SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN HQC SINH GIOI

Bai 1:

Bai 2:

Bai 3:

Bai 4:

SOC TRANG QUOC GIA THPT NAM HOQC 2024-2025
DE CHINH THUC
Mén: TOAN i .
(Thoi gian lam bai 180 phut, khong ké phat dé)
Ngay thi: 17/8/2024

Pé thi nay ¢é 01 trang

(5,0 diém)

Xét day 6 (u,) xac dinh béi u, =6 va u,,, =3u, +u—, voimoi n>1.

n

a) Chirmg minh rang lim u, = +oo.

b) Cho day s6 (v,) x4c dinh béi v, = %, v6i moi 7 21. Chirng minh rang ddy so (v,) c6

2161 han hiru han khi # — +o0.
(5,0 diém)
a) Cho ham f:R — R thod man

(x=2)f(»)+ f(y+2/(x))=f(x+y/(x)), v6imoi x, y e R.
Biét f (O) khac 0. Chtrng minh rang / don anh.
b) S6 nguyén duong n dugc goi 1a “dep” néu nhu ton tai da thire hé s thue P(x) bac n, ¢6
hé s6 bac cao nhat1a 1 va thoa min dé)ng thoi cac diéu kién sau:
i) P(x) >—15, Vx e R.
ii) Tap nghiém cua P(x) ¢6 chia cac s —3; —1; 1 va 3.
Chtng minh rang n =4 va n =6 khong phai 1a s6 dep. Tir d6 tim tat ca cac sb dep.
(5,0 diém)
Cho duong tron (0), hai diém B, C c6 dinh thudc duong tron, BC khong la dudng kinh
cua (0), diém A thay doi trén cung 16n BC sao cho tam gidc ABC khong can tai 4. Hai
tiép tuyén tai B, C cua (0) cit nhau tai D. Puong thing AD cit (O) tai diém E khac A.
K¢ duong kinh EF cua (0), goi M 1a giao diém cia BF va CE, N la giao diém ctia CF
va BE, P 1a giao diém caa AF va MN.
a) Ching minh rang D 1a trung diém ctia MN.
b) Chtrng minh rang P thudc mot dudng thing cb dinh.
(5,0 diém)
Véi k 1a s6 nguyén duong, xét phuong trinh nghiém nguyén duong

C(y-z)+y (z—x)+2(x—y) =k

a) Chirmg minh rang v6i k =2025"* thi phuong trinh trén v6 nghiém.
b) Hoi c6 bao nhiéu sb nguyén duong k < 2024 dé phuong trinh trén c6 nghiém nguyén dwong?

Ho tén thi sinh: ..., Sobaodanh: ........ccceeeiiiiiiiiiii
Chit ky cua Giam thi 1: ....cccooeeiiiiiieieeee, Chir ky cua Gidm thi 2: ......ccooveiiiiiiiece,



SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN HQC SINH GIOI

Bai 5:

Bai 6:

Bai 7:

SOC TRANG QUOC GIA THPT NAM HOQC 2024-2025

PE CHINH THUC

Mén: TOAN ? .
(Thoi gian lam bai 180 phut, khong ké phat deé)
Ngay thi: 18/8/2024

Dé thi nay ¢é 01 trang

(6,0 diém)
a) Vi a, b, ¢ 1a d0 dai ba canh cia mot tam gidc. Chirng minh ré'mg
1 1 1 3
5 +— +— > .
a +bc b +ca c +ab ab+bc+ca
b) Tim tit ca cic sd thuc @ sao cho ton tai ham s6 f:R —> R thoa mén
f(2024) =2024 va

a(f(x)—f(f(y)))éx—y, voimoi x,yeR.

(7,0 diém)

a) Co bao nhiéu céach chon ra hai s6 phan bi¢t tir 2024 s6 nguyén duong dau ti€n sao
cho hai s6 dugc chon hon kém nhau khong qua 5 don vi?

b) Mot 16p hoc c6 45 hoc sinh. Cac hoc sinh tham gia vao tong cong m cau lac bo.
Chung minh rang néu moi cau lac b c¢6 ding 5 hoc sinh va hai hoc sinh bat ky tham
gia chung nhi€u nhat mot cau lac bo thi m <99.

¢) Véi s6 nguyén duong n (n > 2), xét tap hop A gém n s nguyén duong. Ky hiéu
f(4) 1a s6 céc gié tri phan biét tao thanh tir viéc 14y tong hai phan tir thy ¥ cua 4.
Chtng minh rang f (A) >2n—3. Tim tit ca cac tip hop A sao cho dang thirc xay ra.
(7,0 diém)

Cho hai duong tron (01), (02) cung ban kinh R, cit nhau tai 4, B va 0,0, > R.
Duong thang qua A, vudng goc véi 4B, citlai (O,), (0,) theo lan luot tai C, D. Trén
ntra mit phang bd CD chtra B, xét tia Ax tao véi tia AC gdc 60° va tia Ax cat (02)
tai E, cit (0,) tai F.

a) Chtrng minh ring 0,, 0,, E, F cung thugc mot duong tron, dong thoi DE, CF cit
nhau tai mot diém nam trén dudng thing qua B va vudng goc véi Ax.

b) Trén ntra duong tron duong kinh CA, khéac phia véi O,, dung T sao cho CT =R.
Ching minh rang O,E + O,F > 2TA.

Ho tén thi sinh: ..., Sobaodanh: ........ccceeeveiiieiiiiieees
Chitr ky cta Gidm thi 1: .....ccoooeeeiieen, Chir ky cua Gidm thi 2: ......cccvveeeieeee.



SO GIAO DUC VA DAO TAO KY THI CHQN DQI TUYEN HQC SINH GIOI
SOC TRANG QUOC GIA THPT NAM HQC 2024-2025
DE CHINH THUC
Mén: TOAN 7 ‘
(Thoi gian lam bai 180 phut, khong ké phat dé)
Ngay thi: 17/8/2024
HUONG DAN CHAM
(Hudng dan cham cé 04 trang)
Bai Pap 4n Piém
Xét diy s6 (u,) xac dinh boi u, =6 va u,, =3u, +—, véimoi n>1.
1 u,
a) Chirng minh rang lim u, =-+o.
n—>+0
Bang quy nap, ta chimg minh duoc u, >0, Vrn>1.
Két hop gia thiét, ta dugc u,,, >3u,, Vn>1.
Khi do u, >3a > 32u , >..> 3w =2.3". 2,0
Ma lim 2.3" = +o0 nén limu =40
n—»+o0 n—+0
b) Cho day s (vn) xac dinh boi v, = Z—Z, v6i moi n > 1. Chirg minh rang diy
s6 (v, ) c6 gi6i han hitu han khi 7 — 0.
Bu, +— |
Ta co vnH—Vn=”"—+}—ﬂ=—1”"—ﬂ=—>0,v;121. 1.0
3n+ 3’1 3’1+ 3}1 31/[" b
Do d6 v,,, >V, nén diy sb (vn) tang ngat.
Tacoé v, =2 va
Vo=V, :L<%, Vn2=1.
3u, 2.3
Khido v, —v, , < va cr thé v, —v, < %
3" 2:3
Cong cac danh gia lai, ta dugc 20
n-1 s
(1
1 1 3 25
V, <t S+ttt —=2+——F—<—.
23 23 23 18 1_1 12
3
Tur d6 ta dugc day ) (vn) tang ngat va bi chan trén nén s& cd gidi han hiru han
khi n — +o0.
a) Choham f:R — R thod man
2 (x=2)f(¥)+ f(y+2/f(x))=f(x+y(x)), v6imoi x, y e R.
Biét f (O) khac 0. Chtrng minh rang f don anh.
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bat f(0)=a (a=0), thay y bei 0, tacd
(x—2)a+f(2f(x)) =f(x), VxeR (*)
Giasir x,, x, €R, f(x)=f(x,). Khido f(2f(x))=rf(2f(x,))-
Thay x =X, x =X, vao (*), taco
(x, —2)a+f(2f(xl)) = /(%)
(x, —2)a+f(2f(x2))=f(x2) .
Trir vé theo vé hai phuong trinh trén ta dugc (x, —x,)a =0.

Tu do tasuyra x;, =x,. Do vady f don anh.

2,0

b) SO nguyén duong n dugc goi 1a “dep” néu nhu ton tai da thirc hé sb thuc
P (x) bac n, c¢6 hé sb bac cao nhat 13 1 va thoa man déng thoi cac didu kién
sau:

1) P(x) >—15, Vx e R.

i) TAp nghiém ctia P(x) c6 chira cac s6 —3; —1; 1 va 3.

Chtng minh ring n =4 va n =6 khong phai 1a s6 dep. Tir c6 tim tat ca cac s6
dep.

Néu n =4 thi

P(x)=(x-1)(x+1)(x=3)(x+3)=x"-10x* +9.
Tacancod P(x)>-15VxeR < x*-10x* +24>0, Vx e R.
Tuy nhién, diéu ndy 14 khong thoa man vi vé trai ¢ nghiém 13 x =2

1,0

Néu n =6 thi
P(x):(x2 —1)(x2 —9)(x2 +ax+b) véoi a, beR

Ta can c6 (x2 —1)(x2 —9)(x2 +ax+b) >—15, VxeR (*).
® Thay x =0 vao (*) dugc 9b > —15 nén b > —%.

® Thay x =2 vao (*) duoc —15(4+2a+b)>—15 nén 2a+b < -3.
e Thay x =-2 vao (*) dugc —15(4—2a+b)>—15 nén —2a+b < -3.

A \ A o . r .7 A 5 + A A X \
Cong tirng ve cua hai danh gié cudi, ta dugc b < -3 < Y Diéu mau thuan nay

cho thiy khong ton tai (a; b) dé c6 (*) nén n =6 khong thod man.

1,0

Néu n 1é thi lim P(x)=—o nén diéu kién i) khong dugc thoa man.

X—>—00
Vi thé s6 n phai chin. Ngoai ra P(x) c6 it nhit 4 nghiém thuc phan biét nén
deg P>4. Theo ching minh & trén thi n =4 va n=6 déu khong thoa man
nén ta xét n > 8.

Néu deg P =38 thi chon P(x) = (x2 —1)2 (xz —9)2 >0>-15 VxeR.

Tir 6, néu n chin va n>8, ta chon P(x) =x"" (x2 —1)2 (x2 —9)2 > 0.

Vay tat ca cac s6 dep can tim 1a n chan va n > 8.

1,0

Cho duong tron (O), hai diém B, C ¢6 dinh thudc duong tron, BC khong 1a
duong kinh cua (0), diém A thay ddi trén cung 16n BC sao cho tam giac
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ABC khong can tai 4. Hai tiép tuyén tai B, C cla (O) cit nhau tai D. Puong
thing AD cat (O) tai diém E khac 4. Ké duong kinh EF cua (O), goi M
1a giao diém cua BF va CE, N la giao diém cia CF va BE, P 1a giao diém
cua AF va MN. 7

a) Chirng minh rang D 1a trung di€ém cua MN.

G

a) Taco MBN = MCN = 90°. Suy ra tir giac BCNM nbi tiép dudng tron duong
kinh MN.

Ta cb6 FMC = FNB (cing chin BC ).

Ma ﬁ?:%ﬁ?:DOC
va DOC phu vo1 goc ODC nén FNB=O0DC.
Do viy BMC = BNC = BDC.

Matkhac DB = DC nén D latam duong tron ngoai tiép tr gihc BCNM duong
kinh MN. Suyra D la trung diém MN.

2,0

b) Chirng minh ring P thudc mot dudng thing cb dinh.

Goi G d6i xtmg véi E qua D, ta co tir gihe EMGN 1a hinh binh hanh.

Ta thay tir gidc AFGM nbi tiép dudng tron duong kinh FG.

Va tir gidc AFGN ciing ndi tiép dudng tron dudng kinh FG.

Nén tir gihc AFNM i tiép.

Dua vao tim ding phuong cta ba dudng tron (AFNM ) , (O) , (BCNM ) ta suy
ra P thudc dudng thaing BC cb dinh.

3,0

Véi k 1a s6 nguyén duong, xét phuong trinh nghiém nguyén duong
x3(y—z)+y3(z—x)+23(x—y)=k.
a) Ching minh ring v6i k =2025"" thi phuong trinh trén vo nghiém.

Trudc hét, ta phan tich thanh nhan tir cho vé trai ctia phuong trinh nhu sau
X3 (y—Z)+y3(Z—)C)+Z3(X—y)
=x’(y-z)+y (z-y+y-x)+2 (x-y)

2,0
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) =)= (=)' -2)
)(x y)(x +xy+y y —yz— Z)
y=2)(x=y)[(x=»)(x+y)=y(x-y)]
=(x=y)(y-z)(x—z)(x+y+2z).

Trong cac s6 x, y, z phai co6 hai s cung tinh chan 1¢, nén mdt trong cac hiéu

l\]

Y-

"<
N

(
(v-
(

Xx—y, y—z va x—z phai chan, tic 1a (x—y)(y—z)(x—z)(x+y+z) luén
chan.

Ma 2025 1a mot s6 le.

Vi thé phuong trinh x° (y—2)+y’(z—x)+2*(x—y)=2025""" v6 nghiém.

b) Héi c6 bao nhiéu s6 nguyén duong k < 2024 dé phuong trinh trén c6 nghiém
nguyén duong?

Ta tiép tuc chi ra rang biéu thirc (x - y)(y - z)(x - z)(x +y+ z) ludn chia hét
cho 3 v&i moi x, y, z nguyén. Néu trong x, y, z co hai sé ciing chia hét cho 3
thi dung, con nguoc lai, ching phai c¢6 s6 du d6i mot khac nhau khi chia cho 3.
Khi do

x+y+z=0+1+2=0 (mod 3).
Két hop vdi a), suy ra k phai chia hét cho 6.

1,0

Gia st z=min{x; y; z} thi x>y >z nén
x—y2lL,y—z2l,x—z>22vax+y+z2>23z+326.

Khidé k>1.1.2.6=12.
Vi thé diéu kién can 12 & chia hét cho 6 va k >12.

1,0

bat k=6m voi (meZ, m22). Chon x—y=1,y—z=1 thi x—z=2 va
x+ y+z=3z+3. Khi d6 thay vao phuong trinh dugc

1.1.2.(3Z+3) =6m hay z=m—1.
Khi doé, phuong trinh [uén ¢6 nghiém nguyén duong la (m +1; m; m— 1).
2024

Vay sb gia tri & can tim I3 [ }—1:336.

1,0

Hét
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SO GIAO DUC VA DAO TAO KY THI CHQN DQI TUYEN HQC SINH GIOI
SOC TRANG QUOC GIA THPT NAM HOQC 2024-2025

PE CHINH THUC

Mén: TOAN 7 ‘
(Thoi gian lam bai 180 phut, khong ké phat dé)

Ngay thi: 18/8/2024
HUONG DAN CHAM
(Hudng dan cham cé 04 trang)
Bai Pap 4n Pié¢m
a) Véi a, b, ¢ 1a d0 dai ba canh cia mdt tam gidc. Chung minh ré‘mg
5 1 1 1 3

5 5 + 5 > .
a +bc b +ca c +ab ab+bc+ca

Ap dung bat dang thirc Cauchy-Schwarz, ta c6
1 1 1 9
>

a’ +bc b2+ca+cz+ab_a2+b2+cz+ab+bc+ca M
Tacd c<a+b nén ¢’ <ac+bc.
Tuong tu, ta c6 a’ < ab+ac va b*> < ab + bc. 3,0
Khi d6 a*> +b° +¢* <2ab+ 2bc + 2ca.
Nén az+b2+cz+ab+bc+ca<3(ab+bc+ca) (2)

1 1 3
2

Tu (1) va (2), suy ra + + > .
(Dva (2), suy a’+bc b*+ca c*+ab ab+bc+ca

b) Tim tat ca cac sb thuc a sao cho ton tai ham sd f:R >R thod man
f (2024) =2024 va

a(f(x)—f(f(y)))ﬁx—y v6imoi x, yeR (1).

Thay x boi f(y) vao (1), ta dugc f(y) >y, VyelR.

Khido f(f(x))= f(x), VxeR (2). 0>
Khi a =0, thi (1) tré thanh x— y >0, Vx, y € R (diéu nay vo li) 0,5
Khi a <0, thay x =y vao (1), ta dugc a(f(x)—f(f(x)))s 0, Vx e R.
Suyra f(x)= f(f(x)), vxeR 3).
Tir (2) va (3), taduoe f(x)=f(f(x)), VxeR.

Két hop véi (1), ta dugc

a(f(x)—f(y))ﬁx—y, Vx,y eR hay af (x)-x<af (y)-y, Vx,yeR. Lo

Poi vai tro x, y trong danh gia trén, ta duoc
af(x)—x:af(y)—y, vx,yeR (4).
Thay x boi f(x), y bdi f(y) vao (4), ta duogc
af (f (x))=f(x)=af (f(¥))-f (7). ¥x.y €R.
Hay (a—l)f(x)z(a—l)f(y), Vx,y e R.
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Via<0néna-1#0, suyra f(x)=f(»), Vx,y €R hay f la ham hing.
Thay vao dé thi 0<x—y, Vx, y e R (diéu vo 1y).
Do d6 a>0.
Thay y = 2024 vao gia thiét thi a( f(x)—2024)<x—2024, VxeR.
Ma f(x)—2024>x-2024, Vx € R nén a(x—2024)<x-2024, VxeR.
Diéu nay chi ¢ thé xay ra khi a=1. 1,0
Véi a=1, ta chon f(x)=x, VxeR thi danh gia ban du tré thanh ding
thirc nén thod man.
Vaytatca gidtricantimla a=1.
a) Co bao nhiéu cach chon ra hai s6 phan biét tr 2024 s6 nguyén duong dau
tién sao cho hai s6 dugc chon hon kém nhau khong qua 5 don vi?
Goi hai sb duoc chon 1a n, n + x.
n,xeN n,xeN
DPiukién: {1<n<n+x<2024 < 1<n<2024—x.
x<5 x<5 2,0
Vi moi gid tri x e {1; 2; 3; 4; 5} 6 dung 2024 —x cach chon n.
5
Do d9, ta c6 s6 cach chon 1a ) (2024 —x) =10105.
x=1

b) Mot 16p hoc ¢6 45 hoc sinh. Cac hoc sinh tham gia vao tong cong m cau
lac bo. Chuing minh rang néu moi cau lac bd c6 dung 5 hoc sinh va hai hoc
sinh bat ky tham gia chung nhi€u nhat mét cau lac bd thi m <99.
Goi S 1a s6 bod ({A; B} , C) ma trong d6 hoc sinh 4, B cung tham gia vao
cau lac bo C.
Chon cau lac bo trudce, co6 m cach, chon cap hoc sinh cung tham gia cau lac
b9 d6 c6 C2 =10 cachnén S =10m. 2.0
Chon cdp hoc sinh trude, co Cfs cach, chon cau lac ma hai hoc sinh d6 cung
tham gia, c6 khong qué 1 cach nén S < C;..
Tur d6 suy ra 10m < Cj; <> m < 99.
¢) Véi sé nguyén duong n (n > 2), xét tap hop A4 gdém 7 sd nguyén duong.
Ky hiéu f(4) 1a s cac gid tri phan biét tao thanh tir viéc lay téng hai phan
tir ty y ctia 4. Chimng minh rdng f(4)>2n—3. Tim tat ca c4c tap hop A4
sao cho dang thirc xay ra.
Dat x, <x, <...<x, 1a cic phan tir co trong 4. Ta sap thir ty
XX, <X AX <X 4X, <X X <o <X X, <X, +X, <X +Xx <-e<X X, L0
Khi d6, co tt ca n—1+n—2=2n-3 téng phan biét co thé dugc tao thanh ’
nén f(A) >2n-3.
Ta lai xét céc $0

XX, <X AX <X X <X, X, <o<Xy X <X HX | <-e<X L, +X <X +X
RO rang ¢ day cling ¢6 2+n—-2+n—-3=2n-3 s6 nén dé dang thirc xay ra, | 1,0
ta phai c6 hai day so & trén 1a trung nhau theo dung thir tu d6. Khi do, ta cé

XX, =X+ X, DX, =X, =X, — Xy, X, +X, =X, +X, = X, — X, =X, — X,.
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Cu thé, suyra x, +x, =x, +x,_,, Vk=3,4,....,n nén x, —x,_, = x, —x, =d.
Cubi ciing, ta cd x, +x, =x, +x, , nén x, —x, =d, suy ra cac so ciia tap 4
1ap thanh cap sb cong.
Kiém tra lai, ta thdy rang néu c6 4 = {a +md|1<m<n; mde Z*} thi tong
hai sb trong A déu c6 dang

2a+(i+j)d véil<i<j<n. 1.0
Chu y cac tong i + j c6 thé nhan dugc moi gia tri tor 3 dén 2n—3 nén s€ cod
tat ca 2n—3 tong dugc tao thanh, thoa mén dé bai. Vay dang thirc xay ra khi
va chi khi A 1a cap so cong.
Cho hai duong tron (O,), (0,) cung bén kinh R, cat nhau tai 4, B va
0,0, > R. Duong thang qua 4, vudng goc véi 4B, cit lai (0,), (0,) theo
lan luot tai C, D. Trén nira mat phéng bo CD chira B, xét tia Ax tao voi
tia AC goc 60° vatia Ax cit (O,) tai E, cat (O,) tai F.
a) Chirng minh réng 0, O,, E, F cung thuéc mot dudng tron, déng thoi
DE, CF ciat nhau tai mot diém nam trén dudng thing qua B va vudng goc
voi Ax.

B
N o
E
C A D
T

Vi AB 1 CD nén dé thdy B, C, O, va B, D, O, thang hang.
Ta co O/ll§7 = CBF = CAF =60° nén AO,BF déu, suyra BF =0,B=R.
Ta cling co BAE =90°—60°=30° nén B/O_Z\E = 2BAE =60° nén AO,BF 2.0
déu, suy ra BE =0,B =R.
Do d6 BO,=BO, =BE=BF =R nén O, O,, E, F cung thuoc duong tron
tam B, ban kinh R.
Vi AB L AD nén BD la dudng kinh cta (O,), Suy ra BE L ED. Vi thé
DE tiép xuc v6i dudng tron (B). 2,0
Tuong tu thi CF ciing tiép xuc (B).
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Goi X la giao diém cua DE, CF thi XE = XF.
Ma BE = BF nén XB L EF ,tacla DE, CF catnhau tai mot diém nam trén
duong thang qua B va vudng goc voi Ax.

b) Trén ntra duong tron duong kinh C4, khac phia vo1 O,, dung T sao cho
CT = R. Chting minh rang O,E + O,F > 2TA.

Vi O,E =OF =R nén O,EO,F 14 hinh thang can va EF = 0,0,.

Ngoaira BC =BD =2R nén ABCD cantai B va AC = AD. 2,0
Do 0,0, 1a duong trung binh cua ABCD nén O,0, = AC.
Theo dinh 1y Ptolemy cho tir gidc O,EO,F thi
O,E.O,F =0,0,.EF —OF.O,E = AC* =R’ = AC* -CT* =TA".
1,0

Theo bt ding thirc AM-GM thi \/O,E.O,F < %.

Do d6 O.E + O,F > 2TA.
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