chvonc O PHEP BIEN HiNH

sat 1. MO PAU VE PHEP BIEN HINH

@ TOM TAT LY THUYET

(D Pinh nghia
Phép bién hinh 12 mét quy tac dé tng v6i mébi diém M thudc mat phang, ta xac dinh dude mot diém duy
nhat M’ thudc mat phang ay. Diém M’ goi 1a anh ctia diém M qua phép bién hinh dé.

(2 Ki hiéu va thuat ngr

Cho phép bién hinh F.

— Néu M’ 14 anh ctia diém M qua F thi ta viét M’ = F(M). Ta néi phép bién hinh F bién diém M thanh
diém M’

— Néu H 1a mét hinh nao dé thi H' = {M'|M’' = F(M),M € H} dudc goi 1a anh ctia hinh H qua F. Ki hiéu
la H =F(H).

(3) Phép doi hinh
Phép doi hinh 14 phép bién hinh khong lam thay d6i khoang cach giita hai diém bat ki.
Phép doi hinh bién
— ba diém thang hang thanh ba diém thang hang va khong lam thay d6i thi tu ba diém dé.
— dudng thang thanh duong thang.
— tia thanh tia.
— doan thang thanh doan thing bang doan thang da cho.
— tam gidc thanh tam gidc bing tam giac da cho.
— duong tron thanh dudng tron cé cing ban kinh véi dusng tron ban dau.
— géc thanh géc bang géc ban dau.

sAl2.  PHEP TINH TIEN

@ TOMTAT LY THUYET

(1 Dinh nghia
Dinh nghia 1. Trong mit phing cho vects 7. Phép bién hinh bién mébi diém M thanh M’ sao cho MM’ =
7 dudce goi 1a phép tinh tién theo vecto 7.
Phép tinh tién theo vects v thudng dudc ki hiéu 1a Ty, T dudc goi 1a vecto tinh tién.
To>M)=M' o MM'=7.
(2) Tinh chét
Tinh chét 1. Néu T>(M)=M', T3(N) =N’ thi M'N' = MN va tit d6 suy ra M'N’ = MN.

Tinh chét 2. Phép tinh tién bién dudng thing thanh dudng thing song song hodc trung véi né, bién
doan thang thanh doan thang bang né, bién tam giac thanh tam giac bang nd, bién dudng tron thanh
duong tron c6 cung ban kinh.

(3) Biéu thiic toa d6 ctia phép tinh tién
Trong mat phing toa do Oxy cho vectd T = (a;b). V6i mbi diém M(x;y) ta ¢6 M'(x';y') 1a 4nh ctia M qua

*-x=a __ _ *=x+a
, . Tu dé suy ra

y-y=b
Biéu thic trén dudc goi 1a bidu thiic toa dé cia phép tinh tién T.

phép tinh tién theo vects v. Khi d6 MM' =7 & { b
y =Yy
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(® DANG TOAN VA BAI TAP

(O DANG 2.1. Xdc dinh dnh cia mét hinh qua phép tinh tién

Phuong phap gidi: Goi H' la dnh cia hinh H qua phép tinh tién theo véc-to U = (a;b).
Véi moi diém M(x;y) bat ki thudc H, ta c6 T3(M)=M'(x'";y')e H'.

x'=x+a x:x/—a ’ '
, = , > M(x' —a;y —b)
y=y+b y=y -b

Thay toa dé diém M vao phuong trinh biéu dién hinh H ta thu dudc phuong trinh biéu dién hinh H'.

€ vioy

Vi DU 1. Trong mét phéng toa d6 Oxy, cho ¥ =(2;1) va diém M(3;2). Tim toa d6 diém A sao cho
D A=TyM). DS: A(5;3) (2) M =T3(A). bS: A(1;1)
Lai giai.
. , x=3+2 x=5
(D) Gia st A(x;y) tacé A =Ty(M) = EN = A(5;3).
y=2+1 y=3
. ) 3=x+2 x=1
(2 Goi A(x;y), ta c6 M =T3(A) = = = A(1;1).
2=y+1 y=1

Vi DU 2. Trong mat phang Oxy, cho duong thang d. Hay tim anh ctia dudng thang d qua phép tinh tién theo
vée-to U

@ d:2x-3y+12=0va v =(4;-3). DS:2x-3y-5=0

@ d:2x+y-4=0va T=AB, A3;1), B(-1;8). PS: 2x+y-3=0

Loi giai.

Goi d' 1a anh ctia dudng thing d qua phép tinh tién theo véc-to T; M(x;y) 12 mét diém bat ki trén dusng thing d va
M'(x';y") = T3 M). Khi d6

¥ =x+4 x=x'—4
®{

, 3 => 'y3 = M(x' —4;y' +3). Ma diém M thudc dusng thing d nén
Yy =y- Y=y

20x' -4)-3(y' +3)+12=0<2x' -3y -5=0.
Suy ra phudng trinh dudng thing d’ 1a 2x-3y-5=0.

7:> => M +4;y -7).
y=y+

N ¥ =x—4 x=x'+4
(2 Tacé v =AB=(-4;7). Do d(’){ {
Ma diém M thudc dudng thing d nén

/ y=y' -7

2x'+4)+y' -T-4=02x"+y -3=0
Suy ra phuong trinh dudng thing d’ 14 2x+y—-3=0.

Vi DU 3. Trong mat phang Oxy, cho dudng tron (C). Hay tim anh ctia duong tron (C) qua phép tinh tién 7,
biét

D (C): (x-4)2+(y+3)2 =6 vA T =(3;2). PS: (x-72+(y+1)?=6

@ (C): a2 +y2+4x—4y—1=0va T = AB véi A(-1;1), B(1;-2). PS:22+y2+2y+16=0
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Lgi giai.
Goi (C") 1a anh ctia dudng tron (C) qua phép tinh tién theo véc-to T, M(x;y) 1a mot diém bat ki trén dudng tron (C)
va M'(x';y") =Ty(M). Khi dé

x=x+3 x=x'-3

. = . = M('-3;y' -2). Ma diém M thudc dudng tron (C) nén
y=y+2 |y=y -2

(' -3-42+( -2+32 =6 -2+ +1)?=6.
Hay phuong trinh dudng tron (C') 1a (x - 7)2 +(y +1)? =6.

2 =x+2 x=x-2 e A R . A
= M(x'-2;y' +3). Ma diém M thudc duong tron (C) nén

Tac6 0 = AB=(2-3) va >
® *2 {y’=y—3 y=y'+3

(' =22 +(y +32+4(x' -2)-4(y'-3)-1=0x2+y2+2y +16=0

Hay phuong trinh duong tron (C') 1a x% + y2 +2y +16 = 0.

Vi DU 4. Tim phuong trinh anh ctia cac duong sau qua phép tinh tién theo 7.

. x?  y? = (x+3)% (y-4)
@Ehp(E).§+Z_1vav—(—3,4). bsS: s "2 =1
(2) Parabol (P): y =x%—2x, va v =(1;1). PS: y=x%—4x+4

Loi giai.
(1) Goi (E') 1a anh cta elip (E) qua phép tinh tién theo véc-to T, M(x;y) 12 mot diém bat ki trén elip (E) va
M'(x';y")=TwM). Khi d6
x=x-3 x=x+3 , )
, = , => M(x'+3;y" —4).
y=y+4 |y=y-4

! 2 I _ 4)\2
(x'+3) +(y 4) _

Ma diém M thudc duong elip (E) nén 1 1.
3 2 —4 2
Hay phuong trinh duong elip (E’) 1a @+3)” + &4 y ) =1.

(2) Goi (P') 1a anh ctia parabol (P) qua phép tinh tién theo véc-td 7, M(x;y) 1a mot diém bat ki trén parabol (P)
va M'(x';y") = Ty(M). Khi dé
x=x+1 x=x—-1 , ,
, = , =>Mix' -1;y' - 1).
y=y+l |y=y-1

Ma diém M thudc parabol (P)nén y' —1=(x'-1)2-2(x'-1) & v/ =x% —4x' + 4.
Hay phuong trinh parabol (P') 1a y = x% — 4x + 4.

O
Q BAI TAP AP DUNG
BAI 1. Trong mit phing toa d6 Oxy, cho T =(-1;3), diém M(-1;4). Tim toa d6 diém A sao cho
@D A =Tyz(M) PS: A(-2;7) @) M=T_3(A) PS: M(-2;7)

Lai giai.
Gia st A(x;y).

(@) Ta ¢6 2V =(-2;6). Ta c6
x=-1-1=-2

TS A2,
y=4+3=7

A=Typ(M) < {

(2 Tac6 —v =(1;-3). Ta c6

= M(-2;7).

-1=x+1 x=-2
o
4=y-3 y="1

M=T_3A)o {
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a

BAI 2. Trong mét phang Oxy, cho A(3;5), B(-1;1), ¥ = (-1;2), dudng thang d va duong tron (C) cé6 phuong trinh
d:x-2y+3=0, (C): (x—2)%+(y—-3)%=25.

(1) Tim anh ctia cac diém A’, B’ theo thii tu 1a anh cia A, B qua phép tinh tién theo v DS: B'(-2;3)
(2) Tim toa d6 diém C sao cho A 1a anh ctia C qua phép tinh tién theo v". PS: C(4;3)

(3 Tim phuong trinh duong thing d’, duong tron (C') lan ludt 1a anh ctia d, (C) qua phép tinh tién theo 7.
PS:d:x-2y+8=0va(C): (x-1)2+(y-5)2=25

Loi giai.

xpr=3-1=2
yAI=5+2=7

fxp=-1-1=-2
= A'(2;7) va = B'(-2;3).
yB' = 1+2=3

D macs |

3=xc-1 xc=4
@) Tac6 A=T»(C) o CT 1T S o).
S5=yc+2 yc=3

(3) Goi M(x;y) 1a mét diém bat ki trén dudng thang d va M'(x';y') = T5(M). Ta c6

¥=x-1 x=x"+1 , ,
) = , >MGE +1;y —2)
y=y+2 y=y -2

Ma diém M thudc dudng thang d nén x' +1-2(y' -2)+3=0<x' -2y +8=0.
Hay phuong trinh duong thang d’ 1a x—2y+8=0.
Goi N(x;y) 1a mot diém bat ki trén dudng tron (C) va N'(x;y') = T(N). Ta cé

x=x-1 x=x'+1 , .
, = , =>NE&'+1;y'-2)
y=y+2 |y=y -2

Ma diém M thudc duong tron (C) nén (x' +1-2)2+(y' —2-3)2 =25 & (x' =12 +(y' - 5)% = 25.
Hay phuong trinh dudng tron (C’) 1a (x — 1)2 + (y — 5)% = 25.

a

BAI 3. Trong mét phéng Oxy, cho tam gidc ABC c6 anh qua phép tinh tién theo ¥ =(2;5) 1a tam gidc A’B'C’ va tam

gidc A'B'C' ¢6 trong tadm la G'(-3;4), biét rang A(-1;6), B(3;4). Tim toa do cac diém A’, B, C'
PS: A'(1;11), B'(5;9), C'(-15;-8)

Loi giai.

Goi G la trong tdm tam giac ABC. Khi d¢6 ta co

xpa=—-1+2=1
A = A'(1;11).

+) A'=T4(A
) 7 )3{yAr=6+5=11

, .’X)Br=3+2=5 ,
+) B'=T3(B)=> 4i5-9 = B'(5;9).
yp =4+5=

+) G’ la trong tdm tam giac A'B’'C’ nén

xor =3xgr — XA —Xpr xoo=-9-1-5=-15 xor=—15
T eRE AT 1T = {7 = C'(~15;-8).
Yo =3ya' —yar—yp  |¥cr=12-11-9=-8 yer=-8
O
BAI 4. Trong miét phing toa d6 Oxy, hay xéc dinh toa do diém M trén truc hoanh sao cho phép tinh tién theo
T =(-2;3) bién diém M thanh diém M’ ndm trén truc tung. bS: M(2;0)
Loi giai.

/

Goi M(x;0) v M'(x';y') = T(M). Ta ¢6 {x, -

-2
3 => M'(x—2;3).

Do diém M’ thudc truc Oy nén x —2=0= x = 2. Do d6 M(2;0). O



2. PHEP TINH TIEN 291

0 BAI TAP REN LUYEN

BAI 5. Trong mét phang Oxy, cho dudng thang d. Hay tim anh cta dudng thing d qua phép tinh tién theo ¥ trong
cac truong hop sau:

@ d:2x-3y+5=0, v =(3;2). PS: 2x-3y+5=0
2 d:3x—y+2=0, U =(-4;2). PS:3x-y+16=0
(3 d:3x+4y-5=0, 7=E, A(0;2), B(2;3). PS:3x+4y-15=0
@ d:x+3y-2=0, T =2AB, A(-2;3), B(0,2). PS:x+3y=0
(®) d cat Ox, Oy tai A(-1;0), B(0;5) va U =(2;2). PS: 5x+y+17=0

BAI 6. Trong mat phéng toa d6 Oxy, cho dudng tron (C). Hay tim anh ctia dudng tron (C) qua phép tinh tién theo
7 trong cac truong hop sau:

@ (©): (x-2)%+(y+4)2 =16, T =(2;-3). PS: (x-4)2+(y+7°%=16
@ (©): (x+1)2+(y—-3)2=25, T=AB, A(-1;1), B(1;-2). PS: (x-1)2+y2=25
3 (©): (x+22+(y+4)2=9, T=-CB, B(2;-3), C(~1;5) PS: (x+5)2+(y-4)2=9
@ (C):x?+y?>—4x-6y-8=0, U =(5;-2). PS: (x-7)2+(y-1)?=21
B (C):x%+y?2-2x+4y—-4=0, 7 =(-2;3) PS: (x+1)2+(y—-12%=9
® (C):a2+y2+6x—-2y+6=0, T =3BC, B(1;-2), C(~1;-5). PS: (x+9)2+(y+8)%2=4

BAI 7. Trong miat phing Oxy, Cho A(1;3), B(-2;2), C(3;-4). Goi M 1a trung diém BC va G la trong tam tam gidc
ABC. Goi (C) 12 dudng tron di qua ba diém A, B, C. Hay xac dinh

@ A'=Ty3(A) va B =T53(B) PS: A'(6;-3), B'(0;-5)
N 4 13 1 11
@ Al :TC—G)(A) va Glsz(G) DS: A1 (—5;3)’6;1:(6;_?)
. 1
(3 d'=Tg;;(d) véi d 1a duong thang di qua A, M. DS: 4x - 3= 14=0

(3 DANG 2.2. Xac dinh phép tinh tién khi biét dnh va tao &nh

Phuong phdp gidi: Gia stz M'(x';y") la dnh clia M(x;y) qua phép tinh tién theo vecto U = (a;b). Khi dé, ta cé
T =MM' va toa d6 U dude xdc dinh nhu sau

a= x, —X

b=y'-y’

0 viby

Vi DU 1. Trong mit phing toa d6 Oxy, cho mét phép tinh tién bién dudng tron (C): (x +1)% +(y —2)% = 16 thanh
duong tron (C'): (x —10)2 + (y + 5)? = 16. Hay x4c dinh phép tinh tién doé. PS: v =(11;-7)

Loi giai.
Tu phuong trinh dudng tron ©)) va (C'), ta suy ra tam ciia hai duong tron dé lan luot 1a I(~1;2) va I'(10;-5). Ta ¢
THHC)=(C)=>To(D=1'>T=II=11;-7).

O

Vi DU 2. Trong mat phang toa d6 Oxy, cho dudng thing d: 2x—3y+3=0vad': 2x—3y—5=0. Tim toa d06 cta
v ¢6 gia vudng géc véi duong thang d d€ d’ 1a anh cia d qua T+.

PS: 7 = (16 24)

13’ 13

Loi giai.
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Chon diém A(0;1) e d. Goi A 1a duong thing di qua A va vudng géc véi d
=>A:3x+2y-2=0.

Goi A'=d'nA. Toa @6 diém A’ théa man hé phuong trinh TS
16
2x—38y-5=0 =13
x -3y AT :,A,(E;_g)_ ,
3x+2y—-2=0 1 13> 13 A
Y=g
— 16 24
Vay 7 =AA = (_;__).
13" 13
O
Vi DU 3. Trong mat phang toa do Oxy, cho hai dudng théng lan luot c6 phuong trinh 1a d: 3x—5y+3=0 va
d':3x-5y+24=0. Tim v, biét [v]=v13va Ty(d)=d’.
29 54
DS: v=(-23hay v = |-—; —
v=(-23) hay v 17’17)
Loi giai.
Chon diém A(-1;0)ed. Goi A/(-8+5¢;3t) ed’ 12 anh ctia A qua Ty. Khi d6, v =AA’ = (-7 +5¢;3¢).
t=1
Tacé |T|=vV13e |AA | =13 \/(-T+5t)2 +(3)2 = V13 © 34t2 - 70t +36 =0 & 18
t=—
L . 17
V6it=1,taco v=(-2;3).
. 18 PN 29 54
Véit=—,tacov=-——;—|. O
17 1717

Q BAI TAP AP DUNG
BAI 1. Trong mit phang toa dé Oxy, cho duong thang d: 3x—y—-9=0.

(1) Tim phép tinh tién theo vects T c6 phuong song song véi truc Ox, bién d thanh duong thang d’ di qua gbc toa
d6. Khi d6 hay viét phuong trinh duong thang d'. DS: v =(-3;0)

(2) Tim phép tinh tién theo vects @ c6 gia song song véi truc Oy, bién d thanh d” di qua diém A(1;1).

s -1
3
Loi giai.
x c&t d va d' 1an ludt tai A(3;0) va 0(0;0). Ta ¢6 T»(A)=0 = T =A0 = (-3;
Ox cat d d’ lan lugt tai A(3;0) va 0(0;0). T T3A)=0 AO =(-3;0)
. N N 2 . N L . 10
(2 Goi A 1a duong thang di qua A(1;1) va song song v6i Oy = A: x=1. Goi B=And = B (?;1).
- A 7
Taco T3(B)=A=> vV =BA = (—5;0)
O

BAI 2. Trong mit phéng toa d6 Oxy, phép tinh tién theo v bién diém M(3;-1) thanh mét diém trén dudng thang
d:x—y-9=0. Tim toa d6 v, biét rang |v’| = 5. PS: v =(5;0) hay v =(0;-5)
Loi giai.

Goi M’ 1a 4nh cta M qua phép tinh tién theo ¥. Ta ¢c6 M' e d = M(m,m —9).
TM)=M'=>7T =MM' =(m-3;m-8).

m=3
IT1=5e/(m-32+(m—-82=5o2m%2-22m+48=0< g

m =
Véi m =3, tacé v =(0;-5).
Véi m =8, ta cé6 v =(5;0). O

BAI 3. Trong mét phing toa d6 Oxy, cho hinh binh\hénh ABCD c6 phuong trinh chita canh AB la 3x-2y+3=0va
chtia canh CD 12 3x -2y -6 =0. Tim toa do6 v, biét rang CD =T3(AB) va U L AB.
(27 18
bS: v = (—;——)
13" 13
Lgi giai.
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Chon diém M(-1;0) thudéc dudng théng chita canh AB va M’ 1a anh cta M qua A M - B
phép tinh tién theo vects v.
Goi A 1a duong théng chitia MM’ = A L AB (do MM’ 1 AB) va di qua M. N
Suy ra phuong trinh duong thang A: 2x+3y+2=0. v

o (14 18
TacoM'=AnNCD=>M'|—;—— M

13" 13 D C

-~ — (27 18

Vay v =MM' = (—;——).
137 13

Q BAI TAP REN LUYEN

BAI 4. Trong mit phang toa d6 Oxy, hay xac dinh phép tinh tién theo v cung phuong véi truc hoanh bién dudng
théng d: x—4y+4 =0 thanh dudng thang d’ qua A(1;-3). PS: v =(17;0)
BAI 5. Trong mit phing toa d6 Oxy, cho hai duong thing d, d’ 1an lugt c6 phuong trinh la d: 3x—y-7=0,d’: 3x—
y+13 =0 va vectd © = (1;-1). Tim toa do ctia vectd v trong phép tinh tién T+ bién d thanh d’, biét rang vects v va
% cung phuong. DS: ¥ =(-5;5)
BAI 6. Cho (P): y =x%—4x+7 va (P"): y =x2. Tim phép tinh tién bién (P) thanh (P").

bPS: v =(-2;-7)

(3 DANG 2.3. Cdc bai todn (rng dung cla phép tinh tién

(1) Chitng minh hodc xdc dinh cdc yéu té hinh hoc
— Ti gid thiét tim hai diém cb dinh phi hop dé xdy dung mét vecto cb dinh.
— Xdc dinh mét phép tinh tién phii hop theo vecto cb dinh vita tim dudc.
—— Dung tinh chat ciia phép tinh tién dé chitng minh cdc tinh chdt hinh hoc hodc xdc dinh cdc yéu té
cua hinh.
(2) Tim tap hop diém M théa man tinh chdét cho truée (Todn quy tich)
—— Chi ra phép tinh tién theo vecto U bién diém E nao dé thanh M ma quy tich diém E da biét hodc dé
tim hon.

Ty:E—~M
(H)— (H")

— Xdc dinh hinh (H) la quy tich ctiia diém E.
— Khi dé tap hop cdc diém M la hinh (H') véi (H') la dnh cia (H) qua phép tinh tién theo vecto T.

Diéu kién ap dung: Bai todn c6 yéu to song song va bang nhau, cé vecto, . ..

0 viby

VI DU 1. Cho tt gidc ABCD c6 A =60°, B =150°,D =90°, CD =12 va AB = 6v/3. Tinh d6 dai cic canh AD va

BC. PS: AD =63,BC=6
Lai giai.
Xét Tzz(A) = M = ABCM la hinh binh hanh. A
= BCM =180°~ABC = 30 6v3

Ta c6: BCD = 360° —(DAB+ADC +ABC) =60° = MCD = 30°.
Theo dinh 1y cosin cho AMDC:

MD? =1MC2 +DC?-2MC -DC -cos30° =36 =MD =6.

MD = §CD va MC = MD+/3= AMDC la niia tam gic déu. \}‘5\00

= DMC =90° => MDA = 30°.
=> MDA =MAD =MAB =30°
= AAMD cantai M = BC=MA =MD =6. 12
AD DM
Theo dinh 1y sin cho AAMD: —— = — D Y
o sinAMD sinMAD
DM -sinAMD 6-sin120°

= ———— = " = 6\/5.

sin MAD sin30°

< AD
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Vi DU 2. Cho hinh binh ABCD, AB c¢b dinh, D di d6ng trén du0ng théng d ¢b6 dinh. Tim tap hop diém C.
PS: Tap hop diém C 1a dudng thang d’, 14 anh ctia d qua phép tinh tién theo AB

/B / c
A D
ABCD la hinh binh hanh AB DC.

Suy ra phep tinh tién theo AB bién D thanh C, ma diém D di dong trén dudng thang d cb dinh, do d6 C di dong trén
d' 1a 4nh cta d qua phép tinh tién theo AB. O

Loi giai.

Vi DU 3. Cho hinh binh hanh ABCD c6 dinh A ¢6 dinh, BD ¢6 d6 dai khong d6i bang 2a, ba diém A,B,D nam
trén mét duong tron cb dinh (O;R). Tim tap hop diém C.

DS Tap hop diém C 1a dudng tron anh ctia dudng tron tAm A, ban kinh 2VR2 —a? qua phép tinh tién theo
AK v6i K 1a giao diém ctia AO véi dudng tron (O;R)

Loi giai.
(1) Cach 1

D c

Goi H 1a truc tam cia AABD, K 1a giao diém ctia AO véi dudng tron n (O;R). | Khi d6 K cb dinh.

Goi I =ACnBD.Tacé6: OI 1a duong trung binh cta AAKC, suy ra KC=201 (.

Mat khac: HBDK la hinh binh hanh, suy ra I la trung diém ctia HK, do d6 OI 1a duong trung binh ctia AAHK.
Suy ra AH =201 2).,

Tu (1) va (2) suy ra KC = AH nén AHCK 1a hinh binh hanh, suy ra AK = HC.

Xét AOBI vuodng tai I ¢c6 O = VOB2—-1B2=VR?-a?2.

Suy ra AH =201 =2VR?-a*

Phép tinh tién theo AK bién H thanh C, A thanh K.

Do d6 tap hop diém C la du0ng tron tam K, ban kinh 2VR2-a2, 14 4nh cha dudng tron tdm A, ban kinh
2VR2? - a2 qua phép tinh tién theo AK.

(2 Cach 2

D C

Goi K 1a giao diém ctia AO véi duong tron (O;R). Khi dé K ¢b dinh.

Goi I =ACNnBD. Ta c6: OI 1a dudng trung binh caa AAK C, suy ra KC=201.
Goi E d6i xtng véi O qua I. Khi d6 OE =201 =2VR2 — a2

Suy ra tap hop diém E 1a dudng tron tam O, ban kinh 2\/1’32 —a2.
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Ta ¢6: KC =201 = OE suy ra OKCE 12 hinh binh hanh. Do d6 OK = EC.
Suy ra phép tinh tlen theo OK bién diém E thanh C, O thanh K. Do do tap hop diém C 1a duong tron tam K,
ban kinh 2VR2 — a2, 12 anh ctia dudng tron tam O, ban kinh 2vR2 — a2 qua phép tinh tién theo OK.

a
Q BAI TAP AP DUNG
BAI 1. Cho ti giac 16i ABCD ¢6 AB=BC =CD =a, BAD =75°, ADC =45°. Tinh AD. PS: AD =a\/2+v3

Loi giai.

A/

Xét Tza(A)=A'. Khi d6 tid gidc ABCA' 1a hinh binh hanh.

Suy ra CBA +A'CB=180°va AA'=CA'=BA=CD =a = ACA'D can tai C.

Ta c6: BAD + ADC + DCB + CBA = 360° = CBA + DCB = 240° = A'CD =60° = ACA'D déu.

= A'DA =15°=AA'D =150° (AA’AD can tai A').

Ap dung dinh 1y cosin cho tam gidc A’AD: AD2=A'A%2+A'D2-2-A’A-A'D-cosAA'D =242+ /3a2.

=>AD =a\/2+V3. O
BAI 2. Cho hinh binh hanh ABCD, hai diém A,B cb dinh, tAm I ctia hinh binh hanh di déng trén dudng tron (C).
Tim quy tich trung diém M cta canh BC.

< R N N N N 5 4 . - A 1—
DS: Tap hgp diém M la dudng tron (C'), la anh ctaa (C) qua phép tinh tién theo §AB

Loi giai.

A D

— 1—
Ta c6: IM la duong trung binh cia ACAB=IM = §AB.
Suyra:M =T, D ma I di dong trén dudng tron (C), do dé M di dong trén duong tron (C’), la &nh cta (C) qua phép
2

4 1—
tinh tién theo §AB. O

O BAI TAP REN LUYEN
BAI 3. Cho hinh binh hanh ABCD va diém M sao cho C nam trong tam giac MBD. Gia sit MBC = MDC. Ching
minh: AMD =BMC.

BAI 4. Cho doan thang AB va dudng tron (C) tAm O ban kinh R n3m vé mot phia ctia dudng thang AB. Ly diém
M trén (C) réi dung hinh binh hanh ABMM'. Tim tap hop cac diém M’ khi M di dong trén (C).
PS: Tap hop diém C 1a dudng tron (C’), 1a anh cta (C) qua phép tinh tién theo BA
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sil3.  PHEP DOI X(NG TRUC (BAI DOC THEM)
@ DINHNGHIA

(1) Diém M’ dudc goi 1a d6i xing véi diém M qua dudng thing d néu d 1a duong
trung truc ctia doan thang MM’'. Khi diém M nam trén d thi ta xem M d6i xiing
v6i chinh né qua duong thang d.

(2) Phép bién hinh bién méi diém M thanh diém M’ d6i xing véi M qua dudng thang M,
d dudc goi la phép doi xiing qua duong thang d, hay goi tat 1a phép doi xing truc.

(3) Puong thang d dudc goi la truc d6i xting. Ki hiéu D.

Nhu vay M’ =Dg(M) & MoM' = -MoM, v6i M, 1a hinh chiéu vudng géc ctia M trén
d.

(® BIEUTHUCTOA PO
Trong mat phang toa do Oxy, v6i méi diém M(xar; yur), g0i M (xpgr; varr) = Pa(M).

Z XM =X
—— Neéu chon d la truc Ox thi ta cé { M= AT
M =-yum.

XM= —XM

—— Néu chon d 1a truc Oy thi ta ¢ {
YmM' =YM-

(@® TiNH CHAT
Phép d6i xting truc 1a mot phép doi hinh nén cé day da tinh chat ctia phép dsi hinh:
— Bao toan khoang cach giita hai diém béat ki;
— Bién mét dudng thing thanh dudng thang;
— Bién mét doan thang thanh mét doan thang bang doan thang da cho;
— Bién mét tam gidc thanh mot tam gidc bang tam giac da cho;

— Bién mét duong tron thanh mét dudng tron cé cung ban kinh.
® TRUC POI XUNG CUA MOT HINH

Puong thang d goi 1 truc d6i xting ctia hinh H néu phép dbi xiing truc P, bién hinh H thanh chinh né, tic 1a
H=Dy(H).

sAld. PHEP QUAY

@ TOMTAT LY THUYET

(1 DPinh nghia
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Cho diém O va géc lugng giac a. Phép bién hinh bién O thanh chinh M
né, bién moi diém M khac O thanh diém M’ sao cho OM' = OM va
goc lugng giac (OM;0M’) bang a dude goi 1a phép quay tdm O géc
quay a.
DPiém O goi 12 tAm quay, a goi 1a géc quay. Phép quay tdm O géc a,
ki hléu la Q(O;a)-
Qo (M) = M & | OMOM)=a

= <>

©® OM=0M'. .
|
0 ‘ M

— Phép quay nao bién 1a co (C) thanh 14 co (C'):
— Phép quay nao bién 12 co (C’) thanh 14 co (C):
(2 Tinh chét
Phép tinh tién 1a phép bién hinh bién:
— Bao toan khoang cach giita hai diém bat ki.
— Bién mét dudng thing thanh mét dudng thang.
— Bién mét doan thing thanh mét doan thing bang doan thang da cho.
— Bién mét tam gidc thanh mot tam gidc bing tam giéc da cho.

— Bién mét dudng tron thanh mét dudng tron cé cung bén kinh.

Gia st phép quay tdm O géc quay a bién dudng thing d thanh dudng thang d'. Khi dé:

— NéuoO<as g thi géc gitta d va d’ bing a.

— Néug<a<nthigécgiﬁadvéd’bﬁngn—a.

(3 Hai hinh bang nhau
Hai hinh dudc goi 1a bang nhau néu c¢6 phép doi hinh bién hinh nay thanh hinh kia.

(® DANG TOAN VA BAI TAP

(D DANG 4.1. Tim toa dé dnh ctia mét diém qua phép quay

Phuong phadp xdc dinh anh ciia mét diém qua phép quay

(1) Phwong phdp 1. St dung dinh nghia
Trong mat phang toa dé Oxy, goi M'(xpr;ym) la anh clia M(xp;ym) qua phép quay tdm I(a;b), géc quay
a. Khi do:

IM =IM (1)

M ; = o M .
(X3 9M) = Q(1;a)( )3{MIM’=04. o)

Tt (1), stz dung cong thiic tinh dé dai, sé tim dudc phuong trinh thi nhét thuo hai Gn.
Tz (2), st dung dinh ly ham sb cos, sé tim dudc phuong trinh thi hai theo hai dn.
Gidi hé phuong trinh nay tim dudc xuyr, yur, tit do suy ra toa dé diém M'(xar; yur).

Chii ¥ géc cuia phép quay dé chon dudc toa do diém phu hop. %

(2 Phwong phdp 2. St dung cong thiic toa do

! o
xy=(xpy—a)eosa—(yyy —b)sina+a
M' (3 330) = Qi) © M . Y
’ Yy =y —a)sina+(ypy —b)cosa +b.

(3) Phwong phdp 3. Trong cdc truong hop don gian sit dung hé truc toa dé, thuc hién phép quay tim ngay
dudc toa do diém dnh.
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€ vioy

Vi DU 1. Trong mat phing toa d6 Oxy, tim toa d6 A’, B’ 1an ludt 14 4nh ctia A, B qua phép quay tdm O, géc
quay 90°. Biet

D A(1;0). DS: A'(0;1) (2) B(0;-2). DS: B'(2;0)
L3i giai.
(1) Xét diém A(1;0). (2) Xét diém B(0;-2).
Goi A’ ¢6 toa dd 1a (x';y"). Khi d6 Goi B’ ¢6 toa d6 1a («';y"). Khi do
OA =0A' 1) x' =(xp —x0)c0s90° — (yg — ¥0)sin90° + xo
A'5 9N =Qo90)(A) =1 . ) - ano o
AOA'=90°. (2 ¥ =(xB —x0)sin90° + (yB — y0)c0s 90" + yo.
x =2
Tt (1), suy ra (x")2 +(y')? = 1. o { '—o
Tu (2), suyral-x'+0-y =0. y =0
Vay, thu dude (x';y') = (0;1) hodc (x/;5') = (0;-1). Vi < B'(2;0).
géc quay duong nén thu dude diém A’(0;1).
B Biéu dién diém A, B trén hé truc toa dd, c6 thé suy ra ngay toa do diém A’ va B'. %

|

Q BAI TAP AP DUNG

BAI 1. Trong mit phang Oxy, cho tam gidc ABC ¢6 A(1;1), B(0;5), C(—2;—1) va dudng thing d: 2x—y—4 = 0. Hay xéc
dinh toa do cac dinh cia tam giac A’B'C’ va phuong trinh duong thang d’ theo thi tu la anh ctia tam giac ABC va
duong thang d qua phép quay tam O, géc quay 90°.

Lgi giai.
Yy
B
(1) Phép quay tam O, géc (2) Phép quay tam O, géc quay
quay 90° bién A(1;1) thanh 90° bién duong thing d: 2x — d:2x—y—4=0
A'(-1;1), bién B(0;5) thanh y—4 = 0 thanh duong thang ,
B'(=5;0), bién C(-2;-1) thanh d:x+2y+2=0. AL %
C'(1;-2). B’ : !
I I x
c T : d:x+2y+2=0
- = Cl

0 BAI TAP REN LUYEN

BAI 2. Trong mit phéng toa d6 Oxy cho diém A(2;0) va duong thang d :x+y—2=0. Tim anh cta A va d qua phép
quay tam O géc 90°.

Lgi giai.
Ta ¢6: Qo 900)(A) =B v6i B(0;2). Y G
Q(O’goo)(B) =C vé61 C(—2,0)
Goi d' 1a 4nh cta d qua @ go0). Vi A,B thuéc d nén B,C thudc d'. )
Phuong trinh dudng thang d’:x—y+2=0. o
- 2
C A x
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0O DANG 4.2. Tim phuong trinh dnh ciia mét dudng trdon qua phép quay

Phuwong phap xde dinh anh cia mét duong tron qua phép quay
Vi phép quay bién dudng tron thanh dudng tron cé cung bdn kinh nén dé tim phuong trinh anh cia dudng
tron qua phép quay, ching ta thuc hién qua ba budc sau day:

(@) Xdc dinh toa dé tam I va bdn kinh R ctia duong tron tao anh tic phuong trinh duong tron da cho.
(2) Tim toa d6 tam I' la anh ctia tam I qua phép quay.

(3) Viét phuong trinh duong tron anh vdi toa do tam I' va bdn kinh R.

0 ViDU

Vi DU 1. Trong méit phéng toa d6 Oxy, hay tim anh ctia dudng tron (C’') qua phép quay tdm O, géc quay a
trong cac truong hgp sau day:

@D ©):(x-22+(y-1)2=1, a=90°. PS: (C"): (x+1)2+(y-22%=1
@ (C):x%2+y%2-4x-5=0, a=90° PS: (C)): x2+(y-2)%2=9
Loi giai.
(@) Ta cé: (2 Ta cé:
+ Tam I(2;1), R=1. Suyra: I'(-1;2), R'=R=1. + Tam I(2;0), R =3. Suy ra: I'(0;2), R'=R =3.
+(C: (x+1)2+(y-22%=1. +(C): 22+ (y-22=9.
O

Q BAI TAP AP DUNG

BAI 1. Trong mit phang toa d6 Oxy, hay tim anh cta dudng tron (C') qua phép quay tam O, géc quay a trong céc
truong hop sau day:

D EC):x®+y?—2x+4y=1, a=-90° PS: (C): (x+2)2%+(y+1)2% =6
v3\? 1)2
©):x®+(y-12%=1, a=60°. PS: (C)): [x+—| +|y-=| =1
2 2
Loi giai.
(@) Ta cé: (2 Ta cé:
Tam I(1;-2), R = v6. S :I'(-2;-1), R =R =
4\-/§am ) ) V6. Suy ra: I' ) + Tam 1(0;1), R =1. Suyra:I’(—@;l),R’:Rzl.
. 2°2
+(C: (x+2)2+(y+1)2 =6. ’ 73\ 12
+(C): x+7 +y—§ =1

0 BAI TAP REN LUYEN

BAI 2. Trong mit phang toa do Oxy, hay tim anh ctia dudng tron (C’) qua phép quay tam O, géc quay a trong cac
truong hgp sau day:

9 2
@D (C): x®+y?—4x+2y=0, a=-30° DS: (C'): (x—\/§+%) +(y+1+\/?§) =5
@ (C):x®+y?+6x+5=0, a=90° DS: (C'): x2+(y+3)2 =4

BAI 3. Trong mit phang toa d6 Oxy, hay tim anh cia dudng thang d qua phép quay tdm O, géc quay a trong cac
truong hop sau day

D d:x+y-2=0, a=90°; PS:x-y+2=0
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2 d:x-3y+11=0, a=-90° PS:3x+y-11=0

@) d:x-3y+5=0, a=60% PS: (1+3v3)x+(v3-3)y+10=0

@ d:2x—y+6=0, a=45°. PS:3x+y+6v2=0
Loi giai.

@ Lay M(0;2),N(2;0) e d.
Goi M',N’ 1an lugt 12 4nh ctia M, N qua phép quay Q0.90)-
... |xmr=0-c0890°-2-5in90° = -2 _ {xN/ =2-¢0890°-0-sin90° =0
Khi dé6 . R va o o
yyur =0:8in90” +2:c0s90° =0 ynr =2:8in90” + 0 cos90” = 2.
Suy ra M'(~2;0),N'(0;2).
Goi d' 1a anh ctia d qua phép quay Q0 9o°), khi d6 d' di qua M',N’.
Ta c6 M'N' =(2;2) = 2(1;1).
Suy ra phuong trinh dudng thang d’ 14 1(x-0)—1(y-2)=0<x—y+2=0.

(2) Lay M(~11;0),N(1;4) € d.
Goi M',N’ 1an lugt 14 anh ctia M, N qua phép quay Qo —90°)-
Khi dg 1 = —11-c?s (-90°)-0-sin(-90°) =0 w {er =1 -c?s(—90°) —4-sin(-90°) =4
Yy =—11-sin(-90°) +0-cos (-90°) = 11 ynr =1-sin(-90°) +4-cos (-90°) = -1.
Suy ra M'(0;11),N'(4;-1).
Goi d’ 1a &nh cta d qua phép quay Qo —90-), khi d6 d’ di qua M',N’.
Ta cé6 M'N' = (4;-12) = 4(1;-3).
Suy ra phuong trinh dudng thing d’ 12 3(x—0)+1(y-11)=0 < 3x+y—11=0.

(3) Lay M(-5;0),N(1;2)ed.
Goi M',N' lan lugt 1a &nh ctia M,N qua phép quay Qo 60°).

o . o 5 1-2v3
xp =—5-c0860" —0-sin60 :—5 xn' =1-c0860° —2-sin60° = 2\/_
Khi d6 va
oo . 5V3 e . 2+V3
ym' =—5-5in60"+0-cos60" = ——— N =1-5in60°+2-cos60” = ——.
5 5v3 1-2v3 2++vV3
SuyraM’(—E;— \2/_ ,N’( 2\/_; 2\/_ .

Goi d’ 1a &nh ctia d qua phép quay Qo eo-), khi d6 d’ di qua M',N’.
Tacé M'N'=(3-v3;1+3V3).

Suy ra phuong trinh dudng thang d’ 1a (1+3v/3) (x+ g) +(v3-3) (y+ E)zﬁ) =0« (1+3v3)x+(V3-3)y+10=0.

@) Ly M(-3;0),N(0;6) € d.
Goi M',N’ lan lugt 1a &nh ctia M,N qua phép quay Qo 45°).
o . 3V2
Ty = —3-cosdd ~0-sindb" = o {er =0-cos45° —6-sin45° = —3V2

Khi do va
3v2 ynr =0-5in45° + 6-cos45° = 3v/2.
2

yyr = —3-sin45° +0-cos45° = —

Suy ra M’(—%;—%) ,N'(-3v2;3v2).

Goi d’ 1a &nh cta d qua phép quay Qo 45°), khi d6 d’ di qua M',N'.
3V2. 9\/5) _ 32

2
1;-3).
27 2 2(’ )

Suy ra phuong trinh dudng thing d’ 12 3(x+3v2)+1(y-3v2) =0 < 3x+y +6v2=0.

Ta cé M’N’:(

a

BAI 4. Trong mat phang toa d6 Oxy, cho dudng thing d: 2x -3y +2 = 0 va dudng tron c6 phudng trinh 1a (C): 22 +
2
y“—4x—-4y—-1=0.

(D Viét phuong trinh d’ 12 anh ctia d qua phép Q0.90)- PS:3x+2y+2=0
(2) Viét phuong trinh (C’) 14 anh cta (C) qua phép Q0 90°)- DPS: (x+2)%+(y-2)?=9

Loi giai.
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@ Lay M(-1;0),N(2;2)ed.
Goi M',N' lan lugt 1a anh ctia M,N qua phép quay Q0 90°).

Khi do6

xpyr =—1-c0890°-0-5in90° =0  _ {er =2-¢0890° —2-sin90° = —

vy =—1-sin90° +0-¢c0s90° = — Yy =2-5in90° +2-c0s90° = 2.

Suy ra M'(0;—1),N'(-2;2).

Goi d’ 1a &nh ctia d qua phép quay Qo go-), khi d6 d’ di qua M',N'.

Ta c6 M'N' =(-2;3).

Suy ra phuong trinh dudng thang d' 1a 3(x-0)+2(y+1)=0 < 3x+2y +2=0.

uwong tron (C) c6 tam 1(2;2), ban kinh R = 3.
Puong tron (C) ¢6 tam I(2;2), ban kinh R =3
Goi I' 1a anh cta I qua phép quay Q0 ,90°).-

xp=2-¢0890° —2-5in90° = -2

Khi dé6

yp =2-8in90° +2-c0s90° = 2

Suy ra I'(-2;2).
Vi (C') 1a &nh caa (C) qua phép quay Qo,90°) nén (C’) c6 tam la I' va ban kinh bang 3.
Vay (C): (x+2)?+(y-2)2=9

301

a

BAI 5. Trong mét phang toa d6 Oxy, cho diém M(2;2), dudng thang d: 2x—y—2 = 0 va dudng tron (C): (x—1)2+(y—1)% =
4. Tim anh cua M,d,(C) qua:

(1) Phép quay tam O géc quay 45°.

(2) Phép quay tam I(1;2) géc quay 45°.

Loi giai.
@ -

pscn (1

Goi M’ 1a anh ctia M qua phép quay Q0 45°).
) Xy =2-cos45° —2-sin45° =0
Khi dé
yyr = 2-sin45° + 2 cos45° = 2v/2.
Suy ra M'(0;2v/2).

Lay A(1;0),B(0;-2) e d.
Goi A’,B' 1an lugt 1a anh caa A,B qua phép quay Qo 45°).

o . o \/_
__ |xar=1-cos45"—0-sind5" = 5 [xp=0-cos45°+2-sin45° = v2
Khi dé /2 va o -
= 1-5ind5° +0-cosd5° = e yg' =0-8in45° —2-cos45° = -V 2.

Suy ra A’(£ \/_) B'(V2;-V?2).
Goi d' 1a anh cua d qua phép quay Qo 45°), khi d6 d’ di qua A’,B’.

— 2 2 2
Tacé A'B' = (\/7_,—%_) = g(l;—S).

Suy ra phudng trinh dudng thing d’ 14 3(x—v2)+ 1(y +vV2) =0 © 3x +y —2v/2 =0.
Puong tron (C) ¢6 tam E(1;1), ban kinh R = 2.
Goi E’ 1a anh cta E qua phép quay Qo 45°)-
) xg =1-cos45°—1-sin45° =0
Khi do .
yg =1-sin45° +1-cos45° = V2
Suy ra E'(0;v2).

Goi (C') 1a anh cta (C) qua phép quay Qo.45-) nén (C’) c6 tam la E’ va ban kinh bang 2.

Vay (C"): x2 +(y—2)2 =4
Goi M" 1a anh ctia M qua phép quay Q1 45°).

2
xXppm :(2—1)-cos45°—(2—2)~sin45°+1:§+1

Khi do
ypmr =(2—1)-sin45° +(2—-2)-cos45 +2=?+2.
2
SuyraM”(\/_+1;§+2)

PS: M'(0;2v2),d": 3x+y—2v2=0,(C"): x2+(y—2)2 =4

2 2
2
+1; —+2) d":8x+y-2v2-5=0,(C"): (x—%—l) +(y+ —2) =4
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— LAy A(1,0),B(0;-2) € d.
Goi A”,B" lan lugt la anh ciua A,B qua phép quay Q1 45°) -
xar=(1—1)-cos45°—(0—2)-sind5°+1=v2+1
yar =(1—-1)-sin45° +(0—2)-cos45° +2=—v2+2
3v2
xgr =(0—1)-cos45° —(—-2—-2)-sin45° +1 = T\/_ +1

5V2
ypr =(0—1)-5in45° + (-2 - 2)-cos45° +2 = —T‘/_+2.

3v2 5v2
SuyraA”(vV2+1;-v2+2),B" (T\/_ + —T\/_ +
Goi d” 1a anh cta d qua phép quay Qs 45-), khi d6 d” di qua A”,B".
2 3Vv2 2
Vi ave|_va, o
2 2 2
Suy ra phudng trinh duong thang d” 12 3-(x—v2-1)+1-(y+v2-2)=0 o 3x+y-2v2-5=0.
— Duong tron (C) c6 tam E(1;1), ban kinh R = 2.
Goi E” 1a anh cta E qua phép quay Qs 457).

Khi d6 {
va
1

2|.

Tacé6 A"B" = (

2
xE"=(1—1)~cos45°—(1—2)-sin45°+1:\/7_+1
Khi do
ygr =(1-1)-8in45° + (1 —2)-cos45 +2=—?+2.

2 2
Suy ra E”(\/?_ +1;—§ +2).

Goi (C”) 12 &nh ctia (C) qua phép quay Qr 45-) nén (C”) c6 tam 1a E” va ban kinh bang 2.
2 2
2 2
Vay (C"): (x— % —1) + (y+ ‘/7_ —2) =4.

d

BAI 6. Trong mit phang Oxy, cho diém A(4;3), dudng tron (C): (x—2)% +(y —2v/3)2 = 5. Tim anh cta A,(C) qua phép

4-3v3 3+4v3
quay tdm O géc quay 60°. DS:A'( 2\/_; 2\/_),(0’): (x+2)2%+(y-2V3)2=5
Loi giai.
— Goi A’ 1a anh cia A qua phép quay Q0 60°)-
o o ano_ 4=3V3
x4 =4-c0s60" —3-sin60" = B
Khi d6 5+4V3
+
yar =4-sin60° +3-cos60° = g
4-3v3 3+4v3
SuyraA/(T\/_; 2\/_).

— Duong tron (C) ¢6 tam E(2;2v/3), ban kinh R = /5.
Goi E' la anh ctia E qua phép quay Q0 60)-
xp =2-c0860° —2V/3-sin60° = -2
Yy =2-sin60° +2V/3 - cos60° = 2v/3.
Suy ra E'(-2;2V/3).
Goi (C') 12 4nh ctia (C) qua phép quay Qo 60-) nén (C’) c6 tam la E’ va ban kinh bang v/5.
Vay (C'): (x+2)? +(y - 2V/3)? = 5.

Khi dé{

a

BAI 7. Cho tam gidc ABC c6 cac dinh ki hiéu theo huéng 4m, dung bén ngoai cac hinh vuéng ABDE,BCKF. Goi P
14 trung diém ctia AC, H 1a diém d6i xing cia D qua B, M 1a trung diém ctia FH.

@) Xac dinh anh ctia BA,BP trong phép quay Q.90)- PS: BH,BM
(2) Chitng minh DF =2BP va DF 1 BP.

Loi giai.
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(1) Ti gia thiét ta c6
Q®B,90°): B— B
A—H
BA —BH
C—F
AC — HF
P—M
BP — BM.

@ Vi Q(B,QOO): B—P) —>B—]W)

BP =BM

(BP,BM) =90°

ma BM la dudng trung binh cta tam
giac HFD nén DF =2BP va DF | BP.

nén ta co {

O
BAI 8. Cho tam giac ABC. Dung vé phia ngoai tam giac dé cac tam gidc BAE va CAF vudng can tai A. Goi I,M,J
theo thi tu 14 trung diém ctia EB,BC,CF. Chiing minh tam giac IMJ vudng can.
Lai giai.
Vi AABE,AACF la nhiing tam giac vudng can tai A nén ta co
Qu90): B—E I
F—C E \\ N, T==
BF —EC ~ /
BF =EC
Suyra{ ___
{(BF,EC) =90°.
Ma MI,MJ lan ludt la duong trung binh cta ABEC,ACBF nén
MI=MJ
{(m) =90°.
Do d6 AIMJ vudng can tai M.

O

BAI 9. Cho ba diém A,B,C thang hang theo thi tu. LAy cac doan thing AB,BC lam canh, dung céc tam gidc déu
ABE va BCF nim cung vé mot phia so véi dudng thing AB. Goi M, N lan lugt 14 trung diém cta cic doan thing AF
va CE. Chiing minh tam giac BMN déu.
Ldi giai.
Vi tam giac ABE va BCF la nhiing tam giac déu nén ta c6
QBer):A—E

F—C

AF —EC

M — N (Vi M,N lan lugt 1 trung diém ctia AF,CE)
BM =BN
Do dé

- hay tam giac BMN déu.
(BM,BN)=60°

sAl5.  PHEP POI XUNG TAM

@ TOMTAT LY THUYET

Pinh nghia 1 (Phép dbi xing tdm). Cho diém I. Phép bién hinh bién diém I thanh chinh né, bién méi diém
M khéi{ thanh diém M’ sao cho I 1a trung diém doan thang MM’, dudc goi 1a phép dbi xing tam I, nghia la
IM+IM' =0. Phép d6i xting tam I thuong dudc ki hiéu 1a ffi;.

Nhan xét. (Biéu thitc toa d6) Trong mdt phang Oxy, cho I(xr;yr), M(xar;yar) va M'(xpp;yy) la dnh cia M
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ke . e XM =2x1 —xm
qua phép doi xing tam 1. Khi dé
Ym =2y1-ym-

Tinh chét 1. Phép d6i xtiing tam
— bao toan khoang cach gitta hai diém bat ki.
— bién moét dudng thang thanh duong thang song song hodc triung véi duvng thang da cho.
— bién mot doan théng thanh doan thing bang doan thang da cho.
— Dbién mét tam gidc thanh tam gidc bang tam giac da cho.
— Dbién mét dudng tron thanh duong dudng tron cé cung ban kinh.

Pinh nghia 2 (Tam dbi xting ctia modt hinh). Piém I dude goi 1a tAm d6i xiing cta hinh # néu phép dbi
xting tam I bién hinh .# thanh chinh né. Khi d6 .## dudc goi 12 hinh ¢6 tam dbi xiing.

ssl®.  PHEP VI TU VA PHEP DONG DANG

@ TOMTAT LY THUYET

Dinh nghia 1 (Phép vi tu). Cho dlem 0 co dinh va mot s6 thuc & khong d6i, k # 0. Phép bién hinh bién méi

diém M thanh diém M’ sao cho OM' = kOM dudgc goi 1a phép vi tu tam O ti s6 £ va ki hiéu 1a V(o) (O duge
goi la tam vi tu).

Dinh li 1. Néu phép vi tu tam I ti s6 k bién hai diém M, N lan luot thanh hai diém M', N' thi M'N' = kMN va
M'N'=|k|IMN.

Dinh li 2. Phép vi tu bién ba diém thding hang thanh ba diém thing hang va khéng lam thay déi thit tu clia
ba diém dé.

Hé qud 1. Phép vi tu
— bién dudng thang khong qua tdm vi tu thanh duong thing song song véi dusng thing da cho.
— bién dudng thang qua tAm vi tu thanh chinh né.
—— bién tia thanh tia.
— Dbién doan thang thanh doan thing ma d6 dai dude nhan 1én véi |&|.
— Dbién tam gidc thanh tam gidc déng dang véi ti sé dong dang 1a |&|.

— Dbién géc bang géc ban dau.

— Qua phép vi vu V(o) duong théng d bién thanh chinh né khi va chi khi dudng thing d qua tam
vi tu O.

— Néu M' =V (M) & M = V(I_

1,(M").
%)

Pinh 1i 3 (Anh cta dudng tron qua phép vi tu). Phép vi tu ti s6 k bién mot dudng tron cé ban kinh R thanh
duong tron cé bdan kinh R' = |k|-R.

! R/

p 2 2 R
Neéu phép vi tu tdm O ti s6 £ bién duong tron (I;R) thanh dudng tron (I';R’) thi |k| = 7° k= iE va
OI' =kOI.

Pinh nghia 2 (Tam vi tu ctia hai dudng tron). Véi hai dudng tron bat ki luén c6 mot phép vi tu bién duong
tron nay thanh dutng tron kia. TAm ctia phép vi tu nay dude goi la tAm vi tu ctia hai duong tron.

Néu ti s6 vi tu & > 0 thi tam vi tu d6 dudc goi 12 taAm vi tu ngoai, néu ti s6 vi tu & < 0 thi tam vi tu d6 dudc goi
la tam vi tu trong.

Nhan xét. (Cach xac dinh tam vi tu)
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>

£ . .. ,— R
— Néu I la tdm vi tu ngoai, ta c6 10 = I?-IO’.

_ER 5

— Néu I la tdm vi tu trong, ta cé 10 7

R/

Dinh nghia 3 (Phép ddng dang). Phép bién hinh F dudc goi 1a phép dong dang ti sb6 & (k > 0) néu véi hai
diém bat ki M, N va anh M’, N’ tuong tng cta ching, ta luéon ¢c6 M'N’'=%-MN.
Moi phép dong dang ti so £ déu hgp thanh ctia mo6t phép vi tu ti so £ va mot phép doi hinh D.

(® DANG TOAN VA BAI TAP

(O DANG 6.1. Phép vi tu trong hé toa dd Oxy

Phuong phdp gidi: Dung dinh nghia va tinh chdt ciia phép vi tu.
— Vond)=A'o OA = LOA.
—_— Phép vi tw V([yk) bién

(1) Duong thang thanh duong thing song song hodc triung vdi no.
(2) Puong tron cé6 ban kinh R thanh duong tron cé bdan kinh |k|R.

0 viby

Vi DU 1. Trong mit phéng toa d6 Oxy, xét phép vi tu tam O(0;0) sau

@ Cho A(l;—l), B(2;3). Tim A, = V(O;k)(A) va B, = V(O;k)(B) VOl k =-3. DS: A’(—3;3), B’(—G;—Q)
. N ~ 1
(2) Cho M'(3;-1) va M’ =V (o.1)(M) v6i k = 3. Tim toa do M. Ds: M(l;—g)
Ldi giai.
RO — 1 =-3 =-3
DA =V, 5(A) o 0A =304 " 7477 Vay A'(-3;3).
yar=-3ya=3
;o —7__—» xB/:—3x3=—6 N 1@
B'=V(.-3(B)© OB’ = -30B © . Vay B'(-6;-9).
yB' = —3yB =-9
1
]l XM = gxM/ =1 1
@ M =Vpos3M)oM=V, 1\(M)oOM=-0M< . Vay M(l;——).
' (0:3) 3 11 3
YM = gyM’ = —5

Vi DU 2. Trong mit phing toa d6 Oxy, hay tim anh ctia dudng thing (d) trong céc trusng hop
(D Chod:2x—y+3=0. Tim d' =V(o.)(d) v6i O(0;0) va k = 2. DS:d:2x-y+6=0
(2 Chod: 3x+2y—6=0.Tim d' = V) (d) v6i I(1;2) va k = 2. PS:d:3x+2y-9=0
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(3) Cho d: 2x -3y +6=0. Tim d’ = V(z(d) v6i 1(2;—-1) va k = —2. PS:d’: 2x-3y-33=0

Loi giai.
D O¢ddodsd': 2x—y+c=0(c#3)1a anh clia d qua V(.. Ly A(0;3)ed. Goi A’ 1a anh clia A qua V(g.9).
- —> xar=2x4=0
Tacé A'=V(p;2(A) © OA’=20A & 4 AT 6 A0;6). MaA'ed =2-0-6+c=0=c=6.
yar=2ys=6
Vay d': 2x—-y+6=0.

@ I¢ddodéd':8x+2y+c=0(c#-6)1aanh clia d qua Vy._g). Ly A(0;3)ed. Goi A’ 14 anh cia A qua Vai-2).
xpr=—2x4 +3x7=3

< A'3;0). MaA'ed =3-3+2:-0+c=0=>c=-9.
yar=-2ya+3y1=0

Taco A’ = Vi,-2)(A) & m = —2[7& < {
Vay d': 3x+2y-9=0.
@ I¢ddodéd:2x—3y+c=0(c#6)1a anh cta d qua V(7._g). LAy A(0;2)ed. Goi A’ 1a 4nh clia A qua V(7._g).

N — xar=—-2xA+3x7=6
Ta céA’:V(I;_g)(A)oIA’:—2IA©{ A ) 4 ; ! ;oA E-D. MaA' ed =26-3(-D+c=0=c=-33.
YA = —2YA+TOYI =~

Vay d': 2x—3y—-33=0.

Vi DU 3. Trong mit phing toa d6 Oxy, hay tim anh ctia dudng tron (C) trong cac truong hop
(D Cho (C): (x+ 12 +(y-3)2 =2. Tim (C") = V(o.1)((C)) v6i O(0;0) va k = 3. PS: (C'): (x+3)%+(y-92 =18
(2) Cho (C): (x =32 +(y+ 12 =9. Tim (C") = V) (C)) v6i M(1;2) vak=-2.  DS:(C): (x+3)?+(y—8)% =36

(3) Cho (C): x? +(y-1)2 =1. Tim (C") = Var.)((C)) v6i M(2;1) va k =3. DS: (C): (x+4)2?+(y-12=9

Loi giai.
(D Dudng tron ¢6 tAm I(-1;3) va ban kinh R = V2.
Vi (C")=V(0:3((C)) nén I' =V(o,3(I) 1a tam va R’ = 3R =3V2 caa la ban kinh cta (C').
— xp =3x7=-3
I'=V3I) o 0I' =301 &
yr=3yr=9
(2) Duong tron c6 tAm I(3;-1) va ban kinh R = 3.
Vi(C")=Vur—2)((C)) nén I' =Vy._9y(I) 1a tam va R’ = 2R =6 ctia 1a ban kinh cta (C’).
— — xp=—-2x7+3xpy =-3
I'=Vog Do Ml =—2MI < { " [roiM
yr=—-2y1+3ym =8
(3) Dudng tron c6 tam I(0;1) va ban kinh R =1.
Vi (C')=Vr3)((C)) nén I' =Vuy.5)(I) 12 tdm va R’ = 3R =3 cia la ban kinh cta (C).

I/ZV(M;g)(I)©W=3m<:>{

o I'(-3;9). Vay (C): (x +3)2 +(y—9)? = 18.

o I'(—3;8). Vay (C'): (x+3)% +(y —8)% = 36.

xp=3x7—2xp =—4
= O S & I'(-4;1). Vay (C): (x+ 42 +(y—1)2 =9.
yr=3y1-2ym =1

Vi DU 4. Cho dudng tron (C): (x — 1)% +(y — 2)%2 = 4. Goi f 14 phép bién hinh ¢ dude bang cach thuc hién phép
. " . > (1 3\ s 2z P A 4 1) ... « " . . R
tinh tién theo véc-to v = (5; 5); roi den phép vi tu tam M (5; §) véi ti s0 k& = 2. Viet phuong trinh duong tron

4 5\ 20\?
(C") qua phép bién hinh f. DS: (C'): (x—g) +(y 3 ) =16

Loi giai.
Puong tron c6 tam 1(1;2) va ban kinh R = 2.
Goi (C")=T#((C)). Do d6, I" =T4() la thm va R"” = R = 2 cta la ban kinh ctaa (C").

1_
r(s
2’2

w

I'=TD) eIl =7 o

. Vi (C,) = V(M;g)((CH)) nén I/ = V(M;g)(I") lfi tam Vfi R, =
Y =yrtyy =2+

2

7

2
2R" =4 1a ban kinh cua (C").

xp =2xp —xp =

— 5 20 5)2 20)2
I'=VyoUI") e MI'=2MI1" & 30 @I’(—;—).Véy(C’): (x——) +(y—€) =16. d

<
5
2
yr =2y —ym = 3
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€ BAITAP AP DUNG

BAI 1. Trong mét phang toa do Oxy, cho diém B(4;-2), duong thang d: x—y+2 = 0 va duong tron (C): (x+2)2+(y+5)% =
9.

(1) Tim toa d6 diém B; la anh ctia B qua phép quay tAm O, géc quay 90° va diém Bs, biét B 1a anh ctia By qua

phép tinh tién theo véc-te v = (1;-3). DS: B1(2;4),B2(3;1)
(2) Viét phuong trinh (C’) 1a anh ctia (C) qua phép vi tu tam O, ti s6 3. DS: (C'): (x—6)2+(y—15)?>=81
(3) Viét phuong trinh duong thing d’ 13 anh ctia d qua phép vi tu tam O, ti s6 & = 2. PS:d :x—y+4=0
Loi giai.
@
B,

B1(x;y) la anh cta B(4;-2) qua phép quay tam O, géc quay 90° nén
OB-OB1=0 [4x-2y=0 x=2 [x=-2 .
{ ! => { > ; R Goéc quay theo chieu duong nén B1(2;4).
y

OB =0B; +y?=20 |y=4’ -
B(4;-2) 1a anh ctia Bs(m;n) qua phép tinh tién theo véc-to ¥ =(1;-3) nén B2
—_— 4-m=1 m=3 . 9()°
BsB=7 & = . Vay Ba(3;1). o
-2-n=-3 n=1
B
7 =(1,-3)

(2 (C) c6 tam I(-2;-5) va ban kinh R = 3. (C') ¢6 tam I'(x;y) va ban klnh R'.
(C" 1a anh cua (C) qua phep vitutadm O, ti s6 —3nén R'=3R =9 va OI' =-301 > x = 6;y = 15.
Vay (C'): (x—6)? +(y—15)2 =

(3) d’ 1a anh ctia d qua phép vi tu tam O, ti s6 £ = 2.
M(x;x+2)ed, qua pt phepv1tutam0 ti s6 £ =2 bién
M thanh M’ véi OM’ = 20M do d6 M’ 2x;2x+4)ed’.
Vayd': x—y+4=0.

a

BAI 2. Trong mat phang toa d6 Oxy, cho dudng thing d: 3x —4y—8 =0 va dudng tron c6 phuong trinh (C): 22 + y2 —
18x+4y+36=0

(1) Tim anh ctia d qua phép quay tam O, géc quay 90°. PS:d' :4x+3y-8=0
(2) Tim anh cta dudng tron (C) qua phép déng dang c¢6 dude bing cach thuc hién lién tiép phép tinh tién theo
7 =(4;3) va phép vi tu tam 1(0;2),% = —2. DS: (Cy: (x+26) + (y—4)? =142

Lgi giai.

@ Phep quay tam O, géc quay 90° bién N(x;y) thanh N'(-y;x).
Anh cta d qua phép quay tam O, géc quay 90° 1a dudng thing d’.

2 1
Cé M(x;z(3x—8)) €d:3x—-4y-8=0, qua phép quay tdm O, géc quay 90° bien M thanh M’ (—Z(Sx—S);x) ed'.
Vay d': 4x+3y—-8=0

@
Dudng tron (C): x2 + y2 —18x +4y +36 = 0 c6 tam
M(9;-2) vaban kinh R =7.
Phép tinh tién theo ¥ = (4;3) bién (C) thanh (C;)
c¢6 thm M1(13;1) va ban kinh R = R = 7. Nén
(C1): (x—13)% +(y—1)%2 =49. ) I l
Phép vi tu tam 1(0;2),k = -2 bién (C;) thanh
@ng trMCz) c¢6 tdm My va ban kinh R, véi
IM2 = —21M1 5 R2 = 2R1 Nén Mg(—26;4), R2 = 14.
Vay (Cg: (x +26)% + (y —4)% = 142,

a

BAI 3. Trong mit phang toa d6 Oxy, cho B(-2;3), I(3;-1), dudng thing d: 2x+y—1 =0 va dudng tron (C): x%+ y2 -
2x+6y—-1=0.
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(1) Tim anh ca diém B qua phép qua phép dvi hinh c6 dude bang cach thuc hién lién tiép phép quay tam O, géc

quay 90° va phép tinh tién theo ¥ =(-1;2). DS: By(—4;0)
(2) Tim anh ctia duong thing d qua phép vi tu tam O, ti s6 2. PS:d':2x+y+2=0
(3) Tim anh caa dudng tron (C) qua phép dong dang cé dude bang cach thuc hién lién tiép phép vi tu tam I, ti sb
3 va phép quay tam O, géc quay 90°. DS: (Cy): (x—T7)?+(y+3)?=81
Loi giai.

(1) Phép quay tam O, géc quay 90° bién B(-2;3) thanh B;(-3;-2).
Phép tinh tién theo v =(-1;2) bién B1(-3;-2) thanh By(-4;0).

(2) Phép vi tu tam O, ti s6 —2 bién duong thang d thanh dudng thang d’.
Phép vi tu tam O, ti s6 —2 bién M(x;—2x+ 1) € d thanh M’ v6i OM' = —-20M nén M'(—2x;4x—2)ed'.
Vayd': 2x+y+2=0.

®

Dudng tron (C): x®2+y2 - 2x+6y—1=0 c6 tam A(1;-3) va ban
kinh R = V11

Phép vi tu tam 7, ti s6 3 bién (C) thanh (Cy) ¢6 tam A; va ban
kinh R; v6i IA; =3IA, R; =3R. Nén A1(-3;-7), Ry = 3V11. Vay
(C1): (x+3P2 +(y+T7)%=99.

Phép quay tam O, géc quay 90° bién A1(-3;-7) thanh Ax(7;-3)
va bién (C1) thanh dudng tron (Cs) c6 tAm A(7;-3) va ban kinh
Ry =R; =3V11. Vay (Cg): (x—7)? +(y+3)2 =99

a

BAI 4. Trong mat phang toa d6 Oxy, cho dudng thang d: 2x — 3y +6 = 0. Viét phuong trinh duong thing d’ 1a anh
ciia d qua phép ddéng dang c6 dude bang cach thuc hién lién tiép phép vi tu tam I(2;-1) ti sb vi tu k& = -2 va phép
tinh tién theo ¥ =(-1;1). PS:d’:2x-3y—28=0
Loi giai.

Phép dong dang c6 dudc bang cach thuc hién lién
tiép phép vi tu tam I(2;-1) ti sb vi tu k = -2 va
phép tinh tién theo ¥ = (-1;1) bién dudng thing
d:2x-3y+6=0thanh d': 2x-3y+m=0(d' va d
song song hoac trung nhau).

Phép vi tu tam I(2;-1) ti s6 vi tu & = -2 bién
diém M(-3;0) € d thanh M; v6i IM; = —2IM nén
M1(12;-3).

Phép tinh tién theo ¥ = (-1;1) bién M(12;-3)
thanh M'(11;-2)ed’: 2x—3y+m =0 do d6 m = —-28.
Vay d': 2x—-3y—28=0.

d:2x-3y+6=0

d':2x-3y—-28=0

O
BAI 5. Trong mat phang toa d6 Oxy, cho hai parabol (P1): y = ax? va (Ps): y = bx% (véi a # b). Chitng minh rang cé
mot phép vi tu bién parabol nay thanh parabol kia. bS: V( O_Q)
b
Lgi giai.

Gia st M(m;am?2) € (P1), véi m # 0. Pudng thdng OM c6 phuong trinh y = amx.

2. 2
Khi d6 duong thing OM cét (Ps) tai hai diém 0(0;0) va N (% g l:” )

batk= % ta dugc ON =EkOM.
Do d6 phép vi tu tam O, tisb & = % bién (P;) thanh (Py). O
BAI 6. Trong méit phéng toa d6 Oxy, cho hai diém A(2;1) va B(8;4). Tim toa d6 tAm vi tu ctia hai dudng tron (4;2)

va (B;4). DS: I1(-4;-2) va I'(4;2)
Ldi giai.



6. PHEP VI TU VA PHEP PONG DANG

Goi I(x;y), I'(x';y') 1an ludt 1a tAm vi tu ngoai va tAm vi tu trong
cua hai duong tron (A;2) va (B;4). Ta ¢

1
2-x=58-x) {x=_4
<>

1
l1-y==(4-
y2( ¥)

@ IA=1TBo
2 y=-2.

1
2—x'=—§(8—x') {x':4
o

1—
@I’AZ—EI,BQ 1
1-y'=-5(4-5)

VAay c6 hai tam vi tu théa man bai toan la I(-4;-2) va I'(4;2).
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