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@ LiP10

g i |

1. Dau nhi thitc bac nhat

ax+b=0.

e Dang f(x) =ax+b (a #0). Nghiém cta nhi thic la nghiém cta phuong trinh

« Bang xét diu cta nhi thitc bac nhat f(x) =ax+b (a #0):

b
& e . +00
a
ax+b traidduvéia O cungdau véia

2. Dau tam thic bac hai

ax?2+bx+c=0.

Tinh A = 52 — 4qc.

e Dang f(x) =ax?+bx+c (a #0). Nghiém ctia nhi thiic 12 nghiém ctia phuong trinh

Néu A < 0 thi phuong trinh f(x) = 0 v6 nghiém va

X —00 +00
ax?+bx+c cung dau véi a
£ . . ) oA . b .
e Néeu A =0 thi phuong trinh f(x) =0 ¢6 nghiém kép x = ~5g V2
a
b
49 —00 —— +00
2a
ax?+bx+c cung dduvéia O cungdau véia

Néu A=0 f(x)=0c6 2 nghiém x1,x2 (x1 <x9) va

X —00 X1

X9 +00

ax?+bx+c cung dauvéia 0

trai ddu véia O cung dau véi a

3. DAu cac nghiém phuong trinh bac hai

Chu y: C6 thé xét dau tam thiic bac hai theo A’ theo hé s6 b chan .
Cho phuong trinh: ax? +bx+c=0 () (A=5b%-

e Phuong trinh (*) c6 hai nghiém trai dAu (x1 <0 < x9) khi va chi khi P = ¢ <0.
a

4ac)

TH.S PHAM HOANG. DIEP 2
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e Phuong trinh (*) c6 hai nghiém am phan biét (x; < xo < 0) khi va chi khi
a#0
A>0

<P:E>0 .
a
b
S=-—<0
a

e Phuong trinh (*) c6 hai nghiém duong phan biét (0 < x; < x9) khi va chi khi
a#0

A>0
<P:£>0 o
a

b

S=——>0
a

4. Piéu kién khéng d6i dau ctia tam thitc bac hai
Cho tam thiic bac hai f(x) =ax®+bx+c (a #0)
a>0 a<0

A<0 e f(x)=0,VxeR< e

\ /

Phuong trinh co ban |

1. Pidu kién x4c dinh

e f(x)=z0,VxeR <&

a) DPiéu kién d€ biéu thic \/f(x) c6 nghia 1a f(x) = 0;

b) Didu kién 8 bidu thite % o6 ik B A 200
X

¢) Piéu kién dé€ biéu thic

c6 nghia la f(x) > 0.

1
VI (x)

2. Phuong trinh chiéa 4n duéi diu can

B=0 B=0
= b) M:B@{ 2
A .

A=B.

a) \/Z:\/E@{

3. Phuong trinh chita diu gia tri tuyét dbi
V6i f(x), g(x) la cac ham so. Khi do

gx)=0
[fx)=glx)e ] |flx)=g)
fx)=—-g(x)

fx) =g(x)
fx)=—-g)
[f )| +1g)] = |f(x)+ g(x)] & f(x).g(x) =0

If ()] = 1g(x)| < [

TH.S PHAM HOANG DIEP 3 GV: NGUYEN THAI HOANG
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© L6P11

Cap so cong

* (up)lacapsocong o u, 1 =u,+d

e S6hang TQ: u, =u1+(n—-1)d.

e Téng n s6 hang dau CSC: S, =

e Basb a, b, c (theo thit tu d6) 1ap thanh mét cap s6 cong khi va chi khi a +c = 2b

n(ui+uy,)

n(n—1)
2

ui+ d

Cap so nhan

* (up)lacapsonhdanen=2,u, =u,-1-q.

e S6hang TQ: up=u1-¢" L, n=2.

_qn

e Basba, b, c (theo thit tu dé) 1ap thanh mét cap s6 cong khi va chi khi a - ¢ = b2.

Ul —Unp+1

g p N 1
e Tong n s0 hang dau CSN: S, =u1- =

1-q

2 A 2 A TSRS ui
ETong cap so nhan lui vo han S, = T
—-q

\

1. Cac quy tac Gia st u = u(x), v = v(x), w = w(x) 1a cac ham sb ¢6 dao ham, khi dé:

s (u+v-w)=u+v -w

e (wv) =u'v+v'u

o (ku) =ku'

|
|

u

v

r uv-v'u

)

v2

2. Bang dao ham cac ham s so cip co ban

DPao ham ham so s cap cd ban

Pao ham ham s6 hop

(C)Y=0

@) =nx" Y neR,x>0)

w") =n.u" Y neR,u>0)

/

(vx)' = ﬁ (x> 0) (Va)' = 21\‘5 (u>0)
1Y 1 1)
(_) =—= (@#0) (—) =2 w#0)
X X u u
TH.S PHAM HOANG DIEP 4 GV: NGUYEN THAI HOANG
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(sinx)’ = cosx
(cosx) = —sinx
i1
= —
(tanx)' = x (x;é 2 +kn),k ez
(cotx) = —— 5— (x#km),keZ
sin“x
!/
(log, x) = x.lna
1
(Ina) = -
x
@®) =a*.lna

(sinuw) =u'.cosu

(cosu) = —u'.sinu

/

(tanu) = “ (u¢£+kn),k€Z
(¢ 2

os2u
!
(tanu) = — 'uz (w#kn),keZ
sin“u
!/
1 =
(log, u) u.lna
!
(Inu) = l
u

@) =u'.a*Ina

3. Phuong trinh tiép tuyén

« Hé s6 géc caa tiép tuyén tai diém M(xo; o) thudc do thi ham s6 y = f(x) 1a f'(xo)
« Phuong trinh tiép tuyén tai M(xo,yo) ¢6 dang |y — yo = f'(xo)(x — x0) |

\

Cong thuc lugng giac

1. Cong thuc lugng giac co ban

2 2

* sin“x+cos“x=1
sinx

* tanx = , XZ—+km
CcoSX 2

cosXx
e cotx=——, xZkn
sinx

* tanx.cotx =1

e 1+tan?x= x;ég+kn

cos?x’

° 1+cot?x=— DI x#+kn

sin“x

Ao . S 2 2 , T 2. o
Ecos — doi, sin— bu, phu - chéo, hon kém 7 tan cot, hon kém 5 chéo sin.

2. Cong thuc cong
® sin(a+b)=sina.cosb +sinb.cosa
* sin(a—b)=sina.cosb —sinb.cosa
® cos(a+b)=cosa.cosb —sina.sinb

® cos(a—b)=cosa.cosb +sina.sinb

3. Cong thuc nhan d6i, ha bac

tana +tanb

Y S 1-tana.tanb

tana —tanb
1—+tana.tanbd

e tan(a—b)=

TH.S PHAM HOANG DIEP
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e cos2a = cos?a —sin?a = 2cos?a -1 = e cos3a =3cos®a—3cosa
1-2sin%a
o sin?q = 1-—cos2a
2
* sin2a =2sina.cosa
1+ 2
2tana ° COS2a:ﬂ
o tan2a:—2 2
1-tan“a
) ' w 9 1—-cos2a
e sin3a =3sina —4sin®a * tan @ = eos2a

4. Cong thiic bién déi tich thanh téng
1
cosacosh = 3 [cos(a + b)+cos(a—b)]
1
sinasinb = 3 [cos(a + b)—cos(a—b)]

1
sinacosb = 2 [sin(a + b) + sin(a — b)]

5. Cong thiic bién tong thanh tich

a+b a—-b
cosa +cosb =2cos .COS
2 2
. a+b . a-b
cosa —cosb = —2sin .sin
2 2
} . . a+b a—-b
sina +sinb = 2sin .CoS
2 2
a+b a-b
sina —sinb = 2cos 5 .sin 5

6. Phuong trinh lugng giac co ban sinx = a va cosx = a Truong hop |a| > 1 phuong
trinh vo6 nghiém.
Truong hdp |a| < 1, khi do6

sinx=a cosx=a

sinx=0ox=Fkn 7
cossz@x:§+kn

] T
s1nx:1©x:§+k2n

(chan sb6)

x=nm—a+k2n

Dac biét cosx=1ox=k2n1
) b1
s1nx:—1c>x:—§+k2n cosx=—-1lox=n+k2n
J a sao cho sinx=a Ja sao cho cosx=a
2 ) ] x=a+k2n x=a+k2n
Neu a | sinx =sina © COSX =cosa &

x=—-a+k2n

TH.S PHAM HOANG. DIEP 6
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; . x = arccos(a) + k27
Néeu a (1é | sinx = a & | cosx=a <&
) x = arcsin(a) + k27 x = —arccos(a) + k27

x =m—arcsin(a) + k27

. x=a’+£k360°
Neu a | sinx = sina® & | cosx =cosa’ © o o
(theo don | |x=a’+k360° x=-a’+k360
vi do) x=n—a’+k360°

7. Phuong trinh lugng giac cé ban tanx =a va cotx=a

tanx =a (x;ég+k7r)

cotx=a (x#ZFkm)

Dic biét

tanx=0o x=Fkn

b3
tanx:1©x=Z+kn

tanxz—l@x:—%+kn

b4

cotsz@x:§+kn
7T

cotle@x:Z+k7t

cotx:—lox:—%+kn

Ja sao cho tanx =a

Jda sao cho cotx=a

Néu a (chén sb)

tanx=tana o x=a+kn

cotx=cotaeox=a+n

Néu a (1& sb)

tanx =a © x = arctan(a) + k7

cotx =a © x = arccot(a) + km

don vi do)

Néu a ( theo

tanx =tana’ © x =a° + £180°

cotx =cota’ © x=a’+k180°

LOP 12

Quy tac xét tinh don diéu ham sb

e Néu f'(x) =0 va f'(x) = 0 chi tai mot s6 hitu han diém caa K thi HSPB trén K.

e Néu f'(x) <0 va f'(x) =0 chi tai mot s6 hitu han diém cta K thi HSNB trén K.

TH.S PHAM HOANG DIEP 7
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+b A ag
EHém y= Z;: p khong xét dau bang.

Quy téc:
a) Tim tap xac dinh.
b) Tinh dao ham f/(x). Tim nghiém f'(x) =0 x; € R hoac f'(x) = 0 khong xac dinh.
¢) Lap BBT.
d) Két luan.

W ‘

Ham sb6 y = f(x) c6 dao ham tai xo va dat cuc tri tai x thi f'(xo) = 0.

Quy tiac 1. e« Tim tap xac dinh.
e TInh f/(x). Tim céc diém tai d6 f'(x) bang 0 ho#c khong xac dinh.
e Lap bang bién thién.
* Tu bang bién thién suy ra cuc tri. Néu f'(x) d6i dau khi qua «x; thi
ham so0 dat cuc tri tai x;.
Quy tac 2. * Tim tap xac dinh.
e Tinh f’'(x). Giai phuong trinh f'(x) =0 va ki hiéu x; (: =1,2,3,...,n) la
cac nghiém cua no.
e Tinh f"(x) va f"(x;),(i=1,2,3,...,n).
e Dua vao diu cta f"(x;) suy ra tinh chat cuc tri cta diém «;.
Néu f"(x;) >0 thi x; 1a diém cuc tiéu.
Néu f"(x;) <0 thi x; 12 diém cuc dai.

Cuc tri ham bac 3 - Trung phuong

e Ham sb bac 3 ¢6 cuc tri khi: Ay >0. Khong c6 cuc tri khi: A, <0.
e Ham sb6 trung phuong c6 3 cuc tri khi: ab < 0. C6 1 cuc tri khi: ab = 0.

3 diém cuc tri ham trung phuong luén tao thanh tam giic can.

_— b3+8
cosBAC = roa
b3 -8a

b5

S =
AABC 3943

TH.S PHAM HOANG DIEP 8 GV: NGUYEN THAI HOANG



SO TAY TOAN HOC 038.333.8353 NAM 2021 - HAPPY NEW YEAR!!!

Gia tri 16n nhét, nhé nhét )

Quy tac

1. Tim céc diém x1;x9;...;x, trén khodng (a;b) tai d6 £’ (x) = 0 hoac f'(x) KXD.
2. Tinh f(a);f (x1);f (x2);...;f (xn); f (D) .

3. Tim s6 16n nhat M va s6 nhé nhat m trong céc sb trén.

Sw dung may tinh FX-580VNX

Budce 1. (TABLE).

Buée 2. NHAP F(X) 3.

Budc 3. START (=] a, END (=] b, STEP (=) b

2_90‘. Chi §: —00 = —10, +00 = 10.

Puong tiém can )

* lim f(x)=yo; lim f(x)=yo (yo=const)= TCN:y=yo.

e TCD: x = xo néu x( = const 1a nghiém mau va khong 1a nghiém ta.

e Giao diém ctia TCD va TCN la tam d6i xting caa do thi.

\
Do thi ham so

1. D6 thi ham s6 y = ax? + bx®+ cx +d

a>0 a<0
¥ ¥

o | L A

Ay =0

TH.S PHAM HOANG DIEP 9 GV: NGUYEN THAI HOANG
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Ay/<0

2. D6 thi ham s6 y = ax* + bx2 +c.

a>0 a<0

oL hd
\/

y y
a-b=0
RV /0\ '
A .y s Z ax+b
2.Po thi ham so y= .
’ cx+d
ad—-bc<0 ad—-bc>0

TH.S PHAM HOANG DIEP 10 GV: NGUYEN THAI HOANG
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Tinh tién d6 thi va phép suy d6 thi

Tinh tién d6 thi song song véi cac truc toa do6
Cho (C) 1a do thi cia ham so y = f(x) va p >0, ta co:

e Tinh tién (C) lén trén p don vi ti dude d6 thi y = f(x) + p.

e Tinh tién (C) xuéng duéi p don vi ti dudc do thi y = f(x) - p.
e Tinh tién (C) sang trai p don vi ti dudc d6 thi y = f(x + p).

e Tinh tién (C) sang phai p don vi ti dude d6 thi y = f(x — p).

Dang 1: Tt d6 thi (C): y = f(x) suy ra db6 thi (C): y = f(x|)

Ta c6: y = £(Ix) 12 ham chan nén d6 thi (C’) nhén Oy lam truc d6i xing
Cach vé (C’) tir (C):

e Giit nguyén phan d6 thi bén phai truc Oy cta d6 thi (C): y = f(x).

e B4 phan do thi bén trai truc Oy caa (C), lay d6i xing phan d6 thi dudc giit qua
Oy.

Dang 2: Tt do thi (C): y = f(x) suy ra do thi (C): y = |f(x)|
Cach ve (C’) tu (C):

 Gift nguyén phan db6 thi bén trén truc Ox cta do thi (C): y = f(x).
« Bb phan d6 thi bén dudi truc Ox ctia (C), lay dbi xing phan do thi bi bé qua Ox.

\

Su tuong giao

Cho hai ham ) y= f(x) vay= g(x) c6 do thi lan luot 1a (Cl) Va (C9).
« Khi d6 sb giao diém ctia hai d6 thi (C;) va (Cs) chinh bang sb nghiém cua phuong
trinh £ (x) = g(x) va hoanh d6 giao diém chinh 14 nghiém ctia phuong trinh d6.

Phuong trinh f (x) = 0 1a phuong trinh hoanh d6 giao diém ctia d6 thi (C;) véi truc
hoanh Ox

» Co lap m:

e Néu g(m) < f(x) thi g(m) < min f(x)

e Néu g(m) = f(x) thi g(m) = max f(x)

\

Luy thua (a>0)

n
° am.an:am+n () (g) :‘Z—Z [ ] a_n:i
b a
* (@a-b)yt=a"-b" A \
m/n A L2
k o a”™ =qmn
* Vak=aqaz Vak =an
m
a
= _ . m-n
[ o =qQ ° (am)n_a
TH.S PHAM HOANG DIEP 11
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Logarit (0<a#1,0<b#1)

* log,1=0 .
* log,(x-y)=log,x+log,y
* log,a=1

loga (f) = logax - loga Yy
Y

* log,a%=a

log,a =

1
log,m x = —log, x
m

log, x =log, b-log, x

1
log, x

!

o y=—— Vxe(0;+00).
a

e HSDB trén (0;+o00) khi va chi khi a > 1,
HSNB trén (0;+00) khi va chi khi 0 <a < 1.

e TCD: x=0.

.l _logpx
* log,x* = alog, x 08a X = 0gya
Ham sé lity thita y =x%, a €R )
Tap xac dinh y o
a) 2 =R khi a nguyén duong. a=1
b) 2 =R\ {0} khi @ nguyén am.
. O<ax<l
c) 2 =(0;+00) khi a khong nguyén.
a=0
1
i a<0
o 1 2
Ham sé mii y =a* (a > 0) )
e Tap xac dinh 7 =R. y y
* y=a*Ilna,VxeR
e HSDB trén R khi va chi khi « > 1, HSNB 1 1
trén R khi va chi khi a < 1. 0 " 0 .
e TCN: y=0. a>1 0<a<l1
Ham s6 Logarit y = log, x )
e Tap xac dinh 2 =(0;+00). N A

O/]_ >x 0] ]\>x

TH.S PHAM HOANG DIEP 12
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Phuong trinh, bit phuong trinh mi )

a*=box=log,b af@ = 8™ & f(x) = g(x)
a>1 O<a<1
af® > q8W & f(x) > g(x) af® > a8 & f(x) < g(x)

Phuong trinh va bat phuong trinh logarit )

Khi giai phuong trinh bat phuong trinh logarit: Pat diéu kién

b

log,x=box=a log, f(x) =log, g(x) & f(x) = g(x)

a>1 O<ax<l1

log, f(x) >log, g(x) & f(x) > g(x) | log, f(x)>log, g(x) < f(x) < g(x)

| '
/

Lai suat ngan hang

1. Lai don: Lai don 14 s6 tien 14i chi tinh trén sb tién goc ma khong tinh trén s6 tién
1ai do s6 tién gbc sinh ra, tic 1a tién 14i cta ki han truée khong dude tinh vao von dé
tinh 1ai cho ky han tiép, cho du dén ki han nguoi giti khéng dén rit tién ra.

Khach hang giii vao ngdn hang A dong véi 1ai don %/ ky han thi sb tién khach nhan
dudc ca von 1an 14i sau n ki han (n e N*) 1a

nSn:A+n-A-r:A(l+nr) %

2. Lai kép: Lai kép 1a tién lai cta ki han trudc néu ngudi giti khong riat ra thi dude
tinh vao von dé tinh 1ai cho ki han sau.

Khach hang giii vao ngan hang A dong véi 1ai kép r%/ki han thi sb tién khach hang
nhan dudc ca von 14n 14i sau n ki han n e N*1a

nSn:A(l+r)” %

/
\
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Nguyén ham ]

1. Ki hiéu ff(x)dx =F(x)+C.
2. Tinh chét

. ff’(x)dx:f(x)+C.
J fkf(x)dx:kff(x)dx vl k #0.

- f[f(x)ig(x)]dx:ff(x)dxifg(x)dx.

Bang nguyén ham ctia mét sé6 ham thuong gap

Nguyén ham Nguyén ham md rong
@desz fkdx:k-x+C

a+1 a+1
@fx“dx:x +C,a#-1 f(ax+b)“dac—1 M+C,a;ﬁ—l

a+1 a+l

1 1 dx 1 1
S dx=--+C .
®fx2 £ f(ax+b)2 a ax+b
@faxdleix +C
a
@fexdxzex+C
1
@f—dx:InIxI+C
x

@ fcosxdx =sinx+C

mXT7
matnq,. — i a

fa m Ina
|

+C

1
ax+bdx _ _eax+b +C

1n|ax+b|+C

1
cos(ax +b) dx =—.sin(ax+b)+C
a

fsinxdx:—cosx+C fsm(ax+b)dx——lcos(ax+b)+C
a

1
@f o dx =tanx+C
N

OIF:

nLtm v sau khi d6i bién va tinh nguyén ham xong thi can phai tra lai bién cii ban

1
x=—t +b)+C
co s2(ax+b) a an(ax +b)

1
=—cotx+C ———dx=—-=cot(ax+b)+C
sin? x sin?(ax + b) a

dau.

\ /
W |

1. Ki hiéu

b
ff(x)dx: =F(b)-F(a).
2. Tinh chat

. faf(x)dxzo. o[bf(x)dxz—faf(x)dx.
a a b
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b b
. fkf(x)dx:kff(x)dx(kel]%).

b ® b
o ff(x)dx:ff(x)dx+ff(x)dx(a<c<b).

b b b
0 f[f(x)ig(x)]dx:ff(x)dxifg(x)dx.

a a

N g ) B e VT s o 6t T esge A f Flx)dx = 0.

e Néu y = f(x) 13 ham chén, lién tuc trén doan [—a;a] thi ff(x)dx = 2ff(x)dx.
—a 0

\ V.

Dién tich hinh phang )

y=f(x) y=f(x)

) =1" :>S:f|f(x)|dx. () = :>S:f|f(x)—g(x)ldx.
x=a xXxX=a
x=b x=>

Thé tich khéi tron xoay

* Loail

Vat thé tron xoay sinh ra khi quanh y
quanh truc Ox hinh phéng dugc giéi han
béi cac duong y = f(x),y=0,x =a,x = b Vi
f(x) lién tuc trén doan [a;b].

b
Ap dung cong thic: |V =7 f F2(x)dx [0)
a

* Loai 2
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Vat thé tron xoay sinh ra khi quanh y
quanh truc Ox hinh phéng dugc giéi han

béi cac duong y = f(x),y = gx),x =a,x=b

vl f(x),g(x) lién tuc trén doan [a;b] va
0=gx) = f(x)Vxela;b].

Ap dung cong thic: 0

b
V=n f [£2(x) - g%(x)] dx

a

o Nhiéu bai tap chua cho x = a,x = b thi ta GPT f(x) = g(x) dé tim a, b.

e Néu xac dinh dudc vi tri ham s6 f(x) va g(x) thi ta c6 thé mé gidu GTTD nhu
sau:

PTHS f(x) nam trén PTHS g(x) trén [a,b] thi f(x) > g(x),Vx € [a, b].
PTHS f(x) ndm duéi PTHS g(x) trén [a,b] thi f(x) < g(x),Vx € [a, b].

\

Thé tich vat thé )

Cat vat thé 7 béi hai mét phang (P) va (Q) vudng géc véi truc Ox lan lugt tai
x = a,x = bla < b). Mot mit phang tuy y vuoéng géc véi Ox tai diém x,(a <x < b) cat ¥
theo thiet dién co dién tich S(x). V6i S(x) lién tuc trén doan [a;b].

Thé tich ctia vat thé 7 giéi han béi hai mat phang (P) va () tinh béi cong thiic

b
V= fS(x)dx.

B sivic | ‘

1. Pinh nghia va tinh chat

e z=a+bi, i?=-11a s6 phtc
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Phan thuc: a
Phan 4o0: b

e Choz=a+bivaz' =a' +b'i thi
z+z =(@a+a )+ (b +b)i
z—2'=(@a-a)+(b-b"i

z-2'=(aa' -bb")+(ad' +a'db)i
z aa'+bb’ a'b—-a-0b'
Z: a®+ b2 v a+ b2

2. S6 phiic lién hop
e Cho z=a+bi thiz=a—bi la s6 phtc lién hop ciia z
 Tinh chat:

B z-z2=a%+b%, Zzi+29=21+23, 21 22=21'22

z 21 _ — .
(—1)::1; z2+z=2a; z-z=2bi
22 22

3. Médun cua s6é phic

e Choa=z+bi thi|z|=Va2+ b2

* zI=lzl; lz1-22]l=l21]-l22]
z1| a1l _
—|=— lz1+zal=lz1l+lz2l; |21—22]=121]—|22]
z2| |22l

4. Biéu dién hinh hoc sé phic

e z=a+bi=>M(a;b) y

* [z2|=0M

5. Phuong trinh bac hai

e ax’+bx+c=0,(a#0), A=b%—4ac.

N Ly . n -b+ VA
* A >0 phuong trinh cé hai nghiém thuec: x; 2 = ~5g
a
N . . . n . -b++VIAlL
* A <0 Phuong trinh c6 hai nghiém phtc: x1 9 = oy
a
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Mobt s6 cong thitc can nhé

P& tinh géc gitta hai duong théng trong khong gian ching ta can nhé cac coéng thiic
sau:

 Pinh 1y ham s6 c6-sin trong tam giac AABC:

C
eBC2=AB%2+AC%2-2AB-AC-BAC
_ AB2+AC2?2-BC?
ecosBAC = 5 AB.AC
—_— —— — 1
eAB-AC =AB-AC -cosBAC = §(AB2 +AC?2-BC?).
A B

 Tinh géc giita hai duong thang AB va CD ta tinh géc giita hai véc-to AB va CD
dua vao cong thic

cos (ﬁ(]_ﬁ) = E{B—C_ﬂi = cos(AB;CD) = M
‘ABHCD‘ )ABHCD(

tir d6 suy ra géc gitta hai duong thang AB va CD.

Géc gitia dusng thang va mat phang

X4c dinh giao diém O cta d va (a).

Lay mot diém A tuy y trén d khac véi O.

Xac dinh hinh chiéu H cta A 1én mp (a).

¢ la géc gitta d va (a) thi ¢ = AOH.

\

Géc gitra hai mat phang

e Xac dinh giao tuyén ¢ ctia hai mat phang (a) va (f).

e Dung hai dudng thing a, b 1an lugt ndm trong hai
mat phang va cung vuong goc véi giao tuyen c tai mot
diém trén c. Khi do: ((a),/(\m) = (E,\b)

e Hay ta xac dinh mat phang phu (y) vudng géc véi giao
tuyén ¢ ma (@)n () =a, (BN () =b. Suy ra ((@),(P) =

(@5).
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Khoang cach tir chan dudng vudng géc dén mit bén

Vi du. Cho hinh chép S.ABC ¢6 SA L (ABC). Xac dinh khoang cach tu chan duong
cao A dén mat bén (SBC).

AK 1 BC,(KeBC)
AH 1 SK,(H€eSK).

Ta cg: 4 2C 4K BC 1 (SAK)
: = .

2 1BC1SA (doSA L(ABCD))

= BC 1 AH.

) [AH LBC
Do do, ta co = AH 1 (SBC)
AH 1 SK

= d(A,(SBC))=AH.

Dung {

& Cac phuong phap dua vé khoang cach tit chan dudng vudng géc

a) St dung song song ctia duong thing va mat phang
Puong thang d qua M, qua chan duong vuéng géc A va d // (P). Khi d6 d(M,(P)) =
d(A,(P)).

dj® M A

ulll
I H

b) St dung ty sé6 khoang cach

d A
M
A
K 0/ :
I—J //r H
P \ /
M

Néu H 1a hinh chiéu vudng géc cia A trén (P), dudng thang d qua hai diém M,
A va cat (P) tai O.

Khi d6: d(M,(P)) = g_]\;;f -d(A,(P)) (St dung dinh ly Talet dé& chitng minh).
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/

Khoi da dién déu

Khoi da . S6 |S6 | So6 .
dién deu Hinh dinh| canh mat Lo v R
S
éu (6) A c 12 4
. M
B
AI
| D,
Khoi lap | B'r— c
phuong R 8 |12 |6 |43 v=d® R_2V3
9 J=---t-2D 2

] c
M
o g 2 R
a ien . 2a av?2
du (9) A 6 |12 |8 | {34 y- R=

mat déu
(15) 4 4

7
N
It
Musi hai \
I 20 |30 |12 |53 15+7V5 4

Hai muoi
mit  déu VAA 12 130 |20 |{3;5 15+5\/3a3 B V10+ \/%a
(15) \\v/. 12 4

Mait phang d6i xiing cia mot s6 hinh thudng gap

 Hinh hop chit nhat ¢ 3 kich thitc khac nhau: ¢6 3 mat phang d6i xing.
e Hinh lang tru tam gidc déu: ¢6 4 méit phang d6i xing.

e Hinh chép tam giac déu: c¢6 3 miat phang dbi xing.
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B Khéi chép khong c6 tam d6i xing %

\ /

Hinh hoc phang )

e AABC vudng tai A: BC2=AB?+ AC2.

L 11 . 1
AH2 AB2 AC2?

1
© Dién tich SAABC = EAB -AC

* AABC vudng tai can tai A

BC?
SaABC = T

BC =ABvV?2 A C

Dinh ly Thales

AM AN MN
AB AC BC
SaAMN _ (AM)2 _ 2 A
" Saapc \AB)

. MN //BC > k

\ /

Dién tich da giac )

Dién tich tam gidc

D6i v6i cac tam gidc thuong ta st dung mot trong cac cong thic tinh dién tich sau day:

1 1 b
BSAABCZ§a~ha:§a-b~sinC:Z—RC:pr:\/p(p—a)(p—b)(p—c)

1
e Tam giac ABC vudng tai A: Saapc = §AB -AC.

2
N 3
e Tam giac ABC déu canh a: Saapc = 4 ;/_

N 3
e Tam giac ABC déu canh a c6 duong cao h = %.
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Dién tich tu giac
Cac tu giac dac biét ma ta thuong gap trong cac bai toan:
1
a) Hinh vuéng ABCD canh a: Sppcp =a? = EAC -BD.
b) Hinh chu Ilhé.t ABCD: SABCD =AB-AD.

1
¢) Hinh thoi: Ssgcp = EAC -BD =AB-AD -sinA.

d) Hinh binh hanh ABCD: Spsgpcp =AB-AD -sinA.

(a+b)-h

e) Hinh thang ABCD: Sapcp = >

\

Thé tich khéi da dién

Thé tich cta khdi ling tru c6 dién tich day B va chiéu cao 4 la

V=B-h

Thé tich ctia khdi chép cé dién tich day B va chiéu cao A 1a

v=yp.n
3

Néu (H) 1a khéi 1ap phuong c¢6 canh bang a thi Vig) = a®.

Thé tich ctia khdi hop chit nhat bang tich ba kich thudc ciané a-b-c.

Néu hai khél da dién (Hl) va (Hz) bf?mg nhau thi V(Hl) = V(Hg)-

Néu khoi da dién (H) dudc phan chia thanh hai khéi da dién (H;) va (H,) thi:

Vi =V + V)

Hinh chép déu )

a) Pay 1a da giac déu (hinh chép tam gidc déu c6 day la tam gidc déu, hinh chép ti
giac deu co day la hinh vuong).

b) Chan dudng cao trung véi tAm duong tron ngoai tiép da giac day (hinh chép tam
giac déu co6 chan duong cao trung véi trong tam G, hinh chop ta giac déu ¢6 chan
duong cao trung véi tam O caa hinh vuéng).

¢) Cac mat bén 1a nhitng tam gidc can va bang nhau.
d) Géc gitta cac canh bén va mat ddy déu bang nhau.

e) Géc gilta cac mat bén va méit day déu bang nhau.
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Két qua 1:

Két qua 2:

Két qua 3:

Ti s6 thé tich khéi chép

Cac két qua thuong dung

Cho tam giac OAB, trén canh OA chon A’, trén canh OB chon B’.
. .. Soar OA" OB’

Khi do: = .
19 Soas  OA OB

Cho hinh chép S.ABC, trén canh SA chon A’, trén canh SB chon B’ trén
canh SC chon C'.

. .. Vsapc SA'" SB' SC’
Kl'l d . = o .

19 Yo asc  SA SBSC

Cho hinh chép S.ABCD, trén canh SA
chon A’, trén canh SB chon B’ trén canh
SC chon C’ trén canh SD chon D’.

Khi do:

EVS_A/B/C/ _ a+b+c+d

Vsage = 4-abed

Trong do:
SA SB SC SD

=54 58" 50°% 5D

a

Két qua 1:

Ti s6 thé tich khéi ling tru

Cac két qua thuong dung
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Vapo.mune a+b+c

Vapcrase 3
Trong do:
_AM ,_BN _CP
“=aa’ " BB T cC

\

Két qua 2:
Vapcounpq a+b+c+d |
VaBcep.a'B'cp! 4
Trong do:
_AM BN _CP . _DQ
“=aa”’ BB’ " cc’® " DD

Khoi tron xoay

CAU TRU NON
, A
p(— 9 N ,
KHOI & l l
TRON
XOAY ! c .
h=¢ r?+h? = (2
*Syq =71l
A * — xq
DIEN | .. . _, “Saq=2nrh (1 dudng sinh, r bkinh)
TiCH S =4nR Stp_qu +28déy %S, =S. +Sas
=2nrl +2nr? tp = xq T ddy
) =nrl+nr?.
2 1
THE 4 2 V =Zar’h
” V = Z1R3 V =nar<h 3
TICH 37r ( A: duong cao)
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Puong thang A tiép xdc véi mét cau (S) tdm I c¢6 ban kinh R khi va chi khi
d(;A)=R.

Mat phang (P) tiép xuc v6i mat cau (S) tam I c6 ban kinh R khi va chi khi
d(Z;(P))=R.

\ 7

Thiet dién khoi non va tru

Thiét dién qua truc OO’ ctia hinh tru luén 1a mét Al

L 0’ B
hinh chtt nhat A'B’'BA. o,

777
A 777
720770 7707007707777
77

777

7

2777777707777772

77
17000070007277777
g

Chiéu rong: AB =2R
Chiéu dai: AA' =h=¢

Dlén tich: SA’B’BA =AB.AA'=2-R-¢

A

Thiét dién qua truc cia hinh nén dinh S luén 1a mot S
tam giac can dinh S.

Canh bén: SA=SB=/¢
Chiéu dai: AB=2R
Dién tich: SSAB =R-h

\ /

Thiét dién khéng di qua truc )

1. Khéi nén Goi H 1a trung diém AB.

* Tam giac SAB la tam giac can.

d(0,(SAB))=0OK.

(SAB),(day) = SHO.

(SO),(SAB)= OSH

R?>=0OH?+AH”

E H 12 trung diém AB.
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1. Khéi tru B
e ABCD la hinh chit nhat. i

* d(0,(ABCD))=OH.
* R?=0H*+HD*

EH 14 trung diém AD.

Ban kinh dudng tron ngoai tiép

Hinh

Tinh ban kinh ngoai tiep day

Tam giac deu canh a

V3

Rdéy = ?a

Tam giac vuong

1 4
Rasy = 5 -canh huyén

Hinh vuéng canh a

“|&

Rgsy=—a

Hinh chtt nhat canh a,b

1
Rdé_y: Eva2+b2

A 1
Hinh thang ntta luc giac deu Rasy = > -day 16n

abe

Tam giac thuong 3 canh a,b,c —_—
48 aay

Rgsy =

Ban kinh mét cau ngoai tiép khéi da dién

2
e Khéi da dién c6 canh bén vudng géc mit day R = Rlzi + (5) .

Hinh hop chit nhat + Hinh lang tru ding c6 day la tam giac vuong

Va2 + b2 + ¢?
> )

R=
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Hinh lap phuong R = ?.

, / d?
* Chép c6 mét bén vudng géc mat day R = /RZ +R2 - e

e Hinh chép déu: Goi 4 1a d6 cao ctia hinh chép va % 1a chiéu dai canh bén. Khi d6
k2
R=—.
2h
e Goi d 1a d6 dai doan thang ma tit ca cac dinh con lai nhin né duéi mot géc

. , , , o A . « R ~ , ~ d
vudng. Khi do, ban kinh mat cau ngoai tiép hinh chép la R = 5

\
Mat cau noi tiép

Goi V 1a thé tich khéi da dién va Stp 1a dién tich toan phan cua da dién. Khi d6, ban

N Lz ‘. A 1s 3V
kinh mat cau noi tiep khoi da dién la r = —.

tp

Toa d0 trong khong gian ]

1. Toa d0 vécto

e Vec-td don vi: i =(1;0;0), J =(0;1;0), %(0;0;1)
e Vec-to @ = a1?+a27+agz: o =(a1;a9;a3)
e Tinh ché\t: Cho hai véc to E’ = (al;azag), Z)Z (bl;bg;b3)

d N ->
Tong hleu: a+b= (@12 b1;a9+bg;ag+b3)
Tich mot so v6i mot vec to: ka = (ka1;kas;kas)
D6 dai vec to: |d| = a%+a%+a§

a1:b1
Hai vec to bﬁng nhau: @ = b =< as=by

+

ag=bg
Hai vec to cung phuong: T=kbo>1_922_03_
b1 bs b3
Tich v6 huéng ctia hai vec to: E’-Z):al-b1+a2-b2 +as-bg

Vec to E)_L?))<3 E’-F:al-b1+a2-b2+a3-b3
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a2 as
by b3

az aix
bs b

ai az
b1 bs

b

2

Tich c6 huéng ctia hai vec to: [E’, Z)] = (

|

=(agbs —asbg;asb1—aibs;a1bg —agbq)

Goc gitia hai vec to: 0° < a < 180°
aibi+asbg+agbs

2, 2., 2. 2,122, 1.2
\/a1+a2+a3 \/b1+b2+b3

> >
cosa:cos(a,b):

2. Toa d6 diém

o A(x;y;z)@O_A):x-T+y~7+z-z

e Cho M(x;y;z) khi dé
Hinh chiéu ctia M 1én Ox 1a M;(x;0;0)
Hinh chiéu cia M 1én Oy 14 M4(0;y;0)
Hinh chiéu ctia M 1én Oz 1a M5(0;0;2)
Hinh chiéu ctia M 1én Oxy 14 My(x;y;0)
Hinh chiéu cta M 1én Oxz 1a Ms(x;0;2)
Hinh chiéu ciia M 1én Oyz 1a Mg(0;y;z)

e Tinh chét
Cho cac di€ém A (xa;ya;24), B(xp;yB;2B), C(xc;yc;2c)

D6 dai doan thing AB:

AB =\/(xp x4 + (78— ya)? + (25— 24)?

Toa d6 trung diém I ctia doan thang AB

XA +XB
X1 =
2
_JYAt)B
Y1 9
ZA t+2B
27 =
=
Diém chia doan thing AB theo ti sb k: MA =k-MB
. _xa—k-xp, _ya—k-yB ; _2a—k-zB
MZ 71k -k M1k
XA t+Xp +Xc
xg = —————
¢ 3
+ v + Yo
Toa d6 trong tAm G cua tam giac ABC yG:W
Z2At2p T2
2g= —7—
¢ 3
Tt gidc ABCD 13 hinh binh hanh khi AB = DC. J
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Ung dung tich c6 huéng cua hai vec-to

@ va b cung phuong: [6’, Z;] =0

e @, b, ¢ dong phing: [E’, 3] .2=0

Dién tich AABC Saapc = % ) [EB’,A_C’”

Dién tich tinh binh hanh ABCD: Spcp = ) |AB,AC] ]

Thé tich tu dién ABCD: Vapcp = % |48.4¢]-aD|

Thé tich hinh hop: ABCD.A'B'C'D’: Vagcp aBcn: = ( [ﬁ,A_C’] AA )

* Ba diém A,B,C 1a ba dinh ctia tam giac khi AB khong cung phuong AC

e Bén diém A,B,C,D 13 4 dinh ti& dién khi [AB;AC]-AD # 0 .

\ /

Phuong trinh mit ciu |

Trong khéng gian Oxyz, phuong trinh mét cau (S) ¢6 tam I (a;b;c) ban kinh R 1a:

(x—a)+(y-b)?+(z—c)>=R?

Phuong trinh:

x2+y2+z2—2ax—2by—20z+d20

v6i diéu kién a? + b2 + ¢2 —d > 0 1a phuong trinh mat cau tam I (a;b;c), c6 ban kinh 1a
R=Va2+b2+c2-d.

Mot sb yéu tb trong tam giac

Xét tam giac ABC, ta co:

) . o AH1BC
H la chan duong cao hatt A chta AABC << _, .
BH =FkB

— AB —
AD la duong phan giac trong cia AABC < DB = —E.DC.

., —> AB—
AE la duong phan giac ngoai caia AABC < EB = i C.

AH1BC
H 1a truc tam cua AABC BHLAC
[E,A_C)] AH=0
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74| = |12]
e I la tam dudng tron ngoai tiép AABC & ‘E{ ‘ = )f&’) ‘
(4B, A¢) Al -0
Phuong trinh tong quat ctia mit phang )
E 7 #0 14 VTPT néu gia cua 7 vudng géc véi (P) %

e PTTQ (P): Ax+By+Cz+D =0 c6 vec-td phap tuyén 7 = (A;B;C).
Di qua M(xo, y0,20)

VTPT? =[a, b1
]A(x—x0)+3y—y0+0(z—z0):o

e Mat phang (P): {

e Mat phang trung truc cua doan thang AB di qua trung diém ctia AB va c6 vectd
phép tuyén n = AB.

o Mit phing (P) ¢6 cip vec-to chi phuong @ va b thi VTPT caa (P)1a 7 =[a, b1
* Néu (p) // (@) thi np = ng

e Mit phing di qua A,B,C phan biét khong thing hang c6 VTPT 7 = [Kﬁ,ﬂ:’ ]

o Mit phing () vudng géc véi dudng thing AB c6 7 = AB.

e Cho mat cau (S) ¢6 tam 1. .
Khi d6 mat phang (a) tiép xtc v6i mit cau (S) tai diém H c6 7 =I1H.

Mat phéng (P) cat ba truc toa do tai A(a;0;0), B(0;b;0), C(0;0;c¢)
@) 242422
a b ¢

Cac méit phang dic biét

* (Oyz):x=0 * (Oxz):y=0 * (Oyz):2=0

Néu trong phuong trinh (a) khong chia 4n nao thi mat phang (a) sé
song song hoac chua truc tuong tng. Chita khi D = 0.

\ /

Phuong trinh duong thang )

E % #0 14 VTCP néu gia cta @ song song hoéc trung véi d

L

e Pudng thang A di qua diém M(xo;y0;20) va c¢6 mot véc-to chi phuong la o =
(a;6;c).
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X =xg+at
Phuong trinh tham sOA: {y=yo+bt(teR)
z=z¢+ct
Phuong trinh chinh tic A: Y —byo =2720 héu (abc #0).
a

* Dudng thing A di qua hai diém A va B thi 7 = AB ho#ic @ = BA.

e Néu % la mot véc-td chi phuong cia A thi 2% (% # 0) ciing 14 mot véc-to chi phuong
cua A, do do mot duong thang c6 vo so véc-to chi phuong.

e Néu @, b 12 cip véc-to khong ciing phuong thi 7 = [5’, T;]

 Géc gitra hai mat phang
(P) c6 véc-to phap tuyén 71, (Q) cé véc-to phap tuyén ns

. 1w
Goi ¢ la goc gitrta hai mat phang (P) va (®). Ta co: |cosp = %
nif-|ng
e Géc gitta hai duong thang
A1 ¢6 véce-to chi phuong @1, Ay ¢6 vée-to chi phuong @
. a1-a
Goi ¢ la goc gitra hai duong thang A; va Ag. Ta co: |cosg = %
ai|-|ag
 Géc gitta duong thang va mat phang
A ¢6 véc-to chi phuong @z, (@) c6 véc-to phap tuyén 7,
|@a- 7]

Goi ¢ 1a géc gitta hai duong thang A va (). Ta ¢

sing ===
@l |7l

\ /

Khoang cach ]

o Khoang cach tit A(xo;yo:20) dén (P): Ax+by+Cz+D =0:
|Ax0 +By0+Cz0 +D|

VA2 +B?+(C?

» Khoang cach tit diém M dén duong thang A
A di qua diém M, va c6 véc-to chi phuong @ a

2 3]

d(A,(P)) =

d(M,A) = EN
A

« Khoang cach giita hai duong thang chéo nhau
A1 di qua diém M va c6 véc-td chi phuong @1, Ay di qua diém N va c6 véc-to chi
phuong (_1)2

TH.S PHAM HOANG DIEP 32 GV: NGUYEN THAI HOANG



SO TAY TOAN HOC 038.333.8353 NAM 2021 - HAPPY NEW YEAR!!!

(@1, @5]-MN|

|[@1, @]

d(A1,Ag) =

\

Vi tri tuong d6i )

e Vi tri tuong d6i gitwra hai mat phang:
Cho hai mét phéng (Pq) A1x +Bly+ C1z +D1=0 va P9) Agx +Bzy+C'22 +Dgy =0.
Khi do ta c6 ba truong hgp
A1 Bl C1 D1
1. P = P —_— = — = — = —
(P1)=( 2)®A2 By C» Dy
4 _Bi_C D

2. (Pl)//(P2)©A—2:B—2—C2 Dz.

3. (P1) cit (Py)© A1:B1:C1#As:By:Cs.

Luu 572 A1.A3+B1.B3+C1.C3=0< (P1) L(P3).
* Vi tri tuong d6i gitta duong thang va mat phang
X =x0+at
Cho (A):{ y=y0+bt va(P):Ax+By+Cz+D =0.
z=z¢+ct
Thé (A) vao (P) ta dude: A(xg+at)+B(yg+bt)+Clz+ct)+D=0sA't+B' =0 (1)
Néu (1) ¢6 dung mot nghiém ¢ = ¢ thi (A) cat (P) tai diém
Moy(xg+ato;yo + btg;z + 2tg)
Néu (1) v6 nghiém thi (A) // (P)
Néu (1) v6 s6 nghiém thi (A) € (P)
* Vi tri tuong d6i gitta mat phang va mit cau
Cho mit cau (S) = (I;R) va mat phang (P)
Néu d(I,(P)) = R thi (P) tiép xtc (S).
Néu d(I,(P)) > R thi (P) khéng cit (S).
Néu d(I,(P)) <R thi (P) cat (S) theo mét duong tron (C) = (O;r).
Khi d6 d? +r? = R2.

* Vi tri tuong d6i gitra dudng thang va mit cau

X =x0+at
Cho (A):{ y=yo+bt va(S):(x—a)+(y-b)2+(z—¢)>=0
z=zp9+ct
Thé (A) vao (S) ta dude phuong trinh bac hai: A't2 +B't+C' =0 (2)

Néu A >0 thi d cat (S) tai hai diém phan biét.
Néu A =0 thi d tiép xdc véi (S) va d(I,(A) = R).
Néu A <0 thi d khong cét (S).
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* Vi tri tuong d6i gitra hai duong thang
diquaM {di qua N
I

Cho d;: _,va .
VTCP =u;q VTCP =uq

(1,73 = 0 thid; song song hoic trung ds. LAy M € d; bat ki.
+ Néu M € dy thi d; trung ds
+ Néu M ¢ ds thi d; song song ds
[u7,u43]# O thi dy cdt hodc chéo dy. Khi dé
x [u7,us]-MN = 0 thi d; cit ds.
« [w7,us]-MN # 0 thi d; chéo ds.
* Vi tri twong déi gitta mét diém va mot mit cau
Cho diém A va mét cau (S) = (I;R) khi d6
IA >R thi A n3m ngoai (S)
IA =R thi A nam trén (S)
IA <R thi A n3m trong (S)

Toa @6 hinh chiéu va doi xing cua mot diém qua mat phang

Cho diém M(xo; yo;20) v& mat phang (P): Ax+By+Cz+D =0.

, Axg +Byo+CZ() +D o iz
Xét|T = A2+ B2 102 . Khi do

x=x9—AT
e Toa d6 hinh chiéu cta M 1én (P)1a H:{ y = yo— BT
z2=29—-CT

x=x9—2AT

e Toa do diém dbi xiing ciia M qua (P) 1la M’ :{ y=yo—2BT

z2=20—-2CT
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