SO GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI CAP TiNH THPT
TINH QUANG NAM NAM HQC 2023 — 2024 POT 2

Mén thi: TOAN 11 (CHUYEN)

PE CHINH THUC ., :
Thoi gian: 180 phut (khong ké thoi gian giao de)
Khoéa thi ngay: 15/3/2024
a « X ~ A ; . . 1 3u , - .
Cau 1. (3,0 diém) Cho day s thyc (u, ) x4c dinh boi u, = g; Uy =3 3” + v6i moi
+3u;

n e N*. Chimg minh day (u,) c6 gi6i han hitu han va tinh gi¢i han do.
Céiu 2. (3,0 diém) Tim tit ca cac ham sb da thic /: R — R théa méin

f(xf(y))zf(xy)+2f(x)—4, vx,yeR.
Cau 3. (3,0 diém)
a) Tim tt ca cac gia tri nguyén cua x ,y théa man phuwong trinh 2x* -3y =3 —xy.
b) Tim tat c4 cac s nguyén duong m , n va s6 nguyén to p théa man
(m3 +n)(m+n3) =p.
Ciu 4. (5,0 diém) Cho tam gidc ABC nhon (AB< AC ) va diém D nam trén duong trung
tuyén AM ké tir dinh 4 cua tam giac (D khac 4). Goi £ la diém trén doan MC (E khac M, C).
Goi H, K lan luot 1a hinh chiéu cua D lér,l AB va AC. WG()i (C1) va (C>) lan luot 1a hai dl{érng tron
ngoai tiép tam giac BHE va CKE, (C;) cat (C2) tai diém thir hai la L. Goi d la duong thang ké tur
B vudng gbéc voi BC, d cat (C)) tai di€m thir hai 1 7, N 1a giao diém thr hai cua IL va (C>).
a) Chumg minh B/ song song NC. ,
b) Goi P la giao diém cua /L va BC. Chung minh t&r gidc ALMP ndi ti€p dudng tron.

Cau 5. (3,0 diém) Cho doan théng AB dugc chia thanh bdn phén béng nhau boi ba diém
M, N, P (hinh vé). Ta danh d4u 2024 diém phén biét trong doan 4B bang cach chia déu trong
mdi doan AM, MN, NP, PB c6 506 diém, thoa man diéu kién v6i mot diém bat ky thudc doan
AM thi ton tai mot diém thude doan MN ddi xung vo1 nhau qua M, tuong ty voi mot diém bat ky
thudc doan PB thi ton tai mot diém thudc doan NP di xtrng vo1 nhau qua P. Sau d6 ta thuc hién
t6 mau do6 cho 1012 diém tiiy y va 1012 diém con lai mau den. Chimg minh téng cac khoang
cach tir 4 dén cac diém mau do bang tong cac khoang cach tir B dén cac diém mau den.

A M N P B
¢ L ® L ®

Ciu 6. (3,0 diém) Cho hai sb thuc x, y thoa man x>0, y <0. Tim gia tri 16n nhat cua
1 1
2 + 2
X +2x+2 y —=2y42

bidu thitc P = 3+ —2xp+4x—4y+8

- Thi sinh khong dwoc sur dung tai lieu. Can bg coi thi khong gidi thich gi thém.
- Thi sinh khéng dwoc sir dung may tinh cam tay.
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(Ban hwéng dan nay gom 07 trang)

Cau Noi dung Piém
. . : : 1
Cau 1. (3,0 diem) Cho day so thuc (un) xac dinh b1 u, =—; u = vO1 moi
1 3 2+ 3u 3,0
n e N*. Ching minh day (u,) c6 gioi han hitu han va tinh gii han do.
Nhan xét diy s6 u, >0 Vne N 0,25
A iR 1 1(2
Bién doi u,,, = 3u, s —=—| —+3u;
2+3u, u,, 3\u,
< 1xe A 1 1 3
bat day so x, =— >0 taduoc x,, =—| 2x, + = 0,25
u, 3 X,
Dung BDT AM-GM ta dugc:
1 3 _ 0,5
X, —g{xn +Xx, +x—5J2 3 suyra x, ——>x/_<:>u <T
Dau bang xay ra khi u, 3u, 1 hay la ! diéu nay vo 1y, nén dau
u =— ,
g xay T e A yvou 0.25
bang khong xay ra.
1
Vay ta ludn c6 u, <—= ('bichén trén ) 0,25
g/g
3yt u (1-3u
Mt khac xét u,,, —u, = e gy =" _ . : 3 S0 u, < 0,5
2+ 3u’ 2+ 3u’ 2+u’ 3
Suy ra day sb tang va bi chan trén nén ton tai gi61 han hitu han L. 0,5
T cong thire truy hdi su raL—L<:>L—L Vay limu _ 1 0.5
g y y 2 + 3L3 %/g . g y n %/5 ’
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Céu 2. (3,0 diém) Tim tdt ca cdic ham s6 da thire f:R — R théa man

3,0
f(xf(y)):f(xy)+2f(x)—4, Vx,yeR. ’
Gia st ton tai ham s /: R — R thoa yéu cau dé bai
+Xét x=1 suyra £(f£(»)=F(»)+2/(1)-4, VyeR () 0.5
bat deg f =n (neN)
, A I 5 n=0
So sanh bac 2 vé cua (2) ta dugc: n° =n < { 0,5
n=
Néu n=0= f(x)=C, thay vao (1) tadugc C=2= f(x)=2,VxeR. Thr lai 05
thoa man. )
Néu nzl:f(x):ax+b(a¢0)
Thay vao (1) ta dugc: 05
ax(ay+b)+b=axy+b+2(ax+b)—4,Vx,yeR ’
a’=a
a=1
=Jab=2a @{b_z
b=3b—4 - 0.5
:f(x)zx-l—Z.Thﬁr lai théa man 0.25
Vay ham s6 tim duoc 1a f(x)=2, VxeR hoic f(x)=x+2, VxeR 0,25
Cau 3. (3,0 diém)
a/ Tim tdt cd cdc gid tri nguyén cia x ,y théa man phwong trinh 2x* =3y* =3—xy. | 1,0
Ta c6 phuong trinh:  2x* -3y =3—xy
Bién doi tuong duong ta duoc (x—y)(2x+3y)=3 0,25
Véi x—y ; 2x+3y 1a cic s6 nguyén nén ta co cac trudng hop sau
6 -6
x—y=1 s x—y=-1 s
1 = loai 2 & loai
Hirea®] 00 AR el S o
= — y:_
5
x—y=3 x=2 A x—y=-3 x=-2 R
3) = (nhan) 4) & (nhan) 0,25
2x+3y=1 y=-1 2x+3y=-1 y=
0,25

Vay c6 2 nghiém (2;—1) va (—2;1)
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Cau 3.
b/ Tim tat ca cac so6 nguyén duwong m,n va so nguyén téo p thoa man

3

(m* +n)(m+n*)=p

2,0

Khong mat tinh tong quat, ta gia sir m > n
m +n=p’ (1)

. 3 3\ _ 3 .
Tu: (m +n)(m+n)—p suy ra: {n3+m—p (2)

0,25

DEthdy: p>m>n’ , ngodiratl(2)tacd: m=-n’(modp).
Ter()tacd: n=-m'= —(—n3 )3 =n’(mod p)
Chuyén vé ta dugc: p|(n — n9) = —n(n — l)(n + 1)(112 + 1)(114 + 1)

0,75

+ Néu n =1thu lai dugc m=2; p =3, néu n>1 ta xét cac trudng hop dudi day

0,25

1) p‘n tacO p<n<p voly

2) Vaoi p‘(n—l) tacd p<n—1< p—1 mau thuin

3) Véi p‘(n+1) tacd n+1> p>n’>n+1 mau thuan

4) Voi p‘(n2+1) tacoé n’ +1> p>n’ >n’ +1 mau thuan

5) V6i p|(n* +1) takét hop voi (2) ¢6 p‘[n(m+n3)—(n4+l)]=mn—l suy ra
mn> p

Matalai co p’ = (m +n’ )(n + m3) >n’m’ suy ra (5) mau thuan

0,5

Vay ta chi c6 hai b sO (1,2,3) hoac (2,1,3) théa man bai toan.

0,25
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Cau Noi dung Pié¢m
4 Céu 4. (5,0 diém) Cho tam giac ABC nhon (AB <AC ) va diém D nam trén duong
trung tuyén AM ké tir dinh 4 cua tam giac (D khac 4). Goi E'la diém trén doan MC E
khac M, C). Goi H, K lan luot la hinh chi€u cua D 1én 4B va AC. Goi (C1) va (C2) lan
luot la hai duong tron ngoai tiep tam gidc BHE va CKE, (C) cat (C>) tai diém thir hai 5.0
1a L. Goi d la duong thang ke tir B vudng goc voi BC, d cat (C;) tai diém thirhaila [, N| =
la giao diém thr hai cua IL va (C>).
a) Chuing minh B/ song song NC. )
b) Goi P 1a giao diém cua /L va BC. Ching minh t&r gidc ALMP ndi tiep duong
tron.
a. |a/ Chung minh rang Bl song song NC. 2,0
0,25
Cach 1. q o
Xét hai duong tron (C1) va (C2) ¢6 hai giao diém 1a L, E va c6 hai cat tuyén lan lugt 175
la ILN va BEC, theo dinh 1y Reim thi BI song song NC. ’
Cach 2.
+ Xét tir giac noi tiép IBEL co B =90°nén ELN =90 0,75
Suy ra véi ti gidc ndi tisp LECN thi ta duge NCE = 90° 0.5
0,5

+Vay NC 1L EC = NC//BI
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Cau 4.

b/ Goi P la giao diém cia IL véi BC. Chirng minh rang ti gidc ALMP néi tiép dwong | 3,0
tron
0,25
(C6 thé khéng c6 dwong tron C1)

Goi duong tron (C3) ngoai tiép 3 dinh 4, H K. 0,25
Khi d6: diém L 1a diém Miquel caa 3 dudng tron (CI), (C2), (C3) twong tng 3 diém 0.5
H, E, K trén 3 canh cua tam gidc ABC. ’
Goi O 1a giao diém cua IL va (C3).

Theo céu (a) ta van dung cho 2 duong tron (C2), (C3) suy ra A0 //NC (hodc vén
dung dinh 1y Reim cho cho 2 dudng tron (C2), (C3) c6 2 cat tuyén lan luot 1a AKC va | 0,75
OLN)

Khi do6 ta duge: A0 L BC
+ Vi HD 1 AB;KD 1 ACnén D thudc duong tron (C3) va AD 1a duong kinh 0,25
+ Suy ra OD //BC nén ADO = AMP 0,25
+ Lai co A/D\O = ZL\O 0,25
+Suyram=m hayle‘lA/]\E’:ZLTD 0,25
+ Vay ALMP 13 t&r giac ndi tiép dudng tron. 0,25
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Cau 5. (3,0 diém) Cho doan thing 4B duoc chia thanh bén phan bang nhau boi ba
diém M, N, P (hinh vé). Ta danh ddu 2024 diém phan biét trong doan 4B bang cach
chia déu trong mdi doan AM, MN, NP, PB c6 506 diém, thoa man diéu kién véi mot
diém bat ky thudc doan AM thi ton tai mot diém thudc doan MN ddi xung voi nhau qua
M; tuong tu vo1 mot diém bat ky thudc doan PB thi tdn tai mot diém thudc doan NP

dbi xtmg v6i nhau qua P. Sau d6 ta thue hién t6 mau do cho 1012 diém tuy y va 1012 3,0
diém con lai mau den. Ching minh tong cac khoang cach tir 4 dén cac diém mau do
bang tdng cac khoang cach tir B dén cac diém mau den.
A M N P B
¢ 4 L 4 ®

+ Dinh hudng bang duong thang tir 4 t6i B va gia sit N 1a gbc, diém B o toa d6 1a 1
con diém A c6 toa do 1a -1. 0,25
+ Theo gia thiét 506 diém X ; X,;.. X, (c6toadd x,;x,;...x,,, bat ky thuoc doan AM
thi ta cling c6 twong tng 506 diém Y;Y,;...;Y,,, c6t0a dd y,;¥,;...; v, d0i xing véi 0,5
XXX quaM,suyra y, =2x,, —x, =x,—x,=—1-x, voi i =1,...,506.
Tuong tw véi 506 diém Z,;Z,;...; Z,,, c6toadod z,;z,;...;2, batky thuoc doan PB thi
ta cing c6 tuong tng 506 diém T;7T,;...;T,,, 6 toa do tl,tz,..., « d0i xtmg véi 0,5
Z:Z,;.52, quaP,suyrat =2x,—z =x,—z, =1-z v6i i=1,..,506.
+ Tinh téng toa d6 2024 diém nhu sau
506 506 506 506 506 506 506 506 O 25
in+2yl.+22i+2ti:le.+Z(—1—xi)+ZZ[+Z(1—Z[)= ’
i=1 i=l1 i=l1 i=l1 i=1 i=l1
+ Goi toa do ctia 1012 diém mau d6 13 a,;a,;...a,,, , suy ra tong khodng cach tir cac

) , 1012 1012
diém mau do dén 4 1a Z(al.—xA)=Za[+1012 0,5

i=1 i=1

+ Goi toa d6 cua 1012 diém mau den 1a b;b,;...;0,,,, sSuy ra téng khoang cach tir cac

) ; 1012 1012
diém mau den dén B1a 3" (x, —b,)=—3 b, +1012 0.5

i=1 i=1
i i 1012 1012 506 506 506 506 O 25
Talaicod D> a,+>.b=D x,+D v+ z,+2.t,=0 ’
i=1 i=1 i=1 i=1 i=1 i=1
1012 1012 ) ) , . ﬁ

Viay Z a, = —Z b, hay la tong khoang cach tir cac diém mau do dén 4 bang tong 0.5

i=1 i=1
khoang cach tir cac diém mau den dén B
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Cau 6. (3,0 diém) Cho hai sb thuc x, y thdbaman x>0, y<0. Tim gia tri 16n nhat cua
.2 1 1
biéu thirc P= + +3yx? + " —2xy+4x—4y+8 3,0
NGOG L G S V¥ +yt =2 VA ’
Cach 1.
Xéty=0 vax>0. 0,5
Ta ching minh P khong bi chén trén khi x — +o0
1 1
=0, P=————+—+3Jx" +4x+8.
y et 2 T 0,25
Ta co: — ! = 12 >0, Vx nén 0.5
X +2x+2 (x-|—1) +1 >
P>3\/x2+4x+8>\/x2+4x+8 > X . 1,0
Khi x = +o0 thi P — +o0. 0.5
Vay nén P khong c6 gia tri 1on nhét trén mién {(x,y)/xZO,ySO}. 0.25
Cach 2.
Ta co: : + : = 1 + 1
T2+ 2 Y =2y 42 14 (x 1) 14 (1—y) 0,25
x2+y2—2xy+4x—4y+4+4=(x+2—y)2+4=[(x+1)+(1—y)]2+4 0,25
= 1
Dat @z , ab>1 0.25
b=1-y >
S I S (a+b) +4
1+a® 1+5° 0,25
CM duoc : + 1 > 2 Vab >1
T 14a® 146 T 14ab - 0,5
Co:a+b>2\Jab nén: P21+2b+3\/4ab+4 0.5
a M
. 2 0,25
Dit: t=l1+ab>2 = Pzt—2+6t, Vi >2
. 2
Goi (1) ==+6t . Ve >2
lim f (£)=+o00 0.5
t—+00
Vi P> f(r) nén khong ton tai gi4 trj 16n nhét ctia P 0.25

HET

* Luu y: Né'u‘thz' sinh lam bai khong theo cach néu trong HDC nhung ding thi van cho di sé
diém tung phan nhw huong dan quy dinh.
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