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Chuyén Dé S6 Phic

CHU PE 1. CAC PHEP TOAN CO BAN

Phuong phap

Cho hai s6 phttcc z=a+bi, z'=a'+ b'i,( a,b,a',b'e R) ta can nhé cac dinh nghia va phép tinh co ban
sau:
ZZZ'Q{abZi.'
z+z’=(a+a')+(b+b')i; z—z'=(a—a')+(b—b')i.
z.z‘=(a+bi)(a'+b'i)=aa'—bb'+(ab'+a'b)i.
—_ (a'+b'i)(a—bi) aa'+bb'+(ab'—a'b)i

Z |z|2 B x/az +b? \/az +b?

Van dung cac tinh tinh chat trén ta c6 thé dé dang giai cac bai toan sau.

Ta ciing can chi y két qua sau: V6i i" , neZ thi
= Néun=4k (keZ) thi i“:i4k:(i4)k:1
» Néun=4k+1(kez) thii" =i*i=1li=i
= Néu n=4k+2(kez) thi i" =i*i® =1.(-1)=-1
= Néun=4k+3(keZ) thi i" =i*i® =1.(-i)=-i

1. CAC Vi DU MAU

Na)

Vi du 1. Cho s6 phtec: z =7—%' . Tinh cac s6 phtic sau: 2; 7% (2)3;1+z+z2.

Giai
Ta cd
- 31,
= z=—+—i
2 2
2
.o (Y3 13 B 1 1 4B
2 2 4 2 2 2
» Tinh (z)°

-3 E)’Jrgi——?)\ﬁ——1:1
8 8 8 8
- 1+Z+z2:1+ﬁ_1i+l_ﬁi:3+\/§_1+\/§i
2 2 2 2 5 >
Diing MTCT nhu sau:
Budc 1: Chon chuwong trinh sd | Man hinh hién thi
MODE|?2]
phtec:
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Chuyén Dé S6 Phic

CMPL [ ath
CMPLA [ Math &
L tioa SES
Buodc 2: L
woc uu E E E_l-
z =zl
; ] CMPLA [ Math &
Buéc3: Tinh  4n ConJatq)
[sHIFT[2]2] ALPHA[A] %4.%1
ﬁ-ﬁ-ll
Ta duoc 2 2
Z2 E CMPL [ Math &
Buwéc4: Tinh  an A =
) R
1 43, z 7 1
Ta duwoc 2 2
(2)3 CMPLE [ Math &
Budc 4: Tinh ta an [ConJaca) :'3
[([stFT]2]2]arHAlA]|x[H il
1+Z+Z2 CMFPLA [ Math &
Buoc 5: Tinh 1+A+A=
Ta duoc: S+45 1445 .
- 5 z z 1
1+z+27> :3+ 3 —1+ 3i
2 2
Vi du 2. Tim phan thiee va phéan do ctia s6 phtc:
a) z=(9+5i)—(1-2i); b) z=(4-3i)(4+5i);
3 2i
=(2+i); d) z=—.
C)Z(+l), ) z 1
Giai
a) Ta c6: z=(9+5i)—(1-2i)=9-1+(5+2)i=8+7i
Vay phan thuc a=8; phan ao b=7.
Dung MTCT:
_EHPLH [ . Math &
(9+5i1-01-21)
a+71

b) Ta c6: z=(4-3i)(4+5i)=16+20i —12i+15=31+8i

Vay phan thuc a=31; phanao b=8.

Dung MTCT:
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Chuyén Dé S6 Phic

CMPLY m Math &

(4-5i ) 04+5i)
a1+6i

0) Tacé: z=(2+i) =8+34i+32i% +i° =8+12i~6-i=2+11i

Vay phan thuc a=2; phanao b=11.

Dung MTCT:
I:Hg.:-: o Wath &
(241
2+111
i 2i(i-1) —2+2i
d)TaC('):z='21 = ( ): 2+21=1+1
i+1 212 -2
Vay phan thuc a=1; phanao b=1.
Dung MTCT:
PR o Wath &
Z1
1+1
1+i

Vi du 3. Thuc hién cac phép tinh sau:
1 -5+6i 1

a)A:m; b) B= T C)C:1 \ﬁi
2 2
o D372 e)[1+7i']2026
i 4+ 3i
Giai
1 1 1 7 -1 7 1.

a) Taco: A=

=—-—1i

(1+i)(4—3i):4_3i+4j_3jz:7+i:72_j2 50 50
Dimng MTCT:

EHFj‘I..H D] Math &
(1+1) (d—51 )
o 1.
S0 _Sol
_ i - i)(4—3i _ S
b) Tacé: B= 5+§1:( 5+61)( 31): 2+39% _ 2 3_91_
4+ 31 42 _(31)2 25 25 25
Dung MTCT:
CMPLE D] Math A
—S+6i
A+=3
t 2,39,
z5 751
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Chuyén Dé S6 Phic

c)Tacod: C= = = l+ﬁi
1 V3. 1-\B  17-3¢ 4 2 2
2
Dung MTCT:
CMPLE O] Math A
1
-2 L,
2zl
_oi (3-2i)(-i
d)Ta cé: D=2 '21:( 2)( ):—3i+2i2 =2 3i
i =]
Dung MTCT:
- CMPLE O] Math A
T |
i
-2-di
e) Ta co:

(1+7i ]2026 Z{(1+7i)(4—3i)}2026 i :[

4+3i (4+3i)(4-3i)

1013 . . . .
(21) — 21013'11013 — 21013.11012 i= 21013.1'

(1 N i)z :|1013

Ding MTCT:
. THFLA @ Wath &
Bubc 1: Tinh 2. 147i
4+3i d+351
1+i
2026 2 71013 1013 . ek &
Buéc 2: (1+i) :[(1+i) } - (21) 1013+R4
Tim du cua phép chia 1013 cho 4. Suy ra: 2013 —j EEE P H= ]_
. 2026
Vay ( 1+ 7% j _ 51013
4+3i

Vi du 4. Viét cac s6 phic sau day dudi dang a+bi,(a,beR):

a) z=(2+i) —(1+2i) —(3-i)(2-i);

by g Ll 31 1421, G2 (2+i)° (1+1)
1-i 2-i 1+i’ 2(1-i)-3(1+1)’
.\ .\0
d) 2= (2+1)3; &) 2= (1+1)5.
(1-2i) (2-2i)
Giai

a) z=(2+i) —(1+2i)’ —(3-i)(2-)
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Chuyén Dé S6 Phic

=23 43224322 +i3 —[1+3.2i+3.(2i)2 +(2i)3}—(6—3i—2i+i2)

=8+12i—6—i—(1+6i—12-8i)—(6—5i—1)=8+18i.

Dung MTCT:
(241170142107
g+18i

1+i 3-1i 1+2i
+

b) z=— -
1-1 2—-1 1+i

_ (1+i) L (2-i)(2+i)(1+)(1-d)
(1-i)(1+1) ( —i)(2+i) (1+i)(1-i)

C1+2i+i%  6+i-i® 1+i-2i° 20 7+i 3+i 1 7

141 4+1 1 275 2 10 10
Dung MTCT:
CHMPLY o] Math &
1+i , 5-i_ 1+%i
-1 Z2-1 1i|-i -
"o ial
o (2+i) (1+i) :(4+12+4i).(1+i)
2(1-i)-3(1+i) ~1-5i
(3+4i)(1+i) 3+4i2+7i (1-7i)(1-5i)
© 1451 1450 (1+51)(1-5i)
143512 -12i  -34-12i 17 6.
T 1125 26 13 13
Ding MTCT:
CMPLY Math &
iE+i]-’-[1+ 1
Zl1l—-11-=-301+1]
N AL~ N
15 151

by 2] :[z+ij3(2+i)z:(w} (2 41)

(1_21)3 1-2i (1-2i)(1+2i)
5i ) N N . .
:(1+4J (3+41):1 (3+41):—1(3+41):4—31
Dung MTCT:
CHPLE O] Math &
(24112
(1-2i13
4-3i

e) z=

(1+i) _ (1+i) :i[1+jj2(1+i)

(2-2i) 2°(1-i) 32\1-i
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Chuyén Dé S6 Phic

1 .4. . 1. .
25.14.1(1+1):§.1(1+1) ) 321.

Dung MTCT:

Vi du 5. Tim nghich dao cta s6 phtic sau:

a)z =3+4i; b) z=-3-2i;

a) Xét z=3+4i . Taco:

1 13-4 3-4i
z 3+4i 32 _(41)2 25

CMPLY [C]
LL+dl )™~

(Z—Fil1=

1 -
“EETEEL

Math &

1

Oz = 1+ 1\/.3;
3-2i
Giai

3 4.

———i

25 25

d)z=(3+i\/5)2.

Vay nghich dao cta sd phtc z la 1 :i—ii.
z 25 25
Dung MTCT:
CMPLY o] Math &
S+d41
= _4 .
z5 _z51
b) Xét z=-3-2i. Ta co:
11 -1 _-Y3-2) 3+2i 3 2.
z -3-2i 3+2i 9+4 13 13 13"
, 3 2
Vay nghich déo ctia s6 phtic z 1a —=— + =i,
ay nghich dao cua so phuc z la Y 131
Diing MTCT:
CMPLY o] Math &
—S=Z1
C I
iz 15l
c) Xét z:1+1\/§.Ta co:
3-2i
1 3-2i _(3—21)(1—1*/3)_3—2\/3_2+3\/§i
z 1+i\5 1245 6 6
Dung MTCT:
CHMPLY o] Math &
e =
S-2Z1
S—245 24545 .
& & 1

d) Xét z=(3+iﬁ)2 =7+642i. Taco
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Chuyén Dé S6 Phic

11 7-6\2i _7-6\2i _ 7 6\2.

z_7+6ﬁi_7z+(65)2 121 121 121 °

Dung MTCT:

CMPLY [ Math &

??55 i
-0, 070126292
Loi binh: Néu d@é bai cho tric nghiém thi di véi cau nay c6 thé do két qua tir dap an trac nghiém

62

gitra hai con s6 —— ~0,070126 .
121

A s Ly A A . N , = 2 1 z
Nhan xét: Qua trinh thiyec hién trén, thuc ra ta dang dung cong thitc sau: z.z = |z| == W
z
z

Vidu 6. Cho z =(2a —1)+(3b+5)i, Va,beR.Tim cacso a,b dé
a) z la sd thuc b) z la s6 ao.
Giai

a) z la s6 thuc <:>3b+5:0<:>b:—§

b) z laso6 ao <:>2a—1:0©a:%.
Vidu7. Tim meR dé:
a) SO phtrc z=1+(1+mi)+(1+mi)2 la s6 thuan ao.

m-1+2(m-1)i

1-mi

b) SO phtic z= la s6 thuc.

Pinh hudng: Ta can bién doi sO phtic z vé dang z=a+bi, (a,b e R).
Luc do6: z 1a s6 thuan ao (ao) khi a=0 va z la s thwc khi b=0

Giai
a) Ta co:

z=T1+(1+mi)+(1+mi)’ =1+1+mi+1+2mi+i’m? =3 -m? + 3mi.

71386 thuan a0 <> 3-m? =0<:>m=4_r\ﬁ.
b) Ta co:
m-1+2(m-1)i (m-1+2(m-1)i)(1+mi)

7 = =

1-mi (1—mi)(1+mi)

_m—1-m(2m-2)+ m(m-1)+2m -2 i

1+m
z la s6 thuc <:>m(m—1)+2m—2=0<:>rn2 +m-2=0m=1vm=-2.

Vi du 8. Tim cac s6 thuc X, y sao cho z=2z', vdi tung treong hop
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Chuyén Dé S6 Phic

a)z=(-3x—-9)+3i, z'=12+(5y -7)j;
b)z=(2x—-3)—(3y+1)i, z'=(2y +1)+(3x-7)i.

Q) (6 +2y +1)(3-i) +y(x+1)(1-i)’ =26 ~14i.

\9
d) (x*+y? +21)(\/§i—1)6 +y? +2x)(f+;2 =320 + 8964
1+i
Giai
, {—3x—9:12 {x:—7
a) z=z'& =
3=5y-7 y=2

Vay x=-7;y=2.

2x-3=2y+1 2x—-2y =4 -y=2 =2
b) z=z'< X Y = xToy = X7y = X

=By -1=3x-7 3x+3y =6 X+y=2 y=0
Vay x=2;y=0.

c) Tacod (3—i)2 =8 —6i;(1—i)3 =-2-2i nén dang thiic da cho c6 dang
(3 +2y +i)(8-6i) +y(x+1)(-2-2i) = 26 - 14i
Hay 8x” —2xy + 14y + 6+ (8-6x> ~2xy ~ 14y ) =26~ 14i
Suy ra: 4x> -xy+7y=10 - 4x> -xy+7y=10 - 4x° —Xy+7y=10,(1)
3x> +xy+7y=11 x> +2y=3 2y=3—x2,(2)

Thé (2) vao (1) ta c6 3432 —3x+1=0=>x=1,x=-1£2

Vay céc cdp so thuc can tim 1a

(xy) =(1;1),(—1—\/5;—\/§),(—1+\/5;\/5)
(6

- =128i nén 64(x +y” +2i)+128i(y” +2x) = 320+ 896i

d) Ta c6 (\/51—1)6 —64, ]
+i

Hay x* +y? +2i(y? +2x+1) =5+ 14i
2 2 _ 2 _ —
Vi the ta c6: X" +y —5<:> X 2x+1—0:>{x—1
y2P+2x=6 |y*=6-2x y=%2

Vay cac cap so can tim la: (x;y) = (1;2),(1;—2).

Vi du 9. Chimg minh ring: 3(1+1) " =4i(1+1)" —4(1+i)".
Giai

Ta co:

3(1+1) ™ —4i(1+1)" +4(1+1)"° =(1+1)”° [3(1“)4 —4i(1+i)’ +4}

—(1+i)" [3(21)2 —4i(2i)+ 3} ~(1+i)°.0=0
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Vay dang thiic da cho duoc chiing minh.
Vi du 10. a) Tinh mo-dun ctia s6 phtic z biét z=3i(2-1)+2i°.

b) Cho s6 phtic z thoa mén z = . Tim m6dun ctia s6 phircz +iz ,

1-1
Giai

a)Taco z=3i(2—i)+2i> =6i—3i* ~2i =3+4i.

Vay mo-dun cta z la |z| =3% +4? =5,

Dung MTCT:

CMPLE D] Math &

|3i02-11+25% |
a

b) Ta co:
(1—\51)3 -13 —3.12.(\Ei)+3.1.(\ﬁi)2 —(\Ei)g —1-33i-9+33i=-8
Do dé:
__(1—\@)3_ S,
T i T
Suy ra:

z+iz=—4—4i+i(-4+4i)=-8-8i= |z +iz=[(-8) +(-8)" =82,

Diing MTCT:
\F 3 CHFLA 5] Wath &
1-+/31 =
Budc 1: Tinh (—.)—>A FlﬂS FI
—i
-4-4j
' i A THFL o —
Bude 2 Tinh A-+i4 | i Condata) |

gz

Vi du 11. Xét s6 phtc: z= i . Timm dé zz=—
1-m(m -2i) 2
Giai
Ta co:
Cm (~m+i)(1-m” - 2mi)
Z:(l—m2)+2mi: (1_m2)2+4m2
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Chuyén Dé S6 Phic

—m(1—1r1r12)+2m+i(1—1r1r12 +2m2) m(1+m2)+i(1+m2)

2 2
(1+m2) (1+m2)
m 1. m T,
1+m? 1+m? 1+m? 1+m?
_ 2
Do d6 z.z=1<:> m”+1 =l<:> 1 =l<:>m +1=2<m=41.

(m2+1)2 2 m?4+1 2

Loi binh: Ta c6 thé tinh Z bang cach bién d6i & mau nhu sau:

1-m(m-2i)=1-m? +2mi=—(m2—2mi+i2)=—(m—i)2.

Lt db: 7= i—-m _i-m m-i 1  m+i m N 1 ;
7 1-m(m-2i) ~(m-i)’ (m-i)® M-I m’+1 m?+1 m’+1

Vidu12. Tinh S=1+i+i%+i% +..+i12,
Giai
Cach 1. Ta co:

S=1+i+i2+i°+..+i912 =S =i+i% +id +i*.. 472012 12013
Suy ra:
.2013 .
1-1 1-1
S-iS=1-i"P 8= =——=1
1-1 1-1

Céch 2. Day s8 1, 1,12, i%, ..,i%*""? 1ap thanh mot c&p s6 nhan gom 2013 s6 hang, 6 cong bdi 12 1, s6

hang dau la 1.

Do do:

S=1+i+i%+1° +..+i*B = 1.?&:1
—i

Vi du 13. S§ phtic z=x+2yi(x,y€R) thay ddi thoa man |z| =1. Tim gia tri l6n nhat, nho nhat cta
biéu thirc: P=x-y.
Giai
Tacd |z]=1c\x* +4y” =1 x* +4y* =1 (1)
Tkt P=x-y=y=x-P, thay vao (1) ta dugc 5x* —8Px+4P*> -1=0 (2)

Phuong trinh (2) c6 nghiém

A':16P2—5(4P2—1)20<:>——SPS—
2
Véi P=—£:>z=—i+£ Véi P=—5:>z:&—£i.
2 5 10 2 5 10
Suy ra:
mian—g khi Z——i-i-\l/—;l maxP—ﬁ khi z:¥—i¥/gi.
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Chuyén Dé S6 Phic

Vi du 14. Cho s8 phtic z=cos2a +(sina—cosa)i, v6i s6 a thay d6i. Tim gia tri nho nhat, 16n nhat
cta |z|
Giai

Ta co:

|Z| = \/cos2 200+ (sinoc - cosoc)2 = \/Cos2 200—sin2oa +1

= \—sin? 20— sin 20 + 2

Dit t=sin20, ~1<t<1.Xéthams& f(t)=—t* —t+2, te[-11]

. g : 1 , 1)_9
Ta co: f'(t)=—2t—1=f (t):0<:>t:—§. Ta c6: £(1)=0, f(-1)=2, f(——]:—

2
Suy ra:
9 1 1 o=——+kn
. maxf(t):— khit=-—<sin2a=--< 12 ,(keZ)
4 2 2 _ﬁ-i-kﬂ:
12

* minf(t)=0 khi t=1esin2a=1e a=7+kn(ke?)
A 3 .
Vay max|z| = E' m1n|z| =0
Vi du 15. (D& Minh hoa ctia b). Cho s8 phtic z =3 - 2i. Tim phan thyc va phan 4o cta s6 pht'rCE
A. Phan thiee bang -3 va Phian ao bang —2i. B. Phan thure bang —3 va Phan ao bang 2.
C. Phan thyc bang 3 va Phan o bang 2i. D. Phan thuc bang 3 va Phan ao bang 2.
Huéng dan giai
Ta c6: z=3+2i = phan thyc la 3 va phan 40 1a 2.
Vi du 16. (Dé Minh Hoa ctia B§). Cho hai s8 phtic z, =1+i va z, =2-3i . Tinh mddun cua s6
phttcz, + 7,.
A |z +2,|=+13 . B.|5,+2|=V5. C.lz+2,|=1.D.|z+z|=5.
Huéng dan giai
Tacé: z,+2, =3-2i =7, +7,| =32 +2? =13
Vay chon dap an A
Dung MTCT:

CMPLY m Math &

| 1+i+2-31

3

Vi du 17. (Dé minh hoa ctia b§). Cho s6 phtic z=2+5i. Tim s8 phttc W=z +z
A. w=7-3i. B. w=-3-3i. C. w=3+7i. D. w=—7-7i

Huéng dan giai

Tacéd: 2=2+45i=2z=2-5i=W=iz+2z=i(2+5i)+2—5i =-3-3i.
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Chuyén Dé S6 Phic

Vay chon dap an B.

Dung MTCT:
CMPLE Math A
1HEE+513+EDHJ9(F
-3-ai

Vi du 17. (D& tht nghiém 1an 1 ctia B). Tim s6 phtic lién hop ctia s6 phirc z =i(3i +1)
A. z2=3-i B. z=-3+i C. 7=3+i D. z=-3-i
Hu6ng dan giai
Tacod: z=i(3i+1)=i-3—>Z=-3-i.

Vay chon dap an D.

Dung MTCT:
EWFLR Weth &
Conjaci (i+l)
-a-i
Vi du 18: (D& thtr nghiém Ian 1 ctia BY). Tinh mddun ctia sd phite Z thoa man z(2—i)+13i=1
A. |z|:\/3_4. B. || =34 C. |z|= ﬁﬁ D. |z|=g
Hudéng dan giai
Ta co:
1-13i)(2+i
2(2-i)+18i~1e> 7 = 113 o L (LE1S)(24)
2—i (2-i)(2+i)
=2+|—26.|+13=15—25| 3k :>|z|:\/m:ﬁ
4+i 5
Vay chon dap an A.
Diing MTCT:
W @ Woth &
1-135i |
Z—1i
14
J10

Vi du 19: (Dé Thir nghiém Ian 1-B¢ Gido duc). Xét s§ phitc Z thoa man (1+2i)|z]=~—-2+i.Ménh
z

dé nao sau day dung?
A 2cpg<2 B. |¢|>2 C.l7<2 D. Loy
2 2 2 2
Huéng dan giai
Cach 1: Taco

10

T—2+i<:>(|z|+2)+(2|2|—1)i=

E

(1+2i)|z|=

@@ |(|z|+2)+(2|z|—1)i|=

Z

=((12+2))° +(2l2-1)° :% elz-1
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Chuyén Dé S6 Phic

Vay chon dap an D.
Cach 2: Dung MTCT

Ta co: (1+2i)|2|=@‘2”‘:’Z:WFZ?2i
+ te—

Dé€ cho don gian ta tién hanh tht cac dap an:

Thtt phuong an A: Cho |Z| =1,8. Lac do:

CMPLY m

410
(l1+21)€1.5+2-1

0. 566525354 2-11, k

Math &

An tiep
CMPLE O] Math A
|Ans |
5455
53
MaAu thuan ban dau |Z| =138.
Nhu vay loai A
Twong tu ta sé loai duoc B,C.
Thit phuong 4n D. Cho |z|=1. Lic d6 z bing Wig " M A
K&t qud & ba (1+Zi1x14Z2-1
6t qua o bén 3410 _J410 .
io 1o 1
An tiép
CMPLE O] Math A
|Ans |
Vay chon D.
II. CAU HOI TRAC NGHIEM KHACH QUAN
Cau 1. Cho z, =1-3i,z, =2+1i,z5 =3—4i. Tinh:
1.1. Tinh z, +2z, —z_3
A. 1+4i B. 2-4i. C.2-51 D. 4-6i
1.2. Tinh le + Zzg
A. 1+4i B. 2-3i. C. 2+5i. D. 1-6i
1.3. Tinh z,z,z, + Z§Z3
A. 11+45i B. 20— 33i. C. 20+ 35i D. 11+61i
Huéng dan giai
CHMPLE O] Math A CHMPLE O] Math A CHMPLE O] Math A

1-31+A 2+i+B

1-5i

a-4i=+C

2+i

1.1. Ta co:

2,+22, — 2, =(1-31)+2(2+1) - (3-4i) =1-3i + 4+ 2i—(3+4i) =2 5i.
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Chuyén Dé S6 Phic

Vay chon dap an C.
Dung MTCT:
THFLY G} Wath &
A+2B-ConJacl)
) |
1.2. Ta co:

2,2y + 252 =(1-31)(2+1) +(2+1)(3-4i) =(1-31)(2—1) +(2+1)(3 +4i)
=2-3-7i+6—-4+1li=1+4i.
Vay chon dap an A.

Dung MTCT:
E_MPLJ-: D] Math .l
AConJacB)+BConik
1+4i
1.3. Ta co:

247975 + 7325 = 72,2525 + 722, = (1431)(2-1)(3+ 4i) +(2+1) (3 4i)
=(2+3+5i)(3+4i)+(4-1+4i)(3-4i)
=(5+51)(3+4i)+(3+4i)(3—4i)=15-20+35i +9+16 = 20+ 35i.

Vay chon dap an C.
Ding MTCT
oFLE @ Math &
ConiaCABCI+B<C
20+55i1
Cau 2. Tinh Ity thtra (1 + 1)2006 bang
A. 21005 B. 21003} C. 220064 D. 220064

Hudéng dan giai
1003
Tacé: (1+i)" " = [(1+i)2} = (2i)"” = 2190,
Vay chon dap an B.
Cau 3. Tinh liiy thira (2+3i) bing
A. —46+9i B. —4+9i C. 4+19 D. 6+12i
Huéng dan giai
Tacé: (2+3i)° =2° +3.22.31+3.2.(3i) +(3i)’ =46+ 9i.
Vay chon dap an A
Dung MTCT:
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CMPLY m Math &

(2+3i )7

-46+9i

Céu 4. Tinh iy thira [(4+51)~(4+3i)] bing
A. 32i B. i C. 19i D. 12i
Hu6ng dan giai

Ta c6: [(4+51)— (4+31)] =(2i) =32i,

Vay chon dap an A.
Dung MTCT
TWr @ Wath & _
CL4+51 1-04+31 1)k
|
Cau 5. Tinh Ity thtta (\E ~i3 )2 bang
A. —4+23i B. -1-246i C. —3+43i D. 6+43i

Huéng dan giai
Ta co: (\E—i\ﬁ)Z —2-3-22/3i=-1-26i.

Vay chon dap an B.

Dung MTCT
CHFLY Em Wath &
(fZ-143)
-1-24ki
Cau 6. Tinh Ity thtra [—%+ 1?] bang
A. 6 B. 4 C. 4 D. 1

Hudng dan giai
3 3 2 2 3
SRR I U R Y ) RO B ] PCR IR SV
2 2 2 2 2 2 2 2

Vay chon dap an D.
Dung MTCT

CMPLY m Math &

(45
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Cau 7. Viét cac s6 phtic z= 1_i\/5 + ﬁ“ dudidang a+bi , (a,beR)
-3 B-is
o Y6, i3 p V2 i5 c V3 if5 p, 23217
4 4 4 4 3 3 3 3

Hu6ng dan giai
Ta co:

1-i2 2+i ~ (1—i\/§)(\/§+i\/§) (x@ﬂ)(%ﬂxﬁ)
iS5 35 (\5-iB)(\+iB) (\B-in5)(43+1d5)

_(\/§+JE+1\/§_1\/E)+(J€_\/§+1\/1_0+1\/§) _2\/g+21\/§_ \/g i\/g
= = +T.

7 =

5+3 8 4
Vay chon dap an A.
Dung MTCT
A5 —i43 45 —idS
& I3
= T3 1
a | a |
e (7-81)°
Cau 8. Viét cac so phitc z= = dwdi dang a+Dbi, (a,b IS R)
(8+7i)
4 i 8.7 c 4.7 p .4 5
133 133 113 113 23 23 123 123

Huéng dan giai
Ta co:

22(7—81)102(7_&)10 1 ((7—81)(8—71)]10( §—7i

(8+7i)" \8+7 8+7i | (8+71)(8-7i) | (8+7i)(8=7i)

64 + 49 49+64 | 113 ) 113
_(_.)108—71_.4 .4 .28—7i_ 8 71

10
_{56+56i2 —49i—64i} 8-7i _(_1131]10 8-7i

13t 3 T 113 113

Vay chon dap an B.
Dung MTCT
CMPLE O] Math A
Ly=—2L 1 =
ca+?i111Ei .
Tiz 11zl
Cau 9. Tinh A = l,(i —lj
2i i’

A. i B. i C. —i D. -1

Huéng dan giai
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3
Ta cb: i’ =16.i=(12) i=—i

_.2
Do dé: Azl_ i7—l =l_ —i+1 =l_ 1.+1 =£=_1,
2i i/ ) 2i i) 2i i -2

Vay chon dap an D.
Dung MTCT:

CMPLY [ Math &

33
A . (141 NG AP
CaulO.TlnhB—( _J +(1-i) " +(2+3i)(2 31)+i,
A. 13-3i B. 33-31i C. 13-32i D. 3-32i
Hu6ng dan giai
1+i:(1+i)(1+i)_(1+i)2 2i

Ta co: = ==
1-1 1+1 2 2

33
1 16
Do dé: (Ej :133=(12) i=i
1

—i

Ta lai c6:

e (1-i)" =[(1—i)2}5 = (142 —21)5 = (-2i)’ =-32i
. (2+3i)(2—3i)+%:13—i

.\33
Vay B:(E] +(1—i)10+(2+3i)(2—3i)+%=i—32i+13—i=13—321

Vay chon dap an C.
Dung MTCT:

()7 +0-01%
13-4

Cau11. Tinh C=1+(1+i)+(1+i) +(141) +.t (1+1)"

Huéng dan giai
Ap dung cong thiic ctia cdp s8 nhan:

Ta co:
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C=1+(1+i)+(1+i)2+(1+i)3 +...+(1+i)20 =u1.1_q

1-(1+i)" 1-(1+1)"

S 1-(1+i) —i
Ta co:
(1+i)* =2i
= (141)" = (141)7 . (141) = (21) . (1+1) = 2" (1+) =210 - 210
1+2'9+i2'9
—1

Cau 12. Cdp s8 thye x, y thoa man 2x+1+(1-2y)i=2-x+(3y-2)i la:

Do d6:C = _p10 +(1+210)i.

A.x:%,yzg B.x:%,y:% C.x:%,y:% D.x:—l,y:—g
Huéng dan giai
Ta co:
1
2x+1+(1—2y)i=2—x+(3y—2)i@{2X+1:2_X @{3)(:1@ 3
1-2y=3y-2 5y=3 _3
5
Vay chon dap an A.
Cau 13. Cdp s thuc x, y thoa man 4x+3+(3y—2)i =y+1+(x—3)i la:
A.x:%,yzl—z1 B.x:—l—sl,y:% C.x:%,y:—% D.x:—%,y:—l—z1
Hudéng dan giai
Cach 1: Ta co:
N
4x+3+(3y—2)i=y+1+(x—3)i<:>{4X+3:y+1@{4X_y=_2<:> 1,
3y-2=x-3 x-3y=-1 y:i
11
Vay chon dap an B.
Cach 2: Tht truc tiép cac két qua {Dung MTCT}
Cach 3: [CALC|[X=100] Y= 0,01
Cau 14. C3p s6 thuc x, y théa man x(3 + 5i)+y(1-2i)’ =7+32i lLa:
A x=-6y=1 B. x=-6;y=-1 C. x=6y=1 D. x=6y=-1

Huéng dan giai
Cach 1: Ta co:
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x(3 + 5i)+y(1—21)3:7+32i<:>3x+5xi+y(—11+2i):7+32i
3x-1ly =7 =6

o 3x—ly+(5x+2y)i=7+Rie VLo 7
5x+2y =32 y=1

Vay chon dap an C.

Cach 2: Dung MTCT:

e Budc 1: Nhap CHPLY m Wath
| N 401-2i 07 -7-321
X(3 + 5i)+Y(1-2i) -7 -32i
e Buéc 2: An [CALC]| cho X =100,Y =0,01 G Math Ao
o= _ AAHRL Y (-1 0k
Ttr két qua: 292,89+ 468,02i 292_ EEI
2(92,(89 + 468, |02i +468. 021
3X 7 11y X3 2y
Ta c6 dwoc hé
{3x—7—11y=0 {x:6
SN
5x-32+y=0 y=1
Cau 15. Cép s0 thuc x, y thoa man X+.1 = y_—l la:
1-i 1+i
A x=-Ly=-1 B. x=-Ly=-1 C.x:ﬁ;yzg D. x=-Ly=1
49 49

Huéng dan giai
Cach 1: Ta co:
LYol (xr 1) (1) = (y-1)(1-1)

1-i  1+i
1=y— —y=— —_
X+ yl@xy 2<:>x
X+1=-y+1 x+y=0

<:>x+1+(x+1)i=y—1—(y—l)i<:>{

Vay chon dap an D.
Cach 2: Dung MTCT

Cau 16. Céc cdp s0 thuc x, y thoa man L + -=2+3i la:

x—1 3-3i
A (xy)={(012)(-119) B. (xy)={(0:2)(15),
C. (xy)={(10;2);(10;5)} D. (xy)={(1;2);(1;15)}
Huéng dan giai
Ta co
LY oigie XL y(.lﬂ)' =2+31@X—H+X+1£—+Xj=2+3i
x—-i 3-3i (x—1)(x+1) 3(1—1)(1+1) x2+1 6 x2+1 6
X Y o X 1 2 y=
- 21 6 N I 01 o x=0 =1
1 y_ 4 |¥Y_5 1 T o3-— y=12 " |y=15
x2+1 6 6 x? +1 6 x“+1
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Vay chon dap an A.
Cau 17. Céc cdp s8 thue x, y théa man (x+i)(1+yi)=(3+2i)x+1-4i la:

A (oy)={(1:1)(-12) B. (X,y>={<1;_z>{_g;4j}

c (n)={(32) 09 o b)={( 3 23]

Hudng dan giai

Ta co:
(x+i)(1+yi)=(3+2i)x+1-4i<>x—y+(1+xy)i=3x+1+(2x—4)i
x—-y=3x+1 y=-2x-1 y=-2x-1 x=1 x:—E
& & & = \% 2
1+xy=2x-4 1+X(—2X—1)=2x—4 2x%2 +3x-5=0 y=-3 y—4

Vay chon dap an B.

Cau 18. Tim diéu kién cho 2 s6 thuc x, vay dé (x + iy)2 la s6 thuc

o "o <lyo A
Huéng dan giai

Ta co: (x+iy)2 =x? —y? +2xyi.

x=0

Do dé, (x + iy)2 la s6 thuc khi 2xy =0 <:>[
y=0

Vay chon dap an C.

Cau 19. Tim diéu kién cho 258 thuc x, vay dé& (x +iy)’ 1as8 do

x=0 x=0 x=0 x=0
A. B. C. D.
3X:y 3X2 :yz X:3y X2 :3y2

Hudéng dan giai
Ta co:

(x+iy)3 =x> +3.x2.iy+3x.(yi)2 +(iy)3 =3 —3xy2 n (3X2y—y3)i
Do d6, (x+iy)’ 148 do khi khi
x* —3xy? =0C>><(x2 —3}’2):0«:{

+3i

Cau 20. Tim s6 thuc m d€ binh phuong cua s6 phtc z = o la s6 thuc.

—i
A.m=1%2 B. m=43 C.m=1+4 D. m=5
Huéng dan giai
~6m+(m? -9
2

Viét duoc z2 = . Lap luan tim duoc m=43.
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Vay chon dap an B.

Cau 21. Cho s8 phitc z=3-2i. Tim phan thuc va phan 4o ctia s phtic w=iz—z.
Hud6ng dan giai

Tach: 2=3-2i=>2=3+2i.

Khi d6: w=i(3-2i)—(3+2i)=—1+i.

Vay, phan thycla -1, phan aolal.

3 _o _
Cau 22. Cho z=2+3i,(x,y € R). Hay viét du6i dang dai s ctia w=2 Z+(z) +z.

5 _
A.z=6 B. z=-6 C.z=-6+i D.z=-6-i
Hudng dan giai
Ta co:
2_
w=ZZB__Z+(Z)2+£:Z(§—_11)+(2)2+2=z(z+1)+(2)2+2

:>w:z2+z+(z)2+£:2(a2—b2)+2a:—6

Vay chon dap an B.
Dung MTCT

Buwéc1: Luu 2+3i > A _ CMPLX c] Math &
S+31+A

2+ai

Buédc 2: Tinh CMPL [ Math &
Noa g = A2 (CondatA) b
+(A) +A
A-1 -El
Cau 24. Cho z= ? Tinh [227%]
—1
Al B. z=-1 C.z=-1+i D. z=-1-i
Huéng dan giai
Ta cé
i (1+i)(1+1
z=1+%:( ) ):i:Z2016212016:1
1-i 2
Do do6: ‘ZZOlé‘zl.

Vay chon dap an A.

Cau 23. Tinh tong S=1+2i% +3i° +...+2012i*"".

A. —1006+1006i B. 1006 +1006i C. —1006 —1006i D. 1006 —1006i
Hudéng dan giai

Cach 1.

Ta c6 iS=i% +2i% +3i* +...+2012i%13
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=S—iS=i+i% +i° +...+i012 _ 2012413
2 .3

Day s6 i, 1,17, o, i2912 13 mot cdp sO nhan c6 cong bdi q =i va ¢ 2012 s6 hang, suy ra:
2 .3 o2, 1-i%"
i+i +i +...+i 211—20
—1

 2012i

—1

Do dé: S—iS=-2012.i%""% = 2012i =S =1006 —1006i

Vay chon dap an D.
Cach 2. Day s6 1, X, %2 ..., x°%12 13 mot cdp s8 nhan gom 2013 s hang va c6 cong bdi bang x.

2, .3 o2 1-x2
Xét x#1, x#0taco: 1+x+x"+x" +...+X :1— 1
—X

Lay dao ham hai vé cta (1) ta dwoc:

2013 2012
14 2x+ 352 44201252011 2 2012X7 7 = 20137 7 +1

(1-x)°

Nhan hai vé caa (2) cho x ta dugc:

5, 2012 _ 2012.x%91 —2013x2%13 4+ x

(1)’

X +2x% +3x2 +...+201 (3)
Thay x=i vao (3) ta duoc:
2012i%%% 201372913 4+

(i)

S =i+2i% +3i% +...+2012i?"1? =

V6i 201 =1 {2018 _

_ —2012-2012i
—2i

Vay S =1006 —1006i.

Cau 24. Cho o,Bhai s6 phtic lién hiép thoa man % eR va |0L —[3| =2+/3. Tinh |a|.
p

A3 B. 3 C.2 D. 5
Huéng dan giai

bat a=x+iy=p=x-iy vdi x,y eR.

Khong giam tinh tong quat, ta coi y >0.

Vi |a—[3|=2 3 nén |2iy|=2\/§:>y=\/§.

OL3

Do a,Bhai s6 phtc lién hgp nén afeR, ma 2 eR doddb o’ eRR. Nhung ta cé

Bz (OLB)2
a’=x° —3xy2 +(3X2y—y3)i nén o e R khi va chi khi 3X2y—y3 =0<::>y(3x2 —yz)=0:>x2 =1.

Vay [of =x® +y? =143 =2

Cau 25. Tim c biét a,b va ¢ céc s6 nguyén duong thoa man: c=(a+ bi)3 -107i.
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A. 400 B. 312 C. 198 D. 123
Hud6ng dan giai

Taco c= (a +bi)3 ~107i =a® —3ab® + i(3a2b ~b° —107). Nén c la s6 nguyén duong thi

3a’b~b?~107 0. Hay b(3a>~b*}=107.

Vi a,beZ" va 107 1a s6 nguyén t6 nén xay ra:

, 11450
—=a =

= b=107;3a>-b> =1 ¢ 7 (loai).

= b=1;3a>-b%>=107=a’ =36 =a =6 (thba man). Vay nén c=a> —3ab> =6> —3.6.12 =198.
Vay chon dap an C.

Cau 26. Cho s8 phtic z c6 phan ao bang 164 va véi s nguyén duong n théa man =4i. Tim n.

Zz+n
A.n=14 B. n=149 C. 697 D. 789

Huéng dan giai
bat z=x+164i ta co:
x +164i

=4i e ————=4i & x+164i =656 + 4(x +n)i
zZ+n x+164i+n

{x =-656
=

=n=0697.
x+n=41

Vay gid tri can tim cta n 1a 697.

Vay chon dap an C.

_ (1-4Gi)

Cau 27. Cho s0 phtic z thoa man z = —~ .Tim m6 dun cta s6 phtrc z+iz

-1

A2 B. \3 C.5 D. V7
Hudng dan giai

Tir z ta phai suy ra dugc z va thay vao biéu thirc z+iz roi im moédun:

22(1—\@) (1_‘/§i)(1+i):1+\/§+1—\/§i

1-i 2 2 2

1+43 1-3 1-3 1+3

——iziz=—xo-+
2 2 2 2

Do do: 2+iz=1+i:>|2+iz|=\/5. Vay chon dap an A.

Suy ra: z= i

Dung MTCT:
CHMPLE O] Math A
1-3i L=uo L
Bu’écl:Lu’u( - )—>A 1-1 -}ﬁ
1= 1445 1-5 .
z z 1
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CMPLE [ Math &

Buéc 2: Tinh |A+iA| | p+iCondaca) |

{2

Loi binh: Nhan thay rang véi s§ phttc z=a+bi bat ki ta déu cé z+iz = (1+i)(a+Db)hay

Z1+ I.Z =a+beR, VzeC. Vé phuong dién hinh hoc thi Z1+ I.Z luén ndm trén truc Ox khi biéu dién
+1i +1
trong mat phing phtic.
Cau 28. Tim s8 thue mbidt: z=— ' va z7= 2-m (trong d6ila don vi ao)
1-m (m - 2i) 2
A" N c.|m=0 p.|™
m=1 m=-1 m=1 m=1

Pinh huéng: Quan sat thdy z cho ¢ dang thuwong hai s8 phtic. Vi Vay can phai don gian z bing

—-m .
ta tim dwoc m

‘ A 1A SA s X \ - U _ 2
cach nhan lién hién ¢ mau. Tt z=z . Thay z va z vao zz =

Huéng dan giai

Ta co:

__i-m :(i—m)(1—m2—2mi)_—m(1—m2)+2m+i(1—m2+2m2)

tom(m=2i) (e g (1+m?)
_m(1+m2)+i(1+m2)_ m i _ m i
= = + =7Z= +

(1+m2)2 1+m? 1+m? 1+m? 1+m?

Nhu vay:
zi—zzm:(nr:l;:ll)z—%(m2)<:>1+1m2—%(m2)<:>m32m2+m—0<:>[22
Vay chon dap an C.

Cau 29. Tim phan thyc ctia s6 phtec: z = (1 + i)n ,neN thoa man phuong trinh:

log, (1’1—3)+10g4 (n+9):3.

A. 6 B. -8 C.8 D. 9
Huéng dan giai

Diéu kién: n>3,neN

Phuong trinh log, (n —3) +log, (n +9) =3 <log, (n - 3)(n+ 9) =3

(1'1—3)(r1+9)=43 on? +6n—9=0<:>n=7(d0:n>3)

3
z=(1+i) :(1+i).[(1+i)2} = (1+i).(21) =(1+1).(-8i) =8 -8i
Vay phan thuc ctia s6 phttc z1a 8.
Vay chon dap an C.
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Céu 30. Cho s6 phitcz =22 (m € R) . Tam m, biét s5 phutc w =7 6 mddun bing
—1
A M= g |m=3 c. |m=3 p,|m=3
m=1 m=-1 m=1 m=-3
Hudng dan giai
Ta c6
» m?-9+6mi m? -9 ) m?2-9)
w=z=— " " = 3m+ ilwj=9<[9m* + =9
-2i 2 2

@%\/m4+18m2+81:9<:>m2—9:18<:>m2:9<:>m:i3

Vay gid tri can tim la m =43

Cau 31. Cho s6 phtic z= I—m ,m e R. Tim gia tri nho nhéat ctia s6 thuc k sao cho ton tai m
1—m(m—2i)
dé |z-1>k
A. k:‘/ngl B. k:‘/§+2 C,kzﬁ D,kzﬁ
2 2 2 2
Huéng dan giai
Tacd z= 5 1—m 2=._1 :Z—lzl_—m_Jrl
—1“+mi—-m 1-m m-—1
|1 m+i| 2_9 2 k=0
- m” —2m +
z—1= = =z-1l2k < 2 _
[=-1 |m —i \I m2+1 [=-1 m”-2m+2_,>

m? +1
2
: ~2m+2
Xét ham s6 f(m)="——=
m”+1

Z(m2 —m+1)

1]

1+45

Ta cé: f (m)z 5

=f(m)=0em=

Lap bang bién thién ta c6 min f(m) ={

1+J§]:3—J§

2 2

6y B

A A 1 s 3-
= Yéu cau bai toan kZZT

Vay k= la gia tri phai tim.

Vay chon dap an C.
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CHU PE 2. BIEU DIEN HINH HOC CAC sO PHUC
Phuwong phap

= Trong mit phang phtic, s6 phtic z=x+yi, (x,y € R) duoc biéu dién bang :
e Diém M(x;y), ki hiéu M(z)
e Vecto OM :(x;y)
e Vectou=(x;y)
» Biéu dién hinh hoccua z,—z, Z
M(z) va M(—z) déi xting v6i nhau qua gdc toa do.
M(z) va M(z) d6i xting vdi nhau qua truc Ox.
* Biéu dién hinh hocctia z+2z ,z— Zv,kz(k € [R)
Goi M, 1 lan luot biéu dién s6 phtic z; M, v biéu biéu dién s& phtic z". Ta co:
OM+OM' va ii +vbiéu dién s& phtc z+2" ;
OM-OM'=M'Mva ti—vbiéu dién s8 phtic z—z7’;
kﬁ/[, kd biéu dién sd phuec kz.

* V6iM, A, B Ian luot biéu dién s& phtic z, a, b thi:

OM =|z|;AB=|b-a|.

1. CAC Vi DU MAU
Vi du 1. Trong mat phang phtic, cho ba diém A,B,C khong thang hang biéu dién cac s& phtic a,b,c.
Goi M la trung diém cua AB, G la trong tam tam giac ABC va D la diém d6i xting cta A qua G. Céc
diém M,G,D lan luot biéu dién cac s6 phttc m,g,d.

a) Tinh cdc s6 phttcm, g, d theo a, b, c.

b) Néu thém gia thiét [a|=|b|=

C

,chttng minh rang tam gidc ABC la tam gidc déu néu va chi néu
a+b+c=0.

Giai
a) M la trung diém cua AB< OM = %(OTA + (ﬁ) <m= %(a +b).
G la trong tam cua tam giac ABC < OG :%(O—A+(73+(YZ) =g :%(a+b+c).
D la diém d6i xtiing cia A qua G < G 1a trung diém ctia AD
& 20G=0A+0D
< 2g=a+ded=2g-a

C

D
<:>d=2.1(a+b+c)—a
3 G
<:>d=gb+gc—%a. A
303 3 > g

b) Gia thiét

a|=|b|=|c| < OA =0B =0C < O la tam duong
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tron ngoai ti€p tam giac ABC. Nhu vay tam giac ABC la tam giac
du=0=G=g=0<a+b+c=0.
Vi du 2. Cho hinh binh hanh ABCD. Ba dinh A, B,C lan luot biéu dién cac s& phtic
a=2-2i,b=-1+i,c=5+mi (meR).
a) Tim s phttc d (biéu dién diém D);
b) Binh m sao cho ABCD la hinh chi nhat.

Giai
a) ABCD la hinh binh hanh
& CD=BA<d-c=a-b > oD
<d=a+c-b
©d=2-2i+5+mi—(-1+i)
<d=8+(m-3)i B¢
b) ABCD la hinh chit nhat
< AC=BD < [c-a|=d-b|

©[5+mi-2+2i[=[8+(m-3)i+1-i|<[3+(m+2)i|=[9+(m-4)i

=32 +(m+2)°" =92 +(m-4)’

o3+ (m+2)if +[9+(m-4)i

S9+m?+4m+4=81+m? -8m+16 < 12m =84

sm=7.

Vi du 3. Trong mit phang phtic, cho ba diém M, A, B Ian luot biéu dién cac s& phtic :

Z, 3+i\/§ zZ va LZ.
3 3

Chting minh rang:

a) VzeC, tam gidc OMA vudng tai M;
b) VzeC, tam giac MAB la tam giac vuong;
c) VzeC, tit gidc OMAB la hinh chi nhat.

Giai
a) Dt a =£3+3i‘/§]z va b:%z.
Ta c6: OM =|z|
0 =fo =P~ L= e - s
MA=|a-z|=

[1+sz—z =|L |Z|=i|2|.
N RN
Nhan thay: OM? + MA? =|z|2 +%|Z|2 =§|Z|2 =0A?,vzeC.

Vay tam gidc OMA vudng tai M.
b) Ta co:
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MA=|a—z|=[1+%jz—z— - f|z|
M =[o- |-z -a| | =} 1=
AB=b a|=$z_[1+ﬁ]z_|z|.

Ta thay MA2 + AB? = [ +|ef? =%|z|2 +|z|* =MB? ditng vzeC.

B
Vay tam gidc MAB vudng tai A véi moi Vze C.
b) Xét tam gidc MOB, ta co:

ﬂ;OM=|z| va MB=|b-z|=

NG

OB =|b|=|=7|=

2
.

2
Suy ra: OM? + OB = |z| |3| =MB?. ) M
Vay tam gidc MOB vuong tai O véi moi Vz eC.
T gidc OMAB c6 3 géc vudng nén la hinh chit nhat.
Luu y:
o O trén ta st dung tinh chat |zlzz| = |zl ||z2 |
e Tt gidc co ba goc vudng la hinh chit nhat
Vidu 4. Goi A, B, Claba diém lan lwot biéu dién cac s6 phttc a=-1-i,b—i, c=1+ki, (k e }R).
a) DPinh k dé€ba diém A, B, C théng hang;
b) Xéthamsd w= f(z) =z>.Dita'= f(a),b' = f(b),c' = f(c). Tinh a’, b’,c
c) Goi A’, B’, C’ Ian lwot 1a cac diém biéu dién cac s6 phtca’, b’, ¢’. Dinh k d¢ A’, B, C’ la ba diém
thang hang;
d) Néu u,vIan luot biéu dién céc s6 phiic z, z’. Chting minh réng u L v < 3 la s0 0.
Ap dung: Tinh k d€ tam gidc A’B'C’ vudng tai A’
Giai
a) Pinh huéng: Ba diém A,B,C thang hang < BA =aBC (oc € }R) <a-b= oc(c - b)

a_b:oceR@a_blésé’thuc.

Cc— Cc—

f—

Nhu vay, ta giai bai toan nay nhu sau:

c=b T+ki-i T+(k-1)i [1+(k-1)i][1-(k-1)i]

C-1-2i+(k-1)i-2(k-1) 1-2k+(k-3)i
) 1+(k-1)* Co1e(kic1)
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Suy ra 27213 58 thue <> k-3=0<k=3.

c—
b) Ta ¢

a'=f(a)=a® =(-1-i)" =(1+i)" =1+i% +2i =2i

b'=f(b)=b*=i*=-1

¢'=f(c)=c? =(1+ki)’ =1-k? +2ki.

c¢) DBinh hudng : Trude hét ta can tim diéu kién d€ ba diém A’,B’,C’ phan biét <> a',b’,c' d6i mot
khéac nhau (*). D& giai (*) ta diing phuong phap “phan bur”. Két hop diéu kién ba diém A’,B’,C’thang

1 '

hang @B'C':(xB'A',(oceR)@c'—b'=oc(a'—b')<:>Cv_ -1a s6 thuc.
a_
Ttr d6 ta co 10i giai sau:
Hién nhién a'#b'.
2 _
Tacd a'=c'o2i=1-K2+2kied K =00
2k=2
Suyraa'#c' ok=1.
2 . |-1=1-K? A
Taco b'=c'e-1=1-k"+2kie < k=0.Vay b'#c'.
2k =0
Tém lai 3 diém A’,B’,C’ phan biét < k#1.
Ta co
o2 aons (2-KF+2Kki)(1-2i Y
c-b'_2-k +_2k1:( )( )21[2—13+4k+(—4+2k2+2k)iJ.Suy ra < la s6 thuc
a'-b'" 1+2i (1+2i)(1-2i) 5 -Db'

oA +2k-4=0ck=1k=2ck=-2(vik=1)
Vay A’,B’,C’ la 3 diém phan biét th??mg hang < k=-2.
d) bt z=x+iy,z' =x'+iy', va a,:zl‘én lwot biéu dién s& phttc 2,2’ = u= (x;y)vé v= (X';y').

Tacs Z= X1 _ (x +iy)(x'-iy") :XX'+YY'+(X'Y—Y'X)i.

z x'+iy'_(x'+iy')(x'—iy') X2 4y

Nhuw vay E la s6éoxx'+yy':0<:>a.;:0<:>al;.
z
Xem tam gidc A’B'C’ tacd A'C’ biéu dién cac s8 phitc z=c'-a'=1-K +(21<— 2)iva A'B'biéu dién
z'=b'—a'=-1-2i

(1-1)+(2x-2)i [(1-K2)+ (2k-2)i](-1+2i)

~1-2i - (—1-2i)(-1+2i)

~ , V4
sO phttc — =
V4

1 |
=] 1+ K -2(2k-2)+ (222" ~2kc+2)i |

Theo chiing minh trén: tam giac A’B'C’ vudng tai A’ < A'C' LA'B'< Ev la sd ao
z

< -1+k? -4k +4 =0 <k? —4k +3 =0 <k =1 (loai) va k=3 < k=3.
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Vi du 5. Cho s6 phitc z=m+(m-3)i,meR
a) Tim m dé bidu dién s§ phtic ndm trén duong phan giac géc phan tu thit hai y =—x
b) Tim m &€ bidu dién s8 phitc nim trén Hyperbol y = -2

X
c) Tim m d€ khoang céch ctia diém biéu dién s& phitc dén goc toa d6 nho nhat.

Giai

a) Goi M(m;m —3) 1a diém biéu dién s6 phtic z=m+ (m —3)i
M nam trén duong thangy =—x < m-3=-m< m= %

b) M nam trén Hyperbol y = 2 & m-3= 2
X m

= ) =
m--3m+2=0 m=2

c) Ta co:

! 2
OMz«fm2+(m—3)2:\i2m2—6m+ = Z(m—éj +2
2 2

:OMminz\/gcnnzg

Vi du 6. Xét cic diém A, B, C trong mit phing phtic theo tht tw biéu dién cac sd

4i . . 2 +6i1
ﬁ; (1—1)(1+21); 3_;

a) Chiing minh ABC la tam giac vudng can.

b) Tim s6 phtic biéu dién boi diém D sao cho tit giac ABCD 1a hinh vudng.
Giai

a) Taco

i‘iil _ (_;h_(l_)tjllz i) =2-2i= A(Z; —2)
(1-i)(1+2i)=3+i=B(3;1)

2+61

—1

2i= C(0;2).

BA =BC

AC? = AB? + BC?

b) Goi D la dinh thtt tu ctia hinh vuéng ABCD
BA=CD & (~1;-3)=(xp;yp —2) « D(-1;-1).

Nhan thay: { = ABC vuong can tai B.

Vay D biéu dién s6 phtrc—1—i.

Vi du 7. Trong mat phang phtic cho cac diém: O (gdc toa dd), A diém biéu dién s6 1, B diém bidu
dién s§ phtic z khong thuee, A’ bidu dién sd phiec z'#0 va B’ biéu dién s6 phtic zz'. Chiing minh
rang: Tam giac OAB va tam gidc OA'B' dong dang.

Giai
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Vi z khong phai la s6 thue nén cac diém O, A, B theo tht tw biéu dién cac s6 0, 1, z 1a cac dinh cua
tam giac. Voi z'#0 , xét cac diém A’, B’ theo thi tu biéu dién cac s6 z', zz' thi ta co:

AB _[zr-z]_e(2-1)

OA'_|z]
AB 21 B |21

OA 1

4 4

OB'_|ZZ'|_| '
OB |z| B

Al
ad

Vay tam giac OA’B’ dong dang véi tam giac OAB.
Luu y: O trén ta da st dung cac tinh chat
AR A
¢ Dua vao dinh nghia tam gidc dong dang
OA' OB' A'B'
OA OB AB
Vi du 8. Biét A, B, C, D 1a bon diém trong mit phang phtic biéu dién theo thit tw cac s6:
-1+i, -1-j, 2i, 2-2i.

=k thi tam giac OA’B’ dong dang véi tam giac OAB.

a) Tim cac s& Z,,25,25,2, theo thi ty biéu dién cac vecto AC, A—D, BC,BD.

b) Tinh ﬂ,z—3 va tir d6 suy ra A, B, C, D cting nam trén mot duong tron. TAm duong tron bidu dién
Zy 24
sO phtic nao?
Giai
a) Ta c6: A(-1;1), B(-1;-1), C(0;2), D(2;-2)
Lic d6: AC=(1,1), AD=(3;-3), BC=(1,3), BD=(3,-1)

Do do: z; =1+i, z, =3-3i, z; =1+3i, z, =3-i.

b) Ta co:
ﬂzi{zlilémétsé'éonénA—C.ﬁ:0hayACJ_AD (1)
z, 3-3i 3
Z_3=13+3,1=i1a56aonén3—c.ﬁ=0hay3cwl) )

z, —i

Tt (1) va (2) suy ra A, B, C, D noi tiép duwong tron duong kinh CD. Do d6, tam la trung diém ctia CD
. 2i+(2-2i)
nén nod biéu dién s6 phtic —y -
II. CAU HOI VA BAI TAP TRAC NGHIEM KHACH QUAN
Cau 1. Goi A, B theo tht tu 13 cac diém cua mat phang phic biéu dién sé z khac O va z'= 1—;'2 . Luc d6, tam
giac OAB la tam giac gi
A. Tam gié4c can B. Tam giac déu
C. Tam giac vuéng D. Tam giac vuéng can
Hudéng dan giai
Giast z=x+Yi thitacod A(x;y). Vi z=0 nén x* +y*>0.
X—y X+Vy.

Taco z'=1—J2r|z=%(1+i)(x+yi)=T+T| .
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Vay B c6 toa do: B(X_;y;%}

2 2 2

) x—y\ X+y P (x+y) (y=xP x%+y?
AB  =| X—| +|y— = + =
2 2 2 2 2

OB=AB
0A? =0B? + AB?

_ 2 2 2 2
Ta lai c6: OAZ:x2+y2;OBZ=(X yj +(x+y) Xty

Tur d6 suy ra: { . Vay tam giac OAB vuodng can tai B.

Vay chon dap an D.

Cau 2. Cac diém A, B, Cva A/, B, C’ tuong tng biéu dién céc sd phtc z,,z,,z; va z;,zé,zé ( trong
d6 A, B, Cva A’, B', C’ khong thing hang). Hai tam gidc ABC va A’B’C’ ¢6 cung trong tam khi va chi
khi

A mrsyen=n sy B. |+ | =[]
' ' ' 2.2, 2 2,2 .2
C. Zl+22+z3|=‘zl+zz+23‘ D.z]i+z5+z5=2"1+2, +27;
Huéng dan giai

bat

Zy =X, +Y,ir = 31B(X,;y,) =G

7

Z: =X, +V,i A(Xq;
T Caiv) [X1+X2+X3.Y1+Y2+Y3j

. 3 3
Z3 =Xz +Yysl C(x5;¥3)
Trong tam: G'(XV#X;"'X'S ; Y'1+Y3‘2+Y'3J

! ' '
Xq +X2 +X3—X 1+X 2+X3

Vi+Yo Y3 =Y 1+YH+Ys

Neéu Zl+22+z3=zl+22+23<:>{ =G=G

Vay hai tam giac ABC va A’B’C’ ¢ cung trong tam.
Vay chon dap an A.
Cau 3. Cho A, B, C, D la bdn diém trong mit phing phtic theo tht tw bidu dién cac s§

4(3+4B)i;  2+(3+4B8)i; 1430 3+i.Chon khing dinh dting
A. ABCD la hinh binh hanh B. AD=2CB
C. D la trong tam ctia tam gidc ABC D. Tt gidc ABCD ndi tiép duoc duong tron

Huéng dan giai
Taco: A(43+43);  B(23+V3)  C(13); D(3;1).
Ta xét cac ménh dé:
e ABCD la hinh binh hanh <> AB=DC . Nhan thdy AB=(-2;0)#DC=(2;-2).

Nhu vay taloai A
. ADz\/(3—4)2+(2+\/§)2 ~3,86 ; CB=«!12+(J5)2 =2
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AD #2CB. Nhu vay ta loai B

4+2+1 7
3:&3

Suy ra: D khong la trong tam ctia tam gidc ABC

e Ta thay:

Vay chon dap an D.
Loi binh: D€ chiing minh D dung ta chiing minh nhw

sau:

¥

. ACB=a thi CACB= ‘CTAHCTS‘ COSOL => COSOL =
bat 2

D
gt ADB=P i DA.DB= ‘DAHDB‘coss:scosB_*‘/_ ; 4’/
- C

Vay o =p=30" = ABCD ndi tiép duong tron

Ch ¥: Cho hai duong thang a,b c6 vecto chi phuong 1a a,b. Goi ¢; o lan luot 1a goc cua hai vecto

b \ab\

a, b va hai duong thing a,b. Lic dé: cosp= cosoL =

Chay: 0°<<180°; 0°<a<90°
CAu 4. Cho ba diém A ,B, C lan lwot biéu dién céc s& phttc a=1,b=—1+aiva c= b>.
Cau 4.1. Xac dinh a sao cho A,B,C la ba dinh ctia mgt tam giac

Aozl B. a=-1 C.a=+1 D. a=0

Cau 4. 2. Khi A, B, C la ba dinh ctia tam gidc. Hoi tam gidc ABC la tam gidc gi?

A. Tam giéc can B. Tam giac déu

C. Tam giac vuéng D. Tam giac vuéng can

Cau 4.3. Tim s8 phtic d biéu bién béi D sao cho ABCD 1a hinh chit nhat

A.d=1-0®—ai. B. d=-1-0®—qi. C.d=-1+a?—0i. D. d=-1-a? +ai.

Hudéng dan giai
Cau 4.1. Ta co:
b—a=—2+oci:>ﬁ=(—2;a)
c—a=-0o’-2ai= E =(—oc2;—20c)
c-b=2-0o? —30Li:>ﬁ=(2—a2;—3oc)
biéu kién la A,B,C phéan biét va khong théng hang < a#0.
Vay chon dap an D.
Cau 4. 2. Ta c6: AB.AC =20 —2a> =0=> AB L AC. Vay tam giac ABC vudng.
Vay chon dap an C.
Ciu4.3. d=-1-0? —ai.Vay chon dap 4n B
Cau 5. Trong mit phang phtic, cho ba diém A, B, C khong thang hang theo tht: tu biéu dién s phitc

z,,2,,Z,. HOI trong tam ctia tam giac ABC biéu dién s8& phtc nao?
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Az, +2, +2,. B.—z,-2z,-2z,
c 1 1
. 5(z1+zz+22) D. —§(Z1+Z2+Z2)
Hud6ng dan giai
Goi G la trong tam ctia tam gidc ABC khi va chi khi OG = %(O—A +OB+ (YZ)
Vi OA,OB,OC theo thtt tw bidu dién z,,2,,2, nén G biéu dién s§ phtc %(z1 +2,+25)
Vay chon dap an C.
CAau 6. Xét ba diém A, B,C ctia mit phang phtic theo thit tw biéu dién ba s phitc phan biét
Z,,25,Z, théa man |Z1| = |zz| = |z3| . Ba diém A, B, C la ba dinh ctia mot tam giac déu khi va chi khi
Z)+2y+25=0.
A zy=2,=24 B.z +2z,+2,=0
C. 22y + 2,2, + 252, =0 D. le =222 :Z32
Huéng dan giai
Ba diém A, B, C theo tht tu biéu dién ba s& phtc phan biét z,,z,,z, thoa man |Z1| = |zz| =|23| nén ba
diém A, B, C thudc duong tron tam O (O la gdc toa d9). Tam giac ABC la tam giac déu khi va chi khi
trong tam G ctia nd trung voi tam duwong tron ngoai tiép ttc G=0O hay z, +z, + 2z, =0.
Cau 7. Cho M, N 14 hai diém trong mat phang phuc biéu dién theo thir tw cac s6 phic z;, z, khéc 0 thoa mén
dang thic 212 + z% =2,Z,. Tam giac OMN la tam giac gi?
A. Tam giéc can B. Tam giac déu
C. Tam giac vuéng D. Tam giac vuéng can

Hwéng dan giai

25 = 21(2,-71) |22|2 =|z|[z; ~ 2]
Tacs: zf +23 =212, =1 =

21 =25(21-2,) |21|2 =|z,/[z2 — 2]

(*)
Vi 23,2, 20 nén |z,],|z,|#0

2 2
Tu (*) ta co: |z, — 2z =@ =% = |zl|3 =|22|3 = |z1| =]z,
a]” [z,
Do d6 |z, — 74| =|zy| = |2,
Ma OM =|z|; ON =|z,|; MN =z, — 7,
Vay tam giac OMN déu.
Vay chon dap an B.
CAu 8. Cho ba diém A, B, C biéu dién cac s6 phtcc a=1+i,b= a’va c= x—i,(x S5 ]R).
Tim x sao cho
Cau 8.1. Tam gidc ABC vudng tai B
A. x=-1 B. x=-2 C.x=-3 D. x=-5
Cau 8.2. Tam gidc ABC can tai C
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A x=-7 B. x=-2 C.x=-3 D. x=-5
Hud6ng dan giai

Cau 8.1. Tacd: a=1+i=A(1;1)
Mt khdc, theo dé thi b=a2 =(1+i)" =2i=B(0;2)
C =x—i,(x eR):C(x;—l)
Ta c6: AB= (—1;1), BC= (x; —3)
D& tam gidc ABC vudng tai B thi AB_LBC <> ABBC=0<>—x—3=0<>x=-3.
Vay chon dap an C.
Cau 8.2. Tam gidc ABC can tai C nén ‘a‘ = ‘@‘ S x=-2.
Vay chon dap an B.
Cau 9. Cho u,v 13 biéu dién cua hai s8 phitc 1+3i va 3—2i. Goi x 1 biéu dién cua s6 phttc 6+4i.
Hay phan tich X qua u,v

S 24— 14- - 24— 14- Coo_24- 14 S 24— 14

A. x=——u——v B. x=—u—-——v . X=—Uu+—vV D. x=——u+—v
11 11 11 11 11 11 11 11

Giai
Ta co a:(1;3),;:(3;2),;<:(6;4)
24
o= =~ [m+3m=6 |MT] - 24— 14-
Gid st x=m.u+nv= = =S>X=—u+—V
3m-2n=4 n_14 11 11

11
Vay chon dap an C.
Céau 10. Tim cac diém biéu dién cta s§ phitc z biét diém biéu dién ctia cac s8 phic z,2z2,2> 1ap thanh

Cau 10.1.Tam giac vuodng tai A

A. Quy tich ctia z 1a dudng thing x=-1. B. Quy tich cta z la duong tron x> + y2 =1
2y o . 1,
C. Quy tich cua z1a duong elipT = 1. D. Quy tich ctia z1a Parabol y = 7%

Cau 10.2.Tam giac vuong tai B

A. Quy tich ctia z 1a dwong thang x =0.

B. Quy tich cta z 1a dwong thang y =0

C. Quy tich cta z la duong théng x =0, trit gdc toa do
D. Quy tich cua z la dwong théng y =0, trit gdc toa do
Cau 10.3 Tam giac vuong tai C

A. Quy tich ctia z 1a duong thang x =2

B. Quy tich ctia z 1a dwong thang y =1

2
C. Quy tich cua z la duwong tron (x + %j +y? =i
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D. Quy tich ctia z 1a hai dwong thang y =0, x=0
Hud6ng dan giai

Dit z=a+bi(a,beZ)va goi A,B,C la cic diém biéu dién tuong ting ctia z,2°,z°

z#0
Vi A, B,Ctao thanh mot tam gidc nén phai cd: z # 2228 e lz21
z#—-1

Khi @6 ABZ‘ZZ—Z

,BCz‘z3 —z°

,AC=‘Z3 —z‘.

Cau 10.1. Tam gid ABC vudng tai A ta c6 AB* + AC? = BC?

2

‘Z —Z 2

2 2 2 2 2 2

P ol =l -2 ol of 4l Jo 1P e 2

Do A,B,Claba diém phan biét nén tt déng thirc trén ta co:

1+|z+1|2 =|z|2 <:>2+|z|2 +z+£=|z|2 Szrz="2<x=-1

Trong truong hop nay quy tich ctia z 1a duong thang x =-1.

Vay chon dap an A.

Luu y: Ta dé dang chtiing minh duoc |z + 1|2 = |z|2 +z+z+1

Cau 10.2. Tam gid ABC vudng tai B hay BA% + BC? = AC?

Tuong tu nhu trén ta ¢ quy tich cta z 1a duong thang x =0 trir goc toa dd.
Vay chon dap an C.

Céu 10.3. Tam gidc ABC vuong tai C hay CA? + CB? = AB?
12
Tuong tu nhu trén ta cé quy tich ctia z la dwong tron (x + E] +y? ==,

Vay chon dap an C.

Cau 11. (D& minh hoa ctia bg). Cho s8 phtic Z thda man Y
(L+i)z =3-i. Hoi diém biéu dién cta z 1a diém nao trong o . |
cac diém M, N, P, Q & hinh bén ? :
A. Diém P. B. biém Q. . [
C. Diém M. D. Diém N. i X

Huéng dan giai
Goi z=x+VYi(X,yeR) Khi dé: 1+i)z=3-i <> (x-y-3)+(x+y+1)i=0

X—y—-3=0 x=1
= = = QL -2).
X+y+1=0 2

Vay chon dap an B.
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Céu 12. (Dé thr nghiém Ian 1 cta bd). Diém M trong hinh vé

bén la diém biéu dién ctia s§ phtic z. Tim phan thuc va phan do y
cua s6 phtuc z. 3
A. Phan thuc la -4 va phan ao la 3. @) X

B. Phan thuec la 3 va phén ao 1a —4i.
C. Phan thuc 1a 3 va phan ao la 4. :
D. Phian thyec 13 —4 va phan &o 12 3i. A e ‘M

Hu6ng dan giai

Vay chon dap an C.
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CHU PE 3. TIM TAP HOP PIEM
Phuong phap

e Giastrcac diém M, A ,B Ian lwot bidu dién cac s6 phtic z, a, b.
o |Z - a| = |Z —b| < MA =MB < M thudc duong trung triec cia doan AB.
o |z—a|+|z-b|=k(keR k>0,k>[a-b|)=MA+MB=k
< Mthudc elip (E) nhan A, B la hai tiéu diém va c6 d6 dai truc 16n béng k.
= Gia st M vaM’ Ian luot biéu dién cac s8 phtic z va w=f(z).
bdt z=x+iyva w=u+iv (x,y,u,v eR).
Hé thtec w = f(z) twong duwong vdi hai hé thirc lién hé gitta x,y,u,v
o Néu biét mot hé thirc gitra x,y, ta tim duwgc mot hé thiee gitra u,v va suy ra dugc tap
hop cac diém M.
o Neéu biét mot hé thic gitra u,v ta im duoc mot hé thirc gitta x,y va suy ra duoc tap
hop cac diém M.
1. CAC Vi DU MAU
Vi du 1. Tim tap hop cac diém M biéu dién s8 phtic z trong cac treong hop sau: {Duong thang |
z+1-3i1 —

; b =1 C) znz+z,z+1=0 véi z, =1-1.
) z—1+1 ) % 0 0

a) |z+i|=|z-i
Giai

a) Cach1.bat a=—i va b=i.

Goi A(0;-1) va B(0;1)Ian luot biéu dién céc s6 phiic a va b, suy ra

|z+i|=|z—a|=MAva |z—i|=|z—b|=MB.

Ta co |Z +i| = |z —i| < MA =MB < M thudc dueong trung truc ciia AB, d6 chinh la truc Ox.

Vay tap hop cac diém M la truc Ox.

Cach 2. Dit z=x+yi, (x,y € R)

Luac do:

|z+i|=|z—i|<:>|x+yi+i|=|x+yi—i|<:>‘x+(y+1)i‘=‘x+(y—1)i‘

NS +(y+1)2 =\/x2 +(y—1)2 ox? +(y+1)2 =x2+(y—1)2
<4y=0<y=0.

Vay tap hop cac diém M la truc Ox.
b) Cach 1. Ta cé:
Z+ 1 — 3.1 , (1)
z—-1+1
Dit a=-1+3i biéu dién boi cac diém A(-1;3) va b=1-1i duoc biéu dién bsi diém B(1;-1). Ta ¢ (1)

< |z—a|=|z-b| < MA=MB.

=1<:>|z+1—31|=|z—1+i

Vay tap hop cac diém M la duong trung truc doan AB.

Ths. Tran Pinh Cw. SPT: 01234332133. Gv Chuyén luyén thi THPT Quéc gia, TP Hué Page 40



Chuyén Dé S6 Phic

Cach 2. batz=x+ yi,(x,y e R) Lic do:

z+1-3i
z—1+1

x4 (y=3)i =x =1+ (y+1)i] e (1) + (y=3) =(x=1] +(y+1)’

<:>(x+1)2 +(y—3)2 =(x—1)2 +(y+1)2
<:>X2+2X+1+y2—6y+9=x2—2x+1+y2+2y+1

=le|z+1-3i|=|z—1+i| < [x+yi+1-3i|=|x+ yi—1+i]

©2x—6y+10=-2x+2y+2 < 4x -8y +8=0< x -2y +2 =0

Vay tap diém M la duong thang x -2y +2=0.

|| || Phuong trinh dwong thang x—2y +2=0 chinh
22

la phrong trinh duwong trung triec cua doan thang AB.

Loi binh: O trén ta da stt dung céng thuc

c) Vdi z, =1-i,dat z=x+iy,(x,yeR),ta co:
ZOz=(1—i)(x+iy)=x+y+(y—x)i; ZO_.Z=X+y—(y—x)i.
Nhu vy zyz+2yz+1=02(x+y)+1=02x+2y +1=0.

Tap hop cac diém M la duong thing cé phuong trinh 2x +2y +1=0.

Vi du 2. Tim tap hop cac diém M biéu dién s8 phtic z trong cac treong hop sau: {Duong tron

a) [z—(3-4i)=2; b) |z—i|=|(1+i)7]
o) |4 +2iz+2i%z=0; d) 2iz-1=+5.
Giai

a) bat z=x+yji, (x,y ER) . Lic dé:
B —(3—41)\—2©|x+yi—3+4i|:2©\(x—3)+(y+4)i\=2

o (x=3) +(y+4) =2 (x=3) +(y+4)’ =4

Vay tap hop diém biéu dién s8 phtic thoa d@ bai 1a duong tron tam 1(3;-4)bén kinh R =2.
b) Dat z=x+yi,(x,y €R) . Lic do:

2= =|(1+i) 2] =[x+ yi—i|=|(1+1) (x+ yi)| =[x+ (y = 1)i| = |(x=y) + (x+y)i]

We +(y—1)2 =\/(X—y)2+(x+y)2 <::>X2+(y—1)2 =(x—y) +(x+y)
ox? +yz—2y+1=x2 —2xy+y2 +x2+2xy+y2 ox? +y2 +2y-1=0

Vay tap hop diém biéu dién s6 phtic thoa dé bai 1a duong tron tam I(O; —1) ban kinh R = \/E .
) Tacd |7 +2iz+2i°2=0 o | +2iz-2iz=0 = |2 +2i(z—£)=o (1)

Gia stt z=x+Yyi, thay vao (1) ta duoc:

x? +y2 +2i(x+iy—x+iy)=0<:>x2 +y2 —4y=0<:>x2 +(y—2)2 =4.

Vay tap hop céc diém M(x;y) biéu dién s8 phtic z la dudng tron tam 1(0;2), ban kinh R=2.
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d) Gia st z=x+yi, (x,y €R).
Suy ra:
[2iz - 1] =5 < [2i(x + yi) - 1| =5 < |-2y — 1+ 2xi| =5

@\/(—237—1)2 #(2x) =B o 42 +4y? 4y +1=15

2

o xP +y2 +y—1:0<:>x2 +[y+lj =é

2 4
Vay tap hop céc diém trong mat phang phtic bi¢u dién cac s§ phitc da cho 1a mot duong tron 6 tam
I(O;—%j va ban kinh R = %
Vi du 3. Tim tap hop cac diém M biéu dién s8 phtic z trong cac treong hop sau: {Elip}:
21| +|z+1=4.

Giai

Dit a=1 va b=-1, Ian lwot bidu dién boi cac diém A(1;0) va B(-1,0).
Tacd [z—1|+|z+1|=4 < |z—a|+|z—b|=4 = MA+MB=4.
Vay tap hop cac diém M la elip (E) nhan A, B 1a hai tiéu diém, c6 do dai truc 1on 1a 4.
Vi du 4. Tim tap hop cac diém M biéu dién s6 phtic z trong cac truong hop sau: {Ao thuc}

a)

22115 66 do; b) 2L (222i)1a 56 thyc.
z-1 z-2i

Giai
a)bat z=x+iy (x,yeR). Véi z#1,ta co:

2z+1 2x+2yi+1 (2x+1+2yi)(x-1-iy) (2x+1)(x—1)+2y? +i[zy(x—1)—y(2x+1)]

z-1  x+iy-1  (x-1+iy)(x-1-iy) (x-1) +y
2Z+11é1 s0 a0 < phan thuc ctaa 2z+1 bi triét tiéu
z—1 z—1
1
o (2x+1)(x=1)+2y% =0 = 2x% —x-1+2y2 =0 > x> = X4 y2 -2 =0
(2xr1)(x-1)+2y y L

,ox 1) 5, 1 1 ¥ 5, 9
SIX —c+—|+y =+ x—— | +y" =—.
2 16 2 1 4 16

Vay tap hop cac diém M la duong tron (C ), tam I(i ;OJ ban kinh R = %, bo di diém A(1,0).

b) bat z=x+iy (x,yeR).Vdi z#2i,ta co:

z+1 _ x+l+iy _ (x+1+iy)(x—(y-1)i) :x(x+1)+y(y—2)+i[xy—(x+1)(y—2)]
z=2i x+(y-2)i (x+(y-2)i)(x-(y-2)i) x2+(y—2)2

z+1

~la sd thuc < phan ao bi triét tiéu

z—2i
<:>xy—(x+1)(y—2)=0<:>xy—(xy—2x+y—2)=0
S2Xx-y+2=0y=2x+2.
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Vay tap hop cac diém M la duong thang cé phuong trinh y =2x+2, bo di diém A(0;2) vi z = 2i.
Vi du 5. Tim tap hop céc diém biéu dién ctia s8 phitc 7 =22+3—1, v6i [3z+1] <zz+9

z=a+bi
Dinh huwéng: Dat { ,

Ibl 4 R
Z =x+yi(a “YE )

W

X —
a=

, x=2a+3
Khi d6 z =2z+3-i< x+yi=(2a+3)+(2b-1)i= = 2
y=2b-1 oYt 1
2
Bai toan yéu cau tim diém biéu diénz nén cai sau cling ta can dua vé mot biéu thitc lién hé x,y .
A, \ o A? ’ . 2 - A A% A A, < ’ 3 A
Trwoc hét, tir biéu th |3Z + 1| <z.z+9 tabién dodi vé bat dang thitc theo a, b. Sau do thé

y+1

a:X__3’,b:

5 ta dugc biéu thiic chira X,y .

Giai

z=a+bi
bat { , _(a,b,x,yeR)
z =X+yi

W

X —
a=

x=2a+3

Khi d6 7 =2z+3—i@x+yi=(Za+3)+(2b_1)ij{Y=2b_1©

b=

<
N4+ N
—

Theo d§, ta co:

|3z+i|2 <7.2+9 < 9a2 +(3b+1)2 <a’+b*+9 < 4a +4b%>+3b-4<0

2
Q(x_g)z+(y+1)2+§(y+1)_4so@(x_3)z+[y+£] <7

Vay quy tich biéu dién s8 phitc z 1a hinh tron c6 tam I(3;%j vabankinh R = @ .
Vi du 6. Trong mat phang véi hé truc toa d6 Oxy, cho s8 phtic z théa man |z - 1| =2.Tim tap hop biéu
dién s8 phttc w=2z-1.
Giai
w+i x y+1, x—-2 y+1

Goi w=x+yi, vdi x,yeR. Ta cé: w:2z—i<:>z:T®z:E+

2 2
Theo bai ra: |z—1|=2<:>(x_2) +(y+1) —de(x-2) +(y+1) =16
4 4

Vay tap hop céc diém biéu dién s phtic w la dudng tron tam 1(2;-1) ban kinh R=4.

Binh ludn: Hau hét cac bai toan sd phitc déu lam theo cach ty nhién nhu 10i giai trén ( goi
w =X+ yi).Tuy nhién cac em ciing c6 thé tham khao them cach sau:

w=2z-iew+i-2=2(z-1)<|w-(2-i)|=2]z-1/=4= tap hop céc diém w la duong tron c6 tam

(2; —1) , ban kinh 4 trong mit phang phtc.
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Vi du 7. Hay x4c dinh tap hop céc diém trong mit phing phtic biéu dién céc s§ phtic z thoéa man:
1<|z-i|<2. {Hinh vanh khin}
Giai
Gia st s6 phttc z ¢6 dang: z=x+yi véi x,yeR
Ta co: |z—i| =‘X+(y—1)i‘ =[x* (y—1)2
Do do: 1<|z—i|<2<:>1<|z—i|2 <deol<x? +(y—1)2 <4
Goi (Cl), (Cz) la hai duong tron tam I(O;l) va ¢6 ban kinh Ian luot la R, =1, R, =4. Vay tap hop
cac diém can tim la phan nam gifta hai dwong tron (), (Cy).
Vi du 8. Tim tap hop diém trong mit phang phtic biéu dién s§ phitc z thoa man diéu kién
207 i =|z—2+2i
Giai
Goi M(x; y) la diém biéu dién s& phtrc z = x+yi.

Khi d6 2[z—i[ = |z -2+ 2i| < 2x+ (y-1)i| =[2(y +1)j]

5 B 22\/ 2 :ﬁ
<X +(y 1) (y+1) oy 1

X2

Vay tap hop diém M la parabol (P) y=

Vi du 9. Tim tap hop diém M biéu dién s8 phtic z théa man z+3z = (2 +iV3 )|z|
Giai

bat z=x+yi (x,y € R) ta duoc:

2+32=(2+i3 |7 e x+yi+ 3x—3yi =2\ +y? +i\[3x* + 3y

4X=2«’x2+y2 x=20 @{yz_\/gx

<=4y <0
y x=0

-2y = 4f3x2 +3y? y? =3x2

Vay tap hop diém biéu dién s8 phtic z can tim 1a phan duong thang y = —3x véi x>0.

A=

Vi du 10 . Xac dinh tap hop cac diém biéu dién s6 phtic z thoa man diéu kién:

; —\2
a) Z—ﬂ la s6 thuc duong voi z#1; b) ZZZ(Z)
Z—1
) 2% +2z+5eR* d) 1 [2-2+2
c) z°+2z+5¢ ; o
g14| ~2-1
3
Giai

a) Dit z=x+yi,(x,y eR) .

z+i_X+(y+1)i x+y*-1+2x
z—-i x+(y-1)i x2+(y—1)2

Ta co:
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. y1
Z—ﬂ la s6 thuc duong khi va chi khi
z—1i
2x=0 A
2, 2 x=0 !
xX"+y"-1>0 < >
|y| >1 o) Y
2 2 X
x> +(y-1)" =0 A'g-1
Vay tap hop cac diém phai tim 1a hai tia Ay va A’y’ trén truc
tung trir hai diém A(0;1) va A'(0;-1). ol

b) Dat z=x+yi, (x,yeR) .
Ta co:

2 2

—\2
z :(z) (:)(eryi)2 :(x—yi)2 =
x=0
y=0
Vay tap hop cac diém can tim la cac truc toa do.

c) bat z=x+yi,(x,ye]R) . Khi do:

2

—y2 +2xyi=Xx —y2—2xyi

<:>4xyi=0<:>xy=0<:{

722 +2245=(x+yi) +2(x+yi)+5=x% —y? +2x+5+2y(x+1)i

{yzo
2y(x+1)=0 x> +2x+5>0
P& z2 +27+5cR" thi y( ) =
X2 +y? +2x+5>0 x=-1
| y2<4

A A , ) A X ~ , ) 1 N e g x=-1
Vay tap hop cac diém biéu dién s phttc z thdéa dé bai la {_2<y<2.
d) bat z=x+yi,(x,y € R) .

Ta co:
lz—2|+2 lz-2[+2 1
log1—>1<:>—<—<:>|z—2|>7
S4z-2-1 4z-2[-1 3
Slx+yi-2>7 o (x-2) +y? > 49

Vay tap hop ca cac diém thoa man bai toan nam ngoai hinh tron tam 1(2;0), ban kinh R=7.

N | =

Vidul1l.Goi M va M' la cac diém lan luot biéu dién cac s6 phttcczvaz' = ,(z # 0). bat

z=x+iyva z'= x'+iy',(x,y,x',y' eR)

a) Tinh x’,y’ theo x,y va tinh x,y theo x’,y" .

b) Cho M di dong trén dwong tron (C ) tam A(-1;1), ban kinh R = J2.Tim tap hop cac diém M.
c) Cho M di dong trén duong théng d:y=x+1, tim tap hop cac diém M".

Giai
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X =
. 2, .2
o1 .z .z Ve XF1y Xty
a)Taco: z'=—z'=—=z=—X+yi=—"""=
z z.z lzI X" +y Y
Y= 2
X" +y
Tuong tu, ta co:
XV
X=—"0
1 =1 1 z' z' ) x'+iy' X'“+y'
Z=— o= o I==O === OX+ly=——— & )
z z z' z'z' |z'| x“+y' __ Y
y 12 12
x'“+y

b) Brong tron (C ) tam A(-1;1), ban kinh R = 26 phuong trinh
C): (x+1)2 +(y—1)2 =2 x% +y? +2x -2y =0.
biém Me (C) < toa do M(x;y)théa man phuong trinh:

x2+y2+2x—2y_

X2 +y2

X2 +y? +2x -2y =0 & 0 (Vix*+y?#0 do z=0)

2
o1+ o 2y41-0 (i

5 —x'va — =y' theo két qua cua cau a))
X“+yS X +y X"ty X'ty

Suy ra toa do cua diém M’(x’;y’) thdéa man phuong trinh 2x'-2y'+1=0.
Vay tap hop céc diém M’ la duong thang cé phureong trinh 2x -2y +1=0.

c) Diém M di dong trén duong thang d: y =x+1nén toa d6 ctia M(x;y) théa man y =x+1

1 ' 1

- y __ X +1 (vitheocauataco y= Y 5

va
2, .2 2 2
x"“+y x"“+y x"“+y

X = )<:>y'=x’+x'2+y'2<:>x'2+y’2+x'—y'=0.

12 12
X +y

Suy ra toa do cia M’ (x’; y’) thoa man phuong trinh: x?+y'2+x'~y'=0.
Vay tap hop cac diém M’ 1a duong tron (C’) 6 phuong trinh: x? +y? +x —y =0.
Vidu12. Tim tap hop cdc diém biéu dién s6 phitc z=x+yi théa man diéu kién
a){y_xil; b)1<z|<2.
y =2x
Huéng dan giai
a) Vé duong thang d:y-x =1 va Parabol: y = 2x2.
Ta ot {y-xﬁl@{x—ynzq
y 2> 2x2 y > 2x2
Vay tap hop diém M la phan gidi han boi duwong thang d va (P).
b) 1<x* +y* <4. Vay tap hop diém la hinh vanh khin giéi han béi hai duong tron dong tam O ban
kinh 1 va 2, khong 1dy duong bén trong.
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Chi ¥: V&i ciu ¢, gia st dé bai thém yéu cau: tap hop cac diém biéu dién s6 phic z thoa 1<[z|<2va
phéan thyc khong am thi

ycbt:{l<x2 +y2 <4
x>0
Vay tap hop diém la hinh vanh khan gi6i han boi hai duong tron dong tam O ban kinh 1 va 2, chi 1ay
phéan bén phai truc tung va khong 1ay bén trong.
II. CAU HOI VA BAI TAP TRAC NGHIEM KHACH QUAN
Cau 1. Gia st M(z) 1a diém trén mat phang toa d6 biéu dién s3 phtic z. Tap hop nhitng diém M(z)
thoa man diéu [2+2|=|i-2| 1a
A.DPuong thing 4x+2y+3=0 B. Duong thang 4x -2y +3=0
A.DPuong thang x+2y—-3=0 D. Puong thang x+9y-3=0
Hudng dan giai
Cach 1. bat z=x+ yi;(x,y € R).lé sO phtic da cho va M(x;y) la diém biéu dién cta z trong mét

phang phtic

Ta co |Z+2|=|i—z|<:>‘(X+2)+yi‘=‘X+(y—1)i‘<:>\/(x+2)2+y2 =\/x2 (y—l)2

& 4x+2y+3=0 . Vay tap hop diém M can tim la duong thang 4x+2y +3=0

Vay chon dap an A.
Cach 2. |Z+2| :|i —z| = ‘z —(—2)‘ = |i—z| (*)
bat z=x+ yi,'(x,y € R).lé s0 phtic da cho va M(x;y)lé diém biéu dién ctia z trong mat phang phtic,
Diém A biéu dién s6 -2 tirc A(-2;0)va diém B biéu dién s8 phtici tic B(0;1)
Khi d6 (*) <> MA =MB. Vay tap hop diém M can tim 1a duong trung tuc cua AB: 4x+2y+3=0.
Cau 2. Tap hop cac diém trén mat phéng toa do bidu dién céic s6 phtic z théa man diéu kién
[z+2i|=[z+1-1] 1a
A.Duong thang x+y+3=0 B. Duong thang x -2y +3=0
A.Duong thang x+2y+3=0 D. Duong thang x—y—1=0

Huéng dan giai

Gid st z=x+yi (x,y €R), diém M(x;y) biéu dién z. Theo bai ra ta cé:

x+ (v +2)i] =[x+ 1)~ (y +1)i] o X2+ (y +2)7 = yf(x+1) +(y +1)

4y +4=2x+2y+2<=x-y-1=0

Suy ra M thudc duong thang cé phuong trinh x—y-1=0.

Vay tap hop diém biéu dién cac s§ phtic z 1a duong thang c6 phuong trinh x—y-1=0.

Vay chon dap an D.

Cau 3. Tap hop cac diém trén mit phang toa do biéu dién cac s phiic z thdéa man diéu kién

5)(1-1)z+3-2i|=|(1-7i)z+i| la
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A. Duong thing B. Buong tron

A. Buong elip D. Buong Parabol
Hud6ng dan giai

Nhén thdy 5[1+i|=5v2 =[1-7i

Ta 6 5|(1-i)z+3-2i|=|(1-7i)z +il

AL 32 . i
S|zt o :|1—71|.‘z+1_7i‘
3-2i i | 11, 7 1.
Sz + - =|z+ S z+——=1l=|Zz2——+—1
5+ 5i 1-7i| 10 2 50 50

Vay tap hop M la duong trung triec AB, véi A(—%;EJ,B(Z;ij .

Vay chon dap an A.
Cau 4. Tap hop cac diém trén mat phéng toa d6 biéu dién cac sO phtic z thdéa man diéu kién
‘z+£+3‘ =4 la

A. Hai duong thing x==, x=—= B. Hai duong thang x:—%, x:—%

D. Hai duong thing x = —%, X :%

N|—= N =
I
NN

A. Hai duong thing x==, x

Huéng dan giai
bat z= x+yi,(x,y IS R)
Ltc dé:

2243 =4 o xtyitx-yit3=4 o 2x3 =4 o 4 +12x+9=16

X==

AP +12x-7=0 2

X=——
2

Vay tap hop diém M la hai duong thang x=% ;X = —% song song voi truc tung.

Vay chon dap an A.
Cau 5. Tap hop cac diém trén mat phéng toa d6 biéu dién cac sO phtic z thdéa man diéu kién

‘z—2+1—i‘=21é

—1+\/§'y=1+\/§

A. Hai duong thang y= > >

145 1-3
2 YT

143 1-43
2 7

2

1-5  1-3
2 77

2

B. Hai duong thang y=

A. Hai duong thang y= D. Hai duong thang y=

Huéng dan giai
Dit z=x+yi, (x,y €R)

Ltc dé:
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[z-z+1-i|=2 & x+yi-x+yi+1-i|=2 & [1-(2y-1)i|=2

<:nf1+(2y—1)2 =2 1+4y’ 4y +1=4 <4y’ —4y-2=0

_1+\/§
Y=,

1-3

y:—

2

<:>2y2—2y—1=0<:>

= 5 song song voi truc hoanh.

Vay tap hop diém M 13 hai duong thing y =1 *245 . EC
Vay chon dap an B.
Cau 6. Tap hop cac diém trén mat phéng toa d6 biéu dién cac sO phtic z thdéa man diéu kién
207+1|=|z-2-2| Ia
A. Hai duong thang x=0, y=0. B. Hai duong thang x=0, y=-2.
C. Hai dudng thang x=0, x=-2. D. Hai duong thing x=2, y=-2.
Huéng dan giai
Goi M(x; y) 1a diém biéu dién s6 phitc z=x+yi, (x,y € [R) thoa 2|z + 1| =‘z—£ —2‘
& 2x+yi+1|=[x+yi-(x-yi)-2 < 2Jx+1+yi|=|-2+2yi
x=0
X=-2

S 2(x+ 1) +y? = [(-2) +(2y) @xP+2x=0c

Vay tap hop cac diém M can tim 1a hai duong thang x=0, x=-2.

Vay chon dap an C.

Cau 7. Tap hop cac diém trén mat phéng toa d6 biéu dién cac sO phtic z thoa man diéu kién

lz-1+i=2 la

A. Duong thang x—y-2=0 B. Duong tron (x + 1)2 + (y + 1)2 =4

C. Duong thang x+y-2=0 D. Dudng tron tam 1(1;-1) va ban kinh R =2.
Hudng dan giai

Xét hé thirc: [z—1+i|=2 Dit z=x+yi,(x,yeR).

Khi dé: (1) < y[(x—1) +(y +1)* =2 (x—1)" + (y-+1)" =4
Vay, tap hop nhitng diém M(z) thoa man hé thirc (1) la duong tron tam I(1; —1) va ban kinh R =2.

Vay chon dap an D.

Cau 8. Tap hop cac diém trén mat phéng toa d6 bifu dién cac s6 phtic z thoa man diéu kién z ‘ =3
Z —
l1a
A. Buong tron x? +y2 —%y—% =0 B. Buong tron x> +y2 —%er%: 0
\ . 18 9
C. Dudng tron x* +y” + <7 + 3 0 D. Buong tron tam I(O;%j va ban kinh R = %
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Hud6ng dan giai
bat z=x+yi, (x,y IS Z). Ta co

2
8

V4 -0

1 :3<:>|z|=3|z—1|<:>x2+y2—%y+

z—
Vay, tap hop nhitng diém M(z) thoa man hé thiic (1) la duong tron tam I(O;%j va ban kinh R = g

Vay chon dap an B.
Cau 8. Tap hop cac diém trén mit phing toa do biéu dién cac s phitc z thdéa man diéu kién
|z+3-2i[=[2z+1-2i 1a

2 8 2 4 8
A.DPuong tron X2 +y? —Sx——y+-=0 B. Puong tron x2 +y? +=x+—-y——==0
& y 3 3}’ 3 g y 3 3}’ 3
2 4 8 2 4 8
C. Duong tron x> +y? —Sx——y—-==0 D. X2 +v2—Sx4—-y—=2=0
& ¥ 733773 Y33

Hudng dan giai
bat z=x+yi;(x,yeR).
Ta c6: |z +3-2i|=|2z+1-2i|
& |(x+3)+(y-2)i|=|(2x+ 1)+ (2y - 2)i| & (x+3)" +(y-2)" =(2x+1)+ (2y -2)°
& 3x% +3y” —2x—4y —-8=0

Suy ra: Tap hop cac diém biéu dién z 14 phuong trinh dwong tron (C): x? +y? — %x - %y —% =0.

Vay chon dap an C.
Cau 9. Tap hop cac diém trén mat phéng toa d6 biéu dién cac sO phtic z thoa man diéu kién
|Z—i| :‘(1+i)z‘ la
A. DPuong tron x> + (y + 1)2 =2 B. Duong tron x* (y —1)2 =2
C. Pudng tron (x-1)° +(y+1)* =2 D. (x+1) +(y+1)" =2
Huéng dan giai

Goi M(x; y) 1a diém biéu dién cua sd phtccz=x+ yi;(x,y e R).

Suy ra |z =% +(y 1) S|(11)7 = |(1+1) (x+yi) = (x=y) + (x+y)’

Nén |z—i|=‘(1+i)z‘<:>x2 +(y—1)2 =(x—y)2 +(x+y)2 ox? +(y+1)2 =2

Vay tap hop diém M la duong tron x* + (y + 1)2 =2.

Vay chon dap an A.

Cau 9. Tap hop cac diém trén mat phéng toa d0 biéu dién cac s6 phtic z thdéa man diéu kién
|z—4i|+|z+4i|=10 1a

2 2 2 2
A. Duong elip % + 37_6 =1 B. Buong elip )1(_6 + % =1
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2 2 2 2
C. Buong elip XZ+%=1 D. DBuong elip %erzzl

Hud6ng dan giai

Xét hé thic: |z —4i| +|z +4i| =10

z=X+Yi, (x,yeR)

bat .Lac do

(4) & x> +(y—4)2 +\/x2 +(y+4)2 :10©£+ﬁ:1
9 16

Vay tap hop diém M la duong elip c6 hai tiéu diém la F,(0;4);F,(0;—4) va do dai truc 16n 1a 16.
Vay chon dap an A.
Cau 10. Tap hop cac diém trén mat phéng toa d6 biéu dién cac sO phtic z thoa man diéu kién
lz—2|+|z+2|=5 1a
A. Duong tron B. Buong elip
C. Buong parabol D. Puong thang

Huéng dan giai
bat z:x+yi;(x,y IS R)

Ta cd: [z—2|+|z+2|=5

S|(x=2)+yi[+|(x+2)+yi] =5 o \[(x=2) +y? +y[(x+2) +y7 =5 (1)
Xét A(2;0);B(-2;0);I(x;y) =>IA+IB=5
Vay tap hop diém biéu dién s8 phtic z chinh 1a tap hop cac diém I thoa man IA +IB=5, d6 chinh la

AB__  IA+IB_5

mot elip cé tiéu cy c= 2;a=
2 2

Vay chon dap an B.
Cau 11. Tap hop cac diém trén mat phéng toa dd bidu dién céac s6 phtic z thdéa man diéu kién
|2+Z|>|Z—2| la
A. Tap hop cic diém 1a ntra mat phang ¢ bén phai truc tung
B. Tap hop cac diém 1a ntra mat phang & bén trai truc tung
C. Tap hop cc diém 1a ntra mét phang phia trén truc hoanh
D. Tap hop cac diém 1a ntra mét phang phia dudi truc hoanh
Huéng dan giai
Xét hé thuc: [2+2]>|z-2| (1). Dét z=x+yi, (x,y €R).
Khi d6: (3) < 8x>0
Tap hop nhiing diém M(z) thoa man diéu kién (1) 1a ntta mat phang & bén phai truc tung, tic cac
diém (x,y) ma x>0
Vay chon dap an A.
Cau 12. Tap hop cac diém trén mat phéng toa d0 biéu dién cac sd phtic z thdéa man diéu kién

1<|z+1-i[<2 la
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A. Tap hop cac diém la hinh tron ¢ tam I(l; —1) , ban kinh 2

B. Tap hop cac diém la hinh vanh khan c¢6 tam tai A(—l;l) va cac ban kinh 16n va nho lan lugt 1a
2;1

C. Tap hop cac diém 1a hinh tron c6 tam 1(1; —1) , ban kinh 1

D. Tap hop cac diém la hinh vanh khan c6 tam tai I(l;—l) va cac ban kinh 16n va nho lan luot la
2;1

Hudng dan giai

b) Xét h¢ thue: 1<|z+1-i|<2(2) . D4t z=x+yi, (x,y € R).

Khi do: (2) & 1<(x+1)° +(y-1) <4

Vay tap hop nhiing diém M(z) théa man diéu kién (2) 1a hinh vanh khan c6 tam tai A(—l;l) va cac
ban kinh 16n va nho lan luot 1a 2; 1

Vay chon dap an B.

Cau 13. Tim t4t ca cac diém ctia mit phang phttc biéu dién cac s phitc z sao cho E—H la s6 thuec.
z+1i
A. Tap hop diém gom hai truc toa do
B. Tap hop diém la truc hoanh
C. Tap hop diém goém hai truc toa do bo di diém A(0;1)
D. Tap hop diém la truc tung, bo di A(0;1)
Huéng dan giai
bat z=x+ yi,(x,y IS R).
Cz+i xH(y+1)(1-y)+[x(y+1)-x(1-y) i
Ta co: == 3
zZ+1 x> + (1 - y)
Z+1 .
—— la so thue @x(y+1)—x(1—y):0©xy:0.
z+1
Mt khéc: x* + (y - 1)2 # 0 <> ca mat phang phitc bo di diém (O;l)
x=0
Tém lai: ycbt << y=0 . Vay cac diém cua mat phéng phtic can tim gom hai truc toa do bo di
(x.y)=(0:1)
diém A(0;1)
Vay chon dap an C
A A Y S Z+2431 0 v
Cau 14. Tim tap hop cac diém biéu dien s6 phttc z sao cho u = ———— la mot s thuan ao.
z—1i

A. PDrong tron tam I(—1; —1) ban kinh R = \/g

B. Dudng tron tam 1(~1;-1) bankinh R=+/5 trir di hai diém A(0;1); B(-2;-3).
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C. brong tron tam 1(1;1) ban kinh R=5
D. Dudng tron tam 1(1;1) bén kinh R =5 trix di hai diém A(0;1); B(-2;-3).
Hud6ng dan giai
bat z=x+yi,(x,yeR)
Ta co:
o224 Z[x+2+(y+3)i][x—(y—1)i] :x2+y2 +2x+2y -3+2(2x—y+1)i
z—1i x2+(y—1)2 x2+(y—1)2
(><+1)2+(y+1)2 =5
2., .2 _
u 1a sé thuan ao @{X ty +2x+2y—3—0<:> {(x,y):ﬁ(o;l)
2x-y+1=0
(X,y);t(—Z;—?))

Vay tap hop diém z la duwong tron tam I(—l; —1) ban kinh R = \E trir di hai diém A(O;l) ;B (—2; —3) .

Vay chon dap an B.
Cau 15. Tim tap hop cac diém biéu dién s§ phitc z=x+yi thda man diéu kién |x| + |y| =11la
A. Ba canh ctia tam giac
B. Bon canh cta hinh vuong
C. Bon canh cuia hinh chi* nhat
D. Bon canh ctia hinh thoi
Huéng dan giai
Goi M 1a diém biéu dién s phtic z.
x+y=1 khix>20,y=0
x—y=1 khix=0,y<0
—x+y=1 khix<0,y>0
-x—-y=1 khix<0,y<0

Ta co: |x|+|y| =le

Vay tap hop diém M la 4 canh cta hinh vudng.
Vay chon dap an B
CAu 16. Goi M va P Ian luot 13 cac diém biéu dién cac sd phtic z=x+1iy, (x,y eR) va w=2z>. Tim tap

hop cac diém P trong cac truong hop sau day:
Cau 16. 1. M thudc duong thang d: y =2x

A.Duong thang (d'):y:—gx
B. Tia (d'):y:—gx,st.
C. Duong thang (d'):yzgx

D.Tia (d'):y = —%x,x >0.

Huéng dan giai
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bat z=x+yiva w=u+vi(x,y,u,veR),ta cO:
u=x2—y

W=22<:>u+vi=(x+yi)2<:>u+vi:X2—y2+2xyi<:>
v = 2Xy.

M thudc duong thang d: y =2x =toa do ctia diém P théa man

)
{uzxz—élxz {u=—3x2£0 u=-3x"<0
=

V=2X(2X) v =4x2 V=—éu

3

Vay tap hop cac diém P 1a tia (d') y = —%x,x <0.

Vay chon dap an B.
Cau 16.2. M thudc duong thang d: y=x+1

A.Duong thang d':y :%x—%.

B. Parabol (P) % :%xz —%.

C. Buong tron (x—l)2 +(y—3)2 =3
2 2

D. Elip ;—5+§1y—6:1

Huéng dan giai

M thudc duong thang d: y =x+1=> toa d6 diém P thoa man

{uxz—(x+1)2 {U=—2X—1 = 2
o

ek —u-1} (-u-1
V=2x(x+1) v =2x% 42X voof o[
2 2
—-u-1 —-u-1
X = X =
o 2 o 2 ,
V:—(u2+2u+1)—u—1 v=—u’-=.
2 2

Vay tap hop cac diém P la parabol c¢6 phuong trinh y = %X2 - %

Vay chon dap an B.
Cau 16.3. M thudc duong tron (C) X2+ y2 =1;
A.Duong thang d':y :x+%.

B. Parabol (P) y= ixz

C.Puong tron x* +y? =1
2

D. Elip X?+y2=1

Huéng dan giai
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Ta co |ZZ'| =|Z|.|Z'|.S uy ra ‘22‘ =|z.z| =|z|.|z| =|z|2.

M thu¢c dwong tron (C):x2 +y? =1<::>|Z|2 =1<:>|W| =‘22‘ =|z| =1
Vay tap hop cac diém P la dudng tron (C): x> +y” =

Vay chon dap an C.

Cau 16.4. M thudc hypebol (C) y= l(x # O).
X

A.DPuong thing d':x=2
B. Puong thang d':y =
C. Duong thang d':y=1
D. Duong thang d':y =2

Hu6ng dan giai

M thudc hypebol (C) y= 1 (x # 0) Suy ra toa d¢ diém P(u;v) thoa man:
X
u=x*- 1 2 1
2 u=x"-—
1 7 *
vV =2X.— v=2
X

Vay tap hop cac diém P la duong thang c6 phuong trinh y=2.
Vay chon dap an D.
Cau 17. Trong mét phang toa d6 Oxy, tim tap hop diém biéu dién cac s& phttc z thoa man

Z+1 z+1
1a sO thuan ao.
z+1 Z+1
. A 1 1
A. Duong tron tam I( E,Oj ban kinh R = 5
B. Duong tron tam I( %,Oj ban kinh R —% trir di hai diém (—1,'0) )
. A 1 1
C. Duong tron tam I[ E'O] ban kinh R = 1
. A 1 1
D. Duwong tron tam I[ E'O] ban kinh R = 4 trir di hai diém (0;1).

Huéng dan giai
Gia st z=x+yi va diém biéu dién s8 phirc z 1a M(x;y).

2|z|2+z+;+i(z+£)+21 ) 2(x2 +y2)+2x+2(x+1)i

., Z+i Z+i
Ta co: +=—= 5 ~ 5
z+l z+1 |2 +z+z+1 (x+1)" +y?
2
Z+i z+i 2(X2+Y2)+2X=O (X+1J +y2:1
+=— la sO thuan a0 < 5 = 2 4
z+1 z+1 (X+1) +y? 20 (x;y);t(—l;o)
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2
Vay tap hop diém M 13 duong tron (x " %] iy =i bo di diém (~1;0).
Vay chon dap an B.
Cau 19. Tim quy tich cac diém trén mat phang phitc biéu dién cho s8 phttc w =iz +1, biét z 1 s6

(2—2i+1)3 =8,

phttc thoa man:

Hudng dan giai

(z-2i+1)=2 (%)

, 3 A
Ta co ‘z3‘=|z| nén

(2—2i+1)3‘=23@
bat w=x+yi

Talaicd w=iz+1l<z=i—-iw=z=—i+iw. (*) trd thanh:

‘iv_v—31+1‘=2<:>\/(y+1)2 +(x=3) =2 (y+1)" +(x—3)" =4
Vay quy tich cac diém biéu dién w trén mat phang phttc la duwong tron (C) : (x - 3)2 + (y + 1)2 =4.
Vay chon dap an C.
Cau 20. Trong mit phing toa do Oxy, im tap hop diém bidu dién s6 phitc w thoa man: w=z+2+1i,
biét z 1a s8 phtic thoa |z —1+2i| =1.
A. Duong tron tam I(1;2) ban kinh R = \/E
B. Puong tron tam 1(2;1) ban kinh R=2
C. Buwong tron tam 1(1;1) ban kinh R=1
D. Burong tron tam 1(3;3), ban kinh R=1.
Huéng dan giai
Goi w=x+yi (x,y € }R) = M( x;y) la diém biéu dién cho s w trén hé truc Oxy.
z=w-2-i=x-2+(y-1)imz=x-2+(1-y)i
|z-1+2i|=1&x-3+(3-y)i|=1e (x-3) +(y-3) =1
Vay tap hop diém biéu dién s& phiic w 1a mot duong tron tam 1(3;3), ban kinh R=1.
Vay chon dap an D.
Cau 21. Trong mt phang phitc Oxy, tim tap hop cac diém M biéu dién s& phitc w =(1-2i)z+3 biét
z 1a s8 phtic thoa man: |z+2|=5.

A. Puong tron tam I(1;2) ban kinh R = \E
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B. Puong tron tam 1(2;1) ban kinh R=5
C. Dudng tron tam 1(1;4) ban kinh R=545.
D. Burong tron tam 1(1;3), ban kinh R=5.
Hu6ng dan giai
a—1+(b-4)i

Theo gia thiét: [z+2|=5 < >
—Z1

=5<[a—1+(b-4)i|=5]1-2i

o (a=1) +(b-4)" =5J5 < (a-1) +(b-4) =125
Vay tap hop diém M thoa man d@é bai 1a duong tron tam 1(1;4) ban kinh R = 55
Vay chon dap 4n C.
Cau 22. Tim tap hop cac diém biéu didn s§ phtic z' = (1 ~if3 )z -2 véi|z+1]<2.
A. Hinh tron tam I(—3;\/§), R=4.
B. Duong tron tim I(—3;\/§ ) R=4.
C. Hinh tron tam I(1;—4) bén kinh R=5.
D. Duong tron tam 1(1;3), ban kinh R=5.
Huéng din giai
z=a+bi(a,beR)

aGia str ta cod
z'=x+yi (x,yeR)

Khi dé:
2'=(1-iB)z-2 @ x+yi=(1-i3)(a+bi) -2 o x+yi=a+bJ3-2+(b-aV3]

_x—y\/g+2
@{x=a+b\/§—2 a= 4

=
y=b—a\/§ b:\/§x+y+2x/§
4

Theo bai ra ta cé:

2 2
|Z+1|32<:’(a+1)2 +b? S4©(X_yf+—2+1J +[M] <4

@(x—y\E+6)2 +(\Ex+y+2ﬁ)2 <64 < 4x% +4y2 +24x — 83y ~16 <0
o x2+y? +6x-2\By —4 <0 (x+3) +(y—\/§)2 <16
Vay quy tich cac diém biéu dién s& phitc ' 1a hinh tron tam I(—3; NG} ) , R=4.

Vay chon dap an A.
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Cau 23. Tim tap hop cc diém biéu dién trong mét phing phtic w = (1 +iv3 ) z+2 biét ring s phic z
thoa man |z—1|<2.
A. Hinh tron tam 1(—3;\/5), R=4.
B. Duong tron tam 1(3;3) bén kinh R =4
C. Duong tron tam 1(3; J3 ) ban kinh R=4.
D. Hinh tron tam 1(3;4/3) bén kinh R =4.
Huéng dan giai
Dit z=a+bi,(a,beR) va w=x+yi,(x,yeR)
Tacé: [z-1|<2(a—1)" +b? <4 (*)
Tir
w=(1+iV3)z+2= x+yi=(1+i3)(a-+bi) +2

@{x=a—b\/§+2© x—3:a—1—b«5
y=+3a+b y—\/§=\/§(a—1)+b

= (x-3)" +(y-3)’ :4[(;;1—1)2 +b2} <16 (Do ()

Vay tap hop céc diém can tim 1a hinh tron tam 1(3; 3 ) ban kinh R =4.

Vay chon dap an D.

Cau 24. Tim tap hop cac diém biéu dién s6 phic z'=2z+3—i véi |3z +i|2 <zz+9.
A. Hinh tron tam 1(-3;1/3), R=4.

B. Puong tron tam 1(3;3) ban kinh R=4

C. Buwong tron tam 1(3; \/5) ban kinh R=4.

D. Hinh tron tam I(3;—Zj, R= @
4 4
Giai
z=a+bi (a,beR)

Gia str ta co
z'=x+yi (x,yeR)

W

X —
a=

x=2a+3

Khi d6 z'=2x+3-i & x+yi=(2a+3)+(2b-1)i o 2
y=2b-1 b_y+1
2

Theo bai ra ta cé:

32 +i° <22+9 = 9a% +(3b+1)" <a? +b? +9 & da® +4b% +3b-4<0
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2
<:>(x—3)2 +(y+1)2+%(y+1)—4£0<:>(x—3)2+[y+£j s%

Vay quy tich cac diém biéu dién sd phtic z’ 1 hinh tron tim I(3;——j , R=——

Vay chon dap an D.
Cau 25 (Dé minh hoa ciia bg). Cho céc s8 phtrc z thoa mén|z|=4. Biét rang tap hop cac diém biéu
dién cac s6 phtcc W= (3+4i)z+i 1a mot duong tron. Tinh ban kinh r ctia duong tron do.

A.r=4. B.r=>5. C.r=20. D.r=22.

Hudng dan giai

a+(b-1)i [a+(b-1)i]3B-4i)

3+4i 9-16i°
_3a+db-4 (Bb-4a-3). 2| J(3a+4b—4)* + (3b—4a—3)?

25 25 25

Ma |z| =4 nén< (3a+4b—4)’ +(3b—4a—3)* =100° < a* +b* —2b =399

Goi w=a+bhi ,tacow=a+bi=3+4i)z+i<z=

Theo gia thiét, taip hop cac diém biéu dién cac s& phitc W= (3+4i)z+i la mot duong tron nén ta co
a’+b”-2b =399 <> a’ +(b—1)* =400 =>r =+/400 = 20
Vay chon dap an C.
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CHU DE 4. MOT SO DANG TOAN VE CHUNG MINH SO PHUC
Phuong phap: Ta nhac lai mot s6 cong thiic co ban sau:
Cho s8 phttc z=x+yi, (x,y € R) . Luc &6

" zZ=X-Yyi.

" |z|=«fx2 +y?.

. |z|2 =zz . Cong thitc nay chitng minh dé dang nhu sau:
- 2
z.Z:(x+yi)(x—yi):x2 +y2 :( x? +y) :|z|2.

I. CAC VI DU REN LUYEN KI NANG
Vi du 1. Chitng minh rang:

- — —— z z
a) Z,+2z, =2, +Zy; b) z,.z, =2z,.z,; C) (Z—1]=Z=1,( Z2¢0)
2 2

Ap dung: Cho ba s6 phic z,z,z, déu c6 moédun bang 1. Ching minh
|2, + 2y + 25| =|2,2, + 2,24 + 2,24.

Giai
o Zi =X H Y, 2y =Xy + Y01, (X, X eR
Giast: 21717Vl 227X er( 1-X2/Y1/Y2 )

a) Ta co:

Zp =X —y4d va %2 =X; —¥i nén A11t%2 :(X1+X2)_(Y1+Yz)i
M Z,+2, =(X1+x2)+(yl+y2)i:>z1+z2 =(X1+X2)—(y1+y2)i

A Z1+Z,=2Z,+Z
Vay 1 2 1 2.

b) Ta co:

225 = (% = 1i) (%2 = ¥21) = (X120 = ¥1Y2) = (0¥2 %3 )i
Mat khac:

212y = (Xl + Y1i)(X2 + Yzi) = (X1X2 —Yi¥o ) + (X1Y2 +X5¥1 )i

=212, = (X1X2 —Y1i¥o ) - (X1Y2 +X¥1 )i

Véy 2,2y, =229

c) Ta can chitng minh b6 dé sau:
1 1) - (1), "3 !

Vi Z.;—l nén ta c6 [Z.;j—l@z{;]-l@z —(z)

Ap dung bd dé trén, ta co:
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z 1) —( 1| =3 —(—\! z
1 (_ _ _ -1 _ 1
— T L |T Ly — |T L4 _Zl'(ZZ)

z, z, z, z, (BPCM)
< \ Z1Z2Z3|:1 ~
Ap dung: Vi nén
|zz+zz+zz| zz+zz+zz| 1 1 1
_ #4142 T 4oLy T 432|292y *ZyZ3 +Z3Zq|
|Z122+22Z3+Z321|— = ===+ =

|ZlZZZ3| 212,724 Zy Z, Zy

=‘Z1 +Z, +23‘=‘Zl +Z, +ZS‘=|Zl +Z, +Z3|

Luwu y: Ta ¢ cong thiic tdng quat sau: Cho n s§ phite “1%277“n bat ky.

Ta ludn co:

(-le+zz+z3+...+zn =Z;+2Zy +2Z5+...+2Z,

@ 2129252 =712y 2302,

e . o Zy+Zy+Zg et Z =2+ 2y + 2yt 2
Trudc hét ta ching minh: *1 ~ 72 ° ™3 no T2 s n

n
Gia stt: z, =a, +bi, (k=1,2,3,...,n) va z=)Y z, =a+bi

k=1
Trong d6: a=>» a,, b=> b,
k=1 k=1
Ta co:
z=a—-bi= Zak - Zbk = Z(ak _bki)z sz
k=1 k=1 k=1 k=1

Hay z, +z, +z;+..+z =2, +2, +Z; +..+ 2

Bay gio ta chting minh z,z,z,..z, =2,.2,.z;..z, (**) bing quy nap

Véi n=2: Gid stt z, =a, +byi, z, =a, +b,i

Tacéd: z,.z, = (a1 +b,i )(a2 + bzi) = (ala2 -b,b, ) + (a1b2 +a,b, )i

Suy ra: z,.z, =(aja, —b;b, ) —(a;b, +a,b, )i

Mat khac: z_lg = (al -b,i )(a2 —b2i) = (ala2 -b,b, ) - (alb2 +a,b, )i

Vay v6i n=2 dang thtic ding.

Gia st (**) dung voi n=k,(n>2) ta sé chitng minh hé thtt dtng véi n=k+1

That vay:

bat z= Z1Z,..2y ,ta o 2=2,2,24..2, =27,.2,.25...7)

Véihai sO phttc z va z, ; tacod: zz, =22, =2,2,.25..2, .2 4
H¢ thttc cudi duoc chitng minh véi n=k+1.

Vi du 2. Chitng minh rang;:

2 |Z |

p b) —=—

1
Z |Zz|

a) |Z1.Z2| =|Z1|.|Z2

Ap dung: Tim m6 dun céc s6 phtrc sau:
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e X2—y2+2xyi W:«fxz+y2 +iaf2xy, (x,yeR).
(x—y)+2ixy

xy\/E+i\/x4 + y4 ’
Huwéng dan giai

a) Cach 1. Dét z, =x; +y,i, 2, =X, + y,i,( X, %, y;, ¥, €R)
Ta cé: |Zl|=m va |Zz|=m
Tir d6:
llzal =+ vE G +vE =5+ v ) (<3 +v3)
=\ +ylyE +xdyd +yid (1)
Mt khae: 2172 = (%1 +y41) (%, +¥21) = (X% = y1¥2 ) + (X1 ¥ +y1%, )i
Do do:

2,2, | = \/(XIXZ ~y1y2) +(aya Hypa ) = xB3 +yiyE exdyd +yhd (1)

Tt (1) va (2) ta suy ra diéu phai chitng minh
Céch 2. Vi |7 =2z nén

2 — —_— = — 2, p
|Zl'ZZ| 221.22.Z1.Z2 =Z1.Z2.Z2.Zl =Z1.Zl.Z2.22 :|Zl| .|Z2|

Suy ra: |Z1.Z2| =|Z1.ZZ|

b) Céch 1. Trudc hét ta chimg minh b d&: |27 =[],z C’
That vay: Z.1=1:>|Z|. 1 =1= n_1 hay ‘Z_l‘=|2 _l,zeC*
z z V4 |Z|
Ap dung b6 dé trén ta c6: | 21| = zl.i :‘zl.zgl‘ =|21”Z51‘ :|zl||z2|_1 =H
Z Z, |22|

Cach 2.
I A 2 T . 2 YA

2| |zy.2, ‘|Zz| ‘ |2, | |2, | |2, | |2, |

Luu y: Khong ¢ cong thite: Vi moi s8 phtic z,,z, : |z, £2,| =z, £z,|. Tuy nhién ta c6 bat
dang thitc sau: |z, +z,| <z | +|z,|
That vay, goi u, biéudién z, , u, biéudién z, thi u, +u, bi€udién z, +z,

Ta cé: |z1 +22| =‘u1 +u,

*TH 1: Khi z,z, #0 thi:

— 2~ =2 —2 -2 e 2 D —— —

‘1.114-112 :(u1+u2) =u; +u, +2upu,=u; +u, +2‘u1Hu2 cos(‘ul‘,‘uz‘) )
Do do:

—2 —2 —— [— —\2 2
<u; +u, +2‘u1Hu2 =(u1+u2) =(|Zl|+|22|)
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|2, +2,)| z‘ul +u2‘ <[y | +[2,|

*TH 2: Khi z,z, =0thi 16 rang |z, +z,|=|z,|+|z,)|

Vay [z, +2,[<[z|+ z,eC
AP dung: Ta sé ap dung “1_ H
7| |z
Ta co:
2
u= x? —y2 +2xyi ‘_ ‘XZ —y2 +2xyi‘ _ \/(Xz _y2) +4X2y2

xyﬁ+i1,x4 +y4 ‘ )

xyﬁ+ i\/x4 + y4 ‘ \/2X2y2 xt y4

«fx2+y2+i 2xy /x +y £2xy ,X+y
‘X y +21\/=‘ \jx y) +4xy \/x+y
Vi du 3. a) Chitng minh: S& phtic z 14 s8 thuec khi va chi khi z=z .

Van dung: Cho hai s6 phitc z,,z, déu c6 modun bang 1, z,.z,#-1 . Chtng minh

Tuong tu: |w|=

2=7% 1368  thuee.
1+2,z,
b) Chitng minh: S8 phtic z 1a s8 o khi va chi khi z=—z

Zq +Z2

Vian dung: Chiing minh hai s6 phtic phan biét “1%2 thoa 211 =12] khi va chi khi —

la s6 ao.
Giai
bat z=a+bij, (a,be}R)
a)Tacod: z=z<a+bi=a-bi<2bi=0<b=0< z1a s thuc.
Vay, z 1a s8 thuc khi va chi khi z=z

Van dung: Ta c6:

— 2 — — 1
7.2, =2 =12z, =— ;7
1”1 | 1| 1=, ,tuwong tutaco z,
1 1
-7 + Z, Z1 + Z, Zq +Z2 Z, Zy Zq +Z2

_ _ A% _ - =z (NPCM)
l+zz, 1+zz, ., 1 1 14232
21 2

7=
Xét 1+z,z,

b) Ta co:

z=—z<:>a+bi=—(a—bi)<:>2a=0<:>a=0<:>zla@soéaﬁo.
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Vay, z 1a s6 ao khi va chi khi z= 7
Van dung: Ta c6

Zi+Zo o a
1 "2 13s6 a0

2172y

z,+2z Z,+Z Z, +Z z,+2z Z,+Zz Z, +Z
172 Z17% AT AT g AR AT

Z,—Z, Z,—Z, Z, =2y Zy—Z, 2,-2y z,-2,

<::>(21+22).Z1—zz+(zl—22).zl +z,=0

<:>(z1 +22).(z1 —Z2)+(Zl —Z2).(z1 +22)=0
— — — — 2 2
Qz(zlzl _Z2Z2)20©Z1Z1 =2,2, @[z =[zo[ <[z =z,

2z-1

: la s8 thuc. Chitng minh rang z 1a s6 thuec.
Z+

Vi du 4. Cho s6 phtic z thoa man

Giai
Ta biét rang sO phitc w la s6 thiec < w=w. Do d6

2z-1 _2z—1©2£—1_2z—1
z+1 z+1 z+1 z+1

2z-1
z+1

1a sO thuc <:>[

@(22—1)(z+1)=(2z—1)(£+1)
2272427-7-1=222422-72-1<2=2
< zla so thuec.

Vi du 5. Cho n 1a s6 nguyén dwong, chting minh rang:

A\ A\ N \2n
ayz=| ST [322810 o gy o 13EO (3+4i)" eR
4 +3i 5-6i 4+ 51

Giai

a) Ta céd
A\ A\
g = SETL (3228 =(3+2i)" +(3-2i)"
4 +3i 5-6i1

Suy ra:

2:(3+2i)“ +(3-2i)" =(3+2i)" +(3-2i)" :(3+2i)n +(3—2i)n

(3 +2i)“ +(3 —21)n z
Vay z la s0 thuc.
b) Ta ¢

n

e A S C ()
=(3-4i)" (3+4i) = [(3 —4i)(3+ 41)]“ =25"

Vay z 1a s6 thuec.
Vi du 6. Chting minh rang
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a) |z+z'|2 +|z—z'|2 =2[|z|2 +|z'|2},Vz,z' eC

b) ‘1—z_1.z2‘2 —|Zl —z2|2 =(1+|Z1Z2|2)—(|Z1| +|Zz|)2,‘7z1,z2 eC

Z,,2+,Z,.
L . o T3 . . Y
¢) Vi moi s6 phtic Chitng minh rang;:

2 2 2 2
|zl+22+z3| +|—zl+zz+z3| +|Zl—Z2+Z3| +|Zl+Z2—Z3|

~4{fe +[eaf 4l )
Giai

a) Ta cé:

VT=|z+z'|2 +|z—z'|2 =(z+z’).m+(z—z').ﬁ
:(z+Z')(£+;)+(Z—Z').(£—;)
=22+22'+2'2+2' 2 +22-27'-2'2+2'2'
~2laf 422 =2([ef +]2 7 ) - v

b) Ta co:
I 2 . e -
VTz‘l—zl.zz‘ —|z1 —Z2|2 =(1—Zl.22).1—21.22 —(z1 —zz).z1 -z,

=(1—Z.ZZ)(1—212_2)—(21 —22)(21 —Z2)
= 1+|Z1|2 |Z2|2 _|Z1|2 _|Z2|2 (*)
Mat khac:
VP = (1 + |Z1Z2|)2 _(|Z1| + |Zz|)2
=1+2[z,2,| ““|Z1Z2|2 ‘|Z1|2 ‘2|Zl||Z2|‘|Zz|2 21+|Z1|2|Z2|2 ‘|Z1|2 ‘|ZZ|2 (**)
Tt (*) va (**) ta suy ra diéu phai chitng minh.
c) Taco

2 ——— - —
|Z1 +Z2 +Z3| Z(Zl +22 +Z3).(Z1 +Z2 +Z3)=(Zl +Z2 +Z3)(Z1 -l-Z2 +Z3)

=Z1Z1 +Z122 +Z1Z3 +Z2Zl +Z222 +Z2Z3 -l—Z3Z1 +Z3Z2 +Z3Z3

2 2 2 = = =
=|Z1| +|Z2| +|Z3| -i-Z]ZZ-|-Z1Z3+Z2Z1-i-ZZZ:,,-i—Z321+ZSZ2 (1)
Tuwong ty

5 _ -
|—z1 +z, +Z3| =(—zl +z, +Z3).(—Zl +22+z3)=(—zl +22+Z3)(—z1 +7, +23)

=Z1Z1 _ZIZ2 —Z1Z3 _Z2Zl +Z2Z2 +Z2Z3 —Z3Z1 +Z3Z2 +Z3Z3

2 2 2 - -
=|Z1| +|Z2| +|Z3| _ZIZZ_Z1Z3_ZZZ1+22Z3_Z3Zl+ZSZZ (2)

2 E— - —
Zl—Z2+Z3| =(Z1—22+Z3).(Z1—22+Z3)=(Z1—Z2+Z3)(ZI—ZZ+Z3)

=Z1Zl —2122 +Z1Z3 —Z221 +Z2Z2 —Z2Z3 +Z321 —Z322 +Z3Z3

2 2 2 - - - - - -
=|Z1| +|Z2| +|Z3| —Z]ZZ-i-ZIZ3—ZZZ]—ZZZ3+Z3ZI—Z3Z2 (3)
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Chuyén Dé S6 Phitc

2
ZI+ZZ_Z3| Z(Zl+Z2—Z3).(Zl+Z2—Z3)=(Zl+Z2—Z3)(Z1+Z2—Z3)
—Z Z +z Z2 Z1Z3—|-22Z1+Z222 Z2 37 3Z1—Z3Z2+Z3Z3

=|Z1| +|22| +|Z3| +Z]Z_2—le_3+zzz_]—2223—2321—2322 (4)
Cong (1), (2), (3), (4) v€ theo vé ta dugc

2 2 2 2
|Z1+ZZ+Z3| +|—Z1+ZZ+Z3| +|Z1—Z2+Zs| +|ZI+ZZ_Z3|
4 2 2 2
= |Z1| +|Zz| +|Z3| '

Vi du 7. Chttng minh rang néu s6 phtic |z° + % <2 thi |z+3|<2.
Z

Giai

Ta co:

1) 1 1
(Z+;j :z3+—3+3(z+;j , mdt khdc ta cd: |z, +z,| <|z;|+|z,] .

V4
Do dé:
3
z+l _z3+l+3 z+1 £z3+l+3z+l £2+3z+l
z 73 z 73 z z
v 1 ’ /4
Dat a=|z+~| luc d6 ta duoc
Z
a332+3a<:>(a—2)(a+1)2£0<:>as2hay z+1 <2
Z
Vi du 8. Chttng minh rdng néu |z|<1 thi iz_.l <1.
+1Z
Giai

Gia str z=a+Dbi, (a,b e }R) theo gia thiét ta c6 Ya? +b* <1< a®+b*<1

Khi do:
27-i|_|2a+(2b=1)i| _ a+(2b-1)i| \[4a® +(2b-1)°
2+1Z| ‘ 2-— b +ai ‘ ‘2 b +a1‘ B \/(2—b)2+a2
Do do:

i 4a? +(2b-1)
221l 2 +2b-1) <1 4a’+(2b-1) <(2-b) +a?
2+iz

J2-b) +a?
<a?+b*<1
Vi du 9. Cho z; va z, la hai s§ phtic thoa |z, +22,| =|2z, +2,|. Chiing minh rang v6i moi s§
thuec a, ta co: |zl +azz| :|az1 +zz|.

Giai
Gid st z, =p+qi, z, =r+si voi p,q,r,s eR . Khi do
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|Z1 +222| =|221 +22| <:>‘(p+2r)+i(q+2s)‘ =‘(2p+r)+i(2q+s)‘

& \/(p+2r)2 +(q+23)2 = \/(2p+r)2 +(2q+s)2

= (p+2r)2 +(q+25)2 =(2p+r)2 +(2q+s)2

<::>pz+4pr+4r2 +q2 +4qs+4s2 :4p2 +4pr+r2 +4q2+4qs+s2
45 =p?+¢2 (1)
Ta co:

|z1 +azz| :|az1 +z2| = ‘(p+ar)+i(q+as)‘ :‘(ap+r)+i(aq+s)‘

& \(p+ar) +(a+as) = (ap+r) +(ag+s)’
& (p+ar)2 +(q+:«1s)2 :(ap+r)2 +(aq+s)2

& p2 +2apr + a’r? + q2 +2aqgs+ a’s? = 212p2 + 2apr + 4 a2q2 +2aqgs+ 52

<:>p2+q2—a2(p2+q2)=r2+52—a2(52+r2)

& (a2 —1)(p2 + qz) =(a2 - 1)(r2 + 32) (2)
(2) ding, dan dén diéu phai chtiing minh.

Vi du 10. Chitng minh rang véi mdi s6 phtic z, c6 it nhat 1 trong hai bat dang thiic sau

1
xay ralz+1/>—= hoac ‘Zz +1‘21
y | | N
Huwéng dan giai
z+1| <i
Gia st ta ¢6 dong thoi 2 (*) .
‘Zz +1‘ <1
Dat Z=a+bi,(a,b ER) . Luc dé

(1+a)2+b2<% 2(a?+b?)+4a+1<0 (1)

(1+a2—b2)2+4a2b2<1<:> (a2+b2)2+2(a2—b2)<0 (2)

()

Lay (1) cong (2) v€ theo v€ ta duoc:
(a2 +b? )2 +(2a+ 1)2 <0 (vO ly). T d6 ta dwoc diéu phai ching minh. Vi du 10". Cho
z,,2,,2; la ba s6 thyc phan biét sao cho |Z1| =|z2| =|z3| =r>0. Chting minh rang: Néu
2,2, +25,2,25 +2,, 252, +Z, la cac sO thuc thi r=1 va 2,22, =1.

Hudng dan giai
Vi z,,2,,z, la ba s0 thuc phan biét va |Zl| =|22| =|z3| =r>0nén
Zys Zy, Zy, Zy—Zy, Zy —Z3, Zy—Z, déu khac khong

! _ _ _ .2
va ZIZI_ZZZZ_Z3Z3_r .

Neéu zz, +z,,2,2; +z,,2¢, 4, la cacso thyc thita co
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Chuyén Dé S6 Phitc

Z1Z2 + Z3 = Z1Z2 + Z3 = Zl'Z2 + Z3

Z2Z3 + Zl = Z2Z3 + Zl = Z2.Z3 + Zl

Z3Z1 +Z2 = 2321 +22 =23.Z1 +22
Do dé:
5 2( 2 2
T r Z1Z2 +Z3) r ZIZZ +Z3 r Z122 +Z3 Z1Z2 -|-Z3
= = == 5 = Twong
YAV A
1243 2,Z,2Z4 (ZIZZ +z3) 2225257, -l-ZIZZZ3Z3 rz, +r 212y, Z\Z, +71 Zy

2
e r _ 2,2, + 74 _ 2,7, +12, _ 232, +12,
- 2 2 2

7.2,Z
12223 202, 4172y 2,23 +17Z2) 237, +17Z,

Ap dung tinh chat ctia ti 1é thizc %

Ta co:

2 _ _ _
r 72, t7y 2,2, + 12,4 (ZZZ3+Zl) B (Zl 1)(Z2 23) B Zl_l

2 2 2 2 2
7,2,Z _ _ _
19293 242, ¥ 1723 2,2, +1724 (2223 +r zl) (22 z3)(z1 r ) zZ, -1

Twong tuye:

2 z—-1 z,-1 z,-1 2 z,—1-(z, -1

2 2 2 2 2 _
21223z, —1"  Z, -1 Z3—T 212923 7, -t —(22—r) 2174

Suy ra:
2
Z,2,2, =T
17273 ZIZZZ3=I'2 =1 r=1
Zl_l = = =
> =1 Zl—1=Zl—I' Z122Z3:1 ZIZZZSZI

Z]—I'
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IL. BAI TAP VA CAU HOI TRAC NGHIEM KHACH QUAN
Cau 1. Cho sd phtec z=x +yi,(x,y € R) )

1.1. Phan thuc ctia s8 phtic z bang:

A z-z B. z+z C. l(Z_E) D. 1(erZ)
2 2

1.2. Phan 4o cua s phtic z:

A. %(Z-ﬁ-;) B. %(Z—;) C. %(Z—;) D. %(er;)

Huwéng dan giai
bat z=x+yi,(x,yeZ):>£=x—yi.
_ 1 -
722 X==|z+z
Téeﬁoﬁ{z z=x & 2( )

1 —_
-1
Vay chon dap an1.1.D va 1.2 B
Cau 2. Cho s6 phttc z=a +bi, (a,b c }R) . Khang dinh nao sau day dtung

z—-z=2yi

A.a<|z] va bzl B. a>|7| va bz,

C. a<[] va b>l7. D. a<|z| va b<[4.
Hudng dan giai

Ta co

2|> a2 =[a>a

12> b2 =[b|>b

Vay a£|z| va b£|Z|.

|Z|= a’+b’ =

Vay chon dap an A.
Cau 3. Cho z la s6 phttc thoa man 2*+1 13 58 40. Tim khang dinh ding
Z_
A. |z|:\/g B. |Z|=1 C. |z|=2 D. |z|:\/5
Huwéng dan giai
Ta co:
z+1 ;v z+1 z+1 z+1 z+1 z+1 z+1
lasddo= = - - +27 )
z—1 z-1 z-1 z-1 z-1 z-1 7-1

& (z+1)2-1+(z-1)z+1=0
<:>(z+1).(;—1)+(z—1).(£+1)=0<:>z.£=1<:>|z|2 =1<:>|z|=1
Vay |z|=1. Vay chon dép an B.

Cau 4. Cho z,,7, € C. Khang dinh nao sau day sai
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Chuyén Dé S6 Phitc

- >
A. z,2,+z,.2z,1a s0 thuc B. /2 +(Z) 14 s8 thuc
- -2
C. =% _1as§ o 2-()
3 ()3 D. la sO thuc
z +(Z) 1+zz

Huwéng dan giai
Dinh huéng: Ta str dung két qua sau: zeR<>z=z va z1a s8 o khi va chi khi z=—z

Ta co:

A) le2 +Z1 Zy =ZyZy + 22y =212 + 212y =212y +2Z,Z,

=72, +Z1.Z2 =72, +Z1.Z2
Vay z,z, +z,.z,1a sO thuec

B) z2+(2)2_z2+z =z +() Vay 7* +(z) 1a s6 thue

—Z 7—7 7—7 A 7Z—7 A2
- -Vay ——— las6ao

la s6 0. Vay dap an D sai.

N
o~ _<) : <>

1+zz 1+zz 1+z.;

Vay ch()n dap an D.

1a s6 thuc. Khang dinh nao sau day sai

Cau 5. Cho s0 phtic z thoa man 2z+1
Z —

A. zeR B. z 1as6 40 C. |z|=z D.z=z

Hudéng dan giai

2z+1 27+1 [2z+1j 2241 2z+1  2z+1 2z+1

la sO thuc < — ==
z—2 zZ— z-2 z—2 7-2 z—2 7-2

277 -47472-2=2272+2-47-2>57=52>72=12
Vay z la sd thuc.
Vay chon dap an B.

A 2 , 1 —]? . . . .12 M
Cau 6. Dang thu’CZ ‘Zl+zz‘ —‘21—22 +1|Z1+1Z2|—1|21—IZ2| bang

A Zy B. 2,2, C. z,+z, D. z,-17,
Zy
Huwéng dan giai
Ta cé
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ovva] -z

2 2
Zl +Z2 —‘Zl —22 +1|Zl +1Z2|—1|Zl —IZZ|

:(ZIZZ +Z122 +Zl'22 +Z1.Zz)—(21Z2 —Z1Z2y) — 72,2, +Zl'Z2)

+ (12l Zy+2.2y —21.2, +1Z1.2, ) - (121 Zy 242y +21.2Z, + 121.22)
= 4Z1Z2

Suy ra:

1 —2 2 . . .2
zlzzzZ ‘zl+z2 —‘zl—z2 +1|Z1+1Z2|—1|21—IZ2| ,Vzl,zzeC.

Vay chon dap an B.
Cau 7. Chon dang thirc ding trong cac dang thikc sau:

L e o (R (R
iz 1]z —2f (11 (1|2
B.
b) [z, +1f ey~ (1] 14z
C.
b) [oi2; 41+, 2 (142 (1- 2o
D.

4 X * 2

Huong dan giai

1P 2 Py irs 41 2 — = 2
ZZy + +|zl—22| =|2,2,| +2,2, +242, + +|21| —2122—2122+|22|

=(1+|z1|2)(1+|22|2)

Vay chon dap an A.

Cau 8. Cho s6 phtic z thoa diéu kién 262 ;llz <1. Tim khang dinh dtng
+
A. |Z|21 B. |Z|S3 C. |Z|S1 D. |Z|>1
3 3
Huwéng dan giai
Ta c6: [ 227 <le|6z-i|<|2+3i
2+3iz

e 6z-if" <[2+3iz] < (62-i)(62 i) <(2+3iz)(2-3iz)
1

e mrz<3elf <T o<t
9 3

Vay chon dép an C.
<9. Tim khang dinh dtng

8
Z3+—3
Z

Cau 9. Goi z 1a s6 phtic khac 0 sao cho
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Chuyén Dé S6 Phitc

A. z+% <3. B. z+% <3. C. z+g >3, D. z+% >3,
VA VA VA VA
Huwéng dan giai
Ta co:
3
(z+zj =z3+ﬁ+3z.g(z+%j=z3+ﬁ+6£z+gJ , mat khac ta co:
z 73 z z 73 z
|Zl+Z2|S|Zl|+|Zz|.
Do do:
3
(ZJFZJ Sz3+—3 +6z+z
z V4 z
2[° 8 2 2
=lz+5 <|2?+={+6[z+5<9+6|z+=
z 73 z z
P
=|z+—| —-6jz+—=[-9<0
Z Z
v 1 7 /4
bat a=|z+—| Itc d6 ta duoc:
Z

a’~6a-9<0(a-3)(a?+3a+3)<0a<3.

Vay chon dap an A.

Cau 10. Cho a,b,c,deR thda a+bi= (c+di)n . Tim khéng dinh ding
A. az+b2=2(c2+d2)n B. a2+b2:(02+d2)

C. a2+b2:2“(c2+d2) D. a2+b2:(cz+d2)“

Hudng dan giai
Gia sir: c+di= I‘(COS([) + isin(p) vOi r=vc* +d? (1)
Theo dé:
(c+di)n =r" (cosn(p+isinn(p) —a+bi=r"=va? +b? (2)
Tk (1) r=yc* +d> <™ =(02 erz)[1
T (2) " =va’ +b*> <1 =a? +b?
Vay a’+b? =(02 +d? )n .
Vay chon dap an D.
Cau 11". Cho s6 phtic z thda man diéu kién 112" +10iz° +10iz -11 =0. Tim khéng dinh
dung

A. |z|>1 B. |Z|:1 C. |Z|<1 D- |Z|>1
3
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Huwéng dan giai
Ta 6 11z'° +10iz° +10iz—-11=0 = 2° (1lz+10i) =11-10iz.

o _11-10iz
11z +10i
badt z=x+iy vdi x,y eR. Tt (*) suy ra:

PELEL IO (3?14 220y i)
z| = S| = B
11z +10i| \/112 (X2 +y2)+102 +220y \/g(x,y)

Xét cac treong hop:

Hay: z

= Né&u [z]>1 thi x* +y* >1 nén:

g(xy)=11(x? +y?) +10? +220y =107 (x* +y? |+ 21(x* +y? ) +10% + 220y
>102 (x2 +y?)+112 4220y = (x,y).

Do d6 ‘z9‘ <1=z<1 (mau thuan).

= N&u |z]<1 thi x* +y* <1 nén:

g(xy)=11(x? +y?) +10? +220y =107 (x* +y? |+ 21(x* +y? -+ 107 + 220y
<10? (x2 +y2)+112 +220y =f(x,y)-

Suy ra ‘z9‘ >1=7|>1 (mau thuln).

= Néu |7=1 thi g(x,y)=f(xy) (thoa man)

Vay |z|=1. Vay chon dép 4n B.

Cach 2. Casio nhanh chdng bang cach tht truc tiép.
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Chuyén Dé S6 Phirc
CHU DE 5. TIM SO PHUC THOA MAN DPIEU KIEN
Phuwong phap

* Tim s6 phttc z=Xx+yi, (x,y € R) that ra 1a tim phan thuc x va phén ao y cua né.

oY 2 2 . \ A
* Chuay rang: z° ;t‘z‘ ,7° :‘z‘ khi z 1a sO thuc

) ) . 2z {Xl =X,
" 7, =X,+Yy; 2, =X, +y,i . Khido: z, =z, <
Yi=Y
= z=x+yi, (x,y€R).Khi d6 z la s& 4o (thuan o) khi x=0, z la s8 thyc khi y =0 .
* Trong treong hop tim s6 phiic c6 mddun 16n nhat, nhd nhat ta lam nhu sau:
e Budc 1: Tim tap hop diém (9) cac diém biéu dién ctia z théa man diéu kién.
e Buwdc 2: Tim s§ phttc z tuong tng véi diém biéu dién M e (9) sao cho khoang
cach OM co6 gia tri 16n nhat ( hodc nho nhat )
1. MOT SO Vi DU REN LUYEN KI NANG

Vi du 1. Tim s8 phtec z théa man

a) z2+‘z‘:0; b) z2+£:0; 0)22:22.
d) Z2+‘Z‘=z; e) =z f)£+Z=2.
z
Giai

a) bat z=x+ yi,(x, ye R) . Phueong trinh 7>+ ‘z‘ =0 tro thanh:

¢ 2
x2—y2+2xyi+«fx +y? = {X =P x4yt =0

2xy =0

X: X = 0 {y
=
- x+\/_ 0 y—\y\ X =
X =
S v{ - Jroo
yi=ty [x=0 |y? +y=0 yi-y=0 [x=

x=0 |x=0 x=0
- \% Vv
{y=0 {y=—1 {y=1

Vay s6 phticcantimla z=0, z=—i, z=1i .

OO

Z=X-Yyl

b)bat z=x+yi,(x,yeR )=
)3 y( Y ) zzz(xz—y2)+2xyi

Phuong trinh z° +2=0 tro thanh:
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Chuyén Dé S6 Phirc

2

X2 -y +2xyi+x—yi=0<x +X—y2+(2xy—y)i=0

)(2+X—y2 =0 (*)

2 2 2 _v2 =
o XXy —0©X+X y 0@ y=0
2xy—-y=0 y(2x—1)=0 1
X

2
x=0

Véi y =0 thay vao (*¥) ta dwoc: x2+x:0<:{ .
X=-

Y=—7
Voi x:lthay vao (¥) ta duoc: 2
2 _\
Y 2
Vay cac s6 phtc can tim la z=0, z=-1, z:%+§i, z:%—gi.

c)bat z=x +yi(x,y € R) = Z = x—yi. Phuong trinh 7% =27 trd thanh

x> —y?=2x (1)
xy=-y (2)
Q)= y(x+1)=0<y=0,x=—1.

xz—y2 +2xyi:2x—2yi<:>{

Véiy=0,(1) =x*>-2x=0=>x=0vx=2.

véi x=-1,(1) =>y> :3:>y:i\/§

Vay s0 phtc can tim la: Z:O,z:2,z:—1+i\j§,z:—1—i\/§.
d) Gia str z=x+yi (x,y e R). Khi do:

22+‘z‘:i<:>(x+yi)2+«fxz+y2 =Xx-yi
<:>(x2 —y? +«fx2 +y2)+2xyix—yi<::>{x2y2 * VXZ +y* =x

2xy = -y

= THI: x:—ztaduqc Z‘y + Z+y ——5<:> Z+y =y o

5 3

y' ——20 2.3

o) 4 S N @y:i‘/5+2 5
Liyoyt 292 iyt —a0y% 450 ?
e et B SR y" —40y” +5=

= TH2: y:0:>X2+‘X‘:X<:>X:0:>X:y=0.
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Chuyén Dé S6 Phirc

1+«/5+2«/§i

Vay c6 3 s0 phttc thoa man la: z=0;z = ot

e) Gia st Z=x+yi(x,yeR):>z=x—yi

z° :z<:>(x+yi)3 =x—yi<::>x3 —3xy2+(3x2y—y3)izx—yi

2 2\ _
{)(33)(},2:X x(x -3y )—
= =

2 3
3x’y -yl =y y(3x2—y2)=—y

x=0
5 5 x=0,y=0=z=0
x°=3y"-1=0 ’ .
1 - &S| x=0y" ' =l=>z==41
=0
y2 ) x2:1,y20:>Z:i1
|3x"—y"+1=0

Vay phuong trinh cho c6 5 nghiém z=0,z =+i,z=+1

Cich2 7' =z 522" =2z =l <l ~}f' [ | -1] -0
" =0hosc |/ ~1=0

Khi \zf =0thi z=0, do d6 z=01a mdt nghiém ctia phwrong trinh z* =z

3

Khi ‘Z‘—le:z;tOnén phuwong trinh 7’ =z 2z :z;hayz4 =zz=1

2
-1=0 ==1
<:>(z2—1)(22+1):()<:> g <:>{Z .
Z2+1=0 z=11

Vay phuong trinh da cho ¢6 5 nghiém z=0,z=+i,z=+1 .

az0

f) Goi s6 phirc za+bi; a,b e R. Ditu kién: z#0 < {b .
+

Tacd: 24z=2=>z+22z=27<>a+bi+a’+b> =2(a—bi)
Z
a+212+b2 =2a

& a+a’+b’+bi=2a—2bi
b=-2b

a=
Giai hé ta duoc: {

! hoac a=0 (loai)
b=0

Thtt lai ta thdy z=1 thoa man bai toan. Vay s6 phtic can tim la z=1.

Vi du 2. Tim s6 phttc z théa man phuong trinh

—\3 -
a) (z—zz) =8; b)Z2+2011=0, 0 z22‘23‘
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Chuyén Dé S6 Phirc

a) Dit t=2z-2z . Ta c6 phuong trinh
¢ :8<:>t3—8:O©(t—2).(t2+2t+4):0

t=2
t=2
<, & t:—1+\Ei
t“+2t+4=0
t=—1-+03i

Goi z=a+bi(a,beR)

Ta ¢ t:z—22=a+bi—2(a—bi):—a+3bi

=z=-"2

s Vi t=2<>—a+3bi=2 @{_azz {a:—2

f—
3b=0 b=0

a=1 a=1 ﬁ
3

= Vi t=—1+3i = —a+3bi=—1+3i & = s z=1+
3b=+3  |b=+

> %

N

Vay z:—2;z:1i?i

b) Dit z=a+bi (a,beR)
Khi d6:
22 = a2 —b2 +2abi = 2 :(a2 —bz)—Zabi:>z2 +2011:(a2—b2 +2011)—2abi

a2 -b%+2011=0

Do d6 22+2()11=O<:>(a2—b2+2011)—2abi:0<:>
—2ab=0

N&u b=0 thi a>+2011=0 (vd ly). Do d6 b=0=>a=0. Din dén b=+2011
Vay s6 phttc z can tim la: +4/2011.

c)bat z=x+yi. Ta cé:

2

2t =|73 c>x2—y2+2xyi— z

=019 5 2—‘z3‘=0 (*)

x:OthayVéo(*):>y2+z3 =0 <y=0=z=0

Z3

y =0=1z=x, thay vao (¥) :>X2—‘X3‘:O<:>X:O,X:il.
Vay z=0,z=+1
Vi du 3. Tim phan thye va phan do cta s6 phtc z thoa man:

a) (1+i)"(2-i)z=8+i+(1+2i)z; b) (2-3i)z+(4+i)z=—(1+3i).
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Q) (2+3i)z+(4+i)z=—(1+3i); d) z+22=3-2i.
Giai

a) Ta co:

(141) (2= i)e =8+ (1+20)2 2| (141) (2-1)~(12.20) | =8 43

S+i _(8+i)(1—2i)

2i+l 5

Vay sO phtic z da cho c6 phan thuc 1a 2, phan ao la -3.

=2-3i

@z[zi(z—i)—1—2i]=8+i oz=

b) Dt z=x+yi =z=x-yi(xy €R) .
Luc dé:

(2-3i)z+(4+i)z=—(143i) & (2-30)(x +yi) +(4+1)(x - yi) = (1+3i)’
6x+4y=8<:>{x=—2

S6x+4y-2(x+y)i=8-61 <
Y ( y) {2X+yb=6

y=5"
Vay phan thuc cua z 1a -2, phan o la 5.
c)bat z=a+bi, (a,beR), ta co:
(2+31)z+(4+i)2=—(1+3i)" < (2+3i)(a+bi)+(4+i)(a=bi)=—(1+3i)’
-2b= =7
& (6a—2b)+(4a-2b)i=8-6i {00070 o )?
4a—-2b=-6 b=17
Vay s8 phtic z can tim c6 phan thue bang 7 va phan ao bang 17.
Phan thuece cta s6 phitc can tim 1a -3, phan 4o la 1.
d) bdt z=a+Dbi, (a,b e R). Ttr gia thiét ta co:
3a=3 =1
a-bi+2(a+bi)=3-2i=3a+bi=3-2ic{ &
b=-2 b=-2
Vay s8 phtic z ¢6 phan thuc bang 1, phan ao bang 2.
Vi du 3. a) Cho s phtc z thoa man Z+(1—2i); = 2(1—2i). Tim phan thyce va phan ao ctua

s0 phitc w=2%-3z.

b) Tim phan thuc va phan ao cua s6 phtc @, biét rang 2L + (4 —31); =26+6i.
z —1i
Giai

a) Gia st z=x+yi (x,y € R). Tt gia thiét suy ra

-2x=-4 x=2 .
& =z=2+1.
x—y=1 y=1

Do dé w=7>~3z=(2+i) =3(2+i)=-3+i.
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b) Goi z=a+bi, (a,b eR).

Ta co
ﬁ+(4—3i);:26+6i & (2+i)(a+bi)+5(4-3i)(a—bi)=5(26+6i)
<> (22a-16b)+(-14a—18b)i =130+30i

{22a—16b =130 {azS

& = =z=3-4
—14a—-18b =30 b=-4

. 251 25i(3+4i)
6 —=—-—+~
z 25
Vay phan thuc 1a -4, phéan ao 1a 3.

Do d =—4+3i.

Vi du 4. a) Tim s6 phtc z thdéa man ‘z‘ = \/5 va z2 1a s8 thuan ao.
b) Tim sO phttc z théa man ‘z‘ =2vazlaso ao.
¢) Tim s6 phtic z thoa man ‘z‘ =5 va phan thuc ctia né bang 2 [an phan ao.
d) Cho s6 phtic z thoa man (1—3i)z la s6 thuc va ‘Z—2+Si‘ =1
e) Tim s6 phtic z biét ‘iz+1‘ = \/Evé(lﬂ)z +1-2i la so thuan ao.
Giai
a) bat z=x+yi, (x,ye]R) )
Ta co: ‘z‘:\ﬁ@«fxz+y2 :\/§<:>x2+y2 =2
Mt khac: z° = (x +yi)2 =x% —y? +2xyi 1a s6 thuan 4o nén x> —y> =0
)(2+y2 =2<:>{X2 =1

x2—y2=0 y2=1

Ta C(’)hé:{
Vay cac s6 phitc can tim la: z, =1+1i, z, =1-i, z; =-1+i,z, =-1-1i.
b) Dat z=x+yi, (x,yeR) )

Ta co: ‘z‘:2<:> x> +y? :2<:>x2+y2:4(*)

Mat khac: z=x+yi las6 donén x=0 .

=2
Thay x=0 vao (*) ta dugc )/2:4<:{y 5
y=-

Vay cac s6 phitc can tim la: z, =2i, z, = -2i.
c) bat z:x+yi,(x,yeZ) . Ta co:

‘Z‘ZS@ )<2+y2 :5<:>x2+y2:25 (*)
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Mt khac: S8 phtic ¢6 phan thue ctia né bang 2 1an phin 40 nén x =2y thay vao phuong
trinh (*) ta duoc: Sy* =25 y2 =5 < y=+5.
Vay 6 phitc can fim 1a: z, =245 +/5i, z, =245 -/5i.
d) Goiz=a+bi;(a,beR)
Ta c6(1-3i)z=(1-3i)(a+bi)=a+3b—3ai+bi=a+3b+(b-3a)i
(1-3i)z1a s8 thue < b-3a=0<b=3a
z=a-bita cd [7-2+5]=1]a-2+(-b+5)i| =1 (a-2) +(5-3a) =1
a=

=
a=

(thoa man)

N N

Vay c6 hai s6 phtic z thoa man la z:2+6i;z:%+%i.

e) Détz':iz+1<:>Z:Z

1

. . E . _1_+i i (1—: )y
(1+1)z+1—21—[ : j(12+1) . +1-2i (1 1)2

(*) va ‘Z":\/E@z_':gv,khidé ta co:
V4

SO phtrc nay la s6 ao, do do ta cé:(l—i)z':—(l—i)z'<:>(1+i)z_':—(1—i)z'

(1+i) B N 2 o _
T.2———(1—1)z o7 =211z —i(l—l).

=
Thay vao (*) taco z=—-L;z=1+2i .

Vi du 5. a) Tim s0 phttc z thoa man ‘z—(2+i)‘ = \/E va 7z =25

2 —_
‘ =8 vaz+z=2.

N A ’ ” ~ 2 - -
b) Tim s6 phttc z thoa man: ‘z‘ +2z.2 +‘z

) Tim 6 phiic 2 biét: [7/=2 va (z+1)(2-i/3 )+ (z+1)(2+1V3) =14

zZ+1

d) Tim s6 phttc z thoa man dong thoi: =1

zZ— z—3i

z—1
_‘:1 v

e) Tim s6 phttc z thoa man ‘Z—l‘ZS va 17(z+;)—522:0.
f) Tim sO phttc z thdéa man ‘z+1—2i‘:5 va zz=34.

Giai
a) Goiz=a+bi (aeR,beR),

Ta cé: Z—(2+i):(a—2)+(b_1)i;
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Tt gia thiét ta co: ‘z—(2+i)‘:«/m <:>(a—2)2+(b—1)2:«/ﬁ (1)
va z2=25 <a’+b> =25 (2)

Giai hé (1) va (2) ta duoc {a =3, {i :f)

Vay cac sO phttc can tim 1a: z=3+4i hodc z=5

‘2 =‘2‘=z£=x2 er2 (X,yeR)

b) Goi z=x+Yyi, ta co: £=X—yi; z

‘Z‘2+2Z.;+‘;‘2:8<:>4(x2+y2)=2(1)
z+2=22x=2x=1 (2)

Tt (1) va (2) tim dwoc x=1; y =+1.
Vay cac s phttc can tim 1a 1+1 va 1—i.
0) Ta cé: 22— 731 +22+ 2331 =10
<:>2(z+£)—\/§i(z—;):10

Dt z=a+bi, z=a—bi

5-3b

Dgndé'n::>2a+\/§b:5<:>a: 5

Két hop voi gia thiét ban dau: ‘z‘ —2oa’+b =4

13 33,
7

Nén két hop lai ta duoc s phtrc: z=1+ «/gi; z= = +—1i

x#1
d) Goi z=x+yi, x,y €e R {y,x#0. Tt bai toan suy ra:
y#3

V1] (10 ey =
\/)(2+(y+1)2 :\/X2+(y—3)2 8y =8

Vay z=1+i

&Sx=y=1.

e) Dat z=a+bi, ta co:

‘z—l‘=5<:>«/(a—1)2+b2 =5oa’+b?-2a=24 (1)

Mt khac 17(z+£)—5z.2=o@a2 +b? =%a (2)

Thay (2) vao (1) duoc %a:24<:>a:5 . Két hop véi (1) ¢ b’ =9<b=1+3
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Vay c6 hai s6 phtic thdéa man bai toan 1a 5+3i va 5-3i.

f) Goi z:a+bi:>‘z+1—2i‘:5<:>‘(a+1)+ (b—2)i‘:5

o) +(b-2 =5 (1)

Taco zz=34<(a+bi)(a-bi)=34a’+b? =34  (2)

(a=3
b=5
2,42 _
+b” +2a-4b=20 a—-2b=-7
Tér (1) va (2) taco hé 42 a S S § P
aZ+b% =34 a”+b”- =34 5
po—22
L 5

Vay Z=3+5i,Z=_—29+§i.
5 5

Vi du 6. a) Cho s6 phtrc z théa man phuong trinh (l—i)z +(2+i); =4+i. Tinh m6-dun ctia
z.

b) Tim mo6-dun cua s6 phtic z biét z+3z=1+2i.

¢) Cho s8 phtic z thoa man hé thite 2° = (1 + 1)2 +11i. Tinh mo6-dun ctia s6 phtc z.

d) Tim mo6-dun ctia s§ phtic z, biét rang 2L + (4 —Si); =26+6i
—i

e) Cho hai s6 phitc z,,z, thoa cac diéu kién sau: ‘Zl +3Z2‘ =4 va ‘Z]‘ =‘Z2‘ =1. Hay tinh
‘321 —22‘.
Giai
a) Ta cé:
(1-i)z+(2+i)z=4+i  (¥)
Goi z=a+bi (a,beR)

(*)<:>(1—i)(a+bi)+(2+i)(a—bi):4+i<:>3a+2b—bi:4+i@{Ezz_l
-5
b) Bat z=a+bi, (a,b € R). Khi d6 theo gia thiét ta co:

1
(a=bi)+3(a+bi)=1+2i < da+2bi=1+2i & 8= =1

b=1 4
— i.}.l:@
16 4

N?

[
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c)Pbat z=a+bi, (a,beR)
72 =(1+i)2+1n@a2 ~b? +2abi=(1+i)(a—bi)+11i

<:>a2—b2+2abi:a+b+(a—b+11)i

a:_b i a=—
a=-b 2
32_b2:a+b 2a°+2a+11=0 (VN) b=-
& < <qla=b+1 & =
2ab=a-b+11 a=b+1 a=3
2ab=a-b+11
(2% +2b-12=0 | (b=2

Vay ‘z‘:\la2+b2 =13
d) Goi z=a+bi (a,b ER). Ta co:

%+(4—3i)2:26+6i<:>(2+i)(a+bi)+5(4—3i)(a—bi):5(26+6i)

<:>(22a—16b)+(—14a—18b i=130+30i

{22a—16b:130 {a

3
e f—
—14a—-18b =30 b=-4

Vay z=3-4i=z|=5
Cach 1.

‘zl +322‘=4<:>‘z1 +3z2‘2 :16<:>(z1 +3Z2)(Z1 +3z2):16
& (2,+32,) (2, +32, ) =16 © 2,7, +3(2,2, 42,2, ) +97,2, = 16
S luf +3(22,+2,2, )49, =16 = 143(2,2, +2,2, ) +9 =16

2,2, +2,2, = 2

Ta co:

B2y - 2, =(32,-2,) (32,2, ) = (32, -2, ) (3%, -2,
=92,2,-3(2)2, 42,2 ) +2,2, =9-3.2+1=4

Vay 3z, —z,|=2.

Céch 2. Dit z, = x| +yi, 2, = X, +y,1, ( Xy, %, €R)
Ta c6

_ _ 2 2 _ 2 2 _
‘Zl‘—‘zz‘—lcx] +y; =x5+y; =1
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‘zl +3z2‘ :4<:>(x1 +3X2)2 Jr(y1 +3y2)2 =16

<::>xl2 +yl2 +9(x§ +y§)+6(x]x2 +y1y2)=16

= 6()(1)(2 +y1y2) =6 (Xlx2 +y1y2) =1

Luc do:

‘3z1 —22‘2 :(3)(1 —X, )2 +(3y1 =Y, )2

:9(X12 +y12)+(x§ +y§)—6(xlx2 +y1y2)=10—6=4
Do dé: ‘321 —Zz‘ =2.

Vi du 7. a) Tim s8 phtrc z thoa man: (z2 +i)(22 —2) =0.

b) Tim sd phtic z théa man M(II-HZ) =1i.
Z—=

¢) Tim s6 phtic z thoa man z+ 11+.1 = (l—i)‘z‘.

d) Tim s6 phttc z thoa man (z+1)(1+i)+f—__i = ‘Z‘z .

—1

e) Tim s6 phttc z thoa man 2_1.Z—Z+2.1 =27.
2+1 1-2i1

Giai
a) Ta cé:
2 .
- z7+1=0 1
(22+i)(22—z)=0<:> _ ( )
22-72=0 (2)
» Giai (1): Bat z=x +yi,(x,y € R) . Phuong trinh (1) tré thanh:

)(2—y2 +2xyi+i:0<::>x2 —y2+(2xy+1)i:0

X=Yy

{Xz—yZ:O _
= SR X=Y
2X}’+1—0 2Xy+1=0 (*)

Véi x =y thay vao (*) ta duoc: 2x2+1=0 (v nghiém)

Véi x =—y thay vao (*) ta duoc: —2x? +1:O<:>X:ig
2 2. V2 2.
:7——1, Z :—74‘71.

Vay z, > 2
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» Giai(2):bat z=a+ bi,(a,be R) . Phrong trinh (2) tro thanh:
a’? —b%+2abi—a+bi=0<a’—b? —a+(2ab+b)i -0

a’ —b’ —a:O(**)

2 2
L -b —a=0<:> b=0
2ab+b=0 1

a=——
2

Véi b =0 thay vao (**) ta dwoc: az—a=0<:>a(a—1)=0c>[a:

a=

Vay ta dwoc z,=0,z, =1

1 3 NG

Voi a:—l thay vao (**) ta duoc: l—b2+—:0<:>b2 =~ b=t—
2 4 2 4

2
NER 1 3.

Véy ta du.’OC Zg :—%—F?l, Zg :—5—71.

b) Diéu kién: z =0,

<:>;<‘Z‘_1)(1+iz) i (H )(Hiz):i@; I+iz)=(|z|+1)1
7o () (+2)=(+)

c>£+i‘z‘2 :(‘z‘+1)i (*)

Gia st z=x+yi; x,y € R. Khi do tro thanh:

X — y1+(x +y ) ( x> +y +1j1<:>x+(x +y —«/x +y —-y- 1) =0

z‘;tl.

x=0

x=0
& & H - O y=-1
- —v—=1=0 —
x2 +y x> +y y— y Y=¥-— y=1+\5
Néu x =0,y :1+\/2_ thi z=(1+ 2)i,th6a man diéu kién.
Néu x =0,y =—1 thi z=—i, khi d6 |z|=1 khong théa man diéu kién.
Vay sO phttc can tim la z=(1+«/§)i.

) Dt (z=x+yivéi x,y e;x°+y? #0). Ta cd
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Z+ I+i (1 1)‘ ‘<:>zz+ﬂ=‘z‘(1—i)£

(1-1)2 1
@x2+y2+i=m(x—y—(x+y)i)
2yt =2y (xmy)  [xEay? =(x-y)
oy (xhy) ey (xey) =t

x—y>0(1)
& exy=0

eyt (xe)=-1(2)

+) V6i x =0, tac ¢ (2)<:>y«/y2 =-1<y=-1, thoaman (1). Suy ra z=—i

<~

+) V6i y =0, tac ¢ (2)<:>X\/x2 =-1< x=-1, khong thoéa man (1), loai
d) Dat z=x+yivoi x,y e R. Khi d6 (Z+1)(1+i)+?:‘z

-1
<:>(X+1+yi)(l+i)+(X_l_);)(“_i) :X2+y2

<:>3x+1—y+(3x+1+y)i:2(x2+y2)

Brloy=2(x +y?) {Y=—3x+l {X—O,y——
= = =

3X+1+y:0 10X2+3X:0

Vay z=-ihoac Z——i—il
0 10

2 2 . . N N
e) Ta c6 2+112_?j211_2 Z o (2-iz)(1-2i)—(z+2i)(2+i)=2(2+i)(1-2i)Z

o (2-4i)—(2+i)z=(4-3i)z (D.
+)Glastt z=a+bi(a,beR).
Ltc d6: (1) <> (2—4i)—(2+i)(a+bi)=(4-3i)(a—bi)
& (2-2a+b)—(4+a+ (4a—3b)- (3a+4b)

2b)i=
2—2a+b:4a—3b 3a—-2b=1 a= .
& Rt :>z:1+1
4+a+2b:3a+4b a+b=2 b=

Vay sO phitc can tim la z=i+1.

Vi du 8. a) Tinh mddun ctia s8 phitc z biét z° +12i = Zvazco phan thuc duong.
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=4i.

b) Tim s6 phtic z c6 phan 4o bing 164 va neR” thoa:
z+n
- 2‘ 2 A A AN 2
27 1y mot sO thuan ao.

¢) Tim sO phttc z thoa méan hai diéu kién: ‘z +1- 2i‘ = ‘z +3+ 4i‘ va
z+1

d) Tim s6 phtrc z thdéa man: (z—l).(;+2i) la sO thuc va ‘Z—i‘:\ﬁ.
Giai
a) Gid st z=x+Yyi (X>O,x,yeR)
23+12i:;<:>(x+yi)3+12i:x—yi<:>x3—3xy2+(3x2y—y3+12)i:x—yi
3 2 2 2
- = =3y“ +1
I e S L (dox>0).
3x2y—y3+12:—y 3X2y—y3+12:—y
Thé x* =3y +1 vao phuong trinh thit hai ta dugc:
3(y2+1)y—y3+12=—y<:>2y3+y+3=0<:>y=—1:>X2=4:>X=2(dox>0).8uyra
z=2-y=mddun cta s6 phtc z la: ‘Z‘ = \/g

b) Goi z=a+164i(a € R)

Theo gia thiét, ta c6 — :4i©ﬂ:4i<:>a+164i:4i(a+164i+n)
zZ+n a+164i+n
a=—656 — 656
S a+164i o656+ (atn)ie oL
4(a+n)=164 n =697

c) Gia st z=x+yi. Theo bai ra ta co: ‘X+1+(y—2)i‘=‘x+3+(4—y)i‘

<:>(x+1)2+(y—2)2 :(x+3)2+(y—4)2 &Sy=x+5

55 phitc wo 22 X2l X o(y=2)(y ) +x(2y -3)i

z+i x+(1-y)i X2+(y_1)2
@ y-2)ls-1)=0 o
w lamot s ao < <2y -3 %0, x2+(y_1)2>() (*)<:> 237
y:X+5 y:7
Vay z:—%+§i

d) Gia str z=a+bi, (a,beR)
Khi do:
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(z—1).(2+2i):[(a 1)+b1] [a+(2-b)i]

=|a(a-1)-b(2-b)|+(2a+b-2)ieR=2a+b=2 (1)

‘z ﬂ P2 o2 +(b 1) -2 (2)

Tt (1) va (2) ta dwoc a=1, b=0 hoac a:—g,b:%
1 12

Vay z, =1, 2z, =——+—1

Y 7, 27757

Vi du 9. a) Trong céac sd phtic z thoa man diéu kién ‘z—2+3i‘:%. Tim s8 phtic z ¢

modun nhd nhat.

b) Tim s& phtrc z thdéa man (z—l)(; +2i) la s6 thuce va ‘Z‘ dat gid tri nhé nhat.
c) Trong cac s6 phttc z thoa man ‘z —3i‘ +‘i;+3‘ =10, tim s6 phttc z ¢c6 mo-dun nho nhat.

tim s6 phttc c6 mo-dun nho nhat.

d) Trong cac sd phtic z théa man ‘z -2+ i‘ = ‘; +1-4i,
Giai
a) bat z=x+yi, (x,ye]R). Khi do ‘Z—2+3i‘ _3 <:>(x—2)2 +(y+3)2 _2
2
Céc diém M biéu dién s§ phtic z théa man hé thiic da cho nam trén dudng tron tam 1(2;-3)
va bén kinh R=>
Ta co: Min‘z‘ khi va chi khi M nam trén duong tron va gan O nhat.
D¢ 1a diem M, (Ban doc ty vé hinh).
Ta cé: Ol=\/4+9 =+/13. K& M,H L Ox.

Theo dinh ly talet ta co:

3
MH _OM, =JE_2:MH=78_9JB'
3 0o 13 ! 26

—_—= = 0OH =

2 13
26—3\/1_3+78—9\/1?i
13

26
b) Gia str z=x+yi (x,y € R). Khi dé:

(z—1)(2+2i)=[(x—1)+yi][x+(2—y)i]
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bé (z—l)(;+2i) la s6 thuc thi (x—l)(Z—y)+xy =0 hay 2x+y—-2=0. Suy ra tap hop cac
diém M biéu dién s§ phic z thoa man (z— 1)(2 + 21) la s6 thuc la duong théng A c6
phuong trinh 2x+y-2=0.

DE€ |z| nho nht thi M phai 1a hinh chiéu ctia 0(0;0) 1én A.

Tir d6 tim duoc M| *:2 | nén z=2 4+ 2i.
5°5 53

¢) Ap dung cong thic: 2= ‘2‘2 L Z+wW=Z+W
_ N2 - 2 N2
Ta cb: 100=(‘z—3i‘+‘iz+3‘) =2Uz—3i\ +‘iz+3‘ ]—(‘z—3i‘—‘iz+3‘)
2 - 2
S2Uz—3i‘ +‘iz+3‘ j

2((z—3i)z—3i+(i£+3)i£—+3):2((z—31)(2+3i)+(i£+3)(—iz+3))

4(2.2 + 9) = 4‘z‘2 +36. Giai bat phuwong trinh ta cd ‘z‘ >4

23 :‘i;+3‘

Vay minlz|=4 dat dtrqckhi{ =z=4,2=—4

‘2‘24

d) Gia str z=a+bi, (a,b e R). Khi dé:

z—-2+i=(a—2)+(b+1)i va £+1—4i=(a+1)—(b+4)i
‘z—2+i‘=‘£+1—4i‘c>(a—2)2+(b+1)2=<a+1)2+(b+4)2c>a=—2—b
7" =a? +b2 =207 +4b+4=242(b+1) 22

Vay z=-1-i thoa man dé bai.

II. CAU HOI VA BAI TAP TRAC NGHIEM KHACH QUAN

Cau 1. Tim s8 phtec z théa man dang thic: z+2(z +;) =2-6i.

A.Z=%—6i B.Z=%+6i C.Zz—z—6i D.z:—z+6i
5 5 5 5

Hudng dan giai
Cach 1.

Gida st z=x+yi (x,y € R)

Ta c6 z+2(z+2)=2—6i@x+yi+2(x+yi+x—yi):2—6i
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<:>5X+yi=2—6i<:>(x;y)=(%;—6j. Vay Z:%—ﬁi . Vay chon dap an A.

;A r 3 ~ < ’ 2 - ~\-
Cau 2. SO sO phttc z thdéa man dang thirc: ‘z‘ +%(z—z) :1+%(z+z)1 .
A1l B.2 C.3 D. 4
Hudng dan giai
Ddt z=a+bi (a,beR), suyra

_ e . _
z=a-—Dbi, z‘ :a2+b2,z—z:2bl,z+z:2a.

Thay vao phuong trinh da cho ta cé a* +b? +bi=1+ai

a=b= !
2,12 _ R
o Jat+b _1© N
b=a _ :_L
Vay z——+—1 z—— —=1.Vay chon dap an B.

NG \/_
Céu 3. S8's6 phtc z thoa man (z+1)° +[z— 1 ~10i=z+3.
A1 B.2 C.3 D. 4
Huéng din giai
Goi z=a+bi (abeR). Tacd (z+1) +[z—1 +10i=7+3
o (a+1) +2(a+1)bi-b*+(a-1)" +b% +10i =a—bi+3
2a —a- 1) (2ab+3b+10)i=0

2a2—a 1=0
2ab+3b+10=0

f—

= (10) = (1-2)asb) -3

Vay z=1-2i hodc z :—%—Si. Vay chon dap an C

Cau 4. Biét 2,2, Ia hai s8 phiic thoa diéu kién: 2(2+1)+2-1=(1-i)[z". Tinh 2, +2,

3 11. B 3 11. 3 11. D. 3 11

10 10 10 10 "10 10 10 10
Hudng dan giai
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:2(2+1)+z—1=(1—i)\z\2 <:>2(a—bi+1)+a+bi—1:(l—i)(a2+b2)

3a+1=a’+b’
<:>(3a+1)—bi—a2+b2—i(a2+b2)<:>{ atl=a -+

b=a’+b’
a=0 3
b=3a+1 10a% +3a=0 3 [a=0 |*T 770
= N Sila=——< %
3a+1=a"+b b=3a+1 10 b=1 b:i
b=3a+1 10
14 . ~ 7 A \ . 1 .
C6 hai s0 phttc can tim z, =i; z, = ——+—i
10 10

Suy ra: z, +z, :—%+%i. Vay chon dap an A.

Cau 5. Tim s6 phttc z thoa man z+ 1+i_ :(l—i)‘z‘
(1-i)z

A T+i B. -i—1 C. - D. i
Hudng dan giai
Dit z=x+yi, x,yeR, x> +y> 0. Ta cé:

zZ+ 1+i_ :(l—i)‘z‘c>z.2+i——:=‘z‘(1—i)z

(1-i)z
<:>x2+y2+i:y,x2+y2 (x—y—(x+y)i)

x2+y2= f 2+y2 (x—y) ,x2+y2‘=x—y x—y>0 (1)
o

< 4xy=0

B e B N R | e

Véi x=0, ta co (2)<:>)M/y2 =-1<y=-1, thbaman (1). Suyra z=-i.

Véi y=0, tacd (2) oxVx? =-lox=-1, khong thoa man (1).

Vay z=-i.

Vay chon dap an D.

Cau 6. Biét z,,z, la sd phttc thoa man: (z+1)2 +‘z—1‘2 +10i=z+3. Tinh 7 +75.
111 . B. -111+1 C. —-111+4 D. 44+1

A. —T-Fl

Hudng dan giai

Goi z=a+bi (a,beR), taduoc: (a+bi+1) +fa+bi—1" +10i=a—bi+3
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a=1
222 —a—1=0 b=
<:>(2a2—a—1)+(2ab+3b+10)i20<:> armanl=0 |
2ab+3b+10=0 a:—E
[b=-5
Vay z:1—2i,z:—%—5i.8uyra zf+z§=—%1+i.
Cau 7. Biét z,,z, la s6 phttc théa man: théa man phuong trinh %+&=4+3i. Tinh
+i oz
1 1
_+_
)
1m g1, 1,3, b 1.5,
25 50 25 50 25 50 25 50

Hudng dan giai
biéu kién z=0.Goi z=a+Dbi (a,b € R). Phwong trinh da cho twong duong véi:
z.£+10(1+i)=<4+3i)(1+i)z<:>a2+b2+10+IOi=a—7b+(7a+b)i
{a2+b2+102a—7b
=

7a+b=10
a=2
5 a=2b=-4
5a°-19a+18=0 9
& odla=2 & 9 13
b=10-7a 5 azg,b:—?
b=10-"7a
Vay z=2-4i hodc z:g—gi.Suy ra: i+L:l+§i
5 5 2, 2, 25 50
Vay chon dap an C.
Cau 8. Tim md dun sd phtec z théa man 2_1.Z - Z+2_1 ~2z.
241 1-21
Al B.\2 C.2 D. 22
Hudng dan giai
2_iZ—Z+Zi:22@(2—iz)(1—2i)—(z+2i)(2+i):2(2+i)(1—2i)2
241 1-2i1

& (2-4i)-(2+i)z=(4-31)z (1)

Gidstr z=a+bi, (a,be]R)
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(1)< (2-4i)—(2+i)(a+bi)=(4-3i)(a—bi)
& (2-2a+b)—(4+a+2b)i=(4a-3b)—(3a+4b)i
{2—2a+b=4a—3b {3a—2b:1©{a=1

= = =z=1+1
4+a+2b=3a+4b a+b=2 b=1

Vay s6 phttccan timla z=1+i= ‘Z‘ =2. Vay chon dap an B.

Cau 9. Tim s8 phtic z thoa diu kién: (z+Z)(1+i)+(z—z)(2+3i)=4-i.

A. Zzl—li. B. Zz—l+li. C. Zz—l—li. D. Z=l+li.
2 2 2 2 2 2 2
Hudng dan giai
bat z=x+yi=> 7z =x-yji, (x,yeR)
Ta cb Z+7Z =2X
Z—-z=-2yi
Phwong trinh (Z+Z)(1+i)+(2—z)(2+3i)=4—i tré thanh :
2x(1+1)-2yi(2+3i) =4 —i < 2x +2xi —4yi + 6y =4 —i
X_1
2X +6y =4 )
<:>2x+6y+(2x—4y)i:4—i<:> xrey = 2
2x -4y =-1 _1
’73
A A \ \ 1 1. A 14 ’
Vay z can tim la: Z:E+5L Vay chon dap an D.
. . . A, . aen ven ZHZ i(z—Z) .
Cau 10. Tim mdédun s6 phtrc z thoa diéu kién: — — —~ =4 +6i.
I+1 2-21
A. ‘Z‘:ﬂ/lol B. |z|=10 C. =1 D. |7 =11
Hudng dan giai
Dat z=x+yi=Z=x-yi, (x,yeR)
7 ilz—-z
Phwong trinh Z+_Z— ( ')=4+6i tré thanh :
1+1 2-21
.2
L) | S DI S, B
L+i 2(1-i) L+i 2(1-i)
2x(1-1)+y(1+1 2x+y+(2x+y)i
( ) y( ):4+6i<:> Y ( y) =4+6i1
(1+i)(1-i)
2x+y=38 x=-1
S <
-2x+y=12 y=10
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Vay zcan tim la z=-1+10i=[z|= J101. Vay chon dap an A.
7 ilz—-Z
£z ( ')=4+6i
1+1 2-21
Al B. 2 C.3 D. 4

Hudng dan giai

Cau 11. Tim SO s6 phtic thoa diéu kién:

Goi z=a+bi, (a,b GR) ta co:

3(a+bi)—4(a—bi—1)+a2+b2:5+7i

az+b2—a:1 a=0 a=1
= = Vv
Tb=7 b=1 |b=1

Két luan z=i,z=1+i. Vay chon dap an B.

Céu 1. Bict 213 56 phitc thoa dieu kigns (1+1)z~—“- =5 +7i. Tinhw ==
A. Wz—i+li B. w:i—li C. w:i+li D. W:—L—li
10 5 10 5 10 5 10 5
Hudéng dan giai
Goi z=a+bi (a,beR), khi d6 (*) trd thanh: 2(a—bi)—(a+bi)=2+12i
) )
ea-3bi=2+121 " =1{°
3b=12  |b=—4
A . 11, o, "
Vay 2:2—41:>w:B+§1.Vaych()ndapanC.
Cau 12 . Tim sO phtc z théa diéu kién z+2z=2—4i
A. w=—1+2i
we—ra B. w4l C.z2=244i D. w=—L42
35 3 14

Hudng dan giai
a) bat z=x+yi:>£=x—yi, (x,y E]R).

Phuong trinh da cho tro thanh:

3Ix=2 =
X+yi+2(x—yi)=2—4i<:>3x—yi:2—4i<:>{ X 4<::> X
_y=_

H Wl

Vay z= % +4i. Vay chon dap an C.

Cau 13. Biét z,,z, la cac s8 phuc thoa man diéu kién z° +22=0. Tim ‘Zl +22‘

A. ‘zl +22‘:L B. ‘Z1 +Z2‘=\/5 C. ‘Zl +22‘:2\/5 D. ‘Z] +Z2‘=2

2
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Huwéng dan giai
bat Z:x+yi:>;:x—yi, (x,ye]R).
Phuong trinh da cho tré thanh:
X2—y2 +2xyi+2(x—yi)=0<::>X2—y2 +2X+(2xy—2y)i=0

Tlay(x-1)=0 = Bi?

=0

Véi y =0 thay vao phuwong trinh (*) ta dwoc: x> +2x=0< [X 5

X=-
Véi x =1 thay vao phuwong trinh (¥) ta dugc: y?=3cy= i\ﬁ .
Vay z, = J3i, Z, = —2-+[3i. Suy ra: ‘zl +22‘ =2.Vay chon dap an D.
Cau 13. Tim s8 s phttc thoa man dieu kién z2 +2z =0 .
A.2 B. 3 C.1 D. 0

Hudng dan giai

bat z= x+yi,(x,y eR):>Z2 =x2 —y2 +2xyi.

22 / 2.2
-y =-2 + 1
Phuong trinh 22+2‘z‘:O<:>X2—y2+2xyi:—2»\fx2+y2 I Y ()
2xy =0 (2)
Tk (2) = x#0 hoac y=0.
2
) -2
e V6ix=0, (1)<:>—y2:—2«fy2 <:>y2—2‘y‘<:>{y2 y @{y
y =-2y -
Suy ra z=0 hodc z=2i hodc z= -2i.
e V0iy=0, (1) :>x2:—2\fx2 <:>X2+2‘X‘:0<:>X:0.
Suy ra z=0.
Vay phuong trinh z? +2‘z‘ =0<2z=0 hodc z=2i hoac z= -2i.

Vay chon dap an B.
Cach khac: Ta giai phuong trinh hé qua r6i thit lai.

Phwong trinh 7* +2‘z‘ =0(1) =>2z° = —2‘2‘ = ‘22‘ = ‘—Z‘ZH = ‘2‘2 = 2‘2‘
= ‘z‘ =0 hoac ‘Z‘ =2.
¢ Véild=0=z=0.

e Véi|g=2, phuong trinh (1) =2z’ +4=0=7" =4=7" =4i’ > z=142i
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Thtr lai: Ta thé cac gia tri cta z vira tim dwoc vao phuong trinh (1).
Véi z=0, tacd z2 =0= phuong trinh (1) dwoc nghiém dung.
Voi 2=42i, taco 22 =(42i)" = 4% =4 va 27| =2[2i| =22 = 4.
Vay phuong trinh 2>+ 2‘2‘ =0 dwoc nghiém dung.

Két luan: Phuong trinh ¢6 3 nghiém la: z, =0,z, =2i,z, = -2i.

/ AY AN 7 2 A -A 2 14
Cau 14. Biét z,,2, la s6 phttc thoa diéu kién 7’ —‘z‘ +1=0.Tinh i + i
2, 7
A. —i B. 1 C. 1+1 D. 0

Hudéng dan giai
bat z:x+yi,(x,y GR). Phuong trinh 7’ —‘2‘2 +1=0 trd thanh:
x2—yz+2xyi—(xz+y2)+1=0c>—2y2+1+2xyi=0
x=0 y=0 x=0

—2y2+1:O
= Sy, 1VY,
2xy =0 y =5

Vay s0 phtic z can tim la: z=—i,z:—Li . Suy ra LY

\E D)

Vay chon dap an D.
—2 .
Cau 15. Biét z,,2,,2;.2, 1a cac 8 phiic thoa diéu kién - *1‘ =i.. Tinh [z, +z, | +[z5| +]2]
z+
A.3 B. 2 C. \/g D. 2\/5
Hudng dan giai
. Zz—f—i . 2 .. .
Dat z:x+y1,(x,yeR).Phuongtrinh 1 =iz +i=iz+1 trdéthanh
z+
( A2 . . 2 2 : : XZ_y2=_y
x—yl) :1(x+y1)c>x -y =2xyi=-y+xi &
-2xy =X
22 y= !
-y +y=0 x=0 )
Q{X y ty <:>{ ) v 2
x(2y+1)=0 ~y'+y=0 |2 1 1_4
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B Bl

ay sO pht antimla: z=0,z=i,z=———i,z=—— ——1.
Vay sO phitc z ¢ 5

Suy ra ‘zl‘+‘zz‘+‘z3‘+‘z4‘ =3.

Vay chon dap an A.
Cau 17. Biét z 1a s6 phttc thoa diéu kién z° +i‘z‘ =0. Tim s6 phtic z ¢6 phan a0 &m

D. z:l—ii

1 1. C. =L _ 1.
BRI R N > %

Hudng dan giai

A. z:—l—ii B. z

N
bat z=x+yi, (x,y € R) Phuong trinh z? +i‘z‘ =0 x> —y>+2xyi= _sz +y?
x? —y2 =0 (1)
2xy = —«/x2 + y2 (2)

Tir (1) <y =#x.

=

o Voiy=x, (2)©2x2:—\/2x2 < x=0 Suyra y=0. Vay z=0.

o Voi y=—x:

x=0
2 _
(2):>—2x2:— 2x2c>2x2:‘x‘\/5c> z;;i;/\z_E@ x—%

X=——=

1
2

o Voix=0=y=0

s . 1
o Voix=—fF==>y=—

2

&) 1
o Voix=——F==y=

N

Vay chon dap an C.

1
2
€
N3
Cau 18. Biét z 1a s8 phtec thoa diéu kién iz? +‘z‘ +1=0. Tim s0 phttc z c6 phan thuc duwong

:—x/E+\/§+—\/§+\/§i. :_ﬁ+\/§+_\/§+\/§i.

4 4 2 2

A.z

B. z,
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T

4 4

D. z

T
2= > .

C.z
2 2

Huwéng dan giai

bat z:x+yi,(x,y eR)
Phweong trinh iz? +‘z‘+1:0<:>i(x2 —y? +2xyi)+x,X2 +y? +1=0

<:>(—2xy+x/x2+y2 +1)+(x2—y2)i =0

x=y
oo Iz )

=
—2X}’+JX2+y2 +1=0 —2xy+afx2+y2+120 (2)

o Véix=y: (2)e-2x>+2x% +1=0 = 2x? — |2 ~1=0

oo o
4

o2 —x2-1=0 /= ;

~2z410
y—
o Voi yz—x,(2)<:>2x2+\/2x_2+1:0 <:>2X2+M\E+1:O

Suyra y=x=

= 2‘x‘2 +‘XN5+1 =0 (v6 nghiém)
Vay s0 phtic z can tim la:
o -io.
z, = + i vaz
4 4
Vay chon dap an C.

o i,

2 4 4

Cau 19. Tim s phtic z thoa man 2Z—Z:(z+2+1)(1+i)—2.

A z=-1-i. B. z=-1+i. C.z=1-i. D. z=1+i.
Hudng dan giai

bat Z:x+yi,(x,yeR).

Taco:

227 =2x+2yi—(x—yi)=x+3yi

(z+Z+1)(1+i)—2=(2x+1)(1+i)—2=2x—1+(2x +1}i

Nhu vay phuong trinh da cho tré thanh :

x=2x-1 {x:l

x+3yi:2x—1+(2x+1)i<:>{3 et & |

Vay phuong trinh c6 1 nghiém z=1+i.
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Vay chon dap an D.

4 V2 2 ~ . 2 - .
Cau 20. Tim s6 phttc z thoa man (1+21) z+z=4i-20.

A. z=—1+i. B. z=-3+i. C.z=1+2i. D. z=4+3i.

Hudng dan giai
Dit z=a+bi, (a,beR) =z =a—bi . Suy ra:

(1+2i)2z+£=4i—20@(—2a—4b)+(4a—4b)i=4i—2o

2b=1 —4
o A=l jas=d i
a—b=1 b=3

Vay chon dap an D.
Cau 21". S6 s8 phtrc z thoa man N22z2+1 = ‘z‘(2 +6iz) :

A.l B. 2 C.0 D.z=4

Hudng dan giai
Xét z=0 la nghiém cta phurong trinh

Xét z#0. Dit 2= a+bi;(a,b eR,a%+b2 > 0), tir gia thiét ta c6:

Z:«Mz‘z +1 ZZ‘Z‘+6‘Z‘Z.i©Z;q,3‘Z‘2 +1 :2‘2‘.2+62‘z‘z.i
c;hf4ﬂ42+l=2hKa—bQ+6hfi¢>hf4khf+l=2ﬂ4+(6hf—2bh0i

o 3] +1=4a2
|pf4kpf+1244 T44kpf+1za :
= = = 3‘z‘ -b=0

6|2|" ~2bjz|=0 37 -b=0 2>0.b>0

b(b+1)=12a"  [p(b+1)=12a%(1)
=134 =b 132430 =b(2)
a>0,b>0 a>0,b>0

L&y (1) trir (2) v€ theo vé& ta c6 9a” =4b* < a’ = gbz (3)

Thé (3) vao(1), ta duoc: %bz :b2+b<:>b:%:>a:%,(do a>0,b>0)

2 3.

13 13
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Vay ta co hai sd phtic can tim la z=0,z = % - %i.
Vay chon dap an B.

Cau 22. Cho sd phtrc z thoa man 7+22_8-6i . Tim w=iz+3
z

A. 3-4i B. 5i C. 4i D.z=1-4
Hudng dan giai
Gia st z=a+bi vdi a;b R va a, b khong dong thoi bang 0.
1 1 a—bi

Khi d6 z=a-bi; —= - =
z a+bi g2 1p?

. .- 25 . . 25(a—bi) .
Khi d6 phuwong trinh z+ —=8-6i<>a—-bi+ ————~==8-6i
z a’ +b’
a(a? +b7+25)=8(a” +b2) (1) ;
= . Lay (1) chia (2) theo v€ta c6 b==a, thé vao (1) ta cd
b(a” +b?+25)=6(a’ +b7) (2) 4

a=0va=4

Véi a=0=b=0 (loai)

V6i a=4=b=3.Ta cd sO phttc z=4+3i. Vay chon dap an C.

Cau 23. Tim s phc z biét z—(2+3i)z=1-9i.

A. 3-4i B. 1-5i C.z=2-1 D.z=1-41

Huwéng dan giai

Goi z=a-+bi (a,beR)=z=a-bi
Theo dé cho ta suy ra:

a+bi—(2+31)(a—bi)=1—9i<:>—a—3b—(3a—3b)i=1—9i<:>{_a_3b:1@{azz

3a—-3b=9 b=-1

SO phtrc can tim 1a z=2—-i. Viy chon dap an C.

Cau 24. Tinh mo6- dun ctia s6 phtic z+1 biét (z+ i)(;+ i) =2iz (i la don vi d0).

A.3-4 B. 1-51 C.z=2-i D.z=1-4i
Huwéng dan giai

a) Dit z=a+bi, (a,beR), ta co (z+i)(£+i):21z
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<:>z.£+i(z+£)—1=2iz<:>az+b2—1+2ai=—2b+2ai

<:>a2+b2+2b+1=2<:>az+(b+1)2 )

a2 +b>-1=-2b
=
2a=2a

‘z+i‘:‘a+(b+1)i‘:«’a2+(b+1)2 =2 Vay md-dun ctia s8 phttc z+i bang V2.

Cau 25. Cho sd phtrc z thdéa méan hé thirc (1+2i z +(2—2i); =i. Tinh m6-dun cua z.

A B. C. 1 D.

W |
(9}
W | =

!
)
Hudng dan giai
Gia skt z=a+Dbi, (a,beR). Ta co:
(1+2i)(a+bi)+(2—2i)(a—bi):i<:>(3a—4b)—bi:i
{3a—4b:0 a2
= Ry

3
b=-1 o

Vay ‘z‘ —a? +b? = 1l%+ :g' Vay chon dap an B.
Cau 26. Cho s0 phtic z théa man diéu kién 2(Z +1) =3z +i (5 —i ) Tinh mo-dun cua z.
A. \/5 B. 2 C. 2\j§ D. 4

Huwéng dan giai
cbat z=a+bi, (a,beR). Khi do:
2(z+1)=3£+i(5—i)@2(a+bi+1)=3(a—bi)+1+51@a—1+5(1—b)i=0

@{a=1@\z\=ﬁ
b=1

Vay chon dap an A.

Cau 27. S6 sd phtic z thoa ‘z‘ =2 va z° las8 thuc la:

A. 6 B. 2 C.5 D. 4
Hudng dan giai

Goi 7=a-+bi, (a.b e R =7 =(a’~3ab? |+ (3 —b°

Theo gia thiét ta co:
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2 42 =0 [b=0
Ja2sv2=2 ¢ SRt a=12
<4/b=0 1, , <
3a%b-b’ =0 2 a2 b*=3a a=+l
b” =3a 5 5 \f
| la®+3a% =4 [ [b=%3
Vay z:—2,z=2,z:1—x/3_,z:1+\ﬂz:—1—\,é_,z:—1+\ﬁ_.
Vay chon dap an A.
Cau 28. Tim nghich dao cua s6 phtc z, biét z thoa man ‘z—2i‘:‘;+2+4i‘ va S la s6
Z+i
thuén ao.
A. —l+ii B. —i+ii C. —i—ii D. —§+§i
4 12 17 17 17 17 2 2
Hudéng dan giai
Gid stt z=a-+bi, (a,beR) thi [z-2i[=[z+2+4i a=b-4 (1)

Véi a#0 hoac b#1, ta co:

2—i_a+(b-1)i _ [a+(b—1)i]2 . [az—(b—l)z}”a(b‘l)i

z+i a‘(b‘l)i_ a2+(b—1)2 ) a2+(b—1)2

—1 S wm . aA =b-1
Vi 271 la s6 thuan ao nén az—(b—l)2 =0 a
zZ+1 a=1-b

. 3 5 , 3 5,

Kéthop (1) taco a=——,b==.Vayso phttcddola z=—=+=1.

P() 2 2 Y soP 2 2
Vay chon dap an C.

N N\ ~ s 2 ~ \ 2 \ ~
Cau 29. Tim mo dun s6 phttc z théa man ‘z‘ =2 va z+ o la sO thuee.
+1i

A.2 B. 1 C. \/5 D. 2\j§
Hudng dan giai

Gidstt z=a+bi (a,beR).

Suy ra z+%=a+bi+2(12_i) :a+1+(b—1)i.

\ .2 - N, 2 \ ~ A /4
Tt gia thiet z+? la s6 thicnéntaco b=1.
+1

Khi d6 |z|=2 o fati|=2 o Va? +1=2 = a=+3.

Vay s8 phirc can tim 1a z=+/3 +i va z=—/3 +i. Tix déy suy ra |7 =2.
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Vay chon dap an

Cau 30. Tinh md-dun ctia s6 phitc z, biét 2> +12i=z va z c6 phan thyc duong.

A. \/5 B. ‘Z‘:\/; C. ‘Z‘:\/g D. ‘Z‘Z\/g

Hudng dan giai

Gidstt z=x+yi, x,y e R. 23+12i:£<:>(x+yi)3+12izx—yi

<:>x3—3xy2+(3x2y—y3+12)i:x—yi<:> x3—3xy2=x (1)
3)(2y—y3 +12=-y (2)

Do x>0= (1) < x2 =3y? +1. Thé vao (2) ta duoc:

3(3y2+1)y—y3 F12=—y o2y +y+3=0(3)

Giai phrong trinh (3) ta deoc y=-1= x>=4.Do x>0 nén x=2.

Vay z:2—i:>‘z‘:xll5_. Vay chon dap an D.

N
Cau 31. Tim z thdéa man diéu kién : [Z—HJ =1

A.z=0,z=1,z=-1. B.z=0,z=1 C.z=1,z=-1 D.z=-1,z=0

Hudng dan giai

pt =

N2
(Z—“j -1 @
Z—1

z+1 B

Z+1_.

=1 T2 Sidoa) R P
hel27l o i 2) | 271 =
Z+1_1 z=0 Z+1__i z=1
z—1 z—1

Vay nghiém cta phuong trinh la: z=0,z=1,z=—i. Vay chon dap an A.

4
A N NN 1 w1242 :

Cau 32. Tim s0 sO phttc z thoa man: (IZ J =-T7-24i .

Z —_
A.5 B.3 C.4 D.2

Huwéng dan giai
Nhan xét: Néu lam bing cdch goi z=a+bi, thay vao va tinh todn vé trdi, r6i dong nhat phan
thirc va phan ao ctia 2 vé& sé rat dai va dan t6i hé dang cap bac 4 rat cong kénh. Ap dung

cach tinh can bac hai bang may tinh cam tay , ta c6 cach giai ngan gon:
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Dit z':1Z+2:>z:2J,r3Z

z—-3 zZ —1

(*) . Phrong trinh da cho tr¢d thanh:

Lan luot tay z vira tim dwoc vao cOng thirc (*), ta tim dwoc:

7 e E+li;g+ii;ﬂ+§i;2—§i . Vay chon dap an C.
2 210 10 4 4 2

Cau 33. Biét z,,z,,z, la cac sO phttc thoa man ‘Z—Si‘ = ‘1 —i;‘ va z—=2 1 s§ thudn 0. Tinh
z
2 2 2
AR AR
A.51 B. 30 C. 41 D. 22
Hudng dan giai

bat z=x+yi,(x,yeR)
‘z—3i‘ =‘1—i;‘<:>‘X+(y—3)i‘=‘<1—y)—ix‘<:>x2 +(y—3)2 =(1_y)2 +x2

<:>(y—3)2 :(l—y)2:>y:2

Do ddé z=x+2i

Nhu thé
9(x—-2i
2—2 = x42i- _=x+2i—u=[x— X j+(2+ 18 ji
z X+2i X% +4 X% +4 X2 +4

A? 9 \ A A 2 \ 9X X=0 X:O
Dé z—= 1a s0 thuan ao thi x— =0 =
5

z X" +4 x> = X = J_rx/g
Vay c6 ba s6 phtic thoa man yéu cau dé toanla z=2i, z=—5+2i va z= J5+2i
CMPLY [F] Math &

12§ | 2+ | -fE+241 | b
2o

Vay chon dap an D.
Cau 34. Tim s6 phtec z thoa man: ‘z‘ =5 va (z+i)2 la s6 thuan do.
A.z=2+1,z=-2+1 B.z=2+i,z=-1-2i
B.z=-2+1,z=-1-2i D.z=2+1,z=-"2+1,z=1-2i, z=—-1-2i
Hudng dan giai

a’ +b% =5 b2 +b-2=0
Goiz=a+bi=> 5 = 5
a’—(b+1) =0 |a®=(b+1)

V6i b=1=a=+2=2z=2+1i hoac z=-2+i

Véi b=—2=a=+1=2z=1-2i hoac z=-1-2i
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Vay chon dap an D.
Cau 35. Tim s6 phtrc z ¢ phan a0 am, biét ‘z—l‘ =1 va sO phtrc (1+i)(;—1) c6 phan ao
bang 1.
A z=-1 B.z=-2-1 C.z=1-i D.z=3-i
Hudng dan giai
bat z=x+yi (x,yeR):gzx—yi
Tacs [o-1| =1 (x-1) +y? =1 (1)
Vi (1+i)(2—1):(x+y—1)+(x—y—1)i,~
(1+i)(;—1) c6 phan ao bang 1 nén x—y-l=1<x—1=y+1 (2)
y=0

Thay (2) vao (1) ta duoc: (y+1)2 +y? =1 2y? +2y=0<:>[ |
y=-

Voi y=0=x=2=2z=2

Voi y=—l=x=1=z=1-i

Vay co hai s6 phircla z=2 va z=1-1i.

Vay chon dap an C.
~ 4 - A N ’ 2 ~ \ Z + 7i \ ~
Cau 36. C6 bao nhiéu sd phttc z théa man ‘Z‘ =5 va =—— la so thyec.
z+1
A.5 B.3 C.4 D.2

Hudng dan giai
Goi Z:x+yi:>‘z‘:5<:>xz+y2 =25 (1)

_ Z_+7i _ x(x+1)—y(y+7)+xy+(x+1)(y+7).

Cow > > i

z+1 (X+1) +y? (X+1) +y?
w la s thuc :>xy+(x+1)(y+7)=0 (2)

, 7(x+1) \ \
T (2)c0 y=—>"——= (*), thay vao (1) dwoc phuwong trinh:

2x+1

2x +2x° —25X2—x+12=0<:><x—3)(x+4)(2x2—1)=0

Ny

Sx=3x=—4x=t—

Thay vao (*) tim duwgc y twong tng tir d6 tim duwoc cac s6 phtc: z=3—-4i; z=—-4-3i;

V2 12

z:i—i—zi.
2 2
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Cau 37. Tim mddun s6 phtic z biét u= 2+2+31 la mot s6 thuan ao va ‘z+1 31‘ ‘z 1+1‘
z—1i
\!36 \/26 V215 \}23
Al = B. |7 = CJd=—5= D. |7 =

Hudng dan giai
bat z=x+yi, (x,y e]R). Khi do:

(x+2)+(y+3)i:[(x+2)+(y+3)i][x—(y—1)i]

u=
X+(y_1)i x2+(y—1)2
(X2 +y2 +2X+2y—3)+2(2x—y+1)i
) x2+(y—1)2

u la sO thuan ao khi va chi khi:
X2+y2+2§+2y—3=0© (X+1)2+(y+1)2:5(1)
X2+(y—1) >0 (x;y);t(O;l)

Ta co:

=3 =14 e (x 1)+ (y=3) =(x=1) + (1)’

ex-2y+2=0 (2

Tt (1) va (2) ta co: (x;y) = (—%;—%j = ‘z‘ = _“2565 Vay chon dap an B.

Cau 39. Trong cac s6 phtic z thoa man diéu kién ‘Z —1—2i‘ =2, tim s6 phttc z c6 modun
nho nhat.

A [1%(2%} B. (l%j[z%j
.zZ= l_ﬁ + 2_ﬁ i D.z=- l_ﬁ - 2_ﬁ i
(-2} 4 -FH%)

Hudng dan giai

Goi z=x+Yi, (x,y 5 R) ; Goi M(x;y) 1a diém biéu dién s6 phtic .
Taco: [z-1-2i[=2 = (x—1)"+(y-2) =4

Puong tron (C) :(x—l)z+(y—2)2 =4 c6 tam I(1;2). Duong thang OI ¢6 phuong trinh
y=2x
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S8 phtec z théa man diéu kién va c6 mddun nho nhat khi va chi khi diém biéu dién s§
phtic d6 thudc dwong tron (C) va gan gdc toa do O nhat, diém do chi la mot trong hai giao
diém cua duong théng OI véi (C), khi do toa do ctia n6 thoa man hé

y =2x
{ o vt 2 bose nets 2

(x=1)"+(y-2)" =4 N 5
Chon x:l—i:y=2—

N5

Vay chon dap an C.

2 nen s0 phtc z:£1—ij+(2—iji
V5 5 V5

z+2—

Cau 40. Cho sd phtic z thoa man =\2.Tim gia tri nho nhat va gid tri 1on nhat cua

z+1—i

2

:\/B_F:S B. ‘Z‘min -
N \/5_3 D. ‘Z‘min -

:«/ﬁ+3
:\/B+3

2
A‘ min

Hudng dan giai
Gia sit z=x+yi. Tt gia thiét:

:\,5@‘)(+2+(y—1)i‘=\/§‘x+1—(y+1)i‘

z+2—1

z+1-1
o (x+2) +(y-1)’ :2((x+1)2 +(y+1)2j<:>x2 +(y+3)" =10

Tap hop di€ém biéu dién ctia z 1a dwong tron tam I(O; —3) ban kinh R = \/E .
Goi M la diém biéu dién cta z, ta co:

IM-10|<OM <IM+10 =10 -3<0M <10 +3

‘Z‘min = OMmin =

7 eoM,, =V10+3

Vay chon dap an A.

Cau 41. Cho s6 phtc z thdéa man (z+3—i)(;+1+3i) la mot so thye. Tim gia tri nho nhat
cua ‘z‘

Al =2

min ‘ ‘min

o C.l

Hudng dan giai

Gid st z=x+Yyi.
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Tir gia thiét: w=(z+3—i)(£+1+3i):(x+3+(y—1)i)(x+1—(y—3)i)
:x2+y2+4x+4y+6+2(x—y—4)i

Taco weRox-y-4=0

Tap hop bifu dién ctia z 1a dwong thiang (d):x—y—4=0. Goi M 1a diém biéu dién ctia z.

<OM,, < OM L(d)

‘Z‘ 1
min

Tim duoc M(—2;2) <z=-2+2i.Suy ra: ‘Z‘min =2+/2. Vay chon dap an B.
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CHU DE 6. PHUONG TRINH SO PHUC
BAI TOAN 1. PHUONG TRINH QUY VE PHUONG TRINH BAC NHAT SO PHUC
1. MOT SO Vi DU REN LUYEN Ki NANG

Vi du 1. Giai cac phwong trinh sau day véi an z:

a) (2+i)z=z+2i—; b)(1-i)(z—2i)=2+i.
Giai

a) Ta co:

(2+i)z:z+2i—1@z(2+i—1)=—1+2i©z(1+i):—1+2i

~142i (-1+2i)(1-1) —1-2i2+i+2i 1+3i 1 3,
= = = = = .

= = = z
1+i (1+i)(1-1) 1—i2 1+1 2
Mo oA et A1 1 3.
Vay s0 phttc z can tim la: Z=E+51.
b) Ta co:

(1—1)(z—2i)=2+i@z—zizz—ﬂ@z—zizw
1-1 (1—1)(1+1)

24+i% +3i 1+3i . 1 7.

e N +2iz=—+—1.
2 2

Sz-21=
1-i?

A N ’ A \ \ 1 7 .
Vay so phttc z can tim la: z = 5 + Sk

Vi du 2. Giai cac phuong trinh sau day véi an z:

2i—1 3i+1 zZ 51-2
a) ——z=—-—; b) = .
i+2 i-3 (2i+1)2 2i% +i-1
Giai
, 2i—1  3i+1 3i+l 2i—1 3i+1 i+2
a) Ta co: z= = : = =_

S X : = .
1+2 1-3 i-3 1+2 1-3 2i-1

b) Ta co: (2i+1)" =—3+4i; i* =ii% =—i
: _si2_ ~(5i-2)(2i+1)’ 379,
(Zi+1)2 -i-1 i+1 2 2
Vi du 3. Giai cac phuong trinh sau day véi an z:
a) (5—4i)z=(3+2i)(4-i); b)(z+2)i=(3i—z)(-1+3i).
Giai
a) Ta co
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(5-4i)z=(3+2i)(4-i) 2= (3+2)(4-1) _14+5i -0, 8l

5-4i  5-4i 41 41
b) Ta c6
(z+2)i:(3i—z)(—1+3i)<:>i.z+2i:3i+9i2+z—3iz
e (-1+4i)z=94iez= L 13,3,
“1+4i 17 17

Vi du 4. Gidi phuong trinh sau: (2iz+3)(z-5i)(2-3+6i) = 0.

Giai
Ta co:

2iz+3=0
(2iz+3)(z—5i)(£—3+6i)=0@ 2-5i=0
Z-3+6i=0

3 i 3,

zZ=— z=—=—1

2i 2

Slz=51 <|z=51
72=3-6i |z=3+6i

Vay nghiém cta phuong trinh la: z = —%i, z=5i, z=3+6i.
Vi du 5. a) Cho s0 phtic z thoa man (1 + i)z +2z=2. Tinh mo6-dun cua sd phtc
w=z+2+3i.

b) Cho s6 phitc z théa man diéu kién (2+i)z+E:5 —i. Tim mo-dun ctia s6 phtc

1+1
w=l+z+7°.
Giai
N , |3a—b=2 =1 , )
a) bat z=a+bi (a,beR). Theo dé ra ta co: { a b0 @{i nén z=1+i.
a— = =

Khidd w=z+2+3i=1+1+2+3i=3+4i.
Vay ‘w‘:\[32+42 =5.
b) Ta co:

(2+i)z+i—j:5—i<:>(2+i)z:5<:>z:2—i.
1

Khi d6: w =z +22 =5—51:>\w\=5\/§.
b) Ta co:
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(2+i)z+1—::5—i<:>(2+i)z:5<:>z:%:2—i.

Tur do w=1+z+2% =6-5i. Suy ra |[w|=36+25 =61.

Vi du 6. Cho s phtic z thoa man hé thite (2—i)(1+i)+2=4-2i. Tinh m6-dun ctia z.

Giai
Cach 1. Dt z=a+bi, (a,beR), khi d6 z=a—bi. Theo bai ra ta cé:
— 3:4 :1
(2-i)(1+i)+2=4-2i a+3+(1-b)i=4-2i at ol
l-b=-2_ |b=3

:>z=1+3i:>\z\=\/12+32 ~J1o0.

Cach 2. Ta co:
(2—1)(1+i)+2=4—2i@£=4—2i—(2—i)(1+i)=1—3i
Suy ra: Z:1+3i:>‘z‘:\/m

II. BAI TAP VA CAU HOI TRAC NGHIEM KHACH QUAN

Cau 1. Giai phrong trinh (2 +3i)z =z—1.

-(1-3) 1 3,

z=—4 i Biz=-—b-i Coz=—ti
10 10 10 10 10 10
Huwéng dan giai
Ta cé:
(2+3i)z=2z-1<(2+3i-1)z=-1< (1+3i)z=-1z= _1_:
1+3i
Vay chon dap an A.
Cau 2. Giai phwong trinh (2—i);—4 =0.
A. Z:—l+§i. B. z:§—ii. C. Z:i+ii.
55 55 10 10
Hudng dan giai
- - 4(2+i
Tacé: (2-i)z-4=0cz= 4‘= ( )=§+fi.
2-i 922412 5 5
A 8 4. A 14 ’
Vay z= g—gl. Vay chon dap an B.
Cau 2. Giai phwong trinh 2 +.1 z= _1+,31 .
1-1 2+1
A. Z:—l+§i. B. z:§—ii. C. Z:g+ii.
55 55 25 25

10 10

12 +32
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Huwéng dan giai

Ta co:

2+1 —143i I 3. I 7. I 7.)(1 3. 22 4.
zZ= S|l —+-ljz=—+-1z=|-+-1 || —+-1l|&Sz2=—+—1.
1-i 2+i 2 2 55 55 2 2 25 25

Vay chon dap an C.

2z—-1
zZ+1

Cau 3. Tim nghiém cta phuong trinh =1+i

A.Z=l+§i. B.Z=l+ii. C.Z=l+li. D.Z:—l+li
5 5 5 5 2

Hudng dan giai
biéu kién: z#-i .

Vi diéu kién trén, phwong trinh da cho tré thanh:

22__1:1+i<::>2z—1:(1+i)(z+i)c:>22—1:(1+i)z+i+i2
z+i

' i(1+i i+12
o(2-1-i)z=i-l1+1e(1-i)z=ioz=—= ( ) R IS

I=i (1-i)(1+i) 1+i 2 2
A s 1 1.
Vay zcantim la: z=——+—1.

2 2
Vay chon dap an D.
Cau 4. Tim nghiém ctia phuong trinh l:#+ ! -
z 2-1 3461
A. Zz—l—gi. B. Z=%+ﬂi. C. z:i+2i. D.z=—+—-1
77 3 3 10 10

Hudng dan giai
biéu kién: z=0
Véi diéu kién trén, phuong trinh da cho tré thanh:
i 1 1 i 1 1 1 2+i 1-2i

2 221 3161 ngz—i+3(1+2i) <:>;:4+1+3(1+21)(1—2i)

P24 1-2i i 3(2+i) 1-2i i 7+i
S—-="—+ == + &S—=—
z 5 3(1+4) "z 15 15 "z 15

15 15i(7-i)  15+105i 321,
oz= = = Sz=—+—I

T+i o (7+i)(7-1)  49+1 10 10
Vay chon dap an C.

Cau 5. Tim nghiém ctia phuong trinh: [(1 + Zi)i +2— i][iz + 1] =0.
i

A.z=1z=i1 B.z=-1,z=i1 C.z=-1,z=1 D.z=-,z=1

Hudng dan giai
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Chuyén Dé S6 Phitc

Ta co:

1
[(1+21)Z+2—1:|£lz+1j20<:> IZ+;—0 (1)
1 (1+2i)z+42-i=0 (2
Giéi(l)i(1)<:>izz+1=0<:>—z+1:0<:>z:1
Giai (2):
ovi _ (2+i)(1-2i) 242vivai

@ ez= 5T (1+2i)(1-2i)  1+4 Sz=icz=-

Vay phuong trinh ¢ 2 nghiém la z=i va z=-i.
Vay chon dap an C.

T+1 3+1
(2i _ 1>3 2z+1

Cau 6. Tim nghiém cta phuong trinh

A . z=1 B. z=1 C.z=-1 D.z=2

Hudng dan giai
A 1 . (me 3 .
Diéu kién: z;t—z. Ta co: (21—1) =11-2i.
T+i  3+i

(21_1)3 2z+1

(21—1) (3+1) (11-2i)(3+i)

7+1 7+1

& (7+1)(22+1)=(2i-1) (3+1)

=5<z=2.

=27+1=

Vay chon dap an D.
2+i-z  2z+1
(3—i)2 10+5i

Cau 7. Tim nghiém ctia phuong trinh

A.z=2i1 B.z=1+1 C.z=- D.z=2+i1

Hudng dan giai

2+1—-z 3 2z +1
(3_i)2 10+5i

o (2+i-2)(10+51) = (22+1)(3-i)

o (2+i)(10+51)-(10+51)2=2(3-i) 2+ (3-1)’

@[ (10+5i)+2(3 }z:(3—i)2—(2+i)(10+5i)
(26-7i)z=-7-26i < z=-i.

Vay chon dap an C.
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—-5i

z—2+1

A. 42 B. 242 c.\2 D. 32
Hudng dan giai

4-12i _

Cau 8. Cho s0 phtic z thoa man diéu kién +2i=3. Tinh md-dun cta s6 phic z—2i.

z—51

- +2i=3z-51=(3-2i)(z-2+i)<z= — —4-2i
Tacod:z—2+1 2-2i
Nén z—2i=4-4i.. Vay [z-2i| =42 .
Vay chon dap an A.
1-3

i R n .
o =2 —i . Tinh mo6-dun cua z.
+i

A3 B. 242 c.\2 D. 32

Cau 9. Cho s6 phtrc z thdéa man diéu kién (1 —2i)z +

Hudng dan giai
1-3i

I+1
Vay chon dép an C.

Ta cé: (1—2i)z+ :2—i<:>z:%+gi:>‘z‘:\/5
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Chuyén Dé S6 Phitc

BAI TOAN 2. CAN BAC HAI SO PHUC, PHUONG TRINH BAC HAI VA PHUONG
TRINH QUY VE PHUONG TRINH BAC HAI

Phuong phap
1. Ta nhac lai cin bac hai ctia s8 phitc

Dinh nghia: Cho s phtic w. Mdi s8 phitc z théa man z*

=w dwoc goi la mot can bac hai
ctia w. Mdi cin bac hai ctia w 1a mot nghiém ctia phuong trinh z2 —w = 0.
a) Truong hop w la sd thuc

= (Canbachaicua0laO0.

» Xétsothuc w=a=0
Khi a>0 ,tacod 22—a=(z—«/a_)(z+\/;).

Phwong trinh 22 —a=07z= \/a_ hodc z= —\/;.
Vay s6 thuc a duong c6 hai cic bachaila va va —/a.

Khi a<0,tacd zz—a:zz—(—aiz):(z— —ai)(z+ —ai).

Phurong trinh z° —a =0 <>z =+/-ai hodc z=—/-ai.
Vay s6 thuc a 4m c6 hai cin bac hai 1a —/ai va —/-ai.
Vidu: —1=i* = -1 ¢6 hai cin bac hai 13 i va —i.
2_ .22 2 s et e 1A Cin e
—a“ =a“.i“ = —a“ co hai can bac hai la ai va —ai.

b) Treong hop w=a+bi (a,beR,b;tO)

bat Z:X+yi,(x,yeR)

2
z 14 cin bac hai ctia w < z° :w<:>(x+yi) —a+biex?—y>+2xyi=a+bi
2 2

LR

2xy=Db
Giai hé phuong trinh nay, ta ludn tinh dwoc hai nghiém (X;y).
Mbi nghiém (x;y) ctia hé phwong trinh trén cho ta mot can bac hai z=x+yi cta sd phtc
w=a-+bi.
Ki thuat MTCT tim cin bac hai ctia s6 phirc

Gia st ta can tim can bac hai s6 phirc z=a+ bi,(a,b S R)

e Budc 1: Nhap vao man hinh a+bi va an phim E| {leu lai s6 phtrca+bi }

arg(Ans)

e Budc 2: Nhap vao man hinh ‘Ans‘é roi &n phim E|
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e Budc 3: An phim néu man hinh khong hién thi day du. Ltc nay méy sé
hién thi s6 phic dang o +Bi
e Budc 4: Két luan can bac hai can tim la i(a + Bi)
Vi du: Tim can bac hai ctia s6 phtic z=-5-12i

Huwéng dan thwc hanh

Budc 1: Nhap vao man hinh —5-12i va an

CMPLX [F] Math &

phim |- ~5-121
-5-12i

; L oo arg(Ans)
Buwoc 2: Nhap vao man hinh ‘Ans‘LT WL & Woth &

LANS]
{fns [ £ 3C21a0s
2-31

roi an phim =] ta duoc ket quala 2-3i

Buoc 3: Bé qua vi man hinh da hién thi 2-3i

Budc 4: Két ludn cidn bac hai can tim la
+(2-3i)

2. Phwong trinh bac hai
Xét phuong trinh: Az’ +Bz+C=0 (AB,Class phitc A=0 ) (1)

Ta c6 A=B?—4AC.
* Néu A#0, A cd2canbachaila 8§ va -3, phuong trinh (1) c6 2 nghiém phan biét

. -B+06 | -B-06
la: z, = va z,=——.
2A
~ Y 7 oA 4 B
* Néu A=0, phuong trinh (1) c6 nghiém kép z, =z, = oA

Chuay:
» Ta chitng minh dwgc véi moi phuong trinh bac hai hé s6 thue, néu z =x +yi
(x,y € R) va y #0 la mot nghiém thi z=x- yi ciling la nghiém ctia phuong trinh
do.
= Do tinh chat ctia phép nhan s8 phttc, dinh li Vi-et van dting cho phuong trinh bac
hai v6i an z e C. Do d6 cac cach tinh nhdm nghiém ctia phuong trinh bac hai van 4p

dung duoc.
Chéang han:
C C
A+B+C:O:>z:1,z:X; A_B+C:0:Z:_1’Z:_X'

Ki THUAT GIAI PHUONG TRINH BAC HAI HE SO PHUC
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Chuyén Dé S6 Phitc

g(D) . _-BE __-B-E

ar
e Budc 1: Ghi vao man hinh D=B> —4AC:E = WD‘L :
2 2A 2A

e Budc?2: An CALC va khai béo cac hé s&
Vi du: Giai phuong trinh z” +2(1-2i)z—(7+4i)=0;

Dl‘mg MTCT
CMPLE D] Math MDizp CMPLE D] Math A
::l;:= —E+E I.I,l= —E—-E
ZA ZA

1+2i -3+

Vay hai nghiém cta phwong trinh la: z=1+2i,z=-3+2i

I. MOT SO Vi SU REN LUYEN Ki NANG

Vi du 1. Tim cén bac hai ctia s6 phtic

a)—9: b)3+4i; o)l —3i; iy

Giai

a) Goi z la can bac hai ctia -9 , ta co:

22 =972 =9 < z=3i hodcz=-3i

Vay -9 c6 hai can bac hai la 3i va -3i.

b) Goi z=x+yji, (x,y eR) la can bac hai cta 3+4i, ta co:

22 =3+4i o (x+yi) =3+4i x> -y’ +2xyi=3+4i
2_2_ 2-v:=3 (1

- {x y =3 _ % -y (1)

2xy =4 Xy =2 (2)

Tk (2) =>x#0vay= 2 thay vao (1) ta duoc:
X

2 (s
(l)sz_iz_3c>x4—3xz_4_0c>lx = 1(10@.1)
X

=2 =1
Vi X =4 | 7T
x=—"2=>y=-1

Vay 3+4i c6 hai cinbac haila 2+i va —(2+i).

Dung MTCT
CMPLY [F] |:|-;-| Math :.Il
arg (Ans
fans [ 232
2+i
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Vay 3+4i co hai canbachaila 2+i va —(2+i).

c) Goi z=x+yi, (x,yeR) la can bac hai cua 1—\/§i

Luac do:
2_2_1 (1
(x+yi) =1-Bi x> -y +2xyi=1-\Bi & oyt ()
2xy:—x/§ (2)
\ .3 \ \
T (2) =>x#0 va Y=o thay vao phuwong trinh (1) ta dugc
X
2 1 .
3 X =—5 (102_11)
()= -——=lo4'-4x’-3=0c ox=*
4x? 2_3
X" =—
2
voix-Loy B2
2 2x 2
voi xo—B oy B2
2 2x 2
Vay c6 hai can bac hai ctia 1—\/51 la z:ﬁ—ﬁi va ——6 ﬁ
2 2 2 2
Dung MTCT
/| ':mlpu'c ardoAris
ANS | L5
48 _dZ
z 71
Vay c6 hai can bac hai ctia 1—\/51 la z:ﬁ—ﬁi a —ﬁ ﬁ
2 2 2 2
d) Goi z=x+yi,(x,y ER) la can bac hai ctaa —%
i
Ta co:
22=—i<:>(x+yi)2=£<:>x2—y2+2xyi=—
4i 4i
1 1
22 - 1 -
oy =0 Ve y=— Y =%
= 1 & | = 8x = |
2Xy = — 2 —0 4 _q_ 4_ -
4 e M
1 1 12 )
y_ X=t—— e - =
8X<:> 2 2<:> 2\/5 4 hoic 2\/5 4
X221 y:i _ﬁ __ﬁ
8 8x YT YTy

Ths. Tran Pinh Cu. SPT: 01234332133. Gv Chuyén luyén thi THPT Quéc gia, TP Hué

Page 12



Chuyén Dé S6 Phitc

BB, L > ﬁi}

Vay —i. cO hai can bac hai la Z=T+Tl va z

41 T
Diing MTCT
M ar B ke
Hans| 1=
42 T .
a4t gl

d
Vay —% c6 hai can bac hai la z—g+g1 va z-—(% \/Elj
i

Nhan xét: Moi s6 phtrc déu ¢6 hai can bac hai di nhau.
Vi du 2. a) Tim s8 phttc z thoa man: z° = =164 +485i
b) Tim s6 phttc w thoa man: w* = —164 +48/5i
Giai
a) Dat z:x+yi,(x,ye R) , ta co:
2> =164+ 4851 & (x +yi)’ =164 +485i
o x2 —y? 4 2xyi = —164 + 485i
x*—y?=-164 (1)

fe—g

xy =245 (2)
2445

T (2) = x#0 va y=—— thay vao (1) ta dwoc
X

2
-1
(1):>x2—(24*/gJ =164 < x* +164x%-2880=0 = X2 80<:>x:i4 Vi
X

x:4:>y=6«/5_.
Véi X=—4:>y:—6\/5_.
Vay c6 hai s6 phtic z thoa man 7> = —164+48\/§i la
2=4+6\5i, z=—4-6\5i.
b) Ta c6 72 =164+ 4851 va w* = —164 +48/5i
Suy ra: wt =277 <::>(w2 —z)(w2 +z):()<::>w2 =tz
Theo két qua trén ta c6 z = i(4+6\j§i) —Sw’= 4+6\f§i hodc w? = —4—6\/§i.
bat W=x+yi,(x,y eR).

= Trudong hop 1: Véi w? =4+6+5i taco (x+yi)2 =4+6\5i
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xz—y2:4 (1)

2xy =635 (2)

o x2—y? +2xyi = 4+ 6351 =

35

T (2) = x#0 va y=—— thay vao (1) ta duoc
X

2
2—_
sz_(ﬁ] 4o xt-4x’-45=0 Xz_ 5<:>X:i3
X

Voi X=3:>y:3 51:«/5
X

Véi x=-3=y= 3 51:—«/5_.
X

Vay w:i(3+\/§i).

= Truong hop 2: V&i w? =—4—65i, tacd (x+yi)’ =—4-6+5i

o x2—y? +2xyi = —4— 6451 =

Tk (2) =>x#0 va y:—ﬁ thay vao (1) ta duoc
X

2
2—_
:xz—{—ﬁ] —doxt+ax’-45=0> XZ_ 9<:>x:io\/5
X

Vay w=i(\/§—3i).

Két luan: C6 4 s6 phitc w thoa man w* = —164+4845i 1a:

w=i(3+x/§i), w=i(\/§—3i).

Vi du 3. a) Tim s8 phttc z thoa man z* =—1;

4
b) Tim s phttc z thoa man [Z—_lj =-1.
z+i
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Chuyén Dé S6 Phitc

. Véi 72 =1, ta dat Z=X+yi,(x,ye R) ta co:

)(2—y2 =0 (1)

(x+yi)2:ic>x2—y2+2xyi:i<:> Iy =1 (2)

T (2) =>x#0 vay= ZL thay vao (1) ta duoc
X

Két luan: z* =-1<

Xét 4 treong hop:
e Truong hOp 1:

Z—l @\Fz \,F (1+i)(z+i)<:>\ﬁz—\5:z+i+iz—l

zZ+i f f ( )( )
N i (Yaersi)(V2-te
Q(ﬁ_l_l)z_ﬁ_l_lcz_ﬁ—l_i_(«E—l—i)(«E—ni)

(\/5—1) —1+2(J_ )1 2- 2J_+2(\/_ )i_l—«ﬁ+(\ﬁ—1)i

&z = (ﬁ—1)2+1 4_ 2NF B 2_\5
_1—«/§+(«ﬁ—1)i R
oz= \/5(\/5_1) <:>z_—$+ﬁ.

e Truong hop 2:
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271 i)(z+i =—z—iz—i-i’
\f_ \/—)<:>\/_Z *\/_ (—1—1)(Z+1)<:>\/5z—\/5_
@\/_Z—\/E:—z—lz—i+1@(\/5+1+i)z:\/5+1—i
e («/§+1—i)2 _(«/5+1)2+12—2(«/5+1)i
\F+1+1 (\E+1+i)(\5+l—i) (\/5+1)2+1

242 2—2(\E+1)i \E+1—(\E+l)i_\5+l—(\5+l)i

B 4+2\/5 T 2+xf§ - \/5(\/5+1)
1 1
zﬁ_ﬁ.
e Truong hop 3:
z-1 i)(z+i —z—iz+i-i
T—TH::M/_Z x/_ (1—1)(z+1)<:>«/52—«/5—

@\FZ—\F=Z—1Z+1+1C)(\E—l-i—i)Z:\E-i-l-l-i
_\/§+1+i_(\/5+1+i)(x/5—1—i)_(\/5+1)(\/5—1)+1+i(\/5—1—\/5_1)
2 -1+i (\/E—Hi)(\/g—l—i) (ﬁ_1)2+1

22 =i 1 i
4-22 2-\2 2-2 2-\2

. Trtr‘ong hop 4:

2=l _ i \2z- —1+i)(z+i) e V2z-2 =—z+iz—i+i°
e e e (i) o o

@\FZ—\E=—z+1z—1—1<:>(\5+1—i)z=\/?—1—i
i _(\/5—1—1)(\/5+1+1) _(\/5+1)(\/5—1)+1+i(\/5—1—\/5—1)

_\/5+1—i_(x/5+1—i)(\/5+1+i)_ (\/5—1)2+1
P 2-2i _ 1-1 - 1 . i

4122 242 2442 2442
Két luan:
[Z—_lT— lz=— hoacz—1 i hoac z= ! - i
i JE N i Rk v
hoac z =

1
2+42 2+\E '
Vi du 4. Giai cdc phwong trinh bac hai sau day:
a) 22 +4z-5=0; b) z°-8z+16-2i=0;
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Chuyén Dé S6 Phitc

C) (22—1)2+9:0; d) 22+3Z+§:O.
4
Giai
a) Phuong trinh: 2% +4z2-5=0 c6 cdché s§ A+B+C=1+4-5=0 nén phuong trinh c6
hai nghiém la z,=1,z, =-5.
b) Phuong trinh 7> ~82+16-2i =0 < (z—4)" =2i
o (z2-4) =(1+i)" (chayla (1+i) =1+ +2i=1-1+2i=2i )

{z—4zl+i {z:5+i
=

z—4=-1-1 z=3-1

¢) Phuong trinh (2z-1)" +9=0 & (22-1)" =9 & (22-1)" = (3i)’

+3.

27—-i=3i z !
b= . ="

2z—1=-3i 1 3.

Zz=——=1

2 2

d) Phuong trinh z° +3z + 2?5 =0 co:

_2+ 41
A=3° —4.2745 =0=-16= (4i)2 . Phuong trinh c6 hai nghiém 1a z = S .
MTCT
[F] MathW¥ [F Math Wik
A1= h2=

T =

=+ =—21
Vi du 5. Giai cac phuong trinh bac hai hé s phttc sau day:
a) 2> —7z+1143i=0; b) 2% +2(1-2i)z—(7+4i)=0;
c) 27 -2(2-i)z+6-8i=0; d) 22 —(2+i)z+i+1=0.

Giai

a) Phuong trinh z° —=7z+11+3i=0 c6: A=49—44—12i=5-12i

bat A= (x+yi)2 ,(x,y eR).

Taco (x+yi) =5-12ie1

T (2) =>x#0 va y:—9 thay vao (1) ta duoc
X

Ths. Tran Pinh Cu. SPT: 01234332133. Gv Chuyén luyén thi THPT Quéc gia, TP Hué Page 17



2
=_4 =_3
(1):>x2—§=5<:>x4—5x2—36:0<:> x = x
x2 x2=9 x=3

Voi x=3=y=-2; Véi x=-3=y=2. Vay A=(3-2i)".

Phuong trinh c6 hai nghiém 1a z, = y Z5-i, 2, = # —2+i.

Loi binh: Viéc tim cin bac hai cta sd phirc 5-12i ta dung MTCT cho nhanh

CMPLY [F] Math &

LANS]
{fns [ £ 3C2100s
i |

b) Phuong trinh z° +2(1—2i)z—(7+4i) =0 co:
A'=(1-2i) +7+4i=1-4-4i+T+4i =4,
Phwong trinh c6 hai nghiém la: z, =—1+2i+2=1+2i, z,=-1+2i—-2=-3+2i.
c) Phwong trinh 2> —2(2-1)z+6-8i=0 cé:
A\2 . . . .
A'=(2-1) -6+8i=4-1-4i—6+8i =—3+4i.

x2 —y2 = —3,(1)

ou st (uos (e [V

T (2) =>x#0vay _2 thay vao (1) ta duoc:
X
2 4 4,22 x?

(N=x-5=3ex'+3x’-4=0s o x=tl

X x? =1
Véi x=1=y=2; Véi x=—I=y=-2 Vay A'=-3+4i=(1+2i)"
Phwong trinh c¢6 nhiém la: z,=2-1+14+2i=3+1,z, =2-i—-1-2i=1-3i
d) Phuong trinh 22—(2+i)z+i+1=0 c6 cac hé s6 thda man a+b+c=1-2—-i+i+1=0.
Suy ra phuong trinh c6 hai nghiém la z, =1,z, =1+i.
Vi du 6. Giai phuong trinh sau trén tap s0 phtic :
42-3-Ti

Z—1

a) z—2i. b) 2> —(1+i)z+6+3i=0
Giai
a) Biéu kién z #1i
Phuong trinh cho tuong duong véi: 4z—-3-7i= (z - i) (z - 2i) hay

2> —(4+31)z+1+7i=0 (*)
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Chuyén Dé S6 Phitc

Cich 1: Phuong trinh ndy c6 biét s8 A=3-4i = A=i> ~4i+4=(i-2)’
(*) < z=1+2i hodc z=3+i

Cich 2: Goi d=x+Yyi (X,y € R) la can bac hai ctia A, khi d6 (x+yi)2 =3-4i hay

2,2 _

X2 +y2 +2xyi =3-4i suy ra Xty _3<:>(x,y):(2;1),(—2;1)

2xy =—4
(*) < z=1+2i hodc z=3+i
b) Ta co:
A=(1+i) —4(6+3i)=-24-10i = (1-5i)’
Phuong trinh ¢6 hai nghiém la: z=1-2i va z=3i.
Vi du 7. Giai cac phuong trinh sau:

2\ 2 2 2 2 2
2) (z +z) +4(z +2)-12=0; b) (z +3z+6) +2Z(z +3z+6)—3z -0.
Giai

a) Pitt =z +z Phuong trinh da cho tré thanh

t=—6 2 6=0
t2+4t—12=0<:>{ c{z Tzt

t=2 2> +2-2=0
I V23 .
z=——+—1i
2 2
Véiz'+z+6=0<
1 23,
z=————i
2 2
) [2=1
Voiz”+z2-2=0<
|z=-2
Vay nghiém ctia phuwong trinh la: z = —%+%i, z :—%—@i, z=1z=-2.

b) Cach 1. Ta co:
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2
(Z2+3Z+6) +2z(22+3z+6)—322 =0

2
<:>(z2+3z+6) +2z(z2+32+6)+z2 —47% =0

" (22) =0

2
@[(22+3z+6)+z} —(22)2 =Oc>(z2+4z+6)
<:>(z2+4z+6—22)(22+4z+6+22)=0

{22+2z+60 |:Z—1+in
= =

22 +62+6=0 |z=-3+3
Vay nghiém cta phuong trinh la: z=-1+ J5i, z=-324/3.
Cach 2. Dit t =z +3z+6 . Phuong trinh da cho tré thanh
t*+22t-32% =0 (*) .
Tacé: A'=(22) +32% =472> = (22’

Phwong trinh (*) ¢ hai nghiém: t=—z+2z, t=—z-2z.

_z=—1+in
_z=—1—«/§i

_z=—3+\/§
_Z=—3—\/§.

Vi du 8. a) Hay giai phuong trinh sau trén tap hop s6 phtic (z - i)2 (z + i)2 ~572-5=0.

Véit=-2+22< 2> +324+6=-24227>+272+6=0

Véit=-z-272<72"+324+6=-72-2272+62+6=0<

b) Giai phuong trinh: (z2 —z)(z +3)(z + 2) =10,zeC
Giai

a) Viét lai phuong trinh vé dang;: (z2 + 1)2 ~522-5=0

Khai trién, rat gon, nhan t héa (z2 + 1)(22 —4) =0

Giai cac phuwong trinh, thu dwoc z=+i va z=12 r6i két luan.

b) PT<:>z(z+2)(z—1)(z+3)=10<:>(z2+2z)(z2+2z—3)=10

Dit t =2z* +2z. Khi 46 phuong trinh tré thanh: t* =3t-10=0

< =
t=5 Z=—1i\/€

Vay phuong trinh ¢ cdc nghiém: z=-1++6; z=-1+i
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Chuyén Dé S6 Phitc

Vay phuong trinh da cho ¢6 hai nghiém z=1+2i hodc z=3+i

Vi du 9. a) Goi z,z, la hai nghiém ctia cia phwrong trinh bac hai hé s& phtic

Az> +Bz+C= 0,(A # O). Chttng minh réng: Z,+2, = ~ va 7,2, = %

Ap dung 1: Biét phuong trinh bac hai (1-i)z* +Bz+C=0 c6 hai nghiém la

z,=2,2, =1+2i. Tinh B va C.

b) Cho hai s6 phttc c6 tong z, +z, =S va tich z,.z, =P. Chitng minh rang z, va z, la hai

nghiém ctia phuong trinh bac hai z*> —Sz+P =0.
Ap dung 2: Tim hai s8 phttc 6 tong bang 4 va tich bang 4 +2i.

Giai
a) Phuong trinh AZ? +Bz+C=0 c6 A=B?>—4AC. Goi & 1a mdt c&n bac hai ctia A.
Phwong trinh c6 hai nghiém la: z, = B+o VZy = B9 .
2A 2A
Ta cod:
-B+0 -B-90 B
z,+2, = + =——

2A 2A A

2 2 2
\ B+58)(-B-3) (-B) -8 B ‘(B ‘4AC) C
va ZI.ZZ - . = =
2A 2A

Ap dung 1: (1—i)z2+Bz+C:O c6 hai nghiém la z, =2,z, =1+2i.

4A? 4A? A

Ap dung két qua trén ta cé:
B .\ —B
ZI+Z2:_X<:> 2+(1+21):: (1)
2,2, :% 2.(1+2i)=£, (2)

1-1

Tir (1) = B=(—1+i)(3+2i)=-3+2i" -2i+3i=-5+i
Tir (2) = C=(1-1)(2+4i)=2-4i* —2i+4i = 6+2i.
Vay B=-5+i va C=6+2i.

b) Hién nhién z ,z, 1a hai nghiém ctia phurong trinh bac hai
(Z—Zl)(Z—Zz) —0e 77 —(Z] +Z2)Z+Z1.Z2 —0<2>-Sz+P=0.

Ap dung 2: Goi hai s8 phttc phai tim 1a z, va z,. Theo gia thiét ta c6
S=z,+2,=4 va P=2z,7,=4+2i.

Do d6 z, va z, la hai nghiém ctua phuong trinh bac hai 2> ~Bz+P =0 hay
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2
z* —4z+4+2i=0. Phuong trinh trén tong dwong voi: (z - 2) =-2i

o (z-2)" =(1-i) @ z-2=%(1-i)©2z=2+1-i=3-i,z=2—1+i=1+i. Vay phuong trinh

c6 hai nghiém la z,=3-1,z, =1+i.

Vi du 10. Cho phuong trinh bac hai hé s& thuc Az? +Bz+C=0 (1), véi A =0.

a) Chitng minh réng néu phuong trinh (1) c6 mot nghiém thuc z, thi nghiém con lai z,

cting 1a s6 thyec.

b) Chting minh réng néu phuong trinh (1) c6 mét nghiém thuc z, khong la s8 thuc thi %

cing la mot nghiém.

Ap dung: Tim phuong trinh bac hai hé s6 thiee biét phirong trinh ¢6 1 nghiém 12 2+i.

Giai

a) Ta biét ring phuong trinh bac hai Az> +Bz+C=0 (1) c6 hai nghiém la z, va z,.Theo

-B

cOng thirc Vi-et ta co z, +z, =—
12Ty

Vi A,BeR nén éeR va ta cling c6 z, e R. Vay z, eR.
A
b) Ta c6 z, la nghiém cta phwong trinh Az* +Bz+C=0 nén:
Azo2 +Bz,+C=0= Az(z) +Bz,+C=0 (Vilién hi¢p ctia s6 thurc la chinh s6 thire d6 suy ra
—\2 —
A(ZO) +Bz,+C=0
Vay Z_O ciing 1a nghiém ctia phuong trinh Az* +Bz+C=0.
Ap dung: Theo chitng minh trén, phuong trinh bac hai hé s& thuc ¢6 1 nghiém la z,=2+i
thi nghiém kiala z, =2-i.
Taco S=z,+2, =(2+i)+(2-1)=4 va P=z,z, =(2+i)(2-i) =2 -i’ =4+1=5.
Vay z,,z, lahai nghiém cta phirong trinh bac hai: 2> —Sz+P=0 hay z> —4z+5=0.
Vi du 11. Biét z,,z, la hai nghiém ctia phuong trinh 272 +3iz+3i+1=0.
Hay tinh:

2 2. 3 3. 4 4,
a)zy +75; b)z] +75; 0z, +75; d)—
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Chuyén Dé S6 Phitc

V3.

z,+2,=———1
Theo dinh ly Vi-et ta co: 2

_1+3i
2y 2y =—F

2
Do d6:

_6_\/§i
2

3 13,
4+ —=i
2 8

2,2 _ 2 _
a) Z1+ZZ_(Z1+Z2) =222, =—1+

3,3 _ 3 _
b) z] +z, —(Z1 +22) -22,z, (Zl +22)—

2 ) 2
2., .2 2.2 2.2
(Z1+ZZ) —22122—[(Zl+22) —22122} —22122

2 2
4, 4 (2 2
c) Z1+Z2_(Zl) +(22)

_ 3t 15,
16 2
2
)
d)Z—1+Z—2:21 +75 :(z1+22) -22,2, :—£+ii.
z, 1z, 2,2, 2,2, 20 20

Vi du 12. Goi z,, z,1a hai nghiém phttc cuia phwong trinh 72 —4z+9=0; M, N Ian luot 1a
cac diém biéu dién z,, Z, trén mat phéng phtic. Tinh d6 dai doan théng MN.
Giai
Phuong trinh da cho c6 A'=4—-9 =-5=5i* nén c6 hai nghiém z 1o =2% i5.
Tir d6 M(2:45 ), N(2:-V5 )= MN =25
béap s6: MN = 25
Vi du 13. a) Giai phuong trinh: (z2 +i)(22 —2iz —1) =0
b) Tim s8 phitc B @€ phuong trinh bac z° +Bz+3i =0 c6 tdng binh phuong hai nghiém
bang 8.
Giai
a) Ta céd
z*+i=0 (1)

(22+i)(22—2iz—1)=0<:>
722 -2iz-1=0 (2)

Giai (1): Tacé 22 =i <

Giai (2): 22—2iz—1:0<::>(z—i)2 =0<z=i
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Vay nghiém cua phuong trinh la z, = \j_ { z, = —g+gi, z=i.
Vi du 14. a) Tim a,beR d€ phuong trinh z®+az+b=0 nhan s6 phitc z=1+i lam
nghiém.
b) Tim tat ca cac sO thuc a, b sao cho s phitc z=2+3i la nghiém ctia phuong trinh
2’ +az+b=0.

Giai
a) Theo d&, ta c: (1+i)° +a(1+i)+b=0<1+2i+i’ +a+ai+b=0

<:>(a+2)i+(a+b):0©{a+2:o©{a:_2
a+b=0 b=2

b) Tinh z* =1+6i, az=2a+(3a ;.

Suyra z° +az+b=(2a+b+1)+(3a+6)i

Tir d6, 6 hé 2a+b+1:0c> a=-2
3a+6=0 b=3

(1+i)° (~1-2i)

Vi du 15. Tinh m6-dun cua s6 phitc w=b+ci (b,c = R), biét s6 phtrc la

(1-1)’

nghiém ctia phurong trinh 72 +bz+c¢=0.
Giai
Ta b 2, - (21)" (-1-2i) 2(-2i)(ei)

(~2i)’ (1-1) 2i

Vi z, la nghiém cua phuong trinh 2% +bz+c=0 nén:

6-b=0 c=
Ta c6 |w|= V102 +6% =234

Vi du 16. Cho phuong trinh 82° —4(a+1)z+4a+1 =0 (1), v6ialatham s6. Tim aeR dé

3o iVab(3 i) e 0 8730FE=0 L b=6 100
(-3-1)" +b(-3~i)
10

4 . A 2 ~ Z \ A2 4 \ ~ 7 14 A 2
(1) ¢4 hai nghiém z, z, thoa man — 1a s8 4o, trong d6 z, 1a s6 phttc ¢6 phan 4o duong.
z
2

Giai
Tk gia thiét suy ra z,z, khong phai la s6 thuc. Do do6 A'<0, hay

4(a+1)’ —8(4a+1)<0<:>4(a —6a— 1)<0<:>a —6a-1<0 (¥
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a+1—\/—(a2—6a—1)i a+1+\/—(a2—6a—1)i

Suy ra z, = 1 2y = 1 =z,
4 Zl \ A2 2 1x )
Taco—lasoa0<:>z1 la s ao
7
2
2 2 2 a=0
<:>(a+1) —(—(a —6a—1)):0<:>a -2a=0<
a=2

Déi chiéu véi diéu kién (*) tacod gid trictaala a=0,a=2.

Vi du 17. a) Timm € R d€ phuwong trinh 4z° +4(m - l)z +m?-3m=0 c6 hai nghiém phan
biét z,,2,€C thoa man ‘z1‘+‘22‘ :\/B.

b) Goi z,,z, 1a hai nghiém phttc phan biét cia phwong trinh 7’ —(m —4i)z —1+7i=0 Tim

N1 Zy  Z, 3+i
s6 phttc m sao cho ~L+-2="—.
4

2

c) Trén tap sO phtc, tim m d€ phuong trinh bac hai: z°+mz+i=0 cd tong binh phuong

hai nghiém bang —4i.
Giai
a) z,,z, € Cla nghiém cta phuong trinh: 47 +4(m - l)z +m? —3m =0 nén néu goi
z,=a+bi=z,=a-bivdi a,beR
, 2 2
Gia thiét cho: ‘zl‘+‘zz‘ :ﬁc‘zl‘ +‘22‘ =10

<:>a2+b2+a2+b2+2(a2+b2):10<:>4(a2 +b2):>a2+b2 _10

Mat khac theo Viet ta co :

— 2_
z,.2, _m 43mhaym 43m=¥<:>m2—3m<:>m:—2 hoac m=5

b) Xét phuong trinh 7* —(m—4i)z—1+7i =0 (1) .Taco A= (m+4i)2 —4(7i—1)
Phwong trinh (1) c6 hai nghiém phan biét < A#0 < (m +4i)2 —4(7i — 1) #0

Theo dinh ly Vi-ét, ta c6 z, +z, =m+4i;z,.z, =—1+7i

) ) )
N , Z, Z 3+1 Zy+z 3+1

Mit khac —L+-2 = e E A

z, 7, 2 2,2, 2

c) Gia st z;,z,1a nghiém cua phuwong trinh da cho va m=a+bivoi a,beR.

Theo bai toan ta co: 212 +222 = —4i Suy ra m? = —2i dan t6i hé:
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2 _
a”-b _0:>m:1—i hoac m=-1+i
2ab=-2

II. CAU HOI VA BAI TAP REN LUYEN Ki NANG

Cau 1. Tim nghiém ctia phuong trinh z° +2z+5=0.
Al z,=-1+2i; z,=-1-2i B. z,=-1-2i; z,=-1-2i
C. z,=1+2i; z,=-1+2i. D. z, =-1-2i; z,=-1+2i
Hudng dan giai
Tacé: A'=—4=4i>. Phuong trinh da cho c6 hai nghiém la: z, =-1+2i; z, =-1-2i.
Vay chon dap an A.
Cau 2. Tim nghiém ctia phrrong trinh z° +(1—3i)z—2(1+i) =0.

A. 21:2i; 22:-1-i. B. 21:2i; Z2=—1+i.
C. 21:1—2i; 22:—1+2i. D. Z1=—1—2i; zzzi.
Hudéng dan giai
Ta co A:21_(1+1) . Phuong trinh da cho c6 hai nghiém la:
—1+3i+1+1 . —1+3i—-1-i :
7, =———=2i; 2, =———=—1+i.
2 2
Vay chon dap an B.

Cau 3. Tim nghiém ctia phuong trinh 7> —2(2+i)z+(7 +4i) =0.

A. 21:1+2i; 22:—1—i. B. 21:—1—2i; 22:—1+i.

C. 21:1—2i; 22=—1+3i. D. z1:2—i, z2=2+3i.
Hudng dan giai

Tac6: A'=(2+i) —(7+4i)=—4=4i’

Vay phuong trinh da cho c6 hai nghiém la: z, =2 -1, z, =2+3i.

Cau 4. Tim nghiém ctia phuong trinh 2iz? =3z +4+i=0.
A. B.

\/1313—17_ - J1313 417 . , l, 1313-17 1|, \/1313+17
2 ’ 17y "2 2

, =1
Iy 2

N
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1 [N1313-17 1 1313 +17 |. 1 [N1313-17 1 V1313 +17 |,
2=\ |3y ——— | 2=\ |3y —— i
4 2 4 2 4 2 4 2
, -1 \/1313—17_1 3 V1313 +17 . , 1 \/1313—17+1 3 V1313 +17 i
Iy 2 4 2 Iy 2 4 2
Hudng dan giai
Ta c6: A'=9—8i(4+i)=17-32i . Ta tim cin bac hai x+yi cta A
) 2217 x2—£26:17
Tacéd: (x+yi) =17-32ie{" 7 ~ e X
2xy =-32 -16
y=—
X
e ’17+\/1313
X2_17+\/1313 2
N 2 Sl 174313
16 XENT
y:—— L
X 16
y=-—
X
Ttr do, phuong trinh c6 hai nghiém phtc la:
1 [N1313-17 1 V1313417 |,
, L J1313-17 1 5 /«\/1313+17 i
Loy 2 4 2
Vay chon dap an A.
Cau 5. Tim nghiém ctia phuong trinh 9z% —12iz+11-9i=0.
A. lel+2i; 22:—1+gi. B. Zl=—1+2i; Zzz—l—%i.
3 33 3 3 3
C. lel+2i; zzz—l—zi. D. zlzl+2i; z2zl+zi.
3 3 3 3 33
Hudng dan giai
Tacé A =(6i)" —9(11-8i) =—135+72i = (3+12i)°
6i+3+12i 1 .. 6i—(3+12i) 1 2
Suyraz =———=—-+2ijz, =—————F=————1i
9 3 9 3 3
Vay chon dap an A.
Cau 6. Tim nghiém ctia phuong trinh 2> +(21 + 1)z+1—5i =0.
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Al z,=1+2i; z,=-1+1i. B.z =i+l 2z, =-2-3i

C. z,=1-i; z,=-1-3i D. z =2-i, z, =-2+3i.
Huwéng dan giai

Tac6 A =(2i+1)" —4(1-5i) =—7+24i = (3+4i)" =5=3+4i la mot cin bac hai cta A

Vay phuong trinh da cho c6 hai nghiémz, =i+1; z, =-2-3i

Cau 7. Tim nghiém ctia phuong trinh iz’ —2(1 —i)z—4 =0.

Al z,=-1+2i; z,=-1+i B.z,=-2; z,=-2i

C. z,=1-1; z,=-1+1 D. z, =2-4i, z, =-2+4i.
Hudng dan giai

Tacé: A'=(1-i) +4i=(1+i)’

Vay phuong trinh da cho c6 hai nghiém: z, =-2; z, =-2i.

Vay chon dap an B.

Cau 8. Tim nghiém cta phuong trinh 7’ —(5 —i)z +8-i1=0.

A. 21:—1+3i; Z2=—1+4i. B. 21:—2+2i; 22:2—2i.

C. 21:—1+5i; z2:—2+5i. D. z1:2+i; 22:3—21.
Huwéng dan giai

Tac6: A=(5-i) —4(8-i)=-8-6i=(1-3i)

Vay phuong trinh da cho c6 hai nghiém: z, =2+i; z,=3-2i.

Vay chon dap an D.

Cau 9. Tim nghiém ctia phuong trinh 272 —2(5 —2i)z +28-4i=0.

A. 21:—1+7i; 22:—1+Si. B. 21:—2+Zi; 22:2—i.

C. z1:3—4i; z2=2+2i. D. 21:—2+2i; 22:3—2i.
Hudng dan giai

Tac6: A'=(5-2i)" ~2.(28—4i)=-35-12i = (1-6i)’

Vay phuong trinh da cho c6 hai nghiém: z, =3-4i; z, =2+2i.

Vay chon dap an C.

Cau 10. Tim nghiém cua phuong trinh: 72 —(3 +4i)z -1+5i=0.

A. 21:1+i; z2=2+3i. B. 21:—3+Zi; z2=2—21.

C. 21:1+5i; 22:1—2i. D. 21:—2+2i; 22:3+3i.

Hudng dan giai
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Tac6: A=(3+4i) —4(-1+5)=-3+4i=(1+2i)’

Vay phuong trinh da cho c6 hai nghiém: z, =1+i; z, =2+3i.

Vay chon dap an A.

Cau 10. Tim nghiém ctia phrong trinh: 27% —3z+1+ iz(4 —32) —-1=0.

B. = —23. =>5— "
13 13
C. lel; Z2:1+21. D.Z:1lzzi+li
13 13

Hudéng dan giai
Phueong trinh da cho twong dwong voi: (2—3i)22 +(4i —3)2 +1-i=0
Taco A=(4i-3) —4(2-3i)(1-i)=-3-4i=(1-2i)’
3—4i+(1-2i)
Suyra z, =——F—————>=1

2(2-3i)

. Z2:3—41—(1—21): 1-i z(l_i)(2+31)=i+ii
2(2-3i) 2-3i 22, 32 13 13

vay phuong trinh c6 hai nghiém 1a z=1 va z :%+%i.
Vay chon dap an D.
Cau 12. Tim cac s8 thuc b,c d&& phuong trinh (vi an z): z2 +bz+c=0 nhan z=1+i lam
mot nghiém.
A.b=-2,c=-2. B. b=-2,c=3. C.b=-1c=2. D. b=-2,c=2.
Hudéng dan giai
Theo dé, z=1+i lam mot nghiém ctia phwong trinh: z? +bz+c=0
2 b+c=0 b=-2
on (1+1) +b(I+i)+c=0<b+c+(2+b)i=0< == .
N (141 +b(1+) g ot

Vay, b=-2,c=2.

Vay chon dap an D.
Cau 13. Cho z1, 22 1a cdc nghiém phitc ctia phwong trinh : 2z —4z+11= 0. Tinh gid tri cta
7 Al +[eaf
biu thitc A =——"-—-.
(2, +2,)
C.5
A 242 B. % D. %

Hudng dan giai
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Xét phwong trinh: 2z% —4z+11=0<

Lic d6: A:‘Z1‘2+‘Z2‘2:1 (i 7
(142,) [HﬂJ-H_%FJ 2
Vay chon dap an B.

Cau 14. Goi z1 va z» [an luot 1a nghiém ctia phwong trinh: z? +2z+10=0. Tinh gia trj cua
biu thic A=z, [ +[z,|
A. 15 B. 17 C. 20 D. 10
Hudng dan giai
Ta c6: A=2"—4.10=-36=36i"

Phwong trinh c6 hai nghiém la: z, =—1+3i va z, =-1-3i.

| = (1) 432 =410 va [y | =y(-1) +(-3) =10

Vay A= ‘Z] ‘2 +‘22‘2 =20.
Vay chon dap an C.
Cau 15. Goi z,, z, la hai nghiém phttc cta phuong trinh 272 —4z+11=0. Tinh gid tri cta
biéu thitc ‘zl ‘2 +‘22‘2 .
A. 15 B. 37 C. 21 D. 11
Hudng dan giai

Tacd A'=—18=18i>.

24321 2-3\2i
=

Do d6 phuwong trinh c6 hai nghiém 1a z, = S 4=

:‘Zl‘er‘ZZ‘z =[4118J+(4118J=11

Vay chon dap an D.

Cau 16. Goi z, va z, la hai nghiém phttc cia phirong trinh 2% —22+17=0. Tinh gié tri ctia
biéu thitc A :‘i+z_1‘+‘i+zz‘.

A. A=223 B. A=210,A =211
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Chuyén Dé S6 Phitc

C. A=226,A=25 D. A=210, A=226

Huwéng dan giai

Tacs A'=(-1)" ~17=-16=(4i)’

Phwong trinh da cho ¢6 hai nghiém la 1+4i va 1-4i.
N&u z, =1+4i thi A=2]i+1-4i|=21-3i|=2v10
N&u z, =1-4i thi A=2i+1+4i|=2[1+5]=226
Vay chon dap an D.

Cau 17. Goi z; va z, la hai nghiém phtc cta phuong trinh 2> —4z+7=0. Tinh

(Zl +\/§—2)10 +(22 +\/§—2)10

A5 B. 0 C.2 D. 1

Hudng dan giai

Giai phwong trinh ta duoc z, = 2—\/51; z, = 2+x/?_,i
(zl +J§—2)10 +(z2 +\/§—2)10 _ («/5(1—1))10 +(\/§(1+i))lo
_3 [(1—1)10 +(1+i)10} _33 [(—2i)5 +(21)5}

-6°(i*-i%)=0

Vay chon dap an B.

Cau 18. Tim nghiém ctia phuong trinh : (x+i—2)[x2 —(2+i)x +7i—1} =0

A.z=-3-1,x=—-1+2i. B.z=3-1,x=-1-2i.

C.z=3-1,x=—-1+21 D.z=3+1,x=—-1+2i.
Hudng dan giai

Ta co:

x+i-2=0 (1)

(X+i_2)[x2_(2+j)x+7i—1}=0<:> X2_(2+i)X+7i_1:0 (2)

Giai (1): x=2-1
Giai (2): x> —(2+1)x+7i-1=0c6 A=(2+i) —4(7i~1)=7-24i = (4-3i)’

Vay phuong trinh (2) c¢6 hai nghiém phan biét la:
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C2+1-4+31

_2Hitd-3i_ g L 1420

X X
1 ) 2

Cau 19. Biét z;,z, la nghiém ctia phuwong trinh 2>+ (2 —i)z +3+5i=0.

19.1. Tinh zf + z%
A. 3-14i B. -3+14i C. 3-14i D. 3+14i

19.2. Tinh zf +z‘21

A. 193-74i B. —193+74i C. 193+74i D. —-193-74i
19.3. Tinh -+
Zy 7
B N PP - Bt MY N
289 578 289 578 289 578 289 578
19.4. Tinh Zzzf +leg.
A. —-67-251i. B. 67 +251i. C. -67+251i. D. 67-251i.

Hudéng dan giai

. A . |2tz =241
Theo dinh ly Vi-et ta co: .
2,2, =3+51

Do do:

2
@212 +Z% Z(Zl +22) —2le2 =-3-141

2 2 2 2
4, 4 (2 2\ (.2, .2 2.2 2 2.2
C—le+z2—(zl) +(Zz) —(Z1+Zz) —2zlz2—[(z1+22) _2Z1Z2} —2zlz2

=-193+74i
2
ol 1 _ 7 +2 _(Z1+Z2) —22,2, 93 157,
2 2 2 2 =" .
7] 75 (lez) (lez) 289 578

3
S zzz;t + zlz§ =22, (213 +z;) =22, [(zl + 22) —3z,z, (z1 +z, )} =-67+2511.
Cau 20. Goi A, B 1a hai diém biéu dién cho cac s§ phic 1a nghiém cua phuong trinh

2% +22+3=0. Tinh d% dai doan thing AB.

A.2\2 B. 32 C. 243 D.\3
Hudng dan giai
5 2
Xét phwong trinh: z° +2z+3=0 c6 A'=1-3=-2 =(i«/5) .

Phwong trinh c6 hai nghiém z,=—1+ i\/g; z, =-1 —i\/a.
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Chuyén Dé S6 Phitc

:A(—l;\/i); B(—l;—\/E).

Vay AB=242.

z—41

z+21

Cau 21. Cho s6 phtic z ¢6 phan thye dwong thoa man diéu kién 2 —7-1.Tinh

z—2

A. 1 B.\/E C.2 D.\/g

Hudng dan giai

Ta co:
- =2 43]
2 e 4741320, A'=—9=0i2 | 272!
z—2 z=2-3i
2=243i= [F2H |27

z+2i| |2-1
Vay chon dép an A

Cau 22. Goi z,z, [an luot 14 hai nghiém cua phuong trinh 7’ —(1 + 3i)z —-2+42i=0 va thda

() ] =)
1

3 N
B. — C. - X
5 5 D. =

2 2

man ‘Zl‘ > ‘22‘ . Tim gia tri ctua bi€u thiecc A = +

Ax
3
Huwéng dan giai

Phuong trinh da cho twong duong voi:

2 _[2i+(1+i)]z+[2i.(1+i)]=o@(z—2i)(z—i_1):0©{z=2i

z=1+1

Do ‘Z]‘>‘22‘ nén ta cod z, =2i va z, =i+l

—\—1 . -1 2
(zl) [1—(1 + 1)]
Cau 23. Goi z,z,1an lwot la hai nghiém ctia phuong trinh 72 —4z+7=0. Tinh gid tri ctia

biéu thitc Q = (Zl + \/5—2)10 + (22 + \/5— 2)10

A1l B.3 C. o0 D. 5

Hudng dan giai

2 2 2
+‘—i‘2 =%+1=%

1

L
2

i

2

+

Taco A=

i
+ J—
2

Dinh huéng: Ta sé tién hanh giai phuong trinh dau tién dé tim ra z,z, sau d6 tién hanh
g \ «A? , A ’ , 5 . 10 . 10 A A \ ~ A ~ oA
lap vao biéu thirc can tinh ta co: 3 (1 - 1) + (1 + 1) . Dén day vi mii 10 lon nén ta sé tién

hanh lam tting 16p mot, tiec la:
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3 [(1—i)10 +(1+i)10} =3 {((1-1)?5 +((1+i)2 )5]

=5°| (2] (20)' | =67 i)'~ (3) |0
Tt d6 ta co 1oi giai nhu sau:
Phueong trinh da cho twong dwong vdi:

2 —47+7=0(2-2) =3 (2-2) =(1J§)2 oz=2+i3

z, :2+i\E
2, =2-i3

Do Q la biéu thitc ddi xttng véi z,,z, nén khong mat tinh tong quat, gia st
Ltc do:

2 2 10 10 10 10 10 10
Q:(z1 +\/§—2) +(z2 +«/§—2) :(i 3 +\/§) +(—i 3 +\/§) =(\/§) (i+1) +(«/§) (i—l)
3" [(21)5 " (—21)5} —6°[ -1 | =0

Vay chon dap an C.

Luu y: Clng c6 thé dung dang luong giac cua s6 phtc d€ giai quyét bai toan nay.

6
z+——

Cau 24. Cho s8 phtic z 6 phan thue duong théa man z* —6z+13=0. Tinh .
z+1i

A 13 B. 17 C.7 D. 73

Hudéng dan giai

Tac6 22 —62+13=0< (2-3)" =4 = (2-3)" =(2i)’ ©2z=3+2i hodc z=3-2i

Véi z=3+2ita b z+i, =[3+2i+—— @\4+i\:\/ﬁ
Z+1 3+3i
Vay chon dap an B.
Cau 25. Tim nghiém ctia phuong trinh z* —2cosoz+1=0.
A. z, =coso —1isina, z, =coso +1isina B. z, =—coso+1sina, z, =coso +isina
C. z, =—coso —1isina, z, =coso +1isina D. z, =coso —isinaq, z, =—coso—1isina

Hudng dan giai
2
Ta cé: A=4cos’> a—4 =—4sin> o = (2sina) .

Phuong trinh da cho c6 hai nghiém
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Chuyén Dé S6 Phitc

2coso —2isina

z, = =coso —1isino
2
2cosa +2isina ..
Z, = =coso+isino
2
Vay chon dap an A.

Cau 26. Tim nghiém ctia phwong trinh z? —(coscp+isin (p)z+isin ¢.cosp=0.
A. z, =isina, z, =—isina B. z, =cosa, z, =isina
C. z, =—cosa, zzzisinoa D. Z, =C0SQ, Z, =—COSQ
Huwéng dan giai

Ta co:

. .. 2 .. . 2 .2 ..
A=(cos@+isin@) —4isin@.cos@ =cos” @—sin” ¢—2isin@.cos

. . 2

= (cosq)—lsm(p)
Do do, phuong trinh da cho c6 hai nghiém

_ COsQ+isin@+cos@—isin@

. 5 =CcosQ
- cos<p+1s1n(p;coscp+1sm(p _ising
Vay chon dap an B.

Cau 31. Biét phuong trinh (1 —i)x2 + (k + i)x +1+iL =0 khong c6 nghiém thirc. Tim nhitng
gia tri co thé cé cua .
A h#-3 B. A#1 C.Az2 D.A=3

Hudng dan giai
Néu phuwong trinh c6 mot nghiém thue r thi:

(1—i)r2+(k+i)r+1+ikz0<:>r2+kr+1+i(—r2+r+x):0

2 4r+0=0 Ar+r+A+1=0 (7»+1)(r+1)=0,(2)

@{r2 FAr+1=0 @{12 Fhr+1=0 @{rz #Ar+1=0,(1)

Tt phuong trinh (2) ta c6:

= N&u A=-1 thitit (1) suy ra r* —r+1=0, phwong trinh nay khéng c6 nghiém thuec.

» Néur=-1thitt(l)suyra I-A+1=0=>A1=2.

Vay phuong trinh da cho khong cé nghiém thuec khi va chi khi A #=2.

Vay chon dap an C.

Cau 32. Cho z, va z, la cic s8 phtic thda man z; —4z, =16+20i. Gia st o,B 1a céc nghiém

ctia phrong trinh X2 + z,x+7, +m =0 thoa man diéu kién ‘oc —B‘ = 2%, v6i m 1a s6 phtec.
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32.1. Tim gia tri 16n nhat cua ‘m‘

Aclm| =7+441 Bm| =9-\47.  Cm| =7-\34. D.|m| =5+35.

32.2. Tim gia tri nho nhat cua ‘m‘

Afm|  =3+447.  B.|m| =7-\41.  C.|m| =7+34. D.|m| =-5+35.
Huwéng dan giai

St dung dinh ly Viet ta c6 a+B=-z,aB =2, +m.

Do dé: (a.—B)’ =(a+B)-4ap =22 -4z, —4m =16+20i - 4m

Tw ‘oc —B‘ =27 suy ra ‘4+ 5i—m‘ =7. Do d6 diém M biéu dién

s6 phttc m trén mat phang phtic thudoc duong tron tam 1(4;5) "

va ban kinh R=7. Ta can tim gid tri I6n nhat, gia tri nho nhat

ctia OM. Puong thang OI cat duong tron tai hai diém A,B véi

Onam gitta Ava I. Vi Ol =y4% +5% = J41 nén: PN

32.1. Gié tri 16n nhat ctia |m| khi M =B, khi d¢:

‘m‘  =OB=0I+IB=7+v4l. Vay chon dap an A.

ma

32.2. Gid tri nho nhat cta \m\ khi M = A, khi d¢:

‘m‘ . =OA=IA-0OI=7-+41. Vay chon dap an B.
n

mi

(1+J§i)12(2—i)
(1—\/§i)6(1+i)6

Cau 33. Tim mo-dun ctia s6 phttc w=b+ci biét sd phtc

la nghiém ctia

phuong trinh z? +8bz+64c =0.

A 245 B. 7 C. 29 D. 19

Huéng din giai
Ta cé (1+J§i)3 —1+3\3i+3.3i2 +3\31° =8
(1—\/51)3 =1-33i+3.31% - 331 =8
(1+i) =2i
() () (9" =) s(e-)

Do d6 = =————==8(1+2i)=8+16i

(1—\/51)6 (1+i)° (-8)" (2i) !
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Chuyén Dé S6 Phitc

Theo gié thiét ta c6 (8+16i)" +8b(8+16i)+64c =0

<:>(1+2i)2+b(1+21)+c:0<:>(2b+4)i+b+c—3=O
2b+4=0 b=-2 [
Q{b+c—3:0©{c:5 :‘w‘= (—2) +52=\/5

Vay chon dap an C.
Cau 34. Cho a,b,c 1a 3 s6 phtic phan biét khac 0 va ‘a‘ = ‘b‘ = ‘c‘ . Néu mot nghiém cta
phuong trinh az® +bz+c=0 c6 mddun bang 1 thi khing dinh nao sau day dung
A. ¢ =ab B. a’ =bc C. b=ac D. b% =ac
Hudng dan giai
Gia st z,,z,1a nghiém ctua phuong trinh az” +bz+c=0voi ‘z‘ =1. Theo dinh ly Viet ta c6

1
—=1
Z

_c _c 1 S _C
2,2, =—< 7, =—.— Suyra ‘22‘——<:>
a a z, a

C

a

a :‘b‘:‘zl +22‘2 zl,suyra(zl +zz)(z_l+z_2):1

e o b
Boivi z, +z, =——,
1742 a

2
<:>(zl+zz)(i+iJ=l<:>(zl+zz)2 =27,2, @(—Ej =E<::>b2 =ac

z, z, a a
Vay chon dap an D.
iz+3) L iz+3
Cau 35. Tim nghiém ctia phuong trinh: Z : —3Z -—4=0.
z-3i z-3i
1 55. I 5. B. z=31,z=3i+4
LZ=——+—iz=——-=i
17 17 7
Cze-tyi 3 D.z=1-2i,-3i4+4
17 17 T 7
Hudng dan giai
. iz+3 . - b 1s
bat t= Y . Phrong trinh da cho tro thanh
z-3i
=4
2 3t-4=0e|"
t=-1
Vc’yit=4@1”33_:4@iz+3=4(z—3i)@iz+3=4z—131
z—-3i

o (d+i)a=—13i-3 e =5 LY,
i 1717

iz+3

Véit=—1< :—1<:>iz+3:—z+3i<:>(1+i)z:—3+3i<:>z:3i.

z—31
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Vay chon dap an C.

Céu 36. Tim nghiém ctia phuong trinh: (z+3-1) *~6(z+3-i)+13=0.

A.z=31,z=1-2i B.z=-1,z=3i+4

C.z=3i+4,z=3i D. z=3i,z=-i
Hudng dan giai

bdt t =z+3—i. Pheong trinh da cho tré thanh

t=3+21

-6t+13=0<
t=3-2i

Voi t=3+2i<z+3-1=3+2i<>z=3i.
Voi t=3-2i<=z+3-1=3-2iz=-
Vay chon dap an D.

Céu 37. Tinh gid tri ctia P=(z,” +1)(2,” +1)(2,” +1)(2,> +1) biét 7,,7,,2,,7, 1a nghiém
phttc ctia phrrong trinh (5z2 —6iz — 2)(—322 + Ziz) =0.
B p. 12 c 2
25 45 23 7
Huwéng dan giai
Phuong trinh cho <> —3z% +2iz=0 (1,52 -6iz-2 =0 (2)

(1)<:>Zl—0 z,= 21

Giai (2):tacs A =(3i) +10=1

Suyraz —E—l+§i- E__l E
yraz 575475 T 5"y
Do dé: P=(7,+1)(7,” +1)(2> +1)(z,> +1)

:(0+1)(gi2+1] &Jr%ijzﬂ (——+—1j

4 17 6 .\ 17 6 _5(289 36 13
=l ——+l|| —=+—i|| ——— —t— ==
9 25 25 )\ 25 25 T 9l 625 625) 45

Vay chon dap an B.

Cau 38. Goi z,7,,25,2, la bon nghiém cua phuwong trinh (z - 1)(z + 2)(22 27+ 2) =0 trén

A ~ ’ 4 A? . _ 1 1 1 1
tap sO phu, tinh tong: S=—+—+—+—-.
2y %y 73 %4
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Chuyén Dé S6 Phitc

A. 2 B. 3 C. 3 D.
5 5 4

Huwéng dan giai

g

Khéng mat tinh tong quat ta goi 4 nghiém ctia phwong trinh la:
z,=12,=-2,2, :1+i,z4 =1-1
I 1 1 1 1 1

Thay vao biéu thtrc S:iz+—2+—2+—2:1+—+ >+ =
2, 7y 73 2y 4 (1—1) (1+i)

AL

Vay chon dap an C.

Cau 39. Cho z,z,, z;, z, la cac nghiém cta phuong trinh: (z2 +1)(z2 —22+2)=0. Tinh
S— Z%014 4 Z3014 4 z§014 4 Z42l014

A.5 B. 4 C. -2 D.3

Hudng dan giai

2:— :'2 :+.
PT@{Z 1=1 @{z +1

22 -22+2=0 z=1%i

g 2014 +(—i)2014 +(1 _1)2014 +(1+i)2014

_ (12 )1007 .\ |:(_1)2 i|1007 N (_2i)1007 + (2i)1007 -0y (_2)1007 i1007 4 21007i1007 _ 9

Vay chon dap an C.
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DANG 3. PHUONG TRINH BAC BA
Phuwong Phap

Theo dinh ly co ban cta dai s6, phwong trinh bac ba c6 ding 3 nghiém phtrc (khong

nhat thiét phan biét).

1) D@ giai phuong trinh bac ba téng quat Az’ +Bz? +Cz+D =0 (A # 0) (1), ta can biét
mot nghiém z, cia phirong trinh. Khi d6 phweong trinh (1) dweoc bién doi thanh
phueong trinh tich
(1) = (z—zo)(A22 +bz+c) =0 {Z_ZZO =0

Az +bz+c=0

Mudn xac dinh Az” + bz +c, ta c6 thé duing mét trong hai cach:

Céch 1: Ta thyc hién phép chia da thitc Az* +Bz? +Cz+D cho z -z, thuong sé la

Az’ +bz+c.

Cach 2: Dung so d6 Horner sau day d€ xac dinh hé sd A,b,c cta da thirc thuong la

Az* +bz+c.

2) Dai khi ta ¢ thé xac dinh z, bang cdch nhdm nghiém nhu sau:
Néu A+B+C+D=0 thi phitong trinh ¢6 1 nghiém laz,=1.
Néu A-B+C—-D=0 thi phuong trinh c6 1 nghiémla z=-1 .
3) Viéc bién do6i thanh phuong trinh tich c6 thé thuc hién dé dang néu ta co thé dat
nhan tt chung.
4) Ta biét rang néu mot phurong trinh da thirc hé 8 thuc c6 1 nghiém phic
z,= x+yi(x,y eRy# O)thi % =x—yictng la 1 nghiém. Nhu vay:
o Moi phuong trinh bac ba hé so thuc ¢6 it nhat mot nghiém thuc, nghia la
- Hodc c6 3 nghiém thuc
- Hoac c6 1 nghiém thuc va 2 nghiém phttc (khong thurc) lién hop nhau.

o Mubn giai phwong trinh bac 3 hé s6 thuec, ta thwong phai tim nghiém thuc cua
phuwong trinh roi bién thanh phuong trinh tich. Nghiém thuc nay c6 thé tinh
chinh xac nho mdy tinh bo tai (néu la nghiém haru ti).

o Néu biét phuong trinh bac 3 hé s6 thuc P(z) =0c6 1 nghiém khong 1a s6 thuc z,
thi % cling la nghiém, nén phwong trinh phai c6 dang
P(Z) Z(Z—Zl)(Z—ZO)(Z—ZO) =0.

Chia P(Z) cho (Z—ZO)(Z—Z_O) =7’ —(ZO +Z_0)Z+ZO.Z_O sé tim duoc thita s6 z-z,.

Nhu vay phuong trinh c6 3 nghiém la ZO,Z_O,Z].
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1. MOT SO Vi DU REN LUYEN KI NANG
Vi du 1. Giai cdc phuong trinh sau:
a) 2’ —(2+i)z° +(2+2i)z-2i =0 biét 1 nghiém 1a z, =i.
b) z° +42% +(4+i)z+3+3i =0biét 1 nghiém la z, =i.
0) 2 —2° +(2-2i)z+2+4i = 0biét 1 nghiém 13 z =1-i.
Giai
a) Chia da thite z° —(2+i)z2 +(2+2i)z—2i cho z—ita dugc thuong l1a z* —2z+2. Do do,
phuong trinh da cho viét thanh:

Il
(=)

2 —(2+i)72 +(2+2i)z—2120<:>(z—i)(z2 —22+2)

z—i=0 z=1i z=1i
= <, = )
7z°-22+2=0 7" -22+2=0 z=1%1
Vay phuong trinh c6 3 nghiém: z,=1; z,=1+i; zy=1-1
b) Chia da thtc P(z) =7’ +472° +(4+i)z+3+3i cho z+1i ta dugc theong la
z” +(4-i)z+3-3i. Do d6, hwong trinh dé cho viét thanh:
23+4zz+(4+i)z+3+3i=0<:>(z+i)(22+(4—i)z+3—3i):O
z+i=0 (1)
2> +(4-1)z+3-31=0 (2)
Giai (1): (1)< z=—i
Giai (2): Ta c6: A:(4—i)2—12+121:16—1—81—12+12i:3+4i.
Ta di tim can bac hai cua A

Dat 3+4i:(x+yi)2,(x,y eR)

xz—y2 =3 (1)

o xP -y +2xyi=3+4i
2xy =4 (ii)

Tt (ii) suy ra: x#0,y = 2
X

Tt (1) suy ra: xz—iz:3<:>x4—3x2—420
X

< x> =—1 (loai) hodc x> =4 < x =+2.

Véi x=2=y=1
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Véi x="2=y=-1.
Nhu vay: A:(2+i)2.
Phuong trinh 2 +4z” +(4+1)z+3+3i =0 6 2 nghiém la:

—4+1+2+1 . —4+1-2-1
z=——=-1+1, z2=———=-3.
2 2

Vay nghiém cta phuong trinh la: z=1, z=—-1+1,z=-3.

¢) Chia da thtc P(z) =7 -7° +(2—2i)z+2+4i cho z—(l—i)ta dwoc theong la:

z* —iz+1-3i. Do d6, phuong trinh da cho viét thanh:

2’ —7" +(2-2i)z+2+4i=0

. . . z—-1+i=0 (1)

<:>(z—1+1)(22—1z+1—31):0c> , _
z"—iz+1-31=0 (2)

Giai (1): (1)< z=1-i

Giai (2): Tacé A=i’>—4+12i=-5+12i.

Dt —5+12i=(x+yi)",(xy eR)

x2—y2=—5 (1)

o xP -y +2xyi=—5+12i <
2xy =12 (ii)

Tuw (ii) suy ra: x;«r&O,y:9
X
Tt (i) suy ra: xz—%:—5©x4+5x2—3620
X
< x? =4hodc x> =-9 (loai) x =+2.
Véi x=2=y=3
Véi x=-"2=y=-3.
Nhu vay: A:(2+3i)2.

Phwong trinh (2) c6 2 nghiém la z = 1+22+31 =1+2i; z= 1_22_31 =—1-i

Vay phuong trinh da cho c6 banghiém la: z, =1-1i; z, =1+2i; zy=-1-i.
Vi du 2.Giai cac phuong trinh:

a) z° —(1+i)z2 +az+b—4i=0,a,beRvabiét phwong trinh c6 1 nghiém la z=1+i.

b) 7 +aiz” +(i—b)z —2-2i=0,a,beR vabiét phwong trinh c6 1 nghiémla z=1-1i.
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c) Tim céc s0 a, b, ¢ d€ phuong trinh 73 +az° +bz+c=0 nhan z=1+i va z=2 lam

nghiém.
Giai
a) Theo dé: z=1+ila nghiém cua phuwong trinh z° —(1+i)z2 +az+b—4i=0 nén
\3 . )2 : _ s atb=0__
(1) ~(1+i) (141 +a(1+1)+b-4i =0 < a+b+(a 4)1—0©{a_4:0c>a—4,b——4.

V6i a=4,b=—4 phuong trinh da cho tr& thanh: z° —(1+i)z” +4z—-4-4i=0.

Vi phuwong trinh ¢6 1 nghiém la z=1+1,ta chia da thttc

P(z):z3—(1+i)z2+4z—4—4i cho z=-1—ita dugc thuwong 1a z* +4. Do d6, phuong trinh
2’ —(1+i)z” +4z-4-4i =0 twong duong véi

(z—l—i)(z2 +4):0®{;=:1:1:412C:{Ezli;ii.
Vay phuong trinh c6 3 nghiém z=1+1i, z=2i, z=-2i.

b) Ta c6: z=1—-1i. la nghiém cta phuong trinh 7> +aiz? +(i—b)z—2—2i:0,a,beR nén
(1-i) +ai(1-1)" +(i-b)(1-i)-2-2i=0
<:>(1—3i+3iz—i3)+ai(1—21+iz)+(i—i2—b+bi)—2—2i=0

< 1-3i-3+i1+2a+i+1-b+bi—-2-2i=0

—3+2a-b=0 =3
&-3+2a-b+(b-3)i=0e{ T et
b-3=0
Vi a=3,b=3 phuong trinh da cho tro thanh:
2’ +3iz” +(i-3)z-2-2i=0.
Biét z=1-1 la 1 nghiém, chia da thtrc P(z):z3+3iz2+(i—3)z—2—2i cho z=-1+ita duoc
thuong 1a: z* +(1+2i)z+2i . Do d6, phwrong trinh: z° + 3iz* +(i—3)z—2—2i =0twong
duwong voi:
z—1+i=0 (1)
(z=1+1)| 22 +(1+2i)2+2i | =0
22 +(1+2i)z+2i=0 (2)
Giai (1): (1)< z=1-i
7=
Giai (2): (2) < 2* +(1+2i)z+2i=0,(A-B+C=0) <
@) ()2 +{1+20)ur 220 =1
Vay phuong trinh ¢6 3 nghiém la:z=1-i, z=-1, z=-2i.

c) Vi z=1+i va z=2 la nghiém cua phwong trinh nén
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2} +a(2) +2b+c=0 {4a+2b+c+8=0
<:> .
(1+i)3+a(1+i)2+b(1+i)+c=0 b+c+(2a+b+2)i=0
b+c—-2=0 a=-4
<<2a+b+2=0 <<b=6 .
4a+2b+c+8=0 c=—+4

Vi du 3. a) Cho phwong trinh: 7> —57% +162-30 = 0(1), goi z,, z,, z; lan lwot 1a 3 nghiém
ctia phuong trinh (1) trén tap s8 phiec. Tinh gia tri bidu thite: A=z, +2," +2,°.
b) Giai phwong trinh sau trong tap hop s8 phttc: z° —6z-9=0.
¢) Giai phwong trinh sau trén tap s6 phtic z* —3iz> —3z+2i =0.
Giai
a) Ta co:
2’ —52 +162-30=0 c6 3 nghiém la: z, =3; z, =1+3i; 2, =1-3i
Luc do:

A=z2+2,2 42,2 =3 +(143i) +(1-3i) =7

b) Ta co:
3 ) z=3
pt &z —9Z+3Z—9:0c>(z—3)(z +3z+3)=o@ ,
z"+3z+3=0
z=3
N 3 43, 3 3.
z=——+—1, z=————1
2 2 2 2
Vay nghiém cua phuong trinh 1a: z=3,z = —§+£i, zZ= —g—ﬁi.
2 2 2 2
¢) Ta co:

2} =3iz% ~3242i =0 (2-1) +i=0 & (z—i) -i’ =0

@(Z—Zi){(z—i)z+i(z—i)—1}:0

z=2i z=2i
2 .
<:><z—2i) [z—l] 3 -0 Z_lzﬁ o z=l+\/§
4 2 2 2
L i B i
20 2 T 2

i-3 i+\/§'

Vay nghiém cua phuwong trinh la: z=2i; z= A
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Vi du 4. Chéing minh rang phuong trinh sau 6 nghiém thuan 4o
27° +(51-3)2" +(-8i—4)z-4i+4=0.
Giai
Gia st phrong trinh ¢6 nghiém thuan ao.
Dat z=ai (ala s6 thyc khac 0), thay vao phuong trinh ta duoc:
2(ai)’ +(5i-3)(ai)" +(-8i—4)ai—4i+4=0
&3’ +8a+4+i(-2a’ 527 ~4a—4) =0

Sa=-2
—2a’—5a%—4a-4=0

{3a2 +8a+4=0
Vay phuong trinh da cho ¢6 nghiém thuan dola z=-2i.
Vi du 5. Giai phuong trinh: z° —(2-2i)z” +(5-4i)z—10i =0, trén tap s6 phirc, biét
phuwong trinh c6 nghiém thuén ao.

Giai

Gia st z=xila mot nghiém ctia phuong trinh. Khi d6, ta co:
—x%i—(2-2i)x% +(5-4i)x-10i =0
(2% +4x )+ (257 +5x-10)i =0

< x=2=x=2i la mét nghiém ctia phuong trinh nén ta bién

2x%*+4x=0
=
—x3+2x2+5x=10=0

doi phuong trinh da cho vé dang;:

z=2i =2i
(z—2i)(zz+22+5)20<:> 5 N )
z°+2z+5=0 z=-1%x2i

Vay phuong trinh da cho c6 nghiémz =2i;z =—-1+2i
1. BAI TAP VA CAU HOI TRAC NGHIEM KHACH QUAN

Céu 1. Tim nghiém ctiaphuong trinh z° —(1+2i)z” +2(1+1)z-2=0.

A7 =12, =(1+3 )iz, =~(1-\3)i B. 7, =12, =—(1+V3 iz, =(1-\3)i

C. 2 ==12, =(1+\3 )iz, =(1-\3)i D. 7, =12, =(1+3 )iz, =(1-\3)i
Huwong din giai

Céc hé s8 ctia phuong trinh z° —(1+2i)2> +2(1+i)z-2=0théa man:

A+B+C+D=1-1-2i+2(1+i)-2=0.

Vay phuong trinh nhan z =1la nghiém.
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Phuong trinh 2° —(1+2i)z* +2(1+i)z-2=0
~1=0 1
<:>(Z—1)(22—2iz+2):0<:> 22 (1)
2’ -2iz+2=0 (2)
Gidi (1): ) <=z=1
Giai (2): Tacd A'=(-i)" ~2=-1-2=-3=3{

Phwong trinh (2) ¢6 2 nghiém la z = (1 + «E )i.

Vay phuong trinh da cho c6 3 nghiém la: z, =1,z, = (1 + \/_)1 Zy= ( «/_)1

Vay chon dap an D.
Cau 2. Tim nghiém ctiaphuwong trinh z* —2iz” +(2 —i)z +3+1=0.

A z=-1, z———+ (2+\/_)1 z=— %(2—\/6)1.
B. z=-1, z_—+ (2+«/_)1 z_——+ (2 \/_)
C.z=1, z:%+§(2+\/g)i, z:%+%(2—\/g)i.
D.z=-1, Z— (2+\/_)1 Z——+ ( «/_)

Hudng dan giai

Céc hé s8 ctia phuong trinh z° —2iz +(2—i)z+3+i =0 thoa man:
A-B+C-D=1+2i+2-i—-3-i=0 nén phuong trinh nhan z=-1la 1 nghiém.
Phuong trinh z° —2iz” +(2-i)z+3+i=0
‘ . z+1=0 (1)
<:>(z+1)(z2—(1+21)z+3+1):0<:> 5 . ‘

2’ —(1+2i)z+3+i=0 (2)
Giai (1): () = z=-1
Giai (2): A:(1+2i)2—12—4i:1—4+4i—12—4i:—15.

Phuong trinh (2) c6 hai nghiém la:

2, = 1+21+\/_1 1+l(2+\/g)i’ 2, = 1+21—\/_1 1 (2 \/_)

2 2 2 2
Két luan: phuong trinh z° —2iz? +(2 —i)z +3+1i=0c06 3 nghiém la:

o=t =1 2205 i o=t o)

Vay chon dap an D.
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242-2-i=0.

Céu 3. Biét z,,z,,z; 1a nghiém ctia phuong trinhz’ —(2+i)z

Tinh A =|z,|+[z,|+|z]

A.2-43 B. 2+4/5 C. 2447 D.2-4/5
Huong dan giai

Phuong trinh z° —(2+i)z2 +z—2—-1=0twong duong voi:

z2(z—2—i)+z—2—i:0<:>(z—2—i)(22+1)=0
z—2-1=0 z=2+1 z=2+1

|, e, = '
z7+1=0 75 =-1 Z =71

Vay phuong trinh c6 3 nghiém la: z=2+1,z=1i, z=—i.

Vay chon dap an B.

Cau 4. Biét z,,z,,2; la nghiém ctia phuong trinh 2’ —3iz* —3z+9i =0. Tinh LV

_+_

‘Zl‘ ‘Zz‘ ‘23‘
34243 c 2447 b 25
. L

3 5

Huwéng dan giai

B.

A.%
2

Ta co:
2 =3iz% ~32491 =0 = (2-1) +(2i) =0
z=1

@(z—i)[(zﬂ)z—2i(z+i)—4}=0@{Z:iJ§.

Vay nghiém cua phuong trinh la: z=1i, z= +3.

N +cmgu-c + i Wath &
il 5 3
S+EAE
D
Vay chon dap an B.
Cau 5. Tim nghiém ctia phreong trinh 22° +92% +14z+5=0
A. Zz—l, z=-3+1, z=3+1 B. Zz—l, z=-2+1, z=3-1
2 2
1 . : 1 . .
C. Z:—E, z=-2+1, z=3+1 D. z:—E, z=-2+1, z=-2-1

Hudng dan giai

Ta thdy phwong trinh 22> +92% +14z+5=0nhan z = —% la nghiém.
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Chia da thuc P(z) =27°+9z> +14z+5 cho z +% ta dugc thuong la 272 +82+10. Do d¢,
phuong trinh 27> +9z7 +14z + 5 = 0 twong duong véi:
2420 (1)

(z+%}(2z2+82+10):0<:> 2
272 +82+10=0 (2)

cr N z:—l
Giai (1): (1)<:> 5

Giai (2): (2) < z” +42+5=0.Taco: A'=4-5=-1=i’
Do do, phuong trinh (2) c6 hai nghiém la: z=-2+i.

Vay phuong trinh c6 3 nghiém la: z = —%, z=-2+1, z=-2-1

Vay chon dap an D.
Cau 6. Tim nghiém ctia phreong trinh z*° -7z +172-15=0.
A. Zz—l, z=-3+1, z=3+1 B. Zz—l, z=-2+1, z=3-1
2 2
1 : . 1 . .
C. Z:_E’ z=-2+1, z=3+1 D. z:—E, z=-2+1, z=-2-1

Hudng dan giai
Ta thdy phwong trinh: z° —7z% +172-15=0 ¢6 1 nghiém 1a z=3.
Chia da thttc P(z) =2’ ~72* +172—-15 cho z-3 ta dugc thwong 14 z2 —4z+5. Do dé, phuong
trinh z° —7z% +172—15 = 0 twong duwong véi:
z-3=0 1
(2—3)(22—4Z+5):0<:> ) ( )
2’ —4z+5=0 (2)
Giai (1): (1)<>z=3
Giai (2): Taco:A'=4-5=—1=i°
Do d6 phuong trinh (2) ¢ hai nghiém: z=2+1i.
Vay phuong trinh ¢6 3 nghiém la: z, =3, z, =2+1i, z, =2-i.

Cau 7. Cho phuong trinh z° —(6+\/5)22 +(13+6\/5)z—13 2 =0 biét phuong trinh c6 1

nghiém la z, =3-2i. Tim tong mo dun hai s6 phttc con lai

A NB+T B. J13+4/5 c. V13- D. J13+2
Huwéng dan giai

Phwong trinh: z° —(6+\/5)22 +(13+6\/5)z—13 2 =0hé sd thiee c6 1 nghiém la z, =3-2i.
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Suy ra z, =3+2iclng la nghiem.

Do dé phwong trinh phai c¢6 dang: (Z—Z1 )(z—3+2i)(z—3—2i) =0.
Chia da thirc P(z)=2"~(6+v2)2” +(13+6v2 )z -13V2 cho
(z-3+2i)(2-3-2i)=2> ~62+13, ta duoc thuong la z—+2.

Phuong trinh z° —(6+\/5)z2 +(13+6\/5)z—13 2 =0tuwong duwong véi

(z—\/i)(z—3+2i)(z—3—2i)=o.

Vay phuong trinh da cho c6 3 nghiém la: z, = {2, 7, =3-2i,2, =3+2i.

CMPLY [F] Math &

|2 [ +]3+24
I3+Z

Vay chon dédp an D.

Cau 8. Cho phureong trinh z* —2z% +25z+b =0,b € R va biét phwong trinh ¢4 nghiém thuan
ao. Tim b

A.3 B. 25 C. =50 D. 5

Hudng dan giai
Goi nghiém thuan do ctia phuong trinh la ai (a € R) =>ai thoa man phwong trinh:
(ai)’ ~2(ai)’ +25ai +b =0 —a’i+2a% +25ai + b =0
b=-2a° (1)
<:>2a+b+(—a3+25a)i=0<:> )
a(25—a )=0 (2)

a=0

Ta co: (2) & L s

Véi a=0=b=0 (loai)
Véi a=+5=b=-50.
Vay chon dap an C.
Cau 9. Cho phuong trinh z* +bz” + (9 - i)z —6+2i=0,b R va biét phuong trinh ¢ ngiém
thiee. Tim cac nghiém ctia phuong trinh
A.z,=2,2,=2+1,2y =11 B.z,=2,2, =21,z =1+1.
C.z,=-2,2, =2+1,2, =1-1i. D.z =2,2,=2-i,2, =1-1.
Huwéng dan giai

Goi x 1a nghiém thuc ctia phurong trinh: z° +bz? + (9 - i)z -6+2i=0,beRtaco:
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x> +bx% +(9-i)x—6+2i=0
<:>X3+bx2+9x—6+(2—x)i:0
2—X:O X:2
S 5 =
X" +bx"+9x-6=0 b=-5
Suy ra phuwong trinh cé dang:
z —5z2+(9—i)z—6+2i:0, voi z=2 1a nghiém thuyec cia phrong trinh.
Chia da thtc P(z):z3—522+(9—i)z—6+2i cho z-2 ta dwoc thwong 1a z2 —3z+3—i. Do
d6, phuong trinh z* — 527 +(9—i)z—6+2i =(0twong duong voi:
z—-2=0 1
(Z—2)(Z2—3Z+3—i)20<:> ( )
2’ -32+3-1=0 (2)
Giai (1): (1)<>z=2
Giai (2): Taco: A=9-12+4i=—-3+4i=(1+ 2i)2 . Phuong trinh (2) ¢ hai nghiém
1%1:21 =2+i,z, =1-i

Vay phuong trinh c6 3 nghiém la: z; =2,z, =2+i,z, =1-i.

A\3 2 .
Cau 10. Tim nghiém ctia phuong trinh: (?HJ _z ;+21Z+2:0
+i i
A. 21:2,z2=2+i,z3:1—i. B. z1:2,22=2—i,z3=1—i.
C.z=—-1-2i,z=1,z=2-1. D.z, =-2,2,=2+i,2; =1-1

Hudéng dan giai

3 N2
Bién d6i phuwong trinh thanh: (Z—Hj —(Z—Hj +2=0.
I+1 I+i1

+ i N\ \ 2 \
bat w= F thi phuong trinh tro thanh:
+i

w? —w2+2:O<:>(w+l)(w2—2w+2):O

w=-1
< = 2 —1_3
w-2w+2=0 | (w=1)=i’=0 w=l-i
s Véiwe—l: 2 ez =—1-2i
1+1
s Ve weli: Z o lrie =i
1+1
s Véiw=2-i: 20 e z=2—i
1+1
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Vay phueong trinh ¢6 3 nghiém: z=-1-2i,z=1, z=2-i.
Vay chon dap an C.
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DANG 4. PHUONG TRINH BAC BON SO PHUC
Phuwong Phap
= V6i dang phuong trinh tring phwong, ta dit w = z?, sé dua vé phuwong trinh bac
hai theo w. Giai phuwong trinh ndy, ta tinh w rdi lai giai phrwong trinh w = z2 &€ tinh
z.
= Né&u A+B+C+D+E=0 thi phuong trinh Az*+Bz’ +Cz? +Dz+E=0 c6 1 nghiém
la z=1. Chia P(z) =Az* +B2’ +Cz2?> +Dz+E cho z-1 , phurong trinh P(Z) =0

tewong dwong véi phuong trinh (z —1)(Az3 +bz% +cz +d) =0.

= Néu A—B+C-D+E =0 thi phuong trinh Az* +Bz’ +Cz?> +Dz+E =0¢6 1 nghiém la
z=-1.Chia P(z) = Az* + Bz’ +Cz* + Dz +E cho z+1, phrrong trinh P(z)=0 twong
dwong v6i phuong trinh (z + 1)(Az3 +bz? +cz+ d) =0.
Nhu vay ta nén viét cac hé s6 ctia phwong trinh d€ xem phuong trinh 6 roi vao hai
treong hop ddc biét nay khong.

=  Truong hop phuong trinh hé s6 thurc, néu biét 1 nghiém z, (khong 1a s6 thuc) thi

z,, cting la nghiém. Do d6 phuong trinh c6 dang;:

(z—zo)(z—z_o)(Az2 +bz+c) =0.

Khi khai trién phuong trinh nay va dong nhat véi phuong trinh da cho sé tim dwoc
hé sd b va c.

Giai phrong trinh: (Az2 +bz+ c) =0ta dwoc nghiém z,,z,.

Nhu vay phuong trinh da cho c6 4 nghiém la: z,z,,z,,7,.

1. MOT sO VI DU REN LUYEN Ki NANG

Vi du 1. Gidi cdc phuong trinh:
a) z*+4z2-5=0
b) z*'—(8+8i)z” +63+16i=0
o) iz +2(1+2i)z” +8=0.
Giai
a) Phuong trinh: z* +4z? —5=0ta coi 1a phuong trinh béc hai theo z?, phwong trinh ¢6 2

A .2 ) ) z=1%1
nghiém la z° =1hodc z" =-5=5i"
z =++/5i.
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b) D4t w=2z", phuong trinh z* —(8+8i)z” +63+16i =0 (1) tr& thanh
wz—(8+81)w+63+161=0<:>w2—2(4+4i)w+63+16i (2)
A'=(4+4i)" ~63-16i=32i~63-16i =63 +16i = (1+8i)’

w=4+41+1+81=5+12i

Phueong trinh (2) <
w=4+4i-1-81=3-4i

Voi w=5+12i 72 =5+12i =(3+2i) <z =+(3+2i

Voi w=3-4ioz2=3-4i=(2-i) oz=%(2-i)

Vay phuong trinh (1) ¢6 4 nhiém la: z = i(3+2i),z = J_r(2—i).
o) iz* +2(1+2i)z° +8=0 (1)

Dit w =z, phuong trinh iz* +2(1+2i)z> +8 =0tr6 thanh
iw? +2(1+21)w+8=0  (2)

A= (142i) ~8i = 1+4i> +4i - 8i = 1+ 4% —4i = (1-2i)’
Phwong trinh (2) c6 2 nghiém la:

_—1-2i+1-2i _-1-2i-1420 2 2i

W, = =4, W,=———=—-7= > 2i.
i i i i

Véi w=—4 <727 =4i* < 2= +2i
Vi w=2i<z? :(1+i)2 <:>z:i(1+i).
Vay phuong trinh iz* +2(1+2i)z2 +8=0 c6 4 nghiém la:z=+2i,z = J_r(1+i).
Vi du 2. Cho phuong trinh bac bon hé so thuc
P(z) —7* 4731972 +mz+20= 0,m € R. Biét phuong trinh ¢6 1 nghiém z, =-2i .Tinh m va
nghiém con lai.

Giai
Ta c6 z, = -2ila nghiém ctia phirong trinh: 2t —47° 4922 +mz+20=0
o (-2i)' —4(-2i) +9(-2i)" +m(-2i)+20=0
16-32i-36-2mi+20=0<>(-32-2m)i=0<>m=-16.
Phwong trinh tré thanh P(z) =7* 47> +922 —162+20=0 (1)
Ta biét réng néu mot phuong trinh da thitc hé s6 thiee nhan z; la 1 nghiém phitc, khong
thue, z, =x+ yi,(x,y eR,y# 0) thi Z = x —yicling la nghiém ctia phuwong trinh. Nhu vay
phuong trinh nhéan 2 nghiém la z, =-2i,z, =2i. Do d6 phwong trinh (1) phai c6 dang:
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P(z) :(Z—Zi)(z+2i)(z2 +az+b)=0,(a,b eR)

& P(z)z(z2 +4)(22 +az+b) =0

& P(z)=2"+az’ +(b+4)z" +4az+4b=0,(2)

Dong nhat hé s§ ctia hai phuong trinh (1) va (2) ta dwoc a=—4, b=5.
Vay phuong trinh P(z)=z*-4z° +92° ~162+20=0

22 +4=0

2> —4z+5=0

<:>(z2+4)(22—4z+5)—0<:>{

® 22 +4=07° =—4 < z2=12i
® 22 -4z+5=0z=2+i.
Vay phuong trinh c6 4 nghiém: z=42i, z=2=i.

Vi du 3. Chitng minh ring phuong trinh: z* —4z° +142° ~36z+45=0 c6 hai nghiém 12 s§

thuan ao.
Giai
Dt z=bi =>z° =-b>, 2’ =—ib’, z* =b*
z=bi la nghiém ctua phuong trinh nén

b —4(<ib)” +14(-b? )+ 36ib-+45=0

b* —14b> +45=0
=
4b* -36b=0

<:>(b414b2+45)+i(4b336b)=0<:>{ b=1+3

Vay z =13i la nghiém ctia phuong trinh.
Vi du 4. Phuong trinh x* +ax® +bx? + cx+d =0 c6 4 nghém khong thuc véi cac gid tri thuc
a, b, ¢, d. Biét tich hai trong bon nghiém d¢6 la 13+iva tong cta hai nghiém con lai la
3—4i. Tim giad tricua b

Giai
Goi 4 nghiém ctia phuong trinh x* +ax® +bx? +cx+d =01a o,B,y,m. Khi d6
x* +ax® +bx? +cx +d :(x—a)(x—B)(x—y)(x—n),Vxnén ta suy ra
o +ay+om+PBy+pn+m=>b ().
Theo bai ra taco a.p=13+i,y+n=3+4i.
Vi a,b,c,d eRnén a.f; yncing nhu o+f; y+nphaila cac s6 phic lién hop, do dé
a+pB=3-4i,yn=13-1.
Theo (*) thi b=OLB+0cy+om+By+[3n+yn=(a+B)(y+n)+aB+yn
=b=(3-4i)(3+4i)+13+i+13-i=51.

Vay gia tri can tim cta b la 51.
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Vi du 5. Giai phwong trinh sau trén tap hop s6 phtec: z* —4z° +112% ~14z+10=0

Giai
Bién d6i phwong trinh da cho vé dang:
2 2 _97=_
(22 -22) +7(2* ~22)+10=0| 7 r=
z*-2z2=-5

z=1+1
[22—2Z+2—0 z=1-i
= =

2’ —22+5=0 z=1+2i
z=1-2i

Vay nghiém cta phuong trinh la:z=1+1; z=1-1i; z=1+2i; z=1-2i.

2
Vi du 6. Giai phwong trinh sau trén tap s& phie: z* —z° + Z? +z+1=0

Giai
Nhan xét z =0 khong la nghiém ctia phuong trinh (1) vay z#0

Chia hai v& PT (1) cho z? ta duoc: (zz +i2j—[z—l}t% =0 (2)

v Z

Dit t=z—+. Khi d6 tZ:z2+i2—2 @zz+i2=t2+2
z Z Z

Phwong trinh (2) c6 dang : 2 -t +§ =0 (3)

A=1-42-_9—0}
2

PT (3) ¢6 2 nghiém t =21 (1731
2 2
Véi t= 3 tach z—1=1+31@2z2—(1+3i)z—2=0 (4)
2 z

Co A=(1+3i) +16=8+6i=9+6i+i’ =(3+i)’

PT(4) c6 2 nghiém: z:(1+3i)+(3+i)=1+i, z=(1+3i)_(3+i) _i-l
4 4 2

N C RN B e SN

Voi t= ta co: z . o2z (1 31)2 2=0 (5)

C6 A=(1-3i)" +16=8-6i =96 +i> =(3i)’

4 4 2
i—1 —-i—1
—_— . Z —
2
Ths. Tran Pinh Cu. SPT: 01234332133. Gv Chuyén luyén thi THPT Quéc gia, TP Hué Page 55

PT(5) c6 2 nghiém: z= (1_3i)+(3_i) =1-i,z= (1_3i)_(3_i) —1-i

Vay phuong trinh da cho c6 4 nghiém: z=1+i,z=1-i,z=




NEY 3 3.

3
Vay phuong trinh c6 cac nghiém z=3;z=——+—i;z=————1i
P & B¢ 2 2 2 2

IL. BAI TAP VA CAU HOI TRAC NGHIEM KHACH QUAN
Cau 1. Tim tong mo6 dun cac nghiém cta phuong trinh

z* +2° —(3+1)z” —4z+4i—4=0,biét phuong trinh c6 nghiém thirc

A. 542 B. 3442 C.3-2 D. 742

Hudng dan giai

Goi z=x la nghiém thuc cta phwong trinh, ta cé:
xP4x = (3+1)x% —4x+4i-4=0 (1)
o xt+x3-3x? —4X—4+i(—x2 +4) =0

x> +4=0
= S x =12,

xt+x?-3x% —4x-4=0
Nhu vay phuong trinh dwgc bién d6i thanh phwong trinh tich ¢6 dang:
(z—2)(z+2)(22 +az+b) =0 (22 —4)(22 +az+b) =0

ARV +(b—4)z2 —4az—4b= 0,(2)

a=1
A A \ A —4=-3—j =1
Pong nhat phuong trinh (1) va (2) ta dwoc: b 3 =t
—da=—-4 b=1-i
—4b=4i—4
2* =4 (i)

Vay phuong trinh (1) twong dwong voi: (22 —4)(22 +z+1 —i) =0
2’ +z+1-i (i)

Gidi (i): 22 =4 <= z=142

Giai (ii): Tacéd: A=1-4+4i= (1 + 21)2. Phuwong trinh (ii) cé hai nghiém

14142 —1-1-2i

7. = =
! 2 2 2

Vay phuong trinh da cho c6 4 nghiém: z, =2,z, =-2,2, =i,z, =—1-i.

=—1-i

CMPLY [F] Math &

S+ i+ -1-1 |
B+2

Vay chon dap an A.
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Cau 2. Biét phuong trinh c6 z* +2iz® -z +2iz—2 =0 c6 nghiém thuan do. Tim tong md
dun cta cac nghiém phtic ¢6 phan ao duwong.
A.2 B. 3 C. 1 D.5
Hudng dan giai
Goi nghiém thuan 4o cua phuong trinh la xi,(x € R) ,ta co:
xHt 2001 - x4 2ixi-2=0 & x* +2x7 +x2 -2x -2 =0
2
& (¥ +2x 1) =2(x+1) =0 x* (x+1) =2(x+1)=0

<:>(X+1)[X2(X+1)—2}=0<:>(X+1)(x3+X2—2)=0

X+ 1 = 0 X = —1
AR =
X +x°-2=0 x=1.
Vay 2 nghiém thuan ao cta phuong trinh la z = +i va phuong trinh c¢6 dang phuong trinh
tich:
(z—i)(z+i)(z2 +az+b) :O,(a,b EC)<:>(Z2 +1)(22 +az+b):0
ozt +ar’ +(b+1)z2 +az+b=0.
Pong nhat phuwong trinh nay véi phuong trinh da cho ta duoc:
a=21 a=21
=
b+l=-1 |b=-2
Phuong trinh tré thanh:
z=4i =+
(z—i)(z+i)(22+2iz—2)20<:> 5 N _?
z”+2iz-2=0 z=-1%l
Két luan: Phuong trinh da cho ¢6 4 nghiém la: z=i,z=—i, z=1-i, z=-1-1i.

Suy ra: M =1. Vay chon dap an C.

Cau 3. Cho phuong trinh: z* —32° +(2—i)z2 +3z2-3+i=0 (1) Phuong trinh c6 bao nhiéu
nghiém thuec
A.2 B. 0 C.1 D. 4
Hudng dan giai

Cac hé s6 cua phuong trinh la: A=1;B=-3,C=2-;D=3;E=-3+i.
Ta co A+B+C+D+E =0.5uy ra phuong trinh c6 1 nghiém: z=1 .
Chia da thirc P(z)=2" 32" +(2-i)z” +3z-3+icho z—1 , ta bién doi:
(1) (z-1)(2* -2 —iz+3—i)=0<:>[z3l ,

2’ -22% —iz+3-i=0,(2)

Phuong trinh (2) lai ¢6 cac hé s6 thoa man: A'-B'+C'-D'=1+2-i-3+i=0.
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Do d6 phuwong trinh (2) c6 1 nghiém z=-1.
) z=-1
(2) & (z+1)(2 ~32+3-i) =0 |, |
z —3Z+3—1:0,(3)
A=9-12+4i=-3+4i=(1+2i)
Suy ra (3) c6 2nghiémla z=1-i,z=2+1i.

Két luan: Phuong trinh (1) ¢6 4 nghiém la:z=1,z=-1,z=1-1, z=2+i.

zZ—1

4
Cau 4. Choz,,z,,2,,2z, la nghiém phttc ctia phuwong trinh (22 —ij =1. Tinh gia tri cua
biéu thikc: P = (zf +1)(z% - 1)(z§ +1)(zi +1) :

B B. - c. = =
45 15 14 13

Hudng dan giai
N4
. — 4 4
Ta co: (;z—lij :1<:>(z—1) :(22—1)

& (1) ~(22-1)' 0| (2= 4 (2] 3] (1) (224 |0

o (5z2 —6iz—2)(—322 +2iz) =0 322 +2i2=0 (1),52° ~6iz-2=0 (2)

3i+1 1 3. 3i—1 1 3.
Suy ra z, :?:g+§1,z4 = :__+§l

Do d6

P=(7 +1)(23+1)(+1)(% +1)

2 2
=(O+1)(gi2+lJ (%-{-%lj +1 [—%+%ij +1

4 17 6 .17 6. 5(289 36 13
=l ——+l || —+—i|| ———i|==| —+— |=—
9 25 25 )\25 25 91625 625) 45

Vay chon dap an B.

2

3:2 iz41=0.
2

A - A \ PN » \ 4
Cau 5. Biét z,z,,2,,7, la nghiém ctia phwong trinh z~ -z

Tim1+1+1+1—0

2 2 2 2
‘Zl‘ ‘Zz‘ ‘Z3‘ ‘24‘
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A.5

Dé thay z=0 khong phai la nghiém ctia phuong trinh nén

C. 7

Huwéng dan giai

2
pt<:>z2 —z+l+l+i=0<:> z—l - z—l +§=0
2 z ;2 z z) 2
1 1+3i
_l= 2 :
2= =7 227 —(1+3i)z—-2=0 (*)
Lo L1230 1222 —(1-3i)z-2=0(**)
z 2
Giai (*) {Ki thuat MTCT}
arg|D _ -
Ghi vao man hinh: D=B?-4AC:E = ,[D|2 6(D) y _B+E y_-B4E
2 2A 2A
Ta dugc nghiém ctia phuong trinh:
CMPLY [F] Math ADizp CMPLY [F] Math &
::l;:= —-E+E I.I,l= —-E-E
ZA ZA i1
1+i 2zl
Chi can thay doi cac hé s6 ctia phuong trinh ta tim dueoc nghiém cta phuwong trinh (2)
CMPLY [F] Math ADizp CMPLY [F Math &
::l;:= —E+E I.I,l= —-E-E
ZA ZA i1
1-i “FFl
Suy ra:
CMPLY [F] Math &
| 14+i < | 1.
=1
5
Vay chon dap an A.

Cau 6. Giai phuong trinh: z* —4z° +72% =162 +12=0
B.z=1,2=3,2z=2i,z=5i1
D.z=1,2z=3,z=2i,z=-2i

A.z=1z=3,2=31,z
C.z=1z=3,2=06i,z

= 2i
=2

Hudng dan giai

Dé thay z=1 la nghiém ctia phwong trinh nén
(pt)<:>(z—1)(23—322+4z—12)=0<:>(z—1)[z2 (Z—3)+4(z—3)}20

z=1 2=
7=
=|z=3 Rt
2 z=
z7+4=0
7=
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Chuyén Dé S6 Phic

CHU PE 7. GIAI HE PHUONG TRINH

Phuong phap
= Tanhac lai cich giai hé phrong trinh bang dinh thttc nhuw sau:
D=a b =ab'-a'b ;szC b =cb'-c'b; D = b =ab'-a'b
av bv Cl ' y al '

4 v D D
Néu D #0 thi hé c6 nghiém duy nhat: x :3"; y :Fy'
Néu D=0 va D, #0 hodc Dy #0 thi hé vo nghiém
Néu D=D_ = D, =0 thi hé c6 v6 s6 nghiém.
* Ngoai phuwong phép dinh thtic trén ta c6 thé st dung phuong phap cdng dai so,
phuong phap rut thé...
» Ngoai ra ta con cé thé dua vao tinh chét tap hop diém sd phiic d€ giai va bién luan
hé phuong trinh.
1. MOT SO Vi DU REN LUYEN KI NANG
Vi du 1. Gidi cac hé phuong trinh sau trén tap so phtc:

a){(3i)x+(4+2i)y—2+6i . {(2+1)X+(2i)y—6

(4+2i)x—(2+3i)y=5+4i (3+2i)x+(3-2i)y =8

Giai
a) Ta co cac dinh thic
3-i 4+2i , , . . _
=40 _(2+3i)=—(3—1)(2+31)—(4+21)(4+21)=—21—231
D = iiz _(21;2)1 =—(2+6i)(2+3i)—(5+4i)(4+2i) = -2-44i
D, = 371 24060 = (3-1)(5-4i)—(4+2i)(2+6i) =23-21i
4+2i 5—-4i

Vay hé phuwong trinh c6 nghiém (x,y) \(!

D, 2-44 _(2—441)(—21—231)

- —x_ = —1+i
D -21-23i 212 4232

_D,_ 23-2i =(23—21i)(—21—23i)=i
D -21-23i 212 4232

b) Ta co6 cac dinh thic
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2+. 2_. 1 . . . .
B 3+;i 3_2; :(2+1)(3—21)—(3+21)(2_1>:_21
e 2—126(3—2i)—8(2—i):2_4i
8 3-2i
2+i 6 . ‘ |
Dy:3+;i o 28(2+1)—6(3+21):_2_41

Vay hé phuong trinh c6 nghiém (X,y) vOi

D _ .
X=—X=2 A_Ll=2+i
D -2i
D A
y:_y: 2 _41:2—i
D -21
Vi du 2. Giai cac hé phuong trinh sau v6i hai 8n z va w:
2z+w=4 z+w=4+3i
a ; b)
2iz+w=0 z—iw=3-2i
Giai
, |2z+w=4 2z+w=4 2z+w=4
a)Taco: ¢ ) & )
2iz+w=0 —2iz+w=0 (2+21)z=4
2 2(1-1) 2(1-1) _
7 =— 7= 7= z=1-1
= I+i © (1+1)(1—1)<:> I+1 .
. w=2+2i
w=4-2z | _4_», w=4-2(1-1)
b) Hé phwrong trinh

{Z+w:4+3i {z+w:4+3i (1)
=

z—iw=3-2i |(1+i)w=1+5 (2)

() s - 125 _(1+5i)(1-) _145-i+5i o
I+i o (1+i)(1-i) 1+i

()= z=4+3i—w=4+3{-3-2i=1+i.

=1+i
Vay hé phueong trinh c6 1 nghiém 2=
w=3+2i

Vi du 3. Giai cac hé phwong trinh sau véi hai an z va w :

b

Z—W=2Z+1

2) Z+W=W+i. b z+w=1-w
2Z2+W=2+1i+w

Giai

Z+W=W+i Z+(W—W):i
Z—W=7Z+1

a) Ta co: {

(z—z)—W:i

bat z=x+yi, w=u+vi, (x,y,u,v € R), hé phrong trinh tré than
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X =
x=0 x=0 _
X+yi+2vi=i X+(Y+2V)i:i y+2v=1 u=0
) e = = Sy=
2yi—u—vi=i —u+(2y—v)i:i u=0 y+2v=1
2y—-v=1 2y—-v=1 v
z==1i
Vay phuong trinh c6 1 nghiém la : 51 ;
w=—1
5
+w=1—w z+(w+w)=1
b) Ta co: z W_ W. ( )
2z+wW=2+i1+w 2z+(\7v—w):2+i
bdt z=x+yi,va w=u+Vi(x,y,z,v € R) thi hé phrong trinh trd thanh
x+2u=1 x=1
X+yi+2u=1 X+2u+yi=1 y=0 y=0
. . .= . .= <u=0
2X+2yi—2vi=2+1 2x+(2y—2v)1:2+1 2x =2
2y -2v=1 V=——
z=1
Vay hé phuwong trinh ¢6 1 nghiém 1a : 1.
w=——1i
2

x+iy—-2z=10
Vi du 4. Giai hé phuwong trinh trén tap s6 phttc: {x —y +2iz =20
ix+3iy —(1+i)z =30

Giai
Ta co:
x+iy—-2z=10 Xx+iy—-2z=10
x—y+2iz=20 S 4x—y+2iz=20

ix+3iy—(1+i)z=30  |x+3y+(i—1)z=30i
i+1)y-2(1+i)z=-10
Khtr x ta co hé: ( ) ( )
4y —(1+i)z=-20-30i
x=3-11i
Lac d6é: x =3—-11i. Vay hé c6 nghiém la: <y =-3-9i
z=1-T7i

nNl—= nlw © O
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, a1, , . |72y =551
Vi du 5. Tim s phtic z,,2, thoa man ) 5
72, +z," =-5+2i
1 2
Giai
17124 =-5-5i1
Ta co: 5 )
2" +z, =-5+2i

Ta co 212 +Z22 =(Z1 +z, )2 —221z,
| 5 . 5 . z,+z,=1-4i
o stin(a e 258 oo octsm

R =1-4
2,2, =—5-5i

Nén z,,z,la nghién phwong trinh: 2>+ (4i - l)z -5-51=0

{Z:Z—i

=

z=—-1-3i

Ta duoc nghiém: (2—i;—1-3i);(~1-3i;2-i)

y 2,42, =-1+4i
2,2, =-5-5i

Nén z,,z,la nghién phirong trinh: z? +(1—4i)z—5—5i =0
z=-2+1
=
L =1+3i1
R N o . Lo lz=2-1 z,=-1-31 |z;=-2+1 |z, =1+3i
Vay nghiém ctia hé phurong trinh la: s o s .
z2,=-1-31 |z, =2-1 |z,=1431 |z,=-2+1
35
. =0 (
Vi du 6. Gidi hé phwong trinh hai an: £ o
2Zwt=1 ()
Giai
\ 6 ()" \ 6 _ 10
Tt (2) suy ra: z (w) =1. Tk (1)suyra: z” =w

Do dé: w'° (w)12 =1nén ‘W‘zz =1 ticla ‘w‘ =1

6 10 LT \ Lo 10(2)\? —\2 . N
Suy ra: ‘z‘=‘w‘ =1tu)cla‘z‘=1. T w=—vaw (w) =lsuyra(w) =1 nén w bang 1
w
hogc bang -1.

—\2
T (w) =1 va (2)suyra 72 =1 tc z=1 hodc z=—1.

Ma (1): Z2+w=0nénz=1>w=-1vaz=—-I=>w=1
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Vay hé c6 hai nghiém (z,w) = (1;—1);(z,w) = (—1;1) .

2Z2—w—zw =17

Vi du 7. Giai hé phueong trinh: z,weC
{22+w2—2w=—2 ( )
Giai
Phuong trinh tht nhat cta hé twong duwong;: 2(z - w) =w+7<z= ;N—” ,(dé thay w=2
-w

khong thoa man).

Thé vao phuong trinh thi hai cau hé ta duoc:

2
@”7] +w?o2w=—2 < w 6w +15w% —2w+57=0
—W

<:>(w2—7w+19)(w2+w+3)20

[ 2
wol] =227 _z_+31\/§
{w2—7w+190 2) T4 |(WTpTES
= 5 = 5 =
WSO [W+1J LR P e
2 2 2

74313 _5+3i3
W=T:>Z=—

7—31\/53Z: _5-3i\/3

2
“1+id11 3411
W=—"--"-"-"-"-27=
2 2
“1-i11 3-i11
W:T:z:

2
Vay hé phuwong trinh da cho c6 4 nghiém:

(Z;W):{—5+3i\/§;7+3i\/§}£—5—31\/§;7—3j\/§}

2 2 2 2

(3+i«/ﬁ'—1+i\/ﬁj (3—1 11'—1—1«/5]

2 2 2 2

Nhan xét: Viéc bién doi phuong trinh bac 4 c6 nghiém thuc thi khong qua khé khan, ¢6
thé dung may tinh d€ nham nghiém va doan nhan t chung. Thé nhung véi phuwong trinh
bac 4 nghiém phttc (va khong c6 nghiém thuc) thi viéc dung may tinh d€ nham nghiém roi
doan nhan t chung la khong thé. Vay nén ta phai dung ki thuat giai phwong trinh bac 4
d€ phan tich nhan tir chung mot cach nhanh chéng;:

2
w* — 6w’ +15w2—2w+57:0<:>(w2—3w) — 6w +2w—57 .
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Bay gio ta thém vio 2 v& mdt lwong 1 [Zm.(wz —3w)+m2} (46 v€ tréi duge mot binh
phueong dung):

(W2 —3w+m)2 = (2m—6)w2 +2(1—3m)w+(m2 —57) (*)

Mudn vé phai 1a mot binh phwong ding (hoic c6 thé 1a lwgng 4m cta binh phuong
diang: —A? ) thi:

A :0©(1_3m)2_(zm_6)(m2_57)=O©m=llvm:ﬂ

Vili do “thdm my” nén ching ta chonm =11. Thay m=11vao (*):
2

(w2—3w+1 1) —16wW* —64w +64 = (4w—8)" < (W2—7w+19)(w2+w+3) =0
Vi du 8. Giai hé bat phwong trinh sau véi dn la s6 phtic z :

z-3-i<2 (1)

2z-9-2i|>5 (2)

Giai

Goi z=x+yi (x,y € R) 1a toa vi ctia diém M ¥

bat ky trong mat phang phtec. Tap hop cac
diém M c6 toa vi z thoa man (1) la hinh tron
tam A(3+i), bankinh R =2 (k& ca bién).

>3

Taco ) 5

9 .
z———1
2

Tap hop cac dieém M c6 toa do z thoa man (2) la

phan ctia mat phang ndm bén ngoai hinh tron
témB(%+ ij, ban kinhR = % (ké ca bién).

Vay nghiém cua hé bat phuong trinh da cho 1a giao cua hai tap hop trén. B6 1a “ hinh

trang ludi liém ” khong bi boi den trong hinh vé.

Vidu 9. Giai hé bat phuong trinh sau véi an la s6 phtee z:

z+3-2i
z+1

z-1-2i[<2 (2

>1 (1)

Giai
Goi z=x+yi (x,y € ]R) la toa vi ctia diém M bat ky
trong mat phang phitc. Tap hop cac diém M c6 toa
vi z thoa man (1) 1a nta mit phang khong chita
diém A c6 bo 1a dueong trung truc ctia doan thang

Ths. Tran Pinh Cu. SPT: 01234332133. Gv Chuyén luyén tl
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AB (ké ca duong trung truc ), voi A(—3 +21) va B(—l) . Tap hop cac diém M c6 toa vi z
thoa mén (2) 1a hinh tron tim E(1+2i), ban kinh R =2 (k& ca bién ).

Vay nghiém cua hé bat phuong trinh da cho lagiao cua hai tap hop trén. D6 la phan hinh
tron k& ca bién khong bi bdi den trong hinh vé

21| =fea] =[] =1
Vi du 11. Cho ba s6 phttc z,,z,,z; théamanhé 1 ;

Z, Z
R I B
Z, 13 1
Tinh gia tri biéu thiec T = ‘az1 +bz, +cz,;a,b,c eR
Giai
\ Z Z Z 7 14 A? ~
Vi ‘21‘2‘22‘2‘23‘:1 , | =122 =|=22|=1, do d6 6 thé dit:
Lo 23] |4
z, L. Zy .
— =cosX+isinx,—==cosy+isiny
Z) Z3
Zyn 7, Z o
Suy ra —3=—3.—2=cos(—x—y)+1sm(—x—y).
2y 72y 4y
Lz, 7, Z R
Ma L+22.73 1 nén

cosx+cosy+cos(—x—y) =1
Z2 Z3 Zl

sinx+siny+sin(—x—y):O
Ta co O=sinx+siny+sin(—x—y)

= 2sin¥cosﬂ—2sinmcosm

=2sinXer cosx_y—cosXer =4sinﬂsin§sinz.
2 2 2 2 2 2

Suy ra hodc x =k2rnhodc y =k2n hodc x+y=k2n, do d¢ hai trong ba s6 Z),Z5,Z, bﬁ?mg

nhau.

2

vy . Z z zZ z 4 .

Gidst z,=z,thi L+2=0c-"1=-"Zhaytacod | 2| =-1=z, =tiz,.
Z3 7 34 2

, . . 2
Do @6 ‘azl+bzz+cz3‘=‘azl+bzlJ_rlczl‘=‘z1Ha+bilc‘= (a+b) +c?

Vay «,(a+b)2 +c? hoac «,(b+c)2 +a’ hoac «,(aJrc)z +b%.

II. CAU HOI VA BAI TAP TRAC NGHIEM KHACH QUAN
3x+(1+i)y =—2+14i

Cau 1. Tim nghiém ctia hé phuong trinh: .
ix—(2i-1)y=—4+9i

A. (xy)=(1+5i-3-2i). B. (x,y)=(1+5i;3+2i).
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C. (xy)=(1-5i-3+2i). D. (x,y)=(1+5i;-3+2i).
Huwéng dan giai
Ta co
3 1+i N . .
=| 1_lzi=3(1—21)—1(1+1)=4—71
—2+141  1+i . . ) ) .
DX=_4+9i1 1_21i=(—2+141)(1—21)—(—4+91)(1+1)=39+131
3 —2+14i N . .
D, = _4+9;=3(—4+91)—1(—2+141)=2+291

Vay nghiém ctia hé phuong trinh la: (x, y) = (1 +51; -3+ 2i).

Vay chon dap an D.
A . oA A . x+3y=2+3i
Cau 2. Tim nghiém cta hé phuong trinh )
2x—y=5+2i
17491 —-1+4i 17+91 —-1+4i
A. X, = T B. X, =\ - 5
(x3) [ 24 (x3) [ -4
17+91 —1+4i 17+91 1-41
C. (x,y)= ; D. (x,y)=| - ;
(ry) (L4 (x3) - -

Huwéng dan giai
Tt phwong trinh th (2) ta c6: y=2x-5-2i thay vao phuong trinh thtt nhat ta duwoc:

x+3(2x—5-2i)=2+3i & Tx =17+ % & x = 17+91
Litic dé: y = _1;41 .

17+9i —1+4i
7 7 )

Vay nghiém cua h¢ phrong trinh la: (x,y) = [ ;
X—(2—i)y =2

X2 =3iy? =5+415i

Al B.2 C.0 D. 4

Hudng dan giai

Cau 3. Tim s6 nghiém cta hé phuong trinh {

Tt phuong trinh tht nhat ta duoc: x = 2+(2—i)y thé vao phuong trinh tht (2) ta duoc:
(3-7i)y* +4(2-i)y—1-15i=0 (*)
Tacé A'=120+22i = (11+i)’

y=i—>x=3+2i
Dodé (*)<|  —26-51i —45-76i
y=——— > X=—-——
29 29
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Vay chon dap an B.
Z—W—2ZW =28

2 2

Cau 4. SO nghiém ctia hé phuong trinh
z7+w =-1

A. 1l B.2 C.3 D. 4
Hudng dan giai
Ta cod

el (= )

(Z—W)2+2(Z—W)—15:0<:> z—-w=3 z—w=-5

3411 3-i11
. Y T VY T
1) & \ ;
(i) Z:3+i«/11 Z:3—i«/11

2 2

5+iv27 5-i\27
) Y T Y T
1)< V
(i) 5+ 27 5 _i27

2 2
Vay chon dap an D.

2,2 B
Cau 5. Tim nghiém ctia hé phwong trinh u“+v +4uv=0
u+v=2i

A. (u,v)=((1+«/§)i,(1+\/§)i);(u,v)=((1—«/§)i,(1+ 3)1).
)=((1+«/§)i,(1—\/§)i);(u,v)=((1+«/§)i,(l+ 3)1).
u,V):(—(lJr 3)1,(1—45)1);(u,v)z(—(l—ﬁ)i,(uﬁ)i).
D. (u,v)=((l+ 3)i,(1—\/§)i);(u,v)=((1—«/§)i,(1+\/§)i).

(u+v)2+2uv=0

Ta c6 hé tuong duong: { = —-4+2uv=0=>uv=2

u+v=21
. A .. u+v=21 . A . .
Do do ta c6 hé moi: ) nén u, v la nghiém caa phuong trinh
uv =

z=(1+«/§)i

z:(l—\ﬁ)i

Vay nghiém ctia hé phuong trinh Ia:
(u,v)z((1+J§)i,(1—J§)i); (u,v)z((l—ﬁ)i,(nﬁ)i).

Vay chon dap an D.

z2—2iz+2_0c{
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z,+2, =4+i 1 1
Céu 6. Cho h¢ phuong trinh | . Tinh —+—
Zl +Z2 =5-2i Zl Z2
A -t B —1-2; SN D. 12
2 10 2 10 2 10 2 10

Hudng dan giai

2,42, = 4+1

hpt & o
2,2, = 5+51

Theo dinh ly Vi-et thi z,,z, la nghiém ctia phwong trinh

1;2—(4+i)t+5+5i:O,A=—5—12i:(2_3i)2
(4+i)+(2-3i)

t= 5 =3-i
=
t:(4+i)+2(—2+3i) i
Tém lai, hé da cho cd hai nghiém (21;22) la (3—i;l+2i);(1+2i;3—i)
1 I:I'HF‘L:'!1 [F] Math &
=—1 T 1+21
1_= .
Z 1ol
Vay chon dap an D.
Z+W:3(l+i)

Cau 7. Giai hé phurong trinh hai an: _— '
z2+w’ =9 (—1 + 1)

Hudéng dan gii
Ta c6: z° +w’ :(z+w)3 -3zw(z+w)=9(—1+i)
NN z+w=3(1+i)
P zw =51 .

Theo dinh li Vi-et z,,z, la nghiém ctia phwong trinh:
2 =3(1+1)t+51 = 0,4 = —2i = (1-i)’
t=2+1
= .
L =1+2i
Tém lai, hé da cho c6 hai nghiém (zw) 1a (2+i;1+2i);(1+2i;2+i)

. N . . 1A ‘Zl‘:‘zz‘:‘zz.‘:l
Cau 8. Cho ba s6 phute z,z,,z, thoa man hé
z1+22+z3=1

Tinh gia trj ctia biéu thie S=z7"" +25™" +23""! véin 1a s8 nguyén duong.
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A.S=2 B.S=1 D.S4
C.s=1
2
Huwéng dan giai
1 1 1
Vi |z,|=|z,|=|z,|=1 nén —=7Z,,—=7Z,,— =17Z,. Do do
el fel<toén L5, Lz Lo,
P11 - _  _
Z—l+g+g=zl+zz+z3=zl+22+23=1

= 2,2y + 2,2, +232, = 22,7, =2
Vayz,,z,,z, la ba nghiém cta phuong trinh:
Chting t6 trong ba s8 phttc z,,2,,z, phai c6 mot s6 bang 1 va hai s8 con lai d6i nhau.
Khong mat tinh tong quat, gia stt z, =1;z, =-z,khi d6 :
S= Z%HH +Z§n+1 +Z§n+1 -1 +Z§n+1 _Z§n+1 -1
Vay ta co tong S=1
Cht ¥: C6 thé giai bai toan bang céch st dung bi€u dién hinh hoc s8 phitc hodc dung dang
lwong giac ( vi du duwdi day)

2,+t2,+2,=4+2i (1)
Cau 9. Giai he phuong trinh: {2z, +2, -z, =2+5i (2)

2,+22,+32,=9+2i  (3)

(21,2,,25) = (i.3+2i,1+i). (225,25 ) =(1,3-2i,1-i).
A. B.
(21,2,,25) = (i,3+2i,1-1). (21,2525 ) =(—0.3+2i,1-i).
C. D.
Hudéng dan giai
Cong (1) va (2) v€ theo vé'ta duoc: 3z, +2z, =6+7i (4)
Nhan (2) v6i 3 roi cdng véi (3) ta duoc 7z, +5z, =15+171 (5)
z,+2,+2,=4+2i
Luc do6 hé phuwong trinh trd thanh: {3z, +2z, =6+7i
Tz, +51=15+17i
Giai hé trén ta dwoc: (z,2,,25) = (1,3+2i,1-i).
Vay chon dap an C.
el =Pal=bd -1
Cau 10. Tim s6 nghiém ctia hé phwong trinh <z,z,z, =1
z,+2,+25=1

A.S=2 B. S=1 C.S=3 D. S=6
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Huwéng dan giai

AR ANAR

2,42, +24 =1

Ta c6 lwu y sau: Chitng minh réng néu 3 s8 phtic z,;2,;7, théa man: { thi

mot trong 3 s& d6 phai bang 1.
That vay
Tacod: z,+z, +z, =1 1-2,=2, +7,
= Néuz=1 thiz,+z;=0
= Néuz=l thi -z #0, goi diém P bi€u dién s& phtic 1+(_21)=Z2 +z,#0 thiP sé
khong trung vdi O va lz‘—zl‘ =‘Z2‘ = ‘Z3‘ nén duong trung truc cia OP cat duong
tron don vi rai hai diém 1,—z, va ciing la hai diém biéu dién Z,,2;. Do d6 hodc
2, =12, =2, hoac Z,=~2,2y=1.
Vay z, =1 hodc z, =1 hoac z; =1.
Ap dung: giai hé phuong trinh trén thi c6 mot an bang 1 va tdng hai 4n con lai bang 0.
Xeét z, =1 thicd z, +z, =0 nén z, =—z,.
Tt gia thiét z,z,z, =1 nén —zg =1 hay z§ ——1=i% thicd z, =i,zy =—i hodc z, = —i,z, =i.
Vay hé c6 6 nghiém la hoan vi cac phan t cua bo ba (l,i,—i).

Vay chon dap an D.

3_2_
Cau 11. Cho hé phuong trinh z-w =0

. Tim khéng dinh dung
22w =1
A. Hé c6 nghiém duy nhat
B. Hé da cho v6 nghiém
C. Nghiém cuta hé la nhitng s6 thuc
D. Thanh phan nghiém cta hé c6 mét sO thuc va mot s6 phirc
Hudng dan giai

Z2-w?=0 ()

Xét hé phwong trinh
2w =1 ()

3 2 15 _ —10

, 1zZ7—-w"=0 Z =W _

Ta co = 0 = w'w’ =1 @)
22w =1 2Pw’ =1

Tir (9 taco [ |w] =1=|w|=1, vi th& 1= %' =w.(W.w)’ =%. Do d6 =1 nénhé cé
3 _ 5, _

dang {z —lj{z '2_1:>z:l
2’ =1

Tht lai thdy thoa man, vay hé da cho c6 nghiém (Z;W) = (1;1)
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Vay chon dap an D.

Cau 12. Tim sd phtrc z thoa méan : [

Huwéng dan giai

Goi s6 phtic z=x+yi (x,y € R)

2
2‘x+(y—1)i‘:‘(2y+2)i‘ y:% x:%
He = ‘4x i‘ 4 < 1 = y 1
yy = 1 _ 1 -
Y—X vy " Q/Z

Vay so phitc can timla : z = N +%i.Véy chon dap an D.
4
Cau 13. Tim tham s6 m dé€ hé phuwong trinh phttc ¢ nghiém duy nhat:
[z—3i-1]=1 7 ,
, (an z la s phtrc)
‘Z+i—1‘:‘m—z
A m=1+\3, m=1+15 B.m=1+\3, m=1+4/5
C. mzli\/g, mZIi\/E D. mzli\/g, mzli\/g

Hudng dan giai

Goi z=x+Yi, (x,y S R)
‘X—1+(y—3)i‘:1

Theo gia thiét, ta c6 <
‘x—l+(y+1)i‘=‘m—x—yi‘

2 2 2 2
o (x=1)" +(y-3)" =1 o= (y-3) = B
(X_1)2 +(y+1)2 =(m_x)2 +y? |2(m-1)x+2y+2-m* =0
(*)lé hé phuwong trinh toa do giao diém cua duong tron (C): (x —1)2 +(y —3)2 =1

Va duong thing (A): 2(m—1)x+2y+2-m’ =0

Puong tron (C) c6 tam 1(1;3) vabankinh R=1.

Hé phuong trinh ¢6 nghiém duy nhat < (A) ti€p xuc véi (C).

‘mz —2m—6‘
o d(I,(A)) “Ro

: :1@‘(m_1)2_7‘: (m-1) +4
4(m-1)"+4

Dt t:(m—l)2 (t > 0), ta co
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\t—7\=»\/4t+4 <:>(t—7)2 —dt+4 < t2—18t+45=0<t=3,t =15
e t=3o(m-1)=3om=1\3
e t=15o(m-1) =15em=115

Vay gid tri can tim la m = li\/ghay m=1+15

Vay chon dap an A.

Cau 14. Tim nghiém cta hé phwong trinh sau véi dn 1a s6 phtic z va A la tham sd thuc
khéc 0.

z—4-21
—=A
z+2 D
z—2
=1 2
z+21 @
A.z=2-2i, z=-2+21. B. z=2+21, z=-2+2i.
C.z=2-2i, z=-2-2i. D.z=-2-21, z=2-21.

Hudéng dan giai
Goi A, B theo tht tu la cac diém trong mat
phang phtic biéu dién s6 phitc 1a 4+2i, —2. Khi d6 tap hop diém M biéu dién s6 phiic z
thdéa man (1) 1a duwong tron duwong kinh AB, trir hai diém A va B. Puong tron nay c6 tam

E biéu dién s& phtic 1+i va ban kinh R = %‘6 +2i[=[3+i|=10 nén c6 phuong trinh Ia

(x=1)" +(y—-1)" =10 (*)

Goi C, D theo thit tw 1a cac diém trong mat phang phtic
biéu dién cac s8 phtrc 2,-2i. Khi d6 tap hop diém M bidu
dién s3 phtic z thoa man (2) 1a dwong trung triec ctia doan
thang CD. Duong trung truc nay di qua trung diém

H(l —i) cua doan th:fmg CD va nhan C—D(—2 —2i) lam vécto

phap tuyén nén c6 phuwong trinh 1a s
—2(x—1)—2(y+1) =0 x+y=0 (**) . Suy ra giao diém P

cta duong tron va duwong trung trirc la nghiém cua hé da

cho. P la cac diém (x; y) thoa man (*) va (**), ttec la nghiém ctia hé phuong trinh sau:

{E:yl);i(ﬂ)z 10 {yx_;): +(=x-1)7=10

& 4 X<:> X hoac X .
x =12 y=-2 =2

Vay nghiém cua hé phuong trinh la: z=2-2i, z=-2+2i.
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Chuyén Dé S6 Phic

Vay chon dap an A.
\z—1—4i\=3 (1)

Cau 15. S6 nghiém ctia hé phuong trinh sau véizladnso: 4|, 434 2j
20Ty ()

3 .
z+ -1
2

A.0 B.1 C.2 D.4
Huwéng dan giai
Goi E 1a diém trong mat phang phtic c6 toa vi 1a 1+4i. Khi d6 tap hop diém M biéu dién

sO phtrc z thdoa man (1) la duwong tron tdm E, ban kinh R=3. v

Phueong trinh duong tron nay la: (X - 1)2 + (y —4)2 =9 (*). Goi
A, B theo thit tu 13 céc diém biéu dién s6 phtc ~3-2i, —% .

Khi d6 tap hop diém M biéu dién s§ phttc z thoa man (2) la
duong tron Appollonius chia doan thang AB theo ty s6 k=2.

Puong tron Appollonius c6 tam F la diém c6 toa do

2 —3—21—4(—}1]
. ——1+2i va c6 ban kinh
1-k? 1-4
3
2l-3-2i+>—i
kla—b ‘
R= 21 - :‘—1—21‘:«/5
‘1_1(2‘ ‘1—4‘

Phuong trinh duwong tron Appollonius la : (x + 1)2 + (y - 2)2 =5 **)
Suy ra nghiém ctia hé da cho 1a giao di€m cuta hai duwong tron (*) va (**), ttc la cac diém

(x; y) thoa man hé phuong trinh sau:

()(—1)2—|r(y—4)2 =9®{X2+y2 —-2x—-8y+8=0

(x+1)"+(y-2)’

x+y-2=0 y=2-x
<~ <~
x2+y2+2x—4y=0 x2+(2—x)2+2x—4(2—x)=0

y=2-x {x:l L [x=-2
=9, & hoac .
x“+x-2=0 |y=1 y=4

Vay hé phwong trinh da cho ¢ hai nghiém la z=1+i va z=-2+4i.

x2+y2+2x—4y:0

5

Vay chon dap an C.
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Chuyén Dé S6 Phitc

CHU PE 8. DANG LUONG GIAC SO PHUC

Bai toan 1: Viét s6 phitc dwéi dang lwgng giac
Phuwong phap
1. Déviéts6 phtic z=a+Dbi,(a,beR)dwdi dang lugng gidc z =r(cosgp+ising)
a N b ;
\ia2 +b? \/az +b?
Nhu vay: r= Va? +b? . Dit cosg -2 v sing ___b
\/az +b? \/aZ +Db?

Tr dé suy ra ¢ la1lacgumen cua z .

Truéc hét ta bidn doi: z = a2 +b> (

)

2. Cht y cac cong thirc bién ddi lugng giac:
*1+cosp+ising = 2c0s? 2 + 2isin L cos £
2 2 2
=2c0s?| cos? +isin?
2 2 2

* 1titang=1+i 2% =

(cos@p+isin @)
CcOs® COs@

I. Cac vi du dién hinh thuong gip

Vi du 1. Viét cac s6 phtc sau dudi dang lugng giac:

a) 5; b) -3 b)7i; d) -2i.
Giai

a) 5=>5(1+0i)=5(cos0+isin0).

b) —3=3(~1+0i) =3(cosm+sinmi).

0) 7i=7(0+1) =7(cos§+isingj.

d) 2i=2(0-i)= 2(cos(—9 +isin(—§D

Vi du 2. Viét cac s6 phtic sau dudi dang luwong giac:

a) 1-i\3; b) 3 —i\3; Q) %+gi; d) %—71.
Giai

a) 1—i\/§=2[%—i%}:Z{COS(—g}Lisir{—gH.

8- -k oo )
1. 3. 2(1..B)2( =, .. =

1B (1) )

3 3(2 2
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Chuyén Dé S6 Phitc

d)iq _7‘/_( iV3)= 14*/_(__ £J_%{cos(—gj+isin(—gﬂ.

2 2
Vi du 3. Viét cac sO phiic sau dwdi dang lwong giac:
a) (1+3i)(1+2i); b) (1+1)| 1+(\3-2)i |
0) (\/E—zi).[ﬁ+(3\/§—4)i}

Giai
a) (1+3i)(1+2i)=1+6i" +3i+2i=-5+5i=5(-1+i)

—5\/_(—7+1\/_] 5\/_[Cos +1sm37fJ

b) (1+1)| 1+(V3-2)i |=1-(V3-2) + (V3 -2+1)i
=3-\3+(V3-1)i=V3(V3-1)+(V3-1}i
=(\/§—1)(\/§+i)=2(\/§—1){§+%ij
=2(ﬁ—2)£cosg+isingj.

0) (ﬁ—2i).[\/§+(3\5—4)i}=(2+6\/E—8)+(6—4\/5—2\/5)i
~(6v2-6)+(6-6v2 )i = (62 -6)(1-i)

Blole-o| -5

:(12—6\5){@5[—2}&5&1[—2)}.

Vi du 4. Viét cac s6 phtic sau dudi dang luwong giac:

a) ——; b) 2L, ) 103
2+2i 1-2i 1+1
Giai
a) Ta co:
1 1 \/5 \/5 T .. b
= = =—/ cos| —— |+isin| ——
2+2i 2(1+i) o) 4 4 4
4| cos— +1isin—
4 4
+2i i
b) ( )( )_3+2+61 -1 5+51 14

1-2i (1-2i)(1+2i) 1-(2i)? 144
Byt e

5.l oS el
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Chuyén Dé S6 Phitc

Vi du 5. Viét cac sO phiic sau duwdi dang lwong giac:

i
a) 1+ = b) 1+\/§+(1—\/§)i.
Ng
Giai
a) Ta co:

i n P | 2 n
1+—=1+itang=1+i 6 _ [cos—+1sm j——( os—+1sm6j

‘/5 COS— cosE 3
6
. T . T
. . smg smg
b) 1+\/§+(1—\/§)i=1+tan—+(1—tan—]i==1+ +|1- i
3 3 b T
CcOS — COS—
3 3
1 T . T 1 T .. T
= cos— +sin— |+ cos—+isin— |i
e 3 3 T 3 3
COS— CcOS—
1 T . T 1 LT ).
= cos—+sin— |— sin——cos— |i
e 3 3 T 3 3
COS— COS—
—Lxﬁcos r.r —L«/Esin T Ili
T 3 4 n 3 4)
COS— COS—
3 3
—Zx/_ cos——1sm— =24/2] cos - +1isin - .
12 12 12 12
Cach khac:

1+\/§+(1—\/_)1—(1+\/_)£1+ “/_J

tanE—tamE

=(1+\/§) 14— 4 3

1+tar1£.tar1E
4 3

:(1+\/§ _1+itan(£—g }=(1+\/§){1+itan{—%ﬂ.

. T
sm[—j
1+1 12 1+\F cos| —— |[+1isin - .
cos o cos— 12 12
12 )] 12

. T [n nj b4 T . T 1 \/5 1+\j_
Ma Cosﬁzcos ——— |=cos—.cos— +sin—.si

. 1'1
3 4 34342\Ezf2f

S~—
1

=(1+\E

S~~—

Do d6:
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Chuyén Dé S6 Phitc

LB (1-B)i - 1+\E{COS[_%J+isin(_£ﬂ

T 12
COS—
12

SR ]
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Chuyén Dé S6 Phitc

IL. Bai tap tu luyén

Bai tap 1. Viét cac sd phtrc sau dudi dang luong giac:

a) (2+1)(3+1) 2J6_+211J_
Q) (1—i)(1+(\/§+2)i) (J_ 2i )(3-%&
Giai

a) Ta co: (2+i)(3+i)= 5+51_5J_[£+1£} 5ﬁ(cos£+isinﬂ.
5 2242 N2 2. (x/_ «/_] (Cosnﬂsan
2 24 4

b) Ta ¢
6—2i 4 4 2 2

c¢) Ta co:

(1—1)(1+(\/§+2)i)=3+\/§+(1+\/§)i=(1+\/§)(\/§+i)
:(2+2\/§)(§+i%}=(2+2\/§)(cosg+isin§).

d) Ta co

(V3- 21)[3—£'J=i—7 7{%—}

g el )

Bai tap 2. Viét cac s6 phtrc sau dudi dang luong giac:
a) 2 +1+i; b)2—\E+i;
<) 1+(\/§+1)i; d) 1+(2—\/§)i.

Giai

a) Ta co: \/E-Fl-i-i=\/§(1+L+iij=\/§[1+COSE+iSinEJ
N T
=\/§ 2cosZE+ZisinE.cosE =2«/§cosE COSE‘i‘iSiI’IE .
8 8 8 8 8 8
b) Ta co: 2—\/§+i=2 1—£+l =2 1+c055—n+isir1E
2 2 6 6

25m .. 5w 5m 57 5t . . 5n
=2| 2cos® — +isin—.cos— |=4cos—| cos— +isin— |.
12 12 12 12 12 12

Q) 1+(\/E+1)i=(\/5+1)(\/5—1)+(\/5+1)i
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Chuyén Dé S6 Phitc

=(\E+1)(\E—1+i):\E(\E+1)(1—%+%j
_\/_( 241

—\F \F-l—l)(Zcos —+21s1n3§n COS%J
2ﬁ(ﬁ+1)
d)1+(2 \/5)1 (2 \/_)(2+\/_) (2—\/5)1
(- J§)(2+\/§+i)=2(2—\/§)(1+g+%
2(2 \/5)(1+COS +1s1n2j

-2(2-3)

—4(2 \j_)cosﬁ (cos—ﬂsmlj

12 12

( 7)
1+Cos—+1smz

3n
cos— COS—+ISIH§

N—

2cos® — + 21ssm£ cos1
12 12

Bai tap 3. Viét cac sO phtrc sau duwdi dang luong giac
a)z=— cos= +isin~ ; b)z=5 —cosZ +isinZ |.
9 9 6 6

Hudéng dan giai

a) Ta co:

T .. T mw .. T T .. I
Z=—| COS—+1SIN— [=—COS— —1SIN—=COS| T+ — |+1SINn| T+ —
( 9 9] 9 9 ( 9j [ 9]

T, T
=cos—+isin—.
10 10

b) Ta co:

T .. T T .. i 5t . . 5m
z=5| —cos—+isin— |=5| cos| t—— |+isin| t—— | |=5| cos— +1sin—

Bai tap 4. Viét cac s6 phtc sau dudi dang luong giac:
a)—(coscp+isin(p); b) cosp—ising; C)—cosp+ising.
Huéng dan giai

a) Ta co:

—(COS(p+iSi1’1(|))Z—COS(p—iSin(pZCOS((p+7t)+iSin((p+ n)
b) Ta cé: cosp—isingp= cos(—(p)+isin(—(p)
c) Ta co: —COS(p+isin(p=Cos(n—(p)+isin(7t—(p).

Bai tap 5. Viét dudi dang luong gidc cac s6 phtic sau:
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Chuyén Dé S6 Phitc

1—(cos<p+isin(p) '

a) b) [1—(cos<p+isin(p)}(1+cos<p+isin(p).

1+cos@+ising
Huéng dan giai
a) Ta co:

o 290 ... @ 9
1—(Coscp+1sm(p)_1—coscp—isin(p_zsm 2 21s1r12c052

1+cos@+ising  1+cosq+ising 2c0s2 ? 4 2isin Pcos ?
2 2 2
sin? —icos
—tant—2  2__jian?
¢ ¢

cos— +isin—

2 2
= Khi tan>>0 thi dang luwong giac la tan—>| cos| —— |+isin| —=
2 2 2 2
* Khi tang <0 thi dang luong giac la —tan%{cos(g}risin(gﬂ

»  Khi tang =0 thi khong c6é dang luong giac.

b) Ta c6
[1—(Coscp+isin(p)](1 + COS(p+isin(p)

=2sin 2| sin2—icos? | 2cos 2| cos® +isin L
2 2 2 2 2 2
) LA T
=2sin—| cos| ¢—— [+isin| ¢——
el
»  Khi sin§>0 thi dang luong giac la Zsin§{cos((p—gj+isin((p—gﬂ
» Khi sing<0 thi dang luong giac la —25in§[cos((p+g}risin(qwgﬂ

= Khi sing =0 thi khong c6 dang lwong giac.
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Chuyén Dé S6 Phitc

Bai toan 2: Ap dung cong thitc Moivre dé thuiec hién cac phép tinh
Phuong phap

* (cosp+isin )" =cosn @ +isinn ¢

* (cos@+isin g)(cos ¢’ +isin ¢’) =cos( @+ ¢’) +Hsin( @ + @)

o COPHIMD _ os(p—gr)+isin(p—9')
cosg’ +ising’

29 P P

* 1+ cos@+isin ¢ =2cos” —+2isin ECOSE
=2c0s2| cos? +isin?
2 2 2

sing _

*1+itang=1+i (cos @ +isin @)

cosQp  cos@
I. Cac vi du dién hinh thwong gip

Vi du 1. Tinh c4c gid tri ctia sO phtic sau va viét két qua ctia chung dudi dang a + bi,(a,b € R)

2n . . 2¢ 3n 371
a)A= COS7+ISID7 cos— +isin—

14 14
3
T .. T T .. T
ﬁ(cos4+1sm4j (COSSHSIHSJ
b) B= ; ) C= -
\/g(cosnﬂsinnj cos ™ +isin ™
12 12 15 15
Giai
a) Ta co:

2n . . 2®; 3t .. 3¢
A =| cos—+isin— |.| cos— +isin—
7 7 14 14
2 3m) .. (21 3m T .. T .
=C0s| — +— |+isin| —+— |=cos—+isin—=1.
7 14 7 14 2 2
\E COS — T L isin®
4 4 \/_ T m| .. (m =w
B= =— ——— |+isin| ———
\F 4 12
\E cos +1sm—
\ﬁ cos +isin— |=——+—
NI ;

10 10
c) Ta co
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Chuyén Dé S6 Phitc

3
T .. T 3n .. 3xn
CcoS— +1isin— COS— +1isin—
C- ( 5 5) _( 5 5)

T ! Cosﬂ+isin4—n
(coslSJrlsmlE)] 15 15

3t 4n) .. (3n 4n)| 1 3.
=|COoOS| ——— |[+1SIn| — — — =— 4+ —1I.
5 15 5 15)| 2 2

n
Vi du 2. Tim s6 nguyén duong n bé nhat dé [\/5 + IJ la s6 thuec.

—1

(Trich dé thi thit s6 1 nam 2012, TT 46/1 Chu Van An, Hué)

Giai
Ta co: \/§+i=2 cos X +isin~ ;1—i:\/§ cos| - = |+isin| - Z
6 6 4 4
\/§+i 5r 5n
= =2| cos2Z +isin=
- \/_(cos12 1s1n12j

1-1

n n
Do d6 (\EJFIJ =22 [cos%+isin5£j

-1 12

My 0k (ke )

S§ d6 1a s6 thue khi va chi khi sin 22 = 0 < 207 _
1 1 12

S6 nguyén duong bé nhat can tim la n=12.
Vi du 3. Tinh gia trj cac biéu thiic sau:

Rk o458 (58]
(1+1J§)5 +(1—1J§)5
(1-i)"  (1+i)

o) C=(1+iﬁ)6(1—i)5 +(1—i)5(1—i\/§)6; d) D=

Giai

a) Taco
\9 A9 9 9
1+1 1-1 T .. T T .. T
A=|—| +|—=| =| cos—+isin— | +| cos| —— |+isin| ——
2 NG 4 4 4 4
On . . 9= O\ . . 91
=Cc0S— +1isin— +cos| —— |+isin| ——
4 4 4 4
=c059—n+isin9—n+cos 9—“ —isin 9—“ =cos£+cos£=\/§
4 4 4 4 4 4

b) Ta c6
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Chuyén Dé S6 Phitc

7 7 7 7
1+iV3 1-i\3 no..n AN
B= - =| cos—=+isin— | —| cos| —= |+isin| ——
2 2 3 3 3 3
m .. 7n 7Ty .. 7T
=Ccos—+isin— —cos| —— |+isin| ——
3 3 3 3

= cos7—n+isin7—n—cos7—n+isin7—n =2isinE =i\/§
3 3 3 3 3

c) Ta co

C=(1+iﬁ)6(1—i)5 +(1-i) (1 —hf)
[ Lo o2
=2 (\5)5[cos§+isingj [cos(—£]+isin(—gjj
+26(\E)5[cosg+isin§j Lcos(—g}tisin(—gj}
:28«/§(cos6—;+isin%“J(cos(—%“J+isin(—54—“D
+28\/E(cos%+isin%j(cos{—%j+isin(—%B
=28\/E(cos%—isin%+cos%+isin%j=29\/§cos%=—512
d) Ta 6
_(1+1J§)5+(1—1J§)5_ 25(;+\2Ei] 25[
s ‘@[UT =

5 5
25 c:osE+isinE 2% cos _T +1isin— T
3 3 3 3
4
AN T ..

= +

N—

cosﬁﬂsin@ COS[—STE]+isin(—5n
3 3 3 3 3

5} . . 5n cosST+1sinT
cos| ——— |+isin| ——

Vi du 4. Tinh gia tri cac biéu thuc sau
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Chuyén Dé S6 Phitc

4 4
a) A= 1+c055—n+isin@ + 1+Cos@—isi1r1E ;
3 3 3 3

4 2
T .. T 8t . . 8=
1+(Cos6+1sm6j 1—Ecos3+1sm3J

b) B= ; ) C= .

4 ¢ 2
T .. T 8t .. 8=
1+| cos——isin— 1-| cos— —isin—
6 6 3 3

Giai

a) Ta cod

4 4
A= 1+c055—n+isinE + 1+c055—7c—isi1'1E
3 3 3 3

4
= 2coszS—n+ZisinS—nC055—7t + 2c0525—n—2isin5—nc055—n
6 6 6 6 6 6

[ 5¢( 5n .. 5m\| 5u( 5t .. 5m)|
=|2cos—| cos— +isin— +|2cos—| cos— —isin—
i 6 6 6 6 6 6
[ 5¢( 5 .. 5m)| 51 5n0) .. ( 5m
=|2cos—| cos— +isin— +| 2cos—| cos| —— |+1isin| ——
i 6 6 6 6 6 6
2BV (20 20 23 ) 20 20
=|———1| | cos n+isin T - cos _2r +1isin =R
2 6 6 2 6 6

=9 2C0520—n =18cos& =-9,
6 6

4

b) Ta c6
4 4
T .. T T .. T
1+| cos—+isin— 1+| cos—+isin—
B 6 6) 6 6
- 4 4
1+ CosE—isinE 1+| cos _r +1isin _T
6 6 6 6
4 . . 4n 2n . . 2:m
1+ cos— +isin— 1+ cos—+isin—
_ 6 6 _ 3 3
4y . . 47 2n) .. 27
1+cos| ——— |+isin| —— 1+cos| —— |+isin| ——
6 6 3 3
1+cosz—n+isin2—n 2cos | cos ™ +isin ™
3 3 3 3 3

- 2n . . 21
1+cos™ - —isin=~ 2cos™| cos| =~ |+isin| —~
3 3 3 3 3

=cos| Z+ X |+isin| 2+ 2 :—1+£
3 3 3

3 2 2

c) Ta co
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Chuyén Dé S6 Phitc

st .. 8nY on .. 2nY
1-| cos— —isin— 1-| cos— —isin—
Co 3 3) 3 3

st .. 8n) o . onY
1-| cos— +1isin 1-| cos=—— +isin—
3 3 3 3

ol )] ol (5]

2 4n . . 4n
3 3

) 27 .. [2m -2n
2sin? [] —2i sm[} cos(j 2sin? E +2i sinE cos 2n
_ 3 3 3 _ 3 3 3

27

27

2sin? 2;—2isir123ncos 2sin? 2E:I—Zisirlzﬁcos

. 2n( . 2m . 2w T .. T

i 231n3(s1n3+1cos3) i sin23n+icosz3n i cos(—6j+1sm(—6j
. 2n( . 2n . 2m . 2n . 2m T .. T
2sin——| sin=——icos—— | sin—-—icos~- cos| —— |—isin| ——
3 3 3 3 3 6 6

T .. T
cos| —— |+isin| ——
( 6} ( 6} T om .. n wm) 1 iy3
= =Cos| ———— |[+isin| ———— |==———.
) .. (T 6 6 6 6) 2 2
cos| — [+isin| =
6 6

J3-3i

2
Vi du 5. a) Ching minh s phtic z :( 1o j la s6 thuec.

(Trich Truong THPT Kon Tum, 14n 3 - 2012)

n
b) Tim tét ca s0 nguyén duong n théa man A = (3 — I\EJ la s0 thue.

J3-3i

(Trich Truong THPT Qué Vo s6 1, 1an 4 - 2013)

Giai
a) Ta co:
\/—24 T) . . b #
( 1 j24 ( 2) {cos(—4j+1sm(—4ﬂ
7 = =
J3-3i

24
2% cosE + isinE
6 6

[cos(—6n) + isin(—6n)] _ 1 1

2'2(cos4m +isindn) 212 4096
b) Ta c6
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Chuyén Dé S6 Phitc

\/§+i ! T .. T " nc .. Nx
A= =| cos—+isin— | =cos— +isin—
6 6 6 6

2

AeR@sin%=0<:>n=6k,keZ,k21

2+7z

Vi du 6. Gia st z 12 s8 phitc thoa man z> —2z+4=0. Tim s8 phttc w ={
(Trich Treong THPT Chuyén DH Vinh - 2012)
Giai
Tir gid thiét 72 ~22+4=0 tac6 (z—1)’ =3 2z=1£43i

Véi z=1+\/§i ta co:

7
-mT .. —T
Wz[\/g_\/giJ7= (1_1)7 _ 1 (COS4+lSln4j
3+\/§i (\/§+i)7 8\/5 (CosnntisinnJ7
6 6

.. —7/m
1 COST+ISIH74 __1 1+i _\/§+1_\/§_1i

8\/5 cosﬁﬂsinﬁ 8 \’6“ 32 32
6 6
Véi z=1-+3i ta co:

n .. T 7
N7 COS— +1SIn—
(1+i) _ 1 ( 4 4]

( 3—1)7:8\/5'( - —nJ7

COS— +1sin—
6 6

W =

7Tt+. . 7m
1 | cos- - +isin” - 21. 1-i =_%+1+J§—1i
8\/5 cos_znﬂsin_zn 8 _\/§+i 32 32

z-1)(2-1 i
Vi du 7. Cho s6 phtic z thoa man ( — )(2 ) = 3; ! Tim phan thuc va phan ao cua z.
z+2i
(Trich Truong THPT Phan Bi Chau, Nghé An Ian 2 - 2013)

Giai

bat z=x+yi, (x,yeﬂ%):gzx—yi
(+-1)2-1)_34i
z+2i 2

- X+y=2
7y -3x=4

& (4-2i)z-(3+i)z=2+4i & (x+y)+(7y -3x)i=2+4i
ox=y=1l=z=1+i

9
Do d6 z° :(\/5) (cos%+isin97:j=16+l6i

Phén thuce cta z 14 16, phan 4o caa z 1a 16.
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Chuyén Dé S6 Phitc

Vi du 8. Goi z;, 2z, la hai nghiém ctia phuong trinh 2 —(2cos%jz+l=0. Tim s n nguyén

duong nho nhat sao cho z," +2z," =1.
(Trich Truong THPT Nguyén Vin Cit, Bic Ninh l4in 3 - 2013)
Giai
Phuong trinh 7% - 2cos5—n z+1=0(1). (1) c6 A'=cos’ om_ 1=—sin’ on
21 21 21
f s s 1A . -
Do d6 cac can bac hai caa A' la +i smﬁ .
Vay (1) c6 cacnghiém la z, = COS@ —isin5—n, Z, = cos@ JrisinE
21 21 21 21
Vi du 9. Cho z,, z, 1 hai nghiém phtic ctia phuong trinh z? —2z+4=0. Tim phén thuc, phan ao

2013
2 ~ ’ Z .« Ay 4 A 2
ctia sO phttc: w = (—1] , biét z; c6 phan ao duong.
z
2

(Trich Trwong THPT Can Loc, Ha Tinh 1an 2 - 2014)
Giai
Vi A=-3 nén phuong trinh c6 hai nghiém phttc: z; =1+ J3i, zZ,=1- J3i (do z, c6 phan ao
duwong)
\2 2
00 A1 1+3i _ (1+\El) :£1+£i} =[c0s§+isin§)2

Ta co: =
z, 1-+3i 4 2 2

Z1

2013 4026
Do doé: ( ] - (cosg + isingj — cos1342n+isin1342n =1

Z,

Vay phan thuc bang 1, phan 4o bang 0.

o 50 .. 5m) 50 .. 5m)
Zy +2z, =1<| cos——-isin— | +|cos—+isin— | =1
21 21 21 21

50) .. ( se\[ 50 . . 5m)
< | COS| ——— |(+1SsIn| —— +| COS— +1SIn— =
21 21 21 21

nbmw) . . nbn nbn . . nbxn
< cos| ——— |+1isin| ——— [+ cos—— +isin——=1
21 21

21 21
nb5n nb5n
< cos| ——— |+ cos =1
21

21
<:>cosn—5n=cosf<:>n—5n=i£+k2n<:>n=4_rz+% (keZ) (*)
3 21 3 5 5

Vinla s6 nguyén duong nho nhat nén tie (*) suy ra n=7.
Vi du 10. Cho s6 phtic z biét z=1+ J3i . viet dang luong giac cua z. Tim phan thuc va phan 4o
ctia 8 phtic w =(1+1i) z°

Giai
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Chuyén Dé S6 Phitc

Cach 1: Ta c6 phuong trinh da cho twong duwong véi phwong trinh:

z=2| Li N3 | ol s visin®
27 2 3 3

51 1 i3

Do dé: z —32(cos%+1sm?j 32[5——J 16 —16i\3

Suy ra: w=(1+1)(16-16iv/3) =16(1+3) +16(1-3);
Vay s6 phitc w=(1 +i)z5 c6 phan thuc1a 16 +16+/3 va phan ao 1a 16—164/3

Cach 2: Dang luong giac ctia s6 phtic z=1+ J3i

r=+1+3=2
r=2
. 1 To.. T
Ta co: ycosp=— = n=2z=2| cos—+isin—
sin —ﬁ
=5
Ap dung cong thiic Movie, ta c6 z —25(cos5?+1 sin %j 32(%—£J 16( —1\/_)

—(1+)2° =(1+1)-16(1-i/3) =16| (1+3) + (1-V3 )i | =16(1+/3) +16(1-\B )i Vay phan thuc

cua s6 phic wla 16 + 1633 va phan 4o cta s6 phic w la 16 ~16\B
II. Bai tap rén luyén

Bai tdp 1. Tinh cac gia tri cua s6 phtrc sau va viét két qua cua ching duwdi dang a +bi,(a,b € R)
i3
5 7
T .. T
cos— +isin—
6 6)
) N
\/5 cos—n+isin—7E \/5 COSE-l—iSil’lE
3 3 3 3
- .
m .. 7n
2| cos— +isin—
6 6

a) A =5 cos ™ +isin™ |[ cos 2 +isin>F |; b)B=
9 9 36 36

c)C=

Huéng dan giai

a) Ta co
A=5 cosE+isinE COS@-FiSiﬂS—n
9 9 36 36

=5| cos E+5—TE +1isin E+@ =5| cosZ +isin~ =ﬂ+iﬂ.
9 36 9 36 4 4

2 2
b) Ta c6
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Chuyén Dé S6 Phitc

1\/5 \/g(COSZ-FlSII’I J \/g(COS-i-ISlnzj

e i 5 5n
cos—+isin— cos—+1sm Cos—+1sm—

6 6 6
:\E{COS[%_%]JAQH(%_@H ( [?n}rlsm[ ng_gi

c) Ta co

10
2n . . 2m T .. T
\/5 COS—— +1isin— \/5 COS— +1sin—
3 3 3 3
5

m .. 7n

2| cos— +isin—

6 6

SZ\E Coszo—n+isin20—n COSE+iSinE
3 3 3 3

B=

C=

32 Cos@+isin@
6 6
=4/3]| cos &+E—@ +1isin &+E—@ :\E Cos7—n+isinﬁ
3 3 6 3 3 6 6 6
-3 £_l _g_ﬁ
2 2 2 2

+1

¢ ’ 7 A ~? \ ~ \ A2
Bai tap 2. Cho s6 phttc z= (4 3‘] . Tim m nguyén dé z la so thue, z la sd ao
-3i

Huéng dan giai

, 7+i )" 5
Ta co: z= - =22 cos—+1sm— *)
4-3i 4

7z lag sod thdoic ©@m=4k, keZ; z lagsodatio ©m=4k+2, keZ

Bai tap 3. Cho s phitc z=1+ J3i. Tinh 77 .
(Trich Trudng THPT Chuyén Nguyén T4t Thanh — 2013)
Giai

Tacd z= 1+\/_1— —+ﬁ1 =2 cosEJrisinE
2 2 3 3

Suy ra 2’ =128(cos7—;+isin7—;j 128(cos§+1sm3j 64+ 64431

Bai tap 4. Cho s phtic z thoa man: z— ] Z3. = 6 271 . Tim phan thuyc cua s6 phtic 72013
+3i
(Trich Trwong THPT Chuyén Tran Phy, [an 2 - 2013)
Giai

Goi s0 phtic z=a +Dbi, (a,b € R):Zza —bi thay vao (1) ta cé:
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Chuyén Dé S6 Phitc

+bi:(a—bi)(1—3i)=6+71
1+3i 5 10 5
<10a+10bi—a+3b+i(b+3a)=12+14i

< 9a+3b+i(11b+3a)=12+4i

{9a+3b:12 {a=1
=

~
11b+3a=14 b=1

2013
a=b=1=z=1+i= 2z =(1+i)2013 ={\E(cosg+isingﬂ

=210% o (cos 20};‘” +isin 20?“}

Vay phan thuc caa 22" 13 210 J2.cos —20i3n — 1006

Bai tap 5. Goi z,, z, la hai nghiém phtic ctia phuong trinh z* —z+1=0. Tim phan thuc, phan ao

ctia s§ phtc w =z 4 22014,

(Trich Truong THPT Chuyén Quang Binh, Ian 2 — 2014)

Giai
1 3.
Z1=§+71
22-z+1=0<
z —1——3i
272 2
Ta co z, =l+ﬁi=cosﬂ+isin3; Zy =1—£i=cos_—n+isin_—7t
2 2 3 3 2 2 3 3

Ap dung cong thiic Moa-vro:

r .. oV " 2014n . . 2014rn on .. 2n;
le COS§+1SIH— = COS 3 +1SIn =COS—+ISII’IT

. ) 2014n . . —2014xn on .. 2=
Z2: COS?‘FISIH? =COS +1SIn :COS?‘FISIH?

=>w= cos_—; + cosz—;c =—1. Phan thuc cua w la -1, phan 4o 1a 0.

Bai tap 6. Cho cac s8 phtic z théa man: (2 —2)5 =7’ . Chting minh rang z c6 phan thyec béng 1.
(Trich Trwong THPT Chuyén Lé Quy Pon, Quang Tri - 2014)

Giai

5
Ta c6 z=0; z=2 khong thoa man phuong trinh nén (2—2)5 =7 @(Z_Zj =1.
z
2=z #0 nén dat 2-z
z z

:r(coscp+isin(p)

5
:(2_Zj =r° (C055(p+isin5(p) =1 =1(cosk2n+isink2n)
z
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Chuyén Dé S6 Phitc

. 2-z k2 . . k2= 2 k2n . . K2=n
Neén =1 cos?ﬂsm? < —=1+cos——+isin——#0
z

z
2 2
=>z= =
2n . . K2m kn kn . . kn
1+cos——+isin 2cos—-| cos— +isin—
5 5 5 5
n .. kn kn . . kn
cos— —isin— cos— —isin—
= 5 = 5 5 —]-itan—
kn 2 kn 2 .2 kr kn
cos—-| cos” — —i“sin” — cos—
5 5 5 5
Vay z lubn c6 phan thycla 1.
e A .« A M ~ ’ 2 ~ 1 _ ~ ’ 2010 1
Bai tap 7. Biét rang s6 phitc z thoéa man z+—=1. Hay tinh 27" + ——
z z

Hud6ng dan giai

. T, . T
i=cos—+isin—
3 3

—_

i3

Bai tap 8. Cho z=

a)A=212+z6+1; b)B=29+26+23+1;
C)C=Z8+2Z4+Zz; d)D=1+z+Zz+z3+...+28;

e) E=l-z+2>-2°+..—-2° +2'; f) F = 72009 _ 2010 4 2011

Huéng dan giai

Dodé: A=z2+2z°+1=3

b) Ta c6
= -9

9 T) .. T O | . . on

z” =|cos| —— |+isin| —— =cos| —— |+isin| — |=-1
i 3 3)] 3 3
- -6

6 T) .. i 6m) . . 6mn

z° =|cos| —— |+isin| —— =cos| —— |+isin| — |=1
i 3 3)] 3 3
- -3

3 T) .. i 3t .. 3n

z” =|cos| —— |+isin| ——= || =cos| —— |+isin| —— |=-1

3 3 3 3
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Chuyén Dé S6 Phitc

6

Vay B=2z" +2°+2° +1=0

Cach 2. Ta ¢6 thé xem B 1a tong ctia cdp s6 nhan 4 s6 hang lién tiép, s6 hang dau la 1, cong boi la
3\4
. 1-a* 1—(2 ) 1_ 212

3
+z°+1=u = =
! 1-q 1-73 1-273

z® Suyratacod: B=z" +z

Véi z'? =1, 2> =-1. Vay B=0.

c) Ta co
r -2
5 T .. b 2n ) .. 27 1 iy3
Z" =|COS| —— |t+1sIm| —— =cos| —— |[+1sin| —— |=——— ——
L 3 3)] 3 3 2 2
r -4
4 T .. T 4| . . 4r 1 i3
Z =|COS| —— |t+1sImn| —— =cos| —— |[+1sin| —— |=——+ —
L 3 3)] 3 3 2 2
r -8
8 T . . T 8t . . 8n 1 iv3
Z =|COS| —— |t+1sIm| —— =cos| —— |+1isin| —— |[=—————
L 3 3)] 3 3 2 2

Vay C=2%+2z* + 22 =2

8

d) Tacé D=1+z+2> +2z° +...+ 2% 12 tdng clia cAp s6 nhan c6 9 s6 hang, s8 hang d4u bing 1, cong

boila z
Do dé:
9 _ 49
D=u1.1 9 1-q véi 20 =-1
1-q -q
L 4(1-i\3
Do dé: D=— 171 4 ( ) —1-i3.

2

1 _£=1+i\/§:(1+i\/§)(1—i\/§)
2

e) Tacd E=1-z+2° —2° +..— 2  + 2" 1a tdng ctia cAp s8 nhan c6 11 55 hang, s6 hang d4u béng 1,
cong boila —z

Do d6:

E_l_qn_l_(_z)“ 14,01
B 1-q - 1—(—2) 1+z

1—1\/§jz+1 3 i3

Vi z=

2 2 2
11 .
Va 2z =| cos| - Z | +isin| —= =Cos _Hx +1isin _Hr :1+£
3 3 3 3 2 2
:>z“+1:§+%.
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Chuyén Dé S6 Phitc

3. .3
vayE=5+7 3+4Bi 1 i\/§_
VP B a 2 2

2 2

f) Ta céd
F = 72009 _ /2010 2011 _ ,2009 (1 i Zz)
1 —;\/5 2 1 i3

Véi z= Z =—E——:>1 z+7%>=0

Vay F=0 .
Bai tap 9. Chiing minh rang:

2 sinl YoV w62
12 4 12 4
b) Cho sd phtic z=\/g+\/§+\/g_\/§i
4 4
Tinh A:z2+z+2+l+i2; B=22_2+zi+l_l2
zZ z zZ z

Huéng dan giai

a) Ta co
n . (nom) . ® = n. 1 62
sin— =sin| — —— |=sin—cos— — cos—sin— =

12 3 4 3 4 3 4 4

T T T f+xf
COS— =COS| ——— =cos—cos +sinZsin~

12 3 4 3 4 3 4 4

b) Theo cau a) ta c6

\/_JM/_ \/_ \/_ i =cos— +isin——

4 4 12 12

:>|z|=1:>|z|2=1 hay z.gzlzlzgvae %:22
Z V4

Ta cé
@A=22+z+2+1+i2=(z2+z+2)+[l+i2J
zZ 7z z z
-2 — — —\2 — —
=(Z2+Z +2.z.zj+(z+z)=(z+z) +(Z+Z) V6ﬁiZ+Z=2cos£
12

Do dé:

T 2 T T e T b
A=|2cos— | +2cos— =2|2cos® — |+2cos— =2|1+cos— |+2cos—

12 12 12 12 6 12

_2[ IJ ol o

1+—
2

Vay A=

_4+2\/§+\/g+\/§
> .

Ths. Tran Dinh Cu. SBT: 01234332133. Gv Chuyén luyén thi THPT Quéc gia, TP Hué Page 21



Chuyén Dé S6 Phitc

®B=z2—z+21+1—i2:z2—l2+2i—(z—1]
Z 7z 7z Z
_2 — — — —
=72z +Zi—(z—z)z(z—z)(z+z)+2i-(z—z)
—21sm 2cos—+21—21sm——2151n +21—21sm£
12 6 12

=2i(sinf+1—sinij=21(1+1—*/g_‘ﬁ]zi.6_*/g+‘/E
6 12 2 4 2

Bai tip 10. Tim phan thuc cta sd phuc z:(1+i)n,neN. Trong d6 n thoa man:

log, (n—3)+log5 (n+6) =4.

Giai
Phuong trinh: log, (n —3) +logs (n+ 6) =4 c6 nghiém duy nhatla n=19 (vi VT ctia phuong trinh
1a mot ham s dong bién nén do thi ctia nd cat duwong thang y =4 tai mot diém duy nhat)

Ta co:
19

(8 e AT o)

(ﬁ)[% ”_n]z(ﬁ)”[T_le_f 29

19

Suy ra Rez=2° =512.

Bai tap 11. Cho s0 phic z= 7-i\3 Viét z dudi dang lugng gidc. Tim phan thuc va phan ao ctia

1-2i\3
sO phtic w = (1 —ix/g)z“r’
Giai

7—i3 B (7_iﬁ)(1+2i\/§) ~1+i\3

1-2i3 12+(_2\/§)2

Ta cod: z=

2:2(cosg+isingj
Khi dé:
{15 s
=( —1\/_) 25(cos%+1sm?j= ( —1\/_)[——iJ——32—321J§

Vay phan thuc cua w la -32, phén do 1a —32\/5 .

Bai tap 12. Tim diéu kién ddi vodi cac s6 phtic a,b,c sao cho véi moi sd phiic z thdéa man |z| =1 thi

az® +bz+c 1a s6 thuc.
Loi giai
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Chuyén Dé S6 Phitc

Vi az? +bz+c 14 s8 thuc nén ta c6 cdc gia tri dac biét:
e Chon z=1thia+b+ceR. (1)
e Chon z=-1thia-b+ceR. (2)
e Chon z=i thi —-a+ib+ceR. (3)
e Chon z=-i thi —-a—-ib+ceR. 4)
Tt (1) va (2) taco beR. Nhung tir (3) va (4) tacé ibeR do d6 b=0.
Khi do, tix (1) va (3) thi a,ceR.
Vi |z| =1nén dat Z:COS(p+isin(p((peR) ta co:
az’ +bz+c:a(cosZ(p+isin2(p)+b(cos<p+isin(p)+c
=(acos2(p+c)+iasin2(peR
khi va chi khi asin2¢ =0,V
Diéu d6 xay ra khi va chi khi a=0.
Vay gid tri can tim la a=b=0va cla mot s thuc tuy y.
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Chuyén Dé S6 Phitc

Bai toan 3. Tim médun va acgumen ctia s6 phirc
Phuwong phap: Nhin chung cac bai tap nay c6 cach giai nhw sau:
Gia st ta can tim mot acgumen ctia sd phtec z. Ta can bién d6i sao cho z ¢ dang

z=r(cos<p+isin(p)
= Véi z=a+bi,(a,beR) taco md duncua z la r=\/a2 +b?

Valacgumen cua z la ¢ thdéa cose= ; sing =

a2 _b
Va? +b? Va? +b?
* V6i z=r1(cosp+ising) thi z co moé dunla r val acgumencua z la ¢

» Véi z=r(cosp—isin @) =r [cos( —¢) +isin(—¢) }
* Voi z=r(sinp+icosg) =r {cos( g — @) +isin( g -9 }
I. Cac vi du dién hinh thwong gip
Vi du 1. Cho s6 phtic z=1-sing+icosp, 0<o <g . Tim mot acgumen cua s6 phtc z.
Giai

. . T N
z=1—sm(p+1cosq>=1—cos(5—(pj+1sm(5—(pj

=2sin?| 22 |1 2isin| 22 |cos| -2
4 2 4 2 4 2
=2sin| Z-2 || sin| -2 |+icos| -2
4 2 4 2 4 2
=2sin| = -2 | cos| 2+ 2 |+isin| 2+ 2
4 2 4 2 4 2

Do 0<(p<E nean 2sin| = -2 >0. Vay, mot acgumen ctia z la r,2
2 4 2 4 2

Vi du 2. Cho s6 phtic z c6 m6 dun bang 1 va ¢ 1a mot acgumen ctia z

. A . Z
a) Tim moQt acgumen ctia —
z

b) Tim mot acgumen cua z+z néu cos@#0
Hudéng dan
T gia thiét suy ra z=cos¢+ising

a) Ta co

z _cosQ—ising _ COS(—(P) +isir1(—(p)

Z Ccos@+ising cos@+isine

= cos(—Z(p) + isin(—Z(p)
Vay mot acgumen ctia z la —2¢
b) Ta c6: £+z=2coscp

= Néu cosp>0 thi ;+z:2coscp:2coscp(cosO+isinO).L1’1c do 0 la mot acgumen cua Z+z
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* Néu cosp<0 thi £+Z=—2COS(p.(—1):—ZCOS(p(COSTE+iSinTC). Lac d6 n la mot acgumen

zZ+z
Vi du 3. Tim modun va mdt acgumen cuia cac s6 phtic sau:

a) z:1+cosE+isinE; b) z=1+cos=—isin
4 4 3 3
) ZZ].—COSZ—TE-‘riSinz—n} d) z=-1-sin’ +isin=
5 5 3 6
e) z=-1+sinZ —isinZ,
6 6
Giai

a) z=T+cosZ +isinZ =2cos? ~ + 2isin = cos~ =2cos”| cosE +isin’
4 4 8 8 8 8 8 8

r:2cosE
Vay
_r
) 3

b) z =1+cos=—isins =2cos® = + 2isin~.cos—~
3 3 6 6 6

T T .. T i T .. b
=2c0s—| cos——isin— |=2cos—| cos| —— |[+isin| ——
6 6 6 6 6 6

r:2cosE=\ﬁ
Vay 6
i
¢= g

C) z= 1—C052—n+isir12—7E =2sin? =+ 2isinZ.cos =
5 5 5 5 5

T i . T 3n .. 3n
=2sin—| sin—+icos— |=2sin—| cos— +1sin— |.
5 5 5 10

5 10
r= ZSinE
Vay 3n
(P=E

d) z =—1-sinZ +isin= =—1-cos= +2isin =
3 6 6 6

:—2C052£+215inlcosl
12 12
T T .. T b8 11z . . 1l=n
=2c0S—| —Ccos— +isin— |=2c0s—| coOS—— +isin—
12 12 12 12 12 12
r=2cos%
Va
Y,
1
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.M .. W T .. T

e) z=-1+sin——isin—=-1+cos——isin—

6 6 3 3
. 2TM . . T T
=—2sin* = —2isin—.cos—
6 6 6

. T . T T 1( . 7n . 77
=2sin—| —sin——-icos— |=2.—| sin— +1CcoS—
6 6 2 6 6

6
2m ) .. 21
=cos| —— |+isin| —— |.
(5 Jrion(-3)
r=1
Vay ~ E
3

Vi du 4. Tim mddun va mdt acgumen ctia cac s6 phtic sau:

5 \/- b) z=2-2-i2;
321

C)Z:2\/§+3+i\/3_,' d)ZZ?—§+§i.
Giai

Ta ki hiéu r va ¢ lan luot la médun va acgumen cua s6 phtc z, ta cd

a) z=1+—

LT
a) z=1+— 1—1+cos —isin—

5

.. T b T T .. T
— —2isin—.cos— =2c0s—| cos— —1isin—
8 8 8 8 8 8

T T . . T
=2cos—| cos| —— |[+isin| ——

=2cos

r= 2cosE
Vay
T
¢= 3

b) z=2—ﬁ—iﬁ=2[1—?—%}:2(1405%—151%}

=2 ZSinZE—zisinE.cosE :4sinE sinE—icosE
8 8 8 8 8 8

. T 3t .. 3m . T 3n) . . 3n
=4sin—| cos— —isin— |=4sin—| cos| —— |+isin| ——
8 8 8 8 8 8

r=4 sinE
Véy 3n

=3

Q) z=2\/§+3+i\/§=2\/§(1+§+%iJ=2\/§[l+cosg+isingj
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= 2\/5 2 cos? I + Zisini.cos1 = 4\/§cos£ cosﬂ +isin£
12 12 12 12 12 12

T
r =4+/3 cos—
\F 12

Vay
-
*=1
d) z=—3—z+li=—2+£+11:g —1+ﬁ+1i
3 3 3 3 3 3 3 2 2
2 .2 T .. T s 4 . @ N T
=—| -2sin”“ — +2isin—.cos— |=—sin—| —sin— +icos—
3 12 12) 3 12 12 12
4 . 7w . T ) T 4 & n .. 7n
=—sin—| sin| —— |+icos| —— | |= —sin—| cos— +isin—
3 12 12 12 3 12 12 12
. T
r=—SImn—
Vay 3 12
57T
12

Vidu5. Goi z,,z, la hai nghiém ctia phuong trinh: 72 —2iz-4=0, z,¢6 phan thuc am. Tinh

modun va acgumen ctia cac sO phtrc sau:

Q) w=277,; b) W=Zzi2;
2
) w=(zl—2)(zz—2); d) w=z_1.(2—g).
Giai

Ta goi r va @la luot la mddun va acgumen ctia s6 phitc w.

Giai phuong trinh: z* —2iz—4=0ta dwoc 2 nghiém la:

B

z;=—3+i=2 ——+li =2 COSE-FiSin@ ,Z; €6 phan thuc am va
2 2 6 6
\/5 1 T 4
=43+i=2| —+—1 |=2| cos—+isin— |.
zZ, \/_ i Lz 21} ( . i 1n6J

a) Ta co: zf =4[c055—3n+isin5§j; Zy= 2(cosg+ isingj.

Suy ra:
5 5t m) .. (5T = 11r . . 11n
W=2].Z, =4.2.| cOS| —+— |+isin| —+— | |=8| cos— +isin— |.
3 6 3 6 6 6
r=
Vay w ¢c6 modun va mot acgumen la: 11n
=7
b) Ta c6

z,-2=3+i-2=2 B L] o s cos T isin
2 2 6 6
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= 2(—25in2 % + 2isin£.cos£J = 4sin£(—sinl + icosij

12 12 12 12 12
A i .. T . T n .. 7m
=4sin—| sin| —— |+isin| —— | |=4sin—| cos— +isin— |.
12 12 12 12 12 12
Suy ra:
5 . . 5=
2| cos— +isin—
z, 6 6 1 50 7mn) .. (b5n 7mn
w= = = Ccos| — —— |+isin| — ——
Z,—2 .T n .. 7n . T 6 12 6 12
4sin—| cos—— +isin—— 2sin—
12
1 3n .. 3= 1 T .. T
= COS— +isin— |= cos—+isin— |.
. T 12 12 . T 4 4
2sin— 2sin—
12 12
1
r=
z ZSin£
Vay w=—L1—cé mddun va acgumen la 12
Zy — x
) 1

c)Taco z, —2=4sin~ cos7—n+isin7—7E theo cau b) va
12 1 12
z,-2=—3+i-2=2 3oV o i cos B risin®
2 2 6 6

=2 —2coszi+2isin£.cos£ =4cos1 —cos£+isinl
12 12 12 12 12 12

T 11 . . 1ln
=4cos—| cos— +isin— |.
12 12 12

Suy ra

w=(z1—2)(zz—2)=4cos£ cosll—n+isin& .élsin1 cos7—n+isin7—Tc
12 12 12 12 12 12

. T T 11 7=n) .. (1ln 7=
=16.sin—.cos—| cos| — +— |[+isin| — +—
12 12 12 12 12 12

. T 18n . . 18n . T 3n .. 3m

=8.sin—.| cos—— +isin— |=8sin—| cos— +isin—

6 12 12 6 2 2

i 3 .. 3n
=4cos—| cos— +isin— |.

12 2 2

r=4
Viay w= (Z1 - 2)(22 - 2) c6 modun va mot acgumen la: 31
=

Cach khac: Trong truong hop nay, ta c6 thé ap dung cong thic Vi-et:
z,+2, =21, 2,2, =—4.

Ta co:
w=(z,-2)(z, -2)=2y.2, -2(2, +2, ) +4—=—4-22i +4=—4i
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=4(o—i)=4[cos3—”+isinﬁ].
2 2
d) w=2z,. (2 ZZ):>W Z,. (2 22) Z1 2 Z, =—z1.(22—2).
Véi -z ——2(c035—+1sm—J 2[—cos——1sm5—nj
6 6

fon{ o]t ] ol 103

\ . T T .. 7m
va 22—2:4sm— cos— +1isin— |.
12 12 12

Suy ra

;z—z .(z —2) 2| cos| —— +1sm _I 4sm— cos—n+1sm7—7E
12 6 12 12

. T T 7m) . T 5n 5
=8sin—.| cos| ——+— +1sm ——+— Cos—+1sm—
12 6 12 6 12 12 12

. T 5n 5 T 5t . . 5n
= w =8sin—.| cos— —isin— |=8sin— —— |+1isin| — | |.
12 12 12 12° 12 12

Vay w= zl.(Z - Zz) c6 modun va acgumen la:

Vi duy 6. Tim moédun va mot acgumen cua s6 phtic z thoa man phuong trinh:
1+22
1-2°
Giai

=1

2
“cioli=i-i o (1+i)2 = l+ie P ==
11—z 1+i

s _—(1-i)(1-i)_ (148 -2i)
z° = =

(1+i)(1-1)  1+1

—1+1

Ta cé

. .. T
=1=cos—+isin—
2 2

:|z| =1. bat z=cosq>+isin(p:>22=cos2(p+isin2(p
Ta co:

2 n .. T .. mw .. T
z =Cosz+1smz<:>C052(p+151n2(pzcosa+1sm§

<:>2(p=g+k2n<:>(p=£+kn.

Chon k=0,1 ta duoc @ zg, Py =—.

Vay ¢6 2 s6 phtic z thoa man
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;A N . T . A N . 5n
z, cO modun r=1, motacgumenla ¢, =— va z, cO mdédun r=1, motacgumenla ¢p=—
1 17 2

8
Vidu 7. Trong cac acgumen ctia s6 phtc (1 - \El) , tim acgumen c6 s6 do dwong nho nhat.

(Trich Ebooktoan.com s6 13 — 2013)
Giai

Tacod 1- \/_1— (——§1J—2(cos?+1sm?j

A . . T B o o L ;
Theo cong thitc Moavoro ta ¢6: z=2" (cos— +1smTj . Tte d6 suy ra z cd cac ho acgumen la:

—8—; +2kn, ke R. Ta thdy voi k=2 thi acgumen duong nhé nhét cta z 1a ?

) . 10
Vi du 8. Tim acgume am 1én nhat ctia s6 phttc z= (1 + 1\5)

Giai
10 10
(1+1\/_) =210 {E-‘r g} =210 (cos§+i.sin§j

Aps dung cong thitc Moa vro, ta co:

z=210 coslo—n+i.sir110—7E =210 cos4—n+i.sinﬂ
3 3 3 3

Cac acgumen cua z déu c6 dang 4—3n+ k2n (k € Z) .Tacod 4—;+ k2n<0es k< —% hay

ke{..,—4,-3,-2,-1}
Acgumen am 16n nhat ctia z tuong Gng voi k=-1

N “ , . 2m
Vay acgumen can tim cua z la By

Vi du 9. Giai phuong trinh sau trén tap hop s6 phtic: (z + 1)4 +1=i\3.
(Trich Trwong THPT Chuyén Ly Tu Trong, Can Tho - 2013)
Giai
Ta co: (Z+i)4 = —1+i\/§ & (z +i)4 = 2(cos%+isin2§j (1)

Gia st z+i=r(cos<p+isin(p), reR* :>(z+i)4 =rt (Cos4(p+isin4(p) (2)

=2
r=42

Tt (1) va (2) suy ra: §cos4e = cosz—?:t =

sin4 =sin Z?R
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Cho k=0,%+1,-2 ta nhan duwgc cac gid tri acgumen twong ung cua s6 phuc z+i la

T 27 T 5w

(P1=g, (p2:?/ (P3:_§/ (p4:_?

Tt d6 phuong trinh da cho ¢6 4 nghiém lan lugt la:
4 4
. 4 T .. T 18 «/E .
z+i=42| cos—+isin— | hay z=——+| — -1 |i
Y2 cos 6) Y= [2 ]
4 4
i ( 18 1}

. 4 2n . . 2m
z+i=~2| cos— +isin— | hay z=——+
2 3 3 )Y 2

2
4 4
z+i=§1/5 cos[—gj+isin[—gD hay z=%—(%+1]i
4 4
z+i=§1/5 cos(—%}+isin(—%jj hay z=—¥—(§+l}i

Nhan xét: Dang luong giac ludn phat huy dugc vu thé cia minh khi xt li cac biéu thirc 1y thira

bac cao cua s6 phtrc.
Vi du 10. Goi z,,z, la nghiém ctia phuong trinh 7 - (2 cos%}z +1=0. Tim s6 n nguyén duong
nho nhat sao cho z," +z," =1
Giai
o 2 5n N ’ B \
bat z° - 2COSE z+1=0 (1). Biét thitc cuia (1) 1a

2

A =C0325—n—1:—sin2@= isinzﬁ .
21 21 21

5

Vay (1) c6 cac nghiémla z, = cos@—isinE va z, zcos@+isin—
21 21 21 21

21 21 21

57) .. (57)\]" 50 .. 5¢)
< | cos| —— |+1sin| — +| cos—+isin— | =1
21 21 21 21

nbw) . . nb5n nbSn . . nbm
< 08| ——— |—isin| ——— |+ cos——+isin——=1
21 21 21 21

zln+22n=1<:>(cos%—isin@j +(Cos@+isin@J =1

nb5n nb5n nb5n
< cos| — +cos =1<2cos—=1
21 21 21

<:>cosn—5n=cos£<:>n—5n=iﬁ+k2n<:>n=irz+% (keZ) (*)
21 3 21 3 5 5

Vin la s8 nguyén nho nhat nén tir (*) suy ra: n=7

Vi du 11. Tim s6 phtic z thdéa man: biét z+ J2i c6 mot acgument bang mdt acgument ctia z + J2
A o T IRy, Ny o [N . .

cOng voi 1 Tim gia tri 16n nhat cua biéu thic T = |Z + 1| +|z + 1| .

Giai
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Dat z=a+bi(a,be]R).Khid() z+/2i c6 mot acgument bang acgument ctaz++2 cOng Vé’ig
nap 2HN20
22
Z+ﬁi:a+(b+\5?i:a(a+\E)+lz(b+\E)+(a+\5)(b+2\5)—ab
z+\/§ a++2+bi (a+\/5) + b2 (a+ﬁ) +b2

a(a+\/§)+b(b+\/§)_(a+\/§)(b+\/5)—ab

T T .
=r| cos— +1s1r14 voir>0.

—1

Suy ra 5 = 5 -i>0
(a+\/§) +b? (a+\/§) +b?
a?+b?=2
o (a+2)2+b2¢0 (*)
a+b+\/5>0

Ta c6: T=|z+1|+|z+i|=|a+1+bi|+‘a+(b+1)i‘

=\/(a+1)2 +b? +\/a2 +(b+1)" =\B+2a+\3+2b do (*)
Ap dung bat ding thizc Cosi,ta duoc:

T S2(6+2a+2b)s2(6+2x/a2 +b2j=

Suyra T< 245, dang thiic xay rakhi a=b=1

Vay, gi4 tri 1on nhat cua T1a 245, datkhi z=1+i

II. Bai tap ap dung

Bai tap 1. Tinh médun va mot acgumen ctia s6 phtic sau
5-i 18+8i

a)z= = b)z = —;
2-3i 4-9i

C)Zz(l—SiT_ 2= 33 +i)
21 )’ J3-2i)

Huéng dan giai

a) Taco
_5-i  (5-i)(2+3i) 13+13i
S 2-3i (2-30)(2+3i) 13

_ ( \FTIJ_I(COS Hsmzj

=8

Vay {r
Q=T.

b) Ta c6

18481 (18+8i)(4+9i)
C4-9i (4-91)(4+9i)

=1+i

=2i=2 cosEﬁLisinE
2 2
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(2 () 50
M[i ﬂ 7 [[ﬂn(zﬂ
el 2]

r=4\/3
Vay _ 5n
==
3\/§+1
d
' (f zJ

3\/§+1 (3\/§+i)(\/§+2i)_9—2+(6\/§+\j§)1
NPT (\/5—2i)(\/§+2i)_ 3+4

7+7\/_1 \/F 2[—+§1]—2(cosg+isingj.

33 +i) 3
Suyra z= SNoFl ={2(cos£+isin£ﬂ =23(Cosn+isin75)
J3-2i 3 3
=8
Vay {r

Q=T

Ta

Bai tap 2. Cho s0 phtic z thoa man (1 +i\/§)z + |z| =3. Tim mo-dun ctia s8 phitc w=1+2" +2'°.

(Trich dé thi thirt Nguoi Thay — 2013)
Giai
Goi z=a+bi (a,be]R).Tacé:
(1+i¥3)2+[z| =3 & (1+iV3) (a +bi) + Va? +b* =3
[2, 12 _
<:>a—b\/§+\ia2+b2+(b+a\/§)i—3<:> a=by3+\a® +b% =3
b+a\/§=0
da+\4a”> =3 (1)

b= —a\E (2)
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3-4a<0
= =
4a% = (3 4a)2

NN
Suy ra z-———= — |+isin
2 3

Do d6

511: 5n 10m) . . 107
w=1+2z>+7%=1+cos| - +isin —? + Ccos _T +1isin _T

1\/_ 1 1\/__1+\/—

o
IN
N|—= W

Na)

<:>a=l, thay vao (2) taco b=——
E 2 2

o)
I
<
)
I |

Vay |w|=‘1+i\/§‘ -

(1+i)z
- 3+(1+\/§)i

Bai tap 3. Tim sG phttc z biét rang |z| =‘2£—\/§ +i‘ va c6 mot acgumen bang

—g (THPT Chuyén Pai hoc Vinh, I4n 2 - 2013)
Giai

o (1+i)z 1+i B1s 121—*/51
! 1-V3+(1+3)i (1_ﬁ)z+(1+£)2'(1 Va1 *ﬁ)) 4

1 - .. -7
==—| cos— +isin—
2 3 3
bat z=r(cos<p+isin(p), r>0. Khi doé:
(1+i) r(cos(cp—£}+1sm((p—ﬁn
3+(1+\/_) 2 3 3
Theo bai ra ta co: (p—gz—ﬁ(:)(p:g.Suyra z=%+£i

6 2
3r

Tr.
—+—i
2 2

T gia thiét cua bai toan ta co:

=‘\/§r—ri—\/§+i‘

@[g}z{g=3(r_1)2+(r_1)2@r2=4(r_1)2@ -

r=

WiN N

Tfrdétacéz=\/§+i,z=§+%i.

/ Ny , N , . N -2 N A M
Bai tap 4. Viét dang luwong gidc ctia s8 phuc z biét z2.z =16 va iz cé mot acgumen bing g

(THPT Lwong Thé Vinh, Ha N6i 1an 3 - 2013)
Giai
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Tacé 222 =16 (Z.Z)z =16 (|z|2)2 =16 < |2]=2/
Goi ¢ la mot acgumen ctiaz. Tacd z= 2(C05(p+isin(p)

Tt d6 suy ra:
- T T
i.z=2i(cosp—ising)=2(sinp+icos®)=2| cos| ——¢ |+isin| ——

oL T o
Chon ¢ saocho —=—p=—=0p=—=
on ¢ > ¢ 6 ¢ 3

Vay z c6 dang luong gidcla z = Z(Cosg +isin§] .

Bai tap 5. Tim s6 phtic z biét z% +2z 1a s8 thuc va 2+l mot acgumen 1a —g. (THPT Chuyén
z

Phan B6i Chau, Nghé An Ian 1 - 2013)
Giai
1 zz+1

.- LT LA LI SR L T .
Vizz+1>0va z+—= c6 mot acgumen la 3 nén — c6 mot acgumen la ~3 suy ra z co
z z z

mot acgumen la g .

%,( r> 0)

Goi z=r COSE+iSil’IE =a+ bi= a=£,b=
3 3 2

Ta c6 z° +2z=a” —b* +2a+2b(a~1)i 1as8 thuc khi va chi khi:

2b(a—1)=0<:>ﬁ)ié:{ii§.Véy z=1+43i.

Bai tap 6. Tim s6 phtc z sao cho Z—_l c6 mdt acgumen bang g va |z+1| =‘£—i‘ (THPT Chuyén
z+i

Vinh Phtc khéi B, D, 1an 5 - 2013)

Giai
z—i_ x+y*-1 L X
z+1 2 +(y+1)2 x> +(y+1)2

bdt z=x+yi, (x,yeR):

2, .2
-1
AT
—i . +(v+1 2 2 _
Z—%cémétacgumenbéng£<:> X (y ) oIty 1 (1)
Z+1 2 i . x <0
x2+(y+1)2

Lai cé: |z+1|=‘;—i‘<:>‘(X+1)+y‘=‘x—(y+1)i‘

<::>(x+1)2+y2 :x2+(y+1)2 <:>x:y(2)

V2 V2 2.

Tt (1) va (2) suy ra x=y=—7:>zz_7_71_
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Bai tap 7. Trong cac sG phtic z thoa man |z—4+3i|=1, s phtic nao ¢ |z| nho nhat. Khi dé
acgumen ctia né bang bao nhiéu?
(Trich GSTT Group lan 4 — 2014)
Giai

Dit z=a+bi=|z/=Va’ +b’

= |z—4+3i|=|(a4)+ (b+3)i| = |(a—4)" +(b+3)’

z—4+3i=1o(a—4) +(b+3)" =1=>1=a2 +b? +2(3b-4a)+25

Ap dung Bunhia copski:

—(3b—4a)s\/(32 +47)(b? +a2) =5va® +b? = 1222 +b? ~10Va® +b* +25
=1>\a2+b? —5>-1=6>+a> +b> >4=62|2]24

|z| nho nhat khi |z|=

(3b—4a)>0 16
a=
Dau “=" xay ra khi: E=i IS 5 :)Z:E—Ei: é_éj
3 4 12 5 5 5 5
a’> +b” =16 5

= 4(COSOL +isin a) . Acgumen cua z la: —arcos% +k2m.

Bai tap 8. Tim sO phuc z thoa man ‘£+Zi‘ =23 va (\/§+1)£ c6 mot acgumen bang g (Trich

Truong THPT Chuyén DH Vinh, 14n 3 - 2014)

Giai
bat z=r(cos<p+isin(p), r>0.
Suy ra ;zr(cos(—(p)Jrisin(—(p)) . Khi do:
A\ T .. (T
(\/§+1)z=2r(cos(g—(p}rlsm(g—(pjj
Theo gia thiét ta cd g—(ngcxp:—g. Khi do z=%—%i.

23

Suy ra ‘z+21‘ 2\/_<:>

(2+—r)i
2
2

2
@%+(2+§j —12o 2 +2r-8=0cr1=2 (vir>0)
Vay z=xE—i

Bai tap 9. Xét s phtic z thoa diéu kién ‘22 J2-iV2] ‘ 1(%)

a) Tim tap hop diém M biéu dién s6 phitc z thda (*)

b) Trong cac s6 phtic z thoa (*) tim s6 s6 phtic cd acgumen duong va nho nhat.
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Huéng dan giai

N

& 0,
450

¥

@]
N .
.

2 2
a)M(z) e(C): (X —g] + [y \E} =
) sinlOK =~ =1 joK = ©
b) Ké tiép tuyén OK véi dudng tron. D& thay OI =1 nén 10 2 6

T T

:>KOX=E——=—
4 6 12

=z=0K cos£+isin£ =ﬁ cos£+isinl
12 12 2 12 12
. B n . .o«
Vay z=—| cos— +isin—
2 12 12

zZ—1

Bai tap 10. Tim s6 phtic z sao cho

z+3i

\ / A N /i
=1 va z+1 c6 mot acgumen bang g

Huéng dan giai
z—1i

Tt z+3i

{xeR .
=l voui z=x+Yyi
y=-1

Lac do: z+1=x+1-i (1) . Vi z+1 ¢6 1 acgumen bang —g nén z+1 c6 dang

z+1=r| cos _I +1sin _I ,r>0
6 6

<:>x+1—i=%(\/§—i)(2)

T (1) va (2) suy ra

ry3
X+1:T©{X=\/§—l

-r r=2

1=
2

Viy z= 2\/5 —1-1i lae sod phouc caan tim
Bai tap 11. Xéc dinh tap hop cic diém trén mit phang phtic biéu dién s phtic z sao cho z sao cho

z—2

~ ’ 7 A N T
sO phtrc c6 mot acgument bang 3

zZ+2

Huéng dan giai
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Chuyén Dé S6 Phitc

z—2: X2+y2—4 N 4y ;
Giés&szeri’(X’yER) i z+2 (x+2)2+y2 (x+2)2+y2

Do a
zZ+2

c6 mot acgument bang g nén ta co
2., .2
+y -4 4
Xty + y

(X+2)2 +y2 (X+2)2+y2

i:r(coszLisinE],r >0
3 3
X+y’-4 x (1)

(x+2)2 +y2 2

4y r«/g

(x+2)2+y2 2 (2)

Do dé:

2 2
4y I'\/g 2 2 4
’ 2= 2 o y_% ) \llg
Tt (1) va (2) tasuy ra y>0 oy (X+2) +y

.2 N N 2 4
Tap hgp di€m M(z) can tim 1a phan dudng tron tam I[O;—), ban kinh —=

5

J3
nim phia trén truc thuc (y > 0)
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Chuyén Dé S6 Phitc

Bai toan 4. Ap dung cong thitc Moavro dé tinh cin bac n ctia s§ phitc
Phuong phap

1. Tinh cin bic hai ctia s6 phitc w: Cén bac hai ctia s8 phitc z 1a s6 phiic w thoa w? =z
*Cén bac hai ctia 0 bang 0

*Voi z#0, z=r1(cosp +ising),r> 0

bat w=R(cosd+isind)thi

w? =z < R?(c0s26 +isin 26) = r(cosg +isin )

R?=r
L
20=p+K2m,meZ

R=r

1, 9
0=E+kn,neZ

*S6 phttc z=r(cos@+ising) cd 2 can bac hai d6 la —ﬁ(cos% + isin%j va

\/; cos£+isin£
2 2

TT c6 can bac n:
w" =z < R"(cosnf+isinnd) =r(cose +ising)

{Rn:r RZQ/;

=
nf=p+kan  |g=2 KT
2 9

I. Cac vi du dién hinh thuong gip

Vi du 1. Tim cdn bac hai ctia sd phtic sau va viét dudi dang luong giac w = % + @i.

Giai
. 1 3. T, T
Tacd w=—+—i=cos—+isin—.
2 3 3
bat z= r(cos<p+isin(p) la mo6t can bac hai cta w, ta cé:

.. .. T
Z2=wor? (cosZ(p+1sm2(p)=cos§+1sm§

r=1 r=1
= T S T
2(p:§+k2n,keZ (p:g+kn,keZ.

A ot v 1A 1 s T, .M n .. 7n
Vay w co hai can bac hai la: z; = cosg+1smg va z, zcos?+1smz.

Vi du 2. Tinh can bac ba ctia s6 phtic sau va viét dudi dang luong giac: w=-1+ i3.

Giai
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Chuyén Dé S6 Phitc

Ta co: w =—1+i\/§:2(—%+igJ =2[cos%+isin%€}

= w cd modun R=2 va mot acgumen 6=—

Suy ra can bac ba ctia w la s6 phtic z ¢6: Modun r = Y2 va mot acgumen
6 k2n _2m  K2n

- ML ez
6= 3 9 3
Lay k=0,1,2 thi ¢ c6 ba gia tri:
2 2 2% $n 2% 4n_ldn
1=y Ty g BTy T T g

zlz% Cosz—n+isin2—n , zzz% cos8—n+isin8—n ,
9 9 9 9
Zs =€’E(cos%+1sm147nj.

Vi du 3. Tinh can bac bon cta sd phtic sau va viét dudi dang luong giac: w =i.
Giai

Vay w=-1 +i\/§ €O 3 can bac ba la:

. . T .. T , A N oA T
Ta co: w=1:cosE+1smEco moédun R=1 vamotacgumen 6=—

Suy ra can bac bon cua w la s6 phtrc z c6: médun r=1 va mdt acgumen
0 k2rn m., kn

— keZ
171 8
Lay k=0,1,2,3 taco 4 gia tri cua ¢:
=T =T E o gt TS 15
P1g P2 Ty T P Ty g’ PTgT Ty T g

II. Bai tap rén luyén
Bai tap 1. Tim cin bac hai ctia s§ phitc sau va viét dudi dang luong gidc w=(1+ 1)(\/5 + i).
Huéng dan giai

Ta co: w=(1+i)(V3+i)= ﬁ(%+ﬁ).2,(ﬁ+li]

T T T P18 T T T T
=24/2| cos—+isin— || cos—+isin— |=24/2| cos| —+— |+isin| —+—

\F 5r 5r
= COsS— +isin—
12

12

Vay w ¢6 2 can bac hai la:

zZ, = %/g Cos@ﬁtisinf)—7t
24

24
4 5n . . [5m 4 297 297'E
=8| cos| —+m |+isin| —+m | |=8| cos——+isin——
“ \/_{ (24 nfrisin| 7 || =8| cosT risin 77
Bai tap 2. Tim can bac ba ctia s6 phttc sau va viét duoi dang lwong giac W=
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Chuyén Dé S6 Phitc

Huéng dan giai

, 222 ) .. (=
Ta co: w=——-i—=cos| —— |+isin| ——
2 4 4

2

LA \ n
w ¢6 modun R=1 va acgumen ¢ = T

Suy ra can bac ba ctia w la s6 phtic z ¢6: moédun r=31=1 va mot acgumen
IR LI e
3 3 12 3
Véik=0,1,2 taco ba gia tri cta ¢.
o= 2 T __m 4m_15m_5Sm
2”2 ' s T T TR s T e

2 2
2

P =

Vay w:7—1— €0 3 can bac 3 la:

12 12

NCER

Bai tap 3. Tinh can bac bon cta w = "

Hudéng dan giai

T .. T /m .. 7®n 5t . . bm
z,; =cos| —— |+isin| —— |, z, =cos—+isin—, z; =cos— +isin—.
12 12 4 4

, NS n .. 7m
Ta co: w=————1=cos— +isin— co:
2 2 6 6
r=1
0 k2rn 7n k=
4 4 24 2
Lay k= 0,1,2,3 tacd 4 gia tri cua o:

JkeZ.

7T 7n _3In
P=o BT T

/. m_ 191 7n 3m 43xw
2= T e T T

Vay w=—73—%icé 4 cén bac 4 La:

3ln . . 3ln 43t . . 43¢n
Z, =C0s——+isin—, z, =cos—+isin—-.
24 24 24
Bai tap 4. Tinh cdn bac nam ctia w =i.
Huéng dan giai
5

Can bac nam cua s6 phttc w =i 1a s6 phtic z thdéa man z° =i.

Vi ‘z‘r" =|i| =1<:>‘25‘ =1<:>|z| =1.Dat z=cose+ising, ta co
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Chuyén Dé S6 Phitc

5 . .. 5 T .. T
Z =1<:>(COS(p+1SIIl(P) :COSE+181HE

.. .. T
<:>C035cp+1sm5(p:cos§+15m5

<:>5(p=£+k2n<:>(p=£+ﬁ,kez
2 10 5

Lay k=0,1,2,3,4 ta duoc5 gid tricua ¢ :

=E g =l ELE L =T A O
P70 271075 27 BT 5 10
_m,6n_Bx _m 8n 17
=075 "0 T 5 10
Vay cd 5 can bac nam cuai la:
T .. T T .. T T .. 9¢;
Z1=COS—+ISII‘I—, ZZZCOS—+ISII’1—, Z3=COS—+1SII’1—,
10 2 2 10 10
137 . . 13=w 17n . . 17=n
Z4=COS—+ISII’1—, Z5=COS—+ISII’1—.
10 10 10

Bai tap 5. a) Viét z, = J3+i dudi dang luong giac.
b) Tinh zé va suy ra cac can bac bon caia w=-8+ 8i\/§.
Huong dan giai

a) z,=2 cosZ +isin~
6 6

b) z,* =—8+8i\3.

Cac can bac 4 cua —8+8i\/3_1é1 D Zg =2(cosg+isingj,z1 =2(cosz?n+isin

mo. . 7m 5t . . 5m
Z, =2| coOS—+isin— |,z, =2| cOS— +isin—
6 6 3 3
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Chuyén dé: S6 phirc

CHU PE 9. MOT SO UNG DUNG CUA SO PHUC

Bai toan 1. St dung sd phitc vao giai hé phwong trinh

fxy)=gxy) (1)
h(x;y)=k(x;y) (2)

Lay (2) nhan i sau d6 cdng (trtr) (1) v€ theo vé€ ta duoc: f(x;y)th(x;y)i=g(xy)k(y)i (*)

Xét hé phuong trinh: {

Dt z=x+yi, biéu dién (*) thong qua céc dai luong 2,2,0zl,..
I. Cac vi du dién hinh thwong gip
2x% —6xy* =5
6x2y —2y° =53
Giai
Lay phuwong trinh th nhat cdng voi phuong trinh thit hai nhan i ta duoc
2x% ~6xy? +i(6x7y ~2y° ) =5+ 5V3i & (x + i) = 5(%+ glJ
B ]

VA o, 1 _
=z =x+yi la mQt can bac ba ctia so phttc 5(E+71

Vi du 1. Giai hé phuwong trinh sau: {

Ta co:

5 1+ﬁi =5| cos E+isins | =5 l+£i c6 ba can bac ba la
2 2 3 3 2 2

ZO:% cos£+isinE ,zlz% cosﬁ+isir17—7E ,ZO:% cosl3—Tc+isir113—Tc
9 9 9 9 9 9
Vay voi z=z,,z=2,,2=2z, ta dugc nghiém cua phuong trinh la:
3 T 3 7m 3 13w
XZ\ECOS§ XZNECOS? X:\ECOST
gr.n’ s . 71’ 3= . 13m
y= 55m§ ylegsmg yzxﬁsmT

x> = 3xy? +3x% =3y +3x =0

y® —3x%y —6xy =3y +1=0

Giai

Vi du 2. Giai hé phuong trinh sau: {

(x+1)° =3y?(x+1)=1

Hé da cho twong duong véi )
3(x+1) y-y®=1

Lay phuong trinh thit nhat cong véi phuwong trinh thit 2 nhan i ta dwoc

(x+1)3 —3y2(x+1)+i[3(x+1)2y—y3} =1+i

. \3 . e UM Ay A , .
<:>(x+1+1y) =1l+i=>z=x+1+iy lamotcanbac3 cua 1+i .

Ta co:

1+i:\/5(cosg+isin£j nén 1+1 co ba can bac ba la
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Chuyén dé: S6 phirc

6 T .. T 6 3 .. 3n 6 17n . . 17=n
Zy =~N2| cos—+isin— |, z; =2| cos—+isin— |,z, =~/2| cos—— +isin——
OJ_(LL 4)1J_(4 4}2\/_(4 4
Vay véi z=z,,z=2,,z =2z, ta dwgc nghiém ctia phurong trinh la:
6 T 6 3n 6 177
x=—1+\EcosE x=—1+ﬁcosz x=—1+\Ecosf

6~ . T ’ 6/~ . 3T ’ o/~ . 17w
={2sin— =<(2sin— ={2sin——
y sin B y =X/2sin 1 y sin B

X+ 32"_5’2:3 (1)
Vi du 3. Gidi hé phuong trinh:{ ~ © Y .
X+ 3y
y=—"%—"> (2)
X +y
Giai

Cach 1. Lay (2) nhén i sau d6 cdng vdi (1) ta duoc

(3X—y)—(x+3y)i S(X—yi) (x—yi)i

X+yi+ =3 x+yi+ - =3(%)
y 24y y Cry? Xyl

(3-1)z (3-1) z=2+i

MHez+ =3 z+ =3 ‘

|z 2 z z=1-1

x=2
{x+ﬁ:2+i y=1
= =
x+yi=1-i x=1
{y=—1
Vay, nghiém ctia hé phwong trinh la: (x,y) = (2;1),(x,y) = (1; —1) .

bat z=x+yi;x,y €R. Lac dé:

Cach 2. Tathdy x=0,y =0 khong la nghiém cua hé phuong trinh

2_
5 3x xy:3X

X"+ ——
R . N . X +y
* Nhan (1) vdi x, nhan (2) véi y ta duoc )
2_XY+3Y =0
y 2, .2
X +y
trir v& theo vé ta dugc x* —y? +3=3x (*)
3xy —y?
xy+—x2y+ Yz =3y
= Nhan (1) véi y, nhan (2) véi x ta dugc Y
x2+3xy
Y= 50
X" +y

cong vé€ theo vé€ta duwoc 2xy —1=3y (*)

2 2 A
Ta dwoc hé X7y +3=3x
2xy —1=3y

Paép so: (x,y) = (2;1),(x,y) = (1; —1)
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X3—3xyz—X+1=X2—2xy—y2 €))

}73—3x2y+y—1=yz—2xy—x2 (2).

Vi du 4. Giai hé phuong trinh: {
Giai
Lay (2) nhéan i sau d6 cdng vai (1) ta duoc
(x3 —3xy2 —x+1)—(y3 —C">x2y+y—1)i=(x2 —2xy—yz)—(y2 —2xy—x2)i
X3+ 3X(yi)2 +3x7 (yi)+ (yi)3 - (x + yi) +1+i= (x2 +2xyi — y2 ) —2xy + x%i - yzi
o (x+yi) —(x+yi)+itl=(x+yi) +(x+yi)i ()
Dat z=x+yi; x,y e R. Liuc d6 phuong trinh (*) tré thanh

z=1
23—(1+i)22—z+1+i=0<:>(z—1)(z+1)(z—1—i)=0<:> z=-1

z=1+1
x=1 x=-1 [x=1
= Vv v
y=0 |y=0 |y=1

ﬁ(n 12 j=6
X+y
Giai
x>0
biéu kién: {y>0 .Dat u=\/3_x,V=\/}_7(u,VZO).
y # -3X
u(l— 212 2]:2\5 : .
Hé da cho c6 dang;: u v .bat z=u+iv.Tacd—= u-vi
12 z u?+v?
v 1+ SR =6
u+v

Ttr hé da cho ta co

u(l— 212 2J+iv(1+ 12 2J=2\/§+6
u +v

u +v

u_1V2=2\/§+6i<:>z—2=2\/§+6i
u - +v V4

o 72 —2(2+Ez—12 :o),(*)

sSu+iv-12

Giai phuong trinh (*), ta cé A =6+ 6\Ei = 3(\5 + i)2 suy ra cac nghiém:
z= 3+3+(\/§+3)i,z=\/§—3+(3—\/§)i

Vi u,v =0 nén ta co: u=\/§+3,v=\/§+3, suy ra nghiém cta hé la:
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(xy)=(4+243;12+643).

x(x—y)(x—z) 3,(1)
Xét hé phuwong trinh y(y—x)(y—z) 3,(2)

z(z—x)(z—y) 3,(3)

RO rang x,y,z#0 vax,y,z d6i mot khac nhau.

T (1) va (2) ta co x(x—y)(x—z)=y(y—x)(y—z):x(x—z)z—y(y—z)
Hay x? +y2 =Xz +Yyz.

X2+y2 =XZ+Yyz

Tuong tu hé da cho trd thanh {y? +z* =yx+2x  (4)

Z2+X2=ZY+Xy

Cong v& v6i vé ta duwoc x? +y? +2° =Xy +yz + zx.

2 2

Két hop véi (4) ta cd: x* =yz,y* =zx,z* =xy.Suy ra x* =y? = z° =xyz.

Dit a=xyz thi tit x* =y? = z° =xyz=a va x,y,z d6i mot khac nhau nén
x=§’/a_,y=8§/a_,Z=82§/a_ véi &2 =1,1+8+82 =0.
Ma x(x-y)(x-z)=3nén a(1-z)(1-¢*)=3.

Taco (1-z)(1-&%)=1-g-&” +&* =3nén a=1

Vay cac s6 phtic (x, y,z) can tim la cac hoan vi cta (1, 8,82).

II. Bai tap rén luyén

x> — E’)Xy2 =-1

Bai tap 1. Giai hé phuong trinh véi nghiém la s thuee: .
y -3’y =—3

Hudng dan giai

Day 1a hé dang cap bac ba. tuy nhién, néu giai bang phuong phap thong thuong ta sé di dén giai
phuong trinh bac ba: \Et?’ +3t% — 3\Et -1=0

Phuong trinh nay khong cé nghiém dac biét!

Xét s phtc  z=x+iy. Vi z° =x° - 3xy? +i(3x2y—y3) ,nén tir hé da cho ta c6

22 =1+ \ﬁi = 2[cosz—?:T +1isin 2{), teong tu cach lam & chuong 1, ta tim duoc 3 gid tri cua z la:
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3/5 cosﬁﬂsing ,3/5 cos@ﬂsingit , 3’/5 cosl4—n+isir114—7E
9 9 9 9 9 9
Tt d6 suy he da cho c6 3 nghiém la:
x:%cos% x:i’Ecos%c x=§Ecosl47n
yziﬁcosz—fE y:iq’/?sinS—Tt y:%ﬁsinm—7t
9 9 9
x* —6x2y2 +y4l =\/§

3

Bai tap 2. Giai hé phuong trinh trong tap sd thuc: 1
XCy-yx=g

Hudng dan giai
Xét s6 phtrc z=x+1y.
Vi z* =—6x%y? +y* + 4i(x3y —y3x) , nén ttr hé da cho suy ra:
z* =3 +i=2| cosZ +isin> *)
6 6
Cac s0 phtec thoa man (*):
% COSl-l-iSil’ll ,éE Cosl?)—TH—isinl?’—TE
24 24 24 24
%/E cos@ﬂsinz‘iT ,ilﬁ cosw—nﬂsin@
24 24 4

Vay cac nghiém can tim ctia hé la:

y:ilﬁsinz—iL y:ilﬁsinl?’—fC y:ilﬁsinZS—Tr y:i*Esin?);—I

24 24
16X —
Llex-1ly
X2 +y?
Bai tap 3. Giai hé phuong trinh voi nghiém voi x,y eR: )
_1Ix+16y _ 1
X2 +y?
Loi giai
Diéu kién x> +y2 #0. D&t z=x+1iy . Ta c6: 1_x-yi .
z X2 iy?

Vi hai s8 phttc bang nhau khi va chi khi phan thuc bang nhau va phan 4o bang nhau, nén hé da cho
teong duwong voi:

., lex-11y { _11x+16y}:7_i

X2 +y? 2 +y?

S xtiy+16— L 115 =7 i
x“+y x“+y
16-11i

V4

= z+

=7-ie< 2z’ —(7-1)z+16-11i=0
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Phuong trinh z* —(7-i)z+16-11i=0 c6 hai nghiém z=2-3i,z=5+2i nén h¢ da cho 6 cdc nghiém
(x;y) = (2; —3) hoac (x;y) = (5;2).

Cha y: Mudn giai duoc cac hé phuong trinh bang phrong phép stt dung s6 phtrc, can nhé mot cong
thikc co ban ctia s8 phitc, dac biét 1a véi mdi s8 phiec z=x +iy thi ta cd x? +y? 1a binh phuong modun

.1z
va —=—==—
Z 7z X +y

3

@[H&iy}
sty

S5x+y

Bai tap 4. Giai hé phuwong trinh véi nghiém véi x,y e R:

Hudng dan giai
Tt hé suy ra x>0, y>0.
Bai hé nay khong cé ngay dang giong vi du trén, tuy nhién véi muc dich chuyén mau s6 vé dang ninh

phuwong modun ctia s6 phtic, chi can ddt u=+/5x,v = \E voi u,v>0.
u(1 N Lj _3
w+v?) 2

V[l— 23 zjz—l
u +v

v . , 1 u-iv
bat z=u+iv.Taco: —= R
Z u”+v

Hé da cho c6 dang:

Hé¢ da cho twong dwong voi:

u(1+ 3 J+iv[l— 3 jzi—'
u? +v? u?+v?) 2

u-iv 3 .3 3J2-2i
z 2

e 2

& 27° —(3J§—2i)z+6 =0,(*)

Su+iv+3

2 +2i
>

, 2
Giai phwong trinh (¥), tacé A =-34 —12\E = (\E—ﬁ) suy ra cac nghiém la z = \/5— 2i,z=

\il_+21 \/E

do d6 u:—,V=1:>x:i,y=1.
2 10

Viu,v>0 nén z

Vay nghiém can tim la (x;y) = [%;1].

x4 —y4—4x3—3xy2+2x—4y=0

Bai tap 5. Giai hé phuwong trinh: ’ .
2x%y —3x%y +2xy° =3y’ +(2x 1) =1+2y —4y”
Huéng dan giai
Hé phuong trinh da cho twong duong véi
(x2 —yz)(x2 +y2)—3x(x2 +y2)+2(x—2y)=0
2xy(x2 +y2)—3y(x2 +y2)—4(x2 +y2)—2(2x+y)=0
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Chuyén dé: S6 phirc

Nhén thdy x =y =0 la mdt nghiém ctia hé phuong trinh

Xz—y2—3x+2. X2—2yz =0
Néu x2 +y2 %0 thi hé da cho viét thanh Ty

2X+y

X2 +y2

2xy -3y +4-2. 0

Suy ra:

2x+y

> |70

-2
x? - y? ~3x+2.-—L il 2xy -3y +4-2.
X +y X +y

X7y 4 Y 4icg

2 2 2

o (x+yi) =3(x+yi)+2
X" +y X" +y

. . X —1 1 +ix i , \
Dat z=x+yi=— yzz—, }2, > =— taco phuong trinh
X" +y Z XxX"+y~ 2

2 32+ 2 M 0o 2P 322 1 izt 2—4i=0
Z Z

z=1
& (2-1)(72 ~22+4i-2) =0 z=3-i

z=—1+i

.. a o 1aqs |X=0
Véi z=1 ta duoc nghiém cta hé la{ 0
y:

=3
1

Véi z=3-i ta duoc nghiém cta hé la {

=-1
=1

X

y

Véi z=-1+i ta dugc nghiém cua hé la {X
y

\/3_x(1+ L ]:2
X+y
et

X+y

Bai tap 6. Giai hé phuwong trinh:

(D& thi hoc sinh gi6i qudc gia nim 1996)
Huéng dan giai
Tt hé suy ra x>0,y >0.

Dat uzx/;,v =\/I;,(u,v >0).

2

(et g
(1) 2

Hé da chho c6 dang:

N

bat z=u+iv.

, 1 u-iv
Ta co: —= > 5
Z u+v

Hé da cho twong duong véi:
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Chuyén dé: S6 phirc

u-iv i 4\/_ 2 4\/§i
RN A A A 7

57

N
2 i ’
Giai (*): Vi A= i| —4=| =+ 2\/_1] nén cac nghiém:
FE

5G] )

u+iv+

+1=0,(*)

\/’\/’\/z_ 5

g 2B () )

Ta cd nghiém u,v va do d6 nghiém cta hé la:

=(%+ﬁ}2hoécx_[7 f_j (ZJJ__ J_J

1 2
=l =+—| &
(ﬁ J21 j
Bai toan 2: Ung dung s8 phitc vao chitng minh cac cong thikc, ding thitc lwong giac
Phuwong phap
Cho dang luwong giac s6 phtcc z= r(cosq) +isin (p) ;Z1 =1 (Cosq)1 +ising, ) ;Z=T, (COS([)2 +isin¢, ) .

Ta c6 cac cong thirc sau:

. z r .
7,2, =11, [cos((pl +¢,)+icos(p, + (pz)J;Z—1 = r—l[cos((p1 —@,)+icos(¢; — ¢, )]
2 B

Céng thtic Moa-vro : z" =" [Cos(n(p) + isin(n(p)]

a,=a
A~ _ . _ .. , / _ 1 2
Néu z, =a; +bji; z, =a, +b,i;vdi a;, a,, by, b, eR.Lacdd z, =z, & {b b
1=02
I. Cac vi du dién hinh thudng gap
Vi du 1. Chting minh rang;
sin3a =3sino —4sin® ao; cos3a =-3cosa + 4cos’a
Giai
Dat z=coso +isino. Ta co:
. . 3 3 2 . . . . 2 . . 3
= (cosoc + 1s1noc) =cos’a + 3cos” a.i.sino + 3cosa.(1s1noc) + (1s1noc)
_ 3 . 2 . 2 . .. 3
=cos a+3i|{1-sin“ a|sina—3cosa|l—-cos“a|—-i.sin” a
=4cos’a—3coso + i(3sinoc —4sin® a) @)
Mit khéc: z° = cos3a+isin3a  (2).
T (1) va (2) taduwge:  sin3o =3sina —4sin®0;  cos3o =—3coso+4cosa
Nhan xét: Ta c6 bai todn tong quat sau: Biéu dién cosnx; sinnx theo cac lily thira ctia cosx; sinx voin la
sO nguyén duong bat ky.

X A 7 . s P n . s
Ap dung cong thitc Moivre ta co (cosx +isin x) = cosnx +isinnx
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Chuyén dé: S6 phirc

Mit khéc, theo cong thikc khai trién nhi thirc Newton:

n-1 2

. . n . . . _ .
(Cosx+1smx) =Cg Cos“x+1C1 Ccos xsmx+12C2 cos" 2 xsin? x
-3 3 N— 1Cn -1

+ i‘Q’Cf’1 cos" ™ xsin® X +...+1 cosxsin™ ! x + i"C), sin x

Ttr d6 suy ra:

n-2 4

xsin? x + Ci cos" * xsin*x—...+ M
n-3

cosnx = Cg cos" x — Ci cos

sinnx = C}l cos™ ! xsinx — Ci cos" 3 xsin®x +...+ N

Trong do:
-1)" =
M= E 1; 21; Ccfsnxsjlrzn)x(n—2m+1)lm€z+
2m-+1 =
1 ) _
No ( 1)m sz ! cosxsin®™ 1x,(n=2m)/ -

(—1) sin?™*1 x,(n =2m + 1)
Cu thé: Vi n=4 ta co:
cos4dx = CZ cos* x— Ci cos? xsin® x + Ci sin* x =8cos*x—8cos?x +1
sin4dx = C}l cos® xsinx — CZ cosxsin® x =4 cos® xsin x — 4 cosxsin> x
Vi du 2. Chttng minh réng;
5n i

T 3n 1 . T . 3t .5t 1
a) cos—+CoS— +CoS— =— ; b) sin— +sin— +sin— = —cot—.
7 7 7 2 7 7 7 2 14

Giai

, T .. T ,
Xét z:cos;+1sm;. Ta co

3 i 3n 57 i 3n 57
Z2+7° +2° =cos=+cos— + cos— +i| sin— +sin=— + sin—
7 7 7 7 7 7

Mat khac:
7_ —_ —

z+z3+z5=Z2 z_ 1 z_ 1 _ 1
z--1 z°-1 1-z

T .. T
1-cos——isin—
7 7

T .. T
1-cos—+isin— 1
= z =—+i—cot—

nz o 2 2 14
1-cos— | +sin”—
7 7

Tt (1) va (2) suy ra:

i 3n 50 1 . . nw . 3n . 5nm 1 s
COS— + COS— + C0S— =— va Sin— +sin— +sin— = —cot—.
7 7 7 2 7 7 7 2 14
, . . 2 6 .., .
Vi du 3. Cho sina +sinb =7,cosa+cosb =? . Tinh sm(a+b).
Giai

Dat z, =cosa+isina,z, =cosb+isinb. Khi do:
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Chuyén dé: S6 phirc

Zy+2zy= \/2_ \j_ \/_(cos +1sin zj
z1+z2 £—1£ [cos——lsm j
2 6

3 7,2 =|z, [ — PR qean 11 z+z
Ma lel :|Zl| :1,2222 :|22| zlnen Zl +ZZ = 4= = ,
21 Zy 247y

suy ra:

T .. T T .. T
cos— +1isin— COoS— +1sin— . -
Z1Zy ==—=== 6 6 _ 6 6 =CosS—+1isin—

T .. T T .. I
Z1 %2y COS——1SmM— ¢coSs| —— |[+1sIn| ——
6 6 6 6

Talaico z,.z, = Cos(a + b) +isin(a + b) nén sin(a+b) = sing =

ol%

Chu y: Ta cling c6 két qua Cos(a+b) = Cosg :% .
Vidu 4. Tinh tong v6i ne Z* va a+2kn(keZ):
A:cosx+cos(x+a)+cos(x+2a)+...+cos(x+na)

B= sinx+sin(x+a)+sin(x+2a)+...+sin(x+na)

Giai

Ddt z=cosx+isinx, w=cosa+isina. Theo cong thittc nhan va cong thirc Moivre ta co:
k .. .. k

ZWS = (Cosx + 1smx)(cosa + 1sma)

7wk = (cosx+isinx)(coska+isinka)= cos(x+ka)+isin(x+ka).

Xeut A+iB= (cosx+isinx)+[cos(x+a)+isin(x+a)]+

|:COS(X + Za) + isin(x + 2a)} +..+ [cos(x + na) + (isin(x + na))]

1
1-w"" . N
—Z+ZWH+zW . Fzwi =z — (Vi a#2kn nén w#1).
1-w
A . 1-whtt . 1—Cos(n+1)a—isin(n+1)a
Vay A+1B=z—=(cosx+1smx) —
1-w 1-cosa—isina
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Chuyén dé: S6 phirc

. n+1 . n+1 ) n+1
Sin a| Sin 2 a—1C0oSs a

:(cosx+isinx)
.afl . a . a
sin—| sin——icos—
2( 2 2]
sinnJr a
. n+1 . n+1 .oa . a . .
= sin a—icos a |l sin—+icos— (cosx+1smx)
.. a 2 2 2
sin —
2
. +1
sin

a
na .. na .y
=——*=—| cos—+isin— (Cosx+1smx)
. 2 2
sin—

. n+1
sin a
2 na . . [na
=——*% | cos| —+X |[+isin| —+x
sin—
2

Xét phan thuc va phan ao cta hai vé ta dugc:

. n+1 . n+1
sin a na sin a na
Az—zcos —+X ;Bz—zsin —+X
2 .. a 2
sin

. a
S —

Nhan xét: Ttr hai loai cOng thitc trén, xét cac truong hop riéng:

a) Néu x=0 thi suy ra:

. n+1
sin a
na
= l+cosa+cos2a+...+cosna=——==———cos—
. a
sin—
2
. n+l
sin a
. . . . . _na
= sina+sin2a+..+sin3a+...+sinna=—*=—sin—
. a
sin—
2
b) Néu x=2a thi ta co:
sin2(n+1)a
. cosa+C053a+C055a+...+cos(2n+1)a=_—
2sina
) ) ) ) sin’ (n+1)a
. sma+51n3a+51n5a+...+sm(2n+1)a=.—
sina
Vi du 5. Chitng minh céac cong thirc:
. 5-1 5+1
a) sin18° =\/_—; b) cos36° = \/_ .
4 4
Giai
Ta co:

cos54° =sin36° < cos(3.180 ) = sin(2.180)

< 4c0s°18% —3c0s18° =25in18° cos18°

< 4sin%18% +2sin%18° -1=0
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Chuyén dé: S6 phirc

Do d6 sin18° 1a nghiém duwong ctia phirong trinh 4x* +2x—1=0.

J5-1 J5+1
4

suy ra cos36° =1-2sin?18" = 1

J5-1

Nhan xét: Ap dung cong thize sin18° = 1 ta tinh dwoc biéu thirc

J5-1
1024

bélam dugc bai toan nay truede hét ta chiing minh cong thic sau:

Vay sin18° =

sin 27 sin 18° sin 22° sin 38° sin 42° sin 58° sin 62° sin 78° sin 82° =

sinasin(6()0 - a)sin(600 + a) = %sin?;a.

That vay:

si1’1asin(60O - a)sin(600 + a)

= sina(sin 60° cosa — sina cos 60° )(sin 60° cosa +sinacos 600)
(3 1. (B 1.
=sina| —cosa——sina || —cosa +—sina
2 2 2 2

=sina Ecos2 a—lsin2 a :Esina[3(1—sir12a)—sin2 a} :lsin?aa.
4 4 4 4

Stt dung cong thirc sir1asin(60O - a)sin(600 + a) = isin 3a.

Ta co:

sin 27 sin 18° sin 22° sin 38° sin 42° sin 58° sin 62° sin 78° sin 82° =
=(sh120sh1580sh1620)(sh1180sh1420sh1780)(sh1220sh13805h1820)

- i(sin6° sin 54 sin 66 ) = 1 g0 V51
64 256 4

Vi du 6. Giai phurong trinh: cosx —cos2x +cos3x = %

Giai
. .. . 22 +1 7t +1 20 +1
Dat z=cosx+isinx thi cosx = ,COS2X = 3 ,C0S3X =
2z 2z 273
Z2+1 z'+1 2%+1 1

Phwong trinh da cho tro thanh - + ==
2z 27> 228 2

o2 -2+t -2+ —2+1=0 *

Vi z=-1 khong la nghiém nén vdi z # -1 ta co:

(*)<:>(Z+1)(26—25+z4—23+22—z+1):O<:>(z7+1)=0

2k 2k
Hay 7/ =—1=cosm+isinm nén z=cos[n+7 ch+isin(n+7 n] voi k=0;6. Vi z# -1 nén khong nhan

gia tri k=3.
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Chuyén dé: S6 phirc

T 3n 5n I
X=—+m2n,X=—+m2n,X=—+m21,X=—+m2T,
Vay nghiém cta phuong trinh da cho la 7 7

11n 13n
x=7+m2n,x=7+m2n,m e”.

Vay nghiém can tim ctia hé da cho (x;y) = (2;1) hoac (x;y) = (1; —1).

Vi du 7. Chitng minh rang sin® L osin? == 1
10 10 8
Loi giai
Dat z = oS +isin—- :>£=1,sin£= Z__Z. Khi do:
1 z 10 2i

-3 -2
sin® = +sin? —=| 222 | 4| 222 :—g[zerzz+i(z—£)—1}r1(1).
10 10 2i 2i 8 8

3

Mt khac 25:cos%+isini)—g:i:>z4+iz —z%—iz+1=0 (do z#1),

3

nhung z* =iz;iz® =—z nén suuy ra z” +z° +i(z—;)—1 =0,(2).

Tt (1) va (2) ta cd diéu phai chitng minh.
Vi du 8. Cho a,b,c 1a cac sO thue thoa man cac diéu kién

cosa+cosb+cosc sina+sinb+sinc
cos(a+b+c) sin(a+b+c)

Chting minh ring cos(a + b) + COS(b + c) + Cos(c + a) =m.

(Dé nghi IMO nam 1989)
Giai
bat x=cosa+isina,y =cosb+isinb,z=cosc+isinc.
Taco x+y+z :Cosa+Cosb+cosc+i(sina+sinb+sinc)
S . A1 1
=m.cos(a+b+c)+1.m.sm(a+b+c)=mxyz .Do d6 x+y+z=mxyz nén —+—+—=m.

Xy yz zX
Vi |x| =|y| :|z| =1 nén x! :>_<,y_1 =§,Z_l =z
1 1 1 -— —= -=

Vay X—+—+—:m<:>x.y+y.z+z.x=m<:>cos(a+b)+cos(b+c)+cos(c+a)
y Yz ZX

—i[sin(a + b) + sin(b + c) +sin(c+ a)] =m
Twr d6 ta co cos(a +b) + Cos(b + c) + COS(C +a) =m.
II. Bai tap rén luyén
Bai tap 1. Chting minh rang:
3n 3n 1 3n

T 2n 1 . T 2T
a) COS——COS—+Cos— =—; b)sin——sin— +sin— =—cot—.
7 7 7 2 7 7 7 2 14

Huéng dan giai

7

. o, T . - A \ n ; . .
Xet z:cos;+1sm;,ta c6 7/ =cosm+isinmt=-1, nén z la nghiém khéc -1 caa phuong trinhz” +1=0

7z’ +1=0. Ta cé:
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Chuyén dé: S6 phirc

7z +1=0 & (Z+1)(Z6—25+Z4—23+ZZ—Z+1)=0:>(Z—Zz+Z3)(1—Z—3)=1

+) 1-2° =1—cos%—isin3—n=25in3—n. sin3—n—isin%
7 7 14 14 14

. 3n
icot—

1
214

N 1 1 . 3n . 3n
nén = sin— +icos— |=—+
3 Dsi 3n 14

3n

2 3 s 27 3 (. m . 2m
+27° =C08S— —COS— + COS— +1| sin— —sin— + sin—
7 7 7 7 7 7

+) z—2z

Do d6 xét phan thuec cia dang thic z —z2 +2z° =

5 ta suy ra duoc:

1-z

T 27 3n 1 . . 2n . 3n 1 3
COS——COS— +COS— =—; SIn——SIn—+SIn— =—Ccot—.

7 7 7 2 7 7 7 2 14
Bai tap 2. Hay biéu dién tan5x qua tanx

Hud6ng dan giai

, .. .. 5
Ta co: cosbx +1isinbx = (Cosx + 1smx)
Str dung khai trién nhi thitc Niu-ton cho v€ phai va tach phan thuc va phan ao ta c6
cos5x = cos® x —10cos® xsin? x + 5cos xsin® x
sin5x = 5cos* xsinx —10 cos> xsin® x +sin® x

Tt d6 suy ra:

5tanx —10tan® x + tan® x
tanb5x = 5 1 .
1-10tan” x+5tan™ x
Bai tdp 3. Cho a,b,c la cac s6 thuc thoa man sina +sinb+sinc=0 va
cosa + cosb + cosc = 0. Chtrng minh rang;
sin2a +sin2b +sin2c=0 va cos2a+ cos2b + cos2¢c =0.
Giai

Daét z, =cosa+isina;z, =cosb+isinb;z; = cosc+isinc, ta co:

~ 1 —
Z,+2,+25=0, Zl|=|zz|=|z3|=1nen Z—=Zk(k=1;2;3).

Vi thé: 212 + Z22 + 232 = (z1 +2Zy) +2,4 )2 - 2(2122 +2,Z5 + 2321)

=0%- 22,2,24 {l + l + lJ =—27,7,74 (Z_1 + z_2 + 2_3)

21 2y 73

= —2212223(21 +2,+24 ) =0
Nén cos2a + cos2b + cos2c +i(sin2a + sin2b + sin2c) =0
Tl d6 ta suy ra déu phai chitng minh.
Bai tap 4. Gidi phuong trinh cosx + cos3x +cos5x +cos7x + cos9x = %
Loi giai

Ta c6 cosx =1 khong la nghiém ctia phuong trinh.
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Diat z=cosx+isinx voi xe[O;Zn).
Ta co

VA3 il,z_1 =COoSX —isinx,

2cosx=z+z"', 2cosnx=2z"+z"

Vay phuong trinh da cho tré thanh:

1 1 1 1 1
z+—+z3+—3+z5+—5+z7+—7+29+—9=1
z z z Z z

ol1+22+72% 4. +28 =22 =20 1=7"1_2°

<:>(zll +1)(z9 —1)=O:>zll “1,2° =1

= Néu z’ =1thi z° =cos0+isin0 nén z:cos%+isin%,k20;8.

Vi xe[O;Zn) va z#+1 nén x:%,kzl;&

Do d6 nghiém ctia phwong trinh da cho la x = % + 2mn(k = 1;8),m e”Z.

» Néu z'!'=-1 thi z!"' =cosn+isinm nén:

k2n . . nw+k2=n
isin

z=coanr ,k=0;10.
Vi xe[O;Zn) va z#=*1 nén x:Lkzn,k:O;Q

11

n+k2n

Suy ra nghiém can tim la x =

+2mn(k:(79),m e”.

Vay cac nghiém cua phuwong trinh la: x = % + 2mn(k = 1;8),m €Zva

_m+k2n

+2m7t(k:(79),m e”.

Bai tap 5. Cho a,b,c la cac s0 thuc thoa man diéu kién
cosa+cosb+cosc=sina+sinb+sinc=0
Chting minh rang;
a) cos3a+ cos3b + cos3c = 3cos(a +b+ C) ; sin3a +sin3b +sin3c = 3sin(a +b+ c)
b) cos5a + cos5b + cos5c = sinba + sinbb + sin5c =0
Giai
Dat x=cosa+isina,y =cosb+isinb,z=cosc+isinc.
Suy ra x+y+z=cosa+cosb+cosc +i(sina +sinb+ sinc) =0

a) Ta cod: x> +y° +2° —3xyz = (x+ y+ z)(x2 +y?+2° —xy—yz—zx) nén luong giac:

(Cosa +isir1a)3 +(COSb +isinb) + (Cosc +isinc)3
= 3(cosa + isina)(cosb + isinb)(cosc + isinc)
<> cos3a +cos3b + cos3c + i(sin3a +sin3b + sin3c)

= 3[cos(a+b+c)+isin(a +b+c)]
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Tir d6 ta dugc: cos3a+cos3b+cos3c=3cos(a+b+c) va sin3a+sin3b+sin3c=3sin(a+b+c)
b) Véi x+y+2z=0 thi 2(x5 +y° +z5)=5xyz(x2 +y? +22)

Mit khéc, tir [x|=|y|=|z| =1 suy ra x ' =x,y " =y,z7" =z

Vi the:

X? +y% +2? =(x+y+z)2—2(xy+yz+zx)
=(x+y+z)2—2xyz(>_<+;z+£)=(x+y+z)2—2xyz(x+—y+z)=0

Do d6 x° +y° +2° =0

< (cosa +isina)’ +(cosb +isinb)’ +(cosc+isinc)’ =0

<> cos5a +cos5b + cos5¢ +i(sin5a +sin5b +sin5¢) =0

Vay nén cos5a + cos5b + cos 5¢ = sin5a + sin5b +sin5¢ = 0.
1 11
cos6’ sin24”  sin48? sin12°
Giai

Bai tap 6. Chiing minh ring;

Xét s8 phitc z=cos6’ +isin6”, c6 z!° =cos90° +isin90° =i.
2 4 8 16
, z-+1 . z -1 . z' -1 . z° -1
Ta cé cos6’ :—,sleO = ,51r1240 :—4,sm480 = 5
2z 2iz 2iz 2iz

DPang thttc can chiing minh tro thanh

2z 2iz"  2iz*  2iZ® 0
22+1 z*-1 -1 Z'%-1

Rat gon vacht y z=0 tacd z'° —1—iz(z14 +1) =0.

Hay: 252-1-iz —iz=0=iz-1-i*> —iz=0 (dung)

Vay dang thiic duoc chiing minh.

Bai tap 7. Gia st o va B la nghiém ctia phuong trinh x* —2x+2=0 va cotf =y +1. Chting minh

(Y+ a)n —(Y+ B)n _sinnb

a—B sin™ 0

Giai
Ta ¢6 x*-2x+2=0<x=1+i. Khong mat tinh tng quat, 1dy a=1+iB=1-i. Theo gia thiét
cotO=y+1=y=cot0-1.

n
Lac doé: (y+oc)rl :(co’c6—1+1+i)n =(§?nsg +ij = sinln e(cosn6+isinn6)

Tuong tu :

n
(Y+[3)n Z(C0t9—1+1—i)n :(;:::g —iJ = sinl“ e(cosne—isinne)

Do d6 (y+a) —(y+B)" = sinln o 2isinnd. Mt khic : a.—p=2i
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Chuyén dé: S6 phirc

(Y+ a)n —(Y+ B)n _ sinn®

Tt d6 ta c6 duoc:
a—-B sin" 0
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Chuyén dé: S6 phirc

Bai toan 3: Ung dung vao chitng minh bat ding thitc
Cho 8 phiic z=a+bi;a,beR. Liic 46 mddun ctia s8 phirc z=1a? +b?
Cho céc s8 phtic z,;2,;25. Ta c6 cc bt dang thirc thuong ding sau :

7

|Zl|+|22| 2|Z1 +2z, Zl|+|zz|+|z3| 2|Z1 +z, +z3|
I. Cac vi du dién hinh thwong gip

Vi du 1. Chiing minh rf?mg voimoi a,b,ceR taludn co:

\/az +b% +c? +2ac+\,/a2 +b? +c? —2ac 22\/&12 +b?.

Giai

Bat dang thiic tuong duong véi \/(a + c)2 +b% + \/(a —c)2 +b% >2v/a® + b?

Xét z, =(a+c)+bi,' Zy =(a—c)+bi.

Ta co |21| =4¢(a+c)2 +b2;

Mit khéc: z, +z, :2a+2bi:>|zl+zz|=\/4(a2+b2)=2\/a2+b2

z2|: (a—c)2 +b?

Ap dung : |Z1| +|Zz|+ 2|z1 +z2| ta duoc

\/a2 +b? +c? +2ac +\/a2 +b? +c? —2ac 22\/a2 +b?

Vi du 2. Chttng minh rang v6i moi o,f ta cd :

«/cos‘la +cos’B +sin? a.+sin’ f > J2

Giai
, 2 20 . a2 20
Xét z, =cos“a+cos“Bi; z, =sin” o; z5 =sin” i
Tacod: |zl|=\fcos4a+cos4[3; zz|=sinzoc; z3|=sin2[3;

2

. 24 - .2
Zy +2, +Z5 =cos" o+ cos”P.i+sin

0L+sir12[3.i=1+i:>|zl+z2 +Z3|=\/E

Ap dung : |zl| +|Zz| +|Z3| 2|Z1 +z, +z3| ta duoc

«fcos40c +cos’B +sin? a.+sin® p > 2

Vi du 3. Cho a,b,c>0 théa man ab+bc+ac =abc. Chting minh rang:

\/b2 +2a’ Jr\/c2+2b2 +\/a2+2cz Z\E(*)

ab cb ac
Giai
2 2 2
biit (*) < izw{%J + %+[£} + %+(£J >3
a b C C a
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Chuyén dé: S6 phirc

XetltZl =l+%i; Z, =%+—2i; Z, :1+£i'
a C C a

&y (]
,z2|— b—2+ ~ | il

Ta cou: |z1|: i2+ —
a
Maét khatic: z, +2, +24 =(1+1+1J+\E(1+1+1}

b

a b c a b c
1 1 1Y
= Z1+ZZ+Z|: 3 g+g+z

Theo gia thiét: ab+bc+ac:abc©l+%+1:1.Do do: zl+z2+z|:\/§
a c

Ap dung : |Z1| +|Z2| +|Z3| 2|Z1 +z, +Z3| ta duoc

2 2 2 2 2 2

\/b +2a +\/c +2b +\/a +2c Z\E.
ab cb ac

Vidu 4. Cho a, b, ¢, d 1a bon s6 thue thoa man diéu kién :

a’+b’+1=2(a+b); ®+d*+36=12(c+d) .
Ching minh ring : (a—c)’ +(b—d)’ < (\E+1)6.
Giai
Tir gia thiét ta c6 :
(a=1)" +(b-1)" =1; (c-1)" +(d-1)* = 36.
Xét z; =1-a+(1-b)i; z, =c—6+(d—6)i; z; =5+5i
Tacd: z,+2,+z;=(c—a)+(d-b)i

Vi |Z1|+|Zz|+|Z3| 2|Z1 +z, +23| nén

146+5V2 2 (c-a) +(d-b)’ &> (a-c) +(b-d)’ <(\2 +1)

II. Bai tap ap dung

Bai tap 1. Chiing minh rang véi moi x e R, ta ludn c6 :

V2 +2x+5 452 ~2x+5 225
Huéng dan giai
B4t déng thirc da cho twong duong voi
Y+ 22 +J(1-x) +22 2245

Xéts6 phttc: z; =x+1+2i; z,=1-x+2i

Lacdod: z; +z,=2+4i

Vi 2]+ |22 |2y +2,] (x40 427 +[(1-x) +22 2422 44 =25 (NPCwm)

Bai tap 2. Chting minh rang véi Vx,y,zeR taludn c6

\/x2+xy+y2 +\ilx2+xz+z2 2\/y2+yz+z2
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Chuyén dé: S6 phirc

Huéng dan giai
Bat dang thiic da cho twong duong véi
2 2 2
v, yJ— z 23, g
2

Xét zl—x+ 22=—X—E+ i=>z,+z, —(y+z)1

=%(y_z)+

(2] + 20| 2|24 |+ |2, ] [H%T{%EJZJ“ [_X_E] (zf}z

vi S B(y_z)}z +{g(y+z)}2 Y y—

Bai tap 3. Chiing minh ring véi moi xeR , ta ludn c6 :

\/lx +2+\/1x2 16x+2 \/1x2—4x+10+\/1x2—éx+§24+2\/§.
2 2 2 5 5

2 5 5

Hud6ng dan giai

Bat dang thiic da cho tuong dwong véi

ﬁ+J @2 O a0 s e RN 2
Wﬁ} T

> 42 +4

Xét

z, =X+2i; z, =4-x+2i; z3:x—E+8i; z4:é—x+§i
5 5 5

=2z, +2,=4+4i; 2, +z, =4+4i

Ta ludn co :

24| + (20| +| 25|+ |24 | 2 |21 + 25| +|25 + 24
T [5G
42442 4 ( j [5) =442 +4 (NPCM)

Bai tap 4. Chiing minh réang véi Vx,y,zeR taludn c6

\/x2+xy+y2 +\/y2+yz+22 2 4 xz+ 22 >3 (x+y+2).

Huéng dan giai
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Chuyén dé: S6 phirc

Bat dang thiic da cho twong duong véi

AL
Z\E(X+y+z)
yf z 23, X x43.

R e e e
b BTy Ty T BTy

Xét z, =

Ta co:
J3

Zy+ 2y + 24 =§(x+y+z)+7(x+y+z)i

Vi |Z1|+|Zz|+|Z3| 2|z1 +z, +23| nén

A A

9 3
2\/Z(X+Y+Z)2 +Z(x+y+z)2 =\/§(x+y+z).

Bai toan 4. Ung dung giai toan khai trién hay tinh tdng nhi thitc Niuton
Phuwong phap
Ta nhic lai cong thirc khai trién nhi thirc Niuton
n
(a + b)n = Z Crlia“_kbk =Cra" + Cia“_lb + C%lan_zb2 +.ot Cg_labn_l +CLb"
k=0
-4m 1 41’1’1+1 ]‘.’ i4m+2 — _1 i4m+3 —

Talvuyrang: VmeN thi i ; —i

I. Cac vi du dién hinh thudng gap

Vi du 1. Tinh tong

a)S, =1-C2+C! —C® +... b)S,=CL -C> +C> -7 +
Giai

Ta co:

(1 + i)n =1+Cli+C3i% ...+ CN"

=(1—C2+C4—C6+...)+i(C1 WeSte )(1)
1+1 \ichos—H\IZ“sm— (2)
Toéw (1) vao (2) suy ra: S, = 2nCOSZn; S, = 2nsin%

Vi du 2. Chiing minh rang C100 Cfoo + C100 C100 +.. C?go + C%gg =2%

Loi giai.
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Chuyén dé: S6 phirc

100,100

100 1 .. 2 2
(1+1 =CJo + Ciooi + Clogl” + -+ Clooi

)100
0 2 4 100 1 3 5 99 \:
= (ClOO ~Cloo + €100 =+ Cioo ) + (C100 ~Coo +Cio0 ++=Croo )1
(1+i)" =2i= (1+1)" =(2i)” = 2%
5o 0 2 4 100 _ 550
Vaay: Cj,) —Cipg +Cipg =+ Cipp =2
Vi du 3. Tinh cac tong sau
A=CJ5—3C3 +5Cj5 —7C% +....+13CJz —15C}3;
B=2C; —4C5; +6CT5 —8C] +....+14C2 —16C;3.
Giai
Xét khai trién

15 0 1 2.2 3.3 1212 1313 1414 15_15
(1+x) —C15+C15X+C15X +C15x +...+C15x +C15x +C15x +C15x

15 -0 1.2 2.3 3.4 1213 1314 14 _15 1516 7 &, N .o~
:>x(1+x) =Csx+Cx” +Cigx” +Cigx™ +..+Cisx ™ + Ciox ™ +Cpx” +C2x ™ Lay dao ham hai vé

(14x)" +15x(14+x)"" = Cl% +2CLox +3C2x% +4C3x° + ... +13C12x12 +14C1x 1
A15CHM 1 161515
Thay x boi i ta dwoc
(1+1) +15i(1+i)" =C% +2Cki +3C%i2 +4C%i% +...+13C12i1% + 14C1%P
+15C5i"* +16C 21"
= (Cfy ~3CH; +5CH; ~7Cl +...+13C}2 ~15C} ) +
(215 - 4C], +6C3; ~8CT; +....+14C}2 ~16C3 )i
Mat khac:

15 14
(1+i)° +15i(1+1)* =42° (cos£+isingj +15iy/21 [congrisingJ

=2" (@—gi}wif (-i)=27-27i+15.27 =16.27 —27i=2"" -27i

Vay

A =C5 -3C}; +5C; —7CP5 +....+13Cj3 ~15C 3 =21
B=2C5 —4C3; +6C)5 —8C/5 +...+14C}3 —16C}2 =27
I1. Bai tap rén luyén

Bai tap 1. Chiing minh rang:

S, =C2-C2+Cl-Cl+C8 —...

(V2) cos°F
s,=Cl -3+ -7 +C° —...:(ﬁ)nsin%

Giai
Xét khai trién nhi thitc Newton:

A\ ~0 i1 22 33 | 44 :n-1~n-1 , :n~n
(1+i)" =C), +iC +i°Cp +i°C), +i*Cpy +...+i"'C) ! +i"C])
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Chuyén dé: S6 phirc

1,(k =4m)
i,(k=4m+1)
~1,(k=4m+2)
—i,(k=4m +3)

Vi ik = meZ" nén ta co:

(14i)" =€ -C2 +Ch —#i(CL-C+ S ) ()

Mat khdc, theo cong thirc Moivre thi:

n

.\N n T .. T n nt .. N
(1+1) —(\/5) [COSZ+ISIDZJ —(xﬁ) (COSZ_HSIHIJ )
Tt (1) va (2) ta ¢ diéu phai chtiing minh.

14 1.5 1.5 1.4

Bai tap 2. Tinh tong S :ECZn _ZCZH +gC2n _g(jZn +..
Hudng dan giai
1

2k-1
ECZn =

Cht y rang

1

14 1.3 1.5 7
S:ECZH_ZC2n+_C2n_§C2n+'"

6
1 » 1 4 1 & 1

[ —_ + — —_
2n+1 2™ ong1 2™ o4 2 o4

1 2 : . .
2n+1 (C2n+1 ~Conin tConi ~Conn )

. 20+l (o 2 4 (1 3 5
Vi (1+1) = (C2n+1 ~ G +Conn _"')+1(C2n+l ~GCona T Congg =

2n+1
va (1+i)2r1+1 =(«/§) " (cos 2n4+1n+isin 2n4+17tj nén:

8
Coppg o

2n+1

2n+1
0 2 4 6 _
Coni1 —Conn +Con Gy += (\E) cos 1

[1—(\/5)%”(:032“”75}.

T

Vay tacd S=

2n+1 4

Bai tap 3. Tinh tong ne Z*

A=CYcosa+Cl cos2a+C? cos3a+...+ C2' cosna +C" cos(n +1)a
B= C?1 sina +C}, sin2a + C2 sin3a +...+ C" ' sinna + C" sin(n +1)a
Giai

Dat z=cosa+isina thi z" =cosna +isinna.

Do dé ta co:

0 . . 1 . . 2 ..
A+iB=C (Cosa + 1sma) +C, (COSZa + 151n2a) +C; (Cos3a + 1sm3a)
+..+C1 (cosna + isinna) +C (cos(n +1a+isin(n+ 1)a)

n n

= z(C?1 +C111Z+CiZ2 +(3sz3 +...+C2Zn)= Z(1+Z)n

\ . . a a .. a .
Vi 1+z=1+cosa+1sma=2cosz(cos—+1s1r1§} nén:
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Chuyén dé: S6 phirc

A+iB=(Cosa+isina) 2cosE CosizisinE
2 2 2
=2ncosn3(cosa+isina) cos22 4isin22
2 2 2

zaj

+2a, B:2ncosn%sinn+2

.. n+
a+1sin

+2
=2"cos" %[cos n

a

Vay A=2"cos" %cos d

Nhin xét: Cho n la gia tri cu thé, suy ra dugc nhiéu biéu thirc luong giac dep.

cosa+5cos2a+10cos3a +10cos4a +5cos5a + cosba = 2° cos’ %c:os7—2a

Tran Dinh Cw. Gv THPT Gia Hoi. SDT: 01234332133

Page 26
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Bai toan 5. Ung dung giai toan da thitc va phép chia da thitc
Phuong phap
I. Céc vi du dién hinh thuong gip

Vi du 1. Chttng minh rang da thtkc (x + 1)4n+2 + (x —1)4n+2 chia hét cho da thitc x* +1 véi moi 8 tw
nhién n.
Vi x2+1=0 <:>(x—i)(x+i):O nén x> +1 ¢ nghiém la +i.
bat f(x) = (x + 1)4n+2 + (x - 1)4n+2 .Ta cé:
f(i)=fF(i+1)"" +(i-1)""7 = i)™ +(<21) =0
f(—i)=f(<i+1)"™" (-2 = (<21 + (20 =0
Giai
Trong cac bai toan vé phép chia da thitc, mudn chiing minh f(x) chia hét cho g(x), ta chitng minh moi
nghiém cua da thtc g(x) déu la nghiém caa da thac f(x). Cach lam nay gap phai kh6 khan né nhuw
g(x) khong c6 nghiém thuc, tuy nhién sd phtic giap ta giai quyét van dé nay.
Vay i cling la nghiém cua f(x), do do f(x) chia hét cho x* +1.
Vi du 2. Chting minh rﬁ“ang v6i moi sO tir nhién n 16n hon 1 va s6 thuc o thdéa man sina#0, da thitc
x" sino —xsinno + sin(n - 1)oc chia hét cho da thirc x* —2xcoso+1.
Giai
Xét phuong trinh x* —2xcosa+1=0,A =cos? o.—1=i%sin? o nén c6 nghiém
X, =cosa+isino, X, =cosoa—isina la hai s6 phtic lién hop.
Dat P(x) =x? sino —xsinna, + sin(n - l)a ta co:
P(xl)z (cosna +isinnoc)sinoc—(cosoc +isin0c)sinnoc+ sin(n—l)oc
=cosna.sina —cosasinno + sin(n—l)a =0

Suy ra P(x_])zo hay P(x,)=0. Vay P(x) chia hét x? —2xcoso +1.

Vi du 3. Tim s6 nguyén duong n sao cho da thitc x*" +x™ +1 chia hét cho da thic x* +x+1 .

Loi giai

Céc nghiém cua da thtc X2 +x+1 la: X; = -1 +2\/§1 Xy = -1 _2\/51

Dat f( ) " +x"+1. Vi xq,X, lahai s8 phtic lién hop, nén chi can tim n sao cho f(xl) 0 (khi do

f(xz) sé bang khong).

—1+\/_1

2

, 27
Ta co: x, = s—+1s1n— nén
! 3 3
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n

21 A 2n . . 2
f(x) cos— +isin— | +| cos—+isin— | +1
! 3 3 3 3

4nm 2nm 4nt . 2nm
f(xl)ZCOST+COST+1+ SIHT+SIHT

2nw 2nn
COS4E+CO 2L+1 0 COST(ZC T‘l‘lJ:O
f(x;)=0e={ 3 ¥
. 4nmt . 2nm . 2nw 2nmn
sin——+sin——=0 sin——| 2cos——+1 |=0
3 3 3 3

:szcosz%uzo:»n:akﬂ,(kez)

Vay da thic x*" +x" +1 chia hét cho da thiic x* +x+1 khi va chi khi n 13 s6 nguyén dwong khong chia
hét cho 3.

Vi du 4. Tim s6 nguyén duong n sao cho da thikc (x - 1)n —x" +1 chia hét cho da thitc x* —x+1.

Loi giai

1+\/_1 143

2
—-x+1 la: x
Xy = Xy = >

Céc nghiém cta da thirc x

bat f(x)z(x—l)n —x"+1.

1+\/§i T .. T 1+x/_1

Vi x; =———=cos—+isin—=x; —-1=
3 3

s—+1s1n2? do do

2nt . . 2nm nt . . Nmn
f(Xl):COST+ISIHT—COS?—ISII\?+1.

cosﬁ—co T 1-0 cosn—[ZcosE—lJ:O
f(xl):Oc) 3 3 = 3 3
sin—— —si E=0 sm—n(Zcosg—lj:O

:>2cos%—1:0:>n:6kil.

Vay gia tri can tim cua n la nhitng s6 nguyén duong chia cho 6 du 1 hoac chia 6 du 5.

Vi du 5. Phan tich cdc da thitc sau thanh nhan t voi hé s6 nguyén:
a) x*+4 ; b) (x+1)4+(x2+x+1)2

Gidi

a) Taco x* +4=x* - (2i)’ =(x2 —2i)(x2 +2i)

=[x2 —(1+i)2Mx2 —(1—1)1=(x—1—i)(x+1+i)(x—1+i)(x+1—i)
Ma:

(x=1-i)(x=1+i)=(x-1)" =2 =x? ~2x+2
(x+1-i)(x+1+i)=(x+1)" =2 =x* +2x+2

Nén x* +4=(x? =2x+2)(x? +2x+2)

b) Ta co:
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(x+1)4+(x2+x+1)2 =(x+1)4—i2(x2 +x+1)

:[(x+1)2 —i(x2 +x+1)}.[(x+1)2 +i(x2 +x+1)}
Bang cach giai cac phuong trinh bac hai, ta phan tich dugc thanh tich:
. (x+1)2 —i(x2 +x+1)=[(1—i)x—i}(x+l+i)

. (x+1)2 +i(x2 +x+1)=[(1+i)x+i](x+1—i)

2

Mt khac:

(x+1+i)(x+1-1) =(x+1)" =i2 =x® +2x+2 [ (1-i)x—i | [(1+i)x+i]|=2x? +2x+1
Vay (x+1)4 +(x2 +x+1)2 =(x2 +2x+2)(2x2 +2x+1).

IL. Bai tap 4p dung

Bai tap 1. C6 ton tai hay khong s8 nguyén duong n sao cho da thitc
(x+1)"" +(x=1)"" =2x>" chia hét cho da thuc x* 1.

Hudng dan giai

Céc nghiém ctia da thite x* —1 1a: +1,+i.

Dit £(x)=(x+1)"" +(x-1)"" =2x*", ta c6 £(1)=f(~1)=0, nhung
£(1)=(i+1)" +(i-1)" - 22" = (21)" +(-2i)" —2(-1)"

- Néun=2m,(mez’) thi £(i)=2"""(-1)" ~2%0 vmeZ".

Néu n=2m+1,(meZ") thi £(i) =220,

Vay khong ton tai s6 nguyén duong n dé da thiic (x+ 1)2n + (X - 1)2n —2x*" chia hét chho da thitc

x* 1.

Bai tap 2. Phan tich cac da thitc sau thanh nhan tt véi hé s6 nguyén:
2 2
a) (x2+1) +(x+3)"; b) (37 +5x—4) +(5x+3)°

Huéng dan giai
a) Ta co:
(x* +1)2 +(x+3)" =(x? +1)2 —i? (x+3)" =(x? —ix-+1-31)(x? + 3x+1+3i)
Vi
= 7 —ix+1-3i=(x+1+i)(x—1-2i)

= 7 Hix+ 143 =(x+1-1)(x—1+2i)
o (xr 1) (x+1-i) = (x+1)° =i =x2 +2x+2
= (x—1-2i)(x=1+2i)=(x-1)" —4i® =x> ~2x+5

Va y(x2+1)2+ x+3 (x2+2x+2)(x2—2x+5).
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b) (3x* +5x—4)2 +(5x+3)" = (3 +5x—2)2 ~i2(5x+3)
=35 +5(1-i)x 431 || 35 +5(1+i)x—4+3i |

Ta co:

= 3x% +5(1-1)x—4-3i=(x+2-1)(3x—1-2i)

= 3% +5(1+1)x—4+3i=(x+2+1)(3x - 1+2i)

o« (x+2+i)(x+2-1)=(x+2)" —i2 =x? +4x+5

= (3x—1-2i)(3x—1+2i)=(3x~1)" —4i2 =9x* —6x+5

Vi vy (3¢ +5x—4)2 #(5x+3)" =(x? +4x+5)(9x* ~6x+5).
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Chuyén Dé S6 Phirc

TUYEN TAP 100 CAU SO PHUC
VAN DUNG VA VAN DUNG CAO

Cau 1. Cho s8 phirc z thoa (1+i)z+z=i. Tim md-dun ctia s8 phttc w=1+i+z.

A. |w|=\/ﬁ B. |W|=2\/E C.|W|=\/§ D. |W|=\/§

Hudng dan giai
Goi z=x+vyi, (x,y S R)

x=1

(1+i)z+2:i<:>(1+i)(x+yi)+x—yi=i©(2x—y)+xi=ic>{y:2

ez=1+2i
ew=1+i+z=1+1+1+21=2+31

lw|=+13
Vay chon dap an A.
-2
Cau 2. Tim md-dun ctia s8 phtec z biét z* (1—i)+2(z) (1+i)=21-i

A. |w|:5 B. |w|=\/§ C.|W|=2\/§ D. |W|=\/§

Huwéng dan giai
Dat szz(l—i):a+bi (a,beIR) thi (2)2(1+i):;:a—bi

a=7

Do dé ta c6 w+2§=21—i@3a—bi:21—i@{b |

Dan dén 72 =27 3+ 4i=(2+i)’

1-i
Suy ra |z| :\/g
Vay chon dap an B.
Cau 3. Cho s0 phitc z thoa man diéu kién 2219—4211' Tim mo-dun cua sO phtc
z+

w=2"+2z+1Dbiét z cé phan thuc dwong.

A. |W|=’\/217 B. |w|=\/ﬁ C.|W|:»\/277 D. |W|:\/ﬁ
Hudng dan giai
Goi z=a+bi (a,beR). Phuong trinh da cho tré thanh:
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2 2 _
a? +b? +2(a—bi) =19~ 4i < (a” +b2+2a)—2bi=19—4i<:>{a2;b Zza‘lg

2 A2 ao_ 2 T a=3 _ :
a“+2“+2a-19=0 a“+2a-15=0 z=3+2i
f—g = = a=-bho> .
b=2 b=2 t oo z=-5+2i

Truong hop 1: z=3+2i, ta cd:
w=(3+2i) +(3+21)+2=9+14i = |w| = 9% +14> =277

Vay chon dap an C.

, A N1, z+1
=z-3. Tinh m6-dun ctia s6 phttc w==—
zZ+2 7 —1

z—11

Cau 4. Cho s6 phtrc z thdéa man

A. |w|:x/ﬁ B. |W|=\/ﬁ C.|W|:x/; D. |w|:1

Hudng dan giai

2 3ez-11=(2-3)(x+2) 2 -2245=0e |7
zZ+2 z=1+2i
Véi z=1-2imw="—=-i=|w|=1
1+i
Véi z=1+21:>w=1+3%=j+§i:>|w|=1
1-3 5 5
Vay |w|:1.
Vay chon dap an D.
Cau 5. Tinh mo6-dun ctia s6 phtic z biét (Z __1)(2 _i) _3+4
z+2i 2
A. |W|=2\/§ B. |W|=\/§ C.|W|=\/§ D. |w|=4

Hudng dan giai
bat z=x+yi (x,yeR):sz—yi

(z—l)(2—i):3+i
z+2i 2

& (4-2i)z-(3+i)z=2+4i

. . X+y=2
<:>(x+y)+(7y—3x)1=2+41©{_3X+7y:4

<:>x=y=1:z=1+i:>|z|=\ﬁ

Vay chon dap an C.

5z

Cau 6. Tinh m6-dun cuia s8 phtic z biét +(1+22)i=1+3i.

-2i
A. |W|=\/E B. |w|:\/§ C.|W|:\/§ D. |w|=4

Huwéng dan giai
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Gia st z=a+bi,(a,be[R):>£=a—bi
PT & (1+2i)z+(1+22)i=1+3i & (1+2i)(a—bi)+(1+2(a+bi))i =1+3i
<a-bi+2ai+2b+(1+2a)i-2b=1+3i<a+(1+4a-b)i=1+3i
{azl {azl
- ~
l+4a-b=3  |b=2
Vay z=1+2i:>|z|=\/§
Vay chon dap an B.
Cau 7. Tim s8 phitc z théa man 1+z= ‘Z—i‘z +(iz —1)2 va z c6 phan thuc duong.
A z=1-i B. z=1-i,z=1+i C.z=2-i D. z=1+i
Hudng dan giai
Diét z=a+bi (a,beR,a>0). Tl gia thiét ta co:
1+a—bi=‘a—(b+1)i‘2+(—b—1+ai)2

1+a=2(b+1)’

o1l+a-bi=2(b+1) ~2a(b+1)ie
b=2a(b+1)

(1)

\ _ _ 20 2 _ _ 2 hodic b=—1
Tt (I) suy ra: 1+ =2(b+1)” (b#-1)<>(b+2)(2b+1)" =0=>b=-2 hodc b >

2(b+1)
‘- 1 1 . ‘s .
Voi b:_Eja:_E (loai). Voi b=2=a=1=z=1-2i.

Vay chon dap an C.

Cau 8. Tim phan thuc cta s6 phtic z thoa man diéu kién z+7=6 va 72 +2z-8i 1a mot s
thuee.
A.3 B. 2 C.1 D. -1
Hudng dan giai
Goi z=x+yi.Ta co z+£=6<:>(x+yi)+(x—yi)=6<:>x=3 (1)
72 +22-8i=(x+yi) +2(x-yi)-8i=(x* -y’ +2x)+(2xy-2y-8)i la 8 thuc nén
2xy -2y —8=0 (2).
Tt (1) va (2) ta gidi dwgc x=3 va y=2.Vay z=3+2i.
Vay chon dap an A.
Céau 9. Tim s8 s6 phtic z théa man (z —1)(£+2i) la s8 thuc va |2]=242.

A.3 B. 2 C.1 D. o

Hudng dan giai
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Goi z=x+vYi, (x,y eR):gzx—yi

GT@{(X_“W)(X*(z‘i))ER@{XY+(X—1)(2—Y)=0

X2+y2:8 X2+y2=8
2
= 2 = \Y%
52 —8x—4=0 |y=-2 | _14
=5

Vay ze{Z—Zi;—%Jr%i}
Vay chon dap an B.
Céu 10. Tim s6 phtic z biét (iz+2)(z—2) la s thuan 4o va |z|=2.
A.3 B. 2 C.1 D. 4
Hudng dan giai
Gia st z=a+bi (a,be]R), ta co: (iz+2)(z—2)=(2—b+ai)(a—2+bi) la s6 thuan ao nén:
(2-b)(a-2)-ab=0«<>a+b-ab-2=0 (1)
Mit khac |z/=2 nén a* +b* =4  (2)
T (1) va (2) ta tim dwoc azﬁ,bz—\E hodc a=-2, bsz hodc a=0,b=2 hoac
a=2,b=0.
Vay co 4 s0 phtrc thoa man la: 2=\2-i2, z=—2+i2, z=2, z=2i.
Vay chon dap an D.
Céu 11. Tim phén thuc nguyén cua s6 phitc z thoa man (1-3i)z la s6 thuc va ‘2 —2+51‘ =1.
Al B.2 C.-1 D. 5
Hudng dan giai
Gia st z=x+yi, khi d6 (1-3i)z=(1-3i)(a+bi)=a+3b+(b—3a)i

(1-3i)z la sd thuc <>b-3a=0<>b=3a

‘;—2+51‘=1<:>‘a—2+(5—3a)i‘=1<:>\/(a—2)2+(5—3a)2 =1

a=2=b=6
=10a®-34a+29=1<5a*-17a+14=0<| 7 21
a=g:>b=€

Vay z=2+6i,z =Z+£i .
5 5
Vay chon dap an B.
; ’ . A/ M - T 2 \ A A A 2
Cau 12. Tim s6 phtic z, biét rang zz=2 va ‘z —1‘ —z la mot s6 thuan ao.

A. z=1+1;z=1-2i B. z=2+1;z=1-1 C.z=3+1;z=2-1 D. z=1+i;z=1-1
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Huwéng dan giai
Diét z=x+yi(x,yeR). Ta co: zz=2x+y? =2 (1)
-1 2= (x 1] +y2 —(xoryi) = (x 1) +y? —xyi

‘2—1‘2—z 1a mot sd thuan ao <:>(x—1)2 +y* —x=0 (2)

Tﬁ(l),(z)tacéhé:{ Y @{Y =2-x @{"

(X_1)2+y2_xzo -3x+3=0 y=%1
Vay c6 2 s6 phtrc thoa yéu cau bai toan 1a z=1+i; z=1-1i.
Vay chon dap an D.

V4

-21 . N “ 5
la s6 thuan ao.
Z —

A2 B.\3 C. 243 D. 5

Hudng dan giai

Cau 13. Tim mé dun sd phtc z théa man =1 dong thoi

z—2-2i

z#2
zZ#2+21

Di‘éukién{
Gia sit z=x+yi (x,y €R). Khi d¢:

Tir gia thiét ta co: |7|=|z—2-2i| x> +y? = (x-2)" +(y-2)" hay y=2-x (1)
z-2i_x+(y=2)i _[x+(y-2)i][(x-2)-yi]

z-2 (x-2)+yi (X_2)2+y2

z—2i

7 —

Ta co:

Do d6

la s§ thuan 4o thi x(x—2)+y(y—-2)=0 hay x* +y*=2(x+y) (2)

Thay (1) vao (2) ta c6 x? +(2-x)" =4 = 2x% —4x=0

Néu x=2 thi y=0 nén z=2 (loai)

Néu x=0 thi y=2, khi d6 z=2i (théa man)

Vay chon dap an A.

Céu 14. Tim s0 s8 phtic z thoa man (z—l)(£+2i) la sO thuc va |z—1| -5

A1 B.2 C.-1 D. 5
Hudng dan giai

Gia str z=a+Dbi, (a,b e }R)

Ta 6 (z-1)(2+2i)=(a+bi-1)(a~bi+2i)=[(a~1)+bi ][a+(2-b)i]

=a’+b”>—a-2b+(2a+b-2)i
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Theo bai (z-1)(z+2i) 1a 8 thuc nén 2a+b-2-0<b=2-2a

Mat khac |z—1|=\/§<:>‘(a—1)+bi‘=\/§<:>(a—l)2+b2 =5

2 2 2 a
o (a1 +(2-2) =5 5(a—1) =5<:>|a—1|=1<:>L
Véi a=0=b=2=2z=2i
Véi a=2=b="2=2=2-2i
Vay c6 hai s6 phtic thdéa man yéu cau bai toanla z=2i,z=2-2i.
Vay chon dap an B.
Cau 15. Trong mat phang Oxy, tim tap hop diém biéu dién cic s§ phitc thoa man:
lz—2i-1=2[z-i-1

N

B. Buong tron tam I(—l;—%}, R =§

N
O WM

A. Puong tron tam I(l;—J, R

W

4

C.Puong trontam I| ;= |, R= D. Dwong tron tam I(l;%j, R :5

|6V}
—

Hudng dan giai
Gia st z=x+yi, (x,yeR) thi:
|z=2i-1]=2]z-i-1| < [x-1+(y-2)i|=2x -1+ (y -1}

o (x-1 +(y-2) =4[(x—1)2+(y—1)2}c>3x2+3y2—6x—4y+3=0
2
4 2\ 4
<:>x2+y2—2x—§y+1=0<:>(x—1)2+(y—gj =§

Vay tap hop s6 phtic z théa man la duong tron tam I(l;%] va ban kinh R = % .

Vay chon dap an A.

Cau 16. Tim tap hop diém M ma toa dd phtc cia nd thdéa man diéu kién: ‘Z -2+ i‘ =1.

A. Duong tron tam1(-2;-1), R=1 B. Puong tron tam1(2;1), R=1

C. Duong tron tam1(-2;1), R=1 D. Duong tron tam 1(-1;2), R=1
Huwéng dan giai

Hai s8 phttc lién hop c6 md-dun bang nhay, ta suy ra:

[2-2+i]=[z-2-i| (vi z-2+i=z+(2+i)=2-2-1)

Tt d6 ta cd: |z—2+i|=1

Dit z=x+iy (x,y eR). Suy ra
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-2 =1e|(x=2)+ (y-1)i[ =1 y(x -2 + (y-1)" =1
<:>(x—2)2 +(y—1)2 =1
Vay tap hop cac diém M la duong tron tam 1(2;1), ban kinh R=1.
Vay chon dap an B.
Cau 17. Trong mat phang toa dd Oxy, tim tap hop diém biéu dién s& phitc z théa man
diéu kién: |z—(3-4i)=2.
A. Duong tron tam1(-2;-1), R=2 B. Duong tron tamI(3;-4), R=1
C. Duong tron tam1(-2;1), R=2 D. Duong tron tam1(3;-4), R=2
Hudng dan giai
Dit z=x+yi (x,yeR) z-3+4i=(x-3)+(y+4)i

Ta c6 \/(X—3)2 +(y+4)2 =2 <:>(x—3)2 +(y+4)2 =4
Vay tap hop diém biéu dién cac s§ phtic z 1a dwong tron tam 1(3;-4) ban kinh R=2.
Vay chon dap an D.

z—2+3i
z+31 4

=\2.

Cau 18. Tim tap hgp cac sO phtic z trén hé toa d9, biét |=

A. Duong tron: x* +y? +12x 18y +37 =0.
B. Duong tron: x* +y? —12x 18y +37=0.
C. Duong tron: x* +y? —12x+18y +37 =0.
D. Duong tron: x* +y* +12x+18y +37 =0.
Hudng dan giai
Dit z=x+yi:>2:x—yi.
[(x-2)+(y+3)i][(x-4)~(y-3)i]
(4P e(y-3f |
Kx—2ﬂx—4)+y2—9+«x—4Xy+3}{x—ZXy—3»4ZVE
(x=4) +(y-3)’

e[ 2)(xa) ey -] +[ (- a)(y+3] ~(x-2)(y-3)]
~o (x4 +(y-3 |

zZ-— 2+31| X 2 1|

Z+31 4|

Hay
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| (x-2)" +(y+3] | (x=4 +(y-3)* |2 (x-4)" + (v 3]
e (x=2)" +(y+3) =2| (x-4) +(y-3)" |

o x? +y2—4x+6y+13=2(xz+y2—8x—6y+25)

2

o x?+y?-12x-18y +37=0
Vay tap hop cdc di€ém bi€u dién s6 phitc z la phuwong trinh duong tron:
X2 +y? —12x 18y +37 =0,
Vay chon dap an B.
Cau 19. Tim tap hop céc diém biéu dién ctia s6 phitc z =z+3—-i biét |z+2-3i[<2.
A. Hinh tron tam (—2;3), ban kinh 2
B. Hinh tron tim (—3;1), ban kinh 2
C. Duong tron tam (—3;1), ban kinh 2
D. Duong tron tam (—3;1), ban kinh 2
Hudng dan giai
bat z =x+yi,'(x,y e IR).
Tacd z =z+3-i=z =(x+3)+(y-1)i
C6 |z+2-3i|<2 e |(x+2)+(y-3)i|<2
<:>(x+2)2 +(y—3)2 <4
Nén tap hop di€m biéu dién z la hinh tron tam (-2;3), ban kinh 2
= Tap hop diém biéu dién z 1a hinh tron tdm (-3;1), ban kinh 2.
Vay chon dap an B.
Luu y:
Viéc suy z <>z 1a mot phép bién hinh. Bao gdbm phép tinh tién theo Ox tir x=-2 t&i x=-3
va tinh tién theo Oy tir y=3 dén y=1. Va do la phép tinh tién nén ban kinh duong tron
khong thay doi.
Céu 20. Cho s8 phtic z thoa |(1-i)z+2|=1. Tim tip hop cic diém M bi€u dién s§ phirc

V4

1-i
A. Duong tron ¢ I(O; —1) ,ban kinh R :% )
B. Duong tron ¢6 I(O;l), ban kinh R :% )

C. Puong tron c6 1(0;-1), ban kinh R = i :
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D. Pubng tron 6 1(0;1), ban kinh R~

Huwéng dan giai

Cach 1: Goi s0 phtic z=x+yi;(x,y eR

Ta co:

)
7 zx+yi:(X+Yi)(1+i):X y X : (1)
1-i 1-i 1-i 2 2 22

Theo gia thiét:
(1-1)z+2 =1 |1-i)(x+yi)+2 =1 (x+y+2) +(y-x) =1 (2)

Nhin vao s6 phtrc dang (1) d€ bién ddi phwong trinh (2):

x—y Y [x+ ? 1
2)e| =]+ 22| =2
2 2 4
Tt d6 suy ra, tap hop cdc diém M biéu dién s& phic 1i la duwong tron c6 phuong trinh
—1
2 2 ]. 7 A 7 4 s 1
X +(y+1) == ¢cb tim I(O;—l), c6 ban kinh R==
4 2
Vay chon dap an A.

Ta con ¢6 cach giai tw nhién hon nhw sau:

Cach 2: Goi M(x;y) la diém biéu dién cua s§ phtic 2 Tacé -2 =x+yi

-1 1-1

Diéu kién bai toan:

X‘(l—i)z+2‘: =1i(1—1) +2|= 1<:>‘ x+y1)( 21 +2‘
—i
2 2 2 2 1
< (2+2y) +(-2x)" =1 (x) +(y+1) =1

Vay tap hop M la dudng tron c6 phuong trinh x* +(y + 1)2 ==

Cau 21. Tim s8 phtrc z thoa man déng thtrc |z+3-2i/=3. Hay tim tap hop diém M biéu
dién cho s8& phtrc w, biét w—-z=1+3i.
A. Duong tron (C):(x+2 ) (y+5) =9

X — 2)2 +(y 5)2 =

B. Duong tron (C):(
( (x+2)2 +

):
C. Buodng tron (C): (y- 5)2 =9
D. Buong tron (C):(x— 2)2 +(y+5)2 =9
Hudng dan giai
Dit z=a+bi (a,beR) 6 diém biéu dién 1a N(a;b) va M(xy) la diém biéu dién cho

wW=X+Yyi (x;yeR)
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Taco [a+bi+3-2i=3e(a+3) +(b-2)"=9 (1)

. . . . {azx—l
w-z=1+3iex+yi—a-bi=1+3i<

:y—3

Thay vao (1) ta duoc (x+2)2 +(y—5)2 =9« M thudc (C): (x+2)2 +(y—5)2 =9
Vay tap hop diém M la duong tron (C): (x+2)2 +(y—5)2 =9
Vay chon dap an C.
Céu 22. Cho s8 phtic thoa man |z+2-2i|=1. Tim gid tri 16n nhat va gia tri nho nhét cta
2|
A Jd],, =242~
B. [2], =3V2 -
C. |z| . =2\/_—
D. [4],,, =3V3-

L =22+1
o =3x/§+1

=243 +1

max

o :3\/§+1

Hudng dan giai
Dit x+iy voi x,yeR. Vi |z+2-2i]=1 nén:
x+2+(y-2)i[ =1 (x+2)" +(y-2)" =1.
Vi thé c6 thé doi bién x+2=cost,y -2 =sint vdi 0<t<2m
Khi do:

2 4 y2 =(cost—1)° +(sint+2)’ =9+4(sint—cost) =9+ 42 sin| t - =
X +y (COS ) +(Sll’1 + ) + (sm COS) + \/_sm 1
Ma —1351n(t—£j£1 nén 9-4\2 <x? +y? <9+442, do d¢:

V942 <[z <\J9+442 = 22 —1<|z| <22 +1
= |z=2V2-1 khi t:%’” hay x=-2+-">,y=2-"-.

Vay gia tri nho nhét ctia |z] la 242 -1 khi z="2+——+i|2-—~|

2

= |z|:2\/5+1 khi t=3—n hay X=—2—£,y=2+£.
4 2 2

Vay gia tri 1on nht ctia ctia |2 1a 242 +1 khi z=—2—g+i(2+g].

Cau 23. Trong cac s§ phtic z thoa man diéu kién |z+1+2i|=1 , tim s§ phitc z c6 mddun nho

nhat.
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1 1 1 1

A z=1-—+| 2+— i B. z=-1+—+| 2+—|i.
&) &)
1 1 1 1

C.z=-1-—+| 2+— [i. D.z=-1-—+|2+— [i.

&) 5 H

Hudng dan giai
Gia st z=a+bi vdi (a,b ER) .
Goi M(x;y) 1a diém biéu dién sd phtc z.
Ta c6: |z+1+2i| :1<:>(x+1)2 +(y+2)2 =1
DBuong tron (C): (x+ 1)2 +(y+ 2)2 =1c6 tam 1(-1;-2)
Puong thang OI ¢6 phuong trinh 1a y =2x .
SG phtrc z théa man diéu kién dé bai khi diém biéu dién M ctia n6 thudc dwong tron (C) va
gan goc toa dd nhat =M la mot trong hai giao diém ctia duong tron (C) véi duong thang
Ol
Toa do M thoa man hé phwong trinh:
1

X=—1——
{y=2x - \E

(1) s(y+2) =17 | o5, L

5

Do mddun ctia z 16n nhat nén chon z=-1- € + (—2 + i}

V5 V5
Vay chon dap an C.

Cau 24. Trong cac s0 phtic z thoa man ‘Zz —i‘ =1, tim s0 phttc z c6 mo-dun 16n nhat.
A. z=1+iva z=-1-i B. z=1+2i va z=-1-2i
C.z=1+3i va z=-1-3i D. z=1+i va z=-1-2i
Hudng dan giai
Gia st z=a+bi, (a,beR). Ta c6: [z]=va® +b?
Mit khac z* =(a+bi)2 =a’ —b? + 2abi = z? —iz(a2 —b2)+(2ab—1)i
Theo bai ra ta cé:

‘22 —i‘=1<:>\/(a2 —bz)2 Jr(Zab—l)2 =1<::>(a2 —b2)2 Jr(Zab—l)2 =1

2
<at+b*—2a%b? +4a’b? +1-4ab=1< (a2 +b2) =4ab
Theo bt déng thitc Co-si ta c6 a +b? >2\a’b? = 2|ab| > 2ab || > 2ab

Khi d6 |z|4 =(a2 +b? )2 =4ab < 2|z|2 <:>|Z|4 < 2|z|2 <:>|z|2 <2 <:>|z| < \E
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Chuyén Dé S6 Phirc

a=b
Suy ra |z| —2 dat dwoc khi |ab|=ab =S a=b=1
max a:b:_].
a>+b%=2

Vay c6 hai s6 phtc z thoa man yéu cau bai toanla z=1+i va z=-1-i
Vay chon dap an A.
Céu 25. Cho s6 phtic z théa man |z+2iz|=3.Tim gia trj 16n nhét va gia tri nho nhat cta
modun s6 phtic z.
A. min|z| =1va max|z| =2 B. min|z| =1va max|z| =3
C. min|z|:2vé max|z|=3 D. min|z|=2vé1 max|z|=3
Hudng dan giai
Gia st s6 phtic z c6 dang z=a+Dbi (a,beR).Ta co:

z+2iz=(a+bi)+2i(a—bi)=(a+2b)+(2a+b)i.

+) Theo bai ra: |z+2iz| = \/(a+2b)2 +(2a+b)’ =3<>5a® +8ab+5b> =9

Ta c6: 2Jab|=2a|[b| <(a?+b? )= ~(a’+b?) <2ab<(a’+Db?)

& -4(a”+b?)<8ab<4(a’+b?) <> 5a”+8ab+5b <9(a’+b* ) ma 5a”+8ab+5b> =9 nén
(a2+b2)£9ﬁ9(a2+b2)©92(a2+b2)21<:>32mzl.

Ta lai c6 mooddun ctia s& phirc z Ia \a?+b? nén tir day ta c6 thé két luan:

E [, B,

a=b a=b=

- 2 2 2
emin|z|=1< = =
i {5a2+8ab+5b2=9 b 2 2 2.
a= = —— =1
2 2 2
_ N3 REIREY
esel2 YN Ky
emax|z|=3 < =3 =
5a’+8ab+5b> =9 NE) BB,
a=-b=—— zZ=———+—1i
2 2 2
Vay chon dap an B.
Céu 26. Tim s6 phtic z c6 m6 dun nho nhat sao cho |z|=|z -4 +3i|.
A. Z=2+§i B. Z=2—§i C. Z=—2+§i D. Z=—2—Ei
2 2 2 2

Hudng dan giai
Dat z=a+bi

|7 =[z—4+3i=a2+b>=(a—4)" +(3-b)’ =8a+6b=25 (1)
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GoiM(a;b)la di€m biéu dién s§ phttc z trén mit phing phirc.

Ttr (1) ta c M thudc duong thang A:8x+6y—25=0

Do|z|=0M nén mé dun ctia z nho nhat khi OM nho nhat.

M thudc Anén OM nhé nhat khi M 1a hinh chi€u vudng goc cua O trén A
Puong thang d di qua O va vuong goc véiA 1adx—4y =0

Toa d6 diém M la nghiém cua hé:

=2
8x+6y—-25=0 |~ .
{XJF Y = 3<:M(2;§j.Vay z=2+%i

3x—-4y =0 =
y X=3
Vay chon dap an A.
Nhan xét:

2
v Mot cach giai khac: thé a= 25—%%1 khao sat ham s6f(b)=b’ +£25 —%} .

v" Day la bai toan dién hinh cho phuong phap ting dung hinh toa dé d€ giai bai toan
sG phtec. Y tudng ctia phrwong phap nay la rat don gian, xudt phat tir viéc mdi s&
phtic déu c6 thé biéu dién mot cach duy nhat boi 1 diém M(x;y)trén mit phang
phtc, cac diéu kién ctia z quy vé céc diéu kién ctia di€ém M vi du: |z|=0M,zla
diém M d6i xting véi M qua Ox,... V& nguyeén tac, tat ca cic bai todn s§ phiic déu
c6 thé quy vé hinh hoc phang, tuy nhién ta chi nén dung trong diéu kién dé bai
thuan loi

v Mt khéc tlr bai toan hinh hoc phang ciing c6 thé xay dung nén céc bai toan vé s§
phttc hay va kho.

m— i\/g
1-m® +2mi

A. m=1 B. m=-1 C. m==41 D m=+2

Cau 27. Cho s8 phtic z= (meR) . Timm d& zz=1.

Hudng dan giai
Ta co:

m—i\/g

2
=1
1-m? +2mi

z.;=1<:>|z|2=1<:>

o ‘m_i\ﬁ‘z e m?+3

2
. . :1<:>m2+3:(1—m2) +4m?
‘1—m2+2mi‘ (1—m2) +4m?
oemt+m?-2=0cm?=1cm=+I1.

Vay chon dap an C.
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Cau 28. Cho s8 phtic z=——2 "1 meR
1—m(m—21)
28.1. Tim m d¢€ zz =%
A. . m=1 B. m=-1 C. m=+1 D. m=+2

28.2. Tim m dé |z -i|< i

1 1
A. Im.|— B. — C. <
ml < C. s
28.3. Tim m dé z c6 modul 16n nhat.

A. m=1 B. m=0 C. m=3 D. m=2

Hudng dan giai

(~m+i)(1-m* - 2mi)

Dea thaay z = = ;n + 21 i
(1-m?+2mi)(1-m? -2mi) m?+1 m*+1
a)Ta cou: z£=1<:> 21 =l<:>m=il.
m-+1
b) Ta cot: z-i= m 1:>|z—1|< <::>m2<l |m|£L
m?+1 m?+1 \/_

¢) Ta cou: |z| = :|z| &Sm=
1 max

Cau 29. Tim nghiém ctia phuwong trinh x* —2ix* +3=0 trén tap sd phtc:

poe{ E ] el (£

2 2 2

o Sl B o Bk )

2 2 2 2

Hudng dan giai
Dat t=x* Phuong trinh da cho tré thanh t* —2it+3=0. Nghiém ctia phuong trinh la
t=3i,t=—.

2
= Néu t=3i thi x? :3(cos§+isingj=[\5[cosg+isingﬂ nén:

ﬁ[ZnJ (I f]

2

2
= N&u t=—i thi x> =cos| —= |+isin| == |=| cos| == |+isin| == || nén:
2 2 4 4

Ths. Tran Dinh Cw. SDT: 01234332133. Gv Chuyén luyén thi THPT Qudc gia, TP Hué Page 15




Chuyén Dé S6 Phirc

ol il ]33

Vay phuong trinh c6 4 nghiém: x = i(% + igj,x = i[{@ - 1%]}

, 2 - - 2
Céu 30. Tim s8 nghiém ctia phuong trinh (z+i+1) +3(z+i+1)(z—2)+2(z—2) =0

A. 0 B. 1 C.2 D. 3

Hudng dan giai

Do z=2 khéng la nghiém nén phuong trinh da cho twong duong véi:

+it1) +i+1 Zj1+1:_2 (a)
(Z_l j+3z_1 +2=0c 2721

z—2 z—2 ZH1+ -1 (b)
z-2

Dﬁz=x+ﬁ&nyeR)

() z+i+1=-2(z-2) < (x+1)+(y+1)i=(-2x+4)+2yi

x+1=-2x+4 X
= =
y+1=2y y

I
_ =

(b)<:>z+i+1=—(£—2)<:>(x+1)+(y+1)i=(—x+2)+yi

{X+1:_X+2(V6ngh@n0

y+l=y
Vay phuong trinh c6 nghiém duy nhdt z=1+i.
Vay chon dap 4n B.
Céu 31. Cho z=a+bi,(a,beR) . Tim s§ phttc z thda |z-|z+1| =|z+|z-1].
A. z=b,beR hodc z=a,ae[-1;1]. B. z=bi,beR hodc z=a,acR
C. z=b,beR hodc z=a,acR D. z=bi,beR hodc z=a,ae[-1;1].
Huo6ng dan giai
Ta c6 [z—|z+1]=|z+|z— 1] khi va chi khi [z |z +1] =|z +|z 1.
Hay (z—|z+1|)(£—|z+1|)=(z+|z—1|)(£+|z—1|)
@z.E—(ZJr£)|z+1|+|z+1|2=z.£+(z+£)|z—1|+|z—1|2 1)
Mt khéc [z+1" -|z=1" =(z+1)(z+1) - (z-1)(z-1) =2(2+2)

z+z=0

Nén (1) tr thanh (z+2z)(|z+1/+|z-1))-2(z+2)=0= 241+ |z-1]=2
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*Néu z+z=0 thi phan thiee ctia z bing 0 nén z=bi,beR.

*N&u |z +1]+[z-1|=2 (2) thi theo bat ding thiic tam gidc ta co

|z+1]+[z=12|(z+1)~(z-1)|=2

Nén (2) xay ra khi z la s§ thyre thude doan [-1;1].

Vay nhitng s6 phttc can tim 1a z=bi,beR hodc z=a,ae[-1;1]

Vay chon dap an D.

Cau 32. Tim s6 nghiém ctia phwong trinh: z? [222 - 1J + z(zz‘l - 1) +1=0,ze C\R.

A0 B. 1 C.2 D.3
Hudng dan giai

Gia st z=a+ib,a,beR.V1i ze C\R nén b=0.

z—1|=4,(a—1)2 +b% =\1+a%+b?-2a nén néu dit

2
M _1-q, 2P —p thi o,peR.

Do |z|2 =a+b?,

Phuong trinh dwoc viét dudi dang;:

(a2 -b? +2iab)a+(a+ib)B+1=0<:>(a2 —bz)a+aB+1+i(2baa+bB)=O

Suy ra (az—bz)a+a[3+1=0 (1) va 2aba+bp=0 (2).

Vi b=0 nén tir (2) cd p=-2a0,nén (1) c6 dang (a2 +b2)a=l.

Do do (a” +b2)(2a2+b2 —1j:1 3)

Xét £(x)=x(2* ~1) v6i x20,f (x)=2* ~1+x2* 20, vx 20.

Vay f(x) la ham s6 dong bién trén [0;+), ma f(1)=1nén x=1 la nghiém duy nhat. Nhw
thé theo (3) ta cd a> +b* =1=|z-1| =2~ 2a.

Ma p=-2anén 222 _1= 24, hay 2" =y (4) v6i y=1-2a

Vi |a|<1 nén y<3. Tix (4) c6 y>O:2‘/1+_y>2:>y>2.

Vithé y= oy 5 ¥ 2g >3, mau thuan véi y <3.

Vay phuong trinh da cho khong c6 nghiém.
Vay chon dap an A.

Cau 33. Cho z vdi z:1+(1+iﬁ)+(1+i\ﬁ)2+(1+i\/§)3+...+ (1 +i\5)20 . Khéng dinh nao sau
day dung

A. z 1a s6 thuan ao B. z la s& phtic c6 phan thye duong
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C. z la s6 phtc c6 phan thuc am D. z 1a s0 thuec.
Pinh huéng:
Ap dung hang dang thtic:

a" —b" =(a- b)(ar“1 +a"?b+a"?b? +...+a’b" > +ab"Z + b} ) (n nguyén duong)

Pong thoi, s6 mii v6i bac cao va dang 1++/3 1am ta nhé dén dang lwong gidc ctia s8 phikc.
Hudng dan giai
21
(1+iVB) -1
J3i

Ta cé 1+1\/_ Z(COS +isin— j (1+1\/_) —221(cos7n+isin7n)=—221

z=1+(1+i\/_) (1+1\/_) (1+1J_) . +(1+1\/_)

221 22141 ,
Vay z= = i hay zlaso ao.
y i3 B y
Vay chon dap an A.

7 ’ o A - -2 \ -
Cau 34. Tim m6dun s§ phtrc z, biét |z|2 +2z.z+‘z‘ =8 va z+z=2.
A. 242 B.1 C.V2 D. 3
Huwéng dan giai
Gia st z=x+yi(x,yeR). Ta co:
—
|Z|2+2Z.Z+‘Z‘ =8 {x2+y2:2 {x=1 . {x:l
B S S hoac g
z+z=2 2x=2 y=1 y=-1

Vay cac so phttc can tim 1a 1+i va 1-i.

Vay chon dap an C.
A N A A 7 2 ~ Z— 5 \ V4 4
Cau 35. Tim phan thuc s6 phttc z thoa man -|== va =1.
z-8i| 3 z-8
A. 6 B. 1 C.3 D. 2
Hudng dan giai
biéu kién z#8 va z#8i
a’+b’+144-24a 25 (,_,
2 12 ~ 9 B
bat z=a+bi, ta co hé: a2+b2+144—16b ? <4 b=8
a“+b“+16—8a 1 b=17

a’+b> +64-16b
So sanh v6i diéu kién, két luan co hai s6 phic thdéa man dé baila z=6+8i,va z=6+17i

Vay chon dap an A.
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N~ N . \ - A ~ A v a
Nhan xét: Bai toan c6 vé rat dai dong, nhung ban biét dén cong thizc 3‘ | |

=1 (modun cht
bl [p]

khong phai gia tri tuyét d6i dau nhé!) va kha ndng nham nhanh thi bai nay rat dé. Néu ct

dat dang binh thwong va ct bién doi thi bai nay thye chat 1a mot bai giai hé co ban vi cac
bieur thic chita binh phwong nd sé triét tiéu nhau hét. Con khong thi ban t6n mét chut
thoi gian dé dinh hinh. Luu y cac diéu kién.

3‘ - H va cdch bigh doi.
bl [p]

Cau 36. Cho hai s6 phtc z,, z, thdéa man |21| -3,

Yéu cau: Nho lai con thirc vé modun:

z, —z2|=\/§. Tinh |Z1 +z2|.

A. 6 B. \2 C.3 D. 2.2
Hudng dan giai

22|=2,

Goi z; =a, +bji (a;,b; €R), z, =a, +b,i (a,,b, e R)
al2 + b12 =3

Ttr gia thiét bai todn ta cé: {a,” +b,? =4 =2(aja, +b;b,)=2
(a —az)2 +(b, —bz)2 =5

Vay

|2, +2,| =\,l’”(a1 +a, )2 +(b, +b2)2 = \/(a12 +b12)+(a22 +b22)+2(a1a2 +b,b,) =3

Vay chon dap an C.

Céu 37. Cho cac s6 phitc z;,z, dong thoi thoa man cac diéu kién z, +3z,z, =(-1+i)z, va

. N A ? A 7 Z
2z, -z, =-3+2i. Tim m6dun ctia s6 phttc w=-"1+z7, +z,.
VA
2

A. 6 B. \2 C.3 D. 5
Hudng dan giai
z, +32,2, _(

T T R P

Z,+3z,2, =(-1+1)z
R NE

:[%+321J—(221—zz)z(—1+i)—(—3+2i):>§—:+zl+22 =2—i:>|w|=\/§c) Ta co:

+3
2, + 32,2, =(-1+1)z, _ leﬂz—ui: §—1+3z1=—1+i
27, —7, =-3+2i 2 2
172 2z, -2, =-3+2i 2z, -7, =-3+2i

zZ B 3 (1 L7 P
:[22+321] (22l 22) (1+1) () 3+21:>Zz+21+22 2—-1
Z—1+z1+z2 =\/§
Z

=
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Vay chon dap an D.

Céau 38. Cho s6 phitc z=0 thoa man |z|>2. Tim gid tri Ién nhat, gid tri nho nhét cta

p=|zti

z

) 1 3 ) 1
A. mlanz;maxP:— B. mmPZE;maxP:2

) 5 ) 1
C. minP=2; maxPZE D. mlnP:?maxP:xﬁ

Huwéng dan giai
Tacé P=211 =‘1+l va 1-1H <[+ <144 nen:
Z Z Z Z Z
- <p<is|toci-Lapir 1
z z 7 17

Mit khéc, theo bai ra |z|>2nén ﬁ < vithe;
V4

ViP :% chang han véi z=-2i va P= % chang han véi z=2i nén:
Vay, gid tri 16n nhat cta P 1a % gid tri nho nhat ctia P la %

Vay chon dap an A.

Cau 39: Cho s6 phitc z thoa méan hé thire: z+2Z =(1+5i)°. Tinh md-dun cua z.

A. 245 B. V41 C. 2440 D. 241
Hudng dan giai
D4t z=a+bi,(a,beR). Khi d6 Z=a—bi

Ta c6: 2+2Z =(1+5i)° < a+bi+2(a—bi)=-24+10i < 3a—bi = —24+10i

—_24 __
o {Ba =S {a 8 =z=-8-10i = |7|= \,I(—S)Z + (—10)2 =241

-b=10 b=-10
Vay chon dap an D.
Cau 40: Tinh mo-dun ctia s6 phtic z, biét ré"mg |z —7| =1vaz+7Z=0
A. |Z|:1 B. |Z|=1 C. |z|=1 D. |z|=l
2 3 4 5

Hudng dan giai
Giast: z=a+bi=Z=a-bi, voi a,beR

Tacod: z+Z=0<=a=0=z=hi
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-7 =1 b =T fg] ==
4 2
1
Vay: |z|==
ay: [z] =3
Chon A

Cau 41: Cho s6 phtic z thoa man: z+|z|=2-8i. Tim s§ phtic lién hop cua z?
A. -15+8i B. -15+6i C. -15+2i D. -15+7i
Hudng dan giai
Dit: z=a+bi,(a,beR) =]z =a?+b*
Khi d6: z+|z| = 2-8i <>a+bi++/a’ +b? =28
<a++a’+b’ +bi=2-8i

{a+ a’+b*=2 {a=—15
R <~

b=-8 b=-8
Vay z=-15-8i =7 =-15+8i
Chon A
Cau 42: Cho s6 phtc z thoa méan: z.Z =1 va [Z—-1|=2. Xéc dinh phén thuyc cta z
A.0 B. -1 C.1 D.2

Huwéng dan giai
Dat: z=a+ib, voi a,beR.Suyra Z=a—ib

Tacd: zZ=1<a’+b’ =1 va Z-1=(a-1)+i(-b)

:|7_]4:2<:>\j’(a—1)2+(—b)2 =2 (a-1)+b*=4

a’+b?=1 {bzzl—a2 {a:—l

Ta c6 hé phuong trinh : ) = ) =
(a-1)"+b*=4  |(a-1) +1-a’=4 (b=0

K&t luan: S6 phtic z cé phan thuc bang -1, phan ao bang 0.

Vay chon dap an B.

Cau 43: Tim s8 phtic z sao cho (1+2i)z 14 s8 thuan ao va [2.2-2| =13
A.z=2+ivaz=-2-i B. z=-2-i
C.z=-i D.z=-2-2i

Hudng dan giai
Gia st z=a+bi(a,beR), khi d6 (1+2i)z=(1+2i)(a+bi)=(a—2b)+(2a+b)i
(1+2i)z la sd thudn ao <>a—-2b=0<a=2b
2.2 7| = |a+3bi| =[2b + 3bi| = /1307 =13 > b= +1

C6 hai s phtrc thoa man dé bai: z=2+i; z=-2-i
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Vay chon dap an A.

Céu 44. Cho s8 phtic thoa man |z|=1. Tim moi gia tri 16n nhdt cia A=|1+z|+3[1-Z|

A. MaxA =210 B. MaxA =410 C. MaxA =221 D. MaxA =25
Hudng dan giai

bat z=x+iy vdi x,yeR. Vi |z| =1 nén y2 =1-x2 va xe[—l;l].

Ta co:

L2 = (1) +y2 = 2(T+x) va [1-7]= J(1-x) +y, =2(1=%)

Do dé |1+z|+3|1—z|=\j2(1+x)+3\/2(1—x) =f(x)

Bai toan tro thanh tim gid tri 16n nhét, gia tri nho nhat ctia ham sé:

£(x) = 2(1+x) +3,2(1-x) v6i xe[-1;1].

Ham s0 lién tuc trén x e [—1;1} va véi xe(-1;1) thi:

, 1 3
fi)=- L) |20
4

Ma f(l):2,f(—1)=6,f(—gj=2 10 nén: MaxA =210 khi z:—gigi

: 4
f(x)=0x=—2
= (x)=0ex=-1

Vay chon dap an A.

Cau 45. Cho s8 phtic thoa man |z|=1. Tim moi gia trj nho nhét ctia B=|1+2] +‘1—z + Zz‘

A. MinB=+2 B. MinB=1/3 C. MinB=+/5 D. MinB=+/7
‘z‘=1 ‘z‘:l ‘z‘=1 ‘z‘=1

Hudng dan giai

Vil-z+2° =1-x+x*—y? +i(2x—1)y=2x2 —X+i(2x—1)y nén

1-2+7 =\/(2x2 —x)2 +y?(2x-1)° =\/(2x—1)2(x2 +y?) =[ox-1]

Vay nén B=|1+z|+‘1—z+zz‘ = 2(1+x) +[2x-1].

Dat g(x) = ,f (1 +x) +|2x —1| vOoi x e [—1;1].

Xét hai trueong hop:

* Truong hop 1: Xét Xe{%;1:| thi g(x)z 2(1+x)+2x—1

Ta cé: gv(x)z +2>O,VxeB;1} nén:

2(1+x)

Maxg(x) :g(l) :3,M.ing(x) :g(%j =3.

i
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* Truong hop 2: Xét X€|:— Ej thi g( ) (1+x)—2x+1

~2>0,g (x)= 0<:>x:—§ va:

Vlg( ) 1;2 11+x

o 3)Baly 5
(x)=

Nén Maxg(x (——j By khong ton tai gia tri nho nhat trén khoang do.
1
)
So sanh hai treeong hop, ta co: l\ﬂr}B =3 khi z= % + gi.

Vay chon dap an B.
Céu 46. Cho s8 phtic thoéa man |z|=1. Tim Max‘z3 —z+2‘.

A. Malx‘z —z+2‘ \/_ B. Malx‘z3—2+2‘=2\/§
z 2=
C. Max‘z —z+2‘ 3\/_ D. Max‘z —z+2‘ 5\/_

‘z‘ 1 ‘z 1
Hudng dan giai
bat z=x+iy vdi x,yeR. Vi |z|:1 nén y?=1-x* va xe[—l;l].
3

Tacod: 28 —z+2=x° —3xy2 —x+2+i(3x2 —y2 —1)y

=4 —4x+2+i(27 - 2)y

vay |7 —z+2‘2 ~(4¢ —4x+2)2 Es —2)2 y2 =16x% —4x2 —16x +8
Xét f(x)=16x" —4x* —16x+8 v6i xe[-1;1]

fy(x):48x2 —8x—16,f' (X)ZO <:>x:§,x :—1

f(—1)=4,f(—%]=13,f[§j=%,f(1) 2

Vay Max‘z —z+2‘ J13 khi z=-

21

4

REN
2

N | =

Vay chon dap an A.
Chuay: Mm‘z —z+2‘ 2\/% khi z=—giﬁi.

‘z‘ 1 9 3 3
Vi du 47: Trong mét phang toa d6 Oxy, tim tap hop cac diém biéu dién s3 phitc z thoa
man diéu kién: log,|z—(3-4i)=1

A. Buodng thang qua goc toa dd B. Buong tron ban kinh 1
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C. Duong tron tam 1(3;—-4) ban kinh 2 D. Duong tron tam 1(3;—4) ban kinh 3
Loi giai
Diéu kién z#3-4i
Goi M(x;y) voi (x;y)#(3;—4) 1a diém biéu dién s6 phtc: z=x+Yi,(X,y € R)
Khi do: log, |z—(3-4i)| =1« [z—(3—4i) =2

o \(x=3) +(y+4) =2 (x-3) +(y+4) =4
Vay tap hop cac diém sd phtic z trong mét phang toa do 1a duong tron tam | (3;—4) ban kinh
R=2
Chon C
Vi du 48: Tim tap hop cac diém biéu dién s§ phttc z trén mat phang toa dd thoa man diéu
kién |z|' ~52-5z =0

A. Dudng thang qua goc toa dd B. Buong tron ban kinh 1

C. Duong tron tam 1(5;0) ban kinh 5 D. Duong tron tam 1(5;0) ban kinh 3

Loi giai

bat z=x+yi,taco Z=x-Yi
Do d6: |z|2 —52-5Z=0< Xx*+Yy® —5x—5yi —5x+5yi =0 < (x—5)2 +y? =25
Trén mat phang toa do, d6 1a tap hop cac diém thudc dudng tron ban kinh bang 5 va tam la
1(5;0)
Chon C
Vi du 49: Trén mat phang toa dd Oxy, tim tap hop cac diém biéu dién cac s6 phtic z thda
man diéu kién ‘Zi —(2+i )‘ =2

A. Duong thang qua gdc toa do B. Duong tron ban kinh 1

C. Duong tron tam 1(5;0) ban kinh 5 D. Duong tron tam 1(1,-2) ban kinh 2

Loi giai

Goi z=Xx+Yi,(X,y € R), ta co:
zi—(2+i)| =2 |-y-2+(x-1)i|=2 < (x-1) +(y+2) =4

Vay tap hop diém biéu dién cac s8 phtic z la dwong tron tam 1(4-2) va ban kinh R =2

Chon D
Cau 50. Cho s6 phtc z la nghiém cua phwong trinh z*> -2z+2=0, Tinh gia tri ctia biéu
1
f 2016
thirc: P=z""" + R
Z

16°% +1 40 11 16> +1 8°0 41

A.P:4ST B.PZZST C.PZZST D.PZALST
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Huwéng dan giai
Tacd 722 -22+2=0=(z-1) =-1=i* & 22 = £2i

Suy ra z* =(z2 )2 =(+2i)" =4

504
Vay o L (L (e 1 16%

72016 ( 4)504 ( 4)504 E!
. _
Vay chon dap an A.
Cau 51. Cho s8 phttc z thoa man diéu kién 112" +10iz° +10iz -11 =0 .Khang dinh nao sau
day dung.
A.lz|=10 B. |z=1 C.|7=11 D. |z|=9
Hudéng dan giai
112" +10iz° +10iz—11=0 < 2° (112 +10i) = 11-10iz hay : 2’ =(112—+19i) (1)
11-10iz
o (11z+101) \/102 (x*+y?)+112 + 220y
11-10iz \/112 (x* +y?)+10% +220y
Suy ra:
2
1 (112 +101) 21(1-x*-y?) 21(1—|Z| )
Z —1= = =
11-10iz 112(x2+y2)+100+220y 112(x2+y2)+100+220y

,\2
" , 21(1—|z| )

:(|z| _1)(1_|Z| )= 50

117 (x* + y* )+ 100 + 220y

2\ 2

= (|2 -1] <0 |4 <10 -1,

Vay chon dap an B.

Cau 52. Tim phan thyc ctia s6 phitc z=(1+i)", trong d6 n la s8 ty nhién va thoa man

log4(n—3)+log5 (n+6)=4

A. 152. B. 512. C. -512. D. -251.

Hudng dan giai
Truwdc hét ta giai phuong trinh: log, (n—3)+log;(n+6)=4
Ham s8 f(x) = log, (x—3)+logs(x+6) la ham dong bién trén (3; +eo) va

f(19) = 4. Do d6, phuong trinh log, (n—3)+log;(n+6)=4 c6 nghiém duy nhat n=19.

Tacd: w=1+i :\E(congrising) .
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Véin=19:z=w19=(x/§)19( 12 +isin 19—“] (\/_)19( +151n374nj

Suy ra phan thyc cta z 1a (\/5)19 cos%7t = —(\/5)19.@ =-512.

Vay chon dap an C.

Cau 53. Cho hai s6 phtic z,,z, thoa man ‘iz1 +2] ‘ =% va z, =iz,.Tim gid tri nho nhat cua
biéu thirc |Z1 — Z2| .

—% B. Min|zl—z2|=2+i

2
1

C. Min|zl—z2|=\/5—— D. Min|zl—z2|=\/§+i

& g

Pinh huwong: Day 1a bai toan kha phtic tap va kho trong viéc khai thac dir kién.Diéu dau

A. Min|z, —z,|=2

tién ta cling s€ goi dang cta z, =x, +y;i, sau d6 tién hanh lam binh thwong. Nhan thay khi
khai trién thi bai toan sé rit rdi va day la dau hiéu dé€ ta dung dén kién thic trong toa do
phang. Sau day 1a mot vai van dé khi lam danh toan nay:

Cho hai s8 phtic z;;z, dugcbiéu dién cac diém twong tng M;M, = |z, —z,|=M;M, .

Chttng minh: Gia st: z; =x; +y,i;2, =X, +y,i > M, (xl;y1 ),'1\/12 (xz;yz)

j{zl —Z :(Xl +y1i)—(x2 +Y2i):(xl _X2)+(Y1 _Yz)i
MM, = (_Xl X0 =yt Yz)

- |Z1_Zz|=\/(X1_X2)2 +(Y1 _Yz)z

: : :>|Z1—Z2|=M1M2
MM, 2\/(’(1 _Xz) +(Y1 _Yz)

Huéng dan giai
bat z, =x; +y,i (xl,y1 GR).
Khi d6 di€m M, (x,;y, ) biéu dién s& phtic z, théa man:

‘izl +\E‘=%<:>‘ixl—y1+\/§‘:%c>x12+(y1—\5)2 =

Suy ra tap hop céc di€m M bi€u dién z,1a duwong tron (C;) tdm O (0 2 ) va ¢6 ban kinh

1
4

1
R, =—.
172
+) z, =iz, ==y, +x;i = N(—yy;x; ) biéu dién z,.
Ta C\én timM e (Cl)dg |Z1 —22| =MN nhod nhé,t

+) D&y ring OM(x;;y,) L ON(-y,;x;)vaOM=ON nénMN=ONV?2.
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MN dat gié trj nho nhat <> OM nho nhat. Duong thang OO, cit duong tron (C, ) tai

Ml(o;ﬁ—%JVéMz[O;\/z_+%J.

D4 thdy MN nho nhat bing 2 —izkhiM M, ttic 1 khi d6 z, = (2 —L]i .

% %

Vay chon dap an A.

Cau 54. Cho s8 phtic z thoa man: |z - 3i +‘i_z + 3‘ =10, tim s6 phtic z c6 modun nhé nhat.
A, z=4z=4 B. z=—4,2=3i

C.z=4z=-4i D. z=4,z=-4

Hudng dan giai

Ap dung cong thitc: z.z :|z|2 L ZAO=Z+0
Ta co:

— N2
100 =(|7.+ 3]+ iz-+ 3

2(|z+3i|2 +‘i_z+3‘2)—(|z—3i|—‘i_z+3‘)2 32(|z—3i|2 +‘i_z+3‘2j

2((z—3i)z——3i+(i_z+3)i_z_+3) =2((2-3i)(2+3i) + (2 +3i) (-iz+3))
=4(z.2+9) =4[z +36

Giai bat phuong trinh ta c6: |7| > 4

23| =|iz+3

| | =>z=4;,z=-4
z|=4

Vay minjz|=4 dat dwoc khi {

Vay chon dap an D.
Cau 55. Tim s6 phttc z thoa man (z—l)(2+2i) la s6 thire va |z|1a nho nhat.

A.z=é—%i B.Z:—é-i-zi C.Z:—é—zi D.Z=é+2i
5 5 5 5 5 5 5 5
Hudng dan giai
Goi z=a+bi;(a,beR)
Theo gia thiét, ta co: (z—1)(z+2i)=[(a~1)+bi |[a—(b-2)i]
=a(a-1)+b(b—2)+[ab—(a—1)(b-2)]i
(z-1)(2+2i) 1a 88 thue < ab—(a-1)(b-2)=0<2a+b-2=0<b=2-2a

Khi d6 z=a+(2-2a)i.

f 2
Ta cé |Z|=1¢a2+(2—2a)2 =\l5a2—8a+4= S(a—%j +%2§
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05 .. 4

:>min|z|=T,kh1 a:E:b:_

Q| N

Vay z=%+§i. Vay chon dap an D.

Céu 56. Tim S8 s6 phtec z ¢ mod dun béng 1, dong thoi s6 phitc w=22+2z-1 ¢6 md dun
16n nhat.
A1l B.2 C.3 D.0
Hudng dan giai
Goi z=x+yi(x,y ER)
Theo gia thiét, ta cé: |7 =1 x> +y* =1=y? =1-x",xe[-1;1].

Hon nita w=22+2z-1=x> —y2 +2xyz+2(x—yi)—1

:(x2 —y2 +2x—1)+2y(x—1)i:>|w|=\/(x2 —y2 +2x—1)+4y2(x—1)2

=2J(x2+x—1)2 +(1—X2)(X—1)2 =2\/4x3—x2—4x+2

Xét ham sO f(x) =4x3 —x* —4x+2,x e[—l;l]

f'(x):12x2 —2x—4,f' (x):0 <X :—%,x:g
Lai c6 £(-1) =1,f(—1J =E,f(3J =3,f(1) =1
2 4 3 27

maxf (x)
11

A 4 . A 7 A \ \ 1 .
Vay, co6 hai sO phttc can tim la z; =——+-—1i; z, =—
2

™| &

Do dé max|w]=> ~13 dat duge khi x=-=;y =

1 /3.
———1i
2 2

Vay chon dap an B.

Cau 57. Tim t4t ca cc s6 phitc z thoa man phuong trinh z2 +z=0. Khi d6 tinh tong lay

thira bac 4 ctia tat ca cac nghiém cua phuong trinh da cho.

a ! . L p. !
Hudng dan giai

z=a+bi,a,beR. Suylraz2 =a? —b? +2abi,£ =a—Dbi

Vay 72 +7=0(a?~b?+a }+ (2ab—b Ji=0

a’-b>+a=0

Tt d6 thu duwoc
2ab-b=0

1\/§J

Giai hé phuong trinh thu duoc (a,b)= (0,0),(—1,0),[5;1_

2
1 3. 1 B

Vay c6 bdn s6 phtc z, =0,z, =-1,z, = Stz =g thdéa man phuong trinh da cho.
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N Y 2 PPN 2 \ ~ A 4 -2 s
bé y rang z, la nghiém ctua phuong trinh da cho nén z, =z, , do do

2 2
z%+z§+z§+zi:1+(l+£} +[1 \E} =1
2 2

2 2

E .

Vay chon dap an A.

Cau 58. Goi z,,z, 1a hai nghiém ctia phuwong trinh 2> - (Zcos%Jz +1=0. Tim s& n nguyén
duong nho nhat sao cho z," +z," =1.

A.5 B. 7 C.2 D. 3
Hudng dan giai

Phuong trinh z —[2 cos%}z +1=0 (1). Biét thttc cua (1) 1a

2
A ICOSZ%—lz—SiI’IZ%:(iSinz 5—“} .

21
+)Vay (1) c6 cac nghiém 1a z, 052" _isin2T va z, = 082" +isin 2"
21 21 21 21
n n
z,"+z," =1 Cos@—isinS—n + C055—7[+isir15—7T =1
21 21 21 21
n n
5t} .. (5= 51 . . bn
< | cos| —— |+isin| — +| cos—+isin— | =1
21 21 21 21
nbw) . . nbn nbn . . nbxn
< cos| ——— |—isin| ——— |+ cos—— +isin——=1
21 21 21 21
nb5n nb5n nb5n
< cos| — +cos =1 2cos—=1
21 21 21
<:>cosn—5n=cos£<:>n—%=iﬁ+k2n<:>n=iz+% (keZ)(*)
3 21 3 5 5

Vin la s6 nguyén nho nhat nén tir (*)suy ra: n=7

Vay chon dap an B.

Cau 59. Cho cac s6 phtic z;,z, dong thoi thoa man cac diéu kién: z, +2z, la s6 thuc

2z, -2,1a 56 40 va 3z, +z, =5-5i. Tim modul ctia s phttc w =z,* +3z,.2,°.

A. |W| :5\/5 B. |W| =10\/E C. |W| :7\/E D. |W| =2\/E
Hudng dan giai

z, +2z, =(x+2a)+(y +2b)i

2z, -z, =(2x—a)+(2y —b)i

Ta dit: {Zl XY T d6 o {

Z, =a+bi

y+2b=0

Theo gia thiét ta co: { (1).
2x—a=0
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3x+a=>5
T 3z, +z, =(3x+a)+(3y+b)i=5-5i, ta dugc: 2
7 =(Exra) (o) s @
—1-2i
Tk (1), 2) suara a=2;b=1;x=1;y=-2, sua ra{Zl N
Z, =2+1i

Tl d6 ta c6: z,2 +3z,.2,> =30—10i. Vay modul w=10:10
Cau 60: Trén mat phéng toa &6 Oxy, tim tap hop diém biéu dién cac sd phitc z thoa man
diéu kién |z+1] =z i

A. Puong thang qua gdc toa dd B. Buong tron ban kinh 1

C. Duong tron tam 1(5;0) ban kinh 5 D. Duong tron tam 1(1,-2) ban kinh 2

Hudng dan giai

Goi z=x+Vi,(X,y eR), tacé: |z+1 =|z—| <:>‘(x+1)+yi‘2 :‘x+(y—1)i‘2
< (x +1)2 +y?=x* +(y—1)2
SXPH+1+2X+Y =xXP+y* -2y +1
Sy=-X
Tap hop diém biéu dién cac s8 phtic z 1a duwong thang y =—x di qua goc toa do.
Chon A
Cau 61: Trén mat phang toa dd Oxy, tim tap hop diém bidu dién cac s phiic z théa man
diéu kién |2+2z|<[|2—z|

A. Duong thang qua gdc toa do

B. Duong tron ban kinh 1

C. Ntra trdi cia mat phang toa d6 khong ké truc Oy.

D. Puodng tron tdm 1(1,-2) ban kinh 2

Hudng dan giai

Goi z=Xx+Yi,(X,y € R), ta co:
2+2|<|2-7 =2+ <27 = ‘(2+x)+iy‘2 < ‘(Z—X)—iy‘2
<:>(2+x)2 +y? <(2—x)2 +(—y)2 < x<0
Tap hop cac diém biéu dién cac s6 phtic z 1a nira trai ctia mgt phang toa d6 khong ké truc
Oy.
Chon C
Cau 62: Goi z,,Z, 1a hai nghiém ctia phwong trinh z° —2z+2=0 trén tap sd phtrc. Tim mo-
dun cta s8 phire: w =(z, -1)"" +(z, -1)""

A. |w|=+5 B. |w|=+2 C. |w|=1 D. [w|=+3

Hudng dan giai
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Phuwong trinh: 22 —22+2=0 c6 A'=1-2=-1=§"
\ , . N Z =1-i

Suy ra phuwong trinh c6 hai nghiém 7 —1+i

Thay 7, =1-i vao w ta duge w=(—i)"* +i2° =—(i2)" i+ (i?) =—1+i

Thay z, =1+i vao w=i%"*+(-i)"" :(iz)looz.i+(i2)lo03 =—1+i

Vay |w|=+2

Chon B

Cau 63. Cho cdc s6 phtic z,, z, thda man: z, khong phai 1a s8 4o va (z1 —z_1.|22|2) 1a s8 &o;

2016 |2017

z, khong phai la sd thuce va (z2 +Z_2-|Z1|2) la s thue. Tinh |z,[™ " +|z,

A1 B. 2 C. 242 D.\2
Hudng dan giai
Ta c6 (z1 —Z_1.|z2|2) 14 56 4o:
- 2 - 2 - 2
@(Zl_zl.|zz| ):_(zl_zl.|z2| )@(zl_z1.|z2| ):

Q(Z1 +Z—1)(1—(|Zz|)2)<:>(|zz|)2 =1 z,|=1 (Do z, khong la s§ do nén z, #-z, )

2
_Zl + Zl (|Z2 |)

z, +Z—2-|21|2) 1a s6 thuc:

e R A i B P P A e 1
<:>(z2 —Z)(1—|zl|2)<:>|zl|=1 (Do z, khong phai la s6 thuc, khi d6 z, 2z, )

2016 | |2017

Vay P=|z,| =2.

N

Cau 64. Cho z=(1—+j .Tinh A=2"+2°+2" +2% =0.
—1

A1 B. 2 C.0 D. \2

Hudng dan giai

5
, 1+i) (1+2i+i2 %Y 5 .
Tacod: z= - | = == | =i’ =i
1-i 1—i2 2

14 . 5 . . .
Do dé: 22 +20 +77 + 28 =25(1+z+22+z3)=(1) (1+1+12+13)=O

Vay chon dap an C.

Cau 65. Cho 2 s0 phtc z,, z, théa man diéu kién: |z1| =|zz| =1 va |z1 +22| -\3. Tinh |z1 —zz|.
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A1 B. 2 C. 0 D. \2
Huwéng dan giai

Goi z, =a, +byi; z, =a, +b,i

al2 +b12 =1

Ta co |Zl|=|22|=1<:>{ 22 +b22 »

z,+2, =2, +a, +(b, +b, )i =z, +Z2|:\/(al +a,) +(b, +b,)

|z1+z2|=\/§c>(al+az)2+(bl +b,)* =3

12, - 2,|" =(a, —a, )" +(b, =b, )" =a,2 +a,2 ~2a,a, + b, > +b,2 ~2b;b,
=2(a? +a,?)+2(by? +by?)-a,® ~a,? by ~b,* ~2aja, ~2b,b,
:2(a12 +a22)+2(b12 erzz)—[(a1 +a2)2 +(b, +b2)2}
=21+21-3=1

:|z1 —z2|:1

Vay chon dép an A.

Cau 66. Tim s phtic z thoa |z—2|2 +|z+2|2 =26 vaco |z— 16n nhat.

Sy

32 32, 32 32 32 3J_

A z=—"TH-—-"—"-i B.z=——=+—=i Cz=——-—+ D. z=%+&i
2 2 2 2 2 2 2 2

Huwéng dan giai
Gid st z=x+yi; x,yeR
Ta c6 |z—2|2+|z+2|2=26<:>(x—2)2+y2+(x+2)2+y2=26<:>x2+y2=9. Suy ra tap hop cac

diém biéu dién s8 phttc z théa man diéu kién 1 1a dwong tron (S) tim 1a gbc toa dd O, ban
kinh R=3.
z—-| ——+—=i|= [ x-=—=| +|y-——
2 2 2 2
2
Vi [%J +(¥J =9 nén diém K(3J— NFJ thudc dwong tron (S).
3 2
LS [ [ e

léon nhat <MK 16n nhdt <MK la duong kinh cua (S)

Ta cé

Goi M(x;y) la diém thudc (S), khi d6 |z

Suy ra

7 —

)
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Vay z :_T_Ti' Vay chon dap an A.
Cau 67. Cho s8 phtic z thoa man 2= 221 la s6 ao. Tim gid tri 16n nhat ctia biéu thire
Z —

T=|z-1+|z—il.
A. maxT=3\/§ B. maxT=2+\/§ C. maxsz/g D. maxT=2\/§
Hudng dan giai

bat z=x+yi (x,yeR)

Khi do
Z—2i=X+(y—2)i:[x+(y—2)i],[(x_2)_yi]
z—2 (x—2)+yi (X—2)2+y2
:X(X_2)+(y_2)y+(X—2)(y—2)—xyi
(x—2)2+y2 (X—2)2+y2
2 2
- - 2
1a 8 40 khi va chi khi X 2)+2(Y 2)y o X e (x+y).
(x=2) +y* (x=2)"+y* =0

Ta 06 T=|z=1|+[z—i =|(x=1)+yi|+ ot (y = 1)i| = | (x=1) +y? + {x2 +(y~1)
Ap dung bat dang thiic Cosi ta cd2(x +y) = x> +y? 2%(x+y)2. Suy ra x+y<4.
Suy ra T> <2(2+2(x+y))<20.

Suy ra T<2y5,ddu ding thitc xay ra khi va chi khi x=y=2.

Vay gia tri lon nhatcua T la 25 , datkhi z=2+2i.
Vay chon dap an D.

Vi du 68: Cho s6 phtic z théa man diéu kién P Hay tinh 3_4! ?
z-2 Z+2i
A Y83 5., Y53 c. V32 p, Y50
V29 28 V29 V29
Loi giai
- =2+3i
Ta c6: 2 ll:z—1<:>22—4z+13:O,A':—9=9i2:> Z=er I
z-2 z=2-3i
Do dé
*7=2+3i= Z_4I_ :‘b =1
Z+2i| |2-i
z=2-3i= 2_4!‘: 2_7! :\/%
Z+2i| |2+5i] 29
Chon A
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Cau 69: Goi z1 va z2 1a hai nghiém phtic ctia phuong trinh 2(1+i)z° —4(2-i)z-5-3i=0.
Tinh [z, +[z,[ ?
A.9 B. 10 C.1 D. 12
Huong dan giai
Phuong trinh: A'=4(2—i)+2(1+i)(5+3i) =16

Do d6 phueong trinh c6 hai nghiém phtc: z, = g —g I, z,= —%—%i

Vay |z| +|z,| =9

Chon A.
Cau 70: Cho s6 phtrc z thoa man: (1+2z)(3+4i)+5+6i =0. Tim s6 phitc W =1+2?
A.W=—l+ii B.W=l+ii C.W=—l—ii D.W=—l+1i
25 25 25 25 25 25 25 5

Hudng dan giai
Goi z=a+bi, véi a,beR. Ta c6 (1+2z)(3+4i)+5+6i=0
< (2a+1+2bi)(3+4i)+5+6i =0« (6a—8b+8)+(8a+6b+10)i=0

32

6a—8b+8=0 |7 35 32 1. 7.1
= = S>I=——t—im>W=l+zZ=-—+_—i

8a+6b+10=0 b_i 25 25 25 25

25
Chon dap an A
Cau 71: Tim phén thuc va phan ao cta sd phtic sau: z = %+(5—2i)(—3— i)?
+4i
A. 0;-18 B. -18;0 C. 18,0 D. 0;18
Hudng dan giai
Thuc hién ding;: 3751 =-1-i
1+4i

Tinh (5-2i)(-3—i)=-17+i. Vay z=-18= phan thuc: -18, phan ao: 0

Chon ddp an B
Cau 72: Cho s0 phtrc z thdéa man: (1+i)z+(3—i)Z =2-6i. Tim phéan thuc, phan ao cua s§
phttc w=2z+1
A. 6,5 B. 5,6 C. -5-6 D. 5;6
Hudng dan giai
Gia st z=a+bi(a,beR)=Z =a-bi, khi dé:
(1+i)z+(3-i)z=2 <:>( i)(a+bi)+(3—i)(a—bi)=2-6i < 4a—2b—2bi =2-6i
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da—-2b=2 a=2
= =
-2b=-6 b=3

Vay: z=2+3i
Do d6 w=2z+1=2(2+3i)+1=5+6i

Vay s6 phtic w ¢6 phan thyc la 5, phan ao la 6

Chon dap an D
Cau 73: Tinh md-dun s8 phire z=(1-2i)(2+i)°
A. 5 B. £5\5 C. 55 D. -5/5

Hudéng dan giai
z=(1-2i)(2+i)" =(1-2i)(4+4i+i*)=(1-2i)(3+4i)=3+4i—6i —8i* =11-2i

Vay 2=11-2i =|z| =112+ 2% =55

Chon dap an C.
Cau 74: Cho hai s8 phtic z,,z, théa man |z,|=|z,| =1z, +z,|=+/3. Tinh [z, -z,
A. B. C. D.

Hudng dan giai
Ta co: z, =a, +hii; z, =a, +b,i (a,,a,,b,,b, e R)
|z, =(z,| =1 aZ+b’=ai+hl=1
=
2, +2,|]=\3 |(a,+a,) +(b,+b,)" =3

< 2(ab, +a,b,)=1=(a,-a,) +(b,—b,)" =1

Vay: |z,-2,|=1
Chon dap an A.
Cau 75: Giai phuong trinh trén tap so phtec: 12224_;11 =1+7i
ol V4
A. z=3-2i B. z=3+2i C.z=2+3i D. z=2-3i

Hudng dan giai
Phuong trinh twong duong: z(5+i)=13+13i
(13+13i)(5-1)

zZ= =3+2i
(5+i)(5-i)
Chon ddp an B
Cau 76: Tim mo-dun ctia s8 phtc Z biét (2+1°)z+1+3i=z+i* ?
A2 B. 32 C. 32 D. V2
2 5 2 2

Hudng dan giai
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Tacé: (2+1°)z+1+3i =z+i* & (2-i)z-2=-1-3i+1

-3i 3 3.
Sz7=——oz="_Ij
1-i 2 2
2 2
Do dé [z]=[z| = (ﬁJ +[§j _3V2
2) "\2) 2
Chon dap an C.

Cau 77: Cho s6 phitc z=a+bi,(a,b eR) thoa man diéu kién: (3+i)z+(1+i)(2+i)=5-i.

Tim phan thuc va phéan o cua z ?

14 4 4 4
a=— a=— a=— a=—
Al S By O e Dy °
b=—— b=-—— b== h=_—
5 5 5 5
Hudng dan giai
. o . . . 4-4i 4 8.
Ta co: (3+i)z+(1+i)(2+i)=5~-1<=(3+i)z=4-d4i=z= =———i
(3+1)2+(1+1)(2+1)=5-1 = (3+1) a2
o o 4 . 8
S6 phtic z c6 phan thiec g,phan ao bang T

Chon dap an B
Cau 77: Cho s6 phtrc z thdéa man: (1-i)z+2iZ =5+3i. Tim moédun ctia w=2(z+1)-Z
A. |w|=5 B. |w|=7 C. |w|=9 D. |w|=11
Huwéng dan giai
Gia sir: z=a-+bi}(a,beR) = (1-i) 2+ 2iZ = 5+ 3i < (1—i)( a+ bi) + 2i( a— bi) = 5+ 3i

a+3b=5 a=2 .
= = =7=2+I
a+b=3

b=1
Khi d6 ta c6: w=2(3+i)—(2-i)=4+3i = |w|=16+9=5
Chon dap an A
Céu 78: Tim mddun ctia s§ phirc Z bidt (2+i°)z+1+3i =z +i*.

Hudng dan giai
Tacé: (2+1°)z+1+3i =z+i* & (2-i)z-2=-1-3i+1
i, 33

Sl=—S572=———I
1-i 2 2

Do s == 3] +(3)] =22

2 2
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Vay chon dap an A.
Cau 79: Goi z,,z, la cac nghiém phttc ciia phuwong trinh 2> —2z+5=0. Tinh d0 dai doan
AB, biét A, B Ian luot 1a cac diém biéu dién sd phtic z,,7,.

A. AB:% B. AB=3 C. AB=4 D. AB=

~low

Hudng dan giai
Xét phuong trinh: 22 —2z+5=0. A'=1-5=—4=(2i)’
Phuong trinh ¢6 hai nghiém z, =1-2i;z, =1+2i
Ta c6: A(L-2);B(L2)=>AB=(0;4)=AB=4

Chon dap an C
Cau 80: Giai phuong trinh: (22 + 22)2 +5(Z2 + 22)+6 =0 trén tap hop cac sd phirc
z=-1+i z=-1i z=1+i z=-2%i
A. ) . _ C. ) D. )
z:—lilﬁ Z=1iI\/§ z:—lilﬁ z:—lilﬁ

Hudéng dan giai
2’ +2z=-2
(2 +22) +5(z2+22)+6=0
2> +2z=-3
7°4+22=-2<=72°+22+2=0<2z=—1+i

72427=-372427+3=0=72=-1+i2

Chon dap an A
n N \ - , 2+ 61 - . _\20
Cau 81: Cho s6 phtic z thoa man: (2-i)z- T =3+2i. Tinh (zi+Z)
+i
A. -1023 B. -1024 C. -1025 D. -1026
Hudng dan giai
Ta c6: (2—i)z—21+€_5' =3+2i < (2-i)z=7+4i
+i
(70424
,Trd_(T+A)(24) 5 g
2—i 5

(zi+2)" =(2i-3+2-3)" =| (-1- i)ZTO =(2i)° =—2° =—1024

Chon ddp an B

z—12
z—81
z—4|
z-8|

>
3

Cau 82. Giai hé phuong trinh hai an:
1

A. 7=6+17iva z=-6+8i B. z=-6+17i va z=6+8i C. z=6+17i va z=6-8i D. z=6+17i va z=6+8i
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Huwéng dan giai

DPitz = x +yi. Phuong trinh dau ta dugc x=6; phuong trinh 2 ta dugc B B 187
Vaysd phifc cAn tim 13 z=6+17i va z=6+8i
Vay chon dap an D.

zZ— 1 1
Cau 83. Giai hé phuwong trinh hai &n: ;:;l

=1

Z+i

A. z=1+4i B. z=—1+i C.z=1+2i D. z=1+i

Hudng dan giai
Cach 1. Ta c6 tap hop cac diém M ctia &t phang phtic biéu dién céc s& z thoa man

Z—Z0

=le |z —z0| = |z—z1| 1a duong trung truec ctia doan thang A A, véi A, , A, theo thtr
7Z—17
1

tw biéu dien s6 phttc z,,z,.

7 - 1 A o A? o A? « X A 7 . 2. M A \
Do do: Z— =1 nén diém M biéu dién s phitc z=x+ yl,(X,y € ]R) phai nam trén duong
Z—1
phan giéc y=x . Con diéu kién |~ _3_1 =1 chitng t6 phan 4o ctia z bang 1. Vay z=1+i . Vay
Z+1
chon dap an D.
Cach 2.

Dtz =x +yi. Phuong trinh ddu ta dugc x=1; phuong trinh 2 ta dugc y=1
Vaysd phirc can tim 1a z=1+i

Cau 84. Cho s6 phtic z bang 9+bi véi b 1a s6 thuc duong. Biét phan o cta 72 va 7% bang
nhau. Tim b.
A. b=5 B. b=9 C.b=12 D. b=15
Hudng dan giai
Ta c6 72 =(9+bi)’ =81-b> +18bi nén Imz> =18b.
Lai c6 7* =(9+bi)’ =729-27v? +(243b —b3)i nén Imz* =243b—b>.

Theo bai ra ta c6 Imz> =IMz> <>18b=243b—-b> =b=0;b=—15;b—15
Vib la s6 thuc duong nén b=15.

(1-2)°

A. M=C\R B. M=R C.RcMcC D. M=C

Cau 85. Cho M ={z

=|z- 1|2 Z€ C}. Chon phuwong an dung?

Huwéng dan giai
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Ta co |z—1|2 :(z—l)mz(z—l)(g—l) nén:

(z-1) =fe-1] & (z-1) :(z—l)(;—l)

@(Z—l)(Z—Z)=0:>Z=1,Z=£

Vay ta co z la s6 thwc nén M=R.
Vay chon dap an B.

Cau 86. Cho hai s6 phtrc x,y c6 tong cac binh phuwong la 7 va tong cac 1ap phuong la 10.

Tim gia tri thyc 16n nhat cta tong x+y?

A.3 B. 6 C.2 D. 4

Hudng dan giai

bat S=x+y,P=x.y. Theo bai ta c6:

2

2'_

{x2+y2=7 {52—2P=7 p-5—7
= 3 =

S’ -3SP=10 S(7—P)=10

x> +y3 =10

S*-7

Suy ra 3[7— }:10@53 ~218+20=0<(S—1)(S—-4)(S+5)=0

Hay S=-5,S=1,S=4.
Vay gia tri lon nhat ctia x+y la 4. Vay chon dap an D.

(z—l)(Z—i)_3+i
Z+2i 2

9

Cau 87: Cho s0 phtic z théa man .Tim phan thuec va phan ao cta z

A.3 B. 16 C.2 D. 4

Hudng dan giai
bat z=x+yi,(x,y eR):Z:x—yi

(Z_;z(zzi_i) =3;i ©(4-2i)z—(3+1)z=2+4i o (x+y)+(7y-3x)i=2+4i

=2
- (x+y) <:>X:y:1:>z=1+i=\/E(COSE+iSinEJ
(7y-3x)=4 44

9
Do d6 72° =(\/§) (cos%+isin%j=l6+l6i
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Phén thuc cta z 1a 16, phan 4o cua z la 16.
Vay chon dap an B.

z _6+7i 2013

Cau 88: Cho sd phtic z thoa man z————=
1+3i 5

(1) .Tinh phan thiee ctia s8 phitc z

A, 92013 B. 1006 C. _p1006 D. _p2013
Hudng dan giai

a-bi 6+7i
1431 5

Goi s6 phtrc z=a+bi,(a,beﬂ%):>2=a—bi thay vao (1) ta cd: a+bi—

(a—bi)(1-3i) _6+7i

< a+bi- 0 <10a+10bi—a+3b+i(b+3a)=12+14i
9a+3b=12 a=1

-~ —>=
11b+3a =14 b=1

2013
a=b=1=z=1+i= 2> =(1+i)2013 ={\/5(cosg+isingﬂ

_ 1006 \/E[cos 2041137[ Lisin 20i3nj

Vay phan thuc ctua 720131y 21006 \Ecos _2013n _ _n1006

Vay chon dap an C.

Céu 89: Tinh modun cta s6 phtic z, biét: (2z-1)(1+i)+ (; + 1)(1 —i)=2-2i.

A. ﬁ B. \/5 C. 2 D. £
5 3 3 2

Hudng dan giai

Goiz=a+bi,(abek).Taco: (22-1)(1+i)+(z+1)(1-i)=2-2i

e [(2a-1)+2bi](1+i)+[(a+1)-bi |(1-1)=2-2i
< (2a-2b-1)+(2a+2b-1)i+(a-b+1)—(a+b+1)i=2-2i
3a-3b=2 1 1

<:>(3a—3b)+(a+b—2)i=2—21<:>{ ca=—b=-2
a+b-2=-2 3 3

Suy ra modun: |z|=+a® +b* = g.Véy chon dap an C.

Cau 90: Tinh modun ctia s§ phtic z, biét rang: z° +12i=%, va z c6 phan thuc dwong
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A. 5 B. \3 C.3 D. 2

Huwéng dan giai

+) Dét z=x+yi,(x,yeR)=>z=x-yi
+) Theo bai ra:

3 - = A3 . . 3 2 2 3 . .
z +121—z<:>(x+y1) +121—x—y1<:>(x —3xy )+(3x y-y +12)1—x—y1
P-dxy’=x x* =3xy” =1(dox >0) |8y’ +ay+12=0

3(3y2+1)y—y3+12=—y
2(y+1)(y* ~2y+3)=0 {y:_l
= =

x=«/3y2+1(dox>0) x=2

+) Mddun ctia s8 phtic z 1a |z| =«fx2 +y2 =+5.

3y -y>+12=y x? =3y% +1

Vay chon dap an A.

Nhin xét: Cach datz=x+yi la cach thuong duoc st dung trong cac bai toan vé sd phtic
khi da cho trudc mot dang thize. Trong bai tip ndy, ching ta khdng st dung dang luong
giac cua sO phtrc boi vi s6 mi ¢ day cling khong qud cao, dong thoi thi trong bai ra cac di
kién cting khong xuat hién dang tich hay thuwong d€ ap dung dang luong giac.

Céau 91. Cho cac s8 phitc x,y,z thoa man: |[x|=|y|=|z|=1.50 sanh |x+y+2z| va |xy +yz+xz|.
A. |x+y+z| >|xy+yz+xz|.

B. |x+y+z| <|xy+yz+xz|

C. |x+y+z| =|xy+yz+xz|

D. |x+y+z|;t|xy+yz+xz|

Hudng dan giai

M{=ly|=|e|=1=xy=yy=zz=1=x=L;y=1;2=1
X y Z
|x+y+Z|= %+i+l =|xy+xxzz+yz|=‘xy+xz+yz‘ _ xy+£+y2%:|xy+xz+yz| =|xy+xz+yz
y z y xy7] xyz 1l
Vay chon dap an C.
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Cau 92. Tim phan phan o ctia z* biét z(1-i)=2(1+i)
A. 0 B. 3 C.3 D. \2
Hudng dan giai
2(1+i)
1-i
2% = (2i)” = 2%

Phan thuc caa z¥ 1a -2% ; Phan ao cua z*°1a 0.

=2i

7 =

Vay chon dap an A.
Cau 93. Tim t4t ca cac s8 phtic z thoa man phuong trinh z2 +z=0. Khi d6, tinh tdng liy
thira bac 4 ctia tat ca cac nghiém ctia phwong trinh da cho.

A1 C.3

B. L D.
2

@ | -

Hudng dan giai
bat z=a+hi, (a,b eR). Suy ra 7% =a’® —b? +2abi, z=a—-hi.
Vay z2+£=0<:>(a2 —b2+a)+(2ab—b)i=0

1.3

. Giai hé, thu duoc (a;b) = (O;O), (—1;0), [E;i—J

2
Vay c6 bon s6 phtc z, =0, z, =-1, z, :%+ @i, z, = %—%i thoa man phuong trinh da cho.

a?-b%>+a=0

Tt d6, thu duwoc
2ab-b=0

AR 2 N ) \ ~ A —2 7
Déy rang do z, la nghiém ctia phwong trinh da chonénz,* =z, ", do dé:

2 2
z%+z§+z§+zi =1+[l+ﬁiJ +{1—£iJ 1
2

2 2 2 2
Vay chon dap an B.
A A~ / ) ~ z 6+71 . N ) 2013
Cau 94.1: Cho s0 phttc z thoa man z— T tim phan thuyee ctia z
+3i
2013 2013 2013 2013

A, _ploos[ D B. 1006( 2 C. 3l006[ D D. 41006 2

3 3 3 3

Hudng dan giai

+) Gia stt z=a+bi (a,beR)—)Eza—bithay vao (1) ta dwoc:
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a—bi:6+7i©a+bi_(a—bi)(1+3i):6+7i<:>
1+3i 3 10 3

a+bi- (27a+9b)+(33b+9a)i=60+70i

5
27a+9b=60 |73

f—g =
33b+9a =70 5
3

2013 2013 2013
- oo 2 w2 ] -8

3 4

2013
Vay phan thuc cta 2% 1a —2'%% [g} . Vay chon dap an A.

Cau 94.2: Cho sd phtic z thoa man z - n Z3_ _S8 271 .Tim phan thuc ctia s6 phiee 22"
+3i
A. 0 B. 22013 C. 2014 D. 1

Hudéng dan giai

+) Goi s0 phttc z=a+bi(a,beR)=Zz=a—bi.Thay vao (1) ta Céa+bi—i_§l = 6;71 .
+3i

(a—bi)(1-3i) 6+7i
10 -

a+bi-

<10a+10bi-a+3b+i(b+3a)=12+14i

9a+3b=12 _ [a=1
<:>9a+3b+i(11b+3a)=12+14i<:>{ 2t {a

=
11b+3a=14 b=1
+)Voi

2014
a=b=1=z=1+i= 72" =(1+i)2014 ={\/E(cosg+isingﬂ

= 21007.(cos —2014n +1isin 2014nj

2014 1 21007.cos¥ =0.

Vay phan s6 thuc cua z
Céu 95: Cho s8 phtic z thoa man |z|-2z=-3+6i. Tinh gid tri ctia biéu thic |7]+|7” +|7[.

A. 9% B. 155 C. 123 D. 145

Huwéng dan giai

Gia st z=x+yi(x,yeR)
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Twr gia thiét, ta co «fo +y? —Z(X—yi)=—3+6i Q{VXZ +y* -2x=-3

2y =6

fz _ 2 — _a)? >§
<:>{ X +9_2X_3<:> X+9 (2x 3) ’X_z =z=4+3i
y:3 y=3

Vay, |7|+|7 +|7 =5+25+125=155.

Vay chon dap an B.

Cau 96: Tim phan thuec s8 phitc z ¢6 phan ao bang 164 va neR” thda 24
z+n

A. 9 B. -656 C. -13 D. -45
Hudng dan giai

Goi z=a+164i(acR)

Theo gia thiét, ta c6 —2— =4i = 20 __ 4 a4 164i = 4i(a-+164i + n)
Z+n a+164i+n
. . a=-656 a=-656
< a+164i < —656+(a+n)i< o
4(a+n)=164 n =697

Vay chon dép an B.

Cau 97: Goi z,,z, 1a hai nghiém phtic ctia phuong trinh: z* —(m+4i)z-1+7i=0.

Tim s0 phttc m sao cho L% 3+
z, z,
A. m=2m=3+8i B. m=-3m=-3-8i C. m=5m=3+8i D. m=3m=-3-8i

Hudng dan giai
Xét phuong trinh z° —(m+4i)z-1+7i=0(1)
Tacé A=(m+4i) —4(7i-1)
Phuong trinh (1) c6 hai nghiém phan biét < A =0 (m+4i)’ —4(7i-1)#0
Theo dinh li Viet,ta c6z, +z, =m+4i,z,z, =-1+7i

- 2 2 -

o , Z, 72, 3+Ii Z,°+z2 3+1
Mat khac 2+ +-2= o212 o

z, z, 2 2z, 2
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2,z, 2 2,Z, 2
IO LR A2 DU VYT
1471 2 2

<:>(m+4i)2 =—7+ 24j <:>(m+4i)2 :(3+4i)2

(2,+2,) —22,2, _3+i c>(zl+zz)2 ,_ 3+

{m+4i=3+4i {m=3

_ = . (thoaman A=0)
m+4i=-3-4i m=-3-8i

Vay m=3m=-3-8i . Vay chon dap an D.

(1+J§)12(2—i)
(L3I} (L+i)

Cau 98: Tim modun cuia s6 phttc w=b+ci , biét sd phirc z = . La nghiém ctia

phuong trinh z* +8bz +64c=0

A. 7 B. 5 C. 23 D. 29

Hudéng dan giai

1+331 +3.31° +3/3i° = -8

(1+J§i
+) Ta co (1—\Ei
(1+i)2

=1-3J3i+3.3i2-3/3i° =-8

;
;

2i

4 Do dé (1+\/§i)12(2‘i):(—8)4(2—i):_8(2—i)=8(1+2i)=8+16i
(13} (@+i)  (-8)°(2) !

(8+16i)° =8h(8+16i)+64c=0<> (1+i)’ +b(1+2i)+c=0<(2b+4)i+b+c—-3=0

Theo gia thiét ta c6 2b+4=0 b=_2
& <:>{ " { :>|W|:4/(—2)2+52=@

=3
b+c-3=0 [c=5
Chu y: C6 thé dung dang sO phtic cta luong giac dé€ st ly bai toan nay!
Cau 99: Tim cédc sO thuc a,b sao cho z=2+3i 1a nghiém ctia phuong trinh z° +az+b=0.
A. a=-4,b=13 B. a=4,b=13 C.a=-4,b=-13 D. a=4,b=-13
Hudng dan giai
z=2+3i 1a nghiém cta phuong trinh z°+az+b=0

=(2+3i)" +a(2+3i)+b=0= -5+12i +2a +3ai +b =0
3a+12=0 {a=—4

<(2a+b-5)+(3a+12)i=0< o
2a+b-5=0 b=13
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Vay, a=-4,b=13. Vay chon dap an A.

Cau 100. TimmeR d€ phuong trinh 4z +4(m-1)z+m’-3m=0 c6 hai nghiém phan biét

2,2, € C thoa man |z,|+|z,|=+10.

A. m=-2m=5 B. m=-7,m=9 C. m=2m=-5 D. m=-9m=-7
Hudng dan giai

z,,z, e Cla nghiém ctia phuong trinh: 4z° +4(m-1)z+m’-3m=0 nén néu goi

z,=a+bi=z,=a-hivdi a,beR

Gia thiét cho: |z,|+|z,| =10 <= |z,|" +|z, =10

©a2+b2+a2+b2+2(a2+b2)=10<:>4(a2+b2):a2+b2:¥

Mait khac theo Viet ta ¢co :

m>—=3m, m*-3m 10
2,2,= 2 hay PRy

o m?-3me m=-2 hodc m=5.

Vay chon dap an A.
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