NHAN TU LAGRANGE GIAI QUYET MOT SO BAI

TOAN CUC TRI - ON THI THPT QUOC GIA
Admin Blog Todn hoc - Kinh nghiém hoc todn

Trong nganh toi wu hoa, phwong phdp nhan tir Lagrange (it theo tén ciia nha todn hoc Joseph
Louis Lagrange) la mot phuong phdp dé tim cuc tiéu hodc cuc dai dia phuong ciia mot ham s6 chiu
cdc dieu kién gioi han. Phuong phdp nay chiing ta sé dugc hoc trong chwong trinh todn cao cip cia
bic dai hoc. Trén Internet di c6 mot vai bai viét néi vé phuong phdp niy dé chirng minh bt ding
thitc nhung tuy nhién van con tuong doi nhieu ban van chua biét dén phuong phdp nay. Do dé ¢
bii viét nay minh sé dia ra mt iing dung khdc ciia né ngodi viée chitng minh bit ding thitc ra thi
nd com la mot cong cu khd la hitu hiéu Qidi quyét nhanh mot so bai todn cuc tri trong dé thi thir
THPT Quéc Gia hién nay dong thoi ciing gitip ich cho mot s6 ban con hoi yéu vé bat ding thiic
tham khdo!
1. GIOI THIEU VE PHUONG PHAP NHAN TU LAGRANGE
Khi gdp mot bai todn ma ching ta gip diéu kién cia ham f(x,y) v6i diéu kién rang budc
la g(x,y)=0.Dé tim cyc trj ctia ham nay khi c6 diéu kién rang budc ta s& di thiét lap ham
Lagrange:
Z(x,y,k) =f(x, Y) + X.g(x,y)

Trong d6 A la mot hang s6 chua xac dinh, goi 1a nhan ti Lagrange.

Z'(xy ) =£ (v y)+hg (xy) =
Diéu kién can cta cyc tri la hé phuong trinh sau: Z, '(x,y,1)= f, "(x,y)+ rg, (x,y)=

Z,'(xyr)=g(x,y)=0
Khi giai hé¢ phuong trinh nay ta s& dugc bd s6 (X,,¥,,%,) la nghiém cta h¢ diém dung.
Khi d6 ta s& so sanh f(x,,y,) voi f(x,,y,) - trong d6 (x;,y,) 1a mot bo s6 khéc théa man
diéu kién g(x,y)=0 ma thong thuong s& la cac gia trj bién - dé kiém tra xem diém dung
1a cuc dai hay cuc tiéu. D€ hiéu 16 hon ta sé& di vao cac vi du minh hoa.

II. CAC BAI TOAN MINH HOA.

Bai 1: Cho x,y,z khong &m thoa man x+y+z= % Goi M,n lan luot 1a gia tri 16n nhat va

2 e 2 o R P . 2 M 2 ., P
nhd nhat ctia biéu thicc P =x*+2y? +3z° . Khi d6 — c6 gia tri la:
n

N 5. &1 cZ . 5L
7 7 14 14

Huéng dan
Pau tién ta sé di thiét 1ap ham Lagrange nhu phan gidi thiéu minh da noi. Ta cé:

Z(x,y,z)=x"+2y* +32° +x(x+y+z_%j
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2x—-A=0
4y -1 =0

. 2 1 2 4
D.A 18 ( t ~1\ h.A b hA 2_y = fa— rYrs /7\' =l Bl il el s
iém cyc trj s& la nghiém ctia hé < 9,2 _5 - (x,y,2,1) (81 T 81j
1
X+V+z=—
YTeEy
s R s A - 14
Khi d¢ thay vao biéu thiic ban dau ta sé dugc P=@

Tiép theo nhu minh da noi ta sé di so sanh gia tri nay vdi cac gia tri ddc biét khac cu thé &
day sé la cac gid tri bién. Cac gia tri bién ¢ day se1la x=0,y =0,z=0,(x,y)=(0,0)

(y,2)=(0,0) ,(2,x)=(0,0).

e Truonghopl: z=0=x+y= % . Ham Lagrange IGc nay sé la:

Z(x,y,0)=x2+2y2—x(x+y—%
2
X=—
2x-1 =0 217
DPiém cuc tri sé 1a nghiém ctia h¢ phuong trinh <4y-A=0< y:E
1
X+y== Z:i
? 27

Khi d6 gia tri cua P = i

243
Tuong tu xét v6i cac truong hop con lai ta sé dugc P e i;3; 1 ; 11-6v3 ; 46-32y2 .
81 81 243" 243 243
) 14
minP=m=—— M 81
So sanh tat ca ta sé duogc 6561 .Vay — =—= Chony A.
2 m 7
maxP=M=—
81
Nhin xét:

Cdc ban c6 thé nhan thidy rang véi cach lam nay ta khéng hé can phdi tu duy nhiéu vé viéc sir dung
cic dinh gid bt ding thitc nhie AM - GM hay Cauchy - Schwarz ma chi vigc lgp hé roi bim mady
CALC cic gid tri dic biét tir 46 suy ra ddp dn, rit do di¢u va don gidn phai khong nao. Nhung tuy
nhién bai todn nay minh 1ay hoi khé mot teo diém cuc tri dat tai bién - dé nhdn thdy diéu nay bang
cich dé'y gid thiét khong dm — chit nhu minh thdy thong thuomg trong cdc dé thi thir THPT Qudc
gia s it khi cho dén mikc thé nay chii yéu 1a gidi hé cuc tri la di ra két qud roi nén, tuy nhién khong
thé biét trudc dugc didu gi cd © ta cit lam can than cho chic dn © . DE thay rd hon siic manh ciia
phuong phdp nay ta sé tim hiéu tiép vi du sau.

Bai 2 : Cho ba s6 thyc x,y,z théa man x* +y* +(z— 1)2 =9. Tim gi4 tri nho nhat cua biéu

thuc: P:\/x2 +y? +2z7 —6x—-2y—2z+11
Dé thi thir THPT Qudc gia 2016/2017 THPT Thing Long - Ha Noi
A. -3+10 B.3-5 C. 2.7 -3 D. -3+4/11

Phan tich
V6i bai toan nay ta chi cAn tim gia tri nh6 nhat cta biéu thic trong cin la duoc.
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Thiét lap ham Lagrange ta sé dugc:
Z(x,y,z)=x"+y’ +2’ —6><—2y—2z+11+7x(x2 +y*+(z-1)° —9)
Khi d6 diém cuc tri 1a nghiém cta hé phuong trinh:
Ox—642xA =0 3-x_1-y
2y —2+2yA=0 x y
22-2+1(22-2)=0" %7}
x> +y? +(Z—1)2 =9

x =3y L_9V10 310

x2 +yz+(z—1)2 =9

. 0 Y70 77!
—iz= =
X2 +y?+(z-1)" =9 X:_gm}yz_?)mﬂ:l
10 10
Str dung may tinh cAm tay ta d& thay diém cuc tiéu bing 0,1622776602 ~ -3 ++/10 .
Vay chon dép an A.
Nhdin xét.

O bai nay nhu minh da néi thi theo kinh nghi¢m trong cdc dé thi thit sé khong cho dén mukc cic cyc
tri dat tai bién nhu bai ddu tién ma chi can gidi hé cuc tri la ra két qud, tuy nhién dé danh gid bién
sé la rdt khé doi véi bai 3 bién nay nén ta sé coi nhu cuc tri sé dat tai nghiém ciia hé diém roi.

Bai 3: Cho s6 phuc z thda man |z Al Téng gid tri nhd nhat va lon nhét cta |z| la:
z
Deé thi thit THTT lan 8
A.3 B. \/5 C. V13 D. 5

Huéng dan

Dit z=a+bi(a,beR)
Bién déi gia thiét ta duoc ‘22 + 1‘ =3|4 < (a2 -b* + 1)2 +4a’b’ = 9(a2 + b2)
Dat (az,bz) =(x,¥)(x,y=0) tasé chuyén bai toan vé tim min, max ctia T =x+y v6ixy
thoa man diéu kién x* +y” +2xy -7x-11y +1=0
Thiét lap ham Lagrange ta dugc:

Z(X,y):x+y+k(x2 +y2 +2xy—7x—11y+1)
1+A(2x+2y-7)=0

. Khong kho dé
1+A(2y+2x-11)=0

Khi d6 diém cyc tri 1a nghiém ctia hé phuong trinh {

nhan ra hé nay vo nghiém. Vay chac chan diém roi cta bai toan dat duoc tai bién.

yo 11313
e Cho x=0= 2 1. 11+3@;11—3Jﬁ
11-3v13 2 2
Y|

X_7+\/§
) 7+5 7-+/5
=Te ; .
7-5 2 2
2

e Choy=0=

X =
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_11-313

minT >
Pén day dé dang tim duoc )
Y & 11+3v13
axT = —

V13 = Chony C

114313 +\/11—3\@ B
2 2

Vay min|z| + max|z| = \/

Bai 4: Trong cac nghiém (x,y) théa man bat phuong trinh log , , . (2x+y)>1. Tim gia trj

16n nhat cta biéu thic T =2x+y

9 9 9
A. — B. — C. -
1 5 3 D. 5
Gidi
x> +2y* 21
i 2x+y > x> +2y’
Bat phuong trinh tuong duong: log . , . (2x+y)21<
o x* +2y* <1
| [0<2x+y<x*+2y?

x*+2y* <1 N
e Truong hop 1: . Ta dé thdy rang 2x+y <x* +2y” <1

0<2x+y<x*+2y°

x> +2y* =1
e Truong hop 2: . Taludn c6 danh gia sau:

2x+y2x2+2y2

2
1 1
X242V <2x+v e x2=2x+1+(+/2 2—2. 2 —+(—j <
y y (v2y) 2y =+ o

o | \©O

<:>(x—1)2 +(\/§ —%T _g

Mt khac theo bat dang thtc Cauchy - Schwarz ta lai c6:

2x+y=2(x—1)+%(yﬁ—%j+zs(22+%)[(x—1)2 +(\/§ —%jZJﬁ-%S%

Vay gia tri lon nhat cda P 1a % Pang thc xdy ra khi va chi khi (x,y)= (2;1j

Nhan xét
O bai toan nay ta sé& st dung Lagrange dé giai quyét truong hop 2. Do chic chin déng thic
sé xdy ra nén ta sé cd dinh 2x+y =x> +2y”.
Thiét 1ap ham lagrange. Do ta can tim cuc tri nén c6 thé cho ludn 2x+y =x*+2y* dé tim
cho dé. Ham cua ta nhu sau:
f(x,y)=2x+y-1(2x+y-x"-2y°)

Piém cuc tri la nghiém ctaa hé phuong trinh sau:
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1
M1 x=4y
2x+y=x"+2y? _1X o x=2
f,=2-2+20 =0 {h=—" =Y "=y 1
£l =1-A+4yr=0 Y y== Y72
2x+y=x2+2y2 2

+ R s N : R P2 A x A 2 M 9
Thay diém cuc trj vao biéu thiic dau dé thay né bang 5

. . P A 2 e R . N 9
Vay gia tri 16n nhat cua bieu thuc la >

Bai 5 : Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vuéng canh bang a. Canh SA vudng
goc v6i day va SA =y . Trén canh AD lay diém M sao cho AM =x. Biét rang x* +y” =a’.
Tim gia tri lon nhat cda thé tich khéi chép S.ABCM

Chuyén Hung Yén - Lan 2
a’3 D &3
2 8

a’3

4

A.

3
B. & C.
8

Huéng dan
b6 dai doan MD =a—x.
Dién tich ta giac AMCB la:

1 1
S=S,5cp —Syep =a° —Ea(a—x)za(a2 +ax)

Khi d6 thé tich ctia khéi chép S.ABCM la:
V= %.SA.SAMCB = %y(a2 +ax)

bén day ta sé gdp kho khin khi di danh gia
biéu thac trén. Néu dung AM - GM thi ta sé
phai di can bang hé s6, con néu dimng Lagrange
thi moi chuyén don gian hon rat nhiéu!

Thiét lap ham Lagrange - Coi a = const - ta co:

Z(x,y)=a’y+axy+1(x* +y’ -a’)

Khi d6 diém cyc tri cia ham s8 sé 1a nghiém
ctia hé phuong trinh:

ay+2xi =0 a+x _a
Z L= vy =x"+ax [2x*-a’+ax=0 |* 2
a’+ax+2yA=0=4X y =31, . L1, =
2 2.2 2 2 _ .2 X" +y =a y© =x"+ax _aV3
X +y =a X +y° =a y=—-
3
Vay V.. =3Y3 _ Chony D.
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Bai 6 : Cho hai s6 phtc z,,z, théa man |z, +5i| =5,

z, +1-3i|=|z, —-3-6i|. Gi4 tri nhé nhat

ctia biéu thtc T=|z, - z,| la

3 5
B. — D. —
Al 5 C.2 5

Huéng din
Pay la mot bai todn khd hay duoc gidi bang phuong phdp hinh hoc héa, nhung & ddy ta sé tiép cin
no theo huong su dung nhin tir Lagrange!
bdt z, =a+bi,z, = C+di(a,b,c,d € R).

24+ (b+5) =25 2 2 _
a*+(b+5) C}{a +(b+5) =25

Theo gia thiét ta c6 , , ) ,
(c+1) +(d-3) =(c-3) +(d-6) 8c+6d =35

DPén day ta cAn tim gia tri nhd nhat ctia biéu thac T = \/(a —c)’ +(b-d)’
Thiét lap ham Lagrange ta co:
Z(a,b,c,d)=a’ +b*+c* +d’ ~2ac-2bd +1, (a” +(b+5)’ ~25)+1, (8¢ +6d -35)

Diém cuc tri sé 1a nghiém ctia hé phuong trinh:

2a—2c+2ah, =0
2b-2d+(2b+10)A, =0 [cb+5c—5a=ad
2c-2a+8\, =0 3c-3a—-4d+4b=0
2d-2b+6k, =0 a2+ (b+5) =25
a?+(b+5)" =25 8c+6d =35
8c+6d =35
35-6d a=-4 la=4
‘T3 b=-8 =2
— |(35-6d)b+5(35-6d)-40a=8ad _, | _26 ) _26
a?+(b+5)" =25 5 5
11 11
105-24a—50d +32b=0 d=-75 |94= 7o

Thay vao biéu thtc ban ddu dé thdy min|z, —z,|= % = Chony B.

Bai 7: Xét s6 phtc z théa man |z+2~i|+|z-4-7i|=6+2 . Goi m,M 1an luot la céc gia tri
nho nhat va 16n nhat cta [z—1+i|. Tinh P=m+M.

Dé thi minh hoa THPT Qudc Gia 2017 lan 3 - B GD&DT

A. P=13+73 B.P:M C. P=5V2+73 D.P:@

Huéng dian
Thit gi thi ciing c6 diém yéu ctia nd cd, phuong phdp nay ciing khéng ngogi 1¢. Bai todn nay la dién
hinh cho thﬁi/ nhuoc diém cia nhin tir Lagrange khi dp dung cho mot vai vai bai todn cyc tri dat
tai bién, dé hiéu 16 ta sé cing tién hanh bit tay vao lam nd!
Goi z=a+Dbi(a,beR). Theo gi thiét ta co:
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J(@a+2) +(b=1)" +\(a—4) +(b-7)" =62
o (a+2) +(b-1)’ =72-12v2(a-4)’ +(b=7)’ +(a—4)’ +(b-7)’
<a’+b’>-2ab+6a-6b+9=0(*)

Ta co: |Z—1+i|:\/(a—1)2 +(b+1)2 —Ja?+b*—2a+2b+2

Thiét lap ham Lagrange ta co:
Z(a,b)=a’+b* ~2a+2b+2+1(a’ +b* —2ab+6a—6b+9)

Diém cuc tri la nghiém cta hé phuong trinh:

2a—-2+A(2a-2b+6)=0 a-b+6 b-a—6
2b+2+A(2b-2a-6)=0 =4 1-a -1-b
a?+b?—2ab+6a—6b+9=0 (a +b’—2ab+6a-6b+9=0
a=-b __é
a’ b’ +6a+6b=0 a=75
= < {la+6=Db =
a’+b’>-2ab+6a-6b+9=0 . be
a“+b"-2ab+6a-6b+9=0 =5

2
bén day ta mai chi tim duge mot cuc tri cta bai toan, vay con mot cuc tri nita chic chin sé
dat tai bién, vay tim gid tri bién nhu th€ nao? Néu ban nao tinh y sé nhéan ra r::fmg phuong
trinh (*) c6 nghiém kép a=b-3 diéu nay ching t6 rdng

J(@a+2) +(b=1)" +\(a—4) +(b=7) 2612

bé chung minh diéu nay ta sé c6 nhiéu céch c6 thé 1a toa dd hoa hodc danh gia dai s6 hodc

bat dang thic, & bai viét nay minh sé sit dung bat dang thicc Mincowsky. Ta c6:
J(@+2) +(b=1)" +\(a—4) +(b=7) 2 \/(a+2+4-a) +(b-1+7-b) =62

a+2 4-a

b-1 7-b —2<a<4
Dau ctia bat déng thic xdy rakhi < (a+2)(4-a)20<{1<b<7 .

(b-1)(7-b)20 [a=b-3

bén day da tim duoc gia tri bién cta cac bién.

a=-2=>b=1 : N
Cho { Lsbo7 va ngugc lai. Vay ta sé tinh gia tri ctia biéu thtic can tim tai cac gia tri
a= - =

trén ta sé tim duogc max|z— 1 +i| =J73. Vay ttir d6 chon dép an B.
Toém lai viéc st dung phuong phap nhan ti Lagrange cho bai toan nay 1a khong hay, néu

nhu da phét hién ta \/(a+2)2+(b—1)2 Jr\/(a—él)2 +(b—7)2 >6+/2 thi ta chi viéc rat thé

R . N N N . N o~ A <A P A A, [ K] . A
diém roi r6i dao ham tim min, max thi s€ nhanh hon rat nhiéu chit khong mat thoi gian dé
A A N e 2 2 2 A < ] A P [ . 2 A A 2 2 . N
lap heé r6i giai né. Do dé viéc nam chac moét chat kién thic mo rong vé bat dang thuac 1a
diéu nén lam dé c6 thé linh hoat hon trong viéc giai cac bai toan kho!
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LOI KET: Hy vong qua bai viét nay moi nguoi da phan nao hiéu duoc noi dung cuda
phuong phap ma minh mudn nhéc t6i trong bai viét dé 4p dung giai mot s& bai toan hay
hon nita. Bai viét nay tuy minh da bo ra mot s6 thoi gian chudn bi nhung khong thé tranh
khoi nhitng thiéu x6t, mong cac ban bd qua. Moi y kién thac méc vui long gtri vé fanpage
cta minh - Blog Todn hoc — Kinh nghiém hoc todn . Rat cdm on moi nguodi da quan tam t6i bai
viét!
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