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CHUONG

.U’NG DUNG DAO HAM DE

KHAO SAT VA VE PO TH
HAM SO

BAI (1) SU PONG BIEN NGHICH BIEN CUA HAM $O

@ DINH NGHIA

Ky hi¢u K 1a khoang hodc doan hofic nita khoadng. Gia stt ham s6 y = f(z) xac dinh tréen
K, ta co

™ Ham s6 y = f(x) dugc goi la déong bién (ting) tréen K néu véi moi x1, 72 € K,
1 < o thi f(x1) < f(z2).

& Ham s6 y = f(z) dugc goi 1a nghich bién (gidm) trén K néu v6i moi z1, 29 € K,
z1 <2 thi f(z1) > f(22).

Ham s6 dong bién hodc nghich bién tren K dudc goi chung la don diéu trén K.
Nhan xét.

™ Ham so f(x) dong bién trén K khi va chi khi

Y
M >0, Vay1,20 € K, 21 # x2.
To — X1 o
Khi dé do thi ciia ham sé di lén tu trdi sang phdi. T
™ Ham so f(x) nghich bién trén K khi va chi khi
f(x2) = f (1) !
L) S <0, VCUl,.’EQ e K,z 7é Zo.
To — I
Khi d6 do thi ciia ham sé6 di zudng ti trdi sang phdi. o z
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™ Néu f'(z) > 0, Vo € (a;b) thi ham s6 f(z) dong bién trén khoding (a;b).
™ Néu f'(z) <0, Vx € (a;b) thy ham s6 f(z) nghich bién trén khodng (a;b).
& Néu f'(x) =0, Yz € (a;b) thi ham s6 f(z) khong dbi trén khodng (a;b).
™ Néu ham s6 f(z) déng bién tréen khodng (a;b) thi f'(z) >0, Va € (a;b).
™ Néu ham s6 f(x) nghich bién trén khodng (a;b) thi f'(z) <0, Vx € (a;b).
& Néu thay doi khodng (a;b) bing mot doan hodc nita khoang thi phdi bé sung

thém gid thiét “ham so f(x) lién tuc trén doan hodc nia khoding dé”.

© QuY TAC TiNH DAO HAM

Cho u = u(z), v = v(z) va C 1a hing sb.

& Toéng, hicw: (u+v) =u £
™ Tich: (wv) =vv+vu= (C-u) =C-u.

u' v !

= '“,(vséO):»(g)'

(% u

C-u
R

& Thuong: (%)/ ”

® Dao ham ham hgp: Néu y = f(u) v6i u = u(z) thi y, = v/, - u’.

x

(® CONG THUC TINH BAO HAM HAM PHAN THU'C

ar +b ax + b\’ ad — be
@ = = /:( ): .
ca+d Y cx +d (cx + d)?
b 2+2a c +b c
T T
& - ar?+br+ec N ,_(amz—i—bx—i—c)/_ a v a v ¢
P e g S A Y A (a'z? + Wz +)*

(@ BANG CONG THU'C TiINH DAO HAM

Ham so cap Ham hogp
(C) =0, (C lahang sd)
(xa)’ = - xocfl (ua)’ —a- uozfl )
1y 1 1y’ u’
(1) =% @#0 (2) =% w0
1 u’
’r_ r—
Vo) =57 (>0 (Vi) = 57 >0
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(si
(cosz) = —sinx (cosu) = —u' -sinu
1 u’
t I = t /=
(tanz) c0521r (tanu) cos®y
(cotz) = —— (cotu) = — .UQ
sin® z sin® u
(sin”z) =n-sin" 'z cosx (sin"u) =mn-u'-sin" 'u-cosu
(cos™z) = —n-cos" 'z -sinx (cos™u) = —n-u' -cos" ' u-sinu
1 1
(tan" z)" =7 - tan" "' z - cos? x (bon" ) = w "V u (‘0S2171
(cot"z) = —n-cot" o —; (cot"w) = —n-u - cot" tu - —;
sin® x sin” u
(ez)’ — % (eu)’ —u et
(a®) =a”*-Ina (a*) =u'-a"-Ina
1 !
(nfz[)" =~ (z #0) (Inful)’ = =, (u#0)
!/
1 "= 0 1 = 0
(108, 2]) = ——. (z #0) (05, [ul) = —— . (u#0)
© DAO HAM CAP HAI
€) Dinh nghia

Q Y nghia co hoc

Gia tbc tic thoi clia chuyén dong s = f(t) tai thai diém to 1a a (to) = £ (to)-

Q Pao ham cap cao

f™@) = [f" V@), (neNn>2).

@ MOT SO CHU Y

@ Néu ham s6 f(x) va g(z) cing dong bién (nghich bién) trén K thi ham s6 f(x)+g(x)
ciing dong bién (nghich bién) tren K. Tinh chit nay c6 thé khong ding dbi vé6i hicu

f(@) = g().

@ Néu ham s6 f(x) va g(z) 1a cac ham s6 duong va cing dong bién (nghich bién) tréen
K thi ham s6 f(z) - g(x) ciing dong bién (nghich bién) trén K. Tinh chat nay c6
thé khong ding khi cac ham sé f(x), g(z) khong la cac ham s6 duong trén K.

1. Sy dong bién nghich bién ctia ham s @
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Nhan xét. Cho ham s6 u = u(z) zdc dinh véi moi x € (a;b) va u(x) € (¢;d). Ham s6

fu(x)] cang zdc dinh véi x € (a;b).

™ Gid st ham s6 u = u(z) dong bién vdi x € (a;b). Khi dé, ham sé f [u(x)] dong bién

vdi x € (a;b) khi va chi khi f(u) dong bién vdiu € (c;d).

™ Gid st ham s6 u = u(x) nghich bién vdi x € (a;b). Khi dé, ham sé f [u(x)] nghich

bién vdi x € (a;b) khi va chi khi f(u) nghich bién vdiu € (c;d).

© QuY TAC XET TINH DON BIEU CUA HAM $O

Gia st ham s6 f c¢6 dao ham trén K.

@ Néu f'(x) > 0 véi moi x € K va f'(x) = 0 chi tai mot s6 hitu han diém
2 € K thi ham s6 f dong bién trén K.

@ Néu f/'(z) < 0 v6i moi x € K va f/(x) = 0 chi tai mot s6 hitu han diém
2 € K thi ham s6 f nghich bién trén K.

Ch

[«
<

ar +b

d P
m, (117 ?é 75) thi dau “=" khi xét

@ Déi v6i ham phan thitc hitu ti y =
dau dao ham y" khong x4y ra.
™ Gidsty = f(z) = ar® + bz + cx +d = f'(z) = 3az® + 2bz + c.
e Ham s6 dong bién trén R khi va chi khi

a>0

A<O0

f(2)>0,VzeR<& | (a=0

b=0

c>0.

e Ham s6 nghich bién trén R khi va chi khi

a<0
A<O0
f(z)<0,VzeR& | (a=0

b=0
c<0.
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Truong hdp a = b = 0 thi ¢ phai khac 0. Vinéua = b = ¢ = 0 thi
f(x) = d c6 dd thi 1 duong thing song song hodc trimg véi Oz nén
khong don diéu.

@ V6i dang toan tim tham sb m dé ham sé bac ba don diéu mot chiéu trén
khodng c6 do dai bang ¢ ta gidi nhu sau

e Buéc 1. Tinh y = f'(x;m) = az?® + bx + c.

e Budc 2. Ham s6 don diéu trén (x1;22) khi v chi khi ¢' = 0 ¢6 2
a#0

(%)

A > 0.
e Budc 3. Ham s6 don diéu trén khoang c6 do dai bing £ khi va chi khi

nghiém phan biét. Didu kién tuong duong 1a {

|21 — 29| =0 (21 4 29)° —dazymy = 2 & S2 — 4P = (2. (%)

Buéc 4. Giai (x) va giao v6i () dé suy ra gid tri m can tim.

#
PS

BAI (2) CUC TRI HAM SO

@ DINH NGHIA
Gia st ham f xéc dinh trén tap K va zg € K. Ta néi
™ 24 1a diém cuc tiéu ctia ham sb f néu ton tai mot khoang (a;b) chita xy sao cho
(a;0) € K va f(z) > f(zo), Vo € (a;b) \ {x0}. Khi d6 f(z¢) duge goi 1a gia tri

cuc tiéu ciia ham s6 f.

& 20 la diém cuc dai clia ham s6 f néu ton tai mot khoang (a;b) chita 2y sao cho
(a;0) C K va f(z) < f(mo), Vz € (a;b) \ {xo}. Khi d6 f(z¢) dugc goi 1a gia tri
cuc dai ciia ham sb f.

& Diém cuc dai va cuc tidu goi chung la diém cuc tri cda ham sb6 va didm cuc tri
phai 1a mot diém trong tap hop K.

@ Gia tri cyc dai va gia tri cuc tiéu goi chung la gia tri cuc tri (hay cuc tri) ciia
ham sé.

& Néu z( la diém cyc tri ciia ham s6 thi diém (zo; f(20)) duge goi 1a diém cuc tri
ctia do thi ham sb f.

Nhan xét.

2. Cuc tri ham sb @
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™ Gid tri cuc dai (cuc tiéu) f(xo) néi chung khong phdi la gid tri lon nhat (nhé nhat)
ctia ham so f trén tap P; f(xo) chi la gid tri l6n nhat (nhé nhdt) cia ham so f
trén mot khodng (a;b) nao dé chita xo hay néi cich khdc khi xo la diém cuc dai
(cuc tiéu) sé ton tai khodng (a;b) chita xo sao cho f(xg) la gid tri lon nhit (nhé
nhat) cia ham so f trén khodng (a;b).

& Ham s6 f c6 thé dat cuc dai hodc cuc tiéu tai nhiéu diém trén tap K. Ham sb cé

thé khong co cuc tri trén mot tap cho trudc.

© MINH HOA O TH|

V6i (a;b) la khodng chita tat ca céc sb thyc thoa a < x < b.

Yy
f(e)
f(e) ‘
|
1
O O (4 x
Ham s6 f dat cyuc daitaiz =c¢ Ham s f dat cuc tiéu tai z = ¢
@® MOT SO PIEM CAN LUU Y
® Ham s f c6 cuc tri khi va chi khi 3 déi dau. y
2 Diém cuc dai Gia tri cuc dai
® Ham s6 f khong c6 cuc tri khi v chi khi ¥ cia db thi (cuc dai) chia
khong déi dau. \ ) ham s6
® Ham s6 f chi c6 1 cyc tri khi va chi khi i/ doéi Ycp
dau 1 lan. Pidm cuc
® Ham sb f c6 2 cuc tri (cuc dai va cyc tiéu) khi Dqlenlll\cuc dai Ee 1 eua
Cua ham SO am SO

va chi khi ¢/ ddi dau 2 lan.
® Ham s6 f c¢6 3 cuc tri khi va chi khi ¢/ déi dau

s

8
oY ____
o

3 lan. o | x
|
& Déi v6i mot ham sb bat ki, ham s6 chi c6 thé o |
. . ~. .2 N . L N T ¢— — — — —
dat cyc tri tai nhitng diem ma tai d6 dao ham P X
triét tiéu hodc dao ham khong xac dinh. Gia tri cuc tiéu Diém cyc tiéu
(cuc tidu) ctia ctia d thi

& Céach goi tén: cyc tri, diém cuec tri ctia ham s6,
didm cuc tri ctia do thi ham s8,. ..

ham sé
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©® DIEU KIEN CAN DE HAM SO DAT CUC TRI

Dinh li 1. Gid st ham s6 y = f(x) dat cuc tri tai diém xo. Khi do, néuy = f(z) cé dao
ham tai diém xq thy f'(zo) = 0.

Cha ¥

™ Dao ham f/(x) c6 thé bing 0 tai diém z¢ nhung ham s6 f khong dat cuc tri
tai diém zg.

& Ham s6 c6 thé dat cuc tri tai mot diém ma tai d6 ham s6 khong c6 dao ham.

& Ham s6 chi ¢6 thé dat cuc tri tai mot diém ma tai d6 dao ham cia ham sb
bang 0 hoic tai d6 ham sb khong c6 dao ham.

@ bIEU KIEN U BE HAM SO CO CUC TR|

Dinh i 2. Gid st ham sé f dat cuc tri tai diem xo. Khi dé, néu ham sé f c6 dao ham
tai diém xo thy f'(zo) = 0.

™ Néu f'(x) > 0 trén khodng (zo — h;zo) va f'(x) < 0 trén khodng (zo;xo + h) thi x¢
la mot diém cye dai ciia ham sé f(z).

™ Néu f'(x) < 0 trén khodng (zo — h;zo) va f'(x) > 0 trén khodng (zo;xo + h) thi xo

la mot diém cuc tiéu cia ham s6 f(z).

@ QuY TAC TiM CUC TRI

0 Quy tac 1

Dé tim cyc tri ctia ham 86 y = f(z) ta thyc hign theo cac budc sau
® Budc 1: Tim tap xac dinh. Tim f/(z).

@ Budc 2: Tim cac diém z; (i = 1;2;...) ma tai d6 dao ham ciia ham sé bang 0 hodc
ham sb lien tuc nhung khong cé dao ham.

@ Budc 3: Lap bang bién thién hodc bang xét dau cta f’(z). Néu f'(x) doi dau khi
di qua x; thi ham s6 dat cuc tri tai z;.

Dinh li 3. Gid st ham s6 y = f(x) c6 dao ham cdp hai trong khodng (xo — h; o + h) vdi
h > 0. Khi do

™ Néu f'(xo) =0, f"(x0) <0 thy ham so f dat cuc dai tai zo.
& Néu f'(zo) =0, f"(x0) > 0 thi ham s6 f dat cuc tiéu tai zo.

T dinh i trén, ta c6 mot quy tic khac dé tim cuc tri ctia ham sb.

2. Cuyc tri ham sé @
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Q Quy tac 2

D@ tim cuyec tri cia ham s6 y = f(x) ta thyc hién theo cac bude sau

® Budc 1: Tim tap xac dinh. Tim f/(z).
® Budc 2: Tim cac nghiem z; (i = 1;2;...) clia phuong trinh f’(z) = 0.
® Budc 3: Tinh f”(x) va tinh f(z;).

e Néu f”(x;) < 0 thi ham s6 f dat cuc dai tai diém ;.
e Néu f”(x;) > 0 thi ham s6 f dat cyc tiéu tai diém ;.

® MOT SO DANG TOAN LIEN QUAN DEN CUC TRI HAM $O
0 Cuc tri cia ham sé bac ba y = ax® + bx? + cx + d, (a # 0)
(@ Tim diéu kien dé ham s6 c6 cyc dai, cyc tiéu théa man hoanh do cho trudc.

(a) Bai toan tong quat

Cho ham 86 y = f(x;m) = ax® + bax? + cx + d. Tim tham s6 m dé ham s6 c6

cuc dai, cuc tiéu tai 1, zo théa man diéu kien K cho trudc.

Phuong phap

& Buéc 1: Tap xac dinh 2 = R.
Dao ham 3y’ = 3ax? + 2bx + ¢ = Az? + Bx + C.

& Budc 2: Ham s6 c6 cuc tri (hay ¢6 hai cyc tri, hai cyc tri phan biét hay
6 cyc dai va cye tiéu) khi va chi khi 4’ = 0 c6 hai nghiém phan biét va
y' déi dau qua hai nghiem do.
Phuong trinh ¢ = 0 ¢6 hai nghiém phan biét khi va chi khi

{A:?)a;«éo {a;«éO

9 ) S =m € 9.
Ay = B* —4AC = 4b" — 12ac > 0 b* —3ac >0

& Buéc 3: Goi 1, z2 12 hai nghiém ctia phuong trinh 3’ = 0. Khi d6

= A 3a
C
P: = —_ = —,
12 A 3a

® Buéc 4: Bién ddi diéu kien K vé dang tong S va tich P. Tt dé giai ra
tim duge m € 9.

& Buéc 5: Két luan cac gia tri m théa mén m € 2, N Ps.

I\ Ham s6 bac bay = ax®+bx?+cx+d (a#0). Ta c6y = 3ax? + 2bx +c.
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& Ham sé khong cé cuc tri khi b — 3ac < 0.
& Ham sé ¢6 hai diém cuc tri khi b2 — 3ac > 0.

(b) Diéu kién dé ham sb ¢6 cac diem cyc tri cing dau, trai dau.

@ Ham s6 c6 hai diém cyc tri trai dau khi va chi khi phuong trinh ¢’ = 0 ¢6
hai nghiém phan biét trai dau, tic 1a

A-C=3ac< 0 ac<O.

@ Ham s6 c6 hai diém cyc tri cing dau khi va chi khi phuong trinh 3 = 0
¢6 hai nghiém phan biét cling dau, titc 1a

Ay/ >0

P:$1.’E2:%>0.

@ Ham s6 c6 hai diém cuc tri cting ddu duong khi va chi khi phuong trinh
y' = 0 ¢6 hai nghiem duong phan bigt, titc 1a

Ay/>0
B
S—"E1+"E2——Z>0
C
P=$1$222>0.

@ Ham s6 c6 hai diém cuc tri cing dau am khi va chi khi phuong trinh ¢/ = 0
¢6 hai nghiém am phéan biét, tic la

Ay >0

B
S:$1+$2:*Z<0

C
P:$1$2:Z>O.

< oa< Ty
(c) Tim diéu kién dé ham s6 c6 hai diém cuc tri o1, ro théoa man ( 71 < 73 < «
a < < 2.
@ Hai diém cuc tri 21, 2o thda man z1 < o < o khi vi chi khi
(1 —a)(z9 — a) < 0 z129 — oz +22) +a? < 0.
@ Hai diém cuc tri =1, zo thda man =1 < z9 < o khi vi chi khi

(1 —a)(zg —a) >0 - T179 — a(ry + 22) + o >0
1+ 19 < 2 T + T2 < 20

2. Cuc tri ham sb
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~

Hai diém cuc tri 21, 2 théa mén a < z1 < x5 khi vi chi khi

(x1 —a)(ze —a) >0 - r179 — oz +22) +a? >0
T+ o > 20 1+ x9 > 20

(2) Tim diéu kien dé do thi ham s6 c¢6 cac diém cue dai, cic tiéu nim ciing phia, khac
phia so v6i mot dudng thing.

(a) Vi trf tuwong dbi ciia hai diém véi dudng thing.
Cho hai diém A(za;y4), B(rp;yp) va dudng thing A: ax + by + ¢ = 0.

«

4

Néu (aza + bya + ¢)(axp + byg + C) < 0 thi hai diém A, B nim vé hai
phia so v6i duong thing A.
Néu (axa + bya + c)(axp + byg + C) > 0 thi hai diém A, B nim ciing
phia so véi duong thing A.

(b) Mot s truong hop diic biet.

«

«

Cac diém cuc tri ctia dd thi ndm cling vé mot phia déi véi truc Oy khi va
chi khi ham s6 ¢6 2 diém cuyec tri cting dau, tigc 1a phuong trinh 3’ = 0 ¢6
hai nghiém phan biét ciing dau.
Cac diém cuyc tri ctia dd thi ndm cting vé hai phia déi véi truc Oy khi va
chi khi ham s6 c¢6 2 diém cuec tri trai dau, tic la phuong trinh 3/ = 0 ¢6
hai nghiém trai dau.
Cac diém cuc tri ctia d6 thi ndm cting vé mot phia déi véi truc Oz khi va
chi khi phuong trinh ¢ = 0 ¢6 hai nghiém phan biét vd ycp - yor > 0.
Dic biét
e Cac diém cyc tri ctia do thi ham s6 nim cling vé phia trén dbi véi
truc Ox khi va chi khi phuong trinh 3" = 0 ¢6 hai nghiém phan biét
. {yCD “yor >0
Vi,
ycp +yer > 0.
e Cac diém cyc tri clia do thi ham s6 ndm cling vé phia dudi déi véi
truc Oz khi va chi khi phuong trinh 3’ = 0 c6 hai nghiém phan biét
. {yCD “yor >0
va
ycp +yor < 0.

Cac diém cyc tri ctia do thi ham sé nim vé hai phia déi véi truc Oz khi
va chi khi phuong trinh 3’ = 0 ¢6 hai nghiém phan biét v& ycp - yor < 0.
(Ap dung khi khong nham duge nghiem va viét duge phuong trinh dudng
thang di qua hai diém cuc tri ctia do thi ham s6).
Hoiic cac diém cuc tri clia do thi ham s ndm vé hai phia déi véi truc Oz
khi va chi khi do thi cit truc Ox tai ba diém phan bigt (khi nham dugc
nghiém) hay phuong trinh hoanh do giao diém f(z) = 0 c6 3 nghiém phan
biét.

(3) Phuong trinh dudng thing qua cac diém cuc tri.
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2¢ 2b2> be y -y
_ (25 _ 22 — 2 | hos —
9(@) (3 90 ) €4~ gg |hore|9(@) =y~ g
. y/ . y//
hoac | g(z) =y 3y’

(@) Khoang céch gitta hai diém citc tri ciia d6 thi ham s6 bac ba la

/ 3 2
AB — 4e + 16e Véie:b 3ac.
a 9a

Q Cuc tri cia ham s6 bac bon trung phvong y = ax* + bx? + ¢, (a # 0)
(@) Mot s6 két qua can nhd.
@ Ham s6 ¢6 mot cuc tri khi va chi khi ab > 0.
& Ham s6 c6 ba cuc tri khi va chi khi ab < 0.
a>0
b>0.

a<0
b<o.

® Ham s6 c6 ding mot cue tri va cyc tri 1 cye tiéu khi va chi khi {

® Ham s6 c6 ding mot cuce tri v cuc tri 1a cyc dai khi va chi khi {

o . 2 . ... ]a>0
& Ham s6 c6 hai cuc tieu vd mot cuc dai khi va chi khi b0

a<0

® Ham sb c¢6 mot cuc tiéu va hai cuc dai khi va chi khi {b ~ 0

(2) Mot s6 cong thiic tinh nhanh.
R . . /[ b A
Gié sit d6 thi ham s6 y = axt+bx?+c c6 3 diém cye trila A(0;c), B (— ~2g’ —4) ,
a a

C (\/ —;; —4A> tao thanh tam gidc ABC thoéa man diéu kién ab < 0.
a a

— b3
bat BAC = « thi cot29 =——|
2 8a
| a>0,b<0 I Cong thic a<0,b>0

2. Cuyc tri ham sé
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y b b y
A Ty = -\ —5, T2 = — =, B C
\xl ,5\ .732/ 2a 2a /W%%;, :
| ;;;;5:/ z | A(0;c) Bl - b _é z1 X/ T2 \ T
B C v 2a’ 4a ’ Al
b A
Cly——;— ).
( 2a 4a)
b3
Dit BAC = o thi|cot? — = ——
2 8a

MOT SO CONG THUC GIAI NHANH
LIEN QUAN DEN BA DIEM CUC TRI CUA bO THI HAM BAC BON

TRUNG PHUONG

STT Dit Kién Cong thitc thod méan
ab<0vac#0
1 Tam gidac ABC vudng can tai A b = —8a
Tam gidac ABC déu b3 = —24a
3 Tam gidc ABC c6 dién tich Sxapc = So 32a3 (S0)* + b5 =0
b5
4 Tam giac ABC' c¢6 dién tich maz.Sy So = \/—%2—3
32a
. b*
5 Tam gidac ABC' c6 ban kinh dudng tron noi tiep r= =
TAABC = T0 Ala) [ 1+1/1— b_
8a
L s e N N . b> — 8a
6 Tam gidc ABC' ¢6 ban kinh dudng tron ngoai = —
IPs _ 8|a|b
tiep Raapc = R
Tam giac ABC ¢6 do dai canh BC = myg am% +2b=0
Tam gidc ABC c¢6 do dai canh AB = AC =ng | 16a?n2 —b* +8ab =0
Tam giac ABC' ¢6 cyc tri B,C € Ox b? = dac
10 Tam giac ABC ¢6 3 géc nhon b (8a + b3) >0
11 Tam giac ABC' c6 trong tam O b% = 6ac
12 Tam giac ABC ¢6 truc tam O b3 4+ 8a — 4ac =0
13 Tam gidc ABC cing diém O tao thanh hinh | b? = 2ac
thoi
14 Tam gidc ABC c¢6 O la tam dudng tron nai tiép b3 — 8a — 4abc =0
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15 | Tam gisc ABC c6 O la tam dudng tron ngoai | b —8a — 8abc =0
tiép
16 Tam giac ABC' ¢6 canh BC = kAB = KAC b3 k? - 8a (k‘2 — 4) =0
17 | Truc hoanh chia tam gidc ABC thanh hai phan | b = 4v/2|ac]|

c6 dién tich bang nhau

18 | Tam gidac ABC c¢6 diém cyc tri cach déu truc | b% = 8ac
hoanh

19 Phuong trinh dudng tron ngoai tiép AABC la

2 A ) (2 A)
2.2 _[2%2_ Z2_=2) =
Tty (b 4a+c yte b 4da 0

BAI (3) GIA TRI LON NHAT - GIA TR NHO NHAT

@ DINH NGHIA
(1) S6 M dugc goi la gid tri lon nhét ciia ham s6 y = f(x) trén 2 néu

flz) < M,Vz € @
dzg € @,f(l‘o) =M.

Ki hieu: M = .
i hieu I;leaé(f(x)

(2) S6 m dugc goi 1a gid tri nhé nhdt ciia ham s6 y = f(x) tren 2 néu
flx) >m,Ve e 9
Jzp € 2, f(xg) = m.

Ki hiéu: m = mi .
f higu: m = min f(z)
 PHUONG PHAP TIM GTLN, GTNN
@) Tim GTLN, GTNN ciia ham sé bing cdch khdo sdt truc tiép

@ Tinh f/(z) va tim cac diém xq, @9, ..., 2, € 2 ma tai d6 f'(x) = 0 hogc ham
s6 khong c6 dao ham.

® Lap bang bién thién va tit d6 suy ra gia tri 16n nhét, gia tri nhé nhéit cia ham
s0.

(2 Tim GTLN, GTNN cta ham sé trén mot doan

3. Gia tri 16n nhit - Gia tri nho nhét
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@ Ham s6 da cho y = f(z) xac dinh va lién tuc trén trén doan [a; b].
@ Tim cac diém zi, 29, ..., ¥, trén khoang (a;b), tai d6 f/'(x) = 0 hogc f'(x)
khong xac dinh.

& Tinh f(a), f(21), f(22), - f(zn), f(D).

& Khi d6
. wlél[%?i] [(x) = max{f(x1), f(x2),..., f(zn), f(a), f(D)}.
. wren[ir;lb] f(x) = min{f(x1), f(x2),..., f(xn), f(a), f(b)}.

(3) Tim GTLN, GTNN ciia ham sé6 trén mot khodng
@ Tinh dao ham f'(z).

@ Tim tit ci cdc nghiém z; € (a;b) ctia phuong trinh f/(z) = 0 v tit ci cic
diém «; € (a;b) lam cho f’(z) khong xéc dinh.

& Tinh A= x1_1>f£1+ f(z), B = xlig{ f(z), f(z:), flow).

@ So sanh cac gia tri va két luan M = m(ai) f(z), m= rr%inb) f(z).
z€(a; xe(a;

Luwu y: Néu gid tri lon nhat (nhé nhat) la A hodc B thi ta két lugn ham so khong
6 gia tri lon nhat (nhé nhat).
Chu y:

@ Néu y = f(z) dong bién tren [a;b] thi m[inb] fl@) = f(a) va m[a}él flx) = f(b).
z€|a; TE|a;

@ Néu y = f(z) nghich bién trén [a;b] thi m[inb] fl@) = f(b) va m[a}él f@) = f(a).
z€|a; rE|a;

@ Ham sb lien tuc trén mot khodng cé thé khong c6 gia tri 16n nhét, gia tri nho
nhat trén khoang do.

@ Ngoai phuong phap diing dao ham, ta c6 thé ding phuong phap MGT, BDT, ...

BAI (4) PUONG TIEM CAN CUA HAM SO

@) bUONG TIEM CAN NGANG

Cho ham s6 y = f(x) xac dinh trén mot khodng vo han (la khoang dang (a; +00), (—oo; b)

hodc (—oo; +00)). Dudng thing y = yo 1a dudng tiém can ngang (hay tiém can ngang)

clia dd thi ham s6 y = f(z) néu it nhat mot trong cac diéu kién sau duge théa man:
lim f(z) =y, lim f(z)=1yo.

Tr—r—+00
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( PUONG TIEM CAN DUNG

Duong thing z = x¢ dugc goi la dudng tiém can ding (hay tiém can ding) ctia do
thi ham s6 y = f(z) néu it nhat mot trong cac didu kién sau thda man:

lim f(z) =400, lim f(x) = —o0, lim f(z)= —oc, lim f(z)= +oo.

T—T) T—T T—T) T—T
A AR el T o ar +b I
Lvwu y: V6i do thi ham phan thic dang y = d (¢ # 0;ad — be # 0) ludn c6 tiém
cx

) . d
can ngang la dudng thang y = 2 v tiém can dung la dudng thang x = -
c

BAI (5) KHAO SAT SU BIEN THIEN VA VE DO TH| HAM SO

@ KHAO SAT MOT s6 HAM DA THUC VA HAM PHAN THU'C
0 Ham s6 bac ba y = az® + bz? + cx + d (a # 0)
@ Tap xac dinh 2 = R.

™ Tinh y va cho v/ = 0 (y = 0 hodc c6 2 nghiém, hodc cé nghiém kép, hodc vo
nghiém).

@ Tinh céc gi6i han lir_ir_l f(z), lim f(z).
T—r+00

T——00
@ Lap bang bién thién

e Néu y' =0 c6 hai nghiém thi dau cia y' 1a “Trong trai ngoai cling”.

e Néu ' = 0 c6 nghiem kép thi dau cta y' 1a “Luén cung dau véi a” (ngoai
trit tai nghiém kép).

e Néu i/ =0 v6 nghiém thi ddu ctia v/ 1a “Ludn cung dau véi o”.
& Két luan

e Tinh chit don diéu clia ham sb.

e Cuc tri cia ham sb.
@ Tinh y” va cho y” = 0. Suy ra diém udn.
@ Chon hai diém dic biét ctia do thi.

@ Vé d6 thi: D6 thi ¢6 6 dang va luon luén nhan diém ubn lam tam déi xing.

5. Khéo sat su bién thién va vé dé thi ham sb
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y =0 a>0 a<0

C6 2 nghiem m )

<
g

C6 nghiem

kép
O T o] T

V6 nghiem

Q Ham s6 trung phuwong y = az* + bz? + ¢ (a # 0)
& Tap xac dinh 2 = R.

& Tinh ¢ va cho ' = 0 (y = 0 hodc ¢6 3 nghiém, hodc c6 1 nghiém va ludon cé
nghiém x = 0).

T——00

@ Tinh cac giéi han lim f(z), lim f(x).
T—>+00

® Lap bang bién thién: “Bén phdi bing bién thién, ddu y' luon luon cing dau vdi a”
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& Két luan

e Tinh chit don diéu ctia ham sb.

e Cuyc tri clia ham s6.
@ Chon hai diém dic biet ctia do thi.

@ Vé do thi: Do thi ¢6 4 dang va luén luon nhan truc tung lam truc doi xtng,.

y =0 a>0 a<0
Yy Y

C6 3 nghiem %\ ) /\o /\ z
vARVARN, \

v Y
- Sl N\
Cé6 1 nghiém o -
€ Ham sé nhétbién y = ““ 0 (02 0.ad — be £ 0)

cr+d

@ Tap xac dinh 2 =R\ {_gl}
c
® Tinh ¢ = _ad = be (y' hoac luon duong, hodc ludn am Vz € 9)
y - (Cl“i‘d)z y g g? Q

& Duong tiém can:

) d
e Tiém can diung la duong thangxz = ——vi  lim y=...vdA lim y=....
z—>(—%)+ m—)(—%)_

. a a
e Tiém can ngang la dudng thang y = — vi lirin y=—.
C Tr—rL0o0 C

& Lap bang bién thien: Nhé: Khi z — oo thi y — %

“Nghia la hai dav bang bién thién la gid tri cia tiém can ngang”

5. Khéo sat su bién thién va vé dd thi ham sb



Trung tam luyén thi Quoc Gia Viét Star

™ Két luan

e Ham s6 ludn dong bién trén timg khoadng xac dinh hodc luén nghich bién trén
ting khoang xac dinh.
e Ham s6 khong c6 cyc tri.

& Chon it nhét 4 diém dic biét ctia do thi v phai c6 toa do giao diém ciia do thi véi
2 truc toa do.

& Ve do thi: D6 thi ¢6 2 dang va luon luon nhan giao diém ciia hai dudng tiem can
lam tam déi xing.

ad—bc>0 ad —bc <0

Y | Y |

| |

| |

| |

| |

| |

| |

| |

I iy |

___________ mmm oo B
| |
0 lh ol w

[ [

| |

| |

| |

| |

| |

| |

© DO THI HAM CHUA DAU TRI TUYET DI

€ Dang 1: (C"): y = f(|a|)

Tu do thi (C): y = f(x) suy ra do thi (C"): y = f(|z]).
Ta 6 y = f(lz]) = f(z) khi z > 0
FOV=ITUT A r ) khiz <o
vay = f(|z|) ]a ham chdn nén do thi (C’) nhan Oy lam truc doi xing.
O Cach vé (C') tu (C):

™ Gii nguyén phan do6 thi bén phai Oy ciia do thi (C): y = f(x).

™ B6 phan do thi bén trai Oy cia (C), lay déi xing phan doé thi dudc gitt qua
Oy.
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© Vidu1
Y
4'-_\
o] |
1 3 4 Z
(C):y=2%—6z+9x (C"): y = |z|> — 622 + 9|z]

€) Dang 2: (C'): y = |/(2)]

Tu do thi (C): y = f(z) suy ra do thi (C"): y = | f(z)].

khiz >0
Tacoy = [f(x)] = {]}J})(fﬂ) khi mx<_0

O Cach vé (C') tut (C):

™ Giit nguyén phan do thi phia trén Oz ctia do thi (C): y = f(x).

& B6 phan do thi phia dusi Oz ciia (C), 1ay dbi xiing phan dd thi bi bé qua Ox.

© Vidy 2

Q>

SV

(C):y=a3+32% -2

n Véi dang y = |f(|z])| ta 1an lugt bién ddi 2 do thi y = f(|z|) va y = |f(z)|. %

5. Khéo sat su bién thién va vé dd thi ham sb
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0 Dang 3: (C'): y = |u(x)] - v(x)
T do6 thi (C): y = u(z) - v(x) suy ra do thi (C"): y = |u(x)| - v(z).
T u(z) - v(z) khi z >0
acdy =lu@)]-v(z) = —u(z)-v(x) khixz<O0.
O Cach vé (C') tu (C):
™ Git nguyén phan do6 thi trén mién u(z) > 0 cta do thi (C): y = f(x).

® B6 phan dd thi trén mién u(z) < 0 ctia (C), liy d6i xing phan do6 thi bi bd

qua Ocx.
©Vidu 3
Yy Y
1 / 1
é‘\ //O R
1 x II\/l by
,1_1
(C):y=223-3z+1 C):y=lz—1- 22—z -1)
© Vi du 4
Yy . Yy .
¥ 1
""" i ol 12
ol 11 /2 x —1] z
| —2 [\ !
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r—2 N, T—=2
(€):y= ©):y= =

@ M6T 56 PHEP BIEN A1 DO THI
Cho ham s6 y = f(z) c6 do thi (C), hay suy ra do thi (C”) ctia ham so.

STT DO THI CACH VE
1 y= f(—x) Lay déi xting (C) qua truc Oy.
2 y=—f(x) Lay déi xtimg (C) qua truc Ox.

™ Git nguyén phan dd  thi
bén phéi Oy.
3| y=7F(D & B6 phin db thi ben trai Oy ciia

(C), 1ay déi xing d6 thi duogc
gitt qua Oy.

™ Git nguyén phan do  thi
phia trén Ox ctia do thi (C).

4 y=If(2)] & B¢ phan do thi phia duéi Ox clia
(C), 14y dbi xting phan db thi
bi bé qua Oz.

Ta lan lugt bién d6i 2 dd thi y = f(]z])

5 | y=1f(z] vay = |[f(z)].

™ Gi nguyén phan do thi trén mién
u(z) > 0 cta do thi (C).

voi (C): y = u(z) - v(x) ® Béphan do thi trén mien u(z) <
cia (C), lay do6i xing phan d
thi bi bé qua Oz.

0
o

5. Khéo sat su bién thién va vé dé thi ham sb
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y=f(x)+p,p>0 Tinh tién do thi (C) len trén p don vi.
y=f(x)—p,p>0 Tinh tién do thi (C') xudng dudi p don
vi.
9 y=flx+¢q),q¢>0 Tinh tién d6 thi (C) sang trai ¢ don vi.
10 y=f(r—q),q¢>0 Tinh tién do thi (C') sang phai g don vi.
11 y= f(kz), k> 1 Co d6 thi (C) theo chiéu ngang hé sb k.
12 y=f(kz),0<k<1 Gian dd thi (C) theo chiéu ngang hé s6
1
E.
13 y=kf(z), k>1 Gian do thi (C) theo chiéu doc hé sb k.
N R 1
14 y=kf(z),0<k<1 Co do6 thi (C) theo chiéu doc hé s6 7
® V& do thiy = |f(x)].
15 y=|f@)]+m & Tinh tién d6 thi lén hodc xuéng m
don vi.
® Tinh tién dd thi sang phai hoic
sang trai m don vi.
16 | y=I[f(z+m) .
® Sau d6 vé nhu cach vé dd thi y =
|f(@)].
® Tinh tién do thi sang phai hoic
sang trai m don vi.
17 | y=I[f(lz[+m)| .
& Sau d6 vé nhu cach vé do thiy =
f(lz]).
® V& do thiy = |f(x)].
18 y = |f(|lz +ml)| ® Tinh tién dd thi sang phai hoic
sang trai m don vi.
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BAI (6) TIEP TUYEN

@ TIEP TUYEN
Cho ham s6 y = f(z), c6 do thi (C). Phuong trinh tiép tuyén ciia do thi (C) tai diém
Mo(wo;50) € (C) 6 dang

y = f'(x0)(x — z0) + Yo

Trong d6 diém My(zo;yo) € (C) dude goi la tiép diém véi yo = f(zo) va k = f/(z0) la
hé s6 goc clia tiép tuyén.

(0 DANG 1. Tiép tuyén cta dd thi ham sd y = f(z) tai diém M (z¢;yo)

Phuong phdp gids.
(@ Viét phuong trinh tiép tuyén ctia do thi tai diém c6 hoanh do bing sb a.
™ Goi M(z0;y0) la tiép diém.
& Ta c6 zg = a.
@ Thé z = a vho phuong trinh y = f(x) tim dugc yo.
™ Tinh f/(z) tit d6 tinh f’(zo).
™ Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang

Y—Yo = f’(l’o)(x — o).

(2) Viét phuong trinh tiép tuyén ctia dd thi ham s6 tai diém c6 tung do bang s6
b.
™ Goi M(zo;y0) la tiép diém.
® Ta c6 yg = b.
™ Thé y = b vao phuong trinh y = f(z) tit d6 tim dugc x.
& Tinh f'(z), tit d6 tinh dugc f'(zo).
@ Phuong trinh tiép tuyén ctia (C) tai diem M c6 dang

y—yo = f'(x0)(x — o).

(O DANG 2. Tiép tuyén ctia dd thi ham sd y = f(x) ¢6 phudng cho trude

Phuong phdp gids.
(@ Viét phuong trinh tiép tuyén ctia do thi (C) biét hé s6 goc ciia tiép tuyén

6. Tiép tuyén
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bang k.
& Goi M(zo;yo) la tiép diém.

™ He s6 goc tiép tuyén bang k nén f’(zg) = k. Giai phuong trinh nay ta
tim dudc xg.

@ Thé zg vao phuong trinh y = f(x) tim dugc yo.
@ Phuong trinh tiép tuyén ctia (C) tai diem M c6 dang

Yy —yo = f'(x0)(z — o).
(2) Viét phuong trinh tiép tuyén ctia do thi (C) biét tiép tuyén song song vdi
dudng thang d: y = ax + b.

& Goi M(xo;y0) 12 tiép diém.

@ Tiép tuyén song song v6i dudng thing d: y = ax+b = f'(x) = a. Giai
phuong trinh nay tim dudc zg.

™ Thé o vao phuong trinh y = f(x) tim duge yo.
@ Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang

y—yo = f'(x0)(z — o).

Nhé kiém tra tinh song song ciia tiép tuyén can tim dé loai bo
dap an.

(3 Viét phuong trinh tiép tuyén ciia do thi (C) biét tiép tuyén vuong goc véi
dudng thang d: y = ax + b.
& Goi M(zo;yo) la tiép diém.
a a g 1
@ Tiép tuyén vuong goéc véi duong thang d: y = ax +b = f'(z0) = ——.
a
Giai phuong trinh nay tim duge xg.
@ Thé zq vao phuong trinh y = f(x) tim dugc yo.

@ Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang

y—yo = f'(w0)(z — o).

0O DANG 3. Tiép tuyén cta dd thi ham s6 y = f(z) di qua diém M (zo; o)

Phuong phdp gidi.
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™ Goi k 13 hé s6 goc ciia tiép tuyén d di qua M.
™ Suyrad:y—yo=k(x —z0) ©y=kr—kxo+yo ().

fl@)=kx —kxo+yo (1)
f@)=k (2)

@ Thé (2) vao (1) dé tim hoanh do tiép diém .

c6 nghiém.

™ d tiép xic véi (C) & {

@ Thé x vio phuong trinh (2) dé tim hé s6 goc k clia tiép tuyén.

@ Thé k vao (*) tim dugc phuong trinh tiép tuyén di qua M.

Khi thé (2) vao (1) va gid sit thu duge phuong trinh an s6 la = va duge ki
hiéu 1a (1). Thong thudng phuong trinh (1) ¢6 bao nhiéu nghiém 2« thi qua
diém M c6 bay nhiéu tiép tuyén dén do thi (C). Tt d6 ta gidi quyét duge bai
toan “Tim diéu kien dé qua M c6 thé vé duge dén do thi (C) n tiép tuyén”.

© DIEU KIEN TIEP XUC

Cho hai ham s6 (C): y = f(z) va (C"): y = g(x). Do thi (C) va (C’) tiép xtc v6i nhau
f(x) = g(x)
f'(z) =g'(x)

BAI (7) TVONG GIAO DO THI

khi va chi khi hé phuong trinh ¢6 nghiém.

Cho ham s6 y = f(z) ¢6 do thi (C1) va y = g(x) ¢6 do thi (Cs).
Phuong trinh hoanh do giao diém ciia (C;) va (Co) 1a f(z) = g(x) (1). Khi d6

(@ S6 giao diém ctia (Cy) va (C3) bing s6 nghiém ctia phuong trinh (1).
(2) Nghiém x( ctia phuong trinh (1) chinh 14 hoanh do z( ctia giao diém .
(3) Dé tinh tung do yo ciia giao diém, ta thay hoanh do z vao y = f(x) hoac y = g(x).

(@) Diém M (xg;y0) 1a giao diém cia (Cy) va (Ca).

7. Tuong giao dd thi
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P X x+b ,
[ DANG 1. Tim tham s d& db thi (C): y = 22 1° ¢4t dudng thang (d) tai

cx +d

hai diém
Phuong phdp gids.
(1) Lap phuong trinh hoanh do giao diém ctia (C) va d ta duge
g@)=ax? +br+c=0 (%) (z# x0)
véi o 1 nghiém ctia miu sb.

(2) d cit (C) tai hai diém phan biét khi v& chi khi phuong trinh (%) c¢6 hai nghigm
a#0

phan biét khac 29 & { A >0 = tim dugc tham sb.

g(xo) # 0

0O DANG 2. Tim tham sb dé dd thi (C): y = ax® +bx? + cx + d cét dudng thdng

(d) tai 3 diém

Phuong phdp gidi.
(D Lap phuong trinh hoanh do giao diém ciia (C) va (d) goi la phuong trinh ().

(2) Nham nghiém ctia phuong trinh (x) va gia sit duge mot nghiem x = z. Dimng
so dd Hoocner dé bién d6i phuong trinh () vé dang

2 Tr = X9
r—x0)(ax*+Bx+C)=0&
( )( ) g(x)=ax’ +Bx+C=0 (1)
cat tal 1ém phan biét khi va chi khi phuong trinh (%) c6 3 nghiém
d) cit (C) tai 3 diém phan biét khi v& chi khi ph inh 6 3 nghi
phan biet khi va chi khi phuong trinh (1) c¢6 hai nghiém phan biet khéc
a#0
zo & ¢ Ay >0 = tim dugc tham sb.

g(zo) #0
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Cong thic tric nghiem

(@ D6 thi ham s6 y = ax®+bax?+cx+d cit truc hoanh tai 3 diém c6 hoanh
do lap thanh cip sb cong khi va chi khi phuong trinh ax®4bx?+cx+d =
0 ¢6 1 nghiém la x = ——.
3a
(2 D6 thi ham s6 y = ax®+bax?+cr+d cit truc hoanh tai 3 diém c6 hoanh
do lap thanh cap s6 nhan khi va chi khi phuong trinh az3+bz2+cz+d =

d
0 c6 1 nghiem 1a =z = — ¢/ —.

¢ v

O DANG 3. Tim tham s6 dé dd thi (C): y = az* + bx? + ¢ cét dudng thdng d

tai 4 diém
Phuong phdp gids.
(1 Lap phuong trinh hoanh do giao diém ctia (C) va d gia st duge phuong trinh
Az* + B2> +C =0 (%).
(2) Dat t = 22,¢ > 0. Phuong trinh (%) trd thanh At> + Bt +C =0 (1).
(3) d cit (C) tai 4 diém khi va chi khi phuong trinh (%) c6 4 nghiém khi va chi

A>0 S = _E
khi phuong trinh (1) ¢6 hai nghiém duong < ¢ S > 0 véi C’A tur day
P>0 P= 1

tim duge tham sé.

Cong thiic tric nghiem

D6 thi ham s6 y = az* + ba? + ¢ cit truc hoanh tai 4 diém c6 hoanh do lap

thanh cip s6 cong < phuong trinh (1) ¢6 hai nghiém duong phan bigt ¢1, to
b? — dac > 0

_9>0

(t1 <tp) thoa mén t, = 9t & { <

7. Tuong giao do thi
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(O DANG 4. Tim tham s6 d& dd thi (O): y = f(x) cét dudng théng d tai n diém

théa man tinh chat nao do6

Phuong phdp gidi.
(D Lap phuong trinh hoanh do giao diém ctia (C) va d 1a g(z) =0 ().
(2 d cat (C) tai n diém < phuong trinh (%) ¢6 n nghiem.

(3) Khi d6 hoanh do giao diém ctia (C) va d la nghiém ctia phuong trinh () va
thong thudng sit dung dinh 1i Vi-ét dé giai quyét bai toan.

BAI (8) DIEM DAC BIET CUA HO BUONG CONG

@ BAI TOAN TiM PIEM O PINH CUA HO DUONG CONG

Xét ho duong cong (Cy,) ¢6 phuong trinh y = f(x,m), trong dé f 1a ham da thic theo
bién  véi m 1a tham sb sao cho bac ctia m khong qua 2. Tim nhitng diém cb dinh thuoc
ho duong cong khi m thay déi.

Phuong phap giai

™ Buéc 1: Dua phuong trinh y = f(x,m) vé dang phuong trinh theo an m c6 dang
saw: Am + B = 0 hoiic Am? + Bm +C =0.

® Budc 2: Cho cac hé s6 bang 0, ta thu duge he phuong trinh va gidi hé phuong

A=0
R A=0
trinh hodc ¢ B=0
B=0
C=0.

™ Buéc 3: Két luan

e Néu hé vo nghiém thi ho dudng cong (C,,) khong c6 diém cb dinh.
e Néu hé c6 nghiém thi nghiem dé 1a diém cb dinh ciia (C,,)

© BAI TOAN TiM BIEM CO TOA PO NGUYEN

Cho dudng cong (C) ¢6 phuong trinh (Cp,): y = (ham phan thic). Hay tim nhitng

diém c6 toa do nguyén ctia dudng cong?
Phuong phap giai

P
® Budc 1: Thuyc hién chia da thic, ta duge: y = QEJC; = H(z) +
T

k
——, trong dé

Q(x)
H(z) la da thic va k € R.
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8Bu6c2:y€Z<:>H(x)+QZj)€Z<:>C;@€Z<:>k€U(k:).

@ Budc 3: Lan lugt cho Q(z) nhan gia tri (1a cac udc ciia k) dé tim gia tri clia z va
y tuong tng.

Nhitng diém c6 toa do nguyén la nhitng diém sao cho ca hoanh do va tung do cia
diém dé6 déu la sé nguyen.

® BAI TOAN TiM BIEM CO TINH CHAT DOI XUNG

Cho dudng cong (C) c6 phuong trinh y = f(x). Tim nhitng diém déi xing nhau qua mot
diém, qua duong thing.

(D Bai toan 1: Cho d6 thi (O): y = Ax® + Ba? + Cx + D trén do thi (C) tim nhiing
cap diém déi xiing nhau qua diém I(x7;yr)
Phuong phap giai
™ Goi M(a; Aa® + Ba? + Ca + D), N(b; Ab® + Bb? + Cb + D) 1a hai diém trén
(C) dbi xtting nhau qua diém 1.
a+b=2xs
A(a® +b%) + B(a> + b*) + C(a + b) + 2D = 2y;.
& Giai hé phuong trinh tim dudc a, b tit d6 tim duge toa do M, N.

E/Tac(){

(2) Bai toan 2: Cho do thi (O): y = Az + Bx? 4+ Cxz + D. Trén d6 thi (C) tim nhiing
cip diém déi xing nhau qua gbc toa do.

Phuong phap giai
™ Goi M(a; Aa® + Ba® + Ca + D), N(b; Ab® + Bb? + Cb+ D) 1a hai diém trén
(C) dbi xiing véi nhau qua goc toa do.
a+b=0
A(a® + %) + B(a® + b*) + C(a+b) + 2D = 0.
® Giai hé phuong trinh tim dudc a, b tit d6 tim dudc toa do M, N.

[\:;/Tacé{

(3 Bai toan 3: Cho do thi (C): y = Ax® + Baz? + Cx + D trén do thi (C) tim nhiing
cap diém doi xting v6i nhau qua dudng thang (d): y = Ajx + By.

Phuong phap giai

8. Piém dic biét ctia ho dudng cong
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™ Goi M(a; Aa® + Ba® + Ca + D), N(b; Ab3 + Bb? + Cb + D) 1a hai diém trén
(C) déi xiing v6i nhau qua dusng thang d.

I'c(d) .
™ Ta cé: (v6i I la trung diém ctia MN vad @q 1a véc-to chi
MN-@4=0

phuong clia dudng thing (d)).
@ Giai hé phuong trinh tim duge M, N.

(® BAI TOAN TiM DIEM DAC BIET, KHOANG CACH

0 Ly thuyét
@ Cho hai diém A(z1;y1), B(x2;y2), suy ra AB = \/(532 —x1)? + (Y2 —y1)%

@ Cho diém M (x¢;yo) va duong thang (d): Az + By + C = 0, thi khodng cach tit M

£ . |Azg + Byo + C|
dén d 1a h(M; (d)) = .
W) ==
b .. . .
& Cho ham phan thic: y = szi_d tiép tuyén tai M cat tiém can ding, tiém cén

ngang ¢ A va B thi M la trung diém ctia AB. Khi d6 dien tich ciia AM AB khong

déi: Sprap = - lad — be|.
c

Q Cac bai toan thudng gap

, b \
(@ Bai toan 1: Cho ham s6 y — axid (¢ #0, ad — be # 0) ¢6 db thi (C). Hiy tim
CT

tren (C) hai diém A va B thuoc hai nhanh do thi ham s6 sao cho khoang cdch AB
ngan nhat.

Phuong phap giai

d . N .
™ (C) c6 tiem can ding z = —— do tinh chdt clia ham phan thitc, d6 thi ndm
c

vé hai phia ctia tiém can ding. Nén goi hai sé a, 3 1a hai s6 duong.

. d d d
& Néu A thuoc nhanh trai: x4 < - =Xy = - a< _E; ya = f(za).

. d d d
@ Néu B thuoc nhanh phai: x5 > — = IR = — + 8> _E; yg = f(zpB).

& Saudé tinh: AB? = (zp—24)+(ys—ya)? = [(a+ B) — (a — o)+ (ys — ya)°.

& Ap dung bat ding thic Co-si sé tim ra két qua.
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(2) Bai toan 2: Cho dd thi ham s6 (C) ¢6 phuong trinh y = f(z). Tim toa do diém
M thuoe (C) dé tong khodng cach tit M dén hai truc toa do nhé nhat.

Phuong phap giai

™ Goi M(z;y) va tdng khodng cach tit M dén hai truc toa do la d thi d = |z|+|y|.

@ Xét cac khoang cach tit M dén hai truc toa do khi M nim & cac vi tri dic
biét: Trén truc hoanh, trén truc tung.

@ Sau d6 xét tong quét, nhitng diém M c6 hoanh do, hodc tung do 16n hon hoanh
do6 hoic tung do ctia M khi ndm trén hai truc thi loai di khong xét dén.

@ Nhing diém con lai ta dua vé tim gia tri nhd nhét ctia do thi ham sé dua vao
dao ham rdi tim dudc gia tri nho nhat cia d.

(3 Bai toan 3: Cho dd thi (C') ¢6 phuong trinh y = f(z). Tim diém M trén (C) sao
cho khoang cach tit M dén Ox bing k 1an khodng cach tit M dén truc Oy.

R . y=kx f(z) = kx
Theo dau bai ta c¢6 |y| = k|z| < &
y=—kzx f(z) = —kz.
N ) b
(@) Bai toan 4: Cho do thi ham s6 (C) c6 phuong trinh y = f(z) = Zid (¢ £ 0,

ad — be # 0) tim toa do diém M trén (C) sao cho do dai MT ngan nhéat (vé6i I la
giao diém hai tiem can).

Phuong phap giai
o d . a
@ Tiém can ditng x = ——; tiém can ngang y = —.
c c
. I da\ , . . .
& Ta tim dudc toa do giao diém I | ——; — ) ctlia hai tiém can.
c' c

. d\? 2
™ Goi M (x5 yar) 12 diém can tim thi IM? = (zM_,_,) (yM—g> =g (zm).
c c

@ Sit dung phuong phap tim GTLN - GTNN cho ham s6 ¢g dé thu dugc két qua.

(5) Cho do thi ham s6 (C) ¢6 phuong trinh y = f(x) va dudng thang (d): Az+By+C =
0. Tim diém I trén (C') sao cho khoang cach tit I dén d 1 ngén nhéat.

Phuong phap giai

™ Goi I € (C), suy ra I (xo;y0) va yo = f(zo).

8. Diém dic biét ciia ho dudng cong
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_ |Azg + Byo + C|
VAZL B2

@ Khéo sat ham s6 y = g(x) dé tim ra diém I thda man yéu cau.

™ Khoang cach tit I dén d 1a g(xg) = h(I;(d))
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CHUONG

MU VA LOGARIT

BAI (1) LOY THUA VA HAM SO LOY THUA

@ KHAI NIEM LOY THUA

0 Liy thira véi s6 mii nguyén

Cho n 13 mot s6 nguyén duong.

Véi a 1a mot s6 thyc tity ¥, lity thita bac n clia a 1a tich ctia n thita s6 a.

a*=ga-a----a (nthiasb a).
N—_——

n

1
Véia#0thia®=1,a"=—.
an
Ta goi a 1a c6 86, n 1a s6 mil. Va chi § 0° vi 07" khong cé nghia.

€) M6t s6 tinh chét cia liy thira

Gia thiét rang mdi bicu thitc duge xét déu co nghia

@ a0 = 4ot & () = @ () -5
b b
a b\ ¢ a\ @
a < ()
& 5= & (ab)” =a®-b" “ <a) b
™ Néua>1thia® >a’ ©a>p @ NéuO0<a<lthia®>ad’ ©a<p
@ Véi0<a<bthia™ <bd" < m>0 @ Vsi0<a<bthia™ >bd" < m<0

[N\ & Cc tinh chét tren diing trong truong hop s6 mi nguyén hodc khong nguyén.
& Khi zét liy thiua vdi s6 mi 0 va s6 ma nguyén am thi co s6 a phdi khdc 0.

™ Khi xét liy thiva vdi s6 ma khong nguyén thi co s6 a phdi duong.
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( PHUONG TRINH XV = B
Ta c6 két qua bién luan s6 nghiém phuong trinh " = b nhu sau
TH.1 Khi n 18: Véi moi s6 thiyc b phuong trinh c6 nghiém duy nhét.
TH.2 Khi n chn:
a) V6i b < 0, phuong trinh vo nghieém.
b) V6i b = 0, phuong trinh ¢6 mot nghiem x = 0.
¢) V6i b > 0, phuong trinh c6 hai nghiem trai dau, ki hieu gia tri duong la {/b, gia
tri am 14 — {/b.
(® MO6T SO TiINH CHAT CUA CAN BAC N
Véia, b e R van e N* taco
2/ on 2n+
& Xa® = |a|. « 2n+\1/§_ M\\; Ya > 0,b# 0.
& Vam = (Ya)",Ym € Z, a> 0.

Qq

2n41 a2n+1 = qa.

& Wab= */la]- %/Jb], Vab > 0. & Vva= m{b/a, Vm € N*, a > 0.
& *Wab= */a- ", Va,b. & Neu 2 = Lo y/ar = Wat, vm e

N*, Vp,qEZ a>0.

VA
v 2 - =
Cl b o |b| Vab>0b750 8%: m"am,a>0,m€N*.

® HAM SO LOY THUA

€) Khai niém

Xét ham s6 y = 2 véi a 1a s6 thuyc cho trude.

Ham s6 y = 2%, v6i o € R dugc goi 14 ham sb liy thita.

I\ Tap zdc dinh cia ham s6 liy thia v = @ tuy thudc vao gid tri cia o
& Véi a nguyén duong thy 2 = R.
™ Vdi a nguyén am hodc bang 0 thy 2 =R\ {0}.
& Véi a khong nguyén thy 2 = (0;+00).

Q Khao sat ham so liy thira

Tap xac dinh ctia ham s6 lity thita y = 2* luon chita khoéng (0; +00). Trong truong hgp
tong quat, ching ta khio sat ham s6 y = x® trén (0; +00).
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y=z%a>0

y=z%a<0

(@ Tap xéc dinh (0; +00).
(2) Su bién thien

&y =a21>0, Vx>0
& Gié6i han dic biét

lim 2% =0, lim z% = +4oc.

r—0t T—+00
® Tiem can:
khong c6.
(3) Bang bién thien
x 0 —+00
Yy +
+00
Yy /
0

(@ Tap xéc dinh (0; +00).

(2) Su bién thien
&y =a2"1<0,Vz>0.
& Gisi han dic biét

lim 2% = 400, lim 2% =0.
z—0t T—+00

@ Tiem can: Oz la tiém can
ngang; Oy la tiém can diung.

(3) Bang bién thien

x 0 —+00

/

y —

D6 thi ham sb

Y a>1
a=1
0<ax<l1
1 a=0
I
1 a <0
&
O 1 T

D6 thi ham s6 y = 2 luon di qua diém I(1;1).

. Lity thita va ham sb liy thita
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@ KHAO SATHAM SO MU v — A%

y=a",a>1

y=a",0<a<1

@ Tap xac dinh R.

(2) Su bién thien
™ 4 =a” lna >0, Vz.
® Gisi han dac biét

lim ¢ =0, lim a" =400
T—r—00 T—+00

@ Tiém can: Ox la tiém can
ngang.

(3) Bang bién thien

T | —oo 0 1 +00

y' +

@ Tap xac dinh R.

(2) Su bién thien
& ¢y =a* -Ina <0, Va.
™ Gié6i han dic bist

lim a® = +oc0, lim a* =0
T——00 T—r+00

™ Tiem can: Oz la tiém can
ngang.

(3) Bang bién thien

T | —oo 0 1 +00

/

y —

BAI (2) LOGARIT
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@ KHAI NIEM LOGARIT

Cho hai s6 duong a, b v6i a # 1. S6 a thoéa man dang thitc a® = b duge goi 1a logarit co
s6 a cta b va dugce ki higu la log,, b.

‘azlogab@)aa:b.

Khong c6 logarit ciia s6 am va s6 0.

© BANG TOM TAT CONG THIC MU - LOGARIT THUONG GAP

V6i cac digu kién cla a, b, ¢ dé mdi biéu thiic c6 nghia, ta c6 bang sau

Cong thic ma Cong thic 16garit
& a’=1,a#0. ™ log,1=0.
& ol = a. ™ log,a = 1.
& q o= 1 ™ log, a® = .
aOé
1
= a_ﬁ:aa_ﬁ ™ logia o
a
o
& . of — qots ™ log, b® = alog, b, b > 0.
1
& a® b = (a-b)". 4 logagb:Elogab.

Qq
Q

a® a\“ a
==(3) v 0 logs b = 7 log, b.

=B

& an =amneN,n>2meZ ™ log, b+ log, c = log,(bc).

E‘/ aﬁz aB. b
(@%)" =a ™ log, b —log, c = log, —.

™ a® =b= a=Ilog,b. ‘

1
& log,b=——, 1#b>0,

)
ogy a

BAI @ BAT PHUONG TRINH MU VA LOGARIT

3. Bat phuong trinh mii va logarit
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@ BAT PHUONG TRINH M0 CO BAN
Bét phuong trinh mii co ban ¢6 dang a® > b (hodc a® > b, a® < b, a® < b) véi a > 0,
a# 1.
Ta xét bat phuong trinh c6 dang a® > b.
® Néu b < 0, tap nghiém ctia bat phuong trinh 1a R, vi a® > b, Vo € R.

@ Néu b > 0 thi bat phuong trinh tuong duong véi a® > '8 b,

e V6i a > 1, nghiém ctia bat phuong trinh 1a z > log, b.

e V6i 0 < a < 1, nghiém ctia bat phuong trinh 1a z < log,, b.

Ta minh hoa bing dd thi nhu sau:

Véi a > 1 ta cé dd thi sau Véi 0 < a < 1 ta c6 do thi sau
) Yy

© BAT PHUONG TRINH LOGARIT CO BAN

Bat phuong trinh logarit co ban ¢6 dang log, > b (hodc log, x > b, log, z < b, log, z < b)
v6ia>0,a# 1.
Ta xét bat phuong trinh c6 dang a® > b.

® V6i a > 1, nghiém ciia bat phuong trinh 1a 2 > a®.

™ Véi 0 < a < 1, nghiém ctia bat phuong trinh 14 0 < 2 < a®.

Ta minh hoa bing do thi nhu sau:
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Véi a > 1 ta c6 dd thi sau V6i 0 < a < 1 tacod doé thi sau
Yy )
y = log, x
b
y== o T
b y=>
O X
y = log, =

Quan sat do thi, ta thay rang:
™ Véi a > 1, ta c6 log, x > b khi va chi khi 2 > a®.

™ Véi 0 <a <1, tacolog, x> b khi va chi khi 0 < z < a’.

BAI (4) BAI TOAN LAI SUAT NGAN HANG

@ LAI DON

€Y Pinh nghia

Lai don la s6 tién 1ai chi tinh trén sb tién gbc ma khong tinh trén sb tién 1ai do sb tién
gbc sinh ra, tic 1a tién 1ai ctia ki han truée khong dude tinh vao von dé tinh lai cho ki
han ké tiép, cho dut dén ki han ngudi gt khong dén it tién ra.

€) Cong thuc tinh

Khéch hang giii vao ngan hang A dong véi 1ai don 7%/ki han thi s6 tién khach hang nhan
dugc ca von 1an 1ai sau n ki han (n € N*) 1a

Sp =A+nAr = A1+ nr).

Z . , A 7, N T
VAN Trong tinh todn cdc bai todn lai sudt va cdc bai todn lién quan, ta nhd r% la 100"

0 LAI KEP

4. Bai toan lai suit ngan hang



Trung tam luyén thi Quoc Gia Viét Star

0 Dinh nghia

Lai kép 1a tién 1ai clia ki han trude néu ngudi giti khong rit ra thi duge tinh viao vén dé
tinh 1ai cho ki han sau.

Q Coéng thire tinh

Khach hang giii vao ngan hang A dong véi 1ai kép r%/ki han thi s6 tién khach hang nhan
dugc ca von 1an 1ai sau n ki han (n € N*) 1a

Sy = A(L+1)".

Cac cong thic lién quan

a) n=log,, (7)’ b) r% = {/ " 1; c) A= T

@ TIEN Gl HANG THANG

0 Dinh nghia

Tién gii hang thang 13 mdi thang gii ding cting mot s6 tién vao mot thai gian ¢d dinh.
€) Cong thic tinh

Dau mdi thang khach hang giii vao ngan hang sb tién A dong véi 1ai kép r%/thang thi

s6 tién khach hang nhan dugc ca von 1an 1ai sau n thang (n € N*) (nhan tién cudi thang,
khi ngan hang da tinh 1ai) la

A
Sp = ?[(l-l-r)”— (1 +7r).
Cac cong thitc lién quan
rS. rS.
=1 ——+1); = “ .
a)n Ogl'”(A(l—l—r)—i— >, b) A A+n)l+rm—1]

® cU1 NGAN HANG VA RUT TIEN GUI HANG THANG
Cong thire tinh

G1ii ngan hang sb tién 1a A dong véi 1ai suat r%/thang. Méi thang vao ngay ngan hang
tinh 14, rtt ra s6 tién 14 X dong. Tinh s6 tién con lai sau n thang 13
1+rm)"—1

S = A(1+r)r— x . & -
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@ VAY VON TRA GOP

0 Dinh nghia

Vay von tra gép la vay ngan hang s6 tién 1a A dong vdi 1ai suat r%/thang. Sau ding mot
thang ké tit ngay vay, bat dau hoan ng; hai lan hoan ng cach nhau ding mot thang, mdi
hoan ng sb tién 13 X dong va tra hét tién ng sau ding n thang.

Q Cong thire tinh

Cach tinh sb tién con lai sau n thang giéng hoan toan céng thic tinh gii ngan hang va
rit tién hang thang nén ta c6

1 n—1
Sn:A(l—i—r)”—X-%.
Dé sau ding n thang tra hét ng thi S,, = 0 nén
1 n—1 Ar(1 n
Ay —x QBT =L o ArEn)®
r 14+rn-1

( BAI TOAN TANG LUONG

€) Pinh nghia

Bai toan ting luong duge mo ta nhu sau: Mot ngusi duge lanh luwong khéi diém 1a A
dong/thang. Cit sau n thang thi luong ngudi d6 duge ting them r%/thang. Hoi sau kn
thang ngusi dé linh dugc tat ca sb tién la bao nhiéu?

€) Cong thuc tinh

Téng s6 tién nhan dudce sau kn thang la

(1+7r)k-1
—

Skn = Ak -

(® BAI TOAN TANG TRUONG DAN s6
Cong thiic tinh ting trudng dan sb 1a

X=X, (14+7)""" myn€Zt,m>n.
Trong d6

& r% la ti 1é tang dan s6 tit nam n dén nam m;

4. Bai toan lai suit ngan hang
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™ X,, 1a dan sé nam m, X,, 14 dan s6 nam n.

Tt d6 ta c6 cong thiic tinh ti 1¢ ting dan sb 1

[ Xm
7"% = "7 7 — 1.
Q LAI KEP LIEN TUC

Gtii vao ngan hang A dong véi 1ai kép 7% /nam thi s6 tién nhan duge ca von lan 1ai sau

nnam (n € N*) 1a S, = A(1+r)".

Gia st ta chia méi nam thanh m ki han dé tinh 1ai va 1ai suét mdi Ki han 1a —% thi s6
m

N T mn
tién thu dugc sau n nam 14 S,, = A (1 + —) .
m

Khi tang s6 ki han ctia mbi ndm lén v6 cyc, tiic 1 m — +o0, goi 1 hinh thic 14i kép tien
tuc thi ngudi ta ching minh duge s6 tién nhan duge ca goc 1an 1ai la S = Ae™ (cong
thitc tang trudéng mi).
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CHUONG

NGUYEN HAM - TICH PHAN
UNG DUNG TICH PHAN

BAI (1) NGUYEN HAM

@ DINH NGHIA

Cho ham s6 f(z) xac dinh tren K (K 1a khoang, doan hay nita khoang). Ham s6 F(x)
dugc goi 1a nguyén ham ctia ham s6 f(z) tréen K néu F'(z) = f(z) v6i moi z € K. Ki

hieu: / f@)dz = F(z) + C.

Dinh li 1. 1) Néu F(z) la mot nguyén ham cia f(x) trén K thi vdi méi hing s6 C, ham
56 G(z) = F(x) + C ciing la mot nguyén ham cia f(x) trén K.

2) Néu F(z) la mot nguyén ham cia f(x) tréen K thi moi nguyén ham cia f(z) trén K
déu cé dang F(z) + C, vdi C la mot hing so.
Do dé F(z) +C, C € R la ho tat cd cac nguyén ham cia f(x) trén K.

© TiINH CHAT NGUYEN HAM
/f da: —f va/f +Cd/f dx = f(x)dz.
@ Néu F(x) c6 dao ham thi: / d(F(z)) = F(z) + C.
~ /kf(x) dz = k/f(a:) dz véi k 13 hing s6 khac 0.

[:/ )+ g(x das—/f dxi/()d.

@ Cong thitc ddi bién s6: Cho y = f(u) va y = g(x).
Neu/f de=F )—|—Cth1/f( ))g'(x)dx:/f(u)du:F(u)+C’.




Trung tam luyén thi Quoc Gia Viét Star

@ 5V TON TAI NGUYEN HAM
binh li 2. Moi ham so f(x) lien tuc tréen K déu cé nguyén ham trén K.

® BANG NGUYEN HAM CAC HAM S THUONG GAP

/de:C
/dx:x-l—C
1 1 byt
z0de = — 240, | @ /a:v—i—b __(a:r—f— ) +C,a#
a+1 a o+l
(a# 1)
/—dx————l—C /xdx:x——i—C
dx
/—dx:1n|x|+C’ / ln|am—|—b|—|—C
x aw+b _a
1
/eg”dx:ex—l—C /e‘”+bdx:ae‘”‘+b+0
T 1 kx+b
/axdx:a——i—C’ v] / e P +C
Ina k Ina
1
/cosa:dx:sinQH—C /cosax+b)dmzasin(am+b)+C’
1
/Sinmdx:—cosx—i—C’ /sin(ax—l—b)dm:——cos(am—i—b)—}—C
a
1
/tanxdx:—ln|cosx|+0 /tan(ax+b)dx:—Eln|cos(aa:+b)|+0
1
/cotxdx:1n|sina:|+C’ /cot(am—i—b)dx:—ln|sin(ax—|—b)|+C’
a
1 1 1
/ dz = tanz + C /—dw:—tan(ax—i—b)—i—C
cos? cos?(ax + b) a
1 1 1
/.2 dx = —cotz + C /_Q—dx:——cot(ax+b)+0
sin® x sin“(ax + b) a
1
/(1+tan2w) dz = tanz + /(1—|—tan2(ax+b)) dz = = tan(az+b)+
a
C C
1
/(1—|—cot2x) dz = —cot z+ /(1+cot2(aﬂc+b)) dz = —=cot(ax +
a
c b)+C

@ BANG NGUYEN HAM MO RONG
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d 1
/2—332:—arctanf+0 /arcsinfdx — garcsin = +
a”+x a a a a
Va2 —a22+C
d 1
/2—332:—1n ata +C /arccosfdx = :ItarccosE -
a® —x 2a — a a
Va2 — a2+ C
d
/ﬁzln(:ﬂ—i— z2 +a?)+C /arctangdx = :varctang —
gln(a2+x2)+0
d
/ﬁ:arcsin%%—C /arccotzdx = xarccotz +
gln(a2+x2)+0
dx 1 T
/m:aarccosb’—kc
dxr dx 1 ar +b
G Va2 + a2 9 /sin(ax+b) a n‘ o ‘+
1 V2 + a2 c
I atvata +C
a T
b
v n(ax + r=\x+ — | In(ax + v e’ cosbxr dxr =
v | b)d | v] ar bxd
a
b)—xz+C € (a cos bx + bsin bx)
a? +1? ¢
Va2 — 2 s
Va2 —z2dx = — + e sin bx dx =
a® x €% (asinbx — bcos bx)
¥ resin Z C
5 arcsma +C ey +

BAI (2) CAC PHUONG PHAP TINH NGUYEN HAM

@ PHUONG PHAP DOI BIEN

0 Déi bién dang 1

Néu /f(x) dz = F(x) + C va v6i u = ¢(t) 1a ham s6 c6 dao ham thi

/ f(w) du = F(p(t) + C

2. Cac phuong phap tinh nguyén ham
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(1) Phuong phap chung

@ Budc 1: Chon x = ¢(t) , trong d6 () 1a ham s6 ma ta chon thich hgp.
™ Budc 2: Lay vi phan hai vé : dz = ¢/(¢) dt.
@ Budc 3: Bién doi : f(z)dz = fle(t)]¢'(t) dt = g(t) dt.

™ Budc 4: Khi d6 tinh : /f(m) dz = /g(t) dt = G(t) + C.

(2) Cac dau hiéu dbi bién thudng gap

Dau hiéu Cach chon
va? — x? Dit x = |a|sint; véi t € —E;z hoic z =
2°2
|a| cost; v6i t € [0;7].
Va? —a? bat » = %; voi t € [—g,g} \ {0} hodc
_ el st eto (n
x = msf,vdlte [0; 7]\ 5 7T _
va? + x? Dit © = |a|tant; v6i t € (——=; =) hodc x =
272
|a| cot t; véi t € (0;7).
\/a—l—xhoéc\/a—x Diat £ = acos2t
a—x a+x
(x—a)(b—x) Diat z = a+ (b— a)sin®¢
- Dat tan 6'te<7”7>
—_— at © = atant; véi —— = .
a? 4 z? i ’ 2°2

€) Déi bién dang 2

Néu ham s6 f(x ) lien tuc thi datx = p(¢). Trong d6 ¢(¢) cung véi dao ham ctia né (¢’ (¢)
12 nhitng ham s6 lién tuc) thi ta dugce:

/f dx—/f /g(t)dtzG(t)—i—C

(1) Phuong phap chung

@ Budc 1: Chon t = ¢(z) , trong d6 ¢(z) 1a ham s6 ma ta chon thich hgp.
™ Budc 2: Lay vi phan hai vé : dt = ¢/(¢) dt.
™ Budc 3: Bién dodi : f(z)dx = fle(t)]¢/(t) dt = g(t) dt.
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™ Budc 4: Khi d6 tinh : T = /f(x) dz = /g(t) dt =G(t) + C.

(2) Cac dau hiéu dbi bién thusng gap

DAu hiéu Cach chon
Ham s6 ¢6 mau s6 t 1a mau s6
Ham s6 f(z;/¢(2)) Dat t = /o(z).
. n
Ham s6 f(z) = cs(ilnsxizciz(;sj— . bat ¢t = tan g; (cosg # O).
Hamséf(x):; Véixz+a>0vaxz+b>0.
(z+a)(z+b) Dit t =z - a+ vz +b.

Véiz+a<Ovax+b<O0.
Ditt=+-x—a+vV—x—0.

© PHUONG PHAP NGUYEN HAM TUNG PHAN

Néu u(z), v(x) 1a hai ham s6 ¢6 dao ham lién tuc trén K:

/u(x) v (x)de = u(z) - v(z) — /v(x) ' (z) da

Hay/udv:uv—/vdu,(vc’iiduzu’(x)dx, dv =/(z)dx).

0 Phuong phap chung

@ Budc 1: Ta bién déi tich phan ban dau vé dang :

1= [ s = / f1(2) - fol) da

fl ) du_fl
dv = fa(x) U—/fg ) dz.

& Budc 3: Khi do: /udv:uv—/vdu.

& Budc 2: Dat {

2. Cac phuong phap tinh nguyén ham
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Q Cac dang thudng gap

0 DANG 1.

sinx
Phuong phdp gidi. I = /P(:c) cosz , dx.

x

e

u= P(z) u' - du= P'(z)dx
Dt sinx N —Ccosx
dv=4q cosz pdx v=1( sinz
e’ e’
—cosx —cosx
Vay I = P(z){ sinz — / sin - P'(x)dx.
e e’
(0 DANG 2.
Phuong phdp gidi. / P(z) - Inxzda.
1
_ = —dz
u=Inx x
Dit { =
dv = P(z) dz /P(az) dz = Q(x).

1
Vay I =Inz- Q(x /Q ;dx

O DANG 3.

Phuong phdp gidi. I = /eﬂﬂ {sinz} de.

cos T

Dat {u:e‘”‘c {du:ezdx
il i = —cosx
dv= {32} do w={Z

sinx

Vay]':ea; fcosz}_/{—'cosz}.ezdx'

sSin T Sin T

Bing phuong phap tuong ty ta tinh duge / {Gos) . e da sau d6 thay vao

sinx
1.
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BAI @ TICH PHAN

@) CONG THUC TINH TICH PHAN

b
/ f(z)de = F(@)|2 = F(b) - F(a) .

b b
Nhan xét. Tich phan ctia ham s6 f tit a dén b dugc ki hiu la /f(m) dz hay /f(t) dt.
a a

Tich phan dé chi phu thudc vao f va cdc can a, b ma khong phu thudc vao cdch ghi bién
50.

© TiNH CHAT CUA TiCH PHAN

Cho ham sb f(z) va g(x) lién tuc trén K, a,b, c 1a ba s6 thuoc K. Khi d6 ta c6:

@ / f(@)da =0

@ a/bﬂx)dx:—b/af(x)dx

® [ o= [ sories [ s

® /b /(@) £ g(o)] da = /b fle)do + = /b g(x)dz
@/bk J(@)da =k /bf(w)dw

(® Néu f(z) > 0,Yz € [a;b] thi /f(x)dx >0,V € [a;b].

a

3. Tich phan
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b b

@ va € [a:b] : f(z) < glz) = / f(z)da < / o(x) da.

a a

b
Vz € [a;b], néu M > f(x) > N = M(b—a) S/f(ac)deN(b—a).

BAI (4) PHUONG PHAP TiNH TiCH PHAN

0 PHUONG PHAP O BIEN

0 Phuaong phap ddi bién s6 dang 1

Pinh Iy

Néu
(@ Ham x = u(t) c6 dao ham lién tuc trén [o; 3].
(2) Ham hgp f(u(t)) duge xac dinh trén [o; 3].
@ u(a) = o, u(B) =b.

b B
Khi d6 / F@)de = / Flu(®)' (t) dt.

Phuong phap chung

Bude 1. Dat ¢ = u(t).
Budc 2. Tinh vi phan hai vé z = u(t) = dz = u/(t)dt. Déi can [ = |:zg

Budc 3. Chuyén tich phan da cho sang tich phan theo bién t.

b B
Vay 1= [ f@)de = [ fulth ) d = [ g0t = Gl = G(B) - Gl
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Q Phuong phap ddi bién sé dang 2

Pinh ly
Néu ham s6 « = u(z) don digu va c6 dao ham lién tuc trén doan [a;b] sao cho f(z)dz =
u(b)
g (u(z)) v (z)dz = g(u)du thi T = / g(u) du.
u(a)

Phuong phap chung
™ Dit v = u(z) = du = v/(z)dz.
r=b

=

r=a

., u=u(b)
& Doi can:

u=u(a) '

@ Chuyén tich phan da cho sang tich phan theo u.

b b u(a)
Vay I = /f($) dr = /g [u(z)] ' (x) de = / g(u) du.
a a o)

© PHUONG PHAP TICH PHAN TUNG PHAN

€ Pinh Iy

Néu u(x) va v(z) 1a cac ham s6 ¢6 dao ham lién tuc trén [a;b] thi

hay

Q Phuong phap chung

& Budc 1: Viét f(z) dudi dang udv = uv’ dz bing cach chon mot phan thich hgp
ciia f(z) lam w(x) va phan con lai dv = v/(z) dz.

™ Tinh du = v/dz Vav:/dv:/v’(az)dx.

4. Phudng phap tinh tich phan
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b

@ Tinh /vu’(a:) dz = va wv

a

b

a

Cach dat u va dv trong phuong phap tich phan ting phan

Diat u theo thit tu vu tién
Log - da - ma - lugng

b

/ P(x)e® dz

/bP(x) In(z) dz

b
/ P(x)cosx dx
a

b
/ez cosx dx
a

u

P(z)

eZL‘

dv

P(z)dx

cos x dx

cos x dx

Chu y: Nén chon u 14 phan ctia f(x) ma khi léy dao ham thi don gidn, chon dv = v’ dz
13 phan ctia f(x)dz 1a vi phan clia mot ham sé da blet hoac ¢6 nguyen ham dé tim.

BAI @ TICH PHAN CAC HAM $& SO CAP CO BAN

@ 1iCH PHAN HAM HO'U Ti
DANG I:

1

B B
dx 1 adx
I= — = 1 b
/aw—I—b a axr +b n jaz + | (a #0)
[0} (e
B d . B p
x
Chii y: Néu I = == b)Fadr = b) AL
1 y: Neu /(ax+b)k a/(““) ade = o gy ae + 07
« [0
DANG 2
B
I—/d—x (a #0,az® +bx + ¢ # 0Vz € [o; 4]
) ax?+bx+c ’ T
Xét A = b — 4ac.
E;/NéuA>0thix1:¥Z,x2:_b;—ﬂ,khidé
a a

ar? L br e

a(z — 1) (x — 22) - a(xll—xg) (3:—1:171 B :v—le)’
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& Néu A =0 thi

—b
= trong d6 9 = —. Suy ra
ar?+br+c alx—xp)? & 0= 9 7Y

B B
I—/ dz _1/ dzx _ 1 ’5
S oar+br+e a) (x—x0)2  alzr—x0)la
i d 0 d
81%uA<OﬂﬁI:/‘ > :/ i
ar?+bxr +c
« « a

(o 2 (5 g
o 4a?
y b [—A [—A .
Datx—I—%: ﬁtantidx: @(1+tan2t)dt.Khldo

B \/ﬂ(l—l—tath) A 2 9
I:/ da? 2(%:/1M§%&:1M%%@—a)
[~A [~A a a
@ q [( 4a2tant> -+ ( 4a2> @

DANG 3:
B
1—/de
T ) ax?+br+e
trong d6, a # 0 va f( )—Mliént c trén doan [a; ]
g , @ Vi x _ax2+bx—|—c u 8 Qg .

(1) Bang phuong phap dong nhéat hé s6 ta tim duge A va B sao cho

mz+n  Alaz® 4 bz +c) B
ar? +bx+c  ar?+br+c ar? +bx+c
~ A(2ax +b) B
Car?4br+c ar?+brtc
/ + i A(2az +b) i B
mx +n ax
S L Ly PR (S L2 A
@ uyra/azQ—Fbm—l—cx /a12+bx—|—c x+/az2—|—bx—|—cx
« « e

5. Tich phan cic ham sb s cip co ban
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B
A(2ax +b) B
® L= ——="—"—"dr=Al 2 .
1 /amz—&-bx—f—cdx n|aac —l—bx—&—cHa

[e3

B .

[e3

DANG 4:

Qz

I:/Bp(x)dx.
J )

trong do, P(z) va Q(x) la cac da thiic bién z.
(1) Néu bac P(z) 16n hon hodc bing bac Q(x) thi ta dimg phép chia da thiic.

(2) Néu bac ctia P(x) nhé hon bac ciia Q(z) thi c6 thé xét cac truong hop:

™ Q(x) chi ¢6 cac nghiem don oy, ag, -+, a, thi
P(CL‘) o A1 AQ An
Qz) -0y x—o T —

& Khi Q(z) ¢6 nghiem don va vo nghiem: Q(z) = (z — ) (2% 4 pz +q) véi
A =p?—4g <0 thi

P(z) A Bz +C

Qz) w-a a?+prtq
™ Khi Q(z) c¢6 nghiem boi
e Q(z) = (z —a)(z — B)? thi

¢ Q@) = (x - a)(x ~ ) thi
P) A B c D E

P(x) A B n C
Q) z—a x—fF (z-p)*

@ TiCH PHAN HAM VO Ti

trong d6, R [z; f(z)] c6 dang

Th.s Nguyén Hoang Viét - 0905193688 - Luyenthitracnghiem.vn



Trung tam luyén thi Quoc Gia Viét Star

© (o155 =0 1o
a—+x 2
7T.7T:|

4 R(x; a? —xz) dat x = |a| - cost, ¢ € [0;7] hodc x = |a|-sint, t€ [—5,5 )

¥ R(x; x? —az) dat « = %,t € [O,ﬁ]\{g}

1

(ax + b)\/ax? + fx +
1

Dat t = /az2 + Sx + v hodic t =

™ R(x; Wx, ¥/, -, "Yx), goi k = BSCNN {ny,--- ,n;} dat z = t*.

™ R(x; f(z)) =

v6i (ax? + Bx + ) = ax +b.

ar +b

DANG 1:

B
1

I:/—dx
vaz? +bxr +c

(o3

a # 0.

Ta ¢6 f(z) = az® +br +c = ( er)QA
T) =ax cte=a |zt o Tl
U=+ —

Dit A 20y qy = da.

" da

@ Néua>0va A <0suyra/f(z)=+/alu®+ k?).
Phuong phap giai

Dat vax? +bx +c=t— \/a-x suy ra

tc d 2yt
T = ;dx =
br+c=1t>—2Va-x N b+2y/a’ b+ 2v/a
r=a=t=tpr=F0=>t=1t [

t—Va-z=t—+a

b+2ya

5. Tich phan cic ham sb s cip co ban
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. b
@NéquOsuyraw/f(x):\/&x—l—z’.
a
Phuong phap giai
B L +b' é +b>0
—-In —|| n —
L 1 Va v 2a | la e 2a
Khido [ = [ ————dv= V" . ,
« \/6’.’1)4—% \/6~ln’x+2a‘anéu:c+2a<0.

@ Néu A > 0 suy ra /f(z) = /a(z — 21)(z — 2).

/ — t
o Néua >0 dat \/a(z —z1)(z — x2) = Kz - ziit
, —x)t
e Néua <0 dat \/a(x —a1)(x —x2) = ﬁi; _ gt
DANG 2:
B
. / _mrtn gl a0l
Vaa? + bo + ¢
Phuong phap giai
mzr+n A(aasz—&—bx—kc)/ B

 Phan tich

= +
vazx? +bx+c Vax2 +br+c VarZ +br +c
® Quy dong mau s6, sau d6 dong nhét hé s hai tit s6 dé suy ra hé hai an s6 A, B.

® Giai he tim A, B thay vao (x).

B
B 1
& Tinh I = 2A+/ax? + bx + c’ + B/—dx.
a var? +bxr +c
i 1
Trong dé / —————dz dugc tinh 6 dang 1.
var? +bxr +c
DANG 3:
B

1
I:/ de| a-m#0.
(mz +n)Vaz? +bxr+c

[

Phuong phap giai
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1 1

@ Phan tich = D
(mz +n)vaz® +bx + ¢ m(x—l——)\/axQ—i—bx—i—c
m

(1).

1 1
y:—:>dy=——dt
1 T+t T +t)2
™ Dit - =2+ — = ( ) N
Y m 1 9 1 1
r=-—t=ar‘*+br+c=al-—t] +b|——1t)+c
y Y Y

B,
@ Thay tat ca vao (1) ta duge I = /

1
VLIy?+My+ N
a/

dy, tich phan nay da tinh &
dang 1.

DANG 4:

B
I:/R(m; mwax—l—b) dz.
cr+d

[e3

trong d6 R(z;y) la ham s6 hitu ty doi v6i hai bién s6 x, y va «, 3, 7, d 1a cac hiang s6 da

biét.
Phuong phap giai

+b
E,/D“tt:vax 1).
& cr+d (1)

@ Tinh x theo ¢t (bang cach nang liiy thita bac m hai vé ctia (1) ta c¢6 dang x = ¢(t)).
@ Tinh vi phan hai vé dz = ¢'(t)dt v déi can.

/3/
@ Khido I = /R(t;ap(t))go’(t)dt.

«

(® T1iCH PHAN HAM LUONG GIAC

0 Mét s6 céng thire luvgng giac

(@ Coéng thiic cong

™ cos(a £b) = cosa-cosbFsina - sinb;

® sin(a +b) =sina - cosb + sinb - cos a;

5. Tich phan cac ham sb so cip cd ban
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tana & tanb
1Ftana-tanb’

(2) Céng thitc nhan dai

™ tan(a+b) =

1 — tan?
4 cosQazcosQa—sinQa:ZCosza—1:1—25in2a:#;
1+ tan“a
2t 2t
W sin2a = 2sina - cosa = LZ; tan 2a = anz ;
14 tan“a 1 —tan“a
™ cos3a =4cos® a — 3cosa; sin3a = 3sina — 4sin® a.
(3) Céng thiic ha bac
1- 2 1 2 1-— 2
& sin?q— cos a; g _ ltcos a; an? q — cos a;
2 2 1+ cos2a
& sin® 3sina — sin 3« 3 cos 3o + 3cos o
sinaq = ——; =
4 4
(@) Cong thiic tinh theo ¢
a 2t —t2 2t
@ V6it =tan = thi sihna = ——; cosa = ——; tana = .
2 142’ 142’ 1—¢2

(5) Cong thiic bién ddi tich thanh téng
™ cosa-cosfB = %[cos(a + B) + cos(a — B)];
™ sina-sinf = %[cos(a — B) — cos(a + B)];
™ sina-cosf = %[sin(a + ) + sin(a — B)].

(6) Coéng thiic bién doi tong thanh tich

8COSOZ—!—COSB:QCOSQ—;B-Cosa;ﬁ;
[Zcosa—cosﬂz—?sina;—ﬁ.Sinagﬁ;
8SinOﬁLSin6:QSina—;6~cos0[;6;

E;/sinozfsinB:QcosaJrﬁ.sina;ﬁ,;

E’tana—i—tanﬁ:m;
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sin(a — )

™ tana —tanf = )
cos a cos f3

(@) Coéng thiic thudng diing

. 3 + cosda
™ costa+sinta = —

. 5 + 3 cosda
& cos® a+sin®a = —

Hé qua

™ cosa + sina = /2 cos (a— %) = /2sin (a—|—%>;
™ cosa —sina = /2 cos <a+ %) = —/2sin (a— %)

Q M6t sé dang tich phan lwgng giac

b
™ Néu gip dang I = /f(sin x) coszdx ta dat t = sinx.

™ Néu gip dang I =

f(cosz)sinzdx ta dat t = cosx.

® Néu gip dang I =

@ Néu gip dang I = /f(cot T)

Se—_

dx

f(tanx) :

0s2 1

e

dx

sin’ z

a

DANG 1.

IL = /(sinar)”dx; I /(cosx)"dx

Phuong phdp gidi

@ Néu n chin thi st dung cong thitc ha bac.

5. Tich phan cac ham sb so cip cd ban

ta dit t = tanx.

ta dat t = cot x.
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@ Néu n = 3 thi st dung cong thitc ha bac hodc bién déi.

@ Néu 3n 1é (n = 2p + 1) thi thyc hién bién ddi
L = /(sinx)”dx = /(sinx)Qp + 1dx
= /(sin z)?Psinzdr = — / (1- cos? x)p d(cosx)

—/ [Cg—Czl,cos2x+-~-+(—1)ka (cost)k

+ ...+ (—1)PCP (cos® :z:)p] d(cos z)

(_1)k Ck
2k+1°7

2k+1

1
= —|C%o0sz—=Clcos®z+---+ Ccos T
p 3P

(=D” 2p+1}
+ 4 T 1C‘p(cosac) +C.

I, = /(cosx)"dx = /(cosm)2p + 1dz
/(cos x)?P cos xdr = / (1 — sin® x)p d(sin z)
= / [Cg — Clsin’z + -+ (~1)FCE (sin® z)"

-+ (—1)PCP (sin® z) ] d(sinz)

(1

1
= {C sinz — ngl,sm T4+ 1 ¥ (sina)?F !
+ - 2 )1C§(Sinx)2p+1} +C.

DANG 2.|I = /Sinmxcos" xzdx (m, n € N)

Phuong phdp gidi

(@) Trudng hgp 1: m, n la cic s6 nguyen.

téng.

@ Néu m chin, n chin thi sit dung cong thiic ha bac, bién déi tich thanh
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@ Néu m chin, n 1& (n = 2p + 1) thi bién ddi

1

& Néum

& Néu m 1¢, n 1é thi st dung bién déi 1.2. hoac 1.3. cho s6 mil 1é bé hon.

® Néu m, n la cac sb hitu ti thi bién ddi va diit v = sinz.

B

1é

= /Sinm xcos” xzda = /(sin z)"™ (cos®z) * coszdw

_.(/um(1—uﬂ"7cm (+)

/(sin x)™(cos z)?P + ldx = /(sin x)™(cos z)?P cos xdx
/(sin 2)™ (1 - sin®z)” d(sin )
/(sinx)m {Cg - Czlj sin?z + -+ (_1)kC’; (SmQ x)k

+ -+ (-1)PCE (sin2 x)p] d(sinx)

{CO (sinx)mH! e (sin )™ +3

Poom+1 P m+3
N2k 14m

o (_p)kk BiRZ)TEE

ot (=) P 2k+1+m
(sinx)2p+1+m}

e (=1)PCP—L—— | + C.

SRR RS e preea g

(m =2p+ 1), n chin thi bién d6i
/(sin z)? + 1(cos x)"dz = /(cos x)"(sin )P sin zdz
- /(cos z)" (1 — cos® x)p d(cos x)
- /(cos z)" [Cg —Cpcos’x + -+ (—1)*C¥ (cos® :1:)]C

+ -4 (—=1)PCE (cos? :c)p] d(cos )

{ o (cos z)" 1 1 (cos )" +3
Pon41 P n+3
+...+(_1)kckw
P 2k+1+n
(cosx)%“*”}
o (e ST L o
o (210G 2p+1+n +

n—1

5. Tich phan cac ham sb so cip cd ban
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m+1 n—1 m+k
2 27 2

S

la so

Tich phan (x) tinh duge < 1 trong 3 s

nguyeén.

DANG 3. |, = /(tanx)"dw; I, = /(cot x)"dz(n € N)

Phuong phdp gidi

d
4 /(1+tan2x)dx:/ ";E :/d(tanx):tanx+0;
cos?x
9 dx
& [ (1+cot’z)dz = | —5— =— [ d(cotz) = —cotz + C;
sin® z
v /tanmdx:/smxdx:—/m:—ln|cosx|—|—C’;
cos x cos T
4 /cotmdxz/c,oﬂdx:/m:ln|sinx|+C.
sin sin

BAI (6) NG DUNG CUA TICH PHAN

@ DIEN TICH HINH PHANG

0 Dién tich hinh phang gidi han bdi 1 dwéng cong va truc hoanh

Dién tich hinh phing gi6i han bdi d6 thi ham s6 y = f(x) lién tuc trén doan [a; b],
b
truc hoanh va hai duong thing = = a; x = b duge xéac dinh: S = / |f(z)|dz.
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szlﬂﬂwa

A

Q Dién tich hinh phang gidi han béi 2 dudng cong

Dién tich hinh phing giéi han bdi do thi ham s6 y = f(z), y = g(=) lién tuc trén
doan [a;b] va hai dudng thing = a, * = b dugc x4c dinh:

b

S= [ |f(z)—g(x)|dx.
Yy (C1):y = fi(z)
(H) icj)ai y = fa(z)
r=2>b

b
S=/|ﬁ@%ﬁﬂwmx

|

|

|

|

|
ol e a gz o Kb 7
(C1)

6. Ung dung ctia tich phan
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@ Néu trén doan [a;b] ham s6 f(z) khong ddi dau thi:

/ | )z = / ' fla)ar

@ Nim ving cach tinh tich phan ctia ham s6 c6 chita gia tri tuyet doi.

@ Dién tich ctia hinh phing gi6i han béi cac dudng » = g(y), * = h(y) va hai
d
duong thing y = ¢, y = d dugc xac dinh: / lg(y) — h(y)|dy.
(&

© THE TICH VAT THE VA THE TiCH KHOI TRON XOAY

€ Thé tich vat thé

Goi B la phan vat thé giéi han
béi hai miit phdng vuong géc véi
truc Oz tai cdc diém a va b; S(z)
la dién tich thiét dien ctia vat thé
bi cit bdi mit phing vuong géc
v6i truc Oz tai diém z, (a <z <
b). Gia st S(x) 1a ham s lien tuc
trén doan [a; b].

Q Thé tich khdi tron xoay

@ Thé tich khéi tron xoay dudc sinh ra khi quay hinh phiing giéi han béi cac
dudng y = f(z), truc hoanh vi hai dudng thing z = a, * = b quanh truc
Ox:
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)
; (C):y = flx)
; (Oz):y =0
19) %z Ux x=>b
\ b
\ Vomr [ 1f@)ds

@ Thé tich khéi tron xoay dudc sinh ra khi quay hinh phéng giéi han béi cac
dudng = = g(y), truc hoanh va hai dudng thing y = ¢, ¥y = d quanh truc

Oy:

(C):z=g(y)
(Oy): =0
y==c
y=d

d
Vo= [ lowPdy

@ Thé tich khéi tron xoay dudc sinh ra khi quay hinh phéng giéi han béi céc
duong y = f(z), y = g(v) v hai dudng thing r = a, * = b quanh truc Oz:

b
v:w/»ﬁmwm%mmm

6. Ung dung cta tich phan



Trung tam luyén thi Quoc Gia Viét Star

Th.s Nguyén Hoang Viét - 0905193688 - Luyenthitracnghiem.vn



Trung tam luyén thi Quoc Gia Viét Star

CHUONG

sO PHUC
BAI (1) $6 PHU'C

@ KHAI NIEM SO PHOC

™ S6 phitc (dang dai s6): z = a + bi (a, b € R). Trong d6 a 1a phan thuc, b 14 phan
40, i 1a don vi 4o, 12 = —1.

& Tap hop s6 phic ki hieu 1a C.
@ 2 1a s6 thuc < phan 4o clia z bing 0 (b = 0).
@ 2 1a 86 4o (hay con goi la thuan 4o) < phan thyc bang 0 (a = 0).

& S6 0 vira la s6 thuc vita 1a sb 4o.

© HAI 5O PHUC BANG NHAU

™ Hai s6 phiic 21 = a + bi (a, b € R) va 20 = ¢+ di (¢, d € R) bang nhau khi phan
thie va phan 4o clia ching tuong ting bang nhau.

™ Khido taviét 21 =20 @ a+bi=c+di = Zf;
@ BIEu DIEN HINH HOC SO PHIC
S6 phitc 2 = a + bi (a, b € R) dugde biéu dién béi diém y
M (a;b) hay bdi & = (a;b) trong mat phing phic (mit N M
phing véi hé toa do Ozy). \
|
|
|
|
I5) —
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® sO PHUC LIEN HOP

S6 phuc lien hop ctia 2 = a+ bi (a, b € R) 1a z = a — bi.

N

MZ=2 2+2=z+72; 2-2Z=%-

1 <ﬂ> :g;z~iza2+b2.
2

W 2z 1a sb thuc & 2z = Z; z 14 56 40 khi v& chi khi 2z = —Z.
@ MO-DUN CUA 6 PHUC
€) Pinh nghia

.. . —~ s .z . 1A s

Do dai cia véc-to OM duge goi 1a mo-dun ciia s6 phiic z va ki hiéu 1a |z|.
Vay |z| = ‘5?\7’ hay |z| = |a + bi| = ’6?\7‘ =+va?+ b2
€) M6t s6 tinh chét

& || = VaZ 112 = Vo7 = @7(; iz = |2|.

™ |2/ >0,Vz€C; |2/ =0 2=0.

z1

o |Zl‘ Z1 o 2122

& |21 - 22| = |21] - [22];

2" 22 |z

& [lz1] = [22|] < |21 2] < [21] + |22].

BAI (2) PHEP CONG TRU, NHAN CHIA $& PHUC

@ PHEP CONG VA PHEP TRU SO PHUC
Cho hai s6 phtic 21 = a+bi (a, b € R) vi 23 = ¢+ di (¢, d € R). Khi d6

z1tze=(a+c)E(b+d)i.

@ Sé dbi clia s6 phitc 2z = a + bi 1 —z = —a — bi.

® Tdng clia mot sb6 phtic véi sé phic lién hgp ctia né bing hai lan phan thuc cia sb

phtc do: z = a + bi, 2 4+ Z = 2a.
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© PHEP NHAN & PHUC
@ Cho hai s6 phitc 21 = a+bi (a, b € R) va 22 = ¢+ di (¢, d € R), khi d6

z129 = (a + bi) (¢ + di) = (ac — bd) + (ad + be) .

™ V6i moi s6 thic k vA moi s6 phitc 2 = a + bi (a, b € R), ta c6
kz=k- (a+bi) =ka+ kbi.
Dic biét, 0- z = 0 véi moi s6 phic z.

@ Liiy thita clia 4, véi moi n € N* ta c6

o 0=1 o iin =1

o il = o jintl —
° i2 —1. ° i4n+2 = _1.
02312.2'2.:72 .Z.4n+3:72..

(® CHIA HAI SO PHUC

2 . 1
@ Sbé phiic nghich d4o ctia z khac 01as6 27! = W -z
z
2! 7z 2z
& Phép chia hai s6 phitc 2/ va z £ 01a = = 2271 = o =—.
z 2 2-Z

BAI (3) PHUONG TRINH BAC HAI VOI HE sO THUC

@ CAN BAC HAI CUA s6 THYC AM

™ Cho sb z, néu c6 sb phiic z; sao cho 27 = z thi ta néi z; 1A mot can bac hai clia z.
® Moi s6 phiic z # 0 déu c6 hai can bac hai.
@ Can bac hai clia s6 thyc z am 1a 4i/|z|.

@ Tdng quét, cAc can bac hai ciia s6 thic a am 1a 4-i4/]al.

3. Phuong trinh bac hai véi hé sé thuc
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© PHUONG TRINH BAC HAI VOI HE 5O THUC

Cho phuong trinh bac hai az? +bx+c =0, Va, b, c € R, a # 0. Xét biet s6 A = b — 4ac
clia phuong trinh. Ta théy

® Khi A = 0, phuong trinh c¢6 mot nghiém thyc x = _—b

2a
b+ vA
& Khi A > 0, phuong trinh ¢6 hai nghiém phan biét xq o = —
—b+i/|A
® Khi A < 0, phuong trinh ¢6 hai nghiem phtc z; o = %H
a

BAI (4) TAP HOP DIEM BIEU DIEN $& PHUC

@ DINH NGHIA

Trong mat phing phiic, s6 phitc z = z+y-i véi z, y € R dugc biéu dién béi diem M (x,y).
Mot s6 tap hop diém biéu dién s6 phitc z thuong gip

™ ax + by + c =0 = tap hgp diém la duong thing.

® 2 =0 = tap hop diém la truc tung Oy.

® y =0 = tap hop diém la truc hoanh Ow.

& (z—a)’ + (y — b)* < R2 = tap hop diém 1a hinh tron tam I (a;b), bén kinh R.
(x—a)’+(y—b)* =R

2?2 +y? —2ax —2by +c=0
kinh R =+va2 + b% —c.

4 = tap hgp diém 1a duong tron c6 tam I (a;b), ban

Q

x > 0 = tap hop diém la mién bén phai truc tung.

Q

y < 0 = tap hgp diém la mién phia duéi truc hoanh.

x < 0 = tap hgp diém la mién bén trai truc tung.

K «

y > 0 = tap hgp diém 13 mién phia trén truc hoanh.

& y = ax® + bx + ¢ = tap hop diém la dudsng Parabol.
2?2 .
- — + = 1 = tap hgp diem la duong Elip.
a
z2 P .
& - e 1 = tap hop diem 1a dudong Hyperbol.
a
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BAI @ BAI TOAN LIEN QUAN DEN MAX, MIN MO-DUN
sO PHUC

z9 r
max |z| = |— Tl
) z z
@ Cho sb phiic z théa man |21 - z + 22| = r, (r > 0), thi ! !
z T
min |z| = |[ 2] - —].
Al |Z1|
@ Cho sb phitic z théa man |21 -z — 22| =7, (1 > 0).
max P = Z—Q—Zg, —I—Lva min P = @—zz; - .
z1 |21| Z1 ‘Zl|

@ Cho s6 phiic z théa méan |21 - 2z + 22| + |21 - 2 — 22| = k, (r > 0) thi

k2 — 4|z

max |2| =

va min |z| =

22|

5. Bai toan lién quan dén max, min mé-dun sé phic
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PHAN

11

HINH HOC
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CHUONG

KHOI BA DIEN

BAI (1) KHOI LANG TRU VA KHOI CHOP

(D Khbi lang tru (chép) 1a phan khong gian duge gisi han bdi mot hinh lang tru (chép)
ké ca hinh ling tru (chop) ay. Khéi chép cut 1a phan khong gian duge gisi han bai
mot hinh chép cut ké ca hinh chép cut Ay.

(2) Diém khong thuoc khéi lang tru (khéi chép, khdi chép cut) duge goi la diém ngoai
ctia khéi lang tru (khéi chop, khéi chop cut). Diém thuoc khéi lang tru nhung khong
thuoc hinh lang tru tng véi khéi lang tru (khoéi chop, khoéi chop cut) dé duge goi
la diém trong ctia khéi lang tru (khéi chop, khoi chép cut).

BAI (2) KHAI NIEM VE HINH DA DIEN VA KHOI DA DIEN
@ KHAI NIEM VE HINH DA DIEN

(@ Hinh da dién (goi tit 1a da dien) 1a hinh duge tao
bdi mot s6 hitu han céc da gidc thda man hai tinh
chat:

@ Hai da giac phan biét chi c6 thé hoic khong
c6 diém chung, hoiic chi ¢c6 mot dinh chung,
hoac chi c6 mot canh chung.

@ Mbi canh clia da gidc ndo ciing 1a canh chung
cua diung hai da giac.

@ Madi da giac goi 14 mot mat clia hinh da dién. Céc
dinh, canh clia cic da gidc 4y theo thi ty dudc
goi 1a cac dinh, canh ctia hinh da dién.
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© KHAI NIEM VE KHOI DA DIEN

® Khéi da dién 13 phan
khong gian dugc giéi han  diém trong
béi mot hinh da dien, ké
cd hinh da dién do6.
™ Nhimg diém khong thuoc
khéi da dién duge goi 1a
diém ngoai ctia khéi da
dién.

diem ngoai

Nhitng diém thudc khéi da dien nhung khong thuoc hinh da dien doé duge goi 1a
diém trong ctia khéi da dién. Tap hgp céac diém trong dudc goi 14 mién trong, tap
hop nhing diém ngoai dugce goi 14 mién ngoai ciia khéi da dién.

& MBbi hinh da dién chia cac diém con lai cia khong gian thanh hai mién khong giao
nhau 13 mién trong vi mién ngoai cia hinh da dién, trong dé chi c6 mién ngoai 1
chita hoan toan mot duong théng nao do.

BAI (3) HAI DA DIEN BANG NHAU

@ PHEP DOI HINH TRONG KHONG GIAN

Trong khong gian, quy tic dit tuong ting mdi diém M véi diem M’ xac dinh duy nhét
dugc goi 13 mot phép bién hinh trong khong gian.

Phép bién hinh trong khong gian dugc goi 14 phép doi hinh néu né bao toan khoang cach
gitta hai diém tuy ¥.

* Mot s6 phép doi hinh trong khong gian:

0 Phép tinh tién theo vecto o

No6i dung Hinh vé
La phép bién hinh bién mdi diém M thanh diém M’ 7/ M
—_—
sao cho MM’ = .
M

Q Phép doi xirng qua mat phang (P)
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No6i dung Hinh vé
M

La phép bién hinh bién mdi diém thuoc
(P) thanh chinh né, bién méi diém M

khong thuoc (P) thanh diém M’ sao I¥
cho (P) la mit phing trung truc clia !
MM'.

M 2

Néu phép déi xiing qua mat phing (P)
bién hinh H thanh chinh né thi (P)
dugc goi 1a miit phing doi xtng ciia H.

Q Phép déi xirng qua tam O

No6i dung Hinh vé

La phép bién hinh bién diém O thanh chinh né, bién
mdi diém M khac O thanh diém M’ sao cho O la . |
trung diém M M’. M 0 "

Néu phép ddi xiing tam O bién hinh (H) thanh chinh
n6 thi O duge goi 1a tam doi xiing cta (H).

0 Phép ddi xt’ng qua dudng thang A (phép dbi xirng truc A)

No6i dung Hinh vé

La phép bién hinh bién moi diém thuoc dudng thing
A thanh chinh né, bién mdi diém M khéng thuoc A
thanh diém M’ sao cho A la dudng trung tric cia M 0
MM’

Néu phép ddi xting truc A bién hinh (H) thanh chinh
n6 thi A dude goi 1a truc déi xing ctia (H).

Nhan xét. & Thuyc hién lién tiép cic phép doi hinh sé duoc mot phép doi hinh.

™ Phép doi hinh bién da dien (H) thanh da dién (H'), bién dinh, canh, mat cia (H)
thanh dinh, canh, mdt tuong ing cia (H').

3. Hai da dién bing nhau
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© HAI HiNH BANG NHAU

Hai hinh da dién dugc goi 1a bing nhau néu c6 mot phép doi hinh bién hinh nady thanh
hinh kia.

BAI (4) PHAN CHIA VA LAP GHEP CAC KHOI DA DIEN

No6i dung Hinh vé

Néu khoi da dien (H) 1a hgp ctia hai ' (H,)
khéi da dien (H;), (Hs) sao cho (Hj)
va (Hy) khong c¢6 chung diém trong

|
nao thi ta néi c¢é thé chia duge khdi da : <
dign (H) thanh hai khéi da dien (Hy) L
va (Hs), hay c6 thé 1ap ghép hai khoi /g |
da dien (Hy) va (Hz) véi nhau dé duge (i) |
khéi da dien (H). IS (H,)

BAI (5) KHOI DA DIEN LOI

@ kHO!I PA DIEN LOI

Mot khéi da dien duge goi 1a khéi da dien

16i néu véi bat ki hai diém A va B ndo cia ‘ a
|
|
|
|

né thi moi diém ctia doan AB ciing thuoc

khéi dé.
Khéi da dién 15i Khéi da dien khong 16i
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Luu 9:

(@ Mot khéi da dien 1a khoi da dien 16i khi va
chi khi mién trong ctia né luon nim mot phia
d6i véi mdi mit phang di qua mot mait cia
no.

(2) Coéng thitc O-le: Trong mot khéi da dién
16i néu goi D 1a s6 dinh, C 1a s6 canh, M 1a
s6 mat thi ta luén c6 D+ M = C + 2.

© KHSI DA DIEN BEU
€) Pinh nghia
(1) Khéi da dién déu 1a mot khéi da dien 16i c6 hai tinh chat sau day

® Cac mat la nhitng da giac déu p canh.
@ Mbi dinh 13 dinh chung ciia diing ¢ canh.

(2) Khéi da dien déu nhu vay goi la khéi da dien déu loai {p;q}.

€ Pinh i
Chi c6 nam khéi da dién déu. D6 la:
™ Loai {3;3}: khéi ttt dien déu.
™ Loai {4;3}: khdi lap phuong.
™ Loai {3;4}: khdi bat dien déu.
™ Loai {5;3}: kh6i mudi hai mat déu.
™ Loai {3;5}: khéi hai muoi mat déu.

Tham khéo hinh biéu dién ciia nam loai khéi da dién.

L B

Khdi hai muci

Khbi lap phuong Khbi mudi hai

Khbi tit dién déu Khéi bat dién déu mit déu

mit déu

5. Khéi da dién 15i
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Q Bang tom tat cia nam loai khéi da dién déu

Da dién déu canh a Sé Sé Sé Thé tich Bép kinh R rpét
dinh| canh| mat Vv cau ngoai tiep

Tt dien déu {3;3} 4 6 4 % aT\IE

Lap phuong {4; 3} 8 12 6 ad %3

Bat dien déu {3;4} 6 12 8 @ aTﬁ

Mudi hai mat déu {5; 3} 20 30 12 %a?’ wa

Hai muoi mat déu {3;5} 12 30 20 %ﬁa?’ Ma

Gia stt khoi da dien déu loai {p; ¢} c6 D dinh, C' canh vA M mat thi ta luon c6

‘q-D:2C:p~M‘

@® MOT 5O KET QUA QUAN TRONG VE KHOI DA DIEN LOI
0 Két qua 1
Cho mot khdi tit dien déu. Khi dé:
@ Cac trong tam ciia cic mit ctia n6 1a cac dinh ctia mot khéi tit dien déu;

@ Céc trung diém ctia cic canh clia né la cac dinh ciia mot khoi bat dién déu (khoi
tAm mat deéu).

€ Kétqua 2

Tam clia cAc mit clia mot khéi 1lap phuong 13 cac dinh clia mot khéi bat dién déu.

€) Kétqua 3

Tam clia cdc mit clia mot khéi bat dién déu 1a cac dinh ctia mot khéi lap phuong.

0 Két qua 4

Hai dinh ctia mot khéi bat dien déu dude goi 1a hai dinh d6i dién néu ching khong ciing
thuoc mot canh clia khéi d6. Doan thing ndi hai dinh déi dién goi 1a dudng chéo ciia
khéi bat dien deu. Khi dé:

& Ba duong chéo cit nhau tai trung diém ctia mdi dudng;
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& Ba duong chéo doi mot vudng goc véi nhau;

@ Ba dudng chéo biang nhau.

BAI () THE TICH KHOI DA DIEN

@ THE TiCH KHOI CHOP

No6i dung Hinh vé
1 S
VChép = gsday -h

Sys, 1 dién tich mat da;
Trong d6 déy o o Y

hla chiéu cao khoi choép.

1 A D
Vs.aBep = gSABCD -d(S, (ABCD))

C
B
© THE TiCH KHOI LANG TRU
No6i dung Hinh vé
VLéng tru Sdéy “h A c’

S;.. 1a dién tich mit da
Trong d6 { & " e

hla chiéu cao lang tru.
Lvu 3 : Lang truy ding c6 chidu cao

chinh 1a do dai canh bén.
A C
B

6. Thé tich khéi da dién
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(C) THE TICH KHOI HOP CHUY NHAT

No6i dung Hinh vé
VHC)p ch nhat = abe A [
|
Trong d6 a, b, ¢ 14 do dai cac canh B’ e c’
khéi hop chit nhat. :
A
B ¥ (o}
® THE TicH KHOI LAP PHUONG
No6i dung Hinh vé
A D
|
B’ :
I ¢’
V=a 1
I
|
A, D
e )- ______ N
B C
@ 1i 56 THE TiCH
No6i dung Hinh veé
S
Vewne _ SA SBSC y |
Vsapc  SA SB SC ¢
Thé tich khéi chép cut ABC.A'B'C’
A
h !
V=23 (B+ B + VBB
V6i B, B, h 1a dién tich hai day va chiéu cao B
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@ MOT 56 CHU Y VE DO DAI CAC DUONG DAC BIET
@ Duong chéo ctia hinh vuong canh a la av/2.
@ Dudng chéo ciia hinh lap phuong canh a la av/3.
& Duong chéo ctia hinh hop chit nhat c6 3 kich thude a, b, ¢ 1a Va2 + b2 + 2.
av/3

& Duong cao clia tam giac déu canh a la —

BAI (7) CAC CONG THU'C HINH PHANG

@ HE THUC LUQNG TRONG TAM GIAC

0 Cho A ABC vubng tai A, dudng cao AH

@ AB?+4 AC? = BC2. A
& AB? = BH - BC.
® AC?=CH - BC.

& AH - -BC = AB - AC.
L1

AH? — AB2?2  AC?’
™ AB = BC -sinC = BCcos B = ACtanC = AC cot B.

~

Q Cho A ABC c6 dd dai ba canh la a,b, c, d6 dai cac dudng trung tuyén la
Mg, My, mc; ban kinh duwdng tron ngoai tiép R; ban kinh dwdng tron ndi tiép
r; nra chuvila p

& Dinh li ham s6 cosin

a? = b2+c2—2bc cos A. b2 = a?4c%*—2accos B. ® = a?+b%—2abcos C.
& Dinh If ham s6 sin: —°— — —° = ¢ _op
i "sinA sinB sinC T
™ Do dai trung tuyén
m2:2(b2+02)—a2. m2:2(a2—|—c2)—b2. m2:2(a2—|—b2)—02.
a 4 b 4 ¢ 4

7. Céc cong thic hinh phing
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Q Cac cbng thire tinh dién tich
3.1 Tam giac

1 1 1
v = —q - = —p - — —C-
(N 54 ha 2b he 5¢ he.

1 1 1
™ S = —bcsin A = icasinB = iabsinC.

2

abc
v §— ¢
(A R
& S=pr

& S=plp—a)p—0b)(p—o).

& AABC vuong tai A: S = ABéAC _bc-Al

2
a2
& AABC déu, canh a: AH = —‘[ 5= ;/g
3.2 Hinh vuéng
™| S =ad? ( @ 1a canh hinh vuong )

3.3 Hinh ch@ nhat

®|S=a-b ( a,b 13 hai kich thudc )

3.4 Hinh binh hanh

& |S= déyxcao:AB~AD~sin@

3.5 Hinh thoi

& |S=AB-AD-sin BAD = %AC~AD (a,b 1a hai kich thudc )

3.6 Hinh thang

1 5
~ Szi(a—i—b)h ( a,bla hai day, h 1a chiéu cao )

Th.s Nguyén Hoang Viét - 0905193688 - Luyenthitracnghiem.vn



Trung tam luyén thi Quoc Gia Viét Star

3.7 T giac ¢6 hai dudng chéo vudng géc AC va BD

4 S:%AC’-BD

BAI (8) MOT & CONG THU'C TINH NHANH THE TiCH
KHOI CHOP THUONG GAP

No6i dung Hinh vé

Cho hinh chép S.ABC vé6i cac mit phing
(SAB), (SBC), (SAC) vudng goéc v6i nhau
ting doi mot, dién tich cac tam giac SAB,
SBC, SAC 1an lugt 14 Sy, So, S3. Khi d6

V2515553

Vs.apc = 3

Cho hinh chép S.ABC ¢6 SA vudng gbéc véi
(ABC), hai mat phing (SAB) va (SBC)

vuong goéc véi nhau, ASB = «, BSC = §.
Khi do

N
SB?3 . sin 2o - tan 8 AR ¢
Vs.apc = B .

O

B
Cho hinh chép dédu S.ABC ¢6 day ABC la S
tam giac déu canh bing a, canh bén bing b.
Khi dé

a?v/3b% — a?
Vsapc = ——5—. A c
12
M
B

8. Mot sb cong thiic tinh nhanh thé tich khéi chép thudng gip
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Cho hinh chép tam gidc déu S.ABC c6 canh
déy bing a va mit bén tao v6i mit phing day
géc a. Khi do

a® tan a

Vs.apc = o

Cho hinh chép tam giac déu S.ABC c6 cac
canh bén bing b vid canh bén tao v6i mat
phéng day goc (. Khi dé

V/3b3 - sin B - cos? B
1 .

Vs.aBc =

Cho hinh chép tam giac déu S.ABC c6 cac
canh day bing a vd canh bén tao v6i mat
phéng day goc (. Khi dé

a® - tan 3

Vs.apc = B

Cho hinh chép tit gidc déu S.ABCD c6 day 1a
hinh vuéng canh bing a vdh SA = SB = SC =
SD =b. Khi d6

a’V/4b? — 2a?

Vs.aBcp = 5
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Cho hinh chép t& gide déu S.ABCD c6 canh
day bang a, gbc tao bdi mat bén vh mit phing
déy 1a o. Khi do

a®tan a

Vs.aBcp = 5

Cho hinh chép t& gide déu S.ABCD c6 canh
déay bing a, SAB = a véi a € (45°;90°). Khi

do
a*vVtan® o — 1

Vs.aBcp = 5

Cho hinh chép tit giac déu S.ABCD c6 cac
canh bén bing a, géc tao bdi gitta miit bén va
miit ddy bing o véi a € (0°;90°). Khi do

4a® tan «

pep T (2 + tan® a)3

Cho hinh tam gidc déu S.ABC c6 canh day
biang a. Goi (P) la mat phéng di qua A, song
song v6i BC va vudng goéc véi mit phing
(SBC). Biét a la goc giita (P) va mat phéng
day. Khi d6

a® cot «
24

Vs.apc =

8. Mot sb cong thiic tinh nhanh thé tich khéi chép thudng gip



Trung tam luyén thi Quoc Gia Viét Star

A D’
Khbi bat dien déu cé cac dinh 14 tam cac mat - | c 7
ciia hinh lap phuong canh a. Khi dé thé tich N AN
P P (PN X N 1 \
khoi bat dién deu 1a \ \ O VoS
\ ]
710 PR S A
a3 \r\:{n:\ O
V=—. ! !
6 \\ :\\/\// \\ ! i
VLIN VX
B C

Tam cac mit bén clia mot bat dién déu canh
a la dinh ctia mot khdi lap phuong. Khi dé thé
tich ctia khéi lap phuong la

2a3\/§

V= .
27

BAI(Q) CAC CONG THU'C DAC BIET CUA THE TICH TU
DIEN

Céng thitc Diéu kién

S
Thé tich t& dién khi biét ba canh chung

mot dinh va ba gbéc gitta cac canh & dinh
dé

b
Vsapc = %C\/l —x2 —y? — 22 4 2zxyz.

Trong d6 « = cosa, y = cos B, z = cos~y.

SA=a, SB=0b, SC=c
@:a, gS\C’zﬁ, 56?427.
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Thé tich t& dien khi biét cap canh ddi,
khoang cach va gbc gita cap canh dé

1
Vagep = gabd sin .

Thé tich cta ti dién khi biét do dai canh
chung ctia hai mit, dién tich va gbc gita
hai mat doé
25185 sin «v »
Vsapc = ———.
3a

B
SasaB =51, Sasac = 52
SA = a, ((SAB), (SAC)) = a.

Thé tich khéi chép tam giac khi biét ba
canh bén, hai géc ¢ dinh va mot goc gita
hai mat bén (géc nhi dien)

abe . . )
Vs.aBc = 5 sin o sin B sin .

SA=a, SB=0b, SC=c¢
@:a, A/S?jzﬂ
((SAB), (SAC)) = .

9. Céc cong thitc dic biét ciia thé tich t dign
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z=c%+a% -2

3 IPS 2 S 2 Z ™
Thé tich khéi t dien déu Vapep = %5_ Tt dién c6 tat ca céc canh bang a.
D
A c
N
B
. . s 2
Thétkhtﬁd@ngandélvéz\/E?Z
Véiz=a?+b®—c2 y=0b+c—a? Tt dien ABCD c6 AB =CD = a,

AC =BD =b, AD = BC = c.
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CHUONG

MAT NON - MAT TRU - MAT
CAU

BAI (1) MAT NON TRON XOAY VA KHOI NON

@ MAT NON TRON XOAY

Nb6i dung Hinh vé

Dudng thang d, A cit nhau tai O va tao thanh géc
B véi 0° < B < 90°, mat phing (P) chita d, A. (P)
quay quanh truc A véi goc B khong déi = mait nén
tron xoay dinh O.

™ A goi la tryc.
™ d dudc goi 13 dudng sinh.
™ Goéc 28 goi 1a goc & dinh.

O KHOINON

| Noi dung | Hinh vé

1. Mit nén tron xoay va khdi nén
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@ Laphan khong gian dugc gidi han béi mot hinh
nén tron xoay ké ca hinh nén d6. Nhitng diém
khong thuoc khéi non goi 1a nhitng diém ngoai
ctia khdi nén.

@ Nhitng diém thudc khéi nén nhung khong
thuoc hinh nén tuong ing goi la nhing diém
trong ctia khéi nén. Dinh, mat day, duong sinh
ctia mot hinh noén cting 1a dinh, mat day, dusng
sinh ctia khéi nén tuong ng.

Cho hinh nén ¢6 chidu cao h, dudng sinh [ vd ban kinh day r.

@ Dién tich xung quanh ctia hinh nén: | S =7rl|

Xq nén

& Dién tich day (hinh tron): | S, = 77

@ Dién tich toan phan ciia hinh nén: | Sy, = Sxq + Saay = mrl +mr? |,

. ) 1 1
& Thé tich khéi nén: | Vs, = 3S4h = 5772 |

non

@ THIET DIEN KHI CAT B3I MAT PHANG

Didu kién | Két qua

C#t mit non tron xoay bsi mat phang (Q) di qua dinh clia mit nén.

4 At mit no . )
& i\;[fh(Q) cat mat non theo 2 dutng @ Thiét dien 13 tam gidc can.
™ (Q) l1a mat phang tiép dien

< e
™ Mp (Q) tiép xiic v6i mat nén theo ciia, hinh nom.

mot duong sinh.

C&t mat nén tron xoay bsi mat phang (Q) khong di qua dinh clia mat non.
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™ Mp (Q) vudng goc véi truc hinh ® Giao tuyén 1la 1 dudng
noéon. parabol.

& Mp (Q) song song véi 2 dudng @ Giao tuyén la 2 nhanh ctia
sinh hinh nén. 1 hypebol.

& Mp (Q) song song véi 1 dudng @ Giao tuyén 13 mot duong
sinh hinh nén. tron.

BAI (2) MAT TRU TRON XOAY VA KHOI TRY

@ MAT TRY

Nb6i dung

Trong mit phéng (P) cho hai dutng thing A va [
song song véi nhau, cach nhau mot khoang bing 7.
Khi quay mat phing (P) xung quanh A thi dudng
théng [ sinh ra mot mit tron xoay dudc goi 1a mit
tru tron xoay, goi tat 1a mat truy.

@ Duong thing A goi la truc.

@ Duong thing [ 1a duong sinh.

& r 1a ban kinh ctia mat tru dé.

© HiNH TRU TRON XOAY VA KHOI TRU TRON XOAY

| Noi dung | Hinh vé

2. Mat tru tron xoay va khéi tru
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Ta xét hinh chtt nhat ABCD. Khi
quay hinh ch® nhat ABCD xung
quanh dudng thing chita mot canh
nao dé6, ching han canh AB thi
duong gip khic ABCD sé& tao
thanh mot hinh goi 1a hinh tru tron
xoay, hay goi tat 1a hinh tru.

3
[
IE
4
4
4
-
-
3
3
4
4
4
4
4
&
1
1
1

& Khi quay quanh AB, hai canh AD va BC sé& vach ra hai hinh tron bing nhau goi
la hai day ctia hinh try, ban kinh ctia ching goi la ban kinh ctia hinh try.

& Do dai doan C'D goi 1a do dai duong sinh ctia hinh truy.

@ Phan miit tron xoay dugc sinh ra béi cac diém trén C'D khi quay xung quanh AB
goi la mat xung quanh ctia hinh truy.

& Khoang cach AB giita hai mit phing song song chita hai d4y 13 chiéu cao ciia hinh
tru.

Khéi tru tron xoay hay khdi tru 1a phan khong gian duge gidi han bdi mot hinh tru tron
xoay ké c hinh tru tron xoay d6. Nhiing diém khong thudc khéi tru goi 1a nhimg diém
ngoai ctia khéi tru. Nhitng diém thudc khéi tru nhung khong thudce hinh tru tuong tng
goi 1a nhitng diém trong ctia khéi tru. Mat day, chiéu cao, duong sinh, ban kinh ctia mot
hinh tru ciing 1a Mat ddy, chiéu cao, dudng sinh, ban kinh cfia khéi try tuong ng. Hinh
tru c6 chiéu cao h, dudng sinh [ va ban kinh déy r.

® Dién tich xung quanh: .

@ Dién tich toan phan: | S, = Sxq + 2" Saay = 2mrh + 272 |,

@ Thé tich khdi tru: | Vi, = Sy, - h = 72h |,

ay

BAI (3) MAT CAU VA KHOI CAU
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@ MAT CAU

No6i dung Hinh vé

Cho diém I ¢6 dinh vd mot sé thuc duong R.
Tap hop tat ca nhitng diém M trong khong
gian cach I mot khoang R duge goi 1a mit
cau tam I, ban kinh R.

Ki hiéu S(I; R). B A
Khi d6 | S(I; R) = {M|IM = R}|

© VI TRi TWONG DOI CUA MAT CAU VA MAT PHANG

Cho mit cau S(I; R) vi mit phéng (P). Goi H la hinh chiéu vuong géc ctia tam I lén
mat phing (P). Suy ra d = I H 1a khoang cach tit I dén mat phang (P). Khi d6

d>R d=R d<R
Mat cau va mit phing Mat phing tiép xtic miit Mat phang cit mat cau
khong c6 diém chung. cau: (P) 1a mat phing theo thiét dien 14 duong
tiép dién ctia mat cau va | tron c6 tam H va ban
H 1a tiép diém. kinh r = VEZ — .

.

Luu y:
Khi mit phang (P) di qua tam I ctia mat cau thi mit phang dude goi 13 mat phing kinh
va thiét dien lic d6 dugce goi 1a dudng tron 16n.

3. Mat cau va khdi cau
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@ VI TR TUONG PSI CUA MAT CAU VA DUONG THANG
Cho mat cau S(I; R) va dudng thing A. Goi H la hinh chiéu vuong géc ctia tam I lén

duong thang A. Khi dé

I1H >R

IH=R

IH <R

A khong cit mat cau.

A tiép xtc véi mit cau.
A: Tiép tuyén ctia (S).
H: Tiép diém.

A cit mat cau (S) tai hai
diém phan biét.

¢

Luu y:

Trong trudng hop A cét (S) tai hai diém phan biét A, B thi ban kinh R ctia (S) dugc

tinh nhu sau:

d(I,A)=TH

AB
R=/IH? + AH? = \|IH? + (—

r)

) DUGNG KINH TUYEN VA Vi TUYEN CUA MAT CAU
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No6i dung Hinh vé

Giao tuyén ciia mit cau véi nita mit phang co
bd 1a truc ctia mit cau dugc goi la kinh tuyén.
Giao tuyén (néu c¢6) clia mat cau véi cac mit
phing Vuong gbc véi truc dude goi 1a vi tuyén
clia mat cau.

Hai giao diém ctia mit cau véi truc duge goi
14 hai cuc ctia mit cau.

™ vi tuyén

* Mit cau ndi tiép, ngoai tiép hinh da dién.

N6i dung Hinh vé

M3t ciu noi tiép hinh da dién néu mat
cau d6 tiép xiic v6i tit ca cac mat clia

|
[P NS
N a N P N A T i
hinh da dién. Con néi hinh da dién IS N N
. -2 o N ! Lo ==
ngoal tiep mat cau. I/,/r i TT
ol
WSt 17
R eyt
:\\I \ / ,
P DU AN P H
/Iz/’_{:z\»._/"_/_,_

Miit cau ngoai tiép hinh da dién néu tat
ca cac dinh ctia hinh da dién déu ndm
trén mit cau. Con néi hinh da dién nai
tiép mit cau.

Mit cau tam O ban kinh r ngoai tiép
hinh chép S.ABCD khi va chi khi

OA=0B=0C=0D=0S=r

Cho mat cau S(I; R)

@ Dién tich mat cau:

3. Mit cAu va khéi cau (99)



Trung tam luyén thi Quoc Gia Viét Star

. PN 4
@ Thé tich khéi caw: |V = §7TR3

BAI (4) MOT sO DANG TOAN VA CONG THU'C GIAI NON
VA TRU

@ BAI TOAN MAT NON

0 Dang 1. Thiét dién ctia hinh nén cat b&i mét mat phang

No6i dung Hinh vé

Thiet dién qua truc ctia hinh nén la tam
giac can.

Thiét dién qua dinh ctia hinh nén la nhing
tam giac can c6 hai canh bén 1a hai duong sinh S
ctia hinh nén.

B
Thiét dién vudng géc véi truc ctia hinh
nén la nhimg dudng tron cé tdm nim trén S
truc cta hinh nén. !
A B
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Q Dang 2. Bai toan lién quan dén thiét dién qua dinh ctia hinh nén

Cho hinh nén c6 chiéu cao 1 h, ban kinh day r va dudng sinh /.
Mot thiét dien di qua dinh ctia hinh nén c6 khoang céch tit tam clia ddy dén mat phéng
chita thiét dien 1a d.

N6i dung Hinh vé
Goi M la trung diém ctia AC. Khi do:

& AC L (SMI).
& Géc giita (SAC) va (ABC) 1a goc SMI.
& Goéc giita (SAC) va (SI) 1a goc MSI.
& d(I,(SAC)) = IH = d.

Dién tich thiét dién

1
Sta = Sasac = QSM'AC

= %\/512 + IM?2 - 2\/AI? — IM?

h2d2 h2d2
= \/’”m\/‘m

Q Dang 3. Bai toan hinh nén ngoai tiép va ndi tiép hinh chép

Nb6i dung Hinh vé

Hinh nén ndi tiép hinh chép S.ABCD déu

la hinh noén c6 dinh S, day 1a dudng tron noi Hinh chép tit giac déu S.ABCD

tiép hinh vuong ABCD. Khi d6 hinh nén cé:
AB

@ Ban kinh day r = IM = -

& Duong cao h = SI, dudng sinh £ = SM.

4. Mot s6 dang toan va cong thiic giai nén va tru
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Hinh nén ngoai tiép hinh chép déu S.ABCD
déu la hinh nén ¢6 dinh S, day 1a dudng tron | Hinh chop ti gidc déu S.ABCD
ngoai tiép hinh vuéng ABCD. Khi d6 hinh

noén co:
& Ban kinh day

opaAC A

® Chiéu cao h = SI.
& Dudng sinh £ = SA.

Hinh nén néi tiép hinh chép S.ABC déu la
hinh nén ¢6 dinh S, day la duong tron noi tiép | Hinh chép tam gisc déu S.ABC
tam giac ABC. Khi d6 hinh nén cé S

@ Ban kinh day

r=1IM = —AM = AB\/§.
3 6
A C
& Chiéu cao h = SI.
& Duong sinh £ = SM. M
B
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Hinh nén ngoai tiép hinh chép S.ABC déu
1a hinh nén ¢6 dinh S, day la dudng tron ngoai Hinh chép tam gidc déu S.ABC
tiép tam gidc ABC. Khi d6 hinh nén c6

@ Ban kinh day

_2AM  ABV3
3 3

r=1I1A

@ Chiéu cao h = SI.
& Duong sinh £ = SA.

O Dang 4. Bai toan hinh nén cut

Khi cit hinh nén béi mot mit phang song song véi day thi phan mat phing nim trong
hinh nén 14 mot hinh tron. Phan hinh nén ndm gitta hai mat phéng néi trén ducc goi la
hinh nén cut.

No6i dung Hinh vé

Khi cit hinh nén cut bdi mot mat phing song song
v6i day thi duge mat cit 13 mot hinh tron.

Khi c#t hinh nén cut bdi mot mit phing song song
véi tryc thi duge mit cit 1a mot hinh thang can.

4. Mot s6 dang toan va cong thic giai nén va tru
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Cho hinh nén cut ¢6 R, r, h 1an lugt 14 ban kinh day
16n, ban kinh ddy nhoé va chiéu cao.

Dién tich xung quanh ctia hinh nén cut

Sxq=m-L-(R+7).

Dién tich day (hinh tron) e

Sd,y 1= 7r?
B =Y S, =n(r*+R?. ¢
{Sday 2= TR Z aay ( )

Dién tich toan phan ctia hinh chép cut
Sip=m-L- (R+7)+mr+ nR2
Thé tich khdi nén cut

1
V= gwh(zﬁ + 7% + Rr).

©) Dang 5. Bai toan hinh nén tao béi phan con lai cia hinh tron sau khi cét bé di
hinh quat

Noi dung Hinh vé
Tu hinh tron (O; R) ¢dt bo di hinh quat
AmB. Do dai cung AnB bang . Phan
con lai ctia hinh tron ghép lai duge mot
hinh nén. Tim ban kinh, chiéu cao va
do dai duong sinh ctia hinh nén dé. —
Hinh nén duge tao thanh c6 R

(=R AB
A=B

T
2nrr=r=>r=—

2
h =02 —r2

© MOT 56 DANG TOAN VA CONG THU'C GIAI BAI TOAN MAT TRU
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0 Dang 1. Thiét dién cta hinh tru cat b&i mét mat phang

Noi dung

Thiét dién vuéng goéc truc 1a mot dudng tron ban
kinh R.

Thiét dién chita truc 13 mot hinh chit nhat ABCD
trong d6 AB = 2R vi AD = h. Néu thiét dién qua
truc 1a mot hinh vuong thi A = 2R.

Thiét dién song song véi truc vd khéng chirta
truc la hinh ch® nhat BGHC c6 khoang cach t6i
truc 1a d(OO0’, (BGHC)) = OM.

4. Mot s6 dang toan va cong thic giai nén va tru
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€) Dang 2. Thé tich khéi ti¥ dién c6 2 canh la dwdng kinh 2 day

Noi dung

Hinh vé

Néu nhu AB vd CD la hai dudng kinh bat ky trén
hai day ctia hinh tru thi

Vapep = éAB -CD- 00" -sin(AB,CD).
Dic biét: Néu AB va CD vuéng goéc nhau thi

1
Vapep = EAB -CD-00'.

Q Dang 3. Xac dinh goéc, khoang cach

No6i dung

Hinh vé

Goc gitta AB va truc OO’ bang A'AB.

Khoang cach gitta AB va truc OO’ biang O’ M.
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Néu ABCD la mot hinh vuéng noi tiép trong
hinh tru thi dudng chéo ctia hinh vuong ciing
bang dudng chéo ctia hinh tru.

Nghia la canh hinh vuéng bing

/ 2
AB = 2R2+%.

0 Dang 4. Xac dinh méi lién hé giira dién tich xung quanh, toan phan va thé tich
khéi tru trong bai toan t6i uu

Noi dung Hinh vé
Mot khdi tru c6 thé tich V khong ddi.

@ Tim ban kinh ddy va chiéu cao hinh tru
dé dien tich toan phan nhé nhét

R:{’/K

el | (e
h=2¢—.
4

® Tim ban kinh day va chiéu cao hinh tru
dé dien tich xung quanh cong véi dien
tich mot day va nhd nhét

rR={/¥
0

=i/ .
T

6 Dang 5. Hinh try ngoai tiép, ndi tiép mét hinh lang try ding

S min &

Cho hinh ling tru tam giac déu noi tiép trong mot hinh tru. Thé tich khéi lang tru 1a V
thi thé tich khoi tru 1a Vig) = ?.

Cho hinh lang tru t giac déu ABCD.A'B'C’ D’ ngoai tiép trong mot hinh try. Dién tich
xung quanh hinh tru la S thi dién tich xung quanh cta hinh lang tru la Syq = §

4. Mot s6 dang toan va cong thic giai nén va tru
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BAI (5) MOT sO DANG TOAN VA CONG THU'C GIAI BAI
TOAN MAT CAU

@ MAT CAU NGOAI TIEP KHOI DA DIEN
€) Cac khai niém co ban

Truc dudng tron ngoai tiép da giac day la dudng thing di qua tam dudng tron ngoai
tiép clia da gisc day va vudng géc v6i miit phing chia da giac day. Bat ki mot diém nao
nam trén truc dudng tron ngoai tiép da giac day thi cach déu cac dinh ciia da giac doé.
Dudng trung truc ctia doan thing la dusng thing di qua trung diém clia doan thing
va vuong goéc véi doan thing d6. Bat ki mot diém nao nim trén dudng trung tryc thi
cach déu hai dau mit ctia doan théng.

Mt trung truc ctia doan thang la mit phéng di qua trung diém clia doan thing va
vuong goéc véi doan thing d6. Bat ki mot diém nio ndm trén mit trung truc thi cach
déu hai dau mit cia doan thing.

Q Tam va ban kinh mat cau ngoai tiép hinh chép

Tam mait cau ngoai tiép hinh chép la diém cach déu cac dinh ciia hinh chép. Hay
n6i cach khac, né chinh la giao diém I clia truc dudng tron ngoai tiép da gidc day v mit
phéng trung tryc ciia mot canh bén hinh chép.

Ban kinh 13 khodng cach tit I dén cac dinh clia hinh chép.

0 Cach xac dinh tdm va ban kinh mat cau ciia mét sé hinh da dién

Hinh hop chi¥ nhat, hinh lap phwong

No6i dung Hinh vé
A’ B’

Tam: tring véi tam doi xing ciia hinh

hop chit nhat (hinh lap phuong). Suy ra D N,

tam 1a I, 1 trung diém ctia A'C = 7 c
Ban kinh: bing nita do dai duong chéo !
hinh hop chit nhat (hinh 1ap phuong). SR
C' LA \\ B
Suy ra ban kinh: R = — 7 \
D C

Th.s Nguyén Hoang Viét - 0905193688 - Luyenthitracnghiem.vn



Trung tam luyén thi Quoc Gia Viét Star

Hinh lang tru dirng cé day néi tiép dudng tron

No6i dung Hinh veé
Xét hinh lang tru ding A A
Ay, Ay, Ag - Ay Ay AL AL - AL . n
trong d6 c6 2 dady A1 A2A3--- A, va \ Ay

oL
I
AL AL AL -+ Al ndi tiép duong tron (O) \i\
va (O'). Lac d6, mat cau noi tiép hinh \ As
lang try ding c6 o]
I
& Tam: I, véi I la trung diém cia A i Al
00, T R
\ Al 0
& Ban kinh: R — [A, — [A, — ,
= TA A3

Hinh chép cé cac dinh nhin doan thdng ndi 2 dinh cén lai dwéi 1 géc vudng

Noi dung Hinh vé
S
Hinh chép S.ABC ¢6 SAC = SBC = 90°.
I
@ Tam: [ la trung diém SC.
& Ban kinh:R:%ZIAZIB:IC.
A C

5. Mot s6 dang toan va cong thiic giai bai toan mit cau
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S
Hinh chép S.ABCD ¢6 SAC = SBC = SDC = 90°.
® Tam: [ 1 trung diém SC.
L, SC
E/Bank1nh:R=7=IA=IB=IC=ID. A D
B C
Hinh chép déu
No6i dung Hinh veé
Hinh chép déu S.ABC - --
S

& Goi O 1a tam cia day = SO la
tru ctia day.

@ Trong mit phing xac dinh bsi SO
va mot canh bén, chéng han nhu
mat phing (SAO), ta vé dudng
trung tryc ciia canh SA 1a A cit
SAtai M vacit SO tai I =1 la
tam ctla mit cau.

e

~N 7

ol -

Ban kinh: Y S
Ta c6 ASMI ~§SO§A=> S_OSXQQ
M -

- R=1S=—e5— =550 " X
IA=IB=1IC=---

Hinh chép cé canh bén vuéng géc véi mit phing day

Noi dung Hinh vé

Th.s Nguyén Hoang Viét - 0905193688 - Luyenthitracnghiem.vn



Trung tam luyén thi Quoc Gia Viét Star

Cho hinh chép S.ABC' --- ¢6 canh bén
SA 1L (ABC---) va day ABC --- noi
tiép duong tron tam O.

Tam vd ban kinh mit cau ngoai tiép
hinh chép S.ABC --- dugc xéac dinh
nhu sau:

™ Tu tam O ngoai tiép ddy, ta vé
dudng thing d vuong goéc véi miit
phang (ABC ---) tai O.

@ Trong mat phang (d,SA), ta
dung dudng trung truc A cla
canh SA cit SA tai M, cit d tai
I = I 13 tam mat cau ngoai tiép
hinh chép va ban kinh R=1TA =
Ic=15=---

& Tim ban kinh.
Ta ¢6 MIOB la hinh chit nhat.
Xét AMAI vuong tai M c6:
R = Al = /MI?2+MA? =

2
a0+ (24

Hinh chép khac

& Dung truc A ctia day.
@ Dung mit phéng trung tryc () ctia mot canh bén bat ki.
™ ()N A =1=TIlatam mat cau ngoai tiép ctia hinh chop.

@ Ban kinh: khodng cach tit I dén cac dinh ctia hinh chép.

Pudng tron ngoai tiép mét soé da giac thudng gap

Khi x4ac dinh tam mat cau, ta can xac dinh truc clia mat phing day, dé chinh la dudng
thing vuong goéc v6i mat phing day tai tam O ctia dudng tron ngoai tiép day. Do dé,
viéc xac dinh tam O 1a yéu t6 rat quan trong clia bai toan.

5. Mot s6 dang toan va cong thiic giai bai toan mit cau
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Hinh vuéng: O la giao diém 2 duong chéo.

Hinh chit nhat: O la giao diém 2 dudng chéo.

Tam giac déu: O la trong tam tam gidc.

DAY

Tam giac vudng: O la trung diém clia canh huyén.

X

TR

Tam gidc thuong: O la giao diém ciia 2 dudng trung tric cia

G
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2 canh trong tam giac.

© KY THUAT XAC DINH MAT CAU NGOAI TIEP HINH CHOP

No6i dung Hinh ve
Cho hinh chép S.A41 A5 ... A, (thda man diéu
kien ton tai m#t cAu ngoai tiép). Thong S

thuong, dé xac dinh mat cau ngoai tiép hinh
chép ta thiye hién theo hai buée

& Budc 1: Xac dinh tam ciia dudng tron %
ngoai tiép da giac day. Dung A la truc
dudng tron ngoai tiép da gidc day. Q)

@ Budc 2: Lap mat phing trung truc (a) 14 o
ciia mot canh bén. Lic d6 Tam O cta \ /
mit cau la giao diém ctia duong thang A

va mat phang (o). Ban kinh R = SA =
SO. Tuy vao tiing trudng hgp.

(® KV NANG XAC DINH TRUC DUONG TRON NGOAI TIEP DA GIAC DAY

0 Truc dudng tron ngoai tiép da giac day

No6i dung Hinh vé

DPinh nghia

Truc dudng tron ngoai tiép da gidc day 1a
dudng thang di qua tam duong tron ngoai tiép
day va vuong goéc véi mat phing day.

Tinh chét

V6imoi M € d thi MA=MB = MC.
Suyra MA=MB=MC & Mecd.

5. Mot s6 dang toan va cong thiic giai bai toan mit cau
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Cac buéc xac dinh truc

& Buéc 1: Xac dinh tam H cia dudng
tron ngoai tiép da giac day.

& Buéc 2: Qua H dung duong thing d’
vuong géc voi mit phing day.

Mot s6 trusng hop dac biét

& Day la tam gidc vuong.

® D&y 1a tam giac déu.

& Day la tam gidc thuong.

d/
p— L e
|
I
A
d/
B | C
A
d’l
Be—t——t— ("
A
Q Ky ndng tam giac dong dang
| Noi dung | Hinh vé
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N o SO  SM s
ASMO dong dang v6i ASTA, suy ra A= ST
M
o
I A
0 Nhan xét quan trong
MA=MB=MC L
JM, S sao cho thi SM la truc dusng tron ngoai tiép AABC.
SA=S5B=5C

@ KY THUAT S0’ DUNG HAI TRUC XAC DINH TAM MAT CAU NGOAI TIEP DA DIEN

Noi dung | Hinh vé
Cho hinh chép S.A41 A5 ... A, (thda man diéu
kien ton tai m#t cau ngoai tiép). Thong
thuong, dé xac dinh mat cau ngoai tiép hinh
chép ta thiye hién theo hai buée

& Budc 1: Xac dinh tam cta dudng tron
ngoai tiép da giac day. Dyng d’ 1a truc
dudng tron ngoai tiép da giac day.

& Buéc 2: Xac dinh truc d clia dudng tron
ngoai tiép mot mat béen (dé xac dinh)
ctia khéi chép. Lic dé

e Tam [ cia mat cau la {I} = d’'Nd.

e Béan kinh R = [A = IS. Tuy vao
tung trudng hogp.

@ 1ONG KET CAC DANG TiM TAM VA BAN KiNH MAT CAU

0 Dang 1

| No6i dung " Hinh vé |

5. Mot s6 dang toan va cong thiic giai bai toan mit cau
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Canh bén SA vuong géc day va ABC = 90°.
Khi d6 R = - va tam la trung diém cia

SC.

Q Dang 2

411 (AB? + AC? + SA?%).

a2

e Day Ia hinh vudéng canh a thi Rp = —.

2
a3

e Néu day la tam giac déu canh a thi Rp = =

No6i dung Hinh veé

Canh bén SA vuong goc day va bat ké day 1a hinh

gi, chi can tim dugc ban kinh dudng tron ngoai tiép
SA?
ctia ddy 14 Rp, khi d6 R? = R2D + R

abc
e Rp = v6i p la nta
4/p(p —a)(p = b)(p — )
chu vi.
0
e Néu AABC wvuong tai A thi Rp =
B
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Q Dang 3

Noi dung Hinh vé

Hinh chép c6 cac canh bén biang nhau SA = SB =
SC =58D, ta co s

sA2

R"2SO'

& ABCD la hinh vuong, hinh chi nhat, khi dé
O la giao ctia hai duong chéo.

™ AABC vuong, khi dé O la trung diém canh
huyeén. ~— —

& AABC déu, khi d6 O la trong tam, tryc tam,
tam duong tron ngoai tiép, noi tiép tam giac.

0 Dang 4

Noi dung Hinh vé

Hai mat phéng (SAB) va (ABC) vudng goc
v6i nhau va ¢6 giao tuyén AB. Khi dé, ta goi S
Ri, R, lan lugt 1a ban kinh dudsng tron ngoai
tiép cac tam gidc SAB va SAC. Ban kinh mat
cau ngoai tiép

AB?
W:ﬁ+ﬁ—4. A

5. Mot s6 dang toan va cong thiic giai bai toan mit cau
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a Viét Star

Q Dang 5

Cho hinh chép S.ABCD c6 dudng cao SH, tam dudng tron ngoai tiép day 1a O. Khi dé,

ta giai phuong trinh (SH — x)? + OH? = 2% + R2,. V6i gia tri = vita tim dugc, ta c6

G DANG 6

(R =1 R,

Bén kinh mat cau noi tiép | r

_ 3
S |

BAI (6) TONG HOP CAC CONG THU'C PAC BIET VE KHOI

@ CHOM CAU

TRON XOAY

No6i dung

Hinh vé

Ta ¢6 cong thitc tinh dién tich

va thé tich

Seq =2mRh = (r* + h?)

h mh
V=7Th2 (R— g) = F (h2+37'2)
@ HiNH TRU CUT
No6i dung Hinh vé
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Ta c6 cong thiic tinh thé tich, dien tich

qu =7R (hl + hQ)
v=nr(fg)

(® HINH NEM LOAI 1

Noi dung Hinh vé

Ta c6 cong thiic tinh thé tich

2
V= §R3 tan a.

(® HINH NEM LOAI 2

No6i dung Hinh vé

6. Tong hop cac cong thiic diac biét vé khdi tron xoay
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Ta ¢6 cong thiic tinh thé tich

T 2 3
V= (§_§)R tan a.

@ PARABOL BAC HAI - PARABOLOID

No6i dung Hinh vé

4
Sparabol = § Rh

(V-

1 1
V= inZh = 5 Vi

@ DIEN TiCH ELIP VA THE TICH KHOI TRON XOAY SINH B3I ELIP

No6i dung Hinh vé
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Selip = mab . R
2
onay quanh 2a — g’frab W
4 2
onay quanh 2b = §7ra b.

© DIEN TiCH HINH VANH KHAN

Noi dung Hinh vé

SZT((RZ—T‘Q). @

@ THE TICH HINH XUYEN (PHAO)

No6i dung Hinh vé

e () (55 @

6. Téng hop cac cong thiic dic bist vé khéi tron xoay
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CHUONG

HE TOA DO TRONG KHONG
GIAN

BAI (1) HE TOA PO TRONG KHONG GIAN

@ CAC KHAI NIEM VA TINH CHAT
€) Khai niém mé dau

Trong khong gian cho ba truc Oz, Oy, Oz d6i mot vudng géc. Goce toa do O, truc hoanh
Oz, truc tung Oy, truc cao Oz, cac mit toa do (Oxy), (Oyz), (Ozx).

Q Khai niém vé hé truc toa do

Khi khong gian ¢6 hé truc toa do thi goi 1a khong gian toa do Ozyz hay khong gian
Ozxyz.

/\ Chi g

® 2= 2=F2=1

& @2 =|d|.

7 =7 -K=Fk 7=0

123



Trung tam luyén thi Quoc Gia Viét Star

Q Cac céng thirc toa dd can nhé
Cho W = (a;b;¢), v = (a';0'; ).

a=a
u="vab=V
c=c.

@ U+V =(atad;btlV;ctd).
& k- U = (ka; kb; ke).
& WV =|U||V| cos(U, V)= ad +bb +cc.

u - aa’ 4+ bb' + cc

V — =
& cos (7, ) U V] Va2 + 02+ a2 02+

4 |7|:\/ﬁ: a? + b2 + 2.
U LlLTed-7=0.

4 1@ = (fCB —TAYB — YA ZB —ZA)'

& AB = ]Eﬁ\ = V(@ —2)" + (s —ya)® + (2 — 24)°.

O chuy

Géc clia hai vée-to (@, ) 1a goe hinh hoc (nhd) gitta hai tia mang céc véc-to do, gia tri
trong [0; 7] 1& sin (7, )=+/1—cos? (U, V) >0.

0 Chia ti 1é doan thang

biém M chia doan AB theo ti s6 k nghia la m = km Cong thic toa do cia M 1a

_za—krp
TME T TR

_ ya—kys
yM*il—k:

_za—kzp
ME T
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O Cong thirc trung diém

Néu M la trung diém ctia doan AB thi

. _rAa+2TB
M
MA+MB=T1 & Mzw
. _ZA—l-ZB
M=o
O Cong thire trong tam tam giac
Néu G la trong tam clia tam gidc ABC thi
TA+2TB+2xC
xng
—
GA+GB+GC =1 ygzw
2a+ 2B+ z¢
6= ——".
3
@ Cong thirc trong tam t& dién
Néu G 1a trong tam t& dien ABCD thi
rA+axp+2xc+2xp
rg = 1
—
GA+GB+GC+GD = T & § yg = LATYE U TID
z2a+2p+ 20+ z2p
zq = 4 .

0 Tich c6 hwdng cta hai véc-to

Cho hai véc-to @ = (a;b;c) v U = (a/;';¢). Tich 6 hudng clia hai vée-to @ va ¥ 1a
mot véc-to, ki hiéu [7, 7] hay q A 7, c6 toa do

[7,7]:<b ‘

vod

a b

a b

Cc a

Y i

L ) = (bd —b'c;ca’ — ac';ab’ — ba').
d a

@ Tinh chat cua tich c6 hwdng cta hai véc-to

& [u, ] vuong goc véi U va V.

1. Hé toa do trong khong gian
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& (4, V] = 0 e W, ¥ cung phuong.

@ Ung dung cua tich ¢6 hwéng cha hai véc-to
& Dien tich hinh binh hanh ABCD: § — ) [4B,4D)] ‘
@ Dieén tich tam giac ABC: S = % . Hzﬁ,ﬁ} ‘

& Ba véc-to U, U, & dong phing & [W, V] @ = 0.
@ Thé tich khéi hop c6 day 1a hinh binh hanh ABCD vi canh bén AA’:

v =|[4B, D] - a4

@ Thé tich khéi tit dien S.ABC: V =

Lt e |

© PHUONG PHAP GIAI MOT SO BAI TOAN THUONG GAP

0 Céc phép toan vé toa do clia véc-to va chia diém

Phuong phap giai
@ Sit dung cac cong thiic vé toa do clia véc-tc va clia diém trong khong gian.
@ St dung cac phép toan vé véc-to trong khong gian.

Q Xac dinh diém trong khéng gian. Chirng minh tinh chat hinh hoc. Dién tich -

The tich

Phuong phap giai
®@ Sit dung cac cong thiic vé toa do clia véc-tc va clia diém trong khong gian.
@ St dung cac phép toan vé véc-to trong khong gian.
@ Cong thitc xac dinh toa do clia cac diém dic biet.
® Tinh chit hinh hoc cta céc diém dic bigt.

e A, B, C thing hang < ﬁ, m cung phuong < ﬁ = kﬁ & [ﬁ,@] =
_)
0.
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e ABCD 1a hinh binh hanh < AL = DC.

e Cho AABC c¢6 cac chan E, F cia cidc duong phan gidc trong va ngoai cia
AB AB
goc A trén BC. Tamﬁ:_A_C.ﬁ’ﬁ:A_C.ﬁ'
e A, B, C, D khong dong phing < B, ﬁ, AD khong dong phang <
3B, 4C] . 4D 20

BAI (2) MAT PHANG

@ CAC KHAI NIEM VA TiNH CHAT
0 Khai niém vé véc-to phap tuyén

— P
Véc-to 7 khac 0 va 6 gid vuong goc mp(P) duge goi la véc-to phap tuyén ciia (P).

Q Tinh chéat ca véc-to phap tuyén

Néu 7 1a véc-to phap tuyén ciia (P) thi k7 (k # 0) ciing 1a véc-to phap tuyén ciia (P).

0 Phuaong trinh tdng quat ctia mat phang
Phuong trinh téng quat ctia mat phang (P) qua M (zo;yo; 20) va ¢ véc-td phap tuyén
W =(A;B;C) la
Az —20) + B(y — yo) + C(z — 29) = 0.
o Khai trién cGia phuwong trinh téng quat
Dang khai trién ctia phuong trinh tong quat 14 Az + By + Cz + D = 0 (trong d6 A, B,
C khong dong thoi bang 0).
6 Nhi*ng trwdng hop riéng cia phwong trinh tédng quat
P) qua gbc toa do < D = 0.
P) song song hodc tring (Ozy) & A= B =0.

Y (P)
Y (P)

¥ (P) song song hodc trung (Oyz) < B=C =0.
(P) song song hodc trung (Ozz) & A=C =0.
(P)

P) song song hoac chia truc Ox < A = 0.

2. Mit phing
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Qq

(P) song song ho#c chia truc Oy < B = 0.

@ (P) song song hodc chita truc Oz < C = 0.

Qq

(P) (khong qua gbc toa do) cat Oz tai A(a;0;0), cat Oy tai B(0;y;0), cat Oz tai

C(0;0;¢) & (P) c6 phuong trinh g + % + g =1

Q Khoang céch tir mét diém dén mét phang
Cho M (xo;y0; 20) va (P): Ax + By + Cz+ D = 0, khi d6

. |A:170 + B’y() + CZO + D|

0 Chum mét phéng

No6i dung Hinh vé

& Tap hgp tat ca cic miit phing qua giao tuyén
ctia hai mgt phang () va (3) goi la mot chiim
mit phing.

® Goi d la giao tuyén c@ia hai mit phéng
(a): Ayjz+ Biy+ Ciz+ Dy =0va (B): Asx +
Bgy + OQZ + D2 = 0

@ Khi dé néu (P) la mat phing chita d thi mat > ]
phéng (P) c6 dang
m(Aix + Biy + C1z 4+ D1) + n(Asx + Boy + \
Caz + D3) = 0 v6i m? +n? # 0.

© VIET PHUONG TRINH MAT PHANG

D@ lap phuong trinh mit phiang () ta can xac dinh mot diém thuoc (a) va mot VIPT
cia no.

0 Dang 1
Mit phing () di qua diém M (x¢;yo; 20) va ¢c6 VIPT 7 = (A; B; C) thi

(a): Az —z0) + B(y — yo) + C(z — 20) = 0.
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Q Dang 2

Mit phing () di qua diém M (x¢;y0; 20) va ¢6 cap VICP a, b thi 7t = [(‘1’,5} 14 mot
VTPT ctia ().

Q Dang 3

Mit phéng («) di qua diém M (xo;yo; 20) va song song véi (8): Az + By + Cz = 0 thi

(a): A(z — z0) + By — yo) + C(z — 20) = 0.

o Dang 4

Mit phang (a) di qua ba diém A, B, C' khong thang hang. Khi dé ta c6 thé xac dinh
mot VIPT ciia (a) la it = [AB, AC].

6 Dang 5

M3t phang («) di qua mot diém M va mot dusng thang d khong chita M:
@ Trén d lay diém A va VTCP 4.

& Mot VTPT ciia (a) la i = [AM, ).

Q Dang 6

Mit phéng («) di qua mot diém M, vuong géc véi dudng thang d thi VTCP @ clia dudng
théng d 1a mot VIPT ctia («).

0 Dang 7

Mit phéng («) chita hai duong thing cit nhau dy, da:
& Xéc dinh cac VTCP @, b ctia cac dudng thang di, ds.
& Mot VTPT cita (a) la i = [@,5].

™ Lay mot diém M thuoc d; hodc dy = M € (a).

2. Mit phing



Trung tam luyén thi Quoc Gia Viét Star

Q Dang 8

Mit phing () chita duong thang d; va song song v6i dudng thang do (hai dudng di, ds
chéo nhau):

& Xac dinh cac VTCP @, b clia céc dudng théng di, do.
& Mot VTPT cita (a) la i = [@,5].

™ Lay mot diém M thuoc dy = M € (a).

Q Dang 9

M3t phéng («) di qua diém M va song song v6i hai dudng thang chéo nhau dy, da:
& Xéc dinh cac VTCP @, b ctia cac dudng thang di, ds.

& Mot VTPT cita (a) la i = [@,5].

@ Dang 10

M3t phang (a) chita mot dudng thing d va vuong géc véi mot mit phiang (5):
® Xac dinh VTCP @ ctia d va VTPT 7ig clia (B).
™ Mot VIPT cia («) 1a 71 = (@, 7ig].

™ Lay mot diém M thuoc d = M € (a).

0 Dang 11

Mit phing () di qua diém M va vuong goc v6i hai miat phéng cit nhau (5), (7):
@ Xac dinh cac VIPT iig, 7, cta (3) va (v).
™ Mot VIPT cia («) 1a 7 = [fig, 7i,].

@ Dang 12

M3t phing (o) chita dudng thing d cho truée va cach diém M cho trude mot khoang k
cho trudc:

& Gia sit () ¢6 phuong trinh A+ By +Cz+ D =0, (A2 4+ B2+ C? #0).

™ Lay hai diém A, B € d = A, B € («), ta duge hai phuong trinh (1) va (2).
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@ Tu diéu kien khodng cach d [M, («)] = k, ta dugc phuong trinh (3).

@ Giai he phuong trinh (1), (2), (3) (biing cach cho gid tri mot an, tim céc an con
lai).

@ Dang 13

Mit phang («) tiép xtic mat cau (S) tai diém H:
™ Gia st mat cau (S) ¢6 tam I va ban kinh R.

& Mot VIPT ciia () 1a 7 = [H.

@ VI TRi TUONG BOI CUA HAI MAT PHANG

Cho hai mat phiang (P): Ax+By+Cz+D =0va (P'): Alz+ B'y+C'z+ D’ = 0. Khi
do

@ (P)cat (PY)s& A:B:C#+A:B:C".

@ (P)| (P o G=n=ot D

~ (P)E(P’)@%:%:%:%.

& (P) L(P") e iip) Liipy & iipy-iipy =0 AA + BB'+ CC' = 0.

@ KHOANG CACH VA HINH CHIEU

0 Khoang cach tir mot diém dén moét mat phang

Khoang céch tit diém Mo (zo;y0; 20) dén mit phing (a): Az + By +Cz+ D = 0 la
A B C D
My (o)) = 220t B0 1 O £ D]

VAT B2 1 (2

Q Khoang céach giira hai mat phang song song

Khoang cach gita hai miit phiing song song bang khoadng cach tit mot diém bét ki trén
mat phing nay dén mat phing kia.

Q Hinh chiéu ctia mét diém lén mot mat

M ﬁ , 1 cung phuong

Diém H la hinh chiéu ctia diém M len (P) <
He (P)

2. Mit phing



Trung tam luyén thi Quoc Gia Viét Star

0 Diém déi xtrng cia médt diém qua mat phing

) ) —
Diem M’ d6i xing M qua (P) < MM’ = 9MH.

@ GOC GITA HAI MAT PHANG

Cho hai mat phéng (), (8) c¢6 phuong trinh (a): Ayz+Biy+Crz+D1 = 0va (8): Asz+
Bgy + CQZ + D2 =0.
Goéc gitta (), (8) bang hodc bt véi goc gitta hai VIPT iy, 7ia.

| |A1 Ay + By By + C1Cy)|
|| - |7ia| A2+ B2+ C2-\/A3 + BZ+C3

cos [(@); (B)]

—

AN 07 < [(a); (B)] £90°; (@) L (8) & A1z + BiBy + C1C = 0.

@ VI TRi TUONG DOI GITA MAT PHANG VA MAT CAU. PHUONG TRINH MAT PHANG
TIEP XUC MAT CAU.

Cho mat phéng (a): Az+By+Cz+D = 0 vamit cau (9): (r—a)?+(y—b)>+(2—c)? = R?
c6 tam I.

™ (a) va (S) khong c6 diém chung < d [I; ()] > R.
™ () tiép xtic (S) & d[I; (a)] = R vé6i (a) la tiép dien.

Dé tim toa do tiép diém, ta c¢6 thé thyc hién nhu sau
@ Viét phuong trinh duong thing d di qua tam I ctia (S) va vuong géc (o).
™ Tim toa do giao diem H cta d va («), H la giao diém ctia (S) véi ().
™ () cat (S) theo mot duong tron < d [I; ()] < R.

Dé xac dinh tam va ban kinh r ctia dudng tron giao tuyén ta cé thé thyc hién nhu
sau

@ Viét phuong trinh duong thing d di qua tam I ctia (S) va vuong géc (o).

™ Tim toa do giao diéem H ciia d va («), v6i H la tam ctia dudng tron giao tuyén ciia

(S) véi ().

® Ban kinh r ctia dudng tron giao tuyén r = v R2 — TH?.
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BAI (3) BUONG THANG

@ PHUONG TRINH CUA BUSONG THANG
0 Véc-to chi phvong clia duwdng thang
Dinh nghia 1. Cho duong théng d. Néu véc-to @ # 6> va c6 gia song song hodc trung

v6i dusng phéng d thi duge goi la véc-to chi phuong ctia duong phang d. Ki hieu: q =
(a1;a2; as).

VAN
& < la VICP cia d thy k'd (k #0) cing la VTCP cia d;
& Néud di qua hai diém A, B thi AB lo mot VTCP cia d;

%
& Truc Oz c6 véc-to chi phuong @ = i = (1;0;0);

d

& Truc Oy c6 vecto chi phuong @ = j = (0;1;0);

& Truc Oz ¢6 vecto chi phiong @ =

=

= (0;0;1).
Q Phuong trinh tham sé cta duédng thang
Phuong trinh tham s6 ctia duong thing A di qua diém

My (x0; Yo; 20) va nhan q= (ar;a9;a3) lam VTCP la

T =x9+ ait
A: Qy=yo+ast (teR).

z = zy+ ast

Q Phuong trinh chinh tac ctia dwdng thang

Phuong trinh chinh tic ctia dudng thing A di qua diém My (z0;yo0; 20) va nhan q =
(a1;a2;a3) lam VTCP la

T—%o _Y—Y _ 2~ %0 (a1, as,a3 #0) .

ai a2 ag

3. Dudng thang
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© VI TR TVONG DOI

0 Vi tri twong déi chia dwdng thang va mat phing

A a A
.1 - [ﬁ
A/\M h A/ I A/M : il

Phuong phap hinh hoc

x=uzp+at (1)
Dinh li 1. Trong khong gian Oxyz, cho dudng thang A: { y=yo +ast (2) c6 véc-to
z=2zy+ast (3)
chi phuong @ = (a1;a9;a3) va di qua M = (xo;y0; 20) va mdt phing (o) : Az + By +
Cz+ D =0 ¢6 véc-to phdp tuyén W = (A; B; C).
Khi do

® An(a)={A} = @ -7 #0< Aay + Bay + Cas # 0;

@AH( )<:> 7720 Aa; + Bas +Caz =0
e
M ¢ (a) Axo+ Byo+ Czo + D # 0;
®AC()o a1 =0 Aai + Bas + Casz =0
« M e (a Axog+ Byg+ Czy+ D = 0.
Dic bigt. A L (a) < @ vd 7 cing phuong < a; s ag:as=A: B: C.
A
EA T

Phuong phap dai sb

. . t (A
Mudn tim giao diem M ctia A va (@), ta giai hé phuong trinh {p ) tim x,y, z. Suy

pt (@)
ra M(z;y; 2).
Thé (1), (2) va (3) vao phuong trinh () va rit gon dua vé dang at +b=0. (x)

™ A cit () tai mot diem < pt(*) c6 mot nghiem t;
@ A song song v6i (o) < pt(*) vo nghiém;

™ A ndm trong («) < pt(*) c6 vo s6 nghiem ¢;

& A 1 (a)< @ va 7 cing phuong.
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Q Vi tri twong déi cta hai dwdng thang

N Az Ay
M
72 71
Al A—)—.—)<—.é2 N AZ
M 71 M N 71 72 Ay 72

Phuong phap hinh hoc
Cho hai dudng thing: A; di qua M va c6 mot véc-td chi phuong 71;
Ay di qua N va ¢6 mot véc-to chi phuong Us.

4 Al = Ag = [71772] = [71,]@] = ﬁ,

& A A (1,7 =7
8299 12,308 £ 0
, (@1, 2] £ 0
@ Al ca AQ
' ‘:’{wl,m].m:o;

™ A; vd As chéo nhau < [71,72] Mz\? #0.
Phuong phap dai sb
% N . .2 5 N coe 1A R pt (Al) N
Muon tim giao diem M clia A va As, ta gidi hé phuong trinh £ (As) tim x,y, z. Suy
p 2
ra M(z;y; 2).
Q Vi tri twong déi cia dwdng thang va mat cau

x=ux9+at (1)

Cho dudng thang A: { y =yo +ast (2) vamat cau (S): (z—a)?+(y—b)>+(2—c)* = R?
z=zy+ast (3)

¢6 tam I(a;b; c), ban kinh R.

Phuong phap hinh hoc

Buédc 1: Tinh khoang cach tit tam I ctia mat cau (S) dén dudng thing A la

€
(13,3
h=d(I,A) = ST

Budc 2: So sanh d(I, A) véi ban kinh R ctia mat cau:

3. Dudng thing
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@ Néu d(I,A) > R thi A khong cat (S);
& Néud(I,A) = R thi A tiép xic véi (S);

@ Néud(I,A) < Rthi A cit (S) tai hai diém phan bigt M, N va M N vuong
goéc v6i duong kinh (ban kinh) mit cau.

LAl

Phuong phap dai sb
Thé (1), (2) va (3) vao phuong trinh () va rit gon va dua vé phuong trinh bac hai theo
t. (%)

@ Néu phuong trinh () vo nghiém thi A khong cit (S);

@ Néu phuong trinh (%) c6 mot nghiem thi A khong cit (S);

@ Néu phuong trinh (x) ¢6 hai nghiem thi d cat (9) tai hai diém phan bigt M, N.

n Dé tim toa do M, N, ta thay gia tri vao phuong trinh duong thing A. %

® GOC TRONG KHONG GIAN
€) Goc giira hai mat phing

No6i dung Hinh vé

Trong khong gian Ozyz, cho hai mat phing
(), (B) xac dinh béi phuong trinh:
1 = (A1; B1; C1)

(Oé)ZA1£U+Bly+Clz+D1 =0
(ﬁ) Asx + Boy + Coz+ Dy =0

\'l
Goi ¢ la géc gifta hai mat phang (o) va (8),
ta c6 cong thiec:
cos p = |A1A2+BlBQ+0102|
VA3 + B} +C} - /A3 + B3 + C3
Q Géc giira dwdng thang va mat phang
| No6i dung Hinh vé
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Cho duong thang

. B _ (A)

0_Y¥—Y% _~2—%0

a@ b ¢ T = (a;b;c)
ﬁ =

va mat phing (a): Az +By+Cz+D = 0.
Goi ¢ la goc gitta dudng thing A va mit
phing (a) ta cé cong thic:

(A):

(A;B; C)

|Aa + Bb+ Cc]|

sing = 0° < p <90°
VAR B VRt
€) Goc giiva hai dwong thing
Noi dung Hinh vé
Cho hai dutng thing:
. 0,©)
T—To Y—Yo Z—20 = (@&
Aq): = = %/
(A1) a b c
(Ay): Z2T0 Y=Y _ 2% =
T w b c -
Ay T2 = ( ’
Goi ¢ la géc gitta hai dudng thing (A;) va @ )
(Ag) ta c6 cong thic:
s — laa’ + b’ + cc/| 0° < <90°
¥ \/a2+b2+62.\/a12+b/2+c/2
(® KHOANG CACH
0 Khoang cach tir mét diém dén mot mit phang
| Noi dung Hinh vé

3. Pudng thiang
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Cho mit phang (a): Az + By +Cz+ D =0

va diém M (xo;90; 20). Khodng cach tir diém M (z0;Y0; 20)
M dén mat phing (a) duge tinh béi: !
3
|Azg + Byo + Czo + D| /
d[M, (o)) = — . ¢ i
VA2 4+ B2+ C
Q Khoang céch tir mét diém dén mét duong thiang
No6i dung Hinh vé
Cho duong thing (A) di qua diém
My(z0;y0; 20) va ¢6 VICP U = (a;b;c).
Khi d6 khoidng cach tit diém M; dén (A) My

dugc tinh béi cong thic:

[z )
A1, 8) = S

/L7 ()

Mo (xo; 903 20) H

Q Khoang cach giira hai dwdng thidng chéo nhau

—_—
- Mo M},

.

7]

No6i dung Hinh vé

Trong khong gian (Oxyz) cho hai dutng thing chéo
nhau: M,
(A1) ¢6 VICP W = (a;b; ¢) va qua Mo (zo; yo; 20) A

4 _/> ! / / b ! !/ / !/ A
(Ag) 6 VICP o' = (a/;V';¢") va qua M{(z(; yh; 25) 1
Khi d6 khoang cach gitta (A1) va (As) duge tinh boi A 27
cong thiic > My
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@ LAP PHUONG TRINH BUONG THANG

Dé lap phuong trinh dudong thing d ta can xac dinh mot diém thuoc d va mot VICP ciia
no.

ODang1
xr=x0+ ait

d di qua diém My (zo;yo; z0) va c6 VTCP q = (ar;a9;a3) la d: S y=1yo+ ast (t €R).
z=2zp+ ast

Q Dang 2

d di qua hai diém A, B: d c6 mot VTCP la AB.

Q Dang 3

d di qua diém My(zo;yo; z0) va song song véi dudng thing A cho trude: Vi d || A nén
VTCP ciia A cang la VTCP cua d.

0 Dang 4

d di qua diém My (zo; yo; 20) VA vudng géc véi mat phang (P) cho trude. Vi d L (P) nén
VTPT clia (P) ciing la VICP cua d.

6 Dang 5

d la giao tuyén clia hai mat phiang (P), (Q):
Cach 1: Tim mot diém va mot VT CP.
) N P
& Tim toa do mot diem A € d bang cach gidi hé phuong trinh {EQ; (v6i viec chon
gia tri cho mot an).
& Tim mot VICP cha d: @ = [7 p, W)

Céach 2: Tim hai diém A, B thudc d, roi viét phuong trinh duong thing di qua hai diém
do.

O Dang 6

d di qua diém My (wo;yo; z0) v& vuong goc véi hai dudng thang dy, do:
VidLdy,dLdynen mot VICP ctiad1a @ = [da,, @ a,)-

3. Dudng thang
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0 Dang 7

d di qua diém My (zo;yo; 20), vuong géc va ciat dudsng thing A.

@ Cach 1: Goi H 1a hinh chiéu vuéng goc ciia My trén dudng thing A.
HeA
Ta c6 . Khi d6 dudng théng d 13 duong thing di qua My, H.
{MO H 1A 0

™ Céch 2: Goi (P) 1a mat phang di qua A va vuodng géc véi d; Q 1a mat phang di qua
A va chita d. Khi d6 d = (P) N (Q).

Q Dang 8

d di qua diém My (zo; yo; z0) V& cit hai duong thing dy, dy:

& Cach 1: Goi M, € dy, My € dy. Tt diéu kien M, M;, M, thing hang ta tim dudc
My, My. Tt d6 suy ra phuong trinh duong thang d.

® Cach 2: Goi (P) = (My,dy), (Q) = (Mp,dz). Khi d6 d = (P) N (Q). Do d6 mot
VTCP ciia d c6 thé chon 1a @ = [ p, 7 q).

Q Dang 9

d ndm trong mit phéng (P) va cat ca hai duong thing d;, da:
Tim cic giao diém A = d; N (P), B = da N (P).
Khi d6 d chinh la duong théng AB.

@ Dang 10

Viét phuong trinh mit phing (P) chita A va di, mat phang (Q) chia A va ds.
Khi d6 d = (P) N (Q).

Q Dang 11

d 1a duong vuong goc chung ciia hai duong thing d, ds chéo nhau.
(@ Céch 1:

Goi M; € dl,Mg €dy. T diéu kién {

MN 1 dy .
ta tim duge M, N. Khi d6
MN 1 dy

d 1a dudng thing M N.
(2) Céch 2:
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& Vid L d; vad L nén mot véc-to chi phuong ciia d 1a @ = [@a,; @ a)-
@ Lap phuong trinh mit phang (P) chtta d va d; biang céch.

e Lay mot diém A trén d.

o Mot véc-to chi phuong ctia (P) 1a Wp = [@, @ 4.

@ Tuong tu lap phuong trinh ctia mit phéng (Q) chita d va dy. Khi d6
d=(P)N(Q).

@ Dang 12

d di qua diém M, vuong goc véi d; va cit ds.

(@ Cach 1:
Goi N la giao diém ctia d va do. Tit didu kien MN L d, ta tim dugc N.
Khi dé, d 1a duong thing M N.

(2) Cach 2:

& Viét phuong trinh mit phiang (P) va qua M va vuong géc véi d .
@ Viét phuong trinh mat phang (Q) chia M va ds.
™ Khi do d = (P) N (Q).

@ Dang 13

d di qua M, vudng goc véi di va cit ds.

(@ Cach 1:
Goi N la giao diém ctia d va dy. Tt diéu kien MN L d; ta tim duge N. Khi
dé, d 1a duong théng M N.

(2 Céch 2:
& Viét phuong trinh mit phang (P) qua M va vudng géc véi d;.
@ Viét phuong trinh mat phang (Q) chia M va ds.
& Viét phuong trinh mit phing (Q) chita M va ds.
& Khi dé d = (P)N (Q).

3. Dudng thang
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@ VI TRi TUONG PO
0 Vi tri twong déi cta hai dwdng thang

Dé xét vi tri tuong dbi gitta hai duong thing, ta c6 thé sit dung mot trong cac
phuong phap sau:

Phuong phéap hinh hoc:
g

Dua vao mbi quan hé gitta cic véc-to chi phuong va cac diém thudc dudng
thang.

(2) Phuong phap dai s6:
Duya vao s6 nghiém ciia hé phuong trinh cac dudng thing.
Q Vi tri twong déi giira dwdng thang va mat phang

Dé xét vi tri tuong ddi gitta duong thing va mit phing, ta c¢6 thé st dung mot
trong cac phuong phéap sau:

(1) Phuong phap hinh hoc:

Duya vao mdi quan hé giita véc-to chi phuwpwng ciia dudng thing vi véc-to
phap tuyén ctia mit phing.

(2) Phuong phap dai so:
Dua vao sb6 nghiém ciia hé phuong trinh dudng thing va mat phang.

®© KHOANG CACH

0 Khoang céch tir diém M dén duong thang d
(@) Cach 1:
Cho dudng théng d di qua My va ¢6 véc-to chi phuong @ thi
ond ‘ (MM, @] (
@

(2) Céch 2:

@ Tim hinh chiéu vuong goc H ciia M trén duong thing d.
& d(M,d) = MH.

(3 Cach 3:
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™ Goi N (z;y;2) € d. Tinh M N? theo ¢ (¢ 1a tham s6 trong dudng thing
d).

& Tim t dé¢ M N? nhd nhit.

& Khidé N = H, do d6 d (M, d) = MH.

Q Khoang céach giira hai dwdng thing chéo nhau
Cho hai duong thang chéo nhau d; va dy. Biét d; di qua diém M; va c6 véc-to chi
phuong @1, do di qua diém My va 6 vée-to chi phuong @ - thi
e
‘[71772] - My Mo

(@1, @]

d(dy,d2) =

e Chii y: Khodng cach gitta hai dudng thing chéo nhau d;, do bing khoang cach
gitta d; ma mat phéng () chita dy vi song song véi d;.

0 Khoang céach giira hai dwdng thang song song

Khoang céch giita hai dutng théng song song biing khoang cach tit mot diém thuoc
duong thing nay dén dudng théng kia.

0 Khoang cach giita mét duéng thing ma mat phang song song

Khoang cach giita dutng thing d v6i mat («) song song véi né bing khoang cach
tit mot diém bat ki tréen d dén mat phiang (a).

@ coc
0 Goc giira hai dwdng thang

Cho hai dudng théng dy,ds 1an lugt ¢6 cac vée-to chi phuong @1, @2. Goi a la
gbc gitta dy, ds dy,ds, ta co

- =
cosa = |cos (@1, @2)| = ||a1 |a2||.
1 -las

Q Géc giira mét dwdng thang va mét mat phéng

Cho duong thing d ¢6 véc-to chi phuong @ = = (a1;a2;a3) va mat phiang (a) c6
véc-to phap tuyén 7 = (4; B; C).

3. Dudng thang
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Géc giita dusng thang d va mat phéng («) bing goc giita d va hinh chiéu vuong
goc d' ctia n6 trén (). Ta co

(TS |Aa; + Bay + Cas|
sin (d, (a)) = .
VA2 + B2+ C?-\/a? +d3 +d3

BAI (4) MAT CAU

@ PHUONG TRINH MAT CAU

(1) Phuong trinh chinh téc
™ Phuong trinh ctia mat cau (S) tam I (a;b;c), ban kinh R 1la
(8): (x—a)’+(y—b)"+(:—¢)" =R* (1)
@ Phuong trinh (1) dugc goi la phuong trinh chinh tic clia mét cau
& Dic biet: Khi I =0 thi (S): 2% +y? +2%2=R?
(2) Phuong trinh téng quat
@ Phuong trinh : 22 + y? + 22 — 2ax — 2by — 2cz +d = 0 véi a® + b% +

¢? —d > 0 la phuong trinh ctia mat cau (S) ¢6 tam I (a;b; ¢), ban kinh
a’?+ b2 +c2—d

© GIAO CUA MAT CAU VA MAT PHANG

@ Cho mit phing () vA mat cau (S) ¢6 phuong trinh :
(a): Az + By+Cz+ D=0
(9): (z—a)’+(y—b)*+(z—0)° = R?

™ Goi d(I;()) 1a khodng cach tit tam mit cau (S) dén mat phing (a).
@ Cho mat cau S (I; R) vA mat phéng (P).
™ Goi H la hinh chiéu vuong goc ctia I len (P) = d=I1H =d(I,(P))

d>R | d=R | d<R
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Mait phing tiép xdc mit | Mat phing cidt mait cau
Mit cau vA mat phing | cau : (P) la mat phing | theo thiét dien la duong

khong c6 diém chung. tiép dién ctia mat cau va | tron cé tam I’ va ban kinh
H: tiép diém. r=+vR2—I1H?

P H¥

(® MOT s6 BAI TOAN LIEN QUAN

0 Dang 1

(S) c6 tam I (a; b; ¢) va ban kinh R thi (S): (z —a)® + (y —b)* + (2 — ¢)* = R2.

Q Dang 2

(S) c6 tam I (a; b; c) va di qua diém A thi ban kinh R = I A.

Q Dang 3

(S) nhan doan thing AB cho trudc lam dudng kinh

@ Tam I la trung diém ciia doan thing AB: x; = %;y; = %;21 =
zZA + 2B
5
AB

0 Dang 4
() di qua bén diem A, B, C, D ( mit cau ngoai tiép tit dién)

@ Gia sit phuong trinh mat cau (S) ¢6 dang : 2% + y? + 22 + 2ax + 2by + 2cz +d = 0

(*)-

4. Mit ciu
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™ Thay lan lugt toa do ctia cac diém A, B, C, D vao (*), ta dugc 4 phuong trinh.

@ Giai he phuong trinh d6, ta tim duge a, b, ¢, d = phuong trinh mit cau (5).

Q Dang 5

(S) di qua ba diém A, B, C va c¢6 tam I nim trén mat phing (P) cho trude thi giai
tuong tu dang 4.

Q Dang 6
(S) ¢6 tam I va tiép xic véi mat cau (T') cho trude
@ Xac dinh tam [ va ban kinh R’ ctia mat cau (7).

@ Sit dung diéu kien tiép xtc ctia hai mat cau dé tinh ban kinh R ctia mit cau (9).
(Xét hai truong hgp tiép xic trong va ngoai)

Cht y : V6i phuong trinh mat cau (9) : 22 + 9% + 22 + 2az + 2by + 2cz + d = 0 vo6i
a?+b2+c®>—d > 0thi (S)c6tam I (—a; —b; —c) va ban kinh R = Va2 + b2 + ¢2 — d.
Dac bigt :

Cho hai mét céu Sl (Il; Rl) va Sg (IQ; RQ)

™ 1,1, < |Ry — Ra| & (S1),(S2) trong nhau.

™ II; > Ry + Ry & (S1), (S2) ngoai nhau.

™ 1,1, = |R1 — Rs| & (S1), (S2) tiép xic trong.
& I, = Ry + Ry & (S1), (S2) tiép xic ngoai.

® |[R—1—Rs| < 115 < Ry + Ry < (S1), (S2) cit nhau theo mot dudng tron (dudng
tron giao tuyén).

0 Dang 7

Viét phuong trinh mat cau (S) c6 tam I (a; b; c), tiép xtc v6i mat phiang (P) cho trudce
thi ban kinh méat cau R = d (I; (P)).

0 Dang 8

Viét phuong trinh mat cau (S) ¢6 tam I (a; b; c), cdt mat phang (P) cho trude theo giao
tuyén 1a mot dudng tron thoa diéu kien.

® Duong tron cho trude (ban kinh hosic dién tich hodc chu vi) thi tit cong thiic dién
tich duong tron S = mr? hodc chu vi dudng tron P = 27r ta tim duge ban kinh
dudng tron giao tuyén r.
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& Tinh d = d (I, (P)).
& Tinh ban kinh méat cau R = v/d? + 2.

@ Két luan phuong trinh mat cau.

Q Dang 9

Viét phuong trinh mit cau (S) tiép xtic v6i mot dudng thing A cho trude va cé tam
I (a; b; ¢) cho trude thi dudng thing A tiép xtc v6i mit cau (S) ta c6 R =d (I, A).

@ Dang 10

Viét phuong trinh mit cau (.9) tiép xtic véi mot dudng thang A tai tiép diém M (20; yo; 20)
thudc A va c¢6 tam I thudc dudng thing d cho trude thi ta lam nhu sau

@ Viét phuong trinh mit phang (P) di qua diém M va vuong géc v6i duong thang
A.

@ Toa do tam I = (P)U A 1a nghiém ctia phuong trinh.
@ Bén kinh mit cau R=1IM =d (I, A).

@ Két luan vé phuong trinh mit cau (S).

0 Dang 11

Viét phuong trinh mat cau (S) ¢6 tam I (a; b; ¢) va cat duong thang A tai hai diém
A, B thod man diéu kién

& Do dai AB la mot hing s6.
& Tam gidc IAB la tam giac vuong.
@ Tam gidc IAB la tam gidc déu.

AB R
Thi ta xac dinh d (I, A) = IH, vi ATAB can tai [ nén HB = - va ban kinh mat cau

R dugc tinh nhu sau

® R=+IH?+ HB2.

IH
& R= )
R sin 45°
IH
& R= )
sin 60°

4. Mit cau
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@ Dang 12

Tap hop diém 14 mat cau. Gia sit tim tap hop diém M thoa tinh chat (P) nao do.

@ Tim hé thic gitta céc toa do z, y, z cia diém M.
(z —a)® + (y — b)* + (z — ) = R? hotic 2 + y® + 22 + 2az + 2by + 2cz 4+ d = 0.

@ Tim gidi han quy tich (néu c6).

® Dang 13

Tim tap hgp tam mit ciu

T=j(t
™ Tim toa do clia tam I, chang han : {y=g(t) (%)
z="h(t)

™ Khit ¢ trong (*) ta c6 phuong trinh tap hop diém.

™ Tim gi6i han quy tich (néu co).

BAI(5) MOT sO BAI TOAN GIAI NHANH CUC TRl KHONG
GIAN

@O pANG 1.

Cho mat phéng (P) va hai diem A, B. Tim M € (P) dé (M A + M B)pin.
e Phuong phap

@ Néu A vi B nam khéc phia so véi (P) =M, A, B thing hang = M = ABN (P).

@ Néu A vi B nam cling phia so véi (P) = B’ 1a diém déi xting v6i B qua (P).

@ DANG 2.

Cho mat phéng (P) va hai diem A, B. Tim M € (P) dé
e Phuong phap

MA — MB|max.

™ Néu A va B niam khac phia so véi (P) = M, A, B thing hang = M = ABN (P).

@ Néu A vi B nim cing phia so v6i (P) = B’ la diém ddi xing véi B qua (P)
= [MA— MB'| = AB.
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@ DpANG 3.

Cho diém M (zs;yar; zar) khong thuodc cac truc va cdc mat phang toa do. Viét phuong

trinh mat phang (P) qua M va cit cic tia Oz, Oy, Oz lan lugt tai A, B, C sao cho Vo apc
nhé nhét.

e Phuong phap

® DANG 4.

Viét phuong trinh mit phang (P) chita duong thing d, sao cho khoang cach tit diém
M ¢ d dén (P) la 16n nhat .
e Phuong phap

Qua Aed
2 Lo [l )

@ DANG 5.

Viét phuong trinh mit phing (P) qua A va cdch M mot khodng 16n nhat.

e Phuong phap
) Qua A
"\ 7 p = AN,

@ DANG 6.

Viét phuong trinh mit phang (P) chita duong thang d, sao cho (P) tao véi A mot goc
16n nhat(A khong song song v6i dudng thang d ).
e Phuong phdp

_ Qua Aed
(P): {ﬁp ([0 Tal, T
© pANG 7.

Cho A || (P). Viét phuong trinh dudng théng d nim trong (P) song song v4i A va cich
A mot khodng nhoé nhat .

e Phuong phap

5. Mot sb bai toan giai nhanh cuc tri khong gian
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PR . . , Qua A’
® Lay diem A € A, goi A’ 1a hinh chiéu vudng géc ctia A lén (P) thi d: o
d= UA.

@ pAnG s.

Viét phuong trinh duong thing d di qua diém A € (P) cho trude va nim trong mit
phéng (P) cho trude sao cho khodng cach tit diém M cho trude dén d 1a 16n nhat (AM
khong vuong goc véi (P)).

e Phuong phap

Lay diém A € A, goi A’ 14 hinh chiéu vuong géc ctia A len (P) thi

Qua Ae€d
0 {m: il

© DANG 9.

Viét phuong trinh duong thing d di qua diém A € (P) cho trudc vh nim trong mit

phing (P) cho trudc sao cho khoang cach tit diém M cho trude dén d 1 nhé nhat (AM
khong vuong géc véi (P)).
e Phuong phdp

Qua Aed
(o [0 2] 25).

@ DANG 10.

Viét phuong trinh duong thang d di qua diém A € (P) cho trudc, sao cho d nim trong

(P) va tao v6i duong thing A mot géc nhd nhat (A cit nhung khong vuong géc véi (P)).
e Phuong phdp

Qua Ae€d
« {5 [0 201 7]
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