NHOM GIAO VIEN TOAN VIET NAM

Trao ddi kinh nghiém day hoc theo dinh

huéng tiép céan nidng luc ngugilhoc

Veé dep loi giai hinh hoc gtia cac bai toan lwong giac
Ths. HOANG MINH QUAN
GV Trirong THPT chuyén Nguyén Hué, Ha Ngi

Trong chwong trinh toin THPT, dé chitng minh m@t sé hé thikc luong gidc, ta thuong
str dung cic bién 461 lwong gidc. Cdu hoi dit ra, ngoai cdc cich bién doi lugng gidc thi ta co cich
tiép cdn nao khdc dé’ gidi quyét vin dé khong? DéE tra 10i cdu hoi nay, bai viét sau ddy moi ban

doc cung dén v6i hwong tiép can hinh hoc cho chitng minh mot so'hé thirc lwong gidc.

I. CAC PANG THUC LUONG GIAC
Bai 1. Chttng minh rf!mg vOl X+y<x,taco
sin(x+y)=sinxcosy+cosxsin y.

Chitng minh 1. Goi zla goc thoaman X+y+z=x.Tacd x,y, z laba goc cia mot
tam gidc. Khong mat tong quat, gia st tam gidc d6 noi ti€p duong tron ban kinh

Tacod sinz==:

=c, tuong ty sinx=a, siny=b.

N O
N |

Tt cong thitc c=acosy+bcosx, ta cd

sin z =sin XCcos Y + Cos xsin y

[ )

<> sin(x+y)=sinxcosy+cosxsiny.
Chiing minh 2.

Vé tam gidc ABC vdi H la chan duong
cao ha tir dinh A 1én canh BC. bat
BAH =x;CAH =y va
AB=a; AC =b; AH =h.

Ta c& Syppc = Saasn + Sanch

B

1 . 1 . 1 .
& —absin(x+y)==ahsinx+=bhsin
2 ( y) 2 2 y
1 . 1 . 1 .
<:>§absm(x+ y) :Eabcos y.sin x+§bacos X.siny

< sin(x+ y) =SiN XCOS y +COS XSiNn y.
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B C D
Vé tam giac ABC voi D la chan duong cao ha tit dinh 4, E' 1a chan duong cao ha tir dinh C,
ﬂ':x,,@:y.Khidé A/éT):x+y.

CE.AB CE.(AE+EB)

Taco AD.BC =CE.AB < AD = .
BC BC

— CE(AE+EB
Mat khéc, lai ¢6 sin(x+y)=sin ACD = AD _ ( ) _AE . CE + CE . EB
AC AC.BC AC BC AC BC

hay sin(x+ y)=cosxsin y+sinxcos y.
Bai 2. Chting minh rang véi x;y e (0;%} vax>y tacod

sin(x—y)=sinxcos y—cosxsin y.

Chitng minh 1. Dung tam giac ABC vudng tai 4, goi D 1a diém thudc canh AC sao cho
ABC =x, ABD = y.

B B acosx A

becosy
bat BC=a;BD=b.Taco AB=bcosy=acosx; AD=asinx=bsiny.

1 1
Mat khacta cd S,zep = Sume —Sausp = EAB.AC—EAB.AD

& BD.BC.sin(x~y)= AB.AC— AB.AD

< b.a.sin(x—y)=bcos y.asinx—acosx.bsiny

< sin(x—y) = cos y.sinx —cos x.sin y.
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A4

Vé tam giac ABC vudng tai 4, dd dai BC =1. Trén canh ACldy diém D,

dat ABC =x; ABD = y = DBC = x—y. Goi E la hinh chiéu ctia D 1én canh BC. Dat
BD=h;DE=d.

Ta co COS)C:Q@AB:COSX;COS)/=£<:>]1: AB =COSx.
BC COSy COSYy

Trong tam gidc vudng EBD ¢6 d =hsin(x—y).
Mat khac, CD =CA—AD =sinx—hsin y. Do d6 trong tam giac vuong EDC, ta cd
sin C = CjLD & d =CD.sinC = CD.cos x = (sin x—/sin y)cos x.

Vay ta c6 d = hsin(x—y)=(sinx—hsin y)cosx

< hsin(x—y)=(sinx—hsin y)cosx < cosx
cos y

sin(x—y)= [sinx— cosx

sin y |cos x
cos y

< sin(x—y) = cos y.sinx —cos x.sin y.
Bai 3. Chitng minh r?mg voi x;y € (0;%}, ta co

cos(x—y)=cosxcosy+sinxsin y. 3)
Chiing minh 1. Dung tam gidc ABC c6 duong cao AH , dat AB=a; AC=b va goc

@zx;ﬁm:y:@:%—x+y:£—(x—y).
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Ta o Sy e = Sus + Same < %AB.A C.sin BAC = %HA.HB + %HA.HC

& absin(%—(x—y)j =acosx.bcos y+asinx.bsin y

= cos(x—y) = COS X.COS y +sin x.sin y.

Chitng minh 2.

A D 1 ¢

Vé tam giac ABC vuong tai 4, trén canh AC ldy diém D, dat ABC = x; CBD = y= DBA=x— ).
Goi E 1a hinh chiéu cua D 1én canh BC.Dat CD=1;BD=h; AB=d .

EB
Trong tam giac BDE vudng, ta co cosy = D < BE=hcosy.
Trong tam gidc CDE vudng, ta co

sinC=g—ll;<:>DE=CD.sinC=CD.cosx=cosx.

Trong tam gidc ABD vudng, ta cé cos(x—y)= % < d=hcos(x—y).

Bai 4. Chting minh cong thttc nhan doi

sin2a =2sina cosa; cos2a =2cos’ a—1.

Chitng minh.

5 C'(cos 2a; sin 20
208 o ‘
A
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Trén duong tron luong gidc voi di€ém 4(-1;0); B(1;0) va diém C sao cho BAC =« . Goi H la
chan duong cao ha tit dinh C dén canh 4B . Ta c
CH =0C.sin2a =sin2a;0H = OC.cos2a =cos2«x .

Khi d6 C(cos2a;sin2a). Vi AACH «~ AABC nén ta c6

CH BC - sin2a _ 2sina
AC AB 2cosa 2

& sin2a =2sina cos a.

Mat khac, tt AACH -~ AABC nén ta ciing cd

AH AC l+cos2a  2cosa

= = & cos2a=2cos’ a—1.
AC AB 2cosa

Bai 5. Chitng minh cong thitc nhan ba

a) sin3x=3sinx-4sin’x ; b)  cos3x=4cos’ x—3cosx.

Chitng minh1

af2 F a2
V& AABC can v6i AB= AC =1,BC = a, BAC = 2x.

Lay diém D trén canh AC sao cho BD=BC=a.Goi E la hinh chiéu cta D 1én 4B, G lahinh
chiéu cua B 1én ACva F la trung diém canh BC.

Ta cd DE =acos3x,BE =asin3x = AE =1-asin3x va

AD =AE* + DE* = [(1-asin3x)’ +(acos3x)’ =1+a’ —2asin3x .

Ny A - BF .
Trong tam giac vuong ADE, cO sinx = B % = a=2sinx. (1)
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B 1—\/i+a2 —2asin3x
BC 2BC 2a '

Tir (1) va (2), ta co

2 .
%=1 \/l+a2 2asm3x:>az=1—\/1+c12—2asin3x
a

:>(1—a2)2 =14+a’ —2asin3x
=a" -3a’ +2asin3x=0
=a’—3a+2sin3x=0

= 8sin’ x—6sin x+2sin3x =0

= sin3x =3sinx—4sin’ x.
Chiing minh?2.

Dung hinh chit nhat 4BCD véi cac diéu kién nhuw hinh vé.

A 2cosxcos2x B
[ x
2x
Zsinvcosly Zco
H
1 .
sindx
F 2x
sy 1
D '—l X 3x I_“ C
COSX E cos3x

Ta cé sin3x=25inxcos2x+sinx=2sinx(1—2sin2 x)+sinx=35inx—4sin3 X.

b) cos3x=2cosc052x—cosx=2cosx(200s2x—l)—cosx=4cos3x—3cosx.

J5-1
=

Bai 6. Khong st dung lwong gidc, hay chitng minh sin18° =

A
B
1 D
72
B 36° 72 ¢ C £

. H

1=

72N D
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AB BC 1 «x . 1445

— = -—=—"Sx +tx-1=0x= )

BC CD X lx 2
SuyraCD=1—x=1—_1;\/§=3_2\/§:>DH=—3_4\/§.

DH _3-\5 2 _ 3-\5 _5-1
BD 4 5-1 (J‘_l) 4

Ta co sinl8° =

I. BATPANG THUC LUONG GIAC

Bai 7. Véi gbc @ nhon. Chitng minh rang _1 L : ! >4,
sina  cosa sinacosa
Chiing minh
c
1
A D B

V& tam gidc ABC vudng & C, c6 ABC =a,CD =1v6i D 1a hinh chiéu ciia C 1én canh 4B

Tacé BC = _1 ; AC = ,suy ra AB =+ AC? + BC* = \/ =— !

Smo cosa Sll’l 0! COS a Smacosa

Tacd AB=— 2 >2. Ap dung bat ding thitc tam giac, ta c6

sin 2«

BC+AC+AB>24B < _1 + ! + ! >2AB >4.

sina@ cosa sin@cosa

Véyl+l+ ! > 4.

sina cosa Ssinacosa

Bai 8. Véi goc a, 5,y e( 2)thoa man cos’ @ +cos’ f+cos’ y =1. Chting minh rang

tan ¢ tan ftan y > 272,

Chitng minh
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A B
Duyng hinh hop ch@t nhat 4BCD.A'B'C'D' v6i AB=a; AA'=b;BC =c va
m'za,B/-'BB'zﬂ,C@=y

NI Jat+¢?
—,tanﬂ :T
a

Ta cé tana = Jtany =

C

\/b2 +c? \/a2 +c? \/b2 +a’

Tk d6 tana tan Stany = .
c

Ap dung bat dang thitc Cauchy, ta c6

\/b2+c2 \/az+c2 \/b2+a2 >«/2bc \/2ac \/2ba —2\/5
a ’ b ’ c T a b ¢ '

Déng thtic xay ra khi va chikhi ¢ =b=c < a = =y =arctan V2.

Bai 9. Cho x,y,zeR, cdcgdc a, B,y €(0;7)thodman 0<a+f+y <27 vala—pl<y<a+p.
Chting minh rang

\/x2 —2xycosa +y° ++/x° —2xzcos B+ 2 >\/y2 —2yzcosy+z°.

Chitng minh

B

Dung hinh chép 0.4BC véi OA=x,0B =y,0C =z, d4t AOB=a,A0C = ,BOC =y .

x*—2xycosa+y*; AC = \Jx* — 2xzcos B+ 2°; BC =
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facO AB+ AC > BC hay

\/x2 —2xycosa + 7’ ++/x° —2xzcos B+ 2 >\/y2 —2yzcosy+z°.

Bai 10. Cho géc o e {%,%) Chting minh rang

l+sina —cosa
: >./2.
sin

Chitng minh

C
5 E

Dung hinh vuéng 4BCD canh bang 1 va 1dy diém E trén canh BC, gbc AEB=a .

. s , 1 cosa sina—cosa
Khidoétacd 4E=——;BE =cota . Suyra EC=1- = - .
sin  sina sina sin o

Xét tam gidc AEC, theo bat dang thitc tam gidc, ta c6

AE+EC> AC =2 & L, Sina=cosa p

sin o sin

Suy ra I+ s1n.a —cosa J2. Déng thitc xay ra khi va chi khi o = %

Sina

II. BAITAP TU LUYEN

Bai 1. Khong st dung bién d6i luong gidc, hay tinh gid tri S =

+tan10° .
cos50°

Bai 2. St dung hinh hoc chitng minh réng c0s36° —cos72° = %

Bai 3. St dung hinh hoc, chitng minh cot = -t cotZT - cos = -1

Bai 4. Cho cac géc a, B,y thoa man cos’ a +cos” f+cos’ y = 1 . Chting minh rang

2
cotacotﬂcosyST.

—\/_ 2-sina 4+\/_

2 cosa 3

Bai 5. Cho géc a € R. Chitng minh rr?mg

t https://www.facebook.com/groups/toanvd.vdc






