Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

Y 7 Ctaong [

HAM SO LUONG GIAC VA PHUONG TRINH
LUONG GIAC

o
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

GOC LUQNG GIAC. GIA TRI LUGNG GIAC CUA GOC

LUONG GIAC

A-GOC LUONG GIAC

I®» Goéc hinh hoc va sé do clia chiing

Mot don vi khac duge st dung nhiéu khi do géc 1a radian (doc 1a ra-di-an). Néu trén R
duong tron, ta lay mot cung tron c6 do dai bing ban kinh thi géc & tam chin cung

d6 goi 1a goc ¢6 so do 1 radian, goi tat 1a géc 1 radian (hinh vé ben).

1 radian con viét tat 1a 1 rad.

Nhan xét: Ta biét goc 6 tam c6 sd do 180° sé chin cung bang nita dudng tron (c6 '

. . . R
do dai bang mR) nén so6 do goc 180° bang % rad = 7 rad.

A Nguoi ta thuong khong viét chit radian hay rad sau s6 do cia goc. Ching han T rad ciing duge viét la T
2 2

P Goéc lvong gide va sé do cla ching
2.1. Khai niém

$% Pinh nghia 1.1. Cho hai tia Ou, Ov. Néu tia Om quay chi theo chiéu duong (hay chi theo chiéu am) xuét
phat tur tia Ou dén trung vdéi tia Ov thi ta néi: Tia Om quét mot géc lugng gidc vé6i tia dau Ou va tia cudi
Ow, ki hiéu 1a (Ou, Ov).

m™a

180°
mot goc lugng giac déu c6 mot s6 do, don vi do goc lugng gide 1a do hodc radian. Néu goc lugng giac (Ou, Ov) ¢

s6 do bang « thi ta ki hiéu 1a sd(Ou, Ov) = a hodc (Ou, Ov) = a.

Nhan xét: Khi tia Om quay goc a° thi goc lugng gidc ma tia d6 quét nén c¢6 s6 do a° (hay

rad). Vi thé, méi

$% Dinh nghia 1.2. Mai goc lugng giac goc O duge xac dinh béi tia dau Ou, tia cudi Ov va s6 do clia goc do.

2.2. Tinh chat

$® Pinh nghia 1.3. Cho hai goc lugng giac (Ou, Ov), (O'v/,0"v') ¢6 tia dau trung nhau (Ou = O'v’), tia cudi
trung nhau (Ov = O’v’). Khi d6, néu stt dung don vi do do thi ta c6

(Ou, Ov) = (0", 0"v') + k360° v6i k la s6 nguyen.
Néu st dung don vi radian thi céng thiic trén cé thé viét nhu sau

(Ou, Ov) = (O, 0"V') + k27 véi k 1a s6 nguyen.

B-GIA TRl LUONG GIAC CUA GOC LUONG GIAC

D Dudng tron luvong gide

$> Dinh nghia 1.4. Trong mit phing toa do da dugce dinh huéng Ozy, 1y diém A(1;0). Dudng tron tam O,
ban kinh OA = 1 dugc goi 14 duong tron lugng giac (hay duong tron don vi) goc A.

A Cac diém B(0;1), A'(—1;0), B'(0; —1) nam trén duong tron higng gidc.
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, Iam dung, Idm nhanh

y J/ J J

P® Gid tri lwvong gidc cla géc lugng gidc
$® Pinh nghia 1.5.
a) Hoanh do x clia diem M goi 1a cosin ciia goc lugng gidc o va ki higu cos o, cos a = .

b) Tung do y ctia diém M goi 1 sin clia goc lugng giac o va ki hiéu sin «, sina = y.

2 ce oz SN L 2 . R sin o
c) Néu cosa # 0 thi ti sO goi 1a tang clia goc lugng giac a va ki hiéu tan «, tan o = .
cos cos
.. ... 2 CoS« e ” B .. 1 pea COs &
d) Néu sina # 0 thi ti s0 — goi la cotang cha goc lugng giac a va ki hiéu cot o, cot o = ——.
sin « sin «

Déu ctlia cac gia tri lugng gidc clia goc a = (OA, OM) phu thude vao vi tri diem M
trén duong tron lugng giac. Bang xac dinh dau ciia cac gia tri luong gidc nhu sau

Goéc phan tu
Gié tri lwgng giac | 1 | I | IIT | IV
sin « + |+ - | -
COos & +| -1 -+ ’
tan o +1 -1+ | -
11 — v
cot o + =+ | - B
$> Dinh Ii 1.1.
@ cos?a+sin®a =1 vdi moi a;
® tana = vdi cosa # 0, sina # 0;
cot «v
@ 1+tan® o = —— vdi cosar # 0;
cos? o
@ 1+cot?a=— 5— Vdisina # 0.
sin® av
C-GIA TRI LUONG GIAC CUA CAC GOC CO LIEN QUAN PAC BIET
$> Dinh 1i 1.2.
Hai géc doéi nhau (o va —a) y
@ sin(—a) = —sina B
M
®@ cos(—a) = cos \

A a1 \4
®@ tan(—a) = —tan« R A}H >
@ cot(—a) = —cota ‘

M/
B/

| 4> Dinh 11 1.3.
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

Hai géc hon kém 7 (o va a+ 1) y

@ sin(a + ) = —sina B

M
@ cos(a+ ) = —cosa / ‘
AH ™ 540 1A
@ tan(a+ ) = tana :* o n >
|
® cot(a+m) = cota »

$> Dinh If 1.4.
Hai géc bu nhau (a va 7 — «)

@ sin(m — a) =sina

@ cos(m —a) = —cosa

@ tan(m —a) = —tana >
@ cot(r —a) = —cota

B/

$> Dinh Ii 1.5.
Hai géc phu nhau (« va g -—a)

® sin (g —a) = cos«

() ama=(222)

®» Vidumaéu
Vidu 1. Ddi 50° sang radian.
® Loi gidi.
Ta c6 1° = imd.

180 5

T Y
Nen 50° = —— = 27 pad. O
o 180 18"
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

y J/ J J
. .. 3
Vidu 2. Doi Zﬂ rad sang do.
o Loi gidi.
1 e]
Ta c6 1rad = <§> .
s
Neén 3—7r1ra,d = (3—7T . @> = 135°. 0]
4 4 7
Vidu 3.
a) Dai tir do sang radian céc s6 do sau: 45°; 150°.
X . )
b) Dai tir radian sang do cac s6 do sau: %; Iﬂ
o Loi gidi.
a) Ta co:
o _y5. T _T
457 =45 180 4’
s o7
150° = 150 - — = 2.
50 50 180
b) Ta c6
Toow 180)O
—=—--—) =60°
3 3 ( T ’
57 5mw <180)° o
T2 () =295
4 4 s g
(]
Vidu 4. Déi s6 do ciia cac goc sau ra radian: 72°; 600°; —37°45'30".
o Loi gidi.
Vile = 1%‘Orad n2én
s ™
P =72 — = .
7 7 180 ) 1’0
°_600. ~ — VT,
e 180 ’45 ° 30 \° 4531\° 4531
—37°45/30" = —37° — <—> - (—) - ( ) - - 0,658T. 0
60 60 - 60 120 120 180
Vidu 5. Déi s6 do ciia cac goc sau ra do: ?—g; 3%; —4.
O Loi gidi.
1 [e]
Vilrad = <@> nén
7r
5 57 180\° .
w5 ) =
3 (37T 180)O
T o () =108
5 5 ’
—4=— (4 . @> ~ —2260°48’. O]
T

Vidu 6. Hoan thanh bang chuyén doi s6 do do va sé do radian ctia mot s6 géc dic biét sau

Do 30° | 7 | 60° | 7 | 120° ? 180°
™ i 3T
i ? z ? Z ? i ?
Radian ! 1 ! 5 ! 1 /

o
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1.

Goc lugng gide. Gid tri luong gidc clia goc luong gidc

Biét lam, Iam dung, Idm nhanh

y J/ J J

® Loi gidi.
Ta c6 bang chuyén déi sé do do va s6 do radian cia mot sb goc dic biet.
bo 30° | 45° | 60° | 90° | 120° | 135° | 180°
. T s T T 2T 3T
Radlan E Z § 5 3 I e

Vidu 7. Hay hoan thanh bang chuyén ddi s6 do do va s6 do radian clia mot sb goc sau

bo 18° ? 72° ?
2m LY
Radi ? — ? —
adian 9 :
o Loi gidi.
Ta c6 bang chuyén déi sé do do va sb6 do radian ctia mot s6 goc.
Do 18° | 40° | 72° | 150°
T 2 | 27 LY
dian | oy
Radian T 5 7 -

F® Bai tap tu luyén

~n 2.z ~ 2 ~ :
Bdi 1. Dai s6 do ciia cac géc sau day sang radian:

a) 38°; b) —115°%;
o Loi gidi.

o 38w 197

8 38 =150~ 00
o —1157 23m

b) —115° = 180 36
. (3)0_ 3m 1

T 7180  60°

Bai 2. Ddi s6 do clia cac goc sau day sang do:

T 137

a) E, b) —5, C) T
D Li gidi.

T - 180)o o

a)ﬁ_<12-7r = 15%
“5-180\° [ —900)°
b 5= (=) = (50)
T T
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

137 (137T - 180

— = = 260°.
) 9.7 )

y 4/ J J

Ol
Bdi 3. Hoan thanh bang chuyén déi sé do do va sb6 do radian cia mot s6 géc dic biet sau
Do 30° | 7 160°| 7 | 120°| 7 | 180°
T IS 3
i v R R T E R S Bl
Radian ! 1 ! 5 ! 1 ?
o Loi gidi.
Ta c6 bang chuyén déi sé do do va sé do radian cia mot sb goc dic biet.
Do 30° | 45° | 60° | 90° | 120° | 135° | 180°
. T s T IS 2w 3T
Radlan E Z § 5 3 I T
U]

Bai 4.

HaAi 1i 13 mot don vi chiéu dai hang hai, duge tinh biang do dai mot cung chan mot
1 © Z )4 Z
goc a = <@> ctia dudng kinh tuyén (Hinh 17). Doi s6 do « sang radian va cho

biét 1 hai li bang khodng bao nhiéu kilomét, biét ban kinh trung binh ctia Trai Dat
14 6371 km. Lam tron két qua dén hang phan tram.

D Li gidi.
lhiili=a Re= 7

60 - 180

-6371 ~ 1,85 km.

E® Cau héi trée nghiém
Cdu 1. Chon khang dinh diing.

1 o
(A) 1rad = (%) : (B) 1rad = 60°.
o Loi gidi.
1 [¢]
Ta ¢6 cong thic 1rad = <@> .
T

Chon dap an @
Cdu 2. Goc c6 s6 do 135° doi sang radian 1a

4 0 3T

3 4

® Loi giai.
7r

Ta c6 1° = — rad.
a co T30 ™2 ;
5 °o_135. ~ _°7
Vay 135° = 135 130 1 rad.

Chon dap an

(C) 1rad = 180°.

Cuyc Nam
Hinh 17
O
@ lrad = 1°.
O
OEL
5}
U]

o

7/764 '

B Todn 11 theo chuong trinh GDPT2018ﬂ



1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

Cdu 3. Dai sang radian géc c6 s6 d6 108° ta duge
T s 37 3
o Opa cEd DFd
® Loi giai.
s 37
Ta ¢6 108° = 108° - =—.
a c6 108 08 130° 5
Chon dap an @ O

Cdu 4. Déi sang radian géc c6 s6 dé 960° ta duge
8 16 16 3
@57:- 3™ ©§- @Eﬁ-
® Loi giai.
960 16

S0 do gbéc 960° theo don vi radian 1a ﬁﬂ' = ?T(.

Chon dap an O

Cdu 5. Ddi sang radian géc c6 s6 do 250° ta duge

257 25T 25T 357
Vs ® T 5 T8
® Loi giai.
T 257
Ta ¢6 250° = — - 250 = —.
a co 250 120 50 13
Chon dap an @ O

- 2. . P T
Cdu 6. Doi sang radian goc ¢6 s6 d6 Ve ta duoc

(A) 172°. (B) 15°. (C) 225°. (D) 5°.

® Loi gidi.
51 (180 57T>°
TacO —=|—--— | =225°
a0y T 4
Chon dap an @ Ol

Cau 7. Gée c6 s6 do % déi sang do 1a

(A) 15°. 16°. (©)17°30. D) 14°.

o Loi gidi.
T m  180\°
Ta c6 — =|—.—] =15°.
a co 12 rad (12 _ ) 5
Chon dap an @ Ol

Cdu 8. Déi goc a = g ra don vi do ta dudc
(A) a = 20°. (B) a = 10°. (Ca=15. (D) a = 25°.
® Li gidi.
Taco & = 259 _ ope.
9 9

Chon dap an @ O

- . . . 17 . .
Cdu 9. Néu mot gée ¢6 so do bang radian 1a Tﬂ thi s6 do bang do ctia géc doé 1a

(A) 30°. (B) 390°. (C)510°. (D) 520°.

177 <177r 180>°
Ta c6 — = (=2 . =) =510°
8¢ — (rad) G -
Chon dap an @ O

Cadu 10. Banh xe ctia nguoi di xe dap quay dugce 11 vong trong 5 gidy. Tim goc theo radian ma banh xe quay

dugc trong 1 giay.
11?77 rad. © 227 rad. @ 117 rad.

y J/ J J

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

11
Trong 1 giay, banh xe quay dudgc = vong.

Mot vong ting véi s6 do 1a 27 rad.
11 22
Vay trong 1 gidy banh xe quay dugc mot goc = 21 = Tﬁ

Chon dap an @ Ol

& Dang 2. 6 dai clia mdt cung tron

Trén duong tron ban kinh R, do dai cung tron c6 s6 do o radian 14

iI» Vidumaéu

Vidu 8. Mot dudng tron c6 ban kinh 20 cm. Tim do dai cac cung trén dudng tron dé c6 s6 do sau:

a) = b) 1,5; c) 35°% d) 315°.
12
® Loi gidi.
™ om
a) l—Ra—ZO-E—?cm,

b) | = Rae=20-1,5 = 30 cm;

2 oro s i
c) Doi 35° =35+ 180 = %rad.
D6 dai cung tron la | = Ra = 20 - 7_7r = 35—7T cm;
36 9
d) Déi 315° = 315 —— — T rad.
180 4
D6 dai cung tron la | = Ra = 20 - %r =35 cm.

O

Vidu 9. Mot banh xe may c6 dudng kinh 60 cm. Néu xe chay v6i van toc 50 km/h thi trong 5 giay banh xe quay

duge bao nhiéu vong?

o Loi gidi.

50 - 1000

——: (0,6 - -5~ 36.,9. O
3600 ( Y ﬂ-)] i

Vidu 10. Mot du quay & cong vién c¢6 ban kinh bang 10m. Toc do ctia du quay 1a 3 vong/phut. Héi mat bao lau
dé du quay quay dugc goc 270°7?
D Loi gidi.

Trong mot phut banh xe quay dugc: |

) o 200 3 3
Tinh duge: 270° = 1807T_ 277—4 2.

3
Vay du quay quay dudc goc 270° khi né quay duge 1 vong
1
Ta c6: Du quay quay duge 1 vong trong 3 phit
3 31 1
Du quay quay dugc 1 vong trong 1371 phit. O
Vidu 11. Mot dong ho treo tudng c6 kim gis dai 10,25 cm, kim phit dai 13,25cm. Trong 30 phit kim gid vach
nén cung tron c6 do dai bao nhiéu?
® Loi gidi.
Trong 6 gi kim gid vach nén mot cung c6 s6 do 1a 7 rad, vay trong 30 phit kim gid vach nén cung c6 s6 do 1a

17T—2(rad). Khi d6 do dai cung tron ma kim gio vach ra trong 30 phit la

l:R-a:>l:10,25-17T—2:2,68cm. 0
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

Vidu 12. Mot vé tinh duge dinh vi tai vi tri A trong khong gian. Tit vi tri A, vé tinh bt dau chuyén dong quanh
Trai Dat theo quy dao la dudng tron véi tam la tam O ciia Trai Dat, ban kinh 9 000 km. Biét ring vé tinh chuyén
dong hét mot vong ciia quy dao trong 2 gid.

a) Hay tinh quing duong vé tinh da chuyén dong duge sau 1 gis; 3 gid; 5 gio.
b) Vé tinh chuyén dong dugc quing dusng 200 000 km sau bao nhiéu git (lam tron dén két qua hang don vi)?
® Loi gidi.
N FRRSNPYE R , .
a) Sau 1 gig, vé tinh chuyén dong hét 3 vong cua quy dao.
Suy ra quang dudng vé tinh da chuyén dong la
1
S = 3 27 -9 000 = 9 0007 ~ 28247,3 km.
N oo 3 .
Sau 3 gig, vé tinh chuyén dong hét 3 vong cia quy dao.
Suy ra quang dudng vé tinh da chuyén dong la
3
S = 5 21 -9 000 = 27 0007 ~ 84823 km.
N 2o g D , .
Sau 5 gig, vé tinh chuyén dong hét 3 vong cua quy dao.
Suy ra quang dudng vé tinh da chuyén dong 1a
5
S = 3 27 -9 000 = 45 0007 ~ 141371,7 km.
b) Vé tinh chuyén dong duge quang dudng 200 000 km. Goi x 14 thdi gian vé tinh chuyén dong. Khi dé

200 000 =z - 27 -9 000 < z ~ 11,1 gio.

(]
F® Bai tap tu luyén
Bai 5. Mot duong tron c6 ban kinh R = 75 cm. Do dai clia cung trén dudng tron dé c6 sé do a = 215 13
o Loi gidi.
Do dai clia cung trén dudng tron dé c6 s6 do a = 21 al=R-a=T75- ;—5 = 37 cm. O
Bai 6. Trén duong tron ban kinh bang 4, cung c6 s6 do g thi c6 do dai 1a bao nhiéu?
o Loi gidi.
Cung ¢6 s6 do a rad ciia duong tron ban kinh R c6 do dail = R - a.
Vayazg;Rzélthil:R-a:g. 0

Bdi 7. Banh xe ctia ngudi di xe dap quay duge 11 vong trong 5 giay.
a) Tinh goc (theo do va theo radian) ma béanh xe quay duge trong 1 giay;

b) Tinh do dai quiang dudng ma ngudi di xe da di dugc trong 1 phit, biét ring duong kinh ctia xe dap 1a 680
mim.

o Loi gidi.
: ) 1
a) Trong 1 gidy, banh xe quay dugc 5 (vong).
11
Vi 1 vong tng v6i 360° nén goc ma banh xe quay dugce trong 1 gidy la = 360° = 792°.

11 22
Vi 1 vong tng véi 27 rad nén géc ma banh xe quay dugce trong 1 giay 1a 5 2m = ?ﬂ(rad).
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, Iam ddng, Iam nhanh

y J/ J J

b) Déi 1 phiit = 60 s.
. 11
Trong 60 giay, banh xe quay dugc s6 vong la 5 60 = 132 (vong).

Chu vi mo6i vong xe 1a 6807 (mm).
Do dai quang dudng ngudsi do di trong 1 phat 1a 132 - 6807 = 897607 (mm).

0]

Bai 8. Mot vé tinh duge dinh vi tai vi tri A trong khong gian. Tit vi tri A, vé tinh bat dau chuyén dong quanh
Trai Dat theo quy dao la dudng tron véi tam 1a tam O ctia Trai Dat, ban kinh 9 000 km. Biét ring vé tinh chuyén
dong hét mot vong cia quy dao trong 2 gio.

a) Hay tinh quing duong vé tinh da chuyén dong duge sau 1 gis; 3 gio; 5 gio.

b) Vé tinh chuyén dong dugc quing dusng 200 000 km sau bao nhiéu git (lam tron dén két qua hang don vi)?
o Loi gidi.

a) Sau 1 gid, vé tinh chuyén dong hét % vong clia quy dao.

Suy ra quang dudng vé tinh da chuyén dong la

1
S = 3 27 -9 000 = 9 0007 ~ 28247,3 km.

. . 3
Sau 3 gid, vé tinh chuyén dong het 3 vong cua quy dao.

Suy ra quang dudng vé tinh da chuyén dong la

S = g - 279 000 = 27 0007 ~ 84823 km.

. .. b
Sau 5 gig, vé tinh chuyén dong hét 3 vong cia quy dao.

Suy ra quang dudng vé tinh da chuyén dong la

S = g - 27 -9 000 = 45 0007 ~ 141371,7 km.

b) Vé tinh chuyén dong dugc quang dusng 200 000 km. Goi z la thai gian vé tinh chuyén dong. Khi do

200 000 =z - 27 -9 000 & z =~ 11,1 gid.

O

Bdi 9. Tram vii tru Quoc té ISS (tén Tiéng Anh: International Space Station) nim trong quy dao tron céch bé
mat Trai Dat khoang 400 km. Néu tram mat dat theo doi dude tram vit tru ISS khi né ndm trong géc 45° & tam
cia quy dao tron nay phia trén sing-ten theo déi, thi tram vii tru ISS da di chuyén dugc bao nhiéu kilomét trong
khi n6 dang dudc tram mat dat theo d6i? Gia st rang ban kinh ctia Trai Dat 14 6400 km. Lam tron két qua dén
hang don vi.

o Loi gidi.

Béan kinh quy dao clia tram vii tru quoc té 1a R = 6400 + 400 = 6800 (km).
Giase —45. ~ T

Doi 45° =45 120 4md.

Vay trong khi dugc tram mat dat theo déi, tram ISS da di chuyén mot quing duong c6 do dai la

I = Ra = 6800 - % ~ 5340,708 ~ 5341 (km).
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, lam dung, 1&am nhanh

Bai 10.
HAi 1i 13 mot don vi chiéu dai hang hai, duge tinh bang do dai mot cung chan mot

13\° . . 2
goc a = <@> ctia dudng kinh tuyén (Hinh 17). Doi s6 do « sang radian va cho

biét 1 hai li bang khodng bao nhiéu kilomét, biét ban kinh trung binh ctia Trai Dat
14 6371 km. Lam tron két qua dén hang phan tram.

Cuyc Nam

Hinh 17
o Loi gidi.
1.7

lhdili=a-R=

mEsa 60 - 180
Bai 11. Banh xe clia ngusi di xe dap quay dude 11 vong trong 5 giay. Tinh do dai quang duong ma ngusi di xe
da di dugc trong 1 phut, biét rang duong kinh ctia banh xe dap 1a 680 mm.
o Loi gidi.
D6i 1 phit = 60 s.

. 11

Trong 60 giay, banh xe quay dudc so6 vong la T 60 = 132 (vong).

-6371 ~ 1,85 km. O

Chu vi moéi vong xe 1a 6807 (mm).
Do dai quang dusng ngusi do6 di trong 1 phut 1a 132 - 6807 = 897607 (mm). O

E® cCau hdi tréc nghiém
Cau 11. Tinh do dai cung tron c6 s6 do goc & tam bang % clia duong tron lugng giac.
7r 7r 7r 77
N5 e % Vo
® Loi giai.
Duong tron lugng giac c6 ban kinh R = 1.

DC)daicungtrbnc()sédog(’)cétambéngaz%1&€=Ra=1-ﬁ=

T
6 6
Chon dap an @ Ol

Cadu 12. Tréen dudng tron lugng gidc dudng kinh 36 , cung c6 s6 do % thi c6 do dai bang bao nhiéu?

@z:%‘ zz%. (©)1=3m (D)1 = 6m.
® Loi gidi.
D(f)daicungcésédo%13l:R-a:>l:18-%:37r.
Chondépén@ O

Cadu 13. Mot duong tron c6 ban kinh R = 3 cm. Tinh do dai ¢ clia cung trén duong tron dé c6 s6 do bang

60°.

@Kzgcm. €=7Tcm. @éz%cm. ®€=27rcm.
® Loi gidi.
Ta c6 s6 do cung o = g

€=R-a:3-g=7rcm.
Chondépém Ol

Cadu 14. Mot cung tron c6 do dai bang ban kinh. Khi dé s6 do bang radian ctia cung tron doé la

@2- 3- ©7r. @1.

y J/ J J

® Loi gidi.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

V' J J J
Theo dinh nghia 1 radian 13 s6 do ciia cung c6 do dai bang ban kinh.

Chon dap an @ O

. . 3 . .
Cdu 15. Cung tron ban kinh R = 4 c¢cm va ¢6 s6 do Zﬂ thi c6 do dai la (két qua lam tron dén s6 thap phan thu

2)
(A) 0,59 cm. 1,05 cm. (C) 17,76 cm. (D) 9,42 cm.

® Loi gidi.
) 3T
Tacol:a‘R:Z-4:37rz9,42.
Chon dap an @ O

Cdu 16. Trén duong tron ban kinh bang 4, cung c6 s6 do % thi c6 do dai 1a
T 7 T
B 2 6 ®
® Loi giai.
Cung c6 s6 do « rad ciia duong tron ban kinh R ¢6 do dail = R - a.
Vaya:%;Rzélthil:R-a:g

Chon dap an O

~ s P 7
Cadu 17. Cho dusng tron (O) dusng kinh bang 10 cm. Tinh do dai cung c6 s6 do iy

e

12
1
@ 1Tm cm. 35m cm. © 35m cm. 35m cm.
= 3. 2 6 12
® Loi giai.
N 1
Do dai cung tron can tim lal =a - R = fm 10 _ 35w (cm).
12 2 12
Chon dap an @ O

Cdu 18. Trén duong tron c6 duong kinh 20 cm. Do dai ctia mot cung tron c6 s6 do % 1a

@ g cm. 9 5 cm. © 5; cm. @ ST cm.
o Loi gidi.
Duong tron c6 ban kinh R = 10 cm.
Goi £ 1a do dai cung tron can tim, tac6 £ = R-a =10 - % =5
Chon dap an @ O

Cadu 19. Mot duong tron c6 ban kinh 4 cm. Do dai cung tron c6 sd do 45° 1a

@ 20% cm. 9 9 cm. © 180 cm. @ T cm.

® Loi gidi
Ap dung tinh do dai cung tron cong thic ¢ = %, suy ra do dai cung tron la ¢ = % = .
Chon dap an @ O
Cau 20. Mot duong tron c6 duong kinh bang 10 cm. Tinh do dai [ clia cung tron c6 sd do g
@l:27rcm. l:7rcm. @l:Emcm. @lzlcm
® Loi gidi.
Tacc’)l:10~g:27rcm.
Chon dap an @ O

& Dang 3. $6 do cla mét géc lvong gidc

Cho hai goc lugng giac (Ou,Ov), (O'v/,0'v') ¢6 tia dau trung nhau (Ou = O'v'), tia cudi trung nhau
(Ov = O"'). Khi d6, néu st dung don vi do do thi ta c6

(Ou, Ov) = (O'v',O'v") + k360° véi k 1a s6 nguyen.
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y £ £ 7

Néu st dung don vi radian thi cong thic trén c6 thé viét nhu sau

(Ou, Ov) = (O'u/,0"V') + k2 v6i k 1a s6 nguyen.

D Vidumaéu

Vidu 13. Doc tén gbc luong giac, tia dau va tia cudi clia goc lugng gide dé trong hinh.

® Loi gidi.

Trong hinh, géc lugng gidc 1a (Ox, Oy) véi tia dau Oz va tia cudi Oy. O
Vidu 14. Cho goc lugng giac goc O c¢6 tia dau Ou, tia cudi Ov va c6 s6 do 60°. Cho goc lugng giac (O'v', O'v')
c6 tia dau O'v/ = Ou, tia cudi O'v' = Ov. Viét cong thite biéu thi s6 do goc lugng giac (O'u’, O'v').

o Loi gidi.

Ta c6 (O'v/,0v") = (Ou, Ov) + k360° = 60° + k360° (k € Z). O

. P N . P 4

Vidu 15. Cho goc lugng giac goc O ¢6 tia dau Ou, tia cudi Ov va ¢6 s6 do —%. Cho goc lugng giac (O'u/, O'v')
c6 tia dau O'v/ = Ouw, tia cudi O'v' = Ov. Viét cong thitc biéu thi s6 do géc lugng giac (O'u’, O'v').

o Loi gidi.

4
Ta c6 (O’u’,Ov’):(Ou,Ov)+k2W:—§+k2w (keZ). O

Vidu 16. X4c dinh s6 do ciia cac géc lugng giac (Oa, Ob) trong hinh sau

b b b b
q q
a) ¢ a b) ’ ¢) d) ’
o Li gidi.

a) S6 do ctia goc lugng giac (Oa, Ob) trong hinh vé 1a 90°.
b) S6 do ctia goc lugng gide (Oa, Ob) trong hinh vé 1a 90° + 360° = 450°.

c¢) S6 do ciia goc lugng giac (Oa, Ob) trong hinh vé 1a 90° + 2 - 360° = 810°.

d) S6 do cta goc lugng gidc (Oa, Ob) trong hinh vé 1a % - (—360°) = —270°.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

y J/ J J

. . . 3 . . 5 £ ,
Vidu 17. Cho goc lugng gidc (Ou, Ov) ¢6 s6 do la Iﬂ, goc lugng giac (Ou, Ow) c6 s6 do 1a Zﬂ Tim s6 do cua

goc lugng giac (Ov, Ow).
o Loi gidi.
Theo hé thitc Chasles, ta c6

(Ov,0w) = (Ou,Ow)— (Ou,Ov) + k27

57 3w
= T ikon (kez)

O

- P 11 P 3 P
Vidu 18. Cho goc lugng gidc (Ou, Ov) c6 so do la —Tﬂ, goc lugng giac (Ou, Ow) ¢6 s6 do la Zﬂ Tim s6 do cua

goc lugng giac (Ov, Ow).
® Loi gidi.
Theo hé thitc Chasles, ta c6

P Baitap tu luyén

(Ov,0w) = (Ou,Ow) — (Ou,Ov) + k2m

3= 11w

= — 4+ — 4+ k27
4 + 4 +
7T

= 74‘]{3271' (k)EZ)

Bdi 12. X4c dinh s6 do ciia cic goc lugng gide (Oa, Ob) trong hinh sau

b

a)o a

o Li gidi.

b b

D

b)

a) So do ctia goc lugng giac (Oa, Ob) trong hinh vé 1a 90°.

b) S6 do ctia goc lugng gide (Oa, Ob) trong hinh vé 1a 90° + 360° = 450°.

c¢) S6 do ciia goc lugng giac (Oa, Ob) trong hinh vé 1a 90° + 2 - 360° = 810°.

d) S6 do cta goc lugng gidc (Oa, Ob) trong hinh vé 1a 3. (—360°) = —270°.

4

O

Bai 13. Cho MON = 60°. Xac dinh s6 do ctia cac géc lugng giac duge biéu dién trong hinh vé va viét cong thic
téng quét ciia s6 do goc lugng giac (OM, ON).

L &

o
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

® Loi gidi.
a) S6 do clia goc lugng giac (OM,ON) 1a 60°.

b) S6 do cta géc lugng gide (OM,ON) 1a 60° + 2 - 360° = 780°.
c¢) S6 do ctia goc lugng giac (OM,ON) 1la —300°.

Cong thitc tong quat: sd(OM,ON) = 60° + k360°, k € Z. O
Bai 14. Tim goc lugng giac (Ou, Ov) c¢6 s6 do duong nho nhat va sé6 do am 16n nhat, biét mot goc lugng giac
(Ou, Ov) c6 s6 do bang 1000°.
® Loi gidi.
Ta c¢6 (Ou, Ov) = 1000° 4 k360° véi k € Z.
Goi a 1a goc c6 s6 do duong nhé nhat théa méan yéu cau bai toan.
25 .
Ta ¢6 a > 0 < 1000° 4 £360° > 0 < k > g Ma a duong nhé nhat nén k£ = —2, khi d6 a = 280°.
Goi 3 1a goc c6 s6 do am 16n nhat théa man yéu cau bai toan.
25 P
Ta c6 5 <0< 1000° + £360° < 0 = k < 9 Ma £ am 16n nhat nén k = —3, khi d6 g = —80°. 0]
Bai 15.
Goc lugng giac duge biéu dién ¢ hinh bén c¢6 s6 do bao nhieu do?

Bai 16. Trong cac khoang thdoi gian tit 0 gio dén 2 gio 15 phit, kim phit quét mot goc lugng giac 1a bao nhiéu
do?

o Li gidi.

n

Goi Om, On la céc tia biéu dién cho vi trf ctia kim phit lan lugt tai 0 gio va 2 gio 15 phit.

) .1 R N
Khi dé kim phiat da quay hét 2 vong va di tiep 1 vong cia dong ho.
Ma kim phtt chuyén dong theo chiéu am nén ta cé

1
(Om,On) = 1 (—360°) + 2 - (—360°) = —810°.

Vay kim phit da quét hét mot goc lugng giac 1a —810°. O

y J/ J J
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J J J
E® Cau hai tréc nghiém

~ sz N PP .2 Lo e 137
Cau 21. Goc lugng giac nao sau day c6 cuing diem cudi véi goc T?

3 3 T 3
= ® 3 ©-=. 37

2
® Loi gidi.
. 137w 3 183 . 3@ , .2 PN . ..
Ta 6 — = =dm — —=, suy ra —— va ——~ ¢6 cling diém cudi trén vong tron lugng giac.
Chon dap an @ O
Cadu 22. Cap goc lugng giac c6 cling tia dau va tia cudi la
5 37 )
(A) 35° va —265°. —130° va 590°. @g va ?ﬂ —Tﬂ va g.
® Loi gidi.

—130° = —360° + 230° v& 590° = 360° 4 230° nén diém cudi ciia hai goc lugng gidac —130° va 590° cling tring véi
diém cudi ctia géc lugng giac 230°.

Chon dap an Ol
Cau 23.

Goc lugng giac nao sau day khong thudc ho goc lugng giac cho trén hinh vé bén?

@ ® il _om
i . . .

3 3 3

® Loi gidi.

Dua vao hinh vé, ta c6 goc lugng giac da cho trong hinh 1a o = g + k2m, k € Z.
Vay goc 4% khong thudc ho goc lugng giac da cho.

Chon dap an @

Cau 24.

Cho géc mOn = 120°. Géc nao sau day c6 cung diém cudi véi géc da cho & hinh
bén?

(A) 240°. (B) —120°. (C) —60°. (D) —240°.

O

m
_T
‘73
0] n
m
@ '
o Loi gidi.
Ta c6 (Om,On) = —240° + k360°, vay trong cdc goc trén chi c6 goc —240° théa méan yéu cau bai toan.
Chon dap an @ O
Cadu 25.

Goc lugng giac trén hinh c6 s6 do bao nhiéu? m

™ 137 137 5w
@ 5. 9 T. — T . @ .

® Loi gidi.
N N ~ % , . - Lz ™ 137
Dua vao hinh vé, ta thay goc lugng giac da cho c6 so do 5 +3- 27 = -

Chon dap an O
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

Cau26. -
Biét goc mOn = 3 héi géc Iugng giac nao sau day c6 cung tia cudi véi goc & hinh m
bén?

T 137 47 s
5 ® 5 -5 © -3

® Loi giéi.
137

Dira vao hinh vé, ta thay géc dé bai cho bang % + 47 = =

Chon dap an O

2023~ 7

Cdu 27. Goc lugng giac nao sau day c6 cung diém cudi véi goc

3T 71' s 37
T -1 ©7 T

® Loi gidi.
. 20237 m 20237 o om 2 PO . .
Ta c6 ] + 253 - 27, suy ra 7] va 1 c6 cuing diém cudi trén vong tron lugng giac.

Chon dap an O
~ X P 2
Cdu 28. Goc lugng giac ndo sau day 6 cung diem cudi véi goce —?ﬂ?

47 2w 5% T
i ®Z o © .

3

® Loi gidi.

.2 4w 20 4w 2 PR . .,
Ta c6 3 =3~ 2w, suy ra 3 V& ——5 b cing diém cudi trén vong tron lugng giac.
Chon dap an @ O
Cdu 29. Goc lugng giac nao sau day c6 cung diém cudi véi goc Ty

117 17w 5T T

o T o 5
® Loi giai.

1w T I = T .2 PPN N p
Ta c6 % & + 27, suy ra 5 va ~% c6 cung diém cudi trén vong tron lugng giac.
Chon dap an @ O

N ) N N .2 ce L. 3m
Cadu 30. Goc lugng giac nao sau day c6 cung diem cudi véi goe Z?

37 117w s 37
T ® ©-5 O
® Loi giai.
3 117

Sy 3T, .z PR . .
Ta co e =27+ e suy ra e va e c6 cung diém cudi trén vong tron lugng giac.

Chon dap an O

& Dang 4. Biéu dién géc Iuong gidc trén dudng trén lvong gide

Dé biéu dién céc goc lugng gidc trén dudng tron lugng gidc ta thuong sit dung cac két qua sau:

® Goéc a (a®) va cung c6 s6 do a+ k2w, k € Z (a® + k360°) c6 cting diém biéu dién trén duong tron lugng
giac.

P e . k2 k360°
® S6 diem tren duong tron lugng gidc bieu dién goc lugng gidc s6 do ¢6 dang o + e (hay a® + )
m

(v6i k 1a s6 nguyen va m 1 s6 nguyen duong) 1a m diém. T d6 dé biéu dién cac géc lugng gide do ta
lan lugt cho k tit 0 téi m — 1 16i bidu dién cac goéc do.

Phuong phap :
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y £ L 7

® Chon tia OA lam tia dau véi A(1,0).
® Xac dinh tia cudi OM sao cho (OA,OM) = «a.

I®» Vidumau
Vidu 19. Hay biéu dién trén mat phing goc lugng gidc trong méi truong hgp sau
a) Goc lugng giac goc O c6 tia dau Ou, tia cudi Ov va c6 s6 do 510°;

. £ N . ‘. £ T
b) Géc lugng giac goc O co tia dau Ou, tia cudi Ov va ¢6 s6 do 5

@ Loi gidi.

a)
Ta ¢6 510° = 360° + 150°. Géc lugng giac gde O c¢6 tia dau Ou,
tia cudi Ov va c6 s6 do 510° duge biéu dién & hinh ben. v

[0) u
b)
B 77T T . ., Z P X
Ta c6 g =T + (—g> Goc lugng giac goc O c6 tia dau
. . 7 s x v
Ou, tia cudi Ov va c6 so do —% dugc bieu dién G hinh bén.
0] U
U]
Vi du 20. Biéu dién trén dudng tron luong giac cac goc luong giac c¢é sé do 1a
13 7
a) 865°; b) —1485°; c) 37 d) —=7
o Loi gidi.

a) Ta c6 865° = 145° + 2 - 360°. Vay diém biéu dién goc lugng giac c6 s6 do 865° 1a diém M trén phan dudng
tron Iugng giac thuoc géc phan tu thit IT sao cho AOM = 145°.
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1.

Goc lugng gide. Gid tri luong gidc clia goc luong gidc

Biét lam, Iam ddng, Iam nhanh

20/764 ’

II y

y J/ J J

III

I\Y

b) Ta c6 —1485° = —45° — 3 - 360°. Vay diém biéu dién goc lugng gidc c6 s6 do —1485° 1a diem M trén phan
duong tron lugng giac thuoc goéc phan tu thit IV sao cho AOM = 145°.

II y

III

v

13 . s s . 13 . .
c) Taco —m = il + 2 - 27. Vay diém biéu dién goc lugng giac ¢6 so6 do 37 la diem M trén phan duong tron

3 3

lugng gidc thude goc phan tu thit I sao cho AOM = %

e
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

11 Y I
M
o A
0] T
IIT IV

7 . s s . 7 . R
d) Ta c6 —3T= —g — 2m. Vay diem bieu dién goc lugng giac ¢6 so do —3" la diem M trén phan dudng tron

lugng gidc thude goc phan tur thit IV sao cho m = g

II Y I
A
(0] o z
M
III v

Vidu 21. Biéu dién trén duong tron lugng gidc cac goc lugng giac c6 sd do sau (véi k 1a sd nguyen tity ¥)

a) a = km; b)a:g—I—km.

D Loi gidi.
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

k27

a) Ta c6 a = km = N do d6 c6 hai diém biéu dién béi
gbe ¢6 sd do a. Y
Vé6i k =0, ta ¢c6 a = 0 dugc biéu dién bdi diém A;. 5
Véi k =1, ta ¢6 a = m duge biéu dién béi diém A,. !
b) Tacéoa—l ohro X kQde”h'd'z bid
) acoa—§+ 7r—§+T 0 d6 c6 hal diém biéu Ay A
dién béi géc co s6 do a. 0 T
Véi k =0, ta ¢6 o = g duge bidu didn béi didm B, .
4 2 ~ 2
Véi k=1, ta c6 o = ?” duoe bidu dién béi didm Bsy. B
O]
P Baitap tu luyén
Bdi 17. Biéu dién tren duong tron lugng giac cac géc lugng giac c6 s6 do 1a
13 7
a) 865°; b) —1485°; c) 37 d) —3T

o Li gidi.

a) Ta c6 865° = 145° + 2 - 360°. Vay diém bicu dién goc lugng gidc c6 sé do 865° 1a diém M tren phan dudng
tron lugng giac thuoc géc phan tu thit II sao cho AOM = 145°.

11 Yy I
M,
A
0] x
IIT 1A

b) Ta c6 —1485° = —45° — 3 - 360°. Vay diém biéu dién goc lugng gidc c6 s6 do —1485° 1a diem M trén phan
duong tron lugng giac thuoc géc phan tu thit IV sao cho AOM = 145°.
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

II Y I

III I\Y

13 . s rx . 13 . N
c) Ta co 3T= g + 2 - 27. Vay diém biéu dién goc lugng giac c6 so do 37 la diem M trén phan duong tron
0

lugng gidc thudce goc phan tu thit I sao cho m =3

II Y I

III v

7 . s s . 7 . R
d) Ta co —3T= —g — 2. Vay diem biéu dién goc lugng giac ¢6 so do —37 la diem M trén phan dudng tron

lugng gidc thude goc phan tur thit IV sao cho AOM = g
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1.

Goc lugng gide. Gid tri luong gidc clia goc luong gidc

Biét lam, Iam ddng, Iam nhanh

II

y J/ J J

III

I\Y

Bdi 18. Biéu dién trén duong tron lugng gidc cac géc lugng gidc c6 sb6 do sau:

a) 750°;

o Li gidi.

b) —1125°.

a) Ta c6 750° = 30° + 2 - 360°. Vay diém bicu dién géc lugng gidc c6 s6 do 750° 1a diém M trén phan dudng

tron Iugng giac thuoc géc phan tu thit I sao cho AOM = 30°.

II

11T

I\Y

b) Ta c6 —1125° = —45° — 3. 360°. Vay diém biéu dién géc lugng gisc c6 s6 do —1125° 1 diém M trén phan
duong tron lugng giac thuoc goéc phan tu thit IV sao cho AOM = 45°,

e
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

11 Y I
A
0] T
M
IIT 1\

O
Bdi 19. Biéu dién trén duong tron lugng gidc cac géc lugng gidc co sb6 do sau:
97 37T
- b) ———.
@) 5 ) =%
o Loi gidi.
. 9T ™ . .2 .2 . x p .2 P O o s . X < <
a) Ta co 5 =3 + 2 - 2m. Vay diém biéu dién goc lugng giac ¢6 so do - la diem M trén phan dudng tron
lugng giac sao cho m = g
II Y I
M
A
(0] x
11T v
37 e x . . 37 iz N
b) Ta c6 —Tﬂ = —% — 3 - 2m. Vay diem bieu dién gbc lugng giac c6 so do —Tﬂ la diem M trén phan dudng

tron Iugng giac thuoc géc phan tu thit IV sao cho m = %
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc

Biét lam, Iam dung, Idm nhanh

y J/ J J

III

I\Y

O
Bdi 20. Biéu dién trén dudng tron lugng gidc cic goc lugng gidce co s6 do sau (véi k 1 s6 nguyeén tiy ¥)
a) a = km; b)az%%—kw.
o Loi gidi.
) k2w b oaz izl
a) Ta c6 a = km = - do do6 c6 hai diém bieu dien béi
gbée ¢6 sd do a. Y
Vé6i k =0, ta ¢6 a = 0 dugc biéu dién bdi diém A;. 5
Véi k =1, ta ¢6 a = m duge bidu dién béi diém A,. !
b) Tacoa= & +kr =2+ "7 4o d6 c6 hai didm bié
) acooz—§+ 7r—§+7 0 do c6 hal diem bieu Ay A
dién béi géc c6 s6 do a. 0 T
Véi k=0, ta c6 o = % duge bidu didn béi diém B, .
4 2 ~ 2
Véi k=1, ta c6 o = ?” duge bidu dién béi didm Bsy. B
O

Bdi 21. Biéu dién trén duong tron lugng gidc cac goc lugng gidc cé sd do sau:

a) %—i—kw;

® Loi gidi.

T k27
b) —— + —.
) 4 + 3

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

k2 . ,
a) Tac()a:%+k7r:%—FTﬂdod()céhaidiémbiéu

- . . - 7 ,
dién géc o lan luot 1a % bidu didn bdi A; va % bidu Y
dién AQ. B

. i k27r . .2 .2 x , X 1
b) Ta c6 a = — + —— ¢6 ba diém biéu dién gbéc « lan lugt B2
. ~ . N 19 .
Ia g bidu dién béi By, 1—2” bidu dién béi By va 1—2” bidu 0 .
dién béi Bs. A,
B3

O
Bdi 22. Khi biéu dién cac géc lugng gidc c6 s6 do x = g +krvay= g + k2 len dudng tron lugng giac, s6 diém
chung nhan dugc 1a bao nhiéu?
o Loi gidi.
) T T  k2r ___ 2 2 e ..z
Ta c6 x = 5 + km = 5 + 5 Vay c6 2 diem biéu dién géc lugng giac cé so do x.
@ V6ik=0, z; = g duoc bidu dién béi diém B.

@ Véik=1, x9= ‘%ﬂ dugc biéu dién béi diém B'.

Tacoéy = g + k2m. Vay c6 1 diém biéu dién goc lugng giac ¢6 s6 do y. Véi k =0,y = g, duge biéu dién béi diém
B. Vay s6 diém chung nhan dugc 1a 1 diém chung. O
Bai 23. Xac dinh cong thitc hgp nhét ciia hai goc lugng giac o1 = kr va o9 = g + k.
D Loi gidi.
k2 ) ) ~ ) ~ , i
Ta cbé z1 = km = TTF ¢6 hai diém biéu dién cho gbc z1 véi 0 bieu dién béi A; vA 7 bieu dién bdi As.
k2 ; . ~ ) ~ 3 . .

7y =+ km = 2+ =T 06 hai diém biéu dién vdi 7 biéu dién béi B va - biéu dién béi By.
Dé thay 4 diém nay cach déu nhau do dé c6 thé gop hai hai goc lugng giac nay lai thanh cong thic duy nhéat 1a
k2m  km -

4 27
Bdi 24. Tren duong tron lugng giadc, hiy bicu dién cac géc lugng gidc c6 s6 do co dang la:

a) g+k7r(k€Z); b) k% (k € Z).
® Loi gidi.
T T k27
a) Taco§+k7r—§+7(k€Z).

2 2 qex . . 3
Vay c6 2 diem My, M, bieu dién gbéc lugng gidc g + k7 (k € Z) trén dudng tron lugng giac 1a g va ; (Hinh

a).
k2
b) Ta c6 k%:%(l@eZ).

Vay c6 8 diém My, My, Mz, My, Ms, Mg, My va Mg biéu dién géc lugng giac k‘% (k € Z) trén dusng tron

lugng giac 1a 0, mom 3T bm Sm Tm (Hinh b).

y J/ J J

o

102 4" 9 g
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y y
M1 M3
M4 M2
M5 0] M,
0] x x
M
6 Me
M2 M7
a) b)
(]
Bai 25.
Viét cong thiic s6 do tong quat clia cac goc lugng gidec (OA, OM) va (OA, ON) trong y
hinh beén.
M
120°
™ A
NV
N
Hinh 14
o Loi gidi.

@ (OA,OM) = 120° + k360° (k € Z).
@ (OA,ON) = —75° + k360° (k € Z).

Bai 26.
Trong hinh vé bén, mam banh xe 6 t6 duge chia thanh nam phan bang nhau.
Viét cong thiic s6 do tong quat ctia goc lugng gide (Ox, ON).

Hinh 15
® Loi gidi.
L 360°
Ta c6 AON = < — 45°> + 72° = 99°.
Vay (Ox,ON) = —99° + k360° (k € Z). O

E® Cau hai tréc nghiém

N .. 3lw .2 L2 a.x N N PV RPN
Cau 31. Goc lugng giac — c6 cung diem bieu dién trén duong tron lugng gidc véi goc lugng gidc nao sau

day?
3 107 —2bm 2w
iz ® = ©—= 5
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

® Loi gidi.
31 3 31 . . ~ 3
Ta c6 Tﬂ = 77T + 2 - 2w, do do6 goc lugng giac Tﬂ c6 cung diem biéu dién véi goc 77T
Chon dap an @ O
Cdu 32. Cac géc lugng giac nao sau day cé ciing diém biéu dién trén dudong tron lugng gisc?
(A) 45°; 405°; 750°. 30°; 405°; 750°. (C) 60°; 405°; 750°. (D) 45°; 405°; 765°.
® Loi gidi.

Ta ¢6 405° = 45° 4+ 360° va 765° = 45° + 2 - 360°.
Do d6 45°; 405°; 765° c6 ciing diém bicu dién trén dudng tron lugng giac.
Chon dap an @ O

Cdu 33. Hinh vé bén dudi biéu dién cho géc luong gidc nao sau day?

ry
-

IIT v

(A) 30°. (B) 90°. (C)125°. —60°.
® Loi gidi.
Chon dap an @ O
Cdu 34. Hinh vé nao dudi day biéu dién goc lugng gidce c6 s6 do a = —765°7

o6
N N

11T v IIT v

1T y I 11 Y I
M
M
111 v 11 v
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

® Loi gidi.
Ta c6 —765° = —45°—2-360°. Do d6 goc —765° c6 diém biéu dién tai vi trf géc phan tu thit IV va géc AOM = 45°.
Chon dap an O

~ . « 2 . « 2 o« . k
Cdu 35. Co6 bao nhiéu diém trén dudng tron lugng gidc biéu dién cho géc lugng gidc x = g + Ty

A 1. OF) ©s. D) 4. i

® Loi gidi.
. T knm w  2krw L .2 2 s .
Ta c6 z = 3 + 5 =3 + R Do dé ¢6 4 diém biéu dién cho gbc x.
Chon dép an @ O

Cdu 36. Hinh vé bén dudi biéu dién cho géc luong giac nao sau day?

/
N

T T T T  kr

® Loi gidi.

Ta thay AOM = % va ¢6 hai diém M, N déi xitng nhau qua O biéu dién cho géc lugng gisc a. Do do, o c6 thé
. T kK2r 7
iet dudi d —+ — ==+ k.

vie 1 dang 3 + 5 3 + k7

Chon dap an @ O

Cdu 37. Trén duong tron lugng giac véi diém goc 1a A. Diém M thuoc dudng tron sao cho AOM = 75°. Goi N
la diém déi xing vé6i diém M qua goc toa do O, s6 do goc lugng gidc AON bing
(A) 255°. —105°. (C) —105° hoac 255°. (D) —105° + k360°, k € Z.

® Loi gidi.
Vi N déi xitng véi M qua gbc toa do O. Do d6 AON = AOM + 180°, suy ra AON = 255° hoic AON = —105°.
Chon dap an @ O]
Cdu 38. Tren duong tron lugng giac goc A, cung lugng gidc nao cé cac diém biéu dién tao thanh hinh vuong?
km 9 i k2m km
—. TT. — —.
e 2, 3 3
® Loi giai.
) km k2m L .2 .2 . x . N .2 N N < N " N N
Ta c6 a = 5 =1 Do d6 c6 4 diem biéu dién cho géc o va 4 diém nay tao thanh hinh vuéng trén ducng tron
lugng giéc.
Chon dap an @ Ol
Cau 39. Cho géc lugng giac c¢6 s6 do x = % + k7 v6i k 1a s6 nguyén tiy y. C6 bao nhiéu gia tri k¥ thda man
x € [2m; 57]?
A 1. ®) 2. (©)3. D) 4.
o Loi gidi.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

7
E+k7r>27r k> -

Ciai he bat phuong trinh { 4 = ‘1*9
—+k 5 -~
1 + k< k < 1
o 1. a2 7 19
Tu do, de = € [2m; 5m] thi 1< k< T

Vi k 13 s6 nguyén nén c6 3 gia tri ctia k, 12 2,3, 4, théa man ycbt.
Chon dap an @

Cdu 40. Hinh vé bén dudi biéu dién canh quat ctia dong co may bay. Cac vi tri B, C, D trén canh quat c6 thé

biéu dién cho goc luong giac nao sau day?

W) 7 +2m. ®) 3 +kr. ©g+k%ﬁ
® Loi gidi.
Ta thay AOB =
Chon dép an @

2 .2 .x P . . 2 .z e 7T
va ¢6 diem bieu dién cho géc a. Do d6 « c6 thé viet dusi dang 5 +

b 3

%& Dang 5. Tinh gid tri lrong gidc cla géc luvong gide

béing dinh nghia va xét ddu cla cdc gid tri lwong gidc

O

-7 k27

T T3
k27

3

1.Trén duong tron lugng giac, goi M 1a diém biéu dién géc lugng gidc c¢6 s6 do a.
Khi dé: Yy
® Tung do yys cia M goi la sin ctia «, ki hiéu sin a.
® Hoanh do xjs cia M goi la cosin clia o, ki hiéu cos a.
A ? A Sin « 1N @ @
®@ Néu xps # 0 thi ti s6 S goi la tang cia «, M 4D A
Ty CoSa L 19} >
ki hiéu tan a. !
MEZ - yum
. o a5 cosa .. ,
®@ Néu yys # 0 thi ti s6 M _ - goi la cotang cla «,
ym  sina
ki hiéu cot a.
Cac gia tri sin «, cos o, tan av va cot  dugce goi 1a cac gia tri lugng giac ciia goc lugng giac a. 2.

y J/ J J

o
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1.

Goc lugng gide. Gid tri luong gidc clia goc luong gidc

Biét lam, Iam dung, Idm nhanh

y £ £ 7

Dau clia cac gia tri lugng giac ctia goc a = (OA,OM) phu thuoc vao vi tri

)
diém M trén duong tron lugng giac. Bang xac dinh dau clia cac gia tri lugng
giac nhu sau ITM_— b I
Goéc phan tu :
Gié tri luong giac | 1 | IT | 11T | IV o XN 4
sin + |+ = | - H O x
cos o + -1 - |+
— I I R 11 = IV
cot + -1+ ] -
I®» Vidumau
Vidu 22. X4c dinh diém M trén duong tron lugng gidc sao cho (OA, OM) = 135°.
® Loi gidi.
Goi M 1a diém chinh giita ctia cung BA’ trén dudng tron lugng giac. y
Ta c6 (OA,OM) = 135° (tham khéo hinh vé bén). B
M
A T35° |4
(0] x
B/
0]
Vidu 23. Xac dinh diém N trén duong tron lugng giac sao cho (OA,ON) = —g.
® Loi gidi.
Goi M la diém ciia cung AB’ trén dudng tron lugng gidc sao cho s6 do cung AM y
.1
bang 3 s6 do cung AB'. B
Ta c6 (OA,OM) = —g (tham khdo hinh v& bén).
A’ A
O /5 x
B’ M
O]

Vidu 24. Cho goc lugng giac c6 sd do bang —g.

a) Xac dinh diém M trén duong tron lugng giac biéu dién goc lugng gidc da cho.

b) Tinh cac gia tri lugng gidc ctia goc lugng gidc da cho.

® Loi gidi.

32/764 ’
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

Yy
a) Diém M trén dudng tron lugng gidc biéu dién géc lugng gidc c6 s6 do 1a —g 1
dugc xac dinh trong hinh bén.
1 3 [ 1
) e cos (<) = s () = -5 — ol
. ( ﬂ') I
sin | —— !
tan (—z) = —;/))T = _\/5’ |
3 coS (——) RVE | R
3 2y
T
cot (-1 = cos (‘5) _ 1
e T
O]
. . 3
Vidu 25. Xét dau cac gia tri lugng giac ctia goc lugng giac o = —f.
o Loi gidi.
3 T . 3 3 3T 3
Do —7 < 7 < 3 nén sin <_Z> < 05 cos (—Z> < 0; tan <_Z) > (; cot (—Z> > 0. O
. . 5
Vidu 26. Xét dau cac gia tri lugng giac ctia goc luogng giac o = %
o Loi gidi.
) ) 5 ) )
Do g < % < 7 nén sin (%) > 0; cos (%) < 0; tan <g> < 05 cot (g) < 0. O
Vidu 27. Xac dinh dau cac biéu thrc:
20
a) A = sin50° - cos (—100°); b) B = sin195° - tan Tﬁ

D Loi gidi.

a) A =sin50° - cos (—100°).

Ta c6 diém cudi ctia cung 50° thuoc géc phan tu thit I nén sin50° > 0. Diém cudi ciia cung —100° thudc

goc phan tu thi III nén cos (—100°) < 0.

Do do, A < 0.
20
b) B = sin195° - tan —.
! 20 6
. . . . . m T
Ta ¢6: diem cudi ciia cung 195° thudce goc phan tu thi I1I nén sin 195° < 0. Diém cudi cha cung — = 7+27r

N 20
thuoc géc phan tu thi II nén tan Tﬂ < 0.

Do do, B > 0.
0]
Vidu28. Chor <a< 37% Xét déu cac biéu thitc sau:
2019
a)Azcos(a—%); b)than( W—a).
® Loi gidi.
a) Azcos(a—z> :cos<z—a> =sina < 0.
2 2
2019
b) than( > T —a> :tan<g—oz+10097r) :tan(g—a> = cota > 0.
0]

y J/ J J

o
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc

Biét lam, Iam ddng, Iam nhanh

F® Baitap tu luyén

Bai 27. Tim cac gia tri lugng giac cia goc lugng gidc o = 60°.

o Loi gidi.

. PP L . 2m
Bai 28. Tim cac gia tri lugng giac ctia goc lugng giac a = 5
o Loi gidi.

Bdi 29. Tinh céc gia tri lugng giac (néu c6) ciia mdi géc sau

a) g+k27r (k € 2); b) kr (k € Z);
T T
C)E—i-k‘ﬂ'(kGZ); d)Z—i—kﬂ(kEZ).
® Loi gidi.

a) Xétazg—i—kﬂﬂ (k€ Z), tacod

. T V3
© sma—smg—T,
™ 1

() COS&_COS§_§’

©® tana:tang :\/5;
V]

to=tan - = ~-.
®COO& an3 3

b) Xét o = km (k € Z), ta co

® sina = 0;
@ cosa = (—1);
® tana = 0;

® cot a khong xac dinh.

c) Xétazg—i—kﬂ (k€Z),tacod

@ sina = (—1)¥;
@ cosa = 0;
® cota =0;

© tan a khong xac dinh.

d) Xétaz%—i—lm (k € Z), ta 6

@ sina = (—1)*- ?;
@ cosa = (—1)F- ?;
® tana = 1;
@ cota = 1.

. L o o . 5
Bai 30. Xét dau céc gia tri lugng giac cua goc lugng giac o = %

o Loi gidi.
5 5 5 5 5
Do g < % < 7 nén sin (%) > (; cos (g) < 0;tan (g) < 0;cot (%) <0.

y J/ J J

O

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

Bai 31. Xét dau cac gia tri luong gidc cua goc luong gidc o = —Zﬂ.
o Loi gidi.
3 s 3 3 3 3
_ _2" % hen qin [ 25 . _20 . _27 . _27 ) 0
Do —7 < 4< 2nensm( 4><0,cos< 4)<O,tan< 4)>O,Cot< 4)>0
Bdi 32. Xac dinh dau céc biéu thic:
20
a) A = sin50° - cos (—100°); b) B = sin 195° - tan Tﬂ

® Loi gidi.

a) A =sin50° - cos (—100°).
Ta c6 diém cudi ctia cung 50° thuoc géc phan tu thit I nén sin50° > 0. Diém cudi ciia cung —100° thudc
géc phan tu thi 1T nén cos (—100°) < 0.

Do do, A < 0.
2
b) B =sin195° - tan E
! 20 6
. . R . . 0
Ta ¢6: diem cudi ciia cung 195° thudce goc phan tu thi I1I nén sin 195° < 0. Diém cudi cha cung — = 7+27r
N 20
thuoc géc phan tu thi II nén tan TW < 0.
Do do, B > 0.
O
. 3 . .
Bai 33. Chom < a < g Xét dau céc bieu thic sau:
2019
a)Azcos(a—%); b)than( 7T—oz).
® Loi gidi.
a) Azcos(a—z> :cos<ﬁ—a> =sina < 0.
2 2
2019
b) than( 5 T —a> :tan<g—a+10097r) :tan(g—a> =cota > 0.
O
Bai 34. Xac dinh dau cia sin o, cos a, tan a, biét
3 7 10 5 11
a)§<a<zﬂ; b)37r<a<T7T; c)§<a<T7r.
® Loi gidi.
37T 77T 2~ . 2 Lo 2 A~ z X - ~ :
a) -5 <a< i Ta c6 diem cudi ctia cung o thudc géc phan tu thit IV nén sina < 0,cosa > 0,tana < 0.

m . . N
b) 3r < a< 5 Ta c¢6 diém cudi cia cung « thudc géc phan tu thit 111 nén sina < 0, cosa < 0, tan o > 0.

57 117 .2 2. o , 5 P .
c) -5 <a< o Ta c6 diém cudi ctia cung « thudc géc phan tu thit II nén sina > 0,cosa < 0,tan a < 0.

O

Bdi 35. Cho 0° < o < 90°. Xét dau cac biéu thiic sau:
a) A = cos(a+90°); b) B = sin (a + 80°).

@ Loi gidi.

y J/ J J

o
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

a) A= cos(a+90°) = cos (90° — (—a)) = sin(—a) = —sina.
Vi 0° < a < 90° nén sina > 0.
Do do A < 0.

b) B = sin (« + 80°).
Vi 0° < a < 90° nén 80° < a4 80° < 170°.
Do dé, diém cubdi ciia cung o + 80° thudc géc phan tu thit I hodc thit II nén B > 0.

O]

S - 3 P .

Bai 36. Chor < a< g Xét dau cac bieu thic sau
1119

a)Azsin(a—i—g) b)stin(a—{— 27T>.

o Loi gidi.
. T (T
a) A =sin <a + §> = sin (5 - (—a)) = cos(—a) = cosa < 0.
b)
111
B = sin (a—i— 297T> = sin (a—g+280-27r>
= sinfa—5) = —sin(5-a) =—cma>0
= sinfa-)=-sin{5-a)=-cosa
0]

E® Cau héi tréc nghiém
Cdu 41. Cho goc lugng giac a = g Khéng dinh nio sau day la sai?

@sina>0. cosa>0. @tana<0. @cota>0.
® Loi gidi.
Véi a = %, taco 0 < a< g thuodc goéc phan tu thit I nén sina > 0,cosa > 0, tana > 0, cot a > 0.
Chon dap an @ O

Cadau 42. Cho goc lugng giac a = —%. Khéng dinh nio sau day la sai?
@sina<0. cosa<0. @tana<0. @cotoz<0.
® Loi gidi.
Véi o = —%, ta c6 o thudc géc phan tu thit IV nén sina < 0,cosa > 0,tana < 0, cot o < 0.
Chon dép an O

Cdu 43. Cho 0° < a < 90°. Khéng dinh nao sau day ding?

(A) sin (90° + o) < 0. cos (90° + ) < 0. (C)sin (150° + @) > 0. (D) cos (180° + ) > 0.
o Loi gidi.
Ta ¢6 0° < a < 90° & 90° < a + 90° < 180° thuoc goc phan tu thi 1T, nén cos (90° + ) < 0.

Chon dap an Ol

Cau44. Cho0<a< g Khéng dinh nao sau day la ding?

@sin(%+a)>0. cos<g+a)>0. @sin(%+a>>0. @cos(%r—i-a)>0.

o Loi gidi.
2 .
Tac()O<oz<g<:>%< %+o¢< ?ﬂ' thuoc géc phan tu tha I va II, nénsin<%+a) > 0.
Chon dap an @ O
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J J J
Cauds5. Chomr < a < 3; Khing dinh nao sau day la ding?
@sin(a—g)<0. cos(a—%>>0. @sin<%+a><0. @sin(%+a>>0.
® Loi gidi.
Tacom<a< %@%T < 2%+a< 119—(;T thuoc géc phan tu thit II1 va IV, nén sin(%—i—a) < 0.
Chon dap an @ O

& Dang 6. Cho mét gid tri lwvong gidc clia géc, tinh

cdc gia tri con lai hay mét bidu thirc luong gidc

Duia vao céc cong thitc co ban va dau clia cac gia tri lugng giac.

sin o COS (v
e tanoa = e cota = — e tana-cota=1
COS & sin «
0 2 2 1 2
e sin“a+cos“a=1 o l+tan“a = > e 1l+cota= 3
COS“ « sin”“ «

Nhé: "Nhéat ca - nhi sin- tam tan - ti cos dé biét dau ciia cac gia tri luong giac.

®» Vidumau
e e .z . 2 < L P 2 ™ ™ 2 ™ . ™
Vidu 29. Tinh gia tri ctia biéu thitc P = cos 3 + tan 1 + cot 8 + sin 5
o Loi gidi.
Ta c6
P = Cos2g+tan%+cot2%+sing
1\? 2 21
= (§> +1+(V3) +1="
O
Vidu 30. Tinh gi4 tri cia biéu thitc Q = tan? g + sin? % + cot % + cos g
o Loi gidi.
Ta c6
P = tan2%+sin2g+cot%+cosg
2
2
= (V3% + (%) +140
9
= 3
O
Vidu 31. Cho gbc lugng giac a sao cho —g < a < 0vatana = —2. Tinh cos a, sin .
® Loi gidi.
Do tana = —2 nén sma —2, suy ra sina = —2cos a.
cos )
Vi cos? a + sin? @ = 1 nén cos? a + (—2cosa)? = 1, suy ra cos’ a = 5
Do —g<a<0néncosa>0.
1 1 1 2
Ttrd()tacécosaz\/iz—,su rasina=-2-—=———. ]
5V NGRS

- 3 4
Vidu 32. Cho goc lugng gide « sao cho m < a < ; va sina = ~F Tim cos a.
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

QLbigiéi.
S 2 .2 ~ 2 . 9 4\? 9
Vicos“a+sin“a=1néncos“a=1—-—sin“a=1—(—=| =—.

3
D07T<a<7néncosa<0.

/9 3
Tu dé 5 =—\/—=——. O
u do ta co cos « o7 1

Vidu 33. Tinh céc gia tri lugng giac ciia goéc o, biét
1 T 2
a) cos V8 a<sy ) sin« 7V

3

c) tanazx/gvaﬂ<a<7;

® Loi gidi.
a) Ta cosin?a +cos?a=1=sina=1-cos’a < [

sinaa = —v/1 — cos? a.

V\10<oz< — nén sina > 0, suy ra sina = v/1 — cos? a.

:>sma—”1— \/> 2\/_

1 6
Matana— nentana—i ——2\/6vaco‘504—£
cos & 5 5 12

9 5 5 o cosa = V1 —sin?a

b) Ta c6 sin“a+cosa=1=cos°a=1—sin"a <
cosa = —\/1 —sin? .
T .
Vi = < a < 7néncosa <0, suy ra cosa = —/1 —sin® a.

2
N ) (2)2 21 V21
cosa = — =) =\\z===—
5 25 5
sin «

(_@) S 2V21 V21
==

Ma tana = nén tano =

(G101 ]

Ccos « 5

3m
c) VimT<a< > nén cos o < 0, do d6 tur cong thiic:

1 ) 1

1+ tan?a = suy ra cos“* o = ————.
C y 1+ tan? «

os? o’

1 1 6
= cosa = — =— = ——;
V1+ tan® o V14 (V5)?2 6
1 V5 \/30
cota =

= — vasinoe=tana-cosax = ———
tan o 6

3
d) Vi ; < o < 27 nén sina < 0, do d6 tit cong thic:

1+ cot? L S a sin? 1
cot* a = uy ra sina = ———.
81n2a Y l—i-cot2
. 6
= sina = — .
\/W \/— 37
tana = = 2vacosa=cota-sina = —
cot o
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

P Baitép tu luyén

Bai 37. Tinh céc gia tri lugng gidc clia goc «, biét

) ! A0<a< s b) si 2 Al <a<
a) cosa = — va a< —; sina=—-va - <« ;
5 2’ 502 ™
3 1 3
c) tana:\/gvaw<a<§; d)cota:—ﬁva§<a<27r.

® Loi gidi.
sina =1/1 — cos? a
sina = —v1 — cos? a.

\/“10<a< — nén sina > 0, suy ra sina = V1 — cos? a.

:sma—“l— \/7 2\/_

a) Tacosin?a +cos?a=1=sin?a=1-—cos’a < [

1 6
Matana— nentana—i ——2\/évacotoz—£
cos ) ) 12

9 5 5 o cosa = /1 —sina

b) Ta cé sin“a+cosa=1=cos°a=1—sin"a <
cosa = —/1 —sin?a.
m -
V1—<a<7rnencosa<0 suy ra cos o = —y/1 — sin® a..

= coso = — Hl— \/> \/_

2¢v/21 V21
nén tanao = - : | ——
Cos & 5 5

Ma tana— = — va COtOé:—T.

3T
c) Vim<ac< > nén cosa < 0, do do tit cong thiic:

1 1
l1+tan’a = ——, suyra cos’ v = ———.
* cos2a’ oY 1+ tan? o
1 1 V6

= cosq = — == =
V1+ tan? o V14 (V5)2 6
1 NG V30
cota = = -— vasina=tana-cosa = ———.
tan « 6

3
d) vi % < o < 27 nén sina < 0, do d6 tir cong thic:

1
1 cot2a:— suy ra sinfa = ——————.
* s1n2a Y 1-|-C0t2
. V6
= sino = — .
\/1+cot2 / 3
tanoe = —— = —v/2 va cosa = cot o - s1na——.
cot « 3

Bai 38. Tinh céac gia tri lugng gidc clia géc o trong mdi trudng hop sau

V15 2
a) sina = —— vé z<Oz<7r b) cosa = —= véi —71 < a < 0;
4 2 3
¢) tana =3 véi —m < a < 0; d) cota=-2vii0<a<m.
® Loi gidi.
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1.

Goc lugng gide. Gid tri luong gidc clia goc luong gidc Biét lam, Iam ddng, Iam nhanh

a) Xét sina =

y J/ J J

Vol — < a < T

=%
ot

b | 3

S
Visin2a +cos?a=1nén cos?a=1—sin?a=1- (—) = —.

T
Do§<a<7rnéncosoz<0.

I 1
Tit d6 ta cd =—y/—==-=.
O Ta CO Cos & 16 4

sin o Cos & V15
Ta c6 tana = = —v/15; cot a = — = ——.
Ccos v sin o 15

2
Xét cosa = —3 Vol —m < a < 0

2
) 2 A w2 2 2\ _
Visinaa+cos*a=1nénsin“a=1—cos“a=1—{(—=] =

5
3 9

Do —7m<a<0nénsina < 0.
5 5
Tu do ta ¢6 sina = —\/g: —\/?_.
sin «v \/5 Ccos & 25

Ccos « 2 sin «v 5

Ta c6 tana =

Xét tana =3 véi —7m < a < 0;
1
Ta c6 cota = 3

sin av

Do tana = 3 nén = 3, suy ra sina = 3cos .

COS

. 1
Vi cos? o + sin®? o« = 1 nén cos? a + (3cosa)? = 1, suy ra cos?a = —
, Suy

10°
() Do—g<a<0néncosa>0.
V10
10 °
® Do —7T<Oé<—g nén cos o < 0.

10
Tu do ta ¢6 cosa = BT

Xét cota=—-2v60< a<m;

T d6 ta c6 cosa =

Ta c6 tana = ——.

cos o
Do cotae = —2 nén

- = —2, suy ra cosa = —2sin a.
sin «
2 2 A . 2 2 .2 _1
Vi cos® a +sin“ a = 1 nén (—2sina)® + sin“a = 1, suy ra sin® a = 2
Do 0 < a < mnén sina > 0.

5
Tu do6 ta c6 sina = £

=
0
S 3
Bai 39. Cho tana = 2, <7r<a< g).TinhA:sina—i—cosa.
® Loi gidi.
1 1 D 3
Ta c6 1+ tan?a = & cosla=—- = cosa=——— (vi7r<a<—7r).
cosZa 5 5
g 2v/5
4 ina=———
sina=1-cos’a=- & 5
5 . 2V5
Slna:?.
3 24/5
Viw<a<§nénsina:—%—.
2v/5 5 3v5
Dodo A= _2Y5_ V5 _ 3V O

) 5 5
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

cos2a +tan?a — 1

2

Bdi 40. Cho cot a = 2. Tinh gi4 gia ctia biéu thitc A = -
sin? o

® Loi gidi.

cos2a +tan?a — 1
sin® «
2 2
—sin“ o + tan“ «
sin? «
sin2a tan? o
+

sin? o sin? o

1
= -1
+ cos? a
= —1+1+tan’a
_ 1
~ cot?la 4
0]
E® Cau héi tréc nghiém
Cdu 46. Cho « la goc ti. Khing dinh nao sau day la ding?
@sina<0. cosa>0. @tana<0. @cota>0.
® Loi gidi.
Vi a la goc tl, nén sina > 0, cosa < 0 nén tana < 0.
Chon dap an @ O
Cadau 47. Gia tri cta sin (—240°) la
V3 1 -3 1
@7 3 CEd oL
® Loi gidi.
3
Ta ¢6 sin (—240°) = sin (120° — 360°) = sin 120° = ‘/7_
Chon dép an @ O
Cdu 48. Véi diéu kién ctia a da duge thda man. Chon khéng dinh sai trong cac khang dinh sau?
1
2 . _ 2 _ L2 2 _
@1—|—tan O= Sy tana cot 1. ©1+cot o il @sm o+ cos“a = 1.

O Loi giéi.
Ta c6 tana - cot v = 1.

Chon dap an O

Cau 49. Gia tri cia tan 180° 1a
(A) 1. 0. (©) -1. (D) Khong xac dinh.
D Loi gidi.
Ta c6 tan 180° = 0.
Chon dép an O

Cau 50. Cho g < a < . Chon khang dinh ding.

@sina>0, cosa > 0. sinoz<0, cosa < 0. @sina>0, cosa < 0. @sina<0, cosa > 0.
® Loi gidi.
Véi g < a < 7 la géc phan tu thit II, nén sina > 0, cosa < 0.
Chon dap an @ O

Cau 51. Bidu thitc f(z) = cos* z + cos? xsin? z + sin®  ¢6 gia tri bing

(A) 1. B 2. (©) -2 D) -1.

® Loi gidi.
Ta ¢6 f(z) = cos’ x + cos? wsin® x + sin® x = cos® z (cos® z + sin? z) + sin® x = cos? z + sin’ z = 1.
Chon dap an @ O
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

. ing— 9
Cdu 52. Cho cotxz = —5. Gi4 tri cia P = SITMU cos® 1a
. ; 3sinx +4cosx 1 "
- -_E. 9 ﬁ. _ﬁ. 1_7.
® Loi giai.

Lz 1—2cotz 1-—2(-5) 11
Bien doi duge P = = =——.
fon dor auee 3+4cotx  3+4(-5H) 17

Chon dap én@ Ol
~ 3 (37 sl . N
Cadu 53. Cho cos2a = =\ < a< 7). Gia tri cha sin «a bang
V5 25 2/5 JE
% 5 S D%
® Loi giai.
Ta c6
1 3
sin2a—1_0082a— _5—1(:>sinoz—:|:\/5
B 2 2 5 5
Do ?%r < a < 7nénsina > 0. Suyrasinaz?.
Chon dap én@ O

~ .. ” - 4 0 < 3 eg oL 3y
Cdu 54. Cho « la mot géc lugng gide théa méan tana = —2, véi 5 < a < 7. Khi do6, gia tri cos a bang

@cosa:\/?g. cosa:%g. @cosa:%l. @cosa:%.
® Loi gidi.

1 5
Tacé l+tan’a = —5— & 14 (—2)? = — <z>cosa::l:\/——.
COos* « \/_ COos* « 5
—/5
Vig<a<7rnéncosa=T.

Chon dap an Ol
~ e e oz 4 3t
Cdu 55. Gia tri clia sin « biét cosa = —gvam <a< 5 bang

@sina:—g. sina:é. @sinazg. @sina:—%.

® Loi giéi.
. 3m . 4 . 3
V17T<a<7nen81na=—\/1—cos2a=— 1-— = =sma=—g.
Chon dap an @ O
~ 1 i <
Cdu 56. Cho tana = 2. Khi do, gia tri A = cosatsma 5 bang

cos2a cosa—sina

(A)A=-5. (B) A=—4. ©A=-3 (D) A=-2.

® L&i gidi.
Ta c6
1 .
A — . +cosa+s?na_5
cos“a cosa — sina
cosa + sina
= 1+tan’aq+ —C0SC___ _
cosa — sina
cosa
1+t
= 1+tan2a+w—
1 —tana
1+2
+ +1_2
Chondépén@ O
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide

Biét lam, Iam ddng, Iam nhanh

Cdau 57. Cho cota = 4tana va a € (g;w). Khi d6 sina bang
V5 1 2v/5
®_? 5' © 5
® Loi gidi.
Tu gia thiét ta co
1
cotzaz4tana-cota:4:>s,1112a:—2
1+cota 5
Chon dap én@
o . — si 4 N
Cdu 58. Cho tana = —2. Gi4 tri clia biéu thitc P = ‘sma tacosa bang
sina 4+ 3 cos «
(A) 6. ®) 2. (©)3.
o Loi gidi.
sin o
:_cosa :—tana+4: 2+4 _6
sin o 3 tan o + 3 —2+43 '
COoSs (v
Chon dép én@
o 3 .
Cdu 59. Cho sina+2cosa=0vaa € <77T;27r>. Khi d6 cosa bang
Vb 1 2v/5
®_? 5' © 5
® Loi giai.
Ta c6 sina+ 2cosa =0 < sina = —2cosa < tana = —2.
cos’a = L = L —1
~ l+tan?a  1+(-2)2 5
5 3
= cosa:—\/—_ (vi Sl < a < 2m).
5 2
Chon dap én@
) .
. -2 .
Cdu 60. Cho tanz = 2. Tinh A = S @ smm. CQOSQ:
cos?x + 3 - sin’x
(A) A=4 (B) A=0. ©Aa=1.
® Loi gidi
Chia c& t% va mAu ctia A cho cos?z ta duge
_tan%—2tanm _ 22_92.2 —0
1+ 3tanz 1+3-2

Chon dap an

= — = sina =

y J/ J J

& Dang 7. Gid tri lwong gidc cla cdc géc cé lién quan déc biét

a) Goc doi nhau (a va —a)

© cos(—a) = cosa
@ sin(—a) = —sina
© tan(—a) = —tana

@ cot(—a) = —cota

V5
O
€
7
O
(D) 12.
O
V5
Op=
O
®a=
O
Y
M PR
E e T
1 o4/, A
N

o
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1.

Goc lugng gide. Gid tri luong gidc clia goc luong gidc

Biét lam, Iam ddng, Iam nhanh

y £ £ 7

b) Géc bt nhau (o va ™ — )
@ sin(r —a) =sina

@COS T —

) = —cosa
@ tan(m — o) = —tana
@ cot(r — a) = —cot

™

® sin (5 —04) = cos«

® cos (g—a) =sina
(©] tan(%—a) = cot«
® cot <g—a) = tan

@ sin(m +a) = —sina
@ cos(m + a) = —cosa
@ tan(m + o) = tana

@ cot(m + ) = cot

sin(k2m + a) = sina,

cos(k2m + a) = cosa,

@ tan(km + a) = tana,

¢) Goc phu nhau (a va g —a)

d) Goc hon kém 7 (o va m + «)

cot(km +a) = cota

sin[(2k + 1)m 4+ a] = —sina
cos[(2k 4+ 1)m + a] = — cosa

(tan va cot bé pi chin, 1& déu cong).

(b6 chén pi cong, bo 18 tri).

i®» Vidumau
Vi du 34. Tinh
2) 137

S11n T,
® Loi gidi.
Ta c6

) . 13w .
a) sin — = sin
4

.om 27 LT .
sin — — cos — = sin — — sin
10

b
) ) 10

Vidu 35. Tinh

™ .
(371'+ Z) = sin (71'—1—

b)

sin — — cos —.

10 )

o V2
= —8sm - = ——
4 2
T .om
)—sml—o—sml—o 0
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

3
a) cos? g + cos? g b) tan 1° - tan 2° - tan 45° - tan 88° - tan 89°.
® Loi gidi.
a) Ta c6

3
cos? % + cos? % = cos?® % + cos? <g — %) = cos? g + sinzg =1.

b) Ta c6
tan1° - tan 2° - tan 45° - tan 88° - tan 89°
= tanl®-tan2° - tan45° - tan(90° — 2°) - tan(90° — 1°)
= tanl1®-tan2°-tan45° - cot 2° - cot 1°

= tanl1®-cot1°-tan?2°- cot2° - tan 45°

= tan45° =1.
U
Vidu 36. Khong diing may tinh cam tay, tinh gia tri ctia biéu thitc
s . 137 5T 8
A = cos — — sin —— + cos — -+ cos — — cos 7.
9 36 36 9
o Loi gidi.
Ta c6
A T . 137r+ 57T+ 8
cos9 S 36 cos 36 cos 9 Ccos T
T . 137r+ . <7r 57r>+ ( 7T>+1
= cos— —sin— +sin| - — — cos (m— —
9 36 2 36 "7
T . 137r+ . 137 7T+1
= c0s— — sin — 4+ sin —— — cos —
9 36 36 9
= 1.
Vay A= 1. O]
Vidu 37. Tinh gia tri diing ctia cac biéu thitc sau (khong dimng méy tinh cam tay).
5 35 7 5 11
a)Azsin;—fi—i-sin%—sin?)—g—i-sinﬂ; b)B=COS%+COS3—g—sin£—sin3—g;
) O =t T oan ™t 23w d) D ¢ 7 t571'
= n_' n_' n_' p— — . —_— —_—
c a36a4a36, (3018C06009
® Loi gidi
a) A=si 7T+s' o7 si 357T+s' si 7T+s' ( F) si ( 7r>+s'
=sin— +sin— —sin— +sinwm=sin— +sin{r— =) —sin (7 — — inm
36 6 36 36 6 36
.7T+.7r.7r+. .7T+. 1+01
=sin— +sin— —sin — +sinm =sin— +sinm = - = _.
36 6 36 m 6 T 2
b) B = 7T+ 7T Y 1 7r+ i . (7’[‘ 7r) . (7‘(’ 777)
—00512 cos36 511112 sin 36 —cos12 00536 sin 5 " 13 sin 5~ 3§
T i 7 i
= coS — + cos — — cos — — cos — = 0.
12 36 12 36
c) C = tan on tanw tan 25T tan om tanﬂ tan( 137T)
36 4 36 36 4 36
t57rt71'(tl37r) t57rt7rtl?)7r
=tan— -tan— - | —tan— | = —tan — - tan — - tan ——
36 4 36 36 4 36
¢ 51 ¢ T ¢ (71' 57r> ; 5m ¢ T t571'
=—tan— -tan— -tan|{ = — — | = —tan — - tan — - —
Mge Py MY T 36 T I T:
5T 5% T
= (tan 22 -cot = | tan— = —1-1 = —1.
(an36 cot 36) an4
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc

Biét lam, Iam dung, Idm nhanh

d) D = cot -~ - cot ~ cot5—7r—cotl cot = cot( —4—7T)
18 e 9 18 6 "

B t?‘l’ tﬂ’( t471')_ tﬂ' t t471'
= CO 18 CO 6 CO 9 = CO 18 - CO 6 - CO 9
P18 M "9 T 18 T IR T
v i v
= —(cot — -t —) t-=—1-v/3=—V3
(CO 18 an18 CO 6 \/g \/g

P Baitép tu luyén

S . 5
Badi 41. Tinh cac gia tri lugng gidc ctia mdi goc sau: 225°; —225°% —1 035°; ?ﬂ; ;

® Loi gidi.
© sin 225° = sin(45° 4 180°) = —sin45° = —\/75;
cos 225° = cos(45° 4 180°) = — cos45° = —?;
cot 225° = :if;;g —1

@ sin(—225°) = sin(—45° + 180°) = —sin(—45°) = sin45° =

cos(—225°) = cos(—

sin(—225°)

tan(—225°) = =—-1;

an( ) cos(—225°) ’
cos(—225°)

t(—225°) = =-1
cot(~225%) sin(—225°)

@ sin(—1 035°) = sin(45° — 3 - 360°) = sin45° =

cos(—1 035°) = cos(45° — 3 - 360°) = cos45° =
sin(—1 035°)

tan(—1 035%) = cos(—1035°)

cos(—1 035°)
t(=1035°) = ———= =1;
cot( )= Sn(Cto3se) UV
0 % —an(2r- ) <o () =T =2
sm—: =sin(—5)=—-sin; =——;
3 3 2
cos—: ( )—COS(—%):COSg__a
. s1n§
tan? = . B —/3;
3
o7
5w OS5 V3
cot — = = ——.
3 . om 3
sin —
3
19
O] sm; = sin <1O7r — 5) = sin (—g) = —smg =-1;
COS —— = COS <107r - g) = cos (—E) = cosg = 0;

V2,
7;
V2

yV J J J
0
197 159«
2 1

2 I

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

cos 197
197 9
cot > —1or = 0
sin —
2

4
. < 15971')
sin | ———
1597 4
tan (_ 1 ) = ( 1597r> =1
cos | ————
4
( 1597r>
cos | ————
1597 4
cot <_ 4 ) " <_ 15971') =1
4
OJ
Bai 42. Tinh
a) A =sin?5° 4 sin? 10° +sin® 15° + ... + sin? 85° (17 s6 hang);
b) B = cos5° + cos 10° + cos 15° 4 ... + cos 175° (35 s6 hang).
® Loi gidi.
a) Nhan xét thiy sin’85° = [sin(90° — 5°))* = cos? 5°.
Do do
A = sin?5° 4+ sin?10° 4 sin® 15° + ... + sin® 85°
= sin?5° + sin? 85° + sin? 10° + sin? 80° + . .. + sin® 45°
= sin?5° + cos® 5° + sin® 10° + cos® 10° + . .. + sin® 45°
- Il lin=
= 5= 5
8 s6 hang
b) Nhan xét thiy cos 175° = cos(180° — 5°) = — cos 5°.
Do doé
B = co0s5°+cos10° 4 cos15° +... 4 cos175°
= cosbH° +cos175° + cos 10° 4+ cos 170° + . .. 4 cos 90°
= co0s5° —cosH® + cos10° — cos10° + ... + cos 90°
= co0s90°
= 0.
O

Bdi 43. Rt gon biéu thiic

® A = cos <x—g> + sin(z — 7).
® Bzcos(%—x)—{—sin(g—x) —cos(%—{—x) —sin(g—l—x).

® C =2cosz + 3cos(m — x) — sin (%—x) + tan <377T—:c)

3
@ DzZsin(%-ﬁ—m) -|—sin(57r—m)+sin<77r-|—m) +cos<g+x> .
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y J/ J J

© FE =2cosz — 3cos(m — x) + 5sin (%—x) + cot (%—x) .

3
®@ F =sin(57 + z) + cos (:E - g) + cot(37 — ) + tan (; - 2:)
Bdi 44. Rit gon biéu thic

3 11
a) G = cos(15m — x) + sin (x - ;) — tan <g +:L‘> cot <T7T - 33>

b) H = sin(m + x) — cos (g — ac) + cot(2m — ) + tan (3; - :p)

c) I =cos(bm — x) — sin (%T + :1:> + tan <3§ - x> + cot(3m — z).
d) J = cos (270° — ) — 2sin (x — 450°) + cos (x 4+ 900°) + 2sin (270° — x).

e) K = cos®™B z + cos?3(r + z) - sin?2(7 + x) — sin?1! (g — :p)

f) L = sin®(7 + x) + cosb(z — 1) — 2sin*(z + 27) — sin* (CE - 37%) + cos? (:c - z).

2
19
tan (—W - 33) - cos(36m — z) - sin(xz — 5m)
2
g) M= o
sin (7 - x> - cos(x — 99)
85 3
h) P =sin <a7 + Tﬂ> + cos(2077 + z) + sin?(337 + ) + sin? (m - 7%)
. 12 5 15
Bai 45. Cho sina = 3 VA cos v = I3 Tinh sin (—Tﬂ - a) — cos(137m + «).
® Loi gidi.
L 157 . s
Ta c6 sin o Ta) - cos(13m + o) = sin (—87r + 5 a) —cos(127 + 7+ «)
O]
+ 2 10
=cosa+cosa=2cosa = ——.
13
. . . (T ™
Bai 46. Tinh sin o + sin (5 + oz) — cosa + cos <§ + oz).
® Loi gidi.
. 7T . T
Ta ¢6 sin (5 + a) = sin (5 — (—a)) = cos(—a) = cos a.
™ T . .
cos (5 + oz) = cos (5 — (—a)) = sin(—a) = —sina.
Suy ra sin « + sin <g + oz) — cos o + cos (% + a) =sina 4+ cosa —cosa —sina = 0. 0]
.. -3 /m / .
Bai47. Cho cosa = > (5 <a< 7r). Tinh sin(—a).
® Loi gidi.
Dog<a<7rnénsinoz>0.
/ 9 210
Ta c6 sin? o + cos? @ = 1, suy ra sina = V1 —cos2a = /1 — - 7
2v/10
Ma sin(—a) = —sina = - O
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

A-B-C

Bai 48. V6i moi tam giac ABC, chiing minh cos — = sin A.
® Loi gidi.
Vé6i moi tam giac ABC, ta ¢6
A—-B-— 2A— (A+ B 2A — 180°
cos TC = cos ( ;_ +0) = cos 241807 cos(A —90°) = sin A.
O]
P 4 . . ., .. .2 P s 9
Bai 49. V6i moi a € R, tinh gia tri ctia biéu thitc cos a + cos (a + 3) + ...+ cos (a + ?>
o Loi gidi.
Ap dung quan he hai cung hon kém =, ta c6
(a+5)
cos|a+ — | = —cosa,
)
(a4 5) =—eos(a+ )
cos|la+— ) =—cos|la+ -,
5 5
( N 77r> < n 271')
cos|a+— ) =—cos|a+—
5 5/
cos( —|—87T) cos( -|—37T>
[0 _— = — 6% -
5 5/
( n 977) ( n 471')
cos|a+— | =—cos|a+ —
5 5
T 97
Suyracosa—i—cos(a—l—g)+...+cos<oz+?)=0. O
E® Cau hai tréc nghiém
Cdu 61. Trong cac ding thic sau, dang thiic nao ding?
(A)sin (180° — a) = — cosa. sin (180° — a) = — sina.
@ sin (180° — a) = sina. @ sin (180° — a) = cosa.
® Loi gidi.
Ta c6: sin (180° — a) = sina.
Chon dép an @ O
Cau 62. Tim ménh dé diung trong cac ménh dé sau.
@tan(w—a):tana. cos(g—a):—sina.
©cot (g—i-a):—tana. @sin(ﬂ—l—a):sina.
® Loi gidi.
T T
Ta c6 cot (5 + a) = (5 - (—a)) = tan(—a) = — tana.
Chon dap an @ Ol

Cdu 63. Trong cac ding thiic sau, ding thiic nao sai?

@sin (g —a:) = COoS . sin <%+x> = cos . @tan (g —l‘) = cot x. @tan (g—i—x) = cot x.

® Loi gidi.
A E — z — (— — —_ = —
Ta c6: tan <2 + m) = tan <2 ( x)) cot(—x) cot z.
Chon dap an @ O

Cau 64. Gié tri cia sin % A
V3
R

® Loi gidi.
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc

Biét lam, Iam dung, Idm nhanh

Ta c6 si A7m Si (8 7r> si < ﬂ) si ul L
in — = sin ——)=sin({——=) =—sin—- = ——.
6 7% 6 6 2
Chon dép én@
Cadu 65. Tinh cos18° — cos 342°
A1 (B)o.

. @ 2 cos 18°.
® Loi giéi.

Ta c6: 342° = —18° + 360°. Nén cos 342° = cos(—18°) = cos 18°.
= c0s 18° — c0s 342° = cos 18° — cos 18° = 0.

Chon dap an

Cdu 66. Chi ra dang thiic sai trong cac dang thiic sau

2 3 2 3 1 2
“sii.%:\/?_. cosgz\/?_:—ﬁ. singzsing.
® Loi gidi.
T c6: 2T ( 7r> - T
8 c0: cos - =cos |7 — o ) = —cos 3.

Chon dap an @
Cdu 67. tana — (— tan @) bang

@ 0. 9 2tana.
® Loi gidi.
Ta c6: tana — (—tan ) = tana + tana = 2 tan a.
Chon dap an
Cdu 68. Cho tam giac ABC vuong tai A. Khing dinh nao sau day la diang?
@sinﬁzsin@. tanB\:sina @cotB\:tané\.
® Loi gidi.
Vi B+ C = 90° nén cot B = tan C.
Chon dap an @

Cdu 69. Cho tam gidc ABC. Khing dinh nao sau day la sai?
B+C A B+C A
@ cos = sin o5 9 tan = CoS —.

@ —2tan .

~ . & 2 2 2
® Loi giai.
B+C A
coS = sin —
2 2
B+C A
Tac6 A+ B+C=m= + =I_Z4 cothl—C:tamé
2 2 2 2 2
. B+C A
sin —— = cos 5.
) B
Vay khang dinh “tan +C =cos — 7 la sai.

Chon dap an

Cdu 70. Cho tam gidc ABC. Khang dinh nao sau day la sai?
@ sin(A+ B) = —sinC.
@ cos(A+ B) = —cosC.

® Loi gidi.

Ta c6 A+ B = 180° — C = sin(A + B) = sin (180° — C) = sin C.

Chon dap an @

~ 1
Cau 71. Cho cosz = -. Tinh sin (g - a:> + 2 cos(—x).

@ L 3.
® Loi giai.
Ta c6 sin (g - a:) + 2cos(—x) =cosx + 2cosx = 1.
Chon dap an @

w

©o.

A

B
@cot ;C = tan —.

2

tan(A+B) = —tanC.
@cot(A+B) = —cotC.

O
@ —2cos 18°.
O
cos 2 _ cos =
3 3
O
@tan2a.
O
@ sin B = — cos C.
O
@ . B+C A
sin = COoS —
2
O
O
D) -1.
O

y J/ J J

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

N 4
Cdu 72. Cho sina = 5 0<a< g Tinh cos(m + «).

(@COSCKZL cosa:—g. CCDCOSOZZ§ @cosa:%

\/5. 4"
® Loi gidi.
4\? 9

T z 2 :1_ 2 :1_(_) .
a CO COS™ «v SN~ « 5 25
N ™ 3
V10<a<§nensuyracosa:—.

3
Ma COS(7T—|—Q/) = —CoOS(Y = ——

Chon dap an Ol
sin 515° cos(—475°) + cot 222° cot 408°
cot 415° cot(—505°) + tan 197° tan 73°

@ % cos? 25°. —% cos? 25°. @ % sin? 25°. @ —% sin? 25°.
® Loi gidi.

Ta c6

Cdu 73. Cho A =

. Gia tri ctia A bang

sin 515° = sin(—25° + 180° + 360°) = — sin(—25°) = sin 25°,
cos(—475%) = cos(—25° — 90° — 360°) = sin(—25°) = — sin 25°,

cot 408° = cot(720° — 90° — 222°) = — tan(—222°) = tan 222°,
cot(—505°) = cot(—415° — 90°) = — tan(—415°) = tan415°,

tan 197° = tan(—73° 4+ 90° 4 180°) = — tan(—73° + 90°) = cot 73°.

_ sin25°(—sin25°) + cot 222° tan222°  —sin?25°4+1 1

av A = = — cos? 25°.
Vay cot 415° tan 415° + cot 73° tan 73° 1+1 g Cov 2
Chon dap an @ O
Cdu 74. Cho tam gidc ABC khong c6 goc 45°. Ménh dé nao sau day 1a sai?
A+ B C
@sinA:sin(B-l-C). sin —; = cos 5.
A B+C
©COS(3A+B+C’) = cos 2A. @cos; = sin ;—
o Loi gidi.
Ta c6

cos(3A+ B+ C) =cos(2A+ A+ B+ C) = cos(2A + 180°) = — cos 24 # cos 2A.
Chon dép an @ O
Cdu 75. Gia tri biéu thiic cos? 1° + cos? 2° + cos? 3° + - - - + cos? 87° + cos? 88° + cos? 89° bing
% (B) 44. (C)4s5. D) %.
® Loi gidi.
Ap dung quan hé hai cung phu nhau, ta cé
cos® 1° + cos? 89° = cos? 1° + sin? 1° = 1,

cos? 2° + cos? 88° = cos? 2° +sin? 2° = 1,

cos? 44° + cos? 46° = cos? 44° + sin? 44° = 1.

Suy ra

€082 1° 4 cos? 2° + cos? 3% + - - - + cos? 87° + cos? 88° + cos? 89° = 44 + cos? 45° = %

Chon dap an @ Ol
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, Iam ddng, Iam nhanh

y £ £ 7

& Dang 8. Chirng minh déng thirc lvong giéc

Phuong phép:

® Cach 1. Thong thuong bién ddi vé phiic tap thanh vé don gian bing cach phép bién dbi dai s6 va cong
thic lugng giac.

® Cach 2. Dung bién ddi tuong duong.
Luu ¥:

@ Cac hiang dang thitc

a’ +b? = (a +b)? — 2ab a? — b2 = (a—b)(a+0)
a® + b3 = (a + b)® — 3ab(a + b) at — bt = (a? — b%)(a® + V?)
®@ Cac cong thitc lugng giac co ban

sin av ) 2 _q
o = sSin“ o + cosa” =

S & 1+tan?a = 5
cotx = —— COS* v

sin « 2
tana-cota =1 1+ cot“a= —3

sin® «
i®» Vidumau
’ . 2 t - 1
Vidu 38. Chitng minh dang thic sau: coracosa - —.
cos3a sina - (1+sina)
o Loi gidi.
Véi diéu kién xac dinh, ta co
cota —cosa  cosa(l —sina) 1 —sina B 1
cos3a  sina-cosPa  sina- (1 —sin%a) ~ sina- (1 +sina)’
O]
. . FEN . . 2 . i 1 -
Vidu 39. Véi diéu kién x # kn, chitng minh dang thic sau: sinx < il ,COS a:) =
1 —cosz sin x
o Loi gidi.
Ta c6
. ( sinx 1—cosac> . sin2z +1—2cosz + cos?
sin x + - = sinx -
1 —cosx sin x (1 —cosx)sinz
. 2—2coszx . 2
=sinz - - =sinx - — =2
(1 —cosz)sinx sinx
O]
< . . o . COST
Vidu 40. Ching minh dang thitc ————— + tanz = .
. 1-+sinz cos T
® Loi giai.

Ccos T cos T sinz  cos?x + sinz + sin’ x 1+sinz 1
"2 ttanz = e = : = . = : O
1+sinz 1+sinz  cosz (1 +sinz)cosz (1+sinz)cosz  cosx
F® Baitap tu luyén
Bdi 50. Chitng minh ring: cos?z —sin®z = 1 — 2sin?

o Loi gidi.
(]

4

B&i 51. Chting minh rang: cos* z —sin* 2 = 2cos?z — 1 =1 — 2sin? 2z

® Loi gidi.
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide

Biét lam, Iam ddng, Iam nhanh

B&i 52. Chitng minh ring: sin* z + cos?z = 1 — 2sin? z cos®

® Loi gidi.

y J/ J J
U]

O]
S N 1 + sin?
Bai 563. Chiing minh rang: 1—i—s—m2x =1+ 2tan’x
—sin‘x
® Loi gidi.
1 + sin? 1 + sin? 1
VT = —i—s%an: +512n T s— +tan®z = 1 4 tan®  + tan® 2 = 1 4 2tan®z = VP (dpcm) O
1 —sin“z Cos= T cos“ x
2
Bai 54. Chitng minh rang: 14_0# =1+ 2cot?x
—cos?
® Loi gidi.
(]
S . N 1-— i
Bai 55. Ching minh rang: .COS:B __Sme
. sinz 14 cosz
® Loi gidi.
O]
. N 1 i
Bai 56. Ching minh rang: remr COS‘LL’
Rk cosx 1 —sinz
® Loi giai.
O]
Bdi 57. Chitng minh ring: cot? z — cos? z = cot? x - cos® x
® Loi gidi.
2 2 2 a2 2 .2
VT = cot o — cos? 4 — c?s T 2 S —'cozs zsin®z  cos"z - (12— sin” z)
o B sin® z sin® x sin® x
=7, (1 —sin*z) = cot? z - cos® z (dpcm) O
Bdi 58. Chitng minh ring: tan®z — sin®z = tan’z - sin® z
o Loi gidi.
0]
S . N 1
Bai 59. Ching minh rang: tan z + COS,J; =
, 1+sinz cosx
® Loi giai.
O]
. . s i 1
Bai 60. Ching minh rang: cot z + e -
. 1+cosz sinz
® Loi giai.
O]

o
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1. Goéc luong gide. Gid tri luong gidc clia géc luong gidc Biét lam, lam dung, 1&am nhanh

y J/ J J

.. s 2c082z — 1 .
Bdi 61. Rat gon bieu thic A = —— +sinx.
) sinx + cosx
® Loi giai.
2cos?r —1 . 2cos?x — (sin2 x + cos? w) . cos?x —sin?x .
= ————— +4sinx = - +smyr = ——— +sinx O
sinx + cosx sinx + cosx SInx + cosx

(cosx —sinz)(cosx +sinx) | ) )
= - +sinz = cosx —sinz + sinz = cosx.
sinx + cosx

Bdi 62. Riit gon biéu thitc A = (tanx + cot z)? — (tanz — cot z)?.

o Loi gidi.
0]
Bai 63. Rit gon biéu thic A = (1 —sin*z) cot?z + 1 — cot? z.
® Loi gidi.
O]
Bdi 64. Rit gon biéu thic A = cos* z + sin? z cos®  + sin® x.
o Loi gidi.
O]
Bdi 65. Rit gon biéu thiic A = tanz + ﬂ
) 1+sinz
o Loi giai.
0]
Bdi 66. Rit gon biéu thic A = \/(1 + tanz) cos? x 4 (1 + cot z) sin® z.
D Loi gidi.
0]
S . 2 . 1+ sina 1 —sina
Bdi 67. Rut gon biéu thitc A = - — — .
1 —sina 1+ sina
® Loi gidi.
O]
E® Cau hai tréc nghiém
" . 1 + sin?
Cdu 76. Cau 4.Don gian biéu thic P = anoz‘
—sin® «
®P=1+2tan2a. P=1—2tan2a. ©P=—1+2tan2a. @P=—1—2tan2a.
® Loi gidi.
1 + sin? 1 + sin? 1
Taco P= +s%n2a= —|—s1na= +tan’a =1+ 2tan? o
1 —sin®« cos? a cos? a
Chon dap an @ Ol
Cdu 77. Tim khang dinh ding (a 1a goc tity ¥).
1
@ sin? % + coszg =3 sin? 2a + cos? 2a = 2. @ sin?a + cos?a = 1. @ sin® a + cos® a = 1.
o Loi gidi.
Chon dap an @ O
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide

Biét lam, Iam ddng, Iam nhanh

Cdu 78. Cau 4.Cho géc o théa man 0° < o < 90°. Khang dinh nao say day ding?

@ sin? o + sin%(90° — a) = 0. sin? o + sin%(90° — a) = 2.
@ sin? @ + sin?(90° — ) = 1. @ sin? @ + sin?(90° — a) = 3 .
® Loi gidi.

Ta c6 sin(90° — @) = cos .. Do d6 sin? a + sin?(90° — a) = sin? @ + cos? o = 1.
Chon dép an @

Cadu 79. Rat gon biéu thitc M = (sinx + cosz)? + (sinz — cos z)? .
(A) M =1. B) M =2 ©) M =4.
® Loi gidi.
. { (sinz 4 cosz)? = sin?x 4 cos? z + 2sinz - cosz = 1 + 2sinz - cosz
Ta co

2

. 2 . . . :
(sinz — cosz)” = sin?z + cos?x — 2sinx - cosz = 1 — 2sinx - cosx

Suy ra M = 2.

Chon dap an
Cdu 80. Don gian biéu thiic P = cos (g — :L‘) — sinz, ta dugce

@PzO. P:—sinw. @P:cosx—sinx.
o Loi gidi.
Ta co -
P = cos (5 — a:) —sinx =sinz — sinx = 0.
Chon dap an @
Cdu 81. V6i goc = bat ki. Chon khéng dinh ding.

@sin4:n+cos4as:1. sin:c-l—cos:n:l. @sin31:+cos3:v:1.

o Loi gidi.
Khéing dinh dang 13 sin? z + cos?z = 1.
Chon dap an @

@ M =4sinx - cosz.

@ P = —2sinx.

@ sin?x + cos?z = 1.

y J/ J J

o
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

Bii 36 9 CAC PHEP BIEN DOI LUGNG GIAC )
—

A-TOM TAT LY THUYET

I Coéngthirc cong

a) sin(a 4+ b) =sina - cosb+ sinb - cosa. b) sin(a — b) = sina - cosb — sinb - cos a.
c) cos(a+b) =cosa-cosb—sina - sinb. d) cos(a —b) =cosa-cosb+sina - sinb.
tana + tanb tana — tanb
t b) = . f) t —-b) = .
¢) tan(a+b) 1 —tana-tanb ) tan(a —b) 1+ tana-tanbd
P Céng thirc nhan doi
a) sin2a = 2sin « - cos a. b) cos2a = cos? a—sin® a = 2cos’a—1 = 1-2sin? .
2tan o cot?a — 1
tan 2o = ———. d t20 = ———
) tan2a 1 —tan?« ) cot2a 2cota
E® Cong thic ha bac
1 1 1-— 2
a) sin?a = = (1 — cos 20). b) cos? a = 3 (1 + cos2a). c) tan?a = ﬁ.
F® Cong thirc nhan ba
3tana — tan®
a) sin3a = 3sina — 4sin® a. b) cos3a = 4cos® a — 3cosa. c) tan3a = ana Z;n a
1—3tan®«a
B Cong thirc bién ddi tdng thanh tich
b —-b b —-b
a) cosa—l—cosszcosCH_ ccos 2. b) cosa—cosb= —2sin 27 .gin 20,
2 2 2 2
b -b b -b
c) sina+sinb=2sina;— -cosa2 . d) sina—sinbz?cosa_zF -sina2 .

@ Coéng thirc bién ddi tich thanh téng

a) cosa-cosb = % [cos(a + b) + cos(a — b)].
: : 1
b) sina -sinb = ~3 [cos(a + b) — cos(a — b)].

1
c) sina-cosb = 3 [sin(a + b) + sin(a — b)].

B-CAC DANG TOAN THUONG GAP

2 Dang 1. Ap dung cdng thirc céng

Mot s6 cong thitc cong can nhé (véi gia thiét cac biéu thitc déu c6 nghia):
© cos(a — b) = cosacosb + sinasin b.
© cos(a+b) = cosacosb — sinasinb.

@ sin(a — b) = sinacosb — sinbcos a.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

y £ L 7

© sin(a + b) = sinacosb + sin b cos a.

tana — tanb

© s —B) = 1+ tanatanb’

tana + tanb
t )= —-- ——.
© tan(a +b) 1 —tanatanbd

Mot s6 trusng hop rit gon nén nha:

@ sinx + cosz = v/2sin <x+%> = +/2cos (m— %)

©® \/gsina:—i—cos:l?: 2sin (w—i—%) = 2cos (w— g)

@ sinz + v3cosz = 2sin (:c + %) = 2cos (a: — %)
I®» Vidumaéau
Vidu 1 (TH). Khong diing méy tinh, hay tinh
i
i °. b) sin —.
a) sin75 ) sin 1
® Loi gidi.
a) Ap dung cong thic cong, ta co:
2
sin 75° = sin (30° 4 45°) = sin 30° cos 45° + cos 30° sin 45° = @

b) Ap dung cong thic cong, ta co:

(7r 7r>_,7r ™ 7r,7r_\/6—\/§
—SngCOS4 cosgsln4— 1 .

s .
sin — = sin
3 4

12

Vidu 2 (TH). Khong diing méy tinh, hay tinh
o7

o 15°.
a) cos o b) cos 15
® Loi gidi.
a) Ap dung cong thic cong, ta co:
cos57T cos(ﬁ-l—W) cosﬂcosﬂ si 7Ts' m_V6-v2
— = — 4+ —) =cos—-cos— —sin—-sin— = ——.
12 6 4 6 4 6 4 4
b) Ap dung cong thiic cong, ta co:
6 2
sin 15° = sin (60° — 45°) = sin 60° cos 45° + cos 60° sin 45° = %
Vidu 3 (TH). Khong diing mAy tinh, hay tinh
7
a) tan % b) tan 165°.
® Loi gidi.
a) Ap dung cong thic cong déi véi tang, ta co:
T T ow tan T + tan % 1++3
tan —— =t (— —>= 4 5 _ — 9 3.
M TS T s tntten:  1-43 v3

o

57/764 ’

B Todn 11 theo chuong trinh GDPszem



2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

b) Ap dung cong thic cong déi véi tang, ta co:

tan 45° — tan 30° — %=
1 o — 4 o _ %) = = 3 = 2 - .
tan 157 = tan (45° — 30°) 1 +tan45°tan30° 1 4 \/Tg V3

S

O
Vidu 4 (TH). Khong diing méy tinh, hay tinh cos 105° va cot 17r_2
® Loi giéi.
2 2 V3 — 6
cos 105° = cos (45° + 60°) = cos 45° cos 60° — sin 45° sin 60° = gi — %_g = %
T T 2
. - . (7r 7r) tang—tanz V3-1 (\/3—1) 4-2V3 2 3
an — = tan _—— — = = = o = — .
12 3 4 1+tangtan% 14++/3 \/§2—12 2
T 1
Suy ra cot — = =2+/3. O
Y 12 2-3
Vidu 5 (TH). Chitng minh riing sinz 4 /3 cosz = 2sin (:E + g)
® Loi gidi.
1 3
Cach 1: Ta c6 2sin (x + g) =2 (sinxcosg + cos x sin g) =2 (5 sinx + %cosw) =sinx + \/gcos:v.
Déng thitc duge ching minh.
; .. 1. V3 Lo T . w
Céach 2: Ta ¢6 sinz + V3 cosz = 2 3 sinx + TCOSJJ =2 (sm§ sinx + cos gCOS:L‘) = 2sin (1‘ + §)
Diang thitc duge chiing minh. O
1 - . ™ L . 12 N T
Vidu 6 (TH). Tinh sin (a + Z)’ biet sina = 3 0<a< 5
® Loi giéi.
12\? 25
Ta c6 sin? 2a=1= 2:1—‘2:1—<—> =—.
a ¢O sin“ a + cos® a cos® a sin“ a 3 169
25 5
V\10<a<gnéncosa>07 suyracosazwﬁzﬁ.
12 /2 5 V2 172
Do d6 sin <a+ %) = s\i/n_acos% —|—cosasin% = E\/?_ + 1—3\/7_ = 2—\6/_
T 1742
ay si - = —. O
Vaysm(a+4) %6
Vidu 7 (VDT). Khong stt dung mAay tinh, hay tinh P = cos 10° cos 35° — cos 55° cos 80°.
® Loi giéi.
Ta c6
o o o (o] o o) : O L3 o o o) [0 ﬁ
P = cos10° cos 35° 4 cos 55° cos 80° = cos 10° cos 35° — sin 35° sin 10° = cos (10° + 35°) = cos45° = 5
2
Vay P = % O
Vidu 8 (VDT). Chitng minh gi tri ctia biéu thiic
. ™ . ™
P:sm(— —a) + sin (——i—a) —cosa
6 6
khong phu thude vao «a.
® Loi giéi.
Ta co
A LT
P :sm(— —a) + sin (—-I—a) — cos
7r6 T 6 T
= sin — cosa — cosEsina+singcosa+cosgsinoz —cos«
= §cosoz+ icosa — cos &
=0.
Vay gié tri ctia biéu thitc P khong phu thude vao a. O
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

Vidu 9 (VDC). Mot thiét bi tré ky thuat sé ldp lai tin higu dau vao bang cach lap lai tin higu d6 trong mot
khoang thoi gian ¢6 dinh sau khi nhan dugc tin higu. Néu mot thiét bi nhu vay nhan duge nét thuan fi(t) = 5sint
va phat lai n6t thuan fo(t) = 5cost thi am két hop 1a f(t) = f1(t) + f2(¢), trong d6 ¢ 1a bién thoi gian. Ching t6
rang am két hgp viét duge dudi dang f(t) = ksin(t + ¢), tic 1a am két hop 1a séng hinh sin. Hay xac dinh bién
do am k va pha ban dau ¢ (—7 < ¢ < 7) clia séng am.

o Loi gidi.

Ta co f(t) = fi1(t) + f2(t) = 5sint + 5cost.

Ma sint 4 cost = /2 <L sint + Lcost) =2 (sintcos% + costsin %) = v/2sin (t + %),

V2 V2
suy ra f(t) = 5(sint 4 cost) = 5v/2sin (t + Z) .
Vay bién do am ctia séng am 1a k = 5v/2 va pha ban dau ciia séng am la ¢ = % O

P Baitap tu luyén

Bai 1. Tinh céc gia tri lugng gidc ctia géc 75°.

® Loi gidi.
Ta co:
1 v2 2 2
sin 75° = sin (30° + 45°) = sin 30° cos 45° + cos 30° sin 45° = 5\/7_ + ?g = \/61_ \/_
3V2 12 6—+v2
cos 75° = cos (30° + 45°) = cos 30° cos 45° — sin 30° sin 45° = \/7_\/7_ - 5\/7_ = V6 1 \/_
2
ngge _ ST VB2 VE—vE_ VE+ve (VBHVE) seavs o
Cocos75 4 T 4 6-v2 oy 4 '
1 1 2—-v3
cot 75° = = = \/—2 =2-3. O
tan75° 243 92_ /3
Bdi 2. Tinh cac gia tri lugng gidc clia goc %
® Loi gidi.
Ta co:
1 v2 2 2
sin 75° = sin (30° 4 45°) = sin 30° cos 45° + cos 30° sin 45° = 5\/7_ + ?g = \/6?: \/_
2 12 —V2
cos 75° = cos (30° + 45°) = cos 30° cos 45° — sin 30° sin 45° = \/75\/7_ - 5% = G 1 \/_
2
i gge _ ST VB2 VE—vE_ VE+va (VBHVE) seavs o
Cocos75° 4 T 4 V6-v2 oy 4 '
1 2 —
cot 75° = \/52 =2-3. O

tan75° 243 - 22 _ /3
Bai 3. Khong diing méy tinh, hay tinh cos 105° v& cot %

® Loi gidi.

V21 V23 V2-46

cos 105° = cos (45° + 60°) = cos45° cos 60° — sin45°sin60° = —.— — —.— =

- - 222 2 2 4
e T <7r 77) tang—tanz V3-1 (\/3—1) 4—23 23
n—— 1 _——— = _= = = = —_ .
12 3 4 1+tangtan% 14++/3 \/52—12 2
T 1
Suyracot — = ——— = 2+ +/3. ]
Y 2 2_3
.. 3
Bdi 4. Cho cosa:5 véi 0 < a< g Tinh: sin(a+%),cos (a—%),tan(a—k%).
o Loi gidi.
.9 5 9 ) 3\2 16
Ta c6: sin“a+cos“a=1=sin“a=1—cos*a=1-— =) =35
4 i 4
Do0O<a< T nén sina > 0. Suy ra sina = —, tana = e —.
2 5 cosa 3
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2. Cac phép bién déiluong gidc

Biét lam, Iam dung, Idm nhanh

y J J J
Si <+7T> si cosw-l-cos Si T \/gs' -I-lcos V3 4-|-1 3_3+4v3
in — | =sin — in— =—sina + - = .4 =.= .
“T6 %% “ 2 2T 525 10
( 7T> 7T+, o1 n . 1 3+\/§ 4 3+4V3
cos|a— =) =cosacos— +sinagsin — = —cosa+ —sing=—-+-—-+ — - - =
3 3 J 2 2 2 5 2 5 10
T tana + tan = 241
o a—|—4 1 —tana-tan % 1_%.1
Bai 5. Tinh:

©® A=sin(a—17°)cos (a + 13°) —sin (a + 13°) cos (a — 17°).
™ ™ . ™ . (T
© B = cos <b+ §> cos (E —b) — sin (b+ §> sin <E —b).
® Loi gidi.
©® A=sin[(a—17°) — (a+ 13°)] =sin (—30°) = —sin 30° =

O] B:COS|:<b+%:| —i—(%—b)) :singzl.

L]
Badi 6. Chitng minh ring:

a) sinz — cosx = v/2sin (x - %)

T 1 —tanz T 3

® Loi gidi.
a) Ta co

\/ﬁsin (a: — %) = ﬁ(sinxcos% —cosxsin%)

e V2
:\/i(SIHJI'T—COSLL"7)

=sinx — cosz.
Déng thitc duge chitng minh.

b) Ta c6

ta il ta
n— —tanx
) 4
T
1+ tan —tanx

1 —tanx

™ 3T
—_— — + km, — + km, k Z).
1+ tanx (:c;é2+7rx7é4+7r <
Déng thitc duge chitng minh.

O
Bdi 7 (NB). Chiing minh réng sinz + cosx = v/2sin (ac + f)_

® Loi gidi.

Cach 1: Ta co

2
\/ﬁsin (x—i—%) = ﬁ(sinxcos%—i—cosxsin%) = \@(%sinx—i— 7608%‘) =sinx + cosx.
Vay sinz + cosz = v/2sin (az—l—%)
Cach 2: Ta c¢6

1 1 s m ™
sinx + cosx = \/5(— sinx + —cos:c) = ﬁ(sinmcos— —i—cos:csin—) = \/isin <:c+ —) .
V2 V2 4 4 4
Vay sinz + cosz = v/2sin (:c—i— %)

O
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Bd&i 8. Chtng minh ring sinz + v/3cosz = 2sin (:c + %)
® Loi giéi.
1 3

Cach 1: Ta c6 2sin <a: + g) =2 (sinxcosg + cos x sin g) =2 (5 sinx + \/T_Cosx) = sinz + V3 cos .
Déng thitc duge ching minh.

) . 1. V3 LT 7r ) T
Cach 2: Ta c6 sinx + \/gcosx =2 3 sinx + TCO&T =2 (sm§ sin x + cos gcosa:> = 2sin (x + §)
Déng thitc duge ching minh.

. ) 12
B&i 9. Tinh sin (a+ %) biét sina = = v 0 <a < g

o Loi gidi.

: . 12\? 25
Tacés1n2a+cos2a:1:>cos2a:1—s1n2a:1—<1—3> = 169"
V‘10<a<gnéncosa>0,suyracosa: %:%

Do d6 sin (a-l—%) :sinacos%-l—cosasin% = 1—2\/75-1-%\/75 = %5
Vay sin (a+ %) = %

Bai 10. Tinh

) ( +7T) biét si LI T<a<
a) cos(a+ — ), biét sina = — va = <a <,
6 V3 2
) 1 3
b) tan (a—%),bié‘c cosa=—z varm<a< %T

® Loi gidi.

1 6
a) Tacécos2a+sin2a:1néncosa:—\/l—sin2a:—\/1—§:—\/?_(vig<a<7r).
V6 V3 1 1 V3+3V2

cos (a—i— W) —cosacos7r —sinasinﬁ = — —
6/ 6 6 3 2 V3 2 6

1 2+/2 3
b) Ta c6 cos? a + sin?a = 1 nén sina = —/1 — cos? :—\/1—52—7\/_ (Vim<a< g)

sina
Suy ra tana = =2V/2.
cosa

™ V3

) oy tana—tang B 2\/5—? _9\/3—8\/5
Do d6 tan (a 6) = = 73 3 .
l—i-tanatang 1_1_2\/5_?

Bai 11. Khong st dung may tinh, hay tinh P = cos 10° cos 35° — cos 55° cos 80°.

® Loi gidi.

Ta c6

P = cos 10° cos 35° 4 cos 55° cos 80° = cos 10° cos 35° — sin 35° sin 10° = cos (10° 4 35°) = cos 45° = —.

2
VayP:\/?—.

Bai 12. Ching minh gia tri ctia biéu thic

IS

P:sin(%—a)+sin<%+a> —cosa

khoéng phu thudce vao «a.

® Loi gidi.

Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

Ta c6
. ™ . ™
P =sm(— —a) + sin (——i—a) — cos o
7r6 6

:sin—cosa—cos—sinoz-l—singcosoz+cosgsina—cosa

1 1
= §cosa+ Ecosa — Ccos &
=0.
Vay gia tri clia biéu thiic P khong phu thudc vao a. O]
Bai 13. Khong st dung mAy tinh, hay tinh P = cos 20° cos 40° — sin 140° sin 160°.
o Loi gidi.

Ta co
1
P = cos 20° cos 40° — sin 140° sin 160° = cos 20° cos 40° — sin 40° sin 20° = cos (40° + 20°) = cos 60° = 5

1
Vay P = -. 0

2
S 3 V21 N
Bai 14. Cho tam giac ABC ¢6 cos B = R cosC = = Ching minh rang

sin A = sin B cos C + cos Bsin C

va tinh sin A.

® Loi gidi.

Theo tinh chat téng ba géc trong mot tam giac, ta c6 A+ B+ C = 7.
Do d6 sin A = sin(r — A) = sin(B + C') = sin B cos C + cos Bsin C.
Vay sin A = sin B cos C' + cos Bsin C. )

Ta c6sin? B+ cos?B=1,suyrasin?B=1—-cos?’B=1— <g> = %

/1 4
Ma 0 < B < mnén sin B > 0, suy ra sin B = %:5

2
V21 4
Lai ¢6 sin? C + cos?C =1, suy ra sin?C =1 —cos?C =1 — (?) =5

4 2
M510<C<7rnénsinC>O,suyrasinC:\/%:5.

—

6+ 4v/21

(32
55 25

(SRR

Do d6 sin A =sin BcosC + cos BsinC =
6 4 4v/21

Vay sin A = O
ay sin 5E
Bdi 15. Véi gia thiét cac biéu thitc déu c6 nghia, chiing minh ring
cotacoth —1
t )= ———.
cot(a +b) cota + cot b
® Loi gidi.
1 1
1 1 1 —tanatanb ¢ “tanb cota.cotb—1
Ta c6 cot b) — _ _ _ tana tan _ )
. c6 cot(a +b) tan(a + b) tana + tanb tana + tanb 1 1 cota + cot b
b1 1 —tanatanb tanb  tana
t th —
Vay cot(a+b) = CORACORo 2 O

cota+ cotb
Bai 16. Mot thiét bi tré k§ thuat s6 lap lai tin hiéu dau vao bang cich lip lai tin hiéu d6 trong mot khoang thai
gian ¢6 dinh sau khi nhan dugc tin higu. Néu mot thiét bi nhu vay nhan duge nét thuan fi(t) = 5sint va phat
lai n6t thuan fo(t) = 5cost thi am két hop la f(t) = f1(t) + f2(t), trong d6 ¢ la bién thoi gian. Ching t6 rang am
két hop viét duge dudi dang f(t) = ksin(t + ¢), ttc 1a am két hgp 1a séng hinh sin. Hay xac dinh bién do am k
va pha ban dau ¢ (—7 < ¢ < 7) clia séng am.
® Loi gidi.
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, Iam dung, Idm nhanh

y J/ J J

Ta c6 f(t) = f1(t) + f2(t) = 5sint + 5cost.
1 1
Ma sint + cost = \/§<—sint+ —Cost) =2 (sintcos% —i—costsin%) = \/§sin <t+ %),

V2 V2
suy ra f(t) = 5(sint + cost) = 5v/2sin (t+ %) :
T

Vay bien do am ctia soéng am 1a k = 5v/2 va pha ban dau ciia séng am 1a ¢ = 1 OJ

Bdi 17. Mot vat thyc hien dong thoi hai dao dong diéu hoa c¢6 phuong trinh z1(t) = 2v/3sin (47Tt+ %) Vi
x9(t) = 2cos (47rt + %) Chiing t6 rang phuong trinh dao dong tong hop clia vat do z(t) = z1(t) +x2(t) viét duge

dudi dang z(t) = A cos(wt + @), tiic 14 dao dong téng hgp ciia vat d6 1a dao dong diéu hoa. Hay x4c dinh bién do
A, tan s6 géc w va pha ban dau ¢ (-7 < ¢ < 7) clia dao dong tong hop.

® Loi gidi.

Ta c6 x(t) = 21(t) + 22(t) = 2¢/3sin (47rt + %) + 2 cos <47Tt + %), dong thai

1 3
3 cos (47rt + %) + \/7_ sin (47rt + %) = coS (47rt + %) cosg + sin (47rt + %) sing = CoS (47Tt — %),
1 3
suy ra z(t) = 4 [5 cos (47rt + %) + \/7_ sin (47rt + %)1 =4 cos (47rt - %) .
Vay dao dong tong hop x(t) c¢6 bién do A = 4, tan s6 goc w = 4m va pha ban dau ¢ = —%. O

Bai 18. Mot s¢i cap R dugc gin vio mot cot thing ding & vi tri cach mit dat 14 m. Mot sgi cap S khac ciing
dude gan vao cot do & vi tri cach mit dat 12 m. Biét rang hai sdi cap trén cling dude gan v6i mit dat tai mot vi
tri cach chan cot 15 m.

H 15 m O

a) Tinh tan o, & d6 a la goc gitta hai sgi cap trén.

b) Tim géc « (lam tron két qua dén hang don vi theo don vi do).

® Loi gidi.
. —  AH 14  —— BH 12
a) Ta c6: tan AOH = 00— 15 tan BOH = 00 15 Suy ra./_\
tanAOH — tan BOH H_1 10

tana:tanA/O\B:tan(A/OTJ—B/O7[): A/O\ /O\Zl—i- = —,
1+ tan H -tan BOH

>—t|)—n
9
—
w
—_

10 .
b) tana—1—31:>a~4.

O

Bdi 19. C6 hai chung cu cao tang xay canh nhau véi khoang cach gitta ching 1a HK = 20 m. Dé dam bao an ninh,
trén néc chung cu thit hai ngudi ta lap camera & vi tri C. Goi A, B lan ludt 13 vi tri thap nhat, cao nhat trén chung
cu thit nhat ma camera c6 thé quan sat duge (Hinh 19). Hay tinh s6 do goc ACB (pham vi camera c6 thé quan
sat duge & chung cu thit nhét). Biét rang chiéu cao clia chung cu thit hai 1a CK =32 m, AH =6 m, BH =24 m
(lam tron két qua dén hang phan muoi theo don vi do).
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2. Cac phép bién déiluong gidc Biét lam, Iam dung, Iam nhanh

y J/ J J

C
B
A
H K
® Loi gidi.
Tacé: CD = CK — BH = 8, CI = CK — AH = 26, BD = Al = HK = 20. .
—— BD _20_5 . Al _20_'10
BCD = ACT = 2= =
tnBOD=Fp =g =y Al = =%~ 1 B
— — tanBCD — tan ACT 21 D
tan BOA = tan (BCD — ACI) = — 2 02— 2 18
2

) 1+tan BCD.tan ACI 1+
tan BCA = 7—2 — BCA ~ 30,6°.

E® cCau hdi tréc nghiém
Cau 1. Véi moi a, b, ta ¢6 sin(a — b) bang
@ sinasinb — cosa cosb. sinbcosa — sina cosb. @ sinacosb — cosasinb. @ sina cosb + cosasinb.

® Loi gidi.
Theo cong thiic cong, ta c6 sin(a — b) = sina cosb — cos asin b.
Chon dap an @ Ol
T T .
Cdu 2. Biét rang 5= % + %, khi d6 gia tri cos % bang
COS — OS — — sin — sin —. coszcosz—i—sinzsinz
3 4 3 4 4 3 4
Sin ~ cos — — cos — sin — sin ~ cos — -i—coszsinE
- 3 4 3 4’ 3 4 3 4’
® Loi gidi.
Ap dung cong thie cong, ta c6 cos — — <”+”)— T cos ¥ —sin Z gin ¥
p dung cong thic cong, ta ¢6 cos 5 = cos (3 + ) =cos g cos - —sin osin .
Chon dép an @ O

Cdu 3. Thu gon sinasinb — cosacos b, ta dugc

@ —cos(a + b). 9 cos(a — b). @ cos(a + b). @ —cos(a — b).

® Loi gidi.
Ta c6 sinasinb — cosacosb = —(cosacosb — sinasinb) = — cos(a + b).
Chon dap an @ O
Cdu 4. Véi didu kién cac biéu thitc déu xac dinh, biéu thiic ndo sau day bing tan(a — b)?
tana — tanb
t tb — tan b cot a. _—.
@ anaco anocona 1 +tanatanbd
@ tana + tanb @1—tanatanb
1 —tanatanb’ tana + tanb

® Loi gidi.
tana — tanb
1+ tanatanb’

Chon dap an Ol

Cau 5. Cho a,b théa tana = tanb = 2. Tinh tan(a + b).
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Ap dung cong thic cong, ta c6 tan(a — b) =




Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y /7 7 7
®-1 ®; ©o ©°

® Loi gidi.

. t tanb 2+2 4
Ap dung cong thic cong, ta cé tan(a +b) = . anta T ;m =1 +2 5= "3
— tanatan —2.

Chon dap an @ O

Cadu 6. V6i tan (a: + %) va tanz xac dinh, biéu thitc ndo sau day bing tan <:n + %) ?

@1—tanx tanx—l ©tanx+1 ®1+tanx

1 +tanz tanz 4+ 1 tanx — 1 1—tanz
® Loi giai.
T
tanx + tan —
p t 1
Ap dung cong thic cong, ta c6 tan (ac + —) = 47r _ tanr .
4 1 —tanztan— | —tanz
Chon dap an @ O]

Cdu 7. Biéu thiic nao sau day bfing cos (x - g)‘?

1 3 1 1 3 3 1
®§c0sx—§sinx. —cos:c—§s1nx ©§cosx+§sinx. @gcosx—késinx.
® Loi gidi.
¢ ~ A ) m m . .omo 1 3 .
Ap dung cong thic cong, ta cb cos (x — §> = COS & COS 3 + sin x sin 35 cosx + - sinz.
Chon dap an @ O
Cdu 8. Thu gon sinz + cosx ta duge
@x/isin(x—%). ﬂcos(m—%). @sin(m—%). @cos(x—%).
o Loi gidi.
Tacésin:r-l—cosm—\/_( ! ! cos:v) —ﬁ(eosmcosﬁ-l—sinxsinz)—ﬁcos(m—z>
\/_smw \/_ 4 4 4/
Chon dép an O

7
Cau9. Cho z € [ g} thoéa sinz = 25 gia tri ctia v/2 cos (l‘ + %) 1a

17\/_. \/§cos (:U-l— 4) ;;

0 vaon(1) -

@ V2 cos ( %
© V2 cos ( %
® Loi giéi.

7\* 576
Tacésin2x+cos2a:=1,suyracostzl—sianzl—(—) = 5

25
us /576 24
3 S — o > = _— = —,
Ma x € [O, 2} nén cosx > 0, suy ra cosx 65 = 95

2 2
Lai c6 \/§cos <$+%> = ﬁ(cosa:cos% —sinavsin%) = \/§(£cosa:— £sina;) = cosx —sinx,

2 2
24 1
suyrax/icos(:v—i-%) ——l !

25 25 25
Chon dap én@ O
Cau 10. Cho z € [0;7] théa cosx = g Tinh tan (m+ %)
1 1
@1 ® -1 GH ®-L
® Loi gidi.
P -2 i 02 2 3)? _ 16
Ta c6 cos*z +sin“z =1, suyrasin“c=1—-cos*z=1— ) = o
1 4
Vi z € [0;7] nén sinx < 0, suy ra sinx = £ =z
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

s 4
sin o 4 3 4 tanas-l—tanz 1+§
Ta c6 tanx = :—:—:—,suyratan(x-l——): - = 4:—7.
cosr 5 5 3 4 1—tan$tanz 1=
3
Chon dap an O
si 2m cos T cos 2n si T
in — — — — sin —
Cau 11. Gia tri cita biéu thie P = —13 13 13 13
cos il cos T + sin il sin s
13 13 13 13 3 5
@tali]jr_?) sinllg. @tanl—g. sin%.
® Loi giai.
.27 T 27 . 0w sin(Q—W—i) LT
sin — cos — — €0s — sin — sin —
Taco P—_ 13 13 13713 _ 13 13/ 7713 _ (T
cosz—ﬂcosl +sin2—7rsinl (27T il > cos = 13
1313 B 13 “C“\137 13 13
Chon dap an @ O
Cadu 12. Gia tri ctia biéu thic P = sin 10° cos 20° + sin 20° cos 10° 1a
V3 V3 1 1
N ey ©y oy
® Loi giai.
1
Ta ¢6 P = sin 10° cos 20° + sin 20° cos 10° = sin (10° + 20°) = sin 30° = 3
Chon dap an @ O

Cau 13. Cho a,b théa a + b # kn. Biéu thitc nao sau day bing P = cot(a + b)?
cosacosb —sinasinb ’ cosacosb+sinasinbd @ sinacosb + cosasinb @ sinacosb + cosasinb

sinacosb + cosasinb’ sinacosb + cosasinb’ cosacosb —sinasind’ cosacosb+sinasind’

o Loi gidi.
Ta c6 cot(a + b) = c?s(a +b) _ cF)sacosb - sinas%nb.
sin(a +b)  sinacosb+ cosasinb

Chon dap an @ O

Cdu 14. Cho a,b € [(); g} théa man sina = cosb = g Khi d6 sin(a + b) béng
24 7
—. 1. . —-—.
2 ® ©o 2

o Loi giai.

Ta c6 a,b € [0; g], suy ra cosa > 0 va sinb > 0.

P 9 . 5 ) 3\ 4 . 3\? 4
Lai ¢6 sin“a + cos*a = sin“ b+ cos“b =1, suy ra cosa = 4/1 — 5 =gvasmb= 1-— ) =%
4 4
Suyrasin(a+b)=sinacosb+cosasinb=g.g—i—g.g:l.

Chon dap an Ol
Cdu 15. Biéu thiic P = cos 5° sin 70° — sin 175° sin 20° ¢6 gia tri bang véi

@ sin 25°. 9 cos 25°. @ sin 15°. @ cos 15°.
® Loi gidi.
Ta c6 P = cos 5°sin 70° — sin 175° sin 20° = cos 5° cos 20° — sin 5° sin 20° = cos (5° + 20°) = cos 25°.
Chon dép an O
143
/3 4

3 3 1

A 5 5 © 5 )

® Loi gidi.

Cau 16. Choa+ 3 = % va sinacos f = . Gi4 tri ctia sin(a — 3) bang

N |
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
1+v3 V3 1+v3  VB-1

. . . . T
suy ra cosasin § = sin(a + ) — sina cos f = sin — — =

Ta ¢6 sin(a + ) = sinacos § + cos asin 8

3 4 2 4 4
1 -1 1
Do d6 sin(a — ) = sinacos § — cos asin § = +4\/§— \/§4 =3
Chon dap an @ ]
Cau 17. Cho tam giac ABC can tai A ¢6 cos B = 1—5;) Tinh sin A.
119 120 5
— 1. g o
~: 169, ® 169 13
® Loi giai.

=~ 5\? 12
Vi0 < B < mnénsinB > 0. Ta c6 sin? B + cos? B = 1, suy ra sin B = 1—(—> =—.

Vi tam gidac ABC can tai A nén B = C, suy ra sinC = 13 va cosC' =

ﬁ-
Theo tinh chat téng ba goc trong mot tam giac, ta c6 A+ B+ C = 7.
12 5 5 12 120
Do d6 sin A = si — A) = sin(B —sin B Bsi 2L 4L 2=
o d6 sin sin(m ) = sin(B + C') = sin B cos C + cos Bsin C 1313 + 1313 = 169
Chon dap an @ O

N 7 3
Cadu 18. Cho a,b théa méan sina = \/T_ va sinb = % Gia tri ctia sin(a + b) sin(a — b) la:
1 1 1 1
o H o}
® Loi giai.
Ta ¢6 sin(a + b) sin(a — b) (sin a cos b + cos asin b)(sin a cos b — cosasinb) = sin? a cos? b — cos? a sin? b.
Lai ¢6 sin® acos?b — cos? asin? b = sin®a 2 2

( — sin? b) — cos? asin? b = sin® a — sin? b(sin? a + sin? b)
2
1
sin® a — sin ( ) < ) i
1
4

2 2

Suy ra sin(a + b) sin(a — b) =

Chon dap an @ Ol
Cau 19. Cho a € [—2%, —%} thoa man sin (a + %) = @ Gia tri cta tan « 1a
(A)2- 3. B2+ 3. (©)—2+3. D) V3.

QLbigiéi.
2
Ta c6 ——Wgag—z,suyra —ESaSO, dodécos(a—i—z) > 0.

Lai ¢6 sin? (oz + %) + cos? (a + %) =1, suy ra

cos (a+ ) = 1_<f—f) ST e (\/6+\/§>2:\/6+\/§‘
6

4 4

sin(a—i-g) :\/g_ﬁ'\/g+\/§:2_\/§.

™ 4 ' 4
CcoS (a+ 6)

Suy ra tan (a + %) =

tan(a—l—%)—tanz B 2—\/_ \/_ _6—4\/_

. T m 6 3
Dodotanaztaﬂ(&—i————)z = = =_—24+/3.
6 6 ™ E \/§ 2v/3
1+tan(oz+6)tan6 1+(2_\/§).?
Chondépén@ Ol

Cdu 20. Mot vat thyc hien dong thoi hai dao dong diéu hoa c6 phuong trinh z1(t) = sin (7rt + g) va za(t) =

coS (ﬂ't + g) . Phuong trinh dao dong tong hgp clia vat z(t) = x1(t)+w2(t) duge viét dusi dang x(t) = A cos(wt+¢),
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2. Cac phép bién déiluong gidc

Biét lam, Iam dung, Idm nhanh

dong tong hop.
i Vs
Ok ® .

® Loi gidi.

5 T
03 ©-7

Ta c6 z(t) = z1(t) + 22(t) = sin <7Tt + %) + cos (mﬁ + g)

3

2 2
Lai c6 sin (mﬁ + g) + cos (wt + z) =2 [\/—_ coSs <7Tt + z) + £ sin <7rt + E)]
=2 [cos % cos <7rt + g) + sin il sin (7rt + g
Suy ra z(t) = v/2cos (7rt + 17T—2) Vay pha ban dau ciia dao dong tong hap la

4

Chon dap an

2

3
)} =V/2cos (mﬁ-l—%— E) = V2 cos <7Tt+17r—2>-

2 3

4

v
12°

% Dang 2. Ap dung cdng thirc nhén déi, ha béc

Cong thiic nhan déi

Coéng thitc nhan ba

® sin2a = 2sinacosa

cos?® a — sin® «

@ cos2a = |2cos?a —1
1 — 2sin’a.

2tan «
® tan2a = ——
1 — tan“«a

@ sin3a = 3sina — 4sin’a.
® cos3a = 4cosPa — 3cosa.

3tan o — tan®«
1 — 3tan?a

® tan3da =

Cong thitc ha bac

Cong thic tinh theo tang

a
bat ¢t = tan 2 ta co

1 2
@ cos?a = #. ® si 2t
sing = ——-
1+¢2
2 @ cosa = 1—1:2
9 1 — cos 2a v
® tan’a = ————. 2
1+ cos2a & g — .
1 3 1—¢2
@ cos®a = - cos3a+ = cosa. 9
4 4 ® cota = -
2t
@ sinda = Zsina— Zsin3a.
I®» Vidumaéau
Vidu 10. Cho tang = —2. Tinh tana.
o Loi giéi.
Ap dung cong thitc nhan doi, ta c6
a
ana = a = 5 =
1 — tan? = 1— (_2) 3

y J/ J J

tiic 1a dao dong téng hop ciia vat dé 1a dao dong diéu hoa. Hay xac dinh pha ban dau ¢ (—7 < ¢ < 7) clia dao

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
U]

=

Vidu 'Il., Biét cos% =5 Tinh: cos %
® Loi gidi.
T
1 + cos — ) 3 9 3
Ta c6: cos? = = 6 +\/_.Macosl>0néncos1:;\/_. U
12 2 4 12 12 2
Vidu 12. Tinh: sin%, cos%.
® Loi gidi.
Ta co
. s
— cos —
2 -2 2—v2
@sinQ%: 5 4 _ 4\/_.Masing>0nénsing:T\/_.
T
1+ cos— 9 9 2 9
@coszg: 5 4 _ +4\/—.Macosg>0néncosg:+\/_.
0]
Vidu 13. Bién déi thanh tich biéu thitc sau
A =sin2z —sinx + 2cosz — 1.
® Loi gidi.
Ta co
A = sin2x —sinz + 2cosx — 1 = 2sinzcosx —sinz + 2cosx — 1
= sinz(2cosz — 1)+ (2cosx — 1)
= (2cosz — 1)(sinz + 1).
U
Vidu 14. Rit gon cic biéu thitc (gid sit cac goc lam cho biéu thitc ¢6 nghia).
a) A= (1 +sin2a) (cosa - sina).
cos 2a(cosa + sina)
b) B = sina + sin 2a .
cosa + cos2a + 1
® Loi gidi.
a) Ta co
4 (1+sin2a)(cosa —sina)  (sina 4 cos a)? (cosa — sin a)
cos2a(cosa +sina)  (cos2a —sin®a) (sina + cosa)
b) Ta c6
B sina + sin 2a sina(l42cosa) sina(l+ 2cosa) tom
— f— = == a.
cosa + cos2a + 1 cosa+2cos?a  cosa(l+2cosa)
0
" 1
Vidu 15. Cho sina + cosa = 3 Tinh
a) sin2a. b) cos4a.

® Loi gidi.
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2. Cac phép bién déiluong gidc

Biét lam, Iam dung, Idm nhanh

a) Do sina + cosa =

DN | =

. Suy ra sin 2a

1
hay 1+ 2sinacosa = 1

nén (sina + cosa)? =

y J/ J J

1 . 9 9 . 1
Z@sm a + cos a-l-QSlnaczosa:ZL
1
Ly
4 4

P 1
b) Ap dung cong thiic nhan doi, ta c6: cos4a = cos(2 - 2a) = 1 — 2sin®2a = ~3

O
. 5 . T . . T T
Vidu 16. Cho cosa = 3 voi 0 <a< 5 Tinh sin 2a, cos 2a, tan 2a, sin (20, + g), tan <2a — g)
o Loi gidi.
. 12
25 144 Sia = 7o
TaCf)Sinza:l—COSZa:l—@:@ sina=1_312
19 13 °
Vid<a< g nén sina > 0, suy ra sina = i3
Tu do ta co
9 94 9 5 12 120
sin2a = 2sinacosa =2 — - — = —;
“ acosa 13 13~ 169’
25 119
cos2a=2cos’a—1=2 - — —1=—"—;
169 169
tan 2 sin 2a 120
an2a = = ——:
cos 2a 119’
sin (2a + E) = sin2a - cosz + cos 2a - sinz
3 3 3
120 1 120 V3 60(1—/3)
169 2 119 2 119
120 3
. tan2a—tan% 19 %
tan <2a — —) =
6 1 + tan 2a tan — 120 ﬁ
119 3
_ _360+119\/§
357 — 120V/3
O
1’ 3
Vidu 17. Cho sin2a = R V6i g < a < m. Tinh tana + cot a, tana — cot a.
o Loi gidi.
Ta c6
sina  cosa sin?a+cos?a
tana +cota = ; = :
cosa sina sinacosa
B 1 2
- . "~ sin2a’
L gin9 sin
5 sin 2a
3 2 10
Thay sin2a = R ta dudc tana + cota = 3=73
5
Ta ciing c6
. . 2 2
sina cosa sin“a — cos“a
tana —cota = — — = -
cosa sina sina cosa
— 2
_ eosca —2 cot 2a.
—sin 2a
2

e
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. 3 ™ - 4
Visin2a = = vd — < a < 7 nén cos 2a < 0, suy ra cos2a = —\/1 — sin® 2a = —

5 2
4
) 5 4
Do d6 tana — cota = — cot 2a = -3 = 3
5

Vidu 18. Cho sina + cosa = m, (—\/§ <m< \/5) Tinh [sina — cosal.
® Loi gidi.

Ta c6 m? = (sina + cosa)® = 1+ 2sinacosa = 1 + sin 2a. Suy ra sin 2a = m? — 1. Do d6

lsina —cosa| = /(sina—cosa)® =1 —sin2a = /2 —m2.

3 —4cos2a + cosda
3+ 4cos2a + cosda’

Vidu 19. Rit gon biéu thitc P =
D Loi gidi.
Ta c6
3 — 4 cos2a + cosda
3 + 4 cos2a + cos4a
3 —4cos2a+2cos®2a—1
3+4cos2a+2cos?2a — 1
2 cos? 2a — 4 cos 2a + 2
2 cos? 2a + 4 cos 2a + 2

2 (cos2a — 1) _ (—2sin? a)2

= 5 = 5 = tan? a.
2 (cos2a + 1) (2cos? a)
Vidu 20. Chitng minh cac dang thiic
1
a) sinx + costx = Zcos4x+ 7
. 6 6 3 5
b) sin®x 4 cos® x = gcos4az+ 3
® Loi giéi.
a) Ta co
sin®z +costx = (sin2 x + cos? a:)2 —2sin’xcos’x
1
= 1— —sin?2
5 sin“ 2x
_ 1 1—cosdzx
N 2 2
= = 4 -,
1 cosdxr + 1
b) Ta c6
sin®z 4+ cosbx = (sin2 x + cos? $)3 — 3sin?zcos’ (sin2 T + cos? ac)
= 1-— anﬁ 2x
_ 1 3 1—-cosdx
N 4 2
3 5
= - 4 -,
3 cosdx + 3

F® Baitap tu luyén

Badi 20. Tinh sin2a, cos 2a, tan 2a, biét:

Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

o
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

3”’-

)'—1‘W<<- b) sina + —1‘7T<<
a) sina =g va g <a<m sina+cosa =g va g <a<--
® Loi gidi.
1 2v/2
a) Tacécos2a+sin2a:1néncosa:—\/l—siDQa:—\/l—§:—%_ (Vig<a<7r).
1 —2v2 4+/2
Suy ra sin2a = 2sinacosa =2 = - \/_:— \/_
g» 3 9
1 7
2a = 1 — 2sin? :1—2(-) =_.
cos 2a sin“ a 3 9
sin 2a 44/2
tan 2a = = — .
cos 2a

nén

7
L 1
b) Ta c6 sina + cosa = B

. 2 . .
(sina + cosa)® = sin®a + cos® a + 2sinacosa

1\2
= (—) =1+ sin2a

2
3
& sinZ2a = —-—.
sin 2a 1
T 3r 3 .
\/“1§<a<znen7r<2a<7. Suy ra cos2a < 0. Do do
3\ 2 7
cos2a = —/1 —sin?2a = —4/1 — <_Z) = _%_
sin 2a 3V7
tan2a = = —.
cos 2a 7
O
Bdi 21. Cho tang = —2. Tinh tana.
® Loi giéi.
Ap dung cong thitc nhan doi, ta c6
2tan —
2.-(=2 4
tana = 2__ ( )2 = ——
1— tan2 - 1-— (—2) 3
O
.. . 3
Bai 22. Biét cos T_ £ Tinh: cos 1.
~ = =2 . 6 2 12
® Loi giai.
T
1+ cos—
T 2+\/§ s T 2+\/§
Ta cob: 2 = 6 _ . M3 — é —_——=— O
a cO: cos B 5 1 acos12>0nencos12 >
Badi 23. Tinh: sin %’ cos g
® Loi giéi.
Ta c6
] T
s 22 2 -2
@sin2g= 5 4 _ 4\/_.Masing>0nénsing=T\/_.
1+ cos =
s 2 2 2 2
@COSQ%Z 5 4 _ +4\/_.Macos%>0néncosg=+\/_.
U]
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

Bdi 24. Tinh sin g

® Loi gidi.
2 2—+2
Ta c6 % = cos% = cos (2 . g) =1 — 2sin® % Suy ra sin® g = 4\/_.

V‘10<g<gnénsing>0.

y J/ J J

T 2—\/5
Suy ra sin — = ———. O
Y 8 2
) . 3 .
Bdi 25. Cho Sln2a=3V61g<a<ﬂ'. Tinh tana + cot a, tana — cot a.
o Loi gidi.
Ta co
sina  cosa sin®a+cos’a
tana +cota = : = :
cosa sina sinacosa
B 1 2
1 ~ sin2a’
—sin 2a
2
3 2 10
Thay sin2a = =R ta dudc tana + cota = 3=73
5
Ta ciling c6
. < 2 2
sina cosa  sin“a — cos®a
tana —cota = — — = -
cosa sina sinacosa
—cos 2
= M:—2cot20L.
—sin 2
5 5in2a
. 3 .7 ~ ) 4
Vi sm2a:gva§<a<7rnen cos 2a < 0, suy ra cos2a = —y/1 — sin 2a:—5
4
. 5 4
Dodotana—cota:—cotQaz—T=§. ([l
5
Bdi 26. Cho sina + cosa = m, (—v2 < m < /2). Tinh [sina — cosal.
o Loi gidi.
Tacém2=(sina+cosa)2=1+251nacosa=1+sin2a. Suy ra sin2a = m? — 1. Do d6
lsina —cosa| = /(sina—cosa)® =1 —sin2a = /2 —m2.
O

S 5)
Bdi 27. Cho cosa = 3 voi 0 <a< g Tinh sin 2a, cos 2a, tan 2a, sin (2a + g), tan (2(1 — %)

o Loi gidi.
. 12
25 144 sma = -4
Ta66Sin2a:1_COS2a:1_E:@ _1_312
19 13
V\10<a<gnénsina>07 Suyrasma:l_?,'

o
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2. Cac phép bién déiluong gidc

Biét lam, Iam ddng, Iam nhanh

T do ta co

Bai 28. costz — sin*z = cos 2.

® Loi gidi.

Bai 29. sin4x = 4sinz cosz(1 — 2sin’ z).

® Loi gidi.

Bdi 30. Chitng minh cac dang thic

4

1 3
a) sin'z + costx = Zcos4x+ -

4
b) sin® x 4 cosb z = §(:osélav—i— §
8 8

® Loi gidi.

a) Ta c6

sin® z + cos

b) Ta c6

sin® 2 + cos

6

X

sin2a = 2sinacosa = 2 - E . 2 = E;
13 13 169
25 119
2% =2cosla—-1=92. 2% _1=__"".
cos 2a cos” a 169 60
tan 2 sin 2a 120
an2a = = .
cos 2a 119’

. s LT
sm2a-cos§ +c052a-s1n§

169 2 119 2 119 '
12
tan2a—tan% _ —1—18 — ?
1 + tan 2a tan — 1_@'£
119 3

360 +119v/3

357 — 120V/3
tr = (sin2 x + cos® x)Q —2sin’xcos’x

1
= 1- —sin?2z

1 1—cosdzx

= 1-=
2 2

1 3

= ZCOS4$+Z'

(sin2 T + cos? :c)3 —3sin’zcos’x (sin2 x + cos® av)

3

1-— Zsin22x

1 3 1-—-cosdx
4 2

20084.%'4- g

y J/ J J

e
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Bdi 31. (tan2x — tanz) cos 2z = tan x.

D Loi gidi.

Bdi 32. Bién ddi thanh tich biéu thic sau

A =sin2z —sinz + 2cosz — 1.

ﬂLbigiéi.
Ta c6
A = sin2x —sinx +2cosx —1=2sinxcosz —sinz +2cosz — 1
= sinz(2cosz — 1)+ (2cosx — 1)
= (2cosz —1)(sinz +1).
. 1-— 2
Bai 33. ‘cosx—i—c.os a: = cot .
93111230— SiNT
® Loi giai.

Bdi 34. Rit gon cac biéu thitc (gid sit cAdc géc lam cho biéu thitc c6 nghia).

(1 + sin2a) (cosa — sina)

A=
a) cos 2a(cosa + sina)
b) B = sina + sin 2a '
cosa + cos2a + 1
® Loi gidi.
a) Ta co
4 - (1+sin2a) (cosa —sina)  (sina + cos a)? (cosa — sina) _1
N cos2a(cosa+sina)  (cos?a —sina) (sina + cosa)
b) Ta c6
B — sina +sin2a  sina(l+2cosa) sina(l+2cosa) tana
"~ cosa+cos2a+1  cosa+2cos’a  cosa(l +2cosa) )

3 —4cos2a + cosda
3+ 4cos2a + cosda’

Bdi 35. Rit gon biéu thic P =
® Loi gidi.
Ta co
3 — 4cos2a + cosda
3+ 4cos2a + cosda
3 —4cos2a+2cos?2a —1
3+4cos2a+2cos?2a —1
2cos®2a — 4cos2a + 2
2 cos? 2a + 4 cos 2a + 2

2(cos2a —1)>  (—2sin? a)2 A
= 5 = 5~ = tan”a.
2 (cos2a + 1) (2cos?a)

Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
U]

O

o
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

E® Cau hai tréc nghiém
Cdu 21. Chon khing dinh sai trong cac khing dinh sau.

@ cos 2a = cos? a — sin? a. cos2a = 1 — 2cos? a.
@cos2a:1—2sin2a. @cos2a:2c082a—1.
® Loi giéi.

Ta c6 cos2a = 2cos>a — 1 nén dap an “cos2a = 1 — 2cos?a” sai.
Chon dap an O
Cdu 22. Trong cic ménh dé sau, ménh dé nio ding?
@sin4:c =4sinx - cosz. sin4x = 4sin 2z - cos 2z.
@ sin4x = 2sin2x - cos 2. @ sin 4z = cos? 2z — sin? 2z.
® Loi gidi.
Ta c6 sin2a = 2sina - cosa “=2% sindx = 2sin 2z - cos 2.
Chon dép an @ O
Cdu 23. Trong cac cong thic sau, cong thiic ndo dung?
@sinQa: 2sin a cos a. sin2a: 2sina.
@ sin 2a = sina + cos a. @ sin 2a = cos? a — sin® a.
® Loi gidi.
Cong thtc ding la sin 2a = 2sin a cos a.
Chon dap an @ O
Cdu 24. Khang dinh nao sau day dang?
@ sin 2020a = 2020 sin a cos a. 9 sin 2020a = 2020 sin 1010a cos 1010a.
(C) sin 20200 = 2sin a cos a. (D) sin 2020a = 2sin 1010a cos 1010a.
® Loi gidi.
Ta c6 sin 2020a = 2sin 1010a cos 1010a.
Chon dap an @ O

N 2 N
Cdu 25. Cho sina = 3 Giéa tri cos 2a bang

@i ®! ©

D Loi gidi.

Ot
W=

2\2 1
TacécosZa:1—2sin2a:1—2<§> =5

Chon dap an Ol

. . 3 . e N
Cdu 26. Cho 31na=5v61—<a<7r. Gia tri cta sin 2« bang

2
12 6 24 24
- ._.23. g. E. _E.
® Loi giai.
4
Ta c6 sin? e + cos?a =1 = cosa = + 1—sin2a::|:5.
T
Vi 5 < a < mnén cosa < 0, suy ra cosa = ——.
3 4 24
Mat khac, sin 2a = 2sinacosa = 2 - B <—g) =-%-
Chon dap an @ O

Cdu 27. Cho sina = %, 0<ac< % Gia tri ctia sin 2a bang
12 12 6 6
@sin2a: 0 sin2a:——0 @sinQa:—O. @sinQa:——O

. 169° 169 169 169
® Loi giai.
X T 5 25 12
V10<a<Znencosa>0,suyracosa:\/l—sm a= 1—@:1—3.

5 12120
13 13 169
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
Chondépén@ O
~ 1 . T e . Qo
Cadau 28. Cho cosa:§V010<a<§.Glatr1 sin o bang
1 V3 2 V3
o5 ® 5 o3 O
® Loi giai.
1
1-— =
1- 1
Ta c6 Sin2%= ;OSQ = 3 _ 3
3
Suy ra sing = i%. .
3
V10<a<gnén0<%<%,suyrasin%>0haysin%:?.

Chon dap an O

Cdu 29. Cho cosz = —g. Tinh cos 2z.

@cos2:c:—%. cosQa::—%. @cossz—g. @cos2:v:l.
® Loi gidi.
Ta c6 cos2x = 2cos’z — 1 = —2—75.
Chon dép an @ O

~ . 1 N
Cau 30. Biét cos2a = 3 Gia tri clia cos4a bang

n o

o
o

QLbigiéi.
9 1 7
cosda = 2 cos 2a—1:2-——1:—§.
Chon dap én@ O
” B 1 ,
Cadu 31. Biét cosa = 3 Tinh gié tri bieu thic A = cos2a + cosa.
1 4 4 1
®a=-2 ®a=3 ©4a=-3. OFEE
o Loi gidi.
) ) 1\? 1 4
Ta c6 A =cos2a+cosa =2cos“a— 1+ cosa =2 - 3 —1+§=—§.
Chon dap én@ O

Cdu 32. Cho sina = éél Khi d6 cos 2a bang

®3 4 ©-1 -
® Loi gidi.
1

Ta c6 20=1-2sin2a=1-2.-— = —=.
a CO COS z(x SN~ « 16 8

Chon dap an @ Ol

. 5 N
Cau 33. Cho sina + cosa = 7 Khi d6 sin 2« ¢6 gia tri bang
) 3 9
—. 2. —. —.
w3 5 D)5
® Loi giai.
Tu gia thiét ta co

5\ 2
(Z) = (sina + cosa)? = sin? a + cos® & + 2sina - cos o = 1 + sin 20

2
Vay sin 2a = 1
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Chon dép an @

N 1 N
Cau 34. Cho sin2a = ~5 thi tan? o + cot? a 6 gia tri bang

(A) 18. (B) 12. (©)14. (D) 16.
® Loi gidi.

Ta c6

1 2 2 \?
tan2a+cot2a:(tana—l—cota)2—2tanacota:(—) —2:( > —2=14.

sin o cos & sin 2«

Chon dap an @
Cau 35. Cho cot o = 15 thi sin 2« bang

11 9 15 17 13
. 11;} 113° 113" 113"
® Loi giai
Ta c6
t 15=1 = 226 ta+t ! 2 = sin 2 15
— n [ — _— = n = — 11 - .
cora ana 15 15 cora ana sin o cos & sin 2« St ea 113

Chon dap an
Cdu 36. Rut gon biéu thic sin? z + cos® z + 2sin x cos = ta duge

@ (sinz + cosx)?. -1 @ 1 — sin 2z. @ 1 — cos2z.
® Loi gidi.
Ta ¢6 sin® z + cos? 2 + 2sinz cosz = (sinz + cos z)2.
Chon dap an @

~ P 1
Cdu 37. Cho s0 thuc o théa man sina = i Tinh (sin4a + 2sin 2a) cos a.
25 1 255 225
Y 1oy ® 55 5 ey
® Loi giai.
(sin4a + 2sin 2a) cos o = (2sin 2a - cos 2a + 2sin 2ar) cos v = 2sin 2« - cos a (cos 2a + 1)
1 1)\> 225
_ . . 4 _ . '1_.2 2: _(1__> _ =2
8sina - cos® a = 8sin« ( sin a) 8 1 6 123

Chon dap an @

& Dang 3. Céng thirc bién ddi

Cong thic bién d6i téng thanh tich

® cosa—i—cosszcosa;b-cosa;b. @tana%—tanb:%.
@ Cosa—cosb:—QSina+b-sina_b. @ tana—tanb:%.
(O] sina+sinb:2sina—2i_b-cosa;b. O] cota-i-cotb:%.
(O] sina—sinb=2cosa+b-sina_b. ©® cota—cotbzw.
2 2 sina -sinb

Hé qua
@ sina +cosa = \/ESiH (O{+%> = \/icos (Oé— %)

@ sina — cosa = /2sin (a— %) = —\2cos <a+g)‘

Cong thitc bién ddi tich thanh téng

2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J
U]

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y £ L 7

1 1
© cosacosb= 5 [cos(a — b) + cos(a + b)]. © sinacosb = i[sin(a —b) +sin(a + b)].

1
© sinasinb = §[cos(a —b) — cos(a + b)].

I®» Vidumaéau
" . 1 . . T i
Vidu 21. Cho sin2z = —3 Tinh: A = sin <w+ Z) cos (33— Z>
® Loi gidi.
A=sin (o TJeos (v ) =5 s (4 T o= ) woin (e oot 7))
= sin — — — ] == |sin — - — in - — -
sin (@ + 7 ) cos (2 — 5 stz + o+ sin (@ + 7 —2+ 7
1(, 9 + si 77) 1( 1+1> 1
=—(sin2z+sin—-)=-(—2 ==
2 2 2 3 3
0]
. 2 3a a
Vidu 22. Cho cosa = 3 Tinh: B = cos 5 Co8 5
® Loi gidi.
1
Tacc’)cos2a:2cosza—1:—§.
Do do
B cos3acosa ! [cos<3a+a)+cos<3a a)] 1(cos2 + cosa) >
= _— _——= - _— —_ _—— - = — a a) = —.
2 2 2 2 2 2 2 2 18
U
Vidu 23. Tinh
. 117 . % o o
a) sin —o- —sin . b) cos 105° + cos 15°.
® Loi gidi.
11 5 I 2 1 2 2
a) sinl—;—sin£:2c0s 12 5 12 gin L 5 L :2cos§sin%:2-(—§)-§:—\§.
105° 4 15° 105° — 15° 1 V2 2
b) cos105° + cos 15° = 2 cos + oS :2cos60°cos45°=2-—-£ = \/—_
2 2 2 2 2
U
n s
; +sin %
Vidy24. Tinh D= > 9 T°09
oS ‘g — COS §
® Loi gidi.
7 Ty Tz 4 4
Tacésin§+sing=27sin 9 5 97cos 9 5 9 =2Sin§cosgzsin§.
7 m 4 im _ 7 4 4
cosg—cos%=—2si1i/_9 5 9 sin -2 5 9 :—2sin§sin§=— 3sin§.
1
SuyraD:——:——g. O
V3 3
Vidu 25. Bién ddi cac tong sau thanh tich
a) A = sinbz + sin 6x + sin 7z + sin 8x. b) B =sinz — sin 3z + sin 7z — sin 5z.
¢) C = cosTx + sin 3z + sin 2x — cos 3. d) D = sin35° + cos 40° + sin 55° + cos 20°.

® Loi gidi.
13 3 13 13 3
a) A= (sin8x + sin5zx) + (sin 7z + sin 6x) = 2sin7$ cos; + QSinTxcosg = 2sin7$ (cos ; + cosg).

b) B = (sin7zx +sinz) — (sinbz + sin3x) = 2sin4x cos 3z — 2sin 4z cos x = 2sin 4z (cos 3x — cos x).
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

5 5 )
c) C = (cosTx — cos 3x)+(sin 3z + sin 2x) = —2sin 5 sin 2242 sin Ex cos g = 2sin Ex (—2 cos ; sin 2x + cos z).

d) D = (sin55° + sin 35°)+(cos 40° + cos 20°) = 2sin 45° cos 10°+2 cos 30° cos 10° = 2 cos 10° (sin 45° + cos 30°).
O]
i1 / : 2 - 3 .3 . 3 1
Vidu 26. Ching minh dang thitc cos® a cos 3a — sin® a sin 3a = 708 4da + 7
® Loi gidi.
Bién doi vé trai, ta c6

3

VT = cos®a-cos3a—sin®a-sin3a

= (cosa-cos3a)-cos’a — (sina-sin3a) -sin’a

1 1
= 3 [cos 2a + cos 4a) - cos? a — 5 [cos 2a — cos 4a] - sin® a
1 1
= 5cos 2a (0032 a — sin® a) + 5 " cos 4a (cos2 a + sin? a)
1 1 11 4 1
= §~COSQ2G+§~COS4CL= 5-%—1—5‘0054@
3 da+ 1
= —cos4da+ —
4 4
= VP
O
Vidu 27. Rit gon cac biéu thitc sau
a) A = cos1lzcos 3z — cos 17z cos 9z. b) B = sin 18z cos 3z — sin 19z cos 4x.
c) C = sinzsin 3z + sin 4z sin 8z. d) D = sin 2z sin 6z — cos z cos 3z.
3
e) F =sinxsin <% — a:) sin <g + CL‘) f) F= cos%cos ; — sin z sin 3z — sin 2z sin 3x.
® Loi gidi.
1 1 1 . .
a) A= 5 cos 14z + 5 €08 8x — 5 c08 26z — 5 cos 8xr = B (cos 14z — cos 26x) = sin 15z sin 12x.
L. L. . : L . . .
b) B = 5 sin 21x + 5 sin 15z — 5 sin 23z — 5 sin 15z = B (sin2lz —sin23z) = — cos 22z sin x.
1 1 1 1 1
c) C= —5 cos dr + 5 €08 2x — 5 cos 12z + 5 c08 dx = 5 (cos 12x 4 cos 2x) = cos 7x cos Hz.
1 1 1 1 1
d) D= —3 cos 8z + 3 cosdx — 3 cosdx — 3 cos 2z = —5 (cos 8z + cos2x) = — cos bx cos 3x.
1 1 1 1 1 1
e) F=sinx - 3 <cos,233 + 5) = Zsin?)w — Zsinw + Zsinw = Zsin&’b.
1 1 1 1 1 1 9
f) F= §cos2x + §COSJZ+ 5(:054:1: — §COS2.’IJ+ §COS5.’L‘ T sr =3 (cosdx — cosbz) = sin—Ising.
O

) . in 2a — si in4
Vi dy 28. Cho tan 3a = 2023. Tinh gia trj bidu thite P = So 20— Sinsat sinda

® Loi gidi.

Ta c6

cos 2a — cos 3a + cosda’

sin 2a — sin 3a + sin 4a

cos 2a — cos 3a + cos 4a
(sinda + sin 2a) — sin 3a
(cos4a + cos 2a) — cos 3a
2sin3a - cosa — sin 3a

2cos3a - cosa — cos 3a
in3a - (2 —1

_ sin3a (2cosa ):tan?)a.
cos3a-(2cosa—1)
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
U]

Vay P = tan 3a = 2023.
Vidu 29. Rit gon biéu thiic S = 2sin z (cos z + cos 3z + cos 5z). Tit d6 tinh gia tri biéu thiic

P—cosw+cosg7r~l—c s57r
%7 7 TR
QLbigiéi.
Ta c6
S = 2sinz(cosz + cos 3z + cosbx)
= 2sinz-cosx + 2sinx - cos3x + 2sinx - cos dbx
= sin2z + sin4x — sin 2x + sin 6z — sin4x
= sginb6z.
Vay S = sin6z.
. , , 3 5
Ap dung két qué trén de tinhP:cosg—l—cosT?TﬁLcos%r.
Visin%;«éOnén
P 7T+ 37r+ 5w
= COS— -+ COS — —+ CcoS —
7 7 7
3 5
:>2P-sin§ = QSing(cosg—kcos?ﬁ—kcos?ﬁ)
i 6 i ( 7r> i T
= sin— =sin|{7— =) =sin =
7 7 7
1
=P = -.
2
1
Vaszé. O

Vidu 30. Hi¢u dién thé va cuong do dong dién trong mot thiét bi dien lan lugt dude cho bdi cac biéu thiic sau:

u = 40sin(1207t) + 10sin(3607t) (V)
i = 4sin(1207t) + sin(3607t)  (A).

(Nguon: Ron Larson, Intermediate Algebra, Cengage)

Biét ring cong suat tiéu thu tic thai clia thiét bi dé duge tinh theo cong thite: P = u -4 (W). Hay viét biéu thic
biéu thi cong suat tieu thy tic thoi ¢ dang khong cé lity thita va tich clia cac biéu thiic lugng gic.
® Loi gidi.
Ta co:
P =wu-i=[40sin(1207t) 4+ 10sin(3607t)] - [4 sin(1207t) + sin(3607t)]

= 160 sin?(1207t) + 10sin?(3607t) + 80 sin(1207t) sin(3607t)

= 80[1 — cos(2407t)] + 5[1 — cos(7207t)] + 40[cos(3607t — 1207t) — cos(3607t + 1207t)]

= 85 — 80 cos(2407t) — 5 cos(7207t) + 40 cos(2407t) — 40 cos(4807t)

= 85 — 40 cos(2407t) — 5 cos(7207t) — 40 cos(4807t) (W).

]
P Baitap tu luyén
< . 11 7
Bai 36. Tinh gia tri ctia bieu thitc cos 1—; cos 1_72r
® Loi giai
cos 117 o w1 [cos (117r 77r> + cos <117T . 7%)} 1 (cos T + cos 37T> 1 -~
12 12 2 12 12 12 12/1 2 3 2/ 4
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2. Cac phép bién déiluong gidc

Biét lam, Iam dung, Idm nhanh

y J/ J J
Bdi 37. Tinh gia tri ctia cac biéu thic
5 7
Azcos%cos%; B = cos 75° sin 15°.
o Loi gidi.
Ta c6:
A 5T T 1 [ (57r 777) n (571' 771')}
= €08 5 CO8 o5 = o |08 | oo cos
12 12 2 12 12 12 12
(5 o] - () -
=3 |cos(~5 cosm| =5 | =0
1
B = cos75°sin 15° = 5 [sin (15° — 75°) + sin (15° 4 75°)]
1. o e oor 1 V3 2—-+3
= 5[811’1(—60 )+Sln90 ] = 5 (—74—1) 4 .
L]
Bdi 38. Khong diuing may tinh, tinh gia tri ciia cac biéu thitc:
o o. _ om T
A =cos75%cos15%; B =sin 12 cos R
o Loi gidi.
1
A = cos75% cos 15° = 5 [cos (75° — 15°) + cos (75° 4 15°)]
1 o1/1 1
—5[005(60)4-60590] 2(§+0 =T
5_ 5m 771'_1[, (57r 77r>+_ (57‘('_'_77'()}
sin 2% =5 [sinly D sin{ 75+ 15
=3[ (5) +enr] =5 (5 +0) =
=5 sin{—% sinm| =5 {—3 ==
O]
5 7 5
Bai 39. Tinh gi4 tri ctia bicu thitc sm%cos% VA smgsmg
® Loi gidi.
Ta c6
snﬂcosfm L s'n<7T W)+sn(7r+57r>}
in—cos— = = |sin|——— in(—+ —
24 24 2 24 24 24 24
- () e ()=
= 5 sin{— sin (7)) =~
Ta c6
T ST 1{ (771' 57r> (77r+577)]
sin—sin— = = |cos|———)—cos|— + —
8 8 2 8 8 8 8
= sl (D) (3] =
= 5 |cos(3 cos | =
0]

Bdi 40. Tinh

117 Y
a) sin —— —sin —

12 12°
® Loi gidi.

b) cos 105° + cos 15°.

e

82/764 ’

B Todn 11 theo chuong trinh GDPszem



Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

ot

11 5 Ur oz Lx _ o7 2 1
a) sinl—;—sin£:2cos 12 5 12 gip L 5 L :2cos§sin%:2-(—§)-

105° + 15° 105° — 15° 1
b) cos105° + cos 15° = 2 cos 05; > cos 05 > > :2cos60°cos45°:2-§

< S
SIS

in T in T
sin -g- =+ sin g

T

Bai4l. Tmh D= —2 9
cos g- — cosg

® Loi gidi.

T s
9 to,
2

=5

0S %—281n4—ﬂcosz—sin4—ﬂ
- - 2 9 3 9"
In 4z in 4 4
9 5 9 sin 2 5 :—2singsin§:—\/§sin§.

7T T
Ta ¢c6 sin — + sin — = 2sin
9 9
T T 94
CcOS — — €0S — = —2sin
9 9
1
SuyraD=—— = —

V3

o , .o .
Bai 42. Tinh sin D + sin 13"

©ox

“|%

® Loi giéi.
51 T 51 T

5 T 19 19 2
sinl—;r-l-sin%:Qsin 12 5 12 cos 12 5 12 :2sin%cos%:2-\/—_-

b
|G

Bdi 43. Khong diing may tinh, tinh gia tri ctia bicu thitc
T

LT . bm .
A =sin — — sin — + sin —.

9 9 9

® Loi giéi.
Ta c6
T 7T 57 47 T . hm Yy 51

A= <sin§+sin?> —sin?:QSin?cos§—sm?:sm?—sin?:0.

Bdi 44. Khong diing may tinh, tinh gi4 tri ctia biéu thic

B T n 5m n 117
= CcoSs — + cos — + cos —.
9 9 9

® Loi gidi.
Ta c6
57T) 117 2 s 117 2 2

B = (cosﬂ + cos + cos = 2cos CoS — + cos = coS cos =0
N 9 9 9 9 3 9 9 9

Bdi 45. Hieu dien thé va cudng do dong dien trong mot thiét bi dién lan lugt dude cho bdi cac biéu thitc sau:
u = 40sin(1207t) + 10sin(3607t)(V)
i = 4sin(1207t) 4 sin(3607t)  (A).
(Nguon: Ron Larson, Intermediate Algebra, Cengage)

Biét ring cong suat tiéu thu tic thai clia thiét bi dé duge tinh theo cong thite: P = u -4 (W). Hay viét biéu thic
biéu thi cong sudt tieu thu tic thoi & dang khong cé lity thita va tich ctia cac bidu thic luong giac.
o Loi gidi.
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

Ta c6:
P =wu-i=[40sin(1207t) 4+ 10sin(3607t)] - [4 sin(1207t) + sin(3607t)]

= 160 sin?(1207t) + 10sin?(3607t) + 80 sin(1207t) sin(3607t)

= 80[1 — cos(2407t)] + 5[1 — cos(7207t)] + 40[cos(3607t — 1207t) — cos(3607t + 1207t)]
= 85 — 80 cos(2407t) — 5 cos(7207t) + 40 cos(2407t) — 40 cos(4807t)

= 85 — 40 cos(2407t) — 5 cos(7207t) — 40 cos(4807t)(W).

Bdi 46. Bién doi cac tong sau thanh tich

a) A = sinbz + sin 6z + sin 7x + sin 8x. b) B =sinz — sin 3z + sin 7z — sin 5z.
c) C' = cosTx + sin 3x + sin 2x — cos 3x. d) D = sin35° + cos 40° + sin 55° 4 cos 20°.
® Loi gidi.

13 3 13 13 3
a) A= (sin8x + sin5x) + (sin 7x + sin 6x) = 2sin7x cos?x + QSinTxcosg = 2sinTm (cos ; + COS%).

b) B = (sin7z + sinz) — (sin b5z + sin 3x) = 2sin4x cos 3z — 2sin 4z cos x = 2 sin 4z (cos 3x — cos x).

5 5 5
c) C = (cosTx — cos 3z)+(sin 3z + sin 2x) = —2sin 5z sin 2z+2 sin ; cos g = 2sin ; (—2 cos ?:E sin 2z + cos g)

d) D = (sin 55° + sin 35°)+(cos 40° + cos 20°) = 2sin 45° cos 10°+2 cos 30° cos 10° = 2 cos 10° (sin 45° + cos 30°).

O
. , . 2 . 3 .3 . 3 1
Bai 47. Ching minh dang thic cos® a cos 3a — sin® a sin 3a = T da + e
® Loi gidi.
Bién doi vé trai, ta c6
VT = cos®a-cos3a —sin®a - sin3a
= (cosa-cos3a)-cos’a— (sina-sin3a) - sina
1
=3 [cos 2a + cos 4a) - cos® a — B [cos 2a — cos 4a] - sin® a
1 1
= 5cos 2a (0052 a — sin’ a) + 5 " 008 4a (c052 a + sin® a)
1 1 11 4 1
= §-cos22a+§‘cos4a: §-$+§-0084a
_ 3 cos4a +
4 4
= VP
O
Bdi 48. Rt gon cac biéu thitc sau
a) A = cos1lz cos 3z — cos 17z cos 9z. b) B = sin 18z cos 3z — sin 19z cos 4x.
c) C = sinxsin 3z + sin 4z sin 8z. d) D = sin 2z sin 6z — cos z cos 3z.
) . (T . (T x 3r . . .
e) F =sinxsin (§ — a;) sin <§ + CC) f) F = cos 5C0S 5 sin x sin 3z — sin 2z sin 3x.

® Loi gidi.

1 1 1 1 1
a) A= 5 cos 14z + 5 c08 8z — 5 c08 262 — 5 cos 8z = 3 (cos 14x — cos 26x) = sin 15z sin 12x.

1 1
b) B = 3 sin 21z + 3 sin 15z — 3 sin 23z — 3 sin 15z = 3 (sin2lz —sin23zx) = — cos 22z sin x.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

(cos 12z + cos 2x) = cos Tx cos bx.

| =

1 1 1 1
= — = cos4r + = cos 27 — = cos 127 + = cosdx =
c) C 5 COS :C+2cos T — ;5 cos 3:+2cos x

1 1 1 1 1
d) D= ) cos 8z + §cos4:c - 500543: - §cos2x =3 (cos 8z + cos2x) = — cos bx cos 3.

1 1 1 1 1
e) E=sinx- 3 (cos2x+ 5) = —sin3x — Zsinx-l— Zsinx = Zsin3x.

4
1 1 1 1 1 1 9x x
f) FF=—=cos2 - —cosdx — = cos2 — - = == 4o — = sin — sin —.
) 5 CO8 x + 200s33+ 5 cosda — - cos x+ 2008533 5 COST = 5 (cosdx — cosbx) = sin 5 Si o
O
.. . in 2a — sin 3 in 4
B&ii 49. Cho tan 3a = 2023. Tinh gia tri biéu thie P = —b=0 —Ssatsinda
. cos 2a — cos 3a + cos4a
® Loi giai.
Ta c6
p _ sin 2a — sin 3a + sin4a
~ cos2a — cos 3a + cosda
_ (sin4a + sin2a) — sin 3a
~ (cos4a + cos2a) — cos 3a
_ 2sin3a - cosa — sin3a
~ 2cos3a-cosa — cos3a
i - (2 -1
_ sinda (2cosa —1) _ tan3a.
cos3a - (2cosa — 1)
Vay P = tan 3a = 2023. O
Bai 50. Rt gon biéu thiic S = 2sinz (cosz + cos 3x + cos 5z). Tt dé tinh gia tri biéu thic
p T n 3 n T
= cos — + cos — + cos —.
7 7 7
o Loi gidi.
Ta c6
S = 2sinz(cosz + cos 3z + cos bx)
= 2sinz-cosx + 2sinx - cos3x + 2sinx - cos dx
= sin2x + sin4x — sin 2z + sin 6z — sin4x
= sin6z.
Vay S = sin 6.
p / . 3 5
Ap dung két qui trén dé tinh P = cos g + cos 77T + cos 77r
Vi sing # 0 nén
P = cosﬂ —|—c0537T +c0357r
N 7 7 7
3 5
= 2P-sin§ = 2sin§ (cosg +cos77r -|-cos77r>
. bm . ( 7r> .
= gin— =sin(7r— =) =sin—
7 7 7
1
=P = -
2
1
Vay P = 3 H

Bai 51. Riit gon cac biéu thiic sau day:
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2. Cac phép bién déiluong gidc

Biét lam, Iam dung, Idm nhanh

cos4a — cos2a

y J/ J J

sina — 2 sin 2a + sin 3a

a) _ sinda — sin2a ’ ) cosa — 2cos 2a + cos 3a
® Loi giai.
a) Ta ¢6 A — c?s4a — Cf)sZa _ —2sin3a§ina _ _sin3a — _tan3a.
sin4a — sin 2a 2cos3asina cos 3a
b) Ta c6

sina — 2sin 2a + sin 3a

(sin3a +sina) — 2sin2a

cosa — 2cos2a + cos 3a

(cos3a + cosa) — 2cos 2a

2sin2acosa —2sin2a  2sin2a(cosa—1)  sin2a tan 2
— = = = tan 2a.
2cos2acosa —2cos2a  2cos2a(cosa—1)  cos2a
]
EB Cau hai tréc nghiém
Cdu 38. Ding thitc nao sau day diang?
2 . L. .
@ cos2x =1 — 2cos” x. coszsiny = 5 [sin(z + y) — sin(z — y)].
1—2coszx km
- 2 _ 2 _ P
©-sn.1hx—T. ®1+cot w—COSQxV01x7é7,kGZ.
® Loi giai.
Theo cong thiic lugng giac.
Chon dap an O
- 2 — cos b
Cdu 39. Rat gon biéu thitc P = M (v6i sin4a + sin 2a # 0 ) ta duge
sin 4a + sin 2a
@P=2cota. P=2cosa. ©P=2tana. @P=2sina.
® Loi gidi.
Ta c6
cosa — cos da = 2sin Ja sin 2a
sin4a + sin 2a = 2sin 3a cos a
in2
Do d6 P = = = 2sina.
cosa
Chon dap an @ O
2 . 3 N s A . @ . 3a N ~ A ~ A N N >
Cau 40. Khi cosa = 1 thi tich s0 16 - sin 5 sin -5 la mot s6 nguyén. S6 nguyén nay bang
As. ®7. ©s. Ds.
o Loi gidi.
. a3« 9
Ta c6 16-sm§ sin—- = 8 (cos o — cos 2ar) = 8 (cos v — 2cos® v+ 1) = 5.
Chon dap an @ O
Cdu 41. Tim khéng dinh sai.
3 3 1
@sin4x + cosz = 1 + Zcos4x. sin®x + costz = 1 Zcosélx.
5 3
©sin4x—cos4:v: — cos 2. @sinﬁx—i—cosﬁxz §+§cos4x.
® Loi gidi.
Ta co

sin® z + cost

& =(sin?  + cos® )% — 2sin® z cos® x
. 1.
=1 —2sin?zcos’x =1 — ~sin® 2z

1
=1- Z(l — cos4x)

3+1 4
1 T g cosde.

1 1
:1_Z+ZCOS4x

e
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4 cos4x 1a sal.

Suy ra ding thic sin® z + cos
Chon dép an

Cdau 42. Cho sinz - cos® x — cosz - sin

® 3 -5 ©o. ©:1

xr =

>~ w
e

1 N
S = T Khi d6 cos 4x bing

® Loi gidi.
Ta c6
. 5 - B 4 .4
sinx - cos” x — cosx - sin” x =sinx - cos x - (cos™ x — sin” x)
=sinz - cosz - (cos® x — sin? z)(cos? & + sin® z)
=sinz - cosz - (cos? x — sin’ )
sin 2z sin 4x
= - cos2x = .
2 4
sin 4x 1 .
Suy ra :Z—ljsm4x:1$cos4x:0.

Chon dap an @
~ 3 2
Cdu 43. Cho cosa = g,cosb = —. Tinh M = cos(a + b) - cos(a — b).
12 12 13 13
M=—-——. M=—. M=—-—. M=—.
B = % ©ar=— ©w=5
® Loi giai.
Diing cong thitc bién déi tich thanh téng

ot

)

1
M:§[cos(a+b+a—b)+cos(a+b—a+b)]

1

=5 (cos 2a + cos 2b)

1

:§(2cos2a—1-|—2cos2b—1)

! (2 ) 1+2 1 1>

2\ 25 25

12

25

Chon dép an @
Cdu 44. Cho sina = m. Tinh

P = cos (g - a) sin(m — a) — sin (g - a) cos(m — a) + sin?(a + 20187).

@P:m2+2. P:m2—2. @P:m2+1. ®P=m+1.

® Loi gidi.
Ta c6 P =sina -sina — cosa - (— cos a) + sin
Chon dép an @

2a=sinfa+cosfa+sin2a=1+sin?a=1+m?2
. Tinh M = cos(a + b) - cos(a — b).

12 13 13

Cdu 45. Cho cosa = g, cosb =
12

(G20 )

>
=
[
|
@)
=

Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

o
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

Diing cong thitc bién déi tich thanh téng

1
M=§[cos(a+b+a—b)+cos(a+b—a+b)]
1
=5 (cos2a + cos 2b)
1
25(2C082a—1+2C082b—1)
3 i A
2\ 25 25
12
25
Chon dap an (A) O

N

) 3 . 1

Cdu 46. Gia tri ctia biéu thite I = — .
sin bz — sin 3x

@I:%. I:—%. ©1=3. (D) I=-3.
® Loi gidi.
Ta co

_cos 5T + cos 3z 2cosdx cosx 1

sinbx —sin3z  2cosdrsinz  tanz
Chon dap an @ Ol
Cau 47. Cho goc o théa man g < a < 7. Biét sina + 2cosa = —1. Tinh gia tri sin 2a.

@ 28, OF= ©-2/6 %

_. 5, 25 5 2%

® Loi giai.
sina+ 2cosa = —1 sina = —1—2cos« cosa =0

Xét hé phuong trinh 9 9 9 & 4
sin“a +cos“a =1 5cos“a+4cosa=0 cosa:—g.

. . 3 . . 24
Vi 5 <a<mT=coso = —% = sina = 5 suy ra sin2a = 2sina - cosa = o5
Chon dap én@ O

. 1 5 .
Cdu 48. Cho cos (g + 3:') =-x Vi 2 < x < ; Gi4 tri ctia sin 2x bang
44/6 26 4/6 26
® % R O -5
® Loi giai.
1 1 1\?2 21/6
Tacécos(z—i—x):——:>sinx:5:>cosav::|:\/1—sin2x::|: 1—(—) ::ti.

2 5 5 5
5 1 2v6 46
Vi 27r<x<§néncosx:T.Do do sin2x:2sinxcosx:2-g-%—:%—.
Chon dép én@ O
A L vz, s 5 (T 3 TN s s a . N
Cdu 49. Néu biét Sma:ﬁ<§ <a<7r>,cosB:g<O<B< 5) thi gié tri dung ctia cos(a — ) la
16 18 16 56
® Loi giai.
.. D _ 5 12 T R 12
Co 51na—E:>cosa4— 1 —sin a—:l:13.\/“1 5 4<a<7rnencosa— 3
Tlrdngtucésinﬁzzlzg. V10<ﬁ<gnénsinﬁ:—.
12 3 5 4 16
C/ — = 1 1 = —_—— . — _— = = ——,
6 cos(a — ) = cosacos f + sinasin 13 5+13 5 o5
Chon dap én@ O
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

CaAu 50. Néu tana + cot o =

@ 3.

y J/ J J

2 (O <a< g) thi sin 2a bang

®) 1. © —%. D) \/75

® Loi gidi.
: V2
sina = —
Ta c6 tana + cota = 2 < tan?a — 2tana+ 1 =0 < tana =1 = 55
COS &x = 7
2 2
Suy ra sin2a = 2sina - cosa = 2 - g . \/7_ =1.
Chon dap an O
~ 3 2
Cau 51. Cho cosa = g,cosb =z Tinh M = cos(a +b) - cos(a — b).
12 12 13 13
M=——. M= —. M=——. M=—.
@ s 25 © 25 OR e
® Loi giai.
Diing cong thitc bién déi tich thanh téng
1
M=§ [cos(a+b+a —0b)+cos(a+b—a+b)]
1
=5 (cos 2a + cos 2b)
1
:§(QCos2a —1+42cos’b—1)
1 9 4 >
(2. 2 142. - 1
2 ( 25 * 25
12
25
Chon dap an @ O

Cau 52. Cho hai géc nhon z

nao nhat trong cac gia tri sau

3sin2z —sin2y =0

va y thoéa man { . Khi d6 s6 do géc 2z + y gan bang gia tri

6cos?x — 2sin®y =5

(B) 90°. (©) 75°. (D) 180°.

{3 sin 2z — sin2y = 0 {3 sin 2z = sin 2y

6cos’z —2sin’y =5 3cos2x + cos2y = 3.

Ta ¢6 (3sin2z)? + (3cos 2x)% = 9.

1
Suy ra sin? 2y + (3 — cos 2y)? = 9 < cos2y = 5 & 2y ~ 80,4° = y ~ 40,2°.

1 17
Do cos 2y = 5 nén ta cé 3cos 2z = 8 = 2z ~ 19,2°.

Vay 2z + y ~ 59,4°.
Chon dap an

~ L. 1
Cdu 53. Néu sinz + cosz = 3 va 0 <z <mthitanz = —

(A) S =3.
D Loi gidi.
Tt gid thiét ta co

. 3
suy ra sinzx cosx = —3 Do do

%‘/E, (a;b€Z). Tinh § = a + b

(B) S =—11. (©)s=11. D) s =-3.

1
1= (sinx + cosz)? = 1+ 2sinx cos ,

tanzx 4+ cotr = ———— = ——,
sinz cosx 3
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

hay
—4+7

3tan’z + 8tanz +3 =0« tanz = 3

4
+3\/7.Suyra5’:a—|—b:4-|—7:11.

Chon dap an @ O

Cdu 54. Biét rang tan«, tan 3 la cac nghiém ctia phuong trinh 22 — pz + ¢ = 0. Gia tri cia biéu thic A =
cos?(a + ) + psin(a + B) - cos(a + B) + gsin?(a + ) bang
p
A g. p. ©°=. D1

q
® Loi gidi.

Tw do, ta c¢6 tanz = —

tana +tan f§ =
Vi tan a, tan 8 1a cac nghiém cta phuong trinh 2% — pz + ¢ = 0 nén theo hé thic Vi-ét ta c6 f=p
tan o - tan 8 = q.

Ta c6

A = cos*(a+ B)+psin(a+ B) - cos(a + B) + gsin®(a + B)

= cos?*(a+ B) + (tana + tan B) - sin(a + B) - cos(a + B) + (tana - tan B) - sin®(a + B)
sin?(a + B)
cosa - cos 3
= cos’(a+ B) +sin*(a+ ) - (1 —tana - tan § + tan o - tan 3)
= cos?(a+ B) +sin*(a+ B) = 1.

(

(a+8)+
= cos*(a+B) + - (cos avcos B — sin asin B) + sin?(a + B) - (tan a - tan B)

( )

(a+5)

Chon dap an @ Ol
Cdu 55. Rit gon biéu thiic M = cos* 15° — sin* 15°.
1
(A) M =1. M:\/?g. @M:Z. (D) M =0.
o Loi gidi.
Ta c6
M = cos* 15° —sin* 15° = (COS215O)2 — (81112150)2
= ((:08215o — sin215°) (0052150 + sin215°)
3
= cos® 15° — sin? 15° = cos (2.15°) = cos 30° = %
Chon dap an Ol
Cdu 56. Tinh gia tri clia biéu thitc M = cos? 15° — sin* 15° + cos? 15° — sin? 15°.
1 1
(W) M =3 M=§. @M:Z. (D) M =o.

o Li gidi.

Ap dung cong thitc nhan doi cos? a — sin® a = cos 2a.
Ta c6
M = (003415O — sin415°) + (003215O — sin215°)
= (003215O — sin215°) (C08215O + Sin215°) + (C08215O — sin215°)
= (0082150 — sin215°) + ((305215O — sin215°)
= ¢0830° + cos 30° = /3.
Chon dap an @ O

Cdu 57. Tinh gia tri ctia biéu thic M = cos® 15° — sin® 15°.

(A) M =1. M:%. @M:%. @M:%g.

® Loi gidi.

y J/ J J
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

Ta c6

cosPa —sin®a = (cos2a — sin2a) (cos4a + cos’a - sina + sin4a)

. 2 .
= cos 2a - [(COS2OZ + Sll’lQOé) — COS2OZ . 81n2a]

1
= cos 2« - (1 — Zsin22a> .

1 V3 11 15v/3
sy M = cos30°- (1 sina00) = 2 (1 1. 1) = B2Y2)
Vay cos 30 < 4sm 30 5 11 3
Chon dap an @ Ol
Cadu 58. Gia tri ctia biéu thic cos T cos T + sin T sin T 1a
/3 3(3/_ 5 30 5 /3
3 3 3 1
® Loi giai.
Ta c6 ™ m n ™ ™ ( ™ 7'[') < 7r) \/g
a cHd cos—cos— +sin—sin—=cos|{———) =cos|—= ) = —.
30 5 30 5 30 5 6 2
Chon dap an @ O
.o T T T
sin — cos — — sin — cos —
- Ry . _ 18 9 9 18 13
Cdu 59. Gia tri ctia bieu thitc P = = = — 7
COS — COS — — sin — sin —
4 12 4 12\/_ /3
1 2 3
1. (®) 3 © - 0) -
o Loi gidi.
. sina - cosb — cosa - sinb = sin (a — b)
Ap dung cong thiic . .
cosa - cosb—sina - sinb = cos (a + b.)
1
Khi dé sin5—7rcosz —sinzcos5—ﬂ :sin(5—7r —z> :sinz =—.
9 9 18 18 9 6 2
T T T ™ s s T~ 1 _ 1 1
Va COSZCOSE_SIDZSIHE cos <Z —) —cos§ =3 Vay P = 35— 1.
Chon dap an @ O

tan 225° — cot 81° - cot 69°
cot 261° 4 tan 201°

® ®-— ©vs. © V3.

Cdu 60. Gia tri dang ctia biéu thiic bang

o Loi gidi.
Ty o6 tan 225° — cot 81° - cot 69° tan (180° 4 45°) — tan 9° - cot 69° 1 —tan9° - tan21° 1

a co = = = =

cot 261° + tan 201° cot (180° 4- 81°) + tan (180° 4 21°) tan 9° + tan 21° tan (9° + 21°)

tan30° = V3
Chon dap an @ O

~ us T T 1171'
Cdu 61. Gia tri ctia biéu thitc M = sin — sin — sin — sin —— bang

) 24 24 24 1 .
@ 5- . e Z. é. @ 1_6.

® Loi giai.
T m 5T 117 T

a cO sin 51 = €08 245va sm524 = cos 241 i 5

7r P i . T . 5T 7r

Do d6 M = smﬁsmﬂcosﬂcosﬂ =1 (25111% . cosﬁ) . <2smﬂ . cosﬂ>
1 T 57‘(‘_1 1< 67r+ 77)_1 <0+1>_1
Sy sy T g\ tesy) =3 2) = 16°
Chon dap an @ O

T
U 62. _ m _ m ks ™
Cdu 62. Gia tri ciia bidu thic M = sin 48 cos 48 cos cos 12 cos 5 la
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

Yy J 7 7
ay 0?. @%. @g

® Loi gidi.
Ap dung cong thic sin2a = 2sina - cosa, ta c6
A .oT T T T T 1 0« T T T

=8in— - COS— +COS — - COS — + COS — = — - SiN — - COS — + COS — + COS —

48 48 24 12 6 2 24 24 12 6

! si T cos T cos m_1 si T cos T L si m_V3
=-.g8in—- — — =—.sin— - —=—.8sin—- = —.

4 12 12 6 8 6 6 16 3 32
Chon dép an @ O
Cdu 63. Tinh gia tri clia biéu thiic M = cos 10° cos 20° cos 40° cos 80°.

1 1 1 1

@M:1—600510°. Mzicosloo. @M:Zcosloo. @M:§cos10°.

® Loi gidi.

Vi sin 10° # 0 nén suy ra
M 16 sin 10° cos 10° cos 20° cos 40° cos 80° _ 8 sin 20° cos 20° cos 40° cos 80°

N 16sin 10° 16sin 10°
~ 4sin 40° cos 40° cos 80° ~ 2sin 80° cos 80° sin 160°

16 sin 10°  16sin10°  16sin10°°
_ sin 20° ~ 2sin 10° cos 10° B 10°
T 16sin10°  16sin10° 8 Y
Chon dap an @ O
(g

” . 2 4
CdAu 64. Tinh gia tri ctua biéu thic M = cos 77r + cos 77r + cos -

(A) M =0. M:—%. ©M=1. (D) M =2.

o Li gidi.

=

. b —-b
Apdungcﬁngthﬁcsina—sinsz-cosa; -sina2 .

Ta c6

2 4 6
2sin§-M:2-cos77r-sin§+2-cos7ﬂ-sin§+2-cos77r-sing

i 3T i 7T+S. 5 . 37r+s, T i 51

= sin — — sin — in — — sin — in — — sin —

7 7 7 7 7 7
:—sinz-l—sinﬁz—simE
7 7

Vay gia tri biéu thitc M = —%.
Chon dap an ]
Cdu 65. Rit gon biéu thiic M = cos? (% + a) — cos? (% — a) .

(A) M = sin2a. (B) M = cos2a. (C) M = — cos 2a. (D) M = —sin 2a.

® Loi gidi.
Ta c6
M = cos? (% +a> — cos? (% — a)
_ 1—cos(g+2a> - 1—cos(g—2a)
2 2
1, . .

= i(sm 2a + sin 2a)

= sin 2a.
Chon dap an @ O
Cdu 66. Goi M = cosx + cos 2x + cos 3z thi

1
@Mchost(cos:n—l—l). M:4cos2:£. <§—|—cosx>.
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©M:cos2:c(2cos:c—1). @Mzcos?a:(2cosa:+1).
® Loi gidi.

Ta c6

M = cosx + cos 2z + cos 3x = 2 cos 2z cos x + cos 2z = cos 2zx(2cosx + 1).

Chon dap an @

N . 3 s
Cadu 67. Rut gon bieu thic M = sin 3z — sinx

2cos?x—1 "
@ tan 2. 9 sinx. © 2tan . @ 2sinw.
® Loi gidi.
Ta c6

sin3z — sinx 2cos2xsinx

= 2sinzx.

2c082x—1 cos 2x

Chon dép an @

1+ cosx + cos 2x + cos 3x

Cdu 68. Rit gon biéu thitc A =
2cos?x + cosx — 1
@cos:z. 2cos:v—1. ©2coszv. @cosm—l.
® Loi gidi.
Ta c6

A 1 + cosx + cos2x + cos 3x B 2cos? x + 2cos2x cos

2cos2x +cosz —1 N cos 2x + cosx
_ 2cos x(cos 2x + cos x)

cos2x + cosx
=2cosz.

Chon dép an @

~ . tanx — cot
Cdu 69. Rut gon bieu thic A = TRy T e + cos 2z .
tanx + cotx

@ 0. 2 cos? . © 2. @ cos 2z.
® Loi gidi.
Ta c6

tanx — cotx sin2z — cos? x

+ cos 2z = + cos2x = —cos2x + cos2x = 0.

tanz + cot sin? z + cos? x

Chon dap an @
1+ sin4da — cos4a
1+ sinda + cosda’
@ sin 2cv. cos 2a. @ tan 2a. @ cot 2av.
D Loi gidi.

Ta c6

Cdu 70. Rt gon biéu thic A =

- 1+ sin4a — cos 4o 2sin? 2ar + 2 sin 2 cos 2

14 sinda+cosda 2cos? 2a + 2sin 2a cos 2

2sin 2« tan 2
= — = tan2a.
2cos2a

Chon dap an @

sin?2a + 4sin* a — 4sin? « - cos? a

CAu 71. Khi o = = thi bidu thic A = — - c6 gia tri bing:
6 4 —sin® 2 — 4 sin” «

1 1 1 1
@3 G ©3 7

Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
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2. Cac phép bién déiluong gidc

Biét lam, Iam ddng, Iam nhanh

® Loi gidi.
Ta c6
. sin? 2o + 4sin* o — 4sin? o - cos? « B 4sin? avcos? a + 4sin* o — 4 sin® o - cos? «
B 4 — sin? 20 — 4sin® B 4(1 — sin? ) — 4sin® a cos? o
4sint o 4
= tan” a.

2

" 4cos? a(l —sin® )

Véia:%tacéA:tan4%:§.
Chon dap én@

~ . in 2 i
Cdu 72. Rat gon biéu thic A = SIn 20+ sina .
1 + cos2a + cos «

@ tan a. 2tana. @ tan 2a 4 tan o
® Loi gidi.

Ta c6

sin 2 + sin « 2sinacosa + sina

T 1+cos2atcosa  2cos?a+ cosa
_ 2sina(cosa+ 1)

= =1 .
2cosafcosa + 1) e

Chon dap an @

— sina — cos 2a

o . 1
Cdu 73. Rat gon biéu thic A = —
sin 2a — cos a

@1. .tana. @g

® Loi giéi.
Ta c6
_ 1 —sina — cos2a _ 2sin?a — sina
~ sin2 —cosa  2sinacosa — cosa
sina(2sina — 1)
= - = tana.
cosa(2sina — 1)
Chon dap an
. .z
s x + sin —
Cdu 74. Rit gon biéu thitc A = 2 + dugc
1+ cosx + cos 5
@tan; cotm. @tan2 (% —ac).
® Loi giéi.
Ta c6
si + si x 2 si xcosx-l—s' x
inx in — in — — in —
A— 2 2 2 2
B l—i-cosaz:—l—cosE B 2c052£—i-cosE
2 2 2
QSinE (2008g + 1)
= 2 2 = tauaE
- T (2 T N 1) - :
9 el bl
cos 5 cos 5

Chon dap an @

O
@ tan 2a.

O
@ 2tana.

O
@ sin x.

O

y J/ J J

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh
& Dang 4. Nhan dang tam gidc

@ Mot sb luu ¥ khi gid thiét cho A, B, C 1a ba goc clia mot tam giac

— A+ B+ C =180° = (A + B) va C bu nhau, tuong tu véi (B + C) va A,...
A B C A C

— + —+ —90°:>( +B) \Ch hau, tuo tu’6‘(B+ >
5 5 5 = 5 2va2punau, ng.V12 2va

—— Cac goc A, B,C déu c¢6 s6 do trong khoang (0°;180°).

A
5

— Cac goc —,

595 déu 1a cac goc nhon nén c6 cac gia tri lugng giac déu duong.

© Phuong phap:

—— Bién ddi, dan dén sin A = 1 ho#ic cos A = 0 sé ¢6 A = 90°.
— Néu a® + b% = ¢ thi C = 90°.
— Néu sin(A — B) = 0 ho#c cos(A — B) = 1 thi A = B, suy ra tam giac can.

—— Tam giac can ma c¢6 mot goc bang 60° 1a tam giac deu.

I®» Vidumau
Vidu 31. Ching minh ring AABC vuong khi sin A sin C' = cos A cos C.

® Loi gidi.
Ta c6
sin AsinC' = cos Acos C' < cos AcosC —sin AsinC =0
<cos(A+C)=0& —cosB=0<cosB=0< B =90°.
Vay tam giac ABC vudng tai B. O
Vidu 32. Chiing minh ring AABC can khi 2sin Asin B =1+ cosC. (1)
o Loi gidi.

Ta ¢6 (1) tuong duong véi

cos(A— B) —cos(A+ B) =1+ cosC
& cos(A— B) +cosC =1+ cosC
&cos(A-B)=1A-B=0< A=8B.

Vay tam giac ABC céan tai C. O
. . in B inC
Vidu 33. Tam gidc ABC la tam giac gi néu sinA:w ?
) , cos B + cosC
o Loi giai.
2sinB+CcosB_C
inB +sinC B+C
TacésinAz%@sinAz B—2|—C' BzcﬁsinAztan +
2 cos cos
@’(2 A)—t (ﬂ A)@Q' = cot @Q‘QA A_ s
sin 5 )= an 573 s1n2cos2 =co 5 sin 2cos2 —cos2
A A A
DoO°<§<90°néncos§7é0vasin5>0.
A A A A A V2 A
Tit d6 2sin? = cos = = cos = < 2sin? = = 1 & sins = ~= & = = 45° & A = 90°.
u do 2sin 2Cos2 0052 < 2sin 5 <:>sm2 5 & 5 5° & 90
Vay ABC' la tam gidc vuong tai A. O

P Baitép rén luyén
Bdi 52. Trong tam giac ABC, biét: 3sin A + 4 cos B = 6 va 4sin B + 3cos A = 1. Tinh géc C.
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2. Cac phép bién déiluong gidc Bi&t lam, Iam dung, Iam nhanh

y J/ J J

D Li gidii.
Binh phuong hai vé 2 phuong trinh 16i cong lai, ta dugc:
24(sin Acos B + cos Asin B) = 12 & sin(A + B) = -+ esme = Lo |€ 730
sin A cos cos Asin B) = sin =_&sinC ==
2 2 C =150°.
Nhung néu C' = 150° = A < 30° = 3sin A+ 4cos B < ; +4 < 6. (Mau thuan). Vay C = 30°. O

Bai 53. Chiing minh ring tam giac ABC déu néu
1
cos Acos BeosC = 3
o Loi gidi.
Ta c6 ding thic da cho tuong duong véi

1 1 1
§[COS(A — B) + cos(A+ B)|cosC = 3 © [cos(A — B) —cosC|cosC = 1
(:)}l + cos? C' — cos(A — B) cos C' = 0
cos?’(A— B) sin?(A - B)

& cos? C — cos(A — B) cosC + 1 + 1 =0
1 21,
& |cosC — icos(A—B) + 4 sin (A-B)=0
sin(A—B)=0 A=B
& 1 & 1 < AABC deu.
cosC = écos(A — B) cosC = 3
0
Bai 54. Chiing minh AABC can néu: sin C' = 2sin Asin B tan %
® Loi gidi.
Ta co:
sin — C C
Gt < [cos(A — B) —cos(A + B)] % = 2sin S cos o
cos —
2
5 C
< cos(A — B) 4 cos C = 2cos 3= 1+ cosC
< cos(A-B)=1=A=1B.
Vay tam giac ABC' can tai C. O

Bdi 55. Chitng minh diéu kién can va dit dé AABC vuong la:

A sin B +sinC
simnAd= —————.
cos B + cos C
o Loi gidi.
QSinB+CcosB_C
L. B sin B +sinC . _ 92 92
oA o Brsc TS BrC B-C
2 cos cos
2 2
sinB+C
. B 2 . B-C
(:>81nA——B+C (Vi cos 5 #0)
cos 5
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

COS —

A

y J/ J J

B+C A
<=>28i1’1§COS§: . i(vi ;— +§:g)
sin —
A 2 A
@QSingzj(ViCOSE#O)
sin —
2
.o A T
& 2sin 5=1<:>1—COSA=1<:>A=§(V10<A<7r)
< AABC vudng tai A. O
.. sinA+sinB +sinC A B
Bai 56. Ch = cot — cot —. Chu inh AABC can.
CosinA+sinB—sinC cot - cot 5 Chtng min C can
o Loi gidi.
Ta co:
. A— . C
sinA+sinB+sinC_2sm 2 cos 5 —|—251n§cos§
sinA+sinB—-sinC .. A+B A-B .
2sin cos — 2sin — cos —
2 2 2
9 C< A—B+ A—i—B)
- cos 5 cos 5 cos 5
C< A—-B A+B>
2cos — | cos — cos
2 2
2cos — cos — A B
= 2 2 = cot — cot —.
2sin — sin — 2 2
2 2
Do doé,
tA tB— tA tC<:> tB— tC<:>B—C
002002—002002 (:02—002 =C.
Vay tam giac ABC céan dinh A. O
Bdi 57. Chitng minh tam giac ABC vuong néu: sin B + sin C' = cos B + cos C.
¢L6igi6i.
Ta c6: sin B +sin C' = cos B + cos C
. B+C - B+C B-C
& 2sin cos = 2cos cos
2 2 2
. X . B+C =« A
& cos — = sin — (vi cos >0 va 25—5)
A T
<:>tan§7T—1:>§—Z(V1O<A<7r)
:>A:§:>AABC vuong tai A. O
E® Cau hai tréc nghiém
” 1 B 2
Cdu 75. Cho AABC c¢6 cac canh BC = a, AC = b, AB = ¢ théa man hé thic reosh a+cla tam
—cos B 2a — ¢
giac
@ Can tai C. Vuong tai B. @ Can tai A. (D) béu.
® Loi gidi.
Goi R 13 ban kinh dudng tron ngoai tiép AABC. Ta c6:
l+cosB 2a+c 1+4+cosB 2.2RsinA—|—2RsinC’(i> 1+cosB 2sin A +sinC
1—cosB 2a—c¢ 1—cosB 22RsinA—2RsinC  1—cosB 2sinA—sinC
@QSinA+2sinAcosB—sinC—s%anosB2:2sinA—QSinAcosB+sinC—sinCcosB
a a“+c—0b c
4sin Acos B = 2si 4— =2 — 2 2 _p2 =2 =b.
& 4sin A cos sinC < o 500 2R(:)a +c*—b ccsa=0b
Vay AABC can tai C.
Chondépén@ Ol

o
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2. Cac phép bién déiluong gidc

Biét lam, Iam dung, Idm nhanh

y J/ J J

N 4 ) N
Cdu 76. Tam giac ABC c6 cos A = R va cos B = 13 Khi d6 cos C bang

16 56 16 36
- _-23. 9 g. @. %.
® Loi giai.

Vio< A B<mnénsinA >0, sinB > 0. Do dé

cosC = —cos (A + B)

Chon dap an @

Cdu 77. Néu ba goc A, B, C clia tam gidc ABC théa man sin A =

g’

@ Can tai A va khong deéu.

@ Khong ton tai tam giac ABC.

— [cos Acos B — sin Asin B] = —cos Acos B+ /1 —cos? A- /1 — cos? B

4 5 (4)2 <5>2 16
LY R . I SR (I R
5 13 5 ) =6

O

sin B 4 sinC )

22 TP ik fe mw o6 tinh ché

cosB—i—cosC’t 1 tam glac nay co tinh chat

Vuong tai A.

@ Tam giac déu.

o Loi gidi.
Ta co
. <B + C) <B — C’)
. . 2sin cos
sinA—M(:)sinA— 2 2
~ cos B +cosC - <B+C’> <B—C)
2 cos cos
2 2
cos A
A 9 A
@QSin—COSE = 31 (:>2sm25 =1
sin —
2
ScosA=0< A=90°
Chon dap an O
. ., sinB .
Cau 78. Trong AABC, néu o 7 = 2cos A thi AABC Ia tam giic c6 tinh chit nao sau day?
sin
@ Can tai B. Can tai A. @ Can tai C. @ Vuodng tai B.
® Loi gidi.
_sinB . . . .
Ta c6 o 2cos A= sin B =2sinC -cos A =sin(C + A) +sin (C — A).
Mt khdac A+ B+C=n=B=7n—(A+C)=sinB =sin(A+ C).
Do d6, ta duge sin (C —A) =0= A =_C.
Chon dap an @ O
. . A in2A
Cdu 79. Trong AABC, néu tan A _ % thi AABC' 1a tam giac gi?
tanC  sin“C
@ Tam giadc vuong. Tam giac can.
@ Tam giac deéu. @ Tam giac vudng hoac can.
o Loi gidi.
Ta 6 tan A sin2A<:>sinAcosC’ sin2A<:>S, 90 — sin9A = 2C =2A N C=A
= = in2C = sin
tanC  sin?C "~ cos AsinC  sin?C 20 =7 —2A A+C = g
Chon dép an @ O

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

Bl 55 e HAM SO LUGNG GIAC VA DO THI
—W °

A-KIEN THUC CAN NHO

I Ham sé chdn, ham sb 1&, ham s tudn hodn

$® Pinh nghia 3.1. Cho ham s6 y = f(x) véi tap xac dinh 2.
® Ham s6 y = f(z) duge goi la ham s6 chdn néu Vz € 2 thi —z € 2 va f(—z) = f(x).

® Ham s6 y = f(z) dugc goi 1a ham s6 16 néu Vo € 2 thi —x € I va f(—x) = —f(z).

A

@ Do thi ham s6 chdn nhan truc tung lam truc doi zing.
@ Do thi ham s6 1é nhan goc toa do lam tam doi xing.

$% Dinh nghia 3.2. Cho ham s6 y = f(z) v6i tap xac dinh 2. Ham s6 y = f(x) duge goi 1a tuan hoan néu
ton tai mot s6 T khac 0 sao cho véi moi z € 2, ta ¢

@z+TeZvax—TEe;
@ f(z+T)=f(x).

S6 T' duong nhé nhat thod man (néu c6) cac tinh chat trén duge goi 1a chu ki ctia ham s6 tuan hoan do.

P Hamsé y = sinx

$% Dinh nghia 3.3. Quy tac dit tuong tng méi s6 thyc z véi mot s6 thyc sinz duge goi 1a ham s6 y = sinz.
Tap xac dinh ctia ham s6 y = sinx 1a R.

@ Tinh chat 3.1.
®@ Ham s6 y = sinx 13 ham s6 18, c6 do thj doéi xitng qua gbc toa do O;

® Ham s6 y = sinx tuan hoan chu ki 27;

. R . < . < 3
©® Ham s6y = sin x dong bién trén méi khodng (—g + k2 g + k27r>, nghich bién trén moi khodng (g + k2 g + A
voi k € 7.

@ (6 do thj doéi xitng qua gbc toa do va goi 1a mot dudng hinh sin.

E®» Hamséy = cosz

$® Pinh nghia 3.4. Quy téc dit tuong ting méi s6 thyc x v6i mot s6 thuc cos x duge goi 14 ham s6 y = cos .
Tap xac dinh ctia ham s6 y = cosx 1a R.

@ Tinh chat 3.2.

©@ Ham s6 y = cosx la ham s6 chén, c6 do thj doéi xitng qua truc tung;
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

®@ Ham s6 y = cosx tuan hoan chu ki 27;

©@ Ham s6 y = cosx dong bién trén méi khodng (—m + k2m; k27), nghich bién trén méi khoang (k2m; 7 + k2m)
voi k € 7.

©@ (6 do thj l1a mot duong hinh sin doéi xitng qua truc tung.

Yy
444444444444444444444444444444444444444444444 1
51 -7 -z T 3m
2 2 2
3 O 5 z
—2r  —% 3 2m 5
,,,,,,,,,,,,,,,,, T
T =27

» Hamsdy = tanx

$® Pinh nghia 3.5. Quy tdc dit tuong ting moi s6 thuc x € 2 véi mot s6 thuc tan x duge goi 1a ham s6
y = tanx. Tap xac dinh clia ham s6 y = tanz 1a 2 =R\ {g + km ’ k€ Z}.

@© Tinh chat 3.3.
©@ Ham s6 y = tanx 13 ham s6 18, c6 do thj doi xitng qua goc toa do O;
©@ Ham s6 y = tanx tuan hoan chu ki w;

® Ham s6 y = tanx dong bién trén mdi khodng (—g + km; g + lm) véi k € Z.

@ (6 do thj doéi xitng qua gbc toa do.

B» Hamséy = cotz

$% Dinh nghia 3.6. Quy tic dat tuong tng mdi s6 thuc z € E v6i mot sé thuc cotz duge goi 1a ham s
y = cot x. Tap xac dinh ctia ham s6 y = cotx 1a F =R\ {kr |k € Z}.

@ Tinh chat 3.4.
©@ Ham s6 y = cotx 1a ham s6 18, c¢6 do thj doéi xitng qua goc toa do O;
® Ham s6 y = cot x tuan hoan chu ki w;
©@ Ham s6 y = cot x nghjch bién trén méi khoang (km;m + kr) vdi k € Z.

®@ C6 do thj dbi xiing qua goc toa do.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

—27 _3m —r

(SIE]
ol

2 Dang 1. Tim tap xdc dinh clia ham sé lwong gidc

Dé tim tap xac dinh ctia ham s6 luong gidc ta can nhé

®@ y =tan f(x) = (S:;I;f((z)) DEXD ,cosf(w)#0<:>f(x)7$g+k7r,k€Z.
@ y=cot f(z) = Z?ﬁ;((i)) DEXD sin f(z) 20 < f(x) # km, k € Z.
@ Mot s6 truong hop tim tap xac dinh thuong gap:
a) y = p(la» —— s P(a) 0. b) y = %/P(a) ———— P(z) > 0.

¢) y= 1 DKXD
Y/ P(x)

A Khi tim tap zdc dinh, ta zem né cé mau khong? cé tan, cot khong? cé cian khong?

> P(x) > 0.

® Véi k € Z, ta can nhé nhiing truong hop dic biét:

. T
—i—sm:p:1<:>x:§+k;27r. + cosx =1 x=k27.

a) +sinx:—1@x:_g+k2m b) 4+ cosr=—1x=7m+k27.

™
+ sinz =0< x = k7. +cosa:—0<:>x_§+k7r‘

Biét lam, Iam dung, Idm nhanh

y J/ J J

+tanx:1<:>x:%+k7r.

—l—tan:)::—1<:>m:—%+k7r.

+ tanx =0« x = k.

—i—cotx:l(:)ﬂczg—i-lm.

+COt$=—1<=>$=—%+k7T.

—i—cota::O(:)a::g—i-kﬂ.

D vidu

mau

Vidu 1. Tim tap xac dinh ctia ham s

a) y =

® Loi gidi.

a) Hamséxécdinhkhisinx—1;&0(:)3:7&g+k27r,k:EZ.

COS T

sing —1°

Vay tap xéc dinh ciia ham s6 9 = R \ {g Iy Z}.

b) y:tan(x—g)-i-l

o
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

. 5
b) Ham s6 xac dinh khi cos(a:—g) #O@x—g#gﬁ-kw@m# g-l-knr, keZ.
. D
Vay tap xac dinh ctia ham s6 2 =R\ {% +km, ke Z}.
[l
. P 1
Vidu 2. Tim tap xéc dinh &2 cta ham s6 y = ——.
B sinz — cosx
® Loi gidi.
Ham s6 xéc dinh@sinx—cosx#O@tanw;é1<:>$7$%—i—lm,kGZ.
VaytapxécdinhQzR\{%—i—lm,keZ}. O
1’ z 1
Vidu 3. Tim tap xac dinh & ctia ham 86 y = ——.
. p v y m
o Loi gidi.
Ham s6 xac dinh khi va chi khi 1 —sinz > 0 < sina < 1. (%).
Ma —1 <sinz <1 nén (*)@sinx#l@x#%—i—k?w,kez.
Vaytapxécdinhng\{g—|—/€27r,k:€Z}. 0
Vidu 4. Tim tap xac dinh cia ham s6 y = cos 2x + : +5.
an
o Loi gidi.
) tanx # 0 x # km k
Ham s6 xéc dinh khi 7 & T S # = (keZ).
cosz # 0 x F# §+k7r 2
. k
Vay tap xéc dinh cia ham 6 1a 2 = R\ {;M:eZ}. O
Vidu 5. Tim tap xac dinh clia cdc ham sd sau
a) y =1+/2 —sin2z.
1+ cotz
b) y= LT
cos T
o Loi gidi.
a) y =12 —sin2z.
Vi —1<sin2x <1nén 2 —sin2x > 0,Vz € R.
Vay ham s6 c6 tap xac dinh 1a 2 = R.
1+ cotz
b) y=——+.
cos T
. o ) sinz # 0 Tr
Dieu kién xac dinh ctia ham s6 trén S k—.
cosx # 0 2
Vay tap xac dinh cia ham s6 1a 2 = R\ {kg,k € Z}.
O

P Baitap tu luyén

.. . tan 2
Bai 1. Tim tap xéc dinh & ctia ham s6 y = _ancsr + sin z.
i cosx + 1
o Loi giai.
. cosx+1#£0 cosw # —1 r# 7+ k2 x # 7+ k2m
bieu kién: & T =4 ™ s
cos2x # 0 cos2x # 0 2x7é§+k7r x#z—i-kg

Tap xéc dinh 2 = R \ {77+k27r; %Jrk;g, ke Z}.
0
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

cos 3x

Bai 2. Tim tap xac dinh 2 ctia ham s6 y = Tz + tan .
—sinx
o Loi gidi.
T
. 1—sinz#0 sinz # 1 T # o+ k2w
Dieu kién: 7 7 & 72r S x £ T + k.
cosx # 0 cosx # 0 T~ +kn 2
2
Tap xéc dinh 2 = R \ {g Yk ke Z}.
Il
S p 2tan2z — 5
Bai 3. Tim tap xac dinh & clia ham s6 y = .an—:c.
i sin2x + 1
® Loi giai.
Diéu kién:
™ T
sin2e+1#40 [sin2z#£—1 |20F-—5+kr |oF - +kn T o
2z # 0 cos2x # 0 = Tk < T T @x#Z“Lki
cos 2x 9 x z z
o v g Tk TE TR
Tap xéc dinh 2 = R\ {Z +hT ke Z}.
Il
Bdi 4. Tim tap xac dinh 2 clia ham s6 y = —5————— +tanz.
N cos?x —sin“x
® Loi giai.
) 3
Tacoy=————5— +tanx = —— +tanz.
cos? x — sin“ x . CoS 2x -
. cosz # 0 a:7£§+k7r x755+k7r
bieu kién: = T & pud T
cos2x # 0 2x7é§+k7r :v;éz—i-ki.
Tap xéc dinh.@:R\{g—i—lm; ZM%, kez}.
Il
- N ~ Pe . 2 N S 1 1
Bai 5. Tim tap xac dinh 2 ctia ham s6 y = — + .
o sinx  cosx
® Loi giai.
o cosx #0 x 7 km T
Dieu kién: . = T S x# k-
sinx # 0 x # §+k7r 2
Tap xéc dinh 2 = R \ {k;g ke Z}.
Il
E® Cau hai tréc nghiém
~ . 2 si 1
Cdul. Hum sb y = Zsmrt ] xac dinh khi
1 —coszx - .
@l‘?ékiﬂ'. 33#1{:277. ©$7é§+k27r. @x#§+k7r.

o Loi gidi.
Diéu kien: 1 —cosz # 0 < cosx # 1 & x # k2w, (k € Z).
Chon dap an O

1—3cosx

CAu 2. Ham s6 y = s xéc dinh khi
k

@x#lmr. az#kQW. @w;&; @:E;ég—l—lm.
o Loi gidi.
Diéu kien: sinx # 0 & x # kr, (k € Z).
Chon dap an @ Ol

~ . 1-—
Cdu 3. Tap xac dinh ctia ham s6 y = ﬂ 3

sinx — 1
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3. Ham s6 luong gidce var db th

Biét lam, Iam dung, Idm nhanh

y J/ J J
AR\ { + km} R\ { + /m} (©)R\{kn}. (D) R\ {k2r}.
o Loi gidi.
Diéu kien: sinz — 1 #0 & sinz # 1 & o # g + k2m, (k € Z).
Chon dép an O
Cdu 4. Tap xac dinh ctia ham s6 y = _cotw
L cosx — 1
@@:R\{g}. ®2=r\{%+ir}. ©2=R\(n). @) 2 = R\ {k2r}.
D Loi gidi.
R i 0 k
Pitu kien: 45070 L EERT e ke D).
cosx # 1 T # k2w
Vay, tap xac dinh la 2 = R\{k~}.
Chon dap an @ O
Cdau 5. Ham s6 y = —— xac dinh khi
sinz — cos z - -
®$7ék27r. x;é§+k7r. @x#lm. @w#z—i—kﬂ.
o Loi gidi.
Diéu kién: sinz —cosx # 0 = tanz # 1 & x # % + km, k € Z.
Chon dap an @ O
N . 2
Cdu 6. Tap x4c dinh ciia ham s6 y = tan 27 ),
cosx
@R. R\{ +k7r}
k km
@R\{%—i—?ﬂ-}. @R\{” Tz knr}.
D Loi gidi.
9 m k T kmw
o cos2z # 0 x7é§+77 l'?éz‘i‘?
Dieu kién: . & el ,(keZ).
cosz # 0 1'7é—+k71' x;é§+k7r
k
Vay, tap xac dinh 1a R\ { + g 'y + lm}
Chon dap an @ O
Cadu 7. Tap xac dinh ctia ham s6 y = M 1a
1 —sin“x .
@R\{ +kr . B R. @R\{§+k27r}. (D) R\{r + kr}.
® Loi gidi.
Ta ¢6 v — tanx —5  tanx —5
V=1 sin?z cos;ac
Diéu kién: cosz # 0 & o 7& — + k.
Vay, tap xac dinh la R\ { + kw} ,(keZ).
Chon dap an @ O
Cau 8. Ham s6 y = {/ -—>2% w4c dinh khi
- 1+sinz - -
@x#i§+k27r. x;é—lmr. @:c;é§+k27r. @x;«é—§+k27r.
® Loi gidi.
Ditu kien: 2% 5 g,
+smze
—1<—sinx <1 0<1-—sinxr<2
Ta c6 ) . (k€Z).
—1<sinx <1 0<1+sinxr <2

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

V' J J J
. 1 —si
- T S g 14sinz A0 o £ — & + k2.
14 sinx 2
Chon dap an @ O
Cdu 9. Tap xéac dinh ham s6 y = 4/ sin2e +2 13
1 —cosz

(A) 2 =R. 2 = R\{k2r}. (©) 2 = {k2n}. (D) 2 = R\{kr}.

o Loi gidi.

N /sin 2 2
bicu kién: y = SllrlL >0
—CcosT

—1<sin2x <1 1 <sin2x+2<3
Ta ¢6 ,(keZ).
—1<—-coszx <1 0<1—cosx<2
. Sin2x + 2
be ———— >0=1—-cosz #0< z # k2.
1 —cosx

Vay, tap xac dinh la 2 = R\{k2~}.
Chon dap an O

p tan 2z
Cdu 10. Tap xac dinh 2 ctia h? Oy=—-—-—15
ap xac din ciia ham sb y eS| a
T T  km T kw
IRV L)
(A) 2 =R\ 5 Tk B 2 a3t g
k
(©) 2 = R\{k2r}. @@zR\{%—Hﬁr;%%—g}.
o Loi gidi.
. 2 0
Dieu kién: C‘OS v7 ()
sinx+1>0
Tacot —1<sinzr <1l 0<sinz+1<2.
cos2x # 0
() .
sinz+1#0
& 42 (kem)
337é—§—|—k27r
. . T T  kr
Vay, tap xac dinh la 2 = R\ {—5 + k2; 1 + 7} .
Chondépén@ O]
” B 1
Cdu 11. Tap xac dinh ctia ham s6 y = cot (1‘+E) —l—vm 1a
6 1—cosx
@QzR\{—%Jrkw;%ﬂJrkw,keZ}. (B) 2 =R\{r + km, k € Z}.
(©) 2 =R\{k2r,k € Z}. @@:R\{—%Jrkw;k%,kez}.
o Loi gidi.
sin(m—i—z);«éo
Diéu kign: 6 ()
7Y 14 cosx
- 7 >0
1—cosx —
—1<cosz<1 0<1+cosx<2
Ta c6 &
—1<—-coszx <1 0<1-—cosx <2
T
sin(x + — 0
1—cosx #0
T
T # ——+km
& 7 6 (keZ).
T # k27
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3. Ham s6 luong gidce var db th

Biét lam, Iam dung, Idm nhanh

Vay, tap xéc dinh 1a 7 = R\ {—% t ki k2 k€ Z}.
Chon dap an @

o . 1 _si
Cau 12. Tap xac dinh ctia ham s6 y = 4/ T smr 1a
1+ cosx

(A R\ {7 + k27, k € Z}. (B)R\ {k2m, k € Z}.

@R\{%-l—k:%,kez}. @R\{g-l—k%,kez}.

® Loi gidi.

Tac61—sinz >0;1+4+cosx >0, Vz € R.

Nén ham s6 xac dinh khi va chi khi cosz # —1 & o # 7 + 2km, k € Z.
Vay tap xac dinh ctia ham s6 1a 9 = R\ {7 + k27, k € Z}

Chon dap an @

Cadu 13. Tap xac dinh ctia ham s6 y = /sinx + 2. 13
@ R. [—2;400). @ (0; 27).
D Loi gidi.
Ta c6 sinx + 2 > 0, Vx € R.
Vay tap xac dinh clia ham s6 14 2 = R.
Chon dap an @

Cau 14. Tap xac dinh ctia ham s6 y = /1 — cos 2z 1a
(A) 2 =R. (B) 2 = [0;1]. ©2=[-1:1].
o Loi gidi.
Tacét —1 <cos2x <1=1-—cos2x >0, Vr € R.
Vay tap xac dinh cfia ham s6 14 2 = R.
Chon dap an @

Cadu 15. Ham s6 nao sau day c6 tap xac dinh R?

/2 + cosx 1+sin’z
=\ = tan? t2 2. = —.
@y 2 —sinx y antr o+ cott @y 1+ cot’x
o Loi gidi.
Vi—1<sinz;cose <1=2+cosz > 0;2—sinz >0

9
Nen ham s6 =% < 0 xéc dinh Va € R.
2 —sinx

Chon dap an @

y J/ J J

O

@ [arcsin(—2); 4+00).

O

(D) 2 =R\ {kn,k € Z}.

3

@y sin® x

- 2cos:c+\/§.

O

& Dang 2. Tinh chdn 1& cla ham sé

Ta thuc hién cac budc sau:
a) Tim tap xac dinh 2 ctia ham s6 — Tap 2 phai d6i xing.
b) Tinh f(—z) (ché nao cé bién x, ta thay bdi —x) va thu gon két qua. Khi d6

e Néu f(—x) = f(z): ham s6 da cho la ham chén.

e Néu f(—x) = —f(z): ham s6 da cho 14 ham 18.

e Néu khong roi vao 2 trudng hgp trén, ta két luan ham s6 khong chin, khong 18.

GHI NHO

® Ham s6 y = sinz 13 ham s6 |é. @ Ham s6 y = cosx 13 hAm sd chin.
® Ham so y = tanx 13 ham s6 [é. @ Ham so y = cotx 1a ham so 1é.
®» Viduméu

Vidu 6. Khio séat tinh chin 1& cia cAc ham sb sau

e

106/764 ' Bi Todn 11 theo chuong trinh GDPT201€m



Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

a) y = —2sinz. b) y = 3sinx — 2.
¢) y = cosz + sin’ . d) y =sinz — cosz.
e) y =sinz - cos’z + tan . f) y = cot|z|.

® Loi gidi.

a) Tap xac dinh 2 = R.
Vre 9= —xze€d.
Vo e 7 f(—z) = —2sin(—z) = 2sinz = — f(z).
Vay f(z) = —2sinx 1a ham s6 18.

b) Tap xac dinh ¥ = R.
We@:—xe@.ﬂ
7(3)=1
v

Havozgtacé f(—§)=—5 :>{

/()=

Vay ham s6 y = 3sinx — 2 khong c6 tinh chén 1é.

f(=m0) # f (20)
[ (=20) # —f (z0) -

c) Tap xac dinh 2 = R.
Vee 9= —x €.
Vo € 9: f(—x) = cos(—x) +sin?(—z) = cosz +sin’ x = f(x).
Vay y = cosz + sin? z 1a ham s6 chén.
d) Tap xac dinh 2 = R.
Vee 9= —x€P. -
£(3) =0
™

. f (~0) # f (w0)
3w = 7 taco § f (—‘2 SV {f<—x§> 4 F o).
() =0

Vay ham s6 y = sinx — cosx khong c6 tinh chan 18.

W

e) Tap xéac dinh 2 = R.
Ve 9= —x€ 9.
Vo € 9: f(—x) = sin(—x) - cos?(—x) + tan(—x) = —sinx - cos? ¥ — tanz = — f(z).
Vay y = sinz - cos?  + tan z 13 ham s6 18.

£) Tap xéc dinh_@:R\{ngkw\keZ}.
Ve 9= —x€ 9.
Ve e Z: f(—x) = cot | — x| = cot |z| = f(x).
Vay f(x) = 2cot |z| 1a ham s6 chén.

0
Vidu 7. Xét tinh chén, 1 cia ham s6: f(x) = sinx + tan .
® Loi gidi.
Tap x4c dinh ctia ham s6 f(z) 1a 2 =R\ {g + km ‘k € Z}.
Vé6i moix € Z, tacd —x € I va
f(—=z) =sin(—x) + tan(—z) = —sinx — tanz = —(sinz + tanx) = — f(x).
Vay ham s6 f(z) = sinz + tanz 13 ham 1é. O
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P Baitép tu luyén
Bdi 6. Cac ham s6 du6i day c6 la ham s6 chin hay ham s6 1é khong?
a) y=5sin?z +1; b) y = cosz + sin x; ¢) y = tan2z.
o Loi gidi.
a) Xét ham s6 y = 5sin?z + 1 ¢6 tap xac dinh 2 = R.
V6i moi x € R ta c6 —z € R;
y(—x) = 5sin?(—x) + 1 = 5sin’x + 1 = y(z).
Vay y = 5sin®z + 1 1a ham s6 chin.
b) Xét ham s6 y = cosx + sinx ¢6 tap xac dinh 2 = R.
Ta c6 (E) = cos T + sinz =2 va <_f> = cos (_E) + sin (—E) =0
Y\4 1 1 Y\ 1 1) =

st (-5) #0(3) o (3) £ 0(2)

Vay y = cos z + sinx khong phai ham s6 chén ciing khong phai ham s6 1é.

c¢) Xét ham s6 y = tan 2z c6 tap xéc dinh 2 = R\{ —l—k keZ}.
lemolxegtacox;éz+k§ (k € Z) suy ra

—x;«é———k & x#——(k—kl) & —x # — —i—n—(neZ)

2 2

tic la ta c6 —x € 2.
Ngoai ra, v6i moi x € Z, y(—xz) = tan(—2zx) = — tan(2z) = —y(z).
Vay ham y = tan 2z 14 ham sb 1é.

Badi 7. Xét tinh chén, 1& ctia ham s6: f(z) = sinz + tan .

® Loi gidi.

Tap xéc dinh ciia ham s6 f(z) 1 2 =R\ {g +kr ‘ ke Z}.
V6i moi x € I, tacé —x € P va

f(=z) =sin(—x) + tan(—z) = —sinx — tanz = —(sinz + tanx) = — f(x).

Vay ham s6 f(z) = sinz + tanz la ham 1é.

Bai 8. Xét tinh chén, 1& ctia ham s6 f(x) = zsinx.

® Loi gidi.

Tap xac dinh ctia ham s6 14 2 = R.

Do d6, néu x thuoc tap xac dinh 2 thi —z ciing thuoc tap xac dinh 2.
Ta c6 f(—z) = (—z)sin(—x) = xsinz = f(z),Vz € 2.

Vay f(z) = zsinz 13 ham s6 chén.

Bai 9. Xét tinh chin, 1é clia cAc ham sb

a) y = f(x) =sinz cosx; b) y = f(x) = tanz + cot x; c) y= f(x) =sin"z.

® Loi gidi.

a) Tap xac dinh ctia ham s6 f(x) 1a 2 = R.
Véimoi x € I, tacé —x € P va

f(=x) =sin(—x) cos(—z) = —sinzcosz = — f(x).

Vay ham s6 f(x) = sinz cosx 1a ham 18.

3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

b) Tap xac dinh ctia ham s6 f(z) 1a @:R\{g—i-kg ‘keZ}.
Véimoi x € Z,tacé —x € P va

f(—z) = tan(—x) + cot(—z) = —tanx — cotz = —(tanz + cotx) = — f(x).
Vay ham s6 f(z) = tanz + cot z 13 ham 18.

c¢) Tap xac dinh ctia ham s6 f(z) 1a 2 = R.
V6i moi x € Z, ta cd —x € P va

f(=z) =sin?(—z) = (—sinz)? = sin®z = f(z).

Vay ham s6 f(z) = sinx cosz la ham chén.

U]
Bai 10. Xét tinh chin, 18 clia cic ham s6 sau:
a) y = sin2x + tan 2z ¢) y = sinz cos 2z
b) y = cosz + sin? z; d) y =sinz + cosz.
® Loi gidi.
S . 1s PR T  krw
a) Tap xac dinh ctia ham s6 1a 2 = R\ {Z + 7’]{: € Z}.
Do d6, néu x thudc tap xac dinh 2 thi —z ciing thuoc tap xac dinh 2.
Ta ¢6 f(—z) = sin(—2x) + tan(—2z) = —sin2z — tan 2z = — f(z),Vx € 2.
Vay y = sin 2z + tan 2z 13 ham s6 18.
b) Tap xac dinh ctia ham s6 1a 2 = R.
Do d6, néu x thudc tap xac dinh 2 thi —z ciing thuoc tap xac dinh 2.
Ta c6 f(—x) = cos(—x) + sin?(—x) = cosz + sin’z = f(z),Vz € 2.
Vay y = cosz + sin? z 1a ham s6 chin.
c) Tap xac dinh ctia ham s6 1a 2 = R.
Do d6, néu x thudc tap xac dinh 2 thi —z ciing thuoc tap xac dinh 2.
Ta c6 f(—x) = sin(—=x) cos(—2z) = —sinz cos 2z = — f(x),Vx € 2.
Vay y = sin x cos 2z 14 ham s6 18
d) Tap xéac dinh ctia ham s6 1a 2 = R.
Do d6, néu x thudc tap xac dinh 2 thi —z ciing thuoc tap xac dinh 2.
IS R
T ™ . 0 T
Suyra f (=) # =1 (§) wr(-5) 4 (3)
Vay ham sé da cho khong 14 ham s6 1é cling khong 13 ham s chin.
U]

E® Cau hai tréc nghiém
Cau 16. Meéenh deé nao duéi day dung?

(A)Ham sb y = sinz 1a ham s6 chén. Ham s6 y = cosx 13 ham s6 chén.
Ham s6 y = tanz 13 ham s6 chén. (D) Ham s6 y = cot z a ham s6 chén.
® Loi gidi.

Theo dinh nghia thi trong bén ham s6 da cho, chi ¢6 ham s6 y = cos z 1a ham s6 chén.

Chon dép an O
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

yV J J J
Cadu 17. Tim ham s6 1é trong cac ham s6 sau:
@yzsian. y=xcos2m. @yzmsinx. @yzcosx.

® Loi gidi.
Tat ci cAc ham & 4 dap an déu c6 tap xac dinh 1a R, nén dé kiém tra tinh 18, ta chi can kiém tra tinh chat f(—x)
c6 bang véi f(z),Vz € R va ham d6 1a y = x cos 2.

Chon dap an O

Cau 18. Ham s6 no 1a ham s6 chin? .
yzsin(:ﬂ-l-E). y:cos<as+§). ©y:sin2:c. @y:tanx—sin%.

o Loi gidi.
Xét y = sin (:v + g) c6 tap xac dinh 2 = R.
Mat khéac y = sin (33 + g) = cosz nén 14 ham chin.
Chon dap an @ O
Cadu 19. Ham sb nao sau day 1 ham s6 chén?

@y:%. y=a%cos2a:. @y:(xQ—i—l)'sinm. @y:%.
o Loi gidi.

Xét ham s6 y = f(z) = fisjz xac dinh trén R. Mat khac, f(—z) = IC—T—SE:32 = 103_8272 = f(x). Vay ham s6

= % 143 ham s6 chin
L g ’
Chon dép an @ O

. N 2 sin 2x s R i .
Cdu 20. Cho ham s y = ———. Phat biéu nao sau day la dung?

2cosx — 3
(A) Ham sb da cho 1a ham sb chin. Ham s6 da cho la ham s6 1é.
. 3 . . .

(C)Ham s6 da cho c6 tap xdc dinh 2 =R \ {5} (D) Ham s6 da cho 1a ham s6 khong chén, khong 18.
® Loi gidi.
Ta c6 2cosx — 3 # 0,Vz € R nén tap xdc dinh clia ham s6 1a 2 = R.

in(—2 —sin2 P P

Ta c6 y(—z) = sin(=2z) _ _—sin2 = —y(x) nén ham s6 da cho la ham so 1é.

2cos(—x) —3 2cosx — 3
Chon dap an O

Cdu 21. Khang dinh nao sau day la sai?

(A)Ham 6 y = = + cos 1a ham s6 chn. y = sinx 1a ham s6 1é.
©y = cosx 1a ham s6 chén. (D) y = = + sin 1a ham 6 16.
® Loi gidi.
Xét ham s6 y = x + cos z. Tap xac dinh 1a R. Ta c6 y (—g) +y <g> Suy ra ham s6 y = z + cos x khong phai &
ham chén.
Chon dép an @ O

Cau 22. Ham s6 nao sau day 1a ham sé chan?
t
@y:sin?)x. yzcosxtaan. ©y:xcosx. @y: Szhma:'
inz
® Loi gidi.
T oA tan x PP ™
Xét ham s6 f(z) = f(z) c6 tap xac dinh 2 =R\ {5 + kﬂ';lﬂ'} kleZ.

sinz’

OVreP=—xc.

_ tan(—z) tanxz

© fl=o) = sin(—z)  sinz J(@).
t £ 1 e
Vay f(z) = MY 13 ham s6 chin.
sin x
Chon dap an @ O
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J J J
Cadu 23. Trong cic ham sb sau, ham s6 nao 14 ham s6 chdn
@yztan:c+x2. y=—]sin2x|. ©y=005(4x—x2). @yzcos.’r—i—x.

® Loi gidi.

Xét ham s6 y = —|sin 2z|.

Tap xac dinh 1a4 2 = R.

Khi d6 y(—z) = —|sin(—2z)| = —| — sin2z| = —|sin 2z| = y.
Vay ham s6 y = —|sin 2z| 1a ham s6 chén trén 2.

Chon dap an O

Cdu 24. Ham sb nao sau day 1a ham s6 187

@y = cos’ . y = sinx + cos® . @yzsinx—i—tangx‘. @tanzx.

® Loi gidi.
Dit f(x) = sinz + tan®z = f(—x) = sin(—x) + tan®(—z) = —(sinz + tan®z) = — f(z) nén f(x) 13 ham s6 1&.
Chon dép an @ O

2 Dang 3. Su bién thién clia ham sd lvong gidc va céc bai todn vé dé thi ham sé luong gidc

Ham so y =sinz
Ta c6 do thi clia ham s6 y = sinz trén R nhu sau

Ham s6 dong bién trén moi khoang (—g +k‘27r;g-|-k27r> (k € Z) va nghich bién trén méi khodng

(g + k2m; 37% + k27r) (keZ).
Ham s6 y = cosz

Ta c6 do thi ctia ham s6 y = cosx trén R nhu sau

Ham s6 dong bién trén mdi khodng (—7m + k2m; k27) (k € Z) va nghich bién tréen mdi khoang (k27; 7 + k2m)

(keZ).
Ham sbé y = tanz y
Ta c¢6 do thi cia ham s6 y = tanz trén R \ o=
{g + krlks € Z} nbut Binh ben. Ham s6 dong bién
trén moi khoang <—z + km; 24 k7r> (ke Z).
2 2 —7|- -
-5 —3 o 3 T
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y £ £ 7

Ham s6 y = cotx y
Ta c6 do thi cia ham s6 y = cotx
tréen R \ {kw|k € Z} nhu hinh bén. y = cotx

Ham s6 nghich bién trén mdi khoang
(kmym+ km) (k€ Z).

(0]
R N N 1 % e
i» Vidumau
117 13
Vidu 8. Ham s6 y = sinz dong bién hay nghich bién trén khoidng ( 27T QF) ?
® Loi gidi.
117 13 . N P 117 13
Do (Tﬂ? Tﬂ> = (—5 + 6m; — + 67T> nén ham so y = sinx dong bién trén khoang (Tﬂ? 7%) O]
25m 26
Vidu 9. Ham s6 y = cos z dong bién hay nghich bién trén khodng < 37T SW)
o Loi gidi.
25m 26 2 P . 25m 26
Do (—Tr; —ﬂ> = <E + 8; il + 87r> nén ham so y = cos x nghich bién trén khoang (—F; _7r> O]
3 3 3 3 3 3
Vidu 10. Ham s6 y = cot x dong bién hay nghich bién trén khodng (%, g)‘7
® Loi gidi.
Ta thay ham s6 y = cot  nghich bién trén khoang (4 2) 0]

. R . . 5
Vidu 11. Xét chiéu bién thién ctia ham s6 y = sinz trén khodng <_77T; —277).
® Loi gidi.
. 5% T R . ™ . 2 . N P N
Ta thay (—7; —277) = <—§ —2m;0 — 277). Trén khoang (_5; O) ham s0 y = sina dong bién nén suy ra ham
. R . 5
80 y = sinx dong bién trén khoang <_77T; —27r>. O

157 19
Vidu 12. Xét chiéu bién thién ctia ham s6 y = cosz trén khoang < 47T, 57T).
o Loi gidi.
Trén khoang (—; 0) ham s6 y = cos x dong bién nén suy ra ham s6 y = cos z dong bién trén khoang (—7 + 4m; 0 + 47),
hay ham s6 y = cosx dong bién trén khoang (37;4m).

157 19 . N . 157 19
Ta ¢6 <T7T, TW) C (3m;4m) nén suy ra ham s6 y = cosx dong bién trén khoang (Tﬂ, %) O
9 1lw
Vidu 13. Xét tinh don diéu ctia ham s6 y = tan x trén khoang 55 )
o Loi gidi.
9r 11
Ta thay ( 27T 27T> = (—g + 5, g + 57r>. Trén khoang (—g g) ham s6 y = tanx dong bién nén suy ra ham
9r 11
s6 y = tanz dong bién trén khoang < 27T, 27T>. O]
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

P Baitép tu luyén
Bai 11. Tim tap gia tri ctia ham s6 y = 2cosx + 1.
o Loi gidi.
Taco —1<cosr <1 —2<2cosx <2 —-1<2co82+1<3&-1<y<L3.
Ngoai ra, y = —1 khi cosz = -1 <z =7+ k27 (k € Z).
y=3khicosz =1z =k (keZ).
Vay tap gia tri ciia ham s6 y = 2cosz + 114 T = [—1;3]. O

. S e e e 2 . o o . 1
Bai 12. Dya vao do thi clia ham s6 y = sinz, xac dinh céc gia tri € [—m; 7] thod méan sinz = 3
o Loi gidi.

< . > 1
Vé do thi ham y = sinx va duong thang y = 3 trén cing mot hé truc toa do.

. R . . 5 1 .
Quan sat hinh vé ta thay trén [—m;7] do thi ham s0 y = sinz cat duong thang y = 3 tai hai diem x = % va,

o7
T=—.
6 5
Vay cac gia tri can tim la = € {%, %} O

. R 3 . .
Bai 13. Sit dung do thi 6 hinh duéi, hay xac dinh cac gia tri ctia z trén doan [—g Eﬁ} dé ham s6 y = sinzx

I

a) Nhan gia tri bang 0;
b) Nhan gia tri duong.
® Loi gidi.
a) Tu do thi ta suy ra trén doan [—g; 3771 ,y=0%khi x =0;2 =.
b) Ham s6 nhan gia tri duong ting v6i phan do thi ndm trén truc hoanh.

. 3
T do thi ta suy ra trén doan [—g; 771, thi y > 0 khi € (0; 7).

O
Bdi 14. Sit dung do thi é hinh dudi, hay x4c dinh céc gia tri clia = trén doan {—;; g} dé ham so y = cosx
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

“1
T =27
a) Nhan gia tri bang 0;
b) Nhan gia tri am.
o Loi gidi.
) Tit db thi t tren d [ Sl ”} 0 khi s Tao=2C
a 0 thi ta suy ra trén doan |——; = = iz=——0=——,2=—.
g y v 2 ) 2 7y 2 b 27 2
b) Ham s6 nhan gid tri am tng v6i phan do thi ndm duéi truc hoanh.
N 3 3
Twu do thi ta suy ra trén doan [—g; g}, thi y < 0 khi x € (—?ﬂ; —g)
O
.. . 3 . .
Bai 15. Sit dung do thi 6 hinh duéi, hay xac dinh cac gia tri ctia z trén doan [—g; g} dée ham s6 y = tanx
I I Y I I
—7 - -3 S0 13 e
a) Nhan gia tri bang 0;
b) Nhan gia tri duong.
o Loi gidi.
NN . N 3 .
a) Tu do thi ta suy ra trén doan |—m; 5 | Y= 0 khiz = —mjz=0;2z =m.
b) Ham s6 nhan gia tri duong ting véi phan do thi nam trén truc hoanh.
. 3 3
Tw do thi ta suy ra trén doan [—7r; 771 thiy > 0khix e (—7r; —g) U (0; g) U <7T; g)
O

Bai 16. Stt dung do thi ¢ hinh duéi, hiy xac dinh cac gia tri clia  trén doan [—g; 2%} dé ham s6 y = cot x :
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

I I Y | |
o \ NN
a) Nhan gia tri bang 0;
b) Nhan gia tri am.
o Loi gidi.
. 3
a) Tu do thi ta suy ra trén doan {—%;2%] y=0khiz= —g;x = g;az = g

b) Ham s6 nhan gid tri am tng véi phan do thi ndm duéi truc hoanh.
R 3
Tt do thi ta suy ra trén doan [—g;%r] thi y < 0 khi x € (—g;O) U (g;w> U <77T;27r).
Bai 17. Dung do6 thi ham s6, hay cho biét:
a) V6i méi m € [—1;1], ¢6 bao nhiéu gia tri « € [—g; g] sao cho sina = m;
b) Vi méi m € [—1;1], ¢6 bao nhiéu gia tri a € [0; 7] sao cho cosa = m;

. T
¢) V6i m6i m € R, ¢6 bao nhiéu gia tri a € (—5; 5) sao cho tan a = m;

d) V6i moi m € R, ¢6 bao nhiéu gia tri a € (0;7) sao cho cot « = m.
® Loi gidi.
a)

N . 2 L. =. . . L. ™ T .
Duya vao do thi ta thay v6i mdi m € [—1;1], ¢6 mot gia tri « € [—5; 5] sao cho sina = m.

b)
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3. Ham s6 luong gidce var db th Biét Iam, lam ddng, Iam nhanh

y J/ J J

Duya vao do thi ta thay v6i mdi m € [—1;1], ¢6 mot gia tri « € [0; 7] sao cho cosa = m.

c)

NV ___

|
T
Q

. . - T T
Duya vao do thi ta thay v6i moi m € R, ¢6 mot gia tri a € (—5; 5) sao cho tan o = m.

d)

Q
V]
3

Dua vao do thi ta thay véi mdi m € R, ¢6 mot gia tri a € (0;7) sao cho cot a = m.

Bdi 18. Dung do thi ham s6, tim gi4 tri clia o trén doan [—2m; 27 dé

a) Ham s6 y = sinx nhan gid tri bang 1; b) Ham s6 y = sinx nhan gia tri bang 0;
¢) Ham s6 y = cosx nhan gia tri bang —1; d) Ham s6 y = cosz nhan gia tri bang 0.
o Loi gidi.

a) DO thi ham s6 y = sinz trén doan [—27; 27]
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

N . P N 3
Dua vao do thi ta thay trén doan [—27;27] ham s6 y = sinz nhan gié tri bang 1 khi z € {——W; z}.

b) D6 thi ham s6 y = sinz trén doan [—27; 27]

Dua vao do thi ta thay tréen doan [—2m; 27r] ham s6 y = sinx nhan gia tri bang 0 khi
x € {£2m; £m;0}.

c) D6 thi ham s6 y = cosx trén doan [—2m; 27|

Duya vao do thi ta thay trén doan [—27; 27r] ham s6 y = cosx nhan gia tri bang —1 khi z = +7

d) D6 thi ham s6 y = cosx trén doan [—27; 27|

Duya vao do thi ta thay trén doan [—27; 27r] ham s6 y = cos x nhan gia tri bang 0 khi
x € {£2m; £m;0}.

S N . 3 .
Bai 19. Dung do thi ham s6, tim gia tri ciia = trén khodng <—7r; g) de
a) Ham s6 y = tanx nhan gia tri bang —1;

b) Ham s6 y = tanz nhan gia tri bang 0;

c) Ham s6 y = cot x nhan gia tri bang 1; d) Ham s6 y = cot x nhan gia tri bang 0.
o Loi gidi.

N P 3
a) Do thi ham s6 y = tanx trén khoéng (—77; _7r>
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3. Ham s6 luong gidce var db th Biét Iam, lam ddng, Iam nhanh

y J/ J J

. Yy .
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| 1 |
Lo __ L _f L
| |
| - |
[ |
= ;
— us
s 2) : O = T
| | |
————————— t-——f-——1--———--t
| —1 |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |

N . 3 . N 3
Dua vao do thi ta thay trén khoang (—77; ;) ham s6 y = tan x nhéan gia tri bang —1 khi z € {—%; Zﬂ}

b) D6 thi ham s6 y = tanz trén khodng (—77; 37”)

e

s
8

B
3

B el el e

I

R . 3 . .
Dua vao do thi ta thay trén khoang <—7T; g) ham s0 y = tanz nhan gia tri bang 0 khi z € {0;7}.

N P 3
¢) Do thi ham s6 y = tanx trén khoang (—7‘(‘; %)
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

N . 3 . N
Dua vao do thi ta thay trén khoang (—77; ;) ham s6 y = cot x nhan gia tri bang 1 khi

ve {_37r'7r'57r}
474 4 )

N P 3
d) Do thi ham s6 y = tanz trén khodng (—7r; —ﬂ>

N . 3 . N
Dua vao do thi ta thay trén khodng (—77; ;) ham s6 y = cot x nhan gia tri bang 1 khi z = :l:g.

Bai 20. Xét sy bién thién ctia méi ham s6 sau trén cac khoang tuong ting:

a) y=sinz trénkhoéng( 97T~ 77T> (217T.237T)_
: EEAREVAN R

b) y = cosz trén khoang (—207; —197), (—9m; —8m).

o Loi gidi.
9 7 . N . 9 7
a) Do (——W; __7r> = (—E — 4, T 47r> nén ham s6 y = sinx dong bién trén khoang (——F; ——W).
2 2 2 2 2 2
21w 23 3 . . 21w 23
Do (Tﬂ, Tﬂ) = (g + 10m; ; + 107r> nén ham so y = sinx nghich bién trén khoang (Tﬂ, %)
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Biét lam, Iam ddng, Iam nhanh

y J/ J J

b) Do (—20m; —197) = (—20m; 7 — 207) nén ham s y = cos z nghich bién trén khodng (—20m; —197).
Do (—9m; —87) = (—7 — 8m; —87) nén ham s6 y = cosx dong bién trén khoang (—97; —8).

3. Ham s6 luong gidce var db th

Bai 21. Dung dd thi ham s6, hay cho biét:
a) V6i moéi m € [—1;1], ¢6 bao nhiéu gia tri a € [—g; g] sao cho sina = m;

b) Véi mdi m € [—1; 1], ¢6 bao nhiéu gié tri « € [0; 7| sao cho cosa = m;

¢) V6i mdi m € R, ¢6 bao nhiéu gia tri « € (—g; g) sao cho tan o = m;
d) V6i mdéi m € R, ¢6 bao nhiéu gia tri a € (0;7) sao cho cot a = m.

® Loi gidi.

a)

Tom i
——; —| sao cho sina = m.

Dua vao do thi ta thay v6i mdi m € [—1;1], ¢c6 mot gia tri a € [

b)
Yy
1

y=m

\ -
O 5 | T

|

R RREEEEEEEE o
Dua vao do thi ta thay v6i mdi m € [—1;1], ¢c6 mot gia tri a € [0; 7] sao cho cosa = m.
c)

e
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Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

vl

N . £ P PR PR mw T
Dua vao do thi ta thay véi moi m € R, ¢6 mot gia tri o € <_§; 5) sao cho tan a = m.

d)

Q
N
3

Dua vao do thi ta thay véi méi m € R, ¢c6 mot gia tri a € (0;7) sao cho cot a = m.
O]

Bai 22. Mot dao dong diéu hoa c6 phuong trinh li do dao dong 1a = A cos(wt + ), trong d6 ¢ 1a thoi gian tinh
bang giay, A 1a bién do dao dong va z 1a li do dao dong déu duge tinh bang centimét. Khi do, chu ki T ctia dao

2 T T 3T N . ~
dong la T = T Xac dinh gia tri ctia li do khi ¢t =0, t = I t= 2 t= e t =T va vé do thi bieu dién li do
w
ciia dao dong diéu hoa trén doan [0; 27 trong trusng hgp
a) A=3cm, p =0; b)A:3cm,¢:—g; C)A:3cm,¢:g.

® Loi gidi.
a) Khi A =3 cm, ¢ = 0 thi phuong trinh li do la

x = Acos(wt + ¢) = 3cos(wt).
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3. Ham s6 luong gidce var db th

Biét lam, Iam dung, Idm nhanh

122/764 '

© Véit =0 thi 2 =3cos(w-0) = 3;

. r .. T 2\ T

@let—zthlx—?)cos(w-z)—3cos<w E)—?)COSQ—O,
T T 2

® V6it=— thi x = 3cos (w-—) = 3cos <w—7r) =3cosm = —3;
2 2 2w
3T 3T 6 3

©® Vc’iit:—thiw:i%cos(w-—) —3cos(w'—7r> —3cos—7r:O,
4 4 4w 2

2
@ V(ﬁtthhix:Bcos(w-T)=3cos<w-—7r> = 3cos2m = 3.
w

Do thi biéu dién li do ctia dao dong trén doan [0; 27

y J/ J J

-3

b) Khi A=3cm, ¢ = —g thi phuong trinh li do 1a
T
x = Acos(wt+ ¢) = 3 cos (wt - 5) .

@Véit:Othixzscos(w-O—f):0;

2
. T _ T =x _ 2w\ _
@let—zth1x—3cos(w-z—§>—3cos<w o 2>—3cos0—
. T . ( T 7T) < 2 7T> T
= — h P—  — —— pr—  —— — P— (—) P— 5
© Véi t > thi x = 3cos | w > > 3cos | w %% 2 3 cos 5 0
PR ¥ A < 3T 7r> B ( 6 71') B
® Véit= 1 thi x = 3cos | w 1 5 =3cos |w w3 =3cosm

2
@VGitZTthi$:3COS<w-T—E>:3COS(w-—W—§):3COS(3§)
w

2

Do thi biéu dién li do ctia dao dong trén doan [0; 27

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

c) Khi A=3cm, ¢ = g thi phuong trinh li do 1a

x = Acos(wt + ¢) = 3cos (wt-l— g) .

@VGitzOthi:czScos(w-O—Fg)ZO,
e, o T 7T>_ < 27 7r>_ L
@let—4th1x—?>cos(w 1+ 3 = 3cos (w w3 =3cosm = —3;
i r .. T o m\ 2r w\ 3\
@let—gthlx—?)cos(w-a-l-E)—3cos<w 5 2)—3(:05(2)—0,
3T 3T 6
@VGitz—thiszcos(w-—+z>:3c0s<w-—+z>:300527r:3;
4 4 2 w 2
2

@Véit:Tthi:c:3cos<w-T+

O

Bdi 23. Guong nudc (hay con goi 1 con nude) khong chi la cong cu phuc vu sdn xuat nong nghiép, ma da tré
thanh hinh d4nh quen thuoc ctia ban lang va 1a mot nét van hoa dic trung clia dong bao dan toc mién nui phia
Bic.

Mot chiéc guong nuée c6 dang hinh tron ban kinh 2,5 m; truc cia n6é dit cach mat nuée 2 m. Khi guong quay
déu, khoang cach h (m) tit mot 6ng dung nude gin tai mot diém clia guong dén mit nude duge tinh theo cong
thic h = |y|, trong d6 y = 2,5sin (27r:c — g) + 2, v6i x (phit) 1a thoi gian quay clia guong (z > 0). Hay chi ra

mot s6 gia tri clia x dé dng dung nuéc cach mit nude 2 m.

® Loi gidi.
Ta c6
h=2 o ‘y:2,5sin<27733— g) +2‘ —9
y = 2,5sin (27mc— E) +2=2
o 2
y = 2,5sin (2m~ - g) 42— -9
-sin (27r:v — g) =0
< us 8
_Sin (27rx - 5) =—x (vo nghiém)
Do thi
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

N

Dya vao do thi ta thiy mot sd6 gia tri cta x dé oéng dung nudc cdch mit nuéc 2 m la
{1 3579 11 13 15 }

TEN GO T [ 0
4°4°4°4°4° 4" 4" 4

E® Cau hai tréc nghiém
Cdu 25. Ham s6 y = sinx

@ dong bién trén mdi khoang (g + k2T m + k27r> va nghich bién trén mdi khoang (7 + k2m; k27) vé6i k € Z.

R . . 3 5 . .
dong bien trén moi khoang (—g + k2m; g + l<:27r> va nghich bién trén moéi khoang <—g + k2 g + k27r)

véi k € Z.
X s A ~ X 2 ™ 37T N . L ~ . o ™ e
@dong bién trén moi khoang (§ + k2 - + k:27r> va nghich bién trén moi khoang <—§ + k27 5 + k27r)
véi k € Z.
N i . ) s ™ . . e R . ) s 3
@ dong bien trén moi khoang (—5 + k27; 5 + k27r> va nghich bién trén moéi khoang <§ + k27 > + k27r>
véi k € Z.
o Loi gidi.
Ham s6 y = sinx dong bién trén moi khoang (—g + k2m; g + k:27r> va nghich

sin .

s . , T 3 . 1 Y ®
bién trén moi khoang 5 + k2m; 3 + k27 ) v6i k € Z. =
2
T 0 COos
—1 o) 211 g
3]
2
Chon dap an @ O

CdAu 26. Ham s6 y = cosx
@ dong bién trén mdi khoang (g + k2T m + k27r) va nghich bién tréen mdi khoang (7 + k2m; k27) vé6i k € Z.
dong bién trén mdi khodng (—7 + k2; k27) va nghich bién trén mdi khoang (k27; 7 + k27) véi k € Z.
N . ~ 3 . N
@d()ng bién trén moi khoang (g + k2, on + k27r> va nghich bién trén moéi khoang (—g + k2, g + k27r)

2
véi k € Z.
@ dong bién trén mdi khodng (k27; 7 + k27) va nghich bién trén mdi khoang (7 + k27; 3w + k27) véi k € Z.
® Loi gidi.

124/764 ‘ Bi Todn 11 theo chuong trinh GDPT201€m



Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh
Ham s6 y = cosz dong bién trén mdi khodng (—m + k2m; k27) va nghich bién sin x
tréen moi khoang (k2m;m + k27) véi k € Z. v @)

us
2

o| cosw
21 o
S)

Chon dap an O

Cdu 27. Ham sd y = tanz dong bién trén khoidng nao sau day?

®(7) ® o © (5) o (3:%)

D Loi gidi.
Ham s6 y = tanx luon dong bién trén cac khodng xac dinh, vay né dong bién trén khodng (0; g)
Chon dap an @ O

Cdu 28. Ham s6 y = cot x nghich bién trén khodng nao sau day?
(A) (0;2m). (g;%)- ©) (~-m30). 0), (g%)
® Loi gidi.
Ham s6 y = cot x luon nghich bién trén cic khoang xac dinh.
Vay ham s6 nghich bién trén khoang (0; 7).
Chon dap an @ O

Cdu 29. Ham s6 y = V3 + 2cos z ting trén khodng

®(-53) (3%) © (Fr) ©G3)

o Loi gidi.
Vi ham s6 y = cos z dong bién trén mdéi khodng (—n + k27; k27), k € Z nén ham sin
s6 y = /3 + 2cos x ciing dong bién trén mdi khoang (—m + k2m; k2n), k € Z. 1Y @
7 z by Z 7 us
Vi <%, 27r> C (m;27) (v6i k = 1) nén ham s6 dong bién trén khoang (%, 27r>. 2
T 0 CcCOos
—1 o) 27 1 =z
3]
2
Chon dép an @ O

Cadu 30. Ham sb nao dong bién trén khoang (—z; z)?

@y:cosx. y:cot2:c. @y:sin:v. @y:cos2az.

@ L5i gidi.
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

A 2 ™ T N A
Quan sat trén dudng tron lugng gidc, ta thay trén khodng (_5; E) ham so sin

Yy
. N . 3 .. 1 1 @
y = sinz tang dan (ting tu 5 dén 5) =
2
%
T 0 Cos T
-1 9] 2 1 =z
3
2
iy s o
Chon dap an @ O
Cadu 31. Meénh dé nao sau day sai?
< Z . 2 ™ N £ .2 2 ﬂ-
@ Ham so6 y = sinx tang trong khoang (0; 5) Ham s y = cot x gidm trong khoang (O; 5)
@ Ham s6 y = tanx tang trong khodng (0; g) . @ Ham s6 y = cos x tang trong khodng (0; g)
® Loi gidi.
Quan sat trén duong tron lugng giac, trén khoang (0; g) ta thay ham s6 y = cosx sinz
N Yy
gidm dan. 1 D
3
T 0 Cosx
1 1) 2m1 ¢
3]
2

Chon dap an O

Cdu 32. Ham s6 y = sinx dong bién trén

khoang (0; 7). cac khoang (== + k2m; = + k2n), k € Z.
4 4
© cac khoang (g + k2w + k27r), kelZ. @ khoang <g, 3;)
o Loi gidi.

Ham s6 y = sinz ddng bién trén mdi khoang (—g + ko g n k27r>, keZ.
Ma (—% + k2 g + k27r> C (—g + k2m; g + k:27r) v6i mdi k € Z nén ham s6 dong bién trén moi khodng

(—% + k2; % +l-c27r), ke Z.

Chon dép an O

CdAu 33. Ham s6 y = cosx

@ tang trong [0; 7). tang trong [0; g] va gidm trong [g, 77} .
© nghich bién [0; 7]. (D) Céc khang dinh trén déu sai.
® Loi gidi.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

sin x.

Quan sét trén dudng tron lugng giac ta thay: trén khoang [0; ] ham s6 y = cosx

a I a il oz Yy
giam dan (gidm tur gia tri 1 dén —1). 1 @
3
T 0 COosx
—1 0O 2r[1 2
3]
2
Chon dap an @ O

Cadu 34. Ham sb y = cosz dong bién trén doan nao dudi day?
T

@ [0; 5} [7; 27]. @ [—m; 7). @ [0; 7].
D Loi gidi,
Do ham s6 y = cosz dong bién trén mdi khodng (—m + k27; k27), cho k = 1 = (m; 27).
Chon dap an O
Cau 35. Ham s6 nao sau day c6 tinh don diéu trén khodng <0; g) khac v6i cadc ham s6 con lai?

@y:sinaz. ‘y:cosx. @y:tan:p. @y:—cotaz.
® L5i gidi.
Do ham s6 y = cos x nghich bién trén (0; g)

Ba ham s6 con lai y = sinz, y = tanx, y = — cot x dong bién trén (0; g)

Chon dap an O

Cadu 36. Ham s6 y = tan z dong bién trén khoang

[0 (S OIS ROTE )

272
o Loi gidi.
Do ham s6 y = tan x dong bién trén (0; g)
Chon dép an @ O

Cdu 37. Khang dinh nao sau day ding?
@ Ham s6 y = sinz dong bién trong khoang

3
@ Ham s6 y = cosx dong bién trong khoang ( I, —%)
o Loi gidi.

£ N . N £ 3
Do ham s6 y = cosx dong bién trén (—7 + k27; k27), cho k = 0 = (—m;0) suy ra dong bién trén <_Z7T; —%)
Chon dap an @ O

Cau 38. Ham s6 nao sau day nghich bién trén khodng (0; g ?

@y:sinx. y:cosas. @y:tan:p. @y:—cotx.
® L5i gidi.
Do ham s6 y = cos x nghich bién trén (0; g)

Chon dap an 0]

3
Cau 39. Ham s6 nao dudi day dong bién trén khodng <g g) ?
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

yV 4/ J/ 7
@y:sinx. y:cosa?. @y:cotx. @y:tana:.

o Loi gidi.
Ham s6 y = tan x dong bién trén (—g + km; g + kw), chok=1= (g, 3;)
Chon dap an @ O

Cadu 40. Duong cong trong hinh vé bén dudi 1 do thi ciia mot trong bén ham s6 dude liet ké & bén phuong an
A, B, C, D. Héi d6 1a ham s6 nao?

2
l |
- _" O T o7 x
2 2
@y:cosx+1. y=2—sin:c. ©y=200sx. @y20082x+1.

o Loi gidi.
D6 thi ham s6 da cho di qua diém (0, 7). Trong cac ham s6 da cho chi c6 ham s6 y = cosz + 1 théa man.
Chon dap an @ O

Cadu 41. Duong cong trong hinh dudi day 14 do thi clia mot ham s6 trong bén ham s6 dudce liet ké & bon phuong
4n AB,C,D. Hai ham s6 d6 1a ham s6 nao?

@yzl—i—sinw. yzl—sinx. @y:sinw. @y:cosw.
® Loi gidi.
Ta thay y(0) = 1, do d6 loai dép an C.
Ham s6 khong dat gia tri bang 2 tai z = g hay x = —g, loai dap an A va B.

Do d6, ham s6 can tim phai la y = cos z.
Chon dap an @ O

£ Dang 4. Xét tinh tudn hodn va fim chu ky cGa ham sé luong gidc

$> Pinh nghia 3.7. Cho ham s6 y = f(z) v6i tap xac dinh 2. Ham s6 y = f(z) duge goi 1a tudn hoan
néu ton tai mot s6 T khac 0 sao cho v6i moi € 2, ta c6

@z+TeDvaz—Te D
© flz+T)= f(a).
S6 T duong nh6 nhat thod man (néu co) cic tinh chat tren duge goi 1a chu ki ctia ham s6 tuan hoan doé.

® Ham s6 y = sinx, y = cos z tuan hoan v6i chu ky Ty = 27, nghia l1a sin(z+k27) = sin z v cos(z+k27) =

COST.
p N 2
Suy ra ham s6 y = sin(az + b) vd y = cos(az + b) tuan hoan véi chu ky Ty = ﬁ
a
@ Ham s6 y = tanz, y = cot z tuan hoan véi chu ky Ty = «.
Suy ra ham s6 y = tan(az + b) va y = cot(ax + b) tuan hoan véi chu ky Ty = ‘ﬂ—’
a

A Gid sit ham s6 f(x) = g(z) £ h(x) c6 ham g(z) tuan hoan vdi chu ky Ty va ham h(z) tuan hoan vdi chu
ky Ty. Khi dé ham so f(x) sé tuan hoan vdi chu ky Ty la boi chung nhé nhdt cia hai chu ky Ty va Tb.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

I®» Vidumaéau

Vidu 14. Tim chu ki T ctia ham s y = sin <5IE - %) )

® Loi gidi.

. N 2
Ham s6 y = sin (ax + b) tuan hoan véi chu ki 7' = |—7T|
a
£ < D . T N . . . 2T
Ap dung: Ham s6 y = sin (5:1c — Z> tuan hoan véi chu ki T' = 5 O

Vidu 15. Tim chu ki T cfia ham s6 y = cos (g + 2016) .
® Li gidi.

P N 2
Ham s0 y = cos (az + b) tuan hoan véi chu ki T = ﬁ
a
Ap dung: Ham s6 y = cos (g + 2016> tuan hoan vé6i chu ki T = 4. O
Vidu 16. Tim chu ki T ctia ham s6 y = tan 37z.
® Loi gidi.
Ham s6 y = tan (az + b) tuan hoan véi chu ki T'= ﬁ
a
P P N 1
Ap dung: Ham s6 y = tan 37z tuan hoan véi chu ki T' = 3 O

2

Vidu 17. Xét tinh tuan hoan va tim chu ky (néu c6) cia ham s6 sau: y = cos® z — 1.

@ Loi gidi.

L s 1 2 1 1
Ta bién déi: y = cos?z — 1 = Lrcosar 1= —cos2x — —.
2 22 2
Do d6 y 1a ham s6 tuan hoan véi chu ky T = ?W =7 O
Vidu 18. Tim chu ky tuan hoan 7' ctia ham s6 y = sin 2z + cos .
D Loi gidi.
Do sin2x ¢6 chu ky 177 = m, cosx ¢6 chu ky T5 = 27 nén T = 2. O]
. N . P 2 2
Vidu 19. Xét tinh tuan hoan va tim chu ky (néu c6) ctia ham s6 sau y = sin (gx> - cos (52?)
o Loi gidi.
;s 2 2 1 4
Ta bién doi: y = sin (—a:) cos (—:v) = —sin (—x)
5 5 2 5
PN 2 5
Do dé y 1a ham s6 tuan hoan vé6i chu ky T = Lo O

(5) °
5
P Baitap tu luyén

Bdi 24. Tim chu ky tuan hoan T ctia ham s y = sin (:c + g)

® Loi gidi.
chu ky tuan hoan T ctia ham s6 y = sin (:v + %) 1a T = 27. O
Bai 25. Tim chu k¥ tuan hoan T ctia ham s6 y = cos <5x - %)
o Loi gidi.

N Z ™ N N L. < 271'
Ham s6 y = cos (51: — Z) tuan hoan véi chu ky T' = = O
Bdi 26. Tim chu ky tuan hoan T ctia ham s y = tan 37z.
® Loi gidi.

P N 1

Ham s6 y = tan 3mx tuan hoan véi chu ky T' = 3 U
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y J/ J J

Bai 27. Tim chu ky tuan hoan T ctia ham s6 y = cos 3z + cos 5.

® Loi gidi.

P N 2
Ham s6 y = cos 3z tuan hoan véi chu ky T = ?ﬂ

P N 2
Ham s0 y = cos bx tuan hoan vdi chu ky Tp = %
Suy ra ham s6 y = cos 3x + cos 5z tuan hoan véi chu ky T' = 2. O
Bai 28. Tim chu ky tuan hoan T ctia ham s y = sin (g + g)
o Loi gidi.
Ta ¢6 s (:U+47T+7T> i <a:_|_7r+2 > i <:c_|_7r>

in — ] =sin(=+= =sin(=+ = ).

2 3 2 3" 2" 3
Ham s6 y = sin (g + g) tuan hoan véi chu ky 4. O
Bai 29. Tim chu ki ctia ham so:
a) yzf(a:)ztanz b) y = sinxz — cos4z.

4
® Loi gidi.

N 2 N A N ™ ~ N 2 N A X N N
a) Chu ki clia ham 86 y = tanax 14 T'= — nén chu ki ctia ham s0 can tim 1a 7' = — = 4n

a

sl 2

b) Ta ¢6 ham s6 g(x) = sinx tuan hoan véi chu ky Ty = 27. Ta ¢6 ham s6 g(x) = cos4x tuan hoan véi chu ky

ﬂ- P4 . X ~ P N P ~ N A
Ty = 5 Suy ra ham s6 y = sinz — cos 4z tuan hoan véi chu ky T' = 27 = m. Ty = nTb v6i m,n € N va la so

nhé nhat.
O
E® Cau hai tréc nghiém
Cdu 42. Xac dinh chu k¥ ctia ham s6 y = sin z.
3

B Ok cH o
® Loi gidi.
Chu ky ctia ham s6 y = sinz 1a T = 27.
Chon dap an @ O
CdAu 43. Ham sd y = cot x vi y = cosz tuan hoan vdi chu ky lan lugt 1a

@WV& 2m. k7r va k2m, k € Z. ©27T va . @kQﬂ' va km, k€ Z.
o Loi gidi.
Ham s6 y = cot x tuan hoan véi chu ky 7 vA ham s6 y = cosz tuan hoan vdéi chu ky 2.
Chon dép an @ O

Cdu 44. Ham sb nao sau day 1a ham s6 tuan hoan va c6 chu ki bang 7
x x

@y:tanx. y:tan§. @y:sinx. @y:sini.
® Loi gidi.
Ta c6 tan(z + m) = tanz nén ham s6 y = tanx la ham s6 tuan hoan, hon nita 7 14 s6 nguyén duong nhé nhat
théa man nén ham s6 y = tanz c6 chu ki 1a T' = 7.
Chon dap an @ O
Cdu 45. Xét tren tap xac dinh ctia ham s6 thi khéng dinh nao sau day la sai?

(A)Ham sb y = sin 22 tudn hoan véi chu ki T = 7. Ham s6 y = cos 2z tuan hoan véi chu ki 7 =7 .

© Ham s6 y = tanz tuan hoan véi chu ki T'= 7 . (D) Ham s6 y = cot 2 tudn hoan véi chu ki T = 7 .
® Loi gidi.
Ham s6 y = cot 2z tuan hoan véi chu ki T' = 5 Do vay khang dinh ham s6 y = cot 2z tuan hoan véichu kiT =w
la sai.
Chon dap an @ O

130/764 ‘ Bi Todn 11 theo chuong trinh GDPT2018ﬂ
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V' J J J
Cdu 46. Ham s y = sin 22 tuan hoan vé6i chu ky chu ky 13
(A) Ty = 2r. Tozg. ©1=r. D) Tp = 4.

o Loi gidi.
P N 2
Ta ¢6 ham s6 y = sin 2z tuan hoan véi chu ky Ty = ; =T.
Chon dép an @ O

Cdu 47. Ham sb y = tan 2z tuan hoan vdéi chu ky chu ky 1a
T T
®T0:§ TOZ§ ©T0:27T. @T():Tf.
o Loi gidi.

£ N . N ™
Ta c6 ham s6 y = tan 2z tuan hoan véi chu ky 7' = 5

Chon dap an O

CAu 48. Ham sb y = 3 sing tuan hoan véi chu k¥ chu ky Ia

(A) Ty = 0. ngg. © Ty = 2. (D) Ty = 4r.
® Li gidi.
27
T
2

Chon dap an @ Ol

) )
@Tozﬂ'- Tozg. ©T0:27T. @Tozg,
® Loi gidi.
Gid st f(z+ Tp) = f(x) < tan(2z + Tp) = tan 2z < Ty = kn, k € Z. Chon Ty = 7, ta ¢6 tan(2x + 7) = tan 2z va
Ty = 7 la s6 duong nhd nhat can tim. Nén ham sé y = tan 2z c¢6 chu ki Ty = .
Chon dap an @ O

£ . X N N . N
Ta ¢6 ham s6 y = 3sin 5 tuan hoan véi chu ky T = = 4.

- . 3 .
Cdu 50. Ham so f(x) = sing + 2cos ; tuan hoan véi chu ky chu ky la

@ O . g @ 3. @ 4.

® Li gidi.

Ta c¢6 ham sb sing tuan hoan véi chu ky 71 = — = 4, ham s6 cos 3; tuan hoan véi chu ky Th = 2; = 4%
Do d6 ham s6 f(x) tuan hoan véi chu ky Tp 1a b2Oi chung nhé nhat cta T; va Tb. ’
Do T 1a boi ciia Th (% = 3) nén Ty = T7.
Vay ham s6 f(z) da cho tuan hoan véi chu ky Ty = 4.
Chon dap an @ O
CaAu 51. Tim chu ki ctia ham s6 f(x) = tan% + 2sin %
@ . 9 2m. @ 4. @ 8.
® Loi gidi.
Ham s6 tan z tuan hoan vé6i chu ki 7 nén ham tan% tuan hoan véi chu ki 4.
Ham sinz tuan hoan véi chu ki 27 nén ham sing tuan hoan véi chu ki 4.
Do d6 ham f(x) = tan% + 2sin§ tuan hoan véi chu ki 4.
Chon dap an @ Ol

Cdu 52. Tim m dé ham s6 y = cos ma tuan hoan véi chu ky Ty = 7.

m= +1. m= +2. m=+r. m = +r.
® ® Om—ul ®

® Loi gidi.
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Biét lam, Iam dung, Idm nhanh

P N . R 2w
Ta ¢6 ham s6 y = cos ma tuan hoan véi chu ky T'= —.

m|

. PR . 27
bé ham s6 tuan hoan véi chu ky Ty =7 thi T =Ty & —

|m

Chon dép an

y J/ J J

Cdu 53. Trong cdc ham s6: y = sin 2x; y = cos(z — 7); y = tan(z — 1), ¢6 may ham sb c¢6 chu ki la 7.

A) 2. (B) 3.
® Loi gidi.
27

Ta c6 ham s6 y = sin 2z ¢6 chu ki tuan hoan 1a T' = 5 =

Ham s6 y = tan(z — 1) ¢6 chu ki tuan hoan 1a T = % = .

Chon dap an @
Cdu 54. Tim chu ki T ctia ham s6 y = 2cos® z + 2017.

(A)T = 3n. (B) T = 2r.

® LSi gidi.

Ta c6 y = 2cos® x + 2017 = cos 2z + 2018. Suy ra ham s6 tuan hoan véi chu ki T = .

Chon dap an @

0
©o. D) 1.

0
©71T=r (D) T = 4r.

O

2 Dang 5. Tim gid tri I6n nhét - gia tri nhé nhat

Ta thuong dung moét trong 3 phuong phap sau:
@ Si dung cac bat ding thiic co ban
® —1<sinz <1,VzeR;
® 0 <sin?z,cos?z <1,V e R;
® Co — si:
a+b22\/%, v6i moi a,b > 0

Déu bang xay ra khi a = b.

™ St dung diéu kién c6 nghiem
@ sinz = f(m) c¢6 nghiem khi —1 < f(m) < 1.
@ cosz = f(m) ¢6 nghiem khi —1 < f(m) < 1.

® sinz + bcosw = ¢ c6 nghiém khi a? 4 b? > 2.

@ St dung bang bién thién: Lap bang bién thién ctia ham s6, tit d6, két luan.

@ —1<cosx <1,Vx € R;
@ 0 < |sinz|,|cosz| <1,Vx € R.
® Bunhiacopxki:

(ab + cd)? < (a® + ) (b* + d*)

DAu bang x4y ra khi % = -.

I®» Vidumau

Vidu 20. Tim gia tri 16n nhat v gia tri nhd nhat ctia ham s6 y = 5 — 3 cos 4.

® Loi gidi.
Tap xéc dinh: ¥ = R. Vz € R, ta c6

—1<cosdx <1
< 3> —3cosdx > —3
< b+3>5—3cosdr>5—3
=

2<y<8

® maxy = 8 khi cosdr = -1 & x =

k
@miny=2khicos4m:1@:c=§

e

132/764 '

B Todn 11 theo chuong trinh GDPszem



Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
U]

Vidu 21. Tim gi4 tri 16n nhat va gid tri nhé nhat ciia ham s6 y = 2 + 3cos z.
® Loi gidi.
Tap xac dinh: ¥ = R. Vz € R, ta c6
—1<cosz<1
& —3>3cosz > —3
& —1>2+3cosx>5H
& 1<y <5

® maxy =5 khi cosz =1 & x = k2.

® miny = —1 khicosz = -1 &z =7 + k27.

O]
Vidu 22. Tim gi4 tri 16n nhat va gia tri nhé nhat ctia ham s6 y = 3 — 2sin 2z.
o Loi gidi.
Tap xac dinh: ¥ = R. Vz € R, ta c6
—1<sin2x <1
& —2< —2sin2x <2
< 1<3-—-2sin2x <5
& 1<y <5,
©® maxy =5khisin2z =—-1< = —%—i—k‘ﬂ'.
@ miny=1khisin2x:1<:):r:%+k7r.
O]
Vidu 23. Tim gia tri 16n nhat va gia tri nhoé nhat ctia ham s6 y = 3 — 2| sin 2z|.
o Loi gidi.
Tap xac dinh: 2 = R. Vz € R, ta c6
0<|sin2z| <1
& —2< =2|sin2z <0
< 1<3—-2sin2z| < 3.
. km
O] maxy=3kh181n2ac=0(:>ac=7.
. . +7
@ miny =1khisin2z =41z = T-f—k‘ﬂ'.
O]
. ) ) ) 1+ 4 cos?
Vidu 24. Tim gia tri 16n nhat va gia tri nho nhat cta ham s6 y = w.

o Loi gidi.
Tap xac dinh: 2 = R. Vz € R, ta c6

0<cos’z <1

& 0<4cos’z <4

& 1<144cos’z<5

N 1<1+4coszx<§.
3~ 3 -3

@maxyz%khicossz@:c:g—i—kﬂ.
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3. Ham s6 luong gidce var db th Bi&t Iam, Iam ddng, 1dm nhanh

y J/ J J

1
® miny = 3 khi cosx = +1 & = = km.

]
- D P P 1
Vidu 25. Tim gia tri 16n nhat va gi4 tri nho nhat clia ham s6 y =1 — 5 sin? 2x.
® Loi gidi.
Tap xac dinh: 2 = R. Vz € R, ta c¢6
0 <sin?2z<1
e Lt lgnta<o
—— < —— -sin” 2z
2 2 -
1 1
& ;< —§-sin22x§ 1.
.o m  krm
O] maxyzlkhlsm%;:()(:)mzz—i—?.
1 k
® miny = = khi sin2z = +1 7 = & 4 -
2 4 2
O]
Vidu 26. Tim gi4 tri 16n nhéat va gia tri nhé nhat ctia ham s6 y = sinx + sin(z + 27/3).
® Loi gidi.
¢ R o . . a+b a-0D .
Ap dung cong thiic |sina 4 sinb = 2sin cos —— | ta co
: : < 27r> : m
y=sinx+sm|{r+— | = —sm(x—i——).
3 3
Tap xéc dinh: ¥ = R. Vx € R, ta c6
—-1< —sin(w—i—g) <1.
® maxy = 1 khi sin(a:%—%) = 1(:):c:%+k27r.
. . m o
® miny = —1 khi sm(m—i—§> =—ler= —?+k27r.
0]
P Baitap tu luyén
Bai 30. Tim gia tri 16n nhat va gia tri nho nhat clia cdc ham s6 sau
1 — 2sin?
a) y=2sinz +3 b)yz%
c) y=+v2+cosz—1 d) y =4sinzcosx + 1;
e) y=4— 3sin?2x. f) y=(3—sinz)?+1
g) y = sin*z + cos'x h) y = sin®z + cosbx
B&i 31. Tim z dé ham s6 y = (sinz + 3)> — 1 dat gi4 tri nho nht.
Bai 32. Tim z dé ham s6 y = 1 — 3v/1 — cos?z dat gia tri nhé nhat.
Bai 33. Tim gi4 tri 16n nhat va nhé nhat ctia ham s6 sau
a) y=+/3sinx + cosz b) y = sin 2z — cos 2z

c) y=3sinx +4cosx

Bai 34. Tim gi4 tri 16n nhat va nhé nhat ctia ham s6 sau
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Chuong 1. Ham sb luong gide v phuong tinh luong gide

Biét lam, Iam dung, Idm nhanh

a) y = 2sin®z — 3sinx + 1

c) y=cos2zx —sinz + 3

b) y = 2cos’z + 3cosz — 2

y J/ J J

Bd&i 35. Tim gia tri 16n nhét, gia tri nho nhit ctia ham sb y = 2cos? z — 2v/3sinz cosz + 1.

o Li gidi.

Ta c6

2c052x—2\/§sin:ccos:c+ 1
2cos’z — 1 —V/3sin2z + 2

cos 2z — V3 sin 2z + 2

1
= 2 <§cos2:c— ?sinlﬂ:) +2

= 2cos (23:4—%) + 2.

Mat khac —1 < 2cos (2x+§> +2<4,VreR

=0<y<4,VreR.

. . T
Gi4 tri 16n nhat cha ham s6 14 4 & x = ~% + k.

Gia tri nhé nhat cia ham s6 14 0 & = = g + k.

Bai 36. Tim gi4 tri 16n nhat va gia tri nhé nhat clia ham s6 y =

® Loi gidi.

Ta c6 sinx —cosx + 2 > 0, Vo € R.
sinx +3cosx +1

Xét y =

sinx —cosx + 2

Ta c6

& (y-1)7<(

s 22 -8y-9<0«

Kiém tra dau bing xay ra, ta dugc miny =

Bai 37. Tim gia tri 16n nhat va gia tri nhd nhat ctia ham s6 y =

o Loi gidi.
Tap xac dinh ¥ = R.
V6i moi z € R ta c6

Vay maxy = 4 khi x =
zeR

Bai 38. Tim gia tri l16n nhat va gia tri nhdé nhat ctia ham s6 y =

® Loi gidi.

sinx + 3cosx + 1

< (1—y)sinx+ (3+y)cosz =2y — 1.

sinx —cosz+2

(1 —y)sinz + (34 y)cosz]? < [(1 —y)* + (3 +y)?] - [sin® z + cos? z]

3

— va
2

min
xeR

2

T ¢

=4

4
y:§khifc:—

4—+/34

—y)’+(B+y)?
4—+/34
2

4434

<y <
SY> 9

ymaxy =

4

2 —sinx’

—1<sinz <1
—1<-—-sinx <1
1<2—-sinz <3

1 1
- <— X1
37 2—sinz —
to_4
37 2—sinx —
T
5"
8
3 —cos?zx’

o
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y J/ J J

Tap xac dinh 2 = R.
Véi moi ¢ € R ta c6

OSCOS2$§1
& —1§—0082x§0
& 2§3—c0821:§3
8

< — < 4.
3~ 3—cos2z —

¢

8 T
a = 1 = 3 1 = — i = —. D
Vaylglcleafécy 4 khi x Ovaglelﬁy 3kh1x 5
E® Cau hai tréc nghiém

Cadu 55. Tap gia tri clia ham s6 y = cosz 1a

A (-1:1). —1:1). ©)3 © [0;1].
® Loi gidi.
Do —1<cosz <1 Vx e R.Suy ra tap gid tri ciia ham s6 y = cosz la [-1;1].
Chon dap an O
Cadu 56. Tap gia tri clia ham s6 y = sin (2.73 + %) 13
B [-2;2). 0:2]. ©[-1:1). @ [0:1).
® Loi giai.
Ta c¢6 —1 < sin <2:L‘ + g) < 1,Vx € R. Vay tap gia tri ctia ham s6 da cho la [—1;1].
Chon dép an @ O

On

Cdu57. Trong cac tap hop sau, tap nao la tap g4 tri  cia ham s
y = 2sin(x + 3) — 17

(A) [-7;5]. [—3:1]. ©OR. (D) [0;4].
® Loi gidi.
Taco —1 <sin(r+3) <1< -3 <2sin(x+3)—-1<1.
Vay tap gia tri ctia ham s6 tréen la [—3;1].
Chon dap an O

Cau 58. Gia tri nho nhat ctia ham s6 y = sin 2z 13
(A) —2. ~1. ©)o. D) 1.
o Loi gidi.
C6 —1 <sin2x <1, Vo € R nén gia tri nhé nhat clia ham s6 y = sin 2z 1a —1.
Chon dép an O

Cau 59. Gia tri nho nhét ctia ham s6 y = 1 + 2sinx 1a

(A) -1. (B) 3. ©1 D) 2.
o Loi gidi.
Gi4 tri nhé nhat ctia ham s6 y = 1 + 2sinz 14 —1, dat dude khi sinz = —1 & 2 = —g + k2w (k € Z).
Chon dap an @ Ol

Cadu 60. Goi M, m lan lugt 1a gia tri 16n nhat, gia tri nho nhat clia ham s6 y = 2 cos 3z + 1. Gia tri ctia M — 2m

@2._7_ B) 4. (©) -s. D) 5.

® Taco —1<cos3x<1& —1<2cos3z+1<3,VoreR.
® Dodé, M =3;m=—1va M —2m=>5.

Chon dap an @ O
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Cadu 61. Gia tri nhé nhat M clia ham s6 y =1 — 2cosz 1a
(A) M =1. (B) M = -3. © M =3 (D) M = —1.
D Loi gidi.
Vi—-1<cosz<1lnén-1<1-—2cosz<3suyra-—-1<y<3VreR.
Mat khac, c¢6 y(0) = —1 nén M = mﬂgny =—1.
Chon dap én@ O

CdAu 62. Goi M, m lan lugt la gia tri 16n nhat va nhé nhét ciia ham s6 y = 3 + 2 cos? (:L‘ + g) Khi d6 m2 + M?

c6 gia tri la

(A) 10. (B) 34. (©)s. (D) 26.
o Loi gidi.
Vi—lgcos<x+%> SlnénOScos(a:—i—g) <1,dod63<y<5.
Vay m =3, M =5, m? + M? = 34.
Chondépén O

Cadu 63. Tim gia tri 16n nhat va gia tri nhé nhat ctia ham sé y = y/cosz + 2.

@maxy:?)vé miny = 1. maxy:?)va miny = 2.
@maxy:3va miny = —2. @maxyzi%va miny = —1.
® Loi gidi.

Tap xac dinh: 2 = {z € R, cosz > 0}.
Tac6 0 < /ecosr <1,V e P =2< /ecosx+2<3VreD
Ngoai ra khi cosz =1 thi y = 3 va khi cosx = 0 thi y = 2. Vay maxy = 3 v miny = 2.
Chon dap én O
Cdu 64. Tim gi4 tri 16n nhat M va gia tri nhé nhat m ctia ham s6 y = 1 — 2 |cos 3z .
(A)M =3, m=-—1. B)M=1, m=—1. ©M=2 m=-2. D) M =0, m=-2.

o Loi gidi.
Ta c6
—1<cosdz <1
< 0<]cos3z| <1
< 0> —2|cos3z| > —2
& 1>1-—2]cos3z| > —1
< 1>2y>-1
{M: 1
=
m=—1.
Chon dap an Ol
o . . 1
Cdu 65. Tim gia tri nho nhat m ctia ham 6 y = ——.
) ) cosx + 1
@m:—. m:—. ©m:1. @m:ﬁ
2 V2
o Loi gidi.
Ta c6 —1 % cosz < 1.
Ta ¢c6 ——— nho nhat khi va chi chi cosz 16n nhat < cosz = 1.
cosx + 1 .
teose y cosr+1 2
Chon dap an @ O

Cdu 66. Gia tri nho nhat ctia ham s6 y = sin? 2 — 4sinz — 5 1a

(A) —8. (B) —20. (©)o. (D) -9.
® L5i gidi.
Véi t = sinx, t € [—1;1] ta c6 ham s6 f(t) = t? — 4t — 5. Lap bang bién thién nhu sau:

y J/ J J
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y J/ J J

Suy ra miny = [Inli_Ill} f(t)=f(1)=-8.

Chon dap an @ O

Cdu 67. Gia tri 16n nhat ctia ham s6 y = 1 — 2cosx — cos? z 1a

A 2. (®)s. ©)o. D) 3.
® Loi gidi.
Tacoy=1—2cosz —cos?x =2 — (cosz + 1)2.
Nhan xét —1 <cosr <1< 0<cosz+1<2=0< (cos:c+1)2 < 4.
Dodoy=2—(cosx+1)2<2—-0=2.
Vay gia tri 16n nhat ctia ham s6 da cho 1a 2.

Chon dap an @ O
Cadu 68. Gia tri 16n nhat va gia tri nhé nhat ctia ham sé y = sinz trén doan {—g, —g} lan luot 1a
1 V3 V3 V3 V2 V3
oY Ve V2. _yi._vo
@ 2’ 2 2 © -5 ©-Fi-3
® Loi gidi.
Trén doan [—g; —g}, ham s6 y = sinx dong bién nén
© max y=sin(-F) =

Chon dap an U
Cadu 69. Goi M, m lan lugt 1a gia tri 16n nhat va gia tri nhé nhat cia ham s6 y = sinz —cos x+3. Tinh M -m.

7. (B) —4. © -7 (D) 6.
® Loi gidi.
Tacéy:sinw—cosw—I—?):\/isin(m—%)+3.Dod6M=\/§+3vém:—\/§+3.

Vay M -m =17.
Chon dap an @ O
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, Iam ddng, Iam nhanh

Bii s6 e PHUONG TRINH LUGNG GIAC CO BAN
— °

A -PHUONG TRINH TUONG DUONG

|| 4> Pinh nghia 4.1. Néu phuong trinh (cting 4n) dudc goi 1 tuong duong néu ching c6 cting tap nghiém.
Néu phuong trinh fi(x) = g1(x) tuong duong véi truong trinh fo(z) = go(z) thi ta viét
Ni(@) = g1(z) & fa(z) = g2 ().

Trong céc phép bién ddi phuong trinh, dang chd ¥ nhat 1a cac phép bién déi khong lam thay ddi tap nghiem ciia
phuong trinh. Ta goi chiing 1a céc phép bién doéi tuong duong. Nhu vay, phép bién ddi tuong duong mot phuong
trinh thanh phuong trinh tuong duong véi né.

Dinh Ii sau day néu len mot sé6 phép bién doi tuong duong thuong st dung:

$ Pinh 1i 4.1. Néu thuc hién cac phép bién doi sau day trén mot phuong trinh ma khong lam thay doi diéu
kién ctia no thi ta dugc mot phuong trinh tuong duong.

@ Cong hay trir hai vé véi ciing mot s6 hodc ciing mot biéu thiic;

©@ Nhan hodc chia hai vé véi ciing mot s6 khac 0 hodic véi ciing mot biéu thic Iuén c6 gié tri khac 0.

B-PHUONG TRINH SIN X = M/

Phuong trinh sinx = m
e V6i |m| > 1, phuong trinh sinxz = m vo nghiém.
) T . C L .
e V6i |m| <1, goi «v 1 s6 thuc thuoc doan [—5; 5} sao cho sin o = m. Khi do, ta co6:

T =oa+ k27

keZ).
x:w—a+k27r( )

sinz = m < sinx =sina & l

Cac truong hgp dic biet :

Sin Sin i
B
A A
o) cos O cos o) cos
BI
sinz=1&x =75+ k27 sinz=-1&z=—-5+k27 ‘sina::()(:)a::k‘ﬂ
x) =g(x) + k27
®@ Ta c6 sin f(z) = sing(x) & f(@) = g() (keZ).
f(z) =7 — g(x) + k2r
® Néu z 1a géc lugng giac c6 don vi do 1a do thi ta c6 thé tim goc lugng gide 2 sao cho sinz = sina®
nhu sau:
x = a® + k360°

(keZ).

sinz =sina® &
L: = 180° — a° + k360°

y J/ J J
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y J/ J J

C-PHUONG TRINH COS X = M

Phuong trinh cosz =m
e V6i |m| > 1, phuong trinh cosz = m vo nghiém.
e Véi |m| <1, goi a 1a 86 thyc thuoce doan [0; 7] sao cho cosa = m. Khi d6, ta c6

T =o+ k27

(ke Z).
T =—o+ k27

COST = M < COST = COS (X <~ [

Cac dang phuong trinh dac biét :

Stn 0
St

A an
Q} cos A'\ O cos Q J

cos

B/
‘cosx:1<:>x:k27r‘ ‘cosxz—l@xzw—kk%r‘ cosz=0&z=75+kr
x) =g(x)+ k27
a) Ta c6 cos f(z) = cosg(x) & f(@) = g() (ke Z).
f(z) = —g(@) + k2
b) Néu z la goc lugng gidc c6 don vi do 1a do thi ta c6 thé tim géc lugng giac = sao cho cosz = cosa®
nhu sau:
. x = a’ + k360°
cosx = cosa’ & . . (keZ).
= —a + k360

D-PHUONG TRINH TAN X = M

) T . . .
Goi a la so thyc thudc khoang <—§; 5) sao cho tana = m. Khi d6 v6i moi m € R, ta c6

tanx = m < tanz =tana < x = a+ kv (k € Z).

Néu z 1 goc luong giac c6 don vi do 1a do thi ta c6 thé tim goc luong gidc x sao cho tan z = tan a® nhu sau:

tanz = tana® < = = a° + k180° (k € Z).

E-PHUONG TRINH COT X = M

Goi « la s6 thyc thuoc (0;7) sao cho cot a = m. Khi d6 v6i moi m € R, ta co:
cotr =m & cotr =cota o x=a+kr (keZ).

Néu  1a géc luong gidc ¢6 don vi do 1a do thi ta c6 thé tim géc lugng gidce = sao cho cot z = cot a® nhu sau:

cotx = cota® < x =a’ + k180° (k € Z).

2 Dang 1. Biéu kién cé nghiém cuta phuong trinh lvong gidc co ban

© Phuong trinh sinz = a ¢6 nghiém < |a| < 1.

© Phuong trinh cosz = b ¢6 nghiém < |b| < 1.

140/764 ‘ B Todn 11 theo chuong trinh GDPT2018‘



Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

I®» Vidumaéau

Vidu 1 (NB). Tim tat ca cac gia tri thyc ctia tham s6 m dé phuong trinh sin x = m c¢6 nghiem.

o Loi gidi.

Phuong trinh sinz = m c6 nghiém < —1 <m < 1. O
Vidu 2 (TH). Tim tét ca cac gia tri clia tham s6 m dé phuong trinh sinz —m = 1 ¢6 nghiém.

® Loi gidi.

Tacésine —m=1&sinz=m+ 1.

Vi —1 <sinz < 1 nén phuong trinh sinz = m + 1 ¢6 nghiém khi:—1<m+1<1& -2<m <0. ]

Vidu 3 (TH). Tim tat ca cac gia tri clia tham s6 m dé phuong trinh 3sin® z = 2m — 1 ¢6 nghiem.
® Loi gidi.

2m — 1

Ta c6 3sin?z = 2m — 1 < sinx = m3

2m —1 <1 m <2 ,
Dé phuong trinh c6 nghiém thi 3 & 1 =-<m<2 U

2m — 1 m> = 2

>0 =
3 = 2
Vidu 4 (NB). Tim m dé phuong trinh cosz — m = 0 vo nghi¢m.
® Loi gidi.
Phuong trinh cosx — m = 0 < cosz = m.
. S m < -1
Phuong trinh cosxz = m v nghiém khi Ol
m > 1.

Vidu 5 (TH). C6 bao nhiéu gia tri nguyén ctia tham s6 m dé phuong trinh cosz = m + 1 ¢6 nghiém?

® Loi gidi.

Phuong trinh cosz =m + 1 co nghitm < -1 <m+1<1< -2<m<0.

Mam e Z = m e {—-2;—-1;0}.

Vay c6 3 gia tri nguyén ciia tham sé m thda yéu cau bai toan. O

P Baitép tu luyén

Bai 1 (TH). Tim tat ca cac tham s6 m sao cho trong tap nghiém ciia phuong trinh sin 2z = 1+ 2m c6 it nhat mot
nghiém thudc khoang (0; g)
o Loi gidi.

. 1
Yéu cau cua bai toan duge thda man khi va chikhi 0<1+2m<1& —-1<2m<0& —3 <m<0.

1
Vay m € (—5;0}. O
Bdi 2 (TH). Tim m dé phuong trinh sin 3z — 6 — 5m = 0 c6 nghiem.
o Loi gidi.
Phuong trinh c¢6 nghiém khi va chi khi: —1 <6+5m <1< —g <m< -1 ]

Bdi 3 (TH). C6 bao nhiéu gia tri nguyén ctia m dé phuong trinh: 3sinz +m — 1 = 0 ¢6 nghiém?
® Loi gidi.

1—-m

Tacé 3sinzt+m—1=0<«<sinx = —3

. 1-m
bé phuong trinh c6 nghiém thi —1 < <le -2<m<A4.
Vay c6 7 gia tri nguyén ciia m dé phuong trinh cé nghiém. O
Bdi 4. Tim tat ci cac gid tri thuc clia tham s6 m dé phuong trinh sinz = m c6 nghiém.
o Loi gidi.
Phuong trinh sinz = m c6 nghiém < —1 <m < 1. U

Bai 5. Tim tat cd céc gia tri ctia tham s6 m dé phuong trinh sinz — m = 1 ¢6 nghiem.
® Loi gidi.
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y J J J
Tacosine —m=1<sinx =m+ 1.

Vi —1 <sinz < 1 nén phuong trinh sinz = m + 1 ¢6 nghiém khi:—1 <m+1<1& -2<m <0. O

B&i 6. Tim tat ca céac gia tri ctia tham s6 m dé phuong trinh 3sin?z = 2m — 1 ¢6 nghiem.

o Loi gidi.

2m —1

Ta c6 3sin®x = 2m — 1 & sin’z = m3 .

2m —1 <1 m <2 X
Dé phuong trinh c6 nghiém thi 3 & 1 -<m<2 O

2m — 1 m> = 2

>0 =
3 = 2
Bdi 7. Tim m dé phuong trinh cosz — m = 0 vo nghiém.
® Loi gidi.
Phuong trinh cosx — m = 0 < cosz = m.
) o m< -1
Phuong trinh cosx = m v6 nghiém khi O
m > 1.

Bdi 8. C6 bao nhiéu gia tri nguyén ciia tham s6 m dé phuong trinh cosz = m + 1 ¢6 nghiem?

o Loi gidi.

Phuong trinh cosx =m +1 co nghitm < —-1<m+1<1& -2<m<0.

MameZ=me {-2;-1;0}.

Vay c¢6 3 gia tri nguyén ciia tham s6 m théa yéu cau bai toan. O
Bai 9. Tim tat ci cac tham s6 m sao cho trong tap nghiém clia phuong trinh sin2x = 1 + 2m c6 it nhat mot
nghiém thudc khoang (0; g)

® Loi gidi.

N . ) - e 1eqa- 1
Yéu cau ctua bai todn duge théa man khi va chikhi0<1+2m<1& —-1<2m<0& —5 <m <0.

1
Vay m € (—5;0}. O
Bai 10. Tim m dé phuong trinh sin 3z — 6 — 5m = 0 c6 nghiem.
o Loi gidi.
7
Phuong trinh ¢6 nghiém khi va chi khi: —1 <6+5m <1< — <m< -1 O

Bai 11. C6 bao nhieu gia tri nguyeén ctia m dé phuong trinh: 3sina +m — 1 = 0 ¢6 nghiém?
® Loi gidi.
Lo . 1—-m
Tacé 3sinr+m—1=0<%&sinx = 5
. 1—
beé phuong trinh c6 nghiém thi —1 < m

<le -—2<m<4

Vay c6 7 gia tri nguyén ciia m dé phuong trinh cé nghiem. O

E® Cau hai tréc nghiém
Cau 1. Vé6i gia tri nao ctia m thi phuong trinh sinz —m = 1 ¢6 nghiém la
(Ao<m<1. (B)m <o0. ©m>1. —2<m<0.
® Loi gidi.
Tacésint —m=1<sinz=m+ 1.
Vi-1<sginz<l=-1<m+1<1=-2<m<0.
Vay dé phuong trinh sinz — m = 1 ¢6 nghiém thi —2 < m < 0.
Chon dap an @ O

Cdu 2. Phuong trinh Sil’lg = m ¢6 nghiém khi va chi khi.
11
(A)m e [-1;1]. (B) m e [-2:2). ©me[—§;§] (D)m € R.
o Loi gidi.
Ta c6 —1§sin§§ 1= -1<m<1. Vayme [-1;1].
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y J/ J J
U]

Chon dép an @

Cadu 3. V6i gia tri nao ctia m thi phuong trinh sinz — 2m = 1 ¢6 nghiem?
(Ao<m<1. (B)m <0. ©m>1. (D) -1<m<0.
o Loi gidi.
Phuong trinh sinz —2m =1 & sinz = 2m + 1.
Phuong trinh da cho ¢6 nghiém khi -1 <2m+1<1< -1<m <0.

Chon dap an @ Ol
CdAu 4. Tap hgp cac gia tri clia tham s m dé phuong trinh sin2z + 2 = m c¢6 nghiém 1a [a;b]. Khi d6 a + b
bang

A 3. (B)o. (©)2. D) 4.
o Loi gidi.

Ta c6 sin 2z + 2 = m < sin 2x = m — 2 ¢6 nghiém khi va chi khi
—-1<m-2<11<m<3&me]l;3].

Vay a+b=4.
Chon dap an @ O

Cdu 5. C6 bao nhiéu gia tri nguyen ctia tham sé m dé phuong trinh 3sin 2z — m? + 5 = 0 ¢6 nghiem?

o (®) 2. ©L ©7.

® LJi gidi.
2

-5

Phuong trinh da cho tuong duong véi phuong trinh sin 2z = m 5
2
-5 —2V/2<m < V2
Visin2z € [~1;1] nén > € [~1;1] = m? € [2;8] =
V2 <m <2V2.

Chon dap an O

Cdu 6. Cho phuong trinh 4 sin <a: + g) cos (ac - %) =a? 4+ /3sin2z — cos2z  (1). C6 tit ca bao nhieu gia tri

nguyén ciia tham sb6 a dé phuong trinh (1) c6 nghiem.
(A) 5. B)o. ©2. D) 3.
® Loi gidi.
Phuong trinh (1) < 2 [sing + sin (230 + %)] = a® +V/3sin 2z — cos 2z
& 2(1+sin2xcos%+cos2xsin%) = a? +V/3sin 2z — cos 2z

3 1
& 2 <1+ %_sin2x+§c052x) :a2+\/§sin2x—0052x

& 2+\/§sin2w+0082w:a2+\/§sin2w—cos2w
& 2cos2rx=a’®—2
o s T2 (2)
cos2r = = — —1.
2 2

Phuong trinh (1) ¢6 nghiém khi va chi khi phuong trinh (2) ¢6 nghiém

a® a?
<:>—1§5—1§1<:>0§3§2<:>a2§4<:>—2§a§2.

Via€Z=ac {-2;-1;0;1;2}. Vay c¢6 5 gia tri nguyén clia tham s6 a.
Chon dap an @ O
Cdu 7. Tim tat ca gia tri thuc ctia m dé phuong trinh cos 2z — m = 0 vo nghiém.

@me (—o0; —1) U (1; +00). me (1; 400).

©me[-1;1]. (D)m € (—o0; —1).
® Loi gidi.
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Ta cb6 cos2x —m =0 < cos2x = m.

m > 1
Do d6 phuong trinh da cho vo nghiém khi va chi khi |m| > 1 < - & m e (—oo;—1) U (1;+00).
m —_—
Chon dap an @ O

Cau 8. Cho phuong trinh cos <2x — g) —m = 2. Tim m dé phuong trinh c¢6 nghiem?

@Kh@ng ton tai m. (B) m € [-1;3]. ©m€ [—3;—1]. (D) m eR.
o Loi gidi.

T T
Ta c6 cos <2x—§> —m =2 <& cos <2x—§> =m+ 2.
Phuong trinh da cho ¢6 nghiém khi -1 < m+2<1& -3<m< —1.
Chon dap an @ O
Cdu 9. Tim tat ca gia tri ciia a dé phuong trinh sau c¢6 nghiém cos? 3z = 2a? — 3a + 1.
1 3 3 3

@aE[O;l]. ae{();ﬂu[l;ﬁ] @ae[O;ﬂ. @ae[O;l]Ub;—i-oo).
D Loi gidi.
14 cos bz

2
& 1+ cosbr = 4a® — 6a + 2

& cosbr =4a® —6a+1. (%)

Ta ¢6 cos? 3z = 2a% — 3a + 1 =92a%> —3a+1

Phuong trinh da cho ¢6 nghiém khi va chi khi phuong trinh (%) ¢6 nghiem

1
a< g 1
40 —6a+1> -1 40> —6a+2 >0 2 0<a<g
9 9 & a>1l & 3
4a” —6a+1<1 4a” — 6a <0 3 l<a<?2.
0§a§§ 2

Chon dap an O
& Dang 2. Phuong trinh lvong gidc co bdn

r=a+k2r r = o’ + k360°
@ sinz =sina & keZ). @ sinz =sina® & keZ).
R L:W—a-l—k%r( ) e L::180°—a°+k:360°( )
a4 k2 = a° + k360°
@ cosz=cosa s | g (keZ). @ cosz=cosa® & | (keZ).
x=—a+ k27 xr = —a° + k360°
@ tanz =tana &z =a+kr (k € Z). ® tanz =tana® & x = a® + k180° (k€ Z).
@ cotz =cotaez=a+kr (k€Z). @ cotz =cota® & x=a®+k180° (k€ Z).
I®» Vidumaéau
Vidu 6 (NB). Giai phuong trinh sinz = 1.
® Loi gidi.
Tacésinx:u:m:g+k2w,(keZ). O
Vidu 7 (NB). Giai phuong trinh cosz = 1.
® Loi gidi.
Ta c¢6 cosx =1 < x = 2km, (k € Z). O

Vidu 8 (TH). Giéi phuong trinh sin <%Tx — g) =1

® Loi gidi.
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y J/ J J
taco 3 3 3 5 10 k8
xr x T w x ™ T ™
in(F ) c1e X T pore 2 2T ke = " ke7).
sm<4 3) T3 2+k‘ Te 5 +k2r s T3 (keZ)
0
Vidu 9 (NB). Giai phuong trinh tanz — 1 = 0.
® Loi gidi.
Tacétanm—le@tana:zl@x:%+k7r,(kEZ). O

Vidu 10 (TH). Giai phuong trinh v/3tanz — 1 = 0.
® Loi gidi.

Diéu kien: z # g +kr (k€ Z).

V6i diéu kien x # g + k7 (k € Z) thi phuong trinh

1
\/§tana:—1:0(:)tanx:—@tanx:tanz(:)x:z—kkm,(kEZ).

V3 6 6
Vay phuong trinh ¢6 nghiém la z = % +kn (k€ Z). O
Vidu 11 (TH). Giai phuong trinh cot 3z = cot z.
® Loi gidi.
sin3m7é0® x;«ék%
sinx # 0 v # kn .
Phuong trinh da cho tuong duong

Diéu kién xac dinh {

cos 3x CoS T . . . T
- = — & sinzcos3z —cosxsin3zr =0&sin2e =0z =k—, (k€ Z).
sin 3z sin x 2

Két hop diéu kién ta dudc cac nghiém ctia phuong trinh x = g +km, (k€ Z). O

Vidu 12. Tim gbc lugng giac x sao cho:

a) sinz = sin 55°%; c) tanx = tan67°;
b) cosz = cos(—87°); d) cotz = cot(—83°).
® Loi gidi.
= 55° 4+ k360° = 55° 4+ k360°
a) sinx = sin 55° < ’ . . . e v . . (keZ).
x = 180° — 55° 4 k360 x = 125° + k360
= —87° + k360° = —87° + k360°

b) cosz = cos(—87°) < ! . & v . . (keZ).

z = —(—87°) + k360 z = 87° + k360

c) tanx = tan67° < v = 67° + k180°, k € Z.

d) cotx = cot(—83°) & x = —83° 4 k180° (k € Z).

Vidu 13. Giai cac phuong trinh sau:

a) sin (z + 20°) = %; b) sin (z + 30°) = sin (x + 60°).

® Loi gidi.
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a) Ta co:
. o 1 . o . o
sin (z + 20°) = 5 © sin (z + 20°) = sin 30
x + 20° = 30° + k360°
x 4 20° = 180° — 30° + k360°
x = 10° + k360°
. o (keZ).
x = 130" + k360
b) Ta cé:

sin (z + 30°) = sin (z + 60°)

i

x +30° = x + 60° + £360°
L: +30° = 180° — (z + 60°) + k360°
- [— 30° = k360° (vo nghiem)
22 = 90° + k360°
& z=45°+ k180° (k € Z).

O]
Vidu 14. Giai phuong trinh sin 2z = sin(60° — 3z).
® Loi gidi.
Ta c6
. , 922 = 60° — 31 + k360° 52 = 60° + k360°
sin 2z = sin(60° — 3z) < . . .= o .
2z = 180° — (60° — 3z) + k360 —x = 120° 4 k360
r=12°+ k72°
. . (kez).
x = —120° — k360
0]
Vidu 15. Giai phuong trinh cos 2x = cos (45° — x).
® Loi gidi.
2x = 45° — k360°
cos2x = cos (45° — z) < ’ v
21 = — (45° — z) + k360°
3z = 45° + k360° x = 15° 4+ k120°
& & (keZz).
x = —45° + k360° x = —45° + k360°
O]
P® Bai tap tu luyén
Bai 12. Giai cac phuong trinh sau:
a) sinz = 5 b) sinz = -3 ¢) sin 2z = sin 3z.
o Loi gidi.
1 1
a) Vi§ = sin% nén phuong trinh sinz = 5= sin% c6 cac nghiém la: x = %+k27r, keZvar=m— % +k2m =
5% + k27, k € Z.

3 3
b) Vi-— 5 < —1 nén phuong trinh sinx = D) vO nghiém.

¢) sin2x = sin3x & 3z = 2x + k2m,k € Z hodc 3z = 7 — 2z + k2n,k € Z < x = k2w, k € Z hoic
™ 2
5 5

2
T=g + k%,k € Z Vay phuong trinh c6 cac nghiém la: x = k2w, k € Z va x = % + kl,k €.

Bai 13. Giai cac phuong trinh sau:

e
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a) sin$:\/7g b) sin (z + 30°) = sin (z + 60°)
o Loi gidi.
. V3
a) sine = —
T $:z+k2ﬂ'
. . 3
& sing =sin— & 5 keZ
3 o=tk

2
Vay phuong trinh c¢6 cac nghiém la: x = % + k2 ke Zvax = ?Tr + k2w, k € Z.

b) sin (z + 30°) = sin (z + 60°).

x4 30° = 180° — z — 60° + k360°
[ —30° = k360°(1)

[x+30°zaz+60°+k360°

x = 60° 4+ k180°

Vay phuong trinh ¢6 cac nghiém la: x = 60° 4+ k180°, k € Z

O
Bai 14. Giai cac phuong trinh sau:
a) cosz = _%' b) cos2x = cos (z + 60°). ¢) cos3z =sinzx.
o Loi gidi
1 2 1 2 2
a) Vi -3 = cos?ﬂ' nén phuong trinh cosx = 3 = cosg c¢6 cac nghiém la z = ?ﬂ + k2m,k € Z va
2
z = —?” ko ke 7.
b) cos2x = cos(z +60°) < 2z = x + 60° + k360°,k € Z hoac 2z = — (z+60°) + k360°,k € Z & = =
60° + k360°, k € Z hoac x = —20° + k120°, k € Z.
Vay phuong trinh ¢6 cac nghiém 1a z = 60° + k360°, k € Z va x = —20° + k120°, k € Z.
c) cos3z = sinx < cos3r = cos (g —m) & 3 = g —x+ k2w, k € Z hoac 3r = — <g —x) + k2n,k € Z

<:m:%Jrkg,keZhoacx:—%er,keZ. Vay phuong trinh ¢6 cac nghiem lam:g+kg,k€Zva
x:—%mw,kez.

Bai 15. Giai cac phuong trinh sau:

a) cosz = —3 b) cosx = cos 15° ¢) cos <:c + 1) = co s
12 12
® Loi gidi.
a) cosx = —3 Vi | — 3| > 1 nén phuong trinh cosx = —3 vd nghiém.

= 15° 4+ k360°,k € Z
b) cosz = cos15° & v i Vay phuong trinh ¢6 cac nghiém la x = 15° 4+ k360°, k € Z
x = —15°+ k360°,k € Z

vaz = —15° + k360°, k € Z
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J
3 x+”——+k2wkez v=—tk2mkel
c) cos ( ) =cos— & 7%2 % & QW Vay phuong trinh
12 12 e+ =T i por ke r=—+k2m kel
12 12 3
cécécnghiémlax:%+k2w,k€Zv§x:?+k2ﬂ,k€Z.
3 vt == hor ke
d) cos (x—l— 12) :cosl—g & 12 1g7r
—=——+4+k2n, ke’
x+12 12+ m k€
O]

Bai 16. XGiai cac phuong trinh sau:

a) tanz = V3. b) tan2z = tan %

® Loi gidi.
a) ViVv3= tang nén phuong trinh tanz = /3 = tang ¢6 cac nghiém la x = g + kn, k € Z.

27 = tan — < 2w = —— Z
b) tan2x = tanll(:)a: 11+k7rk€

S ,keZ.
<X 22+ €

Vay phuong trinh ¢6 céc nghiém la z = % + k:g, ke Z.

Bai 17. Giai cac phuong trinh sau:

a) tanz =0 b) tan (30° — 3x) = tan 75°
® Loi gidi.

a) tanr =0 =km,k€Z

b) tan (30° — 3z) = tan75° < 30° — 3z = 75° + k180°,k € Z < x = —15° + k60°, k € Z Vay phuong trinh c6
cac nghiém la x = —15° + k60°, k € Z.

O
Bai 18. Giai cac phuong trinh sau:
T
a) cota::—? b) cot3x:cot?.
o Loi gidi.
2 2 2
a) Vi —? = cot ?77 nén phuong trinh cotx = —? = cot ?77 ¢6 cac nghiém la x = ?ﬂ +km,keZ
b) cot3z = cot% & 3 = §+k7r,k; €l s x = ﬁ +k:3 k € Z. Vay phuong trinh c6 cac nghiém la
SRR kel
= g1 Hhgihe
c)
O

Bai 19. Giai cac phuong trinh sau:

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

a) cotr =1 b) cot (3 + 30°) = cot 75°.
® Loi gidi.

a) cotx =1 (:)cotx:cot% @xz%—i—kw,k € Z Vay phuong trinh c6 cac nghiém lﬁﬂ,’:%—Fkﬂ',k €.

b) cot (3x + 30°) = cot 75°. < 3z +30° = 75° + k180°,k € Z < x = 15° + k60°, k € Z Vay phuong trinh c6 cac
nghiém la z = 15° + k60°, k € Z

U]
Bai 20. Giai phuong trinh cot 3z = cot .
o Loi gidi.
T
N sin3z # 0 T # k-
Dieu kién xac dinh . 7 = 7 3.
sinx # 0 x# kn
Phuong trinh da cho tuong duong
3
C(,)S - C?SIE & sinzcos3r —coszsindr =0&sin2z =0z = k‘z, (keZ).
sin 3x sinx 2
Két hop diéu kién ta dugc cac nghiém ctia phuong trinh x = g +krm, (k€ Z). O

Bai 21. Giai phuong trinh:

. s V3 . us 1 r w V3
o) sin (20 - §) == b) sin (32 + 7) = —3: ) cos(3+7) =5
d) 2cos3z + 5 = 3; e) 3tanz = —/3; f) cotz —3 =3 (1 —cotx).
o Loi gidi.
a) Ta co
. m V3
sin (21‘ — §) =->
. ™ _ . (T
& sm(2aj—§)—sm< 3)
_2x—z=——+k27r
o 3
T T
_2.(1?—5:7T+§+k271'
2r = k2w
~
2m:5—7r+k:27r
L 3
r=kr
& 51 (kez).
l’—g T
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4, Phuong trinh luong gidc co bén

Biét lam, Iam ddng, Iam nhanh

b) Ta c6

c) Ta co

d) Taco2cos3z+5=3<cosd3z=—-1<3x=nm+k2r sz =

y J/ J J

si (3 +7T)——1
in ( 3z 1) =3

& in(3 —1—2)— in(—z)

S T 1 =s 6
314 = = —= 4 k27

4 6

= T s
3:E—|——:7r—<——>-|—k:27r
L 4 6
3x:—5—7r+k27r

12

=
33::11—71-—}—]{:271'
L 12
M 5 k2m
=t

< 1ir kan BEZD)
rT=—+ —

L 36 3
T T V3
cos(3+7) ="

R A
cos 5 T2 —cos6
TR

o 2 4 6
e
L2 4 6
g:—%—l—kQﬂ'

R E
[0~ T T
x=—%+k47r

& 5 (kez)

T
r=——+kir
L 6
k2w

+ (keZ).

3

3
e) Ta cé 3tanz = —/3 < tanx = —\/?_ < tanz = tan <—%> S = —% +kr (k€ Z).

f) Ta c6

Bdi 22. Giai phuong trinh:

a) sin <2$ + g) = sinz;

cotx —3 =13 (1 — cotx)

t ¢t 02

b) sin 2z = cos 3x;

cotz —3 =3 —V3cotx
(14 V3)cotz =V3(1+V3)
cotx = \/3

t Tl
cotlx = cot —
6

x:%—i-kw(kEZ).

c) cos?2x = cos? (x + %)

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J J J
® Loi gidi.
a) Ta co
T
- 2x+%=w+k27r II):—%—F]CQ?T JU:—Z+]€27T
sin<2x+z):sinaz@ s & T & T ko (keZ).
2 — =7 — k2 3r=——+ k2 - 4+ —
:E—|—47Tw+7r X 4+7r T 12_|_3
b) Ta c6
sin2x = cos3x <« cos3dx = cos (g—%‘)
_3x=z—2m+k27r
2
At ™
3x:7r—<§—2x>+k;27r
_5x:g+k27r
= T
_IL‘:§+1€27T
i ™ k2w
r=-—4—
& "R ey
_m=§+k27r
77
- cos?xzcos(w—i—g) (1)
c¢) Ta c6 cos®2x = cos? (93+—)<:> T
6 cost:—cos(a:—kg). (2)
77
2x:x+%+k27r x=%+k27r l‘=g+k2ﬂ
+) (1)< ) ™ & ; T & - kop (KEZ).
— Z =——+ =—— 4=
= (o4g)Hhen o= Gk o s 3
s
- 2w:7r—<$+g>+k27r
+) (2) & cos 2z = cos [7r— (m+ —)} & -
6 2x:—[7r—<:c+g>]+k27r
5
3ZE:—7T-|-]{327T x:5_7r+k2_7r
& 6 & 18 3 (keZ).
57T+k_2 57T+k2
r=—— 77 =——
6 T T
O
Bai 23. Giai cac phuong trinh lugng gidc sau:
1 2
a) sin2x = 2 b) sin <x— g) = sin 77T; ¢) sindx — cos (l‘—|— %) =0.
® Loi gidi.
1
a) sin2r = —
2 T T
T 20 = — + k27 T=—+kr
& sin 2z = sin — < 5§r kel < 72r kel
6 20 = — + k27 rT=-——+kr
6 12
_ N . IR ™ . 5
Vay phuong trinh ¢6 cac nghiém la:xzﬁ—i—lm,kEZvax:E—i—kﬂ,keZ.
T 27 3T
T 2 r——-=—+knkeclk r=—+k2n,keZ
b) sin <x — —) =sin — & 77r 577T & 677r Vay phuong trinh c6 céac
7 7 m—7:7+k2w,k€Z x:7—|—k27r,k‘EZ
3 6
nghiémla:x:$+k2w,k€ZV\xz%—i—ka,kGZ.
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4, Phuong trinh luong gidc co bén

Biét lam, Iam dung, Idm nhanh

y J/ J J
- - - dr=x+ >+ 1 4 kon
c) sin4:c—cos(:r+—>:0<:>sin493:cos(:r+—>:sin<x—|———|——><:> 6 7? T kel
2 n k2ﬂ'
r= -tk o 2 2
& 9 23 ,k € Z Vay phuong trinh c¢6 cac nghiém la: x = —F+k—7r,k EZvax = 1—{—k—ﬂ,k eEZ
= T 9 73 15 5
15 )
O]
Bdi 24. Giai cac phuong trinh lugng gidc sau:
a) tanx = tan 55°; b) tan (21’ + %) =0.
o Loi gidi.
a) tanz = tanb55° < x = 55° + k180°, k € Z.
Vay phuong trinh ¢6 cac nghiém la: z = 55° + k180°, k € Z.
b) tan<2$+%> :O<:>2:U+%:kﬁ,keZ@w:—%—i—kg,keZ.
Vay phuong trinh c6 cac nghiém la: z = —g + kzg, ke Z.
O]

Badi 25. Giai phuong trinh:

V3,
27

a) sin (2:0— g) =—

d) 2cos3z+5=3;

. 7r 1
b) sin (33: + Z) =3
e) 3tanx = —/3;
® Loi gidi.

a) Ta co

x m V3
c) cos<§+z>=—3;

f) cotx —3 =3 (1 —cotx).

3
90 — & =~ | kor
- 3 3
2% — © =7+ =+ k2n
L 3 3
(20 = k2r
=
2:c=5—7r+k27r
L 3
(@ = kn
& 5 (kez).
.’L':F kﬂ'

e
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
b) Ta c6
. T 1
sin (Sx—i— Z) =3
& in(3 —1—2)— in(—z)
s vt )=s 6
Bz + = = —— + k2w
4 6
< T ™
3:E—|——:7r—<——>-|—k:27r
- 4 6
3x:—5—7r+k27r
12
g
33::11—71-—}—]{:271'
L 12
r 5 k2w
T3 3
< lir | k2n (k€2
rT=—+——
L 36 3
c) Ta co
x w V3
cos(3+3) =5
o cos(247) zcos”
cos (5 + ) =cos¢
-£+E=z+k27r
o |2 4 6
e
L2 4 6
g:—%—l—kQﬂ'
R E
2~ T2 T
x=—%+k47r
& 5 (kez)
T
r=——+kir
L 6
. T K27
d)Taco200s3x+5=3®cos3x:—1<:>3:U:7r+k27r<i)x=g—i—T(keZ).

3
e) Ta cé 3tanz = —/3 < tanx = —\/?_ < tanz = tan <—%> S = —% +kr (k€ Z).

f) Ta c6

cotx —3 =13 (1 — cotx)
cotz —3=+3—V3cotz
(14 V3)cotz =V3(1+V3)
cotx = \/3

t Tl
cotlx = cot —
6

t ¢t 02

x:%—i-kw(kEZ).

Bai 26. Giai cac phuong trinh lugng gidc sau:

T V3 _ 5w 9
a) cos <x+ §) =5 b) cos4x = cos 13 c) cos
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

® Loi gidi.
3 J3 4= yk2m kel i kmkeZ
- == : r=— ,
a) cos(w—l—E)=—3<:>cos(x+z)=—3:cos<z)<:> 2 64 < Gy
3 2 3 2 6 m—i-g:—g—i—k%r,kez x:—§+kz27r,kEZ

Vay phuong trinh cé cac nghiém la: x = %ﬂ +k2m ke Z vax = —g + k2m, k € Z.

o
Az = cos =
b) cosdz c0s 75 -
4x =—+k27rkeZ
& 12
_4x:——+k27rk€Z
- 5m
=— k: JkeZ
& i’
x———”+k- ke
LT 48
o o
Vay phuong trinh c6 cac nghiém la: x—E—i—k kGZvaw——4—8+k k€ Z.

¢) cos’r =1 cosz =+l < 2 =knkeZ
Vay phuong trinh ¢6 cac nghiém la: x = kw, k € Z.

Bai 27. Giai cac phuong trinh lugng giac sau:

1
a) cot <§a: + %) =—1. b) cot 3z = —\/—g.

® Loi gidi.
) t(l +7r>— le t(l +7T>— 1= t_w<:>1 t e T knkeZor=-—r+k2n kel
a) CO 2.%‘ 4 = CO 2£L‘ 4 = = CO 4 21‘ 4 = 4 ™, r = —T ™,

Vay phuong trinh c¢6 cac nghiém la: x = —w + k27, k € Z.

b) cot3x=—§
2
@cot?)m——\/?g—cot?ﬂ
@3x:2§+kw,kez
2 T
Sr=—+k=-,keZ
x 9 + 3 S

2
Vay phuong trinh c6 cac nghiém la: z = g + kg, kel

Bai 28. Giai cac phuong trinh sau:

x N
2 Smx:xf ) \/§tan<§+15>—1.
Y
b) 2cosz = —V/2. d) cot(2z — 1) = cot -
® Loi gidi.
.%'Zz—i-kQﬂ'
. 3 . (T 3
a) s1n:z::—<:>sm:1::sm(—> & k€ Z.
2 3 2

y J/ J J

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
T = 57 + k2w
5 - 27
b) 2cosx:—\/§(:>cosx:—\/—_@cosa::cos(g—ﬂ>(:> 4 k€ Z.
2 4 3T
xr=——+Kk27m
4
1
¢) V3tan (g + 150) =14 tan (g + 150) = 5 & tan (g + 150) — tan (30°)
& g 4+ 15° = 30° 4+ k180° < x = 30° 4 k360°, k € Z.
d) cot(2z — 1) = tl o —1="2 1k —1+—7T—+E kelZ
cot(2x = cot o x =¥ me=g+15t 9™ )
[l
Bai 29. Giai phuong trinh cot z = cot <_§) tren khoang (0; 37).
® Loi gidi.
T T
Ta c6 cot z = cot (——) Sr=—=+km kel
6r 137 20w
Vizx e (0;3 é E{—;—;—}. O
iz € (0;37) nén x 7 T
Bdi 30. Phuong trinh cot z = v/3 ¢6 bao nhiéu nghiém thudc [—20187; 20187]?
® Loi gidi.
Diéu kién sinz # 0 < x # kn, k € Z.
1 U
cotr=+vV3etanz=—<ar=—+knkeZ.
V3 6
Vi 2 € [—20187; 20187 nén k € [~2018;2017]. Do d6 ¢6 4036 nghiem. O
Bdi 31. Tong céc nghiem clia phuong trinh tan 5z — tanz = 0 trén nita khoang [0; 1) bing
® Loi gidi.
5x;éz+k7r ac;:rélelcE
Diéu kien 2 o 1072 rez
x F# 5 + km x F# 5 + km

k
Ta c6 tan 5z — tanz = 0 < tan5z = tana < 5z = o + kr < 2 = — (keZ).

P N 3
Do x € [0; ) va két hop véi dieu kién suy ra x € {0; %; Zﬂ}
T 37

Vay téng cac nghiem 1a 0 + 1 + 5= O

EB Cau hai tréc nghiém

Cdu 10. Phuong trinh sinz = sin a® tuong duong véi

x = a® + k360° x = a® + k60°
keZ). keZ).
®lm:—a°—l—k60°( ) L:180°—a°+60°( )
©$:a°+k1800 (k€Z). @m:—a°+k1800 (keZ).
® Loi gidi.

x =a’ + k360° (e,
x = 180° — a® + k360°
Chon dap an O
Cau 11. Hoéi 2 = 45° 1a nghiém ciia phuong trinh nao sau day?
@sinle. cosa:zl. ©Sinx-cosx=%. @sin2x=0.

o Li gidi.

Ta c6 sinz = sina® < [

1
Ta co6 sinz - cosx = 5 Ssin2r =1 < 22 = 90° + k360° < x = 45° + k180°.

1
Do d6 x = 45° 1a nghiém cha phuong trinh sinx - cosx = 3

Chon dép an @ O
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J
Cau 12. Tim tap nghiém S ctia phuong trinh cos 3z = cos 45°.
(A) S = {15° + k120°;45° + k120°, k € Z}. S = {—15° + k120°; 15° + k120°, k € Z}.
(C) S = {15° + k360°; 45° + k360°, k € Z}. (D) S = {—15° + k360°; 15° + k360°, k € Z}.
® Loi gidi.
3x = 45° + k360° x = 15° + k120°
cos 3x = cos 45° & . . & . , (keZ).
3z = —45° + k360 x=—15°+ k120
Chon dap an O
. 1
Cadu 13. Tim tap nghiém S ctia phuong trinh cos (2x — 30°) = —5
(A) S = {—45° + k360°; 75° + k360°, k € Z}. S = {—45° + k180°;45° + k180°, k € Z}.
(C) S = {—45° + k180°; 75° + k180°, k € Z}. (D) S = {—75° + k180°; 75° + k180°, k € Z}.
® Loi gidi.
Ta c6
1 21 — 30° = 120° + k£360° x = T75° + k180°
cos (22 —30°) = —= & . . L e . . (keZ).
2 2z — 30° = —120° + k360 x = —45° + k180
Chon dap an @ O
. o \/_
Cdu 14. Phuong trinh sinxz = 6 tap nghiém la
@S { +k27r,56 + k27, k } S={g+k2ﬂ';—g+k27r,k€Z}.
2
©S { + k2, 3+k27rk€Z} @S:{g—f—kﬂﬂ';—?ﬂ--f-kQﬂ',kEZ}.
® Loi gidi.
r=—+ k2w
o 3 . LT 3
Ta c6 sinr = — & siny = sin — & (keZ).
) 3 27
Chon dép an @ O
Cau 15. Phuong trinh 2sinz — 1 = 0 ¢6 tap nghiém la
o T 27
(A)S = { + hom +l<:27r,k€Z}. S:{§+k2w;—?+k2w,kez}.
1
©)s= { + k2 —g+k27rkeZ} @S={§+k2w,keZ}.
o Loi gidi.
1 T T = g + k2m
Ta c6 2sinz — 1 =0« sine = = & sine =sin - & 5 (keZ).
2 6 _ o
=% + k27
Chon dap an @ O
Cdu 16. Tap nghiém ctia phuong trinh sinz = 0 1a
@m:g-l—km(k:EZ). (B) = kn(k € 2). @xz%-{—k?w(k’GZ). @m:kzZTr(k:EZ).
® Loi gidi.
Ta c6 sine =0=x =km, (k€ Z).
Chon dap an O
Cdu 17. S6 nghiém ctia phuong trinh sin 2z = 0 théa man 0 < z < 27 14?
A 2. ®) 1. (©)s. D)o.
® Loi gidi.
Tacosin2r =020 =kr & o=k kel
Dol <z <2m=0<k; <2w;»o<k<4ﬂ>k_{1;2;3}.
Chon dap an @ Ol
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
Cadu 18. Nghiém ctia phuong trinh sing =11a
@az:w-l—k:47r,k‘EZ. x:k:27r,k€Z. @x:g-l—kﬂ',kGZ. @ng-l-kQTr,kGZ.
® Loi gidi.
. X xr
Phuong trinh sin 5 = 1 5= §+k27r(:>x=7r+k47r,k: € Z.
Chon dap an @ Ol

o 1
Cau 19. Nghiém ctia phuong trinh cosx = = la

@m:ig+k27r,kez. x:ingkzw,keZ. @w:i%+k2w,kzeZ. @:B:j:%+k27r,k‘EZ.
® Loi gidi.

T x =24 k2r
Ta c6 cosx = cos - < 3 (keZ).
3 .’E:—§+k2ﬂ'

Chon dap an O
Cadu 20. S6 nghiém ctia phuong trinh cos (x + Z) =1véim <z <5rla

(A)o. B 3. ©1 D) 2.
D Loi gidi.
7r 71' 71'
Phu’dngtrinhcos(ac+1> =1<:)x+Z=k27r®x=—Z+k27r,k€Z.
5 21
Maﬂ'gm§57rnén7r§—2+k:27r§5ﬂ'<:>§Skzgg;kEZékE{lﬂ}.

Vay phuong trinh da cho ¢6 2 nghiém trén [r; 57].

Chon dap én@ O]
Cau 21. Phuong trinh cosz — 1 = 0 ¢6 nghiém 1a

Az =kr, k € Z. (B) z = k2m, k € Z. ©:c:g+k27r,kEZ. D)z =n+k2r, ke Z.
o Loi gidi.

Tacécosr—1=0<cosx=1<x=k2r kecZ.
Ch()ndépén O]

pa

Cdu 22. Tap nghiém ctia phuong trinh cos 2z = 5 1a
Az =+ +kr, ke :czi%—l—lm,keZ. ©r=-"tkr kel @x:%—i—lm,keZ.

e 12 12
® Loi giai.
Tac()cos2x=§®2m:i%+k2ﬂ®x=i%+kﬂ, k€ Z.
Chon dap an @ O
~ 1
Cdu 23. Tap nghiém ctia phuong trinh cos 2z = 3 la
@x:i%+kﬂ(k€Z). xzi%—kkw(kéR).
©x=%+lm(k¢€2). @xzi%—kk?w(k:eZ).
® Loi gidi.
B 1 s s us
Ta c6 cos233:§ :cos§<:>2x:j:§-|—k:27r<:>a::j:6—l—k7r, (keZz).
Chon dap an @ O
Cdu 24. Téng nghiem am 16n nhat va nghiem dwong nhé nhét ciia phuong trinh 2cosz — /3 =0 1a
T 9 0 o7 _om
3 ' 6 3
® Loi giai.
3 T T = z—i—k27r
Ta c6 2cosz — /3 =0 coST = ~—— & COST = COS — < 67T
2 6 xr = —E —+ k27T
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4. Phuong trinh luong gidc co bdn Biét lam, Iam ddng, Iam nhanh

¥ L Ll

Suy ra nghiém duong nhé nhat ctia phuong trinh 1 o = % nghiém am 16n nhat ciia phuong trinh 13 z = _6'

Vay tong can tim l1a S = E + (—%) =0.

Chon dap an O
~ . 2
Cdu 25. S6 nghiém cuia phuong trinh cosx = R trén khoang (—g; 277) 1a
A 2. ®) 1. (©a. D) 3.
o Loi gidi.
2
Ta c6 cosz = R S = :l:arccosS + k27, k € Z.

2 2
Vize (—g; 27r) = T = arccos 5; T = — arccos 3 + 27 1& thdéa man.

Chon dap an @ Ol
Cdu 26. Téng cac nghiem thuoe khoang (0; 27) clia phuong trinh 5cosz — 2 = 0 1a

(A) S = 3. (B) S = 2r. (©s=0. (D) § = 4r.
o Loi gidi.
Ta co 5cos;1:—2=0<:cosx=gﬁxzztarccos <§) + k27, k € Z.

2 2
Xét trén (0;27) phuong trinh ¢6 hai nghiém z = arccos <5> VA T = — arccos (S) + 2.

. . N 2 2
Do vay tong tat ca cac nghiém cta phuong trinh bang arccos <5> — arccos <5> + 27 = 27.

Chon dap an O

Cdau 27. Tinh tdng S tat ci cic nghiem trén khoang (0;37) clia phuong trinh 2cos 3z = 1

@ 5= 12 ® 5= 120 © 5= 122 © 5= 2"
9 R o9 R

® Loi gidi.

1 32 = = + k2 T=C 4 kel
Ta ¢6 2cos3z =1 & cosde = = & 3 = 977 k327r
3x:—§+k27r = kel

Suv ra S — (7T n Ik n 137 n 197 n 2577) (57r n 11r 17w i 2371') 1217
YEPT 0T Ty T T 9 9 "9 "9
Chon déap an @ .

Cdu 28. Tap nghiém S ciia phuong trinh ﬁtang +3=0.

A S = {——+k37rkeZ} B)S= {———HmkeZ}

(©)S = {—r+k3r.k € Z}. D s = { +k7rk:eZ}
® Loi gidi.
Tacéx/gtan§+3:(]<:>tan§=tan(—g>@gz—g—i—kﬂ'@ac:—ﬂ'—i—k&r,kez
Chondépén@ O

Cdu 29. Nghiém ctia phuong trinh tanx = tang 1a
@x:ig—i—kQﬂ,keZ. x:%+k2w,k€Z. @ng—i—kw,kez. D)z =—= +k2rm,k € Z.

6
o Loi gidi.
w T
Ta c6 tanx:tan§ Sr= g—l—kw,k €.
Chon dap an @ O]

Cdu 30. Phuong trinh tanx = 1 ¢6 nghiém la

@m:%-l—k%r. IE:—%-I-,I{EQTF. @x:—%-l-knr. @x:%-l—km.
® Loi gidi.
Tacétanle@mz%—i—lm,kez
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
U]

Chondépén@
Céu 31. Phuong trinh v/3tan2z —3 =0 ¢6 nghiém la
@x:%+k7r(k€Z). x—z+—(k‘EZ) @x—er—keZ) @IL‘:%—i—kﬂ'(kGZ).

o Loi gidi.

Tacé\/gtan2x—3=0<:>tan2x=tang®2m=g+kﬂ®m=%+k§,kez.
km

Vayw—g—i— , k€.

Chon dap an O

Céu 32. Cho phuong trinh v/3tan 2z = 3 ¢6 nghiém g khi d6 cos zo nhan gié tri 1a
—/3 NEI! V3 1
(:)—. ‘:’ +— 4. (:):I:—. (:):i:—.
2 2772 2 2
® Loi gidi.
3 T
Ta c6 \/gtan2x:3<:)tan2x:—<:>2x: —+kre =
V3 3

7
Suy ra zg € { + 2k7r L 2km; — + 2k7r T4 2krlk € Z

6
\/31}

Do vay cosxg € {:t—; +—

+k

N

H/—/c”:]

2 2
Chon dap an O

Cdu 33. Toéng cac nghigm clia phuong trinh tan 2z = tanz trén [—7; 27] 12

@ . ‘ g @ 4. @ 2.
® Loi gidi.
km

2z # 0 T# o+
COS n P
70, 42 (keun).

cosx # 0 z g iy -

Khi d6 tan2x = tanx < 2r =z + kn < x =k, k € Z.
Do z € [—m;2x] nén x € {—m;0;m; 27}

Vay tong céc nghiém clia phuong trinh trén [—m; 27 13 27.

Diéu kién xac dinh {

Chon dép an @ O
Cadu 34. Nghiém ctia phuong trinh tan 3.’1} = tanx la
k
®$=kﬂ,k€Z. x— kGZ @wz%,kEZ. @$=/€27T,kEZ.

o Loi gidi.

x F# g + km
Diéu kién jr (k€ Z).

6 3

k
Tacétan3x=tan:v®3w:x+k7r(i)fc:g,keZ.

Két hop diéu kién, khi d6 phuong trinh c6 nghiém la z = km, k € Z.
Chon dap an @ O

Cdu 35. Nghiém ctia phuong trinh tan 2x = tan (g - ac) 1a

@x:%%—kg,kzez x:%+kg,k‘EZ. @wz%%—k%,kez @:L‘:%—l-k'g,k‘éz.

® Loi gidi.
T
2r # = +km T km
N 2 75 +
Dieu kien ¢ - T & 2 (keZ).
5—307554'7’” x;élmr

TacétanQX:tan(%—x)<:>2X:g—x+k7r(:>:c:%+k%,kez.

Chon dap an @ O
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J
Cau 36. Phuong trinh luong gidc v/3cotx — 3 = 0 ¢6 nghiem 1a
T T
@:U:§-|—k7r,(k€Z). :l?:g-l-kQﬂ',(k'GZ).
©x=—%+k2w,(kez). @az:%—i—km(keZ).
o Loi gidi.
Ta c6 \/gcotx—3:0<:>cot:c:\/§(:>x:%+k7r, keZ.
Chon dép an @ O
Cadu 37. Phuong trinh cot (% - 2x> =1 ¢6 nghiém
@x:g+k2w,kEZ. x:g—l—kw,kEZ. ©z=kn kel @x:kg,kez.
® Loi gidi.
5 T — T o9y =T _ T
Tacocot(z 2:16)—1<:>4 2x 1 krm < x kQ,kEZ.
Chon dap an @ Ol
Cdu 38. Phuong trinh sinz = sin a® tuong duong véi
x = a° + k360° x = a’ + k60°
keZ). kelZ).
@LZ_&O%OO( ) v 150° — 0 1 60> FED)
(©)x =a® + k180° (k € Z). (D) 2z = —a® + k180° (k € Z).
® Loi gidi.
] ] z = a® + k360°
Ta c6 sinz = sina® < o . . (kez).
x = 180° — a” + k360
Chon dap an O
Cau 39. Hoéi z = 45° 1a nghiém ctia phuong trinh nao sau day?
1
@sinle. coswzl. @sinx-coswzi @sin2x=0.
o Loi gidi.
1
Ta c6 sinx - cosx = 3 & sin2x =1 < 22 = 90° + k360° < o = 45° + k£180°.
1
Do d6 x = 45° la nghiém ctia phuong trinh sinx - cosx = 5
Chon dap an @ O
Cau 40. Tim tap nghiém S ctia phuong trinh cos 3z = cos 45°.
(A) S = {15° + k120°;45° + k120°, k € Z}. S = {—15° + k120°; 15° + k120°, k € Z}.
(C) S = {15° + k360°; 45° + k360°, k € Z}. (D) S = {—15° + k360°; 15° + k360°, k € Z}.
® Loi gidi.
3x = 45° + k360° x = 15° + k120°
cos 3x = cos 45° < . e . , (keZ).
3x = —45° + k360 xr=—15"+ k120
Chon dap an O
~ 1
Cdau 41. Tim tap nghiém S ctia phuong trinh cos (2z — 30°) = —3
(A) S = {—45° + k360°; 75° + k360°, k € Z}. S = {—45° + k180°;45° + k180°, k € Z}.
(C) S = {—45° + k180°; 75° + k180°, k € Z}. (D) S = {~75° + k180°; 75° + k180°, k € Z}.
® Loi gidi.
Ta c6
1 2z — 30° = 120° + k360° x = T75°+ k180°
cos (22 —30°) = —= & . . . & o . (keZ).
2 2z — 30° = —120° + k360 x = —45° + k180
Chon dap an @ Ol
Cadu 42. Nghiém ctia phuong trinh tan z = tan 25° 1a
(A) 2 = 25° + k360° va x = 155° + k360°, k € Z . o = 25° 4+ k180° va 2 = 155° + k180°,k € Z .
(C)a = 25° + k360° va x = —25° + k360°,k € Z . (D)z =25°+k180°,k € Z .
® Loi gidi.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
Ta co:
tanx = tan 25° < x = 25° + k180°,k € Z.
Chon dap an @ O
Cadu 43. Phuong trinh tan (22 + 12°) = 0 ¢6 ho nghiém la
(A)z = —6° + k180°, k € Z. (B) x = —6° + k360°, k € Z.
(C)w = —12° + k90°, k € Z. (D)x = —6°+ k90°, k € Z.
® Loi gidi.
Ta c6
tan (2z +12°) =0
& z=—6°+k90° k€ 7.
Chon dap an @ O
Cdu 44. Tim sb6 nghiém ctia phuong trinh sin 3z = 0 thuoc khoang (0; 180°).
A 1. ®) 2. (C©)s. D) 4.
o Loi gidi.
Ta co: sindz =0& x = k1§0 .
o . k180°
Xét bat phuong trinh 0 < <180° < k € {1;2}.
Vay phuong trinh c¢6 2 nghiém trong (0; 180°).
Chon dap an O
- L ,A . R V3
Cadu 45. Tim tap nghiém S ctia phuong trinh cos(z + 30°) = 5
(A) S = {120° + k360°; k360°, k € Z}. S = {120° + k360°; —180° + k360°, k € Z}.
(C) S = {120° + k180°; k180°, k € Z}. (D) S = {120° + k180°; —180° + k180°, k € Z}.
o Loi gidi.
x + 30° = —150° + k360° x = —180° + k360°
Ta c6 cos(:v+30°)=—£<:> o o . & o . »(keZ).
2 x + 30° = 150° + £360 x = 120° + k360
Chon dap an O
Cdau 46. Tim nghiém ciia phuong trinh v/3 cot (z + 60°) — 1 = 0.
(A)z = —30° + k360°, k € Z. (B) z = —30° + k180°, k € Z.
(C)aw = k360°,k € Z. (D) x = k180°, k € Z.
o Loi gidi.
V3cot (z+60°) —1=0
& cot (z 4+ 60°) !
cot (x =—
V3
& o =k180°,k € Z.
Chon dap an @ O

Cdu 47. Cho phuong trinh tan (2z — 15°) = 1 biét rang —90° < z < 90°. S6 nghiém ctia phuong trinh la
A 1. ®)2. (©)3. D) 4.
® Loi gidi.
Ta c6: tan (2o — 15°) = 1 & 2z — 15° = 45° 4+ k180° < x = 30° 4 k90°, k € Z.
4 2
Do z € (—90°;90°) & —90° < 30° + k90° < 90° < —3 <k< §=k €Z=ke{-1;0}.

nén phuong trinh cé hai nghiém théa man yéu cau.

Chon dép an O
" P L V3 .

Cdu 48. S6 nghiem ciia phuong trinh sin (22 — 40°) = 5 vl —180° < z < 180° 1a
A 2. (B) 4. (©)s6. D) 7.
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4, Phuong trinh luong gidc co bén

Biét lam, Iam dung, Idm nhanh

® Loi gidi.

Ta co:

sin (22 — 40°) = ? & sin (22 — 40°) = sin 60° <

2z — 40° = 60° + k360°

2z —40° = 180° — 60° + k360°

Do —180° < x < 180° nén z € {—130°;50°; —100°; 80°}.
Vay c6 tat ca 4 nghiém théa man bai toan.

Chon dap an

Cadu 49. Tim tap nghiem S ciia phuong trinh sin (z + 30°) - cos (z — 45°) = 0.
(A)S = {—30° + k180°, k € Z}.
(C) S = {135° + k180°, k € Z}.

® Loi gidi.

Ta co:

sin (z +30°) - cos (x — 45°) = 0 &

sin(z + 30°)
cos(z —45°) =

y J/ J J

x = 50° + k180°
x = 80° + k180°.

S = {—30° + k180°;135° + k180°, k € Z}.

(D) S = {45° + k180°, k € Z},

0 x+30°=Fk-180°
O<=>

Vay phuong trinh c¢6 tap nghiém la S = {—30° + £180°; 135° + k180°, k € Z}.

Chon dép an

=
x —45° =90° + k - 180°

x=—-30°+k-180°
x = 135° + k - 180°.

Luu ¥ mot s6 phuong trinh sau:
@ sinu = —sinv < sinu = sin(—v).

2 g g ™
@ SINU = COSV < SIN U = sSIn (5 —'U).

: . . m
@ sinu = —cosv & sinu = sin (v— 5)
©@ cosu = —cosv & cosu = cos(m — v).
) v
©@ cosu = sinv < cosu = cos 5 V)

: m
® cosu = —sinv & cosu = cos (5 —H)).
® tanu = —tanv < tanu = tan(—v).

T
® tanu = cotv < tanu = tan (5 —v).

T
® tanu = —cotwv < tanu = tan (——H}).

2 Dang 3. Phuong trinh dua vé phuong trinh luong gide co ban

2

®» Vidumau

Vidu 16. Giai phuong trinh: sin 2z = cos 3.

® Loi gidi.

Ta co:

162/764 '

sin 2x = cos 3z

54

cos 3x = cos (g — 2m>

_3x:g—2x+k27r
3x:—<g—2x>+k2w
_5(E:g+k2ﬂ'
_x:—g-l-k:QTr
i 7T+k27'(
rT=-—+ —
125 (ken).
1‘:—§+k27r

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

Vidu 17. Giai phuong trinh: sin 4z — cos (:17 + %) =0.
® Loi gidi.

Ta co:

sin4x — cos (w

)=

T
6
T

& sindxz = cos <x 5)
-

)

:q

< sindx = sin (

4$:z—x+k27r
o 3
T
4:[::7r—§+$+k27r
-5x=z+k27r
- 3
27
3517:?4‘]4?271'
rom k2w
T 15 5
< 27 N k21 (k €2).
rT=—+ —
L 9 3
O]
Vidu 18. Giai cac phuong trinh sau:
a) sin2z + cos4x = 0. b) cos3z = — cos Tx.
® Loi gidi.
v
. 4w:2$+§+k27r
a) sin2x + cos4r = 0 < —sin 2z = cos 4z & cos <2x+—) = cosdz & T
2 do =2z — o +k2m
v
2m:g+k2w v =tk
& &  k kel
6r = —— + k27 - 4 -
x 12+37r
7r+k
3r=m—Te+ k27 =97 %7
b) cos3z = —cos Tz < cos3x = cos(m — Tz) & & 10 5 keZ
3r=Tr —m+ k27 {L‘ZZ—FETF
4 4
O]
Vidu 19. Giai phuong trinh: cos? 2z = cos? (x + %)
® Loi gidi.
Cach 1. -
- cost:cos(x-l-—) (1)
Ta c6: cos? 2z = cos? (x+—)<:> 67T
6 Cos2ac=—cos(x+g). (2)
s
2x:x+%+k27r x:%wm =+ k2
+) (1) & ) ™ o & ; T o = - pop (KEZ).
x——<x+g>—|— ™ T = 6 T m:_1_8.|_T

163/764 ' Bi Todn 11 theo chuong trinh GDPT201Em



4, Phuong trinh luong gidc co bén

Biét lam, Iam ddng, Iam nhanh

r(2i T
+)(2)<:>0082x:cos[7r—($+z>}<:> 2z=m (x+6)+k27r

6 2I=—|:7T—(.’L’+%):|+k‘271’

- ; s B 3 ez
PR T L 1o
= T us €r = ——
6 6 T
Céach 2. Dung cong thiic ha bac, ta co:
Vs
cosZZx—COSQ(xJFW) N 1—cos4x_1—COS<2x+§)
— ; . _ 2
<~ COS4$:C08<2$+g>
(42 = 20 + - + k2m
3
< T
4$=—(2x+§)+x+k2w
2x:z+k2ﬂ'
PE 3
T
62 = — + k27
- 3
ng-l-knr
= m kﬂ.(kﬁGZ)
r=—— 4+
L 18 3

Vidu 20. Giai phuong trinh: sinz + sin 2z = 0.
® Loi gidi.

Ta co:

sinz +sin2xr =0 < sinz+2sinz-cosxz =0

< sinz-(1+2cosz) =0
[sinz =0
=
_1+2cosw=0
[sinz =0 T =km
& 1 & ) keZ).
cosx=—§ x=:|:§+/<:27r( )

2
Vay phuong trinh c6 cic nghiém la knw, k € Z va x = :l:g + k27, k € Z.

F® Baitap tu luyén

Bdi 32. Giai phuong trinh: sin 3z = cos 2z.
® Loi gidi.

y J/ J J

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

Ta co:

sin2x = cos3r < cos3x = cos (g — 2x>

_3x:z—2x+k27r
2
= T
3x:—<§—2x>+k27r
_5m:g—|—k27r
= T
_x:—§+k27r
T k27
rT=—+ —
& 127r 5 (keq).
r=——+k2w
L 2
O
Bai 33. Giai phuong trinh: sin 2z — cos (w + %) =0.
o Loi gidi.
Ta co:
T
o —cos (a4 5) =0
sindx — cos (x + 5
T
& s1n4:z::cos<x g>
T
& sm4x—sm< x)
[dr = = — 2 + k2
o 3
T
4x:7r—§+a:+k;27r
_5x:g+k27r
< 27
M T k2w
T 5
& 27r+k27r (kez).
rT=—+ —
L 9 3
[l
Bai 34. Giai cac phuong trinh sau:
a) cos2z —sindx = 0. b) cos3x = —sin7x.
o Loi gidi.
W 4o =2+ + ke
a) sin2x + cosdr = 0 < —sin 2z = cos 4z & cos (236—1——) =cosdzr & T
2 do = 20— o + k2
T
2x:z+k27r 517=Z+k7T
& 27T & -k k€ 7.
x 2+ T €T 12-1-377
s +k‘
3x=m—To+ k27 L= T%87
b) cos3x = — cos Tz < cos 3z = cos(m — Tz) < & 10~ 5 kel
3r=To —m+ k27 x:z—i—ﬁn
4 4
U]
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4, Phuong trinh luong gidc co bén

Biét lam, Iam dung, Idm nhanh

Bdi 35. Giai phuong trinh: sin? 2z = sin? (a: + g)
® Loi gidi.

Cach 1. -

cos 2z = cos (m + —) (1)

Ta c6: cos? 2z = cos? (1‘ + Z) & 6

6 COS 2T = — COS (m + %) . (2)
7r
20 =+ %+ k2w v ==+ k2r v= gt k2w
+) (1) & - . 6 s o aon (RED).
2x:—<1’+—>+k27r 3r=——+ k2w r=—— 4 =0
6 6 18 3

(2T
D@ et e[t (w1 Do | (+5) +hon

6 2= [r—(o+7)] +h2r

6
5
3w:—7r—|—k27r x:5_7r+k2_7r
& gﬂ =3 1857r 3 (keZ).
r=——+k2m 33:—€+k:27r

Cach 2. Dung cong thic ha bac, ta co:

7
5 9 7r 1—cosdy 1—cCo8 (2$+§>
cos” 2x = cos (a: + 6> & 2 = >

< cosdx = cos (21‘ + g)

(4r = 20 + ~ + k27
o 3
T
4x:—<2m—|—§>+a§+kz2ﬂ'
_233:E+k:27r
- 3
T
6x = —— + k27
L 3
ng—i-lm
= - kﬂ(keZ).
r=—-——+ —
i 18 3

Bdi 36. Giai phuong trinh: sinz + sin 2z = 0.
® Loi gidi.

Ta co:

sinx +sin2x =0 < sinx+2sinz-cosx =0

& sinz - (1+2cosz) =0

[sinz =0
==
|1+ 2cosxz =0
[sinz =0 r=kr
& 1 & 2 keZ).
cos:c:—i x:i§+k27r( )

2
Vay phuong trinh c6 céc nghiém la km, k € Z va x = :l:% + k2, k € Z.

Bai 37. Giai phuong trinh: sin 3z — cos bz = 0.
o Loi gidi.

y J/ J J

e
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide

Biét lam, Iam ddng, Iam nhanh

y J J J
Ta co:
sin3x —cosbxr =0 < sin3x = cosbx
& Cos (g — 3w> = cosdHx
_E—3x=5w+k27r
o 2
T
5 —3x = —5x + k27
- T T
r=—-———Fk—
- 6" ey
r=——+kr
L 4
O
Bai 38. Giai phuong trinh sin 2z + sin (m + %) =0.
® Loi giéi.
Ta co6:
. . ™ . . s
sin 2x + sin <sc + 5) =0 < sin2zr = —sin (x—i— E)
. . 2
& sin2z = sin (—m — E>
—2x=—x—z+k27r
6
= Vs
20 = & +x+ k27
-Qx:—x—ﬁ—i-k%r
6
= 7T
7
= il + k27
6
O
Badi 39. Giai phuong trinh: tan(2z + 1) + cot z = 0.
® Loi giéi.
Ta co:
tan(2x + 1)+ cotz =0 < tan(2x+1) = —cotx
& tan(2z + 1) = cot (—x)
< tan(2z + 1) = tan <g + x)
= 2x+1:g+x+k7r
& x:g—l—i—kﬂ',kGZ.
O

O

Bdi 40. Tim z € (—m;7) sao cho sin (l‘ - g) + 2cos (x + %) =0.
o Loi gidi.
Ta co:
sin(w—%) +2005(x+%> =0«
54
-~
2r W
Cho k = —1,0 ta dugc = = —33

o
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4, Phuong trinh luong gidc co bén

Biét lam, Iam dung, Idm nhanh

Bdi 41. Giai phuong trinh: 2sin? x — 1 + cos 3z = 0.

o Loi gidi.

Ta co:

Bdi 42. Giai phuong trinh sin 3z + cos 2z — sinx = 0.

® Loi gidi.

Ta co:

2sin?z —1+cos3x =0 < cos3z —cos2z =0

& cos3x = cos2x

(32 = 2z + k27
=
|3z = —2x + k2w
[z = k2x
=
|5z = k2w
[ = k2
<~ k27‘(’ 7(k € Z) .
r=—
L 5

sin3z +cos2z —sinx =0 < sin3z —sinx + cos2x =0

< 2cos2x-sinx +cos2x =0

& cos2z - (sinz+1)=0

[ cos2x =0

<~ .
_smx:—l
i 7T+k7T
r=—-+—

& 12 (kem).
m=—§+k27r

Bai 43. Giai phuong trinh sinx - cos 22 = sin 2z - cos 3z.

® Loi gidi.

Ap dung cong thiic bién déi tich thanh tén, ta co:

sinx - cos2x =sin2x - cos3r <

Bdi 44. Giai phuong trinh: sin? g teostE

® Loi giéi.
Ta co:

sin?

=

-

5"

& 11—

x T\ 2 x x
<~ <Sin2 5 + cos? 5) — 2sin? 5 cos? 53
1
‘2
_S -
5 ST =g
r=1

& sin?

1 1
B (sin3z —sinz) = B (sin 5z — sin z)

sin 5x = sin 3x

5t = 3z + k27

|5z =7 — 3z + k27

[z = kr
$=f+k_”’(kez)'
L 8 4

< cosx =0

1
2

y J/ J J

e
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& ng—l—kﬂ,(keZ).

Bdi 45. Giai phuong trinh: tan? 4z — tan? (3w - g) =0.
® Loi gidi.
cosdx £ 0

™

coS (3m - §> # 0.

Phuong trinh da cho tuong duong véi

Diéu kien:

tan4x = tan (33: — g)

[tan4x—tan (3x — g)] . [tanélx—i—tan (3:r — E)} =0« e — — tan <3$ B %> .

3

© tandx = tan (33:—2) Sx= —g+k7r,(k€Z).

3
k2
O] tan4x=—tan(3x—g> @xz%—i—Tﬂ,(keZ).

Cac nghiém nay théa man cac diéu kién.

A . . L 7T T k2w
Vay phuong trinh ¢6 nghiem z = —3 + km,x = ~51 + — (keZ).

S 7
Bdi 46. Giai phuong trinh sin®z + cosbz = 6
® Loi gidi.
Ta co:

6

. 7 . 3 ) ) 7
Sln6 Tr+cos r=— & (Sln2 T + 0082 x) — 3 Sl.'[l2 X COS2 i (Sln2 x + COS2 .’1?) = —

16 16
3 7
& 1—Zsin22x=E
o 1 3(1—COS4IB>_7
4 2 16
s 4 1
cosdr = ——
Ty
2T
& cos4x:cos?
T kr
& =+—+—,(ke?Z).
=2+, (ke

Bai 47. Gii phuong trinh (2cosz — 1) (sinz + cosz) = sin 2z — sin z.
® Loi gidi.

Ta c6

(2cosz — 1) (2sinx + cosz) = sin 2z — sinx
< cosx(2cosx —1) =0

[2cosz—1=0
=
_cos:czO
- T
= —+ k2
x 3—1— T

= x:—§+k%-(kem.

_mz%%—lm

Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

o
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J

x = % + k27

Vay phuong trinh c¢6 3 ho nghiém [z = —g +k2r (keZ). O
T = g + km

Bdi 48. Giai phuong trinh 2sin? 2z 4+ sin7z — 1 = sinx.

o Loi gidi.

Ta c6

2sin? 2z +sin 7z — 1 = sinx
&(1 — 2sin? 2z) = sin 7x — sinx < cos 4z = 2 cos 4z sin 3z
& cosdr (2sin3z —1) =0

[cosdz =0
= 03
_SlH xr = 5
- v v
LI
TR
7 27
= —+k— :
S r=1g + 3 (keZ)
T 27
SR Malll
TR
7r v
SR
TERt
. T 2T
Vay phuong trinh ¢6 3 ho nghiém |z = 18 + k? (keZ). O
T 27
S Saill
TTIRTR
Bdi 49. Giai phuong trinh (cosx — sinx) sin z cos z = cos x cos 2.

® Loi gidi.
Phuong trinh da cho tuong duong véi
cosz(cosx — sinz)(sinx — cosz —sinz) =0
& cos® z(cosz — sinz) = 0
[cosz =0

= .
COST = SsImx

-

54‘]67‘(

& |5 (keZ).
Z—i—kﬂ'

x:g+k7r

:U:%-I-k:ﬂ'

Bdi 50. Giai phuong trinh (2sinz — cosz)(1 + cosz) = sin? z.
® Li gidi.

Vay phuong trinh ¢6 2 ho nghiém (keZ). O
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
Ta c6
(2sinz — cosz)(1 + cosx) = sin® z
<(2sinx — cosx)(1 4+ cosz) = (1 — cosz) (1 + cosx)
< (14+cosz)(2sinz—1) =0
[1+cosz =0
<~
[2sinz —1=0
[z =7+ k27
_Tr k
s |[T=5TRT e,
_a:z%r—i—k%r
xr=m+ k2w
™
Vay phuong trinh ¢6 3 ho nghiém ng+k2ﬂ (keZ). O
mz%—i—kﬂﬂ

E® Cau hai tréc nghiém

Cadu 50. Tim s6 nghiém thuoc khoang (—m; ) clia phuong trinh sinz + sin 2z = 0.

A 3. ®) 1. (©)2. D) 4.
® Loi gidi.
Phuong trinh tuong duong véi

sinz =0
sinz (14+2cosx) =0< 1
CcosST = ——.
2
@ sinz =0& 2z =kr,(k€Z).
1 2
® cosx=—§<:>x=:l:§+k27r7(k€Z).
27 2
Doz € (—mm) =z € {O,—g,%}.
Vay phuong trinh da cho c6 3 nghiém thudc khoéng (—m; 7).
Chon dap an @ O

Cdu 51. Tim s6 nghiém thuoc khoang (0; ) cia phuong trinh sin (m + g) + sinbx = 0.
A) 4. (B) 5. (©)s6. D).

® Loi gidi.

Phuong trinh da cho tuong duong véi

- 5x=—x—§+k27r x:_i k_ﬂ
sin bx = sin (—w——) & & 18 =3 (keZ).
3 - A T km

5t 117 17m «w 5w
D 5 e {_5_7_7_5_}'
ox € (0;m) nén x € 3’ I8’ 183 6
Vay phuong trinh ¢6 5 nghiém thudc khoang (0; 7).
Chon dap an O

Cadu 52. Phuong trinh tan 2z 4 tanz = 0 ¢6 bao nhiéu nghiém trong doan [—4m; 57]?

(A) 28. B 27. (©)19. (D) 18.

o L&i gidi.
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J

7r
2w#§+k7r x;éz+k—7r
Diéu kien: = & L;Lr 2 knecZ.
907554-”77 x;«é§+n7r
Khi dé:
tan 2z + tanz = 0 < tan2x = — tanx < tan 2z = tan(—z) < 2x = —x + m7w

S3x=mr& = %,m € Z (thoa diéu kien).
Ma z € [—4r, 57] nen —4r < % <5m e —12<m < 15.

Vay s6 nghiém ctia phuong trinh 1a 28.

Chondépén@ O
Cau 53. Giai phuong trinh sin z + cos (x - g) =2.

(A) z = kr,k € 7. ng—i—lmr,kEZ. (©) x=k2m ke @ng—i—k%,kez
® Loi gidi.
Ta coé: sinx—i—cos(m—g) =2<:)2sinx=2(:>sinx=1¢)x=g+k27r,k€Z.
Chondépén@ Ol

Cdu 54. Ho nghiém ctia phuong trinh tan 3z - tanxz = 1 1a
BDae="+k2 kez. Bo=-+k-, keZ ©Cao=s+k> kez Dao=—+ke, kel
~ .8 8 4 4 8 4 8 2
® Loi giai.
v v
cos3z # 0 x;«é€+m§
4

,m,n € 7.
cosx # 0 a:;ég%—mr

Diéu kien: {
Khi doé:

tan3z -tanx =1 < tan3x =

T T T T
@tan?)w:cotm:tan(——x)@sz——w—i—lm@x:——i—k—.
anx 2 2 8 4

Nghiém nay théa man céc diéu kién ctia phuong trinh.

Vay nghiém ciia phuong trinh 1a z = % + k%

Chon dap an @ Ol
~ . -1
Cadu 55. Tong cac nghiém cta phuong trinh sinz = ———— trén doan [0; 27| 1a
9 15 2V2cos 11
o ® b Csn B U
= 8. 8 8
® Loi giai.
1 T = ~3 + k7
Phuong trinh tuong duong véi sin 2z = ——— 5 (keZ)
V2 T = o + km
8
Do dé6, tong cac nghiém ciia phutong trinh da cho trén doan [0; 27] bing
77r+157r+57r+137r 5
— 4+ — 4+ —+ — =5
8 8 8 8
Chon dap an @ O
Cau 56. Giai phuong trinh sin? 2z = cos? (a: - %)
T T kmw T s 7
@x 4+k7r,x 2+3,lZe x 4+k7r,a: 12+llz7r,m 12—|—k7r,k€
T s i T T i
@Ix:.—z-l—km,x——ﬁ-l—?,kez @:U—Z-I-kﬂr,:n——ﬁ-l—?,kEZ.
® Loi giai.
Ta co:

™
sin? 2z = cos? (:c W) N 1—cosdz 1+ cos (235— 5)
— - . _ 2
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Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

& —cosdr = sin 2z & 2sin®2x —sin2z — 1 =0

s
r=—+km
sin2x =1 47r
& 1 & |[2=—15 T (kel).
sin2x = ——
2 7T 1
r=—
12 "

Chon dép an O

Cdu 57. C6 bao nhiéu diém tren dudng tron lugng gidc biéu dién tat cAc nghieém ciia phuong trinh sin 4z cosz =
sin bx cos 2x?
(A) 2 diém. 5 diém. (©)9 didm. (D) 14 diém.
o Loi gidi.
Phuong trinh da cho tuong duong véi

=km
1 1 o
3 (sinbz +sin3z) = 3 (sin 7z +sin3z) < sinbx = sin Tz < r  kr (k€Z).
r=— +—
12 6

® Cung lugng giac = = km ¢6 2 diém biéu dién trén dudng tron lugng giac.

k . s x .
©® Cung lugng giac x = % + % ¢6 12 dieém biéu dién trén dudng tron lugng giac, trong dé khong c6 diem nao
tring véi cac diém biéu dién ciia cung x = k.
Chon dap an @ O
Cdu 58. C6 bao nhieu diém trén dudng tron lugng gidc bicu dién tat cac nghiém ciia phuong trinh sin z + cosz =
V/2sin 227
(A) 2 diém. 3 diém. (C) 4 didm. (D) 1 diém.
o Loi gidi.
Phuong trinh da cho tuong duong véi
- T = % + k2w
sin (az + Z) = sin 2z < - kor (KEZ)
r=—-+—
4 3

Vay c6 3 diém biéu dién.
Chon dap an Ol
Cau 59. Mot vat thé chuyén dong v6i van toc thay doi cé phuong trinh v(t) = 2+ sin (7rt + %) (t tinh bang giay,
van toc tinh biang m/s?). Trong khoang 1 giay dau chuyén dong, thoi diém vat thé dat van toc 3 m/s? 1a
. 1 . 1. 3 .
(A)1 giay. 1 gy © 5 glay. ) 1 gy
® Loi gidi.
. . T . us 1
Ta co: 2—|—sm(7rt+z) :3<:>sm<7rt+z) =lst= Z—l—?k(kEZ).

1
Tacé,OStSl@kzO.Suyrat:Z.

Chon dap an O]
Cdu 60. Tim s6 nghiem thuoc khoang (0; 27) clia phuong trinh sin x + 2 sin 2z + sin 3z = 0.

(A) 6. (B)5. (© 4. D) 3.
® Loi gidi.
Phuong trinh da cho tuong duong véi

™
. . . sin2x =0 x=kz
2sin2z cosx + 2sin2x = 0 < sin2z(cosz + 1) =0 < & 2 (keZ).
cosz = —1 r =7+ k27
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J

3
Doz € (0;21) =z € {g,w,g}.

Chon dap an @ O

Cdu 61. Cho phuong trinh sinz + 2sin 2z + sin 3z = cosx + 2cos 2z + cos 3z. Tinh téng S tat ca cac nghiem
trong doan (0;7) ctia phuong trinh da cho.

3T om 177 137
@.S;T ®)s=". ©s="7 ©s==
® Loi giai.
Phuong trinh da cho tuong duong véi
sin2z - (cosx 4+ 1) = cos2x - (cosz + 1)
< (cosx+1) - (sin2x — cos2x) =0

B s
(2 __>:
- sm(l‘ 1 0
_cos:z:z—l
(o =7+ k27
& T m (keZ).
=5 Ry
T 57 3
e
ox e (0;m)=xe€ 38 =S 1
Chondépén@ O

. 3 . )
Cdau 62. Cho phuong trinh sinz cos x = 2(sin* z + cos* z) — 5 Tinh tong S tat cad cac nghiém thudc (0; g) cua
phuong trinh da cho.

5 5
Ws=<. ®s==. ©s=. OFEES
QLbigiéi.
cos 4x

1 Khi do

3
Ta ¢6 sin*x + cos?z = 14_

sinz cosx = 2(sin* z + cos*z) — =

2
1
= sinxcosx:§cos4:z
& sin2x=sin<%—4x>
T km
r=-—+—
& 127r 3 (keZ)
:U:—Z—knr
Suy ra cac nghiém th 6c<0~ﬂ)la5ﬂ'ﬂ Vay § = =
uy r nghiém thud 3 12 12" Ay =3
Chondépén@ O

Cau 63. Phuong trinh tan <g—x>-tan (g-l—Q:p):lcé nghiém la
@m:—%—i—kﬂ,kez. x=%+k7r,k€Z. @xz—nglm,kEZ. @x=%+k7r,k€Z.
o Loi gidi.
cos(%—w);ﬁo
cos (g+2x)750.
tan(z— > ta <z+2 )—1 & ta (z— )—cot(z+2>
3 % n(3 x) = n{z3-2)= 5 x

& tan <g — m) = tan(—2x)

Diéu kien xac dinh

= xz—%—l—kw,kez.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
U]

Chon dép an @

- k .
Cdu 64. Nghiém ciia phuong trinh tan 2z — cot (a: + %) =0 c6 dang x = T + —ﬂ, k € Z. Khi d6 m -n bang
nom

(A) 8. 32. (C) 36. D) 12.
® Loi giéi.
Ta c6: tan 2z — cot (:17 +

Suyran=12,m =3 = m-n = 36.
Chondépén@ O

T T T T T
—)—0<:>tan2a:—tan<z—a:>@Zm—z—x—klmr(:)x—ﬁ%—kg.

W~

2 Dang 4. Su twong giao clia céc dé thi ham sé luong gidc

Phuong phap: Hai do thi y = f(z) vd y = g() cit nhau tai tai bao nhiéu diém thi phuong trinh f(z) = g(z)
c6 bay nhieu nghiem. Hoanh do giao diém ctia hai d6 thi la nghiém ctia phuong trinh tuong tng.

I®» Vidumaéau
Vidu 21. Dung d6 thi ham s6 y = sinz, y = cosz dé xac dinh sé nghiém ctia phuong trinh
5m 5 5m 5
a) 3sinx + 2 = 0 trén khoang <—77T; %), b) cosz = 0 trén doan [—g; 771
o Loi gidi.
O 5
a) 3sinz + 2 = 0 trén khoéng <—§; g)
Y
o 5271' _27/-E\7T _% E . 3771_ 27T/-§
: —3z | o 3 | ¥ ¢
Yy =sinx
X PR £ . Z N . . . . ” S5t 5w
Dua do thi ham s6 y = sinx ta thay phuong trinh 3sinz + 2 = 0 ¢6 5 nghiém trén khoang —55 )
5w 5
b) cosz = 0 trén doan [—g; 771 .

57r‘57r}
2721

Dua vao do thi ham s6 y = cos x ta thay phuong trinh cosz = 0 ¢6 6 nghiém trén doan [—
P Baitap tu luyén

Bai 51. Tai cac gia tri ndo ctia x thi do thi ham s6 y = cosz va y = sinz giao nhau?

® Loi gidi.
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J

D6 thi ham s6 y = cosx vA y = sinx giao nhau

& cosT = sinx = cos <$—g>
_Z‘Zx—z—i-kQﬂ',kGZ
& 2

x:—a:—|—§—|—k27r,k€Z

O:—g+k27r,k€Z(l)
a::%+k7r,kEZ

Vay phuong trinh c6 cic nghiém la: x = % +km,keZ O

Bdi 52. Dung do thi ham s6 y = sinz, y = cosx dé xac dinh s6 nghiém ctia phuong trinh

5t 5 5t 5
a) 3sinx + 2 = 0 trén khoang <—77T; EW)’ b) cosz = 0 trén doan [—g; 771
o Loi gidi.
57 5
a) 3sinz + 2 = 0 trén khoéng <—§; g)
Y
5 —2mﬂ -3 5 T ¥ o 5
: —3z | o 3 | ¥ ¢
y =sinx
X PR Z . % N . . . N ” S5t 5w
Dua do thi ham so6 y = sinx ta thay phuong trinh 3sinz + 2 = 0 ¢6 5 nghiém trén khoang —55 )
b) cosz = 0 trén doan [—57%; 5771 .

N . . 5T 5
Dua vao do thi ham s6 y = cos z ta thay phuong trinh cosz = 0 ¢6 6 nghiém trén doan {——W' —W} .

272

2 Dang 5. Bai todn thuc té

Phuong phap: Mo ta dit kien dusi dang phuong trinh lugng giac dé gidi quyét van de.

®» Vidumau
Vi du 22.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

Mot vé tinh nhan tao bay quanh Trai Dat theo mot quy dao Vé tinh
la dudng elip (Hinh 33). Do cao h (km) ctia vé tinh so véi "
Trai Dat dude xac dinh béi cong thic h = 550 + 450 cos 57T_Ot
(Nguon: Dai s6 va Gidi tich 11 Nang cao, NXBGD Viét Nam,
2021), trong d6 t 13 thai gian tinh bing phit ké tit lic vé tinh
bay vio qui dao. Tai thsi diém ¢ biang bao nhiéu thi vé tinh
cach mat dat 1000 km; 250 km; 100 km?

Hinh 33

® Loi gidi.
Euﬁh:5m+4mam§ﬁ

e V461 h = 1000 km ta ¢6

T T T T
4 —t=1 —t=1 —t == 2 =2 1 .
550 + 450 cos 5015 000 < cos 5075 & 5015 > +k2r &t 5+ 100k

O
Vidu 23. S6 gio c6 4nh sang mat troi cia mot thanh phd A & vi do 40° Bic trong ngay thit ¢ cia mot nam khong
nhuan duge cho béi ham s6
7r

d(t) = 3sin [182

@—8@?+mv&tezvao<t53%.

(Nguon: Dai s6 va Gidi tich 11 Nang cao, NXBGD Viét Nam, 2020
a) Thanh phé A c6 ding 12 gio c6 anh sang mit troi vao ngay nao trong nam?
b) Vao ngay nao trong ndm thanh phd A c6 ding 9 gid ¢6 dnh sang mat troi?
c¢) Vao ngay nao trong nam thi thanh phdé A ¢6 ding 15 gid ¢6 anh sang mat troi?
o Loi gidi.
a) Thanh phé A c6 ding 12 gio c6 anh sang mit troi vao ngay nao trong nam?
Ta gidi phuong trinh

m
182

v
Tzt —80)] =0
ks

182(15—80) = km
t — 80 = 182k
t = 182k + 80(k € Z).

d(t) =12 & 3sin |- (t—80)| +12=12

sin [

te ¢ ¢ 2

Ta lai c6
80 285 k=0

< - < —

0 < 182k 4+ 80 < 365 < 182<k— 182@ [k:l.

Vay thanh ph6 A c¢6 ding 12 gid ¢6 dnh sdng mat troi vao ngay thi 80 (tng véi k& = 0) va ngay thi 262
(Gng v6i k = 1) trong nam.
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4, Phuong trinh luong gidc co bén

Biét lam, Iam dung, Idm nhanh

y J/ J J

b) Vao ngay nao trong ndm thanh phd A c6 ding 9 gid ¢6 dnh sang mat troi?

Ta gidi phuong trinh

d(t) =9

te ¢ ¢ 2

Ta lai co

3sin [%(t . 80)] +12=9
sin [1%(75 - 80)] =1
T

7r
80 = L 4 k2
182(t 80) 2—|—k7r
t —80 = —-91+ 364k

t = 364k — 11(k € Z).

376

11
0<364k —11<36b& -~ <k<_——&k=1

364 — 364

Vay thanh phd A c6 dung 9 gio c6 anh sdng mit troi vao ngay thi 353 trong nam.

c¢) Vao ngay nao trong nam thi thanh phé A c6 ding 15 gio c6 anh sang mét troi? Ta gidi phuong trinh

te ¢ ¢ O

Ta lai c6

3sin [%(t —80)] +12=15
sin [1%(16 - 80)] —1

s

s
182(t—80) = §+k2ﬂ'
t — 80 =91 + 364k
t =364k +171(k € Z).

196

171
0<364k+171 <365 — -~ <k< —— < k=0.

364 — 364

Vay thanh pho A c6 ding 15 gio ¢6 4nh sang mat trdi vao ngay thit 171 trong nam.

Vidu 24. Hoi Lim (tinh Bic Ninh) dugc t6 chitc vho mila xuan thudsng cé tro choi danh du.
Khi nguoi choi du nhin déu, cay du sé dua nguoi choi du dao dong quanh vi tr

can bang (Hinh 39). Nghién citu tro choi nay, ngudi ta thiy khoang céch h (m)
tit vi trf ngudi choi du dén vi trf can bing duge biéu dién qua thoi gian ¢ (s) (v6i

™

t > 0) v6i he thic h = |d| v6i d = 3 cos [3 (2t — 1)], trong dé ta quy uée d > 0 khi

vi trf can bang & phia sau lung ngudi choi du va d < 0 trong truong hgp ngudge
lai (Nguon: Dai s6 va gidi tich 11 Nang cao, NXBGD Viét Nam, 2022). Vao thoi

diém ¢ nao thi khoang cach h 1a 3 m; 0 m?

® Loi gidi.
Khoéang cach A 1a 3 m khi

3 cos [g(Qt — 1)} = -3 & cos [g(% — 1)} =

Vi tri cdn bang

Hinh 39

—1<:>g(2t—1)=—7r+k27r(:>t=—1+3k,keZ.

Vay vao thoi diém ¢t = —1 + 3k, k € Z nao thi khodng cach h 1a 3 m.

Khoang cach h 1a 0 m khi

53
3cos[g(2t—1)} :0@c05[§(2t—1)} :O@g(%—l):g+kw©tzz+5k,kez.

Vay vao thoi diém t = Z + ;k, k € Z nao thi khoang cach h 14 0 m. O

e
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

P Baitép tu luyén

Bai 53. Khi dugc kéo ra khai vi tri can bing ¢ diém O va buong tay, lyc dan hdi ctia 10 xo khién vat A gin
§ dau ctia 16 xo dao dong quanh O. Toa do s( cm) clia A trén truc Ox vao thoi diém ¢ (gidy) sau khi buong
tay dugc xac dinh bdi cong thic s = 10sin <10t+ g) Vao cédc thoi diém nao thi s = —5v/3 cm ? (Theo

https://www.britannica.com/science/simple-harmonic-motion)

A

® Li gidi.
N Y. B

—— =sin—

. . T . T
KhlS——5\/§Cm<:>8—1081n<10t-|-§>——5\/§<:>Sln<10t+§>—1—0 5 3

7T —T
10t+ - =—+k2n,keZ
+ 5 3 + K27,k €

4
106+ =" L kom ke Z
I 2~ 3

t= 41l kez

= t—E+k15keZ
12 5’

Vay phuong trinh c6 cac nghiém la: ¢ = I—;T + k%,k ceZvat= % + k%, keZ O
Bai 54. Gia st mot vat dao dong diéu hoa xung quanh vi tri can bing theo phuong trinh

™
—2 <5t _ —) .
i COS 6

O day, thoi gian ¢ tinh bing giay va quing duong x tinh bing centimét. Hay cho biét trong khoang thoi gian tir
0 dén 6 giay, vat di qua vi trf can bang bao nhiéu lan?
® Loi gidi.
Vat di qua vi trf can bang khi va chi khi
2t kw

m=0<:>2(:os(5t—%>:O<:>cos(5t—%>:O®5t—%=g+kw®tzﬁ+?(k62).

2 k
ViO<t<6nen0< 1—7;+§ <6 —0,6<k<88makeZ Dodske {0;1;2:3;4;56;7;8).
Vay vat di qua vi tri can bang 9 lan. O
Bdi 55. Ngon den trén hai ding H cach bd bién yy’ mot khoang HO = 1 km. Den xoay ngudc chiéu kim dong ho
v6i toc do 177_0 rad /s v& chiéu hai ludng anh sang vé hai phia d6i dién nhau. Khi dén xoay, diém M ma ludong anh sang

clia hai dang roi viio bd bién chuyén dong doc theo bd. (Theo https://www.mnhs.org/splitrock /learn /technology)

y J/ J J

o
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J

1 km

N

y' |bs bién

a) Ban dau ludng sang trung v6i duong thang HO. Viét ham s biéu thi toa do yys clia diém M trén truc Oy
theo thoi gian ¢.
b) Ngoi nha N nim trén bd bién vé6i toa do yy = —1( km). Xac dinh céac thsi diém ¢ ma dén hai dang chiéu
vao ngoi nha.
o Loi gidi.

a) Khi den xoay oo = ;T—Ot(rad, S).

yvy = OM = HO - tan o = tan 17r—0t.
b) Ngoi nha N nim trén bd bién vé6i toa do yy = —1( km). Xac dinh céc thoi diém ¢ ma den hai dang chiéu
vao ngoi nha. Khi den hai ding chiéu vao ngoi nha: yyr = yy = —1( km)

& ta 7Tzf 1 =ta il
n—i,i=-—1= n—
10 4

e =" knke

10 4
m - -5 .
<:)>1—0t—T+k7T,k’€Z<:>t—7+10k,k‘EN

, . -5
Cac thoi diem ¢ ma déen hai dang chieu vao ngoi nha t = 5 + 10k, k € N*
(]

Bai 56. Nhiet do ngoai troi ¢ mot thanh phd vao cac thoi diém khéac nhau trong ngay cé thé duge mo phéng béi
cong thic
T
h(t) = 29+3sinﬁ (t—9).

v6i h tinh bang do C' va t 1a thoi gian trong ngay tinh bang gio.
a) Tinh nhi¢t do luc 12 gio trua. b) Tinh thoi gian nhiét do thap nhat trong ngay.
® Loi gidi.
a) Khi ¢ = 12 thi A(12) = 29 + 3sin % (12— 9) =29 + 3sin% ~ 31,12.
Vay nhiét do lac 12 gis trua khoang 31,12 do C.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

b) Ta c6

T
—1<sin—(t—9)<1
_sml2( 9)
™
3 < n— (t — <
o 3_3811112( 9) <3

& 26§29+3sin%(t—9)§32.

Do d6 nhiét do thap nhat trong ngay 1a 26 do C khi
T T T
in—(t—-9)=-1 —(t—-9) =——=+4+k2 t= 24k (k€ Z).
511112( 9) <:>12(t 9) 5 Th2m & 3+ (keZ)
Do0<t<24nén k=0suyrat=23.
Vay ltc 3 gio 14 thoi gian nhiét do thap nhat trong ngay.
L]

Bai 57. S6 git c6 4nh sang mat trdi ciia mot thanh phd A & vi do 40° Bac trong ngay thit ¢ clia mot nam khong
nhuan duge cho béi ham s6

d(t):3sin[1%~(t—80)]+12vaitezvaogt§365.

Héi thanh phd A c6 ding 12 gio ¢6 4anh sang mit trdi vao ngay nao trong nam?
® Loi gidi.
Thanh phd A c¢6 ding 12 gis c6 anh sing mat troi nén

Bsin [Lo - (t—80)] +12 =12

182
[
= 5111[@-(15—80)} =0
T
& o5 (t—80) = km & 1 = 80+ 182%.

Vio<t<365«<0<80+ 182k <365 < —043 <k <157vikeZneénk € {0;1}.
Khi d6 t = 80 hoac t = 262.
Vay c6 hai ngay 80 va 262 thi thanh phd A c6 ding 12 gid c6 4nh sang mat troi. O]

Bai 58. Gia st mot vat dao dong diéu hoa xung quanh vi trf can bang theo phuong trinh

T
=2 (51: - —)
X COS 6

O day, thoi gian ¢ tinh bing gidy va quing dudng = tinh bing centimét. Hay cho biét trong khodng thoi gian tir
0 dén 6 giay, vat di qua vi trf can bang bao nhiéu lan?

® Loi gidi.

Vat qua vi tri can bang khi = 0 khi d6 ta c¢6

T
= 5t—g—§+kﬂ'
N t—27T km
1 5
R 2w km
Ma0<E<660< T+ <64 ~0,67< k<888
Vik € Znén k = {0;1;2;3;4;5;6;7;8}.
Vay vat di qua vi trf can bang 9 lan. O
Bai 59.
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh

y J/ J J

Mot cay cau ¢6 dang cung AB clia do thi ham s6 y = 4,2 - cos 3 va dudgc y
mo t& trong hé truc toa do v6i don vi truc 1& mét nhu ¢ hinh bén. Mot sa A B
lan chd khoi hang hoa duge xép thanh hinh hop chit nhat véi do cao 3 m . 0 iz

so v6i muc nuée song sao cho sa lan c¢6 thé di qua duge gam cau. Ching
minh rﬁng chiéu rong ctia khoi hang hoa d6 phai nhé hon 12,5 m.
® Loi giai.

V6i méi diém M niam trén mit cau, khodng cach tit diém M dén mit nude tuong tng véi gia tri tung do y ciia

~| ot

diém M, Xét phuong trinh 4,2 - cos% =3& cosg =

Do x € [—4m; 47| nén % € [—g; z}
e , x b T x
Khi do6, ta c6 cos s=7 & 3 ~ +0,775, suy ra ‘g < 0,78 & |z| < 6,14.

Do sa lan ¢6 thé di qua dugc gam cau nén chiéu rong ciia khéi hang hoa 1a
2lz| < 12,48 < 12,5.

0

Bai 60. Mot qua dan phao duge ban ra khoi nong phéo véi van téc ban dau vy = 500 m/s hgp véi phuong ngang
mot goc o. Trong Vat li, ta biét rang, néu bo qua siic can clia khong khi va coi qua dan phéo dude ban ra tit mit
-9

el 22 + ztana, § d6 g = 10 m/s? 1a gia toc
0

dat thi quy dao clia qua dan tuan theo phuong trinh y =
trong trudng.

a) Tinh theo géc ban o tam xa ma qua dan dat t6i (titc 14 khodng cach tit vi tri bin dén diém qua dan cham
dat).

b) Tim géc ban o dé qua dan tring muc tiéu cach vi tri diit khau phao 22 000 (m).

o Loi gidi.
a) Ta co
—9g 2
=0 ——— "4+ xtana =0
y 203 cos? «
-9
& o —-x—i—tana):o
(2vgcosza
z=0

& 2 qin 2
g = D0PEY 95 000 sin 2.

Vay tam bay xa ma qua dan dat t6i 1a 25 000 sin 2« (m).
b) Didu kien 0 < a < g
Dé qué dan tring muc tiéu cach vi trf dit khau phdo 22 000 (m) thi

25 000sin 2 = 22 000 < sin2a = %

= 2a~1,08 < a~0,54.

Vay géc ban khoang 0,54 (rad) ~ 30,82° thi qua dan triing muc tiéu cach vi tri dit khau phao 22 000 (m).
L]

E® Cau hai tréc nghiém
Cadu 65. Nhiét do ngoai troi ¢ mot thanh phd vao cac thoi diém khac nhau trong ngay cé thé duge mo phéng béi
cong thic A(t) = 30 + 3sin % (t —5). V6i h tinh bang do C va t la thoi gian trong ngay tinh bang gio. Nhigt do

lac 7 gio sang la bao nhiéu?
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J J J
(A) 31,5 do C. 32,5 do C. (©)30do C. (D) 37 do C.
o Loi gidi.
Khi ¢t =7 thi h(7) =30 + 38in17r—2 (7—5)=30 —|—3sin% = 31,5.
Vay nhiét do lac 7 gio trua la 31,5 do C.
Chon dap an @ O
Cdu 66. Nhiet do ngoai troi ¢ mot thanh phd vao cac thoi diém khac nhau trong ngay cé thé duge moé phéng bai

cong thrc
h(t) = 29+SSin17T—2 (t—9).

v6i h tinh bang do C va t 14 thoi gian trong ngay tinh bang gis. Thai gian nhiét do cao nhat trong ngay la

(A) 13 gio. 15 gio. (©) 12 giv. (D) 14 gio.
® Loi gidi.

Ta c6
T
—1<sin—(t—9)<1
_sm12( ) <
T
& —3<3sin—(t—9)<3
< Sln12( ) <

& 26< 29+3sin%(t—9) < 32.
Do d6 nhiét do cao nhat trong ngay 1a 32 do C khi

m m m
in—(t—9)=1 —(t—9)=—-+k2 t=1 24k (k€ Z).
s1n12( 9) @12( 9) 5 Th2m & 5+ (keZ)

Do0<t<24nén k=0suyrat=15.
Vay lic 15 gio 13 thoi gian nhiét do cao nhat trong ngay.
Chon dap an O
Cadu 67. S6 gio c6 anh sang mit troi cia mot thanh phd A trong ngay thit ¢ ciia mot nam khong nhuan duge cho
bdi ham s6 d(t) = 4sin [118 (t— 80)} +12 v6it € Z va 0 < t < 365. S6 gio nang clia ngay thit 83 1
(A) 12. (B) 11. (©)14. D) s.

® Loi gidi.
Vé6i t = 83 thi d(83) = 4sin [% - (83 — 80)] + 12 = 14. Vay ngay thit 83 c6 14 gidi nang.
Chon dap an @ O
Cdu 68. S6 gio c6 anh sang mit troi clia mot thanh phd A trong ngay thit ¢ trong mot nam khong nhuan duge
cho bdi cong thiic

T

182

Vao ngay nao trong nam thi thanh phd A c6 it anh sang mit troi nhat

(A) 353. (B) 171. (C) 161. (D) 343.
® L5i gidi.
Ta c6 12 =16 — 4 < 4sin [%(t—m)} +16 < 16 + 4 = 20.

d(t)=4sin[ (t—70)]+16vaiteRva0<t§365.

Do d6 ngay c6 it anh nang mat troi nhat khi

. ™ . ™
dt=12 o 4sin [@ (t—m)} 116 =12 & sin [1?2 (t—70)] ~= 1
T

=
182

(t—70):—g+k27r<:>t:—21+364k::>t:343.

Chon dap an @ O

Cdu 69. Hing ngay muyc nudc con kénh lén xudéng theo thity trieu. Do sau h (mét) clia myc nude trong kénh
. t
duge tinh tai thoi diem ¢ (gid) trong mot ngay béi cong thic h = 3 cos (% + %) + 12. Muc nuée ctia kénh cao

nhét khi t = to. Tinh gia tri ciia P = 3 + t,.
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4, Phuong trinh luong gidc co bén Biét lam, Iam ddng, Iam nhanh
(A)t =272. (B) t = 182. (©)t = 240. (D) t = 210.

® Loi gidi.

Muc nuée cao nhat ctia kénh dat dugce khi

mto 7r) o
= _ :1<:>_
COS<8 *1 g T

%:k%,keZ@tO:le—lkzeZ.

Do 0 <ty <24 nénk=1vaty=14. Vay P = 210.
Chondépé,n@ O

Cdu 70. S6 gio ¢6 anh sang ctia thanh phd Ha Noi trong ngay thit ¢ clia nam 2019 duge cho bdi mot ham s6

y = 4sin ‘%78(75 - 60)‘ 110, véit € Z va 0 < t < 365. Vao ngay ndo trong nam thi thanh phé c6 it gid anh séng
méit troi nhat?

(A) 23 thang 11. 24 thang 11. (C) 25 théng 11. (D) 22 thang 11.
® Loi gidi.
Do sinz > —1 nén s6 gio thanh phé Ha Noi ¢6 it anh sdng mit troi nhat sin ‘1l78(t - 60)’ > —1v6iteZva
0<t< 365

= ‘1%(75—60)‘ :37”+k27r
60 < t < 365

T
178
0<t<60

(t—60)=3§+k27r

T
L U178
'{60 <t <365

3
(60—t)=77r+k27r

t = 327 + k356
0<t<60

I {t: —207 — k356

& =327 (Vi ke).

Vay thanh phd Ha Noi c6 it gio 4nh sang nhat trong nam la ngay tht 327 ciia nam, tidc 1 ngay 23 thang 11
(=365 — 31— 7).
Chon dap an @ O

Cdu 71. Hang ngay muyc nude con kenh lén xubéng theo thity trieu. Do sau h (mét) clia muyc nude trong kenh

. t
dugce tinh tai thoi diem ¢ (gid) trong mot ngay bdi cong thic h = 3 cos (% + %) + 12. Myc nuée ciia kénh cao

nhat khi ¢ = t. Tinh gid tri ctia P = 3 + t.

(A)t =272. (B)t=182. (©)t = 240. (D) t = 210.
® Loi gidi.
Muc nude cao nhat ctia kénh dat duge khi

t t
cos(ﬂ+f) el T porkeZ e ty=16k—2ke Z.

8 4 8 4
Do 0 < to < 24 nén k = 1 va tg = 14. Vay P = 210.
Chon dép an @ O
Cdu 72. Hing ngay myc nudc clia con kénh lén, xubéng theo thiy triéu. Do sau h (m) clia myc nude trong kénh

. t

duge tinh tai thoi diem ¢ (gio), 0 < ¢ < 24 trong mot ngay duge tinh bdi cong thite h(t) = 3 cos (% + %) + 3.
Hoi trong mot ngay c¢6 may thoi diém muc nude clia con kénh dat do sau 16n nhat?

A1, (B)3. ©2. D) 4.

® Loi gidi.
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Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J

Thai diém muc nude clia con kénh dat do sau 16n nhat khi va chi khi

nt Tt ow
cos<§-|—z>—1<:>§+Z—k27r<:>t——2-|—k16.
N ~ 1 13
V10§t§24nen0§—2+k16§24<:>§§k§€=>k=1,k€Z.

Chondépén@ Ol

Cadu 73. Gia stt mot vat dao dong diéu hoa xung quanh vi tri can bang theo phuong trinh 2 = 2sin <5t — %) 6}

day, thoi gian t tinh bang gidy va quiang dudng z tinh bang centimét. Vat di qua vi trf can bang bao nhiéu lan
trong 3 giay dau.
(A) 5. B) 3. (©)a. D) s.
® Loi gidi.
Vat qua vi tri can bang khi = 0 khi d6 ta c¢6

T

2 5t——):0
sin 6
= 5t—%:l~c7r
- t_7r km
30 5

k
MéOStSZ’)(:)OS%—i—%§3<:>—0,17§k:§4,61.
Vik € Z nén k ={0;1;2;3;4}.
Vay vat di qua vi tri can bang 5 lan.
Chon dap an @ O

Cadu 74. Mot qua dan phao duge ban ra khoi nong phao véi van toc ban dau vgp = 500 m/s hgp véi phuong ngang
mot goc «. Trong Vat li, ta biét rang, néu bo qua stic can clia khong khi va coi qua dan phdo dude ban ra tit mat
—g

7ol 22 + ztana, 6 d6 g = 10 m/s? 1a gia toc
vg cos?

dat thi qui dao ctia qua dan tuan theo phuong trinh y =

trong truong. Goéc ban o dé qua dan bay xa nhat 1a
® Loi gidi.

Ta co

—g

22—2~x2+xtana:0
Vp COS“ (v
0

y=0
-9
= x(m$+tana)20
z=0

& 24in 2
g = D0PEY 95 000 sin 2.

Vay tam bay xa ma qua dan dat t6i 1a 25 000 sin 2«0 m.
Vay dan bay xa nhat khi sin2a = 1 < 2a = g + k2 s a= % + k.

ViOSaSgnéna:%.
Vay goc ban bang 45° thi dan bay xa nhat. O
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5. Bai téip cudi chuong | Biét lam, lam ddng, [am nhanh

y J/ J J

Bii 36 e BAI TAP CUOI CHUONG I
— °

A-BAI TAP TU LUAN

Bai 1. Vé d6 thi ham s6 y = cosx trén doan

5m 5 R .
—g; Eﬂ} roi xac dinh s0 nghiém ctia phuong trinh 3cosxz +2 =0

trén doan doé.

® Loi gidi.
Yy
1
y = cos(x)
| x
_Sm2g \ -7 ™ 2m 5T
2 2
VARV, =
1+ vy= 3
2 N P
Ta ¢6 3cosz +2 =0 < cosx = —3 Tw do thi ta ¢6 s6 nghiém cua phuong trinh 3cosx + 2 = 0 trén doan
5T dm
——— | la 4. O
[ 2 2] :
Badi 2. Giai cac phuong trinh sau
T \/§ 3z 0w 1
I (+3)-3
a)sm(a: 6 5 b) cos 2+4 5
1
c) sin3z — cos bz = 0; d) cos?z = 7
e) sinz — v/3cosz = 0; f) sinz + cosz = 0.
® Loi gidi.
T v i
2 — — = —— + k27 T = =g Tk
3
a) sin (233—%) :—\/7_<:> g 3 o & 3732 (keZ)
x 6 ™ 3 + k27 T 1 + kmw
3r m™ T 47
— 4+ - =-+k2r T=-—+k—
3 1
b)cos(—x-l—E)——(:) 2 4 3 & 18 3 (keZ).
2 4 2 3x+7r 7r+k2 77r+k47r
JE— —_ = —— T €r = —— R
2 4 3 18 3

sin3xz —cosbxr =0
& sin3dx = cosbx
& cos <g — 3:c> = cosdT

-1—31‘:5:5—1—132%
2

= T
5—31‘:—5:10—1—14:2#
- T T
r=—-———k—

- 16 "1 e
.%‘:—Z-i-kﬂ'
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Chuong 1. Ham sé luong gidc va phuong tinh luong gide Biét lam, Iam dung, Idm nhanh

cos:v:1 l‘:ﬂ:%-i-kﬁﬂ'

& s - (keZ).
cos:vz—§ :U::lzz-l—k:%r

d) cos’z =

|

e) sinx —v/3cosx =0 < sinz = V3 cos . (1)
Nhan xét: Néu cosz = 0 thi theo (1) ta duge sinz = 0 diéu nay vo li vi khi d6 sin® z + cos? z = 0.
Do d6 cosz # 0. Chia hai vé cta (1) cho cosz, ta dugc

tanz‘Z\/g(:);E:g-l—kw (keZ).

f) sinx 4+ cosz =0 < sinz = —cos . (1)
Nhan xét: Néu cosx = 0 thi theo (1) ta dugc sinz = 0 diéu nay vo I vi khi dé sin?z + cos? 2 = 0.
Do d6 cosz # 0. Chia hai vé ctia (1) cho cosz, ta dugc

tanxz—l@xz—%nle (keZ).
O]
Bdi 3. Hing ngay, myc nude clia mot con kénh lén xudng theo thuy tricu. Do sau h (m) clia myc nuée trong kénh
tinh theo thai gian ¢ (gio) trong mot ngay (0 < t < 24) cho bdi cong thitc h = 3 cos (%t + 1) + 12 (Nguon: Dai
s6 va Gidi tich 11 Nang cao, NXBGD Viét Nam, 2021). Tim t dé do sau ciia myc nudc la:
a) 15 m; b) 9 m; c¢) 10,5 m.
D Loi gidi.
a) Thai gian dé do sau ciia myc nudce 1a 15 m 14 nghiém ctia phuong trinh

t t t
3cos<%+1)+12=15<:>cos<%+1)=1<:>%+1=k27r<:)t=—§+12k (k €7).
™

D00§t<24nén0§—%+12k<24¢0,15<k<2,16:ke{1;2}.
Vay muc nuée sdu 15 m G thoi gian t = —g +12 -1~ 10 gio 5 phut
vat:—g+12-2z22 gid 5 phit.

b) Thoi gian dé do sau ctia mye nude 1a 9 m 14 nghiém ctia phuong trinh

¢ t t 6
3cos(%+1>+12:9<:>cos<%+1>:—1@%+1:7T+k27r<:>t:6——+12k (k € 2).
T

D00§t<24nén0§6—g+12k:<24:>—0,35<k<1,66:>k‘6{0;1}.
Vay muyc nuéde sau 15 m & thoi gian ¢t = 6 — g +12-0 ~ 4 gid 5 phit
vét:6—g+12~1%16gi65phﬁt.

c¢) Thai gian dé do sau clia mye nude 13 10,5 m 13 nghiém ctia phuong trinh

3 cos (%t + 1) + 12 =10,5

<7rt ) 1
& cos|l—+4+1)=—=

6 2

- 2
=2 kor

o |6 3
o= T kor
L 6 R
t=47r—§+12k

& ”6 (kez).
t=—4r — — + 12k
L ™

y J/ J J

o
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t:47r—§+12k‘.
" 6
Do0<t<24nén0<4mr——+12k<24= -089< k< 1,12= ke {0;1}.
T
t:—47r—§+12k:.
" 6
Do0<t<24mnén0< —4nr— —+12k<24=12< k<321 = ke {2;3}.
T
6
Vay muyc nudc sau 10,5 m & thoi gian ¢t = 4m — — + 12 - 0 = 10 gis 39 phaut,
7T
6 6
t=——+412-1~ 22 gio 39 phit, t = —47n — — + 12 -2 =~ 9 gic 31 phat,
7r 0

6
t=—47m — — 412 -3 =~ 21 gig 31 phit.
m

Bai 4.
Mot cay cau c¢6 dang cung OA ciia do thi ham s6 y

T
y = 4,8 - sin 3 va dugc mo ta trong hé truc toa do

vGi don vi truc & mét nhu & hinh bén.

9 A x

a) Gid st chidu rong ctia con song la do dai doan thing OA. Tim chiéu rong d6 (lam tron két qui dén hang
phan mudi).

b) Mot sa lan chd khéi hang hoa duge xép thanh hinh hop chit nhat véi do cao 3,6 m so v6i muyc nude song sao
cho sa lan c6 thé di qua duge gam cau. Chiing minh rang chiéu rong ciia khoéi hang hoa dé phai nhé hon
13,1 m.

¢) Mot sa lan khac ciing chd khdi hang hoa duge xép thanh hinh hop chit nhat véi chiéu rong ciia khéi hang
hoa dé 1a 9 m sao cho si lan ¢6 thé di qua duge gam cau. Chiing minh ring chiéu cao ciia khéi hang hoa doé
phéi nhé hon 4,3 m.

o Loi gidi.
a) Ta c6 hoanh do ciia A la gia tri thyc duong nhé nhat ciia o dé 4,8 - sing =0.

Tac()4,8-sin%:O<:>sin§:0(:>§:k7r(:>w:97r.
Khi dé gia tri thyc duong nhé nhat 13 z = 97 nén A(97;0).

Do d6 do dai doan thing OA = 97 ~ 28,3 nén chiéu rong 1a khoang 28,3 m.

b) Dau tién ta tim khoang cach tir vi tri chan cau lam gbc toa do dén vi tri trén song ma tai d6 do cao ctia cay
cau la 3,6 m.
Do d6 ta can tim nghiém thuoc khoang (0; 97) clia phuong trinh

3 3
= arcsin — + k27 r = 9arcsin — + 18kmw
4 PN 4

< 3 3
= 7 — arcsin 1 + k27 z = 97 — 9arcsin 1 + 18km.

=~ w

x x
4,8sin — = 3,6 & sin — =
,smg , s1n9

©ol8 ©lR

Khi do6 tap nghiém théa méan 1a S = {9 arcsin z; 97 — 9arcsin i}

Do d6 do rong toi da clia sa lan khi di qua cau 1a
.3 .3
97 — 9arcsin 1 9 arcsin 1 ~ 13,01 < 13,1 m.

Vay ta da ching minh dude yéu cau ctia dé bai.
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c¢) Dau tién, ta ciing tim khoang cach tit vi trf chan cau lam goc do dén vi trf trén song noi ma xa lan gan chan
cau d6 nhat. 0

Ta tinh dugc % —3= 9,65 m.

N 9,65 . s ‘.
Chiéu cao tai vi tri d6 1a h = 4,8sin 9 = 4,22 < 4,3 m. Vay ta da ching minh dugc chieu cao khoi hang

héa phai nho hon 4,3 m.

0

B-BAI TAP TRAC NGHIEM ON TAP
D pésé1
Cdu 1. Ham s6 y = sinz dong bién trén khoang

3w T

@) (0:7). (&0 ©(-%0). ©) (-m:0).
® Loi gidi.
Do ham s6 y = sinz dong bién trén mdi khodng (—g + k2m; g + k‘27r> nén ng v6i k = 0 ta c6 ham s6 y = sinx
dong bién trén khodng (—%; g)
Chon dap an @ O

Cdu 2. Ham s6 nghich bién trén khodng (m;27) la
@y:sinx. y:cosx. @y:tan:p. @y:cotas.
D Loi gidi.
Do ham s6 y = cot z nghich bién trén méi khoadng (km; 7 + k7) nén ng véi k = 1 ta c¢6 ham s6 y = cot x nghich
bién trén khodng (;27).
Chon dap an @ O

Cdu 3. Néu tan(a + b) = 3,tan(a — b) = —3 thi tan 2a bing

(A)o. g ©1 D) —Z.
® Loi gidi.
Ta c6 tan(a +b) =3 < tana + tanb =3 — 3tanatand (1)
va tan(a — b) = —3 < tana — tanb = —3 — 3tanatanb. (2)
Lay vé trit vé ctia (1) va (2) ta duge 2tanb = 6 < tanb = 3.

Thay tanb = 3 vao (1) ta dugc tana = 0.

2t
Khi d6 tan2a = ———_ =
1 —tana

Chon dap an @ O

N P 1 N
Cdu 4. Néu cosa = 1 thi cos 2a bang

7 7 15 15
@g. _g. . — T .

~ = Tl 16 16
® Loi giai.
) ) 1\? 7
Ta c6 cos2a =2cos*a—1=2- 1 —1:—§.
Chon dap én@ Ol

w

~ . 4 N
Cdu 5. Néu cosa = — va cosb = —— thi cos(a + b) cos(a — b) bang

5 5
(A)o. 2. ©)4 D) 5.
® Loi gidi.
Do cosa = 3 va cosb = 4 nén cos2a = T va cos2b = —.
5) ) 2 25
Ta ¢6 2 cos(a + b) cos(a — b) = cos 2a + cos 2b = —2—75 + 2—75 =0.

Do d6 cos(a + b) cos(a — b) = 0.
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Chon dép an @

. . 2 .
CdAu 6. Néu sina = —\/?_ thi sin (a + %) + sin (a — %) bang

“2 0} et

® Loi gidi.

y J/ J J
U]

o-L

2v/2
Ta c6 \/§sin (a + %) + \/§sin (a — %) =sina + cosa +sina —cosa = 2sina = —%_.
2
Do doé sin <a+ %) + sin (a — %) =-3
Chon dap an @ O
Cdu 7. S6 nghiém ctia phuong trinh cosz = 0 trén doan [0; 107] 1a
A) 5. B®)o9. (C©)10. (D) 11.
o Loi gidi.
Tacécosa:zO@x:g—i—lmr(k:GZ).
1 1
D00§w§107r<:>0§g+k7T§10<:>—§§k§;©O§k§9(k€Z).
Do d6 phuong trinh cosx = 0 c6 10 nghiém.
Chon dap an @ O
Cdu 8. S6 nghiém ctiia phuong trinh sinz = 0 trén doan [0; 107 1a
(A) 10. (B) 6. (©)s. (D) 11.
o Loi gidi.
Ta c6 sinz =0 <z = kn(k € Z).
Do0<z<10r<=0<k<10.
Do d6 phuong trinh sinz = 0 c6 11 nghiém.
Chon dép an @ O
Cdu 9. Phuong trinh cot x = —1 ¢6 nghiém 1a
@—%Jrlm(keZ). %Jrlm(keZ). @%Jrk%(keZ). @—%+k2w(keZ).
o Loi gidi.
Ta ¢6 cotz = —1 < cotx = cot (—%) ST = —% + kn(k € Z).
Chon dép an @ O
. P o ™ V2 .
Cadu 10. S6 nghiém cuia phuong trinh sin <:v + Z> =5 trén doan [0; 7] la
A) 4. ® 1 (©)2. D) 3.
o Loi gidi.
T V2 o o = k2m
Ta ot sin (o + 7) = 5 v sin o+ ) = sin (3) ke2)
a c6 sin (2 + - 5 &sin(z+ 7 sin(7) ng—i—k%r( €Z)
Do z € [0;7] nén x = 0 hoac z = T
Chon dap an @ O
P bésbd2
Cdu 1. Da&i 225° sang radian.
a7 6 3T o
i ® CEd g
® Loi giai.
oo 225 Bm
Ta c6 225° = 80" = 4 (radian).
Chon dap an @ O

e
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Cau 2. Mot duong tron c6 ban kinh R = 10 cm. D6 dai cung 40° trén duong tron gan bang

@ 11 cm. 9 13 cm. @ 7 cm. @ 9 cm.

® Loi gidi.

T

T 40°=40- — = —

a c6 40 0 %80 9 2rgmdlan

Dodalcungl—?7r IO:Tﬂz7cm

Chondépén@ O

Cadu 3. Banh xe ctia nguoi di xe dap quay dugc 2 vong trong 6 giay. Hoi trong 1 gidy, banh xe quay dugc bao
nhiéu do?
(A) 60°. (B) 72°. (C) 240°. (D) 120°.
® Loi gidi.
Trong 6 giay, banh xe quay dugc 2 - 360° = 720°.
Trong 1 giay, banh xe quay duge 720°: 6 = 120°.
Chon dép an @ O
Cdau 4. Cho goc a théa man 90° < o < 180°. Khing dinh nio sau day ding?
@cosa>0. sina>0. ©tana>0. @cota>0.
o Loi gidi.
Vi90° < a < 180° nén sina > 0, cosa < 0, tana < 0 va cot a < 0.

Chon dap an O

- 1
Cau 5. Cho sina = 3 va g < a < 7. Khi dé cosa c¢6 gia tri la

@COSCMZ—g. COSO&Z%E. ©COSO£:§. @COSOé— \3/_
o Li gidi.

1\? 8
Ta ¢6 cos? a = 1 — sin? :1—(—) = _.
a CO COS™ «x SN~ &« 3 9

T
Vi§<a<7rnéncosa<0.

2\/'

Do dé = ——
0 d6 cos o 5

Chon dap an @ O
Cdu 6. Cho A, B, C la ba géc ctia tam giac ABC. Trong cac khéng dinh sau, khéng dinh nao sai?

@ sin(B 4 C') = sin A. cos(B + C) = —cos A. @ tan(B + C) = tan A. @ cot(B + C) = —cot A.
® Loi gidi.
Ta ¢c6 B+ C = 180° — A.
Suy ra tan(B + C) = tan(180° — A) = — tan A.
Chon dap an @ O

o I

Cdu 7. Tinh gia tri biéu thic P = cos? § + cos % + cos % + cos? R

(A P=-1 (B)P=0. ©pr=1. D P=2

@ L5i gidi.

7 5 3 3
Ta ¢6 cos? m_ cos? T va cos? o _ cos? on = P=2 <cos.ZI +c082—7r>.
8 8 8 8 8 8
Vi — 7T ST _ = COS T sin Sl = cos? T sin2 37
= — —_ = 1 JR— — -
8 8 2 o 8 3 8 8 8’
DodoP—2<sm §+COS §)=2-1=2.
Chon dép én@ O

. ) .
Cau 8. Cho sina + cosa = 1 khi d6 gia tri clia sina cosa bang

5 3 9
@1. Z. E @ﬁ.

o Li gidi.
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) (sina+cosa)?—1 9
sinacosa = =—

2 32
Chon dap an @ Ol

. 1
Cdu 9. Cho tanz = —. Tinh tan (:c + %)

A)2. g (©)6. D) 3.

® Loi gidi.

\]

1
. tanx—l—tan% —+1
Tacétan(a:+—): -2 =3.
1

4 —tanﬂc-tanE 1_1
4 2
Chon dép an @ O
. r oex L .. %8 us 25T 17m N . .. L
Cadu 10. Bieu dién cac goc lugng gide a = % 8= V=3 0= 5 trén duong tron lugng giac. Cac goc

R L 3.2 .2 .x N
nao c¢é diém biéu dién trung nhau?

@ﬁvéfy. a,B,fy. @5,7,5. @avaﬁ.

® Loi gidi.

25
Tacéﬁ+87r:§+87r:77r:7
Do dé6, 3 va v ¢6 diém biéu dién triing nhau trén dudng tron lugng giac.
Chon dap an @ O

Cdu 11. Trong cac khang dinh sau, khang dinh nao la sai?

@ sin(m — a) = sina. cos(m — a) = cos a. © sin(m 4+ ) = —sina. @ cos(m + a) = —cos .
® Loi gidi.
Ta c6 cos(m — a) = — cos a nén cos(m — a) = cos a 1 khang dinh sai.

Chon dap an O

. . 1 N N N
Cdu 12. Goc lugng giac nao tuong tng véi chuyen dong quay 35 vong nguge chieu kim dong ho?
16 16\°
Tﬁ. <€) . (C) 1152°. (D) 11527
o Loi gidi.
Chuyén dong quay ngudc chiéu kim dong ho 1a quay theo chiéu duong; goéc tuong tng 1a

1 32
35 -2m = Tﬂ tuong tng véi 1152°.
Chon dap an @ Ol
Cdu 13. Trong cac khang dinh sau, khang dinh nao sai?
@ cos(a — b) = cosacosb — sinasin b. sin(a — b) = sina cosb — cosasin b.
cos(a + b) = cosacosb — sinasin b. @ sin(a + b) = sina cos b + cos a sin b.
® Loi gidi.
Ta ¢6 cos(a — b) = cosacosb + sinasinb nén cos(a — b) = cosacosb — sinasinb la khing dinh sai.
Chon dap an @ O
Cdu 14. Trong truong hop nao dudi day cosa = cos 8 va sina = —sin 57
™
® Loi gidi.
Trong trudng hop hai cung doéi nhau thi cac gia tri cos clia chiing bing nhau, cac gia tri sin ctia ching déi nhau.
Chon dép an @ O

N . 1 N
Cdu 15. Néu cosa = 1 thi cos2a bang

7 7 15 15
@g. _g. E. _E.

o Li gidi.
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1\? 7
Ta ¢6 cos2a = 2cos?a—1=2- (Z_l) —1:—§.

Chon dap an O

Cdu 16. Néu tan(a + b) = 3,tan(a — b) = —3 thi tan 2a bing

(A)o. g ©1. D) _;
® Loi gidi.
Ta c6 tan(a + b) = 3 < tana + tanb =3 — 3tanatanb (1)
va tan(a — b) = —3 < tana — tanb = —3 — 3tanatanb. (2)
Lay vé trit vé cta (1) va (2) ta duge 2tanb = 6 < tanb = 3.
Thay tanb = 3 vao (1) ta duge tana = 0.

2
Khi do6 tan2a = —tanc; =
1 —tan“a

Chon dap an @ Ol

~ 2 4 .
Cdau 17. Néu cosa = g va cosb = ~% thi cos(a + b) cos(a — b) bang

(A)o. () 2. ©4. @) 5.

o Loi gidi.

Do cosa = g va cosb = —g nén cos2a = —21 va cos 2b = l

Ta c6 2 cos(a + b) cos(a — b) = cos2a + cos 2b = —2—75 + 2—75 =0.

Do d6 cos(a + b) cos(a — b) = 0.

Chon dap an @ U

Cdu 18. Rit gon biéu thitc M = cos(a + b) cos(a — b) — sin(a + b) sin(a — b), ta dugce
@Mzsin4a. M=1—20082a. ©M=1—25in2a. @Mzcos4a.

® Loi gidi.
Ta co
M = cos(a+b)cos(a—0b) —sin(a + b) sin(a — b)
1 1

= 3 (cos 2a + cos 2b) + 3 (cos2a — cos 2b)

= cos2a

= 1-2sin’a.
Chon dap an @ O

~ . 1 N
CaAu 19. Néu sinz + cosz = 3 thi sin 2z bang

oh ®% ©% ©-5

® Loi gidi.
Ta c6 sin 2z = (sinz + cosx)* — (sin? z + cos® z) = (%)2 —-1= —?1.
Chon dap an @ O
Cadu 20. Meénh de nao duéi day dung?
@ cos 3x - cos br = %(cos 8x + cos 2x). (B) cos 3 - cos 5z = %(cos 8x — cos 2x).
@ COs 3T - COS dT = %(cos 22 — cos 8x). @ cos 3z - cos dx = %(Sin 8x + sin 2x).
® Loi gidi.
Ta ¢6 cos3x - cos b = %[cos(?)m + 5z) 4 cos(3x — bx)] = %(cos 8z + cos 2x).
Chon dap an @ O]

- o o ... PRSURR
Cdu 21. Gia sit 3s1n4a:—cos4a¢:§th1 sin® x 4+ 3 cos* z ¢6 gia tri bing
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@) 2. 1. (©a. OF}

® L5i gidi.

1
3sin4x—cos4a:=5@68in4x—2(:os4x=1 & 6sin4x—2(1—sin2a)2=1
& 4sin*z —4sina—-3=0
& (2sin®a+3) (2sin’a—1) =0

= sin? L
SIn" o = —.
2

1 1\2
Ta ¢6 sin* x + 3 cos* :sin40¢+3(1—sin2oz)2 = 1—1—3(1—5) =1.

Chon dap an O

Cdu 22. Ham s y = sinz dong bién trén khoang

® (). (-3:-7). o5 ©) (~n50).
® Loi gidi.

Do ham s6 y = sinz dong bién trén méi khodng (—g + k2m; g + k27r> nén tng v6i k = 0, ta ¢6 ham s6 y = sinz

dong bién trén khodng (—g; g)
Chon dap an @ Ol
Cdu 23. Ham s6 nghich bién trén khoang (7;27) 1a

@y:sinx. y:cosm. @y:tanw. @yzcotx.
® Loi gidi.
Do ham s6 y = cot z nghich bién trén moi khoang (km;m + k7) nén tng v6i k = 1, ta ¢c6 ham s6 y = cot x nghich
bién trén khodng (;27).
Chon dap an @ O

CoS

Cadu 24. Tap xac dinh cia ham s6 y = ——— 1a
sinz — 1

(A R\ {k2r|k € Z}. R\{g—i—kﬁﬂ\kez}. @R\{g—i—lm\kez}. (D) R\ {kr|k € Z).
® Loi gidi.
Hamséxécdinhkhivachikhisinx—l;éO(:)sinaf;é1<:>a;7ég+k‘27rv6ik€Z.
Vay tap xac dinh clia ham 6 1a R \ {g +k2rlk € 2},
Chon dap én O

Cdu 25. Khang dinh nao sau day la sai?

@ Ham s6 y = cosx c6 tap xac dinh 1a R. Ham s6 y = cosz ¢6 tap gia tri la [—1;1].
© Ham s6 y = cosz 1a ham s6 18. @ Ham s6 y = cosx tuan hoan véi chu ki 27.
® Loi gidi.
Ham s6 y = cosz 1a ham s6 chén.
Chon dap an @ O

Cau 26. Trong cac ham sb sau day, ham s6 nao 13 ham tuan hoan?

(A)y = tanz + . By=a?+1. (C)y = cotz. @yZSiM.

x
® Loi gidi.
Ham s6 y = cot z 13 ham s6 tuan hoan véi chu ky T = .
Chon dép an @ O
Cdu 27. Khang dinh ndo sau day ding?

@ Ham s6 y = sinz 1& ham s6 chan. Ham s6 y = cosx 14 ham s6 chan.

@ Ham s6 y = tanz 1a ham s6 chén. (D) Ham 6 y = cot z 1a ham s6 chan.
® Loi gidi.

Ham s6 y = cosx 1a ham s6 chin; cac ham s6 con lai 1a ham s6 18.

194/764 ‘ Bi Todn 11 theo chuong trinh GDPT201€m




Chuong 1. Ham sb luong gide v phuong tinh luong gide Biét lam, lam dung, 1&am nhanh

y J/ J J
Chon dép an O

Cdu 28. Khang dinh nao sau day la ding?

(A)Ham sb y = cos la ham sb 1&. Ham s6 y = tan 2z — sinz 1a ham s6 1&.
@ Ham s6 y = sinz 14 ham s6 chin. @ Ham s6 y = tanz - sinz 1a ham s6 1é.
® Loi gidi.

Xét ham s6 y = f (z) = tan 2z — sin z.
Ham s6 xac dinh khi cos2z # 0 & x # % - kg, (keZ).
Tap xdc dinh 2 = R\ {% —I—kg,k € Z}.

Véimoi z € Z thi —z € Z va f(—z) =tan (—2z) —sin (—z) = —tan2z +sinz = — f (z).
Do d6 ham s6 y = tan 2z — sinx 13 ham sb 1é.
Chon dap an Ol

cotx

Cdu 29. Tap xac dinh clia ham s6 y = ——— &
L iosm— 1
@R\{%,kez}. R\{§+kw,kel}. (OR\ {kr, k € Z}. (D) R\ {k2r,k € Z}.
® Loi gidi.
. ) ) L. [sinz#0 x # km

Ham s6 xéac dinh khi va chi khi & (k,l€Z) < x+#km kel

cost # 1 x #1127
. R N 2 cotx .

Vay, tap xac dinh ctia ham s6 y = ———— 1a R\ {km, k € Z}.
cosz — 1

Chon dap an @ O

Cadu 30. Cho do6 thi ham s6 y = sinz nhu hinh vé sau

Meénh dé nao dudi day sai?

B} . 3
@ Ham so y = sinx tang trén khoang (—g; g) Ham s0 y = sinz giam trén khoang (g, g)
N A . .2 ~ 2 37T N £ . - ~ 2
© Ham s0 y = sinx giam trén khoang —5 i) @ Ham s6 y = sinx tang trén khoang (0;7).
® Loi gidi.

® Ham s6 y = sinz tang trén (0; g) va, gidm trén (g, 77).

® Vay trén khoang (0;7), ham s6 y = sinx vita ting vita gidm nén khang dinh ham 86 y = sinx tang trén
khoéng (0; ) 14 khang dinh sai.

Chon dap an @ U
Cdu 31. Chon khéng dinh diing trong cac khang dinh sau

(A)Ham sb y = tanz tuan hoan vdi chu ki 27. Ham s6 y = cosx tuan hoan véi chu ki 7.

© Ham s6 y = sinz dong bién trén khoang (0; g) @ Ham s6 y = cot z nghich bién trén R.
D Loi gidi.

Ta xét y = sinz suy ra 3y = cosz. D& thay cosz > 0, Vz € (0; g) Do d6 ham s6 y = sinz dong bién trén
khoang <0; g)
Chon dap an @ O
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Cdu 32. Do thi clia ham s6 y = sinz vd y = cosa cit nhau tai bao nhiéu diém c6 hoanh do thudc doan
5%]

=27 — |7

{ A

(A) 5. (B) 6. (© 4. D) 7.
® Loi gidi.
Xét phuong trinh hoanh do giao diém ctia hai do thi ham s6 sinx = cosz.
Néu cosz = 0 thi sinz = 0 nén vo ly.
Do do, cosx # 0. Ta ¢6

sinx =cosz < tanx =1
= x:%-l-kﬂ', (k7).

Ta lai co
51 s 51
r<az< o< = <2
7T_w_2 = 7r_4+k7r_2
1 5
s 2< -+ k< =
_4+ -2
o Pop<?
4 — 4
Do k € Z nén k € {—2;-1;0;1;2}.
Vay hai do thi ham s6 cit nhau tai 5 diém c6 hoanh do thuoc doan [—2%; 5771 )
Chondépén@ O

Cadu 33. Tim tap gia tri ctia ham s6 y = 2cos 3z + 1.

(A) [-3;1]. [-3; 1. ©[-13]. © [1;3].

® Loi giéi.
Vx € R ta c6
—1<cosdzr<1
& —2<2cos3x <2
& —1<2cos3x+1<3.
Chon dap én@ O

Cdu 34. Duong cong trong hinh bén 1a do thi trén doan [—m; 7] clia mot ham s6 trong bén ham s6 duge ligt ke
& bén phuong an A, B, C, D duéi day. Hoi d6 14 ham s6 nao?

@y:sinaz. ‘y:cosx. ©y:tan:p. @y:cotas.
® L5i gidi.
D5 thi ham s6 di qua cac diém (0;0), (7;0), (g 1) va nhan O lam tam doi xing.

Chon dap an @ O
Cau 35. Phuong trinh cot z = —1 ¢6 nghiém 1a
@—%Hﬂr(keZ). ngIm(keZ). @%Jrk%(kez). @—%w%(kem.
® Loi gidi.
. T T
Ta ¢6 cotz = —1 < cotx = cot <_Z) er=—7 + kn(k € Z).
Chon dap an @ O

y J/ J J
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y J/ J J

Cdu 36. Trong cac phép bién déi sau, phép bién dbi nao sai?

@sinle@x:g-i—k:Zw,(keZ). tanle@:v:%-l—lm,(kEZ).

. x=§+k27r,(k:€Z) |
@cosxzéé - . @81nm=0<:>ac=k27r,(k€Z).
x:—§+k27r,(kEZ)

® Loi gidi.
Ta césine =0« z =kn,(k € Z), nén dap an sinz = 0 < = = k27, (k € Z) sai.
Chon dép an @ O

la
Az = k2m; k € Z. x_—kEZ @x:%—l—kw;kez. D)z = km; k € Z.
® Loi gidi.
Tacc’)sina:-cosa::%@sin2x21@2x:g+kz27r<:>x:%+k7rvéik€Z.
Chondépén@ O
Cdu 38. Ho nghiém ctia phuong trinh sin2z =1 1a
@:U:g%—kﬁ,kez 33:%+k27r,k:6Z. @wz%%—kw,kez @:L‘:%—l-%n,k‘ez.

N |

Cadu 37. Nghiém ctia phuong trinh sinx - cosz =

o Loi gidi.
Tac()sin2ac=1(i>2x=g—i—kZTr(:)m:%kam,kEZ.
Chon dap én@ Ol
Cadu 39. Phuong trinh sin 2z cos z = sin 72 cos 4x ¢6 cac ho nghiem 13
k2 T kmw k:7r km
T T T T
—————Z = hie= o+ o (keD),
@x x 12+6(k€ ) D)z x 12+3(k€ )
® Loi gidi.
Ta c6
. . 1 . . 1 . .
sin2z cosx = sin Tz cosdzr < é(sm 3z +sinz) = §(sm 11z + sin 3x)
& sinllx =sinx
km
r = ?
& " . (ke Z).
rT=-—+—
12 3
Chon dap én@ O

Cadu 40. S6 nghiém ctia phuong trinh cosz = 0 trén doan [0; 107] 1&

(A 5. B®)o. @10 (D) 11.
® Loi gidi.
Tacécossz@x:gijﬂ(keZ).
1 1
D00§x§107r<:>0§g—i—kWSlO@—i§k§;©0§k§9(k€Z).
Do dé phuong trinh cosz = 0 ¢6 10 nghiém.
ChQﬂdépéﬂ@ O

Cdu 41. S6 nghiem clia phuong trinh sinx = 0 trén doan [0; 107] 1a
(A) 10. (B) 6. (©)s. D) 11.
o Loi gidi.
Ta co sine =0< x = kn(k € Z).
Do0<z<10r&0<k<10.
Do dé phuong trinh sinz = 0 c6 11 nghiém.
Chon dap an @ O
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y J/ J J

~ P 2
Cdu 42. S6 nghiém cuia phuong trinh sin <x + %) = \/7— trén doan [0; 7] la

A) 4. ® 1 (©)2. D) 3.
® Li gidi.

Tacésin(a:—}-%):\/—_@sin(:c—i—%) :sin(—

= keZ).
2 4> ngwm( )

Do z € [0; 7] néna::Ohoacng.

Chon dap an @ Ol
Cadu 43. Phuong trinh sin 2z + 3cosx = 0 ¢6 bao nhiéu nghiém trong khoéng (0;)?

(A)o0. ®) 1. (©)2. D) 3.

@ L5i gidi.

cosx =0
Ta césin2zx+3cosx =0 | 3 ©cosr=0&2= T fkr.Doxe (0; ) nén c6 mot nghiem la x = g
sing = —=
2
Chon dap an O
Cdu 44. Mot banh xe c6 72 rang. S6 do goc ma banh xe da quay duge khi di chuyén 10 rang la
(A) 40°. (B) 50°. (C)60°. (D) 30°.
® Loi gidi.
1 banh rang tuong ing véi oo 5°=- 10 banh rang la 50°.
Chon dap an O
Cau 45.
Ngudi ta mudn lam mot canh diéu hinh quat ¢6 ban kinh 14 a, do dai cung tron 1a b va C
c¢6 chu vi 14 80 cm (nhut hinh vé&). Khi dién tich canh diéu dat gid tri 16n nhat, téng a + b
bang
@ 50 cm. e 40 cm. @ 70 cm. @ 60 cm.
O
A
o Loi gidi.
. b
Goi ¢ (rad) 1a s6 do cung ctia hinh quat. Khi d6 ¢ = —.
a
Chu vi canh diéu bang b + 2a = 80.
2 2
. . NS pa ab 1 1 <b+2a>
D h h =l —=—=—-(b-2a)< - = 400.
ién tich canh dieu bang S 5 7 = 1 (b-2a) < 1 5 00
PN ) C[b=2a b=40
Dau bang xay ra khi va chi khi &
b+ 2a =80 a = 20.
Do vay a + b = 60 cm.
Chon dap an @ O
Cdu 46.
Khi mot tia sang truyén tir khong khi vio mat nude thi mot phan tia sang bi phan N,
xa trén bé mit, phan con lai bi khic xa nhu hinh bén. Géc t6i ¢ lien hé véi goc !
khiic xa 7 béi Dinh luat khic xa anh sang g | s’
sini_ no W
sinr  ng :

®©

O day, n1 va ng tuong tng v6i chiét suat ciia moi truong 1 (khong khi) va moi
truong 2 (nuée). Cho biét goc t6i ¢ = 50° va chiét suat ctia khong khi bing 1 con
chiét suat ctia nude 1a 1,33. Khi dé géc khiic xa gan vé6i két qua nao sau day.

(A) 35,17°. 55,47°, (C)31,42°. (D) 12,35°. o
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® Loi gidi.
in g in50° 1,33 in 50°
Taco ot — 12 SO 299 gine = 2 35,170,
sinr g sinr 1 1,33
Chon dap an @ O

Cdau 47. Gia st a,b,c lan lugt 1a ba canh déi dién véi ba géc A, B,C cla tam giac ABC théa diéu kién
B C 1 b+c

A
2c0s —cos — = — sin —. Tinh géc A cta tam giac ABC.
2 2 2 a 2

(A) 30°. (B) 45°. (C)60°. (D) 90°.

® Loi gidi.

B C 1 b A
Dat 200550055 =3 chinE (). Ta co6

(x) & 2 B _1+sinB+sinC. A
cos 5 cos 5 =75 A sin 5
. B+C B-C
B_C 1 2sin 5 cos 5 A
< COS 4+ cos 5 = -+ A sin —
QSin—COSE
@sin——l—cosB_C—l—i—cosB_ (isin—>Ocos——sinB+C>
2 2 2 Vs~ S ees s = 2
. 1 T
@Slna—gﬁA—g.
ChQndépén@ O
Cadu 48. Phuong trinh 2\/§sin(x—%> cos(as—%>—|—2cos <$—§> V3 + 1 ¢6 nghiem la
@xzz—;r—i—kﬂ,x:?%kaﬂvéikeZ. x——+k7r m:%—i—kwvéikEZ.
©:c-—+k7r x—i—6+k7rvdlk€Z @x——+k7r x—;—4+k7rvd1k€Z
o Loi gidi.
Ta c6
2\/§sm< _%>C (:v——)-i-QCos (3:——) \/_-I-l
s 351n< —%) 1+cos(2m——) V341
= 3sm< —%) cos<2z——>:\/§
- _Sm< 7Yk Leos (20 z)_ﬁ
4 2 4/ 2
™ V3
P ——)=—
s sm(m 12 5
29—~ =T L kon ke
N 12 3
T 2
$:5—7T+k7r,kEZ
24
< 3
LI,’:?‘FI{?’]T,I{IEZ

5 3
Vay phuong trinh da cho c6 nghiém x = % + km, x = % + kmw véi k € Z.
Chon dap an @ O

Cdu 49. Nghiem duong nhé nhat ciia phuong trinh sin x + sin 2z = cosx + 2 cos? z 1a

®7 ® T ©or. ®
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® Loi gidi.

sinz + sin 2z = cosz + 2cos® x
& sinz 4 2sinzcosx = cosz (2cosz + 1)

< sinz (2cosz+ 1) =cosz (2cosz + 1)

- cosx = >
_sinx = COS X
i 2
r=+— +Kk2m
& - 3 (keZ).
X = Z +k7‘l’

Khi d6 nghiém duong nhé nhat ctia phuong trinh la z = %
Chon dap an @ O
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