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HAM SO VA PHUONG TRINH LUONG GIAC

Bai 1. Géc lwong gidc

1.1 Géc luong giac

1.1.1 Khai niém goc Iuong giac

Khdi niém:

Cho tia Oa. Khi xét chuyén dong cia mot tia Om quanh gdc O ctia n6 tinh tir +

vi tri ban dau Oa theo mét chiéu c6 dinh, nguoi ta quy ude chiéu quay ngugc N

chiéu kim dong ho 1a chiéu duong va chiéu quay cting chiéu kim dong ho 1a -
chiéu am. \—
Mot vong quay theo chiéu duong tuwong tng vdi goc quay 360°, mot vong

quay theo chiéu &m tuong ting véi goc quay —360°.

Khi tia Om quay:

5 1
e nira vong theo chieu duong thi ta néi Om quay goc 5 360° = 180°;
1 < oA N 2o z 1 o fe)
* ¢ vong theo chiéu duong thi ta néi Om quay goc g 360° = 60°;

5 5
0 = vong theo chiéu am thi ta n6i Om quay goc — - (—360°) = —450°.

Khdi niém: Cho hai tia Oa, Ob.

e Néu mot tia Om quay quanh gdc O ctia né theo mot chiéu cd dinh bat dau tir vi tri tia Oa va ding &
vi tri tia Ob thi ta néi tia Om quét mot géc lugng giac c6 tia dau Oa, tia cudi Ob.
Ky hiéu: (Oa, Ob).

* Khi tia Om quay mot goc «, ta néi sé do ctia géc lugng gidc (Oa, Ob) bang .
Ky hiéu: (Oa, Ob) = «.

(@ Lwuy: Véihaitia Oa va Ob cho trudc, cé vo sb goc lugng giac c6 tia dau Oa va tia cubi Ob.

Vi du 1. Xac dinh s6 do ctia cac goc lugng gidc (Oa, Ob) trong hinh sau

1
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b
— O ¢
ul ) a o a o) a
a) © a b <) d)

(¢ Lwuy: SO do ctia cac goc lugng gidc c6 cling tia dau Oa va tia cudi Ob sai khac nhau mot boi nguyén

ctia 360° nén c6 cong thirc tong quat la
sd (Oa, Ob) = & +k360° (k € Z).

hodc thuong viét 1a
(Oa, Ob) = a° + k360°.

v6i o 1a 56 do ctia mot goc lugng gidc bat ki ¢6 tia dau Oa va tia cudi Ob. Chang han, trong hinh dau tién

ctia vi du trén thi (Oa, Ob) = 90° + k360°.

Vidu 2. Cho MON = 60°. Xéc dinh s6 do ctia cac goc lugng giac dugce biéu dién trong hinh vé va viét cong thirc

tong quat ctia s6 do goc lugng giac (OM, ON).

a) © M b) Q)

Vi du 3. Trong cac khodng thoi gian tir 0 gid dén 2 gid 15 pht, kim phtt quét mot goc luong gidc 1a bao nhiéu

do?

1.1.2 Hé thi’c Chasles (Sa-lo)

Khdi niém: Vsi ba tia Oa, Ob va Oc bat ki, ta c6 (Oa, Ob) + (Ob, Oc) = (Oa, Oc) + k360°, (k € Z).

Vi du 4. Trong hinh bén, chiéc quat c6 ba canh dugc phan bd déu nhau. Viét cong
thuc tong quat do s6 do ctia cac goc lugng giac (Ox, ON) va (Ox, OP).

1.2 Pon vi radian

Khdi niém: Trén dudng tron ban kinh R tuy ¥, goc & tdm chan mot cung c6 do dai ding bang R duoc goi

1a mot gbc 6 s6 do 1 radian (doc 1a 1 ra-di-an, viét tat 1a 1rad ).

&8 SACH THAM KHAO
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Trén duong tron ban kinh R, mot goc & tdm c6 s6 do « rad thi chan mot cung B
c6 do dai aR (Hinh 10). Vi gbc bet (180°) chan ntra duong tron véi d6 dai la R
niR, nén goc bet co s6 do theo don vi radian 1a 7. Khi d6 ta viét
180° = mrad. W) A
Hinh 10

1 o
Suy ra, voi m~ 3,14, ta c6 1° = % rad ~ 0,0175rad va 1rad = (%) ~ 57,3° (hay 57°17'45"").

Do d6 ta c6 cong thitc chuyén déi sb do goc tir don vi radian sang d6 va ngugce lai nhu sau:

1800()O

a® = —rad ocrad:(
T

Vi du 5. Déi cac s6 do goc sau day tir radian sang do hodc nguoc lai
21
a) 45°. b) —60°. Q) 5 rad. d) 3rad.

Bai tap 1. DGi s do ctia cac gbc sau day sang radian:

a) 30°; b) 45°; ) 60°; d) 120°;
e) 135°; f) 180°; g) 270°; h) 360°
i) —30°; j) —45°; k) —60°; ) —120°;
m)—135°; n) —160°; 0) 275°; p) 185°.

Bai tap 2. D&i s do cua cac goc sau day sang do:

1 T i d
a) gl b) Zr C) E/ d) g/
27 3n 5n
e) ?} f) 7; g) Z; h) 1’
7T 5n 137
1) Z/ ]) Z; k) _51 1) T
@ Luuy:

a) Khi ghi s6 do ctia mot goc theo don vi radian, ngudi ta thuong bd di chit rad sau s6 do. Vi du, g rad

duge viétla 7, 2rad duge viét1a 2.
b) Véi don vi radian, cong thitc s6 do tdng quét cta goc luong gidc (Oa, Ob) la
(Oa,Ob) = ax+ k27 (k € Z),

Trong d6 « 1a s6 do theo radian ctia mot goc lugng gidc bat ki c6 tia ddu Oa va tia cudi Ob. Luu y:
khong duge viét o + k360° hay a® + k27t (vi khong ciing don vi do).

1.3 Buong tron lvong gide

Khdi niém:

& SACH THAM KHAO Trang 3
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Trong mat phang toa d6 Oxy, cho dudng tron tdm O béan kinh bang 1. Trén
duong tron nay, chon diém A(1;0) lam gbc, chiéu duong la chiéu nguoc
chiéu kim dong ho va chiéu am 1a chiéu cuing chiéu kim dong ho. Puong
tron cling véi goc va chiéu nhu trén duoc goi 1a duwdng tron luong giac.

Cho s6 do goc o bat ki. Trén dudng tron hrdng gidc, ta xac dinh dugc duy
nhat mot diém M sao cho s6 do géc lu'dng glac (OA,OM) bang « (Hinh 12).
Khi d6 diém M dugc goi 1a diém biéu dién cta goc c6 s6 do « trén dudng

tron luong gidc.

Vi du 6. Biéu dién trén dudng tron lugng giac cac goc lugng gidc 6 s6 do la:

a) 30°%; b) 45°;
e) 120°; f) 135°;
i) 270°; i) —30°;
m)—120°; n) —135°%;

c) 60°;
g) 180°;
k) —60°;

0) 865°;

Bai tap 3. Biéu dién cic goc lugng gidc sau trén dudng tron luong gidc:

1 T
a) 5, b) Zr
27 3n
e) ?/ f) Z/
—Tt . 1
v L

0)

g) 7}

—177
k) —

A
N

Hinh

11

-
N

Hinh 12

d) 90°;
h) 225°;
1) —90°;

—7m
P 5
d) =;

—7
N

131
) —.
) 4

i 1A . o 3lm I ST X X SPTR s
Bai tap 4. Goc luong giac ?71 co cung diém biéu dien trén duong tron lugng giac vdi goc luong giac nao sau

day?

Bai tap 5. Viét cong thic sb do tdng quat clia cac goc lugng gidc (OA, OM) va

(OA, ON) trong hinh bén.

@8 SACH THAM KHAO
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Bai tap 6. Trong hinh vé bén, mam banh xe 6 t6 dugc chia thanh ndm phan
bang nhau. Viét cong thirc sb do téng quét cta goc lugng giac (Ox, ON).

Hinh 15
Bai tap 7. Trén duodng tron lugng gidc, hay biéu dién cac goc lugng gidc c6 s6 do c6 dang la:

a) g Tk € Z); b) kg (k € Z).

Bai tap 8. Vi tri cac diém B, C, D trén canh quat dong cd mdy bay trong hinh 16 c6

thé dugc biéu dién cho cac goc lugng giac nao sau day?

T ez Tk kez) Tkl (ke z) /
3 "6 3 ’2 3 ’ !

§+

Bai tap 9. Hai li 1a mot don vi chiéu dai hang hai, dugc tinh bang do dai mot
cung chan mot goc o = (61_0) ctia dudng kinh tuyén (Hinh 17). Déi s6 do «

sang radian va cho biét 1 hai li bang khoang bao nhiéu kilomét, biét ban kinh
trung binh ctia Trai DAt 1a 6371 km. Lam tron két qua dén hang phan tram.

Hinh 17

&8 SACH THAM KHAO
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Bdi 2. Gid tri lwong gidc cla mét géc lwong gide
2.1 Gid tri lwong gidc clia mét géc lvong gide
Khdi niém: Trén duong tron luong gidc, goi M 1a diém biéu dién goc lugng gidc c6 s6 do .
Khi d6: y
e Tung d6 ym ctia M goi la sin cua «, ki hiéu sin «.

e Hoanh d6 xpm ctia M goi la ¢6sin ctia «, ki hiéu cos «.

X
5 <ok sinoc , M N A
® Neu xpm # 0 thi ti so ELEA goi la tang cua o, { ¢ x
XM~ COS X :
ki hiéu tan «. VA UM
A s A X coOsx ... )
e Neuyp # 0thitiso M _Z goi la cotang cua o,
ym  sina

ki hiéu cot «.

Cac gia tri sin «, cos &, tan & va cot o« dugc goi la cac gia tri lugng giac cta goc luong giac «.

@ Luuy:
¢ Ta goi truc hoanh la truc c6sin, con truc tung la truc sin.

® sin « va cos & xac dinh v6i moi o € IR;
T
tan « chi xac dinh véi cac goc o # > +kmt(k € Z);
cot o chi xdc dinh véi cac goc « # km (k € Z).
* V6i moi goc lugng giac o va s6 nguyén k, ta c6
sin(oc + k271) = sinc;  tan(x + k7r) = tan «;

cos(x + k2m) = cos «; cot(x + k) = cot .

* Ta dabiét bang gia tri lugng gidc ciia mot s6 goc o ddc biét voi 0 < o < g (hay 0° < & < 90°) nhu sau:

do 0° 30° 45° 60° 90°
e T T T
ad | 0 1513 |3 |3
sin o« 0 1 Q @ 1
2 2 2
COS & 1 @ Q 1 0
2 2 2
tan « 0 ? 1 V3 [
3
cot | V3 1 % 0

Vidu 1. Quan sat bang trén va doc gid tri lugng gidc cta cac goc 30°, 45°, 60° va 90°.

Vidu 2. Tinh cdc gid tri lugng gidc ctia cac goc

a) g; b) g; <) g; d) g;
e) 13771; f) 405°; g) 450°; h) —45°.
Vidu 3. Em hay xac dinh diu ctia sin «, cos a, tan & va cot « trong cac trudng hgp sau
a)Ogcxgg. b)ggagn. C)ngcxg?’?ﬂ. d)3—ﬂ<cx<27r

&8 SACH THAM KHAO Trang 6
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Néu chia dudng tron lugng giac thanh 4 phan (I, I, I va IV) theo chiéu ngugc chiéu kim dong ho, em hay

cho biét dau ctia ham s6 lugng gic khi o thudc mot trong cac phan trén.

Vi du 4. Xac dau cac biéu thitc sau
a) A =sin40° - cos(—290°). b) B = sin(—25° - cos 170°.
¢) C =sin225°-tan 130° - cot(—175°). d) D = cos195° - tan 269° - cot(—98°).

2.2 Hé thirc co bdn gilra cac gid tri lwong gidc clia mdt géc luvong gide

Cong thirc can nhé:

sinx . T
e tanx=——vVvlia# - +km ke Z e 14tan’ = 5
cosx 2 COS* &

s
cosx . ) =1 véi =
. COtX:As'n véiax£km keZ * tanx cotocflvmoc;ékz,kez
inx

o sinZ ot X =1 e 1+cot? = —— Voia#km keZ

s~ «

2.2.1 Bai tap tinh todn

Vidu 5. Chocosa = 2 voi *g

Bai tap 1. Cac dang thiic sau c6 thé dong thoi xay ra khong?

< « < 0. Tinh céc gid tri lugng gidc con lai ctia goc «.

) sinax = = va =—; b) sin *lv\ t _ L

a) sinx = ¢ vacosa = —; sinx = > vacota = 7;
. 1

Q) tanoc:3vacotoc:§.

Bai tap 2. Tinh céc gid tri lugng gidc ctia goc «, néu:

: 5 s 7 . _2 > o.
a) smoc—Eva§<oc<7T, b)cosoc—5va0<(x<90,
. 3 1 .
¢ tana=+V3vanm< « < > d) Cotoczfiva270°<cx<360°.

Bai tap 3. Cho cot15° = 2 + /3. Hay tinh tan 15°, sin 15°, cos 15°.

Bai tap 4. Tinh sinx, cosx, cotx, biét

a) sinx = % va 90° < x < 180° b) sinx = —% va 270° < x < 360°
Bai tap 5. Tinh sinx, tanx, cotx, biét

a) cosx=%vé0°<x<90° b) cosx=—%vélSO°<x<270°
Bai tap 6. Tinh sinx, cosx, cotx, biét

a)tar1x:ZVé7T<x<377T b) tanx = — 2vé§<x<7r

Bai tap 7. Tinh sinx, cosx, tanx, biét

2
a)cotx:gvéo<x<g b) cotx = — 3Vé§<x<7‘[

Bai tap 8. Tinh gia tri cdc biéu thirc lugng gidc

5cotx +4tanx 2sinx + cos x

a) tanxzszinhAlsza 2 =

"~ cosx —3sinx

3 2 . 3sinx —2cosx
b) cotx =2. Tinh By = 5 - va By = 3
cos? x — sinx cos x 5sin® x + 4 cos3 x

&8 SACH THAM KHAO
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4 . cotx +tanx sinx
c)cosx=—=va-<x<mTinhC;=——vaCy=cotx+———
5 2 cotx —tanx 1+ cosx

Bai tap 9. Tinh gia tri cac biéu thirc luong giac

tanx —cosx tanx cosx

vaN=———— —cosxcotx

2
a) sinx=-va0<x<90° TinhM = 5
3 cotx sin“ x

b) sinx +cosx = % Tinh sin x. cos x, ttr d6 suy ra gia tri ctia sinx, cos x khi g <x<m
2.2.2 Bai tap rut gon, chirng minh
Bai tap 10. Chiing minh cac dang thic lugng giac sau:

a) sin* o —cos* o« =1 —2cos? «; b) tan &+ cotx =

Bai tap 11. Chiing minh cac dang thic sau

2 2

a) cos?x —sin’x =1 —2sin?x.
¢) 3—4sin? =4cos?x —1.

e) sin*x + cos* x =1 —2sin® x - cos? x.

g) 4cos?x —3 = (1—2sinx) - (1 +2sinx).

4 4

i) sin*x —cos*x =1—2cos?x =2sin’x —1.

Bai tap 12. Chiing minh cc déng thiic sau

1—cosx sinx
sinx 1+cosx’

1 1
Q) <1— )<1+ )+tan2x:0.
COS X COS X

tanx 4 tany
cotx + coty

e) tanx.tany =

1— 1 2x) = ——.
g) (1 —cosx)(1+ cot”x) 1T cosx

Bai tap 13. Rut gon cac biéu thic sau

a) sinx + sin® x - cos? x.
¢) sin?x + sin® x - cot? x.
) 2cos?x—1
e) —.
SIn X 4 COS X
1—sin?x - cos? x 2
g) 5 — COs” X.
COs” X

Bai tap 14. Bién d6i cac biéu thitc sau thanh tich

2x —1.

a) sinx-cosx -+ cos
¢) tanx —cotx + sinx + cosx.
e) 3sinx+2cosx —3tanx — 2.

g) sin?x —3cos? x + V6 cosx — v/2sinx.

&8 SACH THAM KHAO

sin o« cos o

b) 2cos?x —1=1—2sin’x.

d) sinx - cotx + cosx - tan x = sin x + cos x.

4 4 2 2

f) cos®x —sin®*x = cos” x — sin” x.
h) (1 + cosx) - (sin?x — cos x + cos? x) = sin® x.
j) sin®x-cosx +sinx - cos® x = sinx - cos x.

1 1

b f—
) 1+tanx+ 1+ cotx

1+ sin?
d) +s7%nzle+2tan2x.
1—sin“x

COS X 1

f) tanx+ - = .
1+sinx cosx

1+cosx 1—cosx 4cotx
1—cosx 14cosx  sinx

h)

b) sin* x — cos* x + cos? x.

d) (1 —sin?x) - cot? x + 1 — cot® x.

) cos? x — cot? x
sinx — tan? x
: 2
sinx + cosx)-—1

tanx —sinx - cosx

b) 1+ sinx + cosx + tanx.
d) cosx - tan? x — (1 + cos x).
f) (3 —4cos?>x)—sinx-(2sinx + 1).

h) cos? x + sin® x + cos x.
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Bdi 3. Gid tri lwong gidc clia cdc gdc lién két

3.1 Hai géc déi nhau: « v& —a

Cong thirc can nhé: y
Cac diém biéu dién ctia hai géc « va —a di xing qua truc Ox
(Hinh 7), nén ta co
. A R } M'
e sin(—x) = —sin :
x 1 |A
® cos(—x) = cos 0 —a | x
|
e tan(—x) =—tanx N\ [T /N
e cot(—x) = —cota
Hinh 7
Vi du 1. Dién gid tri thich hgp vao diu ba chdm
a) sin(—30°) =---; b) cos(—45°) =---; ¢) tan(—60°) =---; d) cot(—45°) =---.
3.2 Hai cung hon kém nhau 7: & va@l o+ 7t
Céng thirc cdn nhé: y
Céac diém biéu dién ctia hai géc « va o+ 7t dbi xitng nhau qua gbc toa do
O (Hinh 8), nén ta c6
) ) YM f--- - =D M
e sin(x+m = —sinx |
N 7T+ ?/ Z l A
e cos(x+ ) = —cos { Fo) x X
|
e tan(x+ 7) = tan & NXZ--- - YN
e cot(x+ ) = cotx
Hinh 8
Vidu 2. Tinh céc gid trji sau
a) sin210°. b) cos?225°. ¢) tan210°. d) cos 315°.
7 11 17
e) sin 137 f) cot ZT[ g) cos Tﬂ h) sin iy
3.3 Hai géc bu nhau: o va m— «
Cong thirc can nhé: y
Céac diém biéu dién ctia hai géc o va m— o« dbi xtiing nhau qua truc Oy
(Hinh 9), nén ta c6
9 9 N N_ "~ T T~~~ | M
e sin(m— &) =sin« | - |
l x L |A
e cos(m— o) = —cos o) X
e tan(m— ) = —tan
e cot(m— o) = —cot
Hinh 9

Vi du 3. Dién gia tri thich hgp vao ché tréng
a) sin120° =sin---; b) cos130° = —cos---; ¢) tan155° = —tan---; d) cot35° = —cot---;

e) sin70° =sin---; f) cos10° =—cos---; g) tan85° = —tan---; h) cot175° = —cot---.
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KHAI PHONG NANG LUC TOAN 11

3.4 Hai géc phu nhau: « va T — o

Cong thirc can nhé:

Yy
Céic diém bidu dién ctia hai goc ava = — o déi xting nhau qua dudng phan d
giac d ctia géc xOy (Hinh 10) nén ta c6 | M
) T TN A
°sm<§—oc):cosoc l i A
O X
T
® cos (5 —cx) sin o
T
* tan (E—oc> = cotx
. Cot(z— )*tn Hinh 10
5, — &) =tana
Vi du 4. Dién gid tri thich hgp vao ché tréng
a) sin10° =cos- - -; b) cos40° =sin---; ¢) tan15° =cot---; d) cot35° =tan---;
e) sin7° =cos---; f) cos12° =sin---; g) tan5° =cot---; h) cot1®° =tan---.
Vidu 5.
<R « X . 617T ., . .z 2 A N A Tt
a) Biéu dien sin —5 quagia tri lugng giac c6 so do tir 0 den T
b) Biéu dién tan 258° qua gia tri lugng gidc c6 s6 do tr 0° dén 45°.
3.5 Baitap
Bai tap 1. Chosinx = 12 Va cos & = —i. Tinh sin (—15—7I — oc) —cos(137m + ).
13 13 2
Bai tap 2. Dién ta gia tri lugng gidc ctia cac goc sau bang gia tri lugng gidc ctia goc x
a) sin(x —90°). b) cos(x — 180°). ¢) sin(270° —x). d) sin(x +450°).
e) tan(360° —x). f) sin(450° 4 x). g) sin?(270° + x). h) cos3(90° +x).
Bai tap 3. Dién ta gid tri lugng gidc clia cac goc sau bang gia tri luong gidc ctia goc x
a) cot(x —m). b) tan(27 — x). ¢) sin(3m+ x). d) cos(x — 7).
5 3 3
e) tan(x — 5m). f) sin <77T+x>. g) cos (; —|—x>. h) cot (x—%).
i) cos (x—%). i) tan(llTn—kx). k) sin(x—k%). 1) cos (x—%).
Bai tap 4. Rut gon cac biéu thuc sau:
Tt .
a) A =cos (x - E) + sin(x — 7).
T . (T T L
b) B =cos (E —x) + sin (5 —x) — Cos (E +x) —sin (5 —i—x).
7
c) C =2cosx+ 3cos(m—x)—sin (771 —x) + tan (377{ —x).
. Us 37
d) D =sin(mt+ x) — cos (7 fx) + cot(2t — x) + tan (— 7x>.
2 2
Bai tap 5. Rut gon va tinh gid tri cac biéu thuc sau
a) A =sin32° -sin 148° —sin 302° - sin 122°. b) B =sin825° - cos(—15°) + cos 75° - sin(—555°).

Bai tap 6. Rut gon va tinh gid tri cac biéu thitc sau
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KHAI PHONG NANG LUC TOAN 11

a) A =sin®28° +sin®36° + sin” 54° + cos® 152° b) B = sin? 10° + sin? 20° + sin? 30° + . ... + sin® 90°
Bai tap 7. Rut gon va tinh gid tri cac biéu thuc sau
a) A = cot15°-cot35° - cot55° - cot75°. b) B =tan10° - tan 20°. tan 30° - - - tan 80°.
¢) C=tan41°-tan42° - tan43° - - - tan49°. d) D = tan20° + tan40° + tan 60° + ... + tan 180°.
Bai tap 8. Biéu dién cac gia tri lugng gidc sau qua céc gid tri lugng gidc ctia goc ¢6 s6 do tir 0 dén g hodc tir 0°
dén 45° va tinh:
21m 1297

a) cot135°; b) cos ?; ¢) sin 1 d) tan 1020°.

Bai tap 9. Rut gon cac biéu thic sau:

1 1 - .
a) tanoc+1+Cot(X+1, b) COS(E_(X)_Sln(W-FOC),
. s
c) sin (oc — E) + cos(—a + 6m) — tan(« + ) cot(3m —

).

Bai tap 10. Chiing minh rang néu A, B, C 1a ba géc cia mot tam gidc thi

a) sin(A+2B+ C)=—sinB b) tan(A + B +2C) =tanC
B —2B B
Q) smw =cosC d) cotL—i_C = tan%
Bai tap 11. Chiing minh cic déng thiic sau
a) sin A =sinB. cos C + sin C. cos B. b) cos A = sinB.sin C — cos B. cos C.
Q) siné —cosE COSE*Sil’lE sin — d) Cosé —sinE c:osgfcosE sinE
2 2° 2 2720 2 2’ 2 2720
e) tanA 4+ tanB + tan C = tan A. tan B. tan C. f) cotA.cotB + cotB.cotC+ cotC.cotA =1.
) tané tanE—|—tanE tang—l—tanE tané =1 h) coté+cotE+cotE —coté cotE CotE
§) fan gty 22 2y T 2 2 2~ Oty

Bai tap 12. Thanh OM quay ngugc chiéu kim dong hd quanh truc O ctia n6 trén
mot mat phang thang ding va in béng vudng géc xuéng mat dat nhu Hinh 12.
Vi tri ban dau ctia thanh 1a OA. Héi do dai béng O’M’ cia OM khi thanh quay

dugc 3%0 vong la bao nhiéu, biét do dai thanh OM 1a 15 cm? Két qua lam tron

dén hang phan muoi.

M/ bong o
Hinh 12

Bai tap 13. Khi xe dap di chuyén, van V ctia banh xe
quay quanh truc O theo chiéu kim dong ho véi toc do
g6c khong déi 1a 11 rad /s (hinh bén). Ban dau van nam &
vi tri A. Hoi sau mét phut di chuyén, khodng céch tir van
dén mat dat 1a bao nhiéu, biét ban kinh OA = 58 cm? Gia
stt do day cta 16p xe khong dang ké. Két qua lam tron
dén hang phan muoi.
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TOAN 11

Bai4. Cdc coéng thirc lwong gide

Trong kién tric, cdc vom c6ng bang dé thuong c6 hinh nia
duong tron dé ¢ thé chiu luc tét. Trong hinh bén, vom cdng dugce
ghép bai sau phién dé hai bén tao thanh cac cung AB, BC, CD,
DE, EF, FG, GH bang nhau va mot phién da chét & dinh. Néu biét
chiéu rong cong va khoang cach tir diém B dén duong kinh AH,
lam thé nao dé tinh dugc khoang cach tir diém C dén AH?

4.1 Coéng thirc cong

qE) —— —— 7 — 9

%an sat hinh bén. Tir hai cach tinh tich v6 hudng cua hai véc-to m va y
ON sau day
- N
— — — YN ¢ ——
OM - O—N> = \Oml . IO_N>| -cos(OM, O_N>) = cos(OM, ON) = cos(ox — B), ya BN
YM ¢ - S/-+- -
_) |
ON[~ON =XMXN TYMYN- e

hay suy ra cong thitc cos(x — f3) theo céc gia tri lugng giac « va 3. Tix
do, hay suy ra cong thic cos(x + 3) bf?mg cach thay 3 bf?mg —B.

Cong thirc can nhé:

e sin(x+ 3) = sin & cos 3 + sin 3 cos a.
e sin(oc — 3) = sin xcos 3 — sin 3 cos a.
e cos(x+ f3) = cos xcos p — sin asin 3.

e cos(ax— f3) = cos xxcos 3 + sin acsin f3.

Vidu 1. Tinh gid tri cos %
sian LT T
Bai tap 1. Tinh sin v tan (T

Bai tap 2. Rut gon cac biéu thuc sau
a) sinx.cos5x — cos x. sin 5x.

9 tan 3x —tanx
1+tan3x.tanx’
Bai tap 3. Tinh gia tri cdc biéu thirc sau
a) A =sin12°.cos48° + cos 12°.sin 48°.
¢) C =sin36°.cos6° —sin 126°. cos 84°.
Bai tap 4. Tinh gia tri cac biéu thirc sau
tan 25° 4 tan 20°
1 —tan25°.tan20°"
~ sin10°. cos 20° + sin 20°. cos 10°
~ cos17°.cos13° —sin17°.sin 13°"

a) E=

(@)

) G

Baitap 5. Choa—b = g Tinh gié tri cac biéu thc

&8 SACH THAM KHAO

tan « 4-tan 3

* tan(x+p) = 1—tanatanp’

tan o — tan f3

t —p)=—.
* tan(x—f) 1+ tan xtan 3

b) sin4x. cot2x — cos 4x.

tan? 2x — tan? x

d)

1 —tan?2x. tan?x’

b) B = cos38°.cos22° —sin 38°. sin 22°.
d) D =sin200°.sin 310° + cos 340°. cos 50°.

1+ tan 15°

b) F= 1—tan15°"
: o o _ o o o
d) H sin73°.cos 3 sin 87°.cos 17

~ 08 132°. c0s 62° + cos 42°. cos 28°
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a) X = (cos a+ cos b)? + (sin a + sin b)>2. b) Y = (cos a + sin b)? + (cos b — sin a)>.
Bai tap 6. Tinh gia tri cac biéu thirc sau

a) A = cos(x —30°) vdi tanx = % (0 < x <90°). b) B = cot (x— g) voi sinx = —% (7‘[ <x < 3771)

Bai tdp 7. Cho a, b la cdc géc nhon va tana = %, tanb = % Tinh a +b.
A . 4 . 8 ) .
Bai tap 8. Chosina = 5 (0 < a<90°),sinb = 7 (90° < b < 180°). Tinh cos(a + b), sin(a — b).

- . 2 L

Bai tap 9. Chosina = 3 (E <a< 7t> ,cotb = = (7‘[ <b< 3—7[) Tinh sin(a — b), tan(a + b).
4 \2 5 2

Bai tap 10. Thu gon cac biéu thuc sau

a) sinx —+/3 cosx. b) asinx + bcosx (a®+ b2 #£0).
) cos 7x.cos 5x — /3 sin 2x + sin 7x. sin 5x. d) v3sin (x — g) +sin (x + g)

Bai tap 11. Rut gon cac biéu thuc sau
a) sin (x— g) .Cos (;—t —x) + sin (g —x) .Ccos (x— g)
b) cos (x—g) .Cos (x—l—%) + cos (x—i—%) .Cos (x—i—%).

c) cos (x—g) .COs (x—g) + cos (x+g) .Cos (x+g).

Bai tap 12. Rut gon cac biéu thuc sau

cos(a+b) +sina.sinb b) 2sin(a + b)
cos(a—b)—sina.sinb’ cos(a+b) + cos(a —b)

a) —tanb.

Bai tap 13. Chiing minh cc déng thiic sau
a) sinx.sin(y — z) + siny. sin(z — x) + sinz.sin(x —y) = 0
b) cosx.sin(y — z) + cosy.sin(z —x) +cos z.sin(x —y) =0

4.2 Cong thirc géc nhan doi

Cong thirc can nhé:

2 2

e cos2a=cos?a—sin®a=2cos?2ax—1=1—2sin? .

e sin2¢x = 2 sin & COS K.

2 tan «
e tan2x = — .
1—tan” o

Vidu 2. Tinh gid trj sin g

Bai tap 14. Tinh cos g va tan g
Bai tap 15. Chiing minh cac déng thiic sau

2 2

a) sin2x = 2sin x. cos x. b) cos2x = cos” x — sin” x.
¢) tan2x = 12_,?%. d) cot2x = Cozti%

Bai tap 16. Chosinx = % (g <x< 7t>. Tinh cos x, sin2x, cos 2x.

Bai tap 17. Cho cosx = —¥ (7‘[ <X < 3;) . Tinh tan x, sin 2x.
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seaa . 4 . .
Bai tap 18. Chosin2x = 5 (0 <x < g) Tinh A = sinx — cos x.

A 3 T ) 7 X
Bai tap 19. Cho tanx = 1 (—71 <x < _E)' Tinh tan 2x, tan <2x+ Z) , COS X, COS (5) .

Bai tap 20. Chotanx =2 —+/3 (0 <x < g) Tinh sin 2x, cos 2x, tan 2x, roi suy ra x.
Bai tap 21. Rut gon biéu thuc
a) (sinx + cosx)?. b) 1—4sin®x. cos? x.
c) sinx.cos x. cos 2x. d) cos*2x —sin* 2x.
4.3 Céng thirc bién ddi tich thanh téng
Cong thirc can nhé:

® COscosfP = %[cos(cx— B) + cos (ax + B)];
® sinxsinfp = % [cos (¢ — B) — cos (x+ B)];

® sinxcosP = 1[sin(oc— B) +sin (cc + B)].

2
Vi du 3. Tinh gia tri cta biéu thiic cos 111—271 cos %
Bai tap 22. Tinh gia tri cia biéu thuc sin T cos o va sin m sin S—H
24 24 8 8
Bai tap 23. Bién d6i thanh téng cc biéu thic sau
a) sin3x.sinx. b) sin5x. cos 3x.
) sin3—7[.cos§. d) sin -+ cos 7—7T
4 6 12 12
e) sin(x +y).cos(x —y). f) sin(x + 30°). cos(x — 30°).
g) sin 3x. cos x + sin4x. cos 2x. h) sin 2x.sin 6x — cos x. cos 3x.
i) 8cosx.sin2x.sin 3x. j) 4sin2x.sin 5x. sin 7x — sin 4x.
Bai tap 24. Bién d6i thanh téng cac biéu thic sau
a) sin (;—t +x> .sin (g —x) — % cos? x. b) sin (x—i— %) .sin (x— g) .COS 2x.
4.4 Céng thirc bién ddi tdng théanh tich
Cong thirc can nhé:
a) cos oc+ cos 3 = 2cos O‘—; P cos oc; B; b) cosx —cosp = —2sin oc—; B sin OC; B;
¢) sina+sin 3 =2sin oc—; B cos oc; B; d) sin x —sin 3 = 2 cos (X—; B sin ocg B.

. ., .. bm . om
Vidu 4. Tinh smﬁ—i—sm VR

St an . 7T U
Bai tap 25. Tinh cos R + cos T

Bai tap 26. Chiing minh cc dang thtic sau
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KHAI PHONG NANG LUC TOAN 11
a) sin3x = 3sinx —4sin’x. b) cos3x = 4 cos® x — 3 cos x.
. . Tt . s
¢) sinx 4 cosx = v/2sin (x—i— Z) d) cosx —sinx = v/2 cos (X+ Z)
Bai tap 27. Bién ddi thanh tich
a) cos3x + cosx. b) sin 3x + sin 2x.
c) cos4x —cosx. d) sin5x —sinx.
e) 1+ sin2x + cos 2x. f) 14 cosx+ cos2x + cos 3x.
g) cos 10x — cos 8x — cos 6x + 1. h) cosx +cosy +cos(x +y) + 1.
Bai tap 28. Bién d6i thanh tich cac biéu thiic sau
a) v/3—2cos2x. b) cos3x + cosx + 2 cos 2x.
¢) sin3x —2sin2x + sinx. d) cosx + cos2x + cos 3x.
e) cosx + sin2x — cos 3x. f) cos5x + cos7x — cos(m + 6x).
g) cos (g + 5x) + sinx — cos 3x. h) cos7x + sin 3x + sin 2x — cos 3x.
i) cos9x — cos7x + cos 3x — cos x. j) cos5x +3cos7x + 3cos9x + cos 11x.
4.5 Bdi tap
Bai tap 1. Khong dung may tinh cam tay, tinh cac gia tri lugng giac ctia cac goc:
51
—. b) —555°.
a) 1 )
Bai tap 2. Tinh sin ((x+ E) cos (E — cx) biét sin o« = 2 VaT < & < 3n
AP 2 6) “\1 BEE 2
Bai tap 3. Tinh céc gid tri lugng gidc cta goc 2, biét:
3 3
a) sinoc:gvéO<oc<g; b) sin%:zvén<cx<2ﬂ.
Bai tap 4. Rut gon cac biéu thic sau:
a) v2sin (oc+ g) —Cos & b) (cos & + sin x)? — sin 2ax.
Bai tap 5. Tinh cac gia tri lugng gidc ctia goc «, biét:
2 4
a) cosZoc:gvé—g<oc<0; b) sin2cx:—§vé172£<oc<%r.
Bai tap 6. Chiing minh rang trong tam gidc ABC, ta c6 sin A = sin B cos C + sin C cos B.
Bai tap 7.
Trong hinh bén, tam gidac ABC vuéng tai B va c6 hai canh goc vuong la AB = 4, A
BC = 3. V& diém D nam trén tia dbi ctia tia CB thod man CAD = 30°. Tinh
tan BAD, tir d6 tinh d6 dai canh CD. 30
4
B* D

3 C

Bai tap 8. Trong Hinh 4, pit-tong M ctia dong co chuyén dong tinh tién qua lai doc theo xi-lanh 1am quay truc
khuyu IA. Ban ddu I, A, M thang hang. Cho « la géc quay ctia truc khuyu, O 1a vi tri ctia pit-tong khi « = 72£ va

H 1a hinh chiéu ctia A 1én Ix. Truc khuyu IA rat ngan so v6i do dai thanh truyén AM nén c6 thé xem nhu d¢ dai
MH khéng déi va gan bang MA.

a) Biét IA = 8 cm, viét cong thirc tinh toa do xpq ctia diém M trén truc Ox theo .
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b) Ban dau o = 0. Sau 1 phut chuyén dong, xp1 = —3 cm. Xac dinh xpq sau 2 phut chuyén dong. Lam tron két
qua dén hang phan mudi.

™~ .

A

W — .

Truc khuyu /4 pit-tong M
Hinh 4

Bai tap 9. Trong Hinh 5, ba diém M, N, P nam & dau cac canh quat ctia tua-bin gid. Biét cac canh quat dai 31 m,

. : 2 .
do cao cuia diém M so v6i mat dat la 30 m, goc gitra cac canh quat la ?T[ va so do goc (OA,OM) la o

a) Tinh sin & va cos «.

b) Tinh sin cta cac goc lugng giac (OA, ON) va (OA, OP), tir d6 tinh chiéu cao ctia cac diém N va P so véi mat
dat (theo don vi mét). Lam tron két qua dén hang phan tram.

=Y

60m
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Bai 5. Ham sé lwong gidc va dé thi
5.1 Ham s chdn, ham sé 1&
Khdi niém:

e Ham s6 y = f(x) vdi tap xac dinh 2 dugc goi 1a ham sé chidn néu véi moi x € 2 ta cé —x € 2 va

f(—x) = f(x).
e Ham s6 y = f(x) vdi tap xdc dinh 2 dugc goi 1a ham sé 1é néu véi moi x € 2 ta c6 —x € P va
f(—x) = —f(x).
Chu y:

e Do thi ciia ham s6 chan nhan truc tung lam truc débi xung.

* D) thi ctia ham s6 1é nhan gbc toa do lam tam dbi xing.
Vi du 1. Xét tinh chan, 1é cac ham sb sau
_ 2. _ .3 _. A2 a. _
a) y=x% b)y=x"+x—1; Q) y=x*—x"+3; d)y=+vx
5.2 Ham sd tudn hoan
Khdi niém:

e Ham s6 y = f(x) v6i tap xac dinh 2 dugc goi 1a ham sé tudan hoan néu ton tai mot sd T khac 0 sao
chovimoix € Ztacox+T € Zvaf(x+T)=~f(x).

* S6 T duong nhoé nhat thod man cac diéu kién trén (néu c6) dugc goi la chu ki ctia ham s6 tuan hoan
y =f(x).

Chu y:
* D6 thi cia ham s6 tuan hoan chu ky T duoc 1ap lai trén tirng doan gia tri ctia x c6 do dai T.

5.3 Ham sé y =sinx

e Do thi

e Tap xacdinhla 2 = R.

e Tapgid tri T = [-1;1].

e Ham sy = f(x) = sinx 1a ham s6 1é nén do thi nhan gbc toa do O lam tdm doi xting.

* Ham s6 y = sinx tuan hoan véi chu ki Ty = 27, nghia 1a sin (x + k27) = sinx véi k € Z.

* Ham sb y = sinx dong bién trén mébi khoang (—g + k27; g + k27t) va nghich bién trén méi khoang

<g ko 37” +k27r> véik € Z.
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5.4 Ham sd y = cosx

e Do thi

e Tap xac dinh ¥ = R.

e Tapgid tri T = [-1;1].

e Ham s6y = cosx 1a ham sb chan nén dd thi nhan truc tung Oy lam truc dbi xang.

e Ham s6y = cos x tuan hoan véi chu ki Ty = 27, nghia la cos(x + k27) = cosx voi k € Z.

e Ham sb6 y = cosx dong bién trén méi khoang (—m + k27; k27r) va nghich bién trén méi khodng

(k27 t+ k2m) voi k € Z.
5.5 Bdi tap
5.5.1 Tap xédc dinh cia ham sé6
@ Luuy:

P(x)
Q)
e Ham séy = /f(x) xdc dinh khi f(x) > 0.

e Himsby =

xéc dinh khi Q (x) # 0.

e Cacham s6y = sinx, y = cos x xac dinh véi moi x € R.

Vi du 2. Tim tap xac dinh ctia cic ham s6 sau

a) y =sin 1 , b) y =cosvx—1, ¢) y=coslx—1|, d)ngih(X—E),
x—2 3
1
e) y =sin3x, f) y=-cos (3x+ g), g) y = sin (?{’2‘%1), h) y =sinv/3x,
D) y= sinx ) y= Ccos X Ky = x2+1 D) y— sinx
v=2r VY= Y= sinx’ y_cos(x—n)'

5.5.2 Tinh chan I8 cua ham sé

¢ Lwuy: Tinh chan,lé

. {Vxe_@é—xe_@

thi f la ha 5 chan.
f(ox) = £(x), Yx € @ i f la ham so chan

VxeYP=-—xePD .
. {X x T T T 5 12,

f(—x) = —f(x), Vx €

Vi du 3. Xét tinh chan 1€ ctia ham sby = x sin x.

Bai tap 1. Xét tinh chan 1é ctia cac ham sb sau
a) y=1~f(x) =2cos3x—1, b) y = f(x) = x3 +sinx,
¢) y = f(x) =3cosx +sin?x, d) y =f(x) =cos(x+1)+cos(x —1).
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5.5.3 Mién gi4 tri cia ham sé
(@ Luwuy: Mién gid tri
e TrénR ta cod —1 < sinx,cosx < 1.
e Trén mién xac dinh, ham sby = tanx,y = cotx nhan gia tri trén R.

Vidu 4. Tim mién gi4 tri cia ham sy = 2sinx — 3.

Bai tap 2. Tim mién gid tri ctia cdc ham sb sau

a) y = sin2x, b) y=1—cosx, ¢) y=2cos3x, d) y=2sinx—1,
e) y=2+3sinx, f) y=+v1—cos4x, g) y =sinx + cosx, h) y =3 —2cos?x.

Bai tap 3. Tim gia tri lon nhat va gia tri nhd nhat ctia cac ham s6 sau

a) y =3+sinx, b) y=1—-2sinx, ¢) y=3cosx—2,

d) y =3 —2[sin4x], e) y=3cos (2x+%)—2, f) y=+V2(sinx + cosx).
Bai tap 4. Tim gid tri 16n nhét va gia tri nhd nhat ctia cac ham sb sau

a) y =cos?x+2sinx+2, b) y = cos®>x +sinx + 1, ¢) y=3cosx+4sinx+5,

2+ cosx
d :3 in2 — g 2 — 2 , :2 i —2, f =
)y sin“ x — sin 2x — cos“~ x, e)y cos (sin x + cos x) )y Sinx + cosx 2

5.6 Ham sb y = tan x

e Do thi

Yy = tan

G
3
|
R
@)
NI
w
3
®

. Tépxécdinh@:]R\{g+kn,keZ},nghialéx;é g+kn(keZ).

Tap gia tri T = R.
* Ham sb y = tan x 1a ham s6 1é nén do thi ctia ham s6 ddi xing qua gbc toa do O.
e Ham s6y = tan x tudn hoan véi chu ki Ty = 7.

* Ham séy = tanx dong bién trén mdi khoang (—;—I + k7t; g + kﬂf) JkeZ.

5.7 Ham sé y = cotx

e Do thi
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'y = cotx

=271 _3n\ —T —
2

SE)
E|
|
W
3
x

e Tap xac dinh ¥ = R\ {km, k € Z}, nghia la x # km, k € Z.

e Tapgidtri T = R.

e Ham s6 y = cotx l1a ham s6 1& nén d6 thi ctia ham s6 ddi xiing qua gbc toa do O.
e Ham sby = cotx tudn hoan véi chu ki Ty = 7.

* Ham s6 y = cotx nghich bién trén cac khoang (km; + kn), k € Z.

Bai tap 5. Tim tap xac dinh ctia cdc ham s6 sau

tan 2x v1—sinx

a) y = tan2x, b) y = cot3x, Oy

" 1+ cos?x’ 1+ tanx
s tanx —cosx cos 2x
= — f = 2 e UE— h = .
e) y = cot (x+3), ) y = tanx + cot2x, g2y P )y 1—sinx+tanx
1 s 1 VX
) oy=— ) y=tan(x+7); y=———. ) y=-—Y".
)y Ccos X ) y=tan X+4 )y 2 —sin?x )Y sin 7rx
Bai tap 6. Xét tinh chan, 1é ctia cdc ham sb lugng gidc y = cosx, y = tanx.
Bai tap 7. Cac ham s6 dudi day c6 1a ham s6 chdn hay ham s 1é khong?
a) y=5sin’x+1; b) y = cosx +sinx; ¢) y = tan2x.

Bai tap 8. Cho ham s6 f(x) xac dinh trén R va la ham s6 1é. Xac dinh tinh chan 1é ctia ham s6 g(x) biét g(x) =
f(x) f(x)
cotx—1 cotx+1

— Cos 3x.

Bai tdp 9. Xét tinh tudn hoan ctia ham s6 y = sinx va ham sb y = tanx.

Bai t4p 10. Chiing minh rang cdc ham s6 sau déu c6 tinh chat f(x + km) = f(x) véi k € Z

a) y = cos2x, b) y =tanx, c) Yy = cos?x, d) y =sin2x —2tanx.
Bai tap 11. Ching minh cac ham s6 sau tuan hoan véi chu ky la 7
a) y =sin2x, b) y = cotx, C) Yy =cos2x, d) y = sin2x + 3 cos 2x.

Bai tap 12. Nhiét do ngoai troi T (tinh bang °C) vao thdi diém t gid trong mot ngay 6 mot thanh phé duge tinh bdi
5 2 2 2 s z ~ A A A A = A N .« A A 2 A

%t — Zn . Dé bao quan céc tac pham nghé thuat, hé thong dieu hoa nhiét d6 cua mot

bao tang sé dugc ty ddng bat khi nhiét d6 ngoai troi tir 22°C trd 1én. Dua vao dd thi ctia ham s sin, hay xac dinh

khodng thoi gian t trong ngay (0 < t < 24) hé théng diéu hoa dugc bat. (Theo https:/ /www.sciencedirect.com/science/article/

cong thiee T =20 + 4sin (

. ~ < X . 2 ~ A . , . , . . 2 ~ . 1
Bai tap 13. Dua vao do thi ciia ham so y = sinx, xac dinh cac gid tri x € [—7; 7] thod man sinx = 5
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Bai tap 14. Khi du quay hoat dong, van toc theo phuong ngang cta
mdt cabin M phu thudc vao goc lugng gidc o« = (Ox, OM) theo ham sb
vy = 0,3sin & (m/s) (Hinh vé bén).

a) Tim gid tri 16n nhét va gia tri nho nhét cda vy.

b) Duya vao do thi ciia ham sb sin, hay cho biét trong vong quay dau
tién (0 < & < 2m), géc « & trong cac khoang nao thi vy tang?

Bai tap 15. Khoang cach tir tam mot guéng nudc dén mat nudc va ban kinh
ctia gudng déu bang 3 m. Xét gau G ctia gudng. Ban dau gau G nam & vi tri A
(Hinh vé bén).
a) Viét ham s6 h biéu dién chiéu cao (tinh bang mét) ctia gau G so véi mat
nudc theo goc o = (OA, OG).
b) Gudng nudc quay hét méi vong trong 30 gidy. Dua vao do thi cia ham
s6 sin, hay cho biét & cac thoi diém t nao trong 1 phut dau, khoang cach
ctia gau dén mat nude bang 1,5 mét?

Bai tap 16. Trong hinh vé bén dudi, mot chiéc mdy bay A bay & do cao 500 m theo mot dudng thang di ngang qua
phia trén tram quan sat T & mat dat. Hinh chiéu vuong goc ctia A 1én mat dat 1a H, o 1a géc luong giac (Tx, TA)
0 < o < m).

A (may bay)

500m

T (tram quan sét) H x (m)
a) Biéu dién toa do xy ctia diém H trén truc Tx theo .

N £ 2 U 27 N , . . LA
b) Dua vao do thi ham so cotang, hay cho biet véi g <*<7% thi xy nam trong khoang nao? Lam tron ket

qua dén hang phan mudi.

Bai tap 17. Trong Dia li, phép chiéu hinh tru duoc st dung dé vé mot ban do —— o 2 W a e
2 ~ A A 2 2 2 A N ; N —]
phang nhu trong hinh bén. Trén ban do phang lay duong xich dao lam truc _
hoanh va kinh tuyén 0° lam tryc tung. Khi d6 tung d¢ ctia mot diém c6 vi do /T @«;%E 7
©°(—90 < @ < 90) duoc cho bdi ham s6 y = 20 tan (% (p) (cm). St dung do jf; - ié":\—— ;ﬁﬁ\., A
s I N
thi ham s6 tang, hay cho biét nhitng diém & vi d6 nao nam cach xich dao khéng =L - (gl
qua 20 (cm) trén ban dd. (Theo https:/ /geologyscience.com/geology /types- . LI [ i
of-maps/) Nguonﬁé‘ 10 : i I._‘e = Bl
sang NYSE) ] 5_-_“:_ X ii |
iy / \"f
Ay [ ] J\"
s \\\\_ ( I
« I | ]
b [
k= L lﬁ | 1~
R
______.‘—-‘
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B&i 6. Phuong trinh lwong gidc co ban
6.1 Phuong trinh ftwrong duong

Khdi niém: Hai phuong trinh dugc goi la tuong duong néu ching c6 ciing tap nghiém.
@ Luuy:
a) Dé giai phuong trinh, ta thuong bién d6i phuong trinh d6 thanh mot phuong trinh tuong
duong don gidn hon. Cac phép bién ddi nhu vay duge goi 1a cac phép bién ddi twong duong.
Ta c6 mot s6 phép bién déi twong duong thuong st dung sau

* Cong hodc trir hai vé ctia phuong trinh véi ciing mot s6 hodc cung mét biéu thirc ma
khong lam thay déi diéu kién ctia phuong trinh.

e Nhan hoic chia hai vé ctia phuong trinh véi cing mot s6 khéc 0 hoac cting mét biéu thuc
ludn c6 gid tri khac 0 ma khong lam thay ddi diéu kién ctia phuong trinh.

b) DE chi sy tuong duong cta cac phuong trinh, ngudi ta dung ki hiéu “<”.

Vi du 1. Phuong trinh x> — 4 = 0 tuong duong véi phuong trinh nao sau day?

1 1
a) 2x2 =8. b) X2 —44 —— = )
X — x—2
6.2 Phuong trinh sinx = m
Xét phuong trinh sinx = m.
* Diéu kién dé phuong trinh c¢6 nghiém —1 < m < 1.
L. . u=v+k2n
e Neusinu =sinv & ke Z.
u=mn—v+Kk2n
.. . x = a® +k360°
* Neusinx =sina® < o o o KEZ
x = 180° — a® + k360
Yy
| 1 | | y=m
| m | I \ ! X
3n 1 51/ —2m 3m T T o T — o 13 —2n 5w 3m
- 7 | 2 | 2 2
!
27
(@ Luuy: Mot sd truong hop dac biét
. T
sinx=1&x = §+k27t,k€ Z,
sinx = —1 & x = —;—T +k2m k € Z,;
sinx =0« x=km k € Z.
Bai tap 1. Giai cac phuong trinh sau
a) sin2x = sin 3x. b) sinx = sin g ¢) sinx =0. d) sinx = 1.
1 3 2
e) sinx = —1. f) sin2x = 5 g) sin(3x +2) = —5 h) sin(4x —1) = g
3 1 2 3
i) sin5x = % ) sin(ex+3) = — k) sin(7x —v/2) = —%. 1) sin8x — —%.
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6.3 Phuong trinh cosx = m

Xét phuong trinh cos x = m.

* Diéu kién c6 nghiém -1 <m < 1.

B u=v+k2n
e Neéu cosu = cosv & ke Z
u=—v+k2m
. x = a° + k360°
* Néucosx =cosa® & o o KEZ.
x = —a’ + k360
Yy
1
/"\ y=m
—37 —27t —7t / (L \ 7 —27 37
| —a |0 « j x
| . |
27
(@ Luuy: Mot sd truong hop dac biét
cosx=1<x=k2n, ke Z
cosx=—1sx=n+k2m k € Z
cosx:0<:>x=§+kﬂ,kez.
Bai tap 2. Giai cac phuong trinh
1 1
a) cos2x = cos(x+60°), b) cos3x =sinx, C) Ccosx = —5 d) cos3x = X
2 3
e) cos(x+10°) = %, f) cos2x = %, g) cos(bx —1) =0, h) cos(2x +15°) =1,
1 2 3
i) cos(x —2) = Y j) cosbx = —%, k) cos7x = —%, 1) cos(7x —v2) = —1.
6.3.1 Phu'ong trinh tanx = m
* V6i moi s6 thuc m, phuong trinh tan x = m c6 nghiém.
e Néutanx = tana® < x = a® +k180°, k € Z.
e Néutanu = tanv < u =v+ k2w, k € Z.
Y y = tanx
| | | | |
l / l m / l / l / . y=m
| | | | |
| | | | | |
| | [ | |
| | | | | |
| | | | | |
Il Il | Il Il Il
| 3w T O ax, | m | 3m | 5t
L I 12 I D I on
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
Tt

Bai tap 3. Giai cac phuong trinh
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a) tan2x = tan % b) tanx =0, c) tanx =1, d) tanx = /3,
1
e) tan3x = —, f) tanbx = —1, tan(4x 4+ 5°) = —/3, h) tan(6x +10°) = ———.
) 7 ) g) tan( ) ) tan( ) 7
6.3.2 Phu'ong trinh cotx =m
* V6i moi s6 thuc m, phuong trinh cotx = m c6 nghiém.
e Néu cotx = cota® < x = a° + k180°,k € Z.
e Néucotu =cotve u=av+k2mk € Z.
\ \ Yy = cotx \ \
\ R W
T ‘ T T T
| | | | |
l l l l L X
| =Tt o] « |7 | 27t | 37
7T
Bai tap 4. Giai cac phuong trinh
a) cot3x = cot ;, b) cotx =0, c) cot3x =1, d) cotdx = /3,
e) cotbx = L f) cot(2x +10°) = —1 ) cotx = —/3 h) cot(3x —1) = _1
\/g/ 7 g 7 \/g‘

6.4 Gidi phuong trinh lvong giéc bdng mdy tinh cam tay

Ta c6 thé gidi phuong trinh lugng gidc dang sinx = m, cosx = m, tanx = m va cotx = m bang mdy tinh cam

tay nhu trong vi du sau
Vi du 2. Str dung méy tinh cam tay dé gidi cic phuong trinh sau

1 _
a) sinx = —5 Ket qua ghi theo don vi radian.
b) cotx = 3. Két qua ghi theo don vi d9.
(¢ Lwuy: DE gidi phuong trinh cotx = m(m # 0), ta gidi phuong trinh tanx = %

6.5 Bai tap luyén tap
Bai tap 5. Giai cac phuong trinh

a) sin (xf;) — sin 27” b) sin4x — cos (erg) —0,

¢) cos (2x+§) —0, d) 2sin (wg) +v3=0,

e) 2cos (2x+g)+ﬁ:0, f) 2cos (x+g)+\@:0,

g) sin (2x+ g) +sinx =0, h) sin (x— %”) —cos2x =0,

i) cos <2x—g) sin (2x—|—§) —0, i) sin (x—%ﬂ) ~cos (2x+g) =0,
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k) sin3x = sin (90° —x),

m)cos (x—l— g) = ?,

Bai tép 6. Giai cac phuong trinh luong giac sau
a) tanx = tan 55°.

d) cot3x = —?.

Bai tap 7. Giai cac phuong trinh

2

a) sin2xcos2x = 0. b) cos?x = sin® x.

e) 3v3tan32x = 1. f) 3cosx =1+ 4cos®x.
Bai tap 8. Giai cac phuong trinh
a) 4sinxcosxcos2x =0

Q) (sinx—i—cosx)2 —1=0

e) (cosx+2)(2cos’x —cosx—1) =0

Bai tap 9. Giai cac phuong trinh

. V3
a) sinx = 5 € [—m, m]

Bai tap 10. Giai cac phuong trinh

2
os2x _

Ccos 2x
- =1
sinx

sinx

a) b)
Bai tap 11. Giai cac phuong trinh
a) sin2xcosx = cosX — cos 2x sinx.

¢) cos3x + cos7x = sin3x — sin 7x.
e) 4+/3sinx cosx cos2x = sin 8x.
Bai tap 12. Tifm m dé phuong trinh sau c6 nghiém
a) cos (2x —55Y) =2m2+m,
¢) dm—1)sinx+2 =msinx—3,

2m—3
4—m’

e) cosx =

b) tan (ZX + g

)=o.

e) tan2x = tan (

1) cos (3x+45°) = —cosx,

n) cos®x = 1.
1 7[)
c) cot (§X+ 1) = —1.
T T
X+ Z) f) cot <X—Z) = cot 3x.

¢) 2cos?2x =1. d) 8sin®x—1=0.

g) 4sin®x—1=0. h) 3—4cos?>x = 0.

b) sinx + cosx = /2
d) sin2x = (cos x — sin x)2

f) sin2x ++v3 —2cosx —/3sinx =0

b) sin (2x+g) = Cos (x— ;—t) ,x € [0;m]

Ccos 3x sinx

d)

Cos X ’ 1+cosx

<)

b) sin4x cos3x = sin x cos 6x.

d) sin3x —4sinxcos2x = 0.

f) sin (x—i—g) + sin (;—I—x> =0.

b) mcosx+1=3cosx—2m,

d) m(m +1)cos2x = m? — m — 3 4+ m? cos 2x.
m+1

f) sin2x—1=———.

) sin2x o

Bai tap 13. Tai cic gia tri nao ctia x thi d6 thi ham sy = cosx va y = sinx giao nhau?

Bai tap 14. Trong hinh dudi, khi dugc kéo ra khéi vi tri can bang & diém O va buéng tay, luc dan hdi cda 1o xo
khién vat A gén & dau cua 10 xo dao dong quanh O. Toa d6 s (cm) ctia A trén truc Ox vao thoi diém t (gidy) sau

khi budng tay dugc xac dinh bdi cong thirc s = 10sin (10t + g) . Vao céc thoi diém nao thi s = —5v/3 cm ?

(Theo https://www.britannica.com/science/simple-harmonic-motion)
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Bai tap 15. Trong hinh dudi, ngon den trén hai dang H cach bo bién yy’ mot khoang HO = 1 km. Den xoay
nguoc chiéu kim dong hd véi téc do % rad/s va chiéu hai ludng anh sang vé hai phia d6i dién nhau. Khi den

xoay, diém M ma ludng anh sang ctia hai dang roi vao b bién chuyén dong doc theo ba.
(Theo https:/fwww:mnhs.org/splitrock/learn/technology)

Y

M

1 km

N

bd bién

a) Ban dau luéng sang trung véi duong théng HO. Viét ham s6 biéu thi toa d6 ypm ctia diém M trén truc Oy
theo thoi gian t.

b) Ngoinha N nam trén bd bién véi toa do yn = —1 (km). Xéac dinh céc thoi diém t ma dén hai dang chiéu vao
ngdi nha.
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Bai 7. Bai tap cudi chuong
7.1 Cau héi trdc nghiém

a 3 .z N B 2. 2 A 1 N <X . X 2
Cau 1. Goc luong giac nao tuong ung vdi chuyén dong quay 35 vong ngudgc chieu kim dong ho?

A. 16?7-[ B. (15£> . C. 1152°. D. 11527
Cau 2. Trong truong hgp nao dudi day cos & = cos 3 va sinx = —sin 3?

N —— B. p=n—« C. B=nta D.B:§+(x.
Cau 3. Khang dinh nao sau day diing?

A. Ham s6y = sinx 1a ham s6 chan. B. Ham sby = cosx 1a ham s6 chan.

C. Ham s6y = tanx 1a ham s6 chén. D. Ham s6y = cotx 1a ham s6 chén.
Cau 4. Nghiém 4m 16n nhat ctia phuong trinh lugng gidc cos 2x = cos (x + g) la

U 57 7m 137
A. _5. B. _?- C. _?- D- _T-

Cau 5. S0 nghiém ctia phuong trinh tanx = 3 trong khoang (—72—I ; 7?7{) la

A 1. B. 2. C. 3. D. 4.
Cau 6. Nhiét do ngoai troi & mot thanh phd vao cac thoi diém khac nhau trong ngay c6 thé duge mo phong béi
cong thic

h(t) = 29 + 3sin -~ (t — 9)
12
v6i h tinh bang do C va t 1a thdi gian trong ngay tinh bang gio. Nhiét do thap nhat trong ngay la bao nhiéu do C
va vao lic may gio?
(Theo https://www.sciencedirect.com/science/ article/abs/pii/0168192385900139)

A. 32°C, luc 15 gio. B. 29°C, luc 9 gio. C. 26°C, luc 3 gio. D. 26°C, luc 0 gio.
7.2 Baitap tu luan
Bai tap 1. Mot chiéc quat trAn ndm canh quay véi téc do 45 vong trong mot phit. Chon chiéu quay cta quat la
chiéu thuan. Sau 3 gidy, quat quay duge mot goc c6 sb do bao nhiéu radian?

- 1 .
Bai tap 2. Cho cosa = 3 Vva —72£ < a < 0. Tinh:
. . T
a) sin o b) sin2x; C) cos (OH— 5)
Bai tap 3. Chiing minh dang thic lugng giac:

a) sin(x + B)sin(x — ) = sin? o —sin® B; b) cos* ot — cos* (ocf g) = cos2a.

Bai tap 4. Nghiém duong nho nhat ctia phuong trinh sin (x + g) —sin2x = 0 1a bao nhiéu?
Bai tap 5. Giai cac phuong trinh sau:

V2

a) sin2x+cos3x =0 b) sinxcosx:T; ¢) sinx+sin2x = 0.
Bai tap 6. D6 sdu h(m) ctia myc nudc & mot cang bién vao thoi diém t (gid) sau khi thuy triéu 1én 1an dau tién
trong ngay duoc tinh xap xi bdi cong thitc h(t) = 0,8 cos 0,5t + 4.
(Theo https://noc.ac.uk/files/documents/ business/an-introduction-to-tidalmodelling.pdf)

a) Do sau ctia nudc vao thoi diém t = 2 1a bao nhiéu mét?

b) Mot con tau can myc nudc sau tdi thiéu 3,6 m dé c6 thé di chuyén ra vao cang an toan. Dua vao do thi ctia
ham s6 cosin, hay cho biét trong vong 12 tiéng sau khi thuy triéu 1én lan dau tién, & nhiing thoi diém t nao
tau c6 thé ha thuy. Lam tron két qua dén hang phan tram.

Bai tap 7. Cho van técv (cm/s) ctia mdt con lac don theo thdi gian t (gidy) dugc cho bdi cong thircv = —3 sin (1,5t + g) .
(Theo https://www.britannica.com/science/ simple-harmonic-motion)

Xéac dinh céc thoi diém t ma tai do:
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a) Van toc con lac dat gid tri l6n nhat;
b) Van téc con lc bang 1,5 cm/s.

Bai tap 8. Trong hinh vé, cdy xanh AB nam trén dudng xich dao dugc tréng vudng goc v6i mit dat va c6 chiéu
cao 5 m. Béng ctia cay la BE. Vao ngay xuan phan va ha phan, diém E di chuyén trén duong thang Bx. Géc thién
dinh 65 = (AB, AE) phu thudc vao vi tri ciia Mt Troi va thay déi theo thdi gian trong ngay theo cong thirc

0(t) = %(t— 12) rad

vdi t la thaoi gian trong ngay (theo don vi gio, 6 < t < 18).
(Theo https://www.sciencedirect.com/ topics/engineering/solar-hour-angle)

A

a) Viét ham s6 biéu dién toa do ctia diém E trén truc Bx theo t.

b) Duya vao do thi ham s6 tang, hay xac dinh cac thoi diém ma tai d6 bong cay phti qua vi tri tudng rao N biét
N nam trén truc Bx véi toa df la xn = —4 (m). Lam tron ket qua dén hang phan muoi.

‘ DAP AN TRAC NGHIEM ‘
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DAY $O. CAP 5O CONG. CAP SO NHAN

Bai 1. Day Sé6
1.1 Day sé la gi?

Khdi niém: Ham s u xac dinh trén tap hop cac sd nguyén duong IN* dugc goi 1a mot day sb vo han (hay
goi tat 1a day sb), nghia la
u:N* =R
n— Uy = u(n).

Day s6 trén dugce ki hiéu 1a (up). Dang khai trién ctia day s6 (un) 1a: ug; ;.. s uUn;. ..
@ Luuy:

e u; = (1) goi 1a s6 hag dau, u, = w(n) goi la s6 hang thit n (hay s6 hang téng quat) cta day
s6.

e Néu u,, = C v6i moin, ta néi (un ) la day s6 khong déi.

Vidu 1. Cho ham sé:
u:N*—> R

n—umn) =n?

Ham s trén c6 la day s6 hay khong? Néu c6, hay tim sb hang thit nhét, thit hai, thit ba va sb hang téng quat cta
day sb.
Vi dy 2. Cho ham s6é:

v:{1;2;3;4,5} - R

n+— v(n) =2n.
Tinh v(1), v(2), v(3), v(4), v(5).

Khdi niém: Ham s6 u xac dinh trén tap hop M = {1;2;3;...; m} thi dugc goi la mot day s6 hiru han. Dang
khai trién ctia day s6 nay la uj, up, . .., Um, trong dé u la s6 hang dau va u, la s6 hang cudi.

Vi du 3. Day gom 10 s6 tu nhién 1é dau tién 1;3;5;...;19 c¢6 phai la day s6 hitu han khong? Néu c6, tim s6 hang
dau va s6 hang cudi cta day sb.

Bai tap 1. Cho day sé:
u:N* =R

ne un =nd.

a) Hay cho biét day s6 trén 1a hiru han hay vo6 han.
b) Viét ndm s6 hang dau tién ctia day s da cho.
Bai tap 2. Cho 5 hinh tron theo thi tu ¢6 ban kinh 1; 2; 3; 4; 5.
a) Viét day sb chi dién tich cta 5 hinh tron nay.
b) Tim s6 hang dau va sb hang cudi ctia day s6 trén.
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1.2 Cdch xdc dinh ddy sé

Khdi niém: Thong thuong mot day sb c6 thé dugc cho bang cac cach sau:
a) Céch 1: Liét ké cac s6 hang (vdi cac day s hiru han).
b) Céch 2: Cho cong thiic ctia s6 hang téng quat un.
c) Cach 3: Cho hé thuc truy hoi, nghia la

e Cho s6 hang thi nhat 1 (hodc mot vai s6 hang dau tién);

* Cho mot cong thuc tinh uy, theo u,—1 (hoac theo vai sO hang dung ngay trudc no).

d) Céch 4: Cho bang cach mo ta.
Vidu 4. Cho cac day sb (an), (bn), (cn), (dn) dugc xac dinh nhu sau:

0121
a) a;=0,ap=1,a3 =2; a4 = 3; a5 = 4. b
) a1 2 3 4 5 ) {Cncnl+1 (n>2)

¢) bp, =2n. d) dn la chu vi ctia dudng tron cé ban kinh n.
Tim bén s6 hang dau tién cta cac day s trén.

n—1

Vidu 5. Cho day s6 (un) v6i un = Al

a) Tim ba s6 hang dau tién. b) Tinh usg va ugg.

s ~ A . . .. U1 = 1, Uy = 1 .
Vidu 6. Cho day so (un) xac dinh bai: Tinh us.
Up =Up 1+ Up 2 (M2 3).

Bai tap 3. Hay viét 3 s6 hang dau cta day sb (un) cho bdi:

n+ (" 1\"
wu =0 u1:1
¢ (un): { ! ,n e IN*. d) (un): ,n e IN*.
Unt1 =2un +1 Uni1 = \/uf +1

A5 aA ~ 2 . . 2. U = 3
Bai tap 4. Cho day so (un) xac dinh béi: {un+1 2w (n>1)

a) Ching minhup; =2-3;u3 =22.3;u, =2%.3.
b) Dy doan cong thiic s6 hang téng quét ctia day sb (un).

Bai tap 5. Mot chong cot g6 duge xép thanh cac 16p, hai 16p lién tiép hon kém nhau 1 cot g6 (Hinh vé). Goi un
1a s6 cot gb nam & 16p thi n tinh tir trén xudng va cho biét 16p trén cting c6 14 cot gb. Hay xac dinh day sb (uy)
bang hai cach:

a) Viét cong thirc sb hang tong quat w,. b) Viét hé thic truy hoi.
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1.3 Day s6 tang, déy sé gidm
Vidu 7. Cho hai day s6 (an) va (bn) duge xac dinh nhu sau: an = 3n+1; by = —5n.

a) Sosanh an va an41,vn € IN*. b) So sanh by, va by 41, Vn € IN*.

Khdi niém: Cho day s6 (un),
* Day s0 (un) duge goi la day s6 ting néu u, 11 > un, Vn € IN*.

* Day s0 (un) duge goi 1a dy s6 gidm néu up, 11 < Uy, Vn € IN*.
Vi duy 8. Xét tinh tang, gidm clia cac day s sau
a) (an) véi an = %; b) (bn) véi bp =n?2; ¢) (cn) vlicn = (—2)™.
Vidu 9. Xét tinh ting, gidm ctia cac day s6 sau

a) (an) véi an = b) (bn) v6i by =n —n2.

n .
n+1’
Bai tap 6. Xét tinh ting, gidm cla cac day sb sau

2n—1

m-l1, b) (xn) véi xn = L2

4711, C) (tn) voi th = (_1)T1 . nz.

a) (up) véiun =

Bai tap 7. Xét tinh ting gidm ctia day sO (un) c6 s0 hang téng quat:

a) up =n?+3n. b) un =2n%—5n+1. C) Up =N —4n2,
2
n n“+n+1

Bai tap 8. Xét tinh ting gidm ctia day sb (un) 6 s6 hang téng quat:

n+l =" _5n-—1
a) Un = ——. b) un = =7 ) Un =5 =
a n?+1 | o n?+n+1 5 _ —n?45n+2
T O B S

Bai tap 9. Xét tinh ting giam ctia day sb (un) c6 s6 hang téng quat

1 n 311
— — — M
a) un = (g) . b) un—m- Cc) up =3"—mn.
2\" n 3n
dun=(5) ) un = - D=1z
n+1 n? . 2" -1
g) Un = T h)un:4—n. i) un:2n+1.

Bai tap 10. Xét tinh ting giam ctia day sb (un) sau

a) up = vn+1—/m. b) un =n—vn2—1. ) un:%l_l.

S:n i s TR 2
Bai tap 11. Vi gia tri nao cta a thi daysoun:naj1
n

Bai tap 12. Mot chong cot gb dugc xép thanh cac 16p, hai 16p lién tiép hon kém nhau 1 cot go.

la day sb tang ? day sb gidm ?

a) Goiu = 251as6 cot gb c6 & hang dudi ciing ctia chong cot g6, un 1a 56 cot g c6 & hang thi n tinh tir duéi
lén trén. Xét tinh tang, giam cta day so nay.

b) Goi vy = 14 1a s6 cdt gb c6 & hang trén cling ctia chong cot gd, v 1a s6 cot g6 c6 & hang thit n tinh tur trén
xudng dudi. Xét tinh tang, gidm cua day sb nay.
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1.4 Day sé bi chén
Khdi niém:
a) Day s6 () duoc goi la day s6 bi chan trén néu ton tai mot s6 M sao cho
u, < M,Vn € IN*.
b) Day s (un) duoc goi la day s6 bi chan dudi néu ton tai mot sd m sao cho
Un = m,Vn € N*.
c) Day s6 (un) dugce goi la day s6 bi chdn néu né vira bi chan trén vira bi chin dudi, nghia la ton tai cac

s0 M va m sao cho
m g Un < M,VTL S ]N*

Vi du 10. Cho day s6 (i) v6i upn = % So sanh cac s6 hang cta day s6 véi 0 va 1.

Vi du 11. Xét tinh bi chan ctia day 86 (1) Vi un =

27_"1.
Vi du 12. Xét tinh bi chan ctia cac day s sau
L Tt .. n
a) (an) vdi an = cos o b) (bn) véi b, = e
Bai tap 13. Xét tinh bi chidn ctia cac day s6 (1) biét
) =sinn+cosm b) =(=1)" +cosn ) = <71>n d) un = 1
a) un =sinn+ cosn. Un = COSTL. ) un={-;] - Ay 1%
2n+1 n+4 n?+2n s
e) Un=""3" f) Un =501 g)unzm. h) un = Vn+1-Jn.
1.5 Bai tap
u; = 1
Bai tap 1. Tim u,, u3 va dy doan cong thiic s6 hang tong quat u,, ctia day so: Un
Untl = 77— m=1).
+un
Bai tap 2. Cho day sb (un) voi up = i—i—i-i- +$ Tim uq, Wy, uz va du doan cong thitc s6 han
ap <. y n n=157T53 1) 1, U2, U3 J g ang

tong quat un,.
Bai tap 3. Xét tinh ting, gidm ctia day s6 (yn) véiyn = vVn+1—ym.
Bai tap 4. Xét tinh bi chin ctia cac day s6 sau

5 MTT nr. L on —4
- + —; b) (un) véiup = ——.
cos ) (un) voiuw

a) (an) véi an = sin 3 1

Bai tap 5. Cho day s6 (un) voi un = % Chiing minh (uy) 1a day s6 ting va bi chan.
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na+2

Bai tap 6. Cho day 6 (un) véi un = -~

. Tim gia tri cta a dé

a) (un)la day sb tang; b) (1) 1a day sb giam.

Bai tap 7. Trén ludi 6 vuong, mdi 6 canh 1 don vi, ngudi ta vé 8 hinh vuong va t6 mau khac nhau nhu Hinh veé .
Tim day s6 biéu dién d6 dai canh ctia 8 hinh vuong do tir nhd dén 16n. C6 nhan xét gi vé day so6 trén?

> // ™~
/ N
// \\
// \\
//
//,
4
/ \
) \
/ o
/13 14
/! /
[ /
I [€
5 il
//
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Bai 2. Cép sbé cong

2.1 Cép sé cong

Khdéi niém: Cip sb cong la mot day s6 (v han hodc hitu han) ma trong d6, ké tir s6 hang thit hai, méi s6
hang déu bang tong ctia s6 hang ding ngay trudc né voi mot s6 d khong déi, nghia la:

Upt1 =UuUn+d véin e IN™.

S6 d dugc goi 1a cong sai ctia cap sb cong.

Vidu 1. Tim cap sb cong trong mbi day sb sau
a) 5; 10; 15; 20; 25; 30. b) 1; 2; 4; 8. Q) 7,77, 7, 7.

Vidu 2. Cho cap s6 cong 3; 6;9; 12; ... Tim s6 hang dau, cong sai va us.

Vi du 3. Chiing minh méi day s6 sau la cdp s6 cong. Xac dinh s6 hang dau va cong sai ctia mbi cap s6 cong do.
a) Day sb (un) voi un =2n+1. b) Day s6 (vn) v6iy = —3n +5.

Vidu 4. Cho q, b, c 1a ba s6 hang lién tiép ctia cp s6 cong. Tinh b theo a va c.

Cong thirc cdn nhé: Néu (un) 1a cAp s cong thi ké tir s6 hang thit hai, mdi s6 hang (trir s6 hang cubi
dbi véi cAp s6 cong hiru han) déu la trung binh cong ctia hai s6 hang ding ké né trong day, tic 1a

_ Ug—1 Uk
U = —2

(k>2).

Bai tap 1. Ching minh méi day s6 sau 1a cAp s6 cong. Xac dinh cong sai ctia méi cAp s6 cong do.
a) 3; 7, 11; 15; 19; 23.
b) Day sO (Un) VOi Uy =9 —9.
c) Day $O (vn) VOi vy = an + b, trong d6 ava b la cac héng sb.

Bai tap 2. S6 do ba goc cia mot tam gidc vuong lap thanh cap sb cong. Tim s do ba géc do.

Bai tap 3. Mét cat ctia mot to ong ¢6 hinh ludi tao béi cac 6 hiph luc gidc déu. '-.—-. ------
Ti mét 6 dau tién, bude thi nhat, cac ong tho tao ra vong 1 gom 6 6 luc giac; (1)
budc thir hai, cac ong thg tao ra vong 2 gom 12 6 bao quanh vong 1; budc thut 3,
céc cac ong thog tao ra vong 3 gom 18 6 bao quanh vong 2; cu thé tiép tuc. S6 6
trén cac vong theo thit tu c6 ¢6 tao thanh cap sé cong khong? Néu c6 tim cong
sai cia cap sb cong nay.

2920
2225

i

D,

D

X 2 P X X ~
2.2 SO hang tong quét cta cap sé cdng
Cong thirc can nhé: Néu mot cAp sé cong (i) c6 sb hang dau u; va cong sai d thi sé hang tdng quat
Un cta nod dugce xac dinh bdi cong thirc
un=wy+Mn—1d, n > 2.
Vidu 5. Tim sb hang t6ng quat u, ctia cap s6 cong c6 s6 hang dau u; = 3 va cong sai d = 9.
Bai tap 4. Tim s6 hang téng quét ctia cac cap sb cong sau
a) Cép ) cong (an)céa; =5vad=-5;
b) Cép sO cdng (brn) c6 by =2 va byg = 20.
Bai tap 5. Tim s6 hang téng quat ctia cap s6 cdng (cn) c6 ¢4 = 80 va cg = 40.
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2.3 Tong cuia n s6 hang ddu tién cha cép sé cdng

Codng thitc cdn nhé: Gia stt (un) la mot cap s6 cong c6 cong sai d. Dat Sy = w3 +up + - - - +1n, khi d6

5, = W ey S

_ n[2uy +(n—1)d]
= 5 .

Vi du 6. Tinh céc téng sau
a) Tinh tong ctia 100 s6 nguyén duong dau tién.
b) Cho cap sb cong (un) c6 ug + ug = 20. Tinh téng 9 s6 hang dau tién cta cap s6 cong do.
c) Cho cap s6 cong (vn) c6 S3 = —3 va S5 = —15. Tinh Ss.
Bai tap 6. Tinh tong sau
a) Tinh t6ng ctia 50 s6 tu nhién chan dau tién.
b) Cho cap sb cong (un) c6 uz + g = 100. Tinh téng 30 s6 hang dau tién cta cip sb cong do.
c) Cho cép ) cdng (vn) c6 Sg = 18 va S19 = 110. Tinh Syy.
Bai tap 7. o ) )
Mot rap hat c6 20 hang ghe xep theo hinh quat. Hang thitnhat co 17 ghe, P g=—""""" "~~~

hang thit hai c6 20 ghé, hang thit ba ¢6 23 ghé, ... ctt thé tiép tuc cho dén
hang cudi cung.

a) Tinh s6 ghé c6 & hang cubi cung.

b) Tinh tong s6 ghé c6 & trong rap.

2.4 Baitap
Bai tap 1. Chuing minh day s6 hiru han sau la cap sb cong: 1; —3; —7; —11; —15.

Bai tap 2. Cho (un) 1a cap s6 cong véi s6 hang dau u; = 4 va cong sai d = —10. Viét cong thitc s6 hang téng quat
Un.

Bai tap 3. Cho cap sb cong (un) c6 s6 hang dau 1y = —3 va cong sai d = 2.
a) Tim uqp.
b) S6 195 1a sb hang thit bao nhiéu ctia cdp s cong d6?
Bai tap 4. Cho cap sb cong céug = —5;d =3
a) Tim uy, ugp, Uy b) S6 hang thit méy bang 25.
c) Tinh téng 10 s6 hang dau tién. d) Tinh c6ng thitc s6 hang téng quat un theo n.
e) Tinh tong n s6 hang dau tién theo n.
Bai tap 5. Trong cac day s sau day, da sd nao 1a cap sb cong? Tim s6 hang dau va cong sai cta né.

9—-5n
3

a) up, =3—4n; b) un:g—él; ) up =5"; d) un =

Bai tap 6. Cho cap sb cong (un)

14 1
a) —6;—?; —50; -+ Tim uys, Sqp. b) vV2+1;2;3—+/2;--- Tim uy, S12.
Bai tap 7. Hay tinh:
a) Téng 23 s6 hang dau tién ctia cap s6 cOng (1n) € 1y + Uy = 60.

b) Téng 22 s6 hang dau tién ctia cap s6 cong (1n) €6 us + g = 100.
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c) Tong 16 s6 hang dau tién cta cip s6 cong (un) c6 Sg = 12 va Sy = 6.
Bai tap 8. Tim s6 hang dau va cong sai ctia cip sb cong (1), biét:

{U3—u1 =20 b {u2+u3—0 . {u5—u2—3

uy +us = 54; w +us = 80; ug - uz = 24.

Bai tap 9. Tim s6 hang dau tién va cong sai ctia cac cap sb cong sau, biét:

uz =—15 b) u —uz+us; =10 S4=15 d) uy —uz =8

uyy =18 w+us =7 Sy =12 U uy =75

ug =8 ¢ u +uz =—4 u +uz+us =—12 h u +up+uz =9
e

W+ul=16 uf +u =50 uppug =8 w+ud+ui =36

Bai tap 10. Hay viét thém 6 s xen gitta hai s6 3 va 24 dé dugc cap s6 cong ting c6 8 s hang.

Bai tdp 11. Cho cap sb cong c6 7 sb hang véi cong sai duong va sd hang thit 4 bang 11. Hay tim cac s6 hang con
lai ctia cap s6 cong d6 biét hiéu ctia s6 hang thit 3 va s6 hang thit 5 bang 6.

Bai tap 12. S6 do 3 goc ctia mot tam giac vudng ABC lap thanh mot cap sb cong. Hay tim 3 géc do.

Bai tap 13. Tim 3 canh ctia mot tam gidc vuong, biét ching tao thanh mot cip sb cong va tam gidc d6 c6 chu vi
1a 60 don vi.

Bai tap 14. Chu vi ctia mot da gidc 1a 158cm va s6 do cac canh ctia n6 lap thanh mot cip s6 cong véi cong sai
d = 3cm. Biét do dai canh 16n nhat ctia da gidc 1a 44cm. Tim s6 canh ctia da gidc do.

Bai tap 15. Tim 4 s6 hang lién tiép ctia mot cap sb cong biét téng ctia chiing bang 14 va téng binh phuong cta
chiing bang 94.

Bai tap 16. Tim 5 s6 hang lién tiép ctia mot cAp sb cong biét tong ctia chiing bang 25 va téng binh phuong cta
ching bang 165.

Bai tap 17. Cho cap sb cong (un) ¢6 cong sai d. Ching minh rang:
a) Un —Um = (Mm—m)dvdin,me IN*.
b) Un + Um = Uy + Uy, biét n +m = k + 1 biét (n, m, k,r € N*).
Bai tap 18. Cho 36 a, b, ¢ theo thit tu 1ap thanh 1 cap sb cong. Ching minh:

a) a®+8bc = (2b +c)>. b) a2 +2bc = c%+ 2ab.

c) 3(a® +b%2+c?) =6(a—b)>+(a+b+c)
Bai tap 19. Cho a, b, c la 3 s6 duong. Chiing minh rang:

A s 1 1 1 +
a) a?,b?,c? lap thanh mot cap sb cong < bTec + i a + D lap thanh mot cap so cong.

b) a,b,c lap thanh mot cap sb cong = a?(b +c), b%(c + a),c*(a + b) lap thanh mot cap s6 cong.
Bai tap 20. Tim x biét2 +5+ 8+ - +x = 950 va la mot s6 hang ctia cap s6 cong: 2,5,8, -+ ,x, - -
Bai tap 21. Giita hai s6 —23 va 40 hay dat thém 8 s6 nita dé dugc mot cip s6 cong (it ). Tim n dé 2 —u,, < V11,
Bai tap 22. Cho cép s6 cong (un), biét S, = 4n? —3n,Vn € N*. Timn dé S, —un < 7.

Bai tap 23. Biét day s 1, a,b la cAp s6 cong c6 cong sai d; va day s6 1, a?, b? — 2 cling la cAp s6 cong c6 cong sai
dy. Tinh: dq + d».

Bai tp 24. Cho mot hinh vudng c6 canh bang 1, ngudi ta néi trung diém cac canh lién tiép dé duge mot hinh
vuong, tiép tuc lam nhu thé d6i v6i hinh vudéng méi (nhu hinh vé bén dudi). Tinh tdng dién tich cac hinh vudng
lién tiép.
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Bai tap 25. Mot ngudi mudn mua mot thanh gb da dé cat ra lam
cac thanh ngang ctia mot cai thang. Biét rang chiéu dai cac thanh
ngang ctia cai thang dé (tir bac dudi cung) lan luot 1a 45 cm, 43
cm, 41 cm, ..., 31 cm.

a) Cai thang dé c6 bao nhiéu bac?

b) Tinh chiéu dai thanh gé ma ngudi d6 can mua, gia st chiéu
dai cdc moi noi (phan go bi cat thanh mun cua) la khong
dang ké.

Bai tap 26. Khi mot van dong vién nhay du nhay ra khoi may bay,
gia st quang dudng ngudi Ay roi ty do (tinh theo feet) trong moi
gidy lién tiép theo thut tu trudc khi bung du 1an luot la: 16; 48; 80;
112; 144; ... (cac quang dudng nay tao thanh cap sb cong).

a) Tinh cong sai ctia cap sb cong trén.

b) Tinh tong chiéu dai quang duong roi tu do ctia ngudi d6
trong 10 gidy dau tién.

Bai tap 27. O mot loai thuc vat ludng boi, tinh trang chiéu cao cay do hai gene khong alen 1a A va B ciing quy
dinh theo kiéu tuong tac cong gop. Trong kiéu gene néu ctt thém mot alen troi A hay B thi chiéu cao cay ting thém
5 cm. Khi trudng thanh, cay thip nhét cta loai nay véi kiéu gene aabb c6 chiéu cao 100 cm. Hoéi cdy cao nhat véi

kiéu gene AABB c6 chiéu cao bao nhiéu?
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Bai 3. Cdp s6 nhan

Tir khoa: Cap s6 nhan; Cong boi; Tong n s6 hang dau tién

* Mot qua bong rai tir mot vi tri 6 do cao 120 cm. Khi cham dat, n6 ludn nay 1én do cao bang mot nira do cao
cua lan roi trude do.

e Goiuj = 120 1a d6 cao ctia 1an roi dau tién va up; us; ... un; ... 1a do cao cta cac 1an roi ké tiép. Tim 5 sb
hang dau tién ctia day (1) va tim diém ddc biét ctia day s6 do.

3.1 Cdp s6 nhan
Bdi todn mé& dau:
a) Tinh thuong ctia hai s6 hang lién tiép trong day so: 2; 4; 8; 16; 32; 64.
b) Tim diém giéng nhau cta cac day sb sau:

7

11 iii) 2; —6; 18; —54; 162; —486.

i) 3;6;12;24;48. i) 1; 'S 16

N —
=~ =

Khdi niém: Cép s6 nhan la mot day sb (hiru han hodc vé han) ma trong do, ké tir s6 hang thit hai, méi sd
hang déu bang tich cta s6 hang ding ngay trudc né véi mot sb6 q khong doi, nghia la

Unt1 =Un -q vdin €N
S6 q dugc goi la cong béi ctia cap s6 nhan.
Vidu 1. Tim s6 hang dau va cong bdi ctia cac cap s6 nhan sau:

a) 3;6;12;24;48; ..., b) 1;7%; i;fé; %;...;
0 99999;...
Vi du 2. Trong cac day sb sau, day s6 nao la cip s6 nhan? Tim s6 hang dau va cong bdi ctia cap s6 nhan do.
a) 1;11;121;12321;1234321; b) 1,-1;1;,-1;1; c) 4;8;12;16.
Vi du 3. Cho cap s6 nhan: 1;10; 100; 1000; 10000. Biéu dién s6 hang 10 va 100 theo hai s6 hang ké n.
(¢ Lwuy: Chuy: Day sO (un) la cép s6 nhan thi u%L =Up 1 Upyp1VOin =2,

Bai tap 1. Trong cac day s (i) dudi day, day s6 nao 1a mot cap sd nhan

a) un = 3(—2)" b) Uni1 = 2Un Q) up = 4n+1 d) un = 3%
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Bai tap 2. Cép s6 nhan (uy,) sau day c6 bao nhiéu s6 hang, biét: ¢ = 2, un = 96, S, = 189.

Bai tap 3. Hay viét 6 s6 xen gitta cac s6 —2 va 256 dé dugc mot cép sO nhan. Theo thi tu dé néu viét tiép thi s6
hang thi 15 1a bao nhiéu ?

Bai tap 4. Céc s6 x + 6y; 5x + 2y; 8x +y theo thit tu d6 lap thanh mot cip sb cong. Pong thai cac sé x — 1,y +2;
x — 3y theo tha tu do6 lap thanh mot Cép s6 nhan. Hay tim x va y.

Bai tdp 5. Cho ba s6 tu nhién m; n; p theo thi tu lap thanh cAp s6 cong. Ching minh ba s6 2™; 2™; 2P theo thi
tu 1ap thanh cap s6 nhan.

Bai tap 6. Mot quic gia c6 dan sb nam 2011 1a P triéu ngudi. Trong 10 ndm tiép theo, méi ndm dan s tang a%.
Chting minh rang dan s6 cac ndm tir ndm 2011 dén nadm 2021 cta qubc gia d6 tao thanh cap sé nhan. Tim cong
boi ctia cap s6 nhan nay.

Bai tap 7. Tan sb cta ba phim lién tiép Sol, La, Si trén mot cay dan
organ tao thanh cip s nhan. Biét tin s6 cta hai phim Sol va Si lan
luot 1a 415 Hz va 466 Hz (theo: https:/ /vi.wikipedia.org/wiki/Do6
_(ndt nhac)). Tinh tan s6 ctia phim La (lam tron dén hang don vi).

3.2 $6 hang téng quét ctia cdp sé nhan

Céng thirc can nhé: Néu mot chp s6 nhan (un) c6 s6 hang dau 1y va cong boi q thi sb hang téng quat
Un cta né dugce xac dinh béi cong thic

Up = Uy - q“’l, n>2.

Vidu 4. Cho cap s6 nhan c6 8 s6 hang, s6 hang dau 1a 4374, s6 hang cubi 1a 2. Tim cong bdi ctia cp s6 nhan do.
Bai tap 8. Viét cong thiic s6 hang tong quéat un theo s6 hang dau 1y va cong boi q ctia cac cap s6 nhan sau:

a) 5;10;20;40;80;...; b) 1;%;11%;1;%;@;...
Bai tap 9. Tinh us va S¢ clia cac cap s6 nhan sau day:

a) wy =2,q=-1 b) u3 =10,q=5
Bai tap 10. Cép s6 nhan (un) 6 {ul s =51

up +ug = 102

a) Tim s6 hang dau va cong bdi ctia cap s6 nhan.
b) Hoi téng ctia bao nhiéu s6 hang dau tién sé bang 3069?
c) Sb 12288 la s6 hang thir may cta cap s6 nhan?

Bai tap 11. Tim s6 hang dau va cong boi cia méi cip sb nhan sau, biét:

u4:8

LL5=96 LL5—1L1=15
a) b) ug=72 C)
u6:192 U4—1,L2:6
uy <0
d) us +us =90 ) u; —uz +us =65 ¢ u —ug +us =10
Uy — g = 240 “ lw +uy =325 Us — U5+ ug = 20

Bai tap 12. Cho cip s6 nhan (un) c6 6uy +us = 1 va 3usz +2uy = —1. Hay tim s6 hang t6ng quat ctia cAp s6 nhan.

Bai tdp 13. Chu ki ban ra ctia nguyén t6 phong xa poloni 210 1a 138 ngay, nghia 1a sau 138 ngay, khéi luong cta
nguyén t6 d6 chi con mét nira (theo: https:/ /vi.wikipedia.org/wiki/ Poloni-210). Tinh khéi lugng con lai ctia 20
gam poloni 210 sau:

a) 690 ngay; b) 7314 ngay (khoang 20 nam).

2 2 2 X . a 2 P4 2 ~
3.3 Téng cua n s6 hang dau tién cua cap s6 nhan
Cho cép s6 nhan (uy) c6 cong boiq. Dat Sy =w +up+ - +un.

a) Sosanh q-Sp va(up+us+---4+un)+q-un; b) Sosanh u; +q-Sn vaSn +ug-q™.
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Céng thirc can nhé: Gia st (11,) 1a mot cip s6 nhan 6 cong boi q # 1. Dit Sy = ug +up + - - -+, khi
do
g _ W (I-q")
n——- .
I—q

(¢ Llwuy: Chuy:Khiq=1thiSq, =n-uj.

Vidu 5. Tinh téng 10 s6 hang dau tién ctia cip s6 nhan (u,,) c6 s6 hang dau w1y = 1 va cong boi q = 2.
Bai tap 14. Tinh tong n s6 hang dau tién cta cap s6 nhan (1) trong cac trudng hop sau:

a) uy =10°,q=01,n=5 b) u; =10, up = —20,n =5.
Bai tap 15. Trong bai todn & dau bai hoc, tinh téng cac do cao ctia qua bong sau 10 lan roi dau tién.
3.4 Baitap

Bai tap 1. Trong cac day sb sau, day s6 nao la cap s6 nhan?

) un =32 b) un = ()7 o !
! ’ un+1 = Zun + 3
Bai tap 2. Tim s6 hang dau va cong boi ctia cp s6 nhan (un ), biét:

) us —ug =15 b) u; —us+us =65
a Uy — Uy =6 u1 +uy = 325.

Bai tap 3.

a) S6 do bén goéc ctia mot i giac 1ap thanh cip s6 nhan. Tim s6 do ctia bén géc d6 biét rang sb do ctia goc lon
nhat gip 8 1an sb do clia géc nho nhat.

b) Viét sdu sb xen gitra cac s6 —2 va 256 dé dugc cp s6 nhan c6 tdam sb hang. Néu viét tiép thi sd hang thu 15
la bao nhiéu?

Bai tap 4. Basd biia' %, % theo thit ty 1ap thanh cap s6 cong. Chitng minh rang ba s6 a, b, ¢ theo thit tu lap
thanh cip s6 nhan.
Bai tap 5. Tinh cac tong sau:
a) Sn:1+1+l+---+i; b) Sh =9+99+999+---4+ 99...9.
3 32 3n S~

n chirs6 9
Bai tap 6. SO do 4 goc cia mot ti gidc 1ap thanh mot cip s6 nhan. Hay tim 4 géc d6 biét rang sé do cta goc 1on
nhat gap 8 lan s0 do ctia goc bé nhat.
a2 A A X 2 A A A A < A M ~ A X s 148 P . - s
Bai tap 7. Tim 4 so hang dau ciia moét cap so nhan, biet rang tong 3 so hang dau la o5 dong thoi theo tha tu do
ching 1a s6 hang thit nhét, thi tu va thir tdm ctia mot cap s6 cong.

Bai tap 8. Mot cip s6 cong va mot cap sb nhan c6 sb6 hang thir nhat bang 5, sb hang thit 2 ctia cdp s6 cong 16n
hon s6 hang thit 2 ctia cAp s6 nhan 1a 10, con cac s6 hang thir 3 bang nhau. Tim céc cap sb do.

Bai tap 9. Ba sb x,y, z theo thut tu d6 lap thanh mot cAp s6 nhan. Dong thoi ching 1an luot 1a s6 hang dau, sb
hang thit 3 va s6 hang thit 9 ctia mot cap s6 cong. Hay tim 3 s6 do, biét rang téng ctia ching bang 13.

Bai tap 10. Cho ba s6 x,y, z theo thit tu 1ap thanh cdp s6 nhan va c6 tong 1a 26. Néu cong thém lan lugt 1,6,3 cho
ba sb thi 3 s méi theo thit tu lap thanh mot cép ) cong. Tim ba sOx,y,z.

Bai tdp 11. Cho q, b, c theo thit tu 1ap thanh mot cap s6 nhan. Ching minh rang:

a) (a4 b2)(b? +c?) = (ab + bc)? b) (a+b+c)a—b+c)=a>+b%+c?
3 3 222 (1 1 1 311303
¢) (ab+bc+ca)’ =abc(a+b+c) d) abc”| 5+ 53+5)=a’+b’+c
a b c

Bai tap 12. Tinh tong:
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2 3., n
a) 1+10+10-4+10°+---4+10 b) 9+99+4+999+.--+ 99--.9
1 chits6 9
o 1+11+1114---4 11---1 d) 6+64+666+---+ 66---6
1 chirs6 1 n chir s6 6

12 ) .

Bai tép 13. Xétday (un) xacdinhbéiu; = avaun4g = ™" (a 1a so thuc # 0). Hay xac dinh cac gia tri cta a dé
n

day s0 (un) la mot cp s6 nhan.
Bai tap 14. Cho day s6 (1) xac dinh bdi u; = 2 va u,, 1 = 4up + 9. Chitng minh rang: Day s6 (v ) xac dinh béi:
Vn = Un + 3 12 mot cap s6 nhan. Hay xac dinh s6 hang dau va cong boi.
Bai tap 15. Do dai 3 canh ctia tam gidc ABC lap thanh mot cap s6 nhan. Chiing minh tam gidc d6 c6 2 goc khong
quaé 60°.
21

Bai tap 16. Tim cp s6 nhan (un,) biét tong ctia 4 s6 hang dau 1a 14, téng cta sb hang thi 4, thi 5, thi 6 1a 5 Vo
cong bdi q duong.

Bai tap 17. Ba s6 c6 téng 1a 217 c6 thé coi la cac s6 hang lién tiép ctia mot cAp s6 nhan hodc 1a cac s6 hang thir 2,
thi 9 va thir 44 ctia mot cap sb cong. Hoi phai lay bao nhiéu sb hang dau ctia cap s cong dé téng cua ching la

820.

Bai tap 18. Mot loai vi khudn dugc nudi cdy trong phong thi nghiém, ctr méi phit sd
lugng lai ting 1én gip doi s6 lugng dang c6. Tir mét vi khuan ban dau, hay tinh téng sb
vi khuén c6 trong 6ng nghiém sau 20 phit.

Bai tap 19. Gia st mot thanh phd c6 dan s6 nam 2022 la khoang 2,1 triéu ngudi va téc do gia tang dan sb trung
binh mbi ndm 1a 0,75%.

a) Dy doéan dan s6 cta thanh phd dé vao nam 2032;

b) Néu téc do gia ting dan s6 van gitt nguyén nhu trén thi udc tinh vao ndm nao dan sb ctia thanh phd do6 sé
tang gap doi so voi nam 2022?

Bai tap 20. Trong tro choi mao hiém nhay bungee, méi 1an nhay,
ngudi choi sé dugc day an toan c6 tinh dan hoi kéo nay ngugc
1én 60% chiéu sau ctia ci nhay. Mot ngudi choi bungee thuc hién
ct nhdy dau tién c¢6 do cao ndy nguoc lénla 9 m.

a) Tinh d6 cao nay nguoc lén ctia ngudi d6 & lan ndy thi ba;

b) Tinh tong cdc do cao ndy ngugc lén cta ngudi do trong 5
lan nay dau.
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Bdi 4. Baitép cudi chuong

4.1 Cau hdi trdc nghiém

Cau 1. Cho day s6 () v6iuy = 3n%1 Ba s6 hang dau tién ctia day s6 (i) 1an lugt 1a
113 g 1.1.3 113 p 123
C 274727 © 274726 © 274725 " 273728
Cau 2. Cho da 1 1. 1.1 1, 6 h 6 it cia day s6 nay 13
au 2. Cho 1ay s;). 373233738 357 Slo ang tong quat cua aylso nay la :
A < " L N
Cau 3. Cho day so (un) véiun = % Phat biéu nao sau day dung?
A. Day s6 ting va bi chan. B. Day s6 gidm va bi chan.
C. Day s6 gidm va bi chan dudi. D. Day sb gidm va bi chan trén.
Cau 4. Cho cap s6 cong (1) c6 56 hang dau uy, cong sai d. Khi d6, véin > 2 ta cé
A up =u +d. B. un =u;+Mm+1)d. C un=u1—(n—1d. D. up=uyy+Mn-1)4d.
Cau 5. Cho cap s6 cong (un) c6 1y =3 vauy = —1. Khi dé
A. uz = 4. B. uz = 2. C. uz = —5. D. uz = 7.
Cau 6. Cho cap s6 cong (1) c6 s6 hang dau uy = —1 va cong sai d = 3. Khi d6 Ss bang
A, 11. B. 50. C. 10. D. 25.
Cau 7. C6 bao nhiéu s6 thuc x dé 2x — 1; x; 2x + 1 theo thit tu 1ap thanh cap s6 nhan?
A1 B. 2 C. 3 D. 4.

Cau 8. Mot tam gidc c6 s6 do cac goc 1ap thanh cap s6 nhan c6 cong bdi q = 2. S6 do cac goc cta tam giac d6 lan
luot la

T T 7 27 4m m 2m 4 T 2m 4m
A. g, g, 5. B. g, ?,? C. g, - ?- D- ?, r— 7-
4.2 Bait@p ty luan
st L Y . 2n+1
Bai tap 1. Xét tinh bi chan cua day so (un) véi un = Til—iJ—FZ .

Bai tap 2. Tim s6 hang dau u; va cong sai d ctia cap s6 cong () biét:

5Su; +10us =0 b uy + w5 = 60
Sy =14; uj +ud, = 1170.

Bai tap 3. Tim s6 hang dau u; va cong bdi q ctia cdp s6 nhan (u,) biét:

) us =96 b) ug+up =72
ug = 192; us —uz = 144.

Bai tap 4. Gia st quan thé dong vat nay & thoi diém ban dau c6 110000 ca thé, quan thé nay c6 ti 1é sinh la
12%/ndm, xuat cu 2% /nam, ti vong 8% /nam. Dy doan s6 ca thé cia quan thé d6 sau 2 nam.

Bai tap 5. Mot cdy dan organ c6 tan sb am thanh cac phim lién tiép tao thanh mot cip s6 nhan. Cho biét tan s6

phim La trung 1a 400 Hz va tan s6 ctia phim La cao cao hon 12 phim 1a 800 Hz (nguén: https:/ /vi.wikipedia.org/wikiOrgan).
Tim cong bdi ctia cAp s6 nhan néi trén (lam tron két qua dén hang phan nghin).

Bai tap 6. Dan s6 Viét Nam nam 2020 la khoang 97,6 triéu ngudi (theo Nién giam thong ké ndm 2020). Néu trung

binh méi ndm ting 1,14% thi udc tinh dan s6 Viét Nam nam 2040 la khoang bao nhiéu ngudi (lam tron két qua

dén hang trdm nghin)?

DAP AN TRAC NGHIEM
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GIGI HAN VA HAM SO LIEN TUC

Bai 1. Gidi han clia day sé
1.1 Giéi han cla day sb
Gidi thiéu: Néu u, — L khin — oo thi ta néi diy un, c6 gi6i han 1a L khi n — oo. Ki hiéu: nlgr;o Wn =1L
(hay con viét gon la limu, = L).
e Néu L = 0 thi ta goi la gi6i han 0 cta day s,
e Néu L = a la mot s6 hiru han ta goi 1a gi¢i han hiru han cta day,

e Néu L = oo thi ta goi 1a gi6i han vo cyc.
1.2 Cdc phép todn vé gidi han hiru han ctia day sé

Cong thirc cdn nhé: Cho limuy, = a, limv,, = bvacla hang sb. Khi d6
a) lim (up +vn) =a+b. b) lim (uy —vn) =a—"b.

¢) lim(c-un)=c-a. d) lim (up -vn) =a-b.

e) 1im“—“=%(b7é0). f) Néu un, > OVn € IN* thia > 0 va

Vn lim /i, = V/a.
1.3 Gidi han hiru han clta day sé
1.3.1 Gid'i han 0 cta day s6

Khdi niém: Ta néi day s6 (un) c6 gidi han 0 khi n dan t6i duong vo cuc, néu [un| nhd hon mot s6 duong

bat ki cho trudc, ké tir mot sd hang nao d6 tré di, ki hiéu LHE Un = 0 hay upn — 0 khin — +o0. Ta con
n o0

viét limu,, = 0.
Céng thirc can nhé: Mot sb gidi han co ban
a) lim 1_ 0.
n
.1 ” A fnos
b) lim T 0, v6i k nguyén duong bat ki.
¢) lim q™ = 0, v6i q la s6 thuc thod man |q| < 1.
Viduy 1. Ap dung gi6i han co ban, tim lim ———..
(v3)

Bai tp 1. Tim cac gidi han sau

a) lim % b) lim <‘r11)2 ¢) lim (i)n d) lim (—Z)n.
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1.3.2 Gid'i han hi¥u han cia day sé

Khdi niém: Ta néi day sb (un) c6 gi6i han hiru han 1a s6 a (hay uy, dan téi a) khi n dan t6i duong vo cuc,

néu lim (u,, — a)

n—

@ Lwuy: Néuu, = c(clahang sd) thilimu, =limc =c.

1.4 Baitap
1.4.1 Khit dang vé dinh

o.8}
00

@ Luuy:
v u(m)
* Mot gidi han hm v

= 0. Khi d6, ta viét lirJrrl Up = a hay limu, = ahay up, — akhin — +o0.
o0

duogc goi la dang vo dmh —,néu u(n) — oo vav(n) — oo khin — oo.

 Dé tinh gi6i han nay ta phai khit (lam mat) dang v6 dinh bang cach, tai ti va mau s6 ta rit n c6 lay
thtra cao nhat lam thtra so, sau dé6 rut gon va tinh.

2
Vi du 2. Dung dinh nghia, tim gidi han lim 3nn;— 1.
Bai tap 2. Tinh cdc gidi han sau
2 n _
a) 1im;‘fi b) lim%. ¢) lim (2+<§) ) d) lim(l n4“>.
1 . 1 . 2 . 3n+1
e) lim e f) lim <2 — E) g) lim T h) lim .
w . 4n+5 w5 n+1 . 2n%+n . o n+1
i) lim m_3 j) lim 7 en” k) lim . ) lim 2l
Bai tép 3. Tinh cdc gidi han sau
2 2 2 2
: n-+2n . 14n—2n ) Inc+1 ) 4nc+3
a) llm m b) llm m C) llm d) llm ?
. ym+1 . n?+yn— . —nZ+nyn— 1 . n?+n+1
lim ——. f) lim Iim ———— h) im —-.
€) lim =2 ) g lim—— ) im Ay
. n?—n+1 N ( n ) . 23 —3n247 _ 4dn*4n?+6
lim ————. 1 — —1). Iim ————. ) lim———.
) Lim m—1)@3n+1) ) lim nZ+1 k) lim n3 —5n? ) lim —nt4n42
Bai tép 4. Tinh céc gidi han sau
. 4n?2—n+41 _ (m+1Bn—2)° . (n?+1) (n?-3)
Iim ———— b) im ——————~— |
a) lim G i 1 5) ) im o ¢ lim-a=m (3 +2)
. 2n+1)(n—3)(3n—4) Con* 433 +4n2 41 n*—n?+1
d)1 1 f) lim
) lim 6n—1)y ¢) lim~— > (3 +5) T Y ey yon
4 5 10 2 342
¢) lim Mm+Dn*+n+1) h) lim M—1)"0mn+1)2 —nlt » limn\/ﬂ( +2y/m)
6—3n3+2 ni24nb 42 Mm+1)(n+2)
Bai tap 5. Tinh cdc gidi han sau
. 2n __3n . 1+ om ) n_ ~gn
a) lim an b) lim m C) lim W
. V/bn . 7.2n .. 3.3m-5m
D lim g e lim o g b lim o 5
( 2)n 4n ) 3n _ (_5)n+2 ) 4. 3n 4 7n+1
S 5.pn _3n O i 2n+1 —3" 411 D I 3n 4 2n+1
]) m on+l 4 3n+1° ) m 3n+2 4 on+3 _ 4" ) m 5n 4 3n+1°

1.4.2 khir dang vé dinh oo — oo

&8 SACH THAM KHAO

Trang 44



KHAI PHONG NANG LUC TOAN 11

(@ Lwuy: Thong thuong, tinh tinh gigi han dang oo — oo ta chuyén dang nay vé dang > bang cach nhan,
(0]

chia cho dai lugng lién hiép ctia mau, rdi tinh.

Bai tap 6. Tinh cdc gidi han sau

a) lim (VnZ+1—n) b) lim (vn+1—/n) o) limn (n—2vn+1)
d) limyn (Vn+2—/n) e) lim (\/2n2+3—\/n2+1> f) lim (\/n2+3n—n+2>
g) lim (\3/n27n3+n) h) lim <n+2—\3/n3+2n) i) lim (1+n27\/n4+3n+1)

1.5 Tong cutia cép s6 nhan Iui vé han

Khdi niém: Céap s6 nhan vo han (un) c6 cong boi q thod man |q| < 1 duge goi la cap s6 nhan lui v6 han.
Cép s6 nhan lui vo han nay c6 téng la

w
1—q°

S=w+w+ - +uUun+- =

. . o S U I T ] 1 1 1 (1)“
Vi du 3. Tinh tong cta cap sO nhan Iti v6 han: 1 Z+R a+~~--|— 1 4.

Vi du 4. Biét rang c6 thé coi s6 thap phan vo han tuan hoan 0,666 ... 1a t6ng ciia mot cAp sb nhan li vo han:

1 1
0,666..._0,6+0,06+0,006+--~—0,6+0,6-E+0,6~ﬁ+-~-.

Hay viét 0,666 . .. dudi dang phan sb.

2 n
Bai tap 7. Tinh tong ctia cAp s6 nhan 1ui vo han: 1+ % + (%) +- (1) SREE

Bai tap 8. Tinh cac tong sau

1 1 " 1 1 (—1)n

Bai tap 9. Tu to gidy, cat mot hinh tron ban kinh R (cm) nhu Hinh 3a. Tiép theo, cat hai hinh tron
ban kinh g r6i chong 1én hinh tron dau tién
nhu Hinh 3b. Tiép theo, cat bén hinh tron
ban kinh 2 rdi chong 1én cac hinh trude nhu

Hinh 3c. Cu thé tiép tuc mai. Tinh t6ng dién
tich ctia cac hinh tron.

Hinh 3

1.6 Gidi han vo cuc

Khdi niém:

* Tandi day s6 (un) c6 gidi han 1a +oo khi n — +00 néu 1, 16n hon mét sé6 duong bat ki, ké tir mot sd
hang nao do6 trd di, ki hiéu lim u,, = +oc0 hay u, — 400 khin — +oo.

* Tanéi day s6 (un) c6 gidi han 1a —oo khi n — +o00 néu lim (—ty,) = +oo, ki hiéu lim,, = —oo hay
Un — —oo khin — +oo.
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(@ Luuy: Taco cac két qua sau:

. 1
a) Neu limu,, = +o00 hoac limu,, = —oo thilim - 0.
n

. 1
b) Neu limu,, =0 vau, > 0véi moin thilim — = +oo0.

Un
c) limuyn = 400 khi va chi khi lim (—uy) = —o0.
Vidu 5. Tim gi¢i han lim q™ véi q > 1.
@ Luuy:
a) imn* = +o0 (ke N, k > 1). b) lim q™ = +o0 (q > 1).
Bai tép 10. Tinh cac gidi han sau
2 3 4 2 2
n°—1 3n—n n*—2n“+1 2n“—15n+11
. I . .
a) lim 1 b) lim 15 Q) hm72n3+n2+7 d) hm—3n2—n+3
Bai tép 11. Tinh cac gidi han sau
a) lim (n?+2n) b) lim (—2n*+1) ¢) limv5n—9 d) limv2n2—n+3
e) lim v7nZ —n3 f) lim (2™ —32) g) lim (3™ —2™) h) lim (4-3™—5"*1)
1.7 Baitap
Bai tp 1. Tim cac gidi han sau:
— v/ 2 _ 2 _
a) lim —2 1 b) lim Y20 =2 Q) lim —+. d) lim 23
n n 2n+1 2n?
Bai tdp 2. Tinh t6ng ctia cac cAp s6 nhan lui vo han sau
a) 2 i1y +(—1>n+ b) T4 oL +<1>n+
2 4 8 2 ' 4 16 o4 4 '
Bai tap 3. Viét s6 thap phan v6 han tudn hoan 0,444 ... dudi dang mot phan sb.
Bai tap 4.
Tit hinh vuéng dau tién c6 canh bang 1 (don vi do dai), ndi cac trung diém cia
bén canh dé c6 hinh vuéng thit hai. Tiép tuc nbi cac trung diém ctia boén canh
ctia hinh vuéng thit hai dé dugc hinh vudng thit ba. Ci tiép tuc lam nhu thé,
nhan dugc moét day hinh vuong (xem Hinh 5). @
Hinh 5

a) Ki hiéu an la dién tich ctia hinh vuéng thir n va Sy, 1a tong dién tich ctia n hinh vudng dau tién. Viét cong
thic tinh an, Sy (n = 1,2,3,...) va tim lim S;, (gi6i han nay néu c6 dugce goi la tong dién tich cta cac hinh
vuong).

b) Ki hiéu pn 1a chu vi ctia hinh vuéng thi n va Qy, 1a tong chu vi ctia n hinh vuéng dau tién. Viét cong thic
tinh pn va Qn (n = 1,2,3,...) va tim lim Q, (gi6i han nay néu cé duoc goi la t6ng chu vi ctia cac hinh
vudng).

Bai tdp 5. Xét qud trinh tao ra hinh c6 chu vi vé cuc va dién tich bang 0 nhu sau:

Bat dau béng mot hinh vuéng Hy canh béng 1 don vi d¢ dai (xem Hinh 6a). Chia hinh vuoéng Hy thanh chin hinh
vudng béng nhau, bé di bén hinh vuong, nhan dugc hinh H; (xem Hinh 6b). Tiép theo, chia mdi hinh vudng ctia
Hj thanh chin hinh vuéng, rdi bé di bon hinh vudng, nhan dugc hinh Hy (xem Hinh 6¢). Tiép tuc qua trinh nay,
ta nhan dugc moét day hinh H, (n=1,2,3,...).
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Hp Hy Hy Hj

a) b) c) d)
Hinh 6

- N 1
Ta c6: Hy ¢6 5 hinh vudng, moi hinh vuéng c6 canh bang 3
1 .
3—2 g oo
- N 1
Tir d6, nhan dugc Hy, ¢6 5™ hinh vuéng, moi hinh vuéng cé canh bang i

Hy ¢6 5 - 5 = 5% hinh vu6ng, méi hinh vudng c6 canh bang % : % =

a) Tinh dién tich S;; cia Hy, va tinh lim S;,.
b) Tinh chu vi pn, cda Hy, va tinh lim py,.

(Qua trinh trén tao nén mot hinh, goi la moét fractal, dugce coi la c6 dién tich lim S, va chu vi limpy).
Bai tdp 6. Tinh cdc gidi han sau

o 3n—vom2+1 v+ 1—vn+1 . vVn24+3n—-1—v2n+3
a) im ——— b) lim ¢) lim
n—~/n2+2n 3 +2 2T1.+1
. nm+3—vnZ+n . Vn3 —n—n . n24+v/1—nb
d) lim e) lim ——— f) Iim ———
VanZ4+5-2n+1 Vn2+2-n+4 vnt+1-—n2?
Bai tdp 7. Tinh cdc gidi han sau
. 1 2 n—1 . 14+24+3+4+---+2n
a) llm<§+§+”'+ oz ) b) lim T
. MW2+4+64---4+2n . 1-243—---+(2n—-1)—2n
¢) lim d) lim
3n24+n—2 m2+1
o 1im<i+i+i+ L1 ) f lim 2474144+ (n?+2n—1)
1.2 723" 3.4 n-(m+1) 1-442.7+3-10+---+n-Bn—1)

)lim<i+i+m+ L ) h) lim +—+ 1 +- +;)
& 1.3 3.5 2n—1)-2n+1) 3.5 n-(n+2)

3 (
(DD 0 mlR)-3)0-D) (-

k) lim n

1) lim

1
2VI+V2 2 (n—l—l)\/_—i-m/ )
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Bdi 2. Gidi han cGa hdm sb
Gidi thiéu: Néu f(x) — L khix — a thi L duoc goi la gi6i han cda f(x) khi x tién téi a. Ki hiéu: lim f(x) = L.
X a

2.1 Giéi han hiru han cGa ham sé tai mét diém

Khdi niém: Cho diém x, thudc khoang K va ham sé y = f(x) xac dinh trén K hodc K\ {xo}. Ta n6i ham s
y = f(x) cd gidi han hiru han 1a s6 L khi x dan tdi xg néu vé6i day s6 (xn) bat ki, xn € K\ {xg} va xn — % thi
f(xn) — L, ki hiéu li_)m f(x) = L hay f(x) — L khi x — xo.

X—=X0

2.2 Cdc phép todn vé giéi han hiru han ctia ham sb

Céng thirc cdn nhé:

a) lim x =xq. lim x*

K 113 oA A .
= x5, k 1la s0 nguyén duon
X—XQ X—XQ 0’ g y g’

b) lim c = c (c 1a hang sd);
X—=>X0

¢) lim [cf(x)] =c lim f(x) (c € R,néutontai lim f(x) € R).
X—XQ X—X( X—=X0
d) Cho XILmXO f(x) = Lva XILmXO g(x) = M. Khi do:
e lim [f(x)+ g(x)] =L+ M.
X=X
e lim [f(x) —g(x)] =L— M.
X—X(
e lim [f(x)-g(x)]=L M.

X—XQ

fx) L, .
Xbmxow =M (véi M £ 0).

e) Neuf(x) > 0va Xll)n)l(o f(x) =LthiL > 0va X11)11)1(0 Vx) = VL

(Déu ctia f(x) dugc xét trén khodng tim gidi han, x # xo).

2.3 Baitap
2.3.1 Tinh tru'c tiép bang cdch thé sé

(@ Lwuy: Néu f(a)#0thi lim f(x) = f(a).
X—a

Bai tap 1. St dung quy tac thé sb tinh cac gidi han sau

a) lim 2x. b) lim x2. c) lim (x2+5x—2). d) lim vx% +1.
x—2 x—2 x——2 x—0

e) lim(x2 —4x +2) f) lim X2 ) lim tanx h) lim x
x—1 ' x—22x+1° & x—F ’ x—1 x—1"

2.3.2 Dang vé dinh §

@ Luuy:
f < 2
e Khi tinh 1Lm g(():())' ma khi the so ta dugc f(xg) = 0 va g(xp) = 0 thi gidi han dugc xem la dang v6 dinh
X—XQ
0
0

 Dé tinh gi6i han nay ta phai khir dang vo dinh, bang cach bién ddi xuat hién thira s6 (x — xo) & ca ti
va mau sb, sau d6 gian udc, thu gon va tinh.
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. . « x2—4 )
Vidu 1. Cho ham so f(x) = .Tim lim_f(x).
xX+2 x——2
Bai tép 2. Tinh cdc gidi han sau
2_ _ 2 2_
a) lim © b) lim X122 0 lim X2 tl d) lim © 1.
x—2 X—2 x—3 x—3 x——1 x+1 x—1 x—1
x> —x—2 X2 +x—6 X% +2x—15 X% —3x+2
li f _— lim ——. h) lim ————.
e lim——3 ) Jm 3 ) Im — "3 ) i e —5x+2
Bai tép 3. Tinh cdc gidi han sau
X2 —x—6 (x—2)°+8 x> +8
lim ————. b) lim ———— lim ————.
a) s X3 2x2 ) bt X <) 22 1 11x 1 18
x*—1 x> +x%—2x—8 2x2 —3x+1
d) Im ————. lim ————— f) im ——————.
L S T T) e M a2 ) I et
1 3 1 2x—3 x—26
tim (11— ). h) Jim ( e ]
&) G\ 1S3 )xlg}. x2—4+x2—3x+2 ) o \x12 4_x2

2.4 Gidi han mét phia

Khdi niém:

e Cho ham s6 y = f(x) xac dinh trén khoang (xo; b). Ta néi ham sb y = f(x) cd gidi han bén phdi la
s6 L khi x dan tdi xg néu vé6i day sb (xn) bat ki, xg < xn < b va xn — xg thi f(xn) — L, ki hiéu

1im+ f(x) = L.

X—)XO

* Cho ham s6 y = f(x) xdc dinh trén khoang (a;xo). Ta n6i ham sb y = f(x) cd gidi han bén trdi 1a
s6 L khi x dan t6i xg néu voi day sO (xn) bat ki, a < xn < Xg va xn — X thi f(xn) — L, ki hiéu

lim f(x) =L.
X—Xq
Cong thirc can nhé:
a) Ta thira nhan cac két qua sau:

e lim f(x) =Lva lim f(x) =L khivachikhi lim f(x) =L.
X=X

x—>x0+ X—Xg
e Néu lim f(x) # lim f(x)thi khong ton tai lim f(x).
x—x X—X, X—=Xg
0 0

b) Cac phép toan vé gi6i han hiru han ctia ham s6 & (2.2) van ding khi ta thay x — xo bang

x = xg hodcx — xg .

0 khix<0
1 khix > 0.

a) Tim cac gidi han lim f(x) va lim f(x).
x—0+F x—0~

Vidu 2. Cho ham s6 f(x) = {

b) C6 ton tai lim f(x)?

x—0

Bai tap 4. Tim cac gi6i han mot bén cta cac ham sb sau

X% +1 L 1=22
2) xlinih x—1 b) XILHBEF x—3 " <)

) 1 1 ) 12 —x|
d) lim <x—2_x2—4>' ¢ lm o ra H

x2—3x+2 13x + 6|
lim ——227< h i

g) xigl* V2—x ) x—irfnZ* x+2 1)
) olim 2 B lim V2O 1)
J x——2+ X2 4+3x+2° x—0— 2x ’
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x——1F

lim

Xx—2
x2 +5x+4
[x + 1]

3v/x—x

lim .
x—0t v/2X + X
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3 1—2x khix< -1 .
Bai tap 5. Chohamso f(x) = { , .Tim cacgi6ihan lim f(x)va lim f(x)va lim f(x) (neu
x“+2 khix> -1 x——1+ x——1" x——1

c0).

Bai tap 6. Xét sy ton tai gigi han

. 2x+1, x<1
a) Cho ham s6 f(x) = 5 . Tinh cac gidi han lim f(x), lim f(x), lim f(x).
—x“+4, x=>1 x—1— x—1+ x—1
b) Cho ham s f(x) = U . Tinh cac giGi han lim f(x), hm f(x), hm f(x).
x—0
27 (x* — 4x + 3) 3
Bai tdp 7. Cho ham s f(x) = x3 —27 (x> 3) . Tim a dé lirré f(x) ton tai.
ax—4 (x<3) .
ax+1 (x<1 , .
Bai tap 8. Cho ham sb f(x) = . Tim a dé ham so c6 gi¢i han khix — 1.
X —a x=1)
x> —3x 42 (x> 1)
Bai tdp 9. Cho ham s6 f(x) = x—1 . Tim m dé lim f(x) ton tai.
x—1
2mx +3 (x<1)

2.5 Gi6i han hiru han clGia ham sé tqi vé cuc

Khdi niém:

* Cho ham s6 y = f(x) xac dinh trén khoadng (a; +00).
Ta n6i ham sb y = f(x) ¢d gidi han hiru han 1a s6 L khi x — +o00 néu véi day s6 (xn) bat ki, xn > a va
Xn — +oo thi f(x,) — L, ki hiéu ll)l‘_'r_l f(x) = L hay f(x) — L khi x — +o0.
X o0

* Cho ham sby = f(x) xdc dinh trén khodng (—oo; a).
Ta n6i ham sb y = f(x) cd gidi han hiru han 1a s6 L khi x — —oo néu véi day s6 (xn) bat ki, xn < a va
Xn — —oo thi f(xn) — L, ki hiéu Em f(x) = L hay f(x) — L khi x — —o0.
X —0o0

Vidu 3. Cho ham sb f(x) = ZT Tim hm f(x).

Cong thirc can nhé:
a) Vdi c 1a hang s6 va k 1a sb nguyén duong, ta ludn cé:

. . c
Iim c=c va lim = = 0.
x—to0 x—too X

b) Céc phép toan trén gidi han ham s & (2.2) van ding khi thay x — xo bang x — +00 hodc x — —c0.

Vidu 4. Tim cac gidi han sau

1—3x2

a m ————-.
) xS 4o00 X2 4+ 2x

b lim

(¢ Lwuy: Tinh lgn f(x) ta thyc hién nhu tinh gidi han day sé.
X o0

Bai tap 10. Tinh gigi han ham s

2x—3 b) lim X

X—+00 \/X2 _|_X_

o _W\2 2 1 3 2
o lim & OAX Q) fim YD (F+2)
x—+oo 3x°—x+1 X—00 X6
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Bai tap 11. Tinh gigi han ham s

) 3x+1 . 2x—Vx2+5x—1 . (2x—=1)Vvx2-3
a) lim b) lim ¢ lim —————
X——00 ,/1fx+4x2fx X—>—00 7x—3 X—++00 x — 5x2
) -
d) lim Vx2S e lim (1—2x)/ 22 H lim xt+2), )Xl
x——00 \/Ax2 +1—x+1 X—+00 x3+1 X——00 (x—1) (x> +2x)

Bai tap 12. Tinh gidi han ham s6

. x2—5x+4 . x| + VX2 +x . 3x2—25—x|+1
a) lim ————— b) Iim ——— ¢) lim
X——00 |x2—1’ X——00 x+10 X——00 |2x2—5|+4|x+1|f1

2.5.1 Khir dang vé dinh co — 0
@ Luuy:
e Nhan lién hiép, dua vé dang .
o)
¢ Khtr dang v6 dinh .
(0.9)

Bai tap 13. Tinh cac gidi han

a) xEToo (\/x2+x+1—x). b) Xli)rgoo <x+ \/x2—4x). ) X1_i>r£1OO (\/x2+1+2x).
d) Xli}rﬂoo (\/4x2—x—2x>. e) Xli)rgoo (\/3x2+1+><\@>. f) X1_i>rJrrloox( x2+1—x).
) xglzloo (\/x2+x—\/x2+1). h) Xl_igoo (X\/4X2+1+2X2>. i) X1_i>rJrr1OO (\3/x3+3x2—\/x2—2x).

Bai tap 14. Mot cdi hd dang chita 200 m® nuée man véi ndng dd mubi 10 kg/m>. Ngudi ta ngot héa nudc trong
hé bang cach bom nudc ngot vao hd véi van toe 2 m3/phuit.

a) Viét biéu thitc C(t) biéu thi ndng dd mubi trong ho sau t phut ké tir khi bat dau bom.

b) Tim gidi han . lirf C(t) va giai thich y nghia.
—+00
2.6 Gi&i han vo cuc clia ham sb tai mot diém

oyl Ao A . _ N A N . o N . u(X) _ - N N
Gioi thiéu: Neu )}1_% u(x) = const (hang so) va )}1_>rra v(x) =0 thi )}1_% 0 oo. Luu y tuy truong hop cho

két qua la +oo hay —oo.

Khdi niém: Cho ham s6 y = f(x) xac dinh trén khoang (xo; b).
* Tanéi ham sb y = f(x) cd gidi han bén phdi 1a +oo khi x dan tdi xg vé bén phai néu véi day s (xn)
batki, xg < xn < b vaxn — xg thi f(xn) — 400, ki hiéu 1im+ f(x) = +oo hay f(x) — +oco0 khix — xar.
X—)XO
* Tandi ham s6y = f(x) cd gidi han bén phdi la —co khi x dan tdi x vé bén phai néu véi day s (xn)

batki, xg < xn < bvaxn — xg thi f(xn) — —oo, ki hiéu lim+ f(x) = —oo hay f(x) — —oco khix — xar.
X*)XO

Cong thirc can nhé:

a) Ta c6 cac gidi han thuong dung nhu sau:

. <. 1
e Ilim =+4ocova lim =—o0 (a € R);
x—at X—a x—a- X—a

e lim x* = +oo véi k nguyén duong;
X—+400
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e lim x¥ = +ocovdiklasd chan;
X——00
e lim xK=—covdiklasdleé.
X—>—00
b) Cac gi6éi han lim f(x) = 400, lim f(x) = —co, lim f(x) = 400, lim f(x) = —oco, lim f(x) =
X=X X=X X—+00 X—++400 X——00

+oo, lim f(x) = —oo duogc dinh nghia nhu trén.
X—>—00
c¢) Cac phép toan trén giGi han ham s6 ctia (2.2) chi 4p dung dugc khi tat ca cac ham s dugc xét c6 gisi
han hitu han. Véi gidi han vé cuc, ta c6 mot s6 quy tac sau day.
Néu 11m f(x) =L #0va 11m g(x) = 400 (hoac lim g(x) =
x—xg x—x{

theo quy tac cho bdi bang sau:

—o0) thi lim [f(x) - g(x)] dugc tinh
x—x{

lim f(x) hm g(x) | lim [f(x)-g(x)]
x—xg x—xg x—xg
L>0 400 400
L>0 —00 —00
L<O +o00 —00
L<O —00 ~+o00

Céc quy tac trén van ding khi thay x{~ thanh x; (hodc +00, —00).

Vidu 5. Tinh cac gidi han sau:

2%

. . 2 . . o
a) X11>1121+ o— b) Xgrzloo(x +1). ) X11)113\ —t d) XEIEOO(BX 1).
Bai tap 15. Tim cac gidi han sau:
. . 2 . X
a) iﬂ x—2 b) X_ir_nfr x+1 ' C) Xglzloo(l X ) d) xli{?* 3— x
2.7 Bai tap
Bai tap 16. Tim cac gidi han sau
a) lim (x2 —7x+4). b) 11 x2 3. Q) hrn3_ x+8'
x——2 —3 X x—1 x—1
2 .
can . . — khix <1
Baitap 17. Chohamsé f(x) = { .~
x khix>1
Tim céc gidi han lim f(x), lim f(x), lim f(x) (néu c6).
x—1+ x—1- x—1
Bai tap 18. Tim cac gidi han sau:
. 4X + 3 . . X2 + 1
3) xgl}rloo 2x b) xg@oo 3x+1° <) xgl}rloo x+1 °

Bai tap 19. Trong ho c6 chira 6000 lit nude ngot. Ngudi ta bom nude bién c6 nong do mubi la 30 gam/lit vao ho
véi toe do 15 lit/phut.
a) Ching to rang ndng d6 mubi cta nudc trong hd sau t phit ké tir khi bat dau bom la

30t )
Cht) = 2001t (gam/lit).

b) Nong doé mubi trong ho nhu thé nao néu t — +oo.

Bai tap 20. Mot thau kinh hoi tu c6 tiéu cy 1a f > 0 khong d6i. Goi d va d’ lan luot 1a khoang cach tir vat that va

1 1 1 df
m 4 ——hayd = -2
+ F oy d—f

anh cta no téi quang tim O ctia thiu kinh (xem hinh bén dudi). Ta c6 cong thitc 1T T

Xét ham s6 g(d) = i . Tim céc gidi han sau day va giai thich y nghia.

&8 SACH THAM KHAO Trang 52



KHAI PHONG NANG LUC TOAN 11

€-------- e —mm—— - >
I f | f I
I | I
I | I
I I
I I
I I
B t l
| ’
i F/ A
AT - 0
I {B’
: I
I
! I
I
l w !
‘ a ! a’ |
e - - - - «)}(» ————————————————— >

li d).
2) lim g(d)

b) lim g(d).

d—+oo
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Bai 3. Ham sé lién tuc
3.1 Ham sé lién tuc tai mét diém
Khdi niém:
* Cho ham s6 y = f(x) xac dinh trén khoang K va xo € K. Ham sb y = f(x) dugc goi la lién tuc tai diém

xonéu lim = f(xg).
X—XQ

* Khi ham s6y = f(x) khong lién tuc tai diém xo thi ta néi f(x) gidn doan tai diém xq va xo duge goi 1a
diém gian doan ctia ham s6 f(x).

(@ Lruy: Déham sby = f(x) lién tuc tai xo thi phai c6 ca ba diéu sau
a) Ham sb xac dinh tai xo.

b) Ton tai lim f(x).
X—XQ

c) lemX f(x) = f(xp).

Vi du 1. Xét tinh lién tuc cia ham s6

2 .
. x“+2 khix >0 .
a) f(x) =x%*—2x + 3 tai diém xg = 2. b) f(x) = tai diem xg = 0.
) f(x) : 0 ) f(x) {Zx Khix <0 0
Bai tap 1. Xét su lién tuc ctia ham s6 f(x) tai diém xq cho trudc.
x> —4 Ak x> —3x +2
a) f(x) =< x+2’ taixg = —2. b) f(x) = x2—-1 ' taixg = 1.
—4, x=-2 1, x=1
1—v2x—3 X £2 —%, x=0
o) f(x) = 2—x tai xg = 2. d) f(x) = taixg =0
1 x =2 1+7X2_1 X#O
, 2 ’
x3—x2—x+1 1 x+2, x<0
e) f(x):{ x2—3x+2 7 x7 tai xg = 1. f) f(x) =<0, x =0 taixg = 0.
1, x=1 x*4+1, x>0
Bai tap 2. Tim a dé ham s6 f(x) lién tuc tai diém x; cho trudc.
X2 —x—2 X £2 x*—3x2 42
a) f(x) = x—2 taixg =2 b) f(x) = x2—-1 taixg =1
(a+1)x—3, x=2 ax+2, x <1
Bai tap 3. Tim a dé ham s6 f(x) lién tuc tai diém x( cho trudc.
V1Ii—x—+v1
VXZ2 Ly XCVIEX <0
a) f(x) =< vx+5 tai xg = 4. b) f(x) = 4_); tai xg = 0.
1—3a, x=4 at+ ——, x>0
x+2

3.2 Ham sé lién tuc trén mét khodng, trén mét doan
Khdi niém:

e Cho ham s6 y = f(x) xac dinh trén khoang (a;b). Ham sby = f(x) duge goi la lién tuc trén khoang
(a; b) néu f(x) lién tuc tai moi diém trong khoang y.

e Cho ham s6 y = f(x) xac dinh trén doan [a;b]. Ham s6 y = f(x) dugc goi la lién tuc trén doan [a; b]
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néu f(x) lién tuc tai trén khoang (a;b) va lim f(x) = f(a), lim f(x) = f(b).
x—a’t x—b~

Vi du 2. Xét tinh lién tuc ctia ham s6 f(x) = V1 — x2 trén doan [—1;1].
3.3 Tinh lién tuc cla ham sé so cdp

Khdi niém:
* Ham s6 da thic P(x), cac ham s6 lugng gidcy = sinx, y = cos x lién tuc trén R.

P)
QM

lién tuc trén cac khoang cua tap xac dinh ctia chung.
Trong do, P(x) va Q(x) la cac da thuc.

e Ham s6 phan thicy = , ham s6 cén thitc y = /P(x), cdc ham s6 lugng gidc y = tanx, y = cotx

(¢ Lwuy: Ham s6 thudc nhitng loai trén dugc goi chung 1a ham s6 so cép. Khi néi xét tinh lién tuc
ctia mot ham s6 ma khong néi gi thém thi ta xét tinh lién tuc cua ham s6 d6 trén nhiing khoang caa
tap xdc dinh cta chung.

Vi du 3. Xét tinh lién tuc ctia cac ham s6 sau
2 _
a) y=23x3 —4x> +5x +2. b)y:M.
3.4 Téng, hiéu, tich, thwong clia ham s lién tuc

Khdi niém: Cho hai ham s6y = f(x) va y = g(x) lién tuc tai diém xg. Khi d¢:
e Cachamsbéy = f(x) + g(x), y = f(x) — g(x), y = f(x) - g(x) lién tuc tai xg.
S 2 f(X) A . 2
e Hamsoy = W lién tuc tai xg neu g (xg) # 0.
sinx
x+1
3.5 U'ng dung ctia haim sb lién tuc

Vi du 4. Xét tinh lién tuc ctia ham s6 y =

Céng thirc can nhé:
D6 thi ctiaham s6y = f(x) lién tuc trén doan [a, b] [a mét du’dng llen y
c6 diém dau, diém cubi nhu hinh vé bén. Néu hai diém nay nam vé
hai phia so véi truc hoanh thi dudng lién néi trén luén cat truc hoanh
tai it nhat mot diém. Diéu nay c6 thé dugc phat biéu dudi dang nhu
sau:

Néu ham s6 y = f(x) lién tuc trén [a; b] va f(a) - f(b) < 0 thi luén ton
tai it nhat mot diém ¢ € (a; b) sao cho f(c) =

f(b) g-———————-

a
(0]
Y/ x
----+f(a)
Bai tap 4. Chiing minh rang phuong trinh
a) 3x3 +2x —2 = 0 ¢6 it nhat 1 nghiém. b) 2x% —5x% + x + 1 = 0 ¢6 it nhat 2 nghiém.
c) x*=3x+1=0c63 nghiém phan biét. d) x®*—2x2+3x =7¢6 nghiém 16n hon 2.

Bai tap 5. Chiing minh rang phuong trinh
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a) 4x* +2x2 —x —3 =0 co it nhat 2 nghiém thudc khoang (—1;1).
b) x> 4+x3 —4x +1 =0c6 it nhat 2 nghiém thudc khoang (—2;1).
c) x° +7x* —8x® —9x? + 11x + 2 = 0 c6 nghiém.

x2+5x—2

Bai tdp 6. Choham sb f(x) = . Chiing minh rang ton tai it nhat mot diém c € (0;2) sao cho f(c) = —0,8.

Bai tap 7. Chung minh céc phuczjzgj tfinh ludn c6 nghiém.
a) m(x—1)°(x —2) +2x —3 =0. b) (M2 +m+1)x*>+2x—2=0.
) (x—1)(x—3)—m(x+1)(x—2) =0. d) m(x2+3) (x> —4) +2x+1 =0.
e) x*+mx2—3mx—79 =0. f) (m*+m+2)(x>—8)+6x+1=0.
g) (m?+2m+2011) x4 2x —2 = 0. h) (m?+1) %% —2m?x® —4x + m? +1 =0.

Bai tap 8. Cho phuong trinh x1? + (m* +m + 1) x?°!1 — 1024 = 0. Chiing minh phuong trinh trén ludn c6 it nhét
mot nghiém duong véi moi gid tri cia tham sb m.

Bai tdp 9. Ching minh cac phuong trinh luén c6 nghiém.

1 1
a) cosx+ mcos2x = 0. b) — — =m
sinx  cosx
3.6 Bdi tap
Bai tap 10. Xét tinh lién tuc ctia ham sb:
2 . 2 .
1 khix >0 . 2 khix>1  _ .,
a) f(x) = b %X tai diéem x = 0. b) f(x) = A %X tai diem x = 1.
1—x khix <0 X khix <1
x> —4 .
Bai tap 11. Chohémséf(x):{x+2 khix 7 —2
a khi x = —2.

Tim a dé ham sb6 y = f(x) lién tuc trén R.

Bai tdp 12. Xét tinh lién tuc ctia cac ham s6 sau

a) f(x) = X2i4' b) g(x) = V9 —x2. ¢) h(x) = cosx + tanx.

Bai tap 13. Cho ham s f(x) = 2x —sinx, g(x) = v/x — 1.
Xét tinh lién tuc ctia ham sy = f(x) - g(x) vay = ;(();))

Bai tap 14. Mot bai dau xe 6-td dua ra gia C(x) (dong) khi thai gian dau xe 1a x (gid) nhu sau:

60.000 khi0<x <2
C(x) = < 100.000 khi2 <x <4
x <2

200.000 khi4 < 4.

Xét tinh lién tuc cia ham s6 C(x).

Bai tap 15. Luc hip dan do Trai Dat tac dung 1én mot don vi khdi lugng & khodng cach T tinh tir tAm ctia né la
GMr

= khi0 <r<R ) ) . o
F(r) = oM , trong d6 M 1a khoi lugng, R la ban kinh cta Trai Dat, G 1a hang s6 hap dan.

Ham s6 F(r) c6 lién tuc trén (0; +o00) khong?
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Bai 4. Baitap cudi chuong

4.1 Cau hdi trdc nghiém

Cau 1. lim n—;3 bang
n
A 1. B. 0. C. 3 D. 2.
A o A A A sl 1 1 1 .
Céau 2. TéngcuacapsonhanlulvohanM:1+1+4—2+--~+47+--~ bang
3 5 4 6
A. 1. B. E. C. g. D. g.
2 - S
Cau 3. lim = 4 bang
x—=3 X —3
B. 6. C. 3 D. 1.
2 .
) 2 khix > 2
Caud. Hamsdf(x) = 4~ XM KX 22 tuc tai x = 2 khi
3 khix <2
A m=3. B. m=5. C. m=-3 D. m=-5
Cau5. lim 1 bang
X——+o00 X
A 2. B. —1. C. 0 D. 1

4.2 Bai tap tu ludn
Bai tap 1. Tinh cdc gidi han sau

a) lim Sn—1 .
C) lim m
Bai tap 2.

Cho tam gidc déu c6 canh bang a, goi 1a tam giac Hy. Nbi cac trung diém cta Hy dé
tao thanh tam giac Hy. Tiép theo, nbi cac trung diém ctia H, dé tao thanh tam giac
Hj (Hinh bén). Ct tiép tuc nhu vay, nhan dugce day tam giac Hy, Hp, Hs, . ...

Tinh t6ng chu vi va tong dién tich cac tam giac cta day.

Bai tdp 3. Tim cdc gidi han sau

2_
a) lim (32 —x+2). b) lim X~ ¢
x——1 x—4 X —
Bai tap 4. Tim cac gidi han sau
—x+2
a) lim .
x—+o00 X+ 1
Bai tdp 5. Tim cac gidi han sau
1
li .
a) xi{?* x—4
. vV 4
Bai tap 6. Xét tinh lién tuc ctia ham so f(x) = { b
2cosx
x? —25 ,
Baitap 7. Chohamsé f(x) = { x—5 <uX79
a khi x = 5.

Tim a dé ham s6 y = f(x) lién tuc trén R.

. VnZ+2
b) hmT.

& lim 0 DCR+2)

. 3—x+7
¢) lim .
xX—2 x—2
b) lim —=
X——00 X
X
b) L .
)xglzl+2—x
khix >0
khi x < 0.

Bai tap 8. Trong mot phong thi nghiém, nhiét do trong tu sy dugc diéu khién tiang tir 10°C, mbi phiit ting 2°C
trong 60 phut, sau d6 gidm méi phtit 3°C trong 40 phit. Ham s6 biéu thi nhiét do (tinh theo °C ) trong tu theo

thoi gian t (tinh theo phut) c6 dang

1042t
T(t) =
k—3t
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khi0 <t <60
khi 60 < t < 100

(k14 hing s0).
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Biét réng, T(t) 1a ham lién tuc trén tap xac dinh. Tim gia tri caa k.

DAP AN TRAC NGHIEM
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PUONG THANG VA MAT PHANG. QUAN
HE SONG SONG TRONG KHONG GIAN

B&i 1. Diém, dudng théng va mdt phéng trong khdng gian
1.1 Mdat phdng trong khdng gian

Gi6i thiéu:

d

%

o A

o Mat phéng la mot déi tuong cua toan hoc khong c6 gidi han. Mat phéng la mot mat hai chiéu phzfmg
ma rong vo han.

e Trong doi séng ching ta thi mat ho nude (ling), nén nha, tran nha, mat ban, to gidy phang, .. . la cac
mat phang.

¢ Trong chuong trinh todan hoc 16p 11, thi hinh tam giac, tit giac, hinh binh hanh, hinh chit nhat, hinh
thoi, hinh vuéng, ... 1a cdc biéu dién ctia mét phang.

e Hinh vé trén biéu dién hai diém A, B va duong thang (d) di qua hai diém A va B ciing nam trong mat
phéng (o).

— Néu diém A thudc mat phefmg (x) thi ta néi A nam trén («) hay («) chita A, hay () di qua A va
ki hiéula A € (x).

— Néu diém C khong thudc mat phang («) thi ta néi C nam ngoai («) hay («) khong chira C va ki
hiéula C ¢ ().

- buong théng d nam trong mat phéng (c0) tandi (o) chira d ki hiéu d C («).
- Duong thang d di qua hai diém A, B nam trong (c) thi d C ().

Cac ki hiéu thuong diing dé biéu dién diém, duong thang va mat phang
e Piém: A,B,C, ...
e Duong théng: a,b,d,A, ...
* Mat phang: (ABC), (P), (), . . -

N a2 . . . |Aed
® Quan hé diém, duong va mat d = A € (®).

C (x)

1.2 Cdc tinh chét thira nhén clia hinh hoc khéng gian
Tinh chét cén nhé:
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C6 mot va chi mot duong thang di qua hai diém phan biét cho trudc. d

P

Vi du 1. Cho ba diém phan biét M, N, P khong thang hang. C6 bao nhiéu dudng thang di qua hai trong ba diém
da cho?

Tinh chét cén nhé:
C6 mot va chi mot mat phang di qua ba diém khong thang hang cho
trudc. .

Mat phang di qua ba diém A, B, C khong thang hang dugc ki hiéu la mat phang (ABC).

Vi du 2. Cho dudng thing a di qua hai diém phan biét M, N va diém O khong thudc a. o
C6 bao nhiéu mat phang di qua ba diém M, N, O? :

Tinh chét can nhé:
Néu mot duong théng 6 hai diém phan biét thuoc mot mat phéng
thi moi diém ctia duong thang déu thudc mat phang do. d

5

A

Vidu 3. Choba diém A, B, C khéqg thezmg hang va mét diém M nam trén duong théng BC. Goi (P) la mat phzfmg
di qua ba diém A, B, C. Ching to rang M € (P).

Tinh chét cén nhé: Ton tai bén diém khong ciing ndm trén mot mit phing.

Néu c6 nhiéu diém cung thuéc mot mat phang thi ta néi nhitng diém d6 dong phang, con néu
khong c6 mat phang nao chita cc diém d6 thi ta néi chiing khong dong phang.

Vi du 4. Cho b6n diém A, B, C, D khéng cling nam trén mot mat phang. C6 bao nhiéu mat phang di qua ba trong
bén diém da cho?

Khéi niém: Giao tuyén hai mat phang

Néu hai mat phéng phéan biét c6 mot di€ém chung thi ching ¢6 mot dudng thzfmg
chung duy nhét chita tat ca cac diém chung ctia hai mat phang do. w

o

Duong théng d chung ctia hai mat phéng (P) va (Q) duoc goi la giao tuyén cuia (P) va (Q), ki hiéu
d = (P)N(Q).
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Vidu 5. Cho tam gidc ABC va mot diém O khong thudc mat phz?mg (ABC). Xac dinh giao tuyén ctia hai mat
phang (OAB) va (ABC).

Tinh chét cén nhé: Trong mbi mat phing, cac két qua da biét ctia hinh hoc phdng déu diing.

Vi du 6. Cho bdn diém A, B, C, D khong cting nam trén mot mat phang. A

a) Goi O 1a trung diém ctia CD, G va G’ lan lugt 1a trong tam ctia tam giac
ACD va BCD. Chung minh GG’ || AB.

b) Cho diém E trén AB sao cho EG cat mat phang di qua ba diém B, C,D
tai F. Chiing minh bén diém B, G/, O, F théng hang.

1.3 Céch xéc dinh mat phéng

Tinh chét cén nhé:
o Mot mat phéng duoc xéac dinh néu biét né chira ba diém khong
thang hang. B

» Mat phéng xac dinh bdi ba diém A, B, C khong thang hang ki A
hiéu la mp (ABC) hay (ABC).

Vidu 7. Cho ba diém A, B, C khong thang hang va khong nam trong mat A
phang (P). Biét ba duong thang AB,AC, BC lan lugt cat (P) tai cac diém
M, N, E. Ba diém M, N, E ¢6 thang hang khong? Giai thich.

Tinh chét cdn nhé:

o Mot mat phéng duoc xac dinh néu biét né chira mot duong
9 N N o R A N N 2 3 A‘
thang va moét diém khong thudc duong thang do.

* Mit phang xac dinh bdi diém A va dudng thang a khong qua
diém A ki hiéu la mp(A, a) hay (A, a).

Vi du 8. Véi duong thzfmg d va hai diém M, N phan biét khong thudc d, ta xac dinh dugc
bao nhiéu mat phang?
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Tinh chét cén nhé:
e Mot méat phang duge xéac dinh néu biét né chira hai duong thang

cat nhau. ><
e Mat phang xac dinh béi diém hai duong thang a,b cat nhau ki

hiéu la mp(a, b). b

Vi du 9. V6iba duong thang a, b, c khong cling nam trong mot mat phang va
cting di qua mot diém O, ta xac dinh dugc bao nhiéu mat phéng?

1.4 Hinh chép va hinh tr dién

Khéi niém: Cho da gidc 16i A1A;... A nam trong mat phang («) va diém S khong thudc (). Néi S véi
cac dinh Aq, Ay, ..., Ay ta duge n tam gidc SA1Ay, SARA;3, ..., SARA . Hinh tao bdi n tam gidc d6 va da
gidc AjA; ... Ay duogc goi la hinh chop, ki hiéu S.A1A; ... Ay,

Trong hinh chép S.A1A; ... Ay, ta goi: S Dinh S

¢ Diém S 14 dinh;
Canh bén
e Cdc tam gidc SA1Ay, SARA3,..., SALA; la cac

mat bén; A Mat bén
A
e Da giac A1A; ... Ay la mat day; P b
‘ 2 s oz Canh day
® Cac doan thang SAj,SAj,...,SA, 1a cac canh B
bén; B C

e Cdccanhctiadagidc AjA; ... Ay lacdc canh day.
Ta goi hinh chép c6 day tam gidc, tir gidc, ngti gidc,. . .lan lugt 1a hinh chép tam gidc, hinh chép ti giac,
hinh chép ngti giac, ...
@ Luuy:
¢ Hinh chép tam gidc con goi la tir dién.
* Hinh tit dién c6 bon mét la cac tam gidc déu dugc goi 1a hinh i dién déu.

e Mot tir dién c6 thé xem nhu 1a mot hinh chop tam gidc voi dinh 1a mot dinh tuy y cta ti dién
va ddy la mat caa ti dién khong chira dinh do.

Vi du 10. Cho hinh chép S.ABCD (Hinh vé bén). Goi tén cac madt bén, mat day, S
canh bén, canh ddy ctia hinh chép S.ABCD.
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Vidu 11. Goi tén cac mét, cac cap canh dbi dién cta tir dién MNPQ. M

P

Vidu 12. Cho tit dién SABC. Goi M va N lan lugt 1a hai diém trén hai canh AB va BC sao cho MN khéng song
song vdi AC.

a) Tim giao diém ctia duong thang MN va mat phang (SAC).

b) Tim giao tuyén cua cac mat phéng (SMN) va (SAC); (SAN) va (SCM).
1.5 Bai tap
1.5.1 Tim giao tuyén hai mat phang

(@ Lwuy: Mubn tim giao tuyén ctia hai mat phang, ta tim hai diém chung ctia 2 mét phang do6.
Duong thang néi hai diém chung d6 la giao tuyén ctia hai mat phang.
Bai tap 1. Cho hinh chép S.ABCD c6 déy la tit gidc khong c6 cdp canh ddi song song. Diém M thuodc canh SA.
Tim giao tuyén ctia hai mat phang:
a) (SAC)va (SBD) b) (SAC) va (MBD) c) (SAB)va (SCD) d) (MBC) va (SAD)
Bai tap 2. Cho hinh chép S.ABCD c6 déy la ti giac ABCD. Lay diém M thudc mién trong tam gidc SCD. Tim
giao tuyén ctia hai mat phang:
a) (SBM)va (SCD) b) (ABM) va (SCD) c) (ABM)va (SAC)
Bai tap 3. Cho ti dién ABCD. Goi [, ] 1an luot la trung diém ctia AD va BC
a) Tim giao tuyén cta (IBC) va (JAD)
b) Goi M la diém nam trén doan AB, N 1a diém nam trén doan AC. Tim giao tuyén cta (IBC) va (DMN).
Bai tap 4. Cho tu dién SABC. Goi M, N lan lugt 1a 2 diém trén doan SB va SC sao cho MN khéng song song vdi

BC.
a) Tim giao tuyén (AMN) va (ABC) b) Tim giao tuyén (ABN) va (ACM).
Bai tdp 5. Cho hinh chép S.ABCD c6 AB cat CD tai E; AC cat BD tai F.
a) Tim giao tuyén cua (SAB) va (SCD) b) Tim giao tuyén ctia (SAC) va (SBD)
c) Tim giao tuyén cua (SEF) va (SAD) d) Tim giao tuyén cua (SEF) va (SBC)

Bai tap 6. Cho ti dién ABCD. Goi [, ] 1an luot 1a trung diém ctia AC va BC; K 1a mot diém trén canh BD sao cho
KD < KB

a) Tim giao tuyén ctia (IJK) va (ACD) b) Tim giao tuyén cta (IJK) va (ABD)
Bai tap 7. Cho it dién ABCD. Goi M la diém bén trong tam gidc ABD, N la diém bén trong tam gidc ACD. Tim
giao tuyen cta hai mat phang:

a) (AMN) va (BCD) b) (DMN) va (ABC)
Bai tap 8. Cho ti dién ABCD. Goi O 1a diém bén trong tam giac BCD, M la diém trén AO

a) Tim giao tuyén ctia (MCD) véi (ABC) va (ABD)

b) Goi ] 1a hai diém trén BC va BD. Tim giao tuyén ctia (IJM) va (ACD)

Bai tap 9. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N 1an luot 1a trung diém cta SB va
SD; P la diém trén SC va SP > PC. Tim giao tuyén ciia (MNP) v6i cdc mit (SAC), (SAB), (SAD), (ABCD).

Bai tap 10. Cho tu dién ABCD. Goi O la diém bén trong tam giac BCD, M thudc canh AB.
a) Dung duong thang qua M, cat AO va CD.

b) N la mot diém trén BC va ON khéng song song v6i BD. Dung dudng thang qua N, cat AO va DM.
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1.5.2 Giao diém cta duo'ng thing va mat phang
(@ Lwuy: Mudn tim giao diém ctia duong thang va mat phang, ta c6 hai phuong phap:
a) Phuong phép 1: Tim duong thang trong mat phang cat dudng thang da cho.
b) Phuong phap 2:
e Budc 1: chon mét phang phu chira duong thang da cho.
* Budc 2: tim giao tuyén ctia mat phang phu véi mét phang da cho.

* Budc 3: giao diém can tim 1a giao diém ctia giao tuyén véi duong thang da cho.

Bai tap 11. Cho tit dién ABCD. Goi I, ] 1an lugt nam trén AB va AD véi IB = 2IA va AD = 2A]. Tim giao diém
cua IJ v6i (BCD).

Bai tap 12. Cho ti dién SABC, M la diém thudc tia dbi cta tia SA, O 1a diém nam trong tam giac ABC. Tim cac
giao diém sau:

a) BC va (SOA) b) MO va (SBC) ¢) ABva (MOC) d) SB va (MOC)
Bai tdp 13. Cho hinh chép S.ABCD c¢6 ABCD Ia hinh thang c6 day lon AD.

a) Tim giao tuyén cta (SAB) va (SCD)

b) Goi M, N 1an luot 1a trung diém ctia cac canh SA, CD. Tim giao diém K ctia MN va (SBD).

Bai tap 14. Cho hinh chép S.ABCD, M va N tuong ting la cac diém thudc canh SC va BC. Tim giao diém cta SD
Vi (AMN).

Bai tap 15. Cho tirdién ABCD. Goi I, ], K 1an lugt 1a cac diém trén cac canh AB, BC, CD sao cho AB = 3A1,2BC =
3BJ,4CD = 5CK. Tim giao diém cua (IJK) véi AD.

Bai tap 16. Cho ti dién ABCD c6 cac diém M va N la trung diém AC va BC. Liy diém K thudc doan BD (K
khong 1a trung diém ctia BD). Tim giao diém ctia AD va (MNK).

Bai tap 17. Cho hinh chép S.ABCD c6 déy la hinh thang (ddy nhd AB). Goi M la diém thudc BD sao cho MB =
3MD va G la trong tdm tam giac SAD. Tim céc giao diém ctia GM vdi (SAC).

Bai tap 18. Cho hinh chép S.ABCD c6 ddy ABCD la mot ti giac 16i va khong c6 cdp canh ddi nao song song. Ly
diém M trén canh SC va diém N trén canh SD

a) Tim giao tuyén ctia hai mat phzfmg (SAD) va (NBC)
b) Tim giao diém ctia dudng thing AM va mat phang (SBD)

Bai tap 19. Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh tdm O. Goi M 1 trung diém SB, G 1a trong tdm tam
giac SAD.

a) Tim giao diém I ctia GM v6i (ABCD). Ching minh I ndm trén CD va IC = 2ID.
b) Tim giao diém ] cia (OMG) va AD.
c¢) Tim giao diém K ctia (OMG) va SA.

Bai tap 20. Cho tir dién ABCD. Trén canh AB lay diém I va lay diém J, K lan lugt thudc mién trong tam gidc BCD
va ACD

a) Tim giao diém ctia JK véi (ABC)
b) Tim giao tuyén ctia (IJK) vdi cac mat cta ti dién ABCD.
Bai tép 21. Cho hinh chép S.ABCD ddy la hinh thang, canh day lénla AB. Goi I, ], K1a ba diém trén SA, AB, BC.
a) Tim giao diém ctia IK véi (SBD)
b) Tim giao diém cta mat (IJK) véi SD va SC.

1.5.3 Chirng minh 3 diém thang hang va 3 dud'ng déng quy
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@ Luuy:

a) Mudn chiing minh 3 dudng thang dong quy, ta chitng minh giao diém ctia hai duong thang nay thudc
duong thang kia.

b) Mudn chiing minh 3 diém thang hang, ta chiing minh 3 diém d6 thudc cliing hai mat phang.

Bai tap 22. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang (AD la day 16n). Goi M, N lan luot 1a trung diém
cta SB,SCva O =ACNBD.

a) Tim giao tuyén cta (ABN) va (SCD)
b) Tim giao diém P ctia DN va (SAB)
c) Goi K=ANNDM. Ching minh 3 diém S, K, O thezmg hang.

Bai tap 23. Cho hinh chép S.ABCD c6 ABCD 1a hinh thang, day 16n AD. Goi M, N, P lan lugt 1a trung diém
SA, SB,SC.

a) Tim giao diém Q ctia SD va (MNP)
b) Goi E = MNNPQ, F = ABN CD. Chitng minh S, E, F thing hang.

Bai tap 24. Cho tua dién SABC. Trén SA,SB,SC léy cac diém D, E, F sao cho DE cat AB tai I, EF cat BC tai ], FD
cat CA tai K. Chiing minh 1, J, K thang hang.

Bai tap 25. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi P, Q 1an lugt 1a trung diém ctia SA, SC.
a) Tim giao diém R ctia SD va (BQP)
b) Goi M la giao diém ctia PR va AD, N 1a giao diém ctia QR va CD. Ching minh ba diém B, M, N thang hang.
Bai tap 26. Cho tu giac ABCD nam trong mat phéng (), diém S nam ngoai (x). Léy mot diém M trén canh SC.
a) Tim giao diém N ctia SD va (ABM)
b) Gia stt AB va CD cat nhau. Khi d6 hay chiing té ba duong thang AB, CD, MN déng quy.

1.6 Bai tap sach gido khoa
Bai tap 27. Cho hinh chép S.ABCD, goi O 1a giao diém ctia AC va BD. Lay M, N 1an lugt thudc cac canh SA, SC.

a) Chiing minh duong thang MN nam trong mat phang (SAC).
b) Ching minh O la diém chung ctia hai mat phéng (SAC) va (SBD).
Bai tap 28. Cho hinh ch6p S.ABCD ¢6 ddy la hinh binh hanh. Goi M 1a trung diém cta SC.
a) Tim giao diém I cia dudng thang AM va mat phang (SBD). Chiing minh IA = 2IM.
b) Tim giao diém E ctia dudng thang SD va mat phang (ABM).
¢) Goi N la mot diém tuy y trén canh AB. Tim giao diém ctia dwong thang MN va mat phang (SBD).

Bai tap 29. Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi O 1a giao diém ctua AC va BD; M, N lan lugt
1a trung diém ctia SB, SD; P thudc doan SC va khéng la trung diém cta SC.

a) Tim giao diém E ctia dudng thang SO va mat phang (MNP).
b) Tim giao diém Q ctia duong thang SA va mat phang (MNP).
c) Goi I, J,K lan lugt 1a giao diém ctia QM va AB, QP va AC, QN va AD. Ching minh I, ], K théng hang.

Bai tap 30. Cho tir dién ABCD. Goi E, F, G 1an luot 1a ba diém trén ba canh AB, AC, BD sao cho EF cat BC tai I
(I #C), EG cat AD tai H (H # D).

a) Tim giao tuyén ctia cac mat phéng (EFG) va (BCD); (EFG) va (ACD).
b) Chitng minh ba dudng thang CD, IG, HF cting di qua mot diém.
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Bai tap 31. Thudc laser phat ra tia laser, khi tia nay quay sé tao ra mat phang anh
sang. Giai thich tai sao cac thudc ké laser lai giup nguoi thg xay dung ké dugc duong
thang trén tuong hodc san nha.
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B&i 2. Hai dudng théng song song

Gidi thiéu: Vi tri tuong doi gitta hai dudng thang >IN
Quan sat cac cap duong théng avab,bvac, cvadtrong \ ;
hinh bén, ta thy '

* Duong thang a va b khong c6 diém chung.

* Duong thang b va ¢ song song.

 Duong thang c va d cat nhau.

2.1 Vi tri twong ddi clia hai dudng théng trong khéng gian

] <] = -

anb=M allb a, b chéo nhau

Hinh 3.

* Truong hgp 1: C6 mot mét phang chira a va b. Khi d6 ta néi a va b dong phing. Theo két qua ctia
hinh hoc phang, c6 ba kha ning sau day xdy ra: a =b,anb=Mvaa| b.

* Trudong hgp 2: Khong c6 mit phang nao chira ca a va b. Khi d6 ta néi hai duong thang a va b chéo
nhau hay a chéo vdi b.

Khdi niém:
* Hai duong thang goi la song song néu ching ndm trong ciing mot mat phang va khong c6 diém
chung.

* Hai dudng thang goi la chéo nhau néu chiing khong déng phang.
@ Luuy:

e Cho hai dudng thang song song a va b. C6 duy nhat mét mit phang chita hai duong thang do,
ki hiéu mp(a, b).

Vi du 1. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh. Xét
vi tri tuong d6i ctia cac cap dudng thang sau day:

a) ABva CD; b) SA va SC; ¢) SAvaBC.
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2.2 Tinh chét co ban vé hai duéng théng song song

Tinh chét cdn nhé:

Dinh li 1. Trong khong gian, qua mot diém nam ngoai mot duong thang
c6 mot va chi mot duong thang song song véi duong thang do.

Vi du 2. Cho hinh chép S.ABCD. Vé hinh thang ADMS c6 hai day 1a AD va MS. Goi d la duong thang trong
khong gian di qua S va song song v6i AD. Chiing minh duong thang d nam trong mat phang (SAD).

Tinh chét cdn nhé:

Dinh li 2. Néu ba mat phang doi moét cat nhau theo \ %%\

ba giao tuyén phan biét thi ba giao tuyén dy hodc c
doéng quy hodc d6i mot song song.

>

Hé qua 1. Néu hai mat phang phan biét 1an lugt di qua hai dudong thang song song thi giao tuyén ctia
chiing (néu c6) song song v6i hai duong thang d6 hoac tring v6i mot trong hai duong thang dé.

08 x x
d dz dl d2 d2
dq dy
L L L
a) b) <)
Hinh 11

Vidu 3. Cho hinh chép S.ABCD c¢6 ddy la hinh binh hanh. Xac
dinh giao tuyén ctia hai mat phang (SBC) va (SAD).

Hinh 12
Vi du 4. Trong khong gian, cho ba dudng thang a, b, c khong dong phang, a va b ciing song song vdi c. Goi M 1a
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diém thudc q, d 1a giao tuyén ctia mp(a, ¢) va mp(M, b).

b)

Hinh 13.

Tinh chét can nhé:
Dinh li 3. Hai duong thang phan biét ciing song song v6i mot dudng thang thit ba thi song song véi nhau.

(¢ Luuy: Khihai duong thang phéan biét a, b ciing song song véi dudng thang c thi ta c6 thé ki
hiéula a || b || c va goi 1a ba dudng thang song song.

Vidub. Goi M, N, P, Q, R, Slatrung diém cac canh ctia tit dién ABCD nhu Hinh 14. Chung minh réng cac doan
thang MN, PQ, RS ¢6 ciing trung diém.
Vidu 6. Cho tit dién ABCD c¢6 I va ] 1an lugt 1a trung diém ctia cac canh BC
va BD. Goi (P) la mat phéng di qua I, ] va cit hai canh AC va AD lan luot
tai M va N.

a) Ching minh I[JNM la mét hinh thang.

b) Tim vi tri cGia diém M dé IJNM la hinh binh hanh.

Vi du 7. Mot chiéc léu (Hinh a) duge minh hoa nhu Hinh b.
a) Tim ba mat phang cat nhau tirng d6i mot theo ba giao tuyén song song.

b) Tim ba mat phang cat nhau ting d6i mot theo ba giao tuyén déng quy.

a)

2.3 Baitap
Bai tap 1. Cho ti dién ABCD. Goi M, N la trung diém ctia BD va CD. Tim giao tuyén ctia hai mat phang (AMN)
va (ABC)
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Bai tap 2. Cho hinh chép S.ABCD c6 ABCD la hinh thang day AB. Tim giao tuyén ctia hai mat phang (SAB) va
(SCD).

Bai tap 3. Cho ti dién ABCD c6 1, ] 1an luot 1a trong tdm ctia cac tam giac ABC, ABD. Tim giao tuyén ctia (A1])
va (ACD)

Bai tap 4. Cho ti dién ABCD. Goi M, N, P, Q,R, S lan luot la trung diém cia AB,BC,CD,AD, AC, BD.
a) Chuang minh MNPQ a4 hinh binh hanh.
b) Ching minh ba doan MP, NQ, RS cat nhau tai trung diém ctia méi doan.

Bai tap 5. Cho tir dién ABCD. Goi M, N la trung diém ctia AB, BC. Lay Q thudc AD va goi P la giao diém ctda
CD va MNQ. Chung minh PQ || MN va PQ || AC.

Bai tdp 6. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N, H lan luot 1a trung diém cta
SA,SB,BC.

a) Chiing minh rang MN || CD va NH || SC.
b) Tim giao tuyén ctia hai mat phang (MNH) va (ABCD).
¢) Tim giao tuyén ctia hai mat phang (MDH) va (NAC).

Bai tdp 7. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi H, K, E, F 1an luot 1a trung diém ctia cac
canh SA, SB,SC, SD.

a) Ching minh HKEF la hinh binh hanh.
b) Tim giao tuyén ctia (SHK) va (SCD)
c) Tim giao tuyén cta (SEK) va (SAD)
d) Goi M la diém bat ky trén BC. Tim giao tuyén ctia 2 mat phang (ABCD) va (HKM).
Bai tap 8. Cho hinh chép S.ABCD, déy la hinh thang c6 day 16n AB. Goi E, F 1an lugt 1a trung diém SA, SB.
a) Ching minh EF || CD
b) Tim giao diém P ctia SC vdi (AFD)
c) GoiIla giao diém ctia AF va DP. Ching minh SI || AB || CD.
d) Hinh tinh cta ti gidc SABIL.

Bai tap 9. Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi M, N, P,Q lan luot 1a céc diém nim trén
BC,SC,SD, AD sao cho MN || BS,NP || CD,MQ || CD.

a) Ching minh PQ || SA
b) Goi K 1a giao diém ctia MN va PQ. Chiing minh SK || AD || BC.

Bai tap 10. Cho tir dién ABCD. Goi M la trung diém ctia CD; I 1a mot diém thudc canh AD; («) la mat phang di
qua M, («) song song véi CI va BD, dong thdi cat cac canh AD, AB, BC lan lugt tai N, P, Q.

a) Chung minh MN || CI
b) MINPQ la hinh gi? Chiing minh.

c) Goi R 1a giao diém cua MP va NQ. Ching minh R chay trén mot dudng théng c6 dinh khi I di dong trén
canh AD.

Bai tap 11. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M la trung diém cta SC
a) Tim giao tuyén (d) ctia hai mit phang (SAD) va (SBC).
b) Tim giao diém ctia duong thang AM va mat phang (SBD).
c) Goi N 1a giao diém ctia SD va mat phang (ABM). Chiing minh (d), AN, BM déng quy.

AM _ AN
AB ~ AC
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a) Ching minh MN || BC
b) Chiing minh giao tuyén ciia (MND) va (BCD) song song v6i BC.

Bai tap 13. Cho ti dién ABCD. Céc diém P, Q la trung diém ctia AB va CD. Diém R thudc BC sao cho BR = 2RC.
Goi S 1a giao diém ctia AD va (PQR). Ching minh AS = 2SD.

Bai tap 14. Cho hai hinh vuéng ABCD va ABEF c6 chung canh AB va khong nam trong ciing mot mat phang.
; N . N BN 1

biém M nam trén duong chéo AC va diém N nam trén duong chéo BF voi % =BF "3
a) Ching minh DM va EN dong quy tai trung diém I ctia AB
b) Chiing minh rang MN || DE

Bai tap 15. Cho hinh chép S.ABCD c6 ddy la hinh binh hanh. Goi M 1a trung diém ctia SC va N la trung diém
ctia OB (O la giao diém ctia BD va AC) .

. . SI
a) Tim giao diém I ctia SD va (AMN) b) Tinh ty so I%

2.4 Bai tap sach gido khoa
Bai tap 16. Cho hai dudng thang song song a va b. Ménh dé sau day diing hay sai?

a) Mot duong thang c cét a thi cling cat b.

b) Mot duong thang ¢ chéo v6i a thi ciing chéo véi b.
Bai tdp 17. Cho hinh chép S.ABC va diém M thudc mién trong tam s
gidc ABC (Hinh 17). Qua M, vé dudng thang d song song v6i SA, cat

(SBC) tai N. Trén hinh vé, hay chi o vi tri ctia diém N va xac dinh giao
tuyén ctia hai mat phang (SAC) va (CMN).

Hinh 17
Bai tap 18. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh.

a) Tim giao tuyén ctia hai mat phéng (SCD) va (SAB).
b) Lay mot diém M trén doan SA (M khéc S va A), mat phang (BCM) cat SD tai N. Tit gidc CBMN la hinh gi?

Bai tap 19. Cho hinh ch6p S.ABCD ¢6 ddy 1a hinh binh hanh. Goi 1 1a trung diém cta SD. Hai mat phéng (IAC)
va (SBC) cat nhau theo giao tuyén Cx. Chirng minh rang Cx || SB.

Bai tap 20. Cho hinh chép S.ABCD c6 déy 1a hinh binh hanh, AC va BD cat nhau tai O. Goi I 1a trung diém cta
SO. Mat phang (ICD) cat SA, SB lan lugt tai M, N.

a) Hay ndi cach xac dinh hai di€ém M va N. Cho AB = a. Tinh MN theo a.
b) Trong mat phang (CDMN), goi K 1a giao diém ctia CN va DM. Chitng minh SK || BC || AD.

Bai tap 21. Chi ra cac duong thang song song trong mdi hinh sau. Tim thém mot s6 vi du khac vé cac duong
thang song song trong thuc té.
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Bai 3. Puong thdng va mat phdng song song

3.1 Pudng thdng song song véi mét phéng

Gidi thiéu: Hinh vé sau thé hién 3 vi tri twong d6i gitta duong thang va mat phang trong khong gian. Em
hay dat tén cho tung truong hop?

b) Q)

Hinh 2

Khéi niém: Duong thang a song song v6i mat phang (P) néu chiing khong c6 diém chung.
3.2 Piéu kién dé mét dudng théing song song véi mét méit phéing

Céng thirc cdn nhé:

Dinh li 1. Néu duong thang a khong nam trong mat phang (P) va song a
song v6i mot duong thang b nao d6 nam trong (P) thi a song song véi

(P).

Hinh 6

Vi du 1. Cho hai hinh binh hanh ABCD va ABMN khong dong phang. Xac dinh vi tri tuong déi ctia mat phang
(ABMN) lan lugt vé6i cac duong théng CD, BD va BN.

Vi du 2. Cho hai diém A, B cing thudc mat phang (P) va mot diém C khong \ C ds
thudc (P). V€ duong thang d; di qua A, B; dp di qua A, C; d3 di qua C va song
song v6i AB (Hinh 7). Tim s6 diém chung ctia méi dudng thang vira vé véi
(P). Xét vi tri tuong d6i ctia mat phang (P) lan lugt ddi véi cac duong thang A\ B
dy, do, ds. \ d;
P b
dz\
Hinh 7

3.3 Tinh chét co ban cla dudng théng vé mét phéng song song
Cong thirc can nhé:

Dinh li 2. Cho duong thang a song song véi mat phang (P). Néu mat phang (Q) chia a, cat (P) theo giao
tuyén b thi a song song vdi b.
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Hé qua 1. Cho duong thang a song song v6i mat phang (P). Néu qua a
diém M thuoc (P) ta vé duong thang b song song véi a thi b phai ndm
trong (P).
M b
P
Hinh 12

Hé qua 2. Néu hai mat phang phan biét cing song song véi mot duong
thang thi giao tuyén ctia ching (néu c6) ciing song song véi duong
thang do.

K

Hinh 13
Vidu 3. Cho ti dién ABCD ¢6 M va N 1an luot 1a trong tdm ctia tam giac ACD va BCD. Ching minh dudng

thang MN song song véi cac mat phang (CAB) va (DAB).

Vi du 4. Cho hinh chép S.ABC ¢6 M la trung diém ctia AB. Goi (P) la mat phang chita CB va song song v6i SA,
(Q) la mat phang chita CM va song song véi SA.

a) Tim giao tuyén ctia hai mat phang (P) va (Q).
b) Vé dudng thang b qua B va b || SA. Chiing minh b C (P).

3.4 Mat phéng di qua mét trong hai duéng thdng chéo nhau va song song véi dudng
con lai.

Cong thirc can nhé:
Dinh li 3. Néu a va b 1a hai duong thang chéo nhau thi qua a, c6 mot va chi mot mat phang song song véi
b.

Vidu 5. Cho ti dién ABCD.
a) Néu cach vé mat phzfmg (P) chirta AB va song song vdi CD. Ta c6 thé vé bao nhiéu mat phéng (P) nhu vay?
b) Tim giao tuyén ctia hai mat phang (P) va (BCD).

3.5 Baitap

Bai tap 1. Cho ti dién ABCD. Goi M va N lan luot 1a trong tam cua cac tam gidac ACD va BCD. Ching minh
rang MN song song véi cac mat phang (ABC) va (ABD).

Bai tap 2. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. Goi M, N lan lugt la trung diém ctia cac canh
ABva CD.

a) Chiing minh MN song song véi cac mit phang (SBC) va (SAD).
b) Goi E la trung diém ctia SA. Ching minh SB va SC déu song song v6i mat phang (MNE).
Bai tép 3. Cho ta dién ABCD ¢6 G la trong tdim AABC, M € CD véi MC = 2MD.
a) Ching minh MG || (ABD). b) Tim (ABD) N (BGM). ¢) Tim (ABD) N (AGM).

Bai tap 4. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh tdm O. Goi M, N lan lugt 1a trung diém SA,
SD. Chiing minh rang:
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a) BC || (SAD). b) AD || (SBC). ¢) MN || (ABCD).
d) MN || (SBC). e) MO || (SCD). f) NO || (SBC).

Bai tdp 5. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat c¢6 tdm O. Goi G 1a trong tdm tam gidc SAD va
E 1a diém trén canh DC sao cho DC = 3DE, I la trung diém AD.

a) Chung minh OI || (SAB) va OI || (SCD).
b) Tim giao diém P ctia IE va (SBC). Chirng minh GE || (SBC).
Bai tap 6. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. Goi M, N 1an lugt 1a trung diém AB va CD.
a) Chung minh MN || (SBC) va MN || (SAD).
b) Goi P la trung diém canh SA. Chiing minh SB || (MNP) va SC || (MNP).
c) Goi G, I'la trong tdm ctia tam giac ABC va SBC. Ching minh GI || (PAM).

Bai tap 7. Cho hinh chép S.ABCD c6 ddy la hinh thang day 16n AB, v6i AB = 2CD. Goi O 1a giao diém ctia AC va
BD, I la trung diém ctia SA, G 1a trong tdm ctia tam giac SBC va E la mot diém trén canh SD sao cho 3SE = 2SD.
Chitng minh:

a) DI | (SBC). b) GO || (SCD). ¢) SB || (ACE).

Bai tap 8. Cho hinh chop S.ABCD ¢6 déy 1a hinh binh hanh tam O. Goi M, N la trung diém ctia cdc canh AB, AD.
. R ST §] 2 , .

Goi I, ] thudc SM, SN sao cho SM SN 3 Chiing minh
a) MN || (SBD). b) IJ || (SBD). ¢) SC| (IJO).

Bai tap 9. Cho ti dién ABCD. Goi G va P lan luot l1a trong tdm ctia tam gidc ACD va ABC. Ching minh rf?mg
GP || (BCD), GP || (ABD).

Bai tap 10. Cho tir dién ABCD, G la trong tdm ctia tam gidc ABD va I 1a diém trén canh BC sao cho BI = 2IC.
Chung minh IG || (ACD).

3.6 Badi tap sdach gido khoa

Bai tap 11. Cho hinh chép S.ABCD, ddy ABCD la hinh binh hanh c¢6 O la giao diém hai duong chéo. Cho M la
trung diém ctia SC.

a) Chiing minh dudng thang OM song song véi hai mat phang (SAD) va (SAB).
b) Tim giao tuyén ctia hai mat phang (OMD) va (SAD).

Bai tap 12. Cho hai hinh binh hanh ABCD va ABEF khong nam trong ciing mot mat phang. Goi O va O’ 1an lugt
la tdm cia ABCD va ABEF.

a) Ching minh duong théng 00’ song song vdi cac mat phéng (CDFER), (ADF) va (BCE).
b) Goi M va N lan lugt 1a trung diém ctia AF va BE. Chitng minh MN || (CDFE).
¢) Tim giao tuyén ctia hai mat phang (OMN) va (ABCD).

Bai tap 13. Cho hinh ch6p S.ABCD c¢6 dday ABCD la hinh binh hanh va mot diém M di dong trén canh AD. Mot
mat phéng () qua M, song song véi CD va SA, cat BC, SC, SD lan luot tai N, P, Q.

a) MINPQ la hinh gi?
b) Goi I = MQ N NP. Chiing minh rang I luén luén thudc mot dudng thang cd dinh khi M di dong trén AD.

Bai tap 14. Cho tit dién ABCD va diém M thudc canh AB. Goi () la mat phéng qua M, song song v6i hai duong
thang BC va AD. Goi N, P, Q lan lugt la giao diém ctia mat phang («) véi cac canh AC, CD va DB.

a) Chiang minh MNPQ la hinh binh hanh.

b) Trong truong hgp nao thi MNPQ la hinh thoi?
Bai tap 15. Cho hinh chép S.ABCD c6 day ABCD la hinh thang, day 16n AB. Goi M la trung diém cua CD, (P) la
méit phang qua M song song véi SA va BC. Tim giao tuyén ctia (P) véi cdc mat ctia hinh chép S.ABCD.
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Bai tap 16. Mo ta vi tri tuong dbi ctia cac dudng thang a, b, ¢, d, e v6i mat phang (P) 1a mat trudc ctia toa nha
trong hinh dudi day.
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B&i 4. Hai mdt phdng song song

4.1 Hai mét phéng song song

Gidi thiéu: Hai mat phang trong khong gian ¢ cac vi tri tuong dbi sau: Tring nhau, cat nhau va song
song

\

M
d N

7

Khéi niém: Hai mat phang dugc goi la song song néu ching khong c6 diém chung.

Cong thirc can nhé:

Dinh li 1. Néu mat phang (P) chita hai duong thang a, b cat nhau va hai

duong thang d6 ciing song song v6i mat phang (Q) thi (P) song song véi
Q). . .

Binh li 2. Qua mot diém nam ngoai mot mat phéng cho trudc c6 moét va

chi mot mat phang song song v6i mat phang do. X
a b

a’ b’

Dinh li 3. Cho hai mat phang (P) va (Q) song song véi nhau. Néu (R)
cat (P) thi cit (Q) va hai giao tuyén cta chiing song song vdi nhau.
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Vidu 1. Hop gidy c6 cac mat 1a hinh chit nhat & Hinh 3a dugc vé lai véi cac dinh 1a A, B,C,D, A/, B/, C/, D’ nhu
Hinh 3b. Quan sat hop gidy va chi ra cac cap mat phang song song véi nhau & Hinh 3b.

B C
|
|
A : D
L e C’
+'B’
ATk D
The Life & o - 4
Hinh 3a Hinh 3b
Vidu 2. Cho hinh chép S.ABCD ¢6 ddy la hinh thang ABCD day 16n AD va AD = S
2BC. Goi M va N lan luot 1a trung diém ctia SA va AD. Chiing minh rang hai mat
phéang (BMN) va (SCD) song song v6i nhau.
M
A D
B C
Vi du 3. Trong mat phang (P), cho hinh binh hanh ABCD. Vé cac ntta duong z

thang song song véi nhau, nam vé mot phia dbi véi (P) va lan lugt di qua
cac diém A, B, C,D. Mot mat phrfmg (P’) cat bén nira duong théng noi trén
tai A’,B’,C’,D".

a) Chung minh mp(AA’, BB’) song song véi mp(CC’, DD’).
b) Chung minh ti giac A’B’C’D’ la hinh binh hanh.

c) Goi O va O’ lan lugt 1a giao diém ctia hai duong chéo cia ABCD va
A’B’C’'D’. Chung minh OO’ || AA”.

4.2 Baitap
4.2.1 Chirng minh hai mat phang song song

(@ Luuy: Cach chiing minh hai mat phang song song, ta can chi ra

all ()
b | (x)
a,b C (B)
anNnb=A

= (o) || (B)-

Bai tap 1. Cho ti dién ABCD. Goi M, N, P la trung diém ctia AB, AC, AD. Chitng minh (MNP) || (BCD).

Bai tap 2. Cho hinh chép S.ABCD c6 ABCD la hinh binh hanh. Goi M, N, P 1a trung diém ctia SA, SB, SC. Chiing
minh (MNP) || (ABCD).

Bai tap 3. Cho hinh chép S.ABC. Cac diém I, ], K 1an luot 1a trong tam ctia tam giac SAB, SBC, SCA. Chiing minh
rang (IJK) || (ABC).

Bai tap 4. Cho hinh chép S.ABCD ¢6 ABCD la hinh binh hanh. Goi M, N, P la trung diém ctia AD, BC, SA. Chung
minh (MNP) || (SCD).

Bai tap 5. Cho hinh binh hanh ABCD va ABEF ndm & hai mit phang khac nhau. Chiing minh rang (ADF) ||
(BCE).
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Bai tap 6. Cho hinh chép S.ABC ¢6 G 1a trong tdm tam gidc ABC. Goi M, N 1a 2 diém trén canh SA sao cho
SM = MN = NA.

a) Chung minh GM || (SBC)
b) Goi D la diém dbi xtiing ctia A qua G. Chiing minh (MCD) || (NBG)

Bai tap 7. Cho hinh chép S.ABCD c6 ddy la hinh binh hanh. Goi I, H, K lan lugt 1a trung diém cta SA, SB, SC.
Goi M la giao diém ctua AH va DK, N la giao diém ctia DI va CH.

a) Chung minh (IHK) || (ABCD) b) Ching minh (SMN) || (IHK)
Bai tap 8. Cho hinh chép S.ABCD c6 ABCD la hinh binh hanh. Goi M 1a diém trén AD. Goi («) 1a mat phzfmg
qua M va song song v6i AB va SC. Chung minh («) || (SDC).

Bai tap 9. Cho hinh chép S.ABCD c6 ddy 1a hinh thang v6i AD || BC va AD = 2BC. Goi ] la trung diém SD va
O =ACNBD.

a) Tim giao diém ctia duong thang SA véi mat phang (BCJ)

b) Goi E, F, Q 1an lugt la trung diém ctia AD, DE, OA. Tim giao tuyén ctia 2 mat phang (SQE) va (SCF).

¢) Goi M la diém thudc doan SC sao cho MC = 3MS. Chiing minh rang hai mat phang (MFJ) va (SQE) song
song v6i nhau.

Bai tap 10. Cho hinh chép S.ABCD ¢6 ABCD la hinh vuéng va ASAB déu. Ldy mot diém M trén BC va diém K
trén SA sao cho BM = AK.

a) Chung minh MK || (SCD)

b) Mat phang () qua M va song song v6i AB, SB. Mat phang («) cat SC,SD, AD theo thit tu tai N, P, Q. Ching
minh MNPQ la hinh thang.

¢) Tim vi tri cia M dé NK || (ABCD).

Bai tdp 11. Cho hinh chép S.ABCD c6 déy la hinh binh hanh tdm O. Goi M, N 1an lugt 1a trung diém ctia SA va
SD.

a) Chiang minh (OMN) || (SBC)
b) Goi P va Q la trung diém ctia AB va ON. Ching minh PQ || (SBC).
Bai tap 12. Cho hinh chép S.ABCD, day 1a hinh binh hanh tdm O. Goi H, K, I lan luotla trung diém cta SA, CD, KS
a) Chung minh (OHK) || (SBC)
b) Goi J la diém trén (ABCD) va cach déu AB, CD. Ching minh IJ || (SAB)

c) Gia str tam giac SAD, ABC déu can tai A. Goi AE, AF la cac duong phan giac trong ctia tam giac ACD va
SAB. Chung minh EF || (SAD).

4.3 Dinh ly Thalés trong khéng gian

Cong thirc can nhé:

Dinh li 4. Ba mat phang d6i mot song song chan trén hai cat tuyén bat a d
ki cc doan thang tuong tng ti 1é. / \

Vidu 4. Cho ba mat phéng (P), (Q), (R) doi mot song song. Hai duong thfmg dva d’ cat ba mat phéng (P), (Q), (R)
lan lugt tai A, B,C va A/, B/, C’. Cho AB = 3,BC = 7, A’C’ = 20. Tinh cac do dai A’B’, B'C’.

4.4 Hinh lang try va hinh hop
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Khdi niém: Cho hai mét phang (P) va (P’) song song v6i nhau. Trén (P) cho da giac 16i AjA; . .. Ay Qua cac

dinh ctia da gidc nay, ta vé cac duong thang song song vdi nhau va cat (P’) 1an luot tai Af, AL, ...,

A’ Hinh

tao boi cac hinh binh hanh A AyAL AL, AA3ALAY, ..., AnAj A} AL va hai da gidc AjA; ... An, AfAL .. Al

goi la hinh lang try, ki hiéu AjA; ... A, - AJAS L AL

Trong hinh lang tru A1A; ... Ay, AJAS .. Al ta goi

* Hai da gidc AjA;y...An va AJA) ... A la hai mat day
nam trén hai mat phang song song.

e Cacdiém Ay, Ay, ..., An, Al A), ..., Al 1a céc dinh.

e Cachinh binh hanh Aq AzAéAi, AzAg,AéAé, .o, ARAY Ag Al
la cac mat bén.

e Cac doan théng AJALL ARAS, ..., AnA] 1a cac canh
bén.

* Cac canh bén song song va bang nhau.

e Cac canh cua hai da gidc day la cac canh day. Cac canh
day tuong ting song song va bang nhau.

(¢ Lwuy: Hinh lang tru c6 ddy la tam gidc, tu gidc, ngu gidc,. . .

tru tam giac, hinh lang tru ti giac, hinh lang tru ngt giac,. ..

Vi du 5. Thyc hién theo cac yéu cau sau

a) Goi tén cac hinh ldng tru trong cac hinh sau day.

b) Goi tén cac thanh phan cta hinh lang try trong hinh dau tién.

a) b)

Khai niém: Hinh hop 1a hinh lang tru ¢6 day 1a hinh binh hanh.
Trong mot hinh hop ta cé

@8 SACH THAM KHAO

tuong ting dugc goi la hinh lang

Trang 80



KHAI PHONG NANG LUC TOAN 11

¢ Sau mat la sau hinh binh hanh. Méi mat déu c6 mot
mat song song véi no.

* Hai mit nhu thé goi 1a hai mat déi dién.

* Poan thang nbi hai dinh dbi dién goi la duong chéo.

* Bén duong chéo cat nhau tai trung diém ctia mdi
duong.

Vi du 6. Cho hinh hop ABCD - A’B/C’D’. Chiing minh (BDA’) va (B’D’C) la cdc mat phang song song.
4.5 Bai t@p sach gido khoa
Bai tap 13. Trong mit phang (P) cho hinh binh hanh ABCD. Ta dung cic ntra dudng thang song song véi nhau
va nam vé mot phia d6i véi (P) 1an lugt di qua cac diém A, B, C, D. Mot mat phang (Q) cat bon nira dudng thang
ndi trén tai A, B/, C’, D’. Chiing minh rf?mg

AA’+CC' =BB'+DD'".

Bai tap 14. Cho hinh chép S.ABCD, day ABCD la hinh binh hanh c6 O 1a giao diém ctia hai duong chéo. Goi
M, N lan lugt 1a trung diém ctia SA, SD.

a) Ching minh rang (OMN) || (SBC).
b) Goi E la trung diém ctia AB va F 1a mot diém thudéc ON. Chiing minh EF song song vdi (SBC).

Bai tap 15. Cho hai hinh vuéng ABCD va ABEF & trong hai mit phang khac nhau. Trén cac dudng chéo AC va
BF lan lugt 1ay cac diém M, N sao cho AM = BN. Céc dudng thang song song v6i AB vé tir M, N 1an lugt cat AD,
AF tai M/, N/,

a) Chung minh (CBE) || (ADF).

b) Ching minh (DEF) || (MNN'M).
Bai tap 16. Cho hinh hop ABCD.A’B’C’D’. Goi G va G’ lan lugt 1a trong tdm ctia hai tam gidc B'D’A va BDC'.
Chiing minh G va G’ chia doan A’C thanh ba phan bang nhau.
Bai tap 17. D¢ lam mot khung 16ng deén kéo quan hinh lang tru lic gidc ABCDEF.A’B/C’D’E’F/, Binh gan hai
thanh tre A1Dq, F;C; song song vdi mat phéng day va cat nhau tai O (hinh bén dudi).

a) Xac dinh giao tuyén ctia mat phfmg (A1D1, F1Cq) v6i cac mdt bén caa lang tru.
b) Cho biét A’A; = 6AA; va AA’ =70 cm, tinh CCq va C;C".

Bai tap 18. Chi ra cic mét phang song song trong méi hinh sau. Tim thém mot s6 vi du khéc vé cdc mat phang
song song trong thuc té.
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4.6 Bai tap va cdc dang todn tdng hop va néng cao
Bai tap 19 (HKI2011-2012 PTNK). Hinh chép S.ABCD c6 O la tam hinh binh hanh ABCD, diém M thudc canh
SA sao cho SM =2MA, N la trung diém ctia AD.

a) Tim giao tuyén ctia cic mit phang (SAD) va (MBC).

b) Tim giao diém I ctia SB va (CMN); giao diém ] cta SA va (ICD).

c¢) Ching minh ID, JC va SO dong quy tai E. Tinh ty s0 e
Bai tap 20 (HKI 2010-2011 THTH). Cho hinh chép S.ABCD, ¢6 déy la hinh binh hanh. Goi M, N lan luot 1a trung
diém ctia SA, SD va K 1a diém trén canh SB sao cho SK = 2KB

a) Xac dinh giao tuyén (d;) cta (SBC) va (SAD), giao tuyén (dy) ctia (SBC) va (KMN)

b) DM cat (SBC) tai L. Tt giac ISDA la hinh gi?
5 SASNJ

c¢) Goi ] la giao diém ctia (dp) va SC. Tinh ty s )
Saspc
Bai tap 21 (HKI 2012-2013 THTH). Cho hinh chép S.ABCD véi ABCD la hinh thang ¢ ddy 16n la AB.

a) Tim giao tuyén ctia hai mit phang (SCD) va (SAB).
b) Goi Q la trung diém SD, lay M € SA sao cho SA = 3SM. Mt phéng («) chita MQ va song song AB, lan

lugt cit SB, SC tai N va K. Tir gidc MNKQ 1a hinh gi, vi sao? Tinh ty s6 dién tich 5“7‘\‘5
ABCS

c) Goi I la giao diém ctia AD va BC. Chiing minh rang: MQ, NK, SI déng quy.
Bai tap 22 (HKI 2011-2012 L& Quy D6n). Cho hinh chép S.ABCD biét day 1a hinh thang, c6 day 16n AD bang 2
lan ddy nhé BC va O 1a giao diém ctia AC va BD. Goi E, F lan luot 1a trung diém SA va SD. Diém G 1a trong tam
tam giac SDC.
a) Tim giao tuyén ctia (SAB) va (SCD); (SAD) va (SBC).
b) Mat phang () qua EF va song song SB, cat CD va AB lan luot tai P, Q. Chting minh rang EQ || SB. Tit giac

EFPQ la hinh gi ?

¢) Chiing minh rang BE || (SCD) va GO || (SBC).
d) Tim giao diém M ctia SB va (CDE). Chiing minh réng SASME = SASBA
SASMF  SAsBD

Bai tap 23 (HKI 2011-2012 PTNK). Hinh chép S.ABCD ¢6 O la tdm ctia hinh hinh hinh ABCD, diém M thudc
canh SA sao cho SM =2MA, N la trung diém cta AD.

a) Tim giao tuyén ctia cic mat phang (SAD) va (MBC)

b) Tim giao diém I ctia SB va (CMN); giao diém ] ctia SA va (ICD).

¢) Chiing minh ID, JC va SO dong quy tai E. Tinh ty s6 SS—O

Bai tap 24. Cho hinh chép S.ABCD c6 day ABCD la hinh thang véi déy 16n AB = 2a, canh AD = CD = a. Mat
bén SAB la tam gidc déu. Goi M 1a diém thudc canh AD sao cho AM = x, (0 < x < a) va (&) la mat phéng qua M,

song song vdi 2 canh SA va AB, cat cac canh BC,SC, SD lan luot tai N, P, Q.
Trang 82
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a) Neéu rd cach xac dinh thiét dién MNPQ ctia mat phéng (o) v6i hinh chop da cho.
b) Chitng minh thiét dién MNPQ 1a hinh thang can.

c) GoiIla giao diém ctia MQ va NP. Ching minh rang khi diém M di dong trén doan AD thi diém I luén di
dong trén mot duong thang cb dinh.

Bai tap 25. Cho hinh chép S.ABCD c6 day ABCD 1la hinh thang (day 16n AD).
a) Tim giao tuyén ctia cac mat phéng (SAC) va (SBD), (SAD) va (SBC).

b) Goi M la trung diém ctia SD. Tim giao diém K ctia AM va mét phang (SBC). Tim thiét dién cia mit phang
(MAB) véi hinh chép S.ABCD.

¢) Goi G,H,I,J1an luot 1a trong tam cta cac tam giac SAD, SCD, SAB, SBC. Chung minh GH || IJ.

Bai tap 26. Cho hinh chép S.ABCD ¢6 ddy la hinh thang (ddy 16n AD). Goi M, N, E lan lugt la trung diém
AB,CD, SA

a) Dung thiét dién tao bdi mat phang (MNE) va hinh chép S.ABCD

b) Chiing minh rﬁmg SC song song voi (MNE). Goi F 1a giao diém (MNE) véi SD. Duong thezmg AF c6 song
song v6i mat phang (SBC) khong ?

¢) Cho M, N 1a hai diém c6 dinh nam 1an luot trén hai canh AB, CD sao cho MN song song voi AD va E,Fla
hai diém 1an lugt di dong trén cac canh SA, SD sao cho EF song song véi AD. Goi I 1a giao diém ctia ME va
NF thi I di dong trén duong nao?

Bai tap 27. Cho ti dién ABCD. Goi [, ], K lan luot 1a trung diém BC, CD, DB
a) Chuang minh réng cac mat phéng (ADI), (AB]) va (ACK) c6 chung mét duong théng.
b) Goi G 1a trong tim tam gidc ABC. Xac dinh thiét dién ctia t dién voi (KGE).

Bai tép 28. Cho hinh chép S.ABCD c¢6 day ABCD la hinh thoi canh a, SA = SB = aq,SC = SD = av3.Goi E, F
lan lugt 1a trung diém cac canh SA, SB. Trén canh BC lay diém M sao cho BM =x, (0 < x < a)

a) Xdc dinh thiét dién ctia hinh chép véi mat phang (MEF)? Thiét dién la hinh gi?
b) Tinh dién tich thiét dién theo a va x.
c¢) Tim vi tri diém M dé dién tich thiét dién dat gia tri nhd nhat.

Bai tap 29. Cho tu dién déu ABCD canh a. Goi M, P 1a hai diém di dong trén cac canh AD va BC sao cho
AM = CP =x,(0 < x < a). Mot mat phang qua MP va song song véi CD cat ti dién theo mot thiét dién.

a) Chung minh thiét dién thong thuong 1a hinh thang can.
b) Tim x dé dién tich thiét dién la nho nhat.

Bai tap 30. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh véi AB = a, AD = 2a va ASAB vudng can
tai dinh A. Diém M di dong trén AD v6i AM = x. Mt phang (&) qua M va song song v6i mat phang (SAB), cat
BC, SC, SD lan luot tai N, P, Q.

a) Ching minh MNPQ la hinh thang vuéng.

2
b) Tinh dién tich MNPQ theo a, x. Tinh x dé dién tich nay bang 3%.

c) Tim tap hop céac giao diém I ctia MQ va NP khi M di dong trén AD.

Bai tap 31. Cho hinh chép S.ABCD c6 day la hinh binh hanh, hai diém M va P lan lugt di dong trén AD va SC
MA  PS

MD —QZX,(X>O).

a) Chiing minh MP ludn song song véi mot mat phéng Q c¢6 dinh.

b) Mt phdng qua M song song véi mit phang (Q) cat hinh chép S.ABCD theo mot thiét dién va cat BD tai J.
Ching minh IJ c6 phuong khong déi. Tim x dé PJ || (SAD).
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Bai tap 32. Cho hinh hop ABCD.A’B’C’D’ c6 tat ca cdc mat déu la hinh vudng canh a. Cac diém M, N lan lugt
trén AD’, DB sao cho AM = DN =x, (0 < x < av/2).

a) Chiing minh khi x bién thién, duong th:fmg MN luén song song véi mot mat phezmg c6 dinh.

b) Chiing minh rang khi x = GT\/E thi MN || A'C.

Bai tap 33. Cho hinh1ap phuong ABCD.A’B’C’D’ canh a. Goi M, N, P 1an lugt la trung diém ctia AB,B’C’, DD".
a) Ching minh (MNP) song song véi cac mat phang (AB/D’) va (BDC').
b) Xac dinh thiét dién ctia hinh lap phuong véi mat phang (MNP). Thiét dién 1a hinh gi? Tinh dién tich thiét

dién cua no.
Bai tap 34. Cho hinh ling tru ABC.A’B’C’ c6 ddy la tam giac déu canh a. Cac mat bén ABB’A’, ACC’A’ 1a hinh
vuodng. Goi I, ] 1a tdm cac mat bén néi trén va O 1a tim dudng ngoai tiép tam giac ABC.

a) Chung minh IJ || (ABC).

b) Xac dinh thiét dién ctia hinh ling tru véi mat phéng (IJD). Chitng minh thiét dién 1a hinh thang can. Tinh
dién tich ctia n6 theo a.
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Bai 5. Phép chiéu song song

5.1 Khdi niém phép chiéu song song

Phép chiéu song song thuong dugc dung dé biéu dién cac hinh trong khong gian 1én mot mét phang.

Khdi niém:

Trong khong gian, cho mat phang (P) va dudng thang 1 cat (P).

Vi mébi diém M trong khong gian, vé mot duong thang di qua M E

M va song song hodc tring véi 1. Puong thang nay cat (P) tai

M’. Phép cho tuong ting mébi diém M trong khong gian vdi \ \
M/

Phuong chiéu

diém M’ trong (P) dugc goi la phép chiéu song song lén mat
phang (P) theo phuong 1. ~ ! '
P \\ \

Mt phéng chiéu
o Mat phéng (P) duoc goi la mat phfmg chiéu va duong théng L dugc goi la phuong chiéu cta phép
chiéu song song noéi trén.
e Phép chiéu song song theo phuong 1 con duge goi tat 1a phép chiéu theo phuong L.
* Diém M’ goi la anh ctia diém M qua phép chiéu theo phuong L.

e Cho hinh 7 trong khong gian. Ta goi tap hop ' cac &anh M’ clia tat ca nhing diém M thudc 57
qua phép chiéu song song theo phurong 1 1a hinh chiéu song song ctia # 1én mat phang (P).

5.2 Cdc tinh chét co ban clGa phép chiéu song song

Tinh chét cén nhé:
Tinh chéat 1. Hinh chiéu song song ctia mot duong thang 1a mot duong thang. Hinh chiéu song song ctia
mot doan thrimg la mét doan thzfmg. Hinh chiéu song song ctia mot tia la mot tia.

Tinh chéat 2. Hinh chiéu song song ctia hai duong thang song song la hai duong thang song song hoac
trung nhau.

Tinh chat 3.

 Phép chiéu song song bién ba diém thang hang thanh ba diém thang hang va khong lam thay d6i
thut ty ba diém dé.

* Phép chiéu song song khong lam thay déi ti s6 d6 dai ctia hai doan thang nam trén hai duong thang
song song hodc trung nhau.

Vidu 1.
a) Tim hinh chiéu song song ctia doan thang AC, tia AB va duong thang AD trong Hinh b).
AB AB
CD’C’'D"”
DA D’A’

¢) Quan sat Hinh b) va so sanh hai ti s6 DB DB

b) Quan sat Hinh a) va so sanh hai ti s6

a) b)
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5.3 Hinh biéu di&n ctia mét hinh khéng gian
Khdi niém: Hinh biéu dién ctia mot hinh 7 trong khong gian 1a hinh chiéu song song ctia # trén mot
mat phang theo mot phuong chiéu nao d6 hodc hinh dong dang véi hinh chiéu dé.

(@ Leuy: Dua theo tinh chit cia phép chiéu song song, ta phai tudn theo mot s6 quy tac khi vé

hinh biéu dién, chang han nhu
a) Néu trén hinh %7 c6 hai doan théng nam trén hai duong théng song song (hoac trung nhau) thi
chiing dugc biéu dién bang hai doan thang ndm trén hai dudng thang song song (hoac triing
nhau) va ti s6 do dai ctia hai doan thang nay phai bang ti s6 d6 dai ctia hai doan thang twong

ung trén hinh 7.
b) Néu hinh phang ndm trong mat phang khong song song véi phuong chiéu thi
* Hinh biéu dién ctia mot dudng tron thuong la mot elip.
* Hinh biéu dién ctia mot tam gidc (vudng, can, déu) 1a mot tam gidc.
¢ Hinh biéu dién cta hinh vuéng, hinh chit nhat, hinh thoi, hinh binh hanh la hinh binh
hanh.
Vi du 2. Quan sat bén dudi va tim hinh biéu dién ctia
a) doan thang AB. b) tam giac ABC. c) duong tron (C) tam O.

d Al ,
I

b)

Vi du 3. Vé hinh biéu dién va néu nhan xét vé hinh biéu dién ctia cac mat ctia cac hinh sau
a) Hinh hop. b) Lang tru co6 ddy la luc giac déu. c) Ta dién.
5.4 Bai tap
Bai tdp 1. Trong cic ménh dé sau, ménh dé nao dung?

a) Mot duong thang c6 thé song song v6i hinh chiéu ctia né.

b) Mot duong thang c6 thé tring véi hinh chiéu ctia né.
¢) Hinh chiéu song song ctia hai dudng thing chéo nhau c6 thé song song véi nhau.

d) Hinh chiéu song song ctia hai dudng thang chéo nhau c6 thé triing nhau.

&8 SACH THAM KHAO

Trang 86



KHAI PHONG NANG LUC TOAN 11

Bai tap 2. Vé hinh biéu dién ctia mot luc giac déu.
Bai tap 3. Vé hinh biéu dién ctia mot hinh vudng ndi tiép trong mot hinh tron.

Bai tap 4. Cho hai diém A, B nam ngoai mat phang («) va dudng thang d cat (). Gia st dudong thang AB cat ()
tai diém O. Goi A’ va B/ 1an lugt 1a hinh chiéu song song ctia A va B trén («) theo phuong ctia duong thang d. Ba
diém O, A’, B’ c6 thang hang khong? Vi sao? Chon d sao cho

a) A’'B’ = AB. b) A’B’ =2AB.
Bai tap 5. Vé hinh biéu dién ctia

a) Hinh lang tru c6 ddy 1a tam gidc déu.

b) Hinh ling tru c6 déy la luc gidc déu.

c) Hinh hop.
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Bai 6. Bai tép cudi chuong
6.1 Cau héi trdc nghiém
Cau 1. Cho tam gidc ABC. Lay diém M trén canh AC kéo dai (Hinh bén). Ménh A

dé nao sau day 1a ménh dé sai?
A. M€ (ABC). B. Ce(ABM). C. Ae(MBC). D. Be(ACM).

B
Cau 2. Cho ti dién ABCD véi I va ] 1an luot 1a trung diém cac canh AB va CD. Ménh dé nao sau day diing?
A. Béndiém 1, ], B, C déng phéng. B. Béndiém]I, ], A, C d6ng phazmg.
C. Bbén diém I, ], B, D dong phang. D. Bbn diém I, ], C, D ddng phang.

Cau 3. Cho hinh chép S.ABCD ¢6 AC cat BD tai M, AB cat CD tai N. Trong cac duong thang sau day, duong nao
1a giao tuyén ctia (SAC) va (SBD)?
A. SM. B. SN. C. SB. D. SC.
Cau 4. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. Goi [, J, E, F lan luot 1a trung diém SA, SB, SC,
SD. Trong cac dudng thang sau, dudng nao khong song song véi 1]?
A. EF. B. CD. C. AD. D. AB.
Cau 5. Cho hinh binh hanh ABCD va mét diém S khong nam trong mat phang (ABCD). Giao tuyén ctia hai mét
phang (SAB) va (SCD) la mot duong thang song song v6i dudng thang nao sau day?
A. AB. B. AC. C. BC. D. SA.
Cau 6. Cho hinh chép tir gidc déu S.ABCD c6 canh déy bang 10. M la diém trén SA sao cho % =3 Mot mat
phéng («) di qua M song song v6i AB va CD, cat hinh chép theo mot ti gidc c6 dién tich la
400 200 40 200
A. T . B. T . C. ? . D. 7 .
Cau 7. Quan hé song song trong khong gian c6 tinh chat nao trong cac tinh chat sau?
A. Néu hai mat phang (P) va (Q) song song v6i nhau thi moi duong thang nam trong (P) déu song song véi
Q).
B. Néu hai mit phang (P) va (Q) song song véi nhau thi moi dudng thang ndm trong (P) déu song song véi
moi dudng thang nam trong (Q).
C. Néu hai duong thang song song v6i nhau lan lugt ndm trong hai mat phang phan biét (P) va (Q) thi (P) va
(Q) song song voi nhau.
D. Qua mot diém nam ngoai mat phang cho trudc ta vé duge mot va chi mot duong thang song song véi mat
phéang cho truéc do.
Cau 8. Cho hinh lang tru ABC.A’B’C’. Goi M, N, P, Q lan lugt la trung diém ctia cdc canh AC, AA’, A’C’, BC.
Ta co
A. (MNP) || (BCA). B. (MNQ) | (A'B’C’). C. (NQP)| (CAB). D. (MPQ) || (ABA’).

6.2 Badi tap tu ludn

Bai tap 1. Cho hinh hop ABCD.A’B’C’'D’. Goi M va N lan lugt 1a trung diém ctia AB va A’B’ va O 1a mot diém
thuoc mién trong ctia mat bén CC’D’D. Tim giao tuyén ctia mat phang (OMN) véi cac mat ctia hinh hop.

Bai tap 2. Cho hinh chép S.ABCD véi ABCD la hinh thoi canh q, tam gidc SAD déu, M la diém trén canh AB,
(«) la mat phang qua M va («) || (SAD) cat CD, SC, SB 1an lugt tai N, P, Q.

a) Chiing minh rang MNPQ 1a hinh thang can.
b) Pat AM = x, tinh dién tich MNPQ theo a va x.

Bai tap 3. Cho mit phang («) va hai dudng thang chéo nhau a, b cat («) tai A va B. Goi d 1a duong thang thay
déi luon ludn song song véi () va cat a tai M, cat b tai N. Qua diém N dung dudng thang song song v6i a cat («)
tai diém C.

a) Tt giac MNCA la hinh gi?
b) Ching minh rang diém C ludn ludn chay trén mot duong thang cé dinh.
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Bai tap 4. Cho hai hinh binh hanh ABCD va ABEF ndm trong hai mat phang khac nhau. Lay cac diém M, N lan
luot thude cac duong chéo AC va BF sao cho MC = 2MA; NF = 2NB. Qua M, N ké cac dudng théng song song
voi AB, cat cac canh AD, AF 1an luot tai My, Nj. Chung minh rang

a) MN || DE;
b) MiNj || (DEF);
¢) (MNN;My) || (DEF).

DAP AN TRAC NGHIEM
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CAC 5O DAC TRUNG DO XU THE TRUNG
TAM CHO MAU SO LIEU GHEP NHOM

Bai 1. $6 trung binh vt mét cia madu sb liéu ghép nhém
1.1 S6 lieu ghép nhém

Khdi niém: Mau s6 liéu ghép nhém thudng duoc trinh bay dudi dang bang thong ké ¢ dang nhu sau:

Bdng 1: Bing tdn s6 ghep nhom
Nhom [ulr uZ) [uZI LL3) 0 [uk/ uk+1)
Tan so ng ny ... Ty

* Bang trén gom k nhom [uj;u5.41) véi 1 <j < k, méi nhom gom mot so gid tri duge ghép theo
mot tiéu chi xac dinh.

e COmaun =ng+mny+---+ny.
e Gia trj chinh gitta méi nhém dugc dung 1am gid tri dai dién cho nhém ay. Vi du nhém [ug; uy)

1
o gia tri dai dién la > (ug +up).

* Hiéu uj ;1 —u; dugc goi la do dai ctia nhém [uj;ujqq).

Vidu 1. Tinh gid tri dai dién va d¢ dai cia mbi nhém trong mau s6 liéu sau

Khoang tudi | [20; 30) | [30; 40) | [40;50) | [50; 60) | [60; 70)
So0 khach hang nu 3 9 6 4 4

(Z Lyuy: Mot sb quy tic ghép nhém cta mau s6 lidu
Mbi méu sb liéu c6 thé dugce ghép nhém theo nhiéu cach khac nhau nhung thuong tuan theo mot s6 quy
tac sau:

* Str dung tir k = 5 dén k = 20 nhém. C mau cang I6n thi can cang nhiéu nhém sb liéu. Cac nhém c6
cung do dai bang L thod man R < k- L, trong d6 R la khoang bién thién, k la s6 nhom.

* Gia tri nho nhat ctia mau thuoc vao nhom [us; up) va cang gan u; cang tot. Gid tri 1on nhat ctia mau
thuéc nhom [uy; uy 1) va cang gan U 4+1 cang tot.

Vidu 2. Can ndng ctia 28 hoc sinh nam 16p 11 dugc cho nhu sau:

554 62,6 542 568 588 594 60,7 58 595 636 61,8 523 634 579
49,7 451 56,2 632 46,1 496 591 553 558 455 468 54 49,2 52,6

Hay chia mau dit liéu trén thanh 5 nhém, 14p bang tan sé ghép nhom va xac dinh gia tri dai dién cho méi nhém.

e Cac dau mut ctia cac nhom ¢ thé khong la gia tri cia mau so liéu.

* Ta hay gdp céc bang s6 liéu ghép nhém 1a sé nguyén, chang han nhu bang théng keé s6 16i chinh ta
trong bai kiém tra gitrta hoc ki 1 mon Ngtr Van cta hoc sinh khéi 11 nhu sau:

S616i | [L;2] | [3:4] | [5;6] | [7:8] | [9;10]
Sobai | 122 | 75 | 14 5 2

Béng s6 liéu nay khong c6 dang nhu Bang 1. Dé thuan loi cho viéc tinh cac s6 dac trung cho bang s6
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liéu nay, ngudi ta hiéu chinh vé dang nhu Bang 1 bang cach thém va bét 0,5 don vi vao dau mut bén
phai va bén trai cia méi nhém s6 liéu nhu sau:

Soloi | [0,5;2,5) | [2,5;4,5) | [4,5,6,5) | [6,5;85) | [85;10,5)
So bai 122 75 14 5 2

Vi du 3. Mot cita hang da thong ké sb ba 16 ban duge mbi ngay trong thang 9 vdi két qua cho nhu sau:

12 29 12 19 15 21 19 29 28 12 15 25 16 20 29
21 12 24 14 10 12 10 23 27 28 18 16 10 20 21

Hay chia mau s6 liéu trén thanh 5 nhém, 1ap bang tan s6 ghép nhém, hiéu chinh bang tan s6 ghép nhém va xéac
dinh gia tri dai dién cho m6i nhom.

1.2 $6 trung binh

Khdi niém: S6 trung binh cua mau s6 liéu ghép nhém, ki hiéu X, dugc tinh nhu sau

% — nic1 +Mnocy +-- -+ NgCx
- 7
n

trongdon =n; +ny+ - +ny.

Y nghia ctia s6 trung binh ctia mau s6 liéu ghép nhém: S6 trung binh ctia mau s liéu ghép nhém
1a gia tri xap xi cho s6 trung binh ctia mau s6 liéu goc. N6 thuong dung dé do xu thé trung tam cda
mau s6 liéu.

Vi du 4. Két qua khdo sat cAn ndng ctia 25 qua cam & méi 16 hang A va B dugc cho ¢ bang sau:

Can nang (g) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua cam 16 hang A 2 6 12 4 1
SO qua cam &16 hang B 1 3 7 10 4

a) Hay udc lugng can ndng trung binh ciia mdi qua cam ¢ 16 hang A va 16 hang B.

b) Néu so sanh theo sb trung binh thi cam &16 hang nao ning hon?
1.3 Mét

Khdi niém: Nhém chita mét ciia mau s6 liéu ghép nhom 1a nhom c6 tan s6 16n nhat.
Gia st nhom chita mot 12 [um; um 1), khi d6 mot ciia mau s6 liéu ghép nhom, ki hiéu 1a My, dugce xac
dinh béi cong thic
Nm —Mm—1
+
(Mm —nm—1) + (Mm —Mm1)

Mo = um “(Uma1 —Um) -

Néu khong c6 nhém ké trude ctia nhém chita mét thi wy, 1 = 0. Néu khong c6 nhém ké sau cta
nhém chira mot thi nqy, 1 = 0.

Vi du 5. Mot cong ty xay dung khdo sat khach hang xem ho c6 nhu cau mua nha & muc gia nao. Két qua khao sat
dugc ghi lai ¢ bang sau

Muc gia
(tricu df‘)i;/m% [10;14) | [14;18) | [18;22) | [22;26) | [26;30)

So khach hang 54 78 120 45 12

a) Tim mo6t ctia mau s6 liéu ghép nhém trén.
b) Cong ty nén xay nha & mtc gid nao dé nhiéu ngudi c6 nhu cau mua nhat?
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Vidu 6. S6 cudc goi dién thoai mot ngudi thuc hién méi ngay trong 30 ngay dugc lva chon ngau nhién duge
théng ké trong bang sau:

So cudcgoi | [3;5] | [6;8] | [9;11] | [12;14] | [15;17]
S6 ngay 5 13 7 3 2

a) Tim mot ctia mau s liéu ghép nhom trén.

b) Hay du doan xem kha nang ngudi d6 thuc hién bao nhiéu cudc goi mdi ngay 1a cao nhat.

Y nghia ciia mot ciia mau so liéu ghép nhom

* Mot cia mau s6 liéu khong ghép nhom la gid tri c6 khd nang xudt hién cao nhat khi 1dy mau. Mét
clia mau s6 liéu sau khi ghép nhom Mg xap xi véi mét ciia mau sb liéu khong ghép nhom. Cac gia tri
nam xung quanh M, thudng c6 kha nang xuét hién cao hon cac gia tri khac.

e Mot mau s liéu ghép nhém c¢6 thé c6 nhiéu nhém chita mot va nhiéu mét.

1.4 Baitap

Bai tdp 1. Anh Vin ghi lai cy 1i 30 1dn ném lao cia minh & bang sau (don vi: mét):

7211729 (702|709 | 722|715 | 725 | 693 | 72,3 | 69,7
723|715 | 71,2 | 698 | 723 | 71,1 | 69,5 | 72,2 | 719 | 73,1
716 | 71,3 | 722 | 71,8 | 70,8 | 72,2 | 72,2 | 729 | 72,7 | 70,7

a) Tinh cy li trung binh ctia méi 1an ném.

b) Tong hop lai két qua ném ctia anh Van vao bang tan s6 ghép nhém theo mau sau:

Culi(m) | [69,2;70) | [70;70,8) | [70,8;71,6) | [71,6;72,4) | [72,4;73,2)
S6 1an ? ? ? ? ?

c) Hay uéc lugng cy li trung binh méi 1an ném tir bang tan s6 ghép nhém trén.
d) Kha ning anh Van ném dugc khoang bao nhiéu mét la cao nhat?

Bai tap 2. Nguoi ta dém sb xe 6 to di qua mot tram thu phi méi phit trong khoang thoi gian tir 9 gio dén 9 gio
30 phut sang. Két qua duge ghi lai & bang sau:

15116 |13 |21 |17 |23 |15 |21 | 6 |11 |12 |23 |19 |25 |11
25|17 129110 (28|29 (24| 6 |11 |23 |11 21| 9 |27 |15

a) Tinh s6 xe trung binh di qua tram thu phi trong méi phuit.

b) Téng hop lai s6 liéu trén vao bang tan s6 ghép nhém theo mau sau:

S&xe | [6;10] | [11;15] | [16;20] | [21;25] | [26;30]
S6lan | 2 ? ? ? ?

c¢) Hay udc lugng trung binh s6 xe di qua tram thu phi trong méi phut tit bang tan s6 ghép nhém trén.

Bai tap 3. Mot thu vién thong ké s6 lugng sach duge mugn mbi ngay trong ba thang & bang sau:

S&sach | [16;20] | [21;25] | [26;30] | [31;35] | [36;40] | [41;45] | [46;50]
S8 ngay 3 6 15 27 22 14 5

Hay udc lugng sb trung binh va mot ctia mau s6 liéu ghép nhom trén.
Bai tap 4. Két qua do chiéu cao ctia 200 cay keo 3 nam tudi & mot nong truong dugce biéu dién & biéu do dudi
day.
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Chiéu cao 200 ciy keo 3 nam tudi

(S6 cay)
60
55

35
30

20

o [8,5;8,8) [8,38;9,1) [9,1,94) [9.4;9,7) [9,7;10,0) (m)

Hay udc lugng sb trung binh va mét ctia mau s liéu ghép nhom trén.
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Bai 2. Trung vi v t& phan vi cia mdu sd liéu ghép nhém
2.1 Trung vi

Khdi niém: Cong thitc xac dinh trung vi cia mau s6 liéu ghép nhom
e Goinlacdmau.
e Gia sit nhém [Wm; Uy 41) chia trung vi;
® N, 13 tAn s6 ctia nhém chia trung vi;
e C=ni+np+-+mm_1.
Khi do

%—C
Me =um +

(W1 —Um) -
m

Vi du 1. Két qua khéo sat cAn ning cta 25 qua bo § mot 16 hang cho trong bang sau:

Can nang (g) | [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S& qua bo 1 7 12 3 2

Hay tim trung vi ciia mau s6 liéu ghép nhém trén.

Vidu 2. Trong tuan 1é bdo vé méi trudng, cac hoc sinh khéi 11 tién hanh thu nhat vé chai nhya dé tai ché. Nha

truong thong ké két qua thu nhat vo chai ctia hoc sinh khéi 11 & bang sau:

S8 v6 chai nhwa | [11;15] | [16;29] | [21,25] | [26;30] | [31;35]
So hoc sinh 53 82 48 39 18

Hay tim trung vi ciia mau s6 liéu ghép nhém trén.

Y nghia ctia trung vi ctia mau s6 liéu ghép nhém

Tir dir liéu ghép nhém néi chung khong thé xac dinh chinh xac trung vi ctia mau so liéu goc. Trung vi ctia
mau so liéu ghép nhom la gia tri xap xi cho mau so liéu goc va c6 thé lay lam gia tri dai dién cho mau so
liéu.

Vi du 3. Trong mot hoi thao, thoi gian chay 200 m ctia mét nhém céc van dong vién dugc ghi lai & bang sau:

Thoi gian (gidy) | [21;21,5) | [21,5;22) | [22;22,5) | [22,5;23) | [23;23,5)
So van dong vién 5 12 32 45 30

Dua vao bang s6 liéu trén, ban t8 chite mudn chon ra khoang 50% s6 van dong vién chay nhanh nhat dé tiép tuc
thi vong 2. Ban t6 chitc nén chon cac van dong vién c6 thoi gian chay khong qua bao nhiéu giay?

2.2 T phan vi
Khdi niém: Cong thiic xac dinh ti phan vi ctia mau s6 liéu ghép nhém
T phan vi thi hai ctia mau s liéu ghép nhém, ki hiéu Qy, cling hinh 1a trung vi ctia mau s liéu ghép

nhém.
Dé tim ti phan vi thi nhat ctia mau s6 liéu ghép nhom, ki hiéu Q1 ta thuc hién nhu sau:

e Gia st nhém [w; U 1 1) chita tit phéan vi thi nhét;
* N la tan s6 ctia nhém t phan vi thi nhat;
s C=ny+np+---+nn_1.
Khi do n
T-cC
Q1 =um+

(W1 —Um).
m

Tuong tu, dé tim t phan vi thit ba cia mau s6 liéu ghép nhom, ki hiéu Qs, ta thuc hién nhu sau:

&8 SACH THAM KHAO Trang 94



KHAI PHONG NANG LUC TOAN 11

e Gia sttnhém [uj;uj;1) chia t phan vi thit ba;
* n; la tan s6 ctia nhém chita tir phan vi thi ba;
e C=m+mnp+...+nj_1.

Khi do

S

Qs =y + -4

(W1 —)

Vi du 4. Thoi gian luyén tap trong mot ngay (tinh theo gi®) ctia mot s6 van dong vién dugc ghi lai § bang sau:

Thoi gian luyén tap (10) | [0,2) | [24) | [4:6) | [6:8) | [8,10)
So6 van dong vién 3 8 12 12 4

Hay xac dinh céc ti phan vi ctia mau s6 liéu da cho.
Huan luyén vién muon xac dinh nhém gom 25% cédc van dong vién c6 so gio luyén tap cao nhat. Hoi huan luyén
vién nén chon cac van déng vién c6 thoi gian luyén tép tir bao nhiéu gio trd 1én vao nhém nay?

4 1 p
Neu ta phan vi thi k la > (Xm + Xm+1), trong d6 xm va X;m41 thudc hai nhom lién tiep, vi du nhu xy, €

[Wj—1;4§) va xm41 € [uj;uj41) thitaldy Qx = uj.

Vi du 5. Mot hang xe 6 t6 thong ké lai s6 1an gdp su cd vé dong cd ctia 100 chiéc xe cting loai sau 2 ndm st dung
dau tién ¢ bang sau:

Solangapsuco | [1;2] | [3;4] | [5;6] | [7;8] | [9;10]
So xe 17 33 25 20 5

a) Hay udc lugng céc ti phan vi ciia mau s liéu ghép nhom trén.
b) Mot ngudi cho rang c6 trén 25% xe ctia hang gap khong it hon 4 su c6 vé dong co trong 2 ndm st dung dau
tién. Nhan dinh trén c¢6 hop li khong?
Y nghia cta tit phan vi cda mau s6 liéu ghép nhom
* Ba diém ti phan vi chia mau s6 liéu da sap xép theo thit tu khong gidm thanh bén phan déu nhau.
* Gidng nhu vdi trung vi, néi chung khong thé xac dinh chinh xéc cac diém tir phan vi ctia mau s6 liéu
ghép nhom.
* B0 ba tit phan vi cia mau s6 liéu ghép nhém 1a gia tri xap xi cho ti phan vi ctia mau s liéu gbc va
dugc stt dung lam gid tri do xu thé trung tdm ctia mau so liéu.

* Tt phan bi thit nhét va thi ba do xu thé trung tdm ctia nita dudi (cac di liéu nhé hon Q) va nira
trén (cac dix liéu 16n hon Q») ctia mau s liéu.

Vi du 6. Mot ngudi thong ké lai thoi gian thuc hién cac cudc goi dién thoai cia ngudi d6 trong mot tuan & bang
sau:

Thoi gian ] ] ] ] ] ]
(don vi: gidy) [0;60) | [60;120) | [120;180) | [180;240) | [240;300) | [300;360)

S0 cudc goi 8 10 7 5 2 1

Hay udc lugng cac td phan vi ciia méu s6 liéu ghép nhom trén.
Vi du 7. Mot phong kham thong ké s6 bénh nhan dén kham bénh méi ngay trong thang 4 ndm 2022 & bang sau:

So bénh nhan | [1;10] | [11;20] | [21,30] | [31;40] | [41;50]
So ngay 7 8 7 6 2

a) Hay udc lugng céc ti phan vi cia mau sb liéu ghép nhém trén.

b) Quén ly phong kham cho rang cé khoang 25% s6 ngay kham c6 nhiéu hon 35 bénh nhan dén khdam. Nhan dinh
trén c6 hgp ly khong?
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2.3 Baitap

Bai tap 1. Luong thang ctia mot s6 nhan vién van phong dugc ghi lai nhu sau (don vi: triéu dong):

125196 | 11,7 | 12,7 | 10,0 | 10,0 | 122 | 98 | 109 | 6,7 | 13,6 | 9,2
131165107 | 89 (11,2132 | 83 | 11,1 | 119 | 84 | 6,7 | 138

a) Tim t phan vi cta day s6 liéu trén.

b) Tong hop lai day sb liéu trén dua vao bang tan s6 ghép nhom theo mau sau:

Luong thang ] ) ] ]
(triéu dong) [6;8) | [8;10) | [10;12) | [12;14)
S0 nhan vién ? ? ? ?

c) Hay udc lugng ti phan vi cta s6 liéu & bang tan s6 ghép nhom trén.

Bai tap 2. S6 diém mot cau tht bong rd ghi dugc trong 20 tran diu dugc cho & bang sau:

25123121 13| 8 |14 |15 |18 |22 |11
24 112|114 |14 18| 6 | 8 | 25|10 | 11

a) Tim t phéan vi cta day s6 liéu trén.

b) Tong hop lai day s liéu trén vao bang tan sé ghép nhém theo mau sau:

Diémsb | [6;10] | [11;15] | [16;20] | [21;25]
S6 tran ? ? ? ?

¢) Hay udc lugng tir phan vi cia sb liéu tit bang tan s6 ghép nhom trén.

Bai tap 3. Kiém tra dién lugng ctia mot s6 vién pin tiéu do mot hang san xuat thu duge két qua nhu sau:

Dién lugng . . . . .
(nghin mAh) [0,9;0,95) | [0,95;1,0) | [1,0;1,05) | [1,05;1,1) | [1,1;1,15)
So vién pin 10 20 35 15 5

Hay udc lugng sb trung binh, mét va tit phan vi ciia mau s6 liéu ghép nhém trén.
Bai tap 4. Can nang ctia mot sb lgn con méi sinh thudc hai gidbng A va B dugc cho & biéu dd duéi day (don vi:
kg).

Can nang ctia mot so
. lon con moi sinh
(S0 con) :

40

30

20

10 1

O o1y [LL12) (1213 [1314) (kg)
B GibngA W GiéngB

a) Hay so sanh can ndng ctia Ign con mdi sinh gidng A va giéng B theo sb trung binh va trung vi.

b) Hay udc lugng tir phan vi thit nhét va thit ba ctia can ndng lgn con méi sinh giéng A va ctia cAn nang lgn con
mdi sinh giong B.
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Bai 3. Bai tap cudi chuong

3.1 Cau héi trdc nghiém

Doanh thu ban hang trong 20 ngay dugc lua chon ngau nhién ctia mot ctra hang dugc ghi lai & bang sau (don
vi: triéu déng):

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)
56 ngay 2 7 7 3 1

Cau 1. S trung binh ctia mau s6 liéu trén thudc khodng nao trong cac khodng dudi day?
A. [7;9). B. [9;11). C. [11;13). D. [13;15).

Cau 2. Trung vi ctia mau sb liéu trén thudc khodng nao trong cac khoang dudi day?
A. [7;9). B. [9;11). C. [11;13). D. [13;15).

Cau 3. M6t ciia mau s liéu trén thude khoang nao trong cac khoang dudi day?
A. [7,9). B. [9;11). C. [11;13). D. [13;15).

Cau 4. T phan vi thit nhat ctia mau s6 liéu trén gan nhat véi gia tri nao trong cac gia tri sau
A 7. B. 7,6. C. 8 D. 86.

Cau 5. Tit phan vi thi ba ciia mau s6 liéu trén gan nhét véi gia tri nao trong cac gid tri sau
A. 10. B. 11. C. 12 D. 13.

3.2 Baitép tu ludn

Cau 6. Thong ké diém trung binh mén Toan ctia mét s6 hoc sinh 16p 11 dugc cho ¢ bang sau:

Khoang diém | [6,5;7) | [7,7,5) | [7,5;8) | [8;8,5) | [8,5;9) | [9;9,5) | [9,5;10)
Tan sb 8 10 16 24 13 7 4

Hay udc lugng s6 trung binh, t& phan vi va mét ctia mau sd liéu ghép nhom trén.

Cau 7. Dé kiém tra thoi gian st dung pin ctia mot chiéc dién thoai mdi, chi An théng ké thoi gian st dung dién
thoai ctia minh ti lic sac day pin cho dén khi hét pin & bang sau:

Thoi gian s dung (gi0) | 17;9) | 19;11) | [11;13) | [13,15) | [15;17)
Sé1an 2 5 7 6 3

a) Hay udc lugng thdi gian st dung trung binh tir Idc chi An sac day pin dién thoai cho t6i khi hét pin.

b) Chi An cho réng c6 khoadng 25% s6 lan sac dién thoai chi ding dugc 10 gio. Nhan dinh cta chi An c6 hgp 1i
khong?

Cau 8. Tong s lugng mua trong thang 8 do dugc tai mot tram quan trac dat tai Viing Tau tir nam 2002 dén nam
2020 dugc ghi lai nhu dudi day (don vi: mm)

121,8 158,3 3349 2009 1656 161,5 1943 220,7 189,8 2432
1659 1659 134 173 169, 189, 254 168 255

(Nguon: Téng cuc Théng keé)

a) Xac dinh s trung binh, ti phéan vi va mot ciia mau s6 liéu trén.

b) Hoan thién bang tan s6 ghép nhém theo mau sau:

Tong lugng mua trong thang 8 (mm) | [120;175) | [175;230) | [230;285) | [285;340)
S0 nam ? ? ? ?

) Hay udc lugng sb trung binh, ti phan vi va mét ctia mau s6 liéu & bang tan s6 ghép nhom trén.
Cau 9. Bang sau thong ké s6 ca nhiém mdi SARS-CoV-2 méi ngay trong thang 12/2021 tai Viét Nam.
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Ngay | Soca | Ngay | Soca | Ngay | Soca | Ngay | SO ca
1 15139 9 15965 | 17 | 15685 | 25 | 16046
2 14295 | 10 | 15474 | 18 | 16363 | 26 | 15667
3 14254 | 11 16830 | 19 | 16586 | 27 | 15310
4 14598 | 12 | 15264 | 20 | 15420 | 28 | 14866
5 14927 | 13 | 16035 | 21 16806 | 29 | 14299
6 15215 | 14 | 15871 | 22 | 17044 | 30 | 20454
7 14433 | 15 | 16192 | 23 | 16860 | 31 17004
8 15223 | 16 | 15720 | 24 | 16633

(N gu5n: worldmeters.info)

a) Xac dinh sb trung binh va tit phan vi ciia mau s6 liéu trén. Mau sb liéu c6 bao nhiéu c6 bao nhiéu gid tri ngoai

167

b) Hoan thién bang tan s6 ghép nhém theo mau sau:

50 ca (nghin)

[14;15,5)

[15,5;17)

[17;18,5)

[185;20)

[20;21,5)

S6 ngay

?

?

?

?

?

c) Hay udc lugng sb trung binh va tit phan vi cia mau s6 liéu & bang tan s6 ghép nhom trén.

DAP AN TRAC NGHIEM
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