MP = AP~ AM =a-| L+ L Jpo[ L F ¢
y-1 k-1) (y-1 k-1
Ba diém M,N,P thing hang khi va chi khi ton tai A sao cho MN =AMP (*).

e . . , 1 1
Thay cac vec té MN,MP vao (*) valuu § a,b,c khong dong phang ta tinh duge = = ﬁ,y =—=

k

Cho hinh hop ABCD.A'B'C'D'. Mot dudng thing A cit cac duong thing AA', BC,C"'D' lan luct tai

M ,N,P sao cho NM =2NP . Tinh M—A
MA'

Lot giai
P
D' C'
I~
1 S~
! ~ l
aL L~ B
\ 1 ><
A ~
\\ 1D ~ | C
Ny S | L~
//\
// \\M
A B
N

Dit AD=a,AB=bAA'=¢. Vi Me AA' néen AM =kAA'=ke
NeBC=BN=IBC=la, PeC'D'=C'P=mb
Tacé NM =NB+BA+AM =-la—b+ke
ﬁ:W+BB'+B'C‘+C'P:(1—1)&+m5+2

-1=2(1-1)
Do NM =2NP = -la—b+ke=2[(1-a+mb+c] > {-1=2m e h=2m=-Z1=2.
k=2
Vay M—A=2.
MA'
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Cac khbi tit dien dic bist

Trong chuong trinh hinh hoc khong gian bac THPT c6 1é khéi da dién dude nhic t6i nhiéu nhat va
ciing dong thoi duge khai thac rat nhiéu trong cac dé thi thit, HSG, THPT qubc gia chinh 1& khéi t
dién. Chic hin nhiéu ban da timg gap qua cac bai toan vé t1t dién ma cac gia thiét ciia né trong rat la,
hoiic mot s6 bai toan tinh thé tich ma trong dé gia thiét lien quan t6i goc hoiic t6i canh ching han, va
chting ta chua cé cach gidi quyét ching. Vi thé trong chuong nay t6i sé ciing ban doc tim hiéu céc bai
toan lién quan t6i ti dien tit dé dén kho dé c6 thé gidi quyét hoan toan van dé nay.

I. Khéi tit dién téng quat.
A. Cac tinh chét ctia khdi tir dién tong quat.
1. Céng thitc tinh dudng trong tuyén.
Doan théng néi dinh véi trong tam ctia mat doi dien duge goi 1a dudng trong tuyén clia tit dien.
Tinh chét. Cho tit dien ABCD c¢6 DA=a,DB=b,DC =c, BC =a,,CA=b,AB=c,. Goi m, la dudng
trong tuyén xuat phat tit dinh D . Ta c6
e a’+b° +c _af +b' +c
3 9

Chiing minh
Goi D, la trong tam tam giac ABC va N la trung diém ctia BC .

Dit DN =p,AN =q, DD,N =¢. Ta c6 DN* = D,D* + D,N* —2D,D.D,N cos ND,D

2

=p’=m] +%—2md§coscp (1)

Tuong tu AD* = D,D* + D,A* -2D,D.D,Acos AD,D =>a’ =m] Jrgq2 + Q%md cosg (2)

Tu (1) va (2)taco



Cac khdi tit dien dic biét |

q q 4q

4 ,» 2¢°
2p* +a’ =2£m3 +§—2md§cosq)]+m§ +§q2 +§md cos@ = 3m; =a’ +2p’ iy

2 2 2 2 2 2 2 2 2 2 2 2
b" +c a_lanZlerCl_a_l nm2:a+b +c& g +b+g

R e L 9

Mat khac p® =

2. Mot s6 cong thitc vé dién tich.

Tinh chat 1. Goi S,,9, 1a dién tich cac mat ABC va ABD, o la goc nhi dién canh AB, ¢ 1a goc

0.z . < 2 N ) z 2 2 (abSin'(P)2
gitta hai duong thang AB va CD . Gid st AB=a,CD=0b.Taco S; +5, —25,5, coso. =~—"—

Chiing minh

Xét mat phing (P) vuodng goc vG6i canh AB tai B'. Goi H,K la chan dudng cao cic tam giac CAB
va DAB. Chiéu ti dién lén (P)theo phuong AB ta dugc A,B,H,K+— B'.C+—C' D~ D', nén ti
diéen ABCD c6 hinh chiéu l1a tam giac B'C'D".

2
B‘C"zHC’zi
Ta co 26; va C'D'=DE =CDsing=bsine. Ap dung dinh li cosine véi AB'C'D' ta c6
B'D'=DK =—"2%
a

C'D”=B'C*+B'D”-2B'C'.B'D'cosC'B'D".

487 48, 25, 28,
= il + 5;2 —Qi.icosocz(bsin(p)2 < SF+5;-28,S, cosa =
a a a a

(ab sin qr))2

Vay ta c6 diéu phai chiing minh!
Tinh chét 2. Trong tit dien A A,A,A, tacé:

o 5 =5, cos@, , + S, cos@, ; + S, cosQ, , (1) .

o 587 =5;+85;+5]-25,5,cosq,, —25,5, cosp,, —25,5, cos@,, (2).
Trong d6 ¢, ; la goc nhi dién tao béi mat doi dien véi dinh A, va cdc mat do6i dien v6i dinh 4, S, 1a
dién tich ctia mat doi dien véi dinh 4, .

Chitng minh
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Goi H la chan duong cao cta ti dién ABCD .
Theo cong thitc hinh chiéu vé6i chi § goc gitta hai miit phéng bang hoiic bit véi goc gita hai nhi dién ta
co

Spaa, =9 |COS(|)1,2|,SHA2A4 =S, |coscp1‘3|
SHA2A3 =5, |coscp1ﬁ4| .
o Néu ¢,,<90" thi H va A, ndm cung phia d6i v6i A,A, vakhid6 Sy, , =5,cos¢,,.
e Néu ?,, =90" = H e A A, = Sypa =0,
e Néu ¢,,>90" thi H va A, nam khéc phia d6i véi A,A, vakhi do S, , =—9,cos@,,.
Ta ciing c6 cac két qua tuong tu doi voi cac tam giac HA,A, va HAA, .

e Trudng hop 1.
Céaba goc ¢, ; <0 khido S, = SHAZA3 + SHASA1 + SHAZA,I =5, co8Q,, +5,c080,, +5,cosQ, , .

e Trudng hop 2.
C6 hai géc khong ti1, ching han 0, < 900,(p113 < 900,(p1‘4 > 90’
Khido S, = SHAZA1 +SHA3A,| _SHAzA:s = 5,0, 5 5,0, —(—54(plﬁ4) =5, co8¢,, +5,C080,, +5,cosQ, .
e Trudng hop 3.
C6 mot goc khong tir , chang han @, <90° khi d6
S, =Suas = Sus —Suns =52y —(=8,0,,)—(=8,0,, ) = 8, c089,, + 5, cos@, ; + 5, cosg, , .
R6 rang khong thé c6 trudng hop ca ba goc khong nhon do dé ta co diéu phai chiing minh
Chii y. C6 thé chitng minh cong thrc (1) cach sit dung phuong phap vecto va dinh 1i con nhim nhu
sau.
Goi ej. (z = 1,2,3,4) 1a céc vector don vi vuong goc voi mit doi dién ctia dinh A, thi ta c6

Sie, + 8,6, + 5,6, 4+ ¢, =0 @Sla=—(52(a;+53%+54€j)-
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Nhan vo huéng hai vé véi e, va luu y
(ej,ej.) +¢,, = 180" = cos(él;;j) =—CosQ, ; (j = 2,3,4)
Ta duge S, =5, cos@,, + 5, cos@, , +5, cos@, ,
Ta ching minh cong thiic (2) bang phuong phap vector, ta c6
S,6+Sy¢, + 8,0, + 5,6, =0 S0, =—(S,e, + Sy, +5,¢, )

Binh phuong v6 huéng két hop véi = os(e,,;;ej) =—cos, (i# j,i,j =2,3,4) ta c6 diéu phai chiing minh.

3. Mot s cong thitc vé thé tich ciia tir dién.
Sau day minh sé trinh bay mot sé cong thitc tinh thé tich dya viao cac dic diém diac biét clia tit dien
nhu dién tich, goc giita mit phing va cac yéu t6 canh, goc trong tit dien. Chi § cac cong thiic dusi day

rat hay duing trong gii toan tric nghiém nén cac ban can luu §.

Tinh chit 1. Goi S,,8, la dien tich cac mat ABC va ABD, o la géc nhi dién canh AB =a . Thi thé

tich té disn ABCD 1 V = 2515;2—81“‘
a
Chimg minh
A
a
K
B D
C

Goi H 1a chan dudng cao ha tit C cua ti dién, ké HK 1| AB thi CHK =a..

25,8, si
.Suyra V= 2210, IO
a 3a
Nhan xét. Cong thiic nay rat hay, ing dung dugc trong nhiéu bai toan kho vé goc giita 2 mit phang!

29 o
Ta c6 V:%OH.S2 \ma CH = CK sing = 2250%
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Hé qua. Mat phang phan giac ciia goc nhi dién canh AB cit ti dién theo thiét dieén c6 dien tich
g 25,5, o

COoS— .
2

1 2
Chitng minh
A

C
Goi E la giao diém ciia miit phing phan giac ctia goc nhi dién canh AB | ta c6
25,5, cos%

~loaBer+iorBet < 28,8,c0s2 =(5,+5,)5 & 5=— 2
4 4 2 S, +S,

Tinh chat 2. Thé tich t¢ dien ABCD 1a V =éAB.CD.d.sin(p, trong d6 d la khodng cach gitta hai

dudng thing AB va CD, ¢ la goc giita chtng.
Chiimng minh

Dung hinh hop AEBF.CMDN ngoai tiép ti dien ABCD
Tacé EF||CD nén (AB,EF) = (AB,CD) =oa.Vi AEBF 1a hinh binh hanh nén

S yppr = %AB.EF sino = %AD.CD sino

Do duding cao ciia hinh hop la b =d((AEBF),(CMDN))=d(AB,CD)=d

Nén thé tich khéi hop 1a V,, = %AD.CD.dsin(x D& thay V., = %th = %AB.AD.d sina .

Vay ta c6 diéu phai chiing minh!

Hé qua. Mé rong cho khdi chop c6 dién tich mit bén va mat day
256, 4 *Suns -sin((SAA,),(A4,...A))

Cho khéi chép S.AA,...A  khidé taco V =
34,4,

Tinh chat 3. Goi S,R, val (z = 1,4) 14 dién tich cac mit, ban kinh dudng tron ngoai tiép cac mat do6

va khoang céach tit tam cac dudng tron dé dén cac dinh déi dien ciia tit dién thi
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Trude tién ta xét tam mit cau ngoai tiép ndm trong tit dién.
Goi R,,h,l,d, 1an lugt 1a ban kinh dudng tron ngoai tiép tam giac ABC , dudng cao DH , va khoang
cach tit tam duong tron ngoai tiép tam giac ABC dén d.
Goi 0,0, lan lugt 1a tam mit cau va tam dudng tron ngoai tiép tam gidc ABC , H, la hinh chiéu cta
O trén DH .Dat 0O, =d, va R 1a ban kinh mat cau. Tacé O,H* =0,D> —DH’ =1’ —h;
OH?=0D?—~DH? =R* —(h, —d,)’
Vi R’ —d} +2hd, —h!. Vi O,H=0H, nén
R —d®+2hd, —h? =1 —h? =~ R* +d° =2hd, .
Lai 6 R*—d? =0A* ~00? = AO? = R? nen I — R? =2h,d,.
Tuong tu I’ — R’ =2hd, (i=2,3,4).

Do d6 isf (7 -R)= Zi:25fhid,i = iz(sih,. ) {Z—j = 241;181/2 (%j

i=1 i

S

=1

v i

>

Tinh chat 4. Cho tt dién ABCD c6 thé tich V' va ban kinh mét cau ngoai tiép ti dien 1a R .
1. Chiing minh rang ABC' 1a s6 do 3 canh clia mot tam gidc nao do
2. Goi S la dién tich tam giac d6. Ching minh S =6VR — Coéng thirc Crelle

Chitng minh
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A

A 1

Goi O la tam mat cau ngoai tiép tit dien ABCD va A' la diém déi xting ciia A qua O.H 1a trung
diém ctia A0 . Goi (P) 1a mat phéng qua H va vuong géc véi AO, B',C',D' lan lugt la giao diém
cua (P) v6i AB,AC,AD . Ta co6 cac tam giac vuong AHB',ABA' dong dang nén
! !
A—BzﬂjAB.AB'zAH.AA' =1R.2R=R2 = AB.AB'=R*.
AH AB 2
Tuong tutacé AC.AC'=AD.AD'=R’

IélBZ%DQD3 :C\"D2 :CD
:B,O,_BC.AC'_BC’.AC'.AC’.AD_ AD.BC.R? - BC' R
AB ABACAD  ABAC.AD  ADBC ABAC.AD
B'C" c'D! D'B' R?

Tuong tu ta cod = = =
AD.BC ABCD AC.DB ABAC.AD

Vay 1a 3 canh clia tam giac dong dang véi tam giac A'B'C'".
S (ABAC.ADY _ g_(ABACAD ’ g (ABAC.ADY 3V, pop
- R - R apee R ©AH
AB'C'D'
;(ABA C.AD) Visen y  _ (AB.AC.AD) AB'AC'A D'
R Vipen 0 R AB.AC.AD

AB.AB")(AC.AC")(AD.AD' ¢
6! i CRSC)( )V=6%V=6VR.

Ta co

Tinh chat 5 — Dinh 1y sine trong tit dién.
Cho ti¢ dien ABCD ,c6 AB=a,BC=b,CD=c,DA=d,AC =¢,BD=f Goi a,B,7,8,¢,A lan lucgt & goc
nhi dién cac canh AB,BC,CD,DA,AC,BD , khi d6 ta c6

ac ~_ bd ef
sinasiny sinPsind singsini
Chiimng minh
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C

Dat S, (z = 1,_4) 1an luot 1a dien tich cac mit d6i dien véi cac dinh A,B,C,D .

Taco V = 25,5, sina VAV = 25,8, siny N 45,5,5,5,sinasiny _ VPG 48,5,5,5, '
3a 3c 9ac sinosin 3 9V°
Tuong tit bd  45,5,5,5, ef  455,5,5, ‘

sinsind - gy sin@sinA -9y
Vay ——=— bd. == ef. :
sinasiny sinPsind sinesinA

II. Cac khoi tir dién dic biét.
A. Khéi tit dién vuéng.
1. Dinh nghia.

T dién OABC c6 OA,0B,0C ddi mot vudng goc duge goi la ti dién vudng.

2. Tinh chét.

Sau day 1a mot s6 tinh chat va cong thitc lien quan dén t dién vudong ma c6 nhiéu hé thitc tuong ti
nhu céng thic lugng trong tam gidc vudng.
Tinh chat. Cho t& dien OABC c¢6 OA,0B,0C doi mot vuong goc, OA =a,0B =b,0C =c , dudng cao
OH =h. Taco
o H latryc tam tam giac ABC
1 1 1 1

o —=—+—+
h a® b

° SZABC = SjOAB + S’iOBC + SZOCA —Dinh li Pitago trong khong gian.

SZOAB = SAABC SanaB

e Goi a,B,y 1a goc gitta OH v6i OA,0B,0C thi cos’ o+ cos’B+cos’y=1.
e Goi A,B,C laba goc clia tam gidac ABC thi ¢’ tanA=b"tan B =c’ tanC

e Do dai doan thing néi trung diém céc cip canh d6i bang nhau.

1
*  Susc =§\/a2b2 +b’c® +c’a’

1

) Vzgabc,S =%(ab+bc+ca+\/a262+b202+02a2)
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R o 1
e Ban kinh mat cau ngoai tiep R = 5\/ o’ +b°+c°

e Ban kinh mét cau noi tiép r = 3‘21430
tp
e Goi M, N, P theo thit ti 1 trung diém ctia BC, CA, va AB . Khi d6 OMNP I tit dién gan déu
N 1 1
va Ve ZZVOABC =ﬂabc

e ABCD

2R . P
o — > 3(1 + \/3) trong doé r la ban kinh mét cau noi tiep ti dién.
r

e GoiX,Y,Z lan lugt 1a goc gitta OA, OB, OC v6i mat (ABC) ta co
sin’® X +sin’ Y +sin” Z =1
Chiing minh
0]

B

e Tacé OAL(OBC)=0ALBC  laic6 OH L(ABC)= OH L BC
= BC L(OAH)=BC LAH .
Tuwong tw AB 1L CH ,do d6 H la tryc tam tam giac ABC .
e Goi I lagiao diém ctia AH va BC .
1 1 1 1 1 1 1 1 1

= +— = +—+ = —=—+—+=.
OH® 04 o' 04 0B> 0C° R a® b

Ta co
o 5% _Larpe =1(0A2 +0I") BC?
4 4

2 2
AOAB +SAOBC +SAOCA :

_Loaper +Lorse =10AQ(OB2 +O(]2)+10]2302 e
4 4 4 4

e S =iOAQOBQ =—(AH.AI)(BI.BC) =GAJ.BO)@AH.BJ] =S

1
Z — PAABC 'SAHAB

1 1 1 1
2 7T 7t 2
OH® O0OA® 0OB° OC

2 2 2
(OHJ +(0Hj +(OHJ =1 < cos’ o +cos?B+cos’y=1
OA OB ocC

o Tw suy ra

e Tacod tanOCA= L . Suy ra a’tan A = \/(121)2 +a’c? +b%c? .

J3

Hoan toan tuong tir sin24 =2sin Acos A ; b’ tan B = \/aQb2 +a’c? +b%? .
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Vay a*tanA=b*tan B =c’tanC .

2 2 2
) Na® +b° +
e St dung cong thitc tinh dusng trung tuyén va dinh 1i pitago ta c6 ngay d = % .

. 1 1 1
e Theo tinh chat thit 3 taco Sk, .. =Sious +Seose + 5o =—0b* +=b°c* +=c’a’

1
= Suune =§\/a2b2 +b’c* +c*a’

A

Tt trung diém I ciia BC' ké dudng thing A vuong goc v6i mat phing (OBC), goi J 1a giao
diém ctia A v6i mit phing trung tric ciia doan OA thi J 13 tam miit cau ngoai tiép tit dien

OABC va ban kinh R =JOI* + 1) =%\/a2 e

e (Goi T latam mat cau noi tiép tit dien OABC, ta c6

VOABC = VTOAB + VTOAC + VTOBC + VTABC

3VOABC

1 1
= gr(‘s’()AB +Soa0 +Sope +SABC): gT'Stp =>r=

tp
o D& théy MN=0P=%AB; NP=0M:%BC; MP=0N=%AC.

Do vay tit dien ONMP la t dién gan déu.

C
M
N
o) B
P
A
Taco Veow _OC CN OM _ 11 1 o Viow 1 Voowr 1
Ve OC CA C 22 4 CVouse 4 Ve 4

1

Tudo taco V,,p = ZVOABC
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2 2
o Taco S, +Souc +50pc 29%@%(ab+bc+ca)29%<:>%(ab+bc+ca)29

@[%+i+%j(ab+bc+ca)29.
a c
Theo bat déng thitc AM — GM ta c6
RS RERY o
a o a ab202:(—2+—2+—2J(ab+bc+ca)233Wﬁgazbzcz=9
ab+bc+ca>3a’b’c’ Lo

a b ¢
e Taco Rz%\/aQH)QJrc2 va r=3‘fgf’30 ,do do

tp

2R _Na'+b'+c* _ a”+Vf +02é(ab+bc+ca+\/a262 +a’c’ +b202)
r 3Vouse abe

3.—
S, 6

tp

OR \a® +b? +02.(ab+bc+ca+\/azb2 +a’c? +b262)
> — =

r abce
\/3§/a2b202 (33/(3 e’ +\/3§/a4b4c4j 3\/5 be+3ab
S _abeabe_y 5
abe abe

Vay %23(1+\/§). Dau “=" x4y rakhi a=b=c.
r

3. Cac bai toan minh luyén tap.

Cho tit dien ABCD c6 AB,AC,AD d6i mot vuong géc va AB=AC +AD . Tinh gia tri ctia biéu thitc
ABC+DBC+CBD.

L5i giai

Cach 1. Trén cac tia AC,AD 4y céc diém P,R sao cho AP =AR=AB  dung hinh vuong APQR .
Tacé AC=DR, AB=QR nén AABC=ARQ@D.
Tuong tw AABD =APQC ,suy ra ABCD=AQDC .

Vay tong cac géc phang tai dinh B 1a PQC +CQD +DQR = PQR =90°
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Cach 2. Tac6o a=CBD,=ADB,y=ABC.
BC? + DB* —CD* AB'+AC*+AD*+ AB* —(AC* + AD*)
2BCBD 2BC.BD
__AB* AB(AC+AD) AB AC  AB AD
BC.BD BC.BD BD BC BC BD .
=CosBsiny+sinB(:osy=sin(ﬁ+y):>(1+B+y=900

cosa =

Cho tit dien OABC c6 OA,0B,0C dsi mdt vudng goc. Goi H 1a tryc tdm cua tam giac ABC va
A,B,C ba gbc ctia tam gidc ABC . bat a=A0OH,=B0OH,y=COH .

sina _ sin’B _ sin’y

sin24  sin2B  sin2C

Chiing minh ring

L5i giai
A

Goi A, 1a giao diém ctia AH va BC , ta ¢c6 AAOA, vuong tai O va c6 OH la dudng cao nén
AH? _ AH? _AH (1)

OA*  AHAA AA

Goi I la tam dudng tron ngoai tiép tam giac ABC va M la trung diém ctia BC thi 2IM =AH va
2BM.IM _ BC.AH (2)

IB® 2R?
=— . Trong d6 S la dién tich tam gidc ABC

sin® o0 =

BAC =BIM do d6 sin24 =2sinAcosA =

sin’ o R? R?

sin24 %AAI BC

Tu (1)&(2) suy ra

sin’B  sin’y _R_2 __sin’a_ sin’B sin’y
sin2B  sin20 S W sin2A4  sin2B  sin20

Tuong tu ta co

Cau 3.

Cho ti¢ dien OABC c6 OA,0B,0C dsi mot vuong goc, AC =20B,BC =20A. Goi D la trung diém
cia AB, E va Fla chan dudng cao ké tit A ctia cac tam giac OBC va OAC .
tan'OCD EF 1

Ching minh +—=
tan'OCA AB

Loi giai
bat OA=a,0B=b,0C =c thi BC =2a,AC=2b.
. {OAQ +0C* =AC* = a’ +¢* =41* (1)
OB’ +0C* =BC? = b* +c* =4a” (2)
T (1)&(2) suy ra a=bc=a3.
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Tit d6 d& dang tinh duge BE=2,AF=2. Do CA=CB=2a,AF =BE =2 nen CE =CF = EF || BC
2 2 2
\
vaﬁzﬁ.Tac() tanOCDzO—Dzﬁ,tanOCAzi.TfrdétacéM E=1
BC 4 0C 23 NE tan'OCA AB

Cho t@ dién ABCD c6 AB,AC,AD d6i mot vudng goc, goi H 14 truc tam tam gidc ABC . Dat
o=DAH,B=DBH,y=DCH,p=AHB. Chting minh ring

. sin .
sing = LAY cos@=—tanotanf .

cosolcosf3

Lai giai

Do H la tryc tam tam giac ABC nén DH J_(ABC).
Goi I =AH N BC .Tam gidc ADI vuong tai D ¢6 duosng cao DH nén

DH? = AH.HI =—AH.BH cos ¢ :coswz—% %z—tanatanﬁ

AH BH
Goi K =CH NAB thitacé DKC lagoc gitta hai mat phéng (ABC) va (ABD).
Theo cong thitc hinh chiéu ta c6 Sy, =5, cosCKD (1)
Ta cé cos DKC =siny nén tu (1) suy ra %HA.HB sine = %DA.DBSiny .

= sin —D—A%Sin __smy
® HA HB’ ! cosoLcosP

B. Khéi tir dién gan déu.
1. Dinh nghia.
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Tt dién c6 cac ciap canh déi bang nhau duge goi 1a tit dién gan déu.

Nhan xét. T dinh nghia ta thay ti dién gan déu c6 bon mit 1a cac tam giac bang nhau.

2. Diéu kién can va du dé mot tir dién 1a ti dién gan déu.

Tdng céac goc phang & mdi dinh bang 180°

Mbi dudng ndi trung diém ctia céc cip canh doi la duong vuong goc chung ciia cip canh tuong
ting do.

Bo6n mit ciia tit dién 1a cac tam gidc c6 dién tich bang nhau.

Tt dién c6 hai truc déi xitng.

Bon duong cao clia tit dién bing nhau.

Tam mit cau noi tiép va tam mit cau ngoai tiép bang nhau.

Tam mit cau ngoai tiép va trong tam trung nhau.

Tam mit cau noi tiép va trong tam trung nhau.

Tdng cd sin ciia cac nhi dién chita cling mot mat bing ciia ti dién bang 1
Goc nhi dién ciia cac cap canh doéi bing nhau.

Chiing minh
Dy
A B
D, C D;

Néu ABCD la tit dién gan déu thi dé& dang chitng minh duge téng cac goc phing ¢ mdi dinh
bang 180° . Gi sit ngudc lai, ti tit dien ABCD c6 tong cac goc 6 mdi dinh bang 180, trai cac
mit chta D cia ti dién lén (ABC’). Gia st cac mat DAB,DBC,DAC khi trai xudng mit
phéng (ABC) ta dugc cdc mat (D,AB),(D,BC),(D,AC). Dé thay tong cic géc 6 mdi dinh
biang 180" nén cic diem A, B,C thuoc cac canh clia tam gidc D,D,D, .

Tac6 DA=DA=D,A, BD,=BD,=BD, CD,=CD,=CD nén A,B,C lan lugt 1a trung diém

cia DD,,DD,,D,D, do do AB=%D2D3=C’D2 =CD; tuong tu AC=BD,AD=BC. Vay

ABCD la tt dién gan déu.

C

Gia st ABCD la tit dién gan déu va I,J lan lugt 1a trung diém ctia cadc canh AD,CD .
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Do AB=CD,AC =BD,BC=AD nén AABC=AABD = IC=1ID.

Tw do taco IJ LCD , tuong tu IJ L AB hay IJ la duong vuong goc chung ctia AB va CD.
Li luan tuong tu ta dudgc doan thang ndi trung diém ctia hai cip canh déi con lai ciing 1a dudng
vuong goc chung ctia ching.
Déo lai, giad sit doan IJ la doan vudng géc chung cia AB va CD, khi d6 IJ la dudng trung
truc cia AB va CD nén phép dbi xing truc qua IJ bién

A->BC—>D=AC—->BD =AC=BD
Tuong ti ta cling c6 AD=BC,AB=CD nén ABCD la tit dién gan déu.

e Gia st ABCD la tit dién gan déu thi cAc mit clia né 1a cdc tam gidc bang nhau nén c6 dién
tich bang nhau. Ngugc lai, gia st tit dien ABCD c¢6 cac mat c6 dién tich bang nhau.
Goi E la trung diém ctia CD, H,K,F lan lugt 1a hinh chiéu vuong géc ctia C,D,E trén AB.

Ta c6 E latrung diém ctia CD nén F la trung diém ctia HK , mit khac
1 1
SAABC :EAB.CH,SAABD ZEABDK,

SAABC = SAABD = CH =DK

Suy ra hai tam giac vuong ACHF va ADKF bing nhau, do d6 CF = DF = AFCD can tai
F = FE 1 CD , vay dudng vudng goc chung ctia AB v CD di qua trung diém ctia CD .
Do vai trd binh ding gitta AB va CD nén F ciing 1 trung diém ctia AB .
Vay EF 1a truc déi xting cta tit dien ABCD nén AC =BD,AD =BC .
Tuong ty AB=CD , vivay ABCD la ti dién gan deéu.

e Hién nhién mdi truc déi xing phai di qua trung diém ctia mot cip canh dbi nén né la dusng
vuodng goéc chung ciia cip canh dbi do theo tinh chat 2 ta c6 (dpem).

e Néu ABCD la ti dién gan déu thi theo tinh chat 3 ta c6 dién tich cAc mit bing nhau.

p 1 P N
Ap dung cong thic V = ghS , ta c6 ngay bon dudng cao cta tit dién bang nhau.

P . N 1
Ngugc lai néu t dién ¢6 bon duong cao bang nhau thi ciing tir cong thic V = ghS , ta co dién

tich bén mit ctia bang nhau, theo tinh chat 3 ta ciing ¢6 diéu phai chitng minh!
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e Giastt O la tam mit cau ngoai tiép tit dien gan déu ABCD ta sé chitng minh O ciing 13 tam
mit cau noi tiép ti dien ABCD . That vay, goi O,,0, lan lugt 1a hinh chiéu ciia O trén cac
mit ABC va DBC , khi d6 0,,0, 1a tam dudng tron ngoai tiép cac tam giac ABC va DBC .
Goi I la trung diém ctia BC' . Tac6 AABC =ADBC = 0,1=0,I, 00, =00, .

Tuong tit ta sé chitng minh dude O cach déu ciac miit ciia tit dién, do d6 O 13 tam mat cau noi
tiép.Ngudc lai, gid st t¢ dien ABCD c¢6 tam mat cau noi tiép va ngoai tiép trung nhau. Goi
0,,0, 1a céc tiép diém ctia mat cau ndi tiép v6i cac mat ABC va DBC thi O,,0, la tam
duong tron ngoai tiép cac tam gidc ABC va DBC va

AO,BC =AO,BC = BO,C = BO,C = BAC =BDC .

Hoan toan tuong tut ta c6 CAD=CBD , BAD=BCD suy ra tong cac géc phang tai dinh A
ciia ti dien ABCD bing 180", va diéu nay dang cho tét ci cac dinh cta ti dién, vi vay theo
tinh chat 1 thi ABCD 1a t1¢ dién gan déu.

e (Giastt ABCD la tit dién gan déu, goi M,N lan lugt 1a trung diém ctia AB, CD va O la
trung diém ctia MN thi O 1a trong tam ciia t dien ABCD .
Ta chitng minh O 1a tam mat cau ngoai tiép ti dien ABCD .
That vay, ta c6 MN la duong trung triyc cia AB va CD nén

0OA=0B,0C=0D

2 2 2 2
Lai c6 OA =+ MA? + OM? =—“ABQ+MN;0D=\/0N2 + ND? =—“CDQ+MN

Ma AB=CD = 0A=0D,vay OA=0B=0C =0D nén O latam mat cau ngoai tiép tt dién
ABCD.
Ngudc lai néu tam mait cau ngoai tiép va trong tam triing nhau thi duong thang di qua trung
diém ciia cac cap canh dbi chinh 1a dudng vuéng géc chung ctia chiing nén theo tinh chat 2 ta
c6 diéu phai chitng minh!
e Tinh chat nay dugc suy ra tit hai tinh chat 6 va 7.
e Gidstt ABCD la ti dién gan déu khi dé theo tinh chat 1a dién tich & phan trudce co
Supo =Spapcoso+S, . cosp+S,,, cosy
trong d6 o,B,y lan lugt 14 géc nhi dién cac canh AB,BC,AC .
Mat khac S, ;0 =Spi5 =Spse =Spac D€N cosa+cosP+cosy=1.
Ngudgc lai, gid st ABC 1a mat c¢6 dién tich 16n nhat va coso+cosB+cosy=1 véi o,B,y lan
lugt 1a gée nhi dién cac canh AB,BC,AC khi d6 tir
Sapo =Spapcoso+S, . cosB+S,,,cosy =85, <5, (cosoc+cos[3+cosy) =S50

Do d6 S, =Spas =Sppe =Spie = ABCD la it dien gan deu.
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian
o Giast AA4,AA, latadién gan déu S,,5,,5,,5,1a dién tich cac mat ddi dién véi dinh A, . Goi
a,B 1an lugt 1a goc phéng nhi dien canh A A, va AA, .
Dung hinh hop A A,A,A,. A A,AA, .Goi S la dién tich cAc mit clia tit dien

|
Ay A,
I //
| 7
-
A, ' L
N I P A‘3
N 1 e
N : /,’
N 7z
NI
DRI NG A
, 4 \\\
’ N
4 ~
7 \\
’
'
Ay A,

absin (p)

Ap dung cong thic Sf +SZ,2 —25,5, cosa = ( ta c6 dién tich hinh ch® nhat A A4A2A

18S"” =25 -25%cosa va dién tich hinh chi nhat A AAA, 1a S"™ =29"-25"cosp ma
S'=8"=cosa=cospe>a=Bv—do 0°<a,p<180". Hoan toan tuong tu ta ciing ching minh

dugc goc phing nhi dién clia cac cap canh dbi con lai bing nhau.
Ngugc lai,gia st t1 dien A A,A,A, c6 goc nhi dien cac cgp canh ddi biang nhau, khi d6 ap dung

25,8, sina ta

a

cong thic V = .
S, =8,=5,=5, = ABCD la ti dién gan déu

3. Cac bai toan luyén tap.

Chitng minh ring trong t dién gan déu tdng cosine ciia cac goc nhi dién bing 2.

Loi giai
Cach 1. Xét ti dien 4 4,4,4,. Goi o (2’ #j,0, )= 1,_4) la cac goc phéng nhi dién ctia céc canh thudc

A
mot mét doi dien véi dinh 4, . Theo tinh chat thi 9 thi ta co z cosa, ;=1 nén tdng céac cosine clia

j=1,j#i
1 4 4
cac géc nhi dién la B Z Z cos L,
Pyt
Cach 2. Goi ¢, (z = ) 14 cac vector don vi c6 huéng vuong goc véi mit doi dien ctia dinh 4, c6

huéng tit mot diém trong ti dién ra phia ngoai tit dién, S . la dien tich ctia mat d6i dign vé6i dinh A4,
theo dinh i con nhim thi Sla+52g+53e?+54ej=6:>ej+e;+e?+ej=0 .

Binh phuong hai vé ta dugc 4+2 »_ Cos(e—i,;j) =0.
1<i<j<4

Luu ¥ rang cos(ei,ej ) =—cosa,(i# j) . Tir d6 ta c6 diéu phéi chiing minh.

Tinh thé tich ciia ti dién gan déu ABCD cé cac canh
AB=CD=a, AC=BD=b, BC=AD=c.

L5i giai
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Cach 1.
H B
o
A : G
\\\\\ i i
\\*\ —————————————— L
E - C
Dung hinh hop AGBH.ECFD . Vi ABCD 1a tt dién gan déu nén hinh hop ngoai tiép né 1a hinh hop
chitnhat. Dat AG=2,AH =y, AE =2 thi V., = éth =%myz.

$2+y2202

: 1 ) )
Laico {y* +2° =b° :>$2+y2+22=§(a2+b2+02).Tfrdotaco

2 2 2
2 +x =c

b +c*—a’

a*+c —b°

.

2

Y

Ja

2

/aQ +b* =
7Z:
2

Nen V,,.p, =

\/(aQ +b —02)((12 +c —172)(02 +b’ —aQ)

72 '
Cach 2. Dung ti dien D.A'B'C" sao cho A,B,C lan lugt 1a trung diém ctia B'C',C'A',A'B'. Khi d6
ti@diéen D.A'B'C c6 cédc canh DA',DB',DC" ddi mot vuong goc.

DA'2+DC'2 2462 DA'2 22(02+b2—02)
Ta c6 VABCDziVDA,B,C,=iDA'.DB‘.DO' va {DA"+DB" =4a® ={DB" =2(a’ =b" +¢*)

DB"+DC" =4c¢" | pore = 2( a +b2+c)
Khi do VABCDziDA'.DB'.DO' 6[\/ a0+ ) (a6 ) (a® 40P )

Cach 3. St dung cong thic V, ., =gAB.CD.d(AB,CD).Sin(AB,CD)

A

Goi I, Jlan lugt 13 trung diém ctia AB va CD. Ta chting minh duge IJ 14 dudng vuong goéc chung clia
ABva CD. Goi o la goc gitta ABva CD.

Taco V,pop = %AB.C’D.IJ.Sin(x
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

AC’+BC* AB' (D' K+ —d
2 4 4 2
e ABCD= AB.CD.COS(E,@) (*)

o [JP=IC*-CJ*=

Tiuh ABCD = AB(AD-AC)=ABAD-ABAC (*%)

=2 o N2 e e o Py’
Ta c6 BD :(AD—AB) —AD +AB —2AB.AD = AB.AD= 5
2,32 2
Tuong tu ta co AB.Asz
2,2 g2 2,72 2
Thay vao (**) ta dugc ABCD =519 b _a +l)2 C -

2 12)\?
Tu (*) taco ¢ —b* =a2.cos(ﬁ,@) :(02 —b2)2 —at.cos? o= cos o= (C b )

n
N2
1 1. ’b2 2 2 cr—b?
Ta co VABCDZEAB.CD.IJ.SH’IOLZE(IZ. +62 ¢ . 1_( P )

a
—a’ +b’ +c2)(a2 -b’ -+—c2)(a2 +b’ —02)

Viseo Zﬁ\/(

Cach 4. Goi I,J,M,N,P,Qlan lugt 1a trung diém ctia AB,CD,AC,BD,AD,BC.

A

Ta thay t gidc MINJ 1a hinh thoi. Ta chiing minh duge PQ vuong goc véi AD va BC nén PQ vuong
gbc véi mp(IMJN). Goi G la giao diém ciia cac duong 1J, MN, PQ.

1.1 1
Ta 6 Viusg =2Vp sy =25 PG 1JMN =2 PQ.L]MN

1

VI Ve = VBINQ = VCQMJ =Vipns = gVABCD nen

1
VPIMJNQ = VABCD - (VAIMP + VBINQ + VCQMJ + VDPNJ ) = 5 VABCD

1
Suy ra V,pon =2Vonun =§PQ.IJ.MN
AC*+BC”? _AB2 _C’D2 b+ -a
2 4 4 2
2 2 2 2 2 2
b"+a C;MNZ:G b”+c
2 2

Ta tinh duge IJ* =1C* -CJ* =

Tuong ty PQ* =
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Tawdo V,pop =

Tinh ban kinh ctia mit cau ngoai tiép t dién gan déu ABCD c¢6 cac canh
AB=CD=a, AC=BD=b, BC=AD=c.

—a’ + b +02)(a2 -’ +02)(a2 +b’ —02)

ol

Lai giai
Ta c6 hinh hop ngoai tiép 13 hinh hop chit nhat c6 dusng chéo

2 2 2
d=\2"+y’* +2° :J$.

Miit cau ngoai tiép tit dien ABCD ciing chinh 1a mit cau ngoai tiép hinh hop AGBH.ECFD nén ban

2 2 2
kinh mit cau la R=g=4/$.

Cho tit dien ABCD ¢6 BAC =ABD=ACD =BDC . Chiing minh ring t dien ABCD la tit dién gan
deu?

Lai giai
A

Goi S,K,L,M,N theo thit tu 3 trung diém ctia BC,AB,AC,CD,BD . Dé thay KLMN la hinh binh

hanh. Tt gia thiét ta suy ra dugec KSL=LSM = MSN = NSK két hop v6i KLMN la hinh binh hanh
ta c6 dugc KLMN la hinh thoi suy ra AD =2KN =2MN =B(C' .

Tacoé SK=SM va SL=SN suyra AC=BD va AB=CD.

Vay ABCD la tit dién gan déu.

Chitng minh trong t dién gan déu tat ca cac géc phang déu nhon.

Loi giai
Dung hinh hop AGBH.ECFD ngoai tiép ti dien ABCD , gid st cac kich thuéc ctia ba canh 13
AG=x,AH =y, AFE =2z khidé vi AGBH.ECFD la hinh hop chit nhat nén
AB*=CD* =2" +y*,BC* =AD’ =y’ +2°, AC* =BD’ =2 + 2"
Xét cac goc phang tai dinh A ta co
2 2 _ 2 P4yt (27 + 2
cosBACzAB +AACA BC = ( )z J >0.
2AB.AC 2\/(m2+y2)(y2+22) \/(:v2+y2)(y2+z2)

Tinh toan tuong tu cho tat ca cac goc phang con lai ta cé diéu phai chitng minh!
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Cho tit dien gan déu OABC c¢6 a,B,y 1a cdc goc nhi dién clia cac canh thuoc mit ABC véi

(O <a,B,y< 900) . Tim gia tri 16n nhat ciia biéu thitc

P= cosoc+\/cosoccos[3 +€/cosoccos[3cosy .

Lot giai
Theo tinh chat thit 9 ta cé coso+cosP +cosy =1. Theo bat dang thitc AM — GM ta c6
+4
Jcosa.4cosP < M

cosa+4cosP+16cosy
3

%/cos a.4cosP.16cosy =

Tu day suyra P< coscx+i(cosoc+4cosB)+%(cosoc+4cos[3+16(:osy) =§ .

) . 16 4 1
Dang thic xay ra khi cosa =—,cosp=—,cosy=—.
8 Y 21 b 21 v 21

. 4
Vay gia tri 16n nhat cia P la 3

C. Tinh chéat ciia tit dién truc tam.
1. Dinh nghia.

Tt dién c6 cac dudng cao ( hodic phan kéo dai clia chiing) cit nhau tai mot diém dugc goi 1a tit dien
truc tam.

2. Diéu kién can va du dé mot tir dién 1a ti dién truc tam.

M&i diéu kien sau 1a mot diéu kién can va di dé mot ti dien 1a t dién truc tam.
Dieu kién.

e Mot tit dién c6 hai cap canh ddi vuong goc.

e (Céc doan thang nbi cac cap canh dbi bing nhau.

e Tdng cac binh phuong clia cac cap canh dbi bing nhau.

e Tich cac cosine clia cAc géc nhi clia cac cip canh dbi bang nhau.

e (éac goc gitta cac canh ddi bang nhau.

e Chan duong cao ha tit dinh xuéng méit déi dien 13 triyc tam ctia mat do.
Chiing minh
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e Giasttitdien ABCD c6 bon dudng cao cat nhau tai H , khidé AH L CD,BH 1 CD nén
CD L(ABH)=CD L AB.
Tuwong tw AD L BC,AC 1. BD.

Ngudgc lai, gia sttt dien ABCD c¢6 cac cip canh dbi vuong goc. Goi A 1a dudng cao clia hinh
chép va E 1a giao diém ctia BI va CD.Ké BK 1 AE,K € AE , goi H 1a giao diém ctia AJ

vad BK . Khi d6 CD LAB va CD L BI = CD 1 BK . Tu day suy ra BK 1(ACD). Hay dudng

cao xuat phat tit cac dinh A va B cat nhau tai H . Lap luan tuong tu ta duge bén dusng cao
ctia t1t dién doi mot cit nhau, khi dé6 bén dudng cao hodc dong phang hodc dong quy, mit khac
bén dudng cao ciia ti dién thi khong thé dong phang nén ching dong quy.

e Goi K,L,M,N theo thit ty 1 trung diém ctia AB,BC,CD,DA thi KLMN la hinh binh hanh.
Ta thdy AB L CD < KLMN la hinh chit nhat < KM = LN ( vi hinh binh hanh ¢6 hai duong
chéo bang nhau khi va chi khi n6 kaf hinh chit nhat).

Vi vay ta c6 doan thing néi trung diém cac cap canh déi bang nhau khi va chi khi cac cap
canh déi vuong goc <> ABCD 1a tit dién tric tam, theo tinh chat 1.

o Dt AB = 5,% = 5,@ =c¢.Ta chting minh téng binh phuong ctia hai cip canh déi bang nhau

khi va chi khi cap canh con lai vuong géc. That vay, gid st

AC? +BD? = BC? + AD? @‘EHEF +‘B+22 ’

b

2<:>ZLE=0<:>ABJ_CD.

+‘a+b+c

Vay tt dien ABCD c6 tong binh phuong céc cip canh dbi bing nhau khi va chi khi t dien
ABCD cac cap canh déi vuong goc. Do d6 ABCD 1a ti dién tryc tam

e Kihieu AB la goc phing nhi dién canh AB . Theo dinh 1i sin trong t1 dién ta c6
AB.CD _ AC.BD (1)
sinAB.sinCD sinAC.sin BD
M3t khac theo dinh 1i Bretsney ‘Trong tit dien ABCD véi cap canh d6i a,b va o,B 1a goc

phang nhi dién tuong tng ctia chiing thi

4
2 Q2 4
2{ Z SiSjj—ZSi
1<i<j<4 i=1
9V
trong do S, (z’ = 1,_4) 14 dien tich cac mat va V 1a thé tich clia t dién.”

a’ +b° +2abcotacotP = =const

Ta c6 AB* +CD* +2AB.CDcot AB.cotCD = AC* + BD* +2AC.BD cot AC.cot BD (2)
Tu (1) va (2) suy ra cos AB.cosCD =cos AC.cos BD <> AB* +CD* = AC” + BD* .
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Tt d6 ta co tich cac cosine clia cac goc nhi ciia cac cap canh doi bang nhau khi va chi khi tong
cac binh phuong ciia cac cap canh dbi bang nhau. Diéu nay tuong duong véi ABCD la tit dién
truc tam dang theo tinh chat thi 3.

D' y B
X I
|z
A ; O C -
~ T P
N 1 -7
AN [ -7
\\;,__’_/ _______ A
’/,’D\‘\\\\\ B
A' C

e Ta chitng minh goc gitta cac canh ddi bang nhau khi va chi khi cac cip canh d6i vuong goc.
Goi a 1a 86 do goc gitta hai canh ddi ( ctia tat ca cac cip canh doi)
Gia stt a#90". Ta chiing minh trong ba s6 AB.CDcosa, CB.ADcosa, AC.BDcosa. ¢6 mot
s6 bing tong ciia hai s6 con lai. Dung hinh hop ngoai tiép t& dien ABCD ma mdi mit cla
hinh hop di qua mot canh va song song v6i canh doi dién.
bat AD'=x,D'B=y , gid st x>y khi dé theo dinh 1i ¢0 sin ta ¢6
AD"™ =0A* +OD"”-20A.0D'cos(n—a) = OA* + OD"+20A.0D'cos
hay 4z° = AB* +CD’ +2AB.CDcoso. (1).
Tuong tu 4y* = AB* +CD* =2AB.CDcosa. (2).
Tu (1) va (2) suy ra AB.CDcosa.=12" —y’.
Thiét 1ap céc heé thitc tuong tu nita ta thu duge ba sd
AB.CDcosa, CB.ADcosa, AC.BDcosa.
c6 mot sé bang tong ciia hai s6 con lai.
Gid st AB.CDcosaa=AD.BCcosa+AC.BDcosa <> AB.CD=AD.BC+AC.BD
Diéu nay vo 1y vi theo céng thitc Crelle thi AB.CD,AD.BC,AC.BD la ba canh ctia mot tam
gidc. Vay a=90" do d6 ABCD c6 céc cip canh d6i vuong goc.
Theo tinh chat 1 ta c6 diéu can ching minh.
e Néu ABCD la ti dién tric tam thi dé dang chiitng minh duge chan duong cao ha tit dinh
xuong mit doéi dien 1a trire tam clia mat do.
Ngudc lai néu chan dudng cao ha tit dinh xudng mat doi dién 1a tryc tam cta mat do6 thi ta
chitng minh dugc cac ciap canh ddi vuong goc, vi vay tit dién nay 1a tit dién tryc tam — theo
tinh chat 3.

3. Cac bai toan luyén tap.

Chitng minh trong ti dién truc tam cac dudng vuong géc chung ctia cac cap canh ddi dong quy.

L5i giai
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Goi AA' 1a dudng cao clia tit dién triic tam ABCD , thé thi A' 1 tryc tam clia tam giac BCD .
Goi E=BCNDA' va H 1a diém dong quy ctia bén duong cao, F'=FEH NAD

. BC 1 DA’ i . ) . s
Khi do = BC L EF . Lai ¢c6 H la tryc tam cia tam giac ADE nén EF 1 AD dieu nay

BC 1 AA

chitng t6 duong vuong goc chung EF ciia cap canh déi AD,BC di qua H . Dinhién cdc dudng vuong
gbc chung ciia hai cap canh con lai cing di qua H . Vay trong t dién truc tam cac dudng vudng goc
chung ctia cac cip canh d6i dong quy.

| cau2. |

Chttng minh ring trong ti dién tryc tam:
a) Tat ci cac goc phing tai mot dinh hodc déu nhon hosic déu vuong hodc déu tii.
b) C6 it nhat mot mit 1a tam giac nhon.

Lai giai
a) Xét tt dien tryc tam ABCD ,ta chiing minh cac goc tai dinh A ctuing nhon hoiic cing vudng hoac
ciing ti. That vay, theo tinh chét 3 ta c6
AB’+CD*=AC* + BD* =CB* + AD” (1).

Ap dung dinh If cosine ta c6 24B.AC cos BAC = AB* + AC* - BC? (2
2AB.ADcos BAD = AB* + AD* - BD? (3)
2AC.ADcosCAD=AC* +AD* -CD* (4).
Tu (1),(2),(3)&(4) suy ra AB.AC.cosBAC=AB.ADcosBAD=AC.ADcosCAD nén cac goc tai

dinh A hoic cuing nhon , hodc cling vudng hoéc cuing ti.
b) Néu tat cac cac goc 8 mdi dinh déu nhon thi khang dinh ctia bai toan ding.

Néu c6 mot goc ndo do khong nhon thi khong mét tinh téng quat, gia st BAC >90° khi dé cac goc
ABC va ACB nhon, dan dén DBC va BCD nhon.

Laic6 DAC 290" = ADC nhon = BDC nhon.
T cac diéu trén chitng t6 tam gidc BCD nhon.

Chitng minh trong tt dién tryc tam OH® =4R’—3d* trong d6 O la tam mat cau ngoai tiép, H la
diém dong quy ctia bon dudong cao va d 1a khoang cach giita hai trung diém ctia cac cap canh dbi.

L5i giai
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A

Trudce hét chiing ta dé § trong tit dien truc tam thi giao diém H ctia bon dudng cao, trong tam G va
tam mit cau ngoai tiép O thing hang va G 1a trung diém ctia OH , do d6 goi K,L lan lugt 13 trung

2 2
diém ctia AB va CD thi KHLO la hinh binh hanh tam G . Ta c6 OKzJR2 - Af ,OL=,|R* - Cf

Trong hinh binh hanh KHLO tac6 OH* + KL’ = 2(OK2 +OL2)
2 2 9 9
< OH* =2(R2—Af j +2(R2—Cf J—d? g A HCD ;CD .

Theo cong thitc duong trung tuyén ta co

2 2
ALK? =2(LA2 +LBZ)—ABQ ={AC2 +AD? - Cg ]+(BCQ +BD? - Cf J—AB2
S4d*=AC*+AD*+CB*+BD*-CD?* - AB*=AB*+CD?
2 2
od =%. Do trong tit dien tric tam thi AB? +CD? = AC* + BD? = BC* + AD? |

Vay OH® =4R* -3d*.

Chitng minh ring trong ti dién tryc tam céc mit phang di qua trung diém mot canh va vuong goc véi
canh déi dien dong quy tai giao diém ctia cac dudng cao. Diém nay goi 1a diém Maénggio cia ti dien.

Lai giai
Vi AB L CD nén ton tai mat phing (OL) di qua AB va vuong géc v6i CD , mat phing nay chita giao

diém hai duong cao ha tit A va B. Li luan tuong tu ta dugc cidc mat phang con lai ciing di qua H .
Hay céc miit phiing nay dong quy tai H .

Chting minh trong t dién truc tam trong tam ctia cac mat, trirc tam ciia cdc mit va céc diém chia céc
doan nbi giao diém cac dudng cao véi dinh, theo ti s6 2:1 ké tit dinh nim trén mot mat cau ( miit cau
12 diém)

L5i giai
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S

Goi A,B,,C,,D, 1a chan cac duong cao ha tit cac dinh A,B,C,D; M,N,P,Q 1a trong tam cac mit do6i
dién véi cac dinh A,B,C,D va I,J,K,F la cac diém trén cac dudng cao AH,BH,CH,DH sao cho

HI HJ HK HF 1

HA HB HC HD 2
Goi § 1a diém d6i xting v6i A qua O va E 1a diém xac dinh bdi HE =3HA, (1).
Stt dung tich chdt H,O dbi xting nhau qua G va bidu thi vector ta c6 HS = 3HM (2).
Tu (1)&(2) suy ra AM||ES ma AM LAA =SE LAE hay E thuoc mat cdu (O) ngoai tiép tu
dien ABCD . Ta c6 V(Hlj :S—>M,E—>A,A>1 ma S,E,A thuoc mat cau (O) néen M,A,I thuoe

'3

mit cau (O') anh ctia mit cau (O) qua V[ 1). Li luan tuong tu doéi véi cac mit con lai ta duge 12
H~-

3

diém A,,B,,C,,D,,M,N,P,Q ,I,J,K,F cung thuoc mat cau (0').
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Cuc tri hinh hoc khong gian

Cuc tri va bat dang thiic noéi chung luon la céc bai toan khé yéu cau ngudi lam bai phéi ¢6 ky ning t6t
vé bat dang thiic ciing nhu kién thic vitng vé ham s6 ciing nhu dao ham. Trong chuong nay ching ta
sé ciing di tim hiéu 16p bai toan cyc tri hinh khong gian ciing nhu bat ding thitc trong hinh khong
gian.

I. Cac kién thitc co ban vé bat ding thiic.
Bt dang thitc Cauchy - AM - GM .
Cho n s6 thuc duong a,,a,,...,a, khi d6 taco a, +a,+...+a, >4/a, .q,...a,

L sz < ) | ?
Bat dang thitc AM — GM dang cong mau so cho n so thuc duong a,,a,,...,a, : Z— >

Dau “=" x4y rakhi a, =a, =...=q

n*

B4t ding thitc Cauchy — Schwarz .

2
Cho 2 bo b (a,,ay,...,a,) va (b,b,,....b, ) . Khi d6 ta c6 (Zaf](z‘bfj Z(Zaibi]
i=1 i=1 i=1

Ngoai ra can phai chii § dén bat dang thitc Cauchy — Schwarz dang cong mau Engel:

2
n av2 (leaij
A N S
; b - n
b sz
i=1

Bét ding thtic trén con c6 thé goi la bat dang thiic Svacxo.
Déu “=" xy ra khi 2L = % —m Z— . Riéng dang cong mau thi cin them didu kién 1a b,,b,,...,b >0
1

2 n
Bat dang thitc Minkowski.

Téng quét: Cho moi s6 thyc r>1 va moi s6 duong a,,a,,...,a,,b,,b,,....b, thita co:

1 1 1
S| <[] []
i=1 i=1 i=1

O day chi xét truong hop cho 2 bo sb (a,,a5,...,a,) va (b,b,,...,b,) . Khi d6 ta co:

i=1 i=1 i=1




Cuyec tri hinh hoc khong gian |

% . a a. [4)
Dau “="xay rakhi +=-2=...==1

b b, b

I1. Phuong phap giai cac bai toan cuc tri.

Khi gip cac bai toan cyc tri thi thong thuong hoc sinh cAm thay rat ling ting va khong biét cach giai
quyét nhu thé ndo, tuy nhién ban chat ciia no6 1a cac bai toan hinh khong gian co ban, két hop véi cac
bai toan khao sat ham s6 hodc bat dang thiic co ban.
Sau day la phuong phap giai ciia da s6 cac bai toan cuc tri trong phan nay!
Phuong phap. Dé giai quyét cac bai toan cuc tri hinh khong gian thi ta can lam 3 budc sau:

e Buéc 1. Biéu dién déi tuong deé bai yeu cau qua mot ( hodc 2) dai lugng chua biét ta goi 1a

bién z .

e Budc 2. Tim diéu kién ctia bién z dya vao gia thiét da cho.

e Buéc 3. Khao sat ham s6 theo bién z dé tim ra két qua ciia bai toan.
C6 thé trong nhiéu tai litu ciing nhu sach tham khao khéc cac tac gid sé chia ra lam nhiéu dang dua
theo dac diém ciia khéi hinh khong gian ma ta dang xét. Tuy nhién nhu thé 1a kha ric r6i bdi c6 qua
nhiéu dang, ta chi can nim chic phuong phap giai gom 3 budc nhu trén. Sau day 13 cic bai toan minh
hoa trong phan nay.

Cau 1.

Cho khéi chép S.ABCD, c6 day ABCD 1a hinh thoi canh a, SA=SB=SC =a. Dat z=5D , trong d6
0<z<a3.Tim 7 theo a détich AC.SD dat gié tri 16n nhat?

L5i giai

Phan tich. Véi bai toan nay budc dau tién ching ta sé phai di bi¢u dién A C.SD theo z .
Ta cé6 ABCD 1a hinh thoi canh anén ASOC =ABOC = 0S =0B=0D
Tt d6 suy ra tam giac SBD vudng tai S .

2 2
Suy ra BD =+a? +2° :OBz—w;x; AC =200 =2yBC* —0B* =3a* - 2> .
Do d6 AC.SD =z+3a> —z° . Ap dung bat déng thitc AM — GM ta c6
2 2 2 2 2
x3a® — 2 sz%:ACﬁDS%.

2
a6
5

Dau “="xay ra khi va chi khi z=+3a¢" -2 <2’ =3’ -2° 2=

Vay = # thi tich AC.SD dat gia tri 16n nhét.

Nhan xét. Ngoai cach sit dung AM — GM ra thi ching ta ciing c6 thé st dung ham s6 dé giai quyét
no!
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Tim gié tri 1én nhat ctia thé tich ctia khdi chép ti gidc déu cé canh bén bing b ?

Lai giai

Gia st hinh chép déu S.ABCD c¢6 Ola tam hinh vuong ABCD. Suy ra SO L (ABCD).

Dit OD=2=80=+b"-2",0<x<b. Do dé6 thé tich S.ABCD1a V, 5. =§:1:2 b - .

Dat t=b* —2*,0<t<b thi Vy 0 =§(b2 —tQ)tzgf(t) voi f(t)=b"t-1t".

Theo bat ding thitc AM — GM ta c6

5 ; . 3 .
2T L s [
3 3 -3 '

Cho hinh chép tam giac S.ABC, SA J_(ABC). bay ABC la tam giac vuéng can dinh B, SB=a.
Goi a la goc gitta hai mat phang (S CB) va (ABC ) Xéc dinh gia tri ctia sina. dé thé tich khéi chép
S.ABC 16n nhét.

Lai giai
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(SBC)N(ABC)=BC
Taco {BC LAB = BC LSB =((SBC),(ABC))=a = SBA.
BC 1SA
= AB=a.cosa.=BC;S5A=a.sina .

Nen Vg 0 =%SA.SABC =é.SA.AC’.BC’ =%a3.sinoc.cos2 .

Suy ra Vg ,pe max<:>(sinoc.cos2 oc)max. Dat z=sino(0<z<1), khi d6 Sina.cos2a=x(1—z2)=x—$3

Xét ham sé y=2—2° v6i 0<z <1 tacd y' =1-32>, Lap bang bién thién ta cé

B) VB B 2B
ey ey

ax

| caut. |

Vay V., @sin(L:?S.

Cho khéi chép S.ABC c6 day la tam gidc vuong can tai B. khoang cach tit A dén mit phang
(SBC) bang a\/§, SAB=SCB=90". Xac dinh do dai canh AB dé thé tich khéi chép S.ABC nhd
nhat.

Lai giai

Dung hinh vuong ABCD , canh bang z , ta c6 SD 1L (ABCD); dat SD=h.
Dung DH 1 SC= DH 1(SBC) Tacé d(A;(SBC))=d(D;(SBC))=DH =a2

1 1 1 1 a’ h?
>—+—=—SV="harl=— ——
2 hY 2a’ 6 ’ 3 h*—2a’
. R . h3 N
Xét ham so f(h):m vai h> a2
h*(h* —6a’
Ta co f'(h)=<—2)=0<:>h=a\/g
3(h* —2a’)

Vay f(h) nho nhét khi h=a\6 =z =0a3.

Cho khéi chép S.ABC c6 day la tam giac vuong can tai C' . Khoang cach tit A dén miit phing
(SBC) bing a3 , SAB=SCB=90". X4c dinh d6 dai canh AB dé khéi chép S.ABC c6 thé tich nhé
nhat.

Lai giai
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S

Phan tich. Bai toan nay trudc tién ta chua thé biéu dién duge S.ABC qua mot an, vi thé trudce tien
ta sé biéu dién né qua 2 an roi sau dé dura vao gia thiét da cho dé tim méi lien he gitta 2 an do.

BC LAC ’
Ta c6 = BC 1 (ASC).Ké AH L SC= AH =a\3.Dat AC=x,5C=y=CH="—.
BC LSC y

TamvwszwmzéAHﬁwwdeTNNkMWkaMSwwzgwdaGTNN

Do BC L(SAC)= BC L SA ma SALAB (theo gia thiét) nen SA L (ABC).
Suy ra ASAC vudng tai A. Trong AAHC ¢6

4

ACQ—C’H2=AH2<:>$2—$—2=3a2<:>y= =y =
Y

z’ z°
Jz' —3a Jz* —3a
3
Xét ham s6 f(x -2 (z>aV3).
R z ,  9a 3x/§a
Co6 f'(z)= - 3);f(z)=0 P=— = .
O ey e

v | B 32

5 +0
£(z) - 0 +
" \ 903 /

2

9a\/_

23lmiAB:xJ§=3m

Vay min(my) =

Cho hinh chép S.ABCD c6 day ABCD 1a hinh thoi canh a, cic tam giac SBC va SCD déu la cac
tam giac vuong can dinh S . Tim thé tich lén nhat ciia khéi chop S.ABCD .

Toi gidi
Ta c6 ASBC va ASCD déu la cac tam giac vuong can dinh S

:ws¥%3&$=m%=%°
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bat BCD=a taco

VS.ABCD = 2VS.BCD

= éCB.CD.CS\/I +2c0s BCS.cos DCS.cos BCD — cos®> BCS —cos* DCS —cos® BCD

a3\/§ 5 a3\/§\/1 (1 jZ a3\/§
= 5 COSOL—COs™ A = ——| ——cosa | <

6 V4 \2 12

2 . A P ., <1 Z > (],3\/5
The tich khoi chép S.ABCD dat gia tri 16n nhat bang

khi va chi khi cos BCD = é

Cho hinh chép déu S.ABCD c6 canh bén bing a, géc hgp bdi dusng cao SH ctia hinh chép va mit
bén bang o. Tim o dé thé tich S.ABCD1a16n nhat.

Lai giai

Do hinh chép S.ABCD]1a hinh chép déu nén H la giao diém ctia AC va BD. Goi M la trung diém
cua CD tacé CD L (SHM) nén (SHM) 1 (SCD).
Ma (SHM)N(SCD)=SM nen tit H dyng HK 1L SM tai K thi HK 1 (SCD)

Hay SK la hinh chiéu ctia SH lén mat phing (SCD) suy ra (SH,(SCD))=(SH,SK)=HSK Do tam

giac SHK vuong tai K theo gia thiét ta c6 HSM =a v6i 0<a < ki

2
2 2

< _ 2 _ 2 72 _|a -h" _ 2 g2

Dit SH=h= HC*=a’~h :HM_J v BC = [2(a* - 1)

, HM P—h’
Tam gidc SHM vuong tai H : tana=——= NG TR son’tan’a=a® — R

SH — \2h
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

a

J1+2tan®a

<:>h2(1+2tan20c)=a2:>h=

4a’ 2
TaC6 BOZ:?(GQ_hZ):ZJ:thanza:LIl;}'
1+ 2tan” o
1 1 44° )
:>VSAABCD=—BC2,SH=_ a” tan” o :
’ 3 (1+2tan2 (x)'
-1 2¢° t-1
Dit ¢t =1+2tan’a véi te(l;+oo):tan2a27 o f(t):?.T ().
't

\ (t t—zxﬁ(t—l)j_i (3-1)

a
3 £ 3ot

Taco f'(t)= f'(t)=0=1t=3.

4q°

93

Déu “=" x4y rakhi t=3=tana =1 do 0<a<g hay o =45".

Tu day lap bang bién thién ta dé dang chi ra ring max f (t) =

Cho khdi chop tit gide déu S.ABCD ma khoéng cach tir dinh A dén mp(SCD) béng 2a. Goi o la goc
gitta mat bén hinh chép véi day clia hinh choép d6. Véi gid tri nao clia o thi thé tich ciia khéi chop
S.ABCD dat gia tri nhé nhat?

L5i giai

Goi O la tam hinh vuéng ABCD thi SO vudng goc véi (ABCD) va SO la chiéu cao ctia khdi chép
S.ABCD. Goi M va Nlan lugt 1a trung diém ctia AB va CD. Suy ra CD L (SMN) )

Goi K 1a hinh chiéu cia Nlén SM. Suy ra NK L (SCD) nén NK = d(N,(SCD)).

Tit AB||CD suy ra AB||(SCD). Do d6 NK =d(A,(SCD))=2a.

CD 1 MN
Ta lai ¢6 =|((scp),(ABCD))=a.
CD 1 SM
Dodo MN =YK _ 20 _ 50 -0M tana - .
S1n o S1n o cosa

1 1 1 4d® @ 4a*
Suy ra Vg ipep Z_SABCD‘SOZ_MNQ'SO:_‘ 2 " =L 2 .
3 3 3 sin“ o coso.  3sin” alcoso

Vivay V ,pop nho nhat khi va chi khi f(a)=sin® a.coso 16n nhét, véi 0° <a <90°.
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Diit t=cosa,0<t<1 thi V; ., nhé nhat < f(t)=(1-#")t=t—t" lon nhat véi 0<t<1.

Duya vao bang bién thien thi V ,,., nhé nhat khi va chi khi

1 1 . 2 . 2
t=—=<&cosa=—f=<sino =, [— < o =arcsin, [— .
J3 J3 \3 V3

Cau 9.

Xét khéi tit dien ABCD c¢6 canh AB =z, céc canh con lai déu bing 24/3 . Tim 7 dé thé tich khéi ti
dien ABCD dat gi4 tri 16n nhat?

Lai giai

Goi M ,N lan lugt 1a trung diém CD va AB; H la hinh chiéu vuéng goc ctia A len BM .
_|CDLBM

Ta co
CDL1LAM

Ma AH L BM;BM =(ABM)(BCD); AH L(BCD).

= CD L(ABM)=(ABM) L(BCD).

Do ACD via BCD 1 hai tam gisc déu canh 24/3 :>AM:BM:2\/§.§:3.
2
Tam gidac AMN vuoéng tai N, c6: MN =AM’ — AN? =J9—% .

Mt khéc ta lai c6 S,y =§(2J§ ) =343
1
Visen :gAH'SBOD =

’ 2 ,
%%'3«/ :?Sxﬂlgﬁ_f
Theo bat déng thitic AM — GM ta c6

2 2
Visen =S AH 5,0, :%w o < @ Ll LN

Dau bang x4y ra khi z=+36-2" => 2= 342
Vay V,ucp 160 nhit bing 3+/3 khi z=3+/2.

Cho tii dien ABCD ¢6 AB=AC =BD=CD =1. Khi thé tich ctia khéi ti& dien ABCD 16n nhat thi
khoang cach giita hai duong thing AD va BC bing bao nhiéu ?

Lai giai
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Goi H,K lan luot la trung diém ciia BC va AD .
Theo gia thiét AABC can tai A va ADBC can tai D
Ta ¢6 BC LAH,BC L DH = BC L(ADH)= BC L HK va AH=DH = AD L HK

Do d6 d(AD;BC)=HK . Dit BC =z (0<z<2).Taco

2 2
AH=DH =\DC* —HC? = /1—(%) - 4;‘”

Goi I 1a hinh chiéu ctia A len HD = Al 1 (BCD)

1 11 11
Ta &6 Vipey = Supep-Al < 5.5 BC.DH.AH; (AT <AH)=V, 0 < EI'Z(4 =

23

Xét ham sb f(x)zx(4—x2)=—m3+4xtrén(0;2); f‘(m)=—3x2+4; f‘(a:)zO@x:T

I=H AH 1 (BCD)
=V &1 23

xTr =

4—g? _@

DH =
3 2 3

Vi AAHD vuong can taiH = HK = DH% = g

Nhan xét. O bai toan nay ta da lgi dung dudc tinh chat A7 < AH dé lam loi gidi cia bai toan don
gidn hon rat nhiéu. Ngoai ra néu chiing ta khong phét hién dugde tinh chat trén thi chting ta ciing c6
thé tinh AJ theo bién rdi khao sat ham sb.

GoiV 1a thé tich nhoé nhat ciia khoi chép tii gidc déu trong s6 cac khéi chop tit gidc déu co khoang cach
giita hai dudng thang chéo nhau gdbm mot duong thing chita mot dudng chéo ctia ddy va duong thing
chita mot canh ben hinh chép bing /3 .Khi d6 V biing bao nhieu?

L5i giai
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Xét hinh chop tit giac déu S.ABCD , dat AB=12,50=h.
Vé6i O 1a tam cta hinh vuong ABCD = SO L (ABCD) .
Qua O ké duong thing OH vuong goc véi SA véi H e SA .
Ta 6 {BD LAC

BD 150
Suy ra OH 1a doan vudng gbéc chung ciia SA va BD .
Theo gi4 thiét , ta c6 d=d(SA,BD)=0H = OH =+/3 .
Tam giac SOA vuong tai O , c6 dudng cao OH suy ra

1 1 1 1 1 2

= BD 1(SAC)= BD L OH

—= = + =—+—.

3 OH* SO* 04> R o

Theo bat déng thitic AM — GM ta cé
1 1 2 1 1 1 AM-GM 1 1 .
Ce— S p > 3= — o ha’ 227,
3 K 2 K P 2 n ozt

1 1
Vay V,pop = §SO.SABCD = gh:ﬁ >9=V=9.

Cho hinh chép déu S.ABCD c6 dién tich tam giac SAC bing L . Tim gi4 tri 16n nhat ctia khoang

V2

céch tit A dén mat phang (SBC).

Lai giai

Goi O0=AC N BD.Do 5.ABCD1a hinh chép déunén SO L(ABCD).

. SO 1L BC
Goi M la trung diem ctia BC | ta c6
OM 1 BC

= (SBC) L(SOM);(SBC)n(SOM)=SM
Ta c6 OH Trong mit phing (SOM) ,ké OH L SM (HeSM) thi OHJ_(SBC).
= d(A,(SBC))=2d(0,(SBC))=20H

= BC L(SOM)

Goi canh hinh vuéng la z (:v > O) .Tacé AC =22 khi d6

&
8 |

1 1 285 1
SASAC=550.AC=550.N§ :SOzﬁ—SCﬂU:I =

Tam giac SOM vudng tai O c¢6 dusng cao OH nén
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1z
OH:SO'OM __z2 1
SM 1 7 1 2
st— 25 t+—
T 4 T 4
2 2
1
Ma —+Z 2 /L Ty nen om <2 = a(0y(SBC))<1.
T 4 x4 2

2
Déu bang xay ra khi %:%Qx:\@.
X

Vay gid tri 16n nhat ciia OH bing 1 khi z=+/2.

| cau s, |

Cho tam giac ABC vudngtai A ¢c6 AB=3a, AC =a. Goi (Q) 12 miit phiing chita BC' va vudng goc
v6i mat phang (ABC). Diém D di dong trén (Q) sao cho tam gidac DBC nhon va hai mit phing
(DAB) va (DAC) lan lugt hop v6i mat phang (ABC) hai géc phu nhau. Thé tich 16n nhat ctia khoi
chép D.ABC bang bao nhiéu?

Lai giai
D

Q

M

=z

<7 S
A

Ké DH 1L BC v6i H e BC. Suyra DH L(ABC).

Vi dién tich tam gidc ABC khong ddi nén thé tich khéi chop D.ABC 16n nhéat khi DH 16n nhét.
Ké HM 1 AB v6i M e AB, HN 1L AC véi Ne AC.

Khi d6 theo gia thiét, ta c6 (DAB),(ABC)=DMH =o va (DAC),(ABC)=DNH =90°-a.

2
Taco S0 +Saus =Sane @l.DHCOt(go—OL).a-i—l.DHCOt(l.Sa=3i :DH=3—a.
2 2 2 tana +3cota
bat tana=x = DH = Sax . Xét f(x)z z trén(0;+oo),dmjc maxf(m)zf(\/g)zé.
> +3 > +3 (0:40) 6
3
Khl dé DHmax = @ Vé’ ‘/max = - ;/g ‘

Cho tit dien ABCD c6 AB=2a,0D =2b va cac canh con lai déu c6 do dai bing 1. Tim gi4 tri 16n nhat
ctia dién tich toan phan tt dien ABCD ?

Toi gidi

Phan tich. O bai toan nay dé bai da cho s&n 2 an rdi thi chic chin ching ta phai bidu dién déi tuong
deé bai yeu cau la dien tich toan phan ctia ti dien ABCD qua 2 an dé, r6i budc tiép theo mot 1a tim
moi lien hé ctia 2 an nay, 2 1a stt dung danh gia bat ding thiic.
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Goi I,J lan lugt la trung diém ctia ABva CD . Ta c6
e Haitam gidc can ACD va BCD bang nhau.
e Hai tam gidc can ABC va ABD bing nhau.
Khi dé6 ta dugc
CI LAB va DI L AB va IC=ID=\1-a>.

JALCD va JBLCD va JA=JB=A+1-b".
Khi dé theo bat dang thitc AM — GM ta c6

ad+1—a®> b2 +1-b
=+ =
2 2

S 1.

28, 45c +28,pep = ax/l —a’ + b\/l -b* <

N5

Déu “=" x4y ra <:>a=b=7.

tp:

Hinh hinh hop chit nhat ABCD.A'B'C'D", ¢6 dudng chéo AC'=d hgp véi mit phang (ABCD) mot
goc o, hop véi mit ben (BCC'B')géc B. Biét d khong ddi, A'D'CB la hinh vuong va thé tich khéi
hop 16n nhat. Khi d6 gi tri ctia biéu thiic oo + B bing bao nhicu?

Lai giai
Phan tich. Tuong tu bai todn & trén, gia thiét da cho chiing ta 2 an, do dé ta sé biéu dién thé tich
khoi hop theo 2 an nay.

Taco CAC'=a, AC'B=B,CC'=AC'sina.=dsina., AC=AC"cosa=dcosa

AB=AC'sinp=dsinB,BC =JAC? — AB* = dyJcos* a.—sin’B
Thé tich khéi lang trula V = AB.BC.CC'=d’ sin a..sin B.fcos” o —sin® B

C' D'

B A

Tt giac A'D'CBla hinh chit nhat dé A'D'CB 1a hinh vuong thi A'C? =2CB?
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1
< 2((:052 o —sin” B) =1=sinf=, /cos2 (x—g
2 1 2 1
Khi do ta duge V = —\/2_ d’.sina., /cos2 a7 = g.d:" .\/sin2 OL(COSQ a —EJ

Ap dung bat ddng thiic AM — GM tac6

2

1
sin® ot + cos® o — —
Vsﬂ.dg’. 2 =£.d3
2 2 32

2 . 1 1
Déng thiic xay ra khi sin” o = cos” a -3 & cos2a = 5 < a=30" =B =30

Vay a+p=60".

| can 16,

Cho lang tru tit giac déu ABCD.A’B’C°D’ canh day bang 1, chiéu cao bang z . Tim z dé géc tao bdi
B'D,(B'D'C")dat gié tri 16n nhat?

Lai giai
B' C

Goi H 1a hinh chiéu ctia D 1én mat phing (B'D'C) suy ra
DH  DH

%_\/2+x2

, tu day suy ra

sin(B'D,(B'D'C))=

Mit khac DH =d(C";(B'D'C))=

X
V222 +1

, _DH _ DH _ ~ z?
SIH(B‘D’(B'D'C))_B'D_\/2+x2 —\/(x2+2)(2$2+1) —\/2x4+5x2+1

Goc 16n nhat khi sin(B'D,(B'D'C'))16n nhat.

t , 2t +2 ,
= t)=——————;f'(t)=0t=1
2t2+5t+13f (2t2+5t+1)2’f() ~

8

Xét ham s6 f(¢)

Vay f(t) 16n nhat khi t=1 suyra z=1.

Cho hinh chép tit gidc S.ABCD c6 day ABCD 1a hinh binh hanh, AD =4a, cdc canh bén ctia hinh
chép biing nhau va bing a+/6 . Tinh cosine géc gitta hai mat phéng (SBC)va (SCD) khi thé tich cta
ch6p S.ABCD 16n nhat?

L5i giai

Tap chi va tu liéu toan hoc | 64



Cuyec tri hinh hoc khong gian |

Phan tich. Sau rat nhiéu bai toan & trén ta da ndm chic dudc cac bude lam mot bai toan tim cuec tri
roi cht? Day 1a mot bai toan hoan toan tuong tu va don gidn trong phan nay dé cic ban luyén tap.
Sau day la 16i giai ctia no!

Goi O 1a hinh chiéu ctia S trén (ABCD). Do SA=SB=SC=SDnén OA=0B=0C=0D= ABCD
1

14 hinh chit nhat. Dat DC = x(x > 0) = AC =+z"+16a> = 0A= 5\/362 +16a’

2
:>SO=\/6a2—l(x2+16a2)= 2a2—x—
4 \J 4

Goi H,K lan lugt 1 hinh chiéu ctia O,D trén (SBC) )
Do SO=0M nén Hla trung diém SM. Do OD = 0B nén Hla trung diém BK = ASKC la hinh chiéu

SO =
cua ASDC trén (SBC). Ta co x:2a:>{OM “ :>SM=a\/§:>SASKC :%SASBC :i.a\/g.éla:a?ﬁ

=a

Goi Nla trung diém DC = SN =64’ —a’ =a\/g:> Sson =%.a\/g.2a = aQ.\/g

2 . 2
Theo cong thitc hinh chicu ta c6 S,y =S, gpo-cOSQU=>cosa = \/; .

Cho hinh chép tit gidc déu S.ABCD c6 khoang cach tit A dén mit phang (SBC) béng 2, goc gitta
mit phang (SBC) va mat phang (ABCD) bang o. Tim gid tri nhé nhat cta thé tich khoi chop
S.ABCD.

L5i giai
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Goi M,N lan lugt la trung diém BC va AD , H la hinh chiéu vuong goc ctia N tréen SM , I la giao
diém ctia AC va BD.Tac6 SI L(ABCD), BC L(SMN)=>SMN =a..
Do AD song song v6i mat phang (SBC) nén d(A;(SBC))zd(N;(SBC))zNH=2.

Taco MN=2 = 2 5 _MN'=—*
sino.  sino sin” o
1 4
SI=MI.tana=——-.tana = => Vs apep =SS pep =———5——
sina coso ' 3 3sin” a.cosa

Ap dung bét déng thiic AM — GM ta ¢6
sin® a.2cos” o = sin” a.sin” a..2cos® o

2Y ., 2 -
= 5 = sin” o.cosoL < —=

33

.2 . 9 2\
<[ sin a+sin”a+2cos” o
B 3

- . . ‘ /1
Vay (Vs_/mcn )min = (sm2 o.COS oc) < sin® a=2cos” o <> cosa = 3

Cho mot tam nhom hinh vuong canh 1 (m) nhu hinh vé duéi day. Ngudi ta cit phan dam cta tam
nhom 16i gap lai thanh mot hinh choép tit giac déu canh day bang z (m) sao cho bén dinh ctia hinh
vuong gap lai thanh dinh ctia hinh chép. Tim gia tri ctia = dé khéi chép nhan dude cé thé tich lén

nhat?

max

Duong chéo hinh vudng canh 1 1a V2 =J0E =§

2z

EC=0C-0E="2_Z2
2 2

2

Khi d6 h:m:ﬁﬁ—xj_(gf

Tap chi va tu liéu toan hoc | 66



Cuyec tri hinh hoc khong gian |

1, 1 2\/(\/5—1;}2 (sz 1, [2-220 1 v (1-+2z)
V==xh==x —| =] ==z =—
37773 2 2) "3 4 3 2

Xét ham s6 f(m)=x4 (1—:6\/5) trén (O;Lj; co f'(a:)=4x3 —53:4\/5; f'(x):0c> 212

2
2/2

Dén day ta c6 thé chira ham s6 f(x) 16n nhat khi z = ?2 .

| Cau 0.

Trong cac khdi tru co thé tich 1a V (khong d6i), hay tim dién tich toan phan nhd nhat ciia hinh tru
nay?

Lai giai
Goi z,y theo thit tit 14 ban kinh d4y, chiéu cao ctia hinh tru (x >0,y > O) .
Taco V =nz’y va S, = 2’ + 2nay = 27t(:c2 + xy) = 27{:52 + % + %j

Ap dung bét ddng thiic AM — GM cho 3 s6 duong xQ;a;—y;a;—y ta co

2 2
1‘2+%+%23.3 x? ) =§.3 2(x2y)2 =S, >3m.32 K =332nV?
2 2 2 2 ’ i
Dau "=" xay ra khi v& chi khi 2’ =ﬁ;x2y Y S o= 3’1 ;y:23/K = 3fﬂ )
2 o 27 27 B

Vay minS, =3:/2nV? khi chiéu cao béng v6i dudng kinh day.

Cho hinh chép tam giac SABC c¢6 diay ABC la tam giac déu canh a,SA J_(ABC) va SA=a. Mla
mot diém thuoc canh AB . Ké SH L CM tai H . Tim gia tri 16n nhét ctia thé tich t dien S.AHC .

Lai giai

1

Taco Vg e = gS’A.S’AAHC . Do SA =akhong ddi nén Vi, 16n nhat khi va chi khi S, ,,, 16n nhét.
< P Z ~ . . 1 G/Z 0,3
Ma S,,yc l6nnhat < AAHC vuongcantaiH =V, = 3T
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Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuong canh a, canh bén SA=b va vudng goc véi
(ABCD). Diém M thay doi trén canh CD, H 1a hinh chiéu vuong géc ctia S trén BM . Tim gia tri
16n nhét ciia thé tich khéi chép S.ABH theo a,b .

Lai giai

Cach 1.
BH 1 SH
0
BH 1 SA

Goi K 1a hinh chiéu vuong goc ctia H lén canh AB . D& dang suy ra dudc
ab.HK

= BH | (SAH) = BH 1 AH ,nén H thuoc dudng tron dudng kinh AB .

. 1
Thé tich Vs yp =2 S48, =%b-SAABH =

Do d6 dé thé tich 16n nhat thi HK 16n nhat. HK 16n nhat khi H 1a diém chinh giita cung
AB  ttcla H trung v6i tam hinh vudong ABCD hay M trung v6i D .

2
Khido HK =%, Vay v, =90
2 12
Céch 2.
BH L SH
0 = BH | (SAH)= BH 1 AH
BH 1 SA

, 1 b b HA*+ HB® b.AB> a°b
Taco ‘/S.ABH=§SA'SAABH=6HA‘HBSE' 2 = 12 ZE

2
Vay V. = ‘1—2[’ khi HA=HB < H tring véi tam ddy, hay M=D.

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng, AB =1, canh bén SA =1va vudng goc véi mit
phang day (ABCD). Ki hiéu M la diém di dong trén doan CD va N la diém di dong trén doan CB
sao cho MAN =45°. Tinh thé tich nhd nhét ctia khdi chép S.AMN ?

Lai giai
S
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bat DM =x ,BN =y tacd

tan DAM +tan BAN  z+y
1-tanDAM.tanBAN 1-ay

tan45° = tan(DAM+ BAN) -

Suy ra yzi_—x va AM=\/AD2+DM2 =\/x2+1,
+x

J z’ +1
AN =\AB* + BN’ =1+ ¢’ —,/ - x
1+:L‘ oo+l

Vivay V== SASWN SAAMANs1n45° f(z)= > f ([ ) \f N2-1

6(x+1
[ caui_

~—

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SA=a+3 va SA vudng géc v6i mit

phing day. M va N la hai diém thay ddi lan lugt thudc cac canh BC' va DC sao cho MAN =45°.
Tinh ti s6 gitta gia tri 16n nhat vo6i gia tri nhé nhat ctia thé tich khéi chép S.AMN .

Lai giai

a3

Ta co Vi uw :%SA'SAMN :T‘SAMN' Do M,N la 2 diém di dong vi SA cb dinh nén thé tich clia

khéi chép SAMN phu thude vao dién tich tam gidc AMN . Dé tim gia tri 16n nhat va gia tri nhé nhat
cuia dién tich tam giac AMN ta c6 2 cach sau.

Cach 1.
bat BM =x,DN =y;z,y E[O;a].
Tam gidc CMN vudng tai C' nén
N?=CM*+CN” hay MN’ z(a—aj)2 -i—(a—y)2 .
Ap dung dinh 1y ham s6 cosine cho tam giac AMN ta c6
MN? = AM? + AN? =2AM.AN cos MAN = MN? =24* + 2° + ¢ —\/2(a2 ra*)(a* + )

Suy ra (‘l_m)2 +(a—y)2 =2a’ +2* +y° —\/2((12 +302)(a2 +y2)

2 2 2 2 CLQ—G.%'
< (az +ay) =(a —my) Sar+ay=a’ -1y Y= :
a+z
Dién tich tam giac AMN la
S s = Sunen ~Samr Sy Sy = (a7 —2y) =2 ot
AMN ABCD ABM ADN CMN 2 y 2 T+a
2’ +a’
Xét ham s6 f(z)= tren doan [O;a] .
T+a
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Ta co f'(x):%; f'(x)=0<:>x=(x/§—1)a.

Ta lai co f(())=f(a)=a;f((\/§—1)a)=2(\/§—1)a.

Suy ra e () = amin f (2) =2(V2 ~1)a =" (V2 -1) <5, <

N

Vay ti s6 gitta gia tri 16n nhat véi gia tri nhé nhéat ciia thé tich khéi chép S.AMN 1a

1+\/§
2

Cach 2.

Dit DAN=¢@= MAB=45 —¢

Taco AM=——2% _ AN="1
COS(45O —(p) cos @

R

Cos Q. COS(450 - (p) 2

1
=5 v =§AM.AN.Sin45O =

\/5 2a* _

TCOS45O+COS(45U—2(9)_ 2 ‘£+cos(450—2 )
5 ¢

N |~

2
a

&

2 2
< 2 0 a \/5 2 a
Mat khac 0Scos(45 —2¢)S1:>J§+2—a (ﬁ—l)SSAAMNSE
Cach 3.
BM= AM2= 2 2
Dat{ :1::> vora :>MN2=(a—aU)2+(a—y)2
BN =y AN? =¢* +a°

Theo dinh Iy cosine ta ¢6
MN?® = AM® + AN? —=2AM AN .cos45’ < a* —zy =a(z +y)

2
=S, aun :%AM-AN.SinZLSO _a -
Dat @thO:ﬂf—tQ22at©t€[0;(\/§—1)a}
a2
a’ —t* SAAMNWX :EQtZO

= SAAMN =

? SAAMN. ZGQ(\/§—1)<:>t=a(\/§_1)

111111

Céach 4. Hinh hoc thuan tay

P
A |_D
N
B_| C

M
Dung dudng thing qua A vuong goc véi AM cit dudng thing DC tai P .
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Khi d6 ta chiing minh dugc
AAMN =AANP = MN =NP va BM +CN =MN = MN + NC +CM =2a

Vi MN < MC +CN va MN =\ MC* + CN* Z\E(MC+(JN)

Twu do suy ra Q(ﬁ—l)aSMNSa

Cho tit dign déu ABCD canh a. Mot mét phang (Q) thay doi luon song song véi mit (BCD) cit cac
canh AB,AC,AD thi tiytai M,N,P. Goi G latrong tam tam giac BCD. Tim ban kinh nhé nhét ctia
mait cau ngoai tiép ti dien MNPG ?

Toi gidi
Goi K 1a tam tam giac déu MNP. Dat KG =2,AG =h. Khi d6 AK =h—x.
A
M P
B D
C
h—zx h—z (h—ac)a

Suy ra @: = MK =
B@G

h h J3h
2 2

Tac6 MG =GR+ M = |t + =2 @

3h
) (h—x)2 a’
X ) MG T
Ban kinh m#t cau ngoai tiep MNPG c6 cong thiic r = =
2.GK 2z
2, (h—ac)2 a’ ,
z 2 2% +(h - 2
Ta co hzﬁjrz 3h = ( x) _1 3$+h__2h
3 2x 4z z

o2 (3v2-6)

= . Khi do minr:Ta.

Suy ra r nhé nhat khi z = o

V3

skt

Cho hinh chép S.ABCD c6 day la hinh vuong canh a va dudng cao SA=2a . MNPQ 1a thiét dién
song song vdi day, M € SA va AM =z . Xét hinh tru c6 day 1a dudng tron ngoai tiép tit giac MNPQ
va duong sinh MA . Gia tri clia z dé thé tich khoi tru 16n nhat 1a?

Toi gidi
Ta c6 MNPQ la thiét dién song song v6i ddy do d6 MNPQ dong dang véi day.
Suy ra MNPQ1a hinh vuong, Theo dinh 1§ talét ta co 2y = 3M 2022,y _20-@
AB SA 2a 2
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Duong tron day tru (T) 1a dudng tron (C) ngoai tiép hinh vuong MNPQ nén ta c6 ban kinh day cta
MN 2a-z

222

trula R=

2
Khi d6 ta c6 thé tich khéi tru la V =nR*h = n(2a—xj T =%n(2a—x)2 T

Theo bat ding thitc AM — GM ta c6

3 3
74 =l7'c(2a—:1:)2 T =in(2a—x)(2a—x)2x Sin(Qa—anQa—x—i-QmJ dma
8 16 16

3 27
3 3 0;2
:V£4na ;V=—4Tm = v (0:20) <:>m=2—a
27 27 20— =21 3
3
Vay Vmax=4na @xz%.
27 3

Cho hinh try ndi tiép hinh nén chiéu cao h, ban kinh day R , tim thé tich 16n nhat ctia khéi tru da
cho?

Lol gidi
Mait phang qua truc ctia hinh nén cit hinh nén theo thiét dién la tam gidc can SAB va cit hinh tru
noi tiép theo thiét dién 14 hinh chit nhat noi tiép tam giac SAB
bat OC=z(0<z<R);C'C=y(0<y<h)

S

D! o' C'
B D O C A

' - h(R-
Tac()ASOAC(”)C’C’IISO:Q:ﬂ:E:R x:y:( x)

SO AO h R R

2 N VIR o , mha*(R-z)
The tich ctia hinh tru noi tiép hinh nén 1a V =z y=T
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ALY
Theo bét ding thite AM — GM ta c6 /%%.(R—x) < % :§

2 R_ 3 h 2 R_ 3 2 2
v(R-2) _R'_ nhe’(R-z) 4nhR’ _ _4¢hR® . A‘¢hR
4 27 4 27R 27 27

=

Déu “=" x4y ra khi va chi khi z = %R .

Cho mot hinh nén dinh S ¢6 day 1a duong tron tam O , ban kinh R = J5 va gbc G dinh 1a 2o véi
2 2 . . z
sino = 3 Mot mét phang (P) vuong goc véi SO tai H va cat hinh nén theo mot dudng tron tam H .

Tim thé tich V' 16n nhat ctia khéi non dinh O va day 1a duong tron tam H .

L3i giai

Dit SH =2 . Goi SAB la thiét dien qua truc SO va M,N lan lugt 1a giao diém ctia SA,SB véi (P)

Xét ASOA vudng tai O tacé SO=0Acota=Rcota = 0OH =50-0H =Rcota—z .
Xét ASHM vuodng tai H tacé HM =SHtana=ztano .

Taco V= én.HM2 .OH = %naz?.tanQ (x.(R cota— z) . Ap dung bt déng thic AM — GM ta c6

3
T T
—+—+ Rcota—z

4
.(Rcotoc—x)£4. 2 2 =—R’cot’ a
3 27

z’ (Rcota—x)=4.

N |8

z
2

2
=AM g ot dat duge Khi va chi khi @ = 2 cota = 22 | 12 2 5. 32 0
) 81 3 3 \sin“a 3 2 3

Vay V,

Cét mot khoi tru c6 chiéu cao h bdi mot mat phing song song véi hai mat day, ta thu duge hai khéi
tru nhé. Mot trong hai khéi d6 ngoai tiép mot lang tru ding thé tich Vco day la tam gidc c6 chu vi la
p. Khoi con lai ngoai tiép mot khéi nén (H) c6 ban kinh day 1a R (R thay do6i). Tim gia tri clia R sao
cho thé tich ctia kh6i non 1a 16n nhat?

Loi giai
Hinh lang tru c6 day 1a tam giac v6i do dai 3 canh 14 a,b,c va c¢6 chiéu cao 1a z.
Khi do S, =22 v thé tich cia hinh ling tru 1a V =222 Suy ra & =242
4R 4R 4V

Ap dung bét déng thiic AM — GM cho 3 s6 duong a,b,c ta c6
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- ac.(a+b+c)3 _ z.p’
274V 108V

prG
(108V)"

Ma tiép tuc theo bat ddng thitc AM — GM ta c6

Mat khéc V(H) =§.(h—m).n.R2 S%.(h—x).n.

3
(h—x+z+xj 4
<4. 2 2 =_—pd

(h-2)2* =4.(h-z) 2.2
272 27 27

2h

. P ) h-r=teor=22

Do d6 V<H)£ln.2ih3. D Déu“="xayrakhivachikhi{ = 2 = 3

327 (108V) a=b=c

6 3 3
Vay Vi, (max)=2m- ' —L— khi 5=2" v a=b=c. Khids R=2t. L __ W
3727 (108V) 3 3108V 162V

Cho hinh nén (H ) dinh O, chiéu cao la h va mat phing (P) song song v6i mat phing day ciia khoi
noén. Mot khéi non (T ) ¢6 dinh 1a tam ctia dudng tron day cta (H ) va day cua (T) 1 thiét dién cta

(P) v6i hinh nén. Thé tich 16n nhat caa (T) 14 bao nhigu?

L5i giai

S

Dat AB—a(0<z<h),AC— k. Xét ASAC, o6 SE_EN bz BN _ oy R(h-z)
SA AC h R
. P . 1 , 1 R 2
The tich khoi non (T) la V=-—nEN .x:—n,—(h—x) T
3 3 R
f'(x)=3x2—4hx+h2
Dat f($)=(h—x)2 z,ze(0h);co v=he(0h)
f'(x)=0<:> h (hj AR
r=—=f|=-|=—
3 3) 27
2 2
Vay Vmw, ZlTER—2ih3 = Amlth @leh .
3 h 27 81 3
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Hai ban A va B choi mot tro choi nhu sau: Mdi ngudi 14y 1 miéng ton hinh tron ban kinh nhu nhau,
sau d6 cat boé di 1 hinh quat r6i cuon lai, dung keo gan lai thanh 1 chiéc phéu nhu hinh vé. Sau d6 A
dung chiéc phéu ctia minh muc day nudc roi trat sang phéu ctia B. Néu phéu ciia B day ma clia A van
con nuéce thi A thang. Ngugc lai, néu phéu ciia A hét nude ma phéu ctia B chua day thi B thang. Hay
chi gitip A cit miéng ton ciia minh c6 géc & tam hinh quat 1 bao nhiéu dé khi choi khong thua B.

(9 7

Lai giai
Goi z(rad) 1a goc & tam can cat (0<z <2n) va R, rlan lugt 1a ban kinh miéng ton va ban kinh miéng
~ . . s . . » N (271' - x)R2
phéu. Dién tich phan con lai cia miéng ton 1 § =——
Ny . (2n—z)R? (2n—z)R
Dién tich xung quanh phéu la S =nrR=nrR = — =>r= I —
T

Duong cao ctia phéu la h = JR -1 = 2£\/4TC:1: —* . Khi dé thé tich phéu I3
T

1 1 (2n—x)2 R* R
V="nr’h= —n—————A4nz 2 =
3 3 47 21

Theo bat ding thitc AM — GM ta c6

3
WA —t == ft.t.(8n% -2t) < 1673 .
J2 9
2

DAu “=" x4y ra khi va chi khi ¢ = %

R3
4n

i it 4n2—t,t=(2n—x)2 >0

T do6 ta tim duge V @(t 4n2—t) @tz%@:z:z

Cho hinh try c6 day 1a hai dudng tron tam O va O', ban kinh day bang chiéu cao va bang 2a. Trén
dudng tron day c6 tam O lay diém A, trén duong tron tam O’ lay diém B . Dat o la géc giita AB
va day. Tim gié tri 16n nhat ciia thé tich khéi tit dien OO'AB ?

Lai giai

Goi A’ 1a hinh chiéu ctia A lén mat phang chita dudng tron tam O’ .
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Goi B’ 13 hinh chiéu ctia B lén miit phéng chita dudng tron tam O .

Goi R la ban kinh clia dudng tron tam O , suy ra R=2a.

Tacoé o= BAB'.Suyra AB'=2Rtano. Goi I la trung diém ctia AB' = OI 1L AB'.
Ta c6 OI =\JOB” —IB™ =R - R? tan® a. = R\1—tan’ . .

1 1
Va S, oup =§OI.AB’=§R. 1-tan’ a.2Rtano = R’tana.1—tan’a .

1 1 1 ; ;
Suy ra V., = gV()AB'.()'A'B = gOO'.SAOAB, = §.2R.RZ tano.y1—tan’ o .
Tacé V,,,, dat gia tri lon nhit khi va chi khi tana.y/1—tan® o dat gia tri 16n nhat.

t.(-t) 12

- -

v6i t>0.

Xeét ham s6 f(t)=t.N1-t v6i te[-1;1];co f'(t)=V1-t" +

€
5

Lap bang bién thién, tacoé V. khi t= L hay tano = L )

max \/5 \/5

Xét f'(t)=0@1—2t2=o@t=ii2 =>t=

Cho hinh lap phuong ABCD.A'B'C'D' canha. Lay diém M thudc doan thing AC' sao cho
C'M=xC'A, va diem N thuoc doan thing CD' sao cho D'N =2z.CD' . Tim z dé ti dién
CC'NM c6 thé tich 16n nhat?

L&i giai
A B
RS
| A\
AN
: \
D LN <
| \
\ \ /
A') /
A R — B
// ~ \\
,/ N \‘\\ \
7 =N
. M
// \
D' C'

CD'= a\/§:> D'N = 2m.a\/§:> CN = a\/§—2x.a«/§= a\/§(1 —2x)
AC'=a\/§:>C'M=J:.a\/§
Theo cong thiic tinh thé tich khéi tit dien dya vao khoadng cach va goc giita 2 duong thang ta cé

Dé thay O<:1:S%. Ta c6 {

. :%.C'M.ON.d(C'M,CN).sin(C’M,CN)

=%xa 3.a72(1-22).d(C'A,CD").sin(C' A,CD")
T dien CC'NM c6 16n nhat khi
(2z+1-22) o6

1 . 1
g(m):&.azx/é.2x(l—2x)s6.(12\/8. 1 T

P 1
Dau bang xay ra <:>2x=1—2x<:>x=z.

Nhan xét. Mau chot clia bai toan nay 1a st dung cong thiic

Voo =%.O'M.CN.d(C'M,CN).sin((J'M,(JN)
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Cong thitc nay da ching minh & cac chuong trude, ban doc co thé xem lai!

Cho hinh tru c6 chiéu cao h=2a, cdc dudng tron day lan lugt 1a (O;R) va (O';R) v6i R=a. Biét
ABla duong kinh ¢6 dinh ctia dudng tron (O;R) vd MN la mot dudng kinh thay déi trén dudng tron
(O'; R)sao cho AB va MN khong dong phang. Tinh gid tri 16n nhat ctia thé tich khéi ti dien
ABMN .

Lai giai

-

h I

\
\

Y\

\

\

1
=L |-
1

1

1

1 ,

1

]
1,7 -

v
1
1
1
1
1
|
1
Q¢--
1
1
1
1
1
1
|
S

V6i moi ttt dien ABCD ta c6 cong thite tinh thé tich V = %AB.C’D.d(AB;C’D).sin(AB,CD)
Ap dung cong thitc trén ta cé thé tich ctia khdi ti dien ABMN 1a
VMNAB:é.MN.AB.d(MN;AB).sin(MN,AB)
Vi MN = AB=2R=2a, d(MN;AB)=h=2a, sin(MN,AB) <1 neén
4a’ | 4a’
—_——S < —
Vias=— sm(MN,AB) <=
Déng thiic x4y ra khi va chi khi sin(]MN7 AB) =1< MN 1L AB.

Vay thé tich khéi ti dien ABMN dat gié tri I6n nhat biang §a3 khi MN 1 AB.

Cho hinh nén dinh S chiéu cao 1a h . Mot khoéi tru khéac c6 tam ctia day trung véi tam day ctia hinh
noén va day con lai 13 mot thiét dién song song véi day ctia hinh nén dinh S da cho (hinh vé). Khi khoi
tru nay c6 thé tich 16n nhét, biét 0<x <h thi tisé k gitta thé tich ctia khéi nén va khi tru 1a?

S

Lai giai
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

S

Thé tich khéi non 1a V, LR, Tihinhvetace 2250 ot g RTT)
3 IA ST h h
2 2

Thé tich khéi tru can tim 1a V, =nR—2(h—m)2:L‘. Xét ham s6 V(m)an—(h—x)Q:z:, 0<z<h.
h h?

PR R 2 h
Taco V (x)znh—Q[—2(h—$)x+(h—x) J; V'(x)=0<:>:v=h hay$=§.

2 2
Co V(0) =0V (R) =0V [ 2| =228 quy 1 GTLN ciia v, 1 v, = 280
3)" 27
I
—nR°h
Licds k=22=8 .9
v, 4nkh 4
27

Cho hinh thoi ABCD c¢6 BAD=60°,AB=2a.Goi H latrung diém AB, trén dudng thing d vuong
goéc v6i mit phing (ABCD) tai H lay diém S thay doi khac H. Tinh SH khi goc giita SC
va(SAD) c6 s6 do 16n nhat?

L5i giai

A

Goi M la hinh chiéu ctia C len (SAD) va ¢ la géc gitta SC va(SAD).

Vi BC||(SAD)= d(C;(SAD))=d(B;(SAD))=2d(H;(SAD)) nen ta co

cM _d(C5(SAD))

SC SC

Goi E lahinh chiéu ciia H trén AD , F lahinh chiéu ciia H trén SE tac6 d(H;(SAD))=HF .

sing =
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Khi do sin(pz%. bat SHzx(x >0) vi tam gidc SHC vuong tai H nén

SC =~JSH? + CH> =\SH? + BC? + BH® —=2BC.BH.cosCBH =~Jz* +7a’
HE f

Tam giadc vuong EFHA c6 sin HAE = — HE=12
AH 2

Do HF la duong cao ctia tam giac vuong HSE nén

12= 12+ 12=i2+i2:>HF=ﬂ.
HF® HE" HS 3a = \J3a? + 412
2HF 2\3az 2\3az

Khi do6 singp= = -
1do sm@ SO \/(4x2 +3a2)($2 +7a2) \/(43:4 +21a4)+31(12$2

=sine< 2\/§ax =sine< 12
\/4\/_1(1 2’ +3l.a’z” 421 +31

Dau ding thtic x4y ra khi z = 4/%@ . Vay ¢ 16n nhat khi va chi khi SH =} f%.a .

Cho mit cau tam O va ban kinh R . Tit mot diém S bat ky trén mat cau ta dung ba cit tuyén bing
nhau, cit mat cau tai cic diem A,B,C #S va ASB=BSC =CSA=a.Khi o thay déi. Tinh thé tich
16n nhat khéi chép S.ABC ?

Lot gidl
Tam gidac ABC déu, ké SO’ L(ABC) thi O' la tam dudng tron ngoai tiép tam gidc ABC va
0'eSO. Gia st SO’ cat mat cau tai D thitam giac SAD vuong tai A.
SA* PP

Goi SA=8B=S8C =1. Trong tam gidc SAD tac6é SO'.SD=S5A4>= SO = D _ﬁ( )

Goi E la trung diém ctia BC . Ta c6 BC =2BE = 2ls11r1g = A0 = =

= S0 =SA*-0'A* =] [1- —sm =

Tu (1) va (2) taco
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

2
Ly /l—ésin2g < 1=2R /l—ésinQE =8, =A\BR 1—fsin23Jsin?3
2R 37 2 37 2 : 37 2) 2

, 4 . 5,0 1., 8\/§¢ 4.:0(2,foc
:>SO =2R(1_§Sln2§j :>V9.ABC =§SO 'SABC ZTRJ(l—gsnleJ Slﬂzg.

2
Dit x=sin2%:>0<x<1.Xét ham sb yzx(l—ng =$(16x3—24x2+9x)
2 [ ]- 2 [
Taco y =§(16$ —16x+3);y =0

_8J3R?

Thé tich khéi chép S.ABC 16n nhét khi z = i = sin% = % Sa=60°.Vay V= T

[ cau s

Cho hai hinh cau dong tam 0(0,0,0), ban kinh R =2,R, = J10. Biét ring ti dien ABCD c6
A Be (O,R1 ); C,De (O,Rz) . Tim gi4 tri 16n nhat ctia thé tich tit dien ABCD?

Lai giai
Dung mat phang (P) chita AB va song song CD cét (O,Rl) theo giao tuyén 1a duong tron tam I.

Dung mat phing (Q) chita CD va song song AB cat (O,RE) theo giao tuyén 1a duong tron tam J.
Lan lugt dung 2 duong kinh A'B’,C'D’ vuong goc nhau. Khi d6, 1J =d(AB,CD)=d(A'B',C'D'")
Taco Ve = %AB.CD.d(AB, CD).sin(AB,CD)< %A’B'.C"D'.IJ =Vipon -

Do d6 chi can xét cic tit dien dang A’'B'C'D’. Vay diéu kién can dé V., 1én nhat1a AB L CD .

Goi M, N lan lugt 1 trung diém ctia AB va CD. Dit AM =z,CN =y,. (a: € (O,x/ﬁ},y € (0,2])

= ON =10—2%;0M = \J4—y*; d(AB,CD)= MN =OM +ON =10-2* +[4— ¢’
Khi d6
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Cuyec tri hinh hoc khong gian |

Vaseo =éAB.CD.d(AB,C’D)=é-2x.2y(\/10—x2 +\/4—y2)=§xy(\/10—:1:2 +\/4—y2)

Theo bat ding thitc Cauchy — Schwarz ta c6

— 72 2
VABCD%WL\/? 10; +ﬁ.1/4—y2JS§$y\/(2+1)[1021; +4—y2j

= Vipep < %xy\/g(léé—(af +2Z/2 )) < %wy«}g(lé%—%/gxy) =§xy4 [3(9—\/53@)
3

S (LU I TN B e

3
=V, < g(gj =725V, 0 <632

10-2°
2 VY (G
Vay V. =6+2. Dau “=" x4y ra khi NG 1 = :
y=+3
zy
L =92z
N3 !

[ cau o

Cho hinh chop S.ABC ¢6 SA L(ABC), AC=1,AB=2++3, BAC=a . Goi B',C" lan luot I hinh
chiéu vuodng goc ctia A len SB,SC . Véi gia tri nao clia o thi ban kinh mat cau ngoai tiép hinh choép

A.BCC'B' dat gia tri nhé nhat?

L5i giai

Goi M,N lan lugt la trung diém ctia AB va AC .

e Tam giac ABB' vuong tai B’ nén M chinh la tam dudng tron ngoai tiép tam giac ABB', suy
ra truc dudng tron ngoai tiép tam gidc ABB' chinh la duong trung triuc A clia AB (xét trong
mp (ABC)).

e Tam giac ACC' vuong tai C' nén N chinh la tam duong tron ngoai tiép tam giac ACC', suy
ra truc dudng tron ngoai tiép tam gidc ACC’ chinh la dudng trung truc A, ciia AC (xét trong
mp(ABC)).

Goi I=ANA,, tasuyral latam mit cau ngoai tiép A.BCC'B".
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| Mot s6 chuyen dé boi dudng hoc sinh giéi hinh hoc khong gian

Goi R 1a ban kinh mit cau ngoai tiép A.BCC'B' thi R chinh 1 ban kinh dudng tron ngoai tiép tam
giacABC' .

BC \/12 +(2+\/§)2 —2.1.(2+J§).cosa

Taco R= =
2.sino 2sino
_‘\/4+2\/§.\/2—COSOL _\/Q—COSOL _\/2—(:08(1
2sina sina 1—cos’a
_ 42 — t=2+~3(L
Xét ham sb f(t)= 2 i voi —1<t<1; f(t):L“tl; f'(t)=0= ¥3 (L)

1-t (1_t2)2 t=2-43

Tu day dé dang suy ra R dat gia tri nhé nhat khi ¢ =coso=2— J3. Vay a= arccos(2 - \/g)

Goi R 1a ban kinh mit cau ngoai tiép lang tru ding ABC.A B,C, . Gia st BC =a,AA =h . Khi R ngén
nhat thi tam giac ABC 1a tam gidc gi?

L5i giai

Aq G

Goi 0,0, lan lugt 14 tam dudng tron ngoai tiép tam giac ABC va A B,C,. Khi d6, OO, 1a truc ctia
dudng tron ngoai tiép ddy. Trong mit phing (A0O,A4, ), dudng trung truc canh AA cat 0O, tai L

Ta chitng minh duge I 1a trung diém OO, va ciing 14 tam mit cau ngoai tiép lang tru ABC.A, B,C, . Do

, o or — ot OA) _oue
d6, R=1IA.Tacé IA"=0A"+0I" =0A" + - =0A +Z (1)
Mit khac, ap dung dinh 1y ham sin trong tam giac ABC , ta dugc
~BC _soamoa=—BC (g
sin( BAC) 2sin(BAC)  2sin(BAC)

2
a

1
4 sin” (BA C) o

Tu (1),(2) suy ra IA* =

Do d6, R =IA ngin nhat khi va chi khi 74> bé nhat.
Khi d6 sin (BA 0) 16n nhét <> sin’ (BA 0) 1< BAC =90°.

Hay tam giac ABC vuong tai A.
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Khéi (H) dugc tao thanh la phan chung khi giao nhau hai khéi nén c¢6 cing chiéu cao h, c6 cac ban
kinh duong tron day lan lugt 14 R va r sao cho dinh ctia khoéi nén nay trung véi tam dudng tron day
ctia khoi non kia. Tim gia tri 16n nhat ctia thé tich khoi (H), biét ring R va r thod man phuong trinh

X’ —(:B+y)2X+:vy=0(x,y>%j.

L3i giai

Gia stt R>r. Ta c6 hinh minh hoa nhu trén. Goi a 14 ban kinh dudng tron giao tuyén, b 1a khoang
cach tit tam dudng tron giao tuyén dén tam duong tron c6 ban kinh R.
Stt dung cac tam gidc dong dang, ta suy ra

r h R b Rh r Rr
a h->b r  h-5b R+r h R+r

R

Mac khac V, =lna2b+lna2(h—b)=lna2h.
(3 3 3

Xét phuong trinh an X : X° —(x+y)2X+xy=0(z,y>0) c6
AX=(:v+y)4—4xy2(2\/@)4—4my>0,Va:,y>%

SX=(I+y)2 >0 v

1
T,y >—
P, =1y>0 2

Theo viét ta co {

Suy ra phuong trinh luon c6 hai nghiém duong phan biét R va r. Theo bat ding thiic AM — GM ta c6

(:Hy)2

1 1
a= Rr = xy QS 4 2 :—7V$7y>_'

v+y) A 2

=
+
=
—_
8
+
<
~—
—_

2
Suy ra Vi, :énh(f Sénh(ij =i7th, VZL‘,y>%'

Déu “=" x4y ra khi va chi khi z =y > % Vay maxV(H) = 4i87th .
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Cho tam gidc nhon ABC . Trén tia Az vudong goc voi mit phang (ABC) lay diém S khéc A. Ké
duong cao BH cta tam giac ABC (H eAC ) Goi (P) 13 mat phing di qua diém C va vuong goc
v6i SB; gid stt mit phang (P) ct tia doi cha tia AS tai M . Dudng thang MH c&t SC tai N .
a) Ching minh MC 1 (SHB) va SC L(MBN)
b) Biét canh BC' =a,ABC =a,ACB=8.
Tim gia tri nhé nhat cia dién tich tam giac SMC theoa,a,B khi S di dong trén tia Az .

Dé HSG cap tinh toan 11 — Tinh Ha Tinh nidm hoc 2013 — 2014

Lai giai

a) Ta co {MCC(P):MCJ_SB (1)

(P)LSB
Mat khac {BH Lac
BH 1 5A
Tu (1) va (2) tasuyra: MC L(SBH)
Tacé BH L (SAC)=SC LBH  (3)

Theo cau a) suy ra MC 1 SH .
Laicé CALSM ,dodb6 H latryuc tam cia ASMC' .
Vivay SC LMN (4)
Tw (3) va (4) tasuy ra SC J_(MBN).
AC a AC asina

= - AC =4 %
sin A sinAc;)sin[n—(oc+B)] sinoL:> sin (o +p)

= BH 1 (SAC)=MC L BH (2)

b) Theo dinh 1y sine ta c6

bat SA=xz>0 .
asino

Tacdé CH=acosp=>AH=AC-CH=—
51n(0c+[3)

—acosp.

= ASAC ~AHAM.

. ASAC ~AHNA
Lai c6
AHNA~AHAM
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asina asina —acosp
CA.HA Sil’l(OL-i—B) Sin(oc+[3)

Suy ra MA=
SA x
asina { asina —acosﬁ}
sin(o + sin(a +
=>SM=SA+ MA=x+ ( B) ( B)
x
asina { asina —acosﬁ}
; sin( o+ sin(o +
Khi do6 suy ra Sy, =lC’A.SM=l 'asmoc T+ (o) (0.+P)
2 251n(a+[3) T
Ap dung bét déng thiic AM — GM ta dugc
asina asina
- - —acosf
sm(oHB)l:Sln(OHB) } asino asino
- > | . ~acosp
x s1n((x+[3) sm((x+B)
asino asino _acosp
sin(a+[3) sin(oc+B) sina, sina
S+ >2a N - _COSB
x sm(oc+[3) s1n(a+[3)
T d6 suy ra
1 asina sina sina
T -2a —Cos
M2 sin(a+B) sin(a +p) Lin(a+B) B}

2 . . .
a”sino sin o sin o
< Sgue 2 \/ l: )—COSB:I

sin(oc+B) sin(a +B) sin(oc+B

Déu "=" dat dugc khi

asino l: asina

_sin(oc+ﬁ) sin(a+B)aCOSB}©SA_a\/ sina { sino

v x sin(a+[3)

Vay gia tri nhé nhat ciia dién tich ASMC theo a,0,B 12

a’sino . sina, sina, "
sin(oc+B) sin(oc+[3) sin((x+[3) '

Cho hinh chép S.ABCD c6 day ABCDla hinh binh hanh va K la trung diém ctia SC . Mot mit
phéng (P) chita AK va lan lugt cit cac canh SB,SD tai cdc diém M,N khac S. Ching minh ring
4_SM SN _3
3 SB SD 2

Lai giai
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| Cua d6 hinh khong gian

Dau tién chung ta gidi quyét bai toan sau
Pé bai. Cho tam gidc SBD, dudng trung tuyén AO , dudng thdng d bét ki cit SB, AO, SD lan lugt

tai M,I,N . Chiing minh ring S—D+S—B=2&.
SN SM  SI

Giai

Vé BK ||HD || MN .
Dé dang chitng minh dugc ABOK =ADOH (g.c-9)= OK =OH .
Theo dinh 1i Thales ta c6

SB _SK

SM ™SI SB SD_SK+SH _SO0+OK+SO=OH _,50 . o oy
SD_SH ~SM SN SI SI SI

SN SI

Vay ta c6 diéu phai chiing minh.
Ta giai quyét bai toan ban dau
Ap dung bai toan vira chiing minh trén ta suy ra

SB SD _SO 3
D2 40T 9P _9.023
SM SN SI 2
Do I latrong tam tam gidc SAC
S—B=a21
Dat ifg =a+b=3.
—=b2>1
SN

Véi diéu kién a,b>1 va a+b=3 suyra a,be [1;2] .
Ap dung bt déng thic Cauchy —Schwarz ta c6

1 1 4 4 SM+S_N>é (1)

a b a+b 3 SB SD 3
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Viae[l;?] suyra(a—l)(2—a)20<:>a(3—a)22:ab22(Do a+b=3).
Vay suy ra l+1=3S§:S—]M+S—NS§. (2)
a b ab 2 SB SD 2

Tu (1) va (2)ta c6 diéu phai ching minh.

Cho goc tam diéen vuong Ozyz dinh O. Lay A,B,C lan lugt trén Ox, Oy, Oz sao cho
OA+OB+0C+AB+AC +BC =1, 5 day | 14 s6 duong cho trude. Xac dinh vi tri cac diém A, B,C sao
cho thé tich ti dien OABC dat gia tri 1én nhat va hay tinh gia tri 16n nhat ay.

Lai giai

Nhic lai két qua quen thuoc

\/§(z+y)

V6i z,y>0 thi 2° +y° > 5 .Dau “=" x4y rakhi x=y.
OA=a>0

bit {OB=b>0.
0C=c>0

Khi do6 ta c6 l=a+b+c+\/a2+b2 +\/1)2+c2 +\/02+a2 .Ap dung danh gia trén suy ra
lZa+b+c+x/§(a+b+c)<:>ZZ(\/§+1)(a+b+c). (1)

Taco V=V, s :a?bc‘

Ap dung bat déng thic AM —GM ta c6
a+b+c23abe <a+b+c236V (2)
(-

Tir (1) va (2) ta duoe 12(v2+1)-3Y6V <V < o

{l=a+b+c+\/a2+b2 B+ +E +d

a=b=c
P(v2-1) I(v2-1)
——~ dat dugckhi a=b=c=——~
162 3

(1)

Vay maXVOA\BC =

Hay A,B,C cach O mot khodng dang bang
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Cho ti dien S.ABC. bat ASB=0,BSC=B,CSA=y biét ring o+p+y=180"va dong thoi

2
SA=SB=8C=d.Ching minh S <¥.

AABC —

Lai giai

bit AB=¢;BC =a;CA =b(a,b,c > O).

a+b+c

Goi p= la nita chu vi ciia tam giac ABC .

Trong tam giac can ASB ta dé dang tinh dugc ¢ =2d sin% .

Tuong tu a =2dsing;b = 2dsin%.

Ap dung bét déng thic AM —GM ta c6

(P—b)(p—c)s\/p,[?’p—(a;;bw)] =3]j/2§

~—

Spanc Z\/p(p—a

2
= Syape < P 9 (1)

poy

Mat khac p=a+b+6=d si1r12+si1r1E+sinZ Sﬁ.(Q)
2 2 2 2 2

p

. 3
Cé dugce (2) via+pB+y=180 nén sin%+sin§+sin%£§.

2
(3]
Tu (1) va (2)suy ra S, upe STQSAABC <

>3

4

Cho tit dien OABC ¢6 OA,0B,0C d6i mot vuong goc véi nhau. Goi a,B,y 1an lugt 1a goc hop bdi cac
miit phéng (OBC),(OC’A),(OAB) v6i mat phang (ABC’).
Tim gi4 tri 16n nhat clia biéu thitc

P=(cotoc'cotB+cot[3-coty+coty-cotoc)2 +6cot’ a-cot’B-cot’ y

Loi giai
Nhic lai két quéa quen thuoc ciia o,B,y 1a cos® o+ cos’B+cos’y=1. (*)
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1 1 1
2 + 2 + 2 =
l+tan"o 1+tan"f 1+tan’y

Tu (*) suy ra
< tan® o+ tan’ B +tan’y =tan” o- tan’ B tan’y —2
Ap dung bat dang thic Cauchy — Schwarz ta co
2
(tam2 o+ tanf+ tany) < 3(tan2 o+ tan’ B+ tan” y) = 3(‘5&1&2 o-tan’B-tan’y— 2)

(tano + tanP +tany)* +6 <

tan” o.-tan®B-tan’y

= (cot()t-cot[3+cotB-coty+coty-coton)2 +6cot’a-cot’B-cot’y<3

Do d6 P <3. Dau "=" x4y ra khi tana:tanﬁztany(0<a,ﬁ,y<gjcoczﬁzy

Cho ti dién S.ABCc6 SA,SB,SC vuong goc véi nhau. Dat SA=a,5B=5,5C=c.
Goi H 1a hinh chiéu vuong géc ciia S trén mat phang (AB C) .

abc\/g
2

Chung minh rang P =a.S,,, + 0.5, + ¢S, <

Lai giai

BA 1 SH (DoSH L(ABC))
Ta c6 = BA 1 (SHC)
BA1SC(DoSC LSB,SC L SA)
BA1CM
Goi M =CH nBA . Khi d6 ta suy ra ¢ .
BA1SM
Vi tit dién S.ABC la tt dién vuong dinh S nén dé dang chitng minh duge
N N abe
SH® o b ¢ A+ +
. . A .1 1 1 , a’b’
Lai c6, trong tam gidc ASAB thi e =—2+b—2:> SM* = e
a’b’ a’b’c’a’

Theo dinh 1y Pythagoras ta c6 HM®>=SM>—-SH’ =

a’+b0*  a’b? +b +Pd?

2

c
= HM =ab -
\/a2 +0% AP +b +é%a’
T d6 suy ra ¢S —c-lHM-BA—a;bC 1 - ¢ Na®+b*
Y HAB 2 2 Na®+0* a** +bv°c* +c%a®
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oS abe \/1 a’ +bc?

c. =—,[1-
A B
Hap 2 a*b> + % +c*a’

Tuwong tu ta ching minh duge

g abce \/1 a’b® +cta’
a-Oppe = -
2 a’b® + b +ca’

. _a_bc\/l_ a*b +b%?
TG g a’b’ +b’c’ +c’a’

T d6 ta suy ra

P_a_bc \/1_ ca’ +b*c? +\/1_ a’b? +c*a’ +\/1_ a’b? +b*c? (1)
2 a’b* + b +*a’ a*b* +b*c* +c*a® a*b* +b*c* +c*a’

Ap dung bat déng thitc Cauchy — Schwarz ta lai co

\/1 ca’ +bc? N \/1 a’b® +ca’ N \/1 a’b’ +b*c?
a’b> +b*c* +c*a’ a’b> +b°c* +c*a’ a’b® +b*c?

< |al3 ca’ +b*c® N a’b® +cta’

B a*b* +b° +cfad a’b + b +cfd + bt +cfa?

22+22 22+22 22+22
j\/1_2§a22bc22+1_23b220a22+1_2gb25622g\/§(2)
a’b” +b°c” +ca a’b”+b°c" +ca a’db” +bc” +ca
abc\/g

Tw (1) va (2) tasuyra P< 5

Dau "=" xadyrakhi a=b=c.

Cho cac tia 0z,0y,0z d6i mot vudng géc v6i nhau. A,B,C lan lugt di dong trén céac tia Oz,0y,0z sao
cho tam giacABC c¢6 dién tich S khong ddi. S,,5,,9, lan lugt 1a dién tich cdc tam giac
OBC,0CA,0AB . Tim gia tri 16n nhat cia
__5 + 5, + 5 .
S+25, S+25, S+28,

Loi giai
Vi OABC lati dién vuong. Ta ching minh duge 57 +S5; +5; =5 (*)

Khi d6 ta o 3-2P=8§| ——— 4 —— 41 (1)
S+25 S+25, S+28,

Ap dung bat déng thic Cauchy — Schwarz ta dude
S+28, S+25, S+28, 35+2(5 +5,+5,)

S, +8,+8,<[3(87 +5; +57) =543 (Do (). (3)
1 1 1 1 9

Tir (2) va (3) t >1. (4
(2) v (3) tasuy ra o e 05, 25 3aas )
1 9 3V3
Tt (1) va (4 duge 3-2P>8§-~—2 _ e P<
(1) va (4) suy za duge 5322 LS50
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2 2 2 _
Dau "=" xay ra khi S5, 5, _S©51=Sz =SA;=i.Vay maxp=i.
‘ 3+243

S, =5, =15, \/g
G a0

Cho tit dien ABCD, chiing minh ring (AC + BD) +(AD+BC) >(AB+CD)’

Loi giai
Goi O,M,N,P,Q lan lugt 1 trung diém cac canh CD,AC,CB,DB,DA
Suy ra MNPQ la hinh binh hanh va O khong thudc (MNPQ)
Taco (MO+OP) +(NO+0Q) >MP* + NQ* =2(PQ* +QM*)>(PQ+QM)’
Vay (MO+OP) +(NO+0Q) >(PQ+QM)’

2 2
Hay (%ADJr%BCj +@BD+%AC] >(AB+CD)’ < (AC+BD) +(AD+BC) >(AB+CD)’

Tit day ta c6 diéu phai chitng minh!

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. T mot diém M trén canh SA dung

dudng thing song song v6i AD cit SD tai diém N . Trén canh CD lay diém @ sao cho %:%
Xéc dinh vi trf diém M trén SA sao cho dién tich clia tam gidc MNQ 16n nhét.
Lai giai
Do MN||AD nen S 5N gy SM_CQ SN _CQ _ yoysc
SA 8D SA CD SD CD
Ta co Sy =%MN-NQSH1MNQ=%MN-NQsinBCS
. . . MN NQ@Q .
Vay dée S,,,., 16n nhat thi MN.NQ 16n nhat < ——-—= 16n nhat
8 Paume ¢ AD SC
Mat khéc ta lai co MﬁLN—Q=S—N+@=1=const. Do d6 S,y 16n nhat @@ZS_MZE'
AD SC SD §SD ' AD SA 2

Khi d6 M1a trung diém ctia doan SA

Cho hinh chép ti giac S.ABCD c¢6 day ABCD la mét hinh binh hanh. Goi G 1a trong tam ciia tam
gidgc SAC. M la mot diém thay ddi trong mién hinh binh hanh ABCD . Tia MG cit mat bén clia
hinh chép S.ABCD tai diém N . Dit QzM—G+N—G

NG MG
a) Tim tat ci cac vi tri ctia diém M sao cho @ dat gia tri nho nhat .

b) Tim gi4 tri l16n nhat ctia Q .

Lai giai

91 | Chinh phuc olympic toan



| Cua d6 hinh khong gian

Theo bat déng thitc AM — GM ta co QzM—G+N—G22.
NG MG

Dau bang khi va chi khi MG NG =1.
NG MG

e SGcit mp(ABCD) tai tam O ctia hinh binh hanh ABCD . Goi K la trung diém ctia SG . Tt
K dyng mét phang song song voi mp(ABCD) cat SA,5B,5C,SD lan lugt tai A, B,,C,,D,. Tt
N dung mit phéng song song véi mp(ABCD) cat SG tai N'.

NG N'G NG

MG OG MG

<> N thudc canh hinh binh hanh A B,C|D,

N6i NK cit canh hinh binh hanh A4, B,C,D, tai P ,tac6 PM //SG .

Ta co =1 khi va chi khi N' trung K

Tit d6 Q=2 khi va chi khi M thuoc canh hinh binh hanh A4'B/'C,'D,".
Ta thdy A'B'C/'D, la hinh chiéu song song ctia hinh binh hanh A B,C\D, len mp(ABCD)
theo phuong SG .
e Mién hinh binh hanh ABCD hgp béi cac mién tam gidc OAB,0BC,0CD,0DA
Diém M thuoc mién hinh binh hanh ABCD nén M thuoc mot trong bén mién tam gidc nay.
Ching han M thudc mién OABM=A=N=C':M=B=N=D'; M=0O=N=S.
Do d6 N thuoc mién ASC'D' va N thuoc doan SH , véi C,D va H lan luct la trung diém cta
SC.SD va S0 .
Do d6 HG < NG <SG . Vivay H—GSN—‘GSE hay L < N—GS 2.
OG O0G 0G 2 G

Dat zzN—G.Tacé Q=l+m v6i T e l;2 .
MG x 2

N | Ot

Taco Q' =0 va xe(%ﬂj@x:l. Khi do maXszax{Q[%j;Q(Q);Q(l)}:

. 5
Vay ta tim dugc gié tri 16n nhat cia @ 1a 3

Dau “=" xay ra khi M trung v6i O hodc cac dinh A,B,C,D

Cho t1t dien ABCD c6 trong tam 1a G . Cac dudng thang AG,BG,CG,DG kéo dai lan lugt cit mat
cau ngoai tiép ti dien 6 A, B,,C,,D, . Chiing minh rang:
GA +GB, +GC, +GD, 2GA+GB+GC +GD

Toi gidi
Goi O 1a tam mat cau ngoai tiép tit dien ABCD
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C6 OA=0G +GA= 0A? =0G* +GA* +20G.GA
OB® =0G* +GB® +20G.GB
Tuong tu ta cé {0C* =0G? +GC* +20G.GC
OD* =0G* +GD* +20G.GD
=4(R’-0G")=GA* +GB’ +GC* +GD’
Trong d6 R 14 ban kinh mit cau ngoai tiép tit dien ABCD
Lai c6 GA.GA, =GB.GB, =GC.GC, =GD.GD, = R* - 0G”

Vay GA1+GBl+GCl+GD1:(RZ OGQ)(GA Cng+G10+C¥1Dj

(GA2+GBZ+GCQ+GD2)(1 1 1 1]
A 6B ac T ap

Theo bat ding thiic Cauchy — Schwarz ta cé
GA +GB, +GC, +GD, >—(GA+GB+GC+GD) ( LI j
16 GA GB GC GD

>GA+GB+GC+GD
Dau bang x4y ra khi va chi khi GA=GB=GC =GD..
Diéu nay dong nghia tit dien ABCD gan déu hoic tit dien ABCD déu.

Chttng minh ring moi tit dién luon ton tai it nhat mot dinh ma ba canh xuét phat tit dinh d6 c6 do dai
thich hgp dé lap thanh mot tam giéc.

Lai giai
Xét tit dien ABCD , khong mét tinh tong quat gia st AB 1a canh dai nhét ciia t& dien dang xét.
Bing phan ching ta gia sit ring: Khing dinh ctia bai toan 1a sai, nghia la khong c¢6 dinh nao trong ti
dién dé cho ba canh xuét phat tit dinh dé c6 do dai thich hgp dé lap thanh mot tam gidc. Khi d6 ta co
AB>AC+AD xét dinh A
BA> BC + BD xét dinh B

Suy ra 2AB>AC+AD+BC +BD(1)

AB<AC+CB

:>2AB<AC’+AD+CB+DB(2)
AB<AD+ DB

Ta xét cac tam giac ABC va ABD ta co {

Mau thuin gita (1) va (2) ta suy ra diéu phai chitng minh!

Hinh chép S.ABC c6 tong cac mat (géc ¢ dinh) ciia tam dién dinh S bing 180° va cac canh bén
SA=SB=SC =1.Chiing minh rang dién tich toan phan ctia hinh chép nay khong 16n hon J3.

Loi giai
Ky hiéu do 16n céc mit ciia géc tam dién dinh S nhu sau:
BSC =a,0SA=B,ASB=y vaa+B+y=180

Ta c6 thé coi a,B,y 1a 3 goc mot tam gidc nao do.
. 1
Tong dién tich 3 mit bén cta hinh chép la E(sina +sin 3 +sin y)
Goi BA=a,AC=b,AB=c. Ap dung dinh 1y cosine trong tam giac BSC ta dugc:w

a’ =2(1—cosa)=4sin2%:azQsin%
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Tuong ti ta c6 b= QSin%,c = 2sin% . Theo bat ding thitic AM — GM ta c6

RPN o s s P Jp[(p—a)+<p—b>+(p—c)j3: ;

3 33
2
(sinz+sing+sin;j 3
. Ta c6 bat ding thitc quen thudc sin% + sing + sin% < B

343
33 3

Khi do6 ta duge S, ., < % . Dién tich toan phan ctia hinh chép khong 16n hon e + S 3.

B

Hay S, 50 <

Dau bang x4y ra khi oo =B =v=60° titc la tit dien deéu.

Duong chéo hinh hop chit nhat, tao véi ba kich thude a,b,c céc goc o,B,y. Goi V' 1a thé tich ctia hinh
N a’ b° c
hop. Chiing minh rang Tttt 2 2178V>.
CoS O COS cos "y
Lai giai
b

1 ~
1 AN
| S
| .
| c AN
1 \\
| s
1
j SSSRE R
4
4
4
7’
,/
a? 2 62
Taco cos’ o= —————,c08' p=——-—,0C08" Y =
a’ +b+c? a’ +b+c’ a’ +b%+c’
. 2 2 2 2 2 P
g a® (a2+b2+c2) Be (a +b"+c¢ ) Py (a2+b +cz)
uy ra = . ) = ) =
cos” a cos’ a cos" cos’ B cos”y cos’y
3 3
3 2 2 2 . 2 2 2
Suy ra 12 + 12 + 12 = 6 + 6 + 6
cos - o Cos cos "y cos’ o cos B cos’ Yy

f : 1 1 1
(o +b% + 2 3 . ’ . 1
(a Tore ) [c0s6a+cosb[3+cosby] ( )

Ap dung bét ddng thic AM — GM , ta ¢6
. (a2 +b° + ¢ )2 >27a°b*c’ (2)

. 1‘ N 1 N 1. S 3 > 3
cos’a  cos’P  cos’y cos’a.cos’B.cos’y  cos’a+cos’B+cos’y
27
N 2 2 2 . 1 1
Vi cos” a+cos”+cos”y=1 nén 5 —t+———281 (3)
cos O  COos’ cos’ Y
a’ b’ c’

Do V =abe neén tix (1),(2),(3) suy ra + +—— 2 2187V*

cos”a  cos”P cos”y
DAu bing x4y ra khi va chi khi a=B =y (ttic 12 hinh hop da cho 1 hinh 1ap phuong)
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Cho hinh 1ap phuong ABCD.A'B'C'D' ¢6 canh banga . Trén cac canh BC' va DD' lan lugt 1ay céac
diém M va N saocho BM =DN =z (0<z<a). Chting minh ring MN 1L AC"' vatim 2 dé MN co
do dai nhé nhét.

Lai giai
o D
B A M C
B’ c
Dat TA'zZL;EzE;EzE thi Mz‘g‘z‘g‘:a; AC'=a+b+cva BM=2. cDD' Z.a
a a
—_ = — —— o - > = o A x -
= MN=MB+BA+AD+D —c—b+c+—-a=—-a-b+ (——Jc
a a a
:>m-AC'=[£-€L—5+(1——J?(@+I)+C ==.a’-d ( Ej
a a a
7’ ’ * 6a’ _6d°
Vay MN vuong goc véi AC! MN? =2 @2 ya+|1-2 ] 2= 22| 20520
a’ a a 2 4 4
MN ngan nhat bang g-\/g<::>£=l<:>:13=g
2 a 2 2

Trogn dé6 M,N tuong tng la trung diém ctia BC' vaDD'.

[ causr. |

Cho hinh lap phuong ABCD.A’B’C°D’ canh a. Céc diém X,Y,Z lan lugt di dong trén céc canh
C'D'AD,BB' . Dinh vi tri ctia X,Y,Z dé chu vi tam giac XYZ nho nhat.

Lai giai
z ’
A D
: X
1 -
1 PRy
BI ! ,” //
:,”’ /, C,
-1 ’
Z k2 ,/'
~d
A >
lY D
’
’
B U
C
X

Chon hé truc toa do nhu hinh vé. Ta c6
A(O;O;O),B(a;0;0),D(0;a;0),A’(O;O;a),X(m;a;a),Y(O;y;O)
Z(a;O;z)(w,y,z>0).
Ta c6 chu vi tam giac XYZ la P=XY+YZ+7ZX
Pz\/as2 +(a—y)2 +a’ +iJa’ +y’ + 27 +\/(a—x)2 +a’ +(a—z)2

Theo bat ding thiic Cauchy — Schwarz ta c6
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JEP:\/G(JCQ+(a—y)2+%j+\/6(47a2+y2+z2]+\/6((a—x)2+%+(a—z)2j

2 2 2 2 2
= [(1+1+1+1+1+1) x2+(a_y)z+a_+a_+a_+a_ +./6 4i+y2+z2 +
4 4 4 4 4

Déu bang xay ra khi va chi khi y=z=% <:>x=y=z=g

[ causs._

Trong mat phang (P) ,cho AABC,A=90°,C =60". Dyng cic duong thang Bz,Cy L (P) .

a) Xéc dinh diém M trén Bz sao cho mat cau dudng kinh BM tiép xtic v6i Cy , biét ring BC =2a .
b) Goi diém L 1a mot diém di dong trén Bz, L phai & nhitng vi tri nao dé tren Cy c6 thé tim duge N
sao cho ABLN vuongtai N 7

c) Trong cac vi trf ctia diém L & cau b) hay xac dinh vi trf sao cho hinh ché6p ABLNC' c6 thé tich nhé
nhét.

L5i giai

MZ
o, X N . 3 . N N . BM a
Mit cau duong kinh BM tiép xtic Cy khi va chi khi d(B:E,Cy) =BC= - = 5
Vay BM =4a. C6 2 diém M,,M, trén dudng Bz thdéa man didu kién nay.
Mubén c¢6 diem N dé BNL = g thi miit cau duong kinh BL phai cit Cy. Suy ra BL>4a , khi d6 L

phai ndm ngoai (M,,M,). Néu L nim ngoai doan [M,,M,], thi véi méi diém L trén Bz c¢6 2 diém

N,, N, thuoc Cy sao choBNleBN2L=g .bat BL=y,CN =z . Do tam gidc BNL vudng tai N nén
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. 2 2
B’ =BN®+NL' & y2=4a2+$2+402+(y—$)2=8a2—2xy+y2+2x2:>y=4a T
T

Ha duong cao AH cia tam gidgc ABC . Khi d6 AH ciing la dudng cao ctia hinh chép ABLNC va
AH =a 3 ,day BLNC' la hinh thang vudng nén

Vsine (37 + y) =

2@2\/5(2(12 J 2a2\/§ 2a* 4a3\/8
= — 4z |> 3 2 — =

2
=1AH.LBC(CJ\/+BL)=M
372 3 z

a2\/§( 4a2+x2j
3 T+

3 T Tz 3

4a5\/_

= I/mm - kh —=rsor= a\/_ :} Y= 3a\/_

Gia tri y=BL = 302 > 4a , nén chap nhan duge.

| causo. |

Chitng minh ring thé tich V ctia khéi nén tron xoay va dién tich xung quanh S ciia hinh nén tuong

ttng luon luon thoa man bat ding thitc (6‘/) [ 25 J Dau déng thic xay ra khi nao ?

m w3

Loi giai
R a3 N A e
Dién tich day 1a S, ,,, = - Goi R, [ lan lugt 1a ban kinh d4y, duong sinh ctia hinh nén.
Taco S=nRl va V= %TERQ VI? =R* (0< R<!). Thay vao bat dang thic can ching minh, ta c6

SR R R _ 2
5B 1 P 3B

Dat x=§(0<x<l). Ta can ching minh f(z)=z-2° SL,VIE(OJ)

33

Taco f'(z)=1-32"; f'(z)=0 oz (do #>0). Talaico f"(z)=—-6x, f”[i

NE)
Suy ra f(x) dat dai tai x=% . Vay f(x)Sf(%]z%,Vme(O;l)

AR! (l2 —RQ)

=_—6<O.

3ﬁ] J3

Dau déng thitc xay ra khi va chi khi z = L hay % L iR

V3 V3

Cho tt dién SABC ¢6 SA=a,5B=0,5C=c va SA1LSB,SA1S5C,SB1LSC. Goi R,V theo tha tu la
ban kinh miit cau ngoai tiép va thé tich ctia tt dien SABC . Tinh dién tich tam gidac ABC theo a,b,c

No72v?

va chiing minh réng R >

2
Loi giai
Ta co Vz%bc(l).
. i 1se 4 s R o 1s , 1 1 1 1
Goi h la do dai duong cao ké titr S ctia hinh chép SABC tacd —=—+—+— (2)
h a° b ¢

Ta co SABCZ% (3).
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272 2 92 5 9
Tit (1)(2)(3) ta.c6 5,0 = Y22 T

Goi I 1a tam mat cau ngoai tiép ti dien SABC , M,N lan lugt 13 trung diém ctia BC,SA .
Khi d6 R =1IS =+/SN? + SM? =\/iSA2 +i(532 +5C”) %\/az +b2+c .

Y27a*hc? (4)
— Y .

Theo bat ding thitc AM -~ GM tacé R>

§92712
2

Tw (1), (4) suy ra R>

. Vay ta c6 diéu phai ching minh.

Cho tit dien ABCD c6 géc BAC =CAD = DAB =60". Chiing minh ring
AB*+AC?+AD? <8R’.
Trong d6 R 1a ban kinh méit cau ngoai tiép tit dien ABCD .

Lot gidl
Goi G va O lan lugt 1a trong tam va tam mit cau ngoai tiép tt dien ABCD , ta co
GA+GB+GC+GD=0=0A+0B+0C +0D =40G
= OA* +OB" +0C” +OD” +2(0A.0B + 0A0C + 0A0D + OB.OC + 0B.OD + 0C 0D | =160G"

= AB*+AC*+AD* + BC® +CD’ + DB* =16R’* —160G”
Miit khac theo dinh 1y ham s6 cosine ta c6
BC®+CD* + DB’ =2(AB’ + AC* + AD*)~(AB.AC+ AC.AD+AD.AB)

=3(AB*+AC’ + AD*)~(ABAC+AC.AD+ AD.AB)=16R’ 160G’ <16R’
=2(AB*+AC” +AD*)+(AB* + AC” + AD* ~AB.AC - AC.AD - AD.AB)<16R’
= Q(AB2 +AC? +AD2)£ 16R’

Vi AB*+AC* +AD* ~ABAC-AC.AD-ADAB>0 = AB*+AC* + AD* <8R”.

Khi cat mit cau (O,R) bdi mot mat kinh, ta dude hai nira mit cau va hinh tron 16n ciia mét kinh do
goi 1a mat day clia mdi nita mit cau. Mot hinh tru goi 13 noi tiép nita mit cau (O,R) néu mot day cua
hinh tru nim trong day clia nita mit cau, con dudng tron day kia 1a giao tuyén ctia hinh try véi nita
mit cau. Cho R =1, hay tinh ban kinh day va chiéu cao ctia hinh tru noi tiép nita mét cau (O,R) dé

khéi tru d6 c6 thé tich 16n nhét.

Lai giai
Hinh tru noi tiép nita mit cau, nén theo gia thiét duong tron day trén c6 tam O' 13 hinh chiéu ctia O
trén day (O') . Suy ra hinh tru va nita mit cau ciing chung truc déi xting va tam ciia day dudi hinh tru

tring véi tam O ctlia nita mat cau.
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Goi r va h lan luct 1a ban kinh day va chiéu cao ctia hinh tru. Ta c6
h=OO'=\/R2—r2(O<r£R=1)
Thé tich khéi tru la V(r)zrchh:nr2 R*—r* .Taco
3 2R? — 32 23
V'(T)Zn{Qr«/RQ—TQ_ — }:M( — )=t - ) (0<r<1).
JR® =1’ JR =7’ NI
V'(r)=0<:>r=\/§=§ ; V'(r)>0<:>r<§.

]

3 13 diém cuc dai cia

Do d6 tréen khodng (0;1) ham s6 V(r) d6i dau tit am sang duong, nén 7, =

ham s6 V(7).

J6) om0 6 B
khl?”o 3 —?.

Vay II(%)%]XV(T’) =V(?J = 5

1) Cho tit dien ABCD . Cac mit clia tit dién c6 dién tich bing nhau. Chiing minh ring tam mit cau
noi, ngoai tiép ti dién trung nhau.
2) Cho t& dien ABCDva mot mat phang (P) Tim trén mit phang (P) diém M sao cho

‘W+W+W+W‘ nhé nhét.

Lai giai
1) Dung mit phing (P) 1L AB tai M. Goi DK,CHg 1a cac duong cao cta tam giac DAB va tam giac
CAB . Do S,pup =Sscuy = DK'=CH .
Goi C',D' lan lugt 1a hinh chiéu ctia C,D trén (P) = MC'=MD'
Vi CH ||(P);DK ||(P)= AMC'D' cantai M = MI' LC'D"; I' la trung diém C'D’.
Ké II'||AB, (I eCD);IK || MI' = MKII' 1a hinh chit nhat. Vay IK la duong vuong géc chung clia
AB via CD va I la trung diém CD. Vai tro A4,B,C,D binh ding. Bing cach dung tuong tu mat
phing (P') L CD ta ching minh K’ la trung diém ctia AB va I'K' la dudng vudng géc chung ciia
AB va OD =I'=LK'=K. Do d6 tit dien ABCD c¢6 cac dudng trung binh dong thai 1a duong

vudng goc chung.

Goi O latrung diém IK = O0A=0B=0C =0D vay O la tam mat ngoai tiép ti dien ABCD . Ta c6
Visen =Viacp = KI thudc mit phing phan giac clia géc phang nhi dién canh CD va AB. Tuong tu
PQ thudc mit phing phan giac clia goc phéng nhi dien canh AC va BD . Vi KINPQ=0 = O cach
déu cac mit ctia tt dien ABCD . Vay O 1a tam mit cau noi tiép ti dien ABCD .

2)
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C
Goi I,J latrung diem AB va CD; N la trung diém cta I1J .

. . OMI = MA+ MB — S R
Véi M batkytaco - :>MA+MB+MC+MD=2(MI+MJ):4MN

OMJ = MC + MD

:‘W+W+MC+MD] ==4‘MN‘ bé nhét khi va chi khi diém M 1 hinh chiéu ctia N trén mit

phing (P) .
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