Cdam nang 6n luyén thi Pai hoc Toan hoc — Nguyén Tdt Thu.

CHUYEN DE - WWW.TOANMATH.COM

HE PHUONG TRINH - HE BAT PHUONG TRINH
§ 1. HE PHUONG TRINH BAC NHAT HAI AN
I. TOM TAT LY THUYET
jax+by=c
at+be = cd
trudc va a, b, @, b’ khéng dong thoi bang khéng.
Cach giai: Dung dinh thic Crame
c bl D. =
c¢ bi’ v

* Néu D1 0 thi hé c6 nghiém duy nhat: x =

La hé cé dang: trong d6 a, b, ¢, &', b’, ¢’ la c&c s6 thyc cho

7 7 . il a b
Ta c6 cac dinh thiee: D = ‘a(t bi; D, =

1D=0
* N&u {éDy * 0 thi hé da cho vo nghiém.
1e
i€, 0

1. CAC Vi DU MINH HOA

2. Tim m d€ hé da cho nghiém duy nhat (x; y) sao cho P =2x2 +y? nho nhat.

Loi giai.
i m 1 2
1. Taco: D= =m*-4=(m- 2)(Mm+2)

4 m
m+2 1 2

X:3m+2 m:m -m-2=(m+1)(m- 2)
_jm m+24_ . _

Dy—4 3m+2—3m -2m-8=(m- 2)(3m +4)

D 0U m?t +2 hé da cho c6 nghiém duy nhat:
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i Dy _m+1

X =—2 =

1 D m+2

-:-y_&_3m+4

T D m+2
D=0U m=4%2

+) V6i m=-2pb Dy, ! 0 nén hé da cho v nghiém
+) Voi m:2,tacc’>hé\:'zx+y=4 J }XI i .
T 14x+2y=8 jy=4-2X
2. Hé c6 nghiém duy nhat khi va chi khi m* 2
i m+1

i +2

Khi dé: | m nén
.I.
Ty D m+2

aem+1<'52+a@m +4¢ 11m? +28m +18

DX
D
Dy 3m+4

P=2 ks = =
EM+2g &m+2 g m? +4m+4
Tacé P':4(4m—+§)b P =00 m=-2.
(m+2) 4

Do d6 ta co: minP:% dat dwoc khi m:-%

Vay m =- % la gi& tri can tim.

Vi du 4.1.2. Tay theo gia tri cia tham s6 m, hdy tim gia tri nho nhat cua biéu
thic P =(x- 2my+1)2 +(mx- 2y +2m- 1)2.

Loi giai.
IX-2my+1=0 ~ 1X-2my=-1

|
Xét hé phuong trinh ’
€ phuong tri }mx—2y+2m-1=0 %mx—2y=-2m+1 ©

Taco p=f ~2m 2( 2 1)
a Co. = = m- - ,
m -2
-1 -2m 2
= :2-2m(2m-1):2(-2m +m+1),
-2m+1 -2
D= -1 1
= =-m+1.
Y Im -2m+1

Néu m 1 -1 thi hé (*) c6 nghiém nén minP =0

Néu m =-1 thi taco: P:(x+2y+1)2+(x+2y+3)2
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Dit t=x+2y+1,suyra P=t? +(t+2)? =2t> + 4t +4=2(t +1)*> +23 2
Pang thac xay rakhi t=-10 x+2y+2=0.Dod6 minP=2.
|0 khim?1t -

Vay minP =
MNPl him=-1

tx +y +X+y-4=0
Vi du 4.1.3. Giai hé phuong trinh:
§2x2 +xy- y2 - 5x+y+2=0

Loi giai.

1 x—-y -y+4

Cach 1: bat t= x% . Khi doé hé tro thanh: |
f2t+(y- 5)x=y’-y- 2

Xét hé bac nhit hai Ant va x.

Ta c6 D ! ! 7
a co: = =y-T7,
2 y-5 Y
1 -y?-y+4
D= 2, ey ey- 10
2 yo-y-2
2
-y -y+4 1
D, = Z Y =-y3 +3y? +10y- 18.
y*-y-2 y-5
.i.t:&
Viy =7 khéng la nghiém ctia hé nén suy ra: Dlob} D .
.Ixz&
T D
2
Vit=x?p Dt—DZ
D D

U D,.D=D20 (y- 7)(-y3 +3y? +10y - 18) =(3y? +y - 10)?
O 5y*- 2y - 24y? +34y-13=00 (y- 1)?(5y? +8y- 13)=0
ey 1b x=1

EE

(D\QND
II
[

Vay hé c6 hai nghiem: (xy) =(11), & - —;.
59

Cach 2: Taco 2x2 +xy- y2 - 5x+y+2=0 0 2x% +(y- 5)x- y2 +y+2=0 (¥
=(y- 5)*- 8(-y? +y+2) =9y’ - 18y +9=(3y - 3)°
N L n y+1 |
Nén (*) c6 hai nghiém: x=T vax=2-y.
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+1 -
Vi x=yTlU y =2x- 1 thay vao hé ta c6 duoc:
&x=1b y=1
24(2x- 1% +x+2x-1-4=00 5x%-x- 4=00 & 4 13
&5V s
e

Vi x =2 - y thay vao hé ta co:
(2-x)?+x?-2=00 2x*- 4x+1=00 x=1p y=1.

Vay nghiém caa hé la (x;y) =(1;1), 8 E - ——
59

14x% - 21y? - 6x+45y- 14=0
Vi du 4.1.4. Giai hé phuong trinh: ? y v

T35x +28y +41x- 122y +56 = 0

Loi giai.
114t 6x = 21y 45y +14
1 35t +41x =- 28y +122y - 56

Cach 1: Dat t= x2 , khi d6 ta c6 hé:

. 14 -6

Taco: D= =784

35 41

|21y?- 45y +14 -6

= , =693y? - 1113y +238
-28y? +122y - 56 41

14 21y’ - 45y +14

D, = )
35 - 28y° +122y- 56

=-1127y? + 3283y - 1274

|
Do D! 0 nén hé cé nghiém duy nhat: }
Ty
T

U|U U|~U

2
Vi t=x% néntacé: &:D—E‘U D.D, = D2
D D
~ 2 2 2
0 16(99y - 150y + 34) = 7(23y - BTy + 26)
U 3703y* - 21574y° +38211y? - 21844y + 4188 =0

U (y- 2)(y- 3)(3703y? - 3059y +698)=0 U y=2,y=3.
Vay nghiém cta hé 1a (x;y)=(1,2), (-2:3).
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Cach 2: bat x=a+1; y=b+2 hé da cho tré thanh:
}14a? - 21b% +22a- 39b =0
%35a2 +28b% +111a- 10b =0
Ta thay hé c6 nghiém(a;b) =(0;0). Véi at 0 d3 b =ta ta co:
_ 39t- 22

i
1(14-21t2)a=39t-2201 14 - 21t2 b 39t-22 _10t- 111
%(35+28t2)a=10t-11 :a 10t- 11 = 14- 21t 35+28t
i 35+28t2
0 186t3 - 421t +175t+112=00 (3t+1)(62t - 161t +112) =0
0t=-1p a:39t—'222:-3b b=1.
3 14- 21t

Vay hé da cho cé hai cap nghiém: (x;y) =(1;2), (-2;3).

1- X+ay-a=0
Vi du 4.1.5. Cho h¢ phwong trinh: | . Tim tat ca cac gia tri a
fX +y?- x=0

dé hé phuong trinh da cho c6 2 nghiém phan biét (x;;y1), (X5;Y») . Khi

d6 hay chieng minh: (x, - x,)2 +(y; - y5)2 £1.

Loi giai.
RUt x tir phuong trinh tht nhat thé vao phuong trinh thi hai ta dwoc :
(ay-a)’+y*+(ay-a)=0 U (1+a’)y’ +(a- 2a’)y+a’-a=0 (*).
Hé phuong trinh da cho c6 hai nghiém phan biét U (*) c6 hai nghiém phan
biét:
U D=(2a%- a)’- 4(a’- a)(1+a®)=-3a’+4a>00 O<a<%

Khi d6 x; =ayy - a;X, =ay, - a Vai yi, y2 1a hai nghiém cuaa (*).
Theo Viet ta co:

'i'y vy _2a%-a
1Y1 )
+1 4a 3a?
|l 2a P (y;- Y2) —(Y1+Y2) -Ay1)Y, = ———
Tyy _a’-a (@2 +1)?
T 1Y2 a2+1
Suy ra
_4a- 3a® 2a - 1)?
(Xq - X2)? +(y1- y2)? =@ +1)(y1 - ¥,)? =1y
a’ +1 a“+1
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Px= ay +by+c
Vi du 4.1.6. Gia s& hé phuwong trinh )
fy=mx°+nx+p

(@a,m® 0) c6 bdn cap
nghiém (x;;y;) Vvéi i=1,2,3,4. Ki hiéu cac sd thuc duwong 14,1, ,l; nhu sau:
12 = §x; - X2)? +(y1- ¥2)? BEXs - X4)? + (V3 - ¥4)? U
=Xz - X3)? + (Y2 - ¥3)?UExs - x4)° +(y1- ¥4)? Y
u

2
2
17 = §xq - X3)2 +(y1- ¥3) 2 HEXo - Xa)2 + (Y2 - Va)?

Chting minh rang trong cac s6 1y, 1,153 ¢6 mot s& bang tdng hai s& con lai.

Loi giai.
Ta ki hiéu cac diém M;(x;;y;), trong d6 (x;;y;) 1=1,2,3,4 la bon cdp
nghiém cua hé dé cho thi cac s6 I, 1,,l3 duoc viét nhu sau:
12 = (M;M,)?.(M3M,)2 B Iy = MM, M3M, .
Tuong tw: |, =M,M3.M;My; I3 =M;M3.M,M,,.
Vay lic ndy yéu cau bai toan tro thanh ching minh ding thuc(ta gia sw
I =1, +13): M{M,.M3My; =M,M3 .MM, + M;M3. MM, (¥).
(Khi hoan vi cac diém M; cho nhau ta cé hai d¢ang thic con lai).
Vi (%;;Y;), 1=1,2,3,4 langhiém cua hé phuong trinh nén:

~ 2 Iﬁ:y2 Ey+£
I X =ayj +by; +c }a "a’' a
Tyi:mxi2+nxi+p iYi_ x,2 £Xi+£

Tm m m

b x? +y? +ax; +by; +1 =0 (1).
Trong do: azi-l; b:E-iw S
m a a m a m

Tir (1) ta suy ra cac diém M; nam trén duong tron cé phwong trinh:

G +y2 +ax+by+| =0.
Do d6 cac diém M;,M,,M3,M, nam trén mot duong tron nén ap dung
dinh Ii Potoleme ta c6 diéu phai chitng minh.

I11. BAl TAP VAN DUNG

Bai 4.1.1. Cho hé phuong trinh: |

imx+y= 2m+1
X+my=-m+4

1. Giai vabién luan hé theo tham s& m.
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2. Gia st hé c6 nghiém (x;y). Tim mai lién hé gitra x va y khong phu thudc vao m.
3. Tim m nguyén dé hé cé nghiém (x;y) véi X,y la nhirng s& nguyén.
Hwéng dan giai
1) Tacé: D=m?- 1=(m- 1)(m +1);
Dy =2(m - 1)(m +2); Dy =-(m - 1)°

\X’I‘ -
Néu m=1p D=D, =D, =0P hévosdnghiém: { _» .
jy=3-x
iD=0 o o
Néu m=-1b ip 1 P hé v nghiém.
1 ~x
Dy _2m+2)
Néu m?® +1b hé céd nghiém duynhgt:} D m+1
T D m+1
A .A ixT i
KL: - m=1hécovdsonghiéem: i
jy=3-x
m =-1 hé vb nghiém.
lx=Dx - Am+2)
m ! +1 hé c6 nghiém duy nhat: ? b m+1
Ty:&:_m-'-l
T D m+1

2) Héconghiem U mt -1.
Vi m=1 thi hé thuc lién hé gita x vay la x +y = 3.

+
V&i m 1 hé c6 nghiém duy nhat: | m+1

ly=-1+
Ty

P x-y=30 x-y-3=0.

m+1
Vay hé thic lién hé gitra x va y khéng phu thudéc vaom la: x- y- 3=0.
3) Taco vaéi m=1thi hé ludn c6 nghiém nguyén.

N

.I.)(:2+
V6i mt +1 hé c6 nghiém duy nhét ; | m+21
ly=-1+
Ty m+1
R . R dAm+1l=+1
P xyl ¢U 2I¢Ugm :
m+1 gn+l=4+2

Giairataduwuoc m=0m=-2,m=-3, m=1.
Vay m=1,m =0;m =-2;m =-3 la nhitng gia tri can tim.
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Bai 4.1.2. Cho hé ph trinh: | (2 * Dx- 3y =3m - 2
ai 4.1.2. Cho hé phuong trin '}(m+3)x-(m+1)y:2m'
1. Tim m dé hé c6 nghiém.
2. Tim m dé hé c6 nghiém duy nhat (x;y) théa méan x3 2y .
3. Tim m d¢€ hé c6 nghiém duy nhat (x;y) sao cho P = x? +3y? nhé nhat .
Hwdéng dan giai

Taco: D=-2(m- 2)(m+2) ; Dy, =(m- 2)(1- 3m); Dy =(m - 2)(m +3)

1. D=0

1) Tacohévonghiem U | , , U m=-2.
TDX+Dy10
Vay hécé nghitm U m1t -2,
i 3m-1
*T2m+2)
2) Hé cé nghiém duy nhat U m?t £2 va |
'|'y=— m+3
T 2(m+2)
gms -1
b x32yQ M-l 2M*3) M350 Sy
2(m +2) 2(m +2) m +2 =
am<-2

3) Heé c6 nghiém duy nhat U mt 2

D€ tim gia tri nho nhat cua P ta cé thé giai theo hai cach sau:
* Céch 1: Dung mién gia tri.

2
P =x? +3y? =w 0 (3- P)m? +(3- 4P)m +7- 4P =0 (1)
N . n 5
* P =3 thi (1) c6 nghiem m =- R
. N ~ 75
* P13b (1) co6nghiem U D=52P- 753 0U P3 0=
2 . . 8
bang thie xay ra khi m :5 .

Vay P nho nhat U m _8 va Minp ="
9 52
* Céch 2: Dung BDT Bunhiacopski.
3m-1+7m+21 _10m+20 _
2m+2)  2(m+2)
Ap dung BDT Bunhiacopski ta co:

Tacé: x-7y=

e o2& T @2 49, 2 2y _ 92
25=(x-7y) _SX \/§(x/§Y)E £(1+ 3)(X +3y°) = 3 P
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75

b pP3 o Pang thic xay ra O Um

}—\I><
\||~<
II
Loloo

j(m+D)x+ my 2m-1
Bai 4.1.3. Cho hé | .
fmx-y= m2- 2
1. Tim m dé hé c6 nghiém duy nhat.
2. Khi hé cé nghiém duy nhat, tim hé thic doc lap gitra hai nghiém.
3. Khi hé c6 nghiém duy nhat, tim m dé x.y I6n nhat.
Hwoéng dan giai

Tacé: D=-(m2 +m+1);D, =-(m- 1)(m2 +m+1);Dy, =(m- 2)(m2 +m+1)
1) Heé c6 nghiém duy nhat véi moi m.

iX=m-1

2) |

y= +2D x+y-1=0 lahé thic can tim.
ly=-

3) Tacé: xy-—m +3m-2=- (m——) +4£Z

Vay Max x.y :Z dat dwoc khi m :g.
Bai 4.1.4. Cho x,y la cac sd thuc. Tim gia tri nho nhat caa biéu thic:
P=(x- 2y +1)? +(2x + my +m +1)°.
Huwdng dan giai
IX-2y+1=0 ~ 1X-2y=-1

Xéthe: i *
¢ }2x+my+m+l=0 }2x+my=—m—l()
Héco D=m+4, D, =3m+2, Dy, =-m+1
| 3m+2
* Neum?!-4b D1 0OP (*) conghlemduynhat]r mm++41'
i
Ty m+4
i 3m+2
b P30.Pangthicxayra U () U i :
ang thiee xay *) ! _m+1
f m+4

Vay trong treong hop nay gia tri nho nhatcua P=0.

* NEu m=-4, khi dé: P=(x- 2y +1)? +(2x- 4y - 3)>.Dit t=x- 2y +1 ta co:
P=t2 +(2t- 5)2 =5t? - 20t+25=5(t- 2)° +53 5.
bangthic xay ra 0 t=20 x- 2y- 1=0. Vay trong trudng hop nay gia tri
nho nhatcaa P =5.
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KL minp i0 khi mt-4
-MminP =g .
15 khi m=-4
Bai 4.1.5. Tim gia tri 16n nhét ctia P =(3x +y - 2)? +(6x- 2my +5m - 1)2
Hwéng dan giai
) i3x+y-2=0 (1)
Xét hé: | *
“ o omy+sm-1=0 (2
T (1) b y=2- 3x thay vao (2)tacé: 6(m+1)x+m-1=0
* Néu mt-1b (*) c6 nghiém duy nhit b P23 0 va dang thic co6 U (xy) la
nghiém caa (*) P MinP=0.
* Neum=-1p P=(3x+y- 2)? +(6x+2y- 6)°

batt=3x+y-2b P:t2+(2t- 2)2:5(t-i)2+i3£b MinP:ﬂ
5 5 5 5
10 khi mt-1
A |
Vay MinP = .
Y ;% khi m=-1

iax+by=c
Bai 4.1.6. Gia s& hé phuong trinh % bx +cy =a cé nghiém.
¥ cx+ay=b
Chttng minh rang: a®+b%+c®=3abc (1)
Hwéng dan giai
* Cach1l:Tathdynéu a=bb a=b=cbP (1) dang nén ta chi xét khi a,b,c doi
mot khac nhau. Céng ba phuong trinh ctaa hé lai véi nhau ta duoc:

(a+b+o)x+y-n=op &FPHe=0
X+y-1)= A .
y gx+y-1:0
* Néu x+y-1=0U y=1- x.Khi dé hé tro thanh:
i(@a-b)x=c-b
t(b- c)x=a-chb c-b_a-c_b-a, a=b=c loai.
a-b b-c c-a

¥(c—a)x=b—a

* Néua+b+c=0
p a®+b®+c3- 3abc=(a+b+c)a®+b?+c?-ab- bc- ca)=0
P (1) dung. Vay ta c6 dpcm.

* Cach 2: Vi li luan nhu trén ta xét hé khi a,b,c d6i mét khac nhau.
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i D c?-ab
jX:—:

X

2
Tir hai phuong trinh dau cua hé b | D acz- b

i _Dy_a’-bc

t° D ac- b?

Thay vao phuong trinh tha ba ta duoc:

c¢®-abc  a®- abc

7t 2

ac- b ac- b
Bai 4.1.7. Giai cac hé phuong trinh sau

=b 0 a®+b®+c3 =3abc dpcm.

{2x? +y? +3x- 15y =0 ” 1x +2y? - 3x+2xy = 0
-|
TSx2—4y2—5x+2y=O Ty y+xy+1=0
Hwoéng dan giai
1. * Néu x=0pb y=0PpP (x;y)=(0;0) la mot nghiém cta hé.
* Néu x1! 0 dat y =tx, ta co:

’[2x +t2x% +3x - 15tx = OA 1(2+t )x =15t - Sb 15t- 3 _ 5- 2t
§3x2 - 452 - 5x+2tx = o {(3- 40)x=5-2t 2+ 3- 4

s 1
gt:;
O 58t3- 7t2- 49t+19=00 (2t- 1)(29t> +22t- 19)=0 0 & .
& -11+442
G- 11T aVAL
g 29
1 15t- 3
+ t——D == >=2p y=1.
) 212 y
" t:-11+4mp X:15t-3:-7308+174o\/ﬁ b y:372708-48372@
29 t?+2  2475- 8842 29(2475 - 88./42)
-11- 442 15t- 3 _ -7308- 1740/42 372708 +48372+/42
+)t=——Pb x= > = y= .
29 t2+2  2475+8842 29(2475 +88/42)
Vay hé da cho cé bon cap nghiém.
. fx2+2y2-3x+2xy20 . ) . ]
2. Hé U | ) cdng hai phwong trinh ta cé:
f2y° - 6y+2xy+2=0
éx+2y=1
+2y)% - 3(x+2y)+2=00
(x+2y)? - 3(x+2y) §x+2y 5"
* x=1-2y thayvaohétacé:y -3y+y(l-2y)+1=0
U y2+2y-1=00 y=-1+/2b x=3m2/2
* x=2- 2y thay vao hé taduoc:y? +y-1=00 y='1i;\/§l3 x=3m+/5.
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. Binh nghia: La hé c¢6 dang |
|

§2. HE POI XUNG LOAI |
TOM TAT LY THUYET
if(x;y)=a
g(xy)=b
thiee d6i xang, tac 1a f(x;y) =f(y;x), 9(x;y) =g(y;X).

(1) trong d6 f(x;y), g(x;y) la cac biéu

. Cach giadi: bat S=x+y, P=xy.

iF(S;P)=0

Biéu dién f(x;y), g(x;y) quaSvaPtacohé: iG(s:P) =0

giai hé nay ta tim
duwoc S, P.
Khi d6 x,y 1a nghiém ctia phuong trinh : X2 - SX+P =0 ().

. Mét s8 biu dién bidu thrc d6i xing qua S va P.

x2+y2=(x+y)2—2xy=82—2P

3,3 _ 2,2 _c3

X°+y® =(x+y)(X° +y° - xy)=S°- 3SP

x2y + y2x =xy(x+y)=SP

x* +y* =(x% +y?)? - 2x%y? =(S% - 2P)? - 2P?

4.Chay: *Neéu (x;y) la nghiém caa hé (1) thi (y;x) cang la nghiém caa hé

* Ha (1) c6 nghiém khi (1) c6 nghiém hay S? - 4P3 0.

I11. CAC Vi DU MINH HOA

Vidu4.2.1. Giai cac hé phuwong trinh sau
1-X+y+2xy=2 1X3+y3=19
-1 3 3 _ 2. 1 .
e vy’ =8 i(x+y)(8+xy)=2
Loi giai.
1. Pat S=x+y, P=xy.Khi d6 hé tro thanh:
i _2-S
jI:S+2P=2 . 'Ir Ty
Lere2 -
1S(S°- 3P)=8 %S(Sz 6-233)_8

P 25°+352-65-16=00 (S- 2)(25° +75+8)=0
U S=2b P=0 b x,y langhiém phwong trinh :
X2-2Xx=00 X=0,X=2.
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Vay nghiém caa hé la: :'Xzo va :X_Z
iy=2 iy=0
2. bat S=x+vy; P=xy. Khi &6 hé tré thanh:
FI[S(S2_3P)=1901|:SP:-SS 0>I[SP:2-8S 0‘:'8:1
1S(8+P)=2 TS3-3(2-83):19 TS3+24S-25:O iP=-6

b x,y langhiém caa phuongtrinh: X2- X-6=00 X;=3; X, =-2.
Vay hé da cho ¢ hai cip nghiém: (x;y) = (- 2;3), (3;- 2).

Vi du 4.2.2. Giai cac hé phuong trinh sau:

x+y+l+£—4

- i

L -;2(x+y):3(«3/x2y+13/xy2) 2.J|1 Xy |

}§/§+3y=6 |x2+y2+i2+i2=4
t Xty

Loi giai.

1. bit a=3x, b=3%y . Khi d6 hé tré thanh:

i2(a® +b3) =3(a’b + b?a)
1|‘a+b:6

1a§ 3SP) = %P0|ZB63H 3PA|S 6
fSG I86 IP8

.bat S=a+b, P=ab, taduoc:

Suy ra a,b la nghiém cua phuong trinh: X2 - 6X+8=00 X; =2; X, =4
S ja=2pb x=8 _ ja=4P x=64

uy ra i .

Y lb=ap y=64" lb=2p y=3

Vay nghiém caa hé da cho 1a: (x;y) =(8; 64), (64; 8).

2. bat a:x+£,b:y+l, ta c6 hé phwong trinh
X y

jatb=4 . jatb=4 . ja+tb=4
I o 2 U 2 U i _
fa“+b°-4=4 j(a+b) -2ab=8 jab=4
iX+1—
cda=2 " x 7.
uib_2u¥ Y 0 x=y=1
N L
Ty

Vay hé dé cho c¢6 nghiém duy nhat x=y =1.

Vidu 4.2.3. Giai cac hé phuwong trinh sau
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X% +y? + [2xy =842 ’[x+y Jxy =3
1\/;+\/_ 4 TVX+1+ y+1
Loi giai.

. Diéu kién x,y3 0.
Cach1: Dat t=/xy3 0,taco: xy =t vati JVx +,[y =4 b x+y=16- 2t.
Thé vao phuong trinh (1), ta duoc:
5 It£8
t?- 32t+128 =8- t U ,0 t=4
112~ 32t+128=(t- 8)
iXy= 16 . jx=4
Suy ra: Ui .
4 :x+y 8 }y:4

Vay hé cé nghiém duy nhat x=y =4,

Céach 2: Taco W+\/ﬂz8\/§0 W+2\/W:16 *)
Taco: 2(x2 +y?)3 x+y nén

4/2(x2+y2)+2\/@3 x+y+2\/ﬁz(\/§+\/y)2=

Dodé *)U x=y=4.

Vay hé cé nghiém duy nhat x=y =4.

. Diéu kién: ,xy30 .
Tx,y3-1
Céach 1: bat S=x+y, P=xy taco:
}s- VP =3 o 1828 P=G-97
%S+2+2m:16 %2m:14-8
g 3|[3£S£14; P=(S- 3)? g 3|[3£S£14; P=(S- 3)?
§4(S% +85+10)=196- 285+S2  §5% +305- 52=0
0] }S:6D x=y=3.
iP=9

Vay nghiém cua hé la: (x;y) =(3;3).
Céch 2: Tt phuong trinh thi nhat b x+y=3+,/xy >0bP x,y2 0 (do xy 2 0)

v|f£—yp x+y=3+ Xy £3+2 yp X+yE6.

Pangthicxayra U x=y=3.
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Mt khac ta ludn c6 BDT a+b £2(a? + b2)

Ap dung BDT ndy véi a=+/x+1;b= 1 taco:
\/X+1+\/y+1£\/2(x+y+2)£4.

Pang thic ¢6 khix =y =3.

Vay hé co nghiem (x;y) =(3;3).

* Céch 3: Véi li luan nhu trén ta ciing dan dén x,y 3 0.
Nhan phuong trinh th nhat véi 2 va phuong trinh thi hai vaéi 4 roi trix hai
phwong trinh cho nhau ta duoc:

(Vx - Jy)? +(x+1- 2% +(Jy+1-2)?=00 x=y=3

Th lai ta thdy thoa man.

Vi du 4.2.4. Giai cac hé phuong trinh sau

x|y 7
4/\,3 P =+ | =———+1
1«/ -1+/x=3 2.}3/\[( sl

:

-

1x +y% =82

Loi giai.
1. Dit u=+x va v=4y®- 1.Khi d6 hé da cho tro thanh:
iu+v=3 A i.u+V:3

U *
%u4+(v4+1)=82 1|<u4+v4=81 ( )

Dit S=u+v,P=uv. Véi diéu kién S? - 4P 3 0 thi hé (*) viét lai:
jS=3 . 3S=3 _iP=0 jP=18

v

U i hoac
15%-45?P+252 =81 1P?-18P=0 {S=3 fs=3

- Trwong hop 1: $=3,P=0. u, v I nghiém caa phuong trinh X2 - 3X =0
phwong trinh nay c6 2 nghiém X =0 hoac X =3.

Khi d6: lu Op 177 hoac}uzab P

v=3" ty=¥82 v=0 {y=

- Trwong hop 2: P =18,S =3 khong thoa vi S% - 4P <0
Vay hé phuong trinh d& cho c6 nghiém: (x;y) = (0;3/@) (9;1).

2. Diéu kién: xy >0.

- Truonghgp 1: x>0,y >0. Tadat u=+x,v=,Jy

- Truonghop 2: x<0,y<0.Tadat u=+-x,v=,/-y
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Ca 2 truong hop déu dua hé vé hé phuong trinh:

|
i
1u

N——

_+_:l+1 R

v u
3

uv

fu? +v2

=uv+7 .

}s?-3p=7

v+viu=78

! 2 .2 Va2
fuv(u? +v3)=78  {P(S%- 2P)=78

. ‘}32:3P+7 g 132:3P+7 o ‘:,P:G |
iP(P+7)=78 §P2+7P-78=0 1S=%5
Twr day ta tim dwoc nghiém cua hé la:
(xy)=(-9:-4), (-4:-9), (49), (9 4).

Viduy 4.25. Tim m dé cac hé sau c6 nghiém
i 1 1
X+—+y+—=
jx+y=m b x y
L2, 2 ot 21 1 1
fxory =zm Ix3+—3+y3+—3:15m-10
t X y
Loi giai.
1. Dats [s=m U }S:m
. bat S=x+y, P=xy, taco: | Ui 1
Y Y [S%- 2P =2m +1 %P:E(mz-Zm-l)

Hé cé nghiém khi va chi khi
S2-4P300 m?-2(m?-2m-1)=-m?+4m+23 0
U2-V6EME2++6.

2. bat a=x+£;b=y+lb laj3 2; |b|3 2.
X y

Hé da cho tré thanh:
ja+th=5 . ja+b=5
ta®+b%- 3@a+b)=15m-10 {ab=8-m

Suy ra a,b 1a nghiém ctia phwong trinh :

X2-5X+8-m=00 X?-5X+8=m (1)

Hé da cho c6 nghiém thuc U (1) c6 hai nghiém thoa |X|3 2.

Xét tam thic thire f(X) = X? - 5X +8 vdi |X|3 2 tacé bang biéh thién

X -¥ -2 5 +¥

~ \zz%%z\ :

+¥
7 /
4
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Dua vao bang bién thién suy ra (1) c6 hai nghiém thoa |X|3 2
éns 22

0 € .
27—£m£2

é4

! IX+y+Xy=m
Vidu 4.2.6. Tim m de h¢ phuong trinh: |

*) ¢6 nghiém.
X +y2:m *) ghis

Loi giai.
_iXty+xy=m

Taco: (*)U i .
() %(x+y)2-2xy:m
1S=x+y .. o
bat | , diéu kién S2 3 4P, taco hé:
TP =xy

35S, =-1+/1+3m

iS+P=m _jS+P=m _ &P =m+1-J1+3m

%(S)z- P=m" %82+28- 3m=0" %sz=-1- J1+3m
gP2=m+1+\/m

Hé phuong trinh c6 nghiém U  xay ra mét trong hai treong hop sau.

* TH1: 523 4P, U (-1++1+3m)?3 4(m+1- J1+3m)
am+2£0

R

§1+3ms0 (vn)
U 2J1+3mem+2U S U 0EmMES.
gm+220

§<4(1+3m)3 (m +2)2

* TH2: 553 4P, U (-1- V/1+3m)?3 4(m +1++/1+3m).
U 3J1+3m £-m - 2dé thdy b4t phwong trinh v nghiém vi -m- 2<0
Vay dé hé phuong trinh ¢6 nghiém khi 0O£Em £8.

302 02 452 _
Vidu4.2.7. Cho x,y,z la nghiém caa hé phuwong trinh: }X Ty tz _8,
[Xy+yz+zx=4

Ching minh - %Ex,y,z£%

Loi giai.
Hé phwong trinh
0 ix2+y?=8- 22 0 P(x+y)? - 2xy =8- 22
%xy+z(x+y):4 %xy+z(x+y):4
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0 I(x+y) 2[4- 2(x+y)]=8- 2° 0 1(X+y) +22(x+y) +(2° - 16)=0

fxy+z(x+y) 4 fxy+z(x+y) 4
_jXty=4-2z jx+y=-4-2z

[ 1

Txy:(z-Z)2 Txy:(z+2)2
Do x, y, z la nghiém caa hé nén:

4-7)%3 Az- 2% .

(x+y)234nyg ) ( ) ] 8 8.
&-4- 2)?3 4z +2)? 3 3

Dai vai tro x, vy, z ta duoc - %£x,y,z£%.

Vi du 4.2.8. Cho hai s6 thuc x,y thoa x+y=1. Tim gia tri nho nhat cua

bidu thuc: A=x +y°.

Loi giai.
Xét hé phuong trinh:
S

jx+ty=1 _3S=1

1 1
I
0 Ot 1-
1 +y3=A 15(5%- 3P)=A ;:

A
3

Tacox,ytontai U hécodnghiém O S?-4P3 00 1- 417 A

Vay GTNN cﬁaA:%.Datdu’Qc khi x:y:%.

300 A3

1
R

Vi du 4.2.9. Cho cac s6 thucx® 0;y 1 0 thoa man: (x+y)xy =x> +y? - xy .

Tim gid tri I6n nhét cua biéu thic : A==+ =
Xy

Loi giai.
}_(x+y)xy=x2+y2-xy fa+b=a+b?- ab
Xéthé phuongtrinh:j 1 1 _ U1, .
i@t A fa’ +b”=A
|

b= L ,a;b1 0).bat S=a+b;P=ab, taco:

X

(Trong d6tada dat a=

><||—\
<

}s=s%-3p 132

%S(sz-ap):A 13P s2.s

Tu phwong trinh thit nhat b S>0.

Hé co nghiem U S%3 4P 0 3523 4(52-5)0 SE40 A=S2£16
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iS=4

|

Pang thitc xay ra U %P 2.5 Ua=b=20 x=y=l.
I =
I 3

Vay gia tri I6n nhat ctia A =16. Dat dwoc khi x=y =% .

Vi du 4.2.10. Cho x,y thoa :x- 3,/y +2 =3Jx+1- y. Tim gia tri I6n nhat va
giatrinhé nhatcia A=x+y.

Lai giai.
[x-3Jy+2=3/x+1-y
IX+y=A '
Data=+/x+1b=./y+2b a,b®0

Xét hé phuong trinh:

ia+b—é—8
1a +b%-3@+b)-3=0_ " " 3"
Hé tré thanh; 2 o O j 9
Ta +b“=A+3 'ab=A —9A—27_P
) 18
1s3 1A%0

Suy ra hé da cho c6 nghiem U ]|:P3 o 0 1|’A2— 9A- 2730

1523 4P {A2-18A- 54£0

1A30
0 .A£9 W2k s 9+3;/ﬁ 0 9+‘Zﬁ£A£9+3JE.
19-3JE£A£9+3JE
Vay MinA:% va MaxA =9 +3J15 ,
I11. BAl TAP VAN DUNG
Bai 4.2.1. : Giai cac hé phuong trinh sau
Ix+y 2 Ix+xy+y 2
1.
fX +y° =26 fX +xy+y? =4
txf+yf 30 . ;§+¥=1§
o
TX\F'FV\/» 35 Ix+y=5
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i 1 1
i Xty+— +—=5 B
5% X Yy ty+xy = 6x°
|X2+y +i+i:9 ]‘1+Xy _5X
f Xy
[
TX+=+ . X+y-3=3
7 J, X y xry tx y+xy =30
o
Pox+y+l=g PC+y? =35
t y
9 ’I[Xy(x'y):'2 10. ’I[x +y?=2
i yi=2 ixy(x+y)=2
(x+y)(1+—) 5
Xy X+2)° + 10
11 | 12. }( f+y=

.'T.<x2+y2>(1+ ) =49 F(x+2)(2x% +xy) =9
X

Hwéng dan giai
IS 2 . 18=2
1. Tacohé | U i :
fS -3Ps=26 (P=-3
Tt day ta tim dwoc nghiém cta hé 1a (x;y) =(3;- 1), (- 1;3).
IS+P 2 1-P=2—S . 1S=-3 . jS=2
2. Tacéhé: Ui, U i Ui
1s2-P=4 §s2+5-6=0 {P=5  {P=0
Tt d6 ta tim dwoc nghiém caa hé: (x;y) =(0;2), (2;0).

a’b+b%a=30 . ja+b=5
3. Dita=x;b=yb 4,63 0 Tacohé | '

jal+pS=35  1ab=6
Tt d6 ta tim dugc nghiém cua hé: (x;y) =(4;9), (9;4).
4. Tacéhé:igyg 6y U.i_y 3 Uy 2
IX+y=5 tx+y=5  jx+y=5
Tt d6 ta tim dwoc nghiém cua hé: (x;y) =(2;3), (3;2)
5. bat a:x+£;b:y+l.
X y
. e Ta+b=5 U‘|a+b=50‘|a:2 U‘|a=3
aco i 1 i
é | a2+b2=13  tab=6 1b=3 ~ {b=2
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Phuong trinh t+%:20 t=1 vat+%:30 t:?’iz*/g
o] 0
Nén nghiém caa hé 1a: (x;y) = 91 3+\/—_ 28+I;2+.
2 2
g e a
1Y Y g
2
6. Vi x =0 khong la nghiém cua hé U 'X1 X
|_+ 2:5
f x2 y
a’y+y%a=6_ ja+ 3. 7a=2 . ja=1
Data—ltaco} yry U: Y= U:' U% .
X Ta2+y =5 jay =2 iy=1 jy=2

Vay nghiém caa hé la: (x;y) =(1;2), (%;1)

7. bata= /x+£;b= x+y-3b a,b30
y

Ia+b:3 . ja+b=3
2 _ Y
fa +b =5 tfab=2

i 1
ja=1 . X+—=1
* ib U :\J y U(x;y):(Si\/E;4m\/E)
| T
7

Xty-

Taco:

* Ia_
[0 (V=@ -1,

8. biat S=x+y, P=xy, dieu kién S2 3 4P . Hé phuong trinh tro thanh:

P 30
jSP =30 . 1 s . 1S=5_ jx+y=5_ jx=2_ix=3
U U i Ui Ui Ui .
! 2 [5_ i _ i _ i
1S(S°-3P)=35 |Sg=sz 900 iP=6 " ixy=6 1y=3 jy=
1 So

9. Pat t=-y, S=x+t, P=xt, diéu kién S? 3 4P. Hé phuong trinh tré thanh:
ixt(x+t)=2A iSP=2 . 1S=2 . jx=1_ ix=1
| 3 3 U I .3 Ul, _ U|, _ i _ .
fx°+t°=2  §S°-3sp=2 {P=1 jt=1 jy=-1
10. Hé phwong trinh d& cho twong dwong:
N N 7 2 Ry
’I[(X+y)(><2-xy+y2)=2 hay | XFY)xY) - 3= )
fxy(x+y)=2 fy(x+y)=
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Dat S=x+y,P =xy, diéu kién: S?3 4P
133 PS=2, 133—8 jS=2

T hé ta cé hé: 0
> ) [PS=2 iPs=2 {P=1
iX+y=2_ jy=2-X . IX=
Heé cho tuong duong vai | Ui Ui
ixy=1 ix(2-x)=1" jy=1
Vay hé phuong trinh cho c6 nghiém duy nhét (x;y) =(11).
1x+y+1+1:5
A L Xy
11. Hé U |
2 1 1
Ix +y +—2+_2=49
f Xty
Dit boy+t tacsh jathb=5 |a+b 5. |a 7 |a:-2
a=x+l += taco hé: |
daTXTLPTTY Cl@+p2=53 {ab=-14 " {b=-2 ~ {b=7
Phuongtrlnht+%——2U t-—1vat+%-70 7+§\/_
Nén nghiém cua hé da cho la:
L=T- 35 |X_7+3f jx=-1 px=-1
% 2 Ui Oi 7-3558 Ui _7+35
fy=-1 fy=- %y 2 Y=
X< +2X)+ 2x+y _ix=1 . ix=-3
12HU|( )+ 1X+2X3u' VRN
(x +2x) (2x+y) = T2X+y 3 fy=1 " {y=9

Bai 4.2.2. Tim m dé cac hé phuwong trinh sau c6 nghiém

'Tl'x2y+xy2 =3m- 8§

t\/—+\/> 1 , Ix+y+xy—m
Tx\/—+yf 1- 3m fX y+xy?=3m- 9
3 TV -4+ y- A ix2+y? +4x+4y =10
' Tx+y 3m '%xy(x+4)(y+4):m
5 fVX+y =m 1\/x+1+./y I=m
o
FX+y- xy=m TX+y m?- 4m+6
PX+Xy+y=m
7.

Hwéng dan giai

231



Cdam nang 6n luyén thi Pai hoc Toan hoc — Nguyén Tdt Thu.

f/x + 1 Ix + 1
1D|euk|enxy30taco| W= t Y =
XX +yfy =1- 3m T(f) +(Jy)¥=1- 3m
Dét8=\/§+\/§3O,P:\/X730 8234P.
h 1971 . 18=1

Hé phwong trinh tré than U .
TS -3SP=1-3m {P=m

Tir dieu kién S3 0,P 2 0,S% 3 4P tacod O£m£%.

o fXtyt+tXy=m L 1 (X+Y)+xy=m
Ul Ul,( y) +Xxy

2. Heé .
1|<x y+xy?=3m- 9 {xy(x+y)=3m- 9

iS+P=m
DiatS=x+y, P=xy, S?3 4P. Hé phwong trinh tré thanh:
3tS=x+y,P=xy é phuwong trinh tré :SP am. o

Suy ra S va P 1a nghiém cua phuong trinh t? - mt+3m- 9=0
is=3 .iS=m-3
1P=m-37{P=3

Tw diéu kién ta suy ra hé cé nghiém

g 93234m 3) . .
(2 )u ££Um33+2¢§.
gm 3)°3 12 4
3. bat u=+/x-430,v=.y- 130 hétrothanh:
ju+v=4 jutv=4

.
0| - 3m.
tuZ+v?=3m- 5 %uv:‘uz3m

21- 3m

Suy ra u, v la nghiém (khéng am) cua t2 - 4t+

=0 ().
Hé c¢6 nghiém U (*) ¢6 2 nghiém khéng am
jpe g 13M-13,,
0fsso0l 2 0 Bemer.
21-3m 3

13 | 30
P30 i 2

Tx +y? +4x+4y =10 . ’r(x +4x) +(y? +4y) = 10
Txy(x+4)(y+4) m T(x +4x)(y? +4y)=m

Dit u=(x+2)?3 0,v=(y+2)? 3 0. Hé phuong trinh tré thanh:
ju+v=10 .~ 15=10
%,uv-4(u+v)=m-16 %P=m+24

4. He U |

(S=u+v,P=uv).
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1523 4p
Dicukien{S30 U -24£Em£1.
Ipso
1*/—+\f m I+ fy=m Ifﬂf m
5 Hé U 01}

Tx+y\/7 m %(&+\/§)2_3Xy:m l\/*_m.m-

Suy ra v/x,.fy la nghiém (khéng &m) caa phuong trinh

m?-m

t? - mt+

=0 ().
Hé cé nghiém U (*) c6 2 nghiém khdong am
‘|D¢30 Im? -4m£0
0] |S3O 0] }m30
tPio fm-mso
Vay m=0Ul1£m£4.
6.Data=x+1,b=/y-1P a,b®0
jatb=m . la+b=m

Hé tro thanh: |
' 'Ifa2+b2=m2-4m+6 lab=2m- 3

ém =0
&£m£4

Hé c6 nghiém U PT: X2 - mX+2m- 3=0 c6 hai nghiém khéng am

. 9§£m£2 T
U é2 la nhitng gia tri can tim.
ans3 6
7 1acohe 1o TPE™ LS b 1anghiem phuong trinh
aco , an lem n rinn.
“lsp=3m-g ghiem phuong

X%2-mx+3m-8=0 (2).
(2)conghiem U D3 0U mE4AEmM3 8 ().
. R o X 4X, <0
Goi Xq,X, la hai nghiém cuaa (2). Khi d6 hé v6 nghiém U 5
iX3 - 4X, <0
1(x1 4X,)(X3 - 4X;)>0 g }-4m?3 +45m? - 96m - 64 >0
|
TX1 4X, +X5- 4X; <0 §m?-10m+16<0
0 T(m 8)(- 4m? =13m+8)>0  13+3/33 13+3J_
12<m<8

m<8.
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Vay heé ¢ nghiem U m£%l‘£ m3

Bai 4.2.3. Tim m dé hé
ix2+xy+y?=m+

1.
%2x+xy+2y=m

cé nghiém duy nhat

pX+xy+y=m+1
2.1, 9 c6 nghiém x,y >0

Xy +xy =m

pxFey?=2+m) oo
3.1 ) c6 dung hai nghiém phén biét
fx+y)” =4
‘rZX (y+2)x* +xy=m . . ,

¢6 nghiém (Dé thi Dai hoc Khgi D — 2011)

TX +X-y=1-2m

>[x+xy+y=m+2
i 5 ) cé nghiém duy nhat.
IXy+xy =m+1
Hwoéng dan giai
1. Hé c6 nghiém duy nhat suy ra x = y, hé tro thanh:
{3x2=m+6 . 13x>-6=m -3
|2 Ui, 2
fX°+4x=m  §x°+4x=3X gm 21"
g PEyHy? =3 g fxy)t e xy =3
f2(x+y)+xy——3 72(x+y)+xy-—3
g ‘|,x+y=OU‘|,x+y=—2 ‘[x J3 ‘[x-—\/§,‘|x-

0] Ui U |
»:~Xy:-3 f:\xy:]_ fy_ \/’ fy \/7 (Oal)

Tx +xy+y _270 T(x+y) - Xy =27

m=2
}2x+xy+2y 21 f2(x+y)+xy:21
~ IX+ty=-8_iX+y=6 X=
oMY XY =041 (nhan)
Xy =37 Xy =9 iy =
Vay m=21.
Ix+xy+y m+1 |(x+y)+xy:m+1A iX+y=1_jx+y=m
2. Taco | i i
fxy+xy =m xy(x+y)=m iXy=m ixy=1
,\ m>0 1.
Hé cé nghiém thuc dwong U U 0O<m£=-Um?3 2.
T13 4m Um? 4
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Véy0<m££0m3 2.

Taco: tx +y —2(1+m)A 1(x+y)2-2xy:2(1+m)
T(x+y) =4 T(x+y)2:4
0 ‘:,xyzl-m,‘%xyzl-m.
iX+y=2 iX+ty=-2

Hé cé ding 2 nghiém thuc phan biét khi (J_r2)2 =4(1- m)U m=0.

. Hé phuong trinh da cho viét lai:

.‘l.(x2 - x)(2x— y)=m (1)

|
%(xz— x)+(2x- y)=1-2m (2)

Dé thay phuwong trinh trong hé d& cho khdng phai la 1 da thie di xang
doi vai x va y. Nhung ta c6 thé nhan ra tinh bat bién ctia bai toan

:u X2—X%3—10
bat | 8 4. Hé da cho tro thanh :
fv=2x-y(vi i)
jutv=1-2m _ iv=1l-2m-u
| o) I I-u°+u
uv=m,a%3-—— u?+u=m(2u+1 = 3
i & “ap U ( ) a0
2
Pt fu)=—2 Y s 1
2u+1 4
Tacod: fqu)= —2u - 2u+l ael y 0
(2u+1)? 8 4" g
fqu) —_1+\/_
2
u 1 -1+43 +¥
4 2
fqu) + 0 -
f(u) 2-3
5 ¥
8
Vay hé cé nghiém khi (3) c6 nghiém thudc g- %;+¥90 m£#.
a
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5. Néu (Xq;Yo) langhiém ctaa hé thi (yg:Xo) ciing la nghiém caa hé . Do d6 hé
¢6 nghiém duy nhat thi diéu kién can la xg =y, .
x§+2xg =m+2 o f2x3 - x§ - 2x¢ +1=0

Khi dé hé cho tuwong duong | |
T2x8:m+1 Tm:2x8-1

f(xo-1)(x+xo-1)=0 € 4 .3

U i 0 @(OZ—D =- =
fm=2x3-1 e 2 4
&, =1p m=1
Diéu kién du:
PXx+xy+y=3
Truong hgp 1: m =1 hé phuong trinh da cho tro thanh | 2
IXYy+xy =2

Nhan thay vé trai caa cac phuong trinh thanh phan cua hé la cac da thic
doi xirng doi voi x va y.
Dst S=x+y,P=xy, dieu kién: 523 4P
Hé phwong trinh trén tré thanh
‘|S+P=30‘|P=3—S . 15=1 h
i i i 0&c | :
tps=2 ~ lIs(3-s)=2 fp=2 " ip=1
i ara i @2 15=2

Dai chiéu dieu kién S° 2 4P, suy ra [ thoa bai toan.

1P =
Khi d6 x,y 1a nghiém phuong trinh; X? - SX+P =0 hay (X- 1) =0 suy
ra X=1.
Hé phuong trinh trén c6 nghiém duy nhat (x;y) =(11).

i 5

X+ Xy + y = —
hé phuong trinh d& cho tro thanh | 4

Trwong hop 2: m =-
Ix2y +xy? = 1
T 4

Nlw

Giai twong tw, hé phuong trinh trén c6 nghiém duy nhat (x;y) =§%%9
a
jXx+xy+y=-1

Truong hgp 3: m =-3 h¢ phuong trinh da cho tro thanh | )
IXy+xy =-2

Giai tuwong ty, hé phuong trinh trén ¢6 3 nghiém
(xy)=(-22).(-1-2), (L-2).
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Vay: m=- % hodc m =1 théa man yéu cau bai toan.

Bai 4.2.4. Tim m dé hé

jx+y=m
L, o ) c6 nghiém (x; y). Tim gia tri I6n nhat va gia tri nhé nhat
IX“+y" =-m +6
cua F=xy+2(x+y).
jx+y=2m-1
2. c6 nghiém (x;y) va P =xy nhé nhat.

tx2+y2=m?+2m- 3
IX+y=m

i

3. |x +y? =m? - 4m +6 c6 nghiém (x;y) va tim gia tri I6n nhat va nho nhat
1X30,y3 0,0EmME2

(né’ucé)cﬁa:T:(x+y)3+6xy(x+y)+39m+2.

Hwéng dan giai
3I:> hé c6 nghiem U m?3 4m?-3) U -2Em£2.

Khidd: F=m?-3+2m=(m+1)?-4.Vi -2£Em£2 nén
MaxF =5 va MinF=-4.
2. Dat S=x+y, P=xy, diéu kién S? 3 4P,
ix+y=2m—1 R 1-S=2m—1
L2, .2 2 Ul 2
IX*+y"=m°+2m-3 §S°-2P=m“+2m- 3
3
(2m-1) 2P=m? +2m- 3 ;P——m - 3m+2

4f 4+2
=

Ti dieu kién suy ra (2m - 1)% 2 6m? - 12m +8 0 EmME

4'ﬁ£m£4+2ﬁ.

Xét ham s f(m) =%m2 -3m+2,

aetfcllef Ae4\/’4+fu

Tacod minf(m)=f +
(m)= § 2 5 4 ee 2 2 H
Vay minP=¥U m=4'2\/§.
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iS=m
3. bat S=x+y,P=xy. Hé cho tré thanh: 'P om- 3"
|

Hé c6 nghiém khi phuong trinh: t? - mt +2m - 3=0 ¢6 nghiém

T emE2
D3 0 Lom
i i&m3 6
it 20 g 1970 foeme2 0 2eme2 thoabai toa
i m —cm a Dal toan.
10EME2" (P30 ! 2 ©

:
fOEME2 T=—£mE?2
i 5

Khidé T=m?+6(2m- 3)m+39m +2=m3+12m? +21m +2

Taxét ham s6 f(m)=m?® +12m? + 21m +2 trén doan €U
€' H
Tacé f'(m)=3m?+24m+21>0, " mi g;ng f(m) ludn dong bién trén
2
doan A3 2“ gio S ¢ (2) =100
Vay: minT = min f(m)=E khi m=>
mi €320 8

gt

va maxT = max f(m)=100 khi m=2.
mi gﬁ;zg
2

§3. HE POl XUNG LOAI I
I. TOM TAT LY THUYET

if(x;y)=a

1. BDinh nghia: La hé cé dang 'f( Y=a (m

2. Céch giai: Trtr hai phwong trinh caa hé cho nhau ta duoc :
ex = y
f(x;y)- f(y;x)=0 0 (x- y)g(x;y)=0U &0y
3.Chuy:
Néu hé (I1) c6 nghiém (Xq;Yq) thi (Yo:Xg) ctng la nghiém cua hé nén hé (I1)
¢6 nghiém duy nhat thi diéu kién can la xg =y, .
f(x;y) +f(y;x) =2a la mot phuong trinh déi xirng.
I1. CAC Vi DU MINH HOA
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Vi du 4.3.1. Giai cac hé phuong trinh :
fx? =3x+2y ) pxd+1=2y
c O .
fy? =3y +2x fy3 +1=2x

Loi giai.
1. Trix V€ vdi V€ cua hai phuong trinh trén ta duwoc:
22 ~ ~ EX=Y
X - =x-yU (x-y)(x+y-1)=0U a .
y yU (x-y)(x+y-1) &=1-y
V6i x=yb x?>=3x0 x=0,x=3

. gy=-1b x=2
Véi x=1- yby =3y +2(1- y)Uy y-2= OUgy 2b x=-1'

Vay nghiém caa hé: (x;y) =(0;0), (3;3), (-1,2), (2;-1).
2. Trtr hai phwong trinh cua hé ta c6

x3-y3=2(y- %0 (x- y)(x +Xy +Yy +2)=0
U x=y (do X2 +xy+y2 +2>0,"Xx,y)
Thay vao hé ta c6 duoc:

x3+1=2x0 (x- D(x® +x-1)=00 X=1,X=-1i\/§.

2
X=Y=
Vay nghiém cua hé la: ?
‘?x ye 1+J§
2
Vi du 4.3.2. Giai cac hé phuwong trinh sau
ii—2x+
L fx2 y ) Jx+9+Jy-7=8
i - .
|% 2y +X fAYt9+Vx-7=8
1y
Loi giai.
1. Piéukién: x,y1 0
i3 +x%y =3
He O] Y7 b 208 - )4 xyix- ) =0

i2y® +y?x=3
U (x- y)(@2x? +3xy +2y?)=0 U x=vy

(Do 2xZ +3xy +2y? =2(X+%Y)2 +%y2 >0)
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Thay vao hé taduoc: 3x3=30 x=1=vy.
Vay hé c6 nghiem: x=y =1.
2.biéu kién: x,y3 7.

Trix hai phuong trinh cta hé ta dugc: VX +9 +.fy- 7 = [y +9 +/x- 7

O Jx+9)(y-7)=Jly+9)(x-7) 0 x=y.

Thay vao hé ta duoc: v/x+9 ++/x- 7 =8

g wax— 8A TJXT 5
Y REs- T2 WxT =3

Vay hé c6 nghiém: x=y =16.

U x=16.

Vi du 4.3.3. Giai cac hé phwong trinh sau:
1l‘}-\/§+ 2-y=2 2.}M+ 12-y=7
fJY +V2-x=2 By +1+V12-x=7
Loi giai.

1. Diéukién: 0Ex,y£2
Trir hai phuong trinh caa hé ta co: Vx - v2- x =y - \[2- y (¥
Do ham s& f(t) =+t +4/2- t 1a mot ham lién tuc va dong bién trén (0;2)
Nén (*)U f(x)=f(y) U x=y. Thay vao hé ta co:
x+42-x=20 Jx(2-x)=10 x=1.
Vay nghiémcaa hé: x=y=1.

Ll eve

2. Diéu kién: }

I——£X£12
T

Truir hai phuwong trinh caa hé ta duoc:
VBx+1-412-x = By+1- f12-y (1)

Xét ham s f(t) =/5t+1- 12- t, ti é— 3 12; ta cé:

5 1
f¢x) = +

©) 2J/5t+1 2J12—t
Suyra (1)U f(x)=f(y)U x=y.
Thay x =y vao hé, ta duoc:

VEx+1+4/12- x =70 4x+13+2/(5x +1)(12- x) =49

vy &L.50
0.7 the giles
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IX£9
f9X - 131x+312=0

O +-5x% +59x +12 =18- 2x U U x =3 (nhan).

Vay hé phwong trinh ¢6 1 nghiém phan biét iy:S'
Ty =

Vi du 4.3.4. Giai cac hé phuong trinh sau
tX =2x+y 1(X 1)(y* +6)=y(x* +1)
Ty =2y +X T(y 1)(x +6) = x(y +1)

Lo giai.
1. Tri hai phwong trinh caa hé ta c6:
x*-y3=x-y U (x- y)O¢ +xy+y? - 1)=0
=y
2 4 xy +y2 -
. x=y thay vao hé ta dugc: x> =3x 0 x=0,x=+/3
C X2 +xy+y?=1(1)

U

LR

Cong hai phuong trinh ctia hé tacéd: x3 +y2 - 3(x+y) =0 (2)

X2 +xy +y? -
|
ix3+y?- 3(x+y)=0

bat S=x+y, P=xy tacé:

Tir (1) va (2) ta c6 hé:

}s?-P-1=0 1P s%- . 1S=0
i ) Ui
"S3-3SP-3S:O 1S3 35(S%-1)-35s=0 iP=-1
i )
o ix=1 . jx=-1
Ui _ i

iy=-143y=1

Vay hé phuwong trinh cé 5 nghiém phén biét:
jx=0_jx=-1_jx=1 Uj'x=\/§U3[x=—x/§
| | | [ [ :
’|‘X:0 ’|‘y:1 Ty:-l Ty:\/g Ty:-\/g
0 xy? +6x- y? - 6=yx? +
2. He 0 1 y? y? y y
yx + 6y - x?- 6= xy +X
Trie vé theo vé& hai phuwong trinh cua hé ta duoc:
2xy(y - X) +7(x- y) +(x- y)(x +y)=0
- _apy XTY
U (X-y)(x+y-2xy+7)=0U ngry_ Xy +7=0
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x=y=2
x =y thay vao hé ta duoc: x? - 5x+6=00
&=y=3

X+y-2xy+7=0 (1)
Mat khac, khi cong hai phwong trinh cta hé dé cho ta duoc:
X2 +y2 - 5x- 5y +12=0 (2)
T (1) va (2) taco hé: ’[X:y 2y *7=0
+y - 5x-5y+12=0
bat S+x+y,P=xy tacé hé:

i S+7
iS-2P+7=0 _iP= _1S=1. 1S=5
[ 5 Ui 2 U i Ui
1S°-55-2P+12=0 182—68+5:0 iP=4 ;P=6
véi 1>t tathay he hiem: V4 S:5t G IX=2 ( 1x=3
i a v6 nghiém; i aco i :
o] }P=4 ay hé ghié Nip_g :y 3 }y=2
Vay nghiém caa hé da cho la: (x;y) :(2;2), (3;3), (2;3), (3;2).
2X+.y-1=m
Vi du 4.3.5. Tim m dé hé phuong trinh sau ¢6 nghiém: ¥ - .
2y +vx-1=m

Loi giai.
Dk:x,y31.Data=+x-1,b=./y-1b a,b30,taco:

f2a®+b=m- 2

i P 2(a- b)(a+b)+b-a=0

i2b% +a=m- 2

=b

1-2b.
2

* a=bb 2a?+a=m-2b PTcénghitma20 U m-2300 m3 2.

U (a- b)(2a+2b-1)=00 g
é

i 1
- {0EbEZ
12bp:' 5
{apb?- 2b=2m- 5

* a=

P Hé c6 nghiém U -%£2m 5£00 §£m£g

Vay hé da cho cé nghiém khi m=2 2.

Vi du 4.3.6. Tim m dé cac hé phuong trinh sau c6 nghiém duy nhat.
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l)i'x=y2—y+m 2)3[3X2=y3—2y2+my
| | :
fy=x’- x+m i3y? =x - 2x% + mx

Loi giai.

1) Diéu kién can: Gia st hé c6 nghiém (xq;Yy,) thi (Yg;Xg) cting la nghiém

cua hé nén dé hé c6 nghiém duy nhat thi trude hét x, =yg .
Thay vao hé ta duoc: X3 - 2xg +m =0

phuong trinh nay c6 nghiém duy nhat U D'=1- m=0U m=1.
Piéu kién da: Vi m =1 hé tro thanh:

fx=y?-y+1
'Tl'y =x?- x+1
Thtr lai ta thdy thoa man hé
Vay m =1 la gia tri can tim.

b x?+y%-2x-2y+2=00 (x- 1)*+(y-1)?=00 x=y=1.

2) Diéu kién can: Gia st hé co6 nghiém (xg;Yq) thi (Yg:Xp) cling la nghiém caa

hé nén dé hé c6 nghiém duy nhat thi trude hét x, =y .

S 3 £ 2 o €0 =0
Thay vao hé ta duoc: Xp - 5xg +mxy =0 (1)U ¢,
8o - 95X +*m =0 (*)

(1) ¢6 nghiém duy nhat thi (*) phai vé nghiém hoac cé nghiém kép x =0

¢D=25- 4m <0

0 §D=25- am=00 m>2.
e 4
§5=0

DPiéu kién da: Véi m >% ta co:

13x2 =y(y? - 2y +m) =y[(y- D? +m- 1]

I P x,¥y30
T3y2 :x(xz- 2x+m) =X[(X - 1)2+m- 1]

Cong hai phuong trinh ctaa hé véi nhau ta duoc:
x(x2 - 5x+m)+y(y2 -5y+m)=0

- 5.2 25 5.2 25 -
U x[(x- =) +m- —]+ -=)+m-—]=0U x=y=0.
[x- ) L 1y-2) 2] y

Vay m >§ la nhitng gia tri can tim.

| Vi du 4.3.7. Chitng minh ring hé sau c¢6 nghiém duy nhat véi moi at 0:
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i 2
i 2x? —y+a—
% v
2
! 2y —x+a—
f X
Loi giai.

Diéu kién: x1 0.

Tw hai phwong trinh caahé b x,y >0.
_ joxPy=y? +a®

0 [2x’y=y

He O 7 ° P 2xy(x-y)=y*- X
f2y°xX=Xx"+a

U (x- y)2xy+x+y)=0 U x=y (do x,y>0b 2xy+x+y>0).

Thay vao hé ta duoc: a% =2x° - x? =f(x) (*).

2

Xét ham s6 f(x) =2x% - x? véi x>0.

Taco: f'(x)=2x(3x- )b f'(x)=0U x=%.

Ma f(0) =0;f(%) =- 2—17 va a% >0 nén phuong trinh (*) chi c6 duy nhat mot
nghiém .
Vay hé da cho ludén cé nghiém duy nhat véi moi at 0.

I11. BAl TAP VAN DUNG

Bai 4.3.1. Giai c&c hé phwong trinh sau

ix3 =2x+y ix?-2y? =2x+y ix®+2=3y
Di 2) i A1 ,
y =2y +Xx Ty 2x? =2y +Xx fy” +2=3X
.|.2X2:1+ N
4),[ yy \/_+\/27\/_ 6)1-x+4-2y:2
| |
:':2y2=£+x 1\/9+‘ =2 Ty +4- 2x=2
) X
]_3X_x2+2
; ‘tx3+2x:y g 1M+ 4-y=4 9 : - y2
. o, o,
Ty3+2y:x TW+\/4—X=4 :|:3y_y2+2
i G
i1 1 . i1 1
(X-==y- = }X- Y =COSX- COSY iX-—=y-—
0.7 X y 1.7, 3v- 1820 12,7 X y.
Lox? - xy-1=0 Py Sy 28= Loy=x3+1
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Hwdéng dan giai
1) Trir vé'theo vé hai phuong trinh ctaa hé, ta duoc:

ex=y
3-yd=x-y0 &

(e}

&2 +y2 +xy-1=0

iX=y g &= y=0

%x3:2x+y %( y=

tX+y+xy10 fy=x3- 2x

TX =2x+y }X +(x3- 2x)2 +x(x® - 2x)- 1=0

g - ot aad-12010¢- 9720 ) dxy)=(-11
fy=x°- 2x fy=xd-2x  @xy)=(-1)

Vay hé c6 4 cap nghiém: (x;y) =(0;0),(3;3),(- 1,1),(L;- 1).

=y
2) Tru hai phuong trinh cta hé ta duoc: 3(x% - y?)=x-y 0 gx_ 1-3y.
é 3
, XY o &=y=0
1x2-2y2 =2x+y  &X=y=-3’
i 1- 3y | 1- 3y
» XT3 o*" 3 hé vo nghiém
Ix?.2y?=2x+y l.9y?+3y-5=0

Vay hé c6 hai cip nghiém: (x;y) =(0;0),(- 3;- 3).
3) Tru hai phuong trinh cuaa hé ta cé:

3.3 = o _a &
x> y*=3(y-x) U (x- y)(x XY Ty +3)_OU gxz+xy+y2+3=0vno
Thay x =y vao hé ta co:
x2+2=3x0 x3-3x+2=00 (x- )?(x+2)=00 x=1,x=-2
Vay nghiém cua hé la: (x;y) =(L1),(- 2;- 2).
4) Diéu kién:xy* 0. Tixhé b x,y>0
Trir hai phuwong trinh caa hé tacé: (x- y)(2xy +x+y)=0U x=y
Thay vao hé ta c6:

ox?=11x0 23-x2-1=00 (x- D2x> +x+1) =00 x=1
X

Vay nghiém cua hé la: (x;y) =(1,1).
5) Diéu kién: 0E£x,y £2
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Tri hai phuong trinh caa hé: Vx - v2- x =y - J2- y 0 x=y
Do ham s6 f(t) =/t - +/2- t l1a ham dong bién trén [0;2].
P (xy)=(0;0),(2;2)

6) Diéu kién: x,y2 0
Tri hai phuong trinh caa hg: Vx+4 +2Jx = [y +4+2/y U x=y
P x=y=0

7. Trwr hai phuong trinh ctia hé vé theo vé ta duoc:
x2- y3+3x-3y=00 (x- y)(x* +y? +xy+3) =0

U (x- y)§§<+ ++T+3E 00 y=x

Thé'y = x vao hé ta duoc: x3 +x=00 x=0
=0
Vay hé phuong trinh cé nghiém duy nhat iy _o
|

8. Diéu kién:

Trir hai phuwong trinh caa hé ta duoc:
J2x+3-4- x =2y +3- \/4— y (1)

Xét ham s6 f(t) =v2t+3 - /4 tI 4; ta co:

49p ()0 fx)=f(y) 0 x=y.

1 1 A$3
f¢x) = + >0,"t] &=
©= Frrs Tava &2
Thay x =y vao hg, ta duoc:

V2x+3+/4-x=40 x+7+2J(2x+3)(4- x) =16
U 2v-2x% +5x+12=9- x 0 x=30x=% (nhan).

Q

Vay hé phwong trinh ¢6 2 nghiém phan blet

9. Diéukién: x>0, y>0.

i3 xy?=x?+2 (1)

Hé phwong trinh d& cho tré thanh: | ,
i3yx* =y? +2 (2)
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Trir (1) va (2)vé&'theo vé&, ta duoc: (x- y)(3xy +x+y)=0
P x=y vi 3xy +x+y >0 véimoi x>0, y>0
Thay x =y vao phuwong trinh (1) ta dwoc
3x3-x2-2=00 (x- 1)(3x2 +2x+2):O,
Phuong trinh nay ¢6 nghiém x =1 vi 3x% +2x+2 >0 Vi moi x>0
Vay hé phuong trinh d& cho c6 1 nghiém (1;1).
10. Biéu kién: x1 0, y1 0. Tacé:

N & 0 N .
x-lzy-iu (x-y)gl+i+:0U y:ny:-l.
X y & Xyg X
+) Voiy=x(2)0 x?-1=00 x=+1.
+) Vi y=- 1 (2) vo nghiem.
X
A . i L o ix=1 ix=-1
Vay hé phuwong trinh cé 2 nghiém phan biét Ui .
iy=1 jy=-1

11. Taco: x- y=cosx-cosyU x-cosx=y- cosy (1).
Xét ham s& f(t)=t- costb f/(t)=1+sint>0, "t j.
Suyra () U f(x)=f(y)U x=vy.

Thay x =y vao phuwong trinh thi hai cua hé, ta duoc:
x3-3x-18=00 (x- 3)(x*+3x+6)=0U x=3.

Vay hé phuong trinh cé nghiém duy nhat iiiz
Ty =
12. Diéu kién: x1 0, y1 0.
W0 x-y+X Y =00 (x-y)g:eHiS:OU x:yUy:-l.
Xy & Xyg X
+ Véix=y: U leUx:_li;\/g.

¢ Voiy=-1:2)0 x*+x+2=0.
X

*

Véi [x|<1b x+2>0b x* +x+2>0.

Véi [x|3 1P x*3 |3 -xb x*+x+2>0.
Suy ra (2) vé nghiém.

Vay hé phuong trinh cé 3 nghiém phan biét

*
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| -1+J5 1 _-1-45
Ly 1 IX= PX=
o I
Ty:l |y '1+\/§ '|'y:'l'\/§.
f 2 2
Bai 4.3.2. Tim m dé hé phwong trinh sau c6 nghiém
) fx+Jy-3=m t\/x+ + /y =Jm .
|
fy+Jx-3=m T,/y+1+\/ =Jm
Hwdéng dan giai
1) bit a=x- 2-b=./ 2P a,b30
+b=m- 2A
Hetrothanh} [a th=m-2
ib?+a=m- 2 t@-b)a+b-1)=0
a=b ib=1-a
I hoéc} )
fa +a=m-2 (1) fa-a=m-3 (2)
-23%0
Hé c6 nghiém U (1) hoac (2) c6 nghiém khéng am U gm - 10 ms3 2.
é 4

2) biéu kién: x,y 3 2

fx+1+y-2=Vm g 1X=Y
Tx/X+1-\/X-2—\/y+1-\/y-2 fUX+1+x-2=v/m (1)
Hé c6 nghiém 0O (1) c6 nghiém 0 vm 330 m3 3.

Bai 4.3.3. Tim m dé hé phuwong trinh sau c6 nghiém duy nhat
2

He U

{2 =y +
n ’I[yz—x - 4x% + mx 2.% y2
ix? =y® - 4y +my Loy e ™
X
t(x+1) =y+m J\/7T+ 11-y-4=m- +/4- 3/10- 3m
T(y+1) =x+m T\/m*'\/ll— 4=m-4- 3J10- 3m

Hwéng dan giai
1)* Gia st hé c6 nghiém duy nhat (xq;Yo) P Xg =Y, va phuwong trinh

2 - o =0 . A ~
X3 =x3 - 4x3 +mx, U & " 6 nghiém duy nhat
8Xo- 5%y +m =0 (1)

U (1) vonghiém U D=25- 4m<0U0 m>§ *)
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*

2)

3)

Vi m>%.Tfrhé P (x- y)(x2 +xy+y?- 3x-3y+m)=0 (2)

Xét tam thiec: f(x) =x2 +(y - 3)x+y? - 3y +m, tam thic c6
Dy, =(y- 3)° - 4(y* - 3y +m)=-3(y - 1)* +12- 4m <0 (do (¥))
P (2) U x =y thay vao hé ta thdy hé c6 nghiém duy nhat x=y =0
25
Vay m>—.
ay 1
Diéu kién: xy1 0. Tirhé b x,y >0
Gia st hé c6 nghiém duy nhat (xg;yq) P Xo =Yg va phuong trinh
2
2x2 =% + 0 2x3 - x2 =m? (1) ¢ nghiém duy nhat.
Xo
Xét ham s& f(x) =2x> - x?. Lap bang bién thién cua f(x) va tir bang bién
thién ta thay (1) c6 nghiém duy nhat 0 m2>00 m® 0.
. o iy =y?em? e
V6i m1 0P hé U j y , giai hé nay ta thay hé c6 nghiém duy
f2xy° =x“+m
nhat x=vy.
Vay m* 0 la nhi¥ng gia tri can tim.
Twong tw nhu trén ta tim dwoc m :% .

Néu (Xq;Yo) la nghiém cta hé thi cac cip s sau ciing la nghiém cua hé
(YoiXo).(4- X0:4- Yo).(4- Yoid- Xo).

Vi hé ¢ nghiém duy nhat, nén xay ra kha nang (Xo:¥o)° (Yo:Xo) va vi thé
ta tim duoc xg =2.

Véi xg =2 thay vao hé ta duwgc m- 2=+/4- 3J10- 3m, 2<m<?.

tm-2=44- 3J10- 3m
bat v10- 3m =t, t > 2, khi d6 ta cé: !

ft-1=4- 4- 3J10- 3m

0 ?(m' 22)2:10' . (3)P (m- t)(m+t- 4)=3(m- t)
i(t- 2)°=10- 3m
tec (M- t)(m+t-1)=0U m=t vim +t-1>1

. (1)
Khi dé (3) suyra (m-2)°=10-30 m?-m-6=0Um =3.
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1\/7+ X+./11-y=6

Véi m = 3, hé cho tré thanh: |

fJ7 Ty +V1l- x=6

hé c6 nghiém duy nhat x =y =2.

, gidi tuong tu trén ta thay

Vay m = 3 théa man dé bai.
Bai 4.3.4. Chizng minh rang hé sau ludn ¢ nghiém duy nhat véi moi at 0:
3

i

j7xX+y- a_2:0
I X

! 3
Y7y +x- a—2:O
i y

Hwoéng dan giai
biéu kién:xy 1 0.
i +yx®-ad=0 . 71 +yx?-ad=0
Heo 16T g |7y
T?y +xy -ad :O T(X y)(7x +8xy+7y) 0

U x=y= Ia nghiém duy nhat cua hé.
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§ 4. HE PANG CAP
I. TOM TAT LY THUYET
1. Pinh nghta:

*

Bidu thic f(X;y) goi 1a dang cap bac k néu f(mx; my) = m*f(x;y) .
Vidu: f(x;y)=x° - y3 +3x%y la ding cap bac 3.
. 1f(xy)=a ) X TV A sk
é: ig(X'y) —b trong do f(x;y) va g(x;y) dang cap bac k goi la hé dang cap.
’I‘ f —_

2. Cach giai:

*

*  Xét x=0 thay vao hé kiém tra.

. o A g |f(X tx)=a . 1xkf(1't)—a
Véi x1 0 dat y =tx thay vao hé ta co:
1900=b " xkg(tg)=b

*

Chia hai vé& ctia hai phuong trinh ta dwoc: f(1;t) :%g(l;t), giai phuong

trinh nay ta tim dwoc t thay vao hé ta tim duoc (xy).
I1. CAC Vi DU MINH HOA

Vi du 4.4.1. Giai cac hé phuong trinh sau:
N ’[x +2xy +y2 =4 , 1{'3x2+5xy—4y2=38.
T x2+xy+2y =4 75x2—9xy—3y2=15
Loi giai:

1. Tathdy x=0 khdng phai la nghiém ctiahéb x1 0.
X?(L+2t+t%)=4 N
bat y =tx thay vao hé ta duoc: J|r 2( )= b trl =1U t=2.
ix?(-1+t+2t%)=4 2t-1

2
3

* t=20 y=2x thayvaohé& 9x*> =40 x=+

Vay nghiém caa hé la: (x;y) = S_—,i—f.
2. Déthdy x =0 khong la nghiém cua hé.
V6i x1 0, daty=tx, tl j.
}3x? +5x(tx) - 4(tx)* =38

Hé cho tré thanh: | ) hé nay viét lai:
15x% - 9x(tx) - 3(tx)* =15
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x2(3+5t— 4t2):38
hay. 2
3+5t- 4t

|
w2 2

x%(5- 9t- 3t2)=15 orot- At
f ( ) 1‘5 ot - 3t?

2(3+5t-4t2):38

(1)

38 (2)

15

Quy ddng mau s6 phuong trinh (2) va rat gon ta duoc:

54t% + 417t - 145 =0, giai phuong trinh

t—-% hoic t
18

Y (.oli—‘

38

Véi t=2 thethi x2=—>
3 3+5t- 4t

Véi t=- % twong tw trén, truong hop

Vay hé da cho c6 nghiém la: (x;y) =(-

nay ta dugc 2 nghiém:

=9 tdc x=-3 hoac x=3.

nay khoéng thoa.

3;-1), (3:1).

Vidu 4.4.2. Giai cac hé phwong trinh sau:

T(x y)’y =2
Tx -y =19

l(x - xy +y? ) xF +y?
(x +Xy +y )w/x +y —185

Loi giai:
. Vi x=0 khoéng la nghiém ctaa hé nén ta dat y = tx . Khi d6 hé tré thanh:

Px3-v%t=2 1.8 19 t?+t+1_19
| —_—— —_— =
ix3@a-t%=19 td-1* 2 tl-t 2
0 21t%- 17t+2=00 tzg,tzl.
3" 7
2~ 2 s a 19 3 =
t_EU y—gx thay vao hé ta co: — 7 190 x=3p y=2.
1 - 1 L 342 3 7 1
t==0U y==-x thayvaohétacod: ——x>=19U x=——b y=——.
7 Y73 y i 3437 318 Y 318
7 0

Vay nghiém caa hé la: (x;y) =(3;2), SJ_J_
8o

Vi x = 0 khéng la nghiém cta hé nén ta dit y = tx , ta duoc:
t'—”l 130 12¢2- 5t+12=00 t=2:¢=3
t?+t+1 37 3 4

3~ 3 65 o [ 2 N

=—U —XP —Xx“VX° =65U XxX=#4p y=413,

4 y= 4 64 \/7 y

4

0] y-%xb 2$X2\/X72=65U X=+3p y==4,

0.)

Vay hé cé bon cap nghiém: (£3;+4), (+4;+3).
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Vi du 4.4.3. Giai cac hé phuong trinh sau:

i 565101
N | Iy
Dyt = 1§ yraxg 17
a4 gl . '
= [0}
faxt+yt =ax+y 18%+ O/x =108
) y+42Xg 17

252

Loi giai.
Tt hé phuong trinh B (X3 +y2 - xy?)(dx +y) = 4x* +y*.
bat x=ty (doy?t0).
Taco: y* (2 +1- )@t+D)=y*@at* +1) p t3- 42 +3t=0 0 t=0,t=1t=3

=1
t=0pb x= Ob:ry4 Oy=1.
Ty =y
’[x =1
t=1b y=xb j Ux=1l=y
15x =5X
25y =1 .
t=3p x= 3yb} y U =3il3 x=3i.
1325y =13y 25 25

Thu lai ta thdy nghiém cua hé

la: (0;2), (L), (\/_ J—
Diéu kién: x>0,y >0

i,. 5 _ 101
17 y+ax 112y
Hé phwong trinh dé cho viét lai: | c 103 hé phuong trinh

13+ =—"—(b)
foy+42x 17Ux

i 101 103

=t —— b)+(a

Loy 17Ux (b)+(a)

nay tuong duong véi hg: i 10 103 101

1 y+42x 17X 17,2y (b)- (2)

60 _103° 101°
y+42x 172x 1722y’

Nhan vé theo vé ctia 2 phuong trinh trén ta duoc:

quy déng mau sé va rat gon ta duwoc 2.(103y)2 +84.6275xy - 42.(101x)% =0,
phuong trinh nay duoc phan tich thanh: (2y - x)(1032y +1012.42x) =0 suy
ra x =2y vi 1032y +1012.42x >0 véi x>0,y >0.
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R . 5 103
Thay x=2y vao phuwong trinh (b) ta dwoc: 3+ = ,
y y phuong (b) . e a2(y) 1y quy

d6ng mau s va rat gon phuong trinh: 51y - 103\/§+1 0, phuwong trinh

nay tuong duong véi: (ﬁ \/E)ggl\/y %2:0 tic y =2 hoic yzfloz'
el 10

Vay hé phuong trinh ¢6 2 nghiéem (4;2) ' €2601 5202
Pl

Vidu4.4.4. Tim a d€ hé bat phuwong trinh sau c6 nghiém:
I5x - 4xy+2y2 33

2a-1 (D).
7x +4xy +2y° £
{ y+2y° 2a+5
Lai giai:
}-5x2+4xy-2y2£-3 18
HeO |, ) 18 b 16x? +16xy +4y? £ -
j21x° +12xy + 6y~ £3- 2a+5
I 2a+5
0 (4x+2y2 £-—2 b 2a+5<00 a<-2.
2a+5 2
5x2 +4xy - 2 0 5x2 +4xy - 2
Ta xét hé : 1 y-2y° * 1 y-2y°
121x +12xy+6y =3 T?x +4xy+2y =1
bit y=tx (do x1 0), tacé:_5t2+—4t_2:-3
Tt° +4t+2
016t2+16t+4=00t=—%0 =-2y.
Thay vao hé ta duoc: 7x% =10 X=tp y=mi
' o NG N/

Ta chirng minh véi a<- g thi hé (1) c6 nghiém.
That vay goi (Xg:Yo) la nghiém caa hé (*) khi d6 ta co:

1-5%3 +4xpy - 2y2 =-3
1 18 P (X0:Yo) 12 mdt cap nghieém cta hé (1)

I 2 2
121x5 +12X% +6y5 =3<3-
{ 0 oYo Yo 2a+5

Vay a<- g la nhitng gia tri can tim.
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I11. BAl TAP VAN DUNG
Bai 4.4.1. Giai cac hé sau

13[3x2+5xy—4y2=38 1(x V(X% - y?)=3
N
75x2—9xy—3y2=15 T(x+y)(x +y) 15
ix2+y?=1
j2y(x? - y?) =3x Dyt
310 1 4. '|-3X3-y3: 1
fx(x* +y?) =10y I Xty
|\/_ 1+ ——2
5 Tx - xy+y? =3(x- y) 6 X+yz
TX +xy +y? =7(x- y)?
1- =442
1r@ X+yg V2

tx - 8x = y +2y

TX 3= 3(y + 1)
Hwéng dan giai

1. Tathdy y =0 khong la nghiém cua hé. bat x =ty thay vao hé taco :

y2 = 38

i
—(
Ty(3t2+5t 4) = 38 1 3t2+5t—4()
]
Ty(5t2-9t-3)—15 3t? +5t- 4 g()
fst?-ot-3 15
Tacé: (2)0 145t2- 417t- 54=00 t=3,t=- o
145
t=3 thay vao (1)taco y> =10 y=+1,x =13
18 N .2 21025 . n
=- — thayvao (1) tacé: =- vb nghiém.
145 Y @ y 2531 ghis

Vay nghiémcaa hé la: (x;y) =(3;1), (- 3;-1).
2. Tohétasuyrax+y! 0 néntaco:

(X- V)X - y)_go 5(x -

(x+y)(* +y%) 5
U (x-2y)(2x- y)=00 x=2y,y =2x.

y)2 =x?+y? 0 2x%- 5xy +2y? =0

x =2y thayvaohétaco: y3y? =30 y=1p x=2
y=2x thay vaohétaco: - x.(-3x?)=30 x=1pb y=2.
Vay nghiém cua hé 1a: (x;y) =(1;2), (2;1).
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3. Tathdy x =y =0 la mot cap nghiém cua hé.

Tt phuwong trinh th hai ciahé b xy3 0.
t2- 1)=3t
bat x=ty (yt 0)p t30taco¥ y( )=3ty
iy t(t +1) =10y

b 3t*-17t2+20=00 t=2;t=\/§.

e, G IS
%]

4. Diéukién: x+y1 0

P (xy)=

R ey?) =1 o Pery=1

oo [6e+¥) ey
{(3x3-y3)(x+y)=1 T(3X -V +Y) =0 +y?) (%)

Dit x = ty, khi d6 (*) tré thanh ;

G- D+ =2 +12 0 2t* +3t3- 2t2- t- 2

O (t- 1)(2t3+5t2+3t+2):OU t=1t=-2.

0

t=1b x=y= \/»
[ X=-2y

t=-2p{ _ 1.
RN
2

5. TacH: x2 +xy+y? =7(x- y)? 0 2x?- 5xy +2y?> =00 x=2y,y =2x
Tt d6 ta tim duoc nghiém caa hé : (x;y) =(0;0),(2;1),(- 3;-2).

i 2
Céch 2: Tacoj.rxz_Xery =3(x-) 0 }:(X'y) '3Xi:3(x'y)
ix2+xy+y? =7(x- y) fxy=2(x-y)

bat u=x- y,v=xy. Hé tré thanh

3[u2—3u+v=00 ju=0 . |u-1

%v=2u2 :V 0 jv=2’

Twr d6 giai duoc cac nghiém cua hé 1a (x;y) =(0;0),(2;1),(- ;- 2).
6. Diéukién: x,y3 0.

Vix =0 hayy =0 khbéng la nghiém caa hé nén ta co:
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e to-2 i1 22
I TV S AN @
He | U | .
i 1 4275 _ 1 22 @
{7 x+y Jiy  Ix+y V3x fry

1 &1 220e1  2J20_1 8
vy BV iy g JTvg a7y

U 21xy =(x +y)(7y - 24x) U 24x% +38xy- 7y?> =0

U (6x- y)(4x+7y)=0U y=6x (Do x,y >0).

Nhan (1) véi (2) ta duoc:

1 2o a7 22 +87
Thay vao (1) ta co: 1_E mu 1 =X =——
Tht lai hé ta thay thoa man.
i X = 11+ 4f
Vay hé c6 cap nghiém duy nhat T E
i 22487
(A

’[x - y =8x+2y

7. Hé
X2 - 3y2 =6

(e}

b 6(x% - y3) =(8x +2y)(X? - 3y?)

0 3x%-3y® =4x3 - 12xy? +x%y- 3y% 0 x(x2 +Xy - 12y2) =
X(x+4y)(x- 3y)=

Tt d6 ta tim dwoc nghiém cua hé la:

(3:1):(-3:-1): 278, J78O.® 478 78

(xiy) =] (3:1):(-3 PR e 7
f § 18 1B4E 13134

(e}

Bai 4.4.2. Tim a dé cac hé phuong trinh sau cé nghiém :
,}3x2+3xy+y2£1 ]L,3x2+10xy—5y2£—2
1) i 3a+1 2) | 1-a-
[5XZ +Txy +2y?3 == (X2 +2xy- Ty? £—2
f yrey a+?2 f y- at+l
Hwoéng dan giai
1) * Gia si hé ¢c6 nghiem (x;y) hay .

I5x -4xy+2y233 :5x -4xy+2y233

2a-1U i 25 n2a-1
7x +4xy + 2y £ 21x% - 12xy - 6y? 3 -3
f y y 2a+5 f y- oy 2 +5

18 5
b -(4x+2y)®3 —° _suyra 2a+5<0b a<-—>
( y) 2a+5 Y 2
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*

2a-1_1 6

Vi a<-§ ta co: =1- >1
2 2a+5 2a+5
15x% - 4xy +2y% =3 1
Taxéthéphuo’ngtrinh:} 5 y y2 (1)
F7X° +4xy +2y° =1 (2)

(1)(2) C6 nghiém thi hé cé nghiém vi moi nghiém (1)(2) déu la nghiém
cua hé da cho.
§5x% - 4xy +2y? =3 _ }5x% - 4xy +2y® =3 _
Xéthé(l)(z):} yray =3yl YT =cy
F7x% +4xy +2y° =1 §-(4x+2y)* =0

— — ——l —
N
~N R o e

hé c6 nghiém. Vay a<- g la gia tri can tim.

2)*  Giai st hé c6 nghiém (x; y), tuc la:

1)

leo2 2, 3a+l1 Ioo2 s . 3a+1
i OX" +7xy +2y” 3 [OX" +7xXy +2y° 3 ——
I; ytzy a+2 0 % y+zcy a+2
fax?+xy+y?£1 {_9x?- 3xy- 3y?3 -3

p —4x2+4xy— y23 —ib (2x - y)2£i Pa+2>0pb a>-2
a+2 a+?2

Kétqua: a>-2.

§5. HE PHUONG TRINH KHONG MAU MUC

Khi giai hé phuong trinh, du ban c6 dung cach gi bién d6i di chang nia thi
muc dich cudi cung cua ban cting chuyén vé phwong trinh mot bién va giai
phwong trinh vira thu dugc. D6 cing la suy nghi ty nhién, viéc lam giam
biéh la quy luat khéng chi trong toan hoc ma ca trong cudc séng chiing ta van
thuong 1am. Tém lai, khi giai hé phuong trinh thi ching ta phai tim cach lam
giam s6 an cua hé dé thuan loi trong viéc giai né. Sau day toi xin néu mot s6
kinh nghiém ma téi c6 duoc trong qua trinh hoc tap va giang day.

RUt th&: T mot phuong trinh rit mdt &n (ho&c biéu thirc) theo @n con lai
(theo mdt nhém biéu thirc khac).

Né&u trong phuong trinh ctia hé ma c6 mot an xuat hién dwéi dang bac nhat,
thi ta c6 thé rat an dé theo an con lai va thé vao phuong trinh thi hai cua
hé va ban ciing dirng ngan ngai khi thay ring sau khi thuc hién phép thé,
phwong trinh thu dwoc ¢6 bac khéng nho.
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12x +y(x+1) = 4x2
Vi du 4.5.1. Giai hé phwong trinh | . ) .

5% - 4x8 =y

Loi giai.

Vi phuong trinh th nhat cua hé chi chta y nén ta nghi dén viéc rat y
theo x va thé vao phuong trinh thi hai cua hé.
Tacoé: y —Lilx) (Do x=-1 khdéng la nghiém cua hé) thay vao phwong
trinh thit hai ciahé taco :

40n _ 2 _&X =0
X4(5'4XZ)=4X - )2() Ue 237y 2 2

(x+1) @5- 4x°) (X" +2x+1)=4(4- 4x+X°)

. &=0 . &=0
Ue , 3 2 Ue 2
gAX" +8x7 +3x7 - 26x+11=0  gx- 1)(2x- 1)(2x° +7x+11)=0
&x=0p y=0
o &=1P y=1
é 1 1
X==Pp ==
SX 2 y 2

1
Vay hé da cho c6 ba cap nghiem: (x;y) =(0;0), (1;1), 82 0
Binh luan: Céch giai nay c6 mot wu diém la khong can phai “manh khée”
gi ca ma chi can bién ddi hét sic binh thuwong. Tuy nhién, né c6 mét nhuoc
diém la né chi gitp chdng ta giai quyét bai toan dé thoi, con con dwong dé
sang tac ra bai toan dé thi cach giai trén khéng thé lam ré dwoc! D€ hiéu ro
duwoc nguon goc cua bai toan va dé la cach ma tac gia da sang tac bai toan
trén.
§2x3 +y(x +1) = 4x?

Céch giai thir 2. Ta viét lai hé nhu sau i,
iy +4x% =5x*

Nhan thdy x=0pP y =0, hay (x;y) =(0;0) la mot nghiém cua hé.
y

i _
) I2x+X—2(x+1)—4
Vc’yixlotacc’)héu i 2
T®Y 0 44y =5
f&x2 g
bata=2x,b=—= tacoduoche.
X {a? +b2=5
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bay la hé doi xing loai 1. Viéc giai hé nay khong may kho khan.
Qua loi giai trén, ta thady con duwong dé ché tac ra nhirng hé kiéu nay la xuat
phat tir mot hé da biét thuat giai, ching ta thay thé hinh thirc caa céac bién
cé mat trong hé va bién doéi rat gon ta thu duoc mot hé cé hinh thic hoan
toan xa la véi cai hé ban dau.
Chang han: Tt hé }rx: Yy =S

X + y

(lwu y hé nay c6 it nhat 1 cap nghiém (1;2))

Tathay thé x bing 2L3 va y bing y? thi tacé hé:
X

1Yy Y s

:2x3 2x3 0 Ty(y +2x%y +1) =10x3
'i +y* =5 ty 2(1+4x%y?) = 20x°
1 4x8

+2x%y +1) =10x3
Vay ta c6 hé phwong trinh sau: ¥y(y y+1)= .
iy (1+4x6y2) 20x°

1 -2xy+Xx+y =0 1)
Vi du 4.5.2. Giai hé phuong trinh : .
1x4-4x y+3x +y =0 (2

Loi giai.
Nhan thdy phuong trinh thit nhat cua hé la phwong trinh bac nhat déi véi x
nén ta rut x theo y va thé vao phuong trinh thi hai ta dwoc phuwong trinh
mot an.
2

Tir (1), suy ra y = ’; “l‘ (do x :1 khéng Ia nghiém cta hé) thay vao (2) ta
X_

2x2 tX a2, 86(2+x0 ~ &x=0

g 2X - 1 =0U %(x)=0

Vi f(x) :x2(2x- 1)? - 4(x% +X)(2x - 1) +3(2x - 1)? +(x +1)°

duoc: x* - 4x

=4x* - 12x3 +10x% - 6x+4
Nén f(x) =00 2x*- 6x3 +5x? - 3x+2=0
O (x- D(x- 2)(2x* +1)=00 x=1,x=2
Vay hé da cho cé 3 cap nghiém (x;y) =(0;0), (1,2), (2;2).
Binh luin: Ciing nhu ¢ vi du 1, cach giai trén chi giai quyét dwoc bai toan
ch khong phai la con duwong dé sang tac bai toan d6. biéu nay thoi thac
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chdng ta di tim mot 15i giai khac cho bai toan trén. Su xuat hién x? - 2xy
va x* - 4x?y goi cho ta nghi dén cac hing ding thuc:

X - + X+ =0
Ta viét lai hé nhw sau: }( ) y) y- y
-y)2+3x%-3y? =0

i (X
Viéc lam nay cting khéng may kha quan, vi khi nhin vao hé chiing ta cting
chua phat hién dwoc méi lién hé nao. Bit chudc cach 1am & vi du 1 ta bién
doi nhu sau:
Néu x=0P y =0 langhiém cua hé

y

Ix—2y+1+—=0 y

f < ,'[x+——2y+l
Néu x1 0,tacohe U 2 O i

Ty2 -4y+y—+3 0 .'(X+—) =6y- 3

1 NG f

Suy ra (2y +1)% =6y - 3. Dén day thi bai toan tré nén don gian.

Vi cach giai trén, ta c6 thé ché duoc rat nhiéu hé phuwong trinh khac nhau. O
day chang ta cha y rang viéc giai hé cudi cling quy vé giai cac phuong trinh
bac hai nén chuyén cac hé sd nhan nhirng gia tri nao khdng quan trong.

2
1 X+ Y 4x +4
Chéng han tu: |l P , bién d6i nguoc ta cd dwoc mét hé:
1%+ _yg =x%-3
X @

t&

[

T X-==4y-1
X e . JUA
Hoac la 3 bién do6i nguoc ta cé6 duge mot hé.
.I. yo _ 2y
18

O hai bai trén chung ta giai theo cach rt moét an theo an kia. Dau hiéu nhan
thay la viéc xuat hién cua mét phuong trinh la phwong trinh bac nhat doi
véi mét an. Bay gio chang ta chuyén qua xét mot s6 hé ma chang ta thuc
hién rat thé€ ma phuwong trinh d6i véi mét an trong mot phwong trinh nao
d6 khong phai la phuong trinh bac nhat.

’[x - 8x=y3 +2y (1)
Vi du 4.5.3. Giai hé phuong trinh: | )
X —3:3(y +1) 2

Loi giai,
* Cach 1: T (2) tasuy ra: x? = 3(y? +2) (3), thay vao (1) ta duoc:
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é&x=0
3 2 x® - 2 q e
X° - 8x=y(y +2):y?U X(3x“-xy-24)=0U 2 3x2_. 24
g X
x =0 thay vao (3) ta thdy phuong trinh v6 nghiém.
2 _ 2 62
-2 thay vao (3) ta duoc: x° - 303X 24; +6
E x5
é2=9  &=#3b y=#l
0 13x*- 213x% +864=00 & 0 ¢
%(2:% gxzi %p y:m@
e 1 e 13 13

Vay hé c6 4 cap nghiem la: (x;y) =(£3; 1), (a?: %; m@g
N1 13,

Binh luan: Viéc ching ta suy nghi dén rut thé la nhan thay & phuong trinh
thit nhat chi chaa y° va y; ¢ phuong trinh thi hai caa hé lai chia y? nén
néu ta thay y? vao phuong trinh thit nhat thi phuong trinh th nhat caa hé
tréd thanh phuong trinh bac nhat doi véi an y va ta thuc hién rat y nhu
trén. Tuy nhién, c6 1é day cting khdng phai la con dwong ché tac bai toan
trén. Tk nhan xét trén, ta thdy & phwong trinh thit nhat hai bién x,y léch
bac nhau 2 bac (x® va x; y® vay), dong thoi phuong trinh thi hai ciing
léch bac nhau 2 bac ( x?,y? va hing sd). bieu nay goi y ta tao ra su dong
bac nhu sau:
Cach 2 He 0 XY =B
6 =x%- 3y?
Pay la phuong trinh ding cip bac 3. Viéc con lai dé giai quyét hé khong
con khé khan ntra.
Véi cach lam nhu trén ta c6 thé ché tac ra nhiéu bai toan vé hé phuong trinh
Chéng han, tir phuong trinh : (x- 2y)(x +3y)(x- 1) =0 nhan bung ra roi
tach thanh hai phwong trinh ta sé duwgc moét hé.

, suy ra 6(x3 - y3)=(8x+2y)(x2 - 3y2).

Vidu 4.5.4. Giai hé phwong trinh |

ix3 +3xy? =-49 (1)
sz - 8xy+y2 =8y - 17x (2)'

*

Loi giai
Céach 1: Tathdy x =0 khdng phai la nghiém cua hé nén tw (1)
2 X3 + 49 ;
by =- 3 (*) thé vao phuong trinh (2) ta duoc:
X
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3
X2 - gxy- X149 gy 170 24y(x? +x) = 2x% + 51x2 - 49
ex=-1
O 24xy(x +1) = (x +1)(2x% +49x - 49) U §y 2%2 + 49x - 49
g 24x

- x=-1thévao (*) b y=%4.

_2%? +49x - 49

thé& vao (*), ta co:
24x

x +49 3@x% +49x - 49
3X g 24X E,

0 -192x(x3 +49) = (2x? + 49x - 49)?

Bién ddi rat gon ta duoc:

4x* +4x3 +45x% +94x+49=0 U (x +1)2(4x% - 4x+49)=00 x=-1.

Vay hé c6 hai cap nghiém: (x;y) =(-1;%4) .
* Cach 2: Lay (1) +3.(2) ta c6 duoc:

x3 +3x% + 3xy2 - 24xy + 3y2 =24y - 51x- 49

O x3+3x% +3x+1+3y%(x+1)- 24y(x+1) +48(x +1) =0

0 (x+1)((x+1)2 +3y? - 24y+48):o 0 x=-1

bén day bai toan tro nén don gian.

a+b y= a-b
2

fa®+b3+98=0 ©)

Thay vao hé ta co duoc: | )
TSa 5b“ - 9a- 25b=0 (4)

* Cach3:bata=x+y,b=x-yb x=

LAy (3)- 3.(4) taco: a° - 9a% +27a- 27 +b® +15b? +75b+125=0
U (a-3)°+(b+5°%=00 a- 3=-b- 5.Dé&n day bai toan tré nén don gian.
* Cach 4: Vi x=0 khéng la nghiém cta hé nén ta dat y =tx.
’[x (1+3t )=-49

Khi d6 hé tré thanh:
Tx(l 8t+t) x(8t- 17)

e 49 _ -49 =49
17 T 1+3t% 49+3(t2-16) 49+3a o,

1 (Voica=t°- 16;b=8t- 17).
ix= 817 8t- 17 _ b

o t?-8t+1 (t>-16)- (8t-17) a-b
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-49 _ b°
49+3a (a- b)d

0 49(b3 +(a- b)3)+3ab3 =0

% A 2 _ _ _ 2 30:
0 ag49(b b(a- b)+(a- b) )+3b U=0
&=00t’=16
e .
g4g(b2 - b(a- b)+(a- b)2)+3b3 =0 (*)

t2=16 vaohé b x=-1p y=+4.
Khai trién va rat gon, ta c6:
()0 49t* +360t3 +547t% - 360t +304=0

O (t+4)%(49t% - 32t +19)=00 t=-4.
Binh luan:
Vi cach giai th nhat, chi doi hoi ching ta ki nang tinh toan va cach giai
nay cting chi giai quyét duoc van dé la giai duoc bai toan dé ma thoi.
Céch giai thi 2 1a céch giai ngan gon nhat, tuy nhién dé nghi ra duoc céch
giai dé ching ta can c6 mdt sw nhay cam nhat dinh. Nguén goc cua cach
giai nay theo t6i nghi la xuat phat tir viéc ching ta doan duoc hé cé nghiém
x=-1 nénchungtataorathrasd x+1.
O phuong trinh thi 2 thi - 8xy bt cip véi - 8y sé tao ra thirass x +1. V4n
dé con lai la 3xy2 va y2. Hai dai lwong nay bt cip véi nhau dé tao ra thira
s6 x+1 thi bit budc ta nhan vao dai luong y? véi mot s8 1a 3. Do 1a 1i do
ma ta da nhan phuong trinh (2) véi 3 roi cong vaéi phuong trinh (1).
Véi cach giai nay, c6 thé gitp ching ta ché tac ra nhiéu bai hé. Chang han,
hai bai sau la két qua caa viéc lam d6.
ix3 +2xy? =5

Bai 1. Giai hé phuong trinh : | )

T 2X +xy +y? =4x+y

Bai 2. Giai hé phuong trinh ; ?Xs +YE (- y)0y - 1)
TX3 - X2 +y+1l=xy(x-y+1)
Con duwong dé di dén cach giai thix 3 ¢6 I€ 1a nhu sau.
Do & phuong trinh tha nhat cé su xuat hién x°, 3xy? va & phuong trinh
thit hai c6 su xuat hién x?,xy,y? nén goi y cho ching ta phan tich qua hai
dai luong x- y va x+y

Taco: X3 +3xy? =a(x+y)® +b(x - y)>. Dong nhat hai vétaco a=b :%
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X2 - 8xy +y2 =a(x +y)? +b(x - y)2.

bo hat hai vé'ta c6 jarb=1 UT 2
ngn ai vétaco: j
ong nnha e {a-b:-4 .:.a__g
T 2
i 25
. _ La=- —
" . cja+b=-17 _ i 2
8y - 17x =a(x- y)+b(x+y).DPong nhat, taco i 1
prarbse g 9
T 2

. 2 ,
[ (X + +(X- =-08
Nén ta viét lai hé nhu sau: }( Y) 2( Y) 2

§-3(x+y)” +5(x- y)* =-25(x- y)- 9(x+Y)

Va dén day, dé don gian vé mat hinh thic ta dat a=x+y,b=x-vy.

. ja®+b®+98=0

Taco hé: | , ,
3a%- 5b%- 9a- 25b=0

Céch giai thit 4 dwoc dya vao cach giai caa hé ding cap, tuy nhién cach giai

nay véi cach giai thir nhat chi gitp ching ta giai quyét duoc bai toan va doi

hoéi phai tinh toan nhiéu.

*

12x- y+m=0 (1)
Vi du 4.5.5. Tim m dé€ hé phuong trinh sau ¢6 nghiém: |

fytdxy=2 (2

Loi giai.
Ta thay (2) la phuong trinh khong chira tham s& nén ta sé giai quyét (2)
truede

1Y£2
Taco:(2) U xy=2-yU }X_y2-4y+4.
] y
2— -
Thay vao (1) ta dwoc: yo-dy+a, y+m=00 mzﬂzf(y) 3).
y y

Hé c6 nghiém U (3) c6 nghiémy £2. Xét ham s& f(y)véi y £2

Tacé: f'(y) :i2 >0b f(y)dong bién trén mdi khoang (- ¥;0) E (0;2]
y
lim f(y)=4; lim f(y)=-¥; lim f(y)=+¥.
y® -¥ y® 0" y® 0

Ta c6 bang bién thién:
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V| -¥ 0 2
f'y) + *
+¥ 2
f(y) / /
4 -¥

Suy rahé co nghiemU mT (-¥;2]E (4;+¥).

3(x+1)° + m=0
Vi du 4.5.6. Tim m dé€ hé phuong trinh: ? ( ) Y-

TX+\/> 1
¢6 ba cap nghiém phan biét .
Loi giai.
iX£1l
Taco: x+xy =10 (xy=1-x0 | 2. 2y +1
I -_—
| X

(do x =0 khéng la nghiém phwong trinh).
X2 - 2x+1

Thay vao phuong trinh thi nhat ta duoc: 3x? +6x+———""-=m- 3 (a) .
X
Hé cé ba cdp nghiem U (a) cd ba nghiém phan biét thoa mén x£1.
2
Xét ham s& f(x) = 3x? vox+ X2t a2 g o4 L veixel
X X
, xS +7x° -1, ., - _ 1.1
Pf(X)=——F——P f'(X)=0U x=-Lx=-ix==.
X 2 3
Bang bién thién:
" -1 = 0 1 1
2 3
f(x) - o + 0 - - 0 +
2_ ¥ 9
4
® / \
E
3
Duwa vao bang bién thién ta thay (a) c6 ba nghiém phan biét
2131£m 3£9 gzo£m£12
U e U &
€7£m- 3£-2—7 € 4£m££
é 4 e 4
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20

3

Vi du 4.5.7. Tim tat ca gia tri cua tham sé a dé hé sau c6 nghiém (x; y) thoa
man diéu kién x3 4.

Vay —£m£12 hodc -4£m £¥ la nhitng gié tri can tim.

VX +fy =3 (1)
%\/x+5+ y+3£a (2)'
Loi giai.

biéu kién: x,y3 0
3

ix34
Pitt=vX P Jy =3- t,cloiyS o P 2ELES.
|

Khi d6 (2) tré thanh: a3 vt2 +5 ++/t2 - 6t+12 =f(t) (3).
t t-3
+
J2+5 Jt2-6t+12
b f(t)=00 t(t- 3 +3=(3- tWt?+5 (¥
b t?(t- 3) +3t2 =(3- t)2t? +5(3- t)> U 2t?- 30t +45=0
Phuong trinh vo nghiém vi t1 [2;3]

Xét ham s& f(t) véitl [2;3], ¢o f'(t) =

BBT:
t 2 3
f'(t) +
Ja+3
f(t) /
5

Hé c6 nghiém U (3) c6 nghiémti [2;3]U a3 r[wil_iz?f(t)=f(2)=5.

Vay a3 5 la nhiing gia tri can tim.

2. Bién dai vé phwong trinh tich
Xuat phét tir mot phuong trinh hodc cong trir hai phuong trinh ctaa hé, dan
téi mot phuong trinh tich. Tt phuong trinh tich nay ta c6 thé biéu dién
duoc an nay qua an kia.

2xy

pey?e=Yo1 )
Vi du 4.5.8. Giai hé phuong trinh: | X+y .
tx+y=x*-y )

Loi giai
biéu kién: x+y >0
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Phuong trinh thé nhat caa hé chira ba biéu thic X2 +y?;xy;x +y, ma ba
biéu thiic nay quan hé véi nhau boi ding thic: (x +y)? =x? +y? +2xy nén
sé bién déi (1) nhw sau:

Taco:

x+y)* - (C+y?)

(1)U X2+y2+ 1=0
X+y
2 2 2 2
A (XS HY)X+Y)- (X +Y )+X+y-1:0
X+y
2 2 ) )
0] (X+y-1)(X +y +1)=00 x+y-1=0U0 y=1-x (DOX ty >0)
X+y X+y
A . &=1b y=0
Thay vao (2), ta duoc:x” - (1- x)=10 x* +x- 2=00 §><X=-2byy=3

Vay hé c¢6 hai cip nghiém: (x;y) =(1;0), (- 2;3).

Vi du 45.9, Gisi he phuong trinh : | XY =X - 2Y°
i du 4.5.9. Giai hé phwong trinh : | :
FX{2Y - yVx- 1=2x- 2y

Loi giai.

pisu kien: | * ©

M 1ys o
Phuong trinh thie nhatcaa hé U x% - (y+1)x- 2y? - y=0 (¥)
Xem (*) la phwong trinh bac hai an x, con y la tham sd, phwong trinh nay
0 biét thirc
D=(y+1)” +4(2y° +y) =(3y +1)?
Do d6 (*) ¢6 hai nghiém x =2y +1,x=-vy, taloai nghiém x=-y
Thay x =2y +1 vao phuong trinh thit hai cia hé tatim dwoc y=2b x=5
Vay hé da cho cé nghiém (x;y) =(5;2).
Binh luan: Khi gap moét phuong trinh cta hé c¢6 dang
ax? +by? +cxy +dx+ey +f =0, ta co thé xem day la mot phuong trinh bac
hai v4i an x (hodc y) va y (hodc x) la tham s6. Néu biét thiee D c6 dang
(my +n)? thitarat duoc x =ay +b.
Néu gip hé phuong trinh gom hai phuong trinh bac hai, nhuwng moi
phuong trinh caa hé khéng co tinh chat néu trén thi ta c6 thé nhan vao moi
phuong trinh mét s6 nao dé roi cong ching lai véi nhau dé duoc mot
phuong trinh bac hai c6 tinh chat vira néu trén.
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) o . j2x? +2xy+y =5 (1)
Vi du 4.5.10. Giai hé phwong trinh : | 5 .
fy” +xy+5x=7 (2)

Loi giai.

Nhan phuong trinh thi hai caa hé \?('yi k1 0 vacong véi phuong trinh tha
nhat ta duoc:
2x2 +(2y +ky +5K)x +ky? +y- 7k- 5=0 (¥
Xem (*) la phwong trinh bac hai an x, phwong trinh nay c6 biét thic
Dy =[(2+K)y +5Kk]* - 8(ky? +y - 7k - 5)

=(k- 2)°y? +2(5k? +10k - 4)y + 25k + 56k +40..
Ta chon k sao cho D, =(ay + b)2 , tac 1a k thoa mén
D'y = (5k? +10k - 4)% - (k- 2)%(25k? +56k +40)=0 (**)
Ta thay phuong trinh (**) c6 mét nghiém k =1, ta chon gia tri nay.
Khi d6 D, =y? +22y +121 =(y +11)?

Suy ra phuong trinh (*) ¢6 hai nghiém: x = - y2+ 3;x =-y-4.

Thay vao hé ta tim duwoc hai cap nghiém (1;1),(- ;- 3).

. o b3 +2xy? =5
Vi du 4.5.11. Giai hé phuong trinh | )

T 2X +xy+y2 =4x+y'

Loi giai.

Nhan thdy phwong trinh c6 nghiém (1; i\/§) , Nén ta suy nghi dén viéc tao
rathwrasd x- 1.
Chu y dén s6 hang chita y? & hai phuong trinh, ta nghi dén 13y phuong
trinh th nhat trir di 2 lan phuwong trinh th hai ta c6 duoc:

x3 - 4x? +8x - 5+2y2(x— D+y(x-1)=0
O (x- 1)(x% - 3x+5) +2y?(x- 1) +y(x- 1)=0
U (x- (X - 3x+2y? +y +5)=0 (*)

Do x2—3x+2y2+y+5=a§<—§92+2a§/+£92+£>0, "Xyl
& 20 & 45 8
Nén (*)U x=1. T d6 tatim dwoc (x;y) = (1; i\/§) Ia nghiém cua hé.

3. Dat 8n phu dua vé hé quen thudc
Viéc dat an phu lam cho ciu trdc cua hé nhin don gian hon, tir d6 ching ta
c6 loi giai ré rang hon. b€ dat an phu ching ta can tao ra nhitng nhém
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hang t&r d6ng dang véi nhau. D€ tao ra nhitng nhém hang tir nay ta thuong
thuec hién chia hoac ghép cac hang t& véi nhau.

1 1+ x?’y3 =19x°
Vi du4.5.12. Giai hé phuong trinh :

Ty+xy =-6x>
Loi giai.
1'%+y =19
Vi x =0 khéng la nghiém caa hé nén hé U |X
'yiz+y2£—-6
T° X
a’+y®=19
iData—1 ta co hé: U}r ) y
X fa‘y+y 2a=-6
bat S=a+y,P=ay.
2 . 1S=1 ja=3 _ ja=-2
chide: |36~ IP)=10 1571 1am3 p jam 2
[SP=-86 TP='6 Ty=-2 1y=3

Vay nghiém cua hé la: (x;y) = ( i-2), ( ;3) .

Binh luan.
1) Ngoai cach giai trén, ta c6 thé giai theo cach sau
Ta thdy x =0 khong la nghiém cta hé, ta bién doi hé nhw sau
}6(1+xy)(L- xy +x%y?) =6.19x°
% 19xy(1+xy) =- 19.6x°

Cong hai phuong trinh cua hé lai ta duoc: (1+ xy)(6x2y2 +13xy +25)=0
Dbén day, bai toan tré nén don gian.
+ xy = 6x°

2) Mot vi du twong twe nhu bai toan trén 1| 5
fl1+x7y° = = 5x?

Vi du 4.5.13. Giai hé phwong trinh
}x? +3y? +4xy - 18x- 22y +31=0
| :
T2X2 +4y2 +2Xy +6x- 46y +175=0

Loi giai.
bdt x=u- 5,y =v+7 taco hé phuwong trinh
i‘uz +3v2 +4uv =1 (3) )
[
j2u+4vi +2uv=1 (4)
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Hé nay c6 thé giai theo cach thong thuong, nhung lwu y la trir 2 phuong
trinh vé& theo vé'ta co ngay u? +v?- 2uv=00 u=v

v=——
Tacohe (YO 1|8u =1y

fu=v

vV=—

-1
2f

(D:% D D (E (0N
>

g 1, 0®-1 -1
ezf > 22 b’gzxﬁ 22
Cha y: D€ thyc hién dwoc phép dat u,v d€ duwa vé hé (*) nhu trén, ta da thuc
hién budce thie nhu sau

bat x=u+a;y=v+b taco hé phuwong trinh

Vay hé da cho co nghiém: (x;y) = 7_

fu? +4uv +3v? +u(2a+4b- 18) +Vv(6b+4a- 22)+4ab+a’ +3b’ - 18a- 22b+31=0
%Zuz+4v2+2uv+u(4a+2b+6)+v(2a+8b- 46) +2a° +4b? +2ab+6a- 16b+175=0
Dé hé s6 ctuia u, v 1a 0 ta giai hé phwong trinh
i2a+4b-18=0
1 6b +4a- 22=0 1a=-5
{42 +2b+6=0  {b=7
f2a+8b-46=0
Céch giai trén ta c6 thé ap dung c6 mot s6 hé bac hai

2x% +3 - 9Xx+8y+9=0
Vi du 4.5.14. Giai hé phwong trinh: 1| X +3y” - xy - Ox+8y .
ix%- y® +3xy- x- 8y-5=0
Loi giai.
bat x=a+2,y=b-1tacohé:
{2(a+2)* +3(b- 1)°- (a+2)(b- 1)- 9a+2)+8(b- )+9=0
|
i@+2)?- (b- 1) +3@+2)(b- 1)- (a+2)- 8(b- 1)- 5=0
g { 282 - ab+3b2=40 ta® +3ab- b% =2
| |
ja’+3ab- b>=2  j7ab- 5b*=0

i 5 I 52
y1p=0 1877 fb=0 487
U | ) U i , giai cac hé nay ta duoc | va | .

fa® =2 81b _5 fa=+v2 |b_+7\/§

T49 A

Tt d6 ta suy ra dwoc nghiém cua hé da cho la;
-t e
(xy)] 1[(21\/2;- )§2+—5f -1+—7[9”y
T

%
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Vi du 4.5.15. Giai hé phuong trinh

18x3 - 12x?y - 36x? +12xy +28x- 3y- 3=0
%y?’-6xy2+9y2-24xy+24x+24y+25:O.
Lai giai.
Dat x:aT+1 va y=b- 2, thay vao hé va bién déi ta co:
1 3ab—4Ata 3a’b=-4
Tb3 3ab?=-5 T(a by =1
. jb=a-1 . jb=a-1 . la=
ta®- 3a%@a- 1)=-4 %2a3-3a2-4:0 ib=1

Vay nghiém cua hé da cho la: |l
fy

3
2

Vi du 4.5.16. Giai hé phuong trinh

1(x +1)y +1= 2xy (y 1)

fxy?(3xy* - 2) =xy*(x +2y) +1’
Loi giai.
2,4 2 4 5
X +2xy° +1+y" - 2xy> =0
HéU} y \ y y
13x%y° - 2xy? - x?y* - 2xy® - 1=0
&
1x2+2—+ -2xy=-1 §x+———2xy‘—1
0! 4 0|
:3X2y2—§—X2-2Xy'i=O & 102
f y? 0 ey oy gy
) a
(do y =0 khong la nghiém cua hé)
bat a= x+— ,b=xy, taco hé:
y?
ia2-2b=-1 ta =2b-1 0 ib=1
i i
Ta2-3b2+2b20 i3b2- 4b+1=0 ja=#l
- i i VB-1 1 _ 1445
ja=1. .:.X+_2:1A :x d R jx=-—
i Ui Ui y Ui 1 \/gvl 1- 5
ibh= i T + -
txy=1 fy?-y-1=0 %y= > %VZT
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|
oty hé vo nghiém.

1+\f 1+\F°.

Vay nghiém cua hé déd cho la: (x;y) = 9

2 g

i 5
( - 1) +3= GXy

242
Vi du 4.5.17. Giai hé phuong trinh |
| \/4x— 3x%y - 9xy?
3y-Xx=
X+ 3y

Lai giai.
i3y3 X

Tt phuwong trinh thi hai, ta cé | Ix+3y10

Hé da cho twong duwong voi:
I(x - 22X+ 4)(X% +2) =6X°y x5 +8=6x%
1
2 0
ax- 3xy 9xy I9y 6xy+x -—4X - 3xy
X+ 3y +3y

1 (By- x)* =

1x +8=6x°y g }x® +8=6x%y
|
(x - 3xy+9y )(x +3y) =4x Tx3+27y3:4x

l+— =
6
Vi x =0 khong la nghiém cua hé, nén ta cé: ! x 3
It—3-=—
1 X X

by
X

1+a=2pb
Dat a—£>0 b—3—y ta thu duoc hé: }
x? X fl+b®=2a
. j1+a®=2b 4 Ta b _ja=b
Ui 2 2 Ui 2
i(a- b)@@ +ab+b +2)=o fa -2a+1=0 j(a-1@ +a-1)=0

ia=b

c
-
+
&
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12 _5-1
) e
a=b= 1+\/§U .!X 2
2 i3y _+5-1
T x 2
%x: J5+1 Ix=-{5+1
Ul WE+1(vE-1) VI J5+1(v5- 1)
Y= 6 Y= 6

bai chiéu diéu kién, ta c6 nghiém caa hé da cho la:

(xy)= g 2+—_ g

\/7 (5- )JVE+1 1)\/ 5+10

ﬂ

Vi du 4.5.18. Giai hé phuwong trinh sau
]|'\/2X- 1- y(1+2\/2x— l) =-
i
fy? +yv2x- 1+2x=13

Lai giai.

Diéu kién: x3 %.Dét t=+/2x- 1 véi t3 0. Hé phuong trinh tré thanh

tt y(1+2t)=-

U !t y-2ty=-8 (l)
fy? +yt+t? =12

i(t- y)* +3ty =12 (2)

Tir (1) va (2), suy ra 2(t- y)° +3(t- y) =00

0

-y=
-y=

@m«»m
le

= V6it=y,taco: t=y=2.Khido:v/2x-1=2U x:gb y=2.

. Vi y:t+g,cé 4% +6t-13=00 t=

_3+\/7

4

3+f

3J_(

do t20).

3+f

y=

Khi dé: t=

Vay hé ¢6 nghiem (x;y) = 8_ 2_,§

i i

pY= 1

| Ui

T T 43 3\/
A2X-1=———

f f 16

a5 63 3f 3+J_10

16 4

-3+4/61
4

ﬂ
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: 6x* - (x3 - x)y2 - (y+12)x* =-6
Vi du 4.5.19. Giai hé phuong trinh: | 2
5 - (x2 - 1) y2 - 11x% =-5

Loi giai.
Nhan thdy, x =0 khong la nghiém cua hé nén chia hai vé& ctia moi phuwong

trinh cho x® ta duoc:
2

ieer 16 16 2 i 1 16
6052+ 2K Q2. y.12=0 6%K-20.F 162 -9
1€ X5 & xo Uigxagxfayy
':'ag(z 1C'>a§( 18 :a§(1023§(1022
1582+ -0 & 2042 11=0 5%&.10 . & 102 1.9
78 "x2g & x5’ P8 x5 & xg”
2_a 0
bat a= x-1 ta co hé: 1’ y Y=
X T5a a’y? -
i
o : ty: el
Chia hai v& cua hé cho a° 1 0 taco: | a .
i 2 i:5
i TR

ty u+u?y= 6U[UY(U+Y):6 g luty=3
|
Tu2+y =5 j(u+y)?-2uy=5  juy=2
=1 ju= 2

Tt d6 ta tim duoc: | hoac |
,y—2 ty=1

Dat u—1 ta co hé:
a

u=1b a=10 x- 1210 - x-1=00 x=1*®
X 2
1

+/17
YR

oai\/ﬁ

e

O 2x?-x-2=00 x=

Vay nghiém ciia hé da cho 1a: (x;y) = ff“ V5.

e

u=2p a=

Ux—1
X

N |-
I\J|I—‘

1

Qo

4. Phuong phap ham so
Trong phuong phéap nay, ching ta dya vao tinh don diéu ctia ham sd dé
thiét 1ap mai quan hé gita cac an.
Kich ban ma chung ta thuwong st dung d6 la tir mét phwong trinh caa hé
hodc ca hai phuong trinh ta bién doi vé dang:

f(u) =f(v) véi u=u(x,y),v=Vv(X,y)

Trong d6 f(t) la mot ham lién tuc va dong bién hoac nghich bién trén
khoang ma ta dang xét.
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Diém mau chét trong cach giai nay la tim ra ham dac trung f(t) .

Vi du 4.5.20. Giai hé phwong trinh:
?xs +x-2=y3+3y? +4y (1)
ix®+y3+1=0 (2)

Loi giai:
T (1) tacox® +x- 2=(y+1)3 +(y+1)- 2(%)
Xét ham s6 dic trung: f(t) =t3 +t- 2 c6 f'() =3t> +1>0," t1 j
Suy ra f(t) dong biéntrén j , Két hop vdi (*) ta duwgc x =y +1
Thé vao (2) suy ra:
XX +(x-1)%+1=00 x> +x3- 3x%> +3x=00 x(x* +x%- 3x+3)=0
. &=0
Oe, . -
X" +X° - 3x+3=0(vny)

Vay hé cé nghiém duy nhat (x;y) =(0,1).

Vi du 4.5.21. Giai hé phuong trinh :
{(x+\/1+x2)(y+\/1+y2):1 (1)
|

fx{6x- 2xy +1=4xy +6x +1 (2)'

Loi giai.
Diéu kién: 6x - 2xy +13 0 (*)

Taco: (0 x+Vx?+1=-y+4y?+10 f(x) =f(-y) Vi f(t) =t+Vt? +1
\/t2+1+t> It]- t
J2+1 2+t

vay f(x)=f(-y)U x=-y.

Lai c6: f¢t) = 3 0 do d6 f(t) dong bién trén j .

2
Thé vao (2) taco: xVex+2x° +1=-4x> +6x+1U §2x2+6x+1- g; ==

g\/2x2 +6x+1=3x

1%}

0 €
&V2x2 +6x+1=-2x
}ou2 au?
Néu v2x% +6x+1=3x U }2); O+6X+1_9X UOx=1b y=-1
§X
32 a2 i i
Néu v2x? +6x+1=-2x 0 ;I[{)2(><£0+6x+1—4x 0] x=3 ;/ﬂb y=—3+2\/ﬁ
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- - 0
Thu lai (*) ta thay hé cé nghiém (X;y)=(1;—l);aE3 ;/T; 3+\/ﬂi.

2 5

x3 -y +3y? - 3x- 2=0

Vi du 4.5.22: Giai hé phuong trinh : ! .
X2 +41- X2 - 32y - y2 +2=0

Loi giai.
pieu kien: | X EL
10£y£2
Taco
boox®-yiesy?-3x-2=0 - 3x-2=(y-1°-3(y-D)-2 ()

i U j
X2 4V1- %2 - 32y - y2 4220 §x2+1- %2 - 31- (y- 12 +2=0 (2)
Taco: y- 1,xI [- 1]

Xét ham s6 f(t) =t3 - 3t- 2,t1 [- 1;1] c6 f'(t):3(t2- 1)£op W0 x=y-1

Thay vao (2) ta duoc: x% - 241- x?2 +2=00 x=0p y=1

Vay nghiém cta hé 1x=0
ay nghiém cua hé: { :
1y=1
Vi du 4.5.23. Giai hé phuong trinh véi x,y1 g%;%? :
a
| gxey _ SinX
:, siny .
T38x +3+1=6,2y% - 2y +1+8y
Loi giai
. x.y _sinx ~ e* ey .
Taco: eXY = 0] = 0 f(x)=1(y),

siny  sinx - siny

. e P . N

Trong d6 f(t)=——, tl (0;=). Ham f(t) lién tuc trén (0;=) vaco
sint 4 4

t
e cost(tgnt— 1) <0
sin“t
p f(x)=f(y) U x=y thay vao phuong trinh thit hai ta duoc:

ft) =

"1 B:POb f(t) 1a ham nghich bién tren 3: P
gy O ghich bie &4

6
2]

3y8x% +3+1=6v2x2 - 2x+1+8x U 3(V8x2 +3- 242x2 - 2x+1)+8x- 1=0
o 3(8x - 1)

VBX2 +3+242x% - 2x +1

+8x-1=00 x=21 (O;B).
8 4
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Vay hé c6 cap nghiém duy nhat: x =y :% .

Vi du 4.5.24. Giai hé phuong trinh

1(4x +1)x+(y - 3)y/5- 2y = 0
14x +y? +24/3- 4x =7

Loi giai.

Diéu kién: x £ = ,y£ >

T phueong tr|nh thi nhé’t dé dang suy ra x > 0.
5- 4t

Dt (/5- 2y =2t2 0, taduoc y =

Thay vao phuong trinh dau ta cé: x(4x? +1) = t(4t> +1)

+ 5' 4X2

Vi ham f(u) = u(4u® +1) dong biéhtrén j* néntacé x=t,suyra y=

Thay vao phuong trinh tha hai ta dwoc:

242
2+w+2'\/3- 4x =1.

Trong khoéng%% ju,ham 6 g(x) = 4x> +w 2+4/3- 4x cO:

4

v3- 4x

Mat khac lai co 92%2:7 vi vay phwong trinh g(x) =7 chi ¢c6 mét nghiém
[}

g¢x) = 4x(4x?% - 3)- < 4x(4x? - 3)<0.

duy nhat la x:% ,suyray=2.
1
Vay hé da cho cé nghiém duy nhat :'X
fy=2
Cha y: Trong mét s6 treong hop, chdng ta can han ché mién xac dinh cta céc
bién tir cau tric cua hé da cho.

1
2

}.x?’ - 3x% - 9X +22 =y3 +3y2 - 9y
Vi du 4.5.25. Giai hé phuong trinh: | - 1
1 X5 +y© - x+y:E
|

Lai giai.

277



Cdam nang 6n luyén thi Pai hoc Toan hoc — Nguyén Tdt Thu.

T(x-1)°%- 12(x - 1):(y+1)3 - 12(y +1)

Ta c06 hé da cho twong dwong Véi: e 1 & ae 1 0

x-—_ ‘1
1§25 ¢
138 -12a=b3-12b
bat a=x- 1,b=y+1 ta duwoc hé: ][ae 18 10
a+—_ —1
Tg 2g 8
- L& 1'-1£a+1£1 ~,|r--§£a££ %az 9
T ca+== +8%——_ =1b | 2 U i 2 2 Ui 4-
€ 25 & 2p (c1gb-2g1 i-legped ip2gd
T 2 T 2 2 T 4

Xét ham s§ f(t)=t3-12t, ta c6 f(t) 1a ham lién tuc trén j
f'(t)=3(t2 ; 4)<o, Vi t2 £%

Néntir a®-12a=b%- 12b tac6 a=b.

la=b
Dodo,hédacho U [ 14 @ 1 0 azb=s1,
i a+ a-—; =1 2
) 2g
Vay nghiém cuaa hé da cho la: (x;y) :85;- %9 (Z% gg
o %]

va

LX - 3x2 +2—«/y +3y D
| .
13\/x- Z:Jy +8y (2)

Vi du 4.5.26. Giai hé phuong trinh

Loi giai:
biéu kién: x3 2;y3 0
Taco: ()0 x3- 3x?+2=y,ly+30 (x- 13- 3(x- D=(y +3)°- 3/y+3
Xét ham dic trung f(t) =t - 3t ¢ f¢t)=3t%- 33 0,"t3 1
(vi\/m3 \/§;X—131)
Suy ra ham s3 dong bién trén [L;+¥] , hay x- 1=,/y+3 U y=x?- 2x- 2
Thévao (2): (2) U 9(x- 2)=y? +8y 0 9(x- 2)=(x? - 2x- 2)® +8(x? - 2x- 2)
O x*- 4x3+8x%- 17x+6=0
=3

O (x- 3)(x®- x? +5x- 2)=
( ) ) 3 _x2+5x-2=0

(?Q)(D) ;g\

278




Cty TNHH MTV DVVH Khang Viét

Xét g(x)=x3- x2 +5x- 2 ¢6 g'(x)=3x?- 2x+5>0," xI i suy ra day la mot
ham dong bién trén j

Laicod x3 2b g(x)3 g(2) =13 >0 suy ra phuong trinh g(x) =0 vé nghiém.

Vay hé da cho cé nghiém (x;y) =(3;1) .

by+x?)=x(1+y?) @
Vi du 45.27. Giai hé phuong trinh: | % ) +y’) @

fx2+3y2:1 (2).

Loi giai.
Tu phuong trinh (2)U -1£x,y£1 (¥).
Tu phwong trinh (1) ta thay hé c6 nghiém (x;y) thi xy >0 (**) do d6 x,y ludn
cung dau véi nhau.

2 2 1

2
14X 1Y fx) = f(y) trong d6 f(t) = -

MU véi th [-1;1].

2 - ~
Taco f¢t) L 5 ! £0b f(t) nghich bién trén moi khoang [- 1;0)va (0;1]

Vi x,y cung dau nén ta c6 cac truong hop sau:

* Néu x,yl (0;1]b f(x)=f(y)U x=y thayvao (2) b x=y=%.

* Néu x,yl [-1,0)p f(x)=f(y)U x=y thayvao (2) b x=y=-

N |~

Vay hé da cho c6 hai cap nghiém: (x;y) = (i%;i%) :

Binh luan:

1) Ngoai cach giai trén, ta cé thé bién doi (1) nhu sau:
M0 x+xy*=y+x’y 0 x- y+xy(y- x)=00 (x- y)(xy- 1)=0.
Tw day két hop vdi (2) ta tim duoc X,y .

2) Né&u trong hé xuat hién phuong trinh dang f(x;y) =f(y;x) thi ta cé hai cach
bién d6i phuwong trinh nay
Cach 1: Bién doi vé dang (x- y)g(x;y) =0.
Céch 2: Bién doi vé dang h(x) =h(y), roi ta st dung phuwong phap ham so.
Tuy nhién trong treong hop nay ta can leu y tinh chat sau cia ham don diéu.
“Néu ham s6 y =f(t) (C6 TXD D;) don diéu trén tdp xac dinh cta no thi
f(x)=f(y) U x=y. Con néu Dsla hop cta cac khoang thi khi &6 ta chi két
ludn dwoc la ham s6 y =f(t) don diéu trén tirng khodng xac dinh ctia noé va

279



Cdam nang 6n luyén thi Pai hoc Toan hoc — Nguyén Tdt Thu.

3)

khi d6 tir f(x) =f(y) thi ta chua suy ra dugc x =y! ma ta chi suy ra dwoc
khi x,y cung thuoc mét khoang”

- 2 -
Chang han ta xét ham f(x) =L";(3 c6 f'(x)=-1-

<0 thé

- 2)?

nhung f(1) =f(3)=0!

Trong cach 2 & bai toan trén ching ta can phai c6 dwoc hai nhan xét (*) va
(**) vi c6 (*) ta méi két luan duoc f(t) nghich bién, cé (**) ta maGi xét hai
treong hop x,y <0 va x,y >0 nén tir f(x) =f(y) méi c6: x=y. Trong mét
s6 truong hop, ching ta khdong c6 dwoc nhan xét dé€ day hai bién vé cung
mét khoang xac dinh thi ta st dung cach bién ddi thit nhat. Chiang han, ta

xét bai sau: |

Vi du 4.5.28: Giai hé phwong trinh : |

fv2x+1- J2y+1=x-y (1)

Tx2—12xy+9y2+4=0 (2)'

5.

Lai giai.
bK: x,y3 - 1
;X >
Tw (2) ta thdy néu hé c6 nghiém (x;y) thi x.y3 0 (*¥)
D0 V2x+1-x=2y+1-y (3).

Xét ham s f(t) =+/2t+1- -1b f(t)=0U t=0

. 1
t,taco: f'(t) = i
P ham f(t) dong bién trén (- %;0) va nghich bién trén (0;+¥).
Do (*) nén ta c6 cac treong hop sau
TH 1 x,y1 [- %;O) b f(x)=f(y) U x=y (do f(t) dong bién).
TH 2: x,y1 [0;+¥) P f(x)=f(y) U x=y (do f(t) nghich bién).
Toém lai ca hai treong hop déu dan dén x =y, tic la (1) U x=y thay vao
(2) taduoc: 2x> =40 x=+/2 (do x3 - %).
Vay hé c6 mét cip nghiém : x=y =+/2.
Phwong phéap danh gia
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Dé giai hé phuong trinh ta c6 thé str dung phuwong phap danh gia. Thong
thuong ta xuat phat tir mot phuwong trinh hoac két hop ca hai phwong trinh
cua hé dé€ ta thiét 1ap duoc mét phuong trinh ma dé la truong hop xay ra

L

dau

ctia mdt bat dang thie. Tir d6 ta tim dwoc méi quan hé don gian

hon gitta hai an. Cach lam nay thuwong str dung khi cac yéu td xuat hién

trong phuong trinh khé c6 mai quan hé bién doi dai so.

Vi du 4.5.29. Giai hé phwong trinh : “X +y ty2xy =22 (1).
VXY =2 )

Loi giai.
biéu kién: x,y3 0.

Taco: (x- y)23 00 x?+y?3 %(x+y)2 0 Jx?+y?s3 %(x+y)

b (X2 +y? + [2xy 3 %(x+y+2\/@):%(\/§+\/§)2 =22
(do &+\/§=2)

=y 0
«/§+\f 2
Vay hé da cho c6 mét cap nghiém duy nhat x =y =1.

biang thac cé U | Ux=y=1.

Chu y: Ta c6 thé giai hé da cho bang céach giai cua hé dsi xieng loai 1.

Tuy nhién, viéc bién doéi twong do6i phic tap hon.

i 2xy

2
Xt ——————==X"+Yy
I 2
! - 2x+5
Vi du 4.5.30. Giai hé phuong trinh: | W
ly+ —————=y“ +x
1 Jy?-2y+5

Loi giai
* Tathdy x=0P y=0b x=y=0 lamdt nghiém cua hé.
* V6i xy ! 0 cong vé theo vé hai phuong trinh ctia hé ta dwoc
a&e 0
X2 +y =2xy¢ ! ! ‘£2xy§el = —2xy
\/(x 1) +4 \/(y 1) +4
p x?- 2x+y £00 (x- y) £00 x=y=1.
Thtt lai ta thdy thoa man. Vay hé c6 nghiém 1a: (x;y) =(0;0), (1;1).

Vi du 4.5.31. Giai hé phwong trinh
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_1i:x+y=3/ﬂ
i & o]
) e v

1

+:2l

Sfay oy s

Loi giai,
Ap dung bat ding thiicc AM-GM ta c6:
Jx 1 lee x L Xty ('5

i
|
i
)
)

N 2y © ,/x+3 £ ex+y 2;5

£

'|\1’X+3y 232 X+3yg
x+y 1eey ,30

Chting minh tuong tw ta cting c6: =6

Cong lai ta duoc (\/;+\/7)§ ! —£2

Jx+3y \/x+3y

Pang thic xay ranén x=vy.

Vaa

Vay hé cé nghiém duy nhat x=y = —

Vi du 4.5.32. Giai hé phuong trinh:
Ix2y? - 2x+y? =0 (D
| .
§7x% - 14x+3y> +10=0 (2)

Loi giai.
2X |x30
Tu (1) suyra: y? = 1p 33 1
(1) suyra:y a1 |_1£y£1 y *)

T (2) suy ra 7(x- 1)% +3(y% +1) =0

Ma 7(x- 1)%2 0;3(y® +1)3 0 (do (*)) b 7(x- 1)*> +3(y> +1)2 0
t(x 1) =0 . |x 1

Pang thic xay ra U | U

fy>+1=0 ty=-1

Thu lai ta thay hé cé nghiém (x;y) =(1;-1) .

Vi du 4.5.33. Giai hé phwong trinh :
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][\/yz-8x+9-3xy+12-6x£1 (1)
'If\/Z(X—y)2+lOX—6y+12-\/§:\/m (2)'
Lai giai.
Tacé: (2) U \/Z(X- y)? +10x- By +12 = Jy +/x+2
‘{y3 0;x3 -2

0 14
%(x- y)2 +5x - 3y+6:%(\/§+\/x+2)2 (3)
Taco: TV(3)=x% - 2xy +y? +5x- 3y +6
=(x+2)" - 2y(x+2)+y* +y+x+2

=(y- x- 27 +({y) # (5 2) 2 2y +Vx72) = VR
bangthiccd U y=x+2b (2)U y=x+2.
Thay vao (1) ta duoc:
U2 - ax+13- I - 4x+12£10 Ji+3- Yt+2£1  (4).
Trong do: t=x?- 4x+10=(x- 2)> +63 6P Jt+23 2.

Taco: t+3=1+(¥172) =1+ (072)° +(¥E72) = 1+ 2¥T72 + (372

2 2 .
b t+32 (1+3t+2) b Ji+3- ¥t+221 (5). Dang thiic c6 khi t=6.
T (4)va(G)tasuyrat+3-Jt+2=10 t=60 x=2.

.
Vay hé da cho ¢6 nghiém duy nhat jy .
y =

jy? +(4x- 1)% = 3fax(8x +1
Vi du 4.5.34. Gidi hé phuong trinh | (X~ D" = J4@x+
§40x2 +x = y/14x- 1

Loi giai

Dk:x3i.
14

He O ty? +16x° - 8x +1=34x(8x +1)
e U |
T80X2 +2x=2yJ14x- 1
Cong hai phuong trinh ctaa hé véi nhau ta duoc:

y2 - 2y /14X - 1 +14x- 1+96X? - 20X +2 = 3/4x(8x +1)
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O (y- JI4x- 1)? +96x? - 20x +2=34x(8x+1)  (1).

Tacéd: VT(1)3 96X2 - 20X +2 :%[3(8x- 1)2 +8x +1]3 %(8x+1)

= %[16x +8x+1+2]3 %%/lGx(Bx +1)2 = 3[4x(8x +1) = VP(1)

i 1
{8
Suyra (1)U j A Thte lai hé ta thay thoa man.
ly=+14x- 1=—
T 2
i 1
t" s
Vay hé da cho cé nghiém duy nhat | Neh
i, .3
i 772
Vi du 4.5.35. Giai hé phwong trinh:
Ix+6,/xy - y=6
i 6(x3+y3) S (x.yT i).
TX+——" - 2( +y ):3
Fox2+xy+y?
Loi giai.

Lo ixy30
biéu kién: | ) ) .
fX°+xy+y“ 10
Tu phuong trinh thi hai cta hé ta thdy néu x£0,y £0 thi dan dén hé vo
nghiém, do dé ta chi giai hé khi x>0,y >0.

Khi dé, PT thit nhat cua hé duoc viét thanh
- 2
x+6,fxy - y=60 x+2\/E:3+%(x/§— W)
b x+2,/xy 3 3.Déng thiic xay rakhi x=y =1.
Tiép theo ta chitng minh,véi x+2\/g3 3 thi

6(x3 +y?3
20
X2 +xy +y?
2 2
3.3 (x+y (x - Xy+y )
That vay, do X +y s X+Y g4 ( 3 : s Xty
x“+xy+y 3 X°+xy +y 3

U 3(x2 - xy+y2)3 X2 +xy+y2 0 (x- y)2 3 0 (ludn dung véi moi x>0,y >0)
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6(x3+y3) 2.2 2.2
suyrax+m- 2(x +y )3x+2(X+Y)' 2(x +y )

Mat khéac theo BDT CauChy-Schwarz ta co:
x+2(x+y)- 2(x2 +y2) :x+2\/x2 +y2 +2Xy - \/Z(xz +y2)

2

—x+2\/2¥(12+12)§<2 +y +2§_ 2(x2+y2)
2

Xy
& |,2 2 o]
s x+2, /¢ u+\f?- 2(x2+y2):x+2«/xy33
28\ p

Pang thac xay rakhi x=y =1,
Ti c4c 1ap luan trén dan dén hé co nghiém duy nhat (x,y)=(11).
Vi du 4.5.36. Giai hé phwong trinh:

i 4

. 3
e oM
N 4
'1'214/y—+4 =1+ §|x|
| 3 2

Loi giai.

e 4 y4 0 3
Trie theo vé cac PT ctia hé ta duoc 29‘{/— +4-f—+at= = (|y| - |X|) 1
¢V 3 3 El 2

v
* Néu |x>|y| thl\/3 +4 - \/3 +4>0>|y|- X

4
* Néu |X <[y| thl\/3 +4 - \/); +4 <0<ly|- |x|

Vay (1) U |x| =]y|; thay vao PT thix nhat caa hé ta duoc phuong trinh

i/; 1+ —|x|U 4\/: 1+ +2\/7|X| (2

Theo BDT CauChy-Schwarz ta co:
4 4 2 2
4\/X—+4 ag(_+4oa%_+4 36—+4 2x% +4
3T E T T

Két hop véi (2) suy ra 2x? +4£1+§x2 +2\/§|x| 0 (|x| \@)Z £0
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0] |x|=\/ED x =26 .
Vay hé phuong trinh cé cac nghiém la

(V6:B) (- /&: ). (1. VB). (- v&:- 6.

Vi du 4.5.37. Giai hé phwong trinh:
Y™ = (y + 1)
|

i , |
iV-ax2 +18x- 20 + 2 T *0 gy

i
I
1 2X° - 9x+8

Lo giai.

1y +1>0
biéu kién: }-4x2 +18x- 203 0U :
£2x2 - 9x+81 0 f

2
Dt t=v-4x2 +18x- 20 = |5 - 4%- 20 b ogtet
4 € 4y 2

2
Ta co: -4x2+18x-20+w=t+1+ 24
2X° - 9x+8 t°+

1y >-1

2£X£E

- 1u
4_f(t),u go,z

8t 1u alo 83 5
f¢t)=1- @if >0, "t eo qP 2= f(0)£f(t)£f82g 255

Suyra Jy+132pb y+13 4,

Taco /" =(y+1) 0 =V g gy =gy +1) 9
X y+1
Trong do g(t)—ln—t,g(t)— Intb g'(t)>0U t<e

Do x1 g EInen suy ra g(x)£g(2) = In2

y+13 4 nén g(y +1)3 InT4_InTZ

iX=2
Tt d6 suy ra 1 _3 Ia nghiém duy nhat cua hé da cho.
Ty =
I11. BAl TAP VAN DUNG
Bai 4.5.1. Giai cac hé phuong trinh sau

T%X =X T%X =X
Tx+y ,/x+y+ T\/X+4 \/l y= \/1 2X
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1,/x+ - X =2
JX +y +JX-

5, XX P e viey?
§3x2 + 4y +2=3y(x +4)

3xy +2)

'ae<o ae<o

‘[ — = +eo—= =12
7Ing &
T(Xy) +xy =6
R
I y-y
9. i
Ix+X+——3
iy y
180¢ +yz)+4><y+(x+5 7B
11. 4 y
T2x + =1
1 X+y
]:4xy+4(x2 +y2)+(x+3 v :8_;
13.| y
Tox+ 1 _13
1 X+y 3
X2 +y? +x+y-4=0
15 XY Ry
12x + Xy - y -bx+y+2=0
17 1x3+3xy =6xy - 3x- 49
|
1x2—8xy+y =10y - 25x- 9
%;x2+y+x3y+xy2+xy:-E
19. | ! 4
Ix*+y? +xy(1+2x)=- >
$X Ty y( ) 2
4
x4 - 3y +x%y? =1
21. 1| y y*
3%y - % +xy=-1

tx +1+y(y+x)=4y
(x +D)(y+x-2)=y
i 1 1
XYy

6. | X y
}2y=x3+1

Il %+ 2_y:3
8..\/y V' x
1x

-y+xy=3

}\/x+\/§ +\/x- Jy =2

10. |
T\/y+\/§- \/y— Jx =1

X2 +y? =2xy +1
12_1 y y
x> +y3+1=0

" ‘}'5x2y- 4xy? +3y° - 2(x+y)=0

ixy(x® +y?) +2=(x +y)?

EX+Yy+.X-y=8
Ty,/x— y=2

Fxt +2x3y + x2y? =2x +9

16.

8.7 ,
fX° +2Xy =6x+6

Xy +X+Y =X2 - 2y
FX2y - y/x-1=2x- 2y

2
20.

JTX+y +[2x+y =5
2X+y +Xx-y=2

22,
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23. | , 1 3 )
1|'6(y-2) +E(15-xy)—x yg2y +3)° -

24. |

26.

}x3+y3- xy =1

jfAx+y +2x+y =2
f2X+y +x+y=1
PxXy=y+2
%x+z=2\/§(x/§— Jy +42)

ly+_’/X - 12y+1——(x2 +17)

- 1x+y34

Ty +yT)=xt it
PUX+ 432 x - y? =-3
'%Q/X+M+6y=24

o8 293[ x3 - y2 +3y? - 3x-2=0
.| |
|ﬁ+%= £+ﬁ Yy fx2+\/l—x2—3\/2y-y2+2:0
fey 3 3y 4 2
ael 2\/;+\/§0
1y5 4 wvd = 10 46 : §4 "
x> +xyt =y " +y X+y g
30. | 5 31.’
f\/4x+5+,/y +8=6 :4 ag_z&+\/§$:
it Xty
Ix™ + X+ 3
32 1X(y'x)7 33, | ey(zy)
Cxt +x3y +9 3% + x2y? +9x gLy Ly 8
T y+tIy=y y 1y 7t 5~ %
| Xt X5 x
" 1|;x4—y4=240
Tx3—2y3-3(x 4y) 4(x - 8y)
3 ]|'-w13+2x2y— x4y2 +x2(l— 2x2)=y4
.

Fl+1+(x- y)2 =-x3(x* +1- 2x% - 2xy?)

. ?x?’ +3y2 =2 - 1|,-2x2 +2- X+ Jy- 1- 34 =2xy+x
ix2+2y3 =3 §2y% +V2- X+ [y~ 1- 34=-xy+2y

38.

1. Diéu kién : i
1

px* +x3y +x%y? =2x+9
i
i X2 +2xy =6X+6

Hwéng dan giai

|x+y30
_y30

Ta thdy mdi phuong trinh ctia hé 1a phuong trinh mot An x+y va x- y. Do
d6 diéu ma chdng ta nghi t6i 1a di giai teng phuwong trinh tim x+y va
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X -y, khi d6 ta cé duoc hé phuwong trinh maéi don gian hon nhiéu. b€ don
gian vé mat hinhthtctadat a=x+y, b=x-yb a,b3 0 tacé hé:
iva=%a g ta®=a’ g ja=0Va=1

ivb=¥b-12  fb=(b-12)? b=4 '

.. 1a=0 . jx+y=0_. jx=2
Vol i i
ib=4" ix-y=4 " jy=-
i 5
ja=1l_ jx+y=1_{*73
Vélf i 1
ib=4  ix-y=4 o= 3
y___
T 2
Vay nghiém caa hé la: (x;y) =(2;- 2), g §9
i3/x-y: IX-y

' %\/x+4- JI-y=+1-2x

Taco: 3x-y=/x-yU g zi(l)

x =y thay vao phwong trinh thi hai ta duoc:

1
L be4gxEZ
Jx+4- 1o x =41- 2xU 1 2
+4=2-3x+2,/(1- x)(1- 2x)
) -4£x£— ) ~:--1£ gl
0 ot 2 2 0 x=0

}2x+1:\/2x2- 3x+1  12x®+7x=0

x- 1=y thay vao phuong trinh th hai ta dwoc:

A---4£x£1
Jx+4-J2-x=41-2x 0 | 2
Ix+4=3-3x+2(2- x)(1- 2x)
L lexel 7+3J7 11+37
0 ,1 4 2 0 x=tFEN o222 ¥ NT

$(ax+ 1) = 4(2x 5X +2) 4 4

Vay nghiém cua hé 1a: (x;y) =(0;), ?7+3\/>’-11+3\f0

4 4 @
-,/x+y-ﬂ/x-y=2 1)
. %\/x2+y2 +\/x2-y2 =4 2
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biéu kién: x3|y|

Te (1) P Jx+y>/x-yb y>0.

co Po-yi=2 o -y =x-2
[

He U
\/x +y =4- \/x - 2 \/x +y =6- X
12EXEG 12EXED
T 2 ~ 1

(@)

.x -y?2=(2-x2% 0 .|’_2x2=(2—x)2+(6—x)2

TX 21+y?=(6- x)? 'Ifx2+y2:(6-x)2
12EXEG
f ~ 1X
|2x =40- 16x+2x° U |

I
|
I.
ty?=36- 12x t

(@)
<
é\ N | o

Vay nghiém cua hé da cho la: 6

?ﬂ%q
4

ix2+1+y(y+x):4y (1)

102+ Dy +x-2)=y (@)

Pit a=x+y tr (1) P X% +1=y(4- a) thé vao (2), ta co:
y(4-a)a-2)=y 0 y(a’- 6a+9)=00 y=0;a=3

* V6i y=0 thay vao (1) ta thay hé vé nghiém.

* Véi a=30 x+y=3 thay vao hé ta co:

. . &=1lb y=2
x2+l=y=3—xU x2+x—2=OUgX y :
&=-2b y=5
Vay hé da cho ¢ hai ciap nghiém: (x;y) =(1:2), (- 2;5).
. 3I[xg(x- y)2+18:y(8y2- 3xy +2) (1)
§3x% + 4y +2=3y(x +4) )
(1) U x(x2 - 2xy +y? +1):8y3- 3xy? +2y

0 x3- 8y3- 2x%y +4xy? +x- 2y =0

U (x- 2y)(x? +2xy +4y?) - 2xy(x - 2y)+X- 2y =0
O (x- 2y)(x? +4y? +1)=0

U x =2y thay vao (2) ta duoc:

2y2 +3y?- 6y +1=00 (y- 1)(2y? +5y- 1)=0
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gy=1b x=2
U% .5+J33 -5++/33

gy:—p X =

4 2

Vay nghiém cta hé 1a: (x;y) =(2;1), 29—512\/@;—514@2
e o

. biéu kién: xy1 0

X- 1 =y
Taco 0 x-y+2-Y =00 (x- y)1+—)=00 & 1.
Xy Xy Gy=-—
& X
x =y thay vao (2), ta duoc:
x2-2x+1=00 (x- (x> +x-1)=00 x:1;x:_1i;\/§.

y=- 1 thay vao (2), ta duoc:
X

x* +x+2=00 ?2-—_+§<+12 320 v nghiém.

29 2g 2
Véyhédéchocébacépnghiém:x=y=1;x=y='ll;*/§,
. bkixyt0
X
A :_=2 ~ fx=2y L 1x=2 iX=-2
He U Y U.’24 2 4 0U|'y_lh0ac|y 1
I} +v2_ 3= Iy = _.
{(xy)2+xy 6=0 | y ty | i
bk: xy >0
~:-§E fﬁ:l e|y 2X
-}?y qux-xso__, . _
Hé | € [2x ] giai cac hé nay ta duwoc nghiém cua
i€l—=2 elX 2y
:.:8 Y 2}2y2+y-3=0
{x-y+xy=3
he da cho: (x;y) =(-1;- 2), 30 2:1), 82:- 38,
&' &7 2%
(X+ ) X—3 1X2 1X_6
- 1 y o1y 1y
. Hé U | 1 () hoac | 1 (mn
I(X+_)+£:3 .I. +-_=2 :I:X+—='3
t y 'y t oy Ty
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1x=y -
Giai (1): U x=y=1
TX -2x+1=0
jx =6y ]
Giai (I1): | hé vo nghiém.
f6y +3y+1=0
Vay hé c6 mét cap nghiem: (x;y) =(1;1).
ix,y®0
10.Pk: Ix2sy |
fy23x
Hp{x+1/x-y201x-y2x
f2y- 2(y?-x=1 f2y-1=2\y?*-x
i .
ixEzyso o a1
0 Vax-y=a 0! E.Thfr lai hé ta thdy thoa mén
) _ —_ Ty==
%4x 4y =-1 Ty 3
drl 506
Vay nghiém caa hé: (x; .
Ay nghiem cua he: (Gy) =¢17 733
11.Pata=x+y+ ! Jb=x-vy
X+y

2+ l)+3(x- )2 =13
(x+ 25 Y=

)+x-y=1

i é
I5gx+
He Ot ©
T(x+ + L
YTy

T5(a 2)+3b2—13A T5a +3b%2=23
Ta+b 1 Ta+b 1

nén ta co:

i 5
_4 . 1 2
Giai hé nay tatim duoc | va |
|b—'3 |
Tb

7
2
Tt d6 ta tim dwoc nghiém cua hé:
(ay)=E LN, 52N30 @, 1o 0
¢ 2 S84 4582 4§
12. Tt phuwong trinh tht nhat, ta cé: x- y=+1
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y =x- 1 thay vao phuong trinh th hai ta c6:
x®+(x-13+1=00 x(x4+x2- 3x+3):00 x=0b y=-1
y =x+1 thay vao phuong trinh tha hai ta c6:

X +(x+1°+1=00 (x+)&" - X +x% - x+1+(x+1)°4=00 x=-1p y=0
Vay nghiém caa hé la: (x;y) =(0;-1),(- 1,0).
Lx- y2 43y e — =2
A~ (x+y)* 3
13. He U |

;W y)+(x+y)+

1 H
+y 3

. Taco hé:

bata=x-y;b=x+y+ 1
X+y

! 3.2 + 3b2 103 i b= 13

T Sl
13 ! !

}a+b 5 {2a%-13a+11=0 1 3

gx-y=1
§x+y:3

a

a

{a]-oix-y:l 0 &x.y= ug
-Tl-b % 13(x+y)2 - 10(x+y)+3 éx—y-l glt-x:

S

&

a 1
S X+y ==
g7 73

a:E i _1

?70 | hé v nghiém.
b=-% {&X+W +7(x+y)+6=0

—_— ——r —

Vay nghiém cua hé dd cho la: (x;y) =(2;1), 83. 19.

14. Ta co: xy(x +y )+2=(x+y) 0] xy(x+y) - (x+y) - 2(x2y2— 1)=0
O (x+y)?(xy-1)- (xy- 1)(2xy+2)=00 (xy- 1)(x2 +y? - 2)=O
xy=10 y =% thay vao phwong trinh thit nhat cua hé ta co:
x*-2x2+1=00 x=+1p y=+#1

x? +y? =2p y? =2- x? thay vao phuong trinh thi nhat cua hé ta co:
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5x - 2X°

5x2y-4x(2-x2)+3(2-x)y 2x-2y=00 y= Z1o

2,2 2 (5 2x )
Thay vao phuong trinh x* +y“ =2 taco: X* +—————=2
(x+2)

Dat t=x%,t2 0 taduoc:t(t? +4t+4) +1(25- 20t +4t?) =2(t? + 4t +4)
Biéh d&i va rt gon ta cé: 5t° - 18t% +21t- 8 =0, phuong trinh nay c6 hai
nghiém t=1,t :% .

Ix? =1
I -~
t=1P [ 5y_ 23 P (YT {(-14-1).@LD}
%y— X2 +2
=8
8, 1 5 a7 18410 V106 8 2410 -/10 &
t=—b | 3 U ooyl w ; ¢ :
5 1 Bx-2x 1€ 5 5 4& 5 ' 5 %
LYy =—>
T XS +2

Tom lai hé co cac nghiém la:
a./10 J_o & 2J10 -4106
(xy)=(31).(-1-12), g ¢ : +.
5 5 g& 5 5 4

15.bat x=a+1,y=b+1 tacé hé:

3[a2+b2+3a+3b=OEJ ia2+b2+3a+3b:0

i i
i2a% +ab- b =0 i(a+b)(2a- b)=0
ga=-b @=b=0 &=y=1
C 9 § 4
. &23 =0 L@ dy=l2
Oepora U8 5087
g G, 18 g. _ 13
&5a’ +9a=0 g5 &’ s
16.Dk: x-y30
-:-x:8-2y-— }.x-yzg-y__
R :x y=8-2y-— i y i
HéU| yU|y30 U|'y30
{y\/7y=2 ! 2 -:-y3-4y2+y+2=0

1y?(8- 2y- 5)=4
) y
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}-X:S—y—3 .

R 1 y \|X=5":'X:8_\/ﬁ
Uiy®0 ijzlE_[ _3+417
Hy-De2-3y-2 0 T2

f

17.Cach 1: bat x=a+b,y=a- b tacé hé
t4a® +4b® - 6a® +6b” +3a+3b+49=0 (1)
%-6a2+10b2+15a+35b+9:o )
LAY (1)x2 +(2)x6 tacéd duoc
(8a® - 48a? +96a- 64)+(8b° +72b? +216b +216) =0
U (2a- 9% +(2b+6)°=00 b=-1- a thayvao (2)taco: a> =40 a=+2
Tt d6 ta tim dugc nghiém cua hé 1a: (X;y) =(- 1,5),(- 1;- 3).
Céch 2. Nhan phwong trinh th hai cua hé véi 3 va cong hai phuwong trinh
theo vé'ta co
x3 +3x% + 3y2(x +1)- 24xy =6xy +30y - 78x - 76
O (x +1)(x? +2x +76) +3y*(x +1)- 30y(x+1)=0
O (x+1)(x? +2x+3y? - 30y +76)=0 (¥)
Do x? +2x+3y?- 30y +76 =(x+1)2 +3(y- 5)?3 0 va khong c6 ding thic
Xay ra nén (*) twong dwong véi x =-1.
Thay vao hé tatim dugc y=-3,y=5.

-",[-xy=3x+3—£x2
18.He U | 2
Tod 4 o2 2 1 oo _
TX +X°(6+6x- x°)+(3+3x 2x) =2x+9 (1)
- - . &x=0
(1) U x*+12x3 +48x2 +64x=00 x(x+4)3 =00 g((_ A

*  x=0 khong théa mén hé

17
* X=-4pb y="—
y 4

Vay nghiém cta hé: (x;y) =(- 4;%) .
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[ 5
TX +y+xy(x +y)+Xy=-—
19.He U | . 4.Déta:x2+y;b:xy
T2 +y)2 +xy=->
T( y)® +xy = 2
%a+ab+b=-E %;b=-E-a2
Tacé:. 5 4U| 45 5 5
la?+b=-> la+ta(->-a%)-2-a%2=-2
i g Aty 7
.‘I.b:-E-a2 1ja=0 .I.a:-l
U} 4 1 O'lb- 5hoéc} %
Ta®+a?+=a=0 2 ip=-=
f 4 o4 12
1a=0  Ix*+y=0 J:x=3%
ST
T __Z 4 T .I. =-3==
I 4 Ty 16
;}a:-% ;}x2+y:-% ]I_x:1
* O Ui 3.
Tb:_g TXy:_E Ty_-_
T 2 1 2
Hé c6 hai cap nghiém: (x;y) = a%\ﬁ / 40 ;
20, Picu kign: | ©
. bieu |en.%y30
Tacoxy +x+y=x%-2y* U y(x+y)+x+y=(x- y)(X+Yy)
O (x+y)(2y- x+1)=0U x=2y+1 (do diéu kién)

Thay vao hé ta c6:
2y +1)2y -y 2y =2y+2 0 f2y(y+1)- 2(y+1) =00 y=2p x=5
Vay nghiém caa hé la: (x;y) =(5;2) .
21. Tathdy x =0 khong thoa mén hé phuong trinh . Ta xét xt 0, khi d6:
- X%y - X% +xy=-1 o1 }x3y - x? +xy=-1

Hé U |
Tx4 x2+x2y2+xy=0 Tx —x+xy +y=0
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I 2 1 .i.y_ X2'1
. |xy=X2- X0+
U j X +1 1 9 9
X0 - D+y(xy+1) =0 Ixpd-n+ =L X g0
{ X(x©+1) x°+1
i X2 -1
TY=—"> L 2 N
0 i X(x“ +1) ~ Tx '1:00 ix==1
| | | :
o) fy=0 iy=0
(x -1) x+ S0 !
£ 215
Vay nghlem cua he: (x;y) =(£1;0)
22.Cach1:Dat t=y- xU y=x+t taco hé:
. 18x+t=(3- t)? ,
L IX+y =3-1
1|, y Uhx” (2 +1)? lD13t 8t=3(3- )’ - 8(2+1)
fy/2X+y =2+t i o£tg3 ’f 2EtE£3
T
b2t
0 it?+9t+1=0 0 t_-9+\/ﬁ b %= 3 =10- V77
| =E—F—P
1-2E£tE£3 2 i —t+x—11_\/ﬁ
1 2
la nghiém caa hé da cho.
|u v=5

* Cach2:bat u=/7x+y, v=/2x+y . He tro thanh: | SPYRVIINE

Mit khac u? - v2 =5xP (u- V)(U+V)=5xP u- V=X

) v=% (Do u+v=5)p 5-—2X=2+y— X b y=1+TX

Thay vao hé ta c6 duoc: f2x + “TX = 5_2X

_IXEDS _IXEDS . R
? zuh 0 x=10- 77 b y=22 7T 77
§10x+2=(5- x)° §x°-20x+23=0 2

Thay vao hé ta thay thoa man.

1x=10- 77

Vay hé dachocé nghiem | 1. 77 .
[y==——7F—
I 2

297



Cdam nang 6n luyén thi Pai hoc Toan hoc — Nguyén Tdt Thu.

jrx3+y3—xy=l

23. Hé dé& cho tuong dwong vaéi: | ) 3 4 5
T12(y- 2)° - xy +15=2x yg(2y+3) - GH
b3y - xy=1
Ul 2 3,,3 3,,2 3

112y° - 48y +63 =8X"y~ +24X°y“ +6X°y
Trir hai phuwong trinh caa hé ta cé duoc:
x3(8y3+24y2+6y+1):-(y3- 12y2+48y- 64)
O x32y+1)°=-(y- 930 xQ2y+1)=-y+40 x+y+2xy=4

o3 3
+ - =
Kt hop véi he tace: 1 X Y XY=L

[X+y+2xy=4
i _4-5S
¥ 3_ _ =1 . -I-Pz_
Dé1tS=x+y,P=xytacc'):}:_S 3813 P 1u:' 2
fS+2P=4 1253 +352- 11S- 6=0
&=2p P=1
ug . :
& = 5¢Jﬁp lesmm
e 2 4
i : P x=y=1
1P =
1. -5+.13
5=
i vo nghiém do S? < 4P
1 _13- 13
SP=
1 4
1. -5-413
5=
i P x,y la nghiém ctaa phuong trinh :
1 _13+\/ﬁ
p=—""
1 4

M2 +2(5+/13)t+13+/13=00 t=

-5- 13 /613 - 14
4

Vay nghiém caa hé da cho la:

(y) = (11, 8- VI3 £VBVIT- 14 -5- VI3m6VE3- 149
e 4 ’ 4 <
%]
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. Tax+y=1+2t+t?
L pAxty =1+t 9
24, Dat t=x+y,taco: | U j2x+y=1-2t+t° b 2x=4t
TexHy =1t iogtes
1

U 2x=4(x+y)U x=-2y

~ -t
Thay vao hé tacé: y? +5y +1=00 y=5_T\/Z
ix=5-421
So voi dieu kién taco nghiémcuahé la: {  _54 /37 -
Iy=————
| 2
’ n + n m + m m+n + m+n . R
25. Trude hét ta c6 BDT sau: & 5 b 2 5 b gl 5 b (1) véim,nla
cac so nguyén duong va a,b la cac s6 thuc thoamén: a+b3 0.
That vay: Khdng mat tinh tong quat tagiast a3 b.

(HU @™ -bM@"-b"20 (2)

}an3 bn
* NEu b3 0Pb | b (2) dung.
fa™ 3 ™
ja3 b fa" 3|b|"3 b"
* Néu b<0 do|’a3 bb as|bjp i P (2) dung
1as -

a™ 3| b|™s b™
Vay (1) d& duwgc chieng minh.
Via+b34pb a+b>0 vaa’ +b’ >0.Apdung (1) ta co:
x+y.x4+y4.x7 +y’ £x5+y5.x7 +y’ £x12+y12
2 2 2 2 2 2

b X2 +y23 Z20¢ 4y +yT)? (¢ 4y +yT)

biang thac cé U ‘:,x=y 0 x=y=2
IX+y=4
Vay nghiémcaa hé: x=y =2.
26. Diéu kién: x,y,z3 0
Taco: x+z=2/xy - 2y+2Jyz U x- 2 /[xy+y+z- 2\Jyz+y=0
0 (Vx- (W2 +(Jy-V2)? =00 x=y=2z

éx:y:z:_]_

Thay vao hé ta co: gx —y=z=2 la nghiém cua hé da cho.
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27. Diéu kién: 0Ex£32.
Cong hai phuong trinh caa hé lai ta duoc:
IX+B32- x +4x +432-x =y? - 6y +21=(y- 3)> +12 (1).
Goi A,B lan luot laVT va VP cua (1). Tacd: B3 12 (2)

Ap dung BDT Bunhiacopski ta co:
VX ++/32- x £ /2(x +32- x) =8 i
Yx +432- x £[2(Jx +/32- x) £ 4b

J32-x . 1x=16 .
Te(@va@) b (1)U f 32-X ¢ | la nghiém cua hé.
Ty 3 iy=3

yP A£12 (3)

28. Phuong trinh th nhatcta hé 0 12y +8,/x% - 12y +1 =x2 +17

(x2- 12y +1)- 8x2 - 12y +1+16=00 x%- 12y +1=16

2
y= X 1215 thay vao phuong trinh thit hai cua hé ta duoc:

(e}

>

3x2 2X 4x3 4 x> x?-15

- 4+ = -
2(x?-15) 3 \x%?-15 4 24

2 2
0 3% 19 | X (x? +16x- 15) + X% +16x- 15=0
2 x? - 15

xc-15 -
‘lx +16x- 153 0 Ix +16x- 153 0
| \/x +16x- 15 |36 -x2+16x—15
7
. }x +16x- 153 0 . &X=3
O i 0]

| é
f(x? +2x- 15)(x* +18x- 15)=0 & =-9- 4/6

Vay nghiém cua hé a: (x;y):g%- 1 ffg 4%;@3.

@
1x y3 +3y? - 3x-2=0 1)
29. |
fx +\/1 X —3\/2y y +2=0(2)
Dieu ki i-1Ex£E1
iéu wn:0£y£2

Taco: (1) U x3 - 3x=(y- 1)3— y- D0 fx)=f(y-1) @)
Viyl [0;2]p y- 11 [-1]]
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Xét ham s8 f(t) =t3 - 3t,t1 [- 1;1] ta co:

f'(t):3(t2 - 1)£0, "x1[-L1] néntir(3)tacd x=y- 1
Thay vao hé taco: x? - 241- x? +1=00 x=0,y=1.
Vay nghiém cta hé 1a: (x;y)=(0;1).

P axyt =y eyt ()

30. |
FVAX+5+,y? +8=6

Diéu kién; x 3 - S
4
Tathdy y =0 khong la nghiém cta hé nén y 1 0. Khi dé

(1)U 9—2 +£-y +y 0 Z =y (doham s& f(t) =t°> +t dong biéntrén )

X

eyYg Y ;

U x=y? thay vao (2) ta dugc:/4x +5 +/x+8=60 x=1p y=+1
Vvay nghiém caa hé la: (x;y)=(L+1).

31. Diéu kién: xy*0
. Diéu le : y10
Ta thdy x=0 (y=0) khong la nghiém ctua hé nén hé da cho twong dwong vaéi
|1 2\/>+\/7 ]_22\/}+\/§_ > 1
14 X+y 4/;01 X+y x W
|
(1 o2x+fy 1ol 2 1
La x+y Y Ix 4y

2Nx+Jy @2 1oae2 10_4 1

Doy BRORER WS K
O xvXx - 2xJy +2y</x - 4y,Jy =0.Djt t = \/;taco:
-2t +2t- 4=00 t=20 x=4y
1 _(\/§+1)4

I
X =
Tir 36 ta tim duoc : 4 A
i (ﬁ +1)
ly=
i 16
32. Tk phuong trinh th nhat, suy ra x- y1 0.

301



Cdam nang 6n luyén thi Pai hoc Toan hoc — Nguyén Tdt Thu.

Phwong trinh th hai ctia hé twong duong vaéi
xz(x2 - y2)+xy(x2 - yz)- 9(x- y)=0
Iyty=

0 x2(x+y) +xy(x+y)- 9=00 x(x+y)2 =90 | " T

by=-xx
I
fx>0 fx>0

%Iw

Do y3— x32>0p y>x>0p y:—x—i loai
N3

Véiy = % - X thay vao phuong trinh thit nhat cua hé ta cé
X

4 .3 U
X?aei_ xg - XSL]:?.Détt:\& ta duoc
&5 5 g

: $ 0
2. 28 _55=70 f(t) =2t - 9t® + 273 +7t- 27 =0 (¥
gt 0§
Taco: f'(t) =188 - 54t5 +81t% +73 2y18t2.81t% - 54t°> +7 >0 va f(1) =0
Nén (*) c6 nghiém duy nhat t=1b x=1p y=2
Vay (x;y) =(1;2) la nghiém caa hé.
10 1 32y2(x +y2)=3

T phwong trinh th hai cua hé tasuyra x>0.

. 1x10+xy +x%y*

Hé U
Ty10x5+y X +y2x3

Suyrax +xy =y x5+xy 5(x5—y1°)+xy4(x—y2)=0
0

0 x=y? thayvéohétacé:y +2y8 =3

Datt=y* t20taco t2+2t>-3=00 (t- Pt* +t2+t?> +3t+3)=00 t=1
Vay nghiém cua hé la: (x;y) =(1;£1).

’[x —y =240

4.1, ,
TX - 2y3 =3(x% - 4y?)- 4(x- 8y)
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He O ix* - y* =240
> |
i8x3 - 24x% +32x =16y° - 96y? + 256y
Suy ra x* - 8x3 +24x? - 32x+16 =y* - 16y° +96y? - 256y + 256

. L X-2=y-4  &=y-2
O (x-2)*=(y-4)"'0 -7y =y

& - 2=-y+4" &X=6-y

X =y - 2 thay vao hé ta co:

(y-2)*-y*=2400 8y*- 24y? +32y+224=00 y=-2
x=6-y thay vao hé taco: (y- 6)' - y*=2400 y=2
Vay nghiém cta hé 1a: (x;y)=(-4;-2), (4;2).

35. Vi f3+2x%y - x*y? = \J4- (1- x2y)? £2 va 1+1+(x- y)? 3 2

Nénterhée b y*+2x*- x? £-x5 - x2+2x4+2x3y2

O x8-23y?2+y*£00 (x®- y?)2£00 x°=y?
11—x2y=0

Dodohé U {x-y=0 U x=y=1 langhiém cta heé.
1.3 _.2

—

—
x

|
<

Néu y=1b x=-1 lamdt cap nghiém cua hé
Néu y! 1tacé x? #1, tacd:

x3+l_3(1‘ yz) x? - x+1_3 1+y

- 0 =3 *
-1 2(1-y%) T x-1 21+y+y?

2
Xéth<":1ms6f(x):X X v b o=yi1e 4

x-1 x-1 x-1

&f(x) 2 3
Do |x- 1+ ! 32b?f() (1)
x-1 S E-1

+1

Tuong tur: - ~£—Y"=_£1 (2)
3 y“+y+1
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T (1) va (2) ta suy ra (*) vo nghiem.
Vay hé c6 nghiém (x;y)=(-1;1).
37. Diéu kién xac dinh: x£2,y3 1
Tacs i 2x2 +42- X+ Jy- 1- 34=2xy +X
aco: |
TZy2 +42- X+, Jy-1-34=-xy+2y
Trw tirng V€ cuia hai phwong trinh ta duoc:
2 > ) ~ X~ 2y =0
2X° - 2y° =3xy +x- 2y U 32x+y:1
Néu x =2y thi 23 x=2y3 2 nén x=2,y =1, khdng thoa man hé.
Néu 2x +y =1 thi thay vao phuong trinh dau ta duoc:
6x% - 3x- 34+~/2- x +4-2x =0
N X+2 2(x+2) «
U 3(x+2)(2x- 5)- - =0U x=-2
(x+2) ) V2-x+2 -2x+2
. 1 1
Vi 3(2x - 5) - -
( ) N2-X+2 A-2X+2
Véi x=-2 thi y=5.

<0 do x<0.

28 fx* +x3y +x%y? =2x+9 (1)
i
X% +2xy =6x+6 2)
4
Binh phuong 2 vé& phuong trinh (2) duoc XT +x3y +x%y? =9(x + 1)
Tri V& v6i vé phuong trinh (1) cho phuwong trinh trén dwoc :

4
3L=—9x2— 16x

3
Vi x =0 khong thoa mén hé phuong trinh ban dau nén 3% +9x+16=0 (*)

Phuong trinh trén c6 nghiém duy nhat do ham s6 ¢ VT dong bién
Dit x =2t - % thi x3 =8(t - i3)- 12x, ta co:
t

6(t3-i3)-9x+9x+16=0 0 3t3-%+8=0
t t
e o3 co.3_1

Dovay t° =-3 hoac t =§

Suyra x = % - 23/3 la nghiém duy nhat cua pt (*)
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. 6X +6- X2 X 3 1 33¥3
Thévao pt(2) duoc y=—— """ =3-242=3. — +33+_2V°_
Pt(2) duge y =——° 2 3 2- 239
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