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23 m& Au

Cudh séch “Chit loc tinh tiy trong chudi d& thi qudc gia mén Toan “ 1 sy dic két
tinh hoa va cling sy miét mai lam viéc ctia cdc thanh vién trong lovebook. V&i bé day khiém
tdn, tic gia hi vong ring day 1a cudn séch chat lwong nhat danh cho cic si tit luyén thi dai hoc
ndm 2016 nay. Vé ndi dung, cudn sach bao gom nhiing cau héi hay va khé trong cac phan diém
8;9; 10 tir hon 150 by dé thi thir dai hoc ndm nay, ge"in vao do la nhig ciu hoi trich tir cac dé
thi dai hoc nhitng nam trudce ciing voi sy seru tAm tir khéi luong ngudn khdng 16 cling nhw do
chinh tac gid dé xuét.

Difm déang chi y nhdt & cudn sach nay la sy phan bd cic tiét hoc thanh mdt chudi
bai gidng danh cho déng 1 thang luyén thi cho nhiing hoc sinh di ¢ nén tang t8t. Mbi bai
giang khong nhic lai nhitng kién thitc co ban ma thay vao d6 1a nhitng bai tap c6 thé khong
mdi nhung rat chat boi ¢6 nhiing si so sdnh, lién hé va cach phan tich ban chét, cdi ngudn ctia
vin dé.

Miic du dd xem hon 150 d@é thi thir dai hoc ndm nay thé nhung c¢6 mét cai nhin tong
quan la co toi hon 90% cac bai toan hoan toan triing vdi tu tirong ciia nhitng bai todn trong cac

“Cl.'lﬁ’n & bd Chinh phuc todn — Lovebook.

Didu cudi cling mudn giri gdm ban doc: Hi vong cudn séch nay chinh 14 mdt ngudi

ban dong hanh, mdt ngudi thay cling céc si ti trong sudt qud trinh gép gap trude ngay thi nay.
Riéng gia dinh lovebook, c6 mdt 1i chiic toi cac em: Chiic cdc em “ca chép hda rong”

dén t6i dinh vinh quang la nhiing ngdi truong dang mo wdc!
Do cudn séch dugc hoan thanh trong thoi gian rdt ngén nén khdng thé tranh khéi nhiing
sai s6t, hi vong ban doc sé thong cam va phan hdi cho t6i ngay tai Group facebook: “Chién

binh lovebook” (https://www.facebook.com/groups/chienbinhlovebook/) hodc dién dan

http://vedu.vn/forums/.

Tac gia

Mot nguoi con cia mit gia dinh thudn nong tir qué huwong Hdi Duong

NGUYEN VAN HUONG
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C6 rét nhiéu em hoc sinh than thé véi Lovebook ring: “Cé qué nhidu dé thi thir hang nim, cé
qué nhiéu d8, bai tdp na na gidng nhau. Nhiéu khi cdc em cam thay rét lang phi thoi gian di seu fam
dé thi thi d€ lam thi nhimg y&u t6 mai, cAn thiét khéng nhidu. D& giai quyét nhitng khoé khin trén,
Lovebook da quy&t dinh cho ra doi dong sach “CHAT LQOC TINH TOY”.

Déng CHAT LQOC TINH TUY LOVEBOOK dugc lén y tudng vao nhimg ngay dau xuin 2016.
Tuy nhién, phai dén giita thang 3, du 4n méi chinh thic duoc trién khai. Dong CHAT LOC TINH TUY
dugc ky vong s& 12 1 sie b6 sung can thiét cho bo “Chinh phuc”, “Céng pha” trong qua trinh 6n thi giai
doan nuéce rt.

Dw an CHAT LOC TINH TUY duoc thue hién boi 9 thanh vién:

1- Tang Hai Tuén

2- Tran Phurong Duy

3- Pham Thi Thanh Thao
4- Nguyén The Hung

5- Mai Tén Minh Trang
6- Poan Thi Mai

7- Nguyén Van Huong
8- Tran Hiru Duc

9- N guyén Lan Phuong
Cudn CHAT LOC TINH TUY MON TOAN 2016 duoc bién soan bai thanh vién :

NGUYEN VAN HUONG
« Sinh ngay: 21/02/1995
¢ Qué quan: Tk ky - Hai Duong
¢ Facebook: https://www.facebook.com/mathkudo
¢ Hocvan:
» Cuyu hoc sinh Chuyén Nguyén Tréi — Hai Duong
¥ Giai nhi HSG qudc gia mon Toan 2013
» K58 KSTN Diéu khién tiy dfng — Pai hoc Bach khoa Ha
Noi
» Giai nhdt Olympic Sinh vién mén Toédn 2014
e Sé thich: An mi, d4 bong.
o Cau ndi yéu thich: TO mo la td chat cha thanh cdng nhung
may mo mdi Ja nhén t8 ciia thanh cong,
» Cac dy an sach da tham gia: Cong phé bit ding thitc,
Chinh phuc dé thi HSG, vao 16p 10 chuyén (B6 4 cudn)




L3 cdm om

Dé cudn sach hoan thién, toi d4 nhén dugc rat nhiéu sy gitp d& cua nhitng nguoi anh
em, dong nghiép. Sw gitip d& dau tién va thiét thuc nhét chinh la nhiimg déng gop rdt y nghia
va quan trong cta em Tran Duy Quéan (Giai nhat cudc thi THU LAM TAC GIA LOVEBOQOK,
hién dang hoc Bac Si Ring Ham Mit tai Pai Hoc Y Dugc thanh phd H6 Chi Minh). Duy Quén
d3 gitp t61 hoan thién ndi dung 4 ngay (ti ngay 11 dén ngay 14) mdt cach tam huyét va nhiét
tinh nhit. Trong twong lai, nhat dinh Duy Quén sé trd thanh 1 nhéan sy quan trong caa Gia
dinth Lovebook. Tiép dén 1a nhiing canh tay hé tro dac Iic nhat 1a anh Bii Van Cudng (tic gia
ctia cudn Chinh phuc hé phirong trinh va nhiéu cudn khac) cing ban Vi Thi Ngoc Huyén
(hién dang 13 hoc sinh 16p 12D - trudmg THPT Nguyén Hué - Ninh Binh) da tich cye ngay dém
tim toi va dua ra nhitng v tudng dong gop cho cudn sach mic dit Ngoc Huyén dang rat ban
bju véi viéc dn thi giai doan cudi va nhiing khé khin trong cude s6ng. Nhét dinh, em Huyén

sé trd thanh 1 sinh vién gioi giang va trg gittp rat nhiéu cho Lovebook sau nay.

Lévi cam on ti&p theo xin gt téi d6 1a sy gitip d& déc Iye nhét tir nhitng ngudi ban, ngudi
anh, nguoi chi: ban Tang Ngoc Ha, ban Nguyén Huy#én Linh, anh Duy Manh, anh Luong Van
Thién, va dic biét nhat khong thé quén duge d6 la anh Luong Vin Thiy — Giam ddc VEDU
Corp. Cong ty VEDU 1a mét ¢Ong ty méi phat trién, song lai la mdt trong nhitng cOng ty hang
dau vé nganh giao duc cua Viét Nam. Cong ty phat trién song hanh cling véi nhom GSTT.VN
va nha sach Lovebook ¢4 c6 nhitng hanh déng cao 4, thiét thuc tdi nhitng thé hé hoc sinh.
Né&u khong c6 si hd tro dic biét tir anh Lwong Vian Thuy va nha xuét ban thi cubn séch nay sé

khong thé dén téi tay ban doc. Anh cling chinh la ngudi da goi mé -khéng chi cudn sach cha



tdi ma con nhiu cudn sach khéc - chi dan tin tinh d& cudn sich vueon 1én mét tim cao mdi,

truyén cam hirng cho ngudi doc.

L&i cdm on cudi cung t6i mudn gui téi, d6 1a nhitng ban dec dugce cudn sach nay. Mic
di1 dén dau thang 5 sach méi dwgc phat hanh nhung da 6 gin 2000 em, thiy cb dat hang trudce
va ngong chd. Sy ung hd, dén cho cha céc ban, cac em yéu quy qua thire 1a mot ngudén dong
lue v6 cling to 16n gitip t6i hoan thign cudn sach nay mot cach tam huyét va hay nhét cé thé.

M@t [an nita, xin trén trong cam on tat ca!

D¢ sir dyung sach Lovebook mét cich hig¢u qua, méi cc em hoc sinh va cic thiy cb tham gia
hé thdng online cita Lovebook:

Hé thing online:

£Q Fan page Lovebook: https://www .facebook.com/lovebook.vn

£L Website trung bay sach: lovebook.vn

[0 Dién dan trac d6i hoc tap: http://vedu.vn/forums/

L4 Kénh bai giang Lovebook: https://www.youtube.com/nhasachlovebook

£ Website chia sé tai liéu: http://tailieulovebook.com/

LA Group trao d6i hoc tip: https://www.facebook.com/groups/chienbinhlovebook
Ed Ding ky nhén tai li¢u thuong xuyén: https://goo.gl/vEUuQZ

EH Website dao tao: hitp://vedu.edu.vn



Truéc khi bt tay vao doc cuén sach nay, Lovebook mudn gui téi cac doc gia yéu quy méot
cau chuyén sau:
Sach Hoai Nam Tt ¢é chép mdt cau chuyén nhu sau:

M3&t ng lao & gin bién gidi giap véi nirde HS phia Bic nude Tau, gin Trieong thanh, cd nudi
mdt con ngua. Mot hém con ctia dng 1do dAn ngwa ra gén bién gidi cho dn cd, vi lo dénh nén
con ngua vot chay qua nuéc H6 mit dang. Nhitng nguoi trong xém nghe tin dén chia budn
v&i Ong ldo.

Ong 130 14 nguoi thong hidu viée doi nén rat binh tinh néi: “Bié} ddu con ngwa chay mat dy dem
lai diéu t6l cho 161"

Vai thang sau, con ngwra chay mét Ay quay trd vé, dan theo mét con ngya ctia nude Hp,
cao 16n va manh mé. Ngudi trong xém hay tin lidn dén chiic mimg &ng ldo, va nhic lai 1o ng
130 da néi trude day. Ong 130 khong cb vé gi vui mitng, néi: “Biét ddu viée duge ngua HO nily sé
dén dén tai hoa cho t6i”.

Con trai ciia dng ldo rét thich cudi ngya, thay con ngwa H6 cao 16n manh mé thi thich
14m, lién nhay [én lung c¢&i né chay di. Con ngya HO chuwa thuin nét nén nhay loan 1én. C6 lan
con dng ldo khong can than d& nguwa HB hit xubng, té gay xuong dui, khién con 6ng lao bi que
chén, tit nguyén. Nguedi trong xém vodi dén chia bubn véi 6ng lao, that khdéng ngd con nga
khéng t6n tién mua niy lai gy ra tai hoa cho con trai ctia éng 130 nhu thé. Ong 3o than nhién
noi: “Xin cdc vi ché lo lang cho t0i, con t6i bi ngd gy chan, tuy bt hanh do, nhwng biét diu nho hoa
ndy ma dwge phiic”.

MO0t ndm sau, nude H6 kéo quan sang xam 1dn Trung nguyeén, Cac trai trang trong vung
bién gidi déu phai sung vao quin ngi chéng ngin gidc HS. Quan HO thién chién, danh tan dao
quan mai goi nhap ngii, cdc trai trang déu ti trdn, riéng con trai Ong 1o vi bi qué chan nén

mién di linh, dugc sdng s6t & gia dinh.

Binh luén ctia sdch Hoai Nam Ttx: Hoa ld gdc ciia Philc, Phiic ld g6c ctia Hoa. Hoa Phiic luin
chuyén va tuong sinh. Sy bién d6i dy khong thé nhin thdy dupc, chi thiy cdi két qud cita né.
Do d6, nguoi doi sau lap ra thanh ngte: Tai 6ng that ma, an tri hea phuc. Nghia la: Ong ldo &

bién gidi mat ngua, biét dau la hoa hay la phic.

Hai diéu hoa phitc cit xoay vin véi nhau, khé bigt dwoc, nén khi dwoc phiic thi khéng nén qud vui
mirng mao quén dé phong céi hoa s& dén; khi gdp diéu hoa thi ciing khéng nén qud budn riu dau kho ma
ton hai tinh thin. Viéc di, hét may 161 rii, hét rii t6i may, nén bit chudc tdi dng ma giik sy thdn nhién

triede nhitng bigh doi thing trim trong cugc song.



Chit lpc tinh ity trong chudi dé thi thi THPT qudc gia Your dreams - Our mission

Phwong phap phan tich nhan ti trong giai phwong trinh,
hé phworng trinh, bt phworng trinh

Révi binh: Nhitng bai todn sik dung phuong phdp phan tich nhan ti xudt hién rdt it trong d& thi thi ndm na 1y
va nhitng bai todn do kiéng hé qud khé khi ma chiing ta di ndm ré hinh thitc ciing nhw phirong phip cia
dang ndy. Trude mdt, anh xin gici thiu mt sé baf todn duoc trich tiy cdc d&é thi cée dai hoc ndm trvde.

5x%y —4xy? + 3y3 - 2(x+y) = 0 (1)
xy( +yD + 2= (x+y)? (2)
(Trich d& thi tuy&n sinh dai hoc nim 2011 khéi A)

Bai 1: Giai hé phwong trinh; {

Pbhian tich:
R6 rang néu hiéu sdu bdn chit cia phwong phdp st dung delta dé phan tich thank nhan tiv thi dip véo mit
tai phirong trinh (1) cd thé coi I phwong trinh bic hai déi véi bién x. Luu y rdng, vide cdc em mo mim nhan
tik hay st dung mdy tink doi voi phwong trinh (1) sé gdy rdc réill! Thay vdo dd, ta nén tinh theo delta:
(Desyx? =22y +Dx+ By  -2y) =0
- A= (2y2 +1)2 - (3y° — 2y).5y = —11y* + 1492 + 1
RO rang A, 1d khdng chinh phwong nén chic chin ta cd thé khing dinh phuong trinh (1) khéng thé phén
tich thanh nhin tik. RO rang, viée xét ham doi vei phurong trinh (1) cling khéng thé dwoe. Do do, ta 6 vii s
lwa chon sau:
+Két hop voi phurong trinh (2) cfng dai s6' dé dua vé phéin tich thanh tich duorc.
+Hihdng st dung phuong phdp nhin tik, khdng siv dung phuong phdp hiam sé nén c6 thé dw dodn 13 bit
ddng thife?
+Phwong trinh (2) o thé xib Iy duer.
Trong ba huong di trén, hudng di ndo don gidn ta lim tride. Dinhién Id hidng thiv ba, do x;y d6i xikng nén
ta cik dua thik vé (6ng vé tich: x + y = a; xy = b. (Pay I3 phan xa tw nhién cia anh @ ),
b(a?-2b)+2=a?
O diy, ta cd thé rit ngay a® theo b:
—2h%+2=¢a?—-bh.a®
—a’(b—1) =22 -2
R6 rang dén ddy em cd thé thiy ngay cd nhdn tirb — 1 hay chinh I3 nhan tivxy — 1. Do dd, ta co thé 6 1oi

gidi sau:
Lol qidi ohi it
Ta co:

Qe -DE*+y?-2)=0exy=1hodcx? +y% =2

Véixy = 1t (Dsuyray* -2y +1 =0 y=+1.

Suyra(xy) = (1; 1) hodc (x;y) = (—1;~1)

X% +y? = 2tle (1) suy ra 3y(x® + y%) — 4xy? + 2x%y — 2(x +y) = 0
& 6y —dxy? + 2x%y ~ 2(x +y) = 0

LOVEBOOK.VN |9




Chdt loc tinh tiy Hé phuong trinh Your dreams — Our mission

e (1-xy)2y—x)=0

< xy = 1hodcx = 2y

. <9 2 2v10 V10 —2v10 —v10
Voix=2ytirx? +y2=2suyra(xy) = < i) 5 5
2410 v10 2+/10 =10
Véy hé c6 nghiém (1;1); (~1; -1} (—5—-: T) ; (_T;T)'

Lovt bink: Khi viét 107 phin tich cho bai todn trén, anh tw dieng xem lai mgt bai todn trong cuén chinh phuc
hé phirong trinh. Bai ndy & vi du 92 thi phdi, anh khéng nhc ré. Anh &n tirong bai ndy vi dé bai ngdn quall!
Cam mé sdch, cdc em hay thir [am xem nhé (Goi y: khdong phai phwong phdp phin tich nhin tir ddu nhé).
(idi hé phurong trinh:
xt=-2x=y'—y
{ (x% — y?)? = 3
Néu nhwr doc xong bai todn trén ma van chura biét phirong phap anh nhic toi la gi thi thém mét bai ni¥a cho
“tinh cdm”:
vx+1l+Jy+1=2

T2xy

x—y
Sau ndm 2011 thi ndm 2012 ;2013 thim chi cd ndm 2014 ciing cung c6 nhitng bai hé phirong trinh ma gidi
bing phrong phap phén tich bing nhan tit. Anh ndi nhw viy,dé dur bdo véi cdc em rang: Bimg hoc t, chura
chidc dé ndm nay d4 khéc dang d& nim ngodil m

+29Yx2-yi=+4

Bai 2: Giai hé phuwong trinh:
xy+x—2=0
[2x3 —x?y+x2+y?-2xy—-y=0
(Trich d2 thi dai hoc kh6i D nim 2012)

‘Fuu p; Phirong trinh hai 12 phwrong trinh béc hai déi véi biény.
Hé d& cho twong dwong vii:
xy+x—2=0 (1)

{(ZX ~y+DE -y =0 (2)
Néu2x—y+1=0y=2x+1.
Thay vao (1) ta duoc:
—-1++5

2

¥+x—-1=0ox=

Do dé ta dugce cdc nghiém:

-1++5 ~1—+8
(xy) = (T:\/g);(my) = (——2—; —\/5)
Néux’—y=0oy=x*
Thay vao (1) ta duoc:

HHx—2=0E-1DE+x+2)=0ex=1
Ta dwgc nghiém (x;v) = (1;1).
Vay hé di cho ¢6 nghiém la:

-1++5 ~1-+5
y) =01y xy)= (—2—; \/g) sxy) = (T; _JE)

Bhan xét: Bif todn ndm 2012 13 mot bai todn rat dé dét véi cdc em, nhirng sang bai todn ndm 2013 va 2014
thi mikc d6 c6 ting 1én mét chiit. Di nhién, cdc em dwoc “cay” rdt nhidu vé hé phweng trinh nén nhitng bai
todn dang ndy chdc 43 qud quen thudc voi cdc em. u

LOVEBOOK.VN | 10
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Bai 3: Giai hé phwong trinh:

2x2+y? —3xy+3x—2y+1=0 (1)
4x* -yt b x+ 4= 2x+y+ . x+ 4y (2)
(Trich d& thi dai hoc kh&i B niim 2013)

Pbau tich:
Nhuwr thuong I8 ta sé phan tich tor phwong trinhi (1), €6 mét diém lwra y 13 & phwrong trinh (1) déu I phirong
trinh bdc har d61 voi bidn x hay bién y. Do dd, cdc em o6 thé chon d6i voi bién ndo cing dwec. Va du chon
hién ndo thi két qud cia bai todn sau khi thu gon ciing 1a mét két qud. Péng thod, néu nhw bién x ma cd delta
khdng chinh phurong thi hi€n nhién bién v ciing nhw viy, cdc em khong cdn nhdp! Gid st voi bai todn nay ta
coi Id bién y:
MNeyr—@x+2)y+2x2+3x+1=0
Ay= (3x+2)* —4(2x* +3x + 1) = x?
_(Bx+2)Ex
B 2
Do dd, tasé co hai truénghop:y =x+ 1,y =2x + 1.
O mbi truong hop, thi ta ddu thay vao phirong trinh (2) va thu duoc phirong trinh 6 bic hai, cin bic hai.
Phuong phip gidi & diy sé co:
+B3t dn phu
+Binh phwong hai vé
+Ding ham sé
+Nhin lién hop
Ban doc tyr nhin nhén dé chon phwong phap che phi hop. Luu ¥ ring khi st dung mdy tinh ra nghiém dep
thi phirong phap nhin lién hop la phurong phap diroc wu tién hon cd.
L ovi qiai chi tiét:
pigu kign: 2x +y = 0;x + 4y = 0.
Te(Dtadwoery=x+1y=2x+1
Véiy = x + 1 thay vao (2) ta dugc:
3x* —x+3=V3x+1+V5x+4
©3*-x)+(x+1-V3x+1)+(x+2-v5x+4)=0

1 1
o (x2—-x (3+ + )
( ) x+14+/3x+1 x+2++5x+4

oxl-x=0&x=0hoicx=1
Khi d6 ta ¢é nghiém (x;y) 1a (0; 1); (1; 2).
Véiy = 2x+ 1 thay vao (2) tadwoe3 —3x = vdx+ 1 +VOx + 4
o3+ (Vax+1-D+x+4-2)=0
4 9
e ra ) LA bl

Khi d6 ta dugce nghiém hé l1a (0; 1)
béi chi€u digu kién ta ¢é nghiém hé da cho 13 (0; 1); (1; 2).
Bhan xét: Noi vE vige gidi phuong trinh, thi trong nhivng ndm nay, ciing ¢d nhitng cdu phwong trinh siv dung
phwrong phdp tich thanh tich 46 gidi. m

Bal 4: Giai phuwong trinh: 42%+HV3+2 4 9% = 4234VRHZ 4 93’ +4x—4
(Trich d2 thi dai hoc kh6i D nim 2010)

Soi p giai:
Dibu kién: x > -2,
Phwong trinh di cho twong dwong vai (24 - 2%) (22‘[’m - 2"3‘4) =0
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Chdt loc tinh tity H¢ phuong trinh Your dreams — Our mission
¥ -2 =pex=1
2L _ X%t = ) o 2K+ 2 = %% — 4 (1)

Nhin xét: x = V4
Xétham s f(x) = 2vx + 2 — x% + 4 rén [ V4; +o0)

f{x) = -3 <0

1
Vx=2
Suy ra f(x) nghich bién trén [4; +o0)
Ta c6: f(2) = 0 nén phwong trinh (1) ¢é nghiém duy nhitx = 2.
Vay phwong trinh dd cho ¢6 2 nghiém x = 1;x = 2,
Nban xét: 7rén diy ld mot trong nhing cdch gidi trong dip an. Thé nhung, viéc nghi phuong trinh (1) theo
phirong phip hdm sé thirong it hoc sink nghi 61, Thay vdo dd, cdc em o6 thé diing may tinh ra nghiémx =
2 vd hodn toan cd thé stk dung phwrong phdp nhan lién hop quen thudc, Cic em thik dit it xem!m

Bai 5: Giai phuong trinh: 2 log, x + logi(1 — V%) = %logﬁ(x - 2vx+2)
2
(Trich dé thi dai hoc khdi D nim 2013)

Soi p gidi:
Ditukién: 0 < x < 1,
Phwong trinh da cho twong duwong:

%2

=x—2Vx+2
1—+x
%2

X

= 2
TN

@(1_)(&“)(1_’(&—2):0
—2=0(d0 X >0)©X=4—2\/§

X
&
1 —+/% 1—+x

Déi chidu digu kién ta dwoc nghiém ciia phwong trinh da cho lax = 4 — 24/3.
Aban xét: Fai ndy anh néu ra chf muc dich én lai cic céng thirc vé logarit. Em nao thdy minh ti dwng quén
thi hiy xem lai di nhé. m

Bai 4: Gidi hé phuong trinh:
(1—y),/x—y+x*—"2+(x—y—1)‘[)_/ (1)
292 —3x+6y+1=2/x—2y — J4x—5y~3 (2)

(Trich d@ thi dai hoc khéi B nim 2014)

Bhan xet: Df nhién bai todn ndy cling xudt phit Ia sir dung phrong phdp phan tich thanh nhin ty nhung di
khdng con & dang quen thudc. PE cd thé ddnh gid nhanh thi ta sé thirong bat diu tir phuong trinh (1) vi ré
rdng nhin phirong trinh (2) cd vé phikc tap hon phirong trinh (1) vé bic cing nhr 6 lupng can thike. Piém
chi y & piurong trinh (1) 1d dai Iwgmg\/xTy xudt hign va ciing kém theo dai rong x — y xudt hién! Nén
6 mét phdn xa twr nhién cida anh 1a:
x—y=t-ox=ti+y

By gio phirong trinh (1) sé viét hét vé hai dny; t. Ta cd:

A-y)t+t?+y=2+>-1). [y
Nhin lwdt qua thi diy la phirong trinh bic hai doi véi dn tbayﬁ . Gid stbta coi 14 ]y, ta co:

(t—-Dy+ (-1 Jy+ (-t —t+2)=0

Mot swr tinh co nifa ld ta cd nhin tikt — 1 nén ta co:

t-Dly+ ¢+ y—+2)]=0
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Chdt loc tinh tily trong chudi dé thi thi THPT quéc gia Your dreams — Our mission

Ding delta hodc nhdm nghigm ta thay ngay [y = 1;,[y = —t — 2. Do dd, ta c6 thé dua ra Iéi gid sau:
Lot widi chf tiét:
y=0
Bigu kiénI X22y (%)
4x = 5y + 3
Ta c6:

Me—x+D((/x-y-1}+&-y-D(1—-fy)=0

1 1
@(l—y)(x—y—l)(m+1+l+ﬁ)=0 3)

) > 0 nén:

Do( ! + !
E-y+1 1+ fy
=1
S
Vaiy = 1 phwong trinh {2) tré thanh: 9 —3x = 0 o x =3
Véiy = x — 1 digu kign (*) tré thanh: 1 < x < 2. Phwong trinh (2) tré thanh:
2x* —x—3=+2-x
S2(x*—x-D+(x—-1-v2-x)=0
2 1 -
o (x —X—l)(z-!-m)—o
1++5
-T2

ax-—x—1=0ex

2 2

1+J§‘L\/§J‘

Bai chiéu (*) va két hop trwdgng hop trén ta cé nghiém cia hé 1a (3;1);[

Bhan xét: Lai ndi vé phurong trinh 2x? — x — 3 = Y2 —~ x néu nhir khdng biét sty dung may tinh I3 mot bat
loi trong trucng hop ndy. Niung luu ¥ rdng, ta o6 thé binh phirong hai vé dia vé phwrong trinh bic bén
hode dgt cdi cin thite bing 4n s6mdi va dua v phirong trinh bic bén ngodi ra ciing c6 thé duwra v dang ham
§6. Nhuwr vy, riéng phwong trinh ndy 6 nhiing bon cich gidi, do b8 day cuén sich khéng cho phép nén hen
g4p cdc em vdo budi hoc danh cho nhikng em phin ddu diém 10 vdo thing 6 ndy néu cd thé, Ta tép tuc vin
d& véi hai bai thi trong dé thi thiv dai hoc ndm nay. m

Bai 5: Gidi hé phwong trinh:
xyx+ 1) =x>+y?+x~y
3y (2 +ox? +3)+(4y+2)(,/1+x+x2 #1)=0

(Trich d@ thi thit THPT quéc gia trwdng THPT Tam Pio 2016)

Bw doin:
Phuong trink (1) ¢d thé coi Ia phurong trinh bic hai voi bién y nén ta cd thé tinh ngay Ay, d€ thik nghiém.
Phirong trinh (2) sw xudt hign hinh thitc ciia hai biéu thitc c6 hinh thitc gidng nhau nén ¢ thé sau khi thé
dira vé phurong phdp ham sé.
Lol ofai thi tiét:
biéu kién xac dinh: vx € R.
Ta co:
xy(x+ 1) =x>+y2+x—y
0 -xly+y? —xy+x—y=0
o6 —yrD=oel Z L0,

Véiy = x? + 1 thay vao phwong trinh thit hai ta cé:

263+ 1) (2 +V9x2 +3) + (4 + 6) (VI 4 x + 22 +1) = 0
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Chat loc tinh tiy HE phueong trinh Your dreams — Our mission
D& thdy phuong trinh vé nghiém vi vé trdi luén dwong.
Vé&iy = x thay vao phwong trinh thit hai ta c6:

3% (2 ++/9%2 +3)+ (x+ 2 (V1 +x+ 2 +1)=0
& 3x(2+/92 + 3) = —@x+ D (V3 +@x+ 1) +2)
o 3x(2+9x? + 3)=(-2x-1) (V3+(2x—1)? +2)

Xét ham f(t) = t(vt? + 2 4+ 2) trén Rta cé:

t2

>0
ViZ+2

fli)=vt2+2+2+

Do dé6, ham sé f(t) dong bién trén R,
Tir 6 suy ra:

1
f(3x)=f(—2x—1)<—>3x=—2x—1®x=—g

Vay hé phuong trinh cé nghiém (ué;—éj .u

23 +y  +x=3(xy +1)+2y
Bai 6: Gidi hé phwong trinh: 2 2 _ 9
3+J2x—y+3+J4—5x_ZX—y+9 :
(Trich dé thi thi THPT qudc gia trudmg THPT S$6 3 Béa Théng - 2016)

Phin tich:
Phurong trink (1) 14 phuong trinh bic hai déi voi bién x hodcy. Do d6, ta tinh thirA, néu chinh phuong thi
ok! Van dé sau khi nhép ta thu dugey = x — 1 vid thay vao phrong trinh hai ta dirge:

2 2 9
+ =
3+vx+1 3+VE4-5x x+10
Nhén xét:x = 0; x = —1 /4 hai nghiém théa méan nén cé thé dura vé(x* + x)A = 0 bdng cdch nhén lién hop.

Phuong phip ndy xudt hién & trong cuén chinh phuc hé phwong trinh roil Vin dé & diy, do dudi dang phan
50 nén ta cir thir dit 4n phu dé dua vé hé xem sao:

Vx+l1=a=0 x=a®-1
VE—Sx=bz20 b?> +5a®>=9
2 2 g 2 2 9

3+at3+b x+10 3+a 3+b a@+9
Nhw viy hé ciia bai todn quy vé vige gidi hé:
BZ+5a%2=9(1)
2 2 9
3ta 3+b a+9

(2)
Ta co:
@) e 2(a+b+6) 9
(a+3DB+3) a?2+9
o2 a+b+6)(a?+9)=9a+3)b+3)
Suy nghf tir nhién 13 ta thiv diea v8 doi xing:
A2+9=a%+x. (P2 +5a2) +9~9x = (1 4+ 5x)a® + x.b* + (9 — 9x)
Chonl+5x=x=x=—1/4 nén:

1 45
249= 2 (g24p?) +—
@ +9=—.(a+b)+

Po do:
(2) & (a+b+6)(45 — (a + b?)) = 18(a + 3)(b + 3)
Pita+b=S;ab=P taco:
(S+6).(45—-524+2P)=18(P +35+9)
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Chat lgc tinh tiiy trong chubi d% thi thi THPT quét gia Your dreams — Our mission

Rd rdng Pld bdc nhit nén ta co thé viét P theo S:
2(S—3)P=5%+6524+95—-108
Rit may I Iai 65 — 3 lam nhdn ik
2(S—3)P = (5 — 3)(S% + 95 + 36)

Via;b = 0 nén:
SZ
ZPS?<SZ+9S+36

Néntachicd: P =3 haya+ b = 3.
N viy theo phan tich ndy thi ta cd thé gidi bai todn theo chinh phan tich nay, hodc I3 c6 thé dua duoc
thinh nhin t:\x + 1+ V4 = 5% ~ 3. Do dd, ta c6 loi gidi sau:
Lori giai ehi tie:
2x—-y=0
Piéu kién: 4
) X£—
5
Bién ddi phwong trinh thit nhét cta hé:
22+ y?+x=3(xy+ 1)+ 2y
Sx-y-1D2x-y+3)=0y=x-1
Véiy = x — 1 thay vao phwong trinh thit hai ta dwoe phwong trinh sau:
2 2 9
34Vt 34vA Gk X+ 10
2(x+10)(6 + Vx+ T+ VA —5x) = 9(9 + 3vVx + 1 + 3v4 — 5x + Vx + 1V4 — 5%)

(Vx+ T+ V2 —5x—3)(9Vx+ 1+ 9V — 5x ~ dx + 41) = 0 (+)

4
Dox € [—l;g] nén:

OVx+1+9V4-5x—4x+41>0
() VX+1+VE4—5x-3=0
e Vx+1+vV4d-5x=3
S 2Vx+1VA-Sx=4+4x o Vx+ L(~2Vx+ 1+ V4 —5x) = 0
o [ Vx+1=0 o [x =-1
NTFI=VE—5x  Lx=0
Véix=0tach:y=—1
Voix=-1tach:y=-2
B&i chiéu véi ditu kién va thay hé phwong trinh ban diu thiv lai ta thiy thaa man.
Vay hé déa cho cd nghiém (0; —1); (—1;-2). m

Bai 7: Giai hé phwong trinh:
1y y+1
A 12 x+1 y

VB +9=(x+1)/y+2

B xét: Chic chin xudt phdt tiy phirong trink (1) bing viéc quy dbng méu thu gon thi diy I phuong trinh
bdc hai doi viéi bién y. Khi do, ban doc c6 thé tinh A, dé khdo sét!l! @. D4y I2 mot trong nhitng huéng ra dé
ma anh nghi'la cé thé xdy ra, vi né chi che diu di hinh thitc quen thude ma ta d3 biét.

L ori qidi ch tit:

Diéu kién xdc dinh: x # —1;y > 0

1 Y 1+y
X x+1)2 x+1 y
+y ¥y 1

o =
X+ }v:+1+(x+1)2
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Chit loc tink tiiy Hé phwong trinh Your dreams — Qur mission
+y+1 1)+1
SHty+l y(x+1)

y T (x+1)2
xy+y+1 yx+y+1 xy+y+1=0
¢ y x+1)2 @[y=(x+1)2

Véiy = (x + 1)? thay vao (2) ta cé:

VB +1E+9=(x+Dx+1[+2

Xétx > —1.Pdtt=x+ 1 (t > 0), ta c6 phwong trinh:

2

w/8t2+9=t2+2@8t2+9=t4+4t2+4ﬁt“——4t2—5=04:[ttz“_slcz:'tz25
®t=i\/§=>t=\/§=bx=-—1+\f§=>y=5
Xétx < —1.Ditt=x+ 1 (t < 0), ta cd phwong trinh:

t2 = 6— V4l

o2 10— 2 8t +9=t* -4t +4 {t4—12t2—5=0 [
8t + 9 t+2ﬁ{ 24250 “ 5> (2 =3 t2j6+21/41

=t

Truong hop ndy hé vé nghiém.
Véi (x + 1)y = —1 thay vio (2) cé:

1
8y+9+§ﬁ-—2 =0(3)
Viy>0=8y+9>9=.8y+9> 3 nén phwong trinh (3) v nghiém.
Do d6 trieeng hop nay vo nghiém.

x=—1+\/§_.

Vay phwong trinh d4 cho c6 nghiém { y=5

Mot 86 bai lupén tap:
Bai toan: Gidi cac hé phwong trinh sau:

4+(x+yz)m=2yz~y+6x
4y +2vx+1) =9y =1

(Trich d& thi thir THPT quéc gia THPT chuy&n Amsterdam 2016)

) X+t +1=y+4Jy' -1
X +yi-xy=1
(Trich 48 thi HSG tinh Ninh Binh 2015)
Goi y phwong trinh (1) chuyén vé rdi binh phuwong 2 vé

Két qua (x,y)=(0;1);(%;%)
(1-y /X +2y? =x+2y+3xy

3.
Jy+1+t +2y° =2y —x
(Trich &8 thi thir THPT quéc gia THPT Nguyén Hug - tinh Ninh Binh)

4' Vax-3=(2y* +11)(17-y)+\y

|y (y-3x+3)=5(3x +2)
; (xz +xy+y2)\/x2 +y® =185

. (xz —xy+yz)\/x2 +y* =65
6 y-x*rxy=-1

xt ~X'y+xyt=1
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Chit loc tinh tiy trong chudi dé thi thir THPT quic gia Your dreams — Our mission

Phwong phap thé trong gidi hé phwong trinh

Binh ludn: Phirong phdp thé I mgt trong nhikng phuong phip dé trong gidi hé phwrong trinh, Tu [y nhién,
van cd nhing bai khién ta phdi vit dc suy nghi Trong cdc dé thi thi dai hpc ndm nay, phirong phap ndy
dwroc nhic 67 rit it.

Wx+1-1=y(Vx+1+1)

x+ Dy? +yvx+1=13x+12
(Trich d& thi thir THPT quéc gia truémg THPT Déi Céin 2016)

Bai 1: Giai hé phwong trinh: {

Phin tich:
Ré rang y twéng & diy rdt dé nhin:

. Riit thé vio phuong trinh 2
Phuwong trinh 1 — Jx+ 1 =theoy

» Gidi bién .

Aori gial chi tiét:
bidukiénx > —1
Phwong trinh thir nhat cia hé twong dwong véi:

+1
7-y)Wx+l=y+1evVx+ ZZ_“Y

(Do y = 7 khong la nghiém clia phwong trinh)
Thé Vx+1= % vao phirong trinh thit hai cita hé ta dwoc:
L (¥ +1 2 y+1 ¥+ 1y*
y (5"_7) +Y(?_—y) = 13-(7—_";) -1

Sy y+ D +yy+ D7 -y) =130+ 12— (7-y)?
©yt+y —5y2—33y436=0

c}(y—l)(y—B)(yz—Sy+36)=0=>Bz;

Voéiy=1=x= 8
biy = X= 9
Voéiy=3=x=0

8
Viy nghiém ciia hé phwong trinh 13 (xy) = (0; 3); (— = 1) ..

. ey . x—2Jy+1=3
Bai 2: Gidi hé phuwong trinh: *)
x}— 4x2fy+1-9x—8y = —52 — 4xy

Hhan xét: Khdng gidng nhw bai todn 1. Néu nhu ta thay thé tiy phirong trinh (1) ma:
x—3)?
x:2,/y+1+3hayy=( 2 ) -1

vdo phirong trinh (2) thi qud phite tap. Chinh vi thé ta cin chii y hon & phwong trinh (2) , bai todn niy c6
tinh chat gidng nhuw bai hé trong dé thi Dai hoc ndm 2014. Ta chii y:
- 4t fy+1=x(x—2Jy+1 ? _13x
Do do, biy gicr néu thay thé'x — 2,/y + 1 = 3 thi bai todn d4 don gidn di rit nhiéu.
Lo widi chi tiét:

biBu kién:y = —1
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x =3+4+2y+1 x =3+2Jy+1
=
X 4y +1+4dxy +4x—13x -8y +52=0 (x(x—-2 y+1)2—13x—8y+52=0
x =3+2Jy+1

(*)ﬁ{

x=3+2/y+1

o L] s AR I PSS L o
X~ 2y = y+il=5-y yi—1ly+24=0 [§= g

K&t luin: Hé phwong trinh da cho c6 nghiém (¢ y) 13 (7; 3). m

Bai 3: Giai hé phwong trinh:

x*+ %3y + 9y = yix+ x%y? +9x (1)
x(yP- x®) =7 (2)

Phan tich:
R6 rang, néu lai bat diu tir phirong trinh (2) dé rift ra:
x = f(y) ~khd thire hién vi vii bidn x thi I3 phuong trinh bic 4 khdng c6 gi dic biét,

317
(2)-y= ;+x3

Néu thé biéu thike ndy vao (1) thi ta lai gdp kho khin vi s phirc tap cda nd. Ta lai bat trude gidng bai todn
2 nhung hoi khdc. Ta sé bién 361 xem cd gi dic biét trong phrong trinh (1). C6 mgt phdn xa thidy ngay hé s6
ctia phurong trinh (1) 73:1; 1;9; 1; 1,9 nén dé nhdm ngay x =y 1d mét nghiém ctia (1). Khi do, ta c6 101 gidi
sai:
Lovi giai chi tiéf:
Tir (2} tasuyra:x £y
(e & ~—xy)+ &y — ¥y)-9x-y) =0
& x-YEEE+xy+yD) + ¥y —9] =0
& x-y)xx+y)-9]=0
o x(x+y)*-9=0 (dox#y)
ex(x+y)2=9(3)

Tir (3) suy rax > 0. T\t phwrong trinh (2) tasuy ray = 13’Z+ x*, thay vao (3) ta dwoc:
X

2

3(7
X[x+ (-+x3] =9
X
3 7 3,7 Z
S x|x+2x (XB3+ -+ (—+x3) —9=90
X X
7 2

3

3

7
o 4228 (B + = |+x (-—+x3) -9=
X X

3
o x5+ 2 x8 + 7xE + fx(x‘t +7)7-9=0 (4

Xét ham s8: f(x) = x>+ 2xVx + 7x2 + x(x* +7)2—-9=0, x>0

6x° + 14x? N 1 9x® + 70x* + 49 S
33 (x6 + 7x2)2] 3 3[x(x* + 722
Suy ra f(x)ddng bién trén (0; +oo) ma f(1) =0
Suy ra (4) c6 nghiém duy nhiitx =1 -y =2,
Vay hé phwong trinh da cho ¢é 1 nghiém (¢ y) =(1;2). n

Fr(x) =3x2+2|Vx6+7x2 + 0,vx>0
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Bai 4: Giadi hé phwong trinh:

{y xy—2) =3 (1)
y”%xzy +2x =0 (2)

BYan xét: RG rang, dii tir phurong trink (1) hay (2) thi phép thé déu Ism ting si phikc tap 1én vi ching déu
ld phurong trink (2). Thirc ra bai todn ndy 6 hai huréng suy nghi. D6i véi phép thé trong bai todn nay thi
thich hop vdi nhitng ban trong phong thi khéng cé mdy tinh ( gid st truong hop mdy tinh hét pin). Bii ndy
don thudn, hdy gop iai véi nhau, hé twong dwong:
{y(xy ~-2)=3x% (1)
Y+ x%) = —2x (2)
Do do, ding phép chia vé theo v& & diy sé thiy ngay biény chi con bic mpt nén viéc thé di diroc gidi quyét,
Xem 107 gidi chi tiét sau:
Lovi gdai chi tidt:
Hé phwong trinh d4 cho twong dirong véi:
{y(xy -2)=3x* (1)
vy + x*) = —2x (2)

Suy ra:
xy—2  —3x _4=3x3
yrE 2 VT T ®
Thé (3) vao (1), ta dwoc:
4-3x3( 4-3x3 2) = 22
5x \" 5x -

& (4-3x%) —10(4 - 3x3) - 753 = 0
e 9xb—69x3 - 24=0
batx® = t, ta dwoc 93 — 69t — 24 = 0

+Véit=8suyrax=2dindény = -2

Voit=—= =’|-5 dindeny? + oy +2 [z =0
+(rlt——§suyrax— 3 andény gy 3=

Phuong trinh nay v6 nghiém do:
2
ERNI 3(1 0
A= [=] —8. |-
9 8 3 <

Véy hé phuong trinh d3 cho c6 nghiém (x; ) duy nhitla (2; -2).

Rban xét Nhur ban diu d3 ndi bai todn trén ¢ mot hudng di khdc nhe nhang hon rit nhiéu véi nhitng ban
¢6 mdy tinh Casio. Anh sé gioi thié¢u san. Ngodi ra ta cd thé ding cdch sau dé dinh mét gif tri ciay* bang
cdch /4y phuong trinh (1) trir di x Iin phwong trinh (2) a.

Bai 5; Gidi hé phuwong trinh:
{xy —x+y=3 (1)
433 +12x%2 +9x = ~y3+6y+5 (2)

Burdng din gidi;

Hé phwong trinh twong dwong:
[ 3xy—3x+3y=9
433 +12x* + 9x = ~y? +6y+5
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~3y(xy+y—3)+3x—3y=-9(3)
{4}(3 +12x2+9x = —y3 +6y+5(4)
Ly (3) cling (4) v&i theo vé ta duge:
43 +12x2 +12x — 3xy* + y* -3y +4 =0
S4Hx+1)P +4y? —3yi(y+x+1)=0
o x+y+DHx+1)2—4x+Dy+ yi]=0
S x+y+1D*2x+2-y)?2 =0
x+y+1=0
S hyt2-y=0
- Véix+y+1=0- y= —x— 1thayvao (1) tac6x? + 3x+ 4 = 0 ( vd nghiém)
- Vbi2x4+2—-y=0-y=2+2xthayvac (1) tacé2x? +3x—1=10

=34+ 417 1++417
X= e A

_3— V17 1-v17
¥ = 4\/_—)y= 2/_
—3+4+ V17 1417\ [-3— V17 1-+17

s 2 ) s 3z )"

Vay hé da cho ¢6 2 nghiém (x; y) = (

16x3y® — 9y® = (2xy — y)(dxy® +3)

Bai 6: Giai hé phwong trinh: { Mxy? — 2xy? +y? =3

T ol widd ehi tist:
Vé&iy = 0 khong la nghiém hé.
V&iy # 0,ta chia phwong trinh thit nhit cho y3, phuweng trinh thiv hai cho y? ta dwerc:

16x% — 9 = (2%~ 1) (4x 4 %) 1)

3

P -2+ 1= (2)

Thé (2) vio (1) ta dugc
16x3 — 9 = (2x — 1)(@x%> +2x+ 1)
ol16xd-9=8x>—-1
aoxizlex =1
Thayx = 1 vao (2) tadwocy = £1
Viy hé da cho c¢6 hai nghiém (x; y) = (1; —1),{1; 1). m

Bai 7: Giai hé& phuwong trinh:
Vei+x+1—y2—y+1=x2—xy+y? (1)

4x+ Dy +y—1) —3x = Yxt —x2
(Trich d& thi thit THPT chuyén Bic Giang 2016)

Bban xét: Khdc véi bai todn 6 thi bdi todn ndy thuc sw khéng thé nhin ra ngay phwong phdp gidi, Thé nhung,
bién d6i phrong trinh (1) ta sé dem lai dwoc nhidu diéu thi vi, Vi khi st dung mdy tinh Casio cdc em sé biét
va cdm nhin dwgc:
xy+y=x
Lovi laf ehi tiét:
xX*+x+12y*—-y+1

2
\/x2+x+1—Jy2—y+1) =x?—xy+y* (2)

1= (

Ta cé:

@ exy+x-y+2=2/x2+x+ 1y’ —y+1
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- { Wwt+x—y+2=290
(xy+x—y+ 22 =42 +x+ 1)y -y +1) (3)
B)e @Gy+x—yP +A4y+x—y) +4=a4[(C+ )2 -+ 2 +x+yi—y+1]
& (xy +x-y)? = 4x%y? ~xy(x ~y) + (x - y)°]

S 3%yl +6exy(x—y) —3(x—y)?=0

o -3xy+x-y)il=0exy+ty=x
Thé xy + y = x vio phwong trinh 4(x + 1)(xy + y — 1) — 3x = V7 — x2 ta duoc:

4+ D(x — 1) - 3x = Yx* — x2(4)

pitt = ¥x* — x2, Vix = 0 khong 1 nghiém ctia (4) nén x # 0

Suyrat2+tx+x2=(t+§)2+i}f>0\1x;&0
2 4 ’
Do dé:
e’ -3x—-4=te’—4x—4=t—-x
S 4P -x -2+ x+x2) =13 —x3
42 —x—-1DE +x+xH=x*—x> -«
& xP—-x—1DE? +4tx+3xH) =0
e x2—x=-1=0vidt? +4tx+3x2 = (2t +x)? + 2x2 > 0,¥x # 0
1++5
@x=—
Vé*ix=I-I:,;;/gtthix=3_2\/-5-y=1 Z\G@y= lzﬁ(khﬁngthéamén)
Vérix=1_2\/§thix=3-;\/§y=1+2\/§®y 1-H/'—(thf)amam)

1++5 —1+\/§)
; |

Viy nghiém ciia hé phwong trinh 1a (x;y) = ( TR >

Mot 86 bai lupén tap:

Gidi cAc hé phirong trinh sau:

1 {J2x+y+1—\/x+y =1

3x+2y =4

2x +y x+y)+x(2x+1) 7-2y
X(4x+1 =7-3y

3.
X +y +2X+2y +1=0

2(y+1) 6y 2
y'+2x’y +y(x* +1)=12y" -1
[x(x+y+1 ~3=0

x+y ——+1 0
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Pat an phu trong gidi phwong trinh,bit phwong trinh va

hé phworng trinh

Bii 1: Gidi bit phwong trinh:

(x+2)(VIx+3—-2Vx+ 1) +V2x2 +5x+3 > 1

(Trich d& thi thir THPT qudc gia trwdmg THPT chuyén Lo Cai 2016)

Dan xet: R rdng ta co: V2x2+ 5x+ 3 =V2x + 3.4x + 1

Nén phdn xa ma ta thiy ngay:

{a=\/2x+3
b=vx+1

Khi dé, a va b déu cing 12 phwrong trinh bic hai do dé ding phuong phip delta trong phin triedc ta 56 o6 Ioi

gidi sau:
L ivi gidi chi tiét:

Diéu kién: x = —1

Dét{a: VX3, > 1b20) =>{

b=+vx+1

a? —2b? =1

V2x24+5x+3=ab

x+2=a%-b?

BAt phwong trinh da cho twong dwong:

(a® —b?)(a—2b) +abh =1

¢ (a—-bat+b)la—2b)+ab—-1=0
< (a—b)(a®—2b*—ab) +ab—-1=0
o{a-by(1—-ab)~(1-ab)=0
e (a—-b—1)(1-ab)>0
a—b-1=0
150
a—b—12>
=|{ 1-ab>0 M
a—b—1<
{l—ab<0 (I
Néua—b—1=0tacodphrongtrinhv2x+3 —vx+1-1=0
e V2x+3=Vx¥1+1

S 2x+3=x+1+2vx+1+1

ex+1=2vx+1
SVFI(EFI-2)=0e[* 7]
Néu1l —ab = 0tacophwongtrinh1 —v2x2 +5x+3 =0
1
@2x2+5x+2=0®lx=_f (tm)
x = ~2 (I)

Giai hé (I):
VIXF3>Vari+l xz -1
e Six+1>2x+1
V2x2+5x+3 <1

2x2+5x+2<0

Gidi hé (II):
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xz—1 ~1<x<3

(11)@{“2”3<”‘+1+1@ KFI(WVxF1-2)<0 o 1

V2x24+5x+3>1 3 X>-7
2x“+5x+2>0

&S ——-<x<3
2 2

. A N 1
Viy tdp nghiém ctia bdt phuong trinh 1485 = {-1}u [—E; 3} |

Bai 2: Giai hé phwong trinh:
Vi+3+xy+x+3y+3+x+1=2y+fy+1 (1)
[(x =3+ =F~-DE*-2x+3D(Vx+1- 2} (2)
(Trich dé thi thir THPT quéc gia trwéng THPT Lwong Tai - 2016)

(z,y thudc R)

Rhin xét: ¥ rrong cia bai ndy rét gidng voi bai 1, Quan sdt nhin thiy trong phwong trinh (1) co:
Yy +x+3y+3=vx+3./y+1
Nén ta cé thé dit ngay:a = Vx + 3;b = [y + 1 vd dura vé phirong trinh bic hai d6i véi mi bién,
Lot widd ehi tidt:
Phurongtrinh (D tacé: Vx + 3+ /(x+ 3Dy + D+x—2y+1=Sy—1
Pita =vx+3;b=/y + 1(a,b = 0)(1) tr& thanh:
a2—2b2+ab+a—b=0@[
a+2b+1=0vénghiémdoahb=0
Xéta =b =y = x+ 2 thay vao (2) ta cé:
-NE+3)=x+DE2-2x+)(Vx+1~2)
x-3 x=3=y=5(m)
Sx—-N+D=GH+ 1)(x2_2x+3).JT_;-H—24:> [(x+3)(\/x+_1+2) = x4 D02 ~ 2%+ 3)()
(x) & [(\/x+_1)2 + 2] (Vx+1+42) =[(x~ 1)+ 2][(x — 1)? + 2]
Xétham f(t) = (t+ 2)(t2 + 2);t = 0;£'(t) > 0 véimoi t
Suyraf(t) ddngbin ma f(vx+ 1) = fx— D e Vx+1=x—-1

x=21 _ _
@{Xz_gxzos':)x—S:y—S

a=b
a+2b+1=0

Vay hé phwong trinh c6 nghiém (3; 5).

2x% — Gy — y? = y(‘/xy —2y% 4 \Jay? — xy)

I+ VR4 2x—x—x/2+9y2 = 0
(Trich d@ thi thir THPT qudc gia trwdong THPT chuyén Bién Hoa 2016)

Bai 3: Gidi hé phwong trinh:

Hhin xét: Phurong trink (1) 13 phwong trink ding cip nén tw trdng chung I3 dit
x

—=t
¥y

Céng viéc con lai khd quen thujc,
L évi widf chi tdt:

bidukién: 4y >x =22y > 0
Véiy=0thix=0,

V()'iy>0;(1)cb2x2~5xy—y2~y(ny—2y2+J4y2—xy)=0
X2 X X X
@2(—) —5-—1~ [~—2- [a-Z=09
y y y y
X
bit ; =t = tthudc {2;4].

Tac: 2t -5t~ 1—-Vt—2—-Vd—t=0
e2tt-3)+vt-2(vt-2-1)+(1-VE-t)=0
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(t—3)\/t—2+ t—-3
Ve—24+1  1444-t

St=3=x=3y

VEHVI2 +2x—x—xx2+2=0
o Vx(1+Vx+2) =x(1+yx*+2)

e 2t(t—-3) +

Thay x = 3y thay vio (2) ta duoc:

Xét ham f(t) = t(1 + V2 + 2)

tz

vtz +2
x=0=>y=0

f(\/i)=f(x)@\/§=x@|

ffi=1+Jt24+2+ > 0;tthudécR

1
X=1$y=§'

1
Vay hé phwong trinh cé nghiém (0; 0); (1;5) .

Bai 4: Giai hé phuong trinh:

{ y2+8x2 =3 (1+3y2 - DVy2 -1
4-33 G712 —2Yy? —1=12x2 + y* - /1 -4x2

Bhan xét: Pai lrong xudt hign nhidu nhat trong bai todn ma cd thé dua vé don gidn ma khéng cd cin thitc
thi ta cd thé nhin ngay phép déi bién:
{ a= yy?—-1

b= 41— 4x3, b 20
ad+3a2+2a=-3b2—b=0

Khi a6, b o6 chanh: {13 42030 7 b

3 2 2 o o—
b e ta co: {a ;; 133; iaa_—glzjbz -}JO_ 0 a=b2+b thay vae phweong trinh:
= —_ X B = -

(b2 +bP +3(b%+b)2+2(b?+b)—-3b2—-b=02b=0=a=0

1

- 2 = = 4+_

Khi 6 ta co: {"31 =0 {"‘ 2
Vyi-1=0 y= 1

1 N 71 1 1
Véy hé phuong trinh d cho ¢6 nghiém (x; v) la: (EI 1) , (E‘ —1) , (_E ; 1) (=55 —D).

Bai 6: Giai hé phwong trinh:
x—1 4 4
x+2 + - +Vx—-1=0
y—-1 y-1 [fy—-1

v - Dex-DVE=T+2/5=1- L2 =2

Bhan xét: R6 rang, phép d6i bién dé ddnh mat cin thike 13:
a=Vx—1,a=0

{b= Jy—-1,b>0
Khi dd, ta thiy ngay, phurong trinh (1) Ia bic hai d6i vor bién a hodc b. Khi d6, ta hodn toan cé thé dung deita
va thu duoc két qua. Riéng Iod gidi sau ciing dirge chdp nhén (do delta di tinh nén cd thé nhin ra ngay).
L ori wiaf chi tiét:
bidukién:x > 1,y > 1
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la=+x-1,a20
Dat .
b= yy—-1,b>0

(1) e (b—2)% + a’b? + 2ab+ab? =0

@(b—2)2+ab(ab+2+b):0@{:f§ (doa=0;b>0)

VX — =0 =
> VE - {X _ L thda hé phwong trinh.
y—1=2 ly=5
K&t ludn: Vay hé phwong trinh d& che co nghiém (x; y) 1a: (1; 5).

Bii 7: Giai hé phwong trinh:
y(x% +2x+2) = x(y% + 6)
(y —DE*P+2x+7)=x+ 1Dy’ +1)

Bhan xét: Bai todn ndy cb nét rong déng gitta hai phirong trinh. Do do, ta sé thik véi phdp déi bién sau;
{a =x+1
b=y
Khi dé, hé thu drgre I3 hé mika 467 xitng. Do dd, ta cd iod gidi sau:
L ovi gidi chi tidt:
DPigukién:x,y €R
bit: { _
b=y (b-1D@2+6)=ab?+1)  {(b~1@%+6) = a(b? + 1)(++)
Trir theo vé& hai phueng trinh rdi thu gon ta co:

(a-b)a+b-2ab+7)=0¢e |

a=x+ 1’ ta ¢6 hé trés thanh: {b(a2 +1)=(a—1)}b%+6) - { (a — 1)(b? + 6) = b(a? + 1)(»)

a=bh
at+b—2ab+7=10
% Trudong hop 1: a = b thay vao phwong trinh (*) ta cé:

2 _ _ a=2 x=1
(a- DE*+ 6)=a@®+ 1) e a®>~-5a+ 6 =0 ﬁ[a=3=>[x=2
Hé cé 2 nghiém (x; y) 1a: (1; 2), (2; 3).
% Trudnghgop2:a+b-2ab+7=0
Trir vé theo v& hai phwong trinh (*) va (**) roi rit gon ta cd:

b -3 -

a+b-2ab+7 =20
2

-9+ (-3 -3

2 2 2

Pay 12 hé a6 xitng loai I, gidi hé ta b cac nghiem: {2 ~ 2; {2 = g; (2=%, =3
Tir d6 ta c6 cac nghiém (x; y) 1a: (1; 2), (2; 3), (1; 3), (2; 2).

K&t ludn: Vay hé da cho co cac nghigm: (1; 2), (2; 3), (1; 3), (2; 2).

Vay ta c6 hé phwong trinh:

Bai 8: Giai hé phwong trinh:
S Hx+ 24+ VX2 +x-4/x=0
xy+x2+2=x(/xy+2+3)

(Trich d® thi thir THPT quéc gia trwdng THPT Hai B4 Trung-Hué 2016)

Bhan xét: Py 14 bai todn khd. Tuy nhién néu tinh y thi ta cé thé nhin thiy sw d6i xibng hai vé theo nhiéu bai
dang nay:
Lo gidi chi L
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x=0
xy+22=20
Hé phwong trinh da cho twong duwong véi:

Xy +x+ 2+ yx2+x=4Jx
L{y+x2 +2=x(xy+2+3) (1)

D& thily x = 0 khéng théa méan phwong trinh (1) nén:

2
(y+;)+1+\/)T=4

Diéu kién: {

)

e

(43 +x= [x(y+2)+3
y X X= X{y X

2 2
_ - 2 — _
pat; {27 (y+x)+1(320:b21)=”13 —(Y+x)+1

2
b= viFi bf=x+1
Ta c6 hé phuwong trinh:
at+b=4%4
{(az—l)+(b2—1)= b2-1D@E2-1)+3
at+b=4
° {(a +b)%2 — 2ab— 5 = \/(ab)2 — [(a + b)? — 2ab} + 1
at+h=4
®{11—23b=\/(ab)2+2ab—15
atb=4
11 atb=4
b absi_ ﬁ{ab=4
3(ab)? —46ab+ 136 =0
a=2
b=2

< a,b13 2 nghiém cia phwong trinh X2 — 4X + 4 = 0 @[
a=2 x=3
s — . 7
Vm{b:zthl y=§

7
Véy ngiém cita hé phwong trinh 13 (x;y) = (3; é-).

Sau day la mot 86 bai lupén tap:
Bai todn: Giai hé phuong trinh
1(2x+y)2—5(4x2—y2)+6(2x—y)2=(} {

1 Xy +x+1=7y
' | %y +xy +1=13y°

2X+y+
y 2x -y

{4x2+4xy+y2+2x+y—2=0 9y°(3x° ~1)=-125
3. 4,
8v1-2x +y?-9=0 45x%y +75% = 6y°
(4x* —4xy +4y* -51)(x-y) +3=0 5+43 1-3 | (5-+3 1++3
5. Kq: (x,y)}= > ; ;

(2x—7)(x—y)+1=0 YA 2 2
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Nhén lién ho’p trong gidi phwong trinh, hé phwong trinh

Bai 1: Gidi phwong trinh;

437 ~4x+ 1=+ 3DJVx2~x+1

(Trich d& thi thir THPT qudc gia THPT chuyén Hiing Virong 2016)

Phin tich: St dung mdy tinh ta nhdm dwoc nghidmx = —8/7. Do dd, ta phén tich theo tinh thin sau:
(x2+3)(Ax+B— xz-—x+1)+mx2 +nx+p=0
DEy tdng ndy 13 t6t, ta chon ngay A = 1 dé mét c4ix® trong phuong trinh 43 cho.
x+B-Jx2—x+1=0
Dén déy thi don gidn /d ta chox = —8/7. Khi dé, ta c6: B = 3. Do dd, ta cd phén tich:
A3 —dx+ 1= +3DE+3)—(7x+8)
Lovi b ehi tidt:

Ta thiy:
x+3+4x2-x+1=0
X < —3
X< -3 =%
= 8 .
ﬁ{xz—X+1=xz—6x+9@[x=7 (v6 nghiém)

Do d6 phwong trinh da cho tiwong dwong voi :
(X2 +3)(x+3)—7x—-8=(x*+3)Jx> —-x+1
o (x2+3)(x+3——\/x2-—x+ 1) - (7x+8) =0

x+3)2-x2—x+1)

e (x*+3 —(7x+8) =0
( ) x+3+VZ—x+1
8
x2+3 X= ——
1]|=0¢& 7

4:»(7x+8)(

— _
Xx+3+vxf-x+1 x2+3=x+3+x2~x+1(2)
QD ex®—x=x2—x+1(3)

bitt=vxZ~x+1 (t> 0), phwong trinh (3) tré thanh:

) 1++5
t‘—-1l=tet= 2
1++5
>t= 2‘/_ théa man didu kiént > 0.
N .
Voit= ta c6 phwong trinh:
1+V5 1++5 1+v3+2V5
X2 —-x+1= 5 e e 3 =0©x=————-—-2
PR - 8 1+v3+2vV5
Vay tap nghiém cha phwong trinh 13§ = —7; I E—
Bai 2: Giai phwong trinh:
12x - 20
V2x+ 223 —x—————— =10

VOxZ —18x + 25
(Trich d& thi thir THPT quéc gia trivdng THPT Lwwong Thé Vinh-Ha N&i 2016)
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PYan xét: Bl todn ndy co nghiémx = 5/3. Do dd, ta phén tich 46 cd nhin tik ndy. Khi d6, phuong trinh con

fai Ja:

VIx2 —18x +25=2V2x + 2+ 4V3 —x
Phuong trinh ndy 6 nhidu cich gidi, cich gidi ma chdc chdn ra Ia binh phuong hai lin dé dua dwoc vé
phuong trinh bic bén. Trong Io7 gidi sau, si¥ dung cdch gidl t6i vu hon.
L ovi qiaf chi tiét:
bitukién —1<x < 3.
Phwong trinh d3 cho twong dirong:

6x— 10 12x—20

V2X+2+2¥3—x VOxZ_18x+25
6x 10 = 0 (1)

=
JO%2 — 18X+ 25 =2V2x + 2+ 43 —x (2)

(1)©x=;

Binh phwong 2 vé clia phwong trinh (2) ta dwoc phwong trinh:

9%% — 10x + 31 = 164/6 + 4x — 2x2 (3)

Patt = 296 + 4x — 2x? (t = 0), phwong trinh (3) tré thanh:
t24+8t—x2—6x+7=0 (4)
Ta c6: A= (x + 3)?
t=—x-7
) = [ t=x—-1
V&it = —x — 7 ta c6 phwong trinh 2v6 + 4x — 2x? = —x ~ 7 (v6 nghiém)
V&it=x — 1 taco phwong trinh 2v6 + 4x — 2x = x— 1.
3—-+32

x=202 g
_3+432
3
5 3 +x/ﬁ}

Vay tap nghiém clia phuong trinh [A § = {'é" 3

Gidi phwong trinh nay ta dwgrc

X

Bai 3: Giai hé phwong trinh:

{ VIyZ + 2y + 3)(y — x) + 4fxy = 7x
Cy—IVl+x+2y+1vl—x=2y
(Trich & thi thir THPT qudc gia trudmng THPT Thanh Chromg I- 2016)

Bhan xét: RG rang, vé mit hinh thikc ban diu cé thé la phirong trinh (2) mang cho ta cdm nhin cé thé gidi
dirge. ThE nhung, néu cif dim diu véo phirong trinh (2) thi khd cd thé ra dupc. Quay lai phueong trinh (1)
thi ta thdy: Khi choy = 1000 thi dilng mdy tinh ta ran gay nghiém x = 1000. Di} chf viy thoi ta cd cdm gide
ngayx = y. Va nhin lai mét 1in nika khi chox = y thi hién nhién hai vé bang nhau. Do d0, ta cd 107 gidi sau.
Lovi aidi chi tiét:
Didukién: 9y2 + Ry +3){y—-x) =2 0xy =2 0;,-1<x<1
Tix PT thirnhdttacé:x = 0;y = 0
Xétx = 0;y = 0 thda min hé phuong trinh,
Xét x, y khéng ddng téi bang khong, phwong trinh thit nhit twong dwong véi:
Vi + Qy+3)y—x)—3x+4/xy —4x =0
o 9y + 2y + 3y —x) — 9% 4(xy — x?)
O+ Ry +3)F-x +3x  Jxy+x
11y +9x+3

ax
\/11Y2+(2y—3)(y—x) +3x+(\/x_y+x)

=0

=0

e (y—x
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Sx=y
Thé y = x vao phirong trinh thir hai ta dwee: (2x— D)VI +x+ 2x+ DVl —x = 2x
2(VI+x+Vl—x-1) - (VI+x+vV1-x)=0

a=vl+xaz0
bat "®= Ttach: 2x = a® —b?
'{b=V1—mb20
Phwrong trinh tré thanh: (a2 —b?){a+b-~1)~(a—b) =0

e @-b)a+bla++1)-1]=0

a=h a=bh
‘:’[(a+b)2+(a+b)—1=o‘i’ a+b=1+2‘/§

Véia=b e vi+x=v1l—x e x=0(loai).

1++5 1+45 ’5+«/§ 5+v5
Véia+b=———2———®\/1+x+\/1—- = ®x= 8 nény = 5

5+v5 [5+v5
Hé phuong trinh cé nghiém (x,y) = (0; 0); J 8\/‘;\] 8\,_ .
Bai 4: Giai hé phwong trinh:
1+4(x—y+1)2__ 3

J2Zx—y+2) _1+2(x—y+1) W

JIy—2+Y7x2+2y—5=2y+3 (2)
(Trfch d@é thi thit THPT qudc gia truwdmg THPT Nghén - 2016)

Bhan xét: Birde 1 cida bai todn ai ciing nhin ra 13 tir phuwong trinh (1) tihh x — y. Piém nhin ciz bai todn
nay la ¢ bwce 2:

JOYy—2+{7y*+2y—-5=2y+3
RO rdng, nghiém cia chiing ta thu dwpc bdng mdy tinh lay = 2;y = 3. Ta c6 gdng dua v€ nhén ti¢
T=y2—-5y+6=(y—2)(y—3)
Thay vi xét cdi can bdc ba, anh xét cdi cdn bic hai cho don gidn, khi d6, gid tri con lai 3t cling thanh nhan tik.

y? -5y +6
Ay+B—Jj9y -2 =
Y Y Ay+B+. /9y -2

Choy=2,y=3-224+B=43A+B=5-5A=1B=2
Khidg, ta co:

IOy —2+ Ty +2y—-5=2y+3
oy+2-9-2)+(y+1-7y?+2y-5)=0
Va bai todn dwgc gidi quyet,

Lot giai ehi tiet:

X—-y+2>0
bidu kién: 2 (®
y=g
9
a? -2

Pita=.2(x—-y+2xa>0a2 =2x-y+2)@x—y+1= 5
Phwong trinh (1) tré thanh:

2 o2
1+4(a - 2)
S W A

a az -2
2( 2 )
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1+ (% -2)* a’+1

= =
a a—-2
@@ -2¥+a?-2=a+a

< f(a? - 2) = f(a)
V&if(t) = & + £ (t) = 3t> + 1 > 0 vt € R nén f(t) d6ng bién trén R
Vaya® — 2 =a < a = —1loai;a = 2(thda min)
Védia=2tachx—y+2=2&x=y
Thé vio pt (2) ta cé:

(26.) & J9y—2+37y?+2y—5=2y+3
ey+2-— 9y—2+(y+1—W)=0
1 y+1
y+2—\/9y——2+(y+1)2+(y+1)§/7y2+2y-5+i/(7y2+2y—5)2
©yl—5y+6=0
@y=x=2hodcy=x=3

@(yz—5y+6)[

Vay hé c6 nghiém (2; 2); (3; 3).

Bai 5: Gidi hé phwong trinh:
{(x+2)v‘x— =y*+3y (1)

x2+y? = x+ 21yt +1(2)
(Trich d& thi thit THPT quédc gia trudng THPT Han Thuyén 2016)

Bhin xét: Phurong trink (1} cd thé thiy ngay ding phuong phdp him s6 hodc don thuln xét higu hai vé I3
ta c6:y = \x — 1. Khi d6, phwrong trinh (2) tré thanh:
x*+x—1=(x+2Wx2-2x+2
Bédng phép bdm mdy tinh ta thu diroc mot nghiém 1& Khi do, ta bim ngayVx? — 2x + 2 thi thu dwoc két gud
bdng 3. Do do, ta co cdch xiv Iy nhanh:
x2—2x—7=(x+2)(Vx? —2x +2-3)
Do d6, ta co 167 gidi sau:
Lovi gidi ehi tiét:
bidu kiénx = 2
Phuwrong trinh (1)¢> (Vx — 1)3 +3Vx—1=y*+3y
& (Vx—1-y)x-1+y/x-1+y2+3)=0(3)

Ta cé:
vyv¢ 3
x—1+y\/x—1+y2+3=(\/x—1+—2) +—4y2+3>0;x21

(3)@\/x—1—y=0=)[x_1=y2

y=0
Thévao (2) tadwgeix? +x— 1 = (x + 2)vxZ — 2x + 2
cbxz—Zx—7=(x+2)(1/x2—2x+2—3)
4:»(x2—~2x-7)(\/x2—2x+2+3)=(x+2)(x2—2x—7)
@ —2x—7)(Vxt—x+2-x+1)=0
x?=2x-7=0
N
Vx2—2x+2—-x+1=20(vn)
©x=1+2V2.Dox=2nénx=1+2v2;y =48
Vay hé cé nghiém (1 + 2vZ; ¥8)
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Bai 6: Gidi hé phwong trinh:

{,sz +3xy — 7y2 + 4(x% + 5xy — 6y?) = /3x2 — 2xy — y?

3x% + 10xy + 34y? = 47

Hhan xét: RA rang phirong trinh mtla ding clp voi x va y. Do d6, ta e6 thé ditx = ty réi gidl. Nhung diém
chét cita bai todn 12 gidi phirong trink bién t d6, Bim mdy tink ta thu dwoc: t = 2;3 nén ta lai dua vé nhan

kT = (t — 2)(t — 3). Piéu ndy lai ging nhuw bii todn s6 4.
T ii qiad chi tiét:

wa (3XE—2xy— y2>0
biéu kién: {4)(2 +3xy— 732 2 0
Chuyén vé nhén lién hep & phwong trinh (1), ta duoc:

1
(x2+5xy—6y2)( +4)=0
V4x2 + 3xy — Ty2 + {3x2 — 2xy — y?
X=y
it [X = —by
Véix =y thay vao (2), ta dwoc:
=] ]| X5 L, y=1

x= —1Ly= -1
Vi x = —6y thay vao (2), ta dugec:
47 47

y= 82 %= ¢ g3

_
Y="182°*7 ° a2

82y2 =47 &

Két luan:

Vay hé ph inh di cho ¢é nghié la: (1; 1 1; -1 6 47' 7 6 47' 47
dy hé phwong trinh d3 cho ¢é nghiém (x; ) 1a: (1; 1), (-1; —1), a2’ lg3 | 82’ sz |

Bai 7: Giai hé phwong trinh:

JX+y+1 +1=4x+y)2+ V3./x+y (1)
3

2X—y='2-

Wwdng vin wiai:

bigukitn: x+y = 0

(1)ﬁ\/x+y+l —@Jx+y=4(x+y)2—1

2x+2y—1
=2
VX+y+1 +V3 /x+y

1
< (2x+ 2y 1)
y (,/x+y+1 +x/§,/x+y

& 2x+2y-1=0

Tir d6 ta c6 hé:
2x + 2y-1 =20
X y—2

2 1
Két luan: Vay hé d cho c6 nghiém (x; y) I (§ ; —g)-

+(2x+ 2y —1)@x+2y+1)= 0

+2(x+y)+1)=0
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Bai 9: Giai hé phwong trinh:

{ (1—y),/x—y+x=2+(x—y—1)ﬁ

2y —3x+ 6y +1=2/x—2y— J4x—5y—-3
(Trich dé thi dai hoc kh&i B 2014)

$han xét: Phurong trinh (1) néu d6i bién thi ta cling thdy ngay 1a phweng trinh bdc hai nén cd thé ding
delta. Tuy nhién khi choy = 1000 ta bdm mdy thi dwgc x = 1001 nén di dodn cd nghiémx = y + 1. Ngoai
ra ta ciing thiy ngay:y = 11a mgt nghiém thda man cia(1). Do do, ta cd 101 gidi sau:
L &rf qidi chi tidt:

y=0
biéu kién{ x=2y

4x — 5y >3
Phwong trinh thi nhit viét lai thanh:
A-yx—y- Q-+ E-y-D=x-y-1Jy
SA - -y-1 (x_y_l)y—l o y=1
Jx-y+1 Jy+ 1 x=y+1
TH1:y = 1 thay xudng (2) ta co:
9-3x = 2Vx—2-V4x -8 & x = 3(TM)
TH2: x =y + 1 thay xudng (2) ta co:
2y’ +3y-2=2J1—-y—J1—-y

©2y2+3y-2—-J1-y=0
25 +y-D+(y-J1-y)=10
1
o (y2+y—1)(2+—————)=0
y+yl-v¥

V5 -1 =J§+1

ey = 2 = X 2
5+ 1 V5 -1
Két luéin: Vay hé da cho c6 nghiém (x; y) = (3; 1), (‘/_2 ; Vs > )
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Phwong phap dung ham sd trong giai phwong trinh, hé
phworng trinh, bat phwong trinh (tiét 1)

Bai 1: Giat hé phwong trinh:
%% —y3 +3x~ 12y + 7 = 3x* — 6y%(1)
{\/x+2+,/4—y=x3 +y? — 4x — 2y (2)
(Trich dé thi thit THPT qudc gia THPT Chuyén Vinh Phic 2016)

Bhan xét: R rang phirong trinh d3u sau khi thu gon ta thu dwgc hing ding thire déng nhé nén khéng co gi
dang phdi suy nghi. Sau khi thé vdo phwong trinh hai ta duoc:

Vi+2+V3-x=x%+x%2~4x-1
Dé dang nhim nghiém bing mdy tinh ta durgc hai nghiém lé x = —1;x = 2. Khi d6, didu diu tién nghi t6i
chinh la nhén lién hop va di nhién phuong phdp ndy mang lai hidu qud cho bai todn nay.

i gidi chf tidt:

Pitu ki .x+220©{x2—2
iéu 1gan.4__y20 v <4
T (1) ta co:

x~1)P¥=@F-2ox-1=y-2y=x+1(3)
Thay (3) vao (2) ta dwgc:
VE+ 24+ 4~ x+ D) =x>+ @+ 1)2—4x—2(x+ 1)
SVx+2+Vi-x=x3+x2—4x-1(-2<x<3)
e (Vx+2+V3-x)-3=x*+x2~4x—4
o 2x+243-x-2)

2 _
T Ziviowr3 DG4
2[(x+2)(3 —x) — 4]

@(\/x+2+\/3~—x+3)(\/x+2.\/3—x+2)
o 2(—x% 4+ x+2)
(Vx+2+V3-x+3)(Vx+ 243 —x+2)

={x+1(x*-4)

= (x+2)(x* —x—2)

2
(VE+2+V3—x+3)(Vx+2v3—-x+2) =0

0
ox*-x-2=0&x=2x=-1
X = 2 nény = 3 théa min diéu kién.
X = —1nény = () thoa min didu kién,
Vday hé phwong trinh ¢6 nghiém 1a (2; 3); (-1; 0).

e EP-x-2)x+2+

Bai 2: Giai hé phwong trinh:

2
Ly +4y+5
oy l=hn s D
63y +2(y+ Dy +1=22-y+7 (2)

(Trich d8 thi thé THPT qudc gia trwémg THPT Han Thuyén 2016)

PBhan tich:
RG rang phirong trinh (1) di dé cho chiing ta thdy hinh thikc cita phuong phdp ham s6. Cdc em chi ciin nhé
cong thire:
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ln(%) =lna-Inb

Khi do, céng viée khé khan lai ndm & pluwrong trinh hai.

6Vx - 1+2xx+2=2x*-x+8
Nhdm nghiém thi ta thdy ngay x = 2 1a ddp dn. Khi d6, ta cd thé nhan lién hop. Tuy nhién, dé xik [y biéu tintc
trong ngodc cin phai ching minh x 2 1. Ngodi ra, ta con co mot idd gidi thong minh hon sau:
Livi wiai chii tidt:
Pigu kién:x = -2
Ta cd:

(ex+1+hE2+2x+2) =y+2+In(y* +4y +5)
ex+1+n(+ D2+ D =y+2+In{(y+2)* + 1) ()
Xétham: f(t) = t+In(t? + 1};t €R.
Ta co:

o =1+— =L e
1+t 1+t2 ~

D4u bing xdy ra khi va chikhit = —1

Nén f(t) ddng bién trén Rtheo (M) suyraf(t+ ) =fy+2) @x+l=y+2ex=y+1

Thay vio (2) ta dwoc: 6¥x — 1 + 2xvx + 2 = 2x* —x+ 8 (3)

Xétx < 1tacod: 6¥x — 1+ 2xVX + 2 < 2v/3 < 7 < 2x% — x + 8 nén (3) khéng ¢ nghiém trén (—oo; 1]

Vix > 1khido

4+{x+2) x*+10x+4
6Vx—1+2xVx+2<2((x—1D+1+1)+x &+2)_

2 2

x2+10x+ 4 3
Ts 2%2 ~x+8 @E(X—Z)Z =0
Do d6 (3) xay ra khi va chikhix = 2.

Vay hé phuong trinh ¢6 nghiém (2; 1) théa min diéu kién.

Bai 3: Giai hé phwong trinh:
8 +\fy—2=yfy-2-2x (1)
[(\/y— 2-1)VIx+1=8x3—13(y—2) +82x—29 (2)
(Trich d& thi thir THPT quéc gia trwdng THPT Han Thuyén 2016)

Rban xét:
R& rang phirong trinh (1) I3 bic ba d6i voi bién xva Jy — 2. Ta c6 thé viét lai:

8x*+2x=yfy—-2-.fy-2
Ta coi 2x 13 bién v€ trdi thi ta cd ham sé'cdn tim:

FO=t3+t
Nhw vdy d€ cd dwec didu can lam ta phdi c6:
Wy =27 Z=(fy=2) + /72
Péng thikc ndy 13 diing nén céng viéc cda ta chi con ndm & phirong trinh (2). Khi dd, ta cd:
(2x - D)(V2x + 1) = 8x® — 52x% + 82x — 29
R& ring phirong trinh trén ¢ ngay nghiém 2x — I = 0 nén ta chi con:
V2x +1 = (4x% — 24x + 29)

BPén diy ta cé nhidu hdng di. Binh phuong hay doi bién dé ra phwong trinh bic bén hay xét ham sé hay
nhdn lién hop déu dirpe.

Lovi gidi chi tiét:
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1

= ——

Pidu kién: {2x+1H0 Xz -
y—2=20

y=>2

Tacé: (1) & (2x)° + (2x) = (Jy — 2)3 +.\y—2
Xétham () = 3 + 4 () = 3t + 1 > Ovt
Ham f(t) lién tuc va ddng bién trén R. suy ra 2x = Jy — 2
Thé vao (2) ta cé:
(2x — 1(VZx + 1) = 8x% - 52x? + 82x — 29
& (2% - DV2x + 1 = (2x - 1)(4x2 — 24x + 29)
& (2x—-D{(V2Zx+1-4x? +24x—29) =0

1
ZX—I—O,X—-E,y—B

V2x+1—4x% +24x—-29=0
Gidi phwong trinh: v2x + 1 — 4x2 + 24x - 29 = 0
Pitt=+2x+ ;t20nén2x =12 —1
Taduwget— (2 - 1) +12(t2 - 1) ~29=0
et -1 —t+42=0 -2+ Dt -t-7)=0

=

t=2
t = —3(loai)
1-+29
t= 5 (loai)
1++v29
t=
2
.. 3
V01t=2tac6:x=—2-;y=11.

+v29 13++29 103 +13v29

Vit = 7 taco:x = 5 y >

13+\/E_103+13m)
2 72 '

i 3
Vay hé phwong trinh ¢6 ba nghiém 13 (E; 3) ; (5; 11) ; (

¥{4y? + 1) +x/2y =3 (1)
2y+J4y2 +1=x+Vx2 +1 (2)
(Trich d@ thi thir THPT qudc gia trwdmg THPT Yén My 2016)

Bai 4: Giai hé phwong trinh: {

Rhin xét: Bai todn ndy cd thé thiy ngay phuong trinh (2) suy ra:2y = x. Khi d6, thé vao phwong trinh (1):
xS+ xd +xvx=3

Dé thdy ngay x =1 I3 nghiém va 12 nghiém duy nhat vi ham s6 c6 tinh chit I8,

Lol qidi chi tidt:

biBukién:y = 0

(1) @x(xz((f}y2 +1) +J2—y)) =3nénx>0
Xétham f(t) = t + VtZ + 1 trén [0; +w0)

Tacé: f'(t) =1+ > 0 nén f(t) ddng bién trén (0; +0)

1
N
Khi dé phwong trinh (2) & {f(2y) = f(x) & 2y = x
Thay vao (1) tacéd: x® + x3 + xvx = 3
Patt=vVx>0tacog(t) =t +t5 +t% g (t) = 10t° + 6t° + 3t2 > 0 dot > 0
Mag(l) =3nént=1hayx =1,

Voéix=1tacdy=

B =
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1
Vay hé c6 nghiém duy nhat 13 (x, y) = (1; 5).

(42 + Dx+ (y—3)/5 -2y = O(x;y €R)

Bai 5: Gidi hé phuong trinh: {
Ax2 +y2 + 203 —4x =7

(Trich dé thi dai hoc khi A nim 2010)

Phan xét. Pidm kho ciia bai todn ndm & budc hai, gidi phuong trinh:
2
4x2+(g-—2x2) +2V3—-4x-7=0
Vi phurong trinh ndy ta b thé thdy ngay nghiém x = 1/2 thé nhung néu nhin lién hop hay déi bién thi ta
diroc phirong trinh khd phike tap. Khi hai phrong phap do khong dwoe, ta nghf #4i ham sd, vin dé cila
phuong trinh nay 12 xét ham s thi ddu cda f ludn khong déi.
BHudma dan giat:
bitukiénx < E-y < 5
; I
Phuong trinh thit nhit cta hé twong dwong véi (4x% + 1).2x = (5 — 2y + 1)/5 — 2y (1)
(1) C6 dang f(2x) = (/5 ~ 2y) véi f(O) = (2 + 1)t
Tacé: £'(t) = 3t + 1 > 0 = f ddong bién trén R

xz0
Dodé(l)@2x=1/5~—2y@{y_5—4x2
T2

Thé vae phwong trinh 2 cia hé ta c6:
g 2
4x? +(§—2x2) +2V3—-4x—-7=0(3)
3
x=0;x= Zkhéng phai nghiém cha (3)

5 2 3
Xétham g(x) = 4x% + (E - ZXZ) + 2v3 — 4x — 7 trén khodng (0; Z)
4

5
'(x =8x~—8x(-——2x2)— = 4x(4x® —3) — <0
g 2 3 —4x ( ) 3-4x
Suy ra g(x) déng bién.
1 1
Mit khac g(z) = 0do d6 (3) c6 nghiém duy uhdtx == =y = 2.
1
Viy hé cd nghiém (x;y) = (E, 2) m.
Bai 6; Giai hé phwong trinh:
x3—3x%2—9%x 4+ 22 =y3 4+ 3y%2 -9y
x; ¥ thudc R

1
x> +yrl-x+y= 2
(Trich @@ thi dai hoc khdi A n3m 2012)

Bbin xét: Him s6 & phuwrong trinh (1) cd nhiéu cdch bién déi, Biém dédng hru ¥ I3 ham sd muén déng bién
hay nghich bién cin phai chin tip gid tri cida céc bién. Do do, ta lai quay vé phirong trinh hai. O phuong
trinh hai cd thé ding delta khéng 4m dé chan khodng gid tri hode dwa vé binh phirong nhw trong lof gidi.
Phin tich ba hwémg din giai:
Hé di cho twong dwong véi:
x—-1P8—-12x—-1) =+ 1P -12(y + 1) (1)
2 I\ 2

by e
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1 1
Tir (2) suy ra —15)(—55 1va —1Sy+551

1

|

|

I
-

!

ey
A
| =
|
B =
iA
~
+
—
IA
pab

33
Xét ham s6 f(t) = t3 — 12t trén [_i;i] ta co:
f'(t) = 3(t? — 4) < 0 suy ra f(t) nghich bién.
Dhdd()ex-1=y+le@y=x—-2(3)

Thay vao (2) ta dvoc:
2 2

( 1) +( 3) =1

*72 72 T
2. = —1 3 —E

< 4x 8x+3—0@x—2hoacx—2

1 33 1
Thay vao (3) ta dugc nghiém cia hé (E; - E) ; (E; - E) |

Bai 7: Gidi hé phwong trinh:
[Jx+1+Vx—1—Jy4+2=y (1)
A+ 2x(y—- D +y:—-6y+1=0 (2)

(x; y thugc R)
(Trich d@ thi dai hoc khédi A nim 2013)

Ahadu xét: Diém chét cia bai todn 13 xét bic cila phurong trinh (1) dé dw dodn dirgre ngay ding ham sé & do.
Pbén tirh va hwdng VA wiki:

Pigukiénx > 1. T (2)tadugcdy = (x+y—1)2 =y 20

Pitu= X =1 = u 2 0. Phwong trinh (1) tré thanh: Vo3 + 2+ u = \y¥ ¥ 2 +y (3)

Xétf(t) =vt* + 2 + tvdit = 0.
3

Taco: f'(t) = +1>0 véimoit > 0.

ViE+2
Do d6 phwong trinh (3) twong dwongy = unghialax =y*+1

Thay vao phwong trinh (2) ta dugc: y(y” + 2yt +y — 4) = 0 (4)

Himgy) =y +2y* +y—4c6g' (¥) =7y + 8y* + 1 > 0 véimoiy = 0.
Ma g(1) = O nén (4) ¢6 2 nghiém khdng damlay = 0 hodcy = 1,

Véiy = 0 ta dwgce nghiém (x;y) = (1; 0).

Véiy = 1ta dwgenghiém (x;y) = (2; 1),

Viy nghiém (x; y) chia hé da cho 1a (1;0); (2; 1) m.
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" mhnEmTRT I

Is

Phwong phap duing ham s6 trong gidi phwong trinh, hé
phwong trinh, bat phwong trinh(tiét 2)

Bai 1: Gidi hé phwong trinh:

x—yV)EE+xy+y2 +2) =4x2+2y2 —4x+ 4
Xty—12=x+y+3.Vx+4

Rhan xét: Phurong trinh cd x;y cing béc ba I3 dang quen thudc d€ dua vé ham sé. Ta quan tim t67 budc hai
cila bai todn:

x?+x—14 =v2x+1.Vx+4
Ta cd thé nhim dwoc ngay nghigmx = 4. O’ diy phwrong phdp nhén lién hop sé 13 167 wu, tuy nhién vén cin
nhing dinh gid khdo léo.
Lol gidi chi tiét;
bigukiénx+y+3=0
Tachi (e x-1P--1)?+Ex-1D=F+1°~-F+D*+{y+1)
Xéthamf(t) = t3 —t2 + 1 = f'(t) = 3t — 2t + 1 > 0 = f(t) d6ng bién trén R
Hfx-D=fy+Hex-1l=y+tley=x-2
Thayy = x — 2 vao (1} ta co:
X2 +x—14=vV2x+ L Vx+ 4
&xP+x-20=vV2x+1L.¥x+4-3Vx+ 4. +3Vx + 4
& x-4)(x+5) = m(m—3)+3(mm2)
2¥x +4 3

Sl xS V2X+1+3 Yx+42+2¥x+4+4 =0
x—4=0
= P 23x+14 _ 3 20(3)
V2x+1+3 Yx+424+2Vx+4+4

Véix—4=0ex=4=y=2Suyranghiémchahé&la(4;2)
Ta sé chitng minh phwong trinh (3) vé nghiém.

3 2 3 &i Hl 3 ?.

VE+4¥2 +2Vx+4+4>4vhix > 2=m+23x+4+4<4(*)

2¥x+ 4 2¥x+42 2+ 411 2
v LIxAE 2+ SSGHa+1+1)

V2x+1+4+323=> <
Vv2x+1+3 3 3
Ta lai cé:
2 2x+ 12 23+ 4 2x + 12
—(x+4+141)= == =~ o
9( ) 9 V2x+5+3 9 (+)
2x+ 12 3__28x+105 1

T (*}va(=¥)tact:A>x+5— >0\,r(’;rimgix2—E

9 4 36
Vay nghiém ctia hé 1a (4; 2),

Bai 2: Gidi hé phwong trinh:

xzy(Z + 2 4y2 + l) (sz +1 —x) =1
BAy? + 1)+ 202+ DVx =6
(Trich d& thi thir THPT qudc gia trudmg THPT Lwong Ngoc Quyén 2016)
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Nban xét; Phirong trinh hai khdng thé lam gi cho bai todn dwpc. Vi thé bit diu tiy plurong trinh (1) ta thdy
ngay, décod Idp x; y & hai vé'ta sé co:

VxZ 41+ 1 1 J/1\?
(1) =1 2y+2y\,n'(2y)2 + =y(2+21/4y2+ l) :(——‘xz——?fl:;"l'; (;) + 1 (*)
Do dd, bai todn khéng con nhidu diéu dé ban cai.

T &i gidi chi tiét:

xzy(z +2/4y? + 1) =vVx2+1+x (1)

Py + D+ 2%+ Dk =6 (2)
Nhan thdy x = (t khdng thoa man hé do do:

W e (2y+27/@yy 1) = % +% ‘G)z +1 (0

Xét ham s6 f(t} = t + vt + 1;t € (0; +o0} do f'(t) > 0¥t € (0; +0) suy ra ham s3 f(t) d6ng bién trén
(0; +oo) (+*)

Hé phuong trinh twong dwong

Tir (*) va (**) nhdn duoc 2y = 1 thé vao phwong trinh (2) trong hé ta ¢6:
X

1
xs(x_2+1)+2(x2+1)ﬁ=6®x3+x+2(x2+1)\/2=6

Ta thdy ham s6 g(x) = x* + x + 2(%* + 1)v/x — 6 ddng bién trén khoang (0; +00)
Lai ¢é g(1) = 0 suy ra phwong trinh g(x) = x® + x4+ 2(x? + 1)v’x — 6 = 0 ¢6 nghiém duy nhit:

1
X=1:y=§

1
Vay hé ¢6 nghiém duy nhat (x y) = (1; E)'

Bai 3: Gidi hé phuwong trinh:
x* —y? +8x— 8y = 3x% — 3y? (1)
{(sz -5y +10)/y+7+ 2y +6)vx + 2 =x*+ 13y% - 6x + 32 (2)
(Trich deé thi thir THPT quéc gia trwdmg THPT Chuyén Vinh Phiic 2016)

Pbian tich: Burdc mit ciia baF todn rdt dé vi ta cd thé nhin thiy ngay. Thé nhung sang bude hai ta gip mét
chiit rdc réi,
(5x% = 5x+ 10)vx + 7 + 2x + 6)Vx + 2 = x% + 13x% — 6x + 32
RO rang x = 2 la mgt nghiém. Ta sé thik ditng phuwong phdp nhan lién hop. Tuy nhién diéu kién trong cin
phdi xik Iy thidt khéo léo:
5x2 —5x + 10 2x+6

+ —(x*+5
v+ 7+ 3 vx+2+42 ( )

- 65 5410 (s g+ 0 ()

Phdn tich ndy ciing dé hiéu. P& nghj cic em tw suy ngim.
Lovi widi chi tiés:
Diéukién:{x+2 =0 @{;{2 —2
Tly+7=20 = =7
Tir (D tact: (x— 1) +5(x - 1) = (y— 1)+ 5(y — 1) (3)
Xétham f(t) = t* + 5ttrén R, £'(t) = 3t? + 5 > 0Vt € R nén ham s& ddng bién trén R.
T (3):f(x— 1) =fy— 1) & x =y (4)
Thay (4) vao (2) ta cd:
(5x% — 5x + 10)Vx + 7 + (Zx + 6)Vx + 2 = x3 + 13%2 — 6x + 32 (5). Didu kién: x > —2
e (5x2 -5y +10)/y + 7+ Ry + 6)(Vx + 2 — 2) = x* — 2x% + 5x— 10
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( 2)(5){2—5)(+10_|_ 2x+6

e (x—

v+ 7+3 vx+2+2

): {(x —2)(x% +5)

@(XHZ)(5X2—5X+1O+ 2%+ 6 _(x2+5))=0
VX+74+3  Vx+2+2
x = 2tac6y = 2 théa man diéu kién.
5x2—5x+10  2x+6
-(x*+5)=0

+
Jx+7+3 Vvx+2+2
5x% - 5x + 10 2x+6 (5x2—5x+10 2x+6)_0

+ ~ +
i7+3 Vaiz+z 5 2

1 1 1 1
o (5x% — 5x + 10 (-———)+ 2%+ 6 (——————)=0
(5 )x/x+7+3 5 ( )v‘x+2+2 2

Phuong trinh nay v nghiém.
Vay hé phwong trinh cé nghiém 1a (2; 2).

B3 4 Gidi hé oh . Ay + D +2E2+ DVx=6 (1)
i 4: Gidi hé trinh:
PHTAE PO T ety (2 + 2y2y7 ¥1) = x + VAT F 1 (2)
(Trich d@ thi thi THPT qudc gia trudmg THPT Nguyén Thj Minh Khai 2016)

£han xét: ¥ twdng bai todn nay giéng bai todn 2. Anh chi hwéng din cAch giai.
Buwoémg din giai:

biéukién:x > 0

X = 0 khéng thda man hé.

1 1
x>0:(2)®2y(1+ 4y2+1)=; 1+ [5+1) ()

Xét ham f(t) = t(1 + Vt2 + 1) Yt € R; c6:

ffl=1+ 20 +1 >0VteR
vtz 41
Suy ra f(t) dbng bién trén R.
1 1
Do d6 (x) & f(2y) = f(;) “2y=c

Thévao (1):x3 +x+ 202 + DVx—6 =0 x® +x— 6 = =2(x? + VX (3)
Xét ham s6: g(x) = x® + x — 6; h(x) = —2(x% + 1)Vx trén (0; +0)
Ta thdy g(x) ddng bién h(x) nghich bién va g{(1) = h(1) nén x = 11a nghiém duy nhét cfia (3).

1
Vc’rix=1tacc’)y=-2-.

1
Vay hé c6 nghiém (1; 5).

Bai 5: Giai hé phuwong trinh:
2x3 - 4x? +3x~1=2x3(2 —y)/3 - 2y (1)

VXF2Z = 3/14—);,/3 “2Zy+1 ()

(Trich d& thi thir THPT quéc gia truémg THPT H4u Léc 2- 2016)

Ahan xét: Bii ndy ¢6 trong cudn chinh phuc Hé Phuong Trinh. Cdc em xem fai cdch dén dit vin dé,
Buwong dan gial:
Ta thdy x = 0 khéng phai nghiém clia hé, chia ca 2 v& cia (1) cho 3 ta dugc:

4 3 1
(1)@2—;+x—2—x—3=2(2—}0\{3“2y
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3

@(1—3 +(1—%)=(3~2y)‘/3ﬁ2y+\/3~2y(*)

Xétham f(t) = t3 + tluén ddng bién trén R

1
(x) = 1—;=,/3—2y (3)
Thé (3) vao () tadugc: Vx+ 2= VI5—-x+1e@vVx+2-3+2-V15—x=0

1 1
= x-7) + =0
’ (VX+2+3 4—2%/15+x+({/15+x)2)

Vay hé c6 nghié (7-111)
4y hé c6 nghiém { 7; ).

Bai 6: Gidi hé phwong trinh:

K+ —— = (y+ DY F Dy + D)
x+1 XY

3x2 = Bx—3=4(x+1)/y+1
(Trich d2 thi thir THPT qufc gia trwémg chuyén Vinh Phiic - 2016)

€R

Rhan xét: Bai todn ndy cd diém liva 13 t phrong trinh (2) ta 6 thé thé vao phrong trink (1) nhung diéu
d6 chi lam cho phwrong trinh tré nén phikc tap hon, Xudt phdt ey phirong trinh (1) ta sé dira vé ham s6 nhur
sau:

3 2
el N /GFDOTD

x+1
¥+ x(x+ 1)
&—————=(y+ 2y +1D
x+DJx+1)
O vé phdi cida bidu thifc ta da vé biént = Jy + 1 thi ham s6 diwra vé 1a:
f)y=1t3+¢
Vicot? nén ta co thé thiy ngay chon fudn:
x3
(Vx¥1)°

Khi do, diéu dir dodn 14 diing va ta cd 16i gidi sau:
Lort afal o tiét:
W e (x> —1;
Bieu kién: [y > 1
X +x?+x

P Hxx+1D
ST T Jy+1
ﬁ(x+1)1/(x+1) G+2vo+1)
3

X X 3

o + ={Jy+1l) +yy+1
(\/(x + 1)) \/(x +1) (\/ ) \/

Xétf(t) = t3 + ttrén Rcé: f'(t) = 3t* + 1 > 0 vt € R hay f(t) déng bién trén R.

f(—ﬁ)=f(\[y+ 1)@Jy+1=ﬁ

Twr ddy suy rax > 0. Thay vao (2) ta dwoc: 3x2 — 8x— 3 =4xvx + 1

2 29x+1=x—-1
e 2x—-1D2=[x+2Vx+1) &
( ) ( ) 2Vx+1=1-3x
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{ x=1

X2 —6x—3=0 x=3+2V3
< xs1 it _ﬂ

3 x= 9
9x2 - 10x—3 =10
z Xz
Taco.y—x+1w~1
4+3V3
Véix=3+2V3tachy= >
5—2v13

Vé’ix=—(—;—-—— (loaidox > 0)
4+ 3v3

Vay hé PT ¢é nghiém (3+2\/§;T\/_).

Bai 7: Gidi hé phwong trinh:
{4}(3 —12x2+15x=(y+ 1)y2y—-1+7 (1)
6(x ~ 2)y — x + 26 = 63/16x + 24y — 28 (2)

(Trich d@ thi thiy THPT qudc gia trirdmg THPT Chuyén Phu Yén 2016)

Bbau tich: O nhién phwong trinh hai khdng thé 1am gi duoc. Quay vE phuwong trinh mit ta thiy bdc cia x vd
2y — 1 13 nhw nhau. Ta c6 thé xét ham s6 c6 rét nhidu cich dé tiép cin. Nhung anh thuong dit cin kia
bdng t. Rbi ndn theo bic ba va hé s6 bic hai. Vin d& ndm & phwong trinh con lar:

12x% — 48x% + 62x — 4 = 123/6x% = 10x + 4
Khdng thé dira vé phuong phidp hé niva déi xiing nhung ta nhdm dwgc nghiém ldx = 2. Ta c6 thé sit dung
phirong phdp nhin lién hop (cdc em thir d3t biit xem ra khdng)? Vi bic phikc tap thé ndy, anh thudng nghi
tdi phureng phdp ding bat ding thike. Véix = 2 thi:

6x2—10x+4=28

Ap dung bat ding thisc Cauchy ba s6: (dox 2 1 nén6x® — 10x + 4 > 0),

(6x2— 10x +4) + 8 +8 > 12/6x% — 10x + 4
Khi do, ta kiém tra:

12x% — 48x% + 62x —4 — ((6x2 — 10x+ ) +8+8) = 6(2x — D(x —2)* = 0 (dox = 1)

Ta co loi gidi sau:
Lovi widi chi tiet:

1
Didu kién:y = 3

(1) @ 8x3 — 24x% +30x = 2y + 2) 2y — 1 + 14
e [(2x—2)2+3](2x—2) + 14 = [(,/Zy 1)+ 3] J2y =1+ 14 (3)

Xétham (1) = (t? + )t + 14 trén R
Tacé: f'(t) = 3t2 4+ 3 > 0 véimoit
Suy ra f(t) dong bién trén R

(3) & f(2x—2) =f(J2y - 1)

21
@n-2=2y-1e y=2x2——4x+;
Thay vao phwong trinh (2) ta dugc:
3(x — 2)(4x® — Bx+5) —x + 26 = 63/16x + 12(4x? — 8x + 5) — 28
© 12x3 — 48x% + 62x — 4 = 121/6x% — 10x + 4

& 6(2x— D(x—2)% + (6x* — 10x+4) + 8+ 8= 123/6x2 — 10x + 4 (%)
Véix21tachd: 6(2x~ 1D{(x—2)2 = 0;6x* —10x+4 =0
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Ap dung BDT Cauchy cho ba s6 khéng am ta co:

6x2 — 10x+ 4+ 8+ 8> 3/(6x2 — 10x + 4).8.8 = 123/6x2 — 10x + 4
= 6(2x ~ 1)(x~2)2 + (6x2 — 10x+4) + 8 + 8 > 12/6x2 — 10x + 4
x=1
DAu bling xay ra khi va chi khi I(ZX —1){x—2) =0hayx =2
6x2—10x+4=8

5
Swyra(x) @x=2 =>y=§ théa man.
5
Vay hé phueng trinh c6 nghiém duy nh&t 12 (2; 5).
Sau day 13 mot 86 bai lupén tap:

Gial cac hé phwong trinh sau:
{xs +xy* =y +x°
i

Vax+5+ .y’ +8=6

(4x* +1)x+(y -3)/5-2y =0

4x? +y?+23-4x =7

x2+ﬁ1—:(y+2) (x+1)(y+1)

4xfy +1 +8x=(4x" —4x—3}x+1

N {(53w—5x)xf1—6_——x+(5y—48)\/ﬂ=0
JZX—y+6+x7 = ~2x +y +11 +2x+ 66

(x+\/x2+1)(y+\fy2+1):1

3x2+y+3=M+ﬁ?§;

Kétqua (x,y}=(0;0);(1;-1)

\j(x+1)y+(x—y+1),/;+\/m=y+\/;

6.
J2x+y -9 —f2x-y+2=

2. (KA-2010) {

3.

5. (Ngd ST Lién J3n 3)

4x -2y -9

LOVEBOOK.VN | 43



Chit loc tinh tiy trong chudi dé thi thi THPT quéc gia Your dreams — Our mission

IO ———————

Dung bdt ddng thirc gidi hé phworng trinh
Winb lan: & phin ndy, anh chi néu ra céc bai todn va 107 gidi chi tiét cho timg bai. Béi vi phin siv dung bat
ddng thiic trong gidi hé phwong trinh 1a mét phin kho. Vi ciing chinh Ia phin anh dw dodn xudt hién trong
& thi nén anh sé gidi thidu lai cho cdc em & budi hoc s6 28,

Bai 1: Gidi phwong trinh: vV3x? + 2x2 + 2 + V—=3x3 + x? + 2x — 1 = 2x? + 2x + 2
(Trich d& thi thir THPT quéc gia trwdmg THPT chuyén PH Swr Pham 2016)

Loi qidi chi tigt:

33 +2x%2+220
-3x3+x*+2x—-120
Theo bit dang thirc Cauchy ta co:

Bidu kién: {

143x% +2x%2+2

J91IL(33+2x2+2) <

2
1-3x3+x+2x-1
33 +x2 +2x— 1)1 < >
Suy ra:
3x2+2x+3
sz+2x+2:J3x3+2x2+2+J—3x3+x2+2x—1Sf

= x+1°<0ex=-1
Thir lai x = —1 thda man phwong trinh da cho.
Vay tip nghiém cia phuong trinh1a § = {—1}.

Bai 2: Giai bat phwong trinh:

3 4 — 8x 4 9x*
2——) 2vx-1-1)y— —
( X ( ) 3x+2v2x—1

(Trich d& thi thir THPT qudc gia trudmg THPT Trin Hung Pao-Dak Ndng 2016)

Eori qiad ehe tide:
Piéu kiénx > 1.
Bit phwong trinh d3 cho twong dwong véi:

(2x—3)(2vx—1-1) - 9x% — 4(2x — 1)

X T o3x+242x—1
2x—-3)(2vx—-1-1

o Z23( - )5 3x - 2ym =T

Vix = 1 bit phwong trinh twong dwong (2x — 3)(2vx — 1 — 1) = 3x? — 2xv2x — 1
e2x—1-va—1) +(x—V2x—1) +2(yx—1-1) <0 (1)

(x-1~vx=1)" 20
Ta cé nhan xét sau: (XH,IZX._l)Z >0 voimgix=1,

2(vx—-1-1) =20
Do d6 VT(1) 2 0.
x—1=+x—-1
Bédt phwong trinh da cho twong duong v&iVT =0 & 4§ y— /ax—1 ©X=
x—-1=

Véy tap nghiém cla bat phwong trinh las = {1} m.
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Bai 3: Giai hé phwong trinh:

2vx + 5

32
(2fy=3+3)
J&(2&+,/y—3+1)+\](,/y~3+1)(\/§+2,/y—3+2)=Je(x+(,/y—3+1)2)

(Trich d@ thi thr THPT qudc gia trwdmg THPT Dakmil 2016)

L ovi wlai chi tiét:

bitu kign:x = 0,y = 3
Pat(y-3+1)=b;(Vx)=a
Phwong trinh thir 2 tr& thanh:

Ja(2a+b) +/b(a+ 2b) = /6(a% + b2) (*)
Tacé: VT, < +/(@a+b)(2a+b + 2b+a) = v3(a+b) <./6(2 +b?) = VP,
Diu bingxdyrakhivachikhia=b e vx=,y-3+1eVvx—y-3=1
Thé vio phwong trinh mét cla hé ta cé:

32
2Vx + ==5
1.(2/y-3+3)

=1 2\/)?4- 32 5 = 5 (**)

Wx—y—-3)(2/y-3+3)

Mit khic theo bat ding thirc Cauchy ta cé:
2yy—3+3 2J)y—-3+3 32
2(Vx=fy=3) + yz + y2 + =28
(Vx—y—-3)(2/y—3+3)

32

(Vx— ¥ =3)(2/y—3+3)°

<=>\[}_(+ ZS@VTt*ZVPtt

D#u biing xdy ra khi va chi khi:

ey Ay =343 32
N = XL TS

3 9
\/)_(=—2- XZZ
et \/__1@ 13
y=3m3 UT3%
. . o913
Vay nghiém cia hé 1a (—;——) .
4" 4
Bai 4: Gidi hé phwong trinh:
(1)

(1 + tan®x)(1 + tan?y) voixy € [0; g)
V7x+ 1+ /sy +4=2x+3+y(x—1) (2)
(Trich d@ thi thir THPT qudc gia trwdmg THPT Chuyén Bic Ninh 2016)

{ {tanx —tany)}(1 —tanx.tany)
X—y=

Hoi gidi chi tiét:
Ta cd:
(Dex-y= (tanx — tanl)/) (1 —1tanx .tany)

OS2 X COS2y
© x—y = (sinxcosy - siny cosx){cos x cosy — sinx siny)
& x— vy =sin{x —y) cos(x + vy} (*)
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! i1
Trwdmg hop 1: §>x >y = (0 nén §>x—y> 0;sin{x —y) > 0.
T (Y)Y suyracos(x+y) > 0macos(x+y) < Inéntie (M suyrax —y < sin(x —y) (*x)

Fd - ra Tr Tt
Xétf(t) =t—-sint v&i 0 <t<§;f’(t) =1—cost>0Vte (0;-2;)

Suy ra f d6ng bién trén (0;3) suy ra f(t) > f(0) = Ove € (O;E) nént > sintvt € (0; E)
2 2 2
Thayt = x ~ y ta cé: x — y > sin(x ~ y) mau thuan véi (**)
T s
Trudng hop 2: §>y>x2 0 nén E>y—x> 0;sin(y—x) > 0

() &y —x =sin(y — x) cos(x + y)
Twong tw trudmg hop 1, Trwdng hop ndy ciing din dén miu thuin

b
Truonghgp3:0<x =y < 3 thoa mén (1)
Thay vao (2) ta dugc:

V7x+1+Vox+4=2x+34+x(x—-1)
e V7x+1+Vox+4d=x2+x+3
o VTx+1-1+Vox+4—-2=x2+4x

(7x+1)~-1 (5x+4)—4
< - , + =x(x+ 1)
(Tx+1)2+¥7x+1+1 Vox+4+2
7 5
=4 + —-x—~1|=0
[i/(7x +12+Y7x+1+1 V5x+4+2
x=0
7 5
&
glx} = + —Xx—1=0
VOx+1D2+Y7x+14+1 V5x+4+2
s
D& thiy g(x) 14 ham nghich bién trén [0; E) nén cd nhidu nhit mt nghiém.
Ma g(1) = 0 nén g(x) cé nghiém duy nhitlax = 1.
x = 0 nény = 0 théa min.
X = I nény = 1 thda mén.
Hé phwong trinh d3 cho cé 2 nghiém 1a (0; 0); (1; 1m.
Bai 5: Giai hé phwong trinh:
6
J3x—by+5+2/6y—3x—1= (1)

JX—2y+3 '
X3 =2y + 4y —x+xZ+ 2y +3 - (%2 +2)(1 -2y —x?) =2 (2)
(Trich d& thi thir THPT quéc gia trirdmg THPT Nguyén Khuyén - 2016)

Lovt widi chi tidt:
Ixk—6y+520 5 1
2y < o
- ... fBY—-3x—-1=0 3 SXT Y S35
biéu kién: Ay —x >0 = ay? —x =0
X2+2y+320 X2+2y+320
6

(1) e f5-3Qy~3x)+2/3Q2y-x)—1= ———
J3-(Q2y—x)
batt= 2y —xt=20;t?2 =2y — x

(1) Tré thanh;:

6
V3 —t?
& 5323 -t2+2{3 123t - 1=
Ap dung bit ding thirc Cauchy ta cé:

V53124232 1=
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A2
\/S—Btz.\/S—tZSB t =4 — 2t?
203 —t2.4/3t2 -1 <262 + 2

Suyrav5—3t2vV3 —t2+2V3 - t2V3tZ -1 <6
D4u béng xay ra khi va chi khi:

V5 —3t2 = /5 — 3¢2 {5—2t2=3—t2

2 —
\/5_3t2=J5_3t2©3t2—1=3—t2<=>{tt;01@t=1
t=0 t=0 -

Véit = 1tacoé: 2y —x = 1 thay vao (2) tacé:
XXt VX1 + X+ x+ 4+ G2+ 2)2 +x%) =3
S x -0+ (V2 +xt+1- 1) - (2-Vx2+x+4 S Fx+4)+ (2 +2)03 +x) =0
x% +x -(x*+x)

\/x2+x+1+1_2+\/x2+x+4
x(x + 1) . x(1+x)

VZ+x+141 2+Vxi+x+4

1 1
+
VZ+x+1+1 2+VxZ+x+4
+x2+x+1]=0

+ O+ 2)(x2+x%) =0

e x(x?~1+

+EE+2x(1+x) =0

e x(x+ -1} +

ﬁx(x+1)[x—1+ +x2+2]=0

1 1
ox(x+1 [ +
( )\/x2+x+ 141 2+VxP+x+4
x(x+1)—0 3)

1
e +x2+x+1=0 (4)

N 2+W
2

i 3
Vixt+x+1= (x + 5) + ) > 0 v&i moi x thuge R nén phwong trinh (4)vé nghiém,

Gidi (3) ta dwocx = 0;x = -1

1
Voix=0tacoéy =3 nhan.
Véix = ~1tacdy = 0nhin.
1
Vay hé phwong trinh ¢6 nghiém ( ) (-1;0)m.

Bai 6; Giai hé phwong trinh:
7

3y
Eer—&w\/; (1)

K2+ yDE+1) =4+ 2xy(x — 1) (2)

Aot giai chi HéL:
Bidukign:x = 0;y = 0vax+y # 0 (¥).
Tacé: (2) & x¥ ~ 2x%y + xy? + x% +y + 2xy = 4

ox(x—-y)2+(x+y)2 =4
Tir didu kién (*) suyrax(x -~ y)? 2 0;x+y > 0
Dodé(x+y)?<4=20<x+y<?2
Tir d6 suy ra:

7 3y 7+3y

2 x+ y
Ap dung BBT Cauchy véi 2 s8 khong am ta c6:

x+1
VXS ——4fy <20y + 1)

(3)

Cong theo v& 2 BDT trén ta cé:
x+1
&+4\/§s—2-+2(y+1)

LOVEBOOK.VN 1 47




Chiit lpc tinh tity trong chudi dé thi thi THPT guéc gia Your dreams — Qur mission
_(x+y)+5+3y<7+3y

> S C))
Tir {3) va (4) suy ra:
3y
VX + 4fy <7 2 ity

Ké&t hop (1) thi ddng thirc phai xdy ra tic la:

x+y=2 <=1

{ x=1 &){ -1 {thda man (x))

y=1 Y

Vay hé phuwong trinh cb nghiém duy nhét {; : 1 N

Sau dap la mot 86 bai lupén tap:

Bai todn: Gidi cac hé phwong trinh saw:

{\hz 20 =44y

2x++/12 - 2% +\/1 2y-y* -y=9

J12- 12
WIZmy oy (12-8)=12 s (xy)=(33)
X -8x-1=2y-

(Trich d2 thi Pai hoc khdi A ndm 2014)

3 {x” +2%—2=y-y’ —4y -2

6x—y—11++10-4x-2x* =0

4 r\,"5)12 +2xy +2y° ++/2%° +2xy +5y° =3(x+y)
i\/x+2y+1+2§f12x+7y+8=2xy+5

(Trich d8 thi thit THPT quéic gia trudng THPT Nguyén Hué - Ninh Binh 2016)

y(r6-y)=6-fo(y*~x) lxétqué(x,Y):(lFﬁ):Bﬁ)

2+x+[x(y" ~ 10 J+3 =g/ (y'—1)+16x+5
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Uyt

On tap t6ng quan giii phwong trinh; hé phworng trinh va
bat phwong trinh

Bai 1: Giai bit phwong trinh:
(5x% = 5x+ 100V + 7 + (2x + 6)Vx + 2 = x? + 13x% — 6x + 32
(Trich dé thi thir THPT qudc gia trwdmg THPT Doin Thi Piém -Khénh Hoa 2016)

Phan tich ba Hwdng dan gidi:
pigu kién: x = —2
B4t phwong trinh d3 cho twong dwong véi bit phwong trinh:
(5x% = 5x +10}(Vx+7-3) + 2x + 6)(Vx+2—-2) —x* + 2x2 = 5x + 10 = 0

iy 2)(5x2—5x+10+ 2x+6 . S)>0()
X — —x2—-5)=20 (*
VX+74+3 Vx+2+2
Véimeoix = —2tacdvx+ 2+ 2 = 2nén:
2x+ 6 <2X+6 +3
= =X
Vx+242 2
Vavx+7+32v5+3>5nén:
5%* —5x+10 5x%-5x+10 R
=x“-x+2

<
Vx+7+3 5

Do d6, ta cé:
5%% —5x+ 10 2x+ 6
Ri7+3  Jxrz+z
(Nex-2<0ex<?2
K&t hop véi didu kién, ta dwoc tip nghiém cia bat phwong trinh 13 S = [-2; 2].

—x2-5<(x-x+2)+(x+3)-x*-5=0

Bai 2: Gidi bat phwong trinh:
VX + 7 +V7x — 6 + 2/ 49%2 + 7x — 42 < 181 — 14x
(Trich d@ thi thir THPT quéc gia trwdmg THPT Ischool-Nha Trang 2016)

Phan tich ba hudng dan gidi:

6
BiBukién: x = 7

Pit [3 3 \[_,_*_V;;‘ifz (u; v = 0), khi d6 bit phurong trinh d3 cho tré thanh:
u+v+2uv <182 — (u? +v?)
Su+v)2+u+v)—182<0
= -14<u+v<13
Viyvz0nén0<u+v<13

Khiddv7x+7+vV7x—6 < 13 ©V49x2 + Tx ~ 42 < 84 — 7x

x< -1
49x2 + 7x— 42 2 0 [ >6 x< -1
@[ 84— 7x>0 e *=7 @{§<x<6
49x? + 7x — 42 < 7056 — 1176x + 49x? x<12 7
Xx<6

6
Két hop véi digu kién, ta duoc tip nghiém ctia bt phwong trinh 13 S = [7; 6).
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Bai 3: Giai bt phwong trinh:

x(x —1)*(V2x+3-1) .,
x+D(x+3) -
(Trich d& thi thit THPT quéc gia trwdmg Trung CAp Nghé-Ninh Hoa 2016)

Phén tich va bwéng dan gidi:
3
pidukién: {¥*~ 73
X+ —1
B4t phwong trinh d4 cho twong dwong véi bit phuong trinh:

x(x — 1)*(V2x+3 - 1) -
(Vzx+3+1)(V2x+3-1)(2x+3)

o x(x ~ 1)? -1
(Vzx+3+1)(2x+3)

ox(x-1)2 2 ({VIx+3+1)2x+3) (+)
o x3—2x2 4+ x> (2x+3V2x+3+2x+3
oxlx-2)2x+3)V2x+3+x+3>0
>x~-2>02x>2

Tachd (x) & [(x~ 1)+ 1(x - 1)? = (Vix+ 3+ 1)(V2x + 3)2

Xéthamsa f(t) = (t+ 13 t> 1

ffi)=3t>+2t>0,vt>1

Suy ra ham s8 f(t) ddng bién trén khoéng (1; +o0)

Khido, fx— 1) 2 {(VET3) e x—1=vIiie{, 572  ex22+6

Vay tip nghiém cta bit phuong trinh 1a 8 = [2 + v6; +)

V2(4x + y2) + f5x2 + 2xy + 2y% = 3x — 2y

JyE+x+6=2x+y)+1+5Vx+1
(Trich d2 thi thir THPT quéc gia trudmg THPT L& Quf Dén 2016)

Bat 4: Giai hé phuong trinh: { {(x;y €R)

3Phan tich va hwdng vin qidi;

. x+1=0
Bleuklenxacdgnh.{yz+x+620

Bién d&i v& trai phwong trinh thir nhit:
JEx+y)E+ -2 +V@2x+y)2+ (x—y)2 = 2x—y| +|x—yl 2 [3x — 2y| =2 3x - 2y

@xz=-1()

2x+y=0

D4u dang thirc x4y ra khi va chi khi {(Zx —yMx—-y)z0te2x=~y20
3x—2y =0

Thay vio (2) ta dwgc phuong trinh v4x2 + x + 6 = —2x+ 1 + 5vx +1

o Jex-—1)2+5x+ 1) =-Cx—-1)+5vx+1 (3)
Véix = 0, chia hai v& cia phwong trinh (3) cho vx + 1 ta dwoc phwong trinh twong dwong :

(Zx—1)2+5_ 2x—1
Vx+1 Tk +1

, phwong trinh dwgc viét thanh:

\/t2+5:—t+5@{:§§ et=2

+5

Vvx+1

pitt=

Gial phwong trinh:
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2x -1
=2 2Vx4+1=2x—-1
vx+1
1 1 >1
x rarn
Z = = 7
& X237 @{ X2y = 4_!_2\/@ @x=1+%—
4(x+1) =4x%—-4x+ 1 4x2—8x—-3=0 X = “4
7
Khix=1+§=>y=—-2—\ﬁ.
P S V7
Nghiém cda hé phuongtrinhla (x;y) = [ 1 + - -2-V7]

2y +2+3Yy-2=vVx3+4+x

VO +H2y+12)-8=x2+y - Jx2 + )2 —y)

(Trich de thi thir THPT qudc gia trwdng THPT Trin Hung Pao 2016)

Bai 5: Giai hé phwong trinh; {

PbEn tich ba hudng diAn widi:

Pisu kién {y =2
Txtzy
Tir phuong trinh thir (2) ta cé:
XX+8+y—(y+ D2y +12) —J&Z +2)(x2-y) =0

S22+ 8+y)-2Jy+HR2y+12) - 2/x2+ 2)(x2—y) =0
<I>(,/2y+8—,/y+6)2 +(Jx2+2—Jx2 —y)2 =0
@{,/2y+8 =/y+6

JxZ42 =[xy
Thay vao phwong trinh (1) ta dwoc:

2y +2+3y-2=vxi+a+xa fy+t2+3Yy-2=/B +4+x
=N /(3\/)/——2)3+4+‘VyT.=\/x3+4+x (*)

Xéthamsd f(t) = t+vVe2 +4trén R

Sy=—-2=Jy+2=0

2

2Vt3 + 4
Do d6, phwongtrinh (+) @ f(i/y~2) = fx) & fy -2 =x
+2=0 = _3
Suyra [3 Y o [x V4 (t/m)
Vy—2=x y=-2
Véy nghiém cia hé phwrong trinh 12 (x;y) = (-V4; -2).

ffity =1+

>0,vteR

X—2vxZ—2x+4=y+1-2/y2+3
Va2 +x+6-5y+2=xy—2y—x+2—1-2y—|x— 2
(Trich d& thi thir THPT qudc gia trwdng THPT Thuén Thanh I-Bic Ninh 2016)

Bai 6: Gidi hé phwong trinh: [

Phin tich ba hwdng din midi:
y= -2
(x-2)(y—-1)=0
Phuong trinh (1) cda hé twong dwong véi (x ~ 1) — 2/(x— )2 +3 =y - 2./y2 + 3
Xéthamsdf(t) =t -2Vt + 3trén R

Digu kién [
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2t _\/t2+ — 2t

f'{fty=1 - =

® V2 +3 vt2+3
Very > _ t=0 _
f(t) =06 t2+3 2t@{3t2_3:0 et=1

fii)<0oJi2+3<2te {3t2t_>30> PO t>1
fH>0et<l
Tir didu kién ta cé:
—7 > -
; Né’u{x 220 :{x P2l i e fx-D=fg) ox-1=y

y—1=20 y=1
. (x—2<0 x—1=<1 . _ _
- Neu{y__150 :>{ y<1 thi{ll)efx-1)=fy)ex-1=y

Théy = x — 1 vao phwong trinh (2) ta cé:

JAZ x4+ 6—(1-2x)=5vVx+1

x+1
o =+vx+1
Ve +x+6+1-2x
[ x+1=0=x=-1
A2+ x+6+1-2x=vx+1 (4)
Kéthgp (3)va(4) tadwgc2vx+1=2x-1
{ X>l 2++7
= 2 @x=—7
4x2 - 8x+3 =10
, ) NPT 2+V7
Thik lai ta c6: phwong trinh d3 cho ¢6 hai nghiémx = -1;x = 3
247 V7
Vay hé c6 nghiém la (x;y) = (-1; —2)vé( 3 ;?).

Bai 7: Giai hé phwong trinh:

Jx+3y +7x+ 2y = /By - x + 3,fy
2x2 —y? +/xt -y +4=-2+5/xy

(Trich d& thi thir THPT qudc gia trudmg THPT Chuyén Khoa hoc Ty nhién 2016)

Pbhin tich va hwémg din gidi:
biéu kién:
y=0
x+3y=0
7x+2y = 0
Sy—x20
xt—y24+420
xy =0
Néuy = 0 thi tir phwong trinh thir nhat ¢t hé ta c6 x = 0 (khéng théa mén phwong trinh (2)).
Né&uy > 0 thi chia 2 v& cia phwong trinh thir nhit cho y ta dwgec:

'—+3+ ’—+z_ ’5—-+3 (1)

bitt = 3—); phuwrong trinh (1) tré thanh:

Vi+3+V7t+2=vV5-t+3 ()
V& trai clia (2) 13 ham déng bién theo t, v€ phai cha (2) 13 him nghich bién theo t nén phwong trinh (2)
néu ¢6 nghiém thi c¢6 nghiém duy nhit.
Mat = 11a mot nghiém a phuong trinh (2).Vé&it=1ta cé:
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X 1 >0
-—=1=2x=y
y

Thé x = y vao phwong trinh thit hai clia hé ta dwoc:
X2+ 2+ x*—y2+4="5x

2
Chia ¢ hai v& cho x > 0 rdi datt:x+; ta c6 phwong trinh:

2 .n—c_ t<h =
Ji2-5=5 t@{_mt:_go@t 3
2 —
Véfit=3tacéx+-=3@x2-—3x+2=0@[X_1
X X=2

Véix =1 =y =1 {théamin)

Véix = 2 = y = 2 (théamin)
Véy nghiém cfta hé phong trinh 1a (x; y) = (1; 1), (2; 2).

45 —12x2 +15x = (y+ 1) J2y~ 1+ 7
6(x—2)y —x+ 26 = 65/16x + 24y — 28
{Trich d@ thi thir THPT quéc gia trwdmg THPT chuyén Phd Yén -2016)

Bai 8: Giai hé phwong trinh: {

Phin tieh 94 hirdng din giae

1
Pitu kieny = 2
Phuwong trinh thit nhat cda hé twong dwong vai:

8x3 — 24x% +30x = (2y + 2)/2y — 1+ 14
o [2x-22 +312x-2) +14 = [(yZy=1)" +3|yZ =1+ 14 (1)

Xéthams6 f(t) = (t2 +3)t+ 14 trén R
Tacof'(t) =3t2+3>0,vte R
Suy ra ham s6 f(t) déng bién trén R.

Dodé (1) & f(2x —2) = f(,/2y — 1)
x=1
—2=Jay—1 5
S22 2y 1‘i’y=2x2—4x+§

Thay vao phwong trinh thi¥ hai cia hé ta duoc:
3(x—2)(4x% — 8x+5) —x + 26 = 63/16x — 12(4x2 — 8x + 5) — 28
& 12x3 —48x% + 62x — 4 = 12{/6x% — 10x + 4
& 6(2x—1)(x —2)* + (6x2 — 10x+4) + 84+ 8 = 123/6x2 — 10x + 4 (2)
Voix>1taco6(2x—1){x—~2)2=20; 6x* —10x+4 =0
Ap dung b4t ding thirc C8-si cho 3 s8 khdng am 6x% — 10x + 4; 8; 8 ta cé:
(6x% — 10x + 4) + 8 + 8 = 33/(6x% — 10x + 4).8.8 = 123/6x% — 10x + 4

Suyra 6(2x — 1)(x — 2)* + (6x2 — 10x +4) + 8+ 8 > 12V6xZ - 10x + 4
x=1
Diu ‘=" xdy ra © [(Zx ~Dx—-2)2=0 ex=2
6x2—10x+4=8

5
Khi dé ta cé: (2)©x=2=>y=-2- (tm)

5
Viy nghiém cfia hé phwong trinh 1a (x;y) = (2; 5).

x—VE -y )+ x+y)Bxy+x—1) = -2
22 +yD) +3x—y-2=0
(Trich d& thi thi THPT quéc gia trwdmg THPT Trung Gifi - 2016)

Bai 9: Giai hé phwong trinh: {

Phén tich va huwdng bin afaf:
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Ta cé:
(x—P -y + x+yGxy +x—1) = -2
{ 2(x2 +yH) +3x-y—-2=0
+y)2xy—x+y)=~4
{2(x2+y2)+3x—y—2=0
@{(X+y)[(><+y)2 —(x-y)?-2(x-y}]=-8
-y +2x-y)=2-(x-y)— (x-y)?
= (x+ Y2+ +x+y—-2]+8=10
@xty=—-2=3x-y=0hodcx~y=-2
Vay nghiém ciia hé phuwong trinh 12 (x,y) = (-1, -1}, (-2;0)

Z(X\/H-_Z—J)H-_Z)—x—Zy=§
2(x~ 2VKF+ 2 +y = -1
(Trich A& thi thir THPT qudc gia trwdmg THPT chuyén Théi Binh 2016)

Bai 10: Gidi hé phwong trinh: [

Pban tich va hwéng din gidi:
R . -
biéu kién: [y —_—
Phueng trinh thiy nhat cha hé twong dwong véi:
4x—-Dyy+2-2x-1) -4y +2)+1=0
Sx-12—4x-1DJyy+2+4y+2)=x-1D?-2(x—1+1
e (x-1-2y+2 2=(x—2)2
—1-2fy+2=2- J =2x—3
o ¥ y+ 2 x@[z y+2=2x

X—1-2Jy+2=x-12 2y+2=1
3
7 . ==
@yz—;hoac 2
4(y+2)=(2x—3)*?
3
XZE
Sy=-ghodey e T
Y=

7
Voiy=— 7 phuong trinh thir hai ctia hé tré thanh:

2(x—2)\/F—;71-=—
Sx-2Vx+2=0ax=1+2

]~

| W

L )x2 L AXPH12x41 o
Véi héy = g vao phuong trinh th hai cia hé ta duec:

N

x4+ 12x+1°"
)

2(x—2)\/x+2+2(x—2)\/)T=_%
@(X—Z)(Zv'x+2+x—1)=0@x=2

3 7
(vi2v‘x+2+x—1>0,Vx25=>y=—Z
7 7
Vay nghiém cia hé phwong trinh 1a (x;y) = (2; —Z); (—2; —Z) m.
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Bai 11: Gidi hé phwong trinh:

[ i/4y2+4y:\/x3——2+x+4y+2
22y° +x3) +3y(x+ 12 + bx(x+ 1D+ 2= 0

(Trich d@ thi thit THPT qudc gia trwdmg THPT Ly Ty Trong-Nam Binh 2016)

Phén tich ba hurdng ban giai;

Pitukiénx = ¥2
Phwrong trinh thit hai cia hé twong dwong véi:
2+ 1P +3y(x+ D2 +4y* =0 (1)
Véiy = 0 = x = —1 khéng 12 nghiém ciia hé phuong trinh
Chia ca hai vé& clia phwong trinh (1) cho y3 ta duoc:

+ 1,3 1y?
z(x—-) +3(X+ ) +4=0
y y

. x+1 . .
Pita = 5 phwong trinh tr& thanh 2a% + 3a2 + 4 = 0

a=-2

@(a+2)(2a2—a+2)=0@[2a2_a+2(vm

, x+1
Voia=2=>T=2=>2y=—x—1

Thé 2y = —x — 1 vao phwong trinh tht nhit cia hé tadwoc VxZ2 - 1 + x = Vx® — 2

e -2-2x-D+ -1 -Yx2—1=0
x3—2—-(2x—1)? x—1D3-(x*-1)

=1 =0
VE=24@x-1)  (x—1)7+ x- DV = T+ (Y1)

o (x-3) x2—x+1 . x(x— 1) o
Vx¥ =2+ (2x - 1) (x—l)"—+(x—1)3{/)(2—-1+(§/x2—1)2
=x=3
x2—x+1 (x—-1)

(vi + >0,vx = V2)
VR =2+ (@2x- 1) x—1)2+ x- DV T+ (¥T=1)

Veéix=3=y=-2

Vay nghiém ciia hé phwong trinh 14 (x;y) = (3; —2)m.
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Sau dip [a mot 86 bai tean lupén tap:

Gidi cac phwong trinh, hé phwong trinh sauw:

P 3x+2=y? +3y?
L{x x+2=y’ +3y ; Kétqua (x,y)=(3:2)

Vx=24x’ =3 +y+2=x" -3y
’v'Zx—l

#+6y2+8=3x+§+y‘+8y
2. X X

2 +3y +4 =3 +6.y

; Kétqua (x,y)=(1;1)

1 1 2

- =
2 2 —_ —
3. J1+2x \[1+2y Jl+2xy;Ké’tqué (x,y)—(9+ﬁ;9+m],[9 xf?:;‘;-) J’EJ

p 36 36 3 36
Je(1-2x) + Jy(1-2y) =5

2 y 1
f——s wl-2x=Y1 _

4.1 Vx x* X x+4xy;Ké’tqué (x,y)=[ 11\/5%]
Ax =2y +3 -]y

23y

Xt =
3f 7
: | X -2x+9 . Két qua (x,y)=(0i0)5(1il)

Y+t
Iyt -2y +9

6. Vx—3+V5-x=x*—8x+18 ; Két qua x=2

=x'+y

7. 2407x% —11x* +25x 12 =x* +6x—1 ; Két qua [X
X

8.435% +6x+7 ++/5%% +10x+14 =4—2x—x* ; Két qua x=—1

22 1
9. +x =J%+9 : Kétqua x =~
Vx+1 a 7
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Téng quan kién thirc hinh toa d6

[Téng hop cdng thkc, 1y thuy&t hinh hoc gidi tich]

1. Phuwong trinh dwdng thing

Vector chi phwrong (thwéng ki higu 1a u).

(teR).

o, . - mot di€m va vector chi phuong | X=X, +at
Khico A(%,;y,) vd u=(a;b)
y=y,+ht

Vector phap tuyén (thwong ki hiéu 13 n).
Khicé A(x,;y,) va n=(a;b)

mét difm va vector phap tuyén

a(x—xo)+b(y—y0)=0
haidiém X%, y-y,
Xg =Xy Yp—Ya .
hai diém trén Ox va Oy §+%= 1.
Duwdng thing song song hogic tring v&i Oy cé phuong trinh 13 ax+c=0 {a=0).

Khicd A(x,;y,} va B(x:y,)

Khi cé A(a;0) va B(0;b)

Puwing thing song song hojic tring véi Ox ¢ phwong trinh 12 by +¢=0 (b=0).
Buwong thing di qua géc toa dé 0(0;0) ¢6 phwong trinh 13 ax+by =0 (a2 +b? ;tO) .
(d ):ax+byjrC=D S (d)
(d) .L (d)
(d'):ax+by+c=0

(@ @)

Hai dwong thing vudng gbc nhau { tbx—ay+m=0

Hai dwirng théng song song nhau [ - (d):ax+by+m=0 (m=+c)

e hé s6 goe
Khicéd hésb gbck —— y=kx+b.

Khi c6 A(xy;y,) va hé s6 gock e BRES080 0 k(xx,).

Budng thing (d) c6 phirong trinh (d):y =hx+q vuéng géc véi dudng thing (d') cé phwong trinh
(d"):y =h'x+q" khi va chikhi hh'=-1, hay d Ld'e>hh'=—1,

Pudng thing (d) c6 phwong trinh (d):y =hx+q song song véi dwdng thing (d') c¢6 phwong trinh

{d):y=h'x+q" khi h=h', hay d||d'=>h=h".

Tuy nhién, trong nhiéu trudng hep cha d@ thi, ta chd yéu quy vé dang chinh 13 viét phwong trinh dwdng
thdng khi biét mdt diém thudc dudrng va vector phap tuyén ctia dudng thing dy.

Cach chuyén d8i giira vector chi phiong va vector phdp tuyén: Néu dwong thing (d) nhan f1=(a;b) 1 |

vector chi phirong thi s& nhin n= (b;~a) 12 vector phap tuyén va ngworc lai.

2. Khodng cach va géc
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» Khodngcach tir A(x,;y,) dén dudngthing (A) c6 phuongtrinh (A):ax+by +c=0 dwgctinh béi cong
N |axﬂ +by, +c|
Jaf+b?

* M,N nam ciing phfa so v6i dirong thing (A) cé phrrong trinh (A):ax+by +c=0

thitc d(A;A)

<> (ax,, +by,, +c)(ax, +by, +c)>0.
* M,N nim khdc phia so v&i dwong thing (A) c6 phuong trinh (A):ax+by +c=0
<> {ax,, +by, +c)(ax, +by, +c)<0.
*  Cho hai duing thing (d), (d') c6 phuong trinh (d):ax-+by+c=0,(d"):a’x+b'y +¢'=0 thi
o Phwong trinh hai dung phén gidc cia cic goc tao béi (d) va (d') 12
lax+by+d [a'x+b'ytc| ax+hy+c | a'x+b'y+c’
Ja? +b? Ja?+b? Jal +b? Ja?+b?
o Gbc xen gifta hai dwirng thing ludn 1a géc nhon va

- — "+bb'
cos(d;c:i')-:Icos(n;n')|=\/a2 f::/a'zt-b'z .

o Pidukiénvudnggéc: d Ld'<>aa'+bb'=0.

Bai todn xac dinh dwdng thing di qua 1 diém va hop véi mét dwong thing dd cho mét géc o cho truréc la
xac dinh dwoc!

3. Dudngtron
» Dudngtron (C) tam I(a;b), ban kinh R ¢6 phwong trinh 13 (x—a)2 +(y—b)2 =R%.
* Phuong trinh x* +y? —2ax-2by +c=0 v&i a’+b* —c>0 12 phwong trinh ca mét dwéng tron véi tAm
I(a;b) va ban kinh R=va?+b*~c.
* Digu kién tiép xiic: Cho dwdng thing (d) c6 phuong trinh (d):ax+by+c=0 va dudng tron (C) tim
am+bn+c|
I{m;n), ban kink R.Khi d6 (d} tifp xuc (C) <> d(L;d =R<:>|——~m--w=R
(mn) (@) v () cod(ia)-R s P
4. Elip
XZ y2
Cho elip (E):—2+b—2=1(a>b>0).
a

. \ c
¢ Tamsai e=~—
a

s a’=b’+c?

Xx=acost

”

s Phuong trinh tham s6 { (teR)

y =bsint
e Hinhchit nhtco sé x=ta,y=1b
¢ Tiéudiém F,{-c;0) va F,(c;0)

¢ Dinh truc nh B, {0;-b) va B,(0;b)

® Pinh truclén A, (—a;O) va Az(a;O)
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[T8ng hop mdt vai mé hinh, tinh chdt quen thudc ciia hinh hoc so cip)

Trong phdn ndy, chiing t6i xin trinh bay dudi dang phat bidu va chibng minh nhing bai todn cu thé, Vi phin
maé hinh ndy khéng dwoc day mor cdch ‘gido khoa” trong chuong trinh phé théng, nén dé trdnh mat diém
khi di thi yéu cdu cdc ban thi sinh phdi phat biéu va chiing minh Iai t3t c3 dwdi dang cdc bd dé,

1. M3 hinh 1. (m#i lién hé co bén giita tam gidc va dwdng tron ngoai tiép)

Bai toén. Cho tam gidc ABC nhon ndi tiép dwdng tron tdm 1 va c6 cac duwdrng cao AD,BE,CF cét nhau tai
trirc tAm H.
a) Chimgminhring: IALEF, IBLFDvaICLDE.
b) Chiéng minh rdng: DH 12 phan gidc géc EDF. Tir dé suy ra H 12 tdm dwdng tron ni tiép tam giac
DEF.
¢) Kéo dai AD cat dwong trdn ngoai tiép tam gidc ABC tai di€m thit hai 1a K. Chieng minh ring:
DH=DK.
d)} Chitng minh ring: tam gidc ABC va tam gidc HBC c6 ban kinh dwdng tron ngoai tiép bing nhau.
e} Goi M 14 trung diém clia doan thing BC. Chitng minh ring: AH=2IM.
f) (Puwdmng thing Euler] Goi G la trong tdm tam gidc ABC. Chimg minh rﬁng: HG=2GI.

Lovi afa,
a) Kétiéptuyén At 13 tifp tuyén tai A clia dwdng
tron ngoai tiép tam giic ABC.

Khi d6 ta c6 At LIA (dinh nghia tidp tuyén).

Mit khic ta c6 tAB=ACB (gdc néi tiép va goc tao béi

tiép tuyé&n - Day cung cing chin AB clia duong tron
ngoai tiép tam gidc ABC).

Dé thdy BEC=BFC=90°, suy ra tir gidc BFEC ndi tiép
dugc dudng trom. Nén ECB=EFA (cling bu EFB).

Vay tAB=EFA, ma hai gic niy & vj tri so le trong. Do d6 At||EF.

Tém lai JA LEF. Chitng minh tuong ty ta suy ra IBLFD va
IC L DE Viy ta cé dpem.

b) Tacd AD LBC, BE L CA vi CF i AB, suy ra cc tif giac
BFHD, AEHF, CDHE va céc tir gidc BFEC, AEDB, CDFA dgu la
tir gidc ndi tiép.

Suy ra HDF=HBF=HCE=HDE (g6c nji ti€p bing nhau cia
cAc tir gidc ndi tifp BDHF, BFEC, CEHD).

Do d6 DH la phan gi&c cta géc EDF. Chitng minh twong tw cho
EH,FH.

Két hop lai ta suy ra H1a tdm dwdmng tron ndi tiép tam gidc DEF.
Vay ta c6 dpem.
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c) Xéttam gidc BHK c6 BD .| HK (tinh chitdwéng cao
trong tam giac ABC), suy ra BD la dwirng cao tam giac BHK.
Miit khac ta c6 HBD=HAC (ciing phu ACB), HAC=KBC
(g6c ndi tiép cling chin KC cla dwong tron ngoai ti€p tam

gidc ABC). Do dé HBD =KBC, suy ra BD la phén gidc trong
géc B cda tam gidc BHK.

Vay tam gidc BHK cin tai B, suy ra BD 13 dwirng trung tuyén
chia tam gidc BHK.

Tom lai ta dwee DH=DK , hay H va K ddi xirng nhau qua BC
{dpcm).

chu (c)). Tir dé suy ra B,_((BCH))=(BCK) (ki hiéu (XYZ)
1a duwdng tron di qua ba diém X, Y, Z).

Do d6 tam giac KBC va tam giac HBC ¢4 ban kinh dwdng tron
ngoai ti€p bang nhau. Mt khac ta ¢6 tam giac KBC va tam
gidc ABC cling néi tiép dwéng tron (D).
Vay hai tam gidc ABC vA HBC c6 ban kinh dwéng tron ngoai
ti€p bing nhau (dpcm).

e) Ké dudng kinh AQ ciia dwdng tron ngoai tiép tam
gidc ABC (Q thudc dwing tron)
Nhén thdy BH_L AC (tinh chit dudrng cao trong tam giac
ABC) va QC_LAC (tinh chit dwdng kinh cla dwirng tron
{1)). Suy ra BH||QC.

Twong ty tacé CH 1L AB va QB L AB. Suy ra CHJ||QB.

Do d6 BHCQ 1a hinh binh hanh. Mit khac M 13 trung diém BC, nén ta dwgc M 1a trung diém HQ.

Theo tinh chit dwéng kinh va tim ta suy ra I 12 trung diém AQ.

Véy IM la dwdng trung binh clia tam giac AHQ, suy ra AH=2IM
{(dpcm).
f) Xéttam giac AHG vaMIG cé AH=2MI (di chiing minh
& ciu (e)) va AG=2GM (tinh chit trong tim cha tam gidc ABC),
AH MI

suyra —=—.
Y AG MG

Mit khac ta cd AH|[IM (cing vudng goc BC), suy ra HAG =IMG
(& vi tri so le trong).

Viy hai tam giac AHG va MIG ddng dang véi nhau.

A

B M C

Suy ra HG=2GI va AGH=MGI, ma A,G,M thing hang nén H, G, I thing hang.

Do dé HG=2GI (dpcm).
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2. M0 hinh 2. (méi lién hé gitta mft y&u t8 thii vi trong tam gidc)

Bai todn. Cho tam gidc ABC nhon ¢é géc A bing 60° va néi tiép dwdng tron tAm I. Chirng minh ring: BC
chia d6i ban kinh vudng géc v&i day BC,

Lot widi:

Goi R 12 ban kinh dwéng tron ngoai tiép tam giac ABC, P 12
trung diém cung BC khdng chira A va M 1a trung diém BC.

Vi BAC=60° nén BIC=120°, suy ra BC=R+/3

:>BM=B—£:>IM=E=E.
2 2 2
Do dé M 13 trung diém IP.

Vay ta c6 dpcm.

Hhan xet:

Do “thoi quen” vé hinh cila mét s& hoc sinh phd théng cdc
ban thirdng vé goc A nhon va x3p xi bang 60° trong mot sé
bai todn, din dén mgt sy ngg nhgn rang “BC luén chia déi
bdn kinh vuéng gdc vii ddy BC”

Biéu nay 14 khéng diing néu BAC=60°. Chi ¥ rdng diy la mit tinh chat hay va phdi chibng minh lai trong
bai thi
3. Ma hinh 3 (mdi lién hé co ban giira tam gi4c va dwdng tron ndi tiép)
Bai todn 3.1. Cho tam gidc ABC ngoai tiép dwong tron (1), Goi D, E, F 13 hinh chiéu vudng goc cha I 1én cac
canh BC, CA, AB. Tinh d6 dai cic doan thing AE, BF, CD theo AR, BC, CA.

Theo tinh chit hai tiép tuyén cit nhau ta c6 AE=AF, BF=BD
va CD=CE.
Suy ra:
ZAE=AE+AF=AE+CE-CD-BD+BF+ AF=AC-CB+BA Do E
d6 AE= AR =ABFACTBC F
2 l

Twong tu ta duoc BF:BD=uBA—-'-BZC;ﬁiE va:

CB+CA-BA B C

CD=CE=
2

Nhén xét 1: (m&i lién hé co ban giira tam gi4c va dwdng trén bang tiép)

Bai toan. Cho tam gidc ABC ¢6 dwong tron (J) 13 dudng trén bang tiép tng véi goc A. Goi M, N, P tin lwot 14
hinh chigu vuéng géc cia ] 1én cdc canh BC, CA, AB.

a) Tinh AP, BM, CN theo AB, BC, CA,
b} Chimg minh ring: M 13 “diém chia déi chu vi” cta tam gidc ABC ttng véi dinh A.

Nhin xét 2:
Bai toan. Cho tit gidc ABCD ngoai tiép dwdng tron (1). Chitng minh ring AB+CD=AD+BC.
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Bai todn 3.2. Cho tam gidc ABC nhon, néi ti€p dudng tron (1) A
va ngoai ti€p dwéng tron (J). Goi D 14 diém chinh gitra cung
BC khéng chiva A cha dudng tron (I). Chikng minh ring:
DB=DC=DJ

Lovi glal.

Ta ¢6 D la diém chinh gitka cung BC khong chira A ctia dudmg
tron (1), suy ra DB=DC.

Xét tam giac DB] c6 DB]=DBC+CBJ; DJB=]JAB+]BA (tinh
chdt géc ngoai)

Mitkhac JAB=BCD (cung chin cung BD), BCD=DBC (tam
gidc DBC céin tai D) va JBA =CB]J (tinh chit phan giac).
Do d6 DB]=D]B, hay tam giac DBJ ¢in tai D, suy ra DB=D]
Chitng minh twong ty ta duge DC=D]. Viy ta ¢6 dpcm.

4, Mdhinh 4

Bai todn. Cho tam giac ABC cod AB<AC va D 1a chin dwirng phén gidc trong clia goc A. Tiép tuyén tai A
clia dwdrng tron ngoai tiép tam giac ABC cit BC tai E. Chitng minh rang: tam gidc AED can tai E.

o giai:
Xét tam gidc EAD cd: EAD=EAB+BAD;
EDA=DAC+DCA (tinh chit géc ngoai).

Mit khdc EAB=DCA (cung chin cung
AB khéng chira C cfia dwdrng tron (ABC).

Ta lai cd BAD=DAC (dinh nghia phéin

giac). E B D C
Do d6 EAD=EDA, suy ra tam giiac AED

can tai E. Viy ta cd dpem.
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Cdc bai toan vé diém va dwong thing

Bai 1: Trong mit phing toa d¢ Oxy cho diém A(1;1) vA dwdng thing A : 2x + 3y + 4 = 0. Tim toa d6 diém
B thugc duong thing A sao cho dwdrng thing ABva A hop véi nhau goc 450,

& s

Nban xét; Bai todn nay don thudn I3 kiém tra cong thisc. Néu khdng dé v rir dé bj thidu nghigm.

Huéng din gii: A
=1-
*A c6 phuong trinh tham sd {x 3 va ¢b vigp
y=-242t
u=(-3;2)
*Athudc A = A{(1-3t;-2+2t)
B ,
*Ta ¢ (AB;A)=45“<:>|C05(AB;U)|=T @| T - B B
2 |aBlj 2
<:>169t2—156t—45:0<:>t=%vt:—1—3§
*Cac diém can tim 13 B(—%;%J,B'(%;—%J n

Bai 2: Trong mp(Oxy) cho 4 diém A(1;0),B(-2;4),C(-1;4),D(3;5). Tim toa d¢ diém M thudc dwong thing
(A):3x—y—5=0 sao cho hai tam gidc MAB, MCD ¢é dién tich bdng nhau.

Bhan xét: ¥ tudng ciia bii ndy khd ré rang. Toa do hda diém M rdi st dung dién tich tam gidc bang mia
chiéu cao nhan canh ddy twong iing ta thu diroc hé thifc khodng cdch.

Lot i ch tiét: A
Viét phrong trinh dudng AB: 4x+3y—-4=0 va AB=5

B
Viét phwong trinh dwdmg CD: x—4y +17=0 va CD=+17
biém M thudc A ¢6 toa 0 dang: M=(t;3t-5). Ta tinh dwgc:
|13t-19) |11¢ 37|
d(M,AB) =" T;am,cop =L
5 17
Ti d0: Sy =Syep <> d(M, AB).AB=d(M,CD).CD D "C

<:>t:—9vt=g = Cé 2 diém can tim la: M(—9;—32),M'[§;2]

Bai 3: Trong mit phing v&i hé toa d6 Oxy cho hai dwdng thing d:mx+y-m-4=0 va dudng thing
Aix+2y+9=0; diém B(-3; 2). Goi H 12 hinh chiu cia B trén d. X4c dinh toa do diém H biét ring khoang
cdch tir H dén dwdng thing A nhd nhit,

Bban xét: Bai todn kidu ndy cd it nhat hai Io7 gidi. Mot 12 167 gidi dai s, hai 13 164 gidi hinh hoc. Sau diy I
mét Iod gidi hinh hoc.

ot widi chi tiét;
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Ta c6 phwong trinh d:mx+y-m—4=0<(x—1)m+(y—4)=0. Suy ra d ludn di qua diém c5 dinh A(1; 4),
ma BH vudng goc véi d nén suy ra H ludn thudc dudrng tron (C) dwdong kinh AB. Goi [ 14 tdm cha (C). Ta ¢d
pt (C): (x+1)° +(y-3) =5
Goi d' 1a dwong thang di qua I va vudng géc véi A. Khidd d' cd pt: 2x—y+5=0.
Toa d giao diém cua d’ va (C) 1a nghiém cia hé phwong trinh :

2x-y+5=0 y=5 y=1

(1D +(y-3)" =565 41X =0 hpsic {X==2_Khi d6 d' cit (C) tai M, (0;5);M,(~21)

4

Tacé d(Ml,A)=#;d(MZ,A)_% Vay H tring voi M,(- 2;1). m.

Bai 4: Trong mit phing véi hé toa dd Oxy, cho tam gidc ABC cén tai A c6 phuong trinh AB, AC 1an gt la
x+2y—2=0,2x+y+1=0, difm M(1; 2) thudc doan thing BC. Tim toa d§ diém D sao cho tich vé huéng

DB.DC c6 gia tri nho nhit.

SHo dd tw dup:
Thay vi qud chid y diém D, ta tw dit ra cdu hoi cd tim duge Bva C khéng?
AB;AC — A
BeABR > Bconi1dnsdldhb
CEAC—o Cconldnsilic
AABC cén tai A~ AR = AC —phuong trinh thik nhit gita bva ¢
M € BC — phurong trinh tinr hai gitia b vd ¢
Tir d6 tim dwpc B va €. Cdch ndy, gidi ciing ok thé nhung lrong tinh todn iai hoi dai, doi héi cdn thin.
Huwdng di thik hai:
MeBC - (BCralx~xy)+b(y—yy) =0
AABC cin— B = ¢ - ding céng thirc
Sau khi x4c dinh dwec B;C DiBu ciin suy nghi la im D. Néu nhw khéng gidi hinh hoc cd mat huong suy nghi
ty nhidn:
+ D €BC—Dconidnsdlim
+ DB.DC = bidu dién dwoc theo m 14 tam thitc bic hai nén khéng con gi dé ndi,
Ngodi ra, néu gioi hinh hoc hon, thi ta nhin thiy. Néu goi I 14 trung diém BC thi ta co:
_— o — BC* BC*
DB.DC = (DI +IB){(DI +1¢) = DI* = —— 2 ———
Diu “="xdy ra khi: D = I va bai todn dirge gidi quyét
L ovi i chi tidt: A
Goi vecto phip tuyén cda AB, AC, BC [in lwet 1a
n7(1; 2),n;(2; 1), 15 (a; b). Phwrong trinh BC ¢é dang a(x —
1) + b(y — 2) = 0 vé&ia? + b? > 0. Tam gidc ABC can tai A

nén:
cosB = cosC & |cos(;, 1iz)| = |cos(niz, nz))
VT b5 VAT ibivg  la=b
Véia=—b Chonb=—-1=a=1=BCx—y+1=0 M

2 1
= B(0; 1), € (—5 ;5)  khong théa min M thudc doan BC.

Véia=b.Chona=b=1=2BGx+y—3=0=B(4; 1), C(—4;7) théa min M thudc BC.
Goi trung diém cia BClal = 1{0; 3)
Ta co:
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_— — — e — 4 B 4
DB.DC:(131+n3)(ﬁ+1c)=1312~%2—i

4
DAu bing xay ra khi D = [. Viy D(0; 3).

Bai 5: Trong mit phing toa d Oxy, cho tam gidc ABC, vé&i A (-2; 5), trong témG{g; g) ;tam dwéng tron

ngoai tiép I (2; 2). Viét phwong trinh duéng thang chiva canh BC.
(Trich d8 thi thir THPT qudc gia trudmg THPT Han Thuyén 2016)

So db twr buy:

Tinh chit hinh: trong tdm cia tam gidc 14 giao ba dwong trung tuyén nén chia theo t1 ¢ 1/3 va tim dirong
tron ngoai tiép thi cdch déu ba dinh (giao ciia ba dréng trung tryc).

G I trong tdm —

AGNBC=M-—"""54G=2GM-> M
G /4 trong tim—-M I3 trung diém BC - IM 1L BC - (BC)?

Céng thitc cin nhé:
G6(xgive) i trong tam AABC (AG = 2GM -
A(x,; v4) (aiyg) 1 trong thm A45¢ {A_G' _ 274 1M 14 giao cia AG va BC hay M 14 trung diém BC.
3

Ngoai ra cong thire trong tim cin nho:
X, +xp+ X¢

Xg = 3
_Yat¥etc
o= 5

AL A A(xg: A
(L\):ax+by+c=0~*ﬂ)—b(x—xo)+a(}’—%) =0

Buwéng din gial:
10 10)

Goi M 14 trung diém ciia BC. Ta ¢6 AG = (?, -y

10 2( 4)

_— XM.-..._..
AG = 2GM = 10_2( 5)

3 - “\YM73

IM = (1; —2) 1a vecto phép tuyén cta BC.
PhuwongtrinhBC: (x —3) -2y =0 x—-2y—3=0m.

XM=3
{YM=0 G0
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SRS 2

C4c bai toan vé dwong tron

Bai 1: Cho duwdng tron (C): x? + y? — 2x + 4y + 2 = 0. Viét phwong trinh dudng tron (C') tim M(5; 1) biét
(C") cit (C) tai cic diém A, B sao cho AB = v/3

Phan xét; Bai fodn ndy chi nhdm kidm tra cong thike va tinh chit: Poan ndi hai tim 13 trung tryc cila diy
cung chung. Khi d, ap dung dinh Iy Pytago ta cd thé gidi quyét bai todn dé dang.
3hin tich v hwéong dan aidi:

Puing trén (C): v
(x— 124+ (y+2)2=3->1(L~2)vaR = V3
Goi H la giao cta AB vai (IM).
Do dwdrng tron (C) tAm M ¢6 ban kinh R’ = MA
NéuAB = V3 = IA = Rthi AIAB la tam gidc d&u
343 3
Cho nén [H =E=— B
2 2
} 3 7
MatkhiacIM = 5suyraHM = 5 — 53
. . AB? 49 3 2
Trong tam giac vuéng HAM ta c6 MA? = [H? + < =7 tz:= 13 =R

Vay (C): (x—5)% + (y— 1)? = 13

Bai 2: Trong mit phing véi hé toa dd Oxy, cho hai dwong thing (d,):ix —y+ 1 =0va(d;):y — 6 = 0.Cac
dwdrng tron (C;), (C) cé ban kinh bing nhau, cé tim cing thudc dudng thang (d,) va ching cit nhau tai
hai diém A(1; 6), B. Dwdrng thing (d,) cit (C,), (C,) lan lwot tai hai diém C, D (khic A) sao cho dién tich clia
tam gidc BCD biing 24. Tim tpa 40 cc dinh ciia tam giac BCD.

(Trich d2 thi thir THPT qudc gia trwdmg THPT Nguyén Khuyén 2016)

Phan tich b3 hurdng din giai;

Goi I, J1a tAm ctia cac dwirng tron (Cy), (C;)

.01 M, N lin lwot 12 trung diém cta AD, AC va H 1a giao diém ctia AB véi (dy).
TacéAB L (dq) = (AByix+y+m=20
MaA(L,6)e(AB)=1+6+m=0&m=-7
Phwong trinh (AB):x+y—-7=20
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ViH = (AB) n (d,) nén tea d6 clia H théa hé:
xty—-7=0 x=3 .
{x—y+1:0‘l’{ =4 2 HEY
g = 2XB —Xp = 5
YB = 2Yp —ya =2

lyg — 6]
=12~6|=4
Nz |

Vi H 1a trung diém cta AB nén toa dd cda B thoa { = B(5;2)

Khodng cach tir B dén (d,) 1a BK = d(g q,)) =

1
Dién tich clia tam gidc BCD 14 Sgep = 3 BK.CD

28pep 224
BK 4 =12

Vi hai dwémng tron (Cy), (C;) ¢6 ban kinh bang nhau nén cAc tim 1 va | d6i xérng nhau qua H.
Taco: 1€ (dy)=1{tt+ 1)

SuyraCDh =

H i trung diém 1} nén{xJ DDA ¢
yp=2yn—y1=7-t

H=(3-t3)=H=J3 =12+ 32

AH = (2; —2) = AH = /22 + (=2)® = 22

Khoang céch tr I va ] dén (d,) la:

M= d(],(dz) ) ='!-XL“]_‘:-“‘-6'—|= it+1 —6| = |t—'5l

y;— 6
]N=d(l,(dz)):| ]1 l=I7—t—6|=|1—tl

Ban kinh cia hai dwéng tron a:

R=1IA=+AHZ +IHZ = J(zﬁ)z +(3-1)2+32 = Jt2 — 6t + 26

Tam gidc AIM vudng tai M, cd:

AM = yIAZ —IM2 = \Jt2 — 6t + 26 —~ (t~5)2 = VAt + 1
Tam giac AJN vudng tai N, cé:

AN = /IA? - N2 = [t — 6t + 26 — (1 — )2 = V25 — 4t
Ta ¢6: CD = CA + AD = 2(AM + AN) = 2(VAt + 1 + V25 — 4t)
Suyra: 2(VH+1+V25-4t) =12 = /at+ 1+ V25 -4t =6

& 26 + 2,/ (4t + 1)(25 — 4t) = 36
e J(4t+1)R5-4) =5

& (4t+ 1)(25 — 4t) = 25 & —16t2 + 96t = 0 [:: g
Véit=0,taco1(0;1),](6;7),R = V26
Suy ra phuong trinh dudng tron1a (Cy):x% + (y — 1) = 26 va (Cp): (x— 6)% + (y — 7)2 = 26

o N A . y—-6=0 {x2=1
VlC—(dz)ﬂ(Cl)nentoadocuaCthéahe.{x2+(Y_l)z=26® =6
x=1
[x=1 -6
Silx=-1 &
y=6 [x=—1
y==6

= D(—1;6) (do C(1; 6) tring véi A)

Véit = 6,tac6: 1(6;7),J(0; 1) vaR = V26

Lam twong tu, ta co C(11;6),D(—1;6)

Véy toa d cic dinh chia tam gidc BCD 1a: B(5; 2), C(—1; 6) hodc C(11; 6), D{(—1; 6).

Bii 3: Cho dwdng tron (C):x2 + y2 — 3x — 7y + 12 = 0 vd A(1; 2). Tim toa d cac dinh hinh chit nhat ABCD
ndi tiép (C) va cé dién tich bing 4, bist AB A chidu dai va B c6 heinh dé nguyén,
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Phin tich va hurdug dan aidi:

37
Puwémg tron (C) ¢ tam | (E ; i) va ban kinh R

B
10 A
= g khi d6 114 trung diém AC ta c6 C(2; 5)
PiatAB = a; AD = b; (a > b > 0) khi dé: |
{A Sapcp = 4 - { ab=14
B% + AD? = BD? = 4R? a?+b? =10
a=2v2 { a=v2 D
= hoic loai C
{b V2 zJ"( )

Vay AB = 2v2 = B thudc dudmg tron tim A(1; 2) cé ban kinh
R’ = 2+/2 c6 phuwong trinh:
x-1?+(y-2)*=8
ext+yi-2x—4y-3=0
Khi dé toa d6 B 1a nghiém hé:
x2+y?-3x—7y+12=0 x+3y—15=0
{x2+y2—2x—4y—3=0 {x2+y2—2x—4y—3:0

3
X=15—3y x=3 . ng .
{5y2—44y+96=0<=> =4h0?.1"»' y_%loal
5

= B(3;4) = D(0; 3) vi [ la trung diém DB. Viy B(3; 4); C(2; 5); IN0; 3).

Bai 4: Trong mit phing v&i hé toa dd Oxy, cho diém E(-1; 0) va dwdng trdn (C) :x* + y2 —8x —4y — 16 =
0. Viét phwong trinh dwdmg thing di qua diém E va cit (C) theo diy cung MN ¢6 dé dai ngin nhit.

An tich ba hwéng dan giai:
€~ +(y—-2?2=36-1(42),R=6

Nhan xét: EI <R suy ra E ndm trong (C)
-1+at

Goi d 1a dwong thang qua E(-1; 0) ¢d vecto chi phwongu = (a; b) -->d:{x —y — bt
Pudng thang d cét (C) tai 2 diém M, N ¢ toa d6 12 nghiém cia hé:
x= —1+at
y =bt = (a2 + b*)r? —2(5a+ 2b)t—7 = 0 (1)
x—42+(y—2)2 =36
Goi M(—1 + at; bt), N (—1 + at’; bt") véi t, t' 12 2 nghiém cta (1). Khi d6é @6 dai cia day cung
MN = a2(t—t)2 + b2(t—t)2 = jt—t'|y/a? + b2
2VA’ 2v18aZ + 20ab + 11bZ
JaZ+ b2 =
Va1 bt

b
_y 18+20()+11 18+20t+11t2
B 1+ t2
1+

. 18 + 20t + 11t?

Xétham sé f(t) = — i

Tinh dao ham f'(t)cho bang 0, 1ap bang bién thién suy ra GTLN cla t, tir 6 suy ra t ( tirc la suy ra ty sé b/a).
Tuy nhién cich nay dai.

Chit p; ta stk dung tinh chét diy cung & 16p 9: Khodng cdch tir tim dén diy cung cang nho thi ddy cung cang
1én. Goi H 13 hinh chiéu vudng géc cia I 16n duong thiang d bat ky qua E(-1; 0). Xét tam gidc vuéng HIE (] 1a
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dinh) ta ludn c6:1H? = 1E* — HE* < [E? > [H < IE. Do d6 IH Ién nhat hi HE = 0 c6 nghia i3 H tring voi
E. Khi dé d cdt (C) theo diy cung nhd nhdt. Liic ndy d 13 dirong thing qua E va vudng goc véi IE cho nén d
6 vecto phap tuyénit = IE = (5;2). VAy d:5(x + 1) + 2y = 0 hay Sx + 2y + 5 = 0.

Bai 5: Trong mit phingtoea d§ Oxy cho dudmgtron (C,): (x — 1)2 + (y — 1)? = 4 c6 tim la I, va dudng tron
(Co): (x — 4)% + (y — 4)? = 10 c6 tdm 12 I, biét hai dwérng tron cit nhau tai A va B. Tim toa d6 di&m M trén
dwomg thing AB sao cho dién tich tam gidc Ml;1, bang 6.

(Trich d& thi thit THPT quéc gia tredng THPT chuyén Nguyén Pinh Chiéu 2016)

Phan tich ba Gwrdng din gidi:

Nhic lai truc ddng phwong cia hai dwdng tron tdng c6

phureng trinh quat:

(C:x?+y? 4+ 2A,x+ 2B,y +C, =0

(C):ix?+y*+ 2A,x+ 2B,y + C; =0

Thi truc ding phwong cla hai dudng tron (Cp), (C,) 1
2x(A; —A;)+2y(By —By)+C; —C; =0

Phuong trinh dwdng thing d di qua 2 diém A va B (truc

dang phuong) 14 d: x+y-4=0

Dudng thang (1,1,) di qua tdm [, (1; 1) vaI,(4; 4) cé pt:

M

x—y=0
M{(m;4-m)ed
1 4
SMI112 = Ed(M' (1112))'1112 =6 2 =0

Vay M(4; 0) va M(0; 4).

Bai 6: Trong mit phiing vé&i hé toa 6 Oxy cho dwong tron (C):: (x — 1)? + (y + 4)* = 4. Tim diém M € Ox
sao cho tir M ké dwoc dén (C) hat dwérng thing tiép xic véi (C) tai hai diém phan biét A, B théa min dwdmg
thing di qua A, B tiép x(c vol dudng tron (C;): (x — 3)%2 + (v — 1)? = 16.

(Trich d2 thi thir THPT qudc gia trwdmg THPT Chuyén Phan Bi Chiu 2016)

Phau tich va huwdng bin gidi:
Goi M(m; 0} € Ox
budng tron (C) cb tAm 1(1; -4) va ban kinh R=2.
Purirng tron (C;) cé tdm 13 (3; 1) vaban kinh R; = 4.
Tl M ké dwec hai ti€p tuyén dén dwéng tron (C) suy ra MI > R
Sm-1P+0+42 >4 (m-12+12>0
Goi toa dd A, B1a A(x,; va); B(xg; ve). Phwong trinh tiép tuyén tai 4, B cia (C) in hvgt 1a:
Xp- X+ Vay—E+xa)+4y+ya)+13=0 (d;)
Xg.X+yp.¥y—(x+xp)+4(y+yg)+13=0 (d;)
Dot e @t e @)= 130
Suy ra phwong trinh dwémng thing AB la:
mi—(m+x)+4y+13=0 (m-x+4y+13-m=20
Pudmng thing AB tiép xic véi dwong trén (C)
3(m—1)+4+13 —m| -1

Jm—1)? + 16
=1

m
e m+7=2 m2—2m+17<=>3m2—22m+19=0=>[m_19

e d(l;,(AB)) =R; &

3
A gy ik DN , (19
Vay c6 2 diém M can tim [a (1; 0)va (?, D) .
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Bai 7: Trong mit phing Oxy, cho dwémg tron (€): x* + y2 — 6x + 2y — 15 = 0. Tim toa d4 tiép diém M trén
duwong thang d: 3x — 22y — 6 = 0, sao cho tir M ké dworc t&i (C) hai tiép tuyén MA, MB (A, B 13 céc tiép diém)
ma dwong thing AB di qua C(0; 1).

Phiin tich va hrréng din gidi:
(€ (x—3)2+ (y+1)? =25061(3; ~1) vaR =5
Goi A(xq; ¥1), B(x3; yo) 1a 2 tiép diém cda 2 ti€p tuyén ké tir M.
Goi M{(xg; o) €Ed = 3%y — 22y, ~6 =0 (%)
Hai ti&p tuyén cha (C) tai A, B c6 phuong trinh la:
(x; = 3)E—-3)+y + Dy +1)=25()
(%2 = 3)x -3+ + Dy + 1) =25(2)
DE 2 tiép tuyén trd thanh 2 tiép tuyén ké tir M thi 2 tiép tuy&n phai di qua M:
(%1 = 3)xg —3) + 1 + D(yo +1) =25(3)
(%2 =3)(xg —3) + (2 + Do + 1 =25(4)
Tt (3) (4) chirng té (AB) c6 phuong trinh:
Gto —3NE-3)+ g+ Dy + 1) =25(5)
Theo gia thiét thi (AB) qua C{0; Dsuy ra: —3{x; —3) + 2(yy + 1) = 25
& =3xy + 2yp — 14 =0 (6)

Xg = -1
x, .. A 3)(0‘22}70“6:0 (_.1_6_ _ )
Két hgp v&i (x) ta cd hé: {—3x0+2y0—14=0¢> Vo = _gﬁM 3 1) m.

Bai 8: Trong hé tea d6 Oxy cho dwong tron (C) ¢6 phwong trinh: x? + y? —2x— 6y + 6 = 0

a. Viét phwong trinh dwdng thing di qua M(2; 4) cit dwong tron (C) tai hai diém A, B sao cho M 1a trung
diém doan AB.

b. Viét phwong trinh ti€p tuyén cia (C) sao cho tiép tuyén 4y song song véi dudng thing c6 phwong trinh:
2x+2y=7=0

¢. Chirmg td dwdmg tron (C) va dudng tron (€): x% + y* — 4x — 6y + 4 = 0 tiép xiic nhau. Viét phwrong trinh
ti€p tuyén chung cla chiing tai tiép diém.,

Pbin tich ba hurdng van gidi:

(©Q:Ex-1D*+({y-3)2 =4>1(1;3)vaR=2

a. Goi ( x;y) thude (C) suyra(x — 1)% + (y — 3)? =4 (1),B déi xitng véi AquaMsuyraB(4 — x; 8 — y). Dé
dam bao yéu ciu bai todn thi B thudc (€): (3 — x)% + (5 — y)? = 4(2)

x—12+(y-3)* =4¢{ x24+y? —2x—6y+6=0(3)

B-x*+5-y)? =4  |[xX+y>—6x—10y+30=0(4)

Liy (3) - (4) ta ¢é phwong trinh: 4x + 4y — 24 = Ohayx +y — 6 = 0. P4 13 dudng thing cin tim.

b. Goi d' 1a dwong thing song song véi d nén né cé dang: 2x + 2y + m = 0 (x). D& d’ 1a tiép tuyén cta (C)
thi:

Tir (1) (2) ta ¢6 hé: [

|2—+76_;ﬂ:2@|m+8| =4z fﬁi_gg
C(C)x—22+(y—-3)>=9-1"(2;3)vaR’ =3

Tac6Il’ = 1,R’ — R = 1. Chitng td hai dwirng tron tiép xdc trong véi nhau.
x— 1%+ (y — 3)? =4@{x2+y2-—2x—6y+6=0
(x—2)24+(@-32=9 W?+y?2—4x—6y+4=0
x=~=1=23y=3

= h(l;d) =

Tim toa d tiép diém: { =2x+2=0

Vay M(1; 3)m.
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Bai 9: Trong mét phang Oxy cho dudng tron (C) cé phwongtrinh (x— 1)2 + (y + 2)> = 9va dix +y + m =
0. Tim m dé trén d c6 duy nhit mét diém A ma tir d6 ké dwoc hai tiép tuyén AB, AC téi (C) (B, C 14 hai tiép
diém) sao cho tam giac ABC vudng,

Phin tich ba hwéng dan iai:
() o I(1; —2)vaR = 3. Néu tam gidc ABC vudng gdc tai A (nghia 1a tir A ké dwoc 2 tidp tuyén ti (C) va 2
tiép tuyén vudng géc véi nhau) khi dd ABIC 13 hinh vudng. Theo tinh chét hinh vudng ta cé:
IA=1B = V2 (1).
Néu A nam trén d thi A(t; —m — t)suyra:1A = /(t = 1)2 + (t — 2 + m)2 Thay vao (1):
SJE-D2+(t-2+m)2=3V2 2t~ 2(m— Dt+m?—4m—13 =0 (2)

bé trén d c6 ding 1 diém A thi (2) c6 diing 1 nghiém t, tir d6 c6 didu kién:

A= —(m?*+10m+25)=0® —(m+52=0m=5

m—-—1 -5-1
2 2

Khidé (2) cé nghiém képlat; =t =t, = = —3-2A(-3:8)nm.

Bai 10: Trong mét phing Oxy, cho (T): (x — 1)% + (y — 1)? = 5 vé&i tam | va A(4; 5). Tir A ké dwimg thing
cAt (T) tai B, C tiép tuyén tai B, C cit nhau tai K. Qua K ké dudng thing vubng géc 1A cit (T) tai E, F. xéc dinh
E,F.

Phin tich ba herdrn din gidi:
a+1 b+1
Goi K (a; b) khi déM( . ‘T)
13 trung diém ctia IK. Do IBKC ndi tiép dudng trén

(afl)z-ih(b—l)2

o

tim M bdn kinh nén B, C thudc

dwdrng tron c6 phwong trinh:

a+1y2 b+ 1,7
(=5) +l-2)
(a—1)?+ (b—1)?

4
ex*+y’~(a+x—(b+Ly+a+h=0
Do B, C thufic dwimg tron (x — 1)? + (y —1)%2 =5

e xl+y?—2x—-2y—3=0
Khi dé toa d¢ B, C 1a nghiém ciia hé:

xX+y?—~(14+ax—(b+Dy+a+b=0
{ X +y?—-2x—2y—-3=0
sh@-Dx+b-Dy—-a—-b-3=0
Suyraphwong trinhBC: (a— Dx+(b—1})y—a—b—-3=0
DoAthudcBC=>4(a— 1) +5(b-1)—a—-b-3=0¢ 3a+4b =12
Do EF 1 1A = (3;4) va EF di qua K(a; b) nén c6 phwong trinh:
Ix—a)+4y—h)=0
<3 +4y—(3a+4b) =0
& 3x+dy—12=10
Khi dG E, F 12 nghiém hé:

[ x+ay—12=0 _ (¥TOV=3
x-1D*+{-1*=5 X=?;y=§

/16 3
Viy E (?:E) ; F(0; 3) hodc nguwoc lai m.
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Bai 11: Trong mit phing Oxy, cho dwdng tron (C): x? + y? — 2x + 4y — 4 = 0 vd dwdng thing d:x — y +
1 = 0. Tim toa d6 M thuéc d sao cho M ké dwoc 2 ti€p tuyén MA, MB dén (C) dong théi khoang cach tiy

N[L%] d6n AB 12 16m nhat,

Phén tich ba hudng din giai:
Pudng tron (C) ¢b tim 1(1; ~2) va ban kinh [A=3. Goi M(m; m + 1)
P& tlr M ké dwoc tiép tuyén téi (C) thi:
Mi>Re Jn-D2+m+3)2>3e2m2+4m+1>0 ()
Ta c: MA = MB = VIMZ —R? = V2m? + 4m + 1
Suy ra A, B thudc dwdng tron thim M(m; m + 1) bén kinh 13 v2m? + 4m + 1 c6 phwong trinh:
x-m?+Fy-m—-1¥=2m?’+4m+1
e x4y -2mx—2(m+1)y—2m=0
Khi dé toa dd A, B 14 nghiém cua hé:
X2 4+y2—-2mx—2(m+ Dy—-2m =10
{ X2 +y?—2x+4y—4=0
2{m—-1x+(m+3)y+m-2=20
= phuwong trinh AB: {m —~ Dx+ (m+3)y+m—-2=0
Goi K(xq, ¥o) 12 diém ¢6 dinh ma AB ludn di qua khi dé:
(m -~ 1)xg + (m + 3)y, + m — 2 = 0 ludn ding voi meim
& (Xg + yg + 1)m = x5 — 3y, + 2 ludn ding véi moi m
{ X +ye+1=0
Xg— 3y, +2=0

5

%0 =77 51

4 _Z.Z

Y 1 =>K( 4‘4)
Y0—4

V26
Goi H 13 hinh chiéu vudng gbc cha N 1én AB khi d6 d(N; AB) = NH £ NK = e

V26
Suy ra d(N; AB)max = e khi H triing K hay NK vudng goc véi AB (27)

— 1 5 1 .

NK = (—Z;—Z) = —1(1;5);111\3 ={m+3;1—m)
Suyra(2') e m+3+5(1—-m) =0« m=2thdamin (*).
Vay M(Z;3) m.
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Sau day [§ mot 88 bai todn can lupén tip:

Bai 1: Trong mat phiing toa dd Oxy, cho hinh tam gidc ABC c6 phuong trinh dudng phin gidc trong gée Al
d:x+y ~3=0 . Hinh chiéu vudng géc ciia tim dwong tron ndi tip hinh tam gide ABC 1én dwirng thing AC

13 diém E(1;4) . Budng thing BC c6 hé s& g6c 4m va tao véi dwdmg thing AC gdc 45°. Pudng thing AB tidp

xtc véi dudng tron (C) : (x + 2)2 +y*® =5.Tim phwong trinh cac canh cia tam gi4c ABC.
(Trich d@ thi thir THPT qudc gia truomg chuyén Lirong Thé Vinh 2016)

AB:x+2y-3=0
Kétqud: {AC:2x+y-3=0
29+1042 _

3
Bai 2: Trong mit phing toa d§ Oxy, cho hinh tam gidc ABC vuéng tai A ndi tiép duong tron (T) cé phwong
trinh x* +y? —6x—2y +5=0. Goi H Ia hinh chiéu cia A trén BC. Budng tron dwéng kinh AH cit AB, AC [in
lwot tai M, N. Tim toa d diém A va viét phwong trinh canh BC, biét dwirng thing MN cé phuong trinh:
20x—10y —9=0 va diém H c6 hoanh d4 nhé hon tung d.
(Trich d8 thi thir THPT qudc gia trwdmg Ly Thai T8 - Bic Ninh 2016)

BC:x+3y -

Kétqud A(1;2);BC:2x+y—7=0.
Bai 3: Trong mét phang toa dd Oxy, cho dwong tron (C) ¢6 phuong trinh x> +y” -2x -4y +1=0 va
P(2;1) . Mot dwdng thing d di qua P cit dwdrng tron tai A va B. Tiép tuyén tai A va B chia dudng tron ct
nhau tai M. Tim toa d¢ diém M biét M thudc dwimng tron x° +y* ~6x -4y +11=0.

(Trich d& thi thit THPT qudc gia trwdng chuyén Nguyén Hué 13n 3-2016)
Két qua: M(4;1).
Bai 4: Trong mat phing toa d§ Oxy, cho ti gidc ABCD nbi tiép dudng tron dudng kinh AC. Biét M(3;—1) la
trung diém cha canh BD, diém C(4;—2). bi&m N(“l;—S) ndm trén dwdng thing di qua B v3 vudng goc véi
AD. Drirng thing AD di qua diém P(l;S). Tim toa d4 diém A, B, D.

(Trich d& thi thir THPT qudc gia S& GD-PT Lio Cai 2016)

Két qué: A(Z;Z),D(S;kl),B(l;—l).
Bai 5: Trong mit phing toa d§ Oxy, cho E(3; 4), duong thing d:x+y-1=0 va duwong tron
(C) xP+y? +4x -2y —4=0. Goi M 1A di€m thudc dwirng thing d va ndm ngodi dudrng trén (C). Tir M ké

céc tiép tuyén MA, MB dén dwdmg trdn (C) (A, B la céc tiép didm). Goi (E) 12 dudrng tron tAm E va tiép xic
véi dudng thang AB. Tim toa d digm M sao cho dwong tron (E) ¢6 chu vi 1ém nhat.
(Trfch d@ thi thir THPT quédc gia S& GD-DT Thanh Héa 2016)

Két qua: M(-3;4).
Bai 6: Trong mit phing toa dd Oxy, cho hinh tam gidc ABC c6 dudng phén gidc trong géc A ndm trén dudng
thing d:x +y =0 va dudmng tron ngoai tiép hinh tam gidc ABC ¢6 phwong trinh x* +y* — 4%+ 2y —20=0.
Biét ring diém M(3;—4) thudc dwomg thing BC va diém A c6 hoanh dé am. Tim toa dd diém A, B, .

(Trich d& thi thir THPT qudc gia trirdng Tran Dai Nghia 2016)
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A(~2;2);B(7;A1);C(—3—;—w2—9—]
5 15
Ké&t qua: .

3 29
A(-2;21:B ——— [;C(7;-1
(22)8 -2 ()

Bai 7: Trong mit phing toa d6 Oxy, cho dwongtron (C): x° +y* =5 tim O, dwdrng thing (d) 3x-y—2=0.

Tim toa d6 di€m a, B trén (d) sao cho 0A = % va doan OB cit (C) tai K sao cho KA=KB.

(Trich d2 thi thit THPT qudc gia truedmg Tinh Gia -2015)

5
Bai 8:) Trong mit phing toa d6 Oxy, cho dwong tron (C) cd phwong trinh x° +y* +2x — 4y -8 =0 va duong
thing A cé phwong trinh : 2x —3y —1=0. Chitng minh ring A luén cit (C) tai hai diém phén biét A, B.

Kt qué: A| == ,B(2;4) hoic B 422
5 5 5

Tim toa &6 diém M trén dwing trén (C) sao cho dién tich hinh tam gidc ABM 16n nhét.
(Trich d& thi thitr THPT qudc gia truomg Thuong Xudn 3- 2015

K&t qui: M(-3;5).
Bai 9: Trong mit phing toa d§ Oxy, cho diém M(O; 2) va hai dwong thing d:x+2y =0;A:4x+ 3y =0. Viét
phuong trinh dwong tron di qua diém M, ¢é6 tdm thudc dudng thing d va cit dwdng thing A tai hai diém

phéan biét A, B sao cho AB ¢6 d0 dai bang 4J§ . Biét tdm duworng tron ¢é tung dé dwong.
(Trich d& thi thir THPT qudc gia S& GD-BT Vinh Phiic 2015)

Két qua: (x+41')2 +(y_2)2 =16.
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Cac bai to4n vé tam giac (tiét 1)

Bai toan 1. Trong mit phing véi hé toa dd Oxy, cho tam gidc ABC c6 phuwong trinh cic dudng thing chira

trung tuyén va dwdng cao ké tir € lan hrgt1d y+2=0 va 3x-2y+8=0. Pudrng thing chira trung tuyén ké

tir A di qua K(-18;3).Tinh ABC biét ring didm A c6 tung d0 4m va thudc dwdng thing d:x +2y +2=0.
(Trich d2 thi thir THPT quéc gia trudng THPT chuyén Dai Hoc Vinh - Lan 1-2016)

So do tw bup:
toa dg A, B,C

ABC «— cosABC «——— c¢6 2 hudng chinh {phuorng trinh dudng thing AB, BC

{phu'o'ng trinh trung tuyén
phurong trinh dwdng cao
Tham s8 A theo a

Y N Y. fd Y a 1
Toa d6 N trung diém BC theo 2 4n ¢«— Toa d§ B theo 2an «— {Tham 56 trung didm M cita AB theo m

{A - {a - {ﬂ cling phuong I?l:l
B m CH.L AB

Lovi gial:

y+2=0
3x—-2y+8=0
GoiM,N latrung diém AB,BC.Tacé:
Aed:x+2y+2=0=>A(-2a-2;a){a<0).
MeCM:y+2=0=>M(m;-2). N
Ma M 14 trung diém AB nén B(2a+2m+2;-a—4)

:N[a+m—1;_—aléj. A
2 H

Vi CH L AB nén:

Ta ¢6 toa dd C thoa hé { =C(-4;-2} ¢

Ugs AM=0¢52(2a+m+2)+3(-a—2)=0<>a=—2m+2 (1).

Ta ¢6 ﬁz(—23+16;a—3),@=[a+m+17; —a;lz}

Vi A,N,K thing hang nén KA cing phuong KN . Do dé: (*Za+16)(—a712)=2(a—3)(a+m+17) (2).
m—E:>a——3

Thay (1) vio (2) tadwge 2m? +21m-65=0e> | 27
m=-13=>a=28

Vi a<0 néntanhin a=-3.Suyra A(4-3),B(1;-1).

Tacé ﬁﬁ=(3;—2)13?:(ﬁ5:“1) :Cos(ﬁ‘ﬁ)zg( 954).:( 225)5-11) —%'

Suy ra ABC:(ﬁ,BT:):BS' .
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£han xét:

DAy Ia mgt bai todn hét sike co bdn va quen thudc, phirong phip gii chinh dang todn ndy 13 tham sé hda cic
diém theo phuong trinh duwong thing di biét. Sau dé dung méi lién két dic tring gitta cic yéu t6 hink hoc
dé thiét Idp nén cdc hé phuong trinh, Cudi cung 13 gidi hé 8y vd hoan thién 167 gid,

Tiép theo ta sé dén vdi mét bai todn twong tw vei mikc dg ndng 16n doi chiit,

Bai todn 2. Trong mat phing véi hé toa d6 Oxy , cho tam gidc ABC. Puing phén gidc trong géc A cé phwong
trinh d:x-y+2=0, dwong cao ha tir B ¢6 phwong trinh d':4x +3y—-1=0. Biét hinh chiu cia C lén AB
la diém H(-1;-1). Tim toa dé cic diém 4, B, C.

(Trich dé thi thit THPT quéc gia trwong THPT Lé Xoay —~ 2015)

Lol giad.
Goi K la diém d6i xirng véi H qua dudng phan trong A
goc A. Khi d6 K thudc dudng thing AC. BPudng
thing HK c6 phwong trinh x+y+2=0.
Goi 1 ta giao diém ctia HK va dwdng phén giac trong K
goc A thi | cotoa d6 1a nghiém caa hé:

X-y+2=0 =—2
y . =1(-2;0). H
X+y+2=0 y=0

I la trung diém HK nén suy ra K(-3;1). C

Khidé AC 13 dwdng thing qua K vavuéng gécvéid'. B
Suyra AC:3x-4y+13=0.

X—-y+2=0

3x—4y+13=0

A cbtoa dd théa min
y=7

=5
@{x = A(5:7).
Ta c6 AH=(-6;-8) 1a mdt vector chi phwong ctia AB, suy ra dudng thing AB cé phuong trinh
4x -3y +1=0,

0
4x+3y—-1=0
B c6 tga do théa min hé X*oy = 1=B 0;E .
4x-3y+1=0 y:§

HC ¢6 phuwong trinh 14 3x+4y+7=0.

3x+4y+7=0

C c6 toa db théa min
3x—4y+13=0

Vay A(5;7),B[0;1J,c(-ﬂ-3].

3 34

Phin xét.

Kién thifc co bdn vd quan trong nhat trong bai todn 13 tinh chat ciia dwong phin gidc trong tam gidc. Tinh
chat &y dwoe phdt bidu nhi sau: "Cho tam gidc ABC c6 dwdng phin gidc AD, Iy mot diém M trén dwdng
thidng AB. Khi dé diém N déi xitng voi M qua AD sé ndm trén duong thing AC”, Trong cdc bai todn c6 xudr
hién yéu td phin gidc thi hdu hét sé sir dung tinh chat doi xitng ndy, nén cdc ban thi sinh cin hru ¥ khi gidi
todn hinh hoc gidi tich!
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Mot 86 bai tap tw lupén:

D két thifc dang todn ndy, xin néu ra mot vi bai todn twong tur va mé réng dinh cho ban doc tw lu [vén va tim
hidu thém:

Bai ton 3, Trong mit phing véi hé toa dd 0xy, cho tam giac ABC. Pudng phin giac trong AD ¢6 phuong
trinh 1a x—y =0. Pwdng cao CH c6 phwong trinh 2x+y+3=0. Biét ring dwong thing AC di qua diém
M(0;—1) va AB=2AM. Hiy viét phwong trinh cdc dwéng thing chira ba canh tam gidc ABC.

bép s6. Phwong trinh cdc dwong thing 1A AB:x~2y+1=0, BC:2x+5y+11=0, CA:2x-y—1=0.

Bii toén 4. Trong mit phing véi hé toa d6 Oxy, cho tam gidc ABC ¢6 phuong trinh dudrng trung tuyén va
phan gidc trong Gng véi dinh B lan lvet1a d :2x+y-3=0 va d,:x+y-2=0. Biét M(2;1) thudc AB va

dwdrng tron ngoai ti€p tam gidc ABC ¢ ban kinh bing V5. Tim toa dj ba dinh A, B, € clia tam giac ABC biét
rdng dinh A ¢6 hoanh d% dwong,
Pép s6. Toa dd cac dinh 1a A(3;1), B(1;1), C(1;-3).
Bai todn 5. Trong mit phing voi hé toa d Oxy, cho tam gidc ABC ¢ dinh A(5;2), dwong trung tryc d cla
doan BC cé phwong trinh 1a x+y—6=0 va dudrng trung tuyén A ké tir C cé phwong trinh 2x—y +3=0. Tim
toa dd cac diém B va C.

(Trich d& thi thir THPT quéc gia trwdng THPT chuyén Nguyén Binh Khiém - Vinh Long - 2015)

Pép sd. Toa d6 cac difm 12 B —9;i , C Eﬂ .
33 3 3

Bai ton 6. Trong mit phing véi hé toa db Oxy, cho tam gidc ABC c6 dwérng cao va dudng trung tuyén ké tir
dinh Alan lwgt c6 phirong trinh 1a x—3y =0 va x+5y=0. Dinh C niim trén dwdng thing A:x+y—2=0 va
6 hoanh d6 dwong. Tim toa dd cac dinh ctia tam giac ABC, biét dwéng thing chita trung tuyén ké tir C di
qua diém E(~-2;6).

(Trich d& thi thit THPT qudc gia trwémg THPT Hong Quang - Hai Dwong - Lin 1 - 2015)
Piap s8. Toa d§ cdc dinh 12 A(0;0), B(4;2), C(6;-4).
Bai to4n 7. Trong mét phang véi hé toa dd Oxy, cho tam gidc ABC c6 dwong phan giac trong ciia goc B c6
phuong trinh 13 d, :x+y—-2=0, dudng trung tuyén ké tir B cé phwong trinh d,:4x+5y —9=0. Dwdng

. Tim toa

po |

th3ng chira canh AB di qua diém M(Z;%J, hén kinh dwéng trén ngoai tip tam gidc ABC 1a R=

dé dinh A.
(Trich d8 thi thir THPT quéc gia trwdmg THPT L& Loi - Thanh Héa - 2016)

DAp s6. Toa df dinh A2 A(5;-1) hotic A(-3;3)
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Tiép theo, xin trinh by dang todn vé cc tinh chit trong hinh hoc sor cip, mét s6 bai todn 4p dung cdc mé hinh
quen thudc d4 trinh biy trong ngdy 9.

Bai to4n 8. Trong mit phing vt hé toa d6 Oxy, cho tam gidc ABC ¢6 truc thm H 5;5 , phwong trinh
duwdrng thing chira canh BC 14 x+y—8=0. Biét rdng dwng tron ngoai tifp tam gidc ABC di qua hai
diém M 7;3 ,N 4;2 . Tinh dién tich tam giic ABC.

(Trich d& thi thir THPT qudc gia trwéng THPT chuyén Vinh Phtic - Lin 4 — 2015)

Lo qfai,
Goi H,d6i xiéng H qua BC suy ra phwong trinh HH, :x—y=0.Tac6 I=HH, nBC =1{4;4) = H,(3;3).Ta
chirng minh dwgc diém H, thudc (ABC).
Me(ABC) [7°+3'-14a-6b+c=0 [a=5
(ABC):x* +y® —2ax—2by +c=0,(a* +b’ —c>0) Do {Ne(ABC) =14*+2"~8a—4b+c=0 =>ib=4
H,e(ABC) |3*+3'-6a-6b+c=0 [c=36

= (ABC):x’ +y* ~10x -8y +36=0.

A =HH, n(ABC)=A(6;6),A+H,
{B,C} =BC~(ABC) nén toa d B,C 12 nghiém hé

It

X

Xx+y—-8=0 y
==

% +y*-10x—8y +36=0 {x

3
5
6
y=2

l6+6-8]
BC=3v2,d(A,BC}="—r—=22.
= J2,d(A,BC) 7 V2

Véay dién tich tam giac ABC la:

i
S, = %d(A,BC).BC -~ 2232 =6 (audt).

Rhan xeét.

Tw duy sdng tdc cda bai todn xudt phit tir phin ddo cda y (c) trong mé hinh 1, cdch chitng minh hodn toan
trong tw vei phin thugn,

Tiép theo ta sé dén vor mot bai todn twrong tw ver mike 43 khd va phike tap dirgre ndng 1én déi chiit Bai todn
dwrgre sdng tao tr sw két hop nhiéu tinh chét quen thudc cia mé hinh 1.

Bai todn 9. [Trén Duy Quén] Trong mit phing toa d6 Oxy, cho tam gidc ABC ¢6 BAC>90°, tryc tim H.
Budng tron ngoai tiép AABC,AHBC Ian lwot 12 (1),(]) véi 1(4:5),)(~1;0). Giao diém cia AC,BH Ia
F(Z:—l), giao diém ciia AH,BC 13 D. Tim toa dd cac diém A,B,C,H biét ring diém Q(Z;Z) thudc dudng
thing DF.

Lovi gidi;
Goi D, 14 giao diém thit hai cia AH va dudmg tron (J) (D, khac H).
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Ta sé chirng minh A va D, d6iximg nhau qua duong H
thing BC. Thjt viy, xét tam gidc BAD, ¢6 BD L AD,
(tinh chit dwdrng cao trong tam gidc ABC), suyra BD
la dwomg cao tam giac BAD,. Mat khac, ta cb
ABD=AHC (cling phu véi BCH), AHC=D,BD (gbc

noi tiép ciing chin D,C cia dwdng tron (]) ), do d6

ABD=DBD, suy ra BD la dutrng phéan giac trong D

goc B clia tam giac BAD, . Vdy tam giac BAD, cin tai
B, suy ra BD la dwong trung tuyén cta tam gidc D,
BAD, . Tém lai ta dwge A va D, ddi xing nhau qua

dwdrng thing BC (dpcm).

Tré lai bai todn, ki hidgu (XYZ) la dwérng tron di qua

ba diém X,Y,Z. Xét phép ddi xtmg qua dudng thang

BC tacé B, (A)=D,, D, (B)=B, P, (C)=C.

Tirdbtasuyrab,, ((ABC)) = (DIBC) hay B, ((I)) = (]) ,do dé | va ] dai xirng nhau qua dwong thing BC.
Tacd 1(4;5) , ](41;0) . Goi M latrung difm BC,suyra M latrung diém 1j (vi L] d&i xing nhau qua BC va
I,] thudc dwong trung truc clia BC). Suy ra M[%.g) Ta tinh dwoc ﬁ: (~5;—5) ,tachon HB: =(1;1) 13 mét
vecto phap tuyén ciia duong thing BC. Vay phuong trinh BC la BC:x+y - 4=0.

Ta s& chitng minh ]B L DF . Thit vdy, ké tiép tuyén Bt cla dwong tron (]) tai B. Khi d6 tBH=HCB (cung

chin BH cda dudngtrén (])), HCB=DFB (cling bt véi DFH, ti gidc DFHC ndi tiép), do d6 tBH=DFB, m3
hai géc nay & vi tri so le trong nén Bt||DF. Mat khac theo tinh chit tiép tuyén ta cé Bt LB] . Vay DF LBJ.

Tré lai bai toan, ta cé aF.=(0;~3),chon ﬁ;:(o;l).Véy phwong trinh ]B 1a JB:y=0.Vi B lagiao diém clla

=0 ”
JB va BC nén toa dd cia B 1a nghiém clia h¢ Y .Suy ra B(4;0). Do dé ¢(-1;5) (théng qua mdi
x+y—4=0

quan hé M la trung diém BC).

M3t khac CF =(3;~6):>CF:2x+y—3=0,BF:x—2y—4==0 . Ta viét dwgc AH:x—y=0.

Vi {A}= AHACF=> A(1;1),{H} = AHNBF = H(-4—4).

Vay A(l;l),B(4;0),C(—1;5),H(—4;—4-).

£Wan xét: Ty nhitng mé hinh hét sttc quen thudc md chiing ta di tim hiéu & ngdy 9, khi rdp ciiing lai véi
nhau ta sé dwgc mt bai todn hay, v cing thi vi va phitc tap. Do dé cin ndm vieng kién thike co bdn, nhin
ra nhing dic trung quen thudc cia cdc mé hinh 4n sau cdc bai todn Ion va tinh t& xiv If mot cch cdn thin
chéc hin cdc ban s6 thanh céng tim ra mgt 161 gidi hodn chinh.

Tiép theo, chiing ta sé cing tim hiéu mét vi du xudt phdt tir mé hinh 2. Bai todn duwgc sdng tao & mire df
khdng qué cao, chil yéu dé nhdc nhé cdc ban thi sinh vé “théi quen” vé hinh va sw ngd nhén do chi quan ctia
minh, V4 didu ddng ndi & diy 13 tdt c& cdc mé hinh, di quen thudc nhung vi khéng dwge céng nhdn nhu mét
dinh If trong séch gido khoa, nén khi trinh bdy trong cdc ki thi, yéu cliu cdc ban thi sinh phdt biéu va chikng
minh lai du6i dang céc b6 dé réi moi si dung dé co thé hoan thign bai 1am va dwpc diém tron vei.
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Bai todn 10, [Trn Duy Quin] Trong mit phing toa d6 Oxy, cho tam giac ABC nhon cé BAC=60°. Pwing
tron (C) ngoai ti€p AABC cd tdm 1(1;2) , ban kinh R=5. Puéng thing di qua A, cit doan thing BC tai K,

hop véi dudng thing chira canh AB mét géc 30° c6 phwong trinh 13 d:x+y—2=0. Tim toa d cac dinh

chia tam gidc ABC biétring diém A ¢6 hoanh dg dwong.

Lot idi:

Phwong trinh dwéng tron (C) : (x - 1)2 + (y - 2)2 =25
Goi D 1a giao diém ciia AK va (C) (khac A).

Nhén thdy, d 13 dwong phan giac trong géc A cia

tam gidc ABC.
Suyra D 1a trung di€m cung BC khéng chita A, hay

ID 1BC (1)

Goi M 1a trung diém ciia BC. Ta s& chirng minh D
doi xing véi 1 qua dwong thing BC. Thit viy, vi
BAC=60° = BIC=120°

R+3

=>BC=R\/§:>BM:—2—:>1M=%

=%, hay IM=DM. Két hep (1) suy ra dpcm.

Trér 1ai bai todn, ta 6 {A;D} = AK~(C). Chii ¥ ring didm A c6 hoanh @b dwong.

2
Suy ra toa d6 A va D la nghiém cla hé [(X_I) +(y—2) =25 . Gidi hé ta dwoc D(—S;S) va A(4;—2). Vi
x+y—2=0

M trung diém BC, két hep digu dd chitng minh trén suy ra M 13 trung diém ID = M[—l;%} . Ta tinh dwoc

. 29 .
ID:(—4;3). Suy ra phwong trinh BC:4x—3y+-£~ =0.Tacd {B;C} =BCr\(C).

Suy ratoa dd B,C 1a nghiém ctia hé

dx-3y+—=0
Giai hé ta duoc:
B(—2+3\/§ 7+4J§] (~2~3\/§ 7-4y3) . . [wzﬂ3\/§ 7w4\/§] (~2+3J§ 7+4\/§}
; :C ; hodc B ; ;C : .
2 2 2 2 2 2 2 2
B(—2+3\/§'7+4J§]_ c —2-3J§_7—4J§]
2 7 2 2 72
Vay A(4-2) va .
B{~2—3J§_7—4J§} c —2+3\/§.7+4\/§]
2 o2 2 2

Tiép theo ta sé tim hiéu mét bai todn xudt phat tir mé hinh 1, mot bai todn don gidn, voi nhidu cdch gidi va
nhiéu géc dg nhin nhin vin dé khdc nhau. Tir diy ta cé thé it ra nhidu kinh nghig¢m gidi todn, chon huong
gidi ngin gon va phit hop nhat dé viva tiét kiém thoi gian trong phong thi, vira nhin dwoc s6 diém tron ven
ter gidm khdo khd tinh nhat,
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Bai to4n 11. Trong mat phang toa dé Oxy, cho tam gidc ABC nhon c6 tryc tAm H(-1;3), tdm dwdng trdn
ngoai ti€p 1(—3;3) . Biét ring chan dwdng cao ké tir A @&n BC1a K(~1;1). Tim toa d§ ba dinh A, B, C ctia tam
gidc ABC.

Lo gidi.
Ta cé HK =(0;-2).
Goi M 1a trung diém BC suy ra phwong trinh dwong thang

Do d6 phwong trinh dwimg thing BC:y =1 (gqua K va nhin

HK 1am vector phap tuyén).
Viay ta tim dwgc toa d6 M(—3;1).
Goi G 1a trong tAm tam gidc ABC. Theo tinh chit dudrng thing

Euler ta c6 HG =2GI, suy ra toa do G[ug—ﬁ).

Miit khéc tir tinh chat trong tim ta c6 AG=2GM, suy ra toa
a6 A(-1;7).

Phurong trinh dwdng tron ngoai tiép tam gidc ABC (tAm |,
ban kinh [1A) 1a (1):(x+3Y +(y—3)* =20.

y=1
2 _a7
Do d6 toa 36 B, C 13 nghidm ctia hé {(“13] TY=31=20 iy
y:
x==7

Vay A(-1;7) va B(1;1),C(~7;1) hodc B(-7;1),C(L:1).

Ahan xet.

Ddy 1 mgt bii todn cé nhidu hudng tidp cin khdc nhau &t nhifng goi ¥ trong mé hinh 1 ngdy 9. Ching t6i
xin trinh bdy ba hwdng gidi quen thupc va ngdn gon nhit, ban doc cé thé rén luyén bing cdch tim thém
nhidu hirdng ngdn gon hodc sdng tao hon va hiy mé réng vén dé theo nhidu chidu hurdéng khic nhau dé phat
trién tw duy va cd thé dy dodn dwgre xu hudng ra dé trong ki thi THPT quéc gia 2016 niy!

Hudng 1 (16i gidi chinh thibc - tinh chat dwong thing Euler HG =2GI )

IM - BC—M A
I } A } Sm W } —$B,C.
G I BC

Hubng 2 (tinh chdt AH=2IM )
IM->BC »>M A i
R }_)A,-l }ﬁ»(n;() }—)B,C.

H,I BC
Hudng 3 (tinh chit H, Q d6i xitng nhau qua BC, véi Q 13 giao diém thit hai ciia AH va (1))
H,K - BC AH
—B,C, -> A
Le—(1) (1

Bai toan 12. [Trn Duy Quéan] Trong mit phing toa dd Oxy, cho tam gidc ABC nhon cé trirc tim H(0;3).
Goi D,EF lan lwot ka chin dwdng cao ha tiv A,B,C cia tam gidc ABC va M(%;l} 14 trung diém canh BC.

Tim toa dd cac dinh tam gidc, biét ring dwong thing chira BC va EF ¢6 phwong trinh lin lwot 1A
d,'y-1=0,d,:3x-7y +27=0.

Lovi miai;
Goi I 1a tAm dwdrng tron ngoai tiép tam giac ABC, ké dwdrng kinh AK.
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-,

—

Xét tir gidc CHBK c¢dé CHI||BK (cing vudng géc AB), -
CK L BH (cing vudng géc AC), suy ra CHBK la hinh binh

hanh, ma M1a trung diém BC nén M cling 13 trung diém HK. P
Ta c6 BC:y—1=0 va H(0;3) nén suy ra phwong trinh

—

AD:x=0.Vi M 1a trung diém HK (ching minh trén) nén |
suy ratoadd K(3;—1). Dya vio mé hinh quen thugc di phat
bigu va chirng minh & mé hinh 1, ta suy ralA LEF. T “
phuong trinh EF:3x—7y+27=0 va K(3;-1) tasuyra 1 F

phuong trinh dwirng thing Al:7x+3y—-18=0. \

Vay {A}:ADmAl:A(O;G):I[%;gJ. Ta tinh dwge B

.Phuong trinh dwéng tron (I;Al) 1a:

(3033
X—=| +ly-=} =—.
2 2 2

Ta ¢ {B;C}=BC(L;Al), suy ratoa dd B,C 1a nghiém clia hé:

2 2
(x—3) +(y5J =§ {X=5 {X=—2
2 2 2 & v

y=1 |y=1
y-1=0

Vay toa d9 B,C 1a (5;1),(~2;1) hodc hodn viva A(0;6).
Mot 86 bai tap tw lupén

DE kL thifc vin d8 nay, xin néu ra mdt var bai tip hay va kho diroc trich tir hé théng d& thi tham khdo 2015,
2016 trong hé théng cdc trwdng THPT trong cd mrdc via mét s6 bai todn do chinh tic gid sdng tic.
Bai todn 13. Trong mit phing Oxy cho tam gidc ABC cé dinh A(3;5), tryc tdm H(3;3), tdm dwdng tron ngoai
tiép 13 1(4;2). Tim toa dé cac dinh B va C biét dinh B ¢6 hoanh d6 nho hon 3.

(Trich d&é thi thir THPT quéc gia trwdmg chuyén Bac Liéu - 2015)
Pap 6. Toa dd cdc dinh 14 B(1;1), C(7;1).

. 2
Bai toan 14. Trong mit phang véi hé toa dd Oxy, cho tam giac ABC c6 trong tim G(Egj , tAm dwdng tron

ngoai tiép 1(1;-2), diém E(10;6) thudc dwong thing chiva trung tuyén ké tir A va diém F(9;-1) thude
duong thing BC. Tim toa dd cac diém A, B, C biét B ¢6 tung dé bé hom 2.

(Trich d@ thi thir THPT quéc gia trwdmg THPT chuyén Pai Hoc Vinh — Lin 2 - 2015)
Dép 6. Toa db cac dinh 1 A(—4:—2), B(5;1), C(1:3).
Bai todn 15. Trong mit phing toa dé Oxy, cho tam gidc ABCndi tiép trong dwdmg tron
(C):x* +y* —3x—5y +6=0. Tric tam ciia tam gidc ABC 13 H(2;2) va doan BC:=+/5. Tim toa dé cic diém A,
B, C biét A ¢6 hoanh do duong.

(Trich d8 thi thivr THPT qudc gia trwomg THPT Viét Tri - Phii Tho - Lin 1 - 2016)

Pap s6. Toa dé cac dinh 12 A(L;4), B(3;2), C(1;1) hodc A(L;4), B(L;1), C(3;2).
Bai toédn 16. [Trin Duy Quan] Trong mit phang toa d6 Oxy, cho tam gidc ABC nhon ¢é tryc tAm H(0;3).

" A R N ., L N 3 N -
Goi D,E,F lan lwot 1a chin dudng cao ha t& A,B,C cda tam gidc ABC va M[Ejl} 13 trung diém canh BC.
o ¢ . 20 N a s an s
Gia sir BC cat EF tai K —?;1 . Tim toa d§ cic dinh tam giac.

Dép s8. Toa d6 cac dinh 12 A(0;6), B(-2;1), C(5;1) hoic A(0;6), B(5;1), C(-2;1).
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Cac bai toan vé tam giac (tiét 2)

Bai todn 1. Trong mat phing v&i hé toa d Oxy, cho tam gidc ABC c6 toa dd dinh A(-3;--4). Tim dwdng tron

ndi tiép la 1(2;1), tdm dwdrng tron ngoai tiép la K[—%;l). Viét phwong trinh dwong thang BC.

Loi geaf:
Goi D 12 giao diém thir hai cia Al va (K).
Ta s& chitng minh tam giac DBI va tam gidc DCI can tai D.
That vay DIC=1CA+IAC=ICB+IAB=ICB+BCD=ICD.
Chirng minh twong tw suy ra DIB=IBD,
Vay ta cé dpcm.

Ta tinh dwgc AK=-5§, suy ra phuweng trinh dwéng tron

2
[K):[x+%} +(y—1)2=%.
Mit khac Al=(5;5), suy ra phwong trinh dwdng thing
AD:x-y-1=0.
Do d6 toa dd D 13 nghiém ciia hé phwong trinh:

: x=-3 (loai
x+ 1 +(y-1 : 125 (loai) 97
2 4 = 9 7 hay D| =;—|.
=—Dy=— 22
x-y-1=0 2
2 2
Ta tinh dwgc DI=%_2~,suy ra phirong trinh dwdng tron (D):(xwg] +(y—%) =%

1Y 2 125
= 1)y =222
(X+ZJ +(y ) 2

Y
2 Y 2 2

Do do ta dwgc 10x+5y =50 hay phwong trinh dwong thdng BC:2x+y—-10=0.

Vay BC:2x+y~10=0.

Diy 1d mgt mé hinh co bdn va quen thugc, tuy nhién thi sinh cin phédt biéu va chitng minh lai thi lim bii dé
cd thé dat sd diém tron ven. D8 rén luyén thém moi ban doc dén vét bii todn sau:

Bai ton 2, [THPT chuyén Vinh Phic - L&n 1 - 2016] Trong mét phing véi hé toa d Oxy, cho tam gidc ABC
ngoai ti€p dwdng trén tam J(2;1). Biét dwing cao xudt phét tir dinh A ciia tam gidc ABC cé phuong trinh

ViB, Cla giao diém cia (K} va (D), nén ta ¢6 hé

2x+y-10=0 va D(Z;J}) 12 giao diém thir hai ctia A] v&i dudmng tron ngoai tiép tam gidc ABC. Tim toa dd
céc dinh tam giac ABC biét B c6 hoanh dé 4m va B thudc dwirng thiing ¢é phwong trinh x+y +7=0.

Pép s8. Toa d9 cac dinh tam gidc ABC 13 A(2:6), B(-3;~4), C(5;0).

Bai toén 3. Trong mit phing véi hé toa d Oxy, cho tam gidc ABC c6 phwong trinh dudng phén gidc trong

tng véi dinh A 13 7x+2y—-37=0. Tam dwdng tron ndi tiép Ia ][—?%) tam dwdng tron ngoai tiép la
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(5;4), bén kinh dudng tron ngoai tiép 1a R =3. Viét phwong trinh dudng thing BC biét diém A c6 tung d¢

1ém hon 4.

< . 2 N 181
Pap sd. Phwong trinh dudmng thing BCla y ST 0.
Nim 2015 vira qua, Bé Gido duc vd Do tao di gdp hai ki thi t6t nghiép THPT vi ki thi tuyén sinh DH-CP
thanh mét ki thi chung, mang tén THPT qudc gia. Va dé thuc hién duge muc tiéu do, dé thi phdi ddp tng
diroc hai yéu cdu, hai mic df nham phdn loai hoc sinh. Nhdm gitip cho gido vién va hoc sinh trén cd nudc
ndm dwoe cdch thike ra d8 Bo d4 gidi thiéu mot bd dé thi minh hoa cho ki thi ndy. Tiép theo vin dé Oxy hém
nay, xin gici thiéu met vai bai todn lién quan dén tinh chit cia tam gidc va dwong tron bang tiép ma quen
thudc, gén giti hon cd 13 mét bai toan hay dwpc trich trong DE thi minh hoa Ki thi THPT qudc gia 2015 mén
Todn ctia Bé Gido duc va Pdo fao:

Bai todn 4. Trong mit phing véi hé toa d6 Oxy, cho tam gidc OAB cé cac dinh A,B thufc dwing thing
A:dx+3y—12=0 va diém K 6;6 13 tdm dwong trdn bang tiép géc 0. Goi C 1a diém ndm trén A sao cho

AC=AO va cic diém C,B niim khac phia nhau so véi diém A. Biét diém C c6 hoanh d$ bing %, tim toa

dd cha cic dinh A,B.
(Trich 4@ thi minh hoa Ki thi THPT qudc gia 2015 - B$ Gido duc va Dao tao)

L ovi giad.
Trén A ldy diém D sao cho BD=BO sao che D,A

nam khéc phia nhau so véi B.

Goi E=KANOC,F=KBNOD.Vi K13 tAim dudng trdn
bang tiép goc O cia ADAB nén KE Ia phén gidc cda
0AC.Ma AOAC cantai A (gi4 thiét), nénsuyra KE
cling 14 dwirng trung trye cha OC, Do dé E 14 trung
difm cda OC va KC=KO.

Xét twong by d6i véi KF, ta ciing ¢6 F 1 trung diém
cda 0D va KD=KO. K

Suy ra ACKD cin tai K. Do d6, ha KHL A, tacé H la trung diém cla CD .Nhw viy A la giao clla A va

dworng trung tree d, chadoan OC, 1 ; B lagiao cha A va dwdng trung tryc d, cta doan OD,véi D 1a
diém d6i xitng ctia C qua H va H 1a hinh chiu vudng gbccda K trén A 2 .

Vi Ce A vacéhoanhdd x, = 2—; (gia thiét), nén goi y, latungdd cha C,tacéd y, =~% .

Tir d6, trung diém E cta OC c6toa dfla [_%52 ;——S va dwong thang OC cé phuwong trinh x+2y =0.

Suy ra phwong trinh clla d, :2x -y -6=0.

= A(3;0).

ax+3y-12=0 [x=3
Do dé, theo (1)_,t(?a dé Cl:[a A 1a nghiém Cﬁa hé IJhu‘O‘ngtrinh: { X Y @{X

2x-y—-6=0 y=0
Goi d 14 duong thing di qua K(6;6) va vudng gbéc véi A, ta c6 phwong trinh cla d:3x -4y +6=0. Tir ddy,

do H la giao diém ctia A va d nén toa d6 clia H 14 nghiém ciia hé phwong trinh:
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6

X=—
4 — =

x+3y-12 0<:> > ::>H(E;E]:>D(—l—2;ﬁ .
3x—4y+6=0 y 12 55 5

Do d4, trung diém F cia OD cotgaddla [—2,15—8] va dwirng thing OD ¢6 phwong trinh: 3x+y =0.

Suyrad,:x-3y+12=0,
4x+3y-12=0

x=0
@{ = B(0;4)
x—3y +12=0

Do dé theo (2) toa dd cha B la nghiém ctia hé phwong trinh { 4
y' =
Vay A(3;0),B(0;4).

Tiép theo moi ban doc cing dén vei mét bai todn vé sir tiép xiic gifia canh tam gidc va mgt dwong tron ‘12,
khéng ndm trong sé nhing dwéng tron dic trung ma chiing ta di tim hidu. Tuy nhién vin thoa mén nhiing
tinh chdt quen thudc cda sw tiép xic, nhur cdc tinh chdt vé tiép tuvén, goc va khodng cdch.

Bai to4n 5. Trong mit phing véi hé truc toa dd Oxy, cho tam gidc ABC c6 phwong trinh dwéng phan giic
trong géc A1 d:x+y-3=0. Hinh chifu vudng géc cla tim dwdmg tron ndi tiép tam gidc ABC 1én dwing

thing AC 1a diém E(l ;4) . Budng thing BC c6 hé s8 géc dm va tao véi dudng thing AC g6c45° . Pudng thing
AB tiép xic véi dudrng trdn (C) :(x + 2)2 +y? =5. Tim phrong trinh c4c canh cda tam gidc ABC.
(Trich d8 thi thir THPT quéc gia tredmg THPT Lwong Thé Vinh ~ Ha Noi - Lan 3 - 2015)

Lo giat.
Gol F 12 diém déi xitng voi E qua dwdng thing A
d. Suy ra toa d6 difm F(—1;2).

Nhén xét dudng tron (C) ¢6 tim l(—Z;O), ban E

kinh R =+/5 va diém F thuc dwdng tron (C).

Suy ra duong thing AB qua F(—l;Z) va vudng F
goc v&i IF nén ¢6 phuong trinh
AB:x+2y—3=0.

Vi Ala giao diém clia hai dwing thing d va AB B .
nén toa a6 diém A thda hé phwong trinh: D

+y—3=0
{xx+2yy_3 _ o= A(3:0).

Puong thing AC qua A (3 ;0) va ¢ véc-to chi phwong AE= (—2: w4) nén cd phwong trinh AC:2x+y-6=0

Goi ] 13 tAim dwdng tron ndi tiép tam gide ABC.
Puong thing A di qua E(l; 4) va vudng goc véi dworng thing AC c6 phwong trinh A:x -2y +7=0

Vi] 12 giao diém ctia hai dwdrng thing d va A nén toa d§ diém A thda hé phwong trinh:
{ Xx+y=-3=0 110
x-2y+7=0")\"3773 |
Goi vector phap tuyé&n cla dwirng thing BC 13 ;1=( a;b),a2 +b?20.

2a+b] 2

Tact cosd5’ = ——— =" =3a’+8ab-3b* =0,
Joafa?+b? 2

e Véia=0suyra b=0 (loai)
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e Véia#0,chon a=1=b=3 hoic b:~% (loai).

Suy ra phwong trinh c¢é dang BC:x+3y +C=0.
Do | 1a tAm dwdng tron ndi tiép tam gidc ABC

) ~§+—-1§0~—6 ‘—§+10+C
Nén d({],AC)=d(],BC) < V- N
= —29;‘10\/5 (nhan} hodc C :%N\E (loai vi khi @6 hai diém A, ] nim khac phia so véi duong
thang BC)
Suy ra BC:X+3y~~22-+310—\/5:0.
Vay: AB:x+2y—-3=0, AC:2x+y—-6=0, BC:x+3y—&+;O—\E=O.

Sau mgt loat cdc bai todn vé tinh chit tiép xiic, dudng tron bang tiép va dudng tron ndi tiép viva qua, chic
hdn cdc ban ciing phiin ndo ndm dwec nhitng kién thite co bdn, rit ra khéng it kinh nghiém riéng cho minh
vd hoc tip duor cdch xib Ii nhitng dang bai y. Do dé anh d4 két hop cdc mé hinh, tink chit 8y laf véi nhau,
cho ra doi mot bai todn tu rén luyén khd thif vi vei cdch phdt bidu "hoi” khing ti xiu, danh riéng cho cdc ban
mudn tim hiéu sdu hon va mudn md réng dang todn ndy. Hi vong rdng cic ban sé vin dung tét nhitng kién
thitc va kI ndng nhw anh d3 hwong din trong ngdy hém nay dé cong phé thanh céng bai todn nay nhé!

Bai toén 6. [Trin Duy Quén] Trong mit phang toa @6 Oxy, cho tam gidc ABC nhon ngoai ti€p dwong tron
(I). Ldy diém N trén canh BC thda mén chu vi tam giac ABN bing chu vi tam gidc ACN . Pwdrng phin gidc

a

trong géc BAC va duwong thing chvta canh BC c¢6 phwong trinh in  luot 1A
d, :\/3_')~:+yk5\/§=0,d2 :5x-2y+4=0. Ké duirng thing d qua N va vudng gbc d,; d cit d, tai K. Goi
M,P la hinh chiéu ciia K lén dwirng thing AC, AB. Gia sir géc BIC=120°,DBP <90° (v&i D 14 giao diém cta
dwdng thing Al va duwdng tron (]) ngoai tiép tam gidc ABC). Tim toa d diém A, bigt difm N thudc truc
tung va P cd tung dé duong, M ¢ hoianh d§ m.

Pép s6. Toa db diém A(S—J2_9;\/87) :

Tiép theo mdi cdc ban cing dén voi mot tinh chit rdt hay cda sy tiép xic, d6 chinh 14 tép tuyén ciia duong
tron ngoai tiép tam gidc tai mgt dinh cda chinh tam gidc dy. Dy Id mgt tinh chit khéng hé xa la trong hinh
hoc phdng, nhing da sé cdc ban déu khéng nhén ra khi nd dugc che gidu mét cich cin thin trong bai todn
hinh toa dg. Ciing tim hiu vé tink chdt thi vi ndy qua mgt vai bai todn dwroc hdu hét hoc sinh nhin dinh ¢
mike df khd kho ma trude hét 13 bai todn dirge trich trong P8 thi chinh thike Ki thi tuyén sinh PH-CD 2014
mén Todn Khéi D ciia Bo Gido duc va Pdo tao.

Bai to4n 7. Trong mit phing véi hé truc toa dd Oxy, cho tam gidc ABC c6 chan dwdng phén giac trong ciia
goc A 1 diém D(I;—l) . Duing thing AB c6 phwong trinh 3x +2y—9=0, tiép tuyén tai A chia dwdng tron
ngoai tiép tam giac ABC ¢6 phuong trinh d:x+ 2y —7 =0. Viét phuong trinh duong thing BC.

(Trich d& thi chinh thirc Ki thi tuyén sinh DPH-CP 2014 Khéi D - B8 Gido duc va Dao tao)

Le

Lori giaf:
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Vi A4 giao digm cla hai dudng thing d va A
AB nén toa 46 difm A théa méan hé phwrong
trinh

Goi E la giao di€m cia hai dwémng thing d va

BC (do AD khéng vudng géc véi dwong B - D c
thing d nén diém E ludn €on tai va ta c6 thé \_/

gid stt EB<EC).

Ta cdé EAB= ACB va BAD=DAC
Suy ra EAD=EAB+BAD= ACB+DAC= ADE
Do dé tam gidc ADE cén tai E.

Goi dwdng thng A 13 dwdng trung trwe cia canh AD, trung diém M ctia doan thing AD c6 toa do M(l:l) .

Dwong thing A qua M(l; 1) cd véc-to phidp tuyén la AD= (0;—4) nén cd phuong trinh 13 A: y—-1=0.

ViE 14 giao difm cha hai dwéng thing d va A nén toa d6 diém E théa man hé phwong trinh:

Buirng thiang BC di qua diém E(S; 1) va c6 véc-to chi phwong 14 DE= (4;2) nén cé phwong trinh la
BC:x—2y—3=0.

VayBC:x—2y—-3=0.

Véi cing mb hinh, ciing tinh chét va ciing y twdng sang tac, nhung véi cach tiép can khac nhau, mire d6 khé
cd ning cao ddi chit, méi ban doc tim hiu v& bai todn sau diy: :

Bai todn 8. Trong miit phdng véi hé truc toa dd Oxy,cho tam gidc ABC ¢ A(1;4) , tiép tuyén tai Actia dwdmg

tron ngoai ti€p tam gidc ABC ¢t BC tai D,dwdng phan gidc trong cliagdéc ADB 1A d:x -y +2=0,diém M (—4; 1)
thudc canh AC. Viét phwong trinh dwong thang AB.
(Trich d8 thi thir THPT qudc gia trwdmg THPT chuyén Vinh Phiic - Lin 2 - 2016)

Vei cing hudng tép cdn nhw bai todn 7, ta cé (o7 gidi 1 nhrsau:

Lovi qidi 1:
Goi AK 14 phén giac géc BAC (K thudc BC).
Ta sé chirng minh tam gidc DAK cin tai D.
Thit vy, ta cé:

DKA =KCA+KAC=BAD+KAB=KAD

Suy ra tam giac DAK cén tai D {(dpcm).

Do d6 phan giac clia géc ADK chinh 13 dwirng

cao clia tam gidc DAK, hay ta ¢6 DE_LAK

(v&i E la giao diém cha dwong phan gidc D

trong goc ADB va dwirng thing AC).

Viy ta ¢6 phuong trinh dwirng thing AK la:

x+y—-5=0.

Goi N 1 diém déi ximg véi M qua AK, suy ra phwong trinh dwéng thing MN:x—~y +5=0,
Tir d6 tim dwoc giao difm 1 cia MN va AK ¢6 toa d 1(0;5). Vi I 1A trung diém MN nén ta tim dugc toa &6
N(4;9).
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Ta tinh dwoc AN =(3;5).
Viy dudng thing AB (qua A vi N) ¢6 phwong trinh 1 5x-3y +7=0.
Voi mgt hurdng tiép cdn méi mé hon, sdng tao hon, ta cd lod gidi 2 cho bdi todn ndy nhir sau:

Lo gial 2:

Goi E, Flan gt 1a giao diém clia dwong thing A
d véi cac duing thing AB va AC.

AFD = C+%ADC
Tacéd maC=DAB (gbc M
AEF =%ADC+DAB I

noi ti€p cung chin cung AB).
B C
Suy ra AFD = AEF = AE = AF D v

Pudng thing AC di qua A(1;4) cd véc-to chi phuong AC= (—5;—3) nén c¢6 phuong trinh 1a
AC:3x-5y+17=0.
Vi F 12 giao diém cta hai dwong thing d va AC nén toa d6 diém F 13 nghiém ctia hé phwong trinh:
X-y+2=0 7 11
=F| —;— .
3x-5y+17=0 2 2

Goi diém E(t;t + 2) thudc dwéng thing d, ta cé AE= (t -1;t —2) < AE= (t - 1)2 + (t ~~2)z .

2 2
Ta lai c6 AF=J[1—%) +[4—EJ =—J3—z:> AE:@

2

[ SRR
W

r

Suyra ,/(t—1)2+(t—2)2 =@ ©2t2—6t—%:0 @t=—% hodc t:% (loai vi trimg diém F):>E[— ]

Puérng thdng AB qua A(l; 4) c6 vector chi phwong AE= [—%;—g} nén cd phuwong trinh 1 AB:5x-3y+7=0

Vay phuong trinh dwdng thing AB:5x -3y +7 =0.

Trong hé théng Dé thi thiv Ki thi THPT quéc gia 2015 va 2016 cia cdc treomg THPT trong cd nude, xudt hién
rét nhidu mo hinh va tinh chit hinh hoc quen thugc trong hinh hoc phang nhung chiing hét strc mdi la khi
4n mink dwéi cdi tén hinh toa db. Mgt trong s6 dé 1a tinh chit vudng gde ciia diy cung va duong kinh di qua
trung diém cda diy cung dy, tinh chit lién quan dén tir gidc ndi tiép,... Moi ban doc cing tim hiéu qua bar
todn sau diy:

Bai to4n 9. Trong mit phing v&i hé toa dé Oxy, cho tam gidc ABC cin tal A ngi ti€p dudng tron tam I(0;

1 ‘ R N \ £, 4 s gl —17 -6
5). Pudng thdng Al cat duéng tron tai M 5,0 , M= A.Dudng cao qua C cit dudng tron tai N[T,—S-]
N=A. Tim toa d6 cc dinh cia tam gidc ABC biét hoanh d9 diém B 1én hon 0.

(Trich d@ thi thir THPT quéc gia trudng THPT Nghén - Ha Tinh - Lin 1 - 2016)

L ori gidi.
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I3 trung diém AM suyraA -5;10 .

AABC cantai A = AM la trung trwc cia BC = MB=MC.

H la trwe tdm => BH||MC (cing vudng géc véi AC), CH||MB ( cling vudng gbc vai AB), do d6 tir giac BMCH
14 hinh binh hanh.
Ma HM L BC nén BMHC la hinh thoi=> BC 1a phin A

gidc cia NCM = BN=BM=ABMN cantai B.
Goi K la trung diém MN = BK I MN. (1)

Mit khdc AIMN c6 IM=IN=R =AIMN cén tai !
=IKLMN. (2)

T 1,2 suyra BK,I thing hang= BI | MN.

ﬁ:[%}z?ﬁ] dudng thdng BI qua 10;5 I

vudng goc véi MN, suy ra Bl: 7x+y —5=0.
BEBI=B b;5-7b , b>0 =IB= b;—7b , ta cb

IB* =IM* & b’ +49b° =50>b=1=B 1;,-2 . B C

DBudng thing BC qua B 1,—2 vubng géc véi IM,

suyra BC:x—y —3=0. M

= '_2 EB
CeCB=C ¢;c—3 ,tacd IC? =IM? <:>c2+(c—8)2=50~:::>{C 1:[§E;’4)) ,doddtaloai C 1;-2 .

Vay A —510 ,B 1,—2 ,C 7:4 .
Rhan xét. Miu chét cia bai todn 13 viée chibng minh duoc 1B LMN ., Ngoal hirdng tiép cin nhur trong 164 gidi

(101 gidi chinh thiee cija nguoi bién soan d&), ching ta con c6 mét hudng tiép cin khéc ngdn gon vd hiéu qui
hon, xin gici thigu bd sung cho ban dpc ciing tim hiéu.

Chitng minh IB LMN : Ta c6 BAM=BCN (ciing phu ABC ), suy ra BM=BN (cung drérng trén ngogai tiép tam
gidc ABC), hay ndi cich khdc B chinh I3 diém chinh gitta cung MN, Do d6 1B LMN (dpcm).

Dé néng cao Ki ndng lam bai cila cdc ban va kiém tra lai kién thite anh d3 trinh by, xin néu ra mét bai tip
hodn todn twong tir cho cdc em tw rén fuyén thém. Chii y rdng mic dit mé hinh va tinh chat hinh hoc quen
thudc nhirng khi fam bai thi cin phdt biéu va chiimg minh lai hodn chinh @€ cd thé dat durgc s6 diém tron ven.

Bai todn 10. Trong mét phing véi hé toa dd Oxy, cho tam gidc ABC can tai A nédi tifp dudmng tron (C) cé tim
I va phwong trinh 13 (x—l)2 +y?=25. Dwdng trung tuyén AE cit dwdng tron (C) tai M —2;—4 , M=A.
Duing cao CD cit dwdmg tron tai N 4;—4 , N= A. Tim toa dd cdc dinh clia tam gidc ABC biét tung dé diém

B nhé hon 0.

5 5
Trong hém nay chiing ta di gdp khdng it nhitng md hinh quen thuéc, nhung tir dé c6 thé sdng tao nén nhirng
bai todn hét sikc thif vi, DE két thiic phin kién thitc ngdy hom nay, xin giti dén ban doc mét tinh chat hay lién
quan dén yéu t6 vubng géc thdng qua hai bai todn sau diy:

Dip s8, Toa 49 cac dinh clia tam gidc ABC 12 A(4;4), B(1;-5), C[—E ;—ZJ :
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Bai todn 11. Trong mit phing toa d6 Oxy, cho tam gidc nhon ABC, goi E,F 13n lwot 12 hinh chiéu cla céc
dinh B,C 1&n cdc canh ACAB. Cic dwdng thing BCEF lin lwot cé6 phuong trinh la
BC:x—4y ~12=0,EF:8x +49y —6=0, trung diém | cta EF nim trén dudng thing A:x—12y =0. Tim

toa d8 cac dinh cla tam gidc ABC bist BC=2+17 va dinh B c6 hoanh d¢ am.
(Trich d8 thi thit THPT quéc gia trwdmg THPT Hai Ba Trung - Lan 3 - 2015)

L ovi aiai.
VileA nénl 12m:m , ma IEF néntacd m:—éu,

145

72 6

suyra l|—;——
14-5 145)

Goi d 1a dwirng thang di qua [ va vudng géc véi EF, ta
cod: d:49x—8y —24=0. Pwong thing d cit BC tai

trung diém M clia BC,doviy M 0;-3 .
Tacé BM=417, goi B 4b +12;b ¢BC, ta c6:

4b+12 "+ b43 =17 17b? +102b+136=0

:—2:>B(4, 2 - o 6_89 4 —"
, xét didu kién ddu baitanhidn B —4;4 =C 4;-2 .Liy E|le;———|,tacé BEEC=0
b——4:>B(—4,—4) 49
Do vay E 2 = 64.14 hodc F E;—Z .E —ﬁ;1—4 .
5 29'29 5 5 29729
16 2 64 14 16 10
Véi E|—;—=|F|——;—|. Ta c6 BE:x—2y—4=0,CF:2x+5y+2=0, suy ra A{—;———| (loai vi
5 5][2929] Y ey Y {9 9](

AB.AC<0=cos AB,AC <0=>A>90°).

Vai F .Tacod BE:5x—2y+12=0,CF:2x+y—6=0,suyra A 0;6 (théa mén).

5 b5 29 29
Viy A 0:6 ,B —4;—4 ,C 4:2 .
Bhan xét. MAu chot cda bai todn 13 yéu t6 vudng goc gitta Mi va EF. Tinh chét ndy dwoc chibng minh nhir sau:

Chitng minh EF LMl : Ta ¢d BEC=BFC=90°", suy ra tt¢ gidc BFEC ndi tiép dwrgre trong mgt dicng tron. ViM
[ trung diém BC nén M chinh I3 tim ciia dwéng tron ngoal Hép tp gide BFEC. M3t khdc ta 6 113 trung didm
diy cung EF ciia dudng tron ngoai tiép tir gidc BFEC. Do d6 EF | M1 (tinh chdt vudng goc cila ddy cung va
dwdng kinh di qua trung diém cida diy cung dy). Viy ta cd dpem.

16 —3],1;:[ 64 14

Bai to4n 12. [THPT Binh Minh - Vinh Long - 2015] Trong mit phang véi hé truc toa dd Oxy, cho tam gidc
ABC c6 trire tAm H(3;0) va trung diém ca BC1a 1{6;1). Pudng thing AH:x+2y—-3=0.Goi D, E Ian luot
1a chin dwdng cao ké tir B va C ctia tam giac ABC. Xac dinh toa dé c4c dinh cla tam gidc ABC, biét phwong
trinh dwing thing DE:x—2=0 va diém D ¢6 tung d6 duong.

Lo gia.

LOVEBOOK.VN | 90



Chdt loc tinh tity hinh hoc gidi tich Oxy Your dreams — Our mission

Cdc tir gidc BEDC, HEAD ndi tidp: A

=MILED=MI:y=1
= M=MInAH=(1;1) :;~A(—1;2). b
Ta cé: ‘ M
BD L AGDeED=>D(2;t),MD=y/1+(t+1) ,MA=5
E
. [t=3 D(2;3)
MaMA=MD=t-1=+2= = s H
t=-1 | D(2;-1)
nhin D(2;3). B . ¢

Talaicd AC:x—3y+7=0, BC:2x~y—-11=0.

Vi C la giao diém cia hai dwdng thing AC vA BC nén toa d diém C 1a nghiém c@ia hé phuwong trinh:
x—3y+7=0
2x—y-11=0

V1 1(6;1) 1 trung diém doan BC nén toa d3 diém B 1 B(4-3).

=>C(8;5).

Vay A(-1;2), B{4;-3), C(8:5).

Ahan xét. Mau chot ciia bai todn 13 yéu t6 vudng goc gitka MI va ED. Tinh chit ndy c6 thé dé ding dwoc chitng
minh niw sau:

Chitng minh ED 1 Ml . Ta ¢6 BEC=BDC=90°, suy ra tit gidc BEDC néi tiép dwroc trong mét dudng tron. Vil

14 trung diém BC nén [ chinh 14 tim cida dwong tron ngoai tiép tif gidc BEDC, Mt khic ta c6 AEH = ADH =90°
suy ra tr gidc AEHD néi tiép dirpc trong mgt duong tron. Vi M ia trung diém AH nén M chinh I3 tim cda
duwcng tron ngoai tiép ti gidc AEHD, DE thiy MI I3 duong néi tim hai dwong tron va DE 13 diy chung cia hai
dwong tron dy, do dé ta cé ED LMI (dpcm).
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e e e . — — -

Céc bai toan vé tam giac (tiét 3)

Bai to4n 1. Trong mat phing véi hé tea d6 Oxy cho tam gidc nhon ABC néi tiép dwong tron tim [, diém
M(Z;—l) 13 trung diém ca BC, hinh chi&u vudng géc clia B 1&n Al 14 D(%%B] Bi&t rdng AC ¢ phwong

trinh x+y--5=0.Tim tga d{ cdc dinh cita tam giac ABC.
(Trich d& thi thir THPT qudc gia trwdmg THPT Nguyén Vin Trdi - HA Tinh - Lin 1 — 2016)

Lovi qidi:

Goi F 12 hinh chiéu vudng géc ciia Alén BC, E 1a
trung di€m AB. Ta c6 ti¥ gidc BFDA ndi tiép dwdng
trén dwing kinh AB va ngii gidc BEDIM ndi tiép
dwong tron dwdng kinh Bl .

Suy ra DEM=DBM=DBF= —;—DEF (g6c ndi tiép
cling chin mdt cung) nén EM 14 phén giac cla géc
DEF, mit khéc FE=DE=%AB nén ME 13 dwong
trung trwe cia DF. Dudng thing ME qua M va
song song véi AC nén cé phuwong trinh
x+y-1=0,F ddi xtng vé4i D qua ME nén

F[E;:EJ,WFEP;EJ nén VTPT clia BC la

r;(l;—B) suy ra phwong trinh BC 1a x-3y-5=0.

x+y—-5=0

XA3y45=0:>c(5,-0).

Toa dé C 14 nghiém hé {
M li trung diém BC suyra B(—l;—Z).

s . L N . R 33
AF qua F vavudng gécvéi BC nén AF cd phuwong trinh 3x+y—?:0 .

X+y—5=0

Toa dé A 12 nghiém cia hé 33 = A(L4).
3x+y—€:0

Vay toa df céc dinh tam giac 12 A(1;4), B(-1;-2), C(5;0).

RDan xét: Mt trong sé nhikng kién thifc co ban cida hinh hoc phing 12 van dé vé tik gidc ndi tiép. Tir nhitng
&l co ban nhdt sau qud trinh két hop, mé réng, thém bot vai chi 8t méi Ja s& cho ra d6i mgt bai todn hay
va khd, ddé chinh I3 tir duy sdng tdc chinh cida bai todn néu trén. Qua dé anh mudn khuyén cdc ban, trong qud
trinh 6n luyén, khdng thé xem nhe nhitng kién thitc co ban ma anh di cung cdp, ngwoc lai cdc ban cdn phai
hoc tp thit ki nhi¥ng mé hinh vé tinh chat 4y, Ngodi ra, qua bai todn ndy ta cdé thé nit ra mgt kinh nghiém
nhd, chinh I3 cin chi ¥ dén nhi¥ng yéu t6 vudng goc, goc bing nhau,... trong hinh vé, din dén vigc ching
minh cdc ti gidc ndi Hép va cudi cung 13 st dung mét vai thng dung ciia tir gide noi tiép dé gidi quyét bai
todn.

Nham gitip cdc ban hiéu ré vin d& hom, moi cdc ban cing tu rén Juyén thém véi bai todn sau:
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Bai todn 2. [THPT Ding Thic Hira - Nghé An - Lin 2 - 2015] Trong miit phing véi hé toa 36 Oxy, cho tam

giac nhon ABC néi tiép duwdong tron tAm 1. biém M(Z;—l) 14 trung diém canh BC va diém E[%,—i] 12

13

hinh chiéu vudng géc ciia B trén dudng thing Al. Xac dinh toa dd cdc dinh clia tam gidc ABC, biét dudng
thing AC c6 phuong trinh 3x+2y -13=0.

Dip s6. Toa d¢ cac dinh cila tam gidc ABC 1a A(1;5),B(-1;-1).¢(5;-1).

Trong ngln hdng dé thi thiv ki thi THPT quéc gia ndm 2015, cd dén hai trudng cuing si dung mét bai tedn
hay lam dé thi thi cho trudng minh. Phin kién thitc duge néu ra trong bai todn ndy vin xoay quanh méj
quan hé cda tam gidc, ducng tron ngoal tiép va mgt s6 tinh cht vé géc ndi tiép. Tir dé ta c6 thé dir dodn
durgc xu hurdng ra dé mdi ca Bg Gido duc va Dao tao da phédn sé lién quan dén tam gidc, durong tron va vén
dé ngi tiép trong hinh hoc phing. Minh chitng cu thé nhét cho dir dodn ndy chinh I3 bai todn hinh toa dp
trong D& thi chinh thitc Ki thi THPT quéc gia 2015 cida B - mgt béi todn rdt hay va thii vi ma ching ta sé
cting tim hiéu & phin cubi chuyén dé. By gicr moi cdc ban dén véi bai todn sau:

Béi todn 3. Trong mit phing véi hé toa d§ Oxy, cho tam gidc ABC c6 tdm duirng trén ngoai tiép tam gidc
ABC 13 1(~2;1) va théa méin diu kign AIB=90 , chan dung cao ké tir A dén BC 1 D(~1;~1), duong
thing AC di qua diém M(—1;4). Tim toa dd cac dinh A,B biét ring dinh A cé hoanh d6 dwong.

(Trich d& thi thir THPT qudc gia trwdmg THPT Chu Vin An - Ha N§i - 2015)

Loi gidi:
Do AlB=90 => ACB=45 hodc ACB=135
= ACD =45 suyratam gidc ACD vudng cintai D nén
DA=DC. Hon nita IA=IC = DI L AC suy ra dwdng
thing AC théa man ditu kién AC qua diém M va AC
vudng goc ID.
Phuong trinh dwong thing AC:x -2y +9=0.

Goi A(2a—9,-a)eAc.

Do DA=+2d(D,AC)=2v10 nén:

\/(Za—8)2+(a+1)2 =210 ©a*—6a+5=0
a=1= A(-7;1)
p=4
a=5:>A(l;5)
Phuong trinh dudng thing DB:x+3y +4=0.
Goi B(-3b—4;b). Vi tam gidc JABvudng tai | nén IAIB=03(-3b—2)+4(b-1)-0b=-2 =B(2-2)

,nhan A(1;5).

Vay A(1:5),B(2-2).

Véi bii todn nay, chiing ta cd rit nhiéu huwdng phat trién va mé ring, ching han nhw khi 4n né trong mét
mé hinh khdc (dn yéu t& tam gide vdo mgt hinh vuéng) nhdm Iam léch hudng suy nghi, thay déi cdch phét
biéu va tén diém - dwong nham tranh di mé hinh quen thudc.... Khi dé ta sé cé mot bai todn méi tuy mikc
d¢ khéng cao hon nhung dg phiic tap cd ning 1én doi chiit. PE1am quen voi céch sing tée nhir viy, moi ban
doc cung rén luyén thém ki ndng véi bai todn sau:

Bai todn 4. [Trin Duy Quan] Trong méit phing v6ihé toa dd Oxy, cho hinh vuéng ABCD c6 toa dd B(-21)
Trén dwdng trén tdm B, ban kinh BC, ldy diém M thudc cung 1én AC sac cho M,B,D khong thing hang.
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Chan dwdmng vudng goc ké tir A xudng MC 13 K( ) Tim toa dd cac dinh A,C clia hinh vudng biét rang

diém H(~1;4) thudc dudng thing chira doan MA va dinh A c6 hoanh d§ dwong.
Pép s8. Toa df cac dinh 1a A(1:5),0(2;-2).

Trong chuwong trinh todn THCS, chic han cdc ban d3 it nhit mot lin gdp phdi bai todn kinh dién sau:

“Cho tam gidc ABC déu néi tiép trong ducng tron tam I Liy M trén cung BC khdng chika A. Chibng minh ring
MA=MB+MC"

Lo gidi bai todn khéng qud khd, mdu chét 1a vige goi thém diém N trén doan MA sao cho MN=MB. Sau dd
4 chitng minh tam gidc bing nhau va hoan thién Ioi gidi. Tuy nhién, tr béi todn don gidn 3y, chiing ta c6
nhiéu hudng phit trién. Néu nhwr & cdc iop chuyén Todn, chiing ta sé cé nhitng bai todn hinh hoc phdng cing
ndo va phifc tap; thi & chwrong trinh phd thdng, chiing ta cd thé md réng theo huéng hinh hoc gidi tich. Mot
trong s6 nhitng tng dung dé chinh 14 bai todn thi vi chidng ta cong tm hiéu sau diy:

B

Bai todn 5. Trong mét phéng véi hé toa dé Oxy, cho tam gidc déu ABC c6 A(4;-1), diém M{éi—

w3

thudc cung BC khéng chira diém A ciia dwong tron ngoai ti€p tam gidc ABC, biét MC = va toa dd

diém B 14 cac s6 nguyén. Tim toa dd cac dinh B,C cla tam gidc ABC.
(Trich d& thi thir THPT qudc gia tredmg THPT Hbng Quang - Hai Dwong - Lin 2 - 2015)

L ovi gidi:
Ta s& chiing minh MA=MB+MC. A
Trén doan thing AM ldy difm [ sao cho MB=MI (1), vi
BCA=BMA=60 nén tam giic MBI déu = BM=BI va

ABI+IBC=MBC+IBC=60" = ABI=MBC.
Mat khac BA =BC suy ra ABIA=ABMC (c.g.c).
=MC=Al (2).

Tt {1) va (2) suy ra MB+MC=MI+AI=MA. l

843

Ta cé MA:T =MA=2MC=MB+MC—=MB=MC va

AB=AC nén suy ra MA la dudng trung tric cta doan
thdng BC nén MA 12 mét dwirng kinh nira ctia dudng tron
ngoai tiép tam giac déu ABC.Haicanh AB va AC ndm trén

cic duwdng thing qua A vatao véi AM mdt goc 30 . M
Phuwong trinh AB,AC c6 dang: A:a(x—4)+b{y+1)=0{a’ +b* >o).
AM = {4’—[ 4]:&1;\” _( ?J 13 VTPT ciia AM.

Goi o M gdctao bdi AB,AC véi AM tacd a=30",

a.l+b.— \/_

Jal +bl. 1’1+
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=A:Xx-4=0 hoic A‘:x+\/§ym4+\/§=0
Vi AM Ia mot dwdmng kinh nén géc MBA=MCA =90 , phwong trinh cic dudng thing MB,MC qua M va

vudng goc vol A va A" lanlwotla y—3=0 va \/?_)yﬁy+7—4\/§=0.
Tga d6 B,C la nghiém cia cac hé phwong trinh

{x—4=0®{x 4 \{x+\/_y 4+3=0 {x 4-23

y-3=0 J3x yv+7 - 43 =0

Vitoa dd B la cic s6 nguyén nén B(4;3),C(4—2\/§;1).

Trong chirong trinh todn THCS, 6 hai dinh Ii hinh hoc né¥ tiéng ma dudng nhw cdc ban hoc sink luén thude
ndm long, do chink I3 dinh If Pythagore v dinh If Thalés. Tuy nhién, khi tiép cdn chirong trinh todn THPT,
nhiéu céng cu, phwong phdp, dinh If mé1 xust hién va t6 ra hidu qua hon nhidu trong gud trinh gidi todn, V3
cilng tir 46 hai dinh I néi tiéng kia d4 bi Iing quén. Qua bai todn tiép dén ddy, xin nhdn nhi dén céc ban, bat
ctk kién thite ndo ciing rit quan trong, di sém hay mugn thi nd vén luén t6 ra rét loi hai trong mét s6 tinh
hudng dic trung.

Bai todn 6. Trong mit phing véi hé toa do Oxy, cho tam giac ABC vudng tai A, dudng cao AH. Goi D, E lin
lugt 1a trung diém clia cdc doan thing AB va AH. Pudng thing vudng goc voi AB tai D cit dwong thing tai
CE tai F(—1;3) Durong thang BC ¢6 phwong trinh 1a x—2y+1=0. Tim toa d6 cac dinh A, B, C biét diém D
thugc dwdng thang 3x+5y =0 va c6 hodnh d§ cla diém D 14 s& nguyén. ‘
(Trich d@ thi thir THPT qudc gia trudmg THPT Hbng Quang - Hai Duong ~ Lin 3 - 2015)

L vl qidd:

Goi diém M la giao diém clia hai dwérng thing DE

va AC.

Theo gia thiét, tacé FD L AB; AC L AB =FD||AC

Ap dung dinh Iy Thalés, ta c6:
g:—M—EE=g::>gé=—cE:>EH|IBF:> BF LBC.
EF ED HB EF HB

Pudng thang FB di qua F(—1;3) va vubng géc vai

BC nén né nhin vector chi phwong clia dwong

thing BC 1a ﬁ=(2;1) 12 vector phép tuyén

Phwong trinh dudng thing BF: 2x+y—1=0.

Vi diém B 14 giao di€m clia hai dwdng thang BF va

BC nén toa dd diém B 14 nghiém cta hé:

2x+y—1=0 B1_3
{x—2y+1—0 5'g |’

Goi D(d;—%}(deZ) thudc duwdrng thing 3x+5y =0.
Ta cb ﬁ—(du;w%dms} BD=

Ma BD LFD <> FD.BD =0 =17d” +37d+ 20=0 < d =—1hojic d:—%(loai).\/z}y D[—ng).

Vi D la trung diém cta AB nén diém A c6 toa d6 1a A(—lsl g}
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Duworng thing AC di qua A[lslg va cé véc-to phdp tuyén la AB= (:lSZ;OJ

. 1
Phwong trinh duwdng thang AC:x +1? =0.

Vi diém C 12 giao diém clia hai duwdrng thing BC va AC nén toa d6 diém C 1a nghiém cda hé:
Xx—2y+1=0

( 1 3
11 =0 —;—— .
x+—=0 55

5
vay a| <123 Bl 1,310 ¢ 11,230
5°'5) |55 5°°5

Trong da sé cdc bai todn hay va kho cia hinh toa dg, ngoai yéu t6 ndi tiép thi yéu t& vudng goéc ciing rit
thuong xudt hién. Do dé, cic ban thi sinh cin rén luyén ki ndng dy dodn va ching minh vudng goc. Cich dy
dodn co bdn nhat 13 vé hinh chinh xdc va woc lwong gdc vudng, ngoai ra ciing cd thé dira vdo cdc di¥ kién
ban diu cia d& bai va xiu chudi, lién két chiing lai véi nhau. Vé phurong phdp chitng minh vudng goc chic
hin rdt da dang tir quen thudc dén xa la déu di dwoc trinh bdy rit nhidu trong qud trinh hoc todn phé
théng. Nhin diy xin nhdc lai nhitng ki thudt thuong gip nhdt ching han nhw ding dinh If ddo djnh If
Pythagore, ding tinh chit hinh hoc phing (tam gidc bing nhau, ddng dang bién d6i géc, yéu song song -
vudng goc, ing dung tik gidc ndi tiép, dudng tron, phirong tich - truc ding phwong...), ding hé thikc luong
trong tam gidc (dinh If sin - cosin va mét s& cng thikc tinh todn gid tri lrpng gidc), ding vector (tich vo
huréng),...

MZu chit cia bai todn sau ddy la viéc dw dodn va chirng minh vudng géc. Diy 1 mgt bai todn hay, cdi hay &
ché c6 rit nhidu hudng chitng minh vudng géc (chdng han nhu goi thém diém phu; dirig tam gidc dong
dang; tfch vé hudng hai vector,...), xin trink bay 164 gidi chudn nhdt theo ddp 4n chinh thitc va moi ban doc
ciing rén luyén thém viée chibng minh vudng goc bing nhifng phurong phdp ki thudt ma anh di goi y.

Bai todn 7. Trong mit phing v&i hé truc toa dd Oxy, cho tam gi4c ABC cin tai A véi dwdng cao AH. Goi HD

la dudng cao tam gidc AHC va M[% ;1?5]1:‘1 trung diém doan thing HD. Biét A thudc dudng thing

d:x+y—4=0va dwdng thing BD cé phuwong trinh x—3y+10=0. Tim tga d cic dinh A, C biét hoanh d§
diém H nguyén.
(Trich d& thi thir THPT quéc gia trwdng THPT C8 Loa - Ha Ngi - 2015)

Lovi aiai:
Vi tam gidc ABC cin nén AH la dudng cao. Goi G la trung A
diém clia doan thang CD thi GM 14 dwdng trung binh cla
tam giac DHC nén GM||/HC. Suy ra GM L AH.
Ma GM_LAH nén AM 1L HG.
Mit khéc, ta ¢6 HG 13 dwdng trung binh ciia tam giac BDC

nén HG||BD.
Viay AM1RBD, b
. % 3.15) ., C A
Buwing thang AM qua M Z,T va vudng géc vri BD nén G
¢ phweong trinh AM:3x+y—-6=0. B H C

vidiém A4 giao diém ctta hai dwdng thing d vd AM nén toa dd diém A 1a nghiém cia hé:
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X+y—4=0
y :>A(1;3).
3x+y-6=0
Goi diém D(3d-10,d) thugc dudng thing BD:x -3y +10=0.
Mit khdc, ta c6 AD L MD <> ADMD =0 :>10d2~72d+2%9=0<:~d=% hodc dz%.

e Vaid :% = D(%;Z]::»H(l:tl), phwong trinh AD:x+y—4=0. Puong thing BC di qua H(l;4)vé
nhén AH= (0; 1) la vector phap tuyén nén c6 phwong trinh BC:y—4=0,
Suy ra C(0;4).

o v6id=37 = 2371 il 2,22 |ioai do didm H c6 hoanh d5 nguyén.

10 10 10 55

vay A(1;3), C(0;4).
Khéng co gi thuyét phuc hon mét bai todn trich trong dé thi chinh thifc, va hon cd chinh 13 bai todn diu tién
cila Ki thi THPT qudc gia, ki thi d3 md ra mot chirong mdi cho nganh gido duc ciia Vit Nam. Trong bai todn

ndy, chiing ta cd the thiy sy két hop hét sife tinh 1€ cda nhiFng yéu t§ tam gide, dwdng tron, vudng goc va
noi tiép. Moi ban doc ciing dén véi bai todn dwoc mong cher nhdt trong ndm 2015 vira qua’

Bai to4n 8. Trong mit phang véi hé truc toa dd Oxy, cho tam giac ABC vudng tai A. Goi H 13 hinh chiu vudng
gdc cla A trén canh BC; D 1a diém d8i xtmg ctia B qua H; K 13 hinh chiéu vudng géc ctia C trén dudng thiang
AD. Gidst H (—5; —5) , K(9: ~3) va trung diém ctia canh AC thudc dwdng thdng x—y+10=0.Tim toa dd diém A.

(D2 thi chinh thivc Ki thi THPT qudc gia 2015 - B§ Gido dyc vi Do tao)

Lol giaf:
Goi M la trung diém doan thang AC,

Ta cé MH=MK=%AC nén M thudc dudng trung

trurc cia HK, A
Pudng trung trwe cia HK cé phwong trinh

7%x+y—-10=0, nén toa d6 cha M thda min hé
phwong trinh:

x-y+10=0

=M(0;10).Tach
7x+y—10=0 c
B H

HKA =HCA =HAB=HAD, nén tam giac AHK cin
tai H, suy ra HA=HK.
Ma MA=MK, nén A d8i xdmg véi K qua MH. K

Ta lai c6 MH =(5;15);
Puwéng thidng MH c6 phwong trinh 3x—y +10=0. Trung diém AK thudc MH va nén toa d¢ diém A théa man

3[ﬂ]—[y—_3]+10=0
z Z = A(-15:5).

(x-9)+3(y+3)=0

hé phwong trinh:

Vay A(-15;5) théa yéu cau de bai.
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DéE két tiuic ngdy 14 hdm nay, cing nhu két thic vin dé vé tam gidc, xin néu mot vai hea y va kinh nghiém
cho cdc ban thi sinh. Thi nhat cic ban cdn chil y hoc tip that ki phin kién thive co ban, ndm vitng nhitng mé
hink va tinh chit quen thugc dé' cd thé nhanh chéng nhin ra vi céng pha bai todn. Thi hai, chii y cdc yéu t6
quan trong anh da dw dodn va mgt s6 nhitng mé hinh hay, kho, la anh da trinh bay trong thoi gian qua. Thiv
ba la vigc trinh by bai [am, cdn phdt biéu va chibng minh lai nhitng kién thivc khéng cd sdn trong sdch gido
khoa, trinh bay 16 rang, vé hinh chinh xdc, dir dodn nhanh chdng vé hoan thign Iéi gidi thit nhanh chong va
chiinh xdc.

Cudi cirng xin néu mot vai bai todn kho va thil vi cho cdc ban rén luyén tw duy va ki ndng.

Bai todn 9. Trong mdt phang véi hé toa dd Oxy, cho tam gidc ABC can tai A. Goi D [a trung diém AC. Diém
1 n A va R R e s N A . ..,
K(1,0) va E[g;t}] ldn lwot 1a tam dwdng tron ngoai tiép tam gidc ABC va trong tam tam giac ABD. Piém

P(~1;6) va Q(-9;2) lan lugt thudc AC va BD. Tim toa dd cAc dinh clia tam gidc ABC biét ring diém D cé
hoanh d6 duong.

Pép s8. Toa db cac dinh 12 A(7;6), B(-9;2), C(~1;-2).

Bai todn 10. Trong mit phing véi hé toa do Oxy, cho tam gidc ABC ndi tiép dwdng tron tm 1(6;1). Goi D 13

diém d8i xitng véi A qua BC va tryc tAm tam gidc DBC 1a H(4-2). Gid sir HM cit DI tai G(? ;—%J ,vEi M

13 trung diém BC. Tinh dién tich tam gidc ABC,

Dép s6. Dién tich tam giac S, =15 (dvdt).

Bai todn 11. Trong mat phing véi hé toa dd Oxy, cho tam gidc ABC ¢6 truc tim H. Dwdng tron ngoai tiép tam
gidc HBC cb phwong trinh 1a x*+y®-x—5y+4=0. Biét ring H thudc dwdng thing cé phuwong trinh
A:3x—y—4=0 vad M(2;3) la trung diém AB. Tim tga dd cdc dinh cda tam gidc ABC.

Pdp s6. Toa d cac dinh 12 A(3;2), B(1;4), C(1;1).
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Hinh vuéng, hinh chi¥ nhat, hinh thang, hinh binh hanh
(tiét 1)

Bai 1: Trong mit phing toa dd Oxy, cho hinh vuéng ABCD tam L Biét trung diém canh AB 1a M(0; 3), trung
diém doan thang IC 13 E(1; 0) va diém A c6 toa 8 nguyén. Tim toa d6 cac dinh A, B, C, D.
(Trich d@ thi thir THPT quéc gia trwdng THPT Kim Lién-2016)

So d6 tw duy:
Vi gid thiét cho duy nhét la hai diém va hinh vudng thi ta A M B
phdi tin dung tinh chdt hinh vuéng!
Tinh chit hinkh vudng: Cdc canh bang nhau va hai canh ké
nhau thi vuéng goc voi nhau. Hai duong chéo bang nhau
vd vubng goc vei nhau tai trung diém méi duing.
1aco:

E; M - dwing thing EM? I
Tir tinh chit hinh vudng nén ta hoan todn tinh diroe cic
canft MH:EH theo canh hinh vudng, BPiém H 13 hink chiéu
vudng goc cia E voi AB. Muc dich Iy diém H 13 chin E
dudng vudng goc 14 vi anh mudn tinh géc EMB. Ngodi ra,
ta ciing cd thé tinh géc AEM bdng cdch ké MK vudng géc
AC (theo anh nghi 167 gidi ké MK vudng géc AC sé ngin D C
hon g tdng mét, thé nhwng anh mudn trinh biy cich dai
dé em suy ngdm thém).
Muc dich tinh mot trong hai goc trén, don thudn 13 dé xdc dinh diwong thing AR hodc AC theo bai todn qua
mét diém va hop vdéi mét goc.

1
AC; MA =?— A?- B?- C; D?

Lovi idi chi tiét:
bita = AEM, 0° < a < 90°, ta cé:
BF o 1+tano 1 2
tanEMB:B—M=3@tan(45 +a):34=>1_—mn—a-=3@tana=§:>cosa=ﬁ

Phuong trinh dudng thing ME1a:3x+y—-3=0

Duing thang AC di qua diém E(1; 0) va tao véi dwirng thing ME géc o sao cho cos o = =

coptlax—y+

Sl

1=0hodc —7x+y+7=0
TH1.PtdtACla:x+y—1=0
= d(M,AC) = V2 = AM = MI = 2. Suy ra phwong trinh dwdng tron tam M qua A va 11a: x2 + (y — 3)? = 4
Toa dd A vallanghitém cia hé:
Xx+y—1=0 X =—2 x=10

{x2+(y—3)2=4 ﬁ{y=3 v {y=1
Vilnam giita A va E nén A(-2;3),1(0; 1) = B(2; 3),C(2; —1),D(-2; —1) (thda min)
TH2.Ptat AClA: —7x+y+7=0
Twong tw tim dwoc toa dd A nhung khdng nguyén nén loai.
Tém lai toa d§ céc dinh clia hinh vudng ABCD 13 A(~2;3), B(2; 3),C(2; —1),D(~2; —1).
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Bai 2: Trong mit phing toa d8 Oxy, cho hinh vudng ABCD cé dinh C thudc dwong thing d: x + 2y — 6 = 0,
diém M (1; 1) thudc canh BD biét riing hinh chiéu vudng goc clia diém M trén canh AB va AD d&u nam trén
dwong thing A:x 4+ y — 1 = 0. Tim toa d¢ diém C.

(Trich d@ thi tht THPT quéc gia truémg THPT Binh Minh 2016)

So dd hy dbup:
Tinh chdt cinnhd:CM L HK. A q
(goi y: stk dung tam gidc bang nhau)
Khidd, taco:

HK;CM 1L HK - CM?
CM;d - C7

Lovi gl chi tidt

Goi H, K lan lwot 14 hinh chidu vudng géc ctia M trén AB,

AD.

Goi N 1 giao di€m cta KM va BC.

Goi [ 1 giao diém ctia CM va HK.

Ta c6 ADKM vudng tai K vd DKM = 45° D
S KM=KD=>KM=NC (1)

C

Lai c6 MH = MN (do MHBN 12 hinh vuéng) suy ra hai tam giac vuéng KMH, CNM bing nhau = HKM = MCN

Ma NMC = IMK nén NMC + NCM = IMK + HKM = 90°

SuyraCl L HK.

Pudng thing CI di qua M(1; 1) va vudng géc véi dudng thing d nén VTPT fig=VTPT ug = (—1; 1) nén c6

phuong trinh: ~(x — 1)+ (y—-1) =0 x—-y=10

Do diém C thudc dwirng thing CI va dwdng thing A nén toa d§ diém C 1a nghiém cia hé phuwong trinh
x—y=0 x=2

[x+2y—6=0 ‘i'{y=2

vay C(2; 2).

Bai 3: Trong mit phéing véi hé toa do Oxy, cho hinh vudng ABCD c6 dinh C(2; —5) va nfi tiép dwong tron
tim 1. Trén cung nhé BC ctia dwéng tron (1) 14y diém E, trén tia ddi cha tia EA 14y diém M sao cho EM =
EC. Tim toa d6 dinh A, biét dinh B thudc dwing thang d:y — 2 = 0 va diém M(8; —3).

(Trich @3 thi thir THPT qudc gia trudmg THPT chuyén Phi Yén 2016)

[ Tinh chit cin nhé: Tam gidc MEC vudng cin (goi y: stk dung tinh chat goc ndi tiép dé chitng minh).

Ho 46 tu buy;
Khi do, ta co:

M;C - BE?

BE;d - B?

B:C - BC?

AB L BC; AR = BC —» A?
BEloai nghiém thira:
A; M khéc phia v&i BC - A??

Céng thife ciin nho:
A(xy;y1); B(xg; y2 ) (B):ax + by +¢c =0

A:B khac phia voi A
———— s (ax, + by + Max; + by, +¢) <0
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Livi qidi chi tiét:
BE cit CM tai F. D
AC 13 dudng kinh ca (I) nén AEC = 90° = CEM = 90°
Suy ra tam gidc ECM vudng cin tai E = ECF = 45°
ABEC 13 tik giac noi tiép nén CEF = CAB = 45° (ACAB vudng 1
cin)
Suy ra tam giac ECF vudng cén tai F.
EF 12 dwdng cao cia tam gidc cAn ECM suy ra F 14 trung diém
CM = F(5; —4)

2 1—)
Buwong thang BF di qua F, nhin ECM =(3;1) lam VTPT
> ptBF:3x+y-11=0
Toa do diém B théa mén hé:{3x ty—11=0
y—2=0
Ta ¢6 CB = (1;7). Do d6 dwimng thing BC di qua B va nhin
vectoni = (7; —1)lam VTPT
=>ptBC:7x —y~19=10
AB qua Bvanhan CB = (1;7) 1am VTPT M
= ptAB:x+7y—-17=10
Goi A(17 — 7a;a) € AB. Taco:
AB=BC & /(14— 7a)? + (a— 2)? = V50 ¢3 a2 —4a + 3 =o«=[

A va M n3m khac phia so véi BCnén (7x4 —ya — 19)(Txy —yu — 19) <0
+Véia=1=2A010%1) = (Txs —va — 1D (Txym — ym — 19) > 0 (loai)
FVéia=32 A(~4;3) = (Txa — Y4 — 19)(7xy — ym — 19) < 0 (t/m)
Vay A(—4; 3).

= B(3;2)

a=1
a=3

Bai 4: Trong mit phéng toa d6 Uxy, cho hinh vudng ABCD. Piém E (7; 3) 1a mét difm ndm trén canh BC.
Puérng tron ngoal tidp tam gidc ABE cit dwomng chéo BD tai diém N (N khéc B). Pudng thing AN cé phwong
trinh 7x + 11y + 3 = 0. Tim tga d9 cac dinh A, B, C, D clia hinh vubéng ABCD, biét A ¢6 tung 49 dwong, C cé
toa 46 nguyén va ndm trén dwong thang 2x —y — 23 = 0.

(Trich d& thi thit THPT qudc gia truedmg THPT Han Thuyén 2016)

So do tw hup:

Tinh chdt hinh: Hinh vuéng cd cdc canh bing nhau va
hai canh ké nhau thi vudng goc vii nhau, hal duong
chéo bdng nhau va vudng géc véi nhau tai trung diém A B
moi dudng. Pudng tron cd dwong kinh AB thi moi
diém M thugc dwong tron déu cé AMB = 90°. H
Piém méu chdt: Piém N,
(AN): NE 1 AN = NE?
(AN} EN - N? I E

AANEvudngcan | . .
«——————— (6 hai hwong chinh:

+ AN =NE - A€ AN; NA = NE
+EA = NEV2 —» A € AN n (E; NEVZ)
Ce(d):2x —y—23 «toaddhdaCcon1dn

trung diém | . .
A; C ——— lcon1an theo C.
IALIN-IAIN=0-1 D

I 1A trung diém AC
Ce—nLA

BDNBC (BC « EC « E; C
A {BD —IN<IN
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I tatrung diém BD
—— ;B

Céng thiFe cin nho:
trung diém M xi+x; ypt+y
ACx1; y1); B(x2; ¥2) ‘M( 1 > <= 2 2)
AT LM A(xg; o )EA
(A ax+by+c=0—-—""— -bx—x)+aly—y) =0
ol qiaf chi tiét:

T gidc ABEN néi tiép dwérng tron dwrdmg kinh AE.
=>ANE=90°= AN L NE=> NE:11(x -~ 7)-7(y-3) =0 & 11x~7y - 56 =0
Toa df cita N 1a nghiém ctia hé:

11x—7y—56 = 0 T2 7 5
7x+1ly+3=0 5 :N(i‘_i)
y=-3

- Gol H1atrung diém cta AE, c6 NBE = 45° = NHE = 90° = AN = NE

Goi Al a; _Ta+3 . Ta cb:
11
2

7 49 — 14a7\% 85 =
2 _ NR2 L == a=9(l)
AN® = NE @(a 2) +( 22 ) 2 ﬁ[a=—2

=A(-2;1)

-2
Goi C(c; 2c — 23) suy ra trung diém | cia AC: 1 (C 7 i 11)

m_( c+2 12 ).m_(9—c.17 )
= - 2 B c); - 2 ’ 2 C
Tac6 AIN = 90° = TA.TN = 0
c=10
39 A .
@[C=?(loaivi khong nguyén) = C(10; =3%1(4 -1)

EC=(3; —6)=>BC2(x—7)+(y-3)=02x+y—17=0
— 1 3
fN=('2'; E)=>BD:3(x—4)—-(y+ D=0e3x-y—-13=0

x—-y—-13=0

Toa d diém B: {2x+y-— 17=0

o g:g =B (6;5) D (2;-7).

3
lwgt 14 trong tdm cda tam gidc ABI va tam gidc ADC. X4c dinh toa dd cic dinh ctia hinh vuéng ABCD, biét
tung dé dinh A 13 58 nguyén.

: . 11 2)
Bai 5: Trong mit phing toa d) Oxy, cho hinh vuéng ABCD cé tidm I. Cac diém G(lgq; ——J, E[3; _5] lan

(Trich 4@ thi thir THPT quéc gia trwong THPT Thanh Chwong I 2016)

l Tinf chat hinh: AAGE vudng cn tai G va B thudc duong tron (G; GA)

Ho d6 tw dup:
Khido, ta co:
AG L GE — AG?

gidi ha
A€ AGAG = GE

—_— 2—»
G latrong tim > trung diém M cla BE? (AG = §A )
E:M - BD?
‘gi3t ke
Be—— Be(G;GA);BERD
" AD 1 AB — AD?
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giai h
De—- D EBD, D e AD
DC=AB - €7
Lovi grai eh tit: A 5
Goi M 1a trung di€n: ctia Bl v N 14 hinh chiéu vubng goc ctia
G lén BL G
Ta cd GN//AC,
N _ AG = Zm=lp (1) M
M AM 3 3 3 N
Ela trong tam tam gidc ACD:
=>[E=%DI=%BI=>EN lN+1E—§Bl BN gy !

= BN =EN = ABGE cintai G
— GA = GB = GE — A, E, B cling thuc dwing tron tam G.
- AGE = 2ABE = 2.45° = 90° - AAGE vudng cin tai G.

. . fquaG
Phirong trinh (AG): L GE

D C

= (AG):x+ 13y —51=0 = A(51 — 13a;a)
Khi d6 AAGE vudng cin tai G:

143 2 11,2 170 12 1 |a=4
—>AG=GE-—>AG2:(—3———13a) +(a—-?) =—<—>(a——) =5 © =E - A(—1;4)
Ta cd:

2 11 7
AG——AM-—%AG—EAM M( )

Phuong trinh (BD) diqua EvaM: (BD):5x— 3y - 17 =0
tim G
R=GA

10 11 170
- @ (=5 +(r-5) =5
B 14 giao di€m thit hai clia (BD) va (G) suy ra B(7; 6)

Phurong trinh (AD): {‘_JL“ZQ

Phuong trinh duwong tron (G): {

= (AD):4x+y=0-D(1;4)
ABCD 12 hinh vuéng — AB = DC - C(9; —2)
Bai todn c6 mot nghiém A(~1; 4), B(7; 6),C(9; —2),D(1; —4).
han xét: Tink chit hinh trong bai todn trén duwoc stk dung lam d8 thi thiy khd nhiéu. Chinh vi thé anh mudn
nhdn manh dé cic em chii ¥ hon.

. x 13 A i
Bai 6: Trong mét phang toa d6 Oxy, cho hinh vuéng ABCD tam 1. Biém G(g ; ?] 12 trong tAm tam giac ABL

Diém E[Z; g] thudc doan BD, biét tam gidc BGE cin tai G va tung dd cha diém A bé hon 3. Tim toa do cac

dinh cda hinh vudng.
(Trich d& thi thir THPT quéc gia trwdng THPT Qudc hoc Hué 2016)

Tinh chdt hinh: Gidng nhw bii 5.
Lo addi ohi tidt:
Goi H, K1an lwot 14 trung diém cua BI, AB
ABEG cdn tai G suy ra GB = GE.
AAIB vubng cin tai 1 nén IK 13 trung truc AB = GA = GB
Suy ra G 1a tAm dwirng tron ngoai ti€p AABE
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Suy ra AGE = 2ABE = 90° (goc lién quan dén goc & tam va goc ndi ti€p cing chdn 1 cung) = AG L GE
Dwing thing AG di qua G, nhin 6GE = (7; 1) 1am VTPT ¢6 A
phwongtrinh 7x+y—-8=10
Goi A(a; 8 — 7a) € AG. Ta co:

2

GA=GE e (a—§)2+(8—73—%3)2 = @ +(%)
A(1;1) (nt-)

A(z 13) (loai)

B

2

=1
@332—5a+2=0@[ 2=
azg

GoiH(h; 8 — 7h) € AG. Tacé:
1 2

2, )} "g=3b-D

6 3

< h= 3 =H (3 11)
4' 4

Puing thang BD di qua H va E nén ¢d phuong trinhx + 3y -9 =10
Pudng thing AC qua A va vudng géc v&i BD nén cé phwong trinh 3x —y -2 =10

Toa dd diém I 12 nghiém clia hé:

[x+3y—9 =0 :”(E_ E)
3x—y—2=0 2’2
Goi B{xg; yp), C(x¢; y¢), D(xp: ¥p)

H 14 trung diém BC nén:

23 3+

T == TXg

4 2 .
211 5 = B(0;3)
IR RRL

[ Ia trung diém AC va BD nén:
3
2—_1+XC
2 = C(2;4)
2.-=1
2 +vc
3
2'2‘_0+XD
: = D(3:2)
ZE—0+yD

Vay A(1;1),B(0; 3),C(2; 4),D(3; 2).

Bai 7: Trong mit phing v&i hé tea d6 Oxy, cho hinh vudng ABCD ¢6 A(4; 6). Goi M, N 1an lrot 1A céc diém
ndm trén cic canh BC va CD sao cho MAN = 45°, M(—4; 0) va duwéng thing MN ¢6 phwong trinh 11x +
2y + 44 = 0. Tim toa dd cac diém B,C, D.

(Trich de thi thitr THPT qudc gia trudmg THPT chuyén Ha Long 2016)

So 4o fu bup:

Tinh chdt hinh: Al L MN viAAMB = AAMH (goi § ding tik gidc ndi tiép chikng minh 113 trrc tdm tam gide
AMN d& chitng minh!).

Khidg, ta cé:

Al L MN; A - AI?

HeAl;He MN - H?

tinh déi xing

AAMB = AAMH; AM ——-— B?
B; M — BC?
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C € BC,BC = BA - C(Cva M ciing phia véi AB)

CD = BA - D?
Lovi giai chi tidt: A B
Goi E = BD N AN,F =BD n AM,1 = ME n NF,
Ta c6 MAN = NDB=MBD =45° nén hai ti giac
ADNF, ABNE ndi ti€p. Do d6 ME 1 AN, NF L AM. Suy ra E
Al 1 MN.
Goi H = Al n MN. Ta c¢6 ABME, MNEF 12 céc tit gidc ndi tiép M
nén AMB = AEB = AMH. Suy ra AAMB = AAMH. Do d6 B
1a d8i xirng cha H qua dwong thing AM. I
Tir AH L MN tai H, tim auqu(—ﬁ; EJ Do B 12 46 F
5 5 H
xltng ciia H qua AM, nén tim dwge B(0; —2).
TimduwgcBC: 2x+ 4y + 8 = 0,CD: 2x—y + 18 = O suyra D N C

C(-8; 2).
Tir AD = BC ta tim dugc D(—4; 10).

Bai 8: Trong mit phing Oxy, cho hinh chit nhit ABCD c¢é AD = 2AB. Trén doan thing BD 14y diém M sao cho
DM = 4MB va goi E, F lan lwgt 12 trung diém cla cic doan thidng DM va BC. Tim toa dd cic dinh A, B,C,D
biét E(1; 6),F(2; 3),D c¢6 hoanh d6 1én hon 1 va A ¢ hoanh d6 4m.

(Trich d8 thi thir THPT qudc gia trudmg THPT chuyén Luong Thé Vinh 2016)

Rban xét: Bai todn ndy don thudn I3 tinh todn.
Lovi giai
Pit AB = a, suyra AD = 2a
BM . BAz--l'—ﬂEM—ED—ZBD
BD BD?> 5 s
Ta co:
3
5

Af = SAD 4+ 2AB: FE = SAD + B0 = — OAB + 4D
5 5 ) 5 10

—_ 6 3
.FE = ~—AB? + — AD? = 0 nén AE L FE.
Suy ra AE. FE 50AB +25AD 0 nén
MaEF = (1; —3) nén ta c6 phwong trinh AE: x — 3y 4+ 17 = 0. Suy ra A(3a — 17; a)
Lai ¢é:

9 1 2
2 = . 2 —_— 2:— 2 _
FE —25AB +100AD za >a=5
Suy ra:
9 4 =8
2 2 2 _ _ 2 —_ &2 = a
AE _ZSAD +25AB 40 (3a-18)"+(a—6) 40(:)[3=4

Max, < 0nén A{-5; 4)
Tir AD = 10 va FA = FD nén toa d¢ diém D 1a nghiém ctia hé:
{(x+5)2+(y~4)2 =100 @{x=3

x—2)2+(y—-3)2 =50 y =10 = D(3;10) (xp > 1)

. 5
VIBD = 2 ED = B(~2;0) = C(6;6).

Bai 9: Trong mit phing vé&i hé toa d6 Oxy, cho hinh vudng ABCD va M Ia mét diém thudc canh CD (M #
C, D). Qua diém A dwng dwomg thang d vudng goc véi AM, d cit duirdomg thing BC tai diém N. Biét riing trung
diém cfia doan thing MN la géc toa d6 0, I 1a giao diém ciia AQ va BC. Tim toa d9 dim B ctia hinh vudng biét
A(—6; 4),0(0; 0),1(3; —2) va diém N 6 hoanh d6 am.

(Trfch d8 thi thir THPT quéc gia trudmg THPT Hing Virong 2016)
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Tinh chit hinh: AAMN vudng cdn tai A.

Bwong van giai: M
AABM = AADN B C
Chiimg minh dwoce tam gidc AMN vudng cin tai A.
MN 1L AQ; 0 € MN
— MN: 3x — 2y = O,N(—4; —6)
BC:4x—7y—26=0,AB: 7x+4y+26=0
B( 6' 22)
5 5 I
A D
N

Bai 10: Trong miit phing v&i hé truc toa dd Oxy, cho hinh vuéng ABCD ¢é dudng thing AD di qua diém
M(3; 6), diém N(1; —2) thudc canh BC théa théa man BC = 3BN va H 14 hinh chiéu ctia A xudng DN. Cho

biét khodng cach tir H d&n canh CD bing 121f . Tim toa d§ cic dinh cia hinh vudng ABCD biét hoanh d6

cua A la mot s6 nguyén Lo hon -2.
(Trich d@ thi thir THPT quéc gia trwdmg THPT Trin Quang Khai 2016)

BHudng ban aidi:

HK DK DC.HK BCHK 18V2 A B
HK _—— = = =
INC= 8¢~ e ™ PX=x¢ 20 13
3
626
DH=——
=DPH=—5 N
AADH~ADHK = 20 . DH
DH  HK
=>AD—DH2—3\/§=>AN—2\/§
T HK “ H
ADgquaMcodangy =k(x—3N+6e=kk—y—-3k+6=0
Taco
k=1 D C
|8 — 2k| K
d(N,AD) =DC=3V2Z & =32 27
VkZT+1 k=--=
Véik =1= AD:x—y + 3 = 0. Goi A(a; a+3). M
Tacé AN = 245 = [A(_l‘z) = A(-1;2)
A(-3;0) '

Véi k= ,ﬁzéz . Giai twong tw va ta loai trudmg hop nay vi hoanh d6 cia A khéng phai 14 sé nguyén.
AB:x+y—-1=0,BCx—y—-3=0suyraB(2; —-1)
Goi C(m; m-3). Tacé BC = 3v2 = €5:2)
: ! C(—1; ~4)
Vi N thutc canh BC nén BC > NC = C(—1; —4) = D(—4; —1)
Viy A(=1;2),B(2;; —1),C(~1; —4),D(~4; —1)
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Sau day (8 mot $6 bai lupén tap:

Bai 1: Trong mit phing toa d6 Oxy, cho hinh vudéng ABCD ¢6 céc dinh A(—l;Z);C(3;%2). Goi E 1A trung

diém canh AD; BM l1a dwéng thing vudng géc véi CE tai M; N 1a trung diém canh BM va P 13 giao diém ctia
AN va DM. Biét phwong trinh dwdrmng thing BM: Zx—y —4=0. Tim toa d6 dinh P.

Kétquéa: P —1—9;—E )
5° 5

Bai 2: Trong mit phing toa d§ Oxy, cho hinh vuéng ABCD c6 tim 1. Trung diém canh AB 1a M(O;3) , trung
difm canh CI la ](1;0). TIm toa d6 cac dinh cia hinh vudéng ABCD biét dinh D thude dwong thing
Ax—y+1=0,

(Trich d& thi thit THPT qudc gia trudmg Ngd Gia Ty- Vinh Phiic)
Kétqud: A(—Z;B);B(2;3);C(2;—1);D(*Z;—l) .
Bai 3: Trong mit phang toa dd Oxy, cho hinh vudng ABCD cé A(—1;2) .Goi M, N Iin lwot 12 trung diém cda

canh AD va DC; K la giao di€m ctia BN v&i CM. Viét phwong trinh dwong tron ngoai tiép hinh tam giac BMK,
biét BN ¢6 phwong trinh 2x+y —8=0 va diém B c6 hoanh d6 1én hon 2.

(Trich d8 thi thir THPT quéc gia truwdmg chuyén Hung Yén 2015)
Két qua: ()':—1)2 +(y ~3)2 =5,
Bai 4: Trong mit phdng toa d§ Oxy, cho hinh vuéng ABCD cé dinh C thudc dwomg thing d:x+2y—-6=0,
diém M(l;l) thudc canh BD. Biét rdng hinh chiéu vudng géc ciia diém M trén canh AB va AD d&u nim trén
dwdng thing A:x+y —1=0.Tim toa dé dinh C.

(Trich d& thi thiv THPT quéc gia trudmg Chu Vin An- An Giang)

Két qua: C(Z;Z) .
Bai 5: Trong mit phing toa dd Oxy, cho hinh vudng ABCD ¢é tim 1(1;1) . hai dworng thing AB va CD lin lwot
di qua cic diém M(~2; 2);N(2;—2) . Tim tpa d§ cac dinh cha hinh vudng ABCD biét C ¢6 tung d6 im.

(Trich d@ thi thir THPT qudc gia trwdmg Nguyén Hué - Ninh Binh)
Két qua: A(1;5);B(-3;1);C(1;-3);D(5:1) .

LOVEBOOK.VN | 107



Chét lgc tinh tity trong chudi dé thi thir THPT qudc gia Your dreams — Our wmission

.

(SR v

Hinh vudng, hinh chit nh4t, hinh thang, hinh binh hanh (tiét 2)

Binh ludn: Cdc bai todn trong tiét ndy 14 nhing bar todn mang tinh chat dic biét cila hinh thang.

Bai 1: Trong miit phing toa d6 Oxy, cho hinh thang OABC (0 12 g6c toa dd) ¢6 dién tich bing 6, 0A song song
véi BC, dinh A(-1; 2), dinh B thudc dwong thang (d;):x + y + 1 = 0, dinh C thufc dwong thing (d;):3x +
y + 2 = 0. Tim toa dd cic dinh B, C.

(Trich d& thi thit THPT qudc gia trwdmg THPT Thach Thanh 1 2016)

$o d6 tw dup: C / \ B

0;A— O0A /
0A/[BC =BCcon 1 dnsdldm.

B € (d,); B € BC - B biéu dién duoc theo m.
C € (d,); C € BC > C biéu dién dwpc theo m.
Sapcp = 6
— Lip dwrgc phurong trinh theo m va gidi m. A
Lol it ehi tiét: 0
DA: 2x+y=0
0A//BC= BC:2x+y+m =0 (m # 0)
Toa @) diém B la nghiém ciia hé:
x+y+1=0 x=1-m
{2x+y+m=0 ®[y=m-2
Toa dd diém C 1a nghiém cha hé:
x+y+2=0 x=m-2
{2x+y+m=0 <"_":‘[y=41'—3m

= B(l—-mm-—2)

= C{m—2;4—3m)

1
Soapc = E(OA + BC).d{0,BC) & (]2m — 3| + 1}|m| = 12

Giai phwong trinh nay biing cich chia trudmg hop dé pha ddu gid tri tuyét ddi ta dwgcm =1 — V7;m = 3.
Vay B(vV7; -1 —+v7),C(—1 - v7; 1 + 3¥7) hodc B(-2; 1),C(1; —5)

Z o= r ey s o P A s 3 1
Bai 2: Trong miit phing vé&i hé toa dd Oxy, cho hinh thang ABCD véi AB//CD ¢6 dién tich bang 14, H[—Z;OJ

1a trung diém ciia canh BC va I[%; %J 1a trung diém ctia AH. Viét phuong trinh dwomg thing AB biét dinh

D c6 hoanh dé dwong va D thudc dudng thing d: 5x —y + 1 = 0.
(Trich @& thi thix THPT qudc gia trwdmg THPT Phan Tric Tryc 2016)

So db twr dup:
Kéo dai AH cit CD tai M. Khi do, ta thiy ngay ABMC A B
12 hinh binf hdnh. Do dd, ta cé thé thiy ngay:

1
Sancp = Spam = EAM-d(D;AH) ]

Ta xdc dinh dwoc diém M vi: d
Ilétrungdié’mAHw)Tﬁ:—%m M
H 1A trung diém AM - HM = —HA D\ C

~1H = %W’ -~ M?
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LH - AH?
Sagcp; AM — d(D; AHY?
{d(D;AH);AH S p?

Ded

— — AB//CD
AB=kDCe———D;M

A;u,g — AB?

T ovi gl ohi tiét:
Villa trung diém cia AH nén A(1; 1). Ta cé:
AH =

Phurong trinh AH a: 2x — 3y + 1 = 0. Goi M = AH n CD thi H a trung diém cta AM.
SuyraM{-2; —1).Gids®k D(a;5a+ 1) (a > 0). Tacé:

o[ 2
8]

AABH = AMCH = SABCD = ZSADM = AH. d(D,AH) =14 = d(D, AH) =

5l

Hay|13a+ 2| =28 < a=2(via>0)= D(2;1)

1—0
ViABdiquaA(l; 1) vacé VTCPla ZMD =(1;3) = ABc6VTPTlan = (3; -1)
= AB céd phwong trinhla3x—y—-2=10.

Bai 3: (Trich d@ thi thir THPT qudc gia trwdmg THPT Triéu Som 12016)
Trong mit phang toa dé Oxy, cho hinh thang ABCD vudng tai A, B va AD = 2BC. Goi H la hinh chiéu vudng
goc ctia diém A 18n dwong chéo BD va E 14 trung diém ctia HD. Gia sit H(—1; 3), phwong trinh duémng thing

AE:4x+y+3=0 véC[—z—;A}J .Tim tga d§ cic dinh A, B va D cia hinh thang ABCD.

So db tu bup:

Tinh chatcin nho:

1
BC//AD; BC = 5 AD; AH L BD; EH = ED — CE L AE

Khido, ta co:
C;CE L AE - CE? C

E € AE;E € CE = E? B

E ta trung difm HD
H;E —————— D? H

H;E - BE?+{AH L BE) » AH?+AE E
— A?+(AB 1 AD) K
— AB?+BD - B?
Lovi wiad chi tiét;
Qua E dung dwirng thing song song véi AD A
cit AH tai K va cit AB tai I.
Suy ra K 1a tryc tAm ciia tam gidc ABE, nén BK L AE.

1
Kla trung diém cia AH nén KE//= EAD hay KE//= BC.
DodsCE L AE = CE:2x—8y+27 =0

3
MAE = AENCE = E ("E; 3) ,miit khac E I3 trung diém cda HD nén D(—2; 3)

Khid6BD:y— 3 = {,suyraAH:x+ 1 = 0 nén A(~1; 1)
SuyraAB:x—2y+ 3 =0.DodéB(3; 3)
Vay A(-1; 1), B(3; 3) vaD(-2; 3).

LOVEBOOK.VN | 109




Chit lgc tinh Hiy trong chubi dé thi thir THPT quéc gia Your dreams — Our mission

Bai 4: Trong mit phing Oxy, cho hinh thang ABCD vuéng tai Ava B ¢6 2BC = 3AD. Goi M 1a dinh thit tu cda
hinh chi¥ nhit BADM, P {2 giao diém cfia AM v&i BD va N 1 diém trén canh BM sao cho BM = 4MN. Biét

N(-1;-2), P[}-; ; %J vASINMAD = —>— . Tim toa dé cdc dinh ciia hinh thang ABCD.

J89

(Trich d@ thi thit THPT quéc gia trwdmg THPT Nguyén Khuyén 2016)

Bhan xét: Bai fodn ndy 6 hai hwrdng di. Pon thuin I3 tink todn khéo Ido.
Lo gidi chi tide: D
Ta c6: A

APAD APBN:PA_PD_AD_BM_t}
PN PB NB BN 3

A 2 s 3PA - 4NB P
PN 3 -
11 N
B(XA—7)=4(XP+1) C
= 1 B M
3 (YA —'7“) = 4{yp + 2}
XA=5
= = A(5;3
{YA=3 (5:3)
buwdng thdng di qua hai diém A va N ¢6 phuwong trinh:
+1 +2
(AN):X5 =YT©SX—6y—7=0

Suy ra hé s8 goc cha dwong thang (AN) la k, =

oot

Duirng thing (BN) di qua difm N véi hé s8 goc k, c6 phwong trinh (BN):y = k,(x + 1) — 2

e 5 ___ &5
Theo gia thiét sin MAD 7% = tan MAD 5
Tam gidc MAD vudng tai D, c6
VAD = MD AB
tanMAD = 25 = &m

AB 5 BM 4 AB 5

= — = = — e —— =
BM 8 BN 3 BN 6
Tam giac ANB vudng tai B c6

t 1-\LNB—AB—5
MARE=BN "5
5
(S_E_kz
5 6 5 =
 ki—ky] 5 |7k Zke +1 kp=0
tan ANB = m €= -5-—'-—-—- =] 5 = K __6_9
1 g tkika 5 g ke 1
6 gk2+1

Voik, = 0= (BNhiy=-2
Duéng thing (AB) di qua A va vudng géc véi (BN) ¢é phwong trinh 13 (AB): x— 5 =0
Toa dd cha B thoa min hé:

x—5=0 x=5
{y=—2 @{ T, =SB -2)
BM = ZBC
- =3 32 1
AD —gBC] = ; = BN = .5 BC=>BC
BM=ADJ BN =_BM
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3(xp —5) = 2(—7—5) {xD =-3 '

3yp-5)=2(-2+2) yp =3

= D(—3;3) (nhan vi B va D ciing phia so véi dwdrng thing (AN))

=>2§ﬁ=lﬁ’=>3ﬁ~—~2§ﬁ@{

Ny 60 60
mGz:1—1:>(BN):y=H(x+1)—2@6Ox—11y+38=0

budng thing AB di qua A va vudng gbc véi BN c6 phuong trinh 13 (AB): 11x + 60y — 235 = 0
Toa 46 diém B théa man hé:

5
{60x—11y+38z0 T . i.zzs)
1la+60y—235=0 <) 238 (61‘H
T
5 217
3 — ., 4(—1—a)=3(XD“5) XD:ET
BN:ZBC#4BN:3AD¢> 4( , 238)_3( 3 _ 297

217 297 e L .
(E-; - —6-—1-—) (loai vi B va D cling phia so vé&i dudng thing (AN))

Vay toa 49 cac dinh cdia hinh thang ABCD 14 A(5; 3),B(=7; -2),C(5; —2),D(=3; 3).
*Cach khdc xdc dinh tga dd cac dinh B, C, D

Goi B(a; b)
4
_4 a7

PD=3FB ]=>BD:(1+§)PB=§PB

PD + PB = BD

in §AD = cos AMD = cos ABD = a2 = 0 = 220
Sin = COS = C0s —E)-—E_$F§

3

in FIAD = cos AMD = cos ABD = o0 - AB _ 348
sin = C0s = CO0Ss = e S —— = — ——
BD 7pg 7PB| 3AB S

3 o=
sin = —_—
V89 ,
9 25 9 1142 1\2] 25
_~_AR?2 — Z“pp2 _ - _ - i Y _ 2
& 15 AB? = Z2PB @49[(31 =) +(b 7)] S [@-5)+ (-3

& 53a% + 53b2 + 520a+575b—3020 =0
1
GoiIla trung diém AN ta cé | (2; E)
AN = (6;5) = AN = /62 + 52 = /61

1
Pung tron (C) tm I (2; E) véri dudmg kinh AN = V61 ¢6 phuong trinh 1a:
2

1,2 61
(C):(x—2)2+(y—z) (E) e xi+yl—4x-y-11=0

2
Be(@=a’+b>—4a—-b-11=0
53a% + 53b? + 520a + 575b — 3020 = 0 (1)
a?+b?—4a-b—-11=0 (2)
53a% + 53b? + 520a + 575b — 3020 = 0
0b — 2437 =
[ 53al + 53b2 — 2122~ 53b— 583 =0 o2t Ol 0

Nhw v3y toa dd cda B thda hé: {

220 - 305b
& 366a+ 305b =1220 ¢ a = Tthay vao (2) ta duoc
220 — 305hy? 220 — 305b )
(—) +b2 — 4(--—) —b—11 = 0 & 226981b2 — 431636b — 1771196 = 0
366 366
[b =_2
o 238
P=%T
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220 —305(—2) _

srh=—-2=a= 366 5=B(-2;5)
238
b= 238 220 —305. &1 S:B(S 238)
* — —_— 4a=——= _;_
61 366 61 61’ 61
Vi B(—2; 5)
1 — = (2(-1-5)=x:-5 {xc=_7 .
BNHEBC-—~>ZBN—BC®{2(_2+2):yc_l_z ey e
2 —= .= (3(xp—5)=2(—7~5) [xD=—3 o
AD—gBC:>3AD—2BC@{3(yD_3)=2(_2+2)4: =3 D)
(nhan vi B vA D cling phia so véi dwdng thing (AN))
v,_B(s_zss)
Y1 P\61 61
5 217
AD 4 an G 3(XD—5):4(—1—a) Xp =7 NG 297)
BN 37 AN TN 238y < 297 7 (H"?f
oo~ =4(-2-7%)  w=-T

(loai vi B va D khic phia so véi dwong thing (AN)).

Bai 5: Trong miit phing Oxy cho hinh thang ABCD vudng tai A va D c6 CD = 2AB = 2AD. Goi E 14 diém thudc
doan AB sao cho AB = 3AE. Diém F thudc BC sao cho tam gidc DEF céin tai E. Biét E(2; 4) phuong trinh cia
EF: 2x + y — 8 = 0, D thudc dudng thing d: x + y = 0 va diém A ¢6 hoanh d nguyén thudc dwdrng thing
d: 3x+y — 8 = 0. Tim toa dd cic dinh cda hinh thang ABCD.

(Trich d& thi thit THPT quéc gia trwdmg THPT Quéc Oai 2016)

So Ao tw dup:
Tinh chat cin nhe: E la tim dwéng tron ngoal tiép tam p
gidc ADF.
Khi do, ta co: DEF = 90°.
Ta cd loi gidi chi tiét sau: .
B
Lot giai chi thet: A
Ta chitng minh tam giac DEF vudng cén tai E F
Goi P la diém d0i xng ctia D qua A. Tam gidc DBP vudng
tai B do BA = AD = AP. Do tam gidc CBD vuéng tai B, nén
C, B, P thing hang, b C

Vi EP = ED = EF nén E 12 tAim dwdng tron ngoai tiép tam
gidc PDF, do d6 AED = DFP nén t& giac AEBF ndi tiép
duwémng tron = DEF = 90°,

Duwérng thdng DE qua E vudng goc véi EF nén c6 pheong trinhx — 2y + 6 =0
Diém D la giao cla dwong thang DE va d nén D(-2; 2).

Tam giac ADE vudng cé6 DE? = AD? + AE? = 10.AE? = AE? = 2

a=1
GoiA(a;8—3a)ed = (a-2)2+(4-3a) =2 a-—g = AL
5

VIEB = —2EA = B(4;2); DC = 2AB = C(4; —4)
Két ludn: A(1; 5), B(4; 2), C(4; —4),D(-2; 2).
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Bai 6: Trong médt phéng toa dd Oxy, cho hinh thang cén ABCD (AB//CD) ¢é dinh A(2; -1). Giao diém hai
duong chéo AC va BD la diém I(1; 2). Pudng tron ngoai tiép tam giac ADI ¢6 tim 14 E (— %; — g) . Biét
duong thang BC di qua diém M(9; -6). Tim toa dd dinh B, D bi&t diém B cé tung d¢ nhé hon 3,

Goly: Stk dung E la tim ngoal tiép tam gidc ADI vé siv dung tinh chét goc & tim.

Budnn dan giai:
Goi H la trung diém DI va K la giao dim cia El va M
BC.
Tacé EH L DI, DBC = DAC (tinh ch4t thang can) va A
JIEH = DAC (géc & tam), suy ra DBC = IEH ma
IEH = BIK (d&i dinh). Do dé BRI = 90° K
= EK 1 BC.
Ta ¢b EI:(% ,28_5} dwdng thing BC c6 phwong
trinh la: H
7x+ 5y —33 =0 C
Ta c6 Al = (—1;3), dwong thing AC c6 phuong D~
trinh la:
x+y—-5=90
. s o 4. {7X+5y—33=10 x=-1 ]
Tqaqulénghlgmcuahe.{ 3x4y—5=0 Q{y= 8 = C{-1;8)
) 33~ 5b
Diém B € BC =>B(—7—;b),b< 3
33-5b
TacéIA=IB=m@10=( - —1) + (b~ 2)2
b =1 (nhin)
< 37b%--228b+ 191 =0 & 191 .
b = —— (loai)
37
SuyraB(4; 1)
o o (1—xXp=6 _ (xp=-5 s
TacsIC=1D=2VT0=Di=2B = f, " 7° oy =59

Vay B(4; 1), D(-5; 4).

Bai 7: (Trich d& thi thir THPT qudc gia trwémg THPT Vinh Phic 2016)

Trong mat phdng hé toa dd Oxy cho hinh thang ABCD vudng tai Ava D cd AB=AD<CD, diém B(1; 2), dwong
thing BD c6 phwong trinh 13 y-2=0. Budng théng qua B vudng goc véi BC cit canh AD tai M. Pudng phin
gidc trong goc MBC cdt canh DC tai N. Biét ring dudng thing MN c6 phurong trinh 7x-y-25=0. Tim toa d6
dinh D.

Bhan xét: Bai todn ndy cilng cung st dung A B
goc néi tidp chin ciing mét cung nhwr baf 6
nhirng c6 mé hinh khic ding déy.

Lovi afai ehi tidt:

Ti¢ gidc BMDC néi tifp = BMC = BDC =
DBA = 45° = ABMC vudng can tai B, BN 1a
phén gidc trong MBC = M, C d8i xtmg qua
BN. N

4
= AD = d(B,CN) = d(B,MN) = 7z

DoAB = AD = BD = ADV2 = 4
BD:y—2=0=D(a;2)
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a=5=D({5;2)
a=—3=D(-3;2) (loai)

BD =4 & [
Vay cd mot diém thio mén la D(5; 2).

Sau dap [a mot g6 bai lupén tap:
Bai 1: Trong mit phing toa d§ Oxy, cho hinh thang OABC, O 1a g6c toa dé. Hinh thang ¢ dién tich béng 6,
OA song song v&i BC, dinh A(—1;2) , dinh B thudc dwdng thing d;:x+y+1=0 , dinh C thudc dwong
thing d,: 3x +y +2=0. Tim tea d§ cic dinh B, C.
(Trich d& thi thit THPT quéc gia S& GD - PT tinh Thanh Héa Ian 1 2016)

B(v7:-1 -7 )ic(-1-v7;143V7)
Két qua .

B(-2;1);C(1;-5)

Bai 2: Trong mit phing toa dé Oxy, cho hinh thang cin ABCD ¢é AB song song CD, CD = 2AB. Goi 1 la giao
diém hai dwong chéo AC va BD. M 13 dim d6i xtmg cda I qua A. Biét phuong trinh dwong thang CD la

217 .
x+y-1=0,diém M(E?J , va dién tich hinh thang ABCD 1 12. Viét phwong trinh dwéng thiang BC biét
C ¢6 hoanh 4 duong.

(Trich d& thi thir THPT quéc gia S& GD Hai Phong lan 1 -2016)
Bai 3: Trong mat phing toa d6 Oxy, cho hinh thang ABCD vudng tai A va B. Diém A(l;l), B thudc dwong
thing x +y —2=0, M thudc doan AB théa mén BM=2AM va CM vuéng goc véi DM. Didm N(1;4) 1a hinh
chiéu vudng géc ctia M trén dwdng thang CD. Tim toa dj cac dinh B, C, D.
BAi 4: Trong mit phing toa d6 Oxy, cho hinh thang vudng ABCD (BAD = ADC = 90°) c6 dinh
22 14

D(Z;Z);CD =2AB . Goi H 1a hinh chiéu vuéng géc ctia diém D Ién dwirng chéo AC. Diém M[usw ?J la

trung diém ca HC. Xac dinh toa do céc dinh A, B, C biét ring dinh B thudc dwong thing (A) 1X—-2y+4=0
(Trich d@ thi thir THPT quéc gia tredmng Nguyén Viét Xuin - Phi Yén)

Kétqui: A(2;4);B(4;4);C(6;2) .

Bai 5: Trong mat phang toa dd Oxy, cho hinh thang ABCD vudng tai A va D c6 ddy 16m 1a canh CD, dwong

thing chita canh AD c6 phuwong trinh 3x —y =0, dudng thing chita canh BD ¢é phwong trinh x -2y =0;

goc tao béi 2 dwong thang BC va AB bing 45° . Biét dién tich hinh thang ABCD bing 24. Viét phwong trinh

dudng thing BC, biét di€m B c6 hoanh dd dwong.
(Trich d8 thi thir THPT quéc gia trudmg chuyén Nguyén Trai - Hai Duong)

Kétqua BC:2x+y—4\/16:0 .
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Hinh vuéng, hinh chir nhat, hinh thang, hinh binh hanh
(tiét 3)
Binh luén: 776t ndy bao gbm nhitng bai todn hinh chi¥ nhit & dang don gidn nhung cing cé nhiing tinh chat
ma ta phir dé y.

Bai 1: Trong mit phing tea d§ Oxy, cho hinh chit nhat ABCD c¢6 AD = 2AB. Piém H[%; %J la diém ddi
xting véidiém B qua dudng chéo AC. Tim toa dd cic dinh cla hinh chit nhat ABCD, biét phwong trinh CD: x —

¥ — 10 = 0 va C cd tung 6 am.
(Trich 48 thi thit THPT qudc gia trvdmg THPT Han Thuyén 2016)

Rhan xet:
Bai todn ndy khong cd gi dic bigt Nhung khi st dung A B
thanh thao cong thirc lwong gidc ta sé co nhitng 161 gidi
thire sw ngdn gon hon nhitng céch gidi dai s6,
2.ovi aidi i tiét:
1 — 245 i
tan ACB =5 = cosACD = —5——\/_= cos ACH
— 5 — 5
sin ACH = £ = cos ACD = £
5 5
—  2v5
SinACD = —
5 C
S 3 D
= sin HCD = sin(ACD — ACH) = =
Ta cé: H
18+2 18v2 5
aa,coy = B2 L e 1825 p
5 5 '3
Goi C{c;c— 10)
Ch = (31 65
=CH = =Gt c)
Ta cé:
31 \2 /65 7 c=3
(———c) +(——c) =72 & 73 = C(5; —5)
5 5 c= 3

Phuwong trinhBC:(x—5)+ (y+5)=0ex+y=0
Goi B(b; —b), ta cé:

BC=CH=6/2BC? =726 (b—5)2+(-b+52 =72 [° '—;)1_19;"?‘1) = B(~1;1)
Tim dwegce A(2; 4), D(8; —2).

Bai 2: Trong mit phing toa dé Oxy, cho hinh chit nhit ABCD c6 hinh chidu cfia B 1én AC 13 E(5; 0), trung
diém AE va CD lan lwot 13 F(O;Z), I[—;, g) Viét phuwong trinh dudng thing CD.

(Trich d@ thi thir THPT qudc gia trirdmg THPT Trin Hung Pao 2016)

Nban xét: Bif todn ndy 14 bdi todn dé cé nhiu cdch gidi, nhung hiy luén nhé nhing kién thike minh diroc
hoc.
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Byong din widi:

Toa d dinh A{—5; 4)

Phurong trinh duwérng thing (AC): 2x+ 5y — 10 =0
Ta di chitng minh: BF L IF. Thit vy ta cd:

.1 e o 1 1 — —
BF = - (BA+BE); Fi=-(FO+FC) = (AD+EC) A B
Suyra

4BE.FI = (BA + BE)(AD + EC)
= BA.AD + BA.EC + BE.AD + BE.EC

_ BA.5C + BE.AD = A K+ BE.BC ’
= —BE2+BE.BC=-BE+BE=0
BF vudng gdc véi IF nén cd phwong trinh: 7x + 3y -~ 6 =0 E
BE di qua E va vudng g6c EF nén c6 phwong trinh:
Sx—2y—25=0 D C

Do d6 B(7; 5)

Tir ddy tim dwgc phuwong trinh (CD): 2x — 24y -39 =0

Bai 3: Trong mit phing véi hé toa d6 Oxy, cho hinh chitr nhat ABCD ¢6 hinh chiéu vuéng géc viia A 1én dwong
thang BD 12 H(—g; g), di#m M(-1; 0) 1a trung diém canh BC v phwong trinh dwdng trung tuyén ké tir A

cdu tam gidc ADH ¢é phuwong trinh 12 7x + y — 3 = 0. Tim toa d9 cic dinh cta hinh chir nhit ABCD.
(Trich d@ thi thir THPT qudc gia trwdmg THPT Ly Thai T8 2016)

A B

Nban xét: Tinh chitcin nhd: BK L AN.

Eovi qfdi ohi tiét.
Goi N, K Iin lwot la trung diém cta HD va AH = NK//AD

va NK=%AD.

Do AD L AB = NK L AB
Ma AK L BD = Kla tryc tim tam giac ABN. N
SuyraBK L AN (1)

Vi M la trung diém BC = BM =%BC
Do d6 NK//BM va NK = BM

= BMNK 13 hinh binh hanh = MN//BK (2)

T (1) va (2) suyra MN L AN.

=Phwong trinh MN co dang:x— 7y +c =0

M(—1,0)eMNe -1-70+c=0ec=1=2ptAMix—7y+1=0

MaN=MNNAN= N[g; %J . Vi N la trung diém HD suy ra D(2; -1)

Do AH L HN = AH diquaHvanhinn = (4; —3) [aVTPT
Suy ra phwong trinh AH: 4x — 3y +9 =0

Ma A = AH n AN = A(0; 3)

2= 2("‘1 - XB)

Tac6ﬁ=2W®[
—~4=2(0-y,)

= B(-2;2)
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Vi M 14 trung diém BC suy ra C(0; -2)
Vdy toa dg cac dinh cha hinh chir nhit1a : A(0; 3),B(-2; 2), C(0; —2),D(2; —1).

Bai 4: Trong mit phdng véi hé toa do Oxy, cho hinh chit nhat ABCD ¢6 diém H(3; 0) 1a hinh chiéu vudng géc
clia didm A trén dwong thang BD, diém K(0; -2) 1a trung diém canh BC, phwong trinh dwéng trung tuyén di
qua dinh A ctia tam giac ADH 1a 7x4+-9y-47=0. Tim toa dé cac dinh cda hinh chit nhit ABCD.

(Trich de thi thir THPT qudc gia trudmg THPT Chuyén Bic Ninh 2016)

Lo giai ehi tiét:

Goi M 1a trung di€ém DH. A
Ta co: B
ABC = AHD = 90°; ADH = ACB = AABC~AADH (g.g)
AB_BC _2BK BK
“AH DH 2ZMH MH
= AABK~AAHM (c.g.c) = AMH = AKB
= AMKRB la ti¥ gidc ndi tiép dwdrng tron H K
= AMK = 180° — ABR = 90° = AM | MK
Viét phirong trinh dwong thing MK: M
VTCP clia dwong thdng AM 1Aty = (9; —7)
Dudng thing MK di qua K(0; -2), nhdn usy = (9; —7)1a D C
VTPT cé phuong trinh:

9X~T(y+2) =09 —Ty—14=0
M 14 giao difm ctia AM vi MK nén toa d6 di€ém M 1 nghiém cda hé:
[7x+ 9y —47 =0 N (z E)
9x—T7Ty—14=10 2’2
M Ia trung diém ciia DH nén:

7
XD+3=2.E

5 = D(4;5)
yD+0=2.E

Phwong trinh dwéng thang AH qua H(3; 0) nhdn HD = (1; 5 1Am VTPT:x+5y—-3=0
Alagiao diém ctia AH va AM nén toa d6 cdi€ém A la nghiém cla hé:
x+5y-3=0
{7x+9§—47 =~ AGL)
Phwong trinh AB qua A va nhén DA = (4, —6)lam VTPT: 2x -3y —-19=0
Phwong trinh BD: 5x —y —15 =0
Tga dd B la nghiém cia hé:
{ 5x—-y=-15=10
2x—3y—-19=0
K(0; -2) 1a trung di€ém BC suy ra C(-2; 1)
Vay A(8; —1),B(2; -5),C(-2;1),D{(4;5).

= B(2; -5}

Bai 5: Trong mit phing Oxy, cho hinh chir nhat ABCD c6 AB = 2BC. Goi H 12 hinh chiéu clia A 1én dwomg

thdng BD. Goi E, F Ian lwot 13 trung diém cia cic doan thing CD va BH. Biét diém A(1; 1) phwong trinh

duong thing EF: 3x —y — 10 = 0 va diém E c6 tung dd Am. Tim toa d6 cc dinh B, C, D ciia hinh chit nhat.
(Trich d& thi thit THPT qudc gia trwomg THPT Ngb ST Lién 2016)

Rhan xét; Tink chdt cda bdi todn ndy giéng bai 5 nhurng ta cd cdc tiép cdn khdc nhw sau.

Pbhan tich va burdng ban midi;

Goi E, F, G 13n lwgt 12 trung didm cda cic doan CD, BH, AB. Ta chitng minh AF L EF

Ta thdy céc tix gidc ADEG, ADFG ngi ti€p nén tir gidc ADEF ciing ndi ti€p do d6: AF L EF. Tir @6 suy ra AF:
x+3y—4=0
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/ 2
Tim toa dd clia F = AF n EF, ta duoc F(l_sz; éJ ,suyra: AF = 3?

Ta co:
A D
1 2
AAFE~ADCB = EF = S AF = 2 ¢
Goi E(a; 3a — 10) € EF
:,EFZ_( 17)2+(3 51)2_8 G E
“\*7 3 735 ) T3 H
19
:>532—34a+57:0:>a:3va=?

B C
Hay E(3; —1) hoicE E; 7 .
55
Theo gi thiét ta dwge E(3; —~1), phwong trinh AE: x +y — 2 = 0. Goi D(x;; y).
Tam piac ADE vudng cén tai D nén:

x=1
{AD:DE ﬁ{(x—1)2+(y-—1z=(x—3)2+(y+1)2 @[ y=x-2 - {y=_1
AD 1 DE x-DE-N=F-1DF+1) x-1(x—-3)=0 x=3
=1

‘Tird6 D(1; —1) hodc D(3; 1)

Vi D, F ndm v& hai phifa so véi dwong thing AE nén D(1; —1)
Khi d6 G(5; —1),B(1; 5).

Vay B(1; 5),C(5; ~1),D(1; 1).

Bai 6: Trong mit phing véi hé toa dd Oxy, cho hinh chir nhit ABCD cé tdm I(1; 3). Goi N 1a diém thuéc canh
AB sao cho 3AN = 2AB. Biét dudng thing DN c6 phuong trinhx + y — 2 = 0 v2 AB = 3AD, Tim toa 46 diém B,
(Trich d& thi thit THPT qudc gia rwdmg THPT B8 Ha 2016)

Bwéng dan gidi:
Goi 1l (a; b) 1a vtpt ca BD, BD di qua diém 1(1; 3).
Phueng trinh BD; A N R
ax+by—~a~3b=0 [
cos BDN = [cos(ni, 1y)|
__latbl _7V2
V@ ibia 10 l
© 24a® + 24b% — 50ab = 0
3a=+4b
4a =3b B C

Vé&i3a = 4b,chona =4,b = 3, pt

BD:4x +3y-13=0
D = BD n DN = D(7; —=5) = B(~5;11)
Vdida=3b,chona=3,b=4=>ptBD:3x+4y~15=0
I¥=BDnDN = D(~7;9) = B(9; —3).

Bﬁl-?: Trong mit phing hé toa 46 Oxy, cho hinh chit nhit ABCD ¢6 DC = BCV2, tim [(—1; 2). Goi M la trung

diéni-cia canh CD, H(-2; 1) 12 giao diém ciia hai dwémng thing AC v BM.

a,Viét phurong trinh dwdmg thang IH.
- b.Tim toa d6 cAic diém Ava B .
' (Trich d8 thi thir THPT qudc gia trwdmg THPT Khoéi Chau 2016)

Ty

Burong iy atat:
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all = (—=1; 1) nén dwirng thing IH cé phuong trinh: B
x—y+3=0

b. Tir gia thiét suy ra H 1a trong tdm cta tam gidc BCD suy ra
TA = 3H = A(2; 5).

Ta cé: I

2 2 BCV6 1. B3
HB:gBMzg\/BC2+MC2:_é\/;,HC=§AC=T\/— H

= HB? + HC? = BC? - BM 1 AC

Suy ra: BM di qua H(—2; 1), nhan IH = (~1; —1)1Am VTPT ¢6
phuong trinh x+y+1=0= tpa dé diém B cé6 dang M
B(t; —t—1)

t=-2-+8

Laicé:IA:IBnénIS:t+12+t+32=)t2+4t—4=0=;[
(417 +(+3) {248

bods [B(2-2VZ 1+ 2v2)
B(—2 + 2v2;1 — 2v2)

Sau dap [a mot g6 bai lupén tap:

. ~v10 o s
Bai 1: Trong mit phiang tpa dé Oxy, cho hinh binh hanh ABCD c¢6 BD= TAC. Biét riang
M(—Z;—l);N(Z;—l) Ian huegt 1a hinh chidu vudng goc cha D xudng cac dwirng thing AB, BC va dudmg thing
X—7y =0 diquaA,C. Tim toa d6 difm A, C.

Kétqua: A —Z;—1 H Z,l va hoan vi.
2 2 22
Bai 2: Trong mit phéng toa d6 Oxy, cho hinh binh hanh ABCD ¢6 D(f6;“6). Pwirng trung truc ciia doan CD
6 phwong trinh 2x + 3y +17 =0 va dwing thing phin gi4c géc BAC c6 phurong trinh 5x +y —3=0. Tim
toa d6 dinh con lai cda hinh binh hanh ABCD.
(Trich d@ thi thit THPT quéc gia trwdmg Nam Yén Thanh- Nghé An-2015)

Kétqua A(1;-2),B(5;4),C(-2;0).
Bai 3; Trong mit phéng toa d§ Oxy, cho hinh binh hanh ABCD 6 diém A(2;1);C(6;7);M(3;2) 1a diém
thudc mién trong hinh binh hanh. Viét phuong trinh canh AD biét khoang cach tir M dén CD biing 5 lin
khoang cach tir M dén AB va dinh D thudc dwémg thing A:x+y—11=0,

(Trich d& thi thit THPT quéc gia trudmg chuyén Lé Quy Pén - HP-2015)

(Trich @2 thi thér THPT quéc gia trudmg Chi Linh- Hai Duong)

Kétqua: 3x -y -5=0
Bai 4: Trong mit phang toa dd Oxy, cho hinh binh hanh ABCD cé D(S;—Z);M(3;4) thudc canh AB, diém
N(7;2) thugc canh BC sao cho BA=3BM, CB=4CN. Tim toa dé diém A, B, C biét BD cit MN tai

K[ﬁ,}i)
1313

(Trich d& thi thir THPT qudc gia trudmg cBhuyén L& Quy Pén - HP-2015) &n TAm- l4n 1)
Bai 5: Trong mit phing toa d6 Oxy, cho hinh binh hanh ABCD c6 hai dinh A(0;1);B(3;4) nfim trén parabol
(P) :y=x*-2x+1, tam I nim trén cung AB ciia (P). Tim toa d¢ diém C, D sao cho hinh tam gidc 1AB ¢é
dién tich lém nhat.,
Bai 6: Trong mét phang toa dd Oxy, cho hinh binh hanh ABCD c6 dién tich bing 4. Biét A(I:U);B(O;Z) vi

giao diém I clia 2 dudrng chéo ndm trén dudng thang y =x . Tim toa db difm Cva D,
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Hinh vuéng, hinh chir nhit, hinh thang, hinh binh hanh
(tiét1)

BAi 1: Trong miit phing véi hé toa dd Oxy, cho hinh chit nhat ABCD ¢6 tdm I(1; 2). Goi M la trung diém cna
AB, dwomg thing DM cé phwong trinh 5x + 3y — 7 = 0, diém C thudc dwong thing d c¢6 phwong trinh 2x —
y — 7 = 0. Xéc dinh toa d6 cdc diém A, B, C < D biét diém D c6 hoanh d9 dwong,

(Trich d@ thi thir THPT quéc gia trwdrng THPT Thiing Long 2016}

Phian tich va hurdng dan gidf:

Goi G(a; 7"*5""J 13 giao diém cda Cl vi DM. A M B

Ta c6 G 1a trong tam tam giac ADB,

SuyralA = 31G = (3a— 3;1 — 5a) = A(3a — 2; 3 — 5a) G

[14 trung diém AC = C{4 — 3a; 1 — 5a)

Vi C thudc dwérng thang 2x — y — 7 = 0 némn: I
2(4-3a)—(14+5a)—7=0=a=0

SuyraA(—2;3),C(4;1),1A*> = 10

Coitoa db did ,7-5d C
oitpa dd diém D (d, 3 ) D

d > 0 thudc dwdng thing DM
1- Sd)2 10
3 =

1D=1A<:(1—d)2+(
< 34d% -28d-80=0

20
©d=—ﬁ (1) hodicd = 2 (tm)

SuyraD(2Z; -1)
113 trung diém BD nén B(0; 5)
Véy A(—2;3), B(0; 5),C(4; 1), D(2; —-1).

Bai 2: Trong mit phéng toa dd Oxy, cho hinh chi nhat ABCD c6 diém C thudc dwéng thang d:2x+y+5=0va
A(-4; 8). Goi E 13 diém d8i xtng véi B qua C, F(5; -4) 12 hinh chiéu vuéng géc clia B trén dwong thang ED.
Tim toa dd difm C va tinh dién tich hinh chir nhit ABCD.

Pban tich ba huong dan aiai;

TacdCed:i2x+y+5=0=C(t —2t—5) A

Ta chitng minh 5 diém A, B, C, D, F cing ndm trén dwdng tron

dwing kinh BD. Do tir gidc ABCD 14 hinh chir nhat thi AC ciing la

dwong kinh ctia dwéng tron trén nén suy ra dwgc AFC = 90° & e

AC? = AF? 4 CF2. K&t hgp viéi gid thiét ta c6 phwong trinh:
(t+ D24+ (-2t —13)2 =81+ 144+ (t — 5)2 + (-2t — 1)?

@t=1

Tir d6 ta dwoc C(1; ~7)

Tir gia thiét ta c6 AC//EF,BF L ED nén BF L AC, do C 1a trung / C

diém BE nén BF cit va vudng gdc véi AC tai trung diém.

Suy ra F d6i ximg véi B qua AC, suy ra AABC = AAFC
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= SABC = SAFC = SABCD = ZSAFC =75 (dth).

Bai 3: Cho hinh chir nhat ABD ¢6 A(1; 5), AB=2BC va diém C thudc dwomg thing d: x+3y+7=0. Goi M Ia
diém ndm trén tia d4i cta tia CB, N 12 hinh chiéu vudng géc cha B trén MD. Tim toa db cac di€m B va C biét

N[—g; %] va didm B ¢ tung dd nguyén.
(Trich d@ thi thir THPT quéc gia trwdmg THPT i C4n 2016)

Pbhin tich v hurdme bin gidi:
Goil = ACNBD, A B
DoBNLDM=IN=IB=ID=IN=IA=1IC
= AANC vudng tai N,

buwong thing CN qua N(—g;%) va nhén

NA =(%; gj 12 phap tuyén nén c6 phwong trinh:

7x+9y+13=0.DoC=CNNnd = C(2; —3) ¢
Goi B(a; b). Do AB = 2BC va AB 1 BC nén ta cé hé
phuwong trinh:

(a—-1D@-2)+(b-5b+31=0 N
[(a - D%+ (b—-5)2=4[(a—2)? + (b +3)?]
a=5b=-1

= 7b— 9(kt
a= Th=-z m)

Giai hé trén suy ra [

Vay B(5; —1),C(2; —3).

Bai 4: Trong mit phing v&i hé toa dd Oxy, cho hinh chit nhit ABCD c6 dinh B thudc dudng tron (C): x2 +
y* = 10, dinh C thudc dwing thing c¢é phwong trinh x + 2y — 1 = 0. Goi M 13 hinh chiéu vuéng géc ciia B

18n AC. Trung diém clia AM va CD IAn lwot 1A N[—?B; %] va P(1; 1). Tim toa dd cac dinh cta hinh chit nhit

biét ring diém B c6 hoanh d6 dwong va diém C tung d6 am.
(Trich @& thi thir THPT quéc gia trudrng THPT Quimnh Luu II 2016)

Phin fich ba hurdng ban giaé

NQ//AB
Goi Q 13 trung diém BM, khi dé {

NQ=%AB suy ra -
PCQN la hinh binh hanh
SuyraCqQ//PN C
Trong tam giac BCN thi Q 1a truc tAm nén CQ vudng
g4c véi BN. Vi viy PN vudng géc véi BN, Q
Pudng thing BN di qua N va vudng gdc véi ON nén
c6 phwong trinh: 2x+y+1=10 P
B 14 giac diém ciia dwirng tron (C) va BN:
x=1Ly=-3

x4 +y?2=10

-9 13

{2x+y+1=0 < x:?;y:? N
Vi B ¢6 hoanh dé dwong nén diém B(1; -3) A D
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Goi C(1 — 2¢;¢),CB = (2¢; -3 — ), CP = (2¢; 1 — ¢). Do CP vudng gbc véi BC nén:
c=-—1
—_ 3

CBCP=0e5¢?+2c-3=0&

5
ViCcodtung dd dm nén C(3;-1)
XD”—‘ZXP—XC =-1
Yo =2yp—yc =3
Lo T Xa—1=-4 {xA=—3
TaCOBA_'CD@{yA+3=4 &> va=1

Vay A(-3; 1),B(1; —3),C(3; —1),D(-1,3).

P14 trung diém CD nén{ = D(-1;3)

Bai 5: Trong mit phing toa dd Oxy, cho hinh chi¥ nhét ABCD ¢6 cdc canh AB, AD tip xtic véi dudng trom (C)
c6 phwong trinh (x + 2)? + (y — 3)? = 4. Phwong trinh dwong chéo AC: x+2y-6=0. Chitng minh dwong
tron (C) tiép xtic vdi truc tung, Goi N 13 tiép diém ctia (C) va truc tung. Tim toa d6 cdc dinh caa hinh chir
nhit ABCD biét A c6 hoanh d6 4m va diém D c6 hoanh d8 dwong, dién tich tam gidc CND bing 15.

(Trich @8 thi thit THPT quéc gia trwdng THPT chuyén Théi Binh 2016)

Phan tich ba hurdng din gidi:
{C) cb thm I{-2; 3), ban kinh R=2
Cé d(I; 0y) = %] = 2 = R = (C) tiép x0c véi truc
tung
N 14 ti€p diém ctia (C) va truc tung nén N(0; 3)
= N € (AC)
Vi AB, AD tip xiic véi (C) nén IA = 2R = 2v2
Goi A(6 — 2a,a) € (AC) F
=>((6E-2a+2)2+@-3)2=8
=5a2—38a+65=0
{ = 5= A(—4;5) {tm) H
=

—13=>A(4-13) loai

Vay A(-4; 5) N
Goi E, F I4n lwgt 13 tiép dim ciia AB, AD véi (C)
SuyraE Flagiaocla (A, 2): (x+ 42+ (y—-5)?2=4vA(C): (x+2)*+(y—3)°>=4

Suy raE, Fthudc dwongthing (x +4)2 +(y =52 - (x+2)2+(y—3)2 =0
= (EFx—-y+7=0

Suy ra toa do E, F 1a nghiém ctia hé:
x—y+7=10 x=y—7 (1)
{(x+4)2+(y- 5)2 =4 @{(x+4)2 +y—-5¥=4 (2)

Thay (1) vao (2):

ez Nz - B y=5=x=-2 _ [AE=(0; -2); AF = (2;0)
-3y+@F-5) =42y 16y+30—0@[y:3=>x=_4 ﬁg=(0; 2% AE = (2:0)
Vay AE, AF song song véi 2 tryc toa d6.
Vi D ¢6 hoanh d¢ dwong nén AF phdi song song véi truc hoanh
= AE = (0; —2),AF = (2;0)
Ta ¢6 phuong trinh cdc dwing thing:
(AB): x=-4
(AD): y=5
Goi D{d; 5)

. ) 6—d

Vi CD//Oy két hop véi C thude ACnén C (d; —2—)

Ké dwirng cao NH cda tam giac CND suy ra NH=d
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5 —1NHCD—1d(5 6—d)—1d(2+d)—15
CND o AT TR 2 /2 2]~
=>d?+4d-60=0=>d=6(d = 0)= D(£5),C(60) = B(—4; 0)

Viy A(—4; 5), B{—4; 0), C(6; 0), D(6;5).

BAi 6: Trong mit phing hé Oxy, cho hinh chit nhit ABCD. Goi M 1a diém d&i xtng cia B qua C va N 1a hinh
chi€uvudng goc cha B1&n MD. Tam gidc BDM ndi ti€p dudng tron (T) cé phwongtrinh (x — 4)* + (y — 1)% =
25. Xac dinh toa dd cdc dinh cta hinh chit nhit ABCD biét phwong trinh dudng thing CN: 3x-4y-17=0;
duwérng thdng BC di qua diém E(7; 0) va diém M c6 tung do am.

(Trich d@ thi thir THPT quéc gia trwdng THPT Xuin Trudng ~Nam Pinh 2016)

Phin tich ba hudng bin gidi:
(T} ¢ tAm I(4; 1), R=5, B
Do Ila tim dwirng tron ngoai ti€p tam giac BDM va N, C1a chin A :’\
cic dwdng cao nén chirng minh duwec IM L CN,
Lap ptdtIMqualvalM L CN:
4x—-4)+3y—1)=10
©4x+3y—19=10

M 13 giao diém (T) véi IM: [

M(7; -3)
M(1;5) (loai) I
Pwong thing BC qua M, E ¢6 phwong trinh: x = 7 C
Cla giao difm BCva NCsuyra €(7; 1)
B d8i xitng M qua C suy ra B(7; 5) N
Puwong thing DC qua C va vudng géc BC: y=1

D I3 giao diém (T) va DC: [ DE: 1)

D{—1; 1)
Vi B, D néim ciing phia véi CN nén D(-1; 1) |~
Do BA = CD = A(=1;5). M

Bai 7: Trong mit phang toa d§ (Oxy), cho hinh binh hanh ABCD ¢é hai dinh A(—2; —1), D(5; 0) va cé tAm
1(2; 1). Hay xac dinh toa 9 hai dinh B, C va g6éc nhon hgp béi hai duirng chéo cia hinh binh hanh di cho.
(Trich d& thi thir THPT qudc gia trirdmg THPT chuyén Vinh Phiic 2016)

So do tw dup;

Tinh chdt hinh: Hink binh hanh cd cdc tink chat hai cdp canh ddi tuong tng song song, hai dudng chéo di
qua trung diém mdi duong.

trung diém [
s

trung diém |
_—

- a = (AC;BD) - cosu = ]cos(ﬂf; Eﬁ)l

Cac cdng thirc cin nhé:

trung difm M X +X; ¥+ ¥2
A(xy;y1); B(xes y2) M( 2 ' 2 )
. _ Ul
cos(u;;u3) = ———

1o [uy]. [ugz]

U= (y) - [l = 52 +y7

Uy = (X, ¥1), 0 = (X3 ¥2) = U1 Uz = X1.y1 +X2.92

Lot giaf chi tidt:
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Do 114 trung diém BD. Suyra: A
XBSZXt—XD*—“fl-—S:—l B
= B(-1;2
(o zay—ymoz-02 =812
Do 114 trung ¢iém AC. Suy ra: I
Xe=2% —Xy=4+2=6
= C(6; 3
{YC=?-'YI:_YA:2+1:3 (6:3)
Gocnhon a = (AC, BD).
Tac6 AC = (8;4),BD = (6; —2) c

ACBD | | 48-8 | 2
ACI[BD|| ~ lavs.zyTOl 2

cosa = |cos(AC,BD)| = ‘!

= o = 45°.
Bai 8: (Trich dé thi thir THPT quéc gia trudmg THPT Han Thuyén I 2016)
Trong mit phdng toa d6 Oxy, cho hinh chir nhat ABCD, c¢6 AD=2AB. bDiém

H {ﬂ %J I digm d6i xmg ciia didm B qua dudmg chéo AC. Tim toa dé cic dinh ctia hinh chi nhit ABCD,

5 ¥
biét phwong trinh CD: x — y — 10 = 0 va C c6 tung dd am.

So do twr bup:

Piém C 1a diém duwgc d€ ¥ nhidu hon ¢a vi ¢ nhiéu dir ' H

liéu: (CDY:x —y — 10 = 0 va C cd tung d0 Am.

Ce {C € (CD) - toa d?(f) héa con 1 4n sd. ) i

Dit liéu ti&p theo ta ciin ding dén 13 diém H vi hinh chir
nhat ABCD cé AD = 2AB.
M@t trong nhigu hwéng di 14 tinh doan HC (con mdt hwén
giai nita 12 tinh géc (HC; DC)). Khi do, ta c6 thé din téi 1o
giai sau:

Lovi gidi chi tiét:
— 245 .
tan ACB = — = cos ACD =

[N

A

|
ol
|

5

sinACH = ? = cosACD = — = sin ACD = —

. e o 3
= sin HCD = sin(ACD — ACH} = z

Ta cd:
18v2 18v2 5
d(H,CD)=_5——-‘/_=>Hc=—.§:6\/E
Goi C (¢; ¢~ 10)
=>EH—(31 65 )
=lg-og-c
31 \% 65 2 c=3
=(T-¢) +(z-¢) =20 B =sc6-9)
5 5 C=?
Phwong trinh BC:(x = 5)+ (v +5) =0=x+y=0
Goi B (b; —hb), ta cé:
BC=CH=6v2oB2=72(b-52+(-bh+5)%=72
b = 11 (loai) vy
@[ Lo 2B (LD
Tir d6 ta tim dwoc A(2;4), D(8; —2).
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Mot 26 bai lupén tip:

Bai 1: Trong miit phing toa dd Oxy, cho hinh thoi ABCD v&i A(l;O), dwirng chéo BD cd phuwong trinh
d:3x+y ~-7=0.Tim tpa d6 cac dinh con ca hinh thoi ABCD biét dién tich cia hinh thoi ABCD bdng 20.

Bai 2: Trong mit phiing toa 4§ Oxy, cho hinh thoi ABCD ¢6 tam 1(3;3) va AC = 2BD. Diém M(Z;%J thujc

dudng thing AB, diém N(B;l—:) thufc dirdmg thang CD. Viét phwrang trinh dwing chéo BD biét dinh B ¢6
hoanh @ nhé hon 3.

Bai 3: Trong mit phing toa d§ Oxy, cho hinh thoi ABCD cé dwérng chéo BD ndm trén dudng thang cé phwong
trinh A:x —y — 2 = 0. Biém M(4; —4) ndm trén dwong thiang chira canh BG, diém N (—5;1) nim trén
dudng thing chita canh AB. Biét BD = 8\/5 . Tim toa d6 cac dinh chia hinh thoi ABCD biét diém D cé hoanh
dd am.

Bai 4: Trong mit phing toa d6 Oxy, cho hinh thoi ABCD c¢6 phwong trinh hai canh AB va AD Fan luotla x +
2y—~2=0va2x+y+1=0.biém M(1;2) thudc dwdng thing BD. Tim toa dd cic dinh cha hinh thoi
ABCD.

Bai 5: Trong mit phing toa d6 Oxy, cho hinh thoi ABCD ngoai ti€p dudng tron ([) :(x + 5)2 + (y - 6)2 = 3—52

biét ring cic dwdmg thing AC va AB Ian luot di qua cac didm M(7;8);N(6;9). Tim toa dé céc dinh ctia hinh
thoi ABCD.

A(9;10);B(3;8);C(1;2);D(7;4)
Két qua .

A(Z;B);B[?E;il’E ;C(8;9);D ﬁ;—ﬂ

22 2 2

Bai 6: Trong mit phing toa db Oxy, cho hinh thoi ABCD c6 dwdng thing d:x+y -1=0.Piém E(9;4) nim
trén dwérng thing chira canh AB, diém F(—Z ; —5) nidm trén dwirng thing chiva canh AD, AC= 242.X4c dinh

toa do cic dinh cta hinh thoi ABCD biét diém C c6 hoanh d& 4m.
(Trich d8 thi thir THPT quéc gia S& Gi4o Duc va Pao Tao Bic Ninh Iin 2-2015)

Kétqua: A(0;1);B(-3;0);C(—2;3);D(1;4) .
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Cac bai toan tong 6n hinh phing Oxy

Bai 1: Trong mit phing hé toa dd Oxy cho tam gidc ABC c6 A(1; 4), ti€p tuyén tai A cia dwdng tron ngoai
tiép tam gidc ABC cit BC tai D, dwdng phén gidc trong cfia géc ADB 1a d:x-y+2=0, diém M(-4; 1) thudc canh
AC. Viét phuwong trinh dudng thing AB.

(Trich d& thi thit THPT qudc gia trwdmg THPT Viét Yén II 2016)

Phin tich va hirdng biu wiai
Goi E, F la giao diém ciia d va AB, AC.
Ta cé:

—

SRS |
AFD=C+-§ADC

1___

AEF = ADC + DAB
M4 € = DAB (cing chin cung AB) = AFD = AEF
= AE = AF.
Ta ¢6 AC(=5; —3) suy ra vtpt clia AC 1A Tipg = (3; ~5)
SAC3IE-1D-5y—-4=03x-5y+17=0
Toa dé F la nghigém cida hé:

[3x—5y+17=0

x—y+2=0
y:
72 11\ /34 V34
TaC(')AF=\/(1—E) +(4—7) :TﬁAE:T

ViE€d = E(t+2) = AE = (t— 1;t —2) = AE = ,/(t — 1)? + (t — 2)2

= [e=2 E(7 11)0 { do tring F)
37 == =: — ) (loai do trung
AE=—& LN z2' 2
2 1 1 3
‘=2 B3 3) @m
. 3 5 ) \
= AE = (_E;_ —) = vtptcia ABlanag = (5; —3)

2
Suy ra phuong trinh AB: 5(x— 1) - 3(y—4) =0 5x—3y+7=0

Bai 2: Trong mit phing toa dd Oxy cho tam gidc nhen ABC. Duwdng phan gidc trong BD ¢6 phuong trinh x+y-
2=0. Buong trung tuyén BN ¢é phuong trinh 4x + Sy — 9 = 0. Diém M (2; %) ndm trén canh BC. Ban kinh
dwémng trén ngoai tiép tam gidc ABC1aR = 1?5. Tim toa dé cac dinh A, B, C.

(Trich &3 thi thit THPT qudc gia trwomg THPT Chuyén Hiing Veong 2016)

Bhan tich ba hwong din giai;
A 3R I ia 4 A4‘X+5y_9:0
Toa dd diém B 1a nghiém cua he{ Xx+y—2=0

Phurong trinh BC di qua B va M: x+2y-3=0

= B(1;1)

71 3
H 14 giao MM' va BD suy ra H (Z; Z) .Ta co Hla trung diém MM’ nén M’ (E; 0).

Phwong trinh BA qua B va M": 2x+y-3=0
Goi toa dd A(a; 3 ~ 2a) € BA,C(3 — 2b;b) € BC
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. 3-2b+a 3-2a+h
N]étrungdiémACthiN( : 3 25‘ ) A

. 3-2b+a 3—2a+hb
ViNeBN = 4. 3 + 5. 5 -9=0=>hb=3-2a

3 9 - sb
SuyraA(T;b);C(3—2b;b) =>N( ) ;b)

Phuong trinh AClay =b
Phwong trinh duéng trung tryc AC vudng goc AC tai N c6 dang:

_9-5b 4
x=—— (@
. X g 1 + b
Goi E 1a trung diém BC suyra E (2 - b; T)
S
B
. . . . 7—-5b
Phwong trinh trung trure BC di qua E vudng géc BC ¢6 dang 2x —y — 5= 0 (d)
Goillatidm dwéng tron ngoai tiép tam gidc ABC thi 1 14 giao (d) va (d') nén cé toa dd 13 nghiém cda hé:
7 —5b
ZXx—y-—>—=0 9 - 5h
_9-50 7 (1)
X=Tg
, 9~ 5b 15 b= —1
Taco.BI—l 1 —ll—?ﬁ[b=3

+Véib = -1 = C(5; —1), théa man M thudc canh BC. Suy ra A(2; —1).
+Véi b = 3 = C(—3;3), M khong thudc canh BC, ioai.
Vay A(2; ~1),B(1;1),C(5; —1)

Bai 3: Trong mit phing toa dd Oxy, cho tam gidc ABC cén tai A, canh BC nim trén dwomg thing d:x — y +
1 = 0. Dwdng cao clia tam giac ABC ké tir Bla dy:x + 2y — 2 = 0. Diém M(1; 1) thudc duwdrng cao ké tir C.
Viét phwong trinh céc dwdng thing chira cic canh con lai clia tam giac ABC.

(Trich d8 thi thir THPT qudc gia trirdmg THPT Chuyén Théai Nguyén 2016)

Phin tich ba hwéng dAn gidi:

B 14 giao diém ciia d,, d; nén c6 toa d 12 nghiém cfia hé: A

x—y+1=0 .
sy 220 =BOD

Vi tam gidc ABC cAn tai A nén goc giita d,, d, bing goc giita d,va
MC.

VTPT ctia dy, d; lin lwgtla n7(1; —1),05(1; 2)
Gac glﬁ’a dl' dz la (dl, dz ) =

ey I 1
coso = Jcos(nl,nz)l :W=E B c

Phuong trinh dwiong thing MC qua M cé dang:
ax—1)+by—1) =0 ab+by—a—b=0 (ds)
d; nhin h(a; b) lam VTPT
Gocgittady vads la(dy,ds) =B

— la—Dbl
cos P = [cos(ng, n3)| = ——
P leostmnsl = 7 Ve oe
Ta cé:
la—bl 1

cosa =cosfl &

V2.4/a? 4+ b? _\/ﬁ
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< JaZ+ b2 =5la—-b]
& a? 4 b? = 5(a% — 2ab + b?)
& 4a® —10ab+ 4b%2 =0

a=2
bzl:[aml
2

a=3=(ds):x+2y—3 =0 (loai dods//dy)

a=2= (d3)2x+y— 3 = 0 (théa mén)

Phuong trinh AB qua B va vudng géc véi dg @ x-2y+2=0

Toa dd C 12 nghiém cda hé:
2x+y—3=0 25
Lyiiso »<3:3)

1
Phuong trinh AC qua C va vudng géc véid,: 2x —y -+ 3= 0

1
Vay (AB):x—2y +2 = 0; (AC:2x—y +3=0.

Bai 4: Trong mit phing véi hé toa d§ Oxy, cho tam gidc ABC vubng cén tai A. Goi G la trong tdm tam giéc
ABC. Piém D thudc tia d6i cia tia AC sao cho GD=GC. Biét diém G thudc dudng thing d: 2x+3y-13=0 va
tam giac BDG ndi tiép dwdng tron (C): x% + y? — 2x — 12y + 27 = 0. Tim toa dd diém B va viét phwong
trinh dwéng thing BC, biét difm B ¢4 hoanh @9 dm va toa d§ diém G la s6 nguyén.

(Trich d& thi thit THPT qudc gia truémg THPT Phil Cir 2016)

Phén tich ba budng dan gfai:
Tam gidc ABC vudng can tai A ¢ G 14 trong tim
nén GB = GC.
Ma GD=GC nén tam giac BCD ndi tidp dudng
tron tim G.
Suy ra BGD = 2BCD = 2BCA = 90° = BG L GD
hay tam gidc BDG vudng cén tai G.
Puwdng tron (C) tm I(1; 6) ban kinh R = V10
ngoai tiép tam giac BDG nén I 1a trung diém ciia
BD.
Do d61G = v10;1G 1L BD

13 - 2m
ViGEd:2x+3y—13=0=>G(m; -——3———)
G(2;3)
T 1G = V10 = ( 28 75)
13" 13

Do toa d6 didm G 1a s6 nguyén nén G{2; 3)
BD di qua I(1; 6) vaIG L BD nén phwong trinh BD: x-3y+17=0

B(—Z} 5) a A Y4 A
B,D eBDN{O)= [ D(4;7) {do hoanh d6 diém B 4m)
Vay B(-2; 5)

Goi M 13 trung diém cta BC ta ¢c6 AM=MB=MC {(do ABC vubng cin tai A)
1 1
SuyraAM £ BC= GM L MBvaGM = —3—AM = gMB

MG 1 3
_ = — B e
i 3=>cosm 75

GoiR(a; b) véi (a + b? # 0) 12 VTPT cia BC.
Ta c6 VTCP ctia BG 12 BG = (4; —2) = Tigg = (1;2) 12 VTPT cita BG.

Nén tanGBM =
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Cé cos(BG, BC) = |cos(nge, )| © cos GBM = |cos(ngg, D)
3 |ngg.n 3 la + 2b|

TV Igal [ VI /5@ 160
& 35a% —40ab+5b2 =0 > [ 2 7P =0
+THL:Véia—-b=0=>n=(1;1)=> ptBC:x+y—-3 =0
+TH2: Véi7a—b=0=% = (1;7) = ptBC:x + 7y — 33 = 0
Do hai diém D va G ciing ndm v& m{t phia ddi véi duwéng thing BC nén phwong trinh BC thdéa mén 13:
x+y—-3=0
VayBC:x+y—3=0vaB(-2; 5)

2 2
Bai 5: Cho elip (E) va dudmg thing (d) ¢6 phwong trinh: (E): %JT =1;(d:x—-yV2+2=0.

1. Chikng minh réing (d) ludn cit (E) tai hai diém phan biét A, B. Tinh d6 dai AB.
2. Tim toa d6 di€m C thudc (E) sao cho tam gidc ABC c¢6 dién tich 1én nhit.
(Trich d& thi thit THPT quéc gia trwdng THPT Dao Duy Tix 2016)

Phin tich ba hudna bin gidi;

1. Xét phwong trinh tung d6 cta giao diém (d) va (E)

W2-2)" v
8 4—
VZ++/6
e —4y2—d=0ey= Ean:_liﬁ
Vay (d) cit (E) tai hai diém phén biét, gia sir dé 1a:
+ VZ—+6
(1+\/_‘/_ ‘/_) (—1—x/§; > )
Suy ra AB = /(2\/5)2+(\f5)2=3\/§
2. Gol di€m C(x¢; y¢) € (E):
yc?
?‘FTI].:)XC-FZY =8
- . |Xc—yc\/§+2I
VECH LABtaiHthiCH =d(C,(d)) = ———————

Ap dung hai bt ding thitc dung
la+b] < |a] + |b|] & ab =< |ab| va

la+b| <{2(@2+b) @ @a-b)2=0

Ta co:
[xc —yev2 + 2| € |x¢ —yeV2| +12] < fz(x§+ 2y +2=6

1
= CH < 2v3 = Ssp¢ =~AB.CH < 36

R 2 L e fx=—yWZ =0 X =
DAau bang xay ra khi va chi khl{x2 +2y? = 8 @[ _ —f

Viy C(2; —V2).

Bai 6: Cho AABC vudng cdn tai A. Goi M 1 trung diém BC, G 13 trong tAm tam gidc ABM, diém D(7; -2) 14 diém
nam trén doan MC sao cho GA = GD. Tim tga d6 diém A, lap phwong trinh AB, biét hoanh dé ctia A nhé hon
4 va AG cé pheong trinh 3x —y — 13 = 0.

(Trich d& thi thir THPT qudc gia trwwéng THPT Hau Lic I 2016)

Fhan tich ba hurdrng bin giai:
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Ta co: B
37-(-2)—13
d(D;AG)zl (=2) I=\4f10
32 4+ (—1)2

AABMvubngcin=>GA =GB =>GA=GB = (D

Vay G 1a tAm dwirng tron ngeat tiép tam gidc ABD
= AGD = 2ABD = 90°

= AGAD vudng cén tai G.

Do d6 GA = GD = d(D; AG) = V10 = AD? = 20.

GoiA(a;3a—13)a< 4

AD? =20 (a—7)* +(Ga-11) =20 & [? =35_(';@i) A
Vay A(3; —4)
Goi VTPT chia AB 1A npg(a; b)
NAG = Jcos(Rag, mag )| = 2Pl gy
cOos = |COS(NaR. N = —
AR CAG T 7 T b2.10
Miit khac
NA NM 3NG 3
cos NAG = — L )

AG  YNAZ +NGZ VONGZ+NGZ V10
Tir (1) va (2) suy ra:

Va? +b2.y10 V10 3a=—4b

Voib=0chona=1tac6 AB:x—3=20

Voi3a=—4bchona=4; b=-3tac6 AB:4x—3y—-24 =0

Nhan thiy véi AB: 4x — 3y — 24 =0

[4.7 — 3.(—2) — 24|
Vvi6 +9

d(D; AB) = =2 < d(D; AG) = V10 (loai)

ViyAB:x~3=20

Bai 7: Trong miit phing v&i hé toa dé Oxy, cho tam gidc ABC cén tai A ndi tiép dwong tron tim 1(0; 5). Pudng
thdng Al cit dwong tron tai M(5; 0) (M Khac A). Pwdng cao gua C cit dudng tron tai N (— 1—57; - g), (N khic

C). Tim toa d§ cdc dinh cha tam giac ABC biét hoanh d9 diém B 1&n hon 0.

(Trich d@ thi thir THPT qudc gia trwdmg THPT Nghén 2016)

Phén tich va hudng bAn giai:
1 trung diém AM suy ra A(-5; 10)
AABC can tai A = AM la trung tric cia BC= MB =
MC, H la trire tAm
= BH//MC (cing vubng gbéc véi AC), CH//MB
{ciing vudng gbc AB) = tir gidc BMCH 1a hinh binh
hanh, do HM L BC = BMHC ia hinh thei =BC la
phén giac cia NCM = BN = BM = ABMN can tai B.
Goi K14 trung diém MN = BK L MN (1)
Mat khdc tam giac IMN c¢6 IM = IN = R = AIMN
cantail=IK L MN (2)
Tiv (1) va (2) suy ra B, K, I thing hang = Bl 1L MN
— 4—2‘ 6
WN = (-5 —3)
1 {12 '}%5) SBL7x+y—5=0
B &€ Bl = B(b; 5 — 7b)
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= 1B(b; —7b),IM = (5; —5)
Ta c6 1B? = IM? & b? + 49b? = 50
=>b=1=B(1 -2)

qua B(1; —2) v 2 =
BC{ L @ ptBGix-y—3=0
CEBC = C(c;c— 3),1C2% = IM?
5 ez c=1 C(1; —2) = B (loai)
Scf+H(c—-8) —50<:>[C:7=>[ C(7:4)

Vay A(=5;10),B(1; ~2),C(7;4).
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14 ~ -t N & ~ x
Mot s6 ki ning sit dung bét dang thic ¢ dién
Winh Wan: €6 qud nhidu nhitng phwong phip bat ding thire ding bt ding thitc Cauchy va Bunhiacopski.
Riéng & bubi hoc ndy, anh chi diém danh mgt vai bai cin uu §. Cdc em ¢d thé dpc thém cudn Céng phd Bét
Ping Thirc cho d3y dil.

Bai 1: Cho 3 s& dwong a, b, ¢ thay déi va théa mana + b + ¢ = 2. Tim GTLN ctia biéu thikc:

5= ab be +, ca
N ab+2c+ be + 2c¢ ca+2b

(Trich d& thi thi THPT qudc gia trwémg THPT Tam Péo 2016)

$han xét: S5 2 xubt hién v6 duyén nén do ld diém chét cla bai todn. Bai nay st dung bat ding thitc & mau.

Buwdng din qiai:

Ta c6:
ab ab _ ab <1( a 4 b )
ab+2c fab+(a+tb+c)c Jab+(a+b+c)c” 2\atc b+c

Péang thirc x4y ra khi va chi khi:

a b
at+c b+c

be 1/ b c ca 1, ¢ a
s—( + ); <o (——+—)
be+2¢c™ 2\b+a c+a ca+2b” 2%+b a+b

S<1(a+b_|_b+c+c+a)_3
~“2\a+b b+4+c c+a

Twong tw ta ciing co:

Céng céc vé ta duoc:

2

Déng thirc xdy rakhivachikhia=b =¢ = T
2

. 3
Vaysmax=§@X=Y=Z=§-

Bai 2: Gia str a, b, ¢ 12 cac s6 thye dirong théa mana + b + ¢ = 1. Tim gia tri nhé nhét cia biéu thirc:

3 a? b? 3 (a4 by
_(b+c)2+5bc+(c+a)2+50a s
(Trich d& thi thit THPT qudc gia trwomg THPT Viét Yén 11 2016)

P

Mban xét: Trong tr nhir bii 1, do tinh di xitng thi ta sé dira vé bién c. O bai todn ndy ta ciing ding bt
ddng thitc & méu va dp dung cde bat ding thive phu nhir sau:

+ 2
%22)@,

x?+y? >

T ovi giai ohi tidt:
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Ap dung bit ding thirc Cauchy ta cé:
a? o a? 4a?
2 = = 2
(b +c)? + 5be (b+c)2+%(b+c)2 9(b +c)

Tuwong tu ta co:
b? - 4h?
{c+a)2 +5ca ™ 9(c+a)?

Suyra

a? N b2 o 4 a2 b?
(b+c)2+5bc (c+a)2+5ca” 9\(b+c)? +(c+a)2

2( a b )2 2 {a? +b? +c(a+ )\
> +—) =
9\h+c¢ c+a

“9\ab+c(a+b) +c?
2
+b)?
L2 £§-2-~)—+C(a+b) 2( 2(a+b)? + 4c(a +b) )2
=0 P =3 z
9 (at}b) +ea+b) +c? 9\(a+b)2 + 4cla+b) + 4c?

Via+b+c=1<a+b=1-cnén

2{ 2(1-c%+4c(1-¢ ' 3 , 8 5 \2 3
>= 328 3
1:‘_'9((1--0)2+4-C(1—c)+4c2 4(1 2 9(1 c+1) 4(1 ) (1)
Xét ha ”f()_s(l 2 )2 3(1 )2 Yice 01) e
etham so e _9 c+1 4 c)*voic (,
Ta c6:
, 16 2 2 3
"©=5(t-7) a2 CY

f'(c)=0®(c—1)(64—(3c+3)3)=0®c=%

Bang bién thién:

C 0
f'(c) -

f(c) \ | /

1
Dura vao bang bién thién ta co: f(¢) = — 3 véimeice (0;1) (2)

QWi

1 1
T (1) va(2)suyraP > ~3 dju dingthitcxdy rakhia=b =c = 3

1 1
Véy gia tri nho nhit cha P ta — 5 datkhia=b=c= 3

Bai 3: V&ia, b, ¢ > 01a nhitng s8 thue dwong théa man diu kién ab + bc + ac = 3, chitng minh rang:

a
+ >ab
2aZ + bhe 2b2+ac+ 2¢c2 +ac abe

Rhian xét: POJ ichi bai todn tréng cd vé phike tap nhung lai thye sy rdt don gidn, bai todn ndy I3 mét vi du.
Bai ndy, thwe chdt ta chi ciin siv dung bat ding thitc phu quen thugc:

1 1 1 9

a b T arbe
Lot aidi chi tiét:

Bét déng thirc da cho twong dwong véi:
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1 1

P =

Ap dung bt ding thirc phu ta c6:

9 9(abc)?
P> bc)?
2 T 17 - Gbtberagi . (209
G+p* o)

Bai 4: Véi a, b, ¢ > 0. Chirng minh rang:
b+c 2a+c 4{a+b)
+ + >9
a b a+c

Bban xét: ¥ tudng cia bai todn ndy 13 dwa dwoc vé dang tich cia hai biéu thikc dang Bunhicopski,
Ldvi whaf ohi tidt;

B4t ding thirc da cho twong dwong véi:

(b:c+2)+(2a;-c+1) (4(a+b) )

(2a+b+c)( +}];+ 4 )?‘_15(*)

Ta cé:
P= 2+b+)(1+ Lttty 1)>16
= (2a ¢ 2a 2b 2b a+c a+4+c¢c a+c atc/
82 82
Pz(Zat+b+c)0——F—F—=—=16

Ba+4b+4c 4
Bbin xét; Ngoai ra bt ding thitc (*) c¢d cach chirng minh khac don gian hon:

(2a+b+c)( +i+%) [a+b+(a+c)]( +i+-—j_——)>(1+1+2)2—16

Bai 5: Vdi a, b, >0 théa min digu kién a_, b =1, Chirng minh ring:
1+b 1+c 1+a

-G -

® twona: T twréng cia bai todn nay I3 ghép cip cho phir hop. ¥ twdng ndy da diroc gici thi¢u trong sdch
bAr didng thike cila anh.
Lol gidf chi tidt:
Ta co:
a l1+b-a b C b

A - >2
T I N P e A TS

b 1l+c—b a + C >3 ac
14c  14C 14b 1+a” " [(1+b)(1+a)

c 1+a—-c a b ab
1+a 14+a 1+b 1+c (1+b)(1+c)

Nhén vé& véi vE clia cac bat ding thire trén ta dugc:
(1+b-a)1+c—Db)}1+a—c)=Babc

1+b 1+¢c 1+a
() (- ()
a b C

Bai 6: Vé&ia, b, c > 0 thda mén didu kién ab + be + ac = 3. Chitng minh rang:
Va+3+ Vb+3+vVe+3<2@+b%+c?)

B twong: Bai todn nay, chinh xic ia st dung cin bing hé s6. D& thiy diu bingxdvrakhia = b = c =1,
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Lo widf chi tiét:

Ta cé:
a+7
(a+3)+4zzJ(a+3)4HJa+3sT
Twong tu:
b+7 c+7
b+35-—4 Ve+3g 7
Suy ra:
a+b+c+21
\/a+3+\/h+3+\/c+35—"'"4—~—
Str dung bit dang thivc:
<512-+-1b<b2+1 <c2+1
AsTy s TETeE
Thu dwge:
a2+1 b*+1,c?+1
a+b+C+21< 3 + ) + 7 +21 _az+b2+c2+45
4 = 4 B 8

Ta chirng minh bat dang thitc:
a? +b% + c? + 45
8
< 15(a + b? 4 ¢?) = 45
©@E2+b2+c¢) >3
Tacé: (a? + b? + ¢?) > ab + be + ac = 3,bit ding thie ding.
Tir d6, ta thu dwoc bit ddng thirc cin chitng minh.
Hhan xét: Ta c6 bai todn twong ty nhwng khé hon mot chit sau:

< 2(a% +b% +c?)

Bai 7: V& a, b, ¢ > 0 thda min digu kién ab? + bc? + ca? = 3. Chitng minh ring:
Va+7+ Vo+7+¥cF7<2@ +bt+ch)

Bwrdng van giai:
Ap dung bt ding thirc Cauchy ba s

@a+7)+8+8=3Ya+788=12Va+7

23
—~>3v‘a+7sa:2
Tuwong tw ta co:
b + 23 c+23
Vw77 < e s
Cong cac bt ding thirc trén ta nhén duoc:
a+b+c+69
Vat7+ i/b+7+3\/c+7s———-12—
Ap dung bt déng thirc Cauchy bén s
a*+1+1+1 a*+3 b* + 3 c*+3
as = b < <
4 4 4 4

Suy ra:

a*+3 b*+3 c*+3
atbtc+69 —g—t g+t —+69 at+btict+285

12 - 12 48

Ta chitng minh;
a*+b* 4 c* + 285
8 < 2@* +b* +c*)

@at+bttct=3

Ap dung bit ding thirc Cauchy bén sé:
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a* +b* + b* + 1 = 4ab?
b* +c*+ ¢t + 1 = 4bc?
ct+at+a*+ 1> 4ca’
COng cdc bit ding thirc ta thu dwgc: 3(a? +b* + ¢*) + 3 > 4(ab? + be? + ca?) = 12
& at+bt+ct =3
Tir d6 suy ra bt ding thirc dwece chitng minh.

Bai 8: Véi a, b, ¢ 12 nhiing s6 thirc dwong, chirng minh ring:

[ I +2/ s
b+ 2c a+2c at+b+c
$han xet:

B4t ddng thikc 13 d6i xiing viéi bién ¢ nén ta cd thé dwa vé bién c. Tuy nhién, ta ciing cd thé suy nghi mgt
cdch khdc ciing khd tir nhién.

Lot qidi ehi tide:

Tacé:a+b+c+d=2alb+c+d)

Twongtwa+b+c+d= Zm

atb+c+dz2yc(d+a+h)

Tir do, suy ra:
2 + b + ¢ + d >2
Jb+c+d c+d+a Nd+a+b a+b+c
Chon d = ¢ ta thu dwoc:
{ a b c
b+2c:+ .’a+20+2\Ja+b+c> 2 (dpem).
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Bét ddng thirc mdt bién

Lo binh: Ré rang bat ding thirc mgt bién la van dé rét dé déi vei hoc sinh hién nay. Chiing ta khéng c6
nhiéu dang bai tip mdi cd thé gdy dp lwe, cdu ndy cb thé 13 cdu cho diém. Thé nhung, chiing ta van rét cin
dé phong vi dé minh hoa 2015 12 mét thim hoa sé duoc gici thidu cudi. Moi van dé du cin bar diu én tir
don gidn dén phike tap. Vi thé didu chiing ta cin Ia thire s binh tinh,

Cach gidi chung: V&i ham mét bién don gian, ta ding dao hAm va bang bién thién dé dwa ra dap an. Véi ham
mét bién phitc tap hon mdt chit, ta c6 thé nghi téi viéc déi 4n phy va nhé digu kién clia 4n phu. Mot s6 bai
toan déc biét, dwgce néu trong cudn Cong pha bat ding thitc,

Bai 1: Tim gi4 tri 16m nhat, gid tri nhd nhit cia ham sé: y = x® + 3x% — 9x + 1 trén doan [—2; 2]
(Trich dé thi thi THPT qudc gia trwdmg THPT B Tho 20156)

Buémg dan qiai:
Xét trén doan [-2; 2] tacé: F'(x) = 3x% + 6x— 9
Fron % = —3 (loai)
() =0 e [ o8
Tacd: f(—2)=23;,f(1) =—-4f2)=3

Viy [11122)5 f(x) = f(—2) = 23; [r_rzi;r;] fx) =1(1) = -4

Bai 2: Tim gi4 trj 1én nhat, gid tri nhé nhit cia him sé: y = x¥ — 3x? + 4 trén doan [-2; 1]
(Trfch d@ thi thit THPT quéc gia trwdmg THPT Han Thuyén 2016)

Budng bin midi:
Ham sy = f(x) = x* — 3x% + 4 xdc dinh va lién tuc trén doan [~2; 1] vay’ = 3x% — 6x
s [x=0 €[-21]
V=0l e -1

f(-2)=—16;f(0) = 4;f(1} = 2
Vay gid tri 1én nhit 4 13 khi x = 0; gi tri nhé nhat1a —16 khix = —2

Bai 3: Tim gi4 tri 1én nhdt va nho nhat cha him sy = 2x? + 3x? — 12x + 1 trén [-1; 5]
(Trich d& thi thit THPT qudc gia trwdmg THPT Tam Do 2016)

Bwréng vin gidi:

Tacé:y' = 6x% 4 6x — 12

. x=1€[-1;5]
y =02y o og-15]
Ta cé: y(—1) = 14; (1) = —6; y(5) = 266

TR Ty Y T oKX= i gy = 266

Bai 4: Tim gia tr{ 16n nhit va nhé nhit cia ham s6: y = x* — 2x? + 3 trén doan [0; 4]
(Trich dé thi thir THPT quéc gia trwdmg THPT Viét Tri 2016)

Bwéng van giai:
Ta ¢o:
y =4x3 —4x = 4x(x* - 1)
y' =0& x=0;x=1thudc [0;4];x = —1loai
Tacé: £(0) = 3;f(1) = 2, f(4) = 227
Vay gia trilén nhdtlay = 227 trén [0; 4] khix = 4
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Gia trinhd nhitlay = 2trén [0; 4] khix =1

Bai 5: Tim gia tri 16n nhét va gia tri nhé nhét cia ham s6 sau: y = —x* + 2x? + 1 trén doan [——2; %]
(Trich d® thi thi THPT quéc gia trwdmg THPT Yén My 2016)

Burong dan gidi:
Tachy' = —4x3 + 4x

A . 1 FR x=0
Trén [mz,z] oy =0 g —1

1 23

y(=2) = =7;y(-1) = 2;y(0) = Ly(i) =z

Kétludn maxy=y(-1) =2 ; migy = y(-2) = =7
&2 o

Bai 6: Tim gi4 trj 1&n nhdt va gid tri nhé nhét clia ham s6: f(x) = (x — @z(x + \/5)2 trén doan [—%; 2]
(Trich d2 thi thi THPT quéc gia trwdmg THPT Thach Thanh I 2016)

Budna dan giaf:
i
Ta cé: f(x) = x* — 4x? + 4; f(x) xac dinh va lién tuc trén doan [— 7 O] s (x) = 4x3 — Bx

1

Véix € [—E;ZJ;f’(x) =0ex=0x=v2
1

Ta cb: f(—i) = 32if(0) = 4f(v2) = 0;£(2) = 4

1
Gid tri 16n nhét va gid trj nhd nhat cia ham s8 f(x) trén doan [_E ; 0] Fin lwot 13 4 v2 0.

Bai 7: Tim gi4 tri lén nhit va nhé nht ctia ham sé: f(x) = x> — 5x* + 5x% + 1 trén doan [—1; 2]
(Trich d thi thir THPT quéc gia trudmg THPT Viét Yén 1I 2016)

Bwdng ban giai:
Ham s6 f(x) = x* — 5x* + 5x° + 1 lién tuc trén doan [—1; 2]
y' = 5x* — 20x3 + 15x% = 5x%(x? — 4x + 3)
, x = 0 € [—1; 2](nhén)
Choy' =0 & 5x*(x*—4x+3) =0 , 5x° = 0_ & [x =1 € [-1;2](nhin)
X A3=0 |y =3¢ [—1;2](l0ai)
Tacé: f(0) = 05 — 5.0+ 509+ 1 = 1
f(1)=15—51*+513+1=2
(D ={-1-5.(-1D*+5(-1D%+1=-10
f(2)=25-52%+525+1=—7
Trong cic két qua trén, s4 nhd nhat1d -10 va s6 lén nhit1a 2.

Viy [glll;lzlly =—10khix=-1; [lIll?:;l%(]y = 2 khix = 1.

xZ
trén doan [2; 4]
x—1

(Trich d& thi thit THPT quéc gia trwdomg THPT Trin Hung Dao 2016)

Bai 8: Tim GTLN, GTNN ciia ham sé: y =

Bwéng bin afdf:
Ta thdy ham s6 da cho xdc dinh va lién tuc trén [2; 4]

, X2-2x
Trén[2; 4] thiy' = 0 cd mdt nghigmlax =2

Xx=0
XxX=2

16
Tacd:y(2) = 4;y(4) = 5
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16
VéyMaxy=? khix = 4
Miny=4khix =2

1
Bai 9: Tim gia tri 1én nhit va gid tri nho nhat cia ham sé: f(x) = x + V4 — x2 trén doan [—2;—2{].

(Trich d& thi thir THPT qudc gia tredmg THPT Xudn Trudng 2016)

Pwdong din giai

Ta co:
f'ix)=1-

4 —x?
1
ff=0ex=V2¢ [—Z:E]

1++/15
2

1
Ta c6: f(=2) = —Z;f(ﬁ) =

1+ 15
2

1 1
Vay GTLN trén doan [_Z;E] la ; GTNN trén doan [—2;5] ta -2,

Bai 10: Tim gia tri 16n nhét va gid tri nhd nhét ciia ham s6: f(x) = x + V18 — x2
(Trich d2 thi thir THPT qudc gia trudng THPT Chuyén Vinh Phiic 2016)

Bwong vin gidi:
Ham s6 xac dinh va lién tuc trén D = [-3+v/2; 3v2]

Taco:
X
ffx)=1-———
) V18 —x2
52X =004/18—-x2=x
x=0

lig e eex=3
Maf(—3v2) = -3VZ;f(3v2) = 3VZ;f(3) =3 +V18 -9 =6
Suy ra:

e f(x) =£(3) = 6;,(5[-?}%?3 7 f(x) = f(—3v2) = —=3v2

Bai 11: Tim GTLN va GTNN cfia:
VS —4Ax+ 2VE 4+ x—4x* -1+ x—4x+5

V5 —4x+2vV1+x+6
(Trich g8 thi thit THPT quéc gia trwdng THPT Chuyén Qudc hoc Hué 2016)

y

Hban xét: Bai todn nay ta cd thé dit:
V5 ~ 4x = V6 sin 2t: 41 + x = VB cos 2t.

Roi dung:

2tant 1—tan®t
1+ anzt’ 08 2= 1+tan?t
Cach d6i 4n phy ndy dwoc gioi thidu trong mot bai clia cudn Cong pha bit ding thiic.
Tuy nhién, véi bai nay ta ciing c6 thé sit dung dac ham ludn vi d4u ctia y’ khéng déi nén khong tén sive giai
phwong trinhy' = 0.
Lot gidi chi tiét:

5
Téap xac dinh: D = [—1; Z]

sin2t =

DitA=v5—4x+2J14+x+6
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5
V&imoix € (—1;1) taco:

2 1 1 1 2
,_(w el ﬁ_1+x)(x/5—4x+2\/1+x+6)_( == _5_4}()(\/5—4 - V1+x)
h A? AZ
2
V5 —x

_ 2(3VT+x+6) 3V5—4x+6 3V/5-4x+6 2
A%V5 — 4x 2A%1 +x 2A20T +x V5—4x

5
Ham s& nghich bién trén (—1; Z) valién tuctrén D,

<0V e( 1-5)
X ,4

10
Viy GTLN cdaham séla y(—1) = 3

Bai 12; Cho x 12 s8 thye. Tim gia tri nhé nhét cda:
J3(2x2 4 2%+ 1) 1 1
. + +
J2x2+(3—\/§)x+3 J2x2+(3+\/§)x+3
(Trich dé thi thit THPT quéc gia d@ thi minh hoa 2015)

Bban xét: Vi bai todn nay, ta cé mot loi gidi kinh kining trong dap dn li ding hinh hoc phing. Thé nhung
sty nghi theo huéng tw nhién ta thiy hai bidu thirc sau 6 dang kiéu tirong thich voi nhau, nén ta sé€ thiy st

dung bat ding thitc phu dé dua vé mét:
1 1 4

a b a+b
Khi stk dung bat ding thirc nay thi ta di mdc dinh diu bing xdy ra khi:

a=b<—>\/2x2+(3—\/§)x+3=\[2x2+(3+\f§)x+3<—>x:0

Khi do, ta hoan foan co thé ding thém bét ding thikc sau dé biéu thikc cé vé thu gon hon:

a+b <4 2(a? + b?)

J32x2 4+ 2x+1) 4
P> +
3 J2(4x2 + 6x + 6)

Do ddu “=" xdy ra khix = 0 nén & diy ta sé thit xét hai dinh gid:

Khidd, ta co:

Hodgc:
JS(%.xz-i-Zx-l—l) 4 3
P= + (dé’détﬁnphu:xz-!-—x:t)
3 J2(4x% + 6x + 6) 2
Hodc:

pp Y@ty * (48 dat &n phu x2 +x = t)
3 A 2(6x2 + 6x + 6)
Dii Iam theo cdch ndo thi ta vin thu digc ham don gidn véi bién £ nén cd thé dung dao ham va bdng bién
thién @8 gidr quyét. Do do, ta cd 1o7 gidf chi tiét sau:
T.ori widi chi tiét:
Ap dung bit ding thikc phu:

4 4

1
= =
b a+b™ [2(a +b?2)

Ta thu dugc:
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V3(2x% + 2%+ 1) 4
P> +
3 J2(4x% + 6x + 6)
V3(2x2 4+ 2x+1) N 2
3 V2x2 ¥ 3x+3

J2(3x2 +3x) + 3 2

> +
3 JBx2+3x) +3

V2t +3 2
= +—=== (1) (t = 3x% + 3x
3 Vi€3 ¢ )
1 1 _,/(t+3)3—3\/2t+3

- f'(t) =

3VZEF 3 J(t+ 378 3/t 31 3P

B % + 9t% + 27t + 27 — 18t ~ 27
3/ (2t + 3)(t + 3)3 [J(t +3)% + 32+ 3]
t(t2 + 9t + 18)

- () =
3/ (2t + 3)(t + 3)° [J(t +3)% + 32t + 3]
fft)=0«t=0
Do dé; ta cé:
Vi 2
P2f)2f(0)=—+—==+3
(t) = f(0) NG
Ddu " = " x4y ra khi:
1 1

22+ (3-v3)x+3  2x2+ (3+v3)x+3
2x +3x+3=3x3+3x+3
x2+x=t=0
Vay gia tri nhd nhdtcia P 1A V3 khix = 0.

ex=0
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Bdt dang thivc hai bién

Bi 1: Cho 2 s8 thic dwong x,y théa man 4(x® + 8y®) = 1. Tim gid trj lén nhit cla:
: (x+2y% +2)°
P_5(x2 +y2)—5(x+y)+3
(Trich d& thi thi THPT qudc gia trwdmg THPT Nguyén Khuyén 2016)

Mo mam (ot gfai:
Nhin vao bai todn, cam gic rit dé nhung cing khong thé ndo tim ngay ra 1oi gidi dugc, thé nhung chiing ta
hdy chi y vao bidu thikc trong gid thiét: x* + 8y® va biéu thikc trong két ludn: x + 2y?. Khi d6 ta thdy ngay
€0 gi do lién quan t6i nhau??? Ta thik 467 bién cho thugn tién:
x=a;2y%=b
Khi dé gid thiét thanh: 4(a® + b%) = 1. Do dd, trén ti¥sé:a + b7 27
Ta cd biét t6f bt ddng thitc rdt guen thudc:
(a + b)® < 4(a® + b3) (bdt ding thirc ndy chi cin bién doi trong dwong)
Khi dé tacongav:a+ b < 1, Biy gic;, di chua biét g ta thir kiém tra ddu “="xem sao:
(2T axoy-d
A +8y)=1_""773
Ciing rdt may min khi mu s6 ta laf c6:
2

, _( 1)2 1.1, _( 1) 1.
YmxEETY) TaETyy Y=y Ta=

L

Déu "="cdng xdy ra khi: x =y :% nén ta cd loi gidi hodn chinh sau.

L ovi aidd chi tiét:
Véimoia,b > 0tacéd: 4(a3% + B3) = (a+ b)3(1)
Thét vay ta cd:
(1) & 4(a® +b%) 2 a® + b% + 3ab(a+b)
< 3% +b®) = 3ab(a+h)
o (a+b)a?—ab+h?) =aba+b)

o (a+b)a?—2ab+b* 20 (a+b)a—b)? =0(2)
Via,b > 0nén (2) luén ding. Dau = xay ra khi a = b. Do d6,(1) dwgc chirng minh.
Ap dung bt ding thirc (1) véia = x;b = 2y? ta cé:

1 =403 +8y®) = 4% + (2y5)®) = (x + 2y?)®
>x+2y: <1

Lai c6:5(x* +y2) —5(x+y)+3 =5x>—5x + 5y - 5y + 3

_5(2 AW 1) 10+3_( 1)2+( 1)2+1>1
=\ _X+Z)+ (” AT AR A 2) 72732
(x+2y2+2)° -

=P= = 54
P 5(x2+y2)—5(x+y)+3 1
6
Dau “=" xay ra khi:
4x3+8y%) =1
x = 2y* ot
T SxX=y=2
x=y=s
Vay gid tri Ién nhat cia P13 54 khi x =y =%.
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Bai 2: Cho x, y 1a s6 thye dwong sao cho 2x + 3y < 7. Tim gi4 tri nhé nhit cla:
P=2xy+y+y5(x2+y2) —243/8(x +y) — (x* + y? + 3)
(Trich d@ thi thit THPT qudc gia trwomg THPT Phan Thuc Tryc 2016)

S0 maAm 14 giai:
So voi bai todn 5 thi bai todn ndy khd hon rdt nhiéu. Hoan toan do cim nhan:
5=12 + 22
Vavoi2x + 3y = 7 thi ta cd thé dy dodn ddu "="xdy rakhi:x = 2;y = 1.
Khidd, ta cd nhitng ddnh gid sau:
V52 +y3) = J(22 +12)(x2 +y2) 2 2x + y
SP22(xy+x+y)—248(x +y) — (x2 + y2 + 3)
Ré rang 14 P @3 doi xirng nhung diu "="xdy ra lai khi:x = 2;y = 1 nén ddnh gid theo tdng va tich I3 rit kho.
R rang sau khi ta ding\[5(x? + y2) = 2x + y 13 da duva duoc vE2(xy + x + y). Viy thi suy nghi t nhién
14 dira biéu thike sau vé biénxy + x + y ndy???7?
Bx+y)—(x2+y2+3) S flx+y+xy)
+85—85242P-3<f(S+P)(S=x+y;P =xy)
Diu" ="khiS=x+y=3;P =xy =2.R6rang nhu vy thi ta c:
8BS ~S24+2P -3=25—(S2—65+9)+2P+6=2(S+P)+6—(S—3)2<2(S+P)+6
Nhur vy ta cd thé chon: (S + P) = 2(S + P) + 6.
Céng viéc dira vé mét bién da ok! Nhung hoan todn van chira thé két thiic dwoc bai todn. Theo trén ta co:
P22(x+y+xy)—24y2(x+y+xy)+6

Ditt = (x +y + xy) tacé:
P>2t-24V2t + 6 = (1)

O =2- 4.2 _ 2 (3\,0' (2t + 6)% - 8)
372t + 6)2 Y2t + 6)?
) =0eY(2t+6)2-8=0e (2t +6)% =83 =2°
olt+3|=8VZet=-31£8V2
Vixétt >0 nén ré ring theo bdng bién thién ta cd:
t 0 -3+8v2 +oo
o -

0 +
. \ /

Rérang khix = 2;y = 1 thit = xy +x+y = 5 < —3 + 8V2 nén suy nghi don gidn ciia ta 14 ching minh:
xy+x+ys5vx,y>02x4+3y<7

Boi 1€ néu khéng coxy + x +y < 5 thl moi thit dinh gid trén I3 vé nghia. Biy gic, du khong biét 13 Iam thé

ndo, nhung chiing ta cé mgt cich khd don gidn Ia thiv bang phuong phip thélt!

PoE ey ad= g0

Don gidn xét :

t=xy+x+y=yv{x+1)+x< 3

Pdnh gid g(x) di nhién Ia céng viéc cda cic em rdillf A
(T—2x)(x+1)+3x =-2x2+8x+7 15-2(x—2)?
t < = =
3 3 5
R&t may ddu “="xdy ra cudi cing cling tai diém x = 2. Nhw vay ta cd thé chac chin 1o gidi.
Tovt orfaf ohi tidt;

Ta co:

<5
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7 - 2x

t=xy+x+y=yx+1D+x< (x+ D +x

7 -2(x+1)+3x  —2x*4+8x+7 15— 2(x—2)°
- 3 a 3 - 5
Lwu ¥: Ré rang cAc em thiy cach danh gia trén rit tr nhién, d& hiéu, ngoai ra con mét cach danh gia niva khi
biét cdn bing hé sé Cauchy, ciing 1a cich dang chi ¥ ma 1&i gidi trong dap 4n nhic téi:
2x+2+3y+3
6(x+ 1)(y + 1) = (2x+2)By + 3) < (f

<S5-t=xy+x+y=<5

2
) <36-ox+y+xy<h

Ta cé:
S5P+y) = 2x+y)? - J5(x2+y) = 2x+y;
x+y—-3)0 =x*+y>+9+2xy—6x—6y=0
- 2(x+y+xy+3)=28x+y) - x2+y2+3)
= P> 2(xy +yz + xz) — 24/2(x + y + xy + 3)

Pitt=x+y+xy;t € (0;5];P > f(t) = 2t~ 2432t + 6

242 2(31f(2t+ 6)? — 8)
332t +6)2 Y2t +6)2

Do do, f(t) nghich bién trén (0; 5].

Laicd f'(t) = 2 - < Ovte (0;5]

- P2 f(t) > £(5) = 10 — 4832
VayminP = 10 — 482 khix = 2vay = 1.
Ran xét: BIf todn trén Id mbt minh hoa cho bai todn hai bién khd trong dé thi. Cing voi vin dé bat ddng
thiFc hai bién, cd mgt sé trirong dira ra nhing bai todn ciing rdt hay va thii vi sau.

Bat 3: Cho c4c s8 thuc dwong %,y sao cho xy + 1 < y. Tim gid tri 1én nhét cha:
Xty 2y —x

+
JxZ —xy +3y2 6(x+y)

(Trich d@ thi thir THPT quéc gia trwdmg THPT Yén Lac 2016)

P=

Winh (warw; Fidu thitc trong két ludn la ddng bic hai bién nén ta c6 thé déi bién: t = X Do dé, thitma chiing

y
ta cn Ja tim min gid trj ciia bién moi ndy tir gid thiét RG rang twr gid thiét ta suy ra:
x y-1
0<=<T—
y y

Bén vé con lai chi cd bién y nén ta cd thé ding bing bién thién, hodc don gidn hon 13 ding:
y-1_ 1 1 1 (1 1)2<1

oy i \y 2
Do dd, ta cé 107 gidi chi tiét sau.
Lovi aiai chi tiét:
Dox>0y>0;xy <y— 1nén:

Ly-1_ 1.1 1 1 12<1
0<gs y2 y y¢ 4 (y 2) T4
bat:
X <1
—;—?0<t_z
t+1 t—2 t+1 1 1
->P= - = -——+ = f(t)
JE—t53 6146 Vo-t+3 6 20t+D)
Ta cé:
7-3t 1

(0 =

2/ —t+3)F 20t+1)

1
O<tsz—>t2—t+3=t(t-1)+3<3;7—3t>6;t+1>1
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7 -3t S 7 —3t o i
2J(t2 —t+3)2  6V3 V3
1 1
T+ D22

1 1
—>f’(t)>—~~-i>0

V3

Do dé, f(t) ddng bién trén (0;%} nén ta cé:

J§+7
3 ' 30

P=f)< fG) =

\/_ 7
ERET

£1 L
30

Khix=—;y=2.
> y

Khix =~ ,y—2 tacd: P =

Do &4, gid tri 1é6n nhit cta P =

Nhan xét: Song song voi bat dang thire cing bjc ta ciing 6 bit didng thikc dang 467 xirng hai bién.

Bai 4: Cho x, y thda min:

{ 2y = x?
y < —2x% + 3x

Tim gid tri nhé nhdt cha: P=x*+y* + ———
(x+y)
(Trich d@ thi thir THPT quéc gia trirdmg THPT Vinh Phiic 2016)

Binh ludw: Bai todn ndy khéng cé nhidu didu dé ban lugn, anh chi dua ra cho mang tinh chit hé thing kién
thite. Chi c6 mét lwu y rang tim didu kign t6t nhit cé thé ciia cdc bidn.
L ivi gl chi tit:
Ta co:
x2

6
y20;~é~5—2x2+3x—>0£x5§;x2+y25x2+(—2x2+3x)2=2x2(2x2—-6x+5)

Xétham s8 f(x) = 2x2(2x* — 6x + 5) trén [0;2] ta durgre:
Maxlﬁélf(x) =2-x*+y?<2
(x +y%)? 2

2
P= 2 rAY- 24,2 = 2 232 _
(x*+y%)* — 2%y +(x+y)2_(x +v4) 5 Ty
batt=x%+y?
t2 2
“Pz2—4+—;0<t=<2
2t
Xét ham sé:
2 2
g(t)=—+—:t€(0;2];
, 2 t3 t
g(t)=t—t—2 ,g(t)“Oﬁt-23

3 6
Lap bang bién thién ta thu dwec gid trj nhé nhit cta P= % khi x=y= ;6 .

Nhén xét: Mot $6 bai toan hai bién dé trong dé thi anh muén cic em xem qua:
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B3i5: Chox > 0;y = 0 thdaméin x + y = 2. Tim gia tri lén nhit cla:

P=xy+
x xy +1

(Trich d@ thi thir THPT qudc gia trwdng THPT Nguyén Binh Chiéu 2016)

@Gorl p glai:
Ta c6:
2
OSXYZ(XZY) =1

Datt=xythisuyraad <t<1

p— 1 = f(t ety = 1 1 _t(t+2)
SRRk g O A ronr sl roy
X 0 1
f{x) 0 +
f(x) 3
/ 5
1

Vay gi4 tri 16n nhét céia P:% khix = 1;y = 1.

Bai 6: Cho cac s& thuc x, y théa man: (x — 4)% + (y — 4)% + 2xy < 32. Tim gia trj nhd nhét cda biéu thik:
A=x*+y3+3(xy— D{x+y—2)
(Trich d& thi thit THPT qudc gia trwedmg THPT Thach Thanh I 2016)

Soi P giai:
Ta cé:
(x—42+({y—-4)P2+2xy<32© (x+y)?-8(x+y) <0 0<x+y<8

3
A:(x+y)3—3(x+y)—6xy+62(x+y)3HE(x+y)2—3(x+y)+6

3
Xét ham s8: f(t) = t3 — Etz — 3t + 6 trén doan [0; 8]

1++5 1-+5
Tacd: f'{t) =32 -3t—-3f' () =0=t= Z\F hodct = 2\/_ {loai)
145 17 — 5v/5 17 — 5v5
Tacé:f(0)=6;f( 2f)= ) f;f(8)=398.5uyraA2-——4-\/—:
V5

thi d4u bing xay ra.
17 - 5v5

1
Khix=y=

Vay gia tri nhé nhdt cua A 1a

Bai 7: Cho hai s8 thuc x, y thay d8i thoa mén: x? + y? = 2. Tim gi4 tri 1&n nhit va gid tri nhé nhét cla bidu
thitc:
P=2(x%+y%) —3xy
(Trich d& thi thit THPT qudc gia trudmg THPT Tran Hung Pao 2016)

Soip giai;
Taco: P = 2(x* +y*) — 3xy = 2(x + y)(x? —xy + y?) — 3xy = 2(x + y)(2 — xy} — 3xy
Ditt=x+y.Didukién Jt| < 2

t2—2 s 3, L.
Xy = 5 P=—t -—-Z—t +6t+3vdift| <2

Xétf(t) = —t3 — %tz + 6t +3trén [-2;2]
f'(t)==3t>-3t+6
f(h=0&t=1t=-2
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f(l)—— f(2)=1,f(-2)=~-7
1++3 1—-+3
13 13 x+y=1 x=-— x=—
maxft =— khit=1nénmaxP=— & = va
iy i) = 2 2 y? =2 1-43 _1+V3
Y= y=73
min f(t) = —7khit= -2 nénminP = -7
{-2:2]
X+y=-—~ e
{x2+y2=2@x_y_ 1

Bai 8: Cho x,y > 0 théa min x + y = 2016. Tim gid tri nhé nhit cda:
P=./5x2 +xy + 3y% + /3x% + xy + 5y + /x2 + xy + 2y% +/2x% + xy + y2
(Trich d® thi thir THPT quéc gia THPT Chuyén Vinh Phiic 2016)

Hhan xét: Bai toan nay di 12 ddi xirng bac hai nhung ta khéng nén st dung x + y = a;xy = b boi & 1am

nhu thé qua phirc tap d6i véi bai todn nay!(Tri khi ngwdi d6 thye sw kién nhin).

Thé nhung, ngay khi doc bai nay, chiing ta cé ngay hwéng nghi sit dung bt ding thic:
yaZ+bZ+c2+d2 =@+ )2+ (b+d)? ()

Cé hai céch chimg minh bit ding thivc (). Mot 12 bién d6i twong dwong, hai 1a dwa vé hinh phing Oxy thi

né 14 bat ding thirc AB + BC > AC.

Ap dung bat ding thic ndy, thi ta cin dua v& dang d6i xitng nhwng phai 1a téng hai s6 chinh phuong,

vy2 59
2 2 2 2 — iy2 T2
JSx +xy + 3y +J3x +xy + 5y JS(x+10) +20y +J5(y+10) + x

511 59
2\/5[10(’”3’)] P = () [t e =3 +)

_ e 7 2 7
\E(2+xy+2y2+\/2x2+xy+y2—\/(x+§) +Zy2+J(y+§) %2

3 27 9 7
ZJ[E(X+Y)] t&x+y)?=x+y) ’Z+Z=2(X+Y)

P23(x+y)+2(x+y)=5x+y) = 10080.

Diu " = " xdy ra khi: x = y = 1008.
Ngoai ra ta con mot hwéng di khic ciing rit 12 Iy thu. Vi do ddi xirng nén ta du doédn dwgc ddu “=" xdy ra
khi:x = y.
Ta nghi t&i cach phén tich:

J5x2 + xy + 3y2 = J(ax + by)? + c(x — y)% = /5y% + xy + 3x% = /(ay + bx)? + c(x - y)?

VEEFxy+2y% = J@x+ by 2+ (x~y)2 >y +xy + 2x2 = @'y + b'0)? + ' (x - y)?
Né&u ¢; ¢’ = 0 thi hwdng gidi nay 13 lam dwec!!!
Cich tim a; b; ¢;a’; b'; ¢’ cling kha don gidn, chi 1a ddng nhit thic:

Do d6, ta cd ngay:

11

a=—

at+c=5 g

VSxZ 43y +3y7 = flax+by)T +c(x=y)? 2} b*+c=3 ~ib=c
2ab—2¢c=1 59

C=§6
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, 3

a'=-

a?+¢' =1 g

Vxi+xy+2y2 = J(@x+by)2 +c(x—-y)?>{ b2+c'=2 - b’:Z
2ab —2c¢ =1 7

C=R

Do d6, ta ¢6 1o giai chi tiét khdc sau:

T ovi widd chi tiét:

DitA = ,/5x% +xy + 3y +/3x2 +xy + 5y%B = x2 +xy + 2yZ + 2x? +xy + y5;P= A+ B
Ta co:

6A = /180x? + 36xy + 108y2 + /108x2 + 36xy + 180y2
= J(11x + 7y)2 + 59(x = y)Z + (11y + 7x)% + 59(y ~ x)2
2 (11x+ 7y) + (11y + 7x) = 18(x + y) = A > 3(x + y) = 3.2016 = 6048 (»)

D4u ding thirc xdy ra khiva chi khix = y = 1008

4B = \/16x2 + 16xy + 32y% + 4/32x2 + 163y + 16y2

=/(3x+5y)2 + 7(x — y)2 + /By + 5x)2 + 7(y — x)?
Z(3x+5)+By+5x)=8x+y)=>B=2(x+y) = 22016 = 4032 (x+)
D4u dang thirc x3y ra khiva chi khix =y = 1008
Tie (*) va (**) tadwocP = A+ B = 6048 4+ 4032 = 10080
Diu ddng thirc xay ra khi va chi khix = y = 1008.
Véy gia tri nhd nhit clia P=10080 khi va chi khi x = y = 1008.
Bhan xét: D nhién, nhing bt ding thirc hai bién thurong 13 bit ddng thirc dé thé nhirng déi khi néu
khing khéo Iéo thi viéc deavéx + y = a; xy = b I3 twong dbi phifc tap. Vi du sau Ia minh hoa.

Bai 9: Cho a, b la cic s6 thue khong 4m thda mén: 2(a® + b?) + (a + b) = 6. Tim gia trj nhd nhit ciia:
P_6(aﬁ+1 b2+1) a+b

Zta br+b) "t [@+b)Z+5

(Trich d@ thi thir THPT quéc gia THPT Yén Lac 2 2016)

A6 mAm Lo afal:
Trong P c6 chita biéu thitca + b. Trong gid thiét céa + b vd a® + b?.Do dé, dai lwong ta nén chon 6 diy I3
tdnga + b.
Tl do, ta cd thé suy ra diu “="xdy ra khi:a = b = 1. Néu /am theo cdch thong thudng thi ta phdi quy dbng
mau réi bién doj:
a’+1 b*+1 (a*+1)B*+b)+ b2+ 1)(@® +a) 2a*b? + (a®b+ab?) + (a® + %) + (a + b)
Z+a b +b (a? + a)(b? + b) - ab(a+ (b +1)
Tir gid thidt ta suy ra:

4ab =2(a+ b)Y +(a+b)—6
RO rang bidu thive rdt phitc tap. Vi thé ta cn ¢é hudng nghi méi. O diy, c6 mét y tuwdng don gidn Ia dong
“ddnh gid todn phin”:

a2+1>( D+1
x —_—
@Zra- "\
Sau dd, ta tim duoc:

2(a? +1

ac+a

L

Chi tiét c6 thé xem thém phin “ddnh gid toan phdn’. Va ta cd Ioi gidi sau:
R o gidi chi tiét:

Nhiing bai to4n kiu ndy thudmg s& cé kha nhidu 1o giai,

Theo bt ding thitc Cauchy ta ¢é: 2(a% + b?) = (a + b)?

Tir gia thiét suy ra:
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(@a+b)+(a+b)—6<0e (a+tb-2¥a+b+3) <0
=0<a+b£2{doab>0)

Ta chitrng minh:
2(a2+ 1)
Taea 2020
Thatvay (Ne 2(a* + 1) = (a* + a)(3 — a) & (a— 1)%(a + 2) = 0 (lubn diing)
Diu "="xay rakhivachikhia =1
Twong tw co:

2(b? + 1) b
b2+b ~
Diu “="xay ra khivachikhib = 1.
+b
=>P23(6—a-—b)+—a—.
‘J@+b)2+5
Pitt=a+b=0<t<2 Khidé:
t
Pz -3t+ +18;t€ (0;2 1
Ve @2 @
Xét ham s6:
t S
f(t) = —-3t+ +18;te (0;2] » ') = -3 + ~———w < 0; YVt € (0; 2
= f{t) nghich bién trén (0; 2].Suy ra:
38
Pz2f(t)=f(2)= >
B PR s O T PR 2 - a= b _ —
Déu “="xdy ra khi va chi khit = 2 .D&u "= khlvaChlkhl{a_l_b: 2@a—b— 1

A .38
Vamem:?khla:b =1,

LOVEBOOK.VN | 149



Chdt loc tinh tity trong chudi ¢ thi thit THPT quéc gia Your dreams — Our mission

~ & r « n =
Bdt dang thirc ba bién (tiét 1)
Winh Wwan: Bai hoc diu tién trong bt ding thifc ba bién 13 bat ding thifc ba bién ddi xiing hoan toan va
khéng si¥ dung bat ding thirc phu phike tap d& chikng minh.

2
o .. |ath+ P
Bai 1: Cho a, b, ¢ 1a cic s0 thwe dwong théa man[ﬁj < 4abc ., Tim gida tri I&n nhit cha bidu thive:

va Vb Ve

P= + +
a+vbc b++ac c++ab
(Trich d& thi thir THPT quéc gia trirdng THPT Chuyén Ha Long 2016)

Winh wan: iy /3 mot baf todn dé vi ta chi don thudn dp dung bét ding thitc Cauchy dwdi mau.
G Va1 111y
at v 2iadie 2 Vab %+ \a'VE

Nhir viy, chi bing nhi¥ng bat ding thirc don gidn ta sé thu dirpe:

P<1(L+i+i)=@+\/5+\/§<a+b+c

_ “2Wa Vb Ve 2Vabe ~ 2abc

Do do, ta co loi gidi chi tiét;
L i widi chi tiét:
Theo BDT Cauchy ta ¢6;

< 2016.

P < = -
= zJaJE+ zx/b\/E+ 2Jcvab 2

Vi cac sd thuex, y, 2z ta cé:

va vb N 17 1 1 1
et

x=-y)Y+@y-22+EZ-x?=0
@ xy+yz+xz<x®+y? +22

Do dé
1(1 + 1 + 1)(1(1+1+1)
2\Yab Ybc Vac/ T 2\Wa Vb o
_@+\/E+\/a<a+b+c
2+abc T 2vabc
Suy ra:

P<1( 1 + 1 + 1)<a+b+c
“2\{ab  ibc Yad/ T 2vabe

Tir gia thiét ta cé: a + b + ¢ < 4032+vabc. Do d6 P < 2016
tacd: P = 2016.Vay GTLN cua P 1a 2016.

Véia=b=c=
ola €= 13442

Bai 2: Cho cic sd thuc dwong a, b, c thdéa man: a + b + ¢ = 1. Tim GTNN ca:

=G 1) ()

(Trich &2 thi thir THPT quéc gia trudmg THPT Yén Lac 2016)

Bwvong din gidi;

Dat A = P2 Taco:

A= (i - 1) (i - 1) (l _ 1) _a- ab)((la;cl))?(l — ca)
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Ap dung BDT TBC va TBN ta cé:

@+bﬂ_}2+a+bx2—a—b)_K1+®+{1+MK1+Q>(1+®Ja+ax1+m
4 4 B 4 - 2

1—ab=>1-

Twong tu ta cé:

1— (1+a)\/(1+c)(1 +b)
1—e (1+b)1/(1+a)(1+c

wé((u-;-)(wé)(ué))z
(et ) =

ViyMinP=8khia=b=c¢c=

Bai 3: Cho ba s6 thye dwong x, y, z thda min didu kién x 4 y + z = xyz. Tim GTLN ciia:
P=x-1D-DE-1)
(Trich d& thi thir THPT quéc gia trudmg THPT H3 Huy Tap ~ 2016)

an xet:
RO rang, dic tinh & ddy 1a khéng biét ddu 4m hay duwong cia cdc biéu thiex — 1;y— 1z — 1,
Ta cd hai hirdng nghf don gidn nhat nhw sau:
+Mgt 13 tdch ra réi thu gon P,
+Haild ditdnphu:a =x —1;b=y — 1;¢c = z — 1 véd xét ddu a; b; c ciing nhw bién doi hét vé azbc,
Di theo hwréng mét ta co:

P=xyz—{xy+yz+zx)+(x+y+2) -1

O diy, 16 rang I3 ta sé phdi dua vé biént = xy + yz + zx.
3
2

3
xy + vz + zZx\2

P=2xyz-—(xy+yz+zx)—1sz( 3 ) —(xy+yz+zx)—1=2.(%) —t—1=f()

O ddy, ta ding bat ddng thic Cauchy ba s6:

xy +yz + zx = 33/x2y?z2
Nhuw vy, ta chi con xét xem biént = xy + yz + zx thudc trong tip hop ndo. Ta ding bit ding thikc phu:
xy+vyz + zx)3 '

3(xy+yz+zx)s(x+y+z)2=x2y2225( 3

t3
—’3tS(§) -t=9

Xét ham s6 ta sé ddn t6i miu thudn (Vi ding dao ham ta suy ra; f'(t) = 0 - f(t) = f(9) va hién nhién
khdng duoe gi vi ta cdn tim gid tri I6n nhét).
Pi theo hwdng hai thi ta 58 cd duge lévi gidi nhur trong 1o gidi chi tiét.

L ovi giai chi tit:
Tir gid thiét ta c6: x < xyz suy ra yz > 1 turong ty ciing ¢6 xz > 1;xy > 1. Do d6 c6 t6i da mét trong ba s
xv,znhd hon 1
Trudémghop 1: C6 ding 1 s6 bé hon 1, chinghanx < 1;y > 1;z = 1 khid6 P < 0.
Trudnghop Zix=zLyz Lizz1lditx—1=ay—~1=hb;z~1=c véia,b,c>0. Gia thiét bai todn trd
thanh:

atb+c+3=@+1L)b+1D{c+1)

e ab+bct+catabc=2 (3)

bitt = Yabe ta cé:

ab + be + ca = 33/(abc)? = 3t2 (%)
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T ()va () suyrat® +30 <2+ D(t+1+V3)(t+1-V3) <0 tsV3-1
Dod6¥abe £ v3—1 e abc< (vV3—1) hay (x - Dy~ Dz~ 1) £ (V3 - 1)’

D4u bing xdyrakhix =y =z =+3

Vay maxP = (V3 — 1)3.

Bai 4: Cho cac s8 duong x; y; z thda méan: x% + y2 + z* = 3. Tim GTLN cta
x3 +y3 428 3
Oxyz Xy +yz + xz
(Trich d& thi thir THPT quéc gia trudmg THPT Nguyén Van Tréi 2016)

P=(x+y+2z)?%-

Rhan xét: €6 nhidu hurdng di cho bai todn ndy, sau diy 13 mgt Ioi gidi.

Lo gidic
Ap dung BPT Cauchy ta c6:
Xy + yz + xz = 33/x%y?a?
1 9
1 1 1 3] 1 22—t —F—2
—_—t—t— > ——— XY Vi XZ Xy+yz-+Xxz

—=3
Xy XZ VZ x2y2z2

B+y3+23 1 ( )
S——— 2t
9xyz 3 \xytyztxz
1
Xy +zx+yz

[3 — (xy + yz + x2)]

=>P53+2(xy+yz+xz)—%—( ){3—(xy+yz+xz)]

3 11
+m—?+2(xy+yz+xz)

x2+y2+zz+y2+zz+x2_3

=20<xytyztxz <

29 x+y?+z?2=3
= GTLNclaP = — khis xy=yz=xz hayx=y=z=1
3
Xy+xz+yz=3

Bai 5:
Cho cic sd thue dwong a, b, cthéamina+ b+ c = 1. Tim GTNN cda
121
A= +b2+c2+14(ab+bc+ca)
(Trich d@ thi thir THPT quéc gia trwémg THPT Binh Minh - 2016)

Towdng ban glal:
Ta co:
1=(a+b+c)?>=a?+b?+c?+2(ab+ bc+ ca)
1 - (a2 +b%+c?)
=>ab+bct+ac= 5
7 121

Talibitc? 7(1—(a®+b?+c2)

= A

batt=a’+b? +c?
Viabec>0a+b+ec=1=20<a<];0<b<;0<e<1
1 1
=>t=a2+b2+c32§:>te[§;1)
7 121 7

P TP TR T

X6t ham 6 f() = - + —21 -te[l'l)-f’(t)—
4am sO _t 7(1—t)' 3J ' -
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) 324 1
V& BBT ta c6: f(t) = - vt e [§, 1).

. 324 .
Vay A = TVa; b; c théa man dé bai

Honnitaa = wib = ~jc = ~ thi 24 bt viadbtom A= ot
U'nnu'aau-z, _B'C_E» ia c —18vaa c=1A= 5
o 324
VameA=T

Bai 6: Cho cac sd thwca,b,cthéamin:a+b+¢c=3
Tim GTLN va GTNN cia biéu thikc:
a® +b? + ¢?
=—ab+bc+ca—(ab+bc+ca)

(Trich d@ thi thit THPT qudc gia trwémg THPT Nguyén Trung Thién)

Bwdna vin widi;
Bétt=ab+bc+catacé:t=ab+bc+cas%(a+b+c)2 =3
Dodot< 3
Mitkhdctaco: (a+ b+ c)? = a? + b? + ¢? + 2(ab + be + ac)

= a?+b? +c? =9 —2(ab + bc + ca)

t .
—tvdit<3

9—2t

Khidé: P =

Xét ham f(t) = —tveit<3

9
f'{t) = e 1 < 0vdimoit < 3 = f(t) nghich bién trén (—oo; 3]
Suyra (1_1101%] f(t) = f(3) = —2 khong tdn tai maxf(t)
ViyMinP=—-2khia=b=c=1

Bai 7: Cho x,y, 214 3 s thwc dwong ¢6 t8ng bing 3. Tim GTNN cia:
P=3(x%+y%+z%) — 2xyz
(Trich 48 thi thi THPT quéc gia trudmg THPT Lé Thily - 2016)

Buwing din giai:
Ta cé:
P=3[(x+y+2)? - 2(xy + yz + xz)] — 2xyz
=3[9 = 2(xy + yz + xz)] — 2xyz
=27 —6x(y+z) — 2yvz(x + 3)

2
227—6x(3—x)—(y-;z) (x+3)

1
= 5(—x3 + 15x%% — 27x + 27)
Xéthamss f(x) = ~x3 + 15x% — 27x + 27 v6i0 < x < 3

' — ] _ - X=1
f'(x) = —3x% + 30x — 27 0@[)(:9
- 0 1 3 +oo
y' ~ 0 +

27 \14 /54

Tir bang bién thién ta c6: minP = 7khivachikhix=y=z=1
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Bai 8: Cho céc s6 a, b, ¢ 1a cc s thwe dwong via + b + ¢ = 3. Tim GTLN cia:

P 2 4 3 abc
T 34+ab+bet+ac J(14+)(1+b)1+c)
(Trich d& thi thit THPT qudc gia trwomg THPT Ngb Si Lién - 2016)

Bwdng din gidi:
Ta cé: (ab + bc + ac)? = 3abc(a+ b + c) = 9abc > 0

= ab + bc + ca = 3vabc
Chung minh dwge (1+a)(1+b)(1+¢) = (1 + 3\/abc)BVa, b,c>0
D&u bang xay ra khia = b = c. Khi dé:

2 Vabe
Ps< + = Q
3(1+vabc) 1+ Vabc

bat Yabc =t.Via,b,c > 0O nén
0 <ab >(a—i—b+c)3
abcz|— ) =
3
2 2

30+ (14

= Q') =

Xétham Q = t € (0;1]
2t(t— D3 - 1)

(1+3)2(1 +12)2

= 0;vte (0;1]

5
Do ham dong hién trén (0; 1] nénP < Q(1) = 3

5
Vétirdc’)tatimdlrc_rcMaxP=g khia=b=c=1

Bai 9: Cho 3 s& thwe dirong a, b, c théa min abe 2 1. Chitng minh:
a b c 3

+ + >
Ja++vbc Vb++vac Je+vab V2
(Trich d@ thi thi THPT qudc gia trwdmg THPT Tinh Gia - 2016)

Phan tich va huwoéng din gidi:
Pitx = vajy =vVb;z = ¢
Bai toan tré thanh:

po v 2 3
JZ+yz fyi4xz Ji2axy V2

Ta cb:
2
2
P> x+y+2)
(\/x2 +yz+\/y2+xz+Jzz+xy)
x+y+z)* x+y+z)*

(sz +yz+Jy2 +xz 4422 +xy

ViXy +yz+xz =33 (xyz)? 2 3
bitt=(x+y+z)?2=2>t=9
Khi dé:

)2 23[(x+y+z)2—3]

- t2 _3t+15+t-3+ 3 >3.9+15+2t-—3 3
“3(t—-3) 12 12 t-3° 12 12 t—3

P2 zgzppz
2

ey

DAubidngxdyrakhia=b=c=1
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bitt=x+y+ zt = 3,khido

. 2t?
Tt2-t+18
2t? 2(—t% + 36)
’ 3 — . > ; ’ = ‘ fl — —
Xét ham f(t) EET:TQTI§’t"3 f(t) Z_tris t=0=t=36
Bang bién thién:
t 3 36 +oo
r'e) + 0 -
f(t) 144
71
3 / \2
4

Tir BBT ta c6 GTNN céia P1aZ khit = 3
Vay GTNN ciaPla2khix =y = 2= 1

Bai 12: Cho x, v, z 13 50 thye dwong sao cho xyz = 8. Tim GTNN cta:
48

Jx+y+z+3

(Trich d& thi thir THPT quéc gia trudng THPT S8 3 Bio Thing 2016)

P=x+y)y+ziz+x)+

Lovi afai:
Tach: (x+y)y+2)z+x) = x+y+z)(xy +yz +xz) — 8
@a—-b¥+b-—c)2+(c—-a)y=0
eal+bi+c?=ab+bctca
& (a+b+c)? = 3(ab + b+ ca)(*)
Thay a = xy; b = yz; ¢ = xz vao (*)
=2 (xy+yz+xz)? =3xyz(x +y+z) = (xy +yz+xz) = 2./6(x+y +2)
Do dé6:

48
P>2(x+y+0/6(x+y+2) +——— -8

JXt+ty+z+3

bitt=x+y+z=3xyz=6

=P > 2tV6t + -8(t=x+y+zt=6)

48
Vitt
Xét ham s6:

48 Bt 6) = (0 = 3Je6t(t+3)% - 24
Aot N 58
= f(t) déng bién trén [6; +co0),

Vay min f(t} = f(6) = 80
SuyraP > 80 diu bingxdyrakhix=y =z =2

f(t) = 2tv/6t + =>f()>0vt=26

[ Bai 13; Cho cac s& duong X, v, z théa digu kién xy + yz + Xz = xyz. Chitng minh réng:

vzt fytxz+ JzExy = fryz+Vx+ [y ++z
(Trich d& thi thit THPT qudc gia tredmg THPT Bgi C4n 2016)

L ovi aiai ehi tiét:
1 11
bita=—;b=—;c=—
X y z
=abc>0a+b+c=1
BAt ding thirc cin chirng minh twong dwong:
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va+bc +vb +ac +vVc +ab = Vab +vbc + Vac + 1

Thét vay:

va+bc=,/aa+b+c)+bc=aZ+alb+c)+be = va? + 2avbe + be
=+va+bc> ‘(a+\f55)2:a+\fl§

Vc+ab = c+vab
Cong theo vé& cic bit ding thire trén ta duoc:
Vat+tbe+vb+ac+vVe+abzvVab+vbe+vac+a+b+c
evatbc+vbrac+Vocrab=Vab+Vac+Vab+1

Twong tw vb + ac = b + vac

1
Dé’ud:‘ingth&cxéyrakhiv:‘achikhia=b=c=§®x=y=z=3.

Bai 14: Cho 3 sd thuc dwong a, b, ¢ thda mén didu kién: a? + b? + ¢ = 3. Tim gid tri nhé nhat:
_as+b3+b3+c3+c3+a3
T a+2b b+2c c+2a
(Trich d@ thi thit THPT qudc gia trirdmg THPT Viét Tri 2016)

Bhan xét. Piy /3 mot hinh thive cida phuong phdp dinh gid toan phin. Xem thém bai 15 bén dudi.

Lot giaf:
Ta chitng minh bat ding thirc:
x¥¥+1 7 5
>—xi4—
x+z >18° T18 ¥7OM

MNe18*+1D)=2x+2)(7x%2+5) e (x—1)*(1ix+8) =0

Lubn ding véimoi x > 0 ddu "="xdyrakhix =1
b ¢

a
Ap dung (*) cho x Vin lwot 13 s
a3+b3>’7a2+5b2_b3+c3_)7b2_'_5n:2_c:"-F-a3 7¢z  5a?
a+2b — 18 18 "b+2c — 18 18 ' c+2a 18 18
12(a® +b* +c?) 5
18 B

Tir ding thivrc trén suyra § =
ViyMinS=2khia=b=c=1

Bai 15: Cho a, b, ¢ 12 @8 dai 3 canh cda tam gidc ¢6 chu vi biing 1. Tim gid tri 1&6n nhat cia biéu thive:

T_4 4+4 1 1 1
—a+b+b+c c+a a b ¢

(Trich d& thi thir THPT quéc gia trudmg THPT Chuyén Vinh Phiic 2016 )

Bhan xét: Bai todn ndy chi cin nhin I3 cd thé bist dwroe gidi bing phwrong phip dénh gid toan phin:
4 1 4 1

b+C_a=1—a a

4 1< ( 1)+3
1—-a a“x ¢ 3

Lruy:a<b+c—»0<a<1/2
Do dd, ta cd Idi gidi chi tiét sau:
ol qidi ohi tiét;

Sa—1 3a—1)%(2a—-1 1
Ta cé: 2—(183—3):( )(2 )SO; VaE(O;—)

a—a a-—-a 2

1
Tir d6 suy ra: <18a—3voimoiace (O; E)

a—a "~
Ta ciing c6 2 bat ddng thirc twong tu:
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Dol b-3vae (0-1)
b—b?* " "2
Ta ciing cé 2 bat ding thitc twong tw:
Bl cimb-3vbe (0--1-)-E< 18c—3;vc € (o-l)
b—b? ’ ‘2= = ’ 2

Cong cic bt ddng thirc ndy lai véi nhau ta cé:

r= b e st -9=9
“a-a b-b2 c—cZ o N c Bl

Diu ding thirc xdy rakhia=b =c = % = Tmax =9

1
Vay gid tri ién nhdt cda Tbing 9khivachikhia=b=c= 3

Bai 16: Cho a, b, ¢ 1a cac 58 dwong, Chirmg minh ring:
(Ra+b+¢®  (2b+c+a)?  {(2c+a+h)? <3
282+ (b+c)?2  2bZ+(a+c)?  2cZ+(a+b)2
(Trfch d& thi thir THPT qudc gia trwdmg THPT Chuyén Thai Nguyén 2016)

han xét:
Py 13 bt ddng thitc thudn nhat, dd la mét bai y nguyén trong sdch Céng phd bat ding thitc. Bai todn ndy
do tinh thudn nhit nén ta cé thégid sti:a + b + ¢ = 3, khi dd, ta c6 thé si¥ dung d4nh gid toan phin dé gidi:

x2+6x+9

8 4
- < - - ==
3x2—6x+9_a(x 1)4‘3-“1

3

Lot iaf ehi tidt:
pit

3a 3b 3c Xy, z>0
X atbtc? Tatbtc i atb+tc [X+Y+2=3

B4t ding thirc cAn chirng minh twong dwong:
x+y+2)?  Qy+x+2)?  Qz+x+y)? <8
224+ (y+2)?  2y2+ (x+2)? 222+ (x+y)? T

Vix+y+z=3
(x+y+2z)?  (x+3)2  x2+6x+9

Tty t2? 2+ (B-x)? 3 —6x+9

X2 +6x+9 4x+4 ()(—1)2(2x+3)<
3x2—6x+9 3 3(x2-2x+3)
(2x+y+z)2<x2+6x+9<4x+4
2x2+(y+2)2 7 3xF-6x+9" 3
Ta c6 2 BBT twong tw, cong tirng vé cha 3 BPT thu duoc:
x+y+z)? Qy+x+z)? (Qz+x+y)? <4(x+y+z)+12
224+ {y+2)? 2y? 4+ (x+2)* 22+ (x+y)PE 3
D&u bing xdyrakhia=b =c.

= 8 = (*)ding = dpcm
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Bat dang thirc ba bién (tiét 2)

Binh ludn: 77ét hoc ndy sé danh cho nhiing bai bat ding thirc ba bién déi xing, nhung phdi siv dung téi
nhitng bat ding thikc phy kho nhin,

Bai 1: Chox; y;z = 0; %% + y? + 2% = 3. Tim gia tri nho nhit cta:
p= 16 xy+yzt+zx+1
szyz+yzzz+zzxz+1 Xty+z
(Trich d& thi thir THPT quéc gia trudmg THPT Yén Thé - lan 3)

Mo mam (ot wiai:
Pigu d3u tién ching ta nhin thdy trong bai toan : @y 12 b4t ding thirc ddi xttng ba bién.
Nhén xét diu tién cin d& ¥ téi:

Trong bit ding thirc ddi xtmg ba bién thi hon 30% bai to4n c6 ddu “=" xiy ra }]A mét trong hai trwdmg hop
sau:

+M¢t I3 hai bié€n bing nhau (théng thudmg hay roi vio tredmg hep ba bién bing nhau).

+Hai 1a m§t bién bdng 0 (théng thwémg roi vao trwdmg hop mét bién biing 0 va hai bién bing nhau).

Vi hai trwdng hop trén, két hop véi gia thiét cda dé bai, ta hoin toan cé thé dwa dwoc vé bat ding thivc
mot bién va gidi quyét.
Riéng ddi v&i bai toan nay, sau khi thik ta c¢6 ddu “=" xay rakhix = y = z = 1 va ngoai ra, khi doc, hai huéng
di sé dap ngay vao mat chiing ta:
-Métla dwa vé cac dailugngp = x + y + z; = xy + ¥z + zx; I = xyz. R6i ding nhitng bit ding thirc d4 biét,
-Hai 1a str dung cac bt ding thitc c8 dién Cauchy, Bunhiacopski (trong sach ndy anh thdng nhdt viét hai cai
tén nay cho thin quen véi ching ta ma khong si¥ dung tén qudc t& AM-GM hay Cauchy-Schwatz).
Hay thir di theo tirng hwéng gidi nhé. ©
Huéng 1:

16 Xytyz+ex+1 16 +q+1

i JExy+yz+zx)? - 2xyz(x +y +z) + 1 xty+tz Ja@—=2pr+1 p
Ciing tir gia thiét ta cé ngay: p? — 2q = 3.
Nhu vy ta c6 sy rang budc ngay giita p va q. Biéu d6 goi ¥ cho ching ta 13 phai dnh gia r. Vi cin tim gid tri
nhé nhat ma r lai mang ddu 4m va dwéi mau nén ta can danh gia r >?7? 2. Diéu ndy goi ¥ cho cAc em nghi téi
bat ding thirc Schur. P4y 12 bat ding thirc rdt quen thudc va duoc gidi thidu va cé nhitng bai thp rit cy thé
trong sich Céng phd bt ding thikc cha anh. Bay gi¢ anh chi néi qua vé bat ding thitc don gidn nhit ma anh
dang nghi t&i, bat dang thirc Schur bic ba:

_ .2
rzp(4q p*)
9
Khi dé ta cé:
16 q+1
P> = + .
qu—g-P2(4q—p2)+1
Trong dé ta co:
2_3
pP-2q=30q=" >
Khi dé ta cb:
2
-3
16 P —=+1 16 pz—1
+ = f(p)

Pz 2 Ty T2 2p
qu—q-pz(Z(pz—B)—pz)H ,}1+§p2—q-p‘*
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P3y 13 bt ding thirc mdt bién v&i bién p va cd:

p=x+y+z= \/m =3
Trong trirong hop bidu thirc phirc tap véi bit ddng thire mot bién, thay vi xét dao ham, ta c6 thé xét hidu:
(Lwu ¥ 12 & day, do biéu thirc chi 1a can thirc va phén thitc nén viéc danh gid cac bt dang thirc Cauchy,...sé
1am cho bit ding thirc bi 16ng di!!!! Nhw anh da tirng ndi dén trong cudn cong pha bat dang thirc, cdng bién
d6f trong dwong nhiu thi khd ning diing cang Ion.)

16 pz—-1 28 16 pZ-1 4
f(p) - £(3) = 2. g (2 .
1+Z 2_3 4 p 1+Z 2_3 4 P
3P" 9P 3P ~gP
_ 7. 2_2 4
7 2 6p
1+§p2—§.p4
8
_ g (2p* —21.p* +27) L P-3Gp+D
7, 2 [ 7, 2 6p
1+§p2—§.p4(2+ 1+-§p2—§.p4)
8
g-(l?’2 -NEp*-3) (p—3)@p+1)

- 7 2 [ 7 2 6p
1+5p? wg.p4(2+ 1+3p? —g-.p“)

R4t budn khi tiv gia thiét ta lai c6: p < 3 nén taco:
P = f(p); f(p) < f(3)
Hai bt dang thitrc nay ngwoc nhau nén khong thé giai quyét bai todn theo cach nay dugc ®.

Dii khéng gidi quy&t dugc, thé nhwng ta da hoc dwoc gi cho hudng di nay???? Banh gid Schur kia dé lam cho
bai todn iéng di qua nhidu? Piéu dé lai cang giup ta khing dinh:
L Bién d8i twong dwong cang nhity, bit ddng thikc cang dé diing.

Hwéng 2:
Mic dit hwéng di thik nhat da & cho chiing ta mét bai hoc xwrong mau thé nhung ciing chinh 13 ¥ twémg dé

chung ta di tiép hwdng di thit 2 14 ¢6 ging ddnh gié dai lwong:
x%y? +y%z? +22x* <777
Pidu may min & day, bai toan nay lai st dung mét bai todn phu ndm ngay chwong chimg minh bét déng thirc
Cauchy bing hing dng thikc ddng nhé trong chinh cudn Cong pha Bt ding thirc clia anh.©
Anh phiét biéu lai bai toan:

Bai to4n: Choa + b + ¢ = 3;3,b, ¢ = 0. Chitrng minh ring:
Ja++vb++c=ab+bc+eca

N&u phat biéu bai toan theo hinh thitc nay, nhitng ai tirng doc qua thi rd rang 1 thiy ngay céch gidi (cwc ki
don gian). .
Ap dung vio bai todn clia minh, thi ta thiy ngay:
x2y? +y2z?2 + 2%2x? S x+y +z
Va céng viéc con lai A mo mAm nhuw trén va khdng cé nhiéu ban cai. Khi d6, ta c6 1&i gidi hoan thién sau:
i wial chi tidt:
Truwéc tién, ta chitng minh bt ddng thirc sau:
2y +ylz? +z%x2 < x+y+z(*)
Théat vay ta cé:
(e @+y2+z2)2 -t +yt+eY) <2x+y+2)
Do x* +y? +z% = 3néntacé:
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e t+y*+z)+2x+y+2) 29
B4t ddng thirc cudi ding do theo bt ding thirc Cauchy cho ba s& khéng 4m ta cé:
x*+x+x=3x%
yr+y+y=3y?
2 +z+7z > 322
Cong vé véi vE ta cb ba bit ding thire () ding.
Ap dung bit ding thirc (+) ta co:

16 Xy+yz+zx+1
P> $ 227
Jx+y+z+1 xtytz
Dox? +y? + z* = 3 nén ta co:
x+y+z)?-3
xy+yz+zx=£—X——2———)————
Thay vao va dfibiént =x+y + ztacé:
t2 -3
16 s—+1 16 ¢ 1
Pz + = +-——==1{(t)

t+1 t Jt+1 22t
Dox?+y2+22 < (x+y+2)?<3(x*+y*+z9)nénvV3 <t <3,
Xét ham sé f(t) trén [vV3; 3] ta cé:
+o4-<0

8
4 P Ty D -
f'{t) '—(t+1)3+2+2t2_ TR
Do d6, f(t) nghich bién trén [\/§: 3] nén ta co:

1 1 8 1 1

28
P=f(t) = f(3) = 3
Diu“="xayrakhiix=y=z=1.
Viy gid tri nho nhit cta P la: 23—8khi x=y=z=1

Aban xét 1; Cling rdt thi vi 12 khi sir dung bai todn phu néu trong 1&i gidi trén thi cau bat ding thirc trong
d@ thi THPT Lwong Thé Vinh ciing 14y ¥ twérng twong tw:

Bai 2: Cho ba s thyc dwong x, v, z théa min: x + y + z = 3. Tim gi4 tri lén nhit cua:
P=x+yy+2)z+x) - Vx—-3y-z

Buong din giai:
Ap dung bat ding thirc Cauchy cho ba 58 duong:
3+ Y+ x4+ Vx>
Twong tw ta cling co:
v+ 33y = 4y;2® + 33y = 4
Cong tirng v& cac bt ding thirc trén ta thu dwoc:
By 43 43+ Yy + V) 2ax+y +2) =12 (1)

Mt khac, ta lai co:

Gyt =(x+y+23 -3+ +2E+%
Thay vao (1) ta dwoc:

27 -3(x+ )y + )z +x) +3(Vx+ 3y + Vz) = 12

- P=x+Vy+2)Ez+x)— Vx— W— Vz <3

Diu bingxdyrakhivichikhix=y=2z=1.
Vay gidtrilénnhdtcdaPladkhix=y=z=1.
Fban xét 2: Ciing theo y twéng nay thi mot loat d@ thi thiv cla cac trwong khéc, d4 st dung ¥ twdng sir dung
mot bit ding thirc phu da biét d€ dwa vé mot bién va danh gia.
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Bai 3: Cho a, b, ¢ > 0 thdéa mén: ¢ = min{a, b, ¢}. Tim gia tri nhd nhit cia biéu thic:

2] 6(a+b)+4c)
f at+hb
b+c c+a

b
(Trich d& thi thit THPT qudc gia trwdmg THPT Trn Hung Pac)

Mo mAm i gidi
So véibai toan 1 thi bit déng thirc phy trong bai todn nay c6 thé 1a s& kha dé nhin vi d3 xudt hién trong cuén
C6ng phé B4t ding thirc ctia anh. Anh xin nhic lai bit ding thirc do:

in(a;b) > 0 a + b > a+b
= M —3 *
€= mmab) = \Ib+c c+a a+b+2c()

Trwdéce khi di tiép ta theo ddi 10 gidi ma dap an dwara:
Lo gid thi tide:
Ta di chirng minh bt ding thirc phu sau:

JT b | _a+h
b+c+ c+a a+b+2c(*)
\Jb+c ,‘c+a a\/a(b-l-c) be(c+a)

(a+b)? {a+ b)?
"~ aalb+c) + byb(c +a) \/(a + b}{a?(b + c) -+ b2{c + a)]
Mait khacta cé: ¢ = min{a,b,c} = a+b— 2c = 0 do dé:
a’(b+c) +b%(c+a) =abla+b—2c) +cla+b)?

2 3 2
<(a;b) (a+b——2€)+c(a+b)2=(a+b) +42C(a+b)

Thit viy ta cd:

(1

2
T (1) va (2) ta cé digu phai chitng minh.

Ta lai c6:
2
6{a+b)+4c {a+b+2c) 2c
_—_ = -_ > 1 2
ln( ~Tb ) ln(Z( 27 b +2])=In +a+b+\/_
’ 2c
=21ln 1+m+\/§ (4)

Mit khic: Vic = min{a,b,c} = 2c < a+ b. Ta ¢é:

4| 8¢ +2(a+b+2¢c) 1 2c
< < — S
Ja+b“J At 2 ,‘Ha+b+‘/E ®)

Tir (3), (4), (5) ta dwoec:

P>

2C
1+a.+b 1+a+b+
= 2c \ .
bit t:,’1+——— mado ¢ = min{a,b,c}h
a+b
2 1wty
- —p
a+b
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—————trént € (0; V2]

L8 81n(t+\/_) (t—\/_)(3t+\/_) 81n(t+x/“)
vy (442 e(t+v2)" (t+v2)°
Tir d6 suy ra: f(t) = f(\f_) = \/_(1 +1In8)

Déu "="xay rakhivd chikhia =b = c,

Winh ludn:

Anh xin nhdn manh b4t dang thikc lai bit déng thic phu:

¢ = mina; b) > 0 a + b - a+b
— . = ®
Ia; b} = b+c¢ c+a a+b+2c()

Lo&i gidi ma dap 4n dwa ra kha hoang mang béi 1€ ta khéng thé nhén ra dugc nhitng danh gia khé nhin &
(4); (5). Tahoan toan c6 thé gidi theo cach khac. R rang dai lwgng xudt hién nhigu da ré nén ta c6 thé dit:

4| 8¢ t* C a+b 1 8
— —_ — = - = e
a+b 8 a+b a+b+c 1 t* t4+8
g
2n(6+5 =  2mn{6+%
-»P>2 + 2/ - + 2 = g(t)

tt+8 t TV +8 t
Luru ¥ ring: ¢ = min(a; b) nén hién nhién thiy: 0 <t < V2.
Xét ham s§ g(t) trén (0;v2) ta cé:

g =2 (Vi+8) (o) + 2(1n(6+t—24-)),.%+21n(6+§).(—i—)f
= VT4 ek ( - )+2.4—t3.—1?.%+21n(6+§).(—§5)

2Vt +8 \t* +8 2 ¢
t7
t4-
— + -
[(c* +8) t*+12 t2
t4
_ g2 1 w2 2In (6+?)
U\ 12 [F ey t2
1 2ln6 4
<82.(5-0)-"5= =5 =16 <0(do0<t<V2)

Do d6, bai toan dwoc gidi quyét.

Véy thi kinh nghiém rit ra 12 gi???? D6 13 khi & bét ding thirc mét bién, di c6 phikc tap thi ciing c8 géng ma
chiu khé tinh toén tiép. Ding nhut chi khi céng thifc cdng kénh. Tiép tuc vin d v@ ding bat ding thitc phu
thi c6 mot bai todn trong gidi hoc sinh chuyén thi kha quen thudc nhung d8i véi hoc sinh dai hoc thi rit khé
xoi ciia d8 thi thir trwyng THPT Ngb Gia Ty.

Bai 4: Cho x,y,z 12 cdc s6 thuc khdng &m va khong cé 2 s8 ndo ddng thei bing 0. Tim gid tri nhé nhit cia
biéu thirc:

1 1 1
A=(xy+yz+xz)(x2+y2+y2+zz+x2+zz)

PAu tién anh gidi thidu tdi cAc em 1o gidi trong dap an:

o i chi tiét:
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Ta cd b6 dé sau:

Véi moi m, n, p khéng c6 2 s§ ddng thei bang 0 thi:
1 1 1 5

+ + >
m+n n+p p+m  2/mn+np+pm

Péi bién:
m n p
a:T:b=¥;C=F (a,bcz0)t=/mn+np+pm=>ab+bc+ca=1(x)
Khi d6 bo 48 twong dvong:
1 1 1

+ +
a+b b+4+c c+a
Gid stt: ¢ = b > a, ta s& chitng minh:

>5 1
=S

5
222
atbtctga—22 (2)

Tir (%) ta c6: c= 2222 ta cé:
a+b

taco

1—-ab

2) & a+b

5
(1+§ab)22—a—b@ab(Z——Sab)+3(a+b—1)2.>_0

Hién nhién dingvic = b = anén abé%(ab+bc+ca)=% .

Tré lai b6 d8 ta cé:
De2@+b)b++2(b+c)ct+a)+2(c+a)a+b)=5@+b)}b+c)(c+a)
@ 2(a% +b% + ¢? + 3ab + 3bc + 3ca) = 5(a + b + c)(ab + bc + ca) — Sabe
e 2(@+b+c)?+5abc+2=5(@+b+c)(doab+bc+ca=1)
Vitheo (2)tacé:5abc =6 ~3(a+b +¢)
Do do:
2(a+b+c)’+5abc+2-5@+b+c)
>2(a+b+)?+8~8@+b+c)=2(@+b+c—2)2=0
B& d& dwrge chirng minh.
Tré lai bai todn. Theo b& dé ta cé:
1 1
xz+y2+yz+z2+zz+x2

5
> (xy + yz + xz). (3)
) oy +y 2./xPy2 + x22% + y2z?

A=(xy+yz+xz)(

Ta co:

XY +yZ+xzz= \/xzyz + x?z2 + y2z2
& (xy +yz +x2)? 2 x%y? + y?z? +x%2?
& 2xyz(x +y +z) = 0 ludn dting véi moix,y,z = 0

= xy +yz + xz = /x2y? + x222 + yiz?

Tir (3)suyra: A= g

D4u béng xay ra khix = y; z = 0 va cdc hodn vi.

Binh luin:

RO rang khi doc 16 gidi trén thi chi mang fai cho chiing ta nhitng hoang mang ddng so. Khong phéi ai trong
56 chiing ta ciing biét duwoc nhiing bat ding thirc phy. Mdc di trong sdch céng phd cia anh cdng di ting
gioi thidu bt ding thike phu:

Bai to4n phu: Cho a; b; ¢ = 0;ab + be + ca = 1. Khi dd ta ludn cé:
1 1 1 5

a+b+b+c+c+a_2

Thé nhung ciing rdt nhidu Iin anh khéng thé nghi t&i 1a c6 bai todn ndy vi bit ding thirc 13 qua nhidu. Anh
d4 dit cau héi 12 gia st vao mdt ngurdri khdng biét gi, lidu c6 1&1 giai ndo khic cho bai tedn trén khong?
Cau tra 1&1 12 ¢6, dbn bién véi bai toan nhu thé nay chic chin ra! D& nghi cic em thir lam theo hwéng nay!!!
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Biy gidy, cling theo tw twdng don bién, nhung khéng s dung nguyén ly ddn bifn ma st dung ddn bién theo
kiéu rat tw nhién.

L i giai khac:

Ta gid sitz = min{x; y). Khi dé ta dit:

=x+2ib=y+=
ATXTRIDEYTS

Tacé:
yz 22

ab:(x+3)(y+E)=xy+E+—+—< xy+yz+zx(doz<xy)
2 2 2 2 47

1 S 1 1
X2 4y2 = Z\2 7272 a2 + b2
(X+z)+(Y+z)
1 S 1 1 1
y2+zz_ Zz_ -

1 1 1

> = = s
722 4+x2 7, z? z\?  a?
x*+xz+ 7 (X+Z)

Tir 46 ta suy ra:
1

1 1 1 1 i
= > f(a;b
(xy+yz+xz)(x2 + y? +y2 +22+22+x2) _ab(32+b2+ bz) (a;b)
Danh gia f(a; b) c6 nhigu cich chirng minh, sau diy 1a mét trong nhiing cdch kha don gidn 1a bién déi twong
dwong:

A>—ab-—+E+E=(i—l) ( ——2)+E=— (a-bF  (a-b)? 5
“a?+b? b a \a?+bZz 2 2 2(a®> +b?) ab 2
(a——b) [2(a? + b%) — ab] 5>§
2ab(a? + b?) 2_2

Diu"="xdyrakhi:z=0;a=bh ex=y;z=10
Véy gid tri nhé nhit cia Ala g

Ahan xét: Bai toan 4 ndy gitp ta lién twdng téi bai todn sau, dé nghi cdc em tw lam.
Bai to4n: Cho a; b; ¢ = 0;ab + bc + ca = 1. Tim gi4 tri nhé nhit caa:

1 1 1
P_az+b2+b2+c2+c2+32+10‘/(1+a)(1+b)(1+c)

Bai 5: Cho %, v,z 14 s6 thye khing 4m sao cho xy + yz + xz = 1. Tim GTNN cia:

1 1 5
- 1 1 1
x2+y2+y2+22+x2+zz+2(x+ )(y+ )(Z+ )

(Trich 4@ thi thit THPT qudc gia trirdng THPT Qudc Oai 2016)

P =

$han xét; Bai toan ndy sir dung bi toan phu nhe hon bai todn 4.
Bwong ban aidi:

z z
Giésfrz:min[x,y,z}.Détx-l—E:u;y+5:v 2u>0v>0
zz2 3 .
Tacc’):x2+zzs(x+§) @Zzz—xziOﬁz(Bz—t}x)SOluondung
ZZ
x2+zzs(x+-2-) =u®y? +22 < vix% +y? < u? 4 v?

Mavéiu, v > 0tach:
1 1 4 1 1 8

toz—ist 22—
u v_ou+vul vio (u+tv)?
Vay
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1 + 1 + 1 - 1 + 1 4 1
x2+y? yi+z? x2+z2 uP4v? o ou?2 o v2

_ 1 +1(1+1)+3(1+1)> N 1 4 6
Tut4v? o 4\u? o ovz) U 4\u? Tv2/ T w4 v 2uv  (u+v)?
4 6 10 10

> + = =
u+v)2 (u+v)2 @W+v? (x+y+z)?
Malx+1DF+DE+1)=xyz+(xy+yz+xz)+x+y+z+1
=xyzt+x+y+z+2=2x+y+z+2

5
VayP = +5(x+y+z)+5

(x+y+z)?

pitx+y+z=t(t=+3)
10 5 20 5
A = — — 't > - ff = —~omea o T =
Xetf(t) = 7+ 55t 2VE () =~5+>=0hayt=2
25

5
Tl‘rdétacész(z)=1[)+§=-2_

. 25
Khix=y=Lz= 0th1P=-2-
Vay GTNN cia biéu thitc1a 25/2

Bai 6: Cho 3 58 thue dwong a, b, ¢. Tim GTNN cia:

a b c 2(a® + b2 +¢?)
P= ’ + + f +
b+c c+a a+b ab+bc+ca

(Trich d@ thi thir THPT qudc gia trwdmg THPT Chuyén Bic Giang - 2016)

Bhan xbt: RS rang P dat gid tri nhd nhat khia = b = c. Bal todn ndy di timg xudt hién trong cudn cong
phd bit ding thirc, ¥ tudng 13 diing bt ding thike phu sau:

a N b L= > 23 (a+b+c)
\Jb+c c+a \}a+ - 20@2+ b2 +c?+ab+ b+ ca)

Khi do, ta hodn todn cd thé doi bién.

_ai4btac?
" ab+bc+ca
Lévi gidi chi tiét:
BDt phuy véi 6 s6 duong bat ki x;, X3, X3, ¥4, Y2, V3 4p dung BDT Bunhiacopski cho 2 b s6:
2 z 2
Xy ) ( X, ) ( X3 ) ] 2 2 2
—) +|—=) +{= vi) +(fy2) +(fys) )l
() + () + () Jiwmor o+ )
2
X1 X2 X3
s (i 2 2 )
(74 ol
2 2 2 2 2
W I (%1 + %2 +%3) S (%1 + %, +%3)

—+ = =
Vi ¥z V3 Yityz2t+ys Yi+Yyz+¥s

Trd lai bai toan: Ap dung BBT AM- GM cho 2 s6 dwong ta cé:

’a 3 2a? o 4.2a2 =23 a 23 a?
b+c J2ab+¢) " J2a+b+c 2a+b+c "2a% +ab +ac

Ta cé 2 BPT tuwong tw, két hep dp dung BBT (*) ta duoc:

a N b c 5 2v3 a® N b? . c?
\Jb+c c+a+\Ja+ - 2a?+ab+bc 2b2+bc+ca 2cZ4catchb

()
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a2 +b% +¢?
> W3 (a+b+c)? _ﬁ(ab+bc+ca+2)
- ‘2(a2+b2+c2+ab+bc+ca) az+b2+02+1
ab+bc+ca
a% +b? + c? V2(t+2)
bitt————t > P> ———2
attab+bc+ca’t_1tam T ot+1 V2t
VZ(t+2
Xétf(t) = #4. V2ttrén [1; +o0)

Ham s f(t) dBng bién va lién tuc trén [1; + o)
5v2 5v2
- f(t) = f(1)=——?—\/_ nénPE%-_

Diu bing xay rakhia=b =c.

\ Lo 5V2
Vay GTNN cuaPlaT khia=b=c

Bai 7: Cho céc s8 khong am a, b, ¢ c6 tdng 2 s& bét ky déu duong. Chirng minh:

[a + b +’ C +9\/ab+bc+ca>
b+c a+tc a+b a+b+c

(Trich d& thi thit THPT quéc gia trwdmg THPT Chuyén Bién Hoa 2016)

Hhan xét: Dii ciing biéu thifc nhir bai todn 6 thé nhung néu ding bat ding thirc phu bai 6 thi khéng gidi
quyét dwoc bal todn ndy vi gid tri nhd nhit dat dugc khia = b; ¢ = 0. Hiréng nghi cila bai todn nay don
gidn hon nhwr sau:

Lovi qfai chi tiét:

DALP = a + b + c +9v‘ab+bc+ca
= Tet farcTiatro at+b+c

Gidstra = b = c khi dé ta cé:

ab ac b.b C.C
{ f >‘ =/
b+c+ at+c b+c+ b+c¢ bte
{ b+c
b+c a+c

Batt-—b+cth1P>J' f
a+t

Theo bat ddng thitc Cauchy ta cé:
' vat _a+t 9vat
o [ o,
a+ t Jat a4+t

D&u bang xay ra khi a + t = 3v/at ching han mot b (a, b, ¢) théa man 13 (

Dodé P = 6.

7+ 35
2\/_;1;0)

3
Bai 8: Cho a,b,c 14 s8 thuc duwongva a+b+c< 5 Tim GTNN cga;

P = |2a? 1+2 2b? 1+2+ 22+1+E
h a-i-azb2 b2 +b22 < T2

(Trich d& thi thir THPT qudc gia trwomg THPT Thiing Long 2016)

Hwong din qidi;
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Ta c6 bt ding thire sau ludn dung;

fo +yi +ng +y; = \/(Xl + %202+ (y; +y2)* (1)

That vay

(1) &3 +yE+33+y3 42 [xixd 4 xdyE + y2y3 2 2 4 xd + B+ +E + 20

= fo)@ + x3y3 + x3yF + yivi 2 XX + V1Y2

& (X1y2 — X2y1)? 2 0
Apdung (D hailintacé: x2 +y2 +x3 +y2 + Jx2 +y2 = J(xy + x5 + %302 + (71 + y2 +¥3)2 (2)

3
bita+b+c=t (tthu@c (OJED

t3
= ahc < —
e =97

14° 1,2 1
P= az+(a+—) + b2+(b+—) + c2+(—)
ab be ca

a+b+cy? 27
> (a+b+c)2+(a+b+c+—) > t2+(t+—2)
abc t

Xét ha f(t)—t2+(t+27)2—2t2+54+272t" (0-3]
ét ham = 7)) = T v rén i

, 54 4.27° 454 4277
O =dt-—F-—— =~ 5 <

Ap dung (2) ta co:

2

2

0

3
Ham s& f(t) nghich bién trén (o; 5] do dé:

3 369 3+/82
—_ = — I —
f(t) = f(z) 7= Pz >

1
Khia=b=c= 3 dau bing xay ra.

Bai 9: Chox,y,z € [0; 2] théaminx + y + z = 3. Tim GTLN cta:
1 1 1
= + . Jxy + ./ v
P x2+y2+2+y2+zz+2+x2+zz+2 Yy Ve

(Trich d2 thi thir THPT qudc gia trwémg THPT Xuin Trwdng 2016)

b tich ba hwdng van qiaf;
Ta chd dinh dwa vé bién: t = xy + yz + zx. Khi d6, ta c6:
Ta co:

+1
:(2+)/2+2=(x2+1)+(y2+1)22(x+y);ﬁsxy2

Twong ty cho hai hodn vi cn lai.

1 1
Z+xy+yz+xz~+-3]

1 1
P<=
- _2[x+y+y+z+x+

Ta co:

(x +y+z2)(xy + yz + x2) = 9xyz
8
=>(x+y)(y+z)(x+z)=(x+y+z)(xy+yz+xz)—xyzza(x+y+z)(xy+yz+xz)

1 1 4 1 (x+y+2)++a)x+a)+E+y)E+2)

x+y y+z x+z x+y)y+z)(x+12)
_(x+y+z)2+xy+yz+zx<(x+y+z)2+xy+yz+xz_ 27 +§

G+YE+2)(z+X) _g(x+y+z)(xy+yz+xz) 8(xy +yz+xz) 8
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Suyra

P<1[ 27 27
2

8(xy+yz+xz)+xy-l-yz+xz+?
bitt=xy+yz+xz

Dox,y,z € [0;2]

4+ xyz
22-xC2-y)Z2-Dz0exy+tyz+xzz zxy22=>t22

Mat khac ta cé:
1
xy+yz+xzs§(x+y+z)2 =3=t<3
Vayte [2;3]
1727 27

4P < 27 “1
Ta cé p_2[8t+t+8 f(t)

Xét ham f(t) véi t thude [0; 2] ta co:

ﬂg:%b-

N&n ham s& f(t) dong bién trén [2;3] suy ra

27] B Bt3 - 27

@ W>0;t€[2;3]

15
f() <f(3) = —
15 i 15
DoPSf(t)ﬂPST.Taco:P:Tkhixzyzz-:1.

15
Vay gid tri 16n nhét cta P 1a T datdugckhix=y =z =1,
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o m =

4 & r [ T
Bat dang thirc ba bién (tiét 3)
Binh luan: 776t hoc ndy danh cho nhitng bai b4t ding thikc ba bién va cd diing hai bién ddi xing.

Bai 1: Cho 3 58 thwe x,y, z € [1; 2). Tim gi4 trj 1&n nhét cla biéu thive:
47z z% + 4xy
P =t —
x+y (x+y)?
(Trich @& thi thir THPT qudc gia truémg THPT Han Thuyén 2016)

Pban xét: Py /3 bai todn rdt dé vi ta 6 thé thiy ngay bién ma ching ta muon dira vé:
4z z? dxy
P= + ~+ 5
x+y (x+y)? (x+y)
Theo bit ddng thite Cauchy thi: (x + y)? = 4xy. Nén ta cd thé d6i bién ngay:

PS4t+t2+1;(t=

x+ y)
Do do, ta cé loi gidi sau:
Lori gidi chi tit:

2

P= i TR — hic' <4t+t2+1-(t—
Cxdy ()2 x4y T T

x+y)
Vix;y;z € [1; 2] nén:

SR 5
S x+y L4

1
Xétham sé: f(x) = € + 4t + Lt € [Z: 1] Ta ¢6 bing blén thién:

t 1 1
4
f(6) 6
16

ViyMaxP=6<=t=1¢ (a,bc) =(1,1,2)

Bai 2; Cho x,y,7 1a cAc s6 thyc duwong sao cho x > y; xy + (x + y)z + zZ = 1. Tim GTNN caa:
1 1 1
P=
e A I A R
(Trich d& thi thit THPT quéc gia trwdrng THPT Quing Xwong [V 2016)

fwénaq:
Kha ré rang voi gia thiét:
xy+(x+ylz+zi=1-(x+2)(y+z)=1
Tir 46, ta thiy néu:
1
x+z=a—>y+x=g—> Ix—y|= ]a—gl
nén bai todn niy da dwa vé bai mét bién don gian.
Lot gidd chi tidt:
Batz+x =a Trgid thifttach: (x+2z)(yv+z) =1
1
ﬁy+z=£
Dox>ynénx+z>y+z=>a>1
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Ta c6:
B 1 a’?-1
x—y—x+z—(y+z)=a—5= "
Tacé:
a? 1, a’ 3a2 fa? 1
Pefm - tat® =W+T+(z+a—z)
>———~3f——+3—az+1(1)
T 4(az-1)2 4
Déta2=t>1.Xéth;‘ims6f(t)=—1—+—3—t+t.
; 4(t+1)2 " 4
Ta co:
—t—1 3
() =—-—-4(t_ g +-4-;f’(t) =0
e E-2)(3t2~3t+2)=0t=2
Bang bién thién
t i 2 +oo
()

-0+
o) \ /
3

Tt bang bién thién suyraf(t) = 3veimoit > 1 (2)

Xx+z=+2
Tir (1); (2) suy ra P = 3 d4u bing dat dwerc tai VZ
y+z=—

2

Bai 3: Cho a, b, ¢ 1a céc s8 thre dwong sao cho a? + ab + b? = c. Tim GTLN ciia:
1 1 3(ab+ 222536

P = 2 243 " dab(2c s 37

Phan tich va hwrdng bin gidi:
Y twéng;
bé don gidn héa bai toédn ta sit dung:
J2c2 +36 > k(2c + 3)
bén day, c6 thé diing cin bing Bunhiacopski.
Ta cé:

1 9 2
(2c+3)2 = (ﬁ.ﬁc+-2-.6) sz(zl:z +36) = /2¢2 + 36 23(2c+3)

. 3(ab+ 2)V2c? + 36 < ab+2
4ab(2c¢ + 3)? ~ 2ab(2c+ 3)

Mit khac:
1 1 a’+b%+4
a2+2+b2+2=azb2+2(az+b2)+4
B a? + b2+ 4 - a’+h?+4 _at+bi+4
a?b2+1+2@?*+b2)+ 3~ 2(a®+ab+b2)+3 2c+3
a? +b%+4 @ﬁ%g a2+b2+4—5‘%{,2
2c+3  2c+3 2c+ 3

=P <

bén day ta chitng minh:
ab+ 2
2ab

1
5 + ab = 2 (ding do Cauchy)

a?+b?+4 -

3 3
S(a2+b2+ab)+5=c+5
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Tir dé suy ra:

=]
IA
WS YA

_=3+413

1 1 2
Khi d6 P < =.Vay Pmax = > khiva chikhiab = 1;¢ = 12;a% + ab + b? = chay 3+vi3
b=

c=12

Bai 4: Cho 2 s8 thuc x, y, z khéng 4m sao cho x? + y? + 2z = 1. Tim GTLN cla:
1 1 1

= + +
Vi+2 Jy+1 vz+l
(Trich d& thi thir THPT quéc gia trwdmg THPT Trung Gid 2016)

Syp e

Pban xét: Tinh 467 xitng ndm &y va z. Do dd, ta c6 gdng dira v bién x. Luu y diu xdyrakhi:y=z =

O;x =1
Lovi qidi chi tiét:
Ta c6:
( L, 1 )2_ y+z+2 2
Jy+1 Vz+1 YZ+Y+Z+1 1/yz+y+z+
y+z+2 2 ( 1 )
< + =14+ e
ytz+1l fy+z+1 Jy+z+1
1 1 1
= + <1+
Jy+1 vz+1 Jy+z+1
(x+y+z)?=x? +y +z? —1
=2y+z21—-x=2P<IX) =1+ —< ;x thude [0; 1]
g =t
1
Chitng minh dwge f(x) ddng bién trén [0; 1] nén f(x) < f(1) =2 + 7
1
ViyGTLNciaPla2 + — khiy=z=0;x=1
Ay 73 y
Bai 5: Cho 3 s6 thuc dwong x, v, 2 thay déi sao cho x + y + 1 = z. Tim GTNN cia:
x? y? A 14

+ +
x+yz y+xz 24Xy z4+1/1+xy+x+y
(Trich &2 thi thir THPT quéc gia trwdmg THPT Luong Ngoc Quyén -2015)

Bwrong ban gidi:

x+y+2)? +1)2
Tacé:x,y,z>0nén(1+x)(1+y)s( ); ) =(z 4)
Laich: 1+ xy+x+y=(1+x(1+y)2xy <x? +y? Diubingxayrakhix =y
Nén ta dhroec:

.DAu bing xdy rakhix = y.

_ «? y3 73 14
Txtvz yaw zEny (z+1)m
x4 Y4
AT Z+xy (z+1)\/m
4 y z
Tz Yy Z+XY (z+1)\/m
(x* +y*)?

=Pz +
(x2 +y%) + 2xyz (1+X)(1+Y) (z+1),/1+xy+x+
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x2 4 y? z3 14
=Pz + +
2(1+z) 1+ +y)} @+ T+xy+x+y
(x+y)? 4z3 28 (z—1)% 423428 923 —z2—-z+57
=P= + + = + =
20+2) (2412 (z+1)2 2(1+z) (z+ 1)2 2(z+1)?
Wit s f()__97r,3--z"-—z+57. o1
ét ham f(z) = TCEE iz
3z —5)(3z% + 14z + 23 5
Tac6:F'(z) = )2((;1)32 );z>1;f’(z)=04=)z=§
. , L 5 53
Lap BBT cua f(z) ta cé: m1nf(z)=f(§)=§
. . s 53 1
VayGTNNcuanang-é—kh1x=y=§;z:§.

Bai 6: Gid sirx, v,z 14 cdc s6 thuwe khéng 4m théa mén xy + yz + xz = 2. Tim GTNN cia biéu thikc

_ 2x 2y z?

_2+x2+2+y2+2+zz

(Trich dé thi thi THPT qudc gia trirdmg THPT chuyén dai hoc Vinh 2016)

P

Bwéng dan qiai:
. A B c .
bitx = ﬁtani;y: V2tan=;z =+v2tan-; v6i0 <A B,C<m (1)

2 2
Tir gid thiét ta cé:
t At B t Bt C+t Ct A—l
anian§+ anztans + tanztans =
Khi d6:
B, C
. A 1—tan7tan§ tB+C m B+C
an— = = Co =tan|- ———
2 B C 2 (2 2 )
tan7+tan:.2-
A m B+C
Suyra—2—=E——2—+kﬁ;k€Z.HayA+B+C=n+k2ﬂ
Tt (1) suyrak =0.Dod6 A+ B + C = wkhi dé:
P =L inA+msinB+sin?e == 2.sint 2. cos A B 41 2
= —5In —=Sin ST — = —F/—=. 4.81Nn . COSs — COS™ —
V2 V2 rAY) 2 2
< Feost 26 4.3 (1 )2<3
< VZcosz —cos® o =375 cosz) <
11
c 1 C=—
Dé’udﬁngthfrcxéyrakhi{Cosizﬁ@ zﬁﬁ{x—y—z—\/ﬁ

3
V4y GTLN cia P biing 7"

Bai 7: Cho a, b, ¢ 1 céc s8 thye khéng dm va thda m3n: ab + be + ac = 1. Tim GTNN cda biéu thic:

po a N b N a+1 (1 Lc )
~ 116(b + c)(aZ + bc) 16(a + c)(b? + ac) 4 \a ab

(Trich d& thi thir THPT qudc gia trwdng THPT Dikmil 2016)

Bwdng vin giaf:

Ta cé:

a® +be a + be ab+ ac 2a(b + ¢)
+1=2 = =
ab + ac ab + ac a?+bc {(a+b)a+c)
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a > 2a 1

* | bro@+p0 2@ naro D

b > 2b @
(a+c)b?+ac)  {(c+b)a+h)

P>1[ 2a N 2b ]+az+1(1+i)
T2la+b)a+c) (c+bya+b) 4 a ab
1 4ab+ 2ac+ 2bc @+1Db+c)
Ti Gt tokra | 4ab
Mit khic tacd a, b, ¢ }a cic s khéng im va ab 4+ bc + ca = 1. Nén ta sé ¢6:
@+ 1(b+c) _(@a+b)(b+c)(c+a) S {a+ b)(b+c)(c+a)

Twong tw ta cling sé cé:

Tir (1) va (2) ta sé& co:

4ab 4ab ~  4ab+2c(a+b)
Tir day ta sé co:
P>1 4ahc + 2ac + 2be (a+b)(b+c)(c+a)>1
T4 (a+b)b+)c+a) 4ab +2c(a+b)
a®+bc
ab+ac
2 — —_
Diubingxdyrakhivachikhi { P *a _ . o [a—E— 1
ab + be c=0
ab+bct+ca=1
c=10

Bai B: Cho céc s8 thuc dwong a,b,cthdaminab = 1;cla+b+c¢) = 3
Tim gid tri nhé nhit cha biéu thire:

DA At R Sinatb+2
“T7a T1+p 7oA 2

(Trich d8 thi thir THPT qudc gia treeomg THPT Pirc Tho 2016)

P

Bwdrng ban wfaf:
Ta c6:
_a+b+2c+1 a+b+2c+1

P =
+2 1+a + 1+b

1 1
—(a+b+2c+1)(m+m)+61n(a+b+2c)

+6In(a+ b+ 2¢)

Ta chitng minh BDT quen thufc sau:
1 1 2

> 1
T+a 1562 14vap

b+ 1
vab <2 — @

Thit viy:
1 1

2
=
T+a 1+b°>14va0
& (va—vb) (vab— 1) 2 0luén dingviab > 1.
D4u bing xdy rakhia = bhodcab = 1.

Vab <

e (2+a+b)(1++vab) 2 2(1+a)(1+b)

ab+1

> @(@—1)220

D&u“="khiab = 1.
Do dé:
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1 1 2 2 4 4 4 16
+ > > = > = >
1+a 1+b 7 1++ab 1_I_ab+1 34+ab " ab+bctcatc? (atc)db+c) (a+b+20)2
2

Pitt=a+ b+ 2ct> 0tach:
16(t + 1)

P+22=f(t) =—t2-—+61nt;t> 0
0 = 6 16(t+2) 6t°—16t—32 (t— 4)(6t+8)
Tt 3 t3 B t3
Bang bién thién:

t 0 4 400
f(t) - 0 +
” \ /

5+6In4

Viy, GTNNciaPla3+6lmdkhia=b=c=1

Bai 9: Chox,y, z 14 cdc s6 thyc khong Am théa man: x? + y? + z? = 1. Tim gi4 trj ién nhit eia bidu thic:
<2 y2
p_sz-l-2yz+1+2y:*+2xz+1+ VE+Y
(Trich d@ thi thir THPT qudc gia trurdmg THPT Trin Phu 2016)

L ovi @Al ohi tiét:
Tach: 2yz+ 1 =x*>+y?* +z2 +2yz =x% + (y + 2)? = 2x(y + 2)
Suyra2x?+2yz+ 12 2x% +2x(y +z) = 2x(x +y + 2)
x? 1 X
= <Z.
2x2 4+ 2yz+1~ 2’ x+y+z

Tuwong ti:

yz

2y? 4+ 2xz+ 1

y
X+y+z

1
==
2
Suy ra

1 x+y 1 z
< (==X = (1- )+ 5y
2(x+y+z)+ X+y 2( x+y+z Tyxty
Tach:x +y < 2(x2 +y?2) = J2(1 — z2) = V2 — 227

1
S P<—-
uyra 5

Z 4
1———-——)+ 2 — 272
( V2222 +2

1
Xéthamsa: f(z) = =

Z
)t
f(z) = — L

Z
V2-222(V2— 222 +17) f(2- 222

Do ham s6 lién tyc trén [0; 1] nén f(z) nghich bién trén [0; 1]
SuyraP < f(z) < f(0) =%+ V2. D4u “="yidyrakhix =y = %;z =0

V2 —2z2weén[0; 1]

<0vce (0;1)

1 1
Véy GTLN ca P1a = + VZdatdwockhix=y=—;z =0

V2
Bai 10: Cho a, b, c la cdc s8 thye dwong théa mdna + b + ¢ = 3. Tim GTNN ctia bidu thitc:
25a% 25b? c?(3+a)
P= + +
V2a2 + 7b2 + 16ab  v2bZ + 7¢? + 16bc a

(Trich d@ thi thie THPT qudc gia trurdrng THPT Trin Hurng Pao 2016)
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E ol nldi:
Tacé: (a—b)? = 0 & 2ab < a® + b%, Nén ta sé cé:

J2a% + 7b? + 16ab =  2a% 4+ 7b? + 2ab + 14ab
4a + 6b

< /3a? 4 8b?% + 14ab = ,f(a + 4b)(3a + 2b) < =2a+3b
Vay ta sé cd:
25a? 25a%
= (1
V2aZ +7b? + 16ab  2a+3b
Twong tu ta ciing co:
25a% 25a®
= {2)
V2bZ + 7¢Z 4+ 16cb 2a+3b
Mat khac theo Cauchy-shwarz ta co:
3¢? 3 2 25¢2
- =c2{=4+2)>
a tie=c (a+c)_33+2c 3)
Tir (1); (2);(3) ta sé cé:
pras(— o Ve,
=“\2a+3b 2b+3c 2c+3a) - €
(a+b+c)?
225 —— " +4+¢c?=2c=5 b 22
5(a+b+c)+c C (atb+c)+c C

Maa+b+c=3theogidthidtnéntasécé:P>c? —2c+15=(c—- 1) + 14 > 14
Vay GTNN cia P=14
Dau"="xadyrakhivachikhia=b=c=1

Bai 11: Cho 3 s6 thye %, v, z thudc [1; 4] thda min x + y + z = 6. Tim GTNN ctia
3 Z x2+y%—1
T= B(x2 +y2) t XyZ
(Trich dé thi thit THPT qudc gia trwvomg THPT Han Thuyén 2016)

Lo aiaf:
Ta cé:
z x2+y? -1 z x*+yr 1
8(x? +y?) Xyz B(x*+y?)  xyz  xyz
Véi xyz thude [1; 4] théaminx +y + 7 = 6 tachd:
242
X“+y > 2
Xy
-Dy-D=xy—x-y+1>0
1
> -] =5— O i rre———
2Ry ZX+y—1=5—z= 522 G-z
X +y=(x+y)? —2xy < (6 -2 —2(5—12)=2"—10z+ 26
ST z +2 1
T 8(z2-10z+26) z z(5—7)
2 1 — 4)?(4z* — 45z + 117
Xét hiéu z _ o2 A5 R UT) i mot 2 thube [1; 4]

1
8(z2 —10z+26)+5_z(5—z)]_5" 82(5 — 7)(z? — 10z + 26)
1 1
DodéTzz.Vé’ix=y=1;z=4=>T=E

1
Vay GTNNciaT1a -
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Bai 12: Cho x, y, z dwong thda mén:

Your dreams — Our mission

Z 2

Tim GTLN ctia:

3x+2y+z+1+3x+22+y+1

P_Z(x+3)2+y2+zz—-16

=(x+y)(x+2z)

2x2 +y? + 2?2
(Trich d® thi thir THPT quéc gia trudmg THPT Ly Théi T6 2016)

Bwédna bin gidi;

Ta cb:
x+y+x+2z)2 (2x+y+z)?
D TP s AL NG AL
4 4
1 i 8
2( + )2
_ 3x+2y+z+1 3x+2z4y+1/ 7 32x+y+z)+2
Tir gia thiét ta co:
8 <(2x+y+z)2
2Qx+y+a)+2° 4
Pit: 2x+y+z=t(t>0)
8 t?
= < —
3t+27 4

& (t—2)Bt*+8t+16) = 0

Ta cé:

P_2x2+y2+22+12x+2_

Stzl2=>2x+y+z2=2

2
4<(2x+y+2? < (224 12+ 1) +y?+d) e xi+y? +z2f 2

12x + 2

2x?2 +y? + 22
12x+2

2
24 £
x+3

<1+

Xét ham sé:

36x+6
fxy=1+
Ta cd:

2 -
£00) = ,_36(3)( +x—2)

(3x% + 2)2 f=0e

X =
BBT

w2270

X =
~2 . f(z)_
3nen 3 =

x2+x2+y?+z?
+36x+6
T U3 +2

—1 (loai)

10

™
o |win

400

ST <105 P<10

. khi 2 1
="xadyra 1x—-3,y—z--3

Viy GTLN cia P13 10.D4u
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Bat dang thirc ba bién (tiét 4)

Winh [nan: B4t ddng thive ba bién khéng déi xitng.

Bai 1: Cho cac s8 thyc dwong x, v, z. Tim GTNN cha:

7x+y+ 4J_+ 183/xyz

(Trich d& thi thér THPT qudc gia trwdmg THPT Luwong Tai 2016)

+= (x+y+z)2+2

B twdng bai todn:
Day 14 bai quen thudc, ¥ twdng cda bai todn 13 dua dai lweng 7x + v -+ 4, /xy + 183 /xyz vé dai luvgng (x +
y + z) bang phwong phap can bing hé s6 trong bt ding thirc Cauchy:

4.fxy = 4% (ax+1y)

18.3xyz—T (ax)( ) Si.(ax+§.y+bz)

Cong vao ta suy ra:

6a 2 6
7X+y + 4/xy + 183/xyz < (7+Za+%).x+(1 +;+ﬁ).y+63 b2.z

Hoom__w

1
Dau"=" xay ra khi: ax = V= bz

Hé dwa dwoc vé tdng x + v + z ta phai co:

2 6 3
7+ 2a + =1+-+ = 64/ b?
\/_ a alb Vo?
Thong thwong hé nhw nay ¢é nghiém dep. Va ta nhiam ra nhanh;
1 9
a= -2', b= '2—

DAu “=" nay sé lam cho bién x + y + 2 khéng bi 1& thudc diéu kién gi.
Do a6, ta co & gidi:
L ovl i chi tidt:
Tacé: 4/xy = 2/x 4y S x + 4y; 183/xyz = 33/x 4y. 9z S x + 4y + %z
DAu bing xdy ra khi vi chikhi x = 4y = 9z
=>P>———l--—-+—1-(x+y+z)2+2

Tx+y+z 2

Patt=x+y+zt > 0xétham:
1 1
() =§t2+¥+2;t> 0
Lip bang bién thién tim dwec:
min f(t) =%@ t=1

26 9 4

7
Vi inP = - kKhivachikhix=—;y=-—;2=—.
dy min 5 khi va chi khi x 49,y 39 Z 79
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Bai 2: Cho x,y,z 12 s6 thuc dwong sao cho x + y +z = 2;x% + y? 4 2z2 = 4. Tim GTLN cia;
1 2

p = -
(z+y+2? 2x+y+ . f8yz
(Trich d® thi thir THPT quéc gia trwdng THPT Ca Huy Can 2016)

B twomg giai:
RO rang, gid thiét chox + y +z = 2 vatrong P cling ¢6 x + y + 7 nén c6 thé ¥ twdng clia bai toan la dwa cac

dai lwgng ve téng x + y + z. Khi 44, ta nhén xét:
2

1
(x2+y2+(2\/§)2). 12+12+\£ > (X+y+z)?

Va ciing cdn bing hé s6 nhw bai 1 thi:
2X+y+./8yz< (2x+y) + (y+22) = 2(x +y + 2)
May mén bai toan nay ta c6 thé khing dinh bai todn gidi theo cach nay 13 béi vi d4u “=" cia hai bt ding
thitc trén:
X=y=2z
D4u “=" nay s& lam cho bét ddng thirc bién x + y + z khéng bi 18 thugc didu kién gi,
Do d0, ta cé loi gidi chi tiét:

Lot giaf ohi tiét;

Ta cé:
x2 y? 2% (x+y+2)?  (x+y+2)?
4—x2+y2+2z2———+y—+—2( ey Gyt
11 1714l 5
2 2 2

4.5
#—2—2(x+y+z)2=>(x+y+z)2510

Sx+y+z<vV10
Pitx+y+z=t=2<t <10

Ta cé:
2x+y+ . /8yz =2x+y+2y.22< 2x+y+y+2z=2x+2y+ 2z
1 1
= 2
2x+y+.8yz 2x+2y+2z

2 2 1

= - £ - =-

2x +y + ./8yz 2x+ 2y + 2z X+y+2

1 1

< —_
=}'p_(x+y+z)2 X+y+z
) v 1 1 t—2 . . .
Xét ham sd: f(t) = t_z_?t € [2; 10| = f'(t) = = = 0 véi moi t thude [2;V10|
Suy ra ham s6 f(t) ddng bién trén [2; V10|

1-+106
= f(©) < f(¥10) = T
2V10
Vav M P_l—m { x:y:Zz o X=Y:—5
AWM= Tty + 222 =4 Jio
Z=—
5

Bai 3: Cho a, b, ¢ 12 3 s8 thwe khéng 4m sao cho a? + b2 + ¢? = 2. Tim GTLN ctia:
P a? N b+c 1+ be
“a+bct+at+l atb+c+l 9

(Trich @& thi thir THPT quéd¢ gla trwérng THPT Ngh#n 2016)
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Rban x8t: Py chinh i3 dé thi dai hoe ndm 2015 va di dirgre gidi thich rat ré ring trong cudn Céng phd bat
ding thitc nén gior anh chi dwa ra 1oi gidi,
Lo gidi ch tiét:

Ta cé:

a?+(b+c)? a®+b?+c?+2h
alb+co) < 7 = 5
(a+b+c)®=2a?+b%+c?+2bc+2a(b+c) =2(1 +bc)+ 2alb +c)
(@a+b+c)?

4

=1+bc

= (a+b+c)?<2(1+bc)+2(1+bc)=>1+bcz
Do dé:
alb+c)<1+hbe
(a+b+c)?
1+bc2—4—

Vay

a+b+c)?
a% b+c L__$_L

P< -
'"a2+a+a(b+c)+a+b+c+1 9
a? b+¢ (a+b+c)
P< + -
az+a+atb+c) at+b+c+1 36
a b+c (a+b+c)?

< —
_a+b+c+1+a+b+c+1 36
at+b+c (a+b+c)?

<
“a+b+c+1 36
pitt=a+b+cg0<t< /3(a2+b?+c2)=V6

t o tr 1 t
f(t)“t+1_%’f(t)_(1+t)2—ﬁ’

f'() = 0 = t(t+ 1)? = 18 & t = 2 thudc [0; V6]
t 0 2 V6
() - 0 +

f(t) \ s

a+b+c=2
Daubidngxadyrakhija? +bhi +c2=2¢& [
a=b+c

a=b=1;
a=c=

Bai 4: Cho x,y,z 13 s6 thee dwong x + y + 22 = xy + 5. Tim GTLN cia:
2x y 4(x+y)
P= + -
x2+y2+18 x+y+4z 25z
(Trich a8 thi thir THPT quéc gia trwdmg THPT Thanh Chwong [ 2016)

twong:
Néu nhin qua thi bai todn nay rat khé. Nhung thue chit né cd hinh thikc giéng nhw bai thi dai hoc 2015. Do
do, ¥ twdng la chirng minh:
xX2+y2+18 = ki(x +y + 42)
Va rd rang, & thuin tién thi ta phai chon k = 2 d€ khi dé c6:
2x y 2x y . X+y
x? +y2+18+x+y+tfrzS 2(x+y+4z)+x+y+4z_x+y+4z
Nhuw vy ta thir xét tinh ding sai clia bat déng thic:
X +y?+ 18 = 2(x +y + 4z) (x)
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Véigia thigt: x +y + 2z = xy + 5.
Nhin qua ta c6 thé thdy ngay cin thay: 2(x + y) = 2xy + 10 ~ 227, Khi d6, d€ c6 hing ding thic (x? +
z_2
y* - 2xy).
(*) o x* +y*+ 18 = 2xy + 10 — 2z° + 4z
ox-y2+2(z-2)2 20

Nhw vdy bat ding thitc () 1a ding va ddu “=" xay ra khi: x = y;z = 2. Khi d6, bién méi:
Z

t=

x+y
sé khéng bi phu thudc vao didu kién gi. Do do, ta cd 1o gidi chi tiét:
E.o1 qidi ohi tiét:
Ap dung bt ding thirc Cauchy ta cé:
x2+y?=2xy=2(x+y+z*—05)
@ x2+y?+10=2(x+y+2z2)
ex*+y?+i8z2(x+y)+ 22+ 4D =2 2(x+y) +8z=2(x+y+4z)
Tir do suy ra: :

2x < 2x _ X
X2+ y2+187 2(x+y+4z) x+y+4z
Khi d6 ta cé:
p < x ¥ 4x+y) _ xty 44y
Tx+ty+4z x+y+4z 252 x+y+4z 25z
X+y
_ 7 —4(X+Y)—f(t)— t _ﬂ
X:Y+4 25z t+4 25
. Xty ; _t 4t .
th—T>0xetf(t)—H_4 25ta-:o.
4 4 t>0
! [ ——— = =
fm_(t+4)2 25,f(t) Oﬁ{ct_l_@z:zs@t 1
1 1
) < = — = —,
Do dé suy ra f(t) < f(1) 7t = Pmax 75

Xt+y=;Xx=Y¥ [ =y=1

D&u bang x4y ra khi va chi khi {x ty 2 =xy+5 e

1
4y GTLN caa P13 —.
Vay G cua a25

BAi 5: Cho cac 58 thuc dwong: a € [0; 1]; b € [0; 2]; ¢ € [0; 3]. Tim GTLN cia:
_2(Zab+ac+bc) 8-b b
T 1+2a+b+3c b+c+b(a+c)+8+\/12a2+3b2 +27cZ2+8
(Trich d& thi thir THPT quéc gia trwémg THPT Anh Son [1 2016)

twémi:
Bai toan nay thyc sw rdtkhé. P& gidi quyét thi ¥ twéng & ddy 13 dua vé mdt bién trong cic bién trén, Cling
cling c6 mdt hwémg di véi bai 3 va 4. Hai bigu thikc sau c6 (8 — b) va b ddng thoi dudi miu 6 56 8. Nény
twdng sé la:
2(2ab+ac+bc) 8-b b 2(2abtac+bc) 8
~ 142a+b+3c X +;— 1+2a+b+3c +;
Nhuw vay, dai lwgng x sé biéu di&n vé bién & miu hoidc ti s8 cta bidu thirc diu.
R& rang khi c6 hai s8 bing 0 thi t 56 biing 0 con miu s8 vin dwong, nén bién chiing ta cin dwa v& nhigu
kha niing 1a: t = 2ab + ac + bc. Nhw viy ta can chitng minh: '
2Za+b+3cz2m(2ab+bec+ac)+n
b+c+bla+c)=2k(Zab+ac+bc)+h

V12a? +3b2 +27c2 2 k(2ab+ac+bc) + h
C6 khoé dé tim cac hé 67777 & ddy ta chii § hon ¢ 13 hai bt ddng thirc dau (vi né don gidn):
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Ta coi Jan hrot hai bit dang thivc diu 12 m6t bién (hai cai con lai 12 hing s8). Thi ta din téi cac hé s& gi?
{2 m(2b + c) bw»[ 1-m(2a+c) _)[ 3—m(a+Db)
b~k(2b+c)’ 1+a-k(a+c)’ 1+b—-k(a+h)
Vi gia thiéta € [0; 1); b € [0; 2]; ¢ € [0; 3] thi ta nhan thdy v6i tinh chét bién thi ta s& chi ra ba trwdmng
hop:
m=2
a— 27; h-
k=3 5
Nhu vy ta can thir tir cao nhit dén thip nhit d€ cho bit ding thirc dwec chit nhit co thétirclam = k=
1.
Za+b+3c>(2ab+bc+ac)+n

b+c+hlat+c)={2ab+ac+bc)+h

Khi dé; ta c6:
2a+b+3c=2a+4+1b+(2+1.c=ba+ab+(b+a)c=2ab+bc+ac

Nhu v3y chon n = 0, ta dwgc bit ding thirc: 2a + b + 3¢ > 2ab + bc + ac. Ddu “=" xdyrakhiita = 1;b = 2.
Tiéptuc:b+c+bla+c) = (2ab+ac+bc)+heb+c=ab+ac+h
Ding:b +¢c=1.(b + ¢) = a(b + c) = ab + ac. Nhw vdy ta chon h = 0, ta dwoc bat ding thire: b + ¢ +
b(a +c) = 2ab + ac + bc. Ddu “="x3y rakhia = 1.
D& chic chan ta cin chitng minh:

v12a? + 3b? + 27¢? > (2ab + ac + bc)

© 12a% + 3b% + 27c¢? = 4a?b? + a%c? + b%c? + 2abc(2a + 2b +¢)
Do hai bat ding thirc trén c6 ddu “="tai a = 1;b = 2. Nén b4t ding thirc nay, ta s& dwa vé bién c dé t6i ru.
(27 — a%? - b? ~ 2ah).c? — 4ab{a + b)c + 12a% + 3b% — 4a?b? = 0
Anh s& dwa vé hai bién tichabvac. Taséding:a + b < 3; a? < 1;b? < 4 thi sé co:
(27 - (a +b)*).c? —4ab.(a +b).c+ 3.2%.4 + 3.1.b% — 4a?2h7?
> 18.¢% — 12ab. ¢ + 3a®b? + 3a%b? — 4a%b? = 2(3c—ab)2 = 0

R6 rang, bt ddng thirc ba cin chitng minh 13 ding. D4u “=" xay ra khi: 3¢ = ab.
Nhu vy, diéu ching ta mong mudén cudi cling 1a bat ding thitc véi bién t = 2ab + ac + be c6 ddu “=" xdy
rakhi:a = 1;b = 2; 3¢ = ab hay tirc 14 ¢6 d4u “=" x4y ra khi t = 6. Cling rit may digu nay da xay ra. Taco
1o gldi sau:
L ovi qiaf chi tidt:
Tacé:ae[0;1;h e [0;2];c €[0;3]

=P<
Ditt = 2ab+ bc+acvait € [0;13]

2(2ab + ac + bc) N 8
1+2ab+bc+ac 2ab+bc+ac+8

2t 8
Xét ham sé (1) —m—i- ;t € [0;13] tacé:

8 o B
(t+ 1)2_(t+3)2?f(t)—0@t_6

16 47 16 16
Tinh f(t) = 1;f(6) = = f(13) = 1 nén f(t) < 7Vt €[0;13]vaf(t) = - khit = 6.

16 2 16
DodéP<—khia=1:b=2:c=—=thiP = —,
0 s khia=1;b =2;c 3thlP 7

f'{t) =

A i ie 16
Vay gid trilén nhédt cia P la -

Bai 6: Cho a, b, ¢ 12 cic s6 thue dwong théa man a? + b? + ¢? = 17(a + b + ¢} — 2ab. Tim GTNN ctia biéu
thirc:

3 1
P=a+b+c+243( + )
V2a+67 {b+c

(Trich d@ thi thir THPT qudc gia tredmg THPT Chuyén Hing Vwong 2016)
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Rhian xét: Bai ndy co hink thire gidng bai todn thi thiv dai hoc Vinh ndm 2015, Tv tuong chinh cda bai todn
14 cdn bdng hé 56 trong bét ding thirc Cauchy va dwa vé biént = a + b + ¢ (xudt hién trong ci £id thiét vd
két fugn).
L ori aiaf obi tét:
Ta cé:
a?+b?+c¢?=17(a4+b+c)—2ab
e @a+b)?+c?=17(a+b+0)
(a+b+c) =[(a+b)+c]? < 2[(a+b)? +c?

[(a+b)2+b2}2%(a+b+c)2

1
4:1'17(::1+b+c)2-2-(2:1+b+c)2
O0<a+b+c<34

{(2a+67)+81=>2/(a+67).81
-1 9 3 2
V2a+67 a+74 2ate7 a+74

Ap dung BDT Cb si ta cé:

Ap dung BPT 6 si:
1 27
> 33 .27.27 = 27.3 =
fa+cy+27+27=3(b+c)27.27 =27 b+C#§‘/m_b+c+54
3 1 27 27 27.4
+ = + =
v2a+67 VYb+c a+74 b+C+54 a4+b+c+128
Pza+b+c+ 234274 =t+ t62" ;0<t=a+b+cg34
=4 T atbtctrize | iyize -8 €=
2
Xét ham s§ = ; ; 34];
ét ham sé f(t) t+t+128,t6(0,34],
1622 t—34)(t+ 290
N _ (£—34)(t + 290)
(t+128)2 (t+ 128)2
16272 {t—-34)(t+290)
Fit)y=1— = < 0vte (0;
© GC+1287  ar1z8? (0:34]
Ham sd f(t) nghich bién trén (0; 34] nén f(t) dat GTNN bing 196 khi t = 34
at+b+c=34 _
R i atb=c a=7
Ddu bang xdy ra khi btc=27 = E;};}

a+74=b+c+54
Viy Min P=196 khia=7;b = 10;¢c = 17

Bai7:Chox,y,z>0saochoa+2b > c;a% + b2 +¢2 — 2 = ab + bc + ca. Tim GTLN ctia:
_ at+b+c+2 a+b+1
_a(b+c)+a+b+1_(a+c)(a+2b—c)
(Trich dé thi thir THPT qudc gia trwdng THPT Hing Virong 2016)

Bwrdrng vin wai:
Tacd:2+ab+bc+ca=a%+b?+c?2a?+2bc
= 2(@b+ca+1)=za’+ab+bc+eca
= 2(@b+ac+1)=(a+b)a+c)
a+b)a+c+2)

2

salb+ct+a+b+1>

a+b+2 2
= =
alb+c)+a+b+1"a+b

1
(a+c)(a+2b—c)Sz(a-%c+a+2b—c)2:(a+b)2
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a+b+1 >a+b+1 1 + 1
= =
(a+c)a+2b—c) (@a+h)2 a+b (a+h)?
KhidéP < ! ! = ! ! b= ! >0
PO =04 b a+b (a+b)? a+b (a+b)?  a+b
Xéth:‘imf(t)=t--t2;t>0;f’(t)=1—2t;f’(t)=0@t=%
t 0 ! +oo
2
f(t) + o -
f() 1
/4 \
0 —00
1 242 2—+2
VayMaxp=Zkhia= Zv_,b:c: 2\/_.

Bai 8: Cho a, b, ¢ 14 58 thwe duong. Tim GTNN cia:
oo 1 4 ot
T 4a+2b+4y2bc 8+a+2b+3c 4+b+2c
(Trich d& thi thit THPT qudc gia trwdmg THPT Nhw Xuan 2016)

Phéin xét: Mic diz khdng d6i xitng nhung chiing ta o6 thé luu ¥, s6VZ xudt hign & mau sé mgt. Con mau s
hai thi co:
a+2b+3c=b+2c+(at+b+c)
Do dé, cd y twong gidi quyét bai todn.
Bwéng van gidi:
Tacé: 2v2bc < b+ 2¢

2 4 1 -1
= = C— > —
o Ihravic i taidbtac BFat 3. 4+atbic 4+ (atb+20
1
=Pz

“4@+b+c) 4+(@+b+c)
Patt=a+b+gt>0

1 1
X6t f(1) = — o= o ) = —— P = 4
S = o i £ G () 4t2+—-(t+4)2f(t) Oet
f -0+
f
_L
16
, . 1. b=2c ame=1
GTNN ciaPla —1—khl a+b+c=b+2chay{ b=2
at+b+c=4 -

Bai 9: Cho a, b, ¢ 1a s6 thue dwong. Tim GTNN cta biéu thirc:
_at+3c 4b 8c

= + -
at+2b+c a+b+2c a+b+3c
(Trich @& thi thir THPT qudc gia trudmg THPT Hau Loc 2 2016)

£2ban xét: Bai todn nay cd tr tudng va hinh thikc gidng mot bai todn trong phiin d6i bién bt ding thie
Cauchy cia cudn Cong phd bit ding thike. Cdc em ty tim hiéu.

T ot qiat chi tit:
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x=a+Zb+c a=—-x+5y—3c

y=a+b+2ce| b=x—2y+z
z=a+h+ 3¢ c=-y+z
Do dd ta cin tim gi4 tri nhé nhit cia:
—x+2y 4x—8By+4z -—8By+8z six 2 8y 4z
p=""""y yy -2 (Z4 D)4 (Z ) -

y X

4x 2 8y 4
Pzz\lvx.ln\/—z-’f.?zﬂ?:lzﬁ—n

X

Ding thtrc xay rakhiva chikhib = (1 + v2)ajc = (4 + 3v2)a
Vay GTNN ciia P1a12v2 ~ 17
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Tong 6n bit ding thirc

Bai 1: Cho céc sé thuwe dwong a, b, c théa man (be + 1)? + a? = 2(1 + a) + bc. Tim GTNN cla:
a+1+a% 4 12+/a

P= -
aZbe +(1-+-c)2 aZ+1

Phén tich bd hedmg din giai:
Tacé:(bc+ 1) +a? =2(1+a) +be
o b?ct+bc=1+2a—a?
obicttbc=1+2a—-a’2=2~-(a—-1y% <2
1
@bzcz+bc—2so=>bcslt=>62c
Ta co:
__a+1+1+ 4 12va
“athe b (1+c¢)? at+1l

a+l>a+1
a?bc — a2
4

Dobcg1=

1
Vi—-zc=2-+ = .
52 vt aroe - taror
Theo bt ding thirc Cauchy ta cé:
c+1+c+1+ 4 S sle+1 c+1 4 =3
2 2 (1427 202 "(+c?”

4 1
—_ > —_—t >
ﬁc+(1+C)2_2=>b+(1+C)2_

A
Do dé:

Satl 12\/5>a+1+2 12\/2“1+1 6+2
T af az+1~ a? 2. a2 a 4a

1
Pitt=—(t>0) =3P >t*+1t%2 — 6t + 2 = f(t)
Va

X6t (1) = t* + t? — 6t + 2 trén (0; +00)

P

ffi=0et=1
Bang bién thién:

t 0 1 +o0
(1) - 0 +

TN

P=f(t) = -2 vt € (0; +w)
t=1

VéyG’FNNcﬁanﬁng-Zkhivéchikhi{bc=1c>a:b=c=1
c=1

Bai 2: Cho cicsd thuca,b,cthdamina <+ b + ¢ = 0;a? + b% + ¢ = 6. Tim GTLN cta F = ab?c?
(Trich 48 thi thir THPT quéc gia trwémg THPT Kim Lién 2016)

Phan tich va huwdng ban giad:
. {b+c=-a
Ta cé: {bc — .2 _3
Hé conghiémkhia? > 4(a?-3) =@ a?<4=0<a%2<4
F = a%b?c? = a?(a® — 3)% = t3 — 6t% + 9t; t = a?

R . t = 1 thudc {0; 4]
Fi = 3t 12t+ 9 Fi =0« [t=3thu6C[034]
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F(0) =F(3) = 0;F(1) = F(4) = 4 = maxF = 4 khi (a,b,c) = (2; —1; —1) hodic cic hoan vi hoiic (a, b, ¢) =
{(—2; 1; 1) hodc cac hodn vi,

Bai 3: Cho x, y,2 14 cdc s6 thye thude doan [0;1]. Tim GTLN clia biéu thive:
P=2(x%+y?+2%) — (xX%y +y?z + 2%x)
(Trich d& thi thit THPT quéc gia trwéng THPT Lé Loi 2016)

Phan tich ba budna din widi:

Dit f(x) = 2x3 — yx? —z22x + 2(y® + 2%) — y?z. Ta cb:
1 1
f'(x) =6x%~2yz—2%f(x) =0 S x=x, = g(yn\/yz + 622);){ =Xy = g(y+ VyE+ 622)
Nhén xét: x; khong thuge (0; 1), lap bang bién thién ta thiy khi x, thubc (0; 1) hay x, khéng thudc (0; 1)
thi errEg;{] f(x) =max{f(0); f(1)}
Maf(0) =2(y* +23) —y2z < 2(y* +2°) —y%z+ (2 —y — z%) = f(1)
() <) =2y —zy? —y+ 223 224+ 2 (1)
Laiditg(y) =2y® —zy? —y+ 223 — 22+ 2 (1)
1 1
gy)=6y’-2zy-Lg'y)=0ey=y, =-6—(Z—\/22+6);y=y2 =g(z+\fzz +6)
Nhan xét twong tw suy ra Maxye[q,118(y) = Max{g(0); g(1)}
Laico:g(0) =223 +2-22 <228 +2-22 + (1 —z) = g(1)
=2gy)<g()=223+2~-22+(1-2)=223-22-z+3 (2)
Cudii cing dith(z) = 2z —z2 —z+3véiz € [0;1]; h'(z) = 622 — 2z — 1;
1-+7 147
h’(z)=0@21: 6\/_;Zz= 6
Lap BBT suy ra Maxyeo.1pyh(z) = h(1) =3 (3)
Diu bang xay ra & (1);(2);(3) khix =y =z = 1.VayGTLN ciaPla 3 dat dvockhix =y =z =1

Bai 4:

3
Cho x,y,z1a 3 5§ thyc dwong théa man: x2 + y? +z2 < 7 Tim gid trj nhd nhét cda bigu thirc:
1

1 1
P = 8xyz +E+ﬁ+;{;

(Trich d thi thir THPT quéc gia trudmg THPT Ngb St Lién 2016)

Phin tich ba hordng dAn widi:

Ta cé:
1 1 1
PO E T ,t=3,f >0
Xy Zy XZ x2y2z2 Xy
2 2 2
+y“+z¢ 1 1
ZZZS < = t< =
Vxyiz 3 =3 0< >
3
= P28t + =
t

3
Xétham sd f(t) = 8t% + a

Ta c6 bang bién thién;

t 1 51
0 2 :
f(t) Il - 0
f(0) 13
1
Tir bang ta cé: f(t} = 13 véimoi gidtritthéamin 0 < t < 7
1 1
SuyraP > 13.Diu bingxayrakhit = 7 hayx=y=2z= >
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Bai 5: Cho céc 58 thuc dwong x, v,z sao cho xy = 1; 2 = 1. Tim GTNN cda:
X y z¥ 42

+
y+1 x+1 3xy+1)

P=

Phén tich ba hwéng din gidic
Trwdc hét ta phwong trinh két qua sau:

Vé&ix,y > 0thdéamidnxy > 1taco:
1 1

x+1+y+1 1+\/_
Thatvay (1) & (x+y+ 2)(1 + /xy) 2 2(y + x + y)
& X+YVry+x+y+2/xy+2 2 2xy + 2(x +y) +2
o Gt (3 - 1) 2 2555 ~ 1)
o(fy-1)(x+y=-2/xy)20

Miit khéc theo bat ding thirc Cauchytacé:z® +2=23+1+1>32>3
X y 1
Pz2——+1 +1+ -2
= —y+1+ +x+1 xy+1

1 1 1
=(X+Y+1)(x+1+y+1)+xy+1_

-2 (do (1))

2 1
= (2xy +1). +
(2w )1+,/xy xy+1
bitt = fxy;t = 1tadugc:

P2Pt)=02t+1 : = 2t !
=P()=(2t+ )'t+1+

-2= +
t24+1 t4-1 t2+1

Taco:
2 2t 2(t— 12 +t+ 1)

PO=Grpr @rr - Gr 0@+
= f(t) dong bién trén [1; +o0) = P(t) 2 P(1) = %véri moit=1=P 2>

=0vtz=21

3
Vémein=—2—@x=y=z:1

Bai 6: Cho céc 56 duong x; y; 2 théa man x > y; (x + z)(y + z) = 1. Tim GTNN ciia:
1 4 4

R T A R e e
(Trich d8 thi thir THPT qudc gia trudmg THPT Lwong Ngoc Quyén - 2016)

Phin tich va hurdng dan gidi: (gidng bai 2 ngdy 27)

bit x + z = a. Tir gia thiét
1
(x+z)(y+z)=1=:-y+z=;
Vix>y=x+z>y+z=2a=x+z>1

Ta co:
N ro) = 1 a*-1
x—-y=x+z—(y+z)=a e
Thay vao P ta dwoc:
S N ANPYC SR SR Ve S S
(2 1)2+ + a (2_1)2 a a a2
Theo bt ding thive Cauchy ta c6:
2
a
>————+3a’+4
(@ —1)*
Xét ham sé:
t
f(t) = CEip — +3t+4t=a®>1

f'{t) = - 1)13+3f(t)~0@t-"2

V& bang bién thién ta cé: f(t) = 12 véimoit > 1 hay (mig) fH=12=1t=2
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Vay P min =12 khi va chi khi .

1
X+ty=viy+z=-=
Y Y V2

Bai 7: Cho 3 s thuc khéng am x, y,z théa man: x +y + z = 1. Tim GTLN va GTNN ctia:

T=2VT+x+/14+y%+J1+22
(Trich d@ thi thir THPT qudc gia trwdng THPT chuyén Bic Ninh 2016)

Phiin tich va hwrdng bin widi:

Gi4 tri nhé nhat:
Véimoiy,z= 0tach:J1+y2+VIi+zZ= 4+ (y+2)2 (x)

That vay:
Do 1+y2+1+22+ 2/ +yD) (L +22) 24 +y2 + 2% + 2yz
& J1+y*+z2+y?zi > 1+yz
) o l+y*+z224+y?2? > 1+2yz+y%2l & (y—2)2 =0
Ap dung bat ding thirc () véiy +z = 1 — x ta co:
T22VI+x+ya+(1-%2=2vVI+x+/x2-2x+5
Vix,y,2=20vax+y+1=1nénxe€[0;1]
Xéthamf(x) = 2¥1+x+VxZ —2x+ 5 vx € [0;1]

f'(x) =

+ x—1
Vi+x x2-2x+5

Vix € [0; 1] nén

1 1
>—0=<1—x=21;yx2—-2x+5=2
v1+x 2
x—1 1 1 x—1
N guge >
VxZ-2x+5 2 14+x VxZ-2x+5

=) 20vxe[0;1] = f(x) 2 (0) =2 +VB¥x € [0;1] =T =2 +5

v

x= x=0

Diu béng x4y ra khi va chi khi{ y=z hay{y —pl

xtyt+tz=1 2
Gia tri 1én nhat:
Viyizef0; 1] =2y <y’ <z=T<2Vl+x+/T+y++V1+z
Ap dung BDT Bunhiacopxki cho 2 bd s&:

LyT+y+1Vi+z<J(A2+ 1) +y+1+32)
>T<2VT+x+2Q@+y+2) =2Vl +x+ 23 —x)
Xétham s6: g(x) = 2VI + x+ /2(3 — x) trén [0; 1]
1

ixe[0;1] =2 3x<5=>1+x<2(3—x)

gx =

\/1+x_\/2(3—x)
1 1
= >
Vitx  J2(3-x)
g X >0veE[01]=>g)<g()=2v2+2=23T<2vV2+2
Didu bingxdyrakhivachikhix=1;y =z =0
Vay GTNNctaT1a2 + V5, GTLN clla T 12 2v2 + 2

Bai 8: Cho s§ thuc dwong x, v, z sao cho 5(4x2 + y? + z%) = 18(xy + yz + xz)
Tim GTLN cia:
X 2
ye+z2 (2x+y+ 23
(Trich d8 thi thir THPT quéc gia truomg THPT Tran Phii 2016)

Bhan tich ba hwdng dAn giii:
Ta cé;

5(4x% +y? +22) = 18(xy + yz + xz)
& 502x+y+2)? = 18(xy + yz + xz) + 10(2xy + yz + 2xz)
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© 5(2x +y +2)? = 38x(y + z) + 28yz < 38x(y + z) + 7(y + z)?

2x 2 38x X
c»s( +1) <X 11X <
y+2z y+z yt+z

ox<y+z(doy+z>0)

Mit khac ta co:
1
y+z2)2 <2607 +2) oy +22 2-2-(y+z)2
bitt=y+z>0

=>P<g ytz 2 2 2 2 2

~1 - 3= - 3=__ 3

7O +2)? (Cy+z)+y+2)°® y+z 27(y+2)> t 27t
. 2 L )
XeL(t) = v~ =it > 0.Tack: /() = — 5+ 55

1
Vé’it>0;f’(t)=Oﬁ9t2—1=0®t=§

1 1
VEBBT ta cb:x = E;y =z= 3 thda man didu kién bai todnva P = 4,

Viy maxP = 4

Bai 9: Cho céc s§ thuc dwonga, b,cthéamina+b+c=1
Tim gia tri nhé nhit cia biéu thirc

A

7 121

Py +b2+c2+14(ab+bc+ca)
(Trich d8 thi thir THPT quéc gia truomg THPT Yén My 2016)

By din giai:
Tacé:1=(a+b-+c)? =a?+b?+c?+2(ab+bc+ca)
1—(a% +b? +¢?)
2

=ab+bct+ca=

Do da:
7 121

A= -
a?+b2+c?  7(1—(a% +b2 +c2))

Patt =a% +b% +¢?

Via,b,c>0vaia+b+c=1nén0<a<1l:0<b<1;0<c<1
=>t=a’4+bi+cf<a+4+btc=1

Mitkhicl=(a+b+c)?2 =a?+b? +c?+ 2(ab+bc+ca) <3(@%+b?+c?)

1
=>t=az+b2+022-3;

R 1
Viyte [—: 1)

3
7 121 1
X; a o —_ - . =,
&t ham sé f(r) t+7(1—t)'te[3’1)
0 = — L4 2L
T2 7(1 -1
7
f" ] m—
=0t 15
Bang bién thién:
t 1 z
3 18 1
(o - 0 +
f(t) \
32 7
7

324 1 . 324 N
Suy ra f(t) = —7—~; YVt e [§; 1).VayA > = véi moi a, b, ¢ thoa diéu kién dé bai.
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7
1 1 i 2 2 2 _ " 324
Hon nita,véia = ;b = 7 = = thi [3 tbote T8 vVAA=—
a+b+c=1
. . 324
Viy minA = —
X+y+z=0

Bai 10: Cho ba s6 thuc x, y, z thay dgi théa min: [xz +y? 422 =2

Tim gid tri 1&n nhét ctia biéu thie P = x3 + y3 + 23
(Trich d@ thi thit THPT quéc gia trwdmg THPT Kho4i Chiu 2016)

Phin tich va buwéng din qidi:
Taco:x+y+z=0=z=—(x+y)

2P=x*+y3 - (x+y)® = 3xyz
T x? + y? +zz—2:>(x+y)2—2xy+z

2222 —2xy=2=xy=22~1
Vay P = 3z(z? - 1)
Do2=x*+y2+22 27 (x+y)? +72 =122

4
3
4 4
DitP =f(z) = 3z% — 3zvdiz € —J;;\/;]=K
Taco: f'(z) =9z% — 3;f'(z2) =0
1
z=-—€K
s ¥
z=—€K
V3
Tacd:
N O 4_f( 1)_2_f(1)_ 2
3/ J37\y3) Y3\ i3/ BNE V3
Do vi P 2kh' 2 -
oviy maxP = — khiz=—;x =y = ——.
Y BOTETTYETR

Bai 11: Chox,y,z)a cic sd khéng Am thdamanx +y + 2 = =. TlmP =x3 +y? + 22 + x?y?e?
(Trich d& thi thi¥ THPT qu6c gia trirdmg THPT chuyén Nguyén Hué 2016)

Phin tich ba hwémng vin giaé:
Gid sirx = minfx,y,z} suyrax € [0; %]

Taco:x* +y3 +2% —3xyz = (x +y + 2)(x® + y? 4 22 — xy — yz — x2)
= x> +y 423 =3xyz + X +y + D[(x +y + 2)? — 3(xy + yz + x2)]

27 9(xy+yz+xz
=3xyz+?=(xy—§~——-)-
Tacé:P=x3+y3+z3+x2yzzz—xyzz+3xyz+£—2(xy+yz+xz)
_( 1)2 1+13 27 ( vz )
={Xxyz a 64 xyz+ Xy +yZ+Xxz
>_215 9( +xz)— (9 13)
= Xy + Xz) — yz 7 X
Vv E-[O 013 =0
il It
ix ; 72 %
- (9 13)> (y+z)2(9 13)
VI N A VI
Suyra
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2

P>215 9 (3 ) 1(3 )(9 13 ) E[D'l]
Sy R VR A CRLY S CR IR LRl kel

1
Vay GTLN cta P bing o datkhix=y =2z = X

Sau day Ia mot g6 bai todn lupén tap:
1. Tim GTLN clia: P = 52X + 5Y biétx = 0;y = Ovax+y =1
(Trich d& thi thi THPT quéc gia THPT Quynh Luu 2 2016)

2. Cho c4c s8 thye dwong a, b, ¢, Chirng minh:
2a + 3b + ¢ - 6(a+b+c) 1
a+2 b+3 c+1 " a+b+c+6 S
(Trich d2 thi thir THPT qudc gia trwomg THPT Phi Cir 2016)
3. Cho cac s6 dwong a, b, ¢ théa man: a? + b? + ¢ = 1. Tim GTLN ctia bi€ut hirc:
_ab N bc  a%b® + b3
T 1+c¢2 1+al 24c3a3
(Trich d& thi thit THPT qufc gia trudmg THPT Chuyén Hing Virong 2016)

4. V&ix, y,z 14 s6 thyc ddi mot phan biét. Hiy tim GTNN cua:
2

2 2
M = (Zx y) + (Zy Z) N (Zz x)
X—y y—z Z—X
(Trich d& thi thér THPT qudc gia trwomg THPT Chuyén KHTN 2016)
5. Xét cac sé thue dwong x,y, z thdaman: x2 + y3 + z* = x® + y* + 7% Chirng minh ring: x* + y* + 23 < 3
(Trich d& thi thér THPT qudéc gia triromg THPT Chuyén KHTN 2016)
6. Cho x,y,z 14 s§ thwc dwong théa man 5(x? + y? + z2) = 9(xy + 2yz + xz). Tim GTLN cla:
1

X
P Ty2+z2 (x+y+z)d
(Trich d8 thi thir THPT qudc gia treomg THPT Chuyén Lao Cai 2016)
7. Cho a, b, ¢ 14 cac s8 thue dirong thay d&i. Tim GTNN cia:
(@a+c)a+4b+c)a+b+c)®
~ abc[5(a2 + b? + ¢2) + ab + bc + ca)
(Trich d@ thi thiy THPT qufc gia trirdmg THPT Lé Quy Dén 2016)

8. Cho a, b, ¢ 12 cac s& thuc khéng 4m théa mdn abc = 1;a+ b < 1. Tim GTLN cta biéu thikc:
1 1
M=Trge tTyae Ve
(Trich d& thi thit THPT qudc gia trudmg THPT Chuyén Phan Bi Chéu 2016)
9. Cho x,y, z 13 cdc s§ thyc dwong thda min digu kién:(x + y)(xy — 22) = 3xyz. Tim GTNN cla biéu thic:
P 2 +y? (2% + 2xy)? —3z*
T 22 2xyz?
(Trich d@ thi thir THPT qudc gia trwdmg THPT Chuyén Phd Yén 2016)
10. Cho céc 58 dwong a, b thay d8i vathéamana + b+ ¢ = 1. Tim GTLN cia:
P = 3(a®b + b?c + c?a) — 5¢? + 4c + 2ab
(Trich @8 thi thir THPT quéc gia trwémg THPT chuyén DPH sw pham Ha N§i 2016)
11. Cho c4c s6 thyc dwong x, v, z théa man: x + 2y + 3z = 1. Tim GTLN clia:
P = x?(5 — 6x) + 4y%(5 — 12y) + z2(45 — 1627)
(Trich d@ thi thit THPT qudc gia trwéng THPT Chuyén Théi Binh 2016)
12. Cho a, b, ¢ 12 d6 dai 3 canh ctia tam gidc ¢6 chu vi bing 1. Tim GTLN cua:

4 4 4 1 1 1

T_a+b+b+c+c+a_g_5__

(Trich @8 thi thit THPT qudc gia trwdmg THPT chuyén Vinh Phiic 2016)
13. Cho cac 50 thue x, ¥,z théa man: x > 2;y > 1;2 > 0. Tim GTLN cta:
1

1

- 2Jx2+y2 +72 —2(2x+y—3) S yx -1+ 1)
(Trich d& thi thir THPT quéc gia trwomg THPT Han Thuyén 2016)
14. Cho a, b, c 14 s8 thye dwong. Tim GTNN cia:
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. a+3c + 4h 8c
“a+2b+c at+b+2c a+b+3c
(Trich d& thi thir THPT quéc gia trwdmg THPT Hau Léc 2 2016)
15.Cho a,b, ¢ 14 3 58 thwe dwong théa mdn: a + b + ¢ = 1. Tim GTNN cda:
3 a’ 16b? — 27(a + bc)?
(1 -a)?+5be 36{a+c¢)?
(Trich @& thi thir THPT qudc gia trwdmg THPT Ly Tw Trong 2016)
16. Cho a, b, ¢ 12 sd thyc khéng 4m sao cho: a% b? + ¢?b? 4 1 < 3b. Tim GTNN cia:
_ 1 + 4h? + 8
T @+ 1?2 (1+2b)2 7 (c+3)2
(Trich dé thi thi¢ THPT qudc gia trwémg THPT Triéu Son 2016)
17. Cho cac sb thuc x,y, z théa min: x > 2; y > 1;z > 0. Tim gia tri l&n nhat ca bidu thire:
1 1
pP= -
2yx2+y?+22 —2(2x+y—3) Yx~-1z+1)
(Trich d& thi thir THPT qudc gia trwdng THPT Han Thuyén 2016)
18. Cho a, b, ¢ 12 s8 thye khéng 4m sao cho: a?b? + ¢?b? + 1 < 3b. Tim gi4 tri nhé nhit cla:
S S A
T @+ 1?2 (142b)?  (c+3)?
(Trich dé thi thir THPT qudc gia trwdmg THPT Triéu Son 1 2016)
19. Cho a,b, ¢ 1a cac & thwe dwong thda man a? + ab +b? = c(a + b + ¢). Tim GTLN cia;
(a+c)? (b+¢)? ab ab
2a%+2ac+c?  2b%242bc+c? (a+b)?  a? +4ab + b2
(Trich d@ thi thir THPT quéc gia trwdmg THPT Chuyén KHTN 2016)

P

P
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T

Mot so van dé dw doan trong ki thi ndm nay

Pin dé 1. Bw doan hé phwony trinb:

Trong hon 150 dé thi thi ph3n it bai tip nhit trong hé phuong trinh la hé phwong trinh dwoc gidi bing
phuong phip siv dung bit ding thitc, Iy do ciing chi vi diy I3 dang todn khé hoc sinh khd o6 thé lam dupc,
Chinh vi thé anh mudn dua ra mot 56 bai todn Jd€ cdc em tham khio.

343
X—yY+24+2Jy X =—v—ne0s (1
Bai 1: Giai hé phwong trinh: J Y Jy Jx—y+4 ( )

X +2x—1=2-fy-2 (2)

3Bhau tich ba huémg din giai:
bidukibny = xx—y+ 1= 0;x2%;y2 2
Nhin thdy phirong trinh diu cd bién x — y 12 duy nhat nén ta cd thé dii bién.
Pit fy—x=aa=0=>-al=x-y.
Khi d6 (1) tr& thanh:
3v3
V4 —a?
oV2-atJt—a? +2a/4~a? =33

& 6 —3a2.44— a2+ 2av3.J4 —aZ = 9 (%)
Bén phirong trinh () ndy ta co thé nhdm ngay ra nghiém a = 1 thé nhung, viéc nhan lién hop 1a rdt kho.Ta
sé déy diu bing xdy ra va thit dung b4t ding thitc Cauchy (vi don gidn Ia dai lrong bén vé phii I3 téng cdc
tich fai ¢ cdn thife...)

2—at+2a=

Ap dung BPT Cauchy ta cé:
10 — 4a? 5
6 —3a%,y/4 —a? ST= 5—2a
2av3.4/4 —a? < 2a% + 4
= 6 —3aZ./4—aZ + 2aV3.J4—-a2 <9
Khi dé:

() & {Jﬁ— 3a? = /4 — a?
aV3 =4 —a?
Sa=lay-—x=1®@y=x+1

Thay vao (2) ta dwoc

B4 V2k—1=2~-vx-1

ox*+V2x—1+Vx-1-2=0 (3)

Phirong trinh (3) ndy nhin qua thi ta cé thé ding ngay phép nhin lién hop ciing cd thé gidi quyét dwec bai
todn. Sau ddy la mdt ioi gidi khdc.
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Xéthamsé: f(x) = x3 +vV2x —1+vVx—1-2

Ta co:

1 + 1
V2x—1 2vx—-1
Maf(1) = 0 nén x = 114 nghiém duy nhit cta (3)

Tathdy x = 1;y = 2 théa min PK. Viy nghiém ctia hé PT1a (x;y) = (1; 2)

>0

f'(x) = 2x% +

(x—l)2 +y’ =3fx(2x +1)
3 -x +%=y\/m

Bai 2: Gidi hé phuong trinh:

Pban tich va huréng dan aiai;
bitukién: x > 0;y > 0. Ta cé:
x—1)% +y% = Yx(2x + 1)
6x% — 2x+ 1 = 2yyx2% +x

{(x — 1% +y? = Yx(2x+ 1)

=
5x% + (x — 1)% = 2yy/x2 +x

Vin gidng nlw bdi todn 1, y tudng & diy di khd nhin hon, ta phdi dw dodn dwpe diu “="x3y ra triée khi st
dung bdt ding thitc Cauchy hay Bunhiacopski,
Ap dung bit déing thirc Cauchy cho ba s6:

. 2X + 1+ 4x + 2
V2.4x. 25+ 1) S—'—"é""-—--—= 2x+1
2x+1
=>x-1¥2+y%< >
S22 ~4x+2+4+2y2 <2x+ 1
©2x?-6x+1+2y° <0
Lai theo bt ding thirc Cauchy cho hai sé thi:
Sx2+ (x~1)? =2yyx2 +x<y? +x2 +x
&5x2-3x+1-y2<0

HPT@{

Két hop lai ta duoc:
2(5x* —3x+1-y)+2x? - 6x+1+2y* <0
1 3
@(ZX—I)ZSO{:X:Ezy:g

1\/§)

Vay nghiém cia hé PTIA(x;y) = (E;—z—

Bai 3: Giai hé phuong trinh:
{ Vix+2V6 —x—y3 =242 (1)
Vax+2V6 —x+2f2y =8+VZ (2)

Phin tich ba huréng bin giai:
bitukitn:0<x<6
Bai todn ndy cd thé thiy ngay céng hai vé ciia phuwong trinh rbi dbn x sang mét vé, y sang mot vé va dinh
gid bang bat didng thuwsv Cauchy hodc Buniacopski,
2
Ly (D+ (@)= (Vx+2v6—x)+ (Vx+2Y6—x) = (y—~v2) +6+3v2
Tac6: VP = (y — \/E)z + 6 +3v2 = 6 + 3v2. Ddu bing xay rakhiy = v2 (3)
Theo bit ding thirc Bunhiacopski ta cé:
(VE +2V6—%) = (1LVER+VZ.V12 = Zx)" < (12 + (\/5)2) (Zx+12 ~ 2x) = 36

= (V2x + 2V6 —x) < 6 va ddu biing xay ra khi va chi khi x = 2 (4)
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(VIx+ 2v6—x%)” < 1+ D(VIx + 2V6 ~x) < 18
= (V2x + 26 — x) < 32 va ddu bang xdy ra khix = 2 (5)
Liy (1)+(5) = VT = (vV2x+ 2v6 —x) + (V2x + 2V6 —x) £ 6 + 32
D#u bing xay ra khi va chi khix = 2.
Tir (3);(4):(5) nghiém cua hé 1a (x;y) = (2;V2Z)

Bai 4: Giai h¢ phwong trinh

9 41(2+ ! )—3+40
2 X 2x+y/ X
x% 4+ 5xy + 6y = 4y* + 9x+ 9
xy>0
Phan tich va hurdng dan aiaf:
Phuong trinh (1) twong duong:
82(2+ 1 )_6+80x
X 2x+y )
Ta cé:
VT = (12+92)(x2+;)2|9x+ !
2x+y 2x+y
= 9%+ 3 =9%+ 6
2t 2%t
f9(2x +v) 2x+y+9

6 + 80x 6
= =
9 2x+y+9
Ldy (*) cdng voi phwong trinh (2) ta thu duoc:
—xZ+4xy —4y* + 12y ~6x—9=020
e —(x—2y+3)Y 2 200x+3=2
D& cic ddu bing xdyrathix =y = 3
Véy hé c6 nghiém (x;y) = (3;3)

& 3x—2x2—xy+6y =0 ()

Bai 5: Giai hé phwong trinh:
{ 2x2 fxy + %% +y* = 4x?y

y+vx=y-2x2+ 14y -9

Phau tich va hwéng din gidi:
bidukiénx,y > 0
Ta cb:

K X Y 2 Ty = iy

Tirc 12 VT = VP ding thirc xdy rakhix = y

Thay vao phwong trinh (2) ta cé:
X+Vx=y-2x2+14x—9
@ X2+ 2xx+x=-2x*+ 14x -9
&3P+ 2xVx—13x+9=0
bitt = vx > 0 nhw vay ta cé:

1++/37 19 ++/37
t=——=x=—g
3283 - 133 +9=0 2 Bt2—t—-3DNA*+t-3D=0=
( X ) —1++/13 7 — 13
A
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Vay hé c6 nghiém:

{19437 194437\ (7-V13 7-+13
(x'y)_( 18 18 )( 7T 2 )

2

(x+1)2+yZ=2(1+1_xy ]

4y? :(yz—x3+3x~2)(\/)_(+1)

Bai 6: Giai hé phwong trinh:

Phiin tich ba huéng ban widi:
Pidukibn:x = 0; V2 <x <2
Phuong trinh (1) x(x+ 12 +xy2 = 2(x + 1 —y?)

S E+DEE+x-D+yi(x+2)=0

& x+2)x+DE-1D)+y2x+2)=0

e X+DE+y -1)=0
X+ 2 = 0 (loal)
@[ x*fyt=1
¥

Véix? +y? = 1 = x% = 1 — y? thay vao phuong trinh (2) ta c6:

4y2=(y2—x3+3x—2)(\/y_2-|'-_1+1)

4:)4(y2+1-—1)=(y2—x3+3x—2)( y2+1+1)
@4(\fy2+1+1)(\/ﬁ+1—1)=(yz—x3+3x—2)( y2+1+1)
o 4(fyTH1-1) =y —x* +3x—2
ox?-3x~2=y2-4/y2+1(3)

05x251_\[—15x51

0<y?<1 {-1lsy=<1

Xét ham sé: f(x) = x® — 3x — 2 trén doan [~1; 1]
ffE)=3x-2=2fx)=0ex=11

Do ham s6 f(x) lién tyc trén doan [-1; 1] va f(—1) = 0; (1) = —4

Suy ra xErEI {1;1] f(x) = —4;x éP—af;(l] fx)=0

Hay f(x} = —4 vx € [—1;1](a)

Xétham s6 g(y) = y* — 44/y? + 1trén [—1;1]

Ta cé:

D0x2+y2=1=>[

') = 2y — Y ﬁ,()__oﬁ[yﬂ)E(—l;l)
By =y T P T T ly=+3e -1

Do ham s& g(y) lign tuc trén [—1; 1] vag(—1) = g(1) = 1 — 4v2;g(0) = —4
Suyra max g(y)=—4; min g(y)=1- 42

Hay g(y) < ~4 vy € [-1;1](b)

Tir (a) va (b) suy ra phwong trinh (3)& f(x) = g(y) = ~4 & g B

Thoa mén phwong trinh (1)
Viy hé phirong trinh ban diu ¢é nghiém duy nhat (x;y) = (1;0)
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Wai tap tw lupén:

Gidi cic hé phwong trinh sau;
(V1 khudn khé khong cho phép nén phin ndy, anh s& danh cho cac em lam va anh sé chita cho cic em vao
khoa hoc thing 6 t61).

Vax =1 3 3v3
2 = - 2= x—y+2+2 —X =
1 " +6y“+8 3x+x+y 8y;2_ \/ ¥ \/y ﬁ_—yﬂ
2x3 + 3y + 4 = 3x% 4+ 6,fy X+ VIx—1=2-Jy—2
i f— - 2v2 x—y=6(1-xy)
3 V42 +y  JayP+x \/2(x+y)2+x+y;4' 62GE 175
Zya@y—1 + e = 3+ 2(x% + y2
Xy—1+yvx— =% x? +xy+y? ( y*)

G-1% +y? = x@x+1) j?&(+2ﬂ=i+i
5'{ 3x2—x+1=y x? +x o * Ay
2 4x= fey+3- \fy
X +y® = xy/20¢ +y7) Zr1P-8x*=22y—1-2
7'{4 /x+ﬁ=9(y—1)m’&{y2+1=zm
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Pan dé 2. Bw doan hinh phang:

Trwde tién ta Ji t67 vén d8 dw dodn hinh phing ta hdy thiv stkc voi bai todn sau.

Bai 1: Cho tam gidc nhon ABC c6 A(0; 1). Tir A ké cic tiép tuy@n AM, AN t&i dwdng tron dwdng kinh BC. Biét
phuwong trinh duwdng thing MN;BC lan hwotla: x + 2y — 4 = 0va 3x — y — 1 = 0. Xac dinh toa diém céc dinh
Bvac.

Phén tich:
Do dé bai xudt hign duwong tron dwdng kinh BC nén ta cd

thé hinh thanh cdc dwéng cac AA'; BB'; CC' thi khi dé dé X
thdy B; B'; C'; C cung thudc mét dirong tron. \
Sau khi vé hinh, ta nhdn thiy tinh chit rat dic bigt Ia
SN
&)
M

M:H:N thing hang.(H 13 trire tAm AABC).

Dinhién, néu tinh chit nay 1a ding thi ta hoan todn c6 thé
xdc dinh cdc diém cdn Hm,

Sor dd tir duy:

AH1BC
A;BC —— AH? B

M; H; N thing hang - H € MN
giao digm ¢ AH
{M N

Beonlidns6lab
Cconlansdlac

Ta phdi tim hai phuong trinh cho b va ¢ dé€ dua ra mgthé

phwong trinh?

BH.AC=0;AK.MN=0

(R4t nhiéu em tw dgt cdu hdi sao khong dﬂngﬂi. AC = 0 vaCH.AB = 0 thi anh trd luén, dung hai cdi ndy
thure chit I3 mot cdi, khéng tin cdc em tir bidn d6i7 Ly do 13 vi ta d8 ding AH L BC dé xdc dinh AH, nén ta
chi dwoe ditng BH L AC hodc CHLAR dé xdc dinh vi trirc tim cia tam gidc ta chif cdn ding giao cia hai
dwong cao Id dil. Con AKL MN I3 mét tinh chit dugc suy ra tir tinh chit tiép tuyén trong dudng tron, diy li
mgt tinh chdt khdc nén ta cd thé ding dwoc).
Ré rang, hal phwrong trinh ndy sé dua ra hé ma ta cd thé gidi dwoc. Vin dé con fai 13 chitng minh ba diém
M:H:N thing hang va diy 13 mot van dé thupe vé Hnh chit hinh.

B;CeBC—»tgadéhéa—»{

Lovi widi chi tiét:
Chirng minh: M;H;N thing hang.
Goi AA', BB’, CC’ 13 c4c dwdrng cao ciia tam giac ABC, dwdng tron (K) ¢é dwirng kinh BC.

Ta cé;
, 3 . AM  AC 5 ,
AAMC’'~ABM( do chung géc A va AMC' = ABM) — B AM? = AB.AC
AAC'H~AAA'B(do la hai tam giac vudng chung goc A)
AC’_aH AC'.AB = AH. AA’
-_— = — = . = .
AA' AB
- AM? = AB.AC' = AH AA'-»AM _ A
o e AN AM

Suy ra AAHM~AAMA’ (c — g — ¢). Do d6 AMH = AA'M.
Mit khac AMA'N 14t gidc néi tiép dwdng tron duwdng kinh AK (do AM;AN 14 ti€p tuy&n va AA’ 1a dwdvng cao
AABC) nén: AMH = AA'M = MNA = AMN.
Viy AMH = AMN ma H va N ndm cling mét nira mit phing b AM nén M, H, N thing hang.
X4c dinh diém H.
Tacd: A(0; 1); BC:3x —y— 1 = 0; AH L BC nén:

AHi1(x—0)+3(y— 1) =00 AHix+3y -3 =0
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Do d6, H(xy; vy) 12 nghiém cda hé phuong trinh:
Xx+2y—4=0 X=56
{x+3§—3=0@{y=—1@H(6‘_1)

Ta co:

B;CeBC— B(b;3b—1);C{c;3c—1)
BH LBC=BHAC=0=(6-b).(c-0)+(-1-3b+1).(3c—1-1)=0
=¢(6-b)—3b(3c-2)=0-6c+6b—~10bc=0
= 3c+3b—-5bc=0(1)

. " . b+c 3b+3c-2
KlatrungdiemBCnen:K( 3 ; )

2
AK L MN nén:
— b+c 3b+3c-2
AK.uMN=0=>(~—2——0).(—2)+(T—1).1=0
3
=>—(b+c)+§.(b+c)—2=0
=>b+c=4(2)

Tir (1) va (2) ta suy ra:
[ b+c=4 b-tec 724
=
3c+3b—5bc=0 bc=?
Do d6, b ; ¢ 1a nghiém cha phwong trinh:

10 + 2410

5X?—20X+12=0=>X= =

Két luan:

10 + 2V10 25+ 6V10 10 — 210 25— 6v10\ . _
B : ;C ; hoidc

5 ' 5 ' 5 5
10 — 2910 25— 6vI0\ (10 +2vI0 25 + 610
B 5 ' 5 ¢ 5 ' 5

Bbén xét: Puing viy, didu dur dodn ma anh mudn nhic t61 dé chinh I3 viée stk dung tinh chit hinh hoc trong
bai todn dé gidi quyét bai rodn. Di nhién, doi véi nhing ban ndm bt dwoc nhidu tinh chit hinh thi sé cé tw
duy t6t va nhanh hon nhiéu so voi nhiing ban chua biét t67, Nhwr viy ngoai viéc di trdi qua nhikng tinh chit
hinh cé trong dé& thi thi¥ dai hoc ndm nay thi cuén Chinh phuc hinh phdng cling a3 déng gdp rdt nhidu tinh
chit hinh ma cdc em nén biét. Riéng trong cudn tinh tdy ndy, anh sé gici thidu 8 bai voi tinh chét hinh don
gidn nhimg khd nhin nhw bai todn trén. Va di nhién, cich tir duy & diy sé dupe d8 cdp tdi.

Bai 2: Cho dwdmg tron tam O va day cung AB (biét dudng thing AB ¢ phwong trinh: x + 2y — 1 = 0) ;
diém M thudc AB. Dung (0,) qua A, M tiép xic véi (0); (0,) qua M, B tiép xic véi (0). Hai dwdng nay cit
nhau tai diém thi hai 1a N(0;0). Cho phirong trinh dudng thing ON 1a y = 3x. X4c dinh tea dd diém M.

Bhan tich: Sau khi vé hinh thi ta thiy ngay: MN L OM.
Nhwr viy, chi ciin chibng minh duoc tinh chdt ndy cia
bai todn thi ta sé dwoc ngay Iod gidi vi:

MN L OM; N - MN
M thudc MN va M thudc AB nén hién nhién tim duoc
M. P& clukng minh tinh chdt trén ta cdn chi y:
+ 040, 13 trung trie cda MN. (diy 1d tinh chidt diy
chung cila hai drong trén giao nhau).
+0, MO, N 13 hinh binh hanh. (Nhin hinh vé c6 thé cdm
nhdn duge ngay).
RO rang sé nhdn ra ngay tinh chit cin ding t&i & diy:
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Budng trung tuyén cia mgt tam gidc ma bing mika canh d6i dién voi nd thi do 13 tam gidc dé vuéng.
Ta co Iof gidi chi tét:

Livt alAl ehi tiét:

Chirng minh: MN 1L OM

(0) tiép xtic véi (01) tai A suy ra 0; O;; A thing hang.

Twong tw Q; 0,; B thing hang

= DAB = OBA; 0,AM = O, MA = 0BA = O;MA = 0,M//OB

Twong ti 0,M//0A. Do d6 00, MO, 12 hinh binh hanh,

= 0,0, di qua trung diém ctta OM, MN vudng géc véi 0, 0, va cit nhau tai trung diém MN

= 0,0,//0N = MNO = 9¢°

Sau hai bai todn trén, anh muén gi¢i thigu thém cic em cac bai toan ¢6 tinh chdt hinh hoc phing chwa gin
hé toa d¢. Khi nam viing tinh chit hinh thi ta cd thé gidi quyét bai todn d& dang hon.

Bai 3: Cho tam gidc ABC can tai A, P 12 diém trén canh d4y BC. K& dwéng thing song song véi cac canh bén,
cac giao diém dé 12 D va E (D thudce AB, E thudc AC) .Goi Q 1 diém d&i xirng clia P qua DE. Chitng minh Q
ndm trén durdng tron ngoai tiép tam gidc ABC.

Lhirng minh:
Ta c6: PD//AC; PE//AB= ADPE la hinh binh hanh A
= PE = AE; AD = EP; Q va P ddi xivng qua DE
= DP = DQ; EQ = EP = AE = DQ két hop EQ = DA
= ADEQ 12 hinh thang cin = AQ//DE '
Tam gidc ABC cin = EP = EC = EQ = EC = EQC = ECQ.
Kéo dai DE cit CQ tai H = EPH = EQH = EPH = ECH D
= EPCH néi tiép; PEH = BAQ = BAQ + BCQ = 180° H
= ) thudc dwdng tron qua (A, B, €)

Bai 4: Cho tam gidc ABC, D, E, F lin luot 1a tiép difm cla dwdng tron ndi tiép tam gidac ABC véi canh BC, CA,
AB; H 1a hinh chi€u ctia D trén EF. Chirng minh HD 14 phan giac ctia géc BHC.

Chirug mink:
Goi I, G 14 hinh chiéu ca B, C trén EF thi A
HD//B1//CG, E, F 14 céc tidp diém.
= AE = AF = AAFE cin= BFI = CEG

= ABFI —~ ACHG(g. )
Bl BF BD Hi

“CCCE_CD HG
= ABHI ~ ACHG(c.g. ¢} = BHI = CHG

= BHD = CHD
= HD la phén giac cha géc BHC.
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BAi 5: Cho tam gi4c ABC duirng cao AH, goi M va N lin lugt 13 trung diém AB, AC. Dwdng tron ngoai tiép tam
gidc BMH cit dwdng tron ngoai tiép tam giac CNH tai E. Chirng minh AMEN 12 t gidc néi ti€p va HE di qua
trung diém cta MN.

Chirng wrinh;
Tir gidc MBHE va HENC ndi tiép
= MEM = 180° — B; HEN = 180° - C
= MEN = 360° — MEH - HEN
= 360° — 180° + B—180°+ C
>MEN=B+C=>MEN+A=B+C+A=180°
= AMEN nbi tiép.
HE cit MN tai I, ha MK vuéng gic v&i BC, theo gid thiét
AH vubng géc véi BC, MA=MB
= MB = MH = KB = KH, MK vudng géc v&i MN
= MN 12 tifp tuyén dwdng tron ngoai tiép tam gidc
MBH, IM? = IE.IH.
Tuwong tw IN? = [E.IH= IM = IN

Bban xét: Hidm E trong hinh hoc con duoc goi 13 diém Brocaard nhung ta khong cin d€y to1 bai todn do,
ta chi cin chif 7 tinh chat tiép tuyén chung cia hai dirdng tron thi diy chung di qua trung diém.

Bai 6: Cho 2 dwdng tron (0) va (0" cit nhau tai A, B. Kéo dai AB vé phia B 14y M, tir M ké tiép tuyén ME,
MF vii (0) (E, F 12 cdc tiép diém, F cling phia (0") d6i véi AB). Puong BE va BF ¢t (0") tai Pva Q, goi 112
giao cfia PQ va EF. Chimg minh ring: QI = IP.

Chirng minh:
Kéo dai EF cAt PQ tai I.
MF 12 tiép tuyén= MFB = FAB

— AMFB — AMAE = 1 _ BB s ME = MF
MA EATSET
FB EB

iﬂ :_E_é(l);

AFE = ABE (chdn cung AE)

= ABPQ la tit giac ndi tiép

= AFQ = AIQ = AFB = AIP

Mit khac ABF = APQ = AFBA — AIPA

:BF_PI(Z)

AF Al

T ti: AABE — AA l=>QI—BE(3
wong tir: Q A= AR )

T (1), (2). (3 d_n I=1pP
(1,2, (3) =z == AU =

0

Bai 7: Cho tam giac nhon ABC ¢é trire tdm H. Goi M, N Iin lwot 13 trung diém cia doan AH, BC. Cac phén gidc
trong ctia cic géc ABH, ACH cit nhau tai P. Chitng minh ba diém M, N, P thing hang.

Chernm minkh:

Goi BB, CC’ Ian lwot 12 dwdng cao ké tir B, C clia tam gidc ABC. Ta c6:
PCB = PCC" + C'CB
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~ - 1.
= %(90°—A) +(90°-B) = 135°—-A-1B
Twong tw:

PBC = 135°—%K— ¢

= PCB + PBC = 270° — (A + B + ) = 90°

= CPB = 90°.

Vay P thudc dwdng tron dudmg kinh BC.

Mat khac CP 1a phén gidc gbc ACC nén P la diém
chinh gilta cung nho B'C’ cla dwdng tron ndi trén,
Do dwong tron dwing kinh BC va dwdng trdn
duwdng kinh AH cit nhau tai B, €’ nén dwing néi
tdm MN di qua diém chinh giira P cung B'C".

Bai 8: Cho tam gidc ABC vudng tai C ¢ dwirng cao CH va trung tuyén AD. Pwéng tron (0) di qua D va tiép
xuc véi dudng tron ngoai tiép tam gidc ABC tai A, cit BC tai diém thit hai 12 E. Chitng minh AE di qua trung
digm ciia CH

Chirg mink:
Goi M 12 giao difm clia AE véi CH, giao clia dwing tron
ngoai ti€p tam gidc AED vé&i AB 12 N. Do hai dudng tron
tiép xiic nhau nén hai tdm cing diém A thing hang, do
dé AN 1a dwdng kinh dwirng tron ngoai ti€ép tam gidc
AED. Khi d6, ADN = 90°.
Ngoai ra, hai géc AND = AEC (do tt gidac AEDN ni tiép)
Suy ra CAM = DAB.
Mat khdc 2 tam gidc vudng AHC va ACB dbng dang voi
nhau nén AD Ia trung tuyén cha tam gidc ACB ta suy ra
AM ciing la trung tuyén cia tam gidc AHC.
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Pan dé 3. Bw doan cac bai toan khac:

(Y day, anh khéng dy doan vé bit ding thirc béi vi bit déng thikc ludn 13 bt diing thirc ba bi#n va chi cé mot
vai chil d& kha co ban nhung cach phat trién lai mudn mau mudn vé. Anh da nhic toi & trong phiin hé. Mic
du, vé dd danh gid 1a loai khé nhit nhung dang toén ndy yéu ciu cé sw nhanh nhdy cao thi c6 kha ning lam
dwec. Van dé anh mudn dé cap tdi 1a mdt 38 bai toan hwéng téi thue t8. Ly do 13 vi nidm 2015 da xudt hién
nhitng dang todn nay trong dé thi dy bi ctia b gido duc:

Bai todn 1: (D& thi dy bi ciia bd niim 2015) Trong mot cudc thi pha ché, mi ddi chei dwgc st dung téi da
24g huong liéu, 9 lit nwéde va 210 g dwirng € pha ché nuédc cam va nide tio. DE pha ché 1 lit nwée cam cin
30g duirng, 1 lit nwére va 1 g hwong lidu, 3€ pha ché 1 1it nwée tho cin 10 g dwdng, 1 lit nwée va 4g hwong
lidu. Méi lit nurée cam nhan dwoc 60 diém thwéng, mbi lit nréc to nhin dwoc 80 diém thwdéng. Hi cin pha
ché& bao nhiéu it nwéc trai cdy méi loai d€ dugc diém thwéng cao nhdt?

Phén tich ba hwdng dAn aai:
Phat biéu c6 vé ling nhiing. Nhung thirc t& bai toan chi cé hai bién:
a 12 58 lit nwdc cam, b 12 s6 lit nwéc tao

Khi 46, theo gid thiét:
30a + 10b 13 s8 gam dwéng cin ding, a + b 1a s6 lit nwére cn ding va a + 4b 1a s gam hwong liéu can ding.
DE duing dwgce t8i da 24g hwong lidu, 9 lit nwére va 210 g dwdrng ta phai cb:
ab=0
30a+ 10b < 210
a+b<9
a+4b <24

b€ thu dwoc nhigu diém thwéng nhit thi ta phai c6: f(a; b) = 60a + 80b dat gia tri 1&¢n nhit c6 thé,
Dén ddy, ta cd hai huéng giai:
+M0ot hwdéng 1a ta bidu diln tat ca cAc gid thidt trén hé truc toa d6 Oxy. Khi d6, cac diém ndm & vi tri dau
muit sé 1a cic diém cuec tri ciia f. Do d6, ta chi cAn so sanh chiing v&i nhau 1a dwoc. Két qua: (a; b) = (4;5) -
f(a; b) = 640,
+Huwéng thit hai tét hon hudng thir nhit béi vi né cé thé giai quyét dwec nhidu bién sé.
Do chi ¢6 hai bifn 56 nén ta chon 2 trong 3 bt phwong trinh & gia thiét d€ dwa vé dang:

f(a;b) = 60a + 80b = x(30a+ 10b) + y(a+ h)

f(a;b) = 60a + 80b = x(a+ b) + y(a + 4b)

f(a;b) = 60a + 80b = x(a + 4b) + y(30a + 10b)
Sau khi tim ra dwge (x; y) d81 véi bai nay, gia tri x hodic y 4m ta co thé loai ngay vi khéng thé danh gia dwoc.
Khi ¢ it nhit hai c3p (x; ¥) cing dwong thi ta phai d8i chi€u véi bat phirong trinh thir ba. Vé&i bai nay ta cé:

160 20 160 20
f(a;b} = 60a + 80b = T(a+b) +?(a+4b) < T.‘) +?.24 = 640

Déi chifu diu bing xdy ra: a = 4;b = 5 théa man 30a + 10b < 210 nén ta dwoc didu phai chimg minh.
Lwu p; C6 mét sai lim khd I6n 13 cdc hoc sinh thuong mgc dinh a:b 13 cdc s6 t nhién, nhung ngu ¥ cia tic
gid khdng phdi viy, nén cd thé nhimng ban lam trong trirong hop asb 14 8ty nhién thiréng chi direc 0,25 dén
0,5 sd diém.

Bai todn 2: (Ty tin lAm nha kinh doanh thanh dat-Sing tic) M6t thwong gia dang ban budn cic con sic vat,
gbm co ba loai con: g3, lon va d&. Biét ring thwong gia nay lam viéc véi ba nha hang ban db iin (A;B;C) cia
mot co sé. Yéu ciu cia co s¢ nay 1a mdi ngay mang tédi ba nha hang dung 100 con sic vat (loai nao ciing
dworc). Biét rang, khi mang d&n nha hang A thi mdi con ga duoc lovi 3000 dbng, mdi con lon dugce ldi 4.000
dong, mbi con dé dugc 1&i 20.000 ddéng. Khi mang dén nha hang B thi mdi con ga dwoc 1o 7000 déng, méi
con lon duec loi 8000 ddng va mdi con dé dwoc 1o 18.000 ddng. Khi mang dén nha hang C thi mi con ga
dwece 161 8000 dong, mdi con lon dwoc 161 9000 dong va mdi con dé dwoc l&i 16000 dong. Biét ring, ngay
hém dé, thwong gia phai tiéu thu it nhit 20 con g, it nhat 20 con lgn va it nhit 20 con dé vi sdp c6 dai dich
gia siic. Hai throng gia dé cin mang gia stic clia minh dén cac cita hang nhw thé nao dé thu dwere nhidu lei
nhuén c6 thé?
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Phin tith v hudng dan giat:
£han xét 1:
Trong mdi cira hang, s8 tign lgi nhudn thu dugc clia méi con stc vat theo gid tri tir thip dén cao 12 gi; lon;
dé. Ditu dé, chivng t6 rang v&i s6 lweng sic vat khong déi dé thu dwoc loi nhudn cao nhat thi s& ga phai it
nhit ¢6 thé? Nhir viy ta tiéu thu ding 20 con ga, va di nhién s8 g d6 phai ndm trong cta hang C vi gia mdi
con g4 & ctra hiang C 1a cao nhit. Con 80 con con lai?
Bhan xét 2:
Gol ag;az; a5 1a 58 lon dwa té olva hang A;B;C va by; by; by 13 s6 dé dua téi oiva hang A;B;C.
Khi dé ta c6:a, +a, +ag + by + b, + by =80,
Ctra hang A sé thu lai duyc: S; = 4a,; + 20b, (nghin d6ng).
Cira hang B sé thu lai dwgc: S; = 8a; + 18b, (nghin déng).
Cira hang C s thu lai dvoc: S; = 9a; + 16b; (nghin dong).
Ta can tim gid tri 16n nhit cia:

T =S8, +S, +S; = (4a, + 8a, + 9a;) + (20b, + 18b, + 16b;)
Viéc danh gia & diy khé don gian:

T < 9(a, + ay + a5) + 20(b, + b, + by) = 9a + 20b

Ddu " = "xayrakhi: a; = a, = b, = by = 0. Khi d6, ta cé:
T < 9a+ 20b
Virialasé lgn, bla sd dé. Theo gia thiét ta cé:
a+b=280
az20 —20<b<60
b= 20

-T<9%a+b)+11.b £9.80+11.60 = 1380
Ddu " = " xay ra khi: a = 20;b = 60.
Nhur vay ta c6 thé khéng dinh gia tri loi nhudn lén nhat thu dwec khi mang téi nha hang €14 20 con ga va
20 con lgn mang téi nha hang A 13 60 con dé. S8 tign thu dwec 16n nhit 14: 1.540.000 déng.
Wiuh Wwéan: KA doc nhiing bai todn vé thire t& Yéu & kién quyét Ia khong diroe ndn vi nhitng iod vin dai
dong phife tap. Phén tich thit chim, dé bai cho gi, yéu cdu gi va cdc bién c6 thé cd 13 gi.
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Sau dap [a mot 86 bai toan lupén tap:

Bai 1: (bién thoai Galaxy S7- trich THPT chuyén Long An 13n 2 2016)Nham thu hit khach hang cho san phdm
Samsung Galaxy 57, hing dién thoai Samsung tién hanh quang cdo trén hé théng phat thanh va truyén. Chi
phi moi ca hai dién vién Song Joong Ki va Song Hye Kyo-tham gia quéang céo trén truyén hinh la 3.000.000
USD v trén séng phat thanh 1a 1.000.000 USD. Chi phi cho 1 phiit quang cdo trén truyén hinh la 4.000.000
USD va 1 phat trén song phat thanh 13 800.000 USD. bai phat thanh chi nhén phat cac chuong trinh quang
cao dai it nhit 5 phat va dai truyén hinh chi nhin phét cic chwong trinh quang cdo dai tdi da 4 phit. Theo
phén tich, cting thei lweng 1 phit quang cao thi trén truyén hinh s& ¢6 hiéu qua gip 6 lin trén séng phat
thanh. Cng ty Samsung du dinh t8i da 20.000.000 USD cho quang cdo. Héi cong ty cin dit thoi lwgng quang
cdo trén séng phat thanh va truyén hinh nhw thé nao d€ dat hidu qua nhét?

Bai 2: (T& nan tham nhiing & Viét Nam-Bai todn chi mang tinh ch4t md phéng vui, khéng c6 y dinh da kich hay
néi xdu téi bat ki t6 chirc ndo) Tai Viét Nam, té& nan tham nhiing dwoc hoanh hanh kha phéa bién. Theo cuc
khao sat, m&i met vudng d4t néu mua trét lot thu dwec lgi nhudn theo hinh thirc: y = x? (trong d6, x 1a s6
mét vudng dat; y 12 s8 triéu ddng). M&i céng trinh x3y dng ndu 12 loai nhé s& thu dwoe 30 triéu, loai 16m sé
thu dwogc 50 triéu va loai crrc 16m sé thu dwrorc 100 triéu. . Gid sit ring, ngwdi ta phai phin van gitra viée xay
3 cOng trinh nhd, 2 cong trinh lén véi viée xdy 1 cong trinh nhd, 1 cdng trinh 1én va 1 cong trinh cuc 16m.
Néu tham nhiing dugc trén 2 ty thi s8 bi phat hién va bé ti, Hoi ring, d€ khong bi bit vie td thi cin tham
nhiing nhi2u nhit bao nhiéu met vudng dit va xiy dung céng trinh nhw thé ndo ma van dam bao l¢i nhudn
thu dugc 1a lon nhit? (sd met vudng dédt 14 sé nguyén duong)

Bai 3: (Pwa con di thi dai hoe) Mot ngudi me dwa con [8n Ha Ni di dai hoc ma trong vi chi c6 ding 500k,
Chi phi di lai: néu di xe khach mdi chuyén s& mat 80k; néu di tdu mdi chuyén sé mit 100k(phai di 2 Han: 1
Itc di va 1 lbe v&).Chi phi 4n va nha & 12 250k. Do di lal trong thanh phé khéng tién di bus vi dong nén chon
di xe may. Biét rang phong tro tim dwoc cich ché thi ding 6km. Vé&i hang xe 6m Ha Thanh mét 9k/ 1 km va
mdi km mdt 7 phiit; v&i xe 4m sinh vién mat 7k/ 1km va mdi km mé&t 9 phut. Biét ring tir phong di thi dén
dia diém thi chi dwoc di khng qua 45 phut. Hai ring, ngwdi me ¢6 thé dua con di thi bing thu hda duoc hay
khong?

Bai 4* (Bai todn khd): Hai nguévi hen gdp nhau trieée ciia nha hat 16n tir 10 gidr dén 10 gio 30 phut véi quy
dinh ngwdri dén trwde chér ngudi kia trong vong 10 phiit, néu khéng gip thi bé di. Tinh sac xudt dé ho duoc
gdp nhau, biét ring mdi ngwiri c6 thé téi dim hen vao mot thoi diém bat ki trong khodng thai gian trén.

Bai 5. D& chudn bi cho ki bu ctru quéc hdi ngay 22/5/2016 , qudc hdi théng nhit s6 dai bidu & cac dia
phwong tham gia {ng ctr. theo d6 s dai bi€u & thanh phd hd Chi Minh va & Ha Noi 12 30 dai biéu ,Thanh
Hda 1a 14 dai biéu 1a Nghé An 12 13 dai biéu. S& ¢4 20 dai biéu ciia 4 tinh nay tring ctr cv. Truyén nhén cda
ba Vanga- Kaede Uber di dén Viét Nam va ¢b tién tri ring H6 Chi Minh ¢4 it nhit 10 dai biéu ctia Ha Noi va
thanh phd H8 Chi Minh tring ct. Tinh xac suit dé 1o tién tri clia Kaede Uber xay ra.

Bai 6. D& phan khang lai hanh vi cim dan khoan HD 981 cta Trung Quéc, ciing nhw hd tro khi khai thac viing
xa bién, mét lang d4 t6 chirc cho ndm tau cé danh s8 cing liac khai thac. Trong qué trinh khai théc, xac sudt
d€ hai thu mdt va hai bi héng 13 0,1 va cta ba tau con lai 14 0,2. Tinh xac sudt dé:

a) Ca ndm tau tré v& ma khiéng bi hw hai,

b) €6 it nhit 4 thu bi héng,
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- Luyen dé tong hop

Cau 1 (2,0 difm). Cho ham sd y = ) ¢ db thi (C).

a) Khao st sw bién thién va vé db th; {C) clia ham s6.
b) Tim cac gia tri thyc cia m d€ dwong thing (d): y = ~x + m cit (C) tai hai diém phén biét A, B nim & hai
phia tryuc tung sao cho goc AOB nhon (0 14 g&c toa dd).
Ciu 2 (1,0 dim).
a) Chotana = 2. Tinh:
cos3 o + cosa.sin®a — sina

cos? o —sind «
a) Tim mddun s§ phirc z, biét ring z+(3—i)i:2—5i.
Ciu 3: Gidi phwong trinh: log, (2x ~ 3)% — 2log, x = 4
-3 3W4-x

Ciu 4: Gidi bat phuong trinh: X > xER).
X+3-3vx+1 X

3x 2+\}
2 x1+\/x1

C4u 6: Cho hinh chdp S.ABCD c6 SA vudng gdc véi miat phing (ABCD), SA = a, ddy ABCD 14 hinh thang vudng
tai Ava B, AB = BC = a, AD = 2a. Tinh theo a thé tich kh&i chép S.BCD va khodng céch tir B d&n mét phang
(SCD).

v_._.g_n

Bai 5: Tinh tich phin: 1=

Céu 7; Trong mit phdng véi hé truc toa d6 Oxy, cho dwong tron (C): (x — 4)2 +y? =4 va diém E(4; 1).

Tim diém M trén truc tung sao cho tir diém M ké dwgc hai tiép tuyén MA, MB dén dwirng tron (C) voi A, B
1a céc tiép diém sao cho dwdng thing AB di qua E.

C4u 8: Trong khéng gian véi hé truc toa dd Oxyz, cho miit phing (P): x - 3y + 4z - 1 = 0, dworng thing d:
%—1 = -Y:itl = % va diém A(3; 1; 1). Viét phuwong trinh dwing thing A di qua A cit dudrng thing d va song
song véi miit phing (P).

Cdu 9: ChotdpE={0, 1,2, 3, 4, 5, 6}. Tir céc chir 38 cha tip E 1ip dwyc bao nhiéu s8 tw nhién chiin gém 4
chit s6 d6i mét khic nhau?

Cau 10: Cho x, y, z 13 cac s8 thire dwong théa médn x < z, Tim gia tri nhé nhéat cia bidu thirc:

%2 _22(2y+z)+ 37

(xty)  (y+z) PHX

P= 12+
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Cau 1 (2,0 diém). Cho ham s8 y =

2 “13 , 6 db thi (C).

X+
1. Khao sat sy bién thién va vé db thi (C) ¢0a ham s8 d3 cho.
2. Tim m dé dwromg thing d: y = x + m - 1 ct (C) tai hai diém phén biét A, B sao cho tam gidc OAB c¢6

trong tdm la diém G{—%;g] :

Cdu 2:
9
. T . cosa=—4—1—
a) Tinh: A = tan (a - Z) biét 3
n<a< 3T

b) Giai phwong trinh sau trén tip s8 phirc z3 — 3izZ — 3z + 2i = 0.
Cau 3: Gidi phuong trinh 4% — 15.22(’” x4} 164 _ (x € R).
X —y*+6y’ +2(x-7y)=-12

V3-x+.y-3=x*+y* -10x -5y +22
133+ 8 +(6x3+4x2)1nx

Cau 5: Tinh tich phan 1= |

1
C4u 6: Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh chi¥ nhat, AB = a2, BC = 2a, SA vudng géc véi mit phing
{ABCD). Goi M 14 trung diém canh BC, géc giita hai mit phang (SMD) va (ABCD) bang 60°. Tinh thé tich khéi
chop S.DCM theo a.

C4u 4: Giai hé phwong trinh { {x,y € R).

dx.

X

. 42 N .
Ciu 7: Trong mit phing Oxy, cho tam giac ABC ¢é dinh A(0;4), trong tim G[E §] va tric tim trung véi
ghc toa d6, Tim toa dd cac dinh B, € va dién tich tam gidc ABC biét xy < X¢.
x—1 y-2 z+1
2 1 1

Cau 8: Trong khong gian véi hé toa dé Oxyz, cho cac dudng thing (dy): va (d,):

- 1 - 2 + 1 a S - Y ~ ' 2 z e 2 = A
X = Y > = z T Viét phwong trinh cac dwérng phan giac cla cdc goc tao héi dyva ds.
Céu 9: Mot chiéc hop dirng 6 cai biit mau xanh, 6 ci bt mau den, 5 cai bt mau tim va 3 cai bit mau dé.
LAy ngiu nhién ra 4 céi bit. Tinh x4c suit dé 14y dwoc it nhit 2 biit cing mau.
8
(x+y+2f —xy—-yz-2

, trong déx,y,z1a

CAu 10: Tinh gia trj nho nhit cia bidu thite P=(xy + yz + 2zx}—

cac 50 thiee théa man didu kidnx? +y2 + 22 =1
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HUGNG DAN GIAI CHI TIET

Cau 4: Gidi bt phwong trinh:

x-3 >3\/4—x

x+3—3\/x+1 Cox

(xeR).

Binh hwéng, phén tich: Ta thdy ring bit phwong trinh nay kha la phivc tap vé mit hinh thirc. Vay nén dizu
dau tién nén lam d6 13 gidm d9 phitc tap ciia né di (néu c6 thé).
Mgt than chi khi miu thirc c6 dang (ax + b + ¢ VdX + e ) va thy hinh thikc phirc tap thi hiy thir xem nhan
lién hop c6 giip dwoc gi cho bai toan khong.
2
X+3) ~9x+1 x[x-3
R
X+3+3x+1 X+3+3Vx+1
Dén déy thi thdy mau s6 c6 (x - 3) d€ rit gon cho ti s8, ddng thei ¢6 x “giéng véi miu s6 vE phai” (chi chua
dwgc rat gon cho vé phai do con chua xdc dinh dwgc ddu clia x d8 quy dbng).

x+3—3Jx+1>3J4—x
X X

chdng chéo & viéc quy ddng (phii chia truémg hep x > 0,x < 0 méi quy dbng dwoc) nén ta lai dhing “phuong
trinh d€ xit 1i bat phwong trinh” (cach 14p bang xét ddu).
Ta di tim nghiém ciia tir s6 béng cach gidi phwong trinh

Viy sau khi lién hop ta thu dwge bat phwong trinh: . Vi bt phiwrong trinh nady con

x+3+3Wx+1 —3\/E=U trén mién x4c dinh ciia n6 1a [~1; 4]. Gidi phwong trinh nay thi khéng khé,
nhung nhan thdy v€ phai 1 ham ting (khi x ting thi v& phai ting) = d& nhim dige nghiém duy nhitx = 0.
Vay tom lai tht néu chia hai trwdmg hop x > 0 va x < 0 thi ciing khong khé d& 1i luén v nghiém cta bit
phuong trinh niva ©,
Thirc ra vigc dinh hwdng trén la cho nhitng ban nao “thwdng lao vio bai todn ngay” ma khéng tim digu kién
trude. Néu tim digu kién trirdc thi ta phat hién vin d& mot cach don gian:

x=0
x+3#3Vx+1 o (x+3) ¢9(x+1)®{ L3 ~ chingtd mAu s6 ¢6 hainghiém lax = 0 vax =3 > tic 1
X

méu s8 ndy c6 thé phan tich thanh dang x(x - 3)
= Binh huéng rit gon cha bai toan.
Bai gii:
4zx2-1 42x>—-1 4z2xz-1
+) Bigu kién: {x 0 & ix#0 S Ix#0
x+3#3vVx+1 (x+3)2¢9(x+1) X3

V&1 diéu kién trén thi bit phwong trinh &3 cho twong duong véi:
(x+3)2—9(x+1) X x(x-3) X
X+3+3vx+1

X+343Wx+1  3Wh—x  x+3+3/x+1-3V4-x
= 2 o
X X X

20 (%),

+YNEU 4> x>0 vAx 3 thi x+3+3Vx+1-34-x>0+3+3V1 -3E=0
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X+3+3vx+1-3v4 -
= X x>0 = (*) dwgc thoa man,
X

+) NEU0 > x> -1 thi x+3+3x+1-34—x<0+3+31 -3/ =0

X+3+3vx+1-3v4d-x

20, cing théa mén (*).
X

Viy tap nghiém ciia bit phwong trinh 14 S = [-1; 4] \ {0; 3}.

5e* (3x“2)+\/x—1
Bai 5: Tinh tich phan: | = j

2 e"(xﬁl)Jr\/ﬁ

dx .

Pinh hwéng: Nhin thdy tich phin cé chita c ham vé ti, hiru ti va cd ham mii (cc ham khac tinh chit) nén
b b,
ta nghi dén phwong phép tich phin ting phin, hodc tdcdang = If(x) + I%’% dé&1am dé dang hon. Nhung
a(x
a ES

véi bai toan thi cich dung tich phén tirng phan gan nhuw... vd hidu. Viy nén ta suy nghi dén hwdéng thir hai la
tach I thanh dang nhuw trén. Mot didu goi ¥ cho ching ta thye hién theo phwong 4n thit hai nita dé 1a tir s8
c6 phin gifng véi miu s8 (phai néi 1a rit gidng), nén viéc rit gon bét di 1a didu dwong nhién:
e"(3x—2)+\lx—1 L e"(Zx—l)
=1+ .
e"(x—l)+\/x—1 ex(x—1)+v'x~1

Nhur vy s 1 tach ra thi dé ding 14 én ham, con 1 e"(2x—1) thi vin chwacé d B(x)
r vay s0 1 tach ra thi de dang lay nguyen ham, con lwong 1van chira co dang
ex(x—1)+v‘x—1 g(x)

. Vay phai 1am sao? Khéng 18 lai bé cudc gilta chirng? Dirng lo, khi chwa gip dang nay thi mudn xuat hién
(x
dang E(x) thi nhidu ltic ta nhan phai cling chia ca t&r c& miu cho mét lwgng nao dé (va thwong thi lwong
X
nay 12 lwong twong ddng, hoic 12 nhan tir & miu s6 hoic ti s8), hodic ¢é lac 12 ¢ tir v miu véi mot luong
nao dé dé xuit hién dwoc dang dé. Thir xem nhé!

Vi “cuc dién” nhw thé nay thi ta s& c6 hai hudmg:
2x-1

+ Hudng 1: Chia hai vé cho e ta dwge: ——————
¥x-1
(x-1)+ ==
ex
- po g'(x)
= Ciing chwa thay xuit hién dang .
8(x)
e* (2x - 1)

x—1
+ Hwéng 2: Chia hai vé cho vx-1 ta dwoc: .
e vx—1+vx-1

(2% -1
Thit 1ay dac ham mau (e" x—1 )' = :(JX_—) , thanh céng!
x-1

Bai gidi;
5 5 X _
Ta c6: 1:]dx+j {21

——tdx.
2 zex(X*l)'{"\llX'—l i
Il=}dx:x|z:572:3.
2
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e"(2x—1)
e = R g e 5
=2[--2YE1 gy =g dx=2n(e* Jx—1+1) 2% My 1o +1, =3 m2
yerydx—1+1 3 e'Vx—1+1 2 e +1 e +1

Cu 6: Cho hinh chop S.ABCD c6 SA vudng géc véi mit phing (ABCD), SA = a, day ABCD 12 hinh thang
vudng tai A va B, AB = BC = a, AD = 2a. Tinh theo a thé tich khéi chép S.BCD va khoang cach tir B dén
mat phing (SCD).

Dinh huwéng:

- Bwong cia khéi chép SBCD 12 SA = 2a = ciintinh S,

nira 14 hoan thanh viéc tinh thé tich khéi chép. Didu nay

cling khdng khd, khi ma ddy ABCD la mét hinh thang vudng

biét d§ dai 3 canh = viéc tinh Sapcp Qua dé dang.

- Tinh khodng cach:

Khéi chdp da biét trwdc dwirng cao nén viée tinh khodng
cach ta cr "bam” vao cdi chin dwdng cao thdi nhé,

Chéan duwdng cao 13 A, trong khi khoang cach y&u ciu tinh
latlr B dén (SCD)

= chn xdc dinh giao diém E cta AB véi (SCD) dé tinh tf s6
BE _ d(B, (SCD))

AE  d(A, (SCD))’

AB cat CD tai E, dé thiy BE_CE_BC_1 ¢ trung diém ED, ddng thoi

AE DE AD 2
AE = 2AB = 2a = AAED cin tai A= AC L CD = (SAC) L. CD. Viy trong mit phang (SAC) cAn dung thém AH
1 SC thi AH = d(A, (SCD)). Ttr d6 dé dang tinh duoc d(B, (SCD)).

Trong qu trinh tw duy trén thi ta thdy ring (SAC) L CD = ASCD vuéng tai C

3V,
=S, ¢ tinh dugc = khéi ciin ding ti s& khoang cach ma dung céng céng thirc d(B, (SCD)) = —2BL ciing

ASCD
12 mdt cach lam hay!
Bai gidi:
3
Lsal Bcam,Boy=21 saBcaB= 1 202a= (avin).
3 2 &3 6 3

+}V SAS

SBCD ABCD

IV

+) Ta c6:CD = JAB? + (AD—BC)* = \Ja? +(2a-a)* = ay2.

AC = \/AB?‘+BC2 = \/a2+a2 = a2,

= AACD cin tai Cco AD = \ECD = AACD vudng cin tai C = AC L CD.
Métkhac CD L SA (do SA L (ABCD}) nén CD L (SAC) = SC L CD.

+)Tac6:SC= VSAZ+AC = [(2a)’ +(au/§)2 =av6.
3

a

3V men _ 3 _ &
a2 3

3V,
d(B, (5CD)) = —2EL. o - =
asco geep vl

2

Céu 7: Trong mit phing véi hé truc toa dd Oxy, cho dwdrng tron (C): (x — 4)2 +y? =4 vadiém E(4; 1).

Tim diém M trén tryuc tung sao cho tir di€m M ké dwgc hai tifp tuyén MA, MB dén dwdng tron (C) véi A,
B 14 céc tifp di€m sao cho dwong thing AB di qua E.
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Pinh hwéng: DAy 13 mot bai toan lién quan dén tinh chit tiép tuyén va diu tién ta phai nam viing dwgce cic
tinh chat lién quan. Vi du & bai nay ta sé ¢6: MA L AI;MB 1 B;MI L AB, tir day ta hoan toan nghi dén tich
vecto clia chiing bing 0, hodc thém chilt nita 1d MA? + AI? = MB? + 1B =MI1? . Nhw vy ddy chinh 1A tip hop
nhirng dit kién quan trong d€ ching ta di tim hwéng lam. Pidu diu tién ta phai lam daé chinh 13 goi dang
tham s& cta diém M béi ddy chinh 13 digu d& dang nhit va cling dé thiy nhit Tiép theo ta cling dé dang tim
dwoc MI. C6 thé néi riing cAc dir kién ta nhin bing “mét thwdng” gan nhw da hét. Bay gidy ta hidy di sau chuit
nao, d& ¥ thdy Michinh I3 VTPT ciia AB ma ta dd biét diém E thudc AB, tir MI ta sé tim duge VTCP ca AB va
c6 thé viét dwge phwong trinh tham s8 AB. Bai todn coi nhw 43 cé chia khéa. Ty phwong trinh ta viét dwge
ta sé& goi dang tham s A hoic B va bt du két hgp cac dir kién ctia bai dé hoan thanh bai todn. Ta sé goi
{A (€)
diém A=>A{4+mt;1+4t), thay Avaodirkién: 1 . bai todn dén day coi nhu thanh cong, chit y cic
IAMA=0
buére tinh todn dé giai bai ndy mdt cich chinh xac.
Cac ban cht §: AB chinh la dudng giao cda dwéng tron tim M ban kinh MA véi dwdng tron (C). Ciling tiy viéc
goi dang tham sd diém M sau @6 s& tinh duge MA= VMI% - A® . Sau dé ta viét phuong trinh giao diém hai
dwdrng tron ndy va dé chinh 14 phwong trinh AB, thay diém E véo ta sé tim dwoc M.
Yéu ciu: ndm durpe cde tinh chit tiép tiép va cdc phurong phdp Hép cin bai todn dé sau 49 gidi quy et bai todn
nay dé dang hon
Bai gidi:
+) Pudmng tron (C) ¢6 tAm 1(4; 0), ban kinh R = 2. Piém M € truc Oy = M(0; m).
Tacé IM = (-4; m) = dwdng thing AB c6 mdt vécto chi phwong 13 u—AE = (m;4).
- s X=4+mt
Buong thang AB di qua E(4; 1) va ¢6 vécto chi phuong u,; nén AB c6 phwong trinh tham s 1a {y 144t

+) A thubc dudrng thing AB = A(4 + mt; 1 + 4t).
2 2
L [Ae© _ E£4)2+yi=4© (mt)2+(1+4t) =4 2
UALMA™ | EMa—o (mt)” +4mt +(1+4t)° —m(1+4t)=0
+) Trir vé theo vé ta dwoecm = 4.

Vay M(0; 4) 1a di€ém can tim.
Ciu 10: Cho x, y, z 12 cde s6 thye dwong théa man x < z Tim gia tri nhé nhit cda biéu thie:

o%? ~22(2y+z)+ 3z

(ery) e

P= |2+

Pinh hwémg, phén tich: Nhin dinh d4u tién vé bai todn nay d6 12 P 1a mjt biéu thirc ddng bic véi %, y, z nén
c6 thé dung cich don bién d& dwa v& bai toan vai it &n hon. Ngoai ra, khi danh gid hinh thitc ctia P thi thiy
trong cin c6 diéu “bat thardng”: cic s8 hang trong cin du ¢6 nhén ti 13 2, dong thoi:
2v 4 2 z 27{2y +z 2 2
2(2y Z):l— AN O S ( ): S i
2 2 2 2 2 2
(y+z) (y+z) (x+y) (y+z) (x+y) (y+z)

Dén day thi trong cin ¢4 hai binh phwong, déng théi cé nhan tiy chung 13 2 khién ta lién tudng dén bt ding

thie | /2(32 + bz) za+b = dp dung ngay lién tay ©.

p>—* . Y 4 32.
X+y V+Z zZ+X
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bén ddy thi dang vé trai gan twong dwong véi Dé dai hoe Khéi A - nim 2011. Ta chon hai 56 hang diu tién

dé 4p dung bt déng thie phy ———+—* > 2 (v6iab>0vaabz 1),
1+a® 1+b® 1+ab
X LY 1 N 1 5 2

At AR AL IRV AT 1+\F
X X X

Y Z-Z>1néncéthé ap dung bét ddng thirc hd de).

(do x<z=2 222
X X X

z
2 ' 2

=P +- = dangham f(t) = =+ 3
1+Jj Z+1 +t ot 41
X X

(véit=1).

+} Trwdc hét ta chitng minh ! + 1, 2 (*)(véia,b>0viaab>1),

1+a? 1+p* 1+ab

Thét vay, (¥) < (a2 +b? +2)(1 +ab)x 2(1+a2)(1 +b2)

<:>(az +b2)ab+2ab2 a%+b?%+2a%b®

<> (ab— 1)(3 —b)z 20, ludn dung vé&i moia, b dwongvaab 2 1.

Dang thirc xdy ra<>ab =1 holica=b.
+) Ap dung bét déng thirc Bu-nhi-a—cdp-xki va (*) ta duoc:

2 2
P:2x+y +3z>x+y+3z

(x+y)2 (y+z)2 Z+X X+Y y+Z Z+X

i

+
+
v

(doxsz= L Z=Z >,
X X X

2

2
+) Xétham s6 f(t) = ——+

trén D = [1; +x).
1+t 241 ren [1; +<0)

Tacé: F(r)=— "2+ 6t(t2 +1)—2t.3t2 _ —2(t4 -3t% —4¢? —3t+1);

(1+'c)2 (t2+1)2 (1+t)2 (t2+1)

f)=0t* -3 -4t -3t+1=0.

Pitg(t) = t* -3¢ — 41?2 -3t +1 v6it> 1.
Ta cé: gi(t)=4t> —9t* —8t-3; g'(t)=0<:>(t—3)(4t2 +3t +1):0<:>t =3.

Lap bang bién thién clia g(t):
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Il

t |- 1 3 o
g’ - ¢ +

-8 +oo
&(t) \ /
~44

Dura vao bang bién thién, ta thdy ring g(x) chi ¢é6 mjt nghiém duy nhét t, > 3 trén mién [1; +e0) = ddy

chinh 14 nghiém cha '(t).

2
Ta cé: 1imf(t)_lim[-2—+ 3t J:!im 2 3 -s.
t

t— 40 —+ol t4+1 241 ) o t4+1 1+i
t2
LAp bang bién thién cia f(t):
t [ -1 i, +o0
f'(t) + 0 -
/ f(t)
e \
£ 3

YA
AT . 5 5 o, o5 o
Tir d6 kétludn dwge min(f(t)} = > =P > Két lugn minP = > <=x=z>0y>0
Nhan xét: Khi thiy dao ham khing diwong, hodc nghiém khong dep thi ta di gidi phwong trinh £'(t)=0 rdicd
gdng khdo st bign lugn dé13p diroc bang bién thién cia [(0). Py 13 mét tw duy thuong digc sik dung trong
nhidu bai todn chitng minh bit ding thirc dwa vao phirong phdp don bién, nén han ché cia nd “dg i” trong
cdch trinh biy. Bai todn ndy cé mét sé cdch trinh bdy ngdn gon hon nhur sau;
. 2 32 5 ti-1 y
Cich1: Dotz 1 nénf(t) = St =5+t z—vyhitz 1,
1+t *+1 2 tP41 2

Céch 2:
Cach nay str dung khi da biét dwgc gid tri nhd nhét cla bai todn.

2 32 s (t2+6t+1)(t—1)

5 _ 2. 5
f0 - 2 1+t+t2+1 2 2(t+1)(t2+1) 0=i02 2’

véy,
X+y V+z

Ngoai ra, do sy “hoi d6i ximg” v& hinh thirc ciia hai phén s

ta c6 cAch ddn bién khac nhw sauw;
Pit P = f(y).

—x (y+z)—y (z~x)(y2—zx)

Luc do: f'(y)= + = (dao ham theo bién y).
(x+y)2 (y +z)2 (x+y) (y +z)2

~Néuz=xthiPp= >+ ¥ 4 3x =§.
X+y y+x x+x 2

~Néuz>xthi F(y)=0oy=zx.

Jxz 3z 2 3

X X
= + + = + .
J J Z+X ’ Z
X+ X2 XZ+2Z 142 142
X

X

Lap bang bién thién = f(y) > f(\/E )
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Cdu 4: Giai hé phwong trinh sau:
{xa —y? +6y2+2(x—7y)=712 1)

V3-x+Jy-3=x+y? —10x -5y +22 (2)

Lot wiai chi tidt:
+) biéu kién: x<3vay >3,
Tacé (1) = x*+2x=(y - 2)° + 2(y — 2) (3).
Xéthémsé:f(t)=t3+2t,tac6f’(t)=3t2+2>O,VtER:f(t)d‘dngbié’ntrén]l&.Métkhéc(3)c6dang
f(x} =f(y-2) <> x=y-2<>y=x+ 2 Thay vao (2) ta duoc:

V3-x+x=T=x" + (x+2)" ~10x-5(x +2)+22<> 3o x +x 1 =2x2 ~11x + 16
x-2=0 (5
=S 2-X + (x-2) =(2x-7)(x-2)<= -1 ®

VB-x+1 Jx-1+1

ol Vx-14 e hvem o

H(E)ex=2=2y=4.
-1 1

+ =0
V3I-x+1 x-1+1

1 1 1
Vix<3nén7-2x21vd ——— <1= [ {7-2x}- + >0 = (6) vd nghiém.
V3-x+1 [( ) \/3—X+1:| Yx-1+1

Véy hé da cho c6 nghiém duy nhét (x; y) = (2; 4).
Bink luan: Phrong trinh (2) c6 vé “khé nhin”. Vi vay ta xudt phat tir (1).

Nhan thiy dang cé (x3 -y ), ta nghi dén hai hwéng:

=2x-7 (6)

+) (6) & (7-2x)-

+ M6t 1a phin tich nhan tit (nhung phan sau khé tao ra nhan t& gidng (x* - y*]) = chuyén hwéng,
g g

+ Hai la phwong phap ham sé:
Chuyén x v& mft v& c6 x° + 2x = tao vé trai c6 dang twong ty rdi xét ham tim lién hégitaxvayosy=x-+
2,

Thé vao (2) ta cd \/3_—}(—+\/XT1=2X2 -11x+16.
Ta sit dung phwong phap nhdm nghiém rdi "ép" nghiém. Ta tim dwoc nghiém x = 2 = ta sé lién hgptaora
nhén tr chung (x - 2).
Sau khi tao ra (6) cé thé ddanh gia nhiw trén holic xét ham:
-1

fi
0= V3-x+1 \/ -1+1

Cau 6: Cho hinh chép S.ABCD c6 day ABCD 14 hinh chit nhit, AB = avZ, BC = 2a, SA vudng gdc voi mat
phing (ABCD). Goi M 14 trung dim canh BC, goc giita hai mat phang (SMD) va (ABCD) biing 60°. Tinh
thé tich khéi chép S.DCM theo a.

—(2x-7) véix € [1;3] (doy =x +2 = 3).
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MC=a
BC=2a
+) Tir gia thiét =MD =a\3
CD=ay?2
AC=a6
+) Do MC /{ AD nén ta cd:
1 2 2ay3
== ID=2MD=
mc mi 1c 1 |[M=3P gMP=—3
AD D 1A 2 1, J6
IC==1A |jc=lac=2V6
2 3 3
= IC? +ID? =2a* = CD* => AICD vudng tai |
= MD 1 AC (1).
Lai cé SA L MD (2).Tix (1) va (2) c6:
MD L (SAC)=>DM LSI

Tir 6 suy ra goc giiva 2 mit phing (SMD) va (ABCD) 14 STA = 60°.
+) Xét tam gidc SIA vudng tai A c6 STA = 60° nén SA = 1Atan 60° = 2av2..

1 1.1 1 1 2a’*
+) Thé tich ctia hinh chép S.CDM 13 Voo =§.SA.SDCM =§.SA.E.CD.MC=§.23J§-—2--3 2a =—3— (dvtt).
ShAn xét: Miu chdt ciia bai todn 12 & xac dinh goc gitra 2 mat phing (SMD) va (ABCD) 12 STA = 60°. Dé giai
quyét vin dé nay chic chic ching ta s& phai dua vio nhirng gi gia thiét da cho. C6 mot tinh chit ma cic ban
cAn nhé va lién twéng dén khi gia thiét cho. D6 1 hinh chi nhat ABCD c6 BC = ADVZ thiluén c6 DM LCA
(véi M 1 trung didém ciia BC). Khi da ¢6 DM 1. CA = DM L (SAI)=>DM L SI, két hop véi MD L Al thi
theo dinh nghia géc gifva 2 mit phing ta s& c6 ngay STA = 60°. Sau khi tim ra dwoc miu chét dé thi cong

viéc con lai 13 rit don gidn, Dwa vao céng thirc thé tich V= %S.h. Ma S, h d&u cé thé tinh théng qua nhitng

dit kién cho trén.

8

, trong ddx, v, z
(x+y+zy -xy-yz-2 & Y

CAu 10: Tinh gia tri nhd nhit cda biéu thire P=(xy +yz +2zx)—

12 cAc 58 thire théa min didu kiénx? + y2 + z2 =

Lovi giai chi tidt:
Tl gia thiét ta cé:
8
Xy +yz+2xz+3

P = (xy +yz + 2xz)? —

bitt=xy +yz + 2xz
Vi0<(x+y+2)*=1+2(xy +yz+2zx)

= xv4vyzd 2xz> 1+ = ! X2+Zz- 1+y2> 1
Xy +yz XZ 2 2 XZ = 2 2 - 2 =
y=0

2 P 1
Pangthircxdy ra & K= -z =t
V2

Viytz -1
Khi dé P tré thanh

8
P=ft)=t* ——,t=2~1

© t+3t
8 26+ DA+ 4

T 4F (1) = 2t = =20vt= -1
bt = 2t e T T e )2

= f(t)ddng bién trén [—1; +o0)
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= MinP = minf(t) .....=f(-1) = 3
y=0
D4u bang xdy ra & Ny
X =—Z= 17
Winb luin:

Xét bigu thirc P: c6 xy + yz + 2x2 c6 vé kho bién d8i. Vay ta sé bién doi:
(x+y+2)> —xy —yz + 2 thinhxy + yz + 2xz + 3.

Quan trong va khé khiin nhit 1a ta di ddnh gid xy + yz + 2xz.

Nhan thdy c6 2xz khéc véi xy, yz suy ra dy doan ddu bing cla bdt Co sitaix =z
Talai dimg gid thitx® +y2 +22 =1
ox+y+z)t=x2+y2+22+2(xy+yz+xz) =1+ 2(xy+yz+xz) =0

1
Ta bét diu rit: xy + yz + xz = -3

1 1
=>xy+yz+2x22—E+x22—————=———-——=-1+
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