GIAI HE PHUONG TRINH BANG PHUONG PHAP HAM SO
PHUONG PHAP HAM SO

Néu hé c6 mét trong hai phuong trinh ta dwa vé dang : f(x)=f(y) véi x,y thudc T thi khi d6 ta khao
sat mot ham sé dic trung : y=f(t) trén T . Néu f(t) 1a don diéu thi dé f(x)=f(y) chi xay ra khi x=y .
Trong phuong phap nay khé nhat 13 cac em phai x4c dinh duoc tap gia tri ciia x va y , néu tap gia tri
ctia ching khac nhau thi cic em khéng duoc dung phwong phép trén ma phai chuyén ching vé dang
tich : f(x)-f(y)=0 hay : (x-y).A(x;y)=0
Khi dé6 ta xét truong hop : x=y, va truong hop A(x,y)=0 .
Sau ddy 1a mot s6 bai ma cac em tham khao .

2x°y +y® =2x* +x°

(X+2)\/m=(x+1)2

Bai 1 Giai hé phuong trinh sau : {

. - Phuong trinh (1) khi x=0 va y=0 khong 1a nghiém ( do khong thoa man (2) ).
3
- Chia 2 vé phuong trinh (1) cho x° ¢o:>(1)@2(l)+(ij —2x+ X
X X
-Xéthamsd : f(t)=2t+t>= f'(t)=2+3t> >0Vt e R. Ching t6 ham s f(t) dong bién . DE phuong trinh
c6 nghiém thi chi xay ra khi : Yxe y = x*. -thay vao (2) :
X
(x+2)Vx* +1=(x* +1+2x) & ¥ —(x+2)t+2x=0=t =2t =X
VX +l=2=x2 =3 x=4/3
= :
VX +l=Xx=>Xed

Do d6 hé c6 hai nghiém : (x;y)= (—\/§; 3) , (\/§, 3)

2+6y:§—«/x—2y
y .
X+ X—2y =x+3y—2

Bai 2. Giai h¢ phuong trinh sau :

Giai
2+6y=§—\/x—2y {x—Zy—yM—Gyz_o («/x—2y+2y)(,/x—2y—3y)=0
=N SN
X+JX=2y = x+3y—2 X+X=2y =x+3y-2 X+4/X=2y =x+3y-2

y<0
- Truong hop 1: X—-2y =-2y < .
ruong hop y {x—2y=4y2
Thay vao (2) < /x—2y =4y* +5y -2 -2y =4y’ +5y-2=4y*+7y-2=0

>0 >0
- Truong hop : /X—2y :3y:>{y <:>{y (*).

X—2y=9y° X=9y*+2y

Thay vao (2) : < 9y? +2y+3y =9y? +2y+3y -2 < /9y +5y =9y* +5y—2=0
=-1->x=9-2=7
=./9y? > t=2 y
t=4/9y +5y_0<:>{

< =9y’ +5y-4=0«c 2
{tz—t—z_o Joy? 15y =2 y=g_>9;_i +2,g=%=%




Vay hé c6 nghiém : (X; y) = (7;—1),(%:3)

x2+y2+ﬂ:1

Bai 3 Giai hé phuong trinh sau : X+Yy

JX+y=x"-y

Giai

a. X+Yy . Tir (2) viét lai : «/x+y+x+y=x2+x<:>(«/x+y)
JX+y=x"-y(2)

Ta xét ham s6 f(t)=t* +t(t>0)= f '(t)=2t+1>0vt >0. Chimg ¢ f(t) la mot ham sb dong bién , cho nén

2

+X+Yy =x>+X

tacoh: (Xx+y=x<y=x"—x.(*)

2 2_
Thay vao (1) : C>X2+y2+%=1<:>X2+(X2—X)2+¥=1<:>x2—1+x2(x—1)2+2(x—1):0
-1 1 2(x=1)+2)= * %
< (x )(X+ X (x )+) Oc{xe’—xz+x+3:0<:{(x+1)(x2—2x+3):0<:{x:—1( )

x=-1y=2

' x=1Ly=0 < (xy)=(12),(30)

Thay vao (*): @ y=x’-x<

272 232y R
o) +§,/x y :%

Bai 4. Giai h¢ phuong trinh :

2 g 3(2y -Vx) (1)

Tir . - Pidukign :x,y20-Tir(1): <227 +3yx =22 43(2fy)
(><+y)2 3 N 7
2 +E«/x+ y = > (2)
- Xéthamsd: f(t)=2t"+3t(t=0)= f'(t)=8t>+3>0. Chung o f(t) luon dong bién .
Do vay dé phuong trinh (1) c6 nghiém chi khi :+/x =2,y < x=4y (¥)

- Thay vao (2) : 21 +g(\/§)=g.>{étham sb : f(t)=2t4+gt:> f '(t)=4t3.24+g>0.
y_l
. x=4y "5
- Nhan xét:f(1)=2+§=z. Suy ra t=1 la nghiém duy nhat . < = 5<:>(X; y):(ﬂ;l)
2 2 JBy =1 4 5'5
X =—
5}
x+\/1+x2)(y+«/1+y2):1
Bai 5. Giai h¢ phuong trinh sau : (
Xo/6X —2Xy +1 = 4Xy + 6X+1
x+\/1+x2)( +4/1+ 2):1 (x+\/l+x2)=(— +4f1+ (- 2)
T : ( ) y = Y ( y) . (nhan lién hop )

X{/6X—2Xy +1=4xy+6Xx+1 Xo/6X —2Xy +1 = 4xy +6x+1



t VI+t2 +t s [t]+t

Xéthamsd: f(t) =t+y1+t2 = f'(t) =1+ =

V142 P+l 1+t
Chuirng t6 ham s6 dong bién . Bé f(x)=f(-y) chi xay ra x=-y (*)
- Thay vao phuong trinh (2) :

2 2
\N2x% +6x+1=3x
X\BX+2x2 +1=—-4x> +6x+1<:>(\/2x2 +6x+1—§) :gx2 <:{

>0vteR

4 N2X% +6x+1=-2x
x>0 x>0
* Truong hop : \/2x2+6x+1:3x<:>{ <:>{ =>x=Ly=-1

2X% +6X+1=9x%° 7x* —6x-1=0
x<0 x<0
* Truong hop : V2X° +6X+1=-2X < o
&b {2x2+6x+1:4x2 {2x2—6x—1:0
X:3_\/ﬁ;y:_3+\/ﬁ.Véyhé ¢6 hai nghiém : (x;y)=(1;-1),( 3_\/:ﬁ;_&'_\/ﬂ)
2 2 2 2
o (4x2+1)x+(y—3) 5-2y =0
Bai 6 Giai hé¢ phwpng trinh :
AX* +y* +23-4x =7
Giai
4x* +1)x+(y-3)4/5-2y =0(1
Tir: . ( J+(y-3) ()(KA-2011)
4 +y?+243-4x =7  (2)

2 2 3
- PT(D): 4X3+X:—(y—3)«/5—2y(3).Détt:«/5—2y:y:5_2t @_(5‘; _3jt:t ;’t

3
- Khi d6 (2) : 4x3+x:%@(2x)s+2x:t3+t
- Xét ham s6 : fu)=u®+u = f'(u) =3u?+1>0Vu suy ra f(u) luén dong bién . Do d6 dé f(x)=f(t) chi xay ra
khi : 2x=t < 2x =52y < 4x* =5-2y < 2y =5-4x°(4)
5—-4x?

2
- Thay vao (2) : g(x) = 4x* J{ ] +2J3-4x-7=0 :xe {0; ﬂ .Ta thay x=0 va x=% khong la

. 5 ) 4 ) 4 3)
h . g' (X)=8X—-8X| =—2X° |- ——==4X[4X"  -3)—- —=<0VXx e| 0;—
nghiém . g(x) (2 j 3_4x ( ) JBB—ax E( 4

- Mat khac : ¢ (%) =0=x :% 12 nghiém duy nhdy , thay vao (4) tim dugc y=2.

- Véy hé c6 nghiém duy nhét: (x;y)= (% ; 2)

2(2x+1)" +2x+1=(2y-3)Jy -2
VAX+2+.2y+4 =6

Bai 7. Giai hé phuong trinh : {

Giai :

. 2(2x+1)’ +2x+1=(2y-3)\[y-2(2)
v VAX+2+\2y+4 =6 (2)

- Diéu kién : yZZ;XZ—%(*)




-bat: Tu (2): 4x+2y+6=36<2x+y=15=2x+1=16-y

- T (1):Dat: \Jy-2=t=y=t"+2<2y-3=2(t"+2)-3=2t"+1

- Cho nén vé phai (1) : & (2” +1)t =26 +t < (1):2(x+1)’ +(2x+1) =2t* +1

-Xéthamsé : f(u)=2u’+u= f'(u)=2u’+1>0vueR. Ching to ham sé luén dong bién . D& f(x)=f(t)
chi xay ra khi : x=t

31453
{2x= y—2 {Zx— y—2 {yslS y=—""7
= =
_ _ve v 2_31y+227=0
2x+y=15  |15-y=,y—2 |y°-3ly y:31+2J§>15

- Vy hé ¢6 nghiém : (X;y) :{ 2

«/§—1_31—«/§J
T

2(x3 +2X— y—l) =x*(y+1)(2)
Bai 8Giai h¢ phuong trinh :
Y +4ax+1+In(y* +2x)=0(2)

‘ 2(x3+2x—y—1):x2(y+l)(1)
e {y3+4x+1+ln(y2+2x):0(2)
- Picu kién : y*+2x > 0(*)
- Phuong trinh (1) : <:>2(x3+2x)=2(y+1)+x2(y+1)<:>2x(x2+2)=(y+1)(x2+2)
-Do: X*+2>0=2x=y+1(**)
- Thay vao (2) : y*+2(y+1)+1+In(y* +y+1)=0< f(y)=y*+2y+3+In(y*+y+1)=0
2y +1

-Tacd: f'(y)=3y* +2+—2——
(v)=3y Vv +y+1

- Mit khéc : f(-1)=0 , do d6 phuong trinh c6 nghiém duy nhét : (x;y)=(0;-1)

> 0. Chiing t6 ham s6 luon dong bién .

(8x—3)v/2x-1-y-4y>=0

Bai 9 Giai h¢ phuong trinh :
AX* —8Xx+2y° +y*—-2y+3=0

Giai
T&:.{(8X—3)M—y—4y3—0 (1)
4x* —8x+2y° +y*—2y+3=0(2)
- biéu kién : XZ%.
T (1): (8x—3)v2x—1=y+4y*(¥)
- Dt t=y2x—1=> 2x=t" +1> (8x—-3)2x—1=[ 4(t* +1)-3 |t = (4° +1)t = 4t> +1
-Dodo (*): 4t +t=4y° +y
- Xét ham s6 : f(u)= 4u®+u= f'(u)=12u®+1>0Vu € R. Chiing t6 ham s dong bién . Do d6 phuong
trinh c6 nghiém khi : f(t)=f(y) < 2x—1=y < 2x = y? +1(**)
- Thay vao (2) : (y2+1)2—4(y2 +1)+2y3+y2—2y+3=0c> y'+2y° —y*-2y=0
=S y(y3+2y2—y—2):0<:> y(y—l)(y2+3y+2):0<:> y(y-1)(y+2)(y+1)=0




_ y=0 B

y=0 1 y=0 y=1
- Vay : = ; =] =:0{, ; =(11
ay {2X=y2+1 XZ%—)(X y) (2 J{2x=y2+1®{x=1_>(x y)=(31)

2x=y*+1 |[x=1

1
N 27 2 =xy->
Bai 10. Giai hé phuong trinh : 2

(x2y+2x)2 —2x2y+1-4x=0

Giai :
e 3
27 D =xy-2 (1
Tw: . Y 2 ()

(xy+ 2x)2 —2x’y+1-4x=0(2)

-Tu (2) :(x2y+2x)2—2(x2y+2x)+1:O<:>[(x2y+2x)—1]2 =0=Xy+2x=1< X’y =1-2x

y_1—2x(*)
- 1-x? 1-2x
X2 \ 2 2 1—2X 3 1 1
-Hay: ,thayvao (1): 2 ¥ -2 % =-— ——=——=(3
Y 1-2 yvao (1) ( X j 2 2 x()
Xy =
X
_ _ 2 2_
-Nhn xét; 122X 17X _X 22X:1_E:2(1_Ej_
X X X X 2 X
p— 2 —_
G(_)i:azl 2X ,bzl 22X:>b—a:2(1_£]
X X 2 X

-Chonén (3)<2°-2"=2(b-a)<2*+2a=2"+2b.
- Xétham b : f(t)=2'+2t = f'(t)=2'In2+2> 0Vt € R. Ham s0 dong bién , vy phuong trinh c6 nghiém

khi va chi khi : a=b , ttc b-a=0, hay : %—l =0< x=2 . Thay vao (*) ta tim dugc
X

3

y=—%:>(x; y)=[2;—zj

x}—2y+1=0

(83—x)v2-x-2y,2y-1=0

Bai 11 Giai hé¢ phuong trinh : {

Giai
D/K: x£2;y2%.
T (@) [1+(2-x) V2 x =[1+(2y-1)]2yy2y L (V2-x) +¥2-x =({2y 1) +y2y 1
Taxéthamsd : f(t)=t*+t= f'(t) =3t +1> 0Vt € R. Chiing t6 ham s6 luén dong bién trén R

Do o dé f(v2—x)= f(\2y—1), chi xay rakhi : v2-x :\/Zy—lc{zyzs_x

x=3-2y

Thay vao (1) < x°—(3-x)+1=0< x3+x—2=0<:>(x—1)(x2+x+2)=0:> Xx=1Ly=3-1=2
Vay hé c6 nghiém (x;y)=(1;2)




Xy —2x° —2y*+5y—-2=0

w/y2+1+1/x—y :2Xy—X2+\/X2 —2Xy + y2+1+\/y

Bai 12 . Giai hé phuong trinh : {

Giai
D/K: x-y>0;,y>20<=x>y>0

T (2) : Y +1+YX—y —y? :—y2+2xy—x2+w/(x—y)2+1+\/§<:>
JY 1=y —y? :+,/(x—y)2Jrl—w/x—y—(x—y)2

Xéthamsd: () =vE +1-E—t? (t20)= f'(t)=— ———2t—t[L—2j—i<o
<l=

NN
N 1 1 ..
(Vi:Jt?+121=0< < —2<0 voimoi t>0)

VP41 Jt?+1
Nhu vay hé c6 nghiém chi xay ra khi : y=Xx-y hay x=2y .
Thay vao (1) : (2y)"y—2(2y)" —2y*+5y—2=0< 4y* -10y? +5y-2=0
<:>(y—2)(4y2—2y+1)=0<:> y=2 Vi: 4y*-2y+1=0 vo nghiém .

Vay h¢ c6 nghiém : (x;y)=(4;2)

2(x—2)Vx+6=6-y
(X—Z)\/W_Z:\/m.\/xz—4x+5

Bai 13. Giai h¢ phuong trinh sau : {

Giai
biukién: y>-2;x>-6

TW)!(><—2)Jy+2=\/y+1.Jx2—4x+5@Vfy+ “X 2) 11 \/ii (X 2) +1

Oeder JDL i 109 22 (t>o>:f-(t>=[ /1%]-:_;«).

y+1 (x—2)

Chung t6 ham s nghich bién
pé f (X—Z)2 = f (y+1) chi xdy ra khi : y+1:(x—2)2. Thay vao (1) ta dugc phuong trinh :
t=x-2>0 t=x-2>0
t2+2t«/t+_8:7<:>{2t«/t+_8:7—t2
{OSt—x—zsﬁ ostox_a<yT [0st=x-2<\7
= = =
at* (t+8) =(7-t*) {t4—4t3—46t2+49:0 {(t—l)(t3—3t2—49t—49)0
+/ Truong hop : t=1 hay x-2=1 suy ra x=3 va y+1=1 hay y=0 . Vay nghiém hé 1a (x;y)=(3;0)
+ Trudmg hop : f(t) =t ~3t° —49t 49 =0=> f '(t) =3t" ~6t~49 =3(t 1)’ ~52 <OVt e| 0;/7 |

(1)@(x—2)2+2(x—2)M—7=0@{

Ham s nghich bién va f(0)= -49<0 ching t6 f(t)<0 véi moi t [o; J7 ] . Phuong trinh v6 nghiém .

2y(4y® +3x*)=x"(x* +3)

2012*(4/2y—2x+5—x+1)=4024

Bai 14. Giai hé phuong trinh sau : {

Giai




Diéu kién : 2y—2x+5>0
+/ Néu x=0 suy ra y=0 nhung lai khéng théa man (2) vy x khac 0 . Ttr (1( chia hai vé cho x* %0
Khi do :

(1) = 2y(4y2 +3X2) = < (X2 +3) = (ﬂj{(ﬂf +3} =x*+3x < (ﬂf +3(ﬂ) =x°+3x

x3 x3 X X X X

Xéthamsé: f(t)=t>+3t= f'(t) =3t?+3>0 v6i moi t thudc R . Chimg t6 ham s6 dong bién

bé f(ﬂ) = f(x), chi xay ra khi : 2y =X <> 2y = x*. Thay vao (2) ta dugc :
X X
(2) = 2012" (\/x2 —2X+5- x+1) =4024 < 2012.2012“( (x—l)2 +4 —(x—l)) = 4024

Lai dit t=x-1 suy ra : < 2012.2012' (\/tz +4 —t) — 4024 < g(t) = 2012' (\/t2 +4 —t) =2

Lai xétham 6+ g(1) =2012 (Vi +4~t) = g () = 2012 |n2012(,/t2+4‘_t)+2012t[ ! _1]
JtP+4
Hay : g'(t) = 2012" (x/t2+4—t){ln2012— 1 }
Jt? +4
Vi:Jt?+4-t>0va

<1<1In2012 suy ra g'(t)>0 véi moi t thugc R ma g(0)=2 cho nén véi t=0 1a

1
V2 +4

nghiém duy nhét va : t:x—1:0:>x:1;y:%c>(x; y):(l;%)

x*-12x—y* +6y*—-16=0
4% + 24— x? =5\J4y—y? +6=0

Bai 15. Giai hé phuong trinh sau : {

Giai
x*—12x=(y-2)’-12(y-2)
4X% + 244 — X2 —5\/4y— y>+6=0
Xéthamsd f(t)=t°-12t te[-2,2]= f'(t)=3t"-12=3(t"-4)<Ovte[-2;2]
Chung té ham s6 nghic bién . Cho nén dé f(x)=f(y-2) chi xay ra khi : x=y-2 , thay vao (2) ta duoc :
(2) = 4x2 + 24— ~5\[4(x+2)—(x+2) +6=0<>4x* +24—x* ~5J4—x* +6=0

t=v4-x 20 {t:mzo t=v4-x 20
p—

Piéu kién : —2 < x<2;0y<4. Khi d6 h¢ @{

<~ _2_
4t +3t-22=0 t= 3 19=—1741<0;t=2

SAC+6=3/4-X%° @{

AN
AN
N
N
~
+
(o]
I
@

8
St=2eV4-x* =2 x=0=y=2<(Xxy)=(0;2). Vay hé c6 nghiém : (X;y)=(0;2)

\/x2+2+\/y2+3+x+y=5
\/x2+2+\/y2+3—x—y:2

Bai 16. Giai h¢ phuong trinh sau : {

Giai
\/x2+2+\/y2+3+x+y=5(1) VX2 +2+X+4/y’ +3+y=5(1)
. =
\/x2+2+\/y2+3—x—y=2(2) VX2 +2-x+4y?+3-y=2(2)




2 3
+ =5(1 (x2+2+x X +2-x|)=2
B e I (W (A
VX2 +2=x+4y’ +3-y=2(2) (Vy2+3+y)(vy2+3—y):3
-Suyra: \/X2+2—X=# N L.Chonén (1) chi xay ra khi va chi khi :

WY +3-y=
VX2 +2+X JY>+3+y
{\/x2+2x=1 {\/x2+2=x+1 {x2+2:x2+2x+1 X =
=

1
JyZJr?,_y—lc> y2+3:y2+2y+l<:> 2
= 1

y’+3=y+1 y=
- Véy hé c6 nghiém duy nhat : (x;y)=( % ).

x*y? —8x+y* =0

Bai 17 . Giai hé phuong trinh sau :
2X° —4x+10+y* =0

Giai
8x _8x
x°y?—8x+y? =0 2 = <_-=4 —2<y<2
Hé:@{ )2/ y , & 4 X +1  2x @{ <; =y=-2
2x* —4x+10+y* =0 y* +8=-2(x—1) <0 ys-

X' =3x=4/(y-1)° -9(y-1) ()
1+Vx-1=y-1 (2)

Bai 18. Giai hé: {

Giai
- Tir diéu kién va tir phuong trinh (2) ¢c6 X>1\/y—1>1
- Mo xP-3x=(Jy-1)°>-3Jy-1,xéthamsé f(t) =t*—3ttrén [L+o0)
- Ham s6 dong bién trén [1;+00),taco f(x)= f(Jy-1) =>x=,y-1
x=1 {X=2

- Vi x=,/y—1thay vao (2) giai dugc X=1 X=2 :{y:Z’ y=5

(4x2+1)x+(y—3) 5-2y=0 @

2

Bai 19 Giai h¢ phuong trinh {
4x

Ty? 1B ax =1 )

Gii
(1) < (4x% +12x+ (2y —6)\5—2y =0

@[(2x)2 +1](2x) ={(~/5—2y)2 +1}/5— 2y < (2%)° + 2x=(«/5—2y) +J5-2y

< (2x)=f(5-2y) voi f(t)=t+t.f't)=3t>+1>0,VteR= (t) DBtrén R. Vay

2
54
F(20) = F(JB_2y) @ 2x =52y & y=— x>0

2

3

5 _ 4x2

2

2
J +23-4x-7=0<g(x)=0

Thé vao pt (2) ta dugc 4x2 + [




> [5-4ax? ’ 3 ,
Vi g(x) =4x" + 5 +243-4x -T7,xe O;Z . CM ham g(x) nghich bién.

. 1
Ta c6 nghiém duy nhat X = 2 =>y=2

eyt =y04y®

JAx+5+4y2+8=6 (2)

Bai 20. (Thir BT 2012) Giai hé phuong trinh

Giai
TH1 : Xét y =0 thay vao h¢ thay khong thoa man.

TH2 : Xét y =0, chia 2 vé cua (1) cho y° ta dwoc (ﬁ)5 + X VY +y (3)
y y
Xéthamsé f(t)=t>+t= f'(t) =5t* +1> 0 nén ham s6 dong bién.

Tir (3) = f(§>:f(y):»§:y:»x=y2

Thay vao (2) ta cé PT v/4x+5 +~/X+8 =6 => x =1. Vay hé c6 nghim (x;y) = (1;1)

(2x2 —-3X+ 4)(2y2 -3y+4)=18

5 X,y eR)

Bai 21. (Thi thir BT 2013) Giai hé : {

X +y2+xy—7x—6y+14:0

Giai
Q) X +(-Tx+y —6y+14=0. Ix < A, ZO@ISyS%

Q) &Y +(x—-6)y+x"—Tx+14=0. Iy = A ZO:ZSxS?

Xét ham s f(t):2t2—3t+4,zeR:f'(t):41-3,f'(t):0:>t:%<1

Vi vay trén (%;+ooj ham sé f(t) dong bién
TH1 x>2= f(x)> f(2)=6 Kéthop véiy >1

:>f(y)2f(1)=3:>f(x).f(y):(2x2—3x +4)(2y2—3y +4)>18.
2y2—3y+1:0<:> y:1,y:1

TH 2. x =2 hé trd thanh 2 vo nghi¢m
y>—4y+4=0

y=2

Vay hé da cho vo nghi¢ém

yo+3y? +y+4x2 —22x+21=(2x+1)+2x-1

Bai 22. Giai hé phuong trinh :
2x* —11x+9 =2y

Giai

Diédu kién : X = = . Nhan hai vé ctia (2) v6i 2 sau d6 1dy (1) trir cho no ta co hé :




{y3+3y2+y+4x2—22x+21_(2x—1+2)\/m©{y3+3y2+y+3—(m)3+2m4y

4x* —22x+18=4y 4x2 —22x+18 =4y

@{(W+3y2+3y+1)+(2+2y)—<\/2x1)3+2J2x1@{(y+1)3+2(y+1)—(mr+2\/m
Ax* —22x+18 =4y Ax* —22x+18 =4y

Xéthamsd: f(t) =t®+2t = f'(t) =3t +2 >0Vt € R. Chimg t6 ham sé ddng bién trén R

pé f(y+1)=f (M)chi xiy rakhi: Y +1=~/2X—1 .. Thay vao (2) ta c6 :

2x2 —11x+9+2=2y +2 < 2x* ~11x+11=2(y+1) < 2x* ~11x+11=2J2x-1 (¥)

2 2 2 2
Pat t = 2X 1= x =" 2+1>o:(*)@2[t glJ —11(t 2+1J+11:2t

et 27 +1-1117 114+ 22 =4t & t* — 9" 4t +12 =0 & (t-1)(t -3)(t* + 4t +4) =0

t:]. \, —1 = —1l= =
Suy ra: Véi = 2x-1 1<:> 2x-1 1<:> x=1
y+1l=t y=0 y=0 y=0
t=3 J2x-1= 2x-1=9 X=5
V(ﬁri{ @{ 2x-1 3@{ @{

y+l=t |y=2 y=2 y=2

< (xy)=(10)

& (6y)=(52)

Vay hé ¢6 hai nghiém : (x;y)=(1;0),(5;2) (vi t* + 4t +4 = (t + 2)2 >0Vvt>0)

X(x+y)+y’ =4x-1
Bai 23. Giai hé phuong trinh sau : )
X(X+Yy) —2y? =7x+2

Giai
241
X2+ Xy + Yy +1=4x X+Y+yx =4 u=y2+1
Hé: < 2 ) = ) .bat : X ,thi hé tré thanh :
X(x+y) —2y*-2=7x (x+y)2—2y +1=7 Vox4y
X

u+v=4 u=4-v u=4-v u=Lv=3
< 2 And 2 = 2 And .
Vi-2u=7 |V'-2(4-v)-7=0 |V*+2v+15=0 |u=9v=-5
ye+1

-1 2 1= 2 py—2-= 9
*Vdi:{u ol TloyrExyry-2 0<:>(x;y)=(2;1),(5;—2)*Véi:{u JHE Vo
v=3 Xty=3 X+y=3 X=3-y v=-5

nghiém

x}+y® = In(ﬁ—x)ﬂn(m—y)
X(x+1) = (2-Y)4ly* +2y+3

X +y° =In(ﬂ—x)+ln(ﬁ—y) 1)

X(x+1) = (2-Y)4ly? +2y+3 (2)

Cau 8 : ( 1diém) Giai hé phuong trinh: (x,yeR)

Cau 8: Giai h¢ phuong trinh:




3 2 —yl=_\3 ;
® <X =In(Vx+1-x)=-y +In(m+yJ Xétf(t):tS_ln(m_t) ,D=R (0.25)
ot ~In(\5 1) = ()" ~In( 7 71~ ()

f'(t) =3t* + >0,VteR

1
RS
=1 dong bién trén R.

Vay Q) = f(x)=f(-y) & x=-y (0.25)
Thay vao (2) = x* +x = (x+2)./x* —2x+3
2
{(x +X)(X+2) >0 (0.25)
(X* +X)* = (x*=2x+3).(x+2)*
2
@{(x +x)(x+2)20c>leiﬁ
X?—2x—-6=0
KL: nghiém hpt: (1+7;-1-7); A—7;(<1+~/7) (0.25)

(X+M)(y+m):2

12y* —10y +2=23/x>+1

Cau 8 (0,75 diém) Giai hé phuong trinh (x;yeR).

(x+\/m>(y+\/yTrl):2

12y* —10y +2=23x> +1

Giai h¢ phuong trinh (x;yeR).

(X+M)(y+\/m)=2 @

12y? 10y +2 =23x* +1 (2)
Taco: (1) < x+/x2+4= \/(—2y)2 +4+(=2y) (*).

e T oA A5 t t+\t2+4  t]
Xét ham so dic trung f(t) =Vt* +4+t= f'(t) = ———=+1= > > 0.
V2 +4 JtP+4 P +4

Suy ra f(t) 1a ham s dong bién trén R. Tir (*) suy ra: f(x) = f(-2y) = x =—2y.

Thay vao phuong trinh (2) ta dugc:
3 +5x+2=23x>+1
o (x+1)° +2(x+1)= (x*+1)+23x +1 (=)

Xét ham sd g(t)=t*+2t ta thidy g(t) dong bién trén R nén tr (**) suy ra

x=0
x+1=\3/x3+1<:>[x L Vay hé c¢6 hai nghiém la (—1;%); (0;0).




7\/m_1=y(M+1)

Cau 7. Giai hé phuong trinh
(x+1)y* + yv/x+1=13x+12

7x+1-1=y(Vx+1+1) (1)

(x+1)y* +yvx+1=13x+12  (2)
Diéu kién: x>-1x,yeR

PT(1) = (7-y)Vx+l=y+lcJx+ =;/—+1 (Do y =7 khong la nghiém
-y

Giai hé: {

cua phuong trinh)

Thay Vx+1= ;/_+1 vao (2) ta dugc phuong trinh:
-y

2 2

yz.( y+1) +Y. y+l :13.£y—+1J -1
-y -y -y

= yz(y+1)2+y(y+1)(7—y):13(y+1)2—(7—y)2

<y +y -5y 33y +36=0

y=1

<:>(y—1)(y—3)(y2+5y+12):0 C>|:y=3

Vi y:1:>x:—§
Véi y=3=x=0
Hé phuong trinh ¢6 2 nghiém (x;y) la (—%;1},(0;3).

Ta ki hiéu cac phuong trinh trong h¢ nhu sau:
X—yy2-x+2y* =2 (1)
2(\/x+2 —4y)+8\/y Xy +2y =34-15x(2)
—2<x<2

Diéu kién: {
y>0
J2-x=y

1) 2-x+v2-xy-2y*=0< :
(2) B - 2y

+ Vi 4/2—x =y thay vao (2) ta dugc
2(Vx+2 - 42-x)+8V4-x* =34-15x (3).
Dat t=vx+2-4J2-x =1t*=34-15x -84 - x°

4z U t=0
Khi d6 (3) tr¢ thanh 2t =t Q{t—z'

{\/x+2—4\/2—x:0 x—30:>y:—2\/ﬁ
=

17 17
Ix+2-4J2-x=2 X=2=y=0

+ Vi J2-x=-2y. Vi y>0=-2y<0 ma +/2-x >0 nén chi

Cau 9 (1,0 diém).
Giai hé phuong
trinh:

X—yN2—X +2y? =2

2(Vx+2-4y)+8y xy+2y -



c6 thé xdy ra khi x=2 va y =0 thir vao (2) thdy thoa man.

(30
£ n n \ , . A 17
Két luan: Hé phuong trinh ¢6 hai nghiém:
c C P g ghnie . N
17
L [x=2
va .
b

Xy —y? +2y—x—1=w/y—1—\/;

3\/6—y +3\/2x+3y—7 =2x+7

Cau 8 (1,0 diém). Giai hé phuong trinh: {

Giai hé phuong trinh ...

Piéu kién: x>0,1<y<6, 2x+3y—7>0 (¥)

. |x=0
Nhan thay { khong 1a nghiém cua hé phuong trinh = \/y -1+ \/; =0

Khi d6, PT (1) < x(y —1)—(y—1)° = —¥=2=% _
y-1++x

-1-x
S (y-D(x-y+1 —_Yo-mX
y-D(x-y+1 - T

1
<:>(x—y+1)(y—1+m]—0
S x-y+1=0<y=x+1 (do (*))
Thay vao PT (2) ta dugc: 3W5-x +35x -4 =2x+7 DK: 4/5<x<5 (**)
&3 5-x—(7-x)+3/Bx—4-x)=0

—4 4 5x —x* +3(—4+5x—xz) B

<~
3WV5-x +(7-x) V5x —4 +x
1 3
< (—4+5x—x%) + =0
7 (3\/5—X+(7—X) \/5x—4+xj

x> +5x—4=0 (do (**)

x=1 =>y=
&
x=4 =>y=

0

52) (thdéa man (*),(**))

Vay nghiém cua hé phuong trinh l1a: (L 2), (4;5).

Xy (x+1)=x>+y?+x-y

Cau 8 (1.0 diém). Giai h¢ PT (X, y €R).
(LOdiem): GRIN T ) (24 Jox7+3) + (ay +2)(Vrxec +2) =0 =)

xy(x+1)=x>+y’+x-y

Gidi h¢ PT (XyeR).
e 3y (2+V0x% +3) + (4y +2) (V1+ x4 X +1) =0 oy k)

bKXD vxeRR.
Taco xy(x+1)=x+y’+x-y <X’ =x’y+y’ —xy+x-y=0




y=X

<:>(x—y)(x2—y+1):0<:{yzx2+1

Vé6i y = x*+1 thay vao PT thir 2 ta dugc

3(x2 +1)(2+\/9x2 +3)+(4x2 +6)(\/1+ X+ X’ +1) =0. D& thay PT v6 nghiém.

V6i y =x thay vao PT thir 2 ta dugc 3x(2+\/9x2 +3)+(4x+ 2)(\/1+ X+ X +1) =0

<:>3x(2+ ox? +3 2x+1( 3+(2x+1)° )

@3x(2+ X +3) = (~2x - 1( 3+(-2x-1) +2)

Xét ham s6 f(t):t(ﬁ+2) taco f'(t):\/m+2+\/t2t2?>0 suy ra ham sb dong bién.
Tu d6 suy ra 3x=—2x—1<:>x=—é. Vay HPT c6 nghiém (x; y):(—%;—%}

2 X
> 2 1 l
Cau 9 (1,0 diém). Gidi hé phuong trinh: 4 x+1 =(y+2)J(x+1)(y+1)

3x* —8x—-3=4(x+1){/y+1

(x,yeR)

Y C A X>-1
biéu kién: {
y>-1

(1)@%:%2) (x+1)(y+1)<:>(X::1X)—(XX\/+Tli:(y+2)\/m

@[\/%j3+\/%:(\/y+1)3+\/y+1.

Xéthamsd f(t)=t*+t trén R co f'(t)=3t>+1>0vteR suy ra f(t) dong bién trén R . Nén

f(VXXJflj: f( y+1)@ﬁ= Jy+1. Thay vao (2) ta dugC 3x* —8x—3=4x/x+1.




{ x>1

2_ — 2= —

Zmzx—l X 6x—-3=0 X—3+2\/§
=

1 Snd _
24X +1=1-3x XSg x:5 2@

i 9%x*> -10x—3=0

SN (2x—1)2 = (x+2«/ﬁ)2 @{

, NG
Taco y=
X+1

-1

5-213 4147413

Vé’l X=—= Y=
9 72

Voi x=3+2\/§:>y=4+§\/§

Cac nghiém nay déu thoa man diéu kién.

KL: Hé phuong trinh co hai nghiém (x; y):[3+2\/§; 4+§\/§J

& (x y)z(s—le_s;_41+7\/1_3J_

9 72

X +y=y +X

Bai 1. Giai hé phuong trinh sau :
2x+y _ 2x—l =¥X— y

Giai
[ (x-y=0 (x=y
X2+y:y2+X (X_y)(x+y_1)zo 22X_2X71:0 22x:2x—1
. = = =
2x+y_2x—l:X_y 2x+y_2x—l:X_y X+y:1 X+y:1
2-21=2x-1 3-2x=2""
e Khix=y, thi x=-1. Vay nghiém ctia hé 1a : (x;y)=(-1;-1)
e Khix+y=1, (2) c6 nghiém duy nhét : x=1, do d6 hé c6 nghiém : (x;y)=(1;0)
Cha y : Tai sao ta khong dua ching vé dang : X —x=y? -y, sau d0 xét ham s6 y = f (t) =t* -t ?

1-x?

2% +xy+§:2y (1)

Bai 2. Giai hé phuong trinh sau :
(x2y+2x)2 -2x*y—4x+1=0(2)

Giai

T (2) : <:>(x2y+2x)2 —2(x2y+ 2x)+1:0<:>[x2y+2x—1]2 =0 1X—2x(*)
Xy =

X




1-x? 1-2x
1

2 2 l L e N
Thay vao phuong trinh (1): <2 % -2 ¥ = > % Phuong trinh nay da biét cach gidi & phan phuong phap
X

giai phuong trinh mli .Phuong trinh c6 dang :

1-x* 1-2x 2 11 11 b a
b-a=—F-———=-1l+—-—=-2| == |=>--—=——+—
X X X X 2 X 2 2

. . o s b ~a Db @ b b . @

Do d6 phuong trinh tré thanh : 2° -2 =—E+E<:>2 +§=2 +§

Xét ham s6 : f (t) + = f (t) 2'In 2+% >0Vt e R suy ra ham f(t) dong bién trén R . Do vay dé xay
1

X _1-2x
X2 x?
o x2—2x=0=x=2 (Vixkhc 0) va y:%:—%:(x;y)ztz—%)

Cha 'y : Vi ta str dung dugc phuong phap ham sé vi a,b thude R

ra f(b)=f(a) chi xay ra khi a=b : o1-x*=1-2x

x* —12xy +20y* =0

Bai 3. Giai hé ph trinh
1al ¢ pAUOng trinh sau {In(l+x)—|n(l+ y)=Xx-y

Giai
X2 —12xy +20y* =0 (x—2y)(x—10y)=0
=
In(1+x)=In(1+y)=x—-y In(1+x)-In(1+y)=x-y

T (2) : In(1+x)—(x+1)=In(+y)—(y+1) < f(t)=Int—t; f'(t) = ——1_1t—t( >0).
Ham sé dong bién v&i moi tthuoocj (0;1) va nghich bién trén khoang t>1 dat GTLN tai t=1
Cho nén ta phai sir dung phuong phap " Phuong trinh tich "

e Néu thay vao (2)

X=2y X=2y X=2y X=2y
@{ & 1+2y <95(1+2y <41 ,
In(1+2y)-In(1 =2y— In = =g’ —=2-¢
(+ y) (+y) =y {1+yj y (1+yJ 1+y

Xéthamsé : f(y)= 1i+ey = f(y)=- ~+€’ chi c6 nghiemj duy nhét : y=0
+y

1+y)

< Jx=10y e
e Ncéu: x=y =(xy)= (O; O) . Twong tu nhu trén ta cling c6 nghiém y=0 .

X*—3x*=y*-3y-2

Bai 4. Giai hé¢ phuong trinh sau : X—2 y—1 )
log,| — |+log, | =—= |=(x-3)
y-1 X—2

Giai

_ _ =(1)= x*-3x*+3x—1=y*-3y+3x-3
09,52 100, (42 )= -3y )7 Y

o (x-1)’= y3—3y+3(x—l)<:>(x—1)3—3(x—1)= y*-3y(*)




it : x-1=t suy ra (*) tré thanh : t°—y* -3(t—y) =0 < (t-y)(* +ty+y*-3)=0

+/ Truong hop chi khi : x-1=y, hay : x=y+1, x-2=y-1. <:>X—i=1
y

Thay vao (2) tacé : log, 1+ IogX1=(x—3) = (X—3) =0< x=3. Do d6 nghiém ctia hé phuong trinh 14 :
(x¥)=(3;2).
+/ Trudong hop : t* +ty + y2—3=0<:>(x—2+1)2+(x—2+1)y+ y>-3=0

c>(x—2)2+(2+ y)(x=2)+y*+y-2=0

2x°y +y? =2x* +x°

(XJFZ)\/ﬁ:(xH)2

Bai 5 Giai hé phuong trinh sau : {

Giai
R e R el
&
(x+2)w/y+1:(x+1)2 (x+2) /y+1:(x+1)2 2)\y+ x+1
-Truomg hop 1: y=x?, thay vao (2) : (x+2)v/x* +1= (x +1+2x) 2—(x+2)t+2x=0=>t=2t =X

VX +l=x=xed

-Truong hop : 2X° +y? +yx* +x* =0 < y2+yx2+(2x2+x4):0

{ x2+1:2:>x2:3<—>x:i\@
o .

= A, =x“—4(2x2+x“)=—3x4—8x2 <O0vxeR—>A, <0
= f(,y)=2x"+y* + yx* +x* > 0v X, y. Phuong trinh v6 nghiém .
Do d6 hé c6 hai nghiém : (x;y)= (—\/g; 3) , (\/g, 3)

* Chu y : Ta con co cach gidi khdac
- Phuong trinh (1) khi x=0 va y=0 khong 1a nghiém ( do khong thoa man (2) ).

3
- Chia 2 vé phuong trinh (1) cho X° ¢o:>(1)@2(lj+(i) = 2x+X°
X X

- Xéthamsd : f (t) =2t+tP = f (t) =2+3t> >0Vt e R. Chung t6 ham s6 f(t) dong bién . Dé phuong trinh

c6 nghiém thi chi xay ra khi : Y X < y =x*. Dén day ta giai nhu & phan trén
X

2+6y=5—«/x—2y
y .
x+,/x—2y=x+3y—2

Bai 6. Giai h¢ phuong trinh sau :

Giai
2+6y:§—\/x—2y {X—Zy—y«/x—Zy—Gyz_o (Jx—2y+2y)(«/x—2y—3y)=0
fe— f—
X+[x—2y =X+3y—2 X+4X=2y =x+3y-2 X+./X—2y =x+3y—2

<0
- Truomg hop 1: /X —2 :—2y<:>{z_2y:4yz.

Thay vao (2) < X—2y =4y* +5y -2 -2y =4y* +5y-2=4y* +7y-2=0




>0 >0
- Truong hop : \/X—2y :3y:>{y @{y (*).

X—2y=9y? X=9y*+2y

Thay vao (2) : < /9y +2y+3y =9y’ +2y+3y -2 < /9y? +5y =9y’ +5y-2=0
= 15x=9-2=7
=9y’ > t=2 y
- t=49y +5y_0<:>
t*~t-2=0

=9y’ +5y-4=0 2
JOy?+5y =2 yzﬂ—>9E 1o 4 26488
9 91 9 9 3

39
x2+y2+ﬂ=1
Bai 7 Giai hé phuong trinh sau : X+y
JX+y=x>-y
Giai
x? +y2+ﬂ:1(1)

I 2
X+Yy .Tu (2) viét lai 1/x+y+x+y:x2+x<:>(«/x+ y) +X+y =X+ X
JX+y=x-y(2)
Ta xét ham s6 f(t)=t’ +t(t>0)= f'(t)=2t+1>0vt >0. Chiing t6 f(t) la mot ham s6 dong bién , cho nén

taco: (X+y=xy=x"—x.(*)

2x( X2 -
Thay vao (1) : c>x2+y2+2—X2y:1<:> x2+(x2—x)2+M:1© X2 1+ x* (x—1)° +2(x~1)=0
X X
Xx—1=0 x-1=0 X=
-1 1+x*(x-1)+2)= ok
< (x )(X+ e (x )+) OQL3—XZ+X+3=0©{(X+1)(XZ—2x+3)=0c{x=—1( )

X=-lLy=2
Thay vao (*) : < y:xz—x<:>{x_1_y{0 < (xy)=(32),(50)
Chay : Cac em c6 nhan xét gi khong khi t6i giai nhu trén . Bay gi¢ t6i néu thém hai cach nira dé cac em
kiém nghiém nhé :
Céach 2.
Dit : x+y=u;xy:v:>(1)<:>x2+y2+ﬂ=1<:>(x+y)2—2xy+ﬂ:1
X+Yy X+Yy

<:>u2—2v+%=1c>u3—u—2uv+2v:0c>u(u2—1)—2v(u ~1)=0<(u-1)[u(u+1)-2v]=0

u=1 X+y=1
= =

u>+u—-2v=0 (x+y)2+(x+y)—2xy:0
* Néu x+y=1 thay vao (2) ta dugc :

1:x2—(1—x)c>x2+x—2:0©{le(_)y:O < (%y)=(30),(-2;3)

X=-2—->Yy=3

+ Vi (x+ y)2+(x+ y)—2xy =0< x>+ y? + x+y =0 v nghiém vi (x2+y2 >0;x+y20)




21472 =3(2,ly -KX)
oty %ng

Bai 8. Giai h¢ phuong trinh :

2x2+1_48y % :3(2\/y_\/;) (1)

Tir . . -Pidukién:x,y=0

(2)

ST (1) : e 228% 13x =2.230) +3(2/y)

- Xéthamsé: f(t)=2t"+3t(t=0)= f'(t) =8t>+3>0. Ching to f(t) luon dong bién .
Do vay dé phuong trinh (1) c6 nghiém chi khi : /X = Zﬁ o x=4y (%)

- Thay vao (2) : 2" +g(ﬁ)=% . Xét ham 6 : f(t)=2" +gt — f(t) = 4t3.2" +g >0.

1

, X=4y Y=t
-Nhénxét:f(l)=2+§=z.Suyra t=1 1a nghiém duy nhat . & = 5<:>(X; y):(ﬂ;l
2 2 JBy =1 4 5'5
=3

eX_y_sinx
Bai 9. Giai hé phuong trinh : siny X e o;%D
3V8X* +3+1=64/2y* -2y +1+8y
Giai
sinx
eX7y:_— 1
Tu . siny ) :Xe[o;%j
3V8X* +3+1=6,/2y’ 2y +1+8y(2)
X X y t e' (sint +cost
STa(y: S =2 @f'(t)=¥>owe(o;fj
e’ siny sinx siny sint sin?t 4

- Ching to ham s f(t) luén ddng bién . Phuong trinh c6 nghiém khi x=y .

- Thay vao (2) : 3v8x* +3+1=6+42x" —2x+1+8x < 3v/8x* +3+1-6+/2x* —2x+1=8x-1

9(8x2+3)—36(2x2—2x+1) 9(8x 1)

— =8x-1< =8x-1
3V8X% +3+6+/2x% —2x+1 3V8X% +3+6+/2X% —2x +1
8x—1=0 w=1

g \/8X2 V2X2 - 2% +1 = .

W3OV —2x+1=9 | g 3 V2 —2x+1=3

1 11
- 31 —— ; =|—=:=1.
Y :>(X y) (8 8)

8x*+3>+/3
Ta cé - v&i T \/ 2 \/ 2
-Taco:voi xe| 0;— |suyra 1V 1 2 = 48X +3+242X° —2X+1>3
4 2 2()(—5) +EZ—2:\/§




- Vay hé cé nghiém duy nhét : (x;y) = (1 ; 1)

(x+\/1+7)(y+\/1+7)=1
xm:4xy+6x+l

Bai 10. Giai h¢ phuong trinh sau :

Giai

(x+\/1+7)(y+\/1+7)=1<:> (X+\/1+7)=(—y+\/1+(_y)2)

Tuwr:. . (nhéan lién hop )
X{/6X—2xy +1=4xy +6x+1 Xo/6X—2Xy +1 =4xy +6X+1
. V1412 t|+t
Xeétham sb : f(t) =t+ I+t = fi(t) =14 = NIFU AL 1+ ovter

= >

N S | S N 4 I
Chung t6 ham so dong bién . Bé f(x)=f(-y) chi xay ra x=-y (*)
- Thay vao phuong trinh (2) :

2 2
x/2x +6X+1=3x
xx/6x+2x2+1:—4x2+6x+1<:>(\/2x2+6x+1—5) _Be
2 4 J2X% +6x+1 = —2x

x>0 x>0
* Truong hop : \/2X2+6X+1=3xc>{ { =>x=Ly=-1

=S
2X% +6x+1=9x" 7x*—6x-1=0
x<0 x<0
* Truong hop : V2X* +6X+1=-2X < &
SoP {2x2+6x+1:4x2 {2x2—6x—1=0
—>X=3_\/ﬁ;y=_3+\/ﬁ.V3yhé ¢6 hai nghiém : (x;y)=(1;-1),( B—Jﬁ;—3+\/ﬁ)
2 2 2 2
_ (4x2+1)x+(y—3) 5-2y =0
Bai 11. Giai h¢ phwpng trinh :
4X* +y* +2:/3-4x =7
Giai
4x% +1)x+(y—-3)45-2y =0(1
Tir: . ( Je+(v-9) ( )(KA-2011)
4x* +y? +243-4x=7  (2)

2 2 3
-PTQ1): 4 +x=—-(y—-3)y5-2y(3). bat t=5-2y = y:5;t @—(S_Zt —3]t:t 2+t

3

CKhido (2) : 4 +x=

<:>(2x)3+2x=t3+t
- Xét ham s6 : flu)=u®+u= f'(u) =3u®+1>0Vu suy ra f(u) luén dong bién . Do d6 dé f(x)=f(t) chi xay ra
khi : 2x=t < 2x=/5-2y < 4x* =5-2y < 2y =5-4x"(4)

5—4x?

2
- Thay vao (2) : g(x) = 4x° { j L 2BoAX-T=0 :xe {o; ﬂ Ta thdy x=0 va ng khong 1

o 5 2) 4 ) 4 ( _3)
nghiém . g'(x)=8x—-8x| ——2x° |- =4x(4Xx° -3)———=<0Vx e| 0;—
ghiem . g(x) (2 N ( ) 3—4x 4

- Mat khac : ¢ (%j =0=>x= % 12 nghiém duy nhdy , thay vao (4) tim dugc y=2.




- Vay hé c6 nghiém duy nhét: (x;y) = (%;2)

2y® +3xy° =8
Bai 12. Giai h¢ phuong trinh sau : y sy
X’y —2y=6

Giai :

CLay (1) +(2) : = xX*+3x=t3+3t

y x*—2=31(2)

-Xéthamsd: y=f(u)=u’+3u= f'(u)=3u’+3>0vueR

- Chimg t6 ham s6 dong bién . Do d6 phuong trinh ¢6 nghiém khi va chi khi : x=t
2

-z 2

= y = 8 = y = y
X’y -2y =6 Fy—zll:ﬁ y +3y°-4=0 (y—l)(y+2)2:0

2+3x=t3(1
-Dat:t=2:><:>{ ()

- Vay hé c6 nghiém : (2;1);(-1;-2)

2(2x+1)" +2x+1=(2y-3)Jy -2
Vax+2+2y+4 =6

Bai 13. Giai hé¢ phuong trinh : {

Giai :

. 2(2x+1)’ +2x+1=(2y-3)\[y-2(1)
| VaxT2+J2y+4=6 (2)

- Diéu kién : yZZ;XZ—%(*)

-bat: Tu (2): 4Xx+2y+6=36 <= 2x+y=15=2x+1=16—-y

- T (1):Pat: Jy-2=t=y=t"+2c2y-3=2(t"+2)-3=2t"+1

- Cho nén vé phai (1) : & (2° +1)t =28 +t < (1):2(x+1)’ +(2x+1) =2t* +1

-Xéthamsd : f(u)=2u°+u= f'(u)=2u*+1>0vu eR. Ching té ham s ludn ddng bién . D f(x)=f(t)
chi xdy ra khi : x=t

31453
2X=.y—-2 2X=,ly—-2 {yng y= >
= =
2x+y =15 15—y =.Jy-2 y? —31y+227=0 31++/53

T2
ﬁ—l.sl—@j

4 2

>15

- Vay hé co nghiém : (x;y) =(

2(x*+2x-y-1)=x*(y+1)(1)

Bai 14 Giai h¢ phuong trinh :
Y2 +Ax+1+ In(y2 +2x) =0(2)

2(x° +2x—y—1): x*(y+1)(1)
Tu:.

y® +4x+1+|n(y2 +2x)=0(2)
- Didu kién : y* +2x>0(*)




- Phuong trinh (1) : < 2(X° +2x) =2(y+1)+ x* (y+1) < 2x(X* +2) = (y +1)(X* +2)
-Do: X*+2>0=2x=y+1(**)

- Thay vao (2) : y3+2(y+1)+1+ln(y2+y+1):0<:> f(y):y3+2y+3+ln(y2+y+1):0
2y +1

2

y +y+1
- Mit khéc : f(-1)=0 , do d6 phuong trinh c6 nghiém duy nhét : (x;y)=(0;-1)

-Taco: f'(y)=3y*+2+ >0. Chumng t6 ham s6 ludn dong bién .

(8x—3)V2x-1-y-4y*=0

Bai 15. Giai hé¢ phuong trinh :
4x* —8x+2y* +y* -2y +3=0

Giai

Tu:.{(sx—s)m—y%fo (1)

4x* -8x+2y°’ +y? -2y +3=0(2)
- biéu kién : xz%.
-Tu(1): (8x—3)V2x—1=y+4y*(¥)
- Dt t=12x-1= 2x=1" +1> (8x—3)V2x—1 =] 4(t" +1) -3 [t = (4° +1)t = 4t +t
-Do d6 (*): 4t* +t=4y>+vy
- Xét ham s6 : f(u)= 4u® +u= f '(u)=12u* +1>0Vu € R. Ching t6 ham s6 dong bién . Do d6 phuong
trinh c6 nghiém khi : f(t)=f(y) <> 2x—1=y < 2x = y? +1(**)
- Thay vao (2) : (yz+1)2—4(y2+1)+2y3+y2—2y+3:0<:>y4+2y3—y2—2y:0
=N y(y3+2y2—y—2):0c> y(y—l)(y2+3y+2):0<:> y(y-1)(y+2)(y+1)=0

iy @yfiw:y):@:o),{y:o MR

2x=y*+1 =2 2x=y*+1

{Z):lz - {i’ :10 S (xy)=(L0), {y =2

=N
2x =y’ +1 x=2

1-x?

2 3
N 2% ~2 x>
Bai 16. Giai h¢ phuong trinh : 2

(x2y+2x)2 —2x%y+1-4x=0

Giai :
1-x?

2% —ZV:—xy—g (1)

Tu:.
(x*y+ 2x)2 —2x%y+1-4x=0(2)

2

- T (2) :(x2y+2x)2 —2(x2y+2x)+1=0<:>[(x2y+2x)—1] =0=> Xy +2x =1 x°y =1-2x




= (*) 1-x2 1-2x
x? X 1-2x) 3 1 1
- Hay: thayvao (1): 2 ¥ -2 =- —_T=-_=
v S thayvao () (szzx”
Xy =
X
-Nhan xét: 2% 1= 2X X ‘22"—1_3:2(1_1)
X X X X 2 X
J— 2 j—
Gc_)i:az1 2X ,b:1 zzij a= z(l_lj
X X 2 X
-Chonén 3) = 2°-2°=2(b-a)< 2" +2a=2"+2b.
- Xét ham so:f(t)=2t+2t:>f'('[):Zt In2+2 >0Vt eR.Ham sb déng bién , viy phuong trinh ¢6 nghiém

khi va chi khi : a=b , tirc b-a=0, hay : %—1 =0« x=2 . Thay vao (*) ta tim dugc
X

y=—%:>(x; y)={2;—%)

(1+42x—y)51—2x+y 1+ 22x—y+1
Bai 17. Giai h¢ phuong trinh :
y* +4x+1+In(y* +2x)=0

Giai :
(1+42x—y)51—2x+y -1+ 22x—y+1 (1)
Tu:.
y® +4x+1+|n(y2 +2x):0(2)

2x-y
- Phuong trinh (1) : < (52—y) =1+22"" & 5+5.4" =5"+2.10" (a=2x-Y)

&5 +210° 54" =5 f(a)=%5a+§10a—4a—1=o

- Xét: f '(a):%Sa In5+§10a In10-—42 In4>0(—> %10a In10 >10%In10 > 4? In4}

- Chtg t6 ham s6 dong bién . Mat khac : f(1)=0, d6 ciing 1a nghiém duy nhét ctia phuong trinh .
- V6ia=1 suy ra 2x-y=1, hay 2x=y+1 . Thay vao (2) : = y*+2(y+1)+ In(y2 + y+1) =0

= f(Y):y3+2y+2+|n(y2+y+1):0: f '(Y)=3y2+2+%_ «
2 3 2(y+1 2
. 2y +1 ‘ 1-2(y*+y) 2 2
SXét: g(y)=—2" = g'(y)= ( 2): /
iyl (y?+y+1) (¥ +y+1)
yZ—%:f'(y)>O
- Nhan xét & f'(y)>0vy <R

y<—%:>g'(y)>0<—>g(—%)=0—>f'(y)>0

- Chumg t0 f(y) ddng bién . Mit khac f(-1)=0 suy ra y=-1 12 nghiém duy nhat ctia PT .
- Két luan : hé c6 nghiém duy nhét (x;y)=(0;-1).




x}—2y+1=0

(83—x)vJ2-x-2y\2y-1=0

Bai 18 Giai hé phuong trinh : {

Giai
b/K: xs2;y2%.

T (@) [1+(2-x) V2 x =[1+(2y-1)]2yy2y L (V2-x) +¥2-x =(y2y 1) +y2y 1

Taxétham s : f(t)=t>+t= f'(t) =3t> +1> 0Vt e R. Ching to ham s6 luén ddng bién trén R

Do do dé f(v2—x)= f(y2y—1), chi xay rakhi : v2—x :\/Zy—lcz{zy:B_x

X=3-2y

Thay vao (1) & X’ —(3-x)+1=0 X’ +X-2=0 (X-1)(X* +x+2)=0= x =1Ly =3-1=2
Vay h¢ c6 nghiém (x;y)=(1,2)

(x+y) +8xy =2(x+y)(8+xy)

Bai 19. Giai hé phuong trinh : 1 1 ( Ngb Trung Hiéu )
Jx+y xX-y
Giai
X+y>0 X+y>0
D/K:{ , y @{ yz (*)
X*—y>0 y < X

He {(x+y)3 +8xy =2(x+Y)(8+ Xy)@{()H y)3+8xy:2(x+ y)(8+xy)

X2+ X=(y+X)+X+Y

Tx (2): t=4x+y >0:x2+x:t2+tc>x2—tz+(x—t):0c>(x—t)(x+t+l):0<:>{

X2 —y=X+y
Xx—t=0
X+t+1=0
+/ Truomg hop : x=t szxa{z:gz_x

thay vao (1) x6+8(x2—x)x=2y2 [8+(x2—x)x]<:>x6+8x3—8x2 =2x° [8+x3—x2]

S X 48x —8x* =162 +2x° —2x* = x* —2x° + 2x* +8x* - 24x* =0

X=2—>y=2
c>x2(x4—2x3+2x2+8x—24):0<:>xz(x—Z)(x+2)(x2—2x+6):0<:> X=-2->y=6
X*—2x+6=0
Vay h¢ c6 nghiém (x;y)=(2;2),(-2;6)
X+1>0 Xx>-1
+/ Truomg hop : X+1+X+y=0= Jx+y=—(x+1) <=
&b Y y==(x+1) {x+y:x2+2x+1 {y:x2+x+1

()<= (x+ y)3 +8xy =16(x+y)+2xy(x+y) < (x+ y)3 -16(x+y)+8xy—2xy(x+y)=0
& (x+y) -16(x+ y)+2xy[4-2(x+y)]=0

Thay vao (1) : (x+1)6 +8x(x2 +x+1): 2(x+1)2 [8+ x(x2 +x+1)]

(x+1)° +8x(x2 +x+1) =2(x+1)’ [8+ x(x2 +x+1)]




X2y —2x* —2y* +5y-2=0

JY2+1+X—y = 2xy = XP + X = 2xy + Y2 +1+.[y

Bai 20 . Giai hé phuong trinh : {

Giai
b/K: x-y>20,y>0<=x>y=>0

Tu (2): Y +1+ x—y—y2=—y2+2xy—x2+w/(x—y)2+1+\/§<:>
1/y2+1—\/§—y2=+1/(x—y)2+1—,/x—y—(x—y)2

. t 1 1
Xétham s : f(t) =2 +1-vt—t2 (t>0)= f'(t)= ———2t—t£ —2]— <0

(t=0) NS NG Vt? +1 2
1 1
(Vi:Jt?+1>1=0< <l= —2<0 voi moi t>0)
VP +1 VP +1

Nhu vay hé c6 nghiém chi xay rakhi: y=x—-y hay x=2y .
Thay vao (1) : (2y)2 y—2(2y)2 —2y*+5y-2=0<4y*-10y* +5y-2=0
e (y-2)(4y*-2y+1)=0< y=2 vi: 4y’ ~2y+1=0 vd nghiém .

Véy h¢ c6 nghiém : (x;y)=(4;2 )

2(x=2)Vx+6=6-y
(x—2)\/y+_2=\/m.\/x2—4x+5

Bai 21. Giai h¢ phuong trinh sau : {

Giai
bicukién: y>-2;x>-6

Tu (2): (X=2)y+2 =4y +14x* —4x+5 \,y+ ,V (x-2) +1 /3)//1 (X 2) +1

\/y+1 (x— 2

D+l
‘/ y+ i L Xéthams f()= [t (t>o):>f'(t)=£/1+%j'=-#
t t ) 1
2t°, |1+~

Chimng t6 ham sé nghich bién
pé f (X—2)2 = f (y+1) chi xdyrakhi: y+1=(x- 2)2. Thay vao (1) ta dugc phuong trinh :

t=x-2>0 t=x-2>0
) (x=2)"+2(x=2)/x+6-7=0< =
(1) & (x-2) +2(x-2) {t2+2t\/t+8:7 {Zt\/t+8:7—t2

0<t=x-2<+7 O<t=x—-2<+7 0<t=x-2<+7
< 2 2)\2 4 3 2 < 3 2
a7 (t+8)=(7-t2)  [t'-4r-462+49=0  |(t-1)(t°-3t*-49t-49)=0
+/ Truong hop : t=1 hay x-2=1 suy ra x=3 va y+1=1 hay y=0 . Vay nghiém h¢ 1a (x;y)=(3;0)
+/ Truong hop : f(t) =t —3t2 — 40t —49=0= f '(t)=3tz—6t—49=3(t—1)2—52<0Vte[O;«/ﬂ

Ham s6 nghich bién va f(0)= -49<0 chimg to f(t)<0 v&i moi t e [0; J7 } . Phuong trinh v6 nghiém .

2y(4y2 +3x2): x“(x2 +3)

2012" (,/2y—2x+5 - x+1) = 4024

Bai 22. Giai hé phuong trinh sau : {

Giai



Piéu kién : 2y —2x+5>0
+/ Néu x=0 suy ra y=0 nhung lai khéng théa man (2) vay x khac 0 . Tir (1( chia hai vé cho x* %0
Khi do :

(1) = 2y(4y2 +3X2) = < (X2 +3) = (ﬂj{(ﬂjz +3} =x*+3x < (QJS +3(ﬂj =x+3x

x3 X X X X X

Xéthamsé : f(t)=t*+3t = f'(t) =3t?+3>0 v6i moi t thudc R . Chimg t6 ham s6 dong bién

Pé f(ﬂ) = f(X), chi xay ra khi : 2y _ X < 2y = x*. Thay vao (2) ta dugc :
X X
(2) = 2012* (\/x2 —-2Xx+5— x+1) =4024 < 2012.2012“( (x-1)"+4 —(x—l)) =4024

Lai diit t=x-1 suy ra : <> 2012.2012" (\/t2 +4 —t) — 4024 < g(t) = 2012 (\/t2 14 —t) =2

Lai xét ham s6 : g(t) =2012' (Vi +4-t) = g'() = 2012 In 2012(\/t2+4—t)+2012t( ! _1j
Nt°+4
Hay : g'(t)=2012t(\/t2+4—t)[|n 2012 }
VP +4
Vi:Vt?+4-t>0 va

<1<1In2012 suy ra g'(t)>0 véi moi t thudc R ma g(0)=2 cho nén véi t=0 1a

t* +4

nghiém duy nhatva: t=x-1=0= x=1;y=%<:>(x; y)=(1;%j

x*—12x-y®+6y*-16=0
4% +2\4—x? —=5\J4y—y* +6=0

Bai 23. Giai hé phuong trinh sau : {

Giai
x*—12x=(y-2)’-12(y-2)

4x% +2\/4—x* 54y —y? +6=0

Xéthamsd f(t)=t-12t te[-2;2]= f'(t)=3"-12=3(t*-4) <0Vt e[-2;2]

Chtng t6 ham s6 nghic bién . Cho nén dé f(x)=f(y-2) chi xay ra khi : x=y-2 , thay vao (2) ta duogc :
(2) 4% + 24— X ~5\[4(x+2)—(x+2)’ +6=04x* +2y4—x* ~54—x¢ +6=0

t=+4-x* 20 {t: [1_x2 >0 t=v4-x2>0
-

= __
4(4—t2)+6=3t 4% +3t-22=0 t= 3 19=—1zl<0;t=2

Piéu kién : —2<x<2;0y <4.Khi d6 hé @{

< AX*+6=3J4-X* @{
8
St=2oV4-xX* =2 x=0=y=2(xy)=(0;2). Viy hé c6 nghiém : (x;y)=(0;2)

\/x2+2+\/y2+3+x+y:5

Bai 24. Giai h¢ phuong trinh sau :
N% +2+\/y2 +3-x-y=2

Giai
\/x2+2+\/y2+3+x+y=5(1) VX2 +2+X+4]y’ +3+y=5(1)
. =
\/x2+2+\/y2+3—x—y=2(2) VX2 +2-x+4y?+3-y=2(2)




3 =5(1) (ﬁ+x)(ﬁ—x)=2

2
+ =
eIV +2-x \y?+3-y .Do:

M—x+\/m_y:2(2) (M+Y)(M—y):3

2 3
-Suyra: VX 42 -X=———— —_—
VX2 +2+X Y +3+y

{\/x2+2—x1 {\/x2+2x+1 {x2+2=x2+2x+1 X =
N

1
1/y2+3—y—1<:> y+3=y e2yl :
= 1

y =
- Véy hé c6 nghiém duy nhat : (x;y)=( % 1),

Y +3-y= . Cho nén (1) chi xay ra khi va chi khi :

y’+3=y+1

X°y? —8x+y* =0

Bai 25 . Giai hé phuong trinh sau :
2x° —4x+10+y* =0

Giai
8x _ 8x
x°y? —8x+Yy’ =0 = T esy=z
Hé:<:>{ )2/ y R Y =1 o @{ <}2/ =y=-2
2x°—4x+10+y° =0 y3+8:_2(x—1)2S0 a

X =3x=4/(y-1’-yo(y-1) (@
1+4x-1=,y-1 (2)

Bai 26. Giai h¢é: {

Giai
- Tur didu kién va tir phuong trinh (2) c6 X >1,/y—-1>1
- Mo xt-3x=(Jy-1)°-3Jy-1,xéthamsd f(t)=t>—3ttrén [L+w)
- Ham s dong bién trén [1;400),tacod f(X)=f(Jy-1) = x=y-1
x=1 {X=2

- Vi x=4/y—1thay vao (2) giai dugc Xx=1 x=2 :{y:Z' y=5

@2 +D)x+(y-3)B-2y=0 (1)

2

Bai 27. (A —2010) Giai hé phuong trinh 5
4X" + Yy~ +243-4x=7 (2)

Gidi
(1) < (4x2 +1)2x+ (2y —6)/5—2y =0
3

@[(2x)2 +1](2x) :[(1/5— 2y)2 +1}/5— 2y & (2%)° + 2x=({5-2y) +\5-2y

& (2x) = F(J5-2y) véi F(t)=t"+t.F'(t)=3t* +1>0,Vt e R = (t) DB trén R . Vay

2
54
F(20) = f(JB—2y) < 2x =52y <> y = 2X x>0

2
2

. 5—4x

Thévéopt(2)taduqc4x2+( : j+2\/3—4x—70c>g(x)0




> [5-ax? ’ 3
Voi g(x) =4x" + 5 +243-4x -7,x€ |:0;4:| . CM ham g(x) nghich bién.

. . 1
Ta c6 nghiém duy nhat X = > =>y=2

2+ Xy4 _ le " y6 0

\/4x+5+\/y2+8 =6 (2)

Bai 28.) Giai hé phuong trinh :

Giai
TH1: Xét y =0 thay vao hé thay khong thoa man.
. X X
TH2: Xét y =0, chia 2 vé ciia (1) cho y° taduoc (=)’ + ==Yy’ +y (3)
y y
Xétham sd f(t) =t° +t = f'(t) =5t" +1> 0 nén ham s dong bién.

Ta (3) = f(%): f(y):>§:y:>x:y2

Thay vao (2) ta co PT ~/4x+5++/Xx+8 =6 = x =1. Vay hé c6 nghiém (X;y) = (1;1)

X+X>+1=3

Bai 29. Giai h¢ phuong trinh
y+4y +1=3

Giai
Trir vé hai pt ta duge X + /X’ +1—(y+~/y2+1)=3y—3x SX+VX+1+3 =y +,y +1+3

+3'In3>0,VeR

FO)=f(y) voi ft)=t+Vt"+1+3". f(t):1+\/t2t+1

= f(t) dong bién trén R . Boivay f(X)= f(y) <> X=y thé vao pt thi nhét ta duoc

x+\/x2+1:3x<:>1:3X(\/x2+1—x)<:> g(0) = g(x)
,. :3x 2 l— ' , ox > < X
Vi g(X) (\/X + x) g'(x) =3 In3(\/x +1—x)+3 [m—lj
:3X(\/x2+1—x)(ln3— ! j>0,VXeR do VX*+1-x>0va~x*+1>1
VXF+1

Suy ra g(X) dong bién trén IR . Boi vay g(X) =g(0) < x=0
Vay hé phuong trinh ¢6 nghiém duy nhat x =y =0

(2x2 —3x + 4)(2y2 —3y + 4)=18

) (X, y eR)

Bai 30. (Thi thi BT 2013) Giai hé : {

X +y2+xy—7x—6y+14=0

Giai




Q) X" +(y-TDx+y —6y+14=0. Ix S A, 20<:>1Sy£%

2 <y +(x—-6)y+x>-Tx+14=0. dy <A, ZOSZSXS?

Xét ham sb f(z)zzﬁ—3z+4,teR:>f'(t):4z-3,f'(z):o:>z:%<1

3 . \ =
Vi vay trén (Z&ooj ham so f(t) dong bién

THI1. x>2= f(x)> f(2)=6 Kéthop véiy >1

:>f(y)Zf(l)=3:>f(x).f(y)=(2x2—3x +4)(2y2—3y +4)>18.
2y2—3y+1:0<:> y:1,y=E

TH 2. X =2 hé tr¢ thanh 2 vO nghiém
y>—4y+4=0

y=2

Vay hé da cho vo nghiém

Yy’ +3y° +y+4x* —22x+21=(2x+1)y/2x-1

Bai 31. Giai hé phuong trinh :
2x* —11x+9 =2y

Giai

Diéu kién : x> % . Nhan hai vé cta (2) véi 2 sau d6 1ay (1) trir cho né ta ¢ hé :
y3+3y2+y+4x2—22x+21:(2x—1+2)\/2x—1<:> y3+3y2+y+3=( 2x—1)3+2\/2x—1—4y
4x*—22x+18=4y 4x2 —22x+18 =4y

(1 3y2 3y +1) (24 2y) = (V2x=1) +2v2x -1 _ [(y+1) +2(y+1)=(v2x-1) +242x-1

4x* —22x+18 =4y 4x* —22x+18 =4y

Xéthamsd : f(t)=t°+2t= f'(t)=3t>+2>0Vte R. Ching t6 ham s6 dong bién trén R

pé f (y+1)=f (\/2x—1)chi xay ra khi : y+1=+/2x-1.. Thay vao (2) tacé :

23 —11x+9+2=2y+2 < 2x* —11x+11=2(y +1) < 2x* —-11x+11=2y2x-1 (*)

2 2 2 2
Pit t =/2x—1=> X :% >0= (%) < 2(t 2+1J —11[t 2+1J+11: 2t

et 27 +1-1117 ~ 114+ 22 =4t S t' — 9" — 4t +12 =0 < (t-1)(t-3)(t* +4t+4) =0

t=1 1= 2x-1=1 x=1
@{sz 1 1@{ @{

y+1=t y=0 y=0 y=0

Véi {t:3 @{M:S@{Zx—1:9©{X:5@(X;y):(S;Z)

y+1l=t y=2 y=2 y=2

Suy ra : Véi { <(xy)=(%0)




Vay hé c6 hai nghiém : (x;y)=(1;0),(5;2) (vi t* +4t+4=(t+ 2)2 >0Vvt>0)





