Chinh phuc BDT trong ky thi Qubc Gia Nguyén Tién Chinh

KY THUAT DANH GIA TUNG BIEN BANG HE SO BAT DINH
CcO SO LY THUYET
Bat dang thiic dua duoc vé dang f(a,)+ f (a,)+...+ f(a,)>m (<m) véi gia thiét
a‘+as+..+a=h.
o Y tuong: Khi do ta tim cach danh gia f (a,) > aaf + B (%)

Véi du dodn duoc ddu bang xay ra tai tim 1a & = a, (i = H )

f(a,)=aas + B
f'(a)= akal™
Khi d6 chiing minh lai (*) ta c6 thé dung bién ddi twrong duwong hoac dung phuong phéap
ham s6 vdi Irru y can han ché mién cta bién tir diéu kién rang budc.
Tom Lai : Phwong phap sé 1a cdng cu rat manh néu c6 hai dac diém sau
1. Dua duoc bai toan vé dang f (a1)+ f (a2)+...+ f (an)Z m (S m)

D& (*) dung thi , tir day ta tim dwoc o, B.

2. Diém roi ctia bai toan xay rakhi a, =a, =.....=a

Gl Cho cac sG thuc ab,c duong va a+b+c=1 . Hay tim gia tri
1+a 1+b 1+c
+ N + N +

Ldn nhat cta biéu thitc P = . _ g
2a®+(1—a)  2b*+(1-b) 2c®*+(1—c)

Phan tich va huéng dan giai
o Bai toan da c6 dang f(a)+ f(b)+ f(c) ( cac bién hoan toan doc lap )

o Vai tro gitta cac bién 1a nhue nhau, do d6 ta dé dang du doan diém roi la
a:b:c:1
3
o Bai todn yéu cau tim gié tri 16n nhat nghia la ddnh gia P<M =?
Y Ao ~ AOA A ’ 2 )4 .7 X
Két ndi nhitng diéu trén cho ta y twong danh gia bdt phu ﬁ <mx-+n
2X°+(1-x

Cong viéc con lai la tim m,n. Véi viéc danh gia diém roi nhw trén, d€ tim m,n ta

1 1

fl=|=m.=+n Em_l_nzz ng
NI 3 3 3 2
dung hé sau ! & 3 & 3
f'l=|= m=— n=—
HE 2 2

2

—(14+x)(3x—1

Taching minh — 1% <3y, 3, (1)(3x 1 <0;Vx € (0;1)

2x2-|-(1—x)2 2 2 2x2+(1—x)

D&u bang xay ra khi x = % Vay ta co loi giai sau.
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Ta chitng minh

2
ngéa+§@—(l+a)(3a—i) <0;Va€e(0;1)(1) ddu bang xéy ra
28° +(1-a)) 2 2 2a°+(1-a)

1
sSa==
3

2
Lbzggb-l—g@_(l-i_b)(sb_i) §0;‘v’b€(0;1)(1) dé’ub?mgxéyra
20°+(1-b)" 2 2 2p*+(1-b)

@bzl

3

2

_ e 30,8 ZHIEY o c(0:1)(3) diubiing xay ra
2 +(1-¢) 2 2 2%+ (1—c)
@bzl

3
Cong v€ voi vé cua (1) (2) (3) ta co
P 1ta 1tb , 1+c Sg(a+b+c)+%:6

224 (1-a) 207 +(1-b) 2% +(1—c)

N 1
Vay gia tri lén nhat cia, MaxP =6 < a:b:C:§ .
e Luu y: D€ cong viéc chitng minh 6 budc phan tich that don gian ta stt dung

may tinh CASIOFX — 570ES hd tro nhu sau

CI::l
1. Tinh f 1] , ta nhap 1+X - s f[l]zz
3 2x* +(1-x) 3
b .
2. Tinhf'[l]ﬂﬁhift-i—f gy vatnien 4| 14X g _3
3 ? x| 2x2 +(1-x)"| ; 2
X==
3
2
—(14+x)(3x—-1
3. Dé’biéhdc?il-'_—nggx-l—g@ ( )( 2) gO;Vxe(O;l)
2x° +(1—x) 2 2 2x° +(1—x)
Meo : Ta nhé réng do c6 diém roi tai X _1 , do vay néu 1+—X2 SEX-I—g
3 2 +(1-x) 2 2

xay ra thi chic chan sé c6 x :% la nghiém kép, hay c6 nhan tit chung 1a

(3x - 1)2 do vay ta thuyrc hién hai viéc sau

1. Chuyén vé va quy dong biéu thirc can chiing minh
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z(1+x)_3[zx2+(1_x)2}
+=& <0

1+x <3x 3

2x? -|-(1—x)2 22 2(2x? +(1—x)2)
2. Thuc hién phép chia da thitc cho da thitc bang Casio nhu sau
2(1-+%)~3|25¢ + (1]

Nhap =—101=-100—1=—(x+1)

(3x— 1)2
CALC:x=100

Vay 2(14x)-3(2x° +(1-x)" |~ (x-+ 1)(3x- 1] <0:vxe (0;1)

Viéc bién ddi va chirng minh hoan tat.

SRl Cho cac sG thuc ab,c dwong va a+b+c=1 . Hay tim gia tri
a(l— b(1—b 1-
os) |, ob) | o)
a®+(1-a) b’+(1-b) ¢’ +(1—c)

LAén nhat cua biéu thic P =

Phan tich va dinh hudng giai.
o Bai toan da c6 dang f(a)+ f(b)+ f(c) ( cac bién hoan toan doc lap )

o Vai tro gitta cac bién 1a nhue nhau, do d6 ta dé dang du doan diém roi la

a:b:c:1
3
o Bai todn yéu cau tim gié tri 16n nhat nghia la ddnh gia P<M =?
X(1—X
Két ndi nhiing diéu trén cho ta y twdng danh gia bdt phu (—)2 <mx-+n
x? +(1—x)
Cong viéc con laila tim m,n. Véi viéc danh gia diém roi nhw trén , d€ tim m,n ta
1 1
diing hé sau 3 SN 25
1 27 1
f "1"—| = m m=— n=—
3 25 25

Vay ta sé chting minh bat dang thic phu sau
2
x(1-x) : §2—7 1 (3x—1) (—6x2—1)
x* +(1-x) 25 25 x* +(1-x)

<0;vxe(0:1),

B4t dang thitc ludn diing véi x €(0;1) , ddu béng xay ra khi x :% , VAy ta c6 10i

giai sau.
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2

a(l—a —(1+6a)(3a—1

i) a1 _ (e

<0;Vae (0; 1) (1) d4u bang xay ra

S BB
1
sSa==
3
2
a(l——a)2§2_7b+i@_(l+6b)(3b_zl) g0;‘v’bE(O;l)(l)dé’ubéngxéyra
b2+(1—b) 25 25 b2+(1—b)
@bzl
3
2
t:(l——t:)2§2_7C i@—(“m)(?’czl) <0;vce(0;1)(3) dau bing xay ra
CZ-I—(l—C) 25 25 cz+(1—c)
sb=1
3

Cong v€ voi vé cua (1) (2) (3) ta co

o_ a(1-a) . b(1—b) . C(lic)zgﬁ(a+b+c)+i:§
N 25 25 5

_a2+(17a)2 b2+(1*b)2 ¢’ +(1-c)

Vay maxP:§<:>a:b:c:1 :
5 3

Bai mau 03

Cho céc s8 thuc ab,c duong va a® +b*+¢*=3 .

Hay ching minh ring 4 1JF%JFE]JFS(aZ+b2+c2)227 .
a C

Phan tich va dinh hudng giai
o Trudc hét ta viét lai biéu thirc can chiing minh nhu sau

i+5a2]+[i+5b2]+ %—1—502 > 27
a

b
T6i day ta co cac phan tich chi tiét sau.

o Bai toan da c6 dang f(a)+ f(b)+ f(c) ( cac bién hoan toan doc lap )

o Vai tro gitta cac bién 1a nhue nhau, do d6 ta dé dang du doan diém roi la
a=b=c=1

o Bai todn yéu cau chitng minh P > 27

Két n6i nhitng diéu trén cho ta y tuong danh gia bdt phu

i-|—5x2 > mx® +n;Vxe(0;§/§)
X

Cong viéc con laila tim m,n. Véi viéc danh gia diém roi nhw trén, d€ tim m,n ta

f(l):m.13+n {m+n:9 {mzz
= =

dung hé sau
[f'(l)?,m.l2 m=2 n=7
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Vay ta tién hanh danh gia

(x—l)2 (—sz +x+4)
X
Chuy: Két qua trén dugc tim thdy nhu sau
—2x* +5x° —7x+4(*)
X

;-I—SXZ 22x3+7;Vxe(0;§@)<:)

EO;VXG(O;%)

- Sau khi chuyén vé ta duoc

—2x" 4 5% _27X+4 (+) vao may tinh Casio Fx - 570 s,
(x=1)
CALC: x = 100 thi duoc két qua
—19896 = —20000 4100 + 4 = —2x* 4+ X + 4
- Vay —2x* +5¢ —Tx+4=(x—1) (-2x¢ +x+4]

- Nhap

B4t dang thitc nay luon dung vi —2x* +x 44 > 0;Vx < 3
Do vay ta c6 cac két qua sau

%-I—Saz >2a° +7;Vae(0;§/§)(1)
%-er2 > 2h® +7;Vbe(0;§/§)(2)
%+502 > 2¢° +7;Vce(o;%)(3)

Cong v€ voi vé cua ( ) ( ) (3) ta co 4

%]+5(a2 +b? +02)227 ( dpcm)

Daubang xay rakhi a=b=c=1.

GBIl Cho cac sG thuc ab,c dwong va ab+bc+ac = 2016abc .H&y tim
gia tri nho nhat ctia biéu thiic
1 1 1
P—= ~+ =+ >
al2016a—1)" b(2016b—1)" c(2016c—1)

Phan tich va dinh hudng giai

o Bai toan da c6 dang f(a)+ f(b)+ f(c) ( cac bién hoan toan doc lap )

o Vai tro gitta cac bién 1a nhue nhau, do dé ta dé dang du doan diém roi la
a=b=c=k="?

o Véan dé dat ra la ta chua biét diém roi ctia bai toan, do vay ta can xu ly diéu
Kién dé€ tim diém roi, mudn vay ta viét lai diéu kién nhu sau

ab+bc+ac = 2016abc < — 1 + i +l— 2016

o Tur diéu kién méi, ta cd y twong sé dat an phu nhu sau:
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. 1 1 1 n fpae s s .
bat X:—;y:B;Z:— , tee day ta cd bai toan méi
a C

Cho x,y,z la cac s6 thuc duong va théa mén x+y +z=2016 . Hay tim gia tri
) : X3 y3 73

nho nhat ctia biéu thiic P = ~+ ~+ ;

(2016—x)" (2016—y)" (2016—2z)
oDy doan diém roi x=y=2z=672
o Bai todn yéu cau tim gié tri nho nhat, cd nghia la danh gia P>M =?
o Bai toan da c6 dang f(x)+ f(y)+ f(z) ( cac bién hoan toan doclap ) cho tay

3
tuéng danh gid ———>ma-+n .
(2016 —a)

o Tim m,n bang cach xét hpt quen thudc sau
{ f(672) =672m+n N 168 = 672m--n

f'(672):m 1=m

S m=1n=-504

2
o Xét BDT phu @ e a’—(a—504)(2016 —a)
(2016-a) (2016 —a)°

>0;Vae (0;2016)

a® —(a—504)(2016 —a)’

Dé phan tich ti s6 , ta nhap vao may tinh . ( do du doan
(x—672)
23
X =672 la nghiém keép ctia pt ————=2a—504
(2016 —a)

Tiép tuc nhdan CALC: x =100 cho két qua la 4536 = 45x + 36

3 2 2

a’ —(a—504)(2016 —-a a—672) (45a+36

Vay ( )( ) :( ) ( )EO;Va€(0;2016),dé'u”=”

(2016 —a)° (2016 —a)°
xay ra khi va chi khi a=672 ; Tt day ¢ 10i giai
3
> X—504;Vx €(0;2016)(1
v (0:2016)(1)
' . .

—2 >y -504; vy €(0;2016) (2
ey (0:2016)(2
3

—————>7-504; vz €(0;2016)(3
PP (0:2016)(3)
Cong v€ voi v€ (1) (2) (3) ta dwoc
3 3 3
po— X 4+ Y 4 >sm
(2016—x)" (2016—y)" (2016—2z)
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Vay gid tri nho nhat cta P: MinP =504 dau "=" xay rakhi x=y=2z=672 .
Nhan xét

Tt bai toén trén cho ta kinh nghiém trong viéc xt ly diéu kién ban dau dé tim
diém roi, tie d6 thiét lap cdc mdi quan hé dé két néi voi phuong phap.

GaRAlGI Cho cac sG thuc ab,c 1a 3 canh ctia mot tam gic, 6 chu vi
bang 1. Hay tim gia trj 1én nhat ctia biéu thiic
1 1 1 ab+bc+ac
+ + |t
a+b b+4+c a+c abc

P=4

Phan tich va dinh hudng giai
o a,b,c 1a 3 canh ctia tam giac c chu vi bang

at+b=1-c
l=ab,c>0a+b+c=1<ib+c=1-a
ct+a=1-b

o Bai ton chua c6 dang f(a)+ f(b)+ f(c), do d¢ ta can viét lai biéu thirc vé
dang nhu sau

1 1 1 1 1 4 1
P:4[a+b el a+c] [ c] (Ta‘a) [ﬁfﬁ]*[—‘z]
—b=c

= § va danh gia BDT phu

o Tdi day ta du doan a

f(x):i—1<mx+n
1-x X
et s
oTim m;n bang hpt 3) 3 3:E-l_n:>m:18;n:—3
f'[l]:m 18=m
3
2
Tachu’ngmmhi—£<18x 3@(3)(_1) (Zx_l)go(*);VXe(O;l)
1-x X x(1—x)

o Mot van dé luc nay la (*) chua ludn dung trén (0; 1) , diéu nay khién ta suy
nghi t4i viéc phai danh gia diéu kién chat hon nita, khong mat di tinh tdng quat

0:3|= (4

ta gia st a:max{a,b,c}:>1:a+b+c>2a:>a<% . Vay lac do x e

ludn dung.
Ta co loi giai
Tt gia thiét a+b+c=1
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khong mat di tinh tong quat ta gia st

a:nmxhjﬁ}¢1:a+b+c>2w$a<%=>&hmz&%]
2
Taca-éi——l§18&—3¢>@a_g @a_lkgo@yVae(xi]
1-a a a@—a) 2
2
i_iglgb_g(@(gb_l) (Zb_l)g (*);Vbe O;E]
1-b b b(1—b) 2
4 1 (30—1) (20—1)
. _Z<L18c-3& <0(*),VC€(0,1)
1-¢c ¢ c(1—c)
Cong vé€ thu duoc
4 1 4 1 4 1
:41:5__) I:B_B}+ht€—5-<1Ma+b+®—9:9

V@zMwP:9@a:b:c:%.

Seblellll Cho CAC G thuc ab,c duong va a® +b? —3(a+b)+4=0(x) . Hiy tim

a+1 b+1 a+b
a?+2a b*+2b (

gié tri nho nhat cua biéu thiec P =32

a+b)2 +9

Phan tich va dinh hudng giai

o Céc bién a,b d6i xting, ta dy doan a=b=k =7?, tuy nhién chwa du doan dugc
diém roi vi ¢ diéu kién con chua thuan loi cho viéc du doan, diéu nay lamtacéy
twdng danh gia diéu kién trude . Ta c6 nhan xét

2
a+b
a’ +b? gu;»(*)@(am)z—6(a+b)+8§0<:>2§a+b§4
A g A v o |a=b=1 , I
o Do nhan dinh a=b=k="?nén c6 hai kha nang G b2 , Thit truc ti€p ting

treong hop ta thdy MinP :12T4<:> a=h=2

a+1l b+1
a’+2a b?+42b
lai khac biét véi biéu thire con lai, do d6 ta ¢6 y twong don bién vé a+b & biéu
thirc thie 3.

o Mat khac trong biéu thitcc P c6 giong nhau vé loai ham nhung

. a+1 b+1 | .
o Hai biéu thirc + codang f(a)+ f(b) nén ta danh gia bdt phu
a’+2a b’>+2b 8 f(2)+(b) 8 P

sau
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X+1

f(x)=x2+2xzmx+nv(yi x€(0:4) .
3 5
. , f(2)=2m+x |g=2m+n |m=—=2
o bé tim m;n taxet h¢ sau | & &
f'(2)=m _3_52:m a1t

Tiép theo, ta sé chirng minh

X+1 >—ix 1 (X—Z)2 (5X+8)
x*4+2x 32 16 32(x2 + 2x)
X=2

>0véi x€(0;4) .déu =" xay ra khi

a+1 S 5 11

> >

a®+2a 32 6 atl n b+1 Z—i

b+1 5, 11 a'+2a b+20 32

b*+2b~ 32 16

bang xay ra khi a=h=2

a+1 b+1] a+b
(

T day ta co

(a+b)+%,dé’u

a+b

Vay P =32

>44—5(a+b)+

@ +2a b*+2b a+b)2+9 (a+b)2+9

o Dit t=a+b=te[2;4] taco:

g(t):44—5t+;:> 9'(t)=—5+ J
t*+9 (t2+9)3

Vay g(t) nghich bién trén [2;4] = g(t)>g(4) :12?4 = Ming(t) = 124

<0;Vte[2;4)

xayrakhi a=b=2 .
Nhan xét:
Qua bai toan nay ta cé thém diéu gi?
1. Kinh nghiém xt ly diéu kién d€ tim ra diém roi
2. Bai toan khéng dung hoan toan theo phuwong phéap hé sd bat dinh, ma chi
la cdng cu d€ hudng bai toan vé phuong phap don bién két hop ham sé.

EIQUEESUA Cho a, b, ¢ 14 86" thuee dwong théa mén a+b+c=3.
a b c 51

Chitng minh rang + + >
Ja? +80c b?+8ac +ec? +8ab

Phan tich va dinh hudng giai
oBai todn chua c6 dang f(a)+ f(b)+ f(c) , do d6 viéc can lam la dénh gia cac
tich bc,ac,ab vé cac tdng (b-+c),(a+c),(a+b) roi dua vao diéu kién bai toan tién

hanh ddc 1ap cac bién s, cu thé ta co:



Chinh phuc BDT trong ky thi Qubc Gia Nguyén Tién Chinh

N

ab <|——

o Ngoai ra c&c bién a,b,c do6i xting ta khong kho d€ dy doan a=b=c=1
Ta co loi giai
Ap dung bat dang thic Cosi ta co:

VT = a + b + ¢
JaZ +8bc /b2 +8ac Je? + 8ab
a Cc
\/a +2(b +c)? \/b2+2 a+c \/ 2(a+b
a ¢ —f(a) + f(b) + f(c)
\/a +2(3-a)° \/b2+2 3- b \/ +2(3-
Tasstimmndé ——2  >ma+n;m,nla nghiém cua hé

(a2 +2(3-a)?

f)=m+n |M=
(f)=m ~

AR ©

a >ia—%,Vae(O;3). That vay:

Ja? +2(3-a)? 9

« Néuo0<a <% thi hién nhién diing

2
2
+ Néu ;<a<3 thi ;>ia£@[;J Z[Ea_lj

JaZ+23-a2 9 9 | a?+2(3-a)?

<:>(a—l)2(8a2—20a+3)£0 (Dung Va,%£a<3)

Nhu vay ta sé chitng minh

a b o 4 1 4 1 4 1
+ + >— +—b-=+—c
Ja? +8bc Jb2+8ac ci+8ab 9 9 9 9 9 9
x Nhan xét
Trong bai mau 07, ban doc dwoc trdi nghiém thém sy da dang ciia phwong phdp, khi ta
c6 thém cic dong tdc danh gid phy ngay tir ddu nham duwa bai todn tré vé ding dan ma
ta mong mudhn, dé'tim hiéu thém van dé nay, moi ban doc tiép tuc theo ddi bai mau 08.

Suyra:

iRl Cho cac sG thuc x,y,z dwong VA x+y+z=1 . Hiy tim gié tri nho nhat

, 2 3 2
Gt biéu thie p—— v 3x+)
(y+z) +5yz (x+2z) +5xz 4
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Phan tich va dinh hudng giai
oQuan sat so bo bai toan , ta c6 cac nhan dinh sau day
1. Hai biéu thirc dau tién trong P c6 vé bé ngoai giong nhau va khéc biéu
thiee thit 3, do d6 ta nhan dinh bai toan sé duwoc don bién vé x+y ¢ biéu
thiee tha 3.
2. Do x,y,z dwong nénva x+y+z= 1dé dang nhan dinh x=y =z :%
3. Dé& c6 thé stt dung phuong phap danh gia tirng bién theo hé so bat dinh ta
can chuyén bai toan vé dang f(x)+ f(y)+ f(z) , mudn vy ta dnh gia

2 2
yng;XZSM két hop {y“:l_x ta c6 danh gid cho bdt
4 4 Z+x=1-y
sau
[ x? - x? _ 4x?
y-l-z]2 9(1—x)2
2
. y* _ 4y
(x+z)2+5xz_( x-l-z]2 9(1—y)2

(y+2) +5yz (y+z)2+5

o Tacoh ,

x+z)2+5 )

oVéiy d6 st dung phuong phap hé s6 bat dinh, ta dd thanh cong budc dau tién
la doc lap cac bién véi nhau, viéc can lam tiép theo 1a danh gia dé dwa bai toan vé
bién x+vy .

2
Ta xét bdt sau f(a):Lzzma—l—n;Vae(O;l) , d€ tim hai s6 thwe m,n ta xét
9(1-a)
hpt
f 1 —lm—l—n 1 1
3] 3 —=—m+n 2
<19 3 @m:l;n:—g
f' 1 =m m=1
3
Vay ta chitng minh

(3a—1)°(7-a)
(1-a)

2
f(a):Lza—é;Vae(O;l)@

>0;Vae(0;1) ddu bang xay ra
9(1—a)2 (o)

khi a— = (BDT luon diing khi ac (0;1)
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Vay ta c6 10i giai sau

x? x? _ 4x?
(y+2) +5yz (y+z)2+5 y-2|—z]2 9(1-x)
o Taco . . 4y
> —
(x+z)2+5xz (x+z)2+5 x-|-z]2 9(1—y)2
2

D&u bang xay rakhi x=y =z

2 — 2 —
OLZEX—E;VXE(O;].)(:)(?’X ! (72 X)zo;vXe(o;l)dau"s' xay ra khi
9(1—x) 9 (1-x)
1
X ==
3
2 — 2 —
oLzzy—g;Vye(O;l)@(sy Y (72 y)20;Vy€(0;1)dé’u”=”xéyrakhi
o(t-y) ~ ? (1-y)
_1
Y73
Vay lic d6 ta co
p_ x? N y? 73(x+y)2
(y+z)2+5yz (x+z)2+5xz 4
42 4y° 73(x+y)2 [3] [g]3(x+y)2 7£73(x+y)2
Z9(1fX)2+9(17y)2 s L A L e

o Vi X+y=1-2;Yz€(0;1) , phan viéc con lai 1a khao s&t ham s g(z) trén
khoang (0;1) , cdng viéc kh4 dé nay xin danh cho ban doc.

x Nhan xét.

Vi mot bai toan ma c6 thé dua vé dang f(a)+ f(b)+ f(c)>m(<m) thi qua
nhitng bai tap mau trén c6 1& ban doc d& quen thudc va gat bo duoc ndi so héi
khi gap nhitng bai toan kiéu nay. Cau hoi dat ra ngay lac nay, dé 1a véi nhitng
bai toan ¢6 dang f(a,b)+ f(b,c)+ f(a,c)>m(<m) thi liéu phuong phap trén con
phat huy duoc sttc manh ctia né nita hay khong ??? Cau tra 10i cua chung t6i 1a
Co “, ban doc tiép tuc theo ddi cac bai mau sau day.

ML Cho cac s8 thuc x,y,z dwong va x+y+z=3 . Hiy tim gia tri nho
25x° . 25y° L2 (x+3)
J2X +16xy+7y?  \[2y? +16yz 4772 X

nhat cua bi€u thic P =

Phan tich va dinh hudng giai
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25x? 25y°

o Dwra vao cac biéu thitc cho ta du doan diém

J2X +16xy+7y7 2y’ +16y2+77°
roi cta bai todn la x=y=z=1 (do c6 sy doi xiing va x,y,z duong ).
25x? 25y°

: ta sé c6 hai cach xir
J2C +16xy+7y? \[2y? +16yz 4772

o Vi nhitng biéu thikc kiéu

ly dé€ tim ra bdt phu
e Cach 1: St dung mdy tinh cam tay Casio fx — 570es nhw sau:
Do yéu cau tim gia tri nhé nhat caa P nén ta sé danh gia dé tim ra bdt phu nhw

2
sau, gia st 28 >ma-+n;Va,b €(0;3); ta coi
\2a* +16ab+ 7b?
25a°
b=100=> f(a)

J2a% +1600a + 7.1002

LUc nay an con lai sé 1a a va do ta diy doan a=b nén ta sé coi nhu diém roi la

a=b=100 (chila diém roi tam thoi, chua dung dén a=b=c=1 nhé).

B 25a°

22 +1600a+7100°

bé tim m;n ta xét hé phuong trinhsau.
f(100) =100m+n
f'(100)=m

Vay ta chitng minh

25a°

\J2a%> +16ab+7b?

+ Néu 8a—3b< 0= (*) ludn dung.

>ma+n

Vay ta xét f(a)

= m=8;n=—300=—3b(do..bL =100) .

> 8a—3b; Va,b € (0;3)(x)

+ Néu 8a—3b>0 = (x):(252% ) —(8a—3b)" (2% + 717 1-16ab) > 0(x+)
D& phén tich (x+) tachly ring do a=b=> (+x) s& c6 nghiém kép 1a a=b hay
(a— b)2 la nhan ttr chung, vay ta nhap vao may tinh casio fx 570es biéu thtkc

(250%)" (82— 3b)" (2% + 707 +16ab)  carca tonn- L
( b)z 10 thu duwoc kq
a_

= 4970065,994
Ta phan tich

4970065, 994 — 497.00.66 — 22 — 4970000 + 66— > — 497a2 + 66ab — 63b>
10000 10000

Ban dang thac mac, tai sao ko d& nguyén 1a 66 ma lai 1a 66ab
Tra loi
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2)\? 2 2 2
(25a ) —(8a—3b) (2a +7b +16ab)

o O biéu thirc

5 khong c6 hang tt tw do,
(a—b)

tat ca déu ¢ chira bién a,b do d6 khi phan tich sé ko thé c6 hang tr ty do, hon
1

Ntta ta cho a=100;b = 100 = ab=1= 66 =66.1=66ab ( ban nhé diéu nay nhé).
Vay luc nay

(2502) — (8a—3b)" (222 + 7b7 + 16ab) = (a—b)’ (497a% + 66ah—630° ) > 0

Do 497a” + 66ab— 63b” = (71a— 21b)(7a-+3b) > 0;(do..8a— 3b > 0) vay (xx ) luon

ding, ddu "=" xay rakhi a=b .
e Cach 2: Khong stt dung may tinh casio

2

25a >ma-+nb;Va,be(0;3) < 25 2m+n[9]

\J2a? +16ab+ 7 \/ b2 b a
2+7[] +16[]
a a

. b 25 , b s .
Xét f|—|= ,dotady doan a=b=—-—=1, détim m,n ta xét
a

" T

{f(l)m-l—n 3
& m=8;n=-3, vay ta sé ching
f'(1)=m

25a”
V28 +16ab + 7b?
Thuec hién giong cach 1. Bén day ta c6 1oi giai
Taco
25x°

\/sz +16xy +7y°

minh

>8a—3b;Va,b€(0;3)

> 8x—3y;vx,y €(0;3)(1)

+ Néu 8x—3y<0= (1) Ludn dung
+ Néu 8x—3y >0 = (1) = (x—y)’ (71x—21y)(7x+3y) >0 ludn ding véi 8x—3y >0
D&u bang xay ra khi x =y
Chtrng minh tuwong ty ta co

25y°
J2y% +16yz+7y?
Lac do

> 8y —3z;Vy,z€(0;3)(2)dau” =" xdy rakhi y =z

P>8(x+y)-3(y+2z)+

7 (3+x) B 322
—=

3X+5(X+y+2)-8z4+—+7°
X
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2

& P>3|x+|4+22-824+15>72—22+15—(2—1)° +14>14 , ddu =" xéy ra
X

khiz=1,vay MinP=14 & x=y=z=1.

x Nhan xét.

Qua vi du trén, ban doc thiy dwoc sw da dang cua phwong phdp, khong nhat thiét phai
don dugc bai toan vé dang f(a)+ f(b)+ f(c) , 6 v du vira rdi thiy ring néi ta dua
durgc bai toan Vé dang f(a;b)+ f (b;c)+ f(c;a) thi bai todn vén c6 thé gidi quyét theo
phurong phip st dung hé s6'bat dinh, ta cung xét thém cac vi du tiép theo dé’hiéu kij hon
VE bai toan kiéu nay nhé.

iR Cho cac sG thuc x,y,z dwong va x+y+z=1 . Hiy tim gié tri nho nhat

X2 y2 ZZ

cuia biéu thitc P = + +
\/2x2+xy+y2 \/2y2+yz+zz N222 +xz+ %2

Phan tich va dinh hwdng giai
o Kiéu dang ctia bai toan kha gidng véi bai mau 09, do vay ta sé khong ban

nhiéu vé cac budc phan tich nira, ta sé di tim bdt phu sau

X2

2% +xy +Y?
11

e U T 3 . < .
toan trén ta dé dang tim dwoc m= l—; n= 6 vay ta sé chitng minh

>mx +ny; vx;y € (0;1) thiee hién tiwong tu mot trong hai cach cua bai

X >Ex—ﬂ;Vx;y€(O;1)@

J2x> +xy+y? 1616

+ Néu 11x -3y <0 = (1) ludn dung

16x>

22X 4 xy +y°

>11x—3y(1)

+ Néu 11x—3y > 0;(1) < (x— y)2 (x+3y)(14x—3y) >0 ludn ding voi
11x—3y >0
Dau “ =" xay ra khi x=Yy , do c6 tinh d6i xing ta cé ngay
2 2
y 1 3 z 13

>Zy-—1z >
\/2y2+yz+22 167 16 72 yxz+x? 16 16

A 11 3 1
Vay P> o(x+ytz)-o(xty+z)=2

Vay MinP:%@x:y:z :

KY THUAT CHUNG MINH BDT - TIM GIA TRI LON NHAT - NHO NHAT
BANG PHUONG PHAP TIEP TUYEN
1. Phwong phap giai

e Co s0 cua phuong phap giai la duwa vao dinh ly sau
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Dinh li: (Bét ding thifc tiép tuyén)

Cho ham s6 y =f(x) lién tuc va c6 dao ham dén cap hai trén [a;b] .
i) Néu f"(x) >0 vx e[a;b] thi f(x)>f'(xo)(x—X,) +f(xy) VX, €[a;b]
i) Néu f"(x) <0 vxela;b] thi f(x) <f'(x,)(x—xg)+f(Xg) VX, €[a;b]
Déng thtec trong hai Bt dang thitc trén xay ra < x=1x, .
Ta c6 thé'chirng minh dinh Ii trén nhw sau
i) Xét ham s& g(x) =f(x) —F'(xo)(X— Xo) —f(Xy) , X €[a;b]
Taco: g'(x)=f(x)-f'(x,) =>9"(X) =f"(x) 20 Vxela;b]
Suy ra phuong trinh g'(x)=0 ¢6 nghiém duy nhat x=x, va g'(x) doi dau tt (-)
sang (+) khi x qua x, néntaco: g(x)>g(x,)=0 Vvxe[a;b].
if) Chitng minh twong tu.
Cha y: Phuong trinh f'(xy)(x—x,) +f(x,) la phuong trinh ti€p tuyén ctia d6 thi
ham s8 y =f(x) tai diém M(x,:f(x,)).
¢ Cac budc d€ chirmg minh
Budc 1: Pua bat dang thite vé dang f(a,)+f(a,) +...+f(a,) >k (hodc
f(a,)+f(a,) +...+f(a,) <k), trong d6 a; e D (i=1,.,n) la cac sd thyce cho trude.
Buwdc 2: Ta di chitng minh f(x) >f'(x,)(x —x,) +f(x,), VxeD(Vdi a, =a, =...=a, =X,
thi déng thitc xay ra) bang cach. Xét ham s8 g(x)=f(x)~f'(x)(x - Xo) —f(%,)
Khi d6 néu g"(x)>0 thi f'(x)=0 c6 nghiém duy nhat x=x,
Khi d6 g'(x) d6i ddu tte (-) sang (+) khi x qua x, néntaco :

9(x)=2g(%y) =0 vxeD.
Budc 3: Lan luot thay x bdi a,,a,,...,a, roi cong lai ta suy ra dpcm.

2. Cac vi du minh hoa

Cho X, y, z la cac o thiec dwong thoa mé&n X+ Yy +z=3. Tim gia trj [6n nhat ciia

Q=yInx+ziny+xlInz.

Loi giai.
Xét ham so f(x): Inx—x+1 trén (0;+oo)

Taco f'(x):é—l, f'(x):0<:>§—l:0<:>x:l
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Bang bién thién
X 0 1 +00
f'(x) + 0 -
0
f(x) / \
—00 —00

Suy ra |nX—X+lSO,VXE(O;+OO)

Taco Inx<x-1<ylnx<xy-y

Tuong tw ta cd zIny<yz-z,xInz<xz-x

Cong v€ v6i v€ ta dugc: yInx+zIny +xINZ<xy+yz+2zx—(X+Yy+2)
2

Mat khac ta co xy+yz+zxgw

x+y+zf

Do do Qg( ~(x+y+2z)=0.

Vay maxQ=0<x=y=z=1.
Ban sé thic mic
Tai sao chung ta lai c6 dugc ham s6 f(x)=Inx—x+1 trén (0;+w)?

Cau tra 10i .

o Trudc tién dy doan diém roi, do x,y,z c6 vai tro d6i xing nén du doan

o Xét ham s§ g(x)=Inx;¥x € (0;3) ta s& lap phuong trinh tiép tuyén cua ham s&
trén tai di€m c6 hoanh d6 x, =1, phuwong trinh c6 dang
y=g'(1)(x-1)+g(1)=x-1

o Lai do Bai yéu cau tim gia tri 16n nhat nén c6 y twong danh gia Q<M =7? , do
vay ta sé di chitng minh f(x)=Inx-x+1<0,vxe(0;3), do d6 ta c6 10i giai nhu
trén.

Téi day chac ban d4 hinh dung ra phuong thiic &€ giai quyét bai toan bang
phuwong phap tiép tuyén roi chit ? Va khong khé dé nhan ra féng c6 nhiéu nét
tuong dong gitta phucmg phap nay va phuong phap DANH GIA MOT BIEN
BANG PHUONG PHAP HE SO BAT DINH, chi khac & chd ta tim ra bat dang
thtec phu bang cach thiét 1ap phuong trinh tiép tuyén tai diém roi d4 du doan,
Moi ban doc tiép tuc trai nghiém cac vi du ti€p theo dé hiéu rd hon vé phuong
phap ciing nhu thong diép ma tac gia mudn gii gam nhé .

SETNNESVIZA Cho cAc SO’ thiec duong a,b,c théa man a+b+c=3. Tim gi trj nho nhit cia

P :(a2 + 3)(b2 + 3)(c2 +3)
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Huéng dan va dinh huéng giai
o Trudc hét ta dé dang nhan ra diém roi ctia bai todn a=b=c=1
oBiéu thirc P la tich ctia cac hang tr, do vy mudn ddc lap cac bién ta cd y
twong logahda P, cuthé ta cd INP =1In(a® +3)+In(b* +3)+In(c*+3) , t6i day
moi viéc con lai chi 1a di xac dinh phuong trinh tiép tuyén cta ham sd
f(x) = In(x2 —|—1) tai x=1, pt c6 dang
1

=f'(1)(x=1)+ f(l)==(x—1)+In4
y=1Qx-1)+f(2)=5(x-1)
o Lai do yéu cau cua bai tim gia tri nhé nhat cua P , nén ta c6 y twong danh gia
P>M =7, vay ta chitng minh

2 1 2 _1 1) . .

In(x* +1) > Z(x~1) +1n4 & In(x* +1)~(x~1)~In4>0;vx(0:3)
2x 1

-, f(x)=0e 2% —%:ch:l(v‘lx>0)

Taco f'(X):x2+3 2’ x? +3

Dé thay qua x=1, f'(x) d6i ddu tit (-) sang (+) nén f(x)>f(1)=0
1
Suy ra In(x2 +3) ZE(X_l)_I— In4, vXe(0;+oo)
Thay lan luot x bdi a,b,c roi cdng cac BDT lai ta duoc
1
In(a2 +3)+In(b2 +3)+In(c2 +3)2§(a+b+c—3)+3ln4

Hay InP>3In4< P>4%=64

Vay minP=64 < a=b=c=1.

Bai mau 03.

Cho céc s6 thyce a,b,c dwong va a+b+c=1 . Hay tim gia tri
a(1- b(1—b 1—
i) o) | cfie)
a®+(1-a) b’+(1-b) ¢’ +(1—c)

Ldén nhat cua biéu thic P =

Phan tich va dinh hudéng giai.
o Bai toan da c6 dang f(a)+ f(b)+ f(c) ( cac bién hoan toan doc lap )
o Vai tro gitta cac bién 1a nhue nhau, do d6 ta dé dang du doan diém roi la
a:b:c:1
3
o Bai todn yéu cau tim gié tri 16n nhat nghia la ddnh gia P<M =?
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x(1-x)

x* +(1-x)

Ta thiét 1ap phwong trinh ti€p tuyén ctia ham s6 f (x) = > tai diém roi

1
X=—= ’
3

phuong trinh c6 dang y = f'

3 3 3 3/ 5 25 25

Vay ta sé chiing minh bat dang thitc phu sau
2
x(1-x) : §2—7 i@(3x—1) (—6x2—1)
XX +(1-x)" 2 2 x* +(1-x)

<0;vxe(0:1),

B4t dang thitc ludn diing véi x €(0;1) , ddu bing xay ra khi x :% , Vay ta c6 10i

giai sau.

2
a(l——a)2§2_7a+i@_(l+6a)(3a_zl) gO;VaE(O;l)(l)dé'ub?mgxéyra
a? +(1-a) 25 25 a’ +(1-a)

1
Sa==
3

2
a(l——a)2§2_7 iﬁ_(1+6b)(3b_21) g0;‘v’bE(O;l)(l)dé’ubéngxéyra
b2+(1—b) 25 25 b2+(1—b)

@bzl
3

2
(:(1—_0)2§2_70+i®_(1+6c)(30—21) <0;vce(0;1)(3) dau bing xay ra
¢ +(1-c)” 2 B ¢® +(1—c)
sb=1

3

Cong v€ voi vé cua (1) (2) (3) ta co

a(1-a) . b(1—b) . c(l1—c) <2—;(a+b+c)+i:6
Jr

:a2+(17a)2 b2+(1*b)2 c? (17c)2_2 5 5

Vay maxP:§<:>a:b:c:1 :
5 3

Ban thdy gi ¢ vi du nay?

R& rang vi du nay d& duoc ching t6i dé cap trong phuong phap hé s bat dinh,
va gio day ching toi giai quyét bai toan theo phwong phép tiép tuyén, va ta nhan
dinh thém mot lan nita ching khac biét boi phuong phap tim ra bat dang thiec
phu ma thoi

ML Cho cac s8 thuc x,y,z dwong va x+y+z=3 . Hdy tim gia tri nho
25%° 25y° L2 (x+3)

nhat ctia bidu thic P — n
J2X +16xy+7y*  \[2y? +16yz 4777 X
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Phan tich va dinh hudéng giai
25x° _ 25y°
J2X +16xy+7y° 2y’ +16y2+77°
roi cua bai todn la x=y=z=1 (do c6 sy doi xiing va x,y,z duong ).
25x° _ 25y°
J2X +16xy+7y° 2y’ +16yz+77°

o Dwra vao cac biéu thic cho ta du doan diém

o Véi nhiing biéu thirc kiéu ta sé co hai cach xt

ly dé tim ra bdt phu
e Céch 1: Str dung may tinh cam tay Casio fx — 570es nhu sau:
Do yéu cau tim gia tri nhé nhat caa P nén ta sé danh gia dé tim ra bdt phu nhw

2
sau, gia st 24 >ma-+n;Va,b €(0;3); ta coi
\2a® +16ab+ 7b?
25a°
b=100=> f(a)

J2a2 4 1600a -+ 7.1002

LUc nay an con lai sé 1a a va do ta diy doan a=b nén ta sé coi nhu diém roi la

a=b=100 (chila diém roi tam thoi, chua dung dén a=b=c=1 nhé).

B 25a°

22 +1600a+7100°

bé tim m;n ta xét hé phuong trinhsau.
f(100) =100m+n
f'(100)=m

Vay ta chitng minh

25a°

\J2a% +16ab+7b?

+ Néu 8a—3b< 0= (*) ludn dung.

>ma+n

Vay ta xét f(a)

= m=8;n=—300=—3b(do..bL =100) .

> 8a—3b; Va,b € (0;3)(x)

+ Néu 8a—3b>0 = (x):(252 ) —(8a—3b)" (2% + 717 1-16ab) > 0(x+)
D& phén tich (x+) tachly ring do a=b=> (+x) s& c6 nghiém kép 1a a=b hay
(a— b)2 la nhan ttr chung, vay ta nhap vao may tinh casio fx 570es biéu thtkc

(250%)" (82— 3b)" (27 + 707 +16ab)  carca tonn- L
( b)z 10 thu duwoc kq
a_

= 4970065,994
Ta phan tich

4970065, 994 — 497.00.66 — 22 — 4970000 + 66— > — 497a2 + 66ab — 63b>
10000 10000
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Ban dang thac mac, tai sao ko d& nguyén 1a 66 ma lai la 66ab
Tra loi

(25a2 )2 —(8a—3b)’ (2a2 - 7h? +16ab)

(abf

tat ca déu c6 chira bién a,b do dé khi phan tich sé ko thé c6 hang tr ty do, hon

nita ta cho a:loo;b:ﬁ;» ab—1= 66— 66.1=66ab ( ban nhé didu nay nhé ).

o O biéu thirc

khong c6 hang tt tw do,

Vay luc nay
(2502~ (8a—3b)" (222 + 7b7 + 16ab) = (a—b)’ (497a% + 66ah—630° ) > 0
Do 497a” + 66ab—63b” = (71a— 21b)(7a-+3b) > 0;(do..8a— 3b > 0) vay (xx )luon

ding, ddu "=" xay rakhi a=b .
e Céach 2: Khong st dung may tinh casio

2

25a >ma-+nb;Va,be(0;3) < 25 2m+n[9]

\J2a? +16ab+ 7 \/ [b]z [b] a
2+47|=| +16|-
a a

. b 25 , b s .
Xét f|—|= ,dotady doan a=b=—=1, détim m,n ta xét
a

" T

{f(l)m-l—n 3
& m=8;n= -3, vay ta sé chitng
f'(1)=m

25a”
V28 +16ab + 7b?
Thuec hién giong cach 1. Bén day ta c6 1oi giai
Taco
25x°

\/sz +16xy +7y°

minh

>8a—3b;Va,b€(0;3)

> 8x—3y;vx,y €(0;3)(1)

+ Néu 8x—3y<0= (1) Ludn dung
+ Néu 8x—3y >0 = (1) & (x—y)’ (71x—21y)(7x+3y) >0 ludn ding véi 8x—3y >0
D&u bang xay ra khi x =y
Chtrng minh tuwong ty ta co

25y°
J2y% +16yz+7y?
Lac do

> 8y —3z;Vy,z€(0;3)(2)dau” =" xdy rakhi y =z
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7 (3+x) 2

P28(x+y)—3(y+z)+T:3x+5(x+y+z)—82+%+22

2

& P>3|x+|4+22-824+15>72—22+15—(2—1)° +14>14 , ddu =" xéy ra
X

khiz=1,vay MinP=14 & x=y=z=1.

x Nhan xét:

Day ciing la mot vi du chiing t6i da dé cap toi trong phwong phdp hé s6'bat dinh, va
ciing 1a loi gidi thiec hién theo phwong phip hé s6'bat dinh, vdy néu thuwc hién bai toan
nay theo phwong phdp tiép tuyén thi sé nhw thé’ndo? Ban doc tiép tuc théo ddi loi gidi
o Truedc hét ta can khang dinh rang tiép tuyén ctia ham s& 1a mot duwong thang,
hay n6i chinh x&c n6 phai 1a mot ham sd bac nhat, dé thyc hién duoc bai toan
nay theo phuong phap tiép tuyén ta sé lam nhu sau.

e Cach 3: Phuong phap tiép tuyén

258" >ma-+nb;Va,be(0;3) < 25 >m+ n[E]
\J2a? +16ab+ 7 J [b]z [b] a
2+7|2| +16|2
a a
) b 25 . b o ]
Xét f|—|= ,dotady doan a=b=—=1, détim m,n ta xét
a b 2 b a
7[] +16[]+z
a a
hpt
y b 25 , A < 1A
batt=—;= f(t)= do duw dodn a=b=1 nén ta sé lap phuong

a ( ) 7% +16t+2

trinh tiép tuyén ctia ham s& f(t) tai diém c6 hoanh do t =1, phuong trinh ¢6
dang
y=f'(1)(t-1)+ f(1) & y=-3(t—1)+5=8-3t

Vay ta sé chitng minh
25 25x°

>8-3t hay
J7t2 416t 42 2XF +16xy +7y?

+ Néu 8x—3y<0= (1) Ludn dung

> 8x—3y;vx,y €(0;3)(1)

+ Néu 8x—3y >0 = (1) & (x—y) (71x—21y)(7x+3y) >0 ludn ding véi 8x—3y >0
D&u bang xay ra khi x =y
Chtrng minh tuwong ty ta co

25y°
J2y% +16yz+7y?
Lac do

> 8y —3z;Vy,z€(0;3)(2)dau” =" xdy rakhi y =z
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2 2
Z(3+x) :3x+5(x+y+z)—82+%+22

P>8(x+y)-3(y+2z)+

2

& P>3|x+|4+22-824+15>72—22+15—(2—1)° +14>14 , ddu =" xéy ra
X

khiz=1,vay MinP=14 & x=y=z=1.
e Cach 4.
25x°
B J2X +16xy +7y?
ta sé di thiét lap phwong trinh tiép tuyén ctia ham s nay nhu sau
o Theo dy doan diém roi, ta c6 x =y = pttt cta ham s6
f(x)oy=1(y)(x=y)+ 1(y)
Taco f'(y)=8;f(y)=5y = pttt:y =8(x—y)+5y=28x—3y , dén day ta lam

Gia st ta xét biéu thikc sau f(x) (coinhuw anla x;y latham sd),

giong trén nhé.
* Chu y dé€ tinh dao ham nhanh ta lam nhu sau
1. An Shift—i—i tren.may.xuat.hien i( )
dx dx* 7=
2
2 Nhapdi : 25% _| =8
X
J2x2 +16xy + 7y -

Ban hiéu roi chit ? ta sé cung ¢d thém kién thtrc bang mot s6 vi du nita nhé

GARLLICII Cho cac sO thuc x,y,z dwong va x+y+z=3 . Hay tim gia tri 16n nhat
x(3x+ y)2 y(3y+ z)2 2(3z+ x)2

cua biéu thitc P=— - - - . -
3XT=2xy+y° 3y —2xy+z° 32°—-2xz+z2

Phan tich va dinh hudng giai.
o Trwdc hét, do X,y,z>0va Xx+y+z=3 néndyu doan x=y=z=1.
o Bai toan yéu cau tim gia tri nho nhat ctia P nén ta danh gia P>M =?, tuw d6

2
, - R , L, X(3x+
ta co y tuong danh gia 2( y) ~ <mx+ny
33X —2xy+y
2
o . . Ly LA x(3x+y) .
o Bétim ra BDT phu nay ta lap pt tiép tuyén cua ham so f(x):—3 T 1V tai
XE—2xy +y

diém roi dw doadn x =y, phuong trinh tié€p tuyén c6 dang y = f (y) (X - y) + f (y)
Lam twong ty bai mau 04 ta dé dang tim duoc f'(y)=4; f(y)=8y , vay ta co
phuong trinh tiép tuyénla y = 4(X— y) +8y = 4(X + y)
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o Ta ching minh

2
x(3x+y)2 Cxady o X(3x+y) 7(3x2—2xy+y2)(4x+4y) coe (xfy)z (~3x—4y) o

—_— *
3x? —2xy +y? 3x? —2xy +Yy? 3 —2xy+y* ()

Ta thay (*) ludn dung vi

X;y €(0;3) = —3x—4y <0;3x" —2xy + y* :(x—y)2 +2x2>0
D&u bang xay ra khi x =y
« Chay:
Dé phan tich x(3x+y)’ — (8% —2xy +y* ) (4x+4y) = (x—y)’ (-3x—4y)ta dung Casio nhu
sau
Do du dodn x=y = biéu thirc s& c6 (x—y)* 1a nhan tu chung, do do ta nhap
x(3x+y) - (sz —2xy + yz)(4x +4y)
(x=y)
4

—300,004 = -300 ———=—3x—4y .
100

CALC :x = 100;y:%:> May cho két qua 1a

Vay ta co loi giai

2
x(3x+y)2 S4X+4yx(3x+y) 7(3x2 —2xy+y2)(4x+4y) SR (xfy)z (~3x—4y) o

_— 1
3x? —2xy +y? 3x2 —2xy +y* X —2xy+y* (%

’ 3y+12) —(3y? —2zy+2°) (42 + 4 ~z) -3y~
y(3y+z) S4er42®)/( y+z) ( y*—2zy+z )( z+ Y)SO@(Y Z) ( 3y 4z)§0(2)
3y’ —22zy +7° 3y’ —2zy +7* 3y' 22y +2°

2
z(3z+x)2 iz dxe z(3z+x) 7(322 —2xz+x2)(4z+4x) coe (zfx)2 (—3z—4x) <o(3)
3722 —2xz 4+ X2 37% —2xz + X? 372 —2xz + 7*

Tw (1),(2),(3):>X:y:Z:1 , Cong vé€ véi vé ta cd

B x(?.Xer)2 . y(?.erz)2 z(?.erx)2
S —2xy+y® 3y -2xy+7z° 322 -2xz+7°
Vay MaxP =24 & x=y=z=1.

<8(x+y+z)=24

Bai toan dwgc giai quyét

Bai mau 06.

Cho céc s6 thuce x,y,z dwong va x+y+z=3 . Hay tim gi4 tri nho
y3 28 X3

nhat cua biéu thiec P=— 7T T 2
Y 4yz4+22 2P xz+xE XEAXy4y

Loi giai
Hoan toan giong vi du trén, ta gia st thiét lap phuwong trinh ti€p tuyén caa ham
so

f(x)

3
=7 i x=y
X" +Xy+y
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- Phwong trinh tiép tuyén y = %X—ly

X3

Nguyén Tién Chinh

3

L2, 1, ey

- Taching minh f(x)=—F———>>x >0;Vx,y €(0;3)

X*+xy+y- 3 3 X"+ Xy+y
ddu bang xay ra khi x =y
3 3
~ , 2 1 2_ 1

- Twong tu ta cing co %z—y——z; %z—z——x

y'+yz+z° 37 3  zZ+4xz+x° 3 3
A NN . ’ 3 3 X z

Cong vé voive ta cod P=—; Y -+ 2 >+ X > SRR

Yo +yz+2° P4 xz2+X X HXY+y 3

Vay MinP=1&x=y=z=1

Cho céc s6 thuce x,y,z dwong . Hay chiing minh réng
a* b* ¢ a+b+c

P + >
a®+b® b4 P+l 2

Phan tich va dinh hudng giai
o Trudc hét ta thdy ngay tinh d6i xing trong biéu thitc P nén du doan a=b=c

o Tathiét 1ap phuong trinh tiép tuyén caa ham s6 f(a ( ) tai diém co

a® +b’
hoanh d6 a="b , phuwong trinh c6 dang y = f' ( )( )-l—f( )VOI
5 b 5 b 5 3
f'(b)==; f(b)===pttt:y=—(a—b)+==—a——=b
)= S:0(5) =2 precy — S(a-b) s 223
o Viéc tiép theo ta ching mmh
2 (a2 2
4 a—b) (3b°+ab—a
f(a)= 3a B_Ea—éb@( )( )EO;Va,b>0
+b "4 4 4(a° + )
4 4
Tu:cmgtu:tacﬁngcéb—z§ —30' ‘ EEC—Ea
b*+c¢* "4 4 c+a’ 4 4
Cong v€ voi véta co P = 3a —+ 3b —+ 3C - aerJrc(c“lpcm)
as+b> b’+c® c’+a

Dau“ =" xayrakhi a=b=c .

Bai mau 08.

Cho x, y, z lacéc s6 thuc duwong thoa mén x+y+z=3. Tim gia tri nho nhat

, X z
Cua P:—+l+——

eX &Y e e

2(xy +yz +2x)

Phan tich va dinh hudng giai
o Trudc tién ta cling dé dang du doan diém roi ctia bai toan la x=y=z=1
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o Quan sét biéu thiic P c6 chita 2(xy +zy+2x) chua doc 1ap vé bién, mot céch

tw nhién ta nghi ngay téi biéu thic

(x+y—|—z)2 :xz—i-yz-1—22-|—2(xy—i-zy—i-zx):>2(xy—i-zy—i-zx):(x-i—y—i-z)z—x2—i-yz—i-z2

2 2 2

‘. X X z z¢ 9

o VOi x+y+z=3 taco P:—-l———i—l-i—y——i———i———— .
e e Y e e* e e

1
Xétham s§ f(x)=— trén (0;3), phuong trinh tiép tuyén ctia ham so
e
y= £ (1)(x=1)+ f (1) =—2x+2 , ta chimg minh
e e
1. 1. 2 x_x 2x C
f(X)=—>—=x+=% = >"—4== viéc chimg minh kha don gian bang bang bién
eX e e e¥ e e
thién, xin danh cho ban doc
Tuong tw cling co

fly)l==>-y+-=->—+—
V)=Fz-yteey -

1 2 7z _7* 2z
f(Z)Z—Z——Z+—@—2—+_

e e e e’ e &
Cong vélai ta co
X z 1 2 X z 1 6
—+l+—2——(x2+y2+22)+—(x+y+z)c>—+l+—+—(x2+y2+22)2—
eX ey eZ e e eX ey eZ e e
SuyraPZE—g:—E

e e e

Vay I\/IinP:—gcx:y:z:l.
e

EIRELICA (D H 2003) Cho cac so'duwong x, y va z thod man X +y + z <1. Chitng minh rang

R At R RC:

X y z

Phan tich va dinh hudng giai.

Du doan ddu bang xay ratai x=y =z :é khi d6 phuong trinh tiép tuyén cua d6 thi ham s&

f(x)= /x2+i2 tai diém c6 hoanh do Xo:% lay—f(xy)=f"(%)(x=%) hay
X

y:—ﬂx+£.Dodétasédichl’mgminh X2+i> 80 162 . Khi d6 ta c6 cac

> X+
V82 382 x2 82 3/

BDT twong tu va cong lai, st dung gia thiét ta suy ra diéu phai chiing minh.

Loi giai
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Tur gia thiét bai toan tasuy ra x,y,z €(0; l)
, 1 8 162

Xéthamsd f(x)= |Xx“+—+—x——— Vdi xe(0;1
(x) T e (0:1)
6 2
7_1'_7
2 6
Tacod f'(x)= J_ LX) = X X >0, Vx>0
J (e
X X
_l

Suy ra phuong trinh f ) 0 c6 nghiém duy nhat —E.

Bang bién thién

+

OSlwl|k

f'(x) -

(%) - (1)
\ : /

Suyra f(x)=,[x*+ l 80 ﬂzf[%jzo

f 3V/82
Hay x2+i2_— *), teong tw ta cod
X x/@ 3\/7
2 1 80 162 1 80 162

Vr—>o——y+—2 224>
y2 B2l 3Je2 2 Ve e

Cong vé voi vé ta duoc

X% +— + y2+i+\/zz+i2—ﬂ X+Yy+2 +l—622\/§
\/ 2 yz 2 \/@( )

X
2 f A Ca s 1
Dang thic xay ra khi vachikhi x=y=z =3

[E

Bai mau 10.

Cho X, Y, z 1a cic sb thuc duong thoa man X+ y+z =3.

Tim gid tri 16n nhat ciia P =xInx+ylIny +zInz - x* —-y® - 7%,

Loi giai
o Xéthamsd f(x)=Inx;xe(0;3) , do du doan duoc diém roila x=y=z=1,ta
thiét 1ap o phuwong trinh tiép tuyén ctia ham s6 f () tai diém c6 hoanh do x =1
Phwong trinh cé dang y = f'(l)(x—l)+ f(l) =x-1

o Tachtng minh Inx<x-1< Inx—x+1<0(*);vx<(0;3)
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o Xét g(x)=Inx-x+1= g'(x)=%—1=0<:>x=1

o Lap bang bién thién ta thay g(x) ( ) ( ) luén dung, dau =" xay ra
khi x=1 tu day ta c6 xInx < x* —x= xInx—x* < —x

, N B . Iny-y-<-
Do tinh doi xtirng nén ta cting co6 yiny-y*<-y

zlnz-z*<-z

Cong vé voi vé ta ¢
P=xInx+ylny+zlnz-x*-y*—-2*<—(x+y+2z)=-3
Vay MaxP =-3 Dau “=“xayrakhi x=y=z=1.

Bai mau 11.

Cho x, y, z la cac sb thuc duong thoa mdn x? +y? + 22 =3,

Tim gid tri 16n nhét cia P =x(1+Inx)+y(1+Iny)+z(1+Inz).

Phan tich va dinh hudng giai
o Do c6 tinh d&i xttng gitta cac bién, ma X, Y, Z la cac so thyc duong thoa

man x? +y® +z2 =3 nén ta dy doan diém roi la x=y=z=1.

o Taxéthamso f (x) =1+Inx;Vxe (0;\/5) , Phrong trinh tiép tuyén caa ham s6
nay tai x=11a y=x

o Do yéu cau ctia bai 1a tim gi4 tri 16n nhat nén ta sé chitng minh

1+Inx<x < g(x)=Inx—x+1<0 ( da duoc chiing minh ¢ vi du trén)

Vay 1+Inx<x < x(1+Inx) <x?

Tuwong tu cling co y(1+ In y) < y2;2(1+ In Z) < 7%, cong vé theo vé ta cd
P=x(1+Inx)+y(1+Iny)+z(1+Inz)<x*+y?+2* =3

Vay MaxP=3< x=y =

Bai mau 12.

Cho X, Y, Z la cac s6 thuc duwong thoa mén Xyz = 3.

Tim gi4 tri nho nhat ctia P:\/Iog§x+1+\/log§y+1+\/Iog§z+1.

Phan tich va dinh huong giai

o Quan sat thay biéu thirc P d6i xtiing va c6 chita cac ham log , ¢ diéu kién lai
chtta tich cac bién, tir day cho ta y tuwong lay loga hai vé& ¢ diéu kién va dat an
phu nhu sau.
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o Xyz =3 <> log, x+log,y+log,z=1, dat a=log,x;b=1log, y;c=log, z Itic do ta co

a+b-+c=1 va biéu thiic tro thanh P=+a?+1+vb? +1+c? +1
o Biéu thitc chita cac bién hoan toan doc 1ap vdi nhau, cho ta y tuong lap

phuong trinh tiép tuyén cia ham s§ f (x)=vx*+1 tai diém c6 hoanh d¢ x =% ;

1 3
y=——=X+—7—=
V10 V10
Ta can ching minh VX2 +13 — x+—2— <> 9x? ~6x+13 0 o (3x-1)"20 , diu

10 410

bang xay ra khi x ==

2

Wl
&‘HHHHH
o o o

3

a“+1> a+—

J10

Vay ta c6 {Vb*+1> b+ —>
J10

21> c+i

J10

Cong vé ta co

P:\/az+1+\/b2+1+\/cz+1zi(a+b+c)+i=\/ﬁ

V10 V10

:Mianx/EQa:b:c:%@x:y:z:g/g.

Cho X, Y, Z duong va théa méin x(l—l}t y(l—ij:4(*).
y X

Tim gid tri nho nhét cia P = Xy + VX2 +1+\/y2 +1.

Phan tich va dinh hudng giai
o Quan sat thdy x,y doi xing do d6 ta du doan diém roi x=y , thay vao dk ta
1 1
co x(l——j+x(1——j:4<:> X=3=>Xx=y=3
X X
o Trong P c6 hai biéu thirc doc lap, khién ta suy nghi dung tiép tuyén dé danh
gia hai biéu thtic nay
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3x+1

J10

©X2—6X+920c>(x—3)220 , ddu bang xay

o Xétham s f(x)=v1+x* copttttai x=3 la y=

3x+1

J10
mZTXJFT( 1)
ARG

o CONg viéc cudi cling ta danh gid xy , v6i ban méi hoc bdt sé rd dé nham 1an vi

Ta can chiing minh vx*+1>

ra khi x=3 Vay
\/y +1>

2
X;yj tuy nhién ban déy sé thdy chting

sé dung AM — GM déanh gia xy < [

nguoc dau, ta sé dung dén diéu kién nhu sau.

x+y:§+x+422f5.x+4=6
1 1 y X y X
X[ 1-—|+Yy|1-—

y 2 :4(*)<:>

(x+y)xy:(x+y)2—2xy:>xy:—

Nhu vay viéc don bién da hoan thanh, ta dat t=x+y>6

(x+y) | 3

2
x+y—2 \/E(Xer) \/_

t2
Vt>6= f* ( )

t-2 \/_ J_ ) T
Vay f(t) dong bién véi Vt26= f(t)2 f(6)=9+2\/5,
Két luan I\/IinP:9+2\/E ,dé’ubéngxéyrakhit=6©x=y=3 .

Tir (1),(2).(3)=P=

/—\

Xét f(t)=






