CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

CHUONG 1

BAI 1. CAC PINH NGHIA

'—H
TOM TAT LY THUYET CO BAN

1. Pé xac dinh mét vécto can biét mot trong hai diéu kién sau:

- Piém déau va diém cudi cua vecto.
- b6 dai va huong.
2. Hai vecto a va b duogc goi la cuing phuong néu gia cua chling song song hoic triing nhau.
Néu hai vecto a va b cung phuong thi ching c¢6 thé cing huéng hogc nguoc hudng.
3. Do dai ciia mot vecto 1a khoang cach giita diém dau va diém cubi cia vecto do.
4. a=b khi va chi khi ‘a‘ =‘B‘ va a,b cung huéng.
5. Véi mdi diém A ta goi vecto AA 1A vecto-khong. Vecto-khéng duoc Ki hiéu la 0 va quy udc rang

‘6‘ =0, vecto 0 cung phuong cung hudng vai moi vecto.

w DANG TOAN 1: XAC PINH MQT VECTO, SU CUNG PHUONG VA HUONG CUA HAI
VECTO.

PHUONG PHAP
e Pé xac dinh vecto ta can biét diém dau va diém cudi cia vecto hoic biét do dai va hudng cua ching.
Chang han véi hai diém A, B phan biét, ta c6 hai vecto khac vecto-khong 12 AB va BA.

e Vecto a 1a vecto-khong khi va chi khi \a\ =0hoac a=AA véi A 1a diém bét ki.

Bai 1. Cho 5 diém phan biét. C6 bao nhiéu vecto khac vecto-khong c6 diém dau va diém cudi 1a céc

diém d3 cho.

Loi giai
Xét cac diem A, B,C, D, E phan biét.
Céc vecto khac vecto-khong co diém dau va diém cudi la cac diém trén la:

AB, AC, AD, AE, BA,BC,BD, BE,CA,CB,CD,CE, DA,DB, DC, DE , EA,EB,EC,ED.

Viy ¢6 20 vécto khac vecto-khong co diém dau va diém cudi 1a cac diém da cho.

Bai 2. Cho Hay tinh sb cac vecto ma cac diém dau va diém cudi duoc lay tir cac diém phan biét di cho
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trong cac truong hop sau day:
a) Hai diém. b) Ba diém. c) Bbn diém.
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a) Xét hai diém A, B phan biét. Taco AB,BA.
Vay ¢6 2 vecto khac vecto-khong co diém dau va diém cudi 1a cac diém da cho.
b) Xét cac diém A, B,C phan biét.
CAc vecto khac vecto-khong c6 diém dau va diém cubi 1a cac diém trén la:
AB, AC, BA,BC,CA,CB.
Vay c6 6 vecto khac vecto-khong c6 diém dau va diém cubi 1a cac diém da cho.
c) Xét cac diém A,B,C,D phan biét.
Céc vecto khac vecto-khong c6 diém dau va diém cudi 1a cac diém trén 1a:

AB, AC,AD, BA,BC,BD,CA,CB,CD, DA,DB,DC.

Vay c6 12 vecto khac vecto-khong co diém dau va diém cubi 1a cac diém da cho.

Bai 3. Cho hinh binh hanh. Hay chi ra cic vecto khac nhau va khic vecto — khong, c6 diém dau va
diém cubi mot trong bon diém cuia hinh hanh. Trong céc vecto trén hay chi ra:
a) Cac cap vecto cung phuong.

b) Céc cap vecto cung phuong nhung ngugc hudng.
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Loi giai

A B

Gia str hinh binh hanh [a ABCD. C6 12 vecto khic nhau va khac vecto — khong, c6 diém dau va
DB, DC

a) Cac bo vecto cung phuong véi nhau:

* AB,BA, CD, DC.

* AD, DA, BC, CB.

* AC, CA.

* BD, DB.

b) Cac cap vecto cung phuong nhung ngugc hudng.

AB va BA; AB va CD, BA va DC, AD va DA, AD va CB, DA va BC, AC va CA. BD va

DB.
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Bai 4. Xéc dinh vj tri trong di ciia ba diém phan biét A, B, C trong cac truong hop sau:
a) AB va AC cung huéng, ‘E‘ >‘E‘
b) AB va AC nguoc huéng.
c) AB va AC cung huéng va ‘ﬁ‘ <‘A—C‘
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Lai gidi
a) AB va AC cung hudng, ‘Né‘ >‘E‘
AB va AC cing huéng = diém A nim ngoai doan BC. Do Ws’\ >‘A—C‘ nén diém C la diém giita
cta hai diém A va B.
b) AB va AC nguoc hudng.
AB va AC nguoc huéng nén diém A 1a didm giita hai diém B va C.
c) AB va AC cing huéng va ‘E‘ <‘A—C‘

AB va AC ciing huéng va \ﬁ\ <\E\ nén diém B 1a diém giira cua hai diém A va C.

Bai 5. Cho hai vecto khong cung phuong U va v. Cé hay khdng cé mot vecto cing phuong véi hai

vecto do?
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Léi giai

C6, chon vecto do 1a vecto 0, vecto 0 cung phuong vi moi vecto.

Bai 6. Cho ba vecto cung phuong U,V,w. Ching t6 rang cé it nhat hai vecto trong ba vecto d6 cing
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Loi giai
ChU y rang hai vecto cting phuong chi ¢6 thé cting huéng hodc ngugc huéng.
Giastr u va v khong cung huéng.
Khi d6 vi w cung phuong véi U nén w cung hudng hoac nguoc hudng voi u.
Néu w cang huéng véi U thi bai toan duoc ching minh.

Néu w nguoc huéng véi u thi v, w cing nguoc huéng véi u nén hai vecto v, w cing huéng nhau.

Bai 7. Céc khang dinh sau ding hay sai?
a) Hai vecto cung phuong vai mot vecto thir ba thi cuing phuong.
b) Hai vecto cung phuong vai mot vecto thir ba khac 0 thi cung phuong.
¢) Hai vecto cung hudng vai mot vecto thir ba thi cung hudng.
d) Hai vecto cung hudng vai mot vecto thir ba khac 0 thi cung hudng.

e) Hai vecto ngugc hudng vai mot vecto khac 0 thi cung huong.
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f) Biéu kién can va da dé hai vecto bang nhau la chung c6 d6 dai bang nhau.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lo giai

Trong céc khang dinh trén thi:

a) Khing dinh sai trong truong hop vecto thu ba Ia vecto 0.

b) Khang dinh dang.

c) Khéng dinh sai trong trudng hop vecto thir ba 13 vecto 0.

d) Khang dinh dang.

e) Khiang dinh dang.

f) Khang dinh sai. Vi: diéu kién can va du dé hai vecto bang nhau 1a chung c6 d6 dai bang nhau va

cung hudng.

w DANG TOAN 2: CHUNG MINH HAI VECTO BANG NHAU

PHUONG PHAP

Dé chitng minh hai vecto bang nhau ta cé thé diing mét trong ba céch sau:
* Céch 1: |a|=|b| va &;b cing husng =>a=b.
e Cach 2: Ttr giac ABCD Ia hinh binh hanh = AB=DC va BC = AD.

e Cach3: Néu a=b:b=c thia=c.

Bai 1. Cho tam giac ABC ¢6 D,E,F lan luot 1a trung diém cua BC,CA, AB. Chung minh EF =CD
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Loi giai

B D C
Theo gia thiét, ta cd: D,E,F lan luot 1a trung diém cua BC,CA, AB.

= EF 1a duong trung binh AABC va EF :%BC (1).

Lai c6 D 1a trung diém BC = CD = %CB (2).
D& thay EF cung hudng CD (3)

Tir (1);(2);(3)= EF =CD.
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Bai 2. Cho hinh binh hanh ABCD. Hai diém M va N lan luot 13 trung diém cua BC va AD. PBiém

| 1a giao diém cua AM va BN, K la giao diém cua DM va CN. Chang minh AM = NC,

e Chitng minh AM = NC.

Ta co:

M trung diém BC — MC :%BC :

N trung diém AD — AN :%AD.

Ma AD =BC = AN = MC = Tu gidc AMCN 1a hinh binh hanh = AM =NC.
e Chuing minh DK = NI .

AN//MB 1
Taco: < AN = MB = ABMN Ia hinh binh hanh=>1 14 trung diém NB = NI =3 NB (1)
MN// AB

DN//MC
Ta co: DN:MC::CDMW|ammbmhmmn»K1ammgm&1MD:>DK=%DM(2y
MN// DC

.k e BN/MD
Dé thay BNDM la hinh binh hanh do 3 o Nén ND =BM (3).

Tir (1);(2);(3)= DK = NI .

Bai 3. Cho tam gi4c ABC c6 H la tryc tdm va O la tam dudng tron ngoai tiép. Goi B’ 1a diém doi

xing ciia B qua O. Chirng minh AH = B'C.
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Léi giai

e e 5
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Taco B’ 1a diém d6i xing cia B qua O nén BB’ 1a mot duong kinh cua dudng tron ngoai tiép tam
gidc ABC.

Taco:0C =% BB’ nén tam giac CBB’ vubng tai C.

. |B'CLBC
Ta co: = B'C//AH (1).
AH L BC

Tuong tu: OA=%BB' nén tam gidc ABB' vubng tai A.
., |[B/ALAB
Ta cé: = B'AIICH (2).
CH L AB

Tir (1) va (2) taco ta gidc AHCB' 12 hinh binh hanh. Suy ra AH =B'C.

Bai 4. Cho hinh vudng ABCDtam O. Liét ké tit ca cac vécto bang nhau nhan dinh hoic tdm cua hinh

vuong la diém dau va diém cuoi.
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Léi giai

A 3

o

D &

Taco: AB=DC;BA=CD; AD=BC;DA=CB:A0O=0C;0A=CO;:0B=DO:BO=0D.

Bai 5. Cho tir gia&c ABCD. Goi M,N,P,Q lan luot 13 trung diém cua cac canh AB,BC,CD,DA.

Chtng minh NP = MQ va PQ=NM .
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PG=2CA

Ta co: 21 —PQ=NM.
W:EC—A

Bai 6. Cho hinh binh hanh ABCD. Dung AM =BA, MN = DA, NP = DC,PQ=BC. Chting minh

AQ=0
Loi giai
B c

P o

4 D

N M

) ... .. |bc=AB
Taco: ABCD lahinh binhhanhnén<__ .
BC =-DA

Taco: AQ=AM +MN + NP+ PQ =BA+DA+DC +BC =(—@)+ﬁ+ﬁ+ﬁ.

=—AB+AB+DA-DA=0.

Bai 7. Cho tam gi4c ABC noi tiép duong tron tim O. Goi H 1 tryc tdm cua tam giac ABC. Tia AO
cit duong tron tam O tai D. Chiing minh HB=CD.
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Loi gidi
B
D
0
Cl
A B c

Vi H la truc tm cua tam giac ABC

nén HB L AC

Vitia AO cit dudng tron tam O tai D

nén AD la duong kinh cua duong tron tam O
= ACD =90°

< CDLAC

Tuva = HB//CD

Chung minh twong ty = BD//HC
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Do d6 tir gidc BDCH 1a hinh binh hanh
Khi d6 ta co: HB cuing chidu véi CD va ‘@‘ :‘@‘

Vay HB=CD.

Bai 8. Tt giac ABCD Ia hinh gi néu c6 AB=DC va \E\ =\§:’\.
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A D

AB=DC

Vi AB=DC < AB=DC va AB cung phuong véi DC <
AB//DC

Nén tir giac ABCD Ia hinh binh hanh
Vi \EHB—C\ < AB=BC

Nén ABCD la hinh thoi.

Bai 9. Cho |5 + B| =0. So sanh do dai, phuong va huéng cia hai vecto a va b .
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Loi giai
Ta co: ‘5+5‘=0 —a+b=0=a va b 1a hai véc to dbi nhau. Do do, hai vecto a va bclng

phuong, ngugc chiéu va cing d6 dai.

Bai 10. Cho hai véc to a va b 1a hai vecto khac vecto_khong. Khi nao dang thuc sau xay ra?

Loi giai
a) \a+5\=\a\+\5\.
L=~ —2 -~ 2 =2 =2 - =2 -2 -

Ta co: ‘a+b‘ :(a+b) =a +b +2.a.b:‘a‘ +‘b‘ +2ab.

. — ~1\2 —2 -2 ] |—
Va (\a\+\b\) :\a\ +\b\ +2.\a\.\b\.

o~ o N — o o2 . ~1\2 . ) = L = o

Do dé ‘a+b‘=‘a‘+‘b‘<:>‘a+b‘ =(‘a‘+‘b‘) @a.b:‘a‘.‘b‘, ma a.b:‘a‘.‘b‘.cos(a,b).
:>cos(a,b)=1:>(a,b):0°.

—a va b4 hai vecto cung chiéu.

Fb: ThayTrongDgl Trang 8
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o) [+ 5| =/l -[5.

(£+B)+(—B)‘.

‘5+5‘:‘5‘—‘5‘ <:>‘5+5‘+‘5‘:‘5‘ <:>‘5+5H—5‘=
hay ‘(5+5)+(—5)‘ =‘5+5‘+‘—5‘.
Ap dung phan a) ta suy ra a+b va —b 1a hai vecto cung chidu.

Hay a-+b va b 1a hai vecto nguoc chiéu.

Bai 11. Cho tam giac ABC. V& D ddi xang véi A qua B, E ddi xiing voi B qua C va F ddi xang
Vi C qua A.Goi G la giao diém cua trung tuyén AM cua tam giac ABC véi trung tuyén DN cua

tam giac DEF . Goi | va K lan luot 13 trung diém GA va GD . Chiing minh rang:
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Léi giai

a) AB=NM .
Taco AN lan luot 1a trung diém cua FC, FE
~AN-1cE-18C.
2 2
Ma W:%ﬁ suy ra AN =BM = ti gidc ANMB 12 hinh binh hanh= NM = AB..

b) MK = NI .

Tacé I,K lan luot 1a trung diém cua GA va GD :R:%E:E:W:m gidc INMK la

hinh binh hanh nén MK = NI .

Bai 12. Cho tam giac ABC va M la mot diém khong thudc céc canh caa tam giac. Goi D,E,F lan
luot 1a trung diém caa AB,BC,CA. V& diém P ddi xung v6i M qua D, diém Q ddi xung véi P

qua E, diém N déi xing véi Q qua F . Chung minh ring MA= AN .
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Loi giai
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Taco:

+) D la trung diém AB va M ddi ximg P qua D= D la trung diém MP .
Nén AMBP Ia hinh binh hanh= MA=BP (1).

+) E 1a trung diém BC va P ddi xang Q qua E = E 1a trung diém PQ.
Nén BPCQ la hinh binh hanh=>BP =QC (2).

+) F 1a trung diém AC va Q dbi xing N qua F = F 1a trung diém NQ.
Nén QCNA I hinh binh hanh= QC = AN (3).

Tir (1);(2)va (3)= AN =QC =BP=MA= MA=AN.

Bai 13. Cho tam gidc ABC vatam giac AEF c6 cling trong tdam G . Chitng minh: BE = FC.

e
Tacé G latrong tim AABC = GA+GB+GC =0 (1).
Va G latrong tim AAEF = GA+GE +GF =0 (2).
Tu (1) va (2):

= GA+GB+GC = GA+GE +GF < GB+GC = GE +GF < GC -GF =GE -GB < FC = BE

Fb: ThayTrongDgl Trang 10
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BAI 2. TONG VA HIEU CUA HAI VECTO

TOM TAT LY THUYET CO BAN

1. Pinh nghia téng va hiéu cia hai vécto va quy tic tim tong

e Cho hai vécto tily y a;b . LAy diém A tlyy, dung AB=4;BC =b . Khi d6, tdng ctia hai vecto
avabla a+tb=AB+BC=AC.

* V6ibadidm M;N;P tiyy taludn c6: MN + NP =MP (quy tic ba diém).

e Tt giac ABCD I hinh binh hanh, ta c6: AB+ AD = AC .
2. Pinh nghia vécto doi

* Vecto b 1a vecto ddi ciia vécto & néu |3 :‘6‘ va a;b 14 hai vecto ngugc huéng.

Ki higu: b =—4.

e Néu d la vecto ddi cua vécto b thi b 12 vecto déi cua vecto d hay —(-d)=4.

o Mdi vecto déu c6 vecto déi. Vecto dbi cua AB 12 BA.

* Vecto ddicua 0 12 0.
3. Pinh nghia hi¢u ciia hai vécto va quy tic tim hiéu

a-b=a+(-b).

Taco: OB—OA=AB , véibadiém O, A, B bat ky (quy tic tru).
4. Tinh chat ciia phép cong cac vécto

V&i ba vécto ;b ;¢ bat ky ta co:

e d+b =b+4 (tinh chét giao hoén).

—

d+b )+c=a+(b+c) (tinh chit két hop).

a+0=0+4 (tinh chét vécto khong).

5. Tinh chét trung dém doan thiang va trong tam tam giac
a) Piém | 1a trung didm ctia doan thing AB khi va chi khi 1A+ IB=0.

b) Piém G 1a trong tm cua tam gidc ABC khi va chi khi GA+GB+GC =0.

Ia DANG TOAN 1: CHUNG MINH PANG THUC VECTO

I PHUONG PHAP

Fb: ThayTrongDgl Trang 11
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Str dung quy tic ba diém, quy tac hinh binh hanh, hé thic trung diém, trong tam két hop véi cac tinh chat

phép cong, phép trir, phép nhan dé bién d6i twong dwong cho biéu thirc can ching minh. Khi d6 ta ¢
hudéng sau:

e Céch 1: Bién ddi mot vé thanh mot vé con lai. Khi d6 néu xuat phat tir vé phirc tap, ta can thuc hién viéc
don gian biéu thirc. Con néu xuét phat tir vé don gian, ta can thuc hién phép phan tich vecto.

e Céch 2: Bién d6i ding thirc can ching minh vé mot diang thire da biét 1a luon dang. Hodc nguoc lai, bién

d6i mot dang thirc vecto 1a ludn dang thanh ding thie vecto can ching minh.

Bai 1. Cho 5 diém A,B,C,D, E . Chang minh rang:

a) AB+CD+EA=CB+ED. b) CD+EA=CA+ED.
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Lai giai
a) AB+CD+EA=CB+ED.
< (AB~CB)+CD+(EA-ED) =0
< AB+BC +CD+DA=0
< AA=0.
b) CD+EA=CA+ED.
< CD-CA=ED-EA
< AD=AD.

Bai 2. Cho cho tir gi4c 16i ABCD. Goi E,F lan luot 1a trung diém cua AB,CD va G la trung diém
EF . Chang minh rang:

a) AC +BD = AD + BC = 2EF . b) GA+GB+GC+GD=0.
Loi giai
B
E
A
D F c

a) AC+BD=AD+BC =2EF.

¢ AC+BD=2EF (1).

Do E la trung diém AB nén 20E =OA+OB véi O la mot diém tly .
Do F la trung diém CD nén 20F =OC +0D véi O 1a mét diém tly y.
(1) < OC —OA+0D -OB = 20F - 20E

Fb: ThayTrongDgl Trang 12
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0C - OA+ 0D~ 0B —(OC +0D)~(0A+OE)

0 0 0 0

@(@—@J+{®—®]—(@—@J+(ﬁ—@]:f):DPCM.

Y Y Y —

* AD+BC =2EF (2).

Do E la trung diém AB nén 20E =OA+OB véi O la mot diém tly y.
Do F 14 trung diém CD nén 20F =OC +OD véi O 1a mot diém tly y.
(2) < OD -0OA+0C - OB = 20F - 20E

0D - O+ OC - 0B —(OC + OD) - (OA-+ OB

<|0C-0C |+| OD-0D |-| OB-0B |+| OA—OA |=0=bPPCM.

0 0 0 0
b) GA+GB+GC+GD =0 (3).
Do E la trung diém AB nén 20E =OA+OB véi O [a mot diém tly y.
Do F la trung diém CD nén 20F =OC +O0D véi O 1a mét diém tly y.
(3)@(2@—@)+@+(§+(ZG—F—C¥):6
@2@+2@:6©2(ﬁ+(¥]:6:DPCM.

5/_/

0

Bai 3. Cho hinh binh hanh ABCD. Hai diém M va N lan luot I3 trung diém cuia BC va AD. Tim
téng cua hai vecto NC va MC: AM va CD: AD va NC.
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Léi giai

A N D

Vi MC = AN, nén: NC+MC = AN +NC = AC..
Vi m:N—C,nén: AM +CD=NC+CD=ND.
Goi | 1atrung diém NC.
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a) Chirng minh ring W:%(E+E):%(E+ﬁ).

b) Goi | 1a trung diém cia MN . Ching minh ring: 1A+ 1B +IC+ID =0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

B

, . o= 11— =\ 1=
a) Chtrng minh rang MN :E(AB+ DC)zE(AC+ DB).
e Chirng minh W:%(ﬁ+ﬁ).
Vi M la trung diém cia AD nén MA+MD =0
Vi N 1a trung diém ciia BC nén BN +CN =0
Ap dung quy tic ba diém, ta co:

MN = MA+ AB + BN
MN =MD + DC +CN

=5 2NN —(MA+ MD) + AB+CD + (BN +CN ) =0+ AB+ CD + 0 AB+CD
1

:W:E(EJFD—C’).

e Ching minh %(@+FC):%(E+@)

- = AB+CD=AC+DB+CB+BC=AC+DB=.

AB=AC+CB
DC =DB+BC

Viy: MIN = (AB+DC) = (AC+DB) =,

b) Goi | 1a trung diém cia MN . Chiing minh rang: IA+1B+IC+ID=0.
Ap dung hé thirc trung diém, ta co:

. :ﬁ+ﬁ+@+ﬁ:2(W+IN):2.6:O.

A+ 1D =2IM . .
IB+ID=2IN

Bai 5. Cho luc gidc déu ABCDEF tam O. Chiing minh: OA+OB +0OC +OD +OE +OF =0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
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A B
Vi O 1a tam cua hinh luc giac déu ABCDEF nén ta c6: OA va OD; OB va OE; OC va OF la
cac cip vecto d6i nhau nén ta co:
OA-+OB+0C +0D+OE +OF =0
@(ﬁ+@)+(@+ﬁ)+(o—0+(¥):6

<0=0.

Bai 6. Cho ngii giac déu ABCDE tam O.
a) Chtng minh ring: hai vecto OA+OB va OC +OE déu cung phuong véi OD.

b) Chitng minh hai vecto AB va EC cung phuong.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
Loi giai

M

a) Chirng minh rang: hai vecto OA+OB va OC +OE déu cung phuong véi OD.

Goi d 1a duong thang chira OD thi d 1a mét truc déi xung cua ngii giac déu. Ta co:
OA+OB=0M , trong d6 M 1a dinh cuia hinh thoi OAMB va M ed .

Tuong ty: OC +OE =ON, trong d6 N 1a dinh cta hinh thoi OENC va N ed .

Do d6: hai vecto OA+OB va OC +OE déu c6 gi4 1a duong thang d nén cing phwong véi nhau va
cung phuong véi OD.

b) Chirng minh hai vecto AB va EC cung phuong.

EC Ld
Tacd: OAMB va OENC la cac hinh thoi nén ta c6: {AB L d = AB//EC.
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Do d6: hai vecto AB va EC cung phuong.

¢) Chung minh: OA+0OB+0C +0D+OE = 0.

Theo céu a) ta co:

Nén v co gi4 la duong thing d .
Mat khac: G:(@+&)+(@+O—A)+E thi v ¢6 gia 1a dudng thing OE .
Vi v ¢6 2 gia khac nhau nén v=0.

Viy OA+OB+0C +0D+OE =0.

Bai 7. Cho tam giac ABC, goi M 1a trung diém BC va | 1a trung diém cua AM .
a) Chung minh ring: 21A+1B+1C =0.
b) Vi O 1a diém bét ki, chitng minh ring: 20A+OB+OC =40l .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
Loi giai

A

w
=
O

a) Chung minh ring: 21A+1B+1C =0.

Taco: 2IA+IB+IC =21A+2IM (IB+IC=2IM do M 14 trung diém BC)
:2(ﬁ+W)

=0 (IA+IM =0 do | la trung diém cua AM ).

b) Vi O 1a diém bét ki, chung minh ring: 20A+OB+0OC =40l .

Tacé: 2I1A+1B+IC =0

<210+20A+10+0B+10+0C =0

< 410+20A+0B+0C =0

< 20A+0B+0C =—4I0

< 20A+0B+0C =40l .

Bai 8. Cho ttr gidc ABCD. Goi E,F,G,H lan luot 13 trung diém AB,BC,CD,DA va M 1a diém tay
y. Ching minh rang:
a) ﬁ+ﬁ§+ﬁ+ﬁ=6.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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c) AB+AC+AD=4AI véi | 1a trung diém FH .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) AF+BG+CH +DE =0.
Tacod: AF +BG+CH +DE

~—(AB+AC)+(BC+ BD)+(CD+CA)+ DA+ DEB)

< MF —MA+MG—-MB+MH —MC +ME -MD =0
< AF +BG+CH + DE =0.

c) AB+AC+AD=4AI véi | 1a trung diém FH .
Taco: AB+AC+AD

—2AF + AD (AB+AC =2AF do F 1a trung diém BC)
=2AF +2AH

=2(ﬁ+ﬁ)=4ﬁ (AF + AH =2Al do | la trung diém FH ).

Bai 9. Cho hinh binh hanh ABCD tdm O, M la mot diém bat ki. Chang minh rang:

a) OA+OB+0C +0D =0. b) DA—DB+DC =0.
c) DO+ AO = AB. d) MA+MC = MB +MD = 2MO.
e
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B C

a) OA+OB+0C +0D =0.

Taco: O la trung diém cua AC va BD nén OA+OC =0 va OB+0OD =0.
Vay: OA+0OB+0OC +0D =0,

b) DA— DB+ DC =0.

Tacé: DA—DB+DC =BA+DC =0

Vay: DA-DB+DC =0.

c¢) DO+ AO = AB.

Taco: O la trung diém cua BD nén DO = OB.

Do d6: DO+ AO =0B+AO = AO+OB = AB.

Vay: DO+ AO = AB.

d) MA+MC = MB + MD = 2MO.

Taco: O la trung diém cua AC va BD nén OA+OC =0 va OB +0D =0.

MB + MD = MO + OB + MO +0D = 2MO.
Vay: MA+MC = MB + MD = 2MO.

Bai 10. Cho hinh binh hanh ABCD tam O va E 14 trung diém cua AD . Chiing minh rang:
a) OA+OB+0C +0D =0.
b) EA+EB+2EC =3AB.
c) EB+2EA+4ED =EC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

A

me
)

a) OA+OB+0OC+0D = 0.
Taco: O la trung diém cua AC va BD nén OA+OC =0 va OB +0D =0.
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Vay: OA+OB+0C +0D =0.

b) EA+EB+2EC =3AB.

Ta co: ﬁ+@+2§zﬁ+ﬁ+ﬁ+2(ﬁ+ﬁ+ﬁ)
— 4EA+2BC +3AB = 2DA+2BC +3AB
=2(ﬁ+ﬁ)+3@=3@

Vay: EA+EB +2EC = 3AB.

C) EB+2EA+4ED =EC.

Vi E la trung diém cta AD nén EA+ED=0

Ta co: @+2§A+4ﬁ5z§+@+2(@+@)+2@
—EC+CB+2ED=EC+CB+AD=EC.

Vay: EB+2EA+4ED = EC.

Bai 11. Cho hinh binh hanh ABCD. Goi M la trung diém cia CD. Lay N trén doan BM sao cho
BN =2MN . Chang minh rang:

a) 3AB+4CD =CM + ND + MN.

b) AC=2.AB+BD.

¢) AN = 2 AB+2BD.
3 3

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

D ’ M / c

a) 3AB+4CD =CM +ND +MN.
Taco 3.ﬁ+4.®=3.ﬁ+3.@+@=3.(E+®)+®=c$

CM +ND+MN =CM +MN +ND=CD.

Vay 3.AB+4.CD=CM +ND+MN.

b) AC=2.AB+BD.

Taco 2.E+ﬁ=(@+ﬁ)+ﬁ=ﬁ+ﬁézﬁ.

¢) AN = 2 AB+2BD.
3 3

Taco AN = AB+BN
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_ AB+2BM - AB+2.2(BD+BC) - AB+ZBD + - BC
3 32 3 3
~ AB+2BD+~ AD = AB +=BD+=(AB+ED)

3 3 3 3

_4 2B+ 2BD.
3 3

Bai 12. Cho hinh binh hanh ABCD c6 M la trung diém BC va G la trong tdm tam giac ACD . Ching
minh rang:

a) mzﬁ%m

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

a) m:m%m

Taco AM == (AB-+AC) == (A +AB+AD)
2 2

=ﬁ+%ﬁ.

b) MG =2 AB+ L AD.
3 6

Taco MG =MA+AG

2

—AM+ZAl
3

;(AB+AC) % (AD+AC)

1
2
) (AD+AB+AD)

NIH

L (AB+AB+AD)+2.
2 3

1

__278+1mp.
3 6

Bai 13. Cho tam giac ABC c6 D, M lan luot 13 trung diém cua BC va AB, diém N thudc canh AC
sao cho NC = 2NA Goi K la trung diém cua MN. Chting ming rang:

a) AK =X AB+1AC.
4 6

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Loi giai

A

a) AK =1 AB+1AC,
4 6

a) Theo gia thiét ta co: ngﬁ;mzéﬁ.
. . G o 1= 1l 11— 1—
Vi K la trung diém cua MN nén AK:EAM +§AN=ZAB+EAC.
) . A A B e
b) Vi D la trung diém cia BC nén AD:EAB+EAC.

Taco: KD=AD-AK=(1AB+iac | (LaB+iac|=1aB+iAC.
2 2 4 6 4 3

Bai 14. Cho tam giac ABC, trén hai canh AB, AC lan luot ldy cac diém D,E sao cho
AD =2DB; CE =3EA Goi M la trung diém cua DE va | la trung diém cua BC. Chang ming rang:

a) AM =1AB+1AC. b) Ml == AB+= AC.
3 8 6 8

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) AM == AB+=AC.
3 8

Theo gia thiét ta co: AD :gﬁ; AE :%E.

Vi M i trung diém cia DE nén m:%ﬁ%ﬁ:%m%m
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b) Mi = AB+> AC.
3] 8

Vi | la trung diém cua BC nén N=%@+%AT§

Taco: Mi—AT—AM = LAB+LAC |- lmﬁrcj:lﬁirc.
2 2 3 8 6 8

Bai 15. Cho tam giac ABC véi |, J, K lan luot 1a trung diém cua cac canh AB, BC, CA. Goi D

thuoc doan BC sao cho DB =§BC va M 1a trung diém cua AD .

a) Chiing minh AK +CJ +BI =0.
b) Chitng minh 6BM =2AC —5AB .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

a) Chung minh AK +CJ +BI =0.

1

Taco VT = AK +CJ+ Bl = AC+>CB+- BA=(AC+CB+ BA) =0-VP.

b) Chitng minh 6BM =2AC —5AB.

Do M 1a trung diém cua AD nén ta co
W=3(ﬁ+@):1(ﬁ+3%j=—lﬁ+1%=—1ﬁ+1(ﬁ—ﬁ)=lﬁ—§ﬁ.
2 2 3 2 3 2 3 3 6

Do d6 6BM =2AC —5AB.

Bai 16. Cho tam gi4c ABC c6 G la trong tam, | 1a trung diém cia BC va H la diém d6i xang cua
C qua G . Chung minh.

a) AH == AB—2 AC. b) HE = =(AB-+AC).
3 3 3
c) IH =2 AB-~ AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
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a) AH = 2AB-LAC.
3 3

Do G la trung diém ciia HC nén ta c6

AG =2 (AH + AC) < AH ~2AG - AC.
& AH =22 AT AC < AH =2.2.2(AB+AC) - AC
3 32

=AM =2n8-1ac.
3 3

b) HE —— (A8 + AC).
2 1

T o6 VT = 6 = A8 - AF = AB - 2 A8 1 AC | =1 (A8 AC) -vP

0) IH=2AB-2AC.
6 6

Tac6: VT = IH = 1B+ BH =~ BC — HB == (AC - AB ) - =(AB + AC) == AB— 2 AC =VP.
2 2 3 6 6

Bai 17. Cho hinh thang OABC. Goi M, N lan luot 1a trung diém caa OB,OC . Chuang minh

a) m%@_oﬁ. b) W:%cf—cﬁ.

c)me%&_@

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

) m%cﬁ—o?.
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Theo quy tic hiéu ta c6 AM =OM —OA, ma M 1a trung diém cua OB nén W:%(ﬁ do d6

m%cﬁ—o?.

b) W:%cf—cﬁ.
Theo quy téc hiéu ta c6 Wzﬁ—@z%&f—@.

C)Wz%&f—@.

Theo quy téc hiéu ta c6 Wzm—oﬂzéﬁ—%@.

Loi ban: Pé bai la hinh thang ma chwa néi ré day la gi? Néu bam theo gid thiér dé can xét 2 truong

hop roi ram ma khdng gidi quyét bai toan, cho nén theo tdi nén thay gia thiét hinh thang bang ti

giac. Tidp dén 1y c) can thay két qud chizng minh MN :%ﬁ—@ bang %@—%@

Bai 18. Cho tam giac ABC, goi G,H,O lan luot I trong tam, truc tim, tim duong tron ngoai tiép tam

giac ABC. Goi D la diém ddi xang cia A qua O va M 1a trung diém cua BC . Chiing minh

a) HB+HC =HD. b) HA+ HB+HC =2HO.
¢) HA—HB—HC =20A. d) OA+OB+0C =OH .
e) OH =30G. f) AH =20M .
s
A
O
A\
- \
C v B
D

a) HB+HC =HD.

Xét tr gilc BHCD c6 BH//CD va CH//BD nén né hinh binh hanh. Ap dung quy tic hinh binh ta
c6 HB+HC =HD.

b) HA+HB +HC =2HO.
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TacéVT:m+@+%:m+(@+%):H—A+@:(%+GA)+(%+Cﬁ)

= 2HO +(OA+0D) = 2HO =VP.

¢) HA—HB—HC =20A.

Tacd VT = HA—HB — HC = HA—( HB + HC ) = HA- HD = DA= 20A=VP.

d) OA+OB+0OC =OH .
TacéVT:@+@+E:(m+m)+(oﬁ+@)+<m+%):3m+(m+@+m)
=30H +2HO = OH +2(OH +HO) = OH +0=0H =VP .

e) OH =30G.

Theo d) tacé6 OA+OB+OC =OH , ma G 4 trong tm ciia AABC nén OA+OB +OC =30G nén ta
suy ra OH =30G.

f) AH =20M .
Ta c6 BHCD Ia hinh binh hanh va M 14 trung diém cua BC nén suy ra M ciing 1a trung diém cuaa
HD .

Xét ADHA c6 MD =MH va OM =OA suy ra OM la duong trung binh = OM :%HA

hay HA=20M va HA OM cung huéng = AH =20M .

Bai 19. Cho tam giac ABC. Goi M, N, P lan luot 1a trung diém cua AB, BC, CA Goi G la trong
tam cua tam giac ABC. Chung minh rang:
a) E=2(W+W). b) AM + BN +CP =0.

C) AM + BN + AP+ BM = MC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

a) E:z(erW).
Xét VP :z(m’+m) :2(W+W) —2MN = AC =VT.

b) AM + BN +CP =0.
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Xét VT m+B—N'+@:A_;+@
—PC+CP =0=VP.

c) AM +BN + AP+ BM = MC.

Xét AM + BN + AP + BM —MC=(AM +BM)+W+@+W’

:6+W+ﬁ+CA+CB

— AM +BN + AP+BM = MC.

Bai 20. Cho tam gidc ABC. Dung bén ngoai tam gidc cac hinh binh hanh ABIF, BCPQ, CARS.

Chting minh rang: RF +1Q + PS =0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Q E

Taco: RF =RA+AF; IQ=IB+BQ; PS=PC+CS
— RF +1Q+PS =RA+ AF + IB+BQ+PC +CS
:(ﬁ+§)+(ﬁ+@)+(@+%)

—0+0+0=0.

Bai 21. Cho tir giac ABCD. Dung bén ngoai tir giac cac hinh binh hanh ABEF, BCGH ,CDIJ,
DAKL . Chang minh rang:

a) KF +EH +GJ +IL=0. b) EL—HI =FK-GJ.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
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a) KF+EH +GJ +IL=0.

Tacod VT =KF +EH +GJ + IL = KA+ AF + EB+BH +GC +CJ + ID+ DL

Theo tinh chat hinh binh hanh: VT :(K—A+ﬁ)+(ﬁ+@)+(ﬁ+@)+(ﬁ+ﬁ):6.
b) EL-HI =FK-GJ.

VT :ﬁ—m:ﬁ+ﬁ+ﬁ—(%+cﬁ+j)

= FK —GJ +EF +KL—HG - JI =FK —GJ +BA+ AD—BC—-CD

—FK-GJ +BA+AD+DC+CB =FK-GJ +BB=FK-GJ .

Bai 22. Cho hinh binh hanh ABCD. Trén duong chéo lay cac diém BD liy G va H sao cho
DG =GH =HB. Goi M, N Ia giao diém cua AH ,BC va AG, DC . Chung minh:
a) AB+AD =AG+AH . b) 2AM +2AN =3AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) AB+AD =AG + AH .

Theo gia thiét ta c6 HB =—-GD

b) 2AM +2AN =3AC.

Do BM // AD nén HM _ BH —1:>A|v| :gAH :m:gm.

"HD 2

Ching minh twong tu tacé AN = gA—G
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Tur d6 2M+2M=3(E+ﬁ)=3(ﬁ+ﬁ):3ﬁ.

Bai 23. Chang minh ring céc tam gidc ABC va A'B'C’' cd cung trong tdm khi va chi khi

AA + BB +CC' =0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
(=) Gia st céc tam gidc ABC, A'B'C’ ¢6 cling trong tim G . Ta ching minh AA'+BB'+CC' =0.
That vay, ta co: m+@+C—C':(A—G+G—A)+(E+G—B;)+(@+@)
=<E+%+@)+(@+G—B’+G—C’)=6.
(<) Giast AN +BB’+CC’=0. Ta chi ra cac tam gidc ABC va A'B'C’ c6 cling trong tam.
That vay, goi G,G' lan luot 14 trong tdm cua c4c tam giadc ABC, AB'C’.

Taco: AN +BB'+CC' =0 <:>(E+@+@)+(ﬁ+@+@)+(@+@+@):6

AN (E+E+§)+(G'A’+G'B'+G'C')+3GG' -0

<36G'=0=G6G'=0=G=G'".
Vay hai tam gidc ABC va A'B'C’ c6 cung trong tam.

Bai 24. Cho tam gidc ABC. Goi A’ 1a diém di xang cia A qua B, B’ 1a diém ddi xtng cua B qua
C, C' la diém ddi xtng cua C qua A. Chttng minh rang hai tam giac ABC va A'B'C’ ¢6 clng trong

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

A

Theo bai 23, d& chang minh hai tam gidc ABC,AB'C’' c¢c6 clng trong tdm ta chi ra

AA' + BB’ +CC'=0

That vay ta cé AA + BB’ +CC’'=2AB+2BC +2CA
=2(AB+BC+CA)=2(AC+CA)=2AA=20=0.

Vay hai tam giac ABC, A'B'C’ c6 cung trong tam.
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Bai 25. Cho tam giac ABC va 1,J,K xéc dinh béi: 2IB+3IC =0, 2JC +3JA=0 va 2KA+3KB =0.

Chuang minh hai tam giadc ABC va IJK c6 cung trong tam.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
Goi G latrong tam cua tam giac ABC, ta c6: GA+GB+GC =0.
Theo dé:
* 21B+3IC =0 2IG+2GB+3IG+3GC =0
<5IG+2GB+3GC =0 (1)
Tuong tu:
* 2JC+3JA=0<5JG+2GC+3GA=0 (2)
* 2KA+3KB =05KG+2GA+3GB=0 (3)

<Gl +GJ +GK =0.

Do d6, G cling la trong tdm cua tam giac 1JK. Ta dugc dpem.

Bai 26. Cho ti giac ABCD. Cac diém M, N,P,Q lan luot 1a trung diém cia AB,BC,CD, DA. Chiing

minh hai tam gidc ANP va CMQ c06 cung trong tam.

TV
Goi G latrong tdm cua tam gidc ANP, ta cé:
GA+GN +GP =0
<GM +MA+GC +CN+GQ+QP =0
@W+E+@+(m+m+@)=6.
s A [
Ta thiy: MA+CN +QP=E(BA+CB+AC):E(CA+AC):O.

Do do: m+(¥+C?Q:6.

Nén G ciling la trong tim cua tam giac CMQ. Ta dugc dpem.

Bai 27. Cho tam giac ABC. Goi M,N,P Ia nhimg diém duoc xac dinh boi: MB =3MC, NC =3NA,
PA=3PB. Chung minh rang:

a) 20M =30C —O0B, VO bét ky. b) AABC va AMNP c6 cling trong tam.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
a) 20M =30C —OB, VO bit ky.
Theo gia thiét:
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MB =3MC <> OB—OM =3(OC ~OM ) <>30M —OM =30C OB <> 20M =30C -OB,vO bt
k.

b) AABC va AMNP c0 cung trong tam.

Goi G latrong tim AABC, khi d6 ta c6 OA+OB+OC =30G, VO bit ky.

Tuong tu cau a) ta c6: MB =3MC <> 20M =30C —OB;

NC =3NA < 20N =30A-0C;

PA=3PB < 20P =30B-0A

Cong theo Vvé ta co: 2(W+ﬁ+@)=2(oﬁ+@+&):6ﬁ,vo bét ky.

Do d6 OM +ON +OP =30G, VO bat ky. Vay tam giac MNP ciing nhan diém G Iam trong tam.

Bai 28. Cho tam giac ABCcan tai A va diém M bat ki nam trong tam giac. Puong thang qua M
song song véi BC cit AB, AC lan luot tai D,E. Dung MK vudng goéc véi BC tai K vagoi | la

trung diém BC . Ching minh 2MK + MD + ME = 2MI .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
A
P
R
D M FE
B/ p i —d ] \C
K S I

Qua M ké duong thang song song voi AB cit AC va BC lan luot tai P,Q ; ké dudng thang song
song véi AC cat BA BC lan luot tai R,S .

AABC cantai A nén AMQS cantai M = K Ia trung diém QS = MQ+MS =2MK (1)
Theo céach dung duong thang song song thi cac t giac MQBD va MSCE Ia hinh binh hanh nén ta

_ —s  —  —— ——

Bai 29. Cho tam giac ABC déu tam O va diém M bat ki nam bén trong tam giac. Goi D,E,F lan

luot 12 hinh chiéu cia M 1én cac canh BC, AC, AB. Chung minh MD + ME + MF =§M—d .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Loi giai
A
I
K
E
F.
P 0
B, p, uEAN C
J D L

Qua M ké duong thang song song véi AB cat AC va BC luot tai I,J; ké duong thang song song
véi AC cit BA BC lan luot tai K,L; ké duong thang song song véi BC cit AB, AC lan luot tai
P,Q.

Theo céch dung, cac tir giac MPBJ, MLCQ, MIAK Ia hinh binh hanh nén: MJ+MP=MB;
ML+MQ=MC ; Ml +MK =MA.

AABC déu nén AMJIL;AMQI;AMKP ciing déu. Do d6 E;F;D lan luot 1a trung diém cua
1Q: PK: JL.

Ta co: W+W+W:%(W+W)+%(W+WQ)+%(W+W)

< MB + ME + MF = (T + M)+ (ML + M) + (MK + MF) | = [ M8+ MC + MA] = MG .

Vay W+NTE’+W=§W.

Bai 30. Cho doan thang AB. Trén doan AB liy diém C sao cho %:E va S la diém bét ky.
n

m+n m+n

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai
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Tur gia thiét; ~2 =
CB n

AC  m
AC+CB) m+n

Bl

(FC+C§)<:>E= anﬁ(*).

< AC =

m (AC+CB):FC=
m+n m+n

m
m+n

(SB-5A)>5C——"_sA+ " _sg.

Tir(*)@ﬁ—ﬁ:
m-+n m-+n

Bai 31. Cho hinh chir nhat ABCD tam O va S Ila diém bat ky. Chang minh rang:

—2 —=2 ——2 ——2
SA +SC =SB +SD .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

S

PG S A — )

Tacd SA +SC =SB +SD (1)

@(%Hﬁx)z +<%+ﬁ)2 :(@Hﬁ)z +(%+®)2

S0 +2S0.0A+0A” +50° +2.50.0C +0C  =SO" +2.S0.0B+0B’ +S0 +2.50.0D +O0D"
< 2500A+0A +2.50.0C+0C’ =2.500B+0B +2.50.0D+0D"

Mit khéc ta giac ABCD hinh chit nhat tim O ¢6 OA=OB=0C =OD =OA =OB =0C =OD"
nén

(1) <> SO.0A+S0O.0C = SO.OB +SO.0D <> %((TA+ @) = %((ﬁﬂﬁ)

- y OA+OC=0
Lai co O la trung diém cua AC,BD = _. _.Khido

OB+0D =0

1) %(6) = %’(6) (dpcm).

= DANG TOAN 2: TiM MODPUN VECTO
PHUONG PHAP

Pé tinh ‘aiﬁiﬁicﬂ ta thuc hién theo hai budc sau:
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e Buwéc 1: Bién ddi va rat gon biéu thuc vecto a+b+c+d =V dua vao qui tic Chasles, tinh chét trung

diém, hinh binh hanh, trong tam,... sao cho V don gian nhat.

e Buwéc 2: Tinh modun cua V dya vao tinh chét hinh hoc di cho.

Bai 1. Chung minh cac khang dinh sau:
a) Néu a va b cung huéng thi \a+6\=|a|+\6\.
b) Néu & va b nguoc huéng va |5| >|d| thi ‘§+5‘ :‘5‘—|§|.

c) \a’+6\ <la] +‘6‘. Khi nao xay ra dau dang thuc.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
Giasu: 4=AB va b=BC thi 4+b=AB+BC=AC.
a) Néu a va b cung huéng thi ‘é+5‘:|§|+‘5‘.
Néu d va b cing hudng thi 3 diém A, B,C cling thuoc mot dudng thing va B nam giita A,C .
—
Ny b

o

-,
A B C

Do d6 |a-+b]|=|AB+BC|=|AC| = AB+BC =|4]+|p| .
Vay ‘§+5‘:|é’|+‘5‘.
b) Néu a va b nguoc huong va ‘6‘2|§| thi ‘§+6‘ =‘5‘—|§|.

Néu & va b nguoc huéng va \6\z|a| thi ba diém A,B,C cing thuoc mot duong thing va A nim

gita B,C.
o
Ot O o]
C A B
Do d6 |a-+b|=|AB+BC|= AC=BC - AB =|p|-[a].
Vay |a-+b| =|p|-[4].
c) ‘é+6‘ <[4l +‘5‘. Khi nao xay ra déu ding thuc.
Tur chiing minh ¢ cau a va b:
— néu & va b cung phuong thi ‘§+5‘:|§|+‘5‘ hoic §+6‘<|é|+‘5‘.
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Néu a va b khong cung phuong thi A B,C khdng thing hang.
Xét AABC c6 h¢ thic AC < AB+BC . Do 6 [a-+b] <[a|+p|.

, dang thue xay rakhi @ va b cing huéng.

Nhu vay, trong moi truong hop ta co: ‘§+5‘ <la] +‘5

Bai 2. Cho tam giac ABC vudng tai A, c6 AB=3(cm), AC =4(cm). Goi | la trung diém BC. Xac

dinh va tinh 3o dai cac vecto:

a) G=BA+BC. b) V=2IA—CA.
Loi giai
[
L
K I
A B
a) U=BA+BC.

Goi K 1a trung diém AC khi d6 2BK =BA+BC .

Nén || =|BA+BC]| =|2BK]| = 2[BK] .

Xét AABK vudng tai A:BK =+ AKZ+AB? = J(2)* +(3)" =+13.
Vay [d]= 2\@'\ = 213(cm).

b) Vv =2IA—CA.

Theo gia thiét: | 1a trung diém BC khi d6 2Al = AB+AC.

\7=2ﬁ-cﬁ:-(ﬁ+ﬁ)-cﬁ:-ﬁ-ﬁ-cﬁ:-ﬁ.
%‘/—/

Khi d6: V| =|-AB| = | AB| = 3(cm).

Bai 3. Cho tam giac ABC déu canh a, goi G la trong tm tam giadc ABC va H 1a trung diém cua

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai
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N
%

E+E\ :\E\ — AE véi ABEC 1a hinh binh hanh.

Do AABC déu nén AH =¥.

AE = 2AH =2.¥:a\/§.
Vay ‘E+A—C‘=a\/§

E—EH@\:CB:&

@+G_C'H—G—A\=GA=3AH =3.a—‘/§=a—‘/§.
3 372 3

A
G&
c
H
A
B \C
H

AH + BC| - [BC + CF |~ [BF| - BF v6i OF —AH

m

@—@\:\@\:CA:a.
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2

2
C6 BF =+/BC?+CF? = a2+(—a‘2/§] _alT.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

Taco BC=ABJ2 =a/2.
e |AB—AC :‘@‘:CBzaﬁ.

o |AB+AC =\E\=AE=BC=aJ§, véi ABEC Ia hinh vudng.

. E+2R\:\E+E+E\:\E+F¢Hﬁ\: AF, v6i AEFC 1 hinh binh hanh.

E F
B "

A G

Do AABF vudng tai B va BF =BE+ EF =BE + AC =2a néntacd
AF =/AB? + BF? = [a’ +(2a)’ =a\5.

Vay ‘ﬁ+2ﬁ‘ —a\5.

Bai 5. Cho hinh chir nhat ABCD c6 AB=3, BC=4.Goi M, N lan luot 13 trung diém cua BC va
CD. Tinh ‘E+A—C+ﬁ‘ va ‘erM‘

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai
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4
B M C
3 7] N
A D

Tinh ‘@+A—C+E‘

Taco: AB+AD=AC < AB+AC+AD=AC+AC

=|AB + AC+ AD| = |AC + AC|=|AC| +|AC| = 2AC

Ap dung dinh li Pitago cho tam gidc ABC vuong tai A, ta co:
AC? = AB*+BC’ < AC*=25= AC =5

Vay ‘E+E+ﬁ‘=2AC=10

e Tinh ‘W+M‘

Tac6: AM + AN = AB+BM + AD+ DN
_(AB+AD)+(BM +DN)

=E+(W+W)=E+(%

Vay ‘W+M‘:‘A—C+@‘=AG+A—Ez% (AC,0OC Ila hai vec to cing huéng).

Bai 6. Cho hinh chit nhat ABCD tdm O va c6 AB=4, AD=3. Goi M 1a diém tuy y. Hay tinh:
‘A—C+ﬁ5‘ va ‘W+W—2M—C‘.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
4
A N B
[
3
o
Y
D C

e Tinh ‘A—C+ﬁ‘

Taco: AC+BD=AB+BC+BC+CD=BC+BC=2BC
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:\E+@\=2BC=6.

e Tinh ‘W+W—2M—C‘.

Goi N 1a trung diém cua AB , ta co:
M—A+W—2W:(M—A—W)+(W—W):(ﬁ+@:m+N—A+m+N_B:m+m

— W+W—ZW‘=2CN —2/CB?+BN2 = 213.

Bai 7. Cho hinh vudng ABCD canh a, tam O, ldy diém M tly y. Chang minh rang cac vecto sau

khong ddi va tinh doi dai caa ching.

a) u=0A—CB. b) v=CD-DA.
¢) Xx=2MA+MB—-MC -2MD. d) y=3MA—MB-2MC.
e) z=3MA—MB-MC-MD. f) w=4MA—3MB + MC —2MD.
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ e
H K G I
F E \A B
(0]
D C

a) u=0OA—CB.
U=0OA-CB=CO-CB=BO.
H ‘BO‘ BO——BD— a?+a’
b) v=CD-DA.
v=CD-DA=CD-CB=BD.
:\G\:\ﬁ\:m::ﬂi
¢) Xx=2MA+MB-MC —2MD.
§<=2M—A+W—M—C—2W=2M—A—2W+W3'—M—C=2(M—A—WS)+(W—M—C)

—2DA+CB = 2DA+ DA =3DA
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:\i\:\sﬁ\\zsmzsa.

d) y=3MA—MB-2MC.
9:3|\TA—W§—2WC=(WA—W)+(2|\TA—2W)=B—A+2C_A=B—A+2(C_B'+B—A)=3B—A+2@
Goi I, H 1a cac diém sao cho CI =2CB, IH =3BA tir d6 ta ¢6

9:3ﬁ+2@:m+ﬁ:ﬁ

|y|=[CH| =CH =CI? + IH? =/4a* + 92* = a|i3.

e) z=3MA—MB—-MC —MD.
EzSW—W—M—C—W=(W—W)+(W—M—C)+<W—W)
:§A+C—A+D—A:—(ﬁ+ﬁ)+ﬁ

——AC+CA =2CA

=|z|=[2cA =2cA=2a2.

f) w=4MA—-3MB + MC —2MD.

W = 4MA—3MB + MC —2MD
=3(W—W)+(M—C—W)+(m—m)
=3BA+DC + DA =3BA+ DB = 2BA+ DB + BA = 2BA+ DA
Goi F 1a diém sao cho AF =2BA tir d6 ta co;

w=2BA+DA= AF + DA=DF

:»\Vv\:\ﬁf\:m: —/DA? + AF? =+Ja? + 4a2 =a\f5.

Bai 8. Cho hinh thoi ABCD c6 BAD =60° va canh 1a a. Goi O la giao diém cua hai dudng chéo AC
va BD. Tinh theo a: ‘@+E‘ ‘ﬁ—ﬁ‘ ‘@—D—C"

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

D
A®c

B
e Tinh ‘E+E‘: AB+AD =AC :‘E+E‘:‘A—C‘=AC=2AO-

Do BAD =60° nén tam giac ABD déu :>OA:a—\2/§ — AC =a+/3.
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Viy |AB+AD|=a3.
e Tinh ‘Q—B_C": Taco ‘ﬁ—%‘ =‘®=CA=&J§'

+ Tinh [0B ~DC]: Ta o6 OB ~BC DO~ DC -GG {08~ -|o0] ~oc - 242

Bai 9. Cho hai luc F, va F, c6 diém dat O va tao v6i nhau mot géc 60°. Tim cudng do tdng hop luc

cua hai lyc 4y biét ring cudong do cua hai luc F, va F, déu la 100N .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

bit F,=0B, F,=0D.

Dung hinh binh hanh OBCD. Khi d6 F,+F, =OB+0OD=0C.
|F+F,|=|oc|=oc =201

Do BOD =60° va OB =0D nén tam gi4c OBD déu.

SN ENE
2 2

Do do6 Ol =

—504/3N.

Bai 10. Cho tam giac ABC vudng tai A, c6 géc ABC =60, canh AB=a. Goi | la trung diém cua

BC . Tinh d6 dai cua cac vecto sau:

a) a=AB—AC. b) b=AB+AC.
c) c=AB+IC—AC. d) d=BA-BI-IC.
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ igsi

a) a=AB-AC.
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Tacod ‘5‘:‘E—E‘:‘(§‘:CB.

Xet tam gidc ABC vuodng tai A: cos ABC :E@ BC = AB -_a =2a
BC cos ABC cos60°

Vay ‘5‘ =2a.

b) b=AB+AC.

Trén tia ddi cua tia AC ldy diém H sao cho HA= AC . Khi d6 HA=AC.
Ta 06 [B| <[ AB + AC| = |AB+ HA| |FiA-+ AB] - 6] ~ 1B

Xét tam giac HBC c6: BA 1a dudng cao, BA 1a duong trung tuyén

= AHBC cantai B = BH =BC =2a.

Vay ‘5‘:261.
c) c=AB+IC—AC.
Taco H:‘E+E—E‘=‘@+E+®:‘ﬁ+ﬁ‘=‘ﬁ+ﬁ‘=‘@‘= IB.

Do | 1a trung diém cua BC nén IB=B—2C=2—2a=a

Vay ‘E‘:a.
d) d =BA-BI-IC.
Ta c6 [d| =[BA—BI —IC| =[ 1A~ IC| =[CA| = CA.

Xét tam gidc ABC vubng tai A: tan ABC = % < AC = AB.tan ABC =a.tan 60" =a/3.

Vay ‘a‘ =a\/3.

Bai 11. Cho tam giac ABC vudng tai A, AB=7a, AC=24a. Goi N va K lan lugt 13 trung diém
canh AC va BN.

a) Chiang minh raing AK + BN = AN +BK .
b) Chung minh ring 4AK —2AB—AC =0.
¢) Tinh ‘E—TC‘ va ‘2@+A_C".

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai
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a) Chung minh AK +BN = AN +BK .

Tacé: VT = AK + BN = AN + NK + BK + KN

= AN +BK + NK + KN = AN + BK +0= AN +BK =VP.
Vay AK +BN = AN +BK..

b) Chitng minh 4AK —2AB—AC =0.

Tacd 2AK = AB+ AN

< 4AK =2AB+2AN

< 4AK =2AB+AC

< 4AK -2AB-AC =0.

Vay 4AK —2AB—AC =0.

¢) Tinh ‘E—E‘ va ‘2@+E‘.

Xét tam gidc ABC vuong tai A: BC? = AB® + AC? <> BC = /(7a)’ +(24a)’ =25a.
Taco N latrung diém caa AC nén AN = % AC=12a.

Xét tam gidc ABN vudng tai A: BN? = AB? + AN2 < BN =,/(7a)’ +(12a)" =a/193.

Do AK la dudng trung tuyén trong tam giac vuéng ABN nén AK =%BN _8 “;93 .

\E—E\:\?B’\: BC = 25a.

2AB + AC| = |4AK| = 4| AK| = 4K = 4,319 _ oo 103
| |=[4AK]|=4[AK] 2

Bai 12. Cho hinh thoi ABCD ¢ dinh c6 tim O canh bang a va géc ABC =60°". Goi | la trung diém
cua doan DO va G latrong tdm tam giac ABO.
a) Tinh theo a do dai ‘EAGE‘ va \B—A+ 2&:’\.

b) Chung minh rang 41C =3AB+ AD.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Loi giai

A

a) Tinh theo a do dai \ﬁuﬁ\ va \B—A+2ﬁ\.

 Tinh [BA+BC|.

BA+BC =BD =|BA+BC|-|BD|-BD~280.

Do ABC =60 nén tam gidc ABC déu = BO = # — BD=a+3.
Vay \§A+ @\ =av3.

e Tinh ‘ﬁ+ 2@‘ :

C

Trén tia ddi cua tia BD l4y diém E sao cho EB=BD.Khi d6 EB=BD.
Taco ‘ﬁ+2ﬁ‘ =‘§A+E+ﬁ‘ =‘ﬁ+ﬁ‘ :‘@+§C.‘ =‘§‘ =EC.

Xét tam giac vudng EOC cé: OC = % AC =g
EO = EB+BO=BBO:@

2

3_«/§>an +(a)z _27a

:>EC2=EOZ+OC2<:>EC=\/( > — >
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Vay ‘Eﬁw 2@‘ = 2\/27a .

b) Chitng minh rang 41C =3AB+ AD.

Do | latrung diém cua doan DO nén:
2ﬁ=ﬁ+ﬁ:>4ﬁ=2A—O+ZE=A—C+ZE=E+ﬁ+2@=—(ﬁ+3@)
:>4N+(C$+3@):6.

Ta co:
VP=3ﬁ+ﬁ=3(ﬁ+ﬁ+@)+(ﬁ+ﬁ+ﬁ)=4E+4N+(C—D+3@)
=4E+4N+(CTJ’+3@)=4E’+6=4E=VT.

Vay 41C =3AB+AD.

Bai 13. Cho tam gi4dc ABC vudng tai A, c6 duong cao AH, AB=a,HC =2a,(a>0).
a) Chtng minh ring: AB+HC = AC + HB.
b) Tinh theo a: ‘CTA—@‘ : ‘erA—C‘ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

A
a) Chung minh ring: AB+HC = AC + HB.
TacéVT:E+H—C:<A—C+@)+(@+B—C)
=(E+@)+(@+ﬁ)=(TC+@)+6=E+@=VP.
Vay AB+HC = AC +HB.
b) Tinh theo a: ‘GA—@‘ ; ‘M+E‘

-meéﬂ—éa.
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Taco ‘EA—@‘ :‘ﬁ«‘ =BA=a.

e Tinh ‘m+A—C‘

Goi | 1a trung diém cia HC = Cl =IH =a

Tacé: |AH + AC|=[2AT|=2AI .

Goi HB = x, ap dung h¢ thirc lrgng trong tam giac vudng ABC duoc:
AB® =BCHB<a” =(2a+X)x < x=a(v2-1).

AH? = HBHC =(av2 -a)2a=2y2a’ —2a".

Trong tam gidc vubng AHI , ta c6

Al? = AHZ + HIZ =222 —2a’ +a> =22a? —a’ = Al =a\24/2 -1.
Vay \erA—c’\ =2Al =2a\/242 1.

Bai 14. Cho hinh thang can ABCD c6 day nho AD va duong cao AH déu bang a goc ABC =45°,
Hay tinh ‘@—E+A—C‘.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

B H —S -

Vi hinh thang can ABCD c6 duong cao AH va ABC =45° nén AAHB vudng can tai H, suy ra

BH =AH =a, ABC =45° = BAD =135°.

AB=+BH2+AH? =+/a?+a% =a+/2.

2

BD? = AB2 + AD? —2AB.AD.cos135° =a’+2a2+ 2\/§a2.7 —5a’,

Tacs: OB — AD + AC| =[O + AC - AD| - |08 + DC||DB| - BD — a5

Bai 15. Cho hinh thoi ABCD canh a, tam O,BAD =60°, G la trong tam AABD. Tinh ‘A—C—ﬁ‘

‘@+2A—G‘ theo a.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
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Vi hinh thoi ABCD c6 BAD =60° nén tam giac BAD va tam giac BCD la cac tam giac déu canh a

D

Goi | latrong tim ABCD, H 1a trung diém IB .
Ta co: \AT:-@\:Z\K)-%\:MB:M.

\E+2A—G\=\E+N\=\2M\=2AH.

B|=3.@=ﬂ,AC=2AO=a\/§.
372 3
2 2
2 2 2 3 3 2
e AIZHABE BIT ) _13a :>AH=a\/39.
2 4 2 4 12 6

Bai 16. Cho tam giac ABC cantai A, c6 AB=4, BC=6. Goi AM,BN,CK lan Iuot la trung tuyén

cua tam giac ABC va G la trong tam.

a) Ching minh AM +BN +CK =0. b) Tinh: \@+E\.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

a) Ching minh AM +BN +CK =0.

B

Tacd M la trung diém BC suy ra mzé(ﬁ?ﬁﬁ).
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Tuong tu ta co ng(gﬂwﬁ), Rz%(ﬁ#@)

Suy ra m#ﬁl#C?=%(E+E)+%(ﬁ+@)+%(@+@)
~—(AB+BA)+2(AC+CA)+—(BC +CB) 0.
b) Tinh: \@+&\.

Taco @+@=2GT/|’=§W.

Suy ra \@+(¥\=%AM =§\/ABZ—BM2 =§\/16— =¥.

Bai 17. Cho hinh binh hanh ABCD, c6 tam giac ABC vuéng tai C, AD =8a, AC =15a. Goi M,N
lan luot 1a trung diém CD va AD.

b) Chting minh ring: BD—2.CN =2.AM .

¢) Tinh: ‘A—C+B—C‘ va ‘m+C—N‘

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
C
B
15a
M
8a
A N D

Tur va suy ra dpcm.

b) Chitng minh ring: BD—2.CN =2.AM .

Taco VT =BD-2CN =BC+CD-CA-CD=AD+AC =2.AM =VP.
c) Tinh: ‘Ejtﬁ‘ va ‘m#m‘

Taco \AT:+%\:\A—C+E\:\2.W\:2AM —CD=+AC?+AD? =17a.,
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Goi | la tdm hinh binh hanh

Taco: AM == (AC-+AD); CN == (CA+CD).
2 2
Suy ra AM+CN =—(AC-+ AD)+(CA+CD) =~ (AD +CD) =~ (BC + BA) = BI.

Suyra‘AM+CN‘ Bl =+/BC2 +CI? “48

Bai 18. Cho hinh chit nhat ABCD c6 tam O, AB=4, AD=3, M la mot diém tly y. Chirng minh
u=3MA—MB—MC —MD khong phu thuoc vao M . Tinh do dai vecto U .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Taco u=3MA—MB—-MC —-MD

:4W—(MA+ MB + MC + MD)

=4|\/TA—(4M_0’+6)
= 4MA—-4MO.

=40A, do O, A khong ddi nén u khéng phu thuoc vao M .

Xét tam giac ABD vudng tai A nén theo Pi-Ta-Go ta c6 BD =+/AB? + AD? =+/42+3? =5

Suy ra \G\ = 4‘(TA‘ =40A=2AC =2BD =10.

Bai 19. Cho hinh chit nhat ABCD c6 AB=3a, BC =4a. Goi G la trong tdm tam gidc ABC, E la
trung diém cuia GD, F la trung diém cia BCva M 1a diém tdy y. Chang minh rang:
MA-+MB +MC +3MD =6ME va tinh E+E+E‘, ‘E+E—Zﬁ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

Tacd MA+MB +MC +3MD =3MG +3MD =6ME

Vay MA+MB + MC +3MD = 6ME .

Ta c6 tir gidc ABCD 14 hinh chit nhat nén ciing 13 hinh binh hanh = AB+ AD = 2AC.
Xét tam gidc ABC vubng tai B, nén theo Pi-Ta-Go ta c0:

BC =+/AB? + AC? =+/9a +16a° =5a.

Suy ra \E+E+E\ =\3ﬁ\ ~3AC =3.5a =15a.
Ta cé\ﬁm—c—zﬁ\ :\E+A_C'+E—3E\ :‘BA—C—BE‘ :‘BD—C‘ ~3CD =3AB=9a.

Vay ‘@+A—C+E‘:15a va ‘E+A—C—ZE‘=9a.
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Bai 20. Cho hai lyc F; va F, c6 d6 lon 1an lugt [a 30N, 40N c6 diém dit tai O va tao v6i nhau géc

90°. Tim d6 Ion luc téng hop cua hai luc dy?

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Tacé: F=F +F,.

Khi do: |F|= |[F] +[F] = /307 +407 = 50.

Vay tong hop caa hai luc trén c6 do lon 1a 50 N.
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BAI 3. TICH CUA VECTO VOI MOT SO

TOM TAT LY THUYET CO BAN

1. Pinh nghia.
Cho s k =0 va vecto a = 0. Tich cia vecto avasd k 1a mot vecto, ki higu 1a ka.

e ka cling huéng véi a néu k >0.
e ka nguoc huéng véi a néu k <0.
e D9 dai [ka =k|a].

2. Céc tinh chat.

Vi hai vecto a,b tly ¥ va véi moi sé k,heR ta co:
. k(§+6)=ké+k6.
e (h+k)a=ha+kb.,
* h(ka)=(hk)a.
e la=a;(-1).a=-a;0a=0;k0=0.

3. Hai vecto a,b véi b=0 cing phwong khi va chi khi c6 sé k dé a=kb.
Cho hai vecto a,b véi b=0. Ta ludn tim dugc s6 k dé a=kb véi b=0 va khi d6 sé k tim
duoc 1a duy nhét.

4. Ap dung:
e Ba diém phan biét A,B,C thing hang khi va chi khi AB=kAC, véi sé k xac dinh.
e Diém | la trung diém cua doan thing AB < IA+ 1B =0< MA+MB =2MI, VM.
e Didm G 13 trong tm cua tam giadc ABC  «<>GA+GB+GC=0
< MA+MB + MC =3MG, VM.

5. Cho hai vec to a,b khong cung phuong, va X 1a mot vecto tly y. Bao gid ciing tim duoc cap s6 h va

k duy nhat sao cho x =ha+kb.

Ia DANG TOAN 1: BIEU DIEN VECTO

PHUONG PHAP

e Ba biém phan biét A B,C thing hang <> AB =k AC, Véi sb k xac dinh.

e Tir gidc ABCD la mot hinh binh hanh < AB+ AD = AC
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e | la trung didm ctia doan thing AB < 1A+ IB =0 <> MA+ MB = 2MI, VM.

e G latrong tam cua tam giac ABC <> GA+GB +GC =0 <> MA+ MB+MC =3MG, VM.

Bai 1. Cho tam giac ABC c6 trung tuyén AM, M 1a trung diém cua BC. Hay bidu dién vecto AM

theo 2 vecto AB va AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
Cach 1: Vi M 1a trung diém cua BC nén E+E=2m3m:%ﬁ+%ﬁ
Cach 2: Do M 1a trung diém cia BC nén BM +CM =0.
Ap dung quy tic 3 diém, ta co: AM = AB+BM (1)
Lai c6: AM = AC+CM (2)

Cong vé vai vé cia (1),(2) ta dugc: 2AM :<E+E)+(W+W)

@zm:ﬁ+m+6@m:%ﬁ+%m

B D
Céch 3: Xét hinh binh hanh ABDC ¢6 M 1a trung diém cia BC nén M ciing 1a trung diém cua
AD = AD =2AM (1)

Ap dung quy tac hinh binh hanh: AB+ AC = AD (2)

Tur (1)(2):@+AT:=2W:>W=%E+%A—C.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

B C

e Taco: AB=GB-GA=Db-a.
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* Vi G latrong tam cua tam giac ABC nén GA+GB+GC =0=GC =-GA-GB =-a—b.
* Taco: @:%+@:—5+(—5—5)=—5—ZB.

« Tacs: CA~GA-GC —a—(-a-b)~2a+b

Bai 3. Cho tam giac ABCc6 M trén canh BC thoa man MB =2MC . Hay phan tich vecto AM theo

hai vecto G = AB va vV = AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

Taco AM = AB+BM = AB+2 BC = AB+2(AC— AB) = AB+2 AC.

Vay: AM = ”+§\7.

Wik

Bai 4. BPiém M goi la chia doan thing AB theo ti s6 k =1 néu MA =kMB. Ching minh ring véi moi
OA-kOB
1-k

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

diém O taco OM =

Tu gia thiét MA=kMB, véi k =1, ta co:
ﬁ—W=k((ﬁ—W>@(l—k)W=ﬁ—@.

@O—M:OA_kOB_
1-k

Bai 5. Cho tam giac ABC . Goi M 1a trung diém cua AB va N la mot diém trén canh AC sao cho

NA=2NC. Goi K Ia trung diém MN . Phan tich vecto AK theo AB va AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai
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Tac6: M,K lan luot 14 trung diém cua AB,MN nén m:%ﬁ va 2AK = AM + AN .

Mit khac: N thudc canh AC va NA=2NC:>M=§E.

Suy ra AK == (AM +AN) =2 = AB+ 2 AC |= = AB+2AC .
2 2\ 2 3 4 3

Bai 6. Cho tam gi4c ABC c6 trong tim G . Cho cac diém D, E,F lan luot 13 trung diém cua BC,CA
AB va | la giao diém cua AD va EF . Dat u=AE, v= AF . Hiy phan tich c4c vecto Al , AG,DE,

DC theo hai vecto ﬁ, V.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Taco:E,F lan luot 1a trung diém cua CA, AB = EF la duong trung binh ciaAABC = EF // BC
IE Al |IF

j = =
CD AD BD

G la trong tdm tam giac ABC;D,E,F lan lwot 1a trung diém cuia BC,CA AB

= AG =2 AD - 2 (AB + AC) = £ (2AF +2AE ) =2 (i+V).

= IF = IE = 2A1 = AF + AE = AT = (u+V),

3

DE la dudng trung binh cia AABC = DE = % AB = AF = DE =—AF =-v.

EF la duong trung binh cia AABC = EF =CD = DC = FE = AE— AF =U—V.

Bai 7. Cho tam giac vuéng can OAB voi OA=OB=a. Duyng va tinh d6 dai cac vecto

3@44@;121074_;@.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lai gidi

C E
H

A

o D
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e Tinh ‘3ﬁ+4@‘.

Vé diém C,D sao cho OC=30A va OD=40B, vé hinh binh hanh CODE  thi:
30A+40B =0C + 0D =OE .

— [30A + 40B]| = [OE| = JOD? + ED” = |/(3a)’ + (4a)’ =

11— 3‘

e Tinh OA——OB

3. .

V& diém H , K sao cho: OH—lleA va OK—%OB khi dé6: %O—A—?OB OH —OK =KH.

2 2
:%ﬁ—E@_\KH\_\/OH TOKZ = \/(%aj +(§a) _Yer3,

28

Bai 8. Cho tam gidc ABC c6 G la trong tam.
a) Hay phan tich vécto AG theo hai vecto AB, AC.
b) Goi E,F 1a hai diém xéac dinh boi cac didu kien: EA=2EB,3FA+2FC =0. Hay phan

tich EF theo hai vecto AB, AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

A

M

E
a) Hay phan tich vécto AG theo hai vecto AB, AC.
AGNBC=M =M la trung diém BC = AB+ AC =2AM .
Ma G latrong tam MBC:Ez%W@W:gE.

3= 1

— AB+ AC =2AM = 22AG 3AG:AG_%E+3E.

b) Goi E,F 1a hai diém xé4c dinh béi cac diéu kién: EA=2EB,3FA+2FC =0. Hay phan tich EF
theo hai vecto AB, AC.

Tacd: EF = EA+ AF.
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Theo gt: EA=2EB = EA=2AB.

Tu 3ﬁ+zp—c26:A—F’:§A—c’.

:ﬁ=a+ﬁ=m+§m

Bai 9. Cho luc giac déu ABCDEF tam O canh a:

a) Phan tich vecto AD theo hai vécto AB va AF .

b) Tinh do dai cua vecto %Né +%ﬁ theo a.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

B C

ViV

F E

a) Phan tich vecto AD theo hai vécto AB va AF .

a. Tacé: O la trung diém AD nén AD =2A0.

AB/IFO N
Lai co: — ABOF 14 hinh binh hanh= AD = 2A0 =2(AB+AF)= 2AB + 2AF .
AF//BO

b) Tinh do dai cua vecto %E +%?C theo a.

Tac: = AB+~BC == (AB+BC)=2 AC.
2 2 2 2

— |2 AB+2BC| = > AC| = 2[AC| =2 AC.
2 2 2 2 2
Theo dé bai: ABCDEF 14 lyc gidc déu nén AABO;ACBO la tam giac déu canh a.
Goi M 14 trung diém BO = AM ;MC lan luot la duong cao AABO;ACBO va AC = AM +MC

— AC = AM +|v|C:a—;+a—f:aJ§:‘%E+%ﬁ‘=%Acza—f.

w DANG TOAN 2: CHUNG MINH BA PIEM THANG HANG, HAI PIEM TRUNG NHAU, HAI
PUONG THANG SONG SONG, BA PUONG THANG PONG QUY

PHUONG PHAP
e Ba diém phan biét A,B,C thing hang<> AB va AC cung phuong<> AB =k.AC .

Fb: ThayTrongDgl Trang 55



CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

e D& chimg minh hai diém M, N trling nhau ta chung minh chiing théa man ding thtc OM =ON

v6i O 1a mot diém nao d6 hoic MN =0.

e Néu AB=CD va hai duong thdng AB va CD phan biét thi AB//CD.

Bai 1. Cho tam giac ABC co trung tuyén AM . Goi | 1a trung diém cia AM va K 1a diém trén canh

AC sao cho AK :%AC . Chitng minh rang ba diém B, I, K thing hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

Teco B -2 (8A+BM) ~3( BA+1&C |
2 2 2

~2BA+2BC = 2(BK + KA)+ = (BK + KC) = 2 BK + KA+ ~KC
2 4 2 4 4 2 4

Ma AK:%AC nén KC = 2KA suy ra @=—2@®@+2K—A:6®%@+%K—Azﬁ.

Do d6 ﬁ:ZBKm:%W.vaybadiém B, I, K thing hang.

Bai 2. Cho tam gi4c ABC. Hai diém M, N dugc xac dinh bsi hé thuc BC+MA=0,

AB—NA—-3AC =0. Chang minh ring MN // AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
Tacé BC+MA=0< MA=-BC nén MA//BC.
Dod6 M ¢ AC (1).
Tacé AB—NA—3AC =0
@ﬁ—(W+m)—3A—C:6
< AB—NM —MA-3AC =0
< NM = AB—-MA-3AC
< NM = AB+BC-3AC = AC-3AC =-2AC (2),

Tu (1), (2) tacé MN//AC .
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Bai 3. Cho 4 diém O, A B,C sao cho OA+20B—30C =0. Chirng té ring A, B,C thing hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ o
Taco: 5&+2@—3&f=6@@+2(@+E)—3(@+E):6
@a\+za\+m_ﬁ_m=6®mzsﬁjﬁ;:gﬁ

Vay: A B,C thing hang.
Bai 4. Cho hinh binh hanh ABCD trén BC liay diém H, tréen BD lay diém K sao cho

mzéﬁ,ﬁzéﬁ. Chitng minh A, K,H thing hang.
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ igs
ol [ 1 (o 1o
BH ==BC AH - AB==BC AH = AB+=BC
Ta co: f = f = f
W:E@ R—ﬁzgﬁ W:E+E@

Mé: AK = AB -+ BD = AB +(BC+CD)= AB+=BC -~ AB = 2 AB + = BC = 2| AB+2BC
6 6 6 6 6 5

Khi d6: m:gm

Vay: A K,H thiang hang.

Bai 5. Cho AABC véi 1,J,K lan lugt duoc xac dinh bai Ezzﬁ';f:—aﬁ;K_Az—@

a) Tinh 1J; 1K theo AB;AC.
b) Chirng minh ba diém 1,J,K thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
A
K
J
B c I
a) Tinh 1J;1K theo AB;AC.
45C.

Tact: 1J=1C+CJ =-BC -2 AC =(BA+AC)-ZAC = AB -

3 3 .
K= TB4+BK = 2BC - L 3B = —2(BA+ A€\ - L 2B = 3 2B _2AC
IK=1B+BK =~2BC - AB=-2(BA+ AC) - AB=> AB-2AC.
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b) Chimg minh ba diém 1,J,K thiang hang.

U=AB-2aC ﬁ:ﬁ—gﬁ ;
Theo cau a: 3 3 IS 3 5 :R:Eﬁ.
IK=>AB-2AC IK=—(AB——ACJ
2 2 4

= 1,J,K thing hang.

Bai 6. Cho AABC. Trén cac duong thang BC,AC,AB lan luot lidy cac diém M,N,P sao cho
MB =3MC ; NA=3CN; PA+PB =0.

a) Tinh PM ;PN theo AB;AC.

b) Chirng minh ba diém M, N, P thing hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) Tinh PM ;PN theo AB;AC.

Tacé: PA+PB=0— P la trung diém AB.

PMi =PB+BM == AB+> BC = = AB+ > AC— AB) =—AB+> AC |
22 2" 2 2

PN-=PA+AN=L1BA+SAC=_L12B+3AC.
2 4 2 4

b) Chirng minh ba diém M, N, P thing hang.

1

= PN==PM .
2

W:_E%E W:—E%A—c

Theo cau a: L 3 b= 1 3
PN=—-AB+-AC |PN==|-AB+>AC
2 4 2 2

= N, M, P thang hang.

Bai 7. Cho hinh binh hanh ABCD. Trén céac tia AD,AB lan luot liy cac diém F,E sao cho

AD :%AF, AB :%AE . Chting minh:

a) Ba diém F,C,E thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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b) Céc tir giac BDCE, BDFC la hinh binh hanh.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

A r D 'y F
77 77
B :
Vﬂ‘

E
a) Badiém F,C,E thang hang.
Theo dé ratacd D la trung diém cia doan thang AF , B 1a trung diém cua doan thang AE |
Taco CE =CB+BE = DA+ AB =FD+DC = FC nén ba diém F,C,E thing hang..
b) Cac t&r gidc BDCE,BDFC la hinh binh hanh.

Taco {BE” bC = BDCE Ia hinh binh hanh.

BE =DC

_ |DF/IBC N s .
Taco — BDFC Ia hinh binh hanh.
DF =BC

Bai 8. Cho tam giac ABC . Hai diém 1,J duoc xéc dinh boi 1A+31C =0; JA+2JB+3JC =0. Ching
minh ba diém 1,J,B thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

Q{g++3§)12(ﬁ+@)+3(ﬁ+ﬁ)za

1A+3IC =0
= . . . . .
6JI+2IB+(IA+3IC):O

—=6JI +2IB=0 < IB=-3JI .
Vay ba diém 1,J,B thing hang.

Bai 9. Cho AABC. Hai diém M,N Ilan luot xac dinh boi 3MA+4MB =0, NB—3NC =0 Chung
minh 3 diém M,N,G thing hang, véi G la trong tim AABC .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
Theo dé ra ta co:

3MA+4MB =0
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< 3(MA+MB )+ MB =0
©3.(3MG-MC)+MB =0

< 9MG—3MC + MB =0

< 9MG —3(MN +NC)+(MN +NB) =0
< 9MG —2MN +(NB-3NC) =0

. 2.

<IMG-2MN +0=0 < MG =§MN.

Vay 3 diém M, N,G thang hang.

Bai 10. Cho AABC. Vé phia ngoai AABC V& cac hinh binh hanh ABIJ, BCPQ, CARS . Chang minh

cac tam giac RIP,JQS c0 cung trong tam.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
J A R
S
B C
I
Q P

Céach 1. Goi G, G'lan luot la trong tim ARIP , AJQS .

Tacd RS+1J+PQ=RG+GG +G'S+1G+GG'+G'J + PG +GG' +G'Q =3GG
Ma RS = AC;1J =BA;PQ =CB

— AC +BA+CB =3GG'

< BC+CB=3GG'

<3GG' =0

Vay cac tam giac RIP,JQS c6 cung trong tam.

Céch 2. Goi G, G’ lan luot 4 trong tam ARIP , AJQS .
Tacod: 3GG'=GJ +GQ+GS.

(6T +13)+(GP++PQ) +(GR+S)
=(a+@+@)+(ﬁ+@+R—S)

- 0 +(BA+CB+AC)

=0
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SuyraG=G'.

Vay cac tam giac RIP,JQS c6 cung trong tam.

AA BB CC'

Bai 11. Trén cac canh AB,BC,CA cua AABC liy cac diém A',B’,C’ sao cho —— ==
B BC AC

Chung minh cac tam gidc AABC va AA'B'C’ c0 chung trong tam.

Goi G,G' lan luot I trong tm cua cac AABC va AAB'C'.

Khi d6 GA+GB+GC =0 va GA +GB' +G'C' =0.

AA' =k AB

Ta dat: AA:BB :CC =k>0={BB =kBC.
AB BC AC .
CC'=kCA

Do G la trong tam cua cac AABC nén GA+GB+GC =0

<:>(@+@+m)+(@+@+ﬁ)+(GG’+G’C’+C’C):6

©3GG'+(G'A'+G'B'+G'C’)-( AN + BB +CC') =0

< 3GG' + 0 —k(ﬁ+ﬁ+ﬁ)=6
<3GG'-k0=0

=366 =0=G=G'

Vay céc tam giac AABC va AA'B'C’ cé chung trong tam.

Bai 12. Cho tam giac ABC va mot diém M tiy y. Goi A',B’,C’ lan luot 1a cac diém ddi xung cia M
qua céc trung diém K, 1,J caa cac canh BC,CA, AB.

a) Chtrng minh ba dudng thang AA’, BB’,CC’ ddng quy tai mot diém N .

b) Chang minh rang khi M di dong thi dudong thing MN luén di qua trong tdm G cua

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
a) Chtng minh ba duong thang AA, BB',CC’ dong quy tai mot diém N .

a) Goi O,P,Q lan luot 1a trung diém cua céc canh AA', BB’,CC’. Ta c6:
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MO == WﬁW)z (W+W+WC)

N |-

MP (M + MB) = (MA-+ M + MC
MQ = (MA-+ MC') = (MA-+ M8 + C

:W):W:Wj:oz P=Q.
Do d6 ba duong thang AA', BB',CC’ ddng quy tai trung diém N (=0 =P =Q) ciia mdi duong.

b) Chang minh rang khi M di dong duong thang MN 1udn di qua trong tdim G cua AABC.

A|
Vi G latrong tm cua AABC nén ta cé WG=%(W+W§+WC).

Mit khac W:%(MA+ MB+MC).

Suy ra ngm. Do d6 3 diém M, N,G thing hang.

Vay khi M di dong duong thang MN 1udn di qua trong tam G cua AABC.

Bai 13. Cho tam giac ABC c6 trong tim G. Cac diém M, N théa man 3MA+4MB =0; C—Nzéﬁ.

Chung ming duong thing MN di qua trong tdm G cua tam giac ABC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi gidi
Theo gia thiét ta co:
3m+4w=6©3(W+@)+4(W+@)=6<:>7m+3(@+@)+ B=6(1).
Vi G latrong tam cia tam giac ABC nén GA+GB+GC =0 <> GA+GB =-GC, (2)
Thay vao ta duoc: 7MG —3GC +GB =0 <> 7MG = 3GC — GB.
Lai c6 ON = BC & GN ~GC = (GC - GB) > 26N ~36C - GB > 26N = 7MG,

Viy ba diém M, N, G thang hang.

Bai 14. Cho tam giac ABC. Goi | la trung diém cua BC. Hai diém D, E théa man BD = DE = EC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Chung ming rang:
a) AB+AC = AD + AE.
b) Tinh AS = AB+ AD+ AC + AE theo Al. Suy rabadiém A, 1, S thing hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
A
O O O
B D I E C

a) AB+AC = AD + AE.

Theo gia thiét ta c6 | 1a trung diém coa BC va hai diém D, E théa man BD=DE =EC nén |
ciing la trung diém ciia DE. Do vay AB+ AC = AD+ AE =2Al .

b) Tinh AS = AB+ AD+ AC + AE theo Al. Suy rabadiém A, I, S thing hang.

Ta co: TSZE+E+E+E:(E+E)+(E+E):2N+ZN:4N.

Vi AS =4Al nénbadiém A I,S thing hang.

Bai 15. Cho tam gi4dc ABC. Cac diédm M, N duoc xac dinh boi cac hé thac BM =BC —2AB,
CN =xAC-BC.
a) Xac dinh x ¢¢ A, M, N thang hang.

b) Xéc dinh x dé duong thang MN di qua trung diém | cua BC. Tinh %

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi gidi
a) Xac dinh x @& A, M, N thang hang.
+) BM =BC—-2AB < AB+BM =BC+BA < AM =2BC-AC
+) CN =xAC-BC < AN — AC = XAC - BC Qm:—?C+(x+l)TC

Khidé A, M, N thing hang khi va chi khi ton tai k e R sao cho AN =kAM

ke_1

. S . -1=2k 2

< -BC+(x+1)AC=2kBC-kAC < o .
Xx+1=-k __1

2

Vay x:—% thi A, M, N thing hang.

b) Xéc dinh x dé duong thang MN di qua trung diém | cua BC. Tinh %
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Ta co:
+) MN = AN — AM =(x+2) AC —3BC

+) w:ﬁ_m#@mﬁ_zﬁ:zﬁ_%@_ﬁ:m_g@

Khi d6 duong thang MN di qua trung diém | cua BC thi M, N, | thing hang

2l =x+2 I =
— tdntai | e R sao cho MN =IMI @(x+2)ﬁ—3%=2IE—%@@ 5l__, <
2 X =

Viy x:é thi duong thang MN di qua trung diém | cia BC.

Bai 16. Cho ba diém c6 dinh A, B, C vabasdthuc a, b, ¢ saocho a+b+c=0.
a) Chtng minh ring c6 mot va chi mét diém diém G théa man aGA+bGB +cGC =0.

b) Goi M, P 1 hai diém di dong sao cho MP =aMA-+bMB +cMC . Ching minh ba diém
G, M, P thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lo giai

a) Chung minh ring c6 mot va chi mot diém diém G théa man aGA+bGB +cGC =0.
Ta lay mot diém O nao d6 thi:

aGA+bGB+cGC =0

<:>a(O—A—O_G')+b((ﬁ—a§)+c((f—@)=6

< (a+b+c)OG =aOA+bOB +cOC

<0G = (a@+b@+c@)

a+b+c
Vay G hoan toan xac dinh va duy nhét.
b) Goi M, P 1a hai diém di dong sao cho MP =aMA+bMB +cMC . Chiing minh ba diém G, M,
P thang hang.

Véi diém M tacdé MG =

(am+ bW+CW).
a+b+c

Mit khac MP =aMA+bMB +cMC .

Suy ra MG = MP.

a+b+c
Vay ba diém G, M, P thang hang.

Bai 17. Cho tam gidc ABC. Cac diém M,N thoa man MN =2MA+3MB—MC.

a) Tim | thoa man 21A+3IB—IC =0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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b) Chimg minh dudng thang MN ludn di qua mot diém cé dinh.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
A

a) Tim | thoa mén 21A+3IB—IC =0.
Taco 2|_A'+3E—E=6@2(ﬁ+@)+(ﬁ—ﬁ)=6@m=ﬁ
Véi H,P,K lan luot 1a trung diém cia AB,BC,BP.

Vay | la dinh hinh binh hanh BKHI .
b) Chimg minh duong thang MN ludn di qua mot diém cé dinh.

Taco W:z(W+ﬁ)+3(W+E)—(W+E)
= 4MI +2IA+3IB—IC = 4MI .
Vay MN ludn qua | ¢é dinh.

Bai 18. Cho tam giac ABC. Cac diém M,N théa man MN =2MA—MB+MC .

a) Tim | théa min 21A—1B+IC =0.
b) Chimg minh dudng thang MN ludn di qua mot diém cé dinh.

¢) Goi P Ia trung diém cta BN . Ching minh duong thaing MP 1uédn di qua mét diém cb

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

1 A

¢ H
a) Tim | thoaman 21A—IB+IC =0.
Taco 2IA—IB+1C=0<2IA=CB < IA=CP.
V6i H 1a trung diém cua BC .
Vay | la dinh hinh binh hanh CHALI .
b) Ching minh dudng thing MN 1uén di qua mot diém cb dinh.
Tacé MN =2MA—MB+MC
=2(W+ﬁ)—(W+E)+(W+E)
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=2MI +2IA—1B+IC = 2MI .

Vay MN luén qua | ¢ dinh.

¢) Goi P 1a trung diém cua BN . Ching minh dudng thing MP 1udn di qua mot diém cb dinh.
Do P 14 trung diém caa BN nén

2MP = MB +MN = 2MA+MC =3MK +2KA+ KC =3MK .

V6i K thuoc canh AC va CK =2KA.

Chung minh duong thing MP luén di qua mot diém cb dinh K .

w DANG TOAN 3: TIM TAP HQOP PIEM THOA MAN PANG THUC VECTO

PHUONG PHAP
Dé tim tap hop diém M théa mdn mot dang thic vecto, ta bién doi dang thuc vecto d6 vé cac tap hop

diém co ban da biét. Chang han:
e Tap hop cac diém cach déu hai dau mat cia mot doan thang 1a duong trung truc cia doan thang do.

e Tap hop cac diém cac déu mot diém cb dinh mot khoang khong ddi 1a duong tron ¢ tam 1a diém ¢b

dinh va bén kinh 1a khoang khong doi.

Bai 1. Cho tam giac ABC. Tim tap hop diém M trong mdi trudng hop sau:

a) MA=NMB. b) MA+MB+MC =0.
Loi giai
a) MA=MB.

+)Tacé MA=MB < MA—MB=0<BA=0.

Vi A va B 1a hai diém phan biét nén khong ton tai diém M .

b) MA+MB+MC =0.

Goi G 1a diém thoan man GA+GB+GC =0. Khi dé

MA+MB+MC =0« 3MG+GA+GB+GC =0<3MG=0<MG=0=>M =G.
Vay tap hop diém M 14 trong tdm tam giac ABC.

Bai 2. Cho tam giac ABC . Tim tap hop diém M trong mdi truong hop sau:
a) [MA+MB| =|MA- M| .
b) \WA+W+W\:\W+2W\.
) ‘ZW\+W‘:‘W+2W‘.
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Léi giai

a) WA+ V| = ViAW
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‘W+W‘:‘W\—W‘@‘W+W‘:‘§A‘©‘W\+W‘:AB..
Goi | 1a trung diém AB, khi do (1)@\2W+ﬁ+ﬁ\=AB@\2W=AB@|v|| :%.

Vay tap hop diém M 1a duong tron tam |, ban kinh R :% .

b) ‘W+W+W‘=‘W+ZW‘.

Goi G latrong tam tam giac ABC, va | la diém thoa mén IA+2IB=0.
Biéu thic (*) <[3MG|=[3MI| < 3MG =3MI < MG =M.

Vay tap hop diém M 1a duong trung truc cia doan Gl .

c) ‘2m+m‘:‘m+2m‘.

Goi | va J lan luot 1a cac diém thoa man: 21A+1B=0, JA+2JB=0.
Biéu thitc (*) < [3MI|=[3MJ| < 3MJ =3MJ < MI = MJ.

Vay tap hop diém M 1a duong trung truc cia doan 1J .

Bai 3. Cho tam giac ABC . Tim tap hop diém M sao cho:
a) [VIA+ VIB + MC] = 2| M8 + VT
b) |2MA +MB| =|4MB —MC| .

c) [AMA + MB + MC| ~[2MA - MB - MC|.
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Loi giai
a) [WiA-+ VB -+ MC| = 2 M8+ MiC|.
Goi G latrong thm AABC, | 1a trung diém cia BC. Ta co:
[MA-+ MB + MC| = |MB + MC| < [3G] = 2MiI] = [MG| = i <= MG = 1.
Vay, tap hop diém M 1a dudng trung truc caa doan Gl .
b) ‘ZW+W‘=‘4W—M—C‘.

Goi P,Q 14 hai didm thoa man: 2PA+PB=0, 4QB-QC =0. Taco:

\2W\+ W\ - \4@ - MC} o ‘SMP‘ - \3MQ} @\MP} - \MQ} & MP =MQ
Vay, tap hop diém M 1a duong trung truc cua doan PQ.
c) |AMA + M + MC| ~[2MA - M8 - MC]

Goi G latrong thm AABC, K 1a trung diém cua AG. Taco:
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‘4M—A+W+W‘ = ‘ZM—A—W—W‘ & ‘3(Wx+ m)‘ = ‘3(M—A—m)‘

= ‘6W‘ = ‘3@«‘ < MK = %A Vay, tap hop diém M 1a duong tron tim K ban kinh R = G—ZA

Bai 4. Cho tam giac ABC.
a) Xac dinh diém | sao cho: 3IA—21B+1C =0.
b) Chitng minh rang dudng thang ndi hai diém M, N xéc dinh bai hé thuc:
MN =3MA—2MB +MC ludn di qua mét diém cé dinh.
c) Tim tap hop diém H sao cho: ‘SW&—Zﬁerf‘ = ‘m—@‘

d) Tim tap hop diém K sao cho: Z\K—A+@+R\ =3\W3’+W:’\ .
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Loi giai
a) Xac dinh diém 1 sao cho: 3IA—21B+1C =0.

a) Goi E la trung diém cua AC.

Tacé: 3IA-21B+IC=0< 2(ﬁ—ﬁ§)+(ﬁ+ﬁ)=6

< 2BA+2IE=0<> IE = AB.

Vay, | la dinh caa hinh binh hanh ABEI .

b) Chang minh rang duong thang ndi hai diém M, N xac dinh boi hé thic:
MN =3MA—2MB+MC luédn di qua mot diém cé dinh.

Tac6: MN =3MA—2MB+MC < MN =2MI = M, N, | thing hang.

Do d6 duong thang ndi hai diém M, N ludn di qua diém | c6 dinh.

c) Tim tap hop diém H sao cho:‘3ﬁ—2ﬁ§+%‘ :‘m—@‘.

Ta c6: [3HA~ 2HB + HC| = [HA- HB| < |2H| =[BA] < HI =22,

Vay, tap hop diém H 1a duong tron tim | ban kinh R :% .

d) Tim tap hop diém K sao cho: 2\K—A+@+K—c\=3\@+@\.
Goi G latrong thm AABC, F la trung diém cua BC. Ta c6:
2\K—A+@+K_c'\=3\@+K—c\®6\@\=6\ﬁ\@KG:KF.

Vay, tap hop diém K 1a duong trung truc cua doan GF .

Bai 5. Cho tam gidc ABC.
a) X4c dinh diém | saocho 1A +3IB —2IC =0 .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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b) Xéc dinh diém D sao cho 3DB —2DC =0 .
¢) Chiing minh rang ba diém A, I, D thang hang.

d) Tim tap hop cac diém M sao cho ‘MA +3MB —2MC \ =‘2MA ~MB -MC]|.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

m

a) Xac dinh diém | sao cho IA +3IB —2IC =0 .
IA+3IB -2IC =0 < IA+IB +2IB —2IC =0 .

< 2IE +2(I1B - IC)=0,véi E la trung diém caa AB.
< 2IE +2CB =0 < IE =-CB < IE =BC .

Viay diém | thoa man IECB 14 hinh binh hanh.

b) Xéac dinh diém D sao cho 3DB —2DC =0 .

3DB —2DC =0 < DB +2DB —-2DC =0 .

< DB +2(DB —DC)zﬁ@ﬁ#Z@zO

< DB =-2CB < DB =2BC .
Vay diém D thang hang véi B,C va D thudc tia dbi cua tia BC thoa mdn DB =2BC.

A

¢) Chang minh rang ba diém A, I, D thang hang.

C6 IE =BC va DB =2BC
nén ﬁ:zﬁeﬁ+m+ﬁzz(m+ﬁ)
<Dl +1A+AB =2IA +2AE < DI +AB =21A —IA + AB .

< DI =IA . Vay badiém A, I,D thing hang.

d) Tim tap hop cac diém M sao cho |MA +3MB —2MC \ :‘ZMA ~MB -MC].
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\MA +3MB —2MC}=\2MA _MB —MC‘

& |MI'+3MI"—2MI +1A +318 -2IC| :‘ZMA ~(MB +MC )‘

@‘W+3W—2W+6‘:‘2MA—2MJ }@\mvu Hzm@lm —AJ, v&i J 1a trung didm cia

BC.
Vay tap hop diém M 1a duong tron tdm |, ban kinh R=AJ, véi J 1a trung diém cua BC.

Bai 6. Cho diém O cé dinh va hai vecto u, v cb dinh. Véi mdi sé m ta xac dinh duoc diém M sao

cho OM =mu +(1-m)v . Tim tap hop diém M khi m thay ddi.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
T O dung OA =u ; OB =v thi A B cédinh.
()—M:mO—A+(1—m)(ﬁ<:>()—M=m(()—A—()—B)+O—B.
@W—ﬁ':m(ﬁ—ﬁ)@Wmﬁ.

T do suy ra A B,M thang hang. Vay tap hop diém M chinh 1a duong thang AB .

Bai 7. Cho AABC va ba vecto ¢b dinh u, v, w . Vi mdi sé thyc t, ta ldy cac diém A', B', C’ sao cho

AA' =tu, BB'=tv, CC’ =tw. Tim quy tich trong tim G’ ciia AA'B'C’ khi t thay déi.
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Loi giai
Goi G latrong tdm AABC, khi do:
3GG' =GA +GB'+GC’

—GA+AAN +GB+BB +GC +CC’
- (GA+GB+GC)+ AR+ BB +CC’

— AN + BB’ +CC’
—tU+tv+tw
=t(ﬁ+\7+W)

T o 1
bat ¢ =u+v+w thi vecto o ¢6 dinh va GG':éta.

Truong hop 1: Néu o =0 thi cac diém G’ tring véi diém G .
Truong hop 2: Néu « =0 thi quy tich cac diém G’ 1a duong thing di qua G va song song véi gia

Cua vecto « .

Bai 8. Cho tu gidc ABCD. Vi mdi sb k tly v, ldy cac didm M, N sao cho AM =kAB, DN =kDC
Tim tap hop cac trung diém | caa doan thang MN khi k thay déi.
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Loi giai

=]

Goi O, O’ lan luot 14 trung diém cua AD va BC.
Khi do: @:%(@+&)

=5(0—A+AB+0D+ Dc)
2
~2(AB+DC).
2
Tuong tu, vi O va | lan luot 14 trung diém cua AD va MN nén:
Of =~(AM +DN) = (B +DC)
2 2

=kOO' .
Do d6: khi k thay ddi, tap hop cac diém | 1a duong thang OO’ .

Bai 9. Cho niam diém trong d6 khong co ba diém nao thang hang. Goi A 1a tam giac co ba dinh lay
trong nam diém d6, hai diém con lai xac dinh mot doan thang t. Chiing minh rang véi cach chon A
khac nhau, duong thang di qua trong tdm tam giac A va trung diém doan thang t ludn di qua mot diém
c6 dinh.
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Léi giai
Gia sir ndm diém trong d6 khong c6 ba diém nao thiang hang 1a A,B,C,D,E.
Goi G 1a diém thoa mén: GA+GB+GC +GD+GE =0. (1)
= G la diém ¢b dinh.
Goi G’ latrong tm cua A qua badinh A,B,C =GA+GB+GC =3GG'. (2)
M la trung diém cua hai dinh con lai D,E = GD+GE =2GM . (3)
Tir (1),(2)va (3) =3GG' +2GM =0=G,G',M thing hang.

Suy ra diéu phai ching minh.

Bai 10. Cho tam giac ABC, | la trung diém cua doan thang AB . Mot duong thang d thay doi luon di
qua |, lan luot cit hai duong thing CA,CB tai A',B'. Chitng minh ring giao diém M cua AB' va

A'B nam trén mét duong thang cb dinh
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Loi giai

bat @zm@, MB’ =nMA

Xét tam giac ABB’ véi ba dudng dong quy 1a AC, MB va B/l .

Vi 1A=—IB nén theo dinh Ii X&- va, tacé —-mn=-1 hay mn=1.

T MB'=nMA tasuy ra mMB’ = mnMA = MA.

Vay tacé CB=mCB’ vda MA=mMB’, diéu nay chung to ring CM // AB.

Vay diém M ludn nam trén duong thang cb dinh di qua C va song song véi AB .
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