PHIEU HOC TAP-SO PHUC NAM HOC 2020 - 2021

KI THUAT THE HANG SO TRONG TOAN PHUC
Vii Quéc Triéu , Ha Ngi thang 6.2021

Trong Toan hoc noi chung va toan Phire néi riéng, ngoai cac phép toan thong thwong
ta con c6 mat phép tosn ¢ thé hang s6’, nghia la thay mét hang sé béi mét biéu thirc chira
bién. Phép toan nay gitp giam sw phirc tap trong tinh toan, rat gon céac biéu thic sé phirc
bac cao hodc déi khi né con la diém mau chét dé giai quyét van dé. Mgt hang sé6 néu chi
nhin né é goc dé sé hoc thi d6 1a diéu rat binh thwong, thé nhung khi thay thé n6 bai mot
biéu thic chira bién phu hep lai tae ra diéu bat ngo trong viéc giai quyét bai toan.

A. KIEN THUC SU DUNG
1. Cho s6 phirz =a+bi(a,b e R).Khi d6 :

+) z.E:|z|2 :‘Er =a’+b%.
#) k=[7= k" =(17) =(22) =2"(2)" (k>0).

2. Vi hai s6 phac bat ki zva w ta lubn c6 :

+) |zw|=|z||w]; |2"

="

2|_Le
Sl 0).
22 (we0)

+) ZHW=Z+W; m:‘f+v_v‘:|z+w|.

3. Bat dang thirc modun

+) |z +w|<|z|+|w|. D4u bang xay ra <> 3k e R,k >0sao cho z=k.w .

+) ||| —|w| <|z+w]|. Déu bang xay ra <> 3k e R,k <0sao cho z=kw .
B. AP DUNG

BAI TOAN 1 ( Trich dé thi thir THPT QG — SGD Thai Binh 2021 ) : Cho céc sb phuc z,; z,; z, thoa
man |z|=4; |z,|]=5; |z|=2 va |4zz,+162,2,+252,2,|]=80. Gia tri cua biéu thuc
P=|z,+12,+1,| bang
A. 8. B.2. C. 1. D.6.

Nhan xét : Quan sat cac hé sb trong gia thiét

42,2, +162,2, +252,7,| = 80 ta thay
16=4=z[ =22, 25=5=|z,[ =2,2,; 4=2*=|z| = 2,2,

Loi giai
Chon B.

Tt gia thiét

z|=4,2,|=5, |z|=2 taco, z,z, =4; 7,2, =16; z,.2, = 25.
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PHIEU HOC TAP-SO PHUC NAM HOC 2020 - 2021
Thay céc hé sb 4; 16 va 25 boi cac biéu thic twong Gng ¢ trén vao gia thiét
|42,2, +162,2, + 252,2,| =80, ta duoc :

‘(23.2_3) 2,2, +(zl.z_1) 2,2, + (ZZ.Z) 2,2,|=80
<:>‘(zzz )(z_+z_+z_):80 <:>|zzz|‘z_+z_+z_‘:80 =
15273 1 2 3 17273 1 2 3 g

O

< |z||z,] |z |z + 2, + 2,] =80 < 4.5.2.|z, + 2, + 2,| =80 O
g

Sl +z,+17,=2. <

BAI TOAN 2 ( Trich dé thi thit THPT QG — THPT Tran Hung Pao, Nam Pinh 2021 ) :

Cho cac s6 phiic  z;w thoa man |z|=4, |iw-5+2i|=1. Gia tri nhé nhét cua biéu thtc

P:‘zz—wz +16| bang

A. 16. B.14. C. 18. D.17.

Loi gidi

Chon B.

Taco:

*) [iw—5+2i| =1 < |w+5i+2| =1= tap hop diém biéu dién tat ca cic so phirc w 1a dudng tron

(C):(x+2)2+(y+5)2 =1

*) P:‘zz—wz+z.E‘:|z|.‘z—w+2‘:4‘z+§—w‘.
<

Pit z=a+bi(a;beR). Vi|z|=4= a’+b* =16 . =
c
O

Khido: P=4[2a-w]. =
o)

Goi M (w)=>M &(C). Chon diém E(2a;0) thi P = 4ME. =

Via’+b*=16=a’<16=>-4<a<4—-8<2a<8.

Chon A(-8;0);B(8;0) thi diémE thudc doan thang AB.

Tuhinhvésuyra ME>MH >JQ=1Q—-1J=5-1=4 =P=4ME >16.
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Vﬁy min =16.

Nhan xét: Mau chét dé giai quyét bai toan 1a ta nhan ra: 16 =42 =|[" = 2.z.

BAI TOAN 3: Cho hai s6 phirc z;w thay doi thoa mén |z|=3, [w|=2 va ‘z +v_v.2‘ =3/5. Gia tri I6n nhat

<
cua biéu thic P = |w.z2* +38—i| bing él
Ox
A.19. B. 1942 . C.195. D. 193. %
Nhan xét: Tac 9=3° =|z| =2.z; 16 =4* =|w|" = w.w .Tir d6 ta nghi dén 36 = zw.zw. &
Loi giai
Chon B.
Gia thiét=> P =|w.z*+38—i|=|w.z* +36+(2i).
Ap dung bét dang thire modun : |z, +z,| <|z,|+|z,|, taco :
P =|w.z* +36+(2—1) < |w.2* +36|+]2—i|.
Vi:
*|2-i|=+5.
*‘W.z2 + 36‘ = ‘W.z2 + 9.4‘ = ‘w.z2 + ZE.W\TV‘ = ‘WZ (z + E.v_v)‘ = |W|.|Z|.‘Z + E.v_v‘ =3.235.
Suy ra P<18/5+5 < P<195.
D& thay khi z = 3i;w = 2i ( thoa man céc gia thiét) thi P =19/5 . g
Vay M ax P =19+5. %‘
BAI TOAN 4 ( Trich dé thi thie THPT QG —Cum lién trwong, SGD Qudang Nam 2021 ) : Cho sé phirc %

z thay doi va thoa man |z|=1. Goi M, m lan luot 1a gia tri I6n nhét va gia tri nho nhét ciia

bidu thirc P = 25+23+6z‘—2‘z4+1‘.Khi d6 M —m bing

A. M—-m=1. B. M—m=3. C. M—m=6. DM-m=7.

Nhan xét: Tacé: 1=1% =|7|" = 27 1:(12)2 :(|z|2)2 - 22.(2)2.
Lo giai

Chon A.

z* +(z.7)2

P:\z5+z312+6z\—2

2
z4+(12) ‘:‘25+73.z.7+62‘—2
=|z|.‘z4 +7* +6‘—2‘22H22 +72‘=‘z4 +74+6‘—2‘22 +72‘

2 2
=‘(z2 +72) 27272 +6‘—2‘22 +72‘ =‘(z2 +72) +4‘—2‘22 +72‘
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biat z=x+yi, (x;y eR).

+) |z]=1= X +y? =1= y* =1-X°.
+) P :‘4(x2 —y2)2 +4‘—2‘2(x2 —yz)‘ =4((x2 —y2)2 +1)—4‘(x2 —yz)‘

- 4[(2x2—1)2+1}—4|2x2—1|.

Lai dat t=[2x* -1 — S te 0],

Khi d6: P = f (t)=4(t"+1) -4t =4t* + 4— 4t = 4(t* —t +1).

[s=RN | R

\/

Tir bang bién thién suyraM axP =4; M in P =3.

Vay M —m=1.

BAI TOAN 5: Choso phuc z thay doi, thoda man z+2+i=|z|(1+i) va |z|<5.Goi M,m lan luot 2 gid

tri Ion nhat va gia tri nho nhat ciia biéu thirc P =|z*+z+1/+|2* —z+1]. Téng M +m bing
A 2. B. 6. C. 1. D. 4.

Loi gidi
Chon B

Taco: z=|z|+|z]i-2-i< 2z =(|z|—2)+(|z|—1)i.

L&y modun hai vé ta duge: |2]= (|2 -2)" +(|2|-1)" .

bat t=|z| (t=0)

_1(phai
Suy ra tz\/(t—2)2+(t—1)2 StP=t?—4t+4+t?-2t+1t?—6t+5=0< 1(n aa)

Vay |z|=
Lai cé: P :‘z2 +7+ z.E‘+‘22 -7+ Z.E‘ :|z|.‘z +1+E‘+|z|.‘z—l+§‘ :‘z +1+E‘+‘z—l+§‘.

x> +y>=1

bat z= (X R :
i z=xeyi (y)e :{ = |2x+1]+[2x 1]

Vi X +y?=1=y? =1-x" va x* €[0;1].

= 5(loai ) '
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Ta co: P? =8x" +2+24x" -1

bit u=x*=ue[0;1].

Suyra P?=8u+2+2[4u-1=f(u)=

<~

NYIALO0N0 NA

Siu)

=

Turdo thi hamso f (u)= f (u)e[4,16]= P? €[4;16]= P €[2;4].
Vay MaxP=4,MinP=2.

Nhan xét: Méu chét dé giai quyét nhanh viéc rdt gon biéu thirc 1a st dung: 1=12 = 7| = zz.

C. BAI TAP TU LUYEN
BAI TAP 1: Cho cac s6 phirc z,, z,, Z, thoa médn |z|=1, |z,|=2, |z,|=3 va |z, +z, + z,|=4. Gia tri cua

biéu thic P =(9z,7, + z,2, + 4z,2,| bang

NIIELO0N0 NA

A. 27. B. 31. C. 35. D. 24.
BAI TAP 2: C6 bao nhiéu s6 phirc z thoa man |z|=|z* +1]=1.
A 0. B. 1. C. 4. D. 8.

BAI TAP 3: Cho s6 phirc z thay doi va thoa mén |z|=1. Goi M, m lan luot 1a gid tri I6n nhét va gia tri

nhoé nhét cua biéu thic P =|z*+1/+|z* ~1|. TichM.m bang

A 2. B. 4. c.\2. D. 442 .

BAI TAP 4 : Cho hai s6 phac z, z, théa man |z|=2, |z,|=1 va |z, +2z,|=2. Gia tri cua biéu thirc

T:‘Z—?ﬁ bang
Zl

A 310 5. & c. Y8 p, Y37
2 J3 2 2
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BAI TAP 5: Cho hai s6 phtc z;w thay doi thoa man |z]=1, |w|=2 va ‘W.Z +v_v.2‘ =1. Gia tri 16n nhat cua
biéu thuc P :‘WZ.ZZ —1—\/§i‘ bang
A. 3. B. 5. C. 2J7+2. D. 7247,

BAI TAP 6: ( Trich dé thi thit THPT QG —Cum lién trwong, SGD Qudng Nam 2021 ) : Cho cac sé
phic z,; z,; z, thoa man |z|=|z,|=|z,|=k>0 va z,+z,+2,#0. Gia tri cua biéu thtc

b_ | 2,2, +2,2,+ z3zl| bing
2,+2,+1,

A k. B. k2. C. 1. D. k®.

HUONG DAN GIAlI
| 1.D | 2.D | 3.B | 4.A | 5.C | 6.A |

BAI TAP 1: Cho cac s6 phirc z,, z,, Z, thoa médn |z|=1, |z,|=2, |z,|=3 va |z, +z, + z,|=4. Gia tri cua
biéu thic P =|9z,z, + 2,2, + 42,2,| bing
A. 27. B. 31. C. 35. D. 24.
Loi gii
Chon D.
Taco: P= ‘zl.zz.zs.z_3+zl.z_l.zz.z3+zzz.z3.zl‘

21.22.23.(23 +7,+ 22)

= |21|.|22|.|23|.‘z3+zl+zz‘:|zl|.|22||23|.‘21+22+23‘:|zl|.|zz||z3|.|zl+22+z3 =24
BAI TAP 2: C6 bao nhiéu s phirc z thoa man |z|=|z* +1]=1.
A. 0. B. 1. C. 4. D. 8.
Loi giai
Chon D.
bat z=x+vyi, (;yeR).
Taco:
+) |z]=lea’+b’ =l a’ =1-b%.

-2
2’+7|=1

-2
+) ‘z4+1‘:1<:> 2t +7%2 ‘zl@‘zz‘.

z4+(12)2‘:1<:>
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2 _p? =t
= 22+22‘:1<:> Z‘az—bz‘:1<:> 2
2 b=t
2
3 =
az_bZZE azzz a=i—3 fg
Trwong hop 1: 2 & N 2 = 6 4 s6 phuc thea man. o
2 2 2 l 1 e
— _ —3
a“+b° = b* = b=+= =
4 2 i
c
1
2 _plo_= a2=% a:iE
Truwong hop 2: 2o . = €0 4 s6 phtic thoa man.
a? +b? =1 p? =2 |pzo43
4 2
Vay ¢ tat ca 8 sé phirc z thoa mén yéu cau bai toan.
n ) £ A 2R ias £ T s 2\2 2)\2 2 (T2
Nhan xét: Mau chot dé giai quyet nhanh viéc rut gon la sir dung: 1=(1 ) =(|z| ) =17 (z) .
BAI TAP 3: Cho s6 phirc z thay doi va thoa man |z|=1. Goi M, m lan luot la gid tri I6n nhét va gia tri
nhoé nhét cua biéu thic P =|z*+1|+|z* -1|. TichM.m bang
A 2. B. 44/2. C. 2. D. 4.
Loi gidi
Chon B
z. 2 2 2 —\2 2—2 él
Taco: 1=1 =(|z| ) =(z.z) =7%7. S
O
. -2 -2 -2 —2 o
Khi do: P=z4+22.z‘+z4—22.z =zz(zz+z)+zz(22—z) -
=
(@
-2 —2 -2 —2
:‘22‘ 2°+7 ‘+‘22‘ 2° -7 ‘: 47 |+|2° -2

biat z=x+yi, (X;y eR).
+) |z]=1=x*+y* =1= y* =1-x°.
+) P:Z‘xz—y2‘+4xy

Binh phuong hai vé, ta duoc P? = 4(x2 — yz)2 +16x%y? +16|xy|‘x2 — yz‘

=4(x+ y)2 (x— y)2 +16x%y” +16|xy| \/(x+ y)2 (x- y)2

= 4(1-2xy)(1-2xy) +16X’y° +16|xy| /(1 2xy ) (1 2xy)

=4+16|xy|1-4x7y” .
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2 2
bat t =|xy|.Vi O§|xy|£X ;y :%:te[o;ﬂ

Suy ra: P? =4+16tv1-4t* = f (t).

race (0 16(1-8t2) £(t) =0 t——L {0 1} g
aco = =0ot=—rec|0;=|.
N 22 72 S
—3
Ma f(o):4;f(lj:mf(i}s.mdo Max T (t)=&Min f (t)=4. 2
2 22
Vay M =22;m=2.
BAI TAP 4 : Cho hai s6 phirc z, z, théa man |z|=2, |z,|=1 va |z, +2z,|=2. Gia tri cua biéu thirc
T :‘2—Si bang
Zl
NRCA B & c. Y18 p. V10
2 3 2 2
Loi gidi
Chon A.
Taco 4=|z,+2z,| :(zl+222)(zl+222):(zl+222)(z_1+ZZ)
:|zl|2+4|22|2+2(zl.z_2+z_l.22):8+2(zl.Z+z_l.zz).
_ =t
Suyra z,.z, +2,.2, =2 =
gz
2, | |2,| 2 =

Suy ra 4T* =[22,-32,[ = (22,-32,) (22,31,
=(221—322)(22_1—32_2)=4|zl|2+9|zz|2—6(zl.z_z+z_1.zz)=25—6(21.Z+z_1.22)=37

VayT:g.

BAI TAP 5: Cho hai sb phiic z;w thay ddi thoa mén |z|=1, [w|=2 va ‘W.Z +v_v.2‘ —1. Gia tri 16n nhét cua
biéu thirc P =‘W2.22 —1—\/§i‘ bang
A. 3. B.5. C. 2[7+2. D. 42+7.
Nhan xét: Tacé 1=1° =|z|" = zz; 4=2%=|w|" = ww.Tir d6 ta nghi dén 4=1.4=zw.zw.
Loi giai

Chon C.
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Gia thiét= P =

w?.z? —1—\/§i‘:

w?.z? +4+(—5—\/§i)‘.

Ap dung bét dang thire modun : |z, + | <[z,|+|z,|, taco :

P= w2.22+4+(—5—\/§i)‘s‘wz.zz+4‘+‘—5—\/§i‘. 5
(@]

Vi: =
gz

*) |53 =247 . =

*) ‘wz.z2 +4‘ = ‘WZ.ZZ +1.4‘ = ‘wz.z2 + Z.E.W.V_V‘ = ‘W.Z.(WZ +E.v_v)‘ = |W|.|Z|.‘W.Z +E.v_v‘ =211=2.

Suy ra P<2J7+2.

D& thay khi z =§+%i;w =2i (thoa man cac gia thiét) thiP =27 +2.

Vay MaxP=27+2.

BAI TAP 6 ( Trich dé thi thit THPT QG —Cum lién trwong, SGD Qudang Nam 2021 ) : Cho céc sb
phic z,; z,; z, thoa man |z|=|z,|=|z,|=k>0 va z,+z,+2,#0. Gia tri cua biéu thic
P=|lez+2223+2321| bing

2,+12,+1,
A k. B. k%. C. 1l D. k®.
Nhan xét: k2 =|z|" =|z,| =|z| = 2.2, = 2,2, = 2,2,
<
Loi gidi S
@)
c
Chon A. =%
- = = =
Tugiathiétsuyra k2 =z|" =2,/ = |z = 2.2, = 2,2, = 2,.2, . &
Tach F)=|zlzz+2223+zgzl|:i 2,2,k* +2,2,k* + 2,2, K* |
z+2,+2, | K 2,+12,+1,
_1 2122.23.2_3+2223.zl.z_l+zszlzz.a
k? 2,+12,+1,
1 ,+2,+1,
:F(lezzs)'zg+zl+zz
1 2 3
T A mraz
k? 2.2 2,+2,+2,| K |Zl|'|Zl|'|zl|'|zl+zz +2,)
_1 ‘21+Zz+23__i |2, + 2, + 2z,
- k2 |21|-|21|-|21|-|Zl+22 +23| T K2 |21|-|21|-|21|-|Zl+22 +23|

nhttps://www.facebook.com/bank. trieu

®Trang 9



PHIEU HOC TAP-SO PHUC NAM HOC 2020 - 2021

1 1
=P|Zl|'|zl|-|21| = Fkkk =k.

. Céach trac nghiém nhanh, c6 thé chonz, =z, =z, =k =P =

k? +k? +k?
k+k+k
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