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— BAT PHUONG TRINH

sl 1. BAT PHUONG TRINH BAC NHAT, BAT
PHUONG TRINH BAC HAI

A.  TOM TAT LY THUVYET

1. D&u cla nhj thire béc nhét - B&t phuong tinh bac nhét
@ Dinh nghia: Bat phuong trinh bac nhét 1a bat phudng trinh cé dang:

e ax+b>0 e ax+b<0 e ax+b>0 e ax+b<0 vldi a, b €
R.

(b) Gidi va bién luian bat phuong trinh dang: ax + b > 0. (1)

e Néu a > 0 thi (1)<:>ax>—b<:>x>—g=>5= (—S;+oo).

2 b b
° Néua<0thi(1)<:>ax>—b(z)x<—a=>5=(—oo;—a>.

e Néua =0thi (1) & 0-x > —b. Khi dé, xét:
+ Néu -b >0= S = 0. + Néu -b<0=S=R.

© Dau cuaa nhi thidc bac nhat: Cho nhi thidc f(x) = ax + b, (a  0).

b
X —00 —— +00
a
fx) =ax +b Trdi dau véi a 0 Cung dau vdi a
(d) Giai hé bat phudng trinh bac nhat 1 an:
e Gidi tiing bat phudng trinh trong hé. e Lay giao nghiém
2. D&u clia tam thirec béc hai - Bat phuong tinh bac hai mot an
Déu ciia tam thic bac hai: Cho tam thtic bac hai f(x) = ax? + bx + ¢, (a # 0).
e Trudng hgp 1. A < 0:
X —00 +00
flx) Cung ddu vdi a
e Trudng hgp 2. A =0:
x —00 X0 +00

f(x) Cung dau vdi a 0 Cung dau vdi a

e Trudng hgp 2. A > 0:
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x —00 X1 X2 +00

f(x) Cungddu védia 0 Trdi ddu véia 0 Cung ddu véia

Nhan xét: Cho tam thtc bac hai f(x) = ax? + bx + ¢, (a + 0).

9 a>0 9 a>0

e ax*+bx+c>0,VxeR & e ax*+bx+c>0,VxeR e
A<O A<O0
) a<0 9 a<0

e ax“+bx+c<0,VxeR & e ax*+bx+c<0,VxeR <&

A<O A<O0

B. CAC DANG TOAN VA BAI TAP

(O DANG 1. B4t phuong trinh bac hai

Giai bat phudng trinh béac hai: f(x) = ax? + bx + ¢ > 0, (hay < 0; < 0; > 0).
Phuong phép:

e Budc 1: Xét f(x) = 0, tim nghiém x4, x5 (néu co):

- Néu f(x) = 0 vd nghiém (A < 0), suy ra f(x) cung dau vdi hé sb a.
- Néu f(x) = 0 ¢6 nghiém kép (A = 0), suy ra f(x) cung dau v8i hé sb a.
- Néu f(x) = 0 ¢6 hai nghiém phan biét x1, x, thi sang budc 2.

e Budc 2: Lap bdng xét ddu, dua vao dau ctia tam thuc: “trong trdi - ngoai cung”

e Budc 3: Tl bang xét dau, suy ra tdp nghiém ctia bat phudng trinh.

Luu ¥y mot s6 trudng hgp sau:

o x—-aP<0sxel e x-a)P’<0sx=a.

e (x—-a)f>0sx+a. e (x-a)l¥>0exek

$>6>$OBAI TAP VAN DUNG OG0
Bai 1. Giai bat phuong trinh x? — 4x + 3 > 0. bS: S = (—o0; 1] U [3; +00)
£ Loi gidi

e Dit f(x) = x? — 4x + 3.

e f(x) =04 x =1 hodc x = 3.

e Bdng xét dau:

x —00 1 3 +00
f(x) + 0 - 0 +
Suy ra S = (—o0;1] U [3; +00].
U
Bai 2. Giai b4t phuong trinh —2x? + 5x — 3 > 0. bS: S = [1; g}
# Loi gidi

Trang 4
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Bai 3. Giai bat phuong trinh 7x? — 4x — 3 < 0.

@ Loi gidi

Bai 4. Giai b&t phuong trinh —5x? + 4x + 12 < 0.

@ L&i gidi

Bai 5. Giai bat phuong trinh x? —x —6 < 0.
£ Loi gidi

Bai 6. Giai bat phudng trinh —x? + 7x — 10 > 0.
£ Loi gidi

Bai 7. Giai bat phuong trinh —x? + 6x —9 > 0.
£ Loi gidi

Trang 5
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Bai 8. Giai bt phucng trinh 2x? + 4x + 2 > 0.
@ Loi gii

Bai 9. Giai bat phuong trinh 16x% — 24x + 9 < 0.
@ Loi gidi

Bai 10. Giai b4t phudng trinh 9x2 — 24x + 16 > 0.
@ L&i gidi

Bai 11. Gidi b4t phudng trinh x? — 12x + 36 > 0.
£ Loi gidi

Bai 12. Gidi b4t phudng trinh —x? + 6x —9 < 0.
£ Loi gidi

PS: S = {3}

Trang 6



Chuyén dé Toan 10 HKII Nguyén Qudc Ducng

(3 DANG 2. B&t phuong trinh dang tich s

Gidi bat phuong trinh: f(x) - g(x) > 0 (hodc f(x) - g(x) > 0 hodc f(x)-g(x) <0,...).
Phuong phap:

e Budc 1: Xét f(x) =0, g(x) = 0, tim nghiém xy, x9,..., X;.
e Budc 2: Sdp xép nghiém theo th ty tang dan, xét dau f(x), g(x) — dau f(x) - g(x).

e Budc 3: Két luan tap nghiém S.

$>6><>BAI TAP VAN DUNG 6O
Bai 1. Gidi bat phuong trinh (x —2) (x? — 5x + 4) < 0. DS: S = (—o0;1) U (2;4)
 Loi gidi
bt f(x) = (x — 2) (x? - 5x + 4).
ex—2=0&8x=2
e x2 -5xr+4=0%x=1hodc x = 4.

Bang xét dau:

x —00 1 2 4 +00
x —2 - - 0 + +
x? —5x + 4 + 0 - - 0 +
flx) - 0 + 0 — 0 +
Suy ra S = (—o0;1) U (2;4). O
Bai 2. Gidi bat phuong trinh (2x — 4) (—x? + 5x) > 0. DS: S = (—o0;0) U (2;5)
# Loi gidi
Il
Bai 3. Giai bat phudng trinh (x + 2) (Jc2 +2x —3) <0. bS: S = (—o0; =3]U[-2;1]

@ L&i gidi

Trang 7
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O
Bai 4. Gidi bat phuong trinh (3x — 15) (x2 —5x — 6) > 0. bS: S = (—1;5) U (6; +00)
@ Loi gidi

Il
Bai 5. Gidi bat phuong trinh (4 — x?) (x? — 6x + 8) < 0. PS: S = (—00; —2] U [4; +00)
 Loi gidi

U
Bai 6. Gidi bat phuong trinh (x — 2) (-x? —x +2) > 0. PS: S = (—o0; —2) U (1;2)
@ Loi gidi

]

Bai 7. Gidi bat phuong trinh (x? — 5x + 6) (x? — 10x + 21) > 0. PS: S = (—00;2] U [7; +00) U {3}
@ Loi gidi

Bai 8. Gidi bét phuong trinh (x? — 4x + 3) (x? = 8x +7) < 0. bS: S =[37U {1}
(@ Loi gidi

Trang 8
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[l
Bai 9. Gidi bat phuong trinh (—x? + 2x + 3) (x? —1) > 0. bS: S = [1;3]U {-1}
(£ Loi gidi
O
Bai 10. Gidi bat phuong trinh (x — 2)® > (2x — 1) pS: S = (—1;1)
£ L&i gidi
O
(O DANG 3. Bat phuong trinh dang thuong
Giai bat phuong trinh: f(—x) >0 (hoéc m > 0 hodc @ < 0 hoac @ < O).
g(x) g(x) g(x) g(x)
Phuong phap:
e Budc 1: Xét f(x) = 0, g(x) = 0, tim nghiém x4, xo, ..., X;.
e Budc 2: Sdp xép cédc nghiém theo thu tu tang dan, xét dau f(x), g(x) — dau é((i))
e Budc 3: Két luan tap nghiém S.
$>6>6OBAI TAP VAN DUNG 6O 6969
Bai 1. Gidi bat phudng trinh _S-x <0 DS: S =[-1;3) U [4; +00]

R x2 -3x -4~
(¢ Loi giai

Pat flx) = o~

x2 —-3x -4

e3—-x=0sx=23.
e x2-3x—4=0sx = —-1hodc x = 4.

Béng xét dau:

Trang 9
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x —00 -1 3 4 +00
5 —x + 0 - -
x? —3x — 4 + 0 - 0 +
f(x) + 0 + -

Suy ra S =[-1;3) U [4 +00)

2 by —
Bai 2. Giai bat phudng trinh %H > 0.

@ Loi gidi

2
. —x“+3
Bai 3. Gidi bét phudng trinh —— % <0,

@ Loi gidi

24+4x =5

Bai 4. Gidi bat phudng trinh ~—— >0
.. x4 — 4x
(¢ Loi giai
Bai 5. Gidi bét phuong trinh —%-—12_ < g
) p g x2 —x —12 ’

@ Loi gidi

O

bS: S = (-5, -2) U (1; +o0)

Trang 10



Chuyén dé Toén 10 HKII

Nguyén Qudc Ducng

(x? —4) (x - 1)
3—x

Bai 6. Gidi bat phudng trinh
& Loi gidi

> 0.

O
. 3 —x) (2x% - 5x + 2
Bai 7. Gidi bét phuong trinh =% (xx+ - 42 0 PSS = (o0 %) U [;;2} U [3; +00)
£ Loi gidi
(Il
e viasrk . (x* =5x +6) (2x - 1) 14
Bai 8. Giai bat phuong trinh - >0 bS: S = {2, 3> U [2;3]
£ L&i gidi
[l
‘s eos 1A N IQ —bx
Bai 9. Giai bat phuong trinh ——— < 1. bS: S =(-3;1) U (3; +0)
, x2—4x+3
(¢ Loi giai
. . x? — Bx x? —B5x — (x? — 4x + 3)
Batphtidngtrmh(:)m—1<0® R <0
-x -3

a3

-x -3

Paf) = o a3

Trang 11
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o — x—-3=0&x=-3
e x2—4x+3=0%x =1hodc x = 3.

Béng xét dau:

X —00 -3 1 3 +00
—x -3 + 0 - - -
x? —4x +3 + + 0 - 0 +
f(x) + 0 - + -
Suy ra S = (-3;1)U (3; +0). O
) x? - 3x —4
Bai 10. Giai bat phuong trinh ————— > 1. bS: S =(1;2)
. x2 -3x +2
(¢ Loi giai
O
Bai 11. Gidi bét phuong trinh 25 * X1 5 PS: S = (—o0; —3) U (2;13]
o P g x2+x -6 — 7 T T AT '
(¢ Loi giai
U
N s2s 1 A . _2x2+7x+7 . . .
Bai {2. G:al bat phudng trinh 2 _%p 10 S —1. DS: S = (—o00; —2) U[1;3] U (5; +0)
(¢ Loi giai
U
. —x? +3x — 4
Bai 13. Giai bt phuong trinh % 1. PS: S = (—1;2) U (3; +00)

) —x -2
(¢ Loi giai

Trang 12
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Bai 14. Giai bat phuong trinh
 Loi gidi

-1 x13

. 2
Bai 15. Giai bat phuong trinh pe
@ Loi gidi

. 2x

Bai 16. Giai bat phuong trinh < .

a1~ °lal at p ng trin e 7 " 1+13
(¢ Loi giai

(O DANG 4. Gidi hé bat phuong trinh

Phudng phap:

e Gidi tiing bat phuong trinh trong hé ta dude Sy, So.

e Giao tap nghiém lai ta dugc tap nghiém ctia hé bat phuong trinh 1a S = S; N So.

$>6><>BAI TAP VAN DUNG SO

Trang 13
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262 +Tx+3>0

Bai 1. Gidi hé bat phudng trinh .
3x —3>12x -7

@ Loi gidi

e Gidi 2x% + 7x +3 > 0.

DS: S = [1; +0)

1
Xét2x2+Tx+3=0s |7~ 2
L = -3.
Bédng xét dau:
1
x 00 ~5 -3 +00
x? + 4 0 _ 0 +
Tx + 3

Suy ra S; = (—oo; —%} U [=3; +00).

e Gididx —-3>12x - 7T 20 +2>0e x > 1.
Suy ra Sy = [1; +00).

e Kétluan: S =5, NSy = [1; +00)

3x+1>0

Bai 2. Gidi h¢ bat phuong trinh § .
x*—4x+3<0

@ L&i gidi

. 2x —5 > 3(2x — 1)
Bai 3. Giadi hé bat phuong trinh

@ L&i gidi

x2—-6x-7<0

Bai 4. Gidi hé bat phucng trinh
5-2x>0

@ Loi gidi

Trang 14
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X2 -Tx+6<0

Bai 5. Gidi hé bat phuong trinh | .
x“-8x+15>0

@ L&i gidi

x2-8x+15>0

. PS: S = (—o0; -BlU[5; +00) U {3
x%+9x -15>0 ( Jul JU B3]

Bai 6. Gidi hé bat phucng trinh {
# Loi gidi

U
(3 — 2x) (x2+2x—15) >0
Bai 7. Giai hé bat phuong trinh < o, 2 _3 . bS: S = (—o0; —9] U (-6; -5)
x—6 x+6
 Loi gidi
U
2x% +Tx +5 50
Bai 8. Giai hé bat phuong trinh x -1 . bS: S = [2;6]
x? -8x +12<0

@ Loi gidi

Trang 15
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(3 DANG 5. Bai todn chira tham sé

@ DA4u tam thtc bac hai f(x) = ax? + bx + ¢ (tam thtc ludn duong hogc ludn am.,...)

a>0
A<O

a>0

0,Vx eR & .
e f(x)>0,Vx { A <0

° f(x)zo,VxeRé{

a<0
A<O

a<0

0,vx e R .
e f(x)<0,Vx @{ A <0

° f(x)éO,VxER(:){

Néu a chtia tham s m ta chia ra hai trudng hdp:
e a=0=m=...vathé vao f(x) kiém tra xem ding hay sai?

e a # 0, st dung dau tam thic nhu trén.

Két luan: Hgp hai trudng hop sé tim dudc gid tri m can tim.

(b) Diéu kién cta bét phudng trinh bac hai v6 nghiém véi f(x) = ax® + bx + ¢ = 0.

a<0

> 0 v6 nghiém < <0,VxeR & .
e f(x) vd nghiém & f(x) <0, Vx {ASO

a<0

> 0 v0 nghiém < <0,VxeR & .
e f(x) > 0 vd nghiém <« f(x) x {A<O

a>0

< 0 vd nghié >0,Vx eR .
e f(x) vd nghiém & f(x) > x @{ASO

a<0

x) < 0vd nghiém & f(x) > 0,Vx e R & .
e flx) < ghié f(x) { A<0
© Diéu kién ctia bt phuong trinh bac hai c¢é nghiém véi f(x) = ax? + bx + c:

e Xét bat phudng trinh bac hai vd nghiém (nhu muc 2 ).

e Lay phu dinh két qud dugc két qud c6 nghiém.

$>6>$OBAI TAP VAN DUNG OGO

Bai tap 1. Tim cdc gid tri ctia tham s m dé cdc bdt phuong trinh sau luén ding.

Bai 1. x? —2mx +4m?> -3 >0, VxcR. bS: m € (—o0; —1] U [1; +00)
£ Loi gidi

A =4m? — 4(4m? - 3) = —12m? + 12.

Dé b4t phudng trinh luén ding véi x € R

Trang 16
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{1 >0 (lubn dang)
&
<0

Bai 2. x2 —2(m + 1)x + 4(m +1) >0, Vx eR.
@ Loi gidi

Bai3 —x?2—-6x+m-3<0, VxeR.
& Loi gidi

Bai 4 x>+ (m-1)x+2m+3>0, VxeR.
 Loi gidi

Bai 5. 3x% +2mx +4m —9>0, VYx eR.
@ Loi gidi

Bai6. x2 —-2mx +m +6>0, VYxeR.
@ Loi gidi

Bai 7. x> +2m + 2)x —2m —1 >0, Vx eR.
@ Loi gidi

Trang 17
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Bai 8. x% +2(m + 2)x + 2m? + 10m +12 >0, Vx eR. PS: m € (—o0; —4] U [-2; +00)
@ Loi gidi

1
Bai 9. 3(m? —1)x? +2m —1)x -1 <0, Vx eR. bS: m e {—2;1}
@ Loi gidi
e Nbua=0==m?-1=0&m = +1.
+ V8i m = 1 thi bat phudng trinh thanh:
-1 <0 (d4dng) = Nhdn m = 1.
+ V8i m = —1 thi bat phudng trinh thanh:
—4x —1<0, VxeR (sai)= Loai m = —1.

eNéua#+#0=m?-1+0 m+ +1.
Dé bt phudng trinh ludén ding véi x € R

A 1
Vay m € {—2, }

Bai 10. (m + 1)x? —2(m + 1)x +3m -3 < 0,Yx € R. bS: m € (—o0; —1]
¢ Loi gidi

Bai 11. (m®> - m - 6)x? - 2(m + 2)x —4 < 0,Vx € R. PS: m € [-22)
 Loi gidi

Trang 18
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Bai 12. mx? - 2(m —2)x + m -3 > 0,Vx € R.
@ Loi gidi

Bai 13. (m? +2)x? —2(m - 2)x +2 > 0,Vx € R.
@ Loi gidi

Bai 14. (m + 2)x? —2(m + 2)x + 3m + 4 < 0,Vx € R.
@ Loi gidi

Bai 15. (2m? —3m - 2) x? + 2(m —2)x -1 < 0,Vx € R.

@ L&i gidi

Bai 16. (m + 1)x? - 2(m +1)x +2 —m > 0,Vx € R.

@ Loi gidi

Trang 19



Nguyén Qudc Ducng

Chuyén dé Toan 10 HKII

Bai tap 2. Tim cdc gid tri cia tham s6 m dé cdc bat phuong trinh sau vé nghiém.

(Céan nhd: Lay phu dinh ctia ludén ding Vx € R)

Bai 1. (m —1)x? — 2(m —1)x + 2m + 3 < 0 v nghiém.

@ Loi gidi

ea=0==m-1=0&em-=1.

DS: m € [1; +00)

Béat phuong trinh trd thanh: 3 < 0: vd nghiém = nhan m = 1.

ea+0=m-1+#0&m+#+1.

(m —1)x% —2(m —1)x + 2m + 3 < 0 : v6 nghiém

& m-1)x?-2m-1)x+2m+3>0,Yr €R

a>0
A<O0
m-1>0
&
4m -12-4-m-1)2m +3) <0
m>1
< 9
—4im° - 12m +16 <0
m>1
-4<m<1
&S m o> 1.

Vay m € [1; +00).

Bai 2. x% + 6x + m + 7 < 0 vd nghiém.
@ Loi gidi

Bai 3. x% + 2(m + 2)x — m — 2 < 0 vd6 nghiém.
& Loi gidi

Bai 4. (m + 2)x? — 2(m — 1)x + 4 < 0 vd nghiém.

@ L&i gidi

Bai 5. mx? + 2(m + 1)x + m — 2 > 0 v nghiém.

@ Loi gidi

PS: m € (2; +0)

Trang 20



Chuyén dé Toén 10 HKII Nguyén Qudc Ducng

[l
1
Bai 6. mx? + (2m —1)x + m + 1 < 0 v6 nghiém. DS: m e [8; +oo>
@ Loi gidi
O
N 2 2 A ‘x 53
Bai 7. (2m* + m - 6) x* + (2m — 3)x — 1 > 0 vd nghiém. DS:m e )
 Loi gidi
O
7
Bai 8. (m? —3m — 4) x® — 2(m — 4)x + 3 < 0 vd nghiém. bS: m ¢ (—oo; —2) U [4; +00)
& Loi gidi
O
Bai tap 3. Tim cdc gid tri ciia tham s m dé cdc bdt phuong trinh sau c6 nghiém.
(Can nhd: xét trudng hop vd nghiém trudc, sau dé lay phu dinh két qua dugc cé nghiém,).
Bai 1. (m + 1)x? —2(m —1)x + 3m — 3 > 0 ¢6 nghiém. DPS:m e [-2; +0)
@ Loi gidi
Dét f(x) = (m + 1)x? = 2(m — 1)x + 3m - 3.

Cé f(x) > 0 vd nghiém < f(x) < 0,Vx € R.

ea=0=m+1=0&m-=-11lucdd

3
flx)=4x-6<0sx< 5 (khong thoa) nén loai m = —1.
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ea+0=m+1+#0&m#+ -1

flx)<0,Vx eR

a<0

A'<0

m+1<0
—m+1)3m —-3) <0

{
-
(:){m<1
{

2m? —-2m+4 <0
m< -1
m< -2m>1
& m< 2.
Do d6 f(x) > 0 vd nghiém khi m < —2.
Suy ra f(x) > 0 ¢6 nghiém khi m > —-2. O
Bai 2. (m + 1)x? — 2(m + 1)x + 3m — 3 < 0 c6 nghiém. PS: m € (—o0; —1]
& Loi gidi
O
Bai 3. x? + 2(m + 2)x —2m — 1 > 0 cé nghiém. bS: m € (-5; -1)
£ Loi gidi
U
Bai 4. (m —1)x? —2(m + 1)x + 3m — 6 < 0 c6 nghiém. PS: m € (—o0;0,5]
 Loi gidi
Il

Bai tap 4. Tim m dé cdc ham sé sau xdc dinh v8i moi x € R (tdp xdc dinh 2 = R).

Bail. y = /(m - 1)x? - 2(m — 1)x + 2m + 3. PS: m € [1; +0)
 Loi gidi

Ham sb xéc dinh khi:

(m —1)x? —2(m —1)x + 2m + 3 > 0.

Dé& ham sb x4c dinh Vx € R thi (m —1)x? —2(m —1)x + 2m + 3 > 0,Vx € R.

Trang 22



Chuyén dé Toén 10 HKII

Nguyén Qudc Ducng

Bai 2. y = /(m — 1)x? - 2(m + 1)x + 3m — 6.
@ Loi gidi

Bai 3. y = /x2 — (2m + 1)x + 2m.
@ Loi gidi

Bai 4 y = /(m + 1)x2 - 2(m — 1)x + 3m — 3.
@ Lo&i gidi

2018 — 2019x
vVmx2 +4x +m

Bai 5. f(x)
# Loi gidi

_ x?+4x+3
Vmx2 —2(m —1)x + 4m — 4

Bai 6. f(x)

@ Loi gidi

Bai 7. v — x? +2x + 4
Y= (m —2)x? + 22m — 3)x + 5m — 6’
# Loi gidi

PS: m € (3; +0)

Trang 23



Nguyén Qudc Ducng Chuyén dé Toan 10 HKII

. x% +2mx + m? +1
Bai 8. f(x) = \/x2 —omx % £ om — 6" bS: m € (3; +00)

@ Loi gidi

Bai tap 5. Tim tham s6 m dé phuong trinh bdc hai c6 nghiém théa mdn diéu kién
cho truéec Cdan nhd: Cho phuong trinh bdac hai f(x) = ax? + bx + ¢ = 0.
a#0

e f(x) =0 c6 hai nghiém phan biét & .
flx) ghiém p . {A>0

e f(x) = 0 ¢6 hai nghiém trdi dau < a.c < 0.

. A>0
e f(x) = 0 ¢6 hai nghiém phdan biét cing dau & {P 20
A>0
e f(x) = 0 ¢6 hai nghiém phan biét duong & < S > 0.
P>0
A>0
e f(x) = 0 c6 hai nghiém phan biét am < ¢ P > 0.
5§<0
E Luu y: Néu khong cé chit “phan biét” thi A > 0. %

Dinh li Viét:

Q|

. S = X1 + X9 = —
e Néu xq,xy la hai nghiém cuia f(x) = 0 thi c
D = X1X9 = a

e Ngudc lai, néu hai sé u va v ¢é tong u + v = S va tich uv = P thi u, v la hai nghiém
cua phuong trinh: x?> — Sx + P = 0.

Mot s6 bién dbi thudng gdp:

o x? +x5=5%-2P,(x1 —x)? = S —4P,x} + x5 = S° - 3PS, ---
o |x1 —xy|=a>0s (x1 —x9)% =a® & S? - 4P = a®

Néu dé bai yéu cdu sao sdnh hai nghiém x1,xy véi s6 a, thudng cé hai cdch lam sau;

e Dt 4n phu t = x — a dé dua vé so sdnh hai nghiém ty, t, véi s6 0 nhu trén.
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e Bién dbi, vi du nhu:

x1—a<0

ox1<(x<x2(:>{x a0
0 —

o a<x1 <Xxg9 &
X9 >

Néu phuong trinh bdc ba, sé chia

x>« {Jq —a>0 {(Jq —a)(xg —a) >0 {(I1 —a)lxy -«
& s &

& (1 —a)(xg —a) < 0.

xo —a >0 x1—a+xo—a>0 x1 + x9 — 200 >

Hoocne dua vé bdc nhat, bdc hai nhuw HK{.

Bai 1. Tim m dé phudng trinh (m? — m

@ L&i gidi

Phuong trinh ¢6 hai nghiém phan biét {

m # 2 m # 2
s{m#+3 s{m+3
5m? — 20 > 0 m< -2V2<m

Bai 2. Tim m dé phuong trinh (m — 1)x

@ Loi gidi

—6)x? —2(m + 2)x —4 = 0 cé 2 nghiém phan biét.
PS: m € (—o0; —2) U (2; +00) \ {3}

a0 m?>-m-6+0
54
A'>0 (m+2)% +4m2 -m —6) >0

& m e (—oo; —2) U (2; +00) \ {3} O

24+ 2(1 —m)x + 4m = 0 cé 2 nghiém phan biét.
DS: m € (—o0; —1) U (25 +0)

O
Bai 3. Tim m dé phudng trinh x? + 2(m — 1)x + 3 — m = 0 cé 2 nghiém phan biét. DS:
m € (—oo; —1) U (2; +00)
 Loi gidi

O

Bai 4. Tim m dé phuong trinh (m — 2)x
52)

me (g

@ Loi gidi

Phuong trinh ¢é hai nghiém trai ddu <

g<m<2.

2+ 2(2m —3)x +5m — 6 = 0 c¢6 2 nghiém trdi ddu. DS:

ac<0s(m-2)(5m-6)<0s5m?-16m+12<0 &
U

Bai 5. Tim m dé phudng trinh x? — 2mx + m? —3m + 2 = 0 ¢6 2 nghiém trdi ddu. PS: m € (1;2)

@ L&i gidi
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Bai 6. Tim m dé phudng trinh (m — 2)x? + (2m? — 1)x + m? —4m —5 = 0 cé 2 nghiém trdi d4u.
bS: m € (—o0; —1) U (2;5)
Z Loi gidi

Bai 7. Tim m dé phudng trinh x? — 2x + 2m? —3m + 1 = 0 ¢é 2 nghiém duong phan biét. DS:
1 3
o) v (1)
m € ( 5 U 5
& Loi gidi
A'>0 1-©2m?>-3m+1)>0
Phuong trinh c¢é hai nghiém duong phdn biét & { S >0 & {2>0

b>0 om® -3m+1>0
3 1
—2m? +3m >0 0<m<§ 0<m<§
{2m2—3m+1>0 1 © 3 -
m<§v1<m 1<m<§
Bai 8. Tim m dé phuong trinh —x? + (m + 2)x — 4 = 0 ¢6 2 nghiém dudng phan biét. DS:

m € (2; +0)
& Loi gidi

O
Bai 9. Tim m dé phudng trinh x? — 2(1 —2m)x + 2m? —7m + 3 = 0 c6 2 nghiém duong phéan biét.
bS:m < -2
& Loi gidi
O

Bai 10. Tim m dé phudng trinh x? — 2(m + 1)x + 4m + 1 = 0 c¢6 2 nghiém x1,x, thda man
x12 + xg + 14 < 4xq 0.

PS:2<m«<3
£ Loi gidi
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|
Bai 11. Tim m dé phuong trinh x2 — 2(m + 1)x + 2m? + 3m —5 = 0 ¢ 2 nghiém x4, x5 théa man
x12+x§—x1x2=16. bS:m = -1,5hoacm =1
@ Loi gidi

Bai 12. Cho phuong trinh x? — 2mx + m? —m +1 = 0 (x).

@ Tim m dé phuodng trinh (x) c6 hai nghiém phan biét x € [1; +0c0).

(b) Tim m dé phuong trinh (*) c6 nghiém x < 1.

© Tim m dé phuong trinh (x) ¢6 nghiém x; < 1 < xo.

PS:a)2<mbj1<m<2c¢c)1l<m<?2

 Loi gidi

@ Dgtt=x —1=2x =1t+1.Khidé (%) trd thanh (t + 1) —2m(t + 1) + m*> —m + 1 = 0.

st?+2t+1-2mt-2m+m?> -—m+1=0&t>+2(1 —m)t + m? —3m + 2 = 0 (sx).

Phudng trinh () ¢é hai nghiém phén biét x € [1; +oo) & phuong trinh (x*) cé hai nghiém
phén biét t € [0; +00)

A >0 1-m?—-(m?>-3m+2) >0
&{S>0 < -201-m)>0

P>0 m? -3m+2 >0
m-1>0 m >1

& dim>1 & dim>1 <2< m.
m<1v2<m m<1v2<m

Luu ¥: Hoc sinh c¢6 thé giai theo dinh 1y ddo ddu tam thtc bac hai s& nhanh hon. Cu
thé:
Cho f(x) = ax? + bx + ¢ va f(x) = 0 ¢c6 hai nghiém x1, xo phan biét va sb xét sb a.

a+0,A>0

S
e 1 <a<xg&a-fla)<O. o r<x<<ae 5

(b) Tim m dé phuong trinh () c6 nghiém x < 1.
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© Tim m dé phuong trinh (x) ¢6 nghiém x; < 1 < xo.

Bai tap 6. Tim cdc gid tri ctia tham s m dé cdc bdt phuong trinh sau luén ding.

) - x? -5x +m
Bai 1. Tim céc gid tri cia tham sd m dé bat phudng trinh -1 < o0v? 13 10 < T luén dang
Vx e R.
@ Loi gidi
a=2>0

Ta co 2x%2 +3x +2 > 0,Vx € R vi .
A=-T7T<0

Khi dé6 ta cd

x2 -Bx +m
T ox2+3x +2
& —(2x2+3x+2)§x2—5x+m<7(2x2+3x+2)

{(212+3x+2)§x25x+m
&

x2—5x+m<7(2x2+3x+2)

3x2 —2x +m+2>0 (1)
13x% + 26x —m + 14 > 0 (2)
s A s 2 a:3>0 5
e Xét bat phuong trinh (1) : 3x*—2x+m+2 > 0,Vx e R & , em> ——-.
A'=1-3Bm+2)<0 3
. a=13>0
e Xét b4t phuong trinh (2) : 13x? + 26x —m +14 > 0,Vx e R & 9 &
A =13 -13(14-m) <0
m < 1.
> —= 5
Véytacc’){m 3o -o<m<l O
3
m<1

3x%2 + mx — 6

Bai 2. Tim cdc gid tri cia tham sé m dé bat phudng trinh -9 < o1

Vx € R.

< 6 ludn dang

PS: -3 < m < 6.
@ Loi gidi
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3x2 —mx +5

Bai 3. Tim cac gid tri cia tham s6 m dé bat phuong trinh 1 < < 6 ludn dang

3x2 —x +1
Vx € R.
bS:m =1.
@ Loi gidi
O
e \ 7 .7 . 0, A 2 A \ x + m A y
Bai 4. Tim cdc gid tri cda tham s6 m dé bat phudng trinh ’m’ <1 ludn ding Vx € R.

PS:0<m<1.
@ Loi gidi

x2+mx +1

1 < 2 ludn dang Vx € R.

Bai 5. Tim cdc gia tri ctia tham sé m dé b4t phuong trinh

bS: -2<m<2
# Loi gidi
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O

X2 +x+4

Bai 6. Tim cdc gid tri cia tham s6 m dé bét phudng trinh |
x4 -—mx +4

< 2 ludn dung Vx € R.

@ Loi gidi

Bai tap 7. Tim cdc gid trj cia tham sé6 m dé cdc bdt phudng trinh sau luén dung
Vx € (a; b).

Bai 1. Tim cdc gia tri ctia tham sé m dé bat phuong trinh x? — (2m + 1)x + m? + m > 0 ludén ding
Vx > 2.

 Loi gidi

Dét f(x) = x* — 2m + 1)x + m? + m.

X1 =m

+m=0¢« véi x1 < x9.
xo=m+1

Ta c6 x% — (2m + 1)x + m?

e THI.Nbuxy <x9<2=m<m+1<2=m <1 thi
Bang xét dau

f(x) + 0 - 0 + +

Dua vao bdng xét dau ta ¢6 f(x) > 0,Vx > 2. Do dé m < 1 nhén.

. m <2
e TH2Z. Neux1 <2<xmem<2<m+1e S 1<m<2thi
2<m+1
Bang xét dau
x —00 X1 2 X2 +00
f(x) + 0 - - 0 +

Dua vao bang xét du ta ¢6 f(x) > 0,Vx > 2 khong théa. Do d6 1 < m < 2 loai.

e TH . Néu2<x1 <1 2<m<m+1«e2<mthi
Bang xét dau
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x —00 2 X1 X2 +00

f(x) + + 0 — 0 +

Dua vao bang xét ddu ta ¢6 f(x) > 0,Vx > 2 khong théa. Do d6 2 < m loai.
Vay m < 1 1a gid tri can tim. O

Bai 2. Tim céc gia tri ctia tham sé m dé bat phuong trinh —x? + 2mx — (m? — 1) < 0 ludn dang
Ve > 1.

bS: m <0.
@ Loi gic°1i

Bai 3. Tim céc gid tri ctia tham sé m dé bét phuong trinh x? — 2(m — 1)x + m? — 2m > 0 ludn
dang Vx < 2.

bS: m > 4.
@ Loi gidi

Bai 4. Tim céc gié tri cia tham s6 m dé bat phudng trinh x? — 2(m + 1)x + m? + 2m < 0 ludén
dang Vx € (0;1).

bs: -1 <m<0.
@ Loi gidi
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0 DANG 6. U'ng dung ddu clia tam thirc dé chirng minh bét déng thirc va fim gid ti
I&n nhat, gid tri nhé nhat

Phuong phép:

@ Ta dua bt dang thdc vé mdot trong cdc dang sau va chiing minh
a>0
A<O

a>0
A<LO

a<0
A<O
a<0
ALO

oax2+bx+c>0,VxeR<:>{ oax2+bx+c<O,VxeR(:>{

oax2+bx+c20,VxeR<:){ oax2+bx+c§O,VxeR(:>{

(b) Néu bét déng thtc cdn chiing minh c¢6 dang A? < 4BC (hodc A% < BC) thi ta cé thé
chiing minh tam thtc f(x) = Bx? + Ax + C ( hodc f(x) = Bx? + 2Ax + C) ludn ciing
déu vdi B. Khi dé6 A < 0.

$>6>6OBAI TAP VAN DUNG O 606
Bai 1. Cho hai sb thuc x,y. Ching minh 3x? + 5y — 2x — 2xy + 1 > 0.
@ Loi gidi
Viét lai b4t ddng thuc trén dudi dang 3x? — 2(y + 1)x + 5y% + 1 > 0.
Dét f(x) = 3x% — 2(y + 1)x + 5y% + 1 xem y 1a tham sb.

2 ax=3>0 ax=3>0
Khi dé f(x) la tam thdc bac hai an x ¢c6 , 0 o & , o .
Ay =(y +1)" = 355" + 1) Ay = —14y* + 2y — 2
ay, = -14 <0

Xét tam thic g(y) = —14y2 + 2y — 2 ¢é { =gly) <O0.

A, =1-98=-27<0
ax=3>0

A = 14y +2y -2<0
Hay 3x? + 5y% — 2x — 2xy + 1 > 0.

Do d¢, ta cé { nén f(x) > 0 vdi moi sd thyc x va y.

Bai 2. Cho hai sb thuc x,y. Chiing minh 3x% —8xy +9y% —4x — 2y +5 > 0.
£ Loi gidi

Bai 3. Cho ba sb thuc x,y, z. Chting minh x? + y2 + z? + x%y?z? — 4xyz + y?z? > 2yz — 1.
@ Loi gidi
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Bai 4. Cho hai sé thyc x,y théa man x? + y% = 4x — 3y. Tim gid tri 16n nhét, gid tri nhoé nhét cta

biéu thic P = 2x + 3y.
: _1_5\/ngg —1+5¢B'

bS 5 5

@ L&i gidi

sAl2. PHUONG TRINH VA BAT PHUONG TRINH
QUY VE BAC HAI

A. CAC DANG TOAN VA BAI TAP

(3 DANG 1. Phuong trinh vé bat phuong trinh chira déu tri tuyét déi

B=0 A=B
@|Al=Be [A=B @IA|=|B[®[A=—B.
A= —-B.

©IA|>|BleA2> B2 A2-B2>0s (A—B)(A+B)> 0 (tuong tu >, <, <)

B>0
B>0 g A>B
@|Al<Be ©{A>-B @I|A>Bs
-B<A<B A<B A< -B.

Nhém 1. Phuong trinh chwa ddu tri tuyét doi

$>6>$OBAI TAP VAN DUNG SO 606
Bai 1. Gidi phuong trinh: |x? + 3x — 3| = x? + 8x + 12. bS:S={-1}
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# Loi gidi
|x? + 3x — 3| = x2 + 8x + 12
x?+8x+12>0
& [x? +3x — 3 = x? + 8x + 12
1x2 +3x +3 = —(x? + 8x + 12)
x<—-6Vx > -2

& x=-3 sx=-1
x=-1vVx=—-
Két ludn: S = {-1}. O
Bai 2. Gidi phuong trinh: |2x® — 6x — 4| = |x® — x? — 4]. bS: S ={-302}

@ L&i gidi

|2x° — 6x — 4| = |x° — x? — 4

x? +3x —3 = x2 + 8x + 12
< e (42
x“+3x +3=—(x"+8x +12)
x=0Vx=-3Vx =2
x = 2.
Két lugn: S = {~3;0;2). 0
Bai 3. Gidi phuong trinh: |x? + 5x + 4| = x? — 5x — 6. PS: S ={-1}
@ Loi gidi
O
Bai 4. Giai phuong trinh: |x? — 2x + 3| = |x + 1]. bS: S = {1;2}
@ Loi gidi
[l
Bai 5. Gidi phuong trinh: |x? + x — 3| = x? + 3x + 5. DS: S = {—4; -1}

@ Loi gidi
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Bai 6. Giai phuong trinh: |x? — 4x — 5| + 4x = 24.
(¢ Loi gidi

Bai 7. Giai phucng trinh: x? — 5|x — 1] -1 = 0.
(¢ Loi gidi

Bai 8. Giai phuong trinh: |x — 1] = x% —x? —x + 1.
(¢ Loi gidi

Bai 9. Giai phudng trinh: ‘

2x — 6
@ Loi gidi

x? —4dx +4 |20 -4 3

Bai 10. Gidi phuong trinh: 2 _ox 1 =1

@ Loi gidi
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|
Nhém 2. Phuong trinh chia nhiéu ddu fri tuyét doi
e Budc 1: Xét ddu biéu thuc & trong ddu tri tuyét déi.
e Budc 2: Dua vao bang xét ddu, phan chia cdc trudng hop dé khit dau tri tuyét déi
e Budc 3: Két lugn nghiém can tim la hgp cdc nghiém tim dudc.
‘ ) ) ARhiA>0
Can nhé: Dinh nghia trj tuyét doi |A| = .
— A kRhi A <O.
$>6>6OBAI TAP VAN DUNG GO 6969
Bai 1. Gidi phuong trinh: |x + 1| + |2x + 4| — |x + 4| = 3. () bS: S = {-30;2}
 L&i gidi
Ta cb
e x+1=0ex=-1 o 2x+4=0x=-2 e x+4=05x=—-4%
Béng xét dau:
x —00 —4 -2 -1 +00
x +1 - - - 0 +
2x + 4 - - 0 + +
X+ 4 - 0 + + +
|2x% — 6x — 4| = |x% — x? — 4]
x? + 30 -3 =x%+8x +12
< 2 2
x“+3x+3=—(x"+8x +12)
[x =0Vx=-3Vx=2
s
x =2
Két luan: S = {-3;0;2}. O
Bai 2. Gidi phudng trinh: |8 — 4x| — |x| = |2 + 2x| + x — 2. bS: S = {1}

@ Loi gidi
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O
Bai 3. Gidi phuong trinh: [x® — 1| + [x = 2| = x + |x — 1], bS: S = {1;2}.
@ Loi gidi

[l

21 1

Bai 4. Gidi phuong trinh: I* o (|x+ 12; g PS: S = {5}
@ Loi gidi

]
Bai 5. Gidi phudng trinh: [x — 1] — 2|x — 2| + 3|x — 3| = 4. bS: S =[1;2]U {5}
@ Loi gidi

U
Bai 6. Gidi phuong trinh: [x?—|x — |[1 = x + 1. bS: S = {0;2}

@ L&i gidi
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U
5
Bai 7. Gidi phuong trinh: [x? — 5| x| + 4| = |2x? — 3| x| + 1]. bsS: S = {ii; ig}
(¢ Loi gidi
]
g aas .
Bai 8. Giai phuong trinh: =2 =x+|x—-2| -2 DS: S = {+1;4 + VT}
(¢ Loi gidi
U
Bai 9. Giai phuong trinh: |x? — 4x| + |x — 6] = |x? — 3x - 6|. DS: S = [0;4] U [6; +00).
(¢ Loi gidi
Can nhd hai bat ddng thidc tri tuyét déi thudng gap:
e |A| + |B| > |A + B| va dau bang x4y ra khi A-B > 0.
e |A| +|B| > |A — B| va dau bang xay ra khi A- B < 0.
Ta cé: V& trai = |x? — 4x| + |x — 6 > |(x? — 4x) + (x — 6)| = |x® — 3x — 6] = vé& phai.
Dé&u bang xdy ra khi (x? — 4x)(x —6) > 0. Dat f(x) = (x? — 4x)(x — 6).
e x?2 —4x =04 x =0hodc x = 4.
ex-6=0&x=6.
Béng xét dau
X —00 0 4 §) +00
f(x) - 0 + 0 - 0 +
Suy ra tdp nghiém ctia bat phudng trinh 1a S = [0; 4] U [6; +00). ]
Bai 10. Giai phuong trinh: 2|x + 1| = | — x? + 2x + 3| + |x? —1]. bS:S=[1;3]u{-1}

@ L&i gidi
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Nhém 3. Bdat phuong trinh chia dau gid tri tuyét doi

e |[Al>|B|& (A-B)A+B)>0. e [A|<|Bl&(A-B)A+B)<O.
A<B A<B

e AlI<B& -B<A<Be& . e AlI<B& -B<A<Be .
A>-B A< -B

A< -B AL -
« Al>Be | .|A|23<:>[A>B

Déi vdi bai todn chia nhiéu dau tri tuyét dbi, ta lam cdc budc sau:
e Budc 1. Xét ddu biéu thic & trong tri tuyét dbi.
e Budc 2. Dua vao bang xét dau, chia cdc trudng hop dé khu ddu trj tuyét déi.

e Budc 3. Gidi bat phuong trinh trong tiing trudng hop.

e Budc 4. Hop cdc tdp nghiém & nhing trudng hop lai véi nhau dugc tap nghiém.

A EkhiA >0
~ARhiA<O

Cdn nhd: Dinh nghia tri tuyét doi |A| = {

$>6>$OBAI TAP VAN DUNG G696
Bai 1. Giai b4t phuong trinh: |x? — x + 1| < |4x + 1]. bS: S = (-2, -1) U (0;5).
@ Loi gidi

[c®

—x + 1] < J4x + 1]
2 _x4+1)?2 < (hx +1)?
x?—x+12%-(hx+1)?<0
2

2

2 _x+1+4x+1)<0

reee
/—\/gﬁ
|
=
_|_
—_
|
o~
=
|
=
Y

e x2-5xr =0% x1 =0 hodc xg =5.
x2+3x+2=0«x=—-1hodc x = -2.

e Bang xét dau:

x —00 -2 -1 0 5

+00

f(x) + 0 - 0 + 0 - 0 +

e Vay S = (=2; —1) U (0;5).
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Bai 2. Gii b&t phuong trinh: |x? + 5x + 1| > [2x + 5|. DS: S = (—o00; —6) U (—4; —1) U (1; +00).
 Loi gidi

O
Bai 3. Gidi b&t phuong trinh: |x? + 4x + 3| > |[x? — 4x — 5. DS: S = (1; +00).
 Loi gidi

O
Bai 4. Gidi b&t phuong trinh: |x? + 2x — 1| — [2x + 4| < O. PS: S = (-3 —V5) U (—1;V5).
« Loi gidi

O
Bai 5. Giai b4t phudng trinh: |x? — x — 2| < |x? — 2x — 3| bPS: S = (—o0; —1) U (—1; g)
 Loi gidi

O

. a1z . 9 9 10

Bai 6. Giai bat phudng trinh: |[x* + 6x| — |2x* + 4x| > 0. bS: S = —3;2 .

@ Loi gidi
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U
Bai 7. Gidi bat phuong trinh: [x? — 2x - 3| > 3x - 3.
@ Loi gidi
Ap d ong thic |A| > B AzB
ung con c &
p dung g 2 A< -B.
Béat phuong trinh‘x2—2x—3 >3x -3
(x? —2x —3>3x -3
<2
x*—-2x -3< -3x+3
[x? =5x >0
<2
x“+x-6<0
[x <0vx>5
&
| —3<x<2
sx<2Vx >5.
Két ludn: S = (—o00;2] U [5; +00).
Il
Bai 8. Gidi bt phuong trinh: [x? + 2x + 2| < 6x — 1.
@ Loi gidi
Ap d ong thic |A| < B A<B
ung con c &
p dung cong < A> _B
Béat phuong trinh‘x2+2x+2’§6x—1
x?+2x +2<6x —1
<9 .2
x“+2x+2> -6x+1
x?—4x +3<0
9.2
x“+8x+12>0
1<x<3
&
xr< —-4—-V15vx > -4+ V15
<1 <x LS.
Két luan: S = [1;3]. O
Bai 9. Gidi bt phuong trinh: [2x? + 8x — 15| < 4x + 1. bS: S = (1;2)

@ Loi gidi
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Bai 10. Giai bat phuong trinh: [x? — 5x + 4| > 2x — 2.

@ L&i gidi

Bai 11. Giai bt phuong trinh: [x? —x — 1| > x — 1.

@ L&i gidi

Bai 12. Gidi b4t phuong trinh: |2x — 3| < 4x? — 12x + 3.

@ L&i gidi

Bai 13. Gidi bat phuong trinh: |x? — 3x + 2| < 2x — x?.

@ L&i gidi

Bai 14. Gidi bét phuong trinh: 2 + |x? — 5x + 4| > x.

@ Loi gidi

U
PS: S = (—00;2] U [6; +00)
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Bai 15. Giai bat phuong trinh: |r2 —3x + 2‘ +x2 > 2x. DS: S = <—oo; 7) U (2; +00)
 Loi gidi

. 2
Bai 16. Giai bat phuong trinh: |—x? + 6x — 5| < 4x? — 32x + 64 DPS: S = (—o0; 3] U [3; +oo>
@ Loi gidi

O
Bai 17. Giai bat phuong trinh: |-2x? + 4x — 1| < x — 1. PS: S = <2;2>
@ Loi gidi

]
Bai 18. Giai bt phuong trinh: [x? + 3x — 4| > 2(x? —5x +1). DS: S = (7 —6\/%; 13 +2 145)
@ Loi gidi

O

Nhém 4. Bdt phuong trinh tri tuyét déi khéng mdu muc hodc chia nhiéu ddu ftri
tuyét doi
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$>6>6OBAI TAP VAN DUNG OO

.. ey (x —4) |x - 2]
1. Giai bat ph inh: ——+———— < 2.
Bai Glill bat phuong trin 7 By 4 =
(¢ Loi giai
e Trudng hop 1: Khix —-2>0< x > 2.
. (e =4) | =2
Béat phudng trinh———————— < 2
dt phucng frin x2-5x+4 ~
(x —4)(x —2)
= A L2
x2-5x+4 ~
2 2
x“ —6x +8 — 2(x* — bx + 4)
<
< x2 -5x +4 =0
)
X% + 4x <0

(:)x2—5x+4“ )

Cho x?2+4x=0ex=0Vx =4
Chox? -5x+4=0cx=1Vx =4
Bang xét dau:

10 2 Y
Sovdix >2= S5 =[2;+00)\ {4}

e Trudng hogp 2: Khix —-2<0&e x < 2.

(-4 -2
R
x2 —-5x + 4 <2
(x —4)(—x +2)
< x2 —Bx + 4
—3x2 + 16x — 16
x2 —5x + 4

Béat phuong trinh

<2

| A~

Cho —-3x?2 +16x —16 =0 x =4V X =

Chox?-5x+4=0cx=1Vx=A4
Bang xét dau:

x =3

Bai 2. Gidi bat phuong trinh: —————— .
ai iai bat phuong trinh: 5 - —= >

@ L&i gidi
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Bai 3. Gidi bat phudng trinh: T > 0.

@ Loi gidi

Bai 4. Gidi bat phudng trinh: RO
£ L&i gidi

[0 DANG 2. Phuong trinh va bét phuong trinh chira cdn thirc co bén

Nhém 1. Phuong frinh chita ddu cdn

A > 0(hay B > 0)

° \/Zz\/g(:){A=B

B>0

e VA=Be&
{A=BQ.

$>6>6OBAI TAP VAN DUNG 66969

Bai 1. Giai phuong trinh: Vx2 —3x —2 = x — 3.

@ Loi gidi

PS:x =2+3

Bai 2. Giai phuong trinh: 3v/x — 1 = Vx2 + 8x — 11.

@ Loi gidi
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U
Bai 3. Gidi phuong trinh: Vx2 —3x + 3 = 3x — 2. bS:x =1
@ Loi gidi

]
Bai 4. Gidi phudng trinh: v3x +1 =8 — vx + 1. DS: x =8
 Loi gidi

O

5

Bai 5. Giai phuong trinh: 4x? + x + 4V4x2 + x —4 -9 = 0. bS: S = {—4;1}
£ Loi gidi

U

1

Bai 6. Giai phuong trinh: vVx + 1 + 1 = 4x? + V3x. bS: S = {5}
@ Loi gidi

[l
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Nhém 2. Bdt phuong trinh chia ddu cdn
B>0 B>0
A B - A>+VB -
* \F>\F®{A>B. * \F_\F(:){AZB.
B>0 B>0
e VA<B&({A>0 e VA<B&<{A>0
A < B2 A< B
{B<O {Bgo
A>0 A>0
A>B - A>B -
e VA>Be& B0 e VA>Bs& B>0
A> B A > B

$>6><>BAI TAP VAN DUNG OGO
Bai 1. Giai bt phuong trinh: Vx2 —4x +5 > Vx — 1.
@ Loi gidi
x> —4x+5>0 xeR
bK: &
x—-1>0

x> 1 sx>1

B4t phuong trinhv/x2 — 4x +5 > Vx — 1
ex? —4xr+5>x -1
sx? -5 +6>0

ex <2Vx >3

Giao vdi diéu kién = S = [1;2] U [3; +00).

Bai 2. Giai bt phuong trinh: vVx2 —3x —3 > Vx + 2.

DS: S = [-2 —1] U [5; +00)
@ Loi gidi

Bai 3. Giai b4t phudng trinh:vV—x2 + x + 6 < V8 — x2.
# Loi gidi

Bai 4. Gidi bt phuong trinh: v —x2 + x + 12 < V15 — x2.
@ Loi gidi
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Bai 5. Giai bat phuong trinh: Vx2 — 4x — 12 < x — 4.
# Loi gidi

B>0
Ap dung cong thic VA< B {A>0

A < B2

Béat phuong trinhv/x2 —4x —12 < x — 4
x? —4x —12>0
s{x—-42>20
x? = 4x —12 < (x — 4)?
x? —4x —12>0
Sex—-42>0
4x —28 <0
x € (—o00; —2] U [6; +00)
S QX €[4 +00)
x € (—o0; 7]
&x € [6;7].
Két luan: S = [6;7]. O
Bai 6. Giai b4t phuong trinh: vVx2 — 13x + 30 > x — 7.

# Loi gidi
B<0
A>0

B>0
A > B

Béat phuong trinhv/x2 —13x +30 > x — 7

Ap dung cong thic VA > B &

x—-7<0
{x?—wx+3ozo
x—-T72>0

x% = 13x +30 > (x —7)?

x>7
x > 19
(x <3
x> 19.
Két luan: S = (—o0; 3] U (19; +00). O

Bai 7. Gidi bat phudng trinh: Vx? — 14x + 49 < 2x — 5. DS: S = [4; +00)
# Loi gidi

x <7
x<3vx >10
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Bai 8. Gidi bat phuong trinh: Vx% — 3x — 10 > x — 2.
@ Loi gidi

Bai 9. Gidi bat phudng trinh: Vx2 + 5x + 4 < 3x + 2.
@ Loi gidi

Bai 10. Giai bat phuong trinh: Vx2 + x — 12 > x.
@ Loi gidi

Bai 11. Giai bat phudng trinh:v3x?2 + 4x + 1 > 2x + 2.
@ Loi gidi

Bai 12. Giai bat phuong trinh: V4x? + x — 18 > 2x + 3.

@ Loi gidi
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O
Bai 13. Giai bat phuong trinh /2(x2 —1) < x + 1. bS: S =[1;3]U{-1}
 Loi gidi

]
Bai 14. Giai bat phuong trinh v3x2 + 10x + 8 > 2x + 4. bS: S = (—o0; —2]
# Loi gidi

O
Bai 15. Giai bat phuong trinh Vx2 + x — 6 — 2 > x. bS: S = (—o0; -3]
# Loi gidi

O
Bai 16. Giai bat phuong trinh Vx2 —5x + 4 < 2x — 2. PS: S = [4; +00) U {1}
Z Loi gidi

]
Bai 17. Gidi bat phuong trinh x + 2 — Vx2 —5x + 4 > 0. bS: S =[0;1;]U [4 +00)
# L&i gidi

]
Bai 18. Giai bat phudng trinh 2x + vV —x2 + 6x — 5 > 8. bS: S = (3;5]

@ Loi gidi
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O
Bai 19. Gidi bat phuong trinh V21 — 4x — x2 < x + 3. bS: S =[1;3]
# Loi gidi

(Il
Bai 20. Giai bat phuong trinh Vx* — 2x% +1 + x > 1. PS: S = (—00; —2) U (0; +00) \ {1}
( Loi gidi

[l

(3 DANG 3. Phuong trinh va bét phuong trinh cén thirc néing cao

Nhém 1. C6 ba cdn thic /f(x) — \/g(x) > \/h(x) hay \/f(x) — \/g(x) = \/h(x).
e Buéc 1: Ddt diéu kién.

e Budc 2: Chuyén vé sao cho hai vé déu khéng am va binh phuong hai vé dé chuyén
vé dang co ban VA < B; VA > B hay VA = B.

e Budc 3: gidi va giao két qud vita cé dugc véi diéu kién ban dau, suy ra tap nghiém
can tim.

$>6>6OBAI TAP VAN DUNG OO
Bai 1. Giai bat phuong trinh vx + 14 — vV2x +5 > Vx — 1.
@ Loi gidi

x+14 >0
Diéu kién { 2x +5>0 & x > 1.
x—-12>0
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Khi d6 bat phuong trinh tuong ducng vdi

Vx—1+V2x +5< Vx + 14
& 3x+4+2\/(x—1)(2x+5)§x+14
& Vox2+3x-5<5-x
5-x>0
& {2x®+3x-5>0
2x? +3x -5 < (5 —x)?
x <5

& (XE (—oo;—g} U [1; +00)

x2 +13x -30<0

- {x € (—oo;—g} U [1;5]

x €[-152]

& x € [—15;—2} U[1;:2]

So vdi diéu kién ban dau ta duge x € [1;2].
Vay S = [1;2].

[l
Bai 2. Gidi bat phuong trinh vx +3 < vV2x +8 — V7 — x. bS: S = [5;7]
@ Loi gidi

[l
Bai 3. Gidi bat phudng trinh Vx +7 > 2 4+ v/2x — 3. DS: S = [2;2}
# Loi gidi

[l
Bai 4. Giai b4t phuong trinh /x(x — 1) = 2Vx% — \/x(x + 2). D&Sz{&g}
@ Loi gidi

O
Bai 5. Giai bat phuong trinh vVx +3 — vx —1 > v2x — 1. bS: S = {1; g)

@ Loi gidi
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Bai 6. Gidi bat phuong trinh Vx +2 — vVx —1 > v2x - 3.

@ Loi gidi

Bai 7. Giai bat phudng trinh v5x — 1 — V4x — 1 < 3\/x.

@ Loi gidi

Bai 8. Giai bat phuong trinh vVx + 2 — Vx + 1 < /.

@ L&i gidi

Bai 9. Giai phuong trinh v2x2 + 10x + 8 + Vx2 —1 = 2x + 2.

@ Loi gidi

Bai 10. Gidi phuong trinh vVx + 3 + V3x + 1 = 2\/x + V2x + 2.

@ Loi gidi
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Nhém 2. Gidi bdt phuong trinh bdng phuong phdp ddt dn phu

$>6><>BAI TAP VAN DUNG OGO
Bai 1. Giai bat phuong trinh 2x? + x — 19 > 3v2x2 + x — 15.
@ Li gidi
Datt=vV2x2+x -152x% +x =12 +15 (véi t > 0).
Khi d6 bét phuong trinh trd thanh

2 — 4 >3t
& t2-3t-4>0
& t< -1hayt >4

-1 - v249

Mat>0nént >4 Voax2+x-15>4 e 2x2+x-31 >0 x < Thayac >
—1 + V249
Vay S = (—oo; -1 - 2491 o |7t +4” 249:—!—00). 0

Bai 2. Gidi bat phuong trinh (x + 4)(x — 3) + 3/(x —1)(x +2) > 0. DS: S = (—00; —3) U (2; +00)
& Loi gidi

U
Bai 3. Gidi b4t phudng trinh x2 + 3x > 2 + v5x2 + 15x + 14. DS: S = (—o0; —5] U [2; +00)
 Loi gidi

O
Bai 4. Giai bat phudng trinh x(x — 4)V —x2 + 4x + (x — 2)% < 2. bS: S = (2 - V32 + \B)
£ Loi gidi

Ul
Bai 5. Giai bat phuong trinh /(x — 3)(8 — x) + 26 > —x? + 11x. bS: S =[3;4) U (7;8]

@ L&i gidi
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Bai 6. Giai bat phuong trinh 2x? + 4x + 3V3 — 2x — x2 > 1.

@ L&i gidi

O
PS: S = [-3:1]

O
‘e s 1 A . x -1 x -1 1
Bai 7. Giai bat phuong trinh - 2 - >3 bS: S = —5;0
@ Loi gidi
O
s cas 1% N x -1 \/2x+3 ) _< ) 49)
Bai 8. Gidi bat phudng trinh \/ o 13 + 4 1 5 bS: S = 4; 31
# Loi gidi
O

Bai 9. Gidi bat phuong trinh x + 1 + Vx2 — 4x +1 > 3\/x.

@ Loi gidi

Bai 10. Gidi b4t phudng trinh 8x° + 76x/x + 1 > 58x? + 29x.

3-2v2 3+2V2
S=[0; 5 ]U[ 5 :+oo>

@ L&i gidi

Bai 11. Giai b4t phudng trinh: x% — 3x? + 2./(x + 3)3 — 9x > 0.

@ Loi gidi
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U
Bai 12. Giai b4t phudng trinh: x% — 3x? + 2./(x + 2)3 < 6x. DS: S =[-22 - 2V3] U {2].
 Loi gidi
U
Nhom 3. Gidi phuong trinh & bdt phuong trinh tich sé (hodc lién hop)
$>6>6OBAI TAP VAN DUNG GO 6969
Bai 1. Gidi bat phuong trinh: (x —1)v2x —1 < 3(x —1).
& Loi gidi
Tacd (x —1)vV2x —1<3(x -1). & (x-1)vV2x -1 -3(x-1)<0 & (x —1)(V2x —1 -3) < 0.
rae: {120 x=1 =21 2l L <558 - 135
: & & & & x =5 = [1;5].
Voxr—1-3<0  |Vor—-1<3  |2x-1<9 " |x<5 == !
TH x—-1<0 x <1 x <1 x <1 s
: & & & =S = 0.
Var —1-3>0  \Var-1>3  |20-129  |x25
Hdgp tap nghiém = S = §; U Sy = [1;5] O
Bai 2. Giai b4t phudng trinh: (x —3)vV/x -1 > x - 3. bS: S =[1;2] U [3; +0).
@ Loi gidi
U
Bai 3. Giai bat phuong trinh: (x —2)vx +1 > x? + x — 6. bS:S=[-1;2).

@ Loi gidi
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[l
Bai 4. Giai b4t phudng trinh: (1 —x)Vx +2 < —x? —x + 2. PS: S = (-1;1).
 Loi gidi

[l
Bai 5. Giai b4t phuong trinh: (x? — 4x)V2x2 — 3x —2 > 0.
£ L&i gidi

B=0
Ap dung cong thic: |A- ¥YB>0 & B>0
A>0
1
2x? —3x -2 =0 x=-gVvr=2 =9
S22, 2z _ 2z
Tacéd (x*—4x)V2x2 -3x -2>0& | (22" -3x —-2>0 & x<_Vx>2<:>L<_1 >4
x® —4x >0 2
x<0Vx >4
. 1
Két luan: S = <—oo; —2} U {2} U [4 +00). O
. 2x + 4 15

Bai 6. Giai bat phudng trinh: (x — 2x i ) V10x — 3x2 -3 > 0. bS: S = {3; 2) U {3}
# Loi gidi

[l

Bai 7. Giai bat phuong trinh: (x? —3x)vV2x2 —3x -2 >0.PS: S = <—oo; —%} U{2}U[3; +00) .

@ Loi gidi
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O

V6+x—x2_ V6+x —2x2

Bai 8. Giai bat phuong trinh:
ai idi bat phuong trin or 15 2 i

PS: S =[-2-1]U {3} .
@ Loi gidi

O
. 3 —2Vx? 4+ 3x + 2
Bai 9. Gidi bat phudng trinh: >1(1
] P g 1-2Vx2 —x +1 )
(¢ Loi giai
. x < -2
Didu kién x?2+3x +2>0 &
x> -1

Co1—-2Vx2 —x+1=1-+/(2x-12+3<1-V3<0,Vx R
1) & 3-2Vx2+3x+2<1-2Vx2—x+1el+Vxl-x+1<Vx2+3x+2e Va2 -x+1<2c

x>0
x>0 -1+ V13
& 9 Sx > ——m.
3x*+x—-1>0 §)

& {x?—x+1>0

x% —x +1 < 4x?

V5 -1 OO>'

So diéu kién = S = ( gt

Bai 10. Gidi bat phudng trinh:

@ L&i gidi

Bai 11. Gidi bat phudng trinh: N
£ Loi gidi
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U
— 2
Bai 12. Gidi bat phudng trinh: Vx(x + V1 - x?) >1 DS: x = > -1
xy/x +1 - Vx2 —x3 2

& L&i gidi

O
Bai 13. Giai phudng trinh: Vx + 1 +1 = 4x? + V/3x.
Z Loi gidi

. x+12>0 x> -1
biéu kién s x> 0.
3x >0 x>0
2x -1
Bpt & (“4x?-1)+(V3x—-Vx+1)=0e (20 —1)(2x +1) + N =0
X +
& (2x 1)<2x+1+1> =0e 2x 1—O<:>x—1(D02x+1+;>0‘v’x
Sx + 1 2 V3x+Vx+1
R 1
So vdi diéu kién, nghiém la x = 5 O
. . 11 -3V5

Bai 14. Gidi phuong trinh: 3.(2 + Vx —2) =2x + VX + 6 PS:x=3,x = 5 .
@ Loi gidi

(Il
Bai 15. Giai phudng trinh: v2x2 + 3x +5 + vV2x2 — 3x + 5 = 3. DS:x =4.
@ Loi gidi

]
Bai 16. Giai phudng trinh: v2x2 + x + 9+ V2x2 —x + 1 = x + 4. bS:x =0,x = ; .

@ Loi gidi
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Bai 17. Gidi phuong trinh: v3x +1 — V6 — x + 3x% — 14x — 8 = 0.
 Loi gidi

s . 3x+1>0 1
biéu kién &

——<x<6.
6-x2>0 3

3(x —5) N x -5

Bpt & V3x+1—-4+1-V6-—x+3x2-14x=5¢s
P V3dx+1+4 1+V6—-x

x =05
& 3

1
+
Vdx+1+4 1+V6-x

+ (3x +1)(x —=5) =0

+3x+1=0.

3 1
ma + +3x +1>0.
Vidx+1+4 1+vV6—x
So diéu kién, nghiém la x =5 O
Bai 18. Gidi phuodng trinh: vVx + 2 + 2x — 10 = v2x - 3. DS: x = 5.

@ L&i gidi

(Il
Bai 19. Giai phuong trinh: (x —4)(Vx + 1 + 1) = x2 bS:x =8.
@ Loi gidi

(Il
Bai 20. Giai phuong trinh: (x —1)Vx2 + 5+ x = x% + 1. bS:x=2.

@ L&i gidi
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Bai 21. Giai phudng trinh: x? —x + V2x2 —x + 3 = 21x — 17.

SU dung casio, tim dugc nghiém x =1,x = 2.

Khi dé ghép (ax + b) dé lién hgp.

Khix=1=V2x2-x+3=v2.-12-1+3=2=ax+b=a+b a=1
Tdc la N

Khix=2= V212 —x+3=12-22_-24+3=3=qax+b=21+b b=1.
Suy ra V2x2 —x + 3 — (x + 1) dé lién hgp.

khix=1=V2x -17=V21-1-17=2=cx+d=c+d c=3
Tuong tu =

khix =2=V2x -17=V21-2 -17=5=cx +d =2 +d d=—1.
Suy ra (3x — 1) — v/21x — 17 dé lién hop.

& Loi giéi
Sx L 1ea 17
biéu kién 21x -17>0< x > o

Phuong trinh & {\/2352 —x+3—(x+ 1)} + [(Bx -1) - Vv21x - 17] +(x?-3x+2) =0

o x? —3x + 2 N 9(x? - 3x + 2) %319 =0
Vo2x? —x+3+x+1 3x -1+ V2x —17

1 9
+ +
V2x?2 —x+3+x+1 3x—-1+v21x —-17

& (x2—3x+2)( 1>=O®x2—3x+2=0

x=1
& théa mén diéu kién.
x =2
|
Bai 22. Giai phuong trinh: 2v/3x + 4 + 3v/56x + 9 = x? + 6x + 13. bS: x = —1,x =0.
 Loi gidi
(|
6x2
Bai 23. Giai b4t phuong trinh: ——————— >2x +Vx -1 -1.  DS:x € (10 + 4V5; +00) .
P g (V2x +1+1)? ( )

@ L&i gidi
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x x% +3x +18

Bai 24. Gidi bat phuong trinh: <
preens (x+1—vx +1)2 (x +1)?

PS: x e (~1;3)\ {0}.

@ L&i gidi

O
Bai 25. Gidi bat phudng trinh: Vx?2 + 35 < 5x — 4 + Vx? + 24. bS: x € (1; +o0) .
& Loi gidi

]

Bai 26. Giai b4t phudng trinh: 4vx +1 +2v2x +3 < (x —1)(x? —2). PS: S =[3;+00) U {—1}.
@ Loi gidi
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Cong thac luong gidc co bdan

sin a cosQa
e tana = e cota = —
cosa sin a
. 1
e sina +cos?a =1 e 1+tan’a = 5
Ccos?

D&u clia cdc gid tri luong gidc

e tana-cota =1

e 1+cot?a= 5

sin“ a

sinx
1| @
2
Cung phan tu
(II) I Gid tri lugng gide | T | IT | IIT | TV
sina + |+ - | -
T 0 co§x Ccos a T | == i
-1 o 2m | o tana + | =+ | -
(III) (IV) ] cota + — + —
(Nhéat cd — Nhi sin — Tam tan — Td cos)
3
2
—1 @

Cung goc lien két

Cung doi Cung bu nhau Cung phu nhau
cos(—a) = cosa sin(;t —a) = sina | sin (g - a) = cosa
sin(—a) = —sina | cos(;t —a) = —cosa | cos (g - a) = sina
tan(—a) = —tana | tan(;r —a) = —tana | tan (g - a) = cota
cot(—a) = —cota | cot(s;r —a) = —cota | cot (g - a) = tana

Cung hon kém Cung hon kém g
sin(ot + a) = —sina sin (g + a) = cosa
cos(;t + a) = —cosa cos<g+a = —sina
tan(ot + a) = tana | tan <g + a> = —cota
cot(;r + a) = cota cot (g + a) = —tana
snitn )<, sl 1)) SNt oo, o e i

e tan (ksr + a) = tana,

cot (kt + a) = cota (tan va cot bd pi chdn, 1& déu cdng).
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B. CAC DANG TOAN VA BAI TAP

03 DANG 1. Cho mét gid tri Iwong gide cla géc, tinh cdc gié ti con lai hay mét biéu
thirc lvong giac

Dua vao céc cdng thic cd ban va ddu cia céc gia tri lugng gidc.

sin a

cosa
e tana = e cota = — e tana-cota =1
cosa sina
) 2 2 1 2
e sin“a +cos“a=1 e 1 +tan“a = 5 e | +cota= 5
cos“ sin“ a

Nhdé: "Nhét cd - nhi sin- tam tan - tif cos dé biét ddu ctia cdc gid tri lugng giac.

$>6>6OBAI TAP VAN DUNG GO 6969

Bai 1. Cho cosx = —§ va 180° < x < 270°. Tinh sin x, tan x, cot x.

5
. 4 4
~ 7 PS: sinx = —g,tanx = g,cotx =
(¢ Loi giai
sinx <0
o Vi180° < x <270°= ¢ tanx >0
cotx > 0.

. , 3\? 16
oTacosm2a+c052a=1=>sm2x=1—c052x=1—(—

5) 95
= sinx = é
= 5
=>1Ean3c—é—é cotx = 1 —§
T3 3 "~ tanx 4
O
Bai 2. Cho sinx = —= va 90° < x < 180°. Tinh cosx,tanx, cotx.
PS: cosx = ——\[,tanx = —i,cotx = -2V2
@ Loi gidi
O
. . 4 T,
Bai 3. Cho sina = 5 vald<ac< Ok Tinh cos «, tan «, cot a.
4 3
\ ? bS: cosa=§,tana=g,cotoc=z
(¢ Loi giai
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Bai 4. Cho cosa = —15—3 vaa e

@ L&i gidi

Bai 5. Cho tana = —? va a €

@ Loi gidi

sina > 0
LT
0V1§<a<ﬂé cosa <0
cota < 0.
1 7
e Tacéd cota = e —- &
. 9 1
e Talaicd: 1+ tan“a = 5
Ccos“ a
=
cos’a = ! - ! _®
1 +tan’a ( 15)2 274
1+ | ——=
7
= Ccosa = —L
V214
. sina )
e Matana = = sina = tana - cosa
cosa
:>sinoc——E (— ! )— 15
7 V274 Vorh

37t
<7r; ?> Tinh sin a, tan «a, cot a.

DbS: sina = ——

T , .
(5; n) . Tinh sin a, cos a, cot a.

15 7 7
PS: sina = ——,cosa —

V2T4

13
Bai 6. Cho tanx = 3 val<ax< g Tinh sinx, cosx, cot x.

@ L&i gidi
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O
. 19 7« s
Bai 7. Cho cota = 7 va 0 < a < m. Tinh sin «, cos a, tan a.
7 19
PS: sina = —,c¢ = ———,tana = ——
V410 V410 19
@ Loi gidi
O
. . d , .
Bai 8. Cho cota = -3 va - < a < 27 Tinh sina, cos a, tan a.
DS: sina = —@ cosa = ﬂ tana = —1
~ = =2 ' - 10 ' - 10 ' - 3
(¢ Loi giai
O
. . . 3,
Bai 9. Chosina = —=van < a< o Tinh cos a, tan «, cot a.
1 2v21 21
DS: cosa = —£,t = \g,cot = \/;
@ Loi gidi
O
Bai 10. Chocosx = —val0<x < z. Tinh sin x, tan x, cot x.
. VA7 3v1 13
PS: sinx = 13 ,t :T' tx=f
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Bai 11. Cho tana = %5 vamr<a< %T Tinh sin «a, cos a, cot a.

. 15 8 8
PS: sina = —ﬁ,cosa = —ﬁ,cota =15

@ Loi gidi

Bai 12. Cho cot15° = 2 + /3. Tinh sin 15°, cos 15°, tan 15°.

PS: sin15° = QT_,COS 15° >0
& Loi gidi

O
Bai 13. Cho tana = 2 va 180° < a < 360°. Tinh sin «, cos «;, cot a.
2v5 5
, DS: sina = —?,cosa= —\5[
(¢ Loi giai
O
. . , . ) 2v2 1
Bai 14. Cho tanx = —2v2 va 0 < x < 7. Tinh sinx, cosx,cotx. DS: sinx = T,cosx = ~z
@ Loi giéi
O
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1
Bai 15. Cho sina = 5 va tana + cota < 0. Tinh cos «a, tan «, cot a.
DS: cosa = —\f,cota = -2V6
@ Loi gidi
O
4
Bai 16. Cho cosx = 5 va tanx + cotx > 0. Tinh sin x, tan x, cot x.
. V6 V6
’ PS: sinx = E,tanx =12
(¢ Loi giai
O

Bai 17. Cho tanx = 2. Tinh gia tri bidu thuc:

sin?x — 3sinx cosx
@ A= 2

cos?x + 3sin”x B
Vi tanx = 2 nén cosx + 0 va chia tif, mu ctia A cho cos? x (bac cao ciia A), ta dudc:

2

sin“x 3sinxcosx
Ao cos2xr  cos?x _taan—?)tanx_QQ—?)-Q_ 2
cos? x sin? x 1+ 3tan®x 1+3.22 13

+
cos? x cos? x

sinx + bcosx
@ B = 3

sin’ x — 2cos3x .
Vi tanx = 2 nén cosx # 0 va chia ti, mau ctia B cho cos’® x (bac cao cta B), ta dugc:

sinx 1 cosx 1 9 9
. 5 +5 3 tanx(1+tan x)+5(1+tan x) 35
B — COSX cos®x COSX COS?X _ =22
sin® x cosd x (tan6x — 2) 6

cosdx cosd x
Nhan xét: Dé cho tan x, can tinh biéu thdc chida sinx, cosx, ta can chia cosx bac cao.

2 35
b B=

:a) A= —
bS: a) 5

Bai 18. Cho cota = 5. Tinh gia tri biéu thuc:

sina + 2cos’ a

@ A= .3
cosa + 2sin’ «a B
Vi cota = 5 nén sina # 0 va chia td, mau cta A cho sin’ a (bac cao cta A), ta dugc:

sina 1 cos’ a

A - sina sinfa +2sinz’oc _ 1 +cot’a + 2cot’a _ %
cosa 1 N 25111305 cota (1 + cot2oc) +2 1
sina  sin®« sin® «
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(b) B=2cos?a +5sina -cosa + 1.
Vi cota = 5 nén sina # 0 va hai vé cho sin® a (bac cao cuia B), ta dugc:

B cos’a _sina-cosa 1
.9 2 5 T S . 0 +—
sin” o sin”® a sin® a sin”
9 9 9 101
<:)B(1+cot a) =2cot?a +5cota+1+cot?a e 26B=101 & B = % "
Nhan xét: D& cho cotx, can tinh biéu thdc chia sin x, cosx, ta cdn chia sin x bac cao.
23 101
DS-a)A=H,b)B=%
. i 7
Bai 19. Cho tanx = 3. Tinh gid tri biéu thiic: A = 25X T OST PS: A= —
N R cosx — 3sinx 8
(¢ Loi giai
O
. 2sin®x — 5si 2 4
Bai 20. Cho tana = 3. Tinh gid tri biéu thitc: A = 250 X = OSINXCOSTHCOSX g, ) &
L 3sin“x + sinx cosx — 7cos? x 23
(¢ Loi giai
|
3 03
Bai 21. Cho tana = 2 Tinh gid tri biéu thiic: P = S0 @~ 28’ a +cosa PS: P = >
. 2cosa —sin” a
(¢ Loi giai
O
2sin® a + 2sina cos a — cos? a

Bai 22. Cho cota = —3. Tinh gié tri biéu thic: P =

2

2sin®a — 3sinacosa + 4cos?a o3

? bS: P = ~u7
(¢ Loi giai

Trang 70



Chuyén dé Toén 10 HKII Nguyén Qudc Ducng

|
. 2 si 3 9
Bai 23. Cho tana = 3. Tinh gid tri biéu thuc: P = sTna i cosoc. PbS: P =
) 4tsina —HBcosa 7
(¢ Loi giai
O
Bai 2. Cho cota = 3. Tinh gid trj biu thitc: P = oo & = 2€0SA Ps: P = -0
, 5sin’ a — 4cosda 113
(¢ Loi giai
O
‘. . 3 T, cota + tan a
Bai 25. Cho sina = -val0<a< =~ Tinh:P= ——M .
) 5 2 cota —tana
(¢ Loi giai
O

8tan®a + 3cota — 1
tana + cota )

Bai 26. Cho sina =
@ Loi gidi

va 90° < a < 180°. Tinh: P =

W =~
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O

Bai 27. Cho cosa = g va —g <a<0.Tinh: P =5+ 3tana + V6 — 4cota.
(¢ Loi gidi

O

xs S .o ; 2

Bai 28. Cho cosa = Fva-g5 < a<0.Tinh: P = Vtan?a — 2tana + 1 + |4cota + 1].
(¢ Loi gidi

O

Bai 29. Cho sinx + cosx = m. Tinh theo m gia tri cia cdc biéu thuc:

@ A = sinx cosx. (b) B = |sinx — cosx]|.
© C = sin* x + cos*x. (d) D = tan®x + cot®x.
® E = sin®x + cos® x. () F = sin®x + cos® x.

@ Loi gidi

@ Tinh A = sinx cosx theo m (ludn tinh sinx cosx theo m néu dé cho sinx + cosx = m).
Ta cé: (sinx + cosx)2 = sinx + cos?x + 2sinx cosx = 1 + 2sinx cosx
(sinx +cosx)? -1 m?-1

= A =sinxcosx = =
2 2

(b) Tinh B = |sinx — cos x| theo m.

2
2 2 2 m* —1 9

Ta ¢é: (sinx cosx)” = sin“x + cos®x —2sinxcosx =1 -2 =2 -m”~.

= |sinx — cosx| = V2 — m?.

Nhan xét. Lap luan nay ciing chiing t6 rdng: néu sinx + cosx = m thi 2 — m? > 0, tdc la
ta ludn cé |sinx + cosx| < V2. Con cé thé suy ra bét dang thdc nay tit nhidu cach khdc,
chdng han: theo Bunhiaxcopki, ta ¢

[1-sinx +1-cosx| < \/(12 +12) - (sinzx + cost) = V2

© Tinh C = sin*x + cos*x theo m.

4 . . 2 2 . .
Ta cé C = sin*x + cos*x = [(stI) + (COSQI) + 2sin® x cos? x} —92sin®x cos?x

2
1+2m? — m*

2

2 21
= (singx +c052x) —2(sinxcosx)2 =1-2 (m 5 )
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(d) Tinh D = tan?x + cot?x theo m.

Ta cé D = tan®x + cot®x = (‘[angx +cot?x + 2tanx cotx) — 2tanx cotx

2
2 sinx  cosx\? sin? x + cos? x 4
= (tanx + cotx)” — 2 = + - 2=——— —2—(m

Cos X sinx

- 9
sinx cosx —1)2

@© Tinh E = sin® x + cos®x theo m.

Ta c6 E = sin®x + cos®x = (sinx + (:osac)3 —3sinx cosx (sinx + cosx)

w3 3(m2 -1)m 2m’% —3m?® + 3m 3 -m3 +3m

B 2 B 2 B 2
() Tinh F = sin® x + cos® x theo m.

3 3
Tacd F = sin® x+cosbx = (sian) +(cos? x)s = (singx + cost) —3sin® x cos? x (sian + cost)
2
m? -1 m*-2m? +1  -3m*+6m? +1
=1-3 5 =1-3 7 = 7 .

Bai 30. Cho sinx + cosx

7 Tinh gié tri cia céc biéu thic:
@ Tinh A = sinx cosx.

(d) Tinh D = tan® x + cot®x.
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() Tinh C = sin® x + cos® x.

1 Tt
Bai 31. Cho sinx + cosx = 5 va 0 < x < gt. Tinh sin x, cos x, tan x, cot x. DbS:
sinx = =;cosx = 3'tanx— 4'cotx— 5
-5 -5 -3 4

@ L&i gidi

e Ta cé (sinx + cosx)? = (sian + cost) + 2sinxcosx =1 + 2sinxcosx

1
s sinxcost = (sinx + cosx)’ =1 25 -1 12
- 2 - 2 95’ 19
Do d6, ta cé tdong S = sinx + cosx = 5 va tich P = sinxcosx = ~55
e Theo Viét thi sin x, cos x 1a hai nghiém ctia phuong trinh béc hai X? - SX + P =0,
tdc X2 — 1X - E =0=sinx = é COSX = —§ hodac sinx = —§ COSX = é
5 25 -5 5 " -5 -5
T sinx >0 N . VAN 3
e Dox e (—;71) = nén chon sinx = - va cosx = ——.
2 cosx <0 5 5
sin x 4o 1 3
e Suy ra tanx = = —— vacotx = = ——,
cosX 3 tanx 4
O
Bai 32. Cho sinx + cosx = V2. Tinh sinx, cos x, tan x, cot x PS: sinx = cosx = - va
tanx = cotx =1

@ L&i gidi
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O
. . 1 3 , .
Bai 33. Cho sinx + cosx = 5 va o> < x < 2. Tinh sinx, cosx,tanx, cotx bS:
1+V7 . 1 -7 —4 + T 4+ T
CosXx = ,sinx = ,2tanx = ———,cotx = —
N . 4 3 3

(¢ Loi giai

O

Bai 34. Cho tanx + cotx = m. Tinh gid tri ctia biéu thtc:
@ A = tan®x + cot’x (b) B = |tanx — cotx| © C =tan’x + cot’x

PS:A=m?-2B=vVm?2—-4C=m®-3m
@ Loi gidi
@ A = tan’x + cot?x
Tacod A = (taan +cot? x + 2tanxcotx) —2tanx cotx = (tanx + cotx)? —2 = m? — 2.

(b) B = |tanx — cotx]
Ta c6 (tanx — cotx)? = tan® + cot? x — 2tanxcotx = m? -2 -2 =m? —4. = B = |tanx —
cotx| = Vm? — 4.

© C = tan® x + cot® x Ta ¢6 C = tan® x + cot’ x = (tanx +cotx)® —3tanx cotx(tanx + cotx) =
3
m° —3m

u D6i véi bai toan cu thé, ta cé thé gidi phuong trinh bac hai theo tan x %

O

Bai 35. Cho tana — cota = 3. Tinh I = tan®a + cotQa,] = tana + cota, K = tan*a — cot*a. PS:
A=11,B=+V13, C = +33/13
£ L&i gidi

@ L&i gidi
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3T
Bai 37. Cho tanx —3cotx =6vamr <x < - Tinh sinx, cosx,tan x.

tanx = 3 + 2V/3, cosx=—;, sinx = — 5+2V3

22 +12V/3 22 +12\/3
@ Loi gidi

Bai 38. Cho 3sin*x — cos*x = %

Tinh A = 2sin* x — cos*

x
£ Loi gidi

Ta c6: 3sin*x — cos*x =
& 6sin*x — 2 (cosQJc)2 =
@6sin4x—2(1—sin2x) -1=0

& 6sin®x =2 (1 - 2sin’x +sin*x) -1 =0

& 4sin*x + 4sin®x —3 =0

N o N~

1 3
& sinx = 5 (nhan) hodc sin® x = ) (loai ).
1 3
29 o _einZy g 2
=cos*x =1 -sin“x =1 71
:>Sil’l4x—1Vé\1COS[’I—g
A B 161 0 .
= in“ — 4 = _—_——_— = ——
= A =2sin"x — cos*x 2'4 16 6

3
Bai 39. Cho 3sin*x + cos*x = "

Tinh A = sin®* x + 3cos* x.

@ L&i gidi
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O

T VA 4 8
Bai 40. Cho 5sin*x + cos*x = 3

40
Tinh A = 9sin*x + 4 cos* x DS:A=§
@ Loi giéi
O
X A A 7
Bai 41. Cho 4sin*x + 3cos*x = "
7
Tinh A = 3sin*x + 4 cos* x DS;A:ZhoaCA=Z%
@ Loi gidi
O
Bai 42. Cho 4sin®*x + 3cos*x = —

, . 4 4 7 y 57
Tinh A = 3sin®x + 4cos*x DS:AzzhoacAzg
@ Loi giéi

O
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[ DANG 2. Dang 2: Chirng minh déng thire lwong gide

Phudng phép:

e Cach 1. Thong thudng bién dbi vé phtic tap thanh vé don gidn bang cach phép bién
dbi dai sd va cong thuc lugng gidc.

e Céach 2. Dung bién dbi tuong dudng.
Luu y:
e C4c hdng dang thuc

a®? + b% = (a + b)? - 2ab a’ - b% = (a - b)la + b)
a’®+ b3 = (a +b)® —3abla + b) a* - b* = (a® - b%)(a? + b?)

e CA4c cong thtc lugng gidc ¢o ban

tanq = ¢ sin?a + cosa? = 1
S35 & 1+tan®a = ——
cota = _ COos~“
sina 9 1
tana - cota =1 T+cot’a=—
sin”

Nhém 1. Sw dung sin?x + cos?x = 1 va dua vé hdng ddng thic

$>6>6OBAI TAP VAN DUNG GO 6969

Bai 1. Chung minh rdng: cos?x —sin’x = 1 — 2sin®x bsS:
£ L&i gidi

O
Bai 2. Chuing minh réng: 2cos?x —1 =1 — 2sin’x bS:
& Loi gidi

O
Bai 3. Chung minh rdng: 3 — 4sin®x = 4cos?x — 1 bsS:
£ Loi gidi

O
Bai 4. Chuing minh rdng: 4cos?x —3 = (1 — 2sinx)(1 + 2sinx) bsS:

@ Loi gidi
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O
Bai 5. Chung minh rdng: cos*x — sin®x = 2cos?x —1 =1 — 2sin®x bsS:
@ Loi gidi

O
Bai 6. Chiing minh rdng: sin®*x — cos*x =1 — 2cos?x = 2sin’x — 1 bS:
# Loi gidi

O
Bai 7. Chting minh rdng: sin® x + cos*x = 1 — 2sin® x cos? x bS:
@ Loi gidi

O
Bai 8. Chiing minh rdng: sin® x cosx + sinx cos®x = sinx cosx bsS:
# Loi gidi

O
Bai 9. Ching minh rang: sin®x + cos®x =1 — 3sin® x cos?x bs:
@ Loi gidi

O
Bai 10. Chting minh rdng: sin® x — cos® x = (1 —2cos?x) (1 — sin®x cost) Ds:

@ Loi gidi
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O
. 2
Bai 11. Ching minh rang: sinx + cos®x = (1 — 25sin” x cos? x) — 2sin* x cos* x DS:
@ Loi gidi
O
Bai 12. Ching minh réng: sin x — cos®x = (2 sin® x — 1) (1 — 2sin’x coszx) ps:
 Loi gidi
O
. , . N 1+ sin®x 9
Bai 13. Chung minh rang: ———— =1+ 2tan"x bS:
) 1 —sin“x
(¢ Loi giai
1 +sin’x 1 +sin’x 1 9 9 9 9
VT = 5 = 5 = 5 ttan“x =1 + tan x +tan“x =1 + 2tan“x = VP (dpcm)
1 —sin“x cos“x cos“x
O
. , . N 1+ cos®x 9
Bai 14. Ching minh rdng: ———— =1+ 2cot"x bsS:
.. 1 —cos?x
(¢ Loi giai
O
. 1 - i
Bai 15. Chiing minh rang: 'cosx _ X bs:
. sinx 1+ cosx
(¢ Loi giai
O
. 1 + si
Bai 16. Chung minh rang: remnx cos.x bsS:
cosX 1 —sinx

@ L&i gidi
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sin x CcosX .
Nhém 2. Si dung tanx = ——,cotx = —— quy dong va thu gon Ekhi gdp tan, cot
ung COS X sinx quy g gc gap

$>6>6OBAI TAP VAN DUNG 66969

Bai 1. Chiing minh rdng: cot’ x — cos?

@ Loi gidi

2 2
COSs™ X 2

x = cot’x - cos

COS™ X — COS

2x pS:

2

2ysin®y  COs x-(i —sian)

VT = cot’x — cos?x =

2
COS” X .
= (1 — sm2x) = cot’ x - cos®x (dpcm)
sin® x

- —Cos” X =
sin® x

Bai 2. Chuing minh rdng: tan? x — sin’

@ Loi gidi

X 1
Bai 3. Chiing minh rang: tanx + cotx =

@ L&i gidi

1

Bai £ Chuing minh rang: 5
X cos? x

sin?

@ Loi gidi

X cosx
Bai 5. Ching minh rang: tanx + =

sin“ x

sinx cosx

= tan®x + cot’x + 2

- 2

2 sin“ x

x = tan®x - sin®x PS:

) 1 +sinx
(£ Loi gidi

CcOos X
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O
. i 1
Bai 6. Ching minh rang: cotx + smx - bS:
.. 1+cosx sinx
(¢ Loi giai
O
s , . N tanx + tany
Bai 7. Chiing minh rang: tanxtany = —— bS:
cotx + coty
@ Loi gidi
VD = tanx + tany _ tanx + tany _ tanx + tany _ 1 ~ tanxtany = VT .
cotx + coty 1 1 tanx + tany 1
tanx tany tanxtany tanx tany
. t —tanb
Bai 8. Chung minh rang: tana - tanb = laha = anb bs:
. cotb —cota
(¢ Loi giai
O
Bai 9. Ching minh rang: ! + ! = bs:
o g 9 1Ttanx  1+cotx )
(¢ Loi giai
O
. , . N P . 3 3 18
Bai 10. Chung minh rdang néu sinx cosx = 0,5 thi + = — bS:
) 2+tanx 2+ cotx 7
(¢ Loi giai
O
. 1
L. 7 : X . —a] 2 = —_— .
Bai 11. C,hlmg minh rang: (1 — sinx) (1 + tan x) 1 sinx bS
(£ Loi gidi
1 —sinx 1 —sinx
VT = (1 —si 1 +tan’x) = (1 —si = =
(1 - sinx) ( +lan x) ( Smx)cos%c 1 —sin?x (1 —sinx)(1 + sinx)
1
=——=VP(d O
1+ sinx (dpem)
1
. , . s 2. _ .
Bai 12. Ching minh rang: (1 — cosx) (1 + cot x) 1+ cosx bS:

@ Loi gidi
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O
. , . N 1 1 9
Bai 13. Ching minh rang: |1 — 1+ +tan“x =0 bS:
CoS X cosX
@ Loi gidi
O
. 1
Bai 14. Chiing minh rang: <1 - — ) (1 + — ) +cot?x =0 PS
sinx sinx
@ Loi gidi
O
. i +
Bai 15. Chting minh rdng: 1 + tana + tan? a + tan’ a = % bsS:
 Loi gidi
sina + cosa sina cosa sina 1 1
VP = = + = . +
cosda cosSa cosda cosa cos?a cos?a
= tan a. (1 +tan2a) +1+tan’a =1 + tana + tan®a + tan’ a = VT [l
N i +
Bai 16. Chiting minh réng: 1 + cotx + cot’x + cot’x = M bs:
sin” x
@ Loi gidi
O
. 0 2
. - t -1
Bai 17. Chiing minh rang: st a' coy @ _ ana bs:
. 1+ 2sinacosa tana +1
(¢ Loi giai
O
. , . . tan’a -sin«a 6
Bai 18. Chiing minh rang: = tan’ a bsS:

o cot?a — cos? a
(¢ Loi giai
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O
N cos® a sin® a
Bai 19. Chiing minh rang: + =1 -sinacosa bS:
) 1 —tana 1 —cota
(¢ Loi giai
O
. tan’a —tan’b  sin’a - sin’b
Bai 20. Chting minh rdng: 2 > = 201~ ps:
) tan“atan“b sin“a sin” b
(¢ Loi giai
O
X 3 tan”
Bai 21. Ching minh rang: 5 —tan®x = ar; X 1 bsS:
.. cos? x cos? x
(¢ Loi giai
O
1= 1+ 2
Bai 22. Chiing minh rang: 'cosx ( c;)sx) — 1] = 2cotx bS:
smx sin“ x
 Loi gidi
O
.. i . . sina cosa 1+ cot?a
Bai 23. Chiing minh rang: — = bsS:

sina + cosa
(¢ Loi giai

cosa — sina 1 —cot?a
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tan” a 1+ cot?a 1 + tan* «

Bai 24. Chiing minh réng: . -
T J g 1 +tan’a cot? a tan® a + cot? «
(¢ Loi giai

2
. 1 + si 1 —si
Bai 25. Chiling minh rang: ( 1 ZIEZ “V1s ZIEZ) = 4tan’«
— si i

@Lbigiéi
: : 2 . .
VT — ( 1 +sina 1—smoc) 1 +sina 2+1—sma

1-sina V1+sina) 1-sina 1 +sina
(1 +sina)? —2(1 —sina)(1 + sina) + (1 — sina)? 3 2+ 2sin”a —2(1 —sinQa)

(1 —sina)(1 + sina) B 1 —sina

4sin®x
=——= 4btan®x = VP
COs% X

2
. 1 1-
Bai 26. Chiing minh réng: < 1 il zzzz Vi 2222) = 4eot? a

@ L&i gidi

Bai 27. Chung minh rdng: sin® x tan®x + 4sin”? x — tan’x + 3cos?x = 3
@ Loi giéi
VT = sin?xtan®x + 4sin®x — tan®x + 3cos? x
= (sin2 x tan® x — tan? x) +3 (sin2 X + cos? x) + sin®x
= tan®x - (sian - 1) +3+sin’x
)

sin® x .
=—- (—cost) +3+sin®x

COS% X
= —sin?x + 3 + sinx = 3 (dpcm)

Bai 28. Chung minh rang: (1 + tanx)(1 + cotx)sinx cosx = 1 + 2sinx cosx
@ Loi gidi

2

Bai 29. Chiing minh rdang: sin® x tanx + cos? x cotx + 2sinx cosx = tanx + cotx

@ Loi gidi
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O
Bai 30. Ching minh rang: 1 + sinx + cosx + tanx = (1 + cosx)(1 + tanx) DS:
@ Loi gidi
O
A , . N 4 2 1
Cau 31. Chlng minh rdng 1 —cot*x = —; ——
. sin“x  sin*x
(¢ Loi giai
O
.1 1-— 4 cot
Cau 32. Ching minh rang reosx cost _ (,:O a
) 1 —-cosx 1+cosx sin x
(¢ Loi gidi
O
i 1+ 2
Cau 33. Chiung minh (st dung tudgng duong) S x .cosx = —
.. 1+ cosx sin x sinx
(¢ Loi giai
O

sinx + cosx —1

Cau 34. Ching minh (st dung tudng duong)

COS X

@ L&i gidi

sinx —cosx +1 1 +sinx’
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O
Cau 35. Chung minh (st dung tudng duong) sin’x + 2cosx — 1 - SOsX
o g Hng 9 9 cosx —cos?x 1 +cosx’
(¢ Loi giai
O
i + -1 2
Cau 36. Ching minh (st dung tudng dudng) S T COSX = — cosx .
. ) 1 —cosx sinx —cosx +1
(¢ Loi giai
O
. i + cot n in" x + cot"
Cau 37. Ching minh rang Vn € N, ta c6 ( smx. cotx ) - Sn 'xn €0 nx
1 + sinxtanx 1 + sin™ xtan™ x
& L&i gidi
n
VT — (M)”z sinx + cotx 0
1 + sinxtanx . 1
1 +sinx-——
cotx
n
. _t . _t _t n
_ smx+c.o x _ ((sma.c+co x)co x) — cot"x = VP.
cotx + sinx sinx + cotx
cotx
. sinx + cotx \21° sin?"% x + cot?™9x
Céau 38. Chu inh ra (—) =
au ng minh rang 1 + sinxtanx 1 + sin®™9 x tan?"1° ¢
# Loi gidi
O
sin“x  cos*x 1 .
Céau 39. Cho Cho + = . Chtiing minh rang
a b a+b
. 8 8
sinx  cos®x 1 . JR
@ K + e @+ by (HK2 - THPT Chuyén Lé Hong Phong Tp.HCM)
@ S x oVt (HK2 - THPT Chuyén L& Héng Phong Tp.HCM)
a* b*  (a+b) y 9 9P

@ Loi gidi
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Nhém 3. Riif gon biéu thic
Phuong phdp: Dung cdc bién dbi dai s, cdc hing ddng thuc va cdc céng thuc luong
gidc dé thu gon biéu thic da cho.

$>6>6OBAI TAP VAN DUNG 66969
2cos?x —1

Cau 1. Rut gon biéu thtic A = ———— 4+ sinx. PS: A = cosx
N sinx + cosx
(¢ Loi giai
2 2cos?x — (sin? 2 2 .2
2cos”x —1 . cos™x sIn” X + COs™ X ) cos“x — sin“x .
=  +sinx = . +sinr = ———— +sinx O
sinx + cosx sinx + cosx sinx + cosx
(cosx — sinx)(cosx + sinx) . . .
= - + sinx = cosx — sinx + sinx = cosx.
sinx + cosx
Cau 2. Rat gon biéu thiic A = (tanx + cotx)? — (tanx — cotx)2. DS: A =4

@ L&i gidi

O
Céau 3. Rat gon biéu thic A = (1 - singx) cot?x +1 — cot® x. PS: A = sin®x
£ Loi gidi

O
Céau 4. Rat gon biéu thic A = cos* x + sin® x cos? x + sin® x. DS:A=1
£ L&i gidi

O

; 1
Céau 5. Rat gon biéu thuc A = tanx + & PS: A =
1 +sinx CcosX

@ Loi gidi
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Céau 6. Ruat gon biéu thic A = \/(1 + tanx)cos?x + (1 + cotx)sin

@ Loi gidi

O
. i 2 i 1+ sina 1 —sina 2sinx
Cau 7. Rat gon biéu thiuc A = - — —. bS:
1 —sina 1+ sina |cos x|
@ Loi gidi
O
. t
Cau 8. Rut gon biéu thuc A = w — cotx cosx. DS: A = sinx
sin” x
@ Loi gidi
O
. , 2 , 1+ sinx 1 —sinx\?
Cau 9. Rat gon biéu thic A = -1 = DS: A =2tanx
osx CcosX
@ Loi gidi
O
2 a2
Cau 10. Rut gon biéu thic A = c052 o sm2 o + cos* x. PS: A = cos®x
cot®x —tan“x

@ Loi gidi
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Nhém 4. Ching minh mét biéu thic doc ldp vdi bién
Phuong phdp: Dé chiing minh moét biéu thic doc lap véi bién nao dé, ta rit gon biéu
thitc dé dé dugc mot két qua la mot hdng sé. Hoc sinh cé thé kiém tra ddp dn bdng casio.

$>6>6OBAI TAP VAN DUNG O 6969

cos? x — sin? y

2 2

- — cot?x - cot? y ddc 1ap vdi bién.
x sin“y

Cau 1. Ching minh biéu thtc B = —
sin
& Loi gidi

2 .0

cos? x — sin
B=.2—.2(y'—COt2x'C0t2y= N

sin“ x sin“ y sin

cos?x —siny — cos®xcos’y  cos’x (1 —cos’y) —sin’y
2 = 2

2 2

cos“x — sin2y cos

2 x sin® % sinx  sin? b%

x cos’y

sin? x sin” v sin? x sin” v
cos? x sin? y — sin? y — sin® y- (1 — cos? x) — sin? y sin® x 1
2 = 2 = 2 = —1.

sin? x sin? y sin? x sin” y sin? x sin” Vv
Céau 2. Chting minh biéu thtc B = cos* x — sin® x + 2sin® x doc 1ap vdi bién.

@ L&i gidi

2

Cau 3. Chuing minh biéu thic B = sin® x + sin® x cos® x + cos?x doc lap véi bién.

@ Loi gidi

Céau 4. Chting minh biéu thtc B = cos* x + sin® x cos? x + sin® x doc 1ap vdi bién.

@ L&i gidi
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O

Cau 5. Chuing minh biéu thic B = sin® x + cos® x — 2sin* x — cos* x + sin® x doc lap vdi bién.

@ L&i gidi

Céu 6. Chting minh biéu thtic B = cos? x cot? x + 5cos?x — cot’ x + 4 sin® x doc 1ap vdi bién.
& Loi gidi

Cau 7. Chiing minh biéu thiic B = (1 + cotx)sin® x + (1 + tan x) cos®

bién.
@ Loi gidi

x —sinx —cosx dbc 14p vdi

Cau 8. Chiing minh biéu thtic B = (sin[’x + cos*x — 1) (taan +cot’ x + 2) doc 1ap vdi bién.
 Loi gidi

Cau 9. Chiing minh bidu thttc B = \/sin*x + 4cos2x + V/cos* x + 4sin?x doc lap véi bién.
@ Loi gidi
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O
A . : 2 , . 1 1 TN an s 1A o
Céau 10. Chiing minh biéu thtc B = sinx - + , <0 <x < —) doc lap vdi
] 1+cosx 1 -—cosx 4
bién.
 Loi gidi
O
A . . P 2 cotx +1 s
Céu 11. Ching minh biéu thic B = doc 1ap véi bién.
. ) tanx —1 cotx —1
(¢ Loi giai
O
2
) (1 — tan? x) 1 )
Céau 12. Ching minh biéu thic B = 5 - 5 doc 14p vdi bién.
, 4tan” x 4 sin” x cos? x
(¢ Loi gidi
O
. i 1 —tan”x 2 9N Are A okt ek
Céau 13. Chung minh biéu thic B = —anr (1 + tan x) (1 + cot x) doc lap vdi bién.
@ Loi gidi
O
, 1 — sin® 2 )
Cau 14. Chiing minh bidu thiic B = — ¢ — 3tar; X doc lap véi bién.
cos® x CcOs” X

@ L&i gidi
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O
i tan? x — cos? 2r _ sin? )
Cau 15. Chiing minh biéu thic B = ———_ 2> £ . & X 30 T gac 14p véi bién.
sin” x cos? x
 Loi gidi
O
, t? x — cos’ i )
Cau 16. Chiing minh biéu thiic B = % X | FRL L g5¢ 1ap véi bién.
cot*x cotx
@ Loi gidi
[l
(D DANG 3. Cung géc lién két
Cung (g6c) doi nhau Cung (g6c) bu nhau Cung (g6c) phu nhau
. . . T
cos(—a) = cosa sin(;t — a) = sina sin (5 - oc) = Ccosa
. . 7T
sin(—a) = —sina cos(ir —a) = —cosa cos (E - a) = sina
T
tan(—a) = —tana tan(r — a) = —tana tan <§ - a) = cota
g
cot(—a) = —cota cot(mr —a) = —cota cot <§ - oc) = tana

Trang 93



Nguyén Qudc Ducng

Chuyén dé Toan 10 HKII

Cung (g6c) hon kém 7

Cung (g6c) hon kém

|

2

cos(mr+ a) = —cosa

sin

ol 3

+ (X) = COS I

sin(or + a) = —sina

+

[}

o

72
/~

]
~—

= —sina

tan(r + a) = tana

+
5]

= —cota

sin(k27t + a) = sina,

cos(k2s + a) = cosa,

e tan(ksr + a) = tana,

cot(sr + a) = cota

cot(ksr + a) = cota

+
]

=
]
/N
SERSERYR

o

]

—
~/

sin[(2k + 1)t + a] = —sina
cos[(2k + 1)t + a] = —cosa

N—— N——

= —tana

(bd chdn pi cdng, bo 1é tri).

(tan va cot bo pi chdn, 1& déu cdng).

>6>6OBAI TAP VAN DUNG 46960

Bai 1. Dung cung lién két (khdong dung mdy tinh), tinh

. sin150° =

. tan150° =
. sin135° =
. tan135° =
. sin225° =
. tan225° =
. sin210° =
. tan210° =
. sin240° =
. tan240° =
. cosllim =
. tan10m =
. cos Hr
3
. sin (_317r> =
2

cos 150°
cot 150°
cos 135°
cot 135°
cos 225°
cot 225°
cos 210°
cot210°
cos 240°

Il

cot240° =

sin137 =.

Bai 2. Dién ta gid tri lugng gidc ctia cdc goéc sau bang gia tri lugng gidc ctia goc x.

e sin <57ﬂ —x) = sin (231 + (g —x)) = sin (g —x) = COSX.

e cot(x — o)

e sin(rr + x)
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Y- T H P
L & R 7 o

0 COS I — 1)

5 Jt
® COS =l O T

e cot? (x — g) ................................................................................

Bai 3. Ruat gon biéu thuc

e A =cos (x - g) + sin(x — 7).
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° B=cos(g—x)+sin<g—x> —Cos(g+x) —sin(g+x).

° D=25in(g+x)+sin(57r—x)+sin(3n+x)+cos<+x>.

e F =sin(5 + x) + cos <x - g) + cot(3;r — x) + tan (327[ - x>

© I = cos(br — x) — sin <327T + x) + tan (Sﬂ — x) + cot(3mr — x).
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. . T
© K = cos? x + cos?3(rr + x)  sin2"2(5r 4 x) - sin201t <7 _ x)_

3
® L = sin®(m + x) + cosb(x — 7) — 2sin*(x + 271) — sin* (x — —ﬂ) + cos? (x - —).

tan (M - x) - cos(36st — x) - sin(x — 5)

M = (977( —x) - cos(x — 997r)

Bai 5. Khong dung mdy tinh, rat gon va tinh gia tri ctia biéu thic
@ A =cos0° + cos20° + cos 40° + --- 4+ cos 160° + cos 180°.
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(h) H = cot15° - cot 35° - cot 55° - cot 75°.

Bai 6. e K = sin?28° + sin? 36° + sin?54° + cos? 152°

e M = sin®10° + sin®20° + sin®30° + - -+ + sin®90°
e N = cos?10° + cos?20° + cos?30° + - - - + cos?180°
e O = sin20° + sin 40° + sin60° + - - - + sin 340° + sin 360°

Bai 7. Khdng diing mdy tinh bd tii, rtt gon va tinh gid tri biéu thtc:
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1 25in 2550° - cos (—188°)

VDU Tinh Vi = 368" T 2005638° + cos 08°

@ L&i gidi

1 N 2sin (14.180° + 30°) - cos [— (180° + 8°)]
tan (2.180° + 8°) 2 cos (4.180° — 82°) + cos (90° + 8°)
1 2sin30° - (— cos 8°) 1 2-%.cos8°

~ tang° " 2 cos (—82°) — sin8° " tan8  2cos (90 — 8°) — sin8°
1 cos 8° cos 8°

= - = cot8°
tan8° 2sin° — sin 8° o sin 8°

Vi =

= cots® —cotS° = 0.

e A = cos(—315°) - sin 765°

o B = s5in32°-sin 148° — sin 302° - sin 122°
o C =sin810° - cosb540° + tan 135° - cot585°
e D =sin825° - cos (—15°) + cos 75° - sin (—555°)

sin (—234°) — cos 216°
sin 144° — cos 126°

- tan 36°
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sin (—324°) + cos 666°
sin 1206° + cos 36°

_ sin(-328°) - sin 958° B cos (—508°) - cos (—1022°)
B cot572° tan (—212°)

Bai 8. Khong dung mdy tinh cdm tay, tinh gia tri biéu thuc.

_ €os(—288°) - cot72°
 tan (—142°) - sin 108°

tan 18°

K- 1 N 2 sin 2550° - cos (—188°)
"~ tan 368° 2.c0s638° + cos 98°
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(cos 44° + tan 226°) - cos 406°
cos 316°

—cos72°-cot18°

_ tan46° - sin 44° + cot (—136°) - sin 404°
B cos 316°

— tan 36° - tan b4°

sin (—328°) - sin958°  cot (—508°) - cos (—1022°)
cos572° tan (—212°)

sin!jt—jTchos”—jT
o O = 3 6
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’Cho A, B, C la ba goéc cua tam giac ABC.

Bai 9. Chung minh: sin B = sin(A + C).
@ Loi gidi
Ta cé: A, B, C la ba géc clia tam gidc nén:

A+B+C=180°=A+C =180°-B
= sin(A + C) = sin(180° — B) = sin(A + C) = sin B.
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Bai 17. Ching minh sin al 132+ 3¢ =cosC
Bai 18. Chiing minh tan 25— 2C _ ot 3¢
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Bai 19. Chung minh cos hl 35 +C = —sinB
Bai 20. Chung minh cot — 25 +C = ta %

BAl2. CONG THUC LUONG GIAC

(O DANG 1. Cong thirc cong

e sin(a + b) = sina-cosb + cosa -sinb. e sin(a —b) =sina-cosb —cosa - sinb.

e cos(a +b) =cosa-cosb —sina-sinb. e cos(a —b) =cosa-cosb + sina -sinb.

_ tana —tanb
" 1 +tana-tanb’

tana + tanb

* fanfa +b) = 1 —tana-tanb’

e tan(a — b)

Hé qua 1.

1 —tana«

TT 1 +tana
t (f )— _ -~ and
@® tan 4+a 1 +tana

"1 —tana’

(b) tan (% —oc)

Nhém 1. Tinh gid tri ciia biéu thic

, 7T
Bai 1. Cho cosa=—% Vén<a<3§. Tth=cos(a+§).
Tinh D = sin (% - a). (# Loi giai

@ Loi giéi
It
Vin<a<?nénsina<0.

2a =1 suy ra

12)2 25 5
13

Cé sin®a + cos

sina =1 —cos?a = 1—(—

Do d¢
n(5-a)
sin(— —a
3
L T
= smg-cosa—cosg-sma

EAC RN

5123
2

D:

g

Bai 2. Chosina=\§véO<a<g.

169 13

Bai 3. Cho sinx = —B va S—H <x < 2.
o 13 2

Tinh D =,cos (3 — x).

(¢ Loi gidi
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................................................. O
................................................. .. . 3 LT
................................................. Bai 7. Cho sinx = ¢ va o <x <o
‘ _ i
................................................. Tinh D = tan i + ).
(¢ Loi giai
[] fevreee e
3 L
Balé_ Chocosx=_gva§<x<7[. .................................................
, _ . z— -------------------------------------------------
T
LOIGIAI
................................................. (Il
I s s g <<
: _ _
e Tth",COt(x 0
(¢ Loi giai
(] frrrrreeteeee e
Bai 5. Chotanx = V2 VA 0°0 < X < 900, ettt
Tinh D = cos(x —30°). e
@Lbigiéi .................................................
................................................. O
................................................. .. 5
................................................. Bai 9. Cho cot{ o= —x ) =2.
................................................. . B 7
................................................. Tinh D = tan (x + ).
................................................. (¢ Loi giai
O
Bai 6. Cho cotx = —v/2 va 90° < x < 180°. OO U USRS S USRS
Tinh D =sin(60° —x).
Lo GIGl
................................................. 0

................................................. Bai 10. Cho cosa = —3 va 3 <a <.
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) 7T
Tinh D _"tan <a — Z) .................................................
@\ Lbi gidi lllllllllllllllllllllllllllllllllllllllllllllllll

Bai 11. Cho sina = % v3i 0° < a < 90° va sinb = % v3i 90° < b < 180°. Hay tinh
a) A = cos(a + b).

8 5
Bai 12. Cho sina = 17 tanb = D va a, b la cac goéc nhon. Hay tinh

a) A =sin(a — b).

¢) C =tan(a + b).
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2
Bai 13. Cho sina = 3 tan ( - b) = — va a, b 1a cdc géc nhon. Hay tinh

a) A =sin(a + b).

Bai 14. Cho O < a, B < g,a+B=gvétana-tanB=3—2\@.
a) Tinh gié tri cia A = tan(a + B).
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7 .
Bai 15. Cho a — B = —. Tinh gié tri cta cdc biéu thic sau

3

a) A = (cosa + cosB)? + (sina + sin B).

2

Bai 16. Khong stt dung mdy tinh, hay tinh gid tri ctia biéu thtc D = sin 36° cos 6° —sin 126° cos 84°.

@ L&i gidi

Ta cé D = sin 36° cos 6° —sin(90° + 36°) cos(90° —6°)= sin 36° cos 6° —cos 36° sin 6° = sin(36° —6°) =

1
in30° = —.
sin 5

O

Bai 17. Khong st dung mdy tinh, hay tinh gid tri ctia cdc biéu thic sau

a) A =sin12°

- c0s 48° 4+ c0s12° - sin 48°.
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e) E = cos112°-co0s23° — sin112° - sin 23°.

Bai 18. Khong sit dung mdy tinh, hay tinh gia tri ctia biéu thtc D = cos75° = cos(30° + 45°).

(@ Loi gidi
Ta ¢ D = cos45° cos30° — sin 45° sin 30°= \f . \/23 — \f . % = \/5(\/43_1) H

Bai 19. Khong st dung mdy tinh, hay tinh gia tri ctia c4c biéu thic sau
a) A = sin75°.
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c) C = sin15°.

f) B 1 + tan15°
1 —tan15°’
) _ tan 25° + tan 20°
g " 1 —tan 25°tan 20°°
h) 3 sin 10° cos 20° + sin 20° cos 10°
"~ cos17°cos13° —sin17°sin13°"
0= tan 225° — cot 81° cot69°
B cot261° + tan 201°
i) J = sin 73° cos 3° — sin87° cos 17°

" c0s132° cos62° + cos 42° cos 28°°
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m) M = cos®10° + cos 110° + cos? 130°.

Nhém 2. Chitng minh ddng thic

$>6>6OBAI TAP VAN DUNG GO 6969

Bai 1. Ching minh sin2x = 2sinx cos x. cos 2x cosx — sin2x sinx

& Lifi gidi = (cos®x — sin®x)cosx — 2sinx cosx sinx
Ta o = [cos?’x — (1 — cos?x)]cosx — 2sin® x cosx
VT = sin2x = sin(x + x) = (2cos’x —1)cosx —2(1 — cos? x)cosx
= sinxcosx + cosx sinx = 4cos’x —3cosx
= 2sinxcosx = VP (dpcem).
= VP (dpcm). 0
0 Baib5 Ching minh cosx + sinx =
or VEeos(x- )
Bai 2. Chting minh cos2x = cos?x — sin”x. %)
 Loi gidi £ L&i gidi
Ta c6
................................................. VT = sinx + cosx
................................................. 1 1
................................................. = V2 (—sinx + —cosx)
................................................. V2 V2
................................................. = V2 (cosx cosg + sin x sin %)
................................................. T
................................................. - Vaeos (- 7)
................................................. = Vp (dpcm).
................................................. U
0 Bai 6. Ching minh cosx + sinx =
Bai 3. Ching minh sin3x = 3sinx — 4 sin® x. V2 sin (x + %)
& Loi gidi & LOi glél
. O
e ” . _ 3
Bé}l [f C.llt.lng minh cos3x = 4cos”x —3cosx. psi7. Ching minh cosx — sinx —
(¢ Loi giai 7
, V2cos (x + —>.
Ta co 4

& Loi gidi
VT = cos3x = cos(2x + x)
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................................................. O
................................................. Bai 11. Chting minh
------------------------------------------------- Cos(x + y) Cos(x _ y) _ COSQx _ Sin2 y.
................................................. @Lbigiéi
] rrerre e
Bai 8. Chiing minh cosx - sinx e e
—\@sin(x—g). .................................................
[?L()Iglél .................................................
................................................. .
................................................. Bai 12. Chang minh
................................................. sin(%+x) —sin(%—x) — /2sinx.
i, 0
D .................................................
Bai 9. Chiing minh SO RS RO UR RSO PRORI
sin(x +y)sin(x —y) = sin’x —sin*y.
@Loigiai
TaCé -------------------------------------------------
VT = sinfx +y)sin(e —y) T
= (sinxcosy +cosxsiny)(sinxcosy —cosxsiny)
= (sinxcosy)® — (cosx siny)? O
- siancoszy —costsinQy Bai 13. Ching minh
= sin2x(1—sin2y)—(1—sin2x)sin2y 4sin<x+£>sin<x—£> = 4sin®x — 3.
= sin®x —sin®x sin2y — sin® v+ sin® x sinQ[% Li giéi3 3
= sin®x — sin® y
= VP (dpem). e
O el
Bai 10. Ching minh e
Sin(x+y)sin(x_y):COSQy_COS2x. .................................................
LOIGIAI e
TSNP U PR ORRRROO 0
................................................. 2
Bai 14. Ching minh tan2x = tana;
................................................. 1_tanx

@ Loi gidi
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@ Loi gidi

1 — tan’x

Bai 15. Chung minh cot2x = .
2tanx

Bai 16. Chiing minh sinx sin(y — z) + siny sin(z — x) + sinz sin(x — y) = 0.
# L&i gidi
Ap dung c6ng thiic bién ddi tich thanh tdng

1
sinx sinb = é[cos(a —b) — cos(a + b)]

ta dugc

e sinxsin(y — z) = —[cos(x —y + z) —cos(x + ¥y — z)].

e sinysin(z — x) = ~[cos(y — z + x) — cos(y + z — x)].

e sinzsin(x —y) = —[cos(z —x +y) —cos(z + x — y)].

N = NI+~ D]~

Codng vé theo vé cdc dang thic trén ta duge

sinx sin(y — z) + siny sin(z — x) + sinz sin(x — y) = 0.

Bai 17. Ching minh rang cosx sin(y — z) + cosy sin(z — x) + cos zsin(x — y) = 0.
& Loi gidi
Ap dung cong thtc bién ddi tich thanh tdng

sinx cosb = %[sin(a —b) + sin(a + b)]
ta dugc

1
e cosxsin(y — z) = sin(y — z)cosx = é[sin(y —z+x)+sinly —z — x)],

1 1
e cosysin(z — x) = sin(z — x)cosy = E[Sin(z —x +y)+sin(z-x —y)] = é[sin(z -x+y)—

sin(y — z + x)],

1 1
e coszsin(x —y) = sin(x — y)cosz = é[sin(x —y+z)+sinlx -y —z)] = é[—sin(y -z-x)—

sin(z — x + y)].

Cong vé theo vé cdc dang thic trén ta duge

cosx sin(y — z) + cosysin(z — x) + coszsin(x —y) = 0.
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Bai 18. Chung minh rang tan(x + y) —tanx —tany = tan(x + y)tanxtany.
@ Loi gidi
T
X,y + 5 + kot

D@uﬁ@]:r+y%g+kﬂ(ke@

It
x—y%—§+k7r
tanx + tany

T —tanxtany *& 4P dung phudng phdp chiing

Vi diéu kién trén, 4p dung cdng thic tan(x +y) =

minh bdng phép bién ddi tuong duge ta cé

tan(x + y) —tanx —tany = tan(x + y)tanxtany
& tan(x + y)(1 —tanxtany) = tanx + tany
tanx + tany
1 —tanxtany
& tanx +tany = tanx + tany.

(1 —tanxtany) = tanx + tany

Vay ddng thtc da cho hién nhién dung. O
L , . 3 Tt JT Jt Jt _
113511 19. Ching minh rdang tan 2x tan <6 - x) + tan 2x tan <§ - x> + tan (g - x) tan (6 - x) =
@ Loi gidi
x TL_ E + kj
4 2
D@umaa.x¢_g+kn@ezy
x —% + kot
7T 7T 7T 7 7T
2t (g-x)+(3-1)=3 = 2+ (5-1)=5-(3-%)

(o () - (- (5-2)

IT
tan 2x + tan (— — x)

6 - T_
© 1—tan2xtan(g—x)—00t<3 x)
tan2x+tan<g—x) 1
N 1—tan2xtan(%—x) =Tan(g—x>

tan 2x tan (% —x) + tan (% —x) tan (% —x) =1 —tan2xtan<

T T
& tan2xtan(§—x>+tan( —x)tan(

O
Bai 20. Ching minh tanx.tan (x + E) +tan (x + ﬂ) tan (x + 27r> +tan (x + 27T> tanx = -3
. g . 3 z) 3 3 .
@ Loi gidi
x#g+kﬁ
Piéu kién x#%+m&em
x # % + kot.

Dat P la vé trai ctia ddng thic cdn chiing minh. Véi didu kién trén, ap dung cong thic cdng cia
tang, ta dugc
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T
7T tanx + tan 3 tan(tanx + /3)

e tanx - tan (x + —) = tanx T = .
3 1—tanx-tan§ 1 -+3tanx

1 —tanxtan% 1 —tanxtan%T. "~ 1-V3tanx 1+V3tanx

It 27t
- o1 tanx+tang tanx+tan? tanx + V3 tanx — V3
e tan (x + —)-tan

tan’x — 3
1 - 3tan®x
271
27t tanx + tan —- tanx — V3 tan®x — v/3tanx
e tan x+? tanx = 2ﬂ-tanx=7-tanx= 3 .
1—tanxtan? 1+V3tanx 1+ +v3tanx
Suy ra

_ tan(tanx + V3) tan?x -3  tan’x —V3tanx B 3tan®x — 9

+ + = = —
1 —V3tanx 1 —3tan’x 1+ V3tanx 1 —3tan®x
O
. , . T T T 3 V2
Bai 21. Chung minh cos (x - g) .cos (x + Z> + cos (x + 6> .cos (x + 4) = T(l —V3).
& Loi gidi
Vi

cos(x—%) =cos(§—x)cos<x+3£) =sin<72T— <SZT+I>> =sin(—%—x) = —sin(%+x

~ cos((F-x)+(x+7))
- 3 4
= Cos Z+E)
B 3 4
= coszcosg—singsinE
3 4 3 4
_ VB- 6
B 4
O
. cosla—b) cotacotb +1
Bai 22. Chu inh ra = .
a Ng rint rang cos(la +b) cotacotb —1
 Loi gidi
a #+ ki
R b # kn
biéu kién * (k€ 7).
a+b#kr
a—b# ki
V4i didu kién trén ta co
cosa-cosb
cotacotb+1  ging.sinb + _cosa-cosb +sina-sinb  cos(a - b)
cotacotb —1  cosa-cosb 4 ~ cosa-cosb —sina-sinb  cos(a + b)’
sina - sinb
[l
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Bai 23. Chiing minh rdng sin(a — b) sin(b —c) + sin(c —a) = 0.
. cosacosb cosbcosc cosccosa
(¢ Loi giai
TT
—+k
F o Tk

Pidu kién b#g+kﬂke@.

c#g+kn

V4i diéu kién trén ta co

= tana —tanb

sinfa —b) sina-cosb —cosa -sinb
cosacosb cosacosb
sin(b — ¢) sinb -cosc —cosb - sinc

cosb -cosc

=tanb —tanc

cosb-cosc

sinfc —a) sinc-cosa —cosc-sina
= = tanc — tana.
cosccosa cosccosa
sinlfa — b sin(b — ¢ sin(lc — a
( ) ( ) ( ) =tana —tanb + tanb —tanc + tanc — tana = 0.
cosacosb cosbcosc cosccosa
sin(a + b)sin(a — b
Bai 24. Ching minh ( 5 ) (2 ) = tan®a — tan®b.
. cos?acos*b
(¢ Loi giai
T
a # 5 + kot
Didu kién pud (k € Z).
b + ot ki

V4i didu kién trén ta co

sin(a + b) sin(a — b)

cos?2acos?b

cos(a + b)cos(a — b)

(sina -cosb + cosa -sinb) - (sina - cosb — cosa - sinb)
cos?a cos? b
a-cos?b —cos?a -sin’b
cos2acos?b
tan®a — tan®b.

2 2

sin

=1 — tan%atan®b.

Bai 25. Ching minh

o cos?acos?b
(¢ Loi giai
a#g+kﬂ
biéu kién et (k € Z).
b # 5 + kT

V4i didu kién trén ta cé

cos(a + b)cos(a — b)

cos?acos?b

(cosa -cosb —sina -sinb) - (cosa - cosb + sina - sinb)
cos?acos?b
a-sin’b

2 2

cos?a - cos?b — sin

cos?acos?b
= 1 —tan?a -tan®b.

Bai 26. Rut gon biéu thtic D = asinx + b cosx.

@ Loi gidi

e D=asinx + bcosx = \/a2+b2<

sinx +

a b )
—_—_— ————1c0sXx ).
va? + b? va?® + b?
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o Vi <a>2+<b)2 = 1 néntdntai a € R sao cho . _ cosQa L =
~\Wa? + b? va? + b2 ) a? + b2 "Va® + b?
sin a.
e Khi db, D = Va? + b%(sinx cosa + cosx sina) = Va? + b%sin(x + a).
O
Bai 27. Rut gon biéu thic D = sinx — V3 cosx.
@ Loi gidi
D = sinx — V3cosx = 2 (; sinx — \égcosx) =2 (cos%sinx —sin%cosx) = 2sin (x — g) .
O
Bai 28. Rat gon D = V3 ¢0s2x — sin 2x
@ Loi giéi
D = v/3¢co0s2x —sin2x = 2 ECOSQx - 1sinQJc =2 (COS£COSQI —singsin2x> = 2cos (z + Qx)
B B 2 2 B 6 §) B §) )
O
Bai 29. Ruat gon biéu thic D = v/3sin 3x + cos 3x
@ Loi giéi
D=2 (\f sin 3x + ;cos?nc) =2 <cos%sin3x + sin%cosBx) = 2sin <3x + %) O
Bai 30. Rut gon biéu thic D = v/3sin (x - g) + sin (x + %)
@ Loi gidi
. T L . TT TT
D=sm<x+g) —\/gsm(g—x) = sm(x+6> —\@cos(g +x>
1 . It V3 Tt
= 2 [QSIH <x+6> _7C05<6 +x>
T, Tt LT T
= 2 [cosgsm (x + 6> —smgcos <€ +x>]
. T
= 251n<x+6+g>
. T
= 2sin <x - 6> .
O
<e , . . Tt
Bai 31. Rat gon D = V3c0s2x + sin 2x + 2sin <2x - 6> -
@ Loi giéi
V3 1. . T
D = 2 (20052x + §sm2x + 2sin (2x — 6)
JT L . T
= 2 <cosgc052x + smgsm2x> + 2sin <2x — 6)
TT . TT
= 2cos (Qx — 6) + 2sin (21 — 6)
It . Tt
= 2 [cos <2x — 6> + sin <2x — 6)}
. T T
= 2V2sin (QI ~ %5 + Z)
. IT
= 2V2sin <2x + E> .
O

Bai 32. Rut gon biéu thiic D = cos 7x cos5x — /3 sin 2x + sin 7x sin 5x.
# Loi gidi
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D = cos 7x cos5x — V3sin2x + sin 7x sin 5x

Il

cos(7x — 5x) — V/3sin 2x

1 V3
= 2 (2 Ccos2x — 251n2x>

Ja .U,
= 2(cos§c032x—sm§sm2x)

= 2cos <2x + z).

3
O
Bai 33. Rat gon biéu thic D = sin5x cosx + V3 cos 4x — cos5x sin x.
@ Loi giéi
D = (sin5x cosx — cos5x sinx) + V3cos4x = sin4x + V3cos4x = 2sin <4x + %) O
Bai 34. Rat gon D = sin 4x cot2x — cos 4x.
@ Loi gidi
Didu kién 2x £ k, k€ Z & x # g + ki ke Z.
V4i didu kién trén ta co
2
D = sin4x cot2x —cos4x = 2sin2x-cos2x- C?S *_ (2c0522x - 1)
sin 2x
= 2co0s?2x — (2 cos?2x — 1)
= 1.
O
Bai 35. Rat gon D = cos 6x tan 3x — sin 6x.
@ Loi giéi
R k
Pidu kién: x + % + %r,k cZ.
Véi diéu kién trén ta cd
D = cosbxtan3x —sinbx = cosbx sin 5x — sin 6x
cos 3x
_ cos 6x - sin 3x — sin 6x - cos 3x
B cos 3x
= 7sm(—3x) = —tan 3x.
cos 3x
O
Bai 36. Rut gon bidu thiie D = 205X —fanx
R 1 + tan x tan 3x
(¢ Loi giai
T
X 5 + kit v n ) kot
R k 6 "z
Pidukien dx £ L + X kreZ o 6 3 ez
6 3 x4 T N kot
b ot
x TL_ E + l 4 2
. 4 2
Véi diéu kién trén ta cé
sin 3x B sin x sin3x - cosx — sinx - cos 3x
D - tan3x —tanx _ cos3x  cosx  _ COs X - c0s 3x
1 + tan x tan 3x 14 sinx sin3x cos X - cos 3x + sinx - sin 3x
cosXx cos3x COsS X - cos 3x
sin 2x
= = tan 2x.
cos 2x
O
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tan2x + 1
Bai 37. Ruat D= —————.
a :1 gon 1 —tan2x
(¢ Loi giai
k
2x + g + kit x # % + 7”
biéu kién: ot (keZ)s B (k € Z).
2 —+k oL
\ x + ; TRT X # st o
V3i diéu kién trén ta cd
sin 2x sin 2x + cos2x
D - tan2x +1 _ cosox + _ COS 2x _ 8in2x + cos2x
1 — tan2x 1 sin 2x cos2x — sin2x cos2x — sin2x
cos 2x cos 2x
V2 sin <2x + E) T
= ;’r =cot(2x+z).
V2 cos (2x + Z)
O
. tan 2x + cot(90° + x)
Bai 38. Rut biéu thic D = .
o Ht gon breu e 1 + cot(90° — 2x)tanx
@ Loi gidi
2x # 90° + k180°
90° + x + k180°
N . x # 45° + k90°
biéu kién < 90° — 2x + k180° (keZ) s . . (keZ).
x # 90° + k180
x + 90° + k180°
1 + cot(90° — 2x)tan x
Véi didu kién trén ta cd
sin 2x sinx
_ fan2x +cot(90° +x)  tan2x —tanx = ¢os9x  cosx
1+ cot(90° —2x)tanx 1 +tan2x -tanx 1 sinx  sin2x
COSX C€OS2x
B sin2x - cosx — sinx - cos 2x
h COSX - COS 2x
_ cosx- cos2x + sinx - sin2x
B COS X - COS 2X
sin x
= = tanx
COS X
O
2 2
O —
Bai 39. Rut gon D = o0 = —fam X
. ) 1 — tan“2xtan“x
(¢ Loi giai
ox + g + bt M
x PR PR
o X oA JT 4— 2
biéu kién x#g_l_kjr (keZ)& x#ﬁ kj(keZ)
1 —tan® 2x tan®x + 0 6 5
V4i diéu kién trén ta co
B tan® 2x — tan® x _ tan 2x —tanx tan2x + tanx
1 — tan? 2x tan2 x " 1 +tan2xtanx 1 —tan2xtanx
= tan(2x — x) - tan(2x + x)
= tanux tan 3x.
O
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Bai 40. Ching minh rdang néu cos(a + b) = 0 thi sin(2a + b) = sina.
@ Loi gidi
Ta c6
cos(a + b) =0 & cosacosb —sinasinb =0 & cosacosb = sinasinb
Khi dé

sin(2a + b) = sin[(a + b) + b] = sin(a + b)cosb + cos(a + b)sinb
= sin(a + b)cosb (docos(a + b) = 0)
= (sinacosb + cosasinb)cosb
= sinacos’b + cosacosb -sinb
= sinacos’b + sinasinb - sinb
= sinacos’b + sina - sin”b
= sina- (c052 b + sin? b)

= sina.
[l
Bai 41. Chung minh néu sin(2a + b) = 3sinb thi tan(a + b) = 2tana.
@ Loi gidi
Ta co
cos(a + b) =0 & cosacosb —sinasinb =0 < cosacosb = sinasinb.
Khi dé
sin(2a + b) = sin(2a + b) = sin[(a + b) + b]
= sin(a + b)cosb + cos(a + b)sinb
= sin(a + b)cosb (Docos(a + b) = 0)
= (sinacosb + cosasinb)cosb
= sinacos’b + cosacosb -sinb
— sinacos®b + sinasinb - sinb
= sinacos®b + sina.sin®b
= sina - (cos’b + sin’b)
= sina.
[l
Bai 42. Ching minh rang néu tana = 2tanb thi sin(a + b) = 3sin(a — b).
@ Loi gidi
a+ g + kot
bDiéu kién et (k € Z).
b # 5 + kot

Theo gia thiét ta c6

tana = 2tanb <« tana —tanb = tanb
sina sinb sinb

cosa cosb cosb
sina -cosb —cosa -sinb sinb
cosa -cosb cosb
& sina-cosb —cosa -sinb = cosa -sinb

& sina-cosb = 2cosa -sinb. (1)
Déng thtic cdn chung minh tudng ducong véi

sina -cosb + cosa -sinb = 3(sina - cosb — cosa - sinb)
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& 4cosa-sinb = 2sina - cosb

& sina-cosb =2cosa -sinb. (2)
T (1) ta thdy (2) hién nhién ddng. Vay ddng thtc sin(2a + b) = sina dudce chiing minh. O
Bai 43. Chuing minh néu sinb = sina cos(a + b) thi 2tana = tan(a + b).
@ Loi gidi
a+ g + krt
Diéu kién: (k € Z).

a+b#g+kﬂ

V4i didu kién trén ta cd

2tana = tan(a + b) ¢ tan(a + b) —tana = tana

sinfa + b —a)  sina
cos(a + b)cosa  cosa
& sinb = sinacos(a + b) (3).
Theo thiét ddng thtc (3) hién nhién dang. Vay dang thtc da cho dude chiing minh. O

Bai 44. Cho tam gidc ABC khdng vudng. Chling minh rang tan A+tan B+tan C = tan Atan Btan C.

£ L&i gidi

Ta c6 ABC khong vudng nén cdc géoc A, B, C, A + B,180° — C déu khéc 90°. Do do, tan A, tan B,
tan C, tan(A + B), tan(180° — C) x4c dinh.

Ta cé

A+B+C=180° &« A+B=180°-C
= tan(A + B) = tan(180° — C)
tan A + tan B
= —tanC

1 —tanA.tanB
tanA + tan B = —tan C(1 — tan A tan B)

tanA +tanB = —tanC + tanAtan Btan C
tanA + tan B + tan C = tan Atan Btan C.

OB R

Bai 45. Ching minh rdng v8i moi tam gidc ABC ta ludn cé
a) sinC = sin A cos B + sin Bcos A.
b) sin A = sin Bcos C + sin C cos B.

c) cosA =sinBsinC — cos Becos C.

d) sin o = cos o cos o —sin 5 sin &

e) cosé —sin§c05—+cos—sin—
2 2 2 2 2

@ Loi gidi

a) Ching minh sin C = sin A cos B + sin Bcos A.
Ta cé

A+B+ C=180° < C =180° - (A + B)

= sinC = sin [180° — (A + B)| = sin(A + B) = sinA - cos B + cos A - sin B.
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b) Chiing minh sin A = sin Bcos C + sin C cos B.
Ta c6

A+B+C=180°«< A =180°- (B + C)
= sinA =sin [180° — (B+ C)| = sin(B + C) = sinB-cos C + cos B - sin C.
¢) Chung minh cos A = sin Bsin C — cos Bcos C.
Ta co

A+B+C=180°< A =180° - (B+ C)

= cosA =cos |[180° - (B+ C)| = —cos(B+ C) = —(cos B-cosC —sinB-sinC)

= ¢co0sA =sinBsinC —cosBcosC.

A B C B
d) Chuing minh sin 5= €c0s — cos — — sin — sin —-

, D) o Sy
Ta cb
A+B+C=180° o & —gp_ B+C
2 2
i o (B4 €) meos Peos S on B ©
Sln2-—COS 2 2 —-COS2C052 Sln251n2.

. . A :
e) Chung minh cos — = sin — cos — + cos — sin —-

2 2 2 2 2
Ta cd
A+B+C=180°®§=90°—B;C
= (:osé = sin < + > = singcos— + cos — sin —
2 2 2/) 2 2 2 2°
Bai 46. Cho tam gidc ABC khong vudng. Chiing minh ran % =tanA + tan B
L g g g g Y CosA.cosB ’
(¢ Loi giai
A+ g + kot
Didu kién pus (k € Z).
B + 5 + kit
V4i diéu kién trén ta co
sin C sin C sin A sin B
cosAcosB fanA+tanB < cosA-cosB  cosA * cos B
- sinC B sinA-cosB + cosA -sin B
cosA-cosB cosAcosB
& sinC =sinA-cosB+ cosA-sinB

$

sin C = sin(A + B).

O

. A B B C C A
Bai 47. Ching minh rang v&i moi tam gidc ABC ta ¢6 tan — tan — +tan — tan —+tan — tan — = 1.

o 22 2 2 2
(¢ Loi giai
Ta cé
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= tan(A+B>—tan<7T C)
2 2/ 2 2

’[ané+’[anE
& 2 2 = cot —
1—tané-tan— 2
2 2
tané+tan—
o 2 2 _ 1
1—’[(:1r1é ’[an§ tang
2 2 2
& temé ’[an9+1‘.an§ tang—i—’[ané 1‘.amE
2 2 2 2 2 2
@tét9+t§tg+tét——1
an2 an2 an2 an2 an2 an2—

O

Bai 48. Cho tam gidc ABC cé ba géc déu nhon. Chiing minh rdng tan A + tan B + tan C > 3/3.
£ Loi gidi

Ta ¢c6 ABC khong vudng nén cac géc A, B,C, A + B,180° — C déu khdc 90°. Do d6, tan A, tan B,
tan C, tan(A + B), tan(180° — C) x4c dinh.

Ta c6

A+B+C=180° & A+B=180°-C
tan(A + B) = tan(180° — C)
tan A + tan B

= —tanC

1 —tanA.tanB
tan A + tan B = —tan C(1 — tan A tan B)

tanA +tanB = —tanC + tanAtan Btan C
tanA + tan B + tan C = tan Atan Btan C.

t e e ¢l

Mat khdc, tam gidc ABC nhon nén tan 4, tan B, tan C 1a céc sé duong. Ap dung bét déng thuc
AM-GM cho ba s6 dudng ta dudc

tanA + tanB + tan C > 3Vtan A - tanB - tan C
& tanA +tanB +tanC > 3VtanA + tan B + tan C
& (tanA +tanB + tan C)® > 27 (tan A + tan B + tan C)
& tanA +tanB + tan C > 3V/3.

Déang thiic xdy ra khi va chi khi tanA = tan B = tan C > 0 & AABC déu. O
Bai 49. Chiting minh rdng vdi moi tam gidc ABC ta c6 tan’A + tan’B + tan’C > 9.

@ Loi gidi

Ap dung béat ddng thic Bunyakovsky ta dudc

(tanA + tanB + tanC)? = (1 -tanA + 1 -tanB + 1 -tan C)* < (12 +12 + 12) (tanQA + tan’? B + tan? C)

1 1
= tan’A +tan’B + tan’ C > g(tanA +tanB +tanC)? > = - (3V3)% = 9.

N

Déng thiic xdy ra khi va chi khi tanA = tanB = tan C > 0 & AABC déu. O

Bai 50. Chiing minh rdng v8i moi tam gidc ABC ta ludn cé

tanQ% + tan2§ + tangg > 1.

@ Loi gidi
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V&i moi tam gidc ABC ta ludn cé

A+B+C=7m & =g—

= tan<é+§>—tan<£—9>
2 2/ 2 2

A B
tan — + tan —
S 2 2 = cot —
1—tar1é-tan—
2 2
tané+tar1—
o 2 2 __1
1—’[fmé tan§ tang
2 2 2
@tét9+t§t——1tét—
an2 an2 an2 an2— an2 an2
& tané ’[am9+tanE tan9+témé tan— =1
2 2 2 2 2 2

Mat khdc, véi moi a, b, c ta ludn cé bat ddng thic
a® +b%+c? > ab + be +ca.

Déng thiic x4y ra khi va chi khia = b = c.
Ap dung bét ddng thtc trén ta dugc

A B C A C B C A B
tan® = + tan® = + tan® — >tan — -tan — + tan — - tan — + tan — - tan — = 1.

2 2 2 2 2 2
> 1.

Slie!

A B
= tan?® D) + tan® D) + tan?

b

. B C N
bang thic xdy ra khi va chi khi tan — = tan — = tan — < AABC déu.

[\l

2 2

2

2

2

0

R . A B C
Bai 51. Cho tam gidc ABC ¢6 ba géc déu nhon. Chiing minh rang tan 5 + tan 5 +tan — > /3.

 Loi gidi
V&i moi tam gidc ABC ta cé

o’[ané 1‘.an9+tan§ t(:1r19+’[ané tan§—1
2 2 2 2 2 2

° tan2% + ’[em2§ + taan >1.

2
Suy ra
(’[émé + tan§ + tan C>2 = tan? é + tan? § + tan® 9 + 2 <tané tang + tamE tan9 + tané tan —
2 2 2 B 2 2 2 2 2 2 2 2
A B C
= tan? 5 + tan® 5 + tan® D) +21
> 1+21=3.
e A B C .

Dang thic xdy ra khi va chi khi tan — = tan — = tan — & AABC déu. O

2 2 2
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(O DANG 2. Cong thirc nhan - Céng thirc ha béc

Cong thdc nhan do6i Cong thdc nhan ba
e sin2a = 2sinacosa e sin3a = 3sina — 4sin’a.
2 a2
cos a —sin-a e cos3a = 4cos’a —3cosa.
e cos2a = |2cos?a —1 3
| osin? o tan3a — 3tana — tan’«
- esima. 1 — 3tan’a
2tan
e tan2a = 5
1 —tan“«a
Cong thic ha bac Cong thdc tinh theo tan%
bat t = tan %, ta cé
e cos?a = M. . 2t
2 ; e sina = 157
° sin2a=w. 1 —t?
2 ® Ccosa = .
1+ t2
° tanQa — ﬂ
1+ cos2a’ e tana = 12tt2'
s 1 3 -
® COS a=2c053a+zcosa. 1 _ 2
e cota =
3 1 2t
e sin®a = = sina — - sin3a.
4 4

Nhém 1. Tinh gid tri biéu thic

>6>GOBAI TAP VAN DUNG 46960

Bai 1. Cho sinx = g va g < x < 7t. Tinh sin 2x, cos2x va tan 2x.

@ Loi giéi
2
e cos2x =1 —2sin’x =1 —2(3) = l

T
e —<x<m=cosx <0.

2
9 16 4
2y 1 _qinly -1 2 -
cos*x =1 -sin“x =1 o5 25=>cosx 5
4\ 3 24
in2x = 2si =2-(—> — = ——
e sin2x sinx cosx 5) 5 o5
e tan2x = sin 2x = —2—4
~cos2x T
O
. . St o, . .
Bai 2. Cho cosx = 13 vamr < x < I Tinh sin 2x, cos2x va tan 2x.
@Lbigiéi
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9
1
cos2x = 2cos?x — 1 =2<—i> 1= 119

13 169
25 144
. 9 _ _ 92 _ e 1
e sin“x =1-cos*x =1 160 ~ 169"
7r<x<3—ésmx<0:>smx —9
2 13
. . 12 5) 120
e sin2x = 2sinxcosx =2 - (—13> . (—B = 169"
e tan2x = sin 2x = —@
~cos2x  119°
O
Bai 3. Chotanx =2 —-V3va0 < x < g Tim sing,sian, tan 2x va cos (% —x).
@ Loi gidi
cosx >0
IT
O<x<§ tanx =2 — /3 2+3
* = = CoSX = ——5——.
tanx = 2 — V3 \/ 1 V2 +V3
COSX = 5 =
1 + tan“x 2
O<x<g 1
¢ in? X 1—cosx My =5V2- 2+ V3.
2~ 2
2+3 S
e sin2x = 2sinx -cosx = 2-tanx - cos?x = 2- (2 — /3) - <;> =3
2tan x L—923 f
e tanx =2 — V3 + +1 = tan2x = = -
* 1 —tan’x 1 -(2-3)2 3°
TT
0 -
. <x<g . n
V3 12°
tan2x = —
3
2tan x L—92/3 f
e tanx =2 — V3 £ +1 = tan2x = = i
a 1 —tan®x —2-V32 3
JT T T V2
.COS(g-X)—COS(g—E> COSZ—-7.
O

Bai 4. Chotanx =2V2vat < x < %T Tim cosx, sin (x + g) cosg va tan <% — x).

@ Loi gidi

cosx <0
3
{Jr<x<ﬂ tanx = 2V2
° 2 = = COSX = —=
tanx = 2v2 COST = — 1 - _1
1+ (2v2)2 3
e sinx = tanx -cosx = 2v2 ( 7> = —2\3@.
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2V/2 1 <1>.ﬁ=_\@ ﬁ_
2 3 6

sin <x+ Tr) sinx cosn + cosx sin7T +
) _ — . _ . —_— = —— . — _
3 3 3 3 2 3

T x 37
< — - i
9 <9<

1 4 x 26
° COSX = —— = 1 =cos—=———.
x 1+ = 2 6
o X — COSXx cos— — _\[__3
cos 5= %5 2 2

T
tanz—tanx _1_2\@_4\@ 9
1+tang-tanx 1+2V2 7 7

oﬂ<x<3—ﬂz>x#£=>tan<z—x>—
2 2 4 B

O
. VA T . . IT T
Bai b. CFiOCOSQx—5va4<x<2.T1msmx,cosx,sm(x+3),cos(2x—4>.
(¢ Loi giai
1 4
.COSQx_1+c052x_ +§_g
B 2 2 10
9 1
L0y 2. _1_ 2 _ 1
e sin“x=1-cos*x =1 10 10°
0—<x<z:>sinx>0cosx>0:>sinx——10cosx—ﬂ
4 2 ' 10 10
. . 3
e sin2x = 2sinx -cosx = 5"
osin<x+£)—5inx cos£+sinE cosx——m 1+§ 5 10—(3\f3+1) 10
3) 3 3 10 2 2 10 20 ‘
ocos(2x—z)—0052x cos£+5inz sir123c—é Q+@ §—@
L) 4 4 5 2 2 5 10°
O
.. 5 3m . . 7T
Bai 6. Ch00052x=gvaT<x<71T1m:smx,cosx,tan<x—§>~
@ Loi gidi
{Sinx>0
o — < x<mm=
cosx <0
3
Ocosgx—1+0082x—1+g——:>cosx—_%
B 2 2 5 -5
41 5
osin2x=1—c032x=1—5=5=>sinx=\Sf.
V5
otanx—smx— 5 ——1
"~ cosx 245 2
5
JT 1
tanx — tan — _,_\/3
otan(x——>= 37r= 2 = -8 - 5V/3.
1 + tanx - tan — V3
3 1-—
2
O

Bai 7. Cho sinx + cosx = V2. Tinh: sin 2x va cos 2x.
@ Loi giéi
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O
Bai 8. Cho tanx = 2. Tinh: cos 2x, sin 2x, tan 2x.
@ Loi gidi
O
Bai 9. Cho tanx + cotx = 3. Tinh D = cos 4x.
& Loi gidi
O
Bai 10. Cho cot(45° + x) = 2. Tinh D = cos(270° + 4x).
# Loi gidi
O
< . 5 T, tanx — cotx
Bai 11. Cho sinx.cosx = — val0<x < —. Tinh D = —.
. .. 4 4 tanx + cotx
(¢ Loi giai
O
. T i a1z . S+coshr . 3 5
Bai 12. Cho x = B Tinh gia tri cta biéu thic: D = — + sin” x.cosx — cos” x.sin x.
# Loi gidi
O
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Bai 13. Tinh gid tri cia bidu thiic: D = sin6°. cos 12°. cos 24°. cos 48°.

@ Loi gidi

Phan tich: Nhan thay cdc cung gap doéi lan nhau nén ggi ta st dung cong thiic nhan doi theo
sin2a = 2sin a cosa. Nhung thiéu 2cos6°, nén gdi ta nhan thém 2cos6° va cé i gidi sau:

D = sin6° cos12°. cos94°. cos48® — (2 cos6°.sin 6°). cos 12°. cos 24°. cos 48

2cos6°
_ sin12°.c0s12°. cos 24°. cos 48° (25in12°. cos 12°). cos 24°. cos 48°
- 2cos6° B 4 cos6°
_ 8in24°.c0s824°.cos48°  (2sin24°. cos 24°). cos 48°
B 4 cos6° B 8cos6°
_ sin48°.cos48°  2sin 438°. cos 48°
B 8cos6° B 16 cos 6°
_ sin9°  sin(90° + 6°)
~ 16cos6°  16cos6°
_cos6” 1

16cos6° 16

O
Bai 14. Tinh gid tri ctia biéu thic: D = 8tan 18° cos 18° cos 36° cos 72° cos 144°.
@ Loi gidi

O
Bai 15. Tinh gid tri ctia biéu thic: D = sin 6° sin 42° sin 66° sin 78°.
£ L&i gidi
D = sin 6° sin 42° sin 66° sin 78° = sin 6° sin(90° — 48°) sin(90° — 24°) sin(90° — 12°) =

O
Bai 16. Tinh gid tri ctia biéu thdc: D = sin 10° sin 50° sin 70°.
£ L&i gidi

O

Bai 17. Tinh gid tri ctia biéu thic: D = sin 20° sin 40° sin 80°.
@ Loi gidi
Trudc hét, ta can chiing minh: sin3a = 4 sin a sin(60° — «) sin(60° + «).

3 1 3 1
VP = 4sinasin(60° — a)sin(60° + a) = 4sina <\2f cosa — ésin oc) (ﬁ cosa — 2sinoc)
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2 2

a)

3 1
4sina (4cos a— 3 sin® oc) = sin a(30052a — sin

2 2

sin a[3(1 — sin? a) — sin® a] = sin a(3 — 4 sin” )

= 3sina — 4sina = sin3a = VP (dpcm).

Ap dung cong thic: ’sin 3a = 4sin asin(60° — a) sin(60° + a). ‘
Ta c6: D = sin20° sin 40° sin 80° =

Luu y: Cé thé 4p dung truc tiép cong thuc tich thanh téng (hoc phan sau) dé tinh D. a

Bai 18. Tinh gid tri ctia biéu thtic: D = cos 10° cos 50° cos 70°.

@ Loi gidi

Trudc hét, ta cdn chiing minh: cos3a = 4 cos a cos(60° — a) cos(60° + a).
VT = 4cosacos(60° — a)cos(60° + a).

Ap dung cdng thic: ’cos 3a = 4cosacos(60° — a) cos(60° + a). ‘
Ta cd: D = cos10° cos50° cos 70° =

Luu y: Cé thé 4p dung truc tiép cong thic tich thanh tdng (hoc phan sau) dé tinh D. O

. , r e e a2 oy 7T 21 37t 4t 57 671 T
Bai 19. Tinh gid tri ctia biéu thic: D = cos 15 cos s Ccos 15 cos 15 cos 15 cos 15 cos 15

@ Loi gidi

Bai 20. Tinh gid tri ctia: D = sin 2° sin 18° sin 22° sin 38° sin 42° sin 58° sin 62° sin 78° sin 82°.
@ Loi gidi
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U
‘. A 1 V3
Bai ?1. T:nh. D = Snl0°  cos10c”
(¢ Loi giai
D - 1 B V3 3 cos10° — v/3sin10°
~ sin10°  cos10° sin 10° cos 10°
4 = cos10° — @ sin 10°
B 2 2 _ 4(sin30° cos 10° — cos 30° sin 10°)
B 25sin10° cos 10° B sin 20°
_ 4sin(30° —10°)  4sin20° A
B sin 20° ~ sin20°
O
. . V3 1
Bai 22. T:nh. D = Sn90°  coso0°”
(¢ Loi giai
]
Bai 23. Tinh: D = tan®15° + tan® 75°.
 Loi gidi
D = tan?15° + tan?(90° — 15°) = tan®15° + cot?15°
3 o oD o o (sin15° cos 150)2
= (tan15° + cot15°)” — 2tan15°cot15° = (cos 15 T sin150 2
B sin® 15° + cos?15° > 9. 1 i
sin15° cos 15° (sin 15° cos 15°)
4 4 4
= 2—2=72—2=T—2=16—2=14.
(2sin15° cos 15°) (sin 30°) <
4
O
Bai 24. Tinh: D = tan?(22,5°) + tan®(67,5°).
# Loi gidi
U

Bai 25. Tinh: D = cos?(7,5°) — cos*(7,5°).

@ Loi gidi

D = cos?(7,5°) — cos*(7,5°) = cos?(7,5°).[1 — cos?(7,5°)]
= c0s2(7,5°). sin?(7,5°) =
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O
Bai 26. Tinh: D = cos 36° — cos 72°.
# Loi gidi
D (c0s36° — cos 72°)(cos 36° + cos 72°) c0s36° — c0s272°
B cos 36° + cos 72° ~ c0536° + cos 72°
O
Bai 27. Khong st dung mdy tinh, hay tinh: sin 18° va cos 18°.
 Loi gidi
Ta cb: 90° = 54° + 36° < 90° = 3.18° + 2.18° & 2.18° = 90° — 3.18° (lay cos hai vé)
= €05(2.18°) = cos(90° — 3.18°) & 1 — 25in?18° = 3sin 18° — 4sin®18°
& 4sin®18° — 2sin”18° — 3sin18° + 1 = 0 va dat x = sin18° > 0 thi phudng trinh trd thanh
3 2 2 . -1 +V5
b —2x* —3x+1=0s (x —1)(4x*+2x —1) =04 x =1 hodc x = —
-1
Do 1 # x =sin18° > 0, nén x = sin18° = 11:\/5 = cos18° = > +8\@'
Nhéan xét. Ta c6 thé st dung két qua nay dé tinh sin 36° va cos 36°.. O
Bai 28. Tinh: D = sin 36°.
@ Loi gidi
O
Bai 29. Tinh: D = cos 36°.
& Loi gidi
O

Nhém 2. Chitng minh ddng thic

$>6>6OBAI TAP VAN DUNG G696

4 4

Bai 1. cos*x — sin*x = cos2x.

@ L&i gidi
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O
Bai 2. sin4x = 4sinx cosx(1 — 2sin® x).
 Loi gidi

O
Bai 3. cos?2x — sin®x = cosx cos 3x.
 Loi gidi

O
Bai 4. cos4x = 8cos*x — 8cos?x + 1.
# Loi gidi

O
Bai 5. 8sin“x = 3 — 4c0s2x + cos 4x.
# Loi gidi

O

2

Bai 6. sin* + cos*x — 6cos?x sin® x = cos4x.

@ Loi gidi

Trang 134



Chuyén dé Toén 10 HKII

Nguyén Qudc Ducng

3 1
“x = = + = cos4x.

Bai 7. sin® + cos 2t

@ L&i gidi

Bai 8. sin®x + cos

@ Loi gidi

Bai 9. sin®x — cos® 16 16

@ Loi gidi

15 1
X = — C0S2x + — cos6x.

Bai 10. sin6§ —cos®— = %cosx(sian —4).

@ Loi gidi

7 1
8x = — cos2x + — cosbx

8 8

8

Bai 11. cos®x — sin

@ L&i gidi
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[l
3
Bai 12. cos®x cos3x — sin’x sin3x = Z(?) + cos4x) — 2.
@ Loi gidi
[l
Bai 13. tanx + cotx = — .
. sin 2x
(¢ Loi giai
Il
Bai 14. cota —tana = .
) tan 2a
(¢ Loi giai
[l
Bai 15. cotx —tanx = 2cot2x.
# Loi gidi
O
Bai 16. (tan2x — tanx)cos2x = tanx.
£ L&i gidi
[l

@ Loi gidi
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.tan
1 —cosx 2

.. T TX
Bai 19. ta’n <— + —) + cot <Z +
(¢ Loi giai

N~
N

Bai 20. tan <% + x) — tan <g - x) = 2tan 2x.

@ Loi gidi

1
Sxcosx = - sin4x.

Bai 21. cos’x sinx — sin Z

@ Loi gidi

3

‘. . . 5 .
Bai 22. cos3xsin®x + sin3xcosdx = " sin 4x.

@ Loi gidi
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Bai 23. tan x tan (% — x) tan (% + x) = tan 3x.

@ L&i gidi

2
Bai 24. tanx + tan <x + %) + tan (x + ;) = 3tan 3x.

@ L&i gidi

Bai 25, —— =c¢
x

J— 1 2
Bai 26. tanox + L - L 2simx
cos 2x

. 1 —sin2x
(¢ Loi gidi

2 sin 2x + sin 4x

2(cosx + cos 3x)
@ Loi gidi

Bai 27. = tan 2x cos x.
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O
4
Bai 28. m = tan®x + cot® x.
. 1 — cos 4x
(¢ Loi giai
O
J— i 2 J—
Bai 29. 1 2§1n x 1 tanx-
. 1,+s1n2x 1 +tanx
(¢ Loi giai
O
‘e 1 x
Bai 30. +1 )tan = = tanx
COoSX 2
@ Loi giéi
O
.. 1 + sin2x T
Bai 31. ,COW = tan (Z + x).
(¢ Loi giai
O
2sinx — sin2x x
Bai 32. = tan® =.
a 2,sinx + sin 2x an 2
(¢ Loi giai
O
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1 - 2sin®x

Bai 3. - ~ 1.

2tan (Z + x) cos? (% + x)
@ Loi gidi

. . X
sinx + sin )
Bai 34. ~ = tan
1 + cosx + cos 9

@ Loi gidi

1 — cosx + cos2x
Bai 35. - - = cotux.
. _,§1r12x — sinx
(¢ Loi giai

Bai 36. LT COS4Y
cotx —tanx 2

@ L&i gidi

sin 2x cos x x

Bai 37. = tan —.

(1 + cos2x)(1 + cosx) 2
 Loi gidi

6 + 2cos4x

Bai 38. cot’x + tan’x = .
1 — cos4x

@ L&i gidi
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O
t22x —1
Bai 39. corex 72 cos8x cot4x = sin8x.
C2cotox
(¢ Loi giai
O
1 1 — 2sin?
Bai 40. tan 2x + _ 1-2sin"x
. . cos 2x 1 —sin2x
(¢ Loi giai
O
Bai 41, tan4yx — . - Sin2x —cos2x
) cos4x  sin2x + cos?2x
(¢ Loi giai
O
Bai 40, cosx + sTnx _ cosX — sTnx  otanor.
_. Cosx —sinx cosx +sinx
(¢ Loi giai
O
A . _ 4
Bai 43, sin® x + sin2x — cos*x — cosx.
) tan2x —1
(¢ Loi giai
O
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sin 2x

Bai 44. <1 + tanx + !
cos
@ Loi gidi

cos?x’

O
Nhém 3. Ching minh cdc biéu thitc sau khéng phu thudc vao bién sb
$>6>6OBAI TAP VAN DUNG GO 6969
.. B sin2x — 2sinx 9 X

Bai 1. A: sin%x + 2sinx v g

(¢ Loi giai
O

3. .3 .
Bai 9. B — cos°x — cos3x N sin x.+ sm3x.
. CcosX sin x

(¢ Loi giai

|
1

Bai 3. C = 4sin*x + 2cos2x — Qcoséx.

 Loi gidi
O

2 J—

Bai 4. D = M cotx + cos 4x cot2x + sin 4x.

# L&i gidi
|

Bai 5. E = 3¢c0s2x + 5sin*x + 4sin? 2

@ Loi gidi

4

X COsS™ X — COS™ X.
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. . . Tt ) ) 37T
Bai 6. F = sin*x + sin* (x + Z) + sin*x + sin* <x + —)

@ Loi gidi

Nhém 4. Bién dbi thanh tich s6

$>6><>BAI TAP VAN DUNG OGO

Bai 1. D = (2sinx —1)(2cosx + sinx) — sin2x + cosx.
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(3 DANG 3. Cdng thirc bién ddi

Cong thic bién d6i tong thanh tich

a+b a-b
e cosa + cosb = 2cos 5 - COS 5 e tana + tanb =
+b -b
ocosa—cosb=—23ina2 -sina2 . e tana —tanb =
+b -b
osir1a+sinb=25ina2 -cosa2 . e cota + cotb =
+b -b
osina—sir1b=2cosa2 -sina2 . e cota —cotb =
Hé qué
e sina + cosa = \@Sin (O(-I— %) =v2cos (a—%).

° sina—cosa=\@sin(a—%) )

Cong thidc bién dbi tich thanh tong

T
—\/QCOS ((X + Z

. 1
e sinacosb = =

[cos(a — b) + cos(a + b)]. 5

1
b = —
® COSacos 2

! [cos(a — b) — cos(a + b)].

e sinasinb = 5

sin(a + b)
cosa-cosb’

sin(a — b)
cosa-cosb’
sin(a + b)
sina -sinb’
sin(b —a)
sina -sinb’

[sin(a — b) + sin(a + b)].

Nhém 1. Bién ddi va rit gon co bdn

$>6>$OBAI TAP VAN DUNG SO0
Bai 1. Bién dbi thanh tich céc biéu thic sau

e D =cos3x + cosx

Trang 144




Chuyén dé Toén 10 HKII Nguyén Qudc Ducng

D = sinbx — sinx

[ ]
&)
I
e,
5
«»
=
|
@,
5
=
+
@,
5
N
=

e D = /2sin2x + cos5x — cos9x
e D =sin3x —2sin2x + sinx
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. . . 3
e D = sin?x + sin?2x + sin®3x — =

2
e D = sin?3x — sin?2x — sin®x
e D = sin?x — cos?2x — cos? 3x
s 2 ) s 2
e D = sin“x — 2sin® 2x + sin® 3x
. . Tt
e D = sin?4x — cos?6x — sin <—+107r>
) 2 ) 2
e D = sin“3x — cos* 4x — sin“5x + cos” 6x
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Bai 2. Rut gon céc biéu thic sau
sinbx — sin 3x
2cos4x

o D=

cos 4x — cos2x

_ sin(x +y)
sinx + siny

°
[

cosx + sinx
cosx — sinx
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sin? 4x — sin® 2x

cos? x — cos? 2x

sin? 4x
) =
2cosx + cos3x + cosbx
sin 2x
) =
tanx + cot2x
. _ tan 3x + tanbx
~ cot3x + cotbx
tan 2x + cot2x
o D=
1 + tan 2x - tan 4x
. 3 1 + sin2x + cos2x

" 1+ sin2x — cos2x
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B 1 + sin4x — cos4x

) =
1 + cos4x + sin4x
sin 2x + 2sin 3x + sin 4x
[ ) =
cos3x + 2cos4x + cosbx
sinx + sin4x + sin7x
[ ) =
COSX + cos4x + cosTx
cos2x — sin4x — cos6x
) =
cos2x + sin4x — cos6x
sin 4x + sin bx + sin 6x
) =
cos 4x + cosbx + cosbx
cosTx — cos8x — cos9x + cos10x
[ ) =

sin 7x — sin8x — sin 9x + sin 10x
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1 + cosx + cos2x + cos3x
2cos?x +cosx — 1

2(sin2x + 2cos®x — 1)

cosx — sinx — cos3x + sin 3x

0]
e
=

.D: —

X +y)—sinx cos(x +y)

sin(x + y) + sinx cos(x —y)

Bai 3. Bién dbi thanh tong

° D=singsin%T
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i
6

Bai 4. Rut gon cdc biéu thuc sau:

D = cos11x cos3x — cos17x cos9x
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e D = sin2x sin6x cos 4x + %COS D R R R R RPN

........................................... x Sx . .
[ D = COSECOS? — smxsme —

........................................... Sin 2x Sil’l 3x

oD = sin7—xcoss—x + sinfcos5—x +
........................................... h 2 2 2 2
sin 2x cos 7x

........................................... e D = cos2x + cos4x + cosbx -—
4cosx cos2xcos3x — 2

e D = sin4xsin10x - sinllxsin3x -
Sin7xsinx ccccccccccccccccccccccccccccccccccccccccccc

Nhém 2. Tinh gid tri ctia biéu thic

$>6>6OBAI TAP VAN DUNG 6O 6969

Ta + 4a + 1 2 1
Bai 1. Cho oS Td T cOSAa ¥ Losa —. Tinh giéa tri ctia biéu thiic D = — cos8a.

_. ., sin7a +sin4a + sina 2 23
(¢ Loi giai
Ta cé
cos’a + cos4a +cosa 1 (cos7a + cosa) + cos4a 1
: - : =5 < : - : =5
sin7a + sin4a + sina 2 (sin7a + sina) + sin4a 2
- 2cos4a -cos3a + cos4a 1
2sin4a - sin3a + sin4a 2

- cos4a(2cos3a +1) 1
sin4a (2cos3a +1) 2

& cotda =

1
tan 4a
& tan4a = 2.
1 1 1

4

NI

Ma 1 + tan?4a =

2
ba = = = _.
cos? 4a = C(;SS a 1 -f-itanzlta 1+22 5
. _ ) 2 - - -
Ma cos8a = 2cos“4a — 1 o5 =D 23 cos8a 05"
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Bai 2. Cho sin2x = = va

@ Loi gidi

Bai 3. Cho

1 + sin4x — cos4x

1 + sin4x + cos4x

COS X.
@ L&i gidi

A
2ol R

Bai 4. Cho sttt + .
... ., tan®x cot’x sin®x cos°X
(¢ Loi giai
Ta cd
1 1 1 1 ) ,
2 ) ;- =1 & cot”x + tan”x +
tan® x cot®x sin“ x Ccos? X
sin®x + 1
cos?x

Trang 153
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sin x + sin 2x + sin 3x
CosX + cos2x + cos3x’

— V330 < x < g Tinh gid tri ctia bidu thitc D = 2sin (x + 5) _

6

= 7. Tinh gié tri cta biéu thic D = cot 4x.

1 1 cos?x +1
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O
Bai 5. Khong st dung mdy tinh. Hay tinh D = sin 20° sin 40° sin 80°.
@ Loi gidi
D = sin20°sin40°sin80°
1
= 5 (cos20° — cos 60°) - sin 80°
1 1 . U N
= 55 (sin100° + sin 60°) — ZsmSO
1 3
= (sin100° — sin80°) + \g
1
= 3 (cos90° - sin10°) + \ég
_ V3
- 5
O
Bai 6. Khong st dung mdy tinh. Hay tinh D = cos 10° cos 30° cos 50° cos 70°.
@ Loi gidi
o o (¢} (¢] \/3 o (¢] o
D = c¢0s10°cos30°cos50°cos70° = 5 ¢os 10° - (cos 70° - cos 50°)
U

Bai 7. Khong st dung mdy tinh. Hay tinh D =
@ Loi gidi

— 4sin70°.

sin 10°
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O
2 4 6 8
Bai 8. Khong st dung mdy tinh. Hay tinh D = cos %T + cos %T + cos g + cos %
 Loi gidi
Ta cd
sinz D = 00132—7Tsir1z + coslirsinE + (:os6—jrsinz + (:oség—jrzsinE
5 5 5 5 5 5 5 5 5
O
. R , i e . ge TT 27 37T
Bai 9. Khong st dung mdy tinh. Hay tinh D = cos 7" cos - + cos -
 Loi gidi
Ta céﬂ
2sin—-D =
sin 7
O
Bai 10. Rat gon D = 2sinx (cosx + cos3x + cos5x). Tinh A = cosg + cos 377T + cos 577T

@ Loi gidi
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O
1 —cos2x T 3ot 5x
ai 11. Cht inh =~ Tinh B = tan® 2= 2,
Bai - (.Zhlmg minh tanx sinox inh B = tan 1 + tan 12 + tan 12
(¢ Loi giai
O
Nhém 3. Ching minh ddng thic
$>6>6OBAI TAP VAN DUNG 66969
. inx —sin3 in5
Bai 1. Ching minh rang: SInX = SInJx + SINox - tan 3x
) cosX — cos 3x + cos 5x
(¢ Loi giai
O
) ino in4 .
Bai 2. Ching minh rang: sin2x + sin4x + sin bx = tan 4x
. . cos 2x + cos4x + cos6x
(¢ Loi giai
O
. 4 7
Bai 3. Ching minh rang: cc?sx hl C?S rr C,OS * cot4x
) sinx + sin4x + sin7x
(¢ Loi giai
O

sinbx — sinx .
= 2sin 4x
Ccos 4x + cos2x

Bai £ Chiing minh rang:
# Loi gidi
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O
. sin 2x + 2sin 3x + sin 4x sin 3x
Bai 5. Chu inh rang: =
a . .hng mina rang cos3x + 2cos4x + cosbx  cos4x
(¢ Loi giai
O
.. B . . sinx + sin3x + sinbx + sin 7x
Bai 6. Ching minh rang: = tan 4x
. cosx + cos3x + cosbx + cos7x
(¢ Loi giai
O
. cosTx — cos8x — cos9x + cos10x 17x
Bai 7. Chu inh rang: = cot —.
a . . g mink ranhg sin 7x — sin8x — sin 9x + sin 10x o 2
(¢ Loi giai
O
. i + sin2
Bai 8. Chung minh rang: Sx TemEr tan x
. 1 + cosx + cos2x
(¢ Loi giai
O
. in2x —
Bai 9. Ching minh rang: sm. L TCeosX cotx
. . 1 —sinx — cos2x
(¢ Loi giai
O

1 + sin2x + cos2x

tanx =1
1 + sin2x — cos2x

Bai 10. Chiing minh rdng:

@ Loi gidi
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O
. in3 i
Bai 11. Chiing minh rdng: w (tanx + cotx) = 4
@ Loi gidi
O
. 3x + sin2x —
Bai 12. Chiing minh rang: cosox SH; i .cosx = —2cosXx
. 2 —2cos*x — sinx
(¢ Loi giai
O
.. i . . 1 + cosx + cos2x + cos3x
Bai 13. Chiing minh rang: 5 = 2Cc0sXx
. R 2cos?x + cosx — 1
(¢ Loi giai
O
. 2(sin2x + 2cos?x — 1 1
Bai 14. Ching minh rang: (sm- * €os X ,) = —
) cosx —sinx —cos3x + sin3x  sinx
(¢ Loi giai
O
Bai 15. Chiing minh rang: sin” 4x = 4sin® x cosx
o g 9 9 cosx + cos3x + cosbr
(¢ Loi giai
O

Trang 158



Chuyén dé Toén 10 HKII

Nguyén Qudc Ducng

L0 0
Bai 16. Chiing minh rang: sin” 4x — sin” 2x

o cos? x — cos? 2x
(¢ Loi giai

sin 2x

Bai 17. Chu inh rang: ————
a g minh rang tanx + cot2x

@ Loi gidi

cos2x — sin4x — cos6x

= —4cos3x cosx

Bai 18. Chting minh rang:
@ Loi gidi

Bai 19. Ching minh rdang:

sin11x + sinbx

@ Loi gidi

Bai 20. Chiing minh rdang:

1 + cos2a + cos4a + cos6ba

O
- (tanx + cotx) = 2sin2x
O
3 2sin2x —1
cos2x + sin4x —cosb6x  2sin2x + 1
O
sin 2x - sinx + cosbx - cos2x 3 1
 4sin4x’
O
= 2cot2a.

sin2a(l + cos2a — 2sin® 2a)

@ Loi gidi
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[l
Bai 21. Chung minh rang:
8sinx - cosx - cos(30° + 2x) - cos(30° — 2x) = sin 6x.
 Loi gidi
[
Bai 22. Ching minh rdng:
2 sin 2x(cos x + cos3x) — sin5x = sin 3x.
 Loi gidi
[l
Bai 23. Chiing minh rang:
1 1
cos(2x + 60°) - cos(2x — 60°) = 5 cos 4x — ®
 Loi gidi
[l
Bai 24. Chung minh rang:
) o (T . Cain (T _ §
sin® x + sin (3 x) + sinx sm(3 x) =7
£ Loi gidi
[l

Bai 25. Chiing minh rdng:

(sinx + cosx)? — cos4x = 4sin2x - sin(x + 15°) - cos(x — 15°).
# Loi gidi
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O
Bai 26. Chuing minh rang: sina sin(b — ¢) + sinb sin(c — a) + sinc sin(a — b) = 0.
@ Loi gidi
U
Bai 27. Chiing minh réng: cos®x — 2cosa cosx cos(a + x) + cos®(a + x) = sin®a.
# Loi gidi
O
e ) . N . 8 8 7 1
Bai 28. Chiing minh rang: sin® x — cos®°x = 5 cos2x + 5 cos 6x.
@ Loi gidi
U
Céc bai tap sau déu c6 gia thiét: Tam giac ABC c¢6 ba goéc déu nhon:
. , . N . . . A B C
Bai 1. Ching minh rang: sin A + sin B + sin C = 4 cos 5 cos 5 cos Ok
£ L&i gidi
A+ B A-B C
VT = (sinA +sinB)sinC = 2sin il cos + 2sin — cos —
2 2 2 2
= 2cos Ecos = 25in9 cosg
B 2 2 2 2
= 2cosg (cosB + cosA il B)
B 2 2 2
A B C
= 4cos 5 cosgcos 5= Vp.
O

Bai 2. Ching minh rang: sin 2A + sin2B + sin2C = 4sin A sin Bsin C.

@ L&i gidi
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O
. , . N . A _ B _ C
Bai 3. Ching minh rang: cosA + cos B+ cosC =1 + 4sin 5 sin 5 sin DR
£ Loi gidi
A
VT = (cosA + cos B) + cos C = 2cos ; Bcos 5 B +1 —231n2§
O
Bai 4. Ching minh cos2A + cos2B + cos2C = —1 — 4cosAcos Bcos C.
 Loi gidi
VT = cos2A + cos2B + cos2C = 2cos(A + B)cos(A — B) + 2cos? C — 1.
O
Bai 5. Chting minh sin® A + sin? B + sin® C = 2 + 2cos A cos Bcos C.
& Loi gidi
1- A 1-
VT = sin? A + sin® B + sin® C = CQOSQ CQOSQB+1—COSQC.
O
Bai 6. Chting minh cos? A + cos? B + cos®?C = 1 — 2cos Acos Bcos C.
# Loi gidi
1 2A 1 2B
VT = cos?A + cos® B + cos? C = +C208 +C205 + cos” C.
O
A B C A B C
.. , . . oA . oD N A T UL PN PN g
Bai 7. Ching minh sin 5 + sin 5 + sin 5 1 —2sin 5 sin 5 sin 5

@ Loi giéi
A B cC 1- A
VT = sin® = + sin® — + sin® — = cos

1 —-cosB . 2 C

2 2 2 2

sSin- —.

5 Ty
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A B C A B
Bai 8. Chiing minh cos? 7" cos? 5" cos? 5= 2 + 2sin — sin — sin —.

2

@ Loi gidi
A B C 1+cosA 1+cosB C
_ 2 2 D 2L 2 &
VT = cos 2+cos 2+cos 5 5 + 5 + cos 5

Bai 9. Ching minh tannA + tannB + tannC = tannAtannBtannC.

@ Loi giéi
Ta cé

A+B+C=m
< nA+nB+nC=nrn
< nA+nB=nm-n
= tan(nA + nB) = tan(nst — nC).

Bai 10. Ching minh tan A + tan B + tan C = tan A tan Btan C.
& L&i gidi

. . . A B Cc A B C
Bai 11. thlirlg minh cot o + cot 0l + cot 5 = cot o) cot 5 cot 5
(¢ Loi gidi

Ta cé
A+B=mx-C
o A, B_m C
2 2 2 2
= tan(A+B>=tan<7T—C>
2 2 2 2
& tan<é+§>=cot9
2 2 2
tan%+tan§ C
” 1—temétem§ COtQ
2 2
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O
. , . A B B C C A
Bai {2. Cohlmg minh tangtang +tan§tan§+tan§tan§ = 1.
(¢ Loi giai
Ta(:(’)é+§—E C=>tan<+)—t <7T C)
2 2 2 2 2 2 2 2
O
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CHUONG 3 PHUONG PHAP TOA DO TRONG

MAT PHANG

sA 1.  PHUONG TRINH DUONG THANG

A.  TOMTAT LY THUYET

1. Vecto chi phuong (VICP) - Vecto phdp tuyén (VTPT)

e Vécto chi phuong (VTCP) ctia dudng théng d 1a véctd cé gid song song hodc trung véi
dudng thang d, ki hiéu 1a ug.
Néu ug 1a mot VTCP cta d thi k - i cling 1a mot VTCP cua d.

e Vécts phap tuyén (VTPT) cta dudng thing d 1a véctd cé gid vudng géc v8i dudng
thdng d, ki hiéu 1a ng.
Néu ng 1a mot VTPT ctia d thi k - ng ciing 1a mot VTPT cua d.
Ta ludn c6 ug L ng & ug - ng = 0. Do db, néu cé ug = (a;b) = ng = (b; —a).

—>
Uq —

2. Phuong tfinh dudng thdng t1éng quat
Phuong trinh téng quat ctia dudng théng cé dang d : ax + by + ¢ = 0, (a® + b? + 0).
Néu d : ax + by + ¢ = 0 thi sé c6 mdt VIPT 1a ng = (a; b) va mdt VICP ug = (b; —a).
3. Viét phuong trinh dudng thdng
Dé viét phudng trinh dudng thdng d, ta cdn xdc dinh mot diém di qua va mot vecto phdp
tuyén hodc mot vecto chi phuong
@@ Phudng trinh tong quat:

Néu (d): {Qua M (xo; y0)

VTPT er> _ (a;b) thi (d) alx — Xo) + bly - yO) =0, ((12 + b? + 0)

(b) Phuong trinh tham sb va chinh tic:

x = xg+ agt )
Qua M (xo; ¥0) (d): { 0 ! (t e R) : Dang tham so.

Néu (d): { 7 thi y = yo + ast
VICP i = lay ) (d): =20 - ¥ =% Y5,ay £ 0) : Dang chinh tic.

ai ag
© Phudng trinh doan chdn:
Dudng thdng d cét hai truc toa dd Ox, Oy 1an lugt tai hai diém A(a;0) va B(0; b) sé& c6
dang

d:

Q&

+

o<

=1 (dudc goi la phudng trinh dudng thdng theo doan chén.)

(d) Hé sb goc ciia dudng thang:
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Xétd:ax + by + ¢ = 0 va néu b # 0 thi phuong trinh dudgc viét lai y = —% - %
Dat k = —% vam = —% thi dudng thadng sé c6 dang d : y = kx + m.
Khi d6 k dudc goi 1a hé sb géc ciia dudng thdng d.
) y
e Y nghia hinh hoc: t
V&i k =0, goi M = dNOx va Mt 1a tia cia d ndm
trén Ox.
Khi dé dat goc (Mt, Mx) = « thi k = tana. d
e Phuong trinh dudng thing di qua mot diém va hé s géc:
Dudng théng d di qua diém M(xg;¥o) va cé hé x
s6 goc kcodang d :y = k(x — xo) + ¥o. o) M\

4, Vi tri tuong déi ctia hai dudng thdng
Cho hai dudng thdng dy: a, + b1y +c1 = 0,ds: asx + boy + co = 0 va hai diém A, B.
@ Vi tri tuong dbi cta hai dudng thang.

o Neu Dt _ Sy —q, o Néu ™ =B Ct il d,
as by Co as by C2

a, +by+cy =0

) b , o
o Néu £ 2! thidy cét dy tai M. D& fim toa do M, ta gidi hé :
as bQ asx + bgy + Co = 0

(b) Vi tri cia hai diém A, B so v8i dudng théng d.
Xét tich T = (a1xa + b1ya + c1) - (a1xp + b1ys + ¢1).

e Néu T > 0 thi hai diém A va B ndm cuing phia (cing bén) so véi dudng thang
d;.

e Néu T < 0 thi hai diém A va B ndm khdc phia (hai bén) so véi dudng thadng d

5. Mot s& vén dé can luu y
e Néu d || Ox hodc d = Ox thi d sé c6 dang by + ¢ = 0.
e Néu d | Oy hodc d = Oy thi d sé ¢6 dang ax + ¢ = 0.

e néu d di qua gbc toa do thi d sé c6 dang ax + by = 0.

e Néu hai dudng thdng song song nhau thi VTCP ctia dudng thang nay ciing la VTCP
ctia dudng thang kia va VTPT ctia dudng thang nay ciing 1a VTPT cia dudng thdng
kia.

e Néu hai dudng thdng vudng géc nhau thi VTCP ctia dudng thdng nay la VTPT cuta
dudng théng kia va ngudc lai.

. ng = (a;b
e Néud:ax + by + ¢ = 0 thi sé suy ra dugc mot VICP, mdt VTPT la _d, (b ) )
uq = (b; —a
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B. CAC DANG TOAN

[ DANG 1. Viét phuong trinh dudng thdng

Nhém 1. Viét phuong trinh dudng thdng dang cd bdn

$>6>6OBAI TAP VAN DUNG O 6060

Viét phuong trinh dudng thing d dang tong quét va dang tham s6 trong cac trudng hgp:

Bai 1. d qua M(2; —3), ¢c6 VTPT nq = (3; —4).
@ Li gidi
Phudng trinh téng quat

d: 3x —2)—4(y+3)=0=d: 3x —4y —15=0.

Phuong trinh tham sé:
Ta c6 g = (3; —4) = g = (43).

x =2+ 4t
Nén d qua M(2; —3), c6 VTCPuq = (4;3) nén cé dang (t € R). O
y = -3+ 3t
Bai 2. d qua M(—2;3), ¢6 VIPT nig = (5;1).
@ Loi gidi
[l
Bai 3. d qua M(4;0), c6 VIPT ng = (1;2).
# Loi gidi
O
Bai 4. d qua M(1;7), c6 VIPT nq = (3;2).
£ L&i gidi
O
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Bai 5. d qua M(1;2), c6 VICP uq = (-3;4).
@ Loi gidi
Ta cod Uy = (—3;4) = g = (43).

e Phuong trinh téng quét:

d:b-(x-1)+3-(q—2)=0=d:4x +3y —10 = 0.

3 x =1-235t
e Phudng trinh tham sé: d : (t € R).
v =244t
O
Bai 6. d qua M(2;3), c6 VTCP @ = (3; —1).
@ Loi gidi
U
Bai 7. d qua M(4;1), c6 VTCP ug = (1; -2).
 Loi gidi
Il
Bai 8. d qua M(2;6), c6 VTCP iy = (4 2).
 Loi gidi
O

Bai 9. d di qua hai diém A(1;2) va B(3; 4).
@ Loi gidi

e Dudng théng d qua diém A(1;2), 6 VICP AB = (2;2) = 2(1;1), suy ra VIPT ng = (1; —1).
e Phuodng trinh téng quét

dil-(x-1)-1-(y—-2)=0=d:x-y+1=0.
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. x=1+1t
e Phudng trinh tham so d :
yv=1+1t

Bai 10. d di qua hai diém A(2; —1) va B(3; -5).
@ Loi gidi

Bai 11. d qua diém M(2; —1) va song song Ox.
# Loi gidi

Bai 12. d qua diém M(1;3) va song song Oy.
& Loi gidi

(t € R).

Bai 13. d di qua M(1;2) va d vudng géc v8i dudng thang AB véi A(-2;1), B(1;3)

@ Loi gidi

Vid L ABnénd c6 mot VIPT la g = AB = (3;2) = g = (2 —3).

e Phuong trinh téng quét:

d:3-(x—1)+2-(y—2)=0=d:3x +2y —7=0.

) x=1+2t
e Phudng trinh tham sd d : (t
y=2-3t

€ R).

Bai 14. d di qua gbc toa do va d vudng géc v8i dudng thang AB véi A(2; —3), B(1;1).

@ L&i gidi
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O
Bai 15. d vudng géc v8i dudng thang AB véi A(4;1), B(1;5).
@ Loi gidi

O
Bai 16. d di qua diém M(1;2) va vudng géc v8i dudng thdng AB véi truc tung Oy.
@ Loi gidi

U
Bai 17. d vudng géc v8i dudng thdng AB tai trung diém ctia AB véi A(2; —3), B(1;1).
@ Loi gidi

U
Bai 18. d 1a dudng trung truc ctia doan thang AB véi A(1;5) va B(3;1).
# Loi gidi

U
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Bai 19. d di qua diém M(2; 4) va vudng géc v8i dudng thdng d’ :x —y + 2 = 0.

@ L&i gidi

Cach 1. d’
Tacod :x -y +2 =0= ng = (1;,-1) va do
dld=ug=01;-1)=rnq=1;1).

ng

e Phuong trinh téng quét

d:1l-(x-2)+1-(y—4)=0=d:x+y—-6=0

e Phuong trinh tham sb d :
yv=4-1t

Néu hai dudng thdng vudng géc nhau thi VTPT ciia dudng théng nay la VTCP cta dudng

E thdng kia va ngugc lai.

Cach 2.
Dodld:x—-y+2=0=d:x+y+m=0

()

Taco M(24)ed:x+y+m=0&2+4+m=0&m= —6.

Thé vao (%), suyrad :x+y —6 =0.

Can nhd: Cho dudng thdng d’: ax + by + ¢ = 0.

(m + 0).

e Neud|d=d:ax+by +m =0,

3 d:bx—ay+m=0
e Néu L d = .
d:-bx+ay+m=20

Bai 20. d di qua diém A(—1;2) va vudng géc vdi dudng thdng d’: x — 4y + 1 = 0.

@ L&i gidi

Néu dé& bai khong néi viét phuong trinh dudng thang dang tham sé hay chinh tic, ta nén
viét theo cach 2 ( 13i gidi 2). N6 sé thudn 1gi cho nhiing bai hoc phia sau va trdnh hs nham

14n.

O

Bai 21. d di qua diém M(-5;2) va vudng géc véi dudng thdng d’ : ¥y = x (phan gidc géc phan tu

thit 1, thy I1I).
@ L&i gidi
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O

Bai 22. d di qua diém M(2;4) va vudng géc vdi dudng thdng d’ : y = —x (phan gidc géc phan tu
thu I1, tha 1V).
@ Loi gidi

U
Bai 23. d di qua diém M(—3;4) va song song véi dudng thdng d’: x + 3y + 1 = 0.
@ Loi gidi
Céch 1. n,
Tacéd :x+3y+1=0=ng =(1;3)vadod | d' =
ng = ;3)= u; = (3;-1)
Sau dé, viét phuong trinh tdng quét, phudng trinh
tham s6.
d/
M d

Néu hai dudng thang song song nhau thi VTCP ctia dudng thdng nay ciing 1a VTCP ciia
dudng thang kia va VTPT cta dudng thang nay cting 1a VTPT cia dudng thdng kia.

Céch 2.

Tacéod|d :x+3y+1=0=d:x+3y+m=0, (m+1) (¥
DoM(-34)cd:x+3y+m=0& -3+34+m=0&9+m=0 m = -9 (thdéa man,).

Thé vao () =d:x + 3y —9 =0. O

Bai 24. d di qua diém M(1;1) va song song v8i dudng thdng d’: x — 3y + 7 = 0.
@ Loi gidi

Bai 25. d di qua diém M(2;4) va song song vdi dudng théng d’ : {
y
@ Loi gidi
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O

Viét phudng trinh dudng thing d dang tdng quét va dang tham sb trong céc trudng hgp sau:

Bai 26. d di qua M(1;4) va c6 hé sb goéc k = 3.
& L&i gidi
Phudng trinh dudng thang d qua M c6 hé s géc k cé dang d : y = k(x — xpp) + Yum
=d:y=3x-1)+4=d:y=3x+1=d:3x -y +1=0.
Tacod g = (3;-1)= U; = (1;3).
. ) {x =1+t
Phuong trinh tham s6 d : (t € R). O
yv=4+3t
Bai 27. d di qua M(-3;2) va c6 hé sb géc k = —2.
# Loi gidi

Bai 28. d di qua diém A(1; —5) va d tao v8i chidu dudng truc Ox mot géc 45°.

& Loi gidi

Ta c6 hé s6 goc cia d 1a k = tan45° = 1.

Dudng thdng d di qua diém A(1; -5) vacé hé s géck=1cdédangd:y =1-(x —1) -5=4d:
x-y—-6=0 O

Bai 29. d di qua diém A(—1;2) va d tao v8i chidu dudng truc Ox mot géc 60°.
£ Loi gidi

Bai 30. d di qua diém A(1;2) va d cét truc Ox, Oy tai hai diém A, B sao cho OB = 20A.
@ Li gidi

Nhém 2. Viét phuong trinh dudng thdng doan chdn.
Phuong phdp:
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Duodng thang d cdt hai truc toa do Ox, Oy lan luot tai y
hai diém A(a;0) va B(0;b) sé cé dang d: va dugc goi la B(0; b)

phuong trinh dudng thang theo doan chdn.

1
e OA = |a|,OB = |b| = SaoaB = Q]OAI - |OB| =

1

5 lal[bl. 0 Ala;0 x

’ “ >\2+Z=1
1 1 1

* Omz ~ 0Ar T OB

e Néu M c6 dinh (cho trudc) va M ¢ d (thay ddi) thi
OHpax © H=M < OM 1d tai M = g = OM

$>6>6OBAI TAP VAN DUNG GO 6969
Bai 1. Viét phudng trinh dudng thdng d cét tia Ox tai A, cét tia Oy tai B va thdéa man:
@ d qua didm M(1;2) théa OA = 20B.
(£ L&i gidi

Goi Ala;0) € tia Ox, B(0; b) ¢ tia Oy v6i a,b > 0 Khi d6 d ¢6 dang d:§+%=1

ViM(1;2)ed:§+%=1®é+%=1<:>b+2a=ab (1)

Tacé OA = |a| =a > 0,0B = 2|b| = 2b > 0 va do OA = 20B= a = 2b )

Thé (2) vao (1)=b +2-2b =2b-b & 2b%2 —-5b =0 < b = 0 (loai) hoécb=g

Vdib=gthévéo (2):>a=2-g=5

Suyrad:§+2§y=1=>d:x+2y—5=0 O
() d qua diém M(2; —3) théa 20A = OB. PS:x+y—1=0

@ L&i gidi

0

© d di qua diém M(2;1) théa OA = OB. DS:x+y-3=0

@ Loi gidi
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O
@ dquadiémA(i;Q) théa OA + OB = 6. PS:2x +y—-4=0hodacx+y-3=0
& Loi gidi
O
e G(1;2) la trong tdm tam gidc OAB. bS:2x +y -6=0
& Loi gidi
O
(H G(3;3) 1a trong tdm tam gidc OAB. PS:x+y-9=0
& Loi gidi
O
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d qua M(1;4) va dién tich tam gidc OAB bang 9.
®
& Loi gidi

Goi A(a;0) € tia Ox, B(0; b) € tia Oy véi a,b > 0 Khi d6 d ¢é dang d: g + % =1
1 4
ViMLd)ed: 2 +¥ s 1e -+ 2 -1s4a+b=ab (1)
a b 1 a b {
Ta lai ¢ Spoag =9 & §OA.OB =9« Qab =9< ab =18 (2)
Tu(1)va(2)=d:2x+y —-6=0hoacd:6x +y —12=0 O
(h) d qua M(1;2) va dién tich tam gidc OAB bang 4. bS:d:2x+y—-4=0
(£ L& gidi
O
(O d qua M(2;5) va dién tich tam gidc OAB dat gid tri nhé nhét.
(£ L& gidi
Goi A(a;0) € tia Ox, B(0; b) € tia Oy v8i a,b > 0 Khi dé d c6 dang d: g + % =1
2
Vi M(2;5) ¢ d: f+%_1<:>f+§
2 auc / /1 4 1
Hayi=—+§ 2 2- s1>2 <:>1>—0(:>ab240<:>7ab220
a i) ?b 2
Ma SAOAB = QOA.OB = |a|Ib] fab nén SAOAB = Qab > 20 = minSAOAB = 20
) =4
Dau”="xéyrakhig=§vag+§=1=>g+g=1=>5=1=> ¢
a b a b a a a b=10
=d: Z+E—1=>d B5x +2y —20=0 O
(3) d qua M(2;6) va dién tich tam gidc OAB dat gia tri nho nhét. PS:3x+y -12=0

@ L&i gidi

Trang 178



Chuyén dé Toén 10 HKII Nguyén Qudc Ducng

[l
(k) d qua M(1;4) va dién tich tam gidc OAB dat gid tri nhd nhét. PS:4x +y-8=0
& Loi gidi
Il

(D d qua M(3;2) va khoang cdch tit gdc toa dd O dén dudng thdng d 1a 18n nhat.
& Loi gidi
Goi H 1a hinh chiéu ctia O 1én d Do d6 khodng cach tit O dén d 1a d(O,d) = OH.
Vi d thay dbi va ludn di qua M(3;2) nén d(O,d) = OH < OM. = maxd(O,d) = max OH =

OMsH=M .
Do dé dudng thdng d qua diém M(3;2) va nhan OM = (3;2) 1a mdt VTPT nén phuong trinh
cddang d: 3x + 2y — 13 = 0. O
1 1 X % .-
@dquaM(i;Q)va@+@nhonhat. PS:d:x+2y -5=0
(£ L& gidi
O

@ d di qua diém M(2;1) va OA + OB dat gia tri nhé nhét. PS:d:x+V2y —vV2-2=0
# Loi gidi
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O
© d di qua M(9;1) va do dai doan thdng AB la nho nhét. DS:d:x+2y -10=0
# Loi gidi
O

Bai 2 (HK2 - THPT Nguy&n Thugng Hién - Tp. H6 Chi Minh). Cho diém A(4;1) Viét phudng trinh
dudng thdng d cét hai truc Ox, Oy 1an lugt tai hai diém M, N sao cho tt gidc AMON la hinh chit
nhét.

# Loi gidi

Bai 3. Viét phudng trinh dudng thdng d di qua diém M(2;1) va cét hai truc toa do tai A, B sao cho
tam gidc OAB vudng can.
@ Loi gidi
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Bai 4. Viét phudng trinh dudng thidng d di qua diém M(—4;10) va cét hai truc toa dd tai A, B sao
cho tam gidc OAB can.
Z Loi gidi

[ DANG 2. Vi tri twong déi véa bai todn fim diém

Nhém 1. Vi tri tuong dbi ciia hai dudng thdng
Cho hai dudng thang dy: ajx + byy + c1 = 0; dg: agx + boy + co = 0 va hai diém A, B.

@ Vi tri tuong doi cia hai dudng thdng:

. a b c
oNéu—1=—1=—1=>dizd2.
as b2 Co

b
° Néuﬂ=f17'=2—1@d1 | do.
2

as b2
aix +by+c1 =0

) b . 9
o Néut £ 21 4, ctdy tai M. Dé tim toa dé M, ta giai hé
as b2 asx + b2y + Co = 0.

(b) Vi tri ciia hai diém A va B so véi dudng thdng d:
Xét tich t6 T = (a1xA + b1yA + 01) . (aixB + b1yB + C1).‘

e Néu T > 0 thi A va B ndm cung phia (cuing bén) so véi dudng thang d;.
e Néu T < 0 thi A va B ndm Ekhdc phia (hai bén) so véi dudng thdng d.

$>6>6OBAI TAP VAN DUNG SO0
Bai 1. Xét vi tri tudng dbi ctia cia hai dudng théng (néu cét nhau, hay tim toa do giao diém):

@d:x+3y+5=0vaA:x -3y -3=0.
(# Loi gidi

1 3 , 2
Ta co: 1 + —= = d va A cat nhau. Goi I 1a giao diém ctia d va A Khi d6 toa d6 I théa hé

x +3y =-5 x=-1 4
& 4=>I<—1;—7>
x—3y=3 y:_g 3

b dix+3y+2=0vaA: —2x -6y +1=0.
@ Loi gidi

Trang 181



Nguyén Qudc Ducng Chuyén dé Toan 10 HKII

© d:05x +12y —3=0va A: x + 24y —6 =0.
# Loi gidi

Bai 2. Tim m dé dudng thdng di: (m —3)x + 2y + m? -1 =0vady: —x+my + (m —1)2 =0
song song nhau?
 Loi gidi

Bai 3. Cho hai dudng thing dy: 2x —y —2 =0, dg: x + 6y + 3 = 0 va M(3;0) Viét phudng trinh
dudng thang d di qua M va cét dy, dy 1an ludt tai hai diém A, B sao cho M la trung diém cta AB.
@ Loi gidi

e Goi Ala;2a —2)edy:2x —y —2=0vaB(-6b -3;b)cdy: x +6y +3=0

XA + XB = 2xXMm a—-3-6b=6 a—-6b=9
&
YA +¥YB = 2VMm 20 -2+b =0 20 +b =2

16 <21.16) \ (57. 16)
—a=gvab=—m=A(Ein)vaBlEi-3

e Theo d& bai c6 M la trung diém AB =

. 2 — 2 4
e Dudng thang d qua diem M (3;0) va c6 mot VTCP la AB = (fg —;) = B(Q; -8)

= Mot VTPT ctlad la g = (9;8) =d:9(x - 3) +8(y —0) =0=d:9x + 8y — 27 =0
(Il

Bai 4. Cho hai dudng thdng dy: x —y +1 = 0,dy: 2x + y — 1 = 0 va diém M(2;1) Viét phuong
trinh dudng thdng d di qua M va cét di, do 1an lugt tai hai diém A, B sao cho M 1a trung diém
cta AB.

@ Loi gidi
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Bai 5. Cho hai dudng thdng di: x +y +1 = 0,dp: 2x —y — 1 = 0 va diém M(2; —4) Viét phuong
trinh dudng thdng d di qua M va cét di,ds 1an lugt tai hai diém A, B sao cho M la trung diém
cua AB.

@ Loi gidi

U
Nhém 2. Hinh chiéu va diém dbi xiing
Bai todn 1. Cho dudng thdng d: ax + by + ¢ = 0 va diém M ¢ d.
| a) Tim H ld hinh chiéu ciia M lén d. | b) Tim N ld diém déi xiing ciia M qua
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M
M
_p
d
d [} H
H
e Budc 1. Viét phuong trinh dudng thang N

MH di qua M va vubéng géc véi d.
ViMH Ld= MH:bx —ay + m = 0.
DoMe MH=m =?

Suyra MH: bx —ay + ... =0 | e el

e Budc 1. Tim H la hinh chiéu M 1én d.

e Budc 2. Hinh chiéu H la toa dd giao diém | coeeierei il
ctia dudng thang d va MH.

{ax+by+c=0 {x=... ............................................
=

= H(...;..])
bx-ay+...=0 720 ) A

Cdch khdc:

e Budc 1. Chuyén d vé dang tham sé. Goi
M(t) € d. Tim VTCP ug va tinh MH.

e Budc 2. Do MH 1 d nén cé ug L MH

g -MH=0= t— H. e Budc 2. Do N la diém doi xing cua M

qua d nén H la trung diém cia MN.

XM + XN

xH:T {xN=2xH—rM
Ym + YN = —

yi = = YN = 2VH — VM.

$>6>6OBAI TAP VAN DUNG O 6969
Bai 1. Cho M (3; —1) va d: 3x — 4y + 12 = 0. Tim hinh chiéu H cta diém M lén d va N la diém
ddi xting ctia M qua d.
 Loi gidi
e Phuong trinh dudng thdng MH qua M va vudng géc v8i d: 3x — 4y + 12 = 0 c6 dang
MH:4x +3y +m=0.ViM(3-1) e MH=4%x3+3x(-1)+m =04 m = -9. Suy ra
MH: 4x +3y —9 = 0.

e Do N 1a diém ddi xting cia M qua d nén H 1a trung diém MN

xy =2xg—xpy=20-3=-3
=>{ N AT A = N(=37).
YN =2V —ym =23 -(-1)=7
O
Bai 2. Cho M (-5;13) va d: 2x — 3y — 3 = 0. Tim hinh chiéu H cta diém M lén d va N la diém
déi xing ctia M qua d. DS: H(31),N(11; —11).

@ L&i gidi
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O
Bai 3. Cho M (7;4) vad: 3x + 4y — 12 = 0. Tim hinh chiéu H cta diém M 1én d va N la diém déi
xUng clia M qua d. DS: H (4;0), N (1; —4).
(@ Loi gidi

O

x +1

Bai 4. Cho M (0;3) va d: = 31—] Tim hinh chiéu H cta diém M 1én d va N la diém déi xtng
cia M qua d. DS: H(1;1),N(2; -1).
¢ Loi gidi

Bai todn 2. Cho diém M va dudng thidng d: ax + by + ¢ = 0. Viét phuong trinh dudng théng
A dbi xting véi d qua M.
Phuong phap:
e Vi A d6i xting v8i d qua M nén: A
Alldiax+by +c=0=A:ax+by+m=0, (m # c)

e Chon A € d va goi B € A thi M la trung diém AB.

XB = 2xXp — XA .

=tpadd Bvado Be A= m B
yB = 2YM — YA

= phuodng trinh dudng thdng A.

$>6>6OBAI TAP VAN DUNG GO 6969
Bai 1. Cho M (1;1) vad: x — 2y + 2 = 0. Lap phuong trinh A dbi xting véi d qua M.
@ Loi gidi
Vi A dbi xting véi d qua diém M nén:
e Ald=A:x -2y +m=0,m # 2.

e Chon A(0;1) € d: x — 2y + 2 = 0 thi M la trung diém ctia AB v8i B € A.
xp=2xp —xa=21-0=2
{B M= A — B(2:1).
yp=2ym —ya=21-1=1
MaB(21)eA:x -2y +m =0
&£2-21+m=0&m=0
= A:x — 2y = 0 1a dudng thdng can tim. O
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Bai 2. Cho M (1;3) vad: x — 2y + 1 = 0. Lap phuong trinh A dbi xting véi d qua M. DS:
Arx -2y +9=0.
Z Loi gidi

[l
Bai 3. Cho M (-3;1) va d: 2x + y — 3 = 0. Lap phudng trinh A ddi xting v8i d qua M. DS:
A:2x+y +13=0.
@ Loi gidi

O
Bai 4. Cho d: 3x + 4y — 12 = 0. Lap phuong trinh A dbi xtng véi d qua gbc toa do. bs:
A:3x + 4y +12 = 0.
# Loi gidi

[l

Bai toan 3. Cho hai dudng thang dq,dy. Lap dudng thang d déi xting v8i dq qua do.
Phudng phap:

| a) Néu dé cho di | dp (can chiing minh) | b) Néu d; cdt dy (can chiing minh)
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A
\ ) :
I dy H
m\/\ -

d B B>

e Do dy | dp va d ddi xting véi di qua dp e Tim I 1a giao didm ctia dy va do.
néncédd | d | de
e Chon A e d.

= d:ax +by +m=0,(m #c). e Tim hinh chiéu H cta A trén dy. (Viét

e ChonAcdy, MecdyvacéBedthiM phudng trinh AH = H = AH N dy.)
1a trung diém cta AB.
{IB = QIM — XA

yB =2yM — YA ) i

Ma B(...;...)ed=m=d. e Viét phuong trinh dudng thang d di qua
hai diém I va B.

e Suy ra diém déi xting ctia B 1a A qua do
= B(...;...). (H 1a trung diém AB).

$>6>6OBAI TAP VAN DUNG S99
Bai 1. Cho dudng thdng dq: 2x — 3y +1 = 0 va dg: 2x — 3y — 1 = 0. Lap phudng trinh dudng
thang d déi xting vé8i dq qua do.
@ Loi gidi
- 1 . )
Ta co % = —2 + — nén d; || de va dudng thang d doi xtng véi dq qua do nén d || dj.
=d:2x+3y+m=0v8i m + £1.
Chon A(1;1) € dy, M(-1; 1) e dy va B € d.
Vi d dbi xting véi dq qua dy nén M la trung diém ctia AB.
xp =2xp —xa =2.(-1)-1=-3
Suy ra { B M A (=1) = B(-3; -3)
yB=2ym —ya=2(-1)-1=-3
Ma B(-3;-3)cd:2x +3y + m =0 & 2.(-3) + 3.(-3) + m =0 & m = —15.
Suy ra: d: 2x + 3y + 15 = 0. U

Bai 2. Cho dudng thdng di: x +y —1 = 0 va dy: x — 3y + 3 = 0. Lap phuong trinh dudng thang
d d6i xting vdi di qua do.

(¢ Loi gidi
x+y=1 x=0
Xét hé: & .
x -3y =-3 y=1

Do d6 dy cét dg tai 1(0;1). Chon A (1;0) € dy.
Tacé AH 1 do=AH:3x +y + m = 0.
DoA(1;0)eAH=3+m=0=m = -3.

SuyraAH:3x +y —3=0.

Lo » . ) . 3x+y=3 36
Do d4, hinh chiéu cta A 1én dy 1a H ¢6 toa do théa man :>H<;).

x -3y =-3 55

xB=2xH—xA
YB = 2yy — ya

112) L = <1 7) 1

= — IB=\|==)==(L7).
=>B<5 5 edvacédIB 55 5( )
=d:7(x-0)-1(y -1)=0

Cé H la trung diém AB = {
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=sd:Tx -y +1=0. O
Bai 3. Cho dudng thdng dq: 2x + 3y —5 = 0 va dg: 2x + 3y + 1 = 0. Lap phudng trinh dudng
thdng d ddi xtng véi di qua dy. DS:d: 2x + 3y + 7 = 0.

@ L&i gidi

Bai 4. Cho dudng thdng dy: x —y +2 = O va dy: x + 2y = 0. Lap phudng trinh dudng thdng d dbi
xuing véi dq qua do. PS:d: 7x —y +10=0.
@ Li gii

Bai 5. Cho dudng thdng di: 3x — 4y — 7 = 0 va dg: 3x — 4y + 8 = 0. Lap phuong trinh dudng
thang d déi xting vé8i dq qua do. DS: d: 3x —4y + 23 = 0.
£ Loi gidi

Bai 6. Cho dudng thang dy: x — 2y +4 = 0vady: 2x +y — 2 = 0. Lap phudng trinh dudng thang
d déi xting vdi dy qua do.
@ Loi gidi

Bai 7. Cho hai diém A(1;1), B(2;1) va dudng thdng d: x — 2y + 2 = 0.
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@ Chting t8 rdng hai diém A va B ndm cling mdt phia so vdéi d.
(b) Tim toa dd diém M < d sao cho (MA + MB) nhé nhét. bS: M <
# Loi gidi

O
Bai 8. Cho hai diém A(2;4), B(3;1), C(1;4) va dudng thang d: x —y —1 = 0.
@ Tim toa do diém M € d sao cho (MA + MB) nhd nhét.
. 7
(b) Tim toa do diém N & d sao cho (AN + CN) nhé nhét. bS: M (% Z) va N <2—73 ?)
£ Loi gidi
[l
(O DANG 3. Gidi tam gidc va mét s bai todn thudng gdp
$>6>$OBAI TAP VAN DUNG O 606
Bai 1. Cho tam gidc ABC c¢6 A(-2;1), B(2;3), C(1; -5).
@ Lap phuong trinh dudng thdng chtia canh BC.
(@ Loi gidi A(-2:1)
O B@3 H M C(1; -5)
DS: BC:8x —y —13=0.
(b) Lap phudng trinh dudng thdng chiia dudng cao AH. DS: AH: x +8y —6 =0.

@ Loi gidi
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© Lap phuong trinh dudng thang chtia dudng trung tuyén AM. DS: AM: 4x + 7y +1 = 0.
# Loi gidi

O
(d) Tim hinh chiéu K ctia diém B xudng AC.
# Loi gidi
O
Bai 2. Cho tam gidc ABC c6 A(3;1), B(—2;5), C(—4; —17).
@ Lap phuong trinh dudng thdng chtta canh AC.
(# Loi gidi A(31)
H
-------------------------------------------------- M N
0 B(-2;5) C(-4-T1)
(b) Lap phudng trinh dudng thdng chda dudng cao BH. Tim B’ déi xting cta B qua AC.
& Loi gidi
O

© Lap phudng trinh dudng thang chtta dudng trung tuyén CM.
(£ L& gidi
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Il
(d) Lap phudng trinh dudng thdng d; 1a dudng trung truc ctia doan thdng BC.
# Loi gidi
[l
@ Lap phudng trinh dudng thang chtta dudng trung binh MN véi N € AC.
# Loi gidi
[l
Bai 3. Cho tam gidc ABC c6 trung diém ctia BC, CA, AB lan lugt 1a M(—1;0), N(4;1), P(2; 4).
@ Lap phuong trinh dudng thdng chtia canh AB, BC.
(# Loi gidi A
.......................................................... H
.......................................................... P(2; 4) N(4;1)
B K M(-1;0) C
[l
(b) Lap phudng trinh dudng thdng chda dudng trung tuyén AM.
& Loi gidi
[l

© Lap phudng trinh dudng thang chtta dudng cao AK.
(£ L& gidi
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O
(d) Tim toa do C’ la diém dbi xting cta diém C qua dudng thing AB.
# Loi gidi
O
@ Lap phuong trinh dudng thang d qua B va song song véi AC.
# Loi gidi
O
Bai 4. Cho tam gidc ABC c6 trung diém ctia BC, CA, AB lan lugt 1a M(—1;1), N(1;9), P(9;1).
@ Lap phuong trinh dudng thdng chtia canh BC, AC.
(# Loi gidi A d
K
.................................................... P(9;1) N(1;9)
B H M(-1;1) C
O
(b) Lap phudng trinh dudng thdng chda dudng trung tuyén AM.
& Loi gidi
O

© Lap phuong trinh dudng thdng chtia dudng cao AH.
(£ L& gidi
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O
(d) Tim toa do B’ 1a diém dbi xting cta diém B qua dudng thdng AC.
(£ L& gidi
O
@ Lap phudng trinh dudng thdng d qua A va song song v8i BC.
 Loi gidi
O

Bai 5. Cho hinh binh hanh ABCD c¢6 hai canh AB: x + 3y —6 = 0, AD: 2x — 5y —1 = 0. Biét tam
I1(3;5). Hay viét phuong trinh hai canh con lai ctia hinh binh hanh ABCD. DS:
BC:2x -5y +39 =0, CD: x + 3y — 30 = 0.
@ Loi gidi
Ta c6 ABN AD = a = Toa dd A la nghiém ctia hé phuong trinh A B
{x+3y—6=0 {x=3

& = A(3;1).

2¢c - by -1=0

Do I 1a trung diém cta AC nén

. XA + X¢c
1= ——5— — O —xA=6-3=73
2 xXc =2xy —xa
= = = C(3;9). D C
y:LﬁrrC {LVC:Q;VI—;VA=10—1=9 &9
! 2
Pudng thang BC | AD: 2x -5y -1 =0= BC: 2x-5y+m =0, (m #
1),

Ma C(3,9) e BC:2x -5y + m =0 &

O
Bai 6. Hai canh ctia hinh binh hanh ABCD c¢6 phudng trinh x — 3y = 0, 2x + 5y + 6 = 0. Biét
dinh C(4; —1). Hay viét phudng trinh hai canh con lai va dudng chéo AC. DS:

BC:2x +5y +3=0,CD:x — 3y —7 =0, AC: 5x + 62y + 42 = 0.
@ Loi gidi
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Thé toa do C(4; —1) vao hai phuong trinh x —3y = 0 va 2x +5y +6 = 0 A B
thdy khong thoa nén hai canh dé bai cho khong di qua C.
bat AB: x — 3y =0va AD: 2x + b5y + 6 = 0.

.................................................................... 5 Cls—1)

O

Bai 7. Cho tam gidc ABC c¢6 phudng trinh chda canh BC: 7x + 5y — 8 = 0 va phudng trinh hai
dudng cao BB': 9x -3y -4 =0,CC':x+y -2 =0.

@ Lap phuong trinh dudng thdng chta canh AB.
(£ Loi gidi A

(b) Lap phudng trinh dudng thdng chiia dudng trung tuyén BN.
(£ Loi gidi

O
© Lap phuong trinh dudng thdng chtla dudng cao AH.
(£ Loi gidi
O
(d) Tim toa do B’ 1a diém dbi xting cta diém B qua dudng thang AC.
(# L&i gidi
O

@ Lap phudng trinh dudng thdng d qua A va song song v8i BC.
(£ L&i gidi
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Bai 8. Cho tam gidc ABC c6 A(3;0) va hai dudng cao xuét phat tif hai dinh ctia tam gidc ¢é phucng
trinh dy: 2x +2y —9=0,dg: 3x —12y —1 = 0.

@ Lap phuong trinh dudng thdng chtia canh BC.
(£ Loi giéi A(3;0)

............................................................ o

(b) Tim toa do diém D 1a diém dbi xting ctia diém A qua dudng thdng BC.
# Loi gidi

O
@© Viét phuong trinh dudng thang chtta dudng trung tuyén BM.
@ Loi gidi
]
(d) Viét phuong trinh dudng thdng chla dudng trung binh MN véi N € BC.
@ Loi gidi
U

Bai 9. Cho tam gidc ABC c¢6 A(5;5) va dudng cao CC’: x + 3y — 8 = 0 va dudng trung tuyén
CM:x +5y —-14=0.
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@ Lap phuong trinh dudng thdng chta canh AC.

@ Loi gidi A(5;5)
............................................................ "
............................................................ (od
............................................................ H

OJ B A C

@ Lap phudng trinh dudng cao AA’ va tim toa do truc tdm H.
(£ L&i gidi

O
© Lap phuong trinh dudng thdng chtla dudng trung tuyén BN.
(£ Loi gidi
O
(d) Tim hinh chiéu ctia diém B 1én dudng thdng AC.
 Loi gidi
O
@ Lap phudng trinh dudng thang d qua A va song song vdi BC.
& Loi gidi
O
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Bai 10. Cho tam gidc ABC c6 C(—1; —2) phuong trinh chtla canh BC: 7x + 5y — 8 = 0 va phuong
trinh hai dutng cao BB': 9x -3y —4=0,CC':x +y -2 = 0.

@ Lap phuong trinh dudng thdng chtla canh AB.

@ L&i gidi C(~1; -2)

B/

(b) Lap phudng trinh dudng cao CC’ va tim toa do truc tdm H.

@ Loi gidi

O
@© Lap phudng trinh dudng trung tuyén CN.
(£ L& gidi
O
(d) Viét phuong trinh dudng thdng d qua trong tdim G ctia AABC va song song véi AC.
(£ L&i gidi
O

Bai 11. Cho tam gidc ABC c6 phuong trinh AB: 2x —y —2 = 0, AC: x + y + 3 = 0 va trung diém
canh BC la M(3;0).

@ Tim toa do ba dinh ctia tam gidc ABC va lap phuong trinh dudng thdng AB.
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@ Loi gidi A

(b) Lap phudng trinh dudng thdng chtia dudng cao AH.
# Loi gidi

O
@© Lap phudng trinh dudng trung tuyén BN.
£ Loi gidi
O
(d) Lap phudng trinh dudng thdng d dbi xtng v8i AC qua B.
& Loi gidi
O

Bai 12. Cho tam gidc ABC c6 A(1;3) va hai trung tuyén la BM: x — 2y +1 =0va CN:y -1 =0.
@ Tim toa do dinh B, C cta tam gidc ABC va lap phudng trinh dudng thang BC.
(£ Loi gidi A(L;3)

(b) Viét phuong trinh dudng dudng trung binh MP véi P € BC.
(£ L&i gidi
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[l
© Lap phuong trinh dudng thdng chtla dudng cao AH.
(£ L& gidi
O
(d) Lap phudng trinh dudng thdng d déi xting véi dudng thdng CN qua dudng thang BC.
£ Loi gidi
U

Bai 13. Cho tam gidc ABC ¢6 AB: x — 2y + 7 = 0 va phudng trinh hai dudng trung tuyén la
AM:x+y-5=0vaBN:2x+y —11 =0.

@ Tim toa do ba dinh cta tam gidc ABC. Lap phudng trinh dudng thang AC.
£ Loi gidi A

(b) Viét phuong trinh dudng dudng trung binh MP véi P € AB.
(# Loi gidi

© Lap phuong trinh dudng thdng chtla dudng cao AH.
(£ L&i gidi
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(d) Lap phudng trinh dudng thdng d dbi xting v8i dudng thdng MN qua dudng thing AB.
@ Lyi gidi

Nhém 3. Cho phuong trinh dudng phdn gidc. Ldy déi xing diém qua phdn gidc

$>6>6OBAI TAP VAN DUNG G696
Bai 1. (HK2-THPT Trung Phu-Tp.Hd Chi Minh) Trong hé truc toa do Oxy, cho tam gidc ABC
c¢6 dinh A(—1;2), phudng trinh dudng cao CH:2x + y — 14 = 0, phudng trinh dudng phan giéc
BD:x +y -7 =0.

@) Viét phudng trinh canh AB. @ Tim toa d6 dinh Bva C .
& Loi gidi
A
@ oeVIABL1CH:2x+y—-14=0=AB:x—-2y+m =
0
e A(-1;2) e AB:x -2y +m =0
& -1-22+m=0&m=>5. H

e SuyraAB:x -2y +5=0.

(b) Tim toa do dinh B:
Ta c6 B=ABn BD.
Khi dé toa do B la nghiém cta hé phudng trinh A

-x+2y=5 x=3
&
x+y=17 y==4
Vay toa do diém B(3; 4).
Viét phuong trinh dudng thdng A di qua A va vudng goc véi dudng phan gidc BD.
Ta c6 VTCP clia Ala it = (1;1) nén VTPT cila A la n = (—1;1).
Suyra(A): —1-(x+1)+1-(y—-2)=0s(A): —x+y—-3=0.
. . ) . N R . -—x+y=3 x =2
Vil =AnN BD nén toa do ctia I 1a nghiém cta hé phudng trinh & .
x+y=7 yv=5

Vay toa do diém I(2;5).
Diém A’ dbi xting cila A qua dudng thang BD. Khi d¢6 I 1a trung diém ctia AA’ = A'(5;8).
Pudng thdng BA’ di qua B va ¢6 VTCP 1a BA’ = (2;4).
SugyraBA: —2-(x-3)+(y—-4)=0&BA": —2x+y+2=0.
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R X 4 A L 2ty =14 x =4
Vidiém C = BA'NCH nén toa do diem C la nghiém hé phudng trinh 1 —or+ 9 & .

Vay toa do diém C(4;6). O

Bai 2. Cho DABC cé dudng phan gidc trong géc A ¢6 phudng trinh d:x — y + 2 = 0, du8ng cao
ha tit diém B c6 phuong trinh d:4x + 3y — 1 = 0. Biét hinh chiéu ctia diém C 1én AB la diém
H(-1; —1). Tim toa do cta cdc diém A, B, C.

& Loi gidi

Phdn tich huéng gidi.

e Dé cho dudng phan giac goc BAC 1a dudng d:x —
v + 2 = 0 nén theo phdn xa, ta sé lay dbéi xting
diém H qua dudng phan gidc sé tim dudc diém
K (Viét phudng trinh dudng HK qua H vavudng H(=1
géc véi d. Tim toa dd giao diém I = d N HK. Do
tinh chét déi xting nén I 1a trung diém ctia HK,
suy ra K).

d:4x+3y—-1=0

e Viét dudng AC vatim A =dnAC.

e Viét dudng AB(qua A, H) nén B=d n AB, tim dudgc B.

e Viét dudng CH (qua H, vudng géc AB) nén C = CH N AC, nén tim dugc toa do diém C.

Bai 3. Cho AABC c¢é C(4;3), dudng phan gidc trong va dudng trung tuyén ké tit dinh A cta tam
gidc 1an lugt ¢6 phuong trinh AD:x + 2y — 5 = 0, AM:4x + 13y — 10 = 0. Viét phuong trinh céc
dudng thdng chila cdc canh ctia DABC.

# Loi gidi

Trang 201



Nguyén Qudc Ducng Chuyén dé Toan 10 HKII

Phan tich huéng gidi

e Tim toa dd A = AD N AM. Tu dd suy ra
dugc phudng trinh dudng AC di qua
diém A va C.

e Liy dbi xting diém C qua dudng phan
gidc AD, tim dugc diém C € AB. Suy ra
phuong trinh dudng thidng AB qua A,C.

e Viét phuong trinh dudng thang M H di qua
diém H va song song vdi AB(dudng trung
binh DAC).

e Tim dugc diém M = AM n HM.

e Viét dugc phudng trinh dudng thdng BC

Bai 4. Cho hinh binh hanh ABCD ¢é D(-6; —6), dudng trung truc DC la d: 2x + 3y + 17 = 0 va
dudng phén gidc géc BAC la d:bx + y — 3 = 0. Tim toa d¢ ctia A, B, C.

@ Loi gidi

Phdn tich huéng gidi A

D(-6; —6)

. 2t + 17
e Tham sb hod I(t;3 — il

d:2x +3y +17 = 0.

) € d:2x +3y +17 =0

oDoDILd.w=>5f-LT<1’:>t=>
I= C.

e Tim C’ la diém dbi xtiing cia C '
qua d'.

e Viét dudng AB qua C’' va || DC.
e Tim dugc A = ABnd'.
e Do ABCD 1a hinh binh hanh

nén ta sé cé,ﬁ = ﬁfé toa dd
...... 611 01 2 R
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Bai 5. Cho hinh thang can ABCD véi ddy AD va BC, B(2;3), AC:x —y —1 = 0, AB = BC va
M(-2; —2) ndm trén duong thdng AD. Viét phuong trinh dudng CD.

# Loi gidi

Phdn tich huéng gidi d

e Do ABCD la hinh thang cdn nén ndi tiép
dudng tron va dé dang ching minh duge
AC 14 phan gidc DAB do BC = CD nén sé
do cung sdBC=sdDC = BAC = CAD.

Tim B’ 1a diém dbi xting ctia B qua AC.
Viét dudng AB qua M va B'.

° Do ABCB la hinh binh hanh nén ta sé cé:
BC = AB' = toa dd diém CD.

Viét phuong trinh dudng trung tryc cia
doan théng BClad.SuyraADNd =11a

Bai 6. Cho hinh vuéng ABCD c6 dudng chéo AC cé phuong trinh x + y — 10 = 0. Toa dd diém
B, biét rang M(6; 2) thudc dudng thang CD va N(5;8) thudc dusng AB.

@ Loi gidi

Phdn tich hudng gidi AC:x+y—-10=0

N(5;8)

B
e Liy dbi xting diém M qua AC, tim dugc M'.
e Goi nag = (a;b) 1a VIPT cta dudng A_I?. Kh_i) do, géc gita M
. N o A . . |maB-nac]
AB va AC bang 45° nén cé: cos45° = —————.
[MaB| - [Mac|
e Khi a = 0 = phuong trinh dudng AB, AC. D C

e Khi b = 0 = phuong trinh dudng AB, AC.

o TU dé tim dugc toa do diém B.
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[l
o ? ’ ~ Pe
sAl2. KHOANG CACH VA GOC
A.  TOMTAT LY THUYET
1. Khodng cdch
Cho diém M (xp; ya) va dudng thang d : ax + by + ¢ = 0. Khodng cdch ti diém M dén
dudng thdng d dudc tinh bdng cong thuc:
laxys + byy + |
d(M,d) =
(M.q) va? + b?
Khodang cdch gitta hai dudng thdng d; va dy song song la khodng cdch ti mot diém
trén dudng thdng nay dén dudng thang kia. Tdc d(dy,ds) = d(M, ds) v8i M € d;.
2. Goc
Cho hai dudng thang dy : ajx + byy +c1 = 0 vady : asx + boy + co = 0. Géc gitta hai dudng
thdng d; va dy duge xdc dinh bdi cong thuc
cos(d1,d2) _ Lndi.anI _ [a1a2 + b1b2[
[N, |. [y \/a%+b%.\/a%+bg
B. CAC DANG TOAN VA BAI TAP
[ DANG 1. Khodng cdch tir mét diém dén dudng théng
$>6>6OBAI TAP VAN DUNG 66969
Bai 1. Tim khodng céch ti mdt diém dén dudng théng trong céc trudng hgp sau:
) ) 3 \ \ 435 +35+1] 28
@ A(35), d:4x + 3y + 1 = 0= Khodng céach d(A,d) = ez 5
(b) B(1; -2), dy : 3x — 4y — 26 = 0 = Khodng c4ch d(B,d;) = bS: d(B,dy) =3
© C(23), A:6x +8y + 3 = 0= Khoang cach d(C,A) = bS: d(C,A) = %
(d) A(5:2), A:4x — 3y — 24 = 0= Khodang cach d(A, A) = DS: d(A,A) =2
7
© A(2; -3),A:3x + 4y — 21 = 0= Khodng céch d(A, A) =. bS: d(A,A) = %
. . 53
(® A(0; —4),A:5x — 12y + 5 = 0 = Khoang cidch d(A, A) = bS: d(A,A) = 13
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_ 6 -5t
AR -7),A: 1" — Khoang cdch d(A, A) = pS: d(A,A) = 18
y =7 +12t 13

_6 -3t
® A(=1;5),A: {; ., — Khoang cich d(4,4) - DS: d(A, A) — %

Bai 2. Tim khodang cdch gitta hai dudng théng d; va dy trong cdc trudng hgp sau:

@diix+y—-2=0dy:x+y+1=0.
S Ht+1 3 32

Ta cé: M(1;1) € di = d(dy,ds) = d(M, dy)

VIZy12 V2 2
) di:3x +4y —5=0,dy:3x + 4y + 5 = 0. DS: d(ds,dy) = 2
© d1:2x -3y +5=0,dy:2x —3y +1 = 0. DS:d(di,d2)=[“1/§7)

Bai 3. Xéc dinh géc gitta hai dudng thdng trong céc trudng hgp sau:
@d:2c—y+3=0vady:x -3y +1=0.
(£ L& gidi
dy c6 VTPT 1a g, = (2, —1) va dy ¢6 VTPT 1a iy, = (1; -3). Goi « la géc gitia dq va do.

Khi d6 cosa = Jfarfal _ RA+(ACH V2 e 0
|Na,|. [Ma,| /22 + (-1)2.,/12 + (-3)2 2
@dizx—2y—1=0v€1d2:x+3y—11=0. PS: 45°
©di:2x—y+5=0vadg:3x+y —6=0. PS: 45°
(d di:2c+5y +5=0vadg:x —Ty —6 = 0. PS: 150°4/
© dy:3x +4y+5=0vade:5x —-12y -6 =0. DS: 120°30
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Bai 4. Tim tham s6 m dé géc ciia hai dudng théng:

@d:2mx+(m -5y +4m-1=0vaA:(m-1)x +(m+2)y+m—2=0 bdng 45°.

b d:m+3)x-m-1)y+m-3=0vaA:(m-2)x+(m+1)y —m —1 =0 bdng 90°. DS:
m=>5
by M \/3
@dizﬁx—y+7=0vadgzmx+y+1=Oban930°. bS mz—?
[ DANG 2. Bai todn tim diém lién quan dén khodng cdch
5 x =2+ 2t 5 x = 4t
Bai 1. Cho dudng thang d : . Tim Bai 2. Cho dudng thang d : . Tim
yv=3+1 y=-3+3t

diém M thudoc d va céch diém A(0;1) mot diém M thudc d va cach gbc toa dd rggt k]ggéng
khodng bang 5. 5 . . % (_7. _7)
@ Loi gidi bang 4. DS: M(4;0) hoac M o5 o5 )
Tact: M2+ 263+ edvaAM 5 i
s V/2+202+(3+t-1)2=5
s2+2)02+2+1)2%=25

S 4+ 8t+4t2+4+4t+t2=25
@5t2+12t—17=(i

Gt=1hodct=-p
6 A A 1 . 24 2
C6 2 diem la M(4; 4) hoac M %5 75) O
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Bai 3. Cho dudng thdng d : x + y —3 = 0 va hai diém A(1;1), B(—-3;4). Tim diém M < d sao cho
khodng cdch ti diém M dén dudng thdng AB bang 1.
bS: M(0; 3) hoac M(10; —7).

Bai 4. Cho dudng thdng d : 3x + 4y + 24 = 0 va hai diém A(—1;1), B(2;5). Tim diém M < d sao
cho khodng céch ti diém M dén dudng thdng AB béang 10.

Bai 5. Tim diém A thudc truc hoanh va diém B thudc truc tung sao cho A va B dbi xting véi nhau
qua dudng thdng d : x — 2y + 3 = 0.
DS: A(2;0), B(0; 4).

M (1222> hoac M (3 —8).

Bai 7. Tim M e (d): 2x —y — 3 = 0 dé khoang céch tt M dén (A):x +y —5 = 0 bdng V2. PS:
M <@E> hodc M (2;1).

Bai 8. Tim toa dd diém E € (d) : x —y = 0 dé khodng cdch tit E dén (dy) : 2x + y +5 = 0 bang 2

1an khodng cach tit E dén BC. Biét: B(0; 3), C(—1;1). bS: E (—151; —151> hoac E (1;1).
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24_-3)
M(?’T-

Bai 10. Tim didm M € (d):x — 2y — 2 = 0 d& |MA + 2.MB| 1a nhé nhét, véi A(0;1), B(3;4). DS:

D (0;9).

Bai 12. Cho diém A(2;2) va hai dudng thidng: (di):x +y —2=0,(ds) : x + y —8 = 0. Tim toa do
diém B va C 1an lugt thuodc (dy) va (dy) sao cho tam gidc ABC vudng céan tai A. DsS:
B(-1;3),C(3,5) hoac B(3; -1),C(5,3).

[ DANG 3. Viét phuong trinh dudng théng lién quan dén géc va khodng céch

Nhém 1. Viét phuong trinh dudng thdng lién quan dén géc

$><6>6OBAI TAP VAN DUNG 46960
Bai 1. Viét phuong trinh dudng thdng d di qua A(2;1) va d tao v8i d’: 2x + 3y + 4 = 0 mdt géc
bang 45°.
£ Loi gidi
Goi g = (a; b) v8i a® + b? # 0 1a mdt VTPT cta dudng thing d.
Khi d6 d qua A(2;1) ¢6 VTPT g = (a;b) cé dang d: alx —2) + by —1) =0 (1).
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Ta c6 g = (a;b), g = (2;3) va géc gitta d va d’ bang 45° nén

., 1 ((2a + 3b))
Cos4h’ = — =
V2 V22 +32.\/a? + b2
V13- Va2 + b2 = V2|2a + 3b
13(a® + b2) = 2(4a? + 12ab + 9b?)
5a® — 24ab —5b% = 0

t ¢¢¢

e Vdia=5bvachonb=1=a=5thi(1)=d:5(x -2)+1(y —1)=0=d:5x+y —11 =0.
e V3ib=-bavachona=1=>b=-5thi(l)=d:1(x-2)-5(y-1)=0=d: x -5y +3 = 0.

Két luan: cé hai dudng thang théa bai todn 1a 5x + y — 11 = 0 hodc x — 5y + 3 = 0.
Nhaén xét. e Cdan nhd cdch gidi ciia phuong trinh ddng cdp bac hai dang aa?+Bab + yb? =
0.

e Vi cé v s6 VTPT cung phuong vdi d nén sau khi tim dugc méi lién hé a = kb, ta cé thé
chon b rdi suy ra a va thé vao phuong trinh d.

O

Bai 2. Viét phuong trinh dudng thang d di qua M(2;1) va d tao véi d’: 3x — 2y + 1 = 0 modt goéc
bang 45°. PS:x -5y +9=0hoacbx +y-7=0.
 Loi gidi

O
Bai 3. Viét phuong trinh dudng thang d di qua A(5;1) va d tao v8i A: 2x +y —4 = 0 mdt goc bang
45°, PS:3x —y —14 =0 hoacx +3y -8 =0.

@ L&i gidi
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Bai 4. Viét phuong trinh dudng thdng d di qua M(4;1) va d tao vdi truc tung Oy mdt géc bang
60°. DS:x +yV3 -4 —-V3=0hodcx —yV3-4+V3=0.
# Loi gidi

Bai 5. Viét phudng trinh dudng thdng d di qua A(1;3) va d tao véi A: x —y = 0 mdt géc bang 30°.
PS: (-2 - V3)x+y-5—-v3=0hodc (-2+ V3)x +y -5+ V3 =0.
# Loi gidi
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U
Bai 6. Viét phuong trinh dudng thdng d di qua A(—1;2) va d tao v8i A: 2x + 3y — 4 = 0 mot goéc
bdang 45°. DPS: 5x+y—-7=0hodacx +5y+9=0.
£ L&i gidi

U

Nhém 2. Viét phuong trinh dudng thdng lién quan dén khodng cdch

$>6>6OBAI TAP VAN DUNG G696
Bai 1. Viét phudng trinh dudng thdng d song song vdi A : 4x — 3y + 12 = 0 va d cach A mot
khoang bang 5.
 Loi gidi
Vid|A:4x -3y +12=0nénd cédangd:4x —3y + m =0,(m # 12).
Chon M(0;4) € A:4x — 3y +12 = 0.

Khi dé
4, A) = dM.d) = 5 4.0 =54 +m| _

42 + (=3)?

112 —m| = 25

12 -m =25

[12 -m = -25

m = —13 (N)

[m =27 (N)

=d:4x -3y —13=0hodacd:4x -3y + 27 =0

O

Bai 2. Viét phuong trinh dudng théng d song song véi A : 3x — 4y + 1 = 0 va d cdch A mot
. 3x —4y —4 =0
khodng bang 1. bS: d:

3x -4y +6=0
 Loi gidi
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O
Bai 3. Viét phuong trinh dudng thang d song song v8i A : 2x —y +3 = 0 va d cdch A mdt khoang
. 2¢ —y -2=0
bdng /5. bS:d:
20 —y+8=0
& Loi gidi
O

Bai 4. Viét phuong trinh dudng thang d song song vdi A : 2x + 5y —1 = 0 va d cach A mot
2¢ + 5y + V329 -1 =0

khoéang béng v/11. bS: d:
2¢ +5y —v329-1=0

@ Loi gidi

Bai 5. Cho dudng théng d : x — 3y + 4 = 0 va diém A(—2;4). Viét phudng trinh dudng thing A
song song vdi d va A cach A mdt khoang béng v/10.

@ Loi gidi

ViAld:x-3y+4=0=A:x-3y+m=0,(m & 4).

Theo dé bai, ta cé:

dAA) = VID o I—2—3.4+m|:m
12 + (=-3)2
|-14 + m| =10
-14+m=10
[—14+m=—10
m = —24
[m=4(L)

Vi m = —24, suy ra: A:x — 3y — 24 = 0. [l

Bai 6. Cho dudng théng d : 3x — 4y + 12 = 0 va diém A(2;3). Viét phuong trinh dudng thdng A
3x —4y +16 =0

song song vdi d va A cdch A mdt khodng bang 2. DS:d:
3x —4y —4=0

@ L&i gidi
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Bai 7. Cho dudng thdng d : x + 4y — 2 = 0 va diém A(—2;3). Viét phudng trinh dudng thing A
x+4y +3v17T-10=0

song song vdi d va A cdch A mot khodng bang 3. DS:d:
x+4y —3V17T-10=0

@ L&i gidi

Bai 8. Cho dudng thidng d : 3x — 4y — 2 = 0 va diém A(3;5). Viét phuong trinh dudng thdng A
X . , X N S3x —4y +51 =0
song song vdi d va A cdch A mot khodng bang 8. DS:d:
3x —4y —29 =0
@ Loi gidi

Bai 9. Viét phudng trinh dudng thadng d di qua diém A(2; —2) va d cdch diém B(3;1) mdt khodng
bang 3. DS:
# Loi gidi

Dudng thdng d di qua diém A(2; —2) va cé VTPT rig = (a;b), (a? + b% # 0) ¢ dang:

d:alx -2)+bly+2)=0=d:ax+by —2a+2b=0 (1)

Theo d& bai, ta cé:

a3+ b4 —2a +9b]

va? + b?

la + 3b] _3
va? + b2

& 8a?—6ab =0

& a=0hoéca=%b.

dB,d) =3 3

e Vsia=0thi(l)=d:by+2b=0=d:bly+2)=0=d:y+2=0.

3
oV('ﬁazvaéch()nb=4=>a=3thitﬁ(1)=\vd:3x+4y+2=0.

O

Bai 10. Viét phuong trinh dudng thang d di qua diém A(—1;3) va d cdch diém B(4; 2) modt khodng
N 12x — by + 27 =10
bang 5. bS: d:

x+1=0
£ L&i gidi
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Bai 11. Viét phuong trinh dudng thdng d di qua diém A(1;1) va d cdch diém B(3;6) mdt khodng
. x—-1=0

bang 2. bS: d:

2 -20y -1 =0

£ L&i gidi

Bai 12. Viét phuong trinh dudng thdng d di qua diém A(4;1) va d cdch diém B(—-2;3) mot khodng
N —-4=0

bing 6. PS:d: |~

b -3y —13=0

@ Loi gidi

Bai 13. Cho ba diém A(3;0), B(—5; 4), M(10; 2). Viét phudng trinh dudng thang d di qua M, ddng
thdi d cach déu A va B.

@ Loi gidi

Goi g = (a; b) véi a? + b2 + 0 1a mdt VTPT ctia dudng théng d.

Khi d6 d qua A(10;2), c6 VTPT nrig = (a;b) c6 dang d :a(x —10) + b(y —2) =0=d :ax + by —
10a —2b =0 (1)

Vi d cdch déu hai diém A(3;0) va B(-5;4) nén

la.3+b.0-10a - 2b|  |-15a + 2b|
Vi | Voo
& |-Ta —2b| = |-15a + 2b|
—Ta —2b = —15a + 2b
< [—7a—2b=—(—15a+2b)
b =2a
[a=0 '

d(A;d) = d(B;d)

e V3ib=2avachona=1=b=2thi(l)=d:x+y —-14=0.

e Vsia=0thi(l)=d:by-2b=0=d:bly-2)=0=d:y-2=0.
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Bai 14. Cho ba diém A(-2;2), B(2; —1), M(3; 2). Viét phuong trinh dudng thang d di qua M, ddng

. R d:x+2y -7T=0
thoi d cédch déu A va B. bs:
d:x -4y +5=0
& Loi gidi

O
Bai 15. Cho ba diém A(—1;0), B(2;1), M(—2;3). Viét phuong trinh dudng thdng d di qua M, ddng
thdi d c4ch déu A va B. PS:x -3y +11=0,x+y—-1=0
@ Loi gidi
O
Bai 16. Cho ba diém A(5; —1), B(3;7), M(—2; 3). Viét phuong trinh dudng thdng d di qua M, ddng
thdi d cdch déu A va B. PS:4x+y+5=0,y-3=0
@ Loi gidi
O

Bai 17. Cho AABC ¢6 AB:3x —y — 10 = 0,AC : x — 3y + 10 = 0. Biét B(3; —1), C(—1;3). Viét
phuong trinh dudng thdng d chtta dudng phan gidc trong ctia géc BAC.
£ Loi gidi
Céch gidi 1. St dung khodng céch:
. Goi K(x;y) thudc dudng phan giéc trong ctia géc A.
. Ta co
|3x —y —10] _ |x — 3y + 10
VP (12 12 (-5 4
& |3x -y —-10] = |x — 3y + 10|
3x —y —10 =x -3y + 10
[Sx—y—iOz —-x + 3y — 10
x+y—-10=0 (dy)

) B c
x—-y=0 (do) \d2

d(K,AB) = d(K, AC)
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. Xét dudng théng dy :x +y —10=0vadat T = x + y — 10.
. Thay B(3; —1) vao T suyra Tg =3 -1 -10 = -8
. Thay C(—-1;3)vao Tsuyra Tc = -1 +3-10 = -8
. Suy ra Tg.Tc = 64 > 0 = Hai diém B, C ndm cting mdt bén so véi dj
= dj la dudng phan gidc gbéc ngoai
= dy : x — y = 0 la dudng phan gidc goéc trong.
Céch gidi 2. St dung gdc:
3x —y =10
. Taco A=ABNAC = Toa dd A thoa hé phuong trinh {x 3y — 10 = A(5;5).
. Goi g = (a;b) 1a mdt VTPT ctia dudng phan gide d va d di qua diém A(5;5)
=d:alx-5)+bly -5 =0=d:ax+by —-5a-5b=0(1)
. Ta cé
cos(AB;d) = cos(AC;d) & [3a — bl = ]a — 3|
VBt (122 + b2 12+ (3Pa? + b2
& ]Sa—b[ = Ia — 3b|
[3a —-b=a-3b
&

3a —b = —-a + 3b

[b=—a
&
b=a

.V8ib=athévao(1)=dy:ax +ay —10a =0=dy:x +y —10 = 0.
.V8ib=—-athévao (1)=dyo:ax —ay —5a+5a =0=dy:x —y = 0.
Xét dudng thdng dy :x +y —10=0vadat T = x + y — 10.

u Ta c6 thé st dung tinh chét dudng phan gidc dé tim chan dudng phéan gidc.

Bai 18. Cho ba dudng thdng dy :x — 2y +3=0,dp:4x +2y —5=0vads:x +2y —1 =0.

(@ Lap phudng trinh cdc dudng phan gidc ctia géc tao bdi dq va do.
2¢ + 6y —11 =0,6x -2y +1 =0
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 Loi gidi
Bai 19. Cho hai dudng thang dy : 2x —y +1 = 0,dy : x + 2y — 7 = 0. Hay viét phuong trinh dudng
théng d di qua gbc toa do O sao cho d cdt dy,ds tai A, B va AABI céan tai I, véi I la giao diém cta

dy va do. PS:d:3x +y=0hoacd:x -3y =0
@ Loi gidi

d1 d2

O(0; 0)
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Bai 20. Cho tam gidc ABC can tai A, biét AB:x +y +1 = 0 va BC: 2x — 3y —5 = 0. Lap phudng
trinh canh AC biét diém M(1;1) thudc AC. PS: AC:17x +Ty — 24 =0
Z Loi gidi

Bai 21. Cho hinh vudng dinh A(—4;5) va mdt dudng chéo dat trén dudng thdng 7x —y + 8 = 0.
Lap phuong trinh dudng thang AB va AD. PS: AB:3x — 4y + 32 = 0,AD : 4x + 3y + 1 = 0 hodac
ngudgc lai

@ Loi gidi
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Bai 22. Cho hinh chit nhat ABCD c¢6 dién tich bang 16, cac dudng thdng AB, BC, CD, DA lan lugt
di qua M(4;5), N(6;5), P(5;2), Q(2;1). Viét phuong trinh dudng thang AB. bS:
AB:3x —4y + 32 =0,AD: 4x + 3y + 1 = 0 hodc ngudc lai

 Loi gidi

A M(4;5) B
[] ]
N(6;5)
Q(2:1)
[l !
D P(5;2) c

Bai 23. Cho hinh chit nhat ABCD c6 diém H(1;2) 1a hinh chiéu vudng géc ctia A trén BD. Diém
9 2 .

M (§ ; 3> la trung diém canh BC, phudng trinh dudng trung tuyén ké tu A cta tam gidc ADH la

4x +y — 4 = 0. Viét phuong trinh canh BC. PS:BC:2x+y—-12=0

# Loi gidi
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Bai 24. Cho hinh vuéng ABCD. Diém E(2;3) thudc doan thdng BD, cdc diém H(-2;3) va K(2; 4)
1an lugt l1a hinh chiéu vudng géc cta diém E trén AB va AD. Xac dinh toa do cdc dinh A,B,C,D
ctia hinh vudng ABCD. DS: A(-2;4), B(—2; —1), C(3; —1), D(3; 4)
@ Loi gidi

A K D
]
H
H E
B o
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. 2 1 2
Bai 25. Cho hinh thang ABCD véi AB || CD c6 dién tich bang 14, diem H (—2;0) la trung diem

11 ; . . .
cta canh BC va I (4; ) la trung diém cta AH. Viét phuong trinh dudng thang AB biét dinh D
c6 hoanh d6 duong va D thudc dudng thang d : 5x —y + 1 = 0. PbS:AB:3x -y —-2=0
@ Loi gidi

sal3. DUONG TRON

A.  TOM TAT LY THUYET

1. Phuong trinh dudng tron

Cho dudng tron (C) ¢6é tdm I(a; b) va bén kinh R. Diém M(x;y) € (C) & IM = R
s/x-a2+y-b2=Rs(x—-a)’+(y—-b%2=R> (%) goila phudng trinh (C).
T (%) © x? + y2 — 2ax — 2by + a® + b? = R%? & x? + y%2 — 2ax — 2by + a? + b% — R? = 0.
PDatc=a?+b?2-R?2e R?=qa?+b2-c=R=Va?2+b%2—-c>0.

Khi dé (C) trd thanh (C): x? + y? — 2ax — 2by + ¢ = 0 goi 1a phudng trinh (C) dang 2.
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? Tém lai: Dé viét dugc phudng trinh dudng tron, ta cdn tim
tdm I va ban kinh R
e Tam I(a,b)
(C): o
e Ban kinh R
= (C):x*+y? —2ax —2by +c =0,véi R = Va2 +b2—-c > 0.

M(x,y)

= (C):|(x —a)® + (y —b)?> = R?

2. Phuong tinh tiép tuyén clia dudng tron

2.1 Diéu kién tiép xac

Cho dudng tron (C) ¢6 tdm I, ban kinh R va dudng thang A. A
Dé A tiép xtic véi (C) & d(I; A) = R.

2.2 Phudng trinh tié€p tuyén v38i dudng tron

@ Tiép tuyén tai diém M (xo; yo) € (C).
Qua M (xo; ¥0)

Tim tdm I va ban kinh cta (C). Khi doé tiép tuyén A - —
VTPT :na = IM.

(b) Tiép tuyén theo phudng cho trudc
Tim toa do tdm I va bén kinh ctia dudng tron (C).
Thoéng thudng phudng cho trudc 1a tiép tuyén song song hodc vudng goc v8i mot
dudng thdng cho trudc d hodc tiép tuyén cé hé sb goc k.

Néu tiép tuyén A | d:ax +by +c =0= A:ax + by + m =0, (m # c).

Néu tiép tuyén Ald:ax +by+c=0= A:bx —ay + m = 0.

Néu tiép tuyén A co6 hé sb géock=A:y =kx+m s A:kx —y+m = 0.
[Uq- UA

, Tl [

Ap dung diéu kién tiép xtc d(I; A) = R — m — phuong trinh tiép tuyén.

Néu tiép tuyén A tao vdi d mot géc a, ta sé st dung cosa =

@© Tiép tuyén ké tii A nam ngoai dudng tron
Tiép tuyén A quua A va cé VTPT nia = (a;b) cé dang alx — xa) + bly —ya) = 0.
Ap dung diéu kién tiép xtic = mdi lién hé gitia a va b. Chon b = a = A.

3. Vi tri tuong dbi

3.1 Vi tri tuong dbdi ciia diém véi dudng tron
Cho diém A va dudng tron (C): x? + y* — 2ax — 2by + ¢ = 0.

e NuIA=R= Ac(C). e Néu JIA < R= A ndm trong (C).
e NéuIA > R = A ndm ngoai dudng tron.
3.2 Vi tri tuong dbi ciia dudng thdng va dudng tron
Cho dudng thdng A: Ax + By + C = 0, dudng tron (C): x? + y* — 2ax — 2by + ¢ = 0.

Dé bién luan vi tri tudng dbi ctia dudng thdng va dudng tron, ta ¢ hai phuong phép:
Phudng phép 1: So sédnh khodng cédch d (I, A) va ban kinh R:

e Néud(I,A) < R= A cét (C) tai hai diém.
e Néud(I,A) = R= A tiép xuc vdéi (C).
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e Néud(I,A) > R= A khong cé diém chung véi (C).

Ax+By +C=0

x? +y? —2ax —2by +¢c =0

Phuong phéap 2: Xét hé phuong trinh {

e Néu (x) c6 hai nghiém & A cét (C) tai hai diém phan biét.
e Néu (x) c6 mdt nghiém < A tiép xuc vdéi (C).

e Néu (x) vd nghiém < A va (C) khong cé diém chung.

3.3 Vi tri tudng ddi cia dudng tron va dudng tron

Cho (C1): x% + y%2 — 2a1x — 2b1y + ¢4 = 0 va (Cy): x2 + y% — 2asx — 2boy + co = 0.
Phuong phap 1: So sdnh do dai ndi tdm I; I v8i céc bdn kinh Ry,Ro.

e Néu |R; — Ry| < 1) < Ry + Ry & (Cy) cét (Cy) tai hai diém.

Néu LI, = Ry + Ry & (Cy) tiép xtic ngoai véi (Cy).

Néu L1, = |Ry — Ry| & (Cy) tiép xuc trong véi (Cy).

Néu 11, > Ry + Ry & (Cy) va (Cy) 8 ngoai nhau(khdng c¢é diém chung).

Néu 11, < |Ry — Ry| & (Cy) va (Cy) & trong nhau(khdng cé diém chung).

x2+y2+2a1x+2b1y+ci=0

x? + y* + 2a0x + 2boy + ¢y = 0.

Phuong phéap 2: Xét hé phuong trinh {

e Néu (¥) vd nghiém < (Cy) va (Cy) khdng cé diém chung.
e Néu (x) c6 mdt nghiém « (Cy) tiép xac vdi (Cy).

e Néu () cé hai nghiém < (Cy) cét (Cy) tai hai diém.
Phuong trinh dudng théng di qua hai diém goi la phuong trinh truc ddng phudng, ¢
thé viét nhanh bang cdch lay hai phudng trinh (Cy), (Cy) trif nhau.

B. CAC DANG TOAN VA BAI TAP

(D DANG 1. Xdc dinh céc yéu té co bén clia dudng tron

@ Dé& cho dang (C): (x —a)? + (y — b)? = R> = Tam I(a; b) (ngugc dau), ban kinh R.
Chéng han (C): (x —1)% + (y + 2)2 = 5= Tam I(1; —2), béan kinh R = /5.

Tam I(a;b), (chia cho - 2)

Ban kinh R = Va2 + b2 —c.
Tam I(2; —3), (chia — 2)

Bén kinh: R = /22 + (=3)2 — (=3) = 4.

(b) D& cho dang (C):x2+y2—2ax—2by+c=0:>{

Chéng han (C):x2+y2—4x+6y—3=0=>{

© Diéu kién dé phuong trinh phudng trinh la mét phudng trinh dudng tron
Dé phuong trinh mx? + ny® + px + qy + r = 0 1a mdt phuong trinh dudng tron thi
cdn théa man hai didu kién:
em=n

e Bién ddi thu gon vé dang x? + y2 — 2ax — 2by + ¢ = 0 va phai ¢6 a® + b% —¢ > 0.
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Bai 1. Xdac dinh toa d6 tdm I va ban kinh R ciia cdc dudng tron sau:

t(x+3

sl +2

$>6>6OBAI TAP VAN DUNG OO

S+ 1%+ (y — 2)% = 9= Tam I(—1;2), bdn kinh R = V0 = 3
(e =32+ (y — 2% =81 = Tam

(=572 + (y + 2)% = 16 = Tam

)2 + (v +1)2 =10 = Tam

:x2 + (y — 3)% = 25 = Tam

)2 + y2 = 13 = Tam

:x? + y? = 4= Tam
:x2 + y?2 =15= Tam
: (x +10)* + (y — 10)* = 10 = Tam
:x? + y?2 =15 = Tam
:(x —5)%+ (y + 9)% = 144 = Tam

:x2 + (y — 11)% = 625 = Tam

m) (C):

x? +y% —4x +6y —12 = 0.

@ Loi gidi

a=2
~0aq — —4
Tit (C) ta co: < o db=-3 = TamI(2—3), R= /22 + (-3)> + 12 =
b -6 c=-12 o
c=-

5.

u Dang 2 thi chia -2 va R = Va2 + b2 —c.

i

M (C):x? +y? +4x +4y -7 =0.
@ Loi gidi

© (C):x? +y? +2x —4y -5 =0.
(£ L&i gidi
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® (C):x?+y% —2x +6y +5=0.

@ Loi gidi

]
@ (C):x?+y%?—6x+5=0.
 Loi gidi
U
® (C):Tx? + Ty? —4x + 6y —1 = 0.
& Loi gidi
U
® (C):16x? + 16y% + 16x — 8y = 11.
(£ Loi gidi
O
® (C):2x% +2y? —Bx —4y +1 —m? =
(£ Loi gidi
]

Bai 2. Tim diéu kién ctia tham s m dé céc phuong trinh sau la phudng trinh dudng tron ? Néu
la phudong trinh dudng tron, hdy tim tdm va bdn kinh.
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@ x?+y? -2mx —4m -2y + 6 —m =0
# Loi gidi
Xéta = m,b =2(m - 2),c = 6 — m Phudng trinh da cho la phuong trinh dudng tron khi
va chi khi
a?+b2-c>0em?+4m-2°%-(6-m)>0
& m?+4m?® —4m+4)—-6+m>0s5m®>—-15m +10 >0
& m <1 hoacm > 2.

Véi didu kién trén, dudng tron cé tdm I(m;2m — 4), ban kinh R = v5m? — 15m + 10. O

(b) x% + y® + 4mx — 2my + 2m + 3 = 0.

@ L&i gidi

[l
© x?+y° —2(m +1)x + 2my + 3m? - 2 = 0.
# Loi gidi
[l
@ x?+y%2 - 2(m - 3)x + 4my — m? + 5m + 4 = 0.
(£ Loi gidi
[l
Bai 3. Cho phudng trinh x? + > + (m + 2)x —(m + 4)y + m +1 = 0. (%)
@ Chung minh () la mdt phuong trinh dudng tron.
(£ L&i gidi
[l
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(b) Chting minh khi m thay déi thi dudng tron ludn di qua hai diém cé dinh.
@ Loi gidi

(3 DANG 2. Viét phuong trinh dudng tron

Dé viét duge phuodng trinh dudng tron ta cdn tim dudc tdm va bén kinh.

Nhém 1. Viét phuong trinh dudng tron khi biét tim va bdn kinh
i . . e Tam I(a; b) 2 2 2
Phuong phdp: Dudng tron (C): o = (C):|(x —a)*+(y —b)*=R
e Bdn kinh R

$>6><>BAI TAP VAN DUNG OGO
Bai 1. Viét phuong trinh dudng tron (C) ¢6 tdm I(1; —2), ban kinh R = 3
# Loi gidi
) e Tam I(1; -2)

Ta c¢6 (C):

eBédn kinh R =3
Bai 2. Viét phudng trinh dudng tron (C) ¢é tdm I(—1;2), ban kinh R = 5.
@ Loi gidi

= (C): (x —1)%+ (y + 2% =09. O

Bai 3. Viét phuong trinh dudng tron (C) ¢6 tdm I(2;5), bdn kinh R = 4.
@ Loi gidi

Bai 4. Viét phuong trinh dudng tron (C) ¢6 tdm I(—1;4), ban kinh R = 1.
@ Loi gidi

Bai 5. Viét phuong trinh dudng tron (C) ¢6 tdm la gbc toa dd va ban kinh R = 2.
 Loi gidi
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Bai 6. Viét phudng trinh dudng tron (C) cé tdm la gbc toa do va ban kinh R = /5.
@ Loi gidi

O
. 4 . . . f en SN L,
Bai 7. Viét phuong trinh dudng tron (C) ¢6 tdm I Q; ~5 va ban kinh R = 2.
 Loi gidi
O
o i . . . f in 19y . .
Bai 8. Viét phuong trinh dudng tron (C) c6 tdm [ _Q; 5 va bdn kinh R = —.
Z Loi gidi
O

Phuong phdp:
e Tam I(a; b)

DPudng tron (C):
o Ban kinh R = 1A = \/(xa — x1)2 + (va — 912

= (C):|(x —a)® + (y — b)?> = R?

>6>GOBAI TAP VAN DUNG <6960
Bai 1. Viét phudng trinh dudng tron (C) ¢6 tam I(2; —1) va di qua diém A(5; 3).
# Loi gidi
Bankinh R =IA = /(5-3)2 + (3+ 1)2 = 5.
Dudng tron (C) ¢6 tdm I(2; —1) va R = 5 ¢6 dang (C): (x — 2)% + (v + 1)% = 25. O

Bai 2. Viét phudng trinh dudng tron (C) c¢6 tam I(1;2) va di qua diém A(—1;4)
@ Loi gidi

Bai 3. Viét phudng trinh dudng tron (C) ¢6 tam I(—2;5) va di qua diém A(1;1).
@ Loi gidi

Bai 4. Viét phudng trinh dudng tron (C) ¢6 tam I(—2; 3) va di qua diém A(0; —1).
@ Loi gidi
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O
Bai 5. Viét phudng trinh dudng tron (C) c¢6 tam I(—1;7) va di qua diém A(3; 4)
# Loi gidi

U
Bai 6. Viét phudng trinh dudng tron (C) c6 tam 1a gdc toa dd va di qua diém A(2;2)
@ Loi gidi

O
Bai 7. Viét phuong trinh dudng tron (C) cé tam 1a gbc toa dd va di qua diém A(2;7)
@ Loi gidi

O
Bai 8. Viét phuong trinh dudng tron (C) cé tdm I(5;5) va di qua diém A(1;1).
& Loi gidi

O

Nhém 3. Viét phuong trinh dudng tron c6 dudong kinh AB vdi A, B dd cho.
Phuong phdp:

XA + X +
TdmI(A B.¥A yB)

2 2

Dudng tron (C): 5 = (C):|(x —x)* + (v — y1)°

— 2 _
Bdn kinh R = AB _ \/(xB xa)” + (xp — xa)

2 2

$>6>6OBAI TAP VAN DUNG 66969
Bai 1. Viét phuong trinh dudng tron (C) ¢é dudng kinh AB v6i A(1;2), B(-3; 4).
@ L&i gidi

1+ (=3)
X1 = = -1
Goi I 1a trung diém ctia AB Khi dé: 9 +%t = Tam I(-1;3)
yr = 5 = 3
—21)2 + 92
Bénkl’nhR=AQB=(4;+2=\/5
Suy ra (C): (x —1)? + (y + 3)> = 5. O

Bai 2. Viét phuong trinh dudng tron (C) ¢6 dudng kinh AB vé8i A(1;2), B(-3; 4).
@ Loi gidi
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[l
Bai 3. Viét phudng trinh dudng tron (C) cé dudng kinh AB véi A(1;2), B(—3; 4).
& Loi gidi

(Il
Bai 4. Viét phuong trinh dudng tron (C) ¢6 dudng kinh AB vé6i A(1;2), B(-3; 4).
@ Loi gidi

(Il
Bai 5. Viét phuong trinh dudng tron (C) ¢é dudng kinh AB vé6i A(1;2), B(-3; 4).
 Loi gidi

Il
Bai 6. Viét phudng trinh dudng tron (C) c6 dudng kinh AB véi A(1;2), B(—3; 4).
£ L&i gidi

[l

Nhoém 4. Viét phuong trinh dudng tron cé tdm va tiép xic véi dudng thdng.
Viét phuong trinh (C) cé tam I(a;b) va tiép xtc véi dudng thang A
A:Ax + By + C = 0.

Phuong phdp:
Dbudng tron (C) cé:

e Tam I(a; b),
_ |Aa + Bb + C|
VAZ + B2

Suy ra phudng trinh dudng tron (C): (x —a)? + (y — b)? = R

e Bdn kinh R = d (I, A)

$>6>$OBAI TAP VAN DUNG GO 6969
Bai 1. Viét phuong trinh dudng tron (C) ¢6 tam I(3;4) va tiép xuc A: 3x + 4y — 15 = 0.
@ Loi gidi
Bén kinh R = d(I,A) = 23 £ %415 _

2.
V3 + 42
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budng tron (C) c¢é tdm I(3;4) va R = 2.
= (C): (x =3)% + [y — 4)% = 4. a

Bai 2. Viét phuong trinh dudng tron (C) c6 tdm I(0; —2) va tiép xtc A: 3x + 4y — 2 = 0.
£ L&i gidi

]
Bai 3. Viét phudng trinh dudng tron (C) c¢é tam I(2;0) va tiép xic A: 12x — 5y —1 = 0.
& Loi gidi

O
Bai 4. Viét phuong trinh dudng tron (C) ¢6 tam I(2; —3) va tiép xtc A: 3x — 2y +1 = 0.
@ Loi gidi

U
Bai 5. Viét phuong trinh dudng tron (C) c6 tdm I(4;2) va tiép xtc vdi truc hoanh Ox.
 Loi gidi

O
Bai 6. Viét phudng trinh dudng tron (C) cé tam I(-5;2) va tiép xdc vdi truc tung Oy.
@ Loi gidi

U

Nhém 5. Viét phuong trinh dudng tron di qua ba diém (ngoqi tiép tam gidc)

Viét phuong trinh dudng tron (C) di qua ba diém A, B, C khéng thdng hang.

(Hodc dé bai yéu cau viét phuong trinh dudng tron ngoai tiép tam gidc ABC la cung cdu
hoi.)
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Phuong phdp: ¢
Phuong trinh dudng tron (C) cé dang x? + y? —2ax —2by +c = 0.

()

Trong dé6, I(a; b) la tam cta (C) va ban kinh R = Va? + b% —c¢ >

0.

0.

e Alxa;ya) € (C) & x5 + y%2 — 2axa — 2bya +c

Il

e B(xg;yg) € (C) & x% + y% —2axg — 2byg + ¢ = 0. A
B
e Clxc;yc) e (C) & x% + y% —2axc —2byc +c¢ =0. v

Giai hé gdbm ba phuong trinh trén, ta tim dugc a, b, c. Thay vao
phuong trinh (%), suy ra phuong trinh dudng tron (C) can tim.

$>6>6OBAI TAP VAN DUNG GO 6969
Bai 1. Viét phuong trinh dudng tron (C) di qua ba diém A(3;1), B(2;4), C(—1;1). Tim tdm I va ban
kinh R cua (C).
 Loi gidi
Goi phuong trinh dudng tron (C) ¢é dang: x? + y? — 2ax — 2by + ¢ = 0. ()

e A31)c(C) o3 +1%2-2a-3-2b-1+c =0 6a+2b—c =10.
e B2;4)c(C)e22+4%-2a-2-2b-4+c=04a+8b—c =20
e C(-11)e(C)e (1) +12-2a-(-1)-2b-1+c=0&2a -2b+c = -2

6a +2b —c =10 a=1
Ta dugc hé phudng trinh < 4a +8b —c =20 & (b =2.
2a -2b+c=-2 c=0
Thay vao (%), ta duge phudng trinh (C): x? + y? — 2x — 4y = 0.
Suy ra, dudng tron (C) ¢6 tdm I(1;2), ban kinh R = Va2 + b2 —c =R =V12+22-0=V5. O

Bai 2 (HK2-THPT Tay Thanh-Tp.Hd Chi Minh). Cho tam gidc ABC biét A(5;3), B(6;2), C(3; —1). Viét
phuong trinh dudng tron ngoai tiép AABC. PS: x?2 +y2 -8x -2y +12 =0
# Loi gidi

O
Bai 3 (HK2-THPT Tay Thanh-Tp.Hd Chi Minh). Viét phuong trinh dudng tron (C) di qua ba diém
A(—1; -3), B(3;1), C(5; 7). DS: x? + y? + 16x — 16y —42 =0

@ Loi gidi
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O
Bai 4 (HK2-THPT Hoang Hoa Tham-Tp.H6 Chi Minh). Viét phudng trinh dudng tron (C) di qua ba
didm A(1;3), B(5;6), C(7;0). DS: x2 + y% — 9x — 5y + 14 = 0
@ Loi gidi

O
Bai 5 (HK2-THPT Tran Quang Khai-Tp.H6 Chi Minh). Viét phuong trinh dudng tron (C) ngoai tiép
tam gide ABC vdi A(—1;0), B(=1; —4), C(=3; —2). DS: 2+ 92+ 2c + 4y +1 =0
# Loi gidi

(Il

Nhém 6. Mot sé6 dang viét phuong trinh dudng tron thuong gdp khdc.

$>6>6OBAI TAP VAN DUNG GO 6969
Bai 1. Viét phuong trinh dudng tron (C) di qua A(—1;4), B(—3; —2) va ¢6 tdm ndm trén dudng
thang (A): 2x + 3y + 4 = 0.
 Loi gidi

e Goi phuong trinh dudng tron (C): x? + y? — 2ax — 2by + ¢ = 0 véi tam I(a, b).

Do I(a;b) € (A):2x +3y +4 =0 (1)
Do A(-1;4) € (C) & (2)
Do B(-3;-2) € (C) & (3).
e TUu(1),(2),3=a=..., b=...,c=...

e Két luan: Phuong trinh dudng tron can tim 1a (C): x? + y? + 10x — 4y + 9 = 0.
[l
Bai 2 (HK2-THPT Nguyén Cong Trd-Tp.Hd Chi Minh). Viét phuong trinh dudng tron (C) di qua hai
diém A(2;1), B(4;3) va ¢6 tdm ndm trén dudng thdng d: x —y +5 = 0. bS:

(C):x?+y%2-10y +5=0
@ Loi gidi
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Bai 3 (HK2-THPT Nguy&n Chi Thanh-Tp.Ho Chi Minh). Viét phuong trinh dudng tron (C) di qua
A(2;5), B(6; —1) va c6 tdim ndm trén dudng thdng d: 7x — 4y + 6 = 0. bS:
(C): (x +2°%+ (y +2)% =65

£ L&i gidi

Bai 4 (HK2-THPT Tran Phu-Tp.Hd Chi Minh). Cho dudng thadng d: 3x — 4y — 6 = 0. Viét phuong
trinh dudng tron tdm I(3;0) va cét d tai A, B sao cho AB = 8.
@ Loi gidi

, 3-(=3)—4-0-6] 15
e Tacod(l,d) = WD =5 = 3. /;\A

d:3x —4y —6=0

os)

e Goi H la trung diém ctia AB va do AB = 8 = HA = 4.

e Tam gidc IHA vudng tai H = IA% = TH? + HA?
e R?=[d,d)*+AH2 & R=....

e Khi dé (C) c6 tdm I(—3;0), ban kinh R = 5 ¢é dang

) 2 o2 _
(C): (x +3)” +y° = 25. -

Bai 5 (HK2-THPT Trung Pha-Tp.Hd Chi Minh). Cho dudng thdng d: x + 5 = 0 va diém I(-2;5).
Viét phuong trinh dudng tron tdm I va cét d tai M, N sao cho MN = 16. DS:
(C):(x+2%+(y—5)?*=173

@ Loi gidi

Bai 6 (HK2-THPT Nguy&n Thugng Hién-Tp.H6 Chi Minh). Viét phudng trinh dudng tron (C) di qua
M (4; —8), ddng thdi tiép xtc vdi hai truc toa do.
 Loi gidi

e Vi (C) tiép xtic v8i hai truc toa dd va qua diém M(4; —8) cé y
xp=4>0vayy =-8>0nén (C)codtdm I(a;b) vdia > 0 va
b < 0. (can nh&: ddu ctia a, b cting dau vdi xp;, yu)- 0 >

e (C) tiép xtc Ox, Oy & d([,Ox) = d(I,Oy) = R & |b| = |a| =
R=a=b<0 (L) farb
Re

R=a=b>0 (N).
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e Khi dé (C) ¢6 tdm I(a; —a) va ban kinh R = a ¢é dang:
(C): (x —a)® + (y + a)® = a®.
e DoM(4; -8 c(C)eb—-a)’+@-8?=a’<a®*-24a+80=0ca=4Va=20
Véia =4= (C):
Véia =20= (C):

U
Bai 7 (HK2-THPT Quang Trung-Tp.Hd Chi Minh). Viét phuong trinh dudng tron (C) di qua A(2; —1)
va tiép xtc véi hai truc toa do. PS: (C): (x +2)% + (y +2)%2 =65
 Loi gidi

U

Bai 8 (HK2-THPT Chuyén Tran Dai Nghia-Tp.H6 Chi Minh). Viét phuong trinh dudng tron (C) tiép
xuc véi hai truc toa dd va cé tdm thudc dudng thdng d: x + 2y — 3 = 0.
@ Loi gidi

e Goi I(a; b) la tdm ctia dudng tron (C).

e Do (C) tiép xtuc Ox, Oy va tdm I(a; b) € d nén cb

y
d:x+2y-3=0
d(I, Ox) = d(I,Oy) = R
Ia;b)ed:x + 2y —3=0 © *
a=> Ila;b)
{|a|—|b|—R L
a+2b-3=0
+2b-3=0

a+2
a=b>b a=1
a+2b=3 b=1

& &
a=-b a=-3
a+2b=3 b=3

1
Vai {Z , = (C) c6 tam I(1;1), bén kinh R = a] = 1 = (C): (x - 1)2 + (y —1)% = 1.

=-3
Véi {Z _s = (C) ¢6 tam I(—3;3), ban kinh R = |a| = 3= (C): (x + 3)? + (y + 3)%> = 9.

e Két luan: (C): (x —1)2 + (y —1)2 =1 hodc (C): (x +3)%? + (y —3)%2 = 0.

O
Bai 9 (HK2-THPT Bui Thi Xuan-Tp.Hd Chi Minh). Viét phuong trinh dudng tron (C) di qua M(0; 4),
ddng thdi tiép xuc véi hai dudng thdng Ay :x +y =0, Ag:x —y + 4 = 0. bs:

(C):(x+22%+(y—6)*=8hodc (C): (x —2%+(y —2)*=8
@ Loi gidi
e Goi I(a; b) la tdm ctia dudng tron (C).
d(I,Ay) =d (I, Ag)

e Do (C) tiép xuc dong thdi véi Ay, Ag = d(I,A1) =d([,Ag) = IM & {d (LA = IM
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Bai 10. Viét phuong trinh dudng tron (C) ¢6 tdm I thudc dudng thang (A) : 4x +y + 12 = 0, ddng
thdi tiép xtc véi dudng thang (d) : 2x +y — 4 = 0 tai M(1;2). PS: (C): (x +3)2 + y% =20
 Loi gidi

Bai 11. Viét phuong trinh dudng tron (C) c¢6 tam I(2; —5) va tiép xuc vdi truc hoanh Ox. bs:
(C):(x —22%+(y+5)?%=25
@ Loi gidi

O
Bai 12. Viét phuong trinh dudng tron (C) ¢6 tdm I(1;3) va tiép xuc véi truc tung Oy. bs:
(C):lx —22+(y+5°% =4
& Loi gidi

O

Bai 13. Viét phuong trinh dudng tron (C) di qua hai diém A(2;0), B(3;1) va ban kinh R = 5. DS:
(C): (x +1)%2 + (y — 4)? = 25 hodc (C): (x —6)% + (y + 3)2 = 25
& L&i gidi

Bai 14. Viét phuong trinh dudng tron (C) tiép xdc vdi dudng thdng d; : 3x — 4y — 31 = 0 tai diém
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M(1; -7) vacé R = 5. PS: (C): (x +2)% + (y + 3)% = 25 hodc (C): (x —4)? + (y + 11)2 = 25
@ Loi gidi

Bai 15. Viét phuong trinh dudng tron (C) tiép xuc v8i Ox tai A(2;0) va khodng céch ti tdm cua
(C) dén diém B(6;4) bdng 5. PS: (C): (x —2)%2 + (y = 7)* = 49 hodc (C): (x —=2)%2 + (y — 1) =1
# Loi gidi

(O DANG 3. Tiép tuyén véi dudng tron v mot s6 bai todn veé vi tri twong ddi

Nhém 1. Nhém 1: Viét Phuong trinh tiép tuyén tai mot diém trén duong tron.
Phuong phéap: Viét phuong trinh tiép tuyén véi (C) tai M(xq; yo) € (C).

Budc 1. Tim tdm I va ban kinh R vaa dudng tron (C).

i i Qua M (xo; 3o
Budc 2. Khi dé tiep tuyen A: N )_, g
VTPT :nx = IM

(Xem lai phudng trinh dudng thing di qua mdt diém va cé
VPPT)

$>6>6OBAI TAP VAN DUNG 6O 6969
Bai 1 (HK2-THPT Tran Pha-Tp.Hd Chi Minh). Trong mat phdng (Oxy), cho dudng tron (C): x? +
y? —2x + 4y — 20 = 0. Viét phudng trinh tiép tuyén cta (C) tai A(6; —2).
@ Loi gidi
Dudng tron (C) cé tam I(1; —2) va bén kinh R = /12 + 22 — (-20) = 5.
Goi d 1a tiép tuyén cta dudng tron (C). Khi dé
Qua A(6; —-2)
' {VTPT R = IM = (50)

Bai 2 (HK2-THPT Hung Vuong-Tp.H6 Chi Minh). Trong mat phéng (Oxy), cho dudng tron (C): x?+
y? + 2x — 2y — 6 = 0. Viét phudng trinh tiép tuyén cta (C) tai A(1; —1). PS:d:x—-y-2=0
 Loi gidi

=d:5(x -6)+0(y+2) =0« d: x —6 =014 tiép tuyén can tim. 0
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Bai 3 (HK2-THPT Tay Thanh-Tp.Hd Chi Minh). Viét phudng trinh tiép tuyén v8i dudng tron (C): (x+
4)? + (y —2)? = 25 tai M 1a giao diém cua (C) va truc tung, biét yy; > 0.DS: d: 4x + 3y —15=0
Z Loi gidi

Viét phuong trinh tiép tuyén ctia (C) tai A € (C) c6 tung dd bang —10 va hoanh do duong. DS:
5x —12y — 150 = 0
@ Loi gidi

Nhém 2. Viét phuong trinh tiép tuyén c6 phuong cho trudc
Phuong phdp:
Budc 1. Tim toa do tam I va bdan kinh R ctia dudng tron (C) da cho.
Budc 2. Cdc trudng hop cé thé xdy ra:
+ Néu tiép tuyén A || d: ax + by + ¢ = 0 thi phuong trinh A:ax + by + m =
0,(m # c).
+ Néu tiép tuyén A 1L d: ax + by + ¢ = 0 thi phuong trinh A: bx —ay + m = 0.
+ Néu tiép tuyén A c6 hé sé géc k thi phuong trinh A:y = kx+m < kx—-y+m = 0.
+ Néu tiép tuyén A tao véi d mot géce a, ta sit dung cdng thiic cosa = w.
dl-lua

Budc 3. Ap dung diéu kién tiép xuc d(I; A) = R, ta tim dugc tham sé m va két luan phuong
trinh A.

$>6>6OBAI TAP VAN DUNG GO 6969
Bai 1 (HK2 — THPT Tran Pha — Tp. Hd Chi Minh). Cho dudng thdng d: 4x + 3y + 2017 = 0 va
dudng tron (C): x? + y? + 2y — 3 = 0. Viét phudng trinh dudng thdng A tiép tuyén véi (C), biét A
song song vdi d. PS: 4x +3y +13=0,4x +3y —7=0
£ L&i gidi

Bai 2 (HK2 — THPT Nam Ky Khdi Nghia — Tp. Ho Chi Minh). Cho dudng tron (C) ¢6 phuong trinh
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x? + y? + 4x — 6y + 3 = 0. Viét phuong trinh tiép tuyén cta dudng tron (C), biét tiép tuyén song
song vdi dudng thing d: 3x — y + 2019 = 0. DS:3x -y +19=0,3x -y -1=0
Z Loi gidi

Bai 3 (HK2 — THPT Tran Khai Nguyén — Tp. H6 Chi Minh). Cho dudng tron (C) ¢é phuong trinh
x? + y? — 2x + 4y + 4 = 0. Viét phuong trinh tiép tuyén ctia dudng tron (C), biét tiép tuyén song
song vdi dudng thdng d: 3x — 4y + 1 = 0. PS:3x -4y +4=0,3x -4y —26 =0
£ Loi gidi

Bai 4 (HK2 — THPT Nguyén Thi Minh Khai — Tp. H6 Chi Minh). Cho dudng tron (C) ¢6 phuong
trinh x2 + y? — 4x — 6y — 12 = 0. Viét phudng trinh tiép tuyén cta dudng tron (C), biét tiép tuyén
song song vdi dudng thdng d: 3x + 4y — 43 = 0. DS:3x +4y+7=0
@ Loi gidi

Bai 5 (HK2 — THPT Binh Téan — Tp. H6 Chi Minh). Viét phuong trinh tiép tuyén d ctia dudng tron
(C): (x —3)? + (y + 4)? = 36, biét d song song v&i dudng A: 3x —4y +5 = 0. PS: 3x —4y —55 =0
@ Loi gidi

Bai 6 (HK2 — THPT Nguy&n Thugng Hién — Tp. H6 Chi Minh). Trong mé&t phang (Oxy), cho dudng
tron (C): x% + y% — 4x + 8y — 5 = 0 va dudng thidng d: 3x — 4y + 1 = 0. Viét phuong trinh tiép
tuyén A cta (C), biét A vudng goc vdi d. PS: 4x +3y +29=0,4x +3y —21 =0
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@ Loi gidi

Bai 7 (HK2 — THPT Nam Ky Khéi Nghia — Tp. H6 Chi Minh). Cho dudng tron (C) c6 phuong trinh
x? + y® —4x + 8y —5 = 0. Viét phudng trinh tiép tuyén ctia dudng tron (C), biét tiép tuyén vuodng
géc véi dudng thdng d: 4x + 3y — 2019 = 0. DS:3x -4y +3=0,3x -4y —47=0
@ Loi gidi

Bai 8 (HK2 - THPT Quang Trung — Tp. Hd Chi Minh). Cho dudng tron (C) ¢é phudng trinh x? +
(y —2)? = 25. Viét phudng trinh tiép tuyén ctia dudng tron C, biét tiép tuyén vudng géc vsi dudng
thdng 3x — 4y + 2015 = 0. DS: 4x +3y +19=0,4x + 3y —31 =0
@ Loi gidi

Bai 9. Cho dudng tron (C): x% + y? + 4x — 2y — 5 = 0. Viét phudng trinh tiép tuyén ctia dudng
tron (C), biét tiép tuyén cé hé sb goc k = 3. PS:3x —y +17=0,3x -y -3=0
@ Loi gidi

Bai 10. Cho dudng tron (C): x? + y? — 6x + 2y + 5 = 0. Viét phuong trinh tiép tuyén cta dudng
tron (C), biét tiép tuyén cé hé sb goc k = —2.
@ Loi gidi
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Bai 11. Cho dudng tron (C): (x + 3)% + (y — 3)? = 25. Viét phuong trinh tiép tuyén ctia dudng tron
(C), biét tiép tuyén hogp vadi chiéu duong truc hoanh mot goc 45°.
@ Loi gidi

Nhém 3. Mot s6 bai todn vé vi tri tuong doi

$>6>6OBAI TAP VAN DUNG 6O 6969
Bai 1 (HK2 — THPT Nguyén Hitu Céanh — Tp. H6 Chi Minh). Cho dudng tron (C) c6 phuong trinh
(x —1)?+(y +2)? = 4. Viét phudng trinh dudng thdng A song song véi dudng thing d: 4x —3y +24 =
0 va tiép xuc véi dudng tron (C). PS:4x -3y =0, 4x -3y —20=0
 Loi gidi

Bai 2 (HK2 — THPT Bui Thi Xuan — Tp. H6 Chi Minh). Cho dudng tron (C) ¢6 phuong trinh x? +
y? — 2x — 2y = 0. Viét phuong trinh dudng théng d song song v8i dudng phan gidc thu hai cta
hé truc toa do va tiép xuc vdi (C). PS:x+y—-4=0
Z Loi gidi

Bai 3 (HK2 — THPT Han Thuyén — Tp. H6 Chi Minh). Cho dudng thing A:3x — 4y — 2 = 0 va
dudng tron (C): x? + y? — 2x —8y + 8 = 0. Chuing minh A tiép xtc vdi (C) va tim toa do tiép diém.
o 1 (51 14)
) 5 5

Trang 241



Nguyén Qudc Ducng Chuyén dé Toan 10 HKII

@ Loi gidi

Bai 4 (HK2 — THPT Nguyén Hitu Cau — Tp. Ho Chi Minh). Cho dudng tron (C) c¢é phuong trinh
(x +1)% + (v — 3)%2 = 25 ¢ tdm I va dudng thdng A: 3x — 4y + 1 = 0.Viét phudng trinh dudng
thdng d song song v&i dudng thdng A va cét dudng tron (C) tai hai diém A, B sao cho tam gid
ABI déu. PS: 6x — 8y + 30 £ 25v/3 =0
# Loi gidi

Bai 5 (HK2 — THPT Gia Dinh — Tp. Hd Chi Minh). Cho dudng tron (C) cé phuong trinh x? + y? +
2x — 2y —6 = 0, tdm I. Viét phudng trinh dudng thdng d vudng géc véi dudng A: 4x —3y +3 =0
va d cét (C) tai M, N sao cho AMNI vudng can tai I. PS:3x +4y+9=0,3x+4y —11=0
& Loi gidi

Bai 6 (HK2 — THPT Néng Khiéu — Tp. H6 Chi Minh). Cho dudng tron (Cp,) cé phudng trinh x? +
y2—2mx +2y + m+7 =0, tdm I. Tim m dé dudng thdng d: x + y + 1 = 0 cét dudng tron (C) tai
hai diém phan biét A, B sao cho tam giéc IAB déu. PS: m = -6 hodc m = 12
 Loi gidi

Bai 7 (HK2 — THPT Tran Quang Khai (D& 1&) — Tp. H6 Chi Minh). Trong mat phdng Oxy, cho dudng
tron (C): X2 +y2—2x+6y +5=0va dudng thdng d: 2x —y +1 = 0. Tim toa do M c6 hoanh
do am va ndm trén d dé tu M ké dugc hai tiép tuyén MA, MB dén dudng tron (C) sao cho tam
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gidc ABM déu (véi A, B la tiép diém). bS: M(-3; -5)
@ Loi gidi

Bai 8 (HK2 — THPT Tran Quang Khai (D& chdn) — Tp. Hd6 Chi Minh). Trong mat phang Oxy, cho
dudng tron (C): x2+y2+6x -2y +5=0va dudng thdng d: x — 2y —1 = 0. Tim toa dd M cé
hoanh do dudng va ndm trén d dé tit M ké dudc hai tiép tuyén MA, MB dén dudng tron (C) sao

N . 2 71
cho tam gidc ABM déu (vdi A, B la tiép diém). bS: M (5; 5)
 Loi gidi

O
Bai 9 (HK2 — THPT Trung Pha — Tp. H6 Chi Minh). Trong mét phdng (Oxy), cho dudng tron (C): x?+
y? + 2x — 4y — 3 = 0 va diém M(1; —2). Viét phuong trinh dudng théng d di qua M va cét (C) tai

A, B sao cho tiép tuyén véi (C) tai A, B vudng goc nhau. PS:x=13x+4y+5=0
& Loi gidi

Bai 10 (HK2 — THPT Thyc Hanh Sai Gon — Tp. Hd Chi Minh). Viét phudng trinh dudng thdng d di
qua didm M(4; 3) va cdt dudng tron (x + 2)? + (y — 1) = 9 tai hai diém phan biét A va B sao cho
do dai doan AB = 2V/5. PS:y=33x -4y =0
@ Loi gidi
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Bai 11 (HK2 — THPT V6 Trudng Toan — Tp. H Chi Minh). Viét phuong trinh dudng thdng d di qua
diém M(6;2) va cét dudng tron (C): x2 + y? — 2x — 4y = 0 tai hai diém phan biét A va B sao cho
d6 dai doan AB = V10. DbS:x -3y=0,x+3y —-12=0
@ Loi gidi

Bai 12 (HK2 — THPT Tay Thanh — Tp. Hd Chi Minh). Trong mét phdng (Oxy), cho dudng tron (C): x?+

% 4+ 2x — 4y — 5 = 0 va diém K(1;4) ndm trong dudng tron (C). Lap phudng trinh dudng thing

A di qua diém K va cét dudng tron (C) tai hai diém E, F sao cho do dai doan EF 1a nhd nhét.
PS:x+y-5=0

 Loi gidi

Bai 13 (HK2 — THPT Tran Pha — Tp. H Chi Minh). Trong mat phdng (Oxy), cho dudng tron (C) :
x? +y% —2x + 4y — 20 = 0. Tim m dé dudng thdng A: 3x + 4y + m = 0 c6é diém chung vdi dudng
tron (C). bS: -20<m <30
# Loi gidi

sAld. DUONG ELIP

A.  TOM TAT LY THUYET

Dinh nghia 1. Cho hai diém ¢ dinh F; va Fy v8i F;Fy = 2c > 0. Dudng elip la tap hgp céc
didm M sao cho MF; + MF, = 2a, (a > c). Hai diém Fy, Fy goi la cdc tiéu diém cua elip.
Khodng céch 2¢ dugc goi la tiéu cy cuia elip.
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Phudng trinh chinh tdc cta elip:

2 g2
(E): —+@—1 vdia>b >0
Céc thong s6 can nhg:
e Truc 16n A;Ay = 2a. y

e Truc bé BBy = 2b.

e Tiéu cu F1 Fy = 2c.

Mbi lién hé a? = b? + ¢2.

e Tam sai: c =

mo

Hinh chi nhét cg sé.

B. CAC DANG TOAN VA BAI TAP

0 DANG 1. Xdc dinh cdc dai lwong co bdn cua Elip

$>6>$OBAI TAP VAN DUNG O 606
Bai 1. Cho elip (E) : 4x? + 25y% — 100 = 0. X4c dinh dd dai c4c truc, do dai tiéu cy, toa do cac
dinh, toa do tiéu diém.
# Loi gidi

PS: Truc 18n AjAy = 2a = 10, truc bé BiBy = 2b = 4, tiéu cuc FiFs = 2¢ = 2v/21. Céc dinh
A1(=5;0), Ag(=5; 0), B1(0; —2), B2(0;2) va Tiéu didm Fy(—v/21;0), F»(v/21;0).

2 2
Bai 2. Cho elip (E): —— + 2 — 1. X4c dinh do dai cdc truc, toa do céc dinh, toa do tiéu diém.

100 36
¢ Loi gidi

PS: Truc 1én 2a = 20, truc bé 2b = 12, cac tiéu diém F;(-8;0), F5(8;0) va céc dinh
A1(—10;0), A1(10;0), By (0; —6), Bo(0; 6)
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Bai 3. Cho elip (E) : 9x? + 25y2 — 225 = 0.

a) Tim toa do hai tiéu diém Fy, F, cta (E).

b) Tim khodng céch gitta hai dinh ndm trén truc 16n va truc bé.
(@ Loi gidi

Bai 4. Cho elip (E): x? + 4y = 1. Xdc dinh do dai cac truc, toa do céc dinh, toa dd tiéu diém.
# Loi gidi

Bai 5. Cho elip (E) : 4x? + 9y? = 1. X4c dinh dd dai céc truc, toa do cdc dinh, toa do tiéu diém.
@ Loi gidi

Bai 6. Cho elip (E): x? + 4y? = 4. Xac dinh do dai céc truc, toa do cdc dinh, toa dd tiéu diém.
@ Loi gidi
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(D DANG 2. Viét phuong trinh chinh tdc cla Elip

$>6>GOBAI TAP VAN DUNG 606
Bai 1. Viét phuong trinh chinh t&c cta elip (E), biét tiéu diém F;(—3;0) va dd dai truc 16n béng
10.
@ Loi gidi

Bai 2. Trong hé toa d6 Oxy, 1ap phuong trinh chinh tdc cta elip, biét do dai truc bé 1a 8 va tiéu
cu la 4.
 Loi gidi

2 2
T S A
bS: (E): 20 + 16
Bai 3. Trong hé toa dd Oxy, 1ap phuong trinh chinh tdc cta elip, biét do dai truc 16n 1a 10 va ti
., c 2
s0 a = 57’
(¢ Loi giai
O
x2 2 .

. 4
Bai 4. Trong hé toa do Oxy, lap phudng trinh elip c6 dd dai truc nhoé bang 12 va tdm sai ¢ = 5"
 Loi gidi
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2 2
B LY
bS: (E): 100 + 36
Bai 5. Trong hé toa do Oxy, lap phudng trinh elip c¢6 do dai truc 16n bdng 6 va di qua diém
3v2
A=V

@ L&i gidi

Bai 6. Trong hé toa d6 Oxy, 1ap phudng trinh elip cé mot tiéu diém la F;(—/5;0) va di qua diém
M (4;\/3).

@ L&i gidi

. . . . 3
Bai 7. Trong hé toa ddo Oxy, viét phuong trinh chinh tac cua elip (E), biét (E) ¢é tdm sai bang o

2 3
va di qua diem M(1; —\2[).

@ L&i gidi

Bai 8. Trong hé toa d0 Oxy, viét phucng trinh chinh tdc cta elip (E), biét (E) c¢é tiéu cy bang 8
va di qua diém A(5;0).
@ Loi gidi
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Bai 9. Viét phuong trinh chinh tdc cua elip (E), biét toa dd0 mot dinh Ay(-5;0) va bén dinh
A4, By, Ay, By 1ap thanh td gidc ¢ chu vi bang 28.
@ Loi gidi

T S T A
DS: (E): 5z + 57 = 1

Bai 10. Viét phuong trinh chinh téc cta elip (E), biét (E) c6 mdt tiéu diém Fi(—v/3;0) va di qua
diém M(1; \f).
# L&i gidi

O
Bai 11. Viét phudng trinh chinh tic cua elip (E), biét (E) di qua M(4; —V/3), N(2v/2; 3).
Z Loi gidi

U

. . . 3
Bai 12. Viét phuong trinh chinh tac cua elip (E), biét (E) di qua M(1;0), N(\Qf; 1).

@ L&i gidi
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Bai 13. Viét phuong trinh chinh tic cta elip (E), biét (E) di qua diém M(3;2\/3) va c¢6 ban kinh
qua tiéu diém bén trdi cia M bang 4V/3.
@ Loi gidi

Bai 14. Viét phuong trinh chinh téc cua elip (E), biét (E) di qua diém M(8;12) va c¢6 béan kinh qua
tiéu diém bén trdi cia M bang 20.
@ Loi gidi

Bai 15. Viét phuong trinh chinh tdc cta elip (E), biét (E) ¢é phudng trinh cédc canh hinh chit nhat
cdsGlax =49,y = +3.
# Loi gidi
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O
. . ) . 4
Bai 16. Viét phudng trinh chinh tac caa elip (E), biét (E) di qua diem M(\%: —5) va AMF,Fy
vudng tai M.
2 2
X y
t—+—=— =1
\ , bS 9 + 7
(¢ Loi giai
[l

Bai 17. Viét phuong trinh chinh tc cua elip (E), biét hinh chit nhat ¢d sd ctia (E) c6 mdt canh
ndm trén dudng thdng x — 2 = 0 va ¢4 do dai dudng chéo bang 6.
# Loi gidi

Bai 18. Viét phuong trinh chinh tdc cta elip (E), biét (E) ¢6 phudng trinh cdc canh hinh chit nhat
cosdlax =49 y= =3
 Loi gidi

Bai 19. Viét phuong trinh chinh tdc cua elip (E), biét (E) cé dinh A;(-5;0) va phudng trinh dudng
tron ngoai tiép hinh chit nhat cd sé ¢6 dang la x? + y? = 34.
@ Loi gidi
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Bai 20. Viét phuong trinh chinh tic cta elip (E), biét (E) c¢6 dd dai truc 16n 1a 4v/2, céc dinh trén
truc nhd va céc tiéu diém cta (E) cing ndm trén mot dudng tron.
 Loi gidi

s o O
LY
DS: 3 + 7 1
(O DANG 3. Bai todn fim diém va mét s bai todn khéc
$>6><>BAI TAP VAN DUNG SO
2 2
Bai 1. Tim nhiing diém trén elip (E) : 31% + y7 =1 ¢6 bén kinh qua tiéu diém bang g
bs: (-2, i\/QQT)’ 2, i¢227)
@ Loi gidi
O
2 2
Bai 2. Tim nhiing diém M trén elip (E) : o5t = 1 sao cho hiéu s6 hai ban kinh qua tiéu diém
. 32
bang 5 . .
s (=4, +— ’ ’ -
bSs: (-4 5) (4 5)

@ L&i gidi

Trang 252



Chuyén dé Toén 10 HKII Nguyén Qudc Ducng

Bai 3. Cho elip (E):

@ 90°. (b) 120°. © 30°.
@ Loi gidi

Bai 4. Cho elip (E): 4x? + 9y? = 36. Tim nhiing diém M ndm trén (E) sao cho s6 do géc F{MF,
la

@ 90°. (b) 60°. © 30°.
@ Loi gidi

Bai 5. Cho elip (E): x? + 9y? = 9. Tim cdc diém M ndm trén (E) sao cho

1 1 _ 6
©MF " MF, " EE

@ MF, = 2MFy. @ SMF; = MF,.
@ Loi gidi
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Bai 6. Cho elip (E) : 9x2 + 16y? = 144 va dudng thdng vudng géc véi truc 18n tai tiéu diém F, cit
(E) tai hai diém M, N.

@ Tim toa dd céc diém M, N. (b) MFy, MF,, MN.
@ Loi gidi

]
Bai 7. Tim trén dudng thdng d : x + 5 = 0 diém M c4ch déu tiéu diém trdi va dinh trén cta elip
x2  y?
(E) . % + 6 = 1.

@ L&i gidi

2 2
Bai 8. Cho elip (E): ;—5 + % = 1 va dudng thdng d : x — 2y + 12 = 0. Tim trén (E) diém M sao

cho khoang céch tit diém M dén dudng thdng d 1a 16n nhéat, nhé nhét.
@ Loi gidi
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