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LOI GIOI THIEU

Trudc ndm 2017 phuong trinh hay hé phuong trinh déu la cac van dé kha quen thudc va
thuong xuyén xuat hién trong ky thi dai hoc, THPT Qudc Gia hay cac ky thi hoc sinh gidi
v6i hang trdm bai toan duoc dua ra trong cac dé thi thu, dé thi hoc sinh gioi hay thao luan
trén nhimg dién dan. Mdc du tr ndm 2017 trd di van dé nay tuy khong con gitt dugce stic
néng nhu trudc nita nhung né van gitt mot phan quan trong trong chuong trinh toan phé
thong va cfing la mot phan khong thé thi€u trong cac ky thi hoc sinh gidi, Olympic. C6 thé
thay v6i muac do quan trong ctia minh thi da c6 rat nhiéu tac gia dua ra nhiing cudn sach
cia minh no6i vé van dé nay kém véi rat nhiéu dang toan c6 lién quan, hau hét tat ca céc
dang duoc viét phuong phap va cach gidi rat cu thé. Tuy nhién v6i minh - mot nguoi da
tlmg trai qua nhimg ndm thang hoc phé thong - thi minh c6 thé thay rdng phuong phap
déanh gia 1a mot phuong phéap rat manh va hiéu qua dé xtt ly céc bai toan phtc tap va ciing
da duoc cac anh chi, thdy c6 cha y dé viét thanh mot s& chuyén dé riéng vé phuong phap
nay nhung ban than minh thay cac chuyén dé d6 hau hét chua thuc su sau va chua c6
nhiéu su thong nhat. Chinh vi ly do d6 minh cing 2 nguoi ban cda minh da nay ra y tudng
viét mot cudn sach dé c6 thé téng hop, sang tao cac bai toan hay va khé hon nhdm dua
dén cho ban doc mét cai nhin, va huéng di maéi trong viéc giai cac bai todn phuong trinh
vO ty. Trong cudn sach nay muc dich cta minh 1a huéng t6i 2 d6i tuong 1a cac ban hoc sinh
16p 10 dang hoc phuong trinh, hé phuong trinh va cac ban dang 6n thi hoc sinh gioi nén sé
c6 mot s6 phan c6 sy tro gitp ctia mdy tinh cam tay dé cho cac ban tham khao. Cudn sach
duogc viét nén khong thé chi c6 minh c4 nhan minh ma hoan thanh dugc ma 1a sy c6 ging

cua 2 nguoi ban cua minh la:

1. Nguyén Mai Hoang Anh - L6p 10A1 - THPT Thuc hanh Cao Nguyén Pak Lak
2. Nguyén Truong Phéat - THPT Marie Curie

Bén canh d6 minh cling xin gt 10i cam on t6i cac thay co, cac anh chi da gop y, gitp minh

bién soan nén cudn sdch nay ma tiéu biéu la:

Thay La Duy Tién - THPT Binh Minh - Ninh Binh

Thay Nguyén Thé Qudc - Khanh Hoa - Thira Thién Hué

Thay Bui Quy Minh - Gido vién truong THPT Hong Bang - Hai Phong
Thay Pao Van Minh - GDNN - GDTX Kién Xuong - Thai Binh

Thay Luu Thé Ding - Gido vién truong THPT Chuyén Son La

Thay Nguyén Ba Long - Gido vién truong THPT Nhu Thanh - Thanh Hoéa
Thay Van Hudn - Gido vién truong DTNT - Hoa Binh

Anh Bui Thé Viét - Sinh vién Pai hoc FPT

Thay Mai Xuan Vinh - Sé Gido duc va Bao tao Nghé An
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10. Thay Lé Van Poan - THPT An Hitu

11. Anh Nguyén Minh Tuén - THPT Nguyén Thi Minh Khai - Ha No6i

12. Anh Tran Quéc Thinh - Ha Noi

13. Thay Nguyén Minh Quan: Gido vién truong THPT Tran Van Bay - S6c Trang
14. Thay Pham Hung Hai: Gido vién truong THPT Hoang Hoa Tham - Da Néng
15. C6 Nguyeén Thi Trang Trang: Gido viéen THPT Lé Quy Pon - Thach Ha - Ha Tinh
16. Ban Phan Trong Nghia - Pai hoc su pham TPHCM

17. Anh H6 Xuan Hung - Sinh vién dai hoc Bach Khoa Ha Noi

18. Ban Tran H;?mg Nga - THPT Chuyén Nguyén Trai - Hai Duong

19. Thay Nguyén Tai Tué - THPT Nguyén Khuyén

20. Ban Lé Quéc Ding - TPHCM

21. C6 Tran CaAm Huyén - THPT C4m Pha - Quang Ninh

22. Anh Han Bang Phuong Nam - Pai hoc y dugc Thai Nguyén

23. Thay Pham Kim Chung - Administrator K2pi.net.vn

24. Thay Nguyén Hong Duy - Administrator K2pi.net.vn

Minh mong rﬁmg cuon sach nay sé mang lai cho cac ban hoc sinh dang hoc 16p 10, cac ban
dang 6n thi HSG nhiing kién thic, ky ning, kinh nghiém dé xt Iy cac bai toan hay va kho,
déng thoi gitip cac thiy cd c6 mot tai liéu bd ich dé tham khao déng thoi gitp ich cho cong
tac bdi dudng hoc sinh gidi. Mdc du da rat cd gang bién soan mot cach chi tiét ti mi nhung
khong thé tranh khoi cac sai sét nhat dinh, mong ban doc bo qua va gop y truc ti€p cho

nhém tac gia qua dia chi cia minh

NGUYEN MINH TUAN

Sinh vién K14 - Khoa hoc mdy tinh - Pai hoc FPT Ha Noi
Email: tuangenk@gmail.com

Phone: 0343763310

Cudi cung thay mdt nhom tac gia cam on céc ban da theo déi cudn sach nay, chic cac ban
hoc tap t6t va dong thoi cac thanh c6 thanh dat hon trong cong viéc.
Nhom tac gid
Nguyén Minh Tudn - Nguyén Truong Phdt - Nguyén Mai Hoang Anh


mailto:tuangenk@gmail.com
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PHAN I. KY THUAT PANH GIA

PHUONG TRINH VO NGHIEM.

I. CHUNG MINH PHUONG TRINH BAC 4 VO NGHIEM.
Cach 1. St dung tinh chat tam thirc bac 2.

2
Nén tang: Ta s& phan tich phuong trinh ban dau thanh (xz + % + mj +£(x)trong do f(x)

la mo6t tam thic bac 2 ludn 16n hon 0 véi moi x e R

Vi du 1: Chting minh phuong trinh sau v nghiém x* +x° +3x* +x+7 =0

Gidi
e Budc 1: Dau tién ta bién d6i phuong trinh theo tham s6 m nhu sau:

X +3x2+x+7=0

2
=N (xz +§+mj +(1741—2mjx2 +(1-m)x+7-m?=0
Nhiéu ban sé dit ra cau hoi tai sao lai 1a x? +§+m. R4t don gian, khi ta khai trién biéu
X ? X

thtc (xz +E+mj sé& xudt hién ngay x’vi 2.x2.E =x>. Hiéu ro6i chtt cac ban, cac bai khac
cling tach tuong tu dugc nhu vay, chi c6 diéu ta phai dua né vé dang téng quat:
x* +2ax® + bx? + cx +d = 0 thi méi tach thanh nhu trén.

e Buéc 2: Ta tinh A theo tham sé m: A= (1—m)2 —4(1741 —2mj(7—m2)

e Budc 3: Ta thdy phuong trinh ban dau v6 nghiém thi phuong trinh

(%—ijxz +(1-m)x+7-m?=0

A<O0
Phai v6 nghiém. Dé phuong trinh nay vo nghiém thi < 11 5 0
—-2m >
4

e Dung MODE 7 ,nhap ham sau vao may:

FX)=(1-X)'-4{ -2 |(7-%) FCRI=) (7421

e Start=-10
« End =10

Math
T I
Sau d6 ta tim céc gia tri X lam F(X)<O&%—2X>O | | 245 =

Nhin vao bang ta thdy rat nhiéu gia tri lam F(X)<O0,

1| Chinh phuc olympic todn Tinh hoa cda todn hoc ndm & ty do ctda né - Georg Cantor



VE DEP DANH GIA PHUONG TRINH VA HE PHUONG TRINH

Math
nhung tuy nhién ta phai chon lam sao cho % -2X>0 va " b . F I:H:éE
). . . x . A 15 -l:-l -180
do6 phai la moét gia tri bé dé rat gon. Véi li do nhu thé toi IB =] -50B =
sé chon X=0 hay m=0

e Budc 4: Do biét m =0 nén phuong trinh sé trg thanh:

2
x4+x3+3x2+x+7:0©(x2+§j +%(x+

>0Vx

2
ij +E:0
11 11

Nén phuong trinh vo nghiém!
Cach 2. St dung dao ham.
Ta xét phuong trinh tong quat: x* +ax’ +bx* +cx+d =0
e Buodc 1: Dao ham vé trai: f'(x)=4x+3ax” + 2bx +c
e Budc 2: Gidi phuong trinh f'(x)=0. Néu:
1. Phuong trinh c6 1 nghiém thi day 1a diém roi ctia bai toan.
2. Phuong trinh c¢6 nhiéu nghiém thi tht xem nghiém nao lam vé trai nho nhat

e Budc 3: Tim k sao cho:
ax 2
+ x* +ax® +bx? +CX+d—(X2 +?+kj > 0Vx

a .
+ k~—x,’ 5% nhat.

Muc tiéu ctia phuong phéap nay tuong tu nhu phuong phap & trén nhung c6 vai diém t6i
uu hon.

e Budc 4: Sau khi ta tim duoc k thi chi viéc 1dy :
2
x* +ax® + bx? +cx+d—(x2 +%x+kj =mx’ +nx+p > 0Vx

h(x)>0

2(x)>0 nén f(x)> 0. Th&la xong bai!

Do f(x)-g(x)=h(x) ma trong do6 {

Vi du 2: Chtng minh rdng f(x)=x"-x*+x+2>0VxeR

Gidi
e Buéc 1: Dao ham vé trai f'(x)=4x" -2x+1

e Budc 2: Gidi phuong trinh f'(x) =0 < x =x, =—0..8846461771

Math Math¥

e "1 - h1=
4 -0, 8846461771

e Budc 3: Tim k:

Tinh hoa clia todn hoc ndm & +u do cda né - Georg Cantor Chinh phuc olympic todn | 2
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K ~—x,2 =2, =—0.7825988 = k =—0.8 = =
2 5

2
e Budc 4: Ta lay: x4—x2+x+2—(x2—%j =%x2+x+1,36>0Vx

Do d6 phuong trinh ban du v6 nghiém! Nhanh hon chu!

Vi du 3: Chtng minh ring f(x)=2x"+x*-2x* +x+3>0

Gidi
e Buodc1: Dao ham: f'(x)=8x"+3x —4x+1 < x=x,=-1
e Buoc2: Tim k:—on—EXO:—E
2 4

2
e Buoc 3: Lay f(x)—2(x2+ix—%j zg(x+1)2+1.Xong!

Vi du 4: Ching minh rang f(x)=4x"+2x’ -2x* +x+14>0

Gidi
e Buéc 1: Dao ham f'(x) =16x" +6x* —4x+1=0 < x =x, = -0,7909677904

e Bu6c2: Tim k ~ —x,° —%xo z_%

2 2
e Budc 3: Lay f(x)—4(x2+1x—1J =Z(x+éj +57 5 ovx
4 2 4 7 7

II. CHUNG MINH PHUONG TRINH BAC 6 VO NGHIEM.

Ta xét phuong trinh tong quat sau: f(x)=x°+ax’ +bx* +cox’ +dx* +ex+£ =0
2
e Ta sé thém bot biéu thic: (x3 +%x2 +mx + n]
a ’ a’
e Liy f(X)—(x3 +EX2 +mx+nj =(b—z—2mjx4 +...

e Giai phuong trinh f'(x)=0< x=x, thda man min f(x) =f(x, )

meQ )
2 = A N ~ a
e Tim m théa man a2 , thong thuong ta sé cho b—-—-2m =1
b-—-2m>0 4
4
ne@Q
e Timnthéaman{ ., a ,
X,  +—%," +mx,+n=0
X

e Khi tim dugc m,n bai toan coi nhu duoc giai quyét!

Sau day 1a 2 vi du dé tim hiéu rd cach lam.

Vi du 1: Ching minh rang f(x)=x°-2x" —x* +4x*> +2x+1>0

Gidi

3 | Chinh phuc olympic todn Tinh hoa cda todn hoc ndm & tu do clia né - Georg Cantor



VE DEP DANH GIA PHUONG TRINH VA HE PHUONG TRINH

Tac6 f'(x)=6x"-10x" —4x> +8x+2 =0 < x =x, =—0,25219838

Math Math
10ES 455 +0%+7 | BRE-108% 457 +85b
ﬁ= _ -[. EEEIEIEE%

Lay f(x)—(x*=x* +mx+n)2 =(-2-2m)x* +...

Ta tim m thdéa man —2—2m:1<:>m:—%

. o 3 1
Ta tim n théa man x,” —x,’ —Ex0+n:0<:>n:—z

2 2
Lay f(x)—(x3—x2—éx_1j =(x2_§x_1J +EX2 +E>0
2 4 4 2 16 16

e Vay bai todn da dugcgiai quyét!

Vi du 2: Ching minh rdng f(x)=x°+2x" -2x" —4x* +8x* +2x+12>0

Gidi

Ta c6 f'(x)=6x"+10x" —8x” —12x” +16x+2 =0 < x = x, =-0,115820665

Math Math
T 19924 1B+ | BRE 10K -E5=-1b
ﬁ=E_-D.IIEEEDEEE

Ldy f(x)—(x +x* +mx+n)2 =(-3-2m)x" +...

Ta tim m thda man -3-2m=1&m=-2

Ta tim n thoa man x> +x,” —2x,+n~0<n~ —% . Dé y thay f(x,)~11,58>0 rat
nhiéu nén day 1a mot bai toan kha 16ng 1éo. Do d6 ta c6 thé coi n=0 dé tién rat gon
bang may tinh.

Lay f(x)—(x3 +x? —ZX)2 =x'+4x* +2x+12>0

e Vay bai toan da duoc giai quyét hoan toan.
III. CACH PHAN TICH RIENG CHO HAI DONG MAY PAC BIET.
Phuong phédp nay chi hitu ich cho 2 dong may VINACAL 570es PLUS II va CASIO 570VN
- PLUS bdi vi 2 dong may nay c6 tinh nidng tinh min max ctia 1 tam thac bac 2. D6i vai
mdy VINACAL thi ta sé bAm [SHIFT [6][6] may sé hién lén nhu sau:

Math
1:G.  ZILCH b <
5:EC0 4:FACT 'ﬁT.f_ IR
S:lim  GIMinMax =

u

Con mday CASIO VN thi tich hop trong chtic nang giai phuong trinh béc 2.

Tinh hoa clia todn hoc ndm & +u do cda né - Georg Cantor Chinh phuc olympic todn | 4
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Noi dung
Phuong phéap nay sé dung tinh chét co ban ctia tam thic bac 2 nhu sau:Xét tam thuc

2
f(x)=ax’+bx+c thitaluon c6 f(x)= a(x+2£j +;—A. Tudng chtmg don gian nhung lai
a a

gitp ich kha nhiéu!
Vi du minh hoa.

Vi du 1: Ching minh réng f(x)=x*+3x> +3x> +%x+% > 0V'x

Gidi
e Néu quen v6i phuong phap nay thi sé cho ra két qua khoang 15s .
e Do t6i dung may VINACAL nén sé khéi dong tinh nang tim min max.
e Nhap vao may |1 .E.E.E mady sé cho ra két qua:

Math¥ m Math &
s=llalue Hlnlmum— Y=Ualue Minimum=
3 =
z ]
2 2
Vay ta sé c6 x* +3x° +3x% =x* (x+%j +3%.
o Tiép tuc nhap E|E| % =] ta lai duoc két qua:

m . Math¥ m Math &
s=Ulalue Minimum= |Y-Ualue Minimum=

1
3 [

o 3 33 3( 1Y
Vaytas€é cO —+—x+—=—| x+—| .
4 4 16 4 2

2 2
e Vay ta duoc f(x)=x’ [x+%j +Z(x+%} > 0. Bai toan da dugc giai quyét!

Nhanh cha!. P4y van 1a binh thuong ta sé chién mot vi du tiép theo!

Vi du 2: Ching minh rang f(x)=x°-3x"+3x* —x* +2x* =x+1>0

Gidi
1. Nhap 3 hé s6 dau vao méy ta sé duoc két qua:
s=llalue Hlnlmum- Y=lalue Hlnlmum-
= =
=z E]

2
Vay sé c¢6 x° —3x" +3x* =x* (x—%) +Zx4

5 | Chinh phuc olympic todn Tinh hoa cda todn hoc ndm & tu do clia né - Georg Cantor
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2. Nhap vao may 3 hé s6 tiép theo sé dugc két qua:

. Math¥ . Math &

s=Ualue Minimum= [Y¥-Ualue Minimum=
= =

S S

2
Vay sé c6 EIVTINI NN (X_Ej +253
4 4 3 3

3. Nhap vao may 3 hé s6 cudi sé duoc két qua:

. Math¥ . Math &
s=Ualue Minimum= | Y-Ualue Minimum=
E=a i7
1 =0
Vay sé c6 gxz—x+1=§(x—%j +%
4. Vay f(x):x“(x—%) +%x2(x—§j +§(x—%j +%>0Vx.

Bay gio sé chién nét vi du cudi cung!

Vi du 3: Chimg minh réng f(x)=x* +§x7 +3x° +%x5 +%x4 =257 +3x —x+%>0Vx

Gidi

Chi can bAm mdy khoang 1 phut ta sé c6 két qua dudi day:

6( 1)2 26 4( 3]2 176 2( 39 jz 489( 88 jz 119
f(x)=x"| x+= | +=x*| x+—= | +=—x*| x— + X— i+

3 9 13 39 176 176 489 489
Tu lam nhé! Cu6i cung hay tha stc v6i bai sau day.

Chtng minh:
f(x) =x2 +2xM +18x1 —11x° +18x® —16x” +22x° —17x° +31x* =10x°> + 20x*>* —10x+21>0

Chii y ring:

1. Né&u ban nao khong c6 2 dong mdy trén thi van c6 thé tinh dugc nhu trén nhung

mat thoi gian tinh —23 & ;—A . Nhung diung ngai nhé lam nhiéu sé tién bo .
a 4a

2. Néu ban nao ¢6 VINACAL hay VN PLUS thi dtmg v0i ming, nhiéu khi gdp phai
nhimg bai hé s§ xau thi ciing phai tinh tay thoi vi may tinh khong hién thi dugc, thé
la br?mg nhau. Tiéu biéu 1a bai bén trén t6i cho, vui vé nhé.

IV. CHUNG MINH TREN KHOANG.

Dau tién xét dang téng quét cho céc bai toan c6 diém roi khong chit.

Tinh hoa clia todn hoc ndm & +u do cda né - Georg Cantor Chinh phuc olympic todn | 6
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Gia st can ching minh phuong trinh f(x)=0 vo nghiém trén[b;+x); (-«;a]. Ta s&
CALC sao cho X+a=1000; X+b=1000 sau d6 khai trién nhu binh thuong. Dé hiéu rd

hon ta sé cung chién mot vi du 14y .

Vi du 1: Chtng minh ridng f(x)=3x" —=2x* —2x* +10x+4 > 0Vx &[2;+x)

Gidi
Cdach1: Ham sé

e Taco f'(x)=12x"—6x> —4x+10=f"(x)=36x* -12x -4

1+\E
X =
6
1-5
X=—

6
e Lap bang bién thién cho f'(x) ta duoc:
1-+/5 1++/5
6 6
0 - 0 +

e '(x)=0&

X

£'(x) +

400
834545
fl(x) 9 /
/ 83-55
9

Nhin vao bang bién thién ta c6 thé thdy phuong trinh f'(x)=0 c6 1 nghiém duy nhat
thuoc vao khoang (-0,9;-0,8)do £'(-0,9).f'(-0,8)<0.

Gia vo nghiem d6 1a x =x, =—0,8997774777 . Lai ti€p tuc lap bang bién thién cho f(x) ta
dugc f(x)>0Vxe[2;+x). Vay 1a hét bail
Cich 2: Nhém thanh tong dwa vao diéu kién.
Ta dé dang nhan thdy x>2 = x—-2>0 nén nay ra y tudng viét f(x) dudi dang :
f(x)=a(x-2)" +b(x—2)3 +C(X—2)2 +d(x—2)+e
Va cong viéc nay sé nho t6i su tro gitp cua thu thuat CASIO.
e Tase CALC X saocho X-2=1000= X =1002
o CALC X=1002 ta dugc két qua 3,022058x10'? ~3(x—2)’
e Ghivaosau —-3(X —2)4 , CALC X =1002 ta dugc két qua 2,205807 x10" ~ 22(x - 2)3
e Ghivao sau —22(X~-2)’, CALC X =1002 ta duoc két qua 58074048 ~ 58(x —2)’
e Ghivao sau —58(X- 2)2 , CALC X =1002 ta dugc két qua 74048 =74(x—2)+48

7 | Chinh phuc olympic todn Tinh hoa cda todn hoc ndm & tu do clia né - Georg Cantor
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e Thutrlai v6i X =n ta dugc két qua la 0. Vay két qua ludn dung
o Vay f(x)=3(x—=2)" +22(x-2)" +58(x—2)" +74(x—2) + 48 > 0Vx e[ 2;+w)

e Thé'la bai toan da dugc giai quyét!

Vi du 2: Chtng minh rdng f(x)=x"—x* —x* +4x* +6x+1<0Vx < -1

Gidi
¢ Duing nhu nhiing buéc lam bén trén ta sé tach thanh:

f(x)=(x+1)" =6(x+1)" +13(x+1)’ =17 (x+1)" +20(x+1)~10

(><+1)5 <0
e Déythay véi x<-1< 13(x+1)3 SO:f(x)<OVxe(—oo;—1]
20(x+1)<0

Vi du 3: Ching minh rang f(x)=x"—x°+x” -=2x* +8x’> —-8x* +10x -2 > 0Vx > 1

Gidi

Do bai nay bac tuong doéi cao nén ta sé ctt lam nhu binh thuong va tim cac hé s6 con lai
bang ddng nhat hé s6.
Taco f(x)=(x—-1) +6(x-1) +16(x~1)’ +23(x~1)" +a(x~1)" +b(x~1)" +c(x~1)+£(1)
Lap hé, cho x 1an luot béng 1,2,3 sé tim duoc a,b,c.
Ta duoc:

f(x)=(x=1) +6(x~1)"+16(x~1) +23(x~1)" +25(x~1)" +20(x~1) +16(x~1)+7
Bai toan da dugc gidi quyét
V. PHUONG PHAP DAC CHUNG MINH TREN POAN
Y tudng ctia phuong phap nay chinh la phuong phap DAC - Phuong phap nay da c6
trong cudn “ Nhitng vién kim cuong trong bat déng thttc - TrAn Phuong” ban doc c6 thé

tham khao thém!

Vi du 1: Ching minh rang f(x)=x"—x*—2x’ —=2x* +5x+3 > 0Vx & [1;+x)

Gidi
Dé y thay:
f(x)=(x=1) +4(x-1)" +4(x-1)" —4(x-1)" —4(x-1)+4

2 2
4(x-1)" +4(x—1)3—4(x—1)2—4(x—1)+4:4{(x2—3X+1+1j +1(X_2j +§}>0
2 5 20 7 175

Nén do d6 f(x)>0Vx e[1;+x) (dpcm). Xong! Hét bai.

Huéng dan

Do ta dang cdn chimg minh f(x)>0Vx>1 nén ndy ra y tudng tach thanh:
(x=1) +a(x-1)" +b(x=1) +c(x-1)" +d(x—-1)+e
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Dé tach thanh nhu vay ta sé st dung may tinh cAm tay dé giai quyét. Dé y thdy voi
x21=x-120nén ta s€ nhap vao may va |[CALC|sao cho X-1=1000= X=1001 va st
dung ky thuat xdp xi nhu khai trién da thic ta sé tich thanh dang nhu trén. Cu thé cac

budéc lam nhu sau:

Nhap vao may biéu thic trén, [CALC[X]=]1000] ta duoc két qua 1a 1.0...x10" ~(x—1).

Ghi vao sau —(X-1)’ [CALC[X]=][1000] ta dugc két qua 1a4.0...x 10 =~ 4(x—1)".

Ghi vao sau —4(X -1)" [CALC[X]=][1000]ta dugc két qua 3.99...x10° =~ 4(x—1)’

Ghi vao sau —4(X-1)’ [CALC[X]=][1000]ta duoc két qua 4003996 ~ —4(x 1)’

Ghi vao sau +4(X —1)2 |CALC|X]=[1000] ta dugc két qua —3996 = -4 (x—1)+4.

Nhé rang dé tim hé sd tu do ta sé gia tri moc tac 1a 1 va dugce két qua 1a 4.
Vay ta duoc két qua f(x) :(x—l)5 +4(x—1)4 +4(x—1)3 —4(x—1)2 —4(x-1)+4, thi lai voi
x = ta thay két qua luén dang. Bén day van dé dit ta 1a tat ca khong phai ddu "+"nén ta
can phai xt ly thém 1 budc nita. That may la biéu thtc bac 4 ding sau ludon duong nén ta
sé quy no vé bai toan chtmg minh phuong trinh bac 4 v6 nghiém véi 4n y =x—1. St dung
thu thuat SOS ta sé tdch né thanh:

4(x-1)" +4(x-1)" —4(x-1)" —4(x~1)+4

, 3x+1 1) 7 9)* 58
=4|| x" - +—| +—=|x—=| +—1|>0
2 5) 200 7) 175

Khi d6 bai todn da duoc giai quyét hoan toan!
Nhan xét

Bai toan trén chi la dang d&c biét do biéu thac f(x) kha la 16ng. Vay d6i v6i nhiing bai
toan chit khac ma khi tach ra dang nhu trén toan ddu "-" thi phai lam nhu thé nao? Sau
day sé la cach giai quyét.

e Thu nhat ta sé cdn noi rong khodng can ching minh ta, c6 nghia 1a néu bai toan cho
x>1 thi ta s& chtmg minh hén né 16n hon 0 v6i x >3 ching han, sau d6 sé ching
minh n6 16n hon 0 véi x €[1;3].

e Dé ching minh f(x)>0Vxe[1;3] ta sé sit dung ky thuat chia dé tri DAC. ( Ap
dung ching minh v6 nghiém trén doan).

e NOoi dung phuong phap DAC: B6 dé: Cho ham s6 f(x,y)lién tuc va xac dinh trén
D =[a;b]x[a;b]Ham s6 f(x,y)dong bién theo x va nghich bién theo y . Khi d6 néu
f(a,b)>0thi f(x,y)>f(a,b)>0.

e Chtng minh b6 dé:
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+ Do ham s6 déng bién theo x, x>a nén f(x,y)>f(a,y)(1)

+ Do ham s6 nghich bién theo y, y <b nén f(a,y)>f(a,b)(2)

+ Tu (1) &(2) c6 diéu phai chtimg minh.
Ap dung
Dai v6i bai nay ta ct gia vo tach né dudi dang (x—3) ta sé duoc:

f(x)=(x-3)" +14(x=3)" +76(x-3)’ +196(x —3)" +236 (x—3)+108 > 0¥x > 3
Xét x €[1;3]. bay la diéu quan trong nhat. Do b6 dé xét t6i ham 2 bién nén ta sé bién f(x)
thanh ham 2 bién dya vao tinh déng bién nghich bién. Ta c6:

(x*)'=5x* >0= Chd nay dong bién ta sé dat Ia x.

(—x*)'=-4x> <0= Ché nay nghich bién nén dat lay.
Tuong tu voi cac chd con lai. Cudi cung ta sé ddt g(x,y)=x"—y* -2y’ —2y® +5x+3, ham
nay chdc chdn déng bién theo x va nghich bién theo y véi x,y e D =[1;3]%[1;3].
Sau khi ddt xong ham g(x,y) ta cdn phai chimg minh n6 16n hon 0. Do b8 dé phat biéu
néu f(a,b)>0=f(x,y)>0 thi nhiéu nguoi sé tuong luon x =1&y =3, nhung ché tréu la
n6 &m choét ra do ta danh gia qua manh tay, va nhiéu ban sé nghi bd dé sai, nhung hay dé
y riang phuong phap nay cé tén chia dé tri nén cdc ban can phai chia
[1,3]=[1;a]ula;b]u...U[z;3] va xét timg khodng dé khi thay 2 can vao no ludn duong,
hiéu ch?. Dé tim cac khoang kia phai st dung dén tai san quy bau la chiéc may tinh.
Nhap ham g(x,y) vao may: X°—Y*-2Y®-2Y?+5X +3. Dau tién bam va nhap
X =1 trudc do day la can nho nhat, sau d6 ta tha thay Y =3 vao thady am thi sé& chuyén
Y =2 thdy van am. Chuyén tiép Y xu6ng 1,5 thi thdy van am, ldc nay dimg hodng ta sé
tim duoc Y =1,2 thi g(x,y)= % >0, thé'1a da tim dugc 1 khoang dau tién.
Dé tim tiép cac khoang tiép theo ta lai cho X =1,2 va tim Y. Ct ldp lai qua trinh trén ta sé
chia duoc: [1;3]=[1;1,2]U[1,2;1,3]U[1,3;1,39]U[1,39;1,46] U[1,46;1,51]
U[1,51;1,56] U[1,56;1,6]U[1,6;1,64] U[1,64;1,67]U[1,67;1,7]U[1,7;1,73]
U[1,73:1,76]U[1,76;1,8];[1,8;1,84] U[1,84;1,88] U[1,88;1,93] U[1,93;1,99] U[1,99;2].
Lic dén bat dau toi s6 2 1a cac ban sé gap kho khian do cac khoang cang ngay cang hep. Ta
lai ndy y tudng chung minh f(x)>0Vx>2. Ta sé& duoc:

f(x)=(x=2)" +9(x=2)" +30(x—-2) +42(x-2)" +21(x~2)+5>0

Vay loi gidi so lugc ctia bai nay sé nhu sau:
Xét x>2 taco f(x)=(x—2) +9(x-2)" +30(x~2)" +42(x—2)" +21(x~2)+5>0
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Xét xe[1;2]. Ta c6 b6 dé sau: Cho ham s6 f(x,y)lién tuc va xdc dinh trén
D =[a;b]x[a;b]Ham s& f(x,y)dong bién theo x va nghich bién theo y. Khi d6 néu
f(a,b)>0thi f(x,y)>f(a,b)>0.

Chirng minh:

Do ham s6 déng bién theo x, x>a nén f(x,y)>f(a,y)(1)

Do ham s& nghich bién theo y, y <b nén f(a,y)>f(a,b)(2)

Tix (1)&(2) c6 diéu phai chtng minh.

Xétham g(x,y)=x"—y* -2y’ —2y® +5x+3 = f(x) = g(x,x) . Ham s6 dong bién theo x,
nghich bién theo y, lién tuc trén [1;1,2];[1,2;1,3];[1,3;1,39];[1,39;1,46];[1,46;1, 51
[1,51;1,56];[1,56;1,6];[1,6;1,64];[1,64;1,67];[1,67;1,7];[1,7:1,73]
[1,51;1,56];[1,56;1,6];[1,6;1,64];[1,64;1,67];[1,67;1,7];[1,7:1,73].

369
g(1i1,2)=2->0 f(x)=g(x,x)>0vx e[1;1,2]
Lai c6 nén theo bé dé ta sé c6
g(1,99;2)~4,1579601 >0 f(x)=g(x,x)>0vxe[1,99;2]

Ttr d6 suy ra diéu phai ching minh!

Vi du 2: Ching minh rdng f(x)=x*-x"+x*—x+1>0vxeR

Gidi
Cach 1: Tao dung hing dang thtc
2 2
Taluon co: f(x)=x"—x"+x* —x+1 :(x“ —%xj +%(x—zj +250
Ttr d6 suy ra diéu phai chtng minh.
Cach 2: DAC
Nhin c4ch 1 c6 vé rat ngdn gon nhung sé nhiéu ban c6 thé khong nhan thay dau hiéu tach
hing dang thtc thi ta van c6 thé lam nhu sau:

R 1V 3
X =x+1=|x—=| +=>0 .| e 1 )
2 4 nén c6 diéu phai chang minh.

Xét x <0 khi dé —x° <0 laico
x* >0

Xét x>1 khi d6 x*—x" =x*(x*~1)=x"(x—1)(x* +x+1)>0 ta ciing c6 diéu phai chimg

minh.

Xét x €[0;1] day la khau quan trong nhat. Cach lam DAC s& nhu sau:

+ Budc 1: Phat biéu, chiing minh bo dé.
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+ Buoc 2: D4t ham g(x,y) sao cho hop li ddm béo ludn dung theo bo dé (rat quan trong).
bé dgt ham g (x, y) ta sé dao ham timg bién mot va xét tinh dong bién, nghich bién.Nh¢ la

chd nao dang dong sé dit la x, nghich bién 1a y.

(x*)'=8x" >0
D '=_5 4 0
Co: (=) xS .Nén sé ddt ham g(x,y)=x" -y’ +x* -y +1.
(xz)':2x>0
(-x)'=-1<0

+ Chia dé tri: Dé chimg minh v6 nghiém dugc ta sé phai chia thanh cac khoang nho
[a;m];[m;n];..;[y;b] lam sao cho khi ta thay c4n min bdng x va can max bang y thi
g(x,y)>0. Cong viéc nay c6 casio dé hd tro.
Nhap vao may X°®-Y’+X*>-Y+1 . Ta s¢ CALC X=0 trudc va tht cho véi Y=0 ludn
xem c6 duong khong. Nhung tiéc 1a biéu thic bi &m do ta da danh gia qua troi, va vi thé
can thu nhé khoang lai. Thur tiép va cho Y =0,5 xem.Lan nay da duong, nhung ta
c6 thé néi rong khoang hon nita thtt cho Y =0,7 14n nay ciing duong nhung néu néi rong
ra hon nita sé bi am.Thé 1a da tim dugc mot khoang. Ta sé lap lai qua trinh trén voéi
X =0,7 va sé& phai tim Y. Lan luot tim dugc 2 khoang nita la [0,7;0,9]&[0,9;1].
+ Budc 3: Loi giai:
Viét lai budc 1.
bit g(x,y)=x" -y’ +x* —y+1 lién tuc trén cac khoang [0;0,7];[0,7;0,9];[0,9;1]. Péng
bién theo x, nghich bién theo y, c6 f(x)=g(x,x).
g(0;0,7)~...>0=f(x)=g(x,x)>0vx &[0;0,7]
Laic6 {g(0,7;0,9)~...>0=1f(x)=g(x,x)>0vx€[0,7;0,9] .
g(0,9;1)~..>0=f(x)=g(x,x)>0vxe[0,9;1]
Suy ra diéu phai ching minh.
Vay bai toan da dugc giai quyét!

Vi du 3: Chimg minh réng f(x)=—x’+x> —x* +2x° +x+%>0Vxe[—%;%}

Gidi
Day la 1 bai toan kh4 la chit nén chic chéan sé phai chia tuong d6i nhiéu khoang.

Xét x e [—%;O} Dt g(x,y)=—x"+x"—x* +2y +x+% . Ta s€ chia duogc cac khoang la

[—% :—0, 1} ;[-0,1;-0,05];[-0,05;0]
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Xét x e {0;%}. Dit g(x,y)=-y° +x° —y* +2x* + x+% . Ta sé chia duoc cac khoang la

[1; 1,1],-[1,1;1,2];[1,2,-1,25];[1,25;1,29],-[1,29,-1,31],-[1,31,-1,32]{1,32;%}. Gheé chua!

Vay bai toan da dugc giai quyét!
Ap dung lam bai sau: Chting minh rang: f(x)=-x"-3x*+6x-1>0vx€[0,2;1,1]
e Thu ap dung cach lam trén lam cac bai sau
Chting minh réng:
1. f(x)==x"+x"—x"+2x° +x+i > 0VXE|:—1,‘E:|
10 93

2. f(x)=x"=x"+x* =x+1>0Vx ( thit dung DAC nhé).

3. f(x)=x"—x"=x’+4x* +6x+1<0Vx & (—o0;-1]

4. f(x)=x"-x"+x*—2x" +8x° =8x* +10x -2 > 0Vx > 1

5. f(x)=-x"-3x+6x-1>0vx€[0,2;1,1]
Két thac phuong phap nay ¢ day, trong muc nay to6i chi trinh bay cho cidc ban mot s6 cach
bam mady thoi dé xtt 1y cac da thic thoi, néu muén tim hiéu thém vé cach chimg minh bat
dang thic 2 hay 3 bién bing DAC thi hay tham khao thém & cuén sach ma t6i da néi & dau
muc nhé!
VL. CAC BAI TOAN BAT DANG THUC 1 BIEN
Trong phan nay tdi sé gidi thiéu t6i cac ban mot s& cach chtmg minh bat ding thac 1 bién
ca bing tay khong véi két hop véi mot chat CASIO, trong d6 c6 mot s6 bai toan kha la
phtic tap c6 thé sé khong gitap ich dugc nhiéu cho 1dm, nhung t6i van dua vao dé moi

nguoi cing tham khao cach lam va sdng tao thém mot so6 cach giai hay khac!

Vi du 1: Gidi phuong trinh x* +8x—16—(x—3)v/3x+1+(2-x)V7x+2 =0

Gidi
Bai nay c6 rat nhiéu cach giai khac nhau nhung ta ct lién hop réi chtng minh vo nghiém
xem sao.
Ta co:

x? +8x—16—(x—3)V3x+1+(2-x)V7x+2 =0

& (x+4)(x=1)=(x=3)(VBx+1-2)+(2-x)(V7x+2-3) =0

3(x—3)(x—1)+7(2—x)(x—1)
V3x+1+2 N7x+2+3

=0

& (x+4)(x-1)-

x=1

=4 3(x—3) 7(2—x)
f(x)=x+4- + =0
(X) * N3X+1+2 J7x+2+3
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Nhiém vu 1a chtmg minh f(x)>0Vx> —%.

-3(x~3)<0
V6i x>3=:2-x<0 . Khi d6 cé:
V3x+1+2>5
£(x)>x+a-273), 7(27X) (2x+29)7x+2 ~29x +157

5 J7xi243 5(\/7x+2+3)

1. Véi xSE:f(x)>0.
29

2 Vi x> 57 i (x)= 28’ —21x° +15225x ~ 22967 - ovs 2 157
' 29 5(V7x+2 +3)((2x+29)V7x+2 +29x~157 29
Vei [22}t N ek Khi d6 ta o6
0 xe|—=;2 | ta co: . Khi d6 ta co:
7 N7x+2+3<7
£(x)> 6 3(x—3) _6\/3x+1+12—3(x—3)_6«/3x+1+21—3x>0
\V3x+1+2 V3x+1+2 N3x+1+2
3(x—3)20
Vo6i xe[2;3], tac6: 12-x<0 . Khi d6 tuong tu nhu trén ta co:
N7X+2+3>7
£(x)> 6 3(x—3) _6x/3x+1+12—3(x—3)_6«/3x+1+21—3x>0
V3x+1+2 V3x+1+2 N3x+1+2
Vay bai toan da duoc giai quyét hoan toan!.
Nhan xét

e Ngoai cach nhu trén ta van c6 thé tinh y nhém nhu sau:
3(x— _ _ _
(x-3) . 7(2-x) 1, 7(2-x) R 3(x-3)
V3x+1+2 7x+2+43 2 7x+2+3 2 V3x+1+2
_x\/7x+2—4x+14+(x+8)\/3x+1—x+25
2(\7x+2+3) 2(V3x+1+2)

e Khi d6 thich dung dao ham hay diung bat phuong trinh phu thi tuy, toi sé dung dao

f(x)=x+4-

ham.

Dt f(x)=xV7x+2-4x+14
a .
g(x)=(x+8)+3x+1—-x+25
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- Taco: f'(x)=0< VX +2 +21x+4 =0 x= 280 +~/275968 . f'(x) doi dau tx
N 882
(=)= (+) khiqua 280 +882275968 nén dat cuc tiéu tai
280 +8\/82275968 L f(x)> {280 +8\/82275968 ] 12,9950

- Chung minh tuong tu ta cling suy ra g(x)>0.
e Vay bai toan da dugc giai quyét!

3
Vi du 2: Giai phuong trinh (\/x2 +x+1) +(3 +1)VX +x+6 =2x° +2x7 —9x +2

Gidi
Ta cé:
3
(\/x2+x+1) +(x2+1)\/x2+x+6=2x3+2x2—9x+2
& (3 +x+ 1)V xr1=2)# (2 +1)(Vx+x+6 =3) - (2x=5)(x* +x-3) =0
2 2
<:>(x2+x—3)[ X ix+l | x4l —2x+5}20
VX +x+1+2 x> +x+6+3
x> +x+1 x* +1
Datf x = —-2x+5.
\/x +x+1+2 \/x +Xx+6+3
2l
Cht’lyréng: X +2X+1+2
X1 >x+b
\/x2+x+6+3
. x*+x+1 3
a=lim — —x=—§
Khi d6 dung lim ta tim dugc X +2X tl+2
x“+1 7
b=lim -X=—=
H+“‘)x/x +X+6+3 2
Ta co:
) Zaxal _X+§>2(X2+X+1)+(3—2X)\/X2+X+1 N 3 1x+1 0
Sex+1+2 2 2(\/x2+x+1+2) 2(\/x2+x+1+2)
2 +1 v 2(x2+1)+(7—2x)\/x2+1 72 +1
2. —X+ >0

~> >
VX +x+6+3 2 2(\/x2+x+6+3) 2(\/x2+x+6+3)

e Vay bai toan da dugc giai quyét!

Vi du 3: Gidi phuong trinh x” +7x* +12x° + x*> =3x—6-12/6-5x =0

Gidi
Ta co:
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x* +7x" +12x° +x% ~3x -6 -126-5x =0

S (x=1)(x* +8x*+20x* +21x+18)-12(6—5x ~1) =0
x=1

60

J6-5x+1

< f(x):(x+3)(x3 +5x2 +5x+6)+

Dé y thay:
1. Véi xe (—oo;xo]u{—B;g} = f(x)>0.V6i x, thoa man x,’ +5x,> +5x,+6 =0

2. V6i x e[x,;-3] taco:

60 300

- s()=—=—=—=—=8'(x)= >0=g(x)2g(x)>9
V6 -5x +1 246~ 5x (/6 5x +1) :
2
- Khi do: f(x)>(x2+4x+1)2+2(x+§j +%>0

Vay bai toan da duoc giai quyét!

\/—_ 20x\/x+1 20/ x+1

Vi du 4: Chimg minh rang f(x)=4(x-1) x—1+2 9—bx+2
x—1+ 5x +

+1 >0Vxe{1;%}

Gidi

Dé y thay:

1. Do xe{l;g} nen 9 Bx 42 <4 2NXHT o T
5 J9-5x+2

2. Khi do £(x)>g(x)=4(x— 1)\/XT—2(5)\/X7—\/>;T+2+5\/X?+1

(x=1)(1-245x—1) Vx+1+(v5x-1+2) o {1.2}

(Vox—1+ 2)2

4. Nén f(x )>0Vxe[ ﬂ(dpcm) Xong!

3. Laico: g(x)=

Hudng dan
Bai nay nhin hinh thtc kha khing bg, trong c6 vé réi rdm nhung kha 1a don gian.
e DAu tién ta thdy c6 qué nhiéu cdn trong bai, diéu nay lam ta nay ra y tuong danh
gia b6t 1 can di dé dua vé dang don gidn hon.
e Hai la bai nay la mét bai khong dugc chét cho 18m vacac biéu thic trong can ¢ bac
nhatnén ndy ra y tuéng danh gia véi 1 hing s6 nao do.
e Bala thay trong bai c6 2 phan thtic nén sé tht ddnh gia mot em xem sao, t6i sé chon

cai tha 2.
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207Wx+1

Dé thdy +9-5x+2<4=>-———>5+yx+1. Lac nay bai toan chi con 2 cin. Dung

V9-5x+2
MODE|7| nhan thay f(x)>1. Diéu nay chdng khac nao cho ta biét phuong trinh:

4(x-1)vx+1 —M+5\/x+1 =0 c6 nghiém kép. Ma may man thay ta lai rat dugc

VOx—-1+2

Vx+1 ra, ltc nay chi la gidi phuong trinh 1 can c¢6 nghiém kép x :i(tu tim nhé) va 1

nghiém x =1 (khong quan tdm) quéa dé dang, st dung lién hop nguoc hodc chia cin cho

nhanh la sé ra!

2
J x—1)(1-24/5x-1) v/x+1
Ta duge: 4(x—1)Vx+ _20xVx+1 o g =( )( )2 S
V5x-1+2 ( /—5X_1+2)

Vay bai toan da dugc giai quyét!

5x> -5x+10  2x+6
IX+7+3  Ix+2+2

Vi du 5: Chtng minh rang f(x)=x>+5- > 0Vx e[-2;+)

Gidi
Huoéng lam van nhu bai trudc, ta s& danh gia 2 cdi mau dugc Vx+7 +3> J5+3>5
va JIx+2+222.

5x? —5x+10 2x+6 _

Khi d6: f(x)>g(x)=x"+5- s 5 0
Nén f(x)>g(x)=0Vx e[-2;+») (dpcm). Xong!
Huéng dan

Bai nay khong c6 céi gi dé noi hét, trong can chita da thic bac nhat nén ta sé danh gia voi 1
hdng s6 nao dé va la xong!

Ngoai ra néu thich DAC thi cat viéc dung thir nhé! Ngoai cach nay ra con c6 mot cach
khac.

5(x2—x+2) 2(x+3)
Tacof(x)=| x* =x+2—————7 |+| x+3 - -
acof(x) [ x m+3] [ M+2]

=(x* —x+2)(1—ﬁj+(x+3)[1—ﬁ]>0Vxe[1;§}

bén day dua vao diéu kién tu giai thich nhé!

Vi du 6: Chtimg minh ring

f(X)ZZﬁ+ﬂ+XJ_§1(§jm+%(3X1J >0VXEB;1}

3

X
2

Gidi
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Nhan thay
1 g(x)=v1-x+ ﬁ(%—%) nghich bién trén {%;1} nén g(x)>g(1)= ?3

2. v(x)=+2x-1 +\/§(3X_1j déng bién trén [%;1} nén V(X)Zv(1J=?3

3 2
Khi d6 f(x)> XT_; —%Jr 2:/3 =0. Vay ta c6 diéu phai ching minh.
6 6

Hudng dan
Bai nay khong c6 gi phai ban ca. Do dudi mau dang c6 cdn chita da thtic bac nhét nén ta sé
danh gid timg c&n véi mot hang s6, néu khong danh gia dugc nhu vay thi dung DAC
khong c6 gi kho ca.
O trén t6i trinh bay hoi tit, dang 1& phai c6 phan ching minh dao ham mang 1 ddu nita,

nhung thoi thoi gian c6 han mong thong cam .

Vi du 7: Chtng minh rdng
x* =27 +3x* +6x+7 —(x—2)v/2x+5 = (x+1)v4x+2 >0Vx2—%

Gidi

\J2x+5 S1x+2

Vé6i x> 2 tac6 2 bd dé sau (tu ching minh nhé): 2 4 Khido ta co:

VaAx+2 <Zx+§
2 2
f(x)>x4—2x3—%x2 +1—56x+9,9:(x2—x_gj +1[X+éj L2827

2 5 50
Vi x e {—E;ZJ ta co: {m >2 . Khi dé:
2 Jix+2 <4
f(x)>x* =23 +3x2 +7 =x% (x=1)" +2x* +7 >0
Vay bai toan da duoc giai quyét!
Nhin xét
O trén t6i c6 néu 1én 2 bé dé ma nhiéu nguoi doc sé ching hiéu dugc kiém dau ra. Sau day
toi xin trinh bay cac buéc lam.
Dé kiém tra thay f(x)>0 nén né sé& cé gia tri nhé nhat, viéc cta ta la tim dugc khi x bing
bao nhiéu thi dat cuc tiéu. RS rang nghiém cua phuong trinh f'(x)=0 chinh la gia trji cin
tim do d6 ta sé giai phuong trinh f'(x) =0, ta dugc:
3x+3  6x+4

f'(x)=4x>—6x> +6x+6— —
() V2x+5  JAx+2

=0 x=x, =-0,3100436394
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A N\ LN N S A 2 - A ~ . z d A 2 2
Viéc lam tiép theo la tim nhan t&r chta nghiém x = x, ta s€ dung phim d—|:| . Nhan ttr c6
X

a=--<L(J2x+5)

dang Vv2x+5+ax+b. Véi dx

b=—-2x,+5-a

x=, - DO két qua 1é nén ta sé tim mot s6 gan

1

a=-——
noé va phai dep va thay vao phuong trinh dau phai théa man. Vi li do d6 chon é .
b=-=

4

Tuong tu cho cédn con lai ta dugc nhan ti V4x+2 < %x + % .

\V2x+5< 1x + ?
Dé y thay , ma f(x)>0nén can chia lam 2 truong hop moi danh gia

Vax+2 <%x+§

duogc . Bén d6 chi viéc danh gia phuong trinh bac 4 1a xong!.

x+1 2x+1
OE-3+41 x*+5+3

Vi du 8: Chimg minh réng f(x)= -2>0Vxe [\/5, +oo)

Gidi

— 2 —
Ta c6: \/x2—3—%x+3 28x” + 144x 189 <O‘v’xe[\/§;+oo)

2- 6(6M+8x—3)

x+1 2x+1 2_(12—10x)\/x2+5+16x2—28x+33

+ —_
gx_§+1 VX*+5+3 (8x—3)(\/x2+5+3)

Khi do f(x)>

1. (12-10x)v/x* +5+16x* —28x+33

2
:(2\/x2 +5—§x—1j +164x* +5 +%x2 —33x+12

23 23 66) 222
2. 16Vx2+5+22x2—33x+12> 2| x—2 | +22250v
X P 4(X 23) 3

3. Vay f(x)>0

Hudng dan
PAu tién ta sé tim diém roi cta bai toan chinh 1a nghiém cta dao ham. Ta co:
, Vx* =3 -x-3 6vx> +5—x+10
f (X) = 7T
\/x2—3(\/x2—3+1) \/x2+5(\/x2+5+3)

> =0 x=A=2,677764402
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N A 2 P R : M z k) 2 d ~ A v N k)
Tim 2 nhén ta chtta diém roi bang cach st dung phim d_|:| . Ta sé dua veé 1 cdn va st
X

dung nhan t lién quan t6i Vx* —3 vi diéu kién gin chit v6i con cin nay. Nhan tt ¢6 dang
nhu gidi phuong trinh vo ty lav/x* —=3 +ax+b.
d
T WEX)
dx( )x=A. Ap dung vao bai ta c6 a:—di(\/xz—?))
bz—( f(x)+ax) *

a~
=—1.311...z—é.
3

Ta co6

x=A

Vén di c6 thé 1dy —% 1a vi ta dang can mot s6 dep dé tién bién déi va day ciing la bai toan
chdt nhung khong phai chat xit c6 do f (A) =0,188421028. Ngoai néu thich 1am chit nita
tacothélayla a= _1—103;51 = _759 D6i voi bai chdt hon nira thi ta cdn phai lam nhu vay cha
con bai nay thi khong can, chi vay la da!

e B 3 4 3
Co6 tiep b= («/f(x) +ax)—1.528191379 s Liac nay nhan thay 1a +x* -3 <§x 5 ding
chiéu ta cdn do bai toadn can ching minh 16n hon 0 va t& dang l6n hon 0. Néu nhan tu
chua dung nhu ta can thi ta can phai lam tron hé s6 tu do lam sao cho duang chiéu dau

chiing ta can.
¢ . 2 . 2 v N b A A ~ N Ve . A -
bén day méi chi di qua 3 chang duong, con mot phan ntta 1a ching minh phan sau chtra

mot can 1én hon 0 bang ky thuat SOS.
Tim diém roi cta biéu thic g(x)=(12-10x)Vx* +5 +16x* —28x +33. Ta co:

g'(x) -

2
Nhan thdy ta cAn tim nhan tt c6 dang (\/x2 +5+ax+ b) =2axy/x? +5 +... Ddng truoc dang

32x—28)/x* +5 —20x> +12x—50 B

x> +5

0= x=x,=1,961407277

2
c6 —10xyx* +5 nén tim a théa man khi ta ldy g(x)— (\/ x* +5 +ax+ b) phai triét tieu duoc

2
-10x. V6i li do trén ta sé chon a=—5:>bz%. Tt d6 c6 nhan ti la ( x2 +5—5x+3?4j .
Nhung tuy nhién nhan tr chua théa mén do thay vao bi &m va ta nang hé so6 trude can 1én
2
2. V6i cach lam tuong ty ta c6 nhan tir s€ la (2\/x2 +5 —gx—lj . bén day khong con gi

phai ban nhé!

Vi du 9: Chting minh ring f(x) = {/x* +1—/x* +3x+1-+2x+10 = 0 v6 nghiém.

Gidi
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Dung Casio nhan thay f(x)>0Vx e {—5;

—3—\/3}_

2

_3_\/5} va f(x)<OVxe{_3+\/§;+oo}
2 2

Truong hop 1: Xét x e {—5 ;

Ixt+1 +x>%/x7+x=0Vxe[—5;_3;\/g}

s —5(x+3)’
bé y thay < - 2+3x+1—%x—z= (x+3) ZOVXE{—S,‘

2 4(—\/x2+3x+1 +;X+Zj
—J2x+10 +%x+§:%(«/2x+10—2)2 20Vxe{—5; _3_6}

2

3-5
2

Do do6 f(x)>—x+%x+z——x——20

Truong hop 2: x e [_

_ 2
Dé y thay 1 -2 +1 = 2x <0

((‘/x‘1 +1 ++/%2 +1)(\/x4 +1+x° +1)

2
<\ 11X 1 3x 1 —2x 110 = X 210729 +3x+Iv2xA10
O +1 +0C +3x+1 +42x+10

Vay phuong trinh f(x)=0 v6 nghiém. (dpcm). Xong!

Khi d6 f(x)

Hudng dan
Bai nay phuong phép giong hét véi bai 4. Ta ciing sé di tim diém roi ctia bai toan.

3-5 —3++/5
2 2

Do thay f(x) ludén duong trén {—5; } va ludn am trén [ ;+oo] nén ta sé chia
lam 2 truong hop.
e Doi vai truong hop 1 thi khong c6 gi phai ban, nhung truong hop 2 thi c6 diéu phai

cha y!

—3++/5
2

e Do trén [ ;+ooJ thi ta sé khong tim dugc nghiém cta dao ham hay lac nay

ham nghich bién, nén ta sé khong di ching minh dao ham 4&m ma sé quy vé danh
Uxt+1>x
VX +1 > x

Néu nhu {/x* +1<x*+1 thi thay vao thay thoa man. Vay ta sé di ching minh

gia Vx*'+1 voi mot g(x) nao d6. Cai nay hoi kho nhung chiu dé y
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dx* +1 </x* +1, day khong phai 1 cau kho, toi ciing da chimg minh rdi. Khi dé chi

viéc lién hop 1én 14 c6 diéu can chtng minh.

Vi du 10: Chting minh rang

1 x—3 x 11
f(x) = — +Z—=>0Vxe|/3;+0
() VX +1+1 x*-3+3 6 [ )
Gidi

Truong hop 1: Xét x € [\/5;3] .
3

\/x2+1—x—1=

4
, 2 [ 1
bé y thay: X +1+X+§

-3(x-2)’ '
-3 -2x+3= AP sone[ﬁ,ﬂ

Khi d6 f(x)> "1 J3ox x 11 (2819 + 148 ~8x+9

X+1+; 2x 3 6 6X(\/X2+1+1)

<0Vxe[«/§;3]

Dé y tiép:

o 2 -14x+9<0vxe[V3;3]= (2x* ~14x+9)x? +1-8x" +8x -9 <0
Nhan lien hop ta duoc 4x° —56x° +172x* —180x” +105x> —108x

= x| x* (4x—13)+x* (—43x> +172x—108)—110(x—%j2 —%} <0

Neén (2x2 ~14x+9)x* +1+8x* ~8x+9>0
Truong hop 2: Xét x €[3;+x).
Nhan thay Vx> -3+3>5
x+1  3-x x 11 (4x=37)x*+1+34x-7

+ +S ==
Vx*+1+1 5 3 6 30(\/X2+1 +1)

VX2 +1+8x* =37x+4
V2 +1 '

Khi d6 f(x)>

Dit g(x)=(4x-37)Vx* +1+34x-7 = g'(x) = >4

( 3)2 119

8l x—2 | +=2

16) 32
\/x2+l

g(x)>g(+/3)~15,9430585 > 0.

bé y thay g'(x)=

>0 nén g(x) déng bién trén [\/5, +oo). Suy ra

Vay f(x)>0Vxe [\/§;+oo) i
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N 1 2x-1 19
Vi du 11: Chtng minh rang f(x) = Xt 1 -—>0vxe |:\/§,'+OO)
C-1+42 x-2+1 7

Gidi
Dé nhan thay vx* -1 < x. Khi d6 ta luon cé:
8()
x+1  2x+1 19 (-12x-31)Vx*-2+14x* +23x—-17

f(X)>X+2+m+1_7: 7(x+2)(Vx*-2+1)

Dé y thay:
75( 2 YV 523, 37 5
. S DV NC 122252 1 03x 2L 312 -2
g(x) 11( X 25) 275 T oYX
— 2 a—
o g 1123w 2 0700  —0:261129%" +1.621612x 2521284

Vx* =2 +1.123x-0.722

Khi do E +23x —£—31 -2>— 523 x* +23x —2—31(1 123x—0.422) >0
275 11 275 11

<0

Vay bai toan da duoc giai quyét!

Vi du 12: Ching minh rang f(x)= 4(x+1) + 3(x-2) _x—2 0vxe Q,é
VC+2+3 X +4+8 5 25

Gidi
2139 ¥ 9139
—-1.40448x + ———
Dé y thay vx*+4 — 2(9) 231 2500 15625 - (gyx e \/2_ 451}

125 VX +4+B +E

50 125

8(x)
4757 +24890x + 11968 - (475 +8750x + 12421 )y>* +2
5(95x-+2462)(yx* +2 +3)

u(x)
3 2
Co g '(X) — 950 + 24890 — 1424x° +17500x~ +14324x + 17500
%/—J

%) VX +2

min v(x)=v Q ~ 25561,75144
{Qg} 2

Khi d6 f(x)>

Nhan thay
maxu(x)=u éj ~ 25165,00167 < min v (x)
s e
25 2°5
Nén g(x) déng bién trén % ,%}

Tt d6 co g(x)>g(%J:2.957051285>0:>f( )>0Vxe{§ %}
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3_ —_—
Vi du 13: Ching minh ring f(x)= x -1, 2l +3>0Vxe{—1;+ooj
VBx+5+x+2  N6x+2+x+1 3
Gidi
3 /
Truong hop 1: Xét x>1. Khi do6 f(x)>x Fox+4+3 8X+5>0Vxe(1;+oo)

V88X +D +x+2
V8X+5+x+2>3

J6x+2 +x+1>§

Truong hop 2: Xét x e [—%,%} . Khi d6

1Y 1
2 2| +18[ -2 |47
x> =1 3(2x-1) 2x° +18x+7 ( 3) " ( 8)+ 25
> + +3= > = >0

3 2 6 6 162
J6x+2+x+1<5
N8Xx+5+x+2>55

3
_10x° +22x +144 >0Vxe{%;1}

Neén ta c6 f(x)

Truong hop 3: Xét x {%;1} . Khi dé6 {

3

x =1 -
)+2X 1+3
11 5 55

Vay bai toan da dugc giai quyét!

Nén f(x)> 2(

Vi du 14: Gidi phuong trinh 9x* —32x* +5+18v4-3x =0
Lad Duy Tién

Gidi
Ta co:
Ix* —32x*> +5+18/4-3x =0

54
S (x=1) —=———-9x° -9x* +23x+23 |=0
( ){\/4—3x+1 }
x=1
= 54

—9x% —9x% +23x+23 = 0(*)

=
V23

Giai (*). Dé dang nhan thdy véi x e (—oo;—T} U[-1;40) thi ta thay f(x)>0.

J23

Xét x {_T;_l} ,ta c6 bd dé sau: V4 -3x < %x +% (ban doc tu ching minh).

. 4 3 _ 2
54 95— 052 4+ 23x + 23 = 45x" —477x° —317x" +1219x + 1644 .

1 .. 5x +48
2 5

0

Khi d6 f(x)>

Vay PT < x=1.

Nhan xét
Cau nay mic du mau chtta cdn & bac nhat nhung ta khong thé danh gia dugc do
lim J4-3x =+00. Vi thé ta s& dua vé bai toan gi6ng voi bai 4.
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Khi ta dao ham tim diém roi thi sé tim duogc 3 nghiém, nhiéu ban sé khong biét chon diém
roi nao cho phu hop. Vay khi gdp nhiing truong hop thé nay thi ta sé thi 3 nghiém cua
f'(x) vao, nghiém nao lam f(x) min thi ta sé chon diém roi do.

Thtt 2 v6i viéc tim nhan t&, ta c¢6 diém roi 1a x = x, = —1,350561897 khi thay vao

\J4-3x —%x thi sé duoc két qua la 3.512830189 va néu ai lay la 3.5 thi bai toan sé sai do

J4-3x —%x—% >0 s& ngugc chiéu voi bai toan. Néu 1ay khoang 3,6;3,7 thi van chua
dugc do sé bi duong & moét vai gia tri. Mat khac bai nay khong dugc chdt cho 18m nén ta sé
14y hén Ién 1—59 va kiém tra bdng MODE 7 c6 thé thdy ludn 4&m va thay vao thdy f(x)>0
cho nén day 1a nhan t can tim. Ban doc c6 thé 1y mot s6 khac dep hon!

Viéc chimg minh g(x)=-45x" —477x* —=317x” +1219x +1644 >0 nhin c6 vé kh6 nhung rat
dé, ta sé tach nhu sau: g(x)= x> (—45x—477) —317x> +1219x + 1644, c6 thé thdy ring véi

x> <0
IS {—g;—l} thi < -45x-477 <0
—317x*+1219x + 1644 > 0

T d6 suy ra g(x)>0. Va th&1a hét bai!

2_
Vi du 15: Giai phuong trinh . x 1
V2x+3  Jx+4 2 -2x+5-1
Gidi
Do x=1 la nghiém cta phuong trinh nén ta tién hanh lién hop.
11 x* =1
V2x+3  Jx+4  Jx2-2x+5-1
Vx+4-2x+3 x> -1
V2x+3+x+4  x*—2x+5-1
x+1 1
< (x-1 + =0
( )\/x2—2x+5—1 V2x+ 35+ 4 (V2x+3 +x+ 4
x=0
& f(x)= x+1 N 1 _
VX2 =2x+5-1 V2x+3x+4(V2x+3 +x+4)

(x-1)"+3
VxF=2x+5+1
Xét xe|:—%;—1j. Dé y thay (2x+3)vx+4 +(x+4)v2x+3 <(2x+3)Vx+4+3

Xét x e[-1;+]. Ta co: Vx* —2x+5-1= >0. Nén bai toan luon dung.
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N2'S —2x+5+(2x2+5x+3)\/x+4 +3x+2
(v =2x+5-1)((2x+3)Vx+4+3)

o X2 —2x+5+(2x2+5x+3)\/x+4 +3x+42 >(2x+3){%+(x+1)\/x+4}

u(x)

Khi d6 f(x)>

Taco u'(x)= \3/% >0 nén u(x) déng bién trén {—%;—1} :u(x)Zu(—gj= 6_;/E >0
X+

1. Vay bai toan da dugc giai quyét!

Vi du 16: Chting minh rang
f(x)=xvx+2 3t 3 +x A x+1 —\/(3x6 +3x° +3x* +3x? +x+2)(x2 +3) <0vx>1

Gidi
Jy=ea(y=B)

ba
z=\/x4+x3+x2+x+1(22\/§)

—3(y - x2z)2
Xy +3xz + \/(3x222 +y’ )(x2 +3)

Khi do: f(x)= xy+3xz—\/(3x2z2 +y*)(x*+3) = <0

Dé y thay:

8(x)

8 7 6 5 4
XTH+X + XX+ =-x=2
1. Sx+2 -3+ 43 +x+1 = - -
X2 3+ +x% +x+1

2. g(x)=(x-1) +9(x~1) +36(x~1)" +84(x~1) +126(x~1)’

+125(x—1)" +80(x—1)" +29(x~1)+2>0
Nén g(x)>0vx>1.Vay dau "=" khong thé xay ra.

Vay bai toan da dugc giai quyét!

Doz T 4(x2+x+1) 0
Vi du 17: Giai h¢ phuong trinh { v vy’ +3

X (By —11) =2—J(xy —x+2)x(2)

Gidi
DKXD: 2x*y +120; x e[-1;1]; 1-2x"y 20
2x+1 __ v
\/(2x+1)2+3 \/y2+3

Xét f(t) lién tuc tréen R. Co f'(t) =

Tac6 (1) = o f(2x+1)=1(y)

3
(’c2 +3)\/t2 +3

Khi d6 phuong trinh f(2x+1)=f(y) <y =2x+1

>0Vvt.Neén f(t) dong bién trén R .
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Thé vao phuong trinh (2) ta dugce: 6x* —8x> =2—,/(2x + 2)3
it £(x)=6x* —8x° ~2+,/(2x* +2)’
Dé y thay:

2

1. f(x)=5v2x* +2 +5x* —8x* +x —2745+[\/2x2 +2 +x? —%j
2
zg(x)+(\/2x2 +2 +x° —%j

10 1
2. g'(x)=x| =—=+20x"-24x+2 |=xh(x).———
g( ) (\/2x2+2 J ( ) V2x% 42
3 2
] h,(x):uox —96x" +84x—-48 _ v(x)
V252 +2 V252 +2
4Y 292 — o N
4. v'(x)=360 T +?>O.Suy ra phuong trinh h'(x)=0 c6 t6i da 1 nghiém la

i/6784 , [2338848 i/6784 ~ [2338848
o _4 V15 '\ e 125\ 625
X=X, =—+

15 6

= minh(x)=h(x,)~131>0.Khi d6 phuong trinh g'(x)=0<x=0(h(x)>0).

lim g(x) =+
Mt khac ta lai co: 0) 2542042 = g(x)>0VxeR=f(x)>0.
0)z=——>0
4

Vay bai toan da dugc giai quyét!

Vi du 18: Chtng minh rdng

f(x)=x"—x+4- Sl = 2 >0Vxe[—1;+ooj
V3x?=2x+3+2 3x+1+2 3
Gidi

6x—2 1 3

Ta c6: \/3x2—2x+3)':0<:> =0« x== .Suyra V3x* -2x+3 > —.

( 243x% —2x +3 3 2

) 6x +2 6 (7x* =13x+26)/3x +1+14x> —26x+10
Khi d6 f(x)>x*—x+4- — =

7 Bx+1+2 7(VBx+1+2)

Dé y thay:
4x* —26x+10>0

+) Véi x € —1;0 thi
3

2
13) +559>0

7x2—13x+26:7(x—— ==
14 28

Do d6 c6 diéu phai chting minh.
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2
nfx- B0
14 28

7(\/3x+1 +2)

>0

+) V6i x>0 thi (7x° —13x+26)+/3x +1 >7x* ~13x +26 = f(x) >

Vay bai toan da dugc giai quyét hoan toan!

Vi du 19: Chtng minh rdng

£ 2(x2—x—1) 4(x2+x+1) 2 2y <O
x)= - —x?+2x<0Vx >
X=X+ 4 +x% = x+2 AP H203 +4 +x2 +2x+2

Gidi

Vx*+20x> +4 <8

2(x*—x-1) 4(x? 1
Véixe{O;l-H/g}: Vx*-x?+4 <3 . Khidé: f(x)< (): X )— (2X X )—x2+2x
2 X" —x+b5 X~ +2x+10

x> =x-1<0

2 2 2
—x4(x—1j —x4—12x2(x—7] —5x2—38(x—15j -620
_ 2 6 3 19 <0

(x2 —x+5)(x2 +2x+10)

2_ —_—
Véix>1+\/g:> * o 14 11
2 \/x4—x2+4>€;\/x4+20x2+4<x2+5x—z
2(x*=x-1) 4(x*+x+1
Khi d6 f(x)< ( 24)— ( )—x2+2x
X*—x+—  2xX*+7x—>
5 4

_ —40(x-1)" -260(x~1)’ -537(x~1)" ~761(x~1)" ~389(x~1)" - 281 (x—~1)~-690 3

(5><2 —5><+24)(8><2 +28x—3) 0

Vay bai toan da duoc giai quyét!
Nhin xét

Nhiéu ban sé dit ra cau héi vi sao lai danh
gia duoc x*+20x*+4 <x? +5x—1741. Pon

gian vi:

+ Ta dang can dua vé chang minh
VX' +20x* +4 <x* +ax+b v6i x> 1+2\/5 dé

dua vé phuong trinh da thuac. Lai c6 a” > 20

nén sé lay 5.
+ Do ham dang nghich bién nén diém roi sé

1+\/§ w v =x)

> C6 thé kiém tra bang Mode 7

la x=
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hodc c6 d6 thi ciia ham y =f(x) nhu sau:

Co6 thé thdy diém A(l +2\/§ ;f {1 +2\/ED dang ndm ¢ phan di xudng ctia d6 thi nén f(x) sé

nghich bién. Do d6 nhan tr 1a vx*+20x> +4 < x> +5x—1741. Phan con lai khong phai néi

nhiéu!

Vi du 20: Giai phuong trinh —x* —5x* —2x® +2x* —4x -8 +(><4 +1)\/x6 -x+2=0

Nguyén Minh Tudn

Gidi
Ta co:
—x° =5x* = 2x% +2x? —4¢x—8+(x4 +1)\/x6 —x+2=0

x+1 x3 ) (x +1)( X —x+2—2x—4)=0

oo ) (x +1)(x+1)(x 2)(x4+x3+3x2+5x+7):0

VX8 =x+2 +2x+4

(x* +1)(x* +x° +3x? +5x+7)]

x+1

X —x+2 +2x+4

~2)(x'+

-2)(
& (x+1)( {x +2+
(x+1)(x-2)=0&x=-Tvx=2
x*+1)(x* X7 +3x7 +5x+7)

f(x) x> +2+( =0

X —=x+2+2x+4

bit g(x)=x"—x+2=g'(x)=6x"-1=0 @x:i/%. g'(x) doi dau khi qua i/% nén g(x)

dat cuc tiéu tai 5% :g(x)Zg(i/%le,4l>O.
Dt h(x)=vx" —x+2+2x+4.

1. V6i x=-2=h(x)>0.
2. Vérix<—2:>\/x6—x+2>\/x_6:—x3:>h(x)>x(—x2+2)>0
Khi d6 c6:
x3+2+(x3+2)(2x+4)+x4+x3+3x2+5x+7
f(x)>
VXl =x+2+2x+4
2 9 83
:3(x2+x—0,75) +o (e, 5)" + 16,

X =x+2+2x+4
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Vay bai toan da dugc giai quyét!

Vi du 21: Giai phuong trinh T+xVx2+1 >/x2 —x+1 (1+\/x2 —x+2)

Dé thi thir THPT Qudc Gia 2016 - Anh Son 2 - Ngh¢ An

Gidi

Ta co:

T+xUx2+1 >\/x2—x+1(1+m)
<:>1—\/x2—x+1 +X\/X2+1—\/X2—X+1\/X2—X+2 >0
-2 +x (x—1)(2x2—x+2)
1+x% —x+1 +X\/X2+1 X=X +1 —x+2

2x7 —x+2 X }>0

< (x-1 —
( )L\/X2+1+\/X2—X+1\/x2—x+2 1+4Vx*—x+1
Dé ¥ thay: 1+xvx> +1 >\/x2—x+1(1+\/x2—x+2)>—\/ﬁzz\/§ >0=x>0

Khi d6 ta c6:

>0

£(x)= 2% —x+2 _1:2x2—x+2—xm—\/(x2—x+1)(x2—x+2)
xm+\/(x2—x+1)(x2—x+2) xm+\/(x2—x+1)(x2—x+2)
257~ 2x+3-2,[(x* = x+1)(x* —x+2)
s+ (3 —x 1) (¢ -x42)
8()= - >0
(

2x> —2x+3+2\/(x2 —x+1)(x2 —x+2))(xm+\/(x2—x+1)(x2—x+2))
X m+1—x

e laico1- =
T+x*—x+1  1+4x*—x+1
Xét bat phuong trinh: Vx> —x+1+1-x>0
- V6i x <1= bat phuong trinh luén dung.

- Véi x21 taco:Vx® —x+1+1-x>0< x>0 ludn ding.

=g(x)

Dod61-— > 0.

T+4x>=x+1

Vay bai toan da dugc giai quyét!

3
a2+b2+c2]

Vi du 22: Cho 3 56 a,b,c > 0. Chiing minh ring: 3(a’ +b’ +c’)+2abc > 11\/[ 3

Gidi
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2 2 2\3
bt f(a,b,c)= 3(2:13 +b’+c? ) +2abc —11\/(%} . Do f(a,b,c) la ham thuan nh4t bac

3, nén khong mat tinh tong quat ta chudn hoa a’* +b* +c* =3 va gid st a=min{a,b,c}. Khi

d6 ta can chtmg minh f(a,b,c) = ?)(a3 +b’ +c3)+2abc—11 >0

bit f[a,\/bzgcz,\/bZ;_CZ]=3[a3+2[1’b2-2|_c2 ]Sj+a(b2+c2)—11.Tacé:
f(a.b.c)—f{a Jb2+c J %[3 *+c ) 2(b2+c2))—a(b—c)2}
=—[3( )((b+c) 2 b2+c )+2bc)—a(b—c)2}

( c) 2(b2+ +2bc)

2 T b

ae[0;1]

b+c>2

Do a=min{a,b,c} nén { . Khi d6 ta can phai chang minh dugc:

,b -a>0
5a:brc) 2(b2+c2)+b+c °
3((b+c)1[2(b2+c2)+2bc) 3((b+c) 2(b2+c2)+2bc)
-a> -1
\/2(b2+c2)+b+c : \/2(b2+c2)+b+c
2 2 2 2
:(3b+3c—1)1/2(b +c )+6bc—b—c254/2(b +c*)=b—c+6bc
2(b2+c2)+b+c 2(b2+c2)+b+c

(b_C)2 +6bc
2(b2+c2)—b—c+6bc ~ \/2 b2+c2)+b+c

= >0
\/2(b2+c2)+b+c \/2 +b+c
2 | 2 2, 2 2 _
Vay f(a,b,c)zf a,\/b +c ,\/b +cC ¢ a,\/3 a ’\/3 a’
2 2 2 2
2 2 2 3 2
Ta c6: f a,\/?)_a ,J3_a “3late] P22 4220272 11
2 2 2 2
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2 3 2
f(a,t,t)>0<:>3[a3+2(‘/3_2a N+2a.3‘2a ~11>0
3(\/3 —a? )3 3(\/3 —a? )3
2 2
3(a +2a’—6a’ —14a+23)

JE((?,a +(5-3a) zj

<3’ + +a(3-a’)-1120< +9a-15+(2a+4)(a-1)">0

>0(*

(:)(a—l)2 2a+4-—

Dat g(a)=(2a+4)(\/§(\/3—a2) +2(5—3a)j—3(a4+2a3—6a2—14a+ 23)
= (—2a3 —4a? +6a+12)\/6—2a2 —3a*—6a’+6a>+38a-29

2
Ta c6 b6 dé 6 —2a> ﬂ—ga 6—2a2>[g—gaj <:>—1734a2+2684a+ 29 >0 .Dé
25 25 25 625 625 625
thdy b6 dé dang voi a €[0;1].

Mit khac —2a’ —4a’ +6a+12=2a(1-a)(a+3)+12>0Vae[0;1], nén ta dugc:

g(a)>(-2a>-4a’ +6a+12)(§—gaj—3a4 —6a’ +6a” +38a—29
25 25
_ —3la'-184a-226a’ +1052a+7 —3la*-184a’ +215a° —441a’ +1052a+7
25 25

~31a* —184a’ + 2152’ > 0Va £ [0;1]
Do {—441a® +1052a+7 >0Vae[0;1] =g(a)>0=2a+4-

ﬁ((\/ﬁ)3+(5—3a)«/§j>0

Vay (*) luén dang = f(a,t,t)>0=f(a,b,c)>0

3(a4 +2a’ —6a’ —14a+23)

ﬁ((@)l(&%)ﬁj

>0

Dédu “=" xdy rakhi a=b=c=1

Bay gio van dé dat ra 1a kiém dau ra cai bo dé kia. Dé lam dugc diéu nay ta sé dung tiép
tuyén dé tim ra n6 dudi sy gitp dd cua CASIO. Nhung tuy nhién lam sao ta c6 thé danh
gid dugc V6-2a* >ax+b khi chua c6 manh méi gi? Dé gidi quyét van dé nay ta sé tim
diém roi cta bat dédng thtic dang can chtmg minh. Ta c6:

16a* +24a° —60a* —72a+36

8'(a)= V6-2a’

—12a°-18a%* +12a+38

Phuong trinh g'(a)=0 c6 1 nghiém la: Mt
F—ZHe

X=A=0,919459592 K= 1.919459592

Bay gio ta can danh gia duoc biéu thic trudc cin la L_ = |:|

—2a° —4a” + 6a+12. D& thay rang:
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—2a’—4a’+6a+12=a(1-a)(a+3)+12>0

Vay bay gio can ching minh ¥6—2a” >ax+b. Ta s& stt dung phim dil:l :
X

Ta duogc a= di(\/6—2X2 )

X

=-0,8858596433. Bay gio ta sé 1dy a lam sao cho bat ding

X=A

thic khong bi danh gia qua troi va vira dong thoi 1a mot s hitu ty dep vira dé vé sau dé
danh gia hon. Do d6 minh sé lay a=-0,88= _2—252 Bay gid can tim b,do dang can chiung
minh trén doan[0;1] nén ta sé¢ dung MODE 7 dé tim ra b. MODE7 v6i ham

F(X)=+v6-2X> +%X trén [0;1] ta duoc:

: , 22 Watn
Pbe v thay 1a v6—-2x* +==x>2,449489742 . Ba "
e * s Y o [RtiEn
. . o o al 0.ns|a.usay
gio ta sé€ chon b la mot s6 hitu ty vira dep vira gan 3 O.112.5334
61 Z.44945974%
sO 2,449 nhat. Ta sé chon s6 b=2,44=—, dong
2> g R |
thoi thay vao bai toan ta thdy nhan tir nay théa | J| Oal3|2-30EE
man. Vay ta tim dugc nhan t& Ia I].EEEI E--:-‘I-S:EES'EI'EIE'EI

\/6—2a2+§—2a—g.

5 25
Chu ¥ rang chdc may ban khi tim dugc a thi thay luon X=A vao dé tim ra b va tim dugc
b =2,884982846 , hién nhién 1a nhan tt nay la sai. D6i v6i bai ma ching minh trén doan
thi ta thuong sé dung MODE 7 dé tim ra b, con nhiing bai chiing minh trén khoang thi ta
moi dung cach thay truc tiép nhan ta vao, néu cé thoi gian hay thu chang minh nhing bai
sau thi sé r6. Ngoai ra néu gidi phuong trinh dao ham bang 0 ma nhiéu nghiém thi ta chon

nghiém nao lam phuong trinh ddu min max
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PHAN II. PHUONG PHAP HAM SO

GIAI PHUONG TRINH - HE PHUONG TRINH
CAC TINH CHAT CAN NHO.
1. Néu ham s6 f(x) don diéu va lién tyc trén tap xac dinh ctia n6 thi phuong trinh f(x)=a
6 t6i da mot nghiém
2. Néu ham so6 f(x) don diéu va khong lien tuc trén tdp xac dinh cta né thi phuong trinh
f(x)=a c6 tdi da n+1 nghiém
3. Néu ham s6 f(x),g(x) cung nghich bién, duong va lién tyc trén cing mot tap xac dinh
D thi ham s6 h(x)=g(x).f(x) 1a ham s6 déng bién va lién tuc trén tap D con ham s&
v(x)=£(x)+g(x) la ham s6 nghich bién va lién tuc trén tap xac dinh D.
4. Néu ham s6 f(x),g(x) cung déng bién, duong va lién tuc trén cing mot tap xac dinh D
thi h(x)=g(x).f(x) va v(x)=f(x)+g(x) la cac ham s6 dong bién va lién tuc tréen D .
5. Ngoai ra ta can phai van dung linh hoat cac phuong phap da dé cap toi trong phan 1
nhu k¥ thuat sit dung bat dang thtc tiép tuyén chimg minh bat dang thtc 1 bién, ki thuat
ching minh da thiic vo nghiém v.v..

I. CAC BAI TOAN VE PHUONG TRINH

PHUONG PHAP HAM PAC TRUNG

Ham ddc trung to ra rat hiéu qua trong viéc gidi cac phuong trinh hay hé phuong trinh.
Trudc mot bai toén, thuong c6 nhiéu cach xt li khac nhau, nhung minh nhén thdy néu nhu
ap dung duoc phuong phép st dung ham dic trung thi nhiéu khi bai toén sé duoc giai
quyét don gian, ngén gon hon khéa nhiéu. Trong bai viét nay minh sé huéng dan cac ban

mot s6 ky thuat st dung va cac bai toan co lién quan t6i cht dé nay !

Cau 1: Gidi phuong trinh (x+3)vx+1+(x-3)v1-x+2x=0 (xeR)

Gidi
biéu kién -1<x<1(*)
Taco: (x+3)\/x?+(x—3)\/E+2x:0
@[(x+1)+2]\/x?+2x:[(1—x)+2]\/m
o (Vxr1) +(Vxr1) 2351 =(VI-x) +(VI-x) +2vT-x(1)

Xétham s6 f(t)=t>+t*+2t v6i te[0;+0).

Taco f'(t)=3t"+2t+2>0,Vte[0;+0) suy ra ham s6 f(t) dong bién trén [0;+x). Mt
khac f(t) 1a ham s& lién tuc trén [0;+o).

Do d6 phuong trinh
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(1) = f(Vx+1)=f(V1-x) = Jx+1 =+1-x < x =0 (théa man diéu kién (*)).

Vay phuong trinh c6 nghiém duy nhat x=0.

Cau 2: Gidi phuong trinh /x+2+3x+1=32x* +1+32x* (1) (xeR)

Gidi
Tap xac dinh D=R.
bit u=3/x+1 va v=32x* khi d6 phuong trinh tré thanh:
Ju*+1+u=Iv’+1+v (1a)
Xéthamso f(t)=3t"+1+t voi teR.
2
f'(t)= t—2+1 >0,VteR suy rahams6 f(t)déng bién trén R .
(£ +1)
Mt khéc f(t)1a ham s6 lién tuc trén R .
Do d6 phuong trinh (la) < f(u)=f(v)<u=v.
x=1
Véi u=v tacod Ix+1=32x> ©2x*—x=0< 1

X=—=

2

Véy phuong trinh c6 tdp nghiém: T = {—% ; 1}.

Cau 3: Giai phuong trinh x* —4x* ~5x+6 =37x* +9x -4 (xeR)

Gidi

TXD D=R.
Dit y =7x> +9x—4, ta c6 he:
{x3 —4x* -5x+6=y - {x3 —4x* -5x+6=y

y>=7x>+9x—4 7x*+9x—4=y’
Cong vé voi v€ ctia hai phuong trinh v6i nhau ta dugc phuong trinh
43 +ax 2=y +y & (x+1) +(x+1)=y>+y (1)
Xéthamso f(t)=t"+t voi teR.
f'(t)=3t+1>0,VteR suy ra ham s& f(t)d6ng bién trén R .
Mt khéc f(t)1a ham s6 lién tuc trén R .
Do d6 phuong trinh (1) < f(x+1)=f(y)< y=x+1
V6i y =x+1 ta coé phuong trinh:
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x+1=7 +9x—4 & (x+1) =7 +9x—4 <& x* —4x*> —6x+5=0
x=5
<:>(X—5)(X2+X—1)=OC> _1+5
T2

Vay tap nghiém cua phuong trinh dachola T = {

-41J§6
2

Cau 4: Giai phuong trinh (\/4x4 —12x° +9x* +16 —2x° +3x)(\/x+3 ++/X —1)=8 (xeR)

Gidi
x+32>0 x> -3
DPiéu kién: {x-1>0 Sax>1 < x21(*)

4x* —12x° +9x* +16 >0 (2x2—3x)2+1620

Dt u = x? —32—X,V =+/x—1 20. Phuong trinh da cho tr¢ thanh
(\/4u2+16—2u)(\lv2+4 +V)=8<:>(\/u2+4—u)(\lvz+4—V):4

o u2+4—u=\/27%<:>\/u2+4—u=\lvz+4+v (1)
vi+4d+v

Xéthamso f(t)=vt*+2+t voi teR.

ot 1_J€+4+t Je+t o+t
( )_ 2 +ti= 2 TS T2
Jt*+4 \/t +4 \/t +4 \/t +4

trén R.

Mt khéc f(t)1a ham s6 lién tuc trén R .

>0,VteR suy rahams6 f(t)déng bién

Do d6 phuong trinh (1) < f(u)=f(v)ou=v

Tacoé x=v*+1.Do &6

u=V<:>(V2+1)2—E(V2+1)=V<:>2V4+V2—2V—1=0
2

-1
<:>(v—1)(2v3+2vz+3v+1):0<:> ; 2 43vA1=0 (2)
\% \% \% =

V6i v20 tacd 2vP +2v?+3v+120+0+0+1>0 do d6 (2) vo nghiem.
v=1tacoé x=2 (thda man diéu kién (*)).

Vay phuong trinh c6 nghiém duy nhat x=2.

x? +X
(x2 +x+1)(3x2+3x+1)

Cau 5: Giai phuong trinh R +x+1 =32 +3x+1 = (xeR).

Gidi

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 36



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

x+1 2+§>O
x> +x+1>0 - 2 4

Diéu kién: { < VxeR

3x*+3x+1>0 [ 1]2 3
3| x+=| +=
2
2
I +x+1-3x% +3x+1 = - X +X2
(x +x+1)(3x +3x+1)
1 1 1
AP +x+1- 3x2+3x+1:—( - j
v v 2\x*+x+1 3x*+3x+1

= x2+x+1—1.;:\/3x2+3x+1—1 - (1)

2 x> +x+1 2 3x%+3x+1
Xét ham s f(t):\/;—%t voi te(0;+0).

f'(t)= ZL\/;+%%2 >0,Vte(0;+0) suy ra ham s& f(t)déng bién trén (0;+x).

Mt khéc f(t)1a ham s6 lién tuc trén (0;+x).
Do d6 phuong trinh (1) <:>f(x2 +x+1):f(3x2+3x+1)c>x2+x+1:3x2+3x+1
x=0

x=-1

S22 +2x=0<

Vay tap nghiém ctia phuong trinh da cho 1a T ={-1;0}.

Cau 6: Giai phuong trinh x—/3x—2 =4/9x* —=6x - xvx*+2 (1) (xeR).

Gidi

N

Piéu kién: x> (*)
(1)@X+XMZM+W
o xxx 2 =Bx 2 +3x—2,[(VBx-2) +2
Xétham s f(t)=t+tJt?+2 v6i teR.

2

Ft)=1+E 12 4
() V2 +2

Mt khéc f(t)1a ham s6 lién tuc trén R .

>0,Vte R suy raham sd f(t)dong bién trén R .

Do d6 phuong trinh (1) <:>f(x):f(\/3x—2)<:>x: 3x—2 < x*-3x+2=0 <
X =

Vay tap nghiém ctia phuong trinh da cho la T={1;2}.

Cau 7: Giai phuong trinh 42x—1|(x* =x+1)=x"-6x>+15x-14 (1) (xeR).

Gidi

TXD: D=R.
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(1) = [2x-1][ (2x=1)" +3 | =(x~2)’ +3x -6

& 2x—1 +32x-1|=(x-2)" +3(x-2) (*)

Xéthamso f(t)=t>+3t voi teR.

f'(t)=3t*+3>0,Vt R suy ra ham s8 f(t)ddng bién trén R .

Mt khéc f(t)1a ham s6 lién tuc trén R .

Do d6 phuong trinh (*) < f(|2x-1|) =f(x-2) < [2x—1|=x—-2 V06 nghiém

Cau 8: Gidi phuong trinh x* +x+v/x+1+vVx+3 =1+/2+v2+x +x+2

Gidi
Piéu kién: x> -1
Cong x+1vao hai vé cua phuong trinh ta duoc

& (x+1) +Ux+ 1+ f(x+1)+2 = ( X+ )+\/\/x+2+\/\/x+2+2 (*)

Xétham s6 f(t)=t>+Vt++/t+2 v6i t>0taco f(t)dong bien
Mit khac phuong trinh (*) c6 dang f(x+1):f(\/x+2) Sx+1=+x+2 < x*+x-1=0

-1 5
2

@x:T hodc < x

! (Loai)

J5-1

Vay phuong trinh da cho c6 nghiém duy nhat < x = —

Cau 9: Giai phuong trinh x( +1 +\/E) \/5(1+\/1+x2)

Gidi
Diéu kién dé phuong trinh c6 nghiém 1a x>0

Khi d6 phuong trinh da cho tuong du’ong v6i phuong trinh

x+1 x+3 1 x+1 x+1 1 1
+ +1==+,1+—
2 P X

Xét ham dic trung f(t)=t++1+t* 1a ham dong bién do do

. x+1 :f(1)®x+1:l2c>le
2 X 2 X

Vay phuong trinh da cho c6 nghiém duy nhat x=1.

Cau 10: Gidi phuong trinh —2x” +10x” —17x+8 = 2x*5x - x’

Gidi
Ta thay rang x =0 khong la nghiém ctia phuong trinh nén chia ca hai v& cho x* ta dugc
oy 10 1Z ﬁ _ s 5 1
x x X x?
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bt t= 1 suy ra 8t> =17t +10t—2 =23/5t* -1
X

e (2t-1) +2(2t-1)=(5t"-1)+ 235t -1 (*)
Xétham f(u)=u’+2u la ham déng bién VueR

Phuong trinh (*) c6 dang f(2t-1) :f(\3/5t2 —1) = 2t-1=3/5t*-1

+
<:>(2t—1)3:5t2—1<:>8t2—17t+620<:>t:¥:x 8

174497
8
Vay phuong trinh da cho c6 hai nghiém x=——.
yp g g 1797
Cau 11: Giai phuong trinh x+103/12+3/x-3 +9=3/3-x
Gidi

bt t=33-x < x=3-t. Lac d6 phuong trinh da cho tré thanh

t3+t—12=10\3/12+9t<:>t3+10t=(3/12+9t)3+%/12+9t (1)

Xétham s6 f(u)=u’+10u, ueR.

Taco f'(u)=3u’+10>0, VueR.

Do d6 ham s6 f(u) déng bién trén R .

V6i két qua nay thi tur (1) ta co f(t):f(%‘/12+9t)<:>t:312+9t<:>t3—9t—12:0
¢ -(B) ~(¥) -33BP =0
@(t—%/g—%/g)(t2+332+392+3/§t—%/§t—3)=0
<:>t=€/§+§/§<:>\3/3—x:3/§+§/§<:>x:3—(§/§+§/§)3

Vay phuong trinh da cho c6 nghiém duy nhat x=3- (3/5 +39 )3 .

Cau 12: Gidi phuong trinh x° +3x+1=x*/x° +4x’

Gidi

Do x =0khong la nghiém nén phuong trinh tuong duong

3
1+%+%=3/1+é<:>(1+1j +(1+1j=(é+1j+3fé+1 (*)
x> x X X X X X

Ham f(t)=t>+t déng bién trén R va phuong trinh (*) c6 dang f(1+1J = f[3 é+1]

X X
3
:>1+1=3/é+1 @(1+1J :é+1<:>l3+%—1=0<:>x:#
X X X X X x° X —3i\/ﬁ
2
Vay phuong trinh da cho c¢6 hai nghiém x =— )
1y p g ghie Bi\/ﬁ
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Cau 13: Gidi phuong trinh X+ +x+13x +x+2 = 4x —x+13x* =x+2

Gidi

Phuong trinh da cho tuong duong
N R RS C R B Cal
—|=+X| +Y =X | +=F| =+X| +t—==| ==X | + Y| ==X | +=3F| =—X| +—
2(2 2 4\\ 2 4 2\2 2 4\\ 2 4
Do ham s f(t :—t+4,/t+ 3‘ft+— 1a ham déng bién trén [0;+)nén
( +xj =(1—xj < x=0
2 2

Vay phuong trinh da cho c6 nghiém duy nhat x=0.

1 1
Cau 14: Giai phuong trinh (5x—6)" - =x" - .
\V5x -7 x—1
Gidi

biéu kién x > % Phuong trinh da cho tuong duong véi:

1
5x 6 *
5x 6 ()

u>1. Ta cé: f'(u):2u+;>0, vu>1.

1
Ju-1’ 2,(u-1y’

Suy ra ham s6 f(u) déng bién trong khoang (1;+«) nén:

Xétham s6 f(u)= u? -

7 x>1; 5bx—-6>1 3
Vo6i x >—, ta co: =5x-6=x & x=—.
5 {f(Sx—6)=f(x)

2
Th lai ta thdy nghiém cua phuong trinh da cho la x = %

x°+6x> +15x+13 \/7

Cau 15: Giai phuong trinh
x* +4x+7 X+ 12

Gidi

biéu kién x >-9. Phuong trinh da cho tuong duong véi:

1 1 1
N —x19- N 49— (*
2=~ T o) (x+2743 r9):3')
Xétham s&: f(u)=u——; trén R, ta cé:
u +3
2 2 2
3 2 4 2
£1(u)=1+ 2u 2:(11 + ) +2 u_u +5u +8+(2u+1) 0, VueR
(u2 +3) (u2 +3) (u2 +3)

Suy ra ham s6 f(u) déng bién trén R.
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Nén f(x+2):f(\/x+9) SX+H2=/x+9 & x= V293

2
J29 -3
—

Vay phuong trinh da cho c6 nghiém la x=

VB3x—x-2
\V3x* —6x

Cau 16: Giai phuong trinh 26x° +30x* =4 —

Gidi
Diéu kién x > 2. Dit Bx =a; Vx-2=b (a,b>0).
Phuong trinh da cho trd thanh:

a®+3a*-b°® -3b* +a—b

0 e a®+3a'—1ob43bi— L (*)
ab a b

Xét ham so: f(u)=u6+3u4—l, u>0, ta co: f'(u)=6u5+12u3+i2>0, vu>0

f(a)=f£(b)

=b
a,be(0;+x) ~a

Suy ra ham s6 f(u) dong bién trén khoang (0;+x), do d6 (*) < {

Véi a=Db, thay trd lai ta cé: V3x =/x-2 (VN).
Vay phuong trinh da cho vo nghiém.

Cau 17: Giai phuong trinh 4/3(x+5) —4/x+13 = ¥11-x - ¢/3(3-x).

Gidi
biéu kién -5 < x <3. Phuong trinh da cho tuong duong voi:
43(x+5)+4/3(3-x) =11-x+¥x+13

@3/(3x+2)+13+{1/11—(3x+2) =11-x+¥x+13 (*)

Xét ham so: f(u):(‘/ll—u +4u+13, ue[-13;11], ta c6 ham s6 f(u)lién tuc trén doan
. 1 1
-13;11|, dong thoi f'(u)= - =f'(u)=0 <u=-1.
[ ] & (w) 44u+13 4¥11-u (u)
Suy ra: f(u)déng bién trén [-13;-1) va nghich bién trén (-1;11.] Do d6 ta co:
-13<3x+2<-1
AIx+2<x

+ Néu x e[-5;-1) :>{ nén f(3x+2)<f(x) hay phuong trinh (*) khong c6

nghiém X € [—5; —1)
-1<3x+2<11

3x+2>x nén f(3x+2)<f(x)hay phuong trinh (*) khong c6

+ Néu xe(—l;3]:>{
nghiém x e (-1;3].

V6i x =-1 = f(x)=£(3x+2). Hay phuong trinh da cho c6 nghiém duy nhat x =-1.

VX —x+2 VxZ +x 2

Cau 18: Giai phuong trinh =x" -1

T+V—xX"+x+2 1++-x"—x+4
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Gidi

<—1+«/ﬁ

Piéu kien |~ % 2 . Phuong trinh da cho tuong duong véi:
x=-1

VxP=x+2 B Vx* +x —x2 1 ()
1+\/4—(x2—x+2) 1+4[4—(x2+x)
i
_ \/m+4
Ja-o? (1—\/4—u2)

Doéng thoi f(u) lién tuc trén doan [0;2], suy ra f(u) dong bién trén doan [0;2]. Ta lai co:

Xét ham so: f(u): 0<u<2, tacoé:

f'(u)

>0, Vue[O;Z)

+ x = -1 khong la nghiém cta phuong trinh.

—1+\/ﬁ
2

Véi xe{O; Ctaco: W —x+2, C+x €[0;2] va:

o NEuO0<x<1 =VUxP—x+2 >V +x :>f(\/x2—x+2)>f(\/x2+x), suy ra:

VT(*)zf(\/x2—x+2)>f(\/x2+x)>0, dong thoi VP(*)=x*-1<0 hay phuong trinh (*)

khong c6 nghiém x €[0;1)
e Néu 1<x<¥ — X —x+2 <X +x :f(m)<f(m),
Suy ra: W(*):f(m)—f(m)<0, déng thoi VP(*)=x*-1>0 hay phuong

trinh (*) khong c6 nghiém x € (1 ; >

V6i x=1 ta co: f[vx*—x+2|=f[vx*+x)|. Suy ra phuong trinh da cho c6 nghiém du
yrap g g y

nhat x=1.
Cau 19: Giai phuong trinh (x+\/x2 +4)(x+\/x2 —6x+10 —3) =2

Gidi
Ta c6 phuong trinh da cho tuong duong véi

(x+ﬁ)(x+M—3):2
@(—§j+ (—§j2+1=(x—3)+ (x=3)7+1 (%)

_ b1+t
N1+t
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Suy ra f(t) doéng bién trén R va phuong trinh (*) c6 dang
f(—ij:f(x—3):>—§:x—3<:>x:2
2 2

Vay phuong trinh da cho c6 duy nhat nghiém x=2.

Cau 20: Gidi phuong trinh 4x” +12++vx -1 = 4(x/Bx~1++9-5x)

Gidi

Piéu kién: 1<x s%

(*) = 4x* +12+/x—1 - 4x~/5x -1 -4/9-5x =0

o (4x2 _22xABx-1 +5x—1)+[4—2.2.x/9—5x +9—5x]+ Jx-1=0

2x—+/5x-1=0
<:>(2x—«/5x—1)2+(2—\/9—5x)2+\/x—1 —0e 120 Bx=0 < x=1.
Vx-=1=0
Cau 21: Giai phuong trinh ¥x+2 —3/2x% +1 =32x* - Yx+1

Gidi
Tap xac dinh: D =R.
Phuong trinh & 3f(x+1)+1+3/x+1 =%/2><2 +1 +%/2><2 & f(x+1)=f(2x*) (1)

Xét ham s6 f(t)= Ye+3t+1 co f'(
3\/_ 33( t+1

=>0, vx e R\ {-1;0}.

Do d6 ham s6 f(t) dong bién trén R

:>f(x+1)=f(2x2)<:>x+1=2x2 < x=1 hodc x=—=

Cau 22: Giai phuong trinh 24x> —60x +36 — t 1 .
V5x-7  Wfx-1
Gidi
A Tsa 7
biéu kién: x > 3
Phuong trinh tuong duong (5x—6)’ 1 < f(5x—6)=1f(x)
(5x—6)-
Xéthamso f(t) =t - 1 trén (1;+0) c6 f'(t) = 2t+; >0, Vt>1.
Jt-1 2(t-1)Vt-1

Do d6 ham s6 f(t) luén déng bién trén ntra khoang (1;+00) (1;+o).
:>f(5x—6):f(x)<:>5x—6=xc>x=%
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Cau 23: Giai phuong trinh (x+1)2(4+\/x2+2x+4)+x (x+1) (8+2\/4x + )=—+—

2x

Gidi
biéu kién: x#0. Do x =-1 khong la nghiém nén véi x = -1 ta co:

(X+1)2(4+M)+x (x+1) (8+2m) 3x+1

x+1) 2x

<:>(x+1)[4+ (x+1)2+3}+2x[4+ (2x)2+3}:%
1 1
1)| 4 123}—2 [4 —223} —
<:>(x+ )[ + (x+ ) + ( x) + ( x) + +x+1+2x
2 1

@(x+1)[4+ (x+1)2+3}— —(-2x)| 4+/(2x)

x+1 (—2x)
< f(x+1)=£(-2x)

Xét ham so f(t):t(4+\/t2+3)—% trén R\ {0;1} c6

2
f'(t)=4+\/t2+3+\/t;cT3+tlz>O, Vt=0

Nén ham s6 f(t) dong bién. Suy ra f(x+1)=f(-2x) = x+1=-2x<x= —%

Cau 24: Giai phuong trinh 2x —x—% = 3/81 +1—1
X

Gidi

biéu kién: x # 0. Nhan hai v€ phuong trinh cho x, ta dugc:

2x3—x2—1x:‘3/%+x2—x3 o +x=o 4+ 24 3‘f—><3+x2+9—X
8 8 8 8
3
<:>x3+x:{i/—x3+x2+9§x} +i/—x3+x2+9gx<:>f(x)=f(3‘/—x3+x2+9?xJ

Xéthamso f(t)=t"+t trén R ¢6 f'(t)=3t"+1>0, Vt.

Do d6 ham s6f(t) dong bién trén R va co f(x):f(3f—x3+x2+9—§(]<:>x:—x3+x2+9§x

11@_
4

<:>2x3—x2—2x:0<:>x(16x2—8x—9):0<:>x:0 hodc x =

Cau 25: Giai phuong trinh v/5+x +4/1-x ++/5—4x—x :§+\/x+6

Gidi

Diéu kién: -5<x<1.

2
bit y=v5+x+vJ1-x>0=y? :6+2\/(x+5)(1—x) e B-dx-x* =Y 2_6
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Phuong trinh dau tuong duong

2
2 _ 2 VX+6
y+y 5 6 =§+\/x+6 @y+y?—3:\/x+6 +¥—3 <:>f(y):f(\/x+6)

2
Xét ham so f(t):t+%—3 trén [0;+0) ¢6 f'(t)=1+t>0,vt>0 nén ham s6 f(t) luon

dong bién trén [0;+x) va c6 f(y)=f(x/x+6)<:>y:\/x+6

Suy ra: v5+x +1-x =/x+6 szzxcm(:%/f—&

Cau 26: Gidi phuong trinh /3 —x ++/x+4 +2412—-x—x> =4x—2+/4x+5

Gidi
Diéu kién: 4 <x<3.
Dit y:\/ﬁ+\/x+_420:>y2:7+2m:>2m:y2—7
Phuong trinh tuong duong
y+y? 7 =dx-24\Ax+5 o y+y -7 =Ax+5+(VAxt5) ~7 < f(y)=f(Vax+5)
Xétham s6 f(t)=t+t*—7 trén [0;+0) c6 f'(t)=1+2t>0,Vt>0 nénham s& f(t) luon

dong bién trén [0;+w) va co f(y)= f(\/4x+5) o y=4x+5

Suy ra: VBx+vx+4 = VAx+5 = V12— x—xt =2x—1 > x = 3”0229.

1
Cau 27: Giai phuong trinh 5(x2 —x—6)x/5x—19 = (X+2)(X+5+4\/X—3)(\/X—3 +2)
Gidi

Piéu kién: x > 3.

Phuong trinh tuong duong
5(x+2)(x—3)\/5x—19=(x+2)[(\/x—3)2+4\/x—3 +22+4}(\/x—3+2)
c>(5x—15)\/5x—19=[(\/x—3 +2)2+4J(\/x—3 +2) (do:x+2>0,vx>3)
@[(\/5x—19)2+4}/5x—19=(\/x—3 +2)3+4.(\/x—3 +2)
<:>(x/5x—19)3+4.\/5x—19=(x/x—3 +2)3+4.(\/x—3+2)c>f<J5x—19)=f(\/x—3 +2)
Xét ham s6 f(t)=t>+4t c6 f'(t)=3t"+4>0,Vt nén ham s6 f(t) luon déng bién trén R
Khi d6 ¢6 f(\/5x—19)=f(\/x—3+2)<:>x/5x—19 —Jx-3+2

S5x-19=x+1+4J/x-3 <= Jx-3=x-5<x=7.

Cau 28: Giai phuong trinh

4(1+41+4x) (1 &T
x+1+452 +3x+2

Ix  x+1
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Gidi
Phuong trinh tuong duong

4 +41+4x _1 X 2 1
X

x+1+(x+1)(x+2) (x+1) Tx+1 x+1)

x+1+1/ x+1 x+2
S Ax+4x1+4x = c>f 4x
x+1 x+1 x+1 x+1

Xétham sO f(t)=t+ty1+t trén (0;+00) co f'(t)=T+~1+t+ > 0.

t
241+t

Do d6 ham s6 f(t) luén déng bién trén (0;+x)

S A +Ax-1=0 < x = —

N |
5

Suy ra: f(4x)= f( L

j<:>4x=
x+1

x+1

2x—1) (4x* —4x+3
Cau 29: Giai phuong trinh ( ) ( 7 )=\/2x+1 +3-2x +2V4x—4x* +3 +4

Gidi

biéu kién: —% <x< % Phuong trinh tuong duong

(V2x+T+v3-2x )+ (V2x+1++3-2x) = (2x-1) +[(2x_1)2}

2 2

<:>f(\/2x+1+\/3—2x)=f[@J

Xétham so f(t)=t+t* trén [0;+x) c6 f'(t)=1+2t>0

Do d6 ham s6 f(t) luon dong bién trén [0;+wx).

Suy ra f(\/2X+1 +\/3—2x):f(@]<:>x/2x+1 +4/3-2x =

2 _
Dit {u:\/2x+120 {u2+V2:4 v =4
a

= = .
v=43-2x>0 w?-vi=4x-2 %(uz—vz):2x—1

u +v =4 s
u +v- =4
Két hop v6i phuong trinh (i) dugc hé (u2 _y2 )2 = )
u+v= 8=(u-v) (u+v)
ui+vi=4 (u+v)' —2uv =4 S?_2P=4
= = =
(w*+v?—2uv)(u+v)=8 " |(2-uv)(u+v)=4 |(2-P)S=8

. |S=u+v=0, ,
Véi (S > 4P) va giai hé nay duoc:
P=uvz=0
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5 {u=2 {u=0 V2x+1=2 |VJ2x+1=0 3 1
uy ra: % = % SX=—VX=—=
Y v=0 [v=2 |3-2x=0 [|/3-2x=2 2 2
So v6i diéu kién nghiém phuong trinh 1a x :%, X :—%-

Cau 30: Giai phuong trinh 7x* —13x +8 = 2x* %/x (1 +3x—3x* )

Gidi
Tap xac dinh D =R.
Do x =0 khong la nghiém nén chia hai vé phuong trinh cho x* # 0, ta duoc:

Z—E+%:23,/l2+§—3 va dat yzl, y #0 thi phuong trinh tuong duong:
X~ X

x x* x X

8y’ —13y* +7y =23y’ +3y -3
@(2y—1)3+2(2y—1):(m)3+2m
Xéthamso f(t)=t>+2t c6 f'(t)=3t>+2>0 nén f(t) dong bién trén R.
Suy ra: f(2y—1):f(m)<:>2y—1:m
4

4

Tur d6 tim dugc cac nghiém la x=1, x=

Cau 31: Gidi phuong trinh 4x* +18x+ LI, 3 /iz + % :
x* X

X

Giadi
Piéu kién: x #0.
Nhan 2 vé& phuong trinh cho x, dugc: 4x° +18x* +27x+14 =/4x+5

@%(2x+3)3+(2x+3):(\3/4x+5)3+\3/4x+5 <:>f(2x+3)=f(\3/4x+5)
Xét ham s6 f(t):%t3+t c6 f'(t)=%t2+1>O,Vt, nén f(t) tdng trén R.
Suy ra: f(2x+3):f(\3/4x+5)©2x+3:\3/4x+5 & (2x+3)’ =4x+5
745
4

& (x+1)(8x* +28x+22) =0 <> x=-1 hodc x =

Cau 32: Giai phuong trinh 9x* —28x+21 =+/x-1.

Giadi
. Véixe[l;%) thi (4-3x)" +(4-3x) =( x—1)2+ x—1 < f(4-3x)=f(Vx-1]
Xét f(t)=t>+t trén [1;%) c6 f'(t)=2t+1>0 nén f(t) ddng bién trén R.
Suy ra: f(4—3x):f(\/x—1)c>\/x—1 :4—3x©x:%
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. Véi xeB;mJ thi (3x—5)2+(3x—5):(\/x—1)2+\/X—1 & £(3x-5)=f(x~1)
Xét f(t)=t>+t trén {%ﬁooj c6 f'(t)=2t+1>0 nén f(t) déng bién trén R.

>
Suyra:f(3x—5):f(\/x—1)<:>3x—5:\/x—1<:> *=3 oS x=2.

Ix? —31x+26=0

Cau 33: Gidi phuong trinh (1+x+1 )(sz2 —2x+1+X —1) = xa/x

Giadi
Diéu kién x>0

Phuong trinh da cho tuong duong véi

2 2

(1—1j +1—(1—1j:—\/; = (1—1j +1—(1—1j: 1+1—i
X X 1+vx+1 X X \ x Jx
=P+l 1

JE+1 (t+\/t2+1)\/t2+1
Suy ra f(t)nghich bién va ta c6 1—1:i<:>x:ﬁ

X J; 2

3-5

>

Xétham so f(t)=vt*+1-t taco f'(t) <0 VteR

Vay phuong trinh da cho c6 nghiém duy nhat x =

Cau 34: Giai phuong trinh: x =3/1+x +3/1+23/1+x

Gidi
bit x = 2t, thay vao ta duoc:

2t =T+2t +1+231+2t < 2t+Y1+2t =231+ 2t +1+21+2t < £(t) :f(\3/1+2t)

Vi f=2k+3/1+2k l1a ham f d6ng bién véi moi k.
X=-2

3
=>t=N1+2t< 5) =l+x<
(2 [lei\/g
Vay phuong trinh c6 tap nghiém S :{—2;1—\/3 ;1++/5 }

Cha y: Phuong phéap nay c6 thé gidi quyét duge mot loat cic phuong trinh nhu dudi day
ma cac phuong phap khac (nhu dit 4n phu ) chua chéc giadi quyét duoc:

1) nx=v1+x+y1++v1+x +...+\/1+\/1+...+\/1+\/1+x

2) Luyén tap thém:

Gidi cac phuong trinh sau:

a) X+v1+x+41++1+x :3\/1+\/1+\/1+x
b) x =1 +x +1/1+31+x +%/1+3\3/1+3\3/1+x
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Cau 35: Gidi phuong trinh x®> —2 =33/3x+2

Gidi
Phuong trinh da cho dugc bién déi vé phuong trinh:
P +3x=3x+2+33x+2 =X +3x=(§/ﬁ)3 +333x+2 (1)
Xéthamso f(t)=t>+3t, VteR.Taco: f'(t)=3t>+3>0, VteR.
Vay ham s6 f(t) lién tuc va luén déng bién trén R . Do do tir (1) ta co:

x=-1

£(x)=£(PBx+2) @ x=Px+2 <x*-3x-2=0 @{ )
X =

Vay phuong trinh da cho c6 hai nghiém: x=-1; x=2

Cau 36: Gidi phuong trinh 8x* —36x> +53x—25=3/3x -5

Gidi
Ta s& dua bai toan vé xét ham s6 f(t) =at’ +bt.
Van dé con lai la tim hai hé s6 a, b. Trudc tién ta viét vé phai vé hinh thuc:

a(\B’/Bx—S)3 +biBx-5=33x-5 =b=1.

Luc d6 vé trai duge viét dudi dang 8x° —36x” +53x — 25 =a(mx + n)3 +(mx+n)

Bay gio ta chi cAn tim ba hé s6 a, m, n sao cho:

a(mx+n)3 +(mx+n) =a(3/3x—5)3 +33x-5.

Vi 8x° =(2x)’ =>am’ =8 :{azl;m=2
a=8m=1
Néu a=1;,m =2 Khi dé ta cé: (2x+1r1)3 +(2x+n) =3x-5+3B3x-5
& 8x° +12nx” +(6n2 —1)x+n3 +n+5=33x-5 (1)
Két hop (1) voi phuong trinh da cho ta c6:
< 8x° +12nx’ +(61r12 —1)x+n3 +n+5=8x" —36x" +53x—25
12n =-36

Ddng nhat hé s6 ¢ hai vé€ ctia phuong trinh ta dugc {6n° —-1=>53 <n=-3

n’+n+5=-25
Vay ham s6 ddc trung la f(t)=t> +t, vay 10i gidi chi tiét 1a
Phuong trinh da cho dugc bién déi thanh phuong trinh:
(2x-3)" +(2x-3)=(¥Bx-5) +¥Bx-5 (2)

Xéthamso f(t)=t>+t, VteR.Taco: f'(t)=3t>+1>0, VteR.

Vay ham s6 f(t) lién tuc va luon déng bién trén R . Do d6 tir (2) ta co:
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£(2x-3)=£(Bx-5) < 2x-3=Bx-5
& (2x-3)" =3x-5 < 8x’ —36x> +51x-22=0

x=2
& (x-2)(8x*~20x+11)=0 &| 513
4

5+/3

Vay phuong trinh da cho c6 ba nghiém: x=2; x= 1

Cau 37: Giai phuong trinh x° —6x% +12x—7 = —x* +9x* ~19x + 11

Gidi
Ciing nhu vi dy trén ta ciing sé nghi dén viéc xét ham s ddc trung f(t)=at’ +bt.

Ta viét v& phai vé hinh thic

3
a(%/—x2 +9x° —19x+11) er(g/—x2 +9x? —19x+11): Y +9x* —19x +11

Tt phuong trinh nay ta suy ra b=1. Ldc nay ta viét phuong trinh vé hinh thic bién déi:

3
a(rnx+r1)3 +(mx+n):a(3/—x2 +9x? —19x+11) + 3% +9x* —19x +11 (1)

a=28

. a=1 a=-1
Dohésoctia x’ lalnéntacod: am’ =1 = v 1 Vv v 1
m:1 m:E III:—1 lll=—z

a=-8

V6i (a;m)=(1;1) ta co:

2x° +(3n-9)x* +(3n2 +20)x+n3 +n-11=3Y—x>+9x* —19x +11.
Khi d6 két hop v6i phuong trinh da cho ta can tim n sao cho:
2x° +(3x-9)x* +(3n* +20)x+n’ +n-11=x" —6x* +12x -7

Diéu nay khong thé thuc hién duoc vi hé s6 ctia x° & hai vé da khac nhau.

Tuong tu cho truong hgp cdp s6 (a;m):{(8;%);(1;—1);(—8;—%)} ta cling khong tim

duoc n. Vay ta can tim n nhu thé nao day? Cau tra 16i ndm ¢ phuong trinh (1) ta c6:

(1)< (am3 +a) x> +(3anm2 —9a)x2 +(3n2am +m +19a)x +am’+n-11la

= +9x* ~19x +11
Két hop v6i phuong trinh da cho ta co:

(am3 +a)x2 +(3anm2 —9a)x2 +(3n2am+m +19a)x +am’+n-11la =x>-6x>+12x-7

am’+a=1
R LA A1 . . _ |3anm®-9a=-6
Dong nhat hé s6 hai vé phuong trinh nay ta c6 R < im=1
3n"am+m+19a=12

an’+n-1la=-7

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 50



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

Khi do6 ta sé xét ham s6 f(t)= %’3 +t va phuong trinh da cho sé duoc bién d6i thanh:

3
%(x—l)3 +(x-1) :%(ﬂ—xs +9x? —19x+11) +3-C +9x% —19x +11.
Khi d6 phuong trinh da cho dugc bién déi nhu sau:

%(x—l)3 +(x-1) :%(3/—X3 +9x? —19><+11)3 +3—C +9x% —19x+11 (*)

Xét ham so f(t):%t3+t, VteR. Ta co: f'(t):%t2+1>0, VteR.

Vay ham s6 f(t) lién tuc va luoén déng bién trén R . Do d6 tix (*) ta co:

f(x=1)=£({=+9x* =19x+11) & (x=1) ==X +9x* ~19x+11

x=1
SX—6xX*+11x-6=0 < |x=2
Xx=3

Do d6 phuong trinh c6 ba nghiém: x=1; x=2; x=3.

Cau 38: Gidi phuong trinh 2x° +x* =3x+1=2(3x-1)~/3x-1

Gidi

Piéu kién: x> % Phuong trinh da cho dugc bién déi nhu sau:

25+ =2(Bx—1) +(\Bx-1) (1)
Xéthamso f(t)=2t"+t>, t>0.Taco: f'(t)=6t"+2t>0, Vt>0
Vay ham s6 f(t) lién tuc va luon déng bién trong khoang (0;+x). Do d6 tix (1) ta co:
f(x)=f(\/3x—1) o x=43x-1 &x*-3x+1=0 <:>x:3i2\/g.
3+4/5

béi chiéu diéu kién ta ¢6 nghiém cta phuong trinh la x = >
Cau 39: Giai phuong trinh VX +23x +4x +54/x + 4x+1 = Ix +124/x> + 11x + 24
Gidi

biéu kién x = -2. Phuong trinh da cho tuong duong véi
§/(x2 +4x+1)(x2 +4x+4)3/x2 +4x+5 = %/(x+3)(x+7)m
Dit t=x*+4x+1, phuong trinh tré thanh W Jt+6= W Ix+6
Xét ham s8 £ (k) =4f(k+3)(k+7)¥k+6; ke[-2;+).
Tac6 £'(k)= (+5)k6  Jke3)(+7)
2[(k+3)(c+7)] 36y
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Suy ra f(k) 1a ham déng bién trén [-2;+).

X:
Néntaco f(t)=f(x) ©x*+4x+1=x ©x*+3x+1=0 <

do
+
&

N

—3+5

So v6i diéu kién, ta nhan x = la nghiém cta phuong trinh.

Vay x= _3; > la nghiém cua phuong trinh da cho.

Cau 40: Giai phuong trinh +x+23/x% +4x +7 /5% + 4x +8 = Yx+6.4/x*> +10x +21

Gidi

=S x>-2

. x+22>0 xX>-2
biéu kién

C+10x+21 x & (—o0;7]u[-3;+0)
Phuong trinh da cho tuong duong véi:
23 (x+2) +3.4(x+2) +4 = 3f(x+3)+3.4(x+3) (x+7)

@(M)(%/(x+2)2+3)(\/(x+2 ):(\/\/:)( (J_) +3](4(x+3)+4) (*)

Xét ham so: f =tt* +33t* +4 t>0

—\/tT\/tT 4t* 3t + 4 4t4\4/t +4

3;"/ t* +3 414/ +4

(*)©f<M)=f(\/:) @\/XT:\/m <:>(x+2)2 =x+3
_ —3+5

2
~3-5
2

Ta co f'(t)

SxXP+4x+4=x43 ©x*+3x+1=0 <

3445

Két hop voi diéu kién ta c6 x =

la nghiém cta phuong trinh.

Vay x = = ;\/g la nghiém ctia phuong trinh da cho.

Cau 41: Gidi phuong trinh 4/3(x+5) —4x+13 = {11-x -33(3-x).

Gidi
Piéu kién -5<x<3.

Phuong trinh da cho dugc viét lai thanh 415+3x +4/9-3x = %/15+(x—2) +§/9—(x—2)
Xétham s6 f(t) =15+t +9—t trén doan te[-15;9], ta co
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Lo b 1 oh()20, vie(-15-3].

1
Y (¥5r) ()

Va f'(t)<0, Vte[-3;9)

f'(t)=

Ta nhan thé’y, vOoi x € [—1;3] =3x;x-2¢ [—3;9] .Va xe [—5;—1] =3x;x—-2¢ [—15;—3].
Tt d6, suy ra f(t) 1a ham dong bién trén [-15;-3] va nghich bién trén [-3;9] nén
f(3x)=f(x-2) ©@3x=x-2 ox=-1

Vdy, x =-1 la nghiém ctia phuong trinh da cho.

Cau 42: Gidi phuong trinh ¥/6x+1 =8x" —4x-1

Gidi
Tac6: Yox+1=8x"—4x—1 e 6x+1+6x+1=(2x) +2x = £(Yox+1)=f(2x)

Trong d6 f(t)=t’+t. D& thdy f(t) la mot ham dong bién trén R nén
£(Y6x+1)=£(2x) & Ybx+1=2x <8 =6x+1 < 4x’ —3x:% (1)
Néu [x|>1 thi [VT(1)|= ‘x(4 cos2—3)‘ >1> %

Néu |x|<1 thi dit x=cose, ¢e[0;x].
3kr

Phuong trinh tré thanh: 4 cos* ¢—3cosq = % < cos3p = % Se= ig =

Vay phuong trinh da cho c6 3 nghiém x = Cosg ; X = cos%; X = COS%.

Cau 43: Gidi phuong trinh 4x = \/30 +%\/30 + %\/30 + %\/x +30

Gidi

Dat i\/30+%\/30+i\/x+30 =y

bat %\/30+i\/x+30 =z
o1
Pat —x+30=t.
4

4x:m
4y:m
4z:\/m .
4t =~/30+x

Xétham so f(t) =30+t co f'(t)=

Taco:

>0 nén ham s6 dong bién trén (—30;+x).

1
2430+t
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1++/1921

Taedosuyra x=y=z=t=
y y 30

Cau 44: Giai phuong trinh

Vx* +91 =\/\/x4+2x2\/x—2 +x=93 -2 +x* +2x*x -2 +x-93

Gidi

VP = \/\/x +x—2) 91~ 2+(x +x-2) -9l

Dit t=\/( )

VE+91 =/x -2
Taco hé PT i e SVt=2+ + V7 +91 =x =2 +x* +/x* +91
VX491 =t—2 +t

Ham s6 f(t)=+vt—-2+t>++/t*+91 voi t>2 1a ham s6 déng bién nén suy ra t = x
:(x2+\/x—2)2:x2+91 :>(x2+\/x—2)2—100:x2—9
:>(x2+\/x—2—10)(x2+\/x—2+10)=

%}(x2+ x=2+10)=(x-3)(x+3)

= _(x—3)(x+3)+

+) x=3.

+) | (x+3)+

;}(Xg
L vx-2+1
:>(x+3)(x2+\/x—2)+9x+27+

x-2+10)=(x+3)

X2 +4/x=2+10
Jx=2+1

=0

PT nay vo nghiém vi x> 2.
bS: x=3.
PHUONG PHAP CHUNG MINH HAM PON DIEU.

Cau 1: Gidi phuong trinh sau trén tap (-3;3): Yx+3+3x-3=8x+5+%x-5

Gidi
Phuong trinh da cho tuong duong véi
3/3+x—§/5+x:3/3—x—§/5—x<:>f(x):f(—x)
R0 P —

3(3+x) 5Y(5+x)"

Do 3<x<3=5(5+x)" >53(5+x) >53(3+x)" >3y(3+x)

Suy ra f'(x)>0,Vx e(-3;3)= f:d6ng bién trén khoang (-3;3)
Nén: phuong trinh < f(x)=f(—x) < x=-x<x=0.

Cau 2: Giai phuong trinh: 2\/x X +1 + 3%/—x +iVx*+1=5
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Gidi
Pit: a=x+vVx*+1 = —x+Jx* +1 :1,a>0
a

=5,f(a):2\/g+%:>

Phuong trinh da cho thanh: 2\/5 + i

a

Xét ddu cta f'(a) suyra a=1<x=0.

f'(a)=0=a=1

Vay phuong trinh da cho c6 nghiém x=0.

Cau 3: Gidi phuong trinh: x* —3x+ (4x2 _2\Bx+ 2) J1+x2 =0

Gidi

2
VT < x° —3x+{3(x—%} +x? +1}/x2+1 :VT2x3—3x+(x2+1)\/x2+1

Xét ham f(x)=x3 —3x+(x2 +1)\/x2 +1
Co f‘(x):3(x2—x+X\/x2 +1); f'(x):0<:>x=ﬁ
1

Dua vao bang bién thién = Min f(x)=f —j =0.Hay f(x)>0=VP = VT > VP

3
1Y 1
Dau "="xdvra < | x—— | =0va f(x)=f =0
yro oo x-] =ova 1=

3

S

=XxX= 1 la nghiém

NE)

Cau 4: Giai phuong trinh

(9><2 +24x+17)\/3x+3 —(x4 +4x° +4x3 +1)\/><2 +2x-1=x>-5x-4

Gidi
Diéu kién x >~/2 1. Phuong trinh da cho tuong duong véi
(95 +24x+17)V3x+3 —(x* +4x° +4x% +1)x* +2x -1 =x* ~5x 4
Dit a=+/3x+3; b= m a,b>0). Phuong trinh da cho tr¢ thanh
(a* +2a> +2)a—(b* +2b* +2)b+ (a3 ®)_o (1)
Ta xét ham s6 f(x)=x(x*+2x*+2) thi f'(x)=5x"+6x*+2>0, vx>0. Suy ra, f(x) la

ham déng bién, cho nén ta luon cé: (f(a)-f(b))(a—b)=0 (2)

Mt khac, tir (1) ta co f(a)—f(b)+a(a3 b_y :f(a)—f(b):—a(a;b).
2
—a(a- | a=b
Vay nén (2) sé tr¢ thanh @ > (. Pang thic xay ra khi { o

Nhén thdy a=0 = x =-1 khong phai la nghiém cua phuong trinh, nén ta c6
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a=b o3x+3=Vx*+2x-1 =>x*—x-4=0 :x:1+;/ﬁ.
1+\/ﬁ

Vay x= > la nghiém cua phuong trinh da cho.
+1
Cau 5: Giai phuong trinh v/x* +1 = -
1-xa/x* -1
Gidi

x2=1>0 )
1-xx2-1#0 ' 1-x3x> -1
o x2+1(1—x\/x2—1):x+1 e +1-xUx =1 =x+1 (*)

2
Ta lai c6: (*) < x2+1—1:x(\/x4—1+1) @X—:x(\/x4—1+1) — x>0
") I +1+1

Piéu kién {

x>1

Két hgp diéu kién cho ta: 1++/5
X# Xy =4[

Tir phuong trinh (¥), xét ham s6: £(x) =vx? +1 —xx* -1 -x-1

2x* -1 2x*
fi(x) = e X —1 -2 1 = —x*-1- <0, vVx>1.
S e Y S I ey PO e N

= f(x)<f(1)=+2-2<0

Suy ra phuong trinh (*) v6 nghiém, hay phuong trinh da cho v6 nghiém.

Cau 6: Gidi phuong trinh 24/1-2x +¥/20x+1 =3,

Giadi
bit a=v1-2x =2x=1-a’(a>0); b="20x+1 =20x=b"-1(b>0), ta c6 hé phuong
2a+b=3 _b)?
trinh {0 @b1°+10(ﬁJ ~11=0 =2b" +5b>~30b+23=0 (*)
b” +10a” -11=0 2
Do a,b>0 néntix: 2a+b=3 =0<b<3

+ Néu: b=0 phuong trinh (*) vo6 nghiém, suy ra PT da cho v6 nghiém.
5 30 23

+ Néu: 0<b<3, tur (*) ta co: 2+§_§+W:O

Xét ham s6: f(b):2+%—%+§, (0<b<3) taco:
| 40 270 230 10
f(b):_§+W_W:—ﬁ(23—27b+4b2)

Lap bang bién thién ta thay: f(b)>f(1)=0.
Hay phuong trinh (*) c6 nghiém duy nhat b=1.
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Thtt lai cho ta phuong trinh da cho ¢6 nghiém duy nhat x = 0.

3/
x+1 . 3);+2=m.

Cau 7: Giai phuong trinh
P e \/ 3x—2

Gidi

biéu kién x > %

Phuong trinh da cho tuong duong véi: Y3x+2.4/3x -2 =8x—12 (*).

Véi x>§thi: P3x+2Bx-2>0 =8x-12>0 :x>%.

bit v3x-2=a (a > \/g ] Phuong trinh da cho tr¢d thanh:

8(a*+2
a\3/a2+4=¥—12 <:>331+i3+2—(2)=8
Va a

a

Ham s6: f(a)=33 1+i3 +2—(2)—8, nghich bién trén: (\/g,wrooj va f(2)=0
a a° a

Suy ra phuong trinh da cho c6 nghiém duy nhat x =2.

Cau 8: Giai phuong trinh y/x++x* =1 =32(x-1)*2x -2

Gidi
Diéu kién x>1.
Phuong trinh da cho tuong duong voi: x+ X -1=2 (4x—4)
Dit: 4x—4=a (a>0). Phuong trinh da cho tré thanh:

2
027 2t4 (a+4j ~1=0 <8’ =+a’+8a+a+4 (*)

4 4

+ Ro rang a = 0 khong la nghiém ctia phuong trinh (*)

+V6i a #0, phuong trinh (*) tuong duong voi: 8= is + % + /18 + %
a’ a

a a

Ham s6: f(a):%+l4+ lSJr%

-8, nghich bién trén (0;+x) va f(1)=0
a’> a a® a

Suy ra phuong trinh da cho c6 nghiém duy nhat x =1.

3/
x+1 o 3);_'_2:\/3)(7—2

Cau 9: Giai phuong trinh
3x—-2

Gidi
Phuong trinh da cho tuong duong voi : J/3x+2+3x—-2 =8x-12

biéu kién c6 nghiém cua phuong trinh la x > %
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Dat v3x-2 = a{a > \/g j . Phuong trinh tré thanh:

8(a*+2
a3a2+4:u<:>33,/1+i3+2—9=8
3 a a a
Xétham so f(a)=3; 1+i3+2—(2) 1a ham s6 nghich bién trén (\/g;—i-ooJ.
Va a°® a

Tt d6 chira x =2 1a nghiém duy nh4t ctia phuong trinh!

Cau 10: Gidi phuong trinh /x+3 +x -3 =¥x+5 +¥x-5(-3<x <3)

Gidi
Phuong trinh tuong duong: Yx+3 —¥x+5 =33 -x -¥5-x < f(x)=f(-x)

YRS S
face £) 3(x+3) 5Y(x+5)’

Do -3<x<3 :>5§/(x+5)4 >5%/(x+5)2 >5§/(x+3)2 >E’>§/(x+3)2

Suy ra f'(x)>0= f(x) ting trén (-3;3)

Vay phuong trinh tuong duong x=-x < x=0

Céau 11: Gidi phuong trinh 15x% +104((x+1)° +26 =6(x+1)’ +30v/x+1

Gidi
bit t=vx+1=x=t"-1(t>0). Phuong trinh tuong duong:
f(t)=6t"—-15t* —10t° +30t* +30t-41=0

£1(t)=30(f ~t-1) >0

o = x =1 la nghiém duy nhat ctia phuong trinh
f(1)=0

Ta thay {

Cau 12: Giai phuong trinh \(x+1)" +4/(1-x)’ +14 = /(x+4)’ +/(4-x)’

Gidi

DKXD: 0<x<4.Xétham s6: f(x)=(x+1)" +/(1-x)’ =y(x+4) —y(4-x)’ ~14

Ta c6 f'(x)=0<:>%(x/x+1—x/l—x+\/4—x—x/x+4)=0

¢>3x( LEN— J_ (%)

Ix+1+1-x  x+4+/4—x

Bay gio ta sé di ching minh phuong trinh +/x+1++/1-x =/x+4 ++/4—-x v6 nghiém!
-3 3

\/x+1+\/x+4_\/1—x+\/4—x

trinh (*) c6 nghiém duy nhat x=0=f(x)>£(0)=0

Taco Vx+1-vx+4+1-x—/4—x =

<0 vay phuong

Vay x =0 la nghiém duy nhat cua phuong trinh!

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 58



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

1 1

Cau 13: Giadi phuong trinh 2x-1- + =0
I +1 \/(2—X)(X2 —x+1)
Gidi
bat: f(x)=2x-1- ! + ! lién tuc trén (-1;2)
I +1 \/(2—x)(x2 —x+1)
2 2
Co f'(x)=2+ X Zox#3 33X

2\/(2—x)(x2 —x+1) 2\/)(3 +1

Vay x= % la nghiém duy nhét cta phuong trinh.

Cau 14: Giai phuong trinh 32_)( —21+5vx° =2x* +16 +5x+2 =0

Gidi
3 A2 >
prxp; ¢ T2 1620 o
x+22>0
Dat f(X)=£2X—21+5 x* —2x* +16 +5+/x +2 lién tuc trén [x,;+»).
5(3x* —4x
Co ()= 242 ) , 5

+
2Ux° =2x* +16  2x+2

e Néu xe[—Z;O]u[g;Jrooj thi 5(3X2—4x)20:>f'(x)>0

e Néu xe {O;g} thi 24x* =2x*+16 > 403 > 15

9 "2
39 2(3x" - 4x) 5 (24x* —32x+234)+/x +2 +30
>—+ = >0

+
2 3 2x+2 124/x+2

49 -5+105
8

= f'(x)

Vay f'(x)>0= f(x) déng bién trén [-2;+»). Suy ra x = 1a nghiém duy nhat

cta phuong trinh.

Sau day minh xin gi6i thiéu t6i cho ban doc mot phuong phap xtr dung casio xu Iy cac bai
toan c6 1 hay nhiéu nghiém két hop v6i phuong phdp ham s6 ma minh cdm thay kha chi
1a manh, chd ¥ ridng cac ban cAn ndm chéc cac ky thuat chtmg minh vo nghiém & phan

trude dé co thé giai quyét cac bai toan phan nay mot cach dé dang!

Cau 15: Gidi phuong trinh x° +x* +x+34x+1=3

Gidi
DAu tién dé dinh huéng huéng gidi ta sé€ dung may tinh kiém tra tinh don diéu cua ham s6
f(x)=x"+x>+x-3+3¥x+1 bdng MODE 7.
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Nhép vao may ham s6 trén réi cho:
e START=-1
e END=20 Math
e STEP=1

Ta dugc bang nhu bén. Nhin vao bang ta thady ham

c6 1 nghiém duy nhét 1a x=0 va c6 vé nhu dang

dong bién trén [-1;+0) cho nén ta duge x=0 la . o Math

nghiém duy nh4t ctia phuong trinh.
Béng céc gia tri cia TABLE ta c6 thé vé dugc dé thi <

mun =
meE—
ngosm

cta ham sé nhu bén. 0 Wath

Nhin vao dé thi ta c6 thé thdy né ludn lién tuc, i

déng bién va cét truc hoanh tai 1 diém duy nhat. 3

Néu muén kiém tra kj hon ta c6 thé dung may
tinh chia nh6 khoang ra dé kiém chtmg diéu nay.
Béng céc gia tri cia TABLE ta c6 thé vé dugc dé thi
cta ham s6 nhu bén.

Nhin vao dé thi ta c6 thé thdy né ludn lién tuc,
déng bién va cét truc hoanh tai 1 diém duy nhat. *
Vay khi d6 ta chi can chiang minh dao ham cuaa
ham f(x)=x>+x’ +x-3+3%x+1 16n hon 0 1a ta

=3 -2 -1 1 2 3

c6 thé giai quyét duoc bai toan nay.
Ta c6 101 gidi nhu sau: 5
Loi gidi. s
DKXD: x e[-1;+).

Dit f(x)=x"+x* +x-3+3Yx+1 lién tuc trén [-1;+x).

Ta co: f'(x)=3x" +2x+1+;3>OVXG[—1;+oo).

4(4x+1)
Do d6 f(x) dong bién trén [-1;+x). Suy ra phuong trinh f(x)=0 ¢6 t6i da 1 nghiém. Lai
c6 £(0)=0 nén x=0 la nghiém duy nhét caa phuong trinh.

Cau 16: Giai phuong trinh (4x —1)(\/x +3+33x+ 5) =4x+8

Gidi
DAu tién dé dinh huéng huéng gidi ta sé dung may tinh kiém tra tinh don diéu cua ham s6
£(x)=(4x—1)(vx+3 +33x+5)-4x—8 bing MODE?7.
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Nhép vao may ham s6 trén rdi cho: Wath
e START=-3 | all, E3B
e END=20 S ZFloiman
e STEP=1 -3

Ta dugc bang nhu hinh bén. Nhin vao bang ta . c l::-: Math
]

d =1 1.UY

dé thay rdng phuong trinh ddu c6 2 nghiém Y

x =-2;x=1 va khong phai ham don diéu. B

bén day chi c6 2 cach la dao ham f(x) 1én va

Math
"

—

xét ddu cta f'(x) sau d6 chi ra 2 nghiém trén 2 1

khoang ma ta da xét tinh don diéu cta né. Cach 3

th 2 1a st dung dinh ly 2 dé giai quyét no.
Dé dé hinh dung ta c6 thé vé dé thi nhu sau:
Nhin vao d6 thi ta thdy f'(x) bi d6i dau khi qua
mot diém. Dé gidi quyét bai toan bang cach 1
thi kha la kho vi:

f'(x) :4(\/x+3 +§/3x+5)

1 1

23 (m)z

Rat kho dé xét dau cua noé. Chi con cach la

+(4x-1)

- 4 =20 -15 =10 -5 0 5 10 15 20

ching minh v6 nghiém trén 1 khoang chta J

diém roi, con 2 khoang con lai ta d& dang xét

d4u cta no. Ta sé thir lam 2 céch.

Giai

Cach 1: Ham s06.

it £(x)=(4x—1)(x+3+33x+5) - 4x—8 lién tuc trén [-3;+0)

1,1
24x+3 (mf

Pén day dé tim khoang chta diém roi ta sé dung CASIO dé tim no.
Ta co: f'(x)=0 < x=-1,138426746 Math &

= % 01 T T "1 1 T

Ta c6: £'(x)=4(vx+3 +Bx+5)+(4x-1) —4

Dén day ta sé ching minh phuong trinh dau vo nghiém | w_  _ {oo4opoqe

trong khoang {—% ;—1} . Ta duoc: L-F

Vé6i xel:—%;—l} thi (4x-1)<0, (\/x+3+%/3x+5)>O:>VT<O.
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Mt khac (8x+4)>0Vx e {_?3 ; —1} nén phuong trinh v6 nghiém trén {—% : —1}

1 | -1 2

< __ 1 + =g (x)= -
bat g( )_zm (m)z 8'(x) 4(\/x+3)3 (%/3x+5)

= <0vx>-1

V6i xe{—l;%} thi 4x-1<0, g(x)<g(-1)<1.Khi do6 ta co:

£(x) > 4(Vx+3+Bx+5 )+ 4x—5>4(V1+3 +33+5)-5+4>0

= f(x) dong bién trén [—1;%} = f(-1)<f(x)< f[%j = -18 <f(x)<-9<0. Vay phuong

trinh v6 nghiém trén {—1 ,i} .

Vi xzi thi 4x—=120 = f'(x) 2 4(Vx+3+33x+5)-4>10>0
= f(x) dong bién trén [% ;+ooj = phuong trinh f(x) =0 c6 t6i da 1 nghiém. Lai c6
f(l) =0 nén phuong trinh c6 1 nghiém la x=1.

4x-1<0
V6i xe[—?);—%} thi {2vx+3<2,5 .Khidé ta duoc:

(%/3x+5)2 <2,5

4(4x-1)

£(x) <4(x+3+3Bx+5)+ —4

<4(Vx+3+33x+5)-9,6 <4({=1,5+3+33.(-1,5)+5-9,6] <0
= f(x) nghich bién trén {—3;—%}, do d6 phuong trinh f(x) =0 c6 t6i da 1 nghiém thudc
{—3;—%}. Laic6 f(-2)=0 nén x =-2 1a 1 nghiém ctia phuong trinh dau.

Két luan: Vay phuong trinh ¢6 2 nghiém 1a x=-2 va x=1.
Cach 2: Ham s6.

Do x= i khong la nghiém cta phuong trinh nén xét x # % thi phuong trinh tuong duong;:

4x+8

(4x—1)(Vx+3+UBx+5 ) =4x+8 <= x+3+Bx+5=
X_

it £(x)=x13 +3x+5 - X+8

lién tuc trén {—3;1j va (1;+oo]
4 4

4x -1
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! 1, 36 ~>0.Suy ra f(x) dong bién trén [—3,&) va

T20kas (Pxrs)  (4x-1)

Co: f'(x)

(% ; +oo} . Vay phuong trinh f(x)=0 c¢6 t6i da 1 nghiém trén moi khoang trén.

Tur d6 chira 2 nghiém la x=-2 va x=1 la xong bai!
Ta c6 thé thay rang cach 1 c6 vé la dai va phtc tap hon so véi cach 2 nhung tuy nhién sé cé

nhiéu bai lai nhanh hon, sau day la moét vi du.

Cau 17: Gidi phuong trinh 9x* —32x* +5+18v4-3x =0
Thay La Duy Tién - THPT Binh Minh
Deé thi chon hoc sinh gioi THPT Binh Minh khoa 2015 - 2018

Gidi
Van nhu nhiing bai trude ta sé dung MODE 7 dé khéo sat va vé d6 thi cia ham s&.
MODE 7 v6i ham f(x)=9x*-32x* +5+18v4-3x trén [-15;2]. Ta duoc:

Math

F ikl
28. b23
] y

I
ting trén khoang [-1;3;-1,1] do d6 ham nay ! f -1

Nhin vao bang thi ta thdy ham c6 vé nghich bién,

nhung néu khdo sét k§ hon thi ta thdy rang né sé a
5

khong hé don diéu mot chiéu trén | —o ;é ) Math
3 o |_Eu
E -l«3|2T211

Ta c6 thé vé d6 thi ctia n6 nhu sau: o e | P 2550
Hinh & bén 1a nhanh phia trén ctia d6 thi. Ta c6 thé

thay rang n6 khong hé don diéu mot chiéu va c6
t6i 2 diém doi chiéu. Do d6 dé giai dugc bai nay ta ;
can phai ching minh n6 vd nghiém trén mot s
khoang nao d6. Dé thay la (—;0]. ‘
Xét x (—0;0] ta co J4-3x>2,do d6 3
f(x)=9x* —32x% +5+18/4 - 3x 2
>9x* —32x* +36 "

2
— 9(X2 _ Ej + @ > O =30 -20 -0 0 10 20 30 40
9 9

Vay phuong trinh vo nghiém trén (—;0]. 2

Xét x e {0;%}, ta co:
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27

V4 -3x

Suy ra f(x) nghich bién trén [0;%} , do d6 phuong trinh f(x)=0 c6 t6i da 1 nghiém trén

f'(x)=36x"—64x - . Dé thay 36x° —64x:x(36x2 —64)<0Vxe[0;§} nén f'(x)<0.

{0 ,%} .Laic6 £(1)=0 nén x=1 la nghiém duy nhét ctia phuong trinh.

Ngoai ra néu ai thich ciing c6 thé lién hop dé gidi quyét bai toan nay. Ta co:
9x* —32x* +5+18y4-3x =0

54
S (x=1) ————-9x° -9x* +23x+23 |=0
( ){\/4—3x+1 }
x=1
= 54

f(x)=———-9x" - 9x* +23x+23=0(*
0= Ty > TP TP B=00)

Do ta da chting minh phuong trinh v6 nghiém trén (—«;0] nén ta chi cdn ching minh

f(x)>OVxe[O;§] biéu nay qua la dé bédi vi (x+1)(—9x2+23)>0Vxe{0;§J do d6

phuong trinh f(x)=0 s& v nghiém trén {0 ,%} . Bai toan da dugc giai quyét!

5(x-3)

CAu 18: Gidi phuong trinh yx+1-2J4—-x=———-"2%

o 8 v v 2x> +18
Gidi

5(x-3
MODE 7 v6i ham f(X)=\/X+1—2\/4—X— (Z( ) ta duoc.
2x°+18

Nhin vao bang ta thay ham c6 vé dong bién va . E IZH Hath

c6 nghiém 1a x =3. Dé kiém chtimg diéu nay ta o ek

sé vé do thi cia ham nay. 13 &E f- BB 55

Nhin vao do6 thi trdm phan trdm la ham dong

bién nén ta sé di ching minh diéu nay. :

Ta cé:f(x):x/x+1—2\/4—x—% lién tuc :

trén [-1;4]. ]

= f(x)= 1 1 +10x2—60x—90Bély o A
2yx+1 Ja-x (2 +18) 3

gio ta cAn ching minh f'(x)>0Vx e[-1;4]. =

Dé ching minh diéu nay ta cAn dung may tinh %

khdo sat im min, max cta f'(x) trén [-1;4]. =
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10x* -60x-90 -1

Ta duoc —<—va
(2x2+18) 2
L + ! >1. Ta sé di chitng minh 2
2J0x+1  Jd—x
diéu nay.
Ta co:
1 1 _13_5—2Jx+1__ 21— 4x -0
" oodx+1 5 10Ux+1 10Jx+1(5+2Jx+1)
5 1 3 10-3v4-x _ 9x +64 20
CJA—x 10 10/4-x u(10-3¢4—x)44—x
15Y 2412
A +92| x—— | +52
105 —60x—90 1 4x*+92x*>—120x+144 ~—© ° (X 23) T3
) 4+ —= 5 = 5 >0
(2x2+18) 2 2(2x2+18) 2(2x2+18)

Vay f'(x)>0= f(x) dong bién trén [-1;4]. Do d6 phuong trinh f(x) =0 c6 nghiém duy
nhat x=3.
Ngoai ra ta ciing c6 thé giai bai nay bing phuong phap nhan lién hop.

_ 5(x-3)
Jx+1—2J4—x_2X2+18
5(x-3)  5(x-3) |*7°

1 _ 1 *)
Ix+1+24-x  2x* +18

= =
Ix+1+24-x  2x*+18

bit f(x)=2x" +18—+/x+1-2J4—x
Jx+1<3
2J4-x<5

= phuong trinh (*) vo nghiém!

Voi x e[-1;4] thi{ =f(x)>2x*+10>0.

Vay phuong trinh ¢6 nghiém duy nhat x=3.

2 2
Cau 19: Giai phuong trinh %J{%_ij +m_%:0

Dé thi thit THPT Quéc Gia — Phii Yén - 2015

Gidi

2 2
MODE 7 vé6i ham: F(X) = X?+(§—X2j ++/2-3X _18i19 trén [—15;1] ta duoc:
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Nhin vao bang thi ta s& thdy ham c6 vé nghich E (:-:E:; Wath
i, o stk o o [02] e vy | D R
bién, khdo sat k§ hon & khoang [0,5} ta sé thay Ik g
-d
phuong trinh c6 nghiém thudc khoéng[o;é} . Gii a o
n FLil
1 15 =1|1.33UB
phuong trinh ta sé dugc nghiém x = 3/ do d6 ta sé I'I'il _El DEEI!:EE 1

dung phuong phap ham s6 dé giadi né. Ta c6 thé vé
dd thi cta ham nhu hinh bén. Nhin vao do thi ta
thdy rang ham s§ f(x) chic chin nghich bién, nén
ta sé di chung minh diéu nay.

Ta co: f'(x):_—3+4x3—2x.

242 -3x
Néu xe(—w;%}u{&%} thi 4x°>-2x<0, khi

do f'(x)<0.

Néu xe{—%,ﬂ} thi 242-3x <5, suy ra:

f'(x)<4x® —2x—%:g(x).

NG

Co g'(x):0<:>x:i?.

Miit khéc ta lai c6 g[—ﬂj __3
2 ) 5
g(0)=—§ va g(—%}%w,n@n f'(x)<g(x)<OVxe[—%;0}.

Vay f(x) nghich bién trén [—oo ,%} ,dodo x= % 1a nghiém duy nhat cta phuong trinh.

Cau 20: Gidi phuong trinh 2x* —4x+1- (x3 =30= 1) V3x®+1=0
Dé thi thir THPT Quéc Gia — Phii Yén - 2015

Gidi
Bai nay la mot bai kha la kho, nhung trude hét ta ctr phai khdo sat ham s6 va vé do thi
truéce da.

MODE 7 v6i ham F(X)=2X*-4X+1-(X*~X-1)y3X*+1 trén [-1;5] ta duoc.
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Math

Nhin vao bang thay rang ham c6 vé nghich bién, F il

nhung khao sat ky hon trén {—i/% ;1} ta sé thay LEII

ham ldc tang lac gidm, do d6 nhu nhing bai trén i
minh s€ lai phdi chting minh v6 nghiém trén mot 5
khodng nao d6 réi! D& dang do bang CASIO thi ta 1

thdy ham sé nghich bién trén khoang {% ;+oo), do

dé ta sé chiing minh phuong trinh vo nghiém trén 5

3

Trudc hét ta vé duoc dd thi nhu bén.

Nhin vao d6 thi ta c6 thé chic chin ring khi

X € {g ,‘+oo) thi ham nghich bién va cdt truc hoanh 1

tai duy nhat mot diém tai x=2. Sau khi dinh 2 0 1 3 4
huéng dugc hudng giai rdi ta sé di gidi quyét né -
thoi! Nhung ta lai gdp phai mot van dé la biéu
thtc phia trudc can thac 1a mot da thac bac 3 kha

-3

la kho xét dau cta n6 dé cé thé khit cin nén ta sé
chia lam 2 truong hop.

x*=x-1>0

Truong hop 1: Néu {i/fg}
xe|-3=;=
35

Khi d6 +/3x° +1 < 34 \/_<% Suy ra duoc:

f(x):2x4—4x+1—(x3—x—1)\/3x3+1

4x* =9 +x+11
2

4()(2_9X_9T+171 , 71194

>2x4—4x+1—2(x3—x—1):
2

+
80 10 25
- >0
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x’—x-1<0

Truong hop 2: Néu { \F 9}.5@'11 day néu ta cho /3x*+120 thi khong hén f(x) >0
Xe|=3—=,=
35

Do do6 ta can danh gia V3x® +1 >ax+b. Dén day st dung ti€p tuyén va diém roi ctia f(x).

Taco: £'(x)=8x* 4 27x° =15x* =3x* -2 x=0,678262158 — A
. = — 4 — == .
TR 2435 +1 x =1,581810582 — B

Ta thay f(A)=0,6112465178;f(B)=2,256666123 do d6 x = A la diém roi ctia f(x).

Khi d6 a = i(\/3x3 +1)

~ E Ta s& dung MODE 7 @é tim b.
dx 2

x=A

MODE 7 v6i ham f(X)=+3X’+1 —%X ta sé tim dugc min xap xi 0,36 = 225 . Vay danh gia

cantim1a v/3x° +1 > %x+2(1)

25
o 1 6 . A 2o
e Néu xe|-3/=;——| thi (1) ludn dung.
3 25

27 54
4" 257 625

2500 20

- g(—%]zo,%w;g(?j:@ >o;g(5+ﬁ}o,0388>0 g{5_ﬁ]~0/97 >0

Vay (1) luon dang.

Khi d6 f(x) > 2x* —4x+1—(x3 —x—l)[§x+2j

9Y 19 107 | 7863
25x% x—— | + =x*+71| x—
25X 18X 47552 —107x +68 (X 25) "5 T (X J :

25 142 284
= >0
25 25
A . A A A 19
Vay phuong trinh v6 nghiém trén {—i/; ,g} .

Truong hop 3: Néu x > % .

Ta co:

27x° —15x> =3x* —2 _ 2(8x3 —4)\/3x3 +1 —(27x5 -15x> -3x? —2)
23+l 23 +1

Dé y thay:8x’ —4 > 0vx 2%

f'(x):8x3—4—
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27x° ~15x° —3x* =2 =27 (x~1)" +135(x~1)" +255(x~1)’ +222(x~1)" +84(x~1)+7 >0
Khi d6 ta chi can di ching minh V35> +1 nhé hon mot biéu thitc nao do.

Néu danh gia J3x* +1<ax+b thi khong kha thi do deg(\/m ) =§ - deg la bac cta
da thuc - 16n hon 1. Ta can phai danh gia 353 +1 <X +ax+b ( & day ta chon ludn hé s6
ctia x* 1a 1 cho dé danh gi4), nhung ta lai phai di tim diém roi ctia f'(x). Nhung hay dé y
khi ta do MODE 7 thi dudng nhu f'(x) nghich bién. Dé kiém chung ta sé khéo sat that ky
va vé do thi ham nay.

Nhin vao dd thi c6 thé thay rang khi 1
X > % =1,8 thi ham f'(x) nghich bién. Vay

. e 9
diém roi sé la ng' 1

Khi do6 ta sé tim duoc:

;X(\/Bx3 +1)X_ p
b=- >~ —
5

~
~

C=\/3X3+1—X2+%X

3
2

9
X==
5

Vay c6 danh gia /3x° +1 <x —%XJr%(*)
Bay gio sé di chtng minh (*) luén dung.
Ta co:

V3P +1 <x? —%x+§

2

17 5,76 53

2
& X X X ——x+§>0<:>x2 x—l— +i(x—2)2+—>0
5 25 5 4

Vay (*) ludén dang.
Khi d6 f'(x) < (-55x ~16x* +195x* ) +(-25x" +8x—50) <0.

Suy ra f(x) nghich bién trén {% ; +ooj. Vay x =2 la nghiém duy nhat cia phuong trinh.

Cau 21: Gidi phuong trinh x* +8x-16—(x—3)+3x+1+(2—x)v7x+2 =0
Nguyen Minh Tudn

Gidi

Dung MODE 7 khéo st ham f(x)=x*+8x—16—(x—3)~/3x+1+(2—x)J7x+2.
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Nhép vao may ham s6 trén réi cho: " E (:-:E:; Math
—_ o O|-10.11
L pen [
e STEP=1 <
Ta duoc bang nhu bén. Nhin vao bang thi ta thiy n F ,::.:E:; et
ham c6 vé déng bién va cat truc hoanh tai diém c6 E -g H: Egg
hoanh d¢ bang 0. Pé chic chdn thi ta s& di vé do6 ! el 5
thi, ta dugc nhu bén. Nhin vao d6 thi ta chic chin
rang ham déng bién nén ta sé di ching minh diéu 1
nay.
Ta c6: i
F(x)=2x g 27 21x-10 :
243x+1  27x+2 1
Déchﬁngnﬁnhf(x)>OVX2p—§cﬁngkh6ngphéi LT S NEPAREE ANNES
1a diéu kho khan gi. Trudc hét ta can phai chia §
truong hop thi méi lam duoc. &
Truong hop 1: x e [—z E} Rt
7 21 H
21x-10<0 f
Khi d6 thi {9x-7<0 .Chonén f'(x)>0.
2x+8>0
Truong hop 2: xe{E Z} Khi d6 {21)(_10 g O:f(x) Soxpgo X210 | 9x77
2179 Ix-7<0 2J7x+2  243x+1
Mat khac ta lai c6:
oy sg. 21x-10 2(2x+8)47x+2 -21x+10 40-21x+10 e{10 7}
2\7x+2 2\7x+2 2\7x+2 2179
— £(x )>oneP Z}
21°9
Truong hop 3: x> g . Khi d6 ta c6:
12x° +19x% +224x + 64 7
1 x+d— 9x—7 :2(x+4)x/m-9x+7: 2(x+4)M+9x 20
24/3x+1 243x +1 24/3x+1
28x> —209x* +512x + 128 10
5 aq 21x=10 2(x+4)V7x+2-21x+10 _ 2(x+4)V7x+2+21x 0

2\/7x+2 2N7x+2 2\7x+2

:>f'(x)>0szg
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Vay f(x) dong bién trén {—% ,'+oo) nén x =1 1a nghiém duy nhat ctia phuong trinh.

Ox* —8x+4
3x+24/2x-1

Deé thi thir THPT Qudc Gia 2016 - THPT Tran Hung Dao - Diknong

Cau 22: Giai phuong trinh (2 —gj(Z\/x == 1) =
X

Gidi

Van nhu moi khi ta van di khdo sat va vé do6 thi ham sé thai!

3 9x* —8x+4
MODE 7 v6i ham f(x)=|2—— |([2Vx-1-1)-———F+——.
( ) [ Xj( ) 3x+24/2x-1

Nhép vao may ham s6 trén roi cho: E (:-:E:; Math
e START=1 éﬁl_g il
e END=5 3l 1.ul-1.55U0 )
e STEP=0,2
Nhin vao bang ta thdy luén phuong trinh dau c6 . HI : 'I:I:ﬁmgll He
ng7h1erf1 la x=1 va ham cé dau\ hiéu nghlc%l b{en. E ||g- é : E E|I E
bé biét chinh xac ta sé di vé do thi. Ta thay rang z

dd thi c6 dau hiéu di xuéng, vay ham la nghich
bién. Do d6 néu ta chiing minh duoc ham nghich
bién la OK.

Ta co:

\ 2X2+3X—6—3\/X—1 -2 -1 0
f'(x) = 7

x“Alx=1 1
(27x2 —12)\/2x—1 +54x% —52x +8

(3><+2J2><—1)2 J2x—1

Nhin da thdy choang roi! Viéc ching minh khong
phai don gidn chdt nao! Nhung hay dé y rang:
9x* —8x+4

=(3X+2\/2X—1)(3X—2\/2X—1)

Khi @6 phuong trinh sé don gian hon rat nhiéu. Ta sé khong phai di ching minh con “ ép

phay” kia! Ta c6:

(2__j<2F )= x+2f/3;(x+74

3 (3x—2+2x~T)(3x+2v2x-1)
Q(z_d@m_l): 3x+242x 1

(2-—)(2\/_ 1)=3x-22x~1
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& (2x=3)(2Vx=1-1)=3x* -2x4/2x~1
& 2(2x=3)Vx-1+2xy/2x-1-3x> -2x+3=0
Bay gio dit f(x)=2(2x-3)vx—1+2xy/2x-1-3x* —2x-3.

Ta co:

_bx=7  6x-2

1. f'(x)= + 6x —2
() Ix-1 2x-1 X

(—9x2+30x—37)\/x—1 .
6x—7 _3X_1:(6x/x—1—3x—1) x—1-1 T4axel 0
x—=1 x—=1 x—=1

6x -2 _3X_1_6x—2—(3x+1)«/2x—1_ —18x’ +33x* ~15x-5x+5

Y V2x-1 (6x—2+(3x+1)v2x-1)v2x-1

Suy ra f'(x) <0 = f(x) nghich bién trén [1;+»). Vay x=1 1a nghiém duy nhat cta

phuong trinh dau.

Cau 23: Giai phuong trinh 3v/x+4 +35x +4 +4x* ~18x-12 =0

Gidi

MODE 7 v6i ham f(x)=3v/x+4 +3+/5x +4 +4x” —18x—12

A N 2 N P N . Math
Nhép vao may ham s6 trén roi cho: . Hu . EF Eﬁ:ﬁ .
e START=-0,8 5 o
e END-=5 B -IHI';- -d. 583 a. =
e STEP=0,2 -
Math
Ta dugc bang nhu bén. Nhin vao bang thi ta u Frd)
=F| 3.6|-2.b61H
thdy rd rang phuong trinh khong chi c6 1 =T 0. |26
y & P & & 25 ﬂ 3. |1B22
nghiém duy nhat x =0 ma con c6 1 nghiém ntta 4

thuoc khoang [3,6;4]. T4t nhién 1a ta phéi chia
3 truong hop roéi. Trude tién dé xac dinh cac
truong hop thi ta c6 thé dung MODE 7 thi c6 18
ham nay dong bién khi x >3 va nghich bién khi

o

x<T1.

Va phuong trinh dau vo nghiém trén [1;3].

Vay la ta da c6 dinh huong dé giai bai nay. Néu:
3Jx+4<8

35x+4 <14

= f(x) < 4x* -18x+10< 0Vx €[1;3]

-5

x €[1;3] Khi d6 {

Vay phuong trinh vo nghiém trén [1;3].

Tinh hoa clia todn hoc ndm & +u do cda né - Georg Cantor Chinh phuc olympic todn | 72



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

3 15
= +
2Jx+4  245x+4

Néu x >3 thi hién nhién f'(x)>0= f(x) déng bién trén [3;+x).

Ta co: f'(x) +8x—-18

Néu xe[—% ;1} thi ta nhan thdy riang chua chidc ham da nghich bién do

lim 2
4 2\[Bx+4

Luc nay khong thé nao c6 chuyen f'(x) <0 dugc. Dé thay dugc ham d6i chiéu thi hay khao

= 400

sat ham nay trén [-0,8;-0,7] vo6i STEP :02’—91 ta sé thay n6 déi dau ngay. Vay dé khic

phuc ta lai chia nhé khoang [—% ;1} hon ntta. Khi dé ta sé xét 2 truong hop sau:

3Vx+4>5
4 1} thi{ f(x)>4x2—18x—7>0‘v’xe[—§;—1}

2

Néu xe|——;—— =
[5 2 35x+4>0

2x+4 >3,5
=
25x+4 >2

Néu xe{—%;l} khi d6 { f‘(x)<8x—%<0. Vay ham nghich bién trén

4]

Vay phuong trinh s& c6 1 nghiém trén [3;+) va 1 nghiém trén [—% ;1] Lic nay chi ra 2

_3+«/ﬁ

nghiémla x=0 va x= ) la xong!

Ngoai cach lam ¢ trén ta ciing c6 thé lam theo céch lién hop 16i 1 nghiém ra con mot

nghiém dung ham s6 dé giai quyét. Ta cting lam thir c 2 huéng xem sao.

3+\/ﬁ
2

ra trudc.

e HUONG 1: Lo6i nghiém x =

Ta co:

3Jx+4 +3/5x+4 +4x* —18x-12=0

<:>3(\/x+4—x+1)+3(\/5x+4—x—1)+4(x2—3x—3)=0

—3(x2—3x—3) —3<x2—3x—3)

Nx+4+x-1 " VOx+4 +x+1
x> =3x-3=0

= -3

3
f(x)= - +
() Vx+4+x-1 bx+4+x+1
6x+4+3 N 65x+4 +15
2\/x+4(\/x+4+x—1)2 2\/5x+4(\/5x+4+x+1)2

= +4(x2—3x—3)=0

4=0

C6 f'(x)= >0,
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Nén f(x) déng bién trén [—% ;+oo} .Laic6 f(0)=0 nén x=0 la nghiém duy nhét cta

phuong trinh f(x)=0.
e HUONG 2: Lo6i nghiém x =0 ra truéc.

Ta co:

3Ux+4+3V5x+4+4x>—18x-12=0
<:>3(\/x+4—2)+3(\/5x+4—2)+4x2—18x=0
x=0
= 3 15
f(x)= +
Nx+4+2 J5x+4+2
Bay gio ta sé dung cd MODE 7 va vé d6 thi dé kiém tra xem f(x) c6 don diéu khong.
3 1

5
+
NX+4+2 J5x+4+2

+4x-18=0

+4x-18

MODE 7 v6i ham f(x) =

A N 2 N P N . [} Math
Nhép vao may ham s6 trén roi cho: | Hu . E ::E:l .
e START=-0,8 : _E:E =12
© END=> 14, 43655119
e STEP=0,2
. N m a
Ta c6 bang nhu bén. Nhin vao thay rang ham " Fry e
4yl -0.2|-1u.0d
khong don diéu trén ‘:—é;+ooj ma bi ddi chiéu E _E T
5 -12. 91812504
trong khoang [-0,8;0] nén ta sé phai chting minh
vO nghiém trén khoang nay. Dé hinh dung rd hon
ta c6 d6 thi nhu bén. :
Nhin vao dé thi ta thdy rang dang la ham bi déi :
chiéu mot it va con lai la dong biennéntase di . L [
ching minh v nghiém trudc. 2
’ Vx+4>1,5 7
Néu x €[-0;8;0] thi: i
\Ox+4 >0 o
= f(x) <4x—%<0Vxe [-0,8;0]
Néu x>0 ta co: dy

-3 75

2(Vx+4 +2)2m_2(\/5x+4 +2)2 Jx+4
2(M+2)ZMZ64
2(Vox+4 +2)2 Soxrdsed
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Khi do f'(x)zg_z >0 = f(x) déng bién trén [0;-+00).

Vay dén day bai toan da dugc giai quyét!

Cau 24: Giai phuong trinh x* —6x* +2x—9+(x3 +2x+1)\/x2 -x-1=0

Gidi
MODE 7 v6i ham s5 f(x)=x" —6x> +2x =9+ (x> +2x+1)vx* -x -1
A s A A . Math
Nhép vao may ham s6 trén roi cho: g
e START=-10 IE ﬁ:—l -I-IE:?E
e END=10 I 0l ERROF -
e STEP=1
Ta dugc bang nhu bén. Néu & trén may tinh u F IIH et
cac ban thi c6 thé thdy rang ham nay c6 vé IE I EHME
i i 100. 02
A A A 1 - '\/g N 3
dong  bién  trén 0 va
F +2\/§ ;+oo] . C6 thé thay rd diéu nay khi ta
vé do thi. Nhin vao dé thi ta thay rdng ham
c6 nghiém duy nhat 1a x=2 lién tuc va TS 5 o 5 0 s
dong bién trén 1
1-5| . [1+5
—00,—— | Va ;10 |.
2 >
Bay gio ta sé di giai quyét no! L
Co:
4 3 2 _ 2
F1(x) = 4x —12x 42 4 DX /X H2X ZAXS °
2Ux* —x-1
Truong hop 1: xe(—oo;l_\/g} f

2
Ta can ching minh f'(x)>0.
Dé y thay: (8x* —7x’ +2x* —4x—5)'=32x" = 21x* +4x 4 <0
8(x)
=8x*-7x’+2x* —4x-5>1>0
Vay ta cin c6 mot dénh gid kidu nhu Vx* —x—1 <ax+b
e Néutachon a=1 thikhi d6 lim m —x =+ ta khong thé xac dinh duoc b

X—>—0

o Néutachon a=-1 thi ta d& dang do bing MODE 7 dé tim duogc b =% :
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Vay ta can danh gia: Vx> —x-1 <—x+%<:>2>0 luén dang véi XEL_OO;¥}'

8x* —10x> +28x* —24x -8 g
1-2x

0

Khi d6 £'(x)>

28x” —24x—8>0Vx € [—oo;

1—\/5}

2

1—@}
1—

1-+5
2

Vi 1—2X>0VX€[—00;

8x* —10x°vx e (—oo; >

Vay f(x) déng bién trén L_OO ;

1+\6

Truong hop 2: x> 7

\/ﬂ:f(x)sf{@]w.

2 2

Dé y thay:
g'(x)=32x> =215 +4x -4 =32(x-1)’ +75(x~1)" +58(x~1)+11>0 = g (x)>0.
Van nhu truong hop 1 ta van can danh gia vx* -x—1<ax+b.

Lan nay chon luon a=1, dung MODE 7 ta tim dugc b= —%

Vay ta di chtmg minh /x> —x—1 < x—%c>2> 0 ludn dang.

4 3 2 _ h
f,(X)>16>< 11 -22x* +12x -7 _ h(x)

2x—-1 2x—1
Dé y rang:

3 2
h'(x) = 64xC —33x% —4dx +12 =64 x— > | 1255 x—2 | +289[ x> |+ 2150
2 2 2) 4

=h(x)> h(1+2\/§] >17>0=f'(x)>0= f(x) dong bién trén {14_2\/5;—%00}

Vay x =2 la nghiém duy nhéat cua phuong trinh.

Cau 25: Giai phuong trinh x” +7x* +12x° +x*> =3x -6 —126 - 5x =0

Gidi
Do +6-5x >5 nén diéu kién c6 nghiém cta phuong trinh sé la:
xX* +7x* +12x° +x> =3x-6 >0
= x*+7x" +12x° +x* =3x>6 > -210
= (x+5)(x* +2x° +2x* ~9x+42) >0
= x> —5(do x4 2% +2x% ~9x + 42 = (x+1)" +(x—4,5)" +21,75 > O)
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Truong hop 1: Néu x e[-5;-4].
Khi d6 dit VT =£(x) thi ta dugc:
f(x)<x*+7x* +12x° + x> =3x—66 =x* (x +4)(x+3) + x> =3x - 66 <0
Truong hop 2: Néu x e[—4;-2] thi J6-5x > 4. Khi d6 ta cé:
f(x)<x*+7x* +12x° +x* —3x — 54
=x"+7x* +12x° =20+ x*> —3x - 34
= (x=1)(x* +8x>+20x” +20x+20)+x* ~3x—34 <0
i {x4+8x3+20x2+20x+20=(x2+4x+1)2+2(x+3)2+1>0
x* —3x—34 <0Vx e [—4;-2]
Trudng hgp 3: Néu x € [-2;0] thi v/6-5x >2 khi d6:
f(x)<x’+7x* +12x° +x* =3x-30 <0
Vi {x5+7x4+12x3 =x’(x+3)(x+4)<0
x* —~3x—30 = (x+2)(x~5)~20 <0

Truong hop 4: Néu x e [0;%} ta co:

30 6
f'(x)=5x* +28x> +36x* +2x -3+ >0Vxe{0;—}
( ) V6 —5x 5
Vi 34+ 30 30-3v6-5x _ 45x + 846 20

Jo-5x  6-5x  (30+36-5x)V6-5x
= f(x) dong bién trén [0;2]

Do vay nén phuong trinh dau sé c6 nghiém duy nhat x=1.

Cau 26: Giai phuong trinh x* + x> +10x—19+(x3 —7x+13)\/x2 +x-1=0

Gidi

'_1_\/5} va

Dit f(x):x4+x2+10x—19+(x3—7x+13)\/x2+x—1 lién tuc trén [—oo, 5

{_1+\/g-+oo].

2

8x* +7x° —34x* +5x + 27

20 +x-1

ta can ching minh g (x)=8x" +7x’ —34x” + 5x +27 > 0

8x* +8>2+/8.8.x* =16x?

750 +7 > 144x° > 14x2

Co f'(x)=4x"+2x+10+

~1++/5
2

Véi x >

e Néu x€[0;1] thi theo AM - GM ta c6 {
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= g(x)>—-4x>+5x+12>0

2
e Néu x>1:>g(x)>8(x—1)4+39(x—1)3+35(x—§j +%>o

_1;\/§;+oo}

Vay f'(x)>0vx e{

Voi x <

ta cAn ching minh rang:

U(X):2(4X3 +2x+10)\/x2 +x—T1+8x*+7x> =34x* +5x+27 <0

8x* +7x% —20x* <0
thi < -14x* +5x+27 <0 = u(x)<0
4x° +2x+10<0

e Néu xe {—2;
2

_1_\/5}

e Néu x<-2.

Ta thay rang —12x> +5x+27 <0 nén chi cdn ching minh:
A=2(4 +2x+10)Vx2 +x—1+8x" +7x° ~22x> <0
Dé y thay: 20:/x% +x~1-10x2 = 10((_X4 +4X2)+ 4X_4)
x4 +x—1
2(4x3 +2x)m <=8x*-7x%+12x?
o X[Z(AJEX2 +2)\/m+8x3 +7x? —12x} <0
& 2(4 +2)V +x-1+8x +7x* ~12x >0

< —48x° +143x* +232x° -192x* +16x-16 > 0
Dt f, (x)=—48x" +143x" +232x° =192x* + 16x - 16

Co f,'(x)=—-24x" + 572x> +696x> —384x +16

<0 nén lai chuyén vé chting minh:

=—24x* +16+x(572x" +696x —384 ) < 0Vx < -2
Suy ra f, (x) nghich bién = f, (x)>f(-2)=1152>0.Suy ra A <0
Vay f'(x)<0vx<-2
K&t luan phuong trinh c6 t6i da 2 nghiém trén TXP 1la x=1;x=-2.
Nhin chung bai nay danh gia kha la tray c6i! Ta thi lién hop c6 nhanh khong nhé.
x* %7 +10x =19+ (x* = 7x+13)x* +x-1=0

& (%7 =7x+13)(Vx* +x=1=1)+(x=1)(x+2)(x +3) =0

3
<:>(x—1)(x+2){%+x2 +3}:0
3
bt f(x)—ﬂer2 +3.

X rx-1+1
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~1++/5

2

1-5
2

e Néu x>

thi x’ —7x+13 >0 (cai nay dé tu chtimg minh)

e Néu x< . Dé y thay:
x* —7x+13

. (\/x2+x—1 +2)(x2—2x+7+(x—2)\/x2+x—1)
+ f(X)=—F——+x"+3=
() I +x-1+1 I +x-1+1

3 2 _
X2 2x+7 +(x=2)x% +x—1 = X' +19x*-36x+53

x* =2x+7 —(x=2)x* +x -1

bén day bai toan da dugc giai quyét!
II. CAC BAI TOAN HE PHUONG TRINH

PHUONG PHAP HAM SO GIAI HE PHUONG TRINH
Nhin chung n¢i dung cta phuong phap nay minh da dé cap trong chuyén dé phuong

trinh truéc d6 véi cac k§ thuat hay dung. O phan nay cac bai toan ciing khong c6 gi khac
biét nhiéu, bén canh d6 c6 mot s6 ky thuét khac thi céc ban sé duoc gidi thiéu trong tung vi

du cu thé. Nao bay gio chiing ta sé cting bat dau di vao cac bai toan dau tién nhé !

13x—4y+8=y> —x*+3(y* - 2x7)

Cau 1: Giai hé phuong trinh
@ (x=2)(y+1)=5(1-2y)

Gidi
Tur phuong trinh thit nhat trong hé ta bién d6i dugc vé phuong trinh :
X’ +6x7 +13x+8 =y +3y? +4y & (x+1)" +3(x+1)" +4(x+1) =y +3y* +4y (1).
Xéthamsd f(t)=t>+3t> +4t, VteR.
Taco: f'(t)=3t2+6t+4=3(t+1) +1>0,VteR.
Do d6 ta c6 ham s6 f(t) luon déng bién trén R.
Do déti (1)taco: f(x+1)=f(y)e=y=x=1.
Thé vao phuong trinh tha hai trong hé ta dugc phuong trinh :

x* (x=2)(x+2)+5(2x+1)=0 & x* —(2x+5)" =0
x:1+\/€:>y:2+\/€
x=1-+6=y=2-6
Vay nghiém cta hé phuong trinh 1a (x,y):{(1+\/€;2+\/8);<1—\/€;2—\/€)} i

<:>(x2 +2x+5)(x2 —2x—5):0 o x2-2x-5=0<

Cau 2: Giai hé phuong trinh (x2 +3y° ) X3 + (2x ~3y* )y4 _ <y4 o 2)}76

Vax+5+2,y*+3=7

Gidi
A 1en 5
Diéu kién : x> e
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Phuong trinh tht nhat duoc bién déi lai thanh phuong trinh :
x*+3x°y? +2xy* =y +3y° +2y° (1)

Xét y =0 = x =0 khong théa hé phuong trinh.

V6i y #0 ta chia hai vé€ (1) cho y° ta dugc phuong trinh :

5 3
(ij +3(5J +2(5J=y5 +3y° +2y (2)
y y y
Xéthamso f(t)=t"+3t>+3t, VteR.
X
y
Thay vao phuong trinh thi hai trong hé ta dugc phuong trinh :
VAX+5+24x+3 =7 < dx+ 5+ 4x+ 12+ 44x7 +17x+15 = 49
8§-2x=>0 x<4
R =
4x* +17x+15=64-32x+4x>  |49x=49

Taco: f'(t)=5t"+9t*+2>0,VteR. Do d6 tx (2)<:>f[ J=f(y)<:>x=y2.

<:>\/4x2+17x+15=8—2x<:>{ x=1.

béi chiéu diéu kiénta cé x=1=y==1.

Vay hé phuong trinh c¢6 nghiém la (x,y) = {(1;1);(1; —1)} .

N2x+3 -2y +3 =4(y-x)
x=3x(1-y*)+15(y* +1)-29

Cau 3: Giai hé phuong trinh

Gidi
xZ—E
Didu kién : é .
>_Z
=73

Phuong trinh tht nhat trong hé duoc bién d6i thanh phuong trinh :

V2x+3 +4x =2y +3 +4y (1).
Xét ham s6 f(t):\/2t+3+4t,Vt2—%.

1

N2x+3

Do d6 ham s& f(t) luon déng bién trén [—%;+00j, dodotx (1) f(x)=f(y)e=x=y.

Taco f'(t)= +4>O,Vt>—%.

Thay vao phuong trinh thi hai trong hé ta duoc phuong trinh :
x={fx(1-x7)+15(x2 +1) -1 ¢ x* +x* ~15x* =x+14 =0

X—2-0 x=-1l=2y=-1

2

Slix=l=oy=1
2 —1=0 y

<:>(x—2)(x2—1)(x2+3x+7):0<:>[ ! :
Xx=2=y=
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D6i chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y)= {(—1;—1);(1;1);(2;2)} )

Ix+1+,1-y=2

Cau 4: Giai hé phuong trinh
x* —y* +9y:x(9+y—y3)

Gidi

Phuong trinh (2) < x(x—y)+y’ (x—y)-9(x-y) < x=y3
x+y -=9=0

V6i x =y thé vao phuong trinh 1 ta duge ¥1—x ++1-x=2(x<1)
t=1

Pit £ =x+1=t+V2—1° =2 £~ +4t-2=0=|t=-1+3

t=-1-+/3

bén day ta tim dugc 3 by nghiém
(x:) :{(0;0);(—11+6J§,-—11+6J§);(—11—6J§;—11—66)}

V6i x=9-y° thé vao phuong trinh 2 ta duge 10—y’ +,/1-y =2

Xéthamso f(y)=310-y’ +1-y-2=f'(y)= -3y - 1
33/(10—y3) 21-y

Tur day ta suy ra f(y) nghich bién trén tap xac dinh, tir d6 dé dang chi ra phuong trinh vo

2

nghiém!

Thu lai ta thdy 3 b nghiém ban dau thda man hé.

Ix+1++/x+3 +\/x+5:\/y—1 +\/y—3+\/y—5

x,yeR
x* +y® +x+y =80 (y<R)

Cau 5: Giai hé phuong trinh {

Gidi
o x>-1
biéu kién: .
y=5
Phuong trinh tht nhat trong hé dugc bién ddi thanh phuong trinh:
X+T+Vx+1+2 +x+1+4 :\/y—5+\/y—5+2 +\/y—5+4 (1).

Xét ham sd& f(t):\/f+\/t+2+\/t+4,Vt20.
(1 1 1
Taco f'(t)==| =+ +
() 2( t Jt+2 t+4

Vay ham s6 f(t) déng bién trén [0;+).
Do dotiu (1)< f(x+1)=f(y-5) < y=x+6.

j>0,Vt>0.

Thay vao phuong trinh thi hai trong hé ta c6 duoc phuong trinh :
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X_—7+5\/§

2 +7x-19=0 < 2
~7-5\5
X=—

2

7455 7+55

Déi chiéu diéu kién ta co6 x = 5 5

Vay hé phuong trinh da cho ¢6 nghiém 1a (x,y) = ( > >

—7+5\/§,7+5\/§J

x? —y2 +2(x—2y)=3+2(4/y+3—\/x+2)

(x,y eR)
Vx+1+6,y—1=11-7x+6y

Cau 6: Giai hé phuong trinh {

Gidi
o x>-1
Diéu kién : .
y=1
Phuong trinh tht nhat da cho dugc bién déi lai thanh phuong trinh :
x2 +2><—y2 —4y:3+2\/y+3 —2\/x+2

S X+ 2x+1+2Ux+2 =y? +4y +4+2,]y +3
o (x+1) +2f(x+1)+1=(y+2)" +2{(y +2)+1 (1).

Xétham s f(t)—t*+2v/t+1,t>0.Taco f'(t)=2t+

\/t1+_1 >0,vt=0.
Do d6 ham s6 f(t) luon dong bién trén [0;+x). Do do tur

(1) f(x+1)=f(y+2)=y=x-1.
Mitkhac y>21ex-121ex22
Thé vao phuong trinh tht hai trong hé ta duoc phuong trinh :

Ix+1+64/x-2 :11—xc>\/x+1—2+6(\/x—2—1)+x—3:O
x—3 6(x—3)

= +
X+1+2 x=2+1
1 6

‘:’(X‘3)(m+z+m+1

P

+x-3=0

+1]:0©x:3

Vix22=P>0.V6i x=3=>y=2.

D6i chiu diéu kién ta c6 nghiém ctia he 1a (x,y)=(3;2).

(m—3x2y+2)(,/4y2 +1 +1) =8x2y* (1)

(x,y eR)
xzy—x+2=0(2)

Cau 7: Giai hé phuong trinh

Gidi
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(Ve +1-3xy +2)({ay* +1+1)>0

8x2y3 <0

Néu y<0 taco: nén hé vo nghiém.

Néu y >0 thi tir (2)taco: y:X—_22:>x>2.
X

Ta c6 (1)<:>(\/x2 +1 —3x2y+2)(,/4y2 +1 +1):2x2(\/4y2 +1 +1)(\/4y2 +1 —1)
SV +1-3x"y +2=2x"y [4y* +1-2x"y (*).
Laic6 tr (2) rat: 2=x-x"y, thé vao (*) ta co phuong trinh :
U +1+x=2x0y J4y? +1 +2x2y<:>§ /1+% +%=2y./(2y)2+1 +2y (4).
Xétham so f(t)=tvt’? +1+t,Vt>0.
1

Taco f'(t)=+1+t* +

() N1+t

Vay ham s6 f(t)luon déng bién trén (0;+o0).

+1>0,vt>0.

Do d6 tu (4)<:>f(lJ:f@y):l:Zy@ny:l.
X X

Két hop voi (2)taco hé:

1
2Xy=1 XY:E Xy:l X:4
s 2_O<:> " = 29 1.
Xy=x+e= SX=x+2=0  [x=4 y=3
Dai chi€u diéu kién ta c6 nghiém ctia hé 1a (x,y) = [4;%) .
X +2x°+6X—9+/5x+4 =3
Cau 8: Giai hé phuong trinh 4 (x,yeR)
y +2y° +6y—9+./5y +4 =3x
Gidi
5
X2>——
Piéu kién : ‘é.
>_=
Y="4

Lay hai phuong trinh trong hé trir vé theo v€ ta c6 dugc phuong trinh :
X" +2x° +6x+/5x+4 -y’ =2y’ —6y — /5y +4 =3y —3x
X +2xX +9x+5x+4 =y’ +2y° +9y +,/5y +4 (1).

Ta xétham s6 f(t)=t" +2t° +9t+\/5t+4,Vt2—§.

Taco f'(t)=7t"+10t" + +9>0,t>—§.

5
2/5t+4
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Do d6 ham s6 f(t) 1a ham s6 dong bién trén{—%;jtooj :

Do dotir (1) = f(x)=f(y)=x=y.
Thé vao phuong trinh thit nhét trong hé ta c6 phuong trinh :
X" +2x" +3x++/5x+4-9=0 (2).

Xét ham s6 f(x)=x7+2x5+3x+\/5x+4—9,Vx2—%.

Taco f'(x)=7x°+10x" + +3>0,Vx> —%. Do d6 ham s6 f(x) ludn ddng bién trén

5
245x+4

{—% ;+ooj nén phuong trinh f(x) =0 néu c6 nghiém thi nghiém d6 la duy nhat.

Ma f(1)=0 < x=1 la nghiém duy nhét cta f(x)=0.Suyra y=1.

D6i chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y)=(1;1).

Cau 9: Giai hé phuong trinh

5(x? +2)+y2+x(2 42 +2 —1)=(y+3)(,/y2 16y +11 +7)(

x* +2y* =x-y-2=0

X,y €R)

Gidi
Heé phuong trinh da cho duoc bién ddi lai thanh hé phuong trinh :

{5x2 +y? —x=7y =11+ 2x3dx* +2 = (y +3)Jy? +6y+11 =0(1)

x*+2y? —x-y-2=0(2)
Lay (1)—(2) vétheo vé ta sé c6 duge phuong trinh:

4 —y? —6y —9+2xv4x +2 —(y +3)Jy* +6y +11
& +2xV4C +2 =(y+3) +(y +3)/y? +6y +11
<:>2X(2X+ (2x)2+2)=(y+3)(y+3+ (y+3)2+2) (3)
Xét ham s6 f(t):t(t+\/t2+2),VteR.

(\/t2 +2 +t

)2
\/2 >0,vVteR.
t°+2

Ta c6 : f'(t)=(t+ﬁ){1+ ! J:

Jt2+2
Vay ham s6 f(t) luon dong bién trén R.
Do do tir (3) taco: f(2x)=f(y+3) < y=2x-3.

Thé vao phuong trinh thit hai trong hé ta sé c6 phuong trinh :
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9++/5 5
9x* —27x+19=0 <
9-5 J5
6 3
Vay hé phuong trinh da cho ¢6 nghiém : (x,y) = {(92\6 ;gJ{L _6\/5 ?—gj}-

X’ =y’ +17x =32y =6x* - 9y* —17 (
(y+2)\/x+4 +(x+9)2y —x+9 =x>+9y+1

(Thi thu chuyén Vinh Phiic khéi A,B ndam 2015)

Cau 10: Giai hé phuong trinh { x,y € R)

Giadi
x>—4

Piéu kién : )
2y -x+92>0

Phuong trinh thit nhat trong hé dugc bién déi thanh phuong trinh :
X —6x+12x +17x~17 = y* —9y? + 32y
& (x-3) +5(x-2)=(y-3) +5(y-3) (1)
Xétham so f(t)=t>+5t,VteR.Taco f'(t)=3t"+5>0,VteR.
Do d6 ham s6 f(t) luon déng bién trén R . Do d6 tix
(1) f(x-2)=f(y-3)=y=x+1.

Thay vao phuong trinh tha hai trong hé ta c6 duoc phuong trinh :

(x+3)Vx+4+(x+9)Vx+11 =x*+9x+10

& 457 +36x+40 -4 (x+3)Vx+4 —4(x+9)Vx+11 =0
& 2(x +3x—40)+(x+3)(x+7 ~4/x+4 )+ (x+9)Vx+11 (Vx+11 -4} =0
(x+3)(x-5) j+(x+9)(x—5)\/x+11
X+7 +44/x+3 Ix+11+4
(x+3) +(><+9)\/x+11]

X+7+40x+3  x+11+4

T

<:>2(x—5)(x+8)+(x+3)(

<:>(x—5)£2(x+8)+

&x-5=0=x=5=>y=6 vi T>0,Vx>-4.

D6i chiu diéu kién ta c6 nghiém ctia he 1a (x,y)=(5;6).

2x° +3=y(y—2)—(y+5)x
x-4=2(yx=3-/y-10)

Cau 11: Giai hé phuong trinh { (x,y eR)

Gidi
x>3

Piéu kién : )
y =10
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Phuong trinh tha nhét trong hé dugc viét lai thanh phuong trinh :
2x% —y? + Xy +5x+2y +3 =0 2x> —xy +3x +2xy —y* + 3y +2x -y +3 =0
& x(2x—y+3)+y(2x—y+3)+2x-y+3=0< (x+y+1)(2x—y+3)=0
o 2x—y+3=0oy=2x+3 vi {XZ?’ —x+y+10.
yz4

Thé vao phuong trinh tha hai trong hé ta c6 phuong trinh :
x—4=2x-3-2v2x-1 < (2x-7)—(x—3) =2vx -3 -22x -1

S 2x—T7+22x-7 =x—-3+2x-3 (1)

Xétham so f(t)=t>+2t,Vt>0.Taco f'(t)=2t+2>0,vt>0.

Vay ham s6 f(t) luon tang trén [0;+).

Do do tur (1)<:>f(\/2x—7):f(\/x—3)©\/2x—7 =Jx-3ox=4=y=17.

D6i chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y) =(4;17).

y>—10y* +14y +52 = (x+1)(3vx+1—6x+26)

(x,yeR)
3x* -8y* =10x-7

Cau 12: Giai hé phuong trinh {

Gidi
o A N 1
biéu kién : x> ~3°
Hé phuong trinh da cho duoc bién d6i thanh hé phuong trinh sau :

y® —10y® + 14y + 6x* =20x +26 =3(x+1)v3x+1(1)
6x* —20x = 16y* ~14(2)

Thé 6x* —-20x =16y° —14 vao (1) ta c6 phuong trinh :
y>+6y* +14y +12 =3(x+1)/Bx+1
Sy +6y° +12y +8+ 2y +4=(3x+1+2)\3x+1
@(y+2)3+2(y+2)=(M)3+M(3)
Xéthamso f(t)=t"+2t,VteR. Taco f'(t)=3t"+2>0,VteR.
Vay ham s6 f(t) luon ting trén R .
Do d6 tu (3)c>f(y+2)=f(\/3xﬁ)<:>\/3szy+2.
Két hop voi (2) ta c6 hé phuong trinh

{\/3x+1:y+2

3x* -10x =8y* -7

y=-2
& 3x=y2+4y+3
3x* —10x =8y* -7
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y>-2 y=-2
o |x= Y tiyes o) Y iy 3

3 3
3[y2+4y+3j 10(y2+4y+3J_8 2 o Y(Y3+8y2_12y_16):0

3 3

y=-2 y=-2

- vy’ +4y+3 y> +4y+3
3 3

y(y—2)(y2+10y+8)=0 y=0vy=2vy=—5i\/7

x=1
y=-2 y=0
2 —
)Y +4y+3 - x=5
3 y=2
y:Ovy:2vy=—5+ﬁ {X=5—2\/7

=-5+7
Péi chidu diéu kign ta c6 nghiém ctia hé 1a (x,y) ={(1;0);(5:2);(5-27;-5+7 )}
(5-2x)y/x+2y =(6-x-2y)Vx-1

(30 ~2y=3)(x+8x(3-x)+4y> +5) =21

Gidi

Cau 13: Giai hé phuong trinh

(x,yeR)

a+b
X=—
2

o, jaA=XTY o < .
bat ,a>0,b>0. Ttrcach dat ta co :
b=y-x a-—
Y=

Ltc d6 hé phuong trinh da cho dugc bién déi thanh hé phuong trinh sau :
Jg\/t = 2b324 11 Ja _13-25°
b 2 ;bz b oidb 207 +11
(a—b)[a —2ab+b’ | ja’+2abt j:1 (a—b)(a2+ab+b2):1

o

4 4

£_13—2(1—a3) Ja b )

<idb 20 +11 < 42a°+11 2b°+11° 7.
b’ =1-a° b’ =1-a’
a>0,b>0 a>0,b>0 a>0,b>0 0<a<l1
Do< ., _, = s = = .
a’+b’ =1 a’<1,b’<1 a<l,b>1 0<b<1

) Jt 11(1-t)
+ +

87 | Chinh phuc olympic todn Tinh hoa ctia todn hoc ndm & +u do cda né - Georg Cantor



VE DEP DANH GIA PHUONG TRINH VA HE PHUONG TRINH

Vay ham s6 f(t) luon nghich bién trén [0;1].
Do d6 taco (*)<=f(a)=f(b)<a=b.
Tur d6 ta sé c6 hé phuong trinh :

1
a=b a 3—5 X+y:32 x=0
a3+b3=1 1 1 y:—l )
o e DR

Vay hé phuong trinh da cho c6 nghiém 1a (x,y) ( ; L ]

(2x* —3x +4)(2y? 3y+4 18

Cau 14: Giai hé phuong trinh { (x,yeR)

x2 +y +Xy—7x—-6y+14 =

Gidi
Xét phuong trinh tht hai trong hé ta c6 : x* +y* +xy —7x—6y +14 =0 (*).
Néu ta xem (*)1a phuong trinh bac hai theo x thi phuong trinh c¢6 nghiém khi va chi khi :
=(y-7) —4(y* -6y +14)=-3y> +10y—720<:>1£y£%.
Néu ta xem (*) 1a phuong trinh bac hai theo bién y ta ¢6 phuong trinh c6 nghiém khi va

chi khi A=(x-6)" —4(x’ —7x+14)=—3x2+16x—2020<:>2£x£%.

10 7

Vay xe|2;,— |,ve| 1,—|.

v xe[ 27 fve|v]
Tt phuong trinh thit nhét trong hé dan dén xét ham s6 f(t)=2t* -3t+4,vt>1.
Taco: f'(t)=4t-1>0,VteR. Do d6 ham s6 f(t) dong bién trén (1;+x).
Tir d6 dan dén f(x)>f(2)=6,Vte [2 130}, f(y)=£(1)=3,vt 6{1;%}.
x=2
y=1
Thé lai vao phuong trinh thir hai ta thdy khong thdéa man. Do d6 hé phuong trinh da cho

Do d6 f(x)-f(y)>18. Dau ddng thiic xay ra khi va chi khi {

vO nghiém.

x*=2x* +3x =4(y" -2y’ +3y)
Cau 15: Gidi hé phuong trinh

3 +y’ :2(y\/x(3x+y)+x\/3y(y—x)) (oy <)

Gidi
Nhan xét hé luon c¢6 nghiém (x,y)=(0;0).
Xéthamso f(t)=t>-2t*+3t,VteR.
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2
Ta c():f'(‘c):3t2 —4t+3:3(t—§j +§>O,Vte]R.

Vay ham s6 f(t) luon ting trén R . Do d6 ta c6 cac nhan xét sau:
V6i x>0.Taco f(x)>f(0)=0<4f(y)>0=f(y)>0<y>0.
V6i x<0.Taco f(x)<f(0)=0<4f(y)<0<=f(y)<0<y<0.
x<0 [3x*+y*>0

=
y<0 y\/x(x+3y)+x\/3y(y—x) <0

Mit khac néu { . Do d6 hé vo nghiém.

>0
Vay {X 0 bat y = tx, t > 0. Phuong trinh tha hai trong hé tré thanh:

3x? +t°x% = 2(tx\/x(x+3tx) +x\/3tx(tx—x))
2
<:>t2+3:2(t t+3+\/3t2—3t)<:>t t+3+3t2-3 _t ;3
t2+3
tVt+3++/3t7 -3t = 5 (1)

Ta xét hé sau : t(’c2 +3) t(’c2 +3)
tt+3 —/3t2 =3t = = =2t(2
tt+3 +/3t2 =3t t°+3 2)
2

A

Lay (1)+(2) v€ theo vé ta c6 dugc phuong trinh:
at+3 =1 +4t+3 & 161 (1+3) = (£ +4t+3)

t* —8t> —26t*+24t+9=0 > +2t-3)(t*-10t-3)=0 )
= + 24t + <:>( + )( ) = Y

t=1

Péi chiéu diéu kién t >0 ta co: .
t=5+27

Véi t=1< y =x. Thay vao phuong trinh tht nhét trong hé ta c6:
x* = 2x +3x =4(x’ —2x” +3x) & x(x* —2x+3) =0.

Phuong trinh cudi cung vo nghiém voi x> 0.

V6i t=5+247 =y :(5+2x/7 )x. Thay vao phuong trinh thit nhat trong hé ta c6 :
X =2x" +3x = 4(5+ 27 )((53+2047 )X ~2(5+247 )x+3x)
c>x“4(5+2¢§x53+20J7»{Qx2—2&45+2J7f+J)x+12(5+2J7)—3}:0

Phuong trinh cudi ciing vé nghiém vo6i x> 0.

Vay hé phuong trinh da cho 6 nghiém duy nhét (x,y)=(0;0).
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. y3x —x*=63
Cau 16: Giai hé phuong trinh (x,y eR)

xy? +2x%y +x° =273

Gidi

Hé phuong trinh da cho dugce viét lai dudi dang : {

Tix (2) = x> 0. Mt khac tu (1)@y3=@+x3:>y>0.

3427
X

4 3
Thé& vao (1) ta dugc phuong trinh : x[( 3? —x) —XSJ =63 (3).
X

T (2)ey= -X.

Pt t=+/x,t>0.

Khi d6 (3) tr6 thanh phuong trinh ' (3427 —t') +63t=0.

Xétham s f(t)=t" —(34/5—#”’)3 +63t,Vt>0.

Taco: (1) =9t +9¢*(3¢3 ') +63>0,vt>0.

Vay ham s6 f(t) luon dong bién trén (0;+0). Mit khac f((‘/i) =0.

Do d6 phuong trinh f(t)=0 c6 nghiém duy nhat t=43 & Vx =3 @ x=3=y=23.
Vay hé phuong trinh da cho ¢6 nghiém 1a (x,y) = (\/5 ;243 ) :

x(x2 —7x+14):5y2 —23y +32

(x,y eR)
x* +8y” =y° +28y -23

Cau 17: Giai hé phuong trinh {

Gidi

Cong vé theo vé€ hai phuong trinh trong hé ta c6 dugc phuong trinh :

x’ —6x” +14x -y’ —3y* -5y -9

& x°—6x* +12x-8+2x—4 =y’ -3y’ +3y +2y -2

& (x-2)" +2(x-2)=(y-1)" +2(y-1) (1)

Xéthamso f(t)=t>+2t,VteR. Taco f'(t)=3t"+2>0,VteR.
Vay ham s6 f(t) la ham s6 tdng trén R . Do do6 tut

(e f(x-2)=f(x-1)ex-2=y-1Tox=y+1.

Thé vao phuong trinh thit hai trong hé ta dugc phuong trinh :
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(y+1)2+8y2 =y3+28y—23<:>y3—9y2+26y—24=0 <:>(y—2)(y—3)(y—4)=0
y—-2=0 y=2=>x=3
&|y-3=0&|y=3=>x=4.
y—-4=0 y=4=>x=5

Vay hé phuong trinh da cho c6 nghiém 1a (x,y) = {(3;2);(4;3);(5;4)}.

3
(%—1) +xy+§=y3 (1)
Cau 18: Giai hé phuong trinh < \ X :
(xy +2)° +l2

4
—2v+2(2
, y+x()

Giai
. . 2 1 4
Tir phuong trinh (2): (xy+2) +— =2y +—
X X
4
X

2
:(xy—lj +4(xy—1j+4=0
X X

3 3
Vay xy . —2 thé vao phuong trinh (1)= [iz - 1} + 1 —% = (1 - 2) L
X X

= x’y’ +4xy+4+l2—2y:
X

X X X3

bit a=1:>(a2 —1)3+a—1:(a—2)3 a’ = 6a’-15a* +8a° +3a2+a—§:0
X 2 2
bit f(a)=6a"-15a" +8a’ + 3a’ +a—% = f'(a)=30a" —60a’ + 24a” + 6a+1
Ta cé f'(a):30(a—a2)2+6(a—a2)+1>0

Vay phuong trinh c6 nghiém duy nhét trén R = f(%j =0=a= % =>Xx=2=y= —%

8

Ix—y+6 (x,yeR)

43(2x* +3y*)+49(x-y)+134 =
Cau 19: Giai hé phuong trinh \/ ( y) (x-y)

x(x+2y)+y(2y+1)-x-2=0

Giadi
Didu kien : {3(2x2 +3y7)+49(x~y)+13420
x—y+6=%0
T phuong trinh thit hai trong hé ta c6 : x* +2xy +2y” —x+y-2=0, ta c6 duoc hai diéu
sau :
Tha nhat : 2x* +3y” =x* +y* = 2xy +x—y +2.

Thirhai: (x+y) +y> =x-y+2=x-y+2>0& x-y > -2.
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Thé diéu thtt nhat vao phuong trinh tht nhat trong hé va bién déi ta thu duoc phuong

trinh :

8
Py+6

o {B3(x—y) +52(x—y)+140-3fx—y +6 =8 (1)

Y3(x—y) +52(x—y)+140 =

bdt t=x-y,t>-2.

Khi d6 ta c6 (1) trd thanh : 4/3t> +52t+140 -Jt+6 -8=0.

Xét ham s6 f(t)=4/3t> +52t+140 -3/t +6 -8, vt>-2.
(6t+52)-/t+6 +(‘/3t2+52t+140

3/(3t2 +52t+140) 3Jt+6

Do d6 ham s6 f(t)luon déng bién trén [-2;+x). Do d6 f(t)=0 néu c6 nghiém thi nghiém

Taco: f'(t)= >0,Vt>-2.

do6 la duy nhat.
Ma f(2)=0< t=2 la nghiém duy nhat cta phuong trinh f(t)=0.

Két hop v6i phuong trinh thit hai trong hé ta c6 hé :

x—y=2 y=x-2
=
xX* +2xy +2y° -x+y-2=0  |5x*-12x+4=0
2
y=x-2 =2 |X =
2= \% .
x:2vx:g y:O 8

Y=—g

=

D6i chi€u diéu kién ta c6 nghiém ctia hé 1a (x,y)= {(2;0);(%;—%)} )

105
25— 4xy)=—+4x>+17y*(1
Cau 20: Giai hé phuong trinh (x+y)( ) g ey ( )(x,yeR)

4x* +4y® +4x—4y =7(2)

Gidi
-3<2x+1<3 —2<x<1
Tir (2) taco: (2x+1)" +(2y-1) =9= X+ = =
3<2y-1<3" |-1<x<2

Mt khac tr (2)ta cling c6 : 4x—4y =7 —4x* -4y (*).
Phuong trinh (1) duoc bién d6i tré thanh phuong trinh :
(x+y)(25-4xy)= % +4x7 —4y® +21y?

& (x+y)(25-4xy —(4x—4y))= %+21y2 (3)
< . . 2 2y) _ 105 2
Thé (*) vao (3)taco: (x+y)(18+4(x —Xy+y )):T+21y
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<:>18(x+y)+4(x3+ys)—21y2 :%

< 4 +18x+4x° —21y* +18y = % (4)

Xét ham so f(x)=4x>+18x,Vx e[-2;1].

Taco: f'(x)=12x> +18>0,vx €[-2;1].

Vay ham s6 f(x) dong bién trén [-2;1]. Do d6 —68=f(-2)<f(x)<f(1)=22.
Xétham s f(y)=4y’ -21y* +18y,Vy e[-1;2].

Tacod: f'(y)=12y* -42y +18.

Laic6 f'(y) =012y ~42y+18=0 | 2
3

iy

Ma f(—1)=—43,f(%j: 7 #(2)=16.

Tu day ta 6 : —43Sf(y)s%.Véy:

x=1

Vay tir (4) < £(x)+(y) = % :»{ 1 . Ther Lai ta théy thoa man hé.
y=>
>

Vay hé phuong trinh ¢6 nghiém (x,y)= (1 ; %J )

x* +4y° +(x4 —1)y+4y2 =1(1)

x,yeR
8y3+4\/x2+1=x2+6y+2(2) ( )

Cau 21: Giai hé phuong trinh {

Giadi
Tix (1) taco (y+1)x4+4y2(y+1)—(y+1)=Oc>(y+1)(x4+4y2—1)=0<:>{
x=0
V6i y =—1 thay vao (2) taco 4vx* +1 :x2+4<:>x2(x2—8):0<:> x=22 .
x=-22

Véi x* +4y° :1:{

=
-1<2y<1

T (2) taco: 4Vx* +1—x>+8y° =6y —2=0 (*).

Xétham s6 f(x)=4vx*+1-x*, vxe[-1;1].

y=-1
X' +d4y* =1
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2x(2—\/x2+1)
Ta c6 f'(x)=i—2x=
Ix2+1 UG +1

Laic6 f'(x)=02x=0x=0=£(0)=4 vi 2-vx*+1>0,Vxe[-1;1].
Mt khac ta co : f(—1)=f(1)=4«/§—1.D0 doétaco: 4Sf(X)S4\/§—1.

Xétham s6 f(y)=8y’ —6y—2,Vye{—%;%}.

11
Taco: f' =24vy*-6=6(4y*-1)<0,V ——— .
aco: f'(y) y (y )< ye{ > 2}

Vay ham s6 f(y)luon nghich bién trén {—% ,%}

Mt khac ta co : f(—lj:O;f(%j:—él. Do dé6 —4£f(y)£0.

Thu lai thay thoa méan hé nén hé phuong trinh da cho c6 nghiém

(x,y)= {(0;—1),-(2@; —1);(—2\/5;—1);(0,-%} .

(x=10y* —11)vx -1+ (x+1)(y* -10)=-y* -21

x,y e R
2(3y* +7x)-9vx—-1+,y-2-74=0 (oyek)

Cau 22: Giai hé phuong trinh {

Gidi
o x>1
biéu kién : .
{YZZ

Bién déi (1) ta c6 phuong trinh :

—11(x—1)+(x—10y2—11)\/x—1+(y4+xy2+x+y2):0(*)
Dit t=+/x-1,t>0. Lac d6 (*) trd thanh:

~11¢° +(x—10y2 —11)t+(y4 +xy° +x+y2) =0 (3).

Taco: A :(x—lOy2 —11)2 —4(y4 +xy° +x+yz):(x+12y2 +11)2.
Do d6 (3) < (-11t+y’ +x°)(t+y’ +1) =0y’ +x=11x—1 vi t+y’ +1>0.
Thé vao (2) ta c6 phuong trinh :

y2 +x—9x-1 +«/y—2 +13x+5y2—74=0 o 240x -1 +13x+4/y—2 +5y2 =74 (5)

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 94



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

Xétham s6 f(x)=2+/x-1+13x,¥x21.Taco: f'(x)= +13>0,vx>1.

1
Ix-1
Vay ham s6 f(x) dong bién trén [1;+o0).

Tado Vxe[1;2]=f(1)<f(x)<f(2)=13<f(x)<28.
Xét ham s6 f(y):\/}772+5y2,Vy22.

Ta c6 f

=3 + 5y>0,Vy>2.
Vay ham s6 f(y ) doéng bién trén [2;+).
3=

Tudo Vye[2;3]=f(2)<f(x)<f(3)<=20<f(y)<46.

x=2 , .
Do d6 tr (5) taco f(x)+f(y)=74= { 3 Thu lai ta thay hé thoa man.
y =

Vay hé phuong trinh da cho ¢6 nghiém 1a (x,y)=(2;3)

2

)
4 4 2
X +__(x_+y_ + 24 Y-p

y X
Cau 23: Giai hé phuong trinh < y*  x* (y* x*) y x (x,y eR)
(2x+y+6)3x+2y+2 +1=33x+7
Gidi
a1 x#0,y#0
biéu kién : .
3x+2y+22=0
4 4
T =(8-2) 2
Dat t XY y2 X2
y X X—2 + y—2 =t°-2
yo X
Phuong trinh tht nhat trong hé dugc bién déi thanh phuong trinh :
t=2

t4—4t2+2—(t2—2)+t+2:0<:>t4—5t2+t+6=0<:> (*)

t°—2t*—t+3=0
Xéthamso f(t)=t" -2t —t+3,V|t|>2. Taco f'(t)=3t"-4t-1.
247
1
>0
t=¥(l)

Lap bang bién thién (Nho em vé dum ).
Dua vao bang bién thién ta suy ra f(t)<-11 khi t<-2, f(t)>1 khi t>2.

t=

Laic6 f'(t)=0o 3t —4t-1=0<

Do d6 f(t) =0 vo nghiém voi moi [t|>2.
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Vay tur (*)ta c6 ’c:2<:>§+zz2c:>(x+y)2 =0< y=-x. Thé€ vao phuong trinh tht hai

y X
trong hé ta dugc phuong trinh : (x+6)x+2+1=</3x+7 (2) diéukiénla x>-2.
e Cichl:An phu hoa két hgp xét ham s6 dai dién.
bit a=+vx+2(a>0).Tacé x=a’-2.
Khi d6 (2) trd thanh : a®+4a+1=</3a’ +1 (3)
. +4a+1=b
Lai dit b=3/3a’+1 < b’ =3a>+1.Kéthgp taco: a v
3a’+1=b°
Cong vé& theo vé& hai phuong trinh ta dugc: (a+1)’ +(a+1)=b’+b.
Xéthamso f(t)=t>+t,VteR.Taco f'(t)=3t"+1>0,Vte R,
Do d6 ham s6 f(t) dong bién trén R, do d6 f(a+1)=f(b)<>a+1=b<a+1=33a’+1
<a’+3a=0<a=0 (doa>0).
Vi a=0=Vx+2=0x="2=>y=2.
e Cach2:An phu héa két hgp véi lién hiép.
bit: Vx+2=a(a>0)=x=a"-2.
Phuong trinh (2) trd thanh :
a’+da+1=33a"+1 & (2" +3a) +(a-1-33a’ +1) =0
a(a2+3a)

a+1l+(a+1)Y3a*+1 +§/(3a2 +1)2
<all+ 1 =
(a+1)2 +(a+1)3/3a* +1 +,3/(3a2 +1)
1

<a=0vil+ >0

(a+1)2 +(a+1)¥Y3a%*+1 +§/(3a2 +1)2

SAx+2=0x="2=>y=2.

=0

o a(a2 +3)+

=0 via’+3>0.

Vay qua hai cch va d6i chiéu diéu kién ta c6 nghiém cta hé 1a (x,y)=(-2;2).

(x+y) (x*+y* =2)=(x* +y? ) (xy +2)
2(x*+3y*-13)(y+7)=y(3-y)-x’

—

Cau 24: Giai hé phuong trinh { x,y €R)

Gidi
Tt phuong trinh thit nhat trong hé ta bién d6i dugc phuong trinh :
(x+y)2 (x2 erz)—Z(ery)2 —xy(x2 +y2)+2(x2 +y2 =0
<:)(x+y)2 (x2 +}72)—2(x+y)2 —xy(x2 +yz)—2(x2 +y2):0
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<:>(x2+y2)2+2xy(x2+y2)—4(x2+y2)—4xy—xy(x2+y2):0
@(xz+y2)(x2+y2—4)+xy(x2+y2—4):0
2 g X’ +y? =4
<:>(x2+y2—4)£(x+zj +LJ:0<:> {sz
2 4
y=0
Vi (x,y)=(0;0) thi he khong théa man.
V6i x> +y’ =4 < y*> =4-x*. Thay vao phuong trinh thit hai trong hé ta thu dugc phuong
trinh 2(x3 —3x +1)(y+7):3y—4 (1).

—2<x<2 —
Do x*+y’ =4= *=7 nentu (1) taco: x> —3x*—1= Sy —4 (2).
—2<y<2 2y +14
Xétham s6 f(x)=x"-3x"-1,Vxe[-2;2]. Tac6 f'(x)=3x"-6x.
0= y=-1
Lai c6 f'(x)=0<:>3x2—6x=0<:{x -y .
x=2=>y=-5
Mt khac f(-2)=-21.
Vé bang bién thién ta c6 duoc Vx e[-2;2]= -21<f(x)<-1.
y Jy—4
Xétham so f(y)= ,Vxel|-2;2].
étham s6 f(y) 2y 14 x e[-2;2]
Ta cé f'(y)=L2>O,Vxe[—2,‘2].
(2y+14)
Do d6 ham s6 f(y) déng bién trén [-2;2] nén —1:f(—2)Sf(y)£f(2):%.
—21<f(x)<-1 5
Vay ta sé o : 1 ménti (2) taco f(x)=f(y)=-1= =
' —1£f(y)£§ y=-2

Tht lai ta thdy théa man nén nghiém ctia hé phuong trinh 1a (x,y)=(2;-2).

X+y=2+3Jx*—x-4
3y*(y—3)+11(y—4)=2313-x> -3x’

Cau 25: Giai hé phuong trinh { (x,y eR)

Gidi
x> =x—-4>0

Piéu kién :
x+y =0

Phuong trinh thit hai trong hé duoc bién d6i thanh phuong trinh :
3y° —9y? + 11y —44 = 23[13—x*> —3x°
& 3(y-1) +2(y-1)=3(13-x")+ 2313 -x" (1).
Xétham s6 f(t)=3t"+2t,VteR.Taco f'(t)=6t+2>0,VteR.
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Vay ham s6 f(t) luon dong bién trén R.
Do d6 tir (1) < f(y—-1)=f($13-x" | & y-1=313-x".

Thay vao phuong trinh thr nhat trong hé ta c6 phuong trinh :

x+14313-x° =243Vx% —x—4 = Y13-x> =1-x+2x* —x—4 (2).

u=1-x
Dét{ = u’ -3v? =1-3x+3x" x> -3x* +3x-12=13-x°,(v>0)

v=1x*—x—4

Lac d6 phuong trinh (2) tré thanh phuong trinh :
Ju’ -3v? =u+2v e u’-3v? =u’ +6u’v+12uv’ +8v°

v=0
& 32+ 6uv+12uv’ +8v) =0 v(6(u+v) +2v7 +3v)=0 & | [u=0
v=0
X —x—4=0 X:1+\/ﬁ:>y:1+313 517
< | [1-x=0 ()<:>x2—x—4:0<:> 2 2.
% —
Vx*—x-4=0 =1 jﬁ:y=1+3@

Vi (*) vd nghiém.

Déi chiéu diéu kién ta ¢6 nghiém cta hé phuong trinh la

1+417 [13-5V17 | [ 1-17 . .[13+5V17
(2 T | |

(5—2x),/x+2y =(6—x—2y)m

(x° —2y—3)(x+\/8x(3—x)+4y2+5):21

Cau 26: Giai hé phuong trinh (x,yeR)

Gidi
x+2y >0

Piéu kién :
x=>1

Phuong trinh thit nhat trong hé dugc bién déi thanh phuong trinh :

(3—2(x-1))y/x+2y =(6—(x+2y))Vx-1 (1).

a=+x-1
Dit , a,b>0.Khi d6 (1) tr¢ thanh:
b=x+2y

(3-2a%)b=(6-b*)a<(6-4a’)b=(6-b")2a (2).
V6i a=0vb=0 thi h¢ khong théa man. Do d6 ta c6 a,b>0.Khi d6 (2) tré thanh :

6-(2a)° _6-b*
2a. b (*)
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Xét ham s6 £(t)= ()=-2=E

<0,vt>0. Do d6 ham s6 f(t)ludn

nghich bién trén (0;+x).

Nén (*) < f(2a)=f(b) < 2a=b < 2Jx—-1=|x+2y < 3x—-4=2y.

Thé vao phuong trinh thit hai trong hé ta dugc phuong trinh sau :

(x3—3x+4—3)(x+\/24x—8x2+(3x—4)2 +5)=21
@(x3—3x+1)(x+m):21
<:>(x3—3x+1)(x+m):(M+x)(m—x)
ex*-3x+1= x2+21—x<:>x3—3x+2+(x+3— x2+21)=0

6(x—2)

o (x+1) (x=2)+
( ) ( ) x+3+\/x +21

—0e (x- 2)((x+1)2+ 6 J:o

X+3+x2 +21

P

&Sx-2=0x=2=y=1viP>0,vVx=>1.

D6i chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y)=(2;1).

2x2+3:(4x2—2yx2),/3—2y+4x2+1
X

Cau 27: Giai hé phuong trinh

, R
/72 \/7 M2x% +x* +x+2 (y<R)
2x+1

Gidi
—J3=2v >
2—-,/3-2y 20 —lgygl
3-2y>0 2 2
Piéukién: <y .0 Sax#0
1 N
X?f—z 2

Phuong trinh thit nhat trong hé dugc bién déi thanh phuong trinh :

2+%:(4—2y)«/3—2y +é+l3<:>—l3+%—é+2 (1+3-2y)43-2y
X X X X

X X

@(1—1)3+1—%:(\/3—2y)3+\/3—2y (%).

X

Xéthamso f(t)=t>+t,VteR.Taco: f'(t)=3t"+1>0,VteR.

Vay ham s6 f(t) luon déng bién trén R .

Do d6 tir (*)<:>f(1—1j=f(«/3—2y)<:>1—;=«/3 2y .

X

Thé vao phuong trinh thit hai trong hé ta c¢6 phuong trinh :
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3 2 3
2- (1—1)—\/2)( X X2 2 +1 /1+——x+2+x3/—
2x+1
(2+ J/1+— 1+— +3/1+ (1+1+ ]f1+— 1+— +3/1+—
<:>\/1+ +(\/1+1] _1+2+3/1+2 (1)
X X X

Xéthamso f(t)=u’+u,ueR.Tacod: f'(u)=3u’+1>0,VueR

3 2
Do d6 tur (1)<:>f[ 1+1J:f(i/1+%}:>\/1+1:i/1+z:>[1+1j =(1+zj
Vo x X X X X X

_—1+\/g
<:>1+3+i+x —1+4+ic>x +x-1=0< 2 .
x X x X —1-5
X =
2
Thtr lai ta c6 x=_1+\/§:>y=ﬁ.
2 4
Doi chiéu diéu kién ta c6 nghiém ctia hé 1&‘1:(x,y):(_1;\/g ;3_4\/5].
x+3y+1= yz—1 x+4
Cau 28: Giai hé phuong trinh y x+1 (x,y eR)
J9y -2 +3[7x+2y+2 =2y +3
Gidi
x>-1
Diéu kién : 2.
Y2§

Phuong trinh thit nhat trong hé duge bién d6i thanh hé phuong trinh :

3x+4 1 1 1
+1- =y’ -3y-— < x+1-3x+1- =y>-3y—-= (1).
Vx+1 Y Y y Vx+1 Y Y y ( )

Xét ham s6 f(t)=t2—3t—%,Vt>0.

2
Ta c6 fu(t)=2t_3+tlz= (2t+122(t—1)

Vay ham s6 f(t) déng bién v6i moi t>0.
Do do tir (1) = f(Vx+1)=f(y) oy =vx+1ex=y’ -

Thé vao phuong trinh tha hai trong hé ta dugc phuong trinh :

J9y—2+13/7y2+2y—5 =2y+3<:>y+2—,/9y—2 +y+1—$/7y2+2y—5 =0

>0,vt>0.
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o =2)(y-3) | (y+D)(y=2)(y-3) __o

Y+H2+9Y =2 (y41) +(y+1)3f7y> +2y - 5+\/7y +2y-5

1 y+1

< (y-2)(y-3) *
y+2+9y -2 (y 1)y y+1)W+\/7Y +7y-5)

y:2:>x:3
y=3=>x=8

I
(e]

o (y-2)(y-3)= v K>0,Vy2%.

Dai chiéu diéu kién ta c6 nghiém ctia he 1a (x,y) ={(3;2);(8;3)}.

(x+\/x2 +3)(y+Jy2 +3)=3
x\/m=4xy+3x+1

Cau 29: Giai hé phuong trinh (x,y eR)

Gidi
biéu kién : 3x-2xy+1>0.

Viy’+3-y>ly|-y20=,y*+3-y>0.

Do d6 phuong trinh thtr nhat trong hé duoc bién déi thanh phuong trinh sau :
Vx?+3+3=y’ +3 -y o x> +3+3=(-y)+ (—y)2 +3 (1)
Xétham s6 f(t)=t* +3+t,VteR.

t Ni +3+t EER:

Taco: f'(t)=———+1=

V2 +3 Ji2+3 \/t2+3

Do d6 ham s6 f(t) ludn ting trén R . Do d6 tit (1) < f(x) =f(-y) <y =—x.

>0,VteR.

Thé vao phuong trinh tht hai trong hé ta c6 duoc phuong trinh :
xN2x% +3x+1 = —4x> +3x+1 (*).
Nhén xét v6i x =0 khong thoa phuong trinh (*)
e Truong hop 1: x>0 thi phuong trinh (*) tré thanh phuong trinh :

2+§+lz——4+3+1<:>2+E l—2‘/2 §+l—6 0
X X X X
/ 3 1 / 1 / /
c{ 2+—+—2+2J£ 2+— +—2—3] 2+— +——3 vi 2+ +—+2>0
X X X X x x

34437
o243+ L9e73x-1=00 18, 3N T3NS
X X 3-./37 14 14
X

14
e Truong hop 2: x<0 thi phuong trinh (*) trd thanh phuong trinh:
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—/2+§+l2——4+3+i2<:>2+3+l+ /2+3+l2—6 0
X X X X
= 2+E+lz—2 2+3+l2+3 0<:>,/2+3+l2_2V1 /2+ +—+3>0
X X X X x X

_3+\/ﬁ
<:>2+§+i2:4<:>2x2—3x—1:0<:> 4 @X:3—\/ﬁjy:—3+«/ﬁ.
x X 3-17 4 4
X =

4

Da6i chiéu diéu kién ta c6 nghiém cua hé 1a

B AE e )

14 ' 14 4

Cau 30: Giai hé phuong trinh

3x+(x+ﬁ)(y+1/y2+3)y=0

(x,y eR)
(2Vx+3+y2-y ) (4-3B-y)=2x+y+3+x+2
Gidi
xX>-2
biéu kién: {y <2
2x+y+32>0

Vi Vx?+3 —x>[x|-x>0=vx*+3—x>0. Nén ta bién d6i phuong trinh tht nhat trong hé
thanh:

BX(\/m—x)+(x+\/x2 +3)(\/x2 +3—x)(y+\/yzi+3)y:0
<:>3x(ﬁ—x)+3(y+1/y2+3)y=0<:>x2—x\/E=y2+y y>+3
o (—xf #(X)(x) +3 =y 47y 3 (4

Xéthams6 f(t)=t>+tvVt’+3,VteR.

2

Taco f'(t)=2t+yt* +3 + ‘ > 2t+2|t|>0, VteR.

t2 + 3 AM-GM

Vay ham s6 f(t) luon tang trén R . Do do6 tu (*) < f(—x) =f(y) <y =—x.
Thay vao phuong trinh thi hai trong hé ta dugc phuong trinh :

(2vx+3 +xr2) (4-3vx+3) =+ 3 +x+2 (1)
Pit t=+x+2,t>0.Taco: x=t*~2.Ldac d6 (1) trd thanh phuong trinh :
(2m+t)2(4—3\/t2+1)=\/t2+1+t
@3(2\/t2+1 +t)\/t2+1 +4(\/t2?+1):4(2\/t2?+1)
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& (158 ~16t+16)VE +1 =126 + 2082 =16t +16 = /£ +1 = o 20t ~10t+16
15€ —16t+16

t=0
1 5-12t
Je+1+1 155 —16t+16

Voi t=0=Vx+2 =0 x=-2=y=2(thoaman).

t? t*(5-12t)
<~ = <~
Jei1+1 1582 —16t+16

Véi 1 _ 25—12’[ ( )
Je+1+1 152-16t+16
5-12t <
2_ <
e Truong hop 1: tz% tace: | F 1 1et+16 by ds (2) vo nghiém.
—— >0
VP +1+1

e Truong hop 2: 0<t <% ta c6 (2) < 15t* —16t+16 =(5-12t)Vt* +1+5-12t
15t 4t +11=(5-120]Vt* +1 & (15¢° —4t+11)2 = (5-12t)°(t* +1)
< 81t +177t +32t+96 =0 (vO 1i vi 81t* +177t* +32t+96 >0, Vt e {0;%) ).

Vay véi t >0 ta c6 (2) vo nghiém.

Do d6 hé phuong trinh da cho c6 nghiém 1a (x,y)=(-2;2).

Cau 31: Giai hé phuong trinh

Py +4-4y? +7y+10 =x+1-3x% +2x+3 - x> +2x + 4

x,yeR
3(3x+2):,/y+2x+5(3\/x2+5—x2)+23y—2x+5 ( )
Gidi
x=>-1 x>-1
2 > <-5 >-2 >-1
Dicukien: |7 /Y020 Jy=—ovy =
y+2x+520 y+2x+52>0 y=>-2
y+220 yz-2

Phuong trinh tha nhét trong hé dugc viét lai thanh phuong trinh :

Pyr2-4fly+2)(y+5) =x+1-J(x+1) +2-4/(x+1)’ +3

Sy+2+2-4fy+2+43-4fy+2=x+1 ~%/(x+1)2 +2 ~{*/(x+2)2+3

<:>1/\/y+2 'f/(\/y+2)2+2-§/(\/yj)2+3 :\/x?-%/(x+1)2+2 -%/(x+1)2+3 (*).
Xét ham so f(t)=t-J/t* +2-t* +3,vt>0.

4 4/,4 4 3’ 4
Ta co f'(t):\3/t4+2-\4/t4+3+4t -t +§+t Nt +§>0,Vt20.
(e +3) y(e+3)
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Do d6 ham s6 f(t)ludon dong bién trén [0;+o0).
Do d6 tir (¥) < f(4fy +2) = f(Vx+1) o Vx+1=4fy+2
SxP+2x+1l=y+2 < y=x"+2x-1.
Thé vao phuong trinh thit hai ta thu dugc phuong trinh sau :
3(3x-+2) =" + x4 (3% +5 x|+ 237 + 4

& 3(3x+2) = (x+2)(3Vx +5-x° )+ 23> +4

x4+ 2X +9x+6-3(x+2)x2 +5-23x2 +4 =0

& (x+ 2V +5 (VX +5-3)+ (x+2-23x" +4)+3(x-2) =0

ST v e SR (x+2)" -8(x* +4) 3(x-2)-
(e 2)x (\/x +5+3J (x+2 +(x+2)R/x? +5+\/x +5 Ax=2)=0
S (x+2)VxX + (x=2)(x+2) + (x—2)(x +12) —+3(x-2)=
( 2) 5[ \/x2+5+3 j (X+2 X+2 M+\/ X +4 3( 2) 0

(x+2)"Vx*+5 x> +12
VX* +5+3 i 32 /
x+2 x+2 X" +4+3 x +4

<:>(x—2)

ox=2 =y=7viT>0,vx>-1.
D6i chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y)=(2;7)

(4x* +1)x+(y-3)5-2y =0

Cau 32: Giai hé phuong trinh (x,yeR)
4x* +y* +243-4x =7
Gidi
ys >
. 5-2y>0 )
Dicukien: {. "ol 2.
3-4x=0 3
X< —
4

a2
bit a=,/5-2y,a>20.Taco: y= STa . Khi d6 phuong trinh tht nhat trong hé duoc bién
déi thanh:
(4x2 +1)x+(5_a

Do a0 néntir (1)=x>0.Xéthamsd f(t)=t>+t,Vt>0.Taco f'(t)=3t>+1>0,Vt>0.

2

—3ja:0<:>8x3+2x=a3+ac>(2x)3+2x:a3+a (1).

Vay ham s6 f(t) luon ting trén [0;+x).
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5-4x>

Do dé6 tix (1) & f(2x)=f(a) = 2x=a < 2x=,/5-2y & x= 5

Thay vao phuong trinh thi hai trong hé ta c6 phuong trinh :

, (5-4x?Y
4x* + 5 +2\/3—4x:7(2)

3
<=

Ttr dieu kien X‘4@03xs%Do d6 ta gidi (2)v6i moi xe{o;ﬂ.
x>0

Tacé: (2) < 16x* —24x° +5+8(3—4x~1)=0
2x-1

T )
N3-4x+1

© (4x* -1)(4x° -5)-16

16

o (2x-1) (2x01) (0 -5)- o

K
2x+1>0

11 = (2x+1)(4X° -5)<0=K<0.

Vi Vxe{O;g}z
4 —5s4x2—5s-Z

Dai chi€u diéu kién ta c6 nghiém ctia hé 1a (x,y) = (% ; 2} .

x* =3x* —=9x+22 =y’ +3y* -9y
Céu 33: Giai h¢ phuong trinh 1 | 1 (x,y eR)
Xyt oxty =2

Gidi
Phuong trinh tht hai trong hé duoc viét lai thanh phuong trinh :
1 1) —1SX—1S1 —1SXSE
Xx—=| +|y+=| =1= 2 o2 2(*)
2 2 -1< +1<1 _§< <1
AR 27772

Phuong trinh tha nhét trong hé dugc viét lai thanh phuong trinh :
x* =3x*+3x-1-12(x-1) =y’ +3y* +3y +1-12(y - 1)
& (x-1) =12(x-1)=(y+1) =12(y +1) (1)

3 1
——<x-1<= 33
Do (*) nén ta co: 2 2 Xét ham s& f(t):t3—12t,Vte{——;— i
22
——<y+1<—
2 2

Taco f'(t)=3t"-12=3(t’ —4)<0,Vte{—§;§]
2°2

Vay ham s6 f(t)luon giam trén [—%,%}

j:0©2x—120<:>x:%:y:2.
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Dodoti (1) f(x-1)=f(y+1)ex-1=y+1oy=x-2.
Thay vao phuong trinh thi hai trong hé ta dugc phuong trinh :

1 X=E:>y=_§
x2+(x—2)2—x+x—2:§<:>4x2—8x+3=0c> )

X=—= [ J—
)

D6i chi€u diéu kién ta c6 nghiém ctia hé 1a (x,y)= {(%,—gj,(é,—lj} .

x+y—4=2\/x2—2x—1 (1)

Cau 34: Gidi hé phuong trinh X .
4(y-2) +4 +y-58=314-x (2)

Gidi

Ta giai phuong trinh (2), 4(y-2)" +(y-2)=4(14-x")+/14-x*
Dat f(t) =4t +t=f'(t) =122 +1>0
Vay y-2=x14-x" . V6i y-2=3/14-x> thay vao phuong trinh (1) ta dugc

x—2+14-x" =2 =2x-1 = Y14-x* -(2-x)=2¢x* -2x -1

= 2_6(X2_2X_1) —2x*-2x-1
(Jﬁ) +(2-x)314-x +(2-x)’

—64x* —2x -1
(\3/14—x3 )2 +(2-x)14-x7 +(2 —x)2

Vay x* -2x-1=0 hay

=2 (ptvndo VT <0).

Dit t=6+3Yx+6 =t =6+6+x :>(t3 —6)3 =6+x(*) = x> -t=6, thay vao phuong

trinh (*) ta duoc (t3—x3+t)3 =x+x>—t :>(t3—x3+t)3—x3 —x—t
:>(t3—x3+t—x)[(t3—x3+t)2+(t3—x3+t)x+x2}=x—t

Dit A= x> +t) +( 7 +t)x+x2 = -A(X —£)~A(x—t) =x -t

= -A(x—t)(x* +xt+t)-A(x—t)=x-t

Vay x—t=0 hay ~A(x’ +xt+t*)~A =1 (phuong trinh v nghiém do VT <0)

Voi x—t=0=x=36+3Iyx+6 = x> -6=3x+6.
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Pit a=3Yx+6=a’-x=6

) £ A < x’-a=6 3 3 3 3
Khi d6 ta c6 hé phuong trinh < 6:>x —a=a —-x=>Xx +x=a +a.
a’—x=

Xét f(t)=t>+t, f'(t)=3t"+1>0

Khidé x=a=x=3Yx+6=>x"-x—-6=0=>x=2.

V2x+1-2y+1=x-y

Cau 35: Giai hé phuong trinh x,y e R
P c {x2—12xy+9y2+420 ( v )
Gidi

1

X>——=

Didu kién : i .
>

=73

Tur phuong trinh tht hai trong hé ta c6: x* +9y” +4=12xy = xy >0.
Phuong trinh th nhat trong hé duoc bién ddi thanh :

V2x+1-x=,2y+1-y (1).

Xéthan1s6f(ﬂ::#2t+1—¢,Vte[—1;+w).Tacéf%ﬁ): LI
2 2t+1
Laico f'(t)=0< 1 -1=0t=0.

2t+1

T day ta suy ra ham s6 dong bién trén (—%;0) va nghich bién trén (0;+x).
e Trudong hop 1: x,y e [—%;OJ thi ham s& f(t) déng bién nén tur

(1) f(x)=f(y)ex=y.
Thé vao phuong trinh tht hai trong hé ta c6 phuong trinh : 2x>-4=0 (vd nghiém vi
2x*-4<0).
e Truong hop 2: x,y €(0;+) thi ham s6 f(t) nghich bién nén tu f(x) = f(y) o x=y
Thé vao phuong trinh tht hai trong hé ta c6 phuong trinh :
2x?—4=0<x=+/2 vi x>0.
D6i chi€u diéu kién ta c6 nghiém ctia hé 1a (x,y)= (\/5 N2 ) .

(erl)(\/x2 +1—\/y2 +1)=(x_y)m

2x(x—y)+2(x+y)=2-y*

Cau 36: Giai hé phuong trinh (x,yeR)

Gidi
Nhan xét do hé khong thé ¢6 nghiém dang (x,y)=(0;0).
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Tu phuong trinh tht hai trong hé ta c6 bién déi sau :
2x* =2(x-1)(y-1)+y*>=0(a).
x>1 {x <1

Vi x> >0,y” >0 nén tr (a):>(x—1)(y—1)>0<:>{ o1V
y

y<1
Phuong trinh thit nhat trong hé dugc bién déi thanh phuong trinh :
x+1 y+1 (b).

\/x2 +1 B \/yz +1
t+1 1-t
V' +1 1/(t2+1)3 .
Truong hop 1 : Néu t>1 thi 1-t<0=f{'(t)<0. Do d6 ham s6 f(t) nghich bién trén
(1;+00).

Xétham s6 f(t)= ,VteR.Taco f'(t)=

Nén tir (b) < f(x)=f(y) < x=y. Thay vao phuong trinh tht hai trong hé ta c6 phuong
trinh : x* +4x—-2=0< x=-2++6 (loai).

Truong hop 2 : Néu t<1 thi 1-t>0=f'(t)>0. Do d6 ham s6 f(t) déng bién trén
(-o0;1).
Nén tixr (b) < f(x)=f(y) < x=y. Thay vao phuong trinh tht hai trong hé ta c6 phuong
trinh :

x* +4x-2 =0 x=-2+26 (nhan).

Vay hé phuong trinh da cho c¢6 nghiém (x,y)= {(—2 +6;,-2+ \/5);(—2 —6;,-2- \/8)} :

(x+\/2x+1)\/}TS:y+3+2\/2x+1 (1)

Cau 37: Giai hé phuong trinh .

Yoy +x=T+x=y+ [y +2 (2)

Gidi
Phuong trinh (2) trd thanh ,/x—y—1+\/x—1—\/§+x—y—120
x—-y-1 x-y-1

- JX-y +1+\/x—1 +\/§

Véy x—y-1=0 hay

+x-y-1=0

1 1
1/x—y+1+\/x—1 +\/§

Véi x—x-1=0=y =x-1 thay vao phuong trinh (1)
= (x+V2x+T)Wx+2 =x+2+242x+1
Dt f(x)=x3x+2+J(2x+1)(x+2) -x—2/2x+1-2 (diéu kién x>1)

g(x)=x\x+2, g'(x)=/x+2+

+1=0 (phuong trinh v6 nghiém do VT >1)

X
2Jx+2°
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4x+5

h(x)=(2x+1)(x+2), h'(x)= 2J(2x+1)(x+2)

t(x)=~2x+1, t'(x)= J;T

X, 4x+5 N 2 1
2Vx+2 2f(2x+1)(x+3)  V2x+1

Dé thdy x>1 =+/x+2-120.

= f'(x) =(m—1)

Vay f'(x)=~+x+2+

4dx+5

X 2
+ + +
2x+2 2,J(2x+1)(x+2) V2x+1

Do d6 ham s6 f(x) luén déng bién trén [1;+0) ma f(2)=0 nén phuong trinh c6 dung

vol x>1 .

mot nghiém duy nhat . vay x=2.

x? =3x=(y-2)(y+1)

(x+y)\/x2—4x+5+(x—2)\/x2+y2+2xy+1 =0

(x,y eR)

Cau 38: Giai hé phuong trinh {

Gidi

Phuong trinh thit nhat trng hé duge bién ddi thanh phuong trinh :

(x+y)w/(2—x)2 +1 +(x—2)w/(x+y)2+1 =0
c>(x+y),/(2—x)2+1—(2—x) (x+y)2+1 =0(1).
Xét 2—-x=0< x=2=y=-2. Thu lai khong thdy thda hé.

y +3y=y’ -y-2

hé vo nghiém.
2+y=0

Xét x+y=0<x=-y tacohé: {
Vay ta co (x+y)(2-x)#0.

\/(x+y)2+1 _ \/(Z—x)2+1

2).
X+y 2-x ( )

Do do tir (1) taco:

t2+1

T (2)=(x+y)(2-x)>0. Xétham s6 f(t)= ,Vte(—0;0)U(0;+0).

1

Ta co f'(t):—m

<0,Vte(—o0;0)u(0;+0).

Vay ham s6 f(t)luon nghich bién trén timg khoang (—0;0) va (0;+x), mit khac
(x+y)(2-x)>0 néntu (2) taco f(x+y)=f(2-x) e x+y=2-x<y=2-2x.
Thay vao phuong trinh thi hai trong hé ta dugc phuong trinh :

x(x—l):0<:{

Vay hé phuong trinh da cho c6 nghiém la : (x,y)={(0;2);(1;0)}.

x=0=>y=2
x=1=y=0"
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x3(\/W—i-y):y2 (m+x) (1)
Y1) —2x-1-({y -5)Vx-8-3y +31=0 (2)

Cau 39: Giai hé phuong trinh

Gidi

Phuong trinh (1): x°/x* +y* +x’y = y*vx* +1 +xy* (diéu kién x>8 va y>0)

= \/xs +x°y? —\/y4x2 +y* + Xy -xy* =0
—y*+x°y? -y
\/x +x6y2+\/y x> +y*
2 4, 2
U y)(e ) ay )+Xy(xz_y)=0

\/x +x°y? +\/y x> +y*

(x +y)(x4+y2)
\/X8+X6y2 +\/y4x2+y4
Do d6, v6i x> =y thé vao phuong trinh (2) ta c6

J(x=1)" =2¥x=1—-(x-5)/x-8-3x+31=0
Dit £(x) = (x~1)5 ~2(x~1)5 —(x—5)Vx 8~ 3x +31

:f‘(x)zg(x—l);—g(x—1)§—£m+ - J—s

+xy(x2 —y):O

Vay x*> =y hodc +xy =0 (vo nghiém do x,y >0 nén VT >0).

2Ux -8
2 2 x—=5
=f'(x)= — —Jx-8-— _
() 3/x-1 33/(X_1)2 24x-8
X . a 2 2 o
Dé thay — ——<0 (véimoi x>8)

33(x -1y N

=f'(x)=-

2 2 2 x-5 7
_ + = | =UXx—-8————=—-=—<0(véimoi x > 8
[3%/(x1)2 33x -1 3} 24x-8 3 ( )

Vay f'(x) nghich bién trén khoang (8;+x)

Vay phuong trinh nay c6 nhiéu nhat 1 nghiém ma £(9)=0 suy ra x=9.

(5-2x)/x+2y =(6-x-2y)vx-1

(3 =2y =3)(x+8x(3-x)+4y> +5) =21

Cau 40: Giai hé phuong trinh { (x,yeR)

Gidi
biéu kién y 20.
He phuong trinh da cho duogc bién ddi thanh hé :

(2 +1=fy ]V2x? +1 =3y (fy -1)
y —y:(2x +1)—m
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Taco v2—y=v2x2+1(V2x*+1-1]>20= vy’ -y >0 y<0vy>1.
y -y y -y y y

y=0

Két hop voi diéu kién y >0= { )
y=>1

V6i y =0 khong thoa hé.
Pit a=+2x2 +1,a> 1. Khi d6 hé (I) tré thanh : {(az_ﬁ)a?’ﬁ(ﬁ_l).
y’-y=a’-a

Xét phuong trinh : y*—y=a’-a (1).
Xét ham s6 f(t)=t>—t,vt>1. Ta c6 f'(t)=3t>-1>0,vt>1 nén ham s& f(t)luon déng
bién trén [1;+). Do d6 tir (1) < f(y)=f(a)< y =a. Thé vao Phuong trinh tha hai trong
he (I) taco:

(a—Va)a=3va(Va-1)=a’ ~3a=(va) ~3+a (2).
Xét ham s6 f(u)=u’-3u,vu>1. Ta c6 f'(u)=3u’-3>0,vu>1. Vay ham s§ f(u)luon

tdng trén [1;+x).

Do d6 tir (2)<:>f(a):f(x/g)@a:ﬁc{azojyzo(l).

R . ja=1 2x*+1=1__ [x=0
Vay taco: = = .

Déi chiéu diéu kién ta c6 nghiém ctia he 1a (x,y)=(0;1).
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PHAN IIL. BAT PANG THUC PANH GIA
PHUONG TRINH - HE PHUONG TRINH

Phuong trinh - hé phuong trinh - bat d:fmg thtc 1a 3 linh vyc c6 moi quan hé chit ché voi
nhau. Pay cting chinh 1a nhiing phan quan trong nhét cia chuong trinh toan THPT va rat
duoc nhiéu hoc sinh dam mé todn yéu thich. Khong nhiing thé van dé nay con thuong
xuyén xuat hién trong ki thi THPT Qudc gia hay céc ki thi hoc sinh gidi c4p tinh hay tham
chi VMO. Céc bai toan phuong trinh khong chinh tdc thuong dugc thiét ké va sang tao
duéi y tudng ctia mot bat dang thic nao d6 dong thoi ciing 1a sy phéi hop ctia nhiéu ludng
kién thtic khac nhau yéu cau nguoi lam todn phai c6 mot tu duy linh hoat, sy tim toi cung
cd kién thuc, lién hé kién thiic ddng thoi tap cho ching ta nghién ctru dé c6 thé kham pha
vé dep cling nhu sit dung thanh thao phuong phap nay.

CAC BAT DPANG THUC CO BAN CAN NHO.

Bat ding thitc Cauchy - AM - GM..

Cho n s6 thuc duong a,,a,,...,a, khidoétaco a, +a, +...+a, > m

Bét déng thitc AM - GM dang cong mau s6 cho n s6 thuc duong a,,a,,...,a,: Y,

Dédu “=" xay rakhi a, =a, =...=a, .
Bat ding thitc Bunhiacopxki - Cauchy - Schwarz .
n n n 2
Cho 2 b0 s6 (a,,a,,..,a,) va (b;,b,,...,b,). Khidé ta cé:(Za?j(bej > (Zaibij
i=1 i=1 i=1

Ngoai ra cAn phai chd ¥ dén bat ddng thtc Cauchy - Schwarz dang cong mau Engel:

. 2
n 2 (Z ai J
aq, > \i-l

b, Z“: b,

i=1

sy

i=

Bat dang thuc trén con c6 thé goi la bat dang thic Svacxo.
A __ T 2 . a a a LN A x s A A LN [NE N
Dau “=" xay ra khi b—l = b—2 == b—“ . Riéng dang cong mau thi can thém diéu kién la
1 2 n
b,,b,,...,b, >0
Bat ding thic Minkowski.

Tong quat: Cho moi s6 thuc r>1 va moi s6 duong a,,a,,...,a,,b,,b,,..,b, thita co:

o] <[gx] (8]

O day chi xét truong hop cho 2 b6 s6 (a,,a,,..,a,) va (b,,b,,...,b,). Khi d6 ta co:
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i=1

g 2 . a a a
Dau “=" xay rakhi Lt=—2=...=—2.
b, b, b

Bat ding thitc Holder.

n

Cho céc s6 duong X, (i =1,m,j= 1,n).

i=1 i=1 \_j=1 =1 \li=1

o
n n m ) m n
. 2 x . ~ 2 ~ Z. ;
Khi d6 v6i moi s6 o,,,,...,o, >0 thoa man E o, =1 ta co: | |[E xi,]) > E (l |x1’]j

O day ta chi xét truong hop don gian nhat cho 3 day s6 gém (a,b,c);(m,n,p);(x,y,z). Ta
co:
(a3 +b° +c3)(x3 +y’+2’)(m’ +n’ +p’) 2 (axm + byn +czp)’
Déu “=" xay ra khi 3 day tuong tng ty lé.
I. CAC BAI TOAN VE PHUONG TRINH.
A. PANH GIA MIEN NGHIEM.

Cau 1: Gidi phuong trinh Ix-1+3/x+8 =x" +1.

Gidi
Nhén xét x =0 thoéa phuong trinh da cho.

x=1+Yx+8>-1+2=1

—x*+1<1

Ux=1+Yx+8<-1+2=1

x> +1>1

Voi x>0 = { nén phuong trinh v6 nghiém.

nén phuong trinh vo nghiém.

Vé6i x<0 :>{

Vay phuong trinh c6 nghiém duy nhét x =0.

Cau 2: Giadi phuong trinh 3+3/7x+15 = x++/2x.

Giadi
Phian tich :
3=x

7x+15 =2x

Ta viét lai phuong trinh thanh (x—3)+ (\4/7x +15 - \/g) =0(*)

Do x =3, la m6t nghiém ctia phuong trinh. Nén khi dé: {

Ta tim nghiém chung cta cac hé bat phuong trinh:
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{3_X<O :>33)(4 5)>0 3
S 9UX— X+ > =X >

4 p—

V7x+15-+/2x <0 <>0

+ Néu 0<x<3thi (3— )(\/7x+1 \/g)>0hay (*) vo nghiém.

+Néu x>3 thi (3—x)+ (\/7x+1 \/g)<0hay vO nghiém.

Hay phuong trinh (*) c6 nghiém duy nhat x = 3.

Loi gidi

Piéu kién x>0.

Phuong trinh da cho tuong duong véi: (x—3)+ (\4/7x +15 - \/g) =0(*)
Nhan thdy x =3 la nghiém cta phuong trinh (*).

Xét cac hé bat phuong trinh:

{3_X>0 o E(x<—03)(4x+5)<0 ©0<x<3
Y7x+15-+/2x >0 >0

{3_X<O B E(x>—33)(4x+5)>0<:>x>3
Y7x+15-2x<0 |

Suy ra:
+ Néu 0<x<3thi (3-x)+ (\/7x+1 \/g)>0hay (*) khong c6 nghiéem x €[0;3).

+ Néu x>3thi (3—x)+ (\/7x+1 \/ﬂ) <0hay (*) khong c6 nghiém x €(3;+x)

Vay PT c6 nghiém duy nhét la x =3.

Cau 3: Giai phuong trinh 4/7x* +11x+6 —/3x = x —6.

Gidi
Piéu kién x > 0.
Phuong trinh da cho tuong duong voi: (\4/7x2 +11x+6 — @) +(6—x)=0
Nhan thdy x =6 la nghiém cta phuong trinh (*).
Xét cac hé bat phuong trinh:
{6 ~x>0 x<6
[ ]

SL(x=6)(2x+1)<0 ©0<x<6
Y7x% +11x+6 —3x >0 (x=0)( )

x>0
6-x<0 x>6 )
° S (x=6)(2x+1)>0 <& x>
Y7x% +11x+6 —3x <0 (x=6)( )

x>0

Suy ra:

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 142



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

+Neéu 0<x<6 thi ({7x° +11x+6 ~/3x |+ (6-x) >0 hay (*) khong c6 nghiém x [0;6)

+ Néu x> 6 thi (\4/7x2 +11x+6 —@)+(6—x) <0 hay (*) khong c6 nghiém x e (6;+)

Vay PT c6 nghiém duy nhét x =6.

Cau 4: Giai phuong trinh (x—1)° +\/(><+1)3 +\/(2x+1)3 =3 (*)

biéu kién x > —%.

Gidi

Nhén thay x =0 la nghiém cta phuong trinh (*).

Xét cac hé bat phuong trinh:

1/(x+1)3 >(x+1)

(2x+1)’ >(2x+1)
(x+1) <(x+1)
(2x+1)’ <(2x+1)

Suy ra:

+ Néu x >0, ta c6:

f—

(x+1)(ﬁ—1) >0

= (2x+1)(\/2x+1—1)>0 o
1
X2——
2

(x+1)(\/m-1)<0
(2x+1)(\/2x+1 —1)<0 &

1
X2——

2

(x+1)x
Jx+1+1

(2x+1)x

V2x+1+1

X2—-—

>0

>0 & x>0

(x+1)x
Vx+1+1

(2x+1)x

V2x+1+1

X>——=
2

<0

<0 @—%Sx<0

VT (%)= (x=1) 44 (x+1) +4(2x+1)" > (x=1) +(x+1)+(2x+1)

=x*+x+3>3=VP (*) hay (*) khong c6 nghiém x € (0;+x)

.1
+ Néu —E£x<0,tac():

VT (%)= (x=1) +yJ(x+1)" +4/(2x+1) <(x=1)" +(x+1)+(2x+1)

=3+x(x+1)<3=VP (*) hay (*) khong c6 nghiém x € (0;+x)

Vay phuong trinh da cho ¢6 nghiém duy nhat x =0.

Cau 5: Gidi phuong trinh 2x*> —11x+21-3%/4x-4 =0

Phan tich.:

Gidi

Ta nhan dinh phuong trinh da c6 nghiém duy nhat x =3 (c6 thé st dung su hd tro tir may

tinh bo ti), tir d6 chiing ta ndy sinh y tudng danh gia xoay quanh gia tri x=3.
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Lai c6: 2x* —11x+21-34x—4 =2(x - 3)" + (x +3-34x—-4 ) va néu chung ta chtmg minh
duoc rang: (x +3-34x- 4) >0 bai toan sé dugc giai quyét, ma:
(x+3-3Y4x—4)20 = x+323Yax—4 < (x-3)" (x+15)20 (*), Itc nay (*) chi diing voi
x = -15.
Twr d6 y tudng xtt ly van dé nay la st dung diéu kién c6 nghiém ctia phuong trinh dé lam
‘hep’ khodng c6 nghiém.
That vay: PT < 33/4x—4 =2x>-11x+21>0 = 34x-4 >0 = x> 1.
Va Vx>1 thi (*) hién nhién dang.
Loi gidi
Phuong trinh da cho tuong duong voi: 2(x—-3)" + (x +3-334x - 4) =0
Tt phuong trinh ban dau ta c6 33/4x—4 =2x*-11x+21>0 = 3¥4x-4>0 = x> 1.
Ma: (x+3-33/4x—4)>0 < x+323Y4x—4 < (x=3)’ (x+15)>0 luon ding Vx >1
Tir d6: 2(x—3) +(x+3-34x—4)>0, dau ‘= xdy ra khi va chi khi x =3.
Hay phuong trinh da cho c6 nghiém duy nhat x = 3.
Chu y: Trong mot s8 bai toan viéc st dung diéu kién c6 nghia 1a chua du dé ching ta st
dung danh gia trong phuong trinh, tir d6 ta nghi dén phuong an tim diéu kién c6 nghiém
ctia phuong trinh dé.
Bo dé: Xét phuong trinh: f(x)=g(x), xeD (¥).
Néu f(x)>m, VxeD, thi dé phuong trinh (*) c6 nghiém ta can phai ¢ g(x)>m.
Néu f(x)<M, VxeD,thi dé phuong trinh (*) c6 nghiém ta can phai c6 g(x)<M.

Cau 6: Gidi phuong trinh /1+2x ++/1—-2x =3/1+3x +3/1-3x.

Gidi
Phadn tich: Bai toan nhin c6 dang dap cua ham s6, tuy nhién phuong phap st dung ham
s6 v6i bai todn nay 1a khong don gian. Ta c6 thé lién tudng dén viéc st dung danh gia dé
thay thé.
Xét cac bat phuong trinh:
V1+2x21+3x & (1+2x)’ 2(1+3x)" & x3(3+8x)>0

J1-2x>31-3x <:>(1—2x)3 2(1—3x)2 < x*(3-8x)20
Vi diéu kién xac dinh x e {—% ,%} khong lam céc bat phuong trinh trén nghiém dung, tir

dé ta nay sinh y tudng lam hep khodng danh gia nay bang cach st dung diéu kién c6
nghiém cta phuong trinh. That vay:
Dt V1+2x +41-2x =31+3x+31-3x =u, tacd
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u’>=2+241-4x*>>2 :>u2\/5
u=31+3x+31-3x (uzﬁ) —u® =2+3.uy1-9x>

3
= 3J1-9x> :u—_2>0 :>—1<x<1
3u 3 3

R rang Vx e (—% ,%j cac bat phuong trinh trén nghiém dang.

Loi gidi

it V1+2x +41-2x =31+3x+31-3x = u, ta co:
W2=2+21-4x2>2 = u>2

u=3+3x+1-3x (uz2) = u’=2+3ui1-9%

3
—31-9x2 =Y _2>0 :>—1<x<1
3u 3 3

J1+2x231+3x < (1+2x)’ >(1+3x)" & x*(3+8x)>

J1-2x>31-3x <:>(1—2x)3 2(1—3x)2 < x*(3-8x)2

Hay: V1+2x +4/1-2x>Y1+3x +31-3x, Vxe(—g;gj.

D4u ‘=’ xay ra khi va chi khi x =0.

Két luan. Phuong trinh ¢6 nghiém duy nhét x = 0.

Cau 7: Giai phuong trinh v4x* —6x* —x +10 = 1—x2\/x(x+1)(x—2).

a 4x° —6x* —x+10>0 -1<x<0
biéu kién

x(x+1)(x-2)=0

Tu diéu kién nay ta c6 ngay dugc 1— x2\/x(x+ 1)(x-2)<1.
D4u dang thic xay ra khi va chi khi x = -1.

Mt khéc tir diéu kien ta ludn c6 vV4x® —6x* —x+10 > 1.
That vay, binh phuong hai vé bat phuong trinh ta co:
4 —6x° —x+9>0 < (x+1)(4x* —10x+9)20 (ludn dang).
D&u dang thtc xay ra khi va chi khi x = -1.
Tir céc danh gia nay ta c6 V4x* —6x% —x+10 =121 —xz\/x(x+1)(x—2)

Déng thic xay ra khi va chi khi x =-1.
Vay phuong trinh c6 nghiém duy nhét x =-1.

Cau 8: Gidi phuong trinh x+17+2(1-x)J2x+2 =2(x—1)vx+6
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Gidi
Néu x=1 thi vo ly. Do do:

x+17+2(1-x)¥2x+2 =2(x~1)Vx+6 <= 32x+2 +JX+6_2>Z+1Z) ~0
X_

7 a2 19
2(x-1) 33,(2x+2)2 24X +6 (x—l)2

Khi dof(x)=0 co t6i da 1 nghiém trong khodng [-6;1) va c6 t6i da 1 nghiém trong

Dit f(x)=32x+2 +4/x+6 - >0

khoang (1;+%) vi no lién tuc trén [-6;1) va (1;+«) .Chi ra 2 nghiém nay la x=3 hodc
X=-5
Xem thém 6 phin gidi phuong trinh bang phuong phdp ham s6'!

Cau 9: Giai phuong trinh (3x—11)42—x +2(x-1)"v2x-1=2x* +x-11

Gidi
Ta c6: Dt t=42-x>0=x=2-t*. Khi d6:
o (Bx-11)¥2-x-5x+13=(-3t'-5)t+5t" +3=(3t> +4t+3)(1-t)’
. 2(x—1)2(\/2x7—1—1)=42(x—_1)3
x-1+1
(3x-11)42-x -5x+13>0
2(x-1)" (V2x-1-1)>0

(3x=11)42-x -5x+13 <0
2(x=1) (V2x-1-1)<0

Loi gidi chi tiét danh cho ban doc.

Né’ux>1th10<t<1suyra{ = voly

Néu x<1 thi t>1 suyra{ = voly

Két luan: Phuong trinh c6 nghiém x =1.

Cau 10: Gidi phuong trinh /2x-3 -3x* +3x+20 = (2x—-9)~/3x + 4

Gidi
Ta Cé\S/ZX—3—3X2+3X+20=(2X—9)\/3X+4
3 2x—3—x+2—(2x—9)\/3x+4—3x2+4x+18=0
<:>(\3/2x—3—x+2)+(\/3x+4—3x+7)(\/3x+4+x+2):0
Ta ludn cc’)\/3x+4+x+2:\/3x+4+3x;_4+§>0

5+4/5 i \V3x+4-3x+7<0
1
2 I2x-3-x+2<0
. 5-5 5+( \/3x+ —3x+7>0
Néu ——<x
2 2 \3/2x 3-x+2>0

= VT<0

Néu x >

=VT>0
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Néu 1<x<

5_2\/5 thi ta c6 J/2x-3+1>0. Suy ra:
J2x =3 -3x* +3x+20—-(2x-9)/3x+4 >-3x* +3x+19—(2x—-9)/3x +4
=%(3—\/3x+4)((3x+8)x/3x+4 +15x—3)+9—;>0

V3x+4-3x+7>0

Néux<1thi{ =VT>0

J2x-3-x+2>0

Bai toan duoc giai quyét.

Cau 11: Gidi phuong trinh 33x -2 +x* —x—6=(2x—-3)vJ/x -2

Gidi
Ta co 3m+x2—x—6=(2x—3)m
& 3(Px=2-1)+x* -x=3-(2x-3)Vx-2 =0
@3(m—1)+(m—1)(xm—2+3):0

2
Ta ludn co: x\/x—2—x+3=\/x—2(\/x—2—%) +£\/x—2 +1>0vx=>2

Ix=2>1 Ix=-2<1
Néu x>3= 1'% VT >0. Néu x<3=1 "~ VT <0
Jx=2>1 Vx—-2<1

Cau 12: Giai phuong trinh (2x+3 +2x+2 )(x+3) =2x* +11x+10

Gidi
Ta 06 (2x+3 +24x+2)(x+3) = 2x" +11x+10
<:>(\3/2x+3—x—1)(x+3)+2\/x+2(x+3)—x2—7x—7:O
c>(3/2x+3—x—1)(x+3)—(x+5—\/ —2)(x+1—\/x+2):0
(\/x+2—1)2 +x+7
>

Taludn c6: x+5—-+x+2 = 5 0
) - Y2x+3 <x+1
Néu x > 1+\/§:> : * suy ra VI <0
2 x+2 <x+1
11— _ Y2x+3 >x+1
Néu = \/§<x< 1+\/§:> X A suyra VI >0
2 2 Ix+2>x+1
Néu —23x<‘1_2*/g:>32x+3+1zo. Vay ta duoc:

(%/2><+3+2Jx+2)(x+3)—2x2—11x—10

> (24x+2 ~1)(x+3)-2x" ~11x~10
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(19vx243) (Vxr2 = 1)+ (x-1)(20x+2-1) ;
=— > >

Cau 13: Giai phuong trinh x3/x —1+2v2x -3 +2x*> ~9x+6 =0

Gidi
Ta céd xAx—1+2/2x-3+2x*-9x+6=0

& x(Vx=1-1)+(V2x=3-1)(x+(x=2)v2x=3) =0
Ta ludn c6: x+(x—2)v2x—3 :%(3\/2x—3 +5)(3v2x-3 —1)2 +§ >0

Ix-1>1
Néu x>2=1 suyra VI >0
V2x-3>1
’ Ix-1<1
Néu x<2= suy ra VI <0
V2x-3 <1
Cau 14: Giai phuong trinh 63/3x+2 -18vx+2 =x> —x—26

Gidi

Taco 633x+2 —18Vx+2 =x>—x—26

<:)6(\3/3x+2—x):x2 —7x—26+18x+2
& 6(Pxr2-x)=(Vxr2-1) (Vxr2-2)(Vx+2 +4)
=2(ax+2 +1)2(€/3x+2 —2)+(M—1)2(M—2)(M+4)=0

Y3x+2>2
Jx+2>1

J3Ix+2 <2
Jx+2<1

Néu x>2:>{ suyra VI >0

Néu x<2:{ suy ra VI <0. Ddu "=" sy ra khi x=-1

Cau 15: Giai phuong trinh 4x +16+23/2x* -1 =(2x* —2x+7 )y1-3x

Gidi
Taco 4x2 +16+232x* -1 = (2x2 —2x+7)\/1 —3x
o 2(%/2x2 1 +5x+4)=(\/1—3x ~2)(2x* ~2x+3-241-3x)

2
2x? —2x+3-2+1-3x :2x2+§+§(\/1—3x—%j >0

2x% —1+(5x+4)" =(x+1)(125x* +177x +63)

J3x+2+5x+4>0
NJ1-3x <2

Ta ludn co:
suy ra VI > VP

Néu x>—1:>{
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A3x+2+5x+4<0
J1-3x>2

Néux<—1:>{ suy ra VT < VP

Cau 16: Gidi phuong trinh 3v/x—13/2x -3 =2x” + 14x—33

Gidi
Ta c6 3v/x-132x-3 =2x> +14x-33
& 3x=1(2x=3-3x+5)+3(3x~5)vx~1-2x" ~14x+33 =0

& 3Yx=1(2x=3 -3x+5)+(Vx—1-1)(7x—24—(2x+9)vx~1) =0
2
Ta co: 7x—24—(2x+9)x~1=-2 x—1(\/x—1—£j —%\/x—1—17<0 va

2x—3-(3x-5) =—(x-2)(27x> -81x+61)

Y2x-3-3x+5<0

Né’u1£x<2:>{ =VT>0

Jx-1>1
J2x-3-3x+5>0

Né'ux>2:>{ =VT<0

Vvx-1<1

Cau 17: Giai phuong trinh {/x—3 +2v2x+1=4x-9

Gidi

Taco Yx—3 +22x+1 :4x—9@(é/ﬁ—2x+7):(\/2x+1 —3)(J2x+1 +1)

Xét ham f(x)=x5/x—3—2x+7:>f'(x)=;4—2.
53(x—3)
1
43
/100000
Lap Bang Bién Thién ta duoc:
Néu x >4 thi f(x)<0= VT <VP

Néu x<4 thi f(x)>0= VT >VP

Vay f'(x)=0=x==*

Xem thém 6 phdn gidi phuong trinh bang phuong phdp ham s6'!
B. KY THUAT PANH GIA THEO CUM
Tinh chat. Cho cac ham s6 f(x), g(x)xéc dinh trén D. Néu:
. MDinf(x)=m1; 1\/IDing(x)=m2 = f(x)+g(x)>m,+m, VxeD.
. ngf(x):Ml; Méaxg(x):M2 = f(x)+g(x)<M, +M, vxeD.
f(x)=m
g(x)=m

PAau tién chung ta sé di vao cac bai toan st dung phuong phap phan tich téng binh

. MDinf(x):m; MDaxg(x)=m = f(x)=g(x) <:>{

phuong SOS. DAu tién dé lam theo cach nay ta sé lam theo cac budc sau va chd ¥ réng
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dang 4p dung cho da s6 nhiing bai cac cdn dang dung don 1é,da thac trong céac cin cung

bac hodc mot s6 bai c6 thé khong va c6 nghiém kép

Buéc 1. Tim nghiém cta phuong trinh

Buéc 2. Tim nhan ti cha nghiém don cho tung can

Budc 3. Xac dinh ddu cua vé trai va timg nhan ta, néu tat ca cung dau thi khi d6 phan tich
2 2 2

phuong trinh thanh oc( f(x) —a) +B( £ (x) —b) +...+§( £, (x) —z) =0

Vé6i a,B,...,& cung ddu, /f(x)—a;/f; (x) —b la nhitng nhéan tir chita nghiém don vira tim

duoc.

Cau 1: Giai phuong trinh v/3x° +2x% +2 +1/-3x° + x> +2x—1 = 2x% +2x +2
Dé thi thir THPT Qudc Gia 2016 lan 1 - THPT Chuyén DH Su pham - Ha N§i

Gidi
V33 +2x2+2 =1

B +xr+2x-1=1

Ta c6 nghiém cta phuong trinh la x=-1 va khi x=-1 thi

Nhan thay réng VT <0 nén ta sé tach phuong trinh thanh:
Loi gidi ngdn gon cda bai nay nhu sau:
V3 + 257 +2 +4/-3x7 3% +2x —1 = 2x% + 2x + 2

2 2
o 2(Varada) LV Ee e 11 -1 =0

3x°+2x*+2-1=0

D& thay ring VT <0 nén d&u "=" chi xay ra khi {v-3x> +x* +2x-1-1=0 < x=-1
x+1=0

Vay x =-1 la nghiém duy nhét cta phuong trinh.

Cau 2: Gidi phuong trinh 2v/x> —2x—1+2+4/x% = 2x +2 +3v—x? +2x+3 =0

Gidi
Bién d6i phuong trinh tuong duong
243 = 2x—1+24x% = 2x +2 +33—x* +2x+3 =0

(W mant-1) L a2 2] (e a1 o

bén day bai toan da duoc giai quyét!

Bai tap tuong tu.

VXx=2+4—-x=x>-6x+11
1 2 1 2 2
D/s: _E( x—2—1) —E(\/4—x—1) —-(x=3)"=0

V2x =1 +2x+3 +7/2x+2 +12/5—x = 2x + 41
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P/s: —%<\/2x—1 1) —%(M—zf —%(\/2x+2—2)2 -3(V5-x-2) =0

B X+ x+1+32453 —4x% +7x—12
xt+x*+16x-11

Cau 3: Chtng minh rang: f(x) —1<0Vx e[3;+0)

Gidi

223 a) (KB ) (W)

1
Ta co: f(x)==- <
() 2 xt+x%+16x-11
24x =3 -Yx*=x+4=0
Do d6 ddu "=" xay ra < {vx-3-1=0 < x=3

NP =x+4-4=0

Vay bai toan da dugc giai quyét!

Cau 4: Giai phuong trinh 12x% +16x +1—2+/24x +12x% —6x — 44/x> —x = 44/8x> +9x* +x

Gidi

DPiéu kién: 24x° +12x* —6x>0; x> —x>0;8x> +9x* +x > 0.

(6x—2\/6x(4x2+2x—1)+4x2+2x—1)+(1—2 4x2—4x+4x2—4x)

+[4x2 +ax—2,[(4x +4x) (1 +8x) +1+8x}:O
<:>(\/&—\/4x2 +2x—1)2+(1—\/4x2—4x)2 +(\/4x2+4x—\/1+8x)2 ~0
\/&—\/4x2 +2x-1=0
142

S {1-4x*—4x =0 <:>4x2—4x—1=0©x=T-

VAX? +4x —J1+8x =0

1 1
Cau 5: Gidi phuong trinh 3x + + =2(42x-7 +¥x-3 +5
SRR 2x=7  /x-3 ( )
Gidi
2x—-7>0
biéu kién:{ e <:>x>z- Phuong trinh
x-3>0 2
1 1
| (2x-7)-232x -7 + +|(x—=3)-2¥x-3 + }:0
{( ) \/2x—7} {( ) x—3
2)\2 1 2 2\2 1 2
s ((Y2x-7 ) —2\4/2X—7+(—j +( Yx-3 ) —2\4/X—3+£ j =0
(( ) hox—_7 ( ) Ix-3
2 1 2 2 1 T
@[(\4/2x—7) - } +{(4x—3) - } =0
2x -7 Yx-3
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(BT 0 (5]
= B = o x=4
(4X_3)2_4x1—3:o (4X_3)3: X

Cau 6: Giai phuong trinh V9x® —18x% +4/36x% —9x° = x* +9.

Gidi

2
a=+9x"—18x; b=+/36x>-9x* (a,b>0) _atbt .

a’+b?

Taco: a+b=

+9 <:>(a2—18a+81)+(b2—18b+81)=0

=(a-9)+(b-9)'=0 <a=b=9.

Céc bai toan trén déu la céc bai toan don gian, vay cau hdi dit ra la néu céc bai toan kho
hon va chat hon thi cac hé s6 dang trude cac téng binh phuong c6 thé 1 vai s6 bi &m hodc
khong thé dua vé dang tong SOS thi sao? Du6i day ta sé tim hiéu mot cach khac ma minh
goi 1a SOS khong hoan toan. Nguyén tic ctia phuong phap nay 1a ta sé xtt ly cac biéu thtc
chta nghiém kép tir don gidn t6i phtc tap dé gidi quyét cac bai toan. Cac budc lam nhu
sau. Ta xét phuong trinh f(x)=0.

Buéc 1. Sdp xép do phtic tap ctia cac cin trong phuong trinh ting dan, vi du trong phuong
trinh 6 2 can 1a Vx+1,vx2+1,3x* +1 thi phtc tap tang tir trdi qua phai.

Budc 2. Tim biéu thiic chtta nghiém kép cho cac biéu thiic don gidn trudc, néu c6 3 biéu
thic thi ta tim cho 2 biéu thic truée. Cht ¥ ta chi 1dy nhitng nhan t cting dau v6i vé trai
ctia phuong trinh, nhitng nhan t khong cung dau ta sé xt Iy bang budc thi 3.

Budc 3. Ta don tat cd phan con lai vao mot biéu thic va chimg minh biéu thac d6 cung
dau véi vé trai ta dang xét c6 thé bing phan tich nhan tir hodc dao ham, bat dang thuc!

Dé hiéu rd hon phuong phép ta di vao cac vi du cu thé!

41 -x +«/2x—1 363

Cau 1: Giai phuong trinh
X 1-x

Gidi
Budc dau tién bao gio cing 1a di tim nghiém. Ta dugc 1 nghiém x = % .

Kiém tra nghiém bdi ta co:

4(1—x)\/1—x+x\/2x—1 —3\/§x(1—x)

lim =0
X% 3x-2
i A1-X)VI-x +x\/2x—21 ~33x(1-x) L0
X—% (3)(—2)

= X= % la nghiém kép.
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4(1-x)v1-x+ax+b=0
XV2x—=14+cx+d=0 .

x\/2x—1—\/§x+@:

Khi d6 sé tim duoc 2 nhan ta la

4(1-x)N1-x +24/3x~ 16[
Phan tich nhan t ttmg cum 1 stt dung cong thtc chia 2 can ta duogc:

1. 4(1-x)VT-x +243x 16‘/— ( T x \/_J(g,\/i )

Tim nhén t@ ting cum, gia st nhan tt cé dang;: {

9

2. x\/2x—1—\/§x+4\/§ = (3 -1 _\/5)3
9 54

Nhin vao ré rang thdy nhan t tht 2 khong c6 cung dau v6i bai toan do chtra nghiém boi 3

nén ta sé lam manh tay hon la phan tich nhan t ca cum:

—3\/§x(1—x)—2\/§x+ 16;/5 +x+4/2x-1 voi hy vong ca cum do6 sé ludn duong. That vay ta

duoc: —3\/§x(1 —x)—2\/§x + 16\/5 +x4/2x—-1
(m_i] [zﬁ WJZO

Vay loi giai la:

4(1—x)«/1—x+x«/2x—1:3\/§x(1—x)
@&Lm—glz(zﬁMH){\/ —£) [2\/2x L0 64)*/5 -0

3

>0

J1_—£=0

Dé thay VT >0 nén dau “=" xay ra khi o x= %

\N2x - [

Nhan xét. O day minh da sa dung huéng phan tich nhan t, tuy nhién dang st dung mot
chat may tinh, tat nhién cac ban c6 thé dit timg cai cdn mot réi thé vao cum di theo n6 dé
dua né trd thanh da thuac réi phan tich nhan ta, cudi cang thé nguoc lai thi cting duoc, tuy
nhién sé kha mat thoi gian. Vi thé 1oi khuyén cho nhiing ban nao khéng dung may tinh

doan vé sau la cac ban c6 thé st dung dao ham dé xu 1y cac cum nhan ti do!

Cau 2: Gidi phuong trinh (x—3)[%x+\/;j = (x=1)V2x+1+3x -11.

Gidi
Piéu kién x > 0.
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PT tuong duong voi: (x—3)<x+2\/;):2(x—1)\/2x+1 +6/x —22.
e[ (x=1) =2(x=1)V2x+T+2x+1 |+ (2x/x ~3x =124/ +20) =0
& (x-1-v2x+1) +(2xx ~3x-124x+20) =0 ()

Pit JVx =a (a>0), xétham s6 f(a)=2a’-3a”-12a+20,a>0
Taco f'(a)=6a’-6a—12 =f'(a)=0<a=2 (doa>0)

Lap bang bién thién cho ta Minf(a)=0 < a=2 hay:

[0+oo)
2x4/x —=3x—12/x +20>0, Vx>0
x—1=+2x+1
Ix =2

Véy x =4 la nghiém cua phuong trinh da cho.

><
I
L

T do6 taco: (*) < {

Nhdn xét. Bai toan nay phan tich dugc déu nho ddu hiéu cta biéu thic ding trude can va
chting minh phan con lai cing ddu véi mot vé& dang xét bang phuong phap dao ham nhu
bai toan minh da néi 6 trén.

Bai tap tuong tu.

X! —4x° +6x" —3x+3=/2x+2 +{2x -1

ox-1 1) (sz 1+24/2x— 1+3)
4

=0

D/s: (><—1)2+i(szﬁ—2)2 (
x+§+3x2:2 X — 4+ Ax—1+ 2% +4x

B/s: (x—\/x37—) N (m 2x)((2x+3)m+2x2+6x):0
32 +12x+1 = 445 +x +2x/Ax —1 +24/4x - x*

D/s: (m—1)2+(x—M)2+ (X2_4X+1)2

=0

X2+ 4x+1+4+x% +x

Cau 3: Giai phuong trinh —— X435 _ 42 !

\/; B —x+1

Piéu kién x > 0.

Phuong trinh da cho tuong duong véi: (3&+ % - 6) + (2 —X—HJ =0
X

vx?=x+1

2_ J— —
@3(\/;+L_2j+ 29X —x+1-x-1 0
Jx I —x+1
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2 2 X—1:0
1 3(x—1)
=3 \/x——j + =0 < 1 = x=1.
( VX (2 x2—x+1+x+1)\/x2—x+1 VX = /—X=0

Cau 4: Gidi phuong trinh v3x—7 +(4x—7)+7 —x =32.

Gidi
4 . 14 . ~ 2 el
biéu kién ng£7. it a=v7-x |0<ac< 3 | Phuong tinh da cho tré thanh

J14-3a® —4a’ +21a-32=0. Tac6 0<f(a)=+14-3a’ <14

14

Taco g(a)=-4a’+21a-32, 0<a< ,f?

=-32+77

g

=g'(a)=-12a"+21 :>—32=g(0)£g(a)£g[7

Do d6 f(a)+g(a)<-32 +7J7 +14 <0. Hay phuong trinh da cho vo nghiém.

/ 2
Cau 5: Giai phuong trinh > S+3vI-x = L
4-x* 8J1-x* +8-2x> 2+V5-x+3+x
Gidi

Piéu kién -1<x<1. Ta cé:

2@Sﬂ+x/mg\/(1+1)(5—x+3+x):4 :>E< 13 f(x)

6 2+5-x+3+x

Hay 1[\/111]1f(x):% oSx=1 (1).Dét 1-x*=a (aZO),tacé:

-1;1

4 5+31-x* 4 543 _ 4 1 1
4-x> 8J1-x*+8-2x* 3+a’ Ba+6+2a® 3+a’ (a+3) 2(a+1)
Xét ham s&: g(a)=3;la2 +(a41—3)+2(a1+1)’ a>0.
Ta c6 g'(a):—(afj?))2 _2(ai—1)2 _(a+13)2 <0, Va>0, hay ham s6 nghich bién trén
[0;+OO).Dodc’):g(a)Sg(O):%t&clé: 4, s 13

4-x" 8J1-x>+8-2x> 6
Déu ‘=" xay ra < x=+1. Két hop (1) va (2) cho ta nghiém cta phuong trinh 1a x=1.
C. KY THUAT SU DUNG BAT PANG THUC CO PIEN

Cau 1: Giai phuong trinh 13vx% —x* +9vx* +x* =16
Tién si Tran Nam Diing - Pai hoc khoa hoc ty nhién - DHQG TP.HCM
bé nghi Olympic 30/4/2011 - THPT Chuyén Lé Hong Phong - TH.HCM

Gidi
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V6i a,p > 0. Ta st dung bat dang thic AM - GM ta c6:

13 /XZ = 13 N (1—X2) SE_OLZXZ +£1—x2) _ 13(a2_1)xz+13
(08

o 20
o +xt =23 Bzxz(l+x2)£2~B2X2+(1+X2):9<B2+1)X2+9
p p 2 2B
2 2
:>13\/x2—x4+9\/x2+x4<r3(a 1)+9(B +1)]x2 18,2
20 2B 200 2B
Déu “=" xdy ra < (o’ +1)x* =(B*-1)x* =1
o +1=p>-1 a=l
Chon o, p >0 théa man 13((12—1) 9([32+1) & 2 L VT<16=VP
+ =0 BZE
20 28 >

25

Déu “=" xdy ra x = =

Ngoai ra ta c6 thé ding dao ham gidi bai nay. it £(x)=13vx* -x* +9Vx* +x* ham f(x)
13(—2x3+x) 9(2x3+x)
+ :
I = x I+
() 13(—2x3+x) 9(2x3+x) 0 13(2x2—1)\/x2+1 :9(2x2+1)\/1—x2
X)= + =0
NN I + x4 x=0(L)
o
xe|—;1
- 2

(5><2 —4)(200x4 +160x> —22) =0

lién tuc trén [0;1] . Ta co: f'(x) =

Dé thay véi xe{%;l} thi 200x* +160x* —22>108 >0, nén f'(x):0c>x:¥.

Do ham f'(x) d6i dau tix (+)=(—) khiqua % nén dat cuc dai tai

x=& :f(x)éf[&J:%:VP.
5 5

Bai toan da dugc giai quyét!

Cau 2: Giai phuong trinh x* —3x* —8x+ 40— 8%/4x +4 =0
Trich dé thi HSG Qudc Gia - Bang A - 1995

bé nghi Olympic 30/4/2014 - THPT Chuyén Lé Quy Don - Ninh Thugdn
Gidi
Ta dé& dang thay phuong trinh c6 nghiém x =3 nén ta sé diing bat déng thiac AM - GM dé

M-G’

A M
khit cin. Ta c6: 844x+4 = §f(4x+4).161616 < x+13.
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Khi dé VTZx3—3x2—8x+40—(x+13):(x—3)2(x+3)ZOsz—l.

Vay dau “=" xay ra khi x=3
Cau 3: Giai phuong trinh xvX +—— = 63/3x 4

=

Gidi
Nhin vao phuong trinh ta thdy VT >0 nén diéu kién c6 nghiém 1a x > %

AM-GM
XA/ X X\/_ 32 6 \/;

Ap dung bat déng thice AM - GM ta c6: x+/x + >

X\/_ 2 X\/_
Khi d6 ta can ching minh : Ix>3Bx—4 o xx>3x—-4 = (&—2)2 (\/;+1) >0 ludn dung.
Vay VT 2 VP . Dau “=" xay ra khi x=4

Cau 4: Giai phuong trinh U +x=T 44— +x+1 =% —x+2

Gidi
+b

Cach 1: Dang bat déng thic dang +/ab < 2

- 2
Vx2 +x— =4/1.(x2+x—1)AMSGMX 2+X

Ta co: AMLGM 2 5
\/—x2+x+1=\/1.(—x2+x+1) < X IXTS
2
2
. , VX +x=-1=1
= VT <x+1. Dau “=" xay ra khi <x=1.
X +x+1=1
Lai c6 VP=x*-2x+1+x+1=(x-1)"+(x+1)>x+1. Ddu “=” xdy ra khi x=1. Nén

VT <VP.D4au “=" xady ra tai x=1 nén x=1 la nghiém duy nhat cia phuong trinh.
Cach 2: Diing bat ding thiic Bunhiacopxki.

VT =14 +x-1 +1.\/—x2+x+1Bunhi20Pin\/(12+12)(x2+x—1+x—xz+1) —2Jx
VP2 =x* —x+2- 20 =x* - 2x+ T x—23x + 1= (x~1) +(Vx 1) 20

Do d6 ddu “=" chi xay ra khi x=1.
Cach 3: Phan tich tong binh phuong SOS.

Ta co:

2 2
X2—X+2—\/X2+X—1—\/—X2+X+1ZOQ%( x2+x—1—1) +%(\/—x2+x+1—1) +(x—1)2:O

Ta co:

VX2 +x-1=1
Dé dang nhan thady VP - VT > 0. Nén ddu “=" xay ra khi {v-x*+x+1=1<x=1.
x=1=0
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Cau 5: Gidi phuong trinh v8—x? + 2 2 _5_ 1+X
X X

Gidi
V6i bai toan nay ta dé dang thay rdng phuong trinh c6 nghiém kép x =2. Do d6 ta sé st
dung bat dang thitc AM - GM sao cho ddu dang thuc phai xay ra tai x =2.

W2
Dé c6 dugc diéu d6 ta phan tich nhu sau v8—x* =2 % 8—x° < %Jr 8-x
m m

8 —x?

m

Déu dang thtc xay ra khi va chi khi % = e m’=4(8-x7).

2

2
Véi x=2=m=4. Tirdé ta c68—x* =1J (8—x2) Sﬂ:3—x—.

4
/x - /m x> =2 cmo x* —
4 2mx? 4 me
D4u déng thic xay ra khi va chi khi: —: (x —2)
Cho x=2 = m=1 nén ta cé: JX — X _ _22+1=§_i2
2x 2x 4 4 x

Loi gidi: Diéu kién < 42 _ =
X250 [V2sx<2\2

Ap dung bat ddng thie AM - GM ta c6 cac danh gia:

1 448-x
x/8—x2:§1/ (8—x2)s%=3—"z.

D4u déng thic xay ra khi va chi khi: 8—-x* =4 < x=12

SR x— 213 1
2x 4 4 x?

:— & x =12,

8—x2>0 {—Zﬁﬁxﬁ—ﬁ

2x

D4u déng thic xay ra khi va chi khi:

2
V6i hai danh gid nay tir phuong trinh da cho ta cé:

2 2 2
5. X+l 5, x 3 1 @(5—1) +(1—1J <0.

X 4 4 X 2 x 2
X_1=0
D4u déng thic xay ra khi va chi khi: i " Sx=2
220
x 2

Vay phuong trinh da cho c6 nghiém duy nhat x =2.

2(x*+1
Cau 6: Giai phuong trinh % =X, /x—% +4/1-x
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Gidi

Bai nay khaé la co ban ap dung bat dang thac Cauchy - Schwarz la ra ngay. Ta c6:

x\/:+ﬂ<\/x +1)(x—%+1 X) 2(X3+1)=VT

Dau “=" xay ra khi & XX —
y ,—_ 1 /—X =

1
—<:>x —x*—x+==0
3 3

1
&3 -3x2-3x+1=0=(x-1) =2x* &> x=———
(x-1) 1+/2

Vay bai toan da dugc giai quyét!

Cau 7: Gidi phuong trinh x* —12x% +38x* —12x =67 +/x+1++7-x =0
Dé thi thir THPT Qudc Gia 2016 - Lan 2 - Chuyén Vinh Phiic

Gidi
Cach 1: Dung bat dang thic Cauchy

Ta c6: x+1+7— ——2\/x+1+ 27 —x < (”5 11- Xj 4.

2 2
Khi d6 VT <(x-3)’ (x2—6x—7)=(x—3) (x+1)(x-7)<0.
Vx+1=2
Déu “=" xay ra khi{ X < x=3

N7 -x=2

Cach 2: Phan tich tong binh phuong:

Ta cé:

x* —12x° +38x” —12x =67 +/x+1+7 —x =0

@—%(M—z)z —%(\/ﬁ—z)2 —(x=3) (x+1)(7-x)=0
Khong kho6 dé nhan ra v6i x e[-1;7] thi VT <0. Do d6 ddu “=" xay ra khi x=3
Vay x =3 la nghiém duy nhét caa phuong trinh.

Cau 8: Gii phuong trinh 3%/x +42—x +43-2x =5.

Gidi
Str dung lién tiép bat dang thitc AM - GM ta c6 cac danh gia:

(&H) x+3 _ ..o _3(x+3)
Yx < " :3&37

m<\/2—x +1 < 5-x

4

W \/3 2X+1 6 2x

4
Cong vé theo vé cac danh gia nay ta thu duoc: 3\/§+ Y2-x+43-2x<5
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D&u déng thtc xay ra khi va chi khi x =1
Vay phuong trinh c6 nghiém duy nhét x =1.

32(Vx=T++x+2)
(2vx—T+Vx+2)

Cau 9: Gidi phuong trinh 9vx+2 + =24

Gidi
Y tudng cta bai todn nay van nhu cac bai toan khéc, ta van sé danh gia VT >24 . Nhung
tuy nhién dé nguyén nhu thé nay thi chua lam &n duoc g, ta sé lién hop tt ctia phan thiec.

Ta co:

ONVX+2 +

32(\/ﬁ+m2):24®9m+ % oy
(2@#@) (2\/x—1+\/x+2) (Jx+2—Jx—1)

& 6(VxF2 —yx—1)+3(2x—T+x+2)+ 2 -2
(2\/x—1 +\/x+2) (\/x+2—\/x—1)

Khi d6 ap dung Cauchy cho 4 s6: 6a :6(\/x+2 —\/x—l);%b = %(2\/x—1 +\/x+2)

3. 3 9% 9%
Sb=2(2Jx-T+4/x+2); = duoc:
0y (BT )(Jx+2—Jx—1)(2Jx—1+Jx+2)2 ab? 4

Cauch
6as 2bs 3ps 20 Y44/6.3.3.962.a.b.b o yp
2 2 ab ab

3

ba=—b
Vay dau “=" xay ra khi 296 ob=4acx=2
6a:—2
ab

Cau 10: Giadi phuong trinh
12x* +16x+1 —2\/24x3 +12x% —6x —4\/x2 —x —44/8x* +9x*> +x =0

Gidi

Ta co:

127 +16x+1-224x7 +12x% —6x —44/x? —x —448x° + 9x* +x =0
& 12x2 +16x+1-2,[6x (4x2 +2x—1) =2,/4(x* —x) ~2,/4(x* +x) (8x+1) =0

6x = 4x> +2x-1
N ; N 1+ \/E 2 A p xe 3% p
Phuong trinh c6 nghiém x = — = 4(x - x) =1 . Nén ta 4p dung bat dang thtc

8x+1:4(x2+x)
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2\/6x(4x2 +2x-1) <4 +8x -1

AM - GM ta duoc: {2 4(x2—x) £4(x2—x)+1

2,/4(x* +x)(8x+1) <4x* + 4x+8x+1

1+\/§

Khi @6 VT 20. Dau “=" xay ra khi x = >

Ngoai ra néu khong thich ta c6 thé st dung cach ghép hing déng thic nhu sau:
1257 +16x+1-2v24x7 +12x% —6x — 44/x* —x — 44/8x* +9x* +x =0
& 6X—2\/6X(4X2 +2x—1) +4x7 +2x —1+1-2v4x* —4x +4x* —4x

+x?+4-2,(4x +4x)(8x+1) +8x+1=0

@(\/&—\/4% +2x—1)2+(\/4x2 —4x—1)2+(\/4x2 +4><—\/em)2 -0

bén day bai toan da dugc giai quyét!

Cau 11: Giai phuong trinh 2(2x+1)v/x+1 +(4—x)~2-2x = 6x% +2.

Gidi
x+1>0

< -1<x<1.
2-2x2>0

Piéu kién: {

Nhén xét voi x = +1 khong thoa phuong trinh da cho.
V6i —-1<x <1, ta st dung bat ddng thiac B.C.S ta c6:

\/E(2x+1)\/2x+2+(4—x)\/2—2xS\/(2(2x+1)2+(4—x)2)(2x+2+2—2x):6\/x2+2.
\/§(2x+1)_ 4-x ©2x+1_ 4-x

P2x+2 2-2x T Wx+1 J2-2x

& (2x+1)V2-2x = (4-x)Vx+1 = (2x+1) (2-2x) = (4—x)(x+1)’

& x*=3x"+6x+14=0 (1)

D4u déng thuc xay ra khi va chi khi:

V6i (1) ta co: x° —3x% +6x+14=(x—1)’ +(3x+15).
Mavéi: -1<x<1 =-8<(x-1) <0; 12<3x+15<18 =4 <(x~1)’ +3x+15<18.
Do &6 (1) v6 nghiém nén dau déng thtc khong xay ra.

Vay phuong trinh da cho vo nghiém.

Cau 12: Gidi phuong trinh (x+3)Vx+1+x* +x+4= (2\/E+3)(X2 -x* +2x)

Gidi
O day do VT-VP >0 ma néu sit dung Cauchy cho +/x+1 thi bat ding thic bi nguoc
chiéu, dé khic phuc ta sé tim nhan tit cho (x+3)vx+1, ta dugc (x+3)vVx+1- 2\/E(X +1).

Nhan ttr nay cung chiéu véi bai toan nén ta sé dung Cauchy dé ching minh.
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Tacor (x+3)Sx T =(Vxr1) +24501 2 2,2(VrrT) VxrT =242 (x+1)

Khi d6 VT - VP =(x~1)"[ (2x+2)v2+3x+4 >0

Déu “=" xdy rakhi (Vx+1) =2Jx+1 e x=1.

Cau 13: Giai phuong trinh #x* +x% =1 +4/x* —x* +1 = 2x

Gidi

Cach 1: bit { :>(a+b)4 :8(a4+b4)

Ix*+x*-1=a {a+b=2x

Ix*-x*+1=b (a'+b'=2x"

(a+b)4 (az+2ab+b2)2 AM—GM(a2+b2):a4+b4+2a2b2 iy

Ta co: = < <a'+b*
8 8 2 2

Dau“=" xdyrakhi a=bo {x* +x* -1 ={x* -’ +1 = x=1

Céch 2:

Ta co:

2 Bunhiacopxki

1. ((‘/x4+xz—1+‘\*/x4—x2+1) < 2(\/x4+x2—1+\/x4—x2+1)

Bunhiacopxki

2. 2(Jx4+x2—1+Jx4—x2+1) < 22X - Taxt o x41) =448

3. Dodoé VT <VP.D4u “=" xay rakhi x=1.

Cau 14: Giai phuong trinh x* —4x> +6x> = 3x+3 = v2x+2 + ¥2x -1

Gidi
)1 (X+1)AM;GM1.4+2X+2_3+X
Ta co: 2 AMG2M2 1 23 .
Yox—1=11142x-1 < X‘4+ =XJ2f
4
Khi do vr_Xt3_x+1_2(x=1)

2 2 2

Déu “=" xay ra khi x=1

Cau 15: Giai phuong trinh x + 43 2% =4 +44x =1 +2x° + 4x
X

Gidi
DAu tién ta s nhan x 1én dé tiéen danh gia. Khi d6 phuong trinh tré thanh:

35 + X2 +4=2xUx> =4 + 4xx =1 +2x/x° + 4x

Bay gio ta cAn phai chiing minh VT - VP >0. Ta sé bién d6i nhu sau:
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3%’ + X7 + 4= 2x/x° —4 + 4xax—1 +2x3/x +4x

<3 +xP+4-2x x3—4—4x\/H—2xm:0
<:>x2—ZX\/X3_—4+X3—4+x2+4x\/xT1+4(x—1)+2x3—x2—4x+12—2xm:0
@(X—\/X37—4)2+(X—2\/E)2+2X3—X2—4X+12—2Xm=0

Ta di chttng minh 2x° —x? —4x+12 =2xyx> +4x >0.
That vay:
AM-GM 4x% +x° +4x B (x—2)2 (3X+6) S

2x° =X —Ax+12-2x4/x° +4x > 2xX°—x?—4x+12- 5 > >0

x—4x*=4=0
Khi @6 VT 20. D4u “=" x4y ra khi {x-2Jx-1=0<x=2

2x =/x° +4x

Vay x =2 la nghiém duy nhéat cia phuong trinh. Bai todn da duoc giai quyét!

Cau 16: Giai phuong trinh 63/x—-1+642x-3 +5§/(x—1)(2x—3) =8x+1

Gidi
63x—1<2x+2
Ta s& di chng minh {642x—3 < 3x
53(x—1)(2x-3) <3x-1

AM-GM _
6x—1 < 6-L;1+1:2x+2

AM-GM —
That vay, ta c6: 163/2x-3 < 6-2X4j

AMGM _ x—1+2x—-3+3

5)(x-1)(2x-3) < 5- 3x—-1
D) :
Cong vé theo vé 3 bat ddng thtc trén ta sé duge VT < VP
Déu “=" xay ra khi x=2.
5(x2 +4x+9)

Cau 17: Giai phuong trinh 2(x+5)v/1-3x +3x—-10=
2410—6x ++/4+3x +1

Gidi
Ta co:

Bunhiacopxki
1. 2\/10—6x+\/4+3x=2«/10—6x+i~\/6x+8 < @4%:9

2
1 1 5(x +4x+9) 3 +4x+49
2J10-6x +/4+3x+1 10  2J10—-6x +/4+3x+1 2

2. Do d6
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(x+5—2\/1—3x)

2

2
>0

2
Lai co: #—2(“5)\/1—% +3x-10 =

Nén VI <VP

Déu “=" xay ra khi x=-1

Cau 18: Giai phuong trinh:

(x+1)m\/2x+1 +(1—3x)\/1—3xm+(2x+1)\/2x+1\/1—3x =3

Gidi
Cach 1.
a=+/x+1
Pit {b=+2x+1=a2+b*+2=3.
c=+1-3x

Phuong trinh tré thanh: a’b+ac’ +cb’ =3 < 3(a’b+ac’ +cb’)=(a’ +b* +> )2

b=x+a _, . .
bat { N dé dua vé phuong trinh bac 2 an a, phuong trinh tré thanh :
c=y+a

(x* —xy+y*)a* = (x* =5’y +4xy” +y’ Ja+x* =3x’y + 2x’y” +y* =0
C6 A=(x>=5x2y +4xy? +v°) —4(x% —xy +v2 ) (x* =3x>y + 2x2y? +v* ). Do dan o dan
y y *y yry y y *y & &
dang cap nén ta c6 thé dit t = X Quy vé gidi phuong trinh:

—3t° +6t° +9t* —18t° —6t> +12t -3 =0
Nhung tuy nhién phuong trinh nay c6 nghiém thudc phuong trinh bac 3 nén c6 thé gia st
3t 461 +9t* ~18° —6t7 +12t-3=-3(t* +at’ + bt+c)
Doéng nhat he s6 ta sé co: A= —3(x3 -’y =2xy +y° )2 <0.Do d6 VI <VP.
Déu “=" xay ra khi x=0
Ngoai cach ddng nhat hé s ta c6 thé tim du 3 nghiém ctia phuong trinh réi dung viet cho
phuong trinh bac 3
Cach 2.
Bai toan xuat phat tir ding thic sau:
(a2 +b*+c? )2 —3(a3b+b3c+c3a) = Z%(az —2ab+bc+ca—c2)2 >0
cyc
Chting minh:
x=a’—ab+bc

5 , xy +yz+xz=a’b+b’c+c’a
bat ;y=b"—-cb+ca=

5 x+y+z=a’+b’+c’
z=c" —ca+ab
Khi d6 cé:
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(a2 +b2+cz)2 —3(a3b+b3c+c3a):(x+y+z)2—3(xy+yz+xz)
1

kv oy =) 4 (x-2)

:1(612—2ab+bc+ca—c2)2Jrl(b2 —2bc+ca+ab—a2)2 +1(c2 —2c:a+ab+bc—b2)2
2 2 2

Bay gio ta dp dung: Pat azm;b=\/2x+1;c=\/1—3x
Khi d6 ta cé:
(x+1)Vx+T142x+1 +(1-3x)V1-3x/x+1+(2x+1)+2x+141-3x =3
& 6(x+1)Vx+1V2x+1 +6(1-3x)V1-3x+/x+1 +6(2x+1)v2x+1/1-3x 18 =0

2
<:>—(4x—2\/x+1\/2x+1 +x/x+1x/1—3x+\/2x+1\/1—3x)

—(x+\/x+1\/2x+1+x/x+1\/1—3x—2\/2x+1\/1—3x)2
-(

Bx — X+ 12x 1 1 +2\/x+1\/1—3x—\/2x+1\/1—3x)2 ~0

< x=0
Cach 3.
Ta cé:
(x+1)ﬁM+(l—3x)M x+1 +(2x+1)mm
Bunhiacopxki

< \/[(xn)z+(zx+1)2+(1_3x)2}[(x+1)(2x+1)+(2x+1)(1_3x)+(1_3x)(x+1)]

_ \/9—7x2 (14> -3)

Néu 14x*> -3 >0 thi bai toan coi nhu duoc giai quyét!

Néu 14x*-3<0<x e —1;— £ .
2 14

1. Khidé ap dung AM - GM ta co:

(x+1)\/m\/2x+l+(1—3x)\/1—3x x+1+(2x+1)\/2x+1\/1—3x
AMéGM(X+1)(3X+2)+(2X+1)(2_X)+(1—3x)mm

2 2
2
=(1—3x)\/1—3x\/x+1+%+4x+2=3—%(7\/1—3x\/x+1+17x—1)(\/1—3x\/x+1+x—1)
AM-GM ) _
T oaxdxilex-1 < 222X 1=0
2

7N1-3x/x+1 +17x—1£0<:>xe[—1;ﬂ]

109

2. Laicod:

3. Nén VT <3= dpcm
Cach 4.

Ta co:
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(a?+b* +c*) —3(a’b+bc+c’a)= {Za‘* —Za2b2}+3{2a2b2 —Zazbc}—?{Za%—Za%c}

cyc cyc cyc cyc cyc cyc

. 3[Za3b—2a2bc} = 3[Zb3c—2a2bc} =-3% be(a*-b?)

cyc cyc cyc cyc cyc

=_3Zbc(a2 _b2)+2(ab+bc+ca)(a2 —bz)

cyc cyc

= Z:(a2 —bz)(ab+ca—2bc)

cyc

. 3[Za2b2 —Zazbc} = %Z(ab+ac—2bc)2

cyc cyc cyc
. éa‘l —;eﬁbz :%;(az —b2)2

Vay ta thu dugc dang thic:
(a®+b*+c )2 -3(a’b+b’c+c’a)

:%Z(az -b? )2 +%Z(ab+ac—2bc)2 —Z:(a2 —bz)(ab+ac—2bc)

cyc cyc cyc

:%Z(az —b? —ab—ac+2bc)2 >0

cyc

Vay bai toan da dugc giai quyét!

Cau 19: Giai phuong trinh
Y1+ x+¥1—x+4¥1+3x +41-3x = ¥1+2x + Y1 -2x + {1+ 4x + {1 - 4x

Gidi
A 1en 1
biéu kién 3 <x<1.

Thét ra, nét tinh ¥ cta bai todn chinh 1a hai nhan xét:

o Yl+x+¥1-x>41+2x+41-2x v6i moi xe{—%;l}.

o Y1+3x+41-3x>41+4x +¥1-4x v6i moi xe[—%;l}.

Ta chtng minh Naex+¥1-x>41+2x+41-2x (1) v6i moi xe{—%;l}.

That vay, binh phuong hai vé& ctia (1) ta dugc
JT+x +VT=x +241-x% > T+ 2x +1-2x + 241 - 4x>
Mt khac, dé thay rang 1-x” >1-4x> cho nén ta cdn chtmg minh
N1+x+V1-x 24/142x +4/1-2x < 1-x" >1-4x".

biéu nay luon dang, suy ra ta c6 diéu phai ching minh.
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Nhén xét tha (2) ta ching minh hoan toan tuong tu. T d6 suy ra VT > VP.

Déng thic xay ra khi va chi khi x=0.

Véay x =0 la nghiém cua phuong trinh da cho.

Nhan xét. C6 thé thdy bai toan xuat phat tir y tudng ctia nhimg danh gia dang x* >0,
Vx e D. Nhiing 16p bai nhu thé khong nhiéu nhung 101 gidi dep va tu nhién. Tir 101 giai

trén, ta rat ra duogc bat déng thtc kha tha vi: ¥1+nx +¥41-nx > 41+2nx +41-2nx,
n e N. Ngoai ra, 16p cin thtc ctia dé bai cho ta nhé dén mot bé dé bat déng thic nho, 6
nhiéu tng dung “Cho a,b>0 ta c6 Jatd+Jb+4>2+Ja+rb+4” tix day, ta lién hé dén
sut thay d6i can thic, c6 thé cho rnhing bai toan kha dep.

N2x+1 +49\/x—3 _ 11x-8

Cau 20: Gidi phuong trinh =
x+2 2x+6 9

Gidi
Do bai todn c6 nghiém x =4 nén ta sé dung bat déng thtc Cauchy nhu sau:

AM GM
—3\/2x+1 X;5

Ta co: MG 49(x—2)
49x-3 < —
x+5 49(x-2)

Khide VT_Vp<_ 3 42 1x-8 _(x—4) (44x+87)
T x+2  2x+6 9 18(x+2)(2x+6)

Déu “=" xay ra khi x =4

<0.

2

Cau 21: Giai phuong trinh V3x2 1+ —x —x/x +1 = T(7X2 —x+4)

Gidi
Ta sé ap dung bat ddng thtic Bunhiacopxki cho toan bo vé trai cia phuong trinh

Ta co:

Bunhiacopxki

U321+ —x—xax2+1 < \/(12+12+x2)(3x2—1+x2—x+x2+1)
:>\/3x2 -1 +\/X2 —X—X\/X2 +1 S\/(sz —x)(x2 +2)
\/_ 7x* —x+4

Mt ke (50 ) +2) = [2(5¢° -x)2(x*42) L2 2EA vy

Nén ddu “=" chi xay ra khi x=-1

Cau 22: Giai phuong trinh V3x+1+vx+3 =,/(1- 3 2(

x+5+4/2 x +1

Gidi
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3‘2“/;:>f'( X +60x3_ 1 Nen f(x) nghich bién trén

2J(1-x) 2dx

Dt f(x)=(1-x) +

[0;1] :f(x)zf(l):%.

Ta co:
Bunhiacopxki AM-GM Bunhiacopxki X+5+./2 X2 +1

L Bxr1+4x+3 < 22(x+1) < x+3=$ < Vz( )

2. Khidé VTS%SVP
Déu “=" xay ra khi x=1
Cau 23: Giai phuong trinh L =I8XE 2 +8 1?

(x+\/x2 +8) x x
Gidi

Xéthams6 f(x)= % vGi x> 0.

(x+ 5 18]
(x+m)i3(x+my(l+ x j T

Taco f'(x)= 3 X+8) X2+83
(x+\/x2+8) (x+\/x2+8)
f'(x)=0 ©Vx*+8=3x ©x*+8=9x ©x=1 (x>0)

Lap bang bién thién ta thdy maxf(x)=f(1)= é, Vx>0

Suy ra f(x)sé < 576f(x)<9, Vx>0.

D&u dang thtic xay ra khi va chi khi x =1. M4t khac theo bat ddng thic B.C.S ta c6:

A g (L] a5

X X

2
Tt do6 ta co x:gzl(&+gj = {x+gzl( X+Ej
x- 16 X x° 4 X
Vay 3x—%+8 /x g>3x—— [\/_+—j 3x+2\/§+é
X X X

Theo bat déng thic AM-GM ta lai 6 3x+2\/§+é=3(x+1j+(\/;+ x+1)26+3:9.
X X

X
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Do d6 3x—%+8,/x+g >9. Dau dang thtc xay ra khi va chi khi =1 o x=1.
X X

Vay LS9S3X—%+8‘/X+E . Péng thuc xay ra khi va chi khi x=1.
X

(x+ e +8) x

Cau 24: Gidi phuong trinh 3x° +x*> —2x+4=2,/3 (x5 +xt+ 1)

Gidi

Dé thay néu 4p dung bat dang thicc Cauchy luon thi ta duoc:

Cauchy
21/3(x5+x4+1) < X +x*+4.
Khi d6 VT—VPZ3X3+X2—2X+4—X5—X2—4=(X—1)2(—X3—3X2—2X), ta chua thé xac

dinh dugc dau cta bat ding thic. Do d6 nay ra y tuéng phan tich da thic trong can thanh
nhan t& thi khi d6 sé d& dang dimng bat dang thac danh gid dugc. Pé phan tich dugc ta sé
lam nhu sau:
Do f(x)=x"+x"+1=0 khong c6 nghiém hitu ty tac 1a khong phan tich duoc dudi dang
(ax+b).f(x) nén ta s& gia str f(x)=(x" +ax+1)(x’ +bx+c+1). C6 thé gia st nhur vay do:
1. Phuong trinh chi c6 1 nghiém 1é duy nhat ma nghiém nay khong cing thuoc 1
phuong trinh bac 2 nao nén néu phan tich duoc dudi dang mot da thtce bac 2
nhan v6i mot da thiic bac 3 thi da thic bac 2 phai vo nghiém.
2. Do hé s6 tu do bang 1 va két hop véi li do trén ta sé viét dugc phuong trinh dudi
dang trén.
Khi d6 cé:

(x2+ax+1)(x3+bx+c+1):x5+x4(a+b)+x3(ab+c+1)+x2 (ac+b+1)+x(a+c)+1

a+b=1 _1
. ) ) ab+c+1=0 —c+b-bc+c=0 [b(1-c)=0 a=
Dong nhat hé so6 ta duogc: & ) & <<:b=0
ac+b+1=0 |2b-c*-c=0 2b-c*-c=0 1
a+c=0 -
Vay x°+x* +1=(x +x+1)(x* —=x+1)
Khi d6 ap dung bat dang thicc AM - GM ta duoc:
AM-GM x2+x+1+3(x3—x+1)
2. 03(x° +x*+1) =2,/3(x* +x+1)(x* =x+1) < 2. =VT
P -2 e ) :
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x=0
Dau “=" xay ra khi x* +X+1=3(X3—X+1)<:>(x—1)(3x2 +2x—2)=0<:> - _1;\/7
__1+\/7
3

Tht lai thay thoa man. Vay bai toan da duoc giai quyét!
Nhan xét
Ngoai cach déng nhat hé s6 nhu trén ta c6 thé duing Casio phan tich nhan tu.
Chuyén may sang mdi truong s6 phiic [MODE]2]. Khi d6 dung thuét toan lap Newton -

Rapshon ta sé phan tich phuong trinh nay. Trudc hét ta can biét:

- f(x,
1. Xétday x,., =x, _%

2. Khidonéu lim=k thi k 1a nghiém cta phuong trinh f(x)=0.

X—>0

va mot hang s6 x, cho trudc.

Do d6 dé phan tich phuong trinh nay ta cdn tinh f'(x)=5x"+4x’ cta ham
f(x)=x"+x*+1.
X+ X +1

Tiép theo nhap vao may biéu thic: X=X-—" —
P P y 5X* 14X

. Do phuong trinh c¢6 nghiém phtc

nén ta sé |CALC| X =i. BAm khodng hon 20 lan ta thay né vé —% -0,8660254038i — A .

CHPLH Math & CMPLE Math &

LN o il el s Ml i
A=A i Tneans ANS+A

-1-0. 9660254038 | -1-0. 8660254030

Sau d6 dung Viet dé tim ra phuong trinh bac 2. An may hién thi chit
Conjg( . Cai nay nghia la tinh ndng chi ra s6 phtc lién hop. Do phuong trinh bac 2 thi thi
AConjg(A=1

A +Conjg(A=-1

sé c6 2 nghiém lién hgp nén ta sé tinh { = Nhéan tt bac 2 can tim la

x*> +x+1.Dén day chia da thic 1a xong!

Chu y:
1. Nhitng ban c¢6 VINACAL thi phai nhé khi nhap thi phdi nhap la
XX+ XX +1 s
=X- bdi vi dong may nay ko tinh duoc ¢ia tri (i) trd lén. Nén ta

s& dua vé dang (i)’

2. Day la truong hop may méan khi ta tim duoc nghiém phtc cta phuong trinh bac 2.

Gia st néu la nghiém phtc ctia phuong trinh bac 3 thi sao? Ta van lam tuong tu.
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X1 XpX3 ==~
N . ~ A ~ 2~ C . 2 ? N
Duing Viet cho phuong trinh bac 3 ta s€ c6:4x;X, +X,X; +X;X; =—. Khi d6 chi can
a

X, +X, + Xy =——
a

tim dugc 1 nghiém phtic va mot nghiém thuc ta sé suy ra phuong trinh bac 3 can
tim. Nho 1a tim nghiém thuc trudec.
Ta cting c6 thé binh phuong tung tée bai nay 1én, ta dugc:

3x° +x2 —2x+4::24/3(x5+x4 +1) :>(3x3+x2 —2X+4:)2 :12(x5 +x* +1)

x=0 (t/m)
“1+4+/7
3

(t/m)
X=— 1 +3ﬁ (t/m)

o (x-17 (3 +2x-2) =0 | x=

Cau 25: Giai phuong trinh §/x° +x° —2x -1 +{/x° —x* +2x+1 =2x

Gidi

Ux® +x° =2x -1 = 0
Dit {\/X . a(a> ):(a+b)6=32(a6+b6)

X =X +2x+1=b(b>0)
Dé dang chtmg minh duogc bat ding thic sau:
M <a®+b° <:>32[(a2)3 +(b2)1 2(a+b)6
Str dung bét ddng thiic 4(a*+b’)>(a+b)’ < 3(a—b) (a+b)>0 ta can ching minh dugc:

a’+b?

8(a2 +b’ )3 >(a’+b" + 2ab)3 . Theo AM - GM c6 ab < nén bat dang thic hién nhién

dang.
Tir d6 suy ra dugc ddu “=" xay ra khi ¢x° +x° —2x—1=§x° - x> +2x+1 < x = 1+2\/§
" . 1 1
Cau 26: Giai phuong trinh x =, [x——+,[1-—
X X

MO Yogoslavia

Gidi
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1

1 1 AM-Gm 1 HX——

X—— = 1(x——j < X
X X 2

Ta co:
1
1 1 am-om — Tx—1
\/1——:\/—(x—1) < X
X X 2
1
l=x-—
Khi d6 VP <x.D4u “=" xay ra khi 1 X<:;>x2—x—1=()<:>x=1+\/g
—=x-1
X
Cau 27: Gidi phuong trinh 4/3(x+5) —411-x = {13+ x - ¢3(3-x).
Gidi

Phuong trinh da cho ta sé bién d6i phuong trinh vé phuong trinh.
43(x+5)+43(3-x) =413 +x +¥11-x (1)

Dit: a=4/3(x+5); b=43(3-x); c=313+x; d=311-x, (a,b,c,d>0)

at+b=c+d
(*)

at+b*=c*+d*
Str dung hing déng thic: (m+n)’ =m* +4m’n+6m*n® +4mn® +n’.

Khi d6 (1) trd thanh: {

Taco a*+b*=c*+d* < (a+b) —2ab(2a’ +3ab+2b*)=(c+d)' -2cd(2c” +3cd +2d°)
:ab[Z(a+b)2 —ab} :cd[2(c+d)2 —cd}
= (ab-cd)[ (a+b)’ ~ab+(c+d) ~cd |=0 (2)

C6 duoc tat ca cac phép bién déi d6 1a nho stt dung a+b=c+d.

Téi day ta cha y ring: (a+b)’ >4ab>ab; (c+d)’ >4cd>cd.

ab=cd
=0
Do d6 ta ¢6 (2) tuong duong voi {a =0 <ab=cd vi {la) 0 vO nghiém
b=0 -

Tacoé ab=cd < (1/9(x+5)(3—x) :{1/(13+x)(11—x)

< -9x* —18x+135=—x* +2x+ 143 < x =—1.

a=315+3x a*=15+3x
o

b =4/9-3x b* =9-3x

Ta c6 x+13=%[2(15+3x)+9—3x]=

Cach 2: Bit: { =a'+b"'=24, (a,b>0).

2a* +b* _a'+2p*

1
,11—x=§[15+3x+2(9—3x)]—

Két hop tir diéu kién va phuong trinh da cho ta c6 hé phuong trinh:
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at+b*=24

2 4 4 4
a+b:</2a +b +</a +2b
3 3

T . N 1 2
Ta c6 v6i moi s6 thuc m, n, p ta ludn c6: m” +n” +p° > §(m+n+p)

That vay ta c6 bat ddng thtc cAn ching minh tuong duong véi bat dang thuc:
3(m2 +n’ +p2) > (m+n+p)2 2= 2(m2 +n’ +p2)—2(mn+np+mp) >0
=S (m—n)2 +(n—p)2 +(p—m)2 >0
Déu dang thtc xay ra khi va chi khi: m=n=p
Ap dung bat dang thtc nay ta c6:
2a*+b* _a*+a'+b' 11

2
) 21[1(a+a+b)2} L (2a+b)
3 3 33 913 81

4 4
Hay ta c6 14/261 +b 21(2a+b).
3 3
4 4
Thiét lap tuong tu ta co 14/ a +32b > %(a +2b)

4 4 4 4
Tur do ta co: ‘\i/za 3+b + ‘{/a +32b >a+b. D4u ding thic xay ra khi va chi khi: a =b.

a'+b'=24 [a’=2V3  [J15+3x =243
= = =
b’=2v3  |V9-3x=23
Vay phuong trinh ¢6 mot nghiém duy nhat x =-1.
Cach 3: Diéu kién: -5<x<3.
Phuong trinh da cho duoc bién déi vé phuong trinh sau:
Y15+ 3x +49-3x = 4f15+(x-2) +49-(x-2) (3)
Xétham so f(t)=415+t+49-t, vte[-15;9]
Taco f'(t)= t 1 f'(t)=0 < 1 ___ 1 o t=-3.

W (@) (@) (@)

Khi d6 ta c6: f'(t)<0, Vte[-15;-3], f'(t)>0, Vte[-3;9]

Khi d6 ta c6 hé phuong trinh { x=-1.

a=

Mat khéac 3x, x—2&[—15;—3] khi xe[—5;—1], 3x, x—2€[—3;9] khi xe[—1;3]
T do tix (3) taco f(3x)=f(x-2) & 3x=x-2 < x=-1.

Vay phuong trinh c6 nghiém duy nhat x =-1.

Cau 28: Gidi phuong trinh x* +x*+1= \/3(x7 +x° + x2)

Gidi

Bai nay tuong tu nhu bai 14. Ta sé phan tich X" +x° +x* =x* (x* +x+1)(x* —x* +1)
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Khi dé ta co:
x4+x2+1:\/3(x7+x3+x2)
<:>(x2+x+1)(x2—x+1)=\/3x2(x2+x+1)(x3—x2+1)
& (X x+ 1)+ x+1 =35 (x = x* +1)

Lai co:

1. \/3x2 (x3—x2+1) < 5 =

AM-GM ﬁ(x3 +1) \/§(x+1)(x2 —X+1)
2

Flert)_ 4D

2. xP+x+1- = >0

2 \/x2+x+1+\/§(>2(+1)
x/g(x+1)(x2—x+1)

2

3. (xz—x+1)\/x2 +x+1 :\/3x2(x3—x2+1) <

Nén x =1 la nghiém duy nhét cia phuong trinh.

Ngoai ra néu dé y ta thay bai nay c6 thé dua vé bai todn giong bai 19 bang cach dit

a=x";b=x;c=1.Khi d6 phuong trinh tré thanh: a* +b’ +c* = \/3(a3b+b3c + c3a)

Ta biét réng: (az +b*+c? )2 —3(a3b+b3c+cga) = Z%(az —2ab+bc+ca—c? )2 >0

cyc

Vay bai toan da duoc giai quyét!

Cau 29: Gidi phuong trinh 4x-+ /< +(1+32)x+1+,/x +(1-2)x+1=2{5x+1

Gidi
AM-GM

Taco: 4x—2/5x+1 > —x-2
Khi d6 ta co:

\/x2+(1+\/5)x+1 +\/X2+(1—\/§)X+1 >x+2 e 20X+ 2x% 32 4+ 2x+1 > —x2 +2x+2

Néu x e {1 - \/—;—%} U [1 +3; +oo) thi bai todn da duoc giai quyét

Néu xe{—%;1+\/§} ta co:

2\/x4+2x3 +x242x4+1> x> +2x+2 = X2 (3x2+12x+4)20Vxe[—%;1+\/§}

Tt d6 suy ra VT > VP . D4u “=" xay ra khi x=0

Bai toan da dugc giai quyét hoan toan!

Cau 30: Giai phuong trinh (x—1)" (x=2)" +#/x* ~3x+3 +XT_5 =0
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Gidi
Xét x <=5 ta co:
x—=5 4(x+5)" ~103(x+5)’ +1001(x+5)" —4337 (x +5)+7046 0
4 4

— Phuong trinh v6 nghiém trén (—o0;-5]

(x=1)"(x=2)" +

5-—x

Xét x > -5, ta di chtmg minh /x> —3x+3 >

Néu x>5 thi bai toan da dugc ching minh.
Néu x €[-5;5] ta co:

Yx? -3x+3 > 5%4" & —x* +20x* +106x* —268x +143 >0 < (x—1)" (—x* +18x+143) >0

Khong khé dé nhan ra bat dang thiic cudi luon ding véi x e[-5;5].

Vay VT >0.D4u “=" xay ra khi x=1

Cau 31: Giai phuong trinh

1+2\/;—X\/;_2 1+x\/§
3-—x—-+/2-x 1+x |

Gidi

Cdch 1.

Dit a=vx ; a,b>0 =a*+b*=2.
b=+v2-x
3 3
Phuong trinh da cho bién d6i thanh 1+2a-a :2a2+1
3-a-b a~+1
(a+1)(a*~a-1)  (a-1 (a-1) a+b-2

= =1+ = = *
a’+b-3 a’+1 a’+1 Db*-b+1 ()

Tu gid thiét a®+b* =2 = a+b< [2(a® +b?) =2.

Do d6 vé tréi (*)> vé& phai (*).

Nén phuong trinh da cho c6 nghiém tuong duong {a b =X
a

Il
—_

Vay x =1 la nghiém ctia phuong trinh.
Cach 2.

a=x
bat ; a,b>0
{b=\/2—x

Tur phép dat trén cho ta a® +b* =2
1+2a—a(2—b2) _21+a3

Ta viét lai phuong trinh da cho thanh =
P & 3-(2-b%)-b 1+a?
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1+ab? 1+a°
o= =2 5
b -b+1 1+a

a’(b’-2b+1)+b*-2b+1+b*—ab’ +a’ —a* =0
e (a’+1)(b-1)"+(a-1)(a’-b*)=0 < (a’+1)(b-1)"+2(a-1)(a’~1)=0
e (a’+1)(b-1)" +2(a-1)"(a+1)=0

N a=1
Ma tit diéu kién a,b >0 nén ta co6 {b S x=1.

o 1+ab’ +a? +a’b? =2b* —2b+2+2a’b* —2a°b+2a°

Véay x =1 la nghiém cua phuong trinh.

Cau 32: Giai phuong trinh x* +4x+5—

3x 241 —x
Y
X" +x+1 x> +x+1
Deé thi thir THPT Qudc Gia 2016 - Chuyén Qudc hoc Hué
Gidi

Ta co:

x? +4x+5—

2
I +x+1

X" +x+1

(x2+4x+5)(x2+x+1)—3x (X_l)(VX2+X+1_2V1_X)
= X" +x+1 B I +x+1

<:>(x2+4x+5)(x2+x+1)—3x=(x—1)(x2+x+1—2\/x2+x+1\/1—x)
& xF 45 +10x* +6x+6+2(x—1)Vx* +x+1v1-x =0
Cauch 2
Dé}’lthéfy: (x—-1 \/x +x+14/1-x >y2( )X2+2.

Neén VTZ(x+2)2(x2+x+1)ZO.

L=(x—1)(1— 2V1-x J

Déu “=" xay ra khi x=-2

Cau 33: Giai phuong trinh 2 + L = 2
. (\/;+1)2 X+42x-1  1+,/x(2x-1)
Dé thi thir THPT Qudc Gia 2015 - Lan 1 - THPT Minh Chdu - Hung Yén
Gidi
Bai nay da c6 tinh che gidu di mau ctia phan thic tha 2 dé 1am déanh lac huéng nguoi lam
» 2
do d6 ta cdn c6 1 buéc bién déi: x++2x-1 = %(\/2x—1 +1)
1 1

1 —
(&+1)2 (mﬂ)zqu(zxq)

Nhin thé nay ta sé nghi ngay t6i bat ddng thie AM - GM dang cong mau sd, ta c6:

Khi d6 phuong trinh tuong duong;:
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1 1 4
(\/§+1)2 (V2x—1 +1)2 B (\/§+1)2 +(V2x—1 +1)2

Bai todn sé dugc giai quyét néu ta ching minh dugc:

4 . 1 - 3-3x+4x(2x-1) -2(Vx ++2x~1) o
(\/§+1)2+(M+1)2 ) 1+\/x(2X‘1) (1+\/m)[(x/;+1)2+(\/2><7—1+1)1 )
(2\/;—\/2x—1—1)(2&+5\/2x—1—1)
2(1+,/x(2x—1))[(\/§+1)2+(x/2x—1+1)2}
2| 4x-1
2(R-1) | B s

>0

N 29x+ >
2| B e o1 D) (W 1) (VBT 1) :

Dé thay bat dang thic cudi ding véi x> = nén VT - VP >0, dau “=" xay ra khi x=1

Jx=a 1 1 1
thi khi d6 ta cAn chtrng minh + > )
Jx=T=b S a1 (be1) 1+ab
1 . 1 1 ab(a—b)2+(1—ab)2
(a+1)2 (b+1)2 1+ab (a+1)2(b+1)2(1+ab)

N | =

Ngoai ra néu ta dat {

Ta c6 ding thtc sau day:

>0. Vay bat

dang thtc da dugc chtng minh.
Ta ciing c6 thé duing bat dang thicc Cauchy - Schwarz chiing minh dugc. Ta c6:

a 2 LI b
@) § 1)@

b |2 .
(ab+1)(g+1]2(b+1) (b+17 2 (a+Db)(ab+1)

Cong lai ¢6 diéu can ching minh!

Néu ap dung ludn thi phuong trinh ban dau tré thanh:
BT (Vx2x 1) +(1-x(2x-1))
(Vx+1) (V2x=T+1) 1+ x(2x-1)) )

DA’ “__ry 2 kh- \/;_ 2X_1 = O 1
au = Xayra 1 <> X=1.
Y 1-x(2x-1) =0

x—x-1 _ 2x-2/x+2
V2-x+x-3 x+1

Cau 34: Giai phuong trinh

Gidi

Diéu kién 0<x<2.
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Phuong trinh da cho dugc bién déi tuong duwong thanh phuong trinh:

XX +x—x—~/x =/x -1 _ 2(1"‘\/;)("_‘/;*‘1)

J2-x+x-3 1+x

(Vx+1)(x—vx-1) 2(x+1)(x—x+1)
= V2-x+x-3 1+x
- x-x-1 _2x-2x+2 )
J2-x+x-3 1+x
P& ¥ ring V2-x +x-3<0, Vxe[0;2]. x—v/x-122-x+x-3
_x—ax-1
V2-x+x-3

That vay, ta c6 (2) tuong duong v6i < v2-x+vx <2 (3)

Mit khac, ta co <1, Vxe[0;2] (2).

D& thay rang (3) ludn dang vi theo bat dang thiic Cauchy - Schwarz ta c6:

J2=xax < (17 +17) (2-x+x) =2
Déng thtic xay ra khi va chi khi: v2—x -Jx ex=1.

Lai c6 22X+2 g vxe[0;2] (4)
1+x

That vay, (4) tuong duong v6i 2x—2vx +2>1+x < (\/;—1)2 > 0.

Dau dang thic & (4) xay ra khi va chi khi x=1.
x—~/x-1 <1

Vay ta c6 V2=x+x-3 ; Vxe[0;2]nén (1) xay ra khi va chi khi x=1.
2x—2+/x +2
_—>1
x+1

Vay x =1 la nghiém duy nhét cta phuong trinh.

1

Cau 35: Giai phuong trinh

1 X 1
+ + =
x+1+1 /2x+1+1 3x+1+1

Gidi
Ap dung bat dang thicce AM - GM dang cong mau ta c6:
1 X 1 4 X
+ + > +
Ix+1+1 N2x+1+1 Bx+1+1 Vx+1++3x+1+2 2x+1+1
Ap dung tiép bat ding thic Cauchy - Schwarz ta c6: v/x+1++/3x+1 <242x+1
2 X xX+2

—+ =
N2x+1+1 2x+1+1 +2x+1+1

Bay gio nhiém vu cta ching ta la phai ching minh dugc:

X+2 1 2
— >l x4+2>2V2x+1+1< =(V2x+1-1) =20
V2x+1+1 2( )

Vay bai toan da dugc giai quyét!
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Dau “=" x4y ra khi x=0

x> +x+1 x> +x+2 x> +x+3

Cau 36: Giai phuong trinh —<t —- 7 =0
(x2+ x+1) (x2+ x+2) (x2+ X+3)
Gidi
2
Taco: X g pxa 15 (x +kr ) e x?Vxr L ((x-1)¥kr1+2)20

(x2 + x+1)
Néu x>1 thi bat ding thtc hién nhién dung.
42 +x+3 X (1-x)+x+3

2+(1-x)Jx+1 - 2+(1-x)Vx+1
x> +x+1

Do d6 —————— <1. Thiét l1ap cac bat dang thtc con lai tuong tu ta ciing sé dugc:
(x2 +4x+1 )

Néu x <1 thi:(x-1)yx+1+2= >0

2 2
X +xX+2 X +X+3
<1 <1

(x2+ x+2) (x2+ x+3)2

Cong 3 bat dang thic ta dugc VT < VP . Dau “=" xay ra khi x =0

CAW37: Giriphirons tmbly o= Xt2
x-1 (\/x+2+\/x—2)

Giadi
Pau tién ta sé chung minh ‘/x—2+ 2VXt2__ 5,
x=1 Jx+2+/x-2
Vx=2(Vx+2 +x=2-2x-1)
x/x—l(«/x+2+\/x—2)

Bat dang thuc bién déi thanh

>0 dang voi x > 2.

X+2

=1
(Vr2 1k 2)

- /x—2+ X+2 _i1-1> x—2+ 24x+2 11
x-1 (\/x+2+\/x—2) Xx=1 x+2+x-2

St dung bat déng thicc AM - GM ta c6 | /X _i +
X_

D4u dang thtc xay ra khi x =2.
Cidch 2.

Phuong trinh da cho tuong duong véi
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x—2

bat t=
X+2

, (t=0) ta duogc phuong trinh:

2
ot 1 2t 42t 4> (P+2t)

+ 1 < = =
N3t2+1 (1+t2) V32 +1 (’c+1)2 3t* +1 (’c+1)4
<:>t3(t3+4t2+11t+12):0 ot=0

Vay phuong trinh ¢6 nghiém duy nhét x = 2.

Cau 38: Giai phuong trinh % +4—x* +2x+3 =85-60x
X" +2x -2

Gidi

2
x2+2x—2.1£ﬂ

Theo bat ddng thitc AM —~GM ta c6: 2

%.5\/85 —-60x <11-6x

Khi d6 :
6x° +x* —28x+17 +(x° +2x—1)\/—x2 +2x+3
VT - VP> i
X +2x-1
(2 2+ 3 (6x+15) Y= +2x+3 - x* +10x+ 31
- x> +2x—-1

(x=1)"((6x+15)¥-x" +2x+3 -x* +10x+31)
(¢ +2x=1)(2+ V" +2x+3)

6x+15>0
Déjithéfy voi XE|:—1+\/§,'%j| thi {-x*>+10x+31>0 nén VI -VP>0.
x> +2x-1>0

D4u “=" xay ra khi x=1

Cau 39: Gidi phuong trinh (1+v3x+1)(1+¢x+2)(1+5x ) = (1+15x +35x" +10x

Gidi
Nhin thay dang tich 1a s& nghi ngay t6i bat ding thie Holder , trudce hét ra sé di ching
minh né.
C6 b dé sau[Holder|: Cho céc s6 thuc duong a,b,¢,x,y,z,m,n,p khi d6 ta ludn co:
(a3 +b’ +c3)(x3 +y° +z3)(m3 +n’ +p3) > (axm+byn+czp)3
Chting minh: Theo AM -GM ta c6:

a’ m’ x> 3axm

L. 34 p° 513 3 5T 3 32 3 3 3 3 3 3 3 3 3
a+tb +C m+n+p° X +y +2 %/(a+b+c)(m+n+p)(x+y+z)
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b’ n’ y’ 3byn
2. + + >
a’+b’+c’ m’+n’+p’ X +y’+2’ 3/(a3+b3+c3)(m3+n3+p3)(x3+y3+z3)

3 3 3
C V4 3cpz
p > p

3. 34 p° 513 3 3 3 3 3 3 3 3 3 3 3 3 3 3
a+tb +C m+n+p° X +y +2 %/(a+b+c)(m+n+p)(x+y+z)

Cong 3 bat ddng thic trén c6 diéu phai ching minh.

a=+3x+1
Quay lai bai, ta dé y thay 15x° +35x” +10x =5x(3x+1)(x+2). Nén sé d4t {b=+x+2 .Khi
c=15x

d6 phuong trinh trd thanh: (a+1)(b+1)(c+1)> (1 +3/abc )3

cyc '%/E E/E

Vay ddu “=" xdy rakhi a=b=c < {3x+1=x+2 ={5x & x==

3 3
Theo bat dang thicc Holder ta co: H[(L} + [LJ + (%)SJ > (1 +3/abc )3

N| =

Cau 40: Giadi phuong trinh xyx* +x—-2 +3xyx° -1 = \/(xz + E’))(?)x7 —-2x* + x—2)

Gidi
Ap dung bat dang thtc Cauchy - Schwarz ta co:

XA +x =2 +3xx° =1 = xyx% +x =2 +3.Bxyx’ -1 S\/(x2 +3)(3x7 —2x? +x—2) =VP

“__n

Nhin c6 vé dé nhung dén day méi c6 van dé nay sinh. Dau

2 —
LX2=x\/x5—1 Sx—x=x?=x+2=0
X

xay ra khi:

Phuong trinh khong that sg dé gii cho 18m, chéc phai dung dén ham s6.
bit: f(x)=x"—x"—x* —x+2 lién tuc trén [1;+).

= f'(x) =9x" —4x* —2x—1=9x" -9x* + 2x° = 2x+3x° -1 > 0vx > 1
Vay f(x) dong bién trén [1;+w). Lai ¢6 f(1)=0 nén x=1 la nghiém duy nhat ctia phuong
trinh.
Bén canh ham s& ta ciing c6 thé phan tich f(x) thanh nhan t. Ta duoc:

f(x)=x"=x" =x* =x+2 =(x=1)(x" +x" +x* +x" +x* —x—2)
XX+ X+ +x —x=2=x"+x7 +(X6 +x° —2)+x(x—1)(x2 +x+1)>0Vx21

Khi d6 phuong trinh f(x)=0<x=1

Cau 41: Giai phuong trinh \/1+«/2x—x2 +\/1—«/2x—x2 :2(><—1)2 (2x2 —4x+1)

Gidi

Dé don gian ta sé dat v2x—x* =t(t e[O;2]):>(x—1)2 =1-+t*
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Phuong trinh tré thanh: Vt+1+41-t=2(1-t")(1-2t")(*)
Ap dung bét ding thtc AM - GM ta c6: Vt+1+v1—t >2,/(t+1)(1-t)
Khi d6 ta c6:

VT-VP22,[(t+1)(t-1) -2(1-)(1-2¢") = 21— (1-(1-26 V1 -

Mat khéc ta ludn co:
(1-2¢%)(2-t*) t*(5-2¢)

1-(1-2¢2)y1-¢? MM - >0

2 2
e Vay VI — VP >0.D4au “=" xay rakhi x =0
o Ngoai ra ta con c6 thé st dung bat dang thie AM - GM & phuong trinh (*). Ta c6:
1 Vt+1+441-t 2241+
2. 2J1-t 22(1-) = 12V1-t <720

3. Do dé VT—VP22(1—t2)(2t2)zo

e Dau”“=" xdyrakhi t=0=+2x-x* =0 x=0vx=2
e Bén canh v6i cach st dung bat ddng thtic ta c6 thé 1am theo 3 cach sau, hoi trdy céi!
Cach 1.

\/1+\/2x—x2 +\/1—\/2><—x2 :2(x—1)2(2x2—4x+1)
<::>\/1+\/2x—x2 +\/1—\/2X—X2
:2(1—\/2x—x2)(1+\/2x—x2)(2(1—\/2x—x2)(1+\/2x+x2)—1)
o { 1-2x—x
. b=+y1++2x-x>

Khi d¢ ta giai hé sau: {

= a’ +b’ =2. Phuong trinh tré thanh: a+b=2a’b’(2a’b” -1)

a+b=2a’b? (2a2b2 —1) {(ajtb)2 —2ab=2
o

a’+b? =2 a+b=2a’h’(2a’b*-1)
2 2
w322 £-2 [ (arby-2 ¢ o2
2 2 2 2
= 5 2 2 2 =
t"-2 t"-2

t=( S| ) -1 (t=2)[ ' +2t° -4t -8t* +6t° +12t* -4 |=0(*)

2 2 i)

Theo gia thiét suy ra t >1. Can ching minh f(t)>0. Ta c6:
f(t)=(t-1) +9(t-1)"+29(t-1)" +37(t-1)" +9(t-1)’
~7(t=1) +9(t-1)+5>0
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9(t—1)3—7(t—1)2+9(t—1):(t—1){9(x 25) +EJ>0

18 36
Vay ta duoc:

b=2 x=0
(*)et= 2:>{aJr =a=b= 1:>\/1—\/2x x* —\/1+ 2x+ X7 <:>[

b=1

Cach 2.

J1+32x—x +y1-2x— =2(x-1)"(2x* —4x+1)

<242 (x—l)2 :(Z(x—l)2 (2x2 —4x+1))2

& 2+2)(x-1) {2\/x 1)’ {2\/x 1)’ —H

bit t=4/(x —1)2 (t>0), phuong trinh tré thanh:

2+2t= (26 (26" —1))2 o858t 42t —t—1=0
& (t-1)(8t +8t° +2t° +2t° +2t+1) =0t =1

X
Véi t=1 tacod (x—1)2 =1<:>x2—2x:0<:{

Céch 3: Lién hop. Ta c6:

\/1+\/2x—x2 +\/1—\/2x—x2 :2(x—1)2 (2x2—4x+1)
S VT+V2x =X —=1+4/1-v2x-X> —1+x(2—x)(4x2—8x+6):0

- \V2x —x? o N2x=x
\/1+\/2x—x2 +1 \/1—\/2x—x2 +1

x=0vx=2

\/1+ 2x—x* +1 \/ - 2x x> +1

+x(2-x)(4x* ~8x+6)=0

+ 4x —8x+6)\/2x x> =0

e Laico:

1 ) 1 1 A1
\/ﬁ+l erl_(erl)( 1—m+1)
2\2x—x*
(\/“m+1)[\/1_m+1w1_m+¢1+mj
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e Do d6 ta can chung
() =(24T—x +32x—1) ~3J3VT—x (x+f{1-x)(2x~1))
minh: (3x—2) (3[@ 4) (3x—2)2(27x+9)
2(2(1-x)(2x- 1)+x) 2(6+9x/3v1-x)

2
>0
(\/1+\/2x—x2 +1)(\/1—\/2x—x2 +1j(\/1—\/2x—x2 +\/1+\/2x—x2j
e Do {1-+/2x-x* >0 nén ta duoc:

2 § (2x2—4x+3)(1+m)_2
(\/1+M+1j\/1+m (\/1+m+1)m

2x% —4x+3—

f(x)>2x*—4x+3-

) (1—\/2x—x2)(4\/2x—x2 —2x2+4x+1)

e Vay bai toan da duoc giai quyét!

ZOVXG[O;Z]

Cach 4: Bt ding thic

Ta co: \/1+\/2x x> +\/1—\/2x X S 1/(x—1)2

Khi d6 VT -VP22(x~1)" =2(x~1)’ (2(x~1)" ~1)

bat

= t(t € [0;1]), khi d6 can chiing minh:
2t-2t7 (2t ~1)2 0 < 2t (t-1)(2t* +2t+1) 0
Vay VT -VP >0. Dau “=" xay ra khi x=0;x=2

3x-13

Cau 42: Gidi phuong trinh Yx—2 —Jx+1=3

Gidi
Dé cén bac 3 thi hoi khé danh gia nén ta sé iy thira [én. Ta c6:
o - ,—X+1:33x;13 (,— ,—) 3x 13 0

Theo AM - GM ta cé:

3
VTS[XT_l—\/lej _3x=13 =%(\/x+1—2)2(x2—4x+1—2(x+1)\/x+1)

4

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 184



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

Dén day ta s& can ching minh f(x)=x*-4x+1-2(x+1)vx+1 <0, nhung c6 vé ta can tim
thém diéu kién thi méi c6 thé chtmg minh duge. Dé y thdy vx—2 <+x+1 nén diéu kién c6
nghiémséla x e {2;?} .

4x* —25x+7

2x—4+3Jx+1

Ta co: f'(x)=2x-4-3Vx+1=

<0Vx e {2;%} ttr d6 suy ra

13 f(lBJ —22,189
f(—)sf(x)sf(z).Mé 3 nén £(x) <0. Vay VT <0,

] f(2)=-3-6v3

Dau “=" x4y ra khi x=3

Ja+yb Ja+ib

<2Va,b>0
«/a+3b «/b+3a

Cau 43: Chtng minh rang:

Gidi

Do bat dang thic dang & dang dang cap nén ta sé chia cd t&r va mau cho Jb va dit

X = \/% (x>0). Ta can ching minh bat dang thtc sau:

Prl | Ax+l <26 2,[(x+3)(3x+1) —(Vx+1)(\Bx+1+x+3)>0

Jx+3  Bx+1

Bai nay kha 1a nhiéu cin nén ta sé nghi cach lam gidm b6t cin, tuy nhién khé 1a bé téc. O
bai nay s& ding bét ddng thic a+b < [2(a® +b?) . Ta c6:
V3x+1++/x+3 SM:Z\EM
Khi d6 VT 22,(x+3)(3x+1) ~242+x+1 (vx+1)=f(x)
4(vx-1)
2\/ x+3)(3x+1) +2¢24x+1 (Vx +1) -

Do &6 ddu “=" xay rakhi x=1 <> a=b. Vay bat ding thic da dugc ching minh!

Ta co: f(x) >0

Ngoai ra ta c6 thé danh gia bang AM - GM nhu sau. Ta c6:

2\/_ a+b. 2\/_ ‘/;J”/_ 3 a
ﬂ/a+3b a+b a+3b” Ja+3b 2 a+3b a+3b ( +b)

2\/_ a+b. ZJ_ 2a \/EJF\/_ 3 b
Vb+3a a+b b+3a’ Jb+3a 2 b+3a «/b+3a ( +b)

Cong hai bat ding thtc trén véi nhau ta ¢6 diéu phai chtng minh.

Ngoai ra ta c6 thé gidi phuong trinh bang lién hop nhu sau:
Nhan thdy phuong trinh dang c6 3 cin nén c6 thé dst a=+/x dé giam b6t do cong kénh

ctia phuong trinh.
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Dit a=+/x(a>0) phuongtrinh trd thanh:

243 +10a +3 ~(a+1)(V3a? +1++a’ +3) =0

V3a® +1 .
2

2

Ja’ +3—%a—g

2

Ta tim dugc nghiém kép a = 1 nén sé tim dugc 2 biéu thic lién hop la

Khi d6 tién hanh nhan lién hop ta duoc:

2y3a" +10a% +3 ~(a+1)(V3a" +1+Va?+3) =0
< 2+/3a* +10a” +3 - 2a’ —4a—2—(a+1)(\/3a2 +1 —%a—%j—(a+1)(\/a2 +3—%a—§]:0

2

- 8(a—1)’(a+1) _ 3(at+1)(a-1)  3(a+1)(a-1) i
232" +10a2 +3+2a% +4a+2 44322 +1+6a+2 4a’+3+2a+6
a=1
o 8(a+1) 3(a+1) 3(a+1)

_ _ —0(*
24/3a* +10a’ +3+2a’+4a+2 4+/3a’+1+6a+2 4a’+3+2a+6 ")

Nhiém vy 1a sé di ching minh phuong trinh (*) v6 nghiém.

Dé y thay:
1 2
1. 1_ 3(a+1) = 48a >0Va=0
2 4322 +1+6a+2 (4\/3a2+1 +4)(8\/3a2+1 +12a+4)
2
, 1 3(a+1) _ 48a S 0Va >0
2 4Ja+3+2a+6 (4x/a2+3+4a)(8\/a2+3+4a+12)
3. Con lai ta co:
8(aZ+1
@)

24322 +10a% +3 +2a2 +4a+2
2 _ 2
_ (24a® +24)(a-1) 0

(2\/3a2 +10a2 +3 + 22> +4a+2)(6a2 —4a+6+23a" +10a° +3)

Nén do d6 phuong trinh * vo6 nghiém.

Vay phuong trinh c6 nghiém x =1

41 -x +sz—l 353
X 1—x

Cau 44: Giai phuong trinh

Gidi

Cach 1.
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PAu tién nhin thay bai nay c6 dang phan s6 nén ta sé thir dung bat déang thic BCS dang
2 2 2
cong mau s6 Engel. Ta c6 b6 dé sau: a. b > (a+b) .
X Yy x4y
a? b 1 2 AlfaY (b)) (a+b)’
Chtng minh: —+— = (\/; +\/§) (—] +—=| |2—
Xy x+y )y x+y
Ap dung vao bai ta cé:
(2VIx)  (Vax-1) 5 (2VT—x+v2x—1)
+ -3V3 2
xv1-x  (1-x)v2x-1 \/1—x(x+\/(1—x)(2x—1))

Ta can chiing minh £(x)=(2¢T—x +v2x—1) ~3V3yT-x (x+{1-x)(2x~1)) 20.
Pit: g(x) 3V3VI-x-4 27x+9
2(2(1-x)(2x=1) +x]  2(6+9x31-x)
2(3V3T=x ~4)(6:+9xB1=x) +2(27x+9)(2,f{1-x)(2x~1) +x)
4(2[1-x)(2x-1) +x)(6+ 931 -x)
| 3633 (1-2x) VT -x -162x" +162x — 48+ 54x” +18x +4(27x +9) (1 -x)(2x - 1)
4(2[T-x)(2x-1) +x)(6+ 9x/31-x)
1085 +180x — 48 +,J(1-x)(2x 1) (-36+3+2x—1+4(27x+9))
4(2[1-x)(2x-1) +x)(6+9x3V1-x)

-33

VT -VP=

11664x> + 5184 }

36+/3v2x ~1+4(27x+9)
4(2[T=x)(2x-1) +x)(6+ 9x/31-x)

~108x” +180x — 48 +,(1 —x)(2x—1){

Ta ludn c6: —108x” +180x —48 =-12(3x—4)(3x-1)>0Vx e [%;1}. Nén g(x)>0.Do dé6

f(x)>0. Dau “=" xay ra khi x =§

Cach 2.

Budc dau tién bao gio ciing 1a di tim nghiém. Ta dugc 1 nghiém x = % .

Kiém tra nghiém boi ta c6:

4(1-x)V1-x +x4/2x—1-33x(1-x)

lim =0
Xﬁg 3Ix—2
lim4(1—x)\/1—x +x\/2x—21 —3\/§x(1—x) 20
x»% (3X—2)
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= X =§ la nghiém kép.
4(1-x)V1-x+ax+b=0
xy2x-1+cx+d =0 '

XA/2X — fx +— 4\/_

Khi d6 sé tim dugc 2 nhan t la:

4(1-x)V1-x +2J_ 16\/_
Phan tich nhan t ttmg cum 1 stt dung cong thtc chia 2 can ta duogc:

3. 4(1-x)V1—x +2Bx - 16‘/— (‘&/ﬁ 2*/_J(3J1f V)

Tim nhén ta ting cum, gia st nhan tt c6 dang;: {

: xm_ﬁxﬂﬁz(wzx—l—ﬁf
. 9 54

Nhin vao ré rang thay nhan t tha 2 khong c6 cung ddu v6i bai toan do chaa nghiém boi 3

nén ta sé lam manh tay hon la phan tich nhan tr ca cum:

—3\/§x(1—x)—2\/§x+ 16;/5 +x+4/2x-1 vo6i hy vong ca cum do6 sé ludn duong. That vay ta
duoc: —3\/§x(1 —x)—2\/§x + 16\/5 +x4/2x—-1
9x —4)/3
=(\/2x —£J (2\/2 —, (%= - )*/_Jzo

Vay loi giai la:

4(1—x)«/1—x+x«/2x—1:3\/§x(1—x)
@&[m—glz(zﬁMH){\/ —£] [2\/2x L0 64)*/5 -0

3

>0

Dé thdy VT >0 nén dau “=" xay ra khi X = %

Cach 3.

1. Tim nghiém: Phuong trinh c6 nghiém kép x = %

2. Tim nhén t chtta nghiém: 2J1-x +2x-1-/3

3. Chia cdn ta dugc két qua:
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f(x) =-X -X - —X+/2x— +M\/ X — _3x=2
2T-x+42x-1-3 ¥ 21251 2 ’ 2

g(x)

4. Déy thdy voi x e [; } thi g(x)<0.Nén phuong trinh g(x)=0 v6 nghiém!

Céch 4. Lién hop

4(1-x)V1-x +x4/2x~1 =33x(1-x)
a(g\/ﬁ+¥](3m—«/§)z+é(3mﬂ/§)3+§(3x—2)2=0

(3x-2)" =0
o 12J1-x+2y3  4(3x-2) 3

3(3\/E+J§)2 (3v2x—1 +J§)3 5 =00

1. Déy thay:

4(3x-2) B 12(3x~-2)++3(3v2x - 1+J_) 36x—15
(3\/2x—1+\/§) 3 (3\/2x 1+J_) (3\/2x 1+J_)

2. Nén phuong trinh (*) v6 nghiém.

3. Vay phuong trinh c6 nghiém x = %

Cach 5. Lién hop

4(1-x)V1—x +x4/2x—1 =33x(1-x)
@4(1_x)(m+§ _iJ (ﬁ fx+£j+«f(6x w0

e I =
@4(1—x)m+[(j+xm+\6(3x3_1j+6ﬁ[x—gj =0
_X:§
~ f(X)m:/_l(?’j m+3—[3x 1j+2\/§0(*)
+Nhé1ntlr;é'y
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1. g(x)=\/1—x+\/§(§—§) nghich bién trén [%;1} nén g(x)Zg(l)z?3
1 1 3
v(x)=+2x— \/_( j ddng bién trén [2;1} nén V(X)>V(Ej=?

-1 x
+ Khi do f >X ——+24/3=0

6

>[&

Cach 6: Bt ding thic.

y {a =+/2x-1
bat

— a’ +2b* =1. Phuong trinh tré thanh: % + 24—b =33
a

b=+1-x +b?
e Tacé:
at AM-GM at at
> =— —227a :>—>3 3a
a2.b2 .b2 (az +b2 +b2 )3 l b4 b \/—
o7 27
16b* AM_GM 16b* _ 16b*
2b%(a®+b%)(a®+b?) (2B +ai+a’+b24b?) [zj
3 3
2
- 10 q08bt= 203301
(a2 +b2) b
e Cong lai ta dugc VT >33 = VP. Dau “=” xay ra khi a= b—g x:g.

Cau 45: Giai phuong trinh 105x* +1120x +256 = 128,(1+x)” +128,/(1-x)’

Gidi

o 1+x>0
biéu kién —>-1<x<1.
1-x>0

Nhan xét. Ta nhan xét thdy néu thay x bdi —x thi phuong trinh khong thay d6i. Suy ra ta

chi can xét x [0;1].

Xét ham s8: f(x)=105x* +1120x> +256 —128,/(1+x)" —128,/(1-x)’
7(1+><)6 7(1- x)6

2 J1ex) 2 f1-x)

7(1+><)6 7(1- x)6

2 J1ex) 2 f1-x)

5(1+x) 5(1 x)

2,/(1+x) 2\/1 x)’
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= £"(x) = 1260x’ +224O—1120[\/(1+x)3 +\/(1—x)3}

Mait khéc theo AM - GM ta co:

4 2
Jax) = JTx)Tx)(1+x)1 g\/(“"”*f“"”) :(1%(] — x4 ox

J1-x)° = JA=x)(1=x)(1-x)1 gJ(l_X”_Z”_X”T :(1—%)2 :%xz—%x+1
= J(1+x) +/(1-x) SZ(%szrlj
= 1120[\/(1 ) +4(1-x)’ } <2240 (% x>+ 1}
9

= —1120[\/(1 #x) +4(1-x)° } > —2240(E ¥ 1) = —1260x" 2240

:>f"(x)=1260x2+2240—1120[\/(1+x) +(1- )} 1260x” + 2240~ 1260x” — 2240 = 0

Vay ham s& f'(x) = 420x° +2240x—448[\/ (1+x)° +y(1- } déng bién vx e[0;1]
= £'(x)2£(0)=0
Do f'(x)20 = f(x)=105x" +1120x> +256 -128,/(1+x) —128,/(1-x)" déng bién voi

Vxe[O;l]

= £(x)>£(0)=0 = 105x* + 1120x> +256 —128,/(1+x)’ —128/(1-x)" 20 véi ¥xe[0;1].

D4u déng thic xay ra tai x =0.

Vay phuong trinh da cho c6 x =0 la nghiém.

Cau 46: Gidi phuong trinh 6§2x -1 +6$2—x —7(/(2x -1)(2-x) =5

Gidi
Do phuong trinh c6 nghiém kép nén ta ding phuong phap danh gia. Ta c6:

f(x):6§’/2x—1 +1+642-x +1-73)(2x-1)(2-x) -7

M-GM

2. 6%2x- 1+1 > 7{2x-1
M-GM

3. 6\6/2—x+1 2 742 —x

Do d6 ta duoc:
£(x) 2 742x =1+ 732 =x ~73f(2x-1)(2-x) =7 =7 (2x =T + 2 =x - [(2x - 1) (2-x) 1)

7)) i(dzf i))(i._il)(dz—x)j

i=0 j=0
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,nén f(x)>0.D4au “=" xay ra khi x=1

_|¥2x-120
Ma
Y2-x>0

Cau 47: Gidi phuong trinh +/x+2 +3/x—1+4/3x-5 =2¥3x+26

Gidi

biéu kién: x > % Phuong trinh da cho dugc bién déi vé phuong trinh sau:

Ix+2 +3x-1+43x-5-233x+26 =0

Xét ham s f(x)=~/x+2 +3x—1+43x-5-233x+26, szg.

1,1 .3 6
2Jx+2 3§/(x—1)2 4{1/(?»(—5)3 55/(3x+26)4

Taco f'(x)=

1 6
2x+2 53(3x+26)’

Rz A R P s A A A A 9 P Rz R oy A . Z \
bé xét dau bieéu thiic A thi ta can chuan quy vé moét can thic dé cé theé tién loi so sdnh va

T6i day ta sé tim cach danh gia cho f'(x). Ta xét hiéu A =

N R ., ., v A . N v A v A ~ R A v A
vi trong biéu thtc A chtta can bac hai va cdn bac ndm nén ta sé chuan quy vé can bac

muoi. Do d6 ta bién ddi nhu sau:
16 15% (3x+26)° — 412" (x+2)°
2x+2 53(3x+26)" 104%+2.3(3x +26)*

Vay dé xét dau ctia A ta chi can xét d4u cta hiéu: 1\0/510 (3x+ 26)8 - 1{’/1210 (x+ 2)5

Ta co ng = 3x+26>31.

Lai c6 5" (3x+26)" =5 (3x+26).(3x+26)’ > 5" (3x+26)’ .31°
Tar d6 ta c6 5 (3x+26)° >53° (x+12)°.31° > 5.3° (x+2)° 31° > 12" (x +2’

Do d6 A>0=f'(x)>0. Vay ham s6 f(x) lién tuc va luon dong bién véi x e [§;+Ooj'

Mt khéc ta c6 f(2) =0 nén phuong trinh da cho ¢6 nghiém duy nhét x =2.

Cau 48: Giai phuong trinh /1 +2015x +/1-2015x = ¥/1+2016x +/1-2016x

Gidi
Nhén thdy néu x, la nghiém thi —x, cting la nghiém, vay ta chi can xét phuong trinh trén
tap s6 thuc x> 0.
Xét ham s6: f(t)=3/1+2015t +31-2015t trén tap s6 thuc t > 0.

5/(1-2015t)" —3/(1+2015t)"
Faco o205 2015 . 2005 ) -§l(1+2015)

53/(1+2015t)"  53/(1-2015¢)° 5| g(1+2015)(1-2015¢) |
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51(1-2015t)" —3/(1+2015t)*
Ta di chting minh f'(t)=2015 \/( ) \/( ’ ) <0

5 | {(1+2015¢)(1-2015¢) ]

That vay khi t>0, ta co:
4030t > 4030t < (2015’()2 +4030t+1 > (2015’[)2 —4030t+1

& (1+2015t)" >(1-2015t)° < (1+2015t)° —(1-2015t)° >0
| (1+2015t)" + (1-2015t)" || (1+2015¢)" ~(1-2015¢)* |20

& (1+2015t)" —(1-2015t)" >0 < (1+2015t)" >(1-2015t)"

= 3(1+2015t)" >§/(1-2015t)"

~2015] §J(1-2015t)" - §/(1+2015¢)"

= f'(t) — |<0v6i Vt=20
5| (1+2015¢)(1-2015¢)]

Vay ham s6: f(x)=3/1+2015t +$/1-2015t nghich bién véi moi t > 0.
Phuong trinh tuong duong voi: £(2015x) =£(2016x) < 2015x =2016x < x=0

Vay phuong trinh c¢6 nghiém duy nhat x = 0.

Cau 49: Giai phuong trinh 2(jx+2)=V1+x* +V1-x* +x* +x+1+4x3 —x+1

Gidi
Ta nhan thay néu thay x bdi —x thi phuong trinh khong thay d6i. Suy ra ta chi cdn xét

x> 0. Talai cht y d&n hdng ding thic da nhic dén & cac vi du trudc la

V145 +1-x° = 2(1+\/1—x6) <2 déng thic xay ra khi x =0.

Dén day ta chi cAn chimg minh 2x+22x? —x+1+x? +x+1 v6i x> 0.

That vay, binh phuong hai vé 1én ta duoc

4x* +8x+4>2x> +2+2\/(x2 —x+1)(x2+x+1) <:>(\/x2+x+1—\/x2—x+1)2 +8x>0.

Péng thtic xdy ra khi x=0. Vay x=0 la nghiém ctia phuong trinh da cho.

Cau 50: Gidi phuong trinh V2x* —2x+ 1 +\/2><2 (V3 -1)x+1 +\/2><2 +(VB+1)x+1=3

Giadi
Nhin dang nay ta s& dung bat ddng thiic vecto. Cho 2 vecto v(x;y) va u(a;b), khi d6 ta

2

co:
‘G‘+M > ‘ﬁ+\7‘ = \/xz +y? ++a>+b* > \/(x+a)2 +(y+b)’
Dau “=" xay ra khi = = % . Ngoai ra c6 thé md rong cho 3 vecto, thém a(m;n):
a
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‘ﬁ‘+‘§‘+‘$‘ 2‘a+\7+5‘ & +y? 2 +b? +ym? +n® > \/(x+a+m)2 +(y+b+n)
Bay git van dé 1a phan tich cac biéu thiic trong cin thanh cac tong binh phuong nhu thé

nao dé c6 thé ap dung bat ddng thtc trén dugc. Ta cé:

1. x/2x2—2x+1:\/x2+x2—2x+1:1[x2+(x—1)2
2 2 2
2. \/2x2—(\/§—1)x+1:\/(x+1j +x> =X 3+§\/(x+1j _{E_XJ
2 4 2 2

N e

DPén day néu ap dung bat déng thuc trén ta sé duoc:
2
VTZ\/(X+X+%+X+%) +(x=T+x+x) =V18x*+2

Dé thay v18x” +2 chua phai luon 16n hon 3, v6i lai hay dé y diém roi cta bat déng thtc né
khong phai la x =0 nén ta da danh gia sai. Dé danh gia ding hay dé y néu ta ap dung cho

o 2 N R BN A ~ 2 o > ~
2 cdn 0 sau thi diém roila x =0, nén ta sé x&t 2 can ddng sau trudc, ta dugc:

\/(XJFEJZJ{@XT +\/[x+%j2 +(x+§}2 > J4x? +4x+4 2 X7 +4x+4 =|x+2)

2

Chua y: Néu ban dau ta viét 1a (x —%J thi diém roi lac nay ciing khong phaila x=0 nén

2 2
dé diém roila x =0 thi ta phai d6i (x—g] — (%—x) :

Con lai dé xu4t hién con 3 ta can phai bién d6i cin con lai, ta dugc:

V22 =2x+1 =x* +x2 =2x+1 :\/x2+(x—1)2 :\/x2 +(1—x)2 2|1—x|
Vay VT >|x+2|+[1-x|>3=VP

D4u “=" xay ra khi x=0.

Cau 51: Gidi phuong trinh ,[2(x* —4x+5) +3_TX- "x3 $3 442 —x
X

Gidi

Ap dung bat ddng thic AM - GM ta dugc:
— 2- 1
1/2(x2—4x+5)+3—x- /x3+§:\/2((2—x)2+1)+¢- il
2 X 2 X X X
AM-GM —
> 2\/2—x+2“22 X-\/4-4/x3~1-1~1=4\/2—x
X X X
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Vay VT 2 VP . Dau “=" xay ra khi x=1

1 1 1

Cau 52: Gidi phuong trinh + =
T+Vx +3x+1  1+4yx*=3x+1 x*+1

Gidi
Ap dung bat dang thic AM - GM ta co:

4

1 1
1. + >
T+ +3x+1  T+Ux2=3x+1 2+4Ux*+3x+1+4x>=3x+1

2. b +3x+14+4x2—3x+1 £4/2(2x2+2):2 X2 +1
2 1 W +1-1 X2

3 = >0

X+ +1_\/x2+1 B \/x2+1(\/xz+1 +1) 1/><2+1(\/x2+1 +1)2

Vay VT > VP . Dau “=" xay ra khi x=0.

Cau 53: Giai phuong trinh x* —x> —6x+4+2yx°—x+1=0

Gidi
DAu tién ta dung tiép tuyén thi sé tim dugc danh gia la: 2vx° —x+1>5x-3.
- Néu x <§ thi bat ddng thitic dang.
- Néu x z% thi 29X —x+1>5x-3 & (x—1) (4x" +8x* +12x* +16x~5)>0.

Dé thay bat dang thic cudi ding nén ta duoc :
x'=x* —bx+4+2yx’ —x+1>x" —x3—6x+4+5x—3=(x—1)2(x2+x+1)=VP

Vay bai toan da dugc giai quyét!

Cau 54: Gidi phuong trinh yx° —2x+2 +x* —x+1 = (2-x)(x* +2x* +2x-3)

Giadi

Vx’ =2x+2 ZZX—E

2 2

I —=x+1 >7 -2
2

2

Phuong trinh nay c6 nghiém la x =1 nén ta sé c6 2 danh gia:

Néu x <; thi 2 danh gia 1a dung.
X 5 ..
Neéu x > - thi ta duoc:
1. Vx—x+12 gx—g o (x-1) (4x6 +8x° +12x* +16x° +20x° +24x—21)2 0
2. \/x9—2x+22%x—§®(x—1)2(4x7+8x6+12x5+16x4+20x3+24x2+28x—17)20
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20x* +24x—-21>0

Dé thdy rang véi x > 2 thi duong nhién 2 bat dang thic ludn dang vi:
7 24x* +28x-17 >0
Vay VT -VP>(x-1) (x+1) 20

“ II

Déu “=" xay ra khi x=1

(1+xm)
(x \/;+1)( (2x 1) 2X — 1)

Cau 55: Giai phuong trinh =2

Giadi
Dit {azx/; (b2+1)(1+a2b) ~

thi ph trinh tré thanh: =
b T 1 phuong trinh tré than (az—a+1)(1+b3)

Tac6bd dé: (a+1)(b+1)(c+1)= (1 +3/abc )3 - Da chtng minh & bai trén.

Ap dung ta c6:
(1+a3)(1+a3)(1+b) (1+a )
(1+1)(1+1)(a’ +1)>(1+a)’
(1+1)(1+b3)(1+b )2(1+b2)

Nhan vé theo vé ta duoc:

8(1+a3)3(1+b3)32(1+a2b)3(1+a)3(1+b2)3
(1+a2b)3(1+a)3(1+b2)3S8<:>(1+512b)(1+a)(1+b2)S2<:> (1+a2b)(1+b2) <y
(1+a3)3(1+b3)3 (a®+1)(b*+1) (a*-a+1)(b*+1)

Vay bai toan da dugc giai quyét!

2
Cau 56: Gidi phuong trinh (1+~/x+6)[1+“28x_3](1+ 2 j:256

VX +6 VY28x-3

Gidi
Cach 1: B4t ddng thtc Holder.

Nhin thay d tich lai nghi dén bat dine thac Holder. Dat a x+6 h trinh
in thay dang tich lai nghi dén bat dan tc Holder. Ba , phuong trin
y g g g 8x—3 p g

tré thanh:
9

(1+a)(1+§j[1+ﬁ]2 _256.

Ap dung hé qua cta bat dang thicc Holder cho 4 day so:

(1+a)(1+b)(1+c)(1+d) = (1+fabed )

Ta duoe (1+a>(1+3(1+%}(1+%}2(1+4/a.g%%]4 256 VP
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Dédu “=" xdy rakhi a=3;b=9=x=3
Cach 2: Bat dang thic AM - GM.
Theo AM - GM ta cé:

e (o [ e (3 S (3 By ()
(JB+1)2[1+%J2 =(J€+%+1+9)2 z{z\/?%no)z _ 256

Vay VT >VP.Dau “=" xay rakhi x=3.
Cach 3: Bat ddng thtc Cauchy - Schwarz.
9 jCauchySchwarz

Ta co: (1+a)(1+9j(1+E > («/B+1)2(1+%j2256

a
Vay VT 2 VP . Dau “=" xay ra khi x=3.
Cach 4:

Chu ¥ réng ta luon c6 dang thic sau:

i3 uo ) el (- (-4 o)

Ap dung ludn vao bai thi ta duoc:

J28x-3 9 Y
(1+M)(1+ m J(1+MJ -256

2 4 2 2
3 3 28x -3 9
=32 ——— —28x-3 | + ——«8/28x—3j + 4/ —ix+6 (1+—J >0
(\8/28x—3 ] [\8/28x—3 [ X+6 Y28x -3

Déu “=" xay ra khi x=3

2
Cau 57: Giai phuong trinh L + LS 4‘/2—x_4"x—1 =22
2-x  x-1 x—1 2—-x

Gidi
2
—2-
Pt @ X:>a2+b2=1,phu’0ngtrinhtréthénh:1+l— \/E—\/E =2\2
b=+x-1 a b b a
2

1 1 a b 1 1 a b

=== =22 -+ ————— +2-242=0

a b (\/; aJ ( a b b a \F

< a+b+2ab>2y2ab+1
<at+b+(atb) —122(a+b) +1-+2
<:>(1—«/§)(a+b—«/§)(a+b—1)20

Do a’+b*=1=(a+Db) e[l;\/i] . Vay bat dang thtc cudi dang.

Dau “=" xdy rakhi a=b=x=3
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2(3/;+%/3TX) B T+Vx—-1+43-x
1B 1))

Cau 58: Gidi phuong trinh 1+

Gidi
Ta co:

Z(MJFM) _1+\/XT1+\/E
x—1+B-x %/(x—l)(S—x)

& (V=T +B=x)4f(x=1)(3-x) +2(x=1+4B-x){l(x-1)(3-x)
=(\/X+1+\/3—X)+(\/X+1 +«/3—x)2
Ap dung bat dang thic AM - GM ta co:

(—T+3x)  2(x- 143X ){{(x-1)(3—x)

>
2 2

+(m+@)244(x_1)(3_x)+2( x+1+3-x)
>2({x-T+B=x){(x-1)(3-x)

Cong 2 v€ ta dugc VI < VP .Dau “=" xay ra khi x=3.

1+

(Vx—T+43-x)

2

Cau 59: Giai phuong trinh (1 +43-x )2 {1 +

T +(14x-2) {1+ ! T —17+242

3—x

1
Nx=2

Gidi

Ap dung bat dang thtc Cauchy - Schwarz ta co:

(1+\/3—x)2{1+ 12}2+(1+\/x—2)z{1+ 31 T
VX — V3-x
Cauchy—-Schwarz 1

2

> {(1+\/3 x)[ +(1+\/x—2){1+ 1 ﬂ

3—-x

Cach 1: Phan tich nhan ta.

%{(u@)[n L }+(1+m)_1+ ! ]2217+12J5

xX—2 |

Jx-2 L 3-x]
o (1+ﬂ){1+é}+(1+ﬁ){1+ﬁ } > 3442442
C>—\/31—X+\/X1—2+ 3—x+«/7+f(? ://i } >34+ 242
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1 2 V2 2 1142 B-x =2
A e N T S e ]
>34 +242

83— x 8x—2 Jx 2 J 3-x

> 3442442

Bai toan sé dugc giai quyét néu ta ching minh dugc:

{Jﬁ Yx-2 2+3f} >34+ 2442

Nim R e
That khong may la:
\/ﬁ mAMGM \/ﬁ \/7 2 )
2 B fo N 2+3J’} >(4+32) =34+24{2 = VP

Vay bai toan da duoc giai quyét!
Dau “=" x4y ra khi x = g

Cach 2: Bat déng thic.

b=+x-2 a
[(1+a){1+%}+(1+b){1+%ﬂ2
=[2 1+1+E+ET= a{b2+;+ﬂ+b{ 2 ; ﬂ {3+E}+2

a b b a ab

I /bZ ’a2
3a3— +3b3—
AM-GM
> 4 4 +[3+E}+2
ab b a

6 b3 a2 b2
1’— — 2
AM-GM
S|y V4 4 ., :[Lu} Sl 6 =2(17+12ﬁ)
ab §164/ab Jies a’+b?
2

=43 2
Dt {a N X:>a2+b2:1,tadich1’mgminh%{(1+a){1+%}r(1+b)[1+1ﬂ > VP

2

Vay bai toan da dugc giai quyét!

'(zm_ﬁ)z(m_x)ﬂ) (22 -2) (2(x-2) 2)+4) B I,

2
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11 2(e2x) -64
Cau 60: Giai phuong trinh —+ + =0

X 2-x (&+m)4

Gidi
Ta co: —+ 1 +2(&+m)4_64:0<:> ! + ! +2-— 64 =
S A
IO S S 4 :32[(&)2+(m)2}
(V) (V2=x)  (¥x) +(v2—x) (Vx+42-x)
Lai c6 >+ ! =+ 5 4
) (V2=x) () +(v2-x)
(&) (& A5 (]

() (=) [ (2] | () (2= | () + (2 |
Theo bat dang thitic Cauchy - Schwarz ta c6:

[(\/;)2+( 2—x)2 2 . 4(«/;2( 2—><)2

[y 2 Nl =)

) 32[(\/2)2+( 2—x)2}
2() (=) | () (ﬂ)z] (V2]
o (W 2x) z6a(J) (V2 [ () + (V%)
& (V2 ) 28] () +(V2x) [ k(2] o (-2 ) 20

Vay VT 2 VP . Dau “=" xay ra khi x=1

(Vx+
)

Cau 61: Giadi phuong trinh

(4x+7+2\/8x+7)(4x+5+2M)=2(4M+1)(2\/8x+7 +1)

Gidi

Ta co:
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(4x+7+2«/8x+7)(4x+5+2ﬁ)22(4M+1)(2\/8x+7+1)
2 8 +7 3| 8x+7 3 1 8+7 1
@((M) + 1 +Z)( 1 +M+Zj=(ZM+Ej(2‘/ 1 +§J

2
(\/x+1—%j 20@( x+1)2+12\/x+1c>(\/x+1)2+‘fsxz7 3 > X+ 8X+7 1

2

2 2 2
8x+7 1 8x+7 1. [8x+7 8x+7 3 8x+
—— +—2 FUX+T+=2> +X+ +—
{\/4 z]©[4]4\/4®{\/4]x 4

2
Do dé VTZL x+1+"8xi_7 1) Ma theo AM - GM ta ludn c6:

2
(2\/x+1+2,/8"4”+1] )
[2 xm;](z /%A]g :(m“ /@@] VT

2 4
8x+ 3

D4u “=" xay ra khi vx+1 1

Céu 62: Gidi phuong trinh —=— + o] 3+(2x—1)\/2x—1:%+ /2X1+\/2x—1
X X—=

N

Gidi
Ap dung bat ddng thicc AM - GM ta c6:

1 5 (W)

+1+12> +1+12> 3&

S
(\/in—) +1+12>32x-1; 1 I —+42x-123

vy
2 1 \/_ >—+ \/_ +42x-1=
Cong lai ta dugc: VT +62> 3{\/, «/2><7—+\/2X } ot V2x-1=VP

Vay d&u “=" xay rakhi Vx ={2x-1=1<x=1

Cau 63: Gidi phuong trinh x* +x+1Jy1-x +3x> = x+1yx+1=x"+2

Gidi
Ap dung bat dang thic AM - GM phat mot 1a ra. Ta c6:
VT=§/(X2 +x+1)3 (1—x)2 +§/(x2 —x+1)3 (x+1)2
3(x2 +x+1)+2(1—x)+1 3(x2 —x+1)+2(x+1)+1

< + =x>+2
6 6

£“” I/

Dau “=" x4y ra khi x=0.
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X +4x+1
Cau 64: Giai phuong trinh V3 -2x* + ’3—— —)

Gidi

££:| |:\/— \/—} 3-2x*<2-x°

bKXb: xe| ——; Theo AM - GM ta c6: 5 1 -
23 /3——32——
x> x>

(¥+ax+1) | 1 (x+1)" (x° +14x° +87x* +116x” +87x" +14x +1)
X’ +—-3= -

16x X 16x
Lai c6: x® +14x° +87x* +116x° +87x> +14x +1

2
=x4(x2+14x+16)+71x2 x+§ +2813 x> +14x+1>0Vx € ——6;—_ 6 U @ﬁ
71 71 2

3 3°2

3
Tt d6 suy ra:

VP-VT 2=

Vay VP> VT .Dau “=" xdy ra khi x=-1

Cau 65: Giai phuong trinh x—1+x-3= \/2(x—3)2 +2x-2

Gidi
Dt {?—(x—?);m)j E‘z\/(x—S)z +x-1
=(1,1) M:

uv <[ul. o= Vx =T+ (x-3) <2(x-3) +2x-2

. Theo bat dang thtc vecto ta co:

Vay VT < VP . Ding thiic xay ra khi hai vecto u,v cung phuong véi nhau. Tac 1a x =5

W
SR

Cau 66: Giai phuong trinh

Gidi
Theo b4t dang thic Cauchy - Schwarz ta cé:

22 )
[«/ijL\/_J (2\/_ +/x+1. }

S(x+9)(

+
x+1 x+1

Déng thtc xay ra khi va chi khi 22 xt1 _x+d X = ;

NTE RN R
N

Cau 67: Giai phuong trinh 2x = \/3+%\/3+%J3+%\/x+3

Gidi
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v

C

ot

o)

Il

| =
N
X
Il
w
_|_

N | =
68)
+
[

3 +%\/x +3 . Khi d6 ta c6 hé phuong trinh:

[6)
+
X

2a=

&%)
+
N | =

Gia st x>a:>2x>2a:>\/3+—\/3+a >\/3+—\/3+x Ma f(t)=,/[3+=+3+t laham déng

bién trén (0;+0) nénsuyra a>x=>a=x=2x= ‘/3+%\/x+3

N | =

2x=+/3+b
bat b:1\/x+3 ta c6 hé phuong trinh A
2 2b=+/3+x
x=1
Gidst x2b=+v3+b>V/3+x=b>2x=b=x.Hay 2x=vx+3 < S(KTM)
X=——
4

Vay phuong trinh ¢6 nghiém duy nhat x=1.

Cau 68: Giai phuong trinh 2\/27x +24x + ? =1+, /2—27x+6

Gidi
Phuong trinh tuong duong;:

2\/27)( +24x+—: / Ix+4) /9x+4 _ / Ix+4)

bit 9x+4=y(y=0). Khi d6 phuong trinh tré thanh:

‘/ +4= 1+J7@2,/ +4= 1+—+\/_
Theo AM - GM ta cé:
5 )2
53%34,/3 4<2y+4@4[%+4j (y+2) (y36) >0

Vay dang thtic xay ra khi va chi khi y =6 < x = % .

Cau 69: Giai phuong trinh §/1+x +§1—x + 1+ 3x +{1-3x =2(§/1+2x+§/1—2x)

Gidi

o 1+3x>0 1 1
Diéu kién &S -——<x<—
1-3x=>0 3 3

Ap dung bat ddng thtc Cauchy - Schwarz ta c6:

VT+x+41+3x < [2(1+x+1+3x) =21 +2x
J1-—x +/1-3x S\/2(1—X+1—3X) =241-2x

Tiép tuc ap dung bat ding thtc Cauchy - Schwarz va két hop (1) ta c6:
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YTax+4T+3x S\/Z(\/1+x+\/1+3x) <241+2x
T—x+41-3x s\/z(Jl—x+J1—3x) <241-2x
Ti€p tuc 4p dung bat ddng thic Cauchy - Schwarz va két hop (2) ta c6:
YT+x+Y1+3x s\/z(é/1+x+é/1+3x) <2¥1+2x
$T—x+Y1-3x s\/z(é/l—x+é/1—3x) <281-2x

— $1+x+81—x+81+3x +§/1—3xsz(§/1+2x+§/1—2x)

(2)

3)

VI+x _V1+3x V1-x _1-3x
1 1 1 1
4 4 afr afr
Vay phuong trinh tuong duong voi: \/11+X :\/1J1r3xv\/11 X :\/113X x=0 (4)
Viex _Y1+3x ¥1-x _¥1-3x
1 1 1 1

Toém lai phuong trinh ¢6 nghiém duy nhét x =0.
Nhan xét. V6i cach chimg minh trén ta c6 thé tong quat bai toan trén thanh

Pl+x+81—x +‘x‘/1+3x+‘x‘/1—3x=2(Ix‘/1+2x+‘\‘/1—2x), n=2k, keN, kchin.

32

Cau 70: Gidi phuong trinh x? +x+1—\x* —x+1-4x> +4=———
x? (2x2 +3)

Gidi
. 32 1 64
Ta co: 4X2 +m = 5(4)(2 -|-(2X2 +3)+(2X2 +3)+mj—3

Theo AM - GM ta c6: 4x* +

Tudosuyra 4’ +——————-4>5-4=1

Xét bat phuong trinh:
X Ax+T-Vx=x+1l<l ooV +x+1 <1+Vx = x+1 = 2x—-1<24/x* = x+1

e Néu2x-1<0ex< % . Bat phuong trinh luén dung.

e Néu 2x-120, bat phuong trinh lic nay tuong duong véi :
4 —4x+1<4(x* —x+1) = 1<4

Vay VT <1< VP do d6 phuong trinh v6 nghiém!

Cau 71: Giai phuong trinh x? +4 = 24/x* +4 +24/x* —4
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Gidi
Theo AM - GM ta c6: x* +4 > 4x*
Theo bat ddng thitc Cauchy - Schwarz ta c6:

x4 +2x —4 S\/2(4(x4 +4)+4(x' —4)) =4

Tt d6 suy ra phuong trinh v6 nghiém!

Cau 72: Gii phuong trinh x* —x+19 +47x% +8x+13 +13x* +17x+7 = 3/3 (x + 2)

Gidi

Ta co:

2
1. Vx> =x+19 =\/[x—%j +18% 218%

2. 7x2 +8x+13=(2x~1) +3(x+2) 23(x+2)’

(2x-1)’ N 3(4x+3)" _ 3(4x+3)’

3. 13x* +17x+7 = >
4 4

Thé vao phuong trinh dau ta sé dugc VT > VP . Dau “=" xay ra khi x = %

Cau 73: Giai phuong trinh % - Az =1
X" (x+5)

Gidi
Pit x+5=y(y#0) taco x* =(y-5) =y* —10y +25
Phuong trinh tré thanh:

y* —10y® +39y? —250y+625=0<:>[y2 +6—225J—10(y+§]+38=0(1)
y

y
y 25 25 . T 2
bit z=y+==|z|=|y+—|>10. Phuong trinh (1) tr6 thanh: z*-10z-11=0=2z=11.
y y
+
Thay z:11:>y+§=11:>x=1_;/i
y

Cau 74: Giai phuong trinh #1+x+%#1+3x =%é/1—x +%<‘/1+2x+%x+%

Gidi
A1 en 1
biéu kién x e {—5;1}.

Xét ham s&: f(x)=1+x +%3/1+3x—%é/l—x—%(‘/HZx—ix—%

1.3 12 1
4(1+x) 243(1+3x) 8Y(1-x)’ 8Y(1+2x)° 4

Ap dung bat ddng thtc trung binh ldy thira ta cé:

Taco f'(x)=

205 | Chinh phuc olympic todn Tinh hoa cda todn hoc ndm & ty do cta né - Georg Cantor



VE DEP DANH GIA PHUONG TRINH VA HE PHUONG TRINH

Wmf wif(1eaxy Si/z¢/(1+x)4 e

) 2
= {(1+x) +{(1+3x) <2{(1+2x) = > : o 1 3
\/ \/ \/ ‘\1/(1+X) +{¥/(1+3x) 2{*/(1+2X)
Mt khéc ta co: ! + L 2 :
(R (R MR ((ERVIRS (CREN)
= ! + L 2 2 (1)

Ja+x) J(+3x)  Ya+2x)

Mait khéc ta co:

J1x) =TT x) (1)1 < “““Z*“X” :1%(
f1-x)" =T (1=x)(1-x)1 < 1"‘*1‘:*1"‘*1 :1-%"

1

Y1) +4(1+3x)

= 1 + 1 > 4 >2 (2)

Ja+x)  Ja-x  {1+x) «Y(1-x)
b s o) 2 + ! + ! > 2 +
1) va (2) tacs Ja+x) Ja+3x) {J1-x)  ya+2x)’ ’
1t 03 1 2 1
4(1+x) 243(1+3x) 8Y(1-x)’ 8Y(1+2x)° 4
() =1 3 12 1

43(1+x) +24{*/(1+3x)3 +8{*/(1—x)3 8y(1+2x) 4

Vay ham s6 f(x) lién tuc va don diéu ting trén tap s6 thuc x e {—% ;1}

= J(1+x) +y(1+3x) <2 = z%

=

Mt khac ta ¢6 £(0) =0, vay phuong trinh c6 nghiém duy nhat x =0.

Loi gidi trén nhic dén bat dang thuc trung binh iy thira, ta ¢6 thé hiéu & day la ching

2 2
theo BCS.

minh da3+b3 S‘{/a4+b4 <:>(a‘°’+b3)4SZ(a4+b4)3 <:>(a2+b2)2£2(a4+b4) luon ding

10 10
Cau 75: Giai phuong trinh 2(X—2 + Y_Z] +X0 4y =4(1+x7y? )2 -10
v x

Gidi

Ap dung bat dang thic AM - GM cho 4 s duong ta c6:
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10 10 10 10
X_+Y_+1+1>44X —4><2yz:2(x—2+y—2+2]28x2y2
y x> x> y y X

x4y +1+1>4.4x".y" =4x'y*

10 10

10 10
= Z(X—2+y—2+2J+X16 +y'°+2>4xy" +8x%y?
y? X

XIO ylo . . ) s 5
1 1
:2[7+?J+X +y Z4(1+Xy ) -10

Diéng thic xdy ra khi va chi khi x* =y* =1 < |x|= ly|=

Cau 76: Giai phuong trinh \/—4x4y2 +16x*y +9 — \/x2y2 —-2y* = 2()(2 + %)(x >0)

Gidi
Véi y =0 thi phuong trinh v6 nghiém

Voi y=0.DbK: x> \/E,-—% <x’y < % . Khi d6 phuong trinh tuong duong véi:

\/25—(2x2y—4)2 = Jy? (x° —2)+2(x2+12j

X

2 2
TheoAM—GMtac():X—+lz21; 3x é(x>\/_):>2(x +lj>5
4 x 4 2

S \/25—(2x2y—4)2 <5 )
beé y thay . Nén phuong trinh c6 nghiém duy nhat x = V2;y=1

y*(x*-2) =0

Cau 77: Gii phuong trinh x® +3x? + 2441+ x +4%/(1+2x)” =24x+1241-x +16

Gidi
1-x>0 1
Diéu kién {1+x>0 < -—<x<1 (*)
1+2x>0
Xét ham so f(x) =x%+3x%+ 241 +x +4§‘/(1+2x)3 —24x—-12J1-x—16
Ta c6 f'(x)=3x"+6x+ 12 + 6 —24+L
J1+x  1+2x 1-x
Mait khéac theo AM - GM ta co:
1 1 1 1
1+2x+ + + + >5 = 3x+
Y1+2x  P1+2x  Y1+2x  Y1+2x \/ 6 (1)
1 1 6
1+x+ + >3 =23x+—2 2
N1+x NJ1+x 1+x ()
Mt khac ta lai co: 6 + 6 > 24 2%:12 (3)

J1+x J1-x J1+x+41-x 2
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Tir (1), (2) va (3) tacé: 6x+—2et— O 4 © >6i6412-24
J1+x Y1+2x  J1-x
= 3x> +6x+ 12 + 6 + 6 > 24

\/1+x ‘\‘/1+2x \/1—x

= f'(x)=3x"+6x+ 12 + 6 —24+ 6 >0 Vxe(—l;lj
J1+x  41+2x 1- 2

X

Vay ham s6 f(x) lién tuc va don diéu tidng trén tap s6 thuc x e (—% ;lj .

Khi x =1, thay vao phuong trinh ta thdy khong thda man, vay x =1 khong phai 1a nghiém
cta phuong trinh.

Khi 0<x<1 taco f(x)>f(0)=0, vay phuong trinh f(x)=0 v6 nghiém.

Khi x =0, thay vao phuong trinh thdy dang nghiém, vy x =0 1a mot nghiém ctia phuong
trinh.

Khi —% <x<0 thitaco f(x)<f(0)=0, vay phuong trinh f(x)=0 v6 nghiém.

Khi x= —% thay vao phuong trinh thdy khong théa man, vay x= —% khong la nghiém

ctia phuong trinh.

Két hop véi diéu kién (*) ta c6 x =0 la nghiém duy nhét cia phuong trinh.

Cau 78: Giai phuong trinh 4‘/—+x+4,/——x+\/( +Xj£__xj 3

Piéu kién: x e {—1,2}
2 2

2
Theo AM - GM ta c6: (1+xj(§—x)sl(l+x+§—x] 31:5(1+xj(§—x]£1
2 2 4\ 2 2 2 2

Theo Cauchy - Shwarz ta co:

N R O

Vay VT < VP . Do d6 phuong trinh c6 nghiém duy nhat x = %

2
x+1 X X
CAau 79: Gidi phuong trinh +\/; =2 + +1
P & ( 1-x J (\/x+1+1 1—x}

Diéu kién: x €[0;1]

Phuong trinh dau tuong duong:
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1
X—+1+x+2 X(X+ )=2 X T A
1-x 1-x Ix+1+1 V1-x

Sx+1+—2+2 X(X+1):2£ X 4+ ]-X J

1-x 1-x Ix+1+1 V1-x

2
S Ax+1+ X =2 Ax+1+ X +1+ 1 -1=0
Vl—x Vl—x 1-x
2
S x+1+ /L—l +-2 =0
1-x 1-x

Do x&[0;1] nén VT >0. Dau “=" xay ra khi x=0

Cau 80: Giai phuong trinh

J1+2013x ++/1-2013x = (1+2014x) 1 -2014x + (1 —2014x )1+ 2014x

Gidi

Ta co:

1. VT? =(J1+20183x ++/1 —2013><)2 > 4,/1-(2013x)’

2. x* >0=(2014x)’ > (2013x)’ = 1—(2014x)” <1—(2013x)’

= 4,/1-(2013x)" > 4,[1-(2014x)’ = VT? > 4,/1—(2014x)
3. VP? = ((1-2014x)/1+2014x +(1+2014x)/1- 2014x)2

= VP? <2((1-2014x)" (1+2014x) +(1-2014x) (1+2014x)’

b=1+2014x
Ta sé di ching minh: VP? < 4+/ab < 2(a’b+ab” ) < 4+/ab = 2ab(a+b) < 4/ab

:>4ab£4x/£:>\/£(1—\/£)20

Ta lai c6: v/ab > 0=1-+/ab > 0= +ab <1
Bat ddng thic trén luon ding do 2=a+b>2+ab = ab <1
Vay dang thtc xay ra khi x =0

Cau 81: Giai phuong trinh 10x* +164/(1-x)’ +5x = %xz +164)(1+x)’

Gidi
Cach 1.

biéu kién x =0. Phuong trinh da cho tuong duong voi:

20x° —45x> +10x +32,(1-x)” =32,/(1+x)” =0
Xét £(x)=20x>—45x> +10x +32y/(1-x)" =32/(1+x)’
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Suy ra f'(x)le[(6x2 —9x+1)—8(\/(1—x)3 #yJ(14x) ﬂ
Ta s& ching minh f'(x) <0 v6i -1 <x<1. That vay

Vi 0 <x* <1 nén theo bat d&dng thitc AM - GM va so sanh liiy thira ta c6
8(\/(1—x)3 +\/(1+x)3)2 164(1-x) 216(1-x)

Nhu vy ta chi cin chimg minh 16(1-x")>6x* —9x+1 <> 22x* -9x-15<0(*)

Bat ddng thuc (*) luon ding véi —1<x<1. Do d6 f(x) nghich bién trén [-1;1].
Mt khac £(0)=0 nén x =0 la nghiém duy nhat caa phuong trinh.
Cich 2.
biéu kién -1 < x <1. Phuong trinh da cho duoc viét lai dudi dang:
20x° +32(1—x)" V1 -x +10x = 45x* +32(1+x)" V1 +x
Truong hop 1 0<x<1.
Taco V1-x <1 nén VT <20x* +32(1-x)" +10 (1) va 1<+/1+x
Neén 45x* +32(1+x)’ < VP (2)
Ta chting minh 20x° +32(1-x)" +10x < 45x* +32(1+x)" (3)
Bat ddng thtc nay tuong duong véi
20x° +32(x2 —2x+1)+10x <45x° +32(x2 +2x+1)
& x(20x* -45x -118) <0 (dtng, do 0<x<1).
Cong theo vé& cac bat ddng thic (1), (2) va (3) ta duoc VT < VP,
Déng thic xay ra < x =0.
Truong hop 2: -1<x<0
Tacé V1-x>1 nén VT >20x>+32(1-x)’ +10x (4)
Va 1>+1+x nén 45x* +32(1+x)* > VP (5)
Ta ti€p tuc ching minh 20x* +32(1-x)* +10x > 45x> +32(1+x)” (6)
Bat dang thtc nay tuong duong voi 20x° +32(x* —2x+1)+10x 2 45x° +32(x* +2x+1)
& x(20x* —45x-118) >0 (dtng, do ~1<x<0).
Cong theo v& cac bat déng thic (4), (5) va (6) ta duoc VT 2VP, ddng thic xdy ra
< x=0. Vay x=0 la nghiém duy nhét cta phuong trinh.
Cidch 3.
Tap xac dinh: -1<x<1.
Khi x =1, thay vao phuong trinh ta thdy khong thoa man, vdy x =1 khong la nghiém cua
phuong trinh.
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Kh x=-1, thay vao phuong trinh ta thdy khong thoa man, vay x=-1 khong la nghiém
cta phuong trinh. Khi -1<x<1

Xétham s6 f(x)=10x>+16 (1—x)5+5x—§x2—16 (1+x)5

1-x)" 1+x)"
Taco £1(x)=30x* ~16 20y 5_g5x—16205X)
2 (1—x)5 2 (1+x)5
=30x> —401/ 1- x 15 45x— 40«/ 1+x
f! ( =60+40 —=— —45—40——60x+60\/1—x—45—60\/1+x
2,/ 1- x w/ 1+x
30 30 1 1
£1'(x) = 60— - =30 2 -
(X) \/1+x \/1—x ( \/1+x Jl—xj

Mait khéc theo AM - GM ta c6:

1+1+x X
1 =./1(1 < =1+=— (1
V1+x =, (1+x) 5 +2 (1)
1+1-x X
V1-x=,/1.(1-x)< =1-——
X2 LX) <= 2

Cong céc vé clia cac bat dang thtc (1) va (2) lai ta duogc:

J1+x +41-x 31+§+1—§=2

Mat khéc ta lai co6: 1 + 1 > 4 >2.
J1+x J1-x  J1+x++1-x
1 1
Vay ta co: £"'(x)=30| 2 - - <0, Vxe(-1;1
! ()= ( Jix Jl—xj e

= £"(x) <f"(1)=60-45-60+2 <0

= £'(x) <f'(1)=30+5-45-4042 = 4042 <0

Vay ham s& f(x) nghich bién trén tdp x €(-1;1), mit khac ta thay f(0)=0, vay phuong
trinh c6 nghiém duy nhat x =0.

Cau 82: Giai phuong trinh 4/x +42—x = /4;)( +4 Z-é-x

Gidi
Diéu kién: 0<x<2
—x;b=42-x
c=4 ;d:4
3 3
Vaytaco a*+b* =c*+d* va 0<ab<cd (*)
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Thay vao phuong trinh ta dugc
atb=c+d<a’+b*+2ab=c’+d*+2cd = a’ +b*> >’ +d?
D4u bang xdy ra khi ab =cd
Mt khactaco a>+b? >c*+d* @ a* +b* +2a’b* > c* +d* +2c°d* = a* +b* > ¢* +d*
D4u bang xdy ra khi a’b* = c*d?
Theo (*) ta c6 phuong trinh nghiém dung khi va chi khi: {a}; =ed <x=1
a’b® =c’d’?
Cach 2. Néu ta st dung bat dang thtc sau thi bai toan tré nén gon nhe

Véimoi a, b, c khong am ta c6 (‘/;+(‘/E+%/E£§/a+32b +</b22c +</c+32a

Véi bai toan trén ta c6 phuong trinh tuong duong 4/2 + 4/; +32-x= %/; + 4 /4 ; X4 4 ’ 2 ; X
Str dung bat ddng thtc trén v6i vé trai ta c6 ngay né nhé hon hodc bang vé phai

Déng thtc xay ra khi .

Két luan. Vay phuong trinh da cho c6 nghiém duy nhat khi x=1.

Cau 83: Giai phuong trinh \/2—x+ 23 +\/x+E =4
—-X X

Gidi
Diéu kién x e(0;2)

Tacc’)VT:\/2—x+ L + ! + ! +\/x+1+1+1
2-x 2-x 2-x X X X

. H%%ﬁ Y et #(2—i+x)2 _vp

4

Péng thtic xdy ra khi x=1.

Cau 84: Giai phuong trinh x(l +4x* +1) =V2x-1+7x* —6x+1

Gidi
Piéu kién x > 3 +7ﬁ
. o, x>+/2x-1
Ap dung bat dang thtec AM-GM ta co:
x* +1>+/2x

Cho nén x(1+Vx' +1) 2 y2x=1+2%’
Bay gio ta sé chiang minh

V2x2 275 —6x+1  2x* 2 7% —6x+1 o (x—1) (2x* +4x-1)>0
Dtng chonén VT > VP dau bang x4 ra khi x=1
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Vay phuong trinh da cho c6 nghiém duy nh4t khi x=1.

Cau 85: Giai phuong trinh ¥x? +x+1+¥x* —=x+1 =2¥x% +1

Gidi
Ta c6 phuong trinh da cho tuong duong voi

(21\0/x2+1)11 =(1\1/x2+x+1 +/x3 —x+1)11 Szl(’(2x2+2)=211 (x2+1)<:>x2 <0< x=0

Téng quat. “Yx* +x+1+"Yx? —x+1 < 2VYx? +1 < 2¥/x* +1 v6i moi k ty nhién.
Vay phuong trinh da cho c6 nghiém duy nhat x=0.

Cau 86: Giai phuong trinh x+\/\/—x—1 414+ 2¢—x-1 =+/—x-1

Gidi
biéu kién x<-1
Pit V—x-1=t>0
Khi d6 phuong trinh tuong duong /t++2t+1 =t> +t+1
Theo b4t dang thitc AM-GM ta c6

=Jt+/2t+1 < t+#=42t+1 <t+1<t’+t+1=VP

D&u dang thtc xay ra khi t=0 hay x=-1.

_ 4
Cau 87: Giai phuong trinh x+2 3X5 1_ 44/ X 2-5 <

Gidi
Ta c6 2 3x-1 3x 1 3x+4
\ 5
[iva \/(x +4)(16+4) f4x +4) /X 1
20
Suy ra x+3 +4£>8 <:>8x+4>40
5 20 \/ 20

1
2 X>—— X>——
X +1 2 = 2 oSx=2

4 +4x+125 +5  |(x=2)" <0

< 2x+12>210

Thtt lai thay théa man phuong trinh
Vay phuong trinh da cho c6 nghiém duy nhat x=2.

Cau 88: Giai phuong trinh 34/1+x + 41+ 3x =341+ 2x +1

Gidi
A 1en 1
Diéu kién: x> 3

213 | Chinh phuc olympic todn Tinh hoa cda todn hoc ndm & ty do cta né - Georg Cantor



VE DEP DANH GIA PHUONG TRINH VA HE PHUONG TRINH

Phuong trinh da cho tuong duong v6i

4/1+3X_1=3(é/1+2X—é/1+x)<:> m—l _3\/1+2X—\/1+X

1+3x+1  +2x+41+x
3x 3x

= (\4/1+3x +1)(\/1+3x +1) ((‘/1+2x +(‘/1+x)(\/1+2x +J1+x)
Ta quan tam t6i phuong trinh
(@+1)(M+1) =(4/1+2x +<‘/1+x)(\/1+2x +J1+x) (*)

Dé ¥ cac bat ddng thic v1+x ++/1+2x > 1++/1+3x
Va 1+x+41+2x >1+41+3x
Suy ra VP(*)>VT(*), VT (*)=VP(*) < x=0

Vay phuong trinh da cho c6 nghiém duy nhat x=0.

Cau 89: Giai phuong trinh: J1+2x +31+3x+41+4x = 3(x+1)

Gidi
A 1en 1
biéu kién: x> 2

Khi d6 ta c6:

VT = [1.(1+2x) + 31.1.(1+3x) + 1.1.1.(1+4x)

S1+1+2X+1+1+1+3X+1+1+1+1+4X=3(X+1)=VP
2 3 4
Déu "=" xay ra khi: v1+2x =31+3x =1 +4x & x=0
Vay phuong trinh da cho c6 nghiém x=0.
X+6 9 16
Cau 90: Giai phuong trinh: £1+ j(1+ J:
Vax-3 NX+6 ) J1+J4x-3

Gidi

bit: a=+/x+6, b=+4x-3 (a,b>0)

2 2
Phuong trinh da cho tré thanh: 4/1 +% (1+§J = '_11-6+b = \/(1 +b)£1 +%j = al-?-a9 (1)

2
Theo bat ddng thicc BCStacé: VT(1)>1+a= (a-3) L 108, 16a =VP(1)
a+9 a+9 a+9

Dédu "="xayrakhi a=b=3=x=3

Vay phuong trinh c6 nghiém duy nhat x=3.

Cau 91: Gidi phuong trinh: 12v/4x—x” sin’ izy +8cos(x+y)-13—-4cos’(x+y)=0

Gidi

D@ thay V4x-x* <2
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Danh gia
Vax—x sinz)(WLTY+8cos(x+y)—13—4cos2 (x+y)

<12(1-cos(x+y))+8cos(x+y)—-13—4cos’ (x+y):—(2cos(x+y)+1)2 <0

x=2

Déng thic xay ra khi
cos(x+y)= -3

Cau 92: Gidi phuong trinh 63/x* +1 + 64X’ +1 =7x* +12

Gidi
Ap dung bat dang thicc AM- GM ta c6
63X +1=32[(x+1)(x* ~x+1) <3x* +6
Tt phuong trinh ta c6 ngay
7x2 +12<63x +143x7 +6 & 2x* +3<3Yx" +1 & X (8x* +9x* +54) <0 = x =0

Vay x =0 la nghiém duy nhét cda phuong trinh.

Cau 93: Giai phuong trinh /3x+1 +3/7x+1+¥15x+1 +/31x+1+¢63x+1 =5x° +5

Gidi
S [ 1 j
biéu kién x| —— ;400
63
e Néu xe {_61_3 ;O) thi VT <5< VP suy ra phuong trinh v6 nghiém

e xe[0;1) thi

VT2 (x+1) +3{(x+1) +§(x+1)" +J(x+1) +§/(x+1)° =5(x+1)> VP
e xe[l;+x), tuong tutacé VT <5(x+1)< VP

Tix d6, ta dé dang thu dugc tap nghiém cta phuong trinh da cho 1a S={0;1} .

Cau 94: Giai phuong trinh: {/x+23 / XTjLS =V2x+132x+1

Giai
A1 en 1
biéu kién: x> 1

e Truonghop1: x>1

Ta co:

VT=\6/X+23/XT+5 <Yx+23x+2 =x+2<V2x+1 =42x+142x+1 <¥2x+144x -1 =VP

e Truong hop 2: i£xél . Tuong tu VT = VP
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=>VI=VP o x=1
Vay phuong trinh c6 nghiém duy nhéat x=1.

B —x+T 0 =3x+ T+ +x+1 402 +3x+1 _
x> +2

Cau 95: Giai phuong trinh 2.

Gidi

Ap dung bat dang thtc cauchy cho VT ta c6

e xp1< X Tx+2
2
Vx*=3x+1 S><2—3—x+2
1
2
VX2 +3x+1 SMTXQ

D&u bang xay ra khi x=0.

= VT <2x*+4<VP

Cau 96: Giai phuong trinh cos x,/ L —~1+cos 3X‘/ L -1=1
cosX cos 3x

Gidi
. 1-cosx 1—cos3x
Phuong trinh dau tuong duong cosx, | +cos 3x, /— =1
COS X oS 3x

1-cosx 50
Ta c6 diéu kién: CoSX ma 1-cosx>0 va 1-cos3x>0 = cosx,cos3x =0

1-cos3x

— >0

COS 3x

) 1-cosx cosx(1-cosx 1
Ta c6 cosx < +1 |=—
COS X 2 COSX 2

1—cos3x cos3x(1—cos?>x j 1
+1

Cing tuong ty: cos3x

< -
Ccos 3x 2 2

fl —cos3x 1
Ccos 3x —3 = E
= VT <1 dau bang xdy ra khi va chi khi: oS
1-cosx 1
0s x‘/ ==
Cos X 2

Cos3x=% 3x=§+k2n hay 3x=-=+k2n

= =
1

2

Ccos 3x

cosX = X =412 hay x=—Z4t2n
3 3
x=—=+k2n hay x =—Zikon
= ? ? = giao lai trén duong tron lugng giac.
T T
x=§+t2n hay x=—-—+1t2n
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Cau 97: Giai phuong trinh +2x+1 ++/17 —2x = x* —=8x> +17x” —8x +22

Gidi

Ta 6 V2x+1+4/17-2x—6=(x*+1)(x—4) >0

Lai co
3\/2x+1<1(2x+1+9J_x+5

3 3 2 3 = V2x+1+/17-2x <6 = 2x+1+~/17-2x -6 <0
3\/17—2x<1 17 -2x+9) 13-x

3 3 3 3

T doétacod V2x+1+/17-2x-6=0=>x=4

9
Cau 98: Giai phuong trinh 5v/x+1 +2+/x—2 + (2

15

Gidi
Taco 2vx+1-+vx-2>0;vx+1++/x-2 >0, ap dung bat dédng thtcc AM - GM ta c6
e 9(Vxr1-vx-2)
S5Ux+1+2x-2+
2Vx+1-+/x-2

243

(2v5+ T —Vx—2)(Vxr T2 )

= (2VxH 1=V =2 )+ 3(Vx T +x-2)+ 243 3
(2\/X+1—\/X—2)(\/X+1+\/X—2)

=5x+1+2Jx—-2 +

2432+ 1 —x—2)(Vx+ 1 +4x-2 )
>5s5 =15

(2V5+ T —x—2)(VxrT+vx-2)

Cau 99: Giai phuong trinh 1 +2x +3/1+3x = 1+ 4x + /1 +5x

Gidi
L 1
biéu kién: x>—-—
4
Ta 6 1+4x <4T+4x+4x7 =Y(1+2x) = fl1+2x] =+T+2x = T+2x > 4T+4x (1)

Tuong tu: Y1+3x > Y1+5x (2)

< 3/1+%(t5—1) >t (t=31+5x) <36 =5 +220 < (t-1)° (38 +6¢" +4t+2)>0

& (t=1)°[ £ (3t+4)+2(t+1)" |20 luon diing vt > 1= (2)luon ding Vx> _i

Tir (1) va (2) = ~1+2x +3/1+3x > Y1 +4x +Y1+5x

Vay phuong trinh c6 nghiém duy nhat x=0.
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x2(x2+x—\/x2—1—2) 5 22 o
Cau 100: Giai phuong trinh _NX =xINxT -1 1

X+yx—vx* =1 x—x* -1

Gidi

Diéu kién ctia x1a x>1.Dé& thdy t=+4x—-/x" -1 :;S1
x+x* -1

X (x* +t7 -2 _ _ 2(xt—1
pre X ):xt21©xt2 12041
X+t t Xt X+t
s=x+t
Ta c6 thé dst .. _ dé gidi tiép hodc stt dung BDT (x=1)(t-1)<0= xt+1<x+t Kp;
p=xt
do:
t+1 2(xt+1 - t+1)(xt—1)" x=1
x+t—2(x—)2(xt+1)—(x—)=xt—1:>%2xt—1<:>(X )2(2 ) <0<
X+t (xt+1) x’t x’t t=1
Thu lai thay thoa man.
A <. . 2 3x 1-x
Cau 101: Giai phuong trinh x* +4x+5-————=(x-1)| 1-2,| 57—
X +x+1 X +x+1
Gidi

Vi phuong trinh c6 nghiém x =2 ma day la nghiém kép ctia bai toan nén ta tim cach khu

. 1_X 2
ciican ,|———— A P - O P P o X+ X+T1 A ~ 1A
\/ 2 +x+1 - Nhan thay mau 6 v€ trai c6 chaa nén ta sé lay:
\/ 1-x _\/1—X\/X2+X+1<1—X+X2+X+1_ x> +2

X +x+1 x?+x+1 2(x2+x+1) _2(x2+x+1)

Suy ra:

3—X_(X_1) 1-2 21;)(
X +x+1 X +x+1

2
CIE O . 2 1ox
X +x+1 X +x+1

“1)(x*+2
>x*+3x+6— . 3x +(X 2)(X ):(x+2)220
X +x+1 X +x+1

x* +4x+5—

Cau 102: Gii phuong trinh 4x’ (x* +3x +2) =(2x* +14x° +13x” + 6x +1)(\/2x +3 —1)

Gidi

Ta co:

2

PT @%(ZX—l—\/Zx+3)(2x3 +8x +4x+T4+x(2x+1)V2x+3 )(V2x+3-1) =0

St dung BPT Cauchy ta c6 :

Tinh hoa cda todn hoc ndm & ty do cda né - Georg Cantor Chinh phuc olympic todn | 218



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

2 2
2x(2x+1)\/2x+32(2x+1) +;LX (2X+3):—(4x3+8x2+2x+%j

2
= 2x° +8x* +4x+1+x(2x+1)v2x+3 24x2+3x+%:4(x+§j +%20

8
, X:3i\/ﬁ
Vay ()€ (2x-1-V2x+3)(V2x+3-1) =0« 2
x=-1

Cau 103: Giai phuong trinh 4x* —2x° +4x* —2x+8 = (x> +5)v2x* +2

Gidi
Phuong trinh ¢6 nghiém boi kép x=1, do d6 ta tim dugc nhan ta 1a ( V2x'+2 - 2X)
Dé thay
1. 2x* +2 > 2x
2. Tuy nhién thanh thu ta thay :
4x* =257 +4x% ~2x+8—(x* +5)v2x" +2 20

Piémroila X=1 nen (Xz "‘5) =V2x"+2 vay 4p dung BDT Cauchy ta co:

2 2 4
(X2+5)m£(x +5) +9(2x* +2)
6
(x*+5) +9(2x* +2)
6
@%(5x2—2x+5)(x—1)2S0<:>x=1

= 4x* —2x° +4x* = 2x+8<

Cau 104: Gii phuong trinh 2x® - 2x* +6x = (x> +5x +2)+/x -1

Gidi
Ta co: PT@(VX—l —1)(X3—x2+5x+1—(x2+1)\/x—1)=0
Néu
PY VX_]_ =1<:>X=2
o« X=X +5X+1=(X2+1)\/x_1 T
Thanh tht ta thdy can phai chtng minh :
x* = +5x+1—(x2+1)\/x—1 >0

Ap dung BPT Cauchy ta c6

=1 < x—;+1 _X

2.
Do dé:
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x? —x? +5x+1—(x2 +1)\/x—1 2x3—x2+5x+1—§(x2+1)

3
=X +2x+1=1(x—1)(x2—x+8)+5>0
2 2 2

II. CAC BAI TOAN HE PHUONG TRINH.
X

YJ4+(1+ j4=32 (1)

X +y? +X°y +2x+y+6=0 (2)

y
X

1+
Cau 1: Gidi hé phuong trinh (

Gidi

T :(1+1)4+(1+%j4

4
Xét ham s f(’c)=(t+1)4 +(1+%j ,t>0.

biéu kién x,y #0. Ta co6:

4
Phuong trinh (1) < {1 +X ] +(1+
y

y
X

3
Taco f'(t)=4(t+1) +4(% +tj >0,Vt >0 hay ham s6 dong bién trén (0;+w)

Do vay fui‘]zf(l)@‘i =1@{Xzy
y y x=-y.

e Vo6i x=y thay vao (2) ta c6 phuong trinh x* +2x* +3x+6 =0 < x=-2

e V6i x=-y thay vao (2) ta c6 phuong trinh —x’ +2x* +x+6=0<x=3
Tir d6 ta tim duoc nghiém ctia hé da cho la (x;y) = {(—2;—2),(3;—3)}.

4 =V +1+1) (@ -y’ +3y-2) (1)

x2+(y+1)2:2[1+1;"2j (2)

Cau 2: Giai hé phuong trinh

Gidi
biéu kién y #0.
Phuong trinh (2) twong duong voi y(x2 +y? 42y + 1) = 2(y +1 —xz)
o x(y+2)+y’ +2y*—y-2=0 <:>x2(y+2)+(y+2)(y2—1)=0
<:>(y+2)(x2+y2—1)=0<:{zz_+;22 10
e V6i y=-2 thay vao phuong trinh thr nhat cta hé ta c6

x> =0
4x? =x2(\/x2+1 +1)<:> o
Vx?+1=3

x=0

x:J_rZ\/E.
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-1<x<1
-1<y<1

e Vi x2+y2:1:>{
Ttr phuong trinh (1) ta c6 4[(x2+1)—1}=(m+1)(x2—y3+3y—2)

( )x—y+3y2©4mx+y ~3y-2=0
Xétham s8 (x)=4v/x* +1—x* v6i x [~1;1]. Ta c6 ham s6 £(x) lién tuc trén doan [-1;1]

t'(x)= @x—z_m: <:>X:0
\/_—2x ( )—0 2 ( m } 0 l:x=i\/§§£[—1;1]

:>m1nf(x)=mm{f( -1); £(0); f(l)}=f(0)=4.

[-1:1]

Vaf

Xéthamss g(y)=y’—3y—-2 voi ye[-1;1]. Tac6 hams6 g(y) lién tyc trén doan [-1;1]

va g'(y)=3y"-3; g'(y)=0ey=+1=ming(y)=min{g(-1); g(0); 5(1)} =(0) =4
x=0

Tadotaco f(x)+g(y)=0, vx,ye[-1;1]. Dau “=" xay ra <:>{ )
y:

Thr lai ta c6 tap nghiém ctia hé T = {(O; —2),(2\/5;—2),(—2\/5;—2),(0;1)}.

m+y—1:\/2(y2—2y+x+2)

Cau 3: Giai hé phuong trinh 2 —xtrvi1 (0yeER)
\/x(x+y)+\/(x—1)(y+1) :T—}ll
Gidi

x>1
y=>-1
Ta bién d6i hé phuong trinh da cho trd thanh hé phuong trinh :

m+y—1:\/2(y2—2y+x+2)
\/(xz—x)(x+y)+(x—1)\/§lex2—x+y+1

Ap dung bat déng thicc B.CS tacod Vx+1+y-1< \/(1+1)(y2 —2y+x+2).

Piéu kién : {

D4u déng thuc xay ra khi va chi khi Vx-1=y-1.

2 2

St dung dénh gia: ab< 2 . Ta c6 cac danh gid sau :

2_
\/(xz —x)(x+y) S%JFXH

(x-1)y 1= x2—2x+21+y+1
:>\/(x2 —x)(x+1)+(x—1)4/y+1 <x*—x+y+1.
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VX —x = x+y
x-1=,y+1

Vx-1=y-1
Jy+1l=x-1

Q{X‘Yﬁ‘m@{"‘y*m‘ﬁ)o@ ("‘Y){“miﬁ}o
m=y—1

Déu dang thtc xay ra khi va chi khi { < Jy+1=x-1.

Khi d6 két hop lai ta s& c6 hé phuong trinh : { (x=1,y>1)

Vx+1l=y-1
Xy Vx+1=y-1

x=0
X=y X=Yy X=Yy y=0
= = = = .
x+l=x-1" |x+1=(x-1)" " |[x(x=3)=0 | [x=3
Lly=3
Doi chiéu diéu kién ta ¢6 nghiém ctia hé 1a (x,y)=(3;3).
4x° + 4xy” > >
— " 4 X —xy+y =2x+
Cau 4: Giai h¢ phuong trinh { 2x* +xy +y’ Y Y , (x,yeR)

2(2x-y)x—y =x* =5xy +4x+y -1

Gidi
biéu kién: x>y.

T phuong trinh tht nhat trong hé ta c6

3 2 2 2
m:2X+y_M®m:y[4x Xy +y ]

2x* +xy +y’ 2 +xy+y°

X’ —=xy+y> >0
2 2 A s Xzy
Do: {4x" —xy+y >0 néntasuyra: y>0. Vi =x>0.
R 5 y>0
2x"+xy+y >0

Mat khac ta c6 cac danh gia sau :

X =xy +y’ :\/i(x+y)2 +Z(x—y)2 2%(x+y)

D4u déng thic xay ra khi va chi khi x=y.

3 2
4>2< +4xy i 23x+y (1).
2X° =xy+y 2

That vay, ta c6 (1) < 8x” +8xy” > (3x+y)(2x* -xy +y’) < (x-y) (2x-y)>0.
Bat dang thtic cudi ciing ludn ding vi 2x—y =x+(x—y)>0.

Déu dang thtc xay khi va chi khi x=y.

3 2
T hai danh gia ta c6 : %h/xz—xy+y2 2%(x+y)+%(3x+y)=2x+y
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Déu dang thtc xay ra khi va chi khi x=y.
Thay vao phuong trinh thi hai trong hé ta thu dugc phuong trinh :

x=1=y=1
4x* -5x+1=0< 1 .
X=—=y=—

4 4

Dai chi€u diéu kién ta c6 nghiém ctia hé 1a (x,y) = {(1 1); (i i]}

x/§+\/xy+(x—}’)(\/§‘2) =y +y(@)

Cau 5: Giai hé phuong trinh
(y+\/—y+x+x ) (x+1)-4=0(2)

Giadi
1) XY Y(X y)+(x Y)(\/E_Z)
X+\/_ \/xy+ (x- y \/_y 2)+y

ay x=vha y+f2 =0(*).
Vay x=y y\/—\f\/Xerny_y Ty 0(*)

Néu x =-1thé vao phuong trinh (2) suy ra -4=0 (vo1i)

Néu x = -1tir (2) = y+,/xy = il+ x> —x thé& vao phuong trinh (*)
X+

+x*—x-2
x+1 _0(**)

x+\/7 \/xy+x y \/_y 2) y_

+x*=x-=2>0 hodc >0

Bay giod ta chi can chiing minh
x+1

bit f(x) = 41+x2—x—2 voi x>0.
X+

Khi do, f'(x) = +2x-1cho f'(x)=0=x=1

(x+1)
Khao sat ta thady minf(x)=0tai x=1=f(x)>0
Khi d6 dé thay phuong trinh (**)>0vo6ix,y >0

Vo6i x =y thé vao (2):>(3x—x2)(x+1)—4=0:>x=1(th6a)hay x:1+;/ﬁ(th
X+6\/g—y=6
Cau 6: Giai hé phuong trinh 6(x3 +v3 x,y R
x+—2(X y)z 2(x2+y2)+3( )
X" +Xy+y

Gidi

Diéu kién: xy >0,x> +y”> >0.
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Vi x<0,y <0 khong thoa hé nén ta chi can xét x>0,y >0.
Theo bat ddng thic AM - GM ta c6 : 6,/xy <3(x+Y).
Do do6 tit phuong trinh thi nhat ta c6: 6 =x+6,/xy —y <x+3(x+y)-y=2x+y>3.

2 2

Mat khéc ta c6 : xy < X ;y . Do d6 tir phuong trinh thtt hai trong hé ta c6 :

3 3 3 3 3 3
- 62(x +y )22x+ 6(x +};) 2=4(>§ +};)
X~ +Xy+y x2+y2+x Ty Xty
2
4(x3+y3)

Ta sé& di chtng minh Ty >2,/2(x* +y7) (*).

That vay, ta co (*) < 2(x3 +y3)2 (x2 +y2) 2(x2 +y2)
2(x+y*)2(x +yz)2 (x* +y?*) & x°=3x'y? +4x’y’ +3x7y* +y° 20
e (x—y) (x* +2x°y +2xy’ +y*) 20 (luén ding Vx,y >0)
D4u déng thic xay ra khi va chi khi x=y.

V6i cac danh gid nay ta c6 :

6 3 3
3=x+x2(jx—;_}:y)2—1/2(x2+y2) 2x+2\/2(x2 +y2)—\/2(x2+y2) =x+«[2(x2+y2)

Mat khac ta lai co : 2(x2 +y2) >X+Yy.

Dodoétacod: 32x+x+y < 2x+y<3.

2x+y =3
) L y ) 2x+y=3 x=1
Vay qua cac danh gia ta c6 dugc {2x+y<3 < = 1
X=Yy

Déi chiéu diéu kién ta c6 nghiém cta he 1a (x,y)=(1;1).

4 = (2 +1+1)(x -y’ +3y-2) (1)

Cau 7: Giai hé phuong trinh ,
(x2+y2) +1=x*+2y (2)

(x,y eR)

Gidi
Tt phuong trinh (2) ta c6 (x2 +y2)2—(x2+y2):—(y2 —2y+1)
<:>(x2+y2)(x2+y2—1)=—(y—1)2:>OSX2+y2S1.

2<x?+vy? <1 —-1<x<1
Dodé{x X+y { X

vy <xP+y’ <1 |-1<y<1
Tt phuong trinh (1) ta lai co: 4[(x2 +1)—1J = (\/x2 +1 +1)(x2 —y’ +3y-2)

<:>4(\/x2 +1—1):x2 —y 43y -2 & 4Vx*+1-x"+y° -3y -2=0 (*)
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e Xét ham s6 f(x)=4vVx*+1-x* voi xe[-1;1]. Ta c6 ham s6 f(x) lién tuc trén doan

S =0
[-1;1] va £(x) = -~ 2x; f'(x)=0<:>2x£wj=0<:>|:x

N S +1 x =3 ¢[-1;1]

= minf(x)=min{f(-1); £(0); £(1)} =£(0) = 4.

[-11]
e Xéthams6 g(y)=y’-3y-2 v6i ye[-1;1]. Ta c6 ham s6 g(y) lién tuc trén doan
[-1;1] va g'(y)=3y*-3; g'(y)=0ey=+1
= ming(y) =min{g(-1); §(0); g(1)}=5(0) =4
’ x=0
Tadotaco f(x)+g(y)=0, vx,ye[-1;1]. Dau “=" xay ra <:>{ )
y =
. x=0
Thtt lai ta thady nghiém cta hé phuong trinh da cho la { 1
y=1
Nhdin xét.
Ta c6 thé gidi quyét bai toan mot cach ngdn gon hon tir viec gidi quyét phuong trinh (¥)
nhu sau

(*) = (X +1)-4Vx* +1+3 =y -3y +2

& (Ve +1-1)(V+1-3)=(y+2)(y-1)’

VX +1-120
VX +1-3<0
2 — =
Jx +1—1_0©{x 0

y—-1=0 y=1

Voéi |x|<1:{ dong thoi |y|§1:>(y+2)(y—1)2 >0

Tadosuyra (*)< {

X +y? X +xy+y’
= 1
Cau 8: Gidi h¢é phuong trinh \/ 2 +\/ 3 Xy ( )

Xy[2Xy +5x+3 = 4xy —5x -3 (2)

Gidi

biéu kién 2xy+5x+3>0.

x2+X}7+yzZ§(x+y)2
Ta c6 i 4 . Do do
X2+y22§(X+Y)2
X2 +v: X +xy+v2 1 1
P Pty By gy =esylz(ery)

Déau “=" xdy ra © x=y >0

Thay x=y vao phuong trinh (2) ta dugc phuong trinh
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XN2x% +5x+3 =4x* -5x-3 <:>(2x2 +5x+3)+xx/2x2 +5x+3-6x>=0

«, 2 - _
<:>(\/2x2 +5x+3 +3x)(\/2x2 +5x+3—2x):0© 2x+5x+3 =-3x
V2x% +5x+3 =2x

SA2x2+5x+3 =2x <= x=3.

Vay hé da cho c6 nghiém 1a (x;y)=(3;3).

2 »  8xy
=16 1
x*+y +Xer (1)

Cau 9: Gidi hé phuong trinh
x> 2x x> Xy
e e el

8y 3 \3y 4 2

Gidi
x+y#0
. 0
Piéukien | 77
i+120
Jy 4
X 2x
8—+?+%20 y>0
Tt phuong trinh th hai ctia h¢ ta suy ra: y = 3 .
x 1 X+—y=0
—+—-2>0 4
3y 4

8xy 0
X+y

Taco x> +y° + Sxy =16 < (x+y)* -16-2xy +
X+y

c>(x+y—4)[(x+y)2+4(x+y)—2xy}=0
& (x+y—4)[x* +y* +4(x+y)|=0 (*)

Do x+y>x+%y20:>x2+y2+4(x+y)>0 nén (*) & x+y=4.

Mait khac, do % +% = %(x +%yj >0 nén ap dung bat déng thic AM-GM ta co:

2 2 3 2
X_+(%+Xj22 X_[§+Xj: X_+X_
8y (3 2 8y\ 3 2 Jy 4

2

Suy ra phuong trinh thit hai caa hé @X—:%JFX

8y 3 2
(24
X:7

-4

Dodo he dacho o |t 2 Xy y=>
o do hé da cho < = = =z
' AN AR 4 3x* —16xy —12y* =0 7
8y 3 2 x—_8
_{Y=12
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Vay nghiém ctia hé phuong trinh da cho 1a (x;y) = {(274 ;Lj (-8; 12)}

3 _ 3 _ _
Cau 10: Giai hé phuong trinh X (1-x)+y’ (1-y)=12xy +18 (1)
|3X—2y+10|+|2x—3y|:10 (2)

Giai
Nhan thdy (x;y)=(0;0) khong la nghiém ctia hé phuong trinh.
Taco (1)< x> +y° :(x2 —y2)2 +2(xy +3)’ 20:(x+y)(x2 —xy+y2)20:x+y20 (*)
Ap dung bat ding thic |A|+|B|>|A-B| talaicé
(2)=10=[3x—2y +10|+|2x-3y|>|x+y +10| =10

Diu /=" xéy ra < {(3x—2y+10)(2x—3y) <0 _ {_z <x<0
y=-X

x+y=0
Thay y =—x vao phuong trinh (1) ta c6 phuong trinh
2x' -12x* +18=0 ¢ x* =3 = x=—/3, do -2 <x <0.
Thay trd lai ta tim dugc nghiém ctia hé da cho la (x ;y) = (—\/5 ;\/5 )

(x+y+1)(x+y+1+xy):12xy (1)
yV3X—2x* 1 +xy1+y-2y* +xy=1 (2)

Cau 11: Giai hé phuong trinh {

Gidi

1+y-2y*>0 —<Y<1

1>
Piéu kién {3" 2x*-120 @{
2

e V6i (x+y+1)(x+y+1+xy)=0 hé da cho vo nghiém.

)=
e Vai (x+y+1)(x+y+1+xy)#0
1 1 1
x+y+1_x+y+1+xy=E
B 1 < 1 4
x+y+1 x+y+1+xy_x+y+1 (x+y+2)2
1 4

Xét ham s6 f(t)=¥—m,te[1;3] trong d6 t=x+y+1

Tt phuong trinh (1) cho ta

Ta lai c6

x=1

Thtt lai ta c6 nghiém ctia hé da cho la { 1
y =
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x+y+121+_—1+1:1>0
Cich 2. Taco 2 21 P o
x+y+l+xy2—+—+1+1.—==>0
2 2 2 2
Nén tr 12xy =(x+y+1)(x+y+1+xy)>0=>xy >0
Ma x>0=y >0. Nén tir phuong trinh (2)suy ra xy <1 (*)

Tt phuong trinh (1) va 4p dung bat dang thtcc AM-GM ta c6

12xy =(x+y+1)(x+y+1+xy)>33/x.y.1 ( y+2,/1x) 12( xy6:>xy>1(**)
x,y >0

T (*),(**) chota {x=y < x=y=1
xy =1

Tht lai ta c6 nghiém cta hé da cho la { 1
y =

x3+y3 =Xy 2(x2+y2)

4yx+x* -1 =9(y-1)v2x-2

Cau 12: Giai hé phuong trinh

Gidi
Ap dung bat ddng thicc AM - GM ta c6
x° +y3 =(x+y)(x2 —nyryz)Z2\/§(x2 —xy+y2)

(x+y)2 s 4 2(><+y)2\/§=\/E\/(x2+y2+2xy)2

Mt khéc ta c6 x* —xy +y° >—:>x +y’ 2 . 1

>\/>4/2xy x +y xy4/2 x +y

Dau “=" xay ra khi x =y, thay vao phuong trinh 2 ta dugc

4yx+4x* =1 =9(x-1)v2x -2 <:>2\/2x+2+2«/(x—1)(x+1) =9(x—-1)vx-1
<:>2(\/x+1+\/x—1)=9(x—1)\/x—1<:>2x/x+1=(9x—11)«/x—1<:>x:§
Xy +6yvx—1+12y =4 (1)
Cau 13: Giai hé phuong trinh < xy 1 2./x
+ = (2)
Ity xy+y x+y
Gidi
1
>1 «
Diéukién{x>0.Tacé (2) et x_- 2
y= S+l oyed g Y
X X X x
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a_ b 2
b+ab a+ab 1++/ab
Ap dung bat ddng thtc Cauchy - Schwarz ta dugc
a b (a+b)’ ~ (a+b)’ B 1 .12
b+ab a+ab ab+a’b+ab+b’a ab(a+b)+2ab ab N 2ab b +1 1++/ab
a+b (a-i-b)2 2\/% 2

1
bdt a=—,b=y ,taco
X

Dédu "=" x4y ra < a=Db hay y:1
X

x>4

a(x-1)=(x—ap T

Thay vao (2) ta c6 2vx-1 :x—4<:>{

Tir d6 cho ta nghiém cta hé da chola (x;y) = (10 l}

10
V2x=3 -y =2x-6 (1)
Cau 14: Giai hé phuong trinh
x> +y> +7(x+y)xy = 8xy«/2(x2 +y2) (2)
Gidi

Piéu kién XZE,YZO.
2

Ap dung bat ddng thtc AM-GM ta c6

x3+y3+7(x+y)xy:(x+y)3+4(x+y xy>2\/ (x+y) 3 4(x+y)xy
= 4(xry) By =4y [(xF +y7)+ 2xy |2 4xy 2% +y7) 2xy =8xy 2(x +y?) -
Nhu vay x° +y® +7(x+y)xy 28xy,/2(x* +y*). Déng thtic xdy ra <> x=y
V6i x=y thay vao (1) ta duogc
m-&=2x—6QM—&=2(m—&)(M+\/;)
& (V2x=3-vx)(2V2x-3 +2Jx -1) =0 = V2x-3-x =0 = x=3

Do 2+/2x-3 +2J§—1>0,sz%

Tir d6 ta tim dugce nghiém ctia hé da cho 1a (x;y)=(3;3).

2x\ly-1+yV2x-1=4 (1)

Cau 15: Giai hé phuong trinh s
(2x+y-1) =27x(2-x) (2)

Gidi
biéu kién xZ%,yZl.
Ap dung bat ddng thtc BCS ta co:
[VT(1)] =(2xfy —T+y32x—1) <(1+1)[4 (y-1)+y* (2x-1)] (*)
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Ap dung bat ddng thitc AM-GM ta lai c6
x+x+y-1 ’ 2x+y-1 ’

2y 1) <[ XFXFY 1) _(2x+y -1
el ( 3 ] ( 3 j

+2x-1Y
oy’ (2x-1) =4%. (2x-1) 34(}'—}

N <

3

» L. 2 y+2x-1 °
Két hop véi (*) cho ta: [ VT (1)] <16 —
Tur (2) ta lai co

(2x+y-1) =27x(2—x):{2“—35’_1)3 =x(2-x)=1-(x-1)' <1

3
Do vay [VT(1)] < 16(%) <16= VT(1)<4

x=1

Két hop vo6i (1) tacé 4=VP(1)=VT(1)<4 . Ddu bing x4y ra @{ )
y:

Vay hé da cho c6 nghiém (x;y)=(1;2

—
ﬂ
I
Q1

(x+1) 2 +(y—1)\/x2—3:10 (1)
Cau 16: Giai hé phuong trinh ( 2 5
X—y+

+(xy-3) = 1 (2)

N | =
N—

Gidi
DPiéu kién x* > 3.

Taco (2) & X +y* +x-y=8—(xy—4) = x> +y> +x-y <8 (*)

2 2
(y-1)Jxi 3 W=D #X=3 Xy’ -2y-2

Laico ( )22 , , 22
1Y +v +5 X" +v° +2x+6
1)y’ 5 Y 2 XAy
(x+1)y* + 5 5

Nén tt (1) ta lai co:

10=(x+1){y* +5+(y—1)Vx* =3 <x* +y? +x—y+2 = x> +y° +x—y 2 8(*¥)

xy =4
=2
Tir (*) va (**) suy ra hé c6 nghiém < {y-1=+/x*-3 @{x )
y:
x+1= y2+5

Vay hé da cho c6 nghiém (x;y)=(2;2).

xV8-x* +y,/3-2y =5 (1)
(3-2y)Vx+1=2y+d-y-2 (2)

Cau 17: Giai hé phuong trinh {

Gidi
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Piéu kién yS%,—leSZ\/E

Tacé (2) & (2-y4-y)(24-y +3)=(3-2y)Vx+1

3
<=

Do (3-2y)vx+120,¥) 2 .

~1<x <242

Suy ra (2—\/4—y)(2\/4—y+3)202>2— 4-y>0=y=20

Ta lai c6

o x+/8—x2 SM=4

2
+y+(3-2y) ’
. y2(3—2y)£(y Y ; YJ —1=y B2y <1

Hay VT(1)<5=VP(1)

Dau "=" x3 y=3-2y {y:l
au =" Xayra < =
Y x=+8-x> [x=2

Thtr lai ta thay, hé da cho c6 nghiém (x;y) =(1,2).

Cau 18: Giai hé phuong trinh
25xy —23y* -9y = 12y\/(2x—3y—1)(x+y) +2x\/(x—y)(4y—x) (1)

2
X_5_y +\/x—5—y+‘</x—5—y—32ﬂ+1:0 (2)
2 2 2 405

Gidi
Tt pt(1) ta dugc
y(3\/2x—3y—1 —2\/x+y)2 +x(\/x—y —\/4y—x)2 =0

Tt pt(2): VI°21>O:>342(;(5y >0=xy >0 do d6 xy cung d4u

do @6 VT ctia pt(1) ché c6 thé 1a VT <0 hodc VT >0
2

y(3y2x-3y-1-2{x+y) =0

x(\/x—y—\/4y—x)2:O

85
8

dau bang xay ra khi

X
Giai hé pt t tim dugc

Y=Z

Kiém tra thi thy thda man hpt ban dau

Vay hé pt c6 nghiém (% ; zj
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y +ax=4(ydx+1-1) (1)

Cau 19: Gidi hé phuong trinh
(x-1)" -8,y =3y*—x-53 (2)

Gidi
o x>-1
biéu kién
y=0
2

Taco (1) ey’ —2yVax+4+(dx+4) =0 (y—ax+4) =0 y=ax+4
Thay vao (2) ta c6 phuong trinh x° —3x” —8x +40 =84x+4 (*)
Ap dung bat dang thtr c AM-GM ta c6 :

4 4 4
VP()=8Yax+4=2204ax+4 < 212 +i P 413

Déu “=" xay ra khi va chi khi x =3 .
Ta s& chung minh : VT (*)>x+13, ¥x>-1 (*) .
That vay :
x> =3 —8x+402> x+13 & x* —3x2 —9x+27 >0 = (x-3)* (x+3) 20
ludn dang véi moi x> -1 . D4u ‘=’ xay ra khi va chi khi x =3 .

VP(*)<x+13 { 84ax+4=x+13
=(Y) e

=Sx=3
VT(*)ZX+13 X —=3x*—8x+40=x+13

Twr d6 cho ta : {

Thay tr¢ lai, ta tim dugc nghiém ctia hé da cho 1a (x;y) =(3;4).

(y—2x)2 +4:y—6x+2\/2(x+1)(y+1) (1)
(y—l)(x2+x)+1=\/§.x/31—3x (2)

Cau 20: Giai hé phuong trinh { (x,y eR)

Gidi
x>-1

Piéu kién
y=0

Taco (1) & | (y=2x) =2(y=2x)+1 [+(y+1-2,[[y +1)(2x+2) +2x+2)=0
y—2x-1=0
Jy+1-+2x+2=0
Thay vao (2) ta c6 phuong trinh 2x° +2x* +1 =1+ 2x.31-3x

S y=2x+1

& (y-2x-1) +(Jy+1—v2x+2) =0@{

Tu phuong trinh trén suy rax > —% nén 2x° +2x*+1=2x*(x+1)+1>0, suy ra

N1+2x31-3x>0=31-3x>0.

Ap dung bat dang thic AM-GM ta c6 :

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 232



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

1iTax < 1)
2 = 0 <~T+2x31-3x <(1+x)(1-x).

1131-3x < 1+1+g1_3x)

Ta sé chimg minh 2x° +2x*+1>(1-x)(1+x) (*)
That vay :
(*) = 2x> +3x* 20 < x*(2x+3) 20 dang voi moi x> —% hay (*) dugc ching minh.

Dau =" xay ra khi va chi khi x=0.
Thay trd lai ta im dugc nghiém ctia hé da cho la (x;y)=(0;1).

11 2
J1+2¢ 142y (f1+2xy

KO-+ (1-25) -2 (2)

Gidi

(1)

Cau 21: Giai hé phuong trinh (x,y eR)

1
0<x<—
Piéu kien i (*)
2

IA
IN

IN
IN

0O<y

Tir phuong trinh (1) 4p dung bat ding thic Cauchy - Schwarz ta c6

2
1 1 1 1
<2 3
{\/1+2x2+\/1+2y2] [1+2X2+1+2yzj G)

L1 2 2(y—x) (2xy -1) <0
1+2x*  1+2y* 1+2xy (1+2xy)(1+2x2)(1+2y2) '

Mat khac ta c6

Do ttr (*) ta cé 0£xy£%:>1+2xy>0, 2xy-1<0

Khi d6 (3) la mot nghiém ctuia hé phuong trinh

2
11 |4 1 1 2
V1+2x  (1+2y* | 1+2xy (1423 (1+2y*  (1+2xy

D4u bang xay ra khi x =y, thé vao phuong trinh (2) ta duoc

9-73
J 2 1 AT
HUx-2x* == &2 - x+—=0<
7 81 9473
X=y=
36
Vay nghiém ctia hé phuong trinh 1a (x;y) = [9 i3\/673 ; 9 i3«6/73 ]
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y(2+2(ay* +1)=x++1 (1)
Cau 22: Giai hé phuong trinh 1 1
\/3+x—\/2—x:2——4 f2—+3+8
y y

Gidi
-3<xL2
Piéu kien 4| ¥~ 01
<_Z
Y=7%

T (1) tacd VP(1)=x+vx*+1>x+[x>0= VT(1)>0=y >0

Lai c6(2 )@M—M—K—yH%J 4&%}1

S A3+x—+2- x—( —+3- 2] +1=V3+x-V2-x>21=>x>/2-x=>x>1
\/ y

T diéukién x>1 taco (1)< 2y +2y,/4y” +1——+—‘/1

Xethamsof —t+t\/1+t t>0,taco f' T+1+t* + >0,Vt>0.
() \/1+t
Do do6 f(2y)=f(ljc>2y:1<:>xzi
X X 2y

Thay vao (2) ta c6 phuong trinh x—5vx+3 ++2-x+8=0 (*)
Xéthams6 f(x)=x-5vx+3++v2-x+8,x>1 tacod

5 1 2\/x+ —4 1( 1 1 j

f'(x)=1- + —
(x)= 2Jx+3 2J2-x  2Ux+3 V2-x /x+3
Do 2Jx+3-4>0V¥x>1 va 1 2x+1 >0,¥x>1

\/2 X \/X+3 \/2 x)(x+3) (\/ﬂ+\/:)

Nén f'(x)>0,vx>1 . Péng thoi f(1)=0 suy ra phuong trinh (*) ¢6 nghiém duy nhat

x=1.

Jy+2x-1+1-y=y+2 (1)

xVx=\y(x=1)+yx* -y (2)

Cau 23: Giai hé phuong trinh {

Gidi
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y+2x-1
x>0

biéu kién {1-y >0
y(x=1)>0
xz—yZO

Nhan thdy (x;y)=(0;y) khong la nghiém cta hé.

Vé6i x 0, ta cé \/y(x—l)—\/xz—y: x(y-x) :x(Y—x):Y—x

\/y(x—1)+\/x2—y x~/x Jx

\/y (x-1 +\/x2—y x+/x .
Két hgp voi (2) cho ta \/y = \/X —_ X:z/y(x 1) =x X+Y&

=2,[y(x* -x) =(x° —><)+y:>[(><2 —x)—y]2 =0=>y=x"-x

Thay vao phuong trinh (1) cho ta Vx? +x—1+v—x2 +x+1=x>—x+2 (*)

2
X2 +x
IxP+x-1<
2

2

\/—x2+x+1s%"+2

Ap dung bat ddng thtc AM—-GM ta c6 = VT (*)<x+1
Ta s& chimg minh VP (*)>x+1.
Thatvay x> -x+2>x+1 (x-1)"20 (ludn dang)

Vay {VT(*)£x+1:> *)Q{VT(*):X+1

VP(*)2 x+1 VP(*)=x+1"

Thtt lai ta thdy nghiém ctia phuong trinh da cho 1a (x;y)=(1;0).

(x+2y-1)2y+1=(x-2y)vx+1 (1)

2xy +5y = (x+1)(2y +1) (2)

Cau 24: Giai hé phuong trinh {

Gidi
2y+120

Piéu kién
x+1>0

Nhan thdy (x;y)= [—1 ;—%j khong 1a nghiém cta hé . Ttt phuong trinh (1) ta c6
(1) (x-2y+4y-1){2y +1 =(x-2y)Vx+1
o (4y-1)2y +1 =(x-2y)(Vx+1- 2y +1]
(x-2y) 1
4y—1)2y +1 = >0 y>— (*
< (4y-1)y2y+ Ix+1+,2y+1 —Yey )
Ap dung bat ddng thtc AM-GM ta lai c6
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x+1+2y+1
2

:>x+224y(x+2):>(x+2)(1—4y)20:>y£%, dox>-1(**)

(2):>2xy+5y:\/(x+1)(2y+1) <

_1
y—4 =
x=2y=0 X =

Tu (*) va (**) suy ra hé c6 nghiém khi

Thir lai suy ra hé da cho c6 nghiém (x;y) = (%,%j

x*=2x*(y-1)+4x+y* -6y +31 _q
Cau 25: Giai hé phuong trinh | 4427x~-27y+162 +6,x -y +4
(Jy—2x+{y—5) +3x-y=2 (2)

(1)

Gidi

Ta co pt(1): x* —2x° (y —1)+4x+y> -6y +31=4427x - 27y +162 + 6,/x —y +4

; 4.43833(x—y+6)<x—-y+15
Ap dung BDT Cauchy ta c6 \/ (x—y+6) y
6x—-y+4<3x-3y+15
Do do6: VP <4x-4y+30
Ta lai c6
VT =x* =2x* (y =1)+(y ~1) +4x—4y +30
= (2 —y+1) +4x—4y +30 > dx - dy +30
_{x:—l
X’ —y+1=0 y=2
&
x-y=-3 x=2
y=5

Do doé VT:VPQ{

Kiém tra lai hpt ban dau thi c6 nghiém (x =2;y =5) la théa man

1 1 2
+ = (1)

Cau 26: Giai hé phuong trinh Jx+2 \/y—l \/x +y
x* +y? +4xy —4x+2y-5=0 (2)

Gidi
o x>-2;y>1
Diéu kién
x+y>0

Taco (2) o 2(x+y) =(x+2) +(y-1) Q[iiij:[y‘ljz 2
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va (1)<:>\/X+—y+\/x+y 2. B’c\/XJr}zlza\/xer b (a,b>0).

xX+2 y— X+ y—
a+b=2
Ta c6 hé phuong trinh { 1 1 ) (*). Ap dung bat déng thtc AM-GM ta c6
_— + [
a' b’

1 1 1 1 1
2)=>2=—+ _2/ <l=ab>1
( ) a4 b4 a b4 a2.b2

(1):>2:a+b22«/a_:>ab£1

X+y

=b -1 - ~2
Do d6 (*) = a <a=b=1.Véi a = x+2 o y
ab=1 b=1" |x+y_, " |x=-1

y—-1
Vay hé phuong trinh da cho ¢6 nghiém (x;y)=(-1;2).

4xy +x+4,/(2-x)(y+2)=14 (1)

Cau 27: Giai hé phuong trinh
X +y*+2x-1=0 (2)

Giadi
Cach 1. Biéu kién (2—x)(y+2)=0
Tir phuong trinh (1) taco 2=(x+1)" +y*22(x+1)y = y(x+1)<1 (*)
Ciing tr phuong trinh (1) = (x+1)" +y2=2= 2 <y<{2=y+2>0
Do do
(2):>14—4xy—x:2.\/2—x.(2\/y+2)S(2—x)+4(y+2):y(x+1)21 (**)

Tu (*) va (**) suy ra hé da cho c6 nghiém khi hé sau c6 nghiém:
x+1=y

x=-2
N2-x=2 y+2c>{
y_
y(x+1)=1
Thtt lai ta tim duoc nghiém caa hé da cho 1a (x;y)=(-2;-1)
Cach 2. Diéu kién (2—-x)(y+2)=0
Tir phuong trinh (1) = (x+1) +y2=2= 2 <y<{2=y+2>0=2-x>0
Do d6 (1) 4(xy+y—1)=(v2-x~22+y ) 20=xy+y-120(*)

Lai co (2)<::>(1—xy—y)=(x—y+1)2 >0=xy+y—-1<0(**)

\/2—x:2\/2+y )
Tu (*) va (**) suy ra hé da cho tuong duong véi <x—y+1=0 - {x : —1

Hay hé da cho c6 nghiém (x;y)=(-2;-1).
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+2) —|x+ —1)+(x+y) =0 1
Cau 28: Giai hé phuong trinh (x+2)" -fx Z|(y )+ (x+y) ) (1) (x,yeR)
(y-D(x+y) -y+1=|x+yl(y’-2y)  (2)
Gidi

Tt phuong trinh (1) ta 6 [x+y|(y—-1)=0 (*)
Néu [x+y|=0=y=1=>x=-1 (L)

Véi |x+y|¢0:>y—1>0

1

—y—]———
x+y] Ty

Mit khéc tir (2) suy ra |x+y|-
Xéthéms6f(t):t—%:f‘(t):1+tl2>0 (Vt>0)

Ham s6 luon dong bién vt >0 nén f(jx+y|)=f(y—-1) < |[x+y|=y-1
Thé vao (1) suy ra (x+2)2 :0<:>x:—2:>|y—2|=y—1:y:%

Thu lai ta thdy, cdc nghiém cta hé da cho 1a (x;y) = (—2;%).

2x% +y° +y° = /xy - x*y? (1)

Cau 29: Giai hé phuong trinh 1 - (x,y eR)
4xy3+y3+§=2x2+«/1+(2x—y) (2)

Giadi
Diéu kien xy-x’y*> >0 (*)

2
Ta co y6+y3+2x2: %—(xy—%j S%c:>y6+2y3+2x2+4xyg£%+y3+4xy3

Cong vdi (2) ta duoc
&y +2y° 125 +4xy® +257 +4/1+(2x—y) <1+2y° +8xy”
Sy A —axy’ +f1+(2x—y) ST (y°-2x) +y1+(2x-y) <

1
\ y-ox=0 |Y¥=0 [y_o [y=1 [y=-1
Dau bang xay ra khi{ s =3 y <:>{ v 1V
y —=2x=0 X = X = =

2
Thtr lai ta thdy, nghiém ctia hé da chola (x;y)= (—%;— j

Cau 30: Giai hé phuong trinh (x,yeR)
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T (2) ta co xy(x4+y4):%>03xy>0

2
1—xy:«/2(x4+y4)22|xy|:2xy:>xysé; x*+y* :@

3
+1—xy+1—><y

1—xy)2 1-xy 1-xy Xy 2 2 2
Xét VT = trvt)= (—22 ) } <2 =
é xy(x y) Xy > Xy 5 > 3 >
1-xy
Xy =
: 2 N T
D4u bang xay ra khi xy=3 © 13 v 13
X4=y4 Y:—3 Y:——3
Tht lai ta thdy, nghiém cua hé da cho la (X'y): (iij [—L —Lj
c ’ = = ’ 3/ 3 , \/5, \/g .

Binh lugn.

Déi v6i hé phuong trinh trén ta c6 thé bién déi tir (1) nhu sau .. (1- xy)2

. 1—xv )
Thé vao phuong trinh (2) ta c6 xy% = 22—7

( b(3—a2—b)—a\/B)(x/B—a)+(3—a2)a=2(1)

a’+b’ +\/5=3b(2)

Bai 31: Giai hé phuong trinh

Gidi
Piéu kién: a>0;b>0.
Ta s& lam viéc v6i PT(1). Nhan thady mot dau hiéu rat dic biét:
b(3—a2 —b) vé(3—a2)a
Nén ta s& bung phuong trinh ra va ghép dé c6 (3-a’~b) va dic luong V3—a’-b, va khi

d6 bai toan thuc su bat dau.
biat a=x, \/B =y

Bién d6i PT(1) <:>(yw/3—x2 -y’ —xy)(y—x)+(3—x2)x:2
®x2y+y21/3—x2—y2+(3—x2—y2)x—xy1/3—x2—y2

Dit V3—a-b=z = x’y+y’z+2°x—xyz=2 v6i X’ +y> +z> =3

Ta sé chtng minh P =x’y +y’z+2z°x—xyz<2 véi x,y,z>0 va x> +y* +z* =3.
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That vay:

Giastx>y>z.Taco: z(x-y)(y-2)20 < yz’ 2 y’z+2z’x—xyz
2 2
:>PSy(z2+x2)=y(3—y2)= y2(3—y2) =2\/yz.3_—y.3_—y

2 2
2 2N
y2+3 y +3 y
2 2
<2 =2

27
Diéng thiic xay ra khi va chi khi x=y=z=1=a=b=1

Vay hé phuong trinh c6 nghiém duy nhat a=b=1.

§+X+2_X+3+Y+3+ 5
Bai 32: Giai hé phuong trinh <y 2 x y+3 5  x+3

X3+\/;—\/§=8

Gidi
biéu kién: x,y >0
Ta sé chitng minh mot két qud tong qudt, mot két qud rat thuong dugc sir dung vio ché tac hé
phuong trinh véi phwong thitc danh Qid, sau ddy toi xin Qidi thigu mot cich rit nhanh, rit don

Qidn:

§+X+sz+k+y+k+z+k
y z x y+k z+k x+k
St dung phuong phap S-S:

Khong mat tinh tong quét, gid st z =min{x,y,z}

2
Ta co: i+X_|_E_3:(X_Y) +(X—Z)(y—z)
y z X Xy zX

x+k y+k z+k o (x-y) (x—z)(y-2)

Va =
ay+k z+k x+k (x+k)(y+k)+(x+k)(z+k)

Bat ding thtic cAn chimg minh

1 1 2 |1 1

= |(x- = (x-2)(y-2)20

C:{xy (x+1<)(y+k)j(X ) +(zx (x+k)(z+k)J(X 2)(y=2)
Theo gia thiét ta c6: (x—z)(y-z)=0
1

Tacd: ———F———20 va —_—2
TN TR X (x+k)(z+K)
Tt @6 BDT dugc ching minh!
Ap dung vao bai toan suy ra x=y =2

Vay hé phuong trinh ¢6 nghiém duy nhat x=y=2.
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Ry =5

Bai 33: Giai hé phuong trinh
‘(x—y+1)(x—2y+1)y‘ =5

Giadi
biéu kién: x>y >1
a,b,c=0
bat \/;:a; \/y—l =b; \/x—y:C,HPT da cho tré thanh:Ja+b+c=+/5
o b)) (e -a) =+

Gia sit c=min{a,b,c} . Khi d6 ta co:

a+b=+/5-c<5.Pit P:‘(az—bz)<b2 —cz)(c2 —az) , ta sé chtmg minh P<+5.

That vay:

Ap dung BDT Cauchy ta c6:

P? = (a2 -b? )2 (b2 —c? )2 (c2 -a’ )2 <a'b*(a —b)2 (a+b)2 <5a*b* (a—b)2
2P 2P

SS[W} S{ﬂ] <5=P<+5.

5

J5+1 5-1

——— ;OJ . Thu lai thdy khong thoa man.

Dau "=" Xéy ra nén (a;b;C):( ) 2

Vay HPT v6 nghiém.

24f(x+1)(3-y) +/xy —Vx=2x+2 (1)
3%/(3x+8)(y+6)+\/§:12+\/g (2)

Cau 34: Giai hé phuong trinh {

Giadi
(x+1)(3-y)=0 S0
Piéu kién x>0 N {X =
0<y<3
xy >0

Cong (1) va (2) theo ting vé ta dugc
44(x+1)(3-y) +63/(3x+8)(y +6) =4x+28 (*)
Ap dung BDT AM-GM ta cé:
44(x+1)(3-y) <1+1+(x+1)+(3-y)=6+x—-y
{6%/(3x+8)(y+6) <8+(3x+8)+(y+6)=3x+y+22
= VT(*) < 4x+28=VP(*)

1=x+1=3-y x=0
&
8=3x+8=y+6 y=2

Do vay (*) @{
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Vay nghiém ctia phuong trinh da cho 1a (x;y)=(0;2).

V3x-2-[1-y =x (1)
Cau 35: Giai hé phuong trinh

Jx+3)(5-y) +4y? -3y +2+x,2-y =2x-y+4 (2)

Giadi
N X 2> 2
biéu kién{ 3

y<1

(2) & J(x+3)(5-y) +/y ~ 12—y +x2-y =2x-y +4 (3)
Tir phuong trinh (1) = /1-y =+/3x-2-x , thay vao (3) ta duoc

(x+3)(5-y) +(V3x=2-x 2=y +x2-y =2x-y +4

& J(x+3)(5-y) +(3x-2)(2-y) =2x-y +4 (*)

Ap dung bat dang thicc AM-GM cho ta

\/(3)(_2)(2_},) < 3x-2+2-y _ 3x—-y

- 2 2
(x+3)(5-y) <22
, o OX—y x-y+8 .
Do do VT(*) €=+ +=—— =2x-y+4=VP(*).

~ “” 7 2 3X_2:2_y X:1
Dau “=" xay ra & =
x+3=5-y y=1

Thay trd lai ta im dugc nghiém ctia hé da cho la (x;y)=(1;1).

)
6%/(x+1)(y+1)2 +3\/(2x—1)(2y—1) =5x+7y+3

Gidi

2 2
57;§_+1:2(i11]
Cau 36: Giai h¢ phuong trinh < XY

o . |Ixy#0
biéu kién
(2x-1)(2y-1)>0

y X y
Suy ra )1( = %
y 2

Ap dung bat dang thic AM-GM ta c6
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6%/(x+1)(y+1)2£6(X+1)+(y;1)+(y+1):2x+4y+6
3\/(2x—1)(2y—1)£3(2X_1);(2y_1)=3x+3y—3
Suy ra VT(2)<5x+7y+3=VP(*)
“n x+1=y+1
Dau “=" xdy ra < =>X=y
2x-1=2y-1

? =2++2
Thay vao (1) ta c6 (1—1j :1<:> X V2
X 2 x=2-2

T d6 ta im duoc nghiém cua hé da cho la (X,’y)={(2+\/§;2+\/E),(2—\/§,’2—\/§)}.

Cau 37: Giai hé phuong trinh

x=2

y=>-1

b4t Vx-2=a,\ly+1=b(a,b>0)

Heé phuong trinh da cho tré thanh
8ab+4a=1-4(b’-1) [4(a+b)’ =4+(2a-1) (1)

<

a b 2 a . b 2 (2)
b+1 a+1 3 b+1 a+l 3

T (1) taco (a+b) >T=a+b>1

Piéu kién{

T (2) talaico:

2 2 2 2
VT(*)=———+ b, _(a*b) (atb) N
ab+b ab+a 2ab+(a+b) 2(a+b) 1 1 3

+(a+b) E+a+b

“ II

Dau “=" xdy ra < a= b—%

Thay tro lai ta tim dugc nghiém ctia hé da cho la (x;y) = (% ;—%).

\/y(x—2)+\/x(y+2)=x+y (1)

e i)

3(\/§+1)

Cau 38: Giai hé phuong trinh

Gidi
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Tt diéu kién x>2=y>0

Ap dung bat dang thic AM-GM ta c6

y+(x—2)+x+(y+2)

:\/y(x—2)+\/x(y+2)£ 5 5 =x+y=VP(1)
" II {yzx_z
Déu “=" xay ra < Sy=x-2
x=y+2
Dod6 (1)=>y=x-2
Thay vao (2) ta c6 phuong trinh
4(Nx+T1+~x-2
Vx+1+ ( 5 ):3<:>\/x+1+ 4 =3
3(Vx-2+1) (Vx+1-x=2)(Vx-2+1)
biat: Vx+1=a;vx-2=b(a>b>0).
4

Ta c6 phuong trinh : a+(a—b)(b+1)2 =

Ap dung bat dang thie AM-GM cho ta :
4

" (a=b)(b+1) ”:(a_b)+(b;1]+(b;1j+(a—b)?b+1)2

b+1Y 4 4
24§/(a_b)( 2 j ooy M ey

a=2
b=1

D4u bdng xdy ra < {

x=3

Thay trd lai ta tim dugc x =3. Vay nghiém cuia hé phuong trinh da cho la { 1
y =

4

—— (1)

Cau 39: Giai hé phuong trinh Vx+ y (Y ) (X + y2 )2

y+Nx-1=32(x- 2y+1 J2y-2  (2)

Gidi
x>1
biéu kién <y >1
y+Vx-12>0
1 1 1
(1)© 7T 2:\/;
%4‘1 (Y+1j —+1
y Jx y

i;b:y(a,b>0)’c:¢1c() I _ 1
y

bat a= + — *
) (a+1)2 (b+1)2 ab+1 ")
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Theo bat dang thic B.C.S ta c6

1 b 1
a 2 > .
(ab+1)(g+1j2(a+1) (a+1) a+b ab+1
=
b 2 1 a 1
- > .
(ab+1)(a+1j2(b+1) (b+1)" a+b ab+1
a+b 1
S VT (*)= = =VP(*) .
wyra VI sy abe L)
Dau "=" xay ra < b:{ =>x=y’
b a=1
ab=—
a

V6i x =y’ thay trd lai ta c6 phuong trinh :

Jy+y—1=32(y=1) 2y—2 = y+/y’ -1 =2(4y-4)

Dit: 4y—4=u(u=>0) . Phuong trinh da cho tré thanh :

2
put Ut (u+4) ~1=0<8u’ =vu’+8u+u+4(*)

4 4

e Rérang u=0 khong la nghiém cta phuong trinh (*)
8

1
STt E T

u u u u

Ham so : f(a):i5+i4+ i8+ﬁ9 , nghich bién trén (0;+) va f(1)=0
\u® u

e V6i u#0 , phuong trinh (*) tuong duong véi: 8=

u u
Suy ra phuong trinh (*) c6 nghiém duy nhat u=1 .
25 5

Thay tro lai ta c6 nghiém ctia hé phuong trinh da cho la(x;y) = (E'Zj

1

ﬁ(l)

2+

1 1 1
+ + =
Bai 40: Giai hé phuong trinh { |\x—3y +2+1 y2x—5y+3+1 vx+1

3x> —13xy+17y2 +8x-21ly+6= 0(2)

Gidi
x>0
Diéu kién: y<min{x+2 .2x+3}

7

5
Ta co: PT(2) < 6x° —26xy +34y° +16x-42y +12 =0
& (x-3y+2) +(2x-5y+3) +x* =1

bit (x-3y+2=a; /2x-5y+3 =b; Jx =c (a>0;b>0;c>0).
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, L, 1,1 51l
Khi d6 he da cho dugc viét lai nhusau: {Va+1 +b+1 Jec+1 J2
a*+b*+ct =1(*%)

Tir (**) = ae[0;1] = Va+1e[1;2] = (Va+1-1)(Va+1-+2)<0
@(Jaj)z—(1+\/§) a+1 +\/ESO.

Tuong ty, ta cling c6 : \/b+1+,/% <1+4/2;
+

\/c+1+,/i <1+42
c+1

Cong vé theo vé& cac BDT trén ta duoc:

SarT+ Y 2234302 = VIOV2 <3+3V2 (L a1

a>a*;b>b*;c>c*
> (Va+1-1)(Vo+1-1)20

{a+b+c2a4+b4+c4 =1

TS Varivbi1223 Vari-3
=(XVa+1) =atbrer3+2(Yvarivbrl)24+2(2Y Var1-3)=4F Va+1-2
=Y Na+122+42 = VIOV2 <3432 -(2+42)=1+242

VT <24 L —ypO)
2

Do a,b,ce[O;l]:{

a,b,c>0;a*+b*+c* =1

a=a*;b=b*;c=c*

a+1+ F 1++2

T do: (*) xay ra khi va chi khi: Bils f —1442

c+1+,/— =1++2
c+1

3 (A1) (BT 1)

< (a;b;¢)=(0;0;1) vacachoan vi < x=y=1

Vay hé phuong trinh ¢6 nghiém (x;y)=(1;1).

J2(x=y) +6x-2y +4 - fy =x+1
\/2x4—2(y—1)3+x2 :2(,/x2 —y+2—1)+x

Cau 41: Giai hé phuong trinh
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Gidi
Bién d6i phuong trinh dau ta duoc
\/Z(X—y)2 +6x—2y +4 -y =x+1
< 2x* —4xy +2y° +6x -2y +4+x+y+1+2,]y(x+1)
<:>2(x+1—y)2+(M—\/§)2 =0 x+l=y
Thé vao phuong trinh 2 ta duoc J2xH =25 + % = 2(@ —1) +X
Ta thdy x =0 khong la nghiém ctia phuong trinh.
Xét x#0 tacd 20x% —x+1 = J(x=2) +3x* 2[x—2| = 25> =x+1 =x+2 >0
Nhén 2 vé& phuong trinh trén voi 24X’ —x+1-x+2 tathu dugc phuong trinh méi la
V25t =253 4% (2\/x2 —x+1 —(x—2)):3x2

Chia cd 2 v€ cho x* ta cé 2—2+12(2\/x2—x+1—x+2):3
V" x x

2
Ta c6 (1—1] +1 21,\/(x+1)2+3(x—1)2 >[x+1| 2 x+1 =20 —x+1-x+2>3
X

1 2
1-—| =0
Phuong trinh c6 nghiém khi va chi khi ( Xj o x=1

Jox+1)+3(x=1)" =x+1

— 2 2
(x+1) By—x+2 X' +y 1 (1)
Cau 42: Giai hé phuong trinh X+y+2  x+y

Jx+y-1+5-2x =dxy-12y+7  (2)

Gidi
5-2x20
biéu kién {x+y-1>0
3y-x+22>0

Véi diéu kién x+y>1= VP(1)>0 nén VT(1)>20=>x+1>0

2, .2 2
Lai c6 VP(1)= XY 45 XY g Xty g

x+y  2(x+y) 2
VT(1):1 4(X+1)2(3y—x+2) 1 [2(x+1)+2(x+1)+3y—x+2]3 _X+y+2
2 X+y+2 2 27 (x+y+2) ”

X=y

Tir d¢ _
ur d6 suy ra (1)<:>{2(x+1):3y—x+2<:>x y
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V6i x =y, thay vao (2) ta cé v2x—1++/5-2x =4x> —12x +7

2x-5 1-2x
< 2(4x* -12x+5 +\/2x—1(—]+\/5—2x(—j:0
( ) N2x-1+2 ND—-2x+2

e N e B

J5-2x J2x—1 J 0@ -

N[O N|R

Vay nghiém ciia hé da cho 1a (x;y) = {(l;lj, (Eé}}

2°2)'(272
1
( vy) 2
Cau 43: Gidi h¢ phuong trinh [\/H?’Y \/Y+3X]
Y _foxa- Jy-1 (2)
Gidi

. xZE
biéu kién 2
y=0
Jx <1( X +x+yJ
x+3v 2 x+v x+3
y y y :&+J§S1[ X +gj ()
F_na)

x+3y 22 x+3y

Ta cod

x+y 2

Hoan toan tuong tu cho ta

Jy%; ) @

Lay (3)+(4) theo ting v&€cho ta: VT(1 %(X+y 2} (x—}:y+%j=2=VP(1)

Dau "="xayra < x=y.

Véi x =y thay vao phuong trinh (2) ta duoc: X

—2  2x—3-3x-1=0 (*)[XZ%)

Xét ham so: f(x)—T+\/2x 3-3Yx— 1( 2j,tacé:

F1(x) == + L

4+ J2x-3 _3%/()(_1)2

>0, Vx> % Suy ra f(x) dong bién, ma f(2)=0

Nén phuong trinh (*) ¢6 nghiém duy nhat x =2. T d6 suy ra (x;y)=(2;2) 1a nghiém cta
hé da cho.

(x+5y—4)/x-y* =2xy-2y (1)
yVx-1+3x-y* =2x+y  (2)

Cau 44: Giai hé phuong trinh {
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Gidi
Phan tich.
Xét phuong trinh (1):
Cho x=0=(5y—4),/-y* =2y =y =0 . Tanhan duoc (x;y)=A,(0;0).
=0
Cho y=0:>(x—4)x/;=0:{x . Tanhan dugc (x;y)=B,(4;0).
X =

y==1

Cho x=1=(5y-3){1-y* =0= 3 .
5

Ta nhan duoc (x;y)= {Cl (1,1),C,(1;-1),C, (1%)}

Cho y=1=(x+1)vx-1=2(x-1)=x=1 . Tanhan duoc (x;y)=C, (1;1)

Cho y:—1:>(x—9)\/E:2(1—x):{X

1
5 Tanhan duogc (x;y) = {C2 (1,-1),E, (5 —1)}
X =
Suy ludn va dy dodn.
e Nhan thdy tir cac diém A,,B,,C,,D, ching ta khong thiét lap duoc méi quan hé
bac nhat nao.
N , 2 A ) 2 . - ~ » R ~ Ao
e Trong phuong trinh (2) chta \/x—y° nén ching ta ndy sinh y nghi, c6 thé 1a méi
quan hé gitta né voi cac bién x,y .
Khi d6 chi c6 thé 1a \/x—y” =ax+by+c (*)

+biém A, e(*)=>c=0

+biém B,,C, e(*)=a==;b=-==|2/x-y* =x—y| (a)

+Piém B,,C, e(*) = a=b===2x-y* =x+y| (b)

+ Diém B,,C, e(*):>a:b:§:> 2x-y* =x+y| (b)

+ biém E, €(b), nén ta du dodn méi quan heé gitra cac bién 1a :

2{x—y> =x+y

N x>1
Loi giai. Diéu kién
X2y
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(1)<:>(x+5y—4)(2 x—y’ —x—y)+(x+y)2 —4(x—y2)=0

@(x+5y—4)(2 x—yz—x—y)—(Z x—y2+x+y)(2 x—yz—x—y)zo

S =

Vé6i 24/x—y* =x+y, két hop v6i (2) cho ta hé :

{2 x—y> =x+y @{2 x-y> =x+y

yVx—1+3x—-y* =2x+y  |2yVx-1=x-y
x+vyv=>0,(x— >0
x+y>0,(x-y)y=0 y20,(x=y)y 5-45
x>1,x>y’ X=75
S +5y  +2xy —4x=0 <1 5 =
X~ +5y° +2xy—4x=0 J5-1
x* +5y” —2xy —4xy’> =0 s y=—-—
4x(y—1—y )=0 2

Vi W =2y -2, két hgp véi (2) cho tahé :
Jx-y*=2y-2 (3)
{ym +3fx-y? =2x+y  (4)
T (3)tacé y>1. Ap dung BDT AM -GM, taco :

2 —
y +Xx 1+%(x—yz+1):2x+l—y2 <2x+1<2x+y,Vy=>1

VT(4)<

Do d6 hé vo nghiém.

5—J§.\/§—1).

Vay nghiém ctia hé da cho la (x;y)= { 5 >

(x=1)x=y+1+(x—y)vx+3=3x-2y-1 (1)
Cau 45: Giai hé phuong trinh
,/y+1—1+1/y+x2—x3:%(x2+3) (2)
X

Gidi
Bién d6i phuong trinh dau ta duoc :

(1) = (x=1)Jx—y+1-(x=1)+(x—y)Vx+3-2(x~y)=0
X-y x—1 0

oy s

< (x=1)( ) 1 + 1 0 x=1
x—1)(x- =
Y JX-y+1+1 Jx+3+2 X=y
Thé vao (2) cho ta x+1—1+\/x+x2—x3:%(x2+3) (*)
\ X

< (x-1
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1 1
Taco VI (*)= 1-— “4+1-x < J2(x*+1
aco (*) \/x+ x+|x|\/x+ x <,/ (x + )

Lai c6 VP(*) :%(x2 +3)= %[(xz +1)+2]> %(2\/2(x2 +1)) = 2(x*+1)

Déau "=" xay ra < x =1

Ix—1+2y+1 =y+% (1)

Cau 46: Giai hé phuong trinh -1 y+1 1

=— (2
w/y+1+1+\/x—1+1 3 (2)

Gidi

. x>1 x—1=a
Diéu kién Dit (a,b>0) .
>-1

Jy+1=b
5

a+2b=b*+=
4

Hé phuong trinh da cho trd thanhy | b2
a

+
b+1 a+1

1
3

2
Tix (3) taco a+b:(b2—b+ij+1<:>a+b=(b—%j +1=a+b>1(*%)
Tix (4) talai co:

1 a® b _ (atb)
— = + >

3 b+1 a+1 (a+b)+2
< (a+b-1)(3a+3b+2)<0<a+b<1,doa,b>0 (**)

:3(a+b)2 —(a+b)-2<0

Tix (*),(**) suy ra hé phuong trinh tuong duong véi: a=b :%

Do vay hé PT da cho c6 nghiém (x;y)= (2,—%)

(x-y-1)2(3-y*)=2-xy (1)

Cau 47: Giai hé phuong trinh
yV5-x* =x—y—4 (2)

Giai
3-y*>0
5-x*>0

a’+b?

Piéu kién {

Ap dung BDPT ab<

,Va,beR. Tt phuong trinh (1) ta co:

(x—y—l)z"'6—2y2 :(XZ_Y2)_2(x—y)+320 (3)

2-xy =(x-y-1),2(3-y*) <
Tu phuong trinh (2) ta lai c6 (2)<:>(y+\/5—x2 )2 =—(x° —y2)+2(x—y)—3
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:>(x2—y2)—2(x—y)+3£0 (4)
Tix (3),(4) suy ra hé da cho tuong duong véi
y<0
x* =5-y’
y=—5-x7 < x—y=1+m <:>{y:—1
x*

~2(x-y)+3=0
Y 2key) (6-2y*)-2\6-2y* =0

Vay nghiém ctia hé phuong trinh da cho la (x;y)=(2;-1).

1 1

+ =
Vx+1+1 Jy+1+1
LT S S
Xy \y* x \/E 3

2
3
Cau 48: Gidi hé phuong trinh

Gidi
1 1 _Ix+1 1 -1
x+1+1 4/y+1 +1 X y

\/ J 1 1 1 2 2 2
= —2+—+ — t—=—+— —_—t+=
X" x y X y Xy 3

Taco (1): %—

Tu phuong trinh 2 ta suy ra =, |— 1 \/lz 1 \/l2 1+ \/lerl
XNy y \x ¥y \y X
1 1 1 1 /1 1.1 1 1 1 1 1 /1 1
S—+t—+— +—+2 —2 —t 52—t +t—+—5+2 |[—+— [-+—
x Xy y y 'y x x 'y 'y y X \x 'y
1

><|>—\

(1 1)[1 1} ( 1}( 1 1
S|t ||t 2|t || 5t |eo—
X X y y y X Xy

Thé vao phuong trinh 1 ta dugc x=y =3

(4y—2)\/xT1+2y1/3y—2 =y*+3y (1)

Cau 49: Giai hé phuong trinh {

(4y +x-3)" =27y(2~y) (2)
Gidi
x=1
biéu kién _ 2 - Tuphuong trinh (2) ta c6:
y zZ —
3

(4y+x—3)3:27(2y—y2):27[1—(y—1)2}£27:>4y+x£6 (*)
Lai cé:
(1) =y +3y = (4y —2)x-1+2y By -2 < (4y —2)/x -1 1+(y*+3y- 2)

= (2y-1)vx-1 21c>1£(2y—1) (x-1), do yzE

|68}
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3 3
Suy ra 13(2}7—1)2(x—1)3(2y_1+2y_1+x_1j =(#j =4y +x26 (**)

3
y—-1=0
4y +x=6 x=2
Tix (*),(**) ta c6 hé da cho tuong duong voi =
y=y3y-2  [y=1
2y-1=x-1

Thtt lai ta thay nghiém ctia hé da cho la (x;y)=(2;1).

\/2x—2+\/2y+2 x 3y Jx+y (1)
(y+1){Bx-y-4=(2y +1)Jx+y (2)

Cau 50: Gidi hé phuong trinh {

Gidi
x>1
biéu kién {y >-1
3x-y-4=>0

V2x-2+2y+2=0 (x=1
Truong hop 1. x+y =0 hé da cho tré thanh &

(y+1)3x-y-4=0 [y=-1

Truong hop 2. x+y >0 ta co PT(1)<:>\/2(X_1) +\/2(y+1) =x-3y

:>X3ysz::yl)+\/2§(y++y1)x<+j(1+1)[ngjyl)+ziy++y1)]2 )

Laico PT(2) e XML PX2V=2 o vy g
y+1 X+y
- 2y+1_ 3x—y—4£1 1+3x—y—4 _2x-2
y+1 X+y 2 X+y X+y

& (2y+1)(x+y)<(2x-2)(y+1) <= x -3y 22y* +2 = x-3y >2 (4)

1 y+1
X+y Xx+y
) _ . |3-y—-4 x=2
Két hop (3),(4) suy ra hé da cho tuong duong véi =1 &
X+y y=0
y=0
x-3y=2

Vay hé phuong trinh da cho c6 cac nghiém (x;y)={(1,-1), (2;0)}.

\/H(\/;+1)=,/x2+y2 +2 (1)

x> +4y -4

Cau 51: Giai hé phuong trinh
T T =2 (g)

Gidi
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x=1
y=1
Tt phuong trinh (2):

2 _ 2 _
X2+4y—4:x.2 ,—y_1+y.2 =1 SX +4;y 4+y +4x—-4

2

Piéu kién {

x2+4y—4< v +4x—4

X -y +4y-4x<0 e (x-y)(x+y-4)<0 (*)

2 B 2
Tt phuong trinh (1) :
JX+y —2:\/x2+yz—\/xy+y2
X+y 4 = (X y) (x—y)(x+y—4)20 (**)

\/X+Y+2 \/X +y +\/xy+y

x=2,y-1

Suy ra hé da cho c¢6 nghiém khi va chi khi y=24x-1 Sx=y=2
(x=y)(x+y-4)=0

Vay heé da cho c6 nghiém (x;y)=(2;2).
/ / (x+y)
Cau 52: Giai hé phuong trinh y+1 Ax+1 y+1
L
Gidi
R x=>1
biéu kién
y=0
Tt phuong trinh (2) ta c6:
> ~1) +(x-1 >1
Xzy:(y—l) x—1£(y )2+(X )c>(x—y)(X+y 1)<0=x>y (do {;20)

Véi x 2y tir phuong trinh (1) cho ta:

J;:; J:§;<J1+1(y+1 xil]
s\/(1+1)(yil " yZl] —\/2[’;7%51’} = VP(1)

Dau "="x4dyra < x=y

Vi x =y thay trd lai phuong trinh (2) ta c6:
=1
2(x-1)Jx-1=x(x-1) @{X

x=2
Tir d6 ta tim dugce nghiém ctia hé ban ddu 1a (x;y) = {(1;1),(2;2)}.
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x®+y°+y-5x+2=0(1)

Cau 53: Giai hé phuong trinh
- P & {5x3x2y=4x2y2 (x2+1)+y—5x(2)

Gidi
Twr phuong trinh (2): 5x° —=x’y = 4x’y” (x2 + 1) +y—5x
= 5x(x* +1)=4x"y? (x* +1) +y(1+x%)
= 5x =4x’y’ +y = —4x’y”* = y —5x thé€ vao phuong trinh (1):
=x+y* —4xy? +2=0
= (x8 +y° —2x4y4)+ 2x'y* —4x’y* +2=0
= (x* —y4)2 +2(x*y’ —1)2 =0

N ) C[xt=y*=0 x=-1 x=1
Ta c6 VT = 0 nén ddu bang xay ra khi = ha

X2y2—1:0 yzil y y:il

2 +xX+Xx+2 =2y +y+42y+1 (1

Cau 54: Giai hé phuong trinh S v ()

x* +2y* =2x+y-2=0 (2)

Gidi

X>-2
Diéu kién 1
yz=5

Lay (1)-(2) theo timg vé va bién déi ta co:

X? +3x+2+x+2 =4y® + 2y +.2y +1

& (x+1) +(x+1)+Vx+2 =4y’ +2y +,2y +1
Xét ham sd f(t)=t2+t+ t+1, t>-1 taco:
1

1 1
—=2(t+1)+ + -
24t+1 ( ) 40t+1 4Jt+1
23?i/2(t+1)m—1:§—1>0

Hay ham s6 f(t) dong bién, do vay tit f(x+1)=f(2y) < x+1=2y

f'(t)=2t+1+

y=1

V6i x =2y -1 thay vao phuong trinh (2) ta c6 6y* -7y +1=0 < 1
y==
6

Tir d6 ta tim dugc nghiém ctia hé phuong trinh 1a (x;y) { (1,2) [ 2. 1)}

36
Foded (i
Cau 55: Giai hé phuong trinh{ y—-X-y y—X (1)

By -x+2x-1=x+2y-1 (2)

Gidi
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x>1
biéu kién {3y-x>0
5x—y*=x-1>0

Lay (1)+(2) theo timg vé ta dugc: /5y —x—y* —1+4/3y —x +2/x-1=3y+1 (*)

Ap dung bat ddng thac AM-GM ta co:

v 2 _ 2
VT(*)SSY X ;7 1+1+1+3y X+1+(x—1)= y +28y+1=
—(y* -2y +1)+6y+2 6v+2—(v-1)
— (y y ) y — y+ (y ) S6y+2=3y+1=VP(*)
2 2 2
S5y—-x-y’-1=1
. 3y-x=1 =2
Dau "="xdy ra & yox =1
x-1=1 y=1
y=1

Thtt lai ta thdy nghiém ctia hé phuong trinh da cho la (x;y)=(2;1).

x° +3xy2 =-49 (1)

Cau 56: Giai hé phuong trinh
x? —8xy +y* =8y —17x (2)

Gidi
Tt 2 phuong trinh dau ta c6
pt(1):3xy” +x>+49=0
pt(2):y* -y (8x+8)+x*+17x =0
Dé y rdng trén kia khong c6 y nén pt(2) dudi phdi mat y vay x=-1
Thé vao pt(1):-3y* +48=0=-3(y’-16)=0=-3(y-4)(y+4)=0
pt(2):y2-16=0
Vay nhan -3pt(2)—-pt(1)=0
= -3(x* -8xy +y’ —8y +17x) - (x> +3xy* +49) =0
:—(x+1)(x2+2x+3y2—24y+49):0
= x=-1 hay x* +2x+3y” 24y +49=0 (*)
Vi pt(*):(x+1)" +(3y’ —24y +48) =0=> (x+1)° +3(y —4)" =0
Tacé VT >0nén ddu bing xay ra khi: x=-1 va y =4 (thoa)
V6i x=—1=y=4hayy=—4.

X2 +2x=2= -y’ -4y -2 (1)
11+y-6x=+410-4x-2x>  (2)

Cau 57: Giai hé phuong trinh

Gidi

Tinh hoa cta todn hoc ndm & tu do cda né - Georg Cantor Chinh phuc olympic todn | 256



NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

—y2—4y—220

Diéu kién
10—4x-2x*>0

Lay (1)+(2) theo tumg v€ ta duoc:

x> —4:x+y+9:\/—y2 —4y -2 +10-4x-2x* (*)
Ap dung bat ddng thic AM-GM ta co:

p— 2_ _ _ _ 2
VP(*)= —y2—4y—2+%(2. 10_4X_2X2)S y* —4y 2+1+10 Ax-2x"+4 _

2 4
—2x2—2y2—4x—8y+12 )
1 :
Ta sé& chung minh VT (*)> A, that vay:
2 2
-2x" =2y —4x—8y+12<:>
4
& 6(x—1)"+2(y+3)" 20 (luon dung).

=A

xX* —4x+y+9> 6x* —12x+2y° +12y +24>0

1=1/—y2—4y—2

T {VT(*)ZA nén () 12= 10—4x—2x2<:>{le
VP(¥)<A x—-1=0 y=-3

y+3=0

Vay nghiém ctia hé phuong trinh da cho la (x;y)=(1;-3).
1 1
VI-x+,2x+ + =2

Cau 58: Giai h¢ phuong trinh ( Y2y Jox+3y+1  \B—x+y (x,yeR)

xy+2\/2x4—x3+7x2+y+2 =4

Gidi
1-x20
2x+y =0
biéu kién: {5x+3y+1>0
3-x+y>0

2x* = x> +7x* +y+220
5x+3y+1=a+3b

a=1-x
Dét{ ,a,bZO.Tacc’){

b=2x+y 3-x+y=Db+3a

Khi d6 phuong trinh tht nhat trong hé dugc bién d6i tré thanh :

() i -2 Y oo

+ = =
Ja+3b +b+3a Ja+3b +b+3a
R& rang v6i (a,b)=(0;0) 1a khong thoa (1).

2(1)

. a \/¥+1 \/E+1
Do dovéi a,b>0 tadit t=—,t>0 tadua (1)< + =2.
b ( ) NJt+3  A/3t+1
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Theo bat ddng thitc AM -GM ta c6:

Jooo [t .t+1<1( t +t+1j
Ji+3 Ve+1 t43 7 20t+1 t+3 :ﬁ+1<1( t 3)

t+1 E

1 _ 12 11 2 Vt+3 2
t+3 2 t+3 2(2 t+3
b1 2 <1(1+ 2t )
3t+1 V2 3t+1 2\ 2 3t+1 Je+1 1( 1 .3
t+1 2 )

= <—
1 _/1.t+1<1(1+t+1j V3t+1 2
e+l Ve+1 3t+1 2(t+1 3t+1
\/f+1+ Ji+1 Sltt+1+3j=2.
Nt+3  Bt+1 20t+1

Do d6 ta co:

t>0

t t+1

t+1 t+3

D4u déng thic xay ra khi va chi khi : 1.2 o

2 t+3

1 2t

2 3t+l

1 t+1

t+1 3t+1

Lacnaytas€céd a=beo1-x=2x+y < y=1-3x.
Thay vao phuong trinh thi hai trong h¢ ta thu dugc phuong trinh :
x(1-3%)+2v2x* =x* +7x% —3x+3 =4 < x=3x> +2\/2x2(x2 +3)-x(x*+3)+x* +3 =4

< x—3x2 +2\/(x2+3)(2x2—x+1) =4

Lai theo bat ddng thtc AM -GM ta c6 :2\/<x2 +3)(2x* —x+1) <3x* —x +4.

T dotacd: x—3x> +2\/(x2 +3)(2x2 —x+1) <x=3x>+3x*—x+4=4.

D4u déng thic xay ra khi va chi khi :
=-l=>y=4
2% —x+1=x 430X —x-2=0| y
x=2=y=-b

D6i chiéu diéu kién va thir lai ta c6 nghiém caa hé 1a (x,y)=(1;4).

(x=2)+y* _ (x-2)° ¥
ALY
Cau 59: Giai hé phuong trinh 1+\/;+\/y+1 1+\/y+1 1++/x

MWix-2+27fy =0  (2)

Gidi

Ta co:
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pt(1): dit a=x-2, b=y (dk:a,b>-2)
a’ +b’ a’ b*
= = +
1+vJa+2++b+1 1++b+1 1++a+2
. a’+b’ _a’+b’+a’va+2+b’\Jb+1
1++va+2++b+1 (1+\/b+1)(1+\/a+2)

VT:(a+b*)(1+vb+1)(1+va+2)=(a’ +a’Vb+1+b* +b*Vb+1)(1+a+2)
=a’+a’Ja+2+a’Vb+1+a’(b+1)(a+2)+b>+b*Va+2+b*Vb+1+b?(a+2)(b+1)
=(a®+b)+(a+b”)(Va+2 +4b+1)+(a*+b*)J(a+2)(b+1)

VP:(a”+b” +a’Va+2+b’Vb+1)(1+va+2+b+1)
=(a?-%b2)-r(a24—b2)(\ﬁ;17§4—\ﬁgzif)4—a2\ﬂ;175
+a2Ja+2(Ja+2+Jb+1+b2\/b?+b2\/b+1+b2Jb+1(Ja+2+b+1))
=a’VJa+2+a?(a+2)+b*Vb+1+b*(b+1)=0

a’vJa+2=0
a’(a+2)=0 a=0haya=-2
Taco VI >20=
b*Vb+1=0 b=0hayb=-1
b*(b+1)=0
x=2hayx=0 N - , ~
thé vao pt(2) ta thdy x =2,y =0 la théa man hé
y=0hayy=-1

Jx-1 +2\/y+1 :y+%
Cau 60: Gidi h¢ phuong trinh § 4 o 1 (x,yeR)

+
Jy+1+1 Vx-1+1 3

Gidi
A x21 ’ .
biéu kién: | x Nhan thdy hé khong c6 nghiém (x,y)=(1;-1).
y__
Y a+2b=b>+>
bat , a,b>0.Lac d6 hé phuong trinh da cho tro thanh hé: ) ) 4
b=y+1 a b 1
b+1 a+1 3
2 B2 _(A+BY
Taco: A—+B—2u(*),VA,BeR,X,Y>O.
X Y X+Y
. N 2 2 +b)’ +b)’
Ap dung bo dé nay ta c6 2 +b >(a )©12M

b+1 a+1 a+b+2 3 a+b+2
©3(a+b) —(a+b)-2<0=a+b<lea<l-b.
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V6i dénh gia nay, két hgp véi phuong trinh tha nhat ta c6 :

a:bz—2b+2:>b2—2b+2£1—bc>(2b—1)2SO <:>2b—1:O<:>b:%:a:

N =

a:1 \/x—lz1 x:E
Véi i<:> i<:> 43.
b== Jy+l== =—=
2 yr=y YTg

D6i chiéu va thir lai ta c6 nghiém ctia hé 1a (x,y)

6t

(x,yeR)

X* +2x =2 =f-y* -4y -2
Cau 61: Gidi hé phuong trinh{ S

6x—y —11+~+-2x* —4x+10 =0

Gidi
o -2x* —4x+10>0
biéu kién :
—y?—4y-2>0

Str dung bat ding thtc AM -GM ta c6 :
— 2_ —
x> 42x—2=[-y’ —dy -2 s% = 2% +4x+y* +4y—-3<0 (1)

J4(10-4x-2x*) _4+10-4x- 2%
2 . 2 '

y—6x+11:\/—2x2 —4x+10 =

Suy ra x* —=10x+2y+15<0(2).
Ly (1)+(2) v€theo véta co

“1=0 (x=1
3x2—bx+y? +6y+12<0 & 3(x—1)" +(y+3)’ <0 @{X {X

=
y+3=0 y=-3

D6i chiéu diéu kién va thir lai ta 6 nghiém ctia hé 1a (x,y)=(1;-3).

\/3+2x2y—x4y2 +x° (1—2x2)= y* (1)

(x,y eR)
1+1/1+(x—y)2 +x2(x4—2x2—2xy2 +1):O (2)

Cau 62: Giai hé phuong trinh

Gidi
Hé tiép theo 1a 1 hé danh gia, ban dau nhin vao thi rdt khé doan y tac gid nhung thu dé y
xem

pt(1): \/3+3x2y—x4y2 +x° -2x* =y*

pt(2):1+4/1+(x-y) +x* =2x* =2x%y? +x> =0

Lay pt(1) thé vao pt(2):
= T4+41+(x—y)" +x° =2x%y? = 2x* =2
= 1+1+(x—y)" +x° =2x°y? =3+ 2%y —x*y? —y*
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:1+J1+(x—y)2 +(x3—y2)2 :\/3+2x2y—x4y2
=141+ (x=y) +(x*=y?) = J4=(xy-1)’

Tacé VT >2 ma ciing c6 VP <2 nén dau bang xay ra khi:

Vi (x-y) =1 N {x=y

4-(xy-1) =2 ’

= x=y =1 thé€ vao thda man
xy=1

Cau 63: Giai hé phuong trinh

3x% —5xy +4y? —1-2(x—y)4x* —2xy —2y* =0 (1)
252 ~Bxy +7y? —2-2(x—y)/4x* —2xy - 2y* =0 (2)

(x,yeR)

Gidi
Bai todn nay y tudng cting kho khin khong kém, do bai nay t6i ché nén t6i sé dua 16i goc
1én cho moi nguoi thuong thic!!
Nhan 4pt(1)-2pt(2)=0

4pt(1): 12x* —20xy +16y° —4t(2x—2y)\/4x2 —-2xy -2y’ =4

—2pt(2): —4x* +10xy — 14y’ +2(2x—2y)\/4x2 —2xy -2y’ =—4

= 8x? —10xy+2y2 —2(2x—2y)\/4x2 —2xy—2y2 =0

= (4x2 _8xy+4yz)—2(2x—2y)\/4x2 —2xy -2y’ +(4x2 —2xy—2y2) =0

= (2x-2y)" ~2(2x=2y) {4 ~2xy—2y” + (/B ~2xy -2y )2 0

:>(2x—2y—\/4x2 —2xy -2y’ )2 =0= \/4x2 —2xy —2y* =2y -2x
3x* =5xy +y’ -2(x—-y)(2y-2x)=1 (*)
2x% —Bxy +7y* —2(x—y)(2y -2x) =2 (**)
pt(*): 7x*> —13xy +8y* =1

pt(**):6x*> —13xy +11y* =2

Thé vao pt(1),pt(2): {

Lay pt(*) the pt(**):6x> —13xy +11y* =2(7x* —13xy + 8y’ )

8x

:y:xhayy:?

Thé vao pt(*) v6i x=y = 2x* =1 :>x:y=ii (nhan)
V2
Thé vao pt(**) voi y:8—X:>x:i —Sy=+ 8 (loai)
5 167 167
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2% +y° +y° = /xy - x*y?

Cau 64: Giai hé phuong trinh X,y €R)
4xy3 +y3 +% =2x? +1/1+(2x—y)2 (

Gidi

biéu kién xy-x’y* >0 (*)

2
Taco y* +y° +2x° = i—(xy—%j S%<:>y6+2y3+2x2+4xy3£%+y3’+4xy3

Cong chéo vé theo v€ danh gia nay v6i phuong trinh tha hai ta thu duoc

Yo +2y° 425 +4xy° + 25 +4[1+(2x—y)’ <1+2y° +8xy”
<:>y6+4x2—4xy3+,/1+(2x—y)2 S1<:>(y3—2x)2+w/1+(2x—y)2 <1

\ y-2x=0 Y ¥=0 (o [y=1 [y=-1
D4u bang xay ra khi 2= {

= v 1V 1
y3_2X:O XZ% x=0 X:E X:—E
Tht lai ta thdy, nghiém cua hé da cho la (x;y):(—%;— j
y X y'

2 2
Cau 65: Giai hé phuong trinh \/;er (Y+\/;) (X+Y2) (x,yee]R)
(

Gidi
x>1
A 1A . 1 1 1
biéu kién 1y >1 . Phuong trinh (1) < =+ - = 7
X y X
+4/x-12>0 —+1 +1j —+1
g (yz j (& y
1 1

;b:l (a,b>0) taco

By

—+ =
(a+1)" (b+1)" ab+1
Theo bat dang thic B.C.S ta c6

1 b 1
a 2 > .
(ab+1)(g+1j2(a+1) (a—|—1)2_a+b ab+1

=
b 2 1 a 1
ndl 2> .

(ab+1)(a+1j2(b+1) (b+1)" a+b ab+1

a+b 1

Suyra VI()2 o ort) “abe1 0
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ab=
Dédu "=" xay ra <

{b:1 2
& S xX=y
ab =

a=1

Lo o

Vé6i x =y’ thay trd lai ta c6 phuong trinh

WYY —1=32(y-1) 2y -2 o y+yy*-1=2(4y-4)

bit: 4y -4 =u(u>0) . Phuong trinh da cho tré thanh :

2
oyt - Ut4 (u+4j -1=0<8u’ =vu’+8u+u+4(*)

4 4

+) Ro rang u=0 khong la nghiém ctia phuong trinh (*)

+) V6i u#0 , phuong trinh (*) tuong duong véi: 8 = % + % + % + %

4 %+\/g , nghich bién trén (0;+ ) va f(1)=0
uw u u u

Hams6 f(a)=—+

Suy ra phuong trinh (*) c6 nghiém duy nhat u=1 .

Thay trd lai ta 6 nghiém ctia hé phuong trinh da cho 1a (x;y) = (% ,Z]
y* (4x*-1)+1=0 (1)

Cau 66: Giai hé phuong trinh
& {(16x3—3x+2)y2—2ﬁxy—10 (2)

Gidi
TH1: y =0 khong thoa man h¢ phuong trinh
TH2: y #0, chia ca hai v& phuong trinh (1) va (2) cho y* ta cé:

Phuong trinh (1): 4x* + I

y2
2\/§x 1

4\/§x 2

Phuong trinh (2): 16x° —3x— +2-—=0=232x"—6x— +4-—=0
y y y y
Dé y phuong trinh (2): 4(2x)° —3(2x) - 4x3 +4- % =0
y y

. A 1 T T
bt 2x =sint; —=cost (diéu kién —EStS—)

< | =

Phuong trinh (1) luén dang ta sé khong giai nita
Phuong trinh (2) tré thanh

sin3t+\/§sin2t+cos2t =3 :>sin3t+251n(2t+gj:3
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-1<sin3t<1

Ta cod = VT <3

—23251n(2t+g)£2

sin3t=1
PN T
Dau b4 : khi =>t=—+2k
au bang xay ra khi sin(Zt +E] _1 ¢ n

L W L P V. SN DS N S W
2 6 2 6 3 6 6
1 2
Vay x=- > y=—
y 1 y \/5

f 1
2J2(x-3 1)(y-1)=33x—=
Cau 67: Giai hé phuong trinh X2(x=8)+ (x+1)(y-1) * 2

I +x+1 +\/y2—y+1 =\/x2—xy+y2

Gidi
Theo b4t dang thiic Mincowsky ta cé

\/x2+x+1+\/y2y+1=\/(x+%) +£§J +\/(%yj +[§] 2\/(1+x—y)2+3
= W =xy+y? 2 (1+x-y) +3 © xy-2x+2y -4 20 (x+1)(y-2) 20

Mit khac x >3 =y >2. Khi d6 4p dung bat ding thic AM - GM ta c6

x+1=%((3x+1)+1+1)2\3/3x+1 = VT(1)2x+1>3x+1 > 3/3x—%

Vay hé phuong trinh vo nghiém!

J1- 2y — x? +x— 1—4/ x? —y +2
J1+2x-y* —y-1= y -x° +2

Cau 68: Giai hé phuong trinh (x,yeR)

Gidi
1—2y—x220
o 1+2x-y* >0
biéu kién : , .
X"—y " +220
y =x>+2>0

Cong v€ theo vé hai phuong trinh ta ¢6 :

J1-2y-x* —(y+1)+«/1+2x—y2 +x-1 :\/Z(X2 —yz+2)+\/2(y2 —x2+2)

Str dung bat dang thac B.C.Sta c6 :
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m—(y+1)£\/(12+(—1)2)(1—2y—x2 +(y+1)2) = [2(y*-x* +2)
er(x—l)S\/(12+12)(1+2x—y2+(x—1)2) = 2(x*-y* +2)

Cong vé theo vé ta sé c6 dugc ddu dang thiic xay ra khi va chi khi :

{ '—1—2y—x2:—y—1 x>1,y<-1

. S11-2y-x* =y’ +2y+1
VI+2x=y" =x-1 1+2x-y* =x>—2x+1
x>1,y<-1 x>21,y<-1 x21,y<-1 x>21,y<-1 5
X =
S +y?+Ax =0y =—x Sy =—X Sy =—X @{

=-2
X +y*—4x=0 [xX*+y’-4x=0 x> —2x=0 x=0vx=2

D6i chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y)=(2;-2).

4 4J2-x)(y+2)=14 (1
Cau 69: Gii hé phuong trinh { xy +x+44/(2-x)(y +2) (1)

x> +y* +2x-1=0 (2)

Gidi
Piéu kién (2—-x)(y+2)>0
Tir phuong trinh (2) ta c6 2=(x+1) +y*>2(x+1)y=y(x+1)<1(*) déng thoi
2=(x+1)" +y* =|y|<v2 = y+2>0, két hop diéu kién xac dinh suy ra 2-x>0. Do d6 tu
(1) cho ta T4—4xy —x=2v2-x(2fy +2) < (2-x) +4(y +2) = y(x+1)>1 (**)

x+1l=y
=-2
Tu (*),(**) suy ra hé c6 nghiém khi va chi khi \/2—x:2\/y+2<:>{x_ 1
y(x+1)=1 Y=

Thtt lai ta thdy nghiém ctia hé phuong trinh da cho la (x;y)=(-2;1).

Py +a(x-y+2+2fy-x)=3\3
X’ +42x-1=2-y-2

Cau 70: Giai hé phuong trinh (x,y eR)

Gidi
1
X2 —
2
biéu kién {y >2 . Ap dung bat dédng thtc B.C.S ta c6 :
-2<x-y<0

JX-y+2 +x/§-\/2(y—x) S\/(1+2)(x—y+2+2y—2x) :\/3(y—x+2)
Do d6 ta co \/x—y+4(\/x—y+2 +2\/y—x)Sx/§(\/y—x+2 -\/x—y+4) (1)

Mit khac tir diéu kién: 2<x-y<0<0<y-x<2=y-x+2>0.
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Do &6 ap dung bat dang thitc AM-GM ta c6 :
\/y—x+2-\/x—y+4 < y—X+2-£X—y+4

Két hop (1) va (2)ta c6 duoc: \/x—y+4(\/x—y+2 +2\/y—x)S3\/§.

=3(2)

Dau dang thic xay ra khi va chi khi ddu déng thic & cac déanh gia (1),(2) xay ra

By

JX-y+2=—-—
2

\/x—y+4 = \/y—x+2
Thay vao phuong trinh thi hai trong h¢ ta thu duoc phuong trinh :

X A2x-1=2-Vx-1 x> —1+2x-1-1++x-1=0 (le)

2Jx-1
<:>\/_((x +x+1)\/_ erl ] 0

= <y=x+1.

P

SVx-1=0ox=1=y=2viP>0,vx=>1.
Déi chiéu diéu kién ta c6 nghiém ctia hé da cho la (x,y)=(1;2).

X (y-2¢y)+y(y+1)3-xy) =y’ (1)

Cau 71: Giai hé phuong trinh 1 N1 2
xg(l—x2)+x §+ Z+(X2—Y2) =X2Y2 (2)

Gidi
Dé thdy x =y =0 khong la nghiém cta hé phuong trinh
Xét x,y #0 thi hé phuong trinh tré thanh

x> —2x* +\/(xy+1)(3—xy) =y*

=
x> —x* +%+ ‘&+(x2 —yz)z =xy’
Phuong trinh (2): 2x> —2x* +1+2, & +(x* -y’ )2 =2xy’

Cong chéo hai v€ phuong trinh trén ta dugc

:>\/xy+1 3-xy)=x>=2xy’ +y*+2 —+(x y

:>\/xy+1 3-xy) = ( y)
(x—y2)220

Ta co 1 5 =VP>2
2. =+(x-v*) +1>2
V2 (x=y7)

Ma \/(xy+1)(3—xy) <2 = 3xy—(xy)’ +3-xy <4
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= —(xy) +2xy-1<0=(xy 1)’ >0 (luén ding)

2:>xyl

Vay ddu bang xdy ra khi { Y
-y =

(x,y eR)

1 2 2 9 _ _ _ 3
Cau 72: Giai hé phuong trinh WX =y* +9 =y (y-x)
10y\/10 x? =x— y—94

Gidi

o x> -y +9>0

biéu kién : .
10-x*>0

2 2

Str dung danh gia ab < a+b

—y-1) +9(x* ~y*+9
3(x—y—1)1/x2—y2+9g(x Y )+2(X Yo )

,Va,beR.Taco:

Turdoé taco:
2y” —2xy —6 <x* +y” +1-2xy —2x+2y +9x" —9y” +81 < 5(x* —y* )~ (x+y)+ 4420 (1).

Mt khéc tir phuong trinh thit hai ta c6 dugc bién doi :

5(y2 +2ym+10—x2):—5x2+5y2 Fx—y—44

c>5(y+m)2 =5 -y’ )+x-y—44.
Tirday taco —5(x* —y* ) +x—y-4420<5(x* —y*)—(x—y)+44<0 (2)
X-y-1=3 3719

Tir (1),(2)ta c6 :{y =—~10-x*

5(x2—y2)—(x—y)+44:0

x—1+410-x2 =32x2 -1 10—><2—9(2x2 1)+6(1-x)V2x* ~1+(1-x)’
& 1y=—10-x* - 10—
5(x2—y2)—(x—y)+44:0 ( —y*)=(x-y)+44=0
1-x=0
(1 x)(10x+9)=3(1-x)v2x* 1 [[10x+9=32x* -1
= oly-ioe
( —y*)=(x-y)+44=0 5(x*~y*)-(x—y)+44=0
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x=1 x=1
10x+9>0 _—45-!—6\/5
41x> +90x +45=0 X= 41

=1
Sy =—10-x* Sy =—10-x* @{X .

5(x*-y*)-(x—y)+44=0 |5(xX’—y’)-(x—y)+44=0

D6i chiéu diéu kién va thir lai ta 6 nghiém ctia hé 1a (x,y)=(1;-3).

(x—1+ (x—1)2+4)(y+\/m):4 (1)

J4-3y +9-5y =x* -x* +2x+3 (2)

Cau 73: Giai phuong trinh

Gidi
Ta c6 pt (1): x—1+1(x=1)" +4 =(=y)++/(-y) +4
Xétham s6 f(t)=t+ N , chtmg minh dugc ham s6 f(t) luon dong bién trén R
Do d6: x—1=-y thé vao pt (2) ta dugc

J1+3x +/4+5x =x* = x® +2x+3

—x* +X —x% +X .
= + =x"—X
N14+3x+x+1 J4+5x+x+2
x> =x=0
= 1 1

=x(x+1) (¥

_\/1+3x+x+1_\/4+5x +x+2

1
Ta sé chitng minh pt(*) vo nghiém véi moi x> ——

\/1+3x£3x+2 \/1+3x+x+1£3X2+2+x+1

Theo BDT Cauchy: 2

=
JA+5x < 5+25X JAT x4 x 2 <2

+Xx+2

-1 -1 1 1
= + <_ -
N1+3x+x+1 4+5x+x+2 3X+2 4 O45x
X

+2

1 1

3x+2 ~ 5+5x
+x+1

Tiép theo ta sé ching minh: —

<x*+x (voi xz—%)

+2

2 2
j_ —
5x+4 7x+9

—2(7x+9)-2(5x+4)—(x* +x)(5x+4)(7x+9)
(5x+4)(7x+9)

-x*-x<0

<~

<0
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X2 (35x2 +108x + %j >0

2
Ta co 109x

+55x+20 >0 (VéiXZ—%)

5x+6>0
(5x+4)(7x+9)>0

Vay VT < VP vo6i moi XZ—%

e 2+ B2y 2) ~(x+5y R o2y

Cau 74: Giai hé phuong trinh { (x,yeR)
(1R 2778 =(y-3) i3y
Gidi
x>-2
biéu kién :1y>1
x-2y+82=>0

Truong hop 1 x+2y =0. Lac d6 hé phuong trinh da cho tré thanh hé :

y-1=0
{M+ 3(2y-2) {Mw y=1

-0
<~ f—
(y-1)y/x-2y+8=0 x=2y-8 . x=-2
=6+ B(2y-2)=0"™

Truong hop 2 x+2y >0,y >1. Khi d6 phuong trinh thtt hai dugc bién ddi thanh phuong

trinh : y=3_ [xz2y+8 .
y—-1 xX+2y

Str dung bat dang thicc AM- GM ta c6 danh gia sau :
x—2y+8£1 x—2y+8+1 _ x+4 .
x+2y  2( x+2y X+2y

< (y=3)(x+2y)2(x+4)(y-1)

y—3> x+4

y—1 B xX+2y

Tur day ta co

S x+5y2y?+222=x+5y 22 (*)
Mit khéc tir phuong trinh thit nhat ap dung bat dang thic B.C.S
Ta co \x+2+,(3(2y-2) </(1+3)(x+2+2y-2) =2,/x+2y .
Tir day ta c6 (x+5y)\x+2y <2,/x+2y < x+5y <2 (*).
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3 x+2 2y-2
X+2y x+2y
\ o o . x—2y+8
Tix (*),(*)suy ra hé da cho tuong duong v6i hé phuong trinh sau : Wzl
y=0
x+dy =2

Vay hé phuong trinh da cho ¢6 nghiém (x,y)=(-2;1).

) 5 (x,yeR)
-1 +x) 1=y ATFR(2)

ox) +4=y—6x+22(x+1)(y+1)(1
Cau 75: Giai h¢ phuong trinh {(y X) y=6x \/(X )(Y )()

Giai
o x>-1
Diéu kién : .
y=0

Tir (1) ta bién d6i thanh phuong trinh sau:

(y—2x)2—Z(y—2x)+1+2x+2—2\/2(x+1)(y+1)+y+1:O
y—2x-1=0
\/2x+2 :\/y+1
Thé vao (2) ta c6 phuong trinh : 2x° +2x> +1=+/1+2x-31-3x.

x=>-1

Tu diéu kién N 1 @xz—%,ta co 2x3+2x2+1=2x2(x+1)+1>0.
X___

<:>(y—2x—1)2+(x/2x+2—\/y+1)2=0<:>{ oy=2x+1.

IA
X
IA

Suy ra J1-3x >0 < x < % Vay tong hop cac diéu kién ta c6 : —
V1+2x S#:x+1

,3,1_3)( S#:l_x

Tur day tasuy ra: 0<+/1+2x-31-3x <(x+1)(1-x).

N | =
W=

Ap dung bat ddng AM-GM ta c6:

Vay ta can chimg minh : 2x° +2x* +1<(x+1)(1-x), Vxe {—%,%}

Taco: 2x° +2x* +1<1-x* & x*(2x+3) 20 (ludn dung Vxe{—%;%} ).

D4u déng thic xay ra khi va chi khi x=0 (théaman).Suyra: y=1.

D6i chiu diéu kién ta c6 nghiém ctia hé 1a (x,y)=(0;1)
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X Xy

5-8y?
8(«5—‘&)+Ty= X[ Xy+ij
Cau 76: Giai hé phuong trinh (x,yeR)
2 2 1
8(x +y )+—:5

=

Gidi
biéu kién: x>0,y >0
Phuong trinh tht nhat duoc bién déi thanh phuong trinh :
8x(\/§—\/;)+5—8y2 = \/5[8 Xy +l)
Xy
L&y phuong trinh vira bién déi cong voi phuong trinh tha hai trong hé vé theo vé ta thu
X

duoc x—&=y_\/§®(&+\/§_1)(&_\/§)zoa{\/;}:\/yzl

Truong hop 1: x =y. Thay vao phuong trinh thtt hai trong hé ta thu dugc phuong trinh

X=—
4

1650+ L 516 - Bxa1 =0 | x o TL2V17

X 8
X_—1+\/ﬁ
8

1 _—1+\/ﬁ

ba6i chiéu diéu kién ta thu duge x=y = 1 ;X=Y g

a=+Xx
Tru@ngthZ:\/;+\/§1.Dét{ \/_,a,b>0.
b=y
a+b=1
Khi d6 ta c6 hé moi :
' 8(a4+b4)+i:5
ab

{(a+b)2jz
2, 1.2\?
.Doc‘l‘():a4+b42(a +b) > . =

2
Ta c6 a2+b22(a+b) > -1
2 2 8
Vay taco: 8(a* +b*)21.
2
Mat khéac ta co : a+b22«/£<:>ab£(¥] :ialeAL
a

Tt hai danh gia trén ta c6 : 8(a4+b4)+lb25.
a
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" 2 » . » N a-+ b = 1 a=
Dau dang thtc xay ra khi va chi chi =
a=

|
N[= N[
0

f:
14417 —1+J_J}

Vay hé da cho c6 nghiém (x;y)= {(4 4) [ 2 2

%/Xz—xy+1 Jr%/yz—nyrl—2:2(x—y)2

Cau 77: Giai hé phuong trinh
Prens (16xy —5)(x+4fy ) +4=0

Gidi

o x>0 a=3x*—xy+1
biéu kién : . bat

y=0 bz«/yz—xy+1

& 2(x-y) =2(a’+b’)-420=a’+b’22.

=a’+b’ =(x y)

Mit khéc tir phuong trinh thir nhat ta ¢6 :
a+b-2=2(x-y) @a+b-2>0ca+b>2
Khi d6 phuong trinh thit nhat trong hé dugc bién déi tré thanh phuong trinh :

= =2(a’+b")-2 (*)

a’+b’
a’—ab+

Métkhéc’ralaicc’)az—abjtbz:i(a+b)2 i(a b) 4(a+b)

a+b—2=2(a3+b3)—4<:>a+b=2(a3+b3)—2 N

a’+b° <a3+b3
a’—ab+b®> 1
2(a3+b3)—2£a3+b3 sa’+b’<2

Vay ta sé o : , do d6 tur (*) taco:

a’+b®>2 2 2
Vi sSal+b =2 (x-vy) +2=2<(x-y) =0 x=v.
{a3+b3s2 (x-y) ( y) y

Thé vao phuong trinh thtt hai ta thu duge phuong trinh: (16x* - 5) Jx+2=0(3).
Pit t=+/x,t>0. Lic d6 phuong trinh (3) trd thanh phuong trinh :
(16t* —5)t+2=0 <> 16t° 5t +2=0 < (2t -1)" (4t +4t* +3t +2) =0

<:>2t—1=0<:>t=% vi 4t° +4t* +3t+2>0,Vt>0. <:>\/_=%<:>x=%:>y:i.
11

D6i chi€u diéu kién ta c6 nghiém ctia hé 1a (x,y)= o

Mot phwong dan cho sir dung BDT hai bién doi xitng

Pay la nhiing bat dang thac kha chat, st dung cac thém bét dai luong bat bien khi ap

dung bat ding thicc Cauchy. Chinh vi tinh chat d6i xtng hai bién nén dang BPT nay

thuong dugc 16ng ngép vao cac hé phuong trinh hay két hop dé chuyén vé xét ham s6
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chtng minh BDT. Nhiing tmg dung nay phd bién trong cac ky thi va la mot khé khan
trong cac dé thi vi tinh chét gi6i han thoi gian. Tu tudng cta cach chimg minh BDT nay 1a
tir viéc gidi phuong trinh cd gdng dua ra nhan ti (x-y). Con duong sé bdé qua cach ching
minh tryc ti€p bang cac BDT phu nhu Cauchy, Cauchy - Schwarz hay Holder,... Néi cach
khéc, cach lam nay gitp khang dinh tinh ding dén caa BPT.

Vi du 1: Cho x;y la céc s6 thuc khong am, chimg minh x° +y° > xy 2(><2 +y2) :

bay 1a mot BDT khong kho, tuy nhién giai quyét dugc n6 can mot chat ki thuat

Bai Gidi

Taco x*+y’ =xy,[2(x* +y* x> +y’ —xy(x+y):xy[ 2(x* +y2)—(x+y)}

2(x+y?) - x+y)2 x—y) x
R I et e | RN TN R
\/2(x +y )+x+y \/Z(x +y )+x+y
2 Xy
< (x-y) [ (x+y)— =0.
( ) ( ) «/2(x2+y2)+(x+y)
Do (x+y) 24xy (vi x;y>1)suyra (x+y)- Xy >0.
2(x2+y2)+(x+y)
Nén x =y dpcm!
Dé minh hoa cho BDT nay minh xin 14y mot bai toan sau:
X’ +y° =xy,2(x* +y?)
Giai hé phuong trinh .
4ax+x* 1 =9(y—1)\/2x—2
Vi du 2: Cho x;y >1. Chtng minh rdng x21+1+y21+12xy2+1'
Gidi
Ta c6 BDT
(2 (2
- 21 1 . 21 1 ZOQ(XY+1) (x +1)+(xy+1) (y +1)20.
x*+1 xy+1) |y*+1 xy+1 (xy+1)(x2+1) (xy+1)(y2+1)

R IR (S WY

x*+1 y>+1 v +1 x> +1
XY(X—=V)+y—X xy—1 . )
< (x-y) (})’(g +1;7()y2};1) >0 < (x-y) (xz +1};(y2 ) >01luén dang, suy ra dpem!
Vi du 3: Cho x;y la céc s6 thuc khong 4m, ching minh
2 < 1 1 < 2

\/2(x2+y2) - \/x2+3y2 +\/y2+3x2 x+y
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Gidi
1 1
< + .
\/2(x2+y2) \/x2+3y2 \/y2+3x2

Trudc hét ta sé chting minh

1 1 1 1
Q[Jx ey J*[Jyw Vz(xuyz)}“

@1/2 x*+y?) = x* +3y° +4/2 x*+y?) = \ly’ +3%° -0
X +3y2 Jyz +3x°
Xz_yz

2 -2
. >0
NS +3y2( 2(x2+yZ)+\/X2 +3y2) \/yz +3x7 (1/2(x2 +y2)+«/y2 +3x2)

=

Q(Xz_yz) x> + 3y’ (4/ x’ +y \/x +3y° ) \/y +3x° (4/ x’ +y +W)]
I 2(x +y )(\/y +3x7 \/x +3y )+ y’ +3x x +3y? )}
@(xz—yz)(\/y2+3x2—\/x2+3y2)[ 2(x2+y2)+(\/y +3x7 +\/x2+3y2)}20.

2 2
<:>(x2_y2)(\/y2+3x2 _\/x2 +3y2)20<:>(xz_y2)\/y2 +zf; +\7X2)+3y2 >0 ludn dﬁng

0
—_
X
|
~<
\_/

1 1 2
<

Chtng minh + < .
\/x2 +3y? \/yz +3x*  X+y

Ta c6 BDT
<:>[ ! _ J+[ ! _ J<0©X+Y—W+X+y—m<o
oo oS\ oy S0 R ) By )
(x+y)2—(x2+3y2) N (x+y)2—(3x2+y2)
e PO oo M e S ey
2y (x-y) . 2x(y=x) <0

= \/x2 +3y° (x+y)+x>+3y*  [3x% +y? (x+y+J3x2 +y2)

= <0.

y X

<0.
JX2+3y° (x+y)+x* +3y? +J3x2 +y’ (x+y+«/3x2 +y2)]<

X+ 3x7 +v2 —x4X2 +3y7 |+3xy (x—v)+v° —x> |<0.
y)(yB+y - xy 3y dxy (x-y) +y -

N—"

< (x-y

N—"

<:>(x—y

v —x*
y\/?)x2 +y° + x\/x2 +3y’
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(x2 +y2)(x+y)
}7\/3><2 +y’ +x\/x2 +3y’

+(x—y)2] >0 ludn dang!

Q(X—Y){

y o 2y

el el Jxyel

Vi du 4: Cho x;y 1a céc s6 thuc khong 4m, chting minh

Gidi
X y o Xty
\/y +1 \/x +1 \/xy+1

Ta sé chttng minh BDT manh hon

Ta c6 BDT X X Y Y 150
aco <:>£\/yz_i_1 \/xy+1]+[\/x2+1 \/xy+1J>
Sz e e s e R
JY +1xy+1 \/x +1xy+1

xy -y xy -y

JYT(W+JYT)+Y i)

=X

1 1
> Y)Xy_1/y2+1(\/xyﬁ+\/y2+1) \/x2+1(\/xyj+\/x2?) B
@xy(x—y):m(\/xz+1—\/y2+1)+ (x*+1)—(y +1)}20.
@xy(x—y)(\/x2+1—\/y2+1)[\/xyi+ (\/x2+1+\/y2+1)}20.

2

2
o (x=v) [V +1=v2+1]>0 (x— X7y >0 (x—v) >0 ludn dang!
(1 1)20 0 (o) 20 (k) :

Tu day ta c6 thé ching minh duge BDT da cho.

Vi du 5: Néu a;b;c thoaman a;b;c>1 thi L + E + E > - .
1+a 1+b 1+c 1+3ab

Gidi
Tacod a;b;c>1=3abc >1. Ap dung BDT 2 ta c6
1 1 2 1 1 2
+ > va = > .
1+a 1+b 1++/ab 1+c 1+3abc  144/cabe

1 N 1 N 1 N 1 S 2 N 2
1+a 1+b 1+c 1+3fabc 1++fab 1+\/c«3/abc.

Suy ra

1 1
=2
[1+r 1++/c3/abe abc] 1++/vab./c3fabe 1+\/abc

Dé&u déng xdy ra <>a=b=c.
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Vi du 6: Cho x;y;z 1a cic s6 thuc thoa man axy >1 va z>1. Chting minh:
1 1 1 2
> = = > )
x*+x+1 y4y+1 z2+z+1 %/x2y2z2 +3fxyz +1

Gidi
1 1 2
+ 2> .
X +x+1 yP+y+1  xy+ xy +1

Trudc tién ta chting minh BDT v6i hai bién

Taco BDT < | — ! - 1 +| — ! - 1 >0.
X" +x+1  xy+,/xy+1 Yy +y+1l xy+.xy+1

C>xy+ Xy —X x+xy+\/g A A

x> +x+1 v +y+1
L X9l (Jy =x) v (xy) ey (V=)
x> +x+1 yi+y+1 B

y+ Wy X+ X
Wx+y T xy

y2+y+1 x> +x+1

< (x-y)

Jy (¢ +x)=Vx (v +y) |
& (x-y) [ xy(x=y)+y-x+ S ly }0

ey (e -y y+&ﬁ)}0.

<:>(x—y) xy(x—y)+y—x+ \/;+\/§

o (e : e _X+\/g(\/;—\/§)(x+ xy+y+1) s
(x y)_xy(x y)+y x/;+\/§ >0.
\/g(x+ xy+y+1)
)

Do xy 21 nén BDT dugc chtmg minh.

<:>(x—y)2 xy -1+ >0.

Theo “ban ning”, ta sé ap dung cho két qua trén ta co:

1 1 2
> .
Z2+z+1 ’ 3Ix2y*z? +3xyz +1 Z3xyz +4/z3xyz +1
Suy ra

1 1 1 1

2 2
+ + + > +
X +x+1 Yy ry+l 2 +z+1 33y 4 ifxyz +1 ZYxyz +\|Z3xyz +1 XY +4/xy +1
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. Suy ra dpcm!

4 4
> =

Vi du 7: Cho x;y;z la cdc s6 thuc théa man xyz =1. Tim gi4 tri lon nhat cta biéu thac
1 1 1

P= + + .
V143 \/1+y2 J1+2?

Gidi
1 N 1 < 2
Viex®  (1+y? flixy

Dua vao bai toan trude ta dé dang chimg minh duoc bai toan nay!

Trudc hét ta ching minh BDT hai bién

Bai ap tu luyén
x .y , 2
yzx/x2+1 xz\/y2+1 \/xy+1

Cho x;y la cac s6 thuc thoa man xy >0, ching minh

Quay trd lai cac hé phuong trinh c6 dang BDT nay:

Bai 78: Cho x;y 1a cac s6 thuc khong am, giai hé phuong trinh:
1 N 1 3 2
x+\/y2+1 y+\/x2+1 \/g+\/xy+1

\/x(2y+l)(y+3x2) =y 4y’ +1

Gidi
Tu PT trén suy ra x =y . Thay vao PT duéi ta dugc
y(2y+1)(y+3y")=y"(y* -1) = (2y+1)(By +1) =y" -y".
ey -y -6y’ —5y-1=0<(y’ -3y -1)(y’+2y+1)=0
<y’ -3y-1=0 (vi y>0)
T6i day ta phai st dung phép thé luong giac:

bat y:2cost[te{0;gD, PTTT 8cos3t—6cost—1:0<:>C05t3t:%<:>t:ig+%,k el.

Vite 0;E nén tzE:y:2cos£:x:4coszz.
2 9 9 9

Vay tap nghiém cua HPT 1a S= {(4 cos® g ; ZCOSEJ} .

2 1 2
=

Bai 79: Giai hé phuong trinh (\/;+\/§) X+\/Y(2X_Y) y+yx(2x-y)
2(y—4){y2x—y+3—(x—6)x+y+1=3(y-2)

Gidi
Nhén thdy x =0 hodc y =0 khong thoa man hé phuong trinh.
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Xét y >0, ta dit x=ty,(t>0).

Phuong trinh tha nhét cta hé tro thanh:

2 1 2 2 2 2
(\/f+1)2+t+«/2t—1_1+4/t(2t—1){D(\/{+1)2+(\/2t__1+1)2 1+ Je(2t-1)
11 _ 1 |
(\/E+1)2 (M+1)2 1+\/t(2t—1)
Chu y ta c6 BDT sau t 1

2 + 2 = '
(1+a)” (1+b)" 1+ab
That vay, st dung BDT Cauchy - Schwarz ta c6

(1+ab)(a+b)2(\/§+\/£.\/g)2 :a(1+b)2 =

1 ,_2a 1
(1.|_b)2 “a+b a+b’

S b 1
(1+a)’ a+b 1+ab

Tuong ty ta co6

Cong theo vé hai BDT trén ta dugc
1 1 1 b a 1
(1+a) +(1+b)2 = 1+ab{a+b+a+b}: 1+ab
D4u bang xay ra khi va chikhi a=b=1.
Do vay ﬁ=x/ﬁ<:>t=1<:>x=y.
Thay vao phuong trinh thit hai cua hé phuong trinh ta duoc
2(x—4)Vx+3 —(x—6)V2x+1 =3(x-2).
+ nhan thiy x =2 1a mot nghiém ctia phuong trinh.
+ Xét x # 2 khi do

2(X_4)m—(X—6)m=3(x—2)
2 A)NRTE + (x-6) /BT T = LA (43) = (x6)' (2x+1)_ 2 +7x-78

3(x-2) 3

Cong vé theo vé& hai phuong trinh ta duoc:

2 2
A(x- a3 = DD g () BCHIOCTS

<:>12(x—4)m:2(x—4)(x+12)<:>2(x—4)[6«/@—x—12]:Oc{

(Tht lai thoa man)

Vay hé phuong trinh c6 tap nghiém la S = {(2;2);(4;4);(6;6)} )

Cha . Ta c6 thé dit a=+/t;b=+2t—-1 sau d6 bién déi tuong duong nhu sau:
111 (1+ab)[(1+a)’ +(1+b)" |-(1+a)’ (1+b)

(1+a)’ (1+b)" 1+ab (1+ab)(1+a)’ (1+b)’
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& (1+ab)[ (1+a)’ +(1+b)" |-(1+a)’ (1+b)’ < ab(a’ +b*)-a’h’ ~2ab+1=0

=b
<:>ab(a—b)2+(ab—1)2 :0<:>{al sa=b=loJt=L2t-1=1t=1

ab=1
2
Vioy=27 @
Cau 80 : Giai hé phuong trinh: \/—
xa/x - = (2)
V3 3
Gidi

Ap dung bat drfmg thie AM-GM:

f T >3\/[ IT_IQIQ ‘)<

(1)_(2)3\/;(1—)()—(\/;_%) :%

Suy ra: VT < VP

2
343

Déu “=" xay ra khi: x = y= %

x> —x+2=20-v*+5v-5 (1
Cau 81: Giai hé phuong trinh: \/ﬁ (1)
—x+y+3=2,/-2y* +8y -4 (2)

Gidi
~y* +5y-5>0
—2y* +8y-4>0

Tir (1) taco: x* —x+2=24-y*+5y-5<-y*+5y-5+1

= x> +y? —=x-5y+6<0 (*)

— 2 —
Tir (2) taco:—x+y+3=2,/-2y* +8y -4 < 2y +82y 4+4=—y2+4y

=y’ -x-3y+3<0 (**)

Piéu kién: {

Cong vé theo vé€ cac BPT (*) va (**) ta duoc:
X2 +2y? —2x -8y +9<0 & (x-1) +2(y -2’ sO<:>{

Thtt lai: t/m
Vay HPT c6 nghiem (x;y)=(1;2)

x—1=4/(2x-1)" -4y+4 (1
Cau 82: Giai hé phuong trinh: \/( ) 4y (1)
By —6x+25=4/41—(y—6)" (2)
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Gidi
Phuong trinh (2) tré thanh:
6y ~12x =50 =8,/41~(y ~6)" <|16+(41-(y~6)) |==y* +12y +21
= y2—6y-12x+29<0 (¥)
Phuong trinh (1) trd thanh: x* —6x” +4y +4x—-4=0(**)
Tir (*)(**) = x* —6x> ~8x+y* —2y +25=0
o (3 -4) +2(x-2) +(y-1 ' <0=>x=2,y=1

Vay hé phuong trinh da cho ¢6 nghiém duy nhat x=2,y =1

X2 +2x-2= 4y -y’ -2
Cau 83: Giai hé phuong trinh: { Y

11-6x-y =10 -4x - 2x

Gidi
Cach 1:
2_3-2-1p? (1)
15-6a-b=+/12—-2a" (2)
4+(12-2a2) g_a2
Ta c6: V12 -2a2 < + 2 )=8 a.

4 2

8—a

bit: x+1=a;y-2=b=HPT <

2

*Phuong trinh (2), ta c6: 15-6a—-b<

—a’-12a-2b+22<0 (3)
*Phuong trinh (1) tré thanh: a* —6a’>+9=2-b* < a*-6a’+b*+7=0 (4)
T (3)(4)=a*-5a”+b*-12a—2b+29<0

o (a>-4) +3(a-2)" +(b-1)" <0
a=2 x=1
= =
b=1 y=3
. . [x=1
Vay hé phuong trinh ¢6 nghiém duy nhat { 3
y =
Ciing c6 thé c6 cach danh gia khéc:
Cach 2:
tir PT(1) ap dung bat dang thic Cauchy ta c6:

2
X2+2X—2=W= \/1(—y 2—4y—2) < -y’ —24y—2

Thu gon ta c6 2x* +4x+y” +5y-3<0 (1)

Tiép tuc nhu vay cho PT(2) ta co:
2x* —20x+4y +30< 0= x> —10x+2y +15<0 (2)
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Bx? —6xy> +6y+12<0 = 3(x-1)" +(y +3)° <0
x—-1=0 {x=1
=

Nghiém ctia bat phuong trinh trén 1a
y+3=0 y=-3

=1
Vay hé phuong trinh da cho c6 nghiém duy nhat {X 3
y=-

x* +2=4/5x* +3y -5
Cau 84: Giai hé phuong trinh: Y
y—2x+7 =44y —-y* +1

Gidi

=1
Bai nay nghiém {X 3 Sau day sé quyét dinh danh gia phuong trinh nao, bai nay danh

gia phuong trinh (2) nhu sau:
V6i nghiém da néi thi /4y —y” +1 =2 diung bat dang thic AM-GM nhu sau:

y—2x+7=2.2.1/4y—y2+1AMSGM4+(1/4y—y2+1)2 &y -3y-2x+2<0 (1)
Khi do: (x2+2)2=(1/5x2+3y—5)2<:>x4—x2—3y+9=0 (2)

Lay (1)+(2) ta duge: x*' —=x* +y* =6y —2x+11<0
x=1

e (% —1)+(><—1)2 +(y-3)’ SO@{y=3

2x-1=,[2(3y* -x* -x*)-1

2y4 4—4y2 +10 =8x«/2(y+1)

Cau 85: Giai hé phuong trinh:

Gidi
2(3y* —x* —x*)-120
Piéu kién:
XZE;erlZO

Ta co:

Phuong trinh (1) trd thanh : 4x* —4x+1=6y° -2x* -2x* -1

&2 +2(x-1) +2x" +1=6y> © 6y* +2 :2(x2 —1)2 +2(x—1)" +8x* > 8x?
<:>2x£\/3yzi+1

Phuong trinh (2) tré thanh : 2y* +4y* +10 = 4.2x.\/m < 4\/2(y+1)(3y2 +1)
s2(2y+2+3y2 +1):4y+4+6y2+2

ey -y -2y+2<0e (y-1) (y’+2y+2)<0 o y=1=x=1
Vay hé phuong trinh da cho c6 nghiém duy nhit x=y =1
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2 1 (4x—1)" = 3f4x(8x+1
Cau 86: Giai hé phuong trinh y'+(4x-1) x(8x+1) (x,y eR)
40x* +x = yv14x—-1

Gidi
Day 1a mot dé ra khong dé, tuy nhién néu cdn man ta c6 thé c6 3 cach sau:
Cach 1:
biéu kién: 14x>1;y e R

Ta co 3f4x(8x+1)+2y~14x—-1= y? +(4x —1)2 + 2(40x2 + x)
Mat khac theo bat déng thtec AM-GM ta duoc:
34x(8x+1) +2yV14x—1 = 3[8x—= (Bx+ 5 1) 1+2y414x-1

£1(8x+8x+1

3 +1j+y2+14x—1

<y?+(4x-1) +2(40x2 +x)—%(8x—1)2

<y’ +(4x—1) +2(40x" +x)

3

5y =—m-

Do d6 dau bang xay ra khi va chi khi: x = 5

oo|>—\

bay la nghiém duy nhat cua hé.
Cach 2:

Piéu kién: x> 1
14
V6i diéu kién nhu thé thi phuong trinh hai hién nhién y > 0. Ta ¢6 danh gié sau day:
2 J—
40x +x = y\/Tax—1 s# o y? >80x° —12x +1

Tt phuong trinh (1) ta lai c6:
J4(8x+1) =y” +(4x—1)" 280x* —12x+1+(4x—1)" =2(48x* —~10x+1)

2
DPong thoi W:%/ll(fmxz +4x) < 1+1+3§x +4x

2
M@Z(Sx—l)2SO©x=%:y=§

Tir d6 suy ra 2(48x* —10x+1) <

N
>

oo|>—\

Vay hé da cho c6 nghiéem x=—;y =
Cach 3:
Diéu kién: x> S
14
2 +16x7 —8x+1=3/4x(8x+1
HPT da cho duuoc viét lai thanh: y ( )
80x? +2x = 2y/14x -1
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Cong vé theo vé& hai phuong trinh ta duoc:

(y” —2y/14x—T+14x—1)+96x* ~20x+2 = {4 (8x+1)
= (y—\/lélx—l)2 +96x% —20x+2 = }/4x(8x+1)(1)

Ta c6: VT (1) 96x> —20x +2 :%[3(&(—1)2 +8x+1}2%(8x+1)

:%(16x+8x+1+2)2%%/16x(8x+1).2 = 3[4x(8x+1) = VP (1)

Ding thiic xdy ra khi va chi khi (x;y)= (%,g}

x2+1:\/16—2xy—%y2

x+y:§/9x2 +14xy —42

Cau 87: Giai hé phuong trinh:

Gidi

Ap dung BPT AM-GM ta c6 x+y = \/2.2\/9x2 +14xy-42 < \/9x2 +14xy - 38

& (x+y) <9 +14xy—38<:>%y2—4x2—6xy+19£0 (1)

2
Tacé (x° +1)2 =[\/16—2xy—%y2J o xt+2x° +2xy+%y2—15=0 (1)

Lay (1)+(2) ta duge: x* —2x> —4xy +2y° +4<0

<:)(x2—2)2+2(x—y)2 <0=>x=y=+2

2x? +x—-1=2yvy3x-2
y?+2x7 —x+4=334x* (x+1)

Cau 88: Giai hé phuong trinh: {

Gidi
. 1Sxél
Didu kién: { 2 = xy <1(*). Ta 6 (1) =12xy = (2fxy +1)(xy +2,/xy +1).
0<y<1

Tt phuong trinh d4u cua hé suy ra:
Sy =t(te[0;1])= 126 2 (2t +1)(t+1)" < (t-1)(2t* -5t -1) <O0.
Két hop v6i phuong trinh thit hai cta hé ta dugc:
te[0;1]= 2t -5t-1<0=>t21=xy 21"

Mit khéc st dung BDT AM-GM ta c6 33/4x” (x+1) <2x* +(x+1)+2 =2x" +x+3.
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Suy ra 4x2—3x+5£2x2+x+3<:>2x2—4x+2£0<:)2(x—1)2 <0 x=1=y=1.

Vay hé phuong trinh ¢6 nghiém duy nhat: (x;y)=(1;1).

(x—l)2 +y? =3/x(2x+1)

Cau 89: Giai hé phuong trinh:
3% x4+ L= YN +x

Gidi
biéu kién: x;y >0

x=1)* +y* =3/x(2x+1) (x—12+y2:«3/x(2x+1)
6x> —2x+1=2y~x* +x 5x% +(x—1)* =2yvx* +x

Mait khac: §/2.4x-(2x+1) < w =2x+1

2x+1

Ta c6: HPT {

= (x-1)2+y* < S 2x7 —4x+2+2y° <2x+1 < 2x* —6x+1+2y* <0

Két hop lai ta duoc :

2(5x* =3x+1-y*)+2x* —6x+1+2y” <0< (2x—1)’ SO@X:%:y=

Vay nghiém cuia hé phuong trinhla : (x;y) = [% ,gj

[ &

(x2+1)" -8x* =22y -

y2+1:2\/—9x3+3x+1

Cau 90: Giai hé phuong trinh:

Gidi

1
Y=3
-9x° +3x+1>0

Piéu kién:

Tu (1) taco: VP(1)<2y-1+1-2=2y-2<y*+1-2=y* -1

Ma y2—1=2\/—9x3+3x+1 -2

<-9x’ +3x+1+1-2=-9x"+3x (tir(2))
Suy ra: (x2+1) —8x° <-9x" +3x < (X +1) <—x*+3x
—x® +3x > 0(*)
= {(x2 +1) < (= +3x) (t)

(**) twong duong: x° +3x* +3x* +1<x° —6x* +9x* < 9x* —6x* +1 <0
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@(3x2—1)zs0@(3x2—1)z=o@3x2—1=0©x=ii
3

Két hop (*) thdy x == thoa man. Khi d6: y =1(t/m)

5

Vay HPT c6 nghiém: (x;y)= (i;lj

NG

Cau 91: Giai hé phuong trinh:

Theo b4t ding thic AM - GM ta c6

7 AM-GM 7

2(X—%T=6xy—x3—4y—§ < [(x2+4)+2x}y—x3—4y—5
& x*=xly+2x* =2xy -2x+4<0 (1)
yi(y-x+1)=2x<y’—-xy’+y*-2x=0 (2)

Lay (1)+(2) v€theo vEta co: x° +y° —x’y —xy” +2x* —2xy +y* —4x+4 <0
<:>[x3+y3—xy(x+y)]+(x—y)2+(x—2)2£O<:>x:y:2

x+3:\/(y+1)2+2xy—2

Cau 92: Giai hé phuong trinh: < _q
& Y _4fex—x*-3
V2
Gidi

Phuong trinh dau : x* +6x—y* -2y -2xy+11=0 (1)

1 AM-GM 1
—2=—"4/238x—x*-3 < —49+8x—-x*>-3
Y ﬁJ 3

=3(y-1)" <8x—x*-3< x> -8x+3y* -6y +3<0 (2)

Lay (1)+(2) taco: 2x* +2y” —2x—8y —2xy +14 <0
& (x=2)2 +(y -3 +(x-y+1)’ <0 x=2Ay =3

(2 +1)’ -8x* =22y -1 -2

y2+1:2\/—9x3+3x+1

Cau 93: Giai hé phuong trinh:

Theo bat ddng thitc AM - GM ta c6

2| 1+(y2y=1) |

2 3 3
(x*+1) -8x*=21-2y-1-2< —2=2y-2
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o (¢ +1) -8 —2y+2<0 (1)

{u(mﬂ

2

vy +1=21~-9x° +3x+1 <

< 9% -3x+y*-1<0 (2)

=-9x> +3x+2

Lay (1) cong (2): x*=3x+ (X2+1)3 +y?=2y+1<0 (3)

Xét f(x)=x"-3x+ (x2+1)3 co f'(x):3x2—3+%\/x2+1.2x:0

X=—=(N)
<:>(X2—1)2zxz(x2+1)©—2x2+1:x2<:> \/51
X:—ﬁ(L)

= f(x)> f(%j =0« V& trai bat déng thic (3)=0

1
Vay x=—4=;v =1
Yy \/g y

y—1=\/8—2y—5x—x6
Cau 94: Giai hé phuong trinh:
6-2y> =§(x6 +1)

Gidi

) >1
Didu kién: {y

2
Ta cé: (y—1)° :(\/8—2y—5x—x3) X +5x+y’*=7=0 (1)

AM-GM

Va 6—2y2:§(x6+1) > E-2x3:5x3<:>—5x3—2y2+620 (2)

Ldy (1)+(2) ta duoc: (x° —5x3+5x—2)+(1—y2)20

)

-1+
<:>(x—2)(x2+x—1)2+(1—y2)20<:> x= 2

y=1

Tht lai thay vo nghiém.

8-2y-5x—-x" >0 x"+5x<8-2y <x’ +5x <6< x<1

4x= [ty +3 -2y

Cau 95: Giai hé phuong trinh:
phions \/3—8x+2\/1—2x=z+i
X x 4xy

Gidi

Theo bat ddng thitc AM - GM ta c6
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2y +3

iy ey

VT = ——8x+2\/1 2x—— 2. ,/——8x+2 /2x ——1
AM-GM
< 1{4+(z—8xﬂ+2x+(i—lj
4 X 2x X
vp=Yi L gy r. 11
X 4xy x 4xy X

Vay VP> VT

x>0

1+45 1
s 772

Diéng thuc xay ra khi x = >

X’ +7 =43y +1

v’ +xy =2+4/3x-2

Cau 96: Giai hé phuong trinh: {

Gidi
Theo b4t ding thic AM - GM ta c6

M-GM
+7=22.By+1 < 22+4(By+1) =3y+5 ex’-3y+2<0 (1)
yi+xy =21-4/3x-2 <1 +(3x-2)* =3x-1 < y* +xy-3x+1<0 (2)
Lay (1)+(2) ta dugc: x* +y* +xy—3x-3y+3<0

— 2 — 2
<:>—(X 4Y) +%(x+y)2—3(x+y)+3£0<:>%+Z(x+y—2)2 S0ex=y=1

KI THUAT TANG GIAM SOS - HO XUAN HUNG

X’ +y° =

2

Cau 1: Giai hé phuong trinh ; s
Xy+X +y=X

Gidi
3_ 3 _ x=1)(x*+x+1)+vy° =
x’=1+y =0 @{( )( ) y

Ta c6: HPT <

Xy +x% +y=x° (x-1)x* =y(x* +1)

pT? ~1)y <0
Tacé:{ = (x-1)y = (x-1)y=0=(x;y)=(1,0)

PT? = (x-1)y >0
Vay HPT c6 nghiém duy nhat (x;y)=(1;0)

x3+y3=1

Cau 2: Giai hé ph trinh
au 2: Giai heé phuong trin {x3—2y3—x2(y+1)+2(x—1)=0

Gidi
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3 _ 3 _ x=1)(x*+x+1)+v>=0
Tacé:HPT@{ X' ~1+y =0 @{(( J Jry

X =x* +2x-2=2y° +x%y x—l)(x2+2):y(x2+2y2)

pTY ~1)y <0
Tacé:{ = (x=1)y =(x-1)y=0=(x;y)=(1,0)

PT? = (x-1)y >0
Vay HPT c¢6 nghiém duy nhat (x;y)=(1;0)
Ki thuét nay danh gia nhan tur:
(x=%)(y=¥o)=0
o O mbi Phuong trinh, gid sit x —+oo (hodc x > a, B vi x €[a, ] ) d¢ ddm bdo dﬁng
thite: y — +oo thi (x—x,)(y—y,)=0 ; néu y — —oo thi (x—x,)(y—y,)<0
o Sosdinh lugng (x—x,)(y—y,) tit 2PT, néu chiing doi diu, ta sé dung PP néu trén.

e Dua HPT vé dang |50 i(xy)+(y=v0) fo(x,y) =0
Dua HPT vé dy g{ (x=x0) fs (2, 9)=(y—v0) fu(x,¥)

Chitng minh f,(x,y)>0

K7 thudt nay dua trén co s¢: Khi HPT ¢6 nghiém duy nhat, gid sit x ting mgt khoang rit nho, xem
xét sy thay doi tuong 1ng ciia y trén méi phuong trinh, néu sy thay déi so véi nghiém ding la
khong giong nhau x thi ta sé suy ra 2 chieu ngugc nhau khi so sinh (x—x,)(y—y,) v6i s6 0. Thyc

chét ki thudt nay cd thé goi la sit dung diéu kién c6 nghiém ciia bai todn.

x(x2+y2):y3+xy+(x+y)2

Cau 3: Giai hé phuong trinh
X +y° =2x* -y’ —x+y=12

Giai

Nhan xét:

o PT" :Cho x —+w thi y — +o

o PT® :Cho x — 4o thi y — -

e Nghiém ctia HPT: (x,y)=(3,2)
Bai giai:
Ta sé bién do6i nhu sau:
X’ +xy’ =x> +y* +3xy +y°

Ta c6: HPT c}{(ﬁ2x2+2x6)+(y3}’2+y6)=0

@{ (x—3)(x2 +xy+yz):(y—2)(x2 +y2)
(

x—?;)(szrx+2)+(y—2)(y2 +y+3)=0

Tacs {PT(” 2OE=220_ (g a)m0 (wy)=(3:2)

PT® = (x-3)(y-2)<0
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Vay HPT c¢6 nghiém duy nhat (x;y)=(3;2)

Hay thir kiém tra khd ning dp dung ciia no:

Cx+3 - (y+4)y+3=2(x* -y -4).
J17x+6y+2 +x3+y=7

Cau 4: Giai hé phuong trinh {

Gidi
Phuong trinh tha nhét cta hé tuong duong vai:

x* (M—Z):(y+4)(\/373—2)

Khi d6 néu x,y21=> [17x+6y+2+x> +y > 7.
Néu x,y<1= J17x+6y+2+x’ +y <7.

Vay x=y =1 la nghiém ctaa h¢ phuong trinh.

{(x2 +1)\/m+2(y+1)(y+2)—2x2 :(y2 +3y+3)\/}m

Bai tap tuong tu
26x° +4y +17/x+3 +6,/y +1 =84

b/s: (x;y)=(1;3)

Nhan xét: Loi gidi nay cling c6 thé hoan toan hiéu theo mot nghia nhu sau:

2Vx—4—Jy-1=2
X+412x+y* =19

Cau 5: Giai hé phuong trinh {

Gidi
biéu kién: x>4;y>1
2(x-8) y->5

Tt phuong trinh tha nhat, ta c6 2Vx-4-4=y-1-2 < =
phtens g Ix—4+1 Jy-1+2

o Xét x>8=y>5.Khido:

VT =x+,/12x+y? <8++/121 =19 = VP
o Xét x<8=y<5 .Khido:
VT = x+4/12x+y? <8+4/121 =19 = VP
Do d6 x=8;y =5. Thu lai théa man hé.
Vay hé phuong trinh da cho ¢6 nghiém duy nhat x=8;y =5
Nhan xét: Cach giai nay sau nay sé duoc khai quat 1én moét ki thuat - ki thuat tang giam

dugc trinh bay & phan trudce
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X’ +y> +x+y+3x+y =11

XyNX2 +3 4,2y +\fy +2 =

Cau 6: Giai hé phuong trinh {

Gidi
. x+y=0
biéu kién:
x=0
Tt phuong trinh (1), ta co6:
PTY & x* +x+2+y° +y-10+3/x+y-3=0

& (x+1)(x* =x+2)+(y-2)(y* +2y+5)+3 xty-1

m-ﬁ-l
@(x+1)(x2—x+2)+(y—2)(y2+2y+5)+3(x+1)+(y_2) =0

Jx+y+1
3 2 3
—— -2 2y +5+———|=0
w/XerJrl}L(y )(y i +4/x+y+1}

=0

<:>(x+1)(x2—x+2+
= (x+1)(y-2)<0.?

Mit khac, tir phuong trinh (2), ta c6: (2) < xVx* +3 + \/z + /1 + % = 0" (vi y=0 khong
y Wy Yy

théa man hé phuong trinh) = x < 0. Khi dé:

Ta c6: PTY < x+/x +3+2+\/:—1+ —+——1 0
VY Y

1
~1)(x> +4 S
@(x+1)(X 2)<X )+(3—1] LI =O:>(x+1)[g—1j20
XVx“+3-2 y \/2+1 \/22+1+1 y
y y 'y
1+1
-1)(x* +4 v
(Vi x )(X )>Odo x<0 ; ! +— >0 doy>0)

\/2+1 \/2+ 1 +1
y y 'y

Két hop @ taco (x+10)(y-2)=0. Khi d6 x=-1 va y=2.
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Vay hé c6 nghiém (x;y)=(-1;2)

(x+y) +12\/x+y—6 = 4x+3y +37
J¥? —12+10,fy = xy/x%y —5y +10

Cau 7: Giai hé phuong trinh {

Gidi
X+y=6
Diéu kién: {y =23
x*>5
Ta c6: x4x2y =5y +10=,/y?> =12 +10,/y >10 = x>0=x>+/5

Ta co:

PTY & (x+y)[(x=3)+(y—4) | +3(x=3) +4(y-4)+12({x+y-6-1)=0

12 12
-3 3+ ——— -4 16 + ——|=0
< (x )(x+y+ - '—x+y—6+1]+(y )[x+y+ + '—x+y—6+1J
= (x-3)(y-4)<0"
10

Jy

@(\/@—1]—5[%—1}(%@—6)

Ta lai c6: PT? < y—2+10=X\/X2 -5+
y

4] y+3 5 ) x* +4

ol1-2 ; —(x*-9) 22

( y \/Y—12+1 2 4 ) x\Vx* =546
y Y

:[1—%}(% —9)20:>(x—3)(y—4)20(**)

Tar ) va (**) = (x-3)(y-4)=0=>x=3;y=4
Vay HPT c¢6 nghiém duy nhat (x;y)=(3;4)

Cau 8: Giai phuong trinh (5x—4)~v/2x -3 —(4x-5)+/3x-2 =2

Gidi

Diéu kién: x> %

V2x-3 =
Pat 4V u(u,VZO;OSE<zj
V3x—-2=v v
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VE DEP DANH GIA PHUONG TRINH VA HE PHUONG TRINH

5x—4=2u2 +ZV2

Ta s& biéu dién 5 vadéng thoi: 2v2 -3u? =5

4x-5=—u’+=v?
5 5

2 , 7, 7 , 2,
. DA —u +—=v° |u+|—-u+=v° |v=2
Khi d6 ta chi can giai hé PT 4\ 5 5 5 5
2v? —3u’ =5

Giai HPT ta st dung ki thuat ting giam:

u ’ u 2 u 10
] = 1R 1 I B o o
v v v v @{25;1 _7a’>+7a-2=10b

2 2 2 _n(2)
:{Ej L5 3a’ +5b° =2
\Y% \Y%

Ta co: Tu PTY = 2a% —10a2 +7a = 10b® + 5b>

= 2a’-10a* +7a—E =10b’ + 5b? 15
32 32

:(a—éj(Zaz —£a+§j=(b—1](10b2 +Eb+gj
4 2 8 4 2 8

Ma 2a2_za+§>0 vi O£a<2 va 1Ob2+Eb=E>O
2 8 3 2 8

Suy ra (a —Ej[b —1) >0
4 4

Laico: T

PT? :>3(a2 —ij+5(b2 —lj:0:>S(a—éj(a+§j+5[b—l)(b+1j:0
16 16 4 4 4 4
Suy ra (a—ij(b—lj <™
4 4

T ) va ") suy ra [a—%j(b—%):O:x:6

HPT <

Vay PT da cho c6 nghiém duy nhat x=6

—3) =2+.y’+3
Cau 9: Giai hé phuong trinh {X(X ) \/}’7}’

3VX— =,/y2 +8y

Giadi
biéu kién: x>3 , dé dang suy ra y >0.
b4t x—3=a(a>0) . HPT da cho tré thanh:
Jy 3y +2=(a+3)a”"
y? +8y =9a”

Tuy nhién ta nhan thdy & ca 2 phuong trinh: x,y cing ting hodc cuing giam.
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NGUYEN MINH TUAN - NGUYEN TRUONG PHAT - NGUYEN MAT HOANG ANH

Vi vay ta sé st dung PT hé qua c6 dugc sy chénh léch tang gidm:
e TaPT® =y*+8y-9=9a-9=(y-1)(y+9)=9(a-1) ma
y20=(y-1)(a-1)>0"

e Tacs: 9PTY —2PT" = 9(\fy’ +3y +2]-2(y" +8y)=9(a+3)a’ ~18a
& 2(y? +8y) -9y’ +3y +9a’ +27a>~18a-18 =0
2
4(y*+8y) -81(y’ +3y)
2(y* +8y)+94y’ +3y
y(y—1)(4y’ —13y +243)
2(y2+8y)+9«/y3+3y

Do a,y>0=(y-1)(a-1)<0"

+9a*+27a*-18a-18=0

+9(a—1)(a3+4a2 +4a+2):0

Két hop (*),(**):(a—l)(y—l) =0=a=y=1=>x=4
Vay HPT c6 nghiém duy nhat (x;y)=(4;1)

X — 3)3 Jy +3y

Bai tuong tu. Gidi hé phuong trinh: {

X y
VEx—6-==,y* —4y* +1+Z
TP TR TN T 4

x> —x-2=.y’+8

Cau 10: Giai hé phuong trinh

Giai

A . 2 o« A . X =
Diéu kién: Ta c6 thé suy ra dugc diéu kién: 5
y=-2

Ta c6: PT? :x? —x-2= V’+8 o X —x-6=,y’ +8-4

o (x-3)(x+2) =L =8

Jy +8+4

= (x=3)(y’-8)20=(x-3)(y-2)=0"

Taco: PT® —2PT" = x> =2-25x—6 = [y’ +8 -2,fy* —~4y* -4 - L

2
<:>(x2—3—2M)=(\/y3+8—2\/y4—4y2—4)—%(y—2)
©x4—6x2—20x+33+ 4y* -y’ —16y° +8 1

X =3+25x-6 [y’ +8+2y* —4y> -4 2
_ 3 2 _ _ —
(x 3)(x +3x% +3x 11)+(y 2)(4y +7y° 2y+4)+1

—(y-2)=0
x> =3+2/5x-6 \/y3+8+2\/y4—4y2—4 2(y )

~(y-2)=0

=
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VE DEP DANH GIA PHUONG TRINH VA HE PHUONG TRINH

< (x-3). 0

x32+3x2+3x11+(y_2)[ 4y° +7y* -2y +4 L1
x* =3+2/5x —6 Sy +8+2y -4y’ -4 2
Do y>-2= 4y’ +7y> -2y +4>0= (x-3)(y-2) <o

Kéthop /)= (x-3)(y-2)=0=(x;y) =(3;2)

Vay HPT c¢6 nghiém duy nhat (x;y)=(3;2)

x\/x—y +y\/x+y =Xy
xa/x—1 +y\/y—1 =X+y

Cau 11: Giai hé phuong trinh {

Gidi
Nhan xét: Nghiém duy nhat x=y =2, tu PT? = (x-2)(y-2)<0
Vay ta chi can chang minh tir PT" = (x-2)(y-2)>0
biéu nay dung! Nhung khong dé, hon nita cling khong can kho khin nhu vay khi khai
thacthémtua x>y =>x>22>y
biéu kién: x>y =1
Ta c6: PT? 1 x4/x -1 +y\/y—1 =X+y
x(x—-2 -2
(T T 1) o 222 D)

= (x-2)(y-2)<0ma x>y=>x>2>y>1

Ta c6: PTY < x\/x—y +y\/x+y =Xy

<:>X\/X+y+|:X\/X—y—\/X+y(X—y):|=XY
S xx Ty +xmy (X=X Fy Xy )= xy
@x¢x+y+%¢x_y(¢x+y_¢x_y)2:xy

SXYX+Y Xy S (x+y Sy x<yi -y

Ma yz—ySZ:xSZ:x:Z:y:2
Vay HPT c6 nghiém duy nhat (x;y)=(2;2)
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TAI LIEU THAM KHAO

Phuong phdp ham s6 chinh phuc gidi toan phuong trinh, hé phuong trinh, bat
phuong trinh, bat dang thic, gia tri 16n nhat, gia trj nhé nhat - Nguyén Pinh Thanh
Cong

Bi quyét chinh phuc ky thi THPT Qudéc Gia 2 trong 1 cha dé phuong trinh, bat
phuong trinh, hé phuong trinh - Pham Binh Nguyén, Nguyén Ngoc Duyét

Luyén siéu tu duy casio chuyén dé phuong trinh, bat phuong trinh, hé phuong
trinh dai s6 va vo ty - Poan Tri Diing, Ha Hru Hai, Nguyén Tan Siéng, H6 Xuan

Trong

4. Tu duy logic tim toi loi gidi hé phuong trinh - Mai Xudn Vinh

5. Nhiing diéu can biét luyén thi quoc gia ky thuat gidi nhanh hé phuong trinh - Pang

Thanh Nam
Phuong phap danh gia nhan ti trong giai toan phuong trinh, bat phuong trinh, hé
phuong trinh - Poan Tri Diing, Ha Htru Hai

7. Tuyén chon 410 hé phuong trinh hay va dic sic - Nguyén Minh Tuan

8. Tu duy sang tao tim toi 10i giai PT - BPT - HPT dai s6 va vo ty - Lé Van Poan
9. Phuong phap U V T W phén tich nhéan t& phuong trinh vo ty - Bui Thé Viét

10.

11.
12.
13.

Sang Tao Va Giai Phuong Trinh, Hé Phuong Trinh, Bat Phuong Trinh - Nguyén Tai
Chung
Phuong trinh va hé phuong trinh - Dién dan MathScope

Tuyén chon céc bai todn phuong trinh vo ty - Poan Quéc Viét

Tuyén chon c4c bai toan phuong trinh dic sic - Dién dan K2pi


https://toanmath.com/2016/07/phuong-phap-u-v-t-w-phan-tich-nhan-tu-phuong-trinh-vo-ty-bui-the-viet.html

