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Loi néi dau

Trong quéd trinh truc tiép gidng day Toan 1lép 12 thi phén
Tich phdn 1la dang todn khéng chi khé ma con khd hay, 16i cubn
dugc cadc em hoc sinh. Néu chting ta biét s& dung linh hoat va khéo
léo cac tinh chit, céc phép bién ddi thi cé thé dua bai toan vé
mét sb bai todn dang quen thudc gitp cdc em htng tht hon, dam mé
hon v&i cac bai toan Tich phédn va qua dbé giup cac em hoc sinh
yéu thich mén Toan, m& ra mét cach nhin nhédn, van dung linh hoat
va sdng tao cac kién thtc da hoc, tao nén tadng cho hoc sinh tu
hoc, tu nghién ctu. Chinh vi vdy ndi dung chinh trong tép san sb
4 13 cac bai viét tédp trung vao céc bai todn va dang toadn vé Tich
ph&n cta thdy Nguyén Vdn Chanh, thidy Nguyén Ngoc Chi, thiy Lé Tai
Thidng cung tap thé cdc thiy cé nhém Gido vién Todn Viét Nam. Bén
canh d6 1a nhiing chia sé kinh nghiém cdn luu y nhiing sai 1am khi
gido vién bién soan ndi dung cdu hoéi thi Trdc nghiém cua thay
Nguyé&n Minh Nhién. P& gép phidn vao lam rd nhiing van dé dé NHOM
GIAO VIEN TOAN VIET NAM xin tran trong gidi thiéu, ra mdt cung
quy thdy cbd va cac em &n phdm Tap san sé 04.

Hy vong qua cidc ndi dung bai viét trong Tdp san s& cung quy
thay c6 trao ddéi kinh nghiém day hoc, tim hiéu va ndy sinh nhiing
van dé& hay, nhiing kinh nghiém méi va nhitng gép y tha vi. Chi cbé
nhu vady méi kip thoi dadp ting nhitng d6i méi khdng ngtung nghi vé
bé ndi trong gido duc phd théng ma B& dua ra hang ndm. Hy vong
tdp san cling 1a san choi d& gido vién chu déng trong cdéng téc
day hoc chtt khéng phdi 1a cédc tho day chay theo déi méi cuaa BO.

Pé hoan thanh Tap san, BQT chdn thanh cdm on tit cd céc thanh
vién cua nhém da rit tam huyét tham gia, xdy dung Tap san.

Tai liéu tuy d& dugc nhém td chttc lam cdn than, phadn bién
nhiéu 1l&n, nhung khéng thé tranh khoéi thiéu sét. Chung téi rit
mong nhdn dugc y kién déng gép tich cuc tu quy thay cé. Céc vy
kién déng gép chan thanh cua quy thiy cé 1la ngudn déng luc dé
chting téi tiép tuc vitng budc trén con dudng mdi va xay dung tép
san ngay cang chdt luong hon. Moi y kién déng gbép, bai viét gui
d&ng xin gui vé theo dia chi:

mail: nhomGVTVN@gmail.com

BQT NHOM GIAO VIEN TOAN VIET NAM!

f https:/[www.facebook.com/groups/toanvd.vdc



Cac thanh vién tham gia Tap san

Ban quan tri NHOM GIAO VIEN TOAN VIET NAM

Thiy/cd gido: Truong Qubdc Toan, Nguyén Khai,
Nguyén Ngoc Chi, Lé Tai Thiang, Nguyén Minh Nhién,
Nguyén V&n Ché&nh, Duong Huong, Ngbd Nguyén Qubc
Man, Nam Phuong, Ducthanh Pham, Nguyén Trang, Thuy
Dao.

Tran trong!
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NHOM GIAO VIEN TOAN VIET NAM

DINH LY CO BAN CUA VI TICH PHAN VA UNG DUNG
Thdy Aki Le — DH Pon Pa

Trong bai viét nho nay, t6i s& trinh bay dinh Iy co ban cua Vi tich phan va dwa ra mot sé tng dung
cta n6. O day, toi chi mudn dwa ra mét goc nhin lién quan dinh ly va khong cd dinh hudng dén viéc hé

thdng céc két qua theo mat trat tu ¢6 hé thong.

1. Pinh Iv co' ban caa Vi tich phan

Dé tranh sy phién ha, trong bai viét nay toi khong dua ra dinh nghia tich phan xac dinh. Ban doc c6 thé
tham khao céc céch tiép can khac nhau trong cc gido trinh cin ban vé giai tich, ching han st dung
nguyén ham; sir dung téng Riemann; sir dung tong Darboux. Trong bai viét nay, t6i s& sir dung mot sé ky

hiéu sau:
F(X)|_, déthay cho F(a) va di F(x) déthay cho F (X) trong mét s truong hop can thiét.
X
O day, ngoai viéc thira nhan dinh nghia tich phan, ta con thira nhan maot s tinh chat cua tich phan nhu:
b b N , 7 2
Vi f vagthoa [ f()dx, [ g(x)dx ton tai va céc s6 thyc c,d, ta o6 cac két qua bé tre
b
1) L 0dx =0,
b b b
2) j (cf (x) +dg (X)) (x)dx = ¢ j f (X)dx +d j g(x)dx |
b c b , c b .
3) j f(X)dx = j f(X)dx+ j f(X)dX néu j f(x)dx va j f (X)dX tn tai,
4 - . N b b
4) Néu (> g(x) Vi moi xefab] thi [ F(X)dx> [ g(x)dx.

Céc tinh chat khéc cua tich phan néu duoc sir dung s& chiing minh lai. O day, ta cling qui wéc:

j f(x)dx =0va jb f (x)dx:—J': f (x)dx khi a>b.

Trong linh vuc sb hoc, dinh ly vé sy phan tich mét sb tw nhién ra thira s6 nguyén t6 chinh 1a Dinh Iy co

ban ctia S6 hoc. Trong Dai b, dinh ly vé ton tai nghiém (phtic) cua da thirc bac 16n hon bang mot vai hé
s6 phirc chinh 1a dinh 1y co ban cta Dai s6. Tuong tu nhu vay, trong Giai tich/ Vi tich phan ciing c6 mot
dinh Iy dugc goi 1a Binh Iy co ban cua Vi tich phan. Dinh Iy 12 ciu ni hai van d& trung tam cua linh vuc

Vi tich phan (dao ham va tich phan).
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ien tuc. Khi do

i) G(X)= j f (t)dt, x e[a,b] 1a mot nguyén ham ciaham f trén [a;b], nghia 1a G (X) = f (X) voi moi
x €[a;b].
ii) Voi bat ky nguyén ham F cua f trén [a;b], ta déu co

[ fxax=F() =Fb)-F@) (9.

Chirng minh dinh ly dwgc bé qua vi viéc chieng minh tuy thuge vao dinh nghia ciaa tich phan. Tham
chi SGK Giai tich 12 da sur dung dinh 1y nay nhu dinh nghia cta tich phan xac dinh.

Mét s6 nhan xét:

o O daydaohamtai a(b) cia G c6 thé hiéu la dao ham phai (dao ham trai) hoic dinh nghia dua
vao sy mo rong ham G trén (c;d) > [a;b].

e Phan thir nhét, i), cuia Pinh 1y co ban caa Vi tich phan c6 thé viét lai duéi dang

%(j: f(t)dt): f ().

e  Phan thu hai, ii), ciia Dinh 1y co ban cia Vi tich phan dugc biét nhu cong thirc Newton- Leibniz
va c6 thé phét biéu lai: Néu F c6 dao ham lién tuc trén [a;b] thi
b,
[ F'®dt=F(b)-F(a).
a
e “Pinh Iy co ban cua Vi tich phan” 13 tén goi cho mét dinh ly cu thé chir khong phai la cach chung
chung cho cac dinh Iy can ban cia Vi tich phan. N6 ¢6 vai trd quan trong trong viéc két ndi hai
khéi niém quan trong bat nhét cua Vi tich phan, d6 12 dao ham va tich phan. Pdng thai dinh Iy cho
ta sy lién hé giita tich phan xac dinh va tich phan bat dinh.

e Theo phan thir nhat cia Binh Iy, ta cd G(X) = J: f (t)dt 1a mot nguyén ham cua f trén [a;b] va
b \ N . b
G(b)= L f (t)dt. Didu nay ¢ vé mau thuin véi phan thi hai caa Dinh ly: G(b)-G(a) = L f (t)dt.

1 \ r 2 a
Tuy nhién diéu nay khong co diéu gi bat 6n. Taco G(a) = j f(t)dt =0.Do do,

[ £t =G(b)-G(2) = G(b).
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ia Va’l d

a;b]; khi do, theo dinh ly gié trung binh, ta nhan dugc H =F +C trén

[a;b] voi C la mot ham hang s6 thuc (c6 thé xem nhu ham hang), va

Hb)-H()=(F()+C)-(F(a)+C) = F(b)—F(a)=_[: f (t)dt.

2. Mot sé hé gua Pinh I¥ co ban caa Vi tich phan

Hé qua 1. Moi ham lién tuc trén mot doan thi c6 nguyén ham trén doan do.
' X ;2
Vidu 1 Tinh f'(0) vsi f(x)=[edt

Binh lugn. Phin thit nhit caa Dinh Iy co ban cia Vi tich phan din dén g(x)=€* ¢6 nguyén ham. Tuy
nhién, nhu ta ¢4 biét ham nay khéng c6 nguyén ham so cap. Chinh vi thé, ta khong c¢6 gang bo cong sic
dé tim cdng thirc twong minh, ¢ hinh thie don gian, caa f(X) = j:etzdt roi tir d6 ta tinh dao ham cua ham
f . Tuy vay, ta cd thé dé dang tim duoc f'(0) nhes vio Binh 1y co ban cua Vi tich phéan.
Loi giai.
Ap dung phin thir nhit cta Pinh Iy co ban cia Vi tich phan, ta nhan duge f'(X) =e* vai moi x e k. Do

a6 f'(0)=¢’=1.

2xsin(1j—cos(1j khi x # 0,
Vidu2. Choham f(X)= X X
0 khi x =0.

Chang minhrang £ khong lién tuc tai 0 va £ c6 nguyén ham (trén %) 1a

NG sin(E] khi x 0,
F(x)= X

0 khi x =0.
Lai giai.
. 1 1 N NPT 1 S a3
Tacod f| — |=-1 f| ——— |=1 dong thoicac ddy { —— ¢, s———— deu hoituve 0. Tuy
2k k+D)rx 2k 2k +1) 7z

ién, lim f —1¢1=|I(imf[ L J Vithé f khong lién tuc tai O.
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chinh 1a dao ham cua h(x) = x*sin ™

F 1amot nguyén ham caa f trén &> {0}. D& hoan tit ching minh ta cin kiém tra F (0)=0= f(0).
M‘ =| X| S|n[£j
x-0 X

F(x)—F(0)
X—0

That vay, voi x =0, taco <|x|. Biéu nay dan dén

—|x| < <|x|, vx =0.

Hon nira, Iim(—|x|) =lim|x|=0.

x—0 x—0

Khi do, ap dung dinh Iy kep, ta nhan dugc Iimw =0. Do d0, theo dinh nghia dao ham, F'(O)

x—0 X—0
tdn tai va F (0)=0=f(0). u

Vi du nay cho thay diéu kién lién tuc trong h¢ qua 1 chi 1a diéu kién di va khéng la diéu kién can.
Hé qua 2. Néu ' c6 dao ham lién tuc trén [a;b] thi f(X)= f(a)+.|.aX f'(t)dt véi moi x e[a;b].

Hé qua 3. Cho ham s6 u kha vi trén khoang | vahamsé f lién tuc trén khoang K chaa {a}UJu(l).
Khi do %( [ f(t)dt) = F(U())u'(x) v6i moi X< 1.

Chitng minh. Phan thi nhit cia Dinh 1y co ban cua vi tich phan dan dén ton tai ham F 1a mot nguyén

ham caa ham f trén khoang K, nghia 13 F (X) = f(X) v&i moi x e K. Ap dung phan thit hai caa Pinh

1y co ban cua vi tich phan dan dén LX f (t)dt =F(x)-F(a) véi moi x € K.Hon nita, vi
)

j: ' f (t)dt = F(u(x)) — F(a) nén ap dung cong thirc dao ham ham hop, ta nhan duoc

o

dx

b
Hé qua 4. Cho ham f :[a;b] — & théa f (x) >0 v&i moi x e[a;b] va L f(t)dt=0. Khi d6 f(x)=0 voi

[ f(t)dt) — F' O (X) = Fu)u'(0). |

a

moi x [a;b].

Chieng minh. Xét ham sé F(X)=_[: f(t)dt trén [a:b]. Taco F (X)=f(X)>0 voi moi x[a;b]. Chinh
vi thé F 12 ham khong giam. Do d6, 0= F(a) < F(x) < F(b) =0 V&i moi x e[a;b]. Tir do, ta thdy

F(x)=0 V6i moi x e[a:b]. Vivay f(X)=F (x)=0. ]

3 nay co thé suy ra tir két qua bo tro 4) cing phuong phap phan chi




NHOM GIAO VIEN TOAN VIET NAM

0a f(x)>0 Vi moi x e[a;b]. Khido

(®inh ly gia tri trung binh cho tich phan) Cho ham f lién tuc trén [a,b]. Khi d6 c6 s6 thuc

gua

ce(a,b) saocho

lea [*t@dt=t(c).
Chirng minh. Biéu can chirmg minh twong duong I: f(t)dt= f(c)(b-a).
Ta xét ham F(x) = I: f (t)dt trén [a;b]. Hién nhién ham nay c6 dao ham trén[a;b]. Vi thé, theo dinh Iy
Lagrange, tn taic  (a,bysao cho F(0)—F(a)=F (c)(b-a). pidu nay dan dén I: f(t)dt=f(c)(b—a).m
Nhéan xét. Pai lugng ﬁ J': f (t)dt dugc “gan” y nghia 1a gia tri trung binh cia ham f trén [a;b].

3. Mot sé wng dung caa Dinh Iy co ban caa Vi tich phan

Bai toan 1. Cho ham s f xac dinh va lién tuc trén R. Tim gigi han m}% IOXZ_X f (t)dt.

Loi giai.

Xét F(X) = jo f (t)dt. Taco ham F kha vitrén ®, F(0)=0,F (x) = f (x*~x)(2x-1). Ap dinh
nghia dao ham cung H¢ qua 2, ta nhan dugc

|im1jx £ ()t = lim "X =F©)
x—0 ¥ J0 x—0 X—0

= F'(0)=—f(0).

Bai toan 2. Cho ham sé f :[0;1] — & duoc xéc dinh bai  (X) = onz-xmdt V6i moi x e K. Tim
gia tri nho nhat cia ham f .

L&i giai.

Taco f'(x)=(@x—1)1- (€ —x)2.

Trén khoang (0:1), phuong trinh f (X) =0 chi ¢ nghiém duy nhét x = %

Ham liéntuc f s& dat gia tri nho nhét trén [0;1]. Hon nira, ta c6

min,,, f = min{f(O), i Gj f(1)}.
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- Do d6 miny,, f =(0)=0.

Bai toan 3. Cho céc sb thuc a, b va ¢ thoa %+g+ ¢ =0. Chirng minh phuong trinh

ax® +bx-+c =0 ¢0 it nhat mot nghiém thudc [0;1].

Lai giai. Xét ham s§ f(X)=ax’ +bx+C. Ap dung Hé qua 6, ta c6 it nhat mot sé thuc X, € (0;1)
sa0 cho ijlf(t)dt— f (%)
1-070 %)

Do do f(x,) =%+g+c =0. T d6, ta thu dugce diéu can ching minh.

Bai toan 4. Cho f :[0;1] —[0;1] 1a ham lién tyc trén [0;1]. Chting minh rang phuong trinh
2x—J'0X f (t)dt =1 c6 duy nhat nghiém trén [0;1].

Loi giai.

Xét ham sé G(x) = 2X—j0X f(t)dt -1 trén [0;1]. Taco ham G kha vi trén (0;1) va lién tyc trén
[O;1].

Taco G(0)=-1<0,G(1) =1—j01 f(t)dt 21—joldt =0 (Vi f(x)e[0;1] v6&i moi x e[0;1]). Do do,
theo dinh ly gia trj trung gian, ton tai ¢ e [0;1] sao cho G(c) =0. Hon nita, trén (0;1), ta cod

G (X)=2-f(X) >0 véi moi xe(0;1). Do dé ham lién tuc G don diéu trén [0;1]. Tir do, ta suy ra

nghiém ¢ ctia phuong trinh G(x) =0 la nghiém duy nhat ciia phuong trinh nay trén [0;1] .

7 4 A ~ .- X .
Bai toan 5. Tim tat ca cac ham sé thuc £ xac dinh va lién tuc trén % thoa2X — _[0 f(t)dt=1 vsi

moi X e [E.

b b X
Loi gii. Gia sir ton tai mot ham f thoa dé. Vi 2X— jo f (t)dt =1 v&i moi x € 2 nén dao ham 2

vé ta nhan dugc 2— f(x) =0 voi moi x € K. Khi do, 2x—jox f (t)dt =2x— jox 2dt =0#1trén R. Do

d6, khong ton tai ham f nao thoa dé.

4n 6. Cho ae 2 vaham f kha vi trén [0,+o0) thoa méan cac diéu kién: f
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ng minh rang f(x) >0 Vvéi moi X >0.

ai. Ta xét g(t) =€ f (t) trén [0;00). Taco g'(t) =€ ('(t) +af (1)) = 0 Vi moi t [0; +o0).

Taco g(x)—g(O):joxg'(t)dtzo Vi moi x>0.Do d6 €% f(X) > f(0)>0vsi moi x>0. Tirdo, ta

nhan duoc diéu can chiing minh.

Bai toan 7. Cho ham sd f lién tuc trén doan [0,1] va thoa man diéu kién

}

> [ xf (x)dx.

, 1
Lo qidi. Xétham sé F:[0;—> & véi F(x) = [ f()dtvsi moi x <[0:1]. Khi d6 F(1) =0,

2

F(X)=-f(X)va F(x)2 %

V6i moi x [0,1]. Ta can ching minh

O e

[( F'(0) +xF (x)} dx >0.

Vi (|:'(x))2 HF () =(F () + x)2 —XF'(X) = X? = =XF (X) - X’ v6i moi x <[0;1] nén
1

_H F (X) +XF’(X)] I XF (X)- x :_XF(X)|2+J.:F(X)dX—%

0

I (x)dx——> j x—%zo.

Bai toan 8. Cho ham sé lién tuc f :[0,1] — [0;-+ec) thoa man diéu kien [ f (X)]° <1+2 jox f (t)dt vai moi

2

. X
x €[0,1]. Chitng minh rang L f(t)dt< X+?,VX €[0,1].

Loi giai. Dat F(x)=jox f(t)dt véi x e[0,1. Tacé F(0)=0, F ()= f(X) > 0vsi moi x e[0,1].

Do d6 F'(X) <y1+2F(X) v6i moi x <[0,1]. Tir d6, ta nhan dugc i<1 véi moi x €[0,1].

JI+2F(x)

St dung bét ding thuc tich phan (két qua bd trg 4)), ta nhan duoc jﬂ < J'Oxdt v6i moi

o V1+2F(t)
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< Xvéi moix €[0,1]. Chinh vi the

t)dt < x+X?,Vx €[0,1]. m

4. Mot sb bai toan lién quan

Bai toan 1. Chang minh ham sé g(x) = _[led_s 1a ham ting trén [L;0).
x Ins

0

jox f (t)dt

[ “tf (t)dt

Bai toan 2. Cho ham sé f lién tuc va duong trén [0;+o0) . Chiing minh rang ham s6 F(x) =

ddng bién trén [0; +w) .

Bai toan 3. Cho ham f xéc dinh trén ¥ duoc xéc dinh bsi f(y) = I;_y(sz _2x+2 %2 +1)dx Vi

moi y e R. Tim gia tri nho nhat caaham f trén [0:1].
7 - A A - X - - .
Bai toan 4. Tim cac ham s6 thuc £ xac dinh va lién tuc trén 1% thoa f(X)= jo f(t)dt+1 véi moi x e .

b
Bai toan 5. Cho ham f :[a;b] —>[0;0) lién tuc vacod X, €[a;b] thoa f(X;)>0. Kni do j f (x)dx > 0.

4 N n R 0~ Y . %2 3 _ 3
Bai todn 6. Cho ham so f(x) xac dinh va lién tuc trén [0,1] va thoa man diéu kién J' [ f (X)]2 dx < 22 . X

X

véi moi X%, X, €[1,2] sao cho X, < X,. Chitng minh ring J': f (x)dx < g

7 . X . -
Bai toan 7. Tim cac ham sé thuc f xdac dinh va lién tuc trén X thoa 2X—J.1 f (t)dt =2 v&i moi xe k.

Bai toan 8. Cho ham f kha vi trén doan [a, b] dong thoi thoa f (a) =0 va c6 hang sé khong am C sao

cho |f'(x)| < C|f (x)| véi moix e [a,b]. Ching minh f (x) =0 Vvéi moix e[a,b].

Bai toan 9. Cho ham s lién tuc f :[0,1] — X va ton tai s6 thuc  sao cho

0< f(X)SaIOX f (t)dt, ¥x > 0.

Chang minh rang f (x) =0 véi moi x > 0.
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dt, VX, y € (—o0; +0).

1

Bai todn 11. Cho f 1a mot ham sé thuc xac dinh trén [1;0) thoa f (1) =1 va f'(x)= m VOi

moi X >1. Ching minh rang lim f(x) ton tai va nho hon 1+%.

1 1 . .
Bai toan 12. Cho f :[0,1] —[0,1] lién tuc sao cho: IO f(x)dx = jo xf (x)dx . Chizng minh rang ton tai

ce(0,1) saocho: f(c)= J: f(x)dx.

, i . N b
Bai toan 13. Cho ham s6 f xac dinh va lién tuc trén doan [a, b] va thoa man diéu kién L f(x)dx =0.

Ching minh rang ton tai c e (a,b) sao cho f(c)=2005 Lc f (x)dx.

. _ 1 o
Bai toan 14. Cho ham s6 f :[0,1] — & lién tuc trén 1% thoa _[0 xf (x)dx =0. Chirng minh rang
[t 2(x)dx>4(_[1 f (x)o|x)2
0 - 0 '
Bai toan 15. Cho hamsd f c6 dao ham lién tuc trén [a;b] VA f(a)= f(b) =0, |f'(x)| <1, Vvxela,b].
Chuang minh rang

b (b-a)’
L|f(x)|dxs .

Tai ligu tham khao.
[1] Van Pha Qudc, Bai tap Giai tich danh cho Olympic Toan, Truong Pai Hoc Quang Nam

[2] Kaczor, W. J., and M. T. Nowak. Problems in mathematical analysis. 3, Integration. American
Mathematical Society.




NHOM GIAO VIEN TOAN VIET NAM

MOT SO BAI TOAN TRONG TiCH PHAN

CO VAN DUNG PHUONG TRINH HAM
Thay Nguyé&n Ngoc Chi
Trwong THPT Kinh Mon — Hai Dwong

Trong chuong trinh SGK giai tich 16p 12, cac dang tich phan duoc tinh bang céc tinh chat cia tich
phan va tinh chét cia ham s6 hay tich phan thong qua gia thiét 1a cac dang phuong trinh ham xuat hién rat
it, chinh vi vay kha nang thyc hanh tinh toan cua hoc sinh con nhiéu han ché hay chua no6i dén 1a gap rat
nhiéu kho khin. Trudc day, trong cac ki thi tir thi tét nghiép THPT dén cac ky thi Pai hoc, Cao ding hay
ngay trong qua trinh day hau nhu khong xuét hién cac dang tich phan cho duéi dang phwong trinh ham, vi
vy su quan tdm cla gido vién va hoc sinh vé van dé nay 1a khong 6. Tir khi B GD&DT chuyén hinh
thirc thi mon Toan tir thi ty ludin sang thi tric nghiém thi dang tich phan nay di c6 trong dé thi da xuat hién
va khi day hoc van d& nay ciing dugc cac thiy cb va cac em hoc sinh quan tdm hon. Tir nhitng 1y do trén
t6i ¢ manh dan viét bai nhé nay dé néi vé mot sb bai toan tich phan co sir dung phwong trinh ham va cach
giai ctia chiing v6i muyc tiéu dan dat hoc sinh biét van dung nhing kién thtrc co ban, két hop cac phuong
phap duoc tiép can tir sach gido khoa dé tao duge mot thoi quen méi, mot phuong phap méi cho dang toan

Tich phan.

b
Noi dung chung ciia cac bai toan dang nay 1a yéu cau tinh tich phan f f(z)dz nhung chua cho biét

ham s f(z) ma chi biét f(z) théa min mot phuong trinh ham cho trude.
Phuong phap chung:

Céch 1: Sir dung cac kién thac vé phuong trinh ham dé tim ham sb f(z).
b
Céch 2: Biéu dién ham f(z) qua ham g(z) ma ta c6 thé tinh duogc f g(z)dz.

Dang 1. Tich phén lién quan dén biéu thic w(z).f'(z) 1 w'(z).f(z) — g(z)
Phuong phap:

Taco w(z).f/(z) 1 u'(z).f(x) — g(z) < [w(x).f(@)] — g(z). Suy ra u(z).f(z) = [g(x)dx . Tu do

tim duocC f(x).
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1
X €[0;1].Tinh tich phan 1 = j f (x)dx
0

1 1
Al=—-+—"+— B.l=—
- 2018.2019 2019

1 1
Cl=—+— D.I=1
2018 2019

Nhgn xét : truéc hét ta di tim biéu thirc u(x) . Ta co

2018
X

:>In|u(x)|=_[

dx =Inju(x)|=2018In x|+ ¢ < Inju(x)| = Inx**** +¢

A 2018 . P
nén ta chon U(X) =X, khi dé ta cé Ioi giai nhw sau:

Loi giai
Tacé | X f (x)]' = 2018X° £ (x) + X**** £/(x) = X[ 2018 (x) + xf '(x) ] = X*.[ 2x*® | = 2x***

4036

Khi d6 szsf(X)=I2X4035dXC>X2018f(X)= +¢,do f(1)= 1 - 1 _ 1 ‘e
2018 2018 2018 2018
oc=0 =X f(x) = - = f(x)= -
2018 2018
1 12018 2019 !
Khi do | =] f(gox=[2 —dx=| - -1
0 v, 2018 2019.2018 o 2018.2019

Vidu 2. Cho ham s f(z) c6 dao ham lién tuc trén doan [0;1]. Biét (z — 1).f(z) + f(z) = 32 =22 va

1
f(1) = —1. Tinh tich phan [ = f f(z)dz.
0

A,I:£—4ln2. B_I:§—4ln2.
- 3 4
C. I =£—|—4ln2. D. I=—£+4ln2.
3 3
Loi giai

—1f'(z) + f(z) = 32" =22 = [(z — D f(2)] = 32" — 22
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4
z+1

=242 — dzx

3
— m——x2—2w—41n|33—|—1” —é—41n2.
3 ) 3

1
0

Dang 2. Tich phan lién quan dén biéu thic f'(z) | p(z).f(z) — g(z) (+)

Phwong phap: Nhén hai vé cia (+) voi ef T duoc

p(z)dz .p(z)dx .p(x)da:
PO fay = el " gy

F)e! " 4 pa) e

L D

Suyra f(x) .e-r e J 'e-J p(z)dz.g(:z:)dx. Tu do6 tim duoC f(z).

Vidu 1.Chohamsé f(z) lién tuc trén IR vathoaman f'(z) + f(z) = 2z —1)e", vz € R va f1) =e.

1
Tinh tich phan 1 = [ f(z)da.
0

AT=1. B.]=e C.1=0. D.T=2.
Loi giai

Taco f/(z) + f(z) = 2z — e’ & e f(z) +e'f(z) =" 2z + 1)’ = [e"f(z)] = 22 +1)e™.
Suyra e'.f(z) = f(Zx ~1)e*dz = %(23: +1)e*" — %e% +C =ze"4C.

Vi f(1) = e nén e'f(1) =1 +C. Suyra C = 0.

Do d6 f(z) = ze".

1

1
vay I = f f(x)dx = f refdz —zef|
, .

0

— j‘e’dx =1,
0

0
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AT=—2 B.I=3, c.1—-3. D.I=1.

- 2 2 2 2
Loi gidi

Taco (2% 1 Df'(z) | 2of(x) = z = f(a) )=—— (1)

-1

T d(z"+1)
R .4 L. 2)dz ) dz 3 ————=dz
Nhén hai vé cua (1) véi of e efzz+1 = ezf 21 = \z? +1 ta duogc:

Vo' + 1.f'(z) +

x_._

J*f(x) i
Suy ra: \a? + 1.f(z — 2 de— N +1+C.
0= j\/x +1

Vi f(0) = —2 nén y0° + 1.f(0) — —J0* =1+ C.Suyra C = —

1
2 41

Véyl—fx[—l— L x——§.
0 Vr' +1 2

Vidu3. Cho f(x) liéntuc va c6 dao ham trén R\{~10} thoa man X(X+1)f'(x)+ f(X) = x*+X véi

Do do6 f(z)=—1—

2
vxeR\{=L0} va f(@=-2In2, tinh tich phan | = [xf (x)dx.
1

A Izﬁ—gln3—|—21n2 B. I:£+gln3+21n2
12 2 12 2

C.Izﬁ—l—gl 3—2In2 D,Izﬁ—gl 3—2In2
12 12
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1 1 X
dx=Inju(x)|= j(;—mjdx < Inju(x)|= ‘m

do ta co loi gidi nhu sau:

+C, nén ta chon — X khi
X(x+1) on u(x) X+1

Loi giai

X ' 1 X oo 1 '
Taco [X—Jrl.f(x)} = 1) f(x)+X—+1.f x) = (X+1)2.[f(x)+x(x+1)f ]

LSRN B S X0 2o X g [

:{X+1.f(x)} _(X+1)2.[x +x]<:>[x+1.f(x)} _X+1:>X+1.f(x)_jx+1dx
X 1 X

im.f(X):I(l—mjdxz>m.f(X):X—In|x+1|+c.DO

f(1)=—2In2<:>%.(—2|n2)=1—In2+c<:>c=—1

X2 =1-(x+1).In|x+1
. Khi d6

=X f () =x-In|x+1-1e f(x) =
X+1

2

I :ijf (x)dx = JZ‘(XZ —1—(x+1).|n(x+1)).dx = [%B—XJ

1

—.z[(x+1).ln(x+1).dx:%— l,

1

1
du =——dx
2 =1 1
Vi |1=j(x+1).|n(x+1).dx;dat u=InGc+) x+1
] dv = (x+1)dx x? 1 1 2
V="+X+==2(x+1)
2 2 2
Liin)? 1 1= 2ins—2ma- L XLy TR
:Ilz[i(x+1).In(x+1)l—5_l[(x+1)dx 155 51 2 72 2

4 4 (9 5) 31 9
Khids | =—-1,=——|=In3-2In2—— |=—-=In3+2In2
I T (2 4) 12 2
Dang 3. Phuong trinh ham lién quan dén ham hop
Cho ham s6 f(z) théa man f(u(z)) = v(z), trong d6 u(z) 1a ham don diéu trén K. Tinh tich phan
b
1= { f()dz.

Phwong phap: Pat ¢ — w(z) — dt — «/(z)dz Va f(t) = v(x).

Poican: t =a =z =0; t=0b=z = (Viuz)laham don di¢u trén IR
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A-I=E- B.I=@. C.I=@. D.I:ﬂ.

Loi giai
patt =1’ +22—2=dt = (32" +2)dz va f(¢) = 32 —1.
Poican t=1=2=1 t=10=z = 2.

Dodo I = [ fla)dz = [ f(t)dt = [ (32 —1)(3" +2)dz = %

1

Vidu 2. Chohamsb f(z) lién tuc trén =\ {1} thoa man f[$+i] =z — 3,¥z = 1. Tinh tich phan
z—

3
szf(x)dx.

2
A I=4+2In2. B./=4-2In2.
C.I=-4+2n2. D. I =4+2In3.

Loi giai
< x+1 s
bat ¢ — —dt — — dx va f(t) =z + 3.
z—1 (z —1)° TV =

Poicint=2=2=3 t=3=2=2.

3. 3‘ 2‘ _2 3. 1 4
Do do I :_! f(z)dz :]2 F)dt :L! (x—|—3)($_1)2 dx:2_![$_1 + (x_l)Q]dx:4—|-21n2.

Céach khac: Tatimhamsd  f(z).

f[x“Lﬂ — 2 +3Yz ~1 (1)

€T —
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Do d6 f(z) = iz _12- Vay I = f f(z)dz = f

\ .
ldx:f4+ 2 lde=442m2
r—1 S0 -1

Dang 4: Péi vai tro caa bién » va y

Choham sé f(z) théaman z — G(f(x)), trong d6 G(t) 1a ham don diéu trén R.
b
Tinh tich phan [ = f f(z)dz.

Phuong phiap: Dat y — f(z) — 2 — G(y) — dz — G'(y)dy-
Doi ciniz =a=Gy) =a =y =«
r=b=Gy) =b=y=}

Dodo I = }" f(x)dx :j'yG'(y)dy .

«

2
Vi du 1. Cho ham sé f(z) liéntyc trén IR théaman f°(z) + f(z) = 2. Tinh I = f f(z)dz,
0

Y 3
A l=—. B. I = 14. C.I=0. D.[=-—.
4 4

Loi giai
paty = f(z) =9’ +y =2 va dr = (3y° +1)dy.
pPéican: t=0=19" —y=0=y=0;

1=2=y +y=2=y=1.

2 1
: 5t
Do d6 I = ff(x)dx = j y(3y” +Ddy = | (3y” +y)dy =7
0 0 i

O‘-—-—-.jb—l

Vi du 2. Biét mdi s6 thuc t >0 phuong trinh 4x® +tx—4 =0 ¢6 nghiém duong duy nhat x = x(t), Voi
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Loi gidi
4 4% 8x3 4+ 4 7 t=0=4x’-4=0<x=1
biat t= = dt =————dx, déican: 1
X t=7:>4x3+7x—4=0<:>x:§
1
2 3 1
8x°+4 1 31
Taco | =—| %% dx = | (8x* +4)dx = (2x* +4x]|, ==
Je 2 o= o0+ 4)ox=(x ], =3
2

Dang 5: Cho ham sb f(z) lién tuc trén IR va théa man mf(z) + nf(a + b — z) = g(z),vz € R.

b
Tinh tich phan I = [ f(z)dz.

Phuong phap: Patt =a | b z=dz = dt
Poicin x =a=t=0b z=b=1t=a

a b b

Dodo I = _}'f(a:)dx = [ fla+b-1)(-dt)=[ fla +b—t)dt = [ fla+b - 2)dz.

suyra 21 = [ [f(z) ~ fla-+b - 2)}dz = [ gla)da.

1 '
vay [ = EJ g(z)dz.

a

Vi du 1. (Trich d& minh hea cia B GD&DT niim 2017) Cho ham s6 f(z) lién tuc trén R va théa man

3

2
£(@) + f(—z) — 2 + 2cos 2z, V € R. Tinh tich phan I — [ f@)dz.

37
2

A I=-6. B. I =0. C.I=-2 D. I =6.
Léi giai

batz = t=dx= dt.

L 3 3T 3 37
boicinr=——=t=—; 0=—=t=——,
2 2 2
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Suyra 2] = f (f(x) - f( z)dz = T V2 | 2cos2rdz = 2 2[ |cos:v|dw =12.

Vay [ = 6.

Vidu2. Chohamsb f(z) liéntuc trén R vathoaman f(z) + f [5‘ — m] — sin2z, ¥z € R. Tinh tich phan

AT=-. B.1=1. C.I=0. D.I=2.

Loi giai

Détt:%—xédxz—dt.

Do d6 I Jf(:z:)dx I jf[’——t](—dt) jf[i—t]dt I jf[%—x
2 Y 3

Suy ra 21 Jf(x)—f[%—xidx JSiIlQ:IJdCL’ 1

vayI:%.

. 1
Vidu 3. Chohamso y = f(z) lién tuc trén doan [—3;3] vathéa man 3f(z) + 4f(—x) = PR Tinh tich
+

phan 1 = [ f(z)da.
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Léi giai

Tir gia thiét, thay » bang — = ta dugc 3f( z) | 4f(z) = 5 ! ~.
+x

0f(x) 1 12/( ) -
<_> —2.
16(2) 1 12( @) — — 79 +17)

1
3f(z) +4f(—z) =
Do d6 ta ¢6 hé 942’

w<w|um—9jﬁ

3
1 1
vay [ = | f(z)dz == dz .
._]; 719_'_:1:2

el

bat x = tant,t € |— . béi can; 33——3:>t——iz'; x:3:>t:i.

4
dt:lfdt:—.
9+9tan’¢ cos’t 21+

4

11
Dodo[—?f
Z

Céch khéc: Tacé 3f(z) + 4f(—z) =

SE

Xét J = ff r)dz. batt= z=de= dt.

3

Khi do: I = 3[3 f(z)dz = % j

Poiciniy = —3=1¢=3;, 2=3=1¢=-3.

Dods J = —f f(t)dt = j f(t)dt :j’ fz)de =

3

1 dz T
s [== =
7f9}3:2 42

3

3

41

1 dz
§I9ix2

3

Vay I =
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Al=—. B.[=—. c.I=-=

Do
S
— | .
>
o=

Léi giai

Tir gia thiét, thay » bang 1 — z ta duoc 2f(1 — z) + 3f(z) — N2z —2” .

Do dé ta ¢6 hé 2f(z) +3f1—z) =1 —12" n Af(z) + 6f(1— z) = 201 — 2
TR 2f(1— ) + 3f(z) = V22 — 2 9f(z) + 6f(1 — z) = 32z — 2

32z — 2° — 241 — 22

Suyra f(z) = -

1 " i
ay [ = — 20 —1° — 21 —2° doz = —.
Vay 5_! 32 —a* —2V1 —2* du 50

Cach khac: Tir 2f(z) + 3f(1 —z) — V1 —2* ,suyra f(z) = %[\/1 — 1’ —3f(1—2)

1 1 1
Khido I = ff(x)da: = %J 1 2°dw 3ff(1 z)dz
0 0 0

1
XétJ:[f(l—x)da:.Dattzl r=dt= dx.
0
0
Béican:xzo:tzl;x:1:>t:0.Khid():J:—ff(t)dt:ff(t)dt:ff(x)dx:I.
1

1
vay I =—
ay =3

1
f\/l ?dx 31
0

_114/_ 29, _
.SuyraI—g._[l xdx—zo.

Vidu 5. Cho ham sb f(z) lién tuc trén

2
=]
1
2

1,
2

vathoaman f(z) + 2f [l] _ 3. Tinh tich phan
x

f(@) dz.

T
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Léi giai

. 1
Tu gia thiet, thay » boi — ta duoc f [1] +2f(z) = 3 . Dodétacod hé
T T

z
1 1
flz)+2f —]—3:): flz)+2f —]—3:10 9
, T , © xl 6.Suyraf(x)=——a:.
f —]+2f($)—— 4f($)+2f{—]—— !
T T z)] oz

Céch khac: Tir f(z) + 2 fH — 30 suyra f(z) = 3z — 2f [1]
X Xz

1 1
i), fu 2 . [m
Khldofzf—dx_[ 3—2—— $:3fdx—2f —dx.
ho® 1 v 1 1 T
2 2 2 2
1
Qf[m] 1 1 9 1
Xét]:j—dg;,Datt:—,suyradt: —der= tdz=der= =dt
T T T t
2
1
) 1 1 2 2 2
Poican: v ===1=2% v=2=1== KhidoJ= [if(t) iy f@dt:f@dle
2 2 “ t* 4t 4o
2 2

2 2
vay1=3[dx—21.3uyra1= ]da:zg.
1 1

2

N |

Vidu 6. Cho ham sé f(z) lién tuc trén K \ {%} théaman f(z —1) — 3f(1x -1

2
Biét ff(x)dx =a+bIn3+clnd véi a, b, ¢ 1acac sb hiru ti. Gid tri cua 2a + b + ¢ bang
1
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C. —.

16
Loi giai
bat ad 1:y l=o=—0 =g 1:1—y.
1-2z 2y —1 2y —1
1—y ~1 1
Suy ra —3f(y—1) — Y —
y f‘2y—1 fly=1) 173
—1 —1 1
Suy ra x -3 —-1) — v —
Y fl—Zx fle=1) 2w—1 " 2
f(a:—l)—3f[‘”_1 122V et
Do do ) -2 1 21
I_ —_
—3f(x—1) — VI £ =
f(;_zJ fl@=1) w12
Suyra—8f($—1):1—21+i<—>f(w—1)—l—1+2x+ g~
12z 8 27 — 2
1 3 1
Suy ra ——=[1-2 b —.
v fz) 8[ m+2x+1l’$72
7 17 1.1 3 103 3
Khido I = r)de =—||1+2z+ dz — —|z—2° —=In2zr +1||| — =——=In3+—1In5.
-!f() 8j1 2x+1J 8[ 2 | |1 2 16 16
S a ! b 3 c
uy ra :_, :__7 - .
Y 2 16" 16

Vay 2a +b+c=1.

Dang 6: Tich phan lién quan dén phwong trinh ham ¢6 dang u(z).f'(z) = v(z).f(z)
Chu yéu bién d6i dé sir dung cac cong thirc dao ham

1) u'v+uy =(u)
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Vidu 1. Cho ham sé f(z) c6 dao ham lién tuc trén (0; +~.), biét f'(z) — (22 + 3)f*(z) =0,

1 7 ,
f(z) =0 véimoi 7 >0, f(1) =5 va [f(x)da: =aln2+4bIn3 véi a,b 1acéc sb hitu ti. Gia trj cua
1
a + b bang
Al B 1 C. 2. D. 3.
Lo giai
Py 2 fl(x)
Taco: f'(z)+ 2z +3)f (z) — 0 < ) —(2z + 3) (do f(z):=0).
xr
./ 1 2
Suy ra: de=—f2z+3)de+s —= 2= 3z -C.
Je=-] e
Suyra f(z) = ———— Vi fl1) =+ nén C' = —2
uyra f(z) = ——— . Vi =—nén C =—
Y 2 +3z—-C 6
1 1 1
Suyra f(z) = = .
yra f@) 2 +3z+2 z+1 x+2
2 2 1 1
Dodo I = z)dz = — dz =—3In2+2In3,
oot = [rone =[5

Suyraag=—-3; b=2.Vaya+b=-1.

Vidu 2. Cho ham s f(z) lién tuc trén [0;6] thoa man f(z) = —1 V&i moixz < [0;6], £(0) = 0Va

F@nNa 1 =20f(z) - 1.Knido [ f(z)dz bing

A. 9. B. 72. C. 78. D. 66.
Loi giai

f'(x) 27

T gia thiét suy ra\/ = .
f@)+1 2 +1

[‘4df/(x) :1::f4d2aC T2

o' +1

uy ra

«/f(:z:)—|—1:2\/x2+1+0,




NHOM GIAO VIEN TOAN VIET NAM

6
Vay | f(z)dz = j r’dz =72,

0

Vi du 3. Cho ham sb f(z) c6 dao ham va lién tuc trén [1;4], dong bién trén [1;4], théa man

s 3 f
z +2zf(z) = [f ()]} véi moi & < [1;4]. Bibt rang f(1) = 5 tinh tich phan I = ff(x)dx
1

N} B, 1 — 1187, c. 1= D.1=2.
- 45 45 45 2
Loi giai
Nhan xét: Do f(z)ddng bién trén [1;4] nén f/(z) = 0, ¥z ¢ [1;4].
Tir gia thiét taco afl +2f(z)] = [f'(2)[ .
Suy ra f'(z \/_\/1+2f ), Vo € [1;4]. Suyra \/_=>f dx—[‘\/_dx
1+ f(a: 21/1+2f
3 4
Do do /1 + 2f(x) =—a:J_ C.Vi @)= nen O = 2.
2 4Y
[3”5 +3] o8 o1
= = =2’ + -z + —,
Suy ra f(z) 5 5° 935\/; T

VayI:_Tf( j(—x ——33\/_ —\ m—@.

45

f(8—a).f(z) =1

Vi du 4. Cho ham sb y = #(z) c6 dao ham trén [0;3], théa man [ V6i moi x € [0;3] va

f(z) =1
I S i T — 3 af'(z)
f(0) = - Tinh tich phan I [ T x)]Q.fQ(a;)dx'
AT=1 B. [ =1. cI=3. N
2 2

Loi giai
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)= suyra F(3) =2 Taco:[1+ f3—2)f .f(z) =

A f
W1 f3—2)-f(z) = 1)-Dodo I fmd Jm[Hf(x)

3
1
—I—f de — -1+ J.
01+

3

LS N S Py LS S T U ST N S
AR S ey o Ey L by g

1 % 1 3
— - dr=fldz =3\ —x).f(x) =1).
-01+f(x)dx+jol+f(3—x)dx f dz =3l /(3 —).f(x) =1)

Vi du 5. Cho ham sé f (X) =0, lién tuc trén doan [L,2] va thoa mén (1) =% X2 (x) = (1-2x7).£%(x)
2

v6i Vx€[L2]. Tinh tich phan | = j f (x)dx
1

1 1
A . I=In3 B./=-In3 QI=EM3 D. 1 ZM3

Loi giai

. fl(x) 1-2%? 1) 1
Taco X°.F/(x)=(1-2x*).f°(x) & 00" @(__J == -2

1 1 1 1
__:I —2—2 X< -———=-=-2x+cC, do f(1)=l:>c=0
3

f(x) X f(x) X
2
Nén ta co @LZZX +1<:>f(x): >
f(x) X 2x°+1

Slpeeeed 1, |1+2x|
47 1+2x

2 2
Khido | = [ f(x)dx= [ ———d
d » 1+2%°

2In3 In3)_—ln3




NHOM GIAO VIEN TOAN VIET NAM

va théa man f(x).f'(x)—2x.

1
0) =0. Tinh tich phan I = [ f (x)dx
0

AI=%3«/5—2«/5 B.I:§3\/§+2«/§
C.I= 3V3—-2 D. 7= 3J3+2\2

Loi giai

Taco f(X).F/(X)=2x f2(x)+1=o@M=2x<:(,/f2(x)+1)' = 2x

JrE00+1
= Jf2(x) +1= [ 2xdx = \[F? () +1=x*+c. Do f(0)=0=c=1néntacod
JEE0+1=x +1e f2(0+1=(x* +1) & F200=x2 (x2 +2) o f () =|x|x* +2
(Vi f(x) khong amtrén R). Khi d6 |=ff(x)dx=j|x|ﬁdx=jxﬁdx

0 ] ;

1

a0

w (N

[(x%Z)M}

1
:%J\/x2+2d(x2+2) :%.
0

0

b
Dang 7. Mot sb bai toan lién quan dén hing dang thirc tich phan f [f(z)— g z dz =0 vase
dung cong thirc tich phén tirng phéan dé tinh toan.
b b b
+ Cong thikc tich phin timg phitn: [u()V'()dx =(uEIV(X))|, - [VOU'(x)dx (trong d6 U,V 6 dgo ham
lien tyc trén K va a,b 1a hai sé thugc K)

b
+ Tinh chdt: Néu (x)>0 vsi Vxe[a;b] thi J' f (x)dx >0, ddu "="xay ra < f(x)=0,vx e[a;b]

b
+ Hé qua: [ f2(x)dx=0<> f(x)=0 véi Vxe[a;b].

+ Bat dang thirc Holder: Cho hai ham sé f(z) va g(z) lién tuc trén dogn [a;b]. Khi dé
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x).g(x)dx < ;ﬂ fz(x)de g*(x)dz.

Pang thirc xdy ra = f(z) = kg(z), k< R.

1 1
Vidul. Chohamso f(z) thoaman f (z +1)f'(x)dz = 10 va 2£1) — £(0) = 2. Tinh I = _ f f(z)dz.
0

0

A T=-12. B. [ =8. c.1=12. D. [ =-38.

Loi giai
1
Xét tich phan f (z +1)f'(z)dx
0

bat Khi do

u—x+1 du — dz
dv — f'(z)dx e flx)”

10= [ (@ +Df @)z = (= + Df(),

1
Suy ra j f(z)dz = 8.
0

™

1 ¢ 2
, ~ £
Vidu2, Chohamsb f(z) liéntuctrén IR vathoaman [ tana.f(cos’ 2)dz =1, | JO2) 4 1 Tk
0 e

zlnz
[ f(22)
tich phén I = j ——dz
T
4
A =1 B. I =2. C.I=3. D. I =4.
Lai giai
i
Xét A f tanz.f(cos’ x)dz 1
.0
. dt
Pit ¢ = cos® z. Suyra dt = —2sinzcos 1dr = —2cos® z tan adz = —2¢ tan adz = tanady = —?

r=0=t=Lr=—=1t=

>~ | =
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2Inzx 2In* 2u dz du
dzx = dz = dz = =—
z zlnz zlnz zlnz 2u

Dit w = In*z. Suy ra du =

péicani z=e=>u=1 z=¢€ =>u=4.
4 4

1
LY
LU 2¢

Suy ra f@dx =

Khido 1 =B =

l\:JIr—t

Xét tich phan cdntinh T = |

| S— O
S~
~~

8 (N
S
SN—
o,
S

v
Dit v = 2z, suyra dx=§dv, x:§
. 1 1
Péicainit=—=v=—; z=2=0v=4,
’ 4 2
(@ @)  f@) rf
Khidél:]— :]—dx:[—dx+]—dx—2+2—4
.1 v 1 z 1 z 1 z
3 3 3

N =

A -1
Vidu 3. Cho f(x)laham so chan lién tuc, c6 dao ham trén R thoa man f (?j =4 va j f(x)dx=3.
0

0
Tinh tich phan 1| = j sin 2xf '(sin x)dx

6

AT=-2 B.[=2 C.I=-1 D.I=1

Loi giai
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X = dt = cos xdx

X—i:)‘t—__l 0 0
boican: {" 6 2 khido |=2Itf’(t)dt:>I:2Ixf’(x)dx
Xx=0=1t=0 - -
u=x du = dx o & 0
bat: tacd | =2 (xf(x))a— | F(X)dx|=4-
¢ {dv=f’(x)dx:>{v=f(X) ( ())|21 Il ()dx =4 Zif(x)dx

2

1
2 1

0 2
, - 2
Do f (x)laham sé channén [ f()dx=[ f(X)dx . Khi do | =4-2[ f(\)dx=4-6=-2
-1 0
> 0
Vi du 4. ( Trich d& tham khio ciia B GD&DT niim 2018) Cho ham s6 f(x) c6 dao ham lién tyc trén

1

1 1
1 §
doan [0;1] thoéa man f(1) = 0, f [f(2)fdz =17 va f 2’ f(z)dz = 3 Tich phan f f(2)dz bing
0 0

0

7 7
A - B. 1. c. —. D. 4.
5 4
Lo giai
1
Xét tich phan f 7 f(2)dz
l0
_ du = f'(z)dz 1
u= f(z) 1 7 Pfx)| pad
- = 3 . neo 2 it el B bl /
bat dv=2idz |y % . Khi do: . u!:c flz)dx 3 |, L! 3 fl(z)dx

1

= —gfff'(:z:)dx (do f(1)=0).Suyra f:z:3f'(x)dx =—1.Tim k sao cho f[f'(l’) — kz’fdz =0
0 0

Taco f[f"(x) — k2’Tdz = f[f’(:z:)]de — 2kfx3f’(:1:)dx + k2f:1:6dx =7 —2k(-1)+ kQ% =0 k=-T7,.

Do d6 f[f"(x) +72°fdz =0 & f(2)+ 72" =0 & f'(z) = —T2".

7

:c):——x“—l-C’,\nf(1)=0nénC=£Dodéf($)= T+
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1
Cach khac: Taco ]‘ 2’ f'(z)dz = —1. Ap dung bét ding thic Holder ta c6
0

2 1

< 7_1f (z*)2dz. j (f/(2))dz. = 7%] (f'(2)Pdz = 1[ (f(z)dz.

0

1

7="T7.(-1)7 = 7[_ [ 2'f/(2)de

. 0

Piang thuc xay ra < f'(z) = kz’ véi k C R.

1

1 1
Tacé —1= fa:3f'(:1:)dx = f:z:3.kx3dx = k[xﬁdx = % Suyrak=—7.
0 0 0

Dodé f/(z)=—T2". Suyra f(z)=——2' +C. Vi f1) = 0 nén C =~ . Do do f( ):—£$4+£
f el 7 7 7

A _ v 4 L _ 5

Vay _[]:f(x)dx—jo( & +4de_5

2

Vidu 5. Cho ham s f (x) lién tuc, c6 dao ham trén doan [l' 2]. Biét f(0)=1, I f'(x)dx =2 va
1

2 2 2 3

j [£'(x)] dx=4. Tinh tich phan | = j [f(0)] dx

1 1

A. I =068 B.I=34 C.I1=17 D. [ =136

Nhgn xét : Gid thiét chira [ £'(x)]” va f'(x) nén ta tao binh phwong dang [ £'(x)—a]’
2 ) 2 )
Ta chon d sao cho j[ f'(x)-a] dx=0< I([ f'(x)] —2af '(x)+a2)dx:0
1 1
2 ) 2 2
c>_[[f’(x)] dx—Zaj f’(x)dx+a2.|'dx=0 o 4-data’=0ea=2.Tidstacd i gidi
1 1 1

Loi giai

Taco j[ f(x)—2] dx=0< j([ FOOJ =41 /() +4)ix =i[ f ’(x)]zdx—4j' f’(x)dx+4_2[dx

=4-8+4=0= f'(X)=2= f(X)=2x+c,Mma f(0)=1=c=1nén f(x)=2x+1




NHOM GIAO VIEN TOAN VIET NAM

Caul:

Cau 2:

Cau 3:

Cau 4:

Cau5:

Cau 6:

8x° +12x° + 6X +1)dx =(2x4 +4x% +3x% + X

BAI TAP TU LUYEN
Cho ham s6 f(x) dong bién, c6 dao ham trén doan [],'4] va thoan man

x+2x.F () =[ F'(0)] véi Vxe[L;4]. Biét f(]_):g, tinh 1 = [ f (x)dx

Cho ham s8 f(x) dong bién, c6 dao ham cap hai trén doan [0;2] va thoa man

20 ()] = F (). F7(0) +[ /()] =0 véi ¥xe[0;2]. Bigt (0)=1 f(2)=€°, tinh tich
[ j).(ZX +1).f (X)dx

Prgoda 2X

£*(x)

Cho f (x) c6 dao ham trén R va thoa man 3f'(x).e =0 véi VxeR.
Nid

Biét f(0) =1, tinh tich phan | = j x. f (x)dx
0

Cho f(x) c6 dao ham trén [0;1] théa man f(X) +(X+1). f'(x)=1 véi Vxe [0;1].

7 1

Biét f(5)= o tinh tich phan | = [ £ (dx
0

Cho f(x) c6 dao ham trén [L2] thoa man (X+1) f(X)+X.f'(X) =2¢" véi wxe[L2].

2
Biét f(1)=e, tinh tich phan | = [x.f (x)dx
1

Cho ham sd f(x) lién tuc trén R va thoa man f(x)+ f(—x)= COs’X véi VxeR.

i

2

Tinh tich phan = | f(x)dx

N
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Cau 8:

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

va thoa man 3 (X)—4

2
voi Vxe[0;2]. Tinh tich phan I = [ f (x)dx
0

2
Cho ham s6 f(x) lién tuc trén doan [5;1} va thoa man 2f(x)+3f(3£)=5x voi
X

f(x)

——=dx

2
VX € [5 ;1} . Tinh tich phan | =
X

AT | S——

Cho ham s8 f (x) lién tuc trén R va thoaman f(X)=4xf (X*) +2X+1 véi vxeR.

1
Tinh tich phan | =j f (x)dx
0

Cho ham s6 f (x) lién tuc trén doan [0;1] va thoa man 4xf (x*)+3f (1-x) =+1-x* véi

VX e [0;1] . Tinh tich phéan | = j f (x)dx
0

Cho ham s§ f(x) lién tuc trén R va théa man f (X’ +2X-2)=3x-1 véi vxeR.

10
Tinh tich phan | =j f (x)dx

1

2019

Cho ham s8 f(x) lién tuc trén doan [~15] va thoa man [f(x)]" + f(x)+2=x véi

VX e [—1; 5] . Tinh tich phan | = f f (x)dx
0

B
Cho ham s8 f (x)lién tuc, c6 dao ham trén R thoa man f(v3)=+3 va | f(X)dZ‘ 1.
o V1+ X

B
Tinh tich phan | = I f'(x) In(x+\/1+ x? )dx
0

Cho ham s f(x) lién tuc, ¢ dao ham trén R va thoa méan

|

1
(1-2x) f'(x)dx =3 (2) + f (0) =2016. Tinh tich phan I = [ f (2x)dx
0
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3

dx=0. Tinh tich phan | jM dx

T X+1 7 (x+2)
Caul16: Cho ham s6 f(x) lién tuc trén doan [0;1] thoa man f(1) =% va
T ) L A t xf (X)
j(f (X)+x).In(L+ x?)dx = 2In2—1. Tinh tich phan | =j1 Zdx
0 o 1+x

1
Cau17: Cho ham s8 f(x) lién tuc, 6 dao ham trén doan [01]. Biét[xf(x)dx=1 va
0
- 2 X 2018
[[F 00T dx=3. Tinh tich phan 1 = [[f(x)]"" dx
0 0

1
Cau18: Cho ham s6 f(x) lién tuc, c6 dao ham trén doan [0;1]. Bié"cj[f(x)]2 dxzé va
0

1 1
[V (X =§. Tinh tich phan 1 = [ f (x)dx
0 0

Cau19: Cho ham s6 f(x) lién tuc, c6 dao ham trén doan [0;2]. Biét f(2)=7 va

2
[ /()] =21x* ~12x—12xf (x) v6i Vx€[0;2]. Tinh tich phan | = j f (x)dx
0

1 1
Cau20: Cho ham s8 f(x) lién tuc trén doan [0;1] thoa man J-f(x)dx=2, I xf (X)dx=% va
0 0

1 1
[IF0] dx= % Tinh tich phan 1 = [[ f ()] dx
0 0

Tai ligu tham khao.

[1] Tap chi Toan hoc va tudi tre — Sb thang 2/2021

[2] Tuyén tap cac dé thi thir cac trudng trong ca nude nam 2017-2021.
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UONG PHAP TiCH PHAN TUNG PHAN
TAO CAC LUQNG TRIET TIEU

Dw an nam 2019 ciia nhom Giao vién Toan Vigt Nam
do thay Lé Tai Thang phu trach

Trong qué trinh day va hoc vé bai toan tich phan, ching ta c6 rat nhiéu cach tinh tich phan
nhu doi bién, ting phan. .. Tuy nhién khi dimg trudc mot bai toan khong phai lic nao ching ta ciing
thdy ludn diéu do, dac biét nhitng bai toan cong kénh va hinh thirc phic tap. Mac di cach xa 1y lai
hét strc don gian, xuat phat tir nhirng th rat gan giii va thdn quen ma ban than chiing ta lai khong
ngo dén. T thuc té kinh nghiém giang day ciing nhu nhu cau hoc tap cua cac em hoc sinh, BQT
xin dua ra mot huéng 1am nho vé bai toan tich phan: Phwong phap tich phan tirng phan tao
lwong triét tiéu.

C& so cua phuong phap chinh 1a st dung tich phan da dugc hoc trong chuong trinh sach giao
khoa va dinh nghia cua tich phan.

I. PHUONG PHAP
1. Phwong phap tich phén tirng phan

Tinh tich phén |l :Iu(x).v'(x)dx

Céach tinh:

bt {u:u(x) :{du=u’(x)dx

dv=v/(x)dx |v=v(x)

(cng thirc tich phan ting phan)

5 [1=(uwv)

b
b
a—Ivdu
a

b b
+ Can phai lya chon uva dv hop i sao cho ta dé dang tim duoc v va tich phan j vdu dé tinh hon judv.
a a

+ V6i P(X) 1a ham da thic ta ¢é chd y trong cac truong hop sau

b b b b
[P(x).e*dx | [P(x).cosxdx | [P(x).sinxdx | [P(x).Inxdx
a a a a
u P(x) P(x) P(x) Inx
dv e dx cos xdx sin xdx P(x)

2. Xét bai toan: Tinhtich phan | =

b

| védang I = f(x)dx=[f,

D ey T

b

a

(x)dx+z f,(x)dx (1)

f (x)dx, taco thé giai v&i mot cach nhu sau:




NHOM GIAO VIEN TOAN VIET NAM

rrng phan dé tinh I dx dua vé dang

f,(x)dx=A- jf x)dx. Thay vao (1) ta tinh dugc | = A

a

Vén d¢ 1 ta lya chon viéc tach f (x) = f,(x)+ f,(x) sao cho viéc sir dung phuong phép tich phan timng

b b
phan dé dua [ f,(x)dx tao ratich phan —[ f, (x)dx

II.  CACBAITAP AP DUNG

In? Inx In2
A a=2b. B. 2a=Db. C.a+b=4. D. a+b=6.

1 1 a
Caul. Cho | [ ]dx =———be véi a,b la cac s6 nguyén. Ménh dé nao dudi day ding?

Léi giai

+ Tinh I( In?x Inxj I(In x) I(Inxjdx

t 1 u—i du—_—ldx
+I2=I—dx theo ting phan, dat { = Inx => T xIn?x  suyra
In x
2 dv = dx V=X
e 1 X e 2
l,=|—dx=—| -lL=e———1
? !Inx Inx|, * In2
e e e
1 1 1 1 2
Nén —— |dx= dx—|| — |dx=1,+1,=e——
!(Inzx Inxj Jllnzxj Jz.(lnxj v In2

Vay a=-2;b=-1.
Nhan xét: Bai toan da tach san nén ching ta chi can tich phan timng phan tich phan tha nhat ¢é
tao ra luong 1a d6i cua tich phan con lai.

e ae
Cau?2. Cho |:J'e2X |nx(|nx+£)dx=%+c voi a,b,ceZ.TinhT=a+b+c.
X
1
A. -2. B. 2. C. 4. D. 4.
Loi giai
Chen D

e e e
, 1 1
Tacéh | =J‘e2X In x(ln x+—)dx=je2x In? xdx+J‘e2X In x = dx
X X
1 1 1

M N

s A [ 2X 1 1e 2X 2 1 2X 2 e
Lai c6 N=Ie Inx—dx=§_[e d(In x)=§ e In x|, -
1

X

e

1 e
==e*In*x| —
2

Iezx In? xdx :ie2e -M.
1 2

Suyral=M+N = M+G e’ szleze.

=b=2,¢c=0.Vay T =a+b+c=4.
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> @61 phirc tap néu thoang nhin qua, tuy nhién néu di theo hudng cua d
1 chiing ta s& co hudng xur ly ngay.

+ Ta ciing c6 thé dung cong thic tich phan timng phan cho tich phan M = jezx In? xdx . Vi vai tro
1

cua hai tich phan nay 1a nhu nhau, quan trong ta chon timg phan tich phan nao dé nhanh chéng
cho ra két qua nhanh nhat ma lai don gian nhét.

u=1n? x du=21nx.ldx
Dét{ o 1x

e
Ta dugc M = Iezx In? xdx = %ezx In? x
1

e e
—Iezx In xldx=1eze—N
1 9 X 2

Vay | =M +N :(%eze—N)+N =%e2°.

1wl 1, 1,

Cau3. Biét I1=f{——¢e ~e” biét a,b 1a cac s& nguyén duong. Tinh
X(X+1)? a b i g

| — N |

4
T =log6000a—Ilogh .

A.T=3+logl5. B. T =4+log3. C.T=4. D. T =3.
Loi giai
ChenC
1 1 1
2 1 2, 1 2, A
I:] 1 12e1de:] 1 e1de ]%e“dx
SAX(XTT) (x 1 1) < X(X 1) v (x - 1)
1 1 1
1
2 1 1
Xét N :f ~€ *dx
p (x+1)
1
1
U—e x du_—ize+de
pit: 1 = X
= 2d V——X
(x+1) Cx+1
1 1 1
1 2 1 2 1
Taco: N=——¢ * ]L%e1 de:le3 le6 | ] L e *dx
X | 1o X 11X 3 L X(x - 1)
4 g 1
1 1
2, 1 2. A
Suyra | :j 1 e *dx 1e3 le5 | j 1 e *dx :lef’ 1e3.
4 X(x+ 1) 3 5 S X(x 1 1) 5 3
1 1

Vay a=5b=3=T =log(6000.5)-log3=10g10000=4.
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edx =€ +b vé4ila b sénguyén. Tinh gia tri cua biéu thic S = 23

2 1+cos X
A S=r. B.S=2r. C.S5=2. D. S=1.
Loi giai
5 3 3 3 Zsinx cos
2 H 2 2 2 X 2 - -
Taco I:j1+smx.exdx—j I sinx :_[ dx+j#.exdxexdx
o 1+cosx 01+cosx 1+cosx  §ocps2 X 5 2c052§
S
=I dx+Itan— e*dx
0 2c0s2 > 0
2
u=¢ du =e*dx
bat ydv = dx =
’ , X v=tan—
cos” =
PR 2 « 5 2 z
Do d6 I_I dx+Itan—.ede= tan —.e* —It de+jtan— g'dx=e2.
2 X 2 2 2 2
02C05° — 0o o

2
Vay S=2a+b=2.%+0=rr.

Nhan xét:
. % e* % X ., ,
+ Khi bién déi thanh | = j dx + j tan = e*dx. Néu dé y ki thi ta thiy
0 2c0s2 X 2

T 4

X ’ 1 ~ LA =K . 2 X ’ X ‘ X x\
tan= | = nén ta c6 thé viét lai I=J' tan= | e dx+jtan—.(e )dx =
2C0S X 2 0 2

0

[tan—e ] dx
2

Lam dugc viéc nay doi hoi hoc sinh phai nam rét chic cac cong thizc dao ham, nguyén
ham va tu duy suy nguoc trong giai toan.
+ Ban chét cua cdng thic tich phan tirng phan 1a xuét phét tir

o'—.N\N

b b b b b
I (u.v)' dx = I (Uv+uv')dx < ju'.vdx :j(u.v)' dx — I uv'dx nén ta co thé phan tich dua
b

b
I = [ f(x)dx=[(uv) dx saudé sir dung dinh nghia cia tich phan thi viéc giai bai toan
s& nhanh va gon hon. Vi vay, ta s& dong thoi su dung tich phan tirng phan dé giai

quyét cac dang bai toan kiéu nhu nay

2 2
Caus5. Biét | =I(1—§) e*dx =ae+be®, vgi a,b,c 1a cac sb thuc. Tinh S=a+2b+c
1

A. S=3. B.S:% C.S=-3. D.S=2.

Léi giai
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5 u:l—ﬂ du:izdx
bat X = X

dv =e*dx v=e

Khi d6 A= j(l—fj e'dx= (1——) j(iz }1
ol ] {3 e

Vay a=3,b=—Lc=2:>S=a+2b+c 3
Ch0 y: Ta c6 thé bién ddi dé 1am nhu sau:

et g3
S i (R

Vay a=3b=-1c=2=>S=a+2b+c=3
Nhan xét: Cach giai theo hudng hai 1am cho ta thiy n6 rat hiéu qua néu hiéu
rd vin dé dé dua biéu thic trong dau tich phan vé duoc dang dao ham cua tich hai
biéu thuc.

=3e—¢?

H'—.M

1

T
2 ar’
Caub6. Bietl =jsinx(xsinx+xzcosx)dx:— véi a,b,ceZ,c=0.Tinh a+b+c.
c
0

A, 11, B. 21. C.0. D. 3.
Loi giai

/4 /4 4

2 2 2
Cach 1: Taco | =Isin x(xsin X+ X2 cosx)dx=J.xsin2 xdx+szsin xcosxdx=A+B.

pa

2
Xét A= Ixsinz Xdx .
0

(du = 2sin xcos xdx

=2
. u=sin-Xx
bat = X2
dv = xdx V="—

L 2

s
2 2

X 2
Suy ra A:?sinx 2

X“sin xcosxdx—?—B.

0

N O'—ANN

2

Vay | =A+B < | _%—B+B©I =%.Dod6 a=Lb=2c=8=a+b+c=11.
ach 2:
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2

X+ X° COS x)dx - j.(xsin2 X + X2 sin X cos x)dx
0

3
(2xsm X+ 2x2 smxcosx =%j‘
0

I\JII—‘
O [y

l—l

sm2 X+ X2 (sin2 x),}dx

3

2 ! ! ’ J—
:lj{(xz) sin’ x+X° (sin’ x) }dx 1 (x*sin® x) dx _L esinex[2 =%
29 2 2 o 8

Nhan xét: Viéc st dung tich phan ting phan tao ra luong triét tieu hay bién doi dé
xuat hién dang dao ham Ia tdy thudc vao kha ning nhin nhan cia mdi ngudi, do d6
hiéu rd va van dung timg hudng lam s& dam bao cho cac em c6 nhiéu cong cy hon
trong viéc giai quyét cac bai toén.

Két luan: Bai viét 1a mot kinh nghiém nho nhé trong qua trinh day hoc, hy vong s&
gitip ich dwoc phan ndo cho cac thay ¢ trong qua trinh day hoc ciing nhu cac em hoc
sinh hiéu rd van d& hon trong qué trinh hoc tap vé bai toan tich phan.

I1l.  BAI TAP VAN DUNG:

O v | Ny

1
Cau 1. Cho ham sé f(x) c6 dao ham lién tuc trén % va théa man jf(x)dx=10,
0

1
f (1)=cotl. Tinh tich phan | =I[f (x)tan” x+ f'(x)tan x |dx.
0
A. -9, B. 1-cotl. C. -1. D. 1-In(cos1).
L I 1 . . .
Cau2. Biet |l = ,/1+Inx+— e‘dx =e*vb-cevsi ala sé thuc duong vab; cla cac so
Jl.[ 2x«/1+ln xj s
nguyén duong. Gia tri Ina+b+c=41a
A. 6. B. 3. C. 4. D. 5.

T

Cau3. Biét | =J‘f(sin2 x-+sinx—1)""dx =1—ae® véi a,b Ia cac s6 thuc duong. Gia trj @ —b bing

& 2

R B.—- Cc.A2. D. 0.
Cau 4. Biétrang | :jxs.lnsx(Bln x+2)dx:%a.Tinh giatri biéuthic T =a—b.
A T=4. 1 B.T=-4. C.T=2. D. T =5.
Caus5. Biét fX'COSX'";X*Si”de:sin alnb véi a,be N*. Gid tri cia a® +b? bing
As. B. 20. c. 10. D.13.

2
A FPS sinx are J N RA A A A A A so -
Cau 6. Biet I(1+ X.COSX ). dx:% , trong d6 a,b 1a cac so nguyén duong, phan so % toi gian. Tinh
0

B. 2. C.6. D. 3.
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Cau 8.

Cau 9.

Cau 10.

Cau 11.

“dx=ae ¢ voi a,b,c la cac sb nguyén duong va phan s — 14 t6
C

/2

4
gian.Gia tri cua biéu thac T =a+b+c 12

A. 5. B. 6. C.7. D. 8.
- 1y a a
Biét | = ] e [1 —=| dx= E'ec +d, biét a,b,c,d la cac s6 nguyén khdng &m va phan sb o
. X
1
2
t6i gian. Tinh T =a+b® +¢c®+d*.
A. 10. B. 6. C.8. D. 9.
. 3 (cosx+xsinx) = ar® . L A e
Bict | =J'x 3 dx = , VGi a,b, cla cac so thuc duong va — la phan so toi gian.
0 cos’ X c c
Gia tri ab+cbang?
A. 13. B. 12. C.11. D.9.
" xe a . .
Gia sir ——dx = - vGi a, b 1a cac so nguyén duong. Ménh dé nao sau day
i (X+1) In(ae) In(be)
la sai?
A. a*+b* =13. B. log,, 36=2.
C.2*+3 =31. D. log(a+b+5)=2.

2
Biét I(ZXZ + x+1) e’ ™ dx = ae” +be’ (a,be).bit S =a”" +b* . Chon khang dinh
1

diing trong cac khang dinh sau?
A S < 22019 B 22019 < S < 32019

C. 3 «§<«11%® D. 11%% < § <117,
Hét—-




Tap san si 04
10 - 2021

PHAN TiCH MOQT SO LOI THUONG GAP
KHI BIEN SOAN CAU HOI TRAC NGHIEM
Thay Nguyén Minh Nhién
S¢ Gido duc va Pao tao Bic Ninh
Khi bién soan ngan hang cau hoi phuc vu giang day, kiém tra, danh gid, ching ta can mot
lwong cau hoi da dang, chat lwgng va phai dam bao tinh chinh xac, khoa hoc. Bé bién soan cau hoi,
da phan cac cau hoi dugc Iy tir nguon cau hoi ty luan cd san hoac tu tao tir cac bai toan, tinh chat
d3 biét, dan dén nhiéu cau hoi mac 16i. Toi xin dua ra nhitng 161 phd bién ching ta thuong mac va
cach khac phuc. Ngoai ra, véi mot sé bai toan toi dwa thém hudng giai tong quat dé khi thiét ké
nhitng cau hoi twong tu ta c6 cai nhin tong quan nhat dé tranh nhitng sai s6t c6 thé mac phai.
1. CAc 16i vé cAu truc cau, chinh ta
Khi xay dung mot cau hoi trac nghiém, viéc co ban dau tién I1a cau hoi phai chinh xac vé
tiéng Viét, khong sai chinh ta, cau hoi phai dé& hiéu. Néu cau dan 1a mot cau hoan chinh thi cac
phuong an tra loi phai 1a cAu hoan chinh hoic cau ngan. Néu cau dan la mét cu hoan chinh thi cac
phuong an tra 10i phai la phan bo sung dé cau trac nghiém d6 to thanh cau hoan chinh.

1.1. Sai chinh ta, mau thuin giira cAu din va cac phuong an tra |oi.

Vi du 1: Phuong trinh «/2° +1 = 2 ¢6 nghiém Ia:

A. x =1 hoac z = —1. B.x:\/ghoacx:—\/g.
C.z= \/5 hoac = = —\/5. D. V6 nghiém
L6i sai:

Phuong an D khong phai cu tra 1i cho cau dan néu ta thir ghép lai “Phuong trinh m =2
co nghiém la: Vo nghi¢m”

Stwra lai:

Cach 1: Phuong trinh \/TH = 2 c0 nghiém la

A. x =1 hoac z = —1. B.m:\/ghoéCa::—\/g.
C.x:\/EhOeiC:z::—\/E. D. x = 3 hoac z = —3.

Céch 2: Téng tat ca cAc nghiém cia phuong trinh \2? +1 = 2 14

Al B. V3. C. 0. D. 3.

1:2..CAu din va phwong an tra |61 mau thuin

K nttps://www.facebook.com/groups/toanvd.vdc Trang 44



NHOM GIAO VIEN TOAN VIET NAM

o r+1 =21la

B.0 C. bap an khac D.1
L6i sai:
r ~ r 2
Néu ghép cdu dan véi phuong an C thi dugc cau “So nghiém cta phuong trinh log x4+1 =2 1a

Dap an khac” ro rang 1a cach tao phuong an tra loi khong phu hop.
2. L&i khi chuyén cau héi tw luan sang trac nghiém

Khi hé théng cau hoi chua du da dang, ta thudng chuyén cac bai toan hinh thic tu luan co
san sang hinh thirc cau hoi trac nghiém. Lam theo cach nay néu khong khéo 1éo s& dan dén nhiéu
cau hoi trac nghiém khong danh gia dung muc do kién thire hodc cau hoi qua kho khi loi giai hang
trang gidy moi tim duogc két qua.
Vi du 3: Tim gia tri cua » dédd thihamsb y = 2' —2m’2” +1 ¢6 ba diém cuc tri 1a ba dinh cua
mot tam giac vubng can.
A me 01 . B.me —11 . C.me —1;0;1 . D.m=1.
Lbi sai:

+ C6 thé thay gia tri » vao ham sé ban dau dé thir két qua.

+ Khong nén dé tap gia tri cia tham sb » trong cac phuong an tra loi 12 cac tap 16ng nhau.
Sira lai: C6 bao nhiéu gia tri cua » dé dd thi ham sé y = ' — 2m’z” + 1 ¢6 ba diém cuc tri 13 ba
dinh cua mot tam giac vudng can?
A. 0. B. 1. C.2. D. 3.
3. Hiéu sai c4c khai niém, tinh chat
3.1. Hiéu sai cac khai niém

(=ajeosdr L 3012017 thi téng

Vi du 4: Mot nguyén ham f (x  2)sin3zdz =
c

S a—b—cbang
A S=3 B.S =15 C.S=10 D.S =14

Vidu5: Tinh F' 2 = j ze3dz . Chon két qua dang.

AFr=31r-3e—-C. B.Fzr =z2+3e+0,
C.Fz :x_3e§*0. D. F x :x+3eg+0
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A vi du déu 13i & chd hidu sai khai niém nguyén ham. f (z—2)sin3adz va [ ae’ds

(x—a)eosdz 10 5. 9017:F & 1amét ham nén khong thé viét

la cac ho nguyén ham con ;
C

f(a: 2)sin 3zdr = (z=a)cos3z | 1si1r13x { 2017 hay F z = fmegd:r duogc.
c

Vidu 6: Chohamsé y = f = €0 bang bién thién nhu sau

T 0 1 +00
4

TN

s —

f =z

Tim s dé bat phuong trinh m + 2sinz < f = nghiém ding véimoi z € 0;+n~c .

A-m=f0. B.m<f1 —2sinl.
Cm=<fo. D.mz>f1 —2sinl.
L6i sai:

+ Tir gia thiét ham s6 khong xac dinh tai z = 0 nén khéngco f 0 .
+ Ham sé dat cyc dai tai z =1, tac1a ' » <0 trén 1,—~ ma yéu cau bai toan buoc

phaico f' = = 2,vz e 0;4~c thivdli. Do do, khoéng cé gia tri » nao théa man.

. 1 —
Vidu 7: Cho ham s f() lién tuc trén (0;+0c) va théa man f(1) = E’ﬂx) =1- 2f J(rl) voi
T
moi gia tri nguyén cia .. Tinh tong f(1) + f(2) +... — £(2020).
2 2

A 2020 B. 2020, c. 2020 p, 29

2021 2021 2020
L6i sai:

—f'(z)

Ham sé cho f(z)=1—

2 11 VGi moi » nguyén, véi » khong nguyén thi chua chic
x

ham s c¢6 dao ham tai -, néu c6 dao ham thi chua chic ¢ hé thirc théa man dé bai.
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<~ | LVzc O .Giatricia f f(z)de 1a
sin” z g

2

2 2 - 2 2 .
AT B.L&L. C.SW T D.W—G—Q;fr.
2 2 2 2

Loi giai
Chen B
2
Tacofz — | f z doz— —1|dz — —2cotz —z —C.
f fsin2x
T T T
Vlf[g]_4_>—+0—4—>0—4——_
3 3
2 2 2
T 7+ 87
Do do, r)dr = | |—2cotz+x+4——|dr =
0 do ff( ) f[ ] :
2 2

L6i sai:

7w 3wl
)

nen

Ham sb y = f = khong lién tyc trén |—;— f(z)dz khong xac dinh.

3 L—ﬁm‘g‘?

v |

3.2. Hidu sai cac tinh chat

5
Vidu9: Chohamsé f o lientyctrén R vathoaman f 2° { 3z + 1 =z { 2. Tinh ff z dzx
1

A 37T B. 22T c 61 D, 264
6 3 6 3
Ldi sai:
A . \ A 2 7 A= ’ \ 3 , \ , -y . 3
bothihamso y = 2" + 3z +1 cb truc doi xang la z = —5 tic la thay cac giatri z, —3

va —z, —g thi giatri cia f 2° +3z+1 béng nhau, nhung ham y —  + 2 khong c6 tinh chét

nhu vdy. Do d6, khong co ham f z théa mén tinh chat cia bai toan.
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hinh phang gigi han béi A, ddthi ¢ va hai dudng thang z = 0; = =2 ¢6 dién tich bang 55—6 (dd
thi nhu hinh v&).

YA

B

/

J-1

Tinh dién tich hinh phing gigi han bai A, ddthi € va hai dudng thang z = —1; z = 0.

NS B. L. c. L. D. L.
5 20 10 5

Lbi sai:
Do thi ham sé y = az* + bz + ¢ khdng thé ¢ dang nhu hinh di cho.
Vi du 11: Cho sb phuc - thoa man ‘z -2 z‘ 1 ‘z 4 7@" — 82 it rang tap hop diém biéu

dién s6 phuc - trén mat phang phic 1a mot Elip. Phuong trinh Elip d6 1a

2 2 2 2
A+ ¥ =1 B Y LY
32 14 27 22
2 2 2 2
c. X Y 1. DXL +Y 4
124 56 14 32

L&i sai:

Khong c6 phuong an dung, tap hop diém biéu dién sé phic - trén mat phing phac 14 mot
Elip c6 tieu diém £ —2:1 ,F 4:7 do dai truc lon Ia 4+/2.

Tong quat:

Cho s6 phirc - thoa méan |z — x, — y,1 —|z — z, —y,i| = 2a Véi a > 0.
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| tap hop cac diém biéu dién s6 phuc - 1 doa

121V OE T5Y, 7F; L3 Yy -

2

It 2 N LA , « R =R =X A 4 h H 4 A
+Neu z —z, — y —y, < 4a” thi tap hop cac diém biéu dién s6 phuc - la Elip c6 cac

tiéu diém Fl,F;,dﬁ dai truc 16n 20,6 d6 }71 5y, ,F; T3, -
Vidu12: Cho ham s6 y = f & c6 dao ham f' & — az® —ba® + cx +d (a,b,c,d 14 cac sb

thuc). Ham s6 y — f/ 2 c6 db thi nhu hinh bén. Himsé ¢ # — f 1—2z .f 2 —2 ddng bién
y=1r g f /

trén khoang nao?

Ya
-1 O 1 T
A L2 B C. 02 D. 3
. 2,2 . o—x0 . .02 . S N LA
Loi giai

, pl 3 4 2 T <
Tacd f ¢ =4da z° = =fx =ax 2z | e laham chin.

Tuddthisuyra f = dongbiéntrén —1.0 va 1;—oc .

HémSég z =f2x—1C0g¢ z =2f 220—1.

, 1<2 1<0 |pcg<lt N

gz >0& = 2.Dodo, g « dongbientrén 3;+oc .
1<2z 1

z>=>1

Haimsbn o =f2—2 COW o =—f 2—2 .
0<2—2<1 x> 3 , N L

Bz >0« .Dodd, h z dongbiéntrén 3:+~ .
2—z<—1 l<z <2

Do d6, ham s6 y=g z.hx dong bién trén 34 .
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khong duing.

/

Tacé[ga:.h:c] ¢ axha+gzha.
Do dang g « VA h o cung dong bién trén khoang D thi méi khang dinh dugc
g = >0,h = >0¥z e D chuathé khangdinhduoC ¢’ 2 h 2 +g 2 b = >0.

Nhan xét: Trong qué trinh tao ra cac bai toan dang nay can luu y cac tinh chat

+Néu g z va h x clng dong bién trén khoang D thiham ¢ & +h 2 dong bién trén

+Néu g o dongbiéntrénkhoang D, » 2 nghichbiéntrén D thiham ¢ » —h 2 dong

biéntrén D .

+ Néu gz Vva ha ciung dong bién trén khoang D, dong thoi
gz >0hz >0,YeeDthiham g  h o dongbiéntrén D.

+ Néu g¢ga Vva h o cing dong bién trén khoang D, ddng thoi
gz <0,h x <0,Yze Dthihdm g  .» o« nghich biéntrén D.

Vidu 13: Cho y = f 2 1a ham da thuc bac 4 c6 ba diémceyctri 2 = —1,z = 0,2 = 2. Tim tat

C4 C4c gia tri thuc cta tham s » déhamsd y = f ‘:B + m‘ c6 7 diém cuc tri.
A m<—1. B. m<0. C.—1<m <2, D.m>2.
L&i sai:
Db thi hamsé y = f |z +m| chico 3 diém cuc tri va khong phu thugc vao . Do dé, gid

thiét da cho cua bai toan 1a mau thuin.

Vidu 14: Cho ham s6 y = f = c6 dao ham lién tuc tren R, ham s6 y = f’ 2 c¢6 d6 thi nhu

hinh v&.

Ya
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B. 3. C. 4. D. 5.
L6i sai:

+ Cau diin “C6 bao nhiéu gid trj nguyén cua » dé hamsé y = f [z +m| c6 ding 5 diém
cuc tri 13” 1a cAu hoi nén phai sta thanh “Co bao nhiéu gia tri nguyén cia » dé ham sb
y=1f|p+m| coding5 diém cuc tri?”

+ Turtinh chdtciaham £ = f’ » chua du co so dé khang dinh khi nao ham y = f ‘x + m‘
c6 dung 5 diém cuc trj.

Sira lai: Cho y = f + la ham da thic bac 4, d6 thi ham s6 ¢ = f/ » cat truc hoanh tai cac diém
c6 hoanh —2;:1;2. C6 bao nhiéu gia tri nguyén cia » déhamsé y = f ‘x + m‘ c6 ding 5 diém

cuc tri?
A 2. B. 3. C. 4. D. 5.
Tong quét

Bai toan 1: Chohamsé y = f o liéntuc trén R va c6 dao ham
= r—zr, T—z, ...T—x f T

V6i f z »0,vzeR (h0dc f z <O,VzeR)Vaz <z, <..<T .
a)Sécuctrictay =9 ¢ = f ‘:z: : m‘ phu thudc vao sé gia tri z, k=17 khongam makhong
phuc thudc vao .
byHamsb y=h ¢ = f ‘x‘ L m o co

v’ 2n+1 diém cuc tri thi m < z,.

v 24+10<l<n diémcyctrithi z, <m <=, véil=n—khayk=n—I.

v Ding 1 diémcyctrithi m >z .
Bai toan 2: Cho hamsd y = f z liéntuctrén ®\ 0 vaco dao ham

I
ffoe =ov—2 z—x, ...x—2 f x

V6i f 2z »0,vzeR\ 0 (hodc f z <O, vzeR\ 0 )vag <z, <..<z .
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~m{ phy thudc vao so gid trj z,

ong phuc thuoc vao . .
byHamsé y=h = =f |a| t m co

v 2n+1 diémcuctrithi04m<$1.

v’ In diemcyctrithi 0 —m < z,.

v 20 0<l<n diémcyctrithiz, <m=0<uz,_, véil=n—khayk=n—I.

s e, <m<x L.
vV 2141 0<!<n diémcyctrithi { * 0 Mlvsil=n—khay k=n—1.
m =

v ldiémcuctrithi 02 m >z .

v' Khong c6 diém cyc tri thi 0 — m > T .

3.3. Tao két qua khdng duy nhat

e

> . g . . |
Vi du 15: Khang dinh nao sau day dung veé ket qua [ 2’ Inady = s+ ?
1
A. a.b=064. B. a.b=46. C.a—b=12. D.a—b=4.
Loi giai
1
uw=lnz du =—dx . . . .
bat — z . Ap dung tich phan tirng phan ta tinh duoc:
dv = 2°dz 1,
vV=—2
4
[ s S et 1 3e! +1
f:z; Inadr==2"Inzx f—x3dx:———x4 =
J o 4 16| 16

a=4 b— 64

L6i sai:

Ta c6 thé viét lai két qua nhu sau

1
1 4 a1
3¢’ +1 264 ; 264 2 ! 3[e 6] 1 ln[e 6']

16 8 8 8 8
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ab — 81n e4—l .

Nhan xét: Pay 1a cach thuong dung khi tao nhitng bai toan tinh tich phan x4c dinh 1am sao dé tranh
viéc hoc sinh sir dung may tinh cam tay. Khi biéu dién két qua phai thuc sy can than vai tinh duy
nhét cua cac hé sé a,b,c, ...

4. Tao ra doi twong khong ton tai

Khi bién soan cau hoi trac nghiém dé xay dyng mot dé thi hay ngan hang dé, ching ta lun ¢ géng
ta0 méi cac bai todn minh c6 vé cac noi dung: Cach dién dat méi, gia thiét méi, tao theo nhirng
bién doi phirc tap dé 1am an di bai toan cii, sir dung cau dan 1am sao dé tranh hoc sinh sir dung may
tinh cam tay,... Nhung d6i khi viéc thay doi 6 dan dén mat ban chét bai toan hoic dan dén nhiing
dbi tuong khong ton tai tao ra mot cau hoi sai. Bai viét nay nham muc dich phan tich nhirng Ldi
sai: thudng mic phai dé gido vién ciing nhu hoc sinh tim ra y tuéng géc cia cac bai toan ciing nhu
khic phuc nhitng 18i ma ta khong dé .

4.1. Tao gia thiét mau thuin

Vi du 16: Gia sir ham sé6 y = f(z) c6 dao ham cdp 2 trén R théaman f 1 — f/ 1 —1 va

1
fl—z —2°f" x =22z védimoi z € K. Tich phan fxf’ z dz bang
0

Al B.2. c D. 2.
3

1
3
L6i sai:

Haigidathiét f 1 = 1 =1Vad f 1—2 —2°f" z =2z Mau thuin nhau.
Thay x=0va0 f 1—2 —2°f" 2 =2z taduoC f 1 =0.
fl—z +2°f" 2 =2v=—f 1—o +2zf" = +2°f" 2 =2=f"1 =-2.
Khidé f/ 1 ——1.
Nhu vay, khi cho ham sé thoa man dong thoi nhiéu diéu kién thi cac gia thiét d6 phai cing xéac
dinh cho ta ham sé théa man cac gia thiét do.

Vi du 17: Chohamsé § = f(z). B thi hamsé ¥ = f'(z) nhw hinh bén va f(—2) = f(2) = 0. Ham

s6 g(z) = f*(3 — z) nghich bién trén khoang nao trong cac khoang sau?
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N 5
-2 0/12\:(;

A. (2400). B. (25). c. (1;2), D. (5;+00).

Li sai:
Xét hai phan hinh phang sau:
* Phan hinh phing gi¢i han bai dd thi ham sé f'(z), truc hoanh va hai duong thing z — —2,2 — 1

co dientich S, — — [ f/(@)ds — — f(a)| | — —f1) + f(-2)

-2

* Phan hinh phing gisi han bai db thi ham sé f/(z), truc hoanh va hai duong thing z — 1,z — 2
2

codientich 5, — [ f'(x)dw — f(=), — £(2)— 1)
1

Duya vao d6 thi ta dé dang so sanh duoc S, > 8, Diéu nay twong duong vi

—fW)+ f(=2) > f2) - f) = f(=2) > f(2)

Két qua thu duoc mau thudn vsi gia thiét f(—2) = f(2)=0

Nhu vay khong ton tai ham sé f() théa man cac didu kién cia d bai.

Vidu18: Choham s y — f 2 , biétham sé y — f' 3+4z —2° lién tuc trén R va c6 dd thi
nhu hinh vé

YA

-2 0 2\/4 ’a:

\xf ~3 \x\ +m+ 2020] ~2022 ¢6 5 diém cuc trj

S6 gia tri nguyén cua » déhamsdé g ¢ = f
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+ Céc phuong an nhiéu chi duogc tinh tién tir phuong an dang ma khong dya trén nhitng

huéng giai dan téi phuong an sai.

A 2 r N
+ Taconhan xétrang f* 3 +4z —1° = f"[?— £ —2 | nhu thé d6 thi ham nay phai c6

truc ddi xtng 1a duong thang x = 2, nhu vay do thi da cho khong ding vai tinh chat ban dau cua
ham y — f 3+4z —2” |
Nhan xét: Khi xay dung céc cau hoi vé ham an lién quan dén do thi can:

+ Dya vao tinh chat ham sé, tinh chit d thi dé kiém tra xem c6 ham s thoa man diéu kién
dé ra hay khong?

+ Nén xuat phat tir mot ham cu thé dé dam bao c6 ham sb thoa man.
4.2. Tao d@6i twong khong ton tai.

Vidu5: Cho ¥ = f(¢) 12 ham sé lién tuc trén R thoa man

@)1 fQ z)=gxe VzCR,

2
Gia tri cua [f(x)da: la
0

4
A'e 1' B. 2e 1'
4 2

C. et —2. D.e*—1.

Léi giai
Chon A

bit r=2—t=drx=—dt.

41_'2} 2t —dt _!fo 2—t dt _‘zﬂf 2—1z dr.

— 20— Zﬂf r+f2-z }d:c— 2f:z:e’”rzdzc—l 2fe””zd P it ¢ 1
"0 ‘0 2!0 2 ’ 2

Vay I:e4—1

L6i sai:

Pay 1a cau héi I8i & chd khong ton tai ham 4 = £ 2 nhu vay.
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g

0 tinh chat tuong ty nhu ham chén, do thi trén [0;2 nhan duong thing z = 1

|a truc di xtng. Trong khi ham y = z.e” khdng c6 tinh chét nhu vay.

Do d6, phai chon ham sé bén phai la biéu thac ddi xang cua » va 2—x2, vidu z 2 — 2z ;
3
2+ 2—x ;...
Sira lai: Cho ¥ = f(2) 1aham sb lién tuc trén R thoa man
2!
f(@)+ f(2—x) = 62 — 32%, vz € R. Tinh ff(x)dx.
0

Tong quat:
Bai toan 1: Cho ¥ = f(z) 13 ham sé lién tuc trén R théa man:

f(@)+ fRa—2z)=u z—a ,vz € R (u« laham chdn)
2a a
Khi do6 rf(x)dxz [u r—a dz.
0 0

Bai toan 2: Cho ¥ = f() 12 ham sé lién tuc trén R théa man:
bf(x)+cf(2a —x) =u z ,Yxr R,V b« £c.
2a.
Tinh f f(x)dz .
!O
V6i bai toan nay ta huéng dén viéc timham ¢ » thong qua hé

bf(z) +cf(2a —z) —u bu ¢ —cu 20—z
—~fz — ,
of © +bf 2a— —u 2a—=x b —c

Vidu19: Cho t¢ dien ABCD ¢ AB=CD=3
AD = BC =5 AC = BD = 6. Ban kinh mat ciu ngoai tiép
tr dien ABCD bang:
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o diem AB,CD. Goi [ 1a trung diém CD.

Ta dé& dang thiy dugc: AABC — ABAD ¢—c—c — CM — MD — AMCD can tai M
> MN L CD. Hoan toan tuong tu ta cling chung minh dugc MN L AB. Tu d6 suy ra

AIMB — AIND cqv — cqu

— JB=ID = IC = IA hay I 1atm mit cau ngoai tiép ta dien ABCD.

2 2 2
Xét tam giac AMN c6 trung tuyén AN nén AN’ = AC +AD? CD7 53

2 4 2
Xét tam giac vudng AMN c6 IN — %MN — %\/AN2 —AM® — @.

Xét tam giac vuéng INC ¢6 R — IC — \JIN? + NC* — 15
L i sai:
Khéng ton tai t dién ¢ tinh chat nhu vay.
Sira lai: Cho tir dién ABCD ¢6 AB=CD =3, AD = BC = 4, AC = BD = 2y/3 . Ban kinh

mit cau ngoai tiép ta dien ABCD bang:

A\/% B\/7—4 C.@ D\/3—7

2

4 4
Tong quat:
Cho tar dién ABCD ¢c6 AB=CD =a, AD =BC =b, AC = BD = ¢. Tinh ban kinh
mit cau ngoai tiép t dien ABCD .
Dung hinh hop chit nhat AECF.MBND c6 ba kich thudc 1a 4,4, 2 v,z > 0 (hinh V&)

M D
B ‘
\ 3 N
| 2
N ‘
E C

Khi d6 mat cau ngoai tiép hinh hop chix nhat ciing 1a mat cau ngoai tiép t dién ABCD , do d6 ban

kinh mat cau 1a;
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x2+y2202
Mat khac 142 + 2> =35> .Suyraz’ | y

2

2 2 2
zo+x =a

Viy g Vo +y 2 _Ne AP
a, e = .
2 22

Vidu 20: Trong khong gian véi hé toa d6 Owxyz, cho diém A 1.2;3 va duong thang

—

d: % =7 — = %; u 1;a;b 14 vecto chi phuong cta duong thang d’ qua A, cit d, tao véi truc

Oz goc nho nhat. Tong a + b bang

A. —E. B. 71. C. E D. -T71.
3 3
L&i sai:

Khéng ton tai duong thang d’ thoa man tinh chat bai ra.
That vay, goi v = 1;1;2 14 vecto chi phuong cta duong thang d.
Tacd d diqua M t;t+1;2t ed Vva A 1;2;3 nén AM = ¢t —1;¢ —1;2¢ — 3 ciing la vecto chi

phuong cta d’ haym:k;'::b- t—1:¢t—-1:2t-3 —lia:b=sa=l=u= LLb .

— —

b ) . ;
Do do, cos u,v = khéng ton tao gia tri 16n nhat.
N

Vi vay, khong ton tai goc nho nhat cau d va d’ .

Vidu 21: Trong  khong gian véi  hé toa  do Ozryz, cho  mat phang

P :imz+ m+1y—z—2m—1—0,v6i m lathamsd. Goi T 1atap hop cdcdiém H lahinh
chiéu vuéng goc cua diém H 3:3;0 trén P .Goi a,b 1an luot 1a khoang cach 16n nhat, khoang
cach nho nhét tir O dén mot diém thuéc T . Khi dé, a + b bing

A 542 . B. 3v/3. N D. 42

Léi giai

7

x4+ m+1ly—2z—-2m—1—-0<maoc+y—2 +(y—z—1) —0.
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Goi K 1a hinh chiéu vudng goc ciia H(3;3;0) len duong thing d, ta tim dwoc K (1;1;0).
Tamgiac HH K latamgiacvuongtai H va HH | d nén 7 laduongtroncotam 7 2;2;0

1a trung diém cua HK , ban kinh R = % = /2 vanam trong mat phang @ diqua H , vudng géc

Vai d.
Phuong trinh matphang Q :z—y—2 =0 va Ol = N2
Suyrape @ vaO &ngoai T .
Goi A, B lagiaodiémcua OI va 7 (véi A ladiém nam giita O va I).
Taco OA<OH_ <OB,suyraa —OA—OI—R—~\2,b— OB _0OI—R —3\2.
Vay a+b = 4\/5.
L&i sai:
K&t qua a + b = 4+/2 khong tn tai do khi d6 khong c6 gi tri ciia »m thoa man, tirc Ia khong
ton tai mat phang P .

Nhan xét: Khi xay dyung céc bai toan hinh hoc lién quan dén quy tich can luu ¥ dén co truong hop

diém nao thudc quy tich khong théa man diéu kién bai toan khong. Twong tu V6i cac bai toan cuc tri,

can kiém tra xem dau bang c6 xay ra hay khang.




