SO PHUC - PHAN I

Nhan dip mua thi THPTQG 2020 sép t&i gan, ta thir nhin nhan vé cac bai toan sb phirc thi DH - CD
nam 2012, cing cb kién thirc va ky ning giai toan vé s6 phirc trong vai nim gan day, gop phan gitip
cac em 2K2 dat két qua tot hon trong ky thi.

1. Céc cAu trich tir d@ thi tuyén sinh Pai hoc - Cao ding nim 2012

Vi du 1. (BGD - D& thi tuyén sinh Pai hoc 2012 - Khéi A - A1 Ciu 9b)

5(z +1)
z+1

Cho s6 phtc z thoa min =2—i. Tinh médun ctia s6 phicc w=1+z+2z>.

Phén tich.

Trong cau nay ching ta ciing c¢d kién thirc va luyén tap k¥ ning vé
- Cac phép toan cong, trir, nhén, chia s phirc
- S6 phirc lién hop, phan thuc, phan a0, modun cia sd phic.

Nhiém vu dau tién 1a tim ra s6 phuc z, sau d6 thé vao w, rat gon va tinh médun. Hién nay ta
c6 theé ho trg may tinh Casio dé lam thay viéc rat gon va tinh médun, tham chi ca viéc tin z.

Loi gidi.

Ciéch 1. (Ty luan)

Piéu kién z #—1. Tur gia thiét suy ra 5z+5i =2—i+(2~i)z (1). Gia stt z=a+bi,(a,beR)
thi tir (1) ta co Sa—5bi+6i—2=(2—i)(a+bi)=2a+b+2bi—ai

3a-b6-2=0

= a=b=1=z=1+i (Thoa man).
a-7Th+6=0

:>(3a—b—2)+(a—7b+6)i=0:>{

Khido w=1+z+z"=2+i+(1+i) =2+3i=|w|=~22+3" =413.
Vay z=1+i va |w|=\/ﬁ.

Cich 2. (H0 tro may tinh - Tric nghiém)

(=2+6i)(2+i)—(-2-6i)(-5)

=1+1i.
2= |5 o

Tir (1) tacd: (2—i)z—5z=-2+6i=>z=

Tirdé |w| 1 [1+Ans + Ans’| =13 . (Cong thirc trén ta s& tim hiéu ¢ VD 20).
Vi du 2. (BGD - Dé thi tuyén sinh Pai hoc 2012 - Khoi B Cu 9b)

Goi z, va z, la hai nghiém phirc ctia phuong trinh z* —2\3iz—4=0. Viét dang luong giac

cua z, va z,.
Phén tich.
Trong cau nay chung ta cing co kién thirc va luyén tap ky nang vé
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- Mé6dun cua sb phirc
- Dang luong giac cua sb phirc.
Loi giai.
Vi z, va z, 1a hai nghiém phtic cia phuong trinh z* — 2/3iz—4 =0 nén ta co: z,.z,=—4,do

d6 |z,|=|z,|=r=2. Boi vy ta dat z =2(cosp+ising),z, =—-2(cosp—ising) khi do ta

cling ¢6 z, +z, =23i nén 4isin(p=2x/§i:>sing0:§:>(o:§.

Vay z, :2(cos%+ising],z2 :2(00547”—isin47”j.

Vi du 3. (BGD - D¢ thi tuyén sinh Pai hoc 2012 - Khdi D Céu 9a)

2(1+2i)

o =7 +8i . Tim mbdun cta s6 phirc w=z+1+i.
+1i

Cho s6 phitc z théa mén (2+i)z+

Phén tich.
Trong cdu nay ching ta ciing c¢d kién thirc va luyén tap k¥ nang vé
- Céc phép toan cong, trir, nhan, chia s phirc
- S6 phee lién hop, phan thuc, phan 4o, médun cia sd phirc.
Loi giai.
Cach 1. (Ty luén)
Tur gia thiét suy ra
2(1+2i)(1-i)
(1+i)(1-i)
4+7i (4+7i)(2—i) 15+10i

S (2+i)z43+i=T7+8i = (2+i)z=4+Ti z= 2+i (2+i)(2-1) 5

(2+i)z+ =7+8i & (2+i)z+(1+2i)(1-i)=7+8i

& z=3+2i. Tudotaco w=z+1+i=4+3i =|nw|=v4"+3" =5.
Vay z=3+2i va |w|:5.
Cich 2. (HS tro may tinh - Tric nghiém)

j P 2(1+2i
+M:7+8i ta c6 (nhap may): z:7+8l— ( l)

=3+2i.
1+i 2+i  (2+6)(1+1) e

Tir gia thiét (2+7)z

Tir do |w| 1a |Ans+1+i[=5.
Vi du 4. (BGD - D¢ thi tuyén sinh Pai hoc 2012 - Khoi D Céau 9b)
Gidi phuong trinh z* +3(1+i)z+5i =0 trén tap hop céc sb phirc.

Phan tich.
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Trong cdu niy chiing ta ciing ¢ kién thtrc va luyén tap k¥ ning vé
- Cac phép toan cong, trir, nhan, khai cin sb phirc
- Cong thirc nghiém ctia phuong trinh bac hai.
Loi giai.
Xét phuong trinh 2> +3(14i)z+5i=0 c6 A=9(1+i)" ~4.5i=9.2i—20i = -2i . Dén day ta

2 ~ 4 2
bicu dién A thanh binh phuong cua mét so phirc la A = (z\/i ) , tr d6 ta c6 hai nghiém:

_B3(1+)-W2 3 3442 B(1+i)+iN2 3 342

4= 5 1,Z, = —— .

2 2 2 2 2 2

Vi du 5. (BGD - Dé thi tuyén sinh Cao dang 2012 - Khdi A - Al - B - D Céu 7a)

; 2—i R X y
Cho s0 phtic z thoa man (1-2i)z —l—f =(3—1)z. Tim toa d diém biéu dien cua z trong mat
+1i

phang toa do Oxy.

Phén tich.

Trong cau nay chiing ta ciing c¢d kién thirc va luyén tap k¥ nang vé
- Cac phép toan cong, trir, nhan, chia s6 phirc

- Piém biéu dién sb phure trén mat phang toa do.

Loi giii.
Bién doi phuong trinh twong dwong véi (3—i)z —(1-2i)z = ? & (2+i)z= ?
+1i +1
o o 2 :2—1':(2—1')(1—31'):—1—71"
(1+i)(2+7) 143 10 10

2 2 ~ 2 1
Vay z :—L—li nén c6 di€m biéu dién trén mat phang toa do 1a M ——;—l .
10 10 10 10

Cich 2. (H0 trg may tinh Casio)

Baitréncé dang Az—-B=Cz& z=

BC nén trong Mode 2 ta ghi

3—-iStoA ﬁStoBl—% Sto C va =ta duoc —L—li.
1+i A-C 10 10
A 1 7 . A J4 < R A X A - < A 12 1 7
Vay z =————1i nén c6 di€m bicu dien trén mat phangtoadola M| ——;—— |.
10 10 107 10

Vi du 6. (BGD - D¢ thi tuyén sinh Cao ding 2012 - Khoi A - A1 - B - D Ciu 7b)
Goi z,,z, 14 hai nghi¢ém phtrc ciia phuong trinh z> —2z+1+2i=0. Tinh |Z1 | + |zz| .

Phan tich.
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Trong cdu niy chiing ta ciing ¢ kién thtrc va luyén tap k¥ ning vé
- Giai phuong trinh béc hai trén tap s6 phirc co hé s6 phirc
- Tinh médun cua s6 phic.
Loi giai.
Phuong trinh z> —2z+142i=0 c6 A'=1’ —(1 + 21') =-2i= (i\/E)z nén phuong trinh c6 hai

nghiém 1a: z, =1-i/2,z, =1+iv/2. Do d6 ta ¢6 |Zl|+|22|=\/1+(_\/§)2 +\/1+(\/§)2 =243,

Qua d6 cac em thdy duoc ndi dung kién thirc thi Pai hoc - Cao dang trudc day cung nhe
nhang, d&én bay g10' tuy c6 nang cao vai phan nhung cac em ciing dung lo ling, mlen sao
ching ta nim chac kién thirc co ban thi ciing 1am dugc bai. Cu thé ta xét cac cau s6 phuc thi
ndm vua qua ¢ mirc VD - VDC c6 ndi dung va doi héi ky nang gi?

2. Mét s6 ciu tric nghiém gan day

Vidu 7. (BGD - Pé thi chinh thicce THPTQG 2019 M101 C34)
Cho s6 phiic z théa man 3(Z+i)—(2—i)z =3+10i . M6 dun ciia z bang
A.3. B.S. C. 5. D. 3.
Phén tich.
Trong cdu nay chiing ta thiy noi dung cling gidng nhu cau trong dé thi nim 2012
- Céc phép toan cong, trir, nhan s6 phirc
- S6 phtee lién hop, phan thuc, phan 4o, médun cia s phirc.
Loi giai.
Cach 1. (Ty luan)
Gia st z=a+bi,(a,beR) = z=a~bi.Ti gia thiét ta co:
3(a—bi+i)—(2—i)(a+bi)=3+10i < 3a—3bi—2a—b+ai—2bi=3+7i

a-5b-7=0 b=-1

Viy |z|=4/22 +(~1)" =+/5. Chen C.

Cach 2. (H) trg may tinh - Trac nghiém)

_h-3=0 =2
<:>a—b—3+(a—5b—7)i:0<:>{a @{a dodd z=2—-i.

(3+7i)(-2-i)-(3-7i).3
- —pf

Tir gid thiét ta co: (—2+i)z+32=3+7i=>z= =2—i.(Nhip may)

Tir d6 |w]la |Ans|=+/5. Chen C. (Céng thuc trén ta s& tim hiéu VD 20)

Vi du 8. (BGD - Pé thi chinh thirce THPTQG 2019 M101 C44)
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Xét cac s6 phic z thoa man |Z| =+/2. Trén mat phang toa do Oxy , tap hop diém biéu dién cua

+iz

r A ’ 4 \ A \ \ r ’ ’ M
cac sO phuc w = la mgt duong tron c6 ban kinh bang

1+z

A. 34 B. 26 C. 34. D. \/26.
Phan tich.
Trong cdu niy ching ta thiy noi dung 1a: Tim biéu dién ctia w théng qua z.

- Cac phép bién doi dai s6

- Bién d6i hinh hoc toa do.

Loi giai.

Cich 1. (Ty luan - Bién doi dai sd)
Giasu w=x+yi,(x,y€R). Taco wl+z)=4+iz=>z(w—i)=4—w=2|w—i| =|w—4
= 2[x2 +(y—1)2} =(x-4)+) o Z(x2 +y?=2y+1)=x"-8x+16+)’
&P+ +8x-4y—14=0 (x+4) +(y—2)" =34, suy ra R=+34. Chon A.
Cach 2. (HO trg may tinh - Trac nghiém)

Ta cho z ba gia tri khac nhau va twong tmg w c6 ba gia tri khac nhau va viét phuong trinh
duong tron ¢6 dang: x* + y* +2ax+2by+c =0 (1).

4+iX

Vao Mode 2 ghi
I+X

CALC nhap —1-i= taco (1;5) thay vao (1): 2a+10b+c=-26.
CALC nhap —1+i= tacé (-1;-3) thay vao (1): 2a—6b+c=-10.
CALC nhdp 1+i= taco g%j thay vio (1): 14a—2b+5¢=—10.

Gii hé ba an ta duoc a=4,b=-2,c=-14=r=16+4+14 =+/34 .
Nhan xét.
Vi tinh chat |uv| = |u| |v| dugc str dung kha nhiéu nén GV c6 thé huéng din cac em chimg
minh lai dinh Iy nhu sau: Gid st u =a+bi,v=x+ yi,(a,b.x, NS ]R) , ta ching minh dinh 1y
bang phép bién d6i twong duong:
|u.v| = |u||v| = |u.v|2 = |u|2 .|v|2 & (ax —by)2 + (ay + bx)2 = (a2 +b° )(x2 +° )
Sa’x’ +b*y +a’y? +b°x* =a’x’ +b’y* +a’y> +b°x’ (Ludn ding Va,b.x,y € R). Ppcm.
Nhu vay phan nio cac em thdy duoc 13: ndi dung cé ning cao vai phan nhung ciing khong
phai qua kh6, mién sao cic em nam chéc kién thirc co ban thi s& lam duoc bai.
Sau day ta nghién ctru mot cach giai toan sé phirc bang cach "Dt an phu" xem thé nao?
Vi du 9. (THPT Chuyén Tién Giang)
Cho s6 phtic z = a +bi (a, b ER) thoa man z+1+3i—|z|i =0.Tinh S=a+3b.
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Loi giai
bat |Z|:m20,tacc’) z=—l+(m—3)i:>|z|: 1+(m—3)2 =m’ :1+(m—3)2
:>0:1—6m+9:>m:§,thaytrévétacé z=—1—§i:>S:a+3b:—5. Chon B.

Cich 2. (Tinh truc tiép)

Pé cho gon ta dit |z|=\/a2 +b>=m=>0,taco: z+1+3i—|z|i:0 hay la

, o , a+1=0 a=-1
a+bi+1+3i-mi=0< a+1+(b+3-m)i=0= = : )
b+3-m=0 |(b+3) =m’=1+b

a=-1 a=-1
= = 4=>S=a+3b=-5.
6b+9 = b:—g

Vi du 10. (THPT Kinh Mén - Hiai Duwong)

Sb phitc z=a+bi (voi a, b 1a s6 nguyén) thoa mén (1—31')2 1a s6 thuc va |;—2+5i|=1.

Khidoé a+b la
A. 9. B. 8. C.6. D. 7.
Loi giai
bat (1—3i)z:meR:>z:1m3_ :%+%i:n+3ni. Tacan tinh a+b=4n;neZ. Thay z
—3i

vao gia thiét thir hai ta co

n-2+(5-3n)i|=1=>(n-2) +(5-3n) =1=>n=2€Z= P=8.Chon B.
Cich 2. (Tinh truc tiép)

Tac6 (1-3i)z=(1-3i)(a+bi)=a+3b+(b—3a)i la sb thuc nén b =3a do d6
z=a+ 3ai thé vao gia thiét thr hai ta duoc [a —3ai—2+5i|=1 suyra

(a-2)" +(5-3a) =1=a=2eZ=P=a+b=4a=8.

Vi du 11. Cho s6 phitc z=a+bi (a, b 1a cic sb thuc ) thoa méan z|z|+22+i=0. Tinh gi4 tri cia
biéu thic T=a+b’.
A. T=4J3-2. B. T =3+22. C.T=3-22. D. T=4+23.
Loi giai
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bat z|=m20,tacc') z(m+2):—i3|z|(m+2):1:>m(m+2)=1:>m=\/§—1 thaytr("yvé

taco z=
J2

Moi cac em giai cach khac.

i+1 =(1-V2)i=T=a+b*=(1-v2) =3-2J2. Chen C.

Vi du 12. (BGD - D& thi chinh thirc 2017)

z . X A »
la soO thuan ao?

C6 bao nhiéu so phurc z théa man |Z —3i| =5 va
Z pa—

A. 0. B.2. C. Vo sb. D. 1.
Loi giai

4bi

bi—1

=bi=(bi-1)z=4bi=z = 41
z—4 bi—-1

3b+(4b+3)i
bi—1

Pit

,taco

—3i‘=5<:>‘

= 9b% +(4b+3)’ =25(b2+1):>24b=16:>b=§:>z=%—%i. Chon D.

L&1i binh

Viéc dit an phu khi giai toan vé sd phirc gop phan 1am cho 10i giai b6t cong kénh trong bién
dbi, tham chi 1a di nhanh dén két qua hon.

Moi céc em tinh truc tiép.
Vi du 13. (BGD - Dé tham khio 2018)
Cho s6 phitc z=a+bi(a,beR) thoa man z+2+i—|z|(1+i)=0 va |z[>1 . Tinh P=a+b
A. -1. B. 5. C.3. D. 7.
Loi giai

Cach 1.

bat |z|=m>1. Ta co z:—2—z'+m(l+i):(m—2)+(m—1)i:>m:\/(m—2)2+(m—1)2

=m’ =2m’—6m+5=>m"—6m+5=0=>m=5.Vay z=3+4i= P=7. Chon D.
Ciach 2.
z 241 1

Bién d6i phuong trinh |Z|:F+ - —Ez(l—i)+%—%i<:>2|z|—3+i:(1—i)z.
i i

it |z|=m >1=(2m-3)’ +1=v2m = 2m* ~12m+10=0=>m =5

Thay tré vé ta duge z=-2-i+5(1+i)=3+4i=>P=7.

Cach 3.
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] a+2-m=0 b=a+1
Dit [z|=m>1khid6 tacé a+bi+2+i-m(1+i)=0<= =
b+l-m=0

m=1+b>1
S b=a+1>0 b=a+1>0 a=3 Py
uy ra = = = =/.
Y (b—1)2+b2:(1+b)2 b —4b=0 b=4
Cach 4. (Tric nghiém)
a+2=m .
Dgu|z|:m>1,taccaz+2+i=m(1+i):>{b1 = a+b=2m—-3>-1.Dén day ta thu
+1=m

+Papan C: 2m-3=3=m=3=z=1+2i=3=m=|z|=+/5 (loai)

+ DPap an D: To khoanh tron!.

Vi du 14. (THPT Chuyén Quang Trung - Binh Phuéc)
Tim s6 phtic z thoa man |z—2| = |Z| va (z+1)(Z —i) 1a s6 thue.

A z=1+2i B.z=-1-2i. C.z=2-i D. z=1-2i.
Loi giai
Gid stt z=a+bi,(a,beR) thi |z2|=va® +b =m >0, tacd |z=2| =m = (a—2) +b* =m’
= —4a+4=0=a=1,khid6 z=1+bi va (2+bi)[1-(1+b)i] 1a s6 thyc nén
-2(1+b)+b=0=b=-2.Vay z=1-2i. Chon D.
Cach 2.
Ta c6 thé dung chirc ning CALC dé thir kiém tra trude tién |z — 2| = |z| xem s6 nao thoa min?
Ghi | X —2|=|X| CALC nhap céc s6 phirc. Loai B va C. Tiép theo kiém tra dicu kién thu hai
Ghi (2+ Bi)(1-Bi—i) CALC nhép phan 4o 2 = thi loai A. Vay chon D.
Cach 3.
Gid st z=a+bi,(a,beR) thi (z+1)(z+1-1-i)eR & (z+1)(z+1)-(z+1)(1+i) eR
< (z+1)(1+i)=1+a+bi+i+ia—beR=b+1+a=0=>b=—1—a.
Mat khdc |z-2|=|z|= (a=2) +b* =a* +b* > a=1dodob=-2vaz=1-2i
Vi du 15. (THPT Chuyén V6 Nguyén Giap — Quéang Binh)

Cho s6 phtic z théa min |z—|z|| =+/2 . Biét rang phan thyc cua z bang a. Tinh |z| theo a
bang

1 a—-a*+1 a+a®+1 a+a’+4

B. ——. C.————. D.

A. .
l-a 2 2 2
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Loi giai
Gid sir z=a+bi thi |z]=va’+b* =m>0,tac6 |z—m|=N2 = (a—m) +b* =2

_a+Va’+4

:>a2+b2—2am+m2—2=0:>m2—am—1=0:>m—#.ChQnD.
Moi céc em giai cach khac.
Vi du 16. (THPT Tran Phi — Ha Tinh)
C6 bao nhiéu s6 phirc z théa méan |z +1-3i] =32 va (z+2i)2 1a s6 thuan a0?
A. 1. B. 2. C.3. D. 4.
Loi giai
Pit z+1-3i=a+bi=z=a—1+(h+3)i tacod |z+1-3]=3v2 = a* +b* =18 (¥) va

a=b+6

(z+2i) =[a-1+(b+5)i] léséthuénéonén:(a—l)z—(b+5)220<:>{ "
a=—b

+TH 1:a=b+6thi (b+6)’ +b> =18 < b=-3 (nghiém kép).

+TH2:a=-b-4thi (b+4) +b* =18 < b’ +4b—1=0 (Hai nghiém vo ti). Chon C.

Vi du 17. (THPT Chuyén Lwong Thé Vinh - Ha Noi)
Goi z,, z, la hai trong cac s6 phirc thoa min |Z -1+ 2i| =5va |Z1 —22| =8. Tim modun cua s6
phiic w=1z +z,-2+4i.

A. [w]=6. B. [w|=16. C. |w|=10. D. |w|=13.
Loi giai
Cach 1. (Hinh hoc)
Dit u =z —-1+2i,v=2z,-1+2i thikhido w=u+v

va |u| = |v| =5 nén w=u+vs€la duong chéo hinh /
thoi, ngoai ra |u - v| = |z1 - zz| =8 \ w
v

2
Suy ra |w|:|u+v|:2 52—(§J =6.Chon A.

Vi du 18. (THPT DPang Thic Hira — Nghé An)
C6 bao nhiéu sb phirc z théa min (1 +i)z +z 12 s thudn do va |Z— 2i| =1
A 2. B. 1. C.0. D. Vo sb.
Loi gidi

Dit z-2i=a+bi=z=a+(b+2)i,taco [z-2i]=1=a’+b* =1 (*) va
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(1+i)z+z=z+z+iz=2a~(b+2)+ai 1as6 thuin 4o nén = 2a—(b+2)=0

a=1

= b=2a-2 thé vao (*) ta co az+(2a—2)2 =l 3. Suy ra c6 2 s6 phitc. Chon A.
a==
5

Loi binh. Bai trén ta dat an phy chua duoc trong sang, nhung ciing gon gang hon mot ti.

Sau day ta xét thém mat s6 bai toan lién quan dén z va z nhu da no6i phan dau.

Vi du 19. (SGD Bic Giang)
Cho sb phirc z théa man |z| -2z =-7+3i+z.Tinh |Z| .

A. 3. B.E. C.?. D. 5.

4
Loi gidi
Gid sir z=a+bi thi |[z|=va’+b* =m, taco m=-T+3i+2z+z=3a—7+(3-b)i

2 _ 0,2 _
{m:3a—7 a +9=9a"-42a+49

= = 7 =a=4,b=3.Vay z=4+3i=|z|=5. Chen D.
0=3-b b:3,a25

Vidu 20. Biét z=a+bi (a,beR) 1a b phuc thoa man (3-2i)z—2iz=15-8i. Tong a+b la

A.a+b=5. B.a+b=-1. C.a+b=9. D.a+b=1.
Loi giai
Cach 1.
Tacd z=a+hi = z=a—bi. Theo dé bai ta co
. N . . . . 3a=15 a=>5
(3—21)(a+bz)—21(a—bz)=15—8z<:>3a—(4a—3b)1:15—8z = = )
4q-3bh=8 b=4

Vay a+b=9. Chon C.
Cach 2.

Phuong trinh dang Az+Bz=C,tacd A.z+B.z=C=z= .z thay trg vé

‘KoY
(R

_ Az+B[§—£zJ=c:> __CA-CB _(15-80)(3+2)-(15+81)(-2i)
4 4 AA-

z=54+4i=a+b=9.Chon C.

Két qua: (Ban ddula Az+ Bz = C va tinh dugc z = % .

Vi du 21. (SGD Quing Nam )

To6ng phan thyc va phan 4o cua sé phiic z thoa man iz + (1 —i)E = -2/ bang
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A.2. B. -2. C. 6. D. 6.
Loi gidi
CA-CB _(-2i).(-i)-2i(1-i)

Ap dung cong thitc Az+Bz=C=>z=———— = =442i
A.A-B.B 1-2

Dod6 a=4,b=2=a+b=6.Chon C.
Moi céc em giai theo cach 2.
Vi du 22. (THPT Chuyén Thai Binh )

Cho s6 phtic z thoa man: Z(l — 21') +zi=15+i. Tim modun cta s phuc z ?

A.|Z|=5. B.|Z|=4. C.|Z|=2\/§. D.|Z|=2\/§.
Loi giai
Ap dung cong thic Az+Bz=C=z= C'f_C'E = (15+i)'(1+2i)_(15_i)'i =3+4i
A.A-B.B 5-1

Do d6 |4ns|=5. Chon A.

Moi céac em giai theo cach 2.

3. Mot s6 bai luyén tap

z

Céu 1. C6 bao nhiéu s6 phitc z théa man |z +2+3i|=5 va 14 56 thudn o ?

z —

A. 2. B. vo sd. C. 1. D.0.

Céu 2. (BGD - D¢ thi chinh thirc 2017)
C6 bao nhiéu s6 phirc z théa mén |z+2—i|= 242 va (z —1)2 1a s6 thuan 40?
A. 0. B. 2. C. 4. D. 3.

Céu 3. C6 bao nhiéu s6 phiic z thoa min dong thoi hai diéu kién sau: |z—10+2i| = |z+2—14i va

|z—1-10i|=57?
A. 2. B. 0. C. 1 D. Vb sb.
Céu 4. (BGD - Dé thi tham khao 2017)
C6 bao nhiéu s6 phitc z théa man |z—i|=5 va z* 1a s6 thudn do?
A 2. B. 3. C. 4. D. 0.
Ciu 5. C6 bao nhiéu sé phirc z théa man |z —(2+i)| =10 va zz=25 ?
A 2. B. 3. C.1. D. 4.
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Ciu 6. (BGD - D¢ thi chinh thirc 2018 M101 C30)

Xét cac sd phuc z thoa man (E+ i )(z+ 2) 1a s thudn ao. Trén mit phang toa do, tap hop tat

ca cac diém bicu dién so phuc z 1a mdt dudng tron c6 ban kinh bang

A. 1. B. C V5 D.g.

—‘ 2

Alw

Cau 7. Xét cac s6 phuc zthéa man 2(2—2 + i) +4i—1 1a s6 thuc. Biét rang tap hop cac diém biéu

dién cta sé phtc z 1a duong thing d . Dién tich tam gidc giéi han boi dudng thiang d va hai
truc toa do béng

A. 8. B. 4. C.2. D. 10.
Cau 8. (BGD - Pé thi chinh thirc 2018 M101 C38)
C6 bao nhiéu s6 phitc z théa man |z[(z—4—i)+2i=(5-i)z?
A. 2. B. 3. C. 1. D. 4.
Cau 9. C6 bao nhiéu sb phtic z thoa man (l + i)z +z la s6 thuan 4o va |Z— 2i| =1.
A. 2. B. I. C.0. D. V6 sb.
Ciu 10. (BGD - D¢ thi chinh thirc 2017)

C6 bao nhiéu s6 phirc z théoa man |z + 3i| =13 va z 3 1a s6 thuan ao ?
zZ+
A. 0. B.2. C. Vb s6. D. 1.

Cau 11. C6 bao nhiéu s6 phirc z théa min |z|2 +227+|E|2 =8vaz+z=2?
A. 2. B. 1. C.3. D. Vo sb.

Cau 12. (THPT Chuyén Thai Binh)

Cho sb phitc z=a+bi (a, beR) théaman (2+i)|z]=z-1+i(2z+3). Tinh S=a+b.
A. S=1. B. §=-5. C.S=-1. D.S=7.

Cau 13. Biét s6 phic z ¢ phan 4o khac 0 va thoa min |z—(2+i)| =410 va zZz =25. DPiém nao

sau day biéu dién s phirc z da cho?
A. P(4 -3). B. N(3; —4). C. M(3; 4). D. 0(4; 3).
Cau 14. (BGD - D2 thi chinh thirc 2018 M102 C49)
C6 bao nhiéu s6 phitc z théa man |z|(z-3—i)+2i=(4—i)z ?
Al B. 3. C.2. D. 4.
Céu 15. Cho sb phic z =a+bi(a,b€R) théaman (z+1+i)(z-1)+3i=9 va [z]>2.

Tinh P=a+b.
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Céu 16. (THPT Ngé Quyén — Ba Vi)

. - ( j—2

Cho s0 phirc z thoa man: (1+i)z—(2—i)z=3. Tim modun cta so phirc w = ll =
—i
A, —“1522 B. 3—“210 C. —“:5. D. %

Cau 17. Cho s6 phic z théa man (2-3i)z+(4+i)z+(1+3i)° =0. Goi a,b lan luot la phan thuc va
phan 4o cua sb phirc z. Khi d6 2a —3b bang
A. 1. B. 4. C.11. D.-19.
Cau 18. (BGD - D¢ thi chinh thirc 2019 M102 C31)

Cho s6 phitc z thoa man 3(z —i)—(2+3i)z=7-16i . Modun cia z bang

A5, B. 5. C.\3. D. 3.
Céu 19. Cho sé phtic z thoa mén |z| =2 va z khong phai sb thuc. Sb 5 ¢6 phan thuc bang
—Z
1 1 £ 11z
A. > E.Z. C. 4. D. Két qua khac.

Cau 20. (SGD Thanh Hoéa)
Goi z,, z, 14 hai trong cac sb phtic thoa man |z -1+ 2i| =5va |z1 - zz| =8 . Tim modun cua sb
phttc w=z +z,-2+4i.
A. W =6. B. |w|=16. C. |w]=10. D. [w|=13.
SESSS>SE>>>

Nhu vay trong phan I thi chiing ta 6n tap va ciing ¢6 nhiing kién thirc co ban nhat vé sd
phuc, dong thoi rén luyén mot so k¥ nang giai toan nhat dinh, nhin chung céc bai toan & muac 6 - 7
diem.

Trong phén II chiing ta s& nghién ctru cic bai toan & muc 8 - 9 - 10 diém, c6 kha nhiéu bai
todn va c6 ndi dung rong hon, bao gom:

- Biéu dién tap hop s phuc 1a dudng thang, dudng tron (ning cao).
- Cac bai toan twong dbi don gian vé gi tri 1on nhat, nho nhat.
- C4c bai toan tinh toan (nang cao).

- Cac bai toan nang cao v¢ gia tri 1é6n nhat, nhé nhat.
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SO PHUC - PHAN II (VD - VDC)
Qua cic vi dy trong Phén I thi ching ta di cing ¢ twong ddi nhidu kién thirc co ban va rén luyén
mdt s6 k¥ nang giai toan vé sb phirc. Trong Phén II nay chung ta tiép tuc nghién ctru cac bai toan
nang cao vé so phtc: trong do6 lién quan dén kha nhiéu kién thirc vé hinh hoc véc to va toa do trong

mdt phang, ngoai ra ciing can nhiéu kién thuc vé cac bat dang thirc Mincopxki va Bunhiacopxki.

1. Biéu dién tap hop sé phire 1a dwong thing hay dwong tron

Bai toan cho dang: Cho sb phirc z théa man diéu kién (a) . Tim tap hop biéu dién cua z trén
mit phang toa d Oxy (hodc cua sd phic w thong qua z ).
Céch giai la:
+ Chuyén vé bai toan hinh hoc toa 4o phang: Biéu dién cac diéu kién thong qua diém va véc to.
+ Goi z=x+yi thé vao diéu kién (ar) va bién doi dai so. Hodc bién doi theo quan hé biéu
thirc
Bén chét ca hai cach giai 1a nhu nhau.
Vi du 1. Cho céc sé phic z théa man |z—i| = |Z—1+2i|. Tap hop cac diém biéu dién cac sb phiic
w=z+2i trén mit phang toa do 1a mot duong thang. Phuong trinh dudng thang do 1a
A 2x—y-2=0. B. 2x+y-2=0.
C. x+3y-4=0. D. x-3y+4=0.
Loi giai
Cach 1. (Hinh hoc)
Thé z = w - 2i vao gia thiét ta co: |w—3i|=|w-1|. Goi M (x;y) bicu dién s6 phuc w va
A(0;3),B(1;0) biéu dién cac sb phitc z, =3i,z, =1 trén mit phang phtc thi ta c6 MA=MB,
nén tap hop cac diém M 1a duong trung truc ctia AB ¢6 phuong trinh x—3y+4=0. Chon D.
Cach 2. (Pai sd)
Thé z = w - 2i vao gia thiét ta co: |w —3i|=|w —1|. Goi w =x+yi,(x,y €R) khi dé ta co
w3 =|w-1| =x*+(y-3) =(x-1) +)* = 2x—6y+8=0=x-3y+4=0.
Cach 3. (Tric nghiém Casio)
Ta ciing goi W =x+ yi,(x,y € R) (chi ngdm hicu - khong can ghi), ma dudng thang di qua hai
diém phan biét nén ta vao Mode 2 nhap hai cip (x; y) khac nhau cta mot duong thang thoa
man gid thiét. Ghi |X +Yi—3i|—|X +Yi—1] CALC
- Phuong an A: Tanhap x =1,y =0. Loai A va do do loai B.
- Phuong an C: Ta nhap x =2, y = 0 thi loai C.
Loi binh.

Céc em can luyén tap vé viét phuong trinh dudng thang qua 2 diém, trung truc ctia doan thing.
Sau day ta luyén tap k¥ nang phép nhéan s6 phtic va sb phrc lién hop.
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Vi du 2. (BGD - D¢ thi chinh thire THPTQG 2018 M102 C33)

Xét cac s0 phuc z thoa man (; +3i )(z -3) la s6 thuan do. Trén mit phang toa do, tap hop tat

ca cac diém biéu dién cac so phirc z 1a mot duong tron c6 ban kinh bang

B. 3.2. C.3. D.#.

A.

o | o

Loi giai

Goi z=x+yi,(x,ye]R):>|z|:m; z.z=m” khi d6 ta co
(Z+3i)(z—3):m2—3x+3yi+3xi—3y—9i 1a s6 thuan a0 nén m” —3x-3y =0 suy ra

2 2
x> +3y* =3x-3y =0 1a dudng tron c6 ban kinh r = (%) +(%) =¥-Ch9“ D.

Vi du 3. Xét cac s6 phirc z thoa man (z+2—i)(;—i)—2i—l 1a s6 thuan ao. Tap hop diém biéu
dién cua sb phic z 13 duong tron c6 dién tich bang
A. S=2r. B. S=9r. C. S=273. D. S=3r.
Loi giai
Goi z=x+yi,(x,ye]R):>|z|:m; z.z=m” khi d6 ta co
(z+2-i)(z=i)=2i—1=m" =2+ 2x—(z+2)i—4i-2yi 1a 56 thudn do nén m* —2+2x=0

suy ra x2+y2—2+2x:O:>(x+1)2+y2 =3 1a duong tron c6 bén kinh r=~/3.

Vaytacod S =7zr’ =3z. Chon D.
Vi du 4. (SGD Phii Tho)
Cho s6 phitc z thoa méan (z+3- z)(g +1+ 3i) 1a mot s6 thuc. Biét rang tap hop tat ca cac diém
biéu dién ciia z 1a mot duong thang. Khoang cach tir goe toa do dén dudng thang d6 bang:
A 42, B. 0. C. 2. D. 3V2.
Loi giai

Goi z=x+yi,(x,ye]R):>|z|:m; z.z=m” khi d6 ta co
(z+3=0)(z+1+3i)=m" +6+4x—4y—2yi+8i+2xi la 50 thuc nén 2x—2y+8=0 vaday la

duong thang A va ¢ d(O,A) = L =22, Chon C.

N2 +27
Loi binh.
Céc vi du 3 va vi du 4 doi hoi chiing ta phai nhan pha ngodc biéu thic kha dai va rat dé bj sai
s6, khi nhan thong thuong ta xem nhu 4x4 =16 don thirc khac nhau, boi vay ta can st dung
céc tinh chét cua s6 phirc hop 1y dé nham va rat gon bét nham tranh do phuc tap. D6 1 cac bai
toan rat tot dé cung c¢d kién thirc va rén luyén k¥ nang vé sb phic.
Sau déy 1a cac vi du sir dung tinh chit cta s phirc va rén luyén k¥ nang bién doi.
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Vi du 5. (THPT Tran Hung Pao — Ninh Binh & THPT Chuyén Son La)

Cho s6 phitc z thoa man diéu kién |z -3+ 4i| < 2. Trong mit phang Oxy , tap hop diém biéu
dién s6 phitc w=2z+1—i 1a hinh tron c6 dién tich bang
A. S=9r. B. S=127x. C. S=16r. D. S=257.
Loi giai
Bién d0i |z-3+4i|<2 < [22-6+8i|<4. Trdotaco w=2z+1-i<>w—T+9i=2z-6+8i

:>|w—7+9i|£4 nén tap hgp w 1a hinh tron ban kinh » =4 do d6 S =167 . Chon C.

Vi du 6. Cho s phtic z théa man |z—1| = 5. Biét tap hop cac diém biéu dién sé phirc w xéac dinh

boi w=(2+3i)z+3+4ila mot duong tron ban kinh R. Tinh R.

A. R=5J17. B. R=510. C. R=55. D. R=513.

Phan tich.

Ta chu y tinh chét sau cua sd phic: z=a+bic>z=a—bi:>|z| :|z|=\/a2 +b .

M6 rong: Z—m:a—m+bi<::>;—m=a—m—bi:>|z—m|:|;—m|=\/(a—m)2 +b*,meR.

Loi giai
Bién dbi

w=(2431)2-2-30 +5+7i & w=5-Ti = (2+3i) (1) = [w=5-7i| =|(2+31)(z -1)
Tirdo ta c6 [w—5-7i|=|z~1|[2++3i| =513 Chen D.

Vi du 7. Cho s6 phitc z théa man (z—2+i)(2—2—1‘) =25 . Biét tap hop cac diém M biéu dién sd
phtrc w=2z-2+3i 1a duong tron tdm I (a;b) va ban kinh ¢. Gia tri ciia tich abe bang

A.17. B. -17. C. 100. D. -100.

Phan tich.

Ta s& ap dung tinh chét: z=z va z—-m=z-mVmeR.

Loi giai
Pat u=z-2-i=u=z-2+i thitir gid thiét ta c6 |ullu| =25=>|u|=5 va bién doi
w=22—2+3i=22—4—2i+2+5i@w—z—sizz(Z—z—i)zzu.Ttrdo ta duoc

|w—2-5i|=2|u|=10. Dén day ta bi¢u dién w 1a duong tron c6 tdm (2;5), ban kinh R =10.
Vay abc =100. Chgn C.

Lo1i binh.

Trén day 1a bai toan y tudng lay tir bai toan cia THPT Chuyén Lwong Thé Vinh - Ha Nai
&THPT Nguyén Quang Di¢u - Pong Thap, trong d6 bai toan héi tong a+b+c.
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Vi du 8. Biét tap hop diém biéu dién ctia s phirc z 1a dudng tron tim 7(3;0), ban kinh R =1, khi
d6 tap hop diém biéu dién cta sd phiic w= 1 duong tron ¢6 ban kinh 7 bang
z
1
B.r=-. C.r="=-. D. r=+3.
3 3
Loi gidi

A.r:l.
9

Bién dbi wz—w:i<:>w(z—3):i—2w:|w|:|2w—i| (Vi |z—3|:1). T d6 goi w=x+yi

2
thix* + y? =(2x)2 +(2y—1)2 :3()62 +y2)—4y+1=0. Suyra r= 02+(£j _1 :l.

Chon B.

Lo1i binh.

Thoat nhin cach giai kha don gian, nhung thuc ra kha phuc tap, néu ta dung phép thé va quy
ddng mau thire thi ciing 13 st dung tinh chat "Modun ctia mot tich bang tich cac moédun", nghia
la |uv| = |u| |v| . Ma trong chuong trinh nang cao cadc em Ban tu nhién dugc hoc, nhung cac em
Ban x4 hoi khong duoc hoc, cho nén thuc chét bai trén 14 bai toan kho, d6 1a mot Hypebbol
trong tap s6 phirc. Bdi vay, dé str dung duoc tinh chat d6 thi ching khac nao ta di chimg minh
lai dinh 1y trén. Sau day ta giai theo cach 2 dé thay rd do phtc tap cua bai toan.

Cach 2.

Goi z=a+bi,w=x+yi,(a,bx,yeR) , taco: (a—3)2+b2 =l=a’+b°=6a-8.

Ngodira (z=1)(z=1)=(a=1+bi)(a=1-bi)=(a=1) +b* =a’ +b* —2a+1=4a—~7. Khi d6

: (z-1 i (a—bi— -
we b~ I(Z ) :z(a bi l): b L 1i=x+yi,(a¢%}.

z—1 (2_1)(;_1) 4a-17 4a-7 4a-17

b a-—1 ) 2 2,
Suyrahé x= , V= .Muctiéula (x—m) +(y—n) =r" =const
T Y T da (=m) +(r=n)

4q-7 da-7

2 2
do do [ —mj +( a-l —nj =r?. O day c6 ba an nén can c6 ba phuong trinh.

+Choa=2,b=0taco m*+(1-n) =r* (1).

+Choa=4,b=0tacod m’ +(——n =r* (2).

+Choa=3,b=1taco (——mj (——nj =r* (3).

Lay(2)tru’(1)taco4?n—§=02>n=§ Lay (3) trir (1) suy ra: _2Tm+6Tm_%_0:>m 0.

2
2 1
Tudotaco r=|l-n|= % , phuong trinh dudng tron 1a x> +(y —Ej =5 Chon B.

Dinh 1y " |uv| = |u||v| " dugc str dung rat nhiéu do dé cadc em can nam viing dé van dung.
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Vidu 9. (SGD Thanh Héa)

Goi z,, z, 1a hai trong céc s0 phitc z thoa min |z-5-3i|=5, sao cho |z, —z,|=8. Tap hop
cac diém biéu dién cua sb phuc w= z, +z, trong mat phang toa do Oxy 1a duong tron co

phuong trinh nao dudi day?

A. (x—gjz{y—ﬂz:% B. (x—10)" +(y—6)" =36.

5Y 3Y
C. (x—10)" +(y—6)" =16. D. (x——) +(y——j =9.
Loi giai
bat u=z-5-3i,v=z,-5-3i=>w=z+z,=u+v+10+6i > w-10-6i=u+v.
Mat khac ta co |u|:|v|:5 nén u +v la duong chéo hinh thoi, ngoai ra u —v la duong chéo
thir hai, hon nira |u—v|=|zl—z2|=8 do do |u+v|2+|u—v|2=2(|u|2+|v|2):>|u+v|:6
Hay ta c6 |[w—10—6i|=6. Chon B.

222 —z+42
22 4+z+1

dién cta so phttc z 1a duong tron c6 ban kinh » bang

Vi du 10. Xét s6 phic z ¢6 phan ao khac 0 thoa méan 1a s6 thyc. Tap hop cac diém biéu

A. r=3. B.r=1. C.r=+3. D. r=+2.
Phan tich.

Ta thiy biéu thirc kha phirc tap nén can rat gon bét theo hinh thirc phép chia da thic.
Loi giai

2
GéisfrZ:x+yi(y;t0),tacc')22 Z+2=2— 3 =2- 3 14 s6 thyc khi

2 2 -
z+z+1 zZ'+z+1 L
z

. 2 2 .
1 ) 1 , 1 1 x+yi)(x"+y° )+ x—yi
z+—+11as0 thyc < z+— laso thuc, ma z+—=x+yi+ .=( )( > 2) .
z z z X+l X +y

Suy ra y()c2+yz)—y=0:>x2+y2 =1 (Vi y#0). Chon B.
Cach 2.
Vi thi tric nghiém nén ta chi can xac dinh hai s6 phirc thoa man gia thiét va |z —a—bi | =r.

222 —z+42

bat —;
z°+z+1

:mE]R:>(2—m)zz—(l+m)z+2—m20 . Dé thdy m =2 khong thoéa min

+m

nénsuy ra z> — z+1=0 va goi z,,z, 1a hai nghiém phtrc cia phuong trinh thi theo dinh

—m
Iy Viet ta ¢6 zz, =1=>|z|=|z,| =1 déu thoa man diéu kién |z|=1. Vay r=1. Chen B.
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2. Cic bai toan don gian tim gia tri 1én nhat, nhé nhit

Dbi véi cac bai toan van dung trong d6i don gian vé gia tri 16n nhat hay nho nhét thi cac em
can co6 k¥ nang tot vé viét phuong trinh duong thang, dudng tron.
Vi du 11. (THPT Tran Hung Pao — Ninh Binh)

Trong cac s6 phuc théa man dicu kién |z + 3i| = |z +2- i|. Tim s0 phirc c6 mddun nho nhat?

A.z=1-2i. B.z:—l+zi. C.Z:l—%i. D.z=-1+2i.
5 5 5 5

Loi giai

Cach 1. (Hinh hoc)

Goi M (x;y) biéu dién s phic z va A(0;-3),B(-2;1) biéu dién cac sb6 phirc
z, ==3i,z, =—2+1 trén mat phang phuc thi |z+3i| = |z+ 2—i| < MA = MB, nén tap hop céc
diém M 1a dudng trung tryc ctia BA va c6 phuong trinh &: 2x -4y =2 . Ta c6 |z| = OM nho nhét
x=-2y=1 1

2
=>x=—,y=——.Chon C.
2x+y=0 5 5

khi OM 1a khoang cach tir O dén d, ta c6 hé {

Cach 2. (Pai sb - Bét déing thirc)

Goi z= a+bi,(a,b € ]R) = |Z| =+a’+b’ , tr gia thiét ta co a* +(b+3)2 = (a+2)2 +(b—1)2
1 1

J5

= |z

= dat duoc tai

min _ﬁ

suy ra 1=a—2bs\/(l2 +(—2)2)(a2 +b2) :>|Z|Z

2a=b 75 5
Cach 3. Béi vGi bai toan nay ta c6 thé kiém tra bang may tinh Casio xem s6 phirc nao thoa
man hai diéu kién thi chon. Trong Mode 2
Diéu kién |z+3i|—|z+2-i|=0 ghi |X +3i|—|X +2—i] CALC rdi nhap X 1a c4c s6 phirc
thi duy nhét dap an C thoa méan. Do d6 khong can kiém tra diéu kién modun nho nhat.
Cach 4. (Pai so - Khao sat)

Goi z=x+yi,(x,y eR)=|z|=/x* + 7 , tir gié thiét ta c6 x’ +(y+3)2 :(x+2)2 +(y—1)2

suyra x=2y+1 va do do |z|=\/(2y+1)2+y2 =5y° +4y+1 Z%3|Z|mm =% dat duoc

2 1
tai y= —g =>Xx= g (Str dung tam thirc bac hai hoac Mode 7).

{a—zbzl 1 2

Vi du 12. Trong cic s6 phiic thoa min diéu kién |z—2—4i| = |z—2i| . Tim modun nhoé nhat cua sb

phtc z+2i.

A A5 B. 34/5. C. 32, D. 3+42.
Loi giai
bat z+2i:a+bi:>z:a+(b—2)i,ta can tim min cia T =+/a’ +b* . Thay z vdo gia thiét ta
06 [a=2+(b=6)i|=|a+(b—4)i|= (a-2) +(b-6) =a’+(b-4) = a+b=6.
Tirdo taco T =va* +b* > %(a+b)2 =3y2. Chon C.
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Cach 2. Moi cac em gidi theo phuong phap hinh hoc hodc khao sat.
Cich 3. (Str dung cong thirc tinh nhanh va Casio - Xem chimg minh phan Phy luc. Tr47)
Puong thang c6 dang |z — A| = |z —B| va can tinh min|z - C| ta tham khdo cong thirc sau
|c— 4 |- B
2|A- B
Bam CALC nhép -2i = 2 + 4i = 2i = ta dugc két qua can tim (Nhap C trudc).
Vi du 13. [THPT Nguyén Quang Di¢u - Pong Thap]

Xét cac so phirc z, w thoa man |z +2- 2i| = |z - 4i| va w=iz+1. Gia tri nh6 nhit cuia |w| bang?

A.2 B. —
2

V2 C. % D. 22.

Loi giai
Goi M (x;y) biéu dién sb phuc z va A(-2;2),B(0;4) biéu dién cac sé phirc

z, ==2+2i,z, =4i trén mat phang phirc thi |z +2- 2i| =

z—4i| & MA = MB, nén tap hop cac
diém M 1a duong trung truc cia AB va co phuong trinh d: 2x+2y=4. Ta cb
|w| = |iz+1| = |z—i| =IM , voi I(O;l) , suy ra IM nho nhat khi IM 1a khoang céch tur 7 dén d, ta

NG

cb d([,d):ﬂz7. Chon B.

J8

Cach 2. Moi cac em giai theo phuong phap dai s6 (Bat dang thirc hodc khao sat).
Cach 3. (Cong thuc tinh nhanh + Casio)

“C—AF{C—BF
2|4- B

Bién doi |w|=|z—i

, dudng thang |z+2—2i|=|z—4i|, st dung cong thirc

CALC nhép i = -2 + 2i = 4i = ta dugc két qua can tim.
Vi du 14. Cho s6 phirc z khong phai s6 thuan ao va théa man diéu kién|Z2 + 4| = |Z(Z + 2i)| . Gia
tri nhé nhat cia |z + l'| bang
A. 2. B. 1. C.3. D. 4.
Loi giai
Bién doi |Z2 +4| = |Z(Z+2i)| — |Z—2i|.|z+2i| = |Z|.|Z+2i| = |Z—2i| = |Z|

“c_Arqc_Br
2|4-B|

(Vi |z +2i|>0). Dén day ta sir dung cong thitc tinh nhanh

CALC nhdp -i=2i= 0= ta duoc két qua bang 2. Chon A.
Moi céc em gidi theo cach khac.
Vi du 15. Cho s phirc z théa man |z -1+ 2i| =2 . Tim modun 16n nhat cia sb phirc z.
A N9+44/5. B. \11+445 C. \V6+45 D. V5+645 .
Loi giai
Cich 1. (Pai sd)
Dit z—1+2i=a+bi=>z=a+1+(b—-2)i. Tu gia thié¢t ta c6 a’ +b* =4 (1).
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Khi d6 theo (1) va bat dang thirc Bunhiacopxki ta co:

2 =(a+1) +(b-2) =9+2a—4b£9+\/(22 +(—4)2)(a2 +5')=9+445.

Haytaco |z| = 9+4+/5 . Chon A.

Cach 2. (Hinh hoc) TS
Gidsit z=x+yi=|z|=x"+y’ =R>0. Vitim |z| nénxét
R>0. T gia thiét |[z—1+2i|=2 1a duong tron tam [(L,-2) ban | | © M

kinh »=2.Vay dé R 16n nhat thi hai dudng tron tiép xuc trong \ /
véinhauva R=0I+r=5+2 “

Vidu 16. [THPT Chuyén Phan B§i Chau]
Cho s6 phtic z théa min |z—2—3i| =1. Gia tri 16n nhét ctia |E+1+i| la
AA13+2. B.4. C.6. D.13+1.
Loi giai
Cich 1. (Pai sd)
Dit z—2-3i=a+bi=>z=a+2+(b+3)i. T gia thiét ta c6 o’ +b* =1 (1).
Taco w=z+1+i=a+3-(b+2)i= |w| =(a+3) +(b+2)", khi d6 theo (1) va bat dang
thirc Bunhiacopxki ta co

| :14+6a+4b£14+\/(62 +42)(a? +1?) :14+2\/E=(\/E+1)2

Suy ra |w|mx = \/ﬁ+ 1. Chon D.

Cach 2. (Hinh hoc)

Giasit z=x+yi = [w]=[z+1+ = J(x+1) +(y-1) =R >0, T
Vitim [w|, nénxét R>0 valaduong trontam K (-L1). T |/
gid thiét |z—2-3i=1 la duong tron tam 7(2;3) bén kinh K M
r=1.Vaydé R 16n nhat thi hai duong tron tiép xtic trong véi \\ ,//

nhau va R=Kl+r=\/ﬁ+1 -

Vi du 17. Cho s6 phitc z théa man |2z -3 —41'| =10. Goi M va m lan luot la gi tri 16n nhat va gia
tri nho nhét cua |z| Khi d6 M —m bang
A. 5. B. 15. C. 10. D. 20.
Loi giai
Cach 1. (Pai sd)
Truéc hét ta tim min, max cua [2z|. Dit 2z-3-4i=a+bi=2z=a+3+(b+4)i va

a* +b* =100 (1). Khi do tir (1) ta c6 22" =(a+3)" +(b+4)" =125+2(3a+4b) (2).
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Mit khac [3a +4b| s\/(32 +47)(a® +b”) =50 = -50 <3a+4b <50 (3). Tir ddy va tir (2) suy
ra 125-100 <[22 <125+100 < 5<[22|<15= 2(M —m)=15-5=10=>M -m=5..

Chon A.
Cach 2. (Hinh hoc)

Bién doi [2z-3-4i|=10 <

thi ta c6 M thudc duong tron tam 7 (3, 2} ,bankinh la » =5 nén ‘
2
Ml Mo

|2|=OM c6 gié tri 16n nhét hay nho nhit khi M 1 giao diém cta v
duong thang OI v6i duong tron nén higu

M —m=0M,—OM, =20l =5. Chon A.

=5 vagoi M(z)=M (x;y)

Z—E—Zi
2

Loi binh.
Can nhan xét dugce vi tri ctia O di vai duong tron tam I hoac 1a min|z| = |OI -7 | .

Vi du 18. [THPT Chuyén PHKHTN - Hué]
Trong céc s0 phitc z théa man |z+3+4i|=2, goi z, la s6 phirc c6 mé dun nho nhat. Khi d6

A. Khong ton tai s6 phirc z, . B. |z|=2.
C. |ZO|:7. D. |ZO|:3.

Loi giai
Cich 1. (Tric nghiém tinh nhanh)
Thay z=0 véao vé trai ctia gia thiét rdi trir vé phai.
Ghi ||3+4i|-2 |bdm =ta c6 |z,| =3.ChonD.
Moi céc em giai theo cac phuong phap khéc.

Vi du 19. Cho s6 phtic z thoa mén |z -1+ 2i| = 3. Tim modun 16n nhat ctia sd phic z—2i.

A. N26+64/17. B. V266417 C. \26+817. D. v26-44/17.
Loi giai
Cach 1. (Pai sd)
Dt z-1+2i=a+bi=z=a+1+(b-2)i, khido w=z-2i=a+1+(b—-4)i
= |w|2 :(a+1)2 +(b—4)2 . Mit khéc tir gia thiét ta co |a+bi| =3=a"+b*>=9 nén

| :26+2a—8b§26+\/(22 +(—8)2)(a2 +1?) =26+6ﬁ=(3+ﬁ)2.

Suy ra |w|max = \/ﬁ +3. Chon A.

Cach 2. Moi cac em gidi theo phuong phap hinh hoc.
Cach 3. (Tric nghiém tinh nhanh)
Cho z—-2i=0= z=2i thay vao vé trai cia gia thiét rdi cong vé phai.

Ghi ||2i—1+2i|+3| bim = taco [w] = 34417 .
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Loi binh.
Céc em xem lai cac vi du 15; 16; 17; 18. Sau day ta xét bai toan c6 sy "bién thu" mot it.

Vi du 20. [SGD TPHCM]
Cho s0 phtrc z thoa min |z —3+4i|=2. Khi d6 [2z+1-i| c6 gié tri 16n nhét la:
A. 16++/74 . B. 2+/130. C. 4++/74. D. 4++/130.
Phan tich.
Bai toan quy vé xét khoang cach tir diém A dén diém M thudc dudng tron.
Loi giai
Bién doi |z—3+4i|=2<|22-6+8i|=4= M (2z) (C) tAm I(6; - 8), R = 4.
Xét diém A(- 1; 1) thi [2z+1-i] = AM va 16n nhat khi AM =R + Al = 4++/130 . Chon D.

L&i binh. D¢ tinh nhanh, trong Mode 2 ta ghi |X —6+8i|+4 Calc nhap -1 + i bAm = 1a dugc.

Vi du 21. Cho s6 phic z théa min |z —3|=2|z| va min z+%+2i =a+bV2. Tinh 2a+b.
A. -1, B. 24/2. C. 2. D. 4.
Loi giai

Goi M bidudién z=x+yi, x,yeR. Tir [z-3[=2]z|= (x=3)" + )’ =2(x’+)?)
= x*+)* +6x-9=0=(x+3)"+»* =18. Quy tich M la dudng tron tam 1(-3;0), ban
= AM . D@ thiy diém 4 nim & mién trong

kinh R =3+2. Goi A(—%;—zJ thi z+%+2i

duong tron (C) nén AM :R—AI:—§+3J§: 2a+b=-2.Chon C.

Vidu 22. [THPT Chuyén Son La]

Cho s6 phirc z théa man diéu kién |z -1+ 2i| =/5 va w=z+1+i c6 mddun 16n nhit. S phuc

z ¢6 modun bang:

A 245, B. 3\/2. C. 6. D. 52.
Loi giai
Ciach 1. (Pai sb)

bat z—1+2i=x+yi,(x,yeR):>z=x+l+(y—2)i vataco: x*+y* =5 (1).

Khi d6 w=x+2+(y—1)i:>|w|2 =x’+y* +4x-2y+5=10+4x—-2y (theo (1))

Suy ra |wf =10+4x—2y£10+\/(42 +23)(x% +)7) =10+10.

4x-2y=10

c6x=2,y=-1nénz=3-3i=|z[=3v2. Chen B.
—2x=4y

Giai diéu kién tim x, y: {
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Cach 2. (Hinh hoc véc to)

Goi K (1;-2), I(~1;-1)= IK =(2;~1). D& IM 16n nhat thi vi tri M can tim tai H sao cho

IH=(t+1)IK, (IKFR

~1=1=IH =(4,-2) = H(3;-3). Suy ra OH =|z|=32.

H
M
K
0 1

Cach 3. (Hinh hoc tong hop)

2 2 A2 .
Tinh cosq = 2L TIK"-OK" _ 1 suy ra OH:|Z|:\/012+IH2—2OI.IH.cosa thay so6

201.IK V1o
1

z|= [2420-2210.—— =3V2.
|| \/ V1o

Cich 4. (Hinh hoc véc to)

Goi K (1;-2),4(11) vataco: w=0M +0A=(0A+OK )+ KM =u+KM ,dé |w|  thi ta
chon sao cho KM cing huéng u, do d6 w = (t+1)u . Véi u=(2;-1) = KM =¢(2;-1).
=t=1=u],, =2Ju|=2V5 va OM =OK +u=(1;-2)+(2-1)=(3-3)= || =3v2.

Vi dy 23. Biét s phitc z thoa man |z—3—4i|=+/5 va biéu thuc T=|z+2[ ~|z—i| dat gia tri lon
nhat. Tinh |z|.

A. |2|=+/33. B. |z|=50. C. |z|=+10. D. |z|=5V2.
Phan tich.
Bai toan quy vé xét vi tri diém M thudc giao ctia duong tron va duong thing.
Loi giai
Cach 1. (Hinh hoc toa do)

Goi M (z)=M (x;y)thi M thudc dudng tron (C), tim I(3; 4), R = J5 va ta co:

T=(x+2)+y*—x*—(y—1) =4x+2y+3 < d:4x+2y+3-T =0.Dé T 16n nhét

. — B —
thi d tiép xtc voi duodng tron (C), khi dd IM =t(4;2) = t=———=—= IM =(2;1
P g ©) ( ) \/% 5 ( )

(l&y t > 0). Ta c6 M(5; 5) nén |z| = OM =52 . Chen D.

Cach 2. (Hinh hoc véc to)
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Goi M (z)=M (x;y)thi M thude duong tron (C), tam I(3; 4), R = /5 .
Goi 4(-2;0),B(0;1) thi 7= MA®> — MB* =(MA~MB )(MA+ MB) = BA.(2MI + A+ IB).
Dén day ta chi can xac dinh vi tri M sao cho MI va BA cung hudng.

B s =(21)> M (5:5)= | =542.

J5

Hay MI=t(-2;-1),t>0=¢=

Cich 3. (Pai s6 - Khai quat)

Dit z-3-di=a+bi=z=a+3+(b+4)i &a’ +b>=5. Thé z vao T ta c6

T=(a+5) +(b+4) | (a+3) +(b+3) |=da+2b+5<,)20(a’ +57) +5=15.

Déubﬁngtai a=2,b=1:>z=5+5i:>|z|=5\/§.
Vi du 24. [THPT Chuyén Dai hoc Vinh]
Xét cac sb phtc z, w théa man |w— i| =2,z4+2=iw.Gol z,z, lan luot 1a cac sd phtrc ma tai do

|z| dat gia tri nho nhét va gi tri 16n nhat. Modun |z, + z,| bang:

A. 32 B.3 C.6 D.6+2.
Phén tich.
Bai toan gy nhiéu kha nhiéu trong gia thiét nén co6 thé khién mot s6 em lung ting, tuy nhién ta
X PR \ z+2
van quy veé duong tron. w=—
i
Loi gidi
e . L |2+ 2 .
Viét lai thé vao gia thiét |——i|=2 < |z+3| =2.

Biéu dién cua z 1a dudng tron ¢ tim 7(-3;0) thudc truc hoanh nén:
OM,, =0l —r=1z=-1va OM,, =0l +r=>5&z,=-5 suyra |z, +z,|=|-6|=6.

Chon C.
Moi cac em giai theo phuong phap dai s6 (Goi y: Chuyén do phtc tap cta duong tron sang
duong thang).

Vi du 25. Cho hai s6 phtic z,, z, théa man |z_1+ 5+ 2i| =2va |z2 -1- 6i| =3.Goi a, b lan luot 1a gia

tri 16n nhat va gié tri nho nhat cua |z, —z,|. Khi d6 a* +b® bang

A. 77 B. 144 C. 145 D. 154.
Phan tich.
Bai toan cho M va N thudc hai duong tron. Can xét min, max cua doan MN.
Loi giai.

Ta viét lai [z, +5+2i[= 2 < [z, +5-2i| =2 nén M(z)e(C,) tim 1(-5;2), R =2.

Tuong tu N(z,)e(C,) tim K(1;6), R, =3.Goi IK =h=2\13>R +R,=m=5.
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Taco: b=MN,, =h-m;a=MN,, =h+m suyra a’+b* =(h—-m) +(h+m) thay s
@’ +b =2(h* +m’)=2(52+25)=154. Chon D.

Vi du 26. Cho hai s6 phitc z,, z, thoa man|z, —2i|=3 va|z, + 2+ 2i|=|z, + 2+ 4i| . Gié tri nh6 nhat
clia biéu thirc P = |z1 - zz| bang.
A. P=1. B. P=2. C. P=3. D. P=4.
Phan tich.
Bai toan cho M thudc dudng tron, N thudc duong thang. Tim min ciia MN.
Loi giai
Cich 1. (Tric nghiém Casi0)

Taco P

in = |Z1 - 22|min =d (I ,A) — R nén su dung cong thire tinh nhanh
lc-af -l 5f
—3 Calcnhdp 2i=-2-2i=-2-4i=tacoP=2. Chon B.
2|4-B|

Moi céac em giai theo cach khac.

Vidu 27. [THPT Chuyén PH Vinh]

Cho sb phirc z théa man z khong phai sd thuc va w= 1a s6 thuc. Gid tri 10n nhét ca

2+z
biéu thirc P =|z+1-i| 1a?
A. 22 B. 8. C. V2. D. 2.
Loi giai.
e . z 1 . 4 2 A
Vict lai w= = la s thuc < z+— 1a so thuec.
2422 2 z
“+z
z

2 2 Nt 2 — 2 i
DétZ=x+yi,(x,yeR):>Z_,_g:(x +y )(x+y1)+ xX—=2yi

— la s0 thuc nén
z X +y

(¥ +3°)y =2y, y khic 0nén " + )" =2, khi d6 P =yJ(x+1)’ +(y—1)’ hay

P=J4+2(x—y)<2V2 =P, =2V2 & x=1,y=—-1=z=1-i. Chon A.

Vi du 28. Cho sb phtc z thoa man z+l =3. Tong gia tri 16n nhat va gia tri nho nht cua |z| la:
z
A.3 B.5 C. 13 D. 5.

Loi gidi.

Dit z=x+yi,(x,y eR);

z|:m20,tacc') |Z2+1|:3|Z|:>(x2—)/2+1)2+4xzy2 =9m’
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:>x4+y4+1+2)c2y2+2()c2—y2)=9m2 :>m4+1+2(2x2 —mz)=9m2

11-3413 , 1143413 413-3 V1343
——<m < =
2

<m<
2 2 2

=S4 =—-m*+11m* -1>20=>

Suy ra |z|min +|z|max =13 Chon C.
(Céc cuc tri dat dugc taix =0 hay z 1a sb thuan 40)
Vi du 29. [H¢i 8 Trwong Chuyén]

Cho s6 phirc z théa man (2—i)z—(2+i)Zz = 2i. Gi4 trj nhd nhét cta E bang

p. V5.
5

A 1. B. = C. 2.
Loi gidi.
Gia st z =x+yi,(x,y €R). Viét lai gia thiét (2—i)z=(2+i).z+2i

c>(2—i)z+(2+i)z:(2+i)(z+2)+2i <:>2z:(2+i)x+i:>2|z|: 4x* +(x+1)2

=|z|= %\/sz +2x+12> g =z = g, dat duoc tai x = —%. Chon D.
Loi binh.
Bai trén quy vé khao sat ham s6. Ta c6 thé xem thém vi dy sau

Vi dy 30. Tim gid tri 16n nhit ctia P=|2” - z|+|2” + 2 +1| v6i z1a s6 phirc théa man |z|=1.

A. maxP:% B. maxP:% C. maxP:§ D. maXP:%

Loi gidi.
Trude hét goi z=x+yi,(x,y eR) vataco |ZZ—Z|=|Z—1|=\/(X—1)2+)/2 =2-2x.

z+l+1

:|Z+;+l|:|2x+l|.
y4

Lai co |Z2 +Z+l| = |Z|

Suy ra P=[2x+1[++2-2x =+/4x” +4x+1+/2-2x,x € [-1;1]. Xét xi—%,xil thi:

P'= btz 1 =0:>2\/2—2x=1:>x=1d0dé maxP=£.Ch9nA.
Vax? +dx+1 V2-2x 8 4
Lot binh.

Khi dua vé P =[2x+1|+~2-2x,x €[-1;1] thi ta c6 thé vio Mode 7 dé khao st céc gié tri cia

: 2
P v&i budce nhay Step = o Twr d6 suy ra maxP.
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Vi du 31. Cho c4c s6 phirc théa mén |2z +5—4i|=[2z+3+4i|. Gi4 trj nho nhét cia
|z+1+4i[+|z-1-i] 1a
A. 5 B. /29. C. V41 D. /10.
Loi gii
Cach 1. (Pai s0)
Pit z=x+yi,(x,y €R), taco [2x+5+(2y—4)i| =[2x+3+(2y +4)i]

= x=4y—-2 hay z=4y -2 +yi thé vao T'taco T=|4y—1+(y+4)i|+|4y—3+(y—l)i|

]“:\/17);2 +17 +\/17y2—26y+10 =\/(\/ﬁy)2+(\/ﬁ)z +\/(%_\/ﬁyjz+(%f

2 2
13 1 170
Suy ra TZ\/(— +|VI7T+—| =,—+17+2=~/29 . Chon B.
\/17j ( V17 17 )

Cach 2. (Hinh hoc toa do)
Gia st M biéudién z=x+yi, x,yeR.Khidé taco

2x+5+(2y—4)i|=[2x+3+(2y+4)i| > M ed :x—4y+2=0.

Goi A(-1;-4),B(1;1) thi ta can tim min (MA+MB), vi A va B khéc phia dbi v6i d boi thé

N\,

N

Qua cac vi du trén thi hy vong cac em cung co kien thuc va luyén tap k¥ nang vé min, max.

min (MA+MB) = AB=~/29 .

3. Cac bai toan tinh toan

Dé thuc hién tinh toan thi:
+ Thong thudng ta xem sd phtrc 1a giao ctia hai hay nhiéu tap hop biéu dién sé phirc do.

+ Hodc cac phép bién doi dai sé (giai hé phwong trinh). Phép ddt dn phu coi nhw xuyén suot
cd phan II nay, ddc biét ¢ phan nang cao (Muc 4).

Vi du 32. Tim modun cta s6 phic z, biét z—4 = (1+i)|z|—(4+3z)i.

A lg=2. B. |7=2. C.|z|=4. D. |o|=1.
2

Loi giai
Dit |z|=m >0. Khi d6 tir gia thiét ta c6: z—4=m(1+i)—4i-3iz

< (143i)z=m+4+(m—4)i suyra \/Emz\/(m+4)2 +(m—4)2 =10m* =2m" +32
Suyra m*=4=>m=2.Chon B.
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z,|=2 va |z, +2z,|=3. Gid tri cua |z, - z,| 1a
A. 0. B. 1. C.2. D. -1.
Loi giai

Vi du 33. Cho hai s6 phic z,, z, théa man |zl| =1,

Cach 1. (Hinh hoc)
Sit dung cong thitc [z, —z,[" +[z, + 2, =2(|z " +[z,[") (cong thirc hinh binh hanh), khi do

|z, ~z,| +9=2(1+4)=|z,~z,|=1. Chen B.
L&i binh.
Thuyc chét cong thic hinh binh hanh dwgc suy ra tir cong thirc duong trung tuyén trong tam
gic. Dé cling ¢d ta chig minh lai nhu sau:
Gia st hinh binh hanh ¢6 d¢ dai hai canh a, b va hai duong chéo la m, n thi:

2 2 2 2
Ly a —n—<:>m2+n2=2(a2+b2) ta c6 diéu phai chirmg minh.
2 2 4
Cach 2. (Pai sd)
a’+b’ =1
Goi z,=a+bi,z,=c+di khidotacod {c’+d* =4 = ac+bd =2. T do:

(a+c)2+(b+d)2 =9

2,2, =(a—c) +(b-d) =(a’+b* +c* +d*)-2(ac+bd) =1 = |z, - z,| = 1.

Vi du 34. Cho s0 phttc z = a+bi,(a,b#0) théa min z+42:(§—2\/§ij|z|. Tinh § = i"*z.

a_

A.S=-22-3 B. S=22-2 C.S=2-22 D. S=22+3.

Loi giai:
5 a:lm
- 5 Sa=—m 3
Dit |z =m >0, taco Z+4Z=§m—2m\/§i:> 3 =N A va do do:
—3b=-2m2 bz%m

2a+b _(2+2J§).m
" 2a-b (2—2\/5).m

Vi du 35. (THPT Chuyén Dai hgc Vinh)

= —3-242. Chen A.

, cn A , 5 ~ 2 - . —\.
C6 bao nhiéu so phirc z théa man |z—1| +|z—z|z +(z+ z)z2019 =1?

A.4 B.2 C.1 D.3.
Loi gidi
Tachiyla 2 =22 =—i(i*)" =i, gid st z=a+bi,(a,beR) vadit |z-1 =m
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A ) ) m=1 (a—1)2+a2=1
thi tr gia thiét ta co m+2|b|1—2a1 =1= =

= (a;b) €{(0:0),(2;2),(2;-2)} . Chon D.

Vi du 36. Cho sb phirc z=1+i. Biét rang cac s6 phiic z, =a+5i, z, =b (trong d6 a,beR,b>1)
thoa man \/§|Z—zl|=\/§|z—zz|=|zl—zz|.Tinh b-a.
A.b—a=53. B. h—a=24/3. C.b-a=43. Q.b—a:3\/§.
Loi giai
Taco V3|z—z|=V3|z—z| @ [1-a—4i|=|l-b+i|= (1-a) +16=(1-b) +1.
Pit 1-a=mva 1-b=n taduoc n* —m’ =15 (1). Mit khéc ta ciling c6
3[(1-) +1]=(a=b) +25 < 3(n* +1)=(m=n)" +25 =’ + 0> =2mn+25 (2).

Tu (1) va(2)tacd 3n> =2n" —2mn+7=>n" +2mn="7 suyra 15(n2+2mn)=7(n2—m2)

2
:>15+30.ﬂ=7—7(ﬁJ M 0™ 2 Thé vao (1) thi chi ¢6 cp ﬁ:—g thoa
n n n n 7 7

2 7. o 9f

manva m=—=,n=—— (vil-b=n<0).Cudicung b—a=m—-n=—— =33. Chon D.
V3 3

Loi binh.
Bai toan quy vé dai sd, khong c6 ¥ nghia rén luyén vé sb phirc bao nhiéu.
Vidu 37. (THPT Chuyén Tuyén Quang)
Cho s6 phirc z thoa man |z+\/E|+|z—JE|:8 vi | z+~151] +|z—/15i|=8. Tinh |2].
@

AJ==3

Cach 1. (Hinh hoc)
Goi M (x;y) la diém biéu dién sé phic z, F, (-ﬁ ;o),F2 (\/E ;o) thi gia thiét:

|z+\/E|+|z—\/E| =8 & MF, + MF, =8 =2a nén M thudc elip c6 phuong trinh

2 2
x_2 Z—z =1 (1). Hoan toan tuong ty M thudc elip ;)C_ +y_ =1 (2). Quy dong va can bang ta co

2,2 2 2_ 2
a*b a (a c ) L .
b’x’+a’y’ =a’x’ +b’y’ =>x* =y’ = = . Ta chi viéc thay so:
2 2 2 2
a +b 2a° —c

16(16—15
a’*=16,c> =15= x* :Q
32-15

= =2 =2 chon a

Loi binh. Thuc chét bai toan kiém tra kién thic va k¥ nang vé elip.
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Cach 2. (Dai sd)
Bién dbi |z+i\E|+|z—i\/E|=8@|iz—\E|+|iz+\/E|=8 nhu thé hai s phtic z va iz ddu
¢ cung tinh chat. Ngoai ra |z+\/E|+|z—\/§|:8<:>|;+\/E|+|Z—\/E|:8 nhu thé cac s6

phuc z va z co6 cung tinh chat, vdy ta chon z =x—xi la thoa man va co:

2+ I5[ 4|z =VI5[ 2]z -1 = 64 =5 2|2 +15)+ 2|20 -15] = 64

4
= 22" +15+/4x* +225 =32 = 4x' +225 =17-2x" = x _—:>|z|_| |f_£.
Cich 3. Cach giai trén c6 thé mot sb em con ban khoan, sau ddy ta c6 thé giai nhu sau

Theo gid thiét tht nhét suy ra [z + VI3[ +[z ~ I3[ +2]2* ~15]=64 (1).

Theo quy tic hinh binh hanh thi |z +13[ +|z = V15| = 2(|z|2 +is r) thé vao (1) ta co
|27 =15|+|2]" =17 (2). Hoan toan lap lai voi gia thiét tht hai: |* +15]+|2|” =17 (3).
it z” =a-+bi thi tir (2) va (3) suy ra |z* —15|=|2* +15| hay

(a—15) +b* =(a+15)" +b* = a=0=> 2z’ =bi thay tro vé (2) ta dugc

18|17 7225 < (7 = -2 = |- P2 52

17
Vi du 38. C6 bao nhiéu s6 s6 phirc z théa man (1+i)|z +4—2i|+(1—i)|z| = 6+4i ?
A. 2. B. 1. C.3. D. 4.
Loi giai
Ta chia ca hai vé cho 1+i va duogc |z+4—2i|—|z|i:5—i. Gia su z:a+bi,(a,beR) va dat

|z+4—2i|:m z|=

(n—l)i:sz,nzl hay ta c6 hé phuong trinh
+4-2i|=5 1 (b-2) =

2 +4-21]=5_ [(a+4)'+(b-2) 25:>(a;b)e{(0 0, (4 3)} Chon A

|Z|: a+b’ =1 55

Vi du 39. (THTT So 3-486)

C6 bao nhiéu s phitc z théa man |z|=|z+Z|=1?
A. 0. B. 1. C. 4. D. 3.
Loi giai
Gia st z=a+bi,(a,beR) thitacod Va’ +b> =1&2|a|=1 hay ta c6 h¢ diéu kién:

B

a= +;&a +h=1=a= b:iT.Ch(_)nC.

1
T2
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—4.

22 —(Z)2

A. 0. B. 2. C.3. D. 1.

Vi du 40. C6 bao nhiéu s6 phirc z thoa man |z—1+3i|-|z—5|=5 va

Loi giai
Gidsu z = x+yi,(x,y € R) thitr |z° —(;)2
thir nhat 1a [z—1+3i|=|z-5|+5. Goi M (x;y),1(1;,-3),K(5;0) thi KI=5 va diéu kién tro
thanh MI = MK + KI hay K thudc doan MI, phuong trinh K/ 1a: x=5+4t,y =3¢ néntaco

—15++/273
2 .

=4 = |4xyi|=4 = |x|=1 (1). Mét khac dicu kién

5|t + 1| = 5|t| +5(dung v6 t > 0). Thay vao (1) ta c6 nghiém duong duy nhét ¢ = o1

Vay chon D.
Vidu 41. (THPT Quynh Luu 1 — Ngh¢ An)

Gid st z,,z, la hai nghiém phirc ctia phuong trinh |(2+i)|z|z = (1-2i) 2| = [1+3i] va |z, - z,| =1

. Tinh M =|2Z1 +3z2|.

A M=19. B. M =25. C. M=5. D. M =419.
Loi giai
Ta chia ca hai vé cho 2+ va dugc ||z|z+iz|:|l+i|:\/§. bit |zZ=m=>0 thi ta co
m|m+i|=\/§:>m2(m2+l):2:>m:l hay ta co |z|:1, noi cach khac hai s6 z,z, cung
thudc duong tron tim O, ban kinh R = 1. Goi 4, B biéu dién céc s6 z,,z, thi tir |z1 —zz| =1 suy

gﬁ}

ra OAB 1a tam giac déu. Khong giam tong quat chon A(l; 0),B (2 5

Thi M =

) V19 Chon D.

1 i3
2

2(1+0i)+3(—+

_|7+i3\5|
|

2 |
Vi du 42. Cho s6 z thoa man cac diéu kién |z+8—3i| = |z—i| va |z+8—71'| = |z+4—i| . Tim s phirc

w=z+7-3i.

A, w=3-1i. B. w=13-6i. C.w=1+i. D. w=4+3i.

Loi giai

Goi w:x+yi,(x,yeR):z:x—7+(y+3)i thé vao diéukién thtr nhat ta co:
|x+1+yi|=|x—7+(y+2)i|:>(x+1)2+y2:(x—7)2+(y+2)2:4x—y=13 (D).
Thé vao diéu ki¢n tht hai ta c6: |x+1+(y—4)i|=|x-3+(y+2)i
= (x+1) +(y—4) =(x=3) +(y+2) = 2x-3y=-1 (2).
Gidih¢ (1) va(2)tacd x=4,y =3 hay w=4+3i. Chon D.

Loi binh. Bai trén ta ¢ thé dung Casio dé kiém tra dap an.
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Vi du 43. (THPT Tran Hung Pao - Ninh Binh)

Cho cac s6 phiic z,,z, khac nhau théa man: |Z1| = |zz|. Chon phuong an ding:

zZ, +z 2042y o Ao e a oA .o,
A, L—2=0. B. ——2 [a s0 phtrc v6i phan thuc va phan ao déu khac 0.
2475 474
z,+z, .. z zy+z, . « X
C. -2 1a s thyec. D. =2 1a s6 thuan ao.
474 474

Loi giai

A*% % _ )i Té ddp 4n DL,

Goi z, =2+i,2,=2~i thitaco |z|=|z,|=5 va
z,—z, 2i

Vi du 44. Cho tap hop cac sb phirc z thoa |22 —1'| = |2 + iz|. Goi z,, z, lahai sd phtrc trong tap hop

do sao cho |z1 - 22| =1. Tinh gi tri ctia biéu thuc P = |z1 + zz| .

A. P=+3. B.Pzﬁ. C.P=42. D. P=2.

Loi giai.
Viét lai didukién |2z —i| =2 +iz| < |2z —i| = |2i - z|. Goi z=a+bi,(a,b € R) thé vao diéu kién

ta co:
2a+(26-1)i|=|a+(b-2)i| = 4a’ +(2b-1) =a’ +(b-2) = a’ +b* =1
Hay 1a |z)|=|z,| =1, st dung quy tic hinh binh hanh ta c¢:
2+ 2 +la -z =2(jaf +[[ )= 4=z +2] =3= |z +2|=3. Chon A.
Vi dy 45. (THPT Hoang Viin Thy - Hoa Binh)

Cho hai s60 phtc z,z, théoa man |zl|:3,

Zz|=4,

Zl—22|=\/ﬂ. Xét s6 phuc

z=2L=a+bi(a,beR). Khi do |b| bing
2

WE e B,

8 4
Loi giai.
cy e 3 41 41 A N \
Theo gia thiét suy ra |z| el Py =L | g = |z —1| = g Nhu the z thudc giao cua
Z 4

Jal

hai duong tron tdam O bén kinh » :% va duong tron tdm /(1; 0) ban kinh R=——-.

M
R
r
] O
= >
H m I X
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m—-n=1 {m—n=l

Keé MH vuong goc véi Ol dat OH = n, HI = m, ta co: . ,
m —-n =R —r

m+n=R*—7r?

2

2 42 2 1 2\
Suy ra n=¥=a:>|b|=\/r2n2=\/r2(uJ :g.Chan.

Vi du 46. Cho s6 phic z théa man |z—2+3i|=|z-2-3i|. Biét |z—1-2i|+|z—7-4i|=6+2 va
M (x;y) 1a diém biéu dién sb phirc z, khi d6 x thudc khoang nao?
A. (0;2). B. (1;3). C. (48). D. (2;4).
Loi gidi.

Theo gia thiét suy ra ()c—2)2 +(y+3)2 =(x—2)2+(y—3)2 = y=0 va z=x. Nhu thé z 14 s6

thuc, thay véo gia thiét thir hai, ta 6 (x—1)" +4 +(x=7)’ +16 = 6+2.

Ap dung Bdt Mincopxki ta c6 62 = \/(x—l)2 +2° +\/(7—x)2 +4% 26 +6° =62 nhu thé
dau bang xay ra va ;C_l :£<:>x:3. Chon D.
—Xx

Vidu 47. (THPT Lé Lai - Thanh Héa)

z—2I

C6 bao nhiéu so phtric z thoa man |z +1- 2i| = ‘z +3+ 4i‘ va la mot s6 thuan 4o0?

z+1
A.0 B. Vo s C.1 D. 2.
Loi gidi.
Gia st z=x+yi, (x,y € R). Theo bai ra ta co: |x+1+(y—2)i|=|x+3+(4—y)i|
= (x+1)’+(y=-2Y =(x+3)°+(y—4)’ © y=x+5 haytacod z:x+(x+5)i.

z=2i x+(x+3)i x* = (x+3)(x+6)+x(2x +9)i

= - > > 1a s6 thuan 4o nén
z+i  x—(x+6)i X +(x+6)

S6 phirc w=

x=(x+3)(x+6)=0= 9x-18=0=>x=—2=>z=-2+3i. Chon C.
Vi du 48. [THPT Chuyén Thai Nguyén]

. —1)(1+:
Cho s phitc z=a+bi (a,b€R) théa man phuong trinh M =i.Tinh a* +b>.

s 1
z
A 3+242. B. 4. C.3-242. D.2+24/2.
Lo gidi.
_ iz) 7 m—1)(z+m?
D théy z khic 0, dit |2/ >0 va ta c6: " 1)_(11”2)2:1':( )2( 1 ):i
zZZ— m —

a=0

) = b’ —b=|p|+1
m —b=m+1

:>;+m2i:i(m+1):>a+(m2—b)i:i(m+1):>{

(Vimkhic 1 nénb >0), dod6 b>—2b=1=b=1+~/2=b*=3+22 . Chen A.
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Vi du 49. (THPT Chuyén Tuyén Quang)

92018

Ki hiéu z,,z, 1a hai nghiém phtic ctia phuong trinh z* +z +201 =0. Gia tri |zl| + |zz| bang

A. 2019"%, B. 2019°°". C. 2019, D. 2.2019"”.
Loi giai
Theo dinh Iy Viet ta co z,z, =2019™" = |z | =|z,| =+/2019*"* =2019"” suy ra
|2,|+|2,| = 2.2019"*”. Té dap an D!.
Vi du 50. Trén tap hop sb phirc, cho phuong trinh z> +bz+c =0 véi b,c € R . Biét rang hai nghiém
ctia phuong trinh 14 w+3 va 2w—15i+9 v6i w 1a mot s phic. Tinh S =b* —2¢
A. §=-32. B. S$=1608. C. S=1144. D. S=-64.
Loi giai
Goi w=x+ yi, Vi z, +z, =—b 1a s6 thyc nén 3x+12+(3y—15)i la s6 thuc, suyra y=5.
Chu yring z, =z, nén x+3=2x+9=x=—6.D0d0 z,=—3+5i,z,=-3-5i.

Vay S=b*~2c=(z+2) —222,=36-68=-32. Chon A.

Vi du 51. Cho a 1a so thyc, phuong trinh z* +(a-2)z+2a-3=0 c6 2 nghiém z,, z,. Goi M,
N la diém biéu dién cua z,, z, trén mit phang toa do. Biét tam giac OMN c6 mot goc bang

120°, tinh tong cac gia tri cla a.

A. 6. B. 6. C. 4. D. 4.
Loi giai

Theo dinh 1y Viet thi |z|=|z,|=v2a -3, gia thiét OMN 1a tam gidc c6 mot géc bang 120°,
nén OMN la nua hinh thoi, suy ra |z1 +22| :|Z1| =|zz|:> |a—2| =V2a-3= (2—(1)2 =2a-3.
=a’-6a+7=0=a,+a,=6.ChonB.

Vi du 52. [SGD TPHCM]

Cho a, b, c 1a cac sb thuc sao cho phuong trinh z* +az® +bz+c¢ =0 co ba nghiém phic lan
luotla z, =w+3i; z, =w+9i; z; =2w—4, trong do w la mot ) phtrc nao d6. Tinh gia tri cia
P:|a+b+c|.
A. P=36. B. P=208. C. P=136. D. P=84.
Loi giai
Ap dung dinh 1y Viettacod z,+z,+z,=—ac R=4w—-4+12i e R . Dit w:x+yi,(x,ye]R)
Thisuyra 4y+12=0=y=-3=w=x-3i (1).

Thay (1) vao gia thiét ta dugc z, =x; z, =x+6i; z, =2x—4—6i.

Talaico z, =z, nén x=2x-4=x=4 dodo z,=4; z,=4+6i; z;, =4—6i.
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Tiép theo ta co a = —(zi+z,+2,)=—12,c=—22,2, ==208,b = z,z, + 2,2, + 2,2, = 84..
Véy P=|a+b+c|=136. Chen C.

Lo1i binh.

bé tinh nhanh ta ghi: |A+B+C+ABC—AB—BC—CA Calcnhdp A=z,B=2,,C=z,.

Chu ¥ rang trong tap C thi phuong trinh bac 3 ludn c6 it nhat 1 nghiém thuc.
Vi du 53. [Cum 6 TPHCM]
Cho s6 phitc z=x+ yi;x,y € Z théa man z* =18+26i. Tinh T =(z-2)" +(4-z)’.
A. 0. B. 4. C.1. D. 2.
Loi giai
Taco T=(z-2) +(4-2) =22 ~122420; T=0<>z=3+i,z=3-i c6 it nhat nghiém
z=3+i théamin z° =18+26i. Viy T=0. Chon A.
Cach 2. Ta c6 thé di giai phuong trinh bac ba hay khai cin bac ba dé tim nghiém z nhu sau:
Ta co ()c+yi)3 =x —i—(yi)3 +3xyi(x+yi) =x -3x)° +(3x2y—y3)i =18+26i
Ma z 14 s6 thuc hodc thuan ao déu khong théa man, nén suy ra
x —3xp° 18 9 13—3t_ 9

== s =130 27 -39 +9=0=> (1-3)(13£° +39-3) =0
3x%y—y 26 13 37-1 13

Ta chi can nghiém t:3:>x:3y:z:y(3+i),y¢0 thay vao 7'=0.

Cach 3. (St dung may tinh Casio)

arg (Ans)

Trong Mode 2 ghi 18 + 26i bAm = dé luu. Sau d6 bam 3 |Ans|é bam = ta duoc

(Ngam hiéu) /18 +26i =3+i tiép tuc bam (Ans - 2)2 + (4 - Ans)2 = két qua bang 0.
Vi du 54. Cho biét c6 hai s6 phitc z, va z, thoa min z*> =119-120i . Tinh |z1 —22|2.
A. 169. B. 114244. C. 338. D. 676.
Phén tich.

Bai toan quy vé tim binh phuong cua sb phirc hay 1a khai cin bac hai cta sb phuc.

Loi giai
2 0 a’—b>=119 .
Taco 119—-120i =119—-2.60i = a” —b" —2abi , trong d6 b — 60 . Dung phép thé ta co6
ap =
a2—36(2)02119:>a2:144:>b2:25 nén 2 =(12-5i) =z =12-5i,z, = —12+5i
a

Vay |z, -z, =[24-10i =576+100=676. Chen D.
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Cach 2. (St dung may tinh Casio)

arg (Ans)

Trong Mode 2 ghi 119 - 120i bAm = d¢ luu. Sau d6 bdm /| Ans|£ bam = ta dugc

(Ngm hiéu) cin bic hai cia 119 - 120i 1 12 - 5i tiép tuc bdm [24ns|" = két qua bing 676.
Vidu 55. Cho z,, z, 1a hai s6 phure lién hop cua nhau va théa man Z—; eR va |z1 - zz| = 2\/5. Tinh

2,

modun cua so phuc z,.

A [z|=+5. B. |2 3. C|z|-2 D[ |- 32,

Loi gidi:
Trude hét goi Z:x+yi,(x,ye]R):>|2yi| :2x/§:>y:i\/§ vataco
m(x2—3)=x

Dd-emz0=>2z =mz 2=m(x2—3i2x\/§i):x$i\/§ :{
2mx =1

2 1 2
2

=x*-3=42x" = x=+1.Tud6 z=%1%iy3 =|z|=2. Chon C.
Vi du 56. Cho z,, z, 14 cac sb phiic thoa man |zl|:|zz| =1 va |Z1 —2zz|=\/g. Tinh gia trj cua biéu
thire P=|221+zz|.
A P=2. B. P=4/3. C.P=3. D. P=1.
Loi giai

z—2il=+/6 vatinh P=[2z+1].
| [22+i]

Chon z, =1, ta phdi xac dinh z,, hay 1a tim z thoa |z| =1,

1
Pit z=a+bi tacd: a* +b* =1 va a’+(h—2) =6 suyra @' +b —db+4=6=b=——.

Khi dé: P* =4a’ +(2b+1)’ =4(a’+b*)+4b+1=4= P=2. Chen A.
Cach 2. Ta co thé giai tong quat boi cac bién a, b, ¢, d ciing di dén két qua.

Gid s z, =a+bi,z, =c+di,(a,b,c,d €R) thi @’ +b* =’ +d* =1 va

(a-2¢) +(b-2d) =6=(a’ +b*)-4(ac+bd)+4(c’ +d2):6:>ac+bd:—%.

Khi d6 P:|221+zz|:\/4(a2+b2)+(cz+d2)+4(ac+bd) =5-1=2.
Cich 3. Ta c6 thé luyén tap cach giai voi s phirc lién hop 13 z,.z, = z,.z, =1 va:
(Z] —222)(2_1—2Z):6<:>Zl.z_l—Z(ZI.Z+22.Z_1)+4ZZ.Z_2:6:2(21.Z+22.Z_]):—1.

Khidd P*=(2z,+2,)(2z+2,) =472 +2(z.2, 42,2 )+ 2,2, =4—1+1=4= P=2.
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Céc em c6 thé so sanh cach 2 va cach 3 dé luyén tap tu duy triru twong!

Vi du 57. (THPT Chu Vin An — Ha Ngi)

Cho c4c s phitc z,, z,, z, thoa man diéu kién |4z z, +16z,2, +9z,z,|= 48, |z,|=4, |z,| =3 va
|z,| =2. Gié tri ctia biéu thuc P=|z, +z, + z,| bang:
Al B. 8. C.2. D. 6.

Loi giai
|4zlz2 +16z,z, + 9z]z3| 48

Ta c6 |4le2 +16z,z, + 9zlz3| =48 = |le223| 24

4 16 9
= |—+—+—

=2:>|Z3+Zl+22|:2:>P=|Zl+z2+23|=2. Chon C.
Z, Z, Z,

Vi du 58. (THPT Can Lgc - Ha Tinh)

Cho hai s phtc z, w théa man |z+2w| =3,

2z+3w|=6 va |z+4w|="7. Tinh gid trj cua bicu

thirc P=zw+z.w.

A. P=-14i. B. P=-28i. C. P=-14. D. P=-28.
Phan tich.

O day ta thay c6 4 an 13 z; w; z; w nhung chi c6 ba diéu kién. Tuy nhién ching c6 moi lién hé

2 - 2
; ww:|w .

dic biétla zz=|z

Loi giai
bat m :z.z; n=ww. Ta co:
(z+2w)(z+2w) =9 = m+2(zw+zw)+4n=9=>m+2P+4n=9 (1)

(2z+3w)(22+37v) =36=4m+6P+9n=36 (2).

(z+4w)(2+47v) =49 = m+4P+16n=49 (3). Gii hé trén ta c6 P=-28. Chon D.

Loi binh.
Céc biéu thirc gan gidng phép binh phwong, tuy nhién ¢ day ta nhan lién hop.

22

Vi du 59. Cho ba sb phic z,, z,, z, théa man z, +z,+2z, =0 va |zl|=|zz|=|z3|=T. Ménh dé

nao duoi day ding?

A. |Z1 +z, +z3| = |2122 +z,z, +z3zl| . B. |Z1 +z, +z3| < |le2 +2z,z, +z3zl| .
C. |z, 4z, + 2| >|z2, + 2,2, + 2,2 D. |z, 4z, 4z, #|z,2, + 2,2, + 2,7,
Loi giai
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3 3
+z,z,+
Ta co P=|2122 +2z,z, +ZIZ3|:>P= 22 .|Z]Zz % Z'Z3| = 22 .L+L+L .
3 |le223| 3 Z, Z, 2z
Hay P= 2\?{_.z_l+z_2+z_3 =¥.|z1 +zz+z3|:0. Chon A.
Vi du 60. C6 bao nhiéu s6 phirc z théa man |z —1|=+2 va [z +i|+|z—2—i|=4?
A. 0. B. 3. C. 1. D. 2.

Loi gidi
Dit z—1=a+bi,(a,beR)= z=a+1+bi, tir gia thict ta c6 a’ +b* =2 (1).

Thé vao diéu kién tht hai va su dung (1), ta co:

4=la+1+(b+1)i|+[a=1+(b=1)i| = (a+1) +(b+1)’ +y(a=1)’ +(b-1)’

4=\4+2(a+b) +\4-2(a+b) < \[(P+1*)[4+2(a+b)+4-2(a+b)] =4.

Déu "=" xdy rakhi 4+2(a+b)=4-2(a+b) < a+b=0 (2).
Tu(l)va(2)suyraa=1l;b=-1lua=-1,b=1. Chon D.

Vi du 61. Cho hai s6 phtc z, w théoa min |z|=3 va l-f-l: !

.Khi d6 |w| béng:
z w z+w

A3, B L C.2. D. L.
2 3

Loi giai

1 1 1
Taco) —+—=
z w z+w

2
:>(z+w)2 :ZW:[HKJ =K:>(1+t)2 =t=>t*+t+1=0.
z zZ

Ta co |t1| = |t2| =1, suy ra: |w| = |t||z| =3.Chon A.

Vidu 62. [THPT Chuyén Son La]
Goi 4, B 1a hai diém biéu dién hinh hoc s6 phuc theo thir tw z,,z, khic 0 va théa min dang

thitc z7 + 22 = z,z, . V6i O 14 gdc toa do thi ba diém O, 4, B tao thanh tam giac gi?

A. Vudng can. B. Can, khong déu  C. Péu D. Vuong, khong can.
Loi giai
2
. +i +i
Tur gia thiét ta co: A 41=82 5P -1+1=0 suy ra: A= 1£iy3 =z = l_l\/gzz.
Z, Z, Z, 2 2

Do do |zl| = |zz| nén OA4 = OB suy ra OAB cén tai O.

1+i3 1+i3
2 2

—1+i\3
_1'|Zz|: Tl'|22|:|zz|

Mit khac z, -z, = (

—l]z2 = |Zl—22|:

Nén 4B = OA = OB hay tam giac O4B déu. Chon C.
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Vidu 63. [SGD TPHCM]
Cho hai s6 phtc z,,z, thoa méan |Z1| =0,

z,|=2.Goi M,N la céc diém bicu dién cho z, va
iz, Biét MON =60°. Tinh T = |z} +9z3] .
A. T=18. B. T=24/3. C.T=36v2. D. T =363.
Loi giai
Cach 1. (Hinh hoc)
Dit z, =u; 3iz, =v=|u|=6=|v|. Ta c6 T =|z, - 3iz,|.|z, +3iz,| =|u = v|.Ju + v|. Ma
va

MON =60° nénu +v la dudng chéo hinh thoi, u - v 1a dudng chéo thtr hai, c6 |u v

|u - v| tao thanh tam giac déu. Sir dung cong thirc hinh binh hanh ta c6:
o = =2(Juf + ) = e +v| = [ulv3 va T =|uf V3 =363 Chon D.

Vi du 64. [Hoi 8 Trudmg Chuyén]

C6 bao nhiéu s phirc z =a+bi(a,beZ) thoa man |z+i|+|z —3i| =|z +4i|+|z - 6i] va |z|]<10
?

A. 12 B. 2. C. 10. D. 5.

Loi gidi
Cach 1. (Hinh hoc)

Viét lai gia thiét |iz—1|+|iz+3| =|iz— 4|+ |iz+ 6| va dit iz+1=w < iz=w-1

Nhu thé ¢6 bao nhiéu s6 phie [w—1|<10 (*) thi c6 bay nhiéu s6 z. Khi d6 gia thiét 1a
|w=2|+|w+2|=|w=5|+|w+5| (1). Truéc hét ta c6 |S—w|+|w+52|5—w+5+w|=10. Dau
bang xay ra khi w=5Uw=-5 thoa man (1) va (¥).

Bay gi¢ ta xét [S—w|+|w+5|=2m>10=m >5 va goi w=x+ yi,(x,y €Z) khi d6 (1) xem

2 2 2

2
nhu biéu dién cta hai Elip (Truc thay déi) la: %+ mzy — - %+ mzy_ <=1
. 2 2 1 1
T (2) suy ra m;_4 = mzy—25 <:>y2(m2_4—m2_25j:0<:>y:0 suyra w=xeZ.
[x—1<10

Nhu vy thi: { = x €{-9;-8;~7;-6;6;7;8,9;10;11} ¢6 10 sb.

|ﬂ=m>5
Ca hai truong hop thi c6 12 s6. Chon A.

L&i binh. Theo cach trén thi ta chuyén déi Elip tir truc 4o sang sang truc thuc cho quen thudc.
Cich 2. (Pai sd)

Dit u=z—i < z=u+i taviétlai gia thiét: |u+ 2i|+[u— 21 = |u+ 5|+ |u =5 (1).
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Ta c6 |z|=|u+i|<10 va gia st u=x+yi=

<10,(x,y€Z).
it x* +y* =m thi tir (1) ta co:
\/x2+(y+2)2 +\/x2+(y—2)2 =\/x2+(y+5)2 +\/x2+(y—5)2

S Jm+a+4y +ym+4—4y = Jm+25+10y +Jm+25-10y

o Jm+a+dym+4—4y =21+ Jm+25+10yJm+25-10y

& J(m+4) =16y> =214+/(m+25)' ~100)”

<:>\/m2 +16+8(x*~)?) :21+\/m2 +625+50(x* ~ 7). Lai dit x* ~y* =n <0 thi

= \Jm? 116+ 81 —m? +625+50n =21 (2) = —29-2n .

Jm? +16+8n +m* +625+50n

= Jm? +16+8n +m* +625+50n =—-29—2n (3)

T (2) va (3)suyra Nm’ +16+8n =—4—n=>m’ +16+8n=16+8n+n",n<—4

>m=n"=>m=-n=>x"+y' =—x"+)y" = x=0,-y" <—4vatheo 3)—y <—%

> J? , va |y+l| <10 thir truc tiép taco y e {—11;—10;..;—5;5;6;..;9} . Chon A.

Loi binh. Giai cach 2 nhu thé chang khac gi tw luan - Thoi gian thiéu qua!

Vi du 65. Tim mé dun ctia sd phirc z, biét z =1+ 2i+3i> +4i° +...+2019{*""% .

A. /2034145 B. /2038181 C. v2040200 D. /2042221
Loi giai
2020 4

2019 _ X

Goi f(x)=l+x+x"+x +..+x ,(x;tl)

x—1

2019.x*° —2020.x°"" +1

= '(x)=1+2x+3x> +4x" +...+2019x°"" =

(x—1)’
Tir d6 z:f'(i):%f)m:—1010+1010i:|z|:\/2040200 . Chon C.
—Z1

Loi binh.

Trén day ta tim hiéu cac vi du c6 tinh dién hinh va phé bién, tuy nhién ta chua thé tim hiéu
dugc cac bai toan van dung khai trién Newton va Daiso t6 hop hay cac lily thira bac cao cia sd
phtc hodc 13 dang lugng gidc nang cao. Do d6 néu can thi cic em tu tim hiéu thém.
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4. Céc bai toan VDC tim gi4 tri 16n nhit, nhé nhat

Déi voi cac bai toan van dung cao thi cic em can c6 ki ning tot vé biéu dién twong quan giita cac do
dai doan thang, nim vimg hon céc kién thirc vé ba dudng Conic (Hinh hoc 10). Mit khac ciing thuong
xuyén sir dung cac bat dang thirc Mincopxki va Bunhiacopxki. Ngoai ra cac em c6 thé dai s hoa bai
toan dé khao sat ham sb. Tuy nhién vi thoi gian thi tric nghiém c6 han nén ciing khong phai 1a cac
bai toan qua kho, vi vay cadc em hady yén tam.

, 1 v A , Y . \ 2y T2y gy A . A
Vi du 66. Cho so thuc z, vaso phic z, thod man |22 —21| =1 va % la s0 thuc. Goi a, b lan lugt
+1

la gia tri 16n nhat va gi4 tri nho nht cta |z, — z,|. Tinh T=a+.
A.T=4. B. T=42. C.T=3/2+1. D. T=+2+3.
Loi gidi

Chon z, =xeRR, dat %zmeR:zz—zl :m(lJri):>|22—zl|:|m|\/§&z2 =x+m+mi
+1

thé vao gia thiét thir nhat: |x+m+(m—2)i|:1:(x+m)2+(m—2)2 =1 suyra:
(x+m) =1-(m-2) 20=|m-2|<1=1<m<3 .
Khi d6 V2 <|z,-2,|<3v2 = a=3v2,b=+2. Chon B.

Vidu 67. [THPT Chuyén Thai Binh]

Cho s6 phirc z thoa méan didu kién |z+2—i|~|z—2~3i| = 2/5 . Tim gi4 tri nho nhit ciia ||

NS oB D -2

min 5 -

A.|Z|min = \/g B. |z

Loi gidi
Dit z-2-3i=u < z=u+2+3i taviét lai gia thiét: |u+4+ 24 =|u|+245 (1)
Tir (1) ta lai cO: [u]+2+/5 = |u+ 4+ 24 <|u|+]4 + 21 = |u| + 24/5 do d6 déu bing xay ra khi va chi
khi u=k(4+2i),k>0

Thay tr6 vé (1) ta duge: 2/5|k +1|= 2/5 ([k|+1) = [k +1| =|k|+1 (dung VA =0).
Hién nhién ta tim min nén chon k=0=>u=0= |z|min = |2 +3i| =13 Chon C.

-2i

Vi du 68. Cho sb phic z théa mén
z+3—i

=1. Gia tri nho nhat cia |z +3 —2i| bang

A.@. B. 2410 . C. J10. D.

-5

m§’
o

Phan tich.

Quan sat biéu thirc ctia bai toan thi ta c6 thé quy vé duong thang va duong tron.
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Loi gidi
Cich 1. (Pai sd)
Dit z+3-2i=a+bi,(a,beR)= z=a-3+(b+2)i. Ta cin tim min ctia T =~a’ +b" .

22 o |o-2i] = |z 431 = (a=3) + 7 =a* +(b+1) suyra

2410

4=3a+b< (3P +1)(a2 407 ) T2 < Chen A

Mat khac ta ¢o

z+3—1

Cach 2. (Hinh hoc toa do)
Dit |z+3-2i|=R >0, truéc hét xét R >0, khi do z=x+ yi,(x,y €R) bicu dién bsi M (x;)
thudc dudng tron tdm 7(-3;2), ban kinh R.

z—2i

Mit khéc ta co =1=|z-2i]=|z+3-i|= x* +(y-2) =(x+3)" +(y-1) suyra

z+3—1

3x+y+3=0 la dudng thang A nén /M nho nhét khi IM vudng goc véi A tai M.
+2+3] 2410
5

J10
Cich 3. (Tric nghiém - Cong thirc tinh nhanh)
Ta co |w| = |z +3- 2i| va duong thang 1a |z — 2z'| = |z +3 —i| khi do trong Mode 2 ta ghi

R=d(1,A)=|_9

,chimg to 7 ¢ A. Chon A.

“X—A|2 ~|x - B[
2|4-B|

CALC nhap -3 + 2i = 2i = -3 +i = ta c6 két qua can tim.

Vi du 69. Cho s6 phirc z théa man |z —1+i|+|z+2-3i|=5 va w=z—i. Goi T'la gi4 tri 16n nhat
cua |w|. Tim T.
A. T=+5. B. T=24/5. C. T=22. D.T:%
Loi gidi
Thé z=w+i vao gid thiét ta c6 |w—1+2i|+|w+2-2i|=5 (1).
Goi M 14 diém biéu dién s6 phirc w va F,(1;-2), F,(~2;2) biéu dién cac s6
z,=1-2i,z, =-2+2i khidé tir (1) ta c6 MF,+ MF,=5.Matacoé F,F,=5=M e FF,.
Boi viy [w/max <> OM max <> OM = OF, =2+/2. Chen C.
Loi binh.

Néu MF, +MF, > EF, thi ta vin dua vé Elip va giai binh thuong. Tuy nhién bai toan cho

truong hop dic biét nén ta ciing xem xét dé giai nhanh hon.

Vidu 70. Cho z € C théa man |z—2+3i|+|z+2+i =45 . Tim gia tri 16n nhét cta |z~ 6+ 5i[?

A. 45 B. 5V5 C. 645 D. 745.

Loi giai:
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Goi M (x;y) biéudiénz, F(2;-3),F,(-2;-1), K(6;-5)thi
MF, + MF, = 45 > FF, = 23/5 nhu thé quy tich M 1a mot

Elip. Nhan xét rang F, 1a trung diém cta KF, va ta can tinh K Fo; F

. \ D
do dai 16n nhat cua KM, khi d6 vi tri can tim tai D, ma sao
cho DF, + DF, =2FF, (khong ddi) nén suy ra 7

DF, =+/5.Vay |KM| =KD=55.ChonB.

Vi du 71. [BGD - Pé minh hoa sb 3 2017]
Xét cic s6 phite z thoa min |z+2 —i|+|z—4-7i|= 632 . Goi m, M lan luot 1a gia tri nho nhat
va gid trj 16n nhat cua |z—1+i|. Tinh P=m+M.

A. P=+13+73 E.P:M C. 52 +73 p. po Y273

2
Loi giai.
Piat z—1+i=u=z=u+1—-i, tacin tim |u|min va y

lu| . Thé z vao gia thiét ta co:
max

Ju+3-2i[+|u-3-8i|=6v2. Goi M(x;y) biéu dién
uva F,(=3;2), F,(3;8) thitaco FF, =(6;6)va

MF, + MF, = F.F, =632 , do d6 M thudc doan FF, . Fi
Phuong trinh FF, lax—y+5=0, tor do suy ra

5\/5 u|max = OF; = \/ﬁ

|u|min =0OH = d(O’EF'Z) :T’

Chon B.
Vi du 72. Trong céc sb phiic z thoa min |z—3 —4i| =2 c6 hai s6 phuc z,,z, théa man |z] - zz| =1.
Gia trj nho nhat cia |Z1|2 —|zz|2 bang
A.-10 B. -4-35 C.-5 D. —6-2+/5.
Loi gidi:

, A 2 2 e . R 3 R X
Ky hi¢u P=|zl| —|z2 , giai st M biéu dién z, 4, B biéu dién

z,,z, va 1(3;4) la tim duong tron. Goi H 1a trung diém AB.

B H A
Taco AB=1, Ol =5 va: — 5.
P = (0i-OF.(0 + O = BA20% = 25A.(01 + ). L )

P =2BA.OI néntachicin BA, Ol ngugc hudng nhau va khi
do P, =-2AB.Ol[ =-10. Chon A.

Moi cac em giai theo phuong phap dai sd.
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Loi binh.
Doi khi ta xem nhu Elip (thay d6i) hodc duong tron (thay d6i) va nhin nhan theo cach mo
rong xem nhu elip 40 hay dudng tron ao dé giai toan nhanh hon

Vi du 73. Cho sé phtrc z théa man |z —1-2i|+|z—4—-6i|=9. Gia trj 16n nhat ctia |z—10-14i] 1a
A.17. B. 20. C. 15. D. 12.
Loi giai
Cach 1. (Hinh hoc véc to)
. . A1 . 5 9 5
Goi M (z)=M (x;y)thi M thugc elip (E), tam 7 5;4 ,a= 5 c= 5
Goi A(10;14) thi |z—10—14i| =AM . Vay ta chi can xac dinh vi tri M sao cho IM va Al

cung huéng hay IM =1 B0l isomm(2-Brasio].
2 2 2

2 2
Dodotaco [ 224 ] +(2-100) +[ -2~ 4(2-100)" =0.
2 2 2 2

§(|1—5t|+|1+sz|)=9:>t=i.Vay AM =|t+1|.A1=ﬁ£=17.Ch9n A.
2 25 252

Vi du 74. Cho s6 phirc z thoa man |(z+2)i+1|+|(Z-2)i-1|=10. Goi M, m lan luot la gié tri 16n
nhat va gid tri nho nhét ciia |z| Tinh tong S =M +m.
A. S=9. B. S=8. C. S=221. D. S=221-1.
Loi giai

Chia hai vé cho |z| ta duoc: |z+2—i|+|E—2+i|:10:>|z+2—i|+|z—2—i|=10 (1).

Goi A(-2;1), B(2;1), K(0;1). Suyra MA+MB=2a=10;AB=2c=4.Chuy la OK 1 AB

Diém M chay trén mot duong tron 4o véi tim 0(0;0) va ban kinh |z| =r . vi trf M cén tim sao

r= OM =+(0;¢) hay lax=0vazcé dang z =1+t thay

cho W=tl?0zt(0;l):>|t|=%
vao (1) suy ra 2y/(t=1)° +4 =10 hay ta c6 £=1++21
:>M:1+\/E,m:—1+\/5:>S:2\/ﬁ.Chan.

Vi du 75. Xét cac s6 phic z=a+bi (a,beR) thoa man |z+2+3i[=+2 . Tinh P=a+b khi
|z +2-5i]+|z - 6+3i| dat gié trj 1on nhét.

A. P=3 B. P=-3 C.P=7 D. P=-7
Loi giai

M €(C) ¢6 tam 1(-2;-3), R=~2.Goi 4(-2;5), B(6;-3), K(2;1) Ia trung diém 4B.
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Ta c6 MA+MB=2m;AB=2c.Chuyla IK L AB.

H

Diém M chay trén mét elip a0 (truc 16n 2m thay d6i). Vi tri cua M tai H, sao cho

IH ztﬁ:t(—4;—4):t:i:%:m =(-1;-1)= H(-3;-4).

42
Haytacoé z=-3-4i=P=a+b=-7. Chon D.
Vi du 76. (BGD - D& tham khao THPTQG 2017-2018)
Xét cic sd phic z=a+bi(a,beR) thoa min |z-4-3i|=+/5. Tinh P=a+b khi
|z+1-3i|+|z—1+i| dat gié tri 16n nhét.
A. P=10. B. P=4. C. P=6. D. P=8.
Loi gidi
Dit z—4-3i=x+yi,(x,yeR)= z=x+4+(y+3)i, khi do taco: x*+y* =5 (1).

Thé z vio T=|x+5+yi|+|x+3+(y+4)i|=\/(x+5)2+y2 +\/(x+3)2 +(y+4)

Sir dung (1) ta ¢6 T =~/30+10x ++/30+ 6x+8y < [(1+1)(60+16x+8y)

Lai c6 2x+y<(22+1°)(x* +)?) =5 nén T < /2(60+40) =10v/2 . Déu biing xay ra khi

x=2,y=1.Khidoz=6+4inéna=6,b=4va P=10. Chon A.
Vidu 77. [THPT Quang Xwong I — Thanh Hoa]

z—1

Cho tap hop sb phirc z théa man

. Tim max cua P:|z+i|+2|z—4+7i|.

1
V2

A. 8. B. 20. C. 245. D. 44/5.
Phan tich.

z+3i

Bai toan co thé quy vé diém M thudc dudng tron va can tim max ciia MA + 2MB.
Loi giai

1 .
= \/§|z—1|=|z+3z|

NG

z—1

Goi z=x+yi vo1 x,ye R, taco:

z+3i

V2 (x=1) 437 =X+ (y+3) o (x=2) +(y-3)’ =20 Dat
x=2+25cost,y=3+2/5sint,t €[0;27]. Ta bién doi P =|z+i|+2|z—4-7i| va
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thay bién thi P = \/(2 +2y5cost) +(4+245sint) + 2\/(—2+ 25 cost) +(~4+25sine)

P:\/40+8\/§(cost+2sint) +2\/40—8\/§(cost+25int) )

Ap dung bat dang thirc Bunhiacopxki ta co P < \/(12 +2° )(40 + 40) =20. Chon B.

Vi du 78. (THPT Kim Lién — Ha Noi)
Xét cac s6 phiic z=a+bi (a,beR ) thoa min |z—3—2i| =2.Tinh a+b khi
|z +1-2i|+2|z—2-5i| dat gié tri nho nhat.
A 4-43. B. 2+4/3. C.3. D. 4++/3.
Phan tich.
Bai toan cho diém M thudc dudng tron va can tim min cia MA + 2MB.
Loi giai
Dit z-3-2i=x+yi,(x,y e R) = z=x+3+(y+2)i. Theo gia thiét ta c6 x* +y* =4 (1).

Mat khac T =|z+1-2i|+2|z—2-5i|=|x+4+ yi|+2|x+1+(y-3)i| hay

T=\(x+4) +3* +2/(x+1) +(y=3)’ ).

Cach 1. (Tric nghiém Casio)

Ap dung (1), khai trién thi T = 2+/5+2x +2./14+2x—6y , dé tim gi4 tri nho nhat thi muc

x<0 .
tiéulé{ >0 :>xe[—2;0],y:\/4—x2 thé vao T, ta co:
y=z

T=2(\/5+2x+\/14+2x—6\/4—x2j vao Mode 7 khao sat thi .. =6 x=—1=> y=+/3.
Suy ra a+b:x+y+5:4+\/§.Ch(_)n D.
Cach 2. (Pai sb)

Ap dung (1) ta bién déi (x+4) +37 =20 +8x =4(5+2x) = 4[(x+1)2 +y2J thay tro vé (2)

ta cd T:2(\/(x+1)2+y2+\/(x+1)2+(3—y)2) >2(|y|+[3-]) 2 2|y+3- ] =6.

x=—1,x*+)y =4

(3 )>0 <:>x:—l,y=\/§:>a+b=x+y+5:4+x/§.ChQnD.
yo-y)=z

Dau bang c6 khi {

Loi binh.

So sanh v&i bai 75, 76 ta thay cac hé s6 doan thang 1a 1: 1 va yéu cau tim max, trong khi bai
nay thi h¢ so cac doan thang la 1: 2 va y€u cau tim min. Ngoai ra khac vai bai 77.

Bét ding thirc trén thi khac bat dang thirc Mincopxki.
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Vidu 79. (THPT Chuyén Dai hoc Vinh)

Xét céc sb phirc z, w théa min |z| =2,
A. 4 B.z(\/ﬁ—3) C.8 D.2(@—5).

Phan tich.
Biéu thirc cudi kha phure tap nén ta tim cach don gidn n6 va c6 xuat hién so 4 lién quan dén z.

iw—=2+ 5i| =1. Gia tri nho nhat ctia |22 -Wz— 4| bang:

Loi giai

Trudc hét chia ca hai vé trong gia thiét thir hai cho |l| va co: |w+ 5+ 2i| =1 (1).
Giasu z= x+yi,(x,y € R). bat P= |Z2 —wz—4| = |Z2 —wz—z.;| = |z||z—w—;| = 2|z—w—;|

JJaidat w=2yi=u=>w=u+2yi vata can tim min cua

u+5+(y+2)i=1(2).

:>P:2|2yi—w| :2|w—2yi

P =2u|. Thé w vao (1) ta c6

Chu y rang |Z| =2=ye€ [—2; 2] va xem y 1 tham sd, hién nhién cho y = -2,u =—4 thi thoa

min diéu kién (2) = P, =2|-4|=8 . Viy chon C.

min

Loi binh. Tai sao ta chon y = - 2 va u = - 4 ma khong chon s6 khac? Mot 1y do 1a: Médun cua
sO phure 1a do dai ctia véc to, nhin chung thi xem nhu 1a canh huyén ciia tam giac vudng c6 hai
canh la |x| va | y| cho nén tuan thu theo dinh 1y Pythagore. Nhung néu ta triét tiéu mot thanh

phan y thi d¢ dai s& giam di, tiép theo xem u nhur s6 thuc 13 xong.

Qua day cac em c6 thé dinh hudng giai toan s phirc nhu sau:
+ Hodc chuyén do phirc tap tir A sang B, r6i tap trung giai quyét B (Va nguoc lai).
+ Trong trudng hop bt kha khang thi din ca A va B vé diém chung C.

Cu thé ta thir chuyén tir (1) sang (2) xem thé nao? Sau khi gian u6c ta c6: P = 2|w— 2yi| .
Tu (1) tadat w+5+2i=a+bi=>w=a-5+(b+2)i,tacé a’+b> =1. Thé w vao P ta co:
P= 2|a—5+2(b+1—y)i| nhu thé ta c6 ba tham sb a, b, yma y € [—2;2] ,be [—1;1].

S6 y tur do hon (16ng hon, tap hop rong hon), nén véi b cho tily y b e [—l;l] thi ta luén chon

duge y=b +1, khi d6 ta triét tiéu dugc phan a0, va P=2|a—5| ma a€[-L1], béi vay trude

day ta cho b = 0 thi chon y = 1 va bay gid c6 thé lay a = 1 thi P, :2|1—5|:8. RO rang ta chi

min

can 1ap ludn ma khong can khao sat gi.

Vi du 80. Cho cac s6 phitc w, z théa man |w+il =¥ va Sw=(2+i)(z—4). Gié tri 16n nhat

cuia bicu thie P =|z—1-2i|+|z—5-2i| bing

A. 637 B. 4+24/13. C. 24/53. D. 4/13.

Phan tich.
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Dé bai cho tuong ddi "zich zic" tic 1a gay nhiéu, nhung tap trung hoi vé P va lién quan dén z
nén ta dung phép thé dé khir w. Sau d6 1a chon phuong an: Pon gian dudng tron hoic P.

Loi giai

35
A DI PP S
2+i]

Rt w va thé vao gia thiét ta co S
+1

35 ‘ 5i

%(2+i)(z—4)+i

<:>|z—3+2i|:3.Deflt z—3+2i=a+bi,(a,bE]R):>Z:a+3+(b—2)i va ta co:

a* +b* =9 (1). Thé z vio P ta c6: P=|a+2+(b—4)i|+|a—2+(b—-4)i| vakéthop (1) ta c6

P=\(a+2) +(b=4) +\(a=2) +(b—4)’ =29 +4a—8b +~29—4a—8b suyra

P<[2(58-16b) <,/2(58-16.(~3)) =2v/53 . Déu biing c6 taia = 0, b= - 3. Chen C.

Cach 2.
Néu don gian P thi ta ddt u = z—3—2i = z = u+3+2i khi d6 P trd thanh:

P =|u+2|+[u—2| va duong tron tro thanh |u +4i|=3. Xét M (x;y) biéu dién u va cac diém

A(-2;0),B(2;0),1(0;—4) thi P=MA+MB , M di chuyén trén duong tron tam 7, r = 3.
D@ thay Oy la truc ddi xtmg cua dudng tron va 1a trung tryc ctia 4B, nén P 16n nhét tai

x=0,y=-71a giao ctia Oy va duong tron va P, =2+2>+7% =2/53 (c4c em ty v& hinh).

max

Nhin xét.

Tir cde vi du trén thi cac em nam dwge nhitng gi? Nhin chung 1a: Quy vé xét vi tri tuong ddi
giita cac dudng (thang, tron, elip, ..), trong d6 yéu cau min, max. No6i chung ta dat an phy dé
chuyén do phirc tap vé mot dudng, du giai theo PP hinh hoc hay dai sé thi c6 cung ban chét.

Phép dit 4n phu nhu trén thuc chét 1a phép tinh tién, c6 diéu ta khong noi rd lam ting ric roi.
Vi du 81. Tim s6 phic z thoa man |z —1—i| =5 va biéu thirc T = |z -7 —9i| + 2|z—8i| dat gia tri
nho nhat.

A.z=5-2i. B. z=1+6i. C.z=-2-3i. D.z=4+5i.
Phan tich.

Bai toan cho diém M thudc duong tron va can tim min cia MA + 2MB.

Loi giai
bat z—1—-i=a+bi,(a,beR)=z=a+1+(b+1)i. Taco a’ +b* =25 (1).
Thé z vao T'ta c6 T =|a—6+(b—8)i+2|a+1+(b-7)i|

Hay T =y(a—6)’ +(b—8)" +2y/(a+1) +(b—7)" . Sit dung (1) ta bién déi xudt hi¢n 5 2
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2
(61—6)2 +(b—8)2 :125—12a—16b:4(1375—3a—4b):4{(%—aj +(b—2)2} suy ra

T=2[\/(%ajz +(b-2) +\/(a+1)2+(7b)2J22\/(%+1j2 +(7-2)" =5V5.

3/2—a _b-2 ,

Dau bang c6 khi =, +b*>=25néna=0,b=5vakhid6z=1+ 6i. Chon B.
a+ -

Lo1i binh.

Bai trén ta ¢ thé dung Casio dé thir dp an, nhung thay doi cau hoi nhu bai 76 thi khong thir
dugc. Cac em xem lai bai 76 va so sanh v6i bai nay dé tim ra diém chung va diém riéng, xem
lai phuong phép chu dao dé giai toan.

Dé cung cb cach giai, xem xét sy thay doi gia thiét va yéu cau bai toan, ta xét thém vai vi du
Vi du 82. Xét cac s6 phitc z=a+bi (a,beR) thoa man |z+2+3i|= V2 . Tinh P=a+b khi

|z +2—5i]+|z - 6+3i| dat gid tri 1on nhat.

=
~
Il
)

A. P=3 B. P=-3 C.P=7

Phan tich.

Cho duong tron. Tim z, dé tong MA + MB dat max (D3 giai 6 VD 75).
Loi giai

Dit z+2+43i=x+yi = z=x-2+(y-3)i vatacéd: x’+y* =2. Thé z vao T'ta c6

T:|x+(y—8)i|+|x—8+yi|:\/x2+(y—8)2 +\/(x—8)2 +y2

Hay T =/66-16y ++/66—16x <[2(132-16x-16y) </2(132+32) =2/82 .
Dau bang c6 khix=y=-1,khi d6 z=-3 - 4inén P=—7. Chon D.
Vi du 83. Cho s6 phirc z thoa man |Z—1—21'|+|z—4—6l'| =9 . Gia tri 16n nhat ctia |z—10—14i la

A.17. B. 20. C. 15. D. 12.
Phan tich.
Cho M thudc Elip va diém A. Tim max MA (Pa giai 6 VD 73).

Loi giai
bit z—-10-14i =a+bi,(a,b e R) thita co |a+9+(b+12)i|+|a+8+(b+6)i|:9 hay ta c6

J(@+9) +(b+12) +J(a+6) +(b+8)" =9 vi cn tim max V> +b> =m.
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Viét lai: 9= \m? +225+6(3a +4b) +/m* +100+4(3a +4b) (1).

Ta o [3a+4b| < ,/25((12 +b”) =5m=-5m<3a+4b<5m (2), do do két hop (1) suy ra

9> \/m? +225-30m +~m* +100—20m = |m—15|+|m—10|= 2m—25,(m >15) = m <17.
Vay max va’ +b*> =m=17. Chon A.
Vi du 84. Cho z€C thoa man |2z+1-3i=+/2. Tim gia tri 16n nhét cua P =|z—1|+3[z+1-2i?

A 42 B. 43 C. 242 D. 4.

Phan tich.

Cho duong tron. Tim max ctia MA + 3MB. Luu  1a cac hé s6 khac nhau, s6 1¢ khong dep.
Loi gidi.

Dit 2z+1-3i=x+yi=2z=x-1+(y+3)i vataco: x’+y* =2.Khido

2P =[22-2|+3|2z+2—4i| =|x =3+ (y+3)i|+3|x+1+(y-1)]

2P =\(x=3) +(y+3) +3{(x+1) +(y—1) =20—=6(x—y) +3J4+2(x—y)

2P =[20-6(x—y) +V3,12+6(x—y) <J(1+3)(20+12) =842 = P, =4v2 . Chen A.

Vi du 85. [THPT Lé& Hong Phong]

Cho s0 phtrc z va w théa man z+w=3+4i va |z—w|=9. Tim gi4 trj 16n nhat cta bicu thirc

T =|z|+|w].
A. V176 B. 14. C. 4. D. V106.
Phan tich.

Hinh thirc thay doi nhung van quy vé duong tron. Tim max ciia MA + MB.
Loi gidi

Cach 1.

Thé w=3+4i—z vao gia thiét thi hai ta c6: [2z —3—4i|=9. Hon nita viét lai

2T =|2z|+|2z-6-8i|. Pat 2z—3—4i=a+bi,(a,beR) thitaco: a* +b° =81 ().

Khid6 2T =|a+3+(b+4)i|+|a—3+(b—4)i| hay viét thanh

2T =(a+3) +(b+4) +(a=3) +(b-4) < [(1+1)(24> +18+26° +32) =2V106 .
Déu bang c6 khi 6a + 85 = 0 va dé thay duong thang nay cat duong tron (1). Vay chon D.
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Cach 2.

Diit |z|= m,|w|=n thi theo quy tic hinh binh hanh ta c6 m? +n® = %(|z +f +[z-wf)

hay ta c6 m” +n® =53 khong doi va suy ra: m+n < \/(1+1)(m2 +n2) =+/106 .

Lo1i binh.

Céch 1 giai v6i kha nhiéu bai toan ma ta di giai. Cach 2 theo quy tic hinh binh hanh tuy ngan
gon nhung véi hé s6 1a 1:1. Ly do 1a gia thiét thay d6i nén ta linh hoat hon trong giai toan,
nhung vai hé s6 khac thi khong ap dung duoc. Chang han ta xét bai toan sau

Vi du 86. Cho s0 phttc z va w thoa min z+2w=8+6i va |z—w|=4. Gi4 trj 16n nhat cua biéu

thirc |z| + |w| bang

A.4/6 B. 2426 C. J66 D. 36.
Phan tich.

So v6i bai 79, & ddy c6 khac 1a gia thiét thém vao z + 2w (khong ké hang s6). Tuy nhién ta
giai theo tinh chat cia modun xem thé nao.

Loi giai:

bat m= |z n =zw+zw. Su dung tinh cht |z|2 =z.z ta co:

|z+2w| z+2w) (z+2v_v>:m2+2p+4n2 (1)
Va 2|Z—w|2 :2(z+w).(;—v_v):2m2—2p+2n2 (2).

Cong cac vé cua (1) va (2) , két hop gia thiét suy ra: (82 + 62)+ 24> =3m’ +6n°.

Suy ra m> +2n> =44 do d6 m+n:1.m+%.\/§nﬁ\/(1+%)(m2+2n2) = %.44=\/%.

Chon C.
Cach 2. Khong nhat dinh ta phai ding modun, tré vé phép thé nhu bai 79 xem sao?

Z—§—2i :§
3

Bién doi [2z —2w|=8=[2z-(8+6i—z)| =8 =[3z-8—6i|=8= 3

Xét 2T =2|z|+|2uw| = 2|z|+|z -8 —6i| . Pt z—§—2i=a+bi:>a2 +b =% va

2T =2 a+§+(b+2)i +

2 2
2T:2\/(“+§j +(b+2)2+\/(a_?j +(b-4) =2 124 16a 4 + ﬂ_”_a_gb

16 .
a —?+(b —4)i| (nhu thé ta c6 dang 2MA + MB). Hay ta c6
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Suy ra 2Ts\/(ﬁ2 +12)(%+49ﬁj = \/3x88 = T'<+/66 . Chon C.

Vi du 87. [SGD Phu Tho]
Cho tap hop cac s6 phirc z thoa man |iz —-2-i | = 3. Gia tri 16n nhét ctia biéu thirc
2|z—4—i|+|z+5+8i| bang

A. 315 B. 15:3. C. 9/5. D. 185.

Phan tich.
Cho M thugc duong tron. Tim max cua 2MA + MB.
Loi giai
Trude hét bién doi |iz—2—i|=3 < |z-1+2i|=3 va ddt z—1+2i = a+bi thi ta co:
a’+b> =9 (1). Ngoaira z =a+1+bi—2i, thé z vao T ta duoc:

T =2|a-3+(b=3)i|+|a+6+(b+6)i| hay viét lai

T'=227-6(a+b)+81+12(a+b) =~2,/54-12(a+b) +/81+12(a+b)

T<,J(2+1)(54+81) =95 . Chon C.

Vi du 88. Goi n 13 s6 cac s6 phuc z dong thoi thoéa man |iz +1+ 2i| =3 va biéu thirc

T =2|z+5+2i|+3|z—3i| dat gid tri 16n nhat. Goi M 1a gia tri 16n nhat cta T . Gi4 trj tich

cua M. la
A. 104/21. B. 613 C. 5v21. D. 24/13.
Phan tich.

Cho M thudc dudng tron. Tim max ctia 2MA + 3MB. Pat cuc tr tai bao nhiéu diém?
Loi giai
Bién doi |iz+1+2i|=3 < |z+2-i|=3 vadit z+2-i=a+bi thitacod: a’+b> =9 (1).

Ngoai ra z=a-2+bi+i, thé z vao T ta dugc: T=2|a+3+(b+3)i|+3|a—2+(b—2)i|

hay viét lai T=2(a+3) +(b+3)" +3y(a=2)" +(b-2)

T=2,27+6(a+b)+3,17-4(a+b) =v2,/54+12(a+b) +/3,/51-12(a +b)

Suy ra TS\/(2+3)(54+51) =521 = M =5y21. Déu bang xay ra khi

3(54+12a+12b)=2(51-12a-12b) < a+b=—-1 ma dé thiy duong thang nay ct duong

tron (1) tai hai diém phan biét nén n = 2.

Vay Mn=10~/21. Chon A.
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Vi du 89. (Pang Viét Hung)

Cho 3 sb phiic z,z,,z, thoa man |z—1+2i|=|z+3—4i

z,+5-2i]=2,

z,—1-6i|=2. Tinh

5

gi trj nho nhat ciia biéu thirc T = |Z - Zl| + |z—zz| +4

2+/3770 V10361 V3770 V10361

B. C. D.
13 13 13 26

Phan tich.

A.

Cho diém M thudc duong thang va P, Q thudc 2 dudng tron. Tim max cia MP + MQ.
Loi giai
Goi M (z)=M (x;y),1(-5;2),K(1;6),4(1;-2),B(-3;4),P(z),0(z,).R =R, =2.

Khi d6 M thudc trung truc ctia AB c6 phuong trinh 2x-3y+5=0 (A) va P, Q di chuyén lan
luot trén hai dudng tron tdm I va K cung ban kinh R =2 . Nhan xét AB = (—4; 6),1} = (6;4)

Nghia 1a 4B 1 IK nén hai dudng thing IK / /A, hon nita d(I,A)>R,IK >2R.

Roérangtaco T = MP+ MQ+2R nho nhét khi P, 0 thudc cac doan MI, MK va do tinh ddi

23770
13

xung nén 7

min

2
=2MK . Vay T, =2MK = 2\/[%[]() +[d(1,8)] = .Chon A.

Lo1i binh.

Bai nay y tuong ldy tir bai THPT Thuin Thanh 2 — Bic Ninh trong hinh hoc toa d6 Oxyz
khi thay hai mit cau béi hai duong tron.

Vi du 90. (SGD Ngh¢ An - THPT Lién truong)
Cho s6 phitc z va goi z,, z, 1a hai nghiém phtic ctia phuong trinh z* +8; =0 (z, c6 phan

thyc duong). Gid tri nho nhat cia bicu thitc P=|z—z|+|z, —z|+ dugc viét dudi

- z
z+2z, +=
2

dang m~n + p\/g (trong d6 n, p € N;m,q 1a cac sb nguyén t0). Tong m+n+ p+q bang

A. 10 B. 13 C.11 D. 12
Phan tich.

Cho 2 diém (can phai giai), suy ra diém thir 3, M tily y. Tim min ctia MA + MB + MC.
Loi giai
Giai cac nghiém z, =2-2i,z, = -2+2i = 2z, +%2 =3-3;

Viét lai P=|z—2+2i|+|z+2-2i[+|z+3+3i]. Xét: M(z),4(2;-2),B(-2;2),C(-3;-3)
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thi P=MA+MB+ MC . D& thay tam giac ABC can tai C, va do
tinh d6i xtng cua 4, B nén diém M thudc doan OC. Phuong trinh
dudng thang OC 1a x=t,y =t = M (t;t),t €[-3;0]. Ta co

P=2J(t=2) +(¢+2) +/2(¢+3)" hay

; : 2t
P=\/§(2\/t +4+t+3), P (r):\/i(\/mﬂ]

P'(t):O:t:—% ,suyra P =26+3v2 va m+n+p+q=2+6+3+2=13. Chon B.

Vidu 91. (THPT Chuyén Hoang Vian Thu - Hoa Binh)

Cho s6 phtic z théa min 4|z+i| +3|z—i| =10 . Gia tri nhé nhat ctia |z| bang:

A B.é. C.z. D. 1.
7 2

1
=
Phan tich.

Ta c6 thé hinh dung nhu 13 4MA + 3MB = 10 khong d6i, kiéu nhu "lai tao" ctia duong tron va
Elip nén khong biét 1a duong cong gi, cling may 1a chi hoi do dai OM. Bay gio ta ciing lay
dudng cong "thién bién" dé tmg "van bién" thir xem sao.

Loi giai

D& thay z = 0 khong thoa mén, va gia st |z|=m >0 thidit z=m(cost+isint),t €[0;27]

Khi d6 ta co 4\/mzcoszt+(1+msint)2 +3\/m2 coszt+(1—msint)2 =10

= 10=4m* +1+ 2msint +3m* +1—2msint s\/(42 +3%)(2m +2)
:>2m2+224::>m21:|z|min =m=1. DAu bang c6 khi:
9(2+2sint)=16(2-2sin¢)=> sint =% (thoa man thude [-1;1]).

That may man 1a phép tng bién thanh cong. Vay |z|min =1 t6 khoanh tron D!.

5. Cac bai luyén tap
Cau 1. (BGD - Dé thi chinh thirc THPTQG 2019 M102 C44)

Xét cac sd phuc z théa man |z| =2 Trén mat phflng toa do Oxy, tap hop diém biéu dién cac

+iz

. 3 .
sO phuc w= ] la mot dudng tron c6 ban kinh bang

+z

A. 243. B. 12 C. 20. D. 2/5.
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Ciau 2. (SGD Hung Yén )

Cho céc s phirc z théa man |z|=5. Tap hop céc diém bicu dién cac s6 phirc w=(1+2i)z+i

trén mit phang toa do 1a mot duong tron. Tinh ban kinh » cta dudng tron do.

A 5. B. 10. C.s. D. 55.
Cau 3. (BGD -Pé thi chinh thirc THPTQG 2019 M104 C31)
Cho s6 phitc z théa (2—i)z+3+16i =2(z +i). Modun cua z bing
A5, B. 13. C. J13. D. 5.
Ciu 4. Xét cic s6 phirc z thoa man |z—2i +1|=4. Biét rang tap hop cac diém biéu dién cic sb phirc

w=(12—5/)Z+3i 1a mot duong tron. Tinh ban kinh cta duong tron d6 bang

A. 52 B. 3413 . C. 52. D. 124/5.

Céu 5. Cho hai sb phirc z,z' théa man |z + 5| =5va

z'+1-3i|=|z'-3-6i|. Tim gi4 tri nh6 nhat cta
|Z—Z'|.

A B2 c. J10. D. 3.10.

2 4
Cau 6. [THPT Nguyén Trii - Hai Duong]
Cho hai s phiic z,z, théa man cac diéu kién |Z1| =|zz|=2 va |z1 +222|=4. Gia tri cua
|221 —zz| bang:

A. 246 B. /6 C. 36 D. 8.
Céu 7. C6 bao nhiéu s6 phirc z thoa mén |z|2 =z(10—z) va |z—1—i|=|z+1+1i|?
A. 0 B.3. C. 1. D. 2.
Cau 8. Cho hai s6 phiic z,z thoa man |z|=2V3, |z|=3v2. Tinh gid tri bicu thic
P=lz-z[ +lz+z["

A. P=20.3. B. P=30.2. C. P=50. D. P=60.
Cau 9. [SGD Lao Cai ]

\ . K , . n ) A ‘- , - z .
Cho z;,z, 1a hai s6 phtrc lién hop cua nhau, dong thoi théa man —-e R va |zl —zz| = 2./3.
2

Tinh m6 dun cta s6 phuc z,.

5
Alz|=3 B. |zl|=§ C.|z|=2 D. |z |=+5
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Cau 10. Co6 tat ca bao nhiéu gia tri nguyén cia m dé c6 dung hai s6 phiic z théa man

|z=(2m=1)=i| =10 va |z~ 1+ = [z —2+3i.

A. 40. B. 41. C. 165. D. 164.

Céu 11. (THPT Chuyén Ha Tinh)
Cho s6 phitc z=a+bi (a,beR,a>0) théaman |z—1+2i|=5 va zz =10. Tinh P=a-b.
A. P=4. B. P=—4. C. P=-2. D. P=2.

Ciau 12. Cho z,, z, 1a cic s6 phtic thoa man |Z1| = |zz| =1va |z1 —222| =/6 . Tinh gi4 trj cia biéu

thic P = |221 +zz| .

A P=2. B. P=4/3. C.P=3. D. P=1.

Cau 13. (SGD Ninh Binh)

’ A A 5 A 5 ’ A , 5 ~ 5 .
Tinh tong phan thuc cua tat c4 cac sO phtic z # 0 thoa man (z +—]z =T7-z.

|Z
A. -2 B. -3 C.3 D.2
Cau 14. Tinh téng cta hai sé phirc z thoa man diéu kién Zz_jl 1a s6 thuan 4o va |z| =5
A. -4+1 B. 2i C. 8+2i D. 4-2i.

Cau 15. Biét c¢6 hai s6 phtic z dong thoi thoa man |22 —3| = |;+ 1 +i| va (z—i)(z+1+2i) lasd
thuc. Tich cua hai s6 d6 1a:
8 1 8 1 8

A Z——i B. —+—i c. -8 L p. 5.1
=3 3 33 3 3 33

Céu 16. (TT Diéu Hién - Can Tho)

Xét s6 phirc z thoa man |z -2- 2i| = 2. Gi4 tri nho nhét ctia biéu thic P = |z —1—1'| + |z -5 —2i|

bang
A. 1+4/10. B. 4. c. V17 D.5.

Cau 17. Cho s6 phic z thod min |z-3-4i[=+/5 va biéu thic P=|z+2[ ~|z~i| dat gia tri lon

nhit. Modun cua s phirc z bang
A. 10. B. 5/2. C. 13. D. +10.

Céu 18. Cho s phtic z thoa min |z| =1. Tim gi4 tri 16n nhat cta biéu thic P = |1+z| + 3|1 —z|.

A. 315 B. 65 c. 2410 D. 44/5.
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Céu 19. [THPT Chuyén Luong Thé Vinh — Pong Nai|

Cho s0 phtrc z théa |z| =1. Tim gia trj 16n nhat cua P = |22 + z| + |22 - z| .

A. %. B. 4. C. 22, D. 243.

Cau 20. Xét cac sb phuc z=a+bi (a,heR) thoa man |z+2-3i=2+2. Tinh P=2a+h khi

|z +1+ 6i|+|z—7-2i| dat gi4 tri 16n nhat.

A. P=3. B. P=-3. C.P=1. D. P=7.
Céu 21. [THPT Chuyén Nguyén Quang Diéu — Pong Thap]

Goi S 1a tap hop cac s6 phurc thoa man |z —3| +|z + 3| =10. Goi z1, z2 12 hai sb phure thude S co
md dun nhé nhét. Gia trj biéu thic P =z7 + 27 la:
A. 16. B. 32. C. -32. D. -16.

Cau 22. (SGD Ninh Binh):

Cho s6 phtic z théa min |z+1| =/3. Tim gi4 tri 16n nhat cia T :|z+4—i|+|z—2+i|.

A. 2+/46. B. 2413. C. 2426. D. 24/23.
Céu 23. [THPT Chuyén Lwong Thé Vinh — Pong Nai|

Cho s6 phtic z thoa |z—1—2i| = |z—3—i|. Khi d6 |Z| nho nhat bang

V3 V5

Al B. 2. c. X2 D. 2.
2 2

Cau 24. (THPT Hau Loc 2-Thanh Héa)
Cho hai s6 phiic z,,z, théa man |z1 +1-i | =2 va z, =iz,. Tim gi tri nho nhat m ctia biéu thirc

|zl—zz|?

A m=+2-1. B. m=24/2. C.m=2. D. m=2+/2-2.

Céu 25. Cho s6 phrc z thoa |z —1-i]+|z =3 -2i|=+/5 . Goi M, m lan luot 1a gi4 trj 1on nhét va gia
tri nho nhat cua |z| Tinh tbng M + m

A V24413 B. V213 C. 5++13 D. V2+3

Ciu 26. Cho hai s6 phitc u, v thoa man 3|u—6i]+3[u—1-3i| =510,

v—1+2i|=|§+i|.Giétrinh6

nhat cua |u —v| la:
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Cau 27. Cho s6 phtic z thoa man 4|z +i|+3|z—i| =10 . Gi4 tri nho nhit cua |z|b5ng

A. B. % C. D. 1.

| =
N | W

Céu 28. Cho s6 phuc z théa man |z —2-3i| +|Z+2+3i| =4+/5. Gia tri 16n nhét ciia 2] 1a

A3 +45. B.3+413. C.7. D.4++/5.
Cau 29. [THPT Thang Long - Ha Noi]

z i—a
\/a2+1 1—a(a—2i)

goi I(—3; 4) va M 1a diém biéu dién s6 phirc z. Khi a thay d6i thi M7 dat nho nhat la:

Cho sb thuc a thay ddi va sb phtrc z théa man . Trén mat phéng toa do,

A. 4 B.3 C.s D. 6.
Cau 30. (THPT Chuyén Dai hoc Vinh)
Gid st z,,z, 1a hai trong cdc s6 phirc z théa man (z—6) (8 + z_z) 1a s6 thyc. Biétrdng |z, — z,| = 4
. Gia tri trj nho nhét cta |z1 + 322| bang:
A. 5-+21 B. 20— 4421 C. 20-4422 D. 5-22
Cau 31. Xét céc s phitc z=a+bi, (a,bR) thoa man dong thoi hai diéu kién |z =[z+4-34] va

|z+1—i|+|z—2+3i| dat gi4 tri nh6 nhat. Gia trj P=a+2b la:

_2 B. p=_21 c. p=_5 p. p=_18
50 5 = 10 5

Cau 32. Goi z=a+bi la s6 phitc théa man |z—1-i|=5 va |z—7-9i|+2|z-8i| dat gi4 tri nho

A. P=

nhat. Gia tri cua 2a +3b bang

A. 14 B. -17. C. 20. D. -12.
Céu 33. [THPT Chuyén Nguyén Quang Diéu — Pong Thap]

Cho céc sd phuc z va w thoa mén (3 —i)|z| = LlJrl—i. Tim GTLN cua 7 = |w+i|.
W_

7 Y

A.— B C.2 D. 1
2 2 2
Céu 34. (THPT Chuyén Ngir — Ha N¢i )
Cho hai s6 phic z,, z, théa min |z1 —3i+5| =2 va |iz2 —1+2i| =4 . Tim gia trj 16n nhat cua

biéu thirc T = |2iz, +3z,|.

A. V313 +16. B. V313. C. V313 +8. D. \313+245.

Cau 35. Cho s6 phtc z thoa man |z+2—i|+|;—2+i| =442 Tim gia trj 16n nhat cta |iz +7| ?

A.16. B.10. C.84242. D.8++/2.
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Cau 36. Cho sb phtc z thoa man diéu kién |z+2|:|z+2i|. Gia tri nho nhat cua biéu thirc

a+bx/ﬁ

P =|z—1-2i|+|z—=3—4i|+|z—5-6i| dugc viét du6i dang 5 voi a, b 1a cac sb hiru
ti. Giatricua a+b la

A. 3. B.7. C.2. D. 4.
Cau 37. [SGD Lio Cai |

Biét s phuc z thoa man ddng thsi hai diéu kién |z-3-4i=+/5 va biéu thuc
M = |z+ 2|2 —|z —i|2 dat gia tri 16n nhét. Tinh mé dun cua sb phuc z + 1.
AA61 B. 52 C. 35 D. 24/41.
Céu 38. Cho s6 phitc z thoa man |(1+)z+1-3i| =32 . Gi tri 16n nhét ctia biéu thirc
P=|Z+2+i|+\/g|z—2—3i| bang
A. 5V6. B. V15 (1+/6). C. 65. D. V10 +3/15.
Cau 39. [THPT Chuyén Quang Trung]
Goi S 1a tap hop tat ca cac gia tri thuc ctia m dé ton tai 4 s6 phiic z thoa man |z +E| + |z —E| =2

va z(z+2)—(z+z)—ma sb thudn a0. Téng cac phan tir ctia S 13

A. 2+1 B V241 C V21 p. L

B> - N3

Cau 40. Cho s6 phirc z, théa man |z, —5+3i|=|z, —1-3i| va z, théa man |z, —4-3i|=|z, -2 +3i|.

Tim gi4 tri nho nhat cia P:|z1 —zz|+|E1 —6+i|+|zz—6—i|.

A8 B. 16 c. 2410 D. 6.

NIE Vi3

SSSSSSSSSSSSSSSSSSSSSSSESSSOSSSOESS>>>>
PHU LUC:

Chtrng minh cong thirc tinh nhanh khoang cach tir 1 diém dén duong trung truc ctia doan
thang dang s phtc.

Bai toan. Cho z e C thda man |Z—A| = |z—B|. Tim min |Z—C|.

, “(:—A|2 —|c-Bf
Keét qua: min|z—C|: 2|A—B|

Hudéng din chirng minh.
Dé d& nim bit, ta chuyén bai toan vé hinh hoc toa d6 Oxy, sau d6 chuyén lai vé dang s6 phuc.

Goi M(x; y), A(a; b), B(c; d), C(m; n) 1a cac diém biéu dién céac sé phirc trong tmg z, A, B, C.
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+ Phuong trinh trung truc cua BA la:

2 2 2 2
E‘l.O—M—M=O<:>(a—c)x+(b—d)y—@=0.
+ Khi tinh khoang cach tir C dén d thi
04’ - OB’
(a=eyms(b-t)n=212% o0 g (0« 0B
Ja—cp+(b-ay 2 f(a-cf+(b-dy
:‘ﬂ<ﬁc—@+%—a¥.)‘:|[(z3—zz)—(z3—zl)}[(z3—zz)+(z3—z]):||
2|zl—zz| 2|Zl—22|
|- -|c-8f|
Tac lata co min|z - C| = . Biéu phai chirng minh.
2|4-B|
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