Tich vd heeng qia hai vect Tran S Tung

CHUONG II
TiCH VO H UONG CUA HAI VECT O
VA UNG DUNG

l. GIATR I LUQNG GIAC CUA MQT GOC BAT Ki
TU 0° PEN 180°

1. Pinh nghia

L4y M trénnita dudng tron don vi tim O. Xét géc nhon o = xOM . Gid sit M(x; y).
sina =y (tung do)

cosa = x (hoanh do)

y
tanQq = Y M (x Z0) y M
x \hoanh dd |
op s 1 o] *1 X
cota = d (—hoanhdoj (y Z0)
y \ tungdd
Chay: —Néuatuthi cosr<0, tana <0, cotr < 0.
~ —tamchi xacdinh khia #90, cota chi xacdinh khia #0° vaa #180.
2. Tinh chat

* GOc phu nhau » GOc bu nhau
sin(900 —-a)=cosa
cos(900 —-qa)=sina
tan(900 —-a)=cota
cot(90O —-a)=tana

3. Gia tri lwgng giac dia cac goatac biét

sin(180° —a) =sina

cos(lSOO —-a)=-cosa
tan(180° —a) = —tana
cot(180° —a) = —cota

Cha y:

O<sina<l,—-1<cosa<l.

o’ 30 45 60 9d 180
2 2 2
cosa 1 V3 V2 1 0 1
2 2 2
tana 0 g 1 J3 I 0
cota I J3 1 g 0 I
4. Cac ¢ thirc oo ban
_sina
tana—cosa (cosa #0) sin2a+cos2 g =1
cota = C?sa (sina #0) 1+tan’a = (cosa #0)
sma cos” a
tana.cota =1 (sin@.cosa # 0) ) )
l+cot”a = (sina #0)
sin” a

Trang 12




Tran Si Tung Tich vd heéng aia hai vectr

Bail. Tinh gia ti cAc béu thrc sau:
a) asin0° +bcos0° +csin90° b) ac0s90° +bHsin90° +¢sin180°
c) a*sin90° + 5% c0s90° +¢? cos180° d) 3-sin?90° +2cos? 60° —3tan® 45°
e) 4a® sin® 45° -3(atan45%)? + 2acos45%)?
Bai2. Tinh gia ti cua céc biu thirc sau:
a) sinx +cosx khixbing @; 45% 6¢. b) 2sin x +cos2x khi x bing 4%; 3.
Bai 3. Cho bt mot gia ti lugng giac éa mpt goc, tinh cac giaittuong giac condi:

a)sin,[a’=%,[3nhf_)n. b)cosO’Z-% C)tanx=2\/5
Jo-\2
4

Bai 5. Cho bt mot gia ti luong giac éa mbt gdc, tinh gia frcaa mot biéu thic:

Bai4. Biét sin15° = . Tinh c0s150, tanlSO, cot15°.

tanx +3cotx +1

a) sinx =+, 90% < x <180°. Tinh A =
3 tan x +cot x

b) tana =+/2 . Tinh B = SIna—cosa

sin® @ +3cos’ @ +2sina
Bai 6. Chiang minh cacaiang thrc sau:

a) (sin x +cosx)? =1+2sin x.cosx b) sin® x +cos* x =1-2sin? x.cos? x

2 6

c) tan? x —sin” x = tan’ x.sin® x d) sin® x +cos® x =1-3sin? x.cos? x

e) sin x.cos x(1 +tan x)(1 +cot x) =1+2sin x.cos x
Bai7. Pon gian cac btu thic sau:

a) cosy+siny.tany b) \/1+cosb.\/1—cosb C) sinav1+tan’ a
1-cos® x 1-4sin® x.cos” x

d) ——— +tanx.cotx e) >
1—-sin” x (sin x +cos x)

f) sin(90° = x) +cos(180° — x) +sin? x(1 +tan> x) —tan” x
Bai 8. Tinh gia ti cac béu thrc sau:

a) cos? 12° +cos? 78° +cos? 1° +cos? 89° b) sin” 3° +sin? 15° +sin% 75° +sin” 87°
Bai 9.

a)
[ IIl. TICH VO H UONG CUA HAI VECT O )
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1. Géc gira hai vectr
Choa,b #0. T mot diém O Hit ki vé OA=d,0B=b .

/a;. A N
Khi d6|(d,5) = AOB|vsi 0°< AOB < 180. o<

chu y: >
+ (a,b) =90 = a0k °
+ (a,b) = O0 o 13 ciing heéng
+ (a,b) = = a,b ngroc hwéng
+ (Zz l;) (15 é)

2. Tich vb hréng aia hai vecr
« Pinh ngha:  |a.b =ldl.15|.cos(d,5)|.

pacbiet:  aa=a’=lal’.
e Tinh chit; Vé6i a,b,¢ bat ki vaOk/R, ta co:
+ db=ba, i(b+¢)=ab+ac;
(ka).b=k(ab)=a.(kb), i 20;d°=0 « a=0.
+ (a+B) =@ +2ab+52, (&—5)2—a2—2ab +52;
a>-b>=(a-5)(G+5n)
+ db>0 - (a,b) nhon +db<0 - (a,b)
ib=0 - (Zz 15) vuong.
3. Biéu thirc toa dd cﬁa tich vd hréng
« Chod = (a, @), b = (b, b). Khi do: a.b =ab, +a,b,|
. lal = Ja? + a2 ; cos(@, by =90 Gnp L b vap =0
J@? +a2 b7+ 12

* Cho A(x,;y,), B(xgyp). Khido:  AB =\/(xB —x,) (=,

Bai 1. Cho tam gidc ABC vubdngitA, AB = a, BC = 2a. Tinh cac tich varéng:

a) AB.AC b) AC.CB c) AB.BC
Bai 2. Cho tam giac ABGIéu canh king a. Tinh céac tich véudng:
a) AB.AC b) AC.CB c) AB.BC

Bai3. Cho bndiém A, B, C, D htki.

a) Chirng minh: DA.BC +DB.CA+DC.AB=0. .

b) Tir d6 suy ra Mt cach cling minhdinh li: "Baduong cao trong tam giatong qui”.
Bai4. Cho tam giac ABC &i ba trung tugn AD, BE, CF. Cling minh:

BC.AD +CA.BE+ AB.CF =0.

Bai 5. Cho haidiém M, N rdm trénduong tronduong kinh AB = 2R. @i | 1a giaodiém cia
hai duong thang AM va BN.

a) Ching minh: AM.AI = AB. Al, BN.BI = BABI .

b) Tinh AM.AI + BN .BI theo R.
Bai6. Cho tam gidc ABC c6 AB=5,BC =7, AC =8.
a) Tinh AB.AC, rdi suy ra gia trcaa goc A.
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b) Tinh CA.CB.
c) Goi D ladiém trén CA sao cho CD = 3. TinfiD.CB.
Bai7. Cho hinh vuéng ABCDanh a. Tinh gia frcac béu thic sau:

_— —— ——

a) AB.AC b) (AB+AD)BD +BC)  ¢) (AC - AB)(2AD - AB)
d) AB.BD e) (AB AB+AC +E)(ﬁ+DB+DC)
HD: a) a° b) a* c) 2a° d) —a* e)0

Bai8. Cho tam giac ABCc6 AB=2,BC=4,CA=3.
a) Tinh AB.AC, rdi suy ra cosA.
b) Goi G la trong tam ¢éaAABC. Tinh AG.BC .

c) Tinh gia tr biéu thic S = GA.GB +GB GC+GC.GA.

d) Goi AD la phan giac trongu@a géc BAC (D O BC). Tinh AD theo A—B,E, suy ra
AD.

HD: a) ABAC=->, cosA=—~  b) AG.BC =2 0 s=-2
2 4 3 6
d) St dung tinh clat dwong phan giacDB :%1‘)5 AD —gXE +2 AC, AD = —\/:_4

Bai 9. Cho tam giac ABC c6 AB =2, AC = 3, A =%M |a trungdiém cia BC.
a) Tinh BC, AM.

b) Tinh 13, trong!6 |, Jdugc xacdinh bi: 21A + 1B =0, JB =2JC .

HD:a)BC:\/E,AM:g )IJ——\/F

Bai 10. Cho tr giac ABCD.
a) Ching minh AB> - BC? +CD* - DA> =2AC.DB.
b) Suy radiéu kién can vadu dé tar giac co haduong chéo vudng goc la:
AB* +CD* = BC* + DA%
Bai 11. Cho tam giac ABC cétc tam H, M |a trungliém cia BC. Chiing minh:
MH.MA = %BCZ .
Bai 12. Cho hinh cit nhit ABCD, M |& nbt diém bt ki. Ching minh:
a) MA2 + MC? = MB? + MD? b) MA.MC = MB.MD
¢) MA2 + MB.MD =2MA.MO (O 12 tam éa hinh ck¥ nhat).
Bai 13. Cho tam giac ABC c6 A(1; -1), B(5; -3), C(2; 0).
a) Tinh chu vi va nin dang tam glac ABC.
b) Tim ta d6 diém M biét CM =2AB - 3AC
c) Tim tdm va ban kintuong tron ngai tiép tam giac ABC.
Bai 14. Cho tam giac ABC c6 A(1; 2), B(-2; 6), C(9; 8).
a) Tinh AB.AC . Ching minh tam giac ABC vuongitA.
b) Tim tdm va ban kintheong tron ngai tiép tam giac ABC.
¢) Tim ta do truc tdm H va tsng tdm G da tam giac ABC.
d) Tinh chu vi, din tich tam giac ABC.
e) Tim ta do diem M trén Oydé B, M, A thang hang.
f) Tim toa do di@m N trén Oxdé tam giac ANC céamat N.
g) Tim ta do di@m Ddeé ABDCWIa hinh clr nhat.
h) Tim ta d6 diem K trén Oxdé AOKB la hinh thangtay AO.
i) Tim toa do diém T thay TA+2TB—-3TC =0
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k) Tim taa do diém Eddi xirng Wi A qua B.
) Tim toa d6 diém | chanduong phan giac trongitdinh C @ia AABC.
Bai 15. Cho tam giac ABC. timap hop nhiingdiém M sao cho:

a) MA? = 2MA.MB b) (MA — MB)Y(2MB - MC) =0
c) (MA+MB)(MB+MC) =0 d) 2MA2 + MA.MB = MA.MC
Bai 16. Cho hinh vudng ABCDanh a, tam O. Timap hop nhingdiém M sao cho:
a) MA.MC + MB.MD = a* b) MA.MB + MC.MD = 5a°
) MA% + MB? + MC? = 3MD> d) (MA + MB + MC)(MC - MB) =3d?

Bai 17. Cho tr giac ABCD, |, J4n luot 1a trungdiém cia AB va CD. Tim 4p hop diém M

- 1

sao cho:MA.MB + MC.MD = E112 .

Bai 18.
a)

[ . HE THUC LUQNG TRONG TAM GIAC

ChoAABC c6: —-do daicacenh:BC=a,CA=b,AB=c
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—d6 dai caatuong trung tugn V& tir cacdinh A, B, C:my, m, m
—d6 dai caatuong cao ¥ tir cacdinh A, B, C:h,, hy, he
— ban kinktuong tron ngai tiép, noi tiép tam giacR, r
— nira chu vi tam giag
— dén tich tam giacS
1.Pinh li césin

a’ =b2+c2—2bc.c0sA; b? =c2+a2—2ca.cosB; c? =a® +b*> -2ab.cosC
2.Pinh li sin

a _ b _ c

—=——=——=2R
] sinA sinB sinC
3.Po dai trung tuyen

5 2b*+cH-a* 5 2d®+cH)-br 5 2ad*+bH)-c?
a” 4 ! " = 4 ! e = 4
4. Dign tich tam giac
1 1 1

:Eaha :Ebhb :EChC

=lbcsinA =lcasinB =labsinC
2 2 2
_abc
T 4R
= \/p(p—a)(p -b)(p—c) (cbng tlrc HE-rdNQ)

Gidi tam giacla tinh cac enh va cac gocia tam giac khi kit mgt s6 yéu 6 cho tresc.

5. Hé thikc lwgng trong tam giac vudng(nhdic lai)
ChoAABC vubng ti A, AH la duong cao.

« BC? = AB* + AC? (dinh Ii Pi~ta—go)
« AB* =BC.BH, AC* =BC.CH /T\
1 1,1
= +

AH?> =BH.CH ,

AH?> AB?> AC?

AH.BC = AB.AC
b=a.sinB=a.cosC=ctanB=ccotC; c=a.sinC =a.cosB=btanC =bcotC

6. He thitc lweng trong dudng tron (b6 sung)
Choduong tron (O; R) vatiém M oo dinh.
* Tir M v& hai céat tugn MAB, MCD.

- . M

Pwmioy= MA.MB=MC.MD = MO* - R*
« Néu M ¢ ngoaidudng tron, & tiép tuyén MT.

Pw) = MT? =MO*-R?

Bail. Ching minh &ng trong mi tam giac ABC ta co;
a) a=b.cosC +c.cosB b) sin A =sin BcosC +sinC cos B

C) h, =2Rsin BsinC d) m2+m2+m52%(a2+bz+cz)
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1 2
S :E\/ABZ.ACZ ~(aB.AC)

Bai2. Cho tam gidc ABC. Ging minh &ng:

a) Niub + ¢ = 2athi h3=hi+hi b) Néu be = & thi sin BsinC =sin® A, hyJy_ = h?

a b c

A 2,2 _&, 2
c) Avudbng«~ my +m. =5m;

Bai3. Cho tr giac bi ABCD, goi o la goc kup boi hai duong chép AC va BD.
a) Chrng minh dén tich S @a tr giac cho bi céng thrc: S =%AC.BD.sina.
b) Néu Kt qua trong trdng hop tir gidc cé haiduong chéo vuéng géc.
Bai4. ChoAABC vubngo A, BC = a,duong cao AH.
a) Chrng minh AH = a.sin B.cos B, BH = a.cos® B, CH = a.sin’ B.
b) Tir d6 suy raAB> = BC.BH, AH*> = BH.HC .
Bai5. ChoAAOB candinh O, OH va OK la caduong caobit OA = a, AOH =a.
a) Tinh cac anh aia AOAK theo a vao.

b) Tinh cac anh aia cac tam giac OHA va AKB theo a &a
c) Tir d6 tinh sin2a, cos2a, tan2a theosina, cosa, tana .

Bai6. Giai tam giac ABC, bit:

a) c=14; A=60°; B =40° b) b=4,5 A =30 C=75°

c) c=35;, A=40°; C =120° d) a=137,5, B=83"; C =57°
Bai7. Giai tam giac ABC, bit:

a)a=6,3;b=6,3 C=54" b) b=32; c =45; A=87°

) a=7; b=23 C=130° d) b=14; ¢ =10; A =145
Bai8. Giai tam giac ABC, bit:

a)a=14;b=18,¢c=20 b)a=6,b=7,3;c=4,8

Cla=4;,b=5c=17 d)a=2\/§;b=2\/5;c=\/g—\/5
Bai 9.

a)

BAI T AP ON CHUONG I

Bai 1. Ching minh caaling thrc sau:
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3 3

sin x I+cosx _ 2 sin” x +cos” x _ .
+— =— b) —————  =1-sinx.cosx

I+cosx  sinx sin x sin x +cos x

2 2 2 .2
tan” x—1 1 cos” x—sin” x )

C - > > =-1 d) 7 7 > =1+tan” x

2tanx 4sin” x.cos” x sin” x +cos” x —sin” x

sin” x cos® x )

- =sinx —Ccosx

cosx(l+tanx) sinx(1+cotx)

cos x sin x 1
f) | tanx + - .| cotx+ =—
1+sin x l+cosx/ sinx.cosx
g) cos® x(cos> x +2sin’ x +sin® xtan® x) =1

J5-1

Bai2. Biét sin18° == Tinh cos18 sin72, sin162, cos162, sin108, cos108, tan72.

Bai 3. Tim gié ti I6n nhit va gia ti nho nhit caa biéu thac:
a) A = cos* x —cos? x +sin’ x b) B =sin* x —sin
Bai4. Cho cac veet d,b .
a) Tinh goc(@,b) , biét d@,b #0 va hai veat i =a+2b, v =54 —4b vudng goc.
b) Tinhla + 5|, biét lal =11, |5 =23, la - 5| = 30.
¢) Tinh g6c(a,5) , biét (@ +35) O (7d->5b), (@—4b) 0(7d-25).
d) Tinhla -5, [2a + 35, biét lal =3, 15 =2, (4,5) =120° .
e) Tinhlal, 5], biét la +5| =2, la-bl =4, 2a+b) 0@ +3b).
Bai 5. Cho tam giac ABC c6 AB =3, AC =4, BC =6.
a) Tinh AB.AC VA COSA.

2x+c052x

b) M, N 14 haidiém dwoc xacdinh boi AM :§A—B, AN :%TC. Tinh MN.

Bai6. Cho hinh binh hanh ABCD c6 AB 3. AD = 1, BAD =60°..
a) TinhAB.AD, BA.BC .

b) Tinhdo dai haiduong chéo AC va BD. Tinkos(AC,BD).

Bai7. Cho tam giac ABC c6 goc A ph. Vé phia ngoai tam giacdwac tam giac vudng ca
dinh A la ABD va ACE. Gi | 1a trungdiém cia BC. Chirng minh AlO DE.

Bai8. Cho tr gidc ABCD c6 haidwong chéo &t nhau i O. Goi H, K lan luot Ia truc tam
cua cac tam giac ABO va CDO.oGl, J lan luot la trungdiém aia AD va BC. Clang
minh HK [ 1J.

Bai9. Cho hinh vuéng ABCD c6aah king 1, M 1a trungliém canh AB. Tréndudng chéo

AC lay didm N sao chaAN =%r€.
a) Ching minh DN vudng gocai MN.

b) Tinh 6ng DN.NC + MN.CB .
Bai 10. Cho tam giac ABC. Timap hop cacdiém M sao cho:

a) AB.AM - AC.AM =0 b) AB.AM + AC.AM =0

¢) (MA +MB)(MA +MC) =0 d) (MA + MB +2MC)(MA +2MB +MC) =0
Bai 11. Chirng minh &ng trong noi tam giac ABC ta co:

a) b*> —c? =a(b.cosC —c.cos B) b) (b* =c*)cos A = a(c.cosC = b.cos B)

b) sin A =sin B.cosC +sinC.cos B =sin(B+C)
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Bai 12. ChoAABC. Chtng minh &ng:
a) Néu (a+b+c)(b+c—a)=3bc thi A=60".
3 3_3 ~
by Neu ZF 79 _ 2 i A =600
btc—a
c) Néu cos(A+C)+3cosB =1 thi B=60".
d) Néu b(b? —a®) = c(a® - %) thi A=60°.
Bai 13. ChoAABC. Ching minh &ng:

2 _
b 5 a =bcosA—acosB thiAABC candinh C.
c

a) Néu

b) Néu S8 — 2 054 thi AABC candinh B.
sinC

c) Néu a =2b.cosC thi AABC candinh A.

ONeu—2—+—€ = 9 {hi AABC vudng bi A.
cosB cosC sinB.sinC
e) Nbu S =2R?sin B.sinC thi AABC vudng i A.
Bai 14. Cho AABC. Ching minhdiéu kién ¢in vadu dé hai trung tugn BM va CN vuéng
goc Wi nhau 1a: 5% +¢? =5a4°.
Bai 15. ChoAABC. ‘ , »
a) Céa =5, b =6, c=3. Trén cactoan AB, BC kn luot lay cacdiem M, K sao cho BM
=2, BK = 2. Tinh MK.

b) Co cosA—g diém D thusc canh BC sao chMBC DAC DA =6, BD —§ Tinh

chu vi tam giac ABC.

8v/30 25

HD: )MK—— b) AC =5, BC ?AB 10

Bai 16. Cho not tam giac cdio dai cac enh la: x2 +x+1; 2x +1; x> —1.
a) Timx dé ton tai mot tam giac nkr trén.
b) Khi d6 ching minh tam giady c6 mbt géc king 120°..
Bai 17. ChoAABC c6 B<90°, AQ va CP Ia cAduong €ao,5 ,, =9S 1,
a) Tinh cosB.
b) Cho PQ =24/2 . Tinh ban kinh Ri@dudng tron ngai tiép AABC.
9

HD: a) cosB -1 b) R==
3 2

Bai 18. ChoAABC.
a) CoB=60", R = 2, | [a tamiudng tron i tiép. Tinh ban kinhi@ duong tron ngai
tiép AACI.
b) C6 A=90", AB = 3, AC = 4, M la trungfiém cia AC. Tinh ban kinkiudng tron
ngaai tiép ABCM. 7
c)Coa=4,b=3,c=2, M latrudiem aia AB. Tinh ban kinhi@a duong tron ngai

tiép ABCM.
HD:  a)R=2 b)R—i c)R=§ %

Bai 19. Cho haiduong tron (Q, R) va (Q, r) cit nhau #i hai diém A va B. Mt duong thing
tiep xuc Wi haiduong tron &i C va D. Gi N la giaodiém aia AB va CD (B am gitra
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—

AvaN).Pit AO,C =a, AO,D = 3.
a) Tinh AC theo R va; AD theo r vaB.
b) Tinh ban kinhi@aduong tron ngai tiép AACD.

HD: a) AC = 2Rsin%, AD = 2rsin§ b) VRr .
Bai 20. Cho tr giac ABCD i tiép trongduong tron dudng kinh AC, BD = a,a@ =qa,
CAD=g3.
a) Tinh AC. b) Tinh @n tich tr giAc ABCD theo aq, B.
2 _
HD: aAC=—9% b S=M-
sin(a + ) 2sin(a + f3)
Bai 21. ChoAABC candinh A, ;\ =a, AB =m, D |a nbt diém trén anh BC sao cho BC 3
3BD.
a) Tinh BC, AD.

b) Ching © ring dudng tron ngai tiép cac tam giac ABD, ACD laidng nhau. Tinh cas
dé ban kinh éa chiing bng% ban kinh R ¢aduong tron ngai tiép AABC.

HD:  a) BC=2msing,AD=%\/5+4cosa b) cosa=—%.
Bai 22.
a)
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